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We provide finite presentations for stated skein algebras and deduce that those algebras
are Koszul and that they are isomorphic to the quantum moduli algebras appearing
in lattice gauge field theory, generalizing previous results of Bullock, Frohman,
Kania-Bartoszynska and Faitg.
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1 Introduction

Stated skein algebras and lattice gauge field theory A punctured surface is a pair
¥ = (X,P), where X is a compact oriented surface and P is a (possibly empty)
finite subset of ¥ which nontrivially intersects each boundary component. We write
Yp:= X\ P. The set X \ P consists of a disjoint union of open arcs, which we call
boundary arcs.

Warning In this paper, the punctured surface ¥ will be called open if the surface
Y. has nonempty boundary and closed otherwise. This convention differs from the
traditional one, where some authors refer to an open surface as a punctured surface
¥ = (X, P) with X closed and P # @ (in which case Xp is not closed).
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1250 Julien Korinman

The Kauffman-bracket skein algebras were introduced by Bullock and Turaev as a tool to
study the SU(2) Witten—Reshetikhin—Turaev topological quantum field theories [45; 51].
They are associative unitary algebras S, (%) indexed by a closed punctured surface X
and an invertible element w € k™ in some commutative unital ring k. Bonahon and
Wong [12] and Lé [40] generalized the notion of Kauffman-bracket skein algebras to
open punctured surfaces, where in addition to closed curves the algebras are generated
by arcs whose endpoints are endowed with a sign, & (a state). The motivation for
the introduction of these so-called stated skein algebras is their good behavior for the
operation of gluing two boundary arcs together. This property permitted the authors
of [12] to define an embedding of the skein algebra into a quantum torus, named the
quantum trace, and offers new tools to study the representation theory of skein algebras.

Except for genus 0 and 1 surfaces (see Bullock and Przytycki [21]), no finite presentation
for the Kauffman-bracket skein algebras is known, though a conjecture in that direction
was formulated in Santharoubane [46, Conjecture 1.2]. However, it is well known
that they are finitely generated; see Abdiel and Frohman [1], Bullock [18], Frohman
and Kania-Bartoszynska [30] and Santharoubane [46]. The corresponding problem for
stated skein algebras of open punctured surfaces is easier. Finite presentations of stated
skein algebras were given for a disc with two punctures on its boundary (for the bigon)
and for the disc with three punctures on its boundary (for the triangle) in [40], for the
disc with two punctures on its boundary and one inner puncture in Korinman [35] and
for any connected punctured surface having exactly one boundary component, one
puncture on the boundary and possibly inner punctures in Faitg [27].

Our first purpose is to provide explicit finite presentations for stated skein algebras of an
arbitrary connected open punctured surface X. Let us briefly sketch their construction;
we refer to Section 2.2 for details.

The finite presentations we will define depend on the choice of a finite presentation
P of some groupoid I1;(Xp, V). In brief, for each boundary arc a of X, choose a
point v, € a and let V be the set of such points. The groupoid I1;(Zp, V) is the full
subcategory of the fundamental groupoid of ¥ whose set of objects is V. A finite
presentation P = (G, RL) for IT; (Zp, V) will consist in a finite set G of generating
paths relating points of V and a finite set RIL of relations among those paths which
satisfy some axioms (see Section 2.2 for details). For instance for the triangle T (the disc
with three punctures on its boundary), the groupoid IT; (T, V) admits the presentation
with generators G = {«, 8, '}, drawn in Figure 1, and the unique relation a¢fy = 1.
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Figure 1: The triangle and some paths.

A path o« € G can be seen as an arc in Xp and, after choosing some states ¢, &’ € {—, +}
for its endpoints, we get an element .. € S, (X) in the stated skein algebra. We denote
by AC ¢ Sy (X) the (finite) set of such elements. It was proved in Korinman [38] that
AC generates S, (X) and its elements will be the generators of our presentations.

Concerning the relations, first for each « € G, one has a g—determinant relation between
the elements g, For each pair (a, B) € G2 we will associate a finite set of arc exchange
relations permitting us to express an element of the form oy’ By € S (X) as a linear
combination of elements of the form f,p0.4. Finally, to each relation R € RL in the
finite presentation P, we will associate a finite set of so-called trivial loop relations.

Theorem 1.1 Let X be a connected open punctured surface and P a finite presenta-
tion of T1{(Xp, V). Then the stated skein algebra S, (X) is presented by the set of
generators A® and by the g—determinant, arc exchange and trivial loop relations.

For every open punctured surface, we can choose a finite presentation P of IT{(Xp, V)
such that the set of relations is empty (for instance for the triangle of Figure 1, one
might choose the presentation with generators G = {«, 8} and no relations). In this
case, the presentation of S, (X) is quadratic inhomogeneous and, by using the diamond
lemma, we prove:

Theorem 1.2 For X a connected open punctured surface, the quadratic inhomogeneous
algebra S, (X) is Koszul and admits a Poincaré—Birkhoff—Witt (PBW) basis.

Theorem 1.2 implies that S, (X) has an explicit minimal projective resolution (the
so-called Koszul resolution), which permits us to effectively compute its cohomology
(see Loday and Vallette [42] for details).

Let (T, ¢) be a ciliated graph, that is a finite graph with the data for each vertex of
a linear ordering of its adjacent half-edges. Inspired by Fock and Rosly’s original
work in [29] on the Poisson structure of character varieties, Alekseev, Grosse and
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Schomerus [2; 3; 5] and Buffenoir and Roche [15; 16] independently defined the so-
called quantum moduli algebras L4 (T, ¢), which are combinatorial quantizations of
relative character varieties (see Section 4.2 for details). Those algebras arise with some
right comodule map AY: L, (T, ¢) = L, (T, ¢) ® O4[G], where Oy[G] = O,4[SL,]®V @
is the so-called quantum gauge group Hopf algebra and ¢ := @w~*. The subalgebra
Cia‘}V (I') € Ly(T, ¢) of coinvariant vectors plays an important role in combinatorial
quantization. More precisely, as reviewed in Section 4.1, we associate to each ciliated
graph (T, ¢) two punctured surfaces: an open one X °(T", ¢) and a closed one X (T"),
such that the algebras £, (T, ¢) and £I7V(T") are quantizations of the SL,(C) (relative)
character varieties of £ °(T", ¢) and X (I"), respectively, with their Fock—Rosly Poisson
structures. We deduce from Theorem 1.1:

Theorem 1.3 There exist isomorphisms of algebras So,(X°(T, ¢)) = L (T, ¢) and
So(E(T)) = £IV(T).

Theorem 1.3 is not surprising and was already proved in some cases. First it is
well known that (stated) skein algebras also induce deformation quantizations of
(relative) character varieties: it follows from the work in Bullock [17], Przytycki and
Sikora [44] and Turaev [50] for closed punctured surfaces and is proved in Korinman
and Quesney [39, Theorem 1.3] and Costantino and L& [26, Theorem 8.12] for open
punctured surfaces. So Theorem 1.3 was expected; for instance its statement was
conjectured in [26]. Next the skein origin of the defining relations of quantum moduli
algebra was discovered by Bullock, Frohman and Kania-Bartoszynska in [19] where
the authors already proved that S, (X (")) and £IV(I") are isomorphic in the particular

case where k = C[[#] and ¢ := 0™

= exp h. However, their proof does not extend to
arbitrary ring (see item (vi) of Section 5). Finally, in the special case where (I, ¢) is
the so-called daisy graph (it has only one vertex, so X °(T", ¢) has exactly one boundary
component with one puncture on it), Theorem 1.3 was proved by Faitg in [27] in the
case where w is not a root of unity. A detailed comparison between Faitg’s isomorphism
and ours is made in Section 4.4. Faitg’s result can also be derived indirectly from the
works in Ben-Zvi, Brochier and Jordan [9] and Gunningham, Jordan and Safronov [31],
as detailed in Section 4.4. As pointed out to us by the anonymous referee, there is an
important difference between our definition of quantum moduli algebras and the original
one. In the original approaches, the algebra £, (T, ¢) is seen as a qulfm—module,
where 7 is the number of external vertices of I', and £,)Y(I") is then defined as the
subalgebra of invariant vectors for this action. Here, L ([, ¢) is rather seen as an
O4[SL,]®"—comodule and £2¥(T) is defined as the subalgebra of coinvariant vectors
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instead. When ¢ is generic both definitions coincide, however when ¢ is a root of
unity they differ in general (see Section 5 for details). In particular, the isomorphism in
Theorem 1.3 holds with our definition of quantum moduli algebra and might fail with
the original one, at roots of unity.

Acknowledgments The author thanks S Baseilhac, F Costantino, M Faitg, L. Funar, D
Jordan, A Quesney, P Roche and P Safronov for useful discussions and the anonymous
referees for interesting suggestions and corrections and for pointing out to us the
difference between Uysly—invariant and Oy4[SL;]—coinvariants at roots of unity. He
acknowledges support from the Japanese Society for Promotion of Science (JSPS) and
the Centre National de la Recherche Scientifique (CNRS).

2 Finite presentations for stated skein algebras

2.1 Definitions and first properties of stated skein algebras

Definition 2.1 A punctured surface is a pair ¥ = (X, P) where X is a compact
oriented surface and P is a finite subset of X which nontrivially intersects each boundary
component. A boundary arc is a connected component of 93\ P. We write Xp := X\ P.

Definition of stated skein algebras Before precisely stating the definition of stated
skein algebras, let us sketch it informally. Given a punctured surface ¥ and an invertible
element w € k™ in some commutative unital ring k, the stated skein algebra S, (%)
is the quotient of the k—module freely spanned by isotopy classes of stated tangles
in 3p x (0, 1) by some local skein relations. Figure 2, left, illustrates such a stated
tangle: each point of a7 C dXp is equipped with a sign + or — (the state). Here the
stated tangle is the union of three stated arcs and one closed curve. In order to work
with two-dimensional pictures, we will consider the projection of tangles in Xp as in
Figure 2, right; such a projection will be referred to as a diagram.

A tangle in Zp x (0, 1) is a compact framed, properly embedded one-dimensional
manifold 7" C Xp x (0, 1) such that for every point of 37 C X p x (0, 1) the framing is
parallel to the (0, 1) factor and points in the direction of 1. Here, by framing, we refer to
a thickening of T to an oriented surface. The height of (v, h) € Lp x (0,1) is h. If b is
a boundary arc and T a tangle, we impose that no two points in d, T :=dT Nb x (0, 1)
have the same heights, hence the set d, T is totally ordered by the heights. Two tangles
are isotopic if they are isotopic through the class of tangles that preserve the boundary
height orders. By convention, the empty set is a tangle only isotopic to itself.
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Figure 2: A stated tangle (left) and its associated diagram (right). The arrows
represent the height orders.

Let w: ¥p x (0, 1) — Xp be the projection with 7 (v, #) = v. A tangle T is in generic
position if, for each of its points, the framing is parallel to the (0, 1) factor, points
in the direction of 1 and is such that 7w |7: T — Xp is an immersion with at most
transversal double points in the interior of Xp. Every tangle is isotopic to a tangle in
generic position. A diagram is the image D = 7(T') of a tangle in generic position,
together with the over/undercrossing information at each double point. An isotopy
class of diagram D together with a total order of d; D := dD N b for each boundary
arc b uniquely define an isotopy class of a tangle. When choosing an orientation o(b)
of a boundary arc b and a diagram D, the set dp D receives a natural order by setting
that the points are increasing when going in the direction of 0(b). We will represent
tangles by drawing a diagram and an orientation (an arrow) for each boundary arc,
as in Figure 2. When a boundary arc b is oriented we assume that the order of the
heights of the points of dp D coincides with the order induced by the orientation of the
boundary arc. A state of a tangle is amap s: 7 — {—, +}. A pair (7, s) is called a
stated tangle. We define a stated diagram (D, s) in a similar manner.

Let w € k* be an invertible element and write 4 := v~ 2.

Definition 2.2 [40] The stated skein algebra Sy, (X) is the free k-module generated
by isotopy classes of stated tangles in Xp x (0, 1) modulo the relations (1) and (2):

1) M=AY(+47'3Z and Q=-(4>+472) .

@) C[Jr: d::o, qtzw ‘ and w—lz[;—aﬂj_::)‘.

The product of two classes of stated tangles [T, s1] and [T?, s;] is defined by isotoping
T and T in Xp X (% 1) and Xp X (0, %), respectively, and then setting [T, 51]-[T2, 53]
equal to [Ty U Ty, s1 U s,]. Figure 3 illustrates this product.
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_ X = _:A+ _
+ + DS ++

Figure 3: An illustration of the product in stated skein algebras.

For a closed punctured surface, S, (X ) coincides with the classical (Turaev’s) Kauffman-
bracket skein algebra.

Reflexion anti-involution Suppose k = Z[w*!] and consider the Z-linear involution
x — x* on k sending w to w™!. Let r: Zp x (0, 1) = =p be the homeomorphism
defined by r(x,¢) = (x, 1 —1). Define an antilinear map 6: S,(X) = S, (X) by

(S utris) = Xafle(m.sior)

Proposition 2.3 [40, Proposition 2.7] The map 0 is an antimorphism of algebras, ie
O(xy) =0(»)0(x).

Bases for stated skein algebras A closed component of a diagram D is trivial if it
bounds an embedded disc in ¥p. An open component of D is trivial if it can be isotoped,
relatively to its boundary, inside some boundary arc. A diagram is simple if it has neither
double point nor trivial component. By convention, the empty set is a simple diagram.
Let o denote an arbitrary orientation of the boundary arcs of ¥. For each boundary
arc b we denote by <, the induced total order on dp D. A state s: 0D — {—, +} is
o—increasing if, for any boundary arc b and any two points x, y € dp D, then x <, y
implies s(x) < s(y), with the convention — < +.

Definition 2.4 We denote by B° C S, (X) the set of classes of stated diagrams (D, s)
such that D is simple and s is o—increasing.

Theorem 2.5 [40, Theorem 2.11] The set B° is a basis of S, (X).

Remark 2.6 The basis B° is independent of the choice of the ground ring k and of
w € k*. This fact has the following useful consequence: Let k := Z[w®!] and k’ be any
other commutative unital ring with an invertible element o’ € k. There is a unique
morphism of rings 1 : k — k’ sending @ to »’ and the two k’ algebras S, (X ) ® k’ and
Su (X)) are canonically isomorphic through the isomorphism preserving the basis 5°.
This fact permits us to prove formulas in k using the reflexion anti-involution 6 and
then apply them to any ring k’ by changing the coefficients.
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Figure 4: An illustration of the gluing map #|44p.

Gluing maps Let ¢ and b be two distinct boundary arcs of X and let X 44, be the
punctured surface obtained from X by gluing a and b. Denote by 7 : Zp — (X445 Pays
the projection and ¢ := mw(a) = w(b). Let (Tp,s0) be a stated framed tangle of
E|“#b7’|a#h x (0, 1) transverse to ¢ x (0, 1) and such that the heights of the points of
To Nc x (0, 1) are pairwise distinct and the framing of the points of 7o N ¢ x (0, 1)
is vertical. Let T C Xp x (0, 1) be the framed tangle obtained by cutting 7, along c.
Any two states s4: d,T — {—, +} and sp: 0, T — {—, +} give rise to a state (s, S, 5p)
on T'. Both the sets d,7 and d T are in canonical bijection with the set T N ¢ by the
map 7. Hence the two sets of states s, and s are both in canonical bijection with the
set St(c) :={s:cNTy — {—, +}}.

Definition 2.7 Leti|g4p : Sw (X |a#b) — Sw () be the linear map given, for any (7o, so)
as above, by
ilans (To. s0]) = D> [T.(s.50.9)].
s€St(c)
Theorem 2.8 [40, Theorem 3.1] The linear map i|q4p : S (X |asp) = Sw(X) is an
injective morphism of algebras. Moreover the gluing operation is coassociative in the
sense that if a, b, ¢ and d are four distinct boundary arcs, then i|qup ©i|ctd = i|ctd Ol|a#b-

Relation with Uysl, and O4[SL,] Recall that A = w™2 and write ¢ := A%. The
stated skein algebra has deep relations with the quantum enveloping algebra Uysl, and
the quantum group Oy (SL;), explored in [26; 27; 32; 39; 40], that we briefly reproduce
here for later use by using the notation of [22; 33; 47]. Suppose that ¢ is generic (not
a root of unity) and let p: Uysl, — End(V') be the standard representation of Uysl,,
where V' is two-dimensional with basis (v, v—) and

p(E) = (g (1)) p(F) = (‘1) 8) and  p(K) = (Z qgl)-

When ¢ is a generic parameter, Uysl, has the structure of topological half-ribbon Hopf
algebra in the sense of [47], that is, it admits an R—matrix

R= q%(H‘X’H) expy ((¢ —¢ HWE®F)e qulgz’2
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(see [22] for details) and a half-ribbon element 2 € (m (defined by Kirillov and
Reshetikhin in [34], where € is denoted by w™!) such that A(Q) = (R ® Q) R and such
that (Ugsl,, R, Q72) is a topological ribbon Hopf algebra. Note that the ribbon element
v := Q72 is not the usual one (see [47; 49] for details) but the Kauffman-bracket one

(the one for which qdim(V) = —¢ — ¢~ ! instead of ¢ + ¢~ ).

In the standard basis (v4, v—) of V, the matrix C = Mat(v%,,f)(Q_l) is written

C ctcry (0 o
“\Cr o)\~ 0)°
_ 0 —w>

C 1=—A3C=(w_l )

Define the operators t, q%(H@’H) € End(V®2) by

Therefore

T(v; ®Vj):=v; ®v; and q%(H‘X’H)(v,' ®vj) = AV ® v;j

fori, j € {4, —} (we identified — with —1 and 4 with 41). The braiding associated
to the R—matrix is

R=cyyi=10q2 M oexp ((4— g )p(E) ® p(F))
1 _
=10q2H M o (1, 4 (¢ — ¢ HPp(E) ® p(F)).

In the basis (V4 ® V4, V4 @ V—, v— Q V4, V— @ V_), it is written

O R A A 0 0 0
g |2y 2- e @fz | o 0 4Tt 0
B e e I IVRZ R’ B R I
RIT R RTL RC 0 0 0 4
SO

A~! 0 0 0
_1 0 A'—4*4 0
=1 A 0 0
0 0 0 A7!

We now list three families of skein relations, which are straightforward consequences
of the definition, work regardless whether ¢ is generic or a root of unity, and will be
used later. Let i, j € {—, +}.

e The trivial arc relations, which are given by
i _ i j _ =1
3) (j;_cj ‘ and ;b — (Y}
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e The cutting arc relations, which are given by
_ ij _ —1\i j
“) ’C— ZCJ}I: and 3‘— > (© ),-:[}--
i,j=% Lj=+
o The height exchange relations, which are given by
| Jj kil l Jj— i _ —1\kl k
6 T=3= Y a0l wa Z=3K= Y @Dk
ki=+ k=%

We refer to [40] for proofs.

The algebra O4[SL,] is the algebra presented by generators x.e, €, &' € {—, +} and

relations
-1 —1
XppXt—=¢ Xp—Xiq, XppXetp =¢  X—pXpoq,
X X4 =(gX4_X_—, X X =X X——,
XppXem =1+ q Xy, X Xpp = 1+ gx Xy,

Xef Xp— = Xp X,
It has a Hopf algebra structure characterized by
AX44) A4-)\ _ (X++ X4 o (¥t Xt
Alx—y) A(x—2) Xeg X—— Xeg x—— )’
€(x+) €e(x4-)\ _ (10
e(x—y) e(x—2) 01)°
(S(x++) S(X+—)) _ ( X—— —qx+—)
Sr—4) S(x—) —q 7o Xy
When ¢ € C* is generic (not a root of unity), O4[SL;] is the subalgebra of the restricted
dual of Uysl, generated by the matrix elements of the integrable modules; see [14; 22].
The bigon B is the punctured surface made of a disc with two punctures on its boundary.
It has two boundary arcs @ and b and is generated by the stated arcs e, &, &' = £ made
of an arc « linking @ to b with state € on @ N« and &’ on @ Nb. Consider a disjoint union
B UB of two bigons; by gluing together the boundary arc by of the first bigon with the

boundary arc a; of the second, one obtains a morphism A :=i|5, 44, : S (B) — Se (B)®?
which endows S, (B) with the structure of Hopf algebra where A is the coproduct.

Theorem 2.9 [26; 39; 40] There is an isomorphism ¢: O4[SL,] = S, (B) of Hopf
algebras sending the generator xge» € O4[SL;] to the element oger € S,y (B).

Algebraic € Geometric Topology, Volume 23 (2023)
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[ a
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7{, = CaRY R
ab,c,d b

~

Figure 5: An example of the boundary skein relation.

More precisely, the fact that ¢ is an isomorphism of algebras is proved in [40] and the
fact that it preserves the coproduct was noticed independently in [26; 39]. Throughout,
we will (abusively) identify the Hopf algebras O4[SL;] and S, (B) using ¢. Note that
the definition of ¢ depends on an indexing by @ and b of the boundary arcs of B.

Now consider a punctured surface X and a boundary arc ¢. By gluing a bigon B along %
while gluing b with ¢, one obtains a punctured surface isomorphic to X, hence a map
ACL = l|ptte - Sw(X) = Oy[SL2] ® Si,p (X)) which endows S, (X) with the structure of
left O4[SL;] comodule. Similarly, gluing ¢ with @ induces a right comodule morphism
Af = ljeta: Sw(X) = Sp(X) ® O4[SL;]. The following theorem characterizes the
image of the gluing map and was proved independently in [26; 39].

Theorem 2.10 [26, Theorem 4.7; 39, Theorem 1.1] Let X be a punctured surface,
and a and b two boundary arcs. The sequence

. Atl{_ OAR
0= Sir (T jap) 1425 S,y (T) 22205 0,4[SLy] ® Sp(Z)

is exact, where o (x ® ) :== y ® X.

An easy but very important consequence of the fact that Ag and A(If are comodule
maps are the boundary skein relations

(6) (e®id)o AL =id and (id®e)o AR =id.

The image through the counit € of a stated diagram in B can be computed using
N\ i . PP
™ (Id)=¢. <«(b])=wnj
j k\ _ il i kY — (op—1yiJ
(B = (B =07

Figure 5 illustrates an instance of boundary skein relation (6). Here we draw a dotted
arrow to illustrate where we cut the bigon. Note that all the trivial arc (3), cutting
arc (4) and height exchange (5) relations are particular cases of (6).
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Figure 6: A punctured surface and a set of generators for its small fundamental groupoid.
2.2 The small fundamental groupoid and its finite presentations

In this section we fix a punctured surface ¥ = (X, P) such that ¥ is connected and
has nonempty boundary. For each boundary arc a of X, fix a point v, € a and denote
by V the set {vg}q.

Definition 2.11 The small fundamental groupoid T11(Zp, V) is the full subcategory
of the fundamental groupoid I1;(Xp) generated by V.

Said differently, IT; (Xp, V) is the small groupoid whose set of objects is V and such
that a morphism (called a path) o: v;i — v, is a homotopy class of continuous maps
¥ [0, 1] = Ep with ¢, (0) = v and @ (1) = v,. The map ¢4 will be referred to as a
geometric representative of o. The composition is the concatenation of paths. For a
path o: vy — v, we write s(a) = v (the source point) and # () = v, (the target point),
and @~ !: vy — vy is the path with opposite orientation (¢@y—1(t) = @a (1 —1)).

We will define the notion of finite presentation P of the groupoid IT; (Xp, V) and attach
to each such PP a finite presentation of S, (X). In order to get some intuition, consider
the punctured surface in Figure 6: it is an annulus with two punctures per boundary
component, so it has four boundary arcs. The figure shows some paths 81, ..., 85 and
we will say that IT{ (Xp, V) is finitely presented by the set of generators {81, ..., 85}
together with the relation 85 18,8583 = 1. We will deduce that S,,(X) is generated
by the stated arcs (B;). and that the relation ,32_1,84,85 B3 = 1 induces a relation
among them. Alternatively, the fundamental groupoid of the same punctured surface
has a presentation with the smaller set of generators {f1,..., 84} and no relation. The
induced finite presentation of S, (%) will be simpler.

Definition 2.12 (i) A set of generators for I1{(Xp, V) is a set G consisting of paths
in IT{ (Xp, V) such that any path o € [T (Xp, V) decomposes as & = 01‘181 coeqp with
¢; = £1 and o; € G. We also require that each path o € G is the homotopy class of
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Figure 7: The geometric representatives of a set of generators for IT; (Zp, V).

some embedding ¢y, : [0, 1] — Xp such that the images of the ¢ do not intersect outside
V and possibly intersect transversally at V. The generating graph is the oriented ribbon
graph I' C Zp whose set of vertices is V and edges are the images of the ¢,. We will
always assume implicitly that the geometric representatives ¢, are part of the data
defining a set of generators. Moreover, when o € G is a path such that s(«) = ¢ () (ie
« is a loop) we add the additional datum of a “height order” for its endpoints, that is
we specify whether i(s(a)) < h(t(a)) or h(t(a)) < h(s(@)).

(ii) For a path a: vy — vy and &, &” € {—, +}, we denote by ager € S, () the class of
the stated arc («, o), where the state o is given by o(v;) = ¢ and 6(v,) = ¢/. When
both endpoints lie in the same boundary arc (when s(«) = #(«)) we use the chosen
height order to specify which endpoint lies on the top. Set

AC = {aee @ €G and ,¢' € {—, +}} C Sp(T).

Example 2.13 For any connected open punctured surface X, the groupoid I (Zp, V)
admits a finite set of generators depicted in Figure 7 and defined as follows. Denote
by ay, . .., a, the boundary arcs, by dg, ..., d, the boundary components of ¥ with
ag C g, and write v; :=a; N'V. Let X be the surface obtained from X by gluing a
disc along each boundary component d; for 1 <i <r, and choose a1, B1, ..., g, Bg
some paths in 71 (Zp, vo) (Which equals Endy, (2, v)(vo)) such that their images in
¥ generate the free group 71 (X, vg) (said differently, the o;; and f; are longitudes and
meridians of X). For each inner puncture p choose a peripheral curve y, € w1 (Zp, vg)
encircling p once and for each boundary puncture py between two boundary arcs a;
and a;, consider the path «p, : v; — v; represented by the corner arc in py. Finally,
for each boundary component d;, with 1 < j < r, containing a boundary arc ak; C 9;,
choose a path 53/. :vg —> Vg; . The set

G’ = {0y, fi.ap. 8y, | 1=i<g,pePand 1 < j <r}
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Figure 8: How an application of the cutting arc relations permits us to
express any simple stated diagram in terms of the elements of A®. Here
G = {B1, B2, B3, P4} is the set of generators of Figure 6. We draw dotted
arrows to exhibit where we perform the cutting arc relations.

is a generating set for IT;(Xp, V) and Figure 7 represents a set of geometric repre-
sentatives for G’. Moreover each of its generators which is not one of the 8y; can be
expressed as a composition of the other ones (we will soon say that there is a relation
among those generators), therefore a set G obtained from G’ by removing one of the
element of the form «;, B; or y, is still a generating set for IT; (X5, V). The height
orders can be chosen arbitrarily. Note that G has cardinality 2g — 2 + 5 + ny, where
g is the genus of X, s := |P| is the number of punctures and ny := |7¢(0X)| is the
number of boundary components.

In the particular case where X has exactly one boundary component with one puncture
on it (and possibly inner punctures), the generating graph of G is called the daisy graph
(see Figure 9). The daisy graph was first considered in [4] in the context of classical
lattice gauge field theory and in [5; 8; 27; 28] in the quantum case.

Proposition 2.14 [38, Proposition 3.4] If G is a set of generators of T1{(Zp, V),
then the set A® generates S,,(X) as an algebra.

The proof of Proposition 2.14 is an easy consequence of the cutting arc relations
illustrated in Figure 8.

We now define the notion of relations for a generating set G. Let F(G) denote the free
semigroup generated by the elements of G and let Relg denote the subset of 7 (G) of
elements of the form R = 1 x--- % B, such that s(8;) = #(B;+1) and such that the path
B1...Bnistrivial. We write R™!:= B, 1 - -*51_1. Arelation R =81 x---xf, €Relg
is called simple if the 8; admit as representatives embedded curves whose concatenation
forms a contractible simple closed curve y in ¥p whose orientation coincides with the
orientation of the disc bounded by y. Note that “being simple” depends on the choice
of geometric representatives of the generators.
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g times
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n times
Figure 9: A daisy graph.

Definition 2.15 A finite subset RIL C Relg is called a finite set of relations if its
elements are simple and every word R € Relg can be decomposed as

R:IB*R?*---*R%”*IB_I,

where R; e RLL, g; € {*+1}and f = 1 x---x B, € F(G) is such that s(8;) =1(Bi+1).
The pair P := (G, RL) is called a finite presentation of I1{(Xp, V).

As illustrated in the introduction, the small fundamental groupoid of the triangle T
admits the finite presentation with generating set G = {«, B, ¥} and unique relation
RL ={ax B *xy}.

For a general connected open punctured surface ¥, the set G of Example 2.13 is the
generating set of a presentation of IT{(Xp, V) with no relations.

2.3 Relations among the generators of the stated skein algebras

We fix a connected open punctured surface X, a finite presentation P = (G, RL) of
IT,(Xp, V), and look for relations in Sy, (%) among the elements of AG.

Definition 2.16 An oriented arc B is a nonclosed connected simple diagram of Xp
together with an orientation plus a possible height order of its endpoints in the case
where they both lie in the same boundary arc. We will denote by s(f) and 7(f) its
endpoints so that f is oriented from s(8) towards #(8). For ¢, ¢’ € {—, +}, we denote by
Beer € Sp(X) the class of the stated diagram (8, o) where o (s(8)) = ¢ and o (1(B)) =¢'.

Note that to each oriented arc one can associate a path in IT1; (Xp, V) by first isotoping
its endpoints to V and then taking its homotopy class. However a path in I1{(Xp, V)
can be associated to several distinct oriented arcs, so an oriented arc contains more
information than a path in the small fundamental groupoid.
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Figure 10: Left: an illustration of the local isotopy we perform to turn the set
of edges of a (ribbon) presenting graph into a set of pairwise nonintersecting
oriented arcs. Right: an example in the case of the triangle.

We want to see the elements of G as pairwise nonintersecting oriented arcs as illustrated
in Figure 10. Recall that by Definition 2.12, any path @ € G is endowed with a geometric
representative ¢, whose image is an oriented arc ¢ C Xp such that the o pairwise do
not intersect outside of V and they intersect transversally in V. So each point v, € V is
endowed with a total order <,, on the set of its adjacent arcs (so the presenting graph
has a ciliated ribbon graph structure).

The orientation of ¥p induces an orientation of its boundary arcs, which, in turn,
induces a total order <, on each boundary arc a, where vy <, v if a is oriented from v
towards v,. After isotoping the & in a small neighborhood of each v, in such a way that
the vertex order <, matches with the boundary arc order <, as illustrated in Figure 10,
we get a family of pairwise nonintersecting oriented arcs representing the elements of G.

Convention 2.17 From now on we consider the elements of G as pairwise noninter-
secting oriented arcs.

Definition 2.18 Let o be an oriented arc, set v{ := s(«) and v, := #(«) and denote
by u and v the boundary arcs containing v; and v,, respectively. The arc « is

e oftypeaifu#v,

e oftype bitu=v, h(vy) < h(vy) and v, <, vy,

o oftype cifu=v, h(vy) <h(vy) and vy <y vy,

o oftyped ifu=v, h(vy) < h(vy) and vy <, vy,

e oftypeeifu=v, h(vy) < h(vy) and vy <y v1.

type a type b typec typed A typee
: @y L | e

Figure 11: An illustration of the five types of oriented arcs.
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Here h(v) represents the height of v (/4 is the second projection Xp x (0, 1) — (0, 1)).
Figure 11 illustrates the five types of oriented arcs.

Notation 2.19 (i) For « an oriented arc, write M (a) := (‘;J_ri o+~), the 2 x 2 matrix
with coefficients in Sy, (X). The relations among the generators of S, (X) that we will
soon define are much more elegant when written using the matrix

M (x) if o is of type a,

M(a)C if « is of type b,

N(a):= 1 M(a)'C if a is of type ¢,

C'M(x) ifaisof type d,

'IC"M(a) ifaisof type e,
where ! M denotes the transpose of M.

(i) Let M, p(R) be the ring of a x b matrices with coefficients in some ring R (here
R will be S,,(X)). The Kronecker product ©: My p(R) ® M. 4(R) = Myc pa(R) is

defined by (4 © B)j.’k = A;. Blk. For instance,

Ot Pt Oy fyp— Py Py

_ |4t oy Py P

M) © M(P) = Ay Pt 0Py 0 Piy Py
dg Py g p— Py a P

(iii) By abuse of notation 7 also denotes the matrix of the flip map 7: V&% — V®?2
given by v; @ vj = v @ v;:

S O O
S~ O O
S O = O
— o O O

(iv) For a 4 x 4 matrix X = (X,i’l.),-,j’kJ:i, we define the 2 x 2 matrices try (X') and
rr(X) by
wL(X)5:=Y" X2 and wp(X)5:=)" X2
i=+ i==4

(v) For M = (% 3), we set dety (M) :=ad —q~'bc and det2 (M) := ad —q*be.

Lemma 2.20 (orientation-reversing formulas) Let o be an oriented arc and o~ ! be
the same arc with opposite orientation. Then one has

M@ ™) ="M().
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a
=2 2R
b

= (rg(C © C™'M())R)]

Figure 12: An illustration of the proof of (9) in the case where « is of type e.

Therefore,
"N (a) if a is of type a,
(8) N )y =31C " N()'C ifaisoftypeb ord,
CUN(@)C ifaisoftypec ore.
Proof This is a straightforward consequence of the definitions. O

Lemma 2.21 (height-reversing formulas) Let « be an oriented arc with both end-
points in the same boundary arc and let o° be the same arc with reversed height order
for its endpoints. Then one has

trr(R1(CC7' O M(a)'C)) if aisof type b,
trp, (R™1 (M (a)C © C™1Y) if « is of type c,
trp (CC™'M () ©1C)R) if « is of type d,
trr((C © C~'M(a))R) if a is of type e.

9) M(@®) =

Proof Equation (9) is obtained by using the boundary skein relations (6). Figure 12
illustrates the proof in the case where « is of type e. The other cases are similar and
left to the reader.

In Figure 12, we represent the curve « in blue to emphasize that, despite what the picture
suggests, the curve can be arbitrarily complicated. Since the boundary arc relation only
involves the intersection of « with a small neighborhood (a bigon) of the boundary arc
(colored in gray), the exact structure of the blue part of the figure does not matter. O

Remark 2.22 Reversing the orientation of an arc exchanges type b with type ¢ and
type d with type e, whereas reversing the height order exchanges type b with type e
and type ¢ with type d. Therefore (8) and (9) permit us to switch between the types b, c,
d and e; this will permit us to write the arc exchange and trivial loop relations in a
simpler form by specifying the type of arc.
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A J
cumégrel Z (C—1)II;(C—1)? i

a,b,c,d==+

—1,J trivial curve rel )
(€™ = i

= Y M@yCHIMPBGHCTHM©y)E
a,b,c,d==+

Figure 13: An illustration of the proof of (10) in the case of the triangle.

Lemma 2.23 (trivial loop relations) Let R = By % --- x 81 be a simple relation.
Suppose that all arcs f; are either of type a or d. Then

(10) I, = CMBR)C ' M(Br—)C"---CT M(By).

Proof Equation (10) is a consequence of the trivial arc and cutting arc relations illus-
trated in Figure 13 in the case of the triangle with presentation whose generators are the
arcs {o, B, y } drawn in Figure 1 and where the relation is o x § x = 1. Figure 13 shows
the equality between the matrix coefficients of C~! and M (a)C ' M (B)C~ 1 M (y).

Let us detail the proof in the general case. Since §; is either of type a or d, it can
be represented by a tangle 7'(8;) such that the height of the source endpoint of f;
(say v;) is smaller than the height of its target endpoint (say w;); said differently
h(v;) < h(w;). One can further choose the T(f;) so that T'(B;+1) lies on the top
of T(Bi) (so h(vy) < h(wy) < h(vy) < --- < h(wg)). Let T be the tangle made of
the disjoint union of the 7'(8;). By the assumption that R is a simple relation, we
can suppose that 7" is in generic position (in the sense of Section 2.1) and that its
projection diagram is simple. Fix i, j € {—, +} and let o° be a trivial arc with endpoints
s(a®) = v; and #(a®) = wy such that «® can be isotoped (relative to its boundary)
to an arc inside dXp. One the one hand, the trivial arc relation (3) gives the equality
a?j =(C _l)lj . On the other hand, the cutting arc relation (4) gives the equality

(© D] == 32 ITsUCTHEHEDG - €Dk,

seSt(T)

s(vy)=i
s(wi)=Jj

= Y ML CTYEM B MO
W1seesh2f—2=%

= (MBCT M(Br_)C™' - M(B1))]. o
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o
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=
p B
(vii) é—% (viii) % (ix) x) a@

Figure 14: Ten configurations for two nonintersecting oriented arcs.
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Let o and B be two nonintersecting oriented arcs. Denote by «, b, ¢ and d the boundary
arcs containing s(«), t(«), s(8) and (), respectively. Reversing the orientation and
the height order of « or f if necessary, we have ten different possibilities illustrated in
Figure 14. The proof of the following lemma is very similar to the computations made
by Faitg in [27].
Lemma 2.24 (i) If the elements of {a, b, ¢, d} are pairwise distinct, one has
(11) N(@) ©N(B) = (N (B) © N(a))t.

(ii) Whena = c, {a, b, d} has cardinality 3 and s(B) <, s(«), one has
(12) N(a) © N(B) = (N(B) © N(a))%r.

(iii) Whena=c#b=d, s(B) <q s(a) and t(x) <p t(B), one has
(13) N(@ ©N(B) =R~ (N(B) © N(@)%.

(iv) Whena=c+#b=d, s(B) <q s(a) and t(B) <p t(a), one has
(14) N(a) © N(B) = R(N(B) © N ()%

(v) Whenb=c=d #a, s(B) <qt(B) <qt(x)and h(s(B)) < h(t(B)), one has

(15) N(@) O N(B) =R (N(B) © 1)R(N(a) © 1,).
(vi) Whenb =c=d #a, t(a) <at(B) <a s(B) and h(s(B)) <h(t(B)) < h(t(a)),
one has
(16) N@) O N(B) =R (N(B) © 1)R(N (@) © 1)
(vii) Whenb=c=d #a, t(f) <qt(a) <q s(B) and h(s(B)) < h(t(x)) < h(t(B)),
one has
(17) N(@) © N(B) = R(N(B) © L)) R(N () © 1).
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(viiiy Whena=b=c=d, s(B) <a s(@) <a 1(B) <q t() and
h(s(B)) < h(s(a)) <h(t(B)) <h(t(a)),
one has
(18) (I, ON@YR 'L o NBHR ' =R(1, O NB)HR (1, © N(a)).
(ix) Whena=b=c=d, s(B) <q1(B) <a s(@) <q t() and
h(s(B)) <h(t(B)) < h(s(a)) <h(t(a)),
one has
(19)  R'1, 0 N@)R(12 @ N(B) = (1, © N(B)HR (1, © N(a))%:.
(x) Whena=bh=c=d, s(a) <q 5(B) <a t(B) <a t(c) and
h(s(e)) <h(s(B)) <h((B)) <h(t(a)).

one has

200 (1 ON@)R ' (1, O N(B)R =R(1, © N(B)YR ' (1, © N(«)).

Proof Equation (11) says that in case (i) any ¢;; commutes with any B, which is
obvious. Equations (12), (13) and (14) in cases (ii), (iii) and (iv) are straightforward
consequences of the height exchange relation (5). All other cases will be derived using
the boundary skein relations (6). As in the proof of Lemma 2.21, we will color the arcs
« and B in red and blue to remind the reader that they might be much more complicated
than they look in the picture: in the computations we perform while using the boundary
skein relation we only care about the restriction of the diagrams (depicted in gray) in a
small bigon in the neighborhood of the boundary arc a and not the actual shape of the
blue and red parts.

Equations (15) and (16) in cases (v) and (vi) are proved in a very similar way; we detail
the proof of (16) and leave (17) to the reader. In case (vi), one has

.. . k i\\ } _/)‘ %
(M(@) © M(BNY, = anifyy = 5” = ey
kil J ; B ;\\(/:_é 5

= > @hlMelcagm@gcy
a,b,c,de,f=%

= (@' (M(B)C O L)R(M (@) © CTH),.
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To handle cases (vii)—(x), we introduce the 4 x 4 matrix V = (V;Z)i, j.k,le{— +}» Where
VIZ =[x U B,0jjki] € Sw(X) is the class of the simple diagram o U B with state 0 x;
sending ¢ (@), (B), s(a) and s(B) to i, j, k and [, respectively. Here the height order of
the points of d(a U ) is given by the boundary arc orientation drawn in Figure 14. The
trick is to compute V' in two different ways and then equate the two obtained formulas.

In case (vii), on the one hand, we first prove V = t(M(B)C © 1,)R(M () © C~1):

R e P ) G e

On the other hand, we prove V = tR~1 (M (a) © M(B)):

Vi = k=] @,ﬂk — @ (M@ © M)

So we get the equality R~ (M (¢) © M (B)) = (M (B)C ©1,)R(M () ©C 1) (which
equals V') and (17) follows.

In case (viii), on the one hand, we first prove V = t(C © M (a))®R (1,0 C~I M (B)):

vi=¢ = e = (CoM@ (1,0 CT MEN],

/

>
~

==

On the other hand, we prove V =1 (COC)R(1,0C'M(B)R™1(1,0C ™ M (a))%:

= (COOR(1, 0 CT'MEBNR™ (1, 0 CT' M(@)R).
Equation (18) follows by equating the two obtained expressions for V.

In case (x), on the one hand, we first prove V = (C © M (a))R ™ (1, © C~' M (B))%:

= (CoM@m o ME)m,

/
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On the other hand, we prove V = (C @ C)R(1, 0 C'M(B)R (1, © C™ ' M()):

i

— |

y i <

—

= (COO)R(1L,0CT ' MEBNR™ (120 CT M@)Y,.
Therefore, we obtain the following equality that will be used in the proof of Lemma 2.25:

1) V=(CoM@a)R '(1L,oC'MPB)R
=(COORML,0C'MPBHR 1,0 C ' M(w)).

Equation (20) follows.

In (ix) we slightly change strategy. Define the 4 x 4 matrix W = (Wkl; )i,j kle{—+} by

We first prove W = (C © M(B)R~1(1, © C~ ' M()):

Q\@f{ — (COM@B)R(1,0C~ M@))).

=(CoOR (1, 0C ' M@)R(1, 0 C—IM(ﬂ))%—l);'j,.

Equation (19) follows by equating the two obtained expressions for W'. a

Lemma 2.25 (g—determinant relations) Let « be an oriented arc. Then

(22) detg(N(e)) = l if a is of type a, and det,2(N(«)) = 1 otherwise.
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Proof First suppose that « is of type a. Applying the trivial arc and cutting arc relation,

we obtain
W= _ T (o + -1 —+—+
TR (G Rast s Y (S Pl
which is equivalent to the equation o4 y@—— — ¢ oy _a_1 =1 as claimed. Next we

suppose that « is of type d. Let 8 be an arc isotopic to and disjoint from «, placed
as in Figure 14(x) (so B;j = a;;). Consider the matrix V = (V]é;)l',j,k,le{—,-‘r}’ where
Vlg =[aUB,0jjki] € Sw(X) is the class of the simple diagram o U B with state 0;x;
sending ?(x), t(B), s(x) and s(B) to i, j, k and [ respectively, like in the proof of

Lemma 2.24, ie )
14

ij _ J

=]

/

Again, using the trivial arc and cutting arc relation, we obtain

@) = W(J; =t “@ii + (C‘l)la@l

= V-V =1

_|._
T

To develop the elements V]g as linear combinations of the ;50,7 We can either consider
the matrix coefficients of the equality V = (C © M (a))R ™' (1, ©C ' M (B))% proved
in the proof of Lemma 2.24, or we can perform the skein computation

j J J J J
ajjog =, =4 i +a it it i
! ! / !
k k k k

=qClcl+c/cl+ g7 VI + iV v cleHTvIE

from which we deduce the equalities
V_:j' =qay_a_+ A7, V_++_ =qa_jay_+ A7, V___,‘_" = _ayy— A7
Now, using the skein relation (2), we find
Vit=qviT+a ' =VI,
SO V_:f = V_++_, which implies that o4 — 00—+ = o4 .

Next, replacing the elements V_:"' and V___:' in (23) by their expressions in terms of
the a;jjagy, we find

(24) ooyt —qlar_a_p = A.
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Using o4 —o— 4 = o— 44— we obtain the desired equality:

5 5

—W - —W To——

dety2 (N (@) =dety2 ( - ) =—Aoa_jay A e _apq =1,

oy a)_loe+_
Now, if « is of type e, then a~! is of type d. A simple computation shows that if
M=(¢ 2) is such that ad = da then det2 (M) = det,2(C™* M C), so we deduce

the g—determinant formula for « of type e from the fact that it holds for &~ !, from the
orientation-reversing formula in Lemma 2.20 and from ooy —o— 4 = o404 —.

Suppose that « is of type ¢ and choose k = Z[w®']. Recall from Section 2.1 the
reflexion anti-involution 6. The image 6(«) is of type d, so applying 6 to (24),

(25) Opro———q 2o_jay_= AL

By Remark 2.6, since (25) holds for k = Z[w*1], it also holds for any other ring. Also
using 6, we find that o —a— = @—4 a4 — and the equation det 2 (N (a)) = 1 follows.
Finally, when « is of type b, we deduce the g—determinant relation from the fact that it
holds for ! (of type ¢), from the orientation-reversing formulas of Lemma 2.20 and
from the identity o —o— 4 = 0y o4_. O

Definition 2.26 Let P = (G, RIL) be a finite presentation of I1{(Xp, V). The set AC
generates S, (X) by Proposition 2.14, and we have found three families of relations:
(i) For each @ € G we have either the relation detg (N (o)) = 1 or det,2(N(a)) = 1
by (22) in Lemma 2.25; we call these the g—determinant relations.
(i) For each R € RIL, we have four relations obtained by considering the matrix
coefficients in (10) in Lemma 2.23; we call these trivial loop relations.

(iii) For each pair («, B) of elements in G, we have 16 relations obtained by consid-
ering the matrix coefficients in one of (11)—(20) of Lemma 2.24 after having
possibly replaced o or B by a~! or 87!, if necessary, and using the inversion

formula (8); we call these arc exchange relations.

3 Proof of Theorems 1.1 and 1.2

Definition 3.1 Let £, (IP) be the algebra generated by the elements of G modulo the
g—determinant, trivial loops and arc exchange relations, and write W: L, (P) — S, (%)
the obvious algebra morphism.

By Proposition 2.14, W is surjective and we need to show that W is injective to prove
Theorem 1.1. We cut the proof of Theorem 1.1 in three steps: In step 1, we show that
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it is sufficient to consider the case where P has no relations (as in Example 2.13); in
this particular case, the finite presentation defining £, (IP) is inhomogeneous quadratic
and we will use the diamond lemma to extract PBW bases of L, (IP) and to prove it
is Koszul. In step 2 we extract the rewritten rules and their leading terms from the
g—determinant and arc exchange relations, and exhibit the associated spanning family
B® c £,(P). Finally in step 3, we show that the image by W of BT is a basis; this
will prove both the injectivity of W and the fact that B® is a Poincaré-Birkhoff—Witt
basis, and conclude the proofs of Theorems 1.1 and 1.2.

3.1 Step 1: reduction to the case where P has no relations

Let I" be the presenting graph of P and consider its fundamental groupoid IT;(T"):
the objects of IT;(I") are the vertices of I" (ie the set V) and the morphisms are
compositions (x;" ---afl where ; € G. The inclusion I' C Xp induces a functor
F:T1{(I') - I1{(2p, V), which is the identity on the objects. The fact that G is
a set of generators implies that F is full and P has no relations if and only if F is
faithful. Fix vy € V. For a relation R € RIL of the form R = B  --- x B, the
basepoint of R is s(B1) = t(Bx). By inspecting the trivial loop relation (10), we see
that changing a relation R by a relation B * R « B! does not change the algebra
L, (P). Since Xp is assumed to be connected, we can suppose that all relations in RIL
have the same basepoint vg, so each relation R = B % --- x B; induces an element
[R] = Br---P1 € m1 (I, vg). The functor F induces a surjective group morphism
Fyy: w1 (I, v9) = m1(Zp, vo) and the fact that RL is a set of relations implies that
{[R] | R € RL} generates ker(Fy,). Since 1 (I", vp) is a free group, so is ker(Fy,).
Let Ry,..., Ry € RL be such that {[Ry], ..., [Rm]} is a minimal set of generators for
the free group ker(Fy,). For each R;, choose an element B; € G such that either j;
or B ! appears in the expression of R; and such that the set G’ obtained from G by
removing the f3; is a generating set. So if '/ is the presenting graph of G’, the morphism
Fy (I, v9) — 71 (2p, vo) is injective, thus the functor F': TT; (I') — 11 (Zp, V)
is faithful and P’ := (G’, @) is a finite presentation of IT;(Zp, V) with no relations.

The inclusion G’ C G induces an algebra morphism ¢: T[G'] < T[G] on the free
tensor algebras generated by G’ and G, respectively, and ¢ sends g—determinant and

arc exchange relations to g—determinant and arc exchange relations, so it induces an

algebra morphism
@ Ly(P) = Ly(P).

Lemma 3.2 The morphism ¢ is an isomorphism.
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Proof To prove the surjectivity we need to show that, for each removed path 8; € G\ G/,
the stated arcs ()¢ can be expressed as a polynomial in the stated arcs (ath) uw for
a € G’. This follows from the trivial loop relation (10) associated to the relation R; € RIL
containing ﬂlil Injectivity of ¢ is a straightforward consequence of the definition. O

3.2 Step 2: Poincaré-Birkhoff—-Witt bases and Koszulness

Convention 3.3 In the rest of the section, we suppose that P = (G, @) is a presentation
with no relations and that every arc in G is either of type a, ¢ or d.

Note that the convention on the type of the generators is not restrictive but purely
conventional since we can always replace a generator o by ! without changing the
set AC of generators of S, (X).

Since P has no relations, the defining presentation of £, () contains only g—deter-
minant and arc exchange relations. All these relations are quadratic (inhomogeneous)
in the generators A® and we want to apply the diamond lemma to prove that £, (P) is
Koszul.

Reminder of the diamond lemma for PBW bases Following the exposition in
Section 4 of [42], we briefly recall the statement of the diamond lemma for PBW bases:

Let V be a free finite rank k-module, denote by T'(V) := @,>¢V ®” the tensor algebra
and fix R C V'®2 a finite subset. The quotient algebra A := T (V)/(R) is called a
quadratic algebra. Let {v;};c1 be a totally ordered basis of V' and write I ={1,...,k}
so that v; <v;41. Thenthe set J :=| |~ /" (Where 1% ={0}) is totally ordered by the
lexicographic order and the set of elements v; = v;, ---v;,, fori = (i1, ..., i), forms
a basis of 7'(V). We suppose that the elements » € R (named relators) have the form
r=vjvj — Z k;glvkvl.
(k,D)<G,J)

The term v;v; is called the leading term of r. We assume that two distinct relators have
distinct leading terms. Define the family

(26) B:={vj, -+ vi, | vi, Vi, is not a leading term for all 1 <k <n—1},

and denote by B®) B the subset of elements of length 3 (of the form v;, vi, v;;).
Obviously the set B spans \A.

Theorem 3.4 (diamond lemma for PBW bases, Bergman [10]; see also Loday and
Vallette [42, Theorem 4.3.10]) If B is free, then B is a (Poincaré—Birkhoff-Witt)
basis and A is Koszul.
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The arc exchange relations defining £, (P) are quadratic, however the g—determinant
relations are not (because of the 1 in dety (N («)) = 1), so L, (P) is not quadratic but
rather inhomogeneous quadratic. An inhomogeneous quadratic algebra is an algebra
of the form A := T'(V)/(R), where R C V2 @V @k C T (V). We further assume

(ql1) RNV ={0}
and
(ql2) (RIV+VRR)NVEC RNV®2,

The hypothesis (¢/,) says that one cannot create new relations by adding an element
to R, so it is not restrictive. Like before, we fix an ordered basis {v;};c; of V and
suppose that the relators of R have the form
(27) r=vvj — Z kZlvkvl—ci,j,

(k,1)<(i, )
where ¢; j are some scalars and we suppose that two distinct relators have distinct
leading terms. The associated quadratic algebra g4 is the algebra with same generators
v; but where the relators have been changed by replacing the scalars ¢; j by 0. Let
qB C gA and B C A be the two generating families defined by (26).

Theorem 3.5 [42, Theorem 4.3.18] Suppose that gB®) C qA is free. Then both ¢
and B are (PBW) bases of q.A and A, respectively, and both q A and A are Koszul.

There exists a linear surjective morphism ¢: g A — A sending the generating family
gB to B; see [42, Section 4.2.9]. So, if B is a basis of A, then ¢B is free, therefore
Theorem 3.5 implies that A is Koszul. Therefore:

Theorem 3.6 If B is a basis of A, then A is Koszul.

The relators of the stated skein presentations and PBW bases For o € G, define
B(a) as
(e ) (@) (@) Ja.b.c = 0} U{(aq 1) (@—1) (@) |a.b.c = 0} C Lo (P).

Fix a total order < on the set G of generators and index its elements as G = {«y, ..., a5},
where o; < o0j41. Let

BC := {mymy---my | mi € B(a;)} C Lp(P).

We want to apply Theorem 3.6 to prove that L, (IP) is Koszul. By definition, £, (P) is
an inhomogeneous quadratic algebra with generators A® = {o; jileeGandi, j =4}
and whose relations are the arc exchange and g—determinant relations.
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We first define a total order < on A® by imposing that ¢,y < B.q if @ < B and that
Ot <O4p— <O—y <0O——.

The goal of this subsection is to rewrite the g—determinant and arc exchange relations
so that they define a set of relators of the form (27) whose leading terms are pairwise
distinct, satisfying (¢/;) and (¢/,) and such that the set of leading terms is

(28) LT :={oupPcq | eithera > B, or @ = B and eithera < c or b < d}.

The set B is the generating set defined by (26) with this set of leading terms (ie B¢
is the set of elements vy - - - v, Where v; € AC and v;V;j4+1 is not in LT). At this stage,
it will become clear that B® spans L4, (IP). Once we perform this task, we will prove
in step 3 that BC is free by showing that its image through W: L, (P) — S (X) is a
basis of S, (X). This will imply that W is an isomorphism (proving Theorem 1.1) and
Theorem 3.6 will imply that £, (P) is Koszul (proving Theorem 1.2).

Consider two distinct generators «, 8 € G such that @ > . For each a, b, c,d € {£},
we have an arc exchange relation of the form

ikl
UapBed = Z Coyeabiioxt,
ijkl=+

i,j,k,l .
where ¢ a,Jb, .4 are some scalars. We associate the relator
9 9 9

i,j.k,l
r=ogpPed — Z CopeaBiiokt:
ijkl==%
whose leading term is o, B.4 (because o > B implies that agpB.q > PBijotg;) and
denote by R, g the set (of cardinality 16) of such relators.

Now suppose that @ € G is of type a. The set of relations between the generators «;;
is given by

M) O M(a) =R (M(a) © M(@))®R and dety(M(a)) = 1.

Note that in this case, the subalgebra of L, (IP) generated by the «;; is isomorphic to
Oy4[SL,] = S, (B). We rewrite those relations:

(Ra) Ap—Opf = GO 40—, At Opf = (O 4O,
o044 =g _o——, o__O0_— =qo—4 00—,
Up—Qp = A4 4A—— —(, AU = U4 40— —(,

atit =g arra—— +1-g
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The associated set of relators R, is defined by assigning, to each of the seven equalities
of the form x = y in the system (Ra), the relator r := x — y with leading term x. Note
that the set of leading terms of the elements of R, is the set of elements «,pa.4 Such
that either a < c or b < d.

Now suppose that & € G is of type d. The set of relations between the generators o;;
are given by

(LON@)R ' (1L,ON(@)R=R(I,ON(@)R ' (10N (@), det,2(N(@) =1,

where N (o) = C~! M (cr). These relations generate the same ideal as the set of relations

Rd) o—qoit =aria—y +(G—q V04—, araiy =q¢ aqi0q-,
g =0+ (g —q N ura, i =qlaia
p—o—y =apra——(g—q )i —A,
oy =apra———(g—q ") el _—4,
oyt =qlapra——q*(q—q ) ai_+ A1 —¢?).

As before, we denote by Ry the set of relators obtained from system (Rd) by assigning,
to each of the seven equalities of the form x = y in the system (Rd), the relator
r := x — y with leading term x. Again, the set of leading terms of the elements of Ry
is the set of elements «,pa .4 such that either a < c or b < d.

For o € G of type c, the set of relations between the elements «;; can be obtained from
the system (Rd) using the reflection anti-involution. Rearranging the terms, we get the
system of relations

—1 2
Re) a—qop =yt +(@—q Jop—a—, @ppp =g oppoy,
oo = qo+(q—q Dej-a—. o _ap-=qara .
ap—o—i =g ap o — A, ayy- =qlap o — A,

ooy =q ayra_+(@—q i _+ A7 (1-¢?).

Like previously, we denote by R, the associated set of relators and note that the set of
leading terms is the set of elements o p .4 such that either « < c or b < d.

Let V be the free k—module with basis A€ and R C k @ V®2 c T(V) be the union of
the sets of relators Ry g and Ry, where a, B € G and o > B. Then L, (P) =T(V)/(R),
the leading terms of R are pairwise distinct and they form the set LT of (28), and the
hypotheses (¢/;) and (g/,) are obviously satisfied. Therefore, if we prove that BC is a
basis of L, (IP) then Theorem 3.6 would imply that £, (PP) is Koszul.
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3.3 Step 3: injectivity of ¥
Denote by B® C S, (P) the image of B under ¥: L, (P) — Sp ().
Theorem 3.7 The set BC is a basis of S, (X).

Corollary 3.8 (i) The morphism W: L, (P) — S, (X) is an isomorphism.
(i1) The family BC is a PBW basis and S, (X) is Koszul.

The fact that B linearly spans S, (%) follows from the surjectivity of W (so follows
from Proposition 2.14), however we will reprove this fact. The proof of Theorem 3.7 is
divided into two steps. First we introduce another family BE C Sw(X) and prove that
Bf is free by relating it to the basis B. Next we use a filtration of S, (X) to deduce
that BC is free from the fact that BE is free.

For « € G and n > 0, we denote by a”) the simple diagram made of n pairwise
nonintersecting copies of . For n € N€, we denote by D(n) the simple diagram
Upeg a"@) Denote by v and w the two endpoints of ¢, and by @ and b the (not
necessarily distinct) boundary arcs containing v and w, respectively. Write vy, ..., vy
and wy, ..., wy, the endpoints of o™ so that Vi <g Vit+1 and w; <p wjy41 (so v; and
w; are not necessarily the boundary points of the same component of o). A state
s € St(D(n)) is positive if for all @ € G and for all i < j one has s(v;) < s(vj) and
s(w;) < s(wj); we let St*(D(n)) denote the set of positive states.

Definition 3.9 We denote by BE C S, (X) the set of classes [D(n), s] for n € N©
and s € StT(D(n)).

Proposition 3.10 The family BE is a basis of Sy (X).

The fact that BE is free will follow from this elementary lemma, which basically says
that an upper triangular matrix with invertible diagonal elements is invertible:

Lemma 3.11 Let V be a free k—-module, B a basis of V equipped with a partial
order <, and B’ C V a family such that there exist two maps m: B’ — B and ¢: B’ — k*
such that
(i) m is injective, and
(ii) every element b’ € B’ decomposes as
b =c@®)m®)+ D appb.

b>m(b’)
Then B’ is free.
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Proof Consider a vanishing linear combination ) ;¢ Xprb’ = 0, where xp € k.
Set S := {m(b") | xpr # 0}. For contradiction, suppose that S # & and choose b
a minimum for S. Let by € B’ be the unique element such that m(by) = by. Then
the equality D,/ Xp'b’ = 0 together with the decomposition hypothesis imply that
c(b(’))xb(/) = 0. Since c(b,) € k™ is invertible by hypothesis, Xp) = 0, so we have a
contradiction. O

Notation 3.12 (i) Let (D,s) be a stated diagram and « a be boundary arc. We
denote by d,([D, s]) € N the number of pairs (v, w) in d, D such that v <, w and
(s(v), s(w)) = (4, —); recall that the orientation of X, induces an orientation of «
which in turn induces the order <,. We also write d([D, s]) = Y_, da([D, s]). Note
that [D, s] € B if and only if d([D, s]) = 0.

(ii) Let D denote the set of stated diagrams (D, s) with D simple, so both B and BE
are subsets of D. Define a binary operation +, on D as follows. If (D, s) contains a
pair (v, w) in d4 D of consecutive points for the height ordering (there is no z € d, D
such that v <, z <4 w) with v <, w and such that (s(v), s(w)) = (4, —), let (D', s’)
be the stated diagram obtained by joining v and w to a single point and then pushing it
to the interior of X, that is (D’, s”) is obtained from (D, s) by the local move

=8l

Let (D", s”) be obtained from (D’, s”) by removing the possible trivial component if any.
In this case, we write (D, s) >, (D", s"). Since d([D”,s"]) < d([D, s]), the relation
>, is terminal, with B as the set of terminal objects. Define a partial order <, by setting
(D,s) >, (D', s') if there exists a sequence (D, s) >, (Da,57) > -+ >, (D', s").
Clearly, <, is filtrant, ie if (D1,s2) <, (D,s) and (D, s7) <, (D, s) there exists
(Dy, sg) such that (Dy, s9) <, (Dj,s;) fori =1, 2.

(iii) Let o be an oriented arc. Since G is a generating set, the associated path in
IT{(Zp, V) decomposes as « = fl ﬂz" and, since (G, @) is a presentation with
no relation, this decomposition is unique. We denote by lw(«) := k its length. For

(D,s) e D, where D = a1 U---Uay with @; connected, we set

I(D.s):=) (Iw(a;) - 1).

i=1

Note that BE is the subset of elements (D, s) € D such that /(D, s) = 0.
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Figure 15: An element b € BS (left) and its associated element m(b) € B
(right). Here G = {B1, B2, B3, Ba} is the set of generators of Figure 6.

(iv) We define a binary operation +p on D as follows. Let (D,s) € D and o a
connected component of D with Iw(«) > 1. Choose a decomposition o = o1, where
Iw(e;) <lw(a), set D’ := (D \ @) Uy Uy, and fix the height orders and the state s’
such that (D’, s”) is obtained from (D, s) by the local move

In this case, we write (D, s) g (D', s’). Since (D', s”) <I(D, s), the relation ¢ is
terminal with BY_as the set of terminal objects. Define a partial order <G on D by setting
(D,s) >g (D', s') if there exists a sequence (D, s) =g (D3, 52) =g - g (D', s).
It follows from the unicity of the decomposition of a path in G (so from the fact that
(G, @) is a presentation with no relation) that <g is filtrant.

(v) Let m: Bf — B be the map sending a class [D, s] to the class of the unique
minimum for <, of the successors of (D, s) (the existence and unicity are guaranteed
by the fact that <, is terminal and filtrant). Similarly, let m": B — BE be the map
sending a class [D, s] to the class of the unique minimum for <g of the set of successors
of (D, s); see Figure 15 for an example.

Proof of Proposition 3.10 We will apply Lemma 3.11 to the map m: B — B®, where
we equip B with the partial order < where [D, s] < [D’, s] if |0D| < |aD’|.

The map m is injective By definition, if (D, s) —g (D', s’) then (D’,s") >, (D, s)
(the converse if false in general). Therefore, for [D, 5] € B, given a sequence

(D,s) =g (D3,52) =G - =G (Dn,sn) =6 m(D, s)
one has a sequence
m(D,s) o (Dy, Sp) Fo -+ >0 (D2,52) =, D.

This implies that m’(m(D)) = D so m’ om = id and m is injective.

Algebraic € Geometric Topology, Volume 23 (2023)



1282 Julien Korinman

BE is upper triangular Suppose that (D, s) >, (D’, s"). The skein relation

== +3l

shows that [D, s] = w[D’, s'|+¢[D"”, s"], where |0D’| < |0D”|. So for [D, s] € BE with
m([D, s]) = [Do, so] and given (D, s) o (D2,52) >0+ >0 (Dp, 8p) >0 (Do, S0),
we have

[D, s] = @"m(D, s) + higher terms,

where “higher terms” is a linear combination of elements (D’, s”) with [0D’| > [0Dy|.
Since B is free, Lemma 3.11 implies that BE is free. To prove that it spans S, (X) we
note that if (D, s) g (D', s’), the same skein relation

== +3]

[D,s]=w '[D,s'| -0 °[D",s"]

implies that

for another element (D", s”") € D such that /(D’, s") <I(D,s) and [(D",s") <I(D,s).
We then prove that any element of B is a linear combination of elements of BE by
induction on /(D, s). ad

We now want to deduce that B is a basis from the fact that BE is a basis. The argument
is based on the use of an algebra filtration of S, (X)) that we now introduce:

Definition 3.13 For n € NC, we let |n| := Y weg M(@). For aclass [D(n), 5], we set
I[D(n), s]|| := (|n|, —d([D(n), s])) € N x Z. Denote by < the lexicographic order on
N xZ, ie (k1. ky) < (ki.k}) if either ky < k|, or ky = k| and k, < k. Finally, to
k = (k1,k2) € N x Z we associate the submodule

Fi := Span([D(n), s] : [D(n), s]| < k).

In order to prove that {Fi} forms an algebra filtration, the following elementary
observation will be quite useful:

Lemma 3.14 Let T and T’ be two tangles in Xp % (0, 1) which are isotopic through an
isotopy that does not preserves the height orders. Let s € St(T') and s’ € St(T") be two
states such that for a boundary arc a, if 0,T = {vy,...,v,} and 0,T" = {w1,..., Wy}
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are ordered so that h(v;) < h(vi+1) and h(w;) < h(w;41), then s(v;) = s’ (w;) for all
i €{l,...,n}. Then one has

(29) [T,5] = o"[T",5']+ > x6[T'. 0],
oeS(T),d((T",o)<d((T’,s'])

where n € 7., x5 € k and the sum in the right-hand side is over states o of T’ such that

d(T’,o)) <d(T’,s').

Proof We say that a tangle 7; is obtained from a tangle 7741 by an elementary height
exchange if there exists a boundary arc a and two consecutive points v and w in
04 T; with h(v) < h(w) (“consecutive” means that there does not exist any p € d,7;
such that #(v) < h(p) < h(w)) such that T;4q is the tangle obtained from 7; by
exchanging the heights of v and w. Since T and T’ are isotopic, through an isotopy
that does not preserve the height orders, we can obtain 7’ from 7 by a finite sequence
T =T+ Tr)+>---+> T, =T’ of elementary height exchanges. It is clear that if one
has a development (29) when the pair (7, 7") is equal to a pair (7}, Tj+1) and a pair
(T;+1, T;+2), then it holds for the pair (7;, T;42). So by induction on the size n of
the finite sequence, it is sufficient to prove the lemma in the particular case where T'
and 7" differ by an elementary height exchange. In this case, (29) follows from the
height exchange relations

Si=4ao P-4 =4I
>4;=A—1 t+(A—A—3)j;. O

Notation 3.15 Let b € BC, so by definition b = ba, - ba,, Where by, € B(a;). That
is, one has either by; = oei"jLai"_aif_ or by, = ai’#aﬁ@ai"_ for some a;, b;,¢; = 0.
Let n € N© be defined by n(w;) := a; + bj 4+ ¢;. Let T'(n) be the tangle underlying

D(n). Let (T, s) be a stated tangle (unique up to isotopy) such that b = [T, s], so that

T (n) is obtained from T by an isotopy that does not necessarily preserve the height
order. Finally we define the element bt :=[T'(n),s"] € BE, where s T € StT(T'(n)) is
the unique state such that (7', s) and (7'(n), s*) satisfy the assumptions of (29). Note
that the induced map (-)*: B® — BE, sending b to b, is a bijection.

Lemma 3.16 (i) Fork,k’ € N x Z, one has Fi - Fir C Fk+k’-
(ii) Forb € BC, one has

(30) b =w"b™ + lower terms,
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where n € Z and “lower terms” is a linear combination of basis elements bl.Jr € Bg
such that ||bl.+ | <67

Note that the second assertion of Lemma 3.16 implies that B® spans S,, (X ), so reproves
Proposition 2.14.

Proof (i) Letx:=[T'(n),s]and y:=[T(n’),s’], and denote by (T'(n)UT (n'), sUs")
the stated tangle obtained by stacking (7'(n), s) on top of (7' (n’), s’), so that

x-y=[T(m)UT@),sUs.

The tangles 7'(n) U T'(n’) and T (n + n’) differ by an isotopy that does not necessarily
preserve the height orders, so Lemma 3.14 implies that x - y is a linear combination
of elements of the form [D(n + n’), o] such that ||[[D(n +n'),o]|| < |x]|| + ||y|. This
proves the first assertion.

(ii) Using Notation 3.15, we apply Lemma 3.14 to b = [T, s] and b™ = [T (n), s™],
and (30) is just a rewriting of (29). m|

Proof of Theorem 3.7 Both Proposition 2.14 and the second assertion of Lemma 3.16
imply that B generates S, (X). To prove that BC is free, we apply Lemma 3.11 to the
injective map ()T : B® — BE where we equip BE with the ordering [D, s] < [D’, s']
if |[[D,s]|| > |[[D’,s’]||. The hypotheses of Lemma 3.11 are satisfied by virtue of
Proposition 3.10 and Lemma 3.16, so B is free. |

4 Lattice gauge field theory

4.1 Ciliated graphs and quantum gauge group coaction

Since the pioneering work of Fock and Rosly [29], constructions in lattice gauge field
theory are based on ciliated graphs. As we now explain, to a ciliated graph (I, ¢)
one can associate a punctured surface X together with a finite presentation PP of its
associated groupoid.

Definition 4.1 (i) A ribbon graph I is a finite graph together with the data, for each

vertex, of a cyclic ordering of its adjacent half-edges. An orientation for a ribbon graph
is the choice of an orientation for each of its edges.
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(ii) A ciliated ribbon graph (T, ¢) is a ribbon graph I' together with a lift, for each
vertex, of the cyclic ordering of the adjacent half-edges to a linear ordering. If the
half-edges adjacent to a vertex have the cyclic ordering e; <e; <--- < e, < ej that
we lift to the linear ordering e; < e; < -+ < ey, we draw a cilium between e, and e .

(iii) We associate surfaces to ribbon graphs as follows.

(a) Place a disc Dy on top of each vertex v and a band B, on top of each edge e,
then glue the discs to the bands using the cyclic ordering. We thus get a surface
S(I') named the fattening of T.

(b) The closed punctured surface X (I') = (X(I"), P) associated to T is the closed
punctured surface obtained from S(I") by gluing a disc to each boundary com-
ponent and placing a puncture inside each added disc. So S(X) deformation
retracts to Xp(I).

(c) The open punctured surface X°(T, c) = (X°(T, ¢), P°) associated to (T, ¢) is
obtained from S(I") by first pushing each vertex v to the boundary of S(I') in
the direction of the associated cilium. Said differently, if the ordered half-edges
adjacent to v are e¢; < ey < --+ < e, we push v in the boundary of D, so
that it lies between the band B,, and the band B,,. Next place a puncture p,
next to v (in the counterclockwise direction) on the same boundary component
as v. Finally, to each boundary component of S(I") which does not contain any
puncture p,, glue a disc and place a puncture inside the disc. In the so-obtained
punctured surface X °(T, ¢), each boundary arc contains exactly one vertex v
of I', so we denote by a, the boundary arc containing v. Suppose that I" is
oriented. Then the oriented edges of I" form a set G of generators of I1; (E%, V)
such that P(I, ¢) := (G, @) is a finite presentation without relations.

(iv) For v; and v, two distinct vertices of (I', ¢), the ciliated graph (I'y, #v,, Cv,#v,) 1S
obtained by gluing the vertices vy and v, to a vertex v in such a way thatife; <--- <ey,
and f] <--- < fi, are the ordered half-edges adjacent to v and v,, respectively, then
the linear order of the half-edges adjacentto vise; <---<ep < f1 <--- < fm. Note

that ¢y, 4v, 7 Coytiv, -

Figure 16 illustrates two examples having the same ribbon graph but different ciliated
structures: the punctured surface X (T, ¢) is a disc with two inner punctures and two
boundary punctures whereas X (T, ¢/) is an annulus with one puncture per boundary
component and one inner puncture.

Algebraic € Geometric Topology, Volume 23 (2023)



1286 Julien Korinman

b
(Fc) =T, ¢) (F)I
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Figure 16: Top, from left to right: a ciliated graph (T, ¢), its fattening S(I"),
its open punctured surface X£°(T, ¢) and its closed punctured surface X (T").
Bottom: the same ribbon graph with a different ciliated structure ¢’ (left) and
the associated open punctured surface X °(T, ¢/) (right).

Remark 4.2 In [26] Costantino and L& made the following important remark: the
punctured surface ZO(Fvl#vz, Cu,#v,) 1s obtained from >OT,e)uT by gluing the
boundary arcs ay, and ay, to two faces of the triangle T'. In particular, when I' =T"; UI",
with v; € 'y and v, € I'y, this property, together with Theorem 2.10, permitted the
authors of [26] to prove that S, (X or v1#v, - Cv#,)) 1s the cobraided tensor product of
Su (X%, c1)) with S, (X°(I'2, ¢2)). The same gluing property was first discovered
by Alekseev, Grosse and Schomerus in [2; 3] for the quantum moduli spaces (see [37]
for a survey on the classical and quantum versions of the fusion operation).

For an oriented ciliated graph (I, ¢), we denote by V(I") its set of vertices and £(I")
its set of (oriented) edges. Like in the previous section, we see the elements of £(I")
as oriented arcs. Denote by D the punctured surface made of a disc with a single
puncture on its boundary. The closed punctured surface X (I") is obtained from the
open one X °(T", ¢) by gluing a copy Dy along each boundary arc a,,. Therefore, writing
D:= Llyep(ry Do, by Theorem 2.10 one has the exact sequence

(3B1) 00— Sp(E(N) L Su(E0(T, c)uD)

ATZ008T, 5, (B0, ¢) UD) © 0,[SL, IS,

where i represents the gluing map.

Using the isomorphism S, (Do) = k sending the class of the empty stated tangle to the
neutral element 1 € k, we define an isomorphism

k:S» (O UD) 28, (Z°( ) ® R Su@o) 2= Su(Z°(T, ¢)).
veV(T)
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Denote by ¢: S, (Z(I)) > Si (X °(T, ¢)) the injective morphism ¢ := k oi. Also denote
by AY:Su (2T, ¢)) > Su (2T, 0))R0, [SL,]®¥ () the (unique) morphism making
the following diagram commute:

So(EO(T. ) uD) 255 5,(ZOT. ¢) U D) ® O,4[SL,1®V D

%llc Elx@id

So(EO(T.0)) —27 5 5,(EO(T.¢)) ® Oy[SL, 1BV D)

Definition 4.3 The quantum gauge group is the Hopf algebra Oy[G] := Oy [SL,]®V D),
The (right) Hopf-comodule map AY: S, (Z%(T, ¢)) — Sp(Z°(T, ¢)) ® O4[G] is called
the quantum gauge group coaction.

Note that, by definition, the following diagram commutes:

So(E0(TLc)uD) 2225 5, (20T, ) uD) ® O,[G]

gl/lc ;lx@id

Sw(ZT, ) —B 5 §,(ZO(T, ¢)) ® O,4[0]

Therefore the exactness of (31) implies that we have the exact sequence
L 0 A9—id ®¢ 0
(32) 0= Sp(E)) = Su(X" (', ¢)) == Su(X7(T', ¢)) ® O4[G].
Said differently, ¢ (S, (X (I"))) is the subalgebra of S, (X°(T, ¢)) of coinvariant vectors

for the quantum gauge group coaction.

Notation 4.4 For x € O4[SL;] and vy € V(I") the element of the form ), yy, where
yv = 1 for v # vy and yy, = X, is denoted by x®o) ¢ O4lG] = Oq[SLz]@’V(F).

Let « be an arc of type either a or d and write v; and v, for the elements of V
corresponding to the boundary arcs containing s(«) and ¢ (), respectively. The quantum
gauge group coaction is characterized by the following formula illustrated in Figure 17:

(33) A(aij) = Y eap ® x5 x{0.
a,b=+

In order to prepare the comparison between stated skein algebras at @ = +1 and relative
character varieties in the next subsection, let us derive from Theorem 1.1 an alternative
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Figure 17: An illustration of (33).

presentation of S, (X). During the rest of the section, we fix a finite presentation
P = (G,RL) of IT; (Xp, V) such that every arc of G is either of type a or d.

When comparing skein algebras with character varieties, there is a well-known sign
issue which requires some attention. When X is closed, the skein algebra S41(X)
is generated by the classes of closed curves y whereas the algebra C[Xsp,(X)] of
regular functions of the character variety is generated by curve functions 7, sending
a class [p] of representation p: 71 (2p) — SL2(C) to 1y, ([p]) := tr(p(y)). However
there is no isomorphism S 1 (X) = C[Xs, (X)] sending y to 7,,. Instead, we fix a spin
structure on Xp with associated Johnson quadratic form Q: Hy (X¥p;Z/27Z) — Z /27
and define w(y) := 1 + Q([y]). Then it follows from [7; 17; 44] that we have an
isomorphism S (X) = C[Xs,(X)] sending y to (—l)w(y)ry. A similar sign issue
appears when dealing with stated skein algebras and relative character varieties; this
was studied in [39] to which we refer for further details (see also [26; 48] for an elegant
interpretation of this sign issue in term of twisted character variety).

In short, the authors defined in [39] the notion of relative spin structure to which one
can associate a map w: G — Z /27 having the property that for any simple relation
R = By x---x 1, one has Zf—;l w(Bi) = 1. We will call amap w: G — Z/2Z
satisfying this property a spin function.

Notation 4.5 Let w be a spin function. For « € G, we denote by U(«) the 2 x 2 matrix
with coefficients in S, (X) defined by
(—=)*@ I M () if « is of type a,

SO {(—l)w(“)C_lM(a)=(—1)w("‘)N(a) if @ is of type d.

Proposition 4.6 (i) The stated skein algebra S, (X) admits the alternative presenta-
tion with generators the elements U (a)lj and with « € G and i, j = =+, together
with the following relations:

* The g—determinant relations dety(U(«)) = 1 when « is of type a, and
dety2(U(e)) = 1 when a is of type d.
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e For R = By x---* 1 € RL a relation where | generators f; are of type a,
the trivial loop relation

(35) UBk) - U(By) = A%

e For each pair of generators in G, the arc exchange relations obtained from
the relations in Lemma 2.24 by replacing N («) by U(«) if « is of type d or
by CN(a) if « is of type a.

(i1) The quantum gauge group coaction is characterized by the formula

(36) AU@]D = Y U@};®S()x20,
a,b=+

where we use the same notation as in (33).

Proof It is clear from (34) that the matrix elements U (a)lj generate the same algebra
as the elements M (cx)lj = «jj, so they generate S, (X). We need to check that the g—
determinant, trivial loop and arc exchange relations for the elements «;; are equivalent
to the relations of the proposition for the elements U (oz)lj . When o € G is of type d,
clearly the relation dety2(N(a)) = 1 is equivalent to the relation dety2 (U(a)) = 1.
When o € G is of type a, the equivalence

dety(M(a)) =1 < dety(U(x)) =1

follows from a straightforward computation (and is the reason for the w in the ex-
pression U(x) = (—1)?*@ o C~! M(a)). The equivalence between (10) and (35) is
straightforward (and is responsible for the introduction of the spin function and for
the (—1)*(@ factor in the definition of U(«)). The fact that the arc exchange relations
are equivalent to the same relations with N («) replaced by U(«) or CU () depending
whether « is of type d or a follows from the definition of U(«) and the fact that the
arc exchange relations are homogeneous.

It remains to derive the formula (36) from (33). This is done by direct computation,
left to the reader, using the fact that for the two 2 x 2 matrices

X+ X4— _(SOG44) S(x4-)
X = (x_+ x__) and S(X)= (S(x_+) S(x__))

with coefficients in O4[SL,], one has S(X) = C~1XC. Figure 18 illustrates (36).
In Figure 18, we use a special convention: we have drawn stated diagrams that go
“outside” of ¥p in some small bigon neighborhoods of the boundary arcs. It must be
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understood that we need to apply a boundary skein relation in those neighborhoods.

Ula)! =

Figure 18: An illustration of (36).

This convention permits us to draw the matrix coefficients (C~' M (oc))lj . Note also
that in Figure 18 we drop the scalar factor (—1)?®). |

4.2 Relative character varieties

Since the quantum moduli algebras are deformation quantizations of the (relative)
character varieties studied by Fock and Rosly in [29], we briefly recall their construction
and refer to [6] for a detailed survey.

Let X be a punctured surface and V C Xp be a finite subset which intersects each
boundary arc exactly once and each connected component of X at least once. Denote by
V:i=vn Ep its (possibly empty) subset of inner points and let T, (Xp, V) be the full
subcategory of IT; (Xp) generated by V. The representation space Rsr, (%, V) is the
set of functors p: IT1 (X, V) — SL,(C). The discrete gauge group is Gy := SL,(C)¥
and it acts on Rgr, (X, V) by

(p-g)(a):=g(t(@) ' pla)g(s(@) for peRsi,(X,V), g€y, acll|(Zp, V).

We claim that Rgp, (X, V) can be given the structure of affine variety in such a way
that the action of the reducible algebraic group Gy is algebraic, so we can define the
GIT quotient

XSLz(Z) = RSLz(Z ’ V)//QV,

which we call the relative character variety. To prove this, consider a finite presentation

= (G,RL) of IT{(Zp, V) and write G = (aq,...,a) and RL = (Ry,..., Rpy).
Consider the regular map R: SL;(C)® — SL,(C)RL written R = Ri,....Rm),
where the coordinate R; associated to a relation R; = ozfll - x a k'is the polynomlal

function
€k

Ri(gi,-.gn) = gi g7t
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Clearly one has Rgp,(X,V) = R~1(1,,...,1,), where 1, is the identity matrix, so
RsL, (X, V) is a subvariety of SL, (C)G.

Note that the algebra C[Rsr, (2, V)] of regular functions lies in the exact sequence

*_p®G o ®RL

(37)  C[SL,(C)®RL & C[SL,(C)]®€ — C[RsL,(E. V)] — 0,

where 7 and € are the unit and counit of C[SL;]. So we have turned Rgr, (X, V) into
an affine variety. Now the discrete gauge group action is induced by the Hopf comodule
map AY: C[RsL,(Z, V)] = C[RsL,(Z, V)] ® C[Gy], which is the restriction of the
right comodule map Ag: C[SL,(C)]®€ — C[SL,(C)]®€ @ C[SL,(C)]®Y defined by

A9 (x@) = Z @ g S(x/”)(vZ)x/(vl) for x € O4[SL,] and a:vy - v, €G,

using Sweedler’s notation A® (x) = " x’ ® x” ® x””. In particular, when x = x;;
with i, j € {—, +}, the formula gives

(38) AV = Y x D @ S(xp) D0,
a,b==+

Note the analogy between (38) and (36).

Finally, the algebra of regular functions of the relative character variety is defined as
the set of coinvariant vectors for this coaction, that is by the exact sequence

(39) 0 — C[Xsp,(2)] = C[RsL,(T)] ATid®e, C[RsL,(Z)] ® C[Gy].

The relative character variety Xsp, (%) does not depend (up to unique isomorphism) on
the choice of the triple (V, G, RLL) used to define it, but only on X; we refer to [36]
for a proof. Note that in the particular case where V C dXp, the gauge group is trivial
s0 s, (X) = Rs1, (X). Moreover, if the presentation P does not have any relations,
then Rgy,(X) = SL, (C)C. As we saw in Example 2.13, such a presentation P always
exists when X is a connected punctured surface with nontrivial boundary, therefore in

that case one has
X1, (X) = SLy(C)°.

Now consider an oriented ciliated graph (I", ¢) and consider the associated finite
presentation (V,G,RIL) of the groupoid Hl(E (I, ¢), V) associated to the open
punctured surface defined in the previous subsection. The same triple (V, G, RILL) also
gives a finite presentation of I1{(Xp(I"), V) associated to the closed punctured surface,
where this time all elements of V are inner vertices of Xp(I"). Therefore one has

Xsp, (20T, ¢)) = Rsp, (E(T)) = SLy(C)* D),
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where as before £(I') denotes the set of edges of I'. So the exact sequence (39) can be
rewritten as

0 — ClAsL, (T ()] = ClAsL, (Z°(T. 0))] 2724ES, Clag, (2°(T. )] @ Clg ]

Note the analogy with the exact sequence (32). The main achievement of Fock and Rosly
in [29] is the construction of Poisson structures on Cl[XsL, (9T, 0))] = C[SL,]®¢M)
and C[Gy]= C[SL,]®" T such that the coaction A9 is a Poisson morphism. Therefore,
using the above exact sequence, the affine variety Xsp, (X (I")) receives a (quotient)
Poisson structure. A good plan then is to show that this Poisson structure only depends
on the surface X7 (I") and not on (I, ¢). This strategy permitted the authors of [29] to
extend the Atiyah—Bott—Goldman Poisson structure from unpunctured closed surfaces to
closed general punctured surfaces (see also [36] for a general treatment in the language
of punctured surfaces rather than ciliated graphs and using groupoid cohomology, and
for a Goldman type formula for the Poisson bracket).

Let us conclude this subsection with the following observation. It is well known
that the (stated) skein algebra S (X) is isomorphic (though noncanonically) to the
algebra C[Xs1, (X)] of regular functions of the (relative) character variety. For closed
punctured surfaces this was shown by Bullock [17] under the assumption that S41(X)
is reduced; this assumption was proved in [44] (see also [23] for an alternative proof).
For open punctured surfaces this was proved independently in [39, Theorem 1.3] and
[26, Theorem 8.12] using triangulations of surfaces. Let us note that Theorem 1.1
gives a straightforward alternative proof of this result with the additional assumption
that P # .

Theorem 4.7 [17;26;39; 44] The algebras S41(X) (wherek = C) and C[Xsp, (X)]
are isomorphic.

Proof First suppose that X is an open connected punctured surface, let V be such that
each of its vertices are on the boundary (so the representation and relative character
varieties are the same), let P = (G, RIL) be a finite presentation of IT;(Xp, V) whose
generators are either of type ¢ or d and fix a spin function w. By (37), the algebra
C[Xs1,(%)] is presented by the generators xl.(}x) fora € G and i, j € {—, 4}, with
e the exchange relations xl.(;‘)xl(ﬁ) = x,(f;)xl.(?) foralle, B € Gand i, j € {—, +},
e the determinant relations det(X («)) = 1 forall @ € G,

e the trivial loop relations X (Bg)--- X(B1) =1, for R = B x---x B; € RL,
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<@ x‘“)

By comparing this presentation of C[Xs, (Z )] with the presentation of S, (X ) obtained

where we set

in Proposition 4.6 by setting @ = 41, we see that one has an isomorphism of algebras
0:541(X) = ClXs, ()] sending U(a) to X (a); note that R = t when @ = +1, so
all arc exchange relations become U(x) © U(B) = tU(a) © U(B)t giving relations
®ijPBri = Briaij. Moreover, by comparing (38) and (36), we see that ® is equivariant
for the gauge group coactions.

Now suppose that X is closed and connected with P # &, and let (', ¢) be a ciliated fat
graph such that X (I') = X. By the preceding case, one has an equivariant isomorphism
0:8:1(Z%T, ¢)) = C[AsL, (Z°(T, ¢))], so one has a commutative diagram

0 — Sp1(Z (D)) — Sp1 (X0 0))] —271E 5 5. (BT ¢))] ® C[Gv]

=~ Ell zl@ gl@@)id
\I/

0 — CXsL, (2 (I))] = ClAsL, (ZO(T, 0))] 27792, €Ly, (BT ¢))] @ C[Gy]

Since both lines are exact there exists an isomorphism St (Z (T")) = C[Asp, (Z(T))]
obtained by restriction of ©. O

4.3 Combinatorial quantizations of (relative) character varieties

The work of Fock and Rosly suggests a natural way of quantizing character varieties.
The following problem was raised and solved independently by Alekseev, Grosse and
Schomerus [2; 3] and Buffenoir and Roche [15] (see also [20] for a survey):

Problem 4.8 Associate to each oriented ciliated graph (I, ¢) an (associative unital)
algebra L, (T, ¢) over the ring k := C[w*!] satisfying:

(A1) As ak-module, £, (T, c) is just the (free) module
C[RsL,(Z0(T, ¢))] ®c k = C[SL,]%*D) @ k.
(A2) As before, write O4[G] := O4[SL,]®" ). The linear map
A9 Lp(T,¢) = LT, ¢) ® O4G]
defined by the formulas

Ag(x(“)) _ Z X(a) ®S(Xb )(Uz) (Ul)
a,b=+
is a Hopf-comodule map. In particular, it is a morphism of algebras.
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(Inv) The subalgebra £I™(I") C L, (T, ¢) defined by the exact sequence

0 — LIN(I) = Loy (T, ¢) 27798 £,(T, ) ® 0,[0]

only depends (up to canonical isomorphism) on the (homeomorphism class of)
surface S(I").

(Q) Let kg := C[#] and write wp := exp(—(im)/(2h)) € ky so that u: k — ky
defined by p(w) := wy, is a ring morphism. Then the kj algebra £17V(I") ® , k
is a deformation quantization of the Poisson algebra C[Xs;,, (2 (I"))] equipped
with its Fock—Rosly Poisson structure.

Theorem 4.9 (Alekseev, Grosse and Schomerus [2; 3; 5], Buffenoir and Roche [15; 16])
Problem 4.8 admits the solution L4, (T',c) := L4(X°(T, ¢)), where the k—module
isomorphism L, (T, ¢) = C[Rs, (Z°(T, ¢))] ®c k is given by sending U(a) to X (ct).

The algebras L, (T, ¢) are the so-called quantum moduli algebras and Theorem 1.3 is
an obvious consequence of Theorem 1.1.

More precisely, the ciliated graphs considered in [15; 16] are those whose underlying
graph is the 1-skeleton of some combinatorial triangulation of a Riemann surface. By
combinatorial we mean that each edge has two distinct endpoints, so every arc is of type
a and the only arc exchange relations among distinct arcs are in configurations (i) or
(ii) (in the notation of Lemma 2.24). In [2; 3; 5] general ciliated graphs are considered,
though in [3; 5] special attention is given to the quantum moduli algebras of the daisy
graphs defined in Example 2.13 (they are called standard graphs in [3; 5]) and are
further studied and related to stated skein algebras in [27]. In those daisy graphs, the
arcs are of type d and the more complicated arc exchange relations in configurations
(viii), (ix) and (x) appear under the name braid relations; see [3, Definition 12].

Note that, except for the study of the Poisson structure (which could have been easily
done), we reproved Theorem 4.9. In [43], Meusburger and Wise proved that the solution
of Problem 4.8 is unique, provided that we add some natural axioms for the operation
of gluing graphs together. Actually the authors of [43] consider quantum moduli
algebras associated to finite-dimensional ribbon algebras, whereas here we consider the
infinite-dimensional one Uysl,, but their proof extends word-for-word to our context.

4.4 Comparison with previous works

Let X° be a connected punctured surface with one boundary component, one puncture
on its boundary and possibly some inner punctures. Let (', ¢) be its daisy graph
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and P = (G, @) be the associated finite presentation as defined in Example 2.13 (so
IS ) O(F, ¢)). In this case, since the presentation has no relations, one can consider
the spin function w sending every generator to 0 € Z/27. Since every generator « € G is
of type d, the isomorphism W: S, (X°%) S L4, (T, ¢) sends U(e) = C ! M () to X (a).
By precomposing with the reflection anti-involution 6, one obtains an isomorphism

V8, 1(Z07 5 £,(T,c),

which corresponds to Faitg’s isomorphism in [27]. Let us stress that our notation is
quite different from that in [27]; in particular:

e The letter ¢ in [27] is what we denoted by A4 (so our g corresponds to q2 in [27]).
e The letter R in [27] is related to our R by R =t 0o R.

* Faitg actually considered S,,—1 (X °)?, the opposite of the stated skein algebra.

As Faitg, Jordan and Safronov kindly explained to the author, the existence of an
isomorphism W: S, (X°) = £, (T, ¢) could have been derived from [9; 31] as we
now briefly explain using the notation in [31] to which we refer for further details. Set
k = C[w*!] and fix a structure of a Riemann surface X. To any k-ribbon category A,
one can associate a skein category SkCat 4(X) whose objects are oriented embeddings
of finitely many disjoint discs D — X colored by objects in .4 and whose morphisms
are framed .A—colored ribbon graphs in X X [0, 1] considered up to skein relations; see
[24, Section 4.2] for a precise definition. We denote by 1 € SkCat 4 () the empty set.
Let X9 be obtained from a connected closed oriented surface ¥ by removing an open
disc. Fixing an arbitrary disc embedding D — X° gives a functor P: A — SkCat 4(X°)
in an obvious way. Let A= Fun(A°, Vect) be the free cocompletion of .4 (which
inherits a monoidal structure from A). The internal skein algebra is defined as the

coend ' xed R
SkCat™(£0) := / Homgyca 50y (P(), 1) ® x € A.

The functor Homgycy , 0y (P(+), 1): A% — Vect has a natural lax monoidal structure,
given by stacking ribbon graphs on top of each other, which endows SkCatijt(EO) with
the structure of an algebra object in A. If A is Tannakian, that is if it is equipped with
a fully faithful monoidal functor for: A — Vect, then

. xX€A
SA(x0) = for(SkCatj“(Zo)) = / Homg ey, 20y (P(x), 1) ® for(x) € Vect

is a unital associative algebra that we might call the stated skein algebra associated
to A and X°. Let us consider two Tannakian ribbon categories: the (Cauchy closure
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of the) Temperley—Lieb category TL and the category of finite-dimensional Uysl,
left modules Repgd(SLz) (recall that ¢ is generic here). The Tannakian structure
forget: Repfld(SLz) — Vect is just the forgetful functor. It is well known that one has a
monoidal braided equivalence of categories (which does not preserve the pivotal struc-
ture) G: TL — Rep;d(SLz) sending the one strand ribbon [1] € TL to the fundamental
representations V' of Section 2.1 with basis {vy, v—_}, thus we get a Tannakian structure
forgeto G: TL — Vect.

On the one hand, there is a natural algebra morphism
Vy:80(2°%) = SrL(E°)

sending the class [T, s] of a stated tangle, where 0T has n elements, to the class of
T ® vs € Homgycyy,, (z0y(P([1]%"), 1) ® V", where vs € V" is obtained from the
state s by identifying the signs + and — with the basis vectors v4 and v— of V. As
noted in [31, Remark 2.21] and fully explored in [32], a detailed comparison of the
definitions shows that W is an isomorphism.

On the other hand, thanks to Cooke’s excision theorem in [24] and as proved in
[31, Proposition 2.19], the internal skein algebra SkCatijt(Eo) is isomorphic to the so-
called moduli algebra Ayo = End(1) € A introduced in [9, Definition 5.3]. The authors
of [9, Theorem 5.14] defined an explicit isomorphism [Repfld (SLy)]s0 = L, (I), so by
composing the two isomorphisms, one get an isomorphism

Uy Srr(2%) = L,(T).
Putting W; and W, together, we get an alternative construction of Faitg’s isomorphism.
Remark 4.10 The above construction generalizes the notion of a stated skein algebra
Sc(9) to an arbitrary Tannakian ribbon category C (how to replace X © with an arbitrary
punctured surface is obvious), and [9, Theorem 5.14] seems to permit us to give explicit

finite presentations for Sc(X°). A detailed study of these generalized stated skein
algebras will appear in a separate publication [25].

5 Concluding remarks
We conclude the paper by making some remarks concerning the usefulness of relating

stated skein algebras and quantum moduli spaces (Theorem 1.3). We can see the stated
skein algebras as defined by a huge set of generators (all stated tangles) and a huge set

Algebraic € Geometric Topology, Volume 23 (2023)



Finite presentations for stated skein algebras and lattice gauge field theory 1297

of relations (isotopy and skein relations) whereas the quantum moduli algebra is defined
by a finite subset of generators and by a finite subset of relations. Both presentations
have their own advantages.

(i) The fact that the quantum moduli algebra £V(I") only depends, up to canonical
isomorphism, on the thickened surface S(I") (or equivalently X (I")) is usually proved
by defining elementary moves on graphs that preserve the thickened surface and showing
that those elementary moves induce isomorphisms on the algebras. This strategy was
pioneered by Fock and Rosly in the classical case of relative character varieties [29] and
later carried on in [3; 16] for quantum moduli algebras (see also [43] for very detailed
study). Thanks to the isomorphism £™(T") = S, (Z(I")) (and the fact that stated
skein algebras depend on surfaces rather than graphs), this fact is also an immediate
consequence of Theorem 1.3. Also, the image of a closed curve y through the reverse
isomorphism W~!: X (') — £I(T) is usually called its holonomy Hol(y) or Wilson
loop operators, and the expression of this holonomy in terms of generators as well as the
proof of some composition properties is the subject of long and technical computations
in [2; 3; 15; 16; 28; 43], whereas they become easy in the skein algebra setting.

(i) Since the quantum moduli algebra L, (T, ¢) is quadratic homogeneous, we might
have tried to prove that it is Koszul (proving that B€ is free) without the help of the
stated skein algebra. The standard technique to prove that the family B of (26) is a
PBW basis consists in examining the set of critical monomials of the form v;v; vy
(we use the notation of Section 3.2) where both v;v; and vjvy are leading terms. To
such a critical monomial we associate a finite graph (which might have the shape of a
diamond) and the diamond lemma implies that if each of these graphs is confluent (has a
terminal object) then B is a basis, so the quadratic algebra is Koszul; see [42, Section 4]
for details. In our case, due to the huge amount of different kinds of relations in our
presentation, this strategy would require us to verify the confluence of 6578 different
graphs! This is way too much to be handled by hand. It is thanks to the fact that stated
skein algebras have a lot of relations and generators that L& was able to successfully
use the diamond lemma in [40] to prove that B is basis, and our proof that BC is a
basis is directly derived from this fact. So proving the Koszulness of L, (T", ¢) without
the help of stated skein algebras could have been a very difficult problem.

(iii) Even if we could find PBW bases for the algebras £, (I", ¢) without the help
of skein algebras, finding bases for £I7V(I") would be extremely difficult, since it
is only defined as a kernel and no presentation is known. However, skein algebras
Sw(Z(I)) = £I™(T") have well-known bases (of multicurves).
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(iv) As we saw in Section 4.2, the fact that £, (X, PP) is isomorphic to the algebra
of regular functions of the (relative) character variety X5, (%) is very easy to prove,
whereas relating the (stated) skein algebra S;;(X) to C[Xs, (X)] is not so obvious
(see [17; 44] for closed surfaces and [26; 39] for open ones).

(v) In [13] Bonahon and Wong proved that the Kauffman-bracket skein algebra
S41(%), with deforming parameter + 1, embeds into the center of the skein algebra
S¢(X) with deforming parameter ¢ a root of unity of odd order (see also [41] for
an alternative proof). This result was generalized in [39] to stated skein algebras as
well (see also [11] for generalizations). In [8], Baseilhac and Roche showed that
the construction of this so-called Chebyshev—Frobenius morphism is much easier
in the context of quantum moduli algebras (that is, using the finite presentations of
Theorem 1.1). Even though their study only concerns genus 0 surfaces, their proofs
seem to generalize easily to general surfaces, providing simpler proofs for the results
in [13; 39].

(vi) Bullock, Frohman and Kania-Bartoszynska already proved in [19, Theorem 10]
that £V(T') and S, (X (I")) are isomorphic when k = C[#] and @ = —exp(—1#).
Their proof consists of defining an algebra morphism ¥: £IV(TI") — S, (X (")) (by
techniques similar to what we did in Section 2.2), and noting that under the (mod #)
identifications £I™(I") /(%) = C[Xs1,(Z)] and Spy (Z(T))/ (1) = S—1 (X (I")), the mor-
phism W reduces modulo # to Bullock’s isomorphism C[Xsp, (X)] = S—1(XZ(I")). So
the fact that the reduction of ¥ modulo % is an isomorphism implies that ¥ is an
isomorphism. This proof does not seem (at least to the author) to generalize to prove
the identification £V(T") = S,, (2 (I")) for more general rings (such as k = C and w a
root of unity), whereas our Theorem 1.3 works in full generality. A second reason why
the approach in [19] does not work at roots of unity is described in (vii).

(vii) The following important remark was kindly explained to us by the anonymous
referee, whom the author warmly thanks. In traditional papers in lattice gauge field
theory (like [3; 8]) the algebras L (I, c) are seen as qul?"—modules instead of
Oq[SL2]®"—com0dules (here n is the number of external vertices of I, ie the number of
boundary arcs of X (I, ¢)) and £(I") is then defined as the algebra of Uy sl?" —invariant
vectors instead of Oy [SL,]®”—coinvariant vectors. When ¢ is generic, there is a perfect
pairing between the two Hopf algebras Uysl, and Oy4[SL,] so that both definitions
coincide. However, at roots of unity, the induced morphism Oy[SL,] — Uysl3 is no
longer injective nor surjective. As a consequence, the two definitions of £i£v(l") do not
coincide anymore and Theorem 1.3 only holds for the definition used in the present
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paper. For instance, consider the case where (I, ¢) = M‘@ sothat m; := X (T, ¢)
is a once-punctured monogon, that is, a disc with one inner puncture and one boundary
puncture. In this case Sy (m1) = L, (I, ¢) is Majid’s braided quantum group; see [26; 8].

On the one hand, when ¢ := »™*

is a root of unity of odd order, Baseilhac and Roche
have proved [8, page 41] that the subalgebra of Uysl,—invariant vectors coincides with
the center of S, (m ) (denoted by 58,1 in [8]). This center is generated by the peripheral
curve ¥, encircling the inner puncture p together with the image of the Chebyshev—
Frobenius morphism. On the other hand, the O4[SL;]—coinvariant vectors form the
algebra C[y,] generated by the peripheral curve, isomorphic to the skein algebra of
a punctured disc (T, ¢) as expected. Therefore the subalgebra of Uysly—invariant
vectors is bigger than the algebra of O4[SL;]—coinvariant vectors and Theorem 1.3

would fail with the original definition of £I™¥(T") at roots of unity.
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