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Geometrically bounding 3—manifolds,
volume and Betti numbers

JIMING MA
FANGTING ZHENG

A hyperbolic 3-manifold is geometrically bounding if it is the only boundary of a
totally geodesic hyperbolic 4-manifold. According to previous results of Long and
Reid (2000) and Meyerhoff and Neumann (1992), geometrically bounding closed
hyperbolic 3—manifolds are very rare. Assume the value v &~ 4.3062... for the
volume of the regular right-angled hyperbolic dodecahedron P in H3. For each
positive integer n and each odd integer k in [1,5n + 3], we construct a closed
hyperbolic 3-manifold M with 81(M) = k and vol(M) = 16nv which bounds a
totally geodesic hyperbolic 4-manifold. In particular, for every positive odd integer k,
there are infinitely many geometrically bounding 3-manifolds whose first Betti
numbers are k. The proof exploits the real toric manifold theory over a sequence of
stacking dodecahedra, together with some results obtained by Kolpakov, Martelli and
Tschantz (2015).

57R90, 57M50, 57525

1 Introduction

1.1 Geometrically bounding 3-manifolds

There is a well-known result given by Rohlin in 1951, saying that any closed orientable
3—manifold is null-cobordant (see, for example, Corollary 2.5 of [18]), whereas for
higher dimensions, it remains an open problem to say which closed n—manifolds can
bound (74 1)-manifolds. Farrell and Zdravkovska [7] conjectured that every almost flat
n—manifold bounds an (n+1)-manifold; see also Davis and Fang [5]. This conjecture
is far from being solved. Farrell and Zdravkovska also conjectured in the same paper
that every flat n—manifold M is the cusp section of a one-cusped hyperbolic (n+1)—
manifold. However, Long and Reid [11] refuted this stronger conjecture by showing that

© 2023 MSP (Mathematical Sciences Publishers). Distributed under the Creative Commons Attribution
License 4.0 (CC BY). Open Access made possible by subscribing institutions via Subscribe to Open.


http://msp.org
http://dx.doi.org/10.2140/agt.2023.23.1055
http://www.ams.org/mathscinet/search/mscdoc.html?code=57R90, 57M50, 57S25
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://msp.org/s2o/

1056 Jiming Ma and Fangting Zheng

if M is the cusp section of a one-cusped hyperbolic 4n—manifold, its n—invariant n(M)
must be an integer.

If a hyperbolic n—manifold M is the unique totally geodesic boundary of a hyperbolic
(n+1)—manifold N, we say that M bounds geometrically or M is a geometrically
bounding n—manifold. In this context, Long and Reid [11] studied what kinds of
3—manifolds bound geometrically; Ratcliffe and Tschantz [16] provided some cosmo-
logical motivations for studying geometrically bounding 3—manifolds. In general, it is
not a trivial task to look for geometrically bounding 3—manifolds, since only few explicit
hyperbolic 4—manifolds are known. Moreover, Long and Reid showed in [11] that if
a closed hyperbolic 3—manifold M is geometrically bounding, its n—invariant n(M)
must be an integer. This, together with the result of Meyerhoff and Neumann [13]
that the set of n—invariants of all hyperbolic 3—manifolds is dense in R, shows that
geometrically bounding 3—manifolds are very rare in the set of hyperbolic 3—manifolds.
To the best of our knowledge, the following question remains open:

Question 1.1 Given a closed hyperbolic 3—manifold M with n—invariant n(M) € Z,
is there a totally geodesic hyperbolic 4—manifold N with dN = M ?

By Jorgensen—Thurston’s Dehn surgery theory [23], we know that there are only finitely
many (possibly zero) hyperbolic 3—manifolds with a given volume x. More precisely,
if we consider the function

f(x) = sup{n | there are n different hyperbolic 3—manifolds with volume v < x},

then Jorgensen—Thurston theory implies that f(x) is finite. Furthermore, Millichap [14]
showed that f(x) grows at least factorially.

In this paper, we consider instead the number of geometrically bounding 3—manifolds
with a given volume. That is, we focus on the function

Jp(x) =
sup{n | there are n different geometrically bounding 3—manifolds with volume v < x}.
Building on Kolpakov, Martelli and Tschantz [9] and real toric manifold theory, we

prove the following:

Theorem 1.2 Assume that v ~ 4.3062 ... is the volume of the regular right-angled
hyperbolic dodecahedron in H3. Then, for each positive integer n and each odd
integer k in[1, 5n + 3], there is a closed hyperbolic 3—manifold M with B1 (M) = k
and vol(M') = 16nv that bounds a totally geodesic hyperbolic 4—manifold.
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Therefore, we construct some families F, n > 1, of closed hyperbolic 3—manifolds
having the following special features:

e They all bound geometrically, ie for any n, each manifold in F, is the connected
geodesic boundary of a compact hyperbolic 4-manifold.

¢ Each manifold in 7, can be decomposed into 16# right-angled dodecahedra.
The set F, contains manifolds with first Betti numbers 1,3,5,...,57 + 3. In
particular, 7, contains at least n elements.

This implies that the above-defined function f(x) grows at least linearly. Moreover,
we have a corollary of Theorem 1.2 as follows.

Corollary 1.3 For every positive odd number k, there are infinitely many geometrically
bounding 3—manifolds whose first Betti numbers are k.

We refer to the paper of Ratcliffe and Tschantz [17] for counting the number of totally
geodesic hyperbolic 4—manifolds with the same 3—manifold M as boundary, and to
Chu and Kolpakov [4] and Slavich [19; 20] for other topics regarding geometrically
bounding hyperbolic manifolds. Also see the recent paper by Kolpakov, Reid and
Slavich [10] for problems related to geodesically embedding hyperbolic manifolds.
However, we emphasize that being geometrically bounding is a more subtle property
than being geodesically embedding.

1.2 Real toric manifolds

Small covers, also known as Coxeter orbifold coverings, have been studied by Davis
and Januszkiewicz [6], see also Vesnin [24]. They are a class of n—manifolds which
admit locally standard Z7-actions, such that the orbit spaces are n—dimensional simple
polytopes. The algebraic and topological properties of a small cover are closely related
to the combinatorics of the orbit polytope and to the coloring on the codimension-one
faces of that polytope. For example, the mod 2 Betti numbers l§2) of a small cover M
over the polytope L is equal to h;, where i = (hg, hy, ..., hy) is the h—vector of the
polytope L; see [6].

Those manifolds admitting locally standard Z’z‘ —actions are usually referred to as real
toric manifolds and form a wider class. Given an n—dimensional simple polytope L,
we can define a map A: F — Z’zc that satisfies certain conditions, where F is the set of
codimension-one faces of L. Furthermore, by the equivalence relation determined by
the map A, we can construct a smooth closed manifold M (L, A). See Section 2.1 for
more details.
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1058 Jiming Ma and Fangting Zheng

For instance, we may color the four codimension-one faces of a tetrahedron by ey,
e, ez and e; + e; + e3, where e1, e; and e3 are the standard basis of Zg. From the
construction mentioned in the previous paragraph, we construct the closed orientable 3—
manifold RPP3, Note that a tetrahedron admits a unique right-angled spherical structure.
We thus naturally obtain a unique spherical structure on RPP? by inheriting spherical
structures from the four tetrahedral copies.

In the rest of this section, we assume that P is the regular right-angled hyperbolic
dodecahedron in H? with twelve 2—dimensional facets, and n P is the polytope obtained
by stacking n copies of P. It is obvious that n P has 12 pentagonal facets and 5n — 5
hexagonal facets. See Section 2.3 for more details.

Given a Z g—coloring A over the polytope n P, we generate the natural Zg—coloring 8
on n P in the following manner. Suppose {ey, 3, €3, e4} is the standard basis of Z;'.
For each facet F of nP, it AM(F) = Z?:l xje; with x; = 1 or 0, we take 6(F) =
ZLI x;e;, where x4 =1+ Z?:l x; mod 2. A Z%—coloring A is called nonorientable
if the corresponding 3—manifold M (nP, A) is nonorientable. Furthermore, if the
3—manifold M (nP, A) is nonorientable, then its natural Zg—coloring d is called the
natural Z‘Z‘—extension of A. It can be shown that M (nP, §) is the orientable double
cover of M (nP,A) when M (nP, A) is nonorientable. Our main technical theorem is
the following.

Theorem 1.4 For each positive integer n and each odd integer k in [1, 5n + 3], there
is a nonorientable Zg—coloring A on the polytope n P such that the first Betti number of
the orientable 3—manifold M (n P, §) is k, where § is the natural Zg—extension of A.

From Theorem 1.4, given a positive integer n and an odd integer k in [1, 5n + 3],
there exists an orientable 3—manifold M (n P, §) whose first Betti number is exactly k.
Moreover, we conjecture that there is no coloring on nP leading to an orientable
manifold M (nP,§) with first Betti number not an odd integer k < 5n + 3. The
converse has been checked numerically, but has not been proved rigorously yet.

Proof of Theorem 1.2 For a nonorientable Zg—coloring A on the polytope n P, there
is a natural Zg—extension 6 onnP. Both M(nP,§) and M(nP,A) are 3—manifolds
and M (nP, d) is the orientable double cover of M (nP, A). See Proposition 2.11 in
Section 2.4 for more details.

Next, we want to show that M (n P, §) is geometrically bounding. First, we use Propo-
sition 2.9 in [9] to extend the Zg—coloring 8 on the 3—dimensional polytope nP to
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a Zg—coloring & on the 4—dimensional polytope nE. Here, nE is a 4—dimensional
polytope obtained by stacking n copies of the hyperbolic right-angled 120—cell E. Then
M (nE, ¢) is an orientable hyperbolic 4-manifold in which M (n P, 1) can be embedded.
Second, since M (nP, §) is the orientable double cover of M (nP, A), it admits a fixed-
point-free orientation-reversing involution. We may thus apply Corollary 9 of [12].
By cutting M (nE, ¢) along the hypersurface M (n P, 1) and applying completion, we
can obtain a totally geodesic hyperbolic 4-manifold with boundary M (nP, §). Now,
Theorem 1.2 follows from Theorem 1.4. O

Outline of the paper

In Section 2, we provide some preliminaries on the algebraic theory of real toric
manifolds. In Section 3, we prove Lemma 3.1, which is the key element of the main
theorem. In Sections 4 and 5, we prove Theorem 1.4 for the cases of even and odd 7,
respectively.
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2 Preliminaries

In this section, we list some facts concerning real toric manifolds and introduce the
3—dimensional right-angled hyperbolic polytope n P. Proofs, details, and definitions can
be found in [1]. For the sake of brevity, we write n—polytope instead of n—dimensional
polytope, and by facet we mean a face of codimension one. An n—polytope is called
simple if every r—face belongs to exactly n — r facets.

2.1 Real toric manifolds

Given a simple n—polytope L, let F(L) = {Fy, F>, ..., Fp,} be its set of facets. Let
us define the Z’z‘ —coloring characteristic function, n < k < m, as a function

A F(L)={Fy, Fy,..., Fn)— 2K

Algebraic & Geometric Topology, Volume 23 (2023)
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that satisfies the nonsingularity condition. That is, A(F;,), A(Fi,), ..., A(Fj,) generate
a subgroup of Z’z‘ which is isomorphic to Z’; when the n facets Fj,, Fi,, ..., Fj, share
a common vertex. The binary matrix A (yxm) = (A(F1),A(F2), ..., A(Fp)) is called
the characteristic matrix of A.

Then, we can construct a smooth manifold M (L, 1) := L x lec /~, called a real toric
manifold over the polytope P, by the equivalence relation

x=yand g1 =g, if xelnt L,
X, ~(y, — .
(x.g1)~ (v.82) {x = y and gl_lgz €Gy ifxedL,

where [ = F; N---NF;
an interior point, and Gy is the subgroup generated by A(Fj,), A(F3,), ..., A(Fi,_,).

., 18 the unique face of codimension n —r that contains x as
The notation M (L, A) also highlights that each real toric manifold corresponds to a pair
{(L, A)} that is made of a polytope and a characteristic function. For brevity, we refer
to the colorings when the polytope is given instead of talking about both colorings and
manifolds. When k = m, M (L, A) is known as the real moment-angle manifold over
the polytope L, which admits a natural Z”%'—action. If k = n, then the corresponding
manifold is called a small cover. By the four color theorem, we know that small covers
can always be realized over any 3—dimensional simple polytope.

Example 2.1 Define a Z;—coloring characteristic function A on the right-angled
spherical triangle A% as shown in Figure 1. Namely, the characteristic function is

A{l{a, b}, {b,c}, {a,c}} — {(1,0,0),(0,1,0), (0,0, 1)},
(a,b) — (1,0,0),
(b,c)—(0,1,0),
(a,c)—(0,0,1),

where (1,0,0) = e, (0,1,0) = e, and (0,0, 1) = e3 are the standard basis vectors
of 7.3.
2

(1,0,0) (0,1,0)

a \l' c

(0,0,1)
Figure 1: The coloring in Example 2.1.

Algebraic & Geometric Topology, Volume 23 (2023)



Geometrically bounding 3—manifolds, volume and Betti numbers 1061

b b b b
L](0,0,0) Lz(la Oa O) L3(Oa 1»0) L4(07Ov 1)

a c a cda c da c
b b b b
m Ak m m
a c a cda c da c

Figure 2: The eight polytopes A? x Z3 of Example 2.1.

Now, we have eight copies of the polytope, namely A? x Z3, as shown in Figure 2.
By the equivalence relation

b =q,
g1—82€ {(1’0’ O)’(O’ 1’0)’(0’ O’ 1)},

we can finally obtain the manifold M (A%, ) ~ S? as shown in Figure 3, which inherits

(P, g1) ~ (4,82 <~ {

a spherical structure from the eight copies of right-angled triangles. |

In order to keep notation concise, we regard every Z3—color as a binary number and
encode it with an integer. For example in the Z;—coloring case, we can use 1, 2, 3, 4,
5, 6 and 7 to represent the seven colors (1,0,0), (0,1,0), (1,1,0), (0,0,1), (1,0, 1),
(0,1,1) and (1, 1, 1), respectively. Then, a characteristic matrix can also be viewed

z

Figure 3: The real toric manifold M (A2, 1).
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as a characteristic vector. For example, the characteristic matrix of the Z g—coloring
characteristic function in Example 2.1 is

100
A@ax3) = (AM(F1), A(F2), M(F3)) = (Ma, D), A(b, ¢), Ma, ¢)) = (0 1 0).
001

Then the corresponding characteristic vector C is (1, 2, 4). The characteristic function A,
characteristic matrix A, and the characteristic vector C can be constructed from each
other easily; the characteristic vector C represents the most concise form.

2.2 Cohomology of real toric manifolds

Davis and Januszkiewicz [6] formulated how to calculate the Z ,—coefficient cohomol-
ogy groups of a small cover from the polytope and characteristic function. In 2013,
Cai [2] suggested a method to calculate the Z—coefficient cohomology groups of a real
moment-angle manifold. Based on the results of Cai, Suciu and Trevisanon [21; 22]
on rational homology groups of real toric manifolds, Choi and Park [3] obtained a
formula for the cohomology groups of real toric manifolds. This can also be viewed as
a combinatorial version of the Hochster theorem [8].

Since the dual of the boundary of a simple polytope L is a simplicial complex K
(see eg [1]), the definition of real toric manifolds introduced above has a dual version.
By substituting the facet set (L) with the vertex set V of the simplicial complex K,
we can define the characteristic function A on K, namely

AV(K) = {v1, 5, .., U} — ZK.

The nonsingularity condition changes as follows: if for n vertices v;,, vi,, ..., v;, the
convex hull conv{v;,, vi,, ..., v;, } is a facet of K, the images A(v;, ), A(vs,), ..., A(v;,)
shall generate a subgroup isomorphic to Z%. For the sake of brevity, we denote the
linear space Z‘zvl by Z}. In addition, we can identify Z) with the power set 2¥ in
the canonical way, where @ corresponds to the identity element and multiplication
to the symmetric difference. Namely, we have a map ¢: Z‘zj — 2V, Denote by K,
the full subcomplex of K = (dL)* obtained by restricting to @ € V. Then every full
subcomplex K of K, where w C V, is identified with an element of Z‘zj.

Let A bea Z’; —coloring characteristic function. Denote by row A the row space of the
characteristic matrix A. The following Choi—Park theorem shows that the cohomology
group of a real toric manifold M (L, 1) is the direct sum of the cohomology groups of

Algebraic & Geometric Topology, Volume 23 (2023)
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some full subcomplexes of the dual polytope K = (dL)* The full subcomplexes are
determined by the characteristic function.

Theorem 2.2 (Choi-Park [3]) Assume G is the coefficient ring Q or Z4 for a positive
odd integer q. There is an additive isomorphism

HP(M(LJ):G) = P H7'(Ku: G,
o~ 1 (w)erow A

where A is the characteristic matrix of A.

We use B to denote the rank of H'(M(L,\);Q), called the i™ Betti number of
M (L, )); and use B° to denote the rank of HO (Ky; Q), called the reduced zeroth Betti
number of K,,. For the purpose of this paper, we only need the following result.

Corollary 2.3 For a simple polytope L,
BMEL.M:Q = Y  BUK:Q).

o~ (w)erow A

where A is the characteristic matrix of A.

By means of Corollary 2.3, we can calculate the first Betti number of a real toric
manifold using the combinatorial information of the orbit polytope and the row space
of its characteristic matrix. In the following, we show a simple example.

Example 2.4 Calculate the first Betti number of the Klein bottle S = M (L, A).

Figure 4, left, is a colored 2—dimensional square L, whereas Figure 4, right, is its dual
K = (dL)* with its vertices colored accordingly.

0,1) b (0,1)

(1,1 (1,0) 1,Dc a(1,0)

0,1) d (0,1)

Figure 4: The colored square for Example 2.4.

Algebraic & Geometric Topology, Volume 23 (2023)
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\/ ¢
d d d

Figure 5: Left to right, the subcomplexes Ky, ,2 <i <4.

Thus, the row space is
row A = ((1,0,1,0), (0,1, 1, 1)) = {(0,0,0,0), (1,0, 1, 1), (0,1,0, 1), (1, 1, 1, 0) .
For w; =(0,0,0,0), Ky, = 9.
For w; = (1,0, 1, 1), then K, is as shown in Figure 5, left. So EO(sz) =0.
For w3 = (0,1, 0, 1), then K, is as shown in Figure 5, center. So EO(Kw3) =1.
For w4 = (1,1, 1,0), then K, is as shown in Figure 5, right. So EO(KM) =0.
By Corollary 2.3, we have
B1(S) = BO(Ku)) + B (Kuy) + B (Kuy) + B (Kuy) =0+ 0+1+0=1,

which coincides with the well-known result of rational homology groups of the Klein
bottle. |

2.3 The 3—polytopes nP

In the following, we assume that P is the regular right-angled dodecahedron in H?
with twelve 2—dimensional facets. We use n P to denote the stacking of n copies of P,
ie the polytope made of n dodecahedra in a row; see Figures 6, 7 and 12. The simplicial
complex nK is the dual of the boundary of n P. For each polytope n P with n = 2, there
are n + 3 layers of facets of nP: the first and the last layers are pentagons, the second
and the (n42)" layers consist of five pentagons, and each layer from the third to the
(n+1)% is made of five hexagons. There is no hexagonal layer in 1P, and the polytope
nP has 5n 4 7 facets in total. All the polytopes nP, with n € Z_, are right-angled
hyperbolic polytopes. In addition, we call the i—layer of a colored 3—polytope nP a
brick, where 2 <i <n+ 1 and n > 2. The symbols nP and nK are used throughout

the paper with this meaning, unless stated otherwise.
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stacking

Figure 6: Build up the polytope 2 P by stacking.

Definition 2.5 Given a polytope L with m facets, we define X (L) = (@;j)mxm to be
the adjacency matrix of L, where

G 1 if F; N Fj for F;, Fj € F(L) is an (n—2)—face of L ori = j,
Y710 otherwise.

Definition 2.6 A simple polytope L is called a flag polytope if every collection of
pairwise intersecting facets has a nonempty intersection.

For a flag polytope, all of the information about the intersection of its facets is included
in the adjacency matrix. As can be easily checked, the polytope n P is a flag polytope
for every n. In order to obtain more unified adjacency matrices X(nP), n € Z, we
order the facets of the polytope n P in the following manner. The first and the last layer
are labeled as 1 and 51+ 7, respectively, while the facets in between are labeled layer by
layer. For even layers, we start from the middle and order the rest by left-right double
siding, whereas for odd layers, we adopt a right-left double siding. We illustrate the
labeling manner on the polytope 5P in Figure 7, where the double sidings of even and
odd layers are displayed by the arrow-lines on the second and third layers, respectively.

2" Jayer

odd layer even layer

I 51 layer

Figure 7: Facet ordering of the polytope 5P.
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B e e
[
[
[
[
R R e e

A
[ I I I I

IR =
S N I I

R R e
S I T T I

RlR| R e
-
-
-
-

R

Rl R e
A

Figure 8: The adjacency matrices of the polytopes P, 2P and 3 P are given
at top left, top right and bottom, respectively.

Using this ordering, we obtain more unified increasing patterns of the adjacency
matrices. We display some of them in Figure 8§ (the omitted entries are zeros).

2.4 Orientability of real toric manifolds

H Nakayama and Y Nishimura discussed the orientability of small covers in [15].
Below we quote their main theorem.

Algebraic & Geometric Topology, Volume 23 (2023)
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Theorem 2.7 (Nakayama—Nishimura [15]) For a simple n—dimensional polytope L,
and for a basis {ey, ..., ey} of Z%, a homomorphism €: 2, — Z, = {0, 1} is defined
bye(e;) =1 foreachi =1,...,n. A small cover M (L, §) is orientable if and only if
there exists a basis {e1, ..., ey} of Z%) such that the image of €§ is {1}.

The techniques used in proving Theorem 2.7 are actually suitable for all real toric
manifolds, not just for small covers. Corollary 2.3 with rational coefficients implies
this conclusion as well. The n™ Betti number of a real toric manifold M (L, §) over the
n—polytope L is 1 if and only if there is an element in the row space of the characteristic
matrix of § with all entries equal to 1.

Corollary 2.8 (Nakayama—Nishimura [15] and Choi—Park [3]) For a simple n—
dimensional polytope L, the real toric manifold M (L,§) is orientable if and only
if there is a basis such that the sum of every column of the characteristic matrix A of §
is 1 mod 2.

In particular, the four vectors (1,0, 0), (0, 1,0), (0,0, 1) and (1, 1, 1), which are the
binary forms of 1, 2, 4 and 7, are the only four elements in Zg whose entry sums are
1 mod 2. These four vectors are called orientable colors. The three colors left are
(1,1,0), (1,0, 1) and (0, 1, 1), which are the binary forms of 3, 5 and 6. An orientable
basis in Z; is defined to be a basis in Z; that consists of three linearly independent
orientable colors. In particular, the standard basis in Z3, ie (1,0, 0), (0, 1,0), (0,0, 1),
is an orientable basis. If the small cover M (L, A) is orientable, then there exists an
orientable basis such that all the colors of A are orientable. Note that, for an orientable
color, the number of entries with value 1 is always odd. In other words, when changing
from one orientable basis to another orientable one, we actually add or remove an even
number of 1s from the previous characteristic matrix to form the new one. Hence the
parity of the number of 1s in each column is preserved under different orientable bases.
Therefore, we have the following corollary.

Corollary 2.9 Given a 3—polytope n P with facets ordered as required in Section 2.3,
we fix the colors on first three facets to be (1,0,0), (0,1,0) and (0,0, 1). Suppose
(1,2,4,ay,...,am) is a characteristic vector of nP. Then the corresponding small
cover is nonorientable if there is some a; € {3, 5, 6}.

Starting from a Z g—coloring A on the polytope n P, we can obtain 2" — | Zg—colorings
on nP by adding a nonzero fourth row to the 3 x m characteristic matrix A of A

Algebraic & Geometric Topology, Volume 23 (2023)
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as shown:

where m = 5n+7 and * € {0, 1}. Those characteristic functions are called the extensions
of A, and they naturally satisfy the nonsingularity condition.

Definition 2.10 A Zg—coloring A on the polytope nP is admissible if there is a
Z‘z’—coloring extension of A, denoted by §, such that M (nP, 1) is nonorientable and
M (nP,§) is the orientable double cover of M (nP, 1).

Along with some basic facts about the fundamental group of a double cover we have
the following proposition. It is valid for any polytope and we are now interested in the
case of polytope nP.

Proposition 2.11 A Z%—co]oring A over a simple 3—dimensional polytope nP is
admissible if M (nP, A) is nonorientable.

Proof Because M (nP, A) is nonorientable, at least one column of its characteristic
matrix A has an even sum. Therefore, we can add a nonzero fourth row to the
characteristic matrix A to obtain a Z;‘—coloring extension of A, denoted by 4, satisfying
that the sum of all its columns are odd. By Corollary 2.8, M (n P, §) is orientable.

Let W(nP) be the Coxeter group of nP and 0: F(L) = {Fy, F»,..., Fiy} — Z7 be
the map that sends each F; to ¢;. Now we have the diagram

~

Wnp) —ts zm 2 74
X lp
Z3

where / is the abelianization, p is the natural projection of Z‘21 to Zg that keeps only the

first three coordinates, and A and § are the maps induced by the characteristic functions
Aand §,ie A =Aof and § = §00. Itis easy to check that the triangular circuit
commutes, namely, p o 5=

By [6, Corollary 4.5], 1y (M (nP, L)) = ker(XoI) =ker(p O(SAOI) and 71 (M (nP,$)) =
ker(é o/). Thus M (nP,§) is an orientable double cover of M (nP, A). |

Algebraic & Geometric Topology, Volume 23 (2023)



Geometrically bounding 3—manifolds, volume and Betti numbers 1069

The Z‘Z‘—coloring d on the polytope nP in Proposition 2.11 is called an admissible
extension of A or a natural Z‘z‘—coloring associated to A (also referred to as the natural
Z‘z‘—extension of A for short). We use the symbols A and § with this meaning in the rest
of the paper, unless stated otherwise. Moreover, by Corollary 2.3, the Betti numbers of
the orientable manifold recovered by the natural Z‘z‘—extension 8 can be easily computed,
as we are going to show in Example 2.12.

Example 2.12 Let us calculate the Betti numbers of some orientable real toric manifold
M(P,9).

We show in Figure 9, left, a plane figure of the dodecahedron P whose facets are
ordered in the “double siding” manner introduced in Section 2.3. In Figure 9, right, is
the dual simplicial complex K = (dP)* with its 12 vertices labeled correspondingly.

Color the polytope P with the characteristic vector v = (1,2,4,5,3,7,7,3,5,4,2,1)
and denote the corresponding characteristic function by A. Then we have a Zg—coloring
characteristic matrix

A=

—_ o O

060110110110
1001111001
060011111100

— O O

3x12

By Corollary 2.9, A is nonorientable. The characteristic matrix A of its admissible
extension § is

A:( A ) .
00011001100 0/)4is

Figure 9: The facet-ordered polytope P, left, and its dual simplicial complex
K = (aP)*, right.
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The row space of A is given by

row A = ((0,0, 1,1,0,1,1,0,1,1,0,0),(0,1,0,0,1,1,1,1,0,0,1,0),
(1,0,0,1,1,1,1,1,1,0,0,1),(0,0,0,1,1,0,0,1,1,0,0, 0)).

For each w; € row A, we calculate its reduced 0™ Betti number in Tables 1-2.

From Tables 1-2 and Corollary 2.3, we have

16
B (M(P.8): Q)= B°(Ku:Q) = pA(M(P.8):Q)

i=1

16
=Y B'(Ku: Q) =1. O

i=1
For an orientable 3—manifold M (nP, §), by Poincaré duality we have B%(M (nP, §)) =
B3(MnP,8) =1and BL(MnP,8) = B>(M(nP,8)). So B! is the only thing
we need in order to determine the free part of H*(M (nP,5)). By Corollary 2.3,
Bl (M (nP,8§)) is equal to the sum of the reduced zeroth Betti numbers of the 16 full
subcomplexes k,; of the simplicial complex nK = (d(nP))*. Each subcomplex k),

corresponds to a nonzero vector in the row space row A.

3 The key lemma

The purpose of this section is to prove Lemma 3.1, which is the key element in proving
Theorem 1.4. We want to find a special family of admissible Z;—colorings over the
polytope nP. According to the correspondence discussed in Section 2, we construct a
family of orientable 3—manifolds M (n P, §).

Lemma 3.1 For every positive even integer n, there is a nonorientable Z;—coloring A
over the polytope nP such that B1 (M (nP, §)) =n+ 1, where § is the natural associated
Z‘Z‘—coloring extension of A.

Proof We first prove the special case in which n = 2. We use the notation a; =1,
S1 = (24247) and S,S1 = (35716 24247). By [a1S51S,S1a1], we mean the colored
polytope 2 P shown in Figure 10. The corresponding characteristic vector C is

(1,2,4,4,2,7,7,1,5,6,3,2,4,4,2,7,1).

It can be checked with little effort that the nonsingularity condition holds at every
vertex. We call S;, 1 <i <2, a brick and a;, which represents the first or the last
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i i Ko, B(Ku) B'(Kuw)) B*(Kuy)
10
11(0,0,1,1,0,1,1,0,1,1,0,0) ‘4 1
6 3 7
g
6 8
4
21 (0,1,0,0,1,1,1,1,0,0,1,0) /5 ; 1
11
4
6 8
31(,0,0,1,1,1,1,1,1,0,0,1) 5% 0 1
12
4
~8
41(0,0,0,1,1,0,0,1,1,0,0,0) 5 1
9
10
51(,1,1,1,1,0,0,1,1,1,1,0) 28 0 1
9
11
10
6 ((1,0,1,0,1,0,0,1,0,1,0, 1) 1 g 1
5‘3
12
10
71(,0,1,0,1,1,1,1,0,1,0,0) 6&8 0 1
5 3 7

10
8 | (1,1,0,1,0,0,0,0,1,0,1,1) A 1
11 12

Table 1: The values of EO(KQ,I.) fori =1,...,8.

colored facet, an affix. They are used for building the coloring. The symbols S; and a;
are used with this meaning in the rest of the paper unless stated otherwise.
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i w; Ko, BU(Kw) B'(Ku) B*(Ka;)
4
e\2
91¢(0,1,0,1,0,1,1,0,1,0,1,0) 7 0 1
9
11
6\12
10 | (1,0,0,0,0,1,1,0,0,0,0,1) \7 1
10
111(,1,1,0,0,1,1,0,0,1,1,1) A 0 1
3
11 12
128
5
12} (1,1,0,0,1,0,0,1,0,0,1,1) 0 1
11 12
10
4
13 (1,0,1,1,0,0,0,0,1,1,0,1) 0 1
9
12
10
14| (0,1,1,0,0,0,0,0,0,1,1,0) /2 1
3
11
151 (0,0,0,0,0,0,0,0,0,0,0,0) 1%} no contribution to B! (M (P, §))

16| (1,1,1,1,1, 1,1, 1,1, 1, 1, 1) ~ S? 0 0 1

Table 2: The values of B(Ky,) fori =9,..., 16.

Let us denote by A the characteristic function of C. Corollary 2.9 and Proposition 2.11
imply that A is admissible, and we denote by § its natural Z;‘—extension. It follows that
M (2P, 1) is nonorientable, and M (2 P, §) is the orientable double cover of M (2P, A).
The characteristic matrix A of the coloring § is

0011011011001 1010
0100111001 1100110
100001111010000T11
00000000111000000

(3-1)
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(35716 24247)=5, 5]

-8 >

Figure 10: Colored polytope 2 P.

Then, the row space row A is given by

—_
(=]

—_ 0 OO = = O = OO O = = =
—_— 0 OO = = O = OO O = = =
B e T T e R S R R S =
R e =T = S N = T
—_—_ 0 0 O = O = O = O = O = =
R =T T = =T - S S g

(3-2)

[ N T T S e e N S B B S <
—_—_ O = = O = = 0O = O O = O
—_—m O = 0 O O = =m0 O O =
—_—m O = 0 O O == =0 O O

—_— O = = O =m0 O = O O =

—_—_ O = = O = = 0O =0 O = O
—_—m O = 0 O O = =m0 O O =
—_—m O = 0 O O = =m0 O O =
—_— 0 = = O = = 00 = O O = O
—_ 0 OO = = O = OO O = = =
R T T e i S R R S =

By Corollary 2.3, we can calculate B! (M (2P, §)) through its 15 nonempty full sub-
complexes K,,. Since 8°=8,, the reduced zeroth Betti number of each K, is equal to
the number of connected components of K, minus one.

For every i™ row wi(A) = (Wi1,..., Wij,..., Win) of the row space row A, where
m = 5n + 7 is the number of facets of nP and 1 <i < 2% — 1, we define

o (A):={j|1<j<mand w;; =1, where w;j € row A}.

Then define X (nP, w;(A)) to be the submatrix of X (nP) obtained by selecting the ¢
rows and ¢ columns as ¢ varies in !l (A).

For example, pick the first row w;(A) = (0,0,1,1,0,1,1,0,1,1,0,0,1,1,0,1,0) of
the row space row A shown in matrix (3-2); then a)i"(A) =(3,4,6,7,9,10,13, 14, 16).
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01001110011 10011°0 111111711
@A) =33 8 9 13 14 7 9B 3467910131416
o1 t[1[t[1]t]1]ofofofofo]ofofofof0]0 1 3[1]ofof1]1]o][o0]0]0
1 t{1[1[1]ofoft][1|o]olo]ofofof0l0]0O 1 4(of1|1|o]o[1]0[0]0O
0/3 1[1[t]o[t]o|t][of1]olo]of0l0]00]0O 1 6(of1|1|0][0[1]0[0]0O
0/ 4 t1[1{of[1[of[1|o[1|o][1]o]o]0l0]0|0]O 1 7[1|0ojof1][1]0[1]0]0O
1 t{o[t]o[t][1|ofof1]|of1]|o[0[0[0|0]O 1 9[1|ofof1]|1]o][1]0]0O
1 t{ofof[1][t[1]ofolof[1|1]o]0l0]00]0O 1 10(oft|t|ofjof[1]|of[1]1
1 o/t[1|ofolo[tf1][1]o]|of[1|t][0l0[0]0 1 13[0|0]of1][1]0][1]0]0O
o8 of1|of[1]ofoft]1|o][1]o][1]0 T]0|0]O 1 14/0jofojofof[1]|of[1]T
0/ 9 ofojtjojt[o]t/o[1]o][1][o|1][o[1[0]O 1 16/0[0fo]ojof1][o[1]1
1 olofoft{oft]|of1]|of[1]|1][0]0 1|0[1]O
1 olofofoft][1]ofo[1[1][1]0]o]0[1]1]0 W
1 olofofolofol1[1]olo]of1]1 1]o]o]TL w; (A)=(3,7,9,13)
o[13/ofofofojofo[t[o[1]ofo[1]1]o[1]0]I wfz)(A)=(4,6,10,14,16)
ol14 0fofofofofofo[1|of[1]of[1]0o T]o[1]1
1 olofojof[ofofojo[t][o[1]of1]O[T1][1]1 BYU(K oy (a) = 1
1 ojo[ofo[oloofofof1]|1]0]0 1|1][1]1
ol17/0(ofofo[ofolofofofolo[T]1 1]1|1]1

Figure 11: The computation of EO(le(A)). Left: X(2P). Right: X(2P, w1(A)).

Let us consider the submatrix X (2P, w;(A)) which is obtained from the adjacency
matrix X(2P) by selecting the rows and columns set by @} (A). By examining this
matrix, it is obvious that there are two connected components. Use the notation a);’) (A)
to denote the vertex set of the i connected component of the full subcomplex Ko, ()
Then, we have a)gl)(A) = (3,7,9,13) and wfz)(A) = (4,6,10,14,16); therefore,
EO(KM(A)) = 1. The procedure is illustrated in Figure 11.

Likewise, we can calculate all of the ,g 0 (Kw;(a))> 1 i =15, and the computation for
i =2,3,...,7is illustrated in (A) and (B) of Figures 16-21 in the online supplement.
Finally, we obtain B!(M (2P, §))=3, as shown in the second line in Table 3. This
completes the proof of Lemma 3.1 for the case n = 2.

From the results above, it follows that the first Betti numbers increase by a constant
factor if the reduced 0 Betti numbers ,g 0 of the full subcomplexes corresponding
to w;(A) increase by a constant factor for 1 < i < 15. Since the reduced Betti
number EO(KQ)I.(A)) is obtained through the matrix X(2 P, w;(A)), we only need to
guarantee that matrices X (n P, w;) forn =2,4,6, ... change with a certain pattern for
all 1 <i <15. Notice that such a submatrix is completely determined by the adjacency
matrix and the coloring of the polytope.
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i1 2345678 9101112131415 Betti number
BOKu(A) |1 1000010000000 O0| BY(M2PS)=3
BUKup (AN [1 1010110000000 0| B'(M4P,SE)=5
BOKu(A2) [1 1020210000000 0| BY(MG6P,E))=1
BOUKup(A*) |1 1030310000000 0| B'(MBP,S)=9
BOKu(A*) [1 1040410000000 0] (MI0P,E)=11
BUKup(A) |1 1050510000000 0B (MI2P,8)) =13

Table 3: The computation of the first Betti number.

As for the adjacency matrices, they do change in a uniform manner when using the
facet ordering described in Section 2.3; see also Figure 22 in the online supplement for
the facet ordering and adjacency matrix of the polytopes 2P, 4P and 6 P.

As for the coloring, we duplicate the last two bricks of the colored 2 P a total of %n —1
times to construct the desired coloring on n P, where 7 is a positive even integer equal
to or greater than 2. It can be easily proved that the nonsingularity condition holds at
every vertex. The colorings constructed this way on polytopes 4 P and 6 P are shown
in Figure 12, lower left and lower right, respectively. The colorings are denoted by

[a15182518281a1] and  [a;S818528182518:81a1].

Their characteristic functions are written A! and A2 respectively, where the superscripts
denote how many times the last two bricks (52 S3) of the coloring [a1S1S,S4a1]
of A are repeated. The repeated parts are highlighted in blue and underlined. The
nonorientability of these Z;—colorings is guaranteed by Corollary 2.9. Moreover, we
can obtain their natural Zg—extensions 8! and §2 By Proposition 2.11, the colorings §!
and 82 are admissible. That is, M (4P, §') and M (6P, §?) are the orientable double
covers of the nonorientable manifolds M (4P, 1') and M (6 P, A?), respectively. We
denote the characteristic matrices of §' and §2 by A! and A% The three matrices row A,
row A! and row A? are shown in Figure 23 of the online supplement. Since the coloring
on nP is obtained by duplicating the last two bricks of the coloring [a1S152S14a1]
on 2 P a total of %n — 1 times, the row space row A’ can be obtained from row space
row A by duplicating its columns, from the 11" to the second columns (counting from
right to left), %n — 1 times.

By the method outlined before, we also calculate B (M ((2 + 2i) P, 8%)) for i =
1,2,...,5, as shown in Table 3. We illustrate the calculation of 8°(K,, (A')) and
,BO(Ka,1 (A?)) in Figures 13 and 14, respectively. See also panels (C)—(D) and (E)—(F)
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Figure 12: Top: The cololored polytope 2P. Bottom left: The colored
polytope 4 P. Bottom right: The colored polytope 6 P. Duplicate the last
two bricks of the coloring [a1S1S2S1a1] on 2P a total of %n — 1 times to
construct the desired coloring on n P.

in Figures 16-21 of the online supplement for the computation of ,g O(Kw, (A1) and
B°(Kw, (A?)) fori =2,3,...,7. The corresponding results are highlighted in blue in
Table 3.

From Figure 11 and Table 3 we can see that the matrices X (nP, w;) forn =2,4,6, ...
follow certain patterns for all 1 < i < 15. In order to guarantee that the sequence
{EO (Ko, (A"))} with t € Z is an arithmetic progression, we just need to guarantee
that the first three items satisfy the relation of an arithmetic progression. For example,
since BO(Kw, (A)) =0, BO(Ko, (A1) =1, BO(K4, (A2)) = 2 and the full subcomplex
K, (A") changes regularly as the colorings are obtained by duplicating # times the last
two bricks of the colored 2P of [aS1S52S1a1], it follows that {EO(Kwi (AY))} with
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Figure 13: The computation of go(le(Al)). Top: X (4P). Bottom: X (4P, w1 (AY)).
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Figure 14: The computation of EO(le(AZ)). Top: X (6P). Bottom: X (6P, w;(A?)).
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t € Z4 is an arithmetic progression. Namely, EO(Kw4(A3)) =3, EO(Kw4(A4)) =4,
,g O(Kp,(A%)) =5,.... As a consequence, if we want to prove that the whole Betti
number sequence B! (M (nP, 8%”)), where 7 is an even positive integer, is an arith-
metic progression, we only need to verify that B (M (4P,8')) — BL(M(2P,8)) =
BY(M(6P,5%)) — B (M(4P,8")). Summarizing all these findings, we have the fol-
lowing proposition:

Proposition 3.2 Let§ be a Z‘z‘—coloring over the polytope n P. For an arbitrary even
number s = n, if

B (M ((n+2)P.51)) - B (M(nP.5))
=B (M ((n+4)P.8P)) - ' (M((n+2)P.5V)),
we have
B (M(sP,8267))
=B (M(nP.8))+ 1(s —n)(B' (M(n + 1)P.8") — B' (M(nP.5))).

where §@) represents a Z‘Z‘—coloring over the polytope (n + 2t) P. The coloring vector
of 8@ is obtained by duplicating the Iast two bricks of § exactly ¢ times.

By Proposition 3.2 and using the facts that 81 (M (2P, 8)) =3, BL(M(4P,§') =5
and B1(M (6P, 8?%)) =7, we can produce Table 4.

This concludes the proof of Lemma 3.1. a

4 Proof of Theorem 1.2 for n even

In this section, we prove Theorem 1.2 when 7 is even. It is similar to the proof of
Lemma 3.1.

Lemma 4.1 For any even positive number n, there is a nonorientable 7, g—coloring
A over the polytope n P, such that, for its natural associated Z‘Z‘—coloring 8, we have
BY(MnP,8)) = 5n—3.

Proof Let S1 = (65372), S,S53 = (72424 65372) and a; = 1. By the same idea of
Lemma 3.1, we first construct a suitable nonorientable Zg—coloring A over the polytope
2 P as follows:

(1,3,5,7,6,2,4,2,2,4,7,3,5,7,6,2,1).
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n=242tteN
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S NeBeBeoBoBoBoBol el =l =leloil N
N | O OO OO0 == O = O~ -

34+2t=n+1

total B!

Table 4: The values of 8! in Lemma 3.1.

This colored polytope 2 P is denoted by [a1S1S2S14a;]. It follows from Corollary 2.9
and Proposition 2.11 that A is nonorientable and admissible. Denote by § the natural
Z‘z‘—extension of A. The 3-manifold M (2P, §) is the orientable double cover of the
nonorientable 3—manifold M (2P, A). By Corollary 2.3, we have 1 (M (2P, §)) = 7.

We repeat the last two bricks # times to construct a coloring over the polytope (2+2¢) P,
and denote its characteristic function by A’. In turn, the colored polytope (2 + 2¢) P is
denoted by

[a1 818281 --- 5251 a1].
—,—/
t pairs

It can be easily checked that the nonsingularity condition holds at every vertex. Likewise,
by Corollary 2.9 and Proposition 2.11, we can obtain an admissible extension §’ of
the nonorientable coloring Af. Moreover, M ((2 + 2¢) P, §") is the orientable dou-
ble cover of the nonorientable manifold M ((2 + 2¢) P, A"). The Betti numbers of
(M(2P,8), (M(4P,5') and (M (6P,8?%) are shown in the second, third and fourth
columns of Table 5. By Proposition 3.2 and using the facts that B1(M (2P, §)) =7,
BY(M@4P,8Y)) =17 and BL(M (6P, §?)) = 27, we can deduce the last column of
Table 5.
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n=2 n=4 n=6 n=242tteN
1 0 0 0 0
2 0 0 0 0
3 2 4 6 2t +2
4 1 2 3 r+1
5 0 0 0 0
6 1 3 5 2t +1
7 0 0 0 0
8 1 2 3 t+1
9 0 0 0 0
10 0 1 2 t
11 0 0 0 0
12 1 3 5 2t + 1
13 1 2 3 t+1
14 0 0 0 0
15 0 0 0 0
total B! 7 17 27 -+ 10t+7=5n-3

Table 5: The values of 8! for Lemma 4.1.

In other words, we may always find a nonorientable Zg—coloring A such that its natural
Z3—extension § has B (M (nP,8)) = 5n—3. ]

Lemma 4.2 For any even positive integer n and any odd integer k € [Sn — 1, 5n + 3],
there is a nonorientable 7. g—coloring A over the polytope n P such that, for its natural
associated Zg—coloring 8, we have B1 (M (nP,8)) = k.

Proof We start at » = 2 and construct suitable characteristic functions of the desired
manifolds, whose first Betti numbers increase by 107 when the last pair of their coloring
bricks are repeated ¢ times. First, in Table 6 we prepare an affix and some bricks for
constructing the coloring vectors needed.

Let )‘(1)’ A} and )\% be the three nonorientable Z g—coloring characteristic functions of
the coloring vectors
[a1S182S1a1],  [a1S182815281a1],  [a18518251852818281a1]
over the polytopes 2P, 4 P and 6 P, respectively. Their characteristic vectors are
(1,2,4,4,3,6,5,1,6,3,2,2,4,4,3,6,1),
(1,2,4,4,3,6,5,1,6,3,2,2,4,4,3,6,5,1,6,3,2,2,4,4,3,6,1),
(1,2,4,4,3,6,5,1,6,3,2,2,4,4,3,6,5,1,6,3,2,2,4,4,3,6,5,1,6,3,2,2,4,4,3,6,1).
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to construct | affixes brick pair of bricks being repeated
A ay=1 §;=34246 S>S1 = (26513 34246)
ap = 1
VRS a, =3 S =(24246) S>S3 = (73153 14245)
az = 7

Table 6: The affixes and bricks for constructing A7, A5 and A of Lemma 4.2.

It can be easily checked that the nonsingularity condition holds at every vertex. The
natural associated Zg—extensions are denoted by 69, 511 and § f By Corollary 2.3, we
can calculate the first Betti numbers of those manifolds, namely B! (M (2P, 5?)) =13,
B (M 4P, 8})) =23 and B (M (6P, 5%)) = 33. Thus, according to Proposition 3.2,

(4-1) BYU(M((2+2t)P,8Y)) =13+ 10t, where t € Z .

Similarly, we describe the affixes and bricks for constructing )\’2 and )\g of Lemma 4.2
in Table 6.

Let us denote by A9, A é and A% the three nonorientable Z g—coloring characteristic
functions of the following colored polytopes 2P, 4P and 6 P:

[a1515283az],  [a15152535283a2],  [a151525352535,83as],

and let Ag, A ; and Ag be the Z%—coloring characteristic functions of the following
colored polytopes 2P, 4P and 6 P:

[a1S15283a3],  [a18152835283a3],  [a151528352835283a3].

Their natural associated Z‘Z‘—extensions are denoted as 5(2), 5;, 8% and 52, 5;, 8%.
The first Betti numbers of these manifolds, namely 8'(M (2P, 83)), B (M (4P.5})),
B (M (6P,53)) and B1(M(2P,89)), B (M(4P,53)), BL(M(6P,83)), are explicitly
calculated to be 15, 25, 35 and 17, 27, 37, respectively.

Thus we have, for each t € Z 4,
(4-2) B (M((2+20)P,85)) = 15+ 101,
(4-3) BY(M((2+2t)P,8%)) =17+ 10¢.

Putting together the results in (4-1), (4-2) and (4-3), we have the proof of Lemma 4.2. O

Lemma 4.3 For any even positive integer n and any odd integer k € [1,n — 1], there is
a nonorientable Zg—coloring A over the polytope n P such that, for its natural associated
Z;‘—coloring 8, we have B (M (nP,$8)) = k.
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affixes bricks compatible pairs of bricks being repeated
ay =1 gl = (24247) Ay = (6717254241)
4y =3 | S2=0424D) Ay = (7317254241)

S3 = (67172)

Table 7: The affixes, bricks and compatible pairs for A1:2) of Lemma 4.3.

MY

Figure 15: Compatible pair.

Proof We consider some affixes and bricks as described in Table 7. For the sake of
brevity, we use the symbol A; to denote a compatible pair of bricks, where “compatible”
means the nonsingular condition is satisfied at all ten intersecting vertices of the two
bricks as shown in Figure 15.

At first, we construct a nonorientable Z g—coloring A over the polytope 2 P, where the
colored polytope is [a1.S1.53S2a,]. The nonorientability is guaranteed by Corollary 2.9.
The natural Zg—extension of A is denoted by 8. Let A(1:72) be the Z ;—coloring charac-
teristic function of the colored polytope 2(z; + 1, + 1) P,

[aS1S3S2 Al,...,Al A2,...,A26[2].

151 12

It can be easily checked that the nonsingularity condition holds at every vertex. More-
over, §(1:12) is the natural Z4-extension of A1:/2), which is also defined on the polytope
2(t1 + t + 1) P. In particular, A©®-%) = X. The colored 2 Ps corresponding to A (-9
and A1) are [a1S1S38,A1a,] and [a1S1S35, Ara,], respectively. In this case, the
nonsingularity condition holds at every vertex. The calculated Betti numbers are given
in Table 8.

By Proposition 3.2 and
B(M@2P, s =1, Y (M@EP.s1O)) =1, BY(M(@6P,§*D) =1,

B (MQ@2P.§CM) =1 Y (M@AP.§MO) =1 BY(M(6P,§>9)) =1
BL(M@P,5OV)) =3 BL(M(6P,§0:V)) =3
B (M(6P,50D)) =5

Table 8: The values of B! (M ((2(t; + t, +2)) P, §"1/2))) in Lemma 4.3.
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we have
@4)  BUMQ@ + 1+ P, 8N)) = BUM 2ty +1 +2) P, 5OHR))),
Likewise, from

Bl(M@P. 8@ =1. Bl (M@P.sOV) =3, Bl (M(@©6P.5Y) =5,
we have
45 BUMQt + 12+ 1)P,802)) 42 = BUMQ(t) + 1, +2) P, §112TDy),
By (4-4) and (4-5), we obtain
(4-6) BUMnP,8®2n=1=0)) =y _ 27 1,
where n iseven and 0 <t < %n — 1, which completes the proof of Lemma 4.3. a
Lemma 4.4 For any even positive integer n and any odd integer k € [n + 3, 5n — 5],
there is a nonorientable 7. g—coloring A over the polytope n P such that, for its natural
associated Z;—coloring 8, we have BL (M (nP,8)) = k.
Proof The considered affixes and bricks are described in Table 9.

First, we construct three nonorientable Zg—coloring characteristic functions XO, A1 and
A2 of polytopes 2 P, 4P and 6P, respectively as below:

[a1S143a1],
l[a1S143A43a1],
la1S143A3A3a1].
Their characteristic vectors are

(1,2,4,4,2,7,3,7,5,2,6,2,4,4,2,7, 1),

(1,2,4,4,2,7,3,7,5,2,6,2,4,4,2,7,3,7,5,2,6,2,4,4,2,7, 1),
(1,2,4,4,2,7,3,7,5,2,6,2,4,4,2,7,3,7,5,2,6,2,4,4,2,7,3,7,5,2,6,2,4,4,2,7,1).

affixes brick compatible pairs of bricks being repeated

ar=1,a, =4 | S; = (24247) A; = (42472 71635)
A, = (42472 37265)
Az = (65372 24247)
A4 = (65372 71635)

(t1,12)
)\l_lz

Table 9: The affixes, brick and compatible pairs for constructing of Lemma 4.4.
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Also in this case, the nonsingularity condition holds at every vertex. Their natural
associated Z;‘—colorings are denoted by 50,81 and 82 By Corollary 2.3, we obtain that
the first Betti numbers of the corresponding manifolds are 5, 15 and 25, respectively.
Thus, we have

(4-7) BYUM((2+2t)P,8)) =5+ 10z

for each ¢t € Z >, where ¢ is the number of times the last two bricks of 80 are repeated.

(t1,t2)
Al

Next, we use to represent the Z;—coloring characteristic function of coloring

vector
[aS1A3, N ,A3A4A1, Ce ,AlAl‘aj]

151 12}

over the polytope 2(#; + 7, +2) P. Here a; is the affix element and j =2, 1, 1,2 when

i =1,2,3,4, respectively. In particular, the coloring vector of k;o,o) is [aS1A4A;aj).

(t1,12)
i

The nonsingularity condition holds at every vertex. Moreover, § is the natural

. . 1.t
associated Zg—extensmn of )»lg 1:2)

From ©.0)
1 E) —_ s
B (M(4P,8i ) =542,

Bl (M (6P, 5Oy =7+2i,

B (M@BP,5%Y) =9+2i
fori =1,2,3,4, we have
@-8) PUMQ +0+2)P.5) +2= BN (MQ(1 +12+3)P.512TD)
fori =1,2,3,4. From

BL(M@4P,80)) =5+ 2i,

BL(M(6P,8V)) =15 +2i,

B (M@BP,5>Y)) =25+2i
fori =1,2,3,4, we have
(4-9) B1MQ(t + 12 +2) P8 +10 = B (M2t + 1+ 3) P, 5] 1)),
By (4-8) and (4-9) it follows that

(t,5n—2-1)
i

(4-10) B (M(nP,§ ) =n+8t+2i +3

fornevenand 0 <t < %n—Z.
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2P 4P 6P 8P 10P
s g s B s B 5 B s B
5007 | 8OV g | 50D gy | 50D g3
80 5| 800 o | 80D qp | 502 13| 50Y s
sO0 11| 5OV 13| s0P 15| 80V 17
5O 13| 80D 15| 502 17| 80P 19

S A B ISR U I S
g1 15 | 880 19| Y| 6D 03
s a1 | 8D a3 | 512 05
s 23 | WD 25| 5D 07

§&0 27| 8D 29
82 25| 839 29| sV 31
§&0 31| 83D 33
2,0) 2.1

530 33| s&Y 35

530 37
5 35| 809 39
50 a1
50 43

§4 45

Table 10: The values of 8! = 1 (M (nP, §) for Lemma 4.4,

By (4-7) and (4-10), we finish the proof of Lemma 4.4. All of the Betti numbers of
Lemma 4.4 are listed in Table 10. a

Now, using Lemmas 3.1 and 4.1-4.4, we complete the proof of Theorem 1.2 for n even.

5 Proof of Theorem 1.2 for n odd

In this section, we analogously prove Theorem 1.2 for odd n.

Lemma 5.1 For any odd positive integer n, there is a nonorientable 7. %—coloring A
over the polytope nP such that, for its natural associated Zg—coloring 8, we have
B (M (nP,5)) = n.

Algebraic & Geometric Topology, Volume 23 (2023)



Geometrically bounding 3—manifolds, volume and Betti numbers 1087

n=3 n=5 n=7 n=3+4+2t,teN
1 1 1 1 1
2 1 1 1 1
3 0 0 0 0
4 0 1 2 t
5 0 0 0 0
6 0 1 2 t
7 1 1 1 1
8 0 0 0 0
9 0 0 0 0
10 0 0 0 0
11 0 0 0 0
12 0 0 0 0
13 0 0 0 0
14 0 0 0 0
15 0 0 0 0
total B! 3 5 7 3+2t=n

Table 11: The values of (M (nP,§")) for n = 3 + 2¢ in Lemma 5.1.

Proof We first prove the special case in which n = 3. Consider bricks S = (24247)
and S, = (35716), and affixes a; = 1 and @, = 4. We construct a nonorientable
Zg—coloring A over the polytope 3 P whose coloring and characteristic vector are

[@1S182S1S2a;] and (1,2,4,4,2,7,7,1,5,6,3,2,4,4,2,7,7,1,5,6,3,4),
respectively.

By Corollary 2.3, B1(M (3P, §)) = 3, where § is the natural Z‘z‘—extension of A. We
repeat the last two bricks # times to construct a coloring over the polytope (3+2¢) P, and
denote its characteristic function by A’. It can be easily checked that the nonsingularity
condition holds at every vertex. By Corollary 2.9 and Proposition 2.11, we obtain
the admissible extension 8 of the nonorientable A’. That is, M ((3 + 2¢) P, ') is
the orientable double cover of the nonorientable manifold M ((3 + 2¢) P, A"). The
progressions of corresponding Betti numbers are shown in Table 11.

This concludes the proof of Lemma 5.1. a

Lemma 5.2 For any odd positive integer n and any odd integer k € [Sn — 9, 5n + 3],
there is a nonorientable 7. ;—coloring A over the polytope n P such that, for its natural
associated Zg—coloring 8, we have B (M (nP,$8)) = k.
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affix | compatible pairs of bricks being repeated

ar =1 A; = (53726 71635)
A, = (24724 37265)
Az = (53726 74242)

Table 12: An affix and compatible pairs of bricks for Lemma 5.2, I.

Proof We start at » = 3 and construct six suitable characteristic vectors whose

corresponding manifolds’ Betti numbers would increase by 10¢ when repeating the last

pair of coloring bricks # times. An affix and some useful compatible pairs are described

in Table 12.

Foreveryi =0, 1,2, let A?, A ll and k? be the three Zg—coloring characteristic functions
of the three colorings over the polytopes 3P, 5P and 7P as shown in Table 13. Here ¢

represents how many times the last compatible pair of k? is repeated. It can be checked
with little effort that the nonsingularity condition holds at every vertex.

Let 55 be the natural Z‘Z‘—extensions of M fori = 0,1, 2. By Corollary 2.3, we may

calculate the first Betti numbers of the manifolds corresponding to the coloring vectors

in Table 13, namely

BY(MBP.8)) =17, B(M(5P.8) =17, BYM(TP,8})) =27,
BY(M@3P,8Y)) =9, BUM(5P,8)) =19, B (M(TP,81)) =29

and

BUM@BP.8)) =11, BY(M(GP.8Y) =21, B (M(7P.§2)) =31.

Therefore, according to Proposition 3.2, for each 7 € N,

(5-D
(5-2)
(5-3)

B (M((3+2t)P,8%)) =7+ 10t
BUM((3+2t)P,85)) =9+ 10t
BY(M((3+2t)P,8%)) =11+ 10¢.

t=0 1 2

[a1A1Ara1] [a1A1A2Ara1] [a1A1A2A2A5a4]
[a1A1Asa;] [a1A1A3Asza1] [a1A143A43A45a,]
[arAyAvaq] a1 44 ay] laiA; ap)

Table 13: The coloring vectors of A} in Lemma 5.2.
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affixes compatible pairs of bricks being repeated

ar=1l,a,=3 Ao = (34246 26513)
A; = (31245 26416)
A, = (31245 16416)
Az = (31245 46452)

Table 14: The affixes and compatible pairs for Lemma 5.2, II.

Similarly, we prepare the affixes and compatible pairs for constructing the desired
characteristic function M in Table 14.

Foreveryi =0, 1, 2, let X? Xll and 7\12 be the three Zg—coloring characteristic functions
of the three colorings over the polytopes 3P, 5P and 7P as shown in Table 15. Here ¢
represents how many times the last compatible pair of X? is repeated. It can be easily
checked that the nonsingularity condition holds at every vertex.

Let gf be the natural Z‘z‘—extensions of Xf, for i = 1,2,3. By Corollary 2.3, we
calculate the first Betti numbers of the manifolds corresponding to the coloring vectors
in Table 15, namely

BUMBP,8Y) =13, B (M(5P,8)) =23, BUM(TP,52)) =33,

BUM@BP,8%) =15 B'(M(5P,8H)) =25 BUM(TP,5?)) =35,
and

BYMBP,8Y)) =17, BY(M(5P,8) =27, BY(M(TP,52)) =37.

Thus, according to Proposition 3.2, for each z € N,

(5-4) BUM((3+20)P,8%)) =13+ 101,
(5-5) BUM((3+20)P,8L)) = 15+ 10z,
(5-6) BUM((3+20)P,8L)) = 17 + 101
Putting together the results in (5-1)—(5-6), we have the proof of Lemma 5.2. O
i t=20 1 2
0 | [ardoAraz] [a1AoAr1Araz] [arAoA1Ai1A a;]
1 | [a1AoAzas] [a1AgArAzas] [aiAgAz Az Azas]
2 [a1A0 az] [a1A0 az] [ale az]

Table 15: The coloring vectors of If in Lemma 5.2.
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affixes compatible pairs of bricks being repeated

a=1l,a,=4 A; = (24247 17532)
A, = (53176 17532)
A5 = (53147 17532)

Table 16: The affixes and compatible pairs for A¢1-%2) of Lemma 5.3.

Lemma 5.3 For any odd positive integer n and any odd integer k € [1,n— 1], there is a
nonorientable Z;—coloring A over the polytope n P such that, for its natural associated
Z‘z‘—coloring 8, we have B1 (M (nP,$8)) = k.

Proof We prepare some affixes and compatible pairs as described in Table 16.

At first, we construct a nonorientable Zg—coloring characteristic function A, whose
coloring vector is [a1 A1 Apa5], on the polytope 3 P, and denote its natural Z‘Z‘—extension
by 8. Let A(1:2) be the Z3—coloring characteristic function of

[CllAlAzAz,...,Az A3,...,A3612]

1 153

over the polytope (2(f; 4 #2) + 3)) P. We use §1-2) to denote the natural associated

Zg—extension of A1) 1In particular, A(®-% = X. It can be easily checked that the

nonsingularity condition holds at every vertex. The results of the calculations of the
Betti numbers are reported in Table 17.

According to Proposition 3.2, the Betti number sequence would be an arithmetic
progression if the first three numbers satisfy the relation of arithmetic progression.

From
BUM@BP.5OY) =1, B'(MGEP.STD)) =1, B (M@IP.5§*V)) =1,
we have

(5-7) 131 (M((z(tl +1)+3)P, 5(t1,t2))) _ ﬂl (M((Z(Zl + 1))+ 5)P, 5(t1+1,t2)))‘

BY(M@BP,8OV)) =1 | BIMGSP,800) =1 | BUM((TP,§?9)) =1
BY(M (5P, 8OV)) =3 | BI (M (TP, 81:D)) =3
BUM (TP, 80P)) =5

Table 17: The values of B(M ((2(11 + £2) + 3) P,§71:%2))) in Lemma 5.3.
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From

BMGPSOM) =1, pIMGEPEOD) =3, Bl M@IP.5OY) =5,
we have
(5-8) B (M (Q2(t; +12) +3) P, 812))) 42 = B1 (M ((2(t +12) + 5) P, 8112 1)),
By (5-7) and (5-8), we obtain
(5-9) BUMnP,8020=9=0)) —y 224,
for each n odd withn € Z>3 and 0 < ¢ < %(n —-3).
This concludes the proof of Lemma 5.3. a
Lemma 5.4 For any odd positive integer n and any odd integer k € [n + 1, 5n — 9],
there is a nonorientable 7. g—coloring A over the polytope n P such that, for the natural
associated Z‘Z‘—colon'ng 8, we have B1 (M (nP,$8)) = k.
Proof The affixes and compatible pairs of bricks considered are described in Table 18.

At first, we construct a nonorientable Z;—coloring A over the polytope 3P whose
coloring vector is [a; A4 A1a,]. We denote by § the natural associated Z;—extension.
By calculation, we have

(5-10) BY(M@3P,$)) =5.

We denote by Af‘l ,wheret € Z>1 and i = 1, 2, 3,4, the nonorientable Z%—coloring
characteristic function A on the polytope (2¢ + 3) P corresponding to coloring vector

a1 A4Ay, ..., Ay Ajaj],
————
t

where a; is an affix element and j is given by 2,1, 1,2 fori =1, 2, 3, 4, respectively.

affixes compatible pairs of bricks being repeated

a=1la,=4 A; = (42472 57163)
A, = (42472 53726)
A5 = (65372 72424)
Ay = (65372 57163)

Table 18: The affixes and compatible pairs for Lemma 5.4.
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3P 5P 7P 9P 1P
5 B s B Bl | s Bl | s B!
§ 518 718! 9o 18 11|88 13
80 501680 o8l 1|8 138 15

89 1|8l 138 15 |8 17
89 138 158 178 19

8O0 17 | 500 19 | 5P 21
5115 | 809 19 | sV a1 | 609P 23
500 21 | sV 23 | 509P 25
500 23 | 5OV 25 | 50D 97

s 27 | 0D 29
52 25 | 8800 29 | 8D 3
580 31 | Y 33
s 33 | D 35

530 37

5 35 | 580 39

5&0 41
2,0)

530 43

54 45

Table 19: The values of ' (M (nP,8)),n =3,5,7,9,11, ..., for Lemma 5.4.

In particular, Atl is obtained by inserting (¢ + 1) copies of 4; into the coloring vector
of A. We denote by §/~! the natural Z3—extension of A:~!. From

BYUM(SP,8))) =5+2i, B (M@IP,8}))=7+2i, BY(MOP,§)) =9+2i,

we have
(5-11) B (M (@t +3)P.8;7 ")) +2=B"(M (@21 +5)P.5}))
fori =1,2,3,4.

Next, we construct three nonorientable Zg—colorings 29, 2! and A2 on the polytopes
3P, 5P, 7P, whose coloring vectors are, respectively,

[a1A1Aza], [a1A1AzAszaq], [a1A1AzAszAsaq].
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The natural Z‘Z‘—extensions are denoted by 89, 51 and §2. By calculation, we have
B M@BPE)) =5 BUMGEPEY) =15 B(M(TP.8%) =25,
For t € Z>1, we denote by A1 the Zg—coloring characteristic function of

a1 A1 As, ..., Asaq]
———
t

over the polytope (2¢ + 1) P and write its natural Z‘z‘—extension as 8’1, Then we have,
foreacht € Z>1,

(5-12) BYUM (2t +1)P,§ 1)) =10 — 5.
Let )\gtl_l’&) denote the Z3—coloring characteristic function of the coloring vector

[a1A1A3,...,A3 A4A1 ..... Al Aiaj]

151 15

over the polytope (2(¢; + #2) + 5) P, where a; is an affix element and j is given by
2,1,1,2 fori = 1,2,3,4, respectively. In particular, the coloring vector of )»1(0’0)
islaA; A3 A4 A;aj]. Also Si(t‘_l’u) is the natural Z‘Z‘—extension of )\l(”_l’tz) over the
polytope (2(¢; + ;) + 5) P.

From . ©0.0)
B (M(7P,5i ) =5+ 2i,

BL(M©OP,5OV)) =7+2i,
Bl (M(11P,8P)) =942
fori =1,2,3,4, we have
(5-13) BY(M(Q2(t; +12) +5)P,8117112))) 42
= BN (M (Q(t; +12) +7) P, 8"~ 12TD)Y)
for each t € Z>.

From 0.0
B (M (TP, 5)) = 5+2i,

(1,0) .
BL(M©OP,§; ")) = 15+2i,
(2,0) .
BH(M(11P,§;77)) =25 +2i
fori =1,2,3,4, we have
(5-14) B (M (Q(t1+6)+5) P, 88 2)) 410 = B (M ((2(11 +12)+7) P, 812)))

foreacht € Z>,.
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A B' (M (P.3))
1] (1,2,4,4,2,7,1,7,7,5,6,4) 1
2] (1,2,4,4,2,7,7,3,1,5,4,2) 3
3] (1,2,4,4,2,7,3,5,5,6,3, 1) 5
41 (1,2,4,5,2,6,3,6,5,4,3,1) 7

Table 20: The Z;—colorings and B! of their natural Z‘z‘—extensions of Lemma 5.5.

By (5-13) and (5-14), we have

L 1)—3—
(5-15) BUMuP 82" VTN — i 8
forneZ and 0 <7< 3(n—7).

Putting together the results in (5-10)—(5-12) and (5-15), we complete the proof of
Lemma 5.4. All the Betti numbers of Lemma 5.4 are listed in Table 19. O

Lemma 5.5 For any odd integer k € [1,7], there is a nonorientable Zg—coloring
over the dodecahedron P such that, for its natural associated Zg—coloring 8, we have

BI(M(P.8)) =k.

Proof We report the required characteristic functions in Table 20 to conclude this
lemma. i

Now, using Lemmas 5.1-5.5, we complete the proof of Theorem 1.2 for an odd n.
Thus, together with Section 4, we finish the proof of Theorem 1.2.
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