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On the additive dilogarithm

Sinan Unver

Let k be a field of characteristic zero, and let k[¢], := k[¢]/(¢""). We construct
an additive dilogarithm Liy,, : B (k[¢],) — k®@~1, where B, is the Bloch group
which is crucial in studying weight two motivic cohomology. We use this con-
struction to show that the Bloch complex of k[¢], has cohomology groups ex-
pressed in terms of the K-groups K.)(k[e],) as expected. Finally we compare
this construction to the construction of the additive dilogarithm by Bloch and
Esnault defined on the complex 7, Q(2) (k).

1. Introduction

1.1. For any scheme S one expects a category Jlg of motivic (perverse) sheaves
over S, which should be an abelian tensor category that satisfies all the formalism
of mixed sheaf theory [Beilinson 1987, 5.10]. The Tate sheaves Z y(n) should play
a special role. Namely, letting

H'(S, Zy(n)) := Exty (Z(0), Zy(n)),
the Chern character map
Kan-i(9)§ = H'(S, Qu(m)) (1.1.1)

from the n-th graded piece of Quillen’s K-theory tensored with Q, defined as the
k" -eigenspace for the k-th Adams operator (Remark 3.1.2), to motivic cohomology
of weight n should be an isomorphism when S is regular (loc. cit.). Since g is
to have realizations corresponding to various cohomology theories, the regulator
map

Ko i()§) — H'(S, Qu(m) — HI(S, Qu(n)),

where x* is the relevant realization, gives arithmetically important information.

The complexes RHom,, .(Z 4(0), Z(n)) of sheaves on the Zariski site should
have the property that H' (Sz,r, RHom,, (Z,(0), Z(n))) = H' (S, Zy(n)). Hence
the motivic cohomology of S of weight n could be computed as the hypercoho-
mology of a complex of sheaves on Sz,;.

MSC2000: 11G55.
Keywords: polylogarithms, additive polylogarithms, mixed Tate motives, Hilbert’s 3rd problem.
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2 Sinan Unver

Recently Voevodsky and others have made progress in motivic cohomology
[Mazza et al. 2006]. If S = Spec(k), where k is a field of characteristic zero,
Voevodsky constructs a triangulated category DMeNfif;_(k) [loc. cit., Chapter 14]
and a complex of sheaves Z(n) on the big Zariski site over k, which should be
isomorphic to the hypothetical RHom,,, .(Z(0), Z(n)) above, such that for any

smooth scheme X over k,
H'(Xzar, Z(n)) = Ext, o (M (X), Z(n))
Nis

(see [loc. cit., 14.16]), where M (X) is the motive of X [loc. cit., Definition 14.1].
Since Z(n) and Bloch’s complex of algebraic cycles of codimension n are iso-
morphic [loc. cit., Chapter 19], the Bloch—Grothendieck—Riemann—Roch theorem
[Bloch 1986] implies that the hypercohomology of Q(n) on Xz, is expressed in
terms of the K-groups of X as above:

K2 (X)®) =~ H' (X740, Q(n)). (1.1.2)

In order to study the motivic cohomology of S, it would be sufficient to restrict
to a subcategory of Jlg. Let MT A g denote the smallest full subcategory of Jlg that
contains the Tate motives and is closed under extensions. Then H'(S, Q(n)) ~
EXtiM,S (Qu(0), Qu(n)) = EXtitwms((@M(O)’ Qu(n)). The category MTMs would
be simpler than Jlg. In fact for S = Spec(k), where k is a number field, Deligne and
Goncharov [2005] have constructed a candidate for 0T Mg as a tannakian category,
using DMCNT;_.

It is natural to expect that LT s can be constructed by using only the relative
cohomologies of hyperplane arrangements and in turn that motivic cohomology can
be computed using complexes of linear algebraic objects [Beilinson et al. 1990],
rather than all algebraic cycles. Special degenerate configurations of hyperplanes,
called the polylogarithmic configurations [Beilinson et al. 1990; Goncharov 1995],
act as building blocks for all configurations and thus play a special role in describ-
ing motivic cohomology.

Using the relations satisfied by the polylogarithmic configurations, Goncharov
defines a complex I';(n)g by

%ﬂ(k) - 9Bn—l(k) ®ka — %n_z(k)® /\zka — e %Z(k)® /\”—ZkED — /\nkx,

which he conjectures can be used to compute the motivic cohomology of weight
n [Goncharov 1995, Conjectures A and 1.17].

If £ = C, integration over the polylogarithmic configurations can be used to
define a map Q[P!(C)] — R, the single-valued real analytic version of the n-th
polylogarithmic function [Goncharov 1995, 1.0], which factors through the projec-
tion Q[P'(C)] — B, (C) (loc. cit.) to give £, : B, (C) — R, the n-th polylogarithm
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that is expected to induce the regulator K, I(C)g) ~ H'(Spec(C), Qqu(n)) —
B, (C) — R [Goncharov 1995, page 224].

For a general field k, one cannot expect a polylogarithm on %, (k). However,
through his interpretation of hyperbolic scissor congruence groups in terms of
mixed Tate motives, Goncharov expected that there should be an infinitesimal
polylogarithmic function that acts like a regulator map on Kj,_;(k[e],, (8))("),
for any field k of characteristic 0 [Goncharov 1999, pages 616-617; 2004], where
klelm :=k[e]/(e™). In our notation, assuming the existence of mixed Tate motives
and the complex I';, over the dual numbers, this translates to the existence of a map

B (klel2) /B, (k) — k (1.1.3)

that, when composed with K»,_1(k[e]2, (€)™ — B, (k[e]2)/B, (k), gives an iso-
morphism. The map (1.1.3) is to be an analogue of both the volume map for
euclidean scissor congruence groups and of polylogarithms.

In this paper we are interested in this question for weight two. Next we give
details about this case.

1.2. Let A be an artinian local ring and [ an ideal of A. In the rest of the paper,
when we refer to weight two (rational) motivic cohomology of A relative to I, what
we mean are the groups K3(A, [ )S) and K>(A, I )S) and not to the Voevodsky
motivic cohomology groups in Section 1.1, which were there only to motivate the
main results of this paper. This common abuse of notions is partly justified by the
expected Chern character isomorphism (1.1.1), which is known to be true when A
is a field (1.1.2).

Let k be an algebraically closed field of characteristic 0, let S the semilocal ring
of rational functions on A,i that are regular on {0, 1}, and let J the Jacobson radical
of S.

The first complex computing the weight two motivic cohomology is constructed
by Bloch as follows. Localizing A,i away from 0 and 1 gives an exact sequence

0— K3(k)(2) — KQ(S, J) L @xekx\{l} k> — KQ(k) — 0

(see [Lichtenbaum 1987, proof of 7.1; Bloch 1977]), where ¢ is the tame symbol
map. Let

B(k) := K»(S, J)/im((1 + J) ® k™),

the part of K;(S, J) that does not come from the products of weight 1 terms. Then
(@xekX\{l} Y/ o((14+ ) ®k*) =k* ® k™, and the sequence

0— K35 — B(k)a — (k* ®@k*)g — K2(k)a — O,

remains exact (same references).
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In complete analogy, Bloch and Esnault [2003] define a complex that computes
the motivic cohomology of k[z], relative to the ideal (¢) as follows. Let R be the
local ring of A,i at 0. Then localizing away from 0 on A! gives the sequence

Ky (k[1], (19) = Ka(R, (%)) ——> @, oo k* — K1 (k[1], (1).

Let 6 denote the subgroup generated by the symbols (a, b) € K> (R, (t?)) with
a € (t*) and b € k, and put TB(k) := K,(R, (*))/%. Then we have k* ® k =
(@D, i« £)/9(6) and an exact sequence

0 — Ka(k[t], t*)?® — TB(k) — k* @ k — K (k[t], (1%)) = 0
[Bloch and Esnault 2003, Proposition 2.1 and Corollary 2.5]. Then we have

Ka(klr], (12§ = K3(klth, (1) and Ky (k[t], (%)) = K2 (k[t]2, (1))

(loc. cit.). Therefore the complex TB(k) — k* ® k (tensored with @), really com-
putes the motivic cohomology of k[¢], relative to (¢). Moreover Bloch and Esnault
define a dilogarithm map on TB(k):

Theorem 1.2.1 [Bloch and Esnault 2003, Corollary 2.5]. Let m be the maximal
ideal of R. There is a well-defined map p : TB(k) — m>/m* such that

p(la,b))=—a-db for(a,b) € Kr(R, (t?)) witha e m* and b € R,
and p induces an isomorphism K3 (k[t], (t*))® — m3/m* of abelian groups.

1.3. For k a field of characteristic zero there is another natural complex, which
is of more geometric origin and hence easier to relate to various definitions of cat-
egories of mixed Tate motives, that computes the weight two motivic cohomology
groups of k.

Suppose A is an artinian local ring with residue field k. The Bloch group B;(A)
(denoted by p(A) in [Suslin 1990]) is the free abelian group generated by the sym-
bols [x] such that x(1 —x) € A*, modulo the subgroup generated by elements of
the form

[xX]— ]+ y/x]1 = [ —x"/(L =y DI+ A —x) /(1= )],

for all x, y € A* such that (1 —x)(1 —y)(1 —x/y) € A*. The map that sends [x]
toxA(l—x)e /\2ZAX induces the two term complex y 4 (2) that sits in [1, 2]:

541 By(A) = N A (1.3.1)

The complex y;(2) can be thought of as a more explicit version of I'x(2). In fact,
there is a natural map yx(2)g — I't(2)g, which is expected to be an isomorphism



On the additive dilogarithm 5

[Goncharov 1995, Conjecture 1.20], and there is an exact sequence [Suslin 1990]
0— K3(k)? — Ba(k)g — (N'k)a — Ka(k)g — 0.

For n > 2, we are interested in the complex yi.], (2)@, where di[, will be denoted
by J,. We show that it has the expected cohomology:

Theorem 1.3.1. For k a field of characteristic 0, there is an exact sequence
On
0— K3(klel)g — Baklel)e —— (N’kle];)a — Ka(klelna — 0.

For n = 2 this theorem gives a “yes” answer to [Goncharov 2004, Problem 2.3].
While proving the previous theorem we construct an additive dilogarithm map
on By (k[ely):

Theorem 1.3.2. For every n > 2, there is a natural map
Liy, : By(k[e],) — k®"~D

that, when composed with K (k[e],, (8))(2) — By (k[el,), induces an isomorphism
K3(k[eln, (€)@ >~ k®0=D of abelian groups.

The advantage of defining a dilogarithm map on B, (k[¢],) is that this group is
closely related to the linear algebra-geometric complexes of mixed Tate motives.
More precisely, Liy , immediately gives an analogue of the volume map for a pair
of triangles over k[¢],, as in [Beilinson et al. 1990]: All one needs to do is to take
the image of the pair of triangles in B;(k[¢],) under the map in [loc. cit., Proposi-
tion 3.7] and then apply Li, ,. In this context Theorems 1.3.1 and 1.3.2 imply that
the class of a pair of triangles in Aj(k[e,])/A2(k) (loc. cit.) is determined by its
image in /\zk[g,,]X / /\2k>< and its image under Li ,. This is a precise analogue of
Sydler’s theorem on Hilbert’s 3rd problem that the scissors congruence class of a
three-dimensional polyhedron is determined by its volume and its Dehn invariant
[Goncharov 1999, Section 2.7]. We do not, however, pursue this application here.

1.4. In order to compare yy[., (2)o with the complex of Bloch and Esnault, we
show that their argument extends to define a complex 7,,Q(2)(k) by

T,B(k) = k™ ® (¢ - k[e]n)

(for n =2 this is the complex in Section 1.2). Let yxe1, (2)o = 74 (2)0 @ Vi1, D) g»
and note that the cohomology groups of yyf, (2)g, and T,,Q(2)(k) coincide. We
define a subcomplex y e, (2)g of Yife1, (2)g that has the same cohomology groups,
and obtain a direct consequence of Theorems 1.2.1, 1.3.1, and 1.3.2:

Corollary 1.4.1. For k an algebraically closed field of characteristic 0, the com-
plexes T,Q(2) (k) and yy(e), (2)g are isomorphic.
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1.5. The paper is organized as follows. In Section 2, we construct the additive
dilogarithm, Liy , : Ba(k[e],) — k®=D_ Two results in Section 2 are useful in
studying Lis ,. On the one hand, Li, , is explicitly described in Proposition 2.2.3
and Definition 2.2.4. On the other hand, Li; , has a conceptual description: The
image of an element in B> (k[e],) under Li, , is obtained by lifting that element
to an arbitrary element in B;(k[&],—1) then taking its image in /\Zk[s]gn_ , under
the map in (1.3.1), and finally choosing certain algebraic combinations of its coor-
dinates in /\zlc[g]ZXWl as in Propositions 2.1.2, 2.2.1 and 2.2.2. It is this flexibility
in the choice of the lifting that is used in the computations in Section 4.

In this paper, rather than working with K-theory we work with cyclic homology
most of the time. This is possible since K, (k[e],) = K« (k[£]n, (€)) ® K, (k) and
by the theorem of Goodwillie [1986], HC,_ (k[¢],, (¢)) =~ K. (k[e],, (¢)), where
HC denotes cyclic homology with respect to Q. Note that since we are working
with Q-coefficients, K-theory is nothing other than the primitive part of the rational
homology of GL [Loday 1992, Corollary 11.2.12].

In Sections 3.1 through 3.6 we make Goodwillie’s theorem explicit, follow-
ing [Loday 1992], by giving the description of a map from HC;(k[e],, (¢)) to
H3(GL(k[€],), Q). Then in Sections 3.7 and 3.8, Suslin and Guin’s stability the-
orem and a construction of Bloch, Suslin and Goncharov is used to construct a
map Hi3(GL(k[¢],), @) — ker(d,). More details about Section 3 are given in
Section 3.1. This explicit description will be needed in Section 4.

In Section 4, we prove Theorem 1.3.2. This is done by first using the description
of HC; (k[¢],, (¢)) given in [Cathelineau 1990/91] in Section 4.1.1, then construct-
ing certain elements

oy € HCo(k[g]n, &)V forn+1<w<2n-—1,

and chasing the images of these elements under the maps described in Sections 2
and 3. The proof also shows that {o,, },+1<w<2,—1 form a basis for HC, (k[¢],, 8)(1).

In Section 5, using [Suslin 1990], [Guin 1989], and Section 4, we show that the
infinitesimal part of ker(d) is canonically isomorphic to HC; (k[e],, (8))(1). From
this Theorem 1.3.1 follows.

In Section 6, we first define a subcomplex yx(.), (2)g of yife1,(2)o. Then we
extend the construction of Bloch and Esnault to higher moduli and finally prove
Corollary 1.4.1, which compares the two constructions.

Remarks. First, we mention the work of J. Park [2007], which gives an additive
Chow theoretic description of the additive dilogarithm of Bloch and Esnault, and
the work of K. Riilling [2007], which proves that the complex of additive Chow
groups with modulus (not necessarily of 2) has the expected cohomology groups
on the level of zero cycles.
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Second, there are many problems left unanswered in this note. The most im-
portant of these is the construction of additive polylogarithms for higher weights.
We have made this construction, but we have yet to prove that the complex has the
right cohomology groups. We will address in another paper the question of what
happens in characteristic p, and we will also compare our construction to the work
of Park and Riilling.

2. Additive dilogarithm

Notation 2.0.1. Let & be a field of characteristic zero. An abelian group A endowed
with a group homomorphism k* — Aut,,(A) is said to be a k*-abelian group; we
denote the action of A € k* ona € Aby A xa. If f: A — k is an additive map
that satisfies f(1 x a) = A" - f(a) forall 1 € k™ and a € A, then we say that f is
of k*-weight w.

If V is a k-module with a k*-action that is k-linear, that is, defined by a homo-
morphism k™ — Auty_mod(V), then we let

Viwy:={veV]|ixo=21" vforall 1e€k™}

be the subspace of elements of V of weight w.
Define kel :=k[e]/(e™), Vin:=kl[e]), ®7Q and B, (k[e],,) as in Section 1.3.
For an object A defined over k[&],,, we denote by A° its infinitesimal part, for
example,

By (kleln) = Bo(k) @ Ba(klelw)®,  klel, =& -klelm, V,,=1+¢ kleln.

When the context requires it we write (say) K, (k[e],,)° instead of K, (k[e]n, (€)).
Finally, since in what follows the infinitesimal part A° of an object A is canonically
a direct summand of A, we never mention the natural maps A° — A and A — A°,
and take other liberties of this kind.

The exponential map gives an isomorphism k[¢]? >~ V°, which endows V> with
a k-space structure. For 4 € k*, the k-algebra map that sends ¢ to 4 - & defines an
action of k* on k[e],, and V?. Denote the weight i subspace of V° under this

m* m
action by V,, (;, that is,
Viy =0 e V2| Axv=2 -vforall A e k*}={exp(a-&') | a €k}.

Then V,, =@, -; <;n—1 Vi, (i) To simplify the notation we also put V,, oy :=k*®@Q.
Let k[e] ™ é lz[g]m denote the set of exceptional units, that is, those a € k[e],;
such that 1 —a € k[g]*.
Let 0 : Q[k[e] "] — /\2Vm be the map that sends x € k[e],;* tox A (1 —x). If
we want to emphasize that we are working over k[&],,, we will use the notation J,,
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instead of 6. The map on B, (k[¢],,) induced by J,, is denoted by the same letter
(see (1.3.1)).

2.1. Construction of li. In this section we collect the combinatorial arguments
in the construction of the additive dilogarithm over k[e],. The crucial step is the
statement that S (m, n),) is one dimensional in Proposition 2.1.2. This implies
that if one thinks that the additive dilogarithm on k[¢], should be constructed
by first lifting to k[e]>,—; and then using J, then there is essentially one way to
define it. That this is the right definition is justified in the next section.

Definition 2.1.1. Letn, m € Nsuchthat2 <n <m. Let a,, , : Q[k[e],;*]— /\2 Vin
denote the map that sends y € k[¢]* to 6(y) —d(y |n), where y |n is the truncation
of y to the sum of first n powers of ¢, thatis, if y =ap+a; -6+ -+ am—1 cem—l
then y|ln=ag+aj -6+ +ap,_;-&" L.

Let V (m, n) denote

@ (Vm,<i) &® Vm,(j)) - /\zvma

O<i<n—1
n<j<m—1

which we also consider as a quotient of /\2 Vn via the direct sum decomposition

Nva= D (Vm,<,->®Vm,<j>)ea( P /\sz,m). 2.1.1)

O<i<j<m 0<i<m

Finally denote by V. (m, n) the quotient

@ (Vin, i) @k Vin,(j)

O<i<n-—1
n<j<m-—1

of V(m,n), by p(m,n): /\2 Vin = Vi(m, n) the canonical projection, by Si(m, n)
the k*-abelian group Vi (m,n)/im(p(m, n) o a,, ) and by Sy(m, n); the image
of Vi(m,n)q in Sx(m, n). This notation is justified by noting that Sy (m, n) has
a natural k-module structure induced from that of Vi (m, n) such that its weight i
subspace is equal to Sy (m, n)(y and Sy(m, n) = @, _; Sk(m, n).

For0 <i < j <m,let p;;: /\ZVm — Viu,iiy ® Vin,(jy denote the projection
determined by the decomposition (2.1.1). Then/; ; : /\2 Vin — k is defined by letting
(log®1log)(p;,j(a)) =1; j(a) - (¢! ® &/) in k[e],, @i k[e],, for any a € /\QVm.

Proposition 2.1.2. Let n,m, w € N such that2 <n < w <min(2n — 1, m). Then
Sk(m, n) ) is a one-dimensional k-module. The unique linear functional

li2,(m,n),w : Sk(m, n)(w) —k
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such that lig, (.. (exp(e) ® exp(e®~1)) = 1 is given by

liZ,(m,n),w = Z J ‘lj,wfj-

1<j<w—n

Proof. Let lip (u,n),» denote the map from /\2 Vi to k given by the formula

li2,(m,n),u) = Z ] . lj,w—j-

1<j<w-—n
We would like to see that liz (1), 0&m,» = 0. Fix
x:=s+s(l—s)aje+---+s(l—s)an_1e" ' e klel™.

Let A, :={1,...,m — 1} and let (A,;,)** denote the cartesian product of A,,
with itself a-times. Define p : (A;,)** — k by p(i1, ..., i,) :=a; -ai, - - a;,, and
w: (Ay)** - Nbyto(iy,...,i,) =iy +ir+ -+ i, Note that even though p
depends on x, we suppress it from the notation. In order to simplify the notation
let A(a) := (Ay)** and B(a) := (An)™* \ (Ap)*°.

fl<a,f<w,let

C(a, p):={(a,b) |ac Aa), b e B(ff), w(a)+w()=w}.

Let the permutation group S, on a+/ letters act on A(a) x A(f) by permuting
the coordinates. On C(a, f) € A(a) x A(f) consider the following equivalence
relation. If (a, b), (c,d) € C(a, ), then (a, b) and (c, d) are equivalent if there
exists a permutation ¢ € S, such that (a, b)° = (c, d). Denote the equivalence
class of (a, b) by [(a, b)] and the set of all equivalence classes by $(a, ). Let
p(la, b)) =p(a) - p(d).

Assume from now on that a + f < w. Note that since w < 2n — 1, any element
(a, b) € C(a, p) has a unique coordinate that is greater than or equal to n. Denote
this coordinate by e(a, b). Denote by (a, b)o the element of C(a, ) obtained by
interchanging the last coordinate of (a, b) with the coordinate containing e(a, b).

Then we define amap 1 : C(a, f) — C(f, a) as follows. Let (a, b) € C(a, ).
Then i(a, b) € C(f, a) is the element (a, b)y, where we think of both C(a, £) and
C(B, a) as subsets of A(a) x A(f) >~ A(a + f) = A(B) x A(a). This passes to
equivalence classes and gives a map ¥(a, ) — F(f, a) that we continue to denote
by 2. Note that > = 1, and if G € ¥(a, ), then p(1(G)) = p(G), and

> w@= > w).
(a,b)eG (c,d)ei1(G)

m—1

Letting z = aje +aze? +- - - +a, 18", we have

x=s(1+(1-=s)z) and 1—x=(1—s)1—s52).
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Computing in k[¢],,, this gives

m—1 m—1
10g(x/s)=—z(s_[¢ and log((1—x)/(1 —s))=—2#.
=1 =1

Since 2% = ", c ooy P)&™™, we have

log(x/s) = - Z“ DL S e,

ueA(l)

m-1
log((1—x)/(1=s) == > % > pl)e™.

(=1 ucA(f)

Then liz, (n,n),w (@m,n (X)) is equal to

Z Z r(a)- 2(2) pd) (s = 1)*- P — g% (s — 1)ﬂ)

1<a<w acA(a)
I1<f<w  beB(p)
ro(a)+ro(b)=w

> (-1 - - > ( ﬂ) > ).

1<a<w Ge¥(a,p) (a,b)eG
1<f=<w
On the other hand
> (—‘Zf.(;)) D wa)= Z D, W
GeS(a,p) (a,b)eG e¥(a (c,d)e1(G)
z ) 3w
€S(B,a) (a,b)eG

Therefore liz, (m,n),w (Gm,n (x)) = 0, and we have a linear functional
1i2,(m,n),w : Sk(m, n)<w) — k.

By the definition of lia, ()., it is clear that li, o). (exp(e) ® exp(e¥ 1)) = 1.

To finish the proof we only need to show that the space of linear functionals on
Sk(m, n) ) is generated by 1i2, (n,n),w» OF equivalently that if / is a linear combina-
tion of {l2,—2, [3,w—3, - - . » Ly—n.n} such that [ (a,, ,(x)) =0 for all x € k[¢] <™, then
[ is zero. Solet ] = 22<l<w7n ci Ui, w—i satisty l(ay, ,(x)) =0 for all x € k[e] ;™.
Assume that [ # 0 and let iy be the smallest integer i such that ¢; # 0. For all
s € k** and ay, aj,—1, ay—i, € k, we have

lomn(s+s(Q—s)-a;-e+s(1—5)-aj,—1 Lgh—l +s(1—5)-ap—i, -ew_io)) =0.



On the additive dilogarithm 11

If we denote the left hand side of the above equation by (s, a1, @;j,—1, @w—i,), then
cig 3 ((s = 1)%s — s> (s — 1)) - (a1 - Qig—1 * Au—iy)

= l(s7 al: al’o*l’ aw*l'()) - l(S, ala 09 all)*l'()) = O
Therefore c;, = 0, contradicting the assumption. U
2.2. Construction of Li. Using the construction in the previous section, we show
that liz (2,—1,n),» descends to a function on B> (k[¢],), as defined in Section 1.3.

Proposition 2.2.1. Forn+1 < w <2n — 1, the map
lip ,2n—1,n),w 00 : @[k[g]zn 1] —k
factors through the canonical projection Qlk[e ]2n 1= QLk[e]; 1.

We denote the induced map from Q[k[e], ] to k by Liz , 4.

Proof. This follows from the fact that liz (2,—1,1), ©®2,—1,, = 0 by the construction
in Proposition 2.1.2. O

Proposition 2.2.2. The map Li, , ,, : Q[k[e],* ] — k factors through the canonical
projection Qlk[e]*] — Ba(k[e],).

We continue to denote the induced map by Lij , 4.

Proof. We need to show that for x, y € k[e],*™ such that x /y € k[e]*,

Lig 0 (X1 = Y]+ [y/x]1 = [(1 =x~") /(1 =y )]+ [1 = x)/(1 = y)]) =0.

If ¥ and y are arbitrary liftings of x and y to k[e];,* |, then Proposition 2.2.1
implies that the left side of the last equation is equal to

iz, 2u-1),0 00 ([X] = [F1+ [F/Z] = [(1 = 7)) /(1 = 37O+ [(1 = %)/ (1 = ).
The proposition then follows from the fact that
O(IF] = [3] + [3/F] — [(1 =27H/A =57 D]+ 11 =D)/1 =) =0. O

Ifc=(c1,...,cr)eNandx =s+s(1—s)aje+---+s(1 —s)a,,_lenf1 ekle],
then
p(x;c)=ae -ac,---a,, and w(c):=ci+---+c.

Let C(a) :={1,2,...,n— 1}*%.

>

Proposition 2.2.3. Forn+1 <w <2n — 1, we have

. —1%.s8—g* . (s—1)F
L= > O Coll 5 @) - (a. b))
1<a,f<w (a,b)eC(a)xC(B)
to(a)<w—n
ro(a,b)=w
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Proof. Direct computation. (]

Definition 2.2.4. Define the additive dilogarithm Liy, : By(k[¢],) — k2"~ by

Lip,:= P Lizmw.

n+l1<w<2n-1

3. The map from cyclic homology to the Bloch group

3.1. This section is based on Goodwillie’s theorem [1986] and the construction
of Bloch [1977], Suslin [1990] and Goncharov [1995] of a map from the K3 of a
field to its Bloch group. Our main reference for cyclic homology and Goodwillie’s
theorem is [Loday 1992]. Here all cyclic homology groups are relative to Q.

We will need the following to pass from cyclic homology to the rational homol-
ogy of GL.

Theorem 3.1.1 [Goodwillie 1986; Loday 1992, Theorem 11.3.1]. Let A be a
Q-algebra and I a nilpotent ideal in A. Then there is a canonical isomorphism

HC,_1(A, )~ K,(A,I)g forn=>1.

Remark 3.1.2. This isomorphism is compatible with the A-structures on both sides
by [Cathelineau 1990/91, Theorem 1]. Hence, if HC,(A, 1)~V and K, (A, 1)g>
denote the k'-eigenspace for the k-th Adams operator (for any k), then the above
isomorphism induces an isomorphism HC,_{ (A, [ )(i_l) ~K.(A, I )%) by [loc. cit.,
corollary in Section 1.3].

For a ring A, the Hurewicz map induces an isomorphism from @,-0K,(A)g
to the primitive part Prim H,(GL(A), Q) of the homology of GL [Loday 1992,
11.2.12 Corollary]. The map in Theorem 3.1.1 is constructed as the composition
of a map from cyclic homology to the primitive part of the homology of GL and
then using the inverse of the Hurewicz map. Since we will only need the map
from cyclic homology to the homology of GL, we next describe the steps in its
construction, following [Loday 1992].

In Section 3.2, cyclic homology of A is computed as the homology of the
Connes complex. This section also describes the natural map from the Connes
complex to the Chevalley—Eilenberg complex of the Lie algebra gl. This map
induces an isomorphism from cyclic homology to the primitive homology of gl.
In Section 3.3, homology of gl is replaced with the sum of the homology of its
nilpotent parts ¢, (A, I). In Section 3.4, homology of {, (A, I) is replaced with
that of the completion of its universal enveloping algebra, and in Section 3.5, the
latter is replaced with the homology of the group algebra of 7, (A, I), via MalCev
theory. We reach the group homology of GL(A) in Section 3.6.
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In Section 3.7, this construction in combination with Suslin and Guin’s stability
theorem [Suslin 1984; Guin 1989] induces a map

HC,_1(A, I) — H,(GL,(A), Q) 3.1.1)

when A is an artinian local algebra over Q and [ is a proper ideal of A. We will
use this map for n = 3.

Finally we use a slight variation of the construction of Suslin and Goncharov in
Section 3.8 to get a map H3(GL3(A), Q) — ker(d).

The details can be found in [Loday 1992, Section 11.3] and the references
therein. The main result of this section is Proposition 3.8.9.

3.2. Map from cyclic homology to Lie algebra homology.

3.2.1. For any associative Q-algebra A, the Connes complex C/(A) is defined as
follows. Let Z/nZ act on A®" by

Ix(@®w® - Qa)=)""w0130 - ®a,Qai,
and let C,’}_l (A) denote the coinvariants of A®" under this action. Define
b:CHA) = C!_(A),

(ao,al, .. .,an) [ Z (—1)’(a0, e i A4, - .,an)
Osizn-1 + (_l)n(an +ap,ady, ... >an—l)-

Then C/(A) is the complex
b b b
= G (A) —= Ch(A) — = —= C5(A) —=0,

and HC,(A) = H,(C/(A)) [Loday 1992, Theorem 2.1.5]: The cyclic homology
relative to (2 can be computed as the homology of the Connes complex.

3.2.2. For g a Lie algebra over @, the Chevalley—Eilenberg complex C.(g, Q)
of g with coefficients in Q is defined by

Lo Ng—2- Nl g Q 0,

where d : N'g — A" 'g is given by

daiAar A+ - Aay) = Z (=D Nai, ajlnar A-- NG A~ NG A - Aay.

1<i<j<n

The Lie algebra homology H, (g, Q) of g with coefficients in Q is the homology
of the complex C,(g, Q). The diagonal map g — g & g induces a map
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which makes (C, (g, Q), d) a DG-coalgebra. Let Prim H, (g, Q) denote the primi-
tive elements in H, (g, @), that is, those a such that A(a) = 1 Q@ a +a ® 1.

Let gl,,(A) denote the Lie algebra of n x n matrices, and let gl(A) denote the
direct limit lim,_,  gl,, (A) with respect to the natural inclusions gl,(A) C gl,, (A)
for n < m. Then gl(Q) acts on C,(gl(A), Q) by

[hogi A Agali= D @i A= AlhGIA-Agy.
1<i<n
Let Cy(gl(A), Q)gyq) denote the complex of coinvariants with respect to this ac-
tion, and let H,(gl(A), Q)gi@) and Prim H,(gl(A), Q)g4iq) denote respectively the
homology and the primitive part of the homology of the complex C.(gl(A), Q) g (@)-
Then the theorem of Loday, Quillen, and Tsygan says this:

Theorem 3.2.1 [Loday 1992, Theorem 10.2.4]. If A is an algebra over Q, then
there is a natural isomorphism

HC,_1(A) > Prim H,(gl(A), Q)g(q) = Prim H,(gl(A), Q).

Explicitly, the first isomorphism above is induced by the chain map that sends the
classof ai @@ ® --- R a, in Ci;l(A) to the class of aje1n A azeas A -+ Aayep
in C,,(gl(A), Q)gq). Here ¢;; denotes the matrix whose only nonzero entry is the
one in the i-th row and the j-th column, which is 1.

3.3. Volodin’s construction in the Lie algebra case. Assume that I is a nilpo-
tent ideal of A, and let HC,(A, I) denote the cyclic homology of A relative to I,
the homology of the complex C/(A, I) that is the kernel of the natural surjection
C/(A) — CL(A/D).

For any permutation o € S, let t, (A, I') denote the Lie subalgebra of gl(A)
given by t, (A, I) := {(ai;) € gl(A) : a;j € 1 ifo(j) < o(i)}. Let x(A,I) :=
>, C«(t; (A, I), Q) denote the sum of the subcomplexes

C:(t: (A, 1), Q) € Ci(gl(A), Q),

over all n and o € §,, and let H,(gl(A, I), Q) denote the homology of x(A, I).
Then the map in Theorem 3.2.1 induces an isomorphism

HC,_1(A, I) > Prim H,(gl(A, ), @) ~ >_Prim H,(; (A, 1),@)  (33.1)

[Loday 1992, Proposition 11.3.12].

3.4. From the Lie algebra to the universal enveloping algebra. For a Lie alge-
bra g over Q, let WU(g) denote its universal enveloping algebra and olAL(g) its com-
pletion with respect to its augmentation ideal. We will next express the homology
of g in terms of the homology of U(g).
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Let B be an associative algebra over (2 endowed with an augmentation map
&: B — Q. Let C,(B, Q) denote the complex

b pgen b _pew-n_b_ b _q 0,

where b : B®" — B®=1 i5 the map that sends b; @ - - - ® b, to
e()) br® @b+ D ()b ® @b b1 ® @b,
I=izn=l +(=D"ebn) b1 @ @by-1.

Let H,(B, Q) denote the homology of this complex.
Then the natural maps

H,(t,(A, 1), Q) ~ H,(U(t, (A, 1)), Q) ~ H,(U(t, (A, I)), Q) (3.4.1)

are isomorphisms [Loday 1992, Theorem 3.3.2]. Here the first map is induced by
the chain map a,s, where “as” stands for antisymmetrization, defined by

aas(tl ARRRA tn) = z Sign(f) : t‘r(l) Q- ®tr(n)-

€S,
3.5. Malcev theory. For o € S,,let T, (A, I) € GL,(A) denote the group
{1+ (aij) € GL,(A) |a;j eI ifo(j) <o (i)}

For a discrete group G, denote by U (G) its group ring over @, and by U(G) its
completion with respect to the augmentation ideal.
Since T, (A, I) is a unipotent group with Lie algebra t, (A, I), the natural maps

H,(U(t, (A, I), Q) = H,(U(T, (A, I), Q) ~ H (U(T, (A, I)),Q). (3.5.1)

are isomorphisms [Loday 1992, Section 11.3.13].
Combining (3.3.1), (3.4.1) and (3.5.1) we get a map

HC,_1(A, 1) —> > H(U(T,(A, 1), Q) > H,(U(GL(A)),Q). (352)

3.6. Group homology. Let G be any (discrete) group and C,(G, Q) the complex

..4‘1>@[G”+1]4d>@[G"] d_ ... _4 Q[G] 0,

where C, (G, Q) = Q[G"*'] and d is the map that sends (go, g1, . .., &) tO
D (=1 (80s -2 8iv-- - 8n)-
0<i<n

Let G act on this complex by multiplication on the left, that is, g x (go, ..., &) :=
(g-80,...,8 " &n) and let H, (G, Q) := H,(C.(G, Q)g) where the subscript G
denotes the space of coinvariants.
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The natural map C,(U(G), Q) — C,(G, Q) that sends g @ g, Q-+ - ® g, to

(1,81,81-82,---,81-82 " 8n)

induces an isomorphism H, (U (G), Q) — H.(G, Q) [Loday 1992, Appendix C.3].
Applying this to GL(A) and combining with (3.5.2) we obtain the map

HC._ (A, I) - H.(GL(A), Q). (3.6.1)

3.7. Suslin’s stability theorem. Suslin’s stability theorem [1990] was generalized
by Guin:

Theorem 3.7.1 [Guin 1989, Section 2]. For any 1 < n and any artinian local
algebra A over Q, the map H,(GL,(A), Q) — H,(GL(A), Q) induced by the
inclusion GL,, < GL is an isomorphism.

Therefore if A is an artinian local algebra over @ and [ is a proper ideal, we have
amap p; : HC,_1(A, I) - H,(GL,(A), Q).

3.8. Bloch—Suslin map. Let A be an artinian local algebra over Q@ with residue
field k. We now describe the Bloch—Suslin map [Goncharov 1995, Section 2.6]

p2 : H3(GL3(A), Q) — ker(da),
where d4 : By(A)g — /\ZAE) is the differential in the Bloch complex.

Definition 3.8.1. Let V be a finite free module over A, and denote C,, (V') by the Q-
vector space with basis consisting of m-tuples (xo, ..., X,,—1) of elements of V that
are in general position, that is, forany I € {0, 1, ..., m—1} with |I| <rank(V), the
set {x; | i € I} can be extended to a basis of V. Let C,,,(V) denote the coinvariants
of this space under the natural action of GL(V). Finally, let C,,(p) := C,, (A®P)
and C,,(p) := C,,(A®P).

Remark 3.8.2. Let C,, (P(V)) denote the @-space with basis (v, ..., 0;,—1) of
m-tuples of points in [P(V) that are in general position, and define

d:Coni1(P(V) > CuP(V)), @0, 0m)> D (=1 0,2 0is ..., )

0<i<m

Let C,,(P(V)) denote the space of coinvariants of C,,(?(V)) under the natural
action of GL(V'). Then by identifying [x] with (0, x, 1, 00) € C4(P(A%?)) and by
comparing the dilogarithm relation in the definition of B>(A) to d(0, x, y, 1, 00)
in C4(P(A%?)), we see that

By(A)g = C4(P(A®?))/d(C5(P(A®?))).

For (x1, ..., x4) aquadruple of points in PL, we denote the corresponding element
in B2(A)g by [x1, ..., x4].
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Since A is alocal ring, a subset of V is in general position if its reduction modulo
the maximal ideal is in general position in the k-space V ®4 k.
Define two maps d,d’ : C,11(p) — Ciu(p) by

d(x(),-xl,-";xm): Z (_l)i(‘xo""ﬂii,"'ﬂxm),

0<i<m

d/(XO,X], "'3XWl) = Z (_l)i(xo, "'5~xAi3 . ','xm)'

1<i<m
Lete: Ci( p) — (0 be the map that sends each term to the sum of its coefficients.

Lemma 3.8.3. The following complexes are acyclic.

LG L G (p) 0 —>0,
d/ ~ d/ ~
-+ —— Cy(p) — Ci(p) > 0.

Proof. Let Zjej aj-(xo(j), ..., xm—1(j)) be an m-cycle in the first or the second
complex. Since the reductions modulo the maximal ideal {xo(j), ..., X;—1(j)} are
in general position in k®? and k is an infinite field, we can choose o € A such that
all {xo(j), ..., xm—1(j), a} are in general position. Note that if W; for 1 <i <r are
proper subspaces of a vector space W over an infinite field, then | J,_;,_, W; # W.
Ifm=>2 anddzjejaj ~(x0(j)s s xm—1(j))=0,0rifm=1 andf a; =0,
we have

D"d (X a5 Go(is s i1 (s @) = Doy (x0(i)s s X1 ().

jeJ jeJ

jeJ

Similarly, if m > 2 and d’ Zje] aj - (xo(j), ..., xm=1(j)) =0, orif m = 1, we
have

0" (X ol s xmmt () )) = D2y (0 oy ¥t (). O

jeld jel
Define maps 4 : C(p) = Cn(p) by

/I(X(), ey xm_l) = Z sign(a (m)i)(x,,(m)i(o), ey xo.(m)i(m_l)),

0<i<m-—1
where o (m):= (01 --- m—1) is the standard m-cyclic permutation.
Then 1 od = d' o A, and we have a double complex
d

G3) —= &,03)

VR

T, E03) —L- G03).
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Definition 3.8.4. Let D be the complex associated to the double complex above.
That is, Dy = C>(3) and D; = Ci12(3) ® C;41(3) and the maps are given by
(x, y) = @'(x) +A(y), =d(¥)).
Lete: Dy — Q be the map that sends each term to the sum of its coefficients. Then
by Lemma 3.8.3 the complex - - - D Dy —=Q 0 is acyclic.
If we endow D with its natural GL3(A) action and @ with the trivial action, then
the complex above is an acyclic complex of GL3(A)-modules. Therefore we get a
canonical map

H3(GL3(A), Q) — H3(D), (3.8.1)

where D = DGL3 (4) 18 the complex of coinvariants of D.

Next we define a map from H3(D) to B>(A)g. This will be a slight modification
of Goncharov’s map [1995, Section 2.6].

From the double complex above, we are interested in the part

Co(3) —> C5(3) > C4(3)
zl il "l
Co(3) — > C5(3) L~ €4 (3).

We define a map ¢ from this double complex to the double complex
0 0 0

T

0 —= By(A)o —> N'AG.

In ¢, the only nontrivial map
d/
Cs(3) —— C4(3) (3.8.2)
l 0 2 4%
By(A)g — N'AQ

is a composition of the following two maps:
The first map is
d/
Cs(3) — C4(3)

L

d

C4(2) — C5(2),
where p : Cp,11(3) = Cp(2) sends (vg, 1, ..., 0p—1) to (01, ..., 0m—1). Here v;
denotes the image of v; in A®3 /{vo), and the term (01, . .., 0,;,—1) is identified with

an element of C,,(2) by choosing any isomorphism between A®3/(vo) and A®2.
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The second map is J
Ci(2) ——= C3(2) (3.8.3)

l ﬂl
By(A)g —~ N2AZ,

where o is the map that sends (vg, v, v2, 03) to [vg, 1, 02, v3]. Here v; denotes
the image of v; in P(A®?), and [0, v1, 02, 3] denotes the image of (vg, v1, 02, 3)
under the map C4(P(A%?)) — B,(A)q, as in Remark 3.8.2. And f is the map that

sends (vg, v1, v2) to
(U()/\I)]) A (UO/\UQ)
D1 AV A

The next three lemmas imply that the maps defined so far can be extended to a
map ¢ of the double complexes.

Lemma 3.8.5. The map Ce(3) —~> C5(3) —L> C4(2) —“> By(A)g is zero.

Proof. This follows from that —p od’(vg, v1, 02, 03, V4, 05) = d (01, 02, U3, V4, V5),
and that this maps to zero in B;(A)g, by Remark 3.8.2. O

Lemma 3.8.6. The map Cs(3) ——> Cs(3) —2> C4(2) —%“> By(A)q is zero.

Proof. (See [Goncharov 1995, Lemma 2.18].) Let (vg,...,cq) € Cs5(3). Then
there is a conic Q passing through the images of the five points vg, v1, v2, 03, v4 in
the projective plane. Choosing any isomorphism, we identify Q with I]j’i‘. Let the
images of v; be x; € Pi‘ under this isomorphism. The composition of the maps in

the statement of the lemma then maps (vy, ..., v4) in C5(3) to
- Z [xis Xig1, .- o5 Xig3]
0<i<4

in By(A)g, where the indices are modulo 5.

Claim 3.8.7. In B>(A)g we have

[x1, X2, x3, X4] = 8ign(0) - [X5(1)> X5 (2)> X6 (3)> Xo(@)]  for any o € Sa.

Proof of the claim. Note that since we are working with Q@-modules we have
[0,x,1,00]=—[0,x/(x—1), 1, o0] by [Suslin 1990, Lemmas 1.2 and 1.5]. Hence

[O,X, I,OO]=—[X,O,1,00] and [Oa-x5laoo]:_[o> l/xa 1500]

[loc. cit., Lemma 1.2]. Hence [0, x, 1, co] = —[0, 1, x, oo], and using again that

[0,x,1,00] =—[0,x/(x —1), 1, c0], we have [0, x, 1, co] = —[0, x, co, 1].
Therefore the formula in the statement holds for the transpositions (1 2), (2 3),

and (3 4). Since these generate Sy, the statement follows. U
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Finally by the claim,
Z [xi, Xig1, .-, Xi3] = Z (=D [X0, -+« Riy oo vy X4]

0<i<4 0<i<4
and the right side is zero in B;(A)g by Remark 3.8.2. U
Lemma 3.8.8. The map Cy(3) —— C4(3) —= C3(2) ——= NAZ is zero.

Proof. First note that § sends (v, v1, v2) to

(vo/\vl) A (vo/\vz) . (é’(vo/\vl)) A (f(vo/\vz))’

D1 AD) viAvy)  \ (01 AD2) t(v1 A7)

where ¢ : det4(A®?) — A is any surjective A-linear map. Therefore since we
are looking at configurations in general position, the composition S o p maps

(Yo, ¥1, ¥2, ¥3) € C4(3) to

()’0/\)’1 /\yz) N (yo/\Y1/\y3).
YoAY2/AY3 YoAY2/AY3

This implies the statement by direct computation. ([

Therefore ¢ is a map of double complexes that induces a map H3 (D) — ker(d)
of the homology of the associated complexes. Combining this with the map

H3(GL3(A), Q) — H3(D)

in (3.8.1), we obtain a map p; : H3(GL3(A), Q) — ker(9).
Therefore applying Sections 3.1-3.7 to (A, I) = (k[&],, (¢)) proves this:

Proposition 3.8.9. The composition T := p, o p; defines a natural map
T :HCy(k[¢ln, ()" < HCa(k[elu, (£)) — Ba(kleln)a,

whose image lies in ker(d,).

4. Nonvanishing of Li; , on HC,(k[¢],, &)W

4.1. This section shows that Li, , is the correct map, as we show that it does not
vanish on HC, (k[e],,, (¢))™". First we describe HC» (k[¢],, (¢))" and define some
elements a,, in it on which we will evaluate the additive dilogarithm.

4.1.1. Note that HC, (k[e],, (¢)) is a k*-abelian group, where 1 € k™ acts as the
map induced by the k-algebra automorphism of k[¢], that sends ¢ to A - ¢. This
action is compatible with the decomposition (Remark 3.1.2) of

HC; (k[g],, (¢)) = HCy (k[£),, ()P @ HCy (k[£],, (£))?
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[Cathelineau 1990/91, pages 593-594];
HC(klely, ()0 = @D HCalkleln, (),
n+l1<w<2n-—1
where each summand is isomorphic to k£ (loc. cit.); and

HC,(kl[eln, (6)? = @) HCa(klel,, B)e

l1<w<n-—1
where each summand is isomorphic to Qi /Q (loc. cit.).

412. y(n)=0ifnisevenand y(n)=1ifnisodd. Forn+1<w <2n—1, let

ay = Z ("1 g0 e) + % cx(w) - (e®D2 =D/2 gy
0<j<@n—1—w)/2

in C% (k[e],). Since a,, is a cycle, as can be checked by direct computation, with
k*-weight w, it defines an element a,, € HC;, (k[¢],,, (8))%3 by Section 4.1.1.

4.2. Computation of Li;,, on HC,. In this section, we compute Li; ,(T (a,))
(which is the same as Liz ,, , (T (a))). This we will do in several steps.

4.2.1. From gl(klel,) to gl,(k[e],). Consider the 2-chain (&“, e, g) € Cé‘ (k[eln)
in the Connes complex, where a 4+ b > n. By the map in Section 3.2, at the chain
complex level, (7, e?, €) goes to fy p:=c%€e12 Aelersnees € Cy (gl3(kle]n)) gy (@)-
Therefore we need to compute the image of

Buw = > Brt=jw-n+j+ 5% @) Bw-1)/2,-1)2
0<j<@n—1-w)/2

b

ink. Let y,p :=¢%12 A €”e21 Aeeqy, and

Yw = Z Vn—1—j,w—n+j + %X(w)y(wfl)/Z,(wfl)/Z-
0<j<(@2n—1-w)/2
We defined T as the composition
HC; (k[e]y, ()" — Prim H3(gl(k[£],), @) g =~ Prim H3(gl(k[¢],), Q)
— H3(gl(kle]n), Q) — H3(GL(k[£]n), Q) — ker(9).

Let 77 : Prim H3(gl(k[€],), Q) gua) — ker(d) and T” : H3(gl(k[e],), Q) — ker(d)
be the obvious compositions.

The following lemma enables us to work in the homology of gl,(k[¢],) rather
than that of gl;(k[e],).

Lemma 4.2.1. We have (Liy .1, oT")(fw) = (Liz.n.w oT") (7).
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Proof. First note that

b
d(eiznevern Nelert Aeest) = —Pab+ Vab

a+1

— 8“612 AN 8b€21 NeEesz —e3Ne e3n N 8b€21,

that e%e12 A eler; Aeess is a cycle; and that ej3 A e%les, nebes isa boundary in

C.(gl(k[e]n))gu@), since this element corresponds to the element (1, gt Py in
the Connes complex and d(1, e4t!, &b, 1) = (1, &4t &P).

Therefore since S, is a cycle, so is y,, and to prove the lemma it suffices to
show that (Liz ;. oT")(e%€12 A ePey) Aeesz) =0fora+b > n.

Note that since

d(elz AN 8“8]1 AN 8b€21 VAN 8833) = —8(1812 VAN Sbeg] N €es3

+e%q1 A ebeu ANeesz —e%e A 8b€22 N gess,
it is sufficient to show the vanishing of both

(Lignw oT")(e%11 A&Pen Agess) = (Linnw oT ") (g% 11 Acerr Acess),

(Lign, oT")(e%11 A ePexn A eess) = (Linn,w oT ") (%11 Ae’en Acess).

The equalities above follow immediately from the fact that e%ej; A ebeir A cexs
and e%q; A ePep A gess are cycles not only in Cy(gls(k[e],), Q) g1, (@) but also in
C. (gl (kle],), Q).

Propositions 2.2.1 and 2.2.2 give that Li ,, ,, (x) = (liz,210—1,1), ©020—1)(X) for
x € By(k[el,), where X € By(k[e]a,—1) is any lift of x.

Let @ € {e%1 Aeler) Acess, €%y Aelean Aeess) C Cs(glklelan—1), @), and
let a the reduction of a to C3(gl(k[],), @). Then

Li2,n,w(TH(a)) = (liZ,(Zn—l,n),w OéZn—l)(IN(&))'

Here 7" denotes the chain map, mapping C3(gls(k[e]2n—1), Q) to Ba(k[elon—1)a
and Co(gls(k[e]2n—1), Q) to /\2 Van—1, that induces T”. The map T” depends on
certain choices (see the next paragraph).

Recall how T”(a) is defined in Section 3: Through the antisymmetrization
map a,s (Section 3.4) and the exponential map [Loday 1992, Sections 3.5 and
11.3.13], we get a chain map C,(gl;(k[e]2n—1), @)° — C*(l}(GL:;(k[E]Qn_])), ).
In fact, it is immediately seen that the image of @ under these maps lies inside
the image of C, (U (GL3(k[e]2,-1)), Q) in C*(U(GLg (k[€]2r-1)), Q). To get from
C.(U(GL3(k[e]2n—1)), Q) to C(GL3(k[e]2n—1), Q) we pass via the map described
in Section 3.6. Bypassing the need for stabilization since we are already in GL3,
and using that D is an acyclic complex of GLj3(k[£]2,—1) modules, we get a (non-
canonical) map from C,(GLj3(k[g]2,—1), Q) to D. Finally taking GL;3(k[g]2,—1)
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coinvariants, we end up in the complex D, and using the map of double complexes
(induced by (3.8.2)), we pass from D to the complex

02—
Ykieln Da : B2(k[eln-1)a e N Voo

Since T” is a map of complexes, dy,_1(T"(a)) = T"(d(a)) =0, as d(@) =0 in
C.(glz(k[e]2n—1), Q). This implies that
Lis 0 (T" () = lio,2n—1,n),0 (9201 (T"(@))) = 0. U
The next lemma will help us to reduce the computation to gl,:

Lemma 4.2.2. The chain y,, as defined above is a cycle in C3(gl,(k[e],), @) g1 (@)
and hence defines an element in H3(gly(k[el,), Q) g1, (@)

Proof. We already know that y,, defines a cycle in C3 (gl3(k[e]n), Q) giy(@)- Since
Ci(gl, (kle]n), Q)gi, @) = (A'gl,, (k[£]n)) g1, (@) (see Section 3.2.2) and

(N gy (k1)) gt @ = (N gl klel))gy@)  form =i
[Loday 1992, Corollary 9.2.8 and (10.2.10.1)], we have

d(yw) =0 € Ca(gly(k[e]n), @)giy@) = C2(gla(ke]n), Qg (@) O

4.2.2. From Cy(gly(k[e]2n-1), @)g (@) to Ci(gly(k[e]2,—1), @). In order to con-
tinue with the computation of Lis ,, ., (7' (y)), we need to compute the image of
yw in C3(gly (k[e],, Q). This would be a very long computation, but in fact we will
see in this section that we can get away with much less. The following proposition
will be crucial.

Proposition 4.2.3. For any Q-algebra A, let gl,,(Q) act on gl,,(A) by its adjoint ac-
tion. Let Cy(gl,(A), Q) g1 () be the subcomplex of Cy(gl,(A), Q) on which gl, (Q)
acts trivially. Then the canonical map

C.(gl,(A), Q) g1, @ — Ci(gl,(A), Q) — Ci(gl,(A), Q)gi, @)
is an isomorphism and there is a canonical direct sum of complexes
Ci(gl,(A), Q) = Ci(gl,(A), Q)gi, @ S L, (4.2.1)
with gl,,(Q)-action, such that L, is acyclic.

Proof. This is [Loday 1992, Proposition 10.1.8], taking g =gl,,(A) and h =gl (Q),
and noting the reductivity of gl, (Q) [loc. cit., 10.2.9]. O

To continue, we need to compute the image y;, of y, in H3(gl,(k[e],), Q).
Then we should lift y/, to a chain 7/, in Ci(gly(k[e]2n-1), Q) g1, (@) and continue
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just as in the last part of the proof of Lemma 4.2.1. Namely,

Li2,n,w(T/(V w)) == Li2,n,w(ZH(37/w)) = li2,(2n—1,n),w(52n—1 (I”(j;:p)))
= li2,(2;1—1,11)710 (Z// (d(f/;))))

Let 75 be any chain in C3(gl,(k[e]2,—1), @) that has a cycle for its image in

C3(gly(k[e]n), Q) gr(@) (under the canonical maps) and that lifts y,. Then, by

Proposition 4.2.3, the first component 77’;(1) of 75 under the decomposition in

. . ~ ~x(1
(4.2.1) is a lift of the element y/,. Therefore we can choose ), := yfu( ), and

to continue we need to compute d(5:1) = d(5%)M.
For the rest of the computation, we will let y := 7, , where

~ . ~ 1 ~
Yw = Z Yn—1—j,w—n+j +§X(w)V(w—1)/2,(w—1)/2a
0<j<@n—1-w)/2

?a,b = 8“812 7AN 8h621 NeEeql.
Combining the above we have

Lign0(T' (7)) = liz,@n—1.m.0(T" @G ,)V)). (42.2)

Next we will compute d(;?a,b)(l). For any Q-algebra A there is a canonical
isomorphism for i > n given by

Cu(gl;(A), Q) gr@ = (A'8l:(A) gy @ — (QLS]® A®")s,, (4.2.3)

where S, acts on Q[S,] by conjugation and on A®" by permuting the factors and
multiplying with sign [Loday 1992, 10.2.10.1].
Letting

Ty i=Xep Ayey +xex Ayern+ sx(en —en)) Aylen —err) forx,y €A,
we see by direct computation that I'y , € C}(gl,(A), Q)41 (@)
Under the map (4.2.3),
[y B 1)®@(x®Yy), x(enn—en)Ayen = (1- 1)@ (x ®y),
xesr Ayepn > (1-7) @ (x ®y),
xepAyey > (1-7)® (x®y),

where S, = {id, 7}. Therefore, using Proposition 4.2.3, we have

(x(e11 —ex) A yer)'™) = (xezy Ayen) V) = (xern A yen)™ = 1T .

: 5 __ na+b b a+1 a b+1
Since d(y, ) =e“"(e11 —exn) Neej —¢ e —&%ep Ne

have

e Neé er1, We

d@a,b)(]) = %(Fga-%—b’g — th’SaJrl — Fga’8h+1). 4.2.4)
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4.2.3. Fixing a choice for T”. We need to fix a choice for the restriction of 7" to
Ci(gly(k[e]2n-1), Q). So, recalling the last part of the proof of Lemma 4.2.1, we
need to fix the map from C,(GLy(k[e]2n—1), Q) = D — D — Yk}, (2)a, in
degree 2.

Fixing v, v, 03 any three vectors in k[e]%z_l in general position, we define a
map that sends (g1, g2, 83) € C2(GLa(k[e]2,-1), Q) to
(w, 8101, §202, 8303) — (W, g1v1, §202, 203)

— (w, g1v1, 8102, 303) + (W, g10v1, §102, §203)
in 64(]([8]%3_1 = 64(3) - 6‘4(3) &) (:’3(3), where we view
k13, = {(a1, a2, a3) € k[el3, | | a3 =0},

and we let w = (0, 0, 1). It is seen without difficulty that this map can be extended
to a map of complexes C,(GLy(k[e]2,—1), Q) — D.
Composing with the remaining map given in (3.8.2) this gives a map that sends

(g1, 82, 83) to
B((g1v1, g202, g303) —(g101, &202, &203) —(g101, &102, &303)+(g101, 102, g203))

in /\2V2n_1, where f is the map in (3.8.3). From now on we fix v; := (1, 1),
vy := (0, 1) and v3 := (1, 0) and denote the resulting map by 7.

4.2.4. Computing lis 2p—1,n),0(T"(Tgr ca)). From (4.2.2) and (4.2.4) we realize
that we need to compute liz (24—1,n),1 (I (I'gpr ¢)) for p +q = w. We will do this
in a few steps.

Lemma 4.24. Fori =1,2 and p +q = w, with p,q > 1, we have
lio, 2n—1,n),0 (T (ePeii N €%eii)) = 0.
Proof. The element e”¢;; A e?e;; maps to
eleij @ele;; —elei @ eleij € Co(U(gly(k[elan—1)), Q).

Since &*e;; = log(1 — (1 —exp(e¥eii))) = — 2 (1 — exp(e¥e;i))¥/k for x > 1,
we see that ePe;; ® £%¢;; is a Q-linear combination of terms of the form

exp(ee;;)" @exp(e'e;;)’.

Let g :=exp(ee;;)" and g; := exp(e’e;;)". Then g ® g» maps to (1, g1, g182).
which maps to

(v1, g102, g18203) — (v1, g102, g103) — (v1, V2, g18203) + (1, V2, g103). (4.2.5)

Since, depending on i, g;(v2) =v; or g1(v3) = g1£2(v3) = v3, we see that the last
expression is 0. U
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Lemma 4.2.5. The value of iz (2,—1,n),0 On the image of the element ePe;; @ ey
in /\2 Van—1, under the chain map that we fixed in Section 4.2.3,is 0 if p+q # w
and p,q > 1.

Proof. By Proposition 2.1.2 to compute the value of iz (2,—1,),,» On the image of
ePe;; @eley in /\2 Vo,—1, we first need to project that image to S (2n — 1, n) ).
But for 1 € Q, replacing ¢ with ¢ multiplies e”¢;; ® ¢?¢j; by AP, whereas the
projection of its image to Sx(2n — 1, n)(,) gets multiplied by A*. Therefore this
projection is 0. Hence the statement in the lemma. ([

Lemma 4.2.6. For p+q = w with p,q > 1, we have
lio, on—1,n),0(T"(e"exa AeTer1)) = lin, 2n—1,m),0((1 +€7) A (1 4 &P)).
Proof. The expression e”ep A €9ej; maps to
elery @cle;; —ele @ elens. (4.2.6)

Both e”e;; @ ¢%e;; and exp(e”e;;) @exp(ele;;) —exp(efe;;) @1 —1®@exp(ee;;)
have the same k*-weight w component, and therefore by Lemma 4.2.5 have the
same image. Note that terms of the form 1 ® g and g ® 1 map to 0, because of
the computation in (4.2.5). Hence the left side of the expression in the lemma is
equal to the image of exp(ePesn) ® exp(efer;) —exp(efer;) ® exp(ePern). Since
exp(e?ej;)vy =07, using the expression (4.2.5) we see that exp(e?e11)Qexp(ePern)
maps to 0. Again using (4.2.5) and the definition of £ and liz (2,—1,n),0, W€ see
that exp(e”e2;) ® exp(e?er1) maps to lix, 2n—1,2),0 (1 +7) A (1 +&7)). O

Lemma 4.2.7. For p 4+ q = w with p,q > 1, we have

lio, 2n—1n),0 (T"(ePe12 A eler1)) = lin, @n—1,m).0((1 —P) A (1 — ).

Proof. Exactly as in the proof of Lemma 4.2.6, we see that the left side of the
expression above is equal to the image of

exp(e”ery) @ exp(eler;) —exp(efer;) @ exp(ePerr).

As exp(e?ez1)(v2) = v2, We see, using (4.2.5), that exp(e?e1) ® exp(e”ej2) maps
to 0. Finally using (4.2.5), and the definition of f and lis (2,—1,1),,» We see that
exp(eferz) @ exp(e?ez1) maps to lin, 2n—1,1),0 ((1 —eP) A (1 — 7). O

Lemma 4.2.8. For p+qg = w with p,q > 1,
1i2,(2n71,n),w(I//(rgf’,aq)) =3 112,(2nfl,n),w((1 - 8[7) A (1 - gq))-

Proof. This follows from Lemmas 4.2.4, 4.2.6, and 4.2.7, together with the fact,
which is immediate from the definition of liz (2,—1,1),0, that

1i2,(2n—l,n),u)((1 - gp) N (1 - eq)) = 1i2,(2n—1,n),w((1 + 3p) N (1 + gq)). O
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Let [| - |] denote the greatest integer function.

Theorem 4.2.9. With the notation as in Section 4.1.2,

—(fCn—1—w)l+w—n+1+Lyw) ifw#2n—1,

Liz (T (00w)) = {_%(2n -1) ifw=2n-1

Proof. Since Liy ,, (T (ay)) = Liz p, 0 (T'(f)), using Lemma 4.2.1, (4.2.2), (4.2.4)
we see that Lip , (T (ay,)) = % lis, 2n—1,n),w ©T" evaluated on

E (Fgﬂ)*l,g - Fgw*IH»j’gnfj - anflfj’gwf}ﬁ»j%»l)
0<j<@n—1—w)/2

+ %){ (w)(l“gm_u,g — ng(w—l)/2’8(w+l)/2).

Using Lemma 4.2.8 and the definition of lip (2,—1,4),,» We see that if w #2n—1,
then the contribution from j = 0 is —(w — n + 1); the contribution from each of
the terms where 0 < j is —1; the last term contributes —% x (w).

In the case w = 2n — 1, there is only one contribution, coming from the last
term, and this is §y (2n — 1)(=1—2(n — 1)) = —3(2n — 1). a

4.3. Proof of Theorem 1.3.2. In order to prove this, by Goodwillie’s theorem
(Theorem 3.1.1), Remark 3.1.2 and Sections 4.1.1 and 4.1.2, we need only show

Lo : (k=) HCo (kTel,, (6))(3) — &

is an isomorphism. We know that this map is nonzero by Theorem 4.2.9, and
replacing ¢ by Ae has the effect of multiplication by A*, using the vector space
structures on both sides [Hesselholt 2005, Proposition 8.1]. This immediately im-
plies the theorem when k is algebraically closed. In the general case, we just need
to use Theorem 1.3.2 for k, and the equivariance of Li, , ,, with respect to Gal(%/ k)
and take galois invariants on both sides.

S. The complex yi[e1, (2)a

5.1. To compute the kernel of J, in Theorem 1.3.1, we will need the following
proposition. Following Suslin’s notation, let 7;,, (A) € GL,, (A) denote the subgroup
of diagonal matrices.

Proposition 5.1.1. The map p, : H3(GL3(k[¢],), Q) — ker(d,) from Section 3.8
has the property that

p2(H3(GLa(k[e]n), Q) =ker(d,) and Hz(Tz(klel,), Q) < ker(pz).
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Proof. The first statement is proved in the case of fields in [Suslin 1990, Section
2]. The same proof works for k[¢],, if in the first line of [Suslin 1990, page 222],
we use [Guin 1989, Theorem 2.2.2] to show that

H*(T2(k[8]n)s @) = H*(UTZ(k[g]n): @),

where UT,(A) denotes upper triangular matrices in GL,(A) (this is denoted by
B>(A) in [Suslin 1990]). We note that there is a slight difference between the
construction of our map p; and the corresponding map of Suslin. Namely, Suslin
uses configurations in the projective space rather than the affine space, but the
resulting maps Hz(GL3(k[¢],), @) — ker(d,) are the same.

The proof of [Suslin 1990, Proposition 3.1] works for k[&],, as well, proving the
second statement. (]

Proposition 5.1.2. The map T : HCy(k[e]n, (€)Y — ker(d,)° (see Notation 2.0.1)
defined in Proposition 3.8.9 is surjective.

Proof. Because of Proposition 5.1.1, Theorem 3.1.1 and Remark 3.1.2, it suffices
to show that the image of K3 (k[g]n)g) in H3(GL3(k[e],), Q)°/H3(T5(k[e]n), Q)°,
under the composition of the maps

K3(klel)$ — Ks(klel)a — H3(GL(k[g,), Q) =~ H3(GLs(k[¢],), Q)
— H3(GL3(k[eln), Q)°/ H3(T3(k[e],), Q)°,

contains that of H3(GL,(k[e],), @) in H3(GL3(k[e],), Q)°/H3(T5(k[e],), Q)°.

Let AV denote the graded symmetric algebra over a graded vector space V.
By the Milnor-Moore theorem, H,(GL(A), Q@) ~ A ((K«(A)g)>0) [Loday 1992,
Corollary 11.2.12]; by the stability theorem,

H3(GL3(k[e]n), Q) = H3(GL(k[£],), Q)
[Guin 1989, Section 2]. Combining these, we obtain
H3(GL3(kleln), @) = N K1 (Klel)a ® (K1 (K[eln)o ® K2 (klel)o) © K3 (Klel)a.
The first two components of the decomposition lie inside
H,(GL, (k[e]n), Q) ® H2(GLa(k[e]n), Q) € H3(T3(k[¢]n), Q),

(by the proof of [Suslin 1990, Lemma 4.2]; [Guin 1989]). Therefore it suffices to
prove that the image of K3(k[¢] ,,)g) under the canonical projection

H3(GLs(k[eln), @) — Prim H3(GL3(k[¢],), @) — (Prim H3(GL3(k[e],), @))°

contains the image of H3z(GL;y(k[¢],), Q).
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By the construction of p; in Sections 3.2-3.7 and Remark 3.1.2, the last trans-
lates to showing that the image im(H3(gl,(k[¢],), Q)) of Hz(gl,(k[e],), Q) in

(Prim Hs (gl (k[£],), @))° = HC (k[£],)° = HCa (k[],)°V @ HC, (k[£],)°®

is contained in HC, (k[g],)°™.

First note that a,, for n +1 < w < 2n — 1 form a basis for HCZ(k[g]n)o(l)
by Theorem 4.2.9 and Section 4.1.1. By Lemmas 4.2.1 and 4.2.2 and Proposi-
tion 4.2.3 and the discussion following it, the image of a,, in H3(gl3(k[e],))° is
equal to that of an element y/, € H3(gl,(k[e],))°. This implies immediately that
HC, (k[e],)°") € im(H3 (gl (kle]n), Q).

On the other hand [Loday 1992, Theorems 10.3.4 and 4.6.8] and [Loday and
Quillen 1984, Remark 6.10] imply that there is a natural map

(Prim H3(gls (k[£],), @))°/ im(H3(gl (k[e],), @) — HCa(k[e],)°?

which induces an automorphism of HC; (k[¢] ,1)0(2) when precomposed with

HC, (k[e],)°® — (Prim Hi(gls (k[e],), @))°/ im(H3 (gl (k[e1n), @)).
These imply that im(Hs (gl (kle],), @) = HCa (k[z],)°). O

The corollary below computes the infinitesimal part of the first cohomology of
the complex yx(¢), (2)a. Note that H!(ye), (2)a)° = ker(d,)°.

Corollary 5.1.3. The maps
T :HCy(k[],, ()1 — ker(d,)° and Liy,, : ker(d,)° — k&~
are isomorphisms.

Proof. This follows from the fact that T is surjective (Proposition 5.1.2) and that
Li ,, oT is an isomorphism (Theorem 1.3.2). Ul

Proposition 5.1.4. There are natural isomorphisms

H?(7ie1,(2)0)° ~ HC) (k[e],)° =HC 1 (k[e])* M =~ P Q.

1<i<n-—1
Proof. Note that by the definition of Milnor K-theory [Loday 1992, 11.1.16]
H? (741, @)a) = K3 (kleln). (5.1.1)
Since
Ky (klela) = Ka(kleln) (5.1.2)

[Guin 1989, Section 4.2], we have, by [Loday 1992, Proposition 2.1.14],

K(k[e]s)° = HCy (klel)° = Qi) /( +d(klel) ~ D @

1<i<n-—1



30 Sinan Unver

Finally HC, (k[¢],) = HC, (k[e]n)(l) follows from [loc. cit., Theorem 4.6.7]. O

5.2. Proof of Theorem 1.3.1. Over k this is the main theorem in [Suslin 1990].
However, note that there the indecomposable quotient K3(k)ing,.0 of K3(k)g ap-
pears instead of K3 (k)g). To see that these two groups are canonically isomorphic,
see [Lichtenbaum 1987, page 207]. Therefore we only need to compute the co-
homology of the infinitesimal part of the complex ..}, (2)o. And this is done in
Corollary 5.1.3 and (5.1.1) and (5.1.2).

6. Comparison with the additive dilogarithm of Bloch and Esnault

In this section we compare the complex y(¢), (2)g to the complex T,Q(2)(k) of
Bloch and Esnault.

6.1. The reduced complex. To make the comparison we first define a subcomplex
of yrfe1, (2)g: Define yire, (2) to be the subcomplex of yy,, (2)g, whose degree
2 term is

kX ® Vno C (/\ZVn)o
and whose degree 1 term is the inverse image o, k> ® V) € Ba(k[e]n)g- Denote
this last group by By (k[e],)g. Then we have

Yirel, Qg Balkleln)g — kX Q V.
We need a lemma to compute the cohomology of this reduced complex.
Lemma 6.1.1. The natural map (k*)®¢D @ klelX — KiM(k[e]n) is a surjection.

Proof. By the definition of Milnor K-theory, it is clear that it suffices to prove the
lemma for i = 2. In this case the lemma follows from the isomorphism

K> (k[el,) = Ko (k) @ i
Ql +d(k[eln)

[Graham 1973, Theorem 3] and the observation that k™ ® k[e], surjects onto the
expression on the right, under this isomorphism. Note that Ké” (k[eln) = Ko (k[e]n)
[Guin 1989]. ([
Proposition 6.1.2. The inclusion yi(e), (2)q — Vi1, (2)g i a quasiisomorphism.

Proof. The only thing that needs justification is the surjectivity of the induced
map on the degree 2 cohomology groups or equivalently the surjectivity of the
composition

kg ®a Ve = (NVa)° — Qi /(Q +d(k[e]n),

where the last map is the one in the proof of Proposition 5.1.4. But this is exactly
Lemma 6.1.1. (]
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6.2. The construction of Bloch and Esnault with higher modulus. For the rest of
the section we assume that k is algebraically closed. In [2003], Bloch and Esnault
construct the additive weight 2 complex with modulus 2; their proof goes through
to give a construction for all moduli n > 2. We describe the properties of this
complex below. The proofs and the details of the construction can be found in
[Bloch and Esnault 2003, Section 2].

Following their notation, we let R be the local ring of 0 in A,i. The localization
(away from 0) sequence for the pair (k[z], (")) splits into the exact sequences

Ka(kl], (1) = K2(R, (") —2> @, i K1 (k) — Ki(kl1], (1) — 0

and

0— Ki(R, (t")) —2= @, .« Kolk) — Ko(k[t], (")) — 0,

xek>

since Ko(R, (")) = 0 and the map K(R, (t")) = @,i« Ko(k) is injective, as
Ki(R, (t")) = 14 (") and the map is given by the divisor of the function [Licht-
enbaum 1987, Appendix]. This description also gives a canonical identification

Ko(k[t], (")) = (k[1],)°.

Using the product structure on K-theory, let
T, By (k) := (K2(R, (1"))/ im(K1 (k) - K1 (R, (")),

and let TnHj},l(k, 2) be the image of K, (k[f], (t"))g in T,Bz(k). Then the above
exact sequences give the exact sequence

0— T,Hj,(k,2) = T,By(k) = k* @ V® — K (k[t], (") — 0.  (6.2.1)

We let T,,Q(2) (k) : T,,B2(k) — k™ ® V,? denote the middle part of this sequence.
This is the exact generalization to higher moduli of the complex considered by
Bloch and Esnault [2003] (the complex described in Section 1.2).

We will try to express the cohomology groups of 7,,Q(2)(k) in terms of the

groups K (k[t]n, (1))a-
First note that the long exact sequence for the pair (k[¢], (")), together with the
homotopy invariance of K-theory, gives canonical isomorphisms

K*+l(k[t]n> (t)) = K*(k[t]a (tn))’

and therefore there is a surjection

K3 (k[t],, (1)) - Ky (k[t], (1)) 1
(o oro)e = (Ta Ko a)e = Wik, 622

Lemma 6.2.1. There is a canonical surjection Kz (k[t],, (t))g) — T, Hl%,l(k, 2).
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Proof. By [Lichtenbaum 1987, page 191],
Ks(klrl)a = K3 (k[t1)§ @ K3 (Klt1)a.

and by Lemma 6.1.1, the image of K (k) ® K»(k[t],) in K5(k[t],) is K3M(k[t]n).
Hence that (6.2.2) is a surjection proves the lemma. U

Let

. _ KQ(Ra (tn)) KZ(k[t]Zn—l, (tn)) .
P80 = (g ki)~ (B K@ ) =

denote the map induced by reduction modulo (+2*~!). We will prove that p behaves
like an additive dilogarithm in this setting.

Proposition 6.2.2. The composition K3 (k[t],, (t))(g) - T,H 1},1 (k,2) — N induced
by the inclusion

K3(k[t]n, (0)S) — K3(k[t1as (1))as

(6.2.2), and p is an isomorphism.

Proof. This map is induced by the long exact sequence of the pair (k[t]2,—1, (t")):
o= K3(k[t]n, 1) = Ka(kl[tlon—1, (") — Kalk[tlon—1, @) — --- .

By Goodwillie’s theorem, Remark 3.1.2 and Section 4.1.1, the map
K3kltlaa1, 0)G = K3(kltl, (1)g)

is equivalent to a map k®?"=2 — k®"=Dwhere the k*-weights in the source
range in [2n, 4n — 3], whereas in the target they range in [n, 2n — 1]. Therefore this
last map is zero and hence K3(k[t],, (t))g) — Ky (k[t]on—1, (t"))g is injective.
By [Stienstra 1981, Theorem 1.11], K2 (k[t]2n—1, (t"))@ = k®*~D @ (Q})®¢ =D,
and K (k) ® Ky (k[t]2a-1, (")) = Ka(k[t]2a-1, (t"))@ has image (Q})®"~D. O

Corollary 6.2.3. There are canonical isomorphisms
H'(T,QQ2) (k) = K3(klt],, (1) ~HCy(K[t1,, (1),
HX(T,QQ2)(k)) ~ Ka(k[t],, (t))g =~ HC; (k[t],, (r)).

Proof. The first isomorphism is an immediate consequence of Lemma 6.2.1 and
Proposition 6.2.2, and the second is a consequence of the isomorphism

Ko (k[t]n, (1)) = Ky (k[2], (")),

which follows from the long exact sequence for (k[¢], (")) and the homotopy in-
variance of K -theory. ([



On the additive dilogarithm 33

Proof of Corollary 1.4.1. First we note that the degree 2 terms of 7,,Q(2)(k)
and yi, (2)g are both equal to k* ® V,> and that the cohomology groups of
the two complexes are canonically isomorphic (Theorem 1.3.1, Proposition 6.2.2,
and Corollary 6.2.3). In both cases the projection from k* ® V,’ to the degree 2
cohomology is induced by the composition

kK@ Vy — K3 (klel) — Qi /(@4 +d (k[e],))

(see the proof of Lemma 6.1.1). Therefore the images of T, B> (k) and of B;(k[¢] ,,)b
in k* ® V> are the same. The exact sequence (6.2.1) and Proposition 6.2.2 give a
splitting of T,, B>(k); and Theorems 1.3.1 and 1.3.2 give a splitting of B, (k[e]n)b.
This proves the corollary. (]

We would like to emphasize that the isomorphism given in the statement of the
corollary uses the additive dilogarithm in both constructions and thus should not
be considered as natural.
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Nichols algebras with standard braiding

lvan Ezequiel Angiono

The class of standard braided vector spaces, introduced by Andruskiewitsch and
the author in 2007 to understand the proof of a theorem of Heckenberger, is
slightly more general than the class of braided vector spaces of Cartan type.
In the present paper, we classify standard braided vector spaces with finite-
dimensional Nichols algebra. For any such braided vector space, we give a PBW
basis, a closed formula of the dimension and a presentation by generators and
relations of the associated Nichols algebra.
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Introduction

A breakthrough in the development of the theory of Hopf algebras occurred with
the discovery of quantized enveloping algebras [Drinfel’d 1987; Jimbo 1985]. This
special class of Hopf algebras has been intensively studied by many authors and
from many points of view. In particular, finite-dimensional analogues of quantized
enveloping algebras were introduced and investigated by Lusztig [1990a; 1990b].

About ten year ago, a classification program of pointed Hopf algebras was
launched by Andruskiewitsch and Schneider [1998] (see also [Andruskiewitsch
and Schneider 2002b]). The success of this program depends on finding solutions
to several questions, among them:

MSC2000: primary 17B37; secondary 16W20, 16W30.
Keywords: quantized enveloping algebras, Nichols algebras, automorphisms of noncommutative
algebras, pointed Hopf algebras.
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Question 1 [Andruskiewitsch 2002, Question 5.9]. Given a braided vector space
of diagonal type V, such that the entries of its matrix are roots of unity, compute
the dimension of the associated Nichols algebra B(V). If it is finite, give a nice
presentation of B(V).

Partial answers to this question were given in [Andruskiewitsch and Schneider
2000; Heckenberger 2006b] for the class of braided vector spaces of Cartan type.
These answers were already crucial to proving a classification theorem for finite-
dimensional Hopf algebras whose group is abelian with prime divisors of the order
great than 7 [Andruskiewitsch and Schneider 2005]. Later, a complete answer to
the first part of Question 1 was given in [Heckenberger 2006a].

The notion of a standard braided vector space, a special kind of diagonal braided
vector space, was introduced in [Andruskiewitsch and Angiono 2008], and is re-
viewed in Definition 3.5 below. This class includes properly the class of braided
vector spaces of Cartan type.

The purpose of this paper is to develop from scratch the theory of standard
braided vector spaces. Here are our main contributions:

» We give a complete classification of standard braided vector spaces with finite-
dimensional Nichols algebras. As usual, we may assume the connectedness of
the corresponding braiding. It turns out that standard braided vector spaces are
of Cartan type when the associated Cartan matrix is of type C, D, E or F, see
Proposition 3.8. For types A, B, G there are standard braided vector spaces not
of Cartan type; these are listed in Propositions 3.9, 3.10 and 3.11. Those of type
A; and B; appeared already in [Grafa 2000]. Our classification does not rely
on [Heckenberger 2006a], but we can identify our examples in the tables of that
reference.

e We describe a concrete PBW (Poincaré—Birkhoff—Witt) basis of the Nichols
algebra of a standard braided vector space as in the previous point; this follows
from the general theory of Kharchenko [1999] together with [Heckenberger
2006b, Theorem 1]. As an application, we give closed formulas for the di-
mension of these Nichols algebras.

o We present a concrete set of defining relations of the Nichols algebras of stan-
dard braided vector spaces as in the previous points. This is an answer to the
second part of Question 1 in the standard case. We note that this seems to be
new even for Cartan type, for some values of the roots of unity appearing in the
picture. Essentially, these relations are either quantum Serre relations or powers
of root vectors; but in some cases, there are some substitutes of the quantum
Serre relations due to the smallness of the intervening root vectors. Some of
these substitutes can be recognized already in the relations in [Andruskiewitsch
and Dascalescu 2005].
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Here is the plan of this article. We start by collecting necessary tools. Namely,
we recall the definition of Lyndon words and give some properties about them, such
as the Shirshov decomposition, in Section 1A. Next, in Section 1B, we discuss
the notions of hyperletter and hyperword, following [Kharchenko 1999] (where
they are called superletter and superword); these are certain iterations of braided
commutators applied to Lyndon words. In Section 1C, a PBW basis is given for
any quotient of the tensor algebra of a diagonal braided vector space V by a Hopf
ideal using these hyperwords. This applies in particular to Nichols algebras.

In Section 2, after some technical preparations, we present a transformation of a
braided graded Hopf algebra into another, with different space of degree one. This
generalizes an analogous transformation for Nichols algebras given in [Hecken-
berger 2006b, Proposition 1]; see Section 2C.

In Section 3 we classify standard braided vector spaces with finite-dimensional
Nichols algebra. In Section 3A, we prove that if the set of PBW generators is
finite, the associated generalized Cartan matrix is of finite type. So in Section
3B we obtain all the standard braidings associated to Nichols algebras of finite
dimension.

Section 4 is devoted to PBW bases of Nichols algebras of standard braided vector
spaces with finite Cartan matrix. In Section 4A we prove that there is exactly one
PBW generator whose degree corresponds to each positive root associated to the
finite Cartan matrix. We give a set of PBW generators in Section 4B, following a
nice presentation from [Lalonde and Ram 1995]. As a consequence, we compute
the dimension in Section 4C.

The main result of this paper is the explicit presentation by generators and re-
lations of Nichols algebras of standard braided vector spaces with finite Cartan
matrix, given in Section 5. It relies on the explicit PBW basis and transformation
described in Section 2C. Section 5A states some relations for Nichols algebras of
standard braidings and proves facts about the coproduct. Sections SB—5D contain
the explicit presentation for types Ag, By and G, respectively. For this, we estab-
lish relations among the elements of the PBW basis, inspired in [Andruskiewitsch
and Déscilescu 2005] and [Grafia 2000]. We finally prove the presentation in the
case of Cartan type in Section 5E. To our knowledge, this is the first self-contained
exposition of Nichols algebras of braided vector spaces of Cartan type.

Notation. We fix an algebraically closed field k of characteristic 0; all vector
spaces, Hopf algebras and tensor products are considered over k.
For each N > 0, Gy denotes the set of primitive N-th roots of unity in k.
GivenneNand g €k, g ¢ Ug< <, Gj, we deﬁne

D g v =] [« d (k), =
(j)q (k)g! (n—k),! where (12),! ]1_[1( g, and (k), = Zq
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We define
th— 1 o
t) = e k[t heN; t) i =——= t5 e k[[t].
an(r) 1= —— €k, oo (1) = T Z(; 1
For each 6 € N and each n = (ny,...,n9) € 7%, we set x" = x}'---x;’ €
k[[xlil, e, x(jtl]]. For each Ze—graded vector spaces ‘B, we denote by Hy =

> ne 70 dimB"x" the Hilbert series associated to B.
Let C = @nel\lo Ciyj be a Ng-graded coalgebra, with projections 7, : C — C,.
Given i, j > 0, we denote by

Aiji=@Qmnj)oA:Citj— Ci®Cj,

the (i, j)-th component of the comultiplication.

1. PBW bases

Let A be an algebra, P, S C A and & : S — N U {oco}. Let also < be a linear order
on S. Let us denote by B(P, S, <, h) the set

{psf‘...sf’:teNo, s1>-->8, 5;€8, 0<e <h(s), pEP}.

If B(P, S, <, h) is a linear basis of A, then we say that (P, S, <, h) is a set
of PBW generators with height h, and that B(P, S, <, h) is a PBW basis of A.
Occasionally, we shall simply say that S is a PBW basis of A.

In this section, following [Kharchenko 1999], we describe an appropriate PBW
basis of a braided graded Hopf algebra B =D, B" such that B! =V, where V
is a braided vector space of diagonal type. This applies in particular, to the Nichols
algebra ®B(V). In Section 1A we recall the classical construction of Lyndon words.
Let V be a vector space together with a fixed basis. Then there is a basis of the
tensor algebra T (V) by certain words satisfying a special condition, called Lyndon
words. Each Lyndon word has a canonical decomposition as a product of a pair of
smaller Lyndon words, called the Shirshov decomposition.

We briefly recall the notions of a braided vector space (V, ¢) of diagonal type
and of a Nichols algebra in Section 1B. In Section 1C we recall the definition of
the hyperletter [/]., for any Lyndon word /; this is the braided commutator of the
hyperletters corresponding to the words in the Shirshov decomposition. Hyperlet-
ters are a set of generators for a PBW basis of 7' (V) and their classes form a PBW
basis of ‘B.

1A. Lyndon words. Let 8 € N. Let X be a set with 8 elements and fix an enumer-
ation xp, ..., xg of X; this induces a total order on X. Let X be the corresponding
vocabulary (the set of words with letters in X) and consider the lexicographical
order on X.
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Definition 1.1. An element u € X, u # 1, is called a Lyndon word if u is smaller
than any of its proper ends; that is, if u = vw, v, w € X — {1}, then u < w. The set
of Lyndon words is denoted by L.

We shall need the following properties of Lyndon words.

(1) Letu e X—X. Then u is Lyndon if and only if for any representation u = uu>,
with u1, up € X not empty, one has uuy =u < usu;.

(2) Any Lyndon word begins by its smallest letter.
3) fuy,up € L,uy <uy,thenuju € L.

The basic Theorem about Lyndon words, due to Lyndon, says that any word
u € X has a unique decomposition

u=hl...1, (1-1)

with/; € L, [, <---<l;, as a product of nonincreasing Lyndon words. This is called
the Lyndon decomposition of u € X; the [; € L appearing in the decomposition (1-1)
are called the Lyndon letters of u.

The lexicographical order of X turns out to be the same as the lexicographical
order in the Lyndon letters. Namely, if v =1 .../, is the Lyndon decomposition
of v, then u < v if and only if

(1) the Lyndon decomposition of u# is u =1 ...l;, for some 1 <i <r, or

(ii) the Lyndon decomposition of uisu =1y ...1; Il

i+1 -
seNandl,l{H,...,l; in L, with [ <;.

I, forsome 1 <i <r,

Here is another useful characterization of Lyndon words.

Lemma 1.2 [Kharchenko 1999, p. 6]. Let u € X — X. Then u € L if and only if
there exist uy, uy € L with uy < up such that u = uu,.

Definition 1.3. Let u € L — X. A decomposition u = ujuy, with uy, up € L such
that u, is the smallest end among those proper nonempty ends of u is called the
Shirshov decomposition of u.

Letu, v, w € L be such that u =vw. Then u =vw is the Shirshov decomposition
of u if and only if either v € X, or else if v = v;v, is the Shirshov decomposition
of v, then w < v,.

1B. Braided vector spaces of diagonal type and Nichols algebras. A braided vec-
tor space is a pair (V, ¢), where V is a vector space and ¢ € Aut(V ® V) is a solution
of the braid equation

(c ®id)(id ® ¢)(c ® id) = (id ® ¢)(c ®id)(id ® ¢).
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We extend the braiding to ¢ : T(V)QT (V) — T(V)®T (V) in the usual way. If
x,y € T(V), the braided commutator is

[x, y]c := multiplication o (id —¢) (x® ). (1-2)

Assume that dim V' < oo and pick a basis X = {x1, ..., xg} of V; we may then
identify kX with T' (V). We consider the following gradings of the algebra T'(V):

(i) The usual Ny-grading 7' (V) = @nzo T" (V). If £ denotes the length of a word
in X, then T"(V) = B, ex ¢(xy=n k*-

(ii) Let ey, ..., ey be the canonical basis of Z?. Then T(V) is also Ze—graded,
where the degree is determined by degx; =e;, 1 <i <46.

A braided vector space (V,c) is of diagonal type with respect to the basis
X1, ...xp if there exist g;; € k™ such that c(x; ®x;) = g;jx;®x;, 1 <i, j <0. Let
% : 2% x 7° — k* be the bilinear form determined by y (e;, e)=gqij, 1 <i,j<0.
Then

c(u®v) = y(degu,degv)oQu (1-3)
for any u, v € X, where g, , = y(degu, degv) € k*. In this case, the braided com-
mutator satisfies a “braided” Jacobi identity as well as braided derivation properties,
namely

[[u7 D]C b w]c = [M’ [1)7 w]C]C - X(a9 IB)D [uﬂ w]c + X(ﬁ’ y) [u3 w]c D’ (1_4)
[l/l,l) w]c=[u,v]cw+){(aa :B)D [l/l, w]c: (1_5)
[u v, wl. = x (B, y)u, wle v+u v, wl, (1-6)

for any homogeneous u, v, w € T(V), of degrees a, 5, y € NY, respectively.

We denote by Z@)QB the category of Yetter—Drinfeld module over H, where H
is a Hopf algebra with bijective antipode. Any V € Zoyéb becomes a braided
vector space [Montgomery 1993]. If H is the group algebra of a finite abelian
group, then any V € ZOBQD is a braided vector space of diagonal type. Indeed,
V = @,cr et Vi where V¥ = VXNV, with Vy = {o € V | d() = g ® v}
and V/ ={o € V| g-v = y(g)v forall g € I'}. The braiding is given by
cx®y)=y(@yQux,forallxeV,,gel,ye V4, el.

Reciprocally, any braided vector space of diagonal type can be realized as a
Yetter—Drinfeld module over the group algebra of an abelian group.

Ifve Z@@, the tensor algebra T(V) admits a unique structure of graded
braided Hopf algebra in Z@Qb such that V € P(V). Following [Andruskiewitsch
and Schneider 2002b], we consider the class G of all the homogeneous two-sided
ideals I C T (V) such that

« [ is generated by homogeneous elements of degree > 2,
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e [ is a Yetter—Drinfeld submodule of 7 (V), and
e [isaHopfideal: A(/) CIQT(V)+T(V)®I.

The Nichols algebra B(V) associated to V is the quotient of 7'(V') by the max-
imal element 7 (V) of G.

Let (V, ¢) be a braided vector space of diagonal type, and assume that ¢;; = g;;
for all , j. Let I' be the free abelian group of rank 8, with basis g, ..., gg, and
define the characters yi,..., yg of I' by

xi(g) =qij, 1=i,j=<0.
Consider V as a Yetter-Drinfeld module over kI by defining x; € V'

Proposition 1.4 [Lusztig 1993, Proposition 1.2.3; Andruskiewitsch and Schneider
2002b, Proposition 2.10]. Let ay, ...,ag € k*. There is a unique bilinear form
(1):T(V)xT(V)— ksuch that (1|1) =1,

(xi|xj) = d;ja; for all i, j, (1-7)
(xlyy") = (xyly) (x) 1Y) forall x, y, y" € T(V) (1-8)
(xx'ly) = (xlya)) (X' |y@)) forall x, x', y € T(V). (1-9)

This form is symmetric and also satisfies
(xly)=0 forallxeT(V)g, yeT(V)y, g, hel’, g#h. (1-10)
The quotient T (V)/I1(V), where
I(V):={xeT(V):(x|y)=0forally e T(V)}

is the radical of the form, is canonically isomorphic to the Nichols algebra of V.
Thus, (| ) induces a nondegenerate bilinear form on 6(V) denoted by the same
name. (]

If (V, ¢) is of diagonal type, the ideal (V) is Z-homogeneous, since it is the
radical of a bilinear form in which the different Z’-homogeneous components are
orthogonal; see [Andruskiewitsch and Schneider 2004, Proposition 2.10]. Hence
B(V) is Z?-graded. The following statement, that we include for later reference,
is well-known.

Lemma 1.5. Let V be a braided vector space of diagonal type, and consider its
Nichols algebra B(V).

(a) If qg;; is a root of unity of order N > 1, then xiN =0.
(b) Ifi # j, then (ad. x;)" (x;) = 0 if and only if

Ou! T 0 =dasan =0
0<k<r—1
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(©) Ifi # j and q;;qj; = q];, for some r <0, then (ad, x) " (x;) =0. (|

1C. PBW basis of a quotient of the tensor algebra by a Hopf ideal. Let (V, ¢)
be a braided vector space with a basis X = {x|, ..., xp}; identify T (V) with kX.
There is an important graded endomorphism []|. of kX given by

u fu=1oruelX;

(0], [w]], ifuel, ) >1
and # = vw is the Shirshov decomposition;

[ule =
[1]e ... [us)e if u € X — L with Lyndon decomposition u = uj ... u;.

Now assume that (V, ¢) is of diagonal type with respect to the basis xi, .. ., xg,
with matrix (g;;).

Definition 1.6. The hyperletter corresponding to [ € L is the element [/].. A
hyperword is a word in hyperletters, and a monotone hyperword is a hyperword of
the form W = [ul]'g‘ .. .[um]lé’”, where uy > -+ > u,,.

Remark 1.7. If u € L, then [u]. is a homogeneous polynomial with coefficients
inZ [q,-j] and [u]. € u+ kXi(u").

The hyperletters inherit the order from the Lyndon words; this induces in turn an
ordering in the hyperwords (the lexicographical order on the hyperletters). Now,
given monotone hyperwords W, V, it can be shown that

W=[wile...[wnle >V =[v1lc... [0/l
where w; > .-+ > w,, 0] >---> vy, if and only if
W=W]...Wy, >0=0]...0.

Furthermore, the principal word of the polynomial W, when decomposed as sum
of monomials, is w with coefficient 1.

Theorem 1.8 [Rosso 1999]. Let m, n € L, with m < n. Then the braided commuta-
tor [[m]c, [n]c]. is a Z|q;j]-linear combination of monotone hyperwords [l1]c, . . .,
[/, i € L, such that

o the hyperletters of those hyperwords satisfy n > l; > mn,
o [mn]. appears in the expansion with a nonzero coefficient, and

o any hyperword appearing in this decomposition satisfies
deg(ly ...l,) = deg(mn). O

A crucial result of Rosso describes the behavior of the coproduct of 7' (V) in the
basis of hyperwords.
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Lemma 1.9 [Rosso 1999]. Letu e X, and u = uy ... u, o™, vo,u; € L,v <u, <
-+« < uj the Lyndon decomposition of u. Then

A ([ule) =1®[ule+ D (’:1) [urle .. [u )0l @[]
i=0

9o, ) -
> 5, el Ll
I Z'~-le>l), lieL
0=j<m

where each xl(lj )

,,,,

deg(xl(]j) l,,) +deg(l; .. .lpz)j) =deg(u). O

.....

As in [Ufer 2004], we consider another order in X it is implicit in [Kharchenko
1999].

Definition 1.10. Let u, v € X. We say that u > v if and only if either £(u) < £(v),
orelse £(u) =¢(v) and u > v (lexicographical order). This > is a total order, called
the deg-lex order.

Note that the empty word 1 is the maximal element for . Also, this order is
invariant by right and left multiplication.

Let now I be a proper ideal of T(V), andset R=T(V)/I. Letz : T(V) > R
be the canonical projection. Consider the subset of X given by

Gr=lueX:ug¢kX,, +1}.

(@) Ifue Gyand u =vw, thenv, w € Gy.

(b) Any word u € G factorizes uniquely as a nonincreasing product of Lyndon
words in G.

Proposition 1.11 ([Kharchenko 1999]; see also [Rosso 1999]). The set n (Gy) is a
basis of R. (I

In what follows, I is a Hopf ideal. We seek to find a PBW basis by hyperwords
of the quotient R of T'(V). For this, we look at the set

S =GrNL. (1-11)
We then define the function A : S — {2,3, ...} U{oo} by
hy(u):==min{r e N:u" € Xy +1}. (1-12)

The next result plays a fundamental role in this paper.
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Theorem 1.12 [Kharchenko 1999]. Keep the notation above. Then
By =B ({1+1},[S/]c+1, <,hp)
is a PBW basis of H=T(V)/I. O

The next three results are consequences of Theorem 1.12; see [Kharchenko
1999] for their proofs.

Corollary 1.13. A word u belongs to G if and only if the corresponding hyperlet-
ter [u]. is not a linear combination, modulo 1, of hyperwords [w]., w > u, where
all the hyperwords have their hyperletters in Sj. ([l

Proposition 1.14. In the conditions of the Theorem 1.12, if v € Sy is such that

hi(v) < oo, then q, ., is a root of unity. In this case, if t is the order of q,, ,, then
h](l)) =1. O

Corollary 1.15. If h;(v) := h < oo, then [v]" is a linear combination of hyper-
words [w]., w > v". O

2. Transformations of braided graded Hopf algebras

In Section 2C, we shall introduce a transformation over certain graded braided Hopf
algebras, generalizing [Heckenberger 2006b, Proposition 1]. It is an instrumental
step in the proof of Theorem 5.25, one of the main results of this article.

2A. Preliminaries on braided graded Hopf algebras. Let H be the group algebra
of an abelian group I'. Let V € ZGJJQD with a basis X = {x1,...,xp} such that
X; € Vg)gi, 1 <i<@. Let qij = Xj(g,'), so that C(X[@Xj) =qijXj®x;, 1<i,j<6.

We fix an ideal I in the class &; we assume that I is Z°-homogeneous. Let
9B := T(V)/I: this is a braided graded Hopf algebra, 8° = k1 and B! = V. By
definition of I (V), there exists a canonical epimorphism of braided graded Hopf
algebras 7 : B — B(V). Let g; : B — B be the algebra automorphism given by
the action of g;.

For the proof of the next result, see [Andruskiewitsch and Schneider 2002b,
2.8], for example.

Proposition 2.1. (1) For each 1 < i < @, there exists a uniquely determined
(id, o;)-derivation D; : B — B with D;(x;) =6, j forall j.

(2) I =1(V) ifand only if N'_, ker D; = k. O

These operators are defined for each x € B*, k > 1 by the formula

0
Ap—1,1(x) = Z D;(x)®x;.
i=1
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Analogously, we can define operators F; : 8 — B by F;(1) = 0 and
0
Ara-1(x) =D xi®F;(x) forall x e HB".
i=1 k>0
Let y be as in Section 1B. Consider the action > of kZ? on B given by
e;>b = y(u,e)b, bhomogeneous of degree u e Z?. 2-1)
Such operators F; satisfy F;(x;) = d; ; for all j, and
Fi(b1by) = Fi(b1)b2 + (&;>b1) Fi(b2), b1, by €B.

Let zﬁij) = (ad. x;)"(x;),1,j€{l,...,0},i # jand r € Ny.

Remark 2.2. The operators D;, F; satisfy

Di(x") = () g, x" ", (2-2)

D; ((adc x;) (xj, ... x;,)) =0forr,s >0, jix #i, (2-3)
. r—1

D;z) = T1 (1 — gk qijgji)x! forr >0, (2-4)
k=0

Fi(2%) = (m)g, (1 — " qijq;0)2"7 (2-5)

FiZ9) =0, m>1. (2-6)

The proof of the first three identities is as in [Andruskiewitsch and Schneider 2004,
Lemma 3.7]; the proof of the last two is by induction on m.

For each pair 1 <i, j <6,i # j, we define
M; ;j(B) := {(adc x;)" (x;) : m € N} ; (2-7)
mij 1= min {m eNy:(m+ 1)%(1 — ql-r;lql’jq]',') = 0} . (2-8)
Then either ql.’;l”q,-jqji =1,or q{?”“ =1,if g/’ gijqji #1 forallm =0, 1, ..., m;j,
or such m;; does not exist, in which case we consider m;; = oc.
If B=2(V), we write simply M, j = M; ;(B(V)). Note that (ad.. x;)"™i T1x; =0
and (ad. x;)™/x; # 0, by Lemma 1.5, so
| Mi ;| =mij +1.

By Theorem 1.12, the braided graded Hopf algebra 8 has a PBW basis con-
sisting of homogeneous elements (with respect to the Z’-grading). As in [Hecken-
berger 2006b], we can even assume that

® The height of a PBW generator [u], deg(u) = d, is finite if and only if 2 <
ord(g,,,) < oo, and in such case, hyy)(u) = ord(q,.)-



46 Ivan Ezequiel Angiono

This is possible because if the height of [u], deg(u) = d, is finite, then 2 <
ord(qyu,,) = m < 0o, by Proposition 1.14. And if 2 < ord(q,,,) = m < oo, but
hicvy(u) is infinite, we can add [u]™ to the PBW basis: in this case, hjv)(u) =
ord(g,.,), and g,m ,m = q‘;"i =1.

Let AT(B) € N" be the set of degrees of the generators of the PBW ba-
sis, counted with their multiplicities and let also A(B) = AT(B) U (—AT(B)):
AT (%) is independent of the choice of the PBW basis with the property ® (see
[Andruskiewitsch and Angiono 2008, Lemma 2.18] for a proof of this statement).

In what follows, we write

qo =y (0, ), Ny :=ordg,, o€ AT(B).

2B. Auxiliary results. Let I be Z°-homogeneous ideal in G and B = T'(V)/I as
in Section 2A. We shall use repeatedly the following fact.
In what follows, we use the convention ord 1 = 1.

Remark 2.3. If xiN =01n ‘B with N minimal (this is called the order of nilpotency
of x;), then g;; is a root of 1 of order N. Hence (ad. xi)ij =0.

The following result extends (18) in the proof of [Heckenberger 2006b, Propo-
sition 1].

Lemma?2d4. Forie{l, ..., 0}, letH; be the subalgebra generated by Uj#i M; ;(°B)
and denote by n; the order of q;;. Then there are isomorphisms of graded vector
spaces

e ker(D)) =EXH; @k [x;”], if 1 <ordg;; < oo but x; is not nilpotent, or
e ker(D;) = ¥, if ord g;; is the order of nilpotency of x; or q;; = 1.

Moreover,

B = @k[x;]. (2-9)

Proof. We assume for simplicity i = 1 and consider the PBW basis obtained in the
Theorem 1.12. Now x; € Sy, and it is the least element of S;, so each element of
B is of the form [u]* ... [ug]*x], with uy < --- <uy,u; € S\ {x1},0 <5 <
hy(u),0<s <hj(xy). Call 8= S;\ {x1}, and

By:=B(1+1,[S1.+1, <, hils),

that is, the PBW set generated by [S’]. 4+ I, whose height is the restriction of the
height of the PBW basis corresponding to S’. We have

B=kB, Qk|[x1].

By (2-3), any (ad. x1)"(x;) € ker(D;); as D is a skew-derivation, we have
¥ Cker(Dy).
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Also, ad,. x| is a (o1, id)-derivation of 28. This derivation restricts to an endo-
morphism of the algebra J;, because if we apply ad. x; to the generators of ¥y,
we obtain another generators (or 0).

We shall prove by induction on the length of u that [u]. € ¥ foreach u € L\ {x;}.
If u=x;, j > 1, then [u]. = x; € J;. Now let u € L\ {x;} be of length greater
than 1, and (v, w) its Lyndon decomposition. Then:

e If v # x1, then [v],, [w]. € K by induction hypothesis, so

[ulc = [v]c[w]e — x (degv, deg w)[w]c[v]. € K1,
because X is a subalgebra.

o If v = x1, then [u], = ad, x;([w].) C ad. x1 () C K|, because by induction
hypothesis [w]. € ;.

Then we prove that [L].\ {x1} € ¥, and B, is generated by [L]. \ {x;}; that is,
kBy C ¥y, and D;(B,) =0.
If u € ker(D), we can write [u], = ZweB; oylw]e. If w does not end with xq,

then w € By, and Dy ([w].) = 0. Butif w = u,,x{, [uyle € B2,0 <ty < hy(x1),

we have
Dy ([wle) = (t) i [uwlexy” ™
where (t,,) g # 0 if n; does not divide ¢,,. Then

0= Dl ([u]C) = Z aU)(tW)tIﬂl [uw]cxim_l 5

weB;/t,>0

But [uw]cxi’“_1 € B, and B, is a basis, so a,, = 0 for each w such that n; does
not divide ,,. Then ker(D;) = ¥ ;k[x;"], so ker(D;) =~ ¥; ® k[x;"] as k-vector
spaces. This fact and the first part conclude the proof. (]

2C. Transformations of certain braided graded Hopf algebras. Let I be 7°-
homogeneous ideal in & and % = T(V)/I as in the previous subsections. We
fixie{l,...,0}.

Remark 2.5. ord g;; = min{k € N : Fik =0}, if g;; # 1.
Proof. If k € N, then F; (xf) = (k)ql.l.xf_l, and for all k e N,
ki k
FF () = (0,1
That is, if F¥ = 0, then (k), 1! = 0. Hence ordg;; < minfk € N : FF =0}
Reciprocally, if g;; is a root of unity of order &, then F’ l.k (x/) =0 for all r > k by the

previous claim, and Fl.k (x/)=0forall t <k by degree arguments. Since F;(x;) =0
for j #i, FF =0. O
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We now extend some considerations in [Heckenberger 2006b, p. 180]. We con-
sider the Hopf algebra defined by

k(y, e;, ei_1 le;y — qi;lye,-, yNi)  where N; is the order of nilpotency
H; = of x; in ‘B, if x; is nilpotent,
k(y, e;, ei_l le;y — q;lye,') if x; is not nilpotent,

together with A(e;) =¢; ®e;, A(y) =e; @y +yR 1.
Notice that A is well-defined by Remark 2.3. We also consider the action > of
H; on ‘B given by

ei>b = y(u,e)b, yeb=F;(b),

if b is homogeneous of degree u € N?, extending the previous one defined in (2-1).
The action is well-defined by Remark 2.3 and because

(eiy)>b=-¢;>(F;(b)) = q;]F,- (ei>b) = (q;lye[) >b forb e B.
It is easy to see that B is an H;-module algebra; hence we can form
A; = B#H,;.
Also, if we denote explicitly by - the multiplication in s{;, we have
(1#y) - (b#1) = (e; > b#1) - (1#y) + Fi(b)#1 forall b € *B. (2-10)

As in [Heckenberger 2006b], o; is a left Yetter—Drinfeld module over kI', where
the action and the coaction are given by

gk Xxj#l = qpjx;#1, gi-l#y = qlgll#y, gr-1#e; = 1#e;,
O(x;#1) =g;®x;#1, o(1#y) = glf1®1#y, o(l#e;) = 1@ 1#e;,
for each pair k, j € {1, ..., 8}. Also, d; is a kI'-module algebra.

We now prove a generalization of [Heckenberger 2006b, Proposition 1] in the
more general context of our braided Hopf algebras B. Although the general strat-
egy of the proof is similar as in loc. cit., many points need slightly different
argumentations here.

Theorem 2.6. Keep the notation above. Assume that M; j(*B) is finite and
|M; j(B)| =mij+1, jefl,....0},)#i (2-11)
(1) Let V; be the vector subspace of A; generated by

{(ade x;)"7 (xj)#1 : j #i}U{1#y}.
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The subalgebra s;(2B) of d; generated by V; is a graded algebra such that
5i(B)! = V;. There exist skew derivations Y; : s;(B) — s;(B) such that, for
allby,by €s;i(B),andl, je{l,...,0},j#I,

Yj(bib2) = b1Y;(b2) + Y;(b2) (g, " ;" - b2), (2-12)
Yi(b1b2) = b1 Yi(bo) + Yi(b1) (g7 " - b)), (2-13)
Y;((ade ;)™ (x;)#1) = dy;, Y (1#y) = dy;. (2-14)

(2) Set N; := {n € N:ne; € A(®B)} (by the previous remarks, N; = {1} or N; =
{1, h;}). The Hilbert series of s; (B) satisfies

%s,m:( I1 qha<X‘”(“>))(Hqhﬂxx;-“)). (2-15)
a€AT(B)\N;e; SEN;

Therefore, if s;(B) is a graded braided Hopf algebra,
A*(si(B)) = {si (AT (B)) \ —Nie;} U Ne;.
3) If B =B(V), the algebra s; (B) is isomorphic to the Nichols algebra 6 (V;).

Proof. (i) Note that V; is a Yetter—Drinfeld submodule over kI of s{;. Now,
A; = B ® H; as graded vector spaces. Let K; be the subalgebra generated by
UHE, M; ;(®B), as in Lemma 2.4. Then 5;(B) C H; ® k[y], since F; is a skew-
derivation and F( (”)) (k) g, (1 — q” ql‘,q,,)zl((])l, by (2-5). From (2-10),

(1#y) - (5D #1) = (250#1) - (#y) + Fi(25)) #1.

AISO Slncem11+1_|Ml](%)| we have (mlj)qu(l CI” ‘ﬁj%z)#o SOZ(U) #1

lies in s; (*B), and by induction each ij #1, for k = 0, . —1,is an element
of 5;(23). Then H; @ k[y] C 5;(28), and therefore
5i(B) =H; Qk[y]. (2-16)

Thus, s; (*B) is a graded algebra in kgoygb with s;(B)! = V;. We have to find the
skew derivations Y; € End(s; (28)), [ =1,...,0. Set Y¥; := gl._1 oad(x; #1)ls; ().
Then, for each b € {; and each j # 1,

ad(x; #1)(b#1) = (ad. x;) (b)#1,
ad(xr;#1) ((ade x0)™ (x;)#1) = (ad, ;)" (x;)#1 = 0.
Also,
Yi(1#y) =g ' - ((i#1) - (1#y) — (gi - (1#y)) - (xi#1))
=g ' (xi#y +1—qii(g; ' xi#y)) = 1.
Thus Y; € End(s; (*B)) satisfies (2-14).
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Therefore, ad(x; #1)(b1b2) = ad(x; #1)(b1)by + (g; - b1) ad(x; #1)(b2), for each
pair by, by € 5;(B), so we conclude that ad(x; #1)(s;(B)) C s;(B), and Y; €
End(s; (*B)) satisfies (2-13).

Before proving that Y; satisfies (2-12), we need to establish some preliminary
facts. Let us fix j #1i, and let z(” ) = (ad, x;)k (xj) as before. We define inductively

A(U) =D, 21(;-]31 _Dlél(clj)_qthljzl(cl-‘,l-)lD € End(%B).

We calculate

mi;
O HCHED AR LA
s=0
= (D)™ (DJ)(Zr(rlz{,)) = Gy (mij)g,! € K,
k(k—1)/2
where a; = (—l)k(’,':)qii l-,-( / lkj

Note that (D;)™i 1 D;(b) =0 for all b € M, , k # i, j, and that
(D))" D (z)) = (D" *! (¢ arx]) =0 forall r < myj,

so (D;)™'D;(%;) = 0. This implies that 25/ (b) € %, for each b € %;. Now
define Y; € End(s; (°8)) by

Y;(b#y™) :=q;; g A2 (’f)(b)#y’" for b € K;, m e N.

We have Y;(1#y) = 0, and moreover Y;((ad. x;)"" (x;)#1) =01if [ #1i, j. By the
choice of 4;;, Yj((ad. x;)™ (x;)#1) = 1.

Now, using that Dy (g;-b) = qrig1- (Di (b)) foreachbeB and k, [ €{1,...,0},
we prove inductively that for by, by € K;,

2D (b1b2) = D127 (b2) + 27 (b1 (gh g - o).
Hence,
Yj(bi#1-bo#1) = Y;(biba#1) = A 2, (b1b2)#1
= by#1-Y;(by#1) + Y;(bi#1) - (g,

mi;

gj - (ba#1)).
By induction on the degree we prove that F; commutes with D;, D;, so
A(”)(F (b)) =F:(2 (‘f)(b)) for all b € B.
Consider b € H; C ker(D;),
Yj (b#1- 1#y) = Y; (b#y) = q;;" q;i2)) (D) #y
= b#1-Y;(1#y) + Y;(b#1) - (g;

I’l’l,J

gj - (1#y)),
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where we use that Y;(1#y) = 0. Since,
bi#1-by#y' =b#1-by#1-(1#y)",
(2-12) is valid for products of this form. To prove it in the general case, note that

(bi#y") - (ba#y®) = (bi#1) - (1#y)' - (ba#y*).
At this point, we have to prove (2-12) for b € H; ker(D;), s € N:

Yj(1#y - b#y")
=Y (Fi(b)#y* + (e; > b#y) - 1#y)

mijs

=q q],i lz(lj)(F(b))#y +q m,/(v—i-l) H—IJ~ 1 A(”)(elbb)#yH_l

—F(élm”(SH) SH/I lszij)(b))#y +qii qu(eiD(qzz q/z z,lz(lj)(b))#y)
= (1#y) - Y;(b#y")
= 1#y-Y; (b#Y’) + Y;(1#y) - (g;

m,j

gj - b#y*),
where we use that 2./ )(el >b)=q;;" gjie;> G ,) (b)).
(i1) The algebra H; is Z‘g—graded, with

degy = —e;, deg el.jEl =0.

Since B and H; are graded and (2-10) holds, the algebra s4; is Z?-graded.
Consider the abstract basis {u;};e(1,...0) of V;. With the grading degu; = e;,
the algebra B(V;) is Z?-graded. Consider also the algebra homomorphism Q :
T (V;) — s;(®B) given by
. | (adex)™i (xj) if j £,
Q) '_<y if j=i.
By part (i) of the theorem, Q is an epimorphism, so it induces an isomorphism
between s;(B) := T (V;)/ ker Q and s; (28), which we also denote by Q. We have

deg Q(u;) = deg ((adc x;)™ (xj)) =e; +m;;e; =s;(degu;) if j #1i,
deg Q(u;) = deg(y) = —e; = s;(degu;).

Since Q is an algebra homomorphism, we have deg(Q(u)) = s;(deg(u)) for all
u e s;(*B)’. Since si2 =id, s;(deg(Q(u))) = deg(u) for all u € 5;(*B)', and $Hy,(wy =
5i (9s;(8))-

From this point on, the proof goes exactly as in [Andruskiewitsch and Angiono
2008, Theorem 3.2].
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(iii) This is Proposition 1 in [Heckenberger 2006b]. O

By Theorem 2.6, the initial braided vector space with matrix (gx;)i<x,j<¢ iS
transformed into another braided vector space of diagonal type V;, with matrix
(qkj) 1<k, j<0, Where Gjx = qﬁ"’m"kqg""q}’}”‘qjk for j,ke{l,...,0).

If j #1i, then na"l,'j = min {m eN:(m+ 1)5“ (éin;éijc}ji = 0)} = mjj.

For later use in Section 5, we recall a result from [Andruskiewitsch et al. 2008],
adapted to diagonal braided vector spaces.

Lemma 2.7 [Andruskiewitsch et al. 2008, Lemma 2.8(ii)]. Let V be a diagonal
braided vector space and I a 7°-homogeneous ideal of T(V). Set B := T (V)/I
and assume that for all i € {1, ..., 8} there exist (id, o;)-derivations D; : B — B
with D;(x;) = d; j forall j. Then I C I(V). O

That is, the canonical surjective algebra morphisms from 7'(V) onto 8 and
%3 (V) induce a surjective algebra morphism B — B(V).

3. Standard braidings

Heckenberger [2006a] has classified diagonal braidings whose set of PBW genera-
tors is finite. Standard braidings form an special subclass, which includes properly
braidings of Cartan type.

We first recall the definition of a standard braiding from [Andruskiewitsch and
Angiono 2008], and the notion of a Weyl groupoid, introduced in [Heckenberger
2006b]. Then we present the classification of standard braidings, and compare
them with [Heckenberger 2006a].

Like Heckenberger, we use the generalized Dynkin diagram associated to a
braided vector space of diagonal type, with matrix (g;;)i<i j<¢: this is a graph
with @ vertices, each labeled with the corresponding ¢;;, and an edge between two
vertices i, j labeled with g;;qj; if this scalar is different from 1. So two braided
vector spaces of diagonal type have the same generalized Dynkin diagram if and
only if they are twist equivalent. We shall assume that the generalized Dynkin
diagram is connected, by [Andruskiewitsch and Schneider 2000, Lemma 4.2].

Summarizing, the main result of this section says:

Theorem 3.1. Any standard braiding is twist equivalent with one or more of

e a braiding of Cartan type,

e a braiding of type Ay listed in Proposition 3.9,

e a braiding of type By listed in Proposition 3.10, or
e a braiding of type G, listed in Proposition 3.11.
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The generalized Dynkin diagrams appearing in Propositions 3.9 and 3.10 cor-
respond to rows 1, 2, 3, 4, 5, 6 in [Heckenberger 2006a, Table C]. The generalized
Dynkin diagrams in Proposition 3.11 are (T8) in [Heckenberger 2008, Section 3].
However, our classification does not rely on Heckenberger’s papers.

3A. The Weyl groupoid and standard braidings. Let E = (eq,...,ey) be the

canonical basis of Z?. Consider an arbitrary matrix (g; <i,j<0 € (k*)?*0 and
fix once and for all the bilinear form y : Z? x 7% — k* determined by
x (e, e) =gqij, 1<i,j<0. (3-D

If F=(fy,...,f,) is another ordered basis of 7/, then we set gij = x &, 1),
1 <i,j<0. We call (g;;) the braiding matrix with respect to the basis F. Fix
iefl,...,0}).If 1 <i, j <6, we consider the set

M;j == {m e No: (m+1)g,(q;7gi;qji — 1) = 0}.

If this set is nonempty, its minimal element is denoted m;; (which of course
depends on the basis F). Define also m;; = 2. Let s; r € GL(ZQ) be the pseudo-
reflection given by s; () :=f; +m;;f;, for j € {1,...,0}.

Let G be a group acting on a set X. We define the transformation groupoid as
G x X with the operation given by (g, x)(h, y) = (gh, y) if x = h(y), but undefined
otherwise.

Definition 3.2. Consider the set X of all ordered bases of Z?, and the canonical
action of GL(Z?) over X. The Weyl groupoid W(x) of the bilinear form y is
the smallest subgroupoid of the transformation groupoid GL(Z?) x X that satisfies
following properties:

* (id, E) € W(y),
o if (id, F) € W(x) and s; r is defined, then (s; r, F) € W(y).

Let B(y) = {F : (id, F) € W(y)} be the set of points of the groupoid W (y).
The set

A= |J F (3-2)
FePB(x)
is called the generalized root system' associated to y.

We record for later use the following evident facts.

Remark 3.3. Takei € {1, ..., 0} such that s; ¢ is defined. Set F =s; g(E) and let
(gi;) be the braiding matrix with respect to the basis F'. Assume that

1Following the traditional notation in the theory of Lie algebras, we should speak about systems
of real roots, since in the case of braidings of symmetrizable Cartan type one would get just the real
roots. But we prefer to follow the denomination in [Andruskiewitsch and Angiono 2008]
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* gii = —1 (so mix = 01if gixgri = 1 or mjx = 1, for each k # i);
« there exists j # i such that g;;q;iq;; =1 (thatis, m;; =m;; = 1).
Then gj; = —1.
Proof. Simply, q;; = qiiqijqjiqjj = 9ii = —1. 0

Remark 3.4. If the m;; satisfy q;:lijqijqji =1 for all j # i, the braiding of V; is
twist equivalent with the corresponding to V.

Define a : W(y) — GL(0, Z) by a(s, F) = s if (s, F) € W(y), and denote by
Wo(y) the subgroup generated by the image of a.
Definition 3.5. [Andruskiewitsch and Angiono 2008] We say that y is standard
if for any F € PB(y), the integers m,; are defined, for all 1 <r, j < 6, and the

integers m,; for the bases s; r(F) coincide with those for F' for all i, r, j. Clearly
it is enough to assume this for the canonical basis E.

We now assume that y is standard. We set C :=(a;;) € 79%9 where a; j=—mij;
this is a generalized Cartan matrix.

Proposition 3.6 [Andruskiewitsch and Angiono 2008]. Wy(x) = (s;.g:1<i <0).
Furthermore Wo(y) acts freely and transitively on B (). ([l

Hence, Wy(y) is a Coxeter group, and Wy(y) and P(y) have the same cardi-
nality.
Lemma 3.7 [Andruskiewitsch and Angiono 2008]. The following are equivalent:
(1) The groupoid W () is finite.
(2) The set B(y) is finite.
(3) The generalized root system A(y) is finite.
(4) The group Wy(y) is finite.
(5) The Cartan matrix C is symmetrizable and of finite type. U
We shall prove in Theorem 4.1, that if A(y) is finite, the matrix C is sym-

metrizable, hence of finite type. Thus B(V) is of finite dimension if and only if
the Cartan matrix C is of finite type.

3B. Classification of standard braidings. We now classify standard braidings such
that the Cartan matrix is of finite type. We begin with types Cy, Dy, E; (I =6,7, 8)
and Fy: these standard braidings are necessarily of Cartan type.

Proposition 3.8. Let V be a braided vector space of standard type, set @ =dim V,
and let C = (a;})i,je(1,...0y be the corresponding Cartan matrix, of type Co, Dy,
E; (1 =6,7,8) or F4. Then V is of Cartan type (associated to the corresponding
matrix of finite type).
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Proof. Let V be standard of type Cy, 8 > 3.

ol 02 o3 o 0?2 of—1 <« o? (3-3)

Note that gg—1,9—1 7 —1 by Remark 3.3 and the assumption mg_; 9 = 2. Since
mo—1,0—2 = 1, qo—1,0-196—1,0—299—2,0—1 = 1. Using Remark 3.3 when i =60 —
2,j =0 —1, since go—1,9—1 # —1 when we transform by sp_, (since the new
braided vector space is also standard), we have g9 g2 7= —1, so

40-2.0-290-2.0-190—1,0-2 = 46—-2,0-290—2.0-390-3,0—2 = 1,
and gp—1,6—1 = qo—2,0—2. Inductively,

ik Gk k—1Gk—1,k = Qrk Gk k+19k+1,k = q11912921 =1, k=2,...,0 -1

and g1 =g = ... = gg—1,9—1- So we look at ggy: since mgg_1 = 1, we have

qos = —1 or qgeeqe.0—196—1.0 = 1. If gg9 = —1, transforming by sg, we have
Go—1.0-1=—q"".  Go-1,0G0.0-1 =q°,

and q2 = —1 since mg_1 9—» = 1. Then

400490.0-190-1,0 =1, qo0 = 4",
and the braiding is of Cartan type in both cases.

Let V be standard of type Dy, 6 > 4.

We prove the statement by induction on 6. Let V be standard of type D4, and
suppose that g2 = —1. Let (¢;;) the braiding matrix with respect to F = s, g (E).
We calculate for each pair j # k € {1, 3, 4}:

gixqri = ((=Dquqj2qix) ((=Dq2jqx24x;) = (q2xqx2) (925452) »
where we use that gjrgx; = 1. Since also gjrgr; = 1, we have guqio = (qzjqu)_l
for j #k, so qarqro = —1, k=1, 3, 4, since qaxqx> # 1. In this case, the braiding is
of Cartan type, with ¢ = —1. Suppose then 2> # —1. From the fact that m»; =1,
we have

429292 =1, j=1,3,4.
For each j, applying Remark 3.3, we see that g;; # —1 (since g2 # —1), so
qjjq2jq;2 =1, for j =1, 3, 4, and the braiding is of Cartan type.

o! 0?2 03 o of—2 o? (3-4)

00—1
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We now suppose the statement valid for 8. Let V be a standard braided vector
space of type Dg1. The subspace generated by x5, ..., xg+1 is a standard braided
vector space associated to the matrix (g;;);, j=2,....0+1, of type Dy, so it is of Cartan
type. To finish, apply Remark 3.3 withi =1, j =2, to conclude that V is of Cartan
type with ¢ = —1, or, if go» # —1, we have g1 # —1 and q11912¢g21 = 1, and in
this case it is of Cartan type too (because also q1xgx; = 1 when k > 2).

Let V be standard of type E¢. Note that 1,2,3,4,5 determine a braided vector
subspace, which is standard of type Ds, hence of Cartan type. To prove that
qe6965956 = 1, we use Remark 3.3 as above.

ol 0?2 o3 o’ 0 (3-5)

04

If 'V is standard of type E; or Eg, we proceed similarly by reduction to Eg or E7,
respectively.

ol o2 o3 o* o o/ (3-6)
o5

01 02 03 o4 o5 O7 08 (3_7)
%6

Let V be standard of type Fy. Vertices 2, 3, 4 determine a braided subspace, which
is standard of type C3, so the g;; satisfy the corresponding relations. Let (g;;) the
braiding matrix with respect to F' = s, g(E). Since g13g31 = 1 and g20g23g32 = 1,
we have g22g12g21 = 1.

ol 02 =—=03 o* (3-8)

Now, if we suppose g1; = —1, applying Remark 3.3 we have g0 = —1 =¢»1412,
and the corresponding vector space is of Cartan type Fj, associated to g € Gg.
If g11 # —1, then q11912g21 = 1, and the space it again is of Cartan type. O

To finish the classification of standard braidings, we describe the standard braid-
ings that are not of Cartan type. They are associated to Cartan matrices of type
A(.), B(.) or G2.
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We use a notation similar to the one in [Heckenberger 2006a] for a special
kind of braiding of type Ay (here we emphasize the positions where ¢;; = —1,
which we use to compute the dimension of the corresponding Nichols algebra);
€(0,q; i1, ...,ij) corresponds to the generalized Dynkin diagram

ol 0?2 o3 . of-1 of 3-9)

where the following equations hold:
*q= 619—1,9%,0—1(]3&,
(g00 + 1)(q0090-1,090.0-1 — 1) = (q11 +1)(q11912921 — 1) = 0;

* —qii =qi-1,i9i,i-19i+1,iqi,i+1 = Lif i € {iy, ..., ij}.

qiiqi-1,iqii—1 = 4iiqi+1,iqii+1 = 1, otherwise.

Then g;; = —1 if and only if gi1,gii—1 = (qit1.iqii+1) "

Proposition 3.9. Let V be a braided vector space of diagonal type. Then V is

standard of type Ag if and only if its generalized Dynkin diagram is of the form
€O, q;i15-..,i)). (3-10)

This braiding is of Cartan type if and only if j =0, or j =n with g = —1.

Proof. Let V be a braided vector space of standard Ay type. For each vertex i, with
1 <i <0, wehave g;; = —1 0r q;iqi,i—19i-1,i = qiiqi,i+19i+1,; = 1, and similar
formulas hold for i =1, 8. So suppose that 1 <i <& and ¢g;; = —1. We transform
by s; and obtain

qi-1,i+1 = —4i,i+19i-1,i9i—1,i+1, qi+1,i—1 = —qi,i—14i+1,iqi+1,i—1,

and using that m;_; ;41 =m;_1 ;+1 = 0, we have

qi—1,i+19i+1,i-1 =1,  Gi—1,i+1Gi+1,i-1 =1,

so we deduce that g; ;11gi+1,; = (ql-,,-_lql-_l’,-)_l. Then the corresponding matrix
(gij) is of the form (3-10).

Now consider V of the form (3-10). Assume g;; = g*!; if we transform by
s;, the braided vector space V; is twist equivalent with V by Remark 3.4. Thus,
fﬁ,’ j = mij.

Assume g;; = —1. We transform by s; and calculate

qjj if |j—il>1,

~ 2 - ’ o )
qjj = (D" (qijgi)" g5 = 1 (=DgT'qgT = =1 if j=i+1, ¢ =¢*",
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Also, g;;qji = qijqji if |j —i| > 1 and g;;gj; = ql.;]qﬁl if |j —i| = 1; moreover

qrjqjx if |j—il or |k —if>1,

Grjqik = (qirgri)"" (qijq;i) " " qrjqjx = | i1 k=il

Then V; has a braiding of the above form too, and (—m;;) corresponds to the

finite Cartan matrix of type Ay, so it is a standard braiding of type Ag. Thus this
is the complete family of standard braidings of type Ayp. (]

Proposition 3.10. Let V a diagonal braided vector space. Then V is standard of
type By if and only if its generalized Dynkin diagram is of one of these forms:

( q_l q .
(@ o——o0 with { €G3, q#¢ (0 =2);

-2
(b) (€O-1.a%01 i) L0 withg #0,~1, 0<j<6—1;
(©) @(9—1,—§‘1;i1,...,i@;§6 with (e€Gsz, 0<j<6—-1

This braiding is of Cartan type if and only if it is as in (b) and j = 0.

Proof. First we analyze the case @ = 2. Let V a standard braided vector space of
type B;. There are several possibilities:

* ¢},912921 = q22¢21912 = 1: this braiding is of Cartan type, with ¢ = g1;. Note
that ¢ # —1. This braiding has the form (b) with8 =2, j = 0.

. qlzlqlzqgl =1, g» = —1. We transform by s,, obtaining
~ 1 - -1 -1
q11 = —411 > 412921 =41 41 -
Thus G7,12G21 = 1. It has the form (b) with j = 1.
e q11 € G3, 922921912 = 1. We transform by s, obtaining
~ ~ 2 -1 -1
q22 = 4114912921, 412921 = 411913 471 -
S0 §22G21G12 = 1, which is the case (a).
e q11 € G3, g2 = —1: we transform by s;, obtaining
~ 2 2 ~ o~ 2 -1 -1
q22 = —q12921911> 412921 = 411913 931 -
If we transform by s»,
Gi1 = —q12g21q11,  G12d21 =415 457 -

So g12g21 = £4q11, and we discard the case g12g21 = ¢q11 because it has been
considered before. The braiding has the form (c) with j = 0, and is standard.
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Conversely, all braidings (a), (b) and (c) are standard of type B;.

Now let V be of type By, with 8 > 3. The first 8 — 1 vertices determine a braiding
of standard type Ag_;, and the last two determine a braiding of standard type B;;
so we have to glue the possible such braidings. The possible cases are the two
presented in Proposition 3.10, plus

But if we transform by sy, we obtain

~ -1 ~ ~ -1
qo-1,0-1=¢(q » go-1,06-290-20-1=4q ,

sol= 69_1,9_169_1,9_26(9_2,(9_1 and we obtain g = :|:C_1 , or 50_1,9_1 =—1. Then
g =—¢""orq=—1, soitis of some of the above forms.

To prove that (b) and (c) are standard braidings, we use the following fact: if
m;; =0 (that is, g;jg;; = 1) and we transform by s;, then

gjj=9qj;  and  gjkqjx = qjkqk; Tork #i.

In this case, m;; =01if |i — j| > 1; if, on the contrary, j =i+ 1, we use the fact that
the subdiagram determined by these two vertices is standard of type B; or type A».
So this is the complete family of all twist equivalence classes of standard braidings
of type By. (|

Proposition 3.11. Let V a braided vector space of diagonal type. Then V is
standard of type G, if and only if its generalized Dynkin diagram is one of the
following:

qa 43¢ . .
(a) q with ordg > 4;

&t o3l o5 o—1

(b) ¢ or C or ¢ with ¢ € Gg.
This braiding is of Cartan type if and only if it is as in (a).

Proof. Let V be a standard braiding of type G,. There are four possible cases:

. q131q12q21 =1, g2q21912 = 1: this braiding is of Cartan type, as in (a), with
q =qn- If g is a root of unity, then ord g > 4 because m |, = 3.

. 4131412%1 =1, g» = —1: we transform by s;, obtaining
qu = —qff, q12q21 = ‘11_21‘12_11'
If1= éflélgégl = —q1_13, then g12g21 = —1, and the braiding is of Cartan type

with g1 € Gg. If not, 1 = éf] = ql_l8 and ordg;; =4, so ordg;; = 8. Then we
can express the braiding in the form of the third diagram in (b).



60 Ivan Ezequiel Angiono

e q11 € Ga, g20g21q12 = 1: we transform by s, obtaining
~ 2 2 ~ -1 -1
q22 = q11912921> 912921 = —4q1 4> -
If 1 = §22G21G12 = —q11912921, we have g;,q12g21 = 1 because g7, = —1, and
this is a braiding of Cartan type. So consider now the case —1 =g =¢ 1q122q221 ,

from which q222 = ‘11_11 and ¢, € Gg. Then we obtain a braiding of the form of
the first diagram in (b).

e q11 € Ga, g2 = —1: we transform by s,, obtaining
Gii = —qu@1q11,  §12d2 =495, 4y -

If §11 € Gy, then (g12921)* = 1. Moreover g12g21 # 1 and g12g21 # ‘11_11 because
mi2 = 3. So g12q21 = —1 or gi2q21 = q11 = 41_13; but these cases have been
considered already. There remains to analyze the case

1 =G3,412421 = 411912451
which we can express in the form of the second diagram in (b), for some ¢ € Gg.

A simple calculation proves that these braidings are of standard type, so they are
all the standard braidings of type G». ([

4. Nichols algebras of standard braided vector spaces

In this section we study Nichols algebras associated to standard braidings. We
assume that the Dynkin diagram is connected, as in Section 3. In Section 4A
we prove that the set AT (B(V)) is in bijection with Aé, the set of positive roots
associated with the finite Cartan matrix C.

We describe an explicit set of generators in Section 4B, following [Lalonde
and Ram 1995]. We adapt their proof since they work on enveloping algebras of
simple Lie algebras. In Section 4C, we calculate the dimension of Nichols algebra
associated to a standard braided vector space, type by type.

4A. PBW bases of Nichols algebras. We start with a result analogous to [Hecken-
berger 2006b, Theorem 1], but for braidings of standard type.

Theorem 4.1. Let V be a braided vector space of standard type with Cartan matrix
C. Then the set A(%B(V)) is finite if and only if the Cartan matrix C is symmetriz-
able and of finite type.

Proof. Since we assume V of standard type, A(®5(V)) coincides with the set of
real roots corresponding to the matrix C by [Heckenberger 2006b, Proposition 1],
where we identify corresponding simple roots. Hence, if C is not symmetrizable
or not of finite type, the set of real roots is infinite by the classification of finite
Coxeter groups, and hence A(%B(V)) is infinite.
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Conversely, let C be symmetrizable and of finite type. Then the set of real roots
is finite. Take a € A(B(V)) andletk e N, iy,...,ir €{l,..., 0} be a sequence

of integers such that s;, - - -s;, is a longest element in Wy (). Since all roots are
positive or negative, there exists [ € {1,...,k} such that f = s;, ---s;(a) is
positive and s;, (/) is negative. But then f = a;,, and a = s;, - - - 5;,,, (@;,) is a real
root. Thus A(2B(V)) is finite. U

Corollary 4.2. Let V be a braided vector space of standard type, set 0 =dimV,
and let C = (a;})i, jef1,...,0) be the corresponding generalized Cartan matrix of finite
type.

@) ¢(Ac) = A (B(V)), where as before ¢ : Zn — 77 is the Z-linear map deter-
mined by ¢ (0;) := e;.

(b) The multiplicity of each root in A(®B(V)) is one.

.....

Proof. Statement (a) follows from the proof of Theorem 4.1.

Using this condition, since each root is of the form £ = w(a;) for some w € W
andi €{l,..., 8}, we conclude by applying a certain sequence of transformations
s; that this is the degree corresponding to a generator of the corresponding Nichols
algebra, so the multiplicity (which is invariant under these transformations) is 1. [J

4B. Explicit generators for a PBW basis. In view of Corollary 4.2, we restrict
our attention to finding one Lyndon word for each positive root of the root system
associated with the corresponding finite Cartan matrix.

Proposition 4.3 [Lalonde and Ram 1995, Proposition 2.9]. Let [ be an element of
S;. Then l is of the form [ =1, ...l a, for some k € Ny, where

o [; €8;foreachi=1,...,k;

e [; is a beginning of l;_ for eachi > 1; and

e a is a letter.

Also, if | = uv is the Shirshov decomposition, then u, v € Sj. O

In what follows, we describe a set of Lyndon words for each Cartan matrix of finite
type C.

Consider a = Z;):l aja; € AT and let [, € S; be such that degl, = a. Let
la=lp, ...l x; be adecomposition as above, where s € {1, ..., 0} and deglp, = f3;.
Since each Iz, is a beginning of /4, ,, all the words begin with the same letter x’,
which satisfies x” < x; because [ is a Lyndon word. Therefore x’ is the least letter

of [, so

%
x'=x;, i=min{j:a; #0} = a=Zajaj.
j=i
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Then k < a; < 3, for the order given in (3-9), (3-4), (3-5), (3-6), (3-7), (3-8) (the
value a; = 3 appears only when C is of type G»).

Now, each /g, lies in Sy, so B € AT; i.e., it corresponds to a term of the PBW
basis. Also Z;f:l pi+os=a.If k=2, wehave 1 — fr = Z?:l bjaj and b; > 0,
because f; is a beginning of f; (an analogous claim is valid when the matrix is of
type G, and k = 3). With these rules we define inductively Lyndon words for a
PBW basis corresponding with a standard braiding for a fixed order on the letters.
This is done as in [Lalonde and Ram 1995], but taking care that in that reference
Serre relations are used; here we have quantum Serre relations, and some quantum
binomial coefficients may be zero.

Type Ap: In this case, the roots are of the form

J
u :=Zak, l<i<j<®.
=i

By induction on s = j — i, we have
l“i,j = XiXi41 ... Xj.

This is because when s = 0 we have i = j, and the unique possibility is ly;, = x;.
If we remove the last letter (when j —i > (), we must obtain a Lyndon word, so
the last letter must be x;.

Type By: For convenience, we use the following vertex numbering:

ol «—=02 o3 of~1 o . 4-1)

The roots are of the form w; ; := > 1_. oy, or

i J
Vi, :=22ak—|— z o.
k=1

k=i+1

In the first case we have lu,.’j = X;Xj41...Xj, as above. In the second case, if
j =i+ 1, we must have x;;; as the last letter to obtain a decomposition in two
words xi - - - x;; if j > i + 1, the last letter must be x;, so we obtain

Ly, ; = X1x2 ... XjX1X2 . .. Xj.

Type Cy: The roots are of the form u; ; := Z,{:i oy, or

Jj—1 0—-1

Wi :=Zak+22ak+a9, i<j<é.
k=i k=j
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As before, Iy, ; = x;xi+1...x;. Now, if i < j, the least letter x; has degree 1, so if
we remove the last letter, we obtain a Lyndon word; that is, w; ; — x; is a root, and
then x; = x;, so

lwi’j = XiXitl ... X9-1X0X0—1 - .. Xj.
When i = j, a; =2, so there are one or two Lyndon words f; as before. Since w—x;
isnotaroot, fors =i+1,...,08,and i < s, there are two Lyndon words | > £,
and 1+, =2 zz;il o. The only possibility is f; = f2 = x;X;+1 ... Xg—1; that s,

Iw,; = XiXit1 .. . Xg—1XiXi41 ... X9—1X0.

Type Dy: the roots are of the form u; ; := Z',f:l. o, 1<i<j<éf,or

j—1 0-2
zZj; ::Zak—i-ZZak—i-ag,l—i-ag, i<j<0-2,
k=i k=j
6-2
Zi=) optog, 1<i<0-2.
k=i

As above, lul.,j =X;iXj41...X; if j <n—1. When the roots are of type z;, we have
s =0, since zZ; —x,; must be a root (if x; is the last letter); thus lz, = x;x; 41 .. . Xg—_2Xg
is the unique possibility.

Now, when a = u; g, the last letter is xy_1 or xg: if it is xg, we have I, =
XiXit1 ... X9—1X%g. Since mg_1,9 = 0, we have xg_1x9 = qo—1,6X6X6—1, SO

XiXig] - X0—1X0 = XiXi4]...X0—2X9X9—1 mod I,

and then x;x; 41 ...x9-1X0 € S1. SO, ly;y = X ... Xg—2XpXg—1.

In the last case, note that if j = n — 2, the unique possibility is f; as before,
because the least letter x; has degree 1 and x; = xp_» (since o —a is a root). Hence
lzi g, = Xi ... Xg—2X9X9—1X9—2, and inductively,

lg;; = Xi ... Xg-2X0X0—1X0—2 - - . Xj.

Type Eg: Let a = Z?:l aja;. If ag =0, a corresponds to the Dynkin subdiagram
of type Ds determined by 1,2, 3,4, 5, and we obtain [, as above. If a; =0 then o
corresponds to the Dynkin subdiagram of type Ds determined by 2, 3, 4, 5, 6; the
numbering is different from the one given in (3-4). Anyway, the roots are defined
in a similar way, and we obtain the same list as in [Lalonde and Ram 1995, Fig.1].
If a4 =0, then a corresponds to the Dynkin subdiagram of type A5 determined by
1,2,3,5,6.

So we restrict our attention to the case a; #0, i = 1,2, 3,4, 5, 6. We consider
each case in turn:
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e a=a1tor+aztas+as+og: since a; =1, a —a; = ) is aroot, where a; is the
last letter. Then s =2 or s = 6. In the second case, g, = x1x2X3x4Xs, but using
that xpx3 = ¢23x3X2, we have x1xpx3x4x5 € S;. So s =2, and [, = X1 X3x4X5X6X7.

e a =014 0+ 03+2a4+ as+ ag: froma; = 1, we note that a —a; = f] is a
root. Then s =4, and [, = x1x3x4X5X6X2X4.

e a =01+ ay+203+ 204+ as+ ag: since a; =1, a — a; = f; is a root. So
s =3, and [, = X1 X3X4X5X6X2X4X3.

e a=a;+ar+ a3+ 2a4+ 205+ ag: since a; =1, a —ay = f is a root. The
only possibility is s =5, and [, = X1 X3X4X5X6X2X4X5.

e a=o0a1+0r+203+204+ 205+ 06: as above a; =1, and a —a; = f; is a root.
Sos =3, and [, = x| X3X4X5X6X2X4X5X3.

e a=a;+ay+2a3+3a4+2as+ ae: since a; = 1, a — a; = fy is a root. Then
s =4 and [, = x| X3X4X5X6X2X4X5X3X4.

e oo =0ay 4203+ 203+ 304 + 205+ ag: since a; =1, a —ay = f; is a root. So
s =2, and [, = X[ X3X4X5X6X2X4X5X3X4.

Type E7: If a = 21721 aja; and a; = 0, the root corresponds to the subdiagram
of type Dg determined by 1, 2, 3,4, 5, 6, and we obtain [, as above. If a; =0, it
corresponds to the subdiagram of type E¢ determined by 2,3,4,5,6,7. If as =0,
then o corresponds to the subdiagram of type Ag determined by 1, 2, 3,4, 6, 7.

As above, consider each case where a; 20, i =1,2,3,4,5,6,7:

coa=a14+oy+a3+as+as+ac+ar: since a; =1, a —a; = f is aroot, if a;
is the last letter. Then s = 2 or s = 7. In the second case, [z = x1X2X3X4X5X6,
but from x;x3 = go3x3x2, we have x| xyx3x4Xxs5x6x7 ¢ S;. Sos =2, and [, =
X|X3X4X5X6X7X2.

e a=o;+ar+a3+204+0s5+ag+a7: nows =4,7. We discard the case s =7
since m47 = 0; for the case s =4 we have [, = x{X3X4X5X6X7X2X4.

e a=a1+ar+2a3+204+ 05+ a¢+a7: as above, s =3, 7, but we discard s =7
since m37 =0, SO [, = X1 X3X4X5X6X7X2X4X3.

o=a1+oy+o3+2a4+2a5+ a6+ 0a7: now s =5, 7, and we discard the case

s =7 because ms57 =0, S0 [, = X1 X3X4X5X6X7X2X4X5.

e a=a|+ay+203+2a4+205+0¢+a7: now s =3, 7, and as above we discard
the case s =7, SO I, = X1 X3X4X5X6X7X2X4X5X3.

e a=a)+ar+2a3+ 304 + 205 + ag + a7: now s = 4, and therefore we have

la = X1X3X4X5X6X7X2X4X5X3X4.

e o =a;+ 20y + 203 + 304 + 205 + ag + a7: now s = 2, as above, and [, =
X1X3X4X5X6X7X2X4X5X3X4X7D.
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e o =aj;+ay+asz+ 204 + 2as + 206 + a7: as above, the unique possibility is
§ =0, S0 [, = X1X3X4X5X6X7X2X4X5X6.

e a=a1+tar+203+204+205+206+07: 5 =3, Ly = X1X3X4X5X6X7X2X4X5X6X3.
e a=o1t+ar+2a3+3a4+205+206+a7: s =4, i = X1 X3X4X5X6X7X2X4X5X6X3X4.

e o =01+ 202+ 2a3+3a4 +2a5 + 206 + a7: s =2, and in this case we obtain
Ly = X1X3X4X5X6X7X2X4X5X6X3X4X7.

e oo =01+ a4+ 203+ 304 4+ 305 + 206+ a7: s =5, and in this case we obtain
Ly = X1X3X4X5X6X7X2X4X5X6X3X4X5.

e o = a1+ 207 + 203 + 304 + 305 + 206 + a7: as above, s = 2, and we get
Ly = X1X3X4X5X6X7X2X4X5X6X3X4X5X2.

e a =01+ 20+ 203+ 404 + 305+ 206 + a7: s =4, and in this case we obtain
la = X1X3X4X5X6X7X2X4X5X6X3X4X5X2X4.

e a =01+ 20+ 3a3+4a4 + 305+ 206 + a7: s = 3, and in this case we obtain
la = X1X3X4X5X6X7X2X4X5X6X3X4X5X2X4X3.

e a =201+ 20+ 303 +404 + 305 + 206 + a7: now there are one or two words
B;. Since o — a5 € AT if and only if s = 1 and x; is not the last letter (because
it is the least letter), there are two words f;. So looking at the roots we obtain
s =7, and I, = (X1 X3X4X5X6X2X4X5X3X4X2) (X1 X3X4X5X6)X7

Type Es: Consider o = Z;g:] aja;j; if ag = 0, the root corresponds to the sub-
diagram of type D7 determined by 1,2,3,4,5,6,7, and we obtain /, as in that
case. If a; = 0, it corresponds to the subdiagram of type E; determined by
2,3,4,5,6,7,8. If ag = 0, then a corresponds to a subdiagram of type A; de-
termined by 1, 2, 3,4, 5,7, 8.

So, we consider the case a; #0, i =1,2,3,4,5,6,7,8, and solve it case by
case in a similar way as for E7, by induction on the height.

Type F4: Now a = ijl aja;. If ag = 0, then it corresponds to the subdiagram of
type Bz determined by 1, 2, 3, so we obtain [, as before. If a; =0, a corresponds
to the subdiagram of type Cs determined by 2, 3, 4.

So consider the case a; #0, i =1, 2, 3, 4:

ca=a+ay+a3+as: ag =1, s0a—a; = p is aroot, where oy is the last
letter. Then s =4, and [, = x1x2x3x4.

ca=ao1+ay+2034+04:a;=1,50a —a;=pisaroot. Now s =3 or s =4.
If s =4, then [, :x1x2x§x4. But m34 =2, so

x3x4 = @3a(1 + q33)X3%4%3 — g33q34x4x3  mod 1,

and x1x2x32x4 ¢ S;, a contradiction. So s = 3, and we have [, = x1x2x3X4X3.
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e a=a+20+2a3+ a4: a; =1, and as above, s =2 or s = 4: if s =4, then
Iy = x1x2x32x2x4, but it is not an element of S;, because xpx4 = go4x2x4 mod 1.
Then s =2, and [, = x1x2x3X4X3%7.

o =01 +20+3a3+a4: a; =1, s0s =3, and we have [, = x1x2x3X4X3X2X3.

ca=atay+203+204: a;=1,s0s5s =4, and [, = x1x2x3x4X3X4.

o =01+ 202 +203+204: a; =1,s0s =2 or s =4, but we discard the case
s = 4 since xpx4 = gogxpxq mod 1. So, [, = X1XpX3X4X3X4X7.

o=o01+20,+3a3+204: a1 =1,s0s =3, and [, = x1X2X3X4X3X4X2X3.

oa=o;+20+4a3+204: a1 =1,s0s =3, and [, = x1x2x3X4x3x4x2x32.

o=o1;+3a+4a3+204: a1 =1,s0s =2,and [, = xleX3x4x3x4x2x32x2.

a =201+30y+4a3+2a4: a; =2, and there are one or two Lyndon words f;. If
there is only one, 81 =a—a; € A*. The only possibility is s = 1, but it contradicts
that/, is a Lyndon word. Hence there exist 1, B2 € AT such that B +B> =a—as,
and S, is a beginning of ;. So s =2 and f; = fr = a1 +as + 2a3 + ay, i.e.,
Ly = X1X0X3X4X3X1X0X3X4X3X7.

Type G: the roots are ay, az, o) + az, 2a1 + 02, 301 + a2, 3a1 + 207:

lal = X1, la2 = X2, lmal—‘,-az :xinx2: m = 17 2: 3.

If o =301+ 202, the last letter is x,. If we suppose 1 = 3a1 +ao, then l, = xfx%,

but
(ad x2)%x1 = x3x1 — g21 (1 + g22)x2X1 X2 + g22ga1 X163 =0 mod 1,
so we have
x?xz2 = (qz_zl + 1)x12x2x1x2 — qz_zl qz_llxlzx%xl mod 1,

and then [, = xfx% ¢ S; because qz_zlqz_l1 # 0, so there are at least two words f;.
Analogously, if we suppose that there are three words f;, we obtain lp = lg, =
xy > lg, = x1x3 since fy > B > f3 and By + 2 + f3 = 31 + a2; moreover
ly = x13x22 ¢ S;. So there are two Lyndon words of degree | > f», and the unique
possibility is S = 2a; + a2, f» = ay; thatis, [, = xlzxlexg.

4C. Dimensions of Nichols algebras of standard braidings. We begin with the
standard braidings of types Cy, Dy, E¢, E7, Eg, F4, which are of Cartan type.

Proposition 4.4. Let V a braided vector space of Cartan type, with qu4 € Gy if V
is of type Fy and q11 € Gy otherwise, in each case for some N € N. The dimension
of the associated Nichols algebra B(V) is as follows:

N? for N odd,

Type Cy: di =
Dpe to- im B(V) {N92/2€ for N even;
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N4 for N odd,

M dimB(V) = [N24/212 for N even;

Types Dy, Eg, E7, Eg: dim®B(V) = N'A"1,

The last case corresponds to simply laced Dynkin diagrams.

Proof. If N is odd, then ord g> =ord ¢ = N, but if N is even, we have ord g2 = N /2.
Since the braiding is of Cartan type,

Is:(a) = X (si(a), si(@)) = x(a, @) = x(a, &) = qq.

Using this, we just have to determine how many roots there are in the orbit of each
simply root.

When V is of type Cy, we have g;; = g, except for ggg = ¢>. The roots in the
orbit of ay by the action of the Weyl group are gy, for 1 <i <&, and the others
are in the orbit of a;, for some j < 6. Hence there are 6 roots such that g, = q°,
and g, = g for the rest.

When V is of type Fu, we have g1 = g2 = q2 and ¢33 = qa4 = q. There are
exactly 12 roots in the union of orbits corresponding to o; and a,, and the other
12 are in the union of orbits corresponding to a3 and a4. So

e e At iqu=q}|=|{a e At 1, =%} =12.

When V is of type D or E, all the g, equal g because g;; = ¢, forall 1 <i <4.
The formula for the dimension follows from Theorem 2.6(ii) and Corollary 4.2.
O

Now we treat the types Ag, Bg and G».

Proposition 4.5. Let V be a standard braided vector space of type Ag as in Propo-
sition 3.9. The associated Nichols algebra B(V) is of finite dimension if and only
if q is a root of unity of order N > 2. In this case,

TN o B G AR G ) s

5

wheret =0 41— Zi:] (= 1)/ ~*ip.

Proof. First, g is a root of unity of order N > 2 because the height of each PBW
generator is finite. To calculate the dimension, recall that from Corollary 4.2, we
have to determine g, for a € Ac. As before, u;; = Z,{:i er, i < j, and we have

AB(V))={u;:1<i<j=<0}.
If1<i<j<8, we define

Kij=card{k € {i,..., j} : qu = —1}.
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We prove by induction on j — i that
o if x;; is odd, then gy, = —1;

. . -1 -1
e if x;j is even, then qu,; = q; 1941, -

Here g9.0+190+1,0 = qg‘gzq;,é,lqgll,g.

If j —i =0, then gy, = gii; in this case, x; = 1 if ¢;; = —1 or x;; = 0 if
qii = (q[-,,-+1q,~+1,,-)_1 # —1. Now assume this is valid for a certain j, and calculate
it for j + 1:

Gui o =X (Wij + €1, W5 +€11) = quy; x (Wij, €411) 1 (€41, Wij)Gj41,j+1
= qu;;4q;,j+19;+1,;49j+1,j+1

qu;; if gjr1,j+1 # =1 (ki j+1 = Kij),
=1(=Dgg '=-1 ifgjs1j41=—1, x;j even,
(_l)q(_l) =q if‘Ij-H,j—H = —1, Kij odd.

This proves the inductive step; to calculate the dimension of 26(V) we have to
calculate the number of u;; such that

quij = qijil—quiii-ll,i =q*,
that is, card{x;; : i < j, x;; even}.

We consider an 1 x (¢ + 1) board, numbered from 1 to € + 1, and recursively
paint its squares white or black: square 6 + 1 is white, and square i has the same
color as square i 4 1 if and only if g;; # —1. The possible colorings of this board
are in bijective correspondence with the choices of 1 <ij <--- <i; <@ forall j
(the positions where we put a —1 in the corresponding ¢;; of the braiding), and the
number of white squares is

J
t=140—ip)+ G —ij2)+-=0+1-D (=D
k=1

Thus card{x;; : i < j, x;; even} is the number of pairs (a, b) (where a = i and
b=j+1)suchthat 1 <a <b <60+ 1 and the squares in positions a and b are of

the same color; this number is (;) + (8+21_t ) This yields (4-2). U

Proposition 4.6. Let V be a standard braided vector space of type By as in Propo-
sition 3.10. If the braiding is as in cases (a) or (b) of that proposition, the associ-
ated Nichols algebra B(V) has finite dimension if and only if q is a root of unity
of order N > 2 in case (a), or N > 2 in case (b).

When finite, the dimension of °8(V) is as follows, where t = 9_Z£:1 (—1)7 ki
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e If'the braiding is as in (a) of Proposition 3.10,

N l oes not divide
3¥N? if3d divide N,
dimB(V) = 132N? if 3 divides both N and ord(¢"'q),
3N? if 3 divides N but not ord(¢ "'q).

o If'the braiding is as in (b), then 0 < j <d — 1 and

221(07t)+9kc9272t9+2t2 if N = 2k,

dimB(V) = [2(2t+1)(0—t)+1N62—216’+2t2 if N is odd.

o If'the braiding is as in (c), then
dim B(V) = 20(9—1)302—2t9+2t2'

Proof. 1t is clear that ¢ should be a root of unity if dim 28 (V) is finite.

We now calculate dim 2B(V). From Corollary 4.2, we have to determine the g,
for & € Ac, and multiply their orders. As before, u;; = Z,{:i e forl<i<j<é
and v;; = 222:1 ey + Zi:i-ﬁ-l ex =2e1,; +ej1,j for 1 <i < j;hence

A@BV)) ={uj:1=i<j=<0}U{v:1=<i<j=<0}

We calculate gy;;, 1 <i < j <6 as above, because they correspond to a braiding
of standard Ag_; type. We also calculate

4 2 2
Gvi; = x (Vij, vij) = y (@i, wy)™ (@, Wiy ;)70 (W1, 5, W1i) “Guy

i 2
4 2 2 2
= (41191292 (H qkakl,kal,ka+l,ka+l,k) Quiryj = quigy o
k=2
where we have used the equalities g;;q;; = 1 if [i — j| > 1, qi41q12241221 =1, and
q,?qu_l’qu_1,qu+1,qu+1,k =1if 2 <k <6 — 1. To calculate the other ¢g,’s, we
analyze each case:

(a) Note that ge, =, Gej+e, =C> Qaeyte» =Cq 5 Ge, =q. Setting N’ =ord(¢'q),
we have N’ = 3N if 3 does not divide N; N’ = N if 3 divides both N and N’; and
N’ = N/3 if 3 divides N but not N’ (since g = (p, with p € Gy/).

(b) We have gy, = q_lqqu. This equals g?¢~' = g if xy is even, and —g ' if

Kok is odd; moreover g1; = q. Also, xy; is even if and only if j € {i; + 1,60}, or
i €{ij2+1,i;_1}, and so on. Then, with

J
t=(0 —ij)—l-(ij_l —ij_2)+.. . =0_Z(_1)]7kik
k=1

as in the statement of the proposition, there are # numbers such that x; g is even.
There are 2( (%) + (?;")) roots such that g, = ¢2, 2(() — () — (°3")) roots such
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that g, = —1, £+ 1 roots such that g, = ¢ and  — 1 —¢ roots such that g, = —g .

If N = 2k, then ord(—g ") = 2k and ord(¢?) =k, so
dim %(V) — 2(4971)971(tfl)f(Hft)(Gftfl)kt(t71)+(07t)(97t71)(Zk)ﬂ
_ 22t(49—t)+€k92—219+2t2.

If N is odd, then ord(—g~—!) = 2N and ord(¢%) = N, so
dim %(V) — 20(6—1)—t(t—1)—(0—t)(6—l—t)Nt(t—1)+(6—t)(6—1—t)+t+1

(2N).9—1—z _ 2(2z+1)(a—z)+1N92—219+2z2.

(c) In a similar way, we have gy, = (—¢?)qu,;» Which equals (—¢?)? =¢ if xy; is
even, and (—1)(—(2) = {2 if xp; is odd; moreover g1 = ¢. There are 2((;) + (0;’))
roots such that ¢, = —¢2, 2((2) — (é) — (9;)) roots such that g, = —1, t 4 1 roots
such that ¢, = ¢ and @ — 1 — ¢ roots such that ¢, = ¢. Since ord¢ = ord¢? =3
and ord(—¢?) = 6, we have

dim %(V) — 29(0—1)—t(t—1)—(9—l)(9—1—t)6t(t—1)+(0—t)(0—1—t)30

_ 26‘(0—1)392—2t0+2t2. 0

Proposition 4.7. Let V be a standard braided vector space of type G, as in Propo-
sition 3.11. If the braiding is as in case (a) of that proposition, the associated
Nichols algebra B(V) is of finite dimension if and only if q is a root of unity of
order N > 4.

When finite, the dimension of B(V) is as follows:

e In case (a) of Proposition 3.11,

N© if 3 does not divide N,

dimB(V) =4 ¢ o e
N°®/27 if 3 divides N.
e In case (b), dim B(V) =212,

Proof. For (a) note that g is a root of unity because x; has finite height, and g, = ¢
if a € {e1, e; +e2,2e; + €3}, while g, = q3 if a € {ep, 3e; + €2, 3e1 + 2e}.
Case (b) can be checked as follows:

type v Gux 4o Qg dox, 9o dimB(V)

2 —1

e 8 4 2 8 2 4 212
2

PRSP B 2 4 8§ 4 212
cE T 2 4 8 4 2 8 212

This completes the proof. (]
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5. Presentation by generators and relations of Nichols algebras of standard
braided vector spaces

In this section we give presentations for the Nichols algebras of standard braided
vector spaces. We start with some technical results about relations and PBW bases
in Section 5A; also we calculate the coproduct of some hyperwords in 7(V). In
Sections 5B, 5C and 5D we express the braided commutator of two PBW generators
as a combination of elements of the PBW basis under some assumptions. Then we
obtain the desired presentation with a proof similar to the ones in [Andruskiewitsch
and Dascilescu 2005] and [Andruskiewitsch and Schneider 2002b]. In Section SE
we solve the problem when the braiding is of Cartan type using the transformation
in Section 2C.

For rank two, a set of (not necessarily minimal) relations is given in Theorem 4
of [Heckenberger 2007].

5A. Some general relations. Let V be a standard braided vector space with con-
nected Dynkin diagram and let C be the corresponding Cartan matrix. In what
follows we assume that C is symmetrizable and of finite type. Let x1, ..., xg be
an ordered basis of V and {x, : « € AT(B(V))} a set of PBW generators as in
the previous section. Here x, € B(V) is, by abuse of notation, the image by the
canonical projection of x, € T (V), the hyperword corresponding to a Lyndon word
l,. As before, we write

g :=y(a,a) and N,:=ordg, forae AT(B(V)).
Each x, is homogeneous and has the same degree as [,. Also,

X, € T(V)2e, (5-1)

by

where g, =g?' ...ggﬁ and y, = 1, ..Xg" ifa=>bie;+-- -+ bgey.

Proposition 5.1. If the matrix of the braiding is symmetric, the PBW basis is or-
thogonal with respect to the bilinear form in Proposition 1.4.

Proof. We must prove that (#|v) = 0, where u # v are ordered products of PBW
generators (we also allow powers greater than the corresponding heights). We
argue by induction on k := max{{(u), £(v)}. If k = 1, then v is some x; and u is
either 1 or x;; since (x;|x;) = d;; forall i, j € {1, ..., &}, the proposition holds in
this case.

Suppose the statement is valid when the length of both words is less than &, and
let u, v € By(v) be distinct hyperwords such that one (or both) has length k. If both
are hyperletters, they have different degrees o # f € 7%, so u = x4, v = xp, and
(xq|xp) =0, since the homogeneous components are orthogonal for ( | ).
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Suppose that u =x, and v = 2] xﬁ , forsome xg, > --->xp, . If u and v have
different Z?-degrees, they are orthogonal. Hence we assume that o = Z}"zl R P -
By [Bourbaki 1968, VI, Proposition 19], we can reorder the f5;’s, using h; copies of
pi, in such a way that each partial sum is a root. By [Rosso 1999, Proposition 21],
the order induced by the Lyndon words /, is convex (the order on Lyndon words
used there is the same as ours). Therefore f,, < a. Using Lemma 1.9 and (1-8),

(lv) = (vl w)(Uxp,) + (Lw) G, g )+ D Gy J0) e - Uplelig,),
Lz->l,>a
lieL
where v = wxg,. Note that (1|xg,) = (1|w) = 0. Also, [[i]¢---[l,]c is a linear
combination of greater hyperwords of the same degree and an element of (V).
From the inductive hypothesis and the fact that / (V) is the radical of the bilinear
form, we see that ([I1].-- - [I,]c|xp,) = 0.
Now consider

u=xy ...xp with xg) > ...> xq,,
Iy
L=xp . ﬁ "with xg, > -+ > xp, .

Since the bilinear form is symmetric, we may as well assume that x,,, <xg, . Using
Lemma 1.9 and (1-8), we obtain

h
(o) = (] 1) (xq, [0) + > (l’") (I .2 ) (x, I
i=0

4pm

+ Z (U)|X(J) L )(-xa,, |[ll]L oo [lP]C [Xﬂ,;1]£)’

hy=--=lp>1l;eLl
Osjsm

where w = x’“ . xé’r’:_l. Note that in the first summand, (w[1) =0. In the last sum,

(X, I[11]e - [l ple [Xﬁm]f ) vanishes, because by earlier results [/1]. ... [/,]¢ [xﬁm]i is
a combination of hyperwords of the PBW basis greater or equal than it and an
element of 7(V), then we use induction hypothesis and the fact that 7(V) is the
radical of this bilinear form. Since x,,, xZ”;’_i are different elements of the PBW
basis for i, —i # 1, we have

h P hm
(u|1)) = (hm)q/;m (w|xﬂ: xﬂm 11 B )(xa,, Ixﬂm)

This is clearly zero if a, # f,,. To see that it is zero also if a, = S, note that in

that case w and le‘ .. xZ’”_I‘ xZ’” ! are different products of PBW generators, and
use the induction hypothesis. (]

Corollary 5.2. Ifa € AT (B(V)), then x)Y« = 0.
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Jn

Proof. Let (g;;) be symmetric. If u = xé'l co Xahs Xgy > e > Xg,, then

n

n
) = [ JGi)gs,! (a1, (5-2)
i=1
where (x4 |x,) # 0 for all &« € AT(B(V)).

If we consider u =x,*, we have (u|v) =0 for each v in the PBW basis (because v
is an ordered product of x4’s different from u), and (u|u) =0 since g, € Gy, . Also,
(I(V)|xNe) =0, because it is the radical of this bilinear form, so (7' (V)|x)«) =0,
and then x« € I (V). That is, we have xY« =0 in B(V).

For the general case, recall that a diagonal braiding is twist equivalent to a braid-
ing with a symmetric matrix [Andruskiewitsch and Schneider 2002a, Theorem
4.5]. Also, there exists a linear isomorphism between the corresponding Nichols
algebras. The corresponding x, are related by a nonzero scalar, because they are
an iteration of braided commutators between the hyperwords. U

In what follows, J denotes the family of Z%-graded (hence N-graded) ideals
of T(V) that are generated by their components of degree > 1. For each I € J,
B =T (V)/I is a 7°-graded algebra such that B° =kl and B' ~ V.

We shall need some technical results about graded algebras between T (V) and
B(V). We start with three lemmas dealing with the presence of some important
roots in A(®8). Remember that a Lyndon word is a PBW generatorin 83 =7 (V)/[
if it is not a linear combination of greater words modulo 7 in 7(V). We shall
relate the absence of some roots in A (¥8) (meaning that the Lyndon words of such
degrees are linear combinations of greater words modulo /) with the validity of
certain relations in 8.

Lemma 5.3. Leti, j € {1,...,0} be distinct, and consider [ € J, B =T(V)/I.
Let Dy, k=1, ...,0, be skew derivations of B as in Proposition 2.1, and assume
that xiN =01ifq'qijq;i # 1 for all n € Ny (where N = ord g;;).

There exists m € N such that x!" x; is a linear combination of greater hyperwords
(for a fixed order such that x; < x;) modulo I if and only if, in B.

(ade x;)"™7+x; = 0. (5-3)

Proof. If (ad. x;)"x; = 0, there exist a; € k such that
m—1
0 =[x"xj]. = (ad. x;)"x; = x"xj + Z akxl{‘xjxim_k.
k=0
Conversely, suppose there exists m € N such that x!"x; is a linear combination
of greater hyperwords modulo /. Let

n=min{m € N : x;"x; is a linear combination of greater hyperwords}.
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If x!' = 0, then g;; is a root of unity. In this case, if N is the order of g;;, then
xN =0and x’~' #0. Also,

N-1
(adcx,-)ij :xiij—l-Z ( ) +x]'xl-N =0,
s),.
s=1 qii
because (N)q =0 for 0 < s < N. Hence, we can assume x!' # 0 and (n),,! # 0.

Note that [x;'~ k
bination of terms x;'

xjxk]c = [x xj]cxf. Since B is graded, x'x; is a linear com-
“Kxjxk, 0 < k < n. Hence there exist a; € k such that

n
—k k
[x/'x;]. = Z or[x! " xj]ex;
k=1

Applying D; we obtain

0=D x xjle ZakD Zak(k)q” fTxg]ex i'

By the hypothesis about n, a1 = 0. Since (n),,! # 0, applying D; several times we
conclude that ay =0 for k =2, ..., n. Hence [x]'x;]. = 0. O

Recall that (5-3) holds in B(V), for 1 <i # j <6.

The second lemma is related to Dynkin diagrams of a standard braiding which
have two consecutive simple edges.

Lemma 5.4. Let I € Jand B =T (V)/I. Assume that

o there exist skew derivations Dy in B as in Proposition 2.1,

o there exist different j, k,1 € {1, ...,0} such that my; =my =1, mj; =0;
. (adxk)zxj = (ad x;)%x; = (ad xj)x; = 0 hold in *B;

o x; =0if queqrigjx # 1 or qrequdqix # 1.

(1) If we order the letters xi, ..., xg such that x; < x; < x;, then x;xyx;xy is a
linear combination of greater words modulo 1 if and only if, in B,

[(adxj)(adxk)xl, xk]c =0. (5-4)

(2) If V is standard and qix # —1, then (5-4) holds in *B.
(3) If V is standard and dim B(V) < oo, then (5-4) holds in B = B(V).

Proof. (1) (&) If (5-4) holds, then x;x;x;x; is a linear combination of greater
words, by Remark 1.7, and

lejxexrxile = [[xjxexile, x|, = [ (ad x;) (ad xp)x, ¢ ...
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(=) If xjx;x;x; is a linear combination of greater words, then the hyperword
[xjxkxlxk]c is a linear combination of hyperwords corresponding to words greater
than x;xix;x; (of the same degree, because B is homogeneous); this follows from
Remark 1.7. Since (ad xk)2xj = (ad xz)%x; = (ad xj)x; = 0, we do not consider
hyperwords with x jx,f, x,fxl and x;x; as factors of the corresponding words. Then
[xjxkx;xk]c s a linear combination of

[xexrxexjle = [xpxglexix;, [xixpxjxple = xpxp[xjxile,
2 2
xrxjxexile = xe[xjxexi]e, [rxixjle = xixj x;.
ince D;([x;xixixi]e) = Di er[xixixi]e) = Di (xqxi[x;ixi]e) = 0, in that linear
Since D;([x; 1o) = Dj(xlxjxexle) = Dj(axilxjxgle) = 0, in that 1
combination there are no hyperwords ending in x;; indeed,
2 2
Dj([xkxilexixj) = [xexilexk,  Dj(xixjpxj) = xixj,

and [xgx]cxk, xlx,% are linearly independent. Therefore, there exist a, f € k such
that

[xjxpxixg]e = axpxilxjxe)e + Bxilxjxex]e.

Applying D;, we have

0 =aqrjqrrxi[xjxile +a(l — qjqi)xixix; + Barkqr;qralxjxiexi]c.
Now x;[xjxi]e, x;xxx; and [xjx;x;]. are linearly independent by Lemma 2.7, so
o=p=0.

(2) We assume that some quantum Serre relations hold in 28; using them we get

xixexe = g (U qoe) ™ o xgxs + gy (14 qoe) ™ xx0x¢
=G i) D XXX+ G 4 G (14 qr) ™ X0 x
+ qrrqrqie (14 qre) ~ xpxjx 2.
It follows that xix;x;x; ¢ G for an order such that x; <x; <x;. Also, xjxlx,f ¢Gy,
since (ad. xj)x; = 0 and (5-4) is valid by part (1).

(3) If V is a standard braided vector space satisfying the conditions of the lemma,
consider Vj as the braided vector space obtained transforming by s;. Then m;; =0.
Therefore e; + ¢, ¢ AT(B(Vi)), so si(ej +€) = 2er +e€; +¢ ¢ AT(B(V)). It
follows that x;x;x;x, is a linear combination of greater words, since it is a Lyndon
word when we consider an order such that x; < x; < x;. O

We now prove two relations involving the double edge in the Dynkin diagram
of a standard braiding of type By.

Lemma 5.5, Let [ € Jand B =T (V)/I. Assume that

o there exist j #k € {1,...,0} such that myj =2, mj; = 1,
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o there exist skew derivations as in Proposition 2.1,

e the following relations hold in ‘B:
(ad x)’x; = (ad xj)*x; = 0; (5-5)
q=xf=0  ifgi=q;=1

(1) If we order the letters x1, . .., Xg such that x; < x;, then x,%xjxkxj is a linear
combination of greater words modulo 1 if and only if, in B,

[(adx¢)*x;, (ad xp)x;]. = 0. (5-6)
(2) If' V is standard, q;; # —1 and q,fqujqjk =1, then (5-6) holds in ‘B.
(3) If V is standard and dim B(V) < oo, then (5-6) holds in B = B(V).
Proof. (1) (<) If (5-6) holds in B, then x,%xjxkxj is a linear combination of greater
words. This follows from Remark 1.7, and
[opxjxijle = [[xex1es Daexle ], = [(ad x)*x;, (ad xe)x; ], -
=) 1If x,ijxkxj is a linear combination of greater words, then [x,ijxkxj]c is a
linear combination of hyperwords corresponding to words greater than x,ijxkxj
(of the same degree, because ‘B is homogeneous).
First, there are no hyperwords whose corresponding words have factors x,?x j or
xksz, by (5-5). Since [x,ijxkxj]c € ker Dy and
Dy (xj bt xjlexio) = x; [ )e
Dy ([xx;12xx) = [xaex; 12,
Dy (xj [xexj1ex) = (1 + qua)x; [xiex; lexe,
in that linear combination there are no hyperwords ending in x;, except x].zx,f if

gik € G3. We consider gj; # —1 if gix € 3, since otherwise x/.zxg = 0 by assump-

tion. Then there exist a, a’ € k such that
2 2 1,23 2 1,23
[xpxjxixile = alxxjxixile +a XjXp = alxgxjlelxixjle +a XX

We prove by direct calculation that Dj([x,ijxkxj]c) = 0. Applying D; to the
previous equality,

0=a'(1+ qjj)xjxf + x(ex +e;, 2er +¢))a (adxk)z(xj)xk
+ (1= qijqi) (1 — qreqriqie) e (ad x) (x))xz,
where we use that (ad xk)3(xj) =0 and

x(ad x)" () = (ad x)" T (x)) + g qr; (ad x)™ ().
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Since (1 — qxjqjx)(1 — grkqrjqjx) # 0 and (adxk)z(xj)xk, (adxk)(xj)x,%, xjx,f are
linearly independent, it follows that & = o’ = 0.
(2) Using (ad xj)zxk = 0 in the first equality and (ad xk)3xj =0 in the last expres-
sion,

xexjxex; = (L4 qi) ™ gt g o+ U+ q5) ™ gjugjixg
-1 2
€ P (1 +51) ™ qrjqjndjj*icXjxuxj + KXo 20
Suppose that (3)g, (1 + ¢j;) 'qijqjeg;; = 1; that is, (3)4, = (1 + gj;). Then
4jj = qrk + G- S0
1 =qjjqrjqjx = qrkqrjqjx + qlfqujqjk = qikqkjqjk + 1,

which is a contradiction since gxrqx;jqjr € k™. It follows that x,%xjxkxj is a linear
combination of greater words, so (5-6) follows by previous item.

(3) If V is a standard braided vector space, and we consider V; as the braided vector
space obtained transforming by s;, then n11y; = 2. Therefore, 3e;+e€; ¢ AT (B(V)),
so s;(3ex+e;) =3e;+2e; ¢ AT(B(V)). Since x,ijxkxj is a Lyndon word of degree
3e; + 2e; if x; < xj, then it is a linear combination of greater words. O

Lemma 5.6. Let [ € Jand B =T (V)/I. Assume that

o there exist different j, k,l € {1, ...,0} such thatmy; =2, mjr =mj;; =m;; =1,
my = 0;

o there exist skew derivations in *B as in Proposition 2.1,

o the following relations hold in B: (5-4), (5-6),

(ad xk)3xj = (adxj)zxk = (adxj)2x1 = (ad xx)x; =0,

3 2

) 5-7)

(1) If we order the letters xy, ..., xg So that xx < xj < x;, then x,%xjxlxkxj isa
linear combination of greater words modulo 1 if and only if, in B,

[(ad xk)z(adxj)xl, (adxk)xj]c =0. (5-8)

(2) If V is a standard braided vector space and qii ¢ G3, q;j # —1, then (5-8)
holds in $B.
(3) If V is standard and dim B (V) < oo, then (5-8) holds in B(V).
Proof. (1) (<) As in the last two lemmas, if (5-8) is valid, then x,ijxlxkxj is a

linear combination of greater words, by Remark 1.7, and

[xixjxex;]e = [(ad x)(ad x))x;, (ad x)x; |

¢’
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(=) Suppose that x,ijxlxkxj is a linear combination of greater words. Then
[x,%xjxlxkx 1c 1s alinear combination of hyperwords corresponding to words greater
than x,ijxlxkxj (of the same degree, because B is homogeneous). We discard
those words which have x;x;, x,?xj, xksz, szxl, xgxjx;x; and x,%xjxkxj, in view of
our hypotheses about ‘B.

Since Dk([x,ijxlxkxj]c) = 0, the coefficients of hyperwords corresponding to
words ending in x; are 0, as in Lemma 5.5, except for [xjxl]cxjx,f, xlszxg, if
qir € G3. Thus

2 2 2
Degxjxixxile = alxix;lelxgxxle + Blxxxilelxgx;]e

+y xl[xkxj]c[x,%xj]c + ,u[xjxl]cxjx,f’ + vxlszxf.

By direct calculation, D;([x2x;x;xkx;1.) = D;([x2x;x11¢) = Dj([xxxx;]c) = 0, so
applying D; to the previous equality we get

0 = aqq;; 4 xixile + B = qregii i) (1 — @i 9js) XX xilexg
+7 (1= qedi 40 (1 = i d0x e exi + v aidyinn; e
4 ﬂ[xjxl]cx,f +v(l+ q;j)xlxjxfa

Note that v = 0 if g;; # —1; otherwise, sz = 0 by hypothesis, so we can discard
this last summand. The other hyperwords appearing in this expression are linearly
independent, since the corresponding words are linearly independent by Lemma
27. Thusa=p=y =u=0.

(2) If g ¢ G3 and gj; # —1, then x,ijxlxkxj is a linear combination of greater
words, as can be seen using the quantum Serre relations in a way similar to that in
Lemma 5.6. Now apply part (1).

(3) If V is a standard braided vector space, consider Vj as the braided vector space
obtained transforming by sx. Then my; = 2. Therefore, e; 4 2¢; +-¢; ¢ AT(B(Vy))
by Lemma 5.5, so si (ex +2e; +e;) =3e;+2e; +e; ¢ AT(2B(V)). Since x,%xjxlxkxj
is a Lyndon word, it follows that it is a linear combination of greater words, and
we apply (1). O

We now give explicit formulas for the comultiplication of these hyperwords.

Lemma 5.7. Consider the structure of graded braided Hopf algebra of T (V) (see
Section 2A). Forall k # j,

A((adxp)™ M x)) = (adx0)™ ' x; ® 1 + 1® (ad x)™
mij 1
+ [ O - ahawigmx ®x. (59

1<t <my;
Proof. We have Fy((ad xk)’”kf“xj) = 0 by the definition of my; and (2-5). Also,
Fi((ad xk)mkf“xj) for [ # k by (2-6) and the properties of Fj, so
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%
Aty ((@dx)™Hx) =" 5 ® Fi((ad xg)™ x;) =0
=1

Now Dy ([ xkx]]LxS Y = 0 from (2-3), and from (2-4)
i —i ijt+1
Dj(Ixixlext ™) = [ (—aaagx™".
1<t<my;
so we deduce that
: ij+1
A1 ((ad x)™H x)) = H (1 — gqiigin)x, " ®x;.
1<t<my;

Since hyperwords form a basis of 7' (V), we can write, for each 1 <5 < my;,

i+1
Amkj-‘rl—s,s((ad xk)mk]—‘r xj)

myj+1-—s

mk,—b—l s—t m;\,—',-l s s—p p
= E Ese[Xpxj1ex, Qx +E PspX ®[x, "xjlex;,
t=0

for some &, psp € k. Then, foreach 0 <t <my; +1—3,
= ((adx)™ g | Lo Lo ')
= (((aka)mkj+1xj)(l) | [xpx;] X;(%H . s)((( dxk)mkj+1xj)(2) |xli)
= s (bl | Debulex™ ) Gt
=eu(mij+1—5—1)g, (5)gu! ([kaj]c ‘ [x]tcxj]c)a
where we have used that (ad x; )" +lxj € I (V) for the first equality, (1-8) for the

second, (1-10) and the orthogonality between increasing products of hyperwords
for the third, and (5-2) for the last. Since

(mi +1 =5 = 1)g,! (5)g! ([xlixj]cuxllcxj]C) #0,

we conclude that g, =0 for all 0 < ¢ < my; + 1 —s. In a similar way, p,, = 0 for
all 0 < p <, so we obtain (5-9). O

Lemma 5.8. Let B be a braided graded Hopf algebra provided with an inclusion
of braided vector spaces V< P(B). Assume that

o there exist 1 < j #k #1 <0 such that myj =my =1, mj; =0;
. (adxk)zxj = (ad x3)%x; = (ad xj)x; =0 in B;
o x; =0 if quarjgix #1 or ququqi # 1.

Then u := [(ad x;)(ad x)x7, x¢]. € P(B).
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Proof. From (2-3), D;(u) = 0. Also, Dy((adx;)(ad x¢)x;) = 0, so

Dy(u) = (1 — g5, qjxqxjqrque) (@d x;) (ad xi )x; = 0.
From (2-4) and the properties of D; we have
Dy (u) = qu(1 — ququi) [xjxilexk — qjkqrrqic (1 — qraqui) xi[x; xile
= qi(1 — queqr) [ [xjxx]e, %], = .
Then A3 (#) = 0. From (2-6) and the properties of Fj and F;, we have Fy(u) =
F;(u) = 0. Using (2-5), we have
Fj(u) = (1 — qjkqij) [xexi]eXe — qixqinqiegii (1 — qjxgrj)x[xexi]e
= (1 — queq) (1 — qijqjxqiceqinqin) xexilexi = 0.

Thus A3(u) =0 as well.
Also, we have

A(u) = A((ad x;)(ad xp)x;) A (Xx) = Gey+e;+¢;.¢; A(xi) A((ad x;) (ad xp) x; ),
and looking at the terms in 82 ® B2,
Ao (u) = (1 — queqrn) [xjxi]e ® (X1xk — qujqirdiediXex)
+ (1 = qjq0) queqir (xjxi — qjxxixj) @ [xex]e
= (1 — qjgjx — (1 — qukqrr) 9k qkgr; ) Qikgiilxixele @ [xex]e.
Now a calculation shows that u € P ($8):
1= qijqie — (1 = queqi) qudindi = 1 — Gijdjx — Qedindiy + qz;
=57 1+ qu) (1 — quegijgix) =0. O

Lemma 5.9. Let B be a braided graded Hopf algebra provided with an inclusion
of braided vector spaces V< P(B). Assume that

o there exist 1 <k # j <0 suchthatmyj =2, mj;, =1,

o (adx,)™Hx, =0, forall 1 <s#t <86 inB;

. x;”““ = 0 for each s such that q5y" qs:q:s # 1, for some t # s.

(@) Ifv:= [(adxk)zxj, (ad xk)xj]c, there exists b € k such that
A@)=v® 1+ 1®v+b(l — g di;a539i)x; ®x7. (5-10)

(b) Assume there existl # j, k such that mj; = m;; = 1, my = my, =0, and that
(5-4) is valid in B. Set

W= [(adxk)z(adxj)xla (adxk)x.i]

¢’
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Then there exist constants by, by € k such that

A)=w®1+1®w+bio®x;+ba(l — qirqrjqin)xi ® ((@dxj)x;) x;. (5-11)
Proof. (a) F;(v) = 0 since v is a braided commutator of two elements in ker F;.

Using (1-4) we have [(ad xk)zxj, xile =qij(qj;j — qkk)[xkx,-]z, so we calculate

Fi(0) = (I+qi) (1= queqrj 450 X ;=i ix s (1= i i) % [xg x; e
+aidin (1—a 40 1% 1eX = a3ea; 4745 (1) (1 —qreqr; 0 [xex; 1
= qieairari (1—axjqjx) (qj; —4qrr)

+(1+qu0) (1 —quediqi0) (1—aeai a7 e 12,

which vanishes since the coefficient of [xkxj]z is zero for each possible braiding.
Thus
A14(0) =x ® Fi(v) =0.

Also, Di(v) =0, and a calculation gives
D;(0) = (1 — qijqji) (Ixix1xk + (1 — qieqr 4 )4k G X e 1e
— Qi ik 9i; (1 — Qeedri 40 XX 1ex; — Qi d3xd; X X7 %)
= (1+ (1 + qu) (0 — qraedij 48 akkdii 4 — Gexdi; 4x4;;)
(1 — qijqji) [xgx; 1%k,

where we have reordered the hyperwords and used that (ad x;)3x ;=05 also,
1+ (1 + ) (1= qredij 4 9k i 9k 57 — Gediidixd;; = 05 (5-12)
by calculation for each possible braiding. Thus
A4 1(0) =Dj(v) ®x; =0.
To finish, we use the fact that A (v) equals
A((ade x0)*x;) A((ade x0)x)) — x ex + €, ex + €)) A((ade xi)x;) A(ade x0)>x)).

Looking at the terms in B° ® B2 and B? ® B>, and using the definition of the
braided commutator, we obtain

A3 (v)
= (1 = 410, 030a7) [xex; 1e ® [xex; e
+ (g (1= qracqi; 4 ) G g 4k (XX e — qragug [oexlexe) @ [xix;le
+ (1= qrigi)* (1 = gieariqin) (1 — 45aii 745 © x;
= (14 (1 + qu) (1 — qriquj i) qerdn; ik dsi — i died;;) (X xi e ® [xex;le
+b1(1 — 454897397 @ x; -
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Also,

A3 () = (1 = queqriqin) (1 — qijgj)x;
® ((1 4 quo) qreqjelxexlexy — (1 + o) qiedi 4% Lxx;le
+xj [ )e — 4 a4k 1k 1ex))
= (1 — g a95ea; + (A + qu) (1 — Qe 96 akkdi 4k ;)
(1 = qreqi i) (1 — qrigj) g ® xj[xex;]e.
Using (5-12), we obtain (5-10).
(b) We set y = (ad xk)z(adxj)xl and z = (ad x;)x;. Note that A(w) = A(y)A(z) —
x (e +ej+e, e +e)A(z)A(y) and that
A()=y®1+(1—gjq;)(adx)’x; ® x;
+ (1 = qjqji) (1 — qrqijgjx)xi ® (ad x;)x;
+ (1 + i) (1 — greqrjgix)xk @ (ad xp)(ad xj)x; + 1 ® y,
A2)=z@ 1+ (1 —qrjqjr) @ x; +1Qz.
From (2-3) we have Dy (w) = 0, and from (2-4),
Dy(w) = (1 — qijqj1)queqi; [(ad xi)*x;, (ad xi)x;] .,
D;j(w) = —(1 — qi;qi) 4 di; 9i ' (@d x0)* (ad x7)xs
= —(1 — gk 4 4 ' [@d ) x;, x1]e = 0,
where in the last equality we used (1-4) and the vanishing of [x, x;]. = 0. It
follows that
Asi(w) = (1 — qijqi)qiq; [ (@d xi)*x;, (ad xp)x; ], ® x;.
Also, Fj(z) = Fj(y) = Fi(z) = Fi(y) = 0 by (2-6) and the properties of these
skew derivations, so Fj(w) = F;(w) = 0. We now calculate
Fi(w)
= (1 + qu) (1 — qraqrjgin) xx xile[xix;1e + qiegingie (U — qriqin) [xExxi1ex;
—x(2e; +e; +e, e +e)
((1=qxjqji)xjlxfxjxi]e+ T+ qi) (1—qrrqu; 0 aek g xixxile[xex 1)
= gt jxqu (1 — Clquj'k)[[x/fx]'m]c, xj]c
— (14 qu) (1 — Grr @i 98 9 dic; 4359550 Gk [ Loexi e [xaxixle]
= q,fqujqjkqjjqzj qik
(1= qrjgjx — (1 4+ qr) (0 = qrrqrj i) aredri g ) [Doexile, Dexjxle ],
-0,



Nichols algebras with standard braiding 83

where we used (1-4) and (5-4) in the third equality, and we calculate that

1 —grjqjx — (1 + quic) (1 — qriqrjqjx)9ikqijqix =0 (5-13)

for each possible standard braiding. It follows that A5(w) = 0.
We find each of the other terms of A (w) by direct calculation. First,

Agr(w)
=(1—xQex+ej+e, e +e)y(ex+e,2e+e +e))y®z
+ (I = qijgj) (A — qijq1)
(qzk [x,ij]cxk ®x1x; — x (2e; +e; +e, e+ ej)qukq]'jxk [xlij']c ®ijl)
+ (1 = qkjqi) (1 — qrkqr;qi)
(x(ej +er, ex+e)xiz— x(2ec +e +er, e +e€)zxp) ® [xjx/]e
= (1 — qijqji)qic (1 — qjxqrj + (1 + qi) (1 — qreqr; 4jx) i)
[egxlexk ® [xjx1]es
which is seen to equal 0. In a similar way we calculate
Az3(w)
= (1—qijqj)[xxj1® (xiz—x (2ex+ej+e, ex+e;) x (e +e;j, ex+ej+e)zx))
+ (14+qri) (1 —qriqrjqjn) x (e +ej+e;, ex+e;) (Xez—grkqr; 2xk) @ [xxxj X1
+ (=g qii 9j) (1 — Gk 4jx) 53
® ()( (ej+e, e )[xjx]ex; — x (e +ej+e, e +e;) (e, 2€;)x; [xjxl]c)
= (g (1= qrrquj gjx) — a4k g A —qijqj1) )
x (ex+e;+er, ex+e))[xpx;]e @ [xxjx]e
+ (1= qkqriqix) (1= qrigj)* (L — 4 qri ) X3 ® X1 1 x;

and the coefficient of [x,fx ile ® [xxxjx;]c is zero (we calculate it for each possible
standard braiding). Finally,

Asg(w)
= (1= qkqigjx) (1 — ki gji) x;
@ ((1+qui) x (ex+ej+ey, e [xexjxilex;
— (1 +qir) x 2ex+ej+e;, e +e;)qjrx;[xpxjx]e
—x Qex+ej+e;, ec+e)) x (ex+ej, 2e) [ xxsle, [xjxile],)
= (1 = qrkqrjqjx) (1 —qrjqji) x (€ +€1, ex+e;)qy;
(grk (1 —qreqr;qie) — a7 (1 —gjiqi)) x; @ xj [xex;x11e
=0.

From these calculations, we obtain (5-11). Ul
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5B. Presentation when the type is Ag. We now assume V is a standard braided
vector space of type Ag and B a Z?-graded algebra, provided with an inclusion
of vector spaces V < B! = D, <j<0 $B%. We can extend the braiding to B by
setting
cw®v)=y(a, HoQu, uecB* veBl, a, peN’.
We assume that on B we have
xl-z =0 ifqil' = —1,
ade x; (x;) =0 if [j—i|> 1,
(ade x;)>(x))e =0 if |j =il =1,
[(adc x;i)(ade xi41)xi42, xi+1]c =0 2<i<@f-1.
Using the same notation as in Section 4B,
xei =xia xu,',j = [-xiaxu,'+1,j]c (l < .])
Lemma 5.10. Let 1 <i < j < p <r <86. The following relations hold in *B:
[xll,'ja xu,,,]c - 09 p _] Z 27 (5_14)
[xu,-/-axujﬂ,r]c = Xu;, - (5_15)

Proof. Note that xy, belongs to the subalgebra generated by xp, ..., x,, and
[Xu;;» Xsle = 0, for each p <s <r. Equation (5-14) follows from this.

We prove (5-15) by induction on j —i: if i = j, it is exactly the definition of
xy;,. To prove the inductive step, we use the inductive hypothesis, (5-14) and (1-4)
(the braided Jacobi identity) to obtain

[Xus > Xuia, Je = [y Xig11es xum,,]c = [xu;;» [Xis1s xum,,n]c]c
= [Xuys Xuj, le = Xuy,

and (5-15) is also proved. [l
Lemma 5.11. Ifi < p <r < j, the following relation holds in B:

[ Xy, Je = 0. (5-16)
Proof. When p=r = j —1and i = j — 2, note that this is exactly

[(ad. xi)(ade xi41)xi42, Xi41], = 0.
Then, by (1-4),
[u; s Xj—11e = [[xi—1, Xu, 1oy Xj—1]e = [xi—1, [Xu ;> Xj—1]c]e-

We assume that j —i > 2, so [x;_1, xj_1]c = 0 by the hypothesis on B. Now we
prove the case p =r = j — 1 by induction on p —i.
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Using (1-4) and (5-15), we also have
[-xll,"j+| 5 xp]c = [[-xll,"_," xj-i—l]c; xp]c = [-xll,"j, [.Xj+] ) -xp]c]c
+qj+1,plxu; > Xj—11eXjr1 — x (Wi j, €j41)Xj41[xu; ;> Xj—1]c,

so using that [xj41, x,]. = 0if j > p, by induction on j — p we prove (5-16) for
the case p =r.
For the general case, we use (1-4) one more time as follows

[xll,"j 5 xllpJJrl ]C = [xll,'ﬁj 5 [xllp,-’ xr+l]c]c = [[xll,'ﬁj s xllpr]CJ xr+l]c
- X(upra er—i—l)[xuija xr—t—l]cxupr + X(uija upr)xup, [-xu,’ja xr—i—l]c:

and we prove (5-16) by induction on r — p. O
Lemma 5.12. The following relations hold in B:

[-xll,'ja-xllip]c=0 lfl S.] < P (5_17)

[Xu;;» Xu,;le =0 if i <p=<j. (5-18)
Proof. To prove (5-17), note that if i = j = p — 1, we have

[-xlliia xll,",ur]]c = [-xi9 [xia xi+1]c]c = (adxi)zxi+l =0.

Since [x;, Xy, ,]c =0 for each p > i +1 by (5-14), we use (1-4), the previous case
and (5-15) to obtain

[xll,',' B xu,'p]c = [-xlli,' > [-xll,",ur] B -xll,urz’p]c]c = 0
Now, if i < j < p, from (5-14) and the relations between the g5, we obtain
[xllH_],j ) xlll'p](,‘ == _X(ulpy ui-‘,—l,j)[xll,',,: xu,-_H,j]c - O
Using (1-4) and the previous case we conclude
[xll,'j ) xu,-p]c = [[xllii ’ xui+1,j]c’ xuip]c =0.
The proof of (5-18) is analogous. (]
Lemma 5.13. Ifi < p <r < j, the following relation holds in B:
[xu,-,s xupj]c = ){(uir, upr)(l - ('Ir,r—|-1‘h+l,r)xuprxuij' (5-19)
Proof. We calculate
[xl.l,‘r > xup_/]c - [-xll,',» B [-xll,,r ’ xl.lr+1,_/' ]L‘]C
= X(uil’a upr)xup,xuij —X (upra ur+1,j)xuijxup,
= (X (ui’” upr) - X(uij, upr)X (upra ur+1,j)) -xllpr-xllij

- X(uirs upr) (1 - X(upr, ur-i—l,j)X(ur—H,j’ upr)) xl.l,,rxl.l,'_,'a
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where we have used (5-15) in the first equality, (1-4) in the second, (5-18) in the
third and the relation between the g;; in the last. ([

We now prove the main theorem of this subsection, namely, the presentation by
generators and relations of the Nichols algebra associated to V.

Theorem 5.14. Let V be a standard braided vector space of type Ag, where 6 =
dim V, and let C = (a;})i, je(1,....0) be the corresponding Cartan matrix of type Ay.

The Nichols algebra B(V) is presented by the generators x;, 1 <i <0, and the
relations

xNe=0, aeAh;
ade(x)' " () =0, i #j;
[(adxjfl)(adxj)xjﬂzxj]c =0, l<j<#,gq;;=-1

The following elements constitute a basis of B(V):

lelxg .. .xZﬁ, where 0 < hj < Np, where p; € Sy, for 1 <j < P. (5-20)
Proof. From Corollary 4.2 and the definitions of the x,, we know that the last
statement about the PBW basis is true.

Let ‘B be the algebra presented by generators xi, ..., xg and the relations in
the statement of the theorem. From Lemmas 5.3, 5.4 and Corollary 5.2 we have
a canonical epimorphism ¢ : B — B(V). The last relation also holds in B for
gjj # 1, by Lemma 5.4(2).

The rest is similar to the proofs of [Andruskiewitsch and Discélescu 2005,
Lemma 3.7] and [Andruskiewitsch and Schneider 2002b, Lemma 6.12]. Consider
the subspace $ of B generated by the elements in (5-20). Using Lemmas 5.10,
5.11, 5.12 and 5.13 we prove that $ is an ideal. But 1 € ¥, so $ = ‘B.

The images under ¢ of the elements in (5-20) form a basis of B(V), so ¢ is an
isomorphism. U

The presentation and dimension of 25(V') agree with the results presented in [An-
druskiewitsch and Dascalescu 2005] and [Andruskiewitsch and Schneider 2002b].

5C. Presentation when the type is By. We now assume V is a standard braided
vector space of type By and B is a Z-graded algebra, provided with an inclusion
of vector spaces V <« B! = D j<o B%. Then we can extend the braiding to B.
We assume the following relations in *B:

xP=0 ifgy=—1,
x; =0 ifgqy €Gs,
(ad, x;))x; =0 if |j—i] > 1,
(ad, x;)?x; =0 if [j—i|=1andi # 1,
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[(ade xi)(ade xi 4 D)xigo, xig1], =0 if2<i <0,
(ade x1)*x2 =0,
[(ad, x1)*x2, (ade x1)x2], =0,
[(ad x1)*(ad x2)x3, (ad x1)x2 ], = 0.
Using the same notation as in Section 4B,
Xy = [Xuy Xu e, 150 <j<6.

From the proof of the relations corresponding the Ay case, we know that (5-14),
(5-15), (5-16), (5-18) and (5-19) hold for i > 1, but for relation (5-17) we must
assume i > 1.

Lemma 5.15. Suppose 1 <s <t and 1 <k < j. The following relations hold in ‘B:

= ift+1 <k,

= Xy, ift+1=k<j,
=0 ifs+1l<k<j<t,
= X Vs, W) (1 = @1 111G141.0) Xu Xy, if s+ 1 <k <t <,
=y (Wi, ugpq j)xy, ifs+1=k<j<t,

[xvx,, xukj]c ! 2 . .

= (i, upr,) — x(mg, w))xy, if s+1=k,j=t,
€ kxy,; + kxu,; Xu;, + kxu,, Xy, fs+1l=k<t<j,
= ysktjxuksxvj, ifk<s<j<t,

€ kxuy, Xy, + kxXuy, Xuy; Xu,, + kXu, Xy, if k<5 <1<},
=0 fk<j<s,

y
where yg = y (i, we) x (Wig, W) (1 — Gs 541G541,5)-

Proof. The first, third and last equalities follow from the vanishing of [xy,,, Xu,;]c
and [xy,,, Xu,;]c = 0, using (5-14), (5-16), (5-17) or (5-18) as the case maybe,
together with (1-4).

For the second case, we use that [xy,,, Xuy e = 0, (5-15) and (1-4) to obtain

xVS_/ == [xl.l]x ] xu” ]C - [xl.lls ] [xl.l” B -xllH_]“_/]c]C - [['xl.lls > xl.l” ]C, xl.l[+|,j]c == [-an > xl.l,+1yj ]C'
For the fourth, we use (1-4) and the third case to calculate

[xVS; ) xukj]c = [-xV” B [xuk, B xll,ur]’j ]C]C
=X (Vsz, ukt)xuk,xvsj - X(ukl‘a ut+1,j)xv5.,~xuk,

= (Vs Wie) (1 =y (@gr, Wre ) ) (W, > Wier)) Xy, X, -
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For the fifth, note that y (uy;, us+1,j)*1 =y (Us41,j, u1,). Thenuse (5-15), (5-16)
and (1-4) to prove that
[Xv, > Xugy ;Je = [[Xu“ s Xuy, Jes Xu.p,],_,v]c
= x (1, g1, ) Xuy; Xuy, — X (W1, Uip) Xy, Xuy,
= X(ulla us+1,j)(xu1jxu1, - X(ulj, ult)xultxuls)-
The sixth case is similar.
For the seventh case, we use (1-4), (1-5) and the previous case to calculate
[xV”a xuﬁl,j]c = [xv”a [qul,,: xu,ﬂ,j]c]c
= (x (i, uyy1,) — x (g, wi))xg |, Xu,,, ]
+ X(Vst, us+1,t)xus+1,,xvs.,~ - X(us-i-l,ta ut+1,j)xvs.,~xus+|,,
= (i, Uspr ) — x (g, wi)) ((xy,; + x (@ir, W)Xy Xu,,)
+ (Wi, Wy )Xy Xuy,) — X (Wst1,r5 Wrgn, ) Xy,
+ G (Vs W1,0) = 3 W1, Weger ) X (Vsjs Wse1,0)) Xug gy Xy -
We use the previous cases, (5-16) and (5-19) to calculate for the eighth case
[xvs, 5 xukj]c = [[xuls 5 xul,]Ca xukj]c
=y (uyr, ug) Cr (g, Wes) (1 — G 5+1G54+1,5) Xy Xuy ;) Xuy,
— x (g, wy)xuy, G (s, W) (1 — G s41G5+1,5) Xug Xy ;)
= y“flc,".xuks (xuljxu“ -y (uyj, W)Xy, Xuy;)-
To conclude, we prove the ninth case in a similar way:
[-xVS,a xukj]c = [xv,g,, [xuk,, xu,+1,j]c]c

kt 2
= Vst (1- CIVu)[xllkxxu],’ x“t+l,j]

+ X(Vsta uk,[)xukt-szj - X(ukh ut—t—l,j)xvijuk, . ‘:’
We consider the remaining commutator [xvs,, x“jk]c: when j = 1.
Lemma 5.16. Lets <t in{l,...,8}. The following relations hold in *5:

[Xvy, Xuyle =0 if s <k <t, (5-21)
[xlllsa xvst]c =0. (5-22)

Proof. By assumption we have

[xvlza xulz]c = [(adc xl)ZXZs (ad. xl)XZ]C =0,

[-xV135 -xlllz]c = [(adc x1)2(adc xz)x37 (adc xl)x2]c = 0
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For t > 4, [xy,,, Xu;,]c = 0 by (5-14), and using (1-4),

[xV“’ xulz]c = [[xvl3, xl.l4[]C7 xlllz]c =0.

For each k <t we have [xy,,, Xuy lc = [X1, Xuy Je = 0, 50 [xy,,, Xuy Jc = 0. Using
(1-4) and (5-15) we have

[-xVha xulk]c = [xVha [-xlllza XU3k]C]C = O

Now consider 2 < s < k. Since [xy,,, Xu; lc = [*uy > Xu, Je = 0 by previous
results and (5-16), we conclude from (1-5) and Lemma 5.15 that (5-21) is valid in
the general case.

To prove (5-22), we have for s =1,¢ =2

3
[xulp xvlz]c = [xla xvlz]c = (adC xl) x2 = 0

Using that [x1, xy;, ]c =01if # > 3 and (1-4), we deduce that

[-qu B xV],]C = [-xla [-xV|25 -xllj;,]c]c = O

If 1 <s <t we have, by the previous case,

[xulx 5 xvl,]c = _X(xuls > xvu)[xvl, > xuls]c =0.

By (5-18), [xu,,, Xuy, lc = 0. Also, [xy,,, Xu, lc = y (1, W2g)xy,,, by Lemma 5.15.
Equation (5-22) follows by (1-4) and the last three equalities. O

Lemma 5.17. Let s < k < t. The following relations hold in *5:
[Xvye> Xuy Je = X (Vako Wik) (1 = G k4 1Gk-+1,0) Xy Xy, » (5-23)
(X, > Xve Je = x Wis, i) (1 + Guy ) (1 = Gie e+ 1Gkt-1,0) Xuy Xvy - (5-24)
Proof. The proof follows by (1-4), the second case of Lemma 5.15 and (5-22):
[vyes X, Je = [Xvye Doungs Xu, 1e],

= X Vs, i) Xuy Xy, — X (Wik, Wee1,0) Xy, Xuyy

= x (Voo wig) (1= x (g, W1, 0) x (Wi 1,7, Wig)) Xy Xy,
[uy, s Xy Je = [Xuyys Doy Xy le],

= [xv_;k 5 xult]c + X(uls> u]k)xu”(xvst - X(ulk> ult)xvs,xulk

= x (W15, W) (Guy, (1 — Grk+1G5+1.5) + 1 — Gk 1Gk+1.5) Xy Xy, - O

We next deal with the expression of the commutator of two words of type xy,,.
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Lemma 5.18. Lets <tands <k < j,withk # s or j #t. The following relations
hold in *B:

[—0 fk<j=t,
=0 ifk=s,t <],
= X (Vst> Vi) (L = 1 141G141,0) Xy, Xy, ifk <t <},

['x st"x ] ]
Vsro MVigde ) 2 (Ver,up)?(1 — 114191 +1,1)

(1 = qu, Gri+1941.0%g, X, if k=1 <],
| € Kty Xy + KXy, Xy, + KdXuy Xy, Xy, ift<k<j.

Proof. The first and second equalities follow from (1-4) and (5-21), (5-22), respec-
tively. For the third, we use the previous one and (1-4):
[y, > v le
= [xv,r» [ Xuy; 1],
= x (Vgz, Wik ) Xuy, (X (Vsr, wp) (1 — qt,t+1qt+l,t)xu1,ij)
— x (i, wi) (x (Vor, W) (1= G, 141G141,0) Xuy, Xy, ) Xy
= (1= qr,+19r41,0) (X (Ve Wi1k) x (Vir, W1p) Xy Xy, Xy,
— x (@i, wp ) x (Vsr, Uie) x (Vg Wik) Xuy, Xuyy Xy, )
= 2 Vor, W) x Ve, i) (1= G 1Gr1,0) (Fuy Xy, — 2 Wik, W)Xy, Xy ) Xy, -
The fourth case is similar to the previous one.
To prove the last case we use (1-4) and Lemma 5.17:
vy > X le = [Xves [ouygs Xuy;1e],
=[x Vs, i) (1 = G, 141G141,6) Xy Xvyp > Xuy le
+ 1 (Ve wi) Xy, O (Vsr, wy) (1 — QI,t-i-]ql-i-l,t)xu],xvs_,')
— x (g, wy ) O (Vsr, w ) (1 — qt,f+1ql‘-‘rl,l‘)xunxvsj)xulk’
The proof is finished using (1-5) and the previous identities. ]

Theorem 5.19. Let V be a standard braided vector space of type By, where 6 =
dim V, and let C = (a;})i, jeq1,....0) be the corresponding Cartan matrix of type By.
The Nichols algebra B(V) is presented by the generators x;, 1 <i <0, and the

relations N
x) =0, aecAf;

ade(x)' " (x;) =0, i #j;
[(adxj_1)(adxj)xj+1,xj]c =0, 1<j<0,qj=-1;
[(ad x1)%xs, (adx)xz2], =0, g1 €Gsorgn=—1;
[(adxl)z(adxz)x3, (adx)xz], =0, qi1€Gsorgn=-1.
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The following elements constitute a basis of B(V):
xXplxgt . xpr. where 0 <h;j< Ng—1if €Sy, for 1<j<P. (525

Proof. The proof is analogous to that of Theorem 5.14, since by the previous
lemmas we can express the commutator of two generators x, < xz as a linear
combination of monotone hyperwords whose greater hyperletter is great or equal
to xp. ]

5D. Presentation when the type is G;. We now consider standard braidings of
type Go, withmp =3, mp; = 1.
Lemma 5.20. Let B := T (V)/I, for some I € &, and suppose that
=0, M =0, (adx)*xy = (ad x2)’x; =0 (5-26)
inB. Then
(@) [xix2x122], =0in B < de; +2er ¢ AT(B).
Assume further that the equivalent conditions in (a) hold. Then
(b) [(adx1)3xy, (ad xl)zxg]c =0inB < 5e;+2er ¢ AT (B) and
© [[xixoxixole, [XIXZ]C]C =0in‘B < 4de; +3ex ¢ AT(B).
Assume also that the equivalent conditions in (b) and those in (c) hold. Then
(@) [[x{xale, [xfxoxixale], =0in B < 5ei +3ex ¢ AT(B).

In particular, all these relations hold when V is a standard braiding and B =
B (V) is finite-dimensional.

Proof. Take the ordering x; < X2, and consider a PBW basis as in Theorem 1.12.
Define yx =[] <_i (1 — g{,12921)

(a) If [x?xlexz]c =0, then 4e; +2e; ¢ AT () since there are no possible Lyndon
words in S;: x13x2x1x2 is the unique Lyndon word such that x13x2 and x 1x22 are not
factors, and it is not in S; by assumption.

Conversely, if 4e +2e; ¢ AT (B), then [xfxlexz]c is a linear combination of
greater hyperwords, and [x 1x2xfx2]c and [x12x12x2] are the only greater hyperwords
that are not in S; and do not end in x; (we discard words ending in x| since
[x?xlexz]c is in ker D). Taking their Shirshov decomposition, we see that there
exist a, f € k such that

[xPx2x1x2]e — alxixo)elxx2]e — Blxixal; = 0. (5-27)
Note that [x13x2x 1x2]. = ad xy ([xlzxzx 1x2]c), so by direct calculation,

Dy ([x{xax1x2]c) = 0.
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Apply D, to both sides of equality (5-27) and express the result as a linear combi-
nation of [xfxz]cxl, [)c12x2]cx12 and [xlxz]cxf. The coefficient of [xlxz]cxf is

a(l—q12921)(1 — q11912921),

so a = 0. Note also that Dng([x,13x2x1x2]c) =0; but

DiD:([x1x202) = (1 — g12g21) (1 — q11912g21) (1 + @11)(@2e1 6> + D[xTx2]c.
Looking at the proof of Proposition 4.7, we see that g2¢, 4., # —1, s0 f =0.

(b) Assuming (5-26) and the condition in (a), the only possible Lyndon word of

degree Sej + 2e; is x;x2x7x2, and

[xTx2x 1 x2x1X2] = [(ad x1) x2, (adxl)zxz]c.

Then we proceed as before. One implication is clear. For the other, if 5e; +2e¢; ¢
AT (B), there exists a € k such that

[(adxl)sz, (adxl)zxz]c = a(adxl)zxz(adxl)sz.

Now we apply D, and express the equality as a linear combination of (ad x 1)3x2x12
and (ad xl)zxzxf (using the hypothesis that (adx;)*x, = 0); the coefficient of

(adxl)zxle3 is ays, so a =0.

(c) The proof is similar. Since we are considering Lyndon words not having xfxg or
xlxg as a factor, the only possible Lyndon word of degree 4e1+3e; is xlzxle X2X1X2,
and
2 _ 1.2
[xPxoxixox1 0] = [[x{x2x100]c, [X122]c ], -

If 4e; +3¢; ¢ AT (B), there exist a; € k such that

2 2
[x{x2(x1x2)°],
_ 2 2r.2 2 2 3
= a[x1x2]c[x7x2x1x2]c Fan[x 10217 [x7 x2]e Fazx2[X] X217 +asx2[x1x2]c[X7 X2]cs

since, as above, we are discarding words greater than xfxlexgxlxz ending in x1;
we also discard words with factors xfxz, X lxg, xfxlezxz, by the assumption on ‘8.
We apply D; to this equality. Using the definition of the braided commutator, we
express the hyperletter just considered as a linear combination of elements of the
PBW basis, having degree 4e; + 2e;.

The coefficient of xz[xlxz]cxf is a4y3 since this PBW generator appears only
in the expression of Dz(xz[xlxz]c[xi”xz]c). Thus a4 = 0.

Using this fact, we see that the coefficient of xa[x7x2]cx] is

a3y2 (14 q11)q71912431 922

since this term appears only in the expression of D; (x> [xlzxg]f). Thus a3 = 0.
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2

Next, the coefficient of [x1x2]:

coefficient of [XIZXQ]Z

c*

x12 is azyz, so ap = 0. Now we calculate the

ar1y2(x (e1, Se; + ) — x (2e; + €2, €1 +€2)) = a172g11912 (47) — 922912921) -

Since qfl # 224912921 for each standard braiding, we conclude that a; = 0.

(d) If the conditions in (b) and (c) hold, the only possible Lyndon word of degree
5e1 + 3e; not having xi‘xz or x 1x% as factors is xlzxlezxlexz, and

2.2 2 2
[xPxoxixoxixole = [[x{x2le, [xTxox1x2]c ], -
This hyperword is not in S; if and only if there exist v; € k such that

2.2 2 2 2.2
[xi{x2xi{x2x1X2]c = vi[xixox102]c[X7X2]e + V2 [x122]c[X7 X217

+v3lexa 2l xole + vaxalxixallxixal..  (5-28)

Apply D; and note that Dz([xlzxlezxlexz]c) = 0 under the hypotheses on 8.
Then express the resulting sum as a linear combination of elements of the PBW
basis, which have degree 5e¢; + 2e5.

The hyperword xg[xlzxz]xf appears only for Dz(xz[xlzxz]c[x?xg]c), and its co-
efficient is v4y3, and since y3 # 0 we conclude that v4 = 0.

Analogously, [xlxz]zxf’ appears only for [xlxz]z[xfxz]c (due to v4 = 0). Its
coefficient is v3y3, so v3 = 0.

Note that D%Dz([xlzxlexz]c) = 0. We apply Dsz to the expression (5-28),
and obtain

0 =v172(1 +qi)xfxax1x2)e +v2p2(1 + q11) (1 + Gaeyvey) [X122]c [T 22] .

The terms [xlzxzx 1x2]c and [x 1x2]c[x12x2]c are linearly independent, since they are
linearly independent in B(V), and we have a surjection 26 — B(V). Then

v1y2(1+g11) = v2y2(1 +q11) (1 + G2e, +e,) = 0.
But for standard braidings of type G, we note that q11, g2e,+e, 7 —1 and y2 # 0,

sov; =vy, =0.
The last statement is true since

AT (B(V)) = {e1, e1 + €2, 2e1 + €2, 31 + €2, 31 +2e2, €2},
if the braiding is standard of type G». (]

Remark 5.21. Let V be a standard braided vector space of type G, and let B
be a braided graded Hopf algebra satisfying the hypotheses of Lemma 5.20. In a
similar way to Lemma 5.5, if g;| ¢ G4 and g2y # —1, then Se; +2e5, 41 +2e24e1 +
3es, 5e1 +3e; & AT(B).
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This follows because xfxgxlzxz,xfxlexlexz, xlzxlezxlexz ¢ Sy, using the
quantum Serre relations as in the lemma cited.

Theorem 5.22. Let V be a standard braided vector space of type G,. The Nichols
algebra B(V) is presented by the generators x1, x, and the relations

ad.(x)*(x2) = ado(2)?(x1) =0,  xN =0, a € AT, (5-29)

and, if q11 € Gy or g = —1,

[(adx1)*x2, (ad x1)*x2], =0, (5-30)
[x1, [xfaox1x2] ], =0, (5-31)
[[xTx2x1x2)e, [x1x2)e], = O, (5-32)
[[xx2)e, [xfx2x1x2]e], = 0 (5-33)

The following elements constitute a basis of B(V):

h h h h h h
X, 2 [xxale T eixaxixale T I anle T a0 <hy < Ng—1.
(5-34)

Proof. The statement about the PBW basis follows from Corollary 4.2 and the
definitions of the x,.

Let B be the algebra presented by the generators x1, x; and the relations (5-29)—
(5-33). From Lemma 5.20 and Corollary 5.2, we have a canonical epimorphism of
algebras ¢ : B — B(V).

Consider the subspace $ of 8 generated by the elements in (5-34). We prove by
induction on the sum § of the A, ’s of a such product M that x;M € $; moreover,
we prove that it is a linear combination of products whose first hyperletter is less
than or equal to the first hyperletter of M. If § =0, we have M = 1.

o If M =x{v1, then xiM =va1+1, which is zero if Ny =ordx; — 1.

o If M = [xfxz]cM/, then we use that xl[xfxz]c = qflqlz[xfxg]cxl to prove that
x1M lies in $ and either is zero or begins with [xfxz]c.

o If M = [xlzxz]cM’, we have

2 3 2 2
xi[xix2le = [x7x2]e + gi1q12[x7x2]cx1.

We use the inductive step and relation (5-30) to prove that x; M lies in $ and
is either zero or a linear combination of hyperwords starting with a hyperletter
less than or equal to [xlzxz]c.

o If M = [xlzxlexz]cM’, we deduce from (5-31) that

2 2 .
xi[xpxoxix2]e = y(eq, 3er + 2e2) [x7x2x1x2]c X1
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using also (5-32) and (5-33), we prove that x; M lies in $ and is either zero or
a linear combination of hyperwords that starting with a hyperletter less than or
equal to [xlzxlexz]c.

o If M =[x1x2].M’, observe that

xi[xix2]e = [Xlzxz]c +quiq2lxix2]exy.

Using the inductive step together with (5-31), (5-32), and the equality

[xixalelxixale = [[xfx2le, [xixale], + x (2e1 + €2, €1 + e2)[x1x2)c[x T X2l

by the definition of braided commutator, we prove that x; M lies in $ and is
either zero or a linear combination of hyperwords starting with a hyperletter
less than or equal to [x;x2]..

o If M =x,M’, we use the equalities xjxo = [x;x2].+q12x2x1 and [[x1x2]c, x2]c =
0 to prove that x; M lies in $ and is either zero or a linear combination of
hyperwords.

Now, x, M is a product of nonincreasing hyperwords or is zero, for each element
in (5-34), so ¥ is an ideal of 8 containing 1; hence $ = 3. Since the elements in
(5-34) are a basis of B(V), the map ¢ is an isomorphism. O

SE. Presentation when the braiding is of Cartan type. In this subsection, we
present the Nichols algebra of a diagonal braiding vector space of Cartan type with
matrix (g;;), by generators and relations. This was established in [Andruskiewitsch
and Schneider 2002a, Theorem 4.5] assuming that g;; has odd order and that order
is not divisible by 3 if i belongs to a component of type G». The proof in loc. cit.
combines a reduction to symmetric (g;;) by twisting, with results from [Andersen
et al. 1994] and [De Concini and Procesi 1993]. We also note that some particular
instances were already proved earlier in this section.

Fix a standard braided vector space V with connected Dynkin diagram and an
i €{l,...,0}. Suppose that B is a quotient by an ideal I € G of T (V). Assume
moreover that V is not of type G, and that

(5-3) holds in B if 1 <i #j <80, (5-35)
(5-4) holds in*B if my; =my =1 and mj; = 0; (5-36)
(5-6) holds in B if mi; =2 and mj; = 1; (5-37)
(5-8) holds in B if my; =2, mjr =mj; =1and my =0. (5-38)

Note that if (5-3) holds in an algebra with derivations Dy, then (2-11) holds also,
by Lemma 2.7. By Theorem 2.6, we have an algebra s; (*B) provided with skew
derivations D;. We set X; = (ad, x;)™*(x;)#1 € 5;(2B), for k # i, and X; = 1#y.
The elements generate s;(%8)! as a vector space.
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Lemma 5.23. Conditions (5-35)—(5-38) are satisfied with s; $B) in lieu of B.

Proof of (5-35). Each me; +¢;, 0 < m < my; is an element of A(B(V;)), so
si(mey +¢;) € A(B(V)). Since we have a surjective morphism of braided graded
Hopf algebras B — B(V), we have A(B(V)) € A(B).

From Lemma 5.3, (ad. Xx)"X; = 0 if and only if X;"X; is a linear combination of
greater words, for an order in which X; < x; (since we are considering the Cartan
case, the condition about the ordering of the X; is satisfied). Note that x;"X; is the
unique Lyndon word of degree mey +¢;. Then, by the relation (2-15) between the
Hilbert series of 8 and s; (28), the validity of (5-3) for s;(*8) is equivalent to the
condition

si((myj +1)ex +¢;) ¢ AT(B).
(a) When k =i # j, this says that —e; +e; ¢ AT(B), so (5-3) holds.
(b) To prove (5-3) for s;(®8) when j =i, we show case by case that
(mpi + Dex + (g + Dmig — 1e; ¢ AT(B).
o If my; =mj; =0, we have e, —¢; ¢ AT(B).

o If my; =mj; =1, then 2e; +e¢; ¢ AT (B8), because (ad x;)%x; = 0.

o If my; =1 and m;; = 2, then 2e; + 3¢; ¢ AT (B), since we can apply Lemma
5.5 to ‘B, which satisfies (5-6) by assumption.

o If my; =2 and m;; = 1, then 3e; +2e; ¢ AT (B), as before.
Thus (5-3) holds for each k #i.

(c) Now consider @ > 3 and k, j #i.
o If my =m;; =0, then s; (me; + ;) = mey +e¢;, and (my; + e +e; & A*(B),
since the quantum Serre relation holds in ‘B.

o If myx =1 and m;; = 0, then s;(me; + ¢;) = me; + me; + ;. If we assume
Xj < x; < x; and look at the possible Lyndon words in S, from (5-3), these
words have no factors xl.zxk, X;jx;, so the only possibility is x; (xzx;)™.

- If Mmgj = 0, then XjXkXi = qjkXkXjXi, SO XjXgX; ¢ Sy.
— If my; =1, then x;xix;x ¢ S; when my; = 1, since (5-4) is valid in B;
while if my; = 2 we have gy # —1 and

X Coxi)? = (L4 qu) ' xpxpx? + (L+ qu) ™ qrigiy xjxixixi
-1 -1 _-2 1, -1 -2 -2
=45 9 G xexpxex; 4+ (L+ ) ™' a; Dij ik xXgxx]
+( +qkk)_IQkiq/3kCIji Xixjx/fxi.

In both cases, x; (xxx;)> ¢ Sy
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- If my; =2, then my; =mj; =1 and gg # —1. The proof is similar to the
previous case.

o If mjx = 2,m;; =0, then s;(me; + ;) = 2me; + me; +¢; and my; = 0, 1.
When my; = 0, the proof is clear as above. When m;; =1, for j <k <i and
considering only the quantum Serre relations, the only possible Lyndon word is
X; (xkxl.z)z. But since [[xl.zxk]c, [x,'xk]c]c = 0, we deduce that such a word is not
in S[.

o If myx =0, m;; =1, then s; (me; +e;) =e; +me;+e;. If k <i < j, note that from
xexi, xp " x; ¢ S, there are no Lyndon words of degree €; + (my; + 1)ex +¢;
in S[.

o If mj; =0, m;; =2, then s; (me;+e;) =2e; +me;+e;, and the proof is analogous
to the previous case.

o If mjx =m;; =1, then my; =0, and s; (e, + €;) = 2e; + €, + €;, which is not in
AT (B) from Lemma 5.4.

o If myx =2,m;; =1 (it is analogous to m;; = 1, m;; = 2), then my; = 0 and
s;(ex +e;) = 3e; +e; +e;. In this way we get ¢;; # —1, and if x; <x; < x; the
unique Lyndon word without xizx j or xkxl.3 as factors is

xexixixi = (1 +qi) g7 xex)x + (L4 4i) ™ qhiqijxxixx]
€ k(xixkxizxj) + k(x,-zxkxin) + k(x?kaj) + k(xkxixjxiz),

using the quantum Serre relations; hence there are no Lyndon words of degree
3e; +e;+e; in S;.

So, (5-3) holds, foreach k, j # i,k # j. U

Proof of (5-36). Assume my; =my; = 1. We prove case by case that
si(2er+e; +e) ¢ AT (B).

o If mjj =m;x =m;; =0, then s; (2e; +e; +e;) = 2e; +¢; + ¢, so it follows from
Lemma 5.4, because 2e; +e; +¢€; ¢ AT (B).

o If m;; # 0 (analogously, if m;; # 0), then m;; = m;; = 0, because there are no
cycles in the Dynkin diagram. Then s; (2¢; +€; +€;) = 2e; +e; +¢€; +m;;e;. If
we consider x; < x; <Xx; <Xx;, using the equalities xx; = qx;i X; Xk, XjX| =qj1X;X;
and x;x; = gy x;x;, and also that x,fxl, x,ij ¢ Sy, we conclude that no possible
Lyndon words of degree 2¢; + e + ¢, +m;;e; can be an element of S;, except
xkxlxkxjx;n” ; but this, too, is not an element of Sy, because x;x;xx; ¢ S;. Hence
2e;+ej +e +mjje; ¢ AT(B).

e If m;; =1, and therefore m;; =m;; =0, then s; (2e; +e; +¢€;) =2e; +e¢; +¢€ +
2m;re;. If we consider x; < x; < x; < x;, using the equalities x;x; = g;;x;x;,
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xjx; = qjx;xj and x;x; = q;;x;x;, and also that x,fxl,x,ij ¢ Sy, we discard
as before all possible Lyndon words of degree 2e; + e; + €, + 2m;€;, except
xlxkxjxkx?mif; but this is not an element of S;, because x;x;xix; ¢ S;. Thus
2e; + e +e + 2ml~jel~ ¢ A+(%).

o If i = j (analogously, if i =), then s;(2e +€; +€/) =2e; +e¢; +¢; ¢ AT(B) if
mjx =1by Lemma 5.4, or 5;(2ex +e€; +e€;) =2e;+3e;+e; ¢ AT(B) if mj =2
by Lemma 5.5.

o If i =k, then sy (2ex +e¢; +€) =e; +e ¢ AT(B), since mj; = 0.

Also, ifuc {e;+e;, e +e;, e, e, ¢}, thenuec A(B(V;)),sos;(u) € ACB(V)).
The canonical surjective algebra morphisms from 7' (V) to ‘B and ‘B(V) induce a
surjective algebra morphism B — B(V), so A(B(V)) C A(®B); in particular, each
s; () lies in A(®B).

Consider a basis as in Proposition 1.11 for an order such that x; < x; <x;. From
Lemma 2.7, x;xi, X¢Xx;, Xjxcx; are elements of this basis, since they are not linear
combinations of greater words modulo I;, the ideal of 7' (V;) such that 5;(B) =
T (V;)/1;. Inthe same way, (xgx;) (xjxi), Xixk (X Xk ), (Xkx) XX, X (o X xp), xlx,ij
af x,% # 0) are elements of this basis, where the parenthesis indicates the Lyndon
decomposition as nonincreasing products of Lyndon words. Also, x;x;, xjx,%, x,%xl
are not in this basis, by (5-3). By the relation (2-15) between Hilbert series and
the fact that 2e; +e; +€; & s; (AT()), we note that x;x,x;x is not an element
of the basis. Thus this word is a linear combination of greater words. By Lemma
5.4, this implies that (5-4) holds in s; (*B). O

Proof of (5-37). As before, we prove first that s; (3ex +2e¢;) ¢ AT(B) case by case:
o If mjx =m;; =0, then 5; (3e; + 2¢;) = 3e; + 2¢; ¢ AT (®8) by assumption.

o If miyr =0, m;; =1, then 5; (3e; +2e;) = 2e; +-3e; +2e;. If we consider an order
such that x; <x; <xj, aLyndon word of degree 2e; +3e;+2e; in S; begins with
Xk, and xix; is not a factor, because x;x; = gy;x;x;. Thus the possible Lyndon
words with these conditions are x,%xjxixkxjxi and x,%xjxkxjxiz; the first is not in
S1 because from (5-4) for j, k, i we can express x;x;x;X; as a linear combination
of greater words, and the second is not in S; because x2x;x;x; ¢ ;.

e If my =1, m;; =0, then 5;(3e; + 2¢;) = 3e; + 3¢, + 2e;. If we consider an
order such that x; < x; < xt, a Lyndon word of degree 3e; + 3¢, + 2¢; in S;
begins with x;, and x;x; is not a factor. Using that also xl.zxk, szxk ¢ Sy, the
possible Lyndon word under these conditions is x;x;x; x; X, x; X¢x; . But from the
condition on the m,g, we are in cases Cy or Fy, and we use that (ad xi)zxk =0,
gii # —1 to replace x;x;x; by a linear combination of xizxk and xkxiz, and also
use x;x; = q;; X;Xj, so we conclude that x;xix;x;xix;xxx; ¢ Sy.

o If i = j, then 5s;(3e; +2e;) = 3ex +€; ¢ AT(B), since my; = 2.
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o If i =k, then sy (3ex +2e;) = e, +2e; ¢ AT(B), since mj; = 1.

If ve{er+e;,2e.+e;, e e}, thenve ACB(V))), sos;(v) € ACB(V)). Since
A(B(V)) € A(®B); in particular, each v lies in s; (A (*8)).

As in (a), consider a basis as in Proposition 1.11 for an order such that x; <x;. In
a similar way, x;x;, x2x; are elements of this basis, but xx; and xksz are not in this
basis by (5-3). By Lemma 2.7, (xgx;)(x2x;), xj (x2x;) Xk, (Xxj)? Xk, Xj (xxj)x 2,
szx,? (the last if sz, x,f = 0) are not linear combinations of greater words modulo
I;, so they are elements of the chosen basis. By the relation (2-15) between Hilbert
series and the fact that 3e; + 2e; ¢ s; (Aﬂ%)), the Lyndon word x,fx,xkxj is not
an element of the basis. Thus this word is a linear combination of greater words,
and by Lemma 5.5, this implies that (5-6) holds in s; (8). [l

Proof of (5-38). We prove case by case that
si(3ex +2e; + €/) ¢ AT(B).

o If mjx =m;j =m;; =0, then s; (3e; + 2e; + ;) = 3e; + 2e; + €;, and this is not
in A™(B) by Lemma 5.6.

o Ifi # j, k, [ and m;; # 0, the only possibility is m;; = my; =1, so V is of type
Fy. Thus s; (3e;+-2e;+e;) = 3e; +3e; +2e; +e;. For the order x; < x; <x; <x;,
the only possible Lyndon word without the factors xlxj2, XXk, XX, szxk, XjXi,
xkxl?, x,fxi 18 xyxjxx; Xjxpx; xx;. Using the quantum Serre relations and the
fact that g;; = qxk # —1, we see that this Lyndon word is not in S;. Thus

3e; +3ex +2e; +e ¢ AT(B).

e i # j,k,l and m;; # 0: there are no standard braided vector spaces with these
values.

o If i £ j, k,l and m;; # 0, the unique possibility is m;; = m;; = 1. In this case
5;(3ex +2e; +e;) = 3e; +2e; +e; +e;. If we consider x; < x; <x; < x;, the
only possible Lyndon word of this degree without the factors xix;, xix;, x;x;,
x,?xj, xksz 18 x,ijxlxixkx,-. But by assumption,

[xxixde, [axjle], = [xi, Baexjle], =0,
SO [x,%xjxlxixkxi]c = [[x,ijxlxi]c, [kaj]c]c =0, and x,ijxlxixkxi ¢ Sy.

o If i =k, then 5;(3e; +2¢; +¢€) =e¢; +2¢; +¢ ¢ AT (®B), by Lemma 5.4.

o If i = j, then s; (3e; + 2e; +¢;) = 3¢, +2¢; +¢ ¢ AT(B), by Lemma 5.6.

o If i =k, then 5; 3ex +2e; +€;) =e; + 2¢; +e; ¢ AT(B), as before.

Now, if w € {e;, ;, €/, e, +€;, e, +e;+e;, 2e,+e;, 2e,+e;+e;, 2e.+2e; +e},
then w € A(B(V;)), so s;(w) € A(B(V)), hence s;(w) € A(*B).
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Consider a basis as in Proposition 1.11 for an order such that x; < x; < x;.
Then x;jx; and x;x; are elements of this basis. We know that x;x;, x,ij, xksz,
XiXjX| Xk x,ijxkxj are not elements of the basis, since (5-3), (5-4) and (5-6) hold
in 2B. By Lemma 2.7, the relation (2-15) between Hilbert series and the fact that
e, +2e+e &s; (AT (B)), the Lyndon word x,ijxlxkxj is not an element of the
basis. Thus this word is a linear combination of greater words. By Lemma 5.6,

this implies that (5-8) holds in s; (28). [l

This concludes the proof of Lemma 5.23. Note also that s;(28) is of the same
type as B.

Let V be of a type different from G,. We define the algebra %(V) =T(V)/3(V),
where J(V) is the two-sided ideal of T (V) generated by

o (ade xp)"oH xj, k #

o [(ade xj)(ade xi)xp, xi ] o L # K # Jo que = =1 myg =my = 1;

. [(adc xk)zxj, (ad, xk)xj]c, k#j, qu€Gsorgjj=—1,m;=2,mj =1,

o [(ade xp)*(ade x))x1, (ade x0)xj] 0 k # j # L que € Gs or gjj = —1, my; =2,
mjk = mﬂ =1.

(Compare with the definitions in Section 4 of [Andruskiewitsch and Schneider
2002a].) Since V is of Cartan type, J(V) is a Hopf ideal, by Lemmas 5.7-5.9.
Since J(V) also is Z?-homogeneous, we have J(V) € &.

By Lemmas 5.4-5.6, the canonical epimorphism 7' (V) — B(V) induces an
epimorphism of braided graded Hopf algebras

Ty B(V) = B(V). (5-39)

Also, %(V) satisfies the conditions in Theorem 2.6 for each i € {1, ..., 8}, so
we can transform it.

Lemma 5.24. With the notation above, s; (‘):S(V)) = %(V,)

Proof. By Lemma 5.23, the relations defining J(V;) are satisfied in s; (%(V)).
Thus the canonical projections from 7' (V;) onto %(Vi) and s; (i%(V)) induce a
surjective algebra map %(V,-) — 8 (‘E(V)). Conversely, each relation defining
J(V) is satisfied in s; (‘%(Vi)), so we have the following situation:

B(V) si(B(V)))

M
si(B(V)).

B(V;)
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From the relation (2-15) between Hilbert series, we have, for each u € N?,

dims;(BV) = > dimB(v)ieke),
keN: u—ke; eN?
si(u—ke;)eN?

and a analogous relation for dim s; (‘3(%))“. But in view of the previous surjections
we have
dims; (B(V))" < dimB(V,)*,  dims;(B(V)))" < dim B(V)",
for each u € N’. Since si2 =1id, each of these inequalities is in fact an equality, and
5i(B(V)) =B(Vi). O
We are now able to prove one of the main results of this paper.

Theorem 5.25. Let V be a braided vector space of Cartan type, of dimension 0,
and C = (a;})i,je(1,....0) the corresponding finite Cartan matrix, where a;j :== —m;;.

The Nichols algebra B(V) is presented by the generators x;, for 1 <i <86, and
the relations

xNe=0, aeA", (5-40)
ad:(xe) "% (x;) =0,  k #j. (5-41)

If there exist j # k # | such that my; =my =1, qix = —1, then

[(ad Xi)Xj, (adxk)xl]c =0. (5-42)
If there exist k # j such that my; =2, mjx =1, qix € G35 or qjj = —1, then
[(ad x¢)>x;, (ad xi)x;], = 0. (5-43)
If there exist k # j # 1 such that my; =2, mjx =mj =1, qix € G3 or q;; = —1,
then
[(ad x)*(ad x))x;, (ad xp)x; ], = 0. (5-44)
If0 =2,V ifof type G, and q11 € Ga or g»» = —1, then
[(adx1)’x2, (ad x1)%x2] =0, (5-45)
[x1, [xix2xix2] ], =0, (5-46)
[xfx2xix],, [¥ix2]e], =0, (5-47)
[[xlzxz]c , [xlzxlexz]c]c =0. (5-48)

The following elements constitute a basis of B(V):

x[};:xz,j...le’:, where 0 < h; < Ng, —1, if Bj €Sy, for 1 <j<P.
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Proof. We may assume that C is connected. For V of type G, the result was
proved in Theorem 5.22. So we can assume my; # 3, k # j.

The statement about the PBW basis was proved in Corollary 4.2; see the defi-
nition of the x, in Section 4B.

Consider the images of the x, in %(V); they correspond in B(V) with the x,,
and are PBW generators for a basis constructed as in Theorem 1.12, considering
the same order in the letters. As we observed in (5-39), there exists a surjective
morphism of braided Hopf algebras %(V) — B(V), so

A(B(V)) € A(B(V)).

Also, %(V) satisfies the conditions in Theorem 2.6 foreachi € {1, ..., 8}, sowe
can transform it. By Lemma 5.24, the new algebra is B(V;), so we can continue.
Consider the sets

A:=U(AGsi,...5,B)keN, 1 <iy,...,ix <0}, At:=ANN;

A

A is invariant by the s;. Also, A(B(V)) C A, and
Alsiy. .. 5i,B(V)) =si,. .5, ACB(V)).

Consider a € At \ AT(®B(V)). Suppose that o is not of the form ma; for
meNandi €{l,...,80}, and that it is of minimal height among such roots. For
each s;, since a is not a multiple of a;, we have s;(a) € AT\ AT (B(V)); hence
degsi(a) —dega > 0. But a = Z?:l bie;, so Z?:l bia;; < 0, and since b; > 0,
we have Z? j=1 bia;jb; <0. This contradicts the fact that (a;;) is definite positive,
and (b;) > 0, (b;) #0.

Also, me; € AT(B) &= m = N, or m = 1, since xl.Ne" # 0. Hence

A(B(V)) = AGB(V)U{N,a:a € A(B(V))).
This follows since by Corollary 4.2 each a € A*(B(V)) is of the form
a=s;--5,€), ii,....im, jE{l, ..., 0}.
Now, Ne,e; € A(%(V)), SO
Ngo = Ne;o = si,. .. 51, (Ne, €) € A(%(V)).

Also, each degree N,a has multiplicity one in A(%(V)).
Suppose there exist Lyndon words of degree N,a, and consider one such word
u of minimal height. Let u = vw be a Shirshov decomposition thereof, and put

B:=degv, y:=degw € AT(B(V)).
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By the preceding assumption, 8, y € AT(B(V)). Write

0 0 0
o= ae, P= b, =2 cre,
k=1 k=1 k=1
s0 Nyay =bp+cy, foreach k € {1, ..., 0}. We can assume, by taking a subdiagram

if necessary, that a;, ag # 0.
Now, if V is of type F4 and f = 2e; + 3e; + 4e3 + 3e4, then ¢y =0, a; = 1,
Ny,=2,ora;=c;=1,N, =3,since a, y # f.

o If N, =3, then 3ap, =3+ ¢2. Hence ¢, =0, 50 ¢c3 =c¢4 =0, or ¢ = 3, and
c3 =4, c4 = 2. But in both cases we have a contradiction to a € N*.

o If N, =2, c; =0, then ¢; and ¢4 are odd, and c3 is even and nonzero. The only
possibility is y = e +2e3 +e4, so a = e; +2e; +3e3 +2e4. But g, =q # —1,
so N, # 2, which is a contradiction.

Thus we can assume by, ¢y <lorby,cop <1,s0a1=by=ci=1orayp=by =
cg = 1; in both cases, N, = 2. For each possible § with b # 0 (by the assumption
that a; # 0, we have b; # 0 or ¢; # 0), we look for y such that § + y has even
coordinates. In types A, D and E there are no such pairs of roots. As for the other

types:

* By: f =vVip, y =ui419. Then a = uyy, but g, = q11 # —1, which is a
contradiction.

e Cyp: f=Wi1,y =e€y. Then a =uyy, but g, =gpy # —1, which is a contradiction.
o Fy: ﬁ =e;+ey+2e3+2eq,y =€) +e, OI‘,B =e| +2e;+2e3+2eq, y =ey.
In both cases, a = e +e; +e3+eq4, but g, = g # —1, which is a contradiction.

Ny
o

Thus each root N,a corresponds to x
before. The elements

and each x, has infinite height, as

le‘xzz...xZ;’, where 0 <h; < oo, if f; €S, for 1 <j<P,
form a basis of %(V) as a vector space.
Now let 7(V) be the ideal of T' (V) generated by the relations (5-41)—(5-44) and
(5-40). We have J(V) C I(V) C I(V), so the corresponding projections induce a
surjective morphism of algebras ¢ : B — B(V), where B := T (V)/I(V):

T(V) —= B(V)

L

B(V) «T B
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Also, the elements

lelxzzz...lef, where 0 <h; < Ng,, if f; €Sy, for 1 <j <P,
generate ‘B as a vector space, because they correspond to images of generators of
%(V) and are nonzero (as before, each nonincreasing product of hyperwords such
that hj > Npg, is zero in B). But ¢ is surjective, and the corresponding images of
these elements form a basis of B(V), so ¢ is an isomorphism. ([
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Frobenius splittings of toric varieties

Sam Payne

We discuss a characteristic free version of Frobenius splittings for toric varieties
and give a polyhedral criterion for a toric variety to be diagonally split. We apply
this criterion to show that section rings of nef line bundles on diagonally split
toric varieties are normally presented and Koszul, and that Schubert varieties are
not diagonally split in general.

1. Introduction

Fix an integer g greater than one. Let T = Spec Z[M] be the torus with character
lattice M, and let N be the dual lattice. Let X be a complete fan in Ng, with
X = X(X) the associated toric variety over Z. Multiplication by ¢ preserves the
fan and maps the lattice N into itself, and therefore gives an endomorphism

F:X—-X.

Each T-orbit in X is a torus that is preserved by F, which acts by taking a point
t to t1. For example, if X is projective space, then F is given in homogeneous
coordinates by

[xO:---:xn]H[xg:---:xg].
If g is prime and k is the field with ¢ elements, then the restriction of F to the
variety Xy is the absolute Frobenius morphism. Pulling back functions by F gives
a natural inclusion of Ox-algebras F* : Ox <« F,Ox.

Definition 1.1. A splitting of X is an Ox-module map 7 : F,Ox — Ox such that
the composition 7 o F* is the identity on Oy.

Standard results from the theory of Frobenius splittings generalize in a straightfor-
ward way to these splittings of toric varieties. See Section 2 for details.

If Y is a subvariety of X cut out by an ideal sheaf Iy and 7 (F,Iy) is contained
in Iy then we say that = is compatible with Y. If Y is a toric variety embedded
equivariantly in X, the closure of a subtorus of an orbit in X, then a splitting
compatible with Y induces a splitting of Y. We say that X is diagonally split if

MSC2000: primary 14M25; secondary 13A35, 14M15, 16S37.
Keywords: Frobenius splitting, toric variety, diagonal splitting, Koszul.
Supported by the Clay Mathematics Institute.
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there is a splitting of X x X that is compatible with the diagonal, for some g. Such
splittings are of particular interest; by classic arguments of Mehta, Ramanan and
Ramanathan, if X is diagonally split then every ample line bundle on X is very
ample and defines a projectively normal embedding.

Our main result is a polyhedral criterion for a toric variety to be diagonally split.
Let v, denote the primitive generator of a ray, or one-dimensional cone, in X. Let
Mr = M ®z R, and let the diagonal splitting polytope Fx be defined by

Fx={ueMr|—1=<(u,v,) <1forall p e X}.

We write KLIM for the subgroup of Mg consisting of fractional lattice points u such
that gu is in M.

Theorem 1.2. The toric variety X is diagonally split if and only if the interior of
Fx contains representatives of every equivalence class in éM /M.

While the existence of a compatible splitting of the diagonal in X x X implies
that section rings of ample line bundles on X are generated in degree one, com-
patible splittings of large semidiagonals in products of multiple copies of X give
further information on these section rings. For example, if the union of A x X and
X x A is compatibly splitin X x X x X, where A is the diagonal in X x X, then it
follows from standard arguments that the section ring of each ample line bundle on
X is normally presented, that is, generated in degree one with relations generated
in degree two. For fixed n greater than one, let A; be the large semidiagonal

Ar=X"1"x Ax xiL
forl <i <n.

Theorem 1.3. Let X be a diagonally split toric variety. Then A1 U---U A, _ is
compatibly split in X".
In particular, if X is diagonally split then the union of A x X and X x A is com-
patibly split in X x X x X, so the section ring of any ample line bundle on X is
normally presented. Analogous results hold for any finite collection of nef line
bundles on X, as we now discuss.

For line bundles Ly, ..., L, on X, let R(Ly, ..., L,) be the section ring

R(Li,....Ln= @ H'XLI'® )L
(a1,...,0,)EN"
We consider R(Ly, ..., L,) as a graded ring, where the degree of
0 .
H(X,L{'®---® L)

is a; + - - - + a,. In particular, the degree zero part of R(Ly, ..., L,) is Z. Recall
that a graded ring R is Koszul if the ideal generated by elements of positive degree
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has a linear resolution as an R-module. See [Polishchuk and Positselski 2005] for
background on Koszul rings and further details.

Theorem 1.4. Let X be a complete, diagonally split toric variety, and let
Ly,....,L,

be nef line bundles on X. Then the section ring R(L1, ..., L,) is normally pre-
sented and Koszul.

In particular, if X is diagonally split then the section ring of any ample line bundle
on X is normally presented and Koszul. Well-known open problems ask whether
every ample line bundle on a smooth projective toric variety gives a projectively
normal embedding [Oda 1997] and, if so, whether its section ring is normally
presented [Sturmfels 1996, Conjecture 13.19]. When the section ring is normally
presented, it is natural to ask whether it is also Koszul. Addressing these questions
and their analogues for singular toric varieties in as many cases as possible is one
of the main motivations behind this work.

Remark 1.5. The section ring R(Ly, ..., L,) associated to a finite collection of
line bundles is canonically identified with the section ring of the line bundle O(1)
on the projectivized vector bundle P(L;®- - -® L,), which is also a toric variety. If
Ly, ..., L, are nef and correspond to polytopes Py, ..., P, then the Cayley sum
is the polytope associated to O(1). Cayley sums have also appeared prominently in
recent work related to boundedness questions in toric mirror symmetry [Batyrev
and Nill 2008; 2007; Haase et al. 2008].

Remark 1.6. Frobenius morphisms and their lifts to characteristic zero have been
used powerfully in several other contexts related to the geometry of toric varieties,
including by Buch, Lauritzen, Mehta and Thomsen [1997] to prove Bott vanishing
and degeneration of the Hodge to de Rham spectral sequence, by Totaro [1997] to
give a splitting of the weight filtration on Borel-Moore homology, by Smith [2000]
to prove global F-regularity, by Brylinski and Zhang [2003] to prove degeneration
of a spectral sequence computing equivariant cohomology with rational coeffi-
cients, and by Fujino [2007] to prove vanishing theorems for vector bundles and
reflexive sheaves. Frobenius splittings have also played a role in unsuccessful
attempts to show that section rings of ample line bundles on smooth toric varieties
are normally presented [Bggvad 1995]. We hope that this work will help revive the
insight of Bggvad and others into the potential usefulness of Frobenius splittings
as a tool for understanding ample line bundles on toric varieties.

We conclude the introduction with an example illustrating Theorem 1.2 for
Hirzebruch surfaces. As mentioned earlier, the proofs that section rings of ample
line bundles on Schubert varieties are normally presented and Koszul via Frobenius
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splittings involved compatible splittings of semidiagonals in (G/B)". It has been
an open question for over twenty years whether Schubert varieties themselves are
diagonally split (see [Ramanathan 1987, Remark 3.6] and [Brion and Kumar 2005,
p- 81]). The following example gives a negative answer: the Hirzebruch surface
F3 is a Schubert variety in the G,-flag variety, and F3 is not diagonally split.

Remark 1.7. To see that F3 occurs as a Schubert variety in the G,-flag variety,
first note that for any G, G/B is a P!-bundle over G/P, where P is a minimal
parabolic subgroup. If w = 515, is an element of length two in the Weyl group of
G, and P is the minimal parabolic corresponding to s;, then X,, is a P'-bundle
over its image, which is a rational curve in G/ P. In particular, X,, is a Hirzebruch
surface. Then X, is a rational curve in X,, with self-intersection (a2, alv), where
o; is the simple root corresponding to s;, and al.v =2a;/{a;, a;). See [Kempf 1976,
Section 2] for details. For G, we can choose coordinates identifying the root lattice
with the sublattice of 73 consisting of those (a1, as, a3) such that a; +a;+az =0,
with simple roots a; = (1, —1,0) and a; = (—1, 2, —1). Then Xj, is a curve of
self-intersection —3 in X,,, and hence X, is isomorphic to F3. See also [Anderson
2007] for a detailed study of the G,-flag variety and its Schubert varieties.

Example 1.8. Let a be a nonnegative integer, and let X be the complete fan in
R? whose rays are spanned by (1, 0), (0, 1), (0, —1), and (=1, a). Then X (X) is
isomorphic to the Hirzebruch surface F,, the projectivization of the vector bundle
Op1 ® Opi(a) [Fulton 1993, pp. 7-8]. Let ¢ > 2 be an integer. By Theorem 1.2,
X is diagonally split if and only if the fractional lattice points in the interior of
Fx represent every equivalence class in quZ /Z?. The polytopes Fy for different
values of a are shown below.

a=0 a=1

If a is equal to O or 1, the interior of Fx contains the half open unit square
[0, 1) x[0, 1), which contains representatives of every equivalence class in }122 / 72
Therefore, Fy and F; are diagonally split for all g.

If a = 2, then Fy is the parallelogram with vertices (£1,0), +(1,1). For
0 < m < g, the interior of this intersection contains the fractional lattice points
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(m/q,n/q) for (m—q)/2 <n < (m-+gq)/2. If g is odd, then these represent every
equivalence class in %Zz /7?. In particular, F> is diagonally split for ¢ odd.

If a is greater than two, then Fx is the parallelogram with vertices (%1, 0),
+(1, 2/a). The only points in the interior of this intersection whose first coordinate
is integral, are of the form (0, y) for —1/a <y < 1/a. In particular, the equivalence
class of (0, [¢g/2]/q) in %Zz /72 is not represented by any point in the interior of
this intersection. Therefore, F, is not diagonally split for a greater than two.

a>2

2. Preliminaries

Frobenius splittings were introduced and developed by Mehta, Ramanathan, and
their collaborators in the 1980s. The original paper of Mehta and Ramanathan is
exceedingly well written and remains an excellent first introduction to the subject
[1985]. Frobenius splittings were rapidly applied to give elegant unified proofs that
all ample line bundles on generalized Schubert varieties of all types are very ample
and give projectively normal embeddings whose images are cut out by quadrics
[Ramanan and Ramanathan 1985; Ramanathan 1987]. Inamdar and Mehta [1994],
and independently Bezrukavnikov [1995], later showed that the homogeneous co-
ordinate rings of these embeddings are Koszul. In characteristic zero, these results
are deduced from the positive characteristic case using general semicontinuity the-
orems. See the recent book of Brion and Kumar [2005] for a unified exposition
of these results, along with further details, references, and applications. On toric
varieties, the Frobenius endomorphisms lift to endomorphisms over Z, and it seems
easiest and most natural to work independently of the characteristic using these
lifted endomorphisms. One feature of this approach is that we can prove results
about section rings of toric varieties over Z, or an arbitrary field, by producing a
splitting of the diagonal in X x X for a single ¢.

We begin by considering the structure of F,.Ox as an Ox-module. As a sheaf of
groups, F,Ox evaluated on the invariant affine open set U, associated to a cone
o € X is the coordinate ring Z [U,, ], which is usually identified with the semigroup
ring Z[c ¥ N M]. However, the module structure on F, Z[U,] is different from the
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action of Z[U, ] on itself. For this reason, we identify F, Z[U, ] with the semigroup
ring of fractional lattice points

F.ZIUs;1 =Z[c" N M],

taking a monomial x* € Z[U,] to x*/4. The action of Z[U,] on F.Z[U,] is then
induced by the natural action of M on %IM , SO

forue M and u’ € %M . If Y is a toric variety embedded equivariantly in X, then
a splitting 7 is compatible with Y if and only if the induced map

Z[U,1 > Z[6¥ N }IM] L 710,

maps Iy(U,) into Iy (U,) for every ¢ € .

We now summarize some basic properties of compatible splittings and their
applications to section rings of ample line bundles. Let X be a complete toric
variety, and let L be a line bundle on X. A splitting 7 of X makes Oy a direct
summand of F,Ox and hence L a direct summand of L ® F,Ox. By the projection
formula, L® F,Ox is isomorphic to F,(F*L), and we claim that F* L is isomorphic
to L?. To see this, note that there is a T -invariant Cartier divisor D such that L is
isomorphic to O(D) [Fulton 1993, Section 3.4]. The restriction of D to an invariant
affine open U, is the divisor of a rational function x* for some u € M, and hence
the restriction of F*D to U, is the divisor of x9*. It follows that F*L is isomorphic
to L4, as claimed. Now, since cohomology commutes with direct sums, 7 induces
a split injection

H'(X, L)~ H'(X, L%,

for every i. Iterating this argument gives split injections of H (X, L)in H (X, L")
for all positive integers r. In particular, if H(X, L4 ) vanishes for some r, as is
the case when L is ample, then H'(X, L) vanishes as well.

The proofs of the following five propositions are essentially identical to the stan-
dard proofs of the analogous results for Frobenius splittings, and are omitted. See
[Brion and Kumar 2005]; Proposition 1.2.1, Theorem 1.2.8, and Exercises 1.5.E.1,
1.5.E.2, and 1.5.E.3, respectively, for the case where the line bundles in question
are ample. The extensions to nef bundles can be deduced following the arguments
in [Inamdar 1994], using the fact that any nef line bundle on X is the pullback
of an ample line bundle on some toric variety X’ under a proper birational toric
morphism f: X — X',

Proposition 2.1. Let Y and Y’ be toric varieties equivariantly embedded in X. If
Y UY' is split compatibly in X then Y, Y', and Y NY' are split compatibly in X.
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Proposition 2.2. Let Y be a compatibly split subvariety of X. If L is a nef line
bundle on X then the restriction map

H(X,L)— H°(Y, L)
is surjective and H' (X, Iy ® L) = 0.
Proposition 2.3. Let Ly, ..., L, be nefline bundles on X. If the diagonal is com-

patibly split in X x X then the section ring R(L1, ..., L) is normally generated.
Proposition 2.4. Let L1, ..., L, be nef line bundles on X. If the union of A x X
and X x A is compatibly split in X x X x X then the section ring R(Ly, ..., L,)
is normally presented.

Proposition 2.5. Let Ly, ..., L, be nef line bundles on X. If Ay U---UA,_; is
compatibly split in X" for every n then the section ring R(L1, ..., L,) is normally
presented and Koszul.

3. Canonical splittings

Every toric variety has a splitting, and among all splittings of X there is a unique
one that extends to every toric compactification X’ > X and lifts to every proper
birational toric modification X” — X’ of such a compactification. If ¢ is prime
and k is the field with ¢ elements, then the restriction of this splitting to Xy is
the unique Frobenius splitting that is canonical in the sense of Mathieu [Brion and
Kumar 2005, Chapter 4]. We now describe this canonical splitting, starting with
its restriction to the dense torus 7.
Let mg be the map of Z[T ]-modules from F,Z[T] to Z[T] given by

x* fueM,
0 otherwise.

mo(x") = {

The pullback map F*:Z[T]— F,Z[T]is induced by the inclusion of M in %M; if
g is prime and k is the field with ¢ elements, then the induced map k[T] — F.k[T]
may be identified with the inclusion of k[7'] in k[T]"4.

In particular, 7¢ o F is the identity, and hence gives a splitting of T'.

Proposition 3.1. For any toric variety X, mg extends to a splitting of X.

Proof. The composition 7y o F* is the identity, and for each affine open U,, 7
maps Z[avﬂéM] into Z[oV N M]. O
Properties of this canonical splitting 7 are closely related to Smith’s proof [2000,
Proposition 6.3] that toric varieties are globally F-regular.

Proposition 3.2. The canonical splitting 7t is compatible with every T -invariant
subvariety.
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Proof. First we claim that 7 is compatible with the union of the T-invariant
divisors. To see this, note that the ideal sheaf I of the union of the invariant divisors
is given by
I1(U,) = Z[int(c ") N M],

where int(o ) is the interior of ¢ . If u is a fractional lattice point in the interior of
o then mo(x") is either zero or x*, and so is contained in I (U, ), which proves the
claim. The proposition then follows from Proposition 2.1, since every T -invariant
subvariety is an intersection of invariant divisors. U

However, if X is positive dimensional then the canonical splitting 79 of X x X is
not compatible with the diagonal A. To see this, observe that if u }IM is not in
M,then 1 —x* @x " isin F,Ix, but

ro(l —x"®x™) =1,

which is not in /5. To apply the standard techniques relating splittings to section
rings of ample line bundles discussed in Section 2, we must look for other splittings
of X x X, and X" for r greater than two, that are compatible with the diagonal and
the union of the large semidiagonals, respectively.

4. Splittings of diagonals

We now describe the space of all splittings of a toric variety and use this description
to characterize diagonally split toric varieties. First, it is helpful to consider the
structure of F,Ox as an Oy-module in more detail.

Recall that an equivariant structure, or T-linearization, on a coherent sheaf %
on X is an isomorphism of sheaves on 7' x X,

9 WF — p*F,

where u : T x X — X is the torus action and p is the second projection, that satisfies
the usual cocycle condition [Brion and Kumar 2005, Section 2.1]. For example, the
natural equivariant structure on Oy is given by 1 ® x* — x7* ® x*. In general, the
push forward of an equivariant sheaf under an equivariant morphism does not carry
a natural equivariant structure. However, the equivariant endomorphism F has
the property that F,Ox is equivariantizable [Bggvad 1998; Thomsen 2000]; it is
possible to choose an equivariant structure as follows. First, choose representatives
ui,...,us of the cosets in %M/M. Let ¢ be the map from u*F,Ox to p*F,Ox
that takes 1 ® x* to x"™* ® x*, for u in the coset u; + M. It is straightforward
to check that ¢ is an isomorphism and gives an equivariant structure on F,Oyx, as
required.

A splitting of X restricts to a splitting of 7', and two splittings of X agree if and
only if they agree on T', so we describe the space of all splittings of X in terms of
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splittings of T that extend to X, as follows. For fractional lattice points a € éM ,
let
7, F . Z[T]— Z|T]

be the map given by

x4 ifa4uisin M,
0 otherwise.

na(xu) = {

Lemma 4.1. The set of maps n,, for a in éM, is a Z-basis for

Hom(F,Z[T], Z[T)).

Proof. The maps m, are independent, and the free generators x“!, ..., x* for
F,7Z[T] can be sent to an arbitrary s-tuple of elements of Z[T] by a suitable linear
combination of the maps 7. O

If we choose an equivariant structure for Hom(F, Z[T], Z[T]), as above, then the
maps 7, form a T-eigenbasis. Therefore, a rational section

T =ClTg + -+ g,

of the sheaf #om(F,0x,Ox), with each ¢; nonzero, extends to X if and only if
each 7, is regular on X. For a ray, or one-dimensional cone p in X, we write v,
for the primitive generator of p.

Proposition 4.2. Let U, be an affine toric variety. Then w, is regular on U, if and
only if (a, v,) is greater than minus one for each ray p in o.

Proof. The map z,, is regular on U, if and only if it takes
Zlo¥ N M]

into Z[¢¥ N M]. Suppose (a,v,) is greater than minus one for each ray p in ¢
and u is in ¢V N %M. Either 7,(x") is zero or a +u is in M and (u,v,) is a
nonnegative integer for all rays p in o, and hence a 4+ u is in ¢ . Therefore 7,
extends to U,. Conversely, if (a, v,) is less than or equal to minus one for some
p, then it is straightforward to produce points u € ¢ such that a + u is in M, but

not in ¢ . In this case, 7, is not regular on U, . O

We follow the usual toric convention fixing K = — >_ D,, the sum of the prime
T -invariant divisors each with multiplicity minus one, as a convenient represen-
tative of the canonical class. The polytope associated to a divisor D = > d, D,
is
Pp={ueMg|(u,v,) >—d, forall p}.

In particular, the polytope P_g associated to the anticanonical divisor is

P_g ={ueMg|(u,v,)>—1"forall p}.
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The interior of the polytope P_g controls the space of Ox-module maps from F,Ox
to Ox as follows.

Proposition 4.3. The set of maps =, for fractional lattice points a in the interior
of P_k is a basis for Hom(F,Ox, Ox).

Proof. If a is not in the interior of P_g then (a, v,) is less than or equal to minus
one for some ray p € X and then 7, is not regular on U,,. Conversely, if a is in the
interior of P_g, then 7, extends to every invariant affine open subvariety of X, by
Proposition 4.2, and therefore is regular on X. (]

Remark 4.4. When X is smooth, Proposition 4.3 corresponds to the natural iden-
tification between Hom(F,Oy, Ox) and H OX,K ;(_q) given by duality for finite
flat morphisms [Brion and Kumar 2005, Section 1.3].

Proposition 4.5. A map > c,r, in Hom(F,Ox, Ox) is a splitting if and only if
co=1.

Proof. Zero is the only lattice point in the interior of P_x N M, so the image of x*
under 7 = > ¢, 7, is equal to cox” for u € M. In particular, since F* maps x* to
x* in F,Ox, = o F* is the identity if and only if ¢ is equal to one. ([

The set of splittings of X is an affine hyperplane in Hom(F,Ox, Ox) by Proposition
4.5. For any subvariety Y C X, the condition that 7 (F,/y) is contained in /Iy cuts
out a linear subspace of Hom(F,Ox, Ox). So the set of splittings of X that are com-
patible with Y is an affine subspace of Hom(F,Ox, Ox), which may be empty. We
now prove Theorem 1.2, which gives a necessary and sufficient condition for the
space of splittings of X x X that are compatible with the diagonal to be nonempty.

Proof of Theorem 1.2. Suppose

T = E Ca,aTa,a

is a splitting of X x X that is compatible with the diagonal. Then the restriction of
7 to the dense torus is a splitting compatible with the diagonal in 7 x T'. For any
ue éM , we have
I—x"®x™"
in F,Ix, where I, is the ideal of the diagonal in T x T'. Since 7 (1) is equal to one,
the restriction of 7 (x* ® x ") to the diagonal must also be equal to one. Now the
restriction of 7 (x* ® x ™) to the diagonal is a Laurent polynomial in Z[T] whose
constant term is
Z C—a,a»

aclu]

where [u] is the coset of u in %M /M. Since the polytope associated to —K x x x 1S
P_g, x P_g,, there must be a representative a of [u] such that both a and —a are
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contained in the interior of P_g,, which means that a is contained in the interior
of the diagonal splitting polytope

Fx=P_g,N—P_kg,.

For the converse, suppose that every nonzero equivalence class [u;] in %M /M
has a representative g; in the interior of Fx. Then

s
TA=To+ E Ta;,—a
i=1

is a splitting, and we claim that o is compatible with the diagonal. To see this, note
that the ideal of the diagonal in U, x U, is generated by the Laurent polynomials
I —x"®x " foruin oV N M. Then F,l, is generated as a Z[U, x U, ]-module
by the
xb —)Cb . (xu ®X_M),

as b = (b1, by) ranges over éll(M x M) and u ranges over %IM . Now the restriction
of nA(xb) to the diagonal is xP1+02 if by + by is in M and zero otherwise. In
particular, the restriction of 7 (x? — x? - (x* ® x ™)) to the diagonal vanishes, as
required. ([

Proof of Theorem 1.3. Suppose the diagonal is compatibly split in X x X. Then
every nonzero equivalence class [u ;] in %M /M is represented by a fractional lattice
point a; in the interior of Fy, by Theorem 1.2.

A splitting of X" is compatible with the union AjU---UA,_; if it is compatible
with each A;. For u € M, let u'") denote the lattice point in M" whose only nonzero
coordinate is the i-th one, which is equal to . The ideal of A; is generated by the
functions

O _, G+
—x" T

1
We claim that the splitting

n—1
T =my+ Z Z n'a;i)_a;iﬂ)
i=1 j
is compatible with A; for 1 <i < n, and hence with the union AjU---U A, _;.

The proof of the claim is then similar to the proof of Theorem 1.2 above, and the
theorem follows. O

Proof of Theorem 1.4. Suppose the diagonal is compatibly split in X x X. Then
AjU---UA,_; is compatibly split in X" for every n, by Theorem 1.3. Therefore,
for any nef line bundles Ly, ..., L, on X the section ring R(L1, ..., L,) is normal
and Koszul, by Proposition 2.5. ([
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Remark 4.6. Pairs of opposite lattice points # and —u in the polytopes associ-
ated to anticanonical divisors have also appeared in relation to the classification
of smooth toric Fano varieties. In particular, Ewald [1988] conjectured twenty
years ago that if X is a smooth toric Fano variety then Fx contains a basis for the
character lattice M. Ewald’s conjecture has been verified for smooth toric Fano
varieties of dimension less than or equal to seven by @bro [2007, Section 4.1].
However, it remains unknown in higher dimensions whether there exists a single
nonzero lattice point u in Fx [Kreuzer and Nill 2007, Section 4.6].
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