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The moduli space of curves is rigid

Paul Hacking

We prove that the moduli stack ﬂg,n of stable curves of genus g with n marked
points is rigid, that is, has no infinitesimal deformations. This confirms the first
case of a principle proposed by Kapranov. It can also be viewed as a version of
Mostow rigidity for the mapping class group.

1. Introduction

Kapranov [1997] has proposed the following informal statement: Given a smooth
variety X = X (0), consider the moduli space X (1) of varieties obtained as de-
formations of X (0), the moduli space X (2) of deformations of X (1), and so on.
Then this process should stop after n = dim X steps, that is, X (n) should be rigid
(no infinitesimal deformations). Roughly speaking, one thinks of X (1) as H' of a
sheaf of nonabelian groups on X (0). Indeed, at least the tangent space to X (1) at
[X]is identified with H!(Tx), where Ty is the tangent sheaf, the sheaf of first order
infinitesimal automorphisms of X. Then one regards X (m) as a kind of nonabelian
H™, and the analogy with the usual definition of abelian H” suggests the statement
above.

In particular, the moduli space of curves should be rigid. In this paper, we verify
this in the following precise form: the moduli stack of stable curves of genus g
with n marked points is rigid for each g and n.

On the other hand, moduli spaces of surfaces should have nontrivial defor-
mations in general. A simple example (for surfaces with boundary) is given in
Section 6. It seems plausible that there should be a nontrivial deformation of a
moduli space of surfaces whose fibres parametrise “generalised surfaces” in some
sense, for example noncommutative surfaces. From this point of view the result of
this paper says that the concept of a curve cannot be deformed.

Let us also note that our result can be thought of as a version of Mostow rigidity
for the mapping class group. Recall that the moduli space M, of smooth complex
curves of genus g is the quotient of the Teichmiiller space T, by the mapping class
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group I'y. The space T, is a bounded domain in C3¢~3, which is homeomorphic to a
ball, and I, acts discontinuously on T, with finite stabilisers. We thus obtain M, as
a complex orbifold with orbifold fundamental group I'y. The space 7, admits a nat-
ural metric, the Weil-Petersson metric, which has negative holomorphic sectional
curvatures. So, roughly speaking, M, looks like a quotient of a complex ball by a
discrete group I' of isometries, with finite volume. Mostow rigidity predicts that
such a quotient is uniquely determined by the group I" up to complex conjugation.
(This is certainly true if I" acts freely with compact quotient; see [Siu 1980].) In
particular, it should have no infinitesimal deformations. Unfortunately I do not
know a proof along these lines.

2. Statements

We work over an algebraically closed field k of characteristic zero. Let g and n be
nonnegative integers such that 2g —2+n > 0. Let Jl7tg,n denote the moduli stack of
stable curves of genus g with n marked points. The stack J(7Lgy,, is a smooth proper
Deligne-Mumford stack of dimension 3g — 3 + n.

Theorem 2.1. The stack J(7Lg,n is rigid, that is, has no infinitesimal deformations.

Let 8Jl_/Lg, n C JlTLg, » denote the boundary of the moduli stack, that is, the comple-
ment of the locus of smooth curves (with its reduced structure). The locus 9.1l ,
is a normal crossing divisor in g , .

Theorem 2.2. The pair (Jl7tg,,,, 8‘/l7tg,,,) has no locally trivial deformations.

Let M, , denote the coarse moduli space of the stack Jl, ,. The space M, , is
a projective variety with quotient singularities.

Theorem 2.3. The variety M ¢.n has no locally trivial deformations if

(g.n) #(1,2),(2,0), (2, 1), (3,0).

Remark 2.4. In the exceptional cases, the projection Jl_/Lgy,, - M ¢,n 1s ramified in
codimension one over the interior of M ¢.n» and an additional calculation is needed
to relate the deformations of the stack and the deformations of the coarse moduli
space (see Proposition 5.2). Presumably the result still holds.

3. Proof of Theorem 2.2

Write % for the boundary of A/Lg n- Let Q4 . (log B) denote the sheaf of 1-forms
on J(/Lg » with logarithmic poles along the boundary, and Tm (—log M) the dual
of Q- My (log®B). The sheaf TM (—log M) is the subsheaf of the tangent sheaf
wa c0n51st1ng of vector fields on Jl/Lg » which are tangent to the boundary. In
other words, it is the sheaf of first order infinitesimal automorphisms of the pair
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(,/I7Lg,n, 9%B). Hence the first order locally trivial deformations of the pair (Mg,n, B)
are identified with the space H'! (Tﬂg _(—1log®)). To prove Theorem 2.2, we show

H' (TMM (—log B)) = 0.

Letm : Uy, — t/l7tg’n denote the universal family over Jl7tg, n. Thatis, Ug , is the
stack of n-pointed stable curves of genus g together with an extra section (with no
smoothness condition). Let X denote the union of the » tautological sections of 7.
We define the boundary By of U, ,, as the union of 7*%R and X.

Let v: B” — B be the normalisation of the boundary & of Ji7tg,n, and N the
normal bundle of the map B" — Mg,n. Then we have an exact sequence

0— Tﬂg_,, (—log®B) — T‘MM — v N — 0.
Let w, denote the relative dualising sheaf of the morphism 7.

Lemma 3.1. There is a natural isomorphism
§: Ty, , (—logB) — R'm(@x(2)).

Proof. For a pointed stable curve (C, ¢ = x1 + - - - 4+ x,,), the space of first order
deformations is equal to Ext'(Qc(Z¢), Oc). See [Deligne and Mumford 1969,
p. 79-82]. The surjection

Ext!(Qc(8c). Oc) — HO(éxt'(Qc(Sc), 00)) = P €xt'(Qc(Zc). Oc)g
qeSing C

sends a global deformation of (C, X¢) to the induced deformations of the nodes.
Etale locally at the point [(C, X¢)] € Jl7tg,n, the boundary % is a normal crossing
divisor with components B, indexed by the nodes g of C (the divisor B, is the
locus where the node ¢ is not smoothed). The Kodaira—Spencer map identifies the
fibre of the normal bundle of B, at [(C, X¢)] with the stalk of Ext (Qe(Te), 0¢)
atgq.

We now work globally over /l7tg,n. We omit the subscripts g, n for clarity. Con-
sider the exact sequence

0— 7"Qy — QqlogX) — Q71 () = 0. (3-1)
For a sheaf & on U, let %xt; (%, -) denote the i-th right derived functor of
7Ty 0 Hom(F, -).

Applying 7, o #Hom(-, Oq) to the exact sequence (3-1), we obtain a long exact
sequence with connecting homomorphism

p: Ty — €xt ) (5 (T), On).



812 Paul Hacking

The map p is the Kodaira—Spencer map for the universal family over .l and thus is
an isomorphism. (Note that, for a point p = [(C, X¢)] € M, the base change map

Exty (Qq7(2), Oa) ® k(p) — €xt' (Rc(Ee), Oc)

is an isomorphism. Indeed, by relative duality [Kleiman 1980, Theorem 21], it suf-
fices to show that 7, (€2, /M(E) ® w;) commutes with base change. This follows
from cohomology and base change.)

Consider the exact sequences

0— T7(—logB) = Ty —> veN =0
and

0— R'7m.(Q71(2)Y) = €xt (Qqyi(2), Oar) = e €xt! (R, 1(E), Oa) — 0.

The Kodaira—Spencer map p identifies the middle terms, and induces an identifi-
cation of the right end terms determined by the deformations of the singularities
of the fibres of 7. We thus obtain a natural isomorphism & of the left end terms.
Finally, note that 24, /M(Z)v = w,(X)" because w,(X) is invertible and agrees
with €2, 5 (%) in codimension 1. This completes the proof. (]

The line bundle w, (X) is ample on fibres of 7. Hence 7, (w,(X)Y) = 0. Also
Rim (wy(2)Y)=0fori > 1 by dimensions. So
H™  (0(2)") = H (R' (w0 (2)7))
for all i by the Leray spectral sequence. Hence the isomorphism § induces an
isomorphism
H'(Tg, , (—log®)) — H'™ (0,(2)") (3-2)
for each i.
Let Uy ,, denote the coarse moduli space of the stack AU, , and p : Ug , — Uy
the projection. The line bundle w, (%) on the stack U, , defines a Q-line bundle
p2w, (X) on the coarse moduli space U ¢.n (see the Appendix). We use the follow-

ing important result, which is essentially due to Arakelov [1971, Proposition 3.2,
p. 1297]. We refer to [Keel 1999, Section 4] for the proof.

Theorem 3.2. The Q-line bundle p?wﬂ(E) is big and nef on Uy .

It follows by Kodaira vanishing (see Theorem A.1) that H (w,(X)Y) = 0 for
i <dimg ,. Combining with (3-2), we deduce

Proposition 3.3. H'(Ty  (—log®)) =0 fori < dim g

In particular,
L(p_ —
H (TMN( log 973)) =0
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if dim Mg,n > 1. The remaining cases are easy to check. This completes the proof
of Theorem 2.2.

4. Proof of Theorem 2.1

We now prove that J(_A . 1s rigid. Since J(_A . 1s a smooth Deligne—Mumford stack,
its first order infinitesimal deformations are identified with the space H'! (Tm ),
and we must show that H' (TA/L ) = 0. Consider the exact sequence

0— TMW (—logRB) — TMN - v N —>0
and the associated long exact sequence of cohomology
RN Hi(Tﬂgn(—log%)) — H"(Tﬂ“) — HWN)—---.
We prove below that H'(N) = 0 for i < dim %. Now
i(r_ (_ —
H'(Tg, , (—log®)) =0
for i < dim Mg,n by Proposition 3.3, so we deduce
Proposition 4.1. H' (T ) =0fori < dim At , — 1.

In particular, H' (TA/L ) =0 if dim Jl/Lg n > 2. In the remaining cases it is easy to
check that H'(N) = 0 SO again H! (Tﬂ )=

The irreducible components of the normahsatlon 9%B" of the boundary & of Jl/Lg n
are finite images of the following stacks [Knudsen 1983a, Definition 3.8, Corol-
lary 3.9]:

(1) Mglyglu{nﬂ} X J(_/ng,gzu{nﬂ}, where g1 + g» = g and Sy, > is a partition of
{1,...,n}, and

(2) Mg_1 2.

Here Jl;, s denotes the moduli stack of stable curves of genus 4 with marked points
labelled by a finite set S. In each case the map to %" is given by identifying the
points labelled by n+1 and n+42. The map is an isomorphism onto the component
of B except in case (1) for gy = g» and n = 0 and case (2), when it is étale of
degree 2.

For Mh,g a moduli stack of pointed stable curves as above, let 7 : Uy g — Jl_/Lh,g
denote the universal family, and x; : J(7Lh, s— Uy s fori € S, the tautological sections
of 7. Define v¥; = x/wy, the pullback of the relative dualising sheaf of 7 along
the section x;. The following result is well known; see, for example, [Harris and
Morrison 1998, Proposition 3.32].
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Lemma 4.2. The pullback of NV to Mgl’slu{n+1} X Mgz,szu{n_;,_z} is identified with
Pri Yaug1 @ pri Yuqo. Similarly, the pullback of NV to J(7Lg_1,n+2 is identified with
Vn1 @ Ynyo.

There is an isomorphism of stacks ¢ : g ,+1 — AU, , Which identifies the mor-
phism p,, 11 : JVLg,nH — Mg,n given by forgetting the last point with the projection
7 WUg , — Jag,n; see [Knudsen 1983a, Section 1-2].

Lemma 4.3 [Knudsen 1983b, Theorem 4.1(d), p. 202]. The line bundle v, on

Mg n41 is identified with the pullback of the line bundle w, (%) under the isomor-

phismc: Mg 1 — WUg p.

Corollary 4.4. The Q-line bundle on the coarse moduli space of B" defined by N
is big and nef on each component

Proof. This follows immediately from Lemmas 4.2, 4.3, and Theorem 3.2. O

We deduce that H'(N) = 0 for i < dim% by Theorem A.1. This completes the
proof of Theorem 2.1.

5. Proof of Theorem 2.3

We first prove a basic result which relates the deformations of a smooth Deligne—
Mumford stack and its coarse moduli space.

Let & be a smooth proper Deligne—Mumford stack, X the coarse moduli space
of ¥, and p : ¥ — X the projection. Let Ty denote the tangent sheaf of . Let
D C X be the union of the codimension one components of the branch locus of
p : X — X (with its reduced structure). Let Tx(—log D) denote the subsheaf of
the tangent sheaf Ty consisting of derivations which preserve the ideal sheaf of D.
It is the sheaf of first order infinitesimal automorphisms of the pair (X, D).

Lemma 5.1. p,Ty = Tx(—log D)

Proof. The sheaves p,Ty and Tx(—log D) satisfy Serre’s S, condition, and are
identified over the locus where p is étale. So it suffices to work in codimension 1.
We reduce to the case X = [A}C/ME], where (., > ¢ :x+— ¢x. Then X =A}C/ME = A;,
where y = x¢, and D = (y =0) C X. Let 7 : Al — Al/u, be the quotient map.
We compute

0 \ e 0 0
p*ng:(n*@A\l -—) — Op X = Ot - y— = Tx(— log D),
T ox Yo 0x Y 7y
as required. (]

Proposition 5.2. The first order deformations of the stack X are identified with the
first order locally trivial deformations of the pair (X, D).

Proof. By the Lemma, H!(Ty) = H' (p.Ty) = H' (Tx(—log D)). O
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We now apply this result to relate deformations of the stack Mgﬁn and its coarse
moduli space M e

A stable n-pointed curve of genus 0 has no nontrivial automorphisms. Hence
the stack .lo, is equal to its coarse moduli space M ,, and My, is rigid by
Theorem 2.1. Also, recall that M ; is isomorphic to P! and therefore rigid. So,
in the following, we assume that g # 0 and (g, n) # (1, 1).

Let% C J(_A,g,n be the component of the boundary whose general point is a curve
with two components of genus 1 and g — 1 meeting in a node, with each of the n
marked points on the component of genus g — 1. Note that each point of % has
a nontrivial automorphism given by the involution of the component of genus 1
fixing the node. Let p : A_Ag’n - M ¢.n e the projection, and D C M ¢.n the coarse
moduli space of 9.

Lemma 5.3 [Harris and Mumford 1982, § 2]. If g +n > 4 then the automorphism
group of a general point of A_/Lg,,, is trivial, and the divisor D C M ¢.n 1S the unique
codimension 1 component of the branch locus of p.

Assume g +n > 4. Let v : 9¥ — % denote the normalisation of %, so ¥V =
./I7L1’1 X JITLg,LnH‘ Let Np denote the normal bundle of the map ¥* — ./(7tg,n.

Lemma 5.4. There is an exact sequence
0— TMM (—log D) — TIVI“ — 1)*\)>,<J\f%2 — 0.

Proof. This is a straightforward calculation similar to [Harris and Mumford 1982,
Lemma, p. 52]. ]

We have
L Lo _
H'(Ty,  (—log D)) = H'(Tg, ) =0

by Proposition 5.2 and Theorem 2.1. Also H' (N %2) =0 by Theorem A.1 because
the Q-line bundle defined by N}, on the coarse moduli space of %" is big and nef
by Corollary 4.4. So H'! (TMg,n) = 0 by Lemma 5.4, that is, Mg,n has no locally
trivial deformations. This concludes the proof of Theorem 2.3.

6. Nonrigidity of moduli of surfaces

We exhibit a moduli space of surfaces with boundary that is not rigid.

Let Py, ..., P4 be 4 points in linear general position in P2. Let /; ; be the line
through P; and P;. Let [ be a line through the point Q = /1 N34 such that / does
not pass through /y3 N4 or l14 N ly3 and is not equal to /15 or /34. Let S — P2
be the blowup of the points Py, ..., P4, Q, and B the sum of the strict transforms
of / and the /;; and the exceptional curves. Then (S, B) is a smooth surface with
normal crossing boundary such that Ks 4+ B is very ample. We fix an ordering
By, ..., By of the components of B. The moduli stack J of deformations of
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(S, B) is isomorphic to P!\ {g1, ..., g4} where the g; are distinct points. Indeed,
it suffices to observe that all deformations of (S, B) are obtained by the construc-
tion above. The moduli space .l has a modular compactification (M, dM), the
Kolldr—Shepherd-Barron—Alexeev moduli stack of stable surfaces with boundary,
which is isomorphic to (P, > qi). In particular, the pair (M, M) has nontrivial
deformations.

Remark 6.1. The compact moduli space M is an instance of the compactifications
of moduli spaces of hyperplane arrangements described in [Lafforgue 2003] (see
also [Hacking et al. 2006]).

Appendix: Kodaira vanishing for stacks

Let & be a smooth proper Deligne-Mumford stack, X the coarse moduli space
of %, and p : ¥ — X the projection. Etale locally on X, p : ¥ — X is of the
form p : [U/G] — U/G, where U is a smooth affine variety and G is a finite
group acting on U [Abramovich and Vistoli 2002, Lemma 2.2.3, p. 32]. A sheaf &
on [U/G] corresponds to a G-equivariant sheaf %y on U, and p,&F = (. F)C,
where 7 : U — U/G is the quotient map.

Let & be a line bundle on &. Let n € N be sufficiently divisible so that for each
open patch [U/G] of ¥ as above and point g € U the stabilizer G, of g acts trivially
on the fibre of 58%” over g. Then the pushforward p,(¥®") is a line bundle on X.
We define préB = %p* (£®") € Pic(X) ® Q, and call pf’éE the @-line bundle on X
defined by .

Theorem A.l. Assume that the coarse moduli space X is an algebraic variety. If
the Q-line bundle p?i on X is big and nef then H' (£") =0 fori < dim%.

Remark A.2. If the coarse moduli space X is smooth then Theorem A.1 follows
from [Matsuki and Olsson 2005, Theorem 2.1].

Theorem A.1 is proved by reducing to the following generalisation of the Ko-
daira vanishing theorem.

Theorem A.3 [Kolldr and Mori 1998, Theorem 2.70, p. 73]. Let X be a proper
normal variety and A a Q-divisor on X such that the pair (X, A) is Kawamata log
terminal (kit). Let N be a Q-Cartier Weil divisor on X such that N = M+ A, where
M is a big and nef Q-Cartier Q-divisor. Then H' (X, Ox(—N)) =0 fori < dim X.

Proof of Theorem A.1. Observe first that X is a normal variety with quotient singu-
larities. Consider the sheaf p,(£") on X. If the automorphism group of a general
point of & acts nontrivially on &, then p,¥Y =0, and so H (¥V) = H (p:£") =0
for each i. Suppose now that the automorphism group of a general point acts triv-
ially on &. Then p,&£" is a rank 1 reflexive sheaf on X. Write p,£¥ = Ox(—N),
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where N is a Weil divisor on X. Let n € N be sufficiently divisible so that
1
PLE) = pu(EP")

as above. Let M be a Q-divisor corresponding to the Q-line bundle p?iB. There
is a natural map (px£Y)®" — p,(£V®"), that is, a map Ox(—nN) — Ox(—nM),
which is an isomorphism over the locus where p is étale. So N = M + A, where
A is an effective Q-divisor supported on the branch locus of p. Let Dy, ..., D,
be the codimension 1 components of the branch locus. Let e; be the ramification
index at D;, and a; the age of the line bundle £ along D;. That is, after removing
the automorphism group of a general point of &, a transverse slice of % at a general
point of D; is of the form [A;/Mei], where (e, 3¢ :x — ¢ -x, and p,, acts on the
fibre of £ by the character ¢ +— ¢ ™%, where 0 < a; < ¢; — 1. We compute that
A=) ‘;—:Di.

We claim that (X, A) is kIt. Let A’ = ef‘;l D;, then Ky = p*(Kx + A'),
and ¥ is smooth, so (X, A’) is kit by [Kollar and Mori 1998, Proposition 5.20(4),
p. 160]. Now A < A’ and X is Q-factorial, so (X, A) is also klt. We deduce that
H($Y)=H! (p,*Y)=H (0x(—N)) =0 for i <dim% by Theorem A.3. [
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