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Nichols algebras with standard braiding

lvan Ezequiel Angiono

The class of standard braided vector spaces, introduced by Andruskiewitsch and
the author in 2007 to understand the proof of a theorem of Heckenberger, is
slightly more general than the class of braided vector spaces of Cartan type.
In the present paper, we classify standard braided vector spaces with finite-
dimensional Nichols algebra. For any such braided vector space, we give a PBW
basis, a closed formula of the dimension and a presentation by generators and
relations of the associated Nichols algebra.
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Introduction

A breakthrough in the development of the theory of Hopf algebras occurred with
the discovery of quantized enveloping algebras [Drinfel’d 1987; Jimbo 1985]. This
special class of Hopf algebras has been intensively studied by many authors and
from many points of view. In particular, finite-dimensional analogues of quantized
enveloping algebras were introduced and investigated by Lusztig [1990a; 1990b].

About ten year ago, a classification program of pointed Hopf algebras was
launched by Andruskiewitsch and Schneider [1998] (see also [Andruskiewitsch
and Schneider 2002b]). The success of this program depends on finding solutions
to several questions, among them:
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Question 1 [Andruskiewitsch 2002, Question 5.9]. Given a braided vector space
of diagonal type V, such that the entries of its matrix are roots of unity, compute
the dimension of the associated Nichols algebra B (V). If it is finite, give a nice
presentation of B(V).

Partial answers to this question were given in [Andruskiewitsch and Schneider
2000; Heckenberger 2006b] for the class of braided vector spaces of Cartan type.
These answers were already crucial to proving a classification theorem for finite-
dimensional Hopf algebras whose group is abelian with prime divisors of the order
great than 7 [Andruskiewitsch and Schneider 2005]. Later, a complete answer to
the first part of Question 1 was given in [Heckenberger 2006a].

The notion of a standard braided vector space, a special kind of diagonal braided
vector space, was introduced in [Andruskiewitsch and Angiono 2008], and is re-
viewed in Definition 3.5 below. This class includes properly the class of braided
vector spaces of Cartan type.

The purpose of this paper is to develop from scratch the theory of standard
braided vector spaces. Here are our main contributions:

» We give a complete classification of standard braided vector spaces with finite-
dimensional Nichols algebras. As usual, we may assume the connectedness of
the corresponding braiding. It turns out that standard braided vector spaces are
of Cartan type when the associated Cartan matrix is of type C, D, E or F, see
Proposition 3.8. For types A, B, G there are standard braided vector spaces not
of Cartan type; these are listed in Propositions 3.9, 3.10 and 3.11. Those of type
A; and B, appeared already in [Grana 2000]. Our classification does not rely
on [Heckenberger 2006a], but we can identify our examples in the tables of that
reference.

e We describe a concrete PBW (Poincaré—Birkhoff—Witt) basis of the Nichols
algebra of a standard braided vector space as in the previous point; this follows
from the general theory of Kharchenko [1999] together with [Heckenberger
2006b, Theorem 1]. As an application, we give closed formulas for the di-
mension of these Nichols algebras.

o We present a concrete set of defining relations of the Nichols algebras of stan-
dard braided vector spaces as in the previous points. This is an answer to the
second part of Question 1 in the standard case. We note that this seems to be
new even for Cartan type, for some values of the roots of unity appearing in the
picture. Essentially, these relations are either quantum Serre relations or powers
of root vectors; but in some cases, there are some substitutes of the quantum
Serre relations due to the smallness of the intervening root vectors. Some of
these substitutes can be recognized already in the relations in [Andruskiewitsch
and Dascalescu 2005].
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Here is the plan of this article. We start by collecting necessary tools. Namely,
we recall the definition of Lyndon words and give some properties about them, such
as the Shirshov decomposition, in Section 1A. Next, in Section 1B, we discuss
the notions of hyperletter and hyperword, following [Kharchenko 1999] (where
they are called superletter and superword); these are certain iterations of braided
commutators applied to Lyndon words. In Section 1C, a PBW basis is given for
any quotient of the tensor algebra of a diagonal braided vector space V by a Hopf
ideal using these hyperwords. This applies in particular to Nichols algebras.

In Section 2, after some technical preparations, we present a transformation of a
braided graded Hopf algebra into another, with different space of degree one. This
generalizes an analogous transformation for Nichols algebras given in [Hecken-
berger 2006b, Proposition 1]; see Section 2C.

In Section 3 we classify standard braided vector spaces with finite-dimensional
Nichols algebra. In Section 3A, we prove that if the set of PBW generators is
finite, the associated generalized Cartan matrix is of finite type. So in Section
3B we obtain all the standard braidings associated to Nichols algebras of finite
dimension.

Section 4 is devoted to PBW bases of Nichols algebras of standard braided vector
spaces with finite Cartan matrix. In Section 4A we prove that there is exactly one
PBW generator whose degree corresponds to each positive root associated to the
finite Cartan matrix. We give a set of PBW generators in Section 4B, following a
nice presentation from [Lalonde and Ram 1995]. As a consequence, we compute
the dimension in Section 4C.

The main result of this paper is the explicit presentation by generators and re-
lations of Nichols algebras of standard braided vector spaces with finite Cartan
matrix, given in Section 5. It relies on the explicit PBW basis and transformation
described in Section 2C. Section 5A states some relations for Nichols algebras of
standard braidings and proves facts about the coproduct. Sections SB—5D contain
the explicit presentation for types Ag, By and G, respectively. For this, we estab-
lish relations among the elements of the PBW basis, inspired in [Andruskiewitsch
and Déscilescu 2005] and [Grafia 2000]. We finally prove the presentation in the
case of Cartan type in Section 5E. To our knowledge, this is the first self-contained
exposition of Nichols algebras of braided vector spaces of Cartan type.

Notation. We fix an algebraically closed field k of characteristic 0; all vector
spaces, Hopf algebras and tensor products are considered over k.
For each N > 0, Gy denotes the set of primitive N-th roots of unity in k.
GivenneNand g €k, g ¢ Ug< <, Gj, we deﬁne

g P —[®,. and (), =
(j)q 0)g! (1 — k), where (n),! ]1_[1( )g» and (k), = jzoq
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We define
h— 1 e
t) = ek[t], heN; t) i =——= 5 e k[[].
an(r) 1= —— €kl] Goo (1) 1= Z(; 1
For each 6 € N and each n = (ny,...,ng) € 7%, we set x" = x{'---x;’ €
k[[xlil, ... ,xeil]]. For each Za—graded vector spaces ‘B, we denote by Hy =

> ne 70 dimB"x" the Hilbert series associated to B.
Let C = @ne,\,o Ciyj be a Ng-graded coalgebra, with projections 7, : C — C,.
Given i, j > 0, we denote by

Ai,]‘ = (7l'i®7l'j)oA2Ci+j—> C;®C;,

the (i, j)-th component of the comultiplication.

1. PBW bases

Let A be an algebra, P, S C A and i : S +— NU {oco}. Let also < be a linear order
on S. Let us denote by B(P, S, <, h) the set

{psf'...sf’:teNo, s1>--->8, 5, €8, 0<e <h(s), peP}.

If B(P, S, <,h) is a linear basis of A, then we say that (P, S, <, h) is a set
of PBW generators with height h, and that B(P, S, <, h) is a PBW basis of A.
Occasionally, we shall simply say that S is a PBW basis of A.

In this section, following [Kharchenko 1999], we describe an appropriate PBW
basis of a braided graded Hopf algebra B =D, B" such that B! =V, where V
is a braided vector space of diagonal type. This applies in particular, to the Nichols
algebra ®B(V). In Section 1A we recall the classical construction of Lyndon words.
Let V be a vector space together with a fixed basis. Then there is a basis of the
tensor algebra T (V) by certain words satisfying a special condition, called Lyndon
words. Each Lyndon word has a canonical decomposition as a product of a pair of
smaller Lyndon words, called the Shirshov decomposition.

We briefly recall the notions of a braided vector space (V, ¢) of diagonal type
and of a Nichols algebra in Section 1B. In Section 1C we recall the definition of
the hyperletter [/]., for any Lyndon word /; this is the braided commutator of the
hyperletters corresponding to the words in the Shirshov decomposition. Hyperlet-
ters are a set of generators for a PBW basis of 7' (V) and their classes form a PBW
basis of ‘B.

1A. Lyndon words. Let§ € N. Let X be a set with 8 elements and fix an enumer-
ation xp, ..., xyp of X; this induces a total order on X. Let X be the corresponding
vocabulary (the set of words with letters in X) and consider the lexicographical
order on X.
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Definition 1.1. An element u € X, u # 1, is called a Lyndon word if u is smaller
than any of its proper ends; that is, if u = vw, v, w € X — {1}, then u < w. The set
of Lyndon words is denoted by L.

We shall need the following properties of Lyndon words.

(1) Letu e X—X. Then u is Lyndon if and only if for any representation u = uu>,
with u1, up € X not empty, one has uuy =u < uyu;.

(2) Any Lyndon word begins by its smallest letter.
3) fuy,ur € L,uy <uy,thenujuy € L.

The basic Theorem about Lyndon words, due to Lyndon, says that any word
u € X has a unique decomposition

u=hl...1, (1-1)

with/; € L, [, <---<l;, as a product of nonincreasing Lyndon words. This is called
the Lyndon decomposition of u € X; the [; € L appearing in the decomposition (1-1)
are called the Lyndon letters of u.

The lexicographical order of X turns out to be the same as the lexicographical
order in the Lyndon letters. Namely, if v =1 .../, is the Lyndon decomposition
of v, then u < v if and only if

(1) the Lyndon decomposition of u# is u =1 ...l;, for some 1 <i <r, or

(ii) the Lyndon decomposition of uisu =1 ...l;_ll;

i+1 -
seNand 1], ,,...,I)in L, with [ <1;.

1, forsome 1 <i <r,

Here is another useful characterization of Lyndon words.

Lemma 1.2 [Kharchenko 1999, p. 6]. Let u € X — X. Then u € L if and only if
there exist uy, uy € L with uy < up such that u = uu,.

Definition 1.3. Let u € L — X. A decomposition u = uuy, with uy, up € L such
that u, is the smallest end among those proper nonempty ends of u is called the
Shirshov decomposition of u.

Letu, v, w € L be such that u =vw. Then u =vw is the Shirshov decomposition
of u if and only if either v € X, or else if v = v;v, is the Shirshov decomposition
of v, then w < v,.

1B. Braided vector spaces of diagonal type and Nichols algebras. A braided vec-
tor space is a pair (V, ¢), where V is a vector space and ¢ € Aut(V ® V) is a solution
of the braid equation

(c®id)(id ® ¢)(c ®id) = (id ® ¢)(c ®id)(id ® c).
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We extend the braiding to ¢ : T(V)QT (V) — T(V)®T (V) in the usual way. If
x,y € T(V), the braided commutator is

[x, y]; := multiplication o (id —c¢) (x®y) . (1-2)

Assume that dim V < oo and pick a basis X = {x1, ..., xg} of V; we may then
identify kX with T'(V). We consider the following gradings of the algebra T'(V):

(i) The usual No-grading 7'(V) =P, -, T" (V). If £ denotes the length of a word
in X, then T"(V) = B, ex ¢(x)=n k*-

(i) Let ey, ..., ey be the canonical basis of 7Y. Then T(V) is also Ze—graded,
where the degree is determined by degx; =e;, 1 <i <.

A braided vector space (V,c) is of diagonal type with respect to the basis
X1, ...xp if there exist g;; € k™ such that c(x; ®x;) = g;;x;®x;, 1 <1i, j <0. Let
% :Z% x 7° — k* be the bilinear form determined by y (e;, e)=gqij, 1 <i,j<0.
Then

c(u®v) = y(degu,degv)oQu (1-3)

for any u, v € X, where g, , = y(degu, degv) € k*. In this case, the braided com-
mutator satisfies a “braided” Jacobi identity as well as braided derivation properties,
namely

[[l/l, U]C,U)]C: [Ma [l), w]c]c_){(aa ﬁ)l) [l/t, w]c+X(IBa V)[u, w]c v, (1'4)
[I/l,l) w]c=[u,0]cw+){(aa ﬁ)v [l/l, w]05 (1_5)
[u v, wle = x (B, y)lu, wle v+u [v, w], (1-6)

for any homogeneous u, v, w € T(V), of degrees a, 5, 7 € N?, respectively.

We denote by Z@)Qb the category of Yetter—Drinfeld module over H, where H
is a Hopf algebra with bijective antipode. Any V € ZQUQD becomes a braided
vector space [Montgomery 1993]. If H is the group algebra of a finite abelian
group, then any V € Zoygb is a braided vector space of diagonal type. Indeed,
V = @,cr et Vi where V¥ = VXNV, with V, = {o € V | () = g ® v}
and VX = {v €e V| g-v = y(g)v forall g € I'}. The braiding is given by
cx®y)=y(@yQux,forallxeV,,gel,ye VL, el.

Reciprocally, any braided vector space of diagonal type can be realized as a
Yetter—Drinfeld module over the group algebra of an abelian group.

IfV e Z@}@, the tensor algebra T (V) admits a unique structure of graded
braided Hopf algebra in Z@Qb such that V € P (V). Following [Andruskiewitsch
and Schneider 2002b], we consider the class G of all the homogeneous two-sided
ideals I C T (V) such that

« [ is generated by homogeneous elements of degree > 2,
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e [ is a Yetter—Drinfeld submodule of 7'(V), and
e JisaHopfideal: A(/) CIQT(V)+T(V)®I.

The Nichols algebra B (V) associated to V is the quotient of 7'(V') by the max-
imal element 7 (V) of &.

Let (V, ¢) be a braided vector space of diagonal type, and assume that g;; = g;;
for all i, j. Let I' be the free abelian group of rank 8, with basis g, ..., gg, and
define the characters yi, ..., yg of I' by

xig)=aqj, 1=<i,j=<0.
Consider V as a Yetter-Drinfeld module over kI by defining x; € V'

Proposition 1.4 [Lusztig 1993, Proposition 1.2.3; Andruskiewitsch and Schneider
2002b, Proposition 2.10]. Let ay,...,ap € k*. There is a unique bilinear form
(1):T(V)xT(V)— ksuch that (1|1) =1,

(xi|x;) = dija; for all i, j, (1-7)
(xlyy") = ey ly) (xyly’) forall x, y, y' € T(V) (1-8)
(xx'ly) = (xlyay) (X' ly)) forall x, x', y € T(V). (1-9)

This form is symmetric and also satisfies
(x|y)=0 forallxeT(V)g, yeT(V)y, g, hel’, g#h. (1-10)
The quotient T (V)/1(V), where
I(V):={xeT(V):(x|y)=0forally e T(V)}

is the radical of the form, is canonically isomorphic to the Nichols algebra of V.
Thus, (| ) induces a nondegenerate bilinear form on 6(V) denoted by the same
name. (]

If (V, ¢) is of diagonal type, the ideal 7 (V) is Z’-homogeneous, since it is the
radical of a bilinear form in which the different Z’-homogeneous components are
orthogonal; see [Andruskiewitsch and Schneider 2004, Proposition 2.10]. Hence
B(V) is Z%-graded. The following statement, that we include for later reference,
is well-known.

Lemma 1.5. Let V be a braided vector space of diagonal type, and consider its
Nichols algebra B(V).

(a) If qii is a root of unity of order N > 1, then xl.N =0.
(b) Ifi # j, then (ad. x;)" (x;) = 0 if and only if
Mg [ O —akaijain=0.

O<k<r-—1
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(©) Ifi # j and q;;qj; = q];, for some r <0, then (ad, x)"(x;) = 0. O

1C. PBW basis of a quotient of the tensor algebra by a Hopf ideal. Let (V, ¢)
be a braided vector space with a basis X = {x|, ..., xg}; identify T (V) with kX.
There is an important graded endomorphism []|. of kX given by

u fu=1oruelX;

(U], := [[D]c, [w]c]c ifuelL, {(u)>1
¢ and # = vw is the Shirshov decomposition;

[1]e ... [us)e if u € X — L with Lyndon decomposition u = uj ... u;.

Now assume that (V, c¢) is of diagonal type with respect to the basis xi, .. ., xg,
with matrix (g;;).

Definition 1.6. The hyperletter corresponding to [ € L is the element [[].. A
hyperword is a word in hyperletters, and a monotone hyperword is a hyperword of
the form W = [ul]’C‘l .. [um]lg’", where uy > -+ > u,,.

Remark 1.7. If u € L, then [u]. is a homogeneous polynomial with coefficients
in Z [g;;] and [u]. € u + kXY

The hyperletters inherit the order from the Lyndon words; this induces in turn an
ordering in the hyperwords (the lexicographical order on the hyperletters). Now,
given monotone hyperwords W, V, it can be shown that

W=[wile...[wnle >V =[v1lc... [0/l
where w; > --- > w,, 0] >---> vy, if and only if
W=W]...Wy, >0=0]...0.

Furthermore, the principal word of the polynomial W, when decomposed as sum
of monomials, is w with coefficient 1.

Theorem 1.8 [Rosso 1999]. Let m, n € L, with m < n. Then the braided commuta-
tor [[m]e, [n]c]. is a Z[q;j]-linear combination of monotone hyperwords [l]c, . ..,
[l/]c, li € L, such that

o the hyperletters of those hyperwords satisfy n > l; > mn,
o [mn]. appears in the expansion with a nonzero coefficient, and

o any hyperword appearing in this decomposition satisfies
deg(l; ...l.) = deg(mn). (]

A crucial result of Rosso describes the behavior of the coproduct of 7' (V) in the
basis of hyperwords.
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Lemma 1.9 [Rosso 1999]. Letu e X, and u = uy ... u, o™, vo,u; € L,v <u, <
-+« < uy the Lyndon decomposition of u. Then

A ([ule) =1®[ule+ D (’:1) [urle ... [u )0l @[]
i=0

9o, j 4
D DR AT USSR AR ) 2

1 =-=lp>v, lieL
0<j<m

where each xl(lj )

,,,,

deg(xl(lj) l,,) +deg(l; .. .lpz)j) = deg(u). O

.....

As in [Ufer 2004], we consider another order in X it is implicit in [Kharchenko
1999].

Definition 1.10. Let u, v € X. We say that # > v if and only if either £(u) < £(v),
orelse £(u) =¢€(v) and u > v (lexicographical order). This > is a total order, called
the deg-lex order.

Note that the empty word 1 is the maximal element for . Also, this order is
invariant by right and left multiplication.

Let now I be a proper ideal of T(V), andset R=T(V)/I. Letz : T(V) > R
be the canonical projection. Consider the subset of X given by

G =lueX:ug¢kX,, +1}.

(@) Ifue Gyand u =vw, thenov, w € Gy.

(b) Any word u € G factorizes uniquely as a nonincreasing product of Lyndon
words in G.

Proposition 1.11 ([Kharchenko 1999]; see also [Rosso 1999]). The set n (Gy) is a
basis of R. O

In what follows, I is a Hopf ideal. We seek to find a PBW basis by hyperwords
of the quotient R of T (V). For this, we look at the set

S =GyNL. (1-11)
We then define the function A : S — {2, 3, ...} U{oc} by
hi(u):==min{r eN:u'" € Xy +1}. (1-12)

The next result plays a fundamental role in this paper.
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Theorem 1.12 [Kharchenko 1999]. Keep the notation above. Then
By =B ({1+1},[S/]c+1, <,hp)
is a PBW basis of H=T(V)/I. O

The next three results are consequences of Theorem 1.12; see [Kharchenko
1999] for their proofs.

Corollary 1.13. A word u belongs to G if and only if the corresponding hyperlet-
ter [u]. is not a linear combination, modulo 1, of hyperwords [w]., w > u, where
all the hyperwords have their hyperletters in Sj. O

Proposition 1.14. In the conditions of the Theorem 1.12, if v € S; is such that

hi(v) < oo, then q,, is a root of unity. In this case, if t is the order of q,, ,, then
h[(l)) =1. O

Corollary 1.15. If h;(v) := h < oo, then [v]" is a linear combination of hyper-
words [w]., w > v". O

2. Transformations of braided graded Hopf algebras

In Section 2C, we shall introduce a transformation over certain graded braided Hopf
algebras, generalizing [Heckenberger 2006b, Proposition 1]. It is an instrumental
step in the proof of Theorem 5.25, one of the main results of this article.

2A. Preliminaries on braided graded Hopf algebras. Let H be the group algebra
of an abelian group I'. Let V € ZOJJQD with a basis X = {x1,...,xp} such that
X; € Vg)gi, 1 <i<é. Let qij = ){j(g,'), so that c(xi®x,) =qijXj®x;, 1<i,j<6.

We fix an ideal I in the class &; we assume that I is Z°-homogeneous. Let
9B := T(V)/I: this is a braided graded Hopf algebra, 8° = k1 and B! = V. By
definition of I(V), there exists a canonical epimorphism of braided graded Hopf
algebras 7 : B — B(V). Let g; : B — ‘B be the algebra automorphism given by
the action of g;.

For the proof of the next result, see [Andruskiewitsch and Schneider 2002b,
2.8], for example.

Proposition 2.1. (1) For each 1 < i < 0, there exists a uniquely determined
(id, o;)-derivation D; : B — B with D;(x;) =6, j forall j.

(2) 1 =1(V) ifand only if ('_, ker D; = k. O

These operators are defined for each x € B*, k > 1 by the formula

0
Ap—1,1(x) = Z D;(x)®x;.
i=1
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Analogously, we can define operators F; : B — B by F;(1) = 0 and
0
Arao1(x) =D xi®F;(x) forall x e HB".
i=1 k>0
Let y be as in Section 1B. Consider the action > of kZ? on B given by
e;>b= y(u,e)b, bhomogeneous of degree u e 7°. 2-1)
Such operators F; satisfy F;(x;) = d; ; for all j, and
Fi(b1by) = Fi(b1)b2 + (e;>b1) Fi(b2), b1, by €B.

Let zgij) = (ad. x;)"(x;),1,j€{l,...,0},i # jand r € Ny.

Remark 2.2. The operators D;, F; satisfy

D;(x]) = (n)g, ;' (2-2)

D; ((adc x;)" (xj, ... x;,)) =0forr,s >0, jix #i, (2-3)
. r—1

D;z) = T1 (1 — gk qijgji)x! forr >0, (2-4)
k=0

Fiz80) = (m)g, (1 — ¢/ qijq;)2%” (2-5)

Fi(zy)) =0, m=1. (2-6)

The proof of the first three identities is as in [Andruskiewitsch and Schneider 2004,
Lemma 3.7]; the proof of the last two is by induction on m.

For each pair 1 <i, j <8,i # j, we define
M; ;j(B) := {(adc x;)" (x;) : m € N} ; (2-7)
mij :=min{m € No: (m+1)4, (1 — g7 qi;qji) =0} . (2-8)
Then either ql.’?”qijqji =1,or q{?”“ =1,if g/’ gijqji #1 forallm =0, 1, ..., m;j,
or such m;; does not exist, in which case we consider m;; = oo.
If B="B(V), we write simply M; ; = M; ;(B(V)). Note that (ad, x;)"i1x; =0
and (ad. x;)™7x; # 0, by Lemma 1.5, so
| Mi ;| =mij +1.

By Theorem 1.12, the braided graded Hopf algebra 8 has a PBW basis con-
sisting of homogeneous elements (with respect to the Z’-grading). As in [Hecken-
berger 2006b], we can even assume that

® The height of a PBW generator [u], deg(u) = d, is finite if and only if 2 <
ord(g,,,) < oo, and in such case, hyy)(u) = ord(q,..)-
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This is possible because if the height of [u], deg(u) = d, is finite, then 2 <
ord(qy,,,) = m < 00, by Proposition 1.14. And if 2 < ord(q,,,) = m < oo, but
hi(vy(u) is infinite, we can add [u]™ to the PBW basis: in this case, hj)(u) =
ord(qu.u). and gum n = gllh = 1.

Let AT(B) C N" be the set of degrees of the generators of the PBW ba-
sis, counted with their multiplicities and let also A(B) = AT(B) U (—AT(B)):
AT (®B) is independent of the choice of the PBW basis with the property ® (see
[Andruskiewitsch and Angiono 2008, Lemma 2.18] for a proof of this statement).

In what follows, we write

qo =y (0, ), N, :=ordg,, o€ AT(B).

2B. Auxiliary results. Let I be Z%-homogeneous ideal in G and B = T(V)/I as
in Section 2A. We shall use repeatedly the following fact.
In what follows, we use the convention ord 1 = 1.

Remark 2.3. If xiN =01n B with N minimal (this is called the order of nilpotency
of x;), then g;; is a root of 1 of order N. Hence (ad. x,-)ij =0.

The following result extends (18) in the proof of [Heckenberger 2006b, Propo-
sition 1].

Lemma?24. Forie{l,..., 0}, letH; be the subalgebra generated by Uj#i M; ;(°B)
and denote by n; the order of q;;. Then there are isomorphisms of graded vector
spaces

e ker(D)) =EXH; @k [xi""], if 1 <ordg;; < oo but x; is not nilpotent, or
e ker(D;) = H;, if ord g;; is the order of nilpotency of x; or q;; = 1.

Moreover,

B =H; Qklx;]. (2-9)

Proof. We assume for simplicity i = 1 and consider the PBW basis obtained in the
Theorem 1.12. Now x; € Sy, and it is the least element of S;, so each element of
B is of the form [u]* ... [ux]%x], with ug < --- <uy,u; € S\ {x1},0 <5 <
hy(u;),0<s <hj(xy). Call 8= S;\ {x1}, and

By:=B (1+1[S1+1, <, hls)

that is, the PBW set generated by [S’]. 4+ I, whose height is the restriction of the
height of the PBW basis corresponding to S’. We have

B=kB, Qk[x1].

By (2-3), any (ad. x1)"(x;) € ker(D1); as D; is a skew-derivation, we have
H1 C ker(Dy).



Nichols algebras with standard braiding 47

Also, ad. x; is a (g1, id)-derivation of B. This derivation restricts to an endo-
morphism of the algebra ¥, because if we apply ad. x; to the generators of ¥y,
we obtain another generators (or 0).

We shall prove by induction on the length of u that [u]. € ¥ foreach u € L\ {x;}.
If u=x;, j > 1, then [u]. = x; € J;. Now let u € L\ {x;} be of length greater
than 1, and (v, w) its Lyndon decomposition. Then:

e If v # x1, then [v],, [w]. € K, by induction hypothesis, so
[u]c = [v]c[w]e — x (degv, deg w)[w].[v]. € K1,
because X is a subalgebra.
o If v = xy, then [u]. = ad, x;([w].) C ad. x1 () C K|, because by induction
hypothesis [w]. € ¥;.

Then we prove that [L]. \ {x1} € ¥, and B; is generated by [L]. \ {x;}; that is,
kB, C ¥, and D{(B;) =0.
If u € ker(D;), we can write [u]. = ZweB; oplw]e. If w does not end with xq,

then w € By, and D ([w].) = 0. Butif w = u,,x{, [uyle € B2,0 <ty < hy(x1),

we have
Dy ([wle) = (1) i [wlex)” ™,
where (t,,) e = 0 if n; does not divide t,,. Then

0= Dl([u]C) = Z aTD(tU))q]_]l [uw]cxiw_la

weB}/1,>0

But [uw]cxi‘”_1 € B», and B; is a basis, so a,, = 0 for each w such that n; does
not divide ,,. Then ker(D;) = ¥ k[x;"], so ker(D;) =~ ¥ @ k[x;"] as k-vector
spaces. This fact and the first part conclude the proof. O

2C. Transformations of certain braided graded Hopf algebras. Let I be 7°-
homogeneous ideal in & and 8 = T(V)/I as in the previous subsections. We
fixie{l,...,0}.

Remark 2.5. ordg;; = min{k € N: F} =0}, if g;; # 1.
Proof. If k € N, then F; (xX) = (k),,x¥ ", and for all k € N,
Ff(xf) = (k).
That is, if FX = 0, then (k), 1! = 0. Hence ordg;; < min{k € N : FF = o).
Reciprocally, if g;; is a root of unity of order &, then F, i" (x/) =0 for all r > k by the

previous claim, and Fl.k (x/)=0forall t <k by degree arguments. Since F;(x;) =0
for j #i, FF =0. O
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We now extend some considerations in [Heckenberger 2006b, p. 180]. We con-
sider the Hopf algebra defined by

k(y, e, ei_1 le;y — qi;lye,-, yNi)  where N; is the order of nilpotency
H; = of x; in ‘B, if x; is nilpotent,
k(y, e;, ei_1 le;y — q;] yve;) if x; is not nilpotent,

together with A(e;) =¢; ®e;, A(Y) =e; @y +yR 1.
Notice that A is well-defined by Remark 2.3. We also consider the action > of
H; on ‘B given by

ei>b=y(u,e)b, y>b=F;(b),

if b is homogeneous of degree u € N?, extending the previous one defined in (2-1).
The action is well-defined by Remark 2.3 and because

(eiy)>b=e;>(Fi(b) =q;; Filei>b) = (q;; ' yei)>b forbeB.
It is easy to see that B is an H;-module algebra; hence we can form
A; = B#H,;.
Also, if we denote explicitly by - the multiplication in s{;, we have
(1#y)- (b#1) = (e;>b#1) - (1#y) + F;(b)#1 forall b € °B. (2-10)

As in [Heckenberger 2006b], «; is a left Yetter—Drinfeld module over kI", where
the action and the coaction are given by

gk Xj#Hl =qjxi#1, gi-1#y= qlgll#y, gr-l1#e; = 1#e;,
O(x;#1) =g;®x;#1, o(1#y) = g;l®1#y, o(l#e;) = 1@ 1#e;,
for each pair k, j € {1, ..., 8}. Also, d; is a kI'-module algebra.

We now prove a generalization of [Heckenberger 2006b, Proposition 1] in the
more general context of our braided Hopf algebras 8. Although the general strat-
egy of the proof is similar as in loc. cit., many points need slightly different
argumentations here.

Theorem 2.6. Keep the notation above. Assume that M; j(*B) is finite and
|M; j(B)| =mij+1, jefl,....0}, ) #i (2-11)
(1) Let V; be the vector subspace of A; generated by

{(ade x)™7 (xj)#1 : j #i}U{1#y}.
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The subalgebra s;(2B) of d; generated by V; is a graded algebra such that
5i(B)! = V;. There exist skew derivations Y; : s;(B) — s;(B) such that, for
allby,by € s;i(B),and !, je{l,...,0},j#I,

Yj(biby) =b1Yj(b2) + Y;(b2) (g, " &' - ba), (2-12)
Yi(b1b2) = b1Y;(b2) + Y;(b1)(g; 1b]) (2-13)
Yi((ade x;)™" (x;)#1) = g5, Y (1#y) = dy;. (2-14)

(2) Set N; := {n € N:ne; € A(®B)} (by the previous remarks, N; = {1} or N; =
{1, h;}). The Hilbert series of s; (B) satisfies

%s,-<as)=( I1 qha(X““)))(Hq,m,(x;-“)). (2-15)
(ZEA+(%)\N,'Q,' SEN,'

Therefore, if s; (*B) is a graded braided Hopf algebra,
At (5i(B)) = {si (AT (B)) \ —Nie;} U Ne;.
3) If B =B(V), the algebra s; (B) is isomorphic to the Nichols algebra 6 (V;).

Proof. (i) Note that V; is a Yetter—Drinfeld submodule over kI of s{;. Now,
A; =B ® H; as graded vector spaces. Let X; be the subalgebra generated by
U;;ﬁz M; ;(®8), as in Lemma 2.4. Then 5;(B) C H; ® k[y], since F; is a skew-
derivation and F; ( (”)) (k) g, (1 — q” q,jqjl)zl((])l, by (2-5). From (2-10),

(1#y) - (25 #1) = (250#1) - (#y) + Fi (25) #1.

Also, s1ncem,]+1_|M Wehave(ml])q”(l q” quqﬂ)#o SOZ(u) #1

lies in s; (*B), and by induction each sz D#1, for k = 0, . —1,is an element
of 5;(23). Then H; @ k[y] C 5;(28), and therefore
5i(B) = H; @klyl. (2-16)

Thus, s; (*B) is a graded algebra in kll:oyéb with s5;(B)! = V;. We have to find the
skew derivations Y; € End(s;(28)), [ =1,...,0. Set Y; := gl._1 oad(x; #1)ls, ().
Then, for each b € ¥; and each j # 1,

ad(x;#1)(b#1) = (ad, x;) (b)#1,
ad(x;#1) ((ade x))" (x;)#1) = (ad, ;)" (x;)#1 =0
Also,
Yi(1#y) =g ' - ((i#1) - (1#y) — (gi - (1#y)) - (xi#1))
=g (xi#y+1—qi(g; xi#y)) = 1.
Thus Y; € End(s; (28)) satisfies (2-14).
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Therefore, ad(x; #1)(b1b2) = ad(x; #1)(b1)by + (g; - b1) ad(x; #1)(b2), for each
pair by, b, € 5;(®%8), so we conclude that ad(x; #1)(s;(*B)) C s;(®B), and Y; €
End(s; (*B)) satisfies (2-13).

Before proving that Y; satisfies (2-12), we need to establish some preliminary
facts. Let us fix j #1i, and let z(” ) = = (ad. x;)* (xj) as before. We define inductively

A(U) = Dj, 2l(clJlr)l = thlgj) - qzqujzl(cl—{—)l D; € End(%B).

We calculate

= ) = 3D Dy
s=0
= (D)™ (DJ)(Zr(rll{,)) = Gy (Mij)g! € K,
k(k—1)/2
where a; = (—1)1{(';:)%. ii( / lk]

Note that (D;)™i 1 D;(b) =0 for all b € M; i, k # i, j, and that
(D))" D (z)) = (D))" (q;; arx]) =0 forall r < myj,

so (D;)™'D;(%;) = 0. This implies that 25/ (b) € %;, for each b € %;. Now
define Y; € End(s; (°B)) by

mj;

Yi(b#y"™) =gy qji A 25 ()#y™ for b€ Hi, meN.

We have Y;(1#y) = 0, and moreover Y;((ad. x;)™"(x;)#1) =01if [ #1i, j. By the
choice of 4;;, Yj((adc x;)™ (x;)#1) = 1.

Now, using that Dy (g;-b) = qrig1- (D (b)) foreachbeB and k, [ €{1,...,0},
we prove inductively that for by, b € K;,

2 (b1b2) = D127 (b2) + 27 (b1) (gF g - ba).
Hence,
Y;(bi#1-by#1) = Y;(biba#1) = A} 2, (b1b2)#1
= by#1-Y;(by#1) + Y;(bi#1) - (g

m,,

gj - (ba#1)).
By induction on the degree we prove that F; commutes with D;, D;, so
A(‘/)(F (b)) =F:(2 (”)(b)) for all b € B.
Consider b € H; C ker(D;),
Y; (b#1- 1#y) = Y; (b#y) = q;; " q;i2) (D) #y
= b#1-Y;(1#y) +Y;(b#1) - (g;

m,J

gj - (1#y)),
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where we use that Y;(1#y) = 0. Since,
bi#1-by#y' =b#1-by#1-(1#y),
(2-12) is valid for products of this form. To prove it in the general case, note that

(bi#y") - (ba#y®) = (bi#1) - (1#y)' - (ba#y*).
At this point, we have to prove (2-12) for b € H; ker(D;), s € N:
Y;(1#y - b#y*)
=Y (Fi(b)#y* + (ei > bity) - 1#y)
mtﬂqﬂ 1Z(lj)(F (b))#y +q”u(‘+1) s+1/1 1 A(zj)(el Db)#y"H
i +1) _
= Fi(a; " a2 0)#Y + 4 g (ei > (a5 afih; 2 (D) #5°)
= (1#y) - Y; (b#y")
= 1#y - Y; (b#y*) + Y;(1#y) - (g " g; - b#y*),

where we use that 20, ’)(el >b)=q;;" gjiei> (2,(42{/) (b)).
(i1) The algebra H; is Z(’-graded, with
degy = —e;, deg el.il =0.

Since B and H; are graded and (2-10) holds, the algebra s4; is Z?-graded.

Consider the abstract basis {u;};e(1,...0) of V;. With the grading degu; = e;,
the algebra B(V;) is Z?-graded. Consider also the algebra homomorphism Q :
T (V;) — s;(®B) given by

S T

By part (i) of the theorem, Q is an epimorphism, so it induces an isomorphism
between s;(B) := T (V;)/ker Q and s; (9), which we also denote by Q. We have

deg Q(u;) = deg ((adc x;)™i (xj)) =e; +m;;e; =s;(degu;) if j #1i,
deg Q(u;) = deg(y) = —e; = s;(degu;).

Since Q is an algebra homomorphism, we have deg(Q(u)) = s;(deg(u)) for all
ues;(*B)'. Since si2 =id, s5;(deg(Q(u))) = deg(u) for all u € 5;(B)’, and Hy,(wy =
5i (9s;(8))-

From this point on, the proof goes exactly as in [Andruskiewitsch and Angiono
2008, Theorem 3.2].
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(iii) This is Proposition 1 in [Heckenberger 2006b]. O

By Theorem 2.6, the initial braided vector space with matrix (gx;)i<x,j<¢ iS
transformed into another braided vector space of diagonal type V;, with matrix
(k) 1<k, j<0, Where Gk = q;; """ a3 g7 qjx for j,k €{1,...,0).

If j #1i, then n'i,-j = min {m eN: (m+ 1)51.1. (éi";c}ijc]ﬁ = O)} = mjj.

For later use in Section 5, we recall a result from [Andruskiewitsch et al. 2008],
adapted to diagonal braided vector spaces.

Lemma 2.7 [Andruskiewitsch et al. 2008, Lemma 2.8(ii)]. Let V be a diagonal
braided vector space and I a Z°-homogeneous ideal of T(V). Set B := T (V)/I
and assume that for all i € {1, ..., 8} there exist (id, o;)-derivations D; : B — B
with D;(x;) = d; j forall j. Then I C I(V). O

That is, the canonical surjective algebra morphisms from 7(V) onto B8 and
%3 (V) induce a surjective algebra morphism B — B(V).

3. Standard braidings

Heckenberger [2006a] has classified diagonal braidings whose set of PBW genera-
tors is finite. Standard braidings form an special subclass, which includes properly
braidings of Cartan type.

We first recall the definition of a standard braiding from [Andruskiewitsch and
Angiono 2008], and the notion of a Weyl groupoid, introduced in [Heckenberger
2006b]. Then we present the classification of standard braidings, and compare
them with [Heckenberger 2006a].

Like Heckenberger, we use the generalized Dynkin diagram associated to a
braided vector space of diagonal type, with matrix (g;;)1<i,j<¢: this is a graph
with @ vertices, each labeled with the corresponding ¢;;, and an edge between two
vertices i, j labeled with g;;qj; if this scalar is different from 1. So two braided
vector spaces of diagonal type have the same generalized Dynkin diagram if and
only if they are twist equivalent. We shall assume that the generalized Dynkin
diagram is connected, by [Andruskiewitsch and Schneider 2000, Lemma 4.2].

Summarizing, the main result of this section says:

Theorem 3.1. Any standard braiding is twist equivalent with one or more of

e a braiding of Cartan type,

a braiding of type Ay listed in Proposition 3.9,
e a braiding of type By listed in Proposition 3.10, or

a braiding of type G, listed in Proposition 3.11.
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The generalized Dynkin diagrams appearing in Propositions 3.9 and 3.10 cor-
respond to rows 1, 2, 3, 4, 5, 6 in [Heckenberger 2006a, Table C]. The generalized
Dynkin diagrams in Proposition 3.11 are (T8) in [Heckenberger 2008, Section 3].
However, our classification does not rely on Heckenberger’s papers.

3A. The Weyl groupoid and standard braidings. Let E = (e, ..., ey) be the

canonical basis of Z?. Consider an arbitrary matrix (g; <i,j<0 € (k*)?*0 and
fix once and for all the bilinear form y : Z? x 7% — k* determined by
x(ei,e) =gqij, 1<i,j<0. (3-1)

If F=(f},...,f,) is another ordered basis of Z?, then we set gij = x (&, 1),
1 <i,j<0. We call (g;;) the braiding matrix with respect to the basis F. Fix
iefl,...,0}.If 1 <i, j <6, we consider the set

M;j == {m e No: (m+1)g,(q;7Gi;qji — 1) = 0}.

If this set is nonempty, its minimal element is denoted m;; (which of course
depends on the basis F). Define also m;; = 2. Let s; r € GL(Z? ) be the pseudo-
reflection given by s; () :=f; +m;;f;, for j € {1,...,0}.

Let G be a group acting on a set X. We define the fransformation groupoid as
G x X with the operation given by (g, x)(h, y) = (gh, y) if x = h(y), but undefined
otherwise.

Definition 3.2. Consider the set X of all ordered bases of Z?, and the canonical
action of GL(Z?) over X. The Weyl groupoid W(x) of the bilinear form y is
the smallest subgroupoid of the transformation groupoid GL(Z?) x X that satisfies
following properties:

* (id, E) € W(y),
o if (id, F) € W(y) and s; f is defined, then (s; ¢, F) € W(y).

Let B(y) = {F : (id, F) € W(y)} be the set of points of the groupoid W (y).
The set

A= |J F (3-2)
FePB(x)
is called the generalized root system' associated to y.

We record for later use the following evident facts.

Remark 3.3. Takei € {1, ..., 0} such that s; ¢ is defined. Set F =s; g(E) and let
(gi;) be the braiding matrix with respect to the basis F'. Assume that

lFollowing the traditional notation in the theory of Lie algebras, we should speak about systems
of real roots, since in the case of braidings of symmetrizable Cartan type one would get just the real
roots. But we prefer to follow the denomination in [Andruskiewitsch and Angiono 2008]
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e gii = —1 (so mjr =0 if gjpgri =1 or m; = 1, for each k # i);
o there exists j # i such that g;;q;;q;; = 1 (thatis, m;; =m;; = 1).
Then c]jj = 1.
Proof. Simply, g;; = qiiqijqjiqj; = gii = —1. 0

Remark 3.4. If the m;; satisfy q;;"g;;q;i = 1 for all j # i, the braiding of V; is
twist equivalent with the corresponding to V.

Define o : W(y) — GL(#, Z) by a(s, F) =s if (s, F) € W(y), and denote by
Wo(x) the subgroup generated by the image of a.
Definition 3.5. [Andruskiewitsch and Angiono 2008] We say that y is standard
if for any F' € PB(y), the integers m,; are defined, for all 1 <r, j < 6, and the

integers m,; for the bases s; r(F) coincide with those for F for all i, r, j. Clearly
it is enough to assume this for the canonical basis E.

We now assume that y is standard. We set C :=(a;;) € 79%9 where ajj =—mjj;
this is a generalized Cartan matrix.

Proposition 3.6 [Andruskiewitsch and Angiono 2008]. Wy(yx) = (s;i.g:1<i <0).
Furthermore Wy () acts freely and transitively on B (y). O

Hence, Wy(y) is a Coxeter group, and Wy () and B(y) have the same cardi-
nality.
Lemma 3.7 [Andruskiewitsch and Angiono 2008]. The following are equivalent:
(1) The groupoid W () is finite.
(2) The set PB(yx) is finite.
(3) The generalized root system A(y) is finite.
(4) The group Wy(y) is finite.
(5) The Cartan matrix C is symmetrizable and of finite type. [l
We shall prove in Theorem 4.1, that if A(y) is finite, the matrix C is sym-

metrizable, hence of finite type. Thus B(V) is of finite dimension if and only if
the Cartan matrix C is of finite type.

3B. Classification of standard braidings. We now classify standard braidings such
that the Cartan matrix is of finite type. We begin with types Cy, Dy, E; (I =6,7, 8)
and Fj: these standard braidings are necessarily of Cartan type.

Proposition 3.8. Let V be a braided vector space of standard type, set @ =dim V,
and let C = (a;})i,je(1,...0y be the corresponding Cartan matrix, of type Cq, Dy,
E; (1 =6,7,8) or Fy. Then V is of Cartan type (associated to the corresponding
matrix of finite type).
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Proof. Let V be standard of type Cy, 8 > 3.

ol 02 03 o 0?2 of—1 « ol (3-3)

Note that gg—1,9—1 7 —1 by Remark 3.3 and the assumption mg_; 9 = 2. Since
mo—1,0-2 = 1, go—1,0-190—1,0—290—2,0—1 = 1. Using Remark 3.3 when i = 0 —
2,j =0 —1, since go—1,0—1 # —1 when we transform by sp_, (since the new
braided vector space is also standard), we have g9 g2 7#= —1, so

q40-2,0-290-2,0-196-1,0—2 = 46-2,0—240-2,0-390-3,0-2 = 1:
and qo—-1,0—-1 =49-2,0-2- Inductively,

ik Gk k—1Gk—1,k = Qrk Gk k+19k+1,k = q11912921 =1, k=2,...,0—1

and g1 =g = ... = qg—1,9—1- So we look at ggy: since mgg_1 = 1, we have

qos = —1 or qeeqe.0—196—1.0 = 1. If gg9 = —1, transforming by sg, we have
Go-1.0-1=—q"".  Go-1,0G0.0-1 =q°.

and q2 = —1 since mg_1 9—» = 1. Then

40090.0-190-10 =1, qoo =4,
and the braiding is of Cartan type in both cases.

Let V be standard of type Dy, 6 > 4.

We prove the statement by induction on 6. Let V be standard of type D4, and
suppose that g2 = —1. Let (g;;) the braiding matrix with respect to F = s g (E).
We calculate for each pair j # k € {1, 3, 4}:

gixqri = ((=Dqaqj2qi) ((=Dq2jqx24x;) = (q2xqx2) (925452) »
where we use that gjrgi; = 1. Since also gjrgr; = 1, we have gyqi2 = (qzjqu)_1
for j #k, so garqro = —1, k=1, 3, 4, since qaxqi> 7 1. In this case, the braiding is
of Cartan type, with ¢ = —1. Suppose then 2> # —1. From the fact that m»; =1,
we have

gnq2jqi2=1, j=13,4
For each j, applying Remark 3.3, we see that g;; # —1 (since g2 # —1), so
gjjq2jq;2 =1, for j =1, 3, 4, and the braiding is of Cartan type.

ol 0?2 03 o of—2 o? (3-4)

00—1
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We now suppose the statement valid for 8. Let V be a standard braided vector
space of type Dg1. The subspace generated by x5, ..., xg+1 is a standard braided
vector space associated to the matrix (g;;);, j=2,....0+1, of type Dy, so it is of Cartan
type. To finish, apply Remark 3.3 withi =1, j =2, to conclude that V is of Cartan
type with ¢ = —1, or, if g2» # —1, we have gq;; # —1 and q11912¢g21 = 1, and in
this case it is of Cartan type too (because also qixqx; = 1 when k > 2).

Let V be standard of type E¢. Note that 1,2,3,4,5 determine a braided vector
subspace, which is standard of type Ds, hence of Cartan type. To prove that
qe64965956 = 1, we use Remark 3.3 as above.

ol 0?2 o3 o’ 00 (3-5)

04

If V is standard of type E; or Eg, we proceed similarly by reduction to E¢ or E7,
respectively.

ol 0? o3 o* o o’ (3-6)
o5

ol 0?2 o3 o? o’ o’ o8 (3-7)
%6

Let V be standard of type Fy. Vertices 2, 3, 4 determine a braided subspace, which
is standard of type C3, so the g;; satisfy the corresponding relations. Let (g;;) the
braiding matrix with respect to F = s, g(E). Since g13g31 = 1 and g20g23q32 = 1,
we have g22q12921 = 1.

ol 0?2 —=03 o4 (3-8)

Now, if we suppose g1 = —1, applying Remark 3.3 we have ¢2o = —1 =¢»1412,
and the corresponding vector space is of Cartan type Fy4, associated to g € (4.
If g11 # —1, then q11912g21 = 1, and the space it again is of Cartan type. O

To finish the classification of standard braidings, we describe the standard braid-
ings that are not of Cartan type. They are associated to Cartan matrices of type
Ag, B@ or Gz.
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We use a notation similar to the one in [Heckenberger 2006a] for a special
kind of braiding of type Ay (here we emphasize the positions where g;; = —1,
which we use to compute the dimension of the corresponding Nichols algebra);
€(0,q;i1,...,ij) corresponds to the generalized Dynkin diagram

ol 0?2 o3 . of-1 o? 3-9)

where the following equations hold:

*q= %—1,9619,9—111(39,

* (900 + 1) (@0090-1,090,0-1 — 1) = (q11 + D)(q11912921 — 1) = 0;

* —qii =qi-1,iq9i,i-19i+1,iqii+1 = Lif i € {iy, ..., i}

* Giiqi—1,iqii—1 = Giiqi+1,iqii+1 = 1, otherwise.
Then g;; = —1 if and only if gi 1 igii—1 = (gi+1.iqii+1) "

Proposition 3.9. Let V be a braided vector space of diagonal type. Then V is

standard of type Ag if and only if its generalized Dynkin diagram is of the form

€0, q;i1,...,0}). (3-10)

This braiding is of Cartan type if and only if j =0, or j =n with g = —1.

Proof. Let V be a braided vector space of standard Ay type. For each vertex i, with
1 <i <0, wehave g;; = —10rq;;qii-19i-1, = qiiqi,i+19i+1,; = 1, and similar
formulas hold for i =1, 8. So suppose that 1 <i < # and g;; = —1. We transform
by s; and obtain

Qi—l,i—i-] = —4i,i+19i-1,iqi—1,i+1>  qi+1,i-1 = —4i,i—14i+1,iqi+1,i—1,

and using that m;_; ;41 =m;_1 ;+1 = 0, we have

qgi-1iv1qi+1i-1=1, qi—1i11Gi+1,i-1 =1,

so we deduce that g; ;11gi+1,; = (q,-,[_lq,-_l,,-)_l. Then the corresponding matrix
(gij) is of the form (3-10).

Now consider V of the form (3-10). Assume g;; = g*!; if we transform by
s;, the braided vector space V; is twist equivalent with V by Remark 3.4. Thus,
nAi,' j o= Mmjj.

Assume g;; = —1. We transform by s; and calculate

qjj if |j—il>1,

~ 2, . ’ o '
gjj = (D" (qijq;)" g5 = | (=DgTgT = =1 if j=i£]1, ¢;; =",
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Also, gijqji = qijqji if |j —il > 1 and g;;q;; = qi;]qﬁl if |j —i| = 1; moreover

qrjqjr if |j—il or |k —if>1,

S n — (N (e YK o
dkj4qjk (szle) (%]%l) qkjqjk 1 i =il k=il

Then V; has a braiding of the above form too, and (—m;;) corresponds to the

finite Cartan matrix of type Ay, so it is a standard braiding of type Ay. Thus this
is the complete family of standard braidings of type Ayp. (]

Proposition 3.10. Ler V a diagonal braided vector space. Then V is standard of
type By if and only if its generalized Dynkin diagram is of one of these forms:

C q_l q .
(@A) o——o0 with f€Gs, g#¢ @ =2);

-2
(b) (€O-1.a%i1 i) —L—0  withg #0,~1, 0<j<6—1;
(©) @(9—1,—5—1;1'1,...,1@;56 with ¢ €Gs, 0<j<60—1.

This braiding is of Cartan type if and only if it is as in (b) and j = 0.

Proof. First we analyze the case @ = 2. Let V a standard braided vector space of
type B;. There are several possibilities:

* ¢},912921 = q22¢21912 = 1: this braiding is of Cartan type, with ¢ = g11. Note
that ¢ # —1. This braiding has the form (b) with 8 =2, j = 0.

. qlzlqlgq21 =1, g» = —1. We transform by s,, obtaining
~ 1 - -1 -1
q11 = —4q11 > 412921 =415 951 -
Thus G7,12G21 = 1. It has the form (b) with j = 1.
e q11 € G3, 922921912 = 1. We transform by s, obtaining
~ - 2 -1 -1
q22 = 411912921, 412921 = 411912 971 -
S0 §22G21G12 = 1, which is the case (a).
e q11 € G3, g2 = —1: we transform by s;, obtaining
~ 2 2 -~ ~ 2 -1 -1
q22 = —q12921911> 912921 = 411913 931 -
If we transform by s»,
Gi1 = —q12q21q11,  G12d21 =415 457 -

So g12g21 = £4q11, and we discard the case g12g21 = ¢q11 because it has been
considered before. The braiding has the form (c) with j =0, and is standard.
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Conversely, all braidings (a), (b) and (c) are standard of type B,.

Now let V be of type By, with 8 > 3. The first @ — 1 vertices determine a braiding
of standard type Ag_;, and the last two determine a braiding of standard type B;;
so we have to glue the possible such braidings. The possible cases are the two
presented in Proposition 3.10, plus

But if we transform by sy, we obtain

~ -1 ~ ~ —1
qo-1,0-1=¢(q » go-1,0-296-20-1=4g ,

sol= L}g_l,g_lég_l,()_zég_zﬁg_l and we obtain g = :|:C_1 , or é(;_l,g_l =—1. Then
g =—¢""orq=—1, soitis of some of the above forms.

To prove that (b) and (c) are standard braidings, we use the following fact: if
m;; =0 (that is, g;jg;; = 1) and we transform by s;, then

q4jj = 4jj and  gjxqjk = qjrkqr; fork #i.

In this case, m;; =01if | — j| > 1; if, on the contrary, j =i+ 1, we use the fact that
the subdiagram determined by these two vertices is standard of type B, or type A».
So this is the complete family of all twist equivalence classes of standard braidings
of type By. O

Proposition 3.11. Let V a braided vector space of diagonal type. Then V is
standard of type G- if and only if its generalized Dynkin diagram is one of the
following:

q 43¢ . .
(a) q with ordg > 4;

c2 ¢! [ - T
(b) ¢ or ¢ or ¢ with ¢ € Gg.

This braiding is of Cartan type if and only if it is as in (a).
Proof. Let V be a standard braiding of type G,. There are four possible cases:

. q131q12q21 =1, g2qr1912 = 1: this braiding is of Cartan type, as in (a), with
q = qn- If g is a root of unity, then ord g > 4 because m, = 3.

. qflqlzqﬂ =1, g = —1: we transform by s;, obtaining
qu = —41_123 q12q21 = ‘11_21‘12_11-
If1= 6131612521 = —q1_13, then g12g21 = —1, and the braiding is of Cartan type

with g1 € Gg. If not, 1 = éf] = ql_l8 and ordg;; =4, so ordg;; = 8. Then we
can express the braiding in the form of the third diagram in (b).
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e q11 € Ga, g22g21q12 = 1: we transform by s, obtaining
~ 2 2 ~ -1 -1
q22 = q119124921> 4912421 = —415 971 -
If 1 = G22G21G12 = —q11912921, We have g;,q12g21 = 1 because g7, = —1, and
this is a braiding of Cartan type. So consider now the case —1 =g =¢ 1q122q221 ,

from which ¢2, = ¢;;' and g2, € Gg. Then we obtain a braiding of the form of
the first diagram in (b).

e q11 € Ga, g2 = —1: we transform by s,, obtaining
Gii = —qu@1q11,  §1dn =495, 4 -

If §11 € Gy, then (g12g21)* = 1. Moreover q2g21 # 1 and g2g21 # ql_ll because
mi2 = 3. So g2q21 = —1 or gi2q21 = q11 = ql_13; but these cases have been
considered already. There remains to analyze the case

1 =G3,412421 = 411912931
which we can express in the form of the second diagram in (b), for some ¢ € Gg.

A simple calculation proves that these braidings are of standard type, so they are
all the standard braidings of type G». ([

4. Nichols algebras of standard braided vector spaces

In this section we study Nichols algebras associated to standard braidings. We
assume that the Dynkin diagram is connected, as in Section 3. In Section 4A
we prove that the set AT(B(V)) is in bijection with A, the set of positive roots
associated with the finite Cartan matrix C.

We describe an explicit set of generators in Section 4B, following [Lalonde
and Ram 1995]. We adapt their proof since they work on enveloping algebras of
simple Lie algebras. In Section 4C, we calculate the dimension of Nichols algebra
associated to a standard braided vector space, type by type.

4A. PBW bases of Nichols algebras. We start with a result analogous to [Hecken-
berger 2006b, Theorem 1], but for braidings of standard type.

Theorem 4.1. Let V be a braided vector space of standard type with Cartan matrix
C. Then the set A(%B(V)) is finite if and only if the Cartan matrix C is symmetriz-
able and of finite type.

Proof. Since we assume V of standard type, A(*5(V)) coincides with the set of
real roots corresponding to the matrix C by [Heckenberger 2006b, Proposition 1],
where we identify corresponding simple roots. Hence, if C is not symmetrizable
or not of finite type, the set of real roots is infinite by the classification of finite
Coxeter groups, and hence A(%B(V)) is infinite.
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Conversely, let C be symmetrizable and of finite type. Then the set of real roots
is finite. Take a € A(B(V)) andletk e N, iy, ...,ir €{l,..., 0} be a sequence

of integers such that s;, - - -s;, is a longest element in Wy(y). Since all roots are
positive or negative, there exists [ € {1,...,k} such that f = s;, ---s;(a) is
positive and s;,(f) is negative. But then f = a;,, and a = s;, - - - 5;;,, (@;,) is a real
root. Thus A(2B(V)) is finite. U

Corollary 4.2. Let V be a braided vector space of standard type, set 0 =dimV,
and let C = (a;j); je(1,....0) be the corresponding generalized Cartan matrix of finite

type.

@) ¢(Ac) = A (B(V)), where as before ¢ : Zn — 77 is the Z-linear map deter-
mined by ¢ (a;) := e;.

(b) The multiplicity of each root in A(®B(V)) is one.

.....

Proof. Statement (a) follows from the proof of Theorem 4.1.

Using this condition, since each root is of the form f = w(a;) for some w € W
andi €{l,..., 0}, we conclude by applying a certain sequence of transformations
s; that this is the degree corresponding to a generator of the corresponding Nichols
algebra, so the multiplicity (which is invariant under these transformations) is 1. [J

4B. Explicit generators for a PBW basis. In view of Corollary 4.2, we restrict
our attention to finding one Lyndon word for each positive root of the root system
associated with the corresponding finite Cartan matrix.

Proposition 4.3 [Lalonde and Ram 1995, Proposition 2.9]. Let [ be an element of
S;. Then l is of the form 1l =1y .. .lxa, for some k € Ng, where

o [; €8y foreachi=1,...,k;

e [; is a beginning of l;_ for eachi > 1; and

e a is a letter.

Also, if | = uv is the Shirshov decomposition, then u,v € Sj. O

In what follows, we describe a set of Lyndon words for each Cartan matrix of finite
type C.

Consider a = Z;}:l aja; € AT and let [, € S; be such that degl, = a. Let
lo=lp, ...l x; be adecomposition as above, where s € {1, ..., 0} and deglp, = f3;.
Since each lg, is a beginning of /4, _,, all the words begin with the same letter x’,
which satisfies x” < x; because [ is a Lyndon word. Therefore x’ is the least letter

of [, so

%
x'=x;, i=min{j:a; #0} = a=Zajaj.
j=i
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Then k < a; < 3, for the order given in (3-9), (3-4), (3-5), (3-6), (3-7), (3-8) (the
value a; = 3 appears only when C is of type G»).

Now, each /g, lies in Sy, so j; € AT; i.e., it corresponds to a term of the PBW
basis. Also Z;‘:l pi+os=a.If k=2, wehave | — fr = Z?:l bjaj and b; > 0,
because f; is a beginning of f#; (an analogous claim is valid when the matrix is of
type G, and k = 3). With these rules we define inductively Lyndon words for a
PBW basis corresponding with a standard braiding for a fixed order on the letters.
This is done as in [Lalonde and Ram 1995], but taking care that in that reference
Serre relations are used; here we have quantum Serre relations, and some quantum
binomial coefficients may be zero.

Type Ap: In this case, the roots are of the form

J
u; = z ag, 1<i=<j<é0.
k=i

By induction on s = j — i, we have
lui,j =XiXj41 ... Xj.

This is because when s = 0 we have i = j, and the unique possibility is ly;, = x;.
If we remove the last letter (when j —i > (), we must obtain a Lyndon word, so
the last letter must be x;.

Type By: For convenience, we use the following vertex numbering:

ol «—==02 o3 of~1 ol . 4-1)

The roots are of the form w; ; := > 1_. oy, or

i J
Vi :=2Zak—|— z o.
k=1

k=i+1

In the first case we have lu,.,j = X;Xj41...Xj, as above. In the second case, if
j =i+ 1, we must have x;;; as the last letter to obtain a decomposition in two
words xi - - - x;; if j > i + 1, the last letter must be x;, so we obtain

Ly, ; = Xx1x2 ... XjX1X2 . .. Xj.

Type Cy: The roots are of the form u; ; := Z,{:i o, or

Jj—1 0—1

Wi :=Zak+22ak+a9, i<j<é.
k=i k=j
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As before, Iy, ; = x;ixi+1...x;. Now, if i < j, the least letter x; has degree 1, so if
we remove the last letter, we obtain a Lyndon word; that is, w; ; — x; is a root, and
then x; = x;, so

lwi’j = XiXiql ... X9-1X0X0—1 - .. Xj.
When i = j, a; =2, so there are one or two Lyndon words f; as before. Since w—x;
isnotaroot, fors =i+1,...,08,and i <s, there are two Lyndon words | > £,
and 1+, =2 Zz;i] ox. The only possibility is f; = f2 = x;X;+1 ... Xg—1; that s,

Iw,; = XiXit1 ... Xg—1XiXi41 ... X9—1X0.

Type Dg: the roots are of the form u; ; := Z‘,f:i or, 1<i<j<é,or

j—1 0-2
zZj; ::Zak—i-ZZak—i-ag,l—l—ag, i<j<0-2,
k=i k=j
0-2
Zi=) oxtog, 1<i<0-2.
k=i

As above, lul.,j = X;iXj41...X; if j <n—1. When the roots are of type z;, we have
s =0, since Z; —x,; must be a root (if x; is the last letter); thus [z, = x;x; 41 . . . Xg—2Xg
is the unique possibility.

Now, when a = u; g, the last letter is xy_1 or xg: if it is xg, we have I, =
XiXi+1...X9—1X%g. Since mg_1,¢9 = 0, we have xg_1x9 = go—1,6X6X6—1, SO

XiXig] ---X0—1X0 = XiXi41...X9—2X9Xg—1 mod I,

and then x;x; 41 ...x9-1X9 & S1. SO, by, ) = Xi ... Xg—2XpXg—1.

In the last case, note that if j = n — 2, the unique possibility is f; as before,
because the least letter x; has degree 1 and x; = xg_; (since o —a is a root). Hence
lzi g, = Xi ... Xg—2X9Xg—1X9—2, and inductively,

lg;; = Xi ... Xg-2X0X0-1X0—2 - - . Xj.

Type Eg: Let a = Z?:l aja;. If ag =0, a corresponds to the Dynkin subdiagram
of type Ds determined by 1,2, 3,4, 5, and we obtain [, as above. If a; =0 then o
corresponds to the Dynkin subdiagram of type Ds determined by 2, 3, 4, 5, 6; the
numbering is different from the one given in (3-4). Anyway, the roots are defined
in a similar way, and we obtain the same list as in [Lalonde and Ram 1995, Fig.1].
If as =0, then a corresponds to the Dynkin subdiagram of type A5 determined by
1,2,3,5,6.

So we restrict our attention to the case a; #0, i = 1,2, 3,4, 5, 6. We consider
each case in turn:
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e a=a1t+or+aztoas+as+oe: since a; =1, a —a; = ) is aroot, where a; is the
last letter. Then s =2 or s = 6. In the second case, g, = x1x2X3x4Xs, but using
that xx3 = ¢23x3x2, We have x1xpx3x4x5 ¢ S;. So s =2, and [, = X1 X3x4X5X6X>.

e a=o014 0403+ 2a4+ as+ ag: from a; = 1, we note that a —a; = f; is a
root. Then s =4, and [, = x1x3x4X5X6X2X4.

e a=oa;+a0y+ 203+ 204+ a5+ ag: since a; =1, a — a; = f; is aroot. So
s =3, and [, = X1 X3X4X5X6X2X4X3.

e oa=a;+oar+ a3+ 2a4+ 205+ ag: since a; =1, a —ay = f is a root. The
only possibility is s =35, and [, = xX3X4X5X6X2X4X5.

e o =o01+0r+203+204+205+06: as above a; =1, and a — a; = f; is a root.
Sos =3, and [, = x1X3X4X5X6X2X4X5X3.

e a=a;+ay+2a3+3a4+ 205+ ae: since a; = 1, a —ay = P is a root. Then
s =4 and [, = X1 X3X4X5X6X2X4X5X3X4.

o o =0ay1 420+ 203+ 304 + 205+ ag: since a; =1, a —ay = f; is a root. So
s =2, and [, = X1 X3X4X5X6X2X4X5X3X4.

Type E7: If a = 217:1 aja; and a; = 0, the root corresponds to the subdiagram
of type Dg determined by 1, 2, 3,4, 5, 6, and we obtain [, as above. If a; =0, it
corresponds to the subdiagram of type E¢ determined by 2,3,4,5,6,7. If as =0,
then o corresponds to the subdiagram of type Ag determined by 1, 2, 3,4, 6, 7.

As above, consider each case where a; 20, i =1,2,3,4,5,6,7:

coa=ay4+oy+a3+as+as+as+ar: since a; =1, a —a; = f is aroot, if a;
is the last letter. Then s =2 or s = 7. In the second case, [z = x1X2X3X4X5X6,
but from x;x3 = go3x3x2, we have x| xyx3x4xs5x6x7 ¢ S;. So s =2, and [, =
X1 X3X4X5X6X7X2.

e a=o1+ary+a3+204+0s5+ae+a7: nows =4,7. We discard the case s =7
since m47 = 0; for the case s =4 we have [, = x| X3X4X5X6X7X2X4.

e a=a1+ar+2a3+204+ 05+ ae+a7: as above, s =3, 7, but we discard s =7
since m37 =0, S0 [, = X1 X3X4X5X6X7X2X4X3.

e a=o1+ar+az+204+205+ag+a7: now s =5, 7, and we discard the case
s =7 because ms57 =0, S0 [, = X1 X3X4X5X6X7X2X4X5.

e a=a|+ar+203+2a4+205+0¢+a7: now s =3, 7, and as above we discard
the case s = 7, S0 [, = X1 X3X4X5X6X7X2X4X5X3.

e a=a1+ar+2a3+ 304 + 205 + ag + a7: now s = 4, and therefore we have
la = X1X3X4X5X6X7X2X4X5X3X4.

e o =a;+ 20y + 203 + 304 + 205 + ag + a7: now s = 2, as above, and [, =
X1X3X4X5X6XT7X2X4X5X3X4X7D.
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e a=a;+ay+az+2a4 + 2as + 206 + a7: as above, the unique possibility is
§ =0, S0 [, = X1X3X4X5X6X7X2X4X5X6.

e a=a1+tar+203+204+205+206+07: 5 =3, 1y = X1 X3X4X5X6X7X2X4X5X6X3.
e a=a1t+ar+2a3+3a4+205+206+a7: s =4, Ly = X1 X3X4X5X6X7X2X4X5X6X3X4.

e o =01+ 202+ 2a3+3a4 +2a5+ 206 +a7: s =2, and in this case we obtain
Ly = X1X3X4X5X6X7X2X4X5X6X3X4X7.

e oo =01+ a4+ 203+ 304 + 305 + 206+ a7: s =5, and in this case we obtain
Ly = X1X3X4X5X6X7X2X4X5X6X3X4X5.

e o = a1 + 207 + 203 + 304 + 305 + 206 + a7: as above, s = 2, and we get
Ly = X1X3X4X5X6X7X2X4X5X6X3X4X5X).

e a=o1+ 20+ 203+ 4a4 + 305+ 206 + a7: s =4, and in this case we obtain
la = X1X3X4X5X6X7X2X4X5X6X3X4X5X2X4.

e a =01+ 20+ 3a3+4a4 + 305 + 206 + a7: s = 3, and in this case we obtain
la = X1X3X4X5X6X7X2X4X5X6X3X4X5X2X4X3.

e a =201+ 20+ 303 +404 + 305 + 206 + a7: now there are one or two words
B;. Since o — a5 € AT if and only if s = 1 and x; is not the last letter (because
it is the least letter), there are two words ;. So looking at the roots we obtain
s =7, and I, = (X1 X3X4X5X6X2X4X5X3X4X2) (X1 X3X4X5X6)X7

Type Eg: Consider a = Zle aja;; if ag = 0, the root corresponds to the sub-
diagram of type D7 determined by 1,2,3,4,5,6,7, and we obtain /, as in that
case. If a; = 0, it corresponds to the subdiagram of type E; determined by
2,3,4,5,6,7,8. If ag = 0, then a corresponds to a subdiagram of type A7 de-
termined by 1, 2,3,4,5,7, 8.

So, we consider the case a; #0, i =1,2,3,4,5,6,7,8, and solve it case by
case in a similar way as for E7, by induction on the height.

Type Fs: Now a = Z;L: 1aja;. If ay = 0, then it corresponds to the subdiagram of
type B3 determined by 1, 2, 3, so we obtain /, as before. If a; = 0, a corresponds
to the subdiagram of type C3 determined by 2, 3, 4.

So consider the case a; #0, i =1,2,3,4:

cea=a+ay+az3+as: ag =1, s0a—a; = f is a root, where o, is the last
letter. Then s =4, and [, = x1x2x3X4.

cea=a1+ay+2034+04: a1 =1,50a —a;=fisaroot. Now s =3 or s =4.
If s =4, then [, :x1x2x§x4. But m34 =2, so

x3x4 = @3a(1 + q33)X3%4%3 — g33q34x4x;  mod 1,

and x1x2x§X4 ¢ Sy, a contradiction. So s = 3, and we have [, = x1x2x3x4X3.
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e a=a)+20,+2a3+ a4: a; =1, and as above, s =2 or s = 4: if s =4, then
l, = xlxzx§x2x4, but it is not an element of S;, because xpx4 = go4x2x4 mod 1.
Then s =2, and [, = x1x2X3x4X3X2.

e a=a1+20+303+04: a; =1, sos =3, and we have [, = x1x2X3x4x3X2X3.

cea=atar+203+204: a;=1,s0s =4, and [, = x1x2x3x4X3X4.

e a=a1+20)+2a3+204: ag =1,s0s5 =2 ors =4, but we discard the case
s = 4 since xpx4 = gogxpxq mod 1. So, [, = X1 XpX3X4X3X4X7.

e a=a01+20+303+204: a; =1,s0s =3, and [, = X1X2X3X4X3X4X2X3.

e a=a)+20+403+204: a; =1,s05 =3,and [, = x1x2x3X4x3x4x2x32.

e a=a)+3a+403+204:a; =1,s05 =2,and [, = x1x2x3x4X3x4x2x32x2.

e a=2a1+3ax+403+2a4: ay =2, and there are one or two Lyndon words g;. If
there is only one, 81 =a—a; € AT. The only possibility is s = 1, but it contradicts
that [, is a Lyndon word. Hence there exist B, B2 € AT such that B+, =a—as,
and S, is a beginning of ;. Sos =2 and f; = fr = a1 + oy + 2a3 + ay, i.e.,
Ly = X1X0X3X4X3X1 X0 X3X4X3X7.

Type G: the roots are ay, az, o) + az, 2a1 + a2, 301 + az, 3a1 + 207:

la1 = X1, la2 = X2, lma1+a2 :xinx27 m = 17 29 3

If o =301+ 2002, the last letter is x,. If we suppose 1 = 3a; +ao, then [, = xf’x%,

but
(ad x2)%x1 = x3x1 — g1 (1 + g22)x2X1 X2 + g22g21 X1x3 =0 mod 1,
so we have
xfx% = (qz_zl + 1)x12x2x1x2 - q2_2] q2_11x12x22x1 mod 1,

and then [, = xfx% ¢ S; because q2_21qz_11 # 0, so there are at least two words f;.
Analogously, if we suppose that there are three words f;, we obtain lp = lg, =
Xy > lg; = x1xp since f; > B > f3 and By + 2 + f3 = 31 + a2; moreover
ly = xfx% ¢ S;. So there are two Lyndon words of degree | > f», and the unique
possibility is £ = 2a; + a2, f» = ay; thatis, [, = xlzxlexz.

4C. Dimensions of Nichols algebras of standard braidings. We begin with the
standard braidings of types Cy, Dy, E¢, E7, Eg, F4, which are of Cartan type.

Proposition 4.4. Let V a braided vector space of Cartan type, with g4 € Gy if V
is of type Fy and q11 € Gy otherwise, in each case for some N € N. The dimension
of the associated Nichols algebra B(V) is as follows:

N for N odd,

Type Cy: di V)=
2peto: imB(V) [N€2/20 for N even;
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N4 for N odd,

M dlm%(V) = {N24/212 for N even;

Types Dy, Eg, E7, Eg: dimB(V) = N'A"1,

The last case corresponds to simply laced Dynkin diagrams.

Proof. If N is odd, then ord g> =ord ¢ = N, but if N is even, we have ord g2 = N /2.
Since the braiding is of Cartan type,

Isi@) = X (si(a), si(a)) = y(a, ) = x(a, &) = qq-

Using this, we just have to determine how many roots there are in the orbit of each
simply root.

When V is of type Cy, we have g;; = q, except for ggg = ¢g>. The roots in the
orbit of ay by the action of the Weyl group are gy, for 1 <i <&, and the others
are in the orbit of a;, for some j < 6. Hence there are 6 roots such that g, = q°,
and g, = g for the rest.

When V is of type Fu, we have g1 = g2 = q2 and ¢33 = qa4a = q. There are
exactly 12 roots in the union of orbits corresponding to a1 and a,, and the other
12 are in the union of orbits corresponding to a3 and a4. So

o e AT :q,=q}| = [fa e AT 1 g, = 4%} = 12.

When V is of type D or E, all the g, equal g because g;; = ¢, forall 1 <i <4.
The formula for the dimension follows from Theorem 2.6(ii) and Corollary 4.2.
O

Now we treat the types Ag, Bg and G».

Proposition 4.5. Let V be a standard braided vector space of type Ag as in Propo-
sition 3.9. The associated Nichols algebra B(V) is of finite dimension if and only
if q is a root of unity of order N > 2. In this case,

amanry <al'3) = 0= (7 0+ 071 s

b

wheret =0+ 1— Z,{Zl (= 1)/ ~*ip.

Proof. First, g is a root of unity of order N > 2 because the height of each PBW
generator is finite. To calculate the dimension, recall that from Corollary 4.2, we
have to determine g, for a« € Ac. As before, u;; = Z,{:i er, i < j, and we have

ACB(V))={u;:1<i<j<0}.
If1<i<j<6, we define

Kij=card{k € {i,..., j} : qu = —1}.
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We prove by induction on j — i that
o if x;; is odd, then Gu;; = —1;

. . -1 -1
o if x;j is even, then qu,; = q; 1941, -

Here gp.0+190+1,0 = qg_gzqg_,é,lqgfl,g-

If j —i =0, then gy, = gii; in this case, x;; = 1 if ¢;; = —1 or k;; = 0 if
qii = (q,-,,-+1q[+1,l-)_l # —1. Now assume this is valid for a certain j, and calculate
it for j + 1:

Gui o =X (Wij €1, W5 +€11) = quy; x (Wij, €11) x (€41, Wij)Gj41,j+1
= qu;;4},j+19j+1,j9j+1, j+1

qui; if gjy1,j+1 # —1 (K j+1 = Kij),
=1(-Dgg ' =—1 if gjt1,j41 =—1, x;j even,
(_I)Q(_l) =49 if‘Ij-H,j—H = —1, Kij odd.

This proves the inductive step; to calculate the dimension of 26(V) we have to
calculate the number of u;; such that

quij = qijil—quiii-ll,i =q*,
that is, card{x;; : i < j, x;; even}.

We consider an 1 x (¢ + 1) board, numbered from 1 to € + 1, and recursively
paint its squares white or black: square 8 4 1 is white, and square i has the same
color as square i 4+ 1 if and only if g;; # —1. The possible colorings of this board
are in bijective correspondence with the choices of 1 <ij <--- <i; <0 forall j
(the positions where we put a —1 in the corresponding ¢;; of the braiding), and the
number of white squares is

J
I:1-{-(9—1']')—{-(1']',1—ij72)+...:0_|_1_Z(_l)j—kik
k=1

Thus card{x;; : i < j, x;; even} is the number of pairs (a, b) (where a = i and
b=j+1)suchthat ] <a <b <6+ 1 and the squares in positions a and b are of

the same color; this number is (;) + (6+21_t ) This yields (4-2). U

Proposition 4.6. Let V be a standard braided vector space of type By as in Propo-
sition 3.10. If the braiding is as in cases (a) or (b) of that proposition, the associ-
ated Nichols algebra B(V) has finite dimension if and only if q is a root of unity
of order N > 2 in case (a), or N > 2 in case (b).

When finite, the dimension of 8(V) is as follows, where t = 0_Z£:1 (=1)7 ki
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o If'the braiding is as in (a) of Proposition 3.10,

N 1 oes not divide
3¥N? if3d divide N,
dim B (V) = 132N? if 3 divides both N and ord(¢"'q),
3N? if 3 divides N but not ord(¢ ~'q).

o Ifthe braiding is as in (b), then 0 < j <d — 1 and

22t(07t)+t9k0272t6’+2t2 if N = 2k,

dimB(V) = [2(2t+1)(¢9—t)+1N92—2n‘}+212 if N is odd.

o If'the braiding is as in (c), then
dim B(V) = 20(9—1)302—2t9+2t2'

Proof. 1t is clear that ¢ should be a root of unity if dim 23 (V) is finite.

We now calculate dim 2B(V). From Corollary 4.2, we have to determine the g,
for & € Ac, and multiply their orders. As before, u;; = Zi:i e forl<i<j=<é
and Vij = ZZZ:] ey + Z£:i+1 ey = 261,,~ +eit1,j for 1 <i < j; hence

ABV)) ={uj:1=<i<j=<0}U{v:1<i<;j=<0}

We calculate gy;;, 1 <i < j <6 as above, because they correspond to a braiding
of standard Ag_; type. We also calculate

4 2 2
Gvi; = x (Vij, vij) = y (@i, wy)™ (@, Wiy ) (W1, j, W) “Quy

i 2
4 2 2 2
= 41191292 (H C]kakl,kCIkl,kCIk+l,ka+l,k) Quiir; = uipy o
k=2
where we have used the equalities g;;q;; = 1 if [i — j| > 1, qi4lq122q22l =1, and
q,?qu_l,qu_1,qu+1,qu+1,k =1if 2 <k <6 — 1. To calculate the other g,’s, we
analyze each case:

(a) Note that ge, =, Gej+e, =0C> G2e,+¢ =rq7 !, de, =¢. Setting N’:ord({*lq),
we have N’ = 3N if 3 does not divide N; N’ = N if 3 divides both N and N’; and
N’ = N/3 if 3 divides N but not N’ (since g = (p, with p € Gy/).

(b) We have gy, = q‘lqqu. This equals g2¢~" = g if xy is even, and —g ' if

Kok is odd; moreover g1 = q. Also, ky is even if and only if j € {i; + 1,60}, or
i €{ij2+1,i;_1}, and so on. Then, with

J
t=(0 —ij)—l-(ij_] —ij_2)+. .. =9_Z(_1)Jfkik
k=1

as in the statement of the proposition, there are  numbers such that «; g is even.

There are 2((5) + (%5")) roots such that g, = ¢2 2((5) — (5) — (*3")) roots such
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that g, = —1, £+ 1 roots such that ¢, = ¢ and § — 1 —¢ roots such that g, = —g .
If N = 2k, then ord(—g ") = 2k and ord(¢?) =k, so
dimB(V) = 2(971)4971(tf1)7(071‘)(@71‘7l)kt(tfl)+(97t)(07tfl)(Zk)H

— (0—t)+9k€2—210+2t2

If N is odd, then ord(—g~—!) = 2N and ord(¢%) = N, so
dim %(V) — 20(6—1)—t(t—1)—(0—[)(0—1—1)Nt(t—1)+(0—t)(0—1—t)+t+1

(2N)9—1—t _ 2(2[+1)(0—t)+1N92—2t0+2t2.

(c) In a similar way, we have gy, = (—¢?)qu,;» Which equals (—¢?)? =¢ if xy; is
even, and (—1)(—(2) = (2 if xp; is odd; moreover g1 = ¢. There are 2((;) + (egt))
roots such that g, = —¢2, 2((2) — (;) — (9;)) roots such that g, = —1, 4 1 roots
such that g, = ¢ and 6 — 1 — ¢ roots such that g, = ¢. Since ord¢ = ord > = 3
and ord(—¢?) = 6, we have

dim%(V) — 20(0—1)—t(t—1)—(0—z)(6—1—t)6t(t—1)+(0—t)(0—1—t)30

_ 29(0—1)392—2z0+2;2_ 0

Proposition 4.7. Let V be a standard braided vector space of type G, as in Propo-
sition 3.11. If the braiding is as in case (a) of that proposition, the associated
Nichols algebra B(V) is of finite dimension if and only if q is a root of unity of
order N > 4.

When finite, the dimension of *B(V) is as follows:

o In case (a) of Proposition 3.11,

N°© if 3 does not divide N,

dimB(V) =4 ¢ U
N°®/27 if 3 divides N.
e In case (b), dim B(V) =212,

Proof. For (a) note that g is a root of unity because x; has finite height, and g, = ¢
if a € {e1, e] + e, 2e; + €2}, while g, = q3 if a € {ep, 3e; + €2, 3e1 + 2e}.
Case (b) can be checked as follows:

type v G 4o Qg dox, 4o dimB(V)

2 -1

e 8 4 2 8 2 4 212
2

&l 8 2 4 8 4 212
cE T 2 4 8 4 2 8 212

This completes the proof. (]
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5. Presentation by generators and relations of Nichols algebras of standard
braided vector spaces

In this section we give presentations for the Nichols algebras of standard braided
vector spaces. We start with some technical results about relations and PBW bases
in Section 5A; also we calculate the coproduct of some hyperwords in 7(V). In
Sections 5B, 5C and 5D we express the braided commutator of two PBW generators
as a combination of elements of the PBW basis under some assumptions. Then we
obtain the desired presentation with a proof similar to the ones in [Andruskiewitsch
and Dascilescu 2005] and [Andruskiewitsch and Schneider 2002b]. In Section SE
we solve the problem when the braiding is of Cartan type using the transformation
in Section 2C.

For rank two, a set of (not necessarily minimal) relations is given in Theorem 4
of [Heckenberger 2007].

5A. Some general relations. Let V be a standard braided vector space with con-
nected Dynkin diagram and let C be the corresponding Cartan matrix. In what
follows we assume that C is symmetrizable and of finite type. Let x1, ..., xg be
an ordered basis of V and {x, : a € AT(B(V))} a set of PBW generators as in
the previous section. Here x, € B(V) is, by abuse of notation, the image by the
canonical projection of x, € T (V), the hyperword corresponding to a Lyndon word
l,. As before, we write

go = y(a,a) and N,:=ordg, forae AT(B(V)).
Each x, is homogeneous and has the same degree as [,. Also,
xq € T(V)%e, -1

wheregazgf‘...gg" and)(az)(f'...)(abﬁ ifa=bie;+-- -+ bgey.

Proposition 5.1. If the matrix of the braiding is symmetric, the PBW basis is or-
thogonal with respect to the bilinear form in Proposition 1.4.

Proof. We must prove that (#|v) = 0, where u # v are ordered products of PBW
generators (we also allow powers greater than the corresponding heights). We
argue by induction on k := max{{(u), {(v)}. If k = 1, then v is some x; and u is
either 1 or x;; since (x;|x;) = d;; for all i, j € {1, ..., 8}, the proposition holds in
this case.

Suppose the statement is valid when the length of both words is less than k, and
let u, v € By(v) be distinct hyperwords such that one (or both) has length k. If both
are hyperletters, they have different degrees o # f € 7%, so u = x4, v = xp, and
(xqlxp) =0, since the homogeneous components are orthogonal for ( | ).
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Suppose that u =x, and v = 21 X ﬁ”’, for some xp, > ---> xp, . If u and v have

different Z’-degrees, they are orthogonal. Hence we assume that o = Z;"zl R P -
By [Bourbaki 1968, VI, Proposition 19], we can reorder the f;’s, using /; copies of
pi, in such a way that each partial sum is a root. By [Rosso 1999, Proposition 21],
the order induced by the Lyndon words /, is convex (the order on Lyndon words
used there is the same as ours). Therefore f,, < a. Using Lemma 1.9 and (1-8),

(lv) = (o w) (Uxp,) + (L0) G, g )+ D Gy |0 {)e - Uplelig, ),
Lz>l,>a
lieL
where v = wxg,. Note that (1]xg,) = (1|w) = 0. Also, [[i].---[lp]c is a linear
combination of greater hyperwords of the same degree and an element of (V).
From the inductive hypothesis and the fact that / (V) is the radical of the bilinear
form, we see that ([I1].-- - [I,]c|xp,) = 0.
Now consider
u =le . .xj” with x,, > ... > xq,,

v _lel Z’”with Xp > o> Xpg

Since the bilinear form is symmetric, we may as well assume that x,,, <xg, . Using
Lemma 1.9 and (1-8), we obtain

h

m hm ;
wlo) = (1) (xg, o) + > () (]! Xl ) (g,

i=0

4pm

+ Z (U)|X(J) L )(xa,, |[ll]c s [IP]C' [xﬂ::z]éi)’

hseslollel
Osj <m
where w = xhl ... xgl’:_}. Note that in the first summand, (w[1) =0. In the last sum,
(xg, 1111 - - [l ple [Xﬂm]Z) vanishes, because by earlier results [/1]....[l,]c [x5m]i is
a combination of hyperwords of the PBW basis greater or equal than it and an
element of 7(V), then we use induction hypothesis and the fact that 7(V) is the
radical of this bilinear form. Since x,,, xz;”_i are different elements of the PBW
basis for i, —i # 1, we have

h IWI h})‘l
(MID) = (hm)qlzm (w|xﬂll xﬁzm 11 ﬂ )('xan I‘xﬁm)

This is clearly zero if a, # f,,. To see that it is zero also if a, = S, note that in

that case w and le‘ .. .xzm_:xzm ! are different products of PBW generators, and
use the induction hypothesis. (]

Corollary 5.2. Ifa € AT (B(V)), then x)Y« = 0.
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Proof. Let (g;;) be symmetric. If u = xJ . xd, X >+ > X4, then

n
) = [ JGi)gs,! (a1, (5-2)
i=1
where (x4 |x,) # 0 for all & € AT(B(V)).

If we consider u =x,*, we have («|v) =0 for each v in the PBW basis (because v
is an ordered product of x4’s different from u), and (u|u) =0 since g, € Gy, . Also,
(I1(V)|xNe) =0, because it is the radical of this bilinear form, so (7' (V)|xY«) =0,
and then x« € 1(V). That is, we have xY« =0 in B(V).

For the general case, recall that a diagonal braiding is twist equivalent to a braid-
ing with a symmetric matrix [Andruskiewitsch and Schneider 2002a, Theorem
4.5]. Also, there exists a linear isomorphism between the corresponding Nichols
algebras. The corresponding x, are related by a nonzero scalar, because they are
an iteration of braided commutators between the hyperwords. U

In what follows, J denotes the family of Z%-graded (hence N-graded) ideals
of T(V) that are generated by their components of degree > 1. For each I € J,
B =T (V)/I is a Z°-graded algebra such that B° =kl and B! ~ V.

We shall need some technical results about graded algebras between T (V') and
$B(V). We start with three lemmas dealing with the presence of some important
roots in A(8). Remember that a Lyndon word is a PBW generatorin 8 =7 (V)/I
if it is not a linear combination of greater words modulo 7 in 7(V). We shall
relate the absence of some roots in A (¥8) (meaning that the Lyndon words of such
degrees are linear combinations of greater words modulo /) with the validity of
certain relations in 8.

Lemma 5.3. Leti, j € {1,...,0} be distinct, and consider I € J, 6 =T (V)/I.
Let Dy, k=1, ...,0, be skew derivations of B as in Proposition 2.1, and assume
that xiN =01ifq'qijq;i # 1 for all n € Ny (where N = ord g;;).

There exists m € N such that x}" x; is a linear combination of greater hyperwords
(for a fixed order such that x; < x;) modulo I if and only if, in B.

(adc ;)" x; = 0. (5-3)

Proof. If (ad. x;)"x; = 0, there exist a; € k such that
m—1
0 =[x"xj]c = (ad. x;)"x; = x"xj + Z akxijxim_k.
k=0
Conversely, suppose there exists m € N such that x!"x; is a linear combination
of greater hyperwords modulo /. Let

n=min{m € N : x;"x; is a linear combination of greater hyperwords}.
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If x/' =0, then g;; is a root of unity. In this case, if N is the order of g;;, then
=0and x"~' #0. Also,

N-1 oy
(adcx,-)ij :xiij—l-Z ( ) +ij,-N =0,
s/,
s=1 qii
because (N)q =0 for 0 < s < N. Hence, we can assume x!' # 0 and (n),,! # 0.

Note that [x;'~ kxjxf‘]c = [xi”_kxj]cxf. Since ‘B is graded, x/'x; is a linear com-
bination of terms xl."*kxjx{‘, 0 < k < n. Hence there exist o € k such that

n
—k k
[x/'x;]. = Z orlx! " xjlex; .
k=1

Applying D; we obtain

n
0= x xjle ZakD X' kxj]cxf‘) = Zak(k)(]ii [x?_kxj]cxf.
k=1

By the hypothesis about n, a1 = 0. Since (n),,,! # 0, applying D; several times we
conclude that ay =0 for k =2, ..., n. Hence [x]'x;]. = 0. O

Recall that (5-3) holds in B(V), for 1 <i # j <86.

The second lemma is related to Dynkin diagrams of a standard braiding which
have two consecutive simple edges.

Lemma 5.4. Let I € Jand B =T (V)/I. Assume that

o there exist skew derivations Dy in B as in Proposition 2.1,

o there exist different j, k,1 € {1, ...,0} such that my; =my =1, mj; =0;
(adxk)zxj = (ad x;)%x; = (ad xj)x; = 0 hold in *B;

o X =0if quqr;gjx # 1 or qrequqix # 1.

(1) If we order the letters xy, ..., xg such that x; < x; < x;, then x;xyx;xy is a
linear combination of greater words modulo 1 if and only if, in B,

[(ad xj)(ad xp)x;, x¢ ] = 0. (5-4)

(2) If V is standard and qy; # —1, then (5-4) holds in *B.
(3) If V is standard and dimB(V) < oo, then (5-4) holds in B = B(V).

Proof. (1) (<) If (5-4) holds, then x;x;x;x; is a linear combination of greater
words, by Remark 1.7, and

[xjxixixi]e = [[xjxex]es xk]c = [(ad x;) (ad x;)x;, Xk]c .
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(=) If xjx;x;x; is a linear combination of greater words, then the hyperword
[xjxkxlxk]c is a linear combination of hyperwords corresponding to words greater
than x;xix;x; (of the same degree, because 9B is homogeneous); this follows from
Remark 1.7. Since (adxk)zxj = (adx;)’x; = (ad xj)x; = 0, we do not consider
hyperwords with x jxlf, x,fxl and x;x; as factors of the corresponding words. Then
[x;jxrx;xk]c s a linear combination of

[xexrxexjle = [xpxilexix;, [eixpxixple = xpxp[xjxile,
Lerxjxexr]e = xilxjxix]e, [xlx,ij]c = x;x,ij.
Since Dj([xjxixixile) = Dj(xilxjxixile) = Dj(xxi[xjxi]e.) = 0, in that linear
combination there are no hyperwords ending in x;; indeed,
Dj (bxexilexix;) = [xexilexe,  Dj(xxix;) = xixg,

and [xgx;]exk, xlx,f are linearly independent. Therefore, there exist a, f € k such
that

[xjxrxixg]e = axpxilxjxele + Bxilxjxiex]e.

Applying D;, we have

0 =aqrjqrrxi[xjxile +a(l — qrjqi)xixix; + Barkqr;qra[xjxixi]c.
Now x;[xjxi]e, x;xx; and [xjx;x;]. are linearly independent by Lemma 2.7, so
o=p=0.

(2) We assume that some quantum Serre relations hold in 28; using them we get

xjxexixe = g (L + qre) ™ X004 qriegry (1 + gr) ™ xxxg
=G G D XXX+ G 4 G (14 qra) ™ X0 xx
+ qrrqrqie (14 qre) ™ xpxjx 2.
It follows that xix;x;x; ¢ G for an order such that x; <x; <x;. Also, xjxlx,f ¢Gy,
since (ad. xj)x; = 0 and (5-4) is valid by part (1).

(3) If V is a standard braided vector space satisfying the conditions of the lemma,
consider Vj as the braided vector space obtained transforming by s;. Then m;; =0.
Therefore e; +¢; ¢ AT(B(Vi)), so si(ej +€) =2er + e +e ¢ AT(B(V)). It
follows that x;x;x;x, is a linear combination of greater words, since it is a Lyndon
word when we consider an order such that x; < x; < x;. O

We now prove two relations involving the double edge in the Dynkin diagram
of a standard braiding of type By.

Lemma 5.5. Let [ € Jand B =T (V)/I. Assume that

o there exist j #k € {1,...,0} such that myj =2, mj; = 1;
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o there exist skew derivations as in Proposition 2.1,

e the following relations hold in ‘B:
(ad x)’x; = (ad xj)*x; = 0; (5-5)
q=xf=0  ifgi=q;=1

(1) If we order the letters xi, .. ., xg such that x;, < x;, then x2x;xxx; is a linear
j kXA
combination of greater words modulo 1 if and only if, in B,

[(ad x¢)*x;, (ad xi)x;]. = 0. (5-6)
(2) If' V is standard, q;; # —1 and q,fqujqjk =1, then (5-6) holds in ‘B.
(3) If V is standard and dim B (V) < oo, then (5-6) holds in B = B(V).
Proof. (1) (<) If (5-6) holds in B, then x,%xjxkxj is a linear combination of greater
words. This follows from Remark 1.7, and
[oexjxixjle = [, [axle ], = [(ad xe)*x;, (ad xe)x; ] .

=) It x,ijxkxj is a linear combination of greater words, then [x,ijxkxj]c is a
linear combination of hyperwords corresponding to words greater than x,ijxkxj
(of the same degree, because B is homogeneous).

First, there are no hyperwords whose corresponding words have factors x,?x j or
xksz, by (5-5). Since [x,ijxkxj]c € ker D, and

2 _ 2
Dy (xj[xpxjlex) = xj[xgxj]e,
2 2
Dy ([xexjlzxe) = [xix; 1z,
2
Dy (xj[xpxjlex;) = (1 + qra)xj[xexjlex,
in that linear combination there are no hyperwords ending in x;, except szx,f if

gik € G3. We consider gj; # —1 if gix € 3, since otherwise x/.zx,? = 0 by assump-

tion. Then there exist a, a’ € k such that
2 2 1,23 2 /.23
[xpxjxixile = alxixjxpxjle + o Xixp = alxxjlelxixjle +a XX

We prove by direct calculation that Dj([x,ijxkxj]c) = 0. Applying D; to the
previous equality,

0=a'(1+ qjj)xjx,g + x(ex +e;, 2er + ej)a(adxk)z(xj)xk
+ (1= qijgi) (1 — qreqriqie) e (ad x) (x)xz,
where we use that (ad xk)3(xj) =0 and

xp(ad x)" () = (ad x)" ™ () + g qr; (ad x)™ (x; ).
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Since (1 — qxjqjx)(1 — qikqijqjx) # 0 and (ad xk)z(xj)xk, (adxk)(xj)x,%, xjxlf are
linearly independent, it follows that & = o’ = 0.
(2) Using (ad xj)zxk = 0 in the first equality and (ad xk)3xj =0 in the last expres-
sion,

xexjxex; = (L4 qi) ™ gt g o+ U+ q5) ™ gjegjixg
-1 2
€ gu (1 +45) ™ qrjgjnd)jXicXiXiXj + KXo 20 -
Suppose that (3)g, (1 + ¢j;) " 'qijqjeg;; = 1; that is, (3)4, = (1 + gj;). Then
i = qik + G- SO
1 =qjjqrjqjx = qrkqrjqjx + qlfqujqjk = qikqrjqjk + 1,

which is a contradiction since gxrqx;jqjr € k™. It follows that x,ijxkxj is a linear
combination of greater words, so (5-6) follows by previous item.

(3) If V is a standard braided vector space, and we consider V; as the braided vector
space obtained transforming by s;, then n11;; = 2. Therefore, 3e; +e¢; ¢ AT (B(V)),
so s;(3ex+e;) =3e;+2e; ¢ AT(B(V)). Since x,ijxkxj is a Lyndon word of degree
3e; + 2e; if x; < xj, then it is a linear combination of greater words. O

Lemma 5.6. Let [ € Jand B =T (V)/I. Assume that

o there exist different j, k,l € {1, ...,0} such thatmy; =2, mjr =mj;; =m;; =1,
my; = 0;

o there exist skew derivations in *B as in Proposition 2.1,

o the following relations hold in B: (5-4), (5-6),

(ad xk)3xj = (adxj)zxk = (adxj)le = (ad xx)x; =0,
x,f:szzo ifqgk:qujzl. =0
(1) If we order the letters xi, ..., xg So that xx < xj < x;, then x,%xjxlxkxj isa
linear combination of greater words modulo 1 if and only if, in B,
[(ad xk)z(adxj)xl, (adxk)xj]c =0. (5-8)
(2) If V is a standard braided vector space and qii ¢ G3, q;j # —1, then (5-8)
holds in $B.
(3) If V is standard and dim B (V) < oo, then (5-8) holds in B(V).
Proof. (1) (<) As in the last two lemmas, if (5-8) is valid, then x,ijxlxkxj is a

linear combination of greater words, by Remark 1.7, and

[xixjxxex;]e = [(ad x)(ad x))x;, (ad x)x; |

¢’
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(=) Suppose that x,%xjxlxkxj is a linear combination of greater words. Then
[x,ijxlxkx i1c 1s alinear combination of hyperwords corresponding to words greater
than x,%xjxlxkxj (of the same degree, because 8 is homogeneous). We discard
those words which have x;x;, x,?x i xksz, szxl, xgxjx;x; and x,%x i XkXj, in view of
our hypotheses about ‘B.

Since Dk([x,ijxlxkxj]c) = 0, the coefficients of hyperwords corresponding to
words ending in x; are 0, as in Lemma 5.5, except for [xjxl]cxjxg, xlszx,g, if
qir € G3. Thus

2 2 2
Degxjxixexile = alxixjlelxgxjxile + Blxx;xilelxi xjle

2 3 2.3

+yxilxexjlelxgxile + plxjxlexjxy + VXX X

By direct calculation, D;([x7x;x;xkx;1.) = D;([x2x;x11c) = Dj ([xxxjx;]c) = 0, so
applying D; to the previous equality we get

0 = aq7q;i4jiX; XX 0e + B — qrrdii 4 (1 — ri 4js) XX xilex;
+7 (1 — qrearigin) (1 — agari g il 1ex; + 7 q7q7i %% 1% 1e

+ ,u[xjxl]cxf +v(l+ q,-j)xlxjx,f,
Note that v = 0 if g;; # —1; otherwise, sz = 0 by hypothesis, so we can discard
this last summand. The other hyperwords appearing in this expression are linearly
independent, since the corresponding words are linearly independent by Lemma
27. Thusa=p=y =u=0.
(2) If g ¢ G3 and gj; # —1, then x,ijxlxkxj is a linear combination of greater
words, as can be seen using the quantum Serre relations in a way similar to that in
Lemma 5.6. Now apply part (1).

(3) If V is a standard braided vector space, consider Vj as the braided vector space
obtained transforming by si. Then my; = 2. Therefore, e; 4 2¢; +¢; ¢ AT(B(W))
by Lemma 5.5, so si (ex +2e; +e;) =3e;+2e; +e; ¢ AT(B(V)). Since x,ijxlxkxj
is a Lyndon word, it follows that it is a linear combination of greater words, and
we apply (1). O

We now give explicit formulas for the comultiplication of these hyperwords.

Lemma 5.7. Consider the structure of graded braided Hopf algebra of T (V') (see
Section 2A). For all k # j,

A((adxp)™ M x;) = (adxe)™ T x; ® 1 + 1® (ad x)™
ij+1
+ [ O - ahawigmx ®x. (59

1<t<my;
Proof. We have Fy((ad xk)’”kf“xj) = 0 by the definition of m;; and (2-5). Also,
Fi((ad xk)’”kf'“xj) for [ # k by (2-6) and the properties of Fj, so
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[
A ((@dx)™ M x) =" x5 ® Fi((ad xg)™ ;) = 0.
=1

Now Dy, ([x,’;xj]cx,ifi =0 from (2-3), and from (2-4)
. o i'+1
Dj(xixlext ™) = [ (0 =aiaragx™" .
1<t<my;
so we deduce that
; ij+1
Ay, 1 ((ad xg)™oH i) = H (1 — geqiigin)x, " ®x;.
1<r<my;

Since hyperwords form a basis of 7' (V), we can write, for each 1 <5 < my;,

i+1
Amkj-‘rl—s,s((ad xk)m“—i— xj)

myj+1-—s s

t myj+1—s—t myj+1—s s—p p

= E st xjlex, ®x; + E PspXy ®[x, "xjlex;,
t=0 p=0

for some &, psp € k. Then, foreach 0 <t <my; +1—3,
0= ((adxk)mkf+1xj } [x,’cxj]clekﬁl_txz)

= (((adx0)™ X)) | [xixj]cx;i"""“*“)(((adxk)’"kf“x,-)m | %)

mgi+1—t—s my;i+1—t—s .
= e ([xexjlexy | D Loy ) (eglx)

= Sst(mkj +1—-s5— t)qkk! (S)Qkk! ([xltcxj]c ‘ [xltcxj]c)’
where we have used that (ad x;)"™+!x ;€ I(V) for the first equality, (1-8) for the
second, (1-10) and the orthogonality between increasing products of hyperwords
for the third, and (5-2) for the last. Since
(mkj +1—5— t)qkk! (S)qkk! ([xlixj]cux]t(xj]c) #0,

we conclude that g, =0 for all 0 < ¢ < my; + 1 —s. In a similar way, p,, = 0 for
all 0 < p <s, so we obtain (5-9). O

Lemma 5.8. Let B be a braided graded Hopf algebra provided with an inclusion
of braided vector spaces V< P(B). Assume that

o there exist 1 < j #k #1 <0 such that myj =my =1, mj; =0;
. (adxk)zxj = (ad x;)%x; = (ad xj)x; = 0in *B;
o x; =0 if quarjgix #1 or ququqi # 1.

Then u := [(ad x;)(ad x)x7, x¢ 1. € P(B).
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Proof. From (2-3), D;(u) = 0. Also, Dy ((ad x;)(ad x¢)x;) =0, so

Dy(u) = (1 — g3 qjxqxiqruqu) (ad x;) (ad x)x; = 0.
From (2-4) and the properties of D; we have
Dy (1) = quc (1 — qruqu) [xjxi)exie — qixqrrqic (1 — qraqui) xilxj xile
= qi(1 — quear)[[xjx1]e» xx ] = .
Then A3 (#) = 0. From (2-6) and the properties of Fj and F;, we have Fy(u) =
F;(u) = 0. Using (2-5), we have
Fj(u) = (1 = qjkqij) [xexilexie — qixqreqingi; (1 — qjeqr) X xexi]e
= (1 — quaqr) (1 — qijqjx i qicd;x) [xexilex = 0.
Thus A3(u) =0 as well.
Also, we have
A(u) = A((ad x;)(ad xp)x;) A(Xk) = Gey+e;+¢;.¢; A (xi) A((ad x7) (ad xp) x; ),
and looking at the terms in 8% ® B2,
Ao () = (1 — quegi) [xxide ® (XixXk — Gijdjkqiedicxixt)
+ (1 — qijgj) qik ik (Xjxk — gjrxex;) & [xexi]e
= (1 — gjgjx — (1 — qikqrr) 9k qkgr; ) Qikgriclxixele @ [xex]e.
Now a calculation shows that u € P (*8):
1= qijqir — (1 — queqi)qadingi = 1 — qiidjx — Qedindij + qz;
=g (1 + ) (1 — queqrjqix) =0. O

Lemma 5.9. Let B be a braided graded Hopf algebra provided with an inclusion
of braided vector spaces V. < P(B). Assume that

o there exist 1 <k # j <0 suchthatmyj =2, mj; =1;

o (adx,)™Htx, =0, forall 1 <s #t <6 inB;

mg+1
s

o X = 0 for each s such that qgy" qs:q:s # 1, for some t # s.

(@) Ifv:= [(adxk)zxj, (ad xk)xj]c, there exists b € k such that
A@)=v® 1+ 1®0+b( — qjqi;079i))% ® ;. (5-10)

(b) Assume there existl # j, k such that mj; = m;; =1, my = my, =0, and that
(5-4) is valid in B. Set

w = [(ad x;)* (ad x;)x7, (ad x;)x; ]

¢’
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Then there exist constants by, by € k such that
A)=w®1+1Q®w+bio®x;+ba(l — qrqrjqin)x; ® ((ad xj)x;) x;. (5-11)
Proof. (a) F;(v) = 0 since v is a braided commutator of two elements in ker F;.
Using (1-4) we have [(adxk)zxj, xile =qrj(qj; — qkk)[xkx,]g, so we calculate
Fr(v) = (1+Qkk)(1_Qkk‘ij‘Ijk)[xkxj]g_%%k%?j%k%j(I_ij‘Ijk)xj [xEx;]e
+aidin (1—a 40 1% 1eX = a3eai; 4745 1) (1 —qreqri 0 [xex; 1
= g (1—qr;41) (qj;—qxr)
+(14qr) 1 —qreqiqie) (1 —apedie; a5 [xex 12
which vanishes since the coefficient of [xkxj]z is zero for each possible braiding.
Thus
A14(v) = x, ® F(v) =0.
Also, Di(v) =0, and a calculation gives
D;(v) = (1 — qijqji) (Ixix1xk + (1 — qrieqr 4 ) 4k G X e 1e
— Qi ik 95 (1 — Qedri 4O XX 1ex; — Qi @3x ;X X7 %)
= (1+ (1 + qu) (1 — G 48 Gk dikdsi — Gixdi; 4569;7)
(1 — qijgji) [xgx;1xk,
where we have reordered the hyperwords and used that (ad x;)3x ;=05 also,
1+ (1 + g (1= Grrdej 450 ki 9595 — deedi;diedy = 0, (5-12)
by calculation for each possible braiding. Thus
A4 1(0) =Dj(v) ®x; =0.
To finish, we use the fact that A (v) equals
A((ade x0)*x;) A((ade x0)x;) — 1 ex + €, ex +¢7) A(ad, x)x}) A((ade x0)*x;).
Looking at the terms in B° ® B2 and B? ® B>, and using the definition of the
braided commutator, we obtain
A3 (v)
= (1 = 492,909 ) X0 % 1e © [xkx; e
+ (1+qi) (1 —qrrqi; 40 Gk i 9555 (X Leexj le — i qig [xexj 1exi) ® [xiex;le
+ (1= qijgjn)* (1 = gieanjqin) (1 — 4inaii 47975 ® X7
= (1+ (1 + ) (1 — quaedii 48 ak i dikdsi — G 4k d5) [Xe xi1e ® [xix;]e
+b1(1 — 49895397 @ x; -
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Also,

A3 () = (1 = queqriqin) (1 — qijgj)x;
® ((1 4 qu) g lxex;lex; — (1 + qr)aidi; 4595 eex; e
+ xj 150 1e — @i die; 43k i Xk 1ex; )
= (1 — g%a95ea; + (A + qu) (1 — Qe 46 gk 4jxd;;)
(1 = qreqiqi) (1 — qrjgji) X @ xj[xex;]e.
Using (5-12), we obtain (5-10).
(b) We set y = (adxk)z(adxj)xl and z = (ad x;)x;. Note that A(w) = A(y)A(z) —
x(2er+ej+e, e +e)A(z)A(y) and that
A()=y®1+(1—gjq;)(adx)’x; @ x;
+ (1 = qrjqi) (1 — queqij gjx) % ® (ad x;)x;
+ (1 + g ) (1 — gregrjgix)xx @ (ad x)(ad xj)x; + 1 ® y,
A(2)=zQ@ 1+ (1 —qrjqjr)xk ®x; +1Qz.
From (2-3) we have Dy (w) = 0, and from (2-4),
Dy(w) = (1 — qijqj1)queqi; [(ad xi)*x;, (ad xi)x;] .,
Dj(w) = —(1 — ;g di; 9i (@d x0)* (ad x7)x)
=—(- ijij)ql@quzjlqlﬁl[(ad X0 x;, xi1e =0,
where in the last equality we used (1-4) and the vanishing of [x, x;]. = 0. It
follows that
Asi(w) = (1 — qijqj) g [ (@d xi)*x;, (ad xp)x; ], ® x;.
Also, Fj(z) = Fj(y) = Fi(z) = Fi(y) = 0 by (2-6) and the properties of these
skew derivations, so F;(w) = F;(w) = 0. We now calculate
Fi(w)
= (1 + qu) (1 — qraqrj qin) Lxx i xile[xax1e + qiegingie (1 — qriqin) [xExxi1ex;
—x(2e;+e; +e, e +e)
((1=qxjqji)xj[xExjxile+ (i) (1—qrrgi; i) Gk gr X xi e [xex; 1)
= qiqjkqik (1 — q/chj'k)[[x,ijxl]c, xj]c
— (14 qu) (1 — Grrqij 98 9 dic; 459550 Qe [ Loex i des [aaxixle],
= qidkiqjkd; 9190k
(1= qrjgjn — (1 4+ qr) (0 = qrrqrj i) aekdri g [Deexile, Dexjxle ],
-0,
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where we used (1-4) and (5-4) in the third equality, and we calculate that

1 —qijqjx — (1 +qui) (1 — qriqr; 9k qrrqrjqix =0 (5-13)

for each possible standard braiding. It follows that A 5(w) = 0.
We find each of the other terms of A (w) by direct calculation. First,

Agp(w)
=(1—xQex+e+e,ec+e)y(ec+e,2e+e+e))y®z
+ (I = qijgj ) — qijq1)
(qulxgx;lexe ® xixj — x (e + € + €1, e, + €/)q 71Xk [x7 xj1c @ xjx))
+ (1 = qrjqjx) (1 — qrqk;jgje)
(x(ej +en, ex+e)xiz— x(2er +e +ep, e +€)zxp) ® [xjx/]e
= (1 — qijqji)qic (1 — gjxqrj + (1 + qi) (1 — qrrqrj 4jx) i)
[xgx;lexe ® [xjxle,

which is seen to equal 0. In a similar way we calculate

As3(w)
= (1—q;gn)[xix;1® (xiz— x (2ex+e;+er, ec+e) y (ex+ej, ex+e;+e)zx;)
+ (1) (1 —qriqrjqjx) x (e +ej+e, ex+-e;) (k2 — g qrj2xi) @ [xxxj x11c
+ (1= queqrigi0) 1 — qrjgji)*x;
® (x(ej+er, ex)xjxilex; — x (2ex+ej+ep, ex+e) x (e, 2e0)x;[xjx1]c)
= ((1+qu) (1 — qrrqrj gjx) — airqr9ix g5 (1 — qiigjr) )
x(ex+ej+e;, e +ej)[x]3xj]c®[xkxjxl]c
+ (1= g 9j6) (1= 41 45 (1 — GGeqi i) X @ Lxjxi1ex;
and the coefficient of [x,ij]C ® [xxxjx;]c is zero (we calculate it for each possible
standard braiding). Finally,

Asg(w)
= (1= qrkqigjx) (1 — 4k gjx) x;
@ ((1+qki) x (ex+ej+e;, e [xexjxilex;
— (1 +qix) x 2ex+ej+e;, ex+e;)qjrx;[xpxjx]e
—x Qex+ej+er, ec+e)) x (ex+ej, 2e) [ xxsle, [xjxile],)
= (1 = qrkqrjqjx) (1 —qrjqji) x (€ +e€1, ex+e;)qy;
(g (1 —quaqiqi) — 4 (1 —qj1q17)) g ®x;j [xxxj x1e
=0.

From these calculations, we obtain (5-11). O
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5B. Presentation when the type is Ag. We now assume V is a standard braided
vector space of type Ag and B a Z?-graded algebra, provided with an inclusion
of vector spaces V «— B! = b, <j<0 $B%. We can extend the braiding to B by
setting

cw®v)=y(a, HoQu, uecB* veB’ a, peN’.

We assume that on B8 we have
X =0 if g =1,
ade x;(xj)) =0 if [j—i|> 1,
(ade x;)*(x))e =0 if |j =il =1,
[(ade x;)(ade xi41)xig2, Xig1], =0 2<i<6O—1.
Using the same notation as in Section 4B,
Xe, = Xi, Xu;; =[x, Xuyy  le (<)),

Lemma 5.10. Let 1 <i < j < p <r <86. The following relations hold in ‘B:

[Xu;;» Xu, le =0, p—j=>2; (5-14)
[xll,'j 5 xuj+1,r ]C = xll,'r . (5_15)
Proof. Note that xy, belongs to the subalgebra generated by xp, ..., x,, and

[Xu;;» Xs]e = 0, for each p <s <r. Equation (5-14) follows from this.

We prove (5-15) by induction on j —i: if i = j, it is exactly the definition of
xu;,. To prove the inductive step, we use the inductive hypothesis, (5-14) and (1-4)
(the braided Jacobi identity) to obtain

[Xu 1o Xy, Je = [oug > Xiv1les Xupon, |, = [ (i1, g, 1e ]
= [xu;;» Xuyy, Je = Xuy,»

and (5-15) is also proved. O
Lemma 5.11. Ifi < p <r < j, the following relation holds in B:

[Xu;;» Xu, Je = 0. (5-16)
Proof. When p=r = j —1and i = j — 2, note that this is exactly

[(ad xi)(adc xi41)Xi42, Xi1], =0.
Then, by (1-4),
[u; s Xj—1)e = [[xi—1, Xu, 1oy Xj—1]e = [xi—1, [Xu ;> Xj—1]c]e-

We assume that j —i > 2, so [x;_1, xj_1]c = 0 by the hypothesis on B. Now we
prove the case p =r = j — 1 by induction on p —i.
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Using (1-4) and (5-15), we also have
[xu,;_,-_H 5 -xp]c = [['xu,'!_/'ﬂ 'xj+1](,‘5 xp]c = [-xu,‘,js [-xj+1 ) xp]c‘]c
+qj+1,plxu; ;> Xj—11eXjr1 — x (Wi j, €j41)Xj+1[xu; ;> Xj—1]c,

so using that [x;41, x,]. = 0if j > p, by induction on j — p we prove (5-16) for
the case p=r.
For the general case, we use (1-4) one more time as follows

[xl.l,'ﬁj ’ xllp’pr] ]C = [xll,'ﬁj B [xllp,-a xr+l]c]c = [[xlliﬁj B xllpr]c‘n xr+l]c
- X(upr: er—i—l)[-xuij, xr-‘rl]cxup, + X(uija upr)xup, [xuij, xr—i—l]c:

and we prove (5-16) by induction on r — p. [l
Lemma 5.12. The following relations hold in *8:

[xuij,-xuip]c=0 lf‘l S.} <p, (5_17)

[Xu;;» Xu,;le =0 if i <p=<j. (5-18)
Proof. To prove (5-17), note that if i = j = p — 1, we have

[-xlll‘p xlli,,ur]]c = [xi> [xi> xi+l]c]c = (ad-xl')zxi+l =0.

Since [x;, Xu,,, ,]c =0 for each p > i +1 by (5-14), we use (1-4), the previous case
and (5-15) to obtain

[xu;i B -xll,'p]c = [-xll,',' s [xu,;i“ > -xll,urz’p]c]c = 0
Now, if i < j < p, from (5-14) and the relations between the g5, we obtain
[xllH_]‘j) xu,-p]c = _X(ulpy ui-‘,—l,j)[xllil,) xllH_]’j]C = O
Using (1-4) and the previous case we conclude
[xu,-j s xu,-p]c = [[xllii ’ xui+1,j]c’ xuip]c =0.
The proof of (5-18) is analogous. (I
Lemma 5.13. Ifi < p <r < j, the following relation holds in *B:
[xui, 5 xupj]c = ){(uira upr)(l - Qr,r+IQr+l,r)xup,xu,-j . (5-19)
Proof. We calculate
[xl.l,'r bl xl.lpj ]c - [xu,'ra [-xllpr, xl.l,.;,]}_/]c]c
= X(uir: upr)xup,xuij - X(upra ur—i—l,j)xu,-jxup,
= (X (uir’ upr) - X(uij, upr)X(upra ur-H,j)) -xllpr-xllij

= x (Wi, ) (1= x (W, Wepy ) x (W1, Upy)) Xuy, Xu s
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where we have used (5-15) in the first equality, (1-4) in the second, (5-18) in the
third and the relation between the g;; in the last. ([

We now prove the main theorem of this subsection, namely, the presentation by
generators and relations of the Nichols algebra associated to V.

Theorem 5.14. Let V be a standard braided vector space of type Ag, where 6 =
dim V, and let C = (a;})i, je(1,....0y be the corresponding Cartan matrix of type Ay.

The Nichols algebra 6(V) is presented by the generators x;, 1 <i <0, and the
relations

Xév“ =0, aeA’;
ade(x)' " () =0, i #j;
[(adxjfl)(adxj)xjﬂzxj]c =0, 1<j<#,qjj=-1

The following elements constitute a basis of B(V):

le‘xZZZ .. .)CZ::, where 0 < hj < Np, where p; € Sy, for 1 <j<P. (5-20)

Proof. From Corollary 4.2 and the definitions of the x,, we know that the last
statement about the PBW basis is true.

Let ‘B be the algebra presented by generators xi, ..., xg and the relations in
the statement of the theorem. From Lemmas 5.3, 5.4 and Corollary 5.2 we have
a canonical epimorphism ¢ : B — B(V). The last relation also holds in B for
gjj # 1, by Lemma 5.4(2).

The rest is similar to the proofs of [Andruskiewitsch and Discélescu 2005,
Lemma 3.7] and [Andruskiewitsch and Schneider 2002b, Lemma 6.12]. Consider
the subspace $ of B generated by the elements in (5-20). Using Lemmas 5.10,
5.11, 5.12 and 5.13 we prove that $ is an ideal. But 1 € ¥, so $ = ‘B.

The images under ¢ of the elements in (5-20) form a basis of B(V), so ¢ is an
isomorphism. U

The presentation and dimension of 25(V') agree with the results presented in [An-
druskiewitsch and Dascalescu 2005] and [Andruskiewitsch and Schneider 2002b].

5C. Presentation when the type is By. We now assume V is a standard braided
vector space of type By and B is a Z?-graded algebra, provided with an inclusion
of vector spaces V <« B! = D j<o B%. Then we can extend the braiding to B.
We assume the following relations in ‘B:

xP=0 ifgy=-1,
x; =0 ifqi €Gs,
(ad, x;))x; =0 if |j—i] > 1,
(ad, x;)?x; =0 if [j—i|=1andi # 1,
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[(ad, x;)(ade xi 4 D)xig2, xig1], =0 if2<i <0,
(ade x1)’x2 =0,
[(ad. x1)*x2, (ad. x1)x2], =0,
[(ad x1)*(ad x2)x3, (ad x1)x2 ], = 0.
Using the same notation as in Section 4B,
Xy = [Xuys Xy le, 150 <j<6.

From the proof of the relations corresponding the Ay case, we know that (5-14),
(5-15), (5-16), (5-18) and (5-19) hold for i > 1, but for relation (5-17) we must
assume i > 1.

Lemma 5.15. Suppose 1 <s <t and 1 <k < j. The following relations hold in *B:

=0 ift+1<k,

= Xy,; ift+1=k <j,
=0 ifs+1<k<j<t,
= X Vs, W) (1 = Gr41Ge41,0)Xu, Xy, I s+ 1<k <t <],
:X(ult’us—i-l,j)xv-, fs+l=k=<j<t,

[Xv,, > xukj]c ! 2 , .

= (i, usq1,) — (i, w))xy, i s+1=k, j=t,
€ kxy,; +kxu; Xu;, +kxu,, Xy, ifs+l=k<t<j,
= ysktjxllksxvjr fk<s<j<t,

€ KXy, Xy,; + kXuy, Xuy; Xu,, + KXy, Xy, ifk<s<t<j,
(=0 ifk<j<s,

y
where yg = y (i, we) x (Wig, W) (1 — Gy 541G541,5)-

Proof. The first, third and last equalities follow from the vanishing of [xy,,, Xu,;]c
and [xy,,, Xu,;]c = 0, using (5-14), (5-16), (5-17) or (5-18) as the case maybe,
together with (1-4).

For the second case, we use that [xy,,, Xu e = 0, (5-15) and (1-4) to obtain

-xVSj - [xl.l]_v B xll]j ]C - [xl.l]x ) [xl.l“ B -qu_],_,']C]C - [[xl.lls ] xl.l“ ]L" xlll_*_],j]c - [xV_g ] xu,+1,_,- ]C'
For the fourth, we use (1-4) and the third case to calculate

[xvst: xukj]c = [xVM> [xllkt s xu,H,j]C]c
=X (Vsz, ukt)xuk,xvsj - X(ukla ut+l,j)xv_ijuk,

=2 (Vsr, Wie) (1 =y (@gr, Wren ) 0 (W1, > Wker)) Xy, X, -
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For the fifth, note that y (uy;, us+1,j)*1 =y (us41,j, u1,). Thenuse (5-15), (5-16)
and (1-4) to prove that
[Xvy s Xu,y ;le = [[xuls > Xuy, les xux+1,_/]c
= x (1, g1, ) Xuy; Xuy, — X (W1, Uip) Xy, Xuy,
= X(ull‘a us+1,j)(xu1jxu1, - X(ulj, ult)xultxuls)-
The sixth case is similar.
For the seventh case, we use (1-4), (1-5) and the previous case to calculate
[xvx,: xuﬁl,j]c = [xvx,a [qul,,, xu,+1,j]c]c
= (x (i, ugp10) — x (g, wi)lxg, o Xu,,, ]
+ X (Vst, us+1,t)xus+1,,xvsj - X(us—H,t, ut+1,j)xvs.,~xus+1,,
= (e, Uspr,r) — x (g, wi)) ((xy,; + x (@ir, W)X, Xu,,)
+ (Wi, W )Xy Xuy,) — X (Wst1,r5 Wrgn, ) Xy,
+ O (Vsrs Wser,e) — 2 (g1 Weer, 1) X (Vsjs s 1)) Xug Xy -
We use the previous cases, (5-16) and (5-19) to calculate for the eighth case
[xv“ 5 xukj]c = [[-xll”’ xul,]m xuk_/]c

= x (uy, ukj)(X (g, wes) (1 — q‘v,s—i-lq‘r+1,s)xukxxu1j )xul,

- ){(uls: ult)xu“ (X (ayg, uks)(l - qS,S"rqu—Fl,S)xllksxll]j)
= g7 Xug, (o, Xy, — (W17, U1, Xy, X))
To conclude, we prove the ninth case in a similar way:
[xvs,a xukj]c = [xvs,a [xuk,, xu,+1,,~]c]c

kt 2
= Vst (1 - quz)[xUksxu”’ x“t+1.j]

+ X (VSla uk,t)xuk,xvs_,' —X (ukh Ur 4] ,j)xvijuk, . E’
We consider the remaining commutator [xv”, xujk]cz when j = 1.
Lemma 5.16. Lets <t in{l,...,8}. The following relations hold in *5:

[xv, s Xuyle =0 if s <k =<t, (5-21)
[xll]s’ xvst]c =0. (5-22)

Proof. By assumption we have

[xV127 xulz]c = [(adc xl)2x29 (ad. xl)x2]c =0,

[-xV13 ’ xulz]c = [(adc x1)2(adc x2)x3: (adc xl)x2]c = 0
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For t > 4, [xy,,, Xu;,]c = 0 by (5-14), and using (1-4),

[xvl,a xll]z]c = [[xV137 XU4,]C» x“lz]c =0.

For each k <t we have [xy,,, Xuy lc = [X1, Xuy Je = 0, 50 [xy,,, Xuy Jc = 0. Using
(1-4) and (5-15) we have

[xvlta xulk]c = [xvlf’ [-xlllza XU3k]L‘]C = O

Now consider 2 < s < k. Since [xy,,, Xu; lc = [*uy > Xu, Je = 0 by previous
results and (5-16), we conclude from (1-5) and Lemma 5.15 that (5-21) is valid in
the general case.

To prove (5-22), we have for s =1,¢t =2

3
[xlllla xvlz]c = [xla xvlz]c = (adC xl) x2 = O

Using that [x1, xy,;, ]c =01if # > 3 and (1-4), we deduce that

[-xll]| B -xV],]C = [-xla [-xV|29 -xll3,]c]c = O

If 1 <s <t we have, by the previous case,

[xlllx ) xvlt]c = _X(xl.llx s lez)[xV” 5 xll].g]c =0.

By (5-18), [xu,,, Xuy, lc = 0. Also, [xy,,, Xu,, Jc = x (@, Uz)xy,,, by Lemma 5.15.
Equation (5-22) follows by (1-4) and the last three equalities. O

Lemma 5.17. Let s < k < t. The following relations hold in *5:
[Xvye> Xuy Je = X (Vskeo Wik) (1 = G k4 1Gk-+1,0) Xy Xy » (5-23)
[xu, > Xvi Je = x (Wis, W) (1 + Guy ) (1 = Gie+ 1Gk4-1,6) Xuy Xy, - (5-24)
Proof. The proof follows by (1-4), the second case of Lemma 5.15 and (5-22):
[y X, Je = [Xvye Doungs Xun, 1e],

= X (Vs> i) Xuy Xy, — X (Wig, We1,0) Xy, Xuyy

= x Voo uig) (1= y (@ie, Wepr, ) x (Weg1r, Uik)) Xy Xy, »
[uy, s Xy Je = [Xugys Druges Xuy Ie ]

= [xvsk: xul,]c + X(uls, ulk)xulkxv” - X(ulk, ult)xvstxu”(

=y (a5, Wix) (qu, (1 — Gek+195+1.46) + 1 — Grok+19k+1.0) Xuy Xy, - O

We next deal with the expression of the commutator of two words of type xy,,.
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Lemma 5.18. Lets <tands <k < j,withk # s or j #t. The following relations
hold in *B:

(=0 ifk<j<t,
=0 ifk=s,1<]j,
= X(Vsta th)(l _qt,t+lqt+1,t)ka[szj lf k<t< jo

['x xr’x ]
Vsro MVigde ) 7 (Ver,up)?(1 — 114191 +1,1)

( _qlllrqt,t+lqt+l,t)xﬁ”xvsj ifk=t <],
| € Kty Xy + KXy, Xy, + KoXu; Xy, Xy, ift<k<j.

Proof. The first and second equalities follow from (1-4) and (5-21), (5-22), respec-
tively. For the third, we use the previous one and (1-4):
[y > vy, le
= [xv,r» [ Xuy; 1],
= 1 (Vsz, Wik ) Xuy, (X (Vsr, wp) (1 — q,,t+1q;+1,t)xul,xvv)
— x (i, wi) (1 (Vor, W) (1= G, r41G141,0) Xuy, Xy, ) Xy
= (1= qr,+19r41,0) (X (Ve W1k) x (Vir, W1 Xy Xy, Xy,
— x (@i, wij) x (Vs wip) x (Vj, Wige) Xuy, Xuyy X, )
= x (Vsr, upp) x (v, wy ) (1 — Qt,t+ICIt+1,t)(xu1kxu1k — x (uy, ulf)‘xll]kxlhk)xvsj'
The fourth case is similar to the previous one.
To prove the last case we use (1-4) and Lemma 5.17:
vy > X le = [Xvgs [ouys Xuy;1e],
=[x Vs, i) (1 = G, 141G141,0) Xuy, Xvgp s Xuy le
+ x (Vs Ulk)xulk O (Ve ap) (1 — ql,l+1q[+l,l)xu]txv_§vj)
— x (@, ug ) O (Vsr, wy) (1 — Gr,t+19141,0)Xuy, Xy ) Xuyy -
The proof is finished using (1-5) and the previous identities. (]

Theorem 5.19. Let V be a standard braided vector space of type By, where 6 =
dim V, and let C = (a;})i, jeq1,....0) be the corresponding Cartan matrix of type By.
The Nichols algebra 5(V) is presented by the generators x;, 1 <i <0, and the

relations N
xpe=0, ae€At;

ade(x)' " (x;) =0, i #j;
[(adxj_1)(adxj)xj+1,xj]c =0, 1<j<0,qj=-1;
[(ad x1)%xs, (adx)x2], =0, g1 €G3 orgn=—1;
[(adxl)z(adxz)x3, (adx)xz], =0, qi1€Gsorgn=-—1.
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The following elements constitute a basis of ‘B(V):

xXplxgt . xyt. where 0 <h;j< Ng—1if €Sy, for 1<j<P. (529

Proof. The proof is analogous to that of Theorem 5.14, since by the previous
lemmas we can express the commutator of two generators x, < xz as a linear
combination of monotone hyperwords whose greater hyperletter is great or equal
to xp. ]

5D. Presentation when the type is G;. We now consider standard braidings of
type Go, withmp =3, my; = 1.
Lemma 5.20. Let B :=T(V)/I, for some I € S, and suppose that
=0, M =0, (adx))*xy = (ad x2)’x; =0 (5-26)
inB. Then
(@) [xix2x122], =0in B < de; +2ex ¢ AT(B).
Assume further that the equivalent conditions in (a) hold. Then
(b) [(adx1)’xz, (adxl)zxz]c =0inB < 5e;+2er ¢ AT(B) and
© [[xixoxixole, [xlxz]c]c =0in‘B < 4de| +3er ¢ AT(B).
Assume also that the equivalent conditions in (b) and those in (c) hold. Then
(@) [[x{xale, [xfxoxixale], =0in B < 5ei +3ex ¢ AT(B).

In particular, all these relations hold when V is a standard braiding and B =
B (V) is finite-dimensional.

Proof. Take the ordering x; < X2, and consider a PBW basis as in Theorem 1.12.
Define yx = [T ;< (1 — q{,q12921).

(a) If [x?xlexz]c =0, then 4e; +2e; ¢ AT (B) since there are no possible Lyndon
words in S;: x]3x2x 1X2 is the unique Lyndon word such that x13x2 and x 1x22 are not
factors, and it is not in S; by assumption.

Conversely, if 4e; +2e; ¢ AT (B), then [xfxlexz]c is a linear combination of
greater hyperwords, and [x 1x2xfx2]c and [xllezxz] are the only greater hyperwords
that are not in S; and do not end in x; (we discard words ending in x; since
[x?xlexz]c is in ker D). Taking their Shirshov decomposition, we see that there
exist a, f € k such that

[x7x2x1x2]e — alxixo)elxx2]e — Blxixal; = 0. (5-27)
Note that [x13x2x 1x2]. = ad xy ([xlzxlexz]c), so by direct calculation,

Dy ([x?xax1x2]c) = 0.
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Apply D, to both sides of equality (5-27) and express the result as a linear combi-
nation of [xfxg]cxl, [xlzxz]cxl2 and [xlxz]cxf. The coefficient of [xlxz]cxf is

a(1—q12q21)(1 — q11912921),

so a = 0. Note also that Dsz([x,13x2x1x2]C) =0; but

DD ([x1x202) = (1 — g12g21) (1 — q11912g21) (1 + @11)(G2e1 6> + D[xTx2]c.
Looking at the proof of Proposition 4.7, we see that g2¢,+., # —1, s0 f =0.
(b) Assuming (5-26) and the condition in (a), the only possible Lyndon word of
degree Sej + 2e; is x; x2x7x2, and

[xTxox1x0x1x2]e = [(ad x1) x2, (ad x1)*x2

¢

Then we proceed as before. One implication is clear. For the other, if 5e; + 2¢; ¢
AT (B), there exists a € k such that

[(adxl)sz, (adxl)zxz]c = a(adxl)sz(adx1)3x2.

Now we apply D, and express the equality as a linear combination of (ad x1)3x2x12
and (adxl)zxzxf (using the hypothesis that (adx;)*x, = 0); the coefficient of

(adxl)zxle3 is ays, so a =0.

(c) The proof is similar. Since we are considering Lyndon words not having xfxz or
xlxg as a factor, the only possible Lyndon word of degree 4e1+3e; is xlzxlexle X2,
and
2 1.2
[xfxox1x2x1 0] = [[x{x2x1%0]c, [X122]c ], -

If 4e; +3e¢; ¢ AT (B), there exist a; € k such that

2 2
[x{x2(x1x2)°],
_ 2 2r.2 2 2 3
= a1[x1x2]c[x7x2x1X2]c Fan[x 10217 [x] X2]e Fazxa[ X7 X217 +asxa[x1x2]c[X] X2]c,

since, as above, we are discarding words greater than xlzxlexlexz ending in x1;
we also discard words with factors xfxz, X lxg, xfxlezxz, by the assumption on ‘8.
We apply D; to this equality. Using the definition of the braided commutator, we
express the hyperletter just considered as a linear combination of elements of the
PBW basis, having degree 4e; + 2e;.

The coefficient of xz[xlxz]cxf is a4y3 since this PBW generator appears only
in the expression of Dz(xz[xlxz]c[xfxz]c). Thus a4 = 0.

Using this fact, we see that the coefficient of x; [xfxz]cxl is

a3y2(1+ q11)q71912431 922

since this term appears only in the expression of D; (x> [x%xz]f). Thus a3z = 0.
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Next, the coefficient of [xlxz]%xf is azy2, so ap = 0. Now we calculate the
coefficient of [)clzxz]2

C:
ar1y2(x (e1, Se; +€2) — x (2e; + €2, €1 +€)) = a172g11912 (47) — 922912921) -

Since qfl # q22q12q21 for each standard braiding, we conclude that a; = 0.

(d) If the conditions in (b) and (c) hold, the only possible Lyndon word of degree
5e1 + 3e; not having xfxz or xlx% as factors is xlzxlezxlexz, and

2.2 2 2
[xfxoxixoxixale = [[x{xale, [xfxaxixale], -
This hyperword is not in S; if and only if there exist v; € k such that

2.2 2 2 2.2
[x{x2xi{x2x1x2]e = vi[xixox102]c[X7X2]e + V2 [X122]c[X7 X217

+v3lexa 2 lxxole +vaxalxixaloxixl..  (5-28)

Apply D, and note that Dz([xlzxlezxlexz]c) = 0 under the hypotheses on 8.
Then express the resulting sum as a linear combination of elements of the PBW
basis, which have degree 5e¢; + 2e;.

The hyperword xz[xlzxz]x? appears only for Dg(x2[x12x2]c[xl3x2]c), and its co-
efficient is v4y3, and since y3 # 0 we conclude that v4 = 0.

Analogously, [xlxz]%xlz’ appears only for [xlxz]f[xfxz]c (due to vq4 = 0). Its
coefficient is v3y3, so v3 = 0.

Note that D%Dz([xlzxlexz]c) = 0. We apply Dsz to the expression (5-28),
and obtain

0 =vi72(1 +qi)xfxax1x2)e +v2p2(1 +q11) (1 + Gaeysey) [X122]c [T 22] .

The terms [xlzxgx 1x2]. and [xlxz]c[xlzxz]c are linearly independent, since they are
linearly independent in B(V), and we have a surjection 26 — B(V). Then

v172(1+g11) = v2y2(1 +q11)(1 + G2e, +e,) = 0.
But for standard braidings of type G, we note that g1, g2e,+e, 7 —1 and y2 # 0,

sov; =vy, =0.
The last statement is true since

AT (B(V)) = {e1, e1 + €2, 2e1 + €2, 31 + €2, 31 + 2e2, €2},
if the braiding is standard of type G». ]

Remark 5.21. Let V be a standard braided vector space of type G, and let B
be a braided graded Hopf algebra satisfying the hypotheses of Lemma 5.20. In a
similar way to Lemma 5.5, if g;| ¢ G4 and g2y # —1, then Se; +2e5, 41 +2e24e1 +
3ey, 5e1 +3e; & AT(B).
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This follows because xfxlezxz,xfxlexlexz, xlzxlezxlexz ¢ Sy, using the
quantum Serre relations as in the lemma cited.

Theorem 5.22. Let V be a standard braided vector space of type G,. The Nichols
algebra B (V) is presented by the generators x1, x, and the relations

ad.(x)*(x2) = adc(22)?(x1) =0,  xN =0, a € AT, (5-29)

and, if q11 € Gy or qp = —1,

[(adx1)’x2, (ad x1)%x2 ], =0, (5-30)
[x1, [xfa2x1x2] ], =0, (5-31)
[[xtx2x1x2]e, [X1x2)e], =0, (5-32)
[[xx2)e, [xx2x1x2]e], = 0 (5-33)

The following elements constitute a basis of B(V):
2 [l ] T kT, 0 <hy < N — 1.
(5-34)

Proof. The statement about the PBW basis follows from Corollary 4.2 and the
definitions of the x,.

Let B be the algebra presented by the generators x1, x; and the relations (5-29)—
(5-33). From Lemma 5.20 and Corollary 5.2, we have a canonical epimorphism of
algebras ¢ : B — B(V).

Consider the subspace $ of 28 generated by the elements in (5-34). We prove by
induction on the sum § of the A,’s of a such product M that x;M € $; moreover,
we prove that it is a linear combination of products whose first hyperletter is less
than or equal to the first hyperletter of M. If S =0, we have M = 1.

o If M = val, then x| M =va1+1, which is zero if Ny =ordx; — 1.

o If M = [xfxg]CM’, then we use that xl[xfxz]c = qflqlz[xfxz]cxl to prove that
x1M lies in $ and either is zero or begins with [x?xz]c.

e If M = [xlzxz]cM/, we have

2 3 2 2
xi[xix2le = [x7x2]e + gi1q12[x7x2]cx1.

We use the inductive step and relation (5-30) to prove that x; M lies in $ and
is either zero or a linear combination of hyperwords starting with a hyperletter
less than or equal to [xlzxz]c.

o If M = [x12x2x1x2]cM’, we deduce from (5-31) that

2 2 .
xi[xpxox1x2]e = x(er, 3er + 2ex) [x7x2x1x2]cX1;
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using also (5-32) and (5-33), we prove that x; M lies in $ and is either zero or
a linear combination of hyperwords that starting with a hyperletter less than or
equal to [xlzquxz]c.

o If M = [x1x2].M’, observe that
xi[xix2]e = [X%xz]c +quiqi2[x1x2]exy.

Using the inductive step together with (5-31), (5-32), and the equality

[xixalelxixale = [[xfxale, [xix2le], + x (2e1 + €2, €1 + e2)[x1x2)c[x X2l

by the definition of braided commutator, we prove that x; M lies in $ and is
either zero or a linear combination of hyperwords starting with a hyperletter
less than or equal to [x1x2],.

o If M =x,M’, we use the equalities x;xo = [x1x2].+q12x2x1 and [[x1x2]c, x2]c =
0 to prove that x; M lies in $ and is either zero or a linear combination of
hyperwords.

Now, x, M is a product of nonincreasing hyperwords or is zero, for each element
in (5-34), so ¥ is an ideal of 8 containing 1; hence $ = 3. Since the elements in
(5-34) are a basis of B(V), the map ¢ is an isomorphism. O

SE. Presentation when the braiding is of Cartan type. In this subsection, we
present the Nichols algebra of a diagonal braiding vector space of Cartan type with
matrix (g;;), by generators and relations. This was established in [Andruskiewitsch
and Schneider 2002a, Theorem 4.5] assuming that g;; has odd order and that order
is not divisible by 3 if i belongs to a component of type G,. The proof in loc. cit.
combines a reduction to symmetric (g;;) by twisting, with results from [Andersen
et al. 1994] and [De Concini and Procesi 1993]. We also note that some particular
instances were already proved earlier in this section.

Fix a standard braided vector space V with connected Dynkin diagram and an
i €{1,...,0}. Suppose that B is a quotient by an ideal I € G of T (V). Assume
moreover that V is not of type G, and that

(5-3) holds in B if 1 <i #j <80, (5-35)
(5-4) holds in*B if my; =my =1 and mj; = 0; (5-36)
(5-6) holds in*B if mi; =2 and mj; = 1; (5-37)
(5-8) holds in B if my; =2, mjr =mj; =1and my =0. (5-38)

Note that if (5-3) holds in an algebra with derivations Dy, then (2-11) holds also,
by Lemma 2.7. By Theorem 2.6, we have an algebra s; (*B) provided with skew
derivations D;. We set X; = (ad, x;)™*(x;)#1 € 5;(2B), for k # i, and X; = 1#y.
The elements generate s; (‘B)1 as a vector space.
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Lemma 5.23. Conditions (5-35)—(5-38) are satisfied with s; (B) in lieu of B.

Proof of (5-35). Each me; + ¢j, 0 < m < my; is an element of A(B(V;)), so
si(mey +¢;) € A(B(V)). Since we have a surjective morphism of braided graded
Hopf algebras B — B(V), we have A(B(V)) € A(B).

m

From Lemma 5.3, (ad. X)"x; = 0 if and only if X;"X; is a linear combination of
greater words, for an order in which x; < X; (since we are considering the Cartan
case, the condition about the ordering of the X; is satisfied). Note that x;"X; is the
unique Lyndon word of degree me; + ¢;. Then, by the relation (2-15) between the
Hilbert series of B and s; (28), the validity of (5-3) for s;(*8) is equivalent to the
condition

si((myj + 1ex +¢;) ¢ AT(B).
(a) When k =i # j, this says that —e; +e; ¢ AT(%B), so (5-3) holds.
(b) To prove (5-3) for s;(®8) when j =i, we show case by case that
(mpi + Dex + ((mii + Dmig — 1e; ¢ AT (B).
o If my; =mj; =0, we have e, — ¢; ¢ AT(B).

o If my; =mj; =1, then 2e; +e¢; ¢ At (B), because (ad x;)%x; = 0.

o If my; =1 and m;; = 2, then 2e; + 3¢; ¢ AT (B), since we can apply Lemma
5.5 to ‘B, which satisfies (5-6) by assumption.

o If my; =2 and m;; = 1, then 3e; +2e¢; ¢ AT (B), as before.
Thus (5-3) holds for each k #i.

(c) Now consider # > 3 and k, j #i.
o If myx =m;; =0, then s; (me; +¢;) = mey +e;, and (my; + e +e; & A*(B),
since the quantum Serre relation holds in ‘B.

o If myx =1 and m;; = 0, then s;(me; + ;) = me; + me; + e;. If we assume
Xj < x; < x, and look at the possible Lyndon words in Sy, from (5-3), these
words have no factors xl.zxk, x;jx;, so the only possibility is x; (xzx;)™.

- If my; =0, then x;xix; = qjixiXjX;, SO Xjxpx; ¢ Sj.
- If my; = 1, then x;x;x;x, ¢ S; when my; = 1, since (5-4) is valid in 5;
while if my; = 2 we have gy # —1 and

X Cox)? = (L4 qu) ' xjxix? + (L+ qu) ™ qrigiy xjxixixi
-1 -1 _-2 1, -1 -2 -2
=qn 9 xiexjxx; + (1+ gu) ™' g drj ik xpxjx}
+( +Qkk)_IQkiQI?iji xixjx/fxi.

In both cases, x; (xxx;)> ¢ S;.
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- If my; =2, then my; =mj; =1 and gg # —1. The proof is similar to the
previous case.

o If mjx = 2,m;; =0, then s;(me; + ;) = 2me; + me; +e; and my; = 0, 1.
When my; = 0, the proof is clear as above. When m;; =1, for j <k <i and
considering only the quantum Serre relations, the only possible Lyndon word is
Xj (xkxl.z)z. But since [[xizxk]c, [x,-xk]c]c =0, we deduce that such a word is not
in S[.

o If myx =0, m;; =1, then s; (me; +e;) =e; +me;+e;. If kK <i < j, note that from
XiXi, x,’(nk"ij ¢ Sy, there are no Lyndon words of degree €; + (my; + 1)ex +€;
in S[.

o If mjx =0, m;; =2, then s; (me;+e;) =2e; +me; +e;, and the proof is analogous
to the previous case.

o If m;z =m;; =1, then my; =0, and s; (e; + €;) = 2e; + €; + €;, which is not in
AT (B) from Lemma 5.4.

o If myx =2,m;; =1 (it is analogous to m;; = 1, m;; = 2), then my; = 0 and
s;(ex ;) = 3e; +e; +e;. In this way we get ¢;; # —1, and if x; <x; < x; the
unique Lyndon word without xl.zx j or xkxl.3 as factors is

xexixixi = (1 +qi) g xex)xj + (L4 qi) ™ qhiqijxuxixx]
€ k(xixkxij) + k(xizxkxixj) + k(x?kaj) + k(xkx,-xjxiz),

using the quantum Serre relations; hence there are no Lyndon words of degree
3e; +e;+e; in S;.

So, (5-3) holds, for each k, j # i,k # j. (I

Proof of (5-36). Assume my; = my; = 1. We prove case by case that
si(2er +e; +e) ¢ AT (B).

o If mjj =m;x =m;; =0, then s; (2e; +e; +e¢;) = 2e; +¢; +¢;, so it follows from
Lemma 5.4, because 2e; +e; +e; ¢ AT (B).

o If m;; # 0 (analogously, if m;; # 0), then m;; = m;; = 0, because there are no
cycles in the Dynkin diagram. Then s; (2¢; +€; +€;) = 2e; +e; +¢; +m;;e;. If
we consider x; < x; <Xx; <Xx;, using the equalities xx; = qx; X; Xk, XjX| =qj1X|X;
and x;x; = gj;x;x;, and also that x,fxl, x,ij ¢ Sy, we conclude that no possible
Lyndon words of degree 2¢; + e; + ¢, +m;je; can be an element of S;, except
xkxlxkx,x?ij ; but this, too, is not an element of Sy, because x;x;xx; ¢ S;. Hence
2e; +e +e +mjje; ¢ AT(B).

e If m;; =1, and therefore m;; = m;; =0, then s; 2e; +e; +¢€;) =2e; +e¢; +¢€ +
2m;re;. If we consider x; < x; < x; < x;j, using the equalities x;x; = g;;x;x;,
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xjx; = qjx;xj and x;x; = q;;x;x;, and also that x,%xl,x,ij ¢ Sy, we discard
as before all possible Lyndon words of degree 2e; + e; + €, + 2m;€;, except
x;xkxjxkxizmif; but this is not an element of S;, because x;x;xix; ¢ S;. Thus
2e; + e +e + 2m,~jei ¢ A+(%).

o If i = j (analogously, if i =), then s;(2e +€; +€;) =2e; +e¢; +¢ ¢ AT(B) if
mjx =1by Lemma 5.4, or 5;(2ex +e€; +¢€;) =2e;+3e;+e; ¢ AT(B) if mj =2
by Lemma 5.5.

o If i =k, then sy (2ex + ¢ +€) =e; +e ¢ AT(B), since mj; = 0.

Also, ifuc {ey+e;, e +e;, e, e;, ¢}, thenuec A(B(V;)),sos;(u) € ACB(V)).
The canonical surjective algebra morphisms from 7' (V) to B and ‘B(V) induce a
surjective algebra morphism B — B(V), so A(2B(V)) C A(®B); in particular, each
s; () lies in A(®B).

Consider a basis as in Proposition 1.11 for an order such that x; < x; <x;. From
Lemma 2.7, x;xi, Xix;, Xjxcx; are elements of this basis, since they are not linear
combinations of greater words modulo I;, the ideal of 7'(V;) such that 5;(B) =
T (V;)/1;. Inthe same way, (xgx;) (xjxi), XXk (X Xk ), (xkxp) XX, x (o X xp), xlx,%xj
af x,f # 0) are elements of this basis, where the parenthesis indicates the Lyndon
decomposition as nonincreasing products of Lyndon words. Also, x;x;, xjx,f, x,%xl
are not in this basis, by (5-3). By the relation (2-15) between Hilbert series and
the fact that 2e; +e; +€; & s; (AT(B)), we note that x;x,x;x is not an element
of the basis. Thus this word is a linear combination of greater words. By Lemma
5.4, this implies that (5-4) holds in s; (*B). O

Proof of (5-37). As before, we prove first that s; (3ex +2e¢;) ¢ AT (B) case by case:
o If mjx =m;; =0, then 5; (3e; +2¢;) = 3e; + 2e; ¢ AT (®B) by assumption.

o If miyx =0, m;; =1, then 5; (3e; +2e;) = 2e; +-3e; +2e;. If we consider an order
such that x; <x; <x;, aLyndon word of degree 2e; +3e; +2e; in S; begins with
Xk, and xix; is not a factor, because x;x; = gy, x;x;. Thus the possible Lyndon
words with these conditions are x,%xjxixkxjxi and x,%xjxkxjxiz; the first is not in
S1 because from (5-4) for j, k, i we can express x;x;x;X; as a linear combination
of greater words, and the second is not in S; because x7x;xcx; ¢ ;.

o If myr =1, m;; =0, then s;(3e; + 2¢;) = 3e; + 3¢, + 2e;. If we consider an
order such that x; < x; < x;, a Lyndon word of degree 3e; + 3¢; + 2¢; in §;
begins with x;, and x;x; is not a factor. Using that also xl.zxk, szxk ¢ Sy, the
possible Lyndon word under these conditions is x;xx; x; x;x; x¢x; . But from the
condition on the m,g, we are in cases Cy or Fy, and we use that (ad xi)zxk =0,
gii # —1 to replace x;x;x; by a linear combination of xl.zxk and xkxiz, and also
use x;x; = q;; X;Xj, so we conclude that x;xix;x;xix; xxx; ¢ Sy.

o If i = j, then s;(3e; +2e;) = 3ex +€; ¢ AT(B), since my; = 2.
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o If i =k, then sy (3ex +2e;) = e +2e; ¢ AT (B), since mj; = 1.

If ve{er+e;,2e,+e;, e e}, thenve ACB(V;)), sos;(v) € ACB(V)). Since
A(B(V)) € A(®B); in particular, each v lies in 5; (A ($8)).

As in (a), consider a basis as in Proposition 1.11 for an order such that x; <x;. In
a similar way, x;x;, x2x; are elements of this basis, but xx; and xksz are not in this
basis by (5-3). By Lemma 2.7, (xxx;)(x2x;), xj (x2x;) Xk, (Xx;) Xk, Xj () x 2,
szxg (the last if xj2, xlz’ = 0) are not linear combinations of greater words modulo
I;, so they are elements of the chosen basis. By the relation (2-15) between Hilbert
series and the fact that 3e; + 2e; ¢ s; (A+ (%)), the Lyndon word x,ijxkxj is not
an element of the basis. Thus this word is a linear combination of greater words,
and by Lemma 5.5, this implies that (5-6) holds in s; (*B). ]

Proof of (5-38). We prove case by case that
si(3ex +2e; + €/) ¢ AT(B).

o If mjx =m;j =m;; =0, then s; (3e; + 2e¢; + ;) = 3e; + 2e; + €;, and this is not
in AT(B) by Lemma 5.6.

o Ifi # j, k, [ and m;; # 0, the only possibility is m;; = my; =1, so V is of type
Fy. Thus s5; (3e;+-2e;+e;) = 3e; +3e; +2e; +e;. For the order x; < x; <x; <x;,
the only possible Lyndon word without the factors xlsz, XXk, XX, szxk, XjXi,
xkxl?, x,fxi 18 xyxjxx; Xjxpx; X, x;. Using the quantum Serre relations and the
fact that g;; = gk # —1, we see that this Lyndon word is not in S;. Thus

3e; +3e; +2e; +e ¢ AT(B).

e i # j,k,l and m;; # 0: there are no standard braided vector spaces with these
values.

o If i # j, k,I and m;; # 0, the unique possibility is m;; = m;; = 1. In this case
5;(3ex +2e; +e;) = 3e; +2e; +e; +e;. If we consider x; < x; <x; < x;, the
only possible Lyndon word of this degree without the factors xix;, xix;, x;x;,
x,?xi, xksz is x,?xjxlxixkx,-. But by assumption,

[xxixile, Doxjle], = [xi [xexj1e], =0,
SO [x,%xjxlxixkxi]c = [[x,%xjxlxi]c, [kaj]c]c =0, and x,ijxlxixkxi ¢ Sy.

o If i =k, then s5;(3e; +2¢; +-¢€) =e¢; +2¢; +¢ ¢ AT (®8), by Lemma 5.4.

o If i = j, then s; (3e; + 2e; +¢;) = 3¢, +2¢; +¢ ¢ AT(B), by Lemma 5.6.

o If i =k, then s;(3ex +2e; +€;) =ex + 2¢; +¢; ¢ AT(B), as before.

Now, if w € {e;, ¢;, €/, e, +€;, e, +e;+e, 2e,+e;, 2e,+e;+e;, 2e,+2e; +e},
then w € A(B(V;)), so s;(w) € A(B(V)), hence s;(w) € A(*B).
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Consider a basis as in Proposition 1.11 for an order such that x; < x; < x;.
Then x;jx; and x;x; are elements of this basis. We know that x;x;, x,ij, xka.Z,
X X[ X[ X, x,ijxkxj are not elements of the basis, since (5-3), (5-4) and (5-6) hold
in 2B. By Lemma 2.7, the relation (2-15) between Hilbert series and the fact that
e +2e+e &5 (AT (%8)), the Lyndon word x,fx i X1X,X; 18 not an element of the
basis. Thus this word is a linear combination of greater words. By Lemma 5.6,

this implies that (5-8) holds in s; (25). U

This concludes the proof of Lemma 5.23. Note also that s;(28) is of the same
type as B.

Let V be of a type different from G,. We define the algebra %(V) =T(V)/3(V),
where J(V) is the two-sided ideal of T (V) generated by

o (ade xp)™itxy, k 3

o [(ade xj)(ade xp)xp, xi ] o L # K # Jo que = =1 myg =my = 1;

* [(ad; xi)?x;, (ad. Xk)xj]c, k#j,qu € Gzorgjj=—1,m; =2, mjp=1;

o [(ade xp)*(ade x))x1, (ade x0)xj] o k % j # L que € Gs or gjj = —1, my; =2,
mjk = mﬂ =1.

(Compare with the definitions in Section 4 of [Andruskiewitsch and Schneider
2002a].) Since V is of Cartan type, J(V) is a Hopf ideal, by Lemmas 5.7-5.9.
Since J(V) also is Z?-homogeneous, we have J(V) € &.

By Lemmas 5.4-5.6, the canonical epimorphism 7 (V) — B(V) induces an
epimorphism of braided graded Hopf algebras

Ty B(V) = B(V). (5-39)

Also, %(V) satisfies the conditions in Theorem 2.6 for each i € {1, ..., 8}, so
we can transform it.

Lemma 5.24. With the notation above, s; (‘%(V)) = sZAB(V,)

Proof. By Lemma 5.23, the relations defining J(V;) are satisfied in s; (%(V)).
Thus the canonical projections from 7' (V;) onto i%(V,) and s; (%(V)) induce a
surjective algebra map %(V,) — 5 (‘%(V)). Conversely, each relation defining
J(V) is satisfied in s; (%(Vi)), so we have the following situation:

L

si(B(V)).

B(V) si(B(V)))

B(Vi)
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From the relation (2-15) between Hilbert series, we have, for each u € N?,

dim s; (%(V))u = Z dim %(V)Si(“—kei)’
keN: u—ke; eN?
si (u—ke;)eN?

and a analogous relation for dim s; (%(Vi ))". Butin view of the previous surjections
we have
dims; (B(V))" < dimB(V,)*,  dims;(B(V)))* < dim B(V)",
for each u € N’. Since si2 =1id, each of these inequalities is in fact an equality, and
5i(B(V)) =B(Vi). U
We are now able to prove one of the main results of this paper.

Theorem 5.25. Let V be a braided vector space of Cartan type, of dimension 0,
and C = (a;})i, je(1,....0) the corresponding finite Cartan matrix, where a;; := —mj;.

The Nichols algebra B(V) is presented by the generators x;, for 1 <i <86, and
the relations

xNe=0, aeA", (5-40)
ad:(xe)' "% (x;) =0, k #j. (5-41)

If there exist j # k # | such that my; =my =1, qix = —1, then

[(ad Xi)Xj, (adxk)xl]c =0. (5-42)
If there exist k # j such that my; =2, mj =1, qix € Gj3 or gjj = —1, then
[(ad x¢)2x;, (ad xi)x;], = 0. (5-43)
If there exist k # j # 1 such that my; =2, mjx =mj =1, qux € G3 or q;; = —1,
then
[(ad x¢)* (ad x))x;, (ad xp)x; ], = 0. (5-44)
If0 =2,V ifof type G, and q11 € Gy or g2 = —1, then
[(adx1)’x2, (ad x1)%x2], =0, (5-45)
[x1, [¥ix2xix2] ], =0, (5-46)
[xfxoxixa],, [¥ix2]e], =0, (5-47)
[[xlzxz]c , [xfxlexz]c]c =0. (5-48)

The following elements constitute a basis of ‘B(V):

le'xZZZ...xZIf, where 0 < h; < Ng, —1, if Bj €Sy, for 1 <j<P.
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Proof. We may assume that C is connected. For V of type G5, the result was
proved in Theorem 5.22. So we can assume my; # 3, k # j.

The statement about the PBW basis was proved in Corollary 4.2; see the defi-
nition of the x, in Section 4B.

Consider the images of the x, in s%(V); they correspond in B(V) with the x,,
and are PBW generators for a basis constructed as in Theorem 1.12, considering
the same order in the letters. As we observed in (5-39), there exists a surjective
morphism of braided Hopf algebras %(V) — B(V), so

A(B(V)) € A(B(V)).

Also, %(V) satisfies the conditions in Theorem 2.6 foreachi € {1, ..., 8}, so we
can transform it. By Lemma 5.24, the new algebra is B(V;), so we can continue.
Consider the sets

A:=U(AGi...B):keN, 1<iy,...,ix<6), At:=ANN;
A is invariant by the s;. Also, A(®B(V)) C A, and
A(S,'l. . .S,’k%(V)) = Si-- S,kA(%(V))

Consider a € At \ AT(®B(V)). Suppose that o is not of the form ma; for
meNandi €{l,...,80}, and that it is of minimal height among such roots. For
each s;, since a is not a multiple of a;, we have s;(a) € AT\ AT (B(V)); hence
degsi(a) —dega > 0. But a = Z?zl bie;, so Z?:l bia;; <0, and since b; > 0,
we have Z? j=1 bia;ijb; <0. This contradicts the fact that (a;;) is definite positive,
and (b;) > 0, (b;) #0.

Also, me; € AT(B) < m = N,, or m = 1, since xl.Ne" # 0. Hence

A(B(V)) = AGB(V))U{N,a:a e A(B(V))).
This follows since by Corollary 4.2 each a € A*(B(V)) is of the form
a=s;---5,0€), ii,....im, jE{l,...,0}.
Now, Nee; € A(%(V)), o)
Ngo = Ne;o = si,. .. 51, (Ne, €)) € A(%(V)).

Also, each degree N,a has multiplicity one in A(%(V)).
Suppose there exist Lyndon words of degree N, a, and consider one such word
u of minimal height. Let u = vw be a Shirshov decomposition thereof, and put

B:=degv, y:=degw € AT(B(V)).
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By the preceding assumption, £, y € AT(B(V)). Write

0 0 0
o= ae, P= b, =2 cre,
k=1 k=1 k=1
s0 Nyay =bp+cy, foreach k € {1, ..., 0}. We can assume, by taking a subdiagram

if necessary, that a;, ag # 0.
Now, if V is of type F4 and S = 2e; + 3e; + 4e3 + 3e4, then ¢y =0, a; = 1,
Ny,=2,ora;=c;=1,N, =3,since a,y #pf.

e If N, =3, then 3ap, =3+ ¢». Hence ¢, =0, 50 ¢c3 =c4 =0, or ¢c; = 3, and
c3 =4, c4 = 2. But in both cases we have a contradiction to a € N*.

o If N, =2, c; =0, then ¢; and ¢4 are odd, and c3 is even and nonzero. The only
possibility is y = e; +2e3 +e4, so a = e; 4+ 2e; +3e3 +2e4. But g, =q # —1,
so N, # 2, which is a contradiction.

Thus we can assume by, ¢y <lorby,cop <1,s0a1=by=ci=1orayp=by =
cp = 1; in both cases, N, = 2. For each possible f with b; # 0 (by the assumption
that a; # 0, we have b; # 0 or ¢; # 0), we look for y such that § + y has even
coordinates. In types A, D and E there are no such pairs of roots. As for the other

types:

e By: f =Vig, y =ui4149. Then a = uyp, but g, = g1 # —1, which is a
contradiction.

e Cy: f=Wwi1,y =ey. Then a =uyy, but g, =gpy # —1, which is a contradiction.
o Fy: ﬁ =e;+e+2e3+2eq,y =€) +ey, orﬁ =e| +2e; +2e3+2eq, y =ey.
In both cases, o = e| +e; +e3+ €4, but g, = g # —1, which is a contradiction.

Ny
o

Thus each root N,a corresponds to x
before. The elements

and each x, has infinite height, as

lelxzzz...x/};;’, where 0 <h; < oo, if f; €S, for 1 <j<P,
form a basis of %(V) as a vector space.
Now let I(V) be the ideal of T' (V) generated by the relations (5-41)—(5-44) and
(5-40). We have J(V) C I(V) C I(V), so the corresponding projections induce a
surjective morphism of algebras ¢ : B — B(V), where B := T (V)/I(V):

T(V) —= B(V)

]

B(V) «T B
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Also, the elements

lelxzzz...lef, where 0 <h; < Ng,, if f; €Sy, for 1 <j <P,
generate ‘B as a vector space, because they correspond to images of generators of
%(V) and are nonzero (as before, each nonincreasing product of hyperwords such
that hj > Npg, is zero in 9B). But ¢ is surjective, and the corresponding images of
these elements form a basis of B(V), so ¢ is an isomorphism. ([
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