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Ideals generated by submaximal minors
Jan O. Kleppe and Rosa M. Miré-Roig

The goal of this paper is to study irreducible families Wl’;] b; a) of codimen-
sion 4, arithmetically Gorenstein schemes X C P" defined by the submaximal
minors of a # x t homogeneous matrix ¢ whose entries are homogeneous forms
of degree a; —b;. Under some numerical assumption on a; and b;, we prove that
the closure of Wt”t’l b; a) is an irreducible component of Hilb”™ ("), show that
Hilb”™ (P") is generically smooth along W,’,," (b; a), and compute the dimen-
sion of Wf;l (b; a) in terms of a; and b;. To achieve these results we first prove
that X is determined by a regular section of $y / 9% (s) where s = deg(det «{) and
Y C P" is a codimension-2, arithmetically Cohen—Macaulay scheme defined by
the maximal minors of the matrix obtained deleting a suitable row of .

1. Introduction

In this paper we deal with determinantal schemes. A scheme X C P" of codimen-
sion c is called determinantal if its homogeneous saturated ideal can be generated
by the r x r minors of a homogeneous p X ¢ matrix withc = (p—r+1)(g —r+1).
When r = min(p, g) we say that X is standard determinantal. Given integers
r<p=<q,ai<ay=<...<ap,and by <by <...<by, wedenote by W,  (b;a)C
Hilb”?®) (P") the locus of determinantal schemes X C P" of codimension ¢ =
(p—r+1)(g —r +1) defined by the r x r minors of a p x g matrix (f ji)lj::]f,'_','_’z,
where fj; € k[xg, x1, ..., x,] is a homogeneous polynomial of degree a; — b;.

The study of determinantal schemes has received considerable attention in the
literature [Bruns and Vetter 1988; Hochster and Eagon 1971; Eagon and Northcott
1962; Miré-Roig 2008]. Some classical schemes that can be constructed in this
way are the Segre varieties, rational normal scrolls, and the Veronese varieties. This
paper contributes to the classification of determinantal schemes, and addresses, in
the case p =¢q =t, r =t — 1, three fundamental problems:

(1) determining the dimension of W, . (b; a) in terms of a; and b;,

MSC2000: primary 14M12, 14C05, 14H10, 14J10; secondary 14NOS.
Keywords: Hilbert scheme, arithmetically Gorenstein, determinantal schemes.
Miré-Roig was partially supported by MTM2007-61104.
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368 Jan O. Kleppe and Rosa M. Miré-Roig

(2) determining whether the closure of W},  (b; a) is an irreducible component of
Hilb?™ (P), and

(3) determining when Hilb?™) (P") is generically smooth along W, . (b; a).

The first important contribution to these problems was made by Ellingsrud [1975],
who proved that every arithmetically Cohen—Macaulay, closed subscheme X of
codimension 2 of P” is unobstructed (that is, the corresponding point in the Hilbert
scheme Hilb?™® (P") is smooth) provided n > 3. He also computed the dimension
of the Hilbert scheme at (X).

Recall that the homogeneous ideal of an arithmetically Cohen—Macaulay closed
subscheme of codimension 2 of P” is given by the maximal minors of a (r — 1) x ¢
homogeneous matrix, the Hilbert—Burch matrix; that is, such a scheme is stan-
dard determinantal. The purpose of this work is to extend Ellingsrud’s Theorem,
viewed as a statement on standard determinantal schemes of codimension 2, to
arbitrary determinantal schemes. The case of codimension-3 standard determinan-
tal schemes was mainly solved in [Kleppe et al. 2001, Proposition 1.12], and the
case of standard determinantal schemes of arbitrary codimension was studied and
partially solved in [Kleppe and Mir6-Roig 2005]. In [Kleppe and Miré-Roig 2007],
we treated the case of codimension-3 determinantal schemes X C P" defined by
the submaximal minors of a symmetric homogeneous matrix. In our opinion, it
is difficult to solve the above three questions in full generality, and, in this paper,
we will focus our attention on the first unsolved case; that is, we will deal with
codimension-4 determinantal schemes X C P”, n > 5, defined by the submaximal
minors of a homogeneous square matrix. As in [Kleppe et al. 2001; Kleppe and
Miré6-Roig 2005; Kleppe and Mir6-Roig 2007], we prove our results by considering
the smoothness of the Hilbert flag scheme of pairs, or, more generally, the Hilbert
flag scheme of chains of closed subschemes obtained by deleting suitable rows,
and its natural projections into the usual Hilbert schemes. We wonder if a similar
strategy could facilitate the study of the general case.

Here we outline the structure of the paper. In Section 2, we recall the basic facts
about local cohomology and deformation theory needed in what follows. In Section
3, we describe the deformations of the codimension-4 arithmetically Gorenstein
schemes X C P" defined as the degeneracy locus of a regular section of the twisted
conormal sheaf $y /&%(s) of a codimension-2, arithmetically Cohen—Macaulay
scheme Y C P" of dimension > 3. Section 4 is the heart of the paper. There we
determine the dimension of W,’,,_1 (b; a) in terms of b; and a; provided a; > b;3
forl <i<t—3(anda; =b,ift <3),a; >a;_1+a,_p—byanddimX > 1. We
also prove that, under this numerical restriction, Hilb? ™ (P") is generically smooth
along W,t;l (b; @), and that the closure of W,’;l (b; a) is an irreducible component
of Hilb”?™) (P) (see Theorem 4.6).
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The key point in proving our result is the fact that any codimension-4, deter-
minantal scheme X C P defined by the submaximal minors of a homogeneous
square matrix & is arithmetically Gorenstein and determined by a regular section
of $y/ 9%(s) where s = deg(det ) and Y C P" is a codimension-2, arithmetically
Cohen—Macaulay scheme defined by the maximal minors of the matrix N obtained
deleting a suitable row of & (see Proposition 4.3). Conversely, any codimension-4,
arithmetically Gorenstein scheme X = Proj A C P" defined by a regular section ¢
of 9y /9%,(s) where ¥ = Proj B C P" is a codimension-2, arithmetically Cohen—
Macaulay scheme, fits into an exact sequence

O—>KB(n+1—2s)—>NB(—s)U—*>B—>A—>0,

and is determined by the submaximal minors of a ¢ x t homogeneous matrix
obtained by adding a suitable row to the Hilbert—Burch matrix of Y (see Proposition
4.3). In Section 5, we include some examples which illustrate that the numerical
hypothesis in Theorem 4.6, a; > a;_| 4+ a;—» — by, cannot be avoided.

Notation. Throughout this paper k will be an algebraically closed field k, R =
k[xo0, X1, ..., Xxn]l, m = (xg, ..., x,) and P" = Proj R. As usual, the sheafification
of a graded R-module M will be denoted by M and the support of M by Supp M.

Given a closed subscheme X of P"* of codimension ¢, we denote by $x its ideal
sheaf, by Ny its normal sheaf, and by I(X) = H?(P", $x) its saturated homoge-
neous ideal unless X = &, in which case we let I (X) =m . If X is equidimensional
and Cohen—Macaulay of codimension ¢, we set wy = %xtéw (Ox,O0pn)(—n—1) to
be its canonical sheaf.

In the sequel, for any graded quotient A of R of codimension ¢, we let I4 =
ker(R — A), Ny =Homg (4, A) be the normal module. If A is Cohen—-Macaulay
of codimension ¢, we let K 4 =Ext% (A, R)(—n—1) be its canonical module. When
we write X =Proj A, welet A=R/I(X) and Kx = K 4. If M is a finitely generated
graded A-module, let depth; M denote the length of a maximal M-sequence in
a homogeneous ideal J and let depth M = depth,,, M. If I'j(—) is the functor of
sections with support in Spec(A/J), we denote by H } (—) the right derived functor
of I J (—)

Let Hilb”?™) (P") be the Hilbert scheme parameterizing closed subschemes X
of P* with Hilbert polynomial p(x) € Q[x] [Grothendieck 1966]. By abuse of
notation we will write (X) € Hilb”?™) (P") for the k-point which corresponds to a
closed subscheme X C P". The Hilbert polynomial of X is sometimes denoted by
px. By definition X is called unobstructed if Hilb?™) (P") is smooth at (X).

The pullback of the universal family on Hilb” (P") via a morphism y : W —>
Hilb? (P™) yields a flat family over W, and we will write (X) € W for a member of
that family as well. Suppose that W is irreducible. Then, by definition, a general
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(X) € W has a certain property if there is a nonempty open subset U of W such
that all members of U have this property. Moreover, we say that (X) is general in
W if it belongs to a sufficiently small open subset U of W (so any (X) in U has
all the openness properties that we want to require).

Finally we let D = D(pyx, py) be the Hilbert flag scheme parameterizing pairs
of closed subschemes (X’ C Y’) of P" with Hilbert polynomials pys = px and
Py’ = py, respectively.

2. Preliminaries

For the convenience of the reader we include in this section the background and
basic results on local cohomology and deformation theory needed in the sequel.

2.1. Local cohomology. Let B = R/Ip be a graded quotient of the polynomial
ring R, let M and N be finitely generated graded B-modules and let J C B be
an ideal. We say that M (assumed nonzero) is Cohen—Macaulay if depth M =
dim M and maximal Cohen—Macaulay if depth M = dim B. Equivalently, since
depth; M > r is equivalent to H } (M) =0 for i < r, the module M is Cohen—
Macaulay (resp. maximal Cohen-Macaulay) if H. (M) = 0 for all i # dim M
(resp. i < dim B). If B is Cohen—Macaulay, we know by Gorenstein duality that
the v-graded piece of H! (M) satisfies

JHL(M) = _ ExtG™B~(M, Kp)".
Let Z be closed in Y :=Proj B and let U =Y — Z. Then we have an exact sequence
0— Hjz)(M) > M — HJ(U, M) — Hj}; (M) — 0

and isomorphisms Hli @) (M) ~ HI-'(U, M ) for i > 2, where as usual we write
H(U, M) = @, H (U, M(t)). More generally, if depth; ;) N > i + 1, there is an
exact sequence

0Bxthy (M, N) < Ext, (M|y, N|y)
— oHomp(M, H;{},(N)) = oExtly (M, N) — -+ (2-1)

by [Grothendieck 1968, exposé VI], where the middle form comes from a spectral
sequence also treated in the same source.

2.2. Basic deformation theory. To use deformation theory, we will need to con-
sider the (co)homology groups of algebras H»(R, B, B) and H>(R, B, B). Let us
recall their definition. We consider
H2 "
o= = @ R(—ny ;) — F = @ R(—n;;) > R— B —0, (2-2)
j=1 i=1
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a minimal graded free R-resolution of B and let H; = H,(Ip) be the first Koszul
homology built on a set of minimal generators of /5. Then we may take the exact
sequence

0— H»(R,B,B)—> H — Fi Qg B — I3/I3>—> 0 (2-3)

as a definition of the second algebra homology H>(R, B, B) [Vasconcelos 1994],
and the dual sequence

— ,Homp(F; ® B, B) — ,Homg(H;, B) - ,H*(R, B, B) — 0,

as a definition of graded second algebra cohomology H?(R, B, B). If B is gener-
ically a complete intersection, then it is well known that [André 1974, Proposition
16.1]:

Exth(Ig/13, B)~ H*(R, B, B).

We also know that H%(Y, N'y) is the tangent space of Hilb”?®) (P") in general, while
H'(Y, Ny) contains the obstructions of deforming ¥ C P in the case in which Y is
locally a complete intersection (l.c.i.) [Grothendieck 1966]. If jHomg (5, Hnl.l(B))
vanishes (for example if depth,, B > 2), we have by (2-1) that jHompg (/5 / Iﬁ, B)~
H(Y,Ny) and gH?*(R, B, B) — H'(Y, Ny) is injective in the l.c.i. case, and
that o H?(R, B, B) contains the obstructions of deforming ¥ C P" [Kleppe 1979,
Remark 3.7]. Thus ¢H?(R, B, B) = 0 suffices for the unobstructedness of an
l.c.i. arithmetically Cohen—Macaulay subscheme Y of P" of dimY > 1. For this
conclusion we may even entirely skip “l.c.i.” by slightly extending the argument,
as done in [Kleppe 1979].

2.3. Useful exact sequences. In the last part of this section, we collect some exact
sequences frequently used in this paper, in the case that B = R/Ip is a gener-
ically complete intersection codimension-2 CM quotient of R. First, applying
Hompg(—, R) to the minimal graded free R-resolution of B,

0— Fyi=@" | R(—naj) > Fi =@/ R(—n1;) > R— B —>0, (2-4)
we get a minimal graded free R-resolution of Kp:
0— R—>@R(n1’i)—>@R(n2,j)—>KB(n+1)—>O. (2-5)

If we apply Hom(—, B) to (2-5) we get the exactness on the left in the exact se-
quence

0— Kg(n+1)" - @ B(—na;) > @ B(—n1;) — Ip/I3 — 0, (2-6)

which splits into two short exact sequences via @ B(—n>, j)— Hy— P B(—ny,),
one of which is (2-3) with H>(R, B, B) = 0. Indeed since H; is Cohen—Macaulay
by [Avramov and Herzog 1980], we get H>(R, B, B) =0 by (2-3). Moreover since
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Ext}e (I, Ip) >~ Np we showed in [Kleppe and Peterson 2001, page 788] that there
is an exact sequence of the form

0— Ff®r F,— ((Ff ®r F1))® (F5 ®& F2))/R — FS ®g F1 —> Ng — 0, (2-7)

where F" = Homg(F;, R). Indeed this sequence is deduced from the exact se-
quence
0— R— @Ipni;)—> PIp(nyj) > Ng— 0,

which we get by applying Homg (—, Ip) to (2-4) [Kleppe and Peterson 2001, (26)].
Similarly applying Homg (—, 13/112;) to (2-4), and noting that

Homg (Ip, Ip/13) ~Homp(I3/1}, Ip/13),
we get the exact sequence

0— HOI’I]B(IB/IZ, IB/I)_L%) — @13/1123(7117,‘) —> @IB/I%}(HZ’]') —> NB — 0.
(2-8)
Finally we recall the following frequently used exact sequence [Vasconcelos 1994]:

0= A*(@ R(=n2) = (B R(=n1.) ® (B R(=n2,)
= S2 (@B R(-n1)) > 13 > 0. (2-9)

3. Deformations of quotients of regular sections

In [Kleppe 2007] the first author studied deformations of a scheme X := Proj A
defined as the degeneracy locus of a regular section of a “nice” sheaf M on an
arithmetically Cohen—-Macaulay (ACM) scheme Y = Proj B. Recall that if we take
a regular section of the anticanonical sheaf kvz (s) and Y is an l.c.i. of positive
dimension, then we get an exact sequence

0— Kg(—s)—> B—> A—0,

in which A is Gorenstein. Indeed the mapping cone construction leads to a resolu-
tion of A from which we easily see that A is Gorenstein. In [Kleppe and Peterson
2001], we generalized this way of constructing Gorenstein algebras to sheaves of
higher rank and, in [Kleppe 2007], we studied the deformations of this “construc-
tion”, notably in the rank 2 case which we now recall.

Let M be a maximal Cohen—Macaulay B-module of rank » = 2 such that Mly
is locally free and /\2 M|y ~ I/(;(t)lu in an open set U :=Y — Z of Y satisfying
depth;(z) B > 2. Then a regular section ¢ of M* (s)|y defines an arithmetically
Gorenstein scheme X = Proj A given by the exact sequence

0— Kp(t—25)— M(—s) 5> B— A — 0, 3-1)
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and M >~ Homp(M, Kg(t)) by Theorem 8 of [Kleppe and Peterson 2001]. In this
paper we consider and further develop the case where M = Np and dim B =n —1
(n+1=dim R, n > 5). By Proposition 13 of the same reference, Np is a maximal
Cohen—Macaulay B-module and we have the exact sequence

0— Kg(n+1-2s)— Np(—s)— I/ — 0, where I5,p:=ker(B— A). (3-2)

Example 3.1. Set R=k|[x, ..., xs]and let B= R/Ip be a codimension-2 quotient
with minimal resolution

0— R(-3)>—> R(-2))—> R— B—0,

and suppose Y = Proj B is an l.c.i. in P°. Let A be given by a regular section of

Ig/ Ié (s), s > 3. Thanks to the exact sequences (2-5) and (2-7) and the mapping
cone construction applied to both (3-2) and 0 — 14,5 — B — A — 0, we get the
following resolution of the Gorenstein algebra A:

0— R(—2s) > R(2—25)> ® R(—1—5)® > R(3—25)*> ® R(—s)"? ® R(-3)*
- R(1-s)@®R(-2’>R—>A—>0.

Indeed X =Proj A is an arithmetically Gorenstein curve of degree d =35> —10s+9
and arithmetic genus g = 1 4+ d(s — 3) in P> [Kleppe 2007, Example 43].

With M and A as above, it turns out that [Kleppe 2007, Theorems 1 and 25]
describes the deformations space, GradAlg R, of the graded quotient A and com-
putes the dimension of GradAlg R in terms of a number d :=d(Kg);—2s — (M) _y,
where

d(N), := ,homp(Ig/13, N) — ,exth(Iz/I3, N). (3-3)

Here we have used small letters for the k-dimension of DExt’é (—, —) and of sim-
ilar groups. If we suppose M = Np, depth; ;) B > 4 and chark # 2, then the
conditions of parts A and B of [Kleppe 2007, Theorem 25] are satisfied provided
QEXtZB(NB, Ng)=0or __vExt}_q (IB/II%, Np) = 0, respectively. In both cases X is
unobstructed and

dim(x, Hilb? ™) (P") =
dim(Np)o + dim(Ig/13); —ohomp(Ig/13, I/15) + dim(Kp),—os +6, (3-4)

where t =n + 1 [Kleppe 2007, Corollary 41 and its proof and Remark 42]. Using
the exact sequence (2-7) we get _sExt}; (Ig/I%, Ng) = 0 for s > 2max nyj —
minn;; which led to Corollary 41 of [Kleppe 2007] which we slightly generalize
in Corollary 3.2(i) below. The A-part was considered in [Kleppe 2007, Remark
42]. By the proof of [Kleppe 2007, Theorem 25] we may replace the vanishing of
OExt% (N, Np) by the vanishing of the subgroup tExt%g (S2(I14 /B(5)), Kp) and still
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get all conclusions of the A-part. Therefore, we can also prove (ii) of the following
corollary to [Kleppe 2007, Theorem 25].

Corollary 3.2. Let B = R/Ig be a codimension-2 CM quotient of R, let U =
Proj B — Z < P" be an l.c.i., and suppose depth; ;) B > 4. Let A be given by a
regular section ofﬁ/B*(s) onU,let n(v) := dim(IB/II%)D, and put

u—1 “
€:=n(s)+ z n(na,j) — Z n(ni ).
i=1

j=1

(i) Let jo satisfy np j, = maxny ;. If s > np j, + max;.j ny ; —minn; and
chark # 2, then X is a py-generic unobstructed arithmetically Gorenstein
subscheme of P" of codimension 4 and dim(x Hilb” (’C)([P’”) =e.

(ii) IfsExt}B (Np,A)=0,chark =0, s > maxny ;/2 and (X CY) is general, then
X is unobstructed, dimx) Hilb? W (P") = € + 6 and the codimension of the
stratum in Hilb?®) (P") of subschemes given by (3-1) is Qext}3 (Ig/13, I4/B).
Moreover if' s > maxny j+maxn;; —minn;; we have Oext}g(lg/ll%, Ir/B) =
_sextg(IB/Il%, Np) =6, while if s > max ny ; we have Oextg(lg/lé, Ia/B) =
_sexty(Ip/I3, Np).

Here 14,5 = ker(B — A) and “X is py-generic” if there is an open subset of
Hilb?™ (P") containing (X) whose members X’ are subschemes of some closed
Y’ with Hilbert polynomial py. The stratum in Hilb? ™) (P") of subschemes given
by (3-1) around (X) is defined by functorially varying both B, M and the regular
section around (B — A) [Kleppe 2007, the definition before Theorem 25]. Indeed
itis proved in [Kleppe 2007, Lemma 2.9] that pairs of closed subschemes (X' C Y’)
of P", X" =Proj A’ and Y’ = Proj B’, obtained as in (3-1), contain an open subset
U > (X CY) in the Hilbert flag scheme D, and taking such a U small enough,
we may define the mentioned stratum to be p(U) where p : D — Hilb” (x)([P’”) is
the projection morphism induced by (X’ C Y') — (X’). Thus “X is py-generic”
essentially means that the codimension of the stratum of subschemes given by (3-1)
around (X) is zero.

Note also that “(X C Y) is general” means that it is the general member of an
irreducible (nonembedded) component of the Hilbert flag scheme D. Since we, in
Corollary 3.2 suppose depth; ;) B > 4 and hence depth,,, A > 2, this is equivalent
to saying that (B — A) is the general member of an irreducible (nonembedded)
component of the “Hilbert flag scheme” parameterizing pairs of quotients of R
with fixed Hilbert functions. Indeed we can replace the schemes GradAlg R of
[Kleppe 2007] by Hilb?™) (P") because we work with algebras of depth ar least 2
at m [Ellingsrud 1975; Kleppe 1979, Remark 3.7].
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Proof. By the text before (3-4), in order to prove (i) it is sufficient to show that
_sExtL(Ig/I%, Ng) = 0. To see it we observe that

Exth(Ig/13, Np) ~ Exth(Tg, Kg(n + 1)),

where T :=Homp(Ig/13, I5/13) by [Kleppe 2007, Remark 42]. We consider the
exact sequence (2-8) and we define F := ker(€p IB/II% (n2,;) — Np). Since Np is
a maximal CM B-module and IB/II_LZ3 has codepth 1 (that is, Ext’é (13/12, Kp)=0
for i > 2) by [Avramov and Herzog 1980] or (2-9), we get Ext% (F,Kg)=0. It
follows that

Exty (P I/ 13(n1,), Kp(n+1)) - Exty(Tp, Kp(n +1))
is surjective. Since
Exth,(Ig/13, Kp(n+1)) ~ Exty(Iz/I3, R) ~ Ext3(I3, R) ,

it suffices to show _xExt%g (1123 (n1,/), R) =0 for any i. Looking to (2-9) it is enough
to see that _;Hom(A\*(@ R(—n2,;))(n1,), R) = 0. Since, however, ny ; +n2, j» —
ni;—s <0foranyi, j, j’, j # j' by assumption, we easily get this vanishing for
any i and hence _sExt}g(l B/ Ié, Np) = 0. Finally, the dimension formula follows
from (3-4) and (2-8) since we get (Kg);—2; = 0 and J = 0 from the proof of (ii).

(ii) By (2-5) we have (K);—2; = 0, provided 2s > maxn ;. By the discussion
before Corollary 3.2 we must prove ,Ext%3 (S2(14 /B(5)), Kg) =0. Using the proof
of [Kleppe 2007, Lemma 28] there is an exact sequence

0 — (Ext}(S*(1a/5(5)), Kp) —Exty(S*(Np), Kp) — (Exty(Ng, B),
induced by (3-2), where we have
(Ext;(S?(Np), Kp) ~ oExt;(Ng, Np) ~ 0Exty(Ng, Ia/5(s)),

by (2-1), (3-2), and the fact that Np is a maximal CM B-module. Indeed

(Bx3(S2(Np), Kp) ~ Ex€, (S2(Np)lv> Kplu(©))
~Ext¢, (Nslu, Ng" ® Kplu (1)) ~ oExty (N5, N5),
by (2-1). Since Ext}g (N, B) =0 by (2-1) and (2-9), it follows that
(Ext(S*(1a/8(5)), K) ~ (Exty(Ng, A),

which vanishes by assumption.

It remains to prove the final statement. If we apply Hom(—, K) to (2-2) and we
use (2-5), we get _oExth (Ig, K5(t)) = 0 and hence _»,Extyy(I5/13, Kp(t)) =0
fori =0, 1 provided s > maxn, ;. Similarly we use Hom(—, Np) and (2-7) to
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show that _;Hom(/p, Np) = 0 provided s > maxn; ; +maxn;; —minn;;. We
conclude by applying Homg(I5 /13, —) to (3-2). 0O

Remark 3.3. If depth; ;) B > 4 and chark # 2, we showed in [Kleppe 2007,
Remark 42] that

0Ext3(Ng, Np) = oHomp (Ip /I3, H(z)(Is/13)) ~ oHomp(Ip /I3, H} (7)(I3)) -

In a similar way one can show that Exty(Ng, B) ~ H}, (I3). Hence the group
SExt}g (Np, A) of Corollary 3.2 is isomorphic to the kernel of the natural map

oHomp (I5/15, H;‘(Z)(Ié)) — SH;‘(Z)(IIZB),
induced by the regular section ¢. This sometimes allows us to verify that
sExth(Ng, A) =0.

Remark 3.4. The first author takes the opportunity to point out a missing as-
sumption in [Kleppe 2007] as well as in [Kleppe 2006]. In these papers there are
several theorems involving the codimension of a stratum in which the assumption
“(B — A) is general” or “(B) general” is missing. The main result [Kleppe 2006,
Theorem 5] (and hence [Kleppe 2007, Theorem 15]) uses generic smoothness in
its proof and refers to [Kleppe et al. 2001, Proposition 9.14] where the generality
assumption occurs, as it should. In the proof of [Kleppe 2006, Theorem 5] we need
(B — A) to be general to compute the dimension of the stratum. It is easily seen
from the proof that what we really need is that (B — A) be general, in the sense
that, for a given (B — A), phomg(Ip, I4/p) attains its least possible value in the
irreducible components of GradAlg(Hp, Ha) to which (B — A) belongs. Thus in
[Kleppe 2006, Theorem 5, Proposition 13, Theorem 16] (and hence [Kleppe 2007,
Theorem 23]), for the codimension statement we should assume that (B) is general
or at least that _shompg (75, Kp) attains its least possible value in the irreducible
component of GradAlg(Hp) to which (B) belongs. If we apply our results in a
setting where these hom-numbers vanish (this is what we almost always do), we
don’t need to assume that (B) or (B — A) is general.

So Remark 3.4 gives the reason for including the assumption that (X C Y) is
general in Corollary 3.2(ii), even though this assumption does not occur in the
codimension statements of the A-part of [Kleppe 2007, Theorems 1 and 25].

4. Ideals generated by submaximal minors of square matrices

Let X = Proj A C P" be a codimension-4, determinantal scheme defined by the
submaximal minors of a f X t homogeneous matrix. In this section we compute the
dimension of Hilb”?™) (P") for n > 5 at (X) in terms of the corresponding degree
matrix. The proof requires a proposition (valid for n > 3) on how A is determined
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by a locally regular section of I/ Il% (s) where B = R/Ip is a codimension-2 CM
quotient. Let us first fix the notation we will use throughout this section.

Given a homogeneous matrix &, that is, a matrix representing a degree 0 mor-
phism ¢ of free graded R-modules, we denote by I () (or I (¢)) the ideal of R
generated by the maximal minors of s{ and by I; () (or /;(¢)) the ideal generated
by the j x j minors of .

Definition 4.1. A codimension-c subscheme X C P" is called a deferminantal
scheme if there exist integers r, p and g such thatc = (p —r +1)(¢ —r + 1) and
I1(X) =1I,(«A) for some p x g homogeneous matrix . X C P" is called a standard
determinantal scheme if r = min(p, ¢). The corresponding rings R/I, () are
called determinantal (resp. standard determinantal) rings.

Let X C P be a codimension-4, determinantal scheme defined by the vanishing
of the submaximal minors of a ¢ x t homogeneous matrix s = (fj;);, j=1,..,; Where
fii €klxo, ..., x,] are homogeneous polynomials of degree a; —b; with by <b, <

.<bsand a; <ay <...<a,. We assume without loss of generality that # is
minimal; that is, f;; = 0 for all i, j with b; = a;. If we let uj; = a; — b; for all
j=1,...,tandi =1,...,1, the matrix U = (u;); j=1,.., is called the degree
matrix associated to X.

We denote by W,’,,_l@; a) C Hilb?™ (P") the locus of determinantal schemes
X C P" of codimension 4 defined by the submaximal minors of a homogeneous

-----

ifui_l,,- =a;_1—b;>0fori=2,...,1t.

Let N be the matrix obtained by deleting the last row, let Ip = I,_(N) be
the ideal defined by the maximal minors of N, and let /4 = I;_; () be the ideal
generated by the submaximal minors of {. Set A=R/I4=R/I1(X)and B=R/Ip.

Remark 4.2. If the entries of & and N are sufficiently general polynomials of
degree a; —b;, 1 <i,j <t,and a;_1 —b; > O for 2 <i < ¢, then B is a graded
Cohen—Macaulay quotient of codimension 2 and A is a graded Gorenstein quotient
of codimension 4.

The goal of this section is to compute, in terms of a; and b;, the dimension
of the determinantal locus W,’,t_l@; a) C Hilb” @) (Pr), where p(x) € Q[x] is the
Hilbert polynomial of X. Note that the Hilbert polynomial of X can be computed
explicitly using the minimal free R-resolution of R/I(X) given by Gulliksen and
Negard [1972], see (4-5). We will also analyze whether the closure of W[;l (b; a)
in Hilb”™ (") is a generically smooth, irreducible component of Hilb?™ (P").
To this end, we consider

Foe @1 R 2> G = @1 R(a)),
1= J=
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the morphism induced by the matrix s{, and
¢ N
F— G,:= @ R(a)),
j=1

the morphism induced by the matrix N obtained by deleting the last row of . The
determinant of & is a homogeneous polynomial of degree s = Z;: \aj— Zle bi,
and the degrees of the maximal minors of N are s + b; — a;; that is, Iz has the
minimal free R-resolution

0—> GHar—5) =5 F*(a, —s5) 2> 15 — 0. (4-1)
Proposition 4.3. Suppose char k = 0.

(1) Let A=R/I;_\(A) be a determinantal ring of codimension 4 where A is a t xt
homogeneous matrix, and let B = R/I;_1(N) be the standard determinantal
ring associated to N where N is the matrix obtained by deleting the last row
of A. Moreover, let Z C Proj B be a closed subset such that Proj B — Z — P"
is an l.c.i., and suppose depth; ;) B > 2. Then there is a regular section o of
(Ig / 112g (8))|Proj B—2z, Where s = degdet s, whose zero locus precisely defines
A as a quotient of B (that is, o extends toamap o : B —> IB/II_% (s) such that
A= B/imcg").

(ii) Conversely, let B = R/I;_1(N) be a standard determinantal ring of codimen-
sion 2, let Z C Proj B be a closed subset such that Proj B—Z < P" is an l.c.i.
and depth; 7 B > 2, and furthermore let A’ be defined by a regular section o

of (Ip/1%(5)), Proj B—Z» that is, given by

0—> Kp(n+1—25) —> Np(—s) 2> B —> A" —> 0 (4-2)
for some integer s. Then, there is a t X t homogeneous matrix ' obtained by
adding a row to N such that Iy = I, _1(A").

Proof. To define o, we consider the commutative diagram

0

|

0 — G*(a;—s) F*(a;—s) 2 . Ip - 0

Je | i

G*(a;—s) L) F*(a;—s) — (coker¢™)(a;—s) — 0

|

R(—s)

i

0

t
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where a : G} (a; —s) < G*(a; — s) is the natural inclusion defined by

fi S
o : = f: ,
t—1
fn) 7

and f is given by multiplication with the maximal minors of the matrix N. The
snake Lemma yields the exact sequence

R(=s) XY 1y — (coker¢™)(a; —5) —> 0, (4-3)

and hence
(coker ¢p™)(a,) >~ Ip(s)/ det ¢. (4-4)

If we tensor R(—s) g Ip with B(s), we get a section ¢ of IB/II%(S). Before
proving that the zero locus of ¢ defines precisely A as a quotient of B viaimo™* =
I4/8, we claim that any locally regular section ¢’ of I /Ig (s) defining A" via
A’ = B/ima’* gives rise to a homogeneous matrix ¢’ and a corresponding map
@’ such that (4-3) and (4-4) hold with ¢’ instead of ¢. Indeed, given a section ¢’
of Ig/ I,% (s), there exists a map ¢” fitting into a commutative diagram

F*(a;)® B

e

B —— I5/I5(s)
(2

and we denote by og € Homg(F, R(a;)) the map which corresponds to ¢”(1).
Since Homg (F, R(a;)) = Hom(G}?z1 R(b;), R(a,)), the morphism o determines
alxtrowg=(g1,...,g) where g; is a homogeneous form of degree a; — b;,
1 <i <t and we define
sl = (‘N )
g

Since the vertical map in the above diagram is induced by f described above, we
may assume that det(¢") = ¢’(1) modulo 73 (s) and we get the claim.

It remains to show thatim o * = 14,5, where I, = I;_1(s), and that ¢ is a locally
regular section. Note that this will also show that im¢™ = 4/, where I =
I,_1(s’); that is, we get the converse. Moreover, looking at the exact sequence
(4-2) with A instead of A’ and recalling that

Ng~Kg(n+1)Q13/13,
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we see that im o * = coker(o (—2s) ® id) where id : Kg(n+ 1) — Kg(n+ 1) is
the identity map and ¢ is induced by det ¢». Since we get

F(s—a)— G;(s—a;)) — Kg(n+1)—0

by dualizing the exact sequence (4-1), we see that the cokernel above is the same
as the twisted cokernel of the composition

o(— id
y :Gi(—a;) — Kg(n+1—5) gl Np.

Hence, we must prove that coker(y ) = I4,p(s) where I, = I, ().
By [Gulliksen and Negard 1972, Theorem 2] and [lle 2004, Theorem 2], we
have an exact sequence

ker[Hom(F, F)@® Hom(G, G) L) R] —> Hom(F, G) —> I4(s) — 0, (4-5)
where j(po, p1) = tr pg — tr p; is the difference between trace maps. The map
Hom(F, G) —> I4(s)

is given by y > tr(y y), where y is the matrix of cofactors; that is, this map is
given by the submaximal minors of & while the map Hom(F, F) @ Hom(G, G) SN
Hom(F, G) is given as a difference of the obvious compositions with ¢, that is,

n(po, p1) = p1¢ — Ppo. Since we have
Hom(F, F) & Hom(G, G) SN Hom(F, G) —> I4(s)

(id, 0) — t-detg
and since there is a commutative diagram
0
ker j Hom(F, G) — I4(s) —— O

| | |

Hom(F, F) ® Hom(G, G) -~ Hom(F, G) — cokerj — 0

i

R

we get an exact sequence

R 'td—etf I4(s) —> cokery —> 0.

Hence, coker(n) >~ I4(s)/ det¢ (char k = 0) and the following sequence is exact:

Hom(F, F) & Hom(G, G) — Hom(F, G) —> I(s)/ det¢p —> 0.
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Now we look at the commutative diagram
Hom(R(~ay), G*) —— Hom(R(~a,), F*) — I5(s)/ et — 0
Hom(G, R(a;)) —— Hom(F, R(a,))
©,)
Hom(F, F) ® Hom(G, G) ——— Hom(F, G) — I,(s)/ det¢ —= 0

(id,a}) a3

Hom(F, F) ® Hom(G, G,) ——— Hom(F, G,)

coker(y7;) —— 0

where a] and o are induced by a in a natural way and #; is a difference of the
obvious compositions, that is, 7, (po, pj) = pj¢ — ¢ po. We see, in particular, that
the ideal 14,p = I4/Ip is given by an exact sequence

Hom(F, F) @ Hom(G, G;) BN Hom(F, G;) —> Ia/p(s) — O,

where the rightmost map is given by the submaximal minors of the matrix s{ which
do not belong to /5.
On the other hand, by (2-7), there is an exact sequence

Hom(G}, G}) @ Hom(F*, F*) — Hom(G}, F*) — Ng — 0,
or, equivalently,
Hom(F, F) ® Hom(G,, G,) L Hom(F, G;) — Ny — 0,
where 7' is given by #'(po, p2) = p2d: — ¢: po. Using again the exact sequence
0— R(a) — G5 G, —> 0,

we get a commutative diagram

Hom(F, F) ® Hom(G;, G;) T, Hom(F, G;) Ng 0

o |

Hom(F, F) ® Hom(G, G;) —= Hom(F, G,;) — La;8(s) —>0

|

Hom(R(a;), G;)

where a3 is induced by a. Hence we get an exact sequence

Hom(R(a;), G;) AN Np —> I4/8(s) — 0.
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This proves that coker(y ) = I4,g(s), thatis, imo* = I, ,p as required. Finally
note that the above codimension and depth relations imply that o is a regular sec-
tion on U := Proj B — Z because (im ¢ *)y must locally on U be generated by two
regular elements (to get that (B/im¢ ™)y is a codimension-2 Cohen—-Macaulay
quotient of B|U). This completes the proof of Proposition 4.3. (]

This proposition seems to be known in special cases. For instance, Ellingsrud
and Peskine [1993, before Proposition 6] state that the Artinian Gorenstein ring
associated to an invertible sheaf O5(C) on a surface S in P2, where C is an arith-
metically CM curve, is given by the submaximal minors of a square matrix which
extends the Hilbert—-Burch matrix associated to C in P3. Since we get (3-1) with
M = Np by applying H?(—) to the exact sequence

0— .NC/S(—S) —> Nc(—s) —> N5|C(—S) ~ @C —> 0,

of normal sheaves, it is clear that their Gorenstein ring (see their construction 2) is
essentially the same as ours in the Artinian case. However, we have given a proof
of the proposition suited to our applications.

As a nice application of Proposition 4.3 we have:

Proposition 4.4. Let X C P", n > 4, be a codimension-4 scheme defined by the
submaximal minors of a t X t homogeneous square matrix d. Then X is in the
Gorenstein liaison class of a complete intersection, that is, X is glicci.

Proof. By [Gulliksen and Negard 1972, Theorem 2] (see also Proposition 4.3),
X is arithmetically Gorenstein and hence glicci [Casanellas et al. 2005, Theorem
7.1]. (]

Remark 4.5. This proposition has been recently generalized by Gorla, who proved

[2008, Theorem 3.1] that any codimension-(t — r + 1)> ACM scheme X C P

defined by the r x r minors of a ¢ x t homogeneous square matrix s is glicci.
For an introduction to glicciness, see [Kleppe et al. 2001].

We are now ready to compute dim Wf;l@; a) and dimx) Hilb?® P, p > 5,
in terms of a;,...,a; and by, --- ,b,. Note that if ¢ = 2 then a general X is a
complete intersection in which case these dimensions are well known.

Theorem 4.6. Assume chark = 0. Fix integers a) < ar <---<a; and by < by <
- < b;. Assumet > 2, a; > bii3z for1 <i <t—3(and ay > b, if t = 3),

a, > a1 +a,_p—byand n > 5. Then W,tjl@; a) is irreducible.  Moreover,



Ideals generated by submaximal minors 383

if (X) is general in W,t’,_] (b; @), then X is unobstructed, and

dim th;l (b; a) = dim(x) Hilb?®) D)

_ Z (aj—:,~+n)_ Z (aj—’c;,-+n)

1<i,j<t 1<i<t—1
I<j=<t
b,‘-bj‘f‘l’l bl-—aj-l-n
()=
I<i,j<t 1<i<t
I<j=<t-1
a;—s—b;—by+aj+n a;—s—b;—ar+aj+n
_ Z ( t i k Jj )+ Z ( t i k j )
- n — n
1<j<t 1<i,j<t
1<i<k<t 1<k<t—1
—s—a;— : —s+b;—2by+n
. Z (at S —da; ak+a]+fl) +Z (flt S+b; 1+ ) (4-6)
. n ~ n
1<i<k=<t—1 2<i<t
I<j=<t

Proof. Let X C P" be an arithmetically Gorenstein scheme of codimension 4 de-

fined by the submaximal minors of a homogeneous square matrix s{ = (f; ,-)3.::11 '''''''' ! :

where f;; € k[xo, ..., x,] is a sufficiently general homogeneous polynomial of

degree a; — b;, and let ¥ C P be a codimension-2 subscheme defined by the

maximal minors of the matrix N obtained deleting the last row of & (see Remark

4.2). So, the homogeneous ideal /g = I (Y) of Y has the minimal free R-resolution
t—1 N t

0— F,= R(a;—s—aj) SUN Fi=@ R(a,—s—b;)) — Ig —> 0. (4-7)

j=I i=1

By Proposition 4.3, X is the zero locus of a suitable regular section of Ip / 11% (s)

where s = deg(det s¢) and W,{;l@; a) is irreducible by [Kleppe 2007, Corollary

41]. Since the hypothesis a; > a,_1 + a;,—» — b; is equivalent to

s > s+aj0—at—|—1 max (s+aj—a,)—lmjn (s+b; —ay),
<1<t

where s +aj, —a; =maxi<j<_1(s+a; —a,); and since a; > bj ;3 for 1 <i <t -3
(and a) > b, if t =3) implies that B := R/Ip given by (4-7) satisfies depth; ) B >4
[Kleppe and Mir6-Roig 2005, Remark 2.7], we can apply Corollary 3.2 and we get
that X is unobstructed and

t—1 t
dim W/, ! (b; @) = dim(x) Hilb?™ (P") = n(s) + X n(n2,;) — > n(ny,o),
j=1 i=1
where 7(t) = dim(I(Y)/I1(Y)?); = dimI(Y), —dimI(Y)?, no; = s +a; — a;,
l<j<t—1l,andn;;=s+b;—a; 1 <i <t. By (2-9), I(Y)2 has a minimal free
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R-resolution of the following type:

O—>/\2F2= @D R(—ai—aj+2a,—-2s)

l<i<j<t—1
— FI1QF, = EB R(—bi—aj+261t—25)
1<i<t
1<j<t—1
—> S’Fi= @ R(-bi—bj+2a,—2s) —> I(Y)> — 0. (4-8)
I<i<j<t

Using (4-7) and (4-8), we obtain

=22 ()2 )

1<i<t 1<i<t—1 I<i<j<t
2a;,—s—bj—aj+n 2a,—s—aj—aj+n
+ 2 -2 -
. n - n
1<i<t I<i<j<t—1
I<j=<t—1

Using again (4-7) and (4-8), we get

t—1 1
erl(nz’j)_ 2}’](1’11,,') — Z (a]_:1+n) . Z (aj_Zl+n)
Jj= 1=

1<i<t 1<i<t—1

1<j<t—1 1<j<t—1
Z ( —s—b; bk+a]+n)+ Z (at—s b; ak—l—aj—{—n)
n
I<j<t—1 1<i<t
1<i<k=<t 1<j,k<t—1
Z (a,—s—ai—ak+aj+n) Z (b,-—bj+n)
. n - n
1<i<k=<t—1 1<i<t
I<j<t—1 1<j<t
—a;i+n a;—s+b;—b;—by+n
(e 2 ( f
- n
I<i<t I<i<t
l<j=t—1 1<j<k=<t
_ Z ( —S+b bk a]—i-l’l) 4 Z (at_s+bi—ak—aj+n)
- n
1<i,k<t I<k<j<t—1
15}5171 I<i<t

Since a;_; > b; and a; > b; 13 for 1 <i <t—3 (and a; > b, if t =3), by hypothesis,
the last two sums of binomials vanish. Indeed, to see that a; —s +b; — by —a; <0
for1 <i,k<tand1<j <t—1,itsuffices to show that b, — by —a; <s —a, =

ai+ay+---+a_1 — by — by —--- — b, which is straightforward. Similarly,
showing that a; —s +b; —ay —aj <Ofor1 <i <rand 1 <k < j <t —1reduces
to showing that by —a; —a) <s—a;=a1+ay+---+a,_1—b1—by—---— by,

which is straightforward too.
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The same type of argument applies to see that a; —s +b; —b; — by < 0 for all
l1<i<tand1 < j <k <t and we can replace the summand

—s+bi—b;—b —s+bi—2b
Z (at S+ ln Jj k+n) by Z (at S+ ;l 1+n)

1<i<t 2<i<t
1<j<k<t

Putting all together we obtain (4-6). U

5. Examples

We will end this work with some examples where we use Theorem 4.6. Moreover,
these examples show that the hypothesis a; > a,_1 + a,_» — b cannot be avoided!
To handle such cases, we state a proposition which estimates the codimension of
the stratum in Hilb”™ (P") of subschemes given by the exact sequence (3-1).

Example 5.1. Let R =k[xo, ..., x5] andlet X =Proj A C PS = Proj R be a general
arithmetically Gorenstein curve defined by the submaximal minors of a 4 x4 matrix
whose first 3 rows are linear forms and whose last row are forms of degree s — 3
(s >4), thatis, b; =0for1 <i <4,a;=1for1 <j <3 and ay =s — 3. Then,
Theorem 4.6 applies provided s > 5 and we get that X is unobstructed and
dim W, ,(0; 1,1, 1,5—3)

= dim(y) Hilb? ™ (P?)

6 +2 5 +1 S ~1 -2 -2
= 12(5>+4(35 )_9(5) _3<S5 )_ 16(5) o IO(Ss )+12(S5 )_3(S5 )
= 25> — 105> + 135 + 48.

Moreover, deleting the last row and taking maximal minors, we get a threefold
Y = Proj B with resolution

0 — R(—4)’ — R(-3)* — R — B—0, (5-1)

leading to
Hpw) = ("P) +2(") +3("F) = pr(v) forv >0.
Since A is given by (3-1) with t =6 and M = N, we get Ox >~ wx (25 —6). Hence
h'(Ox(s —3)) = h’(@x (s — 3)) and the Hilbert polynomial of X must be of the
form px(v) =dv+1—g =d(v —s+3). Looking to (5-1) we get
px(s —2) = h%(Ox(s —2)) = h°(Ox (s —4))
= h00y (s —2)) — h°(Oy (s — 4)) = 65* — 285 + 36,

that is, d = deg X = 652 —28s +36 and g = 1 +d(s — 3).
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Note that Theorem 4.6 takes care of all cases except for s =4 and s = 5. For these
two values of s, we can, however, use Corollary 3.2(ii) to find dimy) Hilb” (x)(IPS)
because

0Exty(Np, Np) = oHom(Ip /I3, Hy(I3)) =0,
by (5-1) and Remark 3.3. Indeed 3 Ht (13) < 3 HS(R(—8)%) = 0 by (2-9). Hence
X is unobstructed,
dimx) Hilb?®) (P%) = 253 — 1052 + 135 + 48 + 4,

where 6 = 6(Kp)g_2s —9(Np)_s, and moreover, if s = 5, then ¢ is the codimension
of the closure of WEA = W43,4(Q; 1,1, 1,s — 3) in Hilb?™) (P5). We claim that

(=3,—15) fors =4,

(0(K B)o—2s5 6(Np)—s) = |(0’ —12) fors =5,

that is, 6 = 12 in both cases.
To find 6(Kg)e—2s We apply Hompg(—, K5(6)) to (2-3) and we get

2Homp(I5/13,Kp(6)) =0, _5Exty(Is/I5,Kp(6)) = o Hom(Hy,Kp(6)).
Since the rank of Hj is 2, we have
Hom(H;, Kp(6)) >~ H, (Z nii) = Hi(12) (5-2)
l

by [Avramov and Herzog 1980] or [Kleppe and Peterson 2001, Theorem 8], see the
isomorphism accompanying (3-1). Using (2-6) or, more precisely, the exactness of

A*(R(=3)") — R(—4)* — H; — 0 (5-3)
[Avramov and Herzog 1980], we get
) -3 fors =4,
0(KB)e—2s = —dim H;(12) 5 = <
0 fors=>5.

It remains to compute 6(Ng)_;. If we dualize the exact sequence (2-3) we get
0 —> Ny —> B(3)* — Hj — 0,
to which we apply _;Hom(I /I3, —). Combining with
_Hom(Ip/I3, H) ~ _;Hom(I3/I3 ® K(6), H ® K 3(6))
~ _sHom(Ng, H{(12)),
where again we have used (5-2), we get

0(Np)_y =4dim(Np)3_s; — dim(_;Hom(Np(—12), H})).
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Using (2-6), we see that

0 — _;Hom(Nz(—12), K5(6)*)
— _yHom(Ng(—12), B(—4)*) —> _;Hom(Ny(—12), H;) = 0

is exact because we have Ext}g (Ig/I 123 ®Kp, K3)=0by Lemma 4.9 of [Kleppe and
Miré-Roig 2005]. Using (4.17) of the same reference we also get the surjectivity
of the natural map K} ® B(—4)* — HomB(IB/II% ® Kp, Kj). Since we may
use (5-3) to see that (H)), = R(—4)> ~ B(—4)3 for v <5, we get Kp(6)* =0 for
v <5 by (2-6) and hence

_sHom(Np(—12), K}(—6)) ~ _;Hom(I/1} ® K5(6), K3(6)) =0,
for s > 4. It follows that
~sHom(Np(~12), Hy) = (Ig/I5);_.
for s > 4, which implies (by (2-7) and (2-9)) that

4dim(Ng)_s — 3dim(Ig); = —12 fors =5,

S(Ng)_s =
(N3)- [4dim(NB)_1—3dim(IB)4=—15 for s = 4.

Putting all together we get

253 — 10s% + 135 + 48 = dim Wi4 fors > 5,
dim(x, Hilb?™ (P%) = {125 for s =5,
80 for s =4.

Moreover, applying Corollary 3.2(ii), we get codimy; e ps) W43, 40:;1,1,1,2) =
12 in the case s = 5. Finally, for s = 4, using a Macaulay 2 program [Grayson
and Stillman] we have computed the dimension phom(/p, I4,p) = 3 for (B — A)
general and hence codimH“b,,m(Ps) W43, 4(0; 1) =ohom(/p, I4/p) +J = 15.

If a; < a,—1 + a,—p — by we see in the example above that W};l(lg; a) is a
proper closed irreducible subset, that is, the generic curve of the component of
Hilb?™ (P3) to which W/ ~1(b; a) belongs is not defined by submaximal minors
of a matrix of forms of degree a; — b;. The converse inequality always implies
dim W,t’ b a) = dimx) Hilb”®) (P") by Theorem 4.6. The pattern above for
small a; may be typical, but is in general rather difficult to prove. We illustrate this
by two more examples.

Example 5.2. Let X = Proj A C P> be a general arithmetically Gorenstein curve
defined by the submaximal minors of a 3 x 3 matrix whose first 2 rows are linear
forms and whose last row are forms of degree s — 2 (s > 3), that is, b; = 0 for
I <i<3,aj=1forl < j<2anda3;=s—2. Thanks to Proposition 4.3, the
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analysis of [Kleppe 2007, Example 43] immediately transfers to our case. Hence,
for s > 4 (a; > a;_1 +a;_» — by), we see that X is unobstructed and

dim W3 5(0; 1, 1, s — 2) = dimx) Hilb?™ (P°) = (s + 1) (s — 1)* +23.

Since by deleting the last row and taking maximal minors we get a threefold ¥ =
Proj B for which oExt% (N, Ng) =0, we have the unobstructedness of X also for
s = 3,4, and

(=1,2) fors =3,

(0, —=3) fors=4.

That is, 6 = —3 when s = 3, and 0 = 3 when s = 4. In both cases,

(5(KB)6—2S, 5(NB)—s) = I

dimxy Hilb? ™) (P%) = (s +- 1) (s — 1)* + 23 + 0.
Thus
36 fors =3,
71 fors =4;
see [Kleppe 2007, Example 43] for the computations. Now, applying Corollary
3.2(ii), we get codimHﬂbpm(ps) W32, 3(0; 1,1, 2) = 3 in the case s = 4. Finally, for
s =3, a Macaulay 2 computation shows ghom(/p, I4,8) = 3 and hence

dim(x) Hilb?®) (P%) = {

codimygyy e ps) Wi 3(0; 1) = ohom(Ip, 14/8) +6=0!

In the above examples we were able to analyze the case a; < a;_1 4+ a,—» — b
through Corollary 3.2(ii) because SExt}_,g (N, A) = 0. Since this vanishing may be
rare, we want to improve upon Corollary 3.2(ii), at least to get estimates of the
codimension of the stratum. We prefer to do it in the generality of [Kleppe 2007,
Theorem 25] to extend Theorem 25 in this direction. This leads to the proposition
below. Indeed with assumptions as in Proposition 5.3, one knows that the projec-
tion morphism ¢ : D — Hilb”" (P") induced by (X’ C Y’) — (Y’) is smooth at
(X CY) [Kleppe 2007, Theorem 47]. Using the fact that the corresponding tangent
map is surjective, we get Proposition 5.3 and Remark 5.4(a). Since we only use
these results in Example 5.6 and Remark 5.5, we skip the details of the proof which
are rather straightforward once we have the results and proofs of [Kleppe 2007].
Put

c(Iasg) = oexty(Ip/ 13, Ia/8) — exth(S*(I14/5(5)), Kp).

Proposition 5.3. Let B = R/Ig be a graded licci quotient of R, let M be a graded
maximal Cohen—Macaulay B-module, and suppose M is locally free of rank 2 in
U :=Proj B — Z, that dim B —dim B/1(Z) > 2 and that N\* M|y ~ Kg(t)|y. Let
A be defined by a regular section o of M*(s) on U, as given by (3-1), let X =
Proj A, and suppose SExt}; (M, B) =0 and dim B > 4. Moreover let char (k) =0,
let (B — A) be general and suppose (M, B) is unobstructed along any graded
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deformation of B and _SExt% (Ig/1%, M) = 0. Then the codimension codi of the

stratum in Hilb? ) (P") of subschemes given by (3-1) around (X) satisfies
c(Iasp) < codi < c(Ia/8) +0h*(R, A, A) < pexty(Ip/I3, Ia/B),

and codi = c(I4/p) + oh*(R, A, A) if and only if X is unobstructed.

Here “(M, B) unobstructed along any graded deformation of B” means that for
every graded deformation (Mg, Bys) of (M, B), S local and Artinian with residue
field k, there is a graded deformation of My to any graded deformation By of By
for any small Artin surjection 7' — S [Kleppe 2007, Definition 11]. The important
remark for our application M = Np where the codimension-2 CM quotient B
satisfies depth; ;) B > 4, is that all assumptions of the proposition are satisfied
provided chark =0 and (B — A) is general (see proof of Corollary 41 and Remark

42 of [Kleppe 2007]).
Moreover recall that if we put

0= —(Ia/p)o = oexty(Ig/15, Ia/5) — ohomg(Ip, Ia/p),
and use the exact sequence (3-2), we get 0 = 0(K g);—2s — 0(Np)_g, as previously.

Remark 5.4. (a) With assumptions as in Proposition 5.3, except for (B — A)
being general, we can also show

J— rexty (S%(14/5(s)), Kp) < codi.
(b) If depth; 2, B > 4, then we show
(Ext5(S2(1a/8(5)), Kp) ~ (Exty (M, A),

exactly as we did for M = Np in the proof of Corollary 3.2. Thus if SExt}_,; M, A=
0, then the lower bound c(/4,g) of Proposition 5.3 is equal to the upper bound and
we essentially get Corollary 3.2(ii)! Moreover, since codi > 0, Corollary 3.2(i)
corresponds to the case where the upper bound is zero!

Remark 5.5. In the case s > maxny ;/2, depth; ;) B > 4 and char (k) = 0, the
inequalities of Proposition 5.3 lead to

€ +0 —oexth (Np, A) < dimy) Hilb?™ (P") < € 44,
with € as in Corollary 3.2.

Example 5.6. Now let X = Proj A C P> be a general arithmetically Gorenstein
curve defined by the submaximal minors of a 3 x3 matrix whose first (resp. second)
row consists of linear (resp. quadratic) forms and whose last row are forms of
degree s —3 (s > 5), thatis, b, =0for 1 <i <3,a;=1,ap=2and a3 =s—3. In
the following we skip a few details which we leave to the reader. Note that the case
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a; > a,—1 + a,—» — by or equivalently s > 6, is taken care of by Theorem 4.6. So
we concentrate on the cases s = 5 and 6, which we analyze by using Proposition
5.3 and Remark 5.4. First, we use Remark 3.3 to compute oext% (N, Ng) where
B is obtained by deleting the last row and taking maximal minors. We easily get
Oext%(NB, Np) = Sext}g (Ng, A) = 3 by using

0 —> R(—5)® R(—4) — R(-3)) — R — B —> 0,

(2-9), and
0Ext3 (N, Np) ~ oHomp (I /15, H(I%)).

Moreover, dim(K g)¢—2s = 0 by (2-5). Now if we apply _»;Hom(—, K5 (6)) to
(2-3) we get 0(Kp)g—2s = 0 and _stxt}B (IB/II%, Kp(6)) =0 for s > 5 provided
we can show _ysHom(H|, Kg(6)) = 0. Using (2-3) we get that H; has rank 1 and
H, ~ Kg(—3). Hence _r,;Hom(H;, K5(6)) >~ B(9)_; =0 for s > 5.

It remains to compute d(Np)_;. We claim that 6(Np)_s = —8 for s = 5 and
O0(Np)_s = —3 for s = 6. Indeed, dualizing the exact sequence (2-3), we get

0— Ny — B3’ — H{ — 0.

If we apply _;Hom(Ig /I3, —) to this sequence, recalling H; ~ K 3(—3) and hence
_sHom(Ip /13, H) ~ (13/1123)9,“ we get an exact sequence which rather easily
proves the claim. It follows that the numbers 6 = d(Kpg)g_2s — 6(Np)_s and
Sext}g (Np, A) appearing in Remark 5.4 are computed. We conclude, for s = 5,
that the codimension codi of the stratum in Hilb? ™) (P?) of subschemes given by
(3-1) around (X) is at least 5-dimensional. In fact a Macaulay 2 computation
shows oh%(R, A, A) = 0 and ghom(/g, Ia/p) = 1 and hence we have codi =
c(1a/8)+0oh*(R, A, A) =6 by Proposition 5.3. For s = 6 the lower bound for codi
of Remark 5.4(a) is 0. Since a Macaulay 2 computation shows ghom(/g, I4,8) =0
the better lower bound of Proposition 5.3 is also 0 while the smallest upper bound
of Proposition 5.3 is 3. The latter is the correct bound for the codimension of the
stratum, provided X is unobstructed. In conclusion, if X belongs to a reduced
component V of Hilb?™® (P5), then codi = 3, but codi = 0 is possible, in which
case V is nonreduced. We have not been able to fully tell what happens, but we
expect V to be reduced and codi = 3.

The last case of the preceding example illustrates how difficult the analysis of
when codi is positive could be. Cases where a; is close to a;—1 + a;—» — b| seem
especially difficult to handle. Since it turns out that the lower bounds of Proposition
5.3 and Remark 5.4(a) are often negative (also in the case a; > a,—1 +a;—» — by
treated in Theorem 4.6), they are not very helpful. This, however, also indicates
that the conclusions of Theorem 4.6 are rather strong.
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The structure of the group G(k[t]):
Variations on a theme of Soulé

Benedictus Margaux

Following Soulé’s ideas from 1979, we give a presentation of the abstract group
G(k[z]) for any semisimple (connected) simply connected absolutely almost
simple k-group G(k[t]). As an application, we give a description of G(k[])
in terms of direct limits, and show that the Whitehead group and the naive group
of connected components of G(k[¢]) coincide.

1. Introduction

Let k be a field, and let G be a semisimple simply connected absolutely almost
simple k-group. In the case that G is split, Soulé [1979] has given a presentation
of the group G (k[t]), thus extending a theorem of Nagao [1959] for SL, (see also
[Serre 1977, 11.1.6]). The goal of this note is to provide a presentation of G (k[t])
in the general case.

We will follow Soulé’s original ideas and study the action of G(k[t]) on the
Bruhat-Tits building [1984] of G corresponding to the field K = k((1/t)), where
K is viewed as the completion of k(#) with respect to the valuation at co. As an
application, we show that the Whitehead group of G coincides with the naive group
of connected components of G.

2. Structure of the group G (k[¢])

Throughout k£ and G will be as above. For convenience the group G (k[¢]) will be
denoted by I'.

Notation and statement of the main theorem. Let S be a maximal k-split torus of
G, and let T be a maximal torus of G containing S. Recall that Sk is a maximal
K -split torus of Gg. Let k/k be a finite Galois extension that splits 7' (hence also
G). Set 4= Gal(k/k) and T = T xy k.

MSC2000: primary 20G10; secondary 20F05.

Keywords: Bruhat-Tits buildings, arithmetic groups, simplicial fundamental domain.
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Let G =G xi k and S = S x; k. We choose compatible orderings on the root
systems ® = ®(G, S) and O = (D(é, T); see [Borel 1991]. We then have a set A
of relative simple roots and a set A of absolute simple roots.

It will be convenient to maintain essentially the same notation as in Soulé’s

paper:
« A=k[t], K =k((1/t)) and G = G(K).

e o is the valuation on K at oo, that is, the valuation on K having O = k[[1/¢]
as its ring of integers.

We also have the analogues of the above objects for k:
o« A=k[t], K =k((1/1)), T = G(A), and O = k[[1/¢].
At the level of buildings we set [Bruhat and Tits 1984, section 4.2]
the (affine) Bruhat-Tits building of the K-group G := G x; K, and
the Bruhat-Tits building of the K -group Gz := G xi K.!

T
«J
Both I and T have a natural simplicial complex structure [ibidem, section 4.2.23].

Recall that J is equipped with an action of G(K) and that T is equipped with
an action of G(K) x 4. We have an isometric embedding j: J — J that identifies
J with T4, The hyperspecial group G(O) of G(K ) fixes a unique point ¢ of I
[Bruhat and Tits 1972, section 9.1.9.c]. This point descends to a point ¢ of J.

We denote by & the standard apartment of J associated to S (this is a real affine
space) and similarly by 4 the standard apartment associated to T. The point (75
belongs to A (ibidem). Since

Homk—gr (Gm, S) ®zR= Homk—gr (Gma T) ®zR= (Hom,;fgr (ija T) &z [R)(g

[Bruhat and Tits 1984, section 4.2], we have j(sd) = &(g, so ¢ belongs to & and
A=¢ + Homk—gr(Gma S) ®z R.

By means of the canonical pairing (-, - ) : Homy_,, (S, G,,) xHomi_, (S, G,,) —
Z we can then define the sector (quartier)

9:=¢+D, where D:={v€Hom_(S,Gn)®zR|(b,2)>0, Vbe A}.
The following result generalizes Soulé’s theorem [1979].

Theorem 2.1. The set 9 is a simplicial fundamental domain for the action of
G(k[t]) on . In other words, any simplex of T is equivalent under the action
of G(k[t]) to a unique simplex of .

ISince G x g K is split, the assumptions of [Bruhat and Tits 1984, section 5.1.1.1] are satisfied.
This allows us to do away with the “standard” assumption that the base field k be perfect.
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Buildings and valuations. Let P be the minimal parabolic k-subgroup of G de-
fined by S and A. We denote by U = R, (P) the unipotent radical of P.

We denote by U; the split unipotent subgroup associated to a root a € ®, and
by a” : SL, — G the corresponding standard homomorphism; see [Springer 1979,
Section 2.2].

The set of positive and negative roots with respect to the basis A of ® will be
denoted by @ and @, respectively. Given b € @, the subset of absolute roots

o’ = {Zl X0) ‘ &|Sxk1€: b or 2b}

is positively closed in ®. It defines then a split k-unipotent subgroup U, of G that
descends to a split k-unipotent subgroup U, of G. As in [Bruhat and Tits 1972],
we make the convention that Uy, =1 if 2b & ©.

For I C A, we define along standard lines

0
si=(N ker(b)) CS. L =%¢(S). P =U xL,.
bel

Thus P; is the standard parabolic subgroup of G of type I/ and L; is its stan-
dard Levi subgroup (see [Borel 1991, Section 21.11]). Recall that the root system
®(L;, S) =[I]is the subroot system of ® consisting of roots that are linear com-
binations of 7; the split unipotent k-group Uj is the subgroup of U generated by
the U, with b running over ®* \ [/].

Given a € ®, the group U; := U;(K) = K is equipped with the valuation o,
which we denote by ¢, : U, > RU {oo}. This defines the Chevalley—Steinberg
“donnée radicielle valuée”

(T(K), (Uz, Mz);c5), where Mz =T(K) a" ([ }])

[Bruhat and Tits 1972, exemple 6.2.3.b], and also a filtration (l7a,m)mez of ﬁgz
where 0ﬁ,m := ¢ '([m, +o0[). Note that 175,,0 =U; (6).

A crucial point of Bruhat-Tits theory is the descent of this data to G = G(K)
[1984, section 5.1]. Given b € @, the commutative group U, := U,(K) is equipped
with the descended valuation ¢, : U, — R U {oo}. The definition of ¢, is delicate,
and is given as follows [Bruhat and Tits 1984, section 5.1.16]. Define

Ub,m = H U,},m . H UEz,Zm for m € R.
aedb, aedb,

alekizb alekEZZb

Then U, is a subgroup of U, (f )= l7b =U, R Ub,m and the descended valuation
is defined by

op(u) :=Sup{m eR|u e ﬁb,m}.
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Note that®> ©p := ¢, (Uj \ {e}) is either Z or 3Z. As above, it gives rises to a
filtration (Uh,m)me(ab of U}, such that Upo = U, (0).
Again we make the convention that U, = 1 if 2b ¢ ©.

Description of the isotropy group of a vertex. Given Q C 2, we denote by ['g the
corresponding isotropy subgroup, namely the elements of I" that fix all elements
of Q. We introduce an analogous definition and notation for j(Q2) € . By Galois
descent we have

o= (Tj@)" (2-1)
In partii:ular, since fq; = G(@) NI = G (k) [Soulé 1973, section 1.1], we have
Ty=T»)%=GKk)*=G®). -

If x € 2\ {¢} and if [x[ is the halfline of origin x and direction ¢x, we claim
that I'y = I'y[. If G 1is split, this is proven in Soulé’s paper by reduction to the case
of SL,. By applying the identity (2-1) to x and [x[, our claim now readily follows
from the absolute case.

The isotropy of [x[ in G = G(K) is the Bruhat-Tits abstract parahoric group Pjy|.
See [Bruhat and Tits 1972, section 7.1]. We have

P =Up . H, where H = Fixg(A).

By [Bruhat and Tits 1984, section 5.2.2], we have H =% (S)(0). The group Uy
is defined by means of the function [Bruhat and Tits 1972, section 6.4.2]

S : @ - RU{oo}, brinf{s e R|b(y)+s>0forall ye[x[}.
Hence
0 if b(x) =0,
S () = { —b(x) if b(x) > 0,
00 if b(x) <O0.
The group Uy C G is then the subgroup of G generated by the U, for b € @
and m > —b(x) (m € ©;), together with the U,(0) for b € ®~ such that b(x) =0.
In other words, by distinguishing positive roots that vanish at x, we see that Upy
is the subgroup of G generated by subgroups of the following three “shapes”:
(I) Up,y for b € ®* such that b(x) > 0 and m € O, such that m > —b(x);
(I) U,(0) for b € ®* such that b(x) = 0;
(III) Up(O) for b € @~ such that b(x) = 0.

Define U;l =UpN Ui(K) as in [Bruhat and Tits 1972, section 6.4.2]. These by
definition generate Uf,[. On the other hand, U, [j;  (respectively U, ) is the subgroup

2We use the notation ®,, rather than the more standard I'j, found in [Bruhat and Tits 1972] to
avoid any possible confusion with the notation used in Soulé’s paper.
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of Up, generated by the subgroups of type (I) and (I) (respectively (III)); see
[Bruhat and Tits 1972, proposition 6.4.9]. Define the subset of roots

I, ={beA|b(x)=0}
This definition makes sense if x is an element of ${, and we then have Iy = A.

Lemma 2.2. We have

[LIN®T ={bedT |b(x)=0)}, (2-2)
O\ [L]={be @ |b(x)> 0}, (2-3)
[LIN®™ ={bed |b(x)=0). (2-4)

Proof. Observe that if b € [I,], then b is a linear combination of elements of I,;
hence b(x) = 0. This implies that [I,] N ®T C {b € @' | b(x) = 0}. Conversely,
let b be a positive root such that b(x) = 0. Then b = ZceA n.c, where the n. are
nonnegative integers. Hence > ., ncc(x) = 0. Since x € 9, we have c(x) > 0.
Therefore n.c(x) =0 and b is a linear combination of elements of /., proving (2-2).
Since

(be®dt |b(x)#0)={be ®d"|b(x)> 0},
we get also (2-3). Similar considerations apply to (2-4). (I
It follows from (2-2) and (2-4) respectively that the subgroups of shape (II) and

(IIT) are subgroups of L (0), and (2-3) shows that the subgroups of shape (I) are
subgroups of U (K). Hence we get the inclusion

U[x[ C (U[x[ N U]X(K)) X le(©) C P]X(K). (2-5)

Lemma 2.3. (1) L; (0) C Py C U (K)x L (0)C P (K);
(2) UI,((K) N P[x[ C U[j;[;
3) Uz (U NUL(K)) = U, (K).
Proof. Let I = 1I,.
(1) Since U, CU;(K) x L;(0) and #(S) C Ly, it follows that Py = U, . H =
Uixr - %6 (S)(0) is a subgroup of U;(K) »x L;(0).
Let us show that L;(0) C Pj,[. Let V; be the unipotent radical of the minimal
standard parabolic subgroup of L;, namely the k-subgroup of U generated by

the Up, such that b € ®* and b(x) = 0. We have [SGA3 1962/1964, théoreme
XXVI.5.1]

U gQ = L],
geVi(k)



398 Benedictus Margaux

where Q stands for the big cell V;” x; ¢ (S) xx Vi of L. Since O is local, it
follows that

Li(0)=V;(k).Q(0)=V,(k).V; (0). H.V(0).

We conclude that L;(0) C Pyy.

(2) We claim that U(K) N Py = U&'[. This establishes (2) since U;(K) C U(K).
To prove the claim, we need to show that U (K)N P, CU [J;  (the reversed inclusion
is obvious). With the notations of [Bruhat and Tits 1972, section 7], we have
UK)= Ug where D is the direction of the sector 2. By [ibidem, 7.1.4], we have

P NU(K) = Upp4p,

where Uj,[4p is the subgroup of G(K) attached to the subset [x[ + D = x + D
of s. This group is defined by means of the function [ibidem, section 6.4.2]

ferp: @ > RU{oco}, br>inf{se€R|b(y)+s>0foralyex+ D}

Hence
—b(x) ifb>0,

f"+D(b):I oo ifh<0

soU,yp =1,
(3) If b € @ satisfies b(x) > 0, then the number Inf{m € ®;, | m+b(zx) > 0} tends
to —oo as z tends to oo. This readily yields Uzzl(U+ NU(K))=U;(K). O

[zx[

[j[ as desired.

Remark 2.4. Geometrically speaking, the K -parabolic P; Xy K is attached to the
extremity of the halfline [x[ in the spherical building at infinity; see [Garrett 1997,
Section 16.9]. Since Py is the isotropy group of the half line [x[, it fixes its ex-
tremity. This point of view yields another way to prove the inclusion P C Py, (K)
which is part of Lemma 2.3(1).

Given b € @, we set
my(b) :=Inf{m € ®p | m + b(x) > 0}.
Since I'y = P, NI, we have the inclusion
((Ubm, ) - Usbm,20)) NT, b€ D, b(x) >0)CTy. (2-6)
Proposition 2.5. (1) I'y = ([« N U, (K)) x Ly, (k);

() Tx = (Ubm,)-Uzbm,20)) NT, b(x) > 0) x Ly (k);
3) Uzzl 'y = U (k[t]) x Ly, (k).
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Proof. To lighten the notation we set [ = I,.

(1) According to Lemma 2.3(1), L;(k) = I' N L;(0) fixes the point x. Hence the
inclusion

(Fx ml]I(I{)) X Ll(k) - l—‘x~

To prove the reverse inclusion we use the projection P;(K) — L;(K). The image
of I'y inside L;(K) is a subgroup of L;(A). On the other hand, by Lemma 2.3(1),
the image of P, inside L;(K) is the subgroup L;(0). Hence the image of ', inside
L;(K) is a subgroup of L;(A)N L;(0) = L;(k). We thus have an exact sequence

1 — (FxﬂUI(K)) — Fx — L[(k)

which is a split surjection.

(2) Put V := ((Up,m, ) - U2b,m,20)) NI, b€ @, b(x) > 0). This is a subgroup of
I', by (2-6) and of U;(K) by (2-5). So V ¢ I', NU;(K). For showing the reverse
inclusion, it suffices to show that

Ty NU(K) C{(Upm, ) - Usbm,2)) N T, b(x) > 0). (2-7)

From Lemma 2.3(3) we have I'y NU;(K) CcT'N U[“;[. Accordingly, it will suf-
fice to show that I'y N U[J;[ is a subgroup of the right side of (2-7). Let d):gd =
{b1, ..., bn} be the subset of reduced positive roots (with an arbitrary order). The
product induces a isomorphism of k-varieties H?’:l U,; = U by [Borel 1991,
Proposition 21.9]. In particular, we have compatible bijections
N
[1 U, (K) = U(K)
j=1
U U

N
T1 Us, (4) = U(A).
j=1

By comparing these with the bijection [Bruhat and Tits 1972, section 6.4.9]
N
H Ub;m,6;) - Uzb;m,2b;) —> Uﬁx_[,
j=1
we can see that I'y N U;(K) C U[J;[ N U(A) consists of products of elements

WUb;m, b)) - Uab;m,2b;)) N T with bj(x) > 0.
(3) This follows from (1) and Lemma 2.3(3). O
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Action on the star of certain points. We will now make use of the spherical build-
ing B(G) of G from [Tits 1974, Section 5]. Recall that B(G) is a simplicial
complex whose simplexes are the k-parabolic subgroups of G. If @ is such a
parabolic subgroup, the faces of its associated simplex are the simplexes associated
to the maximal proper k-parabolic subgroups of Q. The standard apartment 2 of
B(G) is the subcomplex of k-parabolic subgroups containing S, and the standard
chamber € is the simplex associated to the minimal k-parabolic subgroup P. We
denote by W = Ng(S)/%(S) the relative Weyl group of G.

If x € 7, we denote by &, the star of x (étoile in French),? that is, the subspace
of J consisting of facets F such that x € F [Bruhat and Tits 1984, section 4.6.33].

We denote by S, = Homy_,,(G,,, S) the group of cocharacters of S. Inside the
apartment o = ¢ + S, ®z R, this corresponds to the lattice of points having type 0,
that is, the type of ¢. The action of S(K) on J preserves sl. More precisely,
the element s € S(K) acts on o as the translation by the vector v defined by the
property [Bruhat and Tits 1984, section 5.1.22]

(05, b) = —w(b(s)) forall b e . (2-8)

We denote by € C S, ®z R the vector chamber such that ¢ + € is the unique
chamber of the sector 2 that contains the special point ¢ in its adherence; see
[Bruhat and Tits 1972, section 1.3.11].

Lemma 2.6. Let x be a point of S, N Q. Then the chambers of £, N L are the
x + we for w € W (k) satisfying I, Cw . ®T.

Proof. Set I = I,.. The chambers of &, are the x + w€ with w € W (k). Let y € €.
If x + weé C 9, then

bx+w.y)=b(x)+w ' .b)(y)>=0 forallbeA.

It follows that if b € I, that is, b(x) = 0, then (w~"' . b)(y) > 0, and therefore
b € w(dy). Conversely, if w € W (k) satisfies I C w(®d,), then the inequality
above holds for €y for all b € A for € > 0 small enough. Thus x + w . (€y) € 2
and x + w€ C 2. (]

Lemma 2.7. Let I be a subset of A, and set Wy := N, (S)/%6(S). Let 2 be the
union of the w€ for w running over the elements of W (k) satisfying I C w . ®.

(1) Wy(k). 20, =2
(2) Pi(k) .2 =B(G).

Proof. (1) We reason by induction on the cardinality of /. If ] = &, then ; =%
and there is nothing to prove. Assume that / = I’ U {b}. We are given a chamber
w€ of A with w € W (k). We want to show that w¢ is equivalent under Wy (k) to a

3The terminology link is also used in the literature.
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chamber of ;. Since W (k) C W, (k), we can assume by the induction hypothesis
that I' Cw . ®T. If b€ w . ®F, we have I C w . ®*. The other case is when
—bew.d". Let s, € W;(k) be the reflection associated to b. Then s, (b) = —b;
hence b C spw . ®F. For b’ € I', we have s, (") = b’ +mb, where m is nonnegative.
Therefore

b =si(b') = sp(b' +mb) = sp,(b') —mb € spw . OF.

We conclude that I C spw . @1 and s, . (w€) C Aj;.

(2) Again it suffices to prove that any chamber of % (G) is equivalent under P; (k) to
a chamber of ;. Let € be a chamber of B(G). Let P’ be the underlying minimal
k-parabolic subgroup. By [Borel and Tits 1965, Proposition 4.4.b], P;N P’ contains
a maximal k-split torus of P;. Since maximal k-split tori of P; are conjugate under
U, (k), it follows that there exists u € U (k) such that uSu~' ¢ P; N P’; hence
S c u~'P’u. So we can assume that S C P’, that is, that ¢’ C 2. Then ¢’ = ¢
for some w € W (k). By (1), ¢’ is then equivalent under W; (k) to a chamber of ;.
Since Np,(S)(k) maps onto W, (k), we conclude that ¢ is then equivalent under
P; (k) to a chamber of ;. O

We come now to the following important step in Soulé’s proof.
Lemma 2.8. Letx € S, N ThenT', . (£, N2) =%,

Proof. We will make use of the canonical smooth model 3, /O of the parahoric sub-
group associated to x [Bruhat and Tits 1984, section 5.2]. As an O-group scheme,
P, is isomorphic to G x; 0, and we have an identification P, (0) = P,. The star
&, is the spherical building of P, x¢ k = G; see [Bruhat and Tits 1984, section
5.1.32]. Set for convenience [/ = I,. By Lemma 2.6, ¥, N9 is identified with 2;
in the spherical building % (G). Furthermore, the chamber x + € identifies with €.

The inclusion T’y . (£, N2) C &£, is clear. Let us prove the reverse inclusion.
By definition, there exists 2 € S, N9 such that x = . Define g; = A(1/1)"! =
A(t) € S(K). Since x = g, . ¢ by (2-8) above, we have

Po=g1Psg; " (2-9)

Thus P, (0) = P, = g;_G(@)g;I C G(K). In view of Lemma 2.7(2), it will suffice
to establish the following.

Claim 2.9. The image of the composite map
Iy CP—> ("Bx X@k)(k) = G(k)
contains Py (k).

The group L;(k) commutes with g, inside G (k(t)), and it is therefore included
in the image in question (as we have already observed in Proposition 2.5). So it



402 Benedictus Margaux

is enough to check that g,U (k)g;] C Iy, or equivalently that g, U (k)g;1 cT.
This can be verified by working over the field k and checking the inclusion for the
subgroups Uy, (k) of U (k) for b € ®*. To verify this, we use that the product map
induces a decomposition (with the notation of page 395)

[T Gaoy. ] Ualk) = Ush).
aed?, aed”,

alekI;:b alekl;ZZb

Ford € ®° and s € IE, we have
Us(tP4s) ifalg, z="b.

U~(s -1 = {N
8, Ua(s) g; Ua(i202s) it dlg, ;= 2b.

Hence g, U;(s) g)__l c I'. This establishes Claim 2.9. The proof of Lemma 2.8 is
now complete. U

End of the proof of Theorem 2.1.

Two distinct points of 2 are not equivalent under I'. Since two different points of
9 are not equivalent under I' [Soulé 1979, 1.3], it follows that two distinct points
in 9 are not equivalent under I.

A point of T of type 0 is equivalent to a point of 2. We denote by M C S(K) =S, ®
K> the subgroup generated by the A(¢) for A running over S,. We denote by M C
M the semigroup generated by the A(¢) for A satisfying (b, 1) > 0 for all b € A.
By a result of Raghunathan [1994, Theorem 3.4],* we have the decomposition

G(K)=T.M .G(0).

Again, since Ng(8)(k) maps onto W (k) and W (k).M, = M, we have actually a
decomposition

G(K)=T.M,.G(0).
Since G(K)/G(0) is the set of points of type 0 of I, this shows that every such

point of J is I'-conjugated to a point of M . ¢. But M, . ¢ C 9, so we conclude
that every such point of J is I'-conjugated to a point of 9.

Every point of J is equivalent to a point of 9. Let y be a point of J. Let F be a
chamber of J containing y. Then F contains a (unique) point x whose type is that
of ¢. By the preceding step, we can assume that x € 9. Then y belongs to £, and
Lemma 2.8 shows that y is equivalent under I' to a point of 2.

From the above it follows that T =1T". 9, as stated in Theorem 2.1. |

4This reference presupposes that the base field k is infinite, but this assumption is not necessary;
see [Gille 1994, 111.3.4.2] for details.
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3. Applications

We give two applications of Theorem 2.1. The notation and assumptions are as in
the previous section. We begin by recalling some basic facts about direct limits of
groups.

Direct limits of groups. Direct limits of groups occur in geometric group theory
[Serre 1977]. In what follows we will repeatedly encounter the following situation:
We are given a family of subgroups (H;);ca of a group H (indexed by some
set A) and we wish to consider the group that is the direct limit of the groups
(Hy, HyNH,); .en where the only transition maps are the inclusions H;NH, C H,
and H, N H, C H,. We call the resulting group the direct limit of the family
(Hj) e with respect to their intersections.”

Let T be an abstract simplicial complex, E the set of its vertices, and @ the set
of its simplexes. Denote by X the geometric realization of 7. Let H be a group that
acts in a simplicial way on 7', and for which there exists a simplicial fundamental
domain T’. Recall that 7’ is a subcomplex of 7 such that if E’ (respectively @)
denotes the set of vertices (respectively simplexes) of 7’, then for every s € @,
there exists a unique s’ € @ such that s € H . 5.

The isotropy subgroup of H corresponding to an element z (respectively a sub-
set M) of either T or X will be denoted by H, (respectively Hyy).

Theorem 3.1 [Soulé 1973]. Let T, X, H, T’ be as above. Assume that X is
connected and simply connected and that the geometric realization X' of T is
connected. Then the group H is the direct limit of the family of isotropy subgroups
(Hpr) MeE with respect to their intersections.

Chebotarév [1982] has established higher-dimensional generalizations of this
result. As pointed out by one of the referees, when X has additional structures
there are other presentations, which are useful in practice.

Proposition 3.2. Under the hypothesis of Theorem 3.1, assume that X is equipped
with a distance d such that

(1) for any two points x and y, there is a unique geodesic linking x and y;

(i1) for any x € X, there is an open neighborhood D, of x such that Dy N F # &
implies x € F for any simplex F of X;

(iii)) H acts isometrically on X.

Furthermore, we assume that

5 Another terminology, which is a slight abuse of language, is that H is the sum of the Hp
amalgamated over their intersections [Serre 1977, 11.1.7].
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(iv) for each simplex F of X, the stabilizer of F (as a set) coincides with the
isotropy group (pointwise stabilizer) of F.

Then

(1) The group H is the direct limit of the family (Hy N Hy )y, Ne g With transition
maps Hy N Hy — Hyy and Hy N Hy — Hy for M, N belonging to an edge
of X'.6

(2) The group H is the direct limit of the family of isotropy subgroups (Hy)yex’
with respect to their intersections.

Note that when X is a tree, the first statement of the proposition allows us to
recover a classical result [Serre 1977, section 4.5, théoréme 10].

Remark 3.3. Note that the first statement of the proposition is different than that
of Theorem 3.1. The point is that two vertices of X’ do not necessarily belong to a
common edge. In other words, the presentation of H given by Proposition 3.2(1)
has fewer relations than the one given by Theorem 3.1.

Proof. We prove both statements at the same time. We denote by H the first limit
and by H* the second one. We have an obvious surjective map H' — H, while the
inclusion E’ C X gives rise to a map H — H®. We denote by ¢ : H — H — H*
the composition of these two maps. It is enough then to show that H — H? is
surjective, and to produce a section § : H* — H' of ¢.

If x € X, we denote by F, C X the (open) simplex attached to x. Since every
F, contains in its closure a vertex M, our hypothesis on stabilizers implies that
H, C Hy. It follows that H — H? is surjective.

To define the splitting & : H* — H, we proceed as follows. We are given x € X,
and M € E’ such that M € F,. Since the action is simplicial, we have H, = Hp,.
By our hypothesis on the stabilizers, we have then the inclusion H, C Hy C H.

Step 1: The composite map Oy yr : Hy — Hy — H T does not depend of the choice
of M. We note that two distinct choices M and N of vertices of F, define an edge
of X', so that the maps H, — Hy — H' and H, — Hy — H' agree since they
agree on Hy N Hy. This establishes this step and defines a map 6, : H, — H*.

Step 2: If y € F , then 6, and 0, agree on the subgroup H, of H,. Since Fy C F,,
we can pick a vertex M € F y. By definition 6, s and 60, j; agree on H,. Hence 0,
and 6, agree on H, by the first step.

Step 3: Connectedness argument. We are given x, y € X and we want to show that
0, and 6, agree on H, N H,. Since H, N H, acts trivially on the geodesic [x, y],

6By taking M = N in E’ we see that the groups H; are part of our family. Observe that if M, N
are vertices of a common edge F, then Hy N Hjy is nothing but the isotropy group of F.
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we have H, N H, C H, for all z € [x,y]. We consider then the restrictions
©,:H,NHy, C H,— H' of 0, to H, N H, for z running over [x, y].

Recall that D, is the open neighborhood of z € X given by hypothesis (ii).
Step 4: If z € [x, y], then ®, = @, for all 7 € D, N[x, y]. Since ' € F,; N D,,
assumption (ii) implies that z € /. Step 2 shows that . and . agree on H. C H.;
hence O, = Q.

We now finish the proof of the proposition. Since the D, N[x, y] define an open
covering of the connected space [x, y], Step 3 implies that ®, does not depend on z.
In particular 6, and 6, agree on H, N H,. By the universal property defining H ﬁ,
we obtain a map 0 : H* — HT. By construction 8 o & = id . (Il

For future use we record the following.

Lemma 3.4. Let H be a group that is the direct limit of a family of subgroups
(Hy)uen of H with respect to their intersections.

(1) Let A’ C A be a directed subset, that is, for all a, B € N, there exists y € A
such that H, C H, and Hp C H, . Then the direct limit of the family (Hy)gen
with respect to their intersections is canonically isomorphic to the subgroup
Uyen Ha of H.

(2) Let A= jes I\j be a partition of A in directed subsets. For j € J, denote
by H; = UaeA_, H, the subgroup of H associated to A;. Then H is the
direct limit of the family of subgroups (H;);cy of H with respect to their
intersections.

Proof. (1) Note that J,., Hq is a subgroup of H since A’ is directed. For any
group M we have

Hom,(H', M) = (liﬁHomgr(Ha, M),

aclN
whence the statement.

(2) Denote by H the direct limit of the family of subgroups (H;)jc; of H with
respect to their intersections. The inclusion maps H; C H agree over their inter-
sections and hence give rise to a natural map ¢ : H — H. For defining the reverse
map, denote by a — j(a) the map A — J that maps a to the unique index j such
that o € A ;. We then get maps

Hy — Hj@) — H foraeA.

Since these maps agree over their intersections, they yield amap 7 : H — H. Given
that the images of the H, generate H (respectively H), we get that o¢ =id5 and
on=idy. O
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The group G (k[t]) as a direct limit. Theorem 3.1 yields this:

Corollary 3.5. Let V be the set of vertices of 9. The group I’ = G(k[t]) is the
direct limit of the family (I'y)xcy with respect to their intersections. U

From the corollary we see that I" is generated by the I',. By Proposition 2.5(1),
I'y consists of products of elements of G(k) and elements of U (k[t]), where U
stands for the unipotent radical of the minimal parabolic subgroup attached to §
and A.

Corollary 3.6. G(k[t]) = (G (k), U (k[t])). O
Another presentation of I' is given by means of Proposition 3.2(2).

Corollary 3.7. The group I = G (k[t]) is the direct limit of the family (I'y)xco with
respect to their intersections.

Proof. We have to check that hypotheses (i) through (iv) of Proposition 3.2 are
satisfied for the action of I' on the Bruhat-Tits building I, which is a metric space.

(i) Any two points of J are linked by a unique geodesic [Bruhat and Tits 1972,
section 2.5].

(ii) By [ibidem, lemme 2.5.11], for any x € X there exists an open ball D, of center
x such that for any simplex F of X, D, N F # @ implies x € F.

(iii) The group G(K) acts isometrically on 7 (ibidem).

(iv) Since G is simply connected, the stabilizer of a simplex F of I (or facet with
the terminology of Bruhat and Tits) under I' C G (K) is also its pointwise stabilizer
[Bruhat and Tits 1984, proposition 4.6.32] and also of F [Bruhat and Tits 1972,
proposition 2.4.13].

The corollary now follows from Proposition 3.2. (]

We shall now give a nicer presentation of I'. Given a subset I C A, define
97 :={xe€d|I,=1}. Itis a subcone of 9, that is, z9; C 2; for all z > 0. Define
the subgroup I'; = U;(k[t]) < L; (k).

Lemma 3.8. (1) The (I'y)xeo, form a directed family of subgroups of T

(2) Ty is the direct limit of the Ty for x € 9.
Proof. (1) The sector 2 is equipped with the partial order x < y if y —x € 2. By
restriction, we get a partial order on 9; that is directed. Indeed, given x, y € 9,
wehavex+yeQ;andx+y>xandx+y > y.

Let x, y be elements of 9; such that x < y. Then b(y) > b(x) for all b € [I]T;
hence my (b) < m,(b) for all b € [I]*. It follows that for b € [I]" we have

Ub.m, ) - Usb.m,2b) C Ubmy ) - Uz, (2b)-
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Now Proposition 2.5(2) shows that I'y C I'y. Since 2; is a directed subset of 2,
we conclude that the (I'y) o, form a directed family of subgroups of I'.

(2) By Lemma 3.4(1), it is enough to show that

U r=r.. (3-1)

XEQ1

Proposition 2.5(1) shows that the inclusion C holds. Conversely, suppose we are
given an element g € I';. Let x € 2. By Proposition 2.5(3) there is a real number
z > 1 such that g € I',,. Since zx € 9;, g belongs to the left side of (3-1). O

Theorem 3.9. The group I = G (k[t]) is the direct limit of the family of subgroups
(C7)1ca with respect to their intersections

Proof. Lemma 3.8(2) shows that I'; is the limit of the directed family of subgroups
(I'x)xea,. To finish the proof we apply Lemma 3.4(2) to the decomposition 2 =
Ll;ca 27 of 2 into directed subsets. O

Application to Whitehead groups. Let G (k)™ be the (normal) subgroup of G (k)
generated by the (R, P)(k) for P running over all parabolic k-subgroups of G. If
card(k) > 4, Tits [1964] has shown that every proper normal subgroup of G (k)"
is central. The quotient W (k, G) = G(k)/G (k)" is the Whitehead group of G by
[Tits 1978]. By Tits’s result this group detects whether G (k) is projectively simple.

It turns out that the Whitehead group admits another characterization. Denote
by HG (k) the (normal) subgroup of G (k) composed of elements g € G (k) for
which there exists an element 2 € I' = G (k[¢]) such that #(0) = ¢ and h(1) = g.
We denote by 7 (k, G) = G(k)/H G (k) this naive group of connected components
of G.

Theorem 3.10. There is a canonical isomorphism W (k, G) = my(k, G).

Proof. The unipotent radical V of a k-parabolic subgroup Q of G is a split uni-
potent group, so it satisfies H(V)(k) = V (k). Hence we have G(k)* c HG (k)
and a surjection G(k)/G (k)™ — mo(k, G) = G(k)/HG (k). It remains to show
that HG (k) C G(k)™. Let g € HG(k), and choose h € G (k[t]) satisfying h(0) =e
and 4 (1) = g. According to Corollary 3.6, the element / can be written in the form

h=giuigous - - gulty

with g; € G(k) and u; € U (k[t]), where U is the unipotent radical of a minimal
parabolic k-subgroup of G. We can assume that u; (0) = e, so the condition #(0) =e
reads g1 - - - g, = e. It follows that

/ —1 / —1
h=gugy - 8&u,8, »
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with g} = g,, g =g,8, andsoonupto g, = g ---g, = e € G(k). Hence, as
desired

g=h()=glui(Ng7" g un(D)g',' € G()". 0
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On some crystalline representations of

GL,(Qp)

Vytautas Paskunas

We show that the universal unitary completion of certain locally algebraic rep-
resentation of G := GL,(Q,) with p > 2 is nonzero, topologically irreducible,
admissible and corresponds to a 2-dimensional crystalline representation with
nonsemisimple Frobenius via the p-adic Langlands correspondence for G.

1. Introduction

Let G := GL2(Q)) and B be the subgroup of upper-triangular matrices in G. Let
L be a finite extension of Q,,.

Theorem 1.1. Assume that p > 2, let k > 2 be an integer, and let y : Q) — L™ be
a smooth character with y (p)?p*~' € o 1. Assume there exists a G-invariant norm
Il on (Indg rxl-™H® Symk_2 L?. Then the completion E is a topologically
irreducible, admissible Banach space representation of G. If we let E° be the unit
ball in E, then

Vk,l){(p)*l ® (X|X|) =L ®0L 1(21 V(EO/‘(D'ZEO),

where V is Colmez’s Montreal functor and Vi 5, (,)-1 is a 2-dimensional irreducible
crystalline representation of Gq,,, the absolute Galois group of Q, with Hodge—
Tate weights (0, k — 1) and the trace of crystalline Frobenius equal to 2y (p)~'.

As we explain in Section 5, the existence of such G-invariant norm follows from
[Colmez 2008]. Our result addresses [Berger and Breuil 2007, remarque 5.3.5]. In
other words, the completion E fits into the p-adic Langlands correspondence for

The idea is to approximate (Indg 2 ®x1-17"®Sym*~2 L? with representations
(Ind§ 43, ® yo,1]-1™H ® Sym‘~2 L2, where J, : Q@ — L* is an unramified

character with 6, (p) =x € 1 +p;. If x2 # 1, then yJ, # yJ,-1 and the analogue
of Theorem 1.1 is a result of Berger and Breuil [2007]. This allows to deduce
admissibility. This approximation process relies on the results of [Vignéras 2008].

MSC2000: primary 22E50; secondary 11537, 11S20.
Keywords: p-adic Langlands, universal completion, unitary Banach space representation.
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Using Colmez’s functor V, we may then transfer the question of irreducibility to
the Galois side. Here, we use the fact that for p > 2 the representation Vj 15,12
sits in the p-adic family studied by Berger, Li and Zhu [2004].

2. Notation

We fix an algebraic closure @, of @,. We let val be the valuation on @,, such that
val(p) = 1, and we set |x| := p~¥3®)_ Let L be a finite extension of Q p» contained
in Q@ p» let o, be the ring of integers of L, let @y, be a uniformizer, and let p; be
the maximal ideal of o;. Given a character y : @) — L*, we consider y as a
character of the absolute Galois group g, of Q, via the local class field theory
by sending the geometric Frobenius to p.

Let G := GL»(Q,), and let B be the subgroup of upper-triangular matrices.
Given two characters y,, y, : @, — L™, we consider y; ® x, as a character of B
sending a matrix (& 5) to y,(a)x,(d). Let Z be the centre of G. Define

1+ p"Z p"z
K :=GL,(Z K, = P P f >1
GL(Z)), m ( Pz, 14z, orm > 1,

VA4 14 p"Z, p"'Z
= 4 p = p p m >
h (pzp z;)’ i ( p"Z, 1+p"Z, form = 1.

Let K¢ be the G-normalizer of K, so that Ry = K Z, and let K be the G-normalizer
of 1, so that & is generated as a group by / and II := (2 (1)) We note that if m > 1,
then K, is normal in R and I, is normal in &;. We denote s := ({}).

3. Diagrams

Let R be a commutative ring, (typically R = L, oz or oz /p’). By a diagram D of
R-modules, we mean the data (Dg, D, r), where Dy is an R[Ry]-module, D is an
R[R ]-module and r : D; — Dy is a 9 N K| = I Z-equivariant homomorphism of
R-modules. A morphism a between two diagrams D and D’ is given by (ag, 1),
where ag : Dy — D, is a morphism of R[fy]-modules, | : D; — D is a morphism
of R[R;]-modules, and the diagram

rT Tr’ (1)

a

commutes in the category of R[I Z]-modules. The condition (1) is important, since
one can have two diagrams of R-modules D and D’, such that Dy = D6 as R[Ro]-
modules and Dy = D) as R[R;]-modules, but D Z D' as diagrams. The diagrams
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of R-modules with the above morphisms form an abelian category. To a diagram D
one may associate a complex

c-Ind§, Dy ®6 —%> c-Ind%, Dy 2)

of G-representations, where J : &) — R* is the character J(g) := (—1)"aldets),
c—Ind% D; denotes the space of functions f : G — D; such that f(kg) = kf (g)
for k € R; and g € G, and f is supported only on finitely many cosets £;g. To
describe 0, we note that Frobenius reciprocity gives

Homg (C-Ind% DI ®4, C—Indg0 Dy) = Homg, (D ® 9, C—Indg0 Dy);
now Indg Dy is a direct summand of the restriction of c—Indg0 Dy to K1, and

Homg, (D) ® 6, Ind}Y, Dy) = Hom, z(D;, Dy),
since J is trivial on / Z. Composition of the maps above yields a map
Hom;z (D, Dy) — Homg (C-Ind% D ®9, c—Indgo Dy).

We let 0 be the image of r. We define Hy(D) to be the cokernel of 6 and H;(D)
to be the kernel of 0. So we have this exact sequence of G-representations:

0— Hy(D) — c-Ind%, Dy ® 6 > c-nd, Dy — Ho(D) — 0 3)

Further, if r is injective then one may show that H; (D) = 0; see [Vignéras 2008,
Proposition 0.1]. To a diagram D one may associate a G-equivariant coefficient
system " of R-modules on the Bruhat-Tits tree; see [Paskiinas 2004, Section 5].
Then Hy(D) and H;(D) compute the homology of the coefficient system V', and
the map 0 has a natural interpretation. Assume that R = L (or any field of char-
acteristic 0), and let 7 be a smooth irreducible representation of G on an L-vector
space, so that for all v € = the subgroup {g € G : gv = v} is open in G. Since
the action of G is smooth, there exists an m > 0 such that 7/» £ 0. To 7 we
may associate a diagram D := (7 < 7%n). As a very special case of a result
by Schneider and Stuhler [1997, Theorem V.1; 1993, Section 3], we obtain that
H()(D) =.

We are going to compute such diagrams D, attached to smooth principal series
representations of G on L-vector spaces. Given smooth characters 6, 0,: 2 — L*
and 11, A, € L™, we define a diagram D(41, 42, 61, 6,) as follows. Let ¢ > 1 be an
integer such that &, and 0, are trivial on 14+-p“Z,,. Set J.:=(KNB)K.=(INB)K,,
so that J. is asubgroup of /. Let @ : J. — L* be the character 8 (‘g 3 ) =01(a)0(d).
Let Dy := Indfr 6, and let p € Z act on Dy by a scalar 114, so that Dy is a
representation of Ky. Set D := Dé“, so that D is naturally a representation of / Z.
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We are going to put an action of I1 on Dy, so that D is a representation of K. Let
Vii={feD:Supp fCI}, Vi:={feDi:SuppfCJesl} “)

Since I contains Ky, we have J.sI = (BN K)sI = IsI; hence D; =V, & V,. For
all f1 € V) and f; € Vi, we define I1- f; € Vs and I1 - f; € V] such that

[T1- f1l(sg) := A AT D),  [II- £,1(g) = A2 fs (sTIgIT™") forallgel. (5)

Every f € D; can be written uniquely as f = f; + f, with f; € V] and f; € V,,
and we define IT- f :=11- f1 + 11 f;.

Lemma 3.1. Equation (5) defines an action of &1 on D1. We denote the diagram
Dy Dyby D(A1,2,01,0;). Let w := Indg X1 ® x, be a smooth principal series
representation of G, with

x1(p) =4, xa(p) = 1o, X1|ZE:91, ){2|Z,§=92.

There exists an isomorphism of diagrams D(L1, A2, 01, 0,) = (! — %), In
particular, we have a G-equivariant isomorphism Hy(D(A1, A2, 01, 6)) = x.

Proof. We note that p € Z acts on © by a scalar 1;4;. Since G = BK, we
have 7 |y = Indgm( 6, and so the map f — [g— f(g)] induces an isomorphism
10 ke = Indfﬂ 0 = Dy. Let

Fr:={fenm:SuppfCBI} and F;:={f ex:Supp f < Bsl}.

Iwasawa decomposition gives G = BI U Bsl; hence 7 = | @ F;. If f1 € &y,
then Supp(I1f1) = (Supp f)II~! € BITI~! = BsI. Moreover,

[T1£11(sg) = fi(sgIl) = fi(sTI(IT "' gII))

. (6)
=1 (p) fiIl” gIl) forall g e[l
Similarly, if f; € %,, then Supp(I1f;) = (Supp f;)I1~! € BsITI™' = BI, and
[T1£1(g) = f1(gTl) = fi((Is)s(IT~"gIT)) -

= 0 (p) fi(s(IT'gI)) forall g el.

Now 7 fe = @{" &) %ﬁ" c wXe. Let 17 be the restriction of 1y to 7 . Then it is imme-
diate that 11(9?{") = V) and 11(9'731.1) = V;, where V| and V; are as above. Moreover,
if f € Dy and I1- f is given by (5), then II- f =11(H11_1(f)). Since R acts on 7 ',
Equation (5) defines an action of &; on D; such that 7 is K;-equivariant. Hence,
(10, 11) is an isomorphism of diagrams (7’ < 7 %) = (D; < Dy). O
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4. The main result

Lemma 4.1. Let U be a finite dimensional L-vector space with subspaces Uy, U,
suchthat U =U®U,. For x € L define amap ¢, :U — U by ¢ (v1+02) =x01+0>
for all vy € Uy and vy € Uy. Let M be an oy -lattice in V. Then there exists an
integer a > 1 such that ¢ (M) = M for x € 1 + p].

Proof. Let N denote the image of M in U/U,. Then N contains (M N U;) + Us,
and both are lattices in U/U;. Define a > 1 to be the smallest integer such that
p,“(M NU;)+ U, contains N. Suppose that x € 1+ p% and v € M. We may
write v = Aoy + vy, with vy € M N Uy, vy € Us and 1 € p;“. Now ¢ (v) =
v+ A(x —1)v; € M. Hence we get ¢, (M) S M and ¢,—1 (M) S M. Applying ¢,-1
to the first inclusion gives M C ¢,—1(M). U

We fix an integer k > 2 and set W := Sym*~2 L2, an algebraic representa-
tion of G. Let 7 = 7 (x,, x,) = Indg X1 ® x, be a smooth principal series
L-representation of G. We say that 7 ® W admits a G-invariant norm if there
exists a norm ||-|| on # ® W with respect to which # ® W is a normed L-vector
space such that ||gv] = ||| forallv e z @ W and g € G.

Let ¢ > 1 be an integer such that both y, and y, are trivial on 1+ pZ,,. Let D
be the diagram 7% @ W < 7% @ W. Since Hy(n ' — 7 %) = 7, by tensoring
(2) with W we obtain Hy(D) = 7 @ W. Assume that 7 ® W admits a G-invariant
norm ||-||, and set (t ® W)? :={v e 7 ® W : ||lo|| < 1}. Then we may define a
diagram & = (9| < %) of oz-modules by

G :=((@l@W)NE@Z W)’ = X @W)n (@ @ wW)).

In this case Vignéras [2008] has shown that the inclusion % < D induces a
G-equivariant injection Ho(%) < Hy(D) such that Hy(9) ®,, L = Hy(D) and
H{ (%) = 0. Moreover, Hy(%) does not contain an oz -submodule isomorphic to L;
see [Vignéras 2008, Proposition 0.1]. Since Hy(D) is an L-vector space of count-
able dimension, this implies that Hy(%) is a free o -module. By tensoring (2) with
07/p7, we obtain

Hy(D) ®o, 01/p] = Ho(D ®o, 0L/P7)- (8)

Proposition 4.2. Let m = w(y,, x,) be a smooth principal series representation,
assume that 1 @ W admits a G-invariant norm, and let 9 be as above. Then there
exists an integer a > 1 such that for all x € 1 + p’;,, with b > a, there exists both
a finitely generated o1 [Gl-module M in 7 ()01, x,0x) ® W that is free as an
or-module, and a G-equivariant isomorphism

M®0L OL/pll?, ; HO(@) ®0L UL/pg,

where o : Q — L* is an unramified character with ox(p) = x.
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Proof. Apply Lemma4.1toU =Dy, Ui =Vi®W, Uy=V, QW and M =%,
where V| and V; are given by (4). We get an integer a > 1 such that ¢, (%) = 9D
for all x € 1 + p7. It is immediate that ¢, is I Z-equivariant. We define a new
action % of IT on Dy by TT%v := ¢, (I1¢; ! (v)). This gives us a new diagram D(x),
so that D(x)o = Dy as a representation of Ky, D(x); = D; as a representation of
1 Z, the I Z-equivariant injection D(x); < D(x)g is equal to the I Z-equivariant
injection Dj < Dy, but the action of IT on D is given by x, (here by = we really
mean an equality, not an isomorphism). If f; € V| and f; € V; then

Ox(fiew)=fl®([Iw), Ox(fiew)=f&(lw) forallweW,

where f; € Vi, f{ € Vi and for all g € I we have

fl(sg) =xIT- fil(sg) =x~" 21 A(IT ' gI), )
fi(g) =x[I1- £,1(g) = x A2 fy (sTIgIT ). (10)

Hence, we have an isomorphism of diagrams D(x) = D(x~ 21, x22, 01, 6»), and
so Lemma 3.1 gives Hy(D(x)) =x (x,0,-1, X,0x)®W. Now let b > a be an integer
and suppose that x € 1 +plz. Since IT- %) = ¢ (D)) = ¢ (D)) = Dy, we get

I (%o N Dy) = M x Dy = ¢, (Mg (D)) = Dy

So if we let D(x)g := Do and D(x) := D(x)g N D(x), where II acts on D(x);
by *, then the diagram % (x) := (9 (x); < D(x)o) is an integral structure in D(x)
in the sense of [Vignéras 2008]. The results of Vignéras cited above imply that
M := Hy(%(x)) is a finitely generated o, [G]-submodule of 7 (0,1, x,0x) @ W,
which is free as an o7 -module, and M ®,, L = w(y,5,-1, x,0,) ® W. Moreover,
since ¢, is the identity modulo pﬁ, we have [Txo = I1-v (mod wf‘jbl) for all
v € 91, and so the identity map % (x)g — Do induces an isomorphism of diagrams
D(x) ®o, 01/P) ZD®q, 01./p] . Now (8) gives Ho(D) o, 01./p§ =M &, 01./p}.

(]

Let k > 2 be an integer and a, € p;. Following [Breuil 2003] we define a
filtered p-module Dy 4, as the following data: a 2-dimensional L-vector space D
with basis {ej, €3}, an L-linear automorphism ¢ : D — D given by

pler)=pley and ¢(er) = —e +aye,

and a decreasing filtration (Fil' D);cz by L-subspaces such that if i < O then
Fill' D=D,if 1 <i <k—1thenFil' D = Ley, and if i > k then Fil' D =0. We set
Vi.a, == Homy, i (Dk,a,,, Beris). Then Vi.a, is a 2-dimensional L-linear absolutely
irreducible crystalline representation of 4q, = Gal(Q »/Qp) with Hodge-Tate
weights 0 and k£ — 1. We denote by Xk.a, the trace character of Vi.a,- Since ‘Q@p is
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compact and the action is continuous, 9q, stabilizes some o -lattice in Vi 4,, and
SO Xk.a, takes values in oy.

Proposition 4.3. Let m be the largest integer such thatm < (k —2)/(p — 1). Let
ap, a, € pr, and assume that val(ap) > m and val(ay) > m. Let n > em be an
integer, where e :=e(L /Q),) is the ramification index. Suppose a, = a:n (mod p7).
Then fk.a,(8) = Xk.a,(8) (mod p7~") for all g € 4q,.

Proof. This a consequence of a result of Berger, Li and Zhu [Berger et al. 2004],
where the authors construct (Q@p -invariant lattices Tk.a, in Vi.a,- The assumption
a, = a;, (mod p7) implies Ty 4, ®o, 0r/p] " = Tie,a;, ®o, or/p] “"; see their
[Remark 4.1.2(2)]. This implies the congruences of characters. O

Let k > 2 be an integer and choose A, 4> € L such that 1 + 4, = a, and
Ay = pk1 (enlarge L if necessary). Assume val(41) > val(42) > 0. Let x,, x, :
Q, — L* be unramified characters, with y,(p) = 27 and y,(p) = 25" Let M be
a finitely generated o7 [G]-module in 7 (,, x,|- =)@ W, where W :=Sym*—2 L2,
In the case 4| # A, Berger and Breuil have shown that the unitary L-Banach space
representation

Ea, =L ®,, l(gn M/w M

of G is nonzero, topologically irreducible, admissible in the sense of [Schneider
and Teitelbaum 2002], and contains 7 (y,, x,| - |=!) ® W as a dense G-invariant
subspace [Berger and Breuil 2007, Section 5.3]. Moreover, the dual of Ey 4, is
isomorphic to the representation of Borel subgroup B constructed from the (¢, I')-
module of Vi.a,-

Let Rep,, G be the category of finite length 0, [G]-modules with a central char-
acter such that the action of G is smooth (that is, the stabilizer of a vector is an open
subgroup of G). Let Rep,, ‘Yg, be the category of continuous representations of
(Q@p on o7 -modules of finite length. Colmez [2008, IV.2.14] has defined an exact
covariant functor V : Rep,, G — Rep,, Yq,. The constructions in [Berger and
Breuil 2007] and [Colmez 2008] are mutually inverse to one another. This means
if we assume 4| £ 4, and let M be as above, then

Via, = L ®o, lim V(M /w] M). (11)

That M /@M is an o [G]-module of finite length follows from [Berger 2005,
Theorem A].

Theorem 4.4. Assume that p > 2. Let A = +p*=D/2 and let y : Qy — L~
be a smooth character with y (p) = 2~\. Assume there exists a G-invariant norm
-1l on w(x, x| - I_I) ® W, where W = Symk*2 L?. Let E be the completion
of t(x, x| - 17" ® W with respect to ||-||. Then E is a nonzero, topologically
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irreducible, admissible Banach space representation of G. If we let E° be the unit
ballin E, then Vi 2, @ (x|x|) =L Qo, LiLnV(EO/wZEO).

Proof. Since the character y|y| is integral, by twisting we may assume that y is
unramified. We denote the diagram

gyl ITH" W a(,xl- ITH M ew

by D = (D1 < Dy). Let 9 = (@) — Uy) be the diagram of o;-modules with
%, = D;NE®and @y = DyN EL. Let a > 1 be the integer Proposition 4.2 gives.
For each j > 0, we fix x; € 1 + piﬂ with x; # 1 and a finitely generated o7 [G]-
submodule M; in 7 ( )(éxj_l, X0x; 1 |~1)® W (which is then a free 07 -module) such
that

Ho (@) ®o, 01 /p47 = M; @q, 01, /pT.

This is possible by Proposition 4.2. To ease the notation we set M := Hy(9D).
Let a,(j) := ixj_l + Axj, let a, := 2/, and let m be the largest integer such that
m<(k—2)/(p—1). Since p > 2, x; —|—x;1 is a unit in o7, we have val(a,(j)) =
val(ay) = (k —1)/2 > m. (Here we really need p > 2.) Moreover, we have
ap=a,(j) (mod p]L+a+em), where e := e(L/Q)) is the ramification index. Now
since x; # 1 we get that Ax; # lx;l, and hence we may apply the results of Berger

and Breuil to 7 (-1, xdy,| - I~ ® W. By (11),
J
Tiay(jy »=1im V(M /oy M)
a+j

is a Yg,-invariant lattice in Vi 4,(j)- Since M ®,, 0L/p; " = M; ®,, oL/pfrj we
get

VM /@MY= VM, /o) M) = T ) @, 01/05 . (12)

Set V=L ®,, l(iLnV(M/wz’M). Then (12) implies that V is a 2-dimensional
L-vector space. Let y, be the trace character of V. Then it follows from (12)
that xy, = xka,() (mod pa*). Since a, = a,(j) (mod pi™/ ™), Proposition
4.3 says that k.4, = Xk.a,(j) (mod paL+j). We obtain yy = xr.a, (mod piﬂ) for
all j > 0. This gives us x, = xk.a,- Since Vi 4, is irreducible, the equality of
charactgfs implies V = Vi.a,- R

Set M .= LiLnM/wZM, and E' := M ®,, L. Since M is a free o, -module, we
get an injection M — M. In particular, E’ contains 7 (), y|-|~')®W as a dense G-
invariant subspace. We claim that E’ is a topologically irreducible and admissible
G-representation. Now Theorem 4.1.1 and Proposition 4.1.4 of [Berger et al. 2004]
say that the semisimplification of Ty 4,(j) ®o, kz is irreducible if p+ 11k — 1 and
is otherwise isomorphic to
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my=i 0 © o *-1/ (D)
0 wu_y=

where w7 is the unramified character sending arithmetic Frobenius to +V—1,
and o is the cyclotomic character. Then [Berger 2005, Theorem A] implies that if
p+1{k—1,then M; ®,, ki, is an irreducible supersingular representation of G,
and if p +1 [ k — 1, then the semisimplification of M; ®,, k; is a direct sum
of two irreducible principal series. The irreducibility of principal series follows
from [Barthel and Livné 1994, Theorem 33], since /—1 % +1, as p > 2. Since
M ®,, kg = Mj ®,, k., we get that M ®,, k7 is an admissible representation
of G (so that for every open subgroup AU of G, the space of AU-invariants is finite
dimensional). This implies that E’ is admissible.

Suppose that E; is a closed G-invariant subspace of E’ with E’ # E;. Let
E? =FE N M. We obtain a G- -equivariant injection E Qo kL = M Qq, kr. If
E ®o, k1, =0 or M ®,, k1, then Nakayama’s lemma gives E0 =0or EO M
respectlvely. If p+1tk—1,then M ®,, ki is irreducible and we are done. If
p+1]|k—1,then E?®0L kr is an irreducible principal series, and so V(E?@UL kr) is
one-dimensional [Colmez 2008, IV.4.17]. But then V| := L ®,, @V(E?/wi’ E?)
is a 1-dimensional subspace of Vi ,, stable under the action of Gg,,. Since V4, is
irreducible we obtain a contradiction.

Since E’ is a completion of 7z (y, x| -|~!) ® W with respect to a finitely gen-
erated 0, [G]-submodule, E’ is in fact the universal completion; see for example
[Emerton 2005, Proposition 1.17]. In particular, we obtain a nonzero G-equivariant
map of L-Banach space representations E/ — E, but since E’ is irreducible and
7(x, x1-17") ® W is dense in E, this map is an isomorphism. O

Corollary 4.5. Assume that p > 2, and let y : Q5 — L* be a smooth charac-
ter such that y(p)>p*=' = 1. Assume that there is a G-invariant norm ||-|| on
(e, x| - 17 ® W, where W := Sym*=2 L2, Then every bounded G-invariant
or-lattice inw(y, x|-1~") @ W is finitely generated as an o [G1-module.

Proof. The existence of a G-invariant norm implies that the universal completion is
nonzero. It follows from Theorem 4.4 that the universal completion is topologically
irreducible and admissible. The assertion follows from the proof of [Berger and
Breuil 2007, Corollary 5.3.4]. O

For the purposes of [PaSkiinas 2008] we record the following corollary to the
proof of Theorem 4.4.

Corollary 4.6. Assume p > 2, and let y : Q; — L™ be a smooth character such
that y*(p)p*=' is a unit in o;. Assume there exists a unitary L-Banach space
representation (E, ||-||) of G containing (Indg 2 xl- 1™ @SymF2L% as a
dense G-invariant subspace and satisfying || E|| C |L|. Then there exists x € 1 +p
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with x* # 1 and a unitary completion Ey of (Indg 20 @ x0,-1]-1”H) @ SymF2 L2
such that E° ®o, ki = ES ®o, ki, where Eg is the unit ball in E, and E° is the
unit ball in E.

Proof. Let 7 :=Ind§ y ® x|- |7 and M := (z @ W) N E°. Now M Nw E* =
T @W)NwE' =w M. So1: M/wiM — E°/w E” is a G-equivariant
injection. We claim that 7 is a surjection. Let v € E°. Since 7 ® W is dense
in E, there exists a sequence {v,},>1 in £ ® W such that limo,, = v. We also have
lim|lv,|| = ||v]|. Since ||E|| € |L| = Z, there exists an m > 0 such that v, € M for
all n > m. This implies the surjectivity of 7. So we get M ®,, k1 = E° ®,, kr.

By Corollary 4.5 we may find uy,...,u, € M that generate M as an o;[G]-
module. Further, u; = Z'j"’zl v;j ® w;; with v;; € 7 and w;; € W. Since 7 is a
smooth representation of G, there exists an integer ¢ > 1 such that v;; is fixed by
K foralll <i<mand1 < j<m;. Set

P = ((77:Ic®W)ﬂMC—> (7TK"®W)DM), D= (7T1"®W<—> 7TK"®W)

and let M’ be the image of Hy(9) < Hy(D) =7 ® W. It follows from (3) that
M’ is generated by (X< ® W) N M as an 0;[G]-module. Hence, M’ € M. By
construction (7 X ® W) N M contains uy, ...u,, and so M € M’. In particular,
Hy(D) ®o, kr =M ®,, k. The claim follows from the proof of Theorem 4.4. [

5. Existence

Recent results of Colmez, which appeared after the first version of this note, im-
ply the existence of a G-invariant norm on (Indg 2 ®xl-17" ®Symt=2 L? for
12(p)ptle 0, , thus making our results unconditional. We briefly explain this.

We continue to assume that p > 2, that k > 2 is an integer and that a,, =2 pk=0/2,
The representation Vi ,, of §q, sits in the p-adic family of Berger, Li and Zhu,
[2004, 3.2.5]. Moreover, all the other points in the family correspond to the crys-
talline representations with distinct Frobenius eigenvalues, to which the theory
of [Berger and Breuil 2007] applies. Hence [Colmez 2008, I1.3.1 and IV.4.11]
imply that there exists an irreducible unitary L-Banach space representation I1 of
GL2(Q,) such that V(IT) = Vi4,. If p > 5o0r p =3 and k # 3 (mod 8) and
k#7 (mod 8), the existence of such IT also follows from [Kisin 2008]. It follows
from [Colmez 2008, V1.6.46] that the set of locally algebraic vectors IT22 of IT is
isomorphic to

(Ind§ x ® x|-17") @ Sym** L?,
where y :@; — L* is an unramified character with y (p) = p~*~1/2, The restric-

tion of the G-invariant norm of IT to IT¥€ solves the problem. Also, if J: Q, — L~
is a unitary character, then we also obtain a G-invariant norm on IT%¢ ® ¢ o det.
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Equivariant Hilbert series

Frank Himstedt and Peter Symonds

We consider a finite group acting on a graded module and define an equivariant
degree that generalizes the usual nonequivariant degree. The value of this degree
is a module for the group, up to a rational multiple. We investigate how this
behaves when the module is a ring and apply our results to reprove some results
of Kuhn on the cohomology of groups.

1. Introduction

We consider a finitely generated graded module M over a graded ring R that is
finitely generated over some base field k and such that Ry is finite-dimensional
over k. We suppose that there is a finite group G that acts on M, preserving the
grading and commuting with R.

To this data we associate a formal Laurent series [M] in ¢ in which the coefficient
of t" is the homogeneous part M,, considered as a kG-module. The difficulty
of the theory depends on whether we wish to keep track of these modules up to
isomorphism (that is, in the Green ring) or only up to composition factors (in the
representation ring). We develop both cases.

This series [M] is shown to satisfy a form of the Hilbert—Serre Theorem (in
particular it is a rational function, or at least a sum of them in the Green ring case).
We define the equivariant degree deg; M to be the coefficient of the leading term
when we expand [M ] as a Laurent series in 1 —¢. This is a kG-module up to rational
multiple, although there is sometimes a problem of whether it is well defined in
the Green ring case. The dimension of this module agrees with the usual definition
of the degree in the nonequivariant case.

We investigate various properties of the equivariant degree; Theorem 6.4, in
particular, lists several equivalent characterizations.

In Section 7, we go on to consider the case of the homogeneous coordinate ring
on a projective variety and show that in this case the degree is always defined and
it is a permutation module that can be easily described in terms of the geometry.

MSC2000: primary 13D40; secondary 20C20.

Keywords: Hilbert series, group action, ring, degree, equivariant.
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Finally, in Section 8, this theory is applied to the variety associated to the coho-
mology of a group to reprove a result of Nick Kuhn on the action of the outer
automorphism group of a p-group G on the cohomology H*(G; [F)).

2. General setup

Let R = @?’;0 R; be a commutative graded algebra over a field k. We suppose
that R is a finitely generated k-algebra and that Ry is finite-dimensional over &,
so all the homogeneous components R; are also finite-dimensional vector spaces
over k. Let G be a finite group and let M = ;2 M; a finitely generated graded
left RG-module, where the action of G preserves the grading and each M; is a
finite-dimensional k-vector space.

We recall some facts about the Hilbert series H(M, 1) = > o dimg(M;) ' of
M. The graded version of Noether normalization [Benson 1993, Theorem 2.2.7]
guarantees the existence of homogeneous elements d;, dy, .. ., d, of positive de-
grees in R that generate a polynomial subring k[dy, ..., d,] of R and such that R is
finitely generated as a k[dy, . .., d,]-module. We write |d;| := degd; for the degree
of d;. The number 7 is equal to the Krull dimension of R. By the Hilbert—Serre
Theorem [Benson 1993, 2.1.1] the Hilbert series H (M, t) is of the form

F(M, 1)
Hl’,’zl(l_;ldil)’

where f(M,t) is a Laurent polynomial with integer coefficients. As in [Benson
1993, Section 2.4], for example, the rational number deg M is defined by the Lau-
rent expansion of H (M, t) about ¢ = 1:

_ degM 1
H(M,t)= -1y +O((1—t)"—1)' (2-1)

Obviously the definition of the degree deg M ignores the action of G on M. In
the next two sections, we shall define an equivariant analogue deg; M, which also
incorporates the group action.

First, we define the degree of certain Laurent series. Let p(¢) be a Laurent series
of the form

H(M,t)=

_ ~ i g(t)
p(t)_g:valt _H?zl(l_tldil),

where the a; are rational numbers and g(¢) is a Laurent polynomial with rational
coefficients. We define the rational number deg p(¢) to be the coefficient of ﬁ
in the Laurent expansion of p(¢) about t = 1 and we call deg p(r) the degree
of p(¢). If we want to emphasize the dependency on n, we write deg” p(t) instead

of deg p(¢). In particular, we have deg H(M, t) = deg M with deg M as in (2-1).
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3. Equivariant degree over the Green ring

As usual, the Green ring a(kG) is defined to be the ring with generators the
isomorphism classes |V| of kG-modules, and relations |V | + |W| = |V & W[,
V- |W] =V W|. Weseta(kG)g := Q ®z a(kG). The representation ring
R(kG) is defined to be the quotient of a (kG) by the ideal generated by the elements
V2| — | V1| — | V3|, where 0 — V| — V>, — V3 — 0 is a short exact sequence of
kG-modules. We set R(kG)g := Q®z R(kG).

We will consider two versions of the equivariant degree: one is an element of
a(kG)q, but is not always defined; the other is a weaker one, which is an element
of R(kG)q, but it is always defined. The main tool used in the definition of the
former is the following Weak Structure Theorem 3.1, so-called because it is a
generalization of the Structure Theorem of [Symonds 2007].

Theorem 3.1. For any finitely generated graded k[d, . . ., d,]G-module M,

M= @ @ kldi1®k Xu.1,

Uelndecomp(M) [<{1,...,n}

as a kG-module, where Xy 1 is a finite-dimensional graded kG-module that is a
sum of U’s (ignoring grading) and k|d;] = k[d; | i € 1]. The map from right to left
is given by multiplication.

Proof. The only difference between this theorem and Proposition 4.4 of [Symonds
2007] is that there Indecomp(M) is supposed to be finite. But the same proof
works, although it is better to keep the different indecomposables separate by using
the double summation, as in the statement above, rather than combining them as
X, = D cindecomp(ary Xv,1 as in [Symonds 2007]. O

Next we describe the definition of the degree with values in a(kG)g. For each i,
the kG-module M; defines an element |M;| of a(kG).

Definition 3.2. We call the Laurent series
o0
[M]:=" M| ¢ (3-1)
i=N
with coefficients in a(kG) the equivariant Hilbert series of M with coefficients in

the Green ring.

Clearly, if G = {1} is the trivial group, we can identify | M;| with the dimension of
M; as a k-vector space. So in this situation [M] coincides with the usual Hilbert
series of M. The equivariant Hilbert series has the following basic properties:
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Lemma 3.3. Suppose M’ = @;2, M/ is another finitely generated graded left
RG-module, such that the action of G preserves the grading and every M! is a
finite-dimensional k-vector space. Then

(MM =[M]+[M] and [M®M']=[M]-[M].
Proof. Clear. U

Besides the Hilbert series H(M, t), we can consider a Hilbert series that counts
the multiplicity of some isomorphism class of indecomposable summands. Let
Indecomp(M) be a set of representatives for the isomorphism classes of all inde-
composable kG-modules which occur as a direct summand of some M; and let
my,; be the multiplicity of U € Indecomp(M) as a direct summand of M;. We
set Hy(M,t) := Z?izv my.; t'. The Laurent series Hy (M, t) can be written as a
rational function too.

Proposition 3.4. For each U € Indecomp(M), the Laurent series Hy(M,t) can
be written as
Ju(M, 1)

H?:l(l _t\dil)’

where fy(M,t) is a Laurent polynomial in t with integer coefficients.

HU(M, t) =

Proof. This is a consequence of the Weak Structure Theorem 3.1. ([

Let F be an arbitrary finite subset of Indecomp(M). We consider the Laurent
series with integer coefficients g(¢) := H(M,t) — > . p dimi(U)Hy (M, t). By
definition of the Hilbert series, all the coefficients of ¢ (¢) are nonnegative integers,
and ¢ (¢) is of the form -

gt
"= a -

for some Laurent polynomial g(¢) with integer coefficients since something similar
holds for H(M, t) and Hy (M, t) by Proposition 3.4. So we can take degrees and
obtain

deg M = ( z dimy (U) deg Hy (M, t)) +degq(z). (3-2)

UeF

It turns out that all the degrees occurring in (3-2) are nonnegative with bounded
denominators by the following result.

Lemma 3.5. Suppose that

p(t) Hl_ [ldl) i_zal >

where h(t) is a Laurent polynomial with rational coefficients and the a;’s are non-
negative integers. Then deg p(t) > 0. If all the coefficients of h(t) are integers then
deg p(¢) is of the form deg p(t) = d / [T:_, Id;| for some nonnegative integer d.



Equivariant Hilbert series 427

Proof. We compute

_ _ h(t) h(1)
d N=1 1="p() =1 = .
ee p(t) =il =0"p(0) = Wit e )~ T,

We still have to show that deg p(¢) > 0. Since multiplication with

n
[T +e+- 44
i=1
and a suitable power of # does not affect the sign of the degree or the sign of the a;,
we may assume that p(¢) is a Laurent polynomial in 1 —¢ with rational coefficients,
that is that

bfn blfn 1
1) = it by (I =)™ by (1 —=1)"
PO =G T oy T e = b (=)

for some rational numbers b; and a nonnegative integer m. In particular, b_, =
deg p(t). Expanding the negative powers (1 — t)~/ as power series in ¢ and com-
paring the coefficients of t' we see that there exists a polynomial r (i) in i of degree
at most n — 2 (or r (i) = 0 if n = 1) with coefficients depending on n and the b;’s
such that a; = (1/(n — 1)!) b, i"~! 4+ r(i) for all large enough i. So the condition
a; > 0 implies that deg p(t) = b_, > 0. ]

Corollary 3.6. There are only finitely many U € Indecomp(M) with
deg Hy(M,t) #0
and we have
> dimi(U) deg Hy (M, t) < deg M,
where the sum means thl; sum over all U € Indecomp(M) with deg Hy (M, t) # 0.
Proof. This follows from (3-2) and Lemma 3.5. O

We can now define the equivariant degree with values in the Green ring.

Definition 3.7. We say that deg, ) M is defined if

> dimi(U) deg Hy (M., t) = deg M.
U

In this case we call deg, ) M := >y deg(Hy(M, 1)) |U| € a(kG)q the equivari-
ant degree of M (in the Green ring). If we want to emphasize the dependency on
n, we write deg; ;) M instead of deg, ) M.

The existence of the degree in the Green ring can be characterized as follows.

Lemma 3.8. For R, G, M as above the following statements are equivalent.
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(1) deg,kgy M is defined.
(2) There is a finite set F of indecomposable kG-modules such that

> dimy (U) deg Hy (M, t) = deg M.
UeF

(3) There is a finite set F of indecomposable k G-modules such that

deg D dimy (U)Hy (M, 1) =0,
UgF

Here we have set > dimg(U)Hy (M, t):=H(M,t)—>_ dimg(U)Hy (M, t).
UgF UeF

Proof. This is clear from the definition of deg, ¢y M. U

Certainly the equivariant degree deg, ) M is defined if M has only finitely
many isomorphism types of indecomposable summands. For example, this is the
case if k is a finite field, M a polynomial ring in n variables over k, G a finite
group acting on this polynomial ring by homogeneous linear substitutions and R =
MC the ring of invariants [Karagueuzian and Symonds 2007, Theorem 17.1]. The
following example shows that there are situations where deg, gy M is not defined:

Example (see Example 4.4 in [Karagueuzian and Symonds 2004]). Let k be a field
of two elements and R = k[x, y] a polynomial ring in two variables over k. The
Klein four group G = (a, f) =7, x Zy actson M =k[x, yl{l,z) bya :z+ z+x
and f:z+— z+y. We can regard M as a subset of k[x, y, z] or as a free R-module
of rank two.

If we attach a grading to R and the module M by assigning x, y and z grading 1,
then M is the direct sum M =@;-, M;. Itis shown in [Karagueuzian and Symonds
2004] that M; = Q'k as kG-modules, where Q'k is the i-th Heller translate of
the trivial kG-module k. In particular, the M;’s are indecomposable and pairwise
nonisomorphic.

We have n = 2, Indecomp(M) = {Q'k|i € Ng} and Hgip (M, t) =t'. So we
obtain deg Hqir (M, t) = 0 for all i. On the other hand we have

HM,1)=" " dimi(M;) 1" = Qi+ D' =

2
2 1 _4
i=0 i=0 (-1 11

and thus deg M = 2. So deg, ) M is not defined in this example.

4. Equivariant degree in the representation ring

One way to construct an equivariant degree which is defined for every module M
(satisfying the assumptions in Section 2) is to work over the representation ring. In
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this section we will define the equivariant degree with values in the representation
ring.

The first steps are very similar to those for the Green ring. Let R, G and M be
as in Section 2. For each i, the kG-module M; defines an element |M;| of R(kG).

Definition 4.1. We call the Laurent series [M] := Zfi A t* with coefficients
in R(kG) the equivariant Hilbert series of M with coefficients in the representation
ring.

Clearly Lemma 3.3 carries over to equivariant Hilbert series with coefficients in
the representation ring.

For each irreducible kG-module V, let my ; be the multiplicity of V' as a com-
position factor of M;. We set Hy (M, t) := Zloi NV t'. We choose a polynomial
subring k[d, ..., d,] of R asin Section 2. In fact the Laurent series Hy (M, t) can
be written as a rational function.

Lemma 4.2. For each irreducible kG-module V , the Laurent series Hy (M, t) can
be written as

Jv(M,1)
H:’:l(l — tldily’
where fy(M,t) is a Laurent polynomial in t with rational coefficients. If k is a
splitting field for V , then all the coefficients of fy (M, t) are integers.

HV(Ma t) =

Proof. Let Py be a projective cover of V. The graded k[dy, ..., d,]-module
Homyg (Py, M)

is a direct summand of the graded k[dy, ..., d,]-module Homys(kG, M) = M.
This implies that Homyg (Py, M) is finitely generated as a k[d, . . ., d,]-module.
Therefore, by the Hilbert—Serre Theorem [Benson 1993, 2.1.1], the Hilbert series
HMHomyg(Py, M), t) has the form

fv(f)
[Tz (1 — 1)

for some Laurent polynomial fy () with integer coefficients. Since

dimy (Homy (Py, M;)) = dim (Endig(V)) -my ;

we get |
Hv(M, l) = dimk(Endkg(V)) H(HomkG(Pv, M), t)
1 fv(®)

~ dim (Endeg (V) [T, (1 —£191)° 4-1)

If k is a splitting field for V then dimg (Endig(V)) = 1. ]
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Corollary 4.3. The equivariant Hilbert series | M] with coefficients in the repre-
sentation ring is of the form

[f1(M, 1)
Hl’.‘:] (1 —¢ldily ’
where [ f1(M, t) is a Laurent polynomial with coefficients in R(kG)g. If k is a
splitting field for G then all the coefficients of [ f1(M, t) are elements of R(kG).

Proof. This follows from Lemma 4.2. U

(M] =

Now we can define the equivariant degree with values in the representation ring:

Definition 4.4. We call degy gy M = 2y deg(Hy(M,1))|V] € R(kG)q the
equivariant degree of M (in the representation ring). Here the sum varies over
a set of representatives for the isomorphism classes of irreducible kG-modules. If
we want to emphasize the dependency on n, we also write degfg}t(kc) M instead of

degg, k) M-
We use the same notation for the two degrees, specifying the ring in which the

values lie explicitly when necessary. In any case the two versions are compatible
in the following sense. Let 7 : a(kG)g — R(kG)g denote the canonical map.

Proposition 4.5. The map n takes the equivariant degree of M in the Green ring
to the equivariant degree of M in the representation ring whenever the former is

defined.

Proof. Suppose that deg, ) M is defined. For each U € Indecomp(M) and each
irreducible kG-module V, let 1y, v be the multiplicity of V as a composition factor
of U and choose a finite subset F' of Indecomp(M) as in Lemma 3.8. We set

Z dimg (U)Hy (M, 1) := H(M, t) — Z dim(U)Hy (M, 1),

UgF UeF
> wuvHy(M, 1) :=Hy(M,1) = > uyvHy(M,1).
UgF UeF

By Lemma 3.8 we get

Z(dimk(V) deg > uy.vHy(M, z)) =deg > dim(U)Hy (M, ) =0, (4-2)
% UgF UgF
where the first sum runs over a set of representatives for the isomorphism classes of
the irreducible kG-modules. By Lemma 3.5 all degrees occurring in (4-2) are non-
negative. Hence deg(ZU ¢F uu,vHy (M, t)) = 0 for all irreducible kG-modules
V. The epimorphism 7 maps the equivariant degree

deg )M = D deg(Hy(M,1))|U| € a(kG)qg
UeF
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to

> deg(Hy (M, 1) uy.vlV|

V UeF

= Z Z deg(uy,v Hy(M, 1)) |V|

V UeF
:z(zaegw,vﬂuw, ) +deg S v Hy(M, t>)m
V NUeF UgF

= deg(Hy(M, 1) |V|,
%
which is, by definition, the equivariant degree of M over the representation ring. [

5. Basic properties of the equivariant degree

In this section we collect some of the basic properties of the equivariant degree. We
always assume that R, G and M are as in Section 2 and that M’ and M” are finitely
generated graded left RG-modules, where the action of G preserves the grading
and every homogeneous component is finite dimensional as a k-vector space. We
choose a polynomial subring k[dy, ..., d,] of R as in Section 2.

We begin with a trivial observation showing that the equivariant degree coincides
with the usual degree if there is “no group action™:

Lemma 5.1. If G = {1} is the trivial group then deg, gy M is defined and
deg, ) M = deg(M) |k|

where k is the trivial kG-module. A similar statement holds for degg ) M.

Proof. This is clear from the definition of the degree. O

From now on G is again an arbitrary finite group. The next lemma holds both
for the equivariant degree taking values in the Green ring as well as for the degree
taking values in the representation ring.

Lemma 5.2. [f deg,) M is defined, then there is a positive integer c¢ such that
c-deg, gy M is a genuine module, that is, it is of the form | V| for some kG-module
V. A similar statement holds for degg .y M.

Proof. By the definition of deg, ) M and Lemma 3.5, we can take ¢ := [T, Idil
for the degree with values in the Green ring. In the case of the representation ring,
¢ := ([1y dimy Endgg (V) - (TT7; Idi]) does the job (where V runs through a set
of representatives for the isomorphism classes of irreducible kG-modules). (I
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Lemma 5.3. If M’ < M — M" is a short exact sequence of finitely generated
graded RG-modules that is split over kG, then deg, .y M is defined if and only if
both deg, gy M and deg, ) M" are defined. If this is the case then

deg, gy M = deg, ) M +deg, ) M".

The same formula with deg, ¢, replaced by degg ) holds for any short exact
sequence.

Proof. Let U € Indecomp(M). Then Hy(M,t)= Hy(M', t)+ Hy (M”, r) because
of the splitting. Thus

> dimy (U) deg Hy (M, 1)
UeF

= > dim(U) deg Hy(M', ) + > dim; (U) deg Hy(M",£) (5-1)

UeF UeF

with F as in Lemma 3.8. By additivity of the nonequivariant degree we have
deg M =deg M’ +deg M”. Since all these degrees are nonnegative by Lemma 3.5
we get that deg, ) M is defined if and only if deg, ) M’ and deg, ) M" are
defined. In this case we get

deg, gy M = D deg(Hy (M, 1) |U|

UeF
= > deg(Hy(M', ) |U| + Y _deg(Hy(M", 1) |U|  (5-2)
UeF UeF

= deg, i) M’ + deg ) M".
The statement about the degree over the representation ring follows from
Hy(M,t)=Hy(M',t)+ Hy(M", 1)
for every irreducible kG-module V. (]

For W, W' € R(kG)g we write W < W’ if W — W is a linear combination
of isomorphism classes of kG-modules with nonnegative rational coefficients. We
write W > W if W < W.

Corollary 5.4. For a finitely generated graded RG-module M, as at the begin-
ning of this section, the following properties hold for the degree with values in the
representation ring.

(1) If M" is a graded RG-submodule of M then degg, ) M’ < degg ) M.
(2) If M’ is a graded RG-epimorphic image of M then degg, ., M > degg ) M-
Proof. This follows from Lemmas 5.2 and 5.3. (]
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For an integer d we write M[d] for M with a degree shift of d, so that M[d]; =
M; 4. For a positive integer g let R'! be the graded k-algebra obtained from R
by multiplying all degrees by ¢, that is, (R');, = R; and (R4)); = 0 for all i
not divisible by ¢g. Analogously, we can construct a graded R'“'G-module M9]
with G-action from M by multiplying all degrees by ¢, that is, (M) ig = M; and
(M'491); = 0 for all i not divisible by ¢.

Lemma 5.5. With the above notation, the equivariant degree has the following
propetrties.

(1) If the Krull dimension of M is at most n — 1 then deg, ;) M is defined and
both deg, gy M and degg, ) M are equal to 0.

(2) deg, i) (MId]) is defined if and only if deg, gy M is defined. If this is the
case then deg,.c,(M[d]) = deg, ) M. We always have degg,;)(M[d]) =
deg%(kG) M.

(3) deg,ka) (M9 is defined if and only if deg, gy M is defined. If this is the case
then dega(kG)(M[q]) = q " deg,cy M. We always have deg%(ka)(M[Q]) =
g~ " degg gy M.

Proof. (1) follows from the corresponding property of the nonequivariant degree

[Benson 1993, 2.4.1]. (2) and (3) are clear. O

Sometimes it is convenient to add an element z in degree 1 to R. Then R[z]®; M
is finitely generated over R[z], which has dimension n + 1.

Lemma 5.6. The degree degZ&IG) (R[z] ®r M) is defined if and only if degg(kG) M
is defined, and if this is the case then they are both equal. Equality always holds
when deg, ) is replaced by degg, ).

Proof. Clear. (I
Sometimes it is convenient to change the field k.
Lemma 5.7. Let € be a field extension of k.
(1) If deg iy M is defined then so is deg, (£ @ M) and deg,;¢)({ @ M) =
{ @k deg, 1y M.
(2) If €/k is finite and L is a finitely generated graded (£ @i RG)-module such
that deg, ;¢ L is defined then deg, .y (L |}) = (deg, gy L) 1f-
(3) If t/k is finite and if deg, ;) (¢ @« M) is defined then so is deg, gy M and
we have dega(kG) M = |€ . kl_l(dega(gG) (f Rk M)) \Li
Proof. Only (3) needs any comment. Since (£ ®; M) ¢,€§ MYkl then by (2) we

get (deg, ;) (€ @ M) L= deg, ;) (M"/*). But then deg, ) M is defined and
the formula holds, by 5.3. U
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6. Further results

In this section R = k[dy, ..., d,] is a graded polynomial ring with generators in
positive degrees. Unless otherwise stated the degree will always take values in the
Green ring.

We say that a map of R-modules dominates when the cokernel has dimension
strictly less than n. This is not consistent with the customary use of dominant in
algebraic geometry, but it is very convenient for us here.

Proposition 6.1. The degree deg, ) M of a finitely generated graded RG-module
M is defined if and only if there is a finite-dimensional graded kG-submodule
X € M such that the multiplication map R @ X — M is injective and dominant
and the image is a summand over kG. If this holds then deg,;q) M = deg R - | X]|.

Proof. Suppose that such an X exists; then deg,q)(M/(R ® X)) is defined
and equal to 0 by hypothesis (take F = &). We claim that deg, ) (R ® X) =
degR - |X]|.

It is easy to see that H(R® X, t) = H(R,t)H(X, 1), so

deg gy (R @k X) = tlijal((l —t)"H(R,t)H(X,t)) =deg R - | X|.

By additivity (Lemma 5.3), deg, ) M is defined and is equal to deg R - | X|.
Conversely, suppose that deg, ) M is defined using a finite set ' C Indecomp M.
Then, using the notation of the Weak Structure Theorem 3.1, we must have

deg(@ P ke XU,,) —0.
UgF I<(1,...,n)

Thus we can take X = @, Xv.(1,...n)- O
A lot of our work is made easier by the next easy, but surprising, result.

Proposition 6.2. If M is a finitely generated graded RG-module and X is a finite
dimensional graded k G-submodule such that the multiplication map R @ X — M
is injective and dominates then the image is a summand over kG, so in particular
deg, gy M is defined and is equal to deg R - | X |.

Proof. There is a homogeneous element z € R that annihilates the cokernel. Con-
sider the composition of maps

R X — M —> zM C R®; X.

The image is zR ®; X, and since zR is a k-summand of R it follows that the image
is a kG-summand of R ®; X. Thus the image of R ®; X in M is also a summand.
O
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Given a graded commutative ring S, let O (S) denote the graded ring of fractions,
where we invert all the homogeneous elements. It is a Z-graded ring and Q(S)g
is a field. Q(S) = Q(S)olz, z~ '], where z is an element of Q(S) of least positive
degree. Q(S) is flat over S.

Notice that if M is a finitely generated graded RG-module then Q(R)®g M is a
finitely generated Q(R)-module and in each degree it is a finite-dimensional vector
space over Q(R)o. In addition, Q(R) ®g M = 0 if and only if dim M < dim R.

Proposition 6.3. Let M be a finitely generated graded RG-module. Then the
degree deg, .y M is defined if and only if there is a finite-dimensional graded
kG-submodule X C Q(R) ®g M such that Q(R) g M = Q(R) Qi X. If this is
the case then deg, .y M =deg R - | X]|.

Proof. If deg, ) M is defined, we have a short exact sequence R @ X <> M —
M /(R ®; X) with dim(M /(R ®; X)) < dim R, by Proposition 6.1. If we tensor
this with Q(R), we obtain Q(R)®; X — Q(R)QrM — Q(R)Qr (M /(R® X)).
But the last term must be 0.

Conversely, suppose that we have an X satisfying the conditions of the statement
of the proposition. Let {x;} be a k-basis for X and write x; = >_ j (ai,j/bi,j)m;,
where a; j, b; j € R and m; € M, all homogeneous. Let b be the product of all the
b;, ;. Then bX C M, and we have a short exact sequence

R®ibX < M — M/(R Q bX).

But when we tensor with Q(R) the first arrow becomes an isomorphism, so we
must have Q(R) ®r (M /(R &, bX)) = 0 and thus dim(M /(R Qi bX)) < dim R,
as required by 6.2. (I

We now summarize the equivalent characterizations of the equivariant degree.

Theorem 6.4. Let M be a finitely generated graded RG-module. The following
conditions on M are equivalent.

(1) deg,gy M is defined.
(2) There is a finite-dimensional graded kG-submodule X C M such that the
multiplication map R @, X — M dominates and is split injective over kG.

(3) There is a finite-dimensional graded kG-submodule Y < M such that the
multiplication map R @ Y — M dominates and is injective.

(4) There is a finite-dimensional graded kG-submodule Z C Q(R) Qg M such
that Q(R) @p M = Q(R) ® Z.

When these conditions hold we have | X| = |Y| = |Z| = @ deg, kg M-

Proof. Just combine 6.1, 6.2 and 6.3. U
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Lemma 6.5. Let R and R’ be polynomial rings in n and n’ variables respectively
and let M and M’ be finitely generated graded RG- and R'G-modules respectively.
Let L be a finitely generated graded R H-module and let H be a subgroup of G.

The degree commutes with the following operations (when the quantity on the right
hand side is defined):

(1) tensor product: degg&’é)(M ®k M') = degy 6y (M) - deggl(kG) (M.
(2) restriction: deg, k(M 19) = (deg k) M) 8.

(3) induction: deg,kc) (L 16) = (deg,kmy L) 1@
(4) fixed points:  deg, g my M = (deg, gy M) if H is a normal subgroup
of G.
Proof. These all follow easily from property 6.4(3). (]

In the remainder of this section we consider how Theorem 6.4 and Lemma 6.5
can be reformulated for the degree with values in the representation ring. Clearly
if one of the conditions in Theorem 6.4 is satisfied then Proposition 4.5 implies
that | X| = |Y| =1|Z] = (1/deg R) dega(kG) M also holds for the degree over the
representation ring. The analogue of Lemma 6.5 is the following lemma.

Lemma 6.6. With the same hypotheses as in the previous lemma, the degree with
values in the representation ring commutes with the following operations:

(1) tensor product: degZ&g)(M QM) = degy gy (M) - deggl(kG)(M/).
(2) restriction: deg, (M 19) = (deg k) M) 18

(3) induction: deg,kc) (L 16) = (deg,kmy L) 1@
Proof. This is straightforward and left to the reader. U
7. Rings

Throughout this section, S will be a graded ring in nonnegative degrees that is
finitely generated over the field k and such that Sy is finite-dimensional over k. We
suppose that a finite group G acts on S by graded k-algebra automorphisms.

Geometrically, G acts as a group of automorphisms of the projective variety
V = Proj(S§), defined over k. Conversely, S could be the homogeneous coordinate
ring of a variety over k on which G acts.

The invariant subring S¢ is necessarily Noetherian and S is finitely generated
over SY [Benson 1993, 1.3.1]. By Noether normalization, we can find a graded
polynomial subring R < S© such that S¢ is finitely generated over R [Benson
1993, 2.2.7]. Thus S is finitely generated over R, and S and R have the same
dimension. We need this ring R to exist in order for the preceding theory to apply,
but it does not matter which ring R we choose.
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Proposition 7.1. If S is an integral domain and G acts faithfully, then deg, ) S

is defined and
deg S

G|
and the same equality holds with deg, ¢, S replaced by degg ¢ S.

kG

deg, gy S =

Proof. In [Symonds 2000], a graded submodule F < § is produced such that
F = kG and such that the multiplication map S¢ ®; F <> S dominates and is split
over kG. It follows from the Additivity Lemma 5.3 that

deg, gy S = deg,4.)(SY ® F) =deg S -kG.

The proof for the degree with values in the representation ring is analogous.

There is an alternative proof that we sketch here. By Lemma 5.6, we may assume
that R contains an element z of degree 1. But § is an integral domain, so it injects
into Q(S), thus G acts faithfully on Q(S). Since Q(S) = Q(S)o[z,z" '] and G
acts trivially on z, G must act faithfully on Q(S)o. By the Normal Basis Theorem
there is a basis {x,}gec for Q(S5)o over Q(S)g that is freely permuted by G.

But Q(S) is a finite-dimensional vector space over Q(R); let {y;} be a basis. If
we let X be the k-span of the set {y;x,}, then this is the module that we require. []

Let Py denote the (finite) set of prime ideals in S of height 0.
Lemma 7.2. The natural map S — @pe% S/p dominates and has rad S as kernel.

Proof. The radical is equal to the intersection of all the prime ideals, which is equal
to the intersection of the minimal ones.

We prove the claim of domination by labeling the distinct prime ideals of height
0 as pi, ..., pn and showing by induction on r that the map S — @;_, S/p;
dominates.

This is clearly true when r = 1, and the induction step follows from considering
the following diagram with exact rows and columns.

S/ﬂzrill pi —— S/ﬂ;:1 pi®S/pry1 —— S/(ﬂ;:1 pi +Pr+1)

| !

S/Nitip — B S/p; SN X
| |
Y — Y

The induction hypothesis applied to the middle column shows that dimY <
dim S, and dim S/((;_; pi +pr+1) < dim S by construction. Thus dim X < dim S
and the middle row yields the next stage in the induction. (I



438 Frank Himstedt and Peter Symonds

Given a prime p < S, let G, denote the stabilizer in G of p and let Gp be the
pointwise stabilizer of S/p. We can now state a decomposition theorem for the
degree of S.

Theorem 7.3. If S contains no nilpotent elements then deg, ¢, S is defined and

deg S/p -
deg ) S = Z GGl k[G/Gy]
pePo/G pIEP
dim S/p=dim S

and the same equality holds with deg, ¢, S replaced by degg ¢ S.

Proof. In view of Proposition 7.1, Lemma 7.2 and Theorem 6.4, all we need to do
is to show that deg, ) (@pe% S/ p) is equal to the expression shown.

But
PDsw= P Psna= P mdg s/

pePy pePo/G a~agp pe®o/G
So

dega(kG)(@ S/p) = GB degg Indgp S/p
pePy pePo/G
= @ IndglD deng S/p by Lemma 6.5(3)
pePo/G

deg S -
= @ Indgp L_/p -k[Gy/Gp] by Proposition 7.1

deg § =
= P L 46/G,.
pedo/G |Ov/ Gl

We can omit from the sum the primes p for which dim S/p # dim S, since for these
deg S/p =0. ([

Geometrically, the permutation modules that occur in the statement of the theo-
rem correspond to the way that the group permutes the irreducible components of
maximum dimension of the projective variety Proj(s).

Now suppose that the action of G on S can be written over a finite field [,. Recall
from Lemma 5.5 that the operation of multiplying all degrees by g gives us a new
ring 1) with G-action and deggp k) Slal = g=n degp gy S and deg,q) stal =
g~ " deg, gy S- Let 7 < § denote the subring of g-th powers. There is a surjection
Slal — §9 and this is an isomorphism if rad S = 0.

Lemma 7.4. We have degg, ) S? <q ™" deggc) S and if S contains no nilpotents
then deg, ) S = q~" deg,c) S-

Proof. This follows from the preceding remarks and the Additivity Lemma 5.3. [J
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8. Group cohomology

In this section we apply some of the theory that we have developed to a problem
in group cohomology considered by Nick Kuhn [2008]. We fix a prime p and a
finite group P (we do not yet require P to be a p-group). Then G = Aut(P) acts
on the graded commutative ring H*(P) = H*(P; [)).

By the Evens—Venkov theorem (see [Benson 1991, 3.10, 4.2], for example),
H*(P) is Noetherian, hence so is H*(P)%, thus H*(P) is certainly finitely gener-
ated over some commutative polynomial ring R such that the action of G commutes
with that of R; we can assume that dim R = dim H*(P).

Given a p-group P and a simple G-module V, Martino and Priddy [1992]
asked whether the dimension of V as a composition factor of H*(P) is equal
to dim H*(P) (see also [Kuhn 2008]). It was already known from [Diethelm and
Stammbach 1984; Harris and Kuhn 1988; Symonds 1999] that V' does occur in
H*(P).

Theorem 8.1 [Kuhn 2008]. For p odd, the dimension of V as a composition factor
of H*(P) is equal to the dimension of H*(P).

The case of p =2 is still undecided. Kuhn’s methods used the nilpotent filtration
of the category of unstable modules over the Steenrod algebra. We will show how
this theorem can be proved using the equivariant degree. Clearly what we need to
do is to show that V' occurs as a composition factor of deggr,g) H *(P).

For any finite elementary abelian p-group E, let F*(E) = H*(E)/rad, which is
just the symmetric algebra [ ,[ E] = S*(E™), where E* =Hom(E, [) is in degree
2 (or degree 1 if p =2).

In general, let

F(P)= lim F'(E),
Eedd,(P)
where o ,(P) denotes the category with objects the elementary abelian subgroups
of P and morphisms the inclusions between them. G acts naturally on this.

Quillen [1971] (see also [Benson 1991, 5.6]) showed that the natural map in-
duced by restrictions, r : H*(P) — F*(P)" is a purely inseparable isogeny (or
uniform F-isomorphism): that is that the kernel is nilpotent and there is an integer
N such that (F*(P)P)l’N C Im(r). From this he deduced that dim H*(P) is equal
to the p-rank of P, which we will denote by n.

Consider what this means for the degree with values in the representation ring.
We have deggr,q) H*(P) = degg,q)Im(r) = degg{([FPG)((F*(P)P)”N) using
Lemma 5.3. By Lemma 7.4 we have

N 1
dega([FpG)((F*(P)P)p ) = pNn dega([FpG) F*(P)P,
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since F*(P) contains no nilpotent elements.
Now we see that deg,¢ ) F*(P)” = (deg,,g) F*(P))” by Lemma 6.5(4).
We conclude that it is sufficient to show that dega([FpG) F*(P) contains every
simple G-module as a submodule. But the Decomposition Theorem 7.3 tells us
that

deg S/pE
degar,o) F(P)= D F,[G/Ca(E),
' Eesl,(P)/G ING(E)/Cg(E)
rank E=n

where pr denotes the ideal corresponding to E. Since each E in the sum has
maximal rank, deg(S/pg) # 0. Suppose that some Cg(E) is a p-group. Then

Homg (V, F,[G/Cg(E)]) =Homc, k) (V, Fp) #0,

so V does occur in dega([FpG) F*(P) and we are done. That this always happens
when p is odd is the content of the next lemma, which appears as [Kuhn 2008,
2.3], although we first learnt it from Benson (private communication) in 1996. We
include the proof for the convenience of the reader.

Lemma 8.2. If p is odd and E is maximal then Cg(E) is a p-group.

Proof. Consider the composition of homomorphisms
Co(E) % Aut(Cp(E)) 5> Aut(E).

The composition is trivial, so it suffices to prove that the kernel of each map is
a p-group. For f we use the result that if p is odd and Q is a p-group then the
kernel of the map Aut(Q) — Aut(Q;(Q)) is a p-group [Gorenstein 1968, 5.3.10].
(This is the only place in this section where the argument requires p to be odd.)

For oo we use Thompson’s A x B Lemma [Gorenstein 1968, 5.3.4], which states
that for any p-group P, if A x B C Aut(P) with A a p’-group and B a p-group
such that A acts trivially on Cp(B), then A = 1. We apply this with A some p’-
subgroup of Ker(a) and B the image of E in G. (]

9. Further results on the degree with values in the representation ring

We assume that k is a splitting field for the group G, but we do not need R to be
polynomial.

Let V be a simple kG-module and let M be a finitely generated graded RG-
module. Let My denote the part of M that is generated by submodules isomorphic
to V.

Lemma 9.1. Homyg(V, M) @V = My by the map f ® v — f(v).
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Proof. Since Homy(V, M) = Homgg (V, My) we may assume that M = My. But
now the claimed isomorphism is additive in My, and My is just a direct sum of
submodules isomorphic to V, so we are reduced to the case where My = V. But
now it holds by the assumption that & is a splitting field, so Endig (V) = k [Curtis
and Reiner 1981, 7.14]. [l

The next result is an equivariant analogue of [Hartshorne 1977, 1 7.4].

Proposition 9.2. Let M be a finitely generated graded RG-module. Then M has
a finite filtration 0 = Mo < M| < --- < M,, = M by graded RG-submodules such
that M; /M;_1 = R/p;[€;] @ V;, where p; is a homogeneous prime ideal of R and
Vi is a simple kG-module.

(1) The minimal elements among the p; occurring are the minimal primes for M.

(2) For each minimal prime p of M, let k(p) denote the quotient field of R /p. For
each simple kG-module V, the number of times that R/p Q; V occurs as a
composition factor of the filtration is equal to the number of times that the sim-
ple RyG-module k(p) @V occurs as a composition factor of the localization
My, hence is independent of the filtration.

Proof. Let p be an associated prime of Homgg(V, M), so it is the annihilator
of some ¢ : V — M. Thus we have an injection of graded RG-modules R/p —
Homgg(V, M), r+> r¢ andhence an injection R/p®;V — Hompgg(V, M)QV.

By Lemma 9.1 this leads to an injection R/p ®;V < M; denote its image by
M.

Now repeat the process with M /M, and let M, be the inverse image in M of
the resulting submodule. In this way we obtain an ascending sequence of graded
RG-submodules of M, which must terminate since M is Noetherian.

Notice that this filtration can be refined to a nonequivariant one by filtering the
V. Thus (1) follows from the nonequivariant case.

For (2), let q be a minimal prime and consider what happens when we localize
at q. If p; # q then (R/p;)q =0, since q is minimal in {py, ..., p,;}. If p; = q then
(R/q)q=k(q) and (R/q®; V)q=k(q) ® V. This is a simple S;G-module since
k is a splitting field. U

Write m(p, V, M) for the number of times that R /p ®;V occurs as a factor in a
filtration of M of the type considered in the proposition above.

Corollary 9.3. degyqoyM= .  m(p, V,M)deg(R/p)-|V].
dim R/p=dim M

There are some straightforward reduction methods for calculating the degree
with values in the representation ring.
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Lemma 9.4. Let f € R be homogeneous and let M be a finitely generated graded
RG-module of dimension m. Suppose that the dimension of the kernel of the mul-
tiplication map ¢y : M — M, m > fm, has dimension at most m — 2. Then

deg%(kG) (M/fM)=|f] deg"g;(kG) M

Proof. There is a short exact sequence ker(¢ ) — ¢f[| /1 M [| f |] where [| f |]

denotes the degree shift needed to make all the maps degree preserving. Thus
[fM |f|]] [M]+ O((1—1)~"=2) as a Laurent series in 1—¢ and so [ fM] =
MM+ 0((1—1)~"2).

There is also a short exact sequence fM — M — M/fM, so [M/fM] =
[M]—[fM].

Combining, we find that [M/fM] = [M] —t/1[M]+ O((1—1)~=2). Thus

deg@t(kc) M/fM]= llm(l )’"—1 (11— tlfl)[M]

R
:hm—t-(l—t)m[M]=|f|deg$(kc)M~ O

t—1 1—
Our last result follows by repeated use of this lemma.

Proposition 9.5. Let M be a finitely generated graded RG-module of dimension
m and suppose that f1, ..., fr € R is an M-regular sequence of homogeneous
elements. Then

deghucy M =[] 1£il- deghiiy (M/(fr, ... fIM).
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Syzygies of the secant variety of a curve

Jessica Sidman and Peter Vermeire

We show the secant variety of a linearly normal smooth curve of degree at least
2g + 3 is arithmetically Cohen—Macaulay, and we use this information to study
the graded Betti numbers of the secant variety.

1. Introduction

We work throughout over an algebraically closed field of characteristic 0. A well-
known result dating back to Castelnuovo states that if C C P" is a linearly normal
curve of genus g with deg C > 2¢ + 1, then C is projectively normal and hence is
arithmetically Cohen—Macaulay (ACM). Our main result is this:

Theorem 1. If C C P" is a smooth linearly normal curve of genus g and degree
d > 2g 4 3, then its secant variety X is ACM.

Using the Auslander—Buschbaum theorem [Eisenbud 1995, §19], this tells us
that a minimal free resolution of the coordinate ring of X, Sy, has length equal
to codim X, and the remainder of this paper is devoted to studying the syzygies
among the defining equations of X.

To describe our results on syzygies more precisely, we set up some notation.
Let S = k[xo,...,x,]. Any finitely generated S-module M has a minimal free
resolution

0> @SN = > @S > @S - M0,

where the graded Betti numbers f; ; are uniquely determined by minimality. It is
convenient to display the f; ; in a graded Betti diagram in which the (i, j) entry is
Biitj-
[0 1 23
0| oo P -+
L oy P -+
2| Pop B3 -+

MSC2000: primary 13D02; secondary 14N05, 14H99, 14F05.
Keywords: syzygies, secant varieties, projective curves, graded Betti numbers.
Sidman is partially supported by NSF grant DMS 0600471 and the Clare Boothe Luce Program.
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As in [Eisenbud 2005] we say that the Betti numbers f; ;1 in the ith row of the
Betti diagram form the degree k + 1 linear strand it M = S/1I for some homo-
geneous ideal /. In this case, i x+1 is the number of minimal generators of / in
degree k 4 1. (For an arbitrary module, M, it might make more sense to call this
the degree k linear strand.)

It is useful to recast several notions from the geometric literature in terms of the
graded Betti diagram. Suppose that a variety X C P" is projectively normal with
an ideal generated by quadrics. Then for p > 1 it satisfies Green’s condition N,
[Green 1984] if for all i < p, B;; = O unless j =i + 1. Eisenbud et al. [2005]
extended this notion to a variety X with ideal generated in degree k, so that X
satisfies Ny p if for all i < p, B;; =0 unless j =i +k — 1. Thus, the only nonzero
entries in columns one through p of a Betti diagram of a variety satisfying Ny, are
in row k — 1. The Castelnuovo-Mumford regularity [Mumford 1966], or simply
regularity, of a module can also be defined in terms of graded Betti numbers. A
module is m-regular if f; ,,+; = 0 for all i > 0, which is equivalent to stating that
its Betti diagram is zero in all rows greater than m.

If C C P" is a linearly normal curve of genus g and degree d > 2g+3, we obtain
several results as consequences of the Cohen—Macaulay condition. In Corollary 3.9
we show that if reg Iy < 5, then C is rational and reg Is = 3. We give explicit
formulas for several graded Betti numbers in Corollary 4.1 and Proposition 4.4,
showing that

c Pa=("1")—@-2n-3g+1.

e ra=Pia+pisn+1)— (":4) + Pz (4).
* ﬁn73,n+1 = (g—;l).
Note that via Theorem 1 there are exactly n — 3 syzygy modules in the resolution
of Sy, and if g > 1, then Corollary 3.9 implies that the final syzygy module is
generated by elements of degree <n+1. Thus, f,_3 41 is the bottom right corner
of the graded Betti diagram, and it depends only on the genus of the curve.

We compute the Hilbert polynomial of S5 by relating it to the Hilbert polynomial
of a curve of degree D and genus G gotten by intersecting X with a plane of
codimension 2.

Theorem 1.1. The Hilbert polynomial of Sy agrees with its Hilbert function for
all positive integers and is given by

2 1
D(m;_ )+(1—G)(m;_ )+a1m+ao,

where a; = ("erz)—(n+1)—3D—2(1—G) and og = —(’1;2) +2(n+1)+2D+1-G.
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We also obtain a nonvanishing result on the graded Betti numbers of higher
secant varieties.

Theorem 1.2. Let C be a smooth curve of genus g embedded into P"* via a line
bundle L of degree d > 2g + 2k + p 4+ 1 and Xy be its variety of secant k-planes.
Suppose that L =L ® Ly where |L1|=s <|Ly|=t. If s+1>k+2, then the length
of the degree k+2 linear strand of Ss, is at least s+t —2k —1. In particular, if L is
a general line bundle of degree d > 2g +2k+ p+1, then Bsys—ok—1,s+1—k(Zk) #O0.

We briefly sketch part of the picture of what is known about syzygies of high
degree curves to put our results in context. The homogeneous coordinate ring
of a curve of degree at least 2g + 1 is 1-regular if g = 0 and has regularity two
otherwise. From [Green 1984; Green and Lazarsfeld 1985; 1988] we know that
if d > 2g + 1+ p, then the curve satisfies N,,. By a result of Schreyer [Eisenbud
2005, Theorem 8.17], we know that 8, |¢/2), p+1¢/2)+1 15 nonzero. Furthermore,
as a consequence of duality, the “last” graded Betti number is f,_1 ,+1 = g. (See
[Eisenbud 2005, Chapter 8] for a nice discussion.)

Based on what we have seen we extend and refine the conjectures in [Vermeire
2008b] as follows:

Conjecture 1.3. Suppose that C C P" is a smooth linearly normal curve of genus
g and degree d > 2g + 2k + 1+ p, where p, k > 0. Then

(1) Xy is ACM and has regularity (2k + 2) unless ¢ = 0, in which case the regu-
larity is k + 1.

) Br—zi—tnr1 = (§7).

(3) Xy satisfies Niyo p.

As described above, the full conjecture is known to hold for £ = 0. Further, by
[Graf von Bothmer and Hulek 2004] and [Fisher 2006] it holds for g < 1. In this
work, we show that parts (1) and (2) hold for £ = 1. After the completion of this
work, progress on part (3) was made for k = 1 [Vermeire 2008a]. We illustrate the
behavior that we have seen with the example below.

Example 1.4. At the suggestion of D. Eisenbud we used ideas of F. Schreyer to
compute the ideal of a genus 2 curve embedded in P”. Let C be a plane curve of
degree 5 with 4 nodes. If we blow up the four nodes in P? and consider the linear
system |SH — 2X E;|, where H is the proper transform of a hyperplane and the
E; are the exceptional divisors of the blow-up, the restriction of this system to the
proper transform C of C has degree 9 = 2g + 5, and embeds C C P7 as a smooth
curve of genus 2. Using Macaulay 2 [Grayson and Stillman] we can write down
a basis of [SH — 2X E;| over the rationals. We display the Betti diagram of the
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coordinate ring, where “—"" denotes a zero entry.
01 2 3 456
o1 - - - - - -
1| — 19587544 5 —
2| — — — — — 6 2

Note that the quadratic strand of the resolution has length 5 but that the curve
satisfies N4 but not Ns.

Using code developed for [Sidman and Sullivant 2006], we computed the ideal
of £. From the Betti diagram we see that the cubic strand of the resolution has
length 2 and that f4 g = 3 as predicted by Conjecture 1.3.

01 234
01 — — — —
1l— — — — —
20— 1216 — —
3— — — 4 —
4] - — — 43

Comparing the diagram to the statement of Corollary 4.7, we see that the three
unknowns at the tail of the resolution are all zero here as in Example 4.8. ([

We give a brief outline of the structure of the paper. The ACM condition is
treated in §3. To understand the ACM condition, we work geometrically to show
that cohomology groups vanish. The key observation is that there is a desingu-
larization ¥ — ¥ such that 3 is a P'-bundle over the symmetric square of C,
which we denote by S?C, and hence the cohomology of the structure sheaf of T
is the same as that of S2C, which is easier to understand. As ¥ has nonrational
singularities, the higher direct image sheaves of the ideal of ¥ do not vanish, but
there is another divisor whose ideal sheaf has the same direct image and whose
higher direct images do vanish. (See Lemma 2.4). Making the exact relationships
between these objects precise is the bulk of our work. The technical preliminaries
are summarized in Section 2. We examine the graded Betti diagram of Sy in
Section 4.

To improve readability we have written out some arguments which are surely
well-known to experts, but are perhaps not easily available in the standard refer-
ences.

2. Setup and notation

Suppose that X C P" is a variety. We let Ox and $x denote the structure sheaf and
ideal sheaf of X. The homogeneous coordinate ring of P" is S =k[xo, ..., x,]. We
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let Iy =@ H°(P", $x(d)) and Sx = S/Ix. We let H denote a general hyperplane
in P" and its pullback under a morphism. We write O(k) for O(kH) when no
confusion will arise. We may write H'(%) for H' (X, %) and h' (%) for h' (X, %)
if the meaning is clear.

Let C be a smooth curve of genus g. Throughout, L is a very ample line bundle
on C embedding it as a linearly normal curve in P" = P(H°(C, L)) with degree
d=deglL.

A line bundle L on a smooth curve C is said to separate k points if

h(C, L(-2))=h°(C,L)—k forall Z e S*C,

where S¥C is the kth symmetric product of C. We let X; denote the variety of
(k + 1)-secant k-planes to C and write X for the variety X;.

We recall the first stages of a construction of Aaron Bertram which provides the
geometric framework for our results.

Theorem 2.1 [Bertram 1992, Theorem 1]. Suppose that L separates 4 points. Let
g : By — By =P" be the blowup of By along C with T the proper transform of X.
Let h : By — By be the blowup of B along Y and E; be the proper transform in
B; of each exceptional divisor. We further let f = goh.

Then £ C By is smooth and irreducible, and transverse to E1, so in particular
B, is smooth. Moreover, by Terracini recursiveness, ifx € £\ C, then f~!(x) =
P(H®(C, L(=2V))), where V is the unique divisor of degree 2 whose span con-
tains x. If x € C, then f~'(x) is isomorphic to the blowup of P(H°(C, L(—2x)))
along the image of C embedded by L(—2x). (I

Remark 2.2. Bertram’s construction continues, blowing up the strict transform of
each X; successively, so that a fiber over a point of C of the composition is "2
in which we have blown up copies of X; fori =0,...,k — 1 and the degree of
Yp = C is two less than the degree of the original embedding. We will abuse
notation in the hopes of highlighting the recursive nature of the construction and
denote the restriction of E; to a fiber F of the composition using the notation of
our setup relative to the blowing up that has occurred within F. For example, if
x e Cand F = f~!(x), we will write Op,(E,)|r = Or(E), keeping in mind that
“E| C F” is the exceptional divisor of "2 blown up at C where the degree has
already dropped by two.

A key point in what follows is that ¥ is a resolution of singularities of X, and
is a P!-bundle over S>C in a natural way. We summarize this relationship:

Lemma 2.3. The variety ¥ C B is a resolution of singularities g : T — 3 with
the following properties:

(1) g.05 =0x.
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Q) Z:=ENT=CxC.
(3) The restriction g : C x C — C is projection onto one factor.

(4) The restriction of the linear system |2H — E{] to by vields a morphism r : T
S2C realizing X as a P'-bundle over S>*C. The restriction of this morphism
to Z = C x C is the canonical double coverd : C x C — S>C.

(5) If we define 6 by d*@szc(g) =0cxc(A), then d,Ocxc =0gpc O (—g).

(6) If F is a fiber of the P'-bundle & : & — S2C, then

Op(aH —bE|) = Opi(a —2b).

Proof. The first is [ Vermeire 2002, 3.2], the second and third are [Vermeire 2001,
3.7], the fourth is [Vermeire 2001, 3.8]. Part (5) follows from [Barth et al. 2004,
V.22]. For (6), note that each fiber F is the proper transform of a secant line, hence
the intersection with a hyperplane is 1, while the intersection with the exceptional
divisor is 2 (since each secant or tangent line intersects C in a scheme of length
two). U

Lemma 2.4. With hypotheses and notation as above:

(1) X C By is normal and is smooth away from C.
() f.O0p, =0p, and R f,0p, =0 for j > 1.

Is i =0,
(3) R f,05,(~E2) = 1 H'(C,00)®0c i =2,
0 i £0,2.

(4) Rig,0p,(—mE1) = R h,0p,(—mE>)=0fori > 0andm > 0.
(5) R'g.95 = R' f,0p,(—E»).
(6) Rif*(@gz(—E] — E») = 95 pn for i =0 and is zero otherwise.

Proof. The first two can be found in [Vermeire 2002, 3.2], while the third is [Ver-
meire 2008b, Proposition 9] and the fourth is [Lazarsfeld 2004, Lemma 4.3.16].
Part (5) follows immediately from (4) and a degenerate case of Grothendieck’s
composition of functors spectral sequence [Grothendieck 1957].

For the sixth item, we compute sheaves R’ f,0f, (—E>) and use them to show
the claim via

0 — @Bz(—El — E2) e @Bz(_E2) e @El(—Ez) — 0.

Since E| — C is flat, the locally free sheaf O, (—E>) is also flat over C. Thus,
we can compute higher direct images via cohomology along the fibers of f re-
stricted to E| by [Hartshorne 1977, Corollary II1.12.9]. By the Terracini recursive-
ness portion of Theorem 2.1, if x € C, a fiber F = f~!(x) is the blowup of C in
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PH(C, L(—2x)) and E, intersects F in the exceptional divisor E| of this blowup.
As H (F,0p(—E))) = H (P(H°(C, L(—2x))), 9¢), H (F,0p(—E})) vanishes
fori =0, 1, and h2(P(H(C, L(—2x))), $¢) = h'(C, O¢) = g. We conclude that
R f,.0p,(—E;) =0 for i =0, 1 and that for i = 2 it is locally free of rank g. Note
that by part (5), R? f,0p,(—Ey) is also locally free of rank g. Therefore, if the map
between them is a surjection, it is an isomorphism.

To get the surjectivity above we show R* £,0p,(—E| — E;) = 0 by looking at

0—)@32(—E1—E2)—>@32(—E1)—>@E2(—E1)—>0. (1)

Applying &, the projection formula and the observation that E, — £ is a projective
bundle, we see that

0 —> 9’5(—E1) e @Bl(_El) e GE(_EI) —> 0
is exact and all higher direct images vanish. If we apply g, we get
— R%*g,05(—E)) —» R’g.95(—E)) — R%g,0p,(—E)) —,

where the left-hand term vanishes because ¥~ — X has fibers of dimension at most
one, and the right-hand term vanishes by (4). U

We will use Lemma 2.5 to show that H!(Z, Ox (2)) = 0 in Theorem 3.3.

Lemma 2.5. Let L be a very ample line bundle on a variety X with H (X, L) =0
for i > 0, E a locally free sheaf on X. Let ¢ : X — P" = P(H°(X, L)) be the
induced morphism.

() HX x X, (LRE)®9,) = H (X, p*Qh, @ L E).
2) H'(X x X, (LRE)®93) = H' (X, N} pn ® LQ E).
Proof. Applying (7). to the exact sequence
0> (LKE)Y®9r > LRE > (LKE)®Oy —0
yields a twist of the Euler sequence on X:
0—¢*QL®L®E - H'X,L)QE - L®E — 0

Note that the hypothesis H' (X, L) = 0 and the fact that L is globally generated
imply that all higher direct images vanish, and part (1) follows immediately.
AsOpr®@Ir=Nj = Qﬁ(; applying (7;). to the exact sequence

0> (LRE)®IZ - (LRE)®I) - (LRE)QNE -0
yields a twist of the conormal sequence on X:

0—>N§/p,1®L®E—>(p*Q[1D,,®L®E_>Q§(®L®E_>O
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Note that the hypothesis H’(X, L) = 0 and the fact that L is very ample imply that
all higher direct images vanish, and part (2) follows similarly. (]

3. X is ACM

The main goal of this section is the proof of Theorem 1. As a consequence of our
work we get Corollary 3.4 showing that X is projectively normal. We will work
throughout with the following hypothesis.

Hypothesis 3.1. Let C C P" be a smooth linearly normal curve of genus g and
degree d > 2g + 3.

Using the Serre—-Grothendieck correspondence between local and global coho-
mology, the depth of the maximal ideal on the homogeneous coordinate ring of
% C P" can be measured by vanishings of global cohomology groups. We see that
T is ACM if and only if H'(P", $5 (k)) = 0 for all k and for 0 <i < dim T (for
example, [Eisenbud 1995, Example 18.16]). In light of [ Vermeire 2008b] where it
is shown that $5 is 5-regular, in order to show that X is ACM we are left to show
that H' (X, 05 (k)) =0 fori = 1,2 and all k <3 —i. In what follows we handle
the required cohomological vanishing cases individually.

3A. Vanishings for k < 0. The vanishings needed for k < 0 follow easily from
Kawamata—Viehweg vanishing together with part (3) of Lemma 2.4. We write the
5-term sequence associated to the Leray spectral sequence (applying Theorem 2.1)
to the map g : ¥ — ¥ as it will be crucial in what follows (note that the first and
fourth terms follow by part (1) of Lemma 2.3).

0— HY(Z,05(k)) - H' (T, 05 (k)) — H’(Z, R'g,05 (k)
— H*(X,0x(k) > H*(Z,05() (2)

Theorem 3.2. If C satisfies Hypothesis 3.1, then H' (X, O (k)) = 0 for k < 0 and
i=1,2

Proof. We know that g*Ox (1) =05 (1) is big and nef on ¥ hence Hi(Z, Oz (k)) is
0 for k <0andi <3 by Kawamata—Viehweg vanishing. Using the sequence (2), we
have the claimed vanishing for i = 1 immediately. As R'g,05 = H'(C, 0¢c) ® O¢
by Lemma 2.4 (3-5), we have H(Z, R'g.05 (k))=H'(C, 0c)®@H(C, O¢c(k)) =
0, and the vanishing for i = 2 also follows. (]

3B. Vanishings of H'(X, Ox (k)) for k > 0. All of the remaining vanishings ex-
ploit the structure of ¥ as a P!-bundle over S2C. Given work of the second author
in [Vermeire 2008b], the projective normality of X follows by exploiting Terracini
recursion as a corollary of the next result.

Theorem 3.3. If C satisfies Hypothesis 3.1, then H'(X, 05 (2)) = 0.



Syzygies of the secant variety of a curve 453

Proof. We show that H2(P", $5(2)) = 0.

Since O(2H —E) is trivial along the fibers of 7 : T — S2C, Os2H—-E)=7n*M
for some line bundle M on S2C [Hartshorne 1977, Exercise I11.12.4]. We know
from [Vermeire 2002, 3.6] that

05QH-—E)®0; Z1*M®0; = LKL Q0z(—2A).

Further restricting 7 to the double cover d : C x C — S>C, by the projection
formula and part (5) of Lemma 2.3 we have

H(Z,LKL®0,(—2A)) = H (S2C, M) ® H' (SZC, M®0g (—g))

Again by the projection formula, we know that H' (X, 0(2H —E)) = H' (S2C, M).
By Lemma 2.5, we have H (Z,L X L ® 0z(—2A)) = H'(C, NE(2)). Thus
we immediately have H>(Z, L X L ® 07(—2A)) = 0, but this in turn implies
H%(S2C, M) = H*(X,0QH — E)) =0.

Let £, be the line bundle on S*C such that d*¥; = L X L (see [Kouvidakis
2002, §2.1], for example). Now, as LKL @ Oz(—A) = d* (QZL ®0g (—g)), we
know that

d (LR L) ®0z(—A)) = [SfL ®@szc(—§)] ® [SBL ®@SZC(‘2§)]

[ 800c(-3)]am
Again by Lemma 2.5 we know that
H' (CxC,LRL®0,(-A))=H'(C,QL.(2)®0¢) =0,

where the vanishing comes from quadratic normality of the embedding of C. Thus
H'($?C,M)=H'(Z,05(2H — E)) =0.

We see immediately that H>(By, $5(2H)) = H'(Z, 05 (2H)), and from the
sequence

0— 05(2H —E) — 05(2H) — 05 2H) ® 0 — 0
and the (just proved) fact that H'(E, 05 (2H — E)) =0 for i = 1, 2 implies further
that H2(B1, 95(2)) = H'(Z, 05(2) ® Og). A straightforward computation gives
h'(Z,052H)®0F) =h'(C x C, L>®0c)
=h%(C, L?) -h'(C,0¢)
=h%(C, H'(C,0¢)® L?)
=1’(P", R’g.95(2)).

Therefore, h*(B1, 95 (2)) = h°(P", R*g.95(2)).
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Interpreting what we have just shown in terms of the Leray—Serre spectral se-
quence associated to g,.$5 (2), we have h%(Bj, $5(2)) = dim Eg’z. We also know
that R'g,95(2) = 0 by the projection formula and Lemma 2.4 (3) and (5). Thus,
at the E, level, where we have

0—>EOl E20—>0 and O—>E02 E —>0

we see that 5" = E20 and EY* = E? because H' (P", R'g,95(2)) = 0. Recall
[Weibel 1994, 5.2.6] that H? := H?(By, $5(2)) has a finite filtration

0=FH>C F’H>*C F'H?> C F°H? = H?,

where F2H? = E20 and H?/F'H? = E%2.
Now, because dim H> = dim E02 dim E%2, we have F'H? = 0, but this
implies that F2H? = E2" =0, and hence that E2 O=o. (]

In [Vermeire 2008b] it was shown that for the general embedding of degree at
least 2g+3, X is projectively normal; the only vanishing that could not be shown to
always hold was H'(P", 95 (2)) =0. Theorem 3.3 allows us remove the hypothesis
that the embedding must be general. The idea in [Vermeire 2008b] was to obtain
a vanishing statement for direct image sheaves, and then to use those vanishings
along with [Mumford 1966, p. 52, Corollary 1%] to show that the cohomology
groups along the fibers vanish. Of course, to make this work, we must find a flat
morphism and a locally free sheaf so that the restriction of the sheaf to the fiber
is precisely the vanishing statement we want. This is done using Theorem 2.1.
However, note that in the proof we need to increase the degree of the embedding
to at least 2g + 5, so that curves of degree 2g + 3 occur in the fibers.

Corollary 3.4. Let C C P" be a smooth curve embedded by a line bundle L of
degree at least 2g + 3. Then X is projectively normal.

Proof. We know by combining [Vermeire 2008b, Proposition 12] with [Wahl 1997,
1.16] that H'(P", 95 (k)) =0 for k =1, 3, and by [Vermeire 2008b, Corollary 11]
that H'(P", 95 (k)) = 0 for k > 4. Clearly, H'(Z, 05 (2)) = H*(P", $5(2)). As
these vanish by Theorem 3.3, we note that by Lemma 2.4 we have

H*(B,,0QH — E; — E»)) =0

We further have H(B,, 0(2H — E| — E;)) =0 for i > 3 by 5-regularity of $5.
By Lemma 2.4, along the fibers of E; — C we are computing H' (P"~2, $¢(1));
thus R' f,0g,(2H — E{ — E3) = 0 for i > 0. Hence H'(B,, O, QH — E; — E3))
vanishes, showing that H(B,, 0Q2H —2E; — E»)) =0 fori > 2.
Fixing a point p € C, and applying an extension of Theorem 2.1 to L(2p)
(which now separates 6 points as L is nonspecial), we may blow up three times
to get a resolution of X;,. In the notation of [Vermeire 2008b, Theorem 15], the
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previous paragraph gives R f,0p, (kH —2E| —2E, — E3) =0 for i > 2, since the
restriction of Og, (kH —2E; —2E,—E3) toafiberof Ey — CisO2H —2E| — E»)
using the convention of Remark 2.2. It was shown in [Vermeire 2008b, Theorem
15] that le*@E] (kH —2E; — 2E; — E3) = 0, and so we know that H! along
the fibers vanishes by [Mumford 1966, page 52, Corollary l%]. Thus we have
H'(B,, 0Q2H —2E; — E»)) =0 and so, as above,

H'(B,,0Q2H — E| — Ey)) = H'(P", $5(2)) =0. O
Theorem 3.5. If C satisfies Hypothesis 3.1, then H' (X, 05 (1)) =0fori =1,2.

Proof Fori=1,2, wehave h' (X, 0x (1)) =h'T1(P", $5 (1)) and HT(P", $5 (1))
is isomorphic to HiTY(B,, Op,(H — E| — E»)) by the last part of Lemma 2.4.
Using Equation (1) twisted by H, the projection formula gives R'h,(Og,(H —
E1)) = R'h.(0g,) ® O (H — E;). By part (6) of Lemma 2.3 the restriction of
O(H — E)) to the fibers of £ — S2C is isomorphic to Op; (—1), hence h' (Z, O(H —
E1)) =0 for all i, which implies that h' (E», Of,(H — E1)) = 0. We therefore have

hi*Y(B,, 0p,(H — E| — Ep)) = hit1(B,, 0p,(H — E})).
We see that R’ f,,(0p,(H — E)) =0fori > 1 and f,(0p,(H — E1)) =9¢(1) by
[Bertram et al. 1991, 1.2,1.4]. Thus h*T!(B,, Op,(H—E})) =h T (P", $¢(1)) =0.
O

Remark 3.6. In the case of a canonical curve, we have
(2, R'g.05 (H)) = h'(C,0c) - h°(C, 0c(1)) = g°
while
h'(X, 05 (H)) = h'(Oc) - h®(Oc (1)) +h°(Oc) - ' (Oc (1) = g* + 1.

Therefore using the 5-term sequence (2) again we see that h'Y(Z,05(1)) > 1 (in
fact, equality can be shown to hold). Thus the secant variety to a canonical curve
of Clifford index at least 3 (for example, the generic curve of genus > 7) is never
ACM.

Note the secant variety of a canonical curve C C P* is a hypersurface of degree
16, hence is ACM, but such curves have Clifford index < 2.

3C. Vanishings for k = 0. We now consider the vanishing of H(X, 0Os) where
i=1,2.

Proposition 3.7. If C satisfies Hypothesis 3.1, then H' (X, 05 ) = 0.

Proof. Associated to the morphism g : B — P" we have
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0 0

| | l

b4
0 — H'(g.05) —= H'(05) —= H(R'g,05) ——

| ]
0 — H'(g.0z) —= H'(0z) —> H°(R'g.07) —=0

where the horizontal maps come from 5-term exact sequences.

As Z = C x C, we see that the inclusion and projection in the bottom row come
from the Kiinneth formula. The map o : H!(05) — H'(07) is an inclusion because
it is the diagonal mapping o : H'(Og2) — H'(C,0¢) ® H'(C, O¢) induced by
the pull-back of d : Z — S2C to Y. We conclude that the composition £ o a
is an isomorphism. Moreover, as H*(R'g,05) — H°(R'g,07) is an isomor-
phism, we see that y is an isomorphism by commutativity of the diagram. Hence,
H'(8.05) = H'(2,03) =0. O

Proposition 3.8. If C satisfies Hypothesis 3.1, then H>(X,05s) = 0.

Proof. We note that h' (X2, Os) = hiT1(P", $5) for i = 1, 2. Moreover, by part (6)
of Lemma 2.4 we have i/ (P", $5) =h’/ (B>, Op,(—E|—E»)). Therefore, the result
follows if we can show that h%(By, Op,(—E| — E3)) = h*(By, O0p,(—E| — E3)),
since we know by Proposition 3.7 that h?(B,, Op,(—E; — E»))=0.

To this end, consider the long exact sequence associated to Equation (1) on
page 451. The result will follow if h?(B,, Op,(—E1)) = h*(E,, Og,(—E})) is
equal to g and h'(Ey, Op,(—E1)) = h*(B,, 0p,(—E)) = 0.

From the sequence 0 — Op,(—E;) — Op, — O, — 0 we see immediately that
hi(B,, 0p,(—E})) = g if i = 2 and is zero otherwise as R/ f.0p, = 0 for j > 0
from Lemma 2.4 (2) and h/ (Of,) = h/ (O¢) for all j.

We compute the cohomology of Of,(—E;) using Equation (1). Using the pro-
jection formula and part (4) of Lemma 2.4, we see that R'h,0 E,(—E;) = 0 for
i > 0. Thus, H (Og,(—E)) = H' (05 (—E))).

To compute H' (05 (—E})), observe that

0— 7.05(—E) - 7,05 > 7,07 — Rln*(@g(—El) —-0

with all remaining higher direct images vanishing by parts (2) and (4) of Lemma
2.3 and 7,05 (—E) = 0 by part (6).
As Homg, _ (@ s2c, Os2c (—%)) is trivial, this gives rise to the natural inclusion

0
705 =052 = Og2¢ ® Oz (_5) =0z,
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and we see that H'(Z,05) — H'(Z, 07). In fact, using the long exact sequence
on X, these inclusions imply that H(Z, 07) = H' (X, 05)® H (X, 05 (- E))).

As h'(82C, Og2c) =g and h*(S2C, O52¢) = (§) by [Macdonald 1962], using the
sequence 0 — 05 (—E;) — 05 — Oz — 0 together with the Kiinneth formula and
that H (X, 05) = H'(S?C, O¢(), implies that h%(E,, Og,(—E})) = g, and that
h3(E,, Og,(—Ey)) = (g;rl);Further, we see immediately that H'(Z, 05 (—E})) is
0, since H%(Z,0,) = H’(Z,05) ® H'(Z, 05 (—E))). O

Proof of Theorem 1. As explained at the beginning of the section, in order to show
that £ is ACM we are left to show that H' (X, 05 (k)) = 0 for i = 1,2 and all
k<3—i.

The vanishings for k < O were shown in Theorem 3.2. The vanishing for i = 1
and k = 0 is Proposition 3.7, while i = 2 and k = 0 is Proposition 3.8. Both
vanishings for k =1 are found in Theorem 3.5. Finally, the vanishing for i =1 and
k =2 is found in Theorem 3.3. ]

As an immediate consequence of the proof of Proposition 3.8 we get a sharpen-
ing of the regularity result of the second author in [Vermeire 2008b].

Corollary 3.9. If C satisfies Hypothesis 3.1, then $5 has regularity 3 if C is ratio-
nal and regularity 5 otherwise.

Proof. Running the long exact sequence associated to Equation (1) in the proof of
Proposition 3.8 shows that 1*(P", $5) = (g;rl). O

4. Betti diagrams

In this section we attempt to paint a picture of the shape of the Betti diagram of
Sy that parallels the discussion of the Betti diagram of a high degree curve in
Chapter 8 of [Eisenbud 2005]. In Section 4A we use the fact that X is ACM to use
duality and algebraic techniques to compute the extremal nontrival Betti numbers,
P13 (Proposition 4.4) and f,_3 ,+1 (Corollary 4.1) as well as the Hilbert poly-
nomial. Independent of the Cohen—Macaulay property, we prove a nonvanishing
result about the length of the degree (k+-2) linear strand of Sy, using determinantal
methods and Koszul homology (Proposition 4.10 and Theorem 1.2) in Section 4B.

4A. Computing Betti numbers. We begin with a simple consequence of duality.
As ¥ is ACM, dualizing a resolution of Sy and shifting by —n—1 gives a resolution
of the canonical module, which is defined to be ws = Ext"3(Ss, S(—n — 1)) =
Dy H(Z, 0% ® LY) where 0% = €xtfh,> (O, Ops(—n — 1)) is the dualizing
sheaf of X. Therefore, the last few Betti numbers of Sy are the first few of wy.
As an immediate consequence of Corollary 3.9 we see that the number of minimal
generators of wy in degree 0 is (g H) and hence depends only on g, independent

2
of the embedding (as long as the degree is at least 2g + 3).
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Corollary 4.1. If C satisfies Hypothesis 3.1, then f,_3 n41 = (g;r]).

Proof. If g =0, we know that f,_3 ,+1 = 0. If g > 0, then Corollary 3.9 shows
that reg Sy = 4. Hence, the a-invariant of Sy is 0, so ho(af;:) = Poo(ws) =
Pn—3.n+1(Sx). By Serre duality,

M%z,w;)=;ﬁ(2,@2)=;ﬁaw292)::(ggl). O

Knowing f,—3 ,+1 allows us to compute the Hilbert polynomial of Sy and to

gather information about other Betti numbers inductively. To begin this process,

fix general linear forms H;, H>, H3, Hy € S. Let X be the intersection of £ with

the hyperplanes determined by H; and H,; and M = Ss /(H), H>, H3, Hs). Using

Corollary 4.1 we may compute the genus of X from which formulae for the Hilbert
polynomial of Sy and ) 3 follow. First we gather together basic facts about X.

Lemma 4.2. [f C satisfies Hypothesis 3.1, the variety X is a smooth curve of degree
D = (dgl) — g embedded in P"~? via the complete linear series associated to a

line bundle A and Sx = Sy /(H,, H»).

Proof. All the statements follow immediately from the fact that £ is ACM. The
only thing that may not be immediate to the reader is that deg(X) = (dgl) - g,
though this is certainly well-known to experts.

To see this, take a generic L = P"~3 C P" and consider the induced projection
7 : P" ——» P2, Every point of intersection of L with X corresponds to a node of
7 (C). It is well-known that the number of nodes is (dgl) —g. O

We will denote the genus of X by G. To compute G we compare the Hilbert
function of Sy to that of successive quotients by H; and Hj.

Proposition 4.3. If C satisfies Hypothesis 3.1, the genus of X is
G=1(d-2)(d+2g-3).

Proof. Since Sy is 4-regular, h°(X, A™) =mD — G + 1 for m > 3. We also know
that the ideal of X is empty in degree less than three, since a quadric hypersurface
vanishing on ¥ must vanish twice on C, but this is not possible since C is nonde-
generate. Therefore, we can fill in the table of Hilbert functions below where each
entry in the first two columns of the table is the sum of the entries directly above
and to the right.

| Ss/(H\, Hy) Sy /(Hi, Hy, Hs) M
210 ("2") (")
3| 3D—-G+1  3D-G+1-(3) 3D-G+1-(3)—("3")
4| 4D-G+1 D G—-2D—1+(})
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But computing graded Betti numbers via Koszul homology as in Proposition 2.7
in [Eisenbud 2005] shows that dim My = B,_3 11 = (ngrl). Substituting n =d — g
and simplifying G =2D + 1 — (d;g) +( J{]) gives the desired result. O

The computation of the Hilbert polynomial Ps (m) follows easily.

Proof of Theorem 1.1. Using [Eisenbud 2005, Theorem 4.2], the Hilbert polyno-
mial and Hilbert function of Sy, agree for m >reg Sy 4proj-dim Sy —n>4-3=1.
Write

3

Pz (m) = ai(m+.l_1)-

2\
As X is gotten by cutting down by a regular sequence of two hyperplanes, Py (m) =
Ps(m) — Ps(m — 1) — Py(m —2) = asm + a,. Since X is a curve of degree D
and genus, G, we see that a3 = D and a, = 1 — G. Since the ideal of X is empty
in degrees land 2, we see that Py (1) =n + 1 and Py (2) = (”;2) and the result
follows. O

We compute S 3 and get a relationship on Betti numbers at the beginning of the
resolution.

Proposition 4.4. If C satisfies Hypothesis 3.1, we have

n+1 n+4
Bi3= ( 3 )—(d—2)n—3g—|—1 and P4 Zﬂl,4+ﬁ1,3(n+1)—( ) )—I—Pz (O}
Proof. As observed above, the Hilbert polynomial and function of Sx agree in
degree 3 and higher. Since 813 = ("1') — (Sx)3 we get f13=("T') -3D+G -1,
and this simplifies to the given formula.

By [Eisenbud 2005, Corollary 1.10] we get a formula for the Hilbert function
of Sy in terms of graded Betti numbers:

Shn= 3 (—1)"@,,(”*’:‘]).
i>0,jez

When m = 4, we must have j < 4 for f; ; to contribute to the sum. As we know
that the ideal of X does not contain any forms of degree < 3, the result follows. [

Remark 4.5. In the formula for $, 4 we have an explicit formula for each term
except f1.4, which is the number of quartic minimal generators of /. For large d,
we know f; 4 =0, as the ideal of X is generated by cubics [Vermeire 2008a].

Using duality, we get a similar result for the tail of the resolution.
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Theorem 4.6. If C satisfies Hypothesis 3.1, the tail of the graded Betti diagram of
Sy has the form

n—>5 n—4 n—3
0 — — —
1 — — —
2 * * A
3]« A+B+(ING)-)0-Hr-D-G C
4| B C+(3)(n—-3) (¢

Proof. Let A=p,_3 -1, B=fy—5,—1 and C = f,_3 ,. We know that the canonical
module wy is @nez H(Kx ® A"), where Kx is the canonical line bundle of X.
By duality, B j(wx) = Bn—3-in—-1-;(Sz)-

By [Eisenbud 2005, Corollary 1.10] we get a formula for the Hilbert function
of wy in terms of graded Betti numbers:

h(Kx®A™ = > (—1)l‘ﬁi,,(wx)( s

n—2+m-— j)
i>0,jez

By Serre duality and Riemann-Roch h*(Kxy ® A~') = h!(A) = g(d — 2). Thus,
gd—2)=mn-1) (g erl) +C — fn—a.n, Which gives the desired satement. The second
statement follows from the equation

G:(g;fl)(’;)_(g)(n—3)(n—1)+B—ﬁn_4,n_1+A. 0

In particular, if g = 2, we have the following immediate corollary.
Corollary 4.7. If C satisfies Hypothesis 3.1 and g = 2, the tail has the form
n—>5 n—4 n—3

* A
* A+B+d-5 C
B C+d-5 (%3

A W NN~ O
*

Based on Example 1.4 and the following example, we expect A= B =C =0.

Example 4.8. Suppose C is a genus 2 curve of degree 12 in P!, We use Example
(c) of [Eisenbud et al. 1988] to compute the ideal of the curve determinantally
in Macaulay 2 over the field of rational numbers. We then used the code created
to implement ideas in [Sidman and Sullivant 2006] to compute the least degree
pieces of the ideals of the secant varietes. Computing the degree, dimension, and
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projective dimension of the resulting ideals showed that we had actually computed

the secant ideals.
0 1 2 3 4 5 6 7 89

total: 1 43 222 558 840 798 468 147 17 2
0:1 - - - - - - - --
1: - 43 222 558 840 798 468 147 8 -
2:- - - - - - - - 92

The Betti diagrams for Sy, and Sy, are

01 2 3 4 5 67 01 2 3 45

total: 1 70 283 483 413 155 14 3 total: 1 41 94 61 11 4
0:1 - - - - - -- 0:1 - - - --

1: - - - - - - == 1: - - - - - -

2: - 70 283 483 413 155 - - 2: - - - - - -
3:- - - - - - 7- 3: - 41 94 61 - -

4: - - - - - - 73 4: - - - - - -

5: - - - - 6 -

6: - - - - 54

4B. The length of the first nonzero strand. We now turn to the consideration of
a lower bound on the length of the minimal degree linear strand of the ideal of
>, essentially following Chapter 8B.2 of [Eisenbud 2005], building on Green and
Lazarsfeld’s proof of nonvanishing for curves. In this section we will assume the
following:

Hypothesis 4.9. C is a smooth curve of genus g and degree d embedded into P"
via a line bundle L that factors as L = L| ® Ly, where |L{| =s and |L,| = t, with
I<s<t.

First note that part of the proof of [Eisenbud 2005, Theorem 8.12] which is given
in the case kK = 0 goes through for arbitrary k and allows us to see easily that the
degree k + 2 linear strand of the Betti diagram of X; has length at least p.

Proposition 4.10. Under the conditions of Hypothesis 4.9, ifd > 2g+2k+ 1+ p,
then Bp k+14p # 0.

Proof. Factor L sothatdeg L| > g+k+1 anddeg L, =g+k+ p. By Riemann—Roch
h°(C, L1) > k+2and h°(C, Ly) > k+ p+ 1. Thus multiplication of sections gives
rise to a 1-generic matrix of linear forms with at least (k +2) rows and (k+ 1+ p)
columns. Delete rows and columns to get a (k +2) x (k + 1 4 p) matrix which is
still 1-generic as an equation making a generalized entry of the smaller matrix zero
also makes a generalized entry of the larger matrix zero. The maximal minors of
the smaller matrix are resolved by an Eagon—Northcott complex of length p. The
resolution of this ideal is a subcomplex of the ideal of ;. The result follows. [l
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We can get a better lower bound by exhibiting an explicit nontrivial cycle in the
Koszul homology of Sy, to show that s,/ _2k—1,s+—k does not vanish.
In [Eisenbud 2005, Theorem 8.15], the following result is stated for k = 1:

Theorem 4.11 [Eisenbud 2005, Theorem 8.15]. If I C S is a homogenous ideal
which contains no forms of degree less than or equal to k, then f; ;i #0 if and only
if there exists y € N\ 8" (=i) of degree i + k whose image under the differential
of the Koszul complex is nonzero and lies in I @ N ~'8" (=i 4 1).

Proof. The proof goes through as in [Eisenbud 2005], replacing one by k every-
where. ([

We show that [Eisenbud 2005, Theorem 8.13] can be extended to the case of
minors of arbitrary size.

Theorem 4.12. Suppose that A is an (s + 1) x (¢t + 1) matrix of linear forms with
s+1>k+2 Ifthe s+t + 1 elements in the union of the entries of the zeroth row
and column are linearly independent and some (k 4 2) minor involving the zeroth
row or column does not vanish, then s ;—ox—1 s+1—k(S/Ix4+2) does not vanish.

Proof. By Theorem 4.11 it suffices to construct an explicit cycle
y c /\S-H—Zk—lSn-i-l(_s 4+ 2% + 1)

of degree s + ¢t — k whose image under the differential is a nonzero element of
T @ N T172k=29m+ 1 (g — t 4+ 2k 4 2). To do this we set some notation.
By our hypotheses, the matrix A has the form

ap,0 4o,1 -+ 4o, X0 X1 -0 X
A= aio 4ai,1r - A4l _ X4+ 41,1 " Xl
aso ds1 - Qsp Xs4t Qg1 """ Agt

Since the x; are linearly independent they may be chosen as part of a basis for Sj,
and we may choose a basis {e;} for S+ 5o that 0(e;) =x; fori =0,...,s+1.

Leto C{1,...,s}and ¢ C {0, ..., ¢} be sets of size k + 1 and o; denote the
set gotten by adding ¢ to each element of 0. Let e, , be the wedge product of
{€o, ..., es11}\(0, UT) in the standard order. Note that e,, , € AT/ ~2k=2g7+1,

We define an element y which will serve as our nonzero cycle. Informally, it is
the signed sum of all of the (k + 1)-minors of A which do not involve the top row,
each indexed by an element ¢,, ; in a natural way. More precisely,

y =D (DD det(o| 1)e, .,
g,T

where we define ¢ + 7 to be the sum of the union of the elements in ¢ and 7 and
det(o | 7) is the minor of A gotten by using the rows in ¢ and the columns in 7.
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To complete the proof we need to show that the coefficients of d(y) are all
of the (k + 2)-minors of A involving the zeroth row or column. The only basis
elements which can have nonzero coefficients are e,/ ., where ¢’ C {1, ..., s} and
lo’| =k +2 and e,, ,» where 7 C {0, ..., t} also has size k + 2.

To understand the coefficient of e,, ., note that there are k + 2 basis elements
es,.r whose images under the differential could contain e,, ,» with nonzero coef-
ficient. Since d(e;) = x; fori =0,...,t, we see that the coefficient of e,, ./, is
+ det(o, U{0} | ") where the differential expands the determinant along the zeroth
row.

Similarly, the coefficient of ¢,/ ., is +=det(g, | z U{0}), the differential expands
the determinant along the zeroth column. (If 0 € 7, we repeat the zeroth column
twice and get coefficient zero.) O

We are now ready to prove Theorem 1.2, which is analogous to [Eisenbud 2005,
Theorem 8.12].

Proof of Theorem 1.2. We will construct a matrix A corresponding to the factoriza-
tion of L = L ® L, by choosing bases carefully as in the proof of [Eisenbud 2005,
Theorem 8.12]. Let B; be the base locus of L;. Fix a basis fy, ..., f; of H(L,)
so that the divisor of f; is B, + D; where D; and B, have disjoint support. Let D
be the divisor consisting of the union of the points in the divisors determined by
bo, ..., b:. Since L (—By) is base-point free, a general element is disjoint from D
and from B;. Therefore we can pick a basis ay, ..., a5 so that the divisor of each
o; is By + E; where E; is disjoint from D and from Bj.

We will show that the s 4+ ¢ + 1 elements in the union of any row and any
column of the corresponding matrix A are linearly independent. Without loss of
generality, consider the top row and leftmost column. We know that the elements
of the column aofy, a1 fo, - . . , a5 fo are linearly independent, as are the elements
aoPo, aoPi, ..., a0, P:. Suppose y is an element in the intersection of the two
vector spaces with these bases. This implies that the divisor of y contains the
divisor of ag and of fy. This implies that it must contain Dy and E( as well as the
base loci By and B,. Since y € H(L) and agfy € H(L), then one is a scalar
multiple of the other. Therefore, we conclude that the union of the elements in the
top row and first column form a set of s 4+ ¢ + 1 linearly independent elements.

As the matrix A is 1-generic, we know that the ideal generated by its maximal
minors has the expected codimension and hence some (k 4 2)-minor does not
vanish. Permuting rows and columns we can assume it is in the upper lefthand
corner. Since I42 C I5,, the result follows from Theorems 4.11 and 4.12.

If deg L >2g+2k+ p+1, then L can be factored as the product of line bundles
L, with degree at least g + k + (1 + p)/2] and L, with degree greater than or
equal to deg L. If L and L, are generic, then each has at least k + 2 sections. [
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The essential dimension
of the normalizer of a maximal torus
in the projective linear group

Aurel Meyer and Zinovy Reichstein

Let p be a prime, k a field of characteristic # p and N the normalizer of the
maximal torus in the projective linear group PGL,,. We compute the exact value
of the essential dimension ed; (N; p) of N at p for every n > 1.

1. Introduction

Let k be a field, Fieldsy the category of field extensions K/k, and F a covariant
functor from Fields; into the category of sets. As usual, for a field extension L/ K,
we denote the image of a € F(K) under the natural map F(K) — F(L) by ay.

Given a field extension L/k, an object a € F(L) is said to descend to an inter-
mediate field k € K C L if a is in the image of the induced map F(K) — F(L).
The essential dimension ed(a) of a € F(L) is the minimum of the transcendence
degrees trdeg; (K) taken over all fields k € K C L such that a descends to K. The
essential dimension ed(a; p) of a at a prime integer p is the minimum of ed(a; ),
taken over all finite field extensions L’/L such that the degree [L’ : L] is prime
to p.

The essential dimension ed(F') of the functor F (respectively, the essential di-
mension ed(F'; p) of F at a prime p) is the supremum of ed(a) (respectively, of
ed(a; p)) taken over all a € F (L) and over all field extensions L/k. Informally
speaking, the essential dimension of a € F(L) can be thought of as the minimal
number of parameters one needs to define a, and ed(F) as the minimal number of
parameters required to define any object in F.

An important example is the Galois cohomology functor Fg = H'(x, G) send-
ing a field K /k to the set H'(K, G) of isomorphism classes of G-torsors over
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Spec(K), in the fppf topology. Here G is an algebraic group defined over k. The
essential dimension of this functor is a numerical invariant of G, which, informally
speaking, measures the complexity of G-torsors over fields. This number is usu-
ally denoted by ed; (G) or, if k is fixed throughout, simply by ed(G). The notion
of essential dimension was originally introduced and has since been extensively
studied in this context; see for example [Buhler and Reichstein 1997; Reichstein
2000; Reichstein and Youssin 2000; Lemire 2004; Chernousov and Serre 2006].
The theory of essential dimension of algebraic groups may be viewed as a natural
extension of the theory of special groups initiated in [Serre 1958]. Over an alge-
braically closed field k special groups are precisely those of essential dimension 0,
these groups were classified in [Grothendieck 1958]. The more general definition
of essential dimension for a covariant functor given above is due to Merkurjev
[Berhuy and Favi 2003; Merkurjev 2007].

The purpose of this paper is to compute the relative essential dimension ed(V; p),
where N is the normalizer of the (split) maximal torus in the projective linear group
PGL,,. Before proceeding to state our main result, we would like to explain why
we are interested in the essential dimension of N.

We begin by recalling that elements of H' (K, G) can often be naturally identi-
fied with K -forms of a single “split” algebraic object over k. Here by an algebraic
object we mean a tensor ¢ defined on a finite-dimensional k-vector space V'; the
group G C GL(V) then naturally arises as the automorphism group of ¢ [Serre
1997, Chapter III]. Two examples will be of primary interest in the sequel:

H'(x,PGL,): K — [ degree n central §1mple algebras A/K, } W
up to K-isomorphism
and
Hl(*, N): K +— {K—isomorphism classes of pairs (A, L)}, )

where K is a field extension of k, A is a degree n central simple algebra over K, L
is a maximal étale subalgebra of A, and N is the normalizer of a split maximal torus
in PGL,,, as above. For the functor (1) the split central simple k-algebra of degree n
is M, its automorphism group is PGL,,. Similarly, in the case of the functor (2) the
split pair (A, L) is (M,,, Diag,,), where Diag, denotes the subalgebra of diagonal
matrices in M,, (k). The automorphism group of this split pair is N.

Computing the essential dimension of the projective linear group PGL,, or
equivalently, of the functor (1), is a fundamental problem in the theory of central
simple algebras. To the best of our knowledge, it was first raised by C. Procesi, who
showed (using different terminology) that ed(PGL,,) < n? [Procesi 1967, Theorem
2.1]. This problem and the related question of computing the relative essential
dimension ed(PGL,;; p) at a prime p remain largely open. The best currently
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known lower bound [Reichstein 1999, Theorem 16.1(b); Reichstein and Youssin
2000, Theorem 8.6] is

ed(PGL,; p) > 2r,
and it falls far below the best known upper bound [Lorenz and Reichstein 2000;
Lorenz et al. 2003, Theorem 1.1; Lemire 2004, Proposition 1.6; Favi and Florence
2008], given by

%(n—l)(n—Z) for every odd n > 5,

ed(PGL,) < [ 3)

n?—3n+1 for every n > 4.

We remark that the primary decomposition theorem reduces the computation
of ed(PGL,; p) to the case where n is a power of p. Thatis, if n = pi' ... ps
then ed(PGL,,; p;) = ed(PGL NE pi). The computation of ed(PGL,,) also partially
reduces to the prime power case, because

ed(PGL,7) < ed(PGL,) <ed(PGL 1) + - - - +ed(PGL 1)

foreveryi =1, ...,s [Reichstein 2000, Proposition 9.8].

Note that the proofs of the upper bounds (3) are not based on a direct analysis
of the functor H'(x, PGL,). Instead, one works with the related functor H!(x, N)
of (2). This functor is often more accessible than H!(x, PGL,,) because many of
the standard constructions in the theory of central simple algebras depend on the
choice of a maximal subfield L in a given central simple algebra A/K. Projecting
a pair (A, L) to the first component, we obtain a surjective morphism of functors
H'(x, N) = H'(x,PGL,), [Rowen 1980, Corollary 3.1.11]. The surjectivity of
this morphism leads to the inequalities

ed(N) >ed(PGL,) and ed(N; p)=>ed(PGL,; p); 4)

see [Merkurjev 2007, Proposition 1.3], [Berhuy and Favi 2003, Lemma 1.9] or
[Reichstein 2000, Proposition 4.3].

The inequalities (3) were, in fact, proved as upper bounds on ed(N) [Lorenz
et al. 2003; Lemire 2004]. It is thus natural to try to determine the exact values of
ed(N) and ed(N; p). In addition to being of independent interest, these numbers
represent a limitation on the techniques used in [Lorenz et al. 2003] and [Lemire
2004]. This brings us to the main result of this paper.

Theorem 1.1. Let N the normalizer of a maximal torus in the projective linear
group PGL,, defined over a field k with char(k) # p. Then:

(a) edg(N; p) = [n/p], if n is not divisible by p.

(b) edr(N: p) =2, ifn=p.

(c) edp(N; p)=n?/p—n+1,ifn=p" for somer >2.

(d) edr(N; p) = p°(n — p®) —n+ 1, in all other cases.
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Here [n/ p] is the integer part of n/p and p° is the highest power of p dividing n.

In each part we will prove an upper bound and a lower bound on ed(N) sepa-
rately. We do not have an a priori reason why the two should match, thus yielding
an exact value of ed(N; p); the fact that this happens may be viewed as a lucky
coincidence. We also remark that our proof of the upper bounds on ed; (N; p) in
part (¢) and (d) does not use the assumption that char(k) # p. These bounds are
valid for every base field k.

As we mentioned above, the computation of ed(PGL,,; p) reduces to the case
where n is a power of p. A quick glance at the statement of Theorem 1.1 shows
that the computation of ed(N; p) does not. On the other hand, the proof of part (c),
where n = p” and r > 2, requires the most intricate arguments. Another reason for
our special interest in part (c) is that it leads to a new upper bound on ed(PGL,,; p).
More precisely, combining the upper bound in part (c¢) with (4), and remembering
that the upper bound in part (c) is valid for any the ground field k, we obtain the
following inequality.

Corollary 1.2. Let n = p” be a prime power. Then
edi(PGLy; p) < p” ' —p" +1
for any field k and for any r > 2. U

Corollary 1.2 fails for r = 1 because
edi(PGL,; p) =2; ®)

see [Reichstein 2000, Corollary 5.7] or [Reichstein and Youssin 2000, Lemma
8.5.7]. For r = 2, Corollary 1.2 is valid but is not optimal. Indeed, in this
case L. H. Rowen and D. J. Saltman showed that, after a prime-to-p extension
L/K, every degree p® central simple algebra A/K becomes a (Z/pZ)>-crossed
product [Rowen and Saltman 1992, Corollary 1.3]. The upper bound on the es-
sential dimension of a crossed product given by [Lorenz et al. 2003, Corollary
3.10] then yields the inequality ed(PGL ; p) < p? + 1, which is stronger than
Corollary 1.2 for any p > 3. Merkurjev [2008] recently showed that in fact,
edy(PGL 2; p) = p* + 1 for any field k of characteristic different from p. For
r > 3 Corollary 1.2 gives the best currently known upper bound on ed(PGL ; p).

We remark that the inequalities of (4) have counterparts for algebraic groups
other than PGL,,. Indeed, if G is a linear group defined over k, C is a Cartan
subgroup of G and N (C) is the normalizer of C then by a theorem of T. Springer
the natural map H' (K, N(C)) — H'(K, G) is surjective for every perfect field ex-
tension K /k [Serre 1997, 111.4.3, Lemma 6]. Consequently, ed; (N (C)) > edi (G)
if char(k) =0 and ed; (N (C); p) > edi(G; p) if char(k) # p; compare [Reichstein
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2000, Proposition 4.3]. It would thus be of interest to prove an analogue of Theo-
rem 1.1 in the more general setting, where N is the normalizer of a split maximal
torus in an arbitrary simple (or semisimple) linear algebraic group G. The new
technical difficulty one encounters in this more general setting is that the natural
sequence

1-T—>N-—->W-—>1,

may not split. Here T is a split maximal torus and W = N/ T is the Weyl group of
G. The fact that this sequence splits for G = PGL,, is an important ingredient in
our proof of the upper bound on ed(N; p).

A key ingredient in our proofs of the lower bounds in Theorem 1.1(c) and (d)
is a recent theorem of Karpenko and Merkurjev [2008] on the essential dimension
of a p-group, stated as Theorem 7.1 below. To the best of our knowledge, these
lower bounds were not accessible by previous techniques. Corollary 1.2 and the
other parts of Theorem 1.1 do not rely on the Karpenko—Merkurjev theorem.

2. A general strategy

Let G be an algebraic group defined over a field k. Recall that the action of G on
an algebraic variety X defined over & is generically free if the stabilizer subgroup
Stabg (x) is trivial for x € X (k) in general position.

Remark 2.1. If G is a finite constant group and X is irreducible then the G-action
on X is generically free if and only if it is faithful.

Indeed, the “only if” is obvious. Conversely, if the G-action on X is faithful
then Stabg (x) = {1} for any x outside of the closed subvariety | J, . ccX (&) whose
dimension is at most dim X — 1. (]

Remark 2.2. Suppose k'/k is a field extension of degree prime to p. Then the
essential dimension at p does not change if we replace k by k' [Merkurjev 2007,
Proposition 1.5(2)]. This happens in particular if char(k) # p and k’ is obtained
from k by adjoining a primitive p-th root of unity. Thus in the course of proving
Theorem 1.1 we may assume without loss of generality that k& contains a primitive
p-th root of unity.

In the sequel we will repeatedly encounter the following situation. Suppose we
want to show that
ed;(G) =edi(G; p) =d, (6)

where G is a linear algebraic group defined over k. All such assertions will be
proved in two steps:

(i) Construct a generically free linear representation of G over k of dimension
d+dim G. This implies that ed; (G) < d; see [Reichstein 2000, Theorem 3.4]
or [Berhuy and Favi 2003, Proposition 4.11].



472 Aurel Meyer and Zinovy Reichstein

(ii) Prove the lower bound ed;(G; p) > d.

Since clearly ed(G; p) < ed(G), equality (6) follows from (i) and (ii).

The group G will always be of the form G = D x F, where D is diagonalizable
and F is finite. In the next section we will recall some known facts about represen-
tations of such groups. This will help us in carrying out step (i) and, in the most
interesting cases, step (ii) as well, via the Karpenko—Merkurjev Theorem 7.1.

3. Representation-theoretic preliminaries

We will work over a ground field £ which remains fixed throughout. Suppose that
a linear algebraic k-group G contains a diagonalizable (over k) group D and the
quotient G/ D is a constant finite group F. Here diagonalizable over k means that D
is a subgroup of the split torus an defined over k or, equivalently, that every linear
representation of D defined over k decomposes as a direct sum of one-dimensional
subrepresentations.

Denote the group of (multiplicative) characters of D by X (D). Note that since
D is diagonalizable over k, every multiplicative character of D is defined over k.
Consider a linear k-representation G — GL(V'). Restricting this representation to
D, we decompose V into a direct sum of one-dimensional character spaces. Let
A C X (D) be the set of characters (weights) of D which occur in this decomposi-
tion. Note that here |A| < dim V, and equality holds if and only if each character
from A occurs in V' with multiplicity 1. The finite group F acts on X (D) and A
is invariant under this action. Moreover, if the G-action (and hence, the D-action)
on V is generically free then A generates X (D) as an abelian group. In summary,
we have proved the following lemma; cf. [Serre 1977, Section 8.1].

Lemma 3.1. Suppose that every F-invariant generating set A of X (D) contains
at least d elements. If G — GL(V) is a generically free k-representation of G then
dimV >d. O

As we explained in the previous section, we are interested in constructing low-
dimensional generically free representations of G. In this section we will prove
simple sufficient conditions for generic freeness for two particular families of rep-
resentations.

Lemma 3.2. Let W be a faithful representation of F and V be a representation
of G whose restriction to D is generically free. Then V- x W is a generically free
representation of G.

Here we view W as a representation of G via the natural projection

G—>G/D=F.
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Proof. For w € W (k) in general position, we have Stabg (w) = D by Remark 2.1.
Choosing v in general position in V (k), we see that Stabg (v, w) = Stabg(v) N
Stabg (w) = Stabp (v) = {1}. O

From now on we will assume that G = D x F is the semidirect product of D and
F. In this case, given an F-invariant generating set A C X (D), we can construct a
linear k-representation V of G so that each character from A occurs in V) exactly
once. To do this, we associate a basis element v, to each 4 € A. The finite group
F acts on

Va = Span(v; | A € A)

by permuting these basis elements in the natural way, that is, via
0 10> Dg()) (7)

for any ¢ € F and any A € A. The diagonalizable group D-acts by the character 4
on each one-dimensional space Span(v,), that is, via

t:v); — A(t)v, (8)

for any t € D and A € A. Extending (7) and (8) linearly to all of V, we obtain
a linear representation G = D x F — GL(V,). Note that by our construction
dim V = |A].

Our second criterion for generic freeness is a variant of [Lorenz and Reichstein
2000, Lemma 3.1] or [Lemire 2004, Proposition 2.1]. For the sake of completeness
we outline a characteristic-free proof.

Lemma 3.3. Let A be an F-invariant subset of X (D) and ¢ : Z[A] — X (D) be
the natural morphism of Z[ F1-modules, taking A € A to itself. Let V be the linear
representation of G = D X F defined by (7) and (8), as above. The G-action on
Va is generically free if and only if

(a) A spans X (D) (or equivalently, ¢ is surjective) and

(b) the F-action on Ker ¢ is faithful.
Proof. Let U ~ G, be the diagonal subgroup of GL(V,), in the basis e,, where 1 €
A. Here n=|A|=dim V,. The G-action on V induces an F-equivariant morphism
p : D — U, which is dual to ¢ under the usual (antiequivalence) Diag between

finitely generated abelian groups and diagonalizable algebraic groups. Applying
Diag to the exact sequence

0) — Kerp —— Z[A] -+ X(D) —— Coker¢p —— (0)

of finitely generated abelian Z[ F]-modules and setting

U = Diag(Z[A]), N = Diag(Coker¢), Q = Diag(Ker¢),
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we obtain an F-equivariant exact sequence

l—N—D-22U— 0 —1
of diagonalizable groups; see [Jantzen 2003, I 5.6] or [Demazure and Gabriel 1970,
IV 1.1]. Since U is F-equivariantly isomorphic to a dense open subset of V, the
G-action on V is generically free if and only if the G-action on U is generically
free. On the other hand, the G-action on U is generically free if and only if the
D-action on U is generically free and the F-action on Q is generically free. But
the first of these conditions is equivalent to (a), while the second is equivalent to
(b); see Remark 2.1. O

4. Subgroups of prime-to-p index

Lemma 4.1. Let G’ be a closed subgroup of a smooth algebraic group G defined
over k. Assume that the index [G : G'] := dimy k[G/ G'] is finite and prime fo p.
Then ed(G; p) = ed(G'; p).

In the case where G is finite a proof can be found in [Merkurjev 2007, Proposi-
tion 4.10]; the argument below proceeds along similar lines.

Proof. Recall that if G is a linear algebraic group and H is a closed subgroup then
ed(G; p) >ed(H; p) +dim H —dim G ©)

for any prime p; see [Brosnan et al. 2008, Lemma 2.2] or [Merkurjev 2007, Corol-
lary 4.3]. Since dim G’ = dim G, this yields ed(G; p) > ed(G’; p).

To prove the opposite inequality, it suffices to show that for any field K /k the
map H'(K,G') — H'(K, G) induced by the inclusion G’ C G is p-surjective,
meaning that for every « € H'(K, G) there is a finite field extension L/K of
degree prime to p such that a; is in the image of H'(L, G’) — H'(L, G); see for
example [Merkurjev 2007, Proposition 1.3].

Let X — Spec(K) be a G-torsor and X/G’ be the natural quotient of X by the
action of G’. Recall that X/G’ is a K-form of G/G’ and that it is constructed by
descent [Serre 1962, 1.3.2]. Alternatively, X /G’ may be viewed as the Galois twist
of G/G' by X with respect to the natural G-action on G/G’ [Milne 1980, p. 134].

For a field L/K and an L-point Spec(L) — X/G’ we construct a G’-torsor Y

as the pullback
Y X

| |

Spec(L) — X/G’

l

Spec(K)
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In this situation ¥ x¢ G = X as G-torsors. Thus we have the natural diagram

HY(L,G) H'(L,G)

Y] — [X]L

!

[X]
H'(K, G)

where [X] and [Y] denote the classes of X and Y in H'(K, G) and H'(L, G'),
respectively. It remains to show the existence of such an L-point, with the degree
[L : K] prime to p.

Note that G/ G’ is affine, since G and G’ are of the same dimension and hence
G/G'=(G/G°)/(G'/G°)=Speck[G/G°]"/C" where G° is the connected com-
ponent of G (and G’). Furthermore G/G’ is smooth [Demazure and Gabriel 1970,
IIT 3.2.7]. Let K be a separable closure of K. Since X is a G-torsor, we have
Xk, = Gk, and (X/G')k, = (G/G")k, which implies that X /G’ is also affine
[Demazure and Gabriel 1970, Il 3.5.6 d)]. Thus, K[X/G'1Q K, = k[G/G']1Q® K
is reduced and its dimension dimg K[X/G’] = [G : G'] is not divisible by p by
assumption.

Therefore K[X/G'] is étale or, equivalently, a product of separable field exten-
sions of K

K[X/G'1=Ly % x Ly;

see for example [Bourbaki 1990, V, Theorem 4]. For each L; the projection
K[X/G'l = Ljisan L j-point of X /G" and since dimg K[X/G'] =Z;‘:1[Lj 1 K]
is prime to p, one of the fields L; must be of degree prime to p over K. We now
take L=1L;. ]

Corollary 4.2. Suppose k is a field of characteristic # p. Then edi(S,; p)=[n/p].

Proof. Let m = [n/p] and let D >~ (Z/pZ)™ be the subgroup generated by the
disjoint p-cycles

0-1=(1,...,p),...,am=((m—1)p+1,...,mp).

The inequality ed(S,;; p) > edi(D; p) > [n/p] is well known; see any of [Buhler
and Reichstein 1997, Section 6; Buhler and Reichstein 1999, Section 7; Berhuy
and Favi 2003, Proposition 3.7].

To the best of our knowledge, the opposite inequality was first noticed by J.-
P. Serre (private communication, May 2005) and independently by R. Létscher
[Lotscher 2008]. The proof is quite easy. However, since it has not previously
appeared in print, we reproduce it below.
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The semidirect product D x S,,, where S,, permutes o1, . .., o, embeds in S,
with index prime to p. By Lemma 4.1, ed; (D % S,,;; p) =edi(S,; p) and it suffices
to show that edy (D % S,,) <[n/p]. As we mentioned in Section 2, in order to prove
this, it is enough to construct a generically free m-dimensional representation of
D xS, defined over k. Moreover, by Remark 2.2 we may assume that ¢, € k,
where {;, denotes a primitive p-th root of unity.

To construct a generically free m-dimensional representation of D x S,,, let
of,...,0, CX(D) be the “basis” of D dual to gy, ..., 0,. That is,

m
o ifi=j,
O_i*(o_j):[ p

1 otherwise.

The S,,-invariant subset A={c, ..., o} of X (D) gives rise to the m-dimensional
k-representation Vo of D x S,,, as in Section 3. An easy application of Lemma
3.3 shows that this representation is generically free. ([

5. First reductions and proof of Theorem 1.1 parts (a) and (b)

Let T >~ G, / A be the diagonal maximal torus in PGL,,, where A =G,, is diagonally
embedded into GJ),. Recall that the normalizer N of T is isomorphic to T < S,,,
where we identify S, with the subgroup of permutation matrices in PGL,,.

Let P, be a Sylow p-subgroup of S,. Lemma 4.1 tells us that

edi(N; p) =edi(T % Py; p).

Note also that by Remark 2.2 we may assume without loss of generality that k&
contains a primitive p-th root of unity.

Thus in order to prove Theorem 1.1 it suffices to establish the following propo-
sition.

Proposition 5.1. Let T >~ G}, /A, where A = G,, is diagonally embedded into G,
Assume that k is of characteristic # p, containing a primitive p-th root of unity.
Then:

(a) edp (T % P,) = edi (T X Py; p) = [n/pl, if n is not divisible by p.

(b) edi(T x Py) =edi(T % Py; p) =2, if n=p.

(c) edi(T x P,) =edi(T % P,; p)=n?/p—n+1,ifn=p’ for somer > 2.

(d) edy (T x P,) =edi (T x Py; p) = p¢(n— p®) —n+ 1, in all other cases.
Here P, is a Sylow p-subgroup of S,, [n/p] is the integer part of n/p and p° is
the highest power of p dividing n.

The assumption that k contains a primitive p-th root of unity is only needed for
the proof of the first equality in parts (a) and (b).
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Our proof of each part of this proposition will be based on the strategy outlined
in Section 2, with G =T x P,,. We start by recalling that the character lattice X (T)
is naturally isomorphic to

{(ab"'aal’l)ezn |a1+"'+an=0}a
where we identify the character
(ty oo ty) = 1]t

of T =G /A with (ay, ..., a,) €Z". Note that (7, ..., t,,) is viewed as an element

m

of G modulo the diagonal subgroup A, so the above character is well defined if
and only if a; + - - - +a, = 0. An element ¢ of S,, (and in particular, of P, C S,))

actsona= (ay, ...,a,) € X(T) by naturally permuting ay, . .., a,.
For notational convenience, we will denote by a; ; = (a1, ...,a,) € X(T) the
element such thata; =1, a; = —1 and a, =0 for every h #1, j.

We also recall that for n = p” the Sylow p-subgroup P, of S, can be described
inductively as the wreath product

Ppr = Ppr—] ZZ/p = (Ppr—])p X Z/p.

For general n, P, is the direct product of certain P,-; see Section 8.

Proof of Proposition 5.1(a). (1) Since n is not divisible by p, we may assume that
P, is contained in S,,_;, where we identify S, _; with the subgroup of S, consisting
of permutations o € S,, such that o (1) = 1.

We will now construct a generically free linear representation V of T x P, of
dimension n — 1 4 [r/p]. This will show that ed(T x P,) < [n/p].

To construct V, let A ={a;; | i =2,...,n} and V, be as in Section 3 and
let W be an [n/p]-dimensional faithful linear representation of P, constructed in
the proof of Corollary 4.2. Applying Lemma 3.2, we see that V. = VA x W is
generically free.

(ii) Since the natural projection p : T x P, — P, has a section, so does the map
p*: HY(K,T x P,) - H'(K, P,) of Galois cohomology sets. Hence, p* is
surjective for every field K /k. This implies that

ed(T x P,) > ed(Py; p) =[n/pl.

Here ed(P,; p) = ed(S,; p) by Lemma 4.1 and ed(S,; p) = [rn/p] by Corollary
4.2. O

Remark 5.2. We will now outline a different and perhaps more conceptual proof
of the upper bound ed(N; p) <[n/p] of Theorem 1.1(a). As we pointed out in the
introduction, ed(N; p) is the essential dimension at p of the functor

H'(+,N): K > {K—isomorphism classes of pairs (A, L)},
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where A is a degree n central simple algebra over K and L is a maximal étale
subalgebra of A. Similarly, ed(S,; p) is the essential dimension at p of the functor

H 1(>l<, S,) : K — {K-isomorphism classes of n-dimensional étale algebras L/K}.

Let o : H'(%,S,) — H'(x, N) be the map taking an n-dimensional étale algebra
L/K to (Endg (L), L). Here we embed L in Endg (L) >~ M, (K) via the regular
action of L on itself.

It is easy to see that, in the terminology of [Merkurjev 2007, Section 1.3], a
is p-surjective. That is, for any class (A, L) in H'(K, N) there exists a prime-
to-p extension K'/K such that (A ®k K’, L ®k K’) lies in the image of a. In
fact, any K’/K of degree prime to p which splits A will do (such an extension
exists because we are assuming that the degree n of A is not divisible by p).
Indeed, by the Skolem—Noether theorem, any two embeddings of L ®x K’ into
M, (K') are conjugate. By [Merkurjev 2007, Proposition 1.3], we conclude that
ed(N; p) < ed(S,; p). Combining this with Corollary 4.2 yields the desired in-
equality ed(N; p) < [n/p].

O

Proof of Proposition 5.1(b). Here n = p and P, >~ 7/ p is generated by the p-cycle
(1,2,...,n). We follow the strategy outlined in Section 2.

(1) To show that ed (T x P,) <2, we construct a generically free k-representation
of T x P, of dimension 2 +dim(7 x P,) =n+1.

Let A={aj2,...,a,_1p,a,1}and V =V, x L, where L is a one-dimensional
faithful representation of P, ~7Z/p and T x P, acts on L via the natural projection
T x P, —> P,. Note that dimV = |A|+ 1 =n+ 1. Since A generates X(T),
Lemma 3.2 tells us that V is a generically free representation of 7' x P,,.

(i1) Recall that edy (T x P,; p) =ed;(N; p) by Lemma 4.1. On the other hand, as
we mentioned in the introduction,

edi(N; p) > edi (PGL,; p) =2;
see (4) and (5). This completes the proof of Proposition 5.1(b) and of Theorem
1.1(b). O
6. Proof of Theorem 1.1(c): The upper bound

In the next two sections we will prove Proposition 5.1(c), and hence Theorem
1.1(c). We will assume that n = p" for some r > 2 and follow the strategy of
Section 2. In this section we will carry out Step (i). That is, we will construct a
generically free representation V of 7 x P, of dimension p?*~!. This will show
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that ed(T x P,) < p>~!— p"+1. Our V will be of the form V, for a particular P,-
invariant A C X (T), following the recipe of Section 3. Note that this construction
(and thus the above inequality) will not require any assumption on the base field k.

For notational convenience, we will subdivide the integers 1,2, ..., p” into p
big blocks By, ..., B,, where each B; consists of the p’_1 consecutive integers
G—Dp ' +1, G=Dp ' +2,....ip7~ L.

We define A C X (T) as the P,-orbit of the element

a 14 =(10,...,0,-1,0,...,0,0,0,...,0,...,0,0,...,0)

————
B B> B3 Bp

in X(T'). Thus, A consists of elements a,_ g, subject to the condition that if a lies
in the big block B; then £ has to lie in B;, where j —i = 1 modulo p. There are
p" choices for a. Once a is chosen, there are exactly p”~! further choices for f.

Thus

|A| — pr . pr—l — p2r—1
As described in Section 3, we obtain a linear representation Vp of T x P, of the
desired dimension

dimVy = |A| = p> L.

It remains to prove that V), is generically free. By Lemma 3.3 it suffices to show
that

(1) A generates X (T) as an abelian group and

(ii) the P, action on the kernel of the natural morphism ¢ : Z[A] — X(T) is
faithful.

The elements a, 4 clearly generate X (T') as an abelian group, as o and f range
over 1,2,..., p". Thus in order to prove (i) it suffices to show that Span;(A)
contains every element of this form. Suppose a lies in the big block B; and § in
Bj. If j —i =1 (mod p), then a, s lies in A and there is nothing to prove. If
j—i=2 (mod p) then choose some y € B;| (where the subscript i + 1 should
be viewed modulo p) and write

A5 =2,y Tap.

Since both terms on the right are in A, we see that in this case a, s € Span;(A).
Using this argument recursively, we see that a, g also lies in Span,(A) if j —i =
3,...,p (mod p),i.e., for all possible i and j. This proves (i).

To prove (ii), denote the kernel of ¢ by M. Since P, is a finite p-group, every
normal subgroup of P, intersects the center of P,, which we shall denote by Z,.
Thus it suffices to show that Z,, acts faithfully on M.
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Recall that Z,, is the cyclic subgroup of P, of order p generated by the product
of disjoint p-cycles

or-.opr==0 - p)(p+l - 2p) - (p'=pH+l - P,

Since |Z,| = p, it either acts faithfully on M or it acts trivially, so we only need to
check that the Z,,-action on M is nontrivial. Indeed, Z, does not fix the nonzero
element

a i Fay—i oyt ot ag_y g € Z[A]
which lies in M. This proves the upper bound of Proposition 5.1(c) and Theorem
1.1(c). O
7. Proof of Theorem 1.1(c): The lower bound
In this section we will continue to assume that n = p”. We will show that
ed(N; p) = p¥ ' = p' +1, (10)
thus completing the proof of Proposition 5.1(c) and Theorem 1.1(c). Let
q:=p°,wheree>1if pisoddand e > 2if p =2. (11)

be a power of p. The specific choice of e will not be important in the sequel; in

particular, the reader may assume that ¢ = p if p is odd and ¢ =4, if p = 2.

Whatever e we choose, ¢ = p¢ will remain unchanged for the rest of this section.
We now recall that if '/ k is a field extension then

edy(N; p) > edp(N; p),

by [Merkurjev 2007, Proposition 1.5(1)]. Thus for the purpose of proving (10) we
may replace k by k’. In particular, we may assume that k' contains a primitive ¢g-th
root of unity.

Let T(g) = ug/uq be the g-torsion subgroup of 7' = G, /A. Applying the
inequality (9) to G =T x P, and its finite subgroup H = T,y x P,, we obtain

ed(T x Py; p) > ed(T(y) X Py; p) — p" + 1.
Thus it suffices to show that
ed(T(y) % Py; p) = p* 1. (12)

The advantage of replacing T' x P, by T(,) % P, is that T(,) x P, is a finite p-group,
so that we can apply the following result:
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Theorem 7.1 [Karpenko and Merkurjev 2008]. Let G be a finite p-group and k
be a field containing a primitive p-th root of unity. Then edi(G; p) = edi(G)
equals the minimal value of dim 'V, where V ranges over all faithful linear k-
representations G — GL(V).

Now recall that we are assuming that k contains a primitive g-th root of unity and
hence, a primitive p-th root of unity. Hence, Theorem 7.1 applies in our situation.
That is, in order to prove (12) it suffices to show that T(,) x P, does not have
a faithful linear representation of dimension less than p?~!'. Lemma 3.1 further
reduces this representation-theoretic assertion to the combinatorial statement of
Proposition 7.2 below. Before stating the proposition we recall that the character
lattice of T(y) ~ ,ug/,uq is

Xp:={(ar,...,an) € (Z/qD)" |1 +---+ay, =0in Z/qZ},
where we identify the character
(T, oo ty) = 1]t

of T,y with (ay, ..., a,) € (Z/qZ)". Here (1, . .., t,,) stands for an element of yg,
modulo the diagonally embedded x, so the character above is well defined if and
onlyifa;+---+a,=0in Z/qZ. (This is completely analogous to our description
of the character lattice of T in the previous section.) Note that X,, depends on the
integer ¢ = p°, which we assume to be fixed throughout this section.

Proposition 7.2. Let n = p" and P, be a Sylow p-subgroup of S,. If A is a P,-
invariant generating subset of X, then |A| > p* ! for any r > 1.

Our proof relies on the following special case of Nakayama’s Lemma:

Lemma 7.3 [Atiyah and Macdonald 1969, Proposition 2.8]. Let g = p® be a prime
power, M = (Z/q7)? and A be a generating subset of M (as an abelian group).
If we remove from A all elements that lie in p M, the remaining set, A\ pM, will
still generate M. [l

Proof of Proposition 7.2. We argue by induction on r. For the base case, set r = 1.
We need to show that |A| > p. Assume the contrary. In this case P, is a cyclic
p-group, and every nontrivial orbit of P, has exactly p elements. Hence, |A| < p
is only possible if every element of A is fixed by P,. Since we are assuming that
A generates X, as an abelian group, we conclude that P, acts trivially on X,,. This
can happen only if p =g =2. Since these values are ruled out by our definition (11)
of g, we have proved the proposition for r = 1.

In the previous section we subdivided the integers 1,2, ..., p" into p big blocks

By, ..., B, oflength p"~!. Now we will now work with small blocks by, . . ., b1,
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where b; consists of the p consecutive integers

G-=Dp+1, G—=Dp+2, ..., jp.

We can identify P, -1 with the subgroup of P,- that permutes the small blocks
b1, ..., by without changing the order of the elements in each block.
For the induction step, assume r > 2 and consider the homomorphism X : X ,» —

X pr-1 given by
a=(aj,ay...,ay) > Ss=(S1,...,5y-1), (13)

where s; = a_1)p+1 +ai—1)p+2 + -+ - + a;p is the sum of the entries of a in the
i-th small block b;. Thus

(i) if A generates X - then X (A) generates X 1.

(ii) if A is a Py -invariant subset of X - then Z(A)is a P,r-1-invariant subset of

Xpr—l .

Let us remove from X (A) all elements which lie in pX 1. The resulting set,
Z(A)\ pX -1, is clearly P, -i-invariant. By Lemma 7.3 this set generates X 1.
Thus by the induction assumption |Z(A) \ pX 1| > p¥ 3.

We claim that the fiber of each element s = (s1, ..., 5,-1) in Z(A)\ pX -1 has
at least p? elements in A. If we can show this, then we will be able to conclude
that

IAlZ p? - [E(M)\ pXpt| = p? - p¥ 7 = p

thus completing the proof of Proposition 7.2.
Let o; be the single p-cycle, cyclically permuting the elements in the small block
b;. To prove the claim, note that the subgroup

ili=1,....p" )y =@/p)""
of P, acts on each fiber of X.

To simplify the exposition in the argument to follow, we introduce the following
bit of terminology. Let us say that a € (Z/qZ)" is scalar in the small block b; if all
the entries of a in the block b; are the same, that is, if

Ai-lp+1 = A@i-)p+2 ="+ = dip.
We are now ready to prove the claim. Suppose a = (aj, ..., a,) € X, lies in
the preimage of s = (s1, ..., Spr—l), as in (13). If a is scalar in the small block b;

then clearly
Si = a@—-1)p+1+ai-1p+2+---+aip € pZ/qZ.

Since we are assuming that s lies in

T\ pX 1,
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s must have at least two entries that are not divisible by p, say, s; and s;. (Recall
that sy +---+s,r =0in Z/qZ, so s cannot have exactly one entry not divisible by
p.) Thus a is nonscalar in the small blocks b; and b;. Consequently, the elements
oo ]ﬂ (a) are distinct, as o and S range between 0 and p — 1. All of these elements
lie in the fiber of s under . Therefore we conclude that this fiber contains at least
p? distinct elements. This completes the proof of the claim and thus of Proposition
7.2, Proposition 5.1(c) and Theorem 1.1(c). O

8. Proof of Theorem 1.1(d)

In this section we assume that n is divisible by p but is not a power of p. We will
modify the arguments of the last two sections to show that

ed(T x P,) =ed(T X Py; p) = p*(n—p°)—n+1,

where p¢ is the highest power of p dividing n. This will complete the proof of
Proposition 5.1 and thus of Theorem 1.1.
Write out the p-adic expansion

n=np+nap?+---+n,p*, (14)

of n,where ]l <e=¢e; <e; <--- <ey,and 1 <n; < p for each i. Subdivide
the integers 1, ..., n into n; +- - - +n, blocks B}'. of length p“, for j ranging over
1,2,...,n;. By our assumption there are at least two such blocks. The Sylow
subgroup P, is a direct product

Py = (Pper)™ X+ X (Ppeu)™

where each P acts on one of the blocks B;
Once again we will use the strategy outlined in Section 2.

(i) We will construct a generically free representation of 7 x P, of dimension
p¢(n — p). This will prove the upper bound ed; (T x P,) < p*'(n — p°') —n +
1. Note that this construction (and thus the above inequality) do not require any
assumption on the field k.

To construct this representation, let A C X (7') be the union of the P,-orbits of
the elements

. e e e e e,
aj jy1 where j = p, ..., np™, np™+p=, ..., n—p,

i.e., the union of the P,-orbits of elements of the form (1,0,...,0,—1,0,...,0),
where 1 appears in the first position of the first block and —1 appears in the first
position of one of the other blocks. For a, g in A there are p°' choices for a and
n — p® choices for . Thus

dim Vp = |A] = p'(n — p).
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It is not difficult to see that A generates X (7T') as an abelian group. To conclude
with Lemma 3.3 that V, is a generically free representation of 7 x P,, it remains
to show that the P,-action on the kernel of the natural morphism ¢ : Z[A] — X (T)
is faithful when e; > 1. As in Section 6 we only need to check that the center
Z, of P, acts faithfully on the kernel. Let o be a nontrivial element of Z, =
(Zper )" X -+« X (Z peu )™, with each Z e cyclic of order p. Let h, h' be in the first
block B11 and [, !’ in some other block Bij (there are at least two blocks each of
size at least p). The element

a=ap —apy+ay;—ay

lies in the kernel of ¢. To fix a, o must either (1) fix all 4, /', 1,1’ or 2) o (h) =
W,o(W)yY=hando(l) =1',0(") = 1. Since o is nontrivial we may choose Bij
such that (1) is not possible and if p # 2, (2) is not possible either. If p = 2, by
(14), Bl:/ is at least of size 4 and we can choose [, !” within Bi/ such that (2) does
not hold. Therefore ¢ does not fix a nonzero element of the kernel of ¢.

(i) We now want to prove the lower bound,
ed(T x Py; p) = p'(n—p°) —n+1.

Arguing as in Section 7 (and using the same notation, with ¢ = p), it suffices to
show that ed(7(,) % P,; p) > p® (n — p°'). By the Karpenko-Merkurjev Theorem
7.1 this is equivalent to showing that every faithful representation of 7(,) % P,
has dimension at least p¢'(n — p¢'). By Lemma 3.1 it now suffices to prove the
following lemma.

Lemma 8.1. Let n be a positive integer, P, be the Sylow subgroup of S,,, p°® be the
highest power of p dividing n, and

Xy ={(a1,...,a,) €(Z/p2)" |1+ +a,=0inZ/pZ}.
Then every P,-invariant generating subset of X,, has at least p¢(n — p°) elements.

In the statement of the lemma we allow e = 0, to facilitate the induction argu-
ment. For the purpose of proving the lower bound in Proposition 5.1(d) we only
need this lemma for e > 1.

Proof. Once again, we consider the p-adic expansion (14) of n with 0 <e| <ej <
-+« <eyand 1 <n; < p. We may assume that n is not a power of p, since otherwise
the lemma is vacuous.

We will argue by induction on e = e;. For the base case, let e; = 0. Here the
lemma is obvious: since X, has rank n — 1, every generating set ( P,-invariant or
not) has to have at least n — 1 elements.
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For the induction step, we may suppose e = e} > 1; in particular, »n is divisible
by p. Define X : X,, — X,,/, by sending (ai, ..., a,) to (s1,...,Sn/p), Where

Sj=dag-np+1t-+dajp

for j = 1,...,n/p. Arguing as in Section 7 we see that X(A) \ pX,/, is a
(Pyer-1)" X+« X (Pye,—1)"-invariant generating subset of X, and that every

se Z(A)\ pXn/p

has at least p? preimages in A. By the induction assumption,
1[N _
EA\ pXospl 7 (5= )

and thus "
Al = p* - p*! (; — pe_l) =p°(n—p°)

This completes the proof of Lemma 8.1 and thus of parts (d) of Proposition 5.1
and of Theorem 1.1. ]
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