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Matthew Baker, Su-ion lh and Robert Rumely

Let k be a number field, and let G be either the multiplicative group G,,/k or an
elliptic curve E/ k. Let S be a finite set of places of k containing the archimedean
places. We prove that if € G (k) is nontorsion, then there are only finitely many
torsion points & € G (k)ors that are S-integral with respect to o. We also formulate
conjectural generalizations for dynamical systems and for abelian varieties.

Introduction

Let k be a number field, with ring of integers 0y and algebraic closure k. In this
paper we prove finiteness theorems for torsion points that are integral with respect
to a given nontorsion point, for the multiplicative group G,,/k and for elliptic
curves E/k. We then attempt to place these results in a conceptual framework,
and conjecture generalizations to dynamical systems and abelian varieties.

Let S be a finite set of places of k containing the archimedean places. Given
o, B e P! (k), let cl(a), cl(B) be their Zariski closures in Pék. By definition, B
is S-integral relative to « if cl(8) does not meet cl(«) outside S. Thus, B is S-
integral relative to « if and only if for each place v of k£ not in S, and each pair of
k-embeddings o : k(B) — ky, T : k(a) < ky, we have |0 (B), ()|, = 1 under
the spherical metric on P! (k,). Equivalently, for all o, t,

{Ia(ﬁ) —t(a)]y >1 if |[7(a)|y <1,
lo(B)]y <1 if [T(a)]y > 1.

Theorem 0.1. Let k be a number field, and let S be a finite set of places of k
containing all the archimedean places. Fix o € P'(k) with Weil height h(c) > 0;
that is, identifying P! (k) with k U {00}, a is not 0 or oo or a root of unity. Then
there are only finitely many roots of unity in k that are S-integral with respect to a.

Similarly, let E/k be an elliptic curve, and let €/Spec(0;) be a model of E.
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Theorem 0.2. Let k be a number field, and let S be a finite set of places of k
containing all the archimedean places. If a € E (k) is nontorsion (has canonical
height h (o) > 0), there are only finitely many torsion points & € E (k) tors Which are
S-integral with respect to .

By S-integrality we mean that the Zariski closures of £ and « in ‘€/Spec(0y) do not
meet outside fibres above S. Since any two models are isomorphic outside a finite
set of places, it follows from the theorem that the finiteness property is independent
of the choice of the set S and the model €.

The main ingredients of the proofs of Theorems 0.1 and 0.2 are linear forms
in logarithms (Baker’s theorem for (,,, and David/Hirata-Kohno’s theorem for
elliptic curves), properties of local height functions, and a strong form of equidis-
tribution for torsion points at all places v. In outline, both theorems are proved as
follows. By base change, one reduces to the case where « is rational over k. Given
a place v of k, let k, be the algebraic closure of the completion k,, and let A, be
the normalized canonical local height occurring in the decomposition of the global
height. On the one hand, well known properties of local and global heights can be
used to show that since « is nontorsion, for any torsion point &, one has

0 < ]:l(Ol) [k(%’ Z Z M —o(&y)), (1)
nee Vg k(E)/ kKo

where o : k(&,)/k — k, means o is an embedding of k£(&,) in ky, fixing k. On the
other hand, if {&,} is a sequence of distinct torsion points which are S-integral with
respect to «, then for each v, by equidistribution and the normalization of A,,

li ! A 0 2

fm oesg 2 M@—oE) =0 €)
o k(E)/ ke,

By the integrality hypothesis, the outer sum in (1) can be restricted to v € S, allow-

ing the limit and the sum to be interchanged. This gives h(a) =0, contradicting

the assumption that ¢ is nontorsion.

Examples show that the conclusion is false if « is a torsion point, and that it
can fail if {£,} is merely a sequence of small points (that is, a sequence of points
with fz(én) — 0). In particular, our results cannot be strengthened to theorems of
Bogomolov type.

The paper is divided into three sections. In Section 1, we prove Theorem 0.1
for G,,; in Section 2, we prove Theorem 0.2 for elliptic curves. In Section 3,
we attempt to provide perspective on these results, comparing them with other
arithmetic finiteness theorems, and formulating conjectural generalizations.

Throughout the paper, we use the following notation. For each place v of &, let
k, be the completion of k at v and let |x|, be the normalized absolute value which
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coincides with the modulus of additive Haar measure on k,. If v is archimedean
and k, =R, then |x|, = |x|, while if k, = C then |x|, = |x|*. If v is nonarchimedean
and lies over the rational prime p, then | p|, = p~&*@1, For 0 # « € k, the product
formula reads
[Tiel =1.
v

If k, is an algebraic closure of k,, there is a unique extension of |x|, to ky,
also denoted |x|,. Given a finite extension L/ k, for each place w of L we have the
normalized absolute value |x|,, on L,,. If we embed L,, in k,, then |x|,, = |x|[Lw]
for each x € L,,. Write logx for the natural logarithm of x. Given 8 € L and a
place v of k, as o ranges over all embeddings of L into k, fixing k we have

> doglo (Bl = Y 1ogBlu- (3)

o:L/k—k, wlv

The absolute Weil height of « € k (also called the naive height) is defined to be

hie) = k—Q]ZmaX(O log |aly),

with the convention that log0 = —oo. It is well known that for & € @, h(«) is
independent of the field k containing Q () used to compute it, so 4 extends to a
function on Q. Furthermore /() > 0, with () = 0 if and onlyifa=0o0raisa
root of unity.

1. The finiteness theorem for G,,

Limitations. Before giving the proof of Theorem 0.1, we note some examples that
limit possible strengthenings of the theorem.

(A) The hypothesis h(«) > O is necessary. To see this, take k = Q. If « =0 or
o = 00, then each root of unity ¢, is integral with respect to « at all finite places.
If « = 1, then each root of unity whose order is divisible by at least two distinct
primes is integral with respect to « at all finite places. If @ = ¢ is a primitive N-th
root of unity with N > 1, let ¢,, be a primitive m-th root of unity with (m, N) =1
andm > 1. Then ¢ Uz, is a primitive m N-th root of unity whose order is divisible
by at least two distinct primes, so 1 — ¢y ¢, is a unit in Z, the ring of all algebraic
integers, and {y — &, is also a unit. This holds for all conjugates of ¢y and &,.
Hence ¢, is integral with respect to « at all finite places.

(B) When & («) > 0, one can ask if the theorem could be strengthened to a result of
Bogomolov type: is there a number B = B(«) > 0 such that there are only finitely
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many points 8 € k with #(8) < B which are S-integral with respect to «? That is,
could finiteness for roots of unity be strengthened to finiteness for small points?
The following example' shows this is not possible (see [Autissier 2006] for
similar examples). Take k = Q, @ = 2, and S = {oo}. For each n, let §, be a root
of the polynomial
S = M=)~ 1.

Here f,(x+1) is Eisenstein with respect to the prime p =2, so f;,(x) is irreducible
over (). Note that each 8, is a unit. By Rouché’s theorem, g, has one conjugate
very near 2 and the rest of its conjugates very close to the unit circle; this can be
used to show that lim,,_, o, 2(8,) =0. Finally, 8, —2 is also a unit, so 3, is integral
with respect to 2 at all finite places.

Proof of Theorem 0.1. By replacing k with k(«), and S with the set of places S ()
lying over S, we are reduced to proving the theorem when « € k. Indeed, if ¢ is
a root of unity which is S-integral with respect to « over k, then each k-conjugate
of ¢ is S()-integral with respect to a over k(o).

Suppose « € k, and that there are infinitely many distinct roots of unity ¢, which
are S-integral with respect to «. For each n, we will evaluate the sum

1
A, = m Z Z 10g(|0(§n) —afy) “4)

vofk g k(,) ) k—ky

in two different ways. On the one hand, we will see that each A,, = 0. On the other
hand, by applying the integrality hypothesis, A. Baker’s theorem on linear forms in
logarithms, and a strong form of equidistribution for roots of unity, we will show
that lim,,_, .o A, = h(«) > 0. This contradiction will give the desired result. The
details are as follows.

First, using (3), formula (4) can be rewritten as

1
Ay = ———— loglé‘n_alw-
[k(g.): Q] szk({n)

Since « is not a root of unity, we have ¢, —a # 0; hence the product formula gives
A, =0.

Next, take v ¢ S. If ||, > 1, we have |0 (¢,) —«|, = | @], foreach o : k(&) / k—
k,, by the ultrametric inequality. On the other hand, if |«|, < I, the integrality
hypothesis gives |0 (¢,) — a|, = 1. It follows that for each v ¢ S

S - Y log(lo (@) —aly) = L max(0, loglaly),  (5)
[k(Z,): O] I T
0:k(&n) ) k—ky

IThe authors thank Pascal Autissier for correcting an error in an earlier version of this example.
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SO

1
Anzgm Z log(o(¢n) —aly )+[k a Zmax(o log |aly).

”:k(gn)/k(_”;v vES

Now let n — oo. Since S is finite, we can interchange the limit and the sum over
v € S, obtaining

1
0= Z (n%ooW Z log(|o(¢n) —Ot|v)>

ves k(&) / ke—ky

[k @ ZmaX(O log|aly).

‘We will now show that for each v € S,

1 1
Jm osgp 2 leelo@ —ah) = pommax(O.loglal). (6)
o:k(&n)/ k—ky
Inserting this in the previous equation gives h(a) = 0, a contradiction.

For each nonarchimedean v € S, (6) is trivial if ||, > 1 or ||, < 1. In the first
case |0 (¢,) —al, =|a|, for all n and all o, and in the second case |0 (§,) —a|, =1
for all n and all 0. Hence we can assume that ||, = 1. We can then apply the
following result, part (i) of which is a special case of the Tate—Voloch conjecture
for semiabelian varieties proved by Scanlon [1999].

Lemma 1.1. Let v be nonarchimedean, and suppose |o|, = 1. Then

(1) there is a bound M («) > 0 such that |{ — a|, = M(a) for all roots of unity
¢ €k, and

(i) for each 0 < r < 1, there are only finitely many roots of unity ¢ € k, with
|E —aly, <7.

Proof. Since « is not a root of unity, (i) follows immediately from (ii). For (ii),
note that if ¢ and ¢’ are roots of unity with |{ — «|, < r and |¢’ — «], < r, then
¢ —¢'|ly <rand so ¢” = ¢~ !¢’ is a root of unity with |1 — ¢”|, < r. There are
only finitely many such ¢”. Indeed, if p is the rational prime under v, the only
roots of unity § € k, with |1 —&[, < 1 are those with order p" for some n. If§ is a
primitive p"-th root of unity, then |1 —&|, = p~ kv @/P" (P=D 50 | > 1 > |1 —£],
for only finitely many . O]

Assuming v is nonarchimedean and |«|, = 1, let M («) be as in Lemma 1.1. Fix
0 <r <1, and let N(r) be the number of roots of unity in k, with [ — o], < 7.
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For each ¢, and each o : k(¢,)/k — ky, we have |0 (¢,) —al, <1, so

1
0 lim ——— 1 n) — Uy
= lim > og(lo (&) —al)
0:k(Ln)/ k—ky

1
(([k(Zn) :k] = N(r))logr + N(r) -log M (o)) = Y log r.

> lim ——
n—co [k(&n) 1 Q]
Since r < 1 is arbitrary, the limit in (6) is 0, verifying (6) in this case.
Now suppose v is archimedean. To simplify notation, view k as a subfield of C
and identify k, with C. (Thus, the way k is embedded depends on the choice of v.)
By Jensen’s formula [Conway 1973, p. 280] applied to f(z) =z — «,

2
1 log ¢!’ — a|d® = max(0, log |a]). (7)
2 0
Here |x| can be replaced by |x|,, since |x|, is either |x| or lx]2.

The Gal (k/k)-conjugates of roots of unity equidistribute in the unit circle. We
will give a direct proof of this below, but we note that it also follows from Bilu’s
theorem [1997] and restriction of scalars, or from the equidistribution theorem for
polynomial dynamical systems given in [Baker and Hsia 2005]. Those theorems
show that if w, is the discrete measure

1
MUn = ——— o) (X)),
k(€0 - k] a:k(g“,,)z/k@(ﬁ {
where ép(x) is the Dirac measure with mass 1 at P, then the u, converge weakly
to the Haar measure u = (1/27)d6 on the unit circle.

If ||, > 1 or ||, < 1then log |z — |, is continuous on the unit circle. In these
cases, (6) follows from (7) and weak convergence. If ||, = 1 then log |z — «|, is
not continuous on |z| =1 and weak convergence is not enough to give f\zlzl log|z—
oy du,(z) — 0: there could be a problem if some conjugate of ¢, were extremely
close to «,or if too many conjugates of ¢, clustered near «.

The first problem is solved by A. Baker’s theorem on lower bounds for linear
forms in logarithms [Baker 1975, Theorem 3.1, p. 22]. We are assuming that
||, =1, and « is not a root of unity. Fix a branch of log with log z =log |z| +i6,
for —m < 0 < m, and write loga = i6y. For another branch, log1 = 27i. The
following is a special case of Baker’s theorem. (In his statement of the theorem,
Baker uses an exponential height having bounded ratio with H(8) = ¢"#).)

Proposition 1.2 (A. Baker). There is a constant C = C(a) > 0 such that for each
B=a/N € Q,witha, N € Z coprime,

|i6p — B - 2mi| > e Cmax(LAB)

where h(8) = logmax(|a|, |N|) is the Weil height of B.
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The second problem is settled by a strong form of equidistribution for roots of
unity, proved starting on page 226. It says that for any 0 < y < 1, the conjugates
of the ¢, are asymptotically equidistributed in arcs of length [k(¢,) : k]7Y. Note
that weak convergence is equivalent to equidistribution in arcs of fixed length.

Proposition 1.3 (Strong equidistribution). Let k C C be a number field. Then the
Gal (k/ k)-conjugates of the roots of unity in k (viewed as embedded in C) are
strongly equidistributed in the unit circle, in the following sense.

Given an arc I in the unit circle, write u(l) = %length(l ) for its normalized
Haar measure. If ¢ € k is a root of unity, put

N 1) =#{o()el: o eGalk/k)}.

Fix 0 <y < 1. Then for all roots of unity ¢ and all I,

N, 1)
[k(5) k]

Assuming Proposition 1.3, we will now complete the proof of Theorem 0.1 by
showing that (6) holds for archimedean v such that ||, = 1.

Let u = (1/2m) dO be the normalized Haar measure on the unit circle, and for
each n, put

= () + Oy ([k(Z) : k177). ®)

1
= w2 e

o0:k(&y)/ k—C

Then the pu, are supported on the unit circle and converge weakly to p as n — o0.
We must show that

1
/Izlzl loglz —a|dw,(z) = m;logqa(g)_ap = 0.

The idea is to split the integrand log |z — «| into two parts: a continuous “back-
ground” function that can be handled by weak convergence, and a function with a
logarithmic pole at « supported in a small neighborhood of «. The terms nearest «
can then be dealt with using Baker’s theorem, while the other terms can be treated
by strong equidistribution. Define

larg, .(z) = min (0, log(|6 —6p|/¢)),

taking larg, ,(6p) = —oo. Then there is a continuous function g4 ((z) on [z| =1
for which log |z — a| =larg,, . (2) + g, (2).
Fix 0 < € < 1. We will show that for all sufficiently large n,

|/ log |2 — | ditn(@)| < 6¢. ©)
lz]=1
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Note that fog log(t/¢) dt = —e. For the remainder of the proof, we restrict to |z] = 1;
write @ = ¢! where —7r < 6 < 7, and write z = €' where 6y — 77 <6 <0y + 7.
Recalling that -/|z\=1 log |z —a|du(z) =0, we have

&

& do
/ 8ac(@)du(z) = — f larg, () du(z) = —2/ log(0/e) — =
lzl=1 Jzl=1 0 2t @
By weak convergence, it follows that for all sufficiently large n,
[ se@din| <. (10)
lz]=1
To obtain (9), it suffices to show that for all sufficiently large n,
‘/ larg,, .(2) dun(z)’ < Se.
lz|=1

For each interval [c, d] let I, ([c, d]) be the arc {ae?™ !’ : ¢ € [c, d]}. Noting that
larg, .(z) is supported on Iy ([—¢, €]), put D = D, = [[k(&y) : k]1/21 and divide
1,([—¢, €]) into 2D equal subarcs. Taking ¥ = 2/3 in Proposition 1.3, it follows
that if n is sufficiently large, each such subarc contains at most 2&[k(¢,) : k]'/ 2
conjugates of ¢,.

First consider the union of the two central subarcs, I, ([—¢/D, ¢/D]). Let N be
the order of ¢,. Let 0¢(¢&,) = e ia/N pe the conjugate of ¢, closest to o = %, We
can assume that |a/N| < 1, which implies that h(a/N) = max(log|a|, log N) =
log N. By Baker’s theorem,

|27t(a/N) _ 90| > e—Cmax(l,logN) .
Hence if n is sufficiently large,
larg,, .(00(¢n)) > —Clog N —loge > —ClogN.

Since there are at most 4¢e[k(¢,) : k]2 conjugates of ¢, in I,([—e/D, ¢/D]),
ClogN

k(G k172"

Note that [k(¢,) : k] = [Q (&) = Q/[k : Q] = ¢(N)/[k : Q]. For all large N,

o(N) > N2, 50 there is a constant B such that k(&) : k]2 > BN'/*. Thus for
all sufficiently large n,

0 Z/ larg, Iz —al) dpn(z) > —4
Lu(l—&/D.£/ D)

)f loglz—aldun(z)‘ < €. (11)
Iy([—¢/D,e/D])

Finally, consider the remaining subarcs. For £ =1,..., D — 1, if

z€l([te/D, L+ 1e/D]) or zé€lu([—(€+1e/D, —te/D])
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then 0 > larg,, . (z) > log(¢/ D). As before, by Proposition 1.3, for sufficiently large
n, each subarc contains at most 2 [k({,) : k] (¢/ D) conjugates of ¢,. It follows that

0> f larg,, . (2) dpn(2)
Iy ([—&,eD\lu([—¢/D,e/D])

D—1
Le 2¢ €
> 2. log((—)/g)-— > 4/ log(t/e)dt = —4e. (12)
2 toe((p/e) - = 4 |

Combining (10), (11), and (12) gives (9), which completes the proof of Theorem
0.1. O

In the course of writing this paper, the authors learned of several results related
to Theorem 0.1, some of which imply it in special cases.

A. Bang’s theorem [1886] says that if « # =£1 is a nonzero rational number,
then for all sufficiently large integers n there is a prime p such that the order of
« modulo p is exactly n. This can be rephrased as saying that for all sufficiently
large n, there exists a primitive n-th root of unity ¢, and a nonzero prime ideal p
of Z[¢,] such that « = ¢, (mod p). Since all primitive n-th roots are conjugate
over Q, this implies Theorem 0.1 in the case « € Q. A. Schinzel [1974] gave an
effective generalization of Bang’s theorem to arbitrary number fields; Schinzel’s
theorem implies Theorem 0.1 for number fields & which are linearly disjoint from
the maximal cyclotomic field @4, and « € k.

J. Silverman [1995] has shown that if & € @ is an algebraic unit which is not
a root of unity, there are only finitely many m for which ®,,(«) is a unit, where
®,,(x) is the m-th cyclotomic polynomial. In fact, if d = [Q («) : Q] he shows
there is an absolute, effectively computable constant C such that the number of

such m’s is at most
C. d1+0.7/10g10gd

In the case when « is a unit, this yields Theorem 0.1 in the same situations as
Schinzel’s theorem.

G. Everest and T. Ward [1999, Lemma 1.10] show that if F'(x) € Z[x] is monic
and irreducible, with roots «y, ..., ag, and if F(x) is not a constant multiple of
x or a cyclotomic polynomial ®,,(x), then the quantity A, (F) = ]_[f:l(oc;1 -1
satisfies

1
lim —log A,(F) = m(F) > 0, (13)
n—-oon

where m(F) = deg(F) - h(e;) is the logarithm of the Mahler measure of F(x).
When k = @, and « = «; is an algebraic integer, the product formula tells us that
I, ot @ |An(F)|y =1, so for all large n there must be some nonarchimedean v and
some o; such that | — 1], < 1, and this in turn means there is some n-th root of
unity ¢ with |o; — ¢, < 1. This implies there are infinitely many roots of unity
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which are not integral with respect to some «;, as also follows from Theorem 0.1.
However, the Everest—-Ward theorem does not yield Theorem 0.1.

Strong equidistribution for roots of unity. We will now prove Proposition 1.3, the
strong equidistribution theorem for roots of unity. At least when k& = Q, the result
is well known to analytic number theorists, but we are not aware of a reference in
the literature.

The proof rests on the following lemma, for which we thank Carl Pomerance.
Let ¢ (N) denote Euler’s function and let d (N) = Zm IN.m>1 1 be the divisor func-
tion. We write A(m) for the number of distinct primes dividing m, and use 6(x) to
denote a quantity satisfying —|x| < 6(x) < |x|.

Lemma 1.4 (Pomerance). Fix an integer Q > 1 and an integer b coprime to Q.

Then for each integer N > 1 divisible by Q and each interval (C, D] C R,

@(N)
No(Q)

In particular, the error depends only on N, and not on Q or (C, D].

#{lae(C,DINZ:(a,N)=1, a=b(mod Q)} =

(D—-C)+0(d(N)).

Proof. Let py, ..., p, be the distinct primes dividing N but not Q. (If there are
no such primes, take p;---p, = 1 below.) Take by € Z with by = b (mod Q),
by =0 (mod p; ... p,). Then
lae(C,DINZ: a=b(mod Q), (a, N) =1}

= {ae(C,DINZ: Qla—by, p1, ..., prta—bo}.
If m is a positive integer dividing pg - - - p,, put

Fmb.0(C. D) =#{a e (C,DINZ: Om|a— by}.

Then
. d—boJ_LC—boJ 1 _
Tmp,0(C, D) = L Om om | = Qm(D C)+6(1).
Carrying out inclusion/exclusion relative to the primes p1, ..., p,, we have

#{a € (C,DINZ: a=b (mod Q), (a, N) =1}

= Y DM r0(C, D)=il_[<1—é)(D—C)-l-@(d(pl”-pr))

mlpi-pr 0 i=l1
_@(N)

~ Ne(Q)

Proof of Proposition 1.3. Let ¢y denote a primitive N-th root of unity. There are

only finitely many subfields of k, so there are only finitely subfields of the form
ky =kNQ (¢n) for some N. For each N there is a minimal Q for which ky = kg,

(D—-C)+0(d(N)). O
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and then Q (¢p) CQ (¢n) so Q| N. We will call Q = Q the cyclotomic conductor
of ¢y relative to k, and write Ty = [Q (¢g,) : kn].
As Q (¢y) is galois over Q, it is linearly disjoint from k over ky, and

Gal(k(¢n)/ k) = Gal(Q(&n)/ k).

Since ky C Q(p,) C Q(¢n), the conjugates of ¢y over k are a union of Ty sets
of the form
{(Z714/N . g = bi(mod Qy), (a, N) =1},
for certain numbers b; coprime to Qy.
Let I be an arc of the unit circle corresponding to an angular interval (6, 6;].
Put (C, D] = (N/2m)(6, 6;]. Then ¢*"¢/N ¢ [ if and only if a € (C, D]. By
Lemma 1.4,

New D) =Ty 28 N o) + ory-avy. (14
No(Qy) 27
Recall that for any é > 0, if N is sufficiently large then d(N) < N % and ¢(N) >
N'=3 [Hardy and Wright 1954, Theorem 315, p. 260, and Theorem 327, p. 267].
Take § such that 0 < 26 < 1 — y. Noting that [k(¢{n) : k] = Ty ¢(N) /9 (Qn), and
that ¢ (Qy) is bounded independent of N, (14) gives

Ny, 1)
[k(¢n) < k]
Since [k(¢w) 1 k] < N, the error bound in (15) holds with N replaced by [k(¢w) : k].

Since [k(¢y) : k]/NY — oo as N — oo, adjoining or removing endpoints of / will
not affect the form of the estimate, so (8) applies to all intervals. O

wd)+ 0, (N77). (15)

2. The finiteness theorem for elliptic curves

Preliminaries. Let k be a number field, and let E/k be an elliptic curve. We can
assume E is defined by a Weierstrass equation

y2+a1xy+a3y = x3+a2x2+a4x+a6 (16)

with coefficients in O;. More precisely, E is the hypersurface in P?/Spec(k) de-
fined by the homogenization of (16). Let A be its discriminant.

Given a nonarchimedean place v of k and points «, 8 € E (k), we will say that 8
is integral with respect to « at v if the Zariski closures cl(8) and cl(«) do not meet
in the model €, /Spec(0,) defined by the homogenization of (16). Equivalently,
if ||z, w]|, is the restriction of the spherical metric on P2(k,) to E(k,) [Rumely
1989, §1.1], then for each pair of embeddings o, 7 : k/k < ky,

llo(B), (@), = 1.
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If S is a set of places of k containing all the archimedean places, we say S is
S-integral with respect to « if g is integral with respect to o at each v ¢ S.
Write A () for the canonical height on E (k), defined by

N 1 . 1 " 1 . 1 "

@) = 3 lim e (([2']0)) = 2 lim o hp(12"] @),
where hp1 (respectively, hp2) is the naive height on P! (k) (respectively, P2(k)), x
is the coordinate function on the Weierstrass model (16), and [m] is multiplication
by m on E (k). (For a discussion of h () and its propertles see [Sllverman 1986,
pp 227-231 and 365-366; or 1994, § VI].) Recall that h (a) > 0, that h ([m]a) =
m?h (@) for all m, and that h (0)=0ifand only if ¢ € E (k) ors. From these facts
it follows (as is well known) that if £ € E (k) ors, then

h(a) = h(a—§). (17)

There is also a decomposition of h () as a sum of local terms. For each place v
of k, let 1, (P) be the local Néron-Tate height function on E (k, ). For compatibility
with our absolute values we normalize A, (P) so that A, (P) = [k, : Q,]- Ay si(P),
where A, sii (P) is the local Néron—Tate height defined in Silverman [1986, p. 365].
For each 0 # o € E (k) we have

o @] Z Ao (0); (18)

vofk

see [Silverman 1986, Theorem 18.2, p. 365]. Only finitely many terms in the sum
are nonzero.

If L/k is a finite extension, for each place w of L there is a normalized local
Néron—Tate height A,,(P) on E(L,,). If we fix a k,-isomorphism L,, = k,, then
for all P € E(k,),

Ap(P) = [Ly : ky] Ay(P). (19)
It follows that if B € E(L), then for each place v of k, as o runs over all embeddings
of L into k, fixing ,
Yo w@@B) =) B). (20)
o:L/k—k, wlv
We will use the following explicit formulas.

Proposition 2.1. Let k be a number field, and let E |k be an elliptic curve. Let v
be a place of k.

() If v is archimedean, fix an isomorphism E(k,) = C/A for an appropriate
lattice A C C. Let o (z, A) be the Weierstrass o-function, let A(A) = g»(A)>—
27g3(A)? be the discriminant of A, and let n : C — R be the R-linearized
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period map associated to the Weierstrass ¢-function ¢(z, A). If P € E(k,)
corresponds to z € C, then

A (P) = —log(|A(A)/12e™1D 26 (2, A)],).

If uy(2) is the additive Haar measure on E (ky) that gives E(k,) = C/A
total mass 1, then

| r@die =o.
E(ky)

(i1) If v is nonarchimedean and E has split multiplicative reduction at v (so E is
ky-isomorphic to a Tate curve), fix a Tate isomorphism E (k,) = IEUX /q” where
q € 12; satisfies |ql, = |1/j(E)|, < 1. Let By(x) = x> —x + % be the second
Bernoulli polynomial, and put

= 1 X
L) = 382 oy ) loglalo).

If P e E (ky) corresponds to z € EUX, with z chosen so that |q|, < |z|, <1, then
ho(P) = —log |1 —z], 4 Ay (0rdy (2)).

If Wy is the Haar measure dx /ord, (q), which gives the loop R/(Z-ord,(q))
total mass 1, then

ord, (q) _
/ Ay(x)dpy(x) = 0.
0

(iii) If v is nonarchimedean and E has good reduction at v, let ||z, w||, be the
spherical metric on E (k,) induced by a projective embedding E < P? corre-
sponding to a minimal Weierstrass model for E at v. Then for each P € E,(k,)

Ay(P) = —log| P, Oll,.

Proof. This is a summary of results in [Silverman 1994, § VI]; see in particular
Theorems 1.1 (p. 455), 3.2 (p. 466), 3.3 (p. 468) and 4.1 (p. 470). O

The finiteness theorem. For the convenience of the reader, we recall Theorem 0.2
from the Introduction:

Theorem 0.2. Let k be a number field, and let S be a finite set of places of k
containing all the archimedean places. If o € E(k) is nontorsion (has canonical
height h (o) > 0), there are only finitely many torsion points & € E (k) ors which are
S-integral with respect to a.

Again there are limitations to possible strengthenings of the theorem:
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(A) As noted by Silverman, it is necessary that o be nontorsion. If « = O and §
is the set of archimedean places, then by Cassels’ generalization of the Lutz—Nagell
theorem (Proposition 2.4 below), each torsion point whose order is divisible by at
least two distinct primes is S-integral with respect to «.

Similarly, if « is a torsion point of order N > 1, let S contain all places of bad
reduction for E. Then for each g coprime to N, all g-torsion points are S-integral
with respect to «.

(B) When fz(a) > 0, Zhang has pointed out that Theorem 0.2 cannot in gen-
eral be strengthened to a result of Bogomolov type. A result of E. Ullmo [1995,
Theorem 2.4] shows that if E has good reduction at all finite places, then for each
& > 0, there are infinitely many distinct points 8 € E (k) with h (B) < € which are
Seo-integral with respect to o, where Sy is the set of archimedean places of k.

Proof of Theorem 0.2. The argument is similar to the proof of Theorem 0.1, but
requires more machinery. It should be possible to axiomatize some of the argu-
ments and combine both proofs, but for overall clarity of exposition we have chosen
not to.

We begin with some reductions.

First, after replacing k by k(«), and S by the set Sk of places lying over S,
we can assume that o € k.

Second, after replacing k by a finite extension K / k, and replacing S with the set
Sk of places of K lying above places in S, we can assume that £ has semistable
reduction. Thus we can assume without loss of generality that for nonarchimedean
v, either E has good reduction, or E is k,-isomorphic to a Tate curve.

Third, after enlarging S if necessary, we can assume that S contains all v for
which |Al, # 1. In particular, we can assume that the model of E defined by (16)
has good reduction for all v ¢ S.

We claim that if &, € E (k) tors 18 any torsion point, then

MM——k@ }: Yo hl@—o)). 1)
WA e,

To see this, let L be the galois closure of k(£,) in k over k. By (17) and (18), for
each conjugate o (§,),

h(a) = h(a—o(&)) = w(@—o ().

[L

wofL

Averaging over all k-embeddings o : L < k, fixing a k-embedding k < k, for
each place v of K, using (19), and noting that there are only finitely many nonzero
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terms in each sum, we have

A 1 1
h@ = 'Z o > hwle —o(E))

L/kesk " woflL

1 1
Tl DD _[L k] %[Lw k] do (0 =0 (50))
1

vofko: L/kek,

= Tra] YY) nlae—oE)).

vofkg: L/kk,

Since each conjugate o (§,) occurs [L : k(&,)] times in the final inner sum, this is
equivalent to (21).

Suppose there were an infinite sequence of distinct torsion points {&,} which
were S-integral with respect to «.

If v ¢ S, our initial reductions assure that £ has good reduction at v. By Propo-
sition 2.1(iii) and the integrality hypothesis, A, (¢ — o (&,)) = 0 for each n and o.
It follows that

N 1
h(a)=2m Y hla—o)). (22)

ves 0 k(€n)/ k—ky

From now through page 237, we will show in a series of cases that for each
ves,

li ! A 0 23

ng()([k@n):@] > k@ o(&))) = 0. (23)
o k(&) /kky

This will complete the proof of Theorem 0.2, for then, combining (22) and (23)

and letting n — oo in (22), we would have h (o) =0, contradicting the assumption

that « is nontorsion.

The archimedean case. Let v be an archimedean place of k. To simplify notation
we view k as embedded in C and fix an isomorphism of k, with C. Thus, the way
k is embedded depends on the choice of v.

To prove (23) we will need a theorem of David and Hirata-Kohno on linear forms
in elliptic logarithms and a strong form of equidistribution for torsion points.

Proposition 2.2 (a special case of [David and Hirata-Kohno 2002, Theorem 1]).
Let E / k be an elliptic curve defined over a number field k C C. Fix an isomorphism
0 :C/A = E(C) for an appropriate lattice A C C. Let w1, wy be generators for A.
Fix a nontorsion point a € E (k) and let a € C be such that 6 (a mod A) = «. There
is a constant C = C(E, a) > 0 such that for all rational numbers £1/N, €/ N with
£1,£2,N €7,

4 £ >| —C max(1,log N)
a—\|\—-w — > e ’ .
‘ (N 1+ N 2)| =
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By the Szpiro—Ullmo—Zhang theorem [1997], the galois conjugates of the &, are
equidistributed in E(C). As we will see, they are in fact strongly equidistributed,
in a sense analogous to that in Proposition 1.3.

If £ € E(k)ors, Write Gal (k/k) - € for the orbit {o (&) : 0 € Gal(k/k)}. For each
set U C E(C), write

N(,U) = #((Gal(k/k)-£)NU).

Let ¥ C C be a bounded, convex, centrally symmetric set with 0 in its interior.
Foreacha e Cand 0 <r € R, write ¥(a,r) = {a +rz : z € ¥}. For example, if
¥ = B(0, 1) then ¥(a,r) = B(a,r).

Let A C C be a lattice such that E(C) = C/A. Let rg = ro(¥, A) > 0 be
the largest number such that ¥(a, r) injects into C/A = E(C) under the natural
projection for all a € C and all 0 < r < rg. Write ¥g(a, r) for the image of ¥(a, r)
in E(C).

Proposition 2.3 (Strong equidistribution). Let k C C be a number field, and let
E/k be an elliptic curve. Then the Gal(k/k)-conjugates of the torsion points in
E (k) are strongly equidistributed in E(C) in the following sense:

Let u be the additive Haar measure on E(C) with total mass 1. Fix y with 0 <
y < 1/2, and fix a bounded, convex, centrally symmetric set ¥ with O in its interior.
Then for each r such that ¥(a, r) injects into E(C), and for all € € E (k) torss

N(S, Se(a, r))
[k(&) : k]

where the implied constant depends only on k, ¥, E, and y .

= u(Fea,r)+Oo(kE) : k]7")

The proof will be given starting on page 237.

We can now complete the proof of (23) in the archimedean case. The argument
is similar to the one in the proof of Theorem 0.1. By the Szpiro—Ullmo—Zhang
theorem [1997], or by Proposition 2.3 when & has the shape of a period parallelo-
gram (so E can be tiled with sets ¢ (a, r)), one knows that as n — oo the discrete
measures

1
o = e D Bee) (@)
) k] A

converge weakly to the Haar measure p on E (C) having total mass 1. Proving (23)
is equivalent to showing that

lim M@ —2)du,(z) = 0.
n— Jp(c)

Choose a lattice A C C such that E(C) = C/A, and let F be the area of a
fundamental domain for A. After scaling A, if necessary, we can assume that
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F = 1. After this normalization, u coincides with Lebesgue measure. Let 6 :
C/A = E(C) be an isomorphism as in the David/Hirata-Kohno theorem, and let
a € C be a point with 6(a mod A) = «.

Fix ¢ > 0 small enough that B(a, ) injects into C/ A, and identify B(a, ) with
its image Bg(a, €) =60(B(a, €)) C E(C). (In particular, identify a with ). Without

loss, we can assume that ¢ < 1/, so e < &. We will show that for all large n,

/ Ayl —2)dpn(z)| < 6e. (24)
E(©)

Put
o0 if z=a,

labsee(2) = { —[ko:R] 1og|zg—“| if z € B(a, r)\{a),

0 if z€ E(C)\B(a, r),

and note that

0< / labsee (2) dja(2) = / [k, : R] log(lz — al/e) du(2)
E(©) B(a,e)

€ ‘ 5
:[kvR]/ —2ﬂl]0g—dl:[kviR]£<8‘
0 3 2

By Proposition 2.1(i) there is a continuous function g4 .(z) on E(C) such that

)\.v(a — Z) = labsa’g(Z) + ga,g(Z) .

Since fE(C) Ay(a —z) duu(z) = 0 (also by Proposition 2.1(i)), we get
[ te@an|=|[ i@ due] < e
E(C) B(a,s)
By weak convergence, it follows that for all sufficiently large n,
| / Bac@ din (@) < 2e. (25)
E(C)
To complete the proof of (24), it suffices to show that for all sufficiently large #,
‘/ 10g(lz—a|/8)dun(z)‘ < 2¢. (26)
B(a,r)
For this, put D= D, = [[k(&,) : k] 1/81, and subdivide B(a, ¢) into a disc Ag(n) =
B(a, ¢/D) and annuli A;(n) = B(a, ({+1)e/D)\B(a, te/D)fort=1,..., D—1.

For the central disc, we have u(Ag(n)) = 7182/D2 < nsz/[k(én) (kYA Apply-
ing Proposition 2.3 when ¥ is a disc, taking y = 3/8, gives

N (&, Ao(n))/[k(&n) : k] < 2 (Ao(n))
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for all sufficiently large n. If &, has order N,, the David/Hirata-Kohno theorem
tells us that for each conjugate o (§,) € Ag(n) (where as before we are identifying
B(a, ¢) with its image 9(B(a, ¢)) C E(C))

|log |0 (&,) —al| < ClogN,.

Using (41) and (42) below, one sees that [k(&,) : k] > N,} /2 for all sufficiently large
n. Thus 0 < [log |o'(£,) — || < 2C log[k(&,) : k] and

log[k(&,) : k]

kg ks ~ ¢ @D

0 < (f log|z—a|dun(z>( < 4ne2C
Ap(n)

for all sufficiently large n.
For each annulus A;(n), £ =1, ..., D — 1, one has

n(Ain)) = w20+ 1)e2/D* = w20 +1) &2/ [k(€) : k1'%,

Since A¢(n) is the difference of two sets to which Proposition 2.3 applies, we find
as above that for sufficiently large n,

N(&n, Ae(n)/[k(8n) 1 k] < 2u(Ag(n)).

Note that on A;(n), {log(lz — a|/£)| < —log(¢/D). Summing over these annuli,
and bounding the resulting Riemann sum by an integral, we find that

D—1

_ te/D

| / tog 2=, )] <= 3 —tog (L) 204, )
B(a.&)\Ao(n) € = €

< 2/ —2mtlog(t/e)dt = me? < e.
B(a,¢)

Combining this with (27) gives (26), which completes the proof of (23) in the
archimedean case (assuming Proposition 2.3).

The nonarchimedean case. Inthe nonarchimedean case, the proof of (23) depends
on a well known result of Cassels on the denominators of torsion points [Silverman
1986, Theorem 3.4, p. 177]. Write 0, for the ring of integers of k,.

Proposition 2.4 (Cassels). Let k, be a local field of characteristic 0 and residue
characteristic p > 0, and let E/k, be an elliptic curve defined by a Weierstrass
equation

y2+a1xy+a3y = x>+ ayx® + asx +ae
whose coefficients belong to O, (note that the Weierstrass equation need not be
minimal). Let P € E(lEv)m be a point of exact order m > 2.

() If m is not a power of p, then x(P), y(P) € 0,.
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(i) If m = p", then x(P) = a/D?, y(P) =b/D? where a, b, D € 0, and

ord, (p)

ord, (D) < P

Proof. Silverman [1986, Theorem 3.4] states the theorem for torsion points be-
longing to E (ky,), with a, b, D € k, in part (ii) and D satisfying

ord, (D) = Lp” —

where | x| denotes the floor of x. Since the Weierstrass equation for £ need not
be minimal, we can replace k, by an arbitrary finite extension L., /k,, and if e,/
is the ramification index of L., /k,, then for P € E(Ly)os and a, b, D € L, (28)
becomes

1 d
ordy(D) = —— - Le"’fl v Of Zf’l’ )J . (29)
Cw/v p =D
This yields the result for all P € E (ky) tors- O

As a consequence, we obtain the following result, part (i) of which is a special
case of the Tate—Voloch conjecture proved in [Scanlon 1999].

Corollary 2.5. Let E/k, be an elliptic curve defined over a nonarchimedean local
field. Then for each nontorsion point « € E (ky):
(i) There is a number M = M () such that for all & € E (ky) torss

Ma@—§) <M.

(11) If E has good reduction, then for each ¢ > 0, there are only finitely many
Ee E (ky) tors With hy(c — &) > e. If E is a Tate curve, then for each € > 0, there
are only finitely many & € E (ky) ors With hy(ex — &) > & + %(—log |A(E)|y).

Proof. After a finite base extension, we can assume that E either has good reduction
or is a Tate curve. Since (ii) implies (i), it suffices to prove (ii). Fix ¢ > 0.

First suppose E has good reduction. Then A,(x — y) = —log ||x, y|l», Where
llx, ¥]l, is the spherical distance on the minimal Weierstrass model for E/k,. If
£1. & € E(ky)iors satisfy Ay(a —&) > ¢, then [|&1, ally, [|€2, @lly < (Nv)~¢, where
Nv is the order of the residue field of 0,. By the ultrametric inequality for the
spherical distance [Rumely 1989, § 1.1], ||&1, &y < (Nv)~¢. By translation in-
variance, ||&]—&, O], < (Nv)~¢. Put &£ :=& —&,. By the definition of the spherical
distance, if x, y are the coordinate functions in the minimal Weierstrass model,

—log 1§, Oll, = min (ord, (x(£)), ord, (y(§))) - log(Nv).

By Cassels’ theorem, there are only finitely many torsion points for which

min (ord, (x(§)), ord, (y(§))) > &/log(Nv).
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Next suppose E is a Tate curve. Fix a Tate isomorphism E (k,) = kX /q% where
lgly = |A(E)], < 1, and let y2 +xy = x3 + a4(q)x + ae(q) be the corresponding
Weierstrass equation. Let a, uy, up € szf correspond to «, &1, & respectively; we
can assume that |g|, < |aly, |41y, 42|, < 1. By the formula for A,(x — y) in
Proposition 2.1(i1), if A, (¢ —&;) > s+%(—log |A(E)|y), then | al, = |uq|y, = |uzly
and

—log|1 —a'uily, = ordy(1 —a~'u;)-log(Nv) > .
Puté =& —&andu=u, ! u,. Then& corresponds to u under the Tate isomorphism,

and ord, (1 —u) > ¢/log(Nv). By the formulas for x(£), y(£) in [Silverman 1994,
p. 425],

ordy,(x(§)) =2ordy(1 —u) and ord,(y(§)) =3ord,(1 —u).
Again by Cassels’ theorem, only finitely many torsion points & can satisfy

min (ord, (x (£)), ord, (y(§))) > &/ log(Nv). O

We can now prove (23) when E has good reduction at v.

Fix ¢ > 0. Let M be the upper bound in Corollary 2.5(i), and let N be the
number of points £ € E (ky) tors With Ay (o — &) > ¢ given by Corollary 2.5(ii). For
all sufficiently large n, M N /[k(&,) : k] < ¢, giving

1 ([k(§n) k] = N) N

0< ——— £ M < 2¢.
[k(5n) k] [k(&n) k] [k(5n) : k]

Y hla—oE) <

o k/k—k,

Thus
1

Jim s 2 @) —w) =0,
o k/k—ky

To prove (23) when E is a Tate curve at v, we will need the following equidis-
tribution theorem of Chambert-Loir [2006, corollaire 5.5].

Fix a Tate isomorphism E (k,) = k, /g%, put L = Z - ord,(¢) C R, and define a
“reduction map” r : E(k) — R/L by setting r(P) =ord,(a) (mod L) if P € E(ky)
corresponds to a € kX.

For each global point P € E(k), define a measure (p ,, on R/L by

1
mpv(z) = m 72 i 5r(o(P))(Z)
o k/k—ky,

and let i, be the Haar measure on R/L with total mass 1.

Proposition 2.6 (Chambert-Loir). For each sequence of distinct points {P,} in
E (k) with h (P,) — 0, the sequence of measures {jup v} converges weakly 1o ji,.
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We can now prove (23) when E is a Tate curve. Recall that {£,} is a sequence
of distinct torsion points which are S-integral with respect to «.

Fix ¢ > 0. Let M be the upper bound in Corollary 2.5(i). Put @ = r(«) and let
& > 0be such that u((a—§, a+95)) <e/M, where by abuse of notation we identify a
sufficiently short interval in R with its image in R/L. By Chambert-Loir’s theorem,
Kg, v((@a—3,a+8)) <2¢/M for all sufficiently large n.

By the formulas in Proposition 2.1(ii), fR/L ):U(z) duy(z) =0 and

1

|m > h(oE) —w)

o:k/k—k,

< \f Tl @) dig, o) | + M pg, (@~ 8.0 +8).
R/L

For all sufficiently large n the right side is at most 3¢. Hence

) 1
fm s 2 MG —w =0,

oik/k—k,
This completes the proof of Theorem 0.2. O

Several results in the literature use methods related to ours.

J. Cheon and S. Hahn [1999] proved an elliptic curve analogue of Schinzel’s
theorem [1974]. Likewise, Everest and B. Ni Flathdin [1996] evaluate “elliptic
Mahler measures” in terms of limits involving division polynomials, obtaining re-
sults similar to (13). They use David/Hirata-Kohno’s theorem on elliptic logarithms
in place of Baker’s theorem, much as we do.

More recently, L. Szpiro and T. Tucker [2005] proved that local canonical heights
for a dynamical system can be evaluated by taking limits over “division poly-
nomials” for the dynamical system. (These polynomials have periodic points as
their roots.) Their work uses Roth’s theorem rather than Baker’s or David/Hirata-
Kohno’s theorem. It would be interesting to see if this could be brought to bear on
Conjecture 3.1 below.

Strong equidistribution for torsion points on elliptic curves. We will now prove
Proposition 2.3, the strong equidistribution theorem for galois orbits of torsion
points on elliptic curves, which was used in the proof of Theorem 0.2.

Proof of Proposition 2.3. The proof breaks into two cases, depending on whether
or not E has complex multiplication. Both cases are similar, and are modeled on
Proposition 1.3. We find an extension field over which there is a two-dimensional
geometric interpretation of the galois orbits, and by carrying out inclusion/exclu-
sion, we are able to count the number of conjugates over that field lying in a convex,
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centrally symmetric set, with a good error bound. The conjugates over the original
field can then be counted by breaking into cosets.

Case 1. Suppose E does not have complex multiplication. The action of Gal (k/ k)
on E (k) s induces an injective homomorphism

n: Gal(k/k) = limGLy(Z/NZ) = HGLZ(ZP).
P a—
P
By Serre’s theorem [1972, théoréme 3], the image of Gal (k/k) in I1 » GLy(Z)) is
open. Hence there is a number Q such that Im () contains the subgroup

[0+ 0omMz,) =[] GL2Z,).

plQ ptQ
Let Gp C Gal (k/k) be the preimage of this subgroup.
Step 1: Determining the size of a galois orbit under Gg. Let§ € E (k) tors have order
N, and put Qn = gcd(Q, N). For suitable right coset representatives oy, ..., or
of Gp in Gal (k/k), the galois orbit Gal(k/k) - £ decomposes as a disjoint union
of Gg-orbits:

T
Gal(k/k)-& = | ] Go-01(6).
i=1
Since G is normal in Gal (IE/ k), the orbits Gg - 0,(§) = 0;(Gg - &) all have the
same size. Thus [k(§) : k] =T-#(Gg -&). By considering the action of G on the
p-parts of &, one sees that
1
- —) .
(-

N2
#(Gg-€) = 1—[ p2(Ordp(N)—ord, (On)) HPZOrdp(N) (1_#> _ Q_ZH
rlOn PIN N pIN
PiON rtQ (30)

Indeed, let &, be the p-component of & in E[N]1 =[], y(Z/ po M 7)2 Tdentify
&, with an element of (Z/ p°drMN7)2: then & » generates that group. If p divides
Qy, the image of G in GLy(Z/ p*»M7) is I+ p°r @V M, (7 pordr™M7), and

GQ . Ep — gp + pordp(QN) . (Z/pordp(N)Z)z‘

On the other hand, if p{Qy, the image of Gy in GL,(Z/ M7y s the full
group, o
GQ . Sp — (Z/pordp(N)Z)Z\p . (Z/pordp(N)Z)Z.

Step 2: Counting translated lattice points in convex domains. Let & be a funda-
mental domain for A; we can assume % is bounded and contains 0. Let C be such
that & C (0, C). Note that since & is convex, if z; € ¥(ay, r1) and 72 € F(az, rp),
then z; +z0 € F(a; +az, r1 +1rp). Put F =area % and S = area &.
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For each 0 < 7 € R, we have area (%) =2 F and area ¥(a, r) = r2S. Each lattice
t A y is homothetic to A y, and hence has fundamental domain t% C $(0, tC). Fix
xo € C. As y runs over xo+t A, the sets y 4 t&F are pairwise disjoint and cover C.
If ye%(a,r),then y+tF C F(a,r +1tC). Hence
area(F(a,r+1C)) r2S 1 2CSr 1 C*S

#((xo+tA)NS(a,r)) < e :T't_z+ 7 z+T‘(31)

Similarly, if r > ¢tC, take z € F(a,r — tC), and let y € x¢9 + tA be such that
z€y+tF. Thenz—y e tF soz—y e $0,tC), and since ¥ is centrally
symmetric y —z € $(0,tC). Thus y = z4+ (y — z) € F(a,r). It follows that
g(a’ r— ZC) C Uye(xo—HA)ﬁff(a,r)(y + t%)’ Y

area(F(a,r —tC)) r2S 1 2CSr 1 C*S

#((xo+1A)NS(a, 1)) = p— > =g (D

If » <tC, the right side of (32) is negative, so the inequality between the first and
last quantities holds trivially.

Now let D be a positive divisor of N/Qy. Taking t = Qy D/N, and combining
(31), (32), we obtain

OnD area (9’((1, r)) N?
‘#((xw NEAv)N¥a,n) - G

2CSr N C2S
< . + )
-~ F QnxD F

(33)

Step 3: Inclusion/exclusion. Write Ay = %A, fix o;, and let x € A y correspond to
0;(&€). Since E[N] = An/A, the considerations above show there is a one-to-one
correspondence between elements of G - 0;(§), and cosets y + A for y € Ay
such that y —x € Oy Ay and y + A has exact order N in Ay/A. Equivalently,
y—x € OnAy and y ¢ pAy for each prime p dividing N but not Q.

Let py, ..., pg be the distinct primes dividing N but not Q; if there are no such
primes, take p; --- pr = 1. Since Qy and py, - - - , pg are pairwise coprime, there
is an xg € Ay such that xp = x (mod OnyAy) and xg = 0 (mod p; - - - prAN).
Then y — xg € OnyAy if and only if y € xg + OnApy, and y € p; Ay if and
only if y € xo+ p; An. Note that if D|p; --- pg then QNANNDAN = OnDAy.
Recalling that r is the supremum over positive numbers r for which ¥ (a, r) injects
into C/ A, take a € C and take 0 < r <ry. Applying inclusion/exclusion, we obtain

#(Go-oi(®)NFe(@. 1) = Y (=D #((o+QnDAN) NS (a, 1)), (34)
D|p1--pr

where A(D) is the number of distinct primes dividing D.
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Inserting (33) in (34) and summing over all 0;(§),i =1, ..., T, we find

2
N(E, Sp(a. r)) _ area S(a,r) . TN 1—[ ] 1 )

a5 2 2
7 Oy pPIN p
p10
2CSr TN 2
9< s <1+l))+9(—CS-T2R),
F Oy p F
PIN
rto

where, as before, 6(x) denotes a quantity with —x < 6(x) < x. By (30),

TN? 1
kE): k] =T -#(Gg-§) = —— 1-—=). 35
® Go-6) = & p|1‘£( ) (35)
ptQ

Since r < ry, it follows that

N(&,Se(a,r))  area¥(a,r) N 9(2CSro On )
[k(€): k] ~  area % F 1
Mg (1-3)
2 2R 2
+9<ch. 2 Oy : )
N 1-—
My (1= 32)

Here area ¥(a, r)/area & = u(Sg(a, r)). Note that T is bounded by the order
of GL,(Z/(QZ)), Qn is bounded by Q, and

NH(I—%) > NI-e

PIN

for each ¢ > 0 and each sufficiently large N. Using (35) and the fact that

1= [] (1—#)21/«2)

PIN.ptQ

one sees that the first error term is O, ([k(§) : k]™7) for each y < 1/2. Similarly,
2R < d(N) < N¥ for each ¢ > 0 and each sufficiently large N. Thus the second
error term is negligible in comparison with the first. This completes the proof when
E does not have complex multiplication.

Case 2. Suppose E has complex multiplication. Let K be the CM field of E, and
let © C Ok be the order corresponding to E. After enlarging k if necessary, we can
assume that K C k. Let A C C be a lattice such that E = C/A. Without loss of
generality, we can assume that A C K. Fix an analytic isomorphism ¢ : C/A =
E(C).
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By the theory of complex multiplication (see [Shimura 1971], [Lang 1973], or
[Silverman 1994, Chapter 11]), E (k) ops is rational over k%, the maximal abelian
extension of k. Let kg be the idele ring of k, and for s € k;f let [s, k] be the Artin
map acting on k“. Given o € Gal (k/k), take s € ky with o] = [s, k], and put
w = Nik(s) € K Aﬁ There is an action of K Af on lattices, defined semilocally,
which associates to w and A a new lattice w™'A. This action extends to a map
w1 K/A — K/w™'A. There is also a homomorphism v : ky — K*, the
grossencharacter of E, which has the property that v (s) Ny, k(s)'A = A. Put
Kk =1vY(s)eK*.

With this notation, there is a commutative diagram

2

K/A( G:/A E(E)tors

K/w ' 'A——C/w™'A — E(k)ors

l lid

K/AC C/A —> E®)rors

in which the vertical arrows on the left are multiplication by w~! and « respectively,
and those on the right are the galois action (see [Shimura 1971, Proposition 7.40,
p. 211], or [Lang 1973, Theorem 8, p. 137]). Note that the same analytic isomor-
phism ¢ appears in the top and bottom rows. Thus, if £ € £ (k) tors corresponds to
x € K/A, and 0| = [s, k], then

o (&) = DY) Nk (s) x).

This gives an explicit description of the galois action on torsion points in terms of
adelic “multiplication”.

The action of K in the diagram is as follows. Let L C K be a lattice. For
each rational prime p of Q, write L, = L ®7 Z, and K, = KQqg Q,; if w € KAf,
let w), be its p-component. Then w;lL p is a Zp-lattice in K,. There is a unique
lattice M C K such that M, = w;lL p for each p [Lang 1973, Theorem 8, p. 97],
and w™!L is defined to be M. Likewise, if x € K /L, lift it to an element of
K C Kp and write x, € K, for its p-component; there is a y € K such that
w;lxp (mod w_le) =y (mod M) for each p, and w~'(x (mod L)) is defined
to be y (mod M).

The order O has the form O = Z+ cOk for some integer ¢ > 1, and c is called the
conductor of 0. The lattice A is a proper O-lattice, meaning that O ={x € K : x A C
A}. For any order O, there are only finitely many homothety classes of proper O-
lattices [Lang 1973, Theorem 7, p. 95]. Write 0, =0®7Z, and O , =0k ®zZ,,.
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If ptc, then0, =0k , = le » Ok p, Where p runs over the primes of K lying over
p, and Ok , is the completion of Ok at p.

Let U be the kernel of the grossencharacter ¢ : ky — K*, and take W =
Nyxk(U) C K g. Since i is continuous, there is an integer Q > 1 such that, for
each p| Q, the subgroup 1+ Q0 , C @IX{’p is contained in W), and for each p{Q,
Ok, CWy. If we W, then wlA=A,sow, € 0. Hence c| Q.

Noting that 0, = Ok ,, if p{Q, let Wo C K be the subgroup

C* x 1_[(1+Q©,,)>< ]‘[@; cw,
plQ p1Q

and let Uy be its preimage in k; under the norm map. Put
Go = {0 €Gal(k/k): 0| = [s, k] for some s € Up}.

Then G is open and normal in Gal (k /k).

Step 1: Determining the size of a galois orbit under Gg. Fix § € E (k) tors- Suppose
& has order N; put Oy = ged(Q, N). For suitable right coset representatives
o1, ...,or of Gp in Gal (k/k), the orbit Gal (k/k) - & decomposes as a disjoint
union of Gg-orbits:

T
Gal(k/k)-& = | ] Gg-0;(8).

i=1
As before, the orbits Gg - 0;(§) = 0;(Gg - &) all have the same size, and [k(§) :
k]|=T- - #(Gg-§).

Let & correspond to x + A € K/A. Write A(x) for the O-lattice Ox + A; since

& has order N, [A(x) : A] > N. More generally, for any integer m, put A(mx) =
0-mx + A =mOx + A. Note that

A(mx)/A = l_[A(mx)p/Ap = H(m©px+Ap)/Ap.
PIN pIN

If p| Q, then Gy acts on &, through the subgroup 1 + p°4(Q@, C 0. Noting
that ord,(Qy) = min (ord,(Q), ord,(N)) and that p®4@x € A, if ord,(Q) >
ord,(N), we have

Go-&p = (x+p" @ Q0,x +A,)/A, = (x+ AP %) )/A,.

Thus #(Gg - £,) = [A(p™r@Mx), : Ap].

If ptQ, then 0, = Ok, and Gy acts on &, through 0} =[], ,0% . For
each p|p, and each O-lattice L, we have L, = (OxL), where OgL is an Og-
fractional ideal. Thus ordy(L) := ord,(Og L) is well defined. Write ord,(§) =
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ordy(A) —ordy(A(x)). Then A(x),/A, = Hp‘p@,{/poﬂp@) and

#(Go-&) = [A@,: Ayl - [] (1—Nip),
plp

ord, (§)>0
where Np = #(0k /p) is the norm of p.
Combining these formulas, and using that

[TIAG®@Vx), : Ayl = [A(QNx) : Al

PIN
we obtain |
#(Go-®) = (avo Al [T (1- ;) (36)
pIN.ptQ
ord, (§)>0

Step 2: Counting translated lattice points in convex domains. If L is any O-lattice,
and F (L) is the area of a fundamental domain for C/L, then by Minkowski’s
theorem there is a point 0 #£ £ € L with [£] < (4/m)'?F(L)/?. Here L is a proper
0’-lattice for some order O’ with conductor ¢’ |c. There are only finitely many
such orders 0’, and for each 0’ there are only finitely many homothety classes of
proper O’-lattices, so there are only finitely many homothety classes of O-lattices.
Hence there is a constant C1, independent of L, such that L has a fundamental
domain (L) contained in the ball B(0, C; - F(L)/?). In turn, there is a constant
C, independent of L, such that (L) C ¥(0, C - F(L)'/?). This fact is the crux of
the argument in the CM case.

Again, if L is an O-lattice, then for each ideal @ of Ok coprime to c, there
is a unique lattice @ L defined by the property that (w L), = (@O L), for all
primes ¢ |Nw, and (w L), = L, for all primes g{ Nw. This lattice has index
[L:wlL]=Nw.

We will apply this taking L = A(Q yx) = OnOx+ A. Note that the fundamental
domain F(w A(Qnx)) has area F - N /[A(Qnx) : A], where F is the area of a
fundamental domain & for A. By the same argument leading to (33) we find that
for each xog € C

#((xo+ @ A(QNx) NS (a,r)) —

area F(a,r) [A(Qyx): Al ‘
area F Nw

- 2CSr ([A(QNx) : A])I/Z Cc?s

—. (37
= 7 Nor t+—- @D

Step 3: Inclusion/exclusion. Now consider a set ¥(a, r), where a € C and r <
ro. For each o0;(£), we will compute #((GQ -0;(&)) N SE(a, r)). Fix o;, and
replace & by o;(§) in the discussion above. Let x € K/A correspond to o; (&),
and let py, ..., pg be the distinct primes of O dividing N but not Q, for which
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ordy(A(x)) # ordy(A). If there are no such primes, take py---pgr = 1 in the
argument below. (Note that the p; are independent of o;, since K C k and for
p1Q, o; acts on & through @; .) Thus there is a one-to-one correspondence between
elements of Gg - 0;(§), and cosets y + A for y € K such that y € x + A(Qyx)
and y ¢ pjA(x) for j =1,..., R. Since A(Qyx) C A(x), such y necessarily
belong to A(x). The index [A(Qpyx) : A] in (37) is independent of o; by (36),
since #(Gg - 0;(§)) and the p; are independent of o;.

The lattices A(Qyx) and p; - - - pr A(x) have coprime indices in A (x), so there
is an xg € A(x) such that xo =x (mod A(Qnx)) and xo=0 (mod p; - - - prA(x)).
Further, for any Ok -ideal o dividing p; - - - pg,

AN N (N, PjAG)) = TA(QNX).
Clearly y € x + A(Qnx) if and only if y € xo + A(Qnx), and y € p;A(x) if and
only if y € xo +p; A(x). Since ¥(a, r) injects into C/A, by inclusion/exclusion
#((Gg-0;(6)) NFE(a, 1))
Y DM # (o +m AQNN)) NF(a, 1)), (38)

@ |pi-PR

where Lg (7o) is the number of distinct prime ideals of Ok dividing @ .
Inserting (37) in the inclusion/exclusion formula (38) and summing over all
0;(§), we get

N(S’yE(asr))

area ¥ (a r) R
- area & TIAQNx) Al jljl (1 B N_p])

2CSr ) 1 c-S
o @ (s ) o G ).

j=1

By (36), [k(§) : k] = T[A(QnX): A]nle(l - NLp). Since r < ry and
J

j=1 Np;
we have
N(E,Ef’E(a,r)) B area ¥(a, r) . (CQS T2R )
[k(€):k] area® F k) :k]
2CSry T2k 1 >
19 . . . (39)
( F (1‘[j?:1(1—1/ij))1/2 [k(€) : k1172
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As before, area S(a, r)/area F = u(Fg(a,r)). Here T < [Gal(E/k) :Golis
fixed. For each ¢ > 0 and each sufficiently large N, 28 < 28x(N) < 222 (V) <
d(N)? < N¢. Likewise, nle(l —1/Np) =[], y(1—1/p)* = C/(loglog N)* for
some constant C > 0, where the last inequality follows from [Hardy and Wright
1954, Theorem 328, p. 267]. Finally, since & has order N and Oy < Q is bounded,
[A(Qnx): A]l= N/Q, and so

[k(§):k]l = T-N/Q-C/(loglogN)* > TC/Q-N'"* (40)

for all large N. Combining these shows that for each 0 < y < 1/2, the first error
term is O, ([k(§) : k]77). The same estimates show the second error term is neg-
ligible in comparison to the first. This completes the proof when E has complex
multiplication. O

Before leaving this section, we note that the arguments above provide lower
bounds for the degree [k(&) : k] in terms of the order N of &, as required by (27).
When E does not have complex multiplication, then since 7 is fixed, Oy < Q,
and [ | p(l —1/p% converges to a nonzero limit, (35) shows there is a constant C
depending only on E such that

[k(£) k] > C\N?. (41)

When E has complex multiplication, then since T and Q are fixed, (40) shows that
there is a constant C, depending only on E such that

[k(£) : k] = CyN/(loglog N)2. (42)

3. Context

Theorems 0.1 and 0.2 are the first known cases of general conjectures by the second
author (which were refined through conversations with J. Silverman and S. Zhang)
concerning dynamical systems and abelian varieties.

As before, let k be a number field, and let S be a finite set of places of k con-
taining the archimedean places. Let Oy g be the ring of S-integers of k.

Conjecture 3.1 (Su-lon Ih). Let R(x) € k(x) be a rational function of degree at
least 2, and consider the dynamical system associated to the map R, : P! — PL.
Let o € P'(k) be nonpreperiodic for R,. Then there are only finitely many prepe-
riodic points &€ € P! (k) that are S-integral with respect to a, that is, whose Zariski
closures in P! /Spec(0y.s) do not meet the Zariski closure of a.

Conjecture 3.2 (Su-lon Ih). Let A/k be an abelian variety, and let A s /Spec(Oy_s)
be a model of A. Let D be a nonzero effective divisor on A, defined over k, at least
one of whose irreducible components is not the translate of an abelian subvari-
ety by a torsion point, and let cl(D) be its Zariski closure in dg. Then the set
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Type of variety Type of rationality k k

Compact k K-rational ity Mord(?ll—Lang Manin—.Mumford
Conjecture Conjecture

Noncompact @k,Z—rationality Lgng’s . Ih’s
Conjecture Conjecture 3.2

Ap, () torss consisting of all torsion points of A (k) whose closure in S is disjoint
from cl(D), is not Zariski dense in A.

Theorem 0.1 establishes Conjecture 3.1 for the maps R(x) = x¢ with |d| > 2,
whose preperiodic points are 0, co and the roots of unity. It is possible to prove the
conjecture for Chebyshev maps by similar methods, though we do not do so here.

Theorem 0.2, in addition to being the one-dimensional case of Conjecture 3.2,
is equivalent to Conjecture 3.1 for Lattes maps. That is, if £/k is an elliptic curve,
let R € k(x) be the degree 4 map on the x-coordinate corresponding to the doubling
map on E, so that the following diagram commutes:

(2]
E——FE

|, b

pl%[p)l

Then B € E (k) is a torsion point if and only x(B) is preperiodic for R,.

Part of the motivation for Conjecture 3.2 is the following analogy between dio-
phantine theorems over k and k, and over O; and Z (the ring of all algebraic inte-
gers). Let A/k be an abelian variety, and let X be a nontorsion subvariety of A (that
is, X is not the translate of an abelian subvariety by a torsion point). Recall that the
Mordell-Lang Conjecture (proved by Faltings) says that A(k) N X is not Zariski
dense in X; while the Manin—-Mumford Conjecture (first proved by Raynaud) says
that A(k)rs N X is not Zariski dense in X. Likewise, Lang’s conjecture (also
proved by Faltings) says that if D is an effective ample divisor on A, then the set
Ap(Oyp) of Og-integral points of A not meeting supp(D) is finite. Note that A is
compact, whereas Ap = A\supp(D) is noncompact.

Conjecture 3.1 is motivated by Conjecture 3.2 and the familiar analogy between
torsion points of abelian varieties and preperiodic points of rational maps.

J. Silverman [1993] proved the following result, which is somewhat related to
Conjecture 3.1: If the backward orbit of « € P! (k) under a rational function R of
degree > 2 is infinite, then for every 8 € P! (k), there are only finitely many points
in the forward orbit of 8 under R that are S-integral with respect to «.
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More recently, C. Petsche [2007] has proved Conjecture 3.1 under the additional
hypothesis that « is “totally Fatou”, meaning that for every place v of k£ and every
embedding o of k into k,, o () is in the v-adic Fatou set of R.

In closing, we note that an important ingredient of the proofs of Theorems 0.1
and 0.2 was a quantitative equidistribution theorem for torsion points. A quantita-
tive equidistribution theorem for points of small height with respect to an arbitrary
dynamical system on P! has recently been proved by C. Favre and J. Rivera-
Letelier [2006, théoreme 6].

Acknowledgments

The authors would like to thank the referee for some useful pointers to the literature.
The second author would also like to thank J. Silverman and S. Zhang for helping
to refine the conjectures in Section 3.

References

[Autissier 2006] P. Autissier, “Sur une question d’équirépartition de nombres algébriques”, C. R.
Math. Acad. Sci. Paris 342:9 (2006), 639—-641. MR 2007b:11163 Zbl pre05045962

[Baker 1975] A. Baker, Transcendental number theory, Cambridge University Press, London, 1975.
MR 54 #10163 Zbl 0297.10013

[Baker and Hsia 2005] M. H. Baker and L.-C. Hsia, “Canonical heights, transfinite diameters, and
polynomial dynamics”, J. Reine Angew. Math. 585 (2005), 61-92. MR 2006i:11071 Zbl 1071.
11040

[Bang 1886] A.S. Bang, “Taltheoretiske undersggelser”, Zeuthen Tidskr. 4 (1886), 70-80, 130-137.
JFM 19.0168.02

[Bilu 1997] Y. Bilu, “Limit distribution of small points on algebraic tori”, Duke Math. J. 89:3 (1997),
465-476. MR 98m:11067 Zbl 0918.11035

[Chambert-Loir 2006] A. Chambert-Loir, “Mesures et équidistribution sur les espaces de Berko-
vich”, J. Reine Angew. Math. 595 (2006), 215-235. MR 2008b:14040 Zbl 05039459

[Cheon and Hahn 1999] J. Cheon and S. Hahn, “The orders of the reductions of a point in the
Mordell-Weil group of an elliptic curve”, Acta Arith. 88:3 (1999), 219-222. MR 2000i:11084
7Zbl 0933.11029

[Conway 1973] J. B. Conway, Functions of one complex variable, Graduate Texts in Mathematics
11, Springer, New York, 1973. MR 56 #5843 Zbl 0277.30001

[David and Hirata-Kohno 2002] S. David and N. Hirata-Kohno, “Recent progress on linear forms in
elliptic logarithms”, pp. 26-37 in A panorama of number theory or the view from Baker’s garden
(Ziirich, 1999), edited by G. Wiistholz, Cambridge Univ. Press, Cambridge, 2002. MR 2004e:11076
Zbl 1041.11053

[Everest and Fhlathiin 1996] G. R. Everest and B. N. Fhlathuin, “The elliptic Mahler measure”,
Math. Proc. Cambridge Philos. Soc. 120:1 (1996), 13-25. MR 97e:11064 Zbl 0865.11068

[Everest and Ward 1999] G. Everest and T. Ward, Heights of polynomials and entropy in algebraic
dynamics, Universitext, Springer, London, 1999. MR 2000e:11087 Zbl 0919.11064


http://dx.doi.org/10.1016/j.crma.2006.02.021
http://www.ams.org/mathscinet-getitem?mr=2007b:11163
http://www.emis.de/cgi-bin/MATH-item?pre05045962
http://www.ams.org/mathscinet-getitem?mr=54:10163
http://www.emis.de/cgi-bin/MATH-item?0297.10013
http://dx.doi.org/10.1515/crll.2005.2005.585.61
http://dx.doi.org/10.1515/crll.2005.2005.585.61
http://www.ams.org/mathscinet-getitem?mr=2006i:11071
http://www.emis.de/cgi-bin/MATH-item?1071.11040
http://www.emis.de/cgi-bin/MATH-item?1071.11040
http://www.emis.de/cgi-bin/JFM-item?19.0168.02
http://dx.doi.org/10.1215/S0012-7094-97-08921-3
http://www.ams.org/mathscinet-getitem?mr=98m:11067
http://www.emis.de/cgi-bin/MATH-item?0918.11035
http://dx.doi.org/10.1515/CRELLE.2006.049
http://dx.doi.org/10.1515/CRELLE.2006.049
http://www.ams.org/mathscinet-getitem?mr=2008b:14040
http://www.emis.de/cgi-bin/MATH-item?05039459
http://www.ams.org/mathscinet-getitem?mr=2000i:11084
http://www.emis.de/cgi-bin/MATH-item?0933.11029
http://www.ams.org/mathscinet-getitem?mr=56:5843
http://www.emis.de/cgi-bin/MATH-item?0277.30001
http://www.ams.org/mathscinet-getitem?mr=2004e:11076
http://www.emis.de/cgi-bin/MATH-item?1041.11053
http://www.ams.org/mathscinet-getitem?mr=97e:11064
http://www.emis.de/cgi-bin/MATH-item?0865.11068
http://www.ams.org/mathscinet-getitem?mr=2000e:11087
http://www.emis.de/cgi-bin/MATH-item?0919.11064

248 Matthew Baker, Su-ion Ih and Robert Rumely

[Favre and Rivera-Letelier 2006] C. Favre and J. Rivera-Letelier, “Equidistribution quantitative des
points de petite hauteur sur la droite projective”, Math. Ann. 335:2 (2006), 311-361. MR 2007g:
11074 Zbl pre05035986

[Hardy and Wright 1954] G. H. Hardy and E. M. Wright, An introduction to the theory of numbers,
3rd ed., Clarendon Press, Oxford, 1954. MR 16,673c Zbl 0058.03301

[Lang 1973] S. Lang, Elliptic functions, Addison-Wesley, Reading, MA, 1973. MR 53 #13117
7Zbl 0316.14001

[Petsche 2007] C. Petsche, “S-integral preperiodic points for dynamical systems over number fields”,
preprint, 2007. arXiv 0709.3879v2

[Rumely 1989] R. S. Rumely, Capacity theory on algebraic curves, Lecture Notes in Mathematics
1378, Springer, Berlin, 1989. MR 91b:14018 Zbl 0679.14012

[Scanlon 1999] T. Scanlon, “The conjecture of Tate and Voloch on p-adic proximity to torsion”,
Internat. Math. Res. Notices 17 (1999), 909-914. MR 2000i:11100 Zbl 0986.11038

[Schinzel 1974] A. Schinzel, “Primitive divisors of the expression A” — B" in algebraic number
fields”, J. Reine Angew. Math. 268/269 (1974), 27-33. MR 49 #8961 Zbl 0287.12014

[Serre 1972] J.-P. Serre, “Propriétés galoisiennes des points d’ordre fini des courbes elliptiques”,
Invent. Math. 15:4 (1972), 259-331. MR 52 #8126 Zbl 0235.14012

[Shimura 1971] G. Shimura, Introduction to the arithmetic theory of automorphic functions, Pub-
lications of the Mathematical Society of Japan 11, Iwanami Shoten, Tokyo, 1971. MR 47 #3318
Zbl 0221.10029

[Silverman 1986] J. H. Silverman, The arithmetic of elliptic curves, Graduate Texts in Mathematics
106, Springer, New York, 1986. MR 87g:11070 Zbl 0585.14026

[Silverman 1993] J. H. Silverman, “Integer points, Diophantine approximation, and iteration of ra-
tional maps”, Duke Math. J. 71:3 (1993), 793-829. MR 95¢:11070 Zbl 0811.11052

[Silverman 1994] J. H. Silverman, Advanced topics in the arithmetic of elliptic curves, Graduate
Texts in Mathematics 151, Springer, New York, 1994. MR 96b:11074 Zbl 0911.14015

[Silverman 1995] J. H. Silverman, “Exceptional units and numbers of small Mahler measure”, Ex-
periment. Math. 4:1 (1995), 69-83. MR 96j:11150 Zbl 0851.11064

[Szpiro and Tucker 2005] L. Szpiro and T. Tucker, “Equidistribution and generalized Mahler mea-
sures”, preprint, 2005. arXiv math/0510404v3

[Szpiro, Ullmo and Zhang 1997] L. Szpiro, E. Ullmo, and S. Zhang, “Equirépartition des petits
points”, Invent. Math. 127:2 (1997), 337-347. MR 98i:14027 Zbl 0991.11035

[Ullmo 1995] E. Ullmo, “Points entiers, points de torsion et amplitude arithmétique”, Amer. J. Math.
117:4 (1995), 1039-1055. MR 96j:14016 Zbl 0863.14016

Communicated by Karl Rubin
Received 2007-10-29 Revised 2008-01-11 Accepted 2008-01-11

mbaker@math.gatech.edu School of Mathematics, Georgia Institute of Technology,
Atlanta, Georgia 30332-0160, United States

ih@math.colorado.edu Department of Mathematics, University of Colorado at
Boulder, Campus Box 395, Boulder, CO 80309-0395,
United States

rr@math.uga.edu Department of Mathematics, University of Georgia,
Athens, Georgia 30602-0002, United States


http://dx.doi.org/10.1007/s00208-006-0751-x
http://dx.doi.org/10.1007/s00208-006-0751-x
http://www.ams.org/mathscinet-getitem?mr=2007g:11074
http://www.ams.org/mathscinet-getitem?mr=2007g:11074
http://www.emis.de/cgi-bin/MATH-item?pre05035986
http://www.ams.org/mathscinet-getitem?mr=16,673c
http://www.emis.de/cgi-bin/MATH-item?0058.03301
http://www.ams.org/mathscinet-getitem?mr=53:13117
http://www.emis.de/cgi-bin/MATH-item?0316.14001
http://arxiv.org/abs/0709.3879v2
http://www.ams.org/mathscinet-getitem?mr=91b:14018
http://www.emis.de/cgi-bin/MATH-item?0679.14012
http://dx.doi.org/10.1155/S1073792899000471
http://www.ams.org/mathscinet-getitem?mr=2000i:11100
http://www.emis.de/cgi-bin/MATH-item?0986.11038
http://www.ams.org/mathscinet-getitem?mr=49:8961
http://www.emis.de/cgi-bin/MATH-item?0287.12014
http://dx.doi.org/10.1007/BF01405086
http://www.ams.org/mathscinet-getitem?mr=52:8126
http://www.emis.de/cgi-bin/MATH-item?0235.14012
http://www.ams.org/mathscinet-getitem?mr=47:3318
http://www.emis.de/cgi-bin/MATH-item?0221.10029
http://www.ams.org/mathscinet-getitem?mr=87g:11070
http://www.emis.de/cgi-bin/MATH-item?0585.14026
http://dx.doi.org/10.1215/S0012-7094-93-07129-3
http://dx.doi.org/10.1215/S0012-7094-93-07129-3
http://www.ams.org/mathscinet-getitem?mr=95e:11070
http://www.emis.de/cgi-bin/MATH-item?0811.11052
http://www.ams.org/mathscinet-getitem?mr=96b:11074
http://www.emis.de/cgi-bin/MATH-item?0911.14015
http://projecteuclid.org/getRecord?id=euclid.em/1062621144
http://www.ams.org/mathscinet-getitem?mr=96j:11150
http://www.emis.de/cgi-bin/MATH-item?0851.11064
http://arxiv.org/abs/math/0510404v3
http://dx.doi.org/10.1007/s002220050123
http://dx.doi.org/10.1007/s002220050123
http://www.ams.org/mathscinet-getitem?mr=98i:14027
http://www.emis.de/cgi-bin/MATH-item?0991.11035
http://dx.doi.org/10.2307/2374958
http://www.ams.org/mathscinet-getitem?mr=96j:14016
http://www.emis.de/cgi-bin/MATH-item?0863.14016
mailto:mbaker@math.gatech.edu
mailto:ih@math.colorado.edu
mailto:rr@math.uga.edu

	Introduction
	1. The finiteness theorem for Gm
	2. The finiteness theorem for elliptic curves
	3. Context
	Acknowledgments
	References

