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Tate resolutions for Segre embeddings

David A. Cox and Evgeny Materov

We give an explicit description of the terms and differentials of the Tate resolu-
tion of sheaves arising from Segre embeddings of P¢ x P?. We prove that the
maps in this Tate resolution are either coming from Sylvester-type maps, or from
Bezout-type maps arising from the so-called toric Jacobian.

1. Introduction

Let V and W be dual vector spaces of dimension N +1 over a field K of characteris-
tic 0. It is known that there is a relation between complexes of free graded modules
over the exterior algebra E = /\V and coherent sheaves on projective space P(W).
More precisely, the Bernstein—Gel’fand—Gel’fand (BGG) correspondence [1978]
establishes an equivalence between the derived category of bounded complexes
of coherent sheaves on P(W) and the stable category of complexes of finitely
generated graded modules over E. The essential part of this correspondence is
given via the Tate resolutions, namely for any coherent sheat & on P(W) there
exists a bi-infinite exact sequence

T*F): > T (F)>TF) > T (F) >

of free graded E-modules. The terms of Tate resolution were described explicitly
by Eisenbud, Flgystad and Schreyer [2003a] in the form

T7(F) =P Eii — p) @ H (P(W), F(p — 1)),
i
where
E =wr =Homg(E,K)= AW
as an E-module.
While the terms of Tate resolutions are described explicitly, the maps are much
more difficult to describe. The knowledge of the maps give us, for example, an
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524 David A. Cox and Evgeny Materov

opportunity to compute generalized resultants (see, for example, [Eisenbud et al.
2003b] or [Khetan 2003; 2005]).

Cox [2007] found an explicit construction of the Tate resolution for the d-fold
Veronese embedding

vy P — pi)-1
of P" when % = v;,0pn (k). The construction of differentials in Tate resolution
involves the Bezoutian of n + 1 homogeneous polynomials of degree d in n + 1

variables. In this paper, we find a similar description of the Tate resolution arising
from the Segre embedding

v P4 % ”:Db s I]j)ab-i-a-l-b

of the sheaf v, Opaps(k, [). The shape of the Tate resolution depends only on the
pair (k, /) and there are three types of possible resolutions:

Typel: —a<k—-1<b,
Type2: k—1>b,
Type3: k—1I1 < —a.

We prove that Type 1 maps involve the toric Jacobian of a sequence bilinear forms

Jos s fayp N X0, ..., X4, Yo, ..., Yp given by
fi=D aijwxiye, 0<j<a+b.
ik

This result resembles the Bezout-type formulas for hyperdeterminants of a three-
dimensional matrix A = (g;jx) discussed in [Gel'fand et al. 1994, Chapter 14,
Theorem 3.19]. The resolutions of Type 2 and 3 are similar to each other and both
arise from the Sylvester forms of fy, ..., f;45. Notice that similar formulas appear
in the study of Bondal type formulas for hyperdeterminants of A (see [Gel fand
et al. 1994, Chapter 14, Theorem 3.18]).

The situations considered in this paper and [Cox 2007] are special cases when
% is a push-forward of £ = O(m, ..., m;) in the projective embedding

VPl x o P PSU K g . @ S KT

which is a combination of Segre and Veronese embeddings. This case will be
studied in a different paper [Cox and Materov > 2008]. We conjecture that the
maps in the Tate resolutions are essentially the same as in Weyman—Zelevinsky
complexes [1994] or the same as in the resultant spectral sequences from [Gel'fand
et al. 1994, Chapter 4, Section 3].

Here is the outline of our paper. In Section 2 we give a definition of the Tate
resolution and explain its basic properties. We then enter the main part of the
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paper: in Section 3 we describe the terms of Tate resolution arising from Segre
embeddings of sheaves on products of projective spaces, and in Section 4 we find
explicit forms for corresponding differentials.

2. Basic definitions and properties of Tate resolutions

2.1. Graded exterior algebras. Given V and W as above, the algebras S =Sym W
and E = /\V are graded by the following convention: deg(e;) = 1 for a basis
eg, e, ...,ey of W and deg(e]) = —1 for the dual basis ej, e}, ..., e} of V, so
that E_; = /\' V. Define E(p) as the graded E-module with E (p)g = Ep+q- Then
any free graded E-module is an E-module of the form

M= E-)HeV,

where V; is a finite-dimensional K -vector space with V; = {0} for almost all i.
Note that V; gives the degree i generators of M, because

(ED)QV)i=E(=)i®Vi=EQV,=V,.

The dual to E algebra E = wp = Homg (E, K) is a left E-module with the
graded components

E; = Homg (E_;, K) = Homg (\'V, K).
The perfect pairing
NV x NW— K

implies ff, = /\iW and E = /AW. Moreover, E is Gorenstein, that is, E is isomor-
phic to E with a shift in grading. Namely, the isomorphism

/\iV®/\N+1W—> /\N-H—iW
implies
E=E-N-DaAN'"'w,

and therefore E = E (=N —1) (noncanonically) via a map /\NJrl W = K. For later
purposes, we note the canonical isomorphism

Homg (E(p)® A, E(q) ® B),,~Homg (AN "'W ® A, B), (2-1)

where the subscript 0 denotes graded homomorphisms of degree zero.
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2.2. Tate resolutions. By [Eisenbud et al. 2003a] or [Flgystad 2000] a coherent
sheaf &% on P(W) determines a Tate resolution T*(%), which is an (unbounded)
acyclic complex

T*(F): > T Y (F)>TF) > T (F)—> -
of free graded E-modules with the terms
T7(F) =P EG — p)@ H' (P(W), F(p —1)).
i
For example, in degree k we have

7@ =P N "W H (PW), F(p i)

1

since E i —ph = Ei_ Pk = A W. The Tate resolution is defined by each
differential d” : T?(F) — TP+ (%) since T =P (%) is a minimal injective resolution
of ker(d”) and T <P (%) is a minimal projective resolution of ker(d”) [Eisenbud
2005].

When the context is clear, we will write H'(%(j)) instead of H' ([P’(W), %(j)).

i—p+k

Lemma 2.1. For fixed k, T? (¥); =0 if either p > k+m or p <k— N — 1, where
m = dim(supp(%)).

Proof. Since H' (¥(p—i)) =0ifi <0 ori > m, we may assume 0 <i <m. Then
the inequalities k +m < p, i <m easily imply

i—-pt+k<m—-p+k<—-p+p=0,
so that A" "™ W = 0. Analogously, if k — N — 1 > p, i > 0, then
i—p+k>—p+k>—-p+p+N+1=N+1,

so that we have again N " w =o. O

Lemma 2.2. Ifi < j, then the map
d’; E(i—p)@H (F(p—i) > E(j—p—DRH (F(p+1-j)
from the i-th summand of TP (F) to the j-th summand of TP+(F) is zero.
Proof. Let
A=H' (F(p—i)) and B=H'(F(p+1-j)).
By (2-1), dfj lies in

Homg (E(i — p)® A, E(j — p—1)® B), ~Homg (N /"' W® A, B).
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It follows that d; = 0 when i +1 < j and that d}; | | is constant. Then minimality
implies that 4", | =0. O

Finding an explicit expression for differentials d” : T? (%) — TP+ (%) seems
to be a difficult problem. By Lemma 2.2, the general maps from the i-th summand
of T?(%) in the Tate resolution 7*(%) have the form

E(i-p)@H Fp-) > P Ei—j-—p-DOH T (F(p+1-i+)).
j=0

The “horizontal” cmponent of this map is explicitly known:
E(i—p)®H (F(p—i)) > Ei —p—D@H (F(p+1-i)),
fQmi— Z fef ®em.
i

By (2-1), this corresponds to the multiplication map
W@ H (F(p—i) > H' (F(p+1-10)).
One of the main results of this paper is an explicit description the entire differential
dP : TP (F) — TP (F) in some special situations.
3. Tate resolutions for Segre embeddings of P* x P?

Let X = P“ x P?, with coordinate ring S = K[x, y] for variables x = (xg, ..., X4),
y = (»o, ..., ¥»). The ring S has a natural bigrading where the x variables have
degree (1,0) and the y variables have degree (0, 1). The graded piece of S in
degree s, t will be denoted S; ;. Set

W =HX,0x(1,1)) = 1
and let
v:X =P x Pl — P(W) ~ pabtatd
be the Segre embedding. The sheaf
F =v,0x(k, 1) (-
has Tate resolution 7*(%) with

T7(F) =P E(i —p) @ H (F(p—i))

i

=P EG-p)@H (X,0x(k+p—i,l+p—1).

1
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In general, we say that the summand E( — p) ® H(F(p —i)) of TP(F) has
cohomological level i. Since

H (X,0x(k+p—i,l+p—i)=0

fori ¢ {0, a, b, a+ b}, we see that T? (%) has at most four nonzero cohomological
levels.

In Section 2.2, we observed that the “horizontal” components of the differentials
dP : TP(F) — TP+ (%) are explicitly known. The main result of this paper is a
description of the “diagonal” components of these maps.

3.1. Regularity. We recall that a coherent sheaf ¥ is called m-regular if
H (F(m—i))=0, foralli> 0.

If % is m-regular, then it is known that it is also (m + 1)-regular. The regularity
of %, denoted reg(%), is the unique integer m such that % is m-regular, but not
(m — 1)-regular. It follows from the definition of regularity if m = reg(%), then

T(F) = E(~p)® H*(F(p)), for p=m,
and the Tate resolution has the form
o T"HF) > TN (F) > E(—m) @ HY(F(m)) — - --
We now compute the regularity of the sheaf & defined in (3-1).
Lemma 3.1. reg(%) = max{— min{k, [}, min{b — k, a — [}}.

Proof. Let mg denote the right-hand side of the above equation and let m > my.
Then Serre duality implies

H™(F(m — (a+b))) = H" (X, 0x(k+m — (a+b),l +m — (a+Db)))
~H(X,0x(b—k—(m+1),a—1—(m+1))".

Since m > m implies m > b—k or m > a—I, we see that H**?(F(m—(a+b))) =0.

Next we use the Kiinneth formula to write

HY(F(m—a))=H"(X,0x(k+m—a,l+m—a))
=H'(P*,0(k+m —a))@ H* (P, 0l +m —a)) &
HY (P, 0(k+m —a)) @ H'(P?, 0 +m — a)).

Since m > mg implies m > —k and m > —[, we see that k +m — a > —a, which
implies H*(P¢, O(k +m —a)) = 0. Furthermore, H*(P”, 0(I +m —a)) = 0 when
a # b, and when a = b, we have [ +m —a =[+m — b > —b, which again implies
He(P?,0(l+m —a)) =0. Hence H*(F(m —a)) =0, and H*(F(m — b)) =0 is
proved similarly.
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It follows that mg > reg(%). To prove equality, we will let m = mo— 1 and show
that H' (%(m —i)) # 0 for some i > 0. We consider two cases.
Case 1: mg = min{b — k,a — [} > —min{k,[}. This implies the inequalities
b—k—(m+1)>0anda—[— (m+1)>0. Hence
H (F(m — (a+b))) = HO(X,0x (b —k—(m+1),a—1— (m+1)))" #0.

Case 2: mo = —min{k, [} > min{b —k,a —1}. If mo = —k, thenk+m —a =
—a—1, so that H*(P*, O(k+m —a)) # 0. We also have mg > min{b—k, a —1}, so
that mg > b — k or mg > a —[. The former is impossible since mo = —k, and then
the latter implies [ +m —a > 0, so that H*(P?, 6( +m — a)) # 0. By Kiinneth,

0#£ HY(PY, 0k +m —a)) @ H' (P, 0( +m — a)) € H*(F(m — a)).
The proof when mg = —I is similar. U

To see what this says about the Tate resolution of &, we define

pt =max{— min{k,l},min{b—k,a—l}}, 32)
p~ = min {~ min{k, [}, min{b —k,a —I}} — 1.
Then we have the following result.

Lemma 3.2.

T(_ +
P(F) = Ii( P) ® Sktp.i+p p=p
E(a+b—p)®S;_k_l_p’a_l_l_p p<p.

Proof. The assertion for p > p* follows immediately from Lemma 3.1 and the
discussion preceding the lemma. For p < p~, note that

H(F(p—(a+b)) ~H(X,0x(b—k—(p+1),a—1—(p+1)"

= SZ—k—l—p,a—k—l—p

and that

H "N (F(p—(a+b—i)~H (X,0x(b—k—1—p—i,a—1—1—p—i))
=H'(4(—p—1),

where 6 = v,0x(b —k —1,a — [ — 1). Applying Lemma 3.1 to 9, we see that

H'(4(—p —1i)) =0 whenever i > 0 and

—-p zmax{—min{b—k—l,a—l—l},min{b—(b—k— D,a—(a—1—- 1)}},

which is equivalent to p < p~. U

Lemma 3.2 tells us that for p~— and below, the Tate resolution lives at cohomo-
logical level a + b, and for p™ and above, it lives at cohomological level 0.
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3.2. The shape of the resolution. For k, | € Z, the Tate resolution of
F =v,0x(k, 1)
on X = P“ x P has one of the following three types:
Typel: —a<k—-I1<bh,
Type2: k—1I1>b,
Type 3: k-1 < —a.
We will prove three lemmas, one for each type.

Lemma 3.3 (Type 1). Assume that % has Type 1. Then p~ = —min{k, [} — 1 and
pt =min{b —k,a —}. Furthermore,if p~ < p < p™, then

Ela+b-p)®S;

TP (F) = (am

E(=p) ® Skt piip-

—k—1—p,a—Il—1-p

Proof. Since a and b are positive, the inequality —a < k — [ < b implies that
—min{k, [} < min{b — k, a — [}. Using (3-2), we get the desired formulas for p~
and pT.

Now assume that p~ < p < p™. Recall that H*(%(p — a)) is isomorphic to

H(PY, 0(k+ p—a)) @ H*(P",0( + p — a))
®H (P, 0(k+ p —a)) @ H(P?, 0(1 + p — a)).

If the second summand is nonzero, then kK + p —a < —a and [ + p —a > 0, which
implies k — [ < —a, a contradiction. If the first summand is nonzero, then a = b,
k+p—a>0and/+ p—a < —a. These imply k —[ > a = b, again a contradiction.
Hence H*(%(p —a)) = 0. A similar argument shows that H?(F(p — b)) =0. O

Thus, when % has Type 1, the differential d” : T? (%) — TP+ (%) looks like

E(a +b— p)®Sl>:—k—]—p,a—l—l—p - E(a +b— pP— 1)®Sl>:—k—p—2,a—l—p—2

p
du+b,0

D D

E(—P)®Sk+p,l+p E(—P - 1)®Sk+p+1,l+p+1-

Hence a Type 1 Tate resolution has cohomological levels a + b (the top row) and
0 (the bottom row). Section 4.1 will discuss df 50"
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Lemma 3.4 (Type 2). Assume that F has Type 2. Then p~ =b—k—1and p* =—I.
Furthermore, if p~ < p < p™, then

TP(F) = E(b—p) ® Stsp-b0® S5_1_p-1-

Proof. Since a and b are positive, the inequality k —/ > b implies min{k, [/} =1,
min{b —k,a —1} =b — k. Using k — [ > b again, (3-2) gives the desired formulas
for p~ and p™.
Now assume that p~ < p < p*. Then
H ™ (F(p—(a+b)) ~H(X,0x(b—k—1—p,a—I—1-p))" =0
since p > p~ = b —k — 1. Furthermore, p < p™ = —[ implies [ + p —b < 0, so
that
H"(P*,0(k+ p — b)) ® H'(P?, 6(I + p — b)) = 0.

Hence, by Kiinneth and Serre duality on P?,
H(F(p—b)) =~ H* (X, 0x(k+ p—b, 1+ p—b))
~ H'(P4, 0(k + p — b)) @ H (P", 0(L + p — b))
>~ Sktp-b,0® So.—j—p1-
Finally, if @ # b, we also have
H(P?,0(+ p—a)) =0,

and H°(P?, 0(I+p—a)) =0 also holds since [+ p—a < 0. Hence H*(F(p—a)) =0
when a # b. A similar argument shows that H°(F(p)) = 0. O

Lemma 3.4 tells us that for Type 2 Tate resolutions, the only nonzero diagonal
maps appear in 77 (%) — T? +1(F):

E@+1+k)®S) s 1y
’ P

Ew\(k) ® SO,O (29 Sak,k—l—b—l
(at cohomological levels a + b and b) and in Tl’tl(@?) — TP (%):

E(b +F14+D®Sk—1-p-1,09 85
0L

.

E()® Si_1.0

(at cohomological levels b and 0). The diagonal maps df;b, » and dlf g_l will be
discussed in Section 4.2.
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Lemma 3.5 (Type 3). Assume that F has Type 3. Then p~ =a—I[—1and p* =—k.
Furthermore, if p~ < p < pt, then

T7(F) = E(a -p)® Sikfpfl,o ® S0,1+p—a-
Proof. The proof is similar to the proof of Lemma 3.4 and hence is omitted.  [J
Lemma 3.5 tells us that for Type 3 Tate resolutions, the only nonzero diagonal

maps appear in T? (F) — TP 1(F):

EG+14+D®S 44100
o0

ED)® S 4_a_r.0® S00
(at cohomological levels a + b and a) and in T -1 (&) —> TP" (%):

E@+1+k)®S;,® S0/ ka1

\d{i();

E(k) ® So.—i

(at cohomological levels a and 0). The diagonal maps df;h,a and dcf’ 571 will be
discussed in Section 4.2.
Remark 3.6. We finish this section by noting that some of the Tate resolutions
considered here can be found in [Flgystad 2004]. Specifically, let W; and W, be
finite-dimensional K -vector spaces, and consider the Tate resolution associated to
¥ = v, £, where

£ = Opw)xpwy)(—2,a) ® AT w,

dim Wy =a+1, and
v:P(W)) x P(W;) > P(W; ® W)

is the Segre embedding. The results of our paper apply to this Tate resolution.
Now consider a surjective map W ® W, — W*. This gives a projection

7 P(W) ® Wa) ——» P(W)

whose center is disjoint from the image of the Segre map. By [Flgystad 2004,
Section 1.2], the Tate resolution for & gives a Tate resolution for §=r,%. Flgystad
shows that this projected Tate resolution has the form

> TG>T G =E@)@W; > T (@) =E@a—1)@W} > T*(9) — - --

with the map d° : T%(9) — T'(9) coming from the surjection W} @ Wy — W*
[Flgystad 2004, Theorem 2.1].
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4. The maps in the Tate resolution for Segre embeddings of P* x P?

4.1. Type 1 diagonal maps. We will use the toric Jacobian from [Cox 1996, §4].
The fan for P¢ x P? has a + b+ 2 1-dimensional cone generators

/ /
eo,...,ea,eo,...,eb,
corresponding to xo, ..., X4, Yo, - .., yp. The generators ey, ..., eq, €}, ...,€),_
are linearly independent. Given fy, ..., fs+» € S1.1, the toric Jacobian is
Jo EE Ja+b
0fo/0x1 -+ Ofatn/0x1
1 : :
J(fo, o5 fatn) = Yovn det| ofo/0xa -+ Ofats/0Xa |- 4-1)
0fo/0y0 -+ Ofatb/0¥0

0fo/0yp—1 -+ Ofatb/0Yb—1

Since f; € S1,1=W, weseethat J(fo, ..., fatp) € Sp.a, Where (b, a) is the “critical
degree,” often denoted p in the literature on toric residues.

This toric Jacobian is closely related to the (a+1) x (a+b+1) x (b+ 1) hyper-
determinant discussed in [Gel’fand et al. 1994, 14.3.D]. The connection becomes
especially clear when we use the graph interpretation from [Gel'fand et al. 1994,
pp. 473—474]. The idea is as follows.

Fix distinct monomials fy, ..., fa+» € S1,1. These give a bipartite graph G with
a+b+2 vertices xg, . .., X4, Yo, - - - » ¥p and a+b-+1 edges given by the monomials,
where f; = x;y; is regarded as the edge connecting x; to y;. The incidence matrix
of G is the (a +b+2) x (a+ b+ 1) matrix whose rows correspond to vertices and
columns correspond to edges, and where an entry is 1 if the vertex lies on the edge
and is O otherwise.

Let M denote the square matrix obtained from the incidence matrix by removing
the bottom row. Then we have the following result.

Lemmad.1. Let fo, ..., fats € S1,1 be distinct monomials and let M be the matrix
described above.

(1) The toric Jacobian of fo, ..., fatb is given by

[1, fe .
[1; xi ijj

(2) detM € {0, £1}, and det M = £1 if and only if G is a tree.

J(f(), DERIREPY fa+b) =detM
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Proof. Each f is homogeneous of degree 1in xo, ..., x4, 80 fr=> . x; g—ﬁ. Hence
the toric Jacobian J(fy, ..., f,+p) can be written as

X0 0f0/0x0 -+ X0 Ofutb/0X0

0fo/0x1 -+ Ofatn/0x1
. : :
Edet 0f0/0xa -+ Ofa+b/0%4
0fo/0yo0 -+ Ofatn/0¥0
0fo/0yp—1 *+ Ofasb/0yb-1

x00fo/0xo -+ X0 Ofatn/0X0
x10fo/0x1 -+ X10faqp/0x1
| : :
= det| x.0fo/0xa -+ XaOfurs/OXa
[1; xi Hj Yj
Y00fo/0y0 -+ Y0 Ofatn/0¥0

Kyb—l 0fo/0Vb—1 -+ Yoot futs/OVp—1)
For a fixed ¢, we have f; = x;y;, which implies

P
l 1 ax[_ y J ayj s

and all other partials vanish. Hence the £-th column is a multiple of f,, and once
we factor out fy, we are left with the £-th column of the truncated incidence matrix
M. Thus

Jo- -+ Javb
[T x [T jYi
The second part of the lemma is a standard consequence of the Matrix Tree The-
orem [Bondy and Murty 1981, Chapter 12] which counts the number of spanning
trees of a graph. O

J(fos -+ farp) = det(M).

Now that we have the toric Jacobian, the next step is to introduce duplicate sets
of variables

X=(X05"'9X(1)’ Y=(YO>"'>Yb)5 X=(X(),...,Xa), y=()’0,--->)’b)-
These give the polynomial ring

S®S=kX,Y,x,y]
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and the ring homomorphism
S=k[x,y] > S®S

defined by x; — X; 4+ x;, y; — Y; 4+ y;. The image of F € S in S ® § is denoted
F, so that
FX Y, x,y))=FX+x,Y+y)eS®S.

From a canonical point of view, the map F +— F is comultiplication in the natural
Hopf algebra structure on S.
The toric Jacobian J gives a linear map

T N"'W s s,.c8

and hence a map
J: /\a+b+lW—> S®S.

Looking at homogeneous pieces, we have a decomposition
T=D Jup,
a,p

where
Jop: NTTW = Sy a0 p ® Sup
lies in

a+b+1

b+1
Homg (AW, Sp—a,a—p ® Su.p) = Homg (N W@ S7_,, o g0 Sup)-

Using (2-1), J,, s gives an element of
Homg (E(@+b—p)®S;_ga_pr E(—p— 1) ® Sap),
which by abuse of notation we write as
Jop E@+b—p)®S; 4 y— E(~p—1)® S, 5. (4-2)

In Section 4.3 we will show that the map d 5 1,0 from a Type 1 Tate resolution (see
the discussion of following Lemma 3.3) can be chosen to be Jii py1,14p+1-

4.2. Type 2 and 3 diagonal maps. The diagonal maps appearing the Type 2 and
3 Tate resolutions discussed in Section 3.2 are easy to describe. We begin with the
map

s: N'w So,a+1

defined as follows: given fy, ..., fu € W, we get the Sylvester form
§(f05 L] fa) = det(£lj)5

where f; = Z(;':o[ijxj for ¢;; € So.1.
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Now fix a > 0. The multiplication map S 4+1 ® S0« = S0,a+1+a induces

S0,a+1 = 80,4 ® S0,a+1+a

and gives the composition

AW 2> Spair — S0.6 ® S0,a+1+a-
This gives maps
Oy /\aHW ® S0,6 = S0,a+1+a>
0 NTW @S] 10— S
and hence (by abuse of notation) maps
00 1 E(a+14k)® S0 — E(K) ® So.at1+a>

—~ -~ (4-3)
Oy tE@+14+k)®S8) 1144~ EK)® S,

In Section 4.3 we will show that the diagonal map df;b’b from a Type 2 Tate

resolution (see the discussion following Lemma 3.4) and the map dé) E_] from a
Type 3 Tate resolution (see the discussion following Lemma 3.5) can be chosen to
be 6;_;_,_, and 6,41 respectively.

We next consider the map

& NH'W = Sy
defined as follows: given fy, ..., fp € W,
5/(‘][0, e fa) = det(f;]),

where f; = Z?:O tl;yj for £; € Si 0.
As above, f > 0 gives the multiplication map Sp41,0 ® Sg,0 — Sp+144,0 and the
composition

bl &
NTwW S 80— S50 ® Sp+1+5.,0-

This gives maps

Sy Eb+14+1)®Sp0— E() ® Spr14p.0,

~ ~ (4-4)
O tEG+1+D)® Sy 1150~ ED)® S .

In Section 4.3 we will show that the map d,i 571 from a Type 2 Tate resolution

(see the discussion following Lemma 3.4) and the map d‘f;b,a from a Type 3 Tate
resolution (see the discussion following Lemma 3.5) can be chosen to be 5,’{7171771
and J;* , __, respectively.
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4.3. The main theorem. Here is the main result of this section.

Theorem 4.2. For the Tate resolution T*(%F) of the sheaf % = v,0x (k, 1), the di-
agonal maps in TP(F) — TP (F) can be chosen as follows:

(1) (Type 1, —a <k =1 <b):d} , s =(=D"Jespiiitpri-

(@) (Type 2,k —1> by:d’yy , =0, anddly ™ =8, , ..

(3) (Type 3,k —1 < —a): d’yy =0\ andd’y ™" = S_i_amr.
This uses the maps Jo g, 04, 0, 5;),, 5};" defined in (4-2), (4-3) and (4-4).

Proof. We begin with Type 2. Let f =k —[—b—1 and assume / = 0 for simplicity,
so that p™ = 0. We will show that

T2F) - T (F) - T°%F) —» T'(F)
can be constructed as follows using 5’5:
-~ -2~
EG+2)®S5-10085, S Eb+1)®S500 S5,
%
—~ 4% ~
EQ0)® Sprp+1,0> E(=1) @ Sprp12.1.

The differentials d=2 and d° are the known horizontal maps. To show that this
sequence is exact, the first step is to prove that

d’ oy =0dp0d*=0.
Consider the following identity that holds for all fy, ..., fp+1 € W:

b+1

DD (fone i A fopr) =0. (4-5)

i=0

If we write f; = Z?:o €};y;, then (4-5) follows from the obvious identity

1

fo o for1

Y /AP 4

0,0 b+1,0
det | ° 9 =0

/ /

€O,b"' £b+l,b

by expanding by minors along the first row and using the definition of &'
By (2-1), the composition

~ O~ 40 ~
Eb+1)® 58500 Sgo— E0)® Sprpr1.0 — E(=1)® Sprpiai
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corresponds to a map

b+2
NTW®Sp0® S50 Spiviat.
We ignore S , > k. Using the definition of 5’ﬁ, this map is given by

b+1

fon- A for1 @ D (=1 fih & (for- Fi--+ A fosr)-

i=0

This reduces to zero (factor out i € Sg o and use (4-5)), so d’o 5,/3 =0.

If § > 0, we need to consider 5’ﬁ od~2. Arguing as above, we determine this

map by
b+2 "
NTWRSp 1080851 = Spabi1.05

which in turn is determined by the map

b+2
N7we Sp-1,0 = Sptp+1,0 ® S0,1 = Spip+1,1
given by

b+1

fon- A fos1 ®hes D (=D fihd (fon--- Fi - A for1)

i=0

for h € Sg_1,0. As above, this reduces to zero, so that 6’ﬂ od 2=0.
When g = 0, we have to show that the composition

E@+b+2)8 8],
%

\

E@+1)® S0,0® S50
\5()
E(0) ® Sp+1.0
is zero. By (2-1), the composed map corresponds to a map

a+b+2 %
A W® S0,411 = Sb+1,05

which in turn is determined by the a map

a+b+2
A W — Sp11,0® S0,a+1 = Spt1,a+1-

Given fy, ..., farp+1 € W, this map is given by

foA A farprr > D &(8)d(Es) & (Ese),

IS|=a+1

(4-6)
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where the sum is over all subsets S C {0, ..., a + b+ 1} of cardinality a + 1 and
S¢={0,...,a+ b+ 1}\ S. Furthermore,

(fs) = 6(Nies fi),
o' (£se) = 0'(Niese fi)

and £(S) = %1 is the sign that appears in the Laplace expansion described below.
To show that the sum in (4-6) is zero, write

a b
=3t =X
j=0 j=0

and consider the matrix

Co,0 *+ Catbi1,0
M= fO,a €a+b+1,a
e o
0,0 a+b+1,0
/ /
go,h €a+h+l,b

If we multiply first a+1 rows by suitable x variables and multiply the last b+ 1 rows
by y variables, we get the same result, namely the row (fo, ..., farp+1). If follows
that det il = 0. If we take the Laplace expansion that involves (a + 1) x (a + 1)
minors of the first a + 1 rows multiplied by (b+1) x (b+ 1) complementary minors
of the last b+ 1 rows, we get the sum in (4-6). Hence this sum is zero, which proves
that J o 9 = 0.

To complete the proof that 5/ﬁ gives the diagonal map in T~1(%F) — T*(F), we
follow the strategy used in [Cox 2007, Theorem 1.3]. Let N' = (a+ 1)(b+ 1) =
dim(W). Since E >~ E(—N’) and T~ (F) —» TUF) — T'(F) is

~ ~ 4 ~
Eb+1)® S0 S50~ E0) ®Sprpr1,0 —> E(=1) ® Sgipi2.1,

the kernel of d° has dim(Sg,0 ® S ) minimal generators of degree N "—b—1.
Since we have proved that 5/ﬂ maps into this kernel, it suffices to prove that this
map is injective in degree N’ — b — 1, namely that

N’ N'—b—1
5/ﬂ A W®Sgo— A W Spipt1,0
is injective (as above, we ignore Sy ). A basis of /\N/W is given by

X0Yo N AXoyp N,
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where o is the wedge product of the remaining N’ — b — 1 monomials of W in
some order. Since

/ b+1
5 (xXoyo A+ AXoyp) =Xo

we see that for h € Sg 0,

Sp(x0y0 A Axoy A ®B) =0 ®@xi T h+ - € AN 'we Sp1b11,0

“lw different from .

where the omitted terms involve basis elements of /\N/_
The desired injectivity is now obvious.

This completes the proof for df’ g_] in a Type 2 Tate resolution when / = 0 and
k = B+ b+ 1. The proof for arbitrary [/ is similar, and the same proof easily
adapts to d 5’ g_] in a Type 3 Tate resolution. As for d” , we note that applying
Homg(—, K)®xk E to TP (%) gives Tatb—p (%), where §=v,0x(—a—1—k, —b—
1 —[). This duality interchanges Type 2 and Type 3 resolutions. Then our results
for

pr—1 pt-1
dy and d,
and dualize to give the desired results for

dyypg and dy,,.

It remains to consider Type 1 Tate resolutions. This case will be more compli-
cated since there are two sets of variables to keep track of: the original variables
X, y and the duplicates X, Y introduced in Section 4.1.

Leta =k+p+1and fp =k+ p+ 1. We will show that the crucial part of
TP(F) — TPH(F) — TP+*(F) can be chosen to be

p

da+b,a+b e

E(a+b—p)® Shaap — E(a+b_p_l)®SZ—a—l,a—ﬂ—l

(_l)pja,/} (_1)p+lja+l,ﬁ+1

D

p+l
0,0

E(—p—1)®S.z E(—p—2) ® Sut1 pi1-

This first step is to show that this is a complex, that is, the composition
TP(F) — TPTHF) — TPH(F)
is zero. Since the horizontal maps behave properly, it suffices to show that

1
dg,:)r oJup=Jav1p+10d) p 11y (4-7)
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Using (2-1), this is equivalent to showing that the diagram

dp
a+b+2 % a+b,a+b a+b+1 "
/\ W®Sb—a,a—ﬁ - /\ Ve Sb—a—l,a—ﬁ—l

Ja,ﬂ J(x+1,ﬂ+1
dp+1

0,0

W R Sq.p : Sa+1,p+1

commutes. A key point is that on the top, d(f +b.a+b Uses X, Y, while on the bottom,

dg 31 uses X, y. We can recast the commutativity of this diagram as saying that

p+1 _ p
do,o °Jo,p = Jat1,p+1 Oda+b,a+b

as maps
b+2
N w Sh—c,a—p @ Sat1,+1 -
—_—— ———
XY X,y
Given a+b+2 elements of W, we write them as fy, ..., fi+s+1 Whenusing x, y
and as Fy, ..., F,4p4+1 when using X, Y. Then (4-7) is equivalent to the identity
a+b+1
DD fidap(for- - fivo A faroir)
i=0
a+b+1
= > (D Fidarrpri(for i A farop1)

i=0
in Sp_g.a—p ® Set1,p+1. Summing this over all a and S gives the second identity

a+b+1

SEDHT(for Fioo o A farbar)
=0

a+b+1

= D DFEI(for i A faronr),

i=0
and the first identity follows from the second by taking the appropriate graded
piece. However,

o The change of variables (x, y) <> (X, Y) interchanges f; and F;;
. J~(fo A E e A fa+b+1) is invariant under (x,y) <> (X, Y).
It follows that the second identity is equivalent to the following

Assertion 4.3.
a+b+1

SN T (oA Fio A farbrn) 4-8)
i =0
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is invariant under (x,y) < (X, Y).

In particular, (4-7) is an immediate consequence of Assertion 4.3.
We will prove Assertion 4.3 by representing (4-8) as a determinant. We begin
with the formula

0fo/0xo -+ Ofa+n/0X0
1 0fo/0 ) 0
J(fO/\' B /\fa+b) — — det fO/ Xa fa+b/ Xa ’
Vb 0fo/0y0 -+ Ofatb/0¥0
0f0/0¥p—1 -+ Ofatb/0Yp—1

which follows from the proof of Lemma 4.1. This implies

0fo/0xo -+ Ofayn/0x0

- ofo/0x, --- O 0x
Tfon-- oA farp) = 5 det fi/v“ f“ji“
bT Vb 0fo/0yo -+ Ofatn/0Yy0

0f0/0yb—1 -+ Ofutb/0¥p—1

It follows easily that

a+b+1
; DI (for-eJio A farorn) = - ;%
where M is the (a + b + 2) x (a + b + 2) matrix
Jo Ja+b+1
0fo/0xo -+ Ofatb+1/0x0
M= 0fo/0xa -+ Ofatbr1/0x4
0fo/0y0 -+ Ofat+b+1/0¥0
0fo/0yp—1 ** Ofatb+1/0yp—1

To prove Assertion 4.3, it suffices to show that the determinant of the matrix M is
unchanged when we replace its top row with (Fy, ..., F,4p11). For this purpose,
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consider the (a + b + 3) x (a + b + 3) matrix

0
M — M :
- 0
@ oo, awrrr

Oyb oyp

and observe that det M = det M. Write M as

fo - fatb+1 O
— 0
M= ~
(0] :

1
Since f; € W = S1,1, we have the easily proved identity

a

— b ——

ofe ofe

S L D
i =0

i=0

Multiplying the last a + b + 2 rows of M by —x; or ¥ ; as appropriate and adding
to the first row gives the matrix

Fo -+ Farpr1 Yp
0

M = ~
(0] :

1

Note that det M’ = det M. This is almost what we need, except for the Y}, in the

first row of M.

We claim that det O = 0. Assuming this for the moment, it follows that we
can replace Y, with 0 in M’ without changing its determinant. This easily implies
det M is unchanged when we replace its top row with (Fy, ..., Fypt1) and will
complete the proof of (4-7).

It remains to study det Q. The matrix Q is obtained from

0f0/0xo - -+ Ofatn/0X0

afO/axa cet afa+h/axa
0f0/0yo -+ Ofavn/0y0

0f0/0yp -+ Ofatp/0Vb
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by the F — F operation described in Section 4.1. But det 0 = O since f; =
Zia:O X; Ofr/0x; = Zl;‘:o yj af[/ayj, and then

det O = det Q = 0.
Hence we have proved that the maps
TP(%) — TPT(%)

defined using (—1)”J, s give a complex. To show that the complex is exact, we
again use the strategy of [Cox 2007, Theorem 1.3]. Lemma 3.3 tells us that p* =
min{b — k, a —}. For simplicity, we assume b —k <a —1, so that p™ =b —k. Let
B=b—k+land p=p"—1.Type l and b —k <a —1 imply 0 < B < a. Then
TP (F) — TP+ (F) becomes

E@a+k+1)®S;,_,

—_1)PJ,
dl’

Ek—b+1)®Sy 151 —= E(k—b)® Sp.5.

Let N = (a + 1)(b + 1) = dim(W). Then the shape of the Tate resolution tells
us that there are dim(Sy—1,4—1) minimal generators of degree N — (k — b + 1)
and dim(Sg , ) minimal generators of degree N "—(a+k+1). The former are
taken care of by the known map dé’ - and for the latter, we see that in degree
N’ — (a+k+ 1), the above diagram becomes

/\N w® S(T,a—ﬁ

—1PJ
o N (4-10)
P

d(),()

AN we Sp—1,p-1 — A g Sb,p-

As in [Cox 2007, Lemma 2.2], we need to show that (—1)”J, 4 is injective and
that its image has trivial intersection with the image of dé’ 0"

For the former, let 6 € /\N/W be the wedge product of the monomials in W
in some order, and let ¢ € S5, ) satisfy Jj, 3(60 ® @) = 0. Suppose that Y* is a
monomial in the Y variables of degree |u| =a — . We prove ¢ (Y*) = 0 as follows.

Pick Y? such that Y*|Y? and |o| = a, and write

Y=Y ---Y.

a
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Then consider the following collection fy, ..., fy;+» of monomials in W = Sy ;:
x0yj, j=0,...,b and x;y;,, i=1,...,a.

The graph of these monomials (in the sense of Section 4.1) is easily seen to be a
tree. Then Lemma 4.1 implies that

J(fon--A farp) = £

1% xoy; T xiv;; -
! - ; =j:x8Hyj,.=j:x8y“.
[Tizoxi Hj:O Yj i=1

Thus f(fo A A farp) = £(Xo + x0)?(Y +y)’. Taking those terms of degree
(b, p) in (x,y), we obtain

v —w 0
Jb,ﬂ(fo/\"‘/\fmrb)=:|:Z(w)ng“ vy,

w

where (%) = []’_, (/) and 3, denotes the sum over all exponent vectors w
J

satisfying [w| = and 0 < w; <v; for all j. Writing 0 = foA--- A fagp Ao, We

obtain

0=Jpp(foN A farb NO® )
=a)®§0(-]b,/)’(f0/\‘"/\fa+b))+"'

v
=0® (:I: Z (w) P (Y)Y x5 y“’) 4,

w

. . . N'—a—b—1 .
where the omitted terms involve basis elements of A~ W different from

w. Since we are in characteristic 0, it follows that ¢ (Y”™") = 0 for all w under
consideration. Our choice of v guarantees that our original monomial Y* is one of
these Y’~"’s. Hence ¢(Y*) = 0, which implies ¢ = 0 since Y" was an arbitrary
monomial of degree a — f. This completes the proof (—1)”Jj, 4 is injective.

It remains to show that the image of this map has trivial intersection with the
image of d& o- Following a suggestion of Jenia Tevelev, we use representation
theory to finish the proof.

Recall that there is a natural isomorphism

W=8,1=WQW,,

where W) = 8§19 = C**! and W, = S; = C**!. First, we show that an action of
the group G = SL(W;) x SL(W,) on the diagram (4-10) is G-invariant on the maps
dé”’ o and (=1)”J, p. Indeed, since the map dg, o 1s induced by the multiplication
map

W& Sp—1,5-1 —> Sb.p»



546 David A. Cox and Evgeny Materov

we conclude that dg o 18 G-invariant. Now observe that the toric Jacobian can be
written as a linear combination of monomials

J(f()’ cee fa+b) = Zc,u,vxﬂyv,

78"

where ¢, are the entries of the square matrix whose determinant is a hyperdeter-
minant [Gel'fand et al. 1994, p. 473]. By [Gel'fand et al. 1992, Proposition 1.4],
the hyperdeterminant is G-invariant, so the toric Jacobian (4-1) (and respectively
the map (—1)”J; g) is G-invariant.

It follows from Schur’s Lemma that the images of dé’, o and Jp g have trivial
intersection if the representation of G corresponding to

/\N _a_bW®Sb_1,ﬁ_1 _ /\ah-i-l

does not contain the representation corresponding to

(W1 @ W) ®@Sym” ' (W) @ Sym”~! (W,) (4-11)

/\N/W ® Sg’a_ﬁ — /\ab+a+b+l(W1 ® W2) ® Syma—ﬂ(Wz*)

To prove this, we use some basic facts from the representation theory of the special
linear group (see, for example, [Fulton and Harris 1991, §6.1 and §15.3]). Given
a partition A = (41, ..., 4s) with 1} > --- > A; > 0, we get a Young diagram
D;, which consists of s rows of boxes, all starting at the same column, of lengths
/11 ZZ /15-

For a vector space V over K, S; (V) denotes the irreducible SL(V)-representa-
tion corresponding to the partition 1. We use notation

A=d", ..., d")

to denote the partition having a; copies of the integer d; for 1 <i < ¢{. The corre-
sponding Young diagram D, has a; rows of boxes of length d;. Thus 1 = (d) gives
the symmetric product S; (V) = Sym?(V) and 1 = (1¢) gives the exterior product
s, (V)= A'V.

Recall that S;(V) = 0 when the Young diagram of A has more than dim V
nonzero rows, and that two Young diagrams give the same SL(V)-representation
if and only if one can be obtained from the other by adding or deleting columns of
height dim V at the beginning of the Young diagram.

By the Cauchy formula [Fulton and Harris 1991, §6.1], we have the following
decomposition for the exterior powers of W = W @ W:

N w =N wew) = @ S:(W) @Sy,
|A|=ab+1

where the direct sum runs over all partitions A of ab+1 with at most dim W; =a+1
rows, at most dim W, = b+ 1 columns, and A’ is the conjugate partition to 4. Note
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that the representation corresponding to the highest power of determinant /\N/W
is one-dimensional, that is, a trivial representation.

When we combine this with (4-11), we see that it is enough to show that it cannot
happen simultaneously that S; (W) ® Sym”~!(W)) contains the trivial represen-
tation and S,/ (W) ® Symﬁ_1 (W3) contains Sym"_ﬁ(Wz*). Since dim W) =a +1
and dim W, = b+ 1, we can assume that the Young diagram of 4 has at most a + 1
rows (otherwise S; (W) =0) and at most b+ 1 columns (otherwise S, (W;) = 0).

By the Pieri formula [Fulton and Harris 1991, (6.8)], for any partition A, we
have

Sy (W1) ® Sym”~ (W) = @ Sy (W),

where the sum is over all v whose Young diagram is obtained by adding »—1 boxes
to the Young diagram of A, with no two boxes in the same column. Note also that
each v is a partition of (ab+ 1)+ (b — 1) = (a + 1)b. Since D, has |1| =ab+ 1
boxes and fits inside a (a + 1) x (b + 1) rectangle, the only way for v to give the
trivial representation is for D; to be the Young diagram.

< b

Y

You can see how adding b — 1 boxes to the bottom row (the dashed boxes in the
drawing) gives the trivial representation, since D, is trivial if and only if it consists
entirely of columns of height @ + 1.

This shows that the only case when

Si(W1) ® Sym”™! (W)
contains the trivial representation is when A = (b%, 1). Hence, A’ must be
(a+1,a"".

On the other hand, Sym“~7# (W3) corresponds to the partition (b*~#) [Fulton and
Harris 1991, §15.5, Exercise 15.50], so from the Pieri formula we see that it is
impossible to get (b*~#) from the tensor product S, (W,)®Sym” ! (W>) by adding
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S —1boxes to (a+1, a®~1), no two in the same column, and then deleting columns
of height b+ 1.
The final step is to prove exactness when 77 — TP7+! is given by

P
a+b,a+b

d
E@a+k+1)®S;_ 0y == E@+k)®S;_, 1, 45

(=D)PJap
dgy

Ek—b+1)® Su_1.5-1 E(k—b)® Sy p.

Here, we use the same conventions as in (4-9), except that we now assume that

b — o and a — f are positive. As before, the shape of the Tate resolution tells

us that there are dim(S,—1,5—1) minimal generators of degree N’ — (k — b + 1)

and dim(S,_, ,_ ) minimal generators of degree N "—(a+k+1). The former

are taken care of by the known map dé’ o- and for the latter, we see that in degree
— (a+k+1), the above diagram becomes

dl’
N’ a+b,a+b N —1
/\ Ve Sl?—a,a—ﬁ - /\ Ve S;—a—l,a—[)’—l

o m ® (4-12)

’_ dOO —a—b—
AN WS, 1.8— | —— A\ 1W®Sa,ﬁ-

The map d” atb.a+b 18 Injective since it is dual to the surjective multiplication map
W® Sp—a—1,a—p—1 —> Sb—a,a—p- As in the proof of [Cox 2007, Theorem 1.3], it
follows immediately that the map (4-12) is injective on /\ ‘W ® Sy ga 5 and that
the images of

N WSty and AV WS, 1o

have trivial intersection. This completes the proof of the theorem. U

Remark 4.4. In the proof of Section 4.3, we used the relation between the toric Ja-
cobian of fy, ..., fats € S1.1 and the hyperdeterminants studied in [Gel'fand et al.
1994; 1992] to prove the equivariance we needed. The theorem implies that certain
hyperdeterminants are explicitly encoded into the Tate resolutions considered here.
This is another example of the amazing amount of information contained in these
resolutions.
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