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Milnor-Witt motivic cohomology of
complements of hyperplane arrangements

KEYAO PENG

We compute the (total) Milnor—Witt motivic cohomology of the complement of a
hyperplane arrangement in an affine space as an algebra with given generators and
relations. We also obtain some corollaries by realization to classical cohomology.

14C25, 14F42, 19E15

1 Introduction

Let K be a perfect field of characteristic different from 2, and let U C A]I\(I be the
complement of a finite union of hyperplanes. For K = R, the cohomology ring
Hs’fng(U (R), Z) is just the direct sum of Z corresponding to each regions (connected
components), and those regions form a poset. In the special case when the hyperplanes
arise from a root system, the resulting poset is the corresponding Weyl group with
the weak Bruhat order. In general, the poset of regions is ranked by the number of
separating hyperplanes and its Mobius function has been computed; see Edelman [8].

For any essentially smooth scheme X over K and any integers p,q € Z, one can
define the Milnor—Witt (MW) motivic cohomology groups HI{,’I’V% (X, Z) introduced
by Bachmann, Calmes, Déglise, Fasel and @stveer [1]. There are homomorphisms
(functorial in X), for any p,q € Z,

HEA(X,Z) - H (X, Z),
where the right-hand side denotes the ordinary motivic cohomology of Voevodsky.

As illustrated by the list of properties in the following section, the Milnor—Witt motivic
cohomology groups behave in a fashion similar to ordinary motivic cohomology groups,
but there are crucial differences (for instance, there are no reasonable Chern classes).
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In this paper, we compute the total Milnor—Witt cohomology ring of the complement
of a hyperplane arrangement in affine spaces Hyw (U) using methods very similar to
Chatzistamatiou [4], with some necessary modifications. To state our main result, we
first recall a few facts.

Let R be a commutative ring. The Milnor—Witt K—theory of R is defined to be the
graded algebra freely generated by elements of degree 1 of the form [a] with a € R
and an element 7 in degree —1, subject to the relations

(1) [a][l —a] =0 for any a such thata, | —a € R*\ {1};

(2) [ab] = [a] + [b] + nla][b] for any a,b € R*;

(3) nla] = [a]n for any a € R™;

“4) n@2+n[-1]) =0.
It defines a presheaf on the category of schemes over a perfect field K via X +—

KMY(O(X)). On the other hand, one can also consider the Milnor—Witt motivic
cohomology (bigraded) presheaf

X > Huw(X) := P Hifi(X.Z).
P
By Déglise and Fasel [7, Theorem 4.2.2], there is a morphism of presheaves
s:@P KXV (—) — @ Hiy (. Z) € Huw(X).
nez nez
which specializes to the above isomorphism if X = Spec(F'), where F is a finitely
generated field extension of K; see Calmes and Fasel [3].

Theorem 1.1 Let K be a pertfect field of characteristic different from 2 and let U C AIJ}'
be the complement of a finite union of hyperplanes. There is an isomorphism of
Hyiw (K)—algebras

Hyw (K)X{Gm(U)}/ Ju = Huw(U)

defined by mapping (f) € G,,(U) to the class [ f] in Hl\l,[’vlv(U, 7)) corresponding to f
under s. Here, Hyw (K){ Gy, (U)} is the free (associative) graded Hyw (K )—algebra
generated by G, (U) in degree (1, 1) and Jy is the ideal generated by the elements

M (H=[f1if f € KX CGn(U);

2 N+ @+ —(fg)if f.g € Gn(U);

3) (D) (fo) forany fi,...., fi € Gu(U) such that 3{_; f; = 1;

@ (=[S if f € Gm(U).
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As indicated above, this theorem and its proof are inspired by the computation of the
(ordinary) motivic cohomology of U in [4]. We can recover the main theorem [4,
Theorem 3.5] of the motivic cohomology case by taking n = 0. As a corollary, we
obtain the following result:

Corollary 1.2 LetU C A]Ig be the complement of a finite union of hyperplanes. The
isomorphism of Theorem 1.1 induces an isomorphism

B KXV KNGV} Iy — @D Hi (U, 2).

nez nez

We do not know if the left-hand side coincides with KMW(U). To conclude, we spend
a few lines on the real realization homomorphism

Huww(U,Z) — HX (UR),Z)

sing

when U is over K = R. We prove in particular that both sides have essentially the
same generators, and that the map is surjective.

Conventions The base field K is assumed to be perfect and of characteristic not 2.
For a scheme X over K, we write Hyw(X) for the total MW motivic cohomology

ring @ gez Hyuw(X. Z).
For each f € G,,(U), we use (f) to indicate the corresponding generator in the corre-

sponding free algebra (eg KMV (K){G,(U)}) and [f] to indicate the corresponding
element in the cohomology group (eg Hl\l,l’vlv(U , 7.)).

2 Milnor-Witt motivic cohomology

In this section, we define Milnor—Witt motivic cohomology and state some properties
that will be used in the proof of Theorem 1.1. We start with the (big) category of
motives lf)\l\J/I(K )= ﬂNis(K , 7)) defined in [7, Definition 3.3.2] and the functor

M: Sm/K — ]i\ﬁ(K).

The category ﬁd(K) is symmetric monoidal [7, Proposition 3.3.4] with unit 1 =
M (Spec(K)). For any integers p, g € Z, we obtain MW motivic cohomology groups

H{ (X, Z) := Homgy; (M (X). 1(q) [ p))-

By [7, Proposition 4.1.2], motivic cohomology groups can be computed as the Zariski
hypercohomology groups of explicit complexes of sheaves.

Algebraic € Geometric Topology, Volume 23 (2023)
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We will make use of the following property of W(K ). First, we note that ]i\i(K ) is
also a triangulated category.

Proposition 2.1 (Gysin triangle) Let X be a smooth K—scheme, let Z C X be a
smooth closed subscheme of codimension ¢ and let U = X \ Z. Suppose that the
normal cone Nx Z admits a trivialization ¢: Ny Z = Z x A°. Then there is a Gysin
triangle

MU)— M(X)—> M(Z)(c)[2c] >,

where the last two arrows depend on the choice of ¢.

Proof We have an adjunction of triangulated categories
SH(K) <5 DM(K)

obtained by combining the adjunction of [6, Section 4.1] and the classical Dold—Kan
correspondence (eg [5, 5.3.35]). Here, SH(K) is the stable homotopy category of
smooth schemes over K. The functor SH(K) — IST\//I(K ) being exact, the statement
follows for instance from [13, Chapter 3, Theorem 2.23]. O

Furthermore, the Milnor—Witt motivic cohomology groups satisfy most of the formal
properties of ordinary motivic cohomology and were computed in a few situations:

(1) If g <1, there are canonical isomorphisms

HEN(X,Z) ~ HE (X, K}[VIW) ~ HI (X, K;“W)

where K)™ is the unramified Milnor—Witt K—theory sheaf (in weight ¢) introduced
in [12].

(2) If L/K is afinitely generated field extension there are isomorphisms HK',I\',:, (L,Z)=
KMW(L) fitting in a commutative diagram, for any n € Z,

Hyiw(L,Z) —— KYW(L)

| |

Hy"(L,Z) —— KM (L)

where K,jy (L) is the (n™) Milnor K—theory group of L, the bottom horizontal map
is the isomorphism of Suslin, Nesterenko and Totaro, and the right-hand vertical map
is the natural homomorphism from Milnor—Witt K—theory to Milnor K—theory. This

Algebraic € Geometric Topology, Volume 23 (2023)
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result has the following consequence: the Milnor—Witt motivic cohomology groups are
computed via an explicit complex of Nisnevich sheaves Z(q) for any integer g € Z.
The above result shows that there is a morphism of complexes of sheaves

Z(g) - KYV[—q].

where the right-hand side is the complex whose only nontrivial sheaf is Kglw in
degree —¢q. For any essentially smooth scheme X over K, this yields group homomor-
phisms

Hi (X, 2) > HP~9(X, K)™),

which are compatible with the ring structure on both sides. In the particular case p =2n
and g = n for some n € Z, we obtain isomorphisms (functorial in X)

HIVM (X, Z) = CH"(X),

where the right-hand term is the n™" Chow—Witt group of X (defined in [2; 9]). Again,
these isomorphisms fit into commutative diagrams

HIUM (X, Z) —— CH"(X)

| |

Hy (X, Z) — CH"(X)

where the right-hand vertical homomorphism is the natural map from Chow-Witt
groups to Chow groups.

(3) The total Milnor-Witt motivic cohomology has Borel classes for symplectic
bundles [15] but in general the projective bundle theorem fails [14].

(4) If X is a smooth scheme over R, there are two interesting realization maps. On
the one hand, one may consider the composite

HE(X.2) - Hy (X, Z) — HE (X(C), Z),

sing

where the right-hand map is the complex realization map. On the other hand, one may
also consider the composite

HE(X.Z2) > HP79(X, K)™) - HP~9(X, 1) > HE Y (X(R). Z),

sing

where 19 is the unramified sheaf associated to the ¢ power of the fundamental

ideal in the Witt ring, K ;‘/IW — I1 is the canonical projection and H?79(X,I1?) —

H?Z (X (R),Z) is Jacobson’s signature map [11].

sing
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We note here that these two realization maps show that Milnor—Witt motivic cohomology
is in some sense the analogue of both the singular cohomology of the complex and the
real points of X.

3 Basic structure of the cohomology ring

Let V' be an affine space, ie V' = A]Ig for some N € N. We consider finite families /
of hyperplanes in V' (which we suppose are distinct). We denote by |/| the cardinality
of I and set UIV =V\ (UYeI Y), and simply write UIN when V = A%. For any
hyperplane Y, we put Iy :={Y; NY |Y;el,Y; #Y}.

Proposition 3.1 Let V and I be as above. We have
MU =P 1())In;]

jeJ
for some set J and integers n; > 0.
Proof We proceed by induction on the dimension N of V and |I|. If || = 0, then

M(UIV) = M (V) = 1 and we are done. So let || >1and Y € I. The Gysin triangle
reads as

(3-1) MUY) —» MUK ) > MU D)2 .
If ¢ = 0, then the triangle is split and consequently we obtain an isomorphism
(3-2) MU) = MU} ) & MU )],

Since |1 \ {Y'}| < || and dim(Y) = dim(V') — 1, we conclude by induction that the
right-hand side has the correct form. We are then reduced to showing that ¢ = 0.

By induction,
¢ € Homgys ) (M (U yy), M (U} )(D[2])

= P Homgj gy (1), Lompe) [ +1])
ik
for some integers 1, my =0, so it suffices to prove that Homgg; ) (L, 1(m)[m+1])=0
for any m € Z to conclude. Now,

Homgg; g (1, 1(m)[m + 1]) = HK/I”\;VH’”’(K, 7)

and the latter is trivial by [7, Proposition 4.1.2 and proof of Theorem 4.2.4]. O

Algebraic € Geometric Topology, Volume 23 (2023)
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As an immediate corollary, we obtain the following result:

Corollary 3.2 The motivic cohomology Hyw (U IV) is a finitely generated, free
Hyiw (K )—module.

To obtain more precise results, we now study the Gysin (split) triangle (3-1) in more
detail. We can rewrite it as

~ Y ~ Y ~
MulHombs mu)) s MUk y,) -2

and therefore we obtain the short (split) exact sequence, in which the morphisms are
induced by the first two morphisms in the triangle,

(3-3) 0@ HLIUK 3. 2) 2> P HELWUY. 2)
P4 P4 v
b, @ HE T WF 2y 0.
P4
The inclusion Y C V yields a morphism U }; - U IK{Y} and therefore a morphism
M ) };) - M w IV\ {Y})' The global section f of V' corresponding to the equation

of Y becomes invertible in U IV and therefore yields a morphism [ f]: MU IV) —1(H)[1]
corresponding to the class [ f] € Hl\l,l’vlv(U IV, 7)) given by the morphism

s: @@ KNV (=) > @ Hyw (- 2).

nez nez

Lemma 3.3 The following diagram commutes:

a2 7wk o

ﬂyl Tay®[f]

MUY) —— MU})® MU})

Proof The commutative diagram of schemes

% v
Uf ———— U\

l l(ld,f )

X G —— Ul yy x Ak

Vv
v Y}

I\{Y}

Algebraic € Geometric Topology, Volume 23 (2023)
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yields a morphism of Gysin triangles and thus a commutative diagram

M)W —— F)) — s MUY, ) — -

t(l)[lll l

MU )] —— MUY iy, % Gm) — MU gy x Ak) — -

\ INY}

MUY O]
in which the map M(UIK{Y} x Gp) — M(UIK{Y})(I)[I] is just the projection. We

conclude by observing that the middle vertical composite is just (@ @ [f])o A. O

We may now prove the main result of this section.

Proposition 3.4 The cohomology ring Hyw(U) is generated by the classes of units
in U as an Hyw (K)-algebra. In particular, the homomorphism

s: @ kYY) > P Hypy(U. 2)

nez nez
is surjective.

Proof We again prove the result by induction on |/ | and the dimension of V, the case
|1] = 0 being obvious. Suppose then that the result holds for U }; and U IV\ o}
consider the split sequence (3-3). For any x € Hyw(U) = Huw (U IV), we have that
BY(x) e HMW(UII;) is in the subalgebra generated by {[f] | f € Gm(UII;)} and 7.

For any f1,..., fu € Gm(UIV\{Y}), Lemma 3.3 yields
ﬂf([(fl)lylv}-“[(fn)IUIV] 1) = [(Dlgy 1+ [y 1-

The map G, (U IV\ {Y}) - G (U I};) being surjective, it follows that there exists x” €
Hyw (U IV) in the subalgebra generated by units such that Y (x — x’) = 0. Thus,
x —x" = ax(y) for some y € HMW(UIV\{Y}) and the result follows from the fact that

and

o is just induced by the inclusion U IV cU IV\{Y}. O

4 Relations in the cohomology ring

The purpose of this section is to prove that the relations of Theorem 1.1 hold in
Hyiw(U). The first two relations are obviously satisfied since the homomorphism is

Algebraic € Geometric Topology, Volume 23 (2023)
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induced by the ring homomorphism

s: @@ KV (W) — P Hy(U. 2).

nez nez

Recall now that the last two relations are

3) [Allf2]---[fe]if fi € Gy (U) for any i and Zle fi=1;
@) [fPP=[-1ULf1if f €Gn(U).

We will prove that they are equal to 0 in Hyw(U). Actually, it will be more convenient
to work with the following relations, where € := —(—1) = —1 —n[—1]:

(3 R(fo,...,ft), defined by
t

Y T ol [ LA4]
i=0 — —
+ Y DR ER Sl o) - ) - LA

0<ip<--<ip<t
for f; € G,y (U) such that YF_, fi = 0.
(4) Anticommutativity [f][g]—e€[g][f].

Lemma 4.1 The two groups of relations are equivalent in Hyyw (U ).

Proof We first assume that (3) and (4) are satisfied. Since (1) and (2) are satisfied, we

have [~ f] = [~1] + (—1)[f]. As (4) is satisfied and [-1] = €[—1] in KMV (K),
/11 = U1+ (D[P =1L/ 1-/T) =0

and then [fg][—fg] = [f]lg] + €[g][f] for any g, ' € Gp(U) by [12, proof of
Lemma 3.7]. Suppose next that Y% _ f; =0, so that >_, fi /(— fo) = 1. Combining

(3) and the anticommutativity law, we obtain

(4-1) 0=[1=1/"1+ (A (by (2)),
(42) [_ff] — ALY
= (/Y= A1-16D (by (4-1))

= (7D + 0= L6D

Algebraic € Geometric Topology, Volume 23 (2023)



3540 Keyao Peng

k
@3 Ul-F = Y (5 el

i=0
k—1 k
= (X (5))Er o ey
i=0
= (D =15 fol + (= DF[-1]F
and
0 =(—(fo)) [Tf][%f] : [ ff’] (by (3))
= ([fo] = [-1]— (1 )[f1]) ([fo] = [=1]— (=1)[f+]) (by (4-2))

e [foll Al [£] +Z€’ "LAL LA = [=1D) -+ L]

+ > (ol = =12 LAT -+ Tl [+ LA +

i<j
="t fol - Uil L]
+ > CDRUR ol il i) - L] (by (4-3)

0<ip<--<ip<t

Conversely, suppose that (3") and (4) hold. A direct calculation shows that

R(-L f1..... fo) = (=)A= €LA] - LA,

and consequently that (3) also holds. For every field K # F,, wehave | +a+b =0
for some a, b # 0 and it follows from [—a][—b] = 0 in KMV (K) that

R(f.af.bf) = R(f.af.bf) = l=all-b] = R(f.af.bf) = [~44 |[-24]

=R(f.af.bf) = (=Dlaf]+ [-1=[/DU=D)bf]+ [-1]=[fD
= [0+ F1P = (1= =102 = U= P

O

Remark 4.2 The following properties of the relations R and anticommutativity hold:

(1) Forany a,b € G,,(U), we have [a/b] = —(b~1)R(b, —a).

Algebraic € Geometric Topology, Volume 23 (2023)



Milnor-Witt motivic cohomology of complements of hyperplane arrangements 3541

(2) For any fy,..., f; € G, (U), by direct computation, we have

A A

R(an---aft)_ei[ﬁ]R(fO’---’fl"""ft):P(an---afl"""ft)

for some polynomial P. This uses the anticommutativity and the fact that
[~1] = €/[—1] for any j > 0 in the computation.

(3) Forany fo,..., f; € K* such that Z§=0 fi =0, we have R(fo,..., fr) =0
in KMV (K).

The following lemma will prove useful in the proof of the main theorem:

Lemma 4.3 Any morphism ¢: M (U} ) — T in DM(K) such that

~ Y ~

MuHomes muy) L1
is trivial for every Y € I factors through M(K), ie there is a morphism V : M(K )—>T
such that the diagram

MU}) T
| A
M(K)

is commutative.

Proof We prove as usual the result by induction on |/|, the result being trivial if
|| =0, ieif UIV = A%. By assumption, ¢ factors through M(UIK{Y})’ ie we have a
commutative diagram

~ Y ~
MUY) =— MU/ y))

x |

T

For H € I’ = I \ {Y}, we have an associated Gysin morphism 8 : M(Ulz)(l)[l] —
M t IV) which induces a commutative diagram

MUH )] Pt

aY(l)[lll laY%

MU P idwy,

Algebraic € Geometric Topology, Volume 23 (2023)
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in which the morphism oY (1)[1] on the left is split surjective. It follows that

oo B oo D[1]=¢opT =0

implies ¢g o B = 0. We conclude by induction. |

Proposition 4.4 Let S be an essentially smooth K—scheme and let f; € G,,(S) be
such that ' _, f; = 0. Then

R(fo,..., f1)=0 in Huw(S).

Proof The global sections fy, ..., f; yield a morphism j = (fo,..., f;): S — A’K?Ll
which restricts to a morphism j : S — U, where H C Atgl is given by Z§=O x;i=0
and I = {{x; =0},...,{x; =0}}. Since R(fo, ..., ft) = j*(R(x0,...,Xs)), We can
reduce the proposition to the case S = U IH .

For any x;, we set Y; := {x; = 0} C H and we obtain a Gysin morphism
B M(UL YD1 — M (U)
and a composite

R(x0,...,x1) 1(1‘)[[].

M) 2 MU
By Remark 4.2 and Lemma 3.3,

R(xo0,...,x:)0pB;

:(Ej[x]']R(xO,...,)?j,...,xt)-i-P(XO,...,)AC]',...,)C;))O,B]'

:EJ([xj]R(XO,---,JACj,---,Xt))O,Bj+P(Xo,...,f6j,...,xt)ootj opB;
:eJR(x0|U1yj ,...,)ACj,...,xt|UIYj ).
Yj Yy

As R(f,—f) = 0 for f € G, (S) by Remark 4.2, we obtain by induction that
R(xg,...,x;)oB; =0 forany j =0,...,t. Applying Lemma 4.3, we obtain a
commutative diagram

~ R(xo,...,
My 2 g0

| <

M (K)
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As char(K) # 2, UIH has a K—rational point (A, ..., A;) € AL, and we obtain a
diagram

M (K)

“l R(A0s.rhr)

My 2Ee) 5 )
[

M(K)

The vertical composite being the identity, ¥ = R(Ag, ..., A;), and the latter is trivial
by the relations in Milnor—Witt K—theory. a

Applying Lemma 4.1, we obtain the following corollary:

Corollary 4.5 Let S be an essentially smooth K—scheme.
(1) Forany f1,..., fr € Gy (S) such that Z§=1 fi =1, we have

[1lf2] -~ [fi] = 0 € Huw(S).
(2) Forany f € Gp(S), we have [ f]> — [=1][f] = 0 in Hyw(S).

5 Proof of the main theorem

In this section, we prove Theorem 1.1. We denote by Jy C Hyw(K){G,(U)} the
ideal generated by the relations

(M (f)=[f]for f e KX CGm(U);
@ () + (@) +n(f)g) = (fg) for f. g € Gm(U);
3) (fD(f2) - (fo) forany fi..... fr € Gu(U) such that 35, f; = 1:
@ ()P =[=1(f) for f € Gu(U).
By Lemma 4.1, Jy C Huw(K){G»,(U)} is in fact generated by
(M) (f)—=[f]for f e KX CGm(U);
@ () + (@) +n(f)g) = (fg) for f. g € Gm(U);
(3’) Anticommutativity (f)(g) —e€(g)(f) forany f, g € Gy (U);

Algebraic € Geometric Topology, Volume 23 (2023)
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@) R(fo,...,ft), given by

t

STt (o) () ()
i=0 — —
+ Y EDRER ) - (i) - (i) -+ (D)
O<ip<--<ip<t

fOI' any fO""afl € Gm(U) SUCh that Z;:Oﬁ :O

In view of Corollary 4.5, the morphism Hyw (K){ G, (U)} = Hmw(U) defined by
(f) [ f] induces a morphism of Hyw (K )—algebras

p: Haw (K){Gm(U)}/Ju — Huw(U).

Now, choose linear polynomials ¢1, ..., ¢ that define the hyperplanes Y; € I and let
Ji; € Hyaw(K){G(U)} be the ideal generated by the relations (1), (2), (3') and (4')
for elements of the form f; = A;¢;, or f; = A; for A; € K* and ¢;; € {¢1,....¢s}.
We have a string of surjective morphisms of Hyw (K )—algebras

Hyuw(K){Gm(U)}/ Iy = Huw(K)}{Gm(U)}/Ju £ Huw(U),

whose composite we denote by p’.

Theorem 5.1 The morphism of Hyw (K )—algebras
Hyw (K){Gm(U)}/Jy 2> Huw(U)

is an isomorphism.

Proof It suffices to prove that p’ is an isomorphism. To see this, we work again by
induction on |/]. If |[I| =0, then U = A% for some N € N. By homotopy invariance,
we have to prove that the map

is an isomorphism. Now, the morphism of Hyw (K )—algebras
Huw (K) = Hyw (K){Gm(K)}/ Tk

is surjective by relation (1). Its composite with p’ is the identity and we conclude in
that case.

Assume now that Y € [ is defined by ¢; = 0 and that we have isomorphisms
Hyw(K){Gm (U} T}, = Huw(U})).
]/
Hyw (KHGm (U} Ty = Haw(U7,).
Y

Algebraic € Geometric Topology, Volume 23 (2023)
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The morphism UIV — U , induces a morphism Gm(U}f) — (Gm(UIV) and then a
commutative diagram
0

HMW(K){Gm(U]I{)}/J(i/V/ ——— Huw(U)))

I
&l af
/

Hyw (KNG (U] )3/ 1y —— Huw(U})

El BY

Hyw(K) (G (U} 1y ——— Huw(UF,)

0

in which E is the unique lift of BY o p and the right column is exact. We are thus reduced
to proving that the left vertical sequence is short exact to conclude. It is straightforward
to check that @ is injective and E is surjective. Moreover, the commutativity of the
diagram and the fact that ,8* o oc = 0 imply that ,3 od@ = 0, so we are left to prove
exactness in the middle.

Let x € Huw(K){G, (UIV)}/J(’JIV. The group Gy, (UIV) being generated by G, (U}f)
and ¢, we may use relations (2) and (4) to see that x = (¢1)&(x1) + &(xp) in
HMw(K){Gm(UIV)}/Jl/]V. By Lemma 3.3, we get E(x) =1(x1), where  is induced
by the restriction G, (U})) — G (U };). Consequently, we need to prove that, if
I(x1) = 0, then (¢1)a(x1) is in the image of &. With this in mind, we now prove that
the kernel of 7 is generated by elements of the form

R(fo..--, f1),

where fj = A¢;; withi; > 1 or f; = A and Zl_of, uy, = 0. Denote by L' the ideal

of Hyw (K){G,, (U II{)} generated by such elements. By construction, the restriction
induces a homomorphism

L'+J v —=J y,

+ vy, v,

which is surjective. Indeed, relations (1), (2) and (3’) can be lifted using the fact that

the map G, (U I‘f) — G (U };) is surjective, while an element satisfying relation (4)

with every f; of the form f; = A;¢;, or f; = A; for A; € K™ (with i; # 1) lifts to an
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element in L’. As in [4, proof of Theorem 3.5], we see that the kernel of the group
homomorphism G, (U I‘f) — G (U };) is generated by elements of the form

(1) A¢i/¢; withi and j suchthat Y1 NY; =Y NY; and A = (¢;)|y, /(di)|y,;
(2) A¢i, whereiissuchthat Y1 NY; = and A =1/(¢;)]y,.
Remark 4.2 yields

A ) ,
[ ¢ ] =—(¢;)R(¢j, —A-¢1) C L',
of

while [A¢;] =€R(—1, A-¢;) C L’ showing that ker(G, (U}f) —Gm (U}; ) C L’+Jl’][v, )
We deduce that ker(7) = L.

We now conclude. If 7(x;) = 0, then x; € L’ and we may suppose that x; =

R(fo..... fo) for fo..... fy such that Yo filuy = 0. It follows that 3o f; =
—u¢1 for u e K. If =0, there is nothing to do. Otherwise, use R(u¢1, fo,. .-, fr)=0
and Remark 4.2 to get

(pr)a(x1) = (up1)a(x1) — {p1) ()& (x1)
= (npD)a(x1) + R(ug1. fo.. ... f1) — (P1) ()&(x1)
=&(P(fo,---, f1)) —a({$1)()x1) € image(@). 0
Corollary 5.2 The graded ring isomorphism of Theorem 5.1 induces an isomorphism
P &YV (K Gm(U)} Ty — P Hw(U. Z).
nez nez

Proof Notice that the ideal Jiy of Theorem 5.1 is homogeneous, and it follows that
@D,z Hypw(U, Z) can be computed as Hygy (K){Gp (U)}/ Jy, where Hyy(K) is
the diagonal of Hyw(K). ad

6 Combinatorial description

In this section, we fix an affine space V = A¥, a family of hyperplanes / and we
setU :=U IN . We let Q(U) be the cokernel of the group homomorphism G, (K) —
Gm(U), and we observe that the divisor map

Gn(U) > P Z-Y,
Y, el

in A% induces an isomorphism Q(U) = @Y,»e ;1 Z-Y;. We consider the exterior
algebra Az Q(U) and write Az[p)/2,Q(U) := Z[n]/2n ®z Az Q(U). The abelian
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group Q(U) being free, the Z[n]/2n-module Az[y)/2, Q(U) is also free, with usual
basis. To provide a combinatorial description of Hyw (U ), we will have to slightly
modify the definition of the divisor map above, in order to incorporate the action of 7.
We then define a map ~

Gm(U) = Az[y)/29 Q(U)
as follows:

(1) If f=A¢or f=2A, where A € G5, (K) and ¢ is a linear polynomial as above,
then div( f) = div(f).
(@) If f.g € Gm(U), then div(fg) = div(f) +div(g) + 1-div(f) Adiv(g).
Lemma 6.1 The map div is well defined.
Proof We first notice that (,1;/( fe)= (ﬁ(l(g f), since
div(fg) —div(gf) = n-div(f) Adiv(g) —1-div(g) Adiv(f) = 27-div(f) Adiv(g) =O0.
Let f1, f2,21,22 € Gy (U) be such that fig1 = f>g2. Let Y € I be such that
fi=Y" . f/ withdivy (f) =0and g; = Y™ - g/ with divy (g;) =0 fori =1,2 and
m;,n; € Z. We get
div(fig1) = (m1+n1)-Y +dV(f{g) + (my +n)n(¥ AdV(f{8)).
div(f282) = (ma +n2) - Y +div(f5gh) + (ma + n2)n(¥ Adiv(f5gh)).
As Az[n/2, Q(U) is free with usual basis, we deduce that cfﬁ;f(fz’g’z) = Eﬁ\//(fl’g’l),
which allows us to conclude by induction on the number of nontrivial factors in the
decomposition of f1g1. ad
Now let Ly C Az[p)/2, @ (U) be the ideal generated by the elements
(1) YiAn---AYsforY; €l suchthat Y N---NY, = a;
2) Y51 (=D¥Y1 A+ AT A--AYfor ¥; € I such that Y1 N+ N Y, # @ and
codim(Y; N---NYy) <s.
As a consequence of Lemma 6.1, the map div induces a morphism of Z[n]/2n-algebras
Vv (Znl/2m{Gm(U)} — Azn)/29QU)/Ly.
It is now time to introduce the ring
Ao(U) == K™ (K){Gm(U)}/ (Ju + K- K™ (K){Gm(U)}).

As € = —1 —[—1]n ~ —1 in Ap(U), it follows that Ao(U) is an exterior algebra.
Moreover, the coefficient ring KMW (K) can be reduced to KMV (K ) /(K*- KMV (K)) =~

ZInl/2n.
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Proposition 6.2 The morphism of Z[n]/2n-algebras

¥ Znl/20{Gm(U)} — Azn)/2nQ(U)/ Ly

induces an isomorphism

V:Ao(U) = Azn)27QWU)/Ly.

Proof We first prove that W is well defined, which amounts to showing that the image
of Jy is contained in Ly . For f € K*, we have [f] € K*- KMY(K){G,,(U)} and
Eﬁ(/( f) =0, showing that the first relation is satisfied. The second relation is satisfied by
definition of EIT{/, while relation (3') is satisfied as Az[,)/2, Q(U)/ Ly is an exterior al-
gebra. As in the proof of Theorem 5.1, we are then left with elements of J;,, ie elements
of the form R(fo, ..., fr) for Y i_, fi =0, where f; = A;¢; or f; = A;. Modulo
K- KM (K){Gm(U)}, we have R(fo..... f1) ~ Xieo(=DF [fol -+ [fi] - 1]
and we just need to prove that

l ——
= (=D'Y(R(fo..... f)) =D (=D dV(fo) A+ AdV(fi) A-e- AdIV(fy)
i=0

is an element of Ly . Note that, if there are more than two constant functions among
the f;, o would be trivial. Suppose that fo = A¢ is the only constant, and let f; = A,¢;
with kernel Y; € I, so that @« = Y1 A--- A Y;. Since 25:1 Aj¢p; = —Ao # 0, we can
easily getthat Y1 N---NY; =@ anda =Y; A---AY; € Ly. In the case where none of
the f; is constant, o = Zfzo(—l)iYo Avee A 17, A---AY:. And, for every i, we have
Y =o.j#i Aj®j = —Ai¢i, which means ¥; € YoN---N¥;N---NY, = YoN---N Y.
fYoNn---NY,=a,s0is YoN---NY;N---NYs, thus YoA---AY; A---AY; € Ly;
otherwise, codim(Yp N---NY;) = codim(YpN---N 17, N---NYy) <t <t+1, which
just fits the condition (2) of Ly . This proves that W is well defined.

To prove that W is an isomorphism, we construct the inverse map by

o AZ[n]/an(U)/LU — Ao(U),Yi = (¢:)

and prove that it is well defined. As above, we just need to discuss elements of Ly .
If YiN---NYs = o, then we can find A; € K* such that ) ; A;¢; = 1, and thus
(P1) -+ (ps) ~ (A1¢p1) -+ - (Asps) = 0in Ag(U). In the case codim(¥Y1 N---NY¥y) <,
we have Y ; A;¢; = O for some A; € K*. Then Y i_, (—1) (¢1)--- ;ﬁi\)---(qﬁs) ~
(=1)*"1R(A1¢1, ..., Asps) = 0 in Ag(U). This shows that the inverse map is well
defined. O
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The following corollary shows that the rank of the free Hyw (K)-module Hyw (U) is
exactly the same as the rank of the free Hps(K)-module H s (U) [4, Proposition 3.11]:

Corollary 6.3 The rank of the tree Hyw (K )—module Hyw (U) is equal to the rank
of the free module A7z Q(U)/Ly.

Proof It is clear that rkZ[’?]/277 (AZ[n]/Zn OWU)/Ly)=1kz(AzQU)/Ly). As all
generators in Hyw (U ) are from Hﬁ{,{,’ (U,7Z), we have

K gy (K) (Hvw (U) = th guw ( @ Hyiw (U, Z)) =1kz[y)/29(40(U)). O

nez

7 I-cohomology and singular cohomology

In ordinary motivic cohomology theory, we have a realization functor to the topological
cohomology of complex points. This yields the following comparative result:

Proposition 7.1 [4, Proposition 3.9] In the case K = C, there is an isomorphism of
rings

P Hii" (U.Q) @y ) K2 (K)/ K- K (K) 2> D H. (U(©). Q).

n n

In this section, we provide an analogue for the singular cohomology of the real points
of the complement of a hyperplane arrangement defined over R. We start with some
results about the I—cohomology [9].

As recalled in Section 2, we have natural homomorphisms from Milnor—Witt motivic
cohomology to I*—cohomology

Hi(X.2) > HP~9(X, K)™) - HP™9(X, 1)

which induce a ring homomorphism Hyw(X) — @r,q H"(X,17) (where 19 =
K ;VIW = W for g < 0). In case X = Spec(K), we obtain in particular a ring ho-
momorphism Huw(K) — D, , H" (K, 19) = P ez 11 (K).

Proposition 7.2 The morphism of P gez 19(K)—algebras

J Huw(U) ® py () (@ ,q(K)) — P H"(U.1%
r,q

qeZ

is an isomorphism. Moreover, H" (U, I1) = 0 forr # 0.
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Proof We write Hyw(U) ® I for the graded ring Hyw (U) ® gy (K) (@q Iq(K)).
We follow the same induction process as in the proof of the main theorem. When
|7] = 0, we only need to consider Spec(K) by homotopy invariance, and the result is
trivial.

Assume now that Y € I and that we have isomorphisms for U I‘f and U II; . Notice that,
for I-cohomology, we still have a Gysin long exact sequence [9, remarque 9.3.5]. The
proof of the main theorem yields the commutative diagram

0 D, H‘l(Ulyy,Iq_l)

| !

Huw(U])® I —=—— @, H(U}, . 19)
Haw(U))& T — @, HOWY , 19)

| l

Hww(U )@ 1 —=—— @, HO(U}, , 1971

| |

0 D, H (U] 1%)

By our assumption, H ™! (U};, 1971y and HI(UIV, 17) are both 0, so the right column
is also short exact. We conclude that j is an isomorphism as well. The same argument
implies that H" (U}, 19) = 0 for r # 0. O

The analogue of Corollary 3.2 in this setting then reads as follows:

Corollary 7.3 There is a finite set J and integers n; > 0 for any j € J such that

HOWY .19 = H 197 (K)b;
jedJ

as a free EBq 19(K)-module with basis elements b; € HO(UIV, 1),

Proof Every step is the same as in Proposition 3.1, except the splitting, which comes
from the identification with Hyw(U}) ® L O

As in [11; 10], we can compute the cohomology of the real spectrum using I—
cohomology.
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Proposition 7.4 [10, Proposition 3.6] The signature map induces an isomorphism

(Sper(X), 7),

slng

H' (X, Colim I9) 2&es,
q=0

where Sper(X) is the real spectrum. In particular,

Colim /9(K) = smg (Sper(K), Z).
q=0
In our case, since U is always noetherian and Colimg > is filtered, we have a canonical
isomorphism
(7-1) H’(U, Colimlq) =~ Colim H" (U, I?).
q=0 q=0

Combining with Corollary 7.3, we obtain the following proposition:

Proposition 7.5 There exists an integer N > 0 such that

N sign

HOWY 1Y) ®gy,_y 19(1k) Hue(Sper(K). Z) =5 HY, (Sper(U) ). Z)
is an isomorphism. Moreover, H qmg (Sper(U; V),Z) =0 forr #0.

Proof By (7-1), we can rewrite the right-hand side as Colimg>o H°(U v 1%). Ap-
plying Corollary 7.3, we get

cOhm(@ﬂ " (K)b; ) @(Colién 1977 (K)b;) = €D H3,(Sper(K). Z)b; .
q>

jeJ jeJ - jeJ
Let N € N be such that N > n; for all j € J. Using again Corollary 7.3,
HOU 1Ny = 1V (K)b;.
jeJ

which implies

P 1V (Kb ®qy,_ 19(k) Hing(Sper(K), Z) = @) HY,,(Sper(K), Z)b;

JjeJ jeJ
since, for every j, we have N —n; > 0. That proves the first part, while the second
part is trivial. O

Taking K = R, we have H mg
complements of hyperplane arrangements

HY (U (R),Z) = &y ZAR;}.

R; € connected components

(R,Z) = Z and we recover the classical result for

Nsign

HOU) . 1V) 2 e
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