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Integral traces of singular values
of weak Maass forms

William Duke and Paul Jenkins

We define traces associated to a weakly holomorphic modular form f of ar-
bitrary negative even integral weight and show that these traces appear as co-
efficients of certain weakly holomorphic forms of half-integral weight. If the
coefficients of f are integral, then these traces are integral as well. We obtain a
negative weight analogue of the classical Shintani lift and give an application to
a generalization of the Shimura lift.

1. Introduction

Recently there has been a resurgence of interest in the classical theory of singular
moduli, these being the values of the modular j-function at quadratic irrationalities.
This resurgence is due largely to the influential papers of Borcherds [1995; 1998]
and Zagier [2002]. The present paper arose from a suggestion, made at the end
of Zagier’s paper, to extend some of the results given there on traces of singular
moduli to higher weights. One such generalization has been given recently by
Bringmann and Ono [2007], who provide an identity for the traces associated to
certain Maass forms in terms of the Fourier coefficients of half-integral weight
Poincaré series. However, it does not seem to be known when these traces are
integral or even rational. Here we will identify the traces associated to a weakly
holomorphic form f of negative-integral weight with the coefficients of certain
weakly holomorphic forms of half-integral weight and show that these coefficients
are integral when the coefficients of f are integral. We will use this identification to
obtain a negative weight analogue of the classical Shintani lift. We also give an ap-
plication to Borcherds’s generalization of the Shimura lift to weakly holomorphic
modular forms.
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574 William Duke and Paul Jenkins

Recall that a weakly holomorphic modular form of weight k, where k € 27, is
a holomorphic function f on the upper half-plane H that satisfies

b

ar-i—b) — f(z) forall y = (Z d) eI'=PSL(2,2)

ct+d

(Flen) @) = (et +d)™ £ (

and that has a g-expansion f(r) =) a(n)g" with a(n) = 0 for all but finitely
many n < 0; here, as usual, g =e(7) = 2T Let M ,'{ denote the vector space of all
weakly holomorphic modular forms of weight k. Similarly, fork=s+1/2 with s €
Z, let M; denote the space of holomorphic functions on H that transform like 6%
under I'g(4), have at most poles in the cusps, and have a g-expansion supported
on integers n with (—1)*n =0, 1 (mod 4). Here, as usual, 6(7) = >, q"z. For
any k, let My, C M ,'{ denote the subspace of holomorphic forms and Sy C M the
subspace of cusp forms.

In this paper d is always an integer with d =0, 1 (mod 4), and D is always a
fundamental discriminant (possibly 1). Suppose dD < 0 and F is a ['-invariant
function on H. Define the twisted trace

Tra,p(F) =2, w5 1(Q)F(zo),

where the sum is over a complete set of I'-inequivalent positive definite integral
quadratic forms Q(x, y) = ax?+bxy +cy? with discriminant d D = b*> — 4ac, and

rQ=_b+— VdDEH (1)
2a

is the associated CM point. Here wy is equal to 1 unless Q ~ a(x? + y?) or
Q ~ a(x?+ xy + y?), in which case wg is equal to 2 or 3, respectively. Also

xp(r) if(a,b,c, D)=1and
x(Q)=x(a,b,c)= Q represents r, where (r, D) =1; (2)
0 if (a, b, c, D) > 1,

where yp is the Kronecker symbol. It is known that y is well defined on classes,
that y restricts to a real character (a genus character) on the group of primitive
classes, and that all such characters arise this way.

For the usual j-function j = Ei /A € M(!) with Fourier expansion

j (1) =g~ +744 +196884q +21493760g° + - - -,

it is classical that the value j(z¢) is an algebraic integer in an abelian extension
of Q(+v/dD). Let j; = j — 744. Zagier [2002] showed that for a fundamental
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discriminant D # 1 we have

g P+ a2 Ty p(ing' e My, i D <0,

d>0
g P =DV Try p(j1)g" € M3, if D >0,
d<0
and that both forms have integral Fourier coefficients. For instance, when D = —3

and D =5 we have the two weakly holomorphic forms

— 2484 +26752¢* — 85995¢° +--- € M, and
g~ +85995¢° — 565760q" + 52756480 + - - € M3,

and Trs _3(j;) =Tr_ 35(]1)_J(1+F) J(Hﬁ) —85995/5.

In this paper we will give such a result when j is replaced by a function f of
negative weight. To state it, first define the Maass raising operator d in 1 = x +iy:

_p__k _ L d__ d
o =D dry’ whereD—zde—qdq. 3)

Now 0, (f 1;7)= (0, f);,,y forany y € PSL(2, R). Thus, if f € MLZS forseZt,
the function 8°~! f is I'-invariant, where

= (=1)"10200_40- 084250 2. 4)

After Maass we know that *~! f is an eigenfunction of the Laplacian

82
A==+ 50)
v 8x2+6y

with eigenvalue s(1 — s), so 8*~! f is a weak Maass form (see for example [Bru-
inier et al. 2008, page 162] for a precise definition). Using a method that readily
generalizes, Zagier [2002] showed in special cases that 3°~! f is a rational function
of jand h = E5E4Eq/ A, where

3

Ej(r)=1 —24ZJ(n)q” iy

n>1

is the nonholomorphic weight 2 Eisenstein series and o (n) = >, jnm. For a CM
point like 7o given in (1), it was shown by Ramanujan [1914, Equation (23), page
33] that h(zp) is algebraic. More precisely, (7o) € Q(j(zp)); see [Masser 1975,
Theorem Al, page 114]. Using this, we can deduce the remarkable fact that for
any f € Méfzs with s > 1 and with rational Fourier coefficients, the “singular”
value of the weak Maass form 6°~! f (t@) is algebraic. We are thus motivated to
study Try p(8°~" f) for such f.
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For D a fundamental discriminant, let § = s if (—1)*D > 0and § =1 —
otherwise. It is also convenient to set

Tej p(f) = (=16 D/2a =52 DD Ty 0 ).

Suppose f € Méfzs for s > 2 has Fourier coefficients a(n). For D fundamental,
define the D-th Zagier lift of f to be

3pf (@)= al=mm' = 3 ypwn’ g0

m>0 nlm
+3L(1=s,xp)a©)+ D Trh (g
d:dD<0
The linear map f +— 3p(f) is a negative weight analogue of the Shintani lift on
integral weight cusp forms. This follows from our main result, whose proof will
be completed in Section 5.
Theorem 1. Suppose [ € Mé—2s for an integer s > 2. If D is a fundamental
discriminant with (—1)*D > 0, we have that 3p f € Mé/Z—s’ while if (—1)*D <0,
then3pf e M S' 12 If f has integral Fourier coefficients, then so does 3p f.
Here we will not treat the case s = 1, which requires special considerations
and which can be dealt with by the methods of [Zagier 2002]. Furthermore, when
s =2,3,4,5,7, Theorem 1 can also be deduced from results of [Zagier 2002].
The first new example occurs when s = 6 and D = 1, where we have the pair

f(0) = Eia(r)/A(r)* = g~ + 247" — 196560 — 47709536 g +--- € M" ,,
31f()=q " +5647" +390+ 15360 4> +42264 ¢* + 6152404 +--- € M_ .

Here —%g(—S) - 196560 = 390 and the first few values of Trz,l(f) are
37400 F(HY=3) = 15360, 2770% £ (i) =42264, 7730 f (L) = 615240,
Similarly, when D = —3 we have
3.5f(r)=2"¢""? =8¢ —15360q — 53319598080g" + - - - € M3 .

The main new difficulty in proving Theorem 1 comes from the existence of
cusp forms in Més. The method of Poincaré series adapts nicely to handle it. A
key dividend of the method is the last statement of Theorem 1, showing that the
integrality of coefficients is preserved under the lift.

Remarks. First, it follows from Theorem 1 that if (—1)*D > 0, then the image
Ap(f) e Mé J2—s is determined by its principal part and hence by the principal part
of f. Furthermore, a(0) is divisible by the denominator of each of the L-values
%L(l —5, xp), provided that the Fourier coefficients of f are integral. Using well-
known properties of the generalized Bernoulli numbers, one can reproduce the
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divisibility properties that follow from work of Siegel [1969, pages 254-256]. On
the other hand, if (—1)°D <0 then 3L(1 —s, yp) = 0.

Next, it can be shown that the Zagier lift is compatible with the Hecke operators.
For details, see the end of Section 5.

Finally, using a theta lift, Bruinier and Funke [2006] have generalized Zagier’s
result in various other ways, for instance to higher levels, where the existence of
cusp forms in the dual weight is also a complication; see also [Funke 2007].

As another application of these methods, we will give a simple proof of a basic
property of the Shimura lift for weakly holomorphic modular forms. For

g(0) =3, b(mqg" € M., ,

with s € Z* and D fundamental with (—1)*D > 0, define the D-th Shimura lift
of g by

9 g() = SLU =5, 10)bO©) + 3 (3 zpmn b’ DI/n))g"™.  (5)

m>0 n|m

When g is holomorphic, this is the usual definition. We will repeatedly use the
basic fact that ¥p g € My, if g € My 1,2; see [Kohnen and Zagier 1981]. Recall
that a CM point is a point in H of the form (—b + ~/b? — 4ac)/2a for integral
a, b, c. The proof of the following result will be completed in Section 6. In the
case D = 1, it is due to Borcherds [1998] and follows from a special case of
[Theorem 14.3] there; see [Example 14.4].

Theorem 2. For g € M S' 412 with s > 2 and D a fundamental discriminant with
(—=1)*D > 0, the lift ¥ p g is a meromorphic modular form of weight 2s for I whose
possible poles are of order at most s and occur at CM points.

2. Weakly holomorphic forms

In this section we will define a canonical basis for the space M, ,'( forany k=s5+1/2
with s € Z in which all basis elements have integral Fourier coefficients. Then we
will construct forms in M, ,L when s > 2 using Poincaré series.

We begin by recalling the canonical basis for Més defined in [Duke and Jenkins
2008] for any s € Z. Write 2s = 12¢ + k’ with uniquely determined ¢ € Z and
k' €{0,4,6,8,10, 14}, so that if £ > 0, then £ is the dimension of the space Sy,
of cusp forms of weight 2s. For every integer m > —¢, there exists a unique
Sas.m € M), with a g-expansion of the form Srsm(@) =q7"+ 2, ar(m, n)q",
and together they form a basis for Més. The basis element f, , can be given
explicitly in the form f, , = f5,P(j), where f, = fr, , = A'Ep and P is a
polynomial of degree m + £. As shown in [Duke and Jenkins 2008], the basis
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elements have the generating function

Z fzs’m(Z)qm = % == Z f2—2s,m(7)rm, (6)

m>—{ m>{+1

where r = e(z). It follows from this that the coefficients a,,(m, n) are integral and
satisfy the duality relation

ays(m, n) = —ay_, (n, m). @)

In order to formulate a similar result for M ,'( whenk=s+1/2 withs € Z, let {
be defined by 2s = 12¢ + k" as above. By the Shimura correspondence given in
[Kohnen 1980], one finds that the maximal order of a nonzero f € M ,'c at ioo is

Ao 20— (—1)* if £ is odd,
~|2e otherwise.

If B < A is the next admissible exponent we can construct functions in M ,'( of the
form

@) =q"+0@"™) and  fi@)=4¢"+ 0"
If we write s = 12a+b, where b € {6, 8,9, 10, 11, 12, 13, 14, 15, 16, 17, 19}, then
fi and f; can be given explicitly in the form

Ji(t) = A(4T)afb+1/2(7) and  f(v) = A(4r)“fb*+l/2(r),

where the forms f, .5, fy;1/2 € Mb+1/2 are given in the appendix and have inte-
gral Fourier coefficients. Using them, it is easy to construct a unique basis for M ,'{
consisting of functions of the form

fk,m(f)=q7’"+zn>A ax(m,n)q", (®)

where m > —A has (—1)*"'m =0, 1 (mod 4). Here f, _, = f; and f, _p = f;".
This can be done recursively: f} ,(7) is obtained by multiplying f ,,_4(z) by
Jj(47) and then subtracting a suitable linear combination of the forms f; ,,/(z) with
m’ < m. We also have the following generating function, whose proof is similar to
Zagier’s proof [2002] of the k = 1/2 case:

m_ H@Q L @)+ 5 @) fro () _ "
2 i@ = T == 2 k"

This and the fact that f; and f;* have integral Fourier coefficients gives the follow-
ing result.

Proposition 1. The Fourier coefficients ay(m, n) defined in (8) are integral and
satisfy the duality relation

ay(m,n) =—a,_,(n,m) forallm,neZ. )
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Another way to construct weakly holomorphic forms is by Poincaré series. Here
we will only need them for k = s+ 1/2, where s > 2. Set j(y,7) =60(y7)/0(7)
for y € T'g(4). For m € Z, define the Poincaré series

Pn(@)= D elmyn)jy, ),

7 €loo\I0(4)

where I', is the subgroup of translations in I'g(4). For k > 5/2, this series is
absolutely convergent and represents a weakly holomorphic form of weight k for
I'o(4), but it is not in M ,'( since its Fourier coefficients are not supported on n with
(=1)’n=0,1 (mod 4). When m = 0, the Poincaré series is an Eisenstein series
that Cohen [1975] projected to a form in M} and whose Fourier coefficients are
expressed in terms of the values of Dirichlet L-functions at 1 —s. When m > 0,
Kohnen [1985] showed how to obtain in this way cusp forms in S;. Bruinier et al.
[2006] observed that a similar procedure works for m < 0. Petersson [1950] had
explicitly computed the Fourier expansions of P, ,, in terms of Bessel functions and
Kloosterman sums, and the projections g; ,, of P ,, to M, | have Fourier expansions
that are simple modifications of these. To give them, for m,n € Z and ¢ € Z* with
¢ =0 (mod 4), let

Ki(m,n;c) = Z (g)eﬁke(@) (10)
a(modc)

be the Kloosterman sum, where (g) is the extended Legendre symbol and
1 ifa=1 (mod4),
E, =
“7 i ifa=3 (mod 4).

Also, let dpqq(n) = 1 if n is odd and dygq(n) = O otherwise.

Proposition 2. Suppose k =s+1/2, where s > 2. Then, for any nonzero integer m
with (—1)’m =0, 1 (mod 4), there exists a form g, ,, € M,!c with Fourier expansion

Sem(®)=q" + > by(m, n)q"
>1
(=1)°n Eno,l (mod 4)
where for (—1)* =0, 1 (mod 4) the coefficient b, (m, n) is given explicitly by the
absolutely convergent sum

k—1/2
b =2 '—k‘ﬂ)
(m,n) =2mi p

> (I+3wale/H)e™ Kilm, s ¢)

c>0 .
CEO(>m0d4) 8 <Ik_1(47r«/|mn|/c) ifm <0,
Ji—1(@n /Imn|/c) ifm > 0.
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When m = 0, a similar formula holds, and it can be further evaluated to give
Cohen’s formulas. A modified version holds when s = 1; see [Bruinier et al.
2006].

Of course, g; _,, can be expressed in terms of the basis elements f; ,,. If there
are no nonzero cusp forms in My, then g _,, = f; ,, for all m. In general, however,

8k,—m — fk,m € Sk (11)

is a nonzero cusp form. It seems likely that the Fourier coefficients b, (m, n) of
8y are irrational, even transcendental, in general.

3. Weak Maass forms

Next we will show that for f € Méfzs with s € Z*, the function &*~! f is a weak
Maass form, and we will compute its Fourier expansion. Recall that 8*~! was
defined in (4). Then we express 0°~! Ja—2s.m 10 terms of certain Poincaré series.
We need the following result which, in essence, is due to Maass; see also [Lewis
and Zagier 2001, page 250].

Proposition 3. Suppose f(z) = >, a(n)q" € Mé—Zs for integral s > 1. Then
=1 f is a weak Maass form for T with eigenvalue s(1 — s). Explicitly, we have

* 1 f(r) =2my!/? Zn>0 a(—n)nsfl/zls_1/2(27my)e(—nx)
+ (=1 (72T 6 - 1/2)y' ()
+2y' 2 a@inl K p@rinly)e(n)).
where I and K are the usual Bessel functions.

Proof. By induction it is readily shown that for n > 0

s—1
o' le(=nt) =n*"! go m(!s(s__l—ii%(—47rny)me(—nr).

Standard formulas for Bessel functions with half-integral parameter [Gradshteyn
and Ryzhik 1994] yield

o e(—nt) =202y 2 (2 Iy pQany) + (—1) T K1 o2 ny))e(nx),
o' le(nt) =2(=1)""" 0" 12y 2K 1 p(2mny)e(nx),
as—l(l) — (_l)s—ln_l/z—sl—*(s _ 1/2)yl_S.

These formulas easily give the stated formula, thus finishing the proof. (]
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We next express the weak Maass form 05! Ja—2s.m associated to the basis ele-
ment f, , , in terms of certain Poincaré series, when s > 2 and 25 = 12¢ + k' as
before. For m € Z with m # 0, consider the Poincaré series (see [Niebur 1973])

F(t,s) =2z |m|*~'/? Z e(mReyr)(Imyr)l/zls_1/2(2n|m|Imyr), (12)
7 €lo\T

which converges absolutely for Res > 1. Here I' is the subgroup of translations
in . Clearly F,,(yt,s) = F,,(z,s) fory eI and AF,,(z,s) =s(1 —s)F,(z, s).

Proposition 4. For integral s > 2, we have form > € + 1
O ooy =Fon(m )+ D ay(m,—n)F,(z,5).  (13)
O<n<{+1

Proof. We need the Fourier expansion of F,,. This can be found, for instance, in
[Fay 1977]. Let &(s) = = —*/2T'(s/2)¢ (s). Then we have

477:0'2s—1 (|m|) 1—s
2s—1)E@2s)”

+ax|m 2D c(m, n; $)y' P K10 Qrinly)e(nx),  (14)

Fu(t,s) =2x |m* 29121y hQrim]y)e(mx) +

n#0
where
Ls_1(dn/fmn]c™") if 0,
c(m,n;s)=Zc_1K0(m,n;c)- 25147 |mn|c_1) 1 =
= Jos_1@x/Imn|c™) ifmn>0
and

Ko(m,n; c) = Z e(ma;l-na)
a (mod c)*

is the usual Kloosterman sum, the * restricting the sum to (a, ¢) = 1. Consider the
Maass form

(@)= o p (@) = (Fo(z,5) + Z ay_p (m, —n)F_,(z,5)).
O<n<{+1

By Proposition 3 and (14), we have

$(1) =cO)y' ™ + 3,40 c(n)y' 2K 12Qr |n|y)e(nx),

where each c(n) can be computed explicitly in terms of the c¢s(m, n) and the
ay_,,(m,n). Since ¢ € L?(I'\'H) with eigenvalue s(1 —s), it must be equal to 0. [J

In the case s = 1, the Poincaré series F,,(z, 1) is defined through analytic con-
tinuation (see for example [Niebur 1973]), and Proposition 4 continues to hold in
the modified form

fon (@) = jm(t) = F_p(z, 1) =240 (m) form > 1.
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4. Preliminary formulas for the trace

For the proof of Theorem 1, we will need to compute the trace of 8~ f,_, , in
terms of the coefficients of the basis elements fs11/2,,,. In view of Proposition 4,
we are reduced to computing Try p(F, (-, s)), where F,(z,s) is the Poincaré
series defined in (12). When D = s = 1, it was shown in [Duke 2006] that this
trace may be expressed in a simple way in terms of a certain exponential sum. In
general we need the exponential sum introduced in [Kohnen 1985]:

Sn(d, D;c)= Z X(i, b, bz_CDd)e(ZI?b),

b (mod ¢)
b*=Dd (mod c)

where y is defined in (2) and c=0 (mod 4). Clearly S_,,(d, D; ¢)=S,,(d, D; ¢)=
Sn(d, D; c). We have the following identity.

Proposition 5. Let s > 2 and m # 0. Suppose D is fundamental and that dD < 0.
Then

Tra.p(Fu(-,s)) = 2x|[m"2|d|V/* D|"/*

X Z C_l/zsm(d,D;C)IS_1/2<MZ|CZD|).

C
¢=0 (mod 4)

Proof. We have the absolutely convergent expression that

Trg,p(Fu(-5)) = 2 |m|*~ WZ“Q) Y. e(mReyzo)(imyro)"”?
7 €L\l X I_ 1/2(27r|m|ImyrQ)

= 2z |m| =3 |d| V4 DA ial/zls_m(n@)
a=l1
[Z LD S o Reye0)) |
y

where the sum over y is over all y € I'xo\I" with Imyzg = /[Dd[/(2a). Con-
sider the sum in brackets in the expression above. For fixed a > 0, the values of
2a Re(ytp) run over the (mod 2a)-incongruent solutions to the quadratic congru-
ence b>=dD (mod 4a) with multiplicity wg as y and Q run over their respective
representatives. Thus the term in brackets is equal to 2S (d, D; 4a). Replacing
4a with c finishes the proof. U

We need to express the traces in terms of the Fourier coefficients of modular
forms. This is done by applying an identity, originally due to Sali¢ in a special
case, to transform the sum of exponential sums in Proposition 5 into a sum of
Kloosterman sums. This sum may then be interpreted in terms of the Fourier
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coefficients of half-integral weight Poincaré series. This technique goes back to
Zagier [1975], who applied it in the context of base-change. Kohnen [1985] applied
it to the Shimura lift of cusp forms. More recently, this method has proved to
be fruitful in the context of weakly holomorphic forms. Duke [2006] applied it
to give a new proof of Zagier’s original identity for traces of singular moduli.
The technique has since been extended in various ways in [Jenkins 2006] and
[Bringmann and Ono 2007]; in particular, the latter gave the following formula for
the trace of F, (7, s) in terms of the coefficients b, (m, n) of half-integral weight
Poincaré series when m = —1 and (—1)*D < 0.

Proposition 6. Suppose m #0, s >2 and dD < 0 with D fundamental. Then
m IDI)

Tra,p(Fu(-,5)) = €|d|5/2|D|(1_S/Z)ZXD(”)”S_1bs+1/2(
i if (=1)°D > 0;
(=52 1y 18/2 o (25— 1 —m |D|
Tra,p(Fu(-, 5)) = eld| DI m =1 ypmn by (=5 Id),
i zf(—l)SD <0.
Here the sums n|m are over the positive divisors of m, ¢ = (—1)L6+tD/21 gnd
by, was defined in Proposition 2.

Proof. Recall the Kloosterman sum associated to modular forms of half-integral
weight defined in (10). It is clear that replacing k£ with k£ 4+ 2 does not change this
sum; each K 1,5(m,n,c) is equal to Ky,2(m, n; c) or K3,2(m, n; c), depending
on whether s is even or odd, respectively. In fact, we have the relations

Kipp(m,n;c) =i-Kzp(—m, —n;c) =Ky, m;c). (15)

We have the following identity for the Kloosterman sums, which can be proved by
a slight modification of the proof of Kohnen [1985, Proposition 5, page 258]; see
also [Duke 2006; Jenkins 2006; To6th 2005].

Lemma 1. For integers m # 0 and ¢ > 0 with 4|c, an integer d with d = 0, 1
(mod 4) and D a fundamental discriminant, we have the identity

Su(d, D; c)=(1-1) Z (1+5odd(c/(4”)))){D(n)\/7Kl/Z(d m*D/n*; c/n).

n|(m,c/4)
By Proposition 5 and Lemma 1, we quickly derive that

Try,p(Fu(-,8)) =2 (1=)|m"""21d|"*|DI"* >~ ypmyn~'?

nlm

x> U Gaale/ K mP D% )l o (A w2 Dal ).

¢=0 (mod 4)
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Comparison with Proposition 2 and the use of (15) finishes the proof. U

5. The Zagier lift

In this section we give the proof of Theorem 1. The following proposition gives an
explicit formula for the Zagier lift of f € Mé_zs when (—1)*D > 0. In its proof we
make repeated use of the classical Shimura lift, integral and half-integral weight
duality from (7) and (9), and the fact that the constant term of a form in Mé must
vanish. Write 2s = 12¢€ + k' with k¥’ € {0, 4, 6, 8, 10, 14} as above.

Proposition 7. Suppose s > 2 is an integer and f(r) = >, a(n)q" € Mé_zx.

Suppose D is a fundamental discriminant with (—1)* D > 0. Then the D-th Zagier
lift of f is given by

3pf =2 al=m) > o i iy (16)

m>0 nlm

Proof. Recall that when (—1)° D > 0, the Zagier lift was defined by
-3Df(r) = Z Cl(—m) ZXD(n)n‘Y_lq_mlel/nz

m>0 nlm

+3L(L=s, xp)a©)+ D Trj p()g'",

d:dD <0
where

Try p(f) = (=D d| =2 DI =D 2 Ty p (67 ).

We prove Proposition 7 by comparing the Fourier coefficients of 3p f with those
of the function on the right side of (16), which we will denote simply by F. We
do this separately for the positive coefficients, the principal parts, and the constant
terms.

Consider first the positive coefficients. By Propositions 4 and 6, we have for
m > ¢ that

—Trg p(fr—25m) = Z xp)n* by o (=1dl; m?| DI /n?)

nlm
4
+> ay 5 (m, =) D xp(M T by, o (=Idl; jIDI/R).  (17)
j=1 hlj

From (11), we have the cusp form

C(t) = gst1/2.-1a1(T) — fop1/20a1 (1) = D c(m)g".

n>1

Thus

by p(—ldl, j2IDI/R?) = ag p(d], j*|DI/R%) +c (i DI/R?).
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However, ¥p C, the D-th Shimura lift of C, is a cusp form of weight 2s with j-th
coefficient Zhlj xp(W)h*~Lc(j?|D|/h?*). The contribution to — Try p(fo—os.m) in
(17) from coefficients of C, which is

> xp@n’~em?|D|/n >+Za2 2 (m, =) D xpWh* ' e(j2|DI/h?),

nlm hlj

can be interpreted as the constant term of (¥p C) f, 5, ,, € My}, which must be
zero. Thus we have

=T} p(foaem) = D xpmn*ag,, ,(id], m*|D|/n?)

nlm

l
+ > ay 5 m, =)D xpWh a5 (d), 2IDI/R). (18)

j=1 h|j

By duality, Tr}; ;,(f5_5,,,) is the coefficient of ¢'“! in the Fourier expansion of

ZXD(”)”S 1f3/2 s,m2| D /n? Z“%( J’m)ZXD(”)hS 1f3/2 s, j21DI/h2"

nlm hlj

For an arbitrary form f =Y a(m)q™ € M) , ,wehave f=>" _, a(=m) fr_s5 m»
and so

TI'Z’D(f) = Z a(_m) TrZ,D(fZ—ZY,m)

m>{

is the coefficient of ¢!¢! in

> a(—m) (Z X0 30 2 iy

m>{ nlm

—Zazx Jom) D xR Fyns pipiie)-

hlj

For 1 < j <¢ we have, once again using that the constant of a form in Mé vanishes,
that a(—j) =—>_,,.,a(—m)a,,(—j, m). Thus the form in the previous equation
simplifies to F.

Next consider the principal parts. The properties of the basis elements given in
Section 2 show that f3/5_; 2| p|/n2 = 0 if m?|D|/n* < C for some C that depends
only on the weight 3/2 — 5. We use this and the Fourier expansion

2 2
Fipmsmpyn(@) =g PV 4> a3 (m?| D) /n?, h)g"
h
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to write the negative powers of ¢ appearing in the Fourier expansion of F as

>a(=m)>" gpyns=tg P

m>0 nlm
~Sat=m) > yplynTgTrIPI
m>0 nlm
m?|D|/n%*<C
+ Za(—m) Z)(D(n)ns_la3/2_s(m2|D|/n2, —h)g™".
m,h>0 nlm

The first sum is the principal part of 3p f, so we must prove that the remaining
part, call it S, vanishes. By duality,

m>0 nlm
m?|D|/n?*<C

+ DD pmn a5 (=h, m2|D|/n2)q‘h).
h>0n|m
Now for any & > 0, the coefficient of ¢ in the Shimura lift ¥p fs41/2,—5 of the
cusp form fiy1/2, —p is given by

[1 if m?|D|/n? :h,)

0 otherwise.

Z:)(D(n)ns_1 . (asH/z(—h, m?|D|/n%) +

nlm

(The last term here arises from the initial ¢” in the Fourier expansion of fsi1/2 —p,

since d, . ,(—h, h) is zero by definition.) From this, it is clear that the coef-

ficient of g™ in S for each & > 0 can be interpreted as the constant term of

(D fos1/2,-n) f € M5, 50 S =0,
Finally we evaluate the constant term of F, again using duality, as

D a(=m) D" xpmn*ay,_(m*|D|/n?,0)
m>0 nlm
=—> a(=m) > xpmn*'a ., ,0,m*|D|/n?).

m>0 nlm

Since s > 2, we have by [Kohnen and Zagier 1981]

Ip firi/20(2) = 5L(1 =, xp) + Z(Z xp @k ag, (0, n2|D|/h2))qm,
m>0 n|m
and the constant term of (¥p fs11,2,0) f € Mé is

SL(1 =5, 2p)a@) + D" al=m) (D" xpn " agy, o0, m?|DI/n?)) =0. O

m>0 nlm
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We also need the corresponding statement if (—1)*D < 0.

Proposition 8. Suppose s > 2 is an integer and f € Mé—Zs has Fourier coefficients
a(n). Suppose D is a fundamental discriminant with (—1)°D < 0. Then the D-th
Zagier lift of f is given by

3pf =D al=mm™ " D" ypMn frii mripym + & (19)
m>0 nlm

where g € Ss11/2 is the unique cusp form whose Fourier coefficients b(n) match
those of 3p f for the first € positive values of n with (—1)°n =0, 1 (mod 4).

Proof. Using Propositions 4 and 6 as before, we find that

4
Teh 5 (Fragm) = Dy 2y (m, =) j> " D xp (Wb, n(—j*IDI/R%; |d))
j=1 hlj

+m> ' ypn by o (—m*|Dl/n’: |d)).

nlm

Thus an arbitrary form f = a(m)q™ =3, . a(—=m) f_y , has trace Tr}; ;,(f)
given by

> al=m)(m> =" 3" xp b,y o (~m?|DI/n: Id])

m>{ nlm
t
+ D ay 5 m =)D g by o (= DI/ |d|>)
j=1 hlj
= > a(=mym® ' > yp(mn" by, 5 (—m*|DI/n’; |d]), (20)
m>0 nlm

where we have simplified as before. This is just the coefficient of ¢!?! in the mod-
ular form F € M; 412 given by

F=2> a(=mm™ "> ypMn~ g 12, —mipi/n2-
m>0 nlm
Now since g, 1,2 —m?|p|/n> — fs+1/2, m2|D|/n? € Ss+1/2 from (11), we find that
F= Z a(—=mym*~! ZXD(”)n_stH/z, m?|D|/n? T 8
m>0 nlm

for a certain cusp form g, and, arguing as in Proposition 7, the principal part of F
matches the principal part of 3p f. Since the constant term and positive coefficients
of F match those of 3p f, Proposition 8 now follows. O
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The first statement of Theorem 1 follows from Propositions 7 and 8. The state-
ment on integrality follows from Proposition 1 in the case (—1)*D > 0. Otherwise
we can reduce to this case using the following identity, which holds if (—1)*D <0
and D’ is fundamental with (—1)*D’ > 0:

Trop p(f) =—m> "' D p@xp@) D xp®)ab) " Tre, o 1 ().

alm blma~!
This identity is a consequence of the following lemma.

Lemma 2. For D and D’ fundamental discriminants with DD’ <0 andm € 7™,

Try2p p = Z w(a) o (a) Z X0 O) Tt 4 japy2p, D -

alm b|lma=!

Lemma 2 is obtained by writing the trace as a sum of sums over primitive qua-
dratic forms, noting that yp = yp for such primitive forms, and applying Mobius
inversion.

We now briefly indicate how one shows that the Zagier lift is compatible with
the Hecke operators. If k € 27 > 0 and p is a prime, the weight k£ Hecke operator
|, T (p) acts on a modular form f () =>", a(n)q" € M,!c by

FIT(p) =" (a(pn)+ p*'a(n/p))g".

If k € 27 < 0, we multiply this by p!'=* so that | « T (p) preserves the integrality of
Fourier coefficients.
When 0 < s € Z, the half-integral weight Hecke operator |, /2T( p?) acts on a

form g(z) =D, b(n)q" € Ms!+1/2 by

glor12T(PY) =D (b(p*n) + (=1)'n/p)p*~'b(n) + p*~'b(n/p*)q".

n

Again, for s < 0, we normalize this by multiplying by p'=2".

It is straightforward to see that (3p f)|3/2_§T(p2) = 3p(fl,_,,T(p)) for any
prime p. In the case that (—1)*D > 0, we need only use the explicit Fourier
expansion of the Zagier lift to compare principal parts. If (—1)* D < 0, though, we
must also show that

Tr i1y, (Flaoas TN =Tr 0 p (D F(=1°n/p)p* ™ Ty, p (f)
+ P T p () 2D

for the first € positive values of n with (—1)°n = 0,1 (mod 4). To see that this
holds, we argue as in the proof of [Zagier 2002, Theorem 5(ii)] to show that
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Tr(—1yn,0 (@1 )T (p)) equals
Tr (12 0@ )+ (=1°n/ ) TeCiyn, 0@ )+ P T im0 @ 1),
and we use the fact that if k < 0, then 6k(f|kT(p)) =p- (akf)|k+2T(p) to obtain

Equation (21).

6. The Shimura lift

In this final section we prove Theorem 2. For this we need two propositions:
Proposition 9. Suppose s € 7+ and © € H. As a function of 7 € H,

s—1 fZS(Z)fZ—Zs(T)
(o5 )

is a meromorphic modular form of weight 2s with poles of order at most s that only
occur at points equivalent to T under T.

Proof. Observe first that if f has weight £ and g has weight 0 then Equation (3)

gives o (fg) = gok(f) + fD(g). Apply this repeatedly with g(z) = (j(z) —
j(z))™" for 1 <n <s. We derive that

-1 M gn(‘[) |
(.](T)_,](Z)) Z (J (Z) .] (T))n for &n € MQ,

from which the result follows easily. (I

Theorem 2 is a consequence of Proposition 9 together with the following explicit
formula for the D-th Shimura lift of fi;/2,4. Write 25 = 12¢ + k' as above.

Proposition 10. Suppose s > 2, (—=1)°D > 0and dD < 0. Then

f2s (Z)fZ—Zs(T)
J(@)—j@)

where [ € My is the unique holomorphic form whose Fourier coefficients a(n)
match those of ¥p fs11/2,1a) forn =0, ..., L.

o foet/2ia1@) =Trh o )+ @,

Proof. By (5) we have, writing r = e(z),
b fos1/2,0a(2) = L(1 —s, xp)agqp(ldl, 0)

+ 2 (X an e agyp(dl,m? Dl ) )

m>0 n|m
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By this and (18) we have

- Z Te) p(faasm)™ =9 foyr21a/@) — 5L =5, xp)ag,, »(Id],0)

m>{
= > (X annag, p0dl, w2 DI )
O<m=<{ n|m
A

DIPTSR I

j=lm>¢ hlj

Using integral weight duality (7), the bracketed term equals

4
= (oo ;@ =D D g agy, (1d), j7|DI/R),

j=1 h|j

so the previous equation, after some cancellation, becomes

- Z Tty p(fras.m)’™ =FD fsr1/2,1a)(2) — f(2).

m>{

Then this and (6) imply the claimed identity, at least when Imz > maxg Im7y.
The full result now follows by analytic continuation. ([
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Appendix

The table below gives explicit formulas for the first two basis elements f, P
and fy | P of weight lz+ 1/2 for various b as polynomials in the weight 1/2 theta
functionf =, _, ¢" and the weight 2 Eisenstein series on I'(4) given by F (z) =
>oioo(n+ 1)g?"*!. Both @ and F have integral Fourier coefficients.

The space of holomorphic modular forms on I'y(4) of weight s+1/2 is generated
by the forms F"9*T1=4" where 0 <n < | (25 + 1/4)]; see [Cohen 1975]. Thus,
in order to construct these basis elements we examine the Fourier expansion of the
form f = Zk(:zgﬂ)/ 4 A(n)F"9>+1=4 and choose the coefficients A(n) so that
f is in the plus space M; 412 and has the appropriate leading terms in its Fourier
expansion. The table shows that all of the A(n) are integral for the first two basis
elements of each half-integral weight, so it follows that all of the f},/, and f;’

have integral Fourier coefficients.
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b forip
Tot1y2
6 FO°—18F%0°+32F% =g+ 0(q%
013 —26F0° + 156 F%6° =14+0(g¢"
8 FOB —26F%0° +152F30° 4+ 128F*0 =g+ 0(q%
0'7 —34F013 +340F%0° — 816 F30° =14+0(g¢"
9  F307 —16F*6? =q¢>+ 0(q¢*)
0'° —38F0'5 4456 F*0'" —1672F307 =1+ 0(q%
10 FOY —34F%0"3 +336F30° —800F*0° +512F°0 =g+ 0(g"
0?' —42F0"7 + 588 F20'3 —2912F30° 4 2496 F*0> =14+0(g¢"
11 F30" —12F*)7 — 64F>03 =q>+ 0(q"
0% —46F0"° + 736 F20'> — 4600F30'! 48096 F*67 =1+0(@qY
12 F*0° —16F30° =qg*+ 0(¢g)

FO* —42F%0"7 584 F30'3 — 2808 F*9°
+1792F%0° +2048F% =g+ 0(q°)
13 F30'5 —32F*0'" +272F%07 — 256 F°03 =q*>+0(q%
0% —54F6% 4+ 1080F20'° — 9576 F3013
+ 34048 F40'1 —26752F%07 =14 0(¢")
14 F*9'3 —36F>0° +320F%)° =q*+ 0(q°)
FO% —50F20%! +896F30'7 — 6664 F40'3
+16672F%0° —3072F%0° +8192F70 =g+ 0(g°)

15 F*OY5 —30F30" 4224 F%¢7 =q*+0(q")
F30"° —38F4015 +444F>0" — 1408F%07 — 1024F70°> =4+ 0(q")
16 F*0'7 —32F35913 +272F%9° —256F 763 =q¢*+0(q%)

FO% —58F2%0% 4+ 1272F36%' — 12824 F49"7
+ 56064 F3013 —71552F%0° — 4096 F70° 432768 F%0 =g + 0(q°)
17 F*9" —38F>0" +440F%9'! — 1408 F7¢7 =q*+0(q")
F30% —46F401° 4724 F3015 — 4240 F%9"!

+5632F707 — 4096 F30° =¢°+ 0(q")

19 F*? —46F30"° +720F%015 —4064F76'! +3584F8%)7 =4*+ 0(q")
F30%7 —54F40% + 1068 F°6'° —9120F%91>

+ 28608 F70'1 —6144F807 — 16384F°0° =4+ 0(q")
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