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We provide a method to compute the dimension of the tangent space to the
global infinitesimal deformation functor of a curve together with a subgroup
of the group of automorphisms. The computational techniques we developed
are applied to several examples including Fermat curves, p-cyclic covers of the
affine line and to Lehr—Matignon curves.

The aim of this paper is the study of equivariant equicharacteristic infinitesimal
deformations of a curve X of genus g, admitting a group of automorphisms. This
paper is the result of my attempt to understand the work of J. Bertin and A. Mézard
[2000] and of G. Cornelissen and F. Kato [2003].

Let X be a smooth projective algebraic curve, defined over an algebraically
closed field of characteristic p > 0. The infinitesimal deformations of the curve
X, without considering compatibility with the group action, correspond to direc-
tions on the vector space H'(X, Jx) which constitutes the tangent space to the
deformation functor of the curve X [Harris and Morrison 1998]. All elements in
H'(X,Jx) give rise to unobstructed deformations, since X is one-dimensional
and the second cohomology vanishes.

In the study of deformations together with the action of a subgroup of the au-
tomorphism group, a new deformation functor can be defined. The tangent space
of this functor is given by Grothendieck’s [1957] equivariant cohomology group
H! (X, G, Jx); see [Bertin and Mézard 2000, 3.1]. In this case the wild ramifi-
cation points contribute to the dimension of the tangent space of the deformation
functor and also pose several lifting obstructions, related to the theory of deforma-
tions of Galois representations.

Bertin and Ménard [2000], after proving a local-global principle, focused on
infinitesimal deformations in the case G is cyclic of order p and considered liftings
to characteristic zero, while Cornelissen and Kato [2003] considered the case of
deformations of ordinary curves without putting any other condition on the au-
tomorphism group. The ramification groups of automorphism groups acting on
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ordinary curves have a special ramification filtration, i.e., the p-part of every ram-
ification group is an elementary abelian group, and this makes the computation
possible, since elementary abelian group extensions are given explicitly in terms
of Artin—Schreier extensions.

In this paper we consider an arbitrary curve X with automorphism group G.
By the theory of Galois groups of local fields, the ramification group at every
wild ramified point can break to a sequence of extensions of elementary abelian
groups [Serre 1979, IV]. We will use this decomposition together with the spectral
sequence of Lyndon—Hochschild—Serre in order to reduce the computation to one
involving elementary abelian groups.

We are working over an algebraically closed field of positive characterstic and
for the sake of simplicity we assume that p > 5.

The dimension of the tangent space of the deformation functor depends on the
group structure of the extensions that appear in the decomposition series of the
ramification groups at wild ramified points. We are able to give lower and upper
bounds of the dimension of the tangent space of the deformation functor.

In particular, if the decomposition group G p at a wild ramified point P is the
semidirect product of an elementary abelian group with a cyclic group such that
there is only a lower jump at the i-th position in the ramification filtration, then we
are able to compute exactly the dimension of the local contribution H'(Gp, T¢)
(Proposition 2.9 and Section 3.1).

We begin our exposition in Section 1 by surveying some of the known defor-
mation theory. Next we proceed to the most difficult task, namely the computation
of the tangent space of the local deformation functor, by employing the low terms
sequence stemming from the Lyndon—Hochschild—Serre spectral sequence.

The dimension of equivariant deformations that are locally trivial, i.e., the di-
mension of H'(X/G,nY(JTx)) is computed in Section 3. The computational
techniques we developed are applied in the case of Fermat curves that are known
to have large automorphism group, in the case of p-covers of P!(k) and in the
case of Lehr—Matignon curves. Moreover, we are able to recover the results of
[Cornelissen and Kato 2003] concerning deformations of ordinary curves. Finally,
we try to compare our result with the results of R. Pries [2002; 2004] concerning
the computation of unobstructed deformations of wild ramified actions on curves.

1. Some deformation theory

There is nothing original in this section, but for the sake of completeness, we
present some of the tools we will need for our study. This part is essentially a
review of [Bertin and Mézard 2000; Cornelissen and Kato 2003; Mazur 1997].
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Let k be an algebraic closed field of characteristic p > 0. We consider the
category ¢ of local Artin k-algebras with residue field k.

Let X be a nonsingular projective curve defined over the field &, and let G be
a fixed subgroup of the automorphism group of X. We will denote by (X, G) the
couple of the curve X together with the group G.

A deformation of the couple (X, G) over the local Artin ring A is a proper,
smooth family of curves

& — Spec(A)

parametrized by the base scheme Spec(A), together with a group homomorphism
G — Auty (%) such that there is a G-equivariant isomorphism ¢ from the fibre
over the closed point of A to the original curve X:

¢ % QSpec(A) Spec(k) — X.

Two deformations &, &, are considered to be equivalent if there is a G-equivariant
isomorphism v, making the diagram

%1\‘”/%

Spec A

commutative. The global deformation functor is defined as

Equivalence classes
Dy : 6 — Sets, A~ of deformations of
couples (X, G) over A

Let D be a functor such that D(k) is a single element. If k[€] is the ring of dual
numbers, then the Zariski tangent space ¢p of the functor is defined by 7p :=
D(k[e]). If the functor D satisfies the “Tangent Space Hypothesis”, i.e., when the
mapping

h: D(k[e] xi k[e]) = D(k[e]) x D(k[e])

is an isomorphism, then the D (k[€]) admits the structure of a k-vector space [Mazur
1997, p. 272]. The tangent space hypothesis is contained in the hypothesis (H3)
of Schlessinger, which holds for all the functors in this paper, since all the func-
tors admit versal deformation rings [Schlessinger 1968; Bertin and Mézard 2000,
Section 2].

The tangent space 1D, ‘= Dy (k[€]) of the global deformation functor is ex-
pressed in terms of Grothendieck’s equivariant cohomology [1957], which com-
bines the construction of group cohomology and sheaf cohomology.
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We recall quickly the definition of equivariant cohomology theory: We consider
the covering map 77 : X — Y = X/G. For every sheaf F on X we denote by 77 (F)
the sheaf

Vi F(n_l(V), F)G, where V is an open set of Y.

The category of (G, Ox)-modules is the category of Ox-modules with an additional
G-module structure. We can define two left exact functors from the category of
(G, Ox)-modules, namely

nf and FG(X, ),

where ' (X, F) =T'(X, F)°. The derived functors anf (X, -) of the first func-
tor are sheaves of modules on Y, and the derived functors of the second are groups
HY(X,G,F)=RiT%(X, F).

Theorem 1.1 [Bertin and Mézard 2000]. Let T x be the tangent sheaf on the
curve X. The tangent space tp, to the global deformation functor, is given in
terms of equivariant cohomology as tp, = H Y(X, G, Tx). Moreover the following
sequence is exact:

0— HYX/G,78Tx) - H' (X,G,Tx) - H'(X/G,R'7S(Tx)) — 0. (1)

For a local ring k[[#]] we define the local tangent space J ¢, as the k[[¢]]-module
of k-derivations. The module J¢ := k[[¢]] d/dt, where § = d/dt is the derivation
such that §(t) = 1. If G is a subgroup of Aut(k[[z]]), then G acts on J¢ in terms
of the adjoint representation. Moreover by [Cornelissen and Kato 2003] there is a
bijection

D,(k[e]) > H'(G, To).

In order to describe the tangent space of the local deformation space we will com-
pute first the space of tangential liftings, i.e., the space H'(G, J¢).
This problem was solved in [Bertin and Mézard 2000] when G is a cyclic group
of order p, and in [Cornelissen and Kato 2003] when the original curve is ordinary.
We will apply the classification of groups that can appear as Galois groups of
local fields in order to reduce the problem to elementary abelian group case.

1.1. Splitting the branch locus. Let P be a wild ramified point on the special
fibre X, and let o € G;(P) where G;(P) denotes the j-ramification group at P.
Assume that we can deform the special fibre to a deformation ¥ — A, where A is a
complete local discrete valued ring that is a k-algebra. Denote by m 4 the maximal
ideal of A and assume that A/m 4 = k. Moreover assume that o acts fibrewise on
%. We will follow [Green and Matignon 1998] in expressing the expansion

o(T) =T = f;(T)u(T),
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where f;(T) = Zi:o a;T (ajemy forv=0,...,j—1, aj=1)is a distinguished
Weierstrass polynomial of degree j [Bourbaki 1989, VII, 8, Proposition 6] and
u(T) is a unit of A[[T]]. The reduction of the polynomial f; modulo m 4 gives the
automorphism o on G;(P) but o when lifted on & has in general more than one
fixed points, since f;(7T) might be a reducible polynomial. If f;(T), gives rise to
only one horizontal branch divisor then we say that the corresponding deformation
does not split the branch locus.

Moreover, if we reduce ¥ x 4 Spec A /mf1 we obtain an infinitesimal extension
that gives rise to a cohomology class in H!(G(P), J¢) by [Cornelissen and Kato
2003, Proposition 2.3].

On the other hand cohomology classes in H (x /G, nf(gx)) induce trivial
deformations on formal neighbourhoods of the branch point P [Bertin and Mézard
2000, 3.3.1] and do not split the branch points. In the special case of ordinary
curves, the distinction of deformations that do or do not split the branch points
does not occur since the polynomials f; are of degree 1.

1.2. Description of the ramification group. The finite groups that appear as Ga-
lois groups of a local field k((¢)), where k is algebraically closed of characteristic
p are known [Serre 1979].

Let L/K be a Galois extension of a local field K with Galois group G. We
consider the ramification filtration of G,

G=GyDG12G,2:---2G, DGuy ={1}. 2)

The quotient Go/ G is a cyclic group of order prime to the characteristic, G is
p-group and for i > 1 the quotients G;/G;4 are elementary abelian p-groups. If
a curve is ordinary, we know by [Nakajima 1987] that the ramification filtration is
short, i.e., G, = {1}, and this gives that G is an elementary abelian group.

We are interested in the ramification filtrations of the decomposition groups
acting on the completed local field at wild ramified points. To study this question,
we introduce some notation: Consider the set of jumps of the ramification filtration
l =ty <ty_y <--- <t =n,such that

G1=...=th>G[f+1=...=th71>th71+12...Zth=Gn>{l}, (3)

i.e., G, > Gy;41. For this sequence it is known that #, = f, mod p for all u,v €
{1,..., f}; see [Serre 1979, Proposition 10, p. 70].

1.3. Lyndon-Hochschild—Serre spectral sequences. Hochschild and Serre [1953]
considered the following problem: Given the short exact sequence of groups

1-H—-G—G/H—1, @)
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and a G-module A, how are the cohomology groups H'(G, A), H'(H, A) and
H!(G/H, A™) related? They gave an answer to the above problem in terms of a
spectral sequence. For small values of i this spectral sequence gives us the low-
degree exact sequence

0— HY(G/H, AT ™ HY(G, A) =5 H'(H, A)°/H
& HAG/H, AT S H2(G, H), (5)
where res, tg, inf denote the restriction, transgression and inflation maps.

Lemma 1.2. Let H be a normal subgroup of G, and let A be a G-module. The
group G/H acts on the cohomology group H'(H, A) in terms of the conjugation
action given explicitly on the level of 1-cocycles as follows: Letoc =ocH € G/H.
The cocycle

d:H— A
x> d(x)
is sent by the conjugation action to the cocycle
d°:H— A
x> od(oc " 'xo),
where o € G is a representative of G.

Proof. This explicit description of the conjugation action on the level of cocycles
is given in Propostion 2-5-1 (p. 79) of [Weiss 1969]. The action is well defined by
Corollary 2-3-2 of the same reference. O

Our strategy is to use Equation (5) in order to reduce the problem of computation
of H'(G, J¢) to an easier computation involving only elementary abelian groups.

Lemma 1.3. Let A be a k-module, where k is a field of characteristic p. For the
cohomology groups we have H' (G, A) = H' (G, A)6/C1,

Proof. Consider the short exact sequence
0— G| —> Gog— Go/G1— 0.
Equation (5) implies the sequence
0— H'(Go/G1, AS") = H'(Gy, A) - H' (G, P9 — H*(Go/ Gy, AOM).

But the order of Go/ G is not divisible by p, and is an invertible element in the
k-module A. Thus the groups H'(Go/G1, A®') and H*(Gy/G1, A®") vanish and
the result follows from [Weibel 1994, Corollary 6.59]. O
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Lemma 14. If G = G;, H = G4 are groups in the ramification filtration of the
decomposition group at some wild ramified point, and i > 1 then the conjugation
action of G on H is trivial.

Proof. Let L/K denote a wild ramified extension of local fields with Galois group
G, let 01 denote the ring of integers of L and let m; be the maximal ideal of 0.
Moreover we will denote by L* the group of units of the field L. We can define
[Serre 1979, Proposition 7, p. 67; Proposition 9, p. 69] injections

G G; m'
90:—0—>L* and 6; ; — .—Ll,
G Giyi mit

with the property
6;(cto™ ") =6y(0)9;(r) forallo € Gpand T € G;/Git1.

If o € G;; C Gy then Gy(o) = 1 and since 6; is an injection, the above equation
implies that cto~! = 7. Therefore, the conjugation action of an element T in
Gi/Giy1 on G is trivial, and the result follows. O

1.4. Description of the transgression map. In this section we will try to determine
the kernel of the transgression map. The definition of the transgression map given
in (5) is not suitable for computations. We will give an alternative description,
following [Neukirch et al. 2000].

Let A be a k-algebra that is acted on by G so that the G action is compatible
with the operations on A. Let A be the set Map(G, A) of set-theoretic maps of
the finite group G to the G-module A. The set A can be seen as a G-module
by defining the action f¢(r) = gf(g~'7) for all g, = € G. We observe that A
is projective. The submodule A can be seen as the subset of constant functions.
Notice that the induced action of G on the submodule A seen as the submodule of
constant functions of A coincides with the initial action of G on A. We consider
the short exact sequence of G-modules

0>A—>A—> A —0. (6)

Let H < G. By applying the functor of H-invariants to the short exact sequence
(6) we obtain the long exact sequence

0 At 5 2" 5 Al X gl\(H, A) > H'(H, &) =0, %)

where the last cohomology group is zero since A is projective.
We split this four-term sequence into two short exact sequences

0—>AH—>ZH—>B—>O,

0— B— A" L HY(H, A) -0, (®)
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where we have defined B = keriy. Now we apply the G/H -invariant functor to
these two short exact sequences in order to obtain

H'(G/H,B)=H'"'(G/H, A"),
0— B9 > AY - H'(H, A" 5 H'(G/H. B) % H'(G/H. Al)--- (9)
It can be proved (see [Neukirch et al. 2000, Exercise 3, p. 71]) that the composition
H'(H, A" % HY(G/H, B) S HX(G/H, A")

is the transgression map.

Lemma 1.5. Assume that G is an abelian group. If the quotient G/H is a cyclic
group isomorphic to Z/pZ and the group G can be written as a direct sum G =
G/H x H then the transgression map is identically zero.

Proof. Notice that if A¥ = A then this lemma can be proved by the explicit form
of the transgression map as a cup product; see [Neukirch et al. 2000, Exercise 2,
p. 71; Hochschild and Serre 1953].

The study of the kernel of the transgression is reduced to the study of the kernel
of § in (9). We will prove that the map ¢ in (9) is 1-1, and then the desired result
will follow by exactness.

Let o be a generator of the cyclic group G/H = Z/pZ. We denote by NG, u
the norm map A — A, sending

p—1
As>ar— Z ga:Zo“a.
v=0

geG/H

By IG/n A we denote the submodule (0 —1)A and by n,; ,A={a € A: N na=0}.
Since G/ H is a cyclic group we know that

B Afl
H'(G/H,B)= """ and H'(G/H,Al)=2"1. (10
IG/HB IG/HAl

see [Serre 1979, VIII 4] and [Weibel 1994, Theorem 6.2.2]. Observe that the map
¢ defined in (9) can be given in terms of (10) as the map sending

bmod Ig/y B — bmodIG/HAfI.
The map ¢ is well defined since I,y B C Ig, HAf' . The kernel of ¢ is computed:

NG/HB N IG/HAIILI

ker¢ =
IG/HB

The short exact sequence in (8) is a short exact sequence of k[G/ H]-modules. This
sequence seen as a short exact sequence of k-vector spaces is split, i.e., there is a
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section s : H'(H, A) — A{! so that ¥ os =Id 1y 4). This section map is only a
k-linear map and not apriori compatible with the G/ H -action.

Let us study the map i more carefully. An element x € A is a class a mod A
where a € A, and since x € AH we have

ah—azha—azc[h]eA.

It is a standard argument that c[A] is an 1-cocycle c[h] : H — A and the class
of this cocycle is defined to be 1 (x). Since the image of c[/] seen as a cocycle
c[h]: H — A is trivial, c[h] is a coboundary i.e. we can select a. € A so that

clhl=a" —a,. (11)

C
Obviously a. mod A is H-invariant and we define one section as
s(c[h]) =a,mod A.

We have assumed that the group G can be written as G = H x G/ H therefore we
can write the functions a. as functions of two arguments

a.:HxG/H—~ A
(h,g)+>ac(h, g)

Notice that (11) gives us that the for every i, h; € H the quantity a.(h1, g —
ac(hy, g1) does not depend on g; € G/H. Using, this independence of a. on the
second argument we can compute that

s(c[h]”) = s(c[h])?,
i.e., the function s is compatible with the G/ H -action. But every element a € Af’
can be written as a = b, 4+ s(y(a)), where b, :=a — sy (a) € B, since ¥ (b,) = 0.
An arbitrary element in I, HA{{ is therefore written as
(0 —Da=(o—1Dbs+s(o-y(a)—y(a)). (12)
If (0 — Da eng,, BN I(;/HAf we have, since Im(s) N B = {0},
s(o-Y(a)—Y(@) =0 ifandonlyif (o0 —1)a=(oc—1b,€lg/uB.

Therefore, ¢ is an injection and the desired result follows. O

1.5. The G-module structure of J. Our aim is to compute the first order in-
finitesimal deformations, i.e., the tangent space D, (k[€]) to the infinitesimal de-
formation functor D, [Mazur 1997, p. 272] This space can be identified with
H'(G, J¢). The conjugation action on J is defined as follows:

da_l(t))i
dt’

d\° _ o d -1 _ o
(r0%) =r@ros o™ = fwyre(=— (13)
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where do~!/dt denotes the operator sending an element f(f) to (d/dt) f ”71(t),
i.e. we first compute the action of o ! on f and then we take the derivative with re-
spect to t. We will approach the cohomology group H'(G, J¢) using the filtration
sequence given in (2) and the low degree terms of the Lyndon—Hochschild—Serre
spectral sequence.

The study of the cohomology group H'(G, J¢) can be reduced to the study
of the cohomology groups H!(V, J¢), where V is an elementary abelian group.
These groups can be written as a sequence of Artin—Schreier extensions that have
the advantage of the extension and the corresponding actions having a relatively
simple explicit form:

Lemma 1.6. Let L be a an elementary abelian p-extension of the local field K :=
k((x)), with Galois group G = EBi:l 2] pZ, such that the maximal ideal of k[[x]]
is ramified completely and the ramification filtration has no intermediate jumps i.e.
is given by G = Gy = --- = G, > {1} = G,,11. Then the extension L is given by
K(y1, ..., ys) where l/yf —1/yi = fi(x), where f; € k((x)) with a pole at the
maximal ideal of order n.

Proof. The desired result follows by the characterization of abelian p-extensions
in terms of Witt vectors [Jacobson 1989, 8.11]. Notice that the exponent of the
group G is p and we have to consider the image of Wi (k((x)) = k((x)), where
W,.(-) denotes the Witt ring of order A as is defined in [Jacobson 1989, 8.26]. [J

Lemma 1.7. Every Z/pZ-extension L = K(y) of the local field K := k((x)),
with Galois group G = Z/pZ, such that the maximal ideal of k|[x]] is ramified
completely, is given in terms of an equation f(1/y) = 1/x", where f(z) =zP —z
is in k[z). The Galois group of the above extension can be identified with the [F,-
vector space V of the roots of the polynomial f, and the correspondence is given
by

Op:y— % forveV. (14)

Moreover, we can select a uniformization parameter of the local field L such that
the automorphism o, acts on t as follows:
t

7O = Tum

Finally, the ramification filtration is given by G = Gy =--- = G, > {1} = G4,
and n # 0mod p.

Proof. By the characterization of abelian extensions in terms of Witt vectors we
have f(1/y)=1/x", where f(z) =z” —z € k[z] (see also [Stichtenoth 1993, A.13]).
Moreover the Galois group can be identified with the one dimensional [,-vector
space V of roots of f, sending oy, : y — y/(1 4+ vy).



The deformation functor of curves with automorphisms 129

The filtration of the ramification group G is given by G = Gy =G| =--- Gy,
G;={1} fori >n+1 [Stichtenoth 1993, Proposition I11.7.10, p. 117]. Computation
yields
n__ P -1 _ yp
=/ =1y =1 =
hence vy (y) =n, i.e., y = €t", where € is a unit in O and ¢ is the uniformization
parameter in O;. Moreover, the polynomial f can be selected so that p does not
divide n; see [Stichtenoth 1993, III. 7.8]. Since k is an algebraically closed field,
Hensel’s lemma implies that every unit in O is an n-th power, therefore we might
select the uniformization parameter ¢ such that y =¢", and the desired result follows
by (14). 0

Lemma 1.8. Let H = @), _, Z/ pZ be an elementary abelian group with ramifica-
tion filtration

(15)

H=Hy=---=H,>H, 1 ={1} and H,={l}fork >n+1.
The upper ramification filtration in this case coincides with the lower ramification
filtration.

Proof. Let m be a natural number. We define the function ¢ : [0, co] — Q@ so that
form<u<m+1,

| m+1|
——§ H - ,
¢ (u) Ho| - |H;| + (u Ho|

and since H,4+| = {1} we compute

ifm+1<n,

o )_{n—i-(u n—1)/|1Hyl ifm+1>n.

The inverse function i is computed by

ifu <n,

1p(u)_{“LIOW‘i‘( n|Hol+n+1) ifu>n.

Therefore, by the definition of the upper ramification filtration we have H' =
Hy iy = H; fori <n, while for u > n we compute V(1) = |Holu —n|Hp| +n > n,
thus Hu=H¢(u)={1}. O

Lemma 1.9. Let a € Q. Then for every prime p and every £ € N we have

e br] =5 )

Proof. This result follows by expressing a as a Laurent p-adic expansion in p,
a = Z;)\ ayp’ + Y o2, a,p’ and by noticing that |a/p*] is the power series
doso e PP 0
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The arbitrary o, € Gal(L/K) sends t" — t" /(1 4 vt"), so by computation

doy (1) _ 1
dt - (1+vrm)eth/n

Lemma 1.10. We consider an Artin—-Schreier extension L/ k((x)) and we keep the
notation from Lemma 1.7. Let o, € Gal(L/K). The corresponding action on the
tangent space J g is given by

d \ov d
N — Oy n(n+l)/n_
(r0=)" = rO 1+ umeom S,

Proof. We have

dO’v_l(t) _ do_,(1) _ 1
dt —— dt  (1—vm)th/n
and by computation
O'U(d(j;;(t)) =(1+ vtn)(n-i-l)/n‘ ]

Letting 0 = 0y, we will now compute the space of “local modular forms”
9g’f ={f()€0: f()° = f(O)(1 +v")~""TV/" forall o, € G},

for i > 1. First we do the computation for a cyclic p-group.

Lemma 1.11. Let L/k((x)) be an Artin—Schreier extension with Galois group
H =7/ pZ and ramification filtration

Hy=H =...=H, > {l}.

Let t be the uniformizer of L and denote by J¢ the set of elements of the form
f@)yd/dt, f(t) € kllt]l, equipped with the conjugation action defined in (13). The
space ﬁg is G-equivariantly isomorphic to the Ok -module consisting of elements
of the form
f ozt b/p] di f(x) € Og.
X

Proof. Using the description of the action in Lemma 1.10 we see that Jg is iso-
morphic to the space of Laurent polynomials of the form { f(z)/t"*! : f(¢) € 0},
and the isomorphism is compatible with the G-action. Indeed, we observe first that
t"T1d/dt is a G-invariant element in 7. Then, for every f(¢) d/dt € T, the map
sending

f(t)a ot dt M+’

d_f0)ud | f©

is a G-equivariant isomorphism.



The deformation functor of curves with automorphisms 131

We have
[FO/"F, f() € OY° = {f@)/t"T, f(t) € O} Nk((x)),

so the G-invariant space consists of elements g(x) in K such that g seen as an
element in L belongs to Jg, i.e., vy (g) > —(n + 1). Consider the set of functions
g(x) € K such that vy (g) = pvg(g) > —(n+1),1.e., vg(g) = —(n+1)/p. Since
vk (g) is an integer the last inequality is equivalent to vx (g) > —|(n+1)/p].
Now a simple computation with the defining equation of the Galois extension

L/K shows that

n+1 d n+1 d

e Tt 4
and the desired result follows. O

Similarly one can prove the following more general lemma:

Lemma 1.12. We are using the notation of Lemma 1.11. Let A be the fractional
ideal k|[t]]t® d/dt, where a is a fixed integer. The G-module A is G-equivariantly
isomorphic to t*~"TVk[[t]). Moreover, the space A€ is the space of elements of
the form
f(x)xn+17|_(n+lfa)/pj i
dx

Next we proceed to the more difficult case of elementary abelian p-groups.

Lemma 1.13. Let G = @;_, Z/pZ be the Galois group of the fully ramified ele-
mentary abelian extension L/k((x)) and assume that the ramification filtration is
of the form

G=Gy=G=---=G, > {1}

Let t denote the uniformizer of L. Denote by Jq the set of elements of the form
f@)d/dt, f(t) € kllt]], equipped with the conjugation action defined in (13). The
space T g is G-equivariantly isomorphic to the Ok -module consisted of elements
of the form

o od
foxm =t l/p JE, f(x) €Ok,

where p* =|G]|.

Proof. We will break the extension L/k((x)) to a sequence of extensions L = Ly >
Ly>...Ly=k((x)),suchthat L;/L;+ is a cyclic p-extension. Denote by 7; the
uniformizer of L;. According to Lemma 1.8 the ramification extension L;/L;1 is
of conductor #, i.e. the conditions of Lemma 1.11 are satisfied. We will prove the
result inductively. For the extension L /L the statement is true by Lemma 1.11.
Assume that the lemma is true for L/L; so a k[[7;]] basis of

@i, 2/pz
g@
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is given by the element ni"H_L"H/pIJ d/dm;.

kl[7;+1]] basis for

Then Lemma 1.11 implies that a
g?ﬂﬂmazmg;ﬂm5WM
is given by the element

nn—i—l—|_(n+1—(n+1—Ln+1/PiJ))/I7J d
i+1 dﬂi+l :

The desired result follows by Lemma 1.9. O

Similarly one can prove the following more general lemma:

Lemma 1.14. We are using the notation of Lemma 1.13. Let A be the fractional
ideal k|[t]t® d/dt, where a is a fixed integer. The G-module A is G-equivariantly
isomorphic to t*~"TDk[[t]l. The space A€ is the space of elements of the form

f(x)xn+lfL(n+1fa)/pSJ i
dx

By induction, this computation can be extended to yield:

Proposition 1.15. Let L = k((t)) be a local field acted on by a Galois p-group G
with ramification subgroups

Gl =...= th > th_l,_] =...= th—l > G[f_]_l,_] > ... = th =Gn > Gl() = {1}
We consider the tower of local fields

L°=LCcLCc...LM=L.
Let us denote by m; a local uniformizer for the field LC, i.e. L% = k((m;)). The

extension LY+ /LY is Galois with Galois group the elementary abelian group
H () := G,/ Gy +1. The ramification filtration of the group H (i) is given by

H@i)o=H@)=...=H(@); > H@)y+1 = {1}

and the conductor of the extension is t;. Let O be the ring of integers of L. The

fi

is the 094 -module generated by
m 4
! d7T,' ’
—Hi—1+ 1 + IJ
|Gti|/|Gti71| ’

Proof. The first statements are clear from elementary Galois theory. What needs
a proof is the formula for the dimensions u;. For i = 1, the group G, = G,

L -G
invariant space J

(16)

where/Lo:Oandui:ti—}-l—[
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is elementary abelian and Lemma 1.13 applies, under the assumption G,, = {1}.
Hence

1
_E"H*L\GrmeIJ d

G,
ar7n
J@ -

dm 1 '
Assume that the formula is correct for i, so
O"'G’i

d
Jo' =gt —o.
0 dT[i

Then Lemma 1.14 implies that

To ' = (gg") Tn /i =t L

where (i1 =nj+1+1— |_(n,-+1 +1—=ui)/1Gs,, /Gy, IJ and the inductive proof is
complete. O

Let k((t))/k((x)) be a cyclic extension of local fields of order p, such that the
maximal ideal xk[[x]] is ramified completely. For the ramification groups G; we
have

L/pL=G=Go="--=G,>Gpp1={l}.

Hence, the different exponent is computed d = (n + 1)(p — 1). Let E = t%k|[[¢]]
be a fractional ideal of k((t)). Let N(E) denote the images of elements of E
under the norm map corresponding to the group Z/pZ. 1t is known that N(E) =
xL@+a/PIE(x]], and E Nk[[x]] = x'*/P1k[[x]]. The cohomology of cyclic groups
is 2-periodic and by [Bertin and Mézard 2000, Proposition 4.1.1] we have

dim, H'(G. E) = dim; H2(G. E) = E;’gg))”] _ Ld;“J _ [%] a17)

Remark 1.16. The proposition just quoted actually contains the following formula
instead of (17):

dimy H'(G, k[[x]]%) - L%J - [%w.

But k[[x]]% > x 1 1k[x]l, and d = (n + 1)(p — 1); thus

] [g] | et | [tbozant]
===

and the two formulas coincide.
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Corollary 1.17. Let G be an abelian group that can be written as a direct product
G = H, x H; of groups Hy, Hy, and suppose that Hy = Z/pZ. The following
sequence is exact:

0— H'(H,, A" > H'(H, x Hy, A) > H'(H,, A)> > 0

Proof. The group H, is cyclic of order p so the transgression map is identically
zero by Lemma 1.5 and the desired result follows. U

Remark 1.18. It seems that the result of J. Bertin and A. Mézard, solves the
problem of determining the dimension of the k-vector spaces H'(Z/pZ, A) for
fractional ideals of k[[x]]. But in what follows we have to compute the G/H-
invariants of the above cohomology groups, therefore an explicit description of
these groups and of the G/ H-action is needed.

2. Computing H'(Z/ pZ, A)
We will need the following

Lemma 2.1. Let a be a p-adic integer. The binomial coefficient (‘;) is defined for
a, as usual, by

a aa—1)-(a—i+1)

(i) - il

and it is also a p-adic integer [Gouvéa 1997, Lemma 4.5.11]. Moreover, the bino-
mial series is defined

(1+z)“:2(‘i’>ﬂ'. (18)
i=0

Let i be an integer and let ZZOZO b, p" and fo:o a, p" be the p-adic expansions
of i and a respectively. The p-adic integer (‘ll) % O0mod p if and only if every
coefficient a; > b;.

Proof. The only thing that needs a proof is the criterion of the vanishing of the
binomial coefficient mod p. If a is a rational integer, then this is a known theorem
due to Gauss [Eisenbud 1995, Proposition 15.21]. When a is a p-adic integer we
compare the coefficients mod p of the expression

o0
(140" = (14 Xm0 @ = T (1 417"
n=1

and of the binomial expansion in (18) and the result follows. |

Lemma 2.2 (Nakayama map). Let G = Z/pZ be a cyclic group of order p and
let A = tk[[t]] be a fractional ideal of k[[t]]. Let x be a local uniformizer of the
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field k((t)Z/PL. Let « € H*(G, A), and let u[o, T] be any cocycle representing the
class a. The map

X fa/zﬂk[[x]]
X (@D =D+ pIk[[x]]

¢:H*G, A) —
(19)
o Zu[p,r], 1€G,
peG

is well defined and is an isomorphism.

Proof. Let A be a G-module. Denote by H'(G, A) the zeroth Tate cohomology.
We use Remark 4-5-7 and theorem 4-5-10 from [Weiss 1969] to prove that the map
H*(G,A)>a Zpec ulp,t]e I:IO(G, A) is well defined and an isomorphism.
This map was introduced by T. Nakayama [1936] and used to give an explicit
formula for the reciprocity law isomorphism for local class field theory.

We will express HY(G, A) for G = Z/pZ with generator o and A = t*k[[¢]].

We know that
ker(8)

Nz;pz °k[[£]])’

where § =0 — 1 and Nz,,7 = Zf:ol o'. We compute that

H%Z/pZ, 1°k([2]) =

ker(8) = tk[[t]1 Nk((x)) = x"/P1k[[x]],

a+(n+1)(p—1)
Ny (KT = x L7 ke,

This completes the proof. U

Let A = t“k[[¢]] be a fractional ideal of k[[#]]. We consider the fractional ideal
19T+ 1k[[¢]], and we form the short exact sequence

0 — t*“P" T[]l = t%k[[t]] > M — 0, (20)

where M is an (n + 1)-dimensional k-vector space with basis

1 1 1
{t—a’ —a—1 v f—a—n }

Let o, be the automorphism o, (¢t) =¢/(1 + vtV where v € [,. The action
of o, on 1/t" is given by

L At (/Y
Uv.t—ul—)t—u—t—ﬂ VZ; b vt . 21D

The action of Z/pZ on the basis elements of M is given by

1/t* if —a<pu,

22
1/t‘“—%v1/r‘“‘” if u=—a. 22)

O'v(l/t#) = {



136 Aristides Kontogeorgis

We consider the long exact sequence obtained by applying the G-invariants functor
to (20):

0 — 1S — k[ N6 — MO 2 HY(G, (k)

— H'Y(G, tk[[1]) — H'(G, M) 3 H*(G, 1" k[t]) — -~ (23)
Lemma 2.3. Assume that the group G = 7/ pZ is generated by o,. The map &, in
(23) is onto.

Proof. By (22) we have

n+1if pla

dimy M%/P% = { .
n if pta.

Now, if x is a local uniformizer of the field k((¢))%/PZ, then

1\ L(—a—(n+1))/p]
) k

1 Z/pZ

([x11,

and similarly

< 1 k[It]])Z/pZ: (}C)L_a/mk[[x]].

t—tl
The image of §; has dimension dimy M%/P? —|—a/p|+|—a — (n+1)/p]. More-
over for the dimension of H'(Z/pZ, (1/(t~¢~"+*D)k[[¢1) we compute

1
h = dimg H'(Z/ pZ, — ek = (14 D = [~a/pl + l=a— 1+ D/p].

We now observe that dimy Im(8;) = & by studying separately the cases p | a and
p 1 a. This finishes the proof. O

Proposition 2.4. The cohomology group H'(Z/pZ, M) is isomorphic to

HY(Z)pZ. M) = s ., Hom(Z/pZ k) ifpla,
’ P Hom(Z/pZ, k) if pta.

i=—a—n+1
Proof. Assume that the arbitrary automorphism o, € G =7/ pZ is given by 0, (t) =
t/(1+ vt™)/" where v € [,. Let us write a cocycle d as

—a

doy= ) a (av)tl,.. (24)

i=—a—n

By computation,

ol — 1 —a 1
do)™ = Y o)+ a(0)—uv

i=—a—n

tfafn'
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We apply the cocycle condition d (o, + 0y) = d(0y) + d(0,)° for d(o,) given in
(24) and we obtain the following conditions on the coefficients «; (oy):

a;(oy +0y) =aj(oy) +;(0,) fori#—a—n,
—da
A_gn(Oy+0y) =a_q_pn(0yw) +0_q_pn(0y) +a_y (O'U)Yw-

The last equation allows us to compute the value of «_,_, on any power o, of the
generator o, of Z/pZ. Indeed, we have

afafn(oill;)) =va_qn(0y) +(v—1Da_, (O’U)_Tav.

This proves that the function «_,_, depends only on the selection of «_,_, (0) €k.
We will now compute the coboundaries. Letb =) . ¢ b; /t', b; € k be an
element in M. By computation,
—a 1

b’ —b=b_,—v .
n t—a—n

For the computation of the cohomology groups we distinguish two cases:

o If p|a, the Z/pZ-action on M is trivial, so

H'(Z/pZ, M) =Hom(Z/pZ, M) = P Hom(Z/pZ, k).

i=—a—n

The dimension of H'(Z/pZ, M) in this case is n + 1.

o If p {a, the coboundary kills the contribution of the cocycle on the 1/r7¢~"
basis element and the cohomology group is

H'(Z/pZ, M)=Hom(Z/pZ,M)= (P Hom(Z/pZ. k). 0

i=—a—n+1

Lemma 2.5. Assume that p > 3. Lete =1if ptaande=0if p | a. If n > 2 then

an element
—da

(L
D @() e H\Z/pZ, M)

i=—a—n-+e
is in the kernel of 8, if and only if a; (- )(1’;/_"]) =O0foralli. Ifn =1 then an element

S aCy e H'@/pz. M)

i=—a—n+e
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is in the kernel of 8, if and only if a; (- )(’/") =0forall —a—n+e<i<-a
and a; (- )(l/" ) =O0forall —a—n+e <i < —a such that 2(p — )n —i <
(n+Dp+pmnw

Proof. A derivation a;(0,)(1/t)), —a—n+e<i < —a representing a cohomology
class in H'(Z/ pZ, M) is mapped to

Ow

1 1 1
82(ai(')t_i)[0w’ oy] :ai(av)t_i —ai(oy +GW)l_i +ai(0w)l_i
_ ai(av) = l/n v, nv
- @l (;( [ )wt ) 25)

We now consider the map ¢ defined in (19) in the proof of Lemma 2.2. The map
8 HY(G, M) — H?*(G, t*t"*1k[[t])) is composed with ¢ and the image of ¢ 08,
in xF(a+n+1)/p1k[[x]]/xL((n+1)p+a)/ka[[x]] is given by

1 ; ; o .
¢052(al.(.)t_i) _ Z a (; )<Z (l{}l’l)wutnv)‘

weZ/pZ v=l1

Now recall that
[ it p—14v,
> =y
weZ] vz -1 ifp—1]v,

and every homomorphism q; : (Z/pZ,-) — (k,+) is given by a;(oy) = Ajw,
where A; € k. Therefore,

o
i/n
¢ 08 (ai(- ) Z ( )( Da; (o)™ ™", (26)
1,p—
Observe that (p — 1) | v is equivalent to v = up — u, and since v > 1, we have
@ > 1. Thus (26) becomes
o .
Z ( i/n )(—I)Ait(“”_")”_i
— \IUp — 1
l/ (p—Dn—i i/n Qp—2)n—i
(=DA;t'P~ + 2 ( DAt P~ + higher order terms.
pP—

Claim 2.6. If n > 2 and p > 3 then foralla < —i <a+n and for u > 2

WJ ) 27)

M@—lm—iEPL »
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If n =1 and p > 3 then (27) holds for a < —i < a + n and for u > 3. Moreover

1
(p— i < p| 2FD2TA|
p
for a < —i < a+ n. Indeed, the inequality
1
pxt P (28)
n p—1

holds for p>3,n>2and u >2or for p >3, n=1, u > 3. Therefore, (28) implies
that

—1
n+1+L3J—3§n+1sup n

p p p
and therefore

a
et Dp+ | |pup=Dntasup=tn-i

and the first assertion is proved. For the second assertion, we compute

a

a
—<1+L
p

a a
J = —+n<n+1+L—J
p p

14
and thus
a
(p—Dn—i<a+ pn <p(n+1)+p{;J.
Since for elements g € k[[x]] C k[[¢]] we have pv,(g) = v,;(g) we observe that
all elements in k[[#]] that have valuation greater or equal to (n + 1)p + |a/p] are

zero in the lift of the ideal x"+1+14/PIk[[x]) on k[[¢]]. Therefore Claim 2.6 gives
us that for p > 3,n > 2,

¢032(ai(-)l_) = ( i/n )(_l)kit(p_nn—i
t p—1

SO Zi_:“_a_n a;(-)(1/t") is in the kernel of 8 if and only if
i/n .
(—DAr; =0 forall i.
p—1
The case n = 1 follows by a similar argument. O

Proposition 2.7. The cohomology group H'(Z/pZ, t°k[[t]]) is isomorphic to the
k-vector space generated by

1 . i/n
—, b <i < —a, such that =0y,
t p—1

whereb=—a—nifp|laandb=—a—n+1ifpfa.
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Proof. If n > 2 and p > 3 then the result is immediate by the exact sequence (23),
Lemma 2.3 and Lemma 2.5 and by the computation of H'(Z/pZ, M) given in
Proposition 2.4.

Assume that n =1, and let a = ag + a; p +ax p*> + - - - be the p-adic expansion
of a. Then the inequality

(n+1)p+pL%J§2(p_l)n+a (29)

holds if ag # 0, 1. Indeed, in this case we have 2/p <a/p — la/p] < 1 and (29)
holds. Therefore, for the case p | a and a = 1 + pb, b € Z we have to check the

binomial coefficients (zi/i'z) as well. We will prove that in these cases if (’/_ "1) =0
) P P
then (z'p/fz) = 0 and the proof will be complete.
Assume, first that p |a and n = 1. Then,—a —1 <i < —a,ie. i = —a — 1
or i = —a. We compute that (__“l) = 0 since there is no constant term in the

p-adic expansion of —a. Moreover the p-adic expansion of 2p — 2 is computed
2p—2=p—2+p, andsince p #2 we have (, “,) =0 as well. Fori =—a—1we
have i = p— 14 pb for some b € Z; therefore by comparing the p-adic expansions
of —a —1,p — 1 we obtain that (*p”_*ll) # 0, and this value of i does not contribute
to the cohomology.

Assume now thata=1+4pb,beZ. Wehavei =—aand —a=p—1+p((b+1).
Therefore by comparing the p-adic expansions of —a, p—1 we obtain that (p_fl) #*

0 and this value of i does not contribute to the cohomology. U

Proposition 2.8. Let A = t°k[[t]] be a fractional ideal of the local field k((t)).
Assume that H = @, _, Z/pZ is an elementary abelian group with ramification
filtration H = Hy = --- = Hy, > Hy41 = {1}. Let 7; be the local uniformizer of
the local field k((t))EB'v;ll 2IP2 and a; = [ai_1/p], a1 = a. The cohomology group
H'(H, A) is generated as a k-vector space by the basis elements

S .
1 =1,...
@—., A _1’ S such that (l)”/n> =0,
el b <iy < —aq; p—1

where b; = —a; —n if p|a; and b; = —a; —n+ 1 if p{a;. Moreover, let
H(G):=H/@'_\ 2/ pZ. The groups H'(@'_ 2/ pZ, 1°kI[1]]) are trivial H (i)-
modules with respect to the conjugation action.

Proof. For A = t%k[[t]], we compute the invariants
1kl k(@) PE = x Pk,

where x is a local uniformizer for the ring of integers of k((1))2/PZ, The modules
i—1
AD=1Z/PZ can be computed recursively:

A@f;ﬂ Z/pZ _ ﬂflik[[ﬂi]],
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where ; is a uniformizer for the local field k((t))@lv;11 Z/pt
ar=a.

To compute the ramification filtration of quotient groups we have to employ the
upper ramification filtration for the ramification group [Serre 1979, IV 3, p. 73-
74]. But according to Lemma 1.8 the upper ramification filtration coincides with
the lower ramification filtration therefore the ramification filtration for the groups
H@i)is H@i)o="---= H(i), > {1}. For the group Z/pZ & Z/pZ Corollary 1.17
implies that

and a; = [a;—1/p],

HYz/pz® 7/ pZ, t°k[[1])

_ Hl(Z/pZ@Z/pZ
7] pZ

By Lemma 1.8 and by the compatibility [Serre 1979, IV 3, p. 73-74] of the upper
ramification filtration with quotients, we obtain that the quotient H/(Z/pZ) has
also conductor n. By Lemma 1.2, Lemma 1.4 and by the explicit description of
the group H'(Z/pZ, t*k[[t]]) of Proposition 2.7 and by the fact H/(Z/pZ) is of
conductor n, the action of H/(Z/pZ) on H! (Z]pZ, t*k([t]]) is trivial. Thus

: t“k[[t]]z/pz> @ H'(Z)pZ, k[l ])H/ ¢/ PD,

H'(Z/pz®Z/pZ, t*k][t])) = H' (L t“k[[t]]z/f’z) ® H'(Z/pZ, 1“kI[1])).
7] pZ

Moreover the cohomology group H YZ/pZ ® 7/ pZ, t°k[[t]]) is generated over k
by (1/7} @ 1/m]), where by <i < —a, by < j < —[a/pl and (}/")) = (J) =0.
The desired result follows by induction. U

Proposition 2.9. Let A = t?k[[t]] be a fractional ideal of the local field k((t)).
Assume that H = @, _, Z/ pZ is an elementary abelian group with ramification

filtration H = Hy = - -- = H, > H, 1| = {1}. The dimension ole(H, A) can be
computed as
N
dimy H'(H, A):Z (L(n+1)(P—1)+aiJ_[a_l—|>, (30)
p p

i=1
where a; are defined recursively by ay = a and a; = [a;—/p]. In particular, if
A = k[[t]], we have

dimg H' (H, k[[1]]) = SLWI)P#J. 31)

Proof. By induction on the number of direct summands, Corollary 1.17 and Propo-
sition 2.8 we can prove the formula

H'(H, A) =@ H' @/ pz. ADA7I7), (32)

i=1
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To compute the dimensions of the direct summands H' (Z/ pZ, AP/ I’Z), for
various i we have to compute the ramification filtration for the groups defined as
H(i)=H/(D'_} 2/pZ), since @'_ Z/pZ = H/H (i). But the upper ramifica-
tion filtration coincides with the lower ramification filtration by Lemma 1.8. Thus,
the dimension of H!(H, A) can be computed as

D =D ta e

dimy H'(H, A) = ZL 4
p P

i=1
In particular if A = k[[z]], then

(n+1D(p— 1)J
—,

dimy H'(H, k[[1]) = sL 0

. Gy .
Let k;, =dim ker (tg: H'(Gy11, To) = H*(G,,/Gr41,T¢"")) be the dimen-
sion of the kernel of the transgression map. We have

0 <k <dimg H' (G 41, Te)%/ %t <dimy H'(G41.T¢).  (33)
This allows us to compute

Proposition 2.10. Let G be the Galois group of the extensions of local fields L /K ,
with ramification filtration G; and let (t,)1<)< s be the jump sequence in (3). For
the dimension of H (G, T¢) we have the bound

H (Gl/th 19 f I)<dlmkH (Gl’ J@)

f

Gr
S Zdlmk H (Gtz/Gtz l’ 0 a I)th/Gti (34)

Gr
dimg H'(G,/G,, ,, T,

Mx i

1

where G,y1 = {1}. The left bound is best possible in the sense that there are
ramification filtrations such that the first inequality becomes an equality.

Proof. Using the low-term sequence in (5) we obtain the following inclusion for
i>1:

G
HY(G,,T0)=H"(G,,/G\_,.T;"™") +kertg
CH'(Gy/Gy . T V@ H' (G, o)/ O, (35)
We start our computation from the end of the ramification groups:

G;
H'(Gy,,T0) CH' (G,,/G1,, T,") ® H' (G, T)n/ %1, (36)
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Observe here that J ¢ is not G, -invariant so there in no apriori well defined action
of G;,/G;, on Jg. But since the group G, is of conductor n using the explicit
form of H! (G,l, TJe) we see that H' (Gy,, Jg) is a trivial Gj-module. Of course
this is also clear from the general properties of the conjugation action [Weiss 1969,
Corollary 2-3-2]. We move to the next step:

HYG,,.T0) CHYG,,/GL,. T @ H'(G,,, To)Cn/Cn (37)

The combination of (36) and (37) gives us

G; G G; G\ O13/Gn
H'(G,, CHI( 2 g ’2)@H1(—2,87U)
( &) @) Gtz 0 th 0

fary (Hl(th, g@)GQ/G[l)Gg/GQ.

Using induction based on (35) we obtain

f G:,/G f
G, Gy \ 1T Gy Gy
H'(Gr, To) < @HI(G—L,J@I ) < D (G’ )
i i=1 ti—

i=1

and the desired result follows. O

Notice that in the above proposition G,_, appears in the ramification filtration
of G¢ thus the corollary to Proposition IV.1.3 in [Serre 1979] implies that the
ramification filtration of G, /Gy,_, is constant. Namely, if Q = G, /Gy, , the
ramification filtration of Q is given by Qo = Q1 = --- = Q; > {1}. Therefore,
8;, = dimy HY(G,, J¢), and dim; H' (G, /Gy ggli“) can be computed explic-
itly by Proposition 2.9 since G, = Gy, G,/ G;,_,, are elementary abelian groups.
Namely we will prove:

Proposition 2.11. Let log,(-) denote the logarithmic function with base p. Let
s(x) =log, |Gy, |/1Gy,_,| and let pu; be as in Proposition 1.15. Then

dimkHl(%,ggw> =%(L(tx+l)(1;— 1)+aiJ _ {%‘D
A1 i—1

1=

where a1 = —t;,, — 1 + uy—1, and a; = [a;—1/p].

Gy_y . . " . .
Proof. The module I, """ is computed in Proposition 1.15 to be isomorphic to

7, *'(d/dm,—1), which in turn is ((G,,/G,,_,))-equivariantly isomorphic to the
module 7, “1 Tu- "k[[7r5_11]. The result follows using Proposition 2.9. O

Remark 2.12. If n = 1 (equivalently, if G, = {1}), the left- and right-hand sides of
(34) are equal and the bound becomes the formula in [Cornelissen and Kato 2003].
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Proposition 2.13. We will follow the notation of Proposition 2.11. Suppose that
foreveryi, G, /Gy _, is a cyclic p-group. Then

f
G;. Gy, G, /Gt,-
dimg H'(G1,T0) = ) :dimkHl(G “og, '-') /
i=1

é (L(ti-i-l)(p—l) —ti—1 +N~i71J_|'_ti —1 +Mi1]>.

p p

IA

Proof. The kernel of the transgression at each step is by Lemma 1.5 the whole
HY(G,./G,_,, g‘g =1YG17/Cn  Therefore the right inner inequality in Equation (34)
is achieved. The other inequality is trivial by the computation done in Proposition
2.11 but it is far from being best possible. O

3. Global computations

We consider the Galois cover of curves 7 : X — Y = X/G, and let by, ..., b, be
the ramification points of the cover. We will denote by

(1) (1) (D)
e, >el’ >ey Z"'Ze,(,’:)>1

the orders of the higher ramification groups at the point b,,. The ramification divisor
D of the above cover is a divisor supported at the ramification points by, ..., b,
and is equal to

r n
D= Zi(ei(“) —1)b,,.
n=1i=0

Let Q}(, Q}, be the sheaves of holomorphic differentials at X and Y respectively.
We have

Q) = 0x(D) @ (Ry)
(see [Hartshorne 1977, IV. 2.3]), and, by taking duals,
Tx =0x(=D)®r*(Ty).

Thus 7, (T x) 2Ty Q. (Ox(—D)) and nf Tx)ETyR(OyNm,(Ox(—D))). We
compute (similarly with [Cornelissen and Kato 2003, Proposition 1.6]):

G 5 _g o r ny (el(ﬂ)_l) b
T, ( X)— y ® Oy _Z ZT il
p=11i=0 €0

Therefore, the global contribution to H'(G, T x) is given by
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H' (Y, 78 Tx) = H' (Y, Ty ®©y(—

£ 0)

~ 0 2
~H (Y, Qf (—
n=1"1i=0 ()

and, by the Riemann—Roch formula,

r M (n)y
u—‘ ) (38)

. 1 G —
dime H' (Y, n8(Tx)) =3¢y =3+ ) _ {Z o0
pu=1" i=0 0

The local contribution can be bounded by Proposition 2.10 and by combining the
local and global contributions, we arrive at the desired bound for the dimension.

3.1. Examples. LetV =7/pZ&®---®Z/pZ be an elementary abelian group acted
on by the group Z/nZ. Assume that G :=V xZ/nZ acts on the local field k((¢)) and
assume that the ramification filtrationis givenby Go> G =---=G; > G 11 ={1}.
Let H := Z/pZ be the first summand of V. Let o be a generator of the cyclic
group Z/nZ and assume that o (¢) = {¢, where ¢ is a primitive n-th root of one.
Let A = t“,kllt](d/dx) and let A” = x%[[x]](d/dx). The inflation-restriction
sequence implies the short exact sequence

0— H'(V/H, x“k[[x1 L) - H'(V, A) > H'(H, A) > 0.

The group Z/nZ acts on t*k[[¢]] but there is no apriori well defined action of
Z/nZ on x“k[[x]]% = (t“’k[[t]](d/dt))H, since the group H might not be nor-
mal in G. Here by this action of Z/nZ we mean the natural module action and
not the conjugation action on cocycles defined in Lemma 1.2. An element d €
H'(G/H, x*k[[x]1d/dx) is sent by the inflation map on the 1-cocycle inf(d) that
is a map

inf(d) : G — t“/g(t)i € t“’k[[t]]i,

dt dt

and the action of o can be considered on the image of the inflation map, sending
inf(d)(g) — o (inf(d(g)). We observe that o (infd(g))) is zero for any g € H, by
the definition of the inflation map, therefore there is an element a € t”,k[[t]] d/dt
such that

o(infd(g))+a® —ae x“k[Ix]]i.
dx

We can consider the element o (inf(d)) 4+ a® — a = inf(d’). This means that al-
though there is no well defined action of Z/nZ on k[[x]] we can define o(d) =

d’ modulo cocycles. In what follows we will try to compute the element d’ €
HY(G/H, x“k[[x]|d/dx).
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Assume that the Artin—Schreier extension k((¢))/k((x)) is given by the equation
1/y? —1/y =1/x/. Then, we have computed that if g is a generator if H then
tP

and sz

t
g(t) = RENDY

The action of o on x, where x is seen as an element in k[[#]] is given by
24 ¢ (1 — ¢/ P=yl/i
(1 —titp=D)1/j

ocx)=o0 ¢Pxu,

A= e DDy

where
(1 — ¢/ p=Dyl/i

A= D D))

is a unit of the form 1 + y, where y € t>/(?~Dk[[t]l. The cohomology group
H'(V/H, x°k[[x]]) is generated by the elements {1/x*,b < u < a, (;fﬁ'i) = 0}.
Each element 1/x* is written as 1/x*x/*! d/dx and it is lifted to

1/xutj+li AN ;—p/ﬁj]/xuu—utﬂ-li‘

dt dt

In the above formula we have used the fact that the adjoint action of o on " d /dt is
givenby o : " d/dt — ¢"~Vt" d/dt [Cornelissen and Kato 2003, 3.7]. Obviously
the unit u is not H-invariant but we can add to # a 1-coboundary so that it becomes
the H-invariant element inf(d”). This coboundary is of the form a8 — a, and obvi-
ously a8 — a has to be in 2P~V k[[]]. This gives us that (1/x*) = ¢*1/x* + o,
where o is a sum of terms 1/x" with —a < v and therefore o is cohomologous to
zero. Using induction one can prove:

Lemma 3.1 Let 1/, A =1,....5, b <i, < —a; so that (/")) =0 and b; =
—a;—jif plai, bi=—a; — j+ 1 if pfa; be the basis elements of the cohomology
group H'(V, J¢). Then the action of the generator o € Z/nZ on J¢ induces the
following action on the basis elements:

The Fermat curve. The curve
Fixi+xi+x=0

defined over an algebraically closed field k of characteristic p, such thatn —1 = p®
is a power of the characteristic is a very special curve. Concerning its automor-
phism group, the Fermat curve has maximal automorphism group with respect to
the genus [Stichtenoth 1973]. Also it leads to Hermitian function fields, that are
optimal with respect to the number of [ ,».-rational points and Weil’s bound.
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It is known that the Fermat curve is totally supersingular, i.e., the Jacobian va-
riety J(F) of F has p-rank zero, so this curve cannot be studied by the tools of
[Cornelissen and Kato 2003]. The group of automorphism of F was computed
in [Leopoldt 1996] to be the projective unitary group G = PGU (3, ¢%), where
qg = p* = n — 1. H. Stichtenoth [Stichtenoth 1973, p. 535] proved that in the
extension F/FC there are two ramified points P,Q and one is wildly ramified and
the other is tamely ramified. For the ramification group G (P) of the wild ramified
point P, the group G (P) consists of the 3 x 3 matrices of the form

1 0 0
o X 0 , (39)
y —xad x't4

where x, o,y € Fp2 and y +y7 = x'*7 — 1 — '™, Moreover Leopoldt proves
that the order of G(P) is ¢3(¢g*> — 1) and the ramification filtration is given by

Go(P) > G(P) > G2(P)=---=G44(P) > {1},
where
G1(P) =ker(x : Go(P) — [F:;z) and G,(P)=ker(x:G(P)— [qu).

In this section we will compute the dimension of tangent space of the global de-
formation functor. Namely, we will prove:

Proposition 3.2. Let p be a prime number, p > 3 let X be the Fermat curve
xéﬂ' +xll+p +x2]+p =0.
Then dimy H' (X, G, T x) = 0.

Proof. By the assumption ¢ = p and by the computations of Leopoldt mentioned
above we have G, = --- = G4 = Z/pZ. The different of G, is computed
(p+2)(p—1). Hence, according to (17),

dimy H'(G 11, To) = L(p+2)(p _pl) — (p+2)J — [—pp—2‘| =p

Proposition 2.7 implies that the set

1 ] 1
{—.,251’ < p+2 where (l/(p+ )) =O}
t! p—1

is a k-basis of H'(G p+1: To). Indeed, the group G4, has conductor 1 + p and
Jo is G4 p-equivariantly isomorphic to 17 ~2k[[¢]]. Thus following the notation
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of Proposition 2.7 —a = p +2 and b = 2. The rational number (1 + p)~! has the
following p-adic expansion:

1
——=1+(p-Dp+(p-Dp*+(p-Dp +...
l+p
and using Lemma 2.1 we obtain that for 2 <i < p + 2 the only integer i such that
(’/;”_Jql)) #0isi = p — 1. Thus, the elements

1
{t—i(zsi§p+2,i#p—1}

form a k-basis of Hl(Gp+1, Te).

Leopoldt in [Leopoldt 1996, 4.1] proves that the Go(P) acts faithfully on the
k-vector space L((p + 1)P) that is of dimension 3 with basis functions 1, v, w
and the representation matrix is given by (39). Moreover, the above functions
have z-expansions v = 1/t”u, where u is a unit in k[[t]] and w = 1/¢P*!, for
a suitable choice of the local uniformizer ¢ at the point P. The functions v, w
generate the function field corresponding to the Fermat curve and they satisfy the
relation v" = w" — (w + 1)", therefore one can compute that the unit # can be
written as

u=1+t"PTg g ek[r].

Let o be an element given by a matrix as in Equation (39). The action of 0 € G| =
G1(P) on powers of 1/¢ is given by

t t

1 1 P+l gdy )i/ (D
_ (I+y atu ) , 40)
and the action on the basis elements {1/t/, 2 <i < p+2,i # p — 1} is given by

i-2

11 i/(p+1D\ 1
— — E qv
ti = ti + a ( v ti—v'

v=1

The matrix of this action is given by

0 0 0

2
ml 0 0

3
Ay, = mlOO
* % 1 0
p+2
***ml

We observe that o(1/t%) = 1/t> and o (1/tP) = 1/t?, and moreover that all ele-
ments below the diagonal of the matrix A, are i /(p + 1) and are nonzero unless
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i = p. Therefore the eigenspace of the eigenvalue 1 is 2-dimensional,

1 1
1 G1/Glyp
HY (G4, To)CV/Cr —k<t—2, t—p)

is a basis for it. To compute H Y(G1(P), T¢) we consider the exact sequence
1> Gr— G| —> G/G2ZZ/pZ xZ)pZ — 1

and the corresponding low-degree-term Lyndon—Hochschild—Serre sequence. The
group G is of conductor p + 1 thus J g P = Jo_g/ Pr s given by Proposition 1.15
(p>2)

ggz _ xp+27|_([7+2)/[7]k[[x]]i — xl’“k[[x]]di,
X

where x is a local uniformizer for 0¢2. By [Serre 1979, Corollary p. 64] the rami-
fication filtration for G,/ G is

Go/G2> G1/Gy > {1},

hence the different for the subgroup Z/pZ of G,/ G is 2(p—1), and the conductor
equals 1. Lemma 1.14 implies x?*'k[[x]] d /dx is G|/ G-equivariantly isomorphic
to xPH1=2k[[[x]). Therefore,

HY(G/G2, T = H 2/ pZ, xP~'klIx]) ® H' (Z/ pZ, (x"~k[x])?/7%)

We compute

2(p—1)+p—1J_[p—l]=1.

dimg H'(Z/pZ, x"~"k[[x]) = L
P p

At the same time, if 77 is a local uniformizer for k((x))?/P% then
P k) PE = TP ]) = k(L]
and the dimension of the cohomology group is computed:
dimg H'(Z/pZ, (x"" kllxID*PF) = dimy H' (Z/ pZ, wk[x]))
_ L2(p—l)+1J "1‘| _0
p pl
Using the bound for the kernel of the transgression we see that

T 1 ﬂ aG2 : 1 ar
1 =dim; H G »Jg <dimy H (G, Jg)
2

G
<dimg H' (G—l 9g2) +dimyg H' (G2, T¢)¢V/92 =3. (41)
2
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To compute the action of Gy on G1/G, we observe that

1 0 0 1 0 O 1 0 0 1 0 0
a x 0 |lp 1 Oo)l]laxt O |=|xr 1 0. 42
x« —xal x'7P ) \x —bP 1) \x yxa? x~'7 x« —xPtpr 1
If the middle matrix
1 0 O
b 1 0
* —bP 1

is an element of Z/pZ =F, C F > then b” = b. By looking at the computation
of (42) we see that the conjugation action of Go/G; to [, is given by multi-

plication b > x!T9h. Observe that (x!TP)P~! = yP*~1 = 1, thus x!*? € Fp.
The action on the cocycles is given by sending the cocycle d(t) to d (crra‘l)"fl
therefore the basis cocycle 1/x'~7 of the one dimensional cohomology group
HY(Z/pZ, xP~k[[xT)) d goes to xPP~D+1+1+P4 — y =P’ 4 under the conjugation

action, as one sees by applying Lemma 3.1. Lemma 1.3 implies that
H'(G1/G,, 7%/ =0.

Similarly the conjugation action of Go/G; on an element of G, can be com-
puted to be multiplication of T by x'*? e [, and the same argument shows that
H'(G11p, To)9/ G101 =,

Finally the global contribution is computed by formula (38)

p+2
| G(P)i| -1 !
img H'(FO, m.(Tp)) = 3+ ; e |7 T iew

=-34+24+1=0.

The fact that the tangent space of the deformation functor is zero dimensional is
compatible with the fact that there is only one isomorphism class of curves C such
that |Aut(C)| > 16g¢ [Stichtenoth 1973]. U

p—Covers of P(k). We consider curves C ¢ of the form
Cr:w?—w= f(x),

where f(x) is a polynomial of degree m. We will say that such a curve is in reduced
form if the polynomial f(x) is of the form

m—1
fx) = Z aixt 4 x™.

i=1,(i.p)=1
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Two such curves Cy, C, in reduced form are isomorphic if and only if f = g.
The group G := Gal (C¢/P'(k)) = Z/pZ acts on Cy. The number of independent
monomials # x™ in the sums above is given by

m— L%J —1, 43)

since#{l <i<m,p|i}=|m/p].

We will compute the tangent space of the deformation functor of the curve C ¢
together with the group C;. Let P be the point above oo € P!(k). This is the
only point that ramifies in the cover C; — P!(k), and the group G admits the
ramification filtration

Go=G1=Gr=---=Gy, > Gy ={1}.

The different is computed (p — 1)(m 4+ 1) and T¢ = t~™=1k[[¢]]. Thus the space
H'(G, 7¢) has dimension

d= L(p—l)(m+p1)—(m+l)J _ |'—(W;+1)-| ] — |'2mp+2'| L Lm;lJ.

Let ag+ayp +a;p?> + - - - be the p-adic expansion of m + 1. We observe that
|'2m+2'| . Lm—HJ _ (@ +Z2aipi71-| _Zaipifl’
p p Pi= i>1
therefore, if p{m + 1

{2m+2'|_tm+lJ:Lm+lJ+8’ where § — 2 ¥f2ao>p,
p p p 1 if 2ap < p.

Thus, we have for the dimension
Je m+1—|(m+1)/p] ifp|m+1,
| m—[(m+1)/p] -8 otherwise.
Finally, we compute that
dimg H' (Y, 78(Tx)) = -3+ {M] —m 2 Lm_HJ
4 4

Lehr-Matignon curves. Consider the curve

m—1 _

Ciyl—y=Y x4 xtr" (44)

i=0
defined over an algebraically closed field k of characteristic p > 2. Such curves
were examined in [van der Geer and van der Vlugt 1992] in connection with coding
theory, and their automorphism group was studied in [Lehr and Matignon 2005],
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(The extreme Fermat curves studied in example 1 can be written in this form after
a suitable transformation; see [Stichtenoth 1993, V1.4.3, p. 203].)

Let n = 1 4 p™ denote the degree of the right-hand side of (44), and set H =
Gal(C/P'(k)). The automorphism group G of C can be expressed in the form

1-H—>G—->V—>1,

where V is the vector space of roots of the additive polynomial

3 (" y P " e (45)

i
0<i<m

[Lehr and Matignon 2005, Proposition 4.15]. Moreover there is only one point
P e C that ramifies in the cover C — C©, namely the point above oo € P! (k).

In order to simplify the calculations we assume that f = --- =t,,_1 = 0 so the
curve is given by

yP —y=x"t (46)

The polynomial in (45) is given by YP" 4+ Y and the vector space V of the roots
is 2m-dimensional. Moreover, according to [Lehr and Matignon 2005] any auto-
morphism o, corresponding to v € V is given by

m—1
oy(x)=x+v, o(y)=y+ Z P bt
k=0

Observe that w and x have a unique pole of order p™ + 1 and p, respectively, at
the point above oo, so we can select the local uniformizer 7 so that
1 1
Y=g PEL
where u is a unit in k[[7r]]. By replacing x, y in (46) we observe that the unit u is
of the form u = 1 477",

m—1

A simple computation based on the basis {1, x,...,x” ,y}, of the vector
space L((] + pm)P) given in [Lehr and Matignon 2005, Proposition 3.3]. shows
that the ramification filtration of Gis G =Go=G1 > Gy = ... = Gpnpg > {1},

where G, = H and G;/G, = V. Using Proposition 2.7 we obtain the basis
1 1 /(p™+1

{—i 2<i<p"+2and (l/(p + )) :0}
)

p—1
for H' (G2, T¢). We have to study the action of G/ G, on H'(G1, J¢). From the
action of o, on y we obtain that the action on the basis elements of H (G i1 T0)
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is given by
m—1 [)kvperKjT[)m‘Fl*karl)i/(pm—‘rl)

a(i) _ L B

i i

1 l 2m—1 1
=— 4 v’ — 4+ ...
Tl pm+1 sz—l

If p | i, all binomial coefficients (i/ (p:H)) that contribute a coefficient 1/7%, 2 <
k < p™+2 are zero. Therefore, the elements 1/72, 1 /7" are invariant. Moreover,
by writing down the action of o, as a matrix we see that there are no other invariant
elements, so the dimension is computed (p > 2):

p"+2

dlmk Hl(Gpm_,’_l’g@)Gl/GPerl — 1+ L J = 1+pm_l

This dimension coincides with the computation done on the Fermat curves m = 1.
We proceed by computing H!'(V, T g ). The space I, gl is computed by Propo-

sition 2.9

xpm+2_L(p;)1+2)/ka[[x]]i — xpm—i-z—pm—lkllx]]
d

X dx’
Thus,
dimg H'(V, T¢) =% (L@J N (%D

v=1

1 m—v+1 _ m—v

where a; = p" — p™~ ', and a; = [a;—1/p]. By computation a, = p p

for 1 <v <m, and a, = 1 for v > m. Moreover, an easy computation shows that

1 ifl <v<m,

L—z(p_l)Jr“iJ—{ﬂ}: 2 ifv=m,

p p 0 ifm<v,

thus the dimension of the tangent space is m + 1.
We have proved that the dimension of H!(G, J¢) is bounded by
m+1=dim H'(G1/G, 7¢*) < H'(G1, To)
<dimg H'(G1/Ga, TE) + H' (G2, T0)OV/ % =2 4 m 4 p"~ 1,
Unfortunately we cannot be more precise here: an exact computation involves the

computation of the kernel of the transgression and such a computation requires
new ideas and tools.
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To this dimension we must add the contribution of

. 1 G d B (eix) - 1)
dimy H' (Y, 7,/ (Tx)) =3gy — 3+ Z ’72 ‘——‘

(k)
k=1"i=0 €0

B prtl—1 pr—17 m  2+m
__3+’72 pmtl m pmtl =-l+ p pntl |

The latter contribution is strictly positive if m > p.

Elementary abelian extensions of P(k). Consider the curve C so that Gy =
(Z]/pZ)* x Z/nZ is the ramification group of wild ramified point, and moreover
the ramification filtration is given by

Go>Gi=...=G;>Gjy ={l}. (47)

An example of such a curve is provided by the curve defined by

C: Zaiypi = f(x), (43)

i=0

where f is a polynomial of degree j and all monomial summands a;x* of f have
exponent congruent to j modulo n. Let V be the [F,-vector space of the roots of
the additive polynomial  ;_, aiyp[. Assume that the automorphism group of the
curve defined by (48)is G:=V xZ/nZ. Thus C — P! (k) is Galois cover ramified
only above oo, with ramification group G and ramification filtration is computed
to be as in (47).

Let us now return to the general case. Let us denote by V the group (Z/pZ)°.
The group V admits the structure of a [, vector space, where [, is the finite field
with p elements. The conjugation action of Z/nZ on V implies a representation

p:Z/nZ — GL(V).

Since (n, p) = 1, Mascke’s Theorem gives that V is the direct sum of simple
Z/nZ-modules, i.e., V = @::1 Vi. On the other hand, Lemma 1.2 implies that
the conjugation action is given by multiplication by ¢/, where ¢ is an appropriate
primitive n-th root of one and j is the conductor of the extension. If ¢/ € Fp
then all the V; are one dimensional. In the more general case one has to consider
representations

pi + Z/nZ — GL(V}),
where dimg, V; =d. The dimension d is the degree of the extension [F, /F,, where
F, is the smallest field containing ¢/. Let e!”, ..., ¢! be an F,-basis of V;, and

denote by (a,(jg) the entries of the matrix corresponding to p;(o), where o is a
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generator of Z/nZ. The conjugation action on the arbitrary

rod
v=> > alelev (49)
i=1 pu=1
is described by

ael(:)o Zafjg o, (50)

For the computation of H'(G, J¢), we notice first that the group HY(V,J¢) can
be computed using Proposition 2.8 and the isomorphism J¢ = ¢t~/ ~1k[[¢]].

Next we consider the conjugatlon action of Z/nZ on H (V, Je), in order to
compute HYG,T¢)=HW(V, Tg)Z/"L. By (32) we have

S P
H'\(V,50) =@ H'(2/pz. 77", 51)
r=1

i.e., the arbitrary cocycle d representing a cohomology class in H'(V, J¢) can be
written as a sum of cocycles d, representing cohomology classes in

Hl (Z/pz’ géei;_:ll Z/[’Z) )

Let us follow a similar to (49) notation for the decomposition of d, and write
d=Y"_, Zf:] b"d"”, where dé’)(e,(])) =0ifi # j or v # u. Therefore,

d
d(aefj)a_l) = (Zal% 5’)) = Zbg) ,(;,),dlgl)(e(’)) (52)
v=1

We have now to compute the Z / nZ-action on d;, ® . By Lemma 3.1 the element o
acts on the basis elements 1/ n of HY(V, J¢) as follows

1 |
Sl NP T 33
o) =" (53)
By the remarks above we arrive at
1 d
o(@d)(e) =doePo™)" =" pVal)e=DdD (), (54)
v=1

where c(v, i) is the appropriate exponent, defined in (53). Let us denote by AD the
d x d matrix (al). By (54) o(d)(el}) =d(e\,’) if and only if b:= (b\", ..., b))
is a solution of the linear system

(AD - diag™" (¢<UD, ¢c@D @Dy —1)b = 0.
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This proves that the dimension of the solution space is equal to the dimension of the
eigenspace of the eigenvalue 1 of the matrix: A®) diag=!(¢(:D, ¢¢@D ey

Moreover using a basis of the form 1, ¢, §2, o C 4=1 for the simple space V (i),
we obtain that

00--- 0 —ao

10 —a
AV=101 :

0 1 0 —ay_

0 1 —ay

It can be proved by induction that the characteristic polynomial of A®) is x¢ +
> 70 a,x¥, and under an appropriate basis change A?) can be a written in the
form diag(g‘j , §2j ol @=1)y " Moreover, the characteristic polynomial of the
matrix A® diag=!(g¢1:D, @D @Dy can be computed inductively to be

filx) = x4 + ;C(d’i)ad_lxd_l + é-C(d,i)—{—C(d—l,i)ad_l
4+ ;Z‘é;z ey 4 ;Zﬁ:l C(U’i)ao.

If, f;(1) #0, then we set 6(i) = 0. If f;(1) =0 we set §(i) to be the multiplicity
of the root 1. The total invariant space has dimension

dimy H'(G, To) = Zs(z‘).

Comparison with the work of Cornelissen—Kato. We will apply the previous cal-
culation to the case of ordinary curves j = 1 and we will obtain the formulas in
[Cornelissen and Kato 2003]. We will follow the notation of Proposition 2.8. The
number @y = —j — 1 = —2. Thus, a = [-2/p] = —[2/p] = 0 (recall that we
have assumed that p > 5). Furthermore a; = 0 for i > 2. For the numbers b; we

have by = —a; — j+1 =2, and by < i; < —ay, so there is only one generator,
namely 1 /nlz. Moreover, for i > 2 we have b; = —a; — j = —1 and there are two
possibilities for —1 < iy < 0 = —a;, namely —1, 0. But only (2/_”1) =0, and we

finally obtain
1
H'(V, T0) Z(—) x (Dex - x (1,

a space of dimension log,, |V|.
Let d be the dimension of each simple direct summand of H'(V, J¢) considered
as a Z/nZ-module. Of course d equals the degree of the extension [, (¢)/[F,, where

¢ is a suitable primitive root of 1. For the matrix diag(z(?, ..., £4)) we have
. (i i diag(¢2,¢,...,¢) ifi=1,
c(1,i) c(d,i)y —
diag(¢ EREL )_{;.l]d if i > 2.
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The characteristic polynomial in the first case is computed to be

d—1
fix) =x9+ Z 4 Vayx’ +apr .

v=1
Setting x = ¢y this becomes

d—1
¢! (y" + ch”) + @ = Dag.
v=0
Therefore y = ¢ for x = 1, so f1(1) = (¢4t — ¢%)ag # 0, therefore §(1) = 0.
In the second case, we observe that

d—1
fitx) =x?+ Z ¢ ™va,x".
v=0
If we set x = y/¢, we obtain that 1 is a simple root of f;, so §(i) =1 fori > 2.
Thus, only the s/d — 1 blocks i > 2 admit invariant elements and

dimg H'(V X Z/nZ, Te) =s/d — 1.
The global contribution can be computed in terms of (38) and gives us that

1 1

dime H' (Y, 8 (Tx)) =38y =3+ 2ru+re— Y {—(1 + —)W
n; pS
n=1
where n; is the order of the prime to p part and p* is the order of the p-part of the
decomposition group at the i-th ramification point of the cover X — X/G =Y.
The numbers ry,, r; are the number of wild,tame ramified points of the above cover,
respectively.

Comparison with the work of R. Pries. Consider the curve
C:yP—y=/rx),

where f(x) is a polynomial of degree j, (j, p) = 1. This, gives rise to a ramified
cover of P! (k) with oo as the unique ramification point. Moreover if all the mono-
mial summands of the polynomial f(x) have exponents congruent to j mod m,
then the curve C admits the group G :=7/pZ x Z/mZ as a subgroup of the group
of automorphisms. R. Pries [2002] constructed a configuration space C of deforma-
tions of the above curve and computed the dimension C. More precisely by the term
configuration space we mean a k-scheme C that represents a contravariant functor
F from the category of irreducible k-schemes S to the category of sets so that, there
is a morphism 7" : Hom(-, C) — F(-) so that it induces a bijection between the
k-points of the configuration space C and F (Spec(k)), and if ¢s € F (S) then there
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is a finite radical morphism i : § — S and a unique morphism f : §" — C such that
T(f) =i*¢s. Pries considered the functor F ; from irreducible k-schemes S to
sets, defined as follows: Fg ; is the set of equivalence classes of G—Galois covers
¢s : Ys — Spec(Og [x~'7]) ramified only above the horizontal divisor cog defined
by #~! = 0 and with constant jump j. Two such covers ¢y, ¢ are considered to
be equivalent if they are isomorphic after pullback by a finite radical morphism
S" — S. We refer the reader to the article of Pries for more information about this
configuration space C. Pries [2002] proved that C is of dimension

r:=#lecEy: forallveN', p'e & Ey) (55)

where Eg :={e: 1 <e < j,e = jmod m}. Notice that by considering equiva-
lence classes of G-covers we state a local version of the G-deformation problem.
Moreover since we assume that the jump remains constant we are considering
deformations that do not split the branch locus. It would be interesting to compare
the result of Pries to our computation of H!(G, J¢) at a wild ramified point.

We calculate dimg (G, J¢) as follows: According to Proposition 2.7 the tangent
space of the deformation space is generated as a k-vector space by the elements of
the form 1/x’ where b <i < j 41 and

_Jriftpl—j—1,
|2 ifpt—j—L

By Lemma 1.4 the Z/mZ-action on F, is given by multiplication by ¢/ where ¢
is an appropriate primitive m-th root of unity. This gives us that /7 = ¢/, i.e.
jp = jmod m.If d; is the cocycle corresponding to the element 1/x’ then

dioto™ ' =¢ldi(r) .
But the element 1/x’ corresponds to the element x/*!'~ d /dx. The ¢ ~!-action is
given by

. . d L . d
xj-H—z_ — é-l—jx_]-i-]—l_'
dx dx

Therefore, the action of o on the cocycle corresponding to 1/x' is given by 1/x’ —
¢i(1/x"). Thus, dimg H' (G, T¢) = dimy H'(Z/ pZ, T¢)*/P? is equal to

i/

#{i:b§i§j+1, (
p—1

):O, i = 0mod m} (56)

By (38) we have

r Ny (K)
e 1
dimkHl(Y,nf(gx))=3gY—3+Z[Z(l () )—"

k=1"i=0 €
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and by computation we get

dim H'(Y, 7% (T x)) = =3 + {1 il Y ](p—l)—‘_
mp mp

The dimension formulas of (55) and (56) look quite different, but using Maple1 we
computed the table

p | j|m| r |dimHYG, To) | dimy H'(Y, 78 (Tx)) | dimy D(k[e])
13(19/6] 3 3 1 4
13(35/6] 5 4 9 13
13[51|6/| 8 8 6 14
1336|312 11 10 21
7181|324 23 22 45
7190 3|26 26 24 50

We observe that r+a =dimy H' (G, Jg), where a =1, 0, and also the dimension of
H'(Y, nf (I x)) is near the two values above. By the difference of the formulas and
by the fact that all infinitesimal deformations in H (v, nf (T x)) are unobstructed
we obtain that the difference in the dimensions r and dim; D (k[€]) can be explained
either as obstructed deformations or as deformations splitting the branch points; see
Section 1.1.
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