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ALGEBRA AND NUMBER THEORY 3:8(2009)

On coproducts in varieties, quasivarieties
and prevarieties

George M. Bergman

If the free algebra F on one generator in a variety V of algebras (in the sense of
universal algebra) has a subalgebra free on two generators, must it also have a
subalgebra free on three generators? In general, no; but yes if F' generates the
variety V.

Generalizing the argument, it is shown that if we are given an algebra and
subalgebras, Ap 2 - -- D A,, in a prevariety (SP-closed class of algebras) P such
that A,, generates P, and also subalgebras B; € A;_; (0 < i < n) such that for
each i > 0 the subalgebra of A;_; generated by A; and B; is their coproduct in P,
then the subalgebra of A generated by By, ..., B, is the coproduct in P of these
algebras.

Some further results on coproducts are noted:

If P satisfies the amalgamation property, then one has the stronger “transitiv-
ity” statement, that if A has a finite family of subalgebras (B;);c; such that the
subalgebra of A generated by the B; is their coproduct, and each B; has a finite
family of subalgebras (C;;) jes; With the same property, then the subalgebra of A
generated by all the C;; is their coproduct.

For P a residually small prevariety or an arbitrary quasivariety, relationships
are proved between the least number of algebras needed to generate P as a pre-
variety or quasivariety, and behavior of the coproduct operation in P.

It is shown by example that for B a subgroup of the group S = Sym(Q) of
all permutations of an infinite set Q, the group S need not have a subgroup iso-
morphic over B to the coproduct with amalgamation S [[z.S. But under various
additional hypotheses on B, the question remains open.

MSC2000: primary 08B25, 08B26, 08C15; secondary 03C05, 08A60, 08B20, 20M30.

Keywords: coproduct of algebras in a variety or quasivariety or prevariety, free algebra on n
generators containing a subalgebra free on more than n generators, amalgamation property,
number of algebras needed to generate a quasivariety or prevariety, symmetric group on an
infinite set.
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1. Prologue, for the nonexpert

It is well known that the free group on two generators contains a subgroup free on
three generators. Can one deduce, from this alone, that it contains a subgroup free
on four generators?

It is unfair to say “from this alone” without indicating what facts about groups
are to be taken for granted. So suppose we want to use only the fact that groups
form a variety of algebras in the sense of universal algebra— a class of structures
consisting of all sets with a family of operations of specified arities, satisfying a
specified list of identities. Then we can ask, for V any variety and n any positive
integer:

H If, in V, the free algebra on n generators has a subalgebra free on n + 1
generators, must it have a subalgebra free on n 4 2 generators?

Our first result will be a negative answer to this question, in the most extreme case,
n=1.

On the other hand, a fact that is second nature to combinatorial group theorists is
that if Gy and G, are overgroups of a common group H, and one forms Gl G»,
their coproduct with amalgamation of H (in group theorists’ notation and language
G *g G, their free product with amalgamation of H), then the canonical maps
of G| and G into that coproduct are embeddings. This says that the variety of
all groups has “the amalgamation property”; and we shall see in Section 6 that if
a variety V has this property, then it also has the property that for any algebras
A1, A in 'V and subalgebras By € Ay, By € Ay, the coproduct A;LIA, contains
the coproduct B;11B;. From this it is not hard to show that for any such V, (1) has
an affirmative answer.

However, the amalgamation property is relatively rare. For instance, though it
is satisfied by the variety of all groups, and by all varieties of abelian groups, it
does not seem to be satisfied by most other varieties of groups —in fact, it is a
longstanding open question whether it is satisfied by any variety of groups other
than those just mentioned [Neumann 1967, Problem 6; Kovéics and Newman 1974,
page 422].

But in Section 2, after finding our counterexample to (1), we shall see that
a different condition, more common than the amalgamation property, implies a
positive answer to (1); namely, that the free algebra of rank n in V generate V,
that is, not lie in any proper subvariety thereof. (As, for example, the free group
of rank 2 generates the variety of all groups.)

In Sections 3 and 4 we shall generalize this to a result about when an algebra
(not necessarily free) containing a coproduct of subalgebras, some of which in
turn contain coproducts of subalgebras, will itself contain an “obvious” iterated
coproduct. The condition that a certain one of our algebras generate the class we
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are working in will again be a key assumption; not, this time, for generation as a
variety, but as a prevariety, which means, roughly, a class of algebras determined by
identities and universal implications. (For example, the class of torsion-free groups,
that is, groups satisfying (Vx) x” =1 = x = 1 for each n > 0, is a prevariety.) The
definition of prevariety, and of the related concept of quasivariety, are recalled in
Section 3.

We end with some further results on quasivarieties and prevarieties, and a brief
section on subgroups of infinite symmetric groups.

Acknowledgments and Reader’s Advisory. 1am indebted to the referee for several
helpful suggestions, and to the editorial staff of the journal for requesting that I
write this introduction for the general reader.

Carrying that suggestion further, I have added, as Section 11, a quick summary
of some common terminology which should make this note readable (if not light
reading) by anyone for whom this prologue was. Readers not familiar with the
basic language of universal algebra might start with that section.

2. Free subalgebras of free algebras

The original question that led to this investigation [Bergman 2007, Question 4.5]
was whether an algebra A in a variety V which contains a subalgebra isomorphic
to the coproduct in V of two copies of itself, Ally A, must also contain a copy of
the three-fold coproduct Ally Ally A. As indicated above, this can fail even for A
free of rank 1: a free algebra of rank 1 in a variety V may have a subalgebra free
of rank 2 but fail to have any subalgebra free of rank 3. Let us begin by examining
how we might concoct such an example.

To do so, we must “foil” the obvious ways one would expect a free three-
generator subalgebra to arise. If (x) is free on x and contains a subalgebra (y, z)
free on y and z, then y = px and z = gx for some derived unary operations p, g
of V. Since (gx) is isomorphic to (x), its subalgebra corresponding to (y, z),
namely (pgx, gqx), will be free on those two generators, and one might expect
(px, pgx, qqx) to be free on the three indicated generators. (If it seems to the
reader that it must be free on those elements, he or she may be implicitly assuming
that V has the amalgamation property, to be discussed in Section 6.)

For this to fail, there must be some ternary relation 7 in the operations of V
such that T (px, pgx, ggx) is an identity in one variable x, but T (u, v, w) is not
satisfied by all 3-tuples of elements of algebras in V. On the other hand, since
y = px and z = gx generate a free algebra, the relation T (px, pgx, gqx) implies
that T (y, pz, gz) is an identity in two variables y and z in V.

Let us pause to note that if we construct a variety with such an identity 7', we
will have eliminated one possibility for a free three-generator subalgebra of (x) of
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rank 3; but every 3-tuple of expressions obtained from y and z using the operations
of V represents another potential generating set for a free subalgebra. In principle,
we might use different relations to exclude different 3-tuples; but let us see whether
we can make do with just one such relation T, such that 7' (u, v, w) holds for all 3-
tuples (u, v, w) of elements of (x). Note that in this case, since (x) contains a free
algebra of rank two, V must satisfy identities saying that 7' (u, v, w) holds for any
elements u, v, w of any V-algebra that lie in a common two-generator subalgebra.

In testing out this approach, let us temporarily allow structures involving prim-
itive relations as well as operations. Then we could let V be the class of objects
defined by two primitive unary operations, p and ¢, and one primitive ternary
relation, 7', subject only to the countable family of “identities”

2 T(a(y,2),b(y,2),c(y,2),

one for each 3-tuple of words a, b, ¢ in two variables y, z and the operations p, q.
(Of course, since p and ¢ are unary, each of a, b, ¢ really just involves one of y
or z.) In an object of V generated by < 2 elements, T thus holds identically, so in
describing the structures of < 2-generator objects, we can ignore the relation 7,
and simply specify the actions of p and ¢g. Since the family of identities (2) by
which we have defined V includes no identities in the operations p and ¢ alone, the
possible structures of such objects are simply the structures of M-set, for M the
free monoid on generators p and ¢g. In this monoid M, the left ideal generated by
p and q is free on those two elements; hence in the free V-object on one generator
x, the elements px and gx satisfy no relations in p and ¢; so with 7', as noted,
also contributing no information, px and ¢gx indeed generate a free subobject. On
the other hand, if we take the free M-set on three generators x, y, z, and define T
to hold precisely on those 3-tuples thereof in which all three components lie in a
subalgebra generated by two elements, we see that this satisfies the definition of
a free V-object on three generators, and that 7' (x, y, z) does not hold. Hence the
free object on one generator does not contain a copy of the free object on three
generators.

Let us now try to mimic the above behavior in a variety of genuine algebras. In
addition to two unary operations p and ¢, let us introduce a 0-ary operation 0 and a
ternary operation ¢, with the idea that the relation T (u, v, w) will be the condition
t(u, v, w) =0. To keep our new operations from complicating our structures more
than necessary, let us introduce some “nonproliferation” identities:

3 p0=¢g0=pt(x,y,z2) =qt(x,y,z)=0.

) t(u, v, w) =0 whenever any of u, v, w is either 0, or is itself of the form
t@', v, w).

Finally, we impose the identities corresponding to (2):
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(5) t(a(x,y),b(x,y),c(x,y)) =0 for all derived operations a, b, ¢ in two
variables.

In a free V-algebra, the elements # (4, v, w) that are not 0 may be thought of as
“tags”, showing that certain 3-tuples (u, v, w) obtained from the generators using
p and g alone do not have the form indicated in (5). By (3) and (4), these elements
have essentially no other effect. By the same reasoning as for structures with a
primitive relation 7', we get:

Proposition 1. Let V be the variety defined by a 0-ary operation 0, two unary
operations p and q, and a ternary operation t, subject to identities (3), (4), (5).
Then in the free V-algebra Fy(x) on one generator x, the subalgebra generated
by px and qx is free on those generators; but Fy(x) (and hence also the free alge-
bra on two generators) has no subalgebra free on three or more generators. [

The above result was based on Fy (x) satisfying an identity (namely, ¢ (x, y, z) =
0) that did not hold in all of V; and we might hope that if V is a variety where this
does not happen, but which, as above, has unary derived operations p and g such
that px and gx are free generators of the subalgebra (px, gx) C Fy(x), then the
subalgebra (px, pgx, gqx) will have to be free on the indicated three generators.
To investigate this question, consider a ternary relation 7 in the operations of V
about which we now merely assume that 7' (px, pgx, ggx) holds in Fy(x), and let
us see whether we can deduce that T holds for all 3-tuples of elements of Fy(x).

As noted earlier, the conditions that 7'(px, pgx, ggx) holds in Fy(x), and that
y = px and z = gx generate a free algebra (y, z), show that in that free algebra,
T(y, pz, gz) holds, hence that in any V-algebra, T holds on any 3-tuple whose
last two terms are obtained from a common element by applying p, respectively,
g to it. Let us now apply this observation to a 3-tuple in Fy(x) of the form
(a(px, gx), px, gx) where a is any derived operation of V, and use the indepen-
dence of px and gx a second time. We conclude that T (a(y, z), y, z) holds for
every such a. In other words, in any V-algebra, 7' holds on every 3-tuple whose
first term lies in the subalgebra generated by the last two terms.

But there is no evident way to carry this process further. And in fact, we can
again get a negative result by the same technique of realizing T as ¢ (u, v, w) =0,
embodying the conditions that we have found 7 must satisfy this time, in the system
of identities:

(6) t(u, pv,qv) =0 forall u,v.
@) t(a(u,v),u,v) =0 for all u, v, and all binary terms a.

The one tricky point is to show that the variety so defined now has the property
that there are no identities satisfied by the free algebra on one generator that are not
identities of the whole variety. In contrast to the earlier example, our development
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has not called on any such identities; but neither has it shown that none exist. With
some work, one can prove this; but an easier approach, which we will follow, is
to let Vg denote the variety defined by the identities discussed above, and let our
V be the subvariety of V generated by the free algebra on one generator therein.
Here are the details.

Proposition 2. Let V( be the variety defined by a 0-ary operation 0, two unary
operations p and q, a ternary operation t, and the identities (3), (4), (6), and (7);
and let V be the subvariety of Vo generated by the free algebra Fy,(x) on one
generator. Thus, Fy(x) = Fy,(x), so V is generated by Fy(x).

In this situation, the subalgebra (px,qx) C Fy(x) is free in V (and in fact in
Vo) on the two generators px and qx; but the subalgebra {px, pgx, qqx) is not
free in V (and hence not in Vo) on px, pgx and gqx.

Proof. The last sentence of the first paragraph is clear in the general context of a
subvariety generated by a free algebra in any variety.

We shall next show that (px, gx) C Fy(x) is free on px and gx in Vj. Since it
is a subalgebra of Fy(x) and hence belongs to V, it will then a fortiori be free on
those generators in that subvariety.

To do this, we need to prove that any relation satisfied in Fy(x) by px and gx
also holds between y and z in Fy,(y, z). Let M again denote the free monoid on
the two symbols p and g. We know as before that the elements of Fy(x) obtained
from x using p and g alone form a free M-set on one generator, and hence that
the sub-M-set M{px, gx} is free as an M-set on px and gx. Thus, if the given
relation satisfied by px and gx involves only the operations p and ¢, it will indeed
be satisfied by y and z. Hence in what follows, we may assume the relation involves
t and/or 0.

Now by (3) and (4), if either side of our relation in px and gx involves O or
t other than in the outermost position, that side equals 0, and the corresponding
expression in y and z does as well; so we can replace that side by 0 in our relation.
Given the forms of the identities (6) and (7), it is not hard to see that to complete
our proof it will suffice to show that if

®)  t(b(px, qx), c(px,qx),d(px,qx)) =0
is an identity of V, where

) b(px,qx),c(px,gx),d(px, qx) € M{px, qx},
then Vj also satisfies the identity
(10)  1(b(y,2), c(y,2),d(y,2)) =0.

Moreover, (3) and (4) yield no relations of the form (8) satisfying (9), so we need
only look at relations (8) of the forms (6) and (7).
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An instance of (7) can have the form (8) only if the given u and v have the
forms c¢(px, gx) and d(px, gx); but then putting y and z in place of px and
gx in that instance of (7) again gives an instance of (7), and hence a relation
in Fy,(y, z), as required. If an instance of (6) has the form (8), then we have
u = b(px, gx), but there are two possibilities for the element v: it can either
be x, or of the form e(px, gx). In the former case, this instance of (6) is also
an instance of (7), and the preceding argument applies. In the latter case, the
relation has the form 7 (b(px, gx), pe(px, gx), ge(px, gx)) =0, and we see that
t(b(y, z), pe(y, 2), qe(y, z)) = 0 is again an instance of (6), and hence a relation
in Fy,(y, z). This completes the proof that (px, gx) is free on px and gx.

To see, finally, that (px, pgx, ggx) is not free on the indicated generators in
V, we note that Fy,(x), which generates V, has 3-tuples of elements of M{x} to
which neither (6) nor (7) applies, for example, (x, gx, px). Hence f(x, y,z) =0
is not an identity of V; hence the elements px, pgx, ggx, which do satisfy that
relation, cannot be free generators of a free subalgebra. O

After obtaining the above result, I wondered whether for every 3-tuple (ax,bx,cx)
in M{x}, one could find a ternary relation 7, . on M{x} that could be embodied
in a construction like the above, giving an algebra in which that 3-tuple was not
a free generating set. If so, then it would seem that by defining a variety with
operations 0, p, and ¢ and countably many ternary operations ¢, 5 ., one for each
such choice of a, b and ¢, one should be able to get an example where, as above,
Fv(x) generated V and (px, gx) C Fy(x) was free on px, gx, but where Fy(x)
contained no subalgebra free on three generators.

But just a bit more experimentation revealed 3-tuples (ax, bx, cx) for which no
T,.»,c with the desired property exists. Translating the resulting obstruction into a
proof of a positive statement, this is:

Proposition 3. Let V be a variety of algebras such that the free algebra Fy(x) on
one generator generates V as a variety, and contains a subalgebra free of rank 2
in 'V, say on generators px and qx, where p and q are derived unary operations
of V. Then the subalgebra (px, pgx, pqqx) C Fy(x) is free in V on the indicated
three generators.

Proof. 1t will suffice to show that for any three elements
(11) ax,bx, cx € Fy(x),

there exists a homomorphism {px, pgx, pqqx) — Fy(x) carrying px, pgx, pgqx
to ax, bx, cx respectively, since this will show that every relation satisfied by
px, pgx and pgqgx is an identity of Fy(x), and hence, by hypothesis, of V.
Given elements (11), let us first use the freeness of (px, gx) to get a homo-
morphism f : (px,gx) — Fy(x) carrying px to agqx, and gx to x. Thus the
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image of (px, pgx, pgqx) under this map is (agqx, px, pgx). Since this 3-tuple,
and hence the subalgebra it generates, again lies in (px, gx), we can compose
this homomorphism with another homomorphism, g : {px, gx) — Fy(x); let this
take px to bgx and gx to x. This takes the preceding 3-tuple to (agx, bgx, px).
Finally, mapping (px, gx) to Fy(x) by the homomorphism 4 sending px to cx
and gx to x, we get the desired 3-tuple (ax, bx, cx). Hence, the composite hgf :
(px, pgx, pgqx) — Fy(x) acts as required. U

In the question we have answered, the choice of ranks one, two and three was,
of course, made to give a concrete test problem. This, and the restriction to free
algebras rather than coproducts of general algebras, make our counterexamples,
Propositions 1 and 2, formally stronger, but our positive result, Proposition 3,
weaker than the corresponding result without those restrictions. We shall gen-
eralize Proposition 3 in the next two sections so as to remove these restrictions.

3. Prevarieties and quasivarieties

In the proof of Proposition 3, we used the fact that if V is the variety generated by
an algebra A, then a V-algebra generated by a family of elements, B = ({x; |i € I}),
is free on those generators if and only if there exist homomorphisms B — A taking
the x; to all choices of /-tuples of elements of A. For our generalization, we would
like to say similarly that if an algebra B is generated by a family of subalgebras B;
(i € I), then it is their coproduct if and only if every system of homomorphisms
from the algebras B; to our given algebra A extends to a homomorphism B — A.
We shall see that this is true for coproducts, not in the variety generated by A, but
in the prevariety so generated (definition recalled below).

There are a few points of notation and terminology in which usage is not uni-
form; we begin by addressing these.

First, we admit the empty algebra when the operations of our algebras include
no 0-ary operations.

Second, note that the operators H, S and P on classes of algebras that appear in
Birkhoff’s Theorem and related results each come in two slightly different flavors.
One may associate to a class X of algebras the class of all factor algebras of
members of X by congruences, or the class of algebras isomorphic to such factor
algebras, that is, the homomorphic images of members of X. Likewise, one may
associate to X the family of subalgebras of members of X, or the family of algebras
isomorphic to such subalgebras; that is, algebras embeddable in members of X.
And finally, we may associate to X the class of direct product algebras constructed
from members of X in the standard way as algebras of tuples, or the class of alge-
bras isomorphic to algebras so constructed, that is, algebras P that admit a family of
maps to the indicated members of X giving P the universal property of their direct
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product. It is probably an accident of history that the symbols H, S and P were
assigned, in two cases (subalgebras and products) to particular explicit construc-
tions, but in the remaining case (homomorphic images) to the isomorphism-closed
concept. The standard remedy is to introduce an operator [, taking every class X
of algebras to the class of algebras isomorphic to members of X, and apply [ in
conjunction with S and ® when the wider construction is desired. But that wider
construction usually is what is desired, so, following [McKenzie et al. 1987], we
will use the less standard definitions:

Definition 4. If X is a class of algebras of the same type, then SX will denote the
class of algebras isomorphic to subalgebras of algebras in X, and PX the class
of algebras isomorphic to direct products of algebras in X (including the direct
product of the empty family, the one-element algebra). As usual, HX will denote
the class of homomorphic images of algebras in X.

A third point on which terminology is divided concerns the definition of “qua-
sivariety”. Both usages agree that this means a class of algebras A determined by
a set of conditions of the form

(12)  (VxeAD) (Njeyaj(x)=bj(x) = c(x) =d(x),

where I and J are sets, and the a; and b; and c¢ and d are [-ary terms in the
algebra operations. (J may be empty, in which case (12) represents an ordinary
identity.) The point of disagreement is whether / and J are required to be finite.
The more standard usage, which, somewhat reluctantly, I will follow, assumes this;
a class of algebras defined by sentences (12) where I and J are not required to be
finite is then called a prevariety. The other usage is exemplified by [Addmek and
Sousa 2004], where “quasivariety” is defined with no finiteness restriction on /
and J, while “prevariety” is used for a still more general sort of class of algebras
(typified by monoids in which every element is invertible; that is groups regarded
as monoids).

(My discomfort with the standard usage is that the prefix “pre-” suggests a con-
cept used mainly for technical purposes in the development of another concept,
as in “preorder”, “presheaf” and “precategory”. Also, the relationship between
“prevariety” and “quasivariety” is not mnemonic, as “‘quasivariety” and “elemen-
tary quasivariety” would be. Incidentally, if X is a finite set of finite algebras, the
prevariety and the quasivariety that it generates are the same, so works like [Clark
and Davey 1998] don’t have to distinguish the concepts.)

The concept of quasivariety is a natural one only for finitary algebras. (The
constructions of reduced products and ultraproducts, occurring in standard charac-
terizations of quasivarieties, are not in general defined on infinitary algebras.) Most
of our results on prevarieties will not require finitariness; so algebras comprising
prevarieties will not be assumed finitary unless this is explicitly stated.
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We summarize this and some related conventions in:

Definition 5. A prevariety will mean a class P of algebras of a given (not neces-
sarily finitary) type that can be defined by a class of conditions of the form (12);
equivalently that is closed under the operators S and P.

A prevariety P which is finitary (that is, every primitive operation of which has
finite arity), will be called a quasivariety if

(13) P can be defined by conditions (12) in each of which I and J are finite;
equivalently,

(14) P is closed under ultraproducts;

equivalently,

(15) P is closed under reduced products.

If X is a class of algebras of a given type, the least prevariety containing X,
namely, SPX, will be called the prevariety generated by X. Likewise, if the type is
finitary, the least quasivariety containing X, namely, SPP ;X = SPqX, where
P and P g denote, respectively, the constructions of ultraproducts and reduced
products (and algebras isomorphic thereto), will be called the quasivariety gener-
ated by X. Again without the assumption of finitariness, the least variety containing
X, namely, HSPX, will be called the variety generated by X.

In any prevariety, one has algebras presented by arbitrary systems of generators
and relations. In particular, every family of algebras has a coproduct. A useful
characterization of these is

Lemma 6. Let X be a class of algebras of a given type, let P = SPX be the
prevariety generated by X, let B be an algebra in P, and let f; : Bi — B (i € I) be
a family of maps from algebras in P into B.

Then the algebra B is a coproduct of the B; in P, with the f; as the coprojection
maps, if and only if the following two conditions are satisfied:

(16) B is generated as an algebra by the union of the images f; (B;).

a7 For every A in our generating class X, and every choice of a family of
maps g; : Bi —> A (i € 1), there exists a homomorphism g : B — A such
that g; = gf; foralli € I.

Sketch of proof. “Only if” is straightforward: the necessity of (16) is shown, as
usual, by applying the universal property of B as a coproduct to the maps f;,
regarded as taking the B; into the subalgebra C of B that they together gener-
ate (which belongs to P, since P is closed under taking subalgebras); while the
necessity of (17) is a case of that universal property.
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Conversely, assuming (16) and (17), let us show that B and the f; satisfy the
universal property of the coproduct. Let C be any algebra in P, given with homo-
morphisms a; : B; — C.

If there exists a homomorphism a : B — C with a; = af; for all i, then by (16)
it will be unique.

To see that such a map exists, we write C as a subalgebra of a direct product
I1 jes Aj withall A in X. Then for each j € J, the composites of the given maps
a; : Bi — C with the jth projection C — A; give a system of maps a;; : B; — A;
(i € I). By (17), for each j the a;; are induced by a single map a.; : B — Aj;
doing this for all j € J gives amap a : B — [], A;, whose restriction to each
fi(B;) € B liesin C C Hjej A;. Hence a(B) lies in C by (16). The relations
a;j = ayj f; now show that a; = af;, as required. (I

Remarks. We shall see in Section 7 that it can happen that though each B; lies
in P = SPX, no A € X simultaneously admits maps from all B;. In that case,
condition (17) is vacuous, and the lemma says that (16) characterizes the coproduct
[Ip Bi- Though implausible-sounding, this is correct: in that case an algebra B
with maps of the B; into it, to belong to P = SPX, must embed in the product
of the vacuous family of members of X, hence can have at most one element, so
there is hardly any way it can differ from the desired universal object; (16) merely
guarantees that if all B; are empty, B is also.

In a different direction, taking / = & in the above result and recalling that a
coproduct of the empty family of objects in a category is an initial object of the
category, the result says that an algebra B is initial in P if and only if it is generated
by the empty set and admits a homomorphism into each A € X.

4. P-independent subalgebras

Definition 7. If A is an algebra in a prevariety P, we shall call a family of subal-
gebras B; C A (i € I) P-independent if the subalgebra B C A that they generate,
given with the system of inclusion maps B; — B, is a coproduct of the B; in P.

Here, finally, is the promised generalization of Proposition 3.

Theorem 8. Suppose that P is a prevariety of algebras and Ay an algebra in P,
and that for some natural number n we are given subalgebras Ay, ..., A, and
By, ..., B, of Ao, such that fori =1...n, A; and B; are P-independent, and are
both contained in A;_,. Assume, moreover, that P is generated as a prevariety

by A,.
Then By, ..., B, are P-independent.
Proof. Let us prove by induction on i =0, ..., n a statement a little stronger than

what we will need for i = n, namely that for every system of homomorphisms
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fi:Bj — A; (j =1,...,i), there exists a unique homomorphism f from the
subalgebra of A generated by By, ..., B; and A; into A; which acts on each B;
(j=1,...,i)as f}, and which acts as the identity on A;.

This is clear for i =0. Let 0 < i <n, inductively assume the result for i — 1, and
suppose we are given f;: B; — A; (j=1,...,i). Since A; € A;_1, our inductive
hypothesis gives us a homomorphism g from the subalgebra of Ay generated by
By, ...,Bi—yand A;_; into A;_; which agrees with f; for j=1,...,i—1, and is
the identity on A;_;. Note that g will carry the subalgebra generated by By, ..., B;
and A; into the subalgebra generated by A; (into which it carries By, ..., B;_; and
A;) and B; (which is contained in A;_{, and so is left fixed).

But by assumption, that subalgebra is the coproduct of A; and B;, so we can
map it into A; by a homomorphism 4 which acts as the identity on A; and as f;
on B;. Now f = hg clearly has the property required for our inductive step.

Taking the i = n case of our result, and ignoring the condition that f be the

identity on A,, we see that the subalgebra B C Ay generated by By, ..., B, sat-
isfies (17) for X the singleton family {A,}. Since by assumption A, generates P,
Lemma 6 tells us that B is the coproduct of the B; in P. U

Remark. We might call a family of subalgebras B; of an algebra A in a preva-
riety P, given with a distinguished member By which generates P, “almost P-
independent” if every family of homomorphisms f; : B; — By such that fj is
the identity map of By can be realized by a homomorphism on the subalgebra
generated by the B;. We see from the proof of Theorem 8§ that that theorem re-
mains true if the P-independence hypothesis is weakened to say that each pair
(A;, B;), with A; taken as the distinguished member, is almost P-independent, and
the conclusion strengthened to say that the n+1-tuple (A,, Bi, ..., B,), with A,
as distinguished member, is almost P-independent. The condition of almost P-
independence seemed too technical to use in the formal statement of the theorem;
but one might keep it in mind. It is interesting that while Proposition 2 showed that
in the situation described there, the subalgebras (px), (pgx) and (ggx) of Fy(x)
were not V-independent, the above proof shows that, with the last of them taken
as distinguished, they are almost V-independent.

Note that Theorem 8 holds even in the case n = 0: If A( generates P, then the
subalgebra of A( generated by the empty set is the initial object of P.

A case of Theorem 8 with a simpler hypothesis is

Corollary 9. Suppose A and By, ..., B, are algebras in a prevariety P, such that
A generates P, and such that for each i, A contains an isomorphic copy of AllpB;.
Then A contains an isomorphic copy of | 5" Bi. O

Recall next that a free algebra in a prevariety P is also free on the same gen-
erators in the variety V generated by P. Hence we can apply the above results to
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free algebras in a variety, and obtain the following result extending Proposition 3
(though we omit, for brevity, the explicit description of the free generators).

Corollary 10. Suppose V is a variety and m < n are positive integers such that
the free V-algebra Fy(xi, ..., Xy,) on m generators has a subalgebra free on n
generators, and such that V is generated as a variety by Fy(x1, ..., Xy). Then for
every natural number N, Fy(xy, ..., Xy) has a subalgebra free on N generators.

Proof. A free V-algebra Fy(xy, ..., x,) has subalgebras free on all smaller num-
bers of generators; so the above hypothesis implies that Fy(xy, ..., x;;) has a subal-
gebra free on m+-1 generators. This is a coproduct of a free algebra on m generators
and a free algebra on one generator, so we get the hypothesis of Corollary 9 with
P the prevariety generated by A = Fy(xy, ..., X»), the n of that corollary taken to
be N, and each B; taken to be free on one generator. The conclusion shows that
Fy(xy, ..., x,)has asubalgebra free on N generators in the prevariety it generates.
As noted, a free algebra in a prevariety P is also free in the variety V generated
by P. O

Can we strengthen this result to give free subalgebras of countably infinite rank?
Yes if our algebras are finitary. We will need:

Lemma 11. Let P be a prevariety of finitary algebras, A an algebra in P, and
(Bi)ics a family of subalgebras of A, such that every finite subset Iy C I is con-
tained in a subset Iy C I such that the family of subalgebras (B;)icy, is P-indepen-
dent. Then (B;);cy is P-independent.

Proof. We need to show that the map f; : ]_H, B; — A whose composite with
each coprojection g; : B; — ]_[{, B is the inclusion of B; in A is one-to-one. By
finitariness of P, every element of ]_H, B; lies in the subalgebra generated by finitely
many of the B;, hence it will suffice to show that for any finite subset Iy C I, the
restriction of f; to the subalgebra of ]_H, B; generated by {B; | i € Ip} is one-to-
one. By assumption, /j is contained in a subset /; such that the family (B;);¢y,
is P-independent; hence the canonical map f7, : ]_[}I,1 B; — A is one-to-one; but
that map factors through f;, so f; is one-to-one on its image, the subalgebra of
]_[11, B; generated by {B; | i € I}, hence on the smaller subalgebra generated by
{B; | i € Iy}, as required. U

(We shall see in Sections 6 and 8 respectively that if a prevariety P either satisfies
the amalgamation property (which is not in general the case in the situation we are
interested in here) or is generated as a prevariety by a single algebra (which is
true in the situation to which we are about to apply the above lemma) then any
subfamily of a P-independent family of subalgebras is P-independent; so in such
cases, the hypothesis of the above lemma can be simplified merely to say that every
finite subset of / is P-independent. But in a general prevariety P, a subfamily of a
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P-independent family need not be P-independent, hence that simplified statement
does not carry the full force of the lemma. For an example of P-independence
not carrying over to subfamilies, take for P the variety V of monoids with two
distinguished elements x and y, let A be the V-algebra generated by a universal
two-sided inverse to x, denoted x !, let B; and B both be the subalgebra of A
generated by u =x "'y, which is a free monoid on two generators « and x, regarded
as a member of V by setting y = xu, and let B3 be the whole algebra A. It is not
hard to verify that in By lly B,, the images uy, u, of the copies of u from By and
B, are distinct (though they satisfy xu; = xu3). Since in A itself, in contrast,
their images are equal, B; and B; are not V-independent subalgebras of A. But in
B\ 1y, By 11y, B3, the properties of two-sided inverses force the generators of By and
B; to fall together with the corresponding elements of B3, so the family consisting
of these three subalgebras satisfies the definition of V-independence.)
Combining the above lemma with our earlier results, we get:

Corollary 12. Let P, in (i) and (ii) below, be a prevariety of finitary algebras, and
V, in (iii), a variety of such algebras. Then:

(1) IfAg2 A1 D---DA;D... arealgebras in P such that every A; generates P as
a prevariety; and if for each i > 0, B; is a subalgebra of A;_ such that A; and
B; are P-independent, then the countable family (B;);~q is P-independent.
Hence:

(i) If A is an algebra which generates P as a prevariety, and we are given a
countable family of algebras (B;);o in P, such that for each i, A has a subal-
gebra isomorphic to Allp B;, then A has a subalgebra isomorphic to ]_[ifo B;.

Hence:
(iii) If for some positive integer m the free algebra Fy(x1, ..., x,) generates V as
a variety, and contains a subalgebra free on > m generators, then it contains
a subalgebra free on countably many generators. O

Lemma 11 and Corollary 12 both fail if the assumption that our algebras are
finitary is deleted. To see this for the lemma, let V be the variety determined by
one operation a of countably infinite arity, and identities saying that whenever two
of xg, x1, ... are equal, we have

(18) a(xg, X1, ...) = Xxo.

Let A be a countably infinite set, on which a is defined by letting (18) hold for
all xp, x1, . ... Then every finite subset of A is a free subalgebra on that set, from
which one sees that any finite family of distinct singleton subsets is an independent
set of subalgebras; but the set of all of these is not independent, because their

coproduct in the variety V, the free V-algebra on countably many generators, does
not satisfy (18) identically.
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To show that the statements of Corollary 12 all need the finitariness condition, it
suffices to give a counterexample to statement (iii) in the absence of that condition.
The idea will be the same as above, but the details are more complicated, and I
will be a little sketchy.

The variety in question will have countably many O-ary operations ¢, cy, .. .,
two unary operations p and g, an operation a of countable arity, and an additional
0-ary operation 0, satisfying the analogs of (3) and (4) with a in place of . As in
Section 2, let M denote the free monoid on the symbols p and g. Let V( be defined
by the abovementioned analogs of (3) and (4), together with the (uncountable)
family of identities saying that

(19) a(xg, x1, ...) =0 if infinitely many of the x; belong to M{u} for some
common element u.

These identities do not imply a(cg, ¢1,...) = 0, so a(xg, x1,...) = 0 is not
an identity in any free algebra in Vy. Once again, let V be the subvariety of Vj
generated by the free algebra Fy(x) on one generator.

One finds that the subalgebra (px, gx) € Fy(x) = Fy,(x) is free on px and
gx. The key point is that if an element a(xg, x1, ...) with xg, x1, ... € {px, gx)
equals 0 in Fy(x) by an application of (19), and the element u of the hypothesis
of (19) is x, then the infinite family of elements of M{u} in question will be the
union of a family of elements of M{px} and a family of elements of M{gx}, one
of which must still be infinite; so the relation a(xg, x1, ...) = O still follows from
the expressions for the x; in terms of px and gx.

However, I claim that Fy(x) contains no subalgebra free on countably many
generators. For note that a family of independent elements of Fy(x) cannot include
the value of any primitive or derived O-ary operation (since their behavior under
homomorphisms is not free), nor any element obtained with the help of a, by
the analogs of (3) and (4); hence such a family must lie entirely in M{x}. But
by (19) (with u = x), any infinite family xg, x, ... of elements of M{x} satisfies
the relation a(xg, x1, ...) = 0, which we have seen is not an identity of V; so no
infinite family of elements of Fy(x) is independent.

5. Some questions

Proposition 1 shows that Corollary 10 becomes false if we delete the assumption
that Fy(xi, ..., x,;) generates P. In the absence of that assumption, it is not clear
what forms the relation of mutual embeddability can assume.

Question 13. For V a variety, let us say that two natural numbers m and n are
V-equivalent (with respect to embeddability of free algebras) if Fy(xy, ..., Xm)
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and Fy(xy, ..., x,) each contain an isomorphic copy of the other. Clearly, the V-
equivalence classes are blocks of consecutive integers. Which decompositions of
the natural numbers into blocks can be realized in this way?

More generally, given a prevariety P and algebras Ay, ..., A, in P, letus define a
preorder < on r-tuples of natural numbers by writing (my, ..., m,) < (ny,...,n,)
if the coproduct in P of m| copies of Ay, m, copies of A,, etc., through m, copies
of A,, is embeddable in the coproduct of n; copies of A; etc., through n, copies
of A,. What preorderings on " can be realized in this way? In particular, what
equivalence relations on @” can be the equivalence relation determined by such a
preorder? Do these answers change if one requires P to be a variety?

In [Zaitsev 1992], for certain varieties V of Lie algebras over a field of char-
acteristic 0, bounds are obtained on n/m for any m,n equivalent under the re-
lation of the first paragraph of Question 13 above. The idea is to note that if
Fv(x1,...,xy) and Fy(xy, ..., x,) are mutually embeddable, they must have the
same Gelfand—Kirillov dimension (a measure of growth rate). Upper and lower
bounds are obtained for the Gelfand—Kirillov dimension of Fy(x1, ..., x,), lead-
ing to the asserted conclusions. However, it seems most likely that for such V,
the Gelfand—Kirillov dimension of Fy(xi, ..., x,) will grow with n in a “smooth”
fashion; if so, one should in fact be able to prove that no free algebras of distinct
ranks in V are mutually embeddable, in which case such varieties will not give
interesting examples relevant to Question 13.

For results on isomorphisms and surjections among free algebras, rather than
embeddings, see [Swierczkowski 1961; Clark 1969; Cohn 1966]. The last of these
shows that all consistent cases are realized by module-varieties Mody for rings R.

In generalizing Proposition 3 from free algebras to general coproducts, we found
that the context that made the argument work was that of coproducts in a pre-
variety. Theorem 8 does not give us the corresponding statement for general
Ao, ..., Ay, By, ..., B, with the prevariety P replaced by a variety V, and the
condition that P be generated by A, as a prevariety replaced by the condition that
V be generated by A, as a variety, since for a variety V and an algebra A €'V, the
condition that V be generated by A as a variety is weaker than the condition that
it be generated by A as a prevariety. (For example, the variety of abelian groups
is generated by the infinite cyclic group as a variety, but not as a prevariety, since
all groups in the prevariety it generates must be torsion-free.) But I don’t have a
counterexample to the modified statement.

Question 14. (i) Does Theorem 8 remain true if “prevariety” is everywhere re-
placed by “variety”?

If not, or if the question proves difficult, one might examine some special cases;
for example:
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(i1) If in Corollary 9 we replace “prevariety” by “variety”, and add the assumption
that A is free of rank 1 in that variety (but not that the B; are free), does the
statement still hold?

(iii) If V is a variety, and A an algebra that generates V as a variety, and that
contains as a subalgebra a coproduct of two copies of itself in V, must it contain a
coproduct of three copies of itself in V?

More likely to have positive answers, since quasivarieties are more like preva-
rieties than varieties are, is:

Question 15. Same questions (i), (ii), (iii) as above, but with “variety” everywhere
replaced by “quasivariety” (necessarily, of finitary algebras).

Looking back further, to Section 2, the mixture of positive and negative results
there suggests:

Question 16. Is there a nice criterion for whether a 3-tuple (a, b, ¢) of monoid
words in two letters p, g has the property proved in Proposition 3 to hold for the
3-tuple (p, pq, pqq), and in Proposition 2 not to hold for the 3-tuple (p, pq, qq),
namely, of witnessing the existence of subalgebras free on three generators in all
relatively free one-generator algebras (x) that contain free two-generator subalge-
bras (px, gx) in the varieties they generate?

More generally, given n > 1 and N > 1, one may ask for a criterion for an
N-tuple (ay, ...,ay) of words in n letters py, ..., p, to witness the existence of
a free subalgebra on N generators in any relatively free algebra on one generator
that contains a free subalgebra (pix, ..., p,x) on n generators in the variety it
generates.

(Still more generally, for n > m > 0 and N > 1, one may ask how to decide
whether a given N-tuple of terms in m variables and n operation symbols each of
arity m witnesses the result of Corollary 10. But since terms in operation symbols
of arity > 1 are more complicated than words in unary operation symbols, there
seems to be less likelihood of a simple answer.)

The next four sections are related to, but do not depend on, the material above,
except for the definitions. Section 6 recalls what it means for a category of algebras
to have the amalgamation property, obtains some equivalent statements, and then
shows that for prevarieties with that property, one has stronger results on when
a family of subalgebras of an algebra generates a subalgebra isomorphic to their
coproduct than those that we have seen to hold in general. In a different direc-
tion, motivated by the fact that the prevarieties considered in Section 4 were by
hypothesis each generated by a single algebra, Sections 7-9 show that the number
of algebras needed to generate a prevariety has important consequences for the
behavior of coproducts therein. The brief section Section 10, which is included in
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this note only for convenience, answers a different question about coproducts, also
raised in [Bergman 2007], concerning subgroups of the full symmetric group on
an infinite set.

6. The amalgamation property, and its consequences for P-independence

In any class of algebras that admits coproducts with amalgamation (pushouts), it is
well known and easy to verify that the amalgamation property (definition recalled
in (20) below) is equivalent to the condition that for all pairs of one-to-one maps
with common domain, A — B and A — C, the coprojection maps of B and
C into the coproduct with amalgamation B1l,C are also one-to-one. The next
lemma gives some further consequences of that property, in the same vein. We
formulate it in a context more general than that of categories of algebras, though
less sophisticated than that of [Kiss et al. 1982, Section 6].

In that lemma, the functor U : C — Set plays the role of the underlying set
functor of a category of algebras, but we shall not need to assume it faithful, as
one does when defining the concept of a concrete category.

One other notational remark: So far, I have generally written | [, for “coprod-
uct in the category P ’; but when discussing coproducts with amalgamation of an
object, we will use the subscript position for that object, leaving the category to be
understood from the context. I will follow this mixed practice for the rest of the
paper, showing the category when no amalgamation is involved. (The superscript
position, which might otherwise be assigned to one of these, is used here for index
sets over which coproducts are taken. If there were danger of ambiguity, we could
write ]_[P, 4 rather than [ [ ,, or regard coproducts with amalgamation as coproducts
in a comma category (A | P) and so write ]_[( ALP)-)

Lemma 17. Let C be a category and U : C — Set a functor, and let us call a
morphism f in C “one-to-one” if U(f) is a one-to-one set map, and emphasize
this by indicating such morphisms using tailed arrows: —.

Assume that C admits pushouts of pairs of one-to-one morphisms; that is, that if
f:8— Aandg:S — B are one-to-one, then the coproduct with amalgamation
AllgB exists. (But we do not assume at this point that the maps of S, A and B to
that coproduct are one-to-one.)

Then the following three conditions are equivalent:

(20) C has the amalgamation property [Kiss et al. 1982, page 82]. That is,
given objects A, B, C of C, and one-to-one morphisms
f:A— B, g: A C, there exists an object D, and one-to-one
morphisms f': B D, g':C — D, such that f'f = g'g.

20 For all objects S, T, A, B and one-to-one morphisms S — T, S — A,



On coproducts in varieties, quasivarieties and prevarieties 865

and f : A»— B in C, the induced morphism fUT : AUGT — Bl T is
one-to-one.

(22) For all objects S, positive integers n, and finite families of objects and

one-to-one morphisms S — A; and f; : A; — B; in C (i=1, ..., n), the
. . i=1,...,n . i=1,...,n i=1,...,n .

induced morphism | [ g fi il Ai = [ B;is
one-to-one.

Moreover, if C also admits direct limits (colimits over directed partially ordered
sets), and if U respects these (for example, if C is a quasivariety of finitary alge-
bras, and U its underlying set functor), then C has coproducts with amalgamation
of possibly infinite families of one-to-one maps S — A; (for fixed S, and i ranging
over a possibly infinite set 1); and (22) goes over to such coproducts. That is,
(20)-(22) are also equivalent to:

(23) For all objects S, nonempty sets 1, and families of objects and
one-to-one morphisms S — A; and f; : A; — B; in C (i € 1), the
induced morphism [ [ fi 115" Ai — 15" Bi is one-to-one.

Proof. (20)=-(21): Given objects and maps as in (21), the amalgamation property
implies, as mentioned above, that the coprojection A — All¢T is one-to-one. From
this and the assumed one-to-oneness of the map A — B we similarly get one-to-
oneness of the coprojection AligT — Bll,(AligT) = Bli T, as desired.

(21)=(20): Given objects and maps as in (20), apply (21) with A and its identity
map in the role of S and its map to A, and with C in the role of 7', noting that the
domain of the resulting map, All,C, can be identified with C. This gives one-
oneness of the coprojection C — B, C. By symmetry one also has one-oneness
of the coprojection B — B11i,C. Taking D = B11,C, we get (20).

(21)=(22): The case n = 1 of (22) is trivial. To get the case n = 2 we make
a double application of (21), first getting one-oneness for filigA; : AjligA; —
BiligA; and then for Byligf; : BiligAy — BjligB;. Composing, we get one-
oneness of the desired map.

This shows that two-fold coproducts over S respect one-to-oneness of maps
among objects having one-to-one maps of S into them. Induction now gives the
corresponding result for n-fold coproducts.

(22)=(21): Given objects and maps as in (21), apply the n = 2 case of (22)
with A — B in the role of f| : A; — B and the identity map of C in the role of
f2:Ar— Bo.

Under the additional assumptions about direct limits, one notes that for infinite
I, one can obtain ]_[’;1 A; as the direct limit, over the directed system of all finite
subsets Ip C I, of the objects ]_[’;10 A;. Since by (22), the indicated maps among
these finite coproducts are one-to-one, and by assumption direct limits respect U
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(and hence one-oneness), the corresponding maps among the coproducts over /
are also one-to-one. The converse is immediate: (23) includes (22). O

Let us now note how the amalgamation property implies conditions on inde-
pendent subalgebras stronger than those of Section 4. In considering categories of
algebras, we shall take the functor U of Lemma 17 to be the underlying set functor.
Thus, “one-to-one”, in our formulation (20) of the amalgamation property and our
statements of conditions equivalent thereto, has its usual meaning for algebras.

Corollary 18. Suppose that P is a prevariety having the amalgamation property,
that A is a P-algebra, that (B;);c; is a finite P-independent family of subalgebras
of A, and that for each i € 1, (C;}) jey, is a finite P-independent family of subalge-
bras of B;. Then (Cjj)ie1,jes; is a P-independent family of subalgebras of A. (In
particular, in such a prevariety, examples like those of Propositions 1 and 2 cannot
occur.)

If P is in fact a quasivariety having the amalgamation property, then the above
result holds without the finiteness restrictions on I and the J;.

Proof. Since all the algebras named are subalgebras of A, the unique homomorphic
image of the initial algebra of P in all of them is the same; let us call this S. Because
S is a homomorphic image of the initial algebra of our category, the operator | [
on nonempty families of algebras containing S is just [ [p.

We now apply the implication (20)=-(22) of Lemma 17 (or if P is a quasivariety,
the stronger implication (20)=>(23)), taking for the S of (22) and (23) the § of the
preceding paragraph, and for the maps A; — B; the inclusions ]_[{,EJ" Cij € B;.
We conclude that the natural map from

iel

iel ,jel; ) JjeJdi

(e -ife

to ]_[{, B; is one-to-one. Identifying the latter algebra with its embedded image in
A, we get the desired conclusion.

To get the parenthetical remark about examples like those of Propositions 1
and 2, we take I = {0, 1}, Jo = {0}, J; = {0, 1}, and let A, the B; and the C;; all
be free of rank 1. (]

Remarks. Lemma 17 was a compromise between proving the minimum we needed
to get the above corollary — that (20) implies the special case of (22) where S is the
image of the initial object of C in A, and so can be ignored in forming coproducts
(and if C has, and U respects, direct limits, the corresponding case of (23)) — and
digressing to state and prove a more complete statement. That statement would
involve the versions of conditions (20) and (22) for x-fold families for any cardinal
x, would establish the equivalence between those two conditions for each such «,
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would note that the statements for larger x imply those for smaller x, and would
verify that the statements for finite ¥ > 2 are all equivalent, and also equivalent
to (21). The reader should not find it hard to work out the details.

The reason we brought S into (22), though the only case of (22) that our ap-
plication needed was where S was a homomorphic image of the initial object and
so had no effect, was so as to get an if-and-only-if relation between (22) and (20),
the amalgamation property. (The latter is a well-known property, satisfied by the
categories of groups, semilattices, lattices, and commutative integral domains, and
many others. See the first column of the table in [Kiss et al. 1982, pages 98—107] for
more results, positive and negative.) That equivalence fails if S in (22) is restricted
to homomorphic images of the initial object. For instance, the normal form for
coproducts of monoids shows that the variety Monoid satisfies the cases of (21)-
(23) where S is the initial (trivial) monoid. However Monoid does not satisfy the
amalgamation property (20); for example, letting A = (x), the free monoid on one
generator, and letting B and C be the overmonoids of A gotten by adjoining a left
inverse y, respectively a right inverse z, to x, one finds that in B1i,C, the elements
xy of B and zx of C fall together with 1; so the maps from B and C to this algebra
are not one-to-one. On the other hand, because the special case of (21)—(23) which
we have seen suffices for Corollary 18 holds, Monoid does satisfy the conclusion
of that corollary.

Here is another result (alluded to in the discussion following Lemma 11) of
a sort similar to the above, which for simplicity of wording we will again state
in terms of the amalgamation property, though again, only the cases of (21)—(23)
where S is a homomorphic image of the initial object of P are needed.

Corollary 19. Suppose P is a prevariety having the amalgamation property, and
A a P-algebra. Then every nonempty subfamily of a P-independent family of sub-
algebras of A is P-independent.

Proof. Given a P-independent family of subalgebras B; (i € I) of A, their P-
independence says that the subalgebra of A that they generate is isomorphic to
their coproduct, which we see coincides with their coproduct over the common
image S in all these algebras of the initial algebra of P. For any nonempty subset
J € 1, the coproduct of the B; for i € J likewise coincides with their coproduct over
S. We now apply (21) with this algebra § for both the S and A of that condition,
with ]_[é B; for T, and with ]_[g_J B; for B, and then bring in the assumed P-
independence of the whole family. We thus get one-oneness of the natural maps
shown by the first arrow in

Q4 pBi =115 B — LI Biug s B =115 B = 11p B — A,

and the above arrows and isomorphisms compose to the map we wished to show
one-to-one. (Il
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7. P-compatible algebras

The prevarieties considered in Section 4 were each generated by a single algebra.
Although any variety of algebras can be generated as a variety by a single algebra
(namely, by a free algebra on sufficiently many generators), prevarieties generated
as prevarieties by a single algebra are rather special. This was shown by Mal’cev
for quasivarieties, in a result that we will generalize in the next section. In this
section we shall see that the size of the collection of algebras needed to generate
P as a prevariety is a nontrivial and interesting invariant of P, even if P happens to
be a variety.

Definition 20. Let P be a prevariety. Then a set X of P-algebras will be called
P-compatible if for every Ay € X, the coprojection map Ay — ngx A is one-to-
one; equivalently, if there exists an algebra B in P admitting one-to-one homomor-
phisms A — B forall A € X.

Theorem 21. Suppose P is a prevariety that is residually small (that is, that can
be generated as a prevariety by a set of algebras) and k is a cardinal. Then con-
dition (25) below implies condition (26); and if P is a quasivariety (in which case,
we recall, our algebras are assumed finitary), the two conditions are equivalent.

(25) P can be generated, as a prevariety, by a set of < k algebras.

(26) Every set X of subdirectly irreducible algebras in P can be written as the
union of < i subsets X, (a € k), each of which is P-compatible.

Proof. (25)=(26): Suppose P is generated by a set of < x algebras, Y = {B, |
o € k}, and that as in (26), X is a set of subdirectly irreducible algebras in P.
Each A € X is embeddable in a direct product of copies of the B,, hence, being
subdirectly irreducible, in one of the B,. Letting X, be the set of members of X
embeddable in B,, we get the conclusion of (26) (using the second formulation in
the definition of P-compatibility).

To prove that when P is a quasivariety, (26)=-(25), note that by our residual
smallness hypothesis, there is a set X of subdirectly irreducible algebras in P which
contains, up to isomorphism, all such algebras. By (26) we may write X=/J .., Xa
where each X, is P-compatible. Hence for each a, we can choose an algebra
A, in P in which all members of X, can be embedded. Since a quasivariety is
generated as a prevariety by its subdirectly irreducible algebras [Gorbunov 1998,
Theorem 3.1.1], the prevariety generated by {A, | a € x} is all of P. (]

To get easy examples showing that the least x for which (26) holds can be, inter
alia, any natural number, consider algebras with a single unary operation a, and for
each positive integer d, let C, be the algebra of this type consisting of d elements,

x,ax,...,a% 'x, cyclically permuted by a.
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Now let n be any natural number, and let dy, ..., d, be positive integers none
of which is the least common multiple of any subset of the others. (In particular,
none of them is 1, since 1 is the least common multiple of the empty set.) Let P
be the prevariety generated by the n algebras Cy,, ..., Cg4,. Since this is generated
by finitely many finite finitary algebras, it is a quasivariety. From the description
P=SP{Cg4,...,Cy} we see that all algebras in P satisfy

27)  (Vx) @lm@idix = x,
(28) Vx,y,2)ax=x — y =z,

(29) For all x, the least positive integer d such that a?x = x is the least
common multiple of some subset of {dy, ..., d,},

(30) (Vx,y) a’x =x = aly =y.

From (27)—(30) and our assumption that none of the d; is the least common multiple
of a subset of the rest, one can verify that the subdirectly irreducible objects of P
are precisely the n algebras Cy;; and by (30) these are pairwise incompatible; so
for this quasivariety, the least x« as in Theorem 21 is n.

Ford,, ..., d, as above, consider next, for contrast, the quasivariety P generated
by a single algebra, the disjoint union Cg4 U - - - U Cy,. This will still satisfy (27)-
(29), but not (30). The algebras Cy,, ..., Cg, will still be subdirectly irreducible
in P, but they are no longer incompatible. Indeed, since P is generated by a single
algebra, the least cardinal x as in Theorem 21 is now 1.

For an intermediate case, given di, d», d3 as above, let P be generated by the
three disjoint unions Cy, U Cy,, Cg, U Cg4, and Cg4, LI Cg,. Since none of these
generating algebras contains copies of all three Cy,, these algebras, and hence all
algebras in P, satisfy the implication

31 (Vx1, x2, X3, ¥, 2) (a1 x; =x) A (@Pxa =) A@Bx3 =x3) = y=2z.

Hence, though any two of Cy,, C4, and Cy, are P-compatible, the set consisting of
all three is not.

If we take an infinite sequence of integers d;, d>, . . ., none of which divides any
of the others (for instance, the primes), and let P be the prevariety generated by all
finite disjoint unions of the Cy,, this will no longer be a quasivariety. For it will
satisfy the sentence

(32) (Vxl,...,xn,...;y;z)(/\fila""x,~=xl-) == y=2z,

so the direct limit, as sets with one unary operation, of the above generating family
of finite unions of C; (mapped into one another by inclusion) does not lie in P;
their direct limit in P is, by (32), the trivial (one-element) algebra. This example
also shows that in our earlier result, Lemma 17, the added direct limit hypothesis
was indeed needed to get from (20)—(22) to (23). For it is easy to see that P
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satisfies (20), while to see that it does not satisfy (23), we may take for S and the
A; the empty algebra, and for the B; the above algebras Cy, .

To see that the implication (26)=-(25) of Theorem 21, which we proved for
quasivarieties, does not hold for general prevarieties, let us construct a prevariety
not having “enough” subdirectly irreducible algebras: Let p be a prime, let G
be the additive group of an infinite-dimensional vector space over the field of p
elements, and let P be the prevariety consisting of all G-sets A such that if an
element of A is fixed by an element of G, then all elements of A are fixed by that
element, and if an element of A is fixed by infinitely many elements of G, then
all elements of A are equal. Then P is residually small: the set of G-sets G/H
for all finite subgroups H C G generates P. But any finite-dimensional subspace
of G is an intersection of two properly larger finite dimensional subspaces, hence
any nontrivial algebra in P can be decomposed as a subdirect product of algebras
with larger pointwise stabilizers; so P has no subdirectly irreducible algebras, so it
satisfies (26) for x = 0. On the other hand, no two nonempty algebras in P having
different pointwise stabilizers are compatible, so (25) does not hold for any finite «.

8. All under one roof: prevarieties where all algebras are P-compatible

For prevarieties that can be generated by one algebra, a stronger result can be
proved than the x = 1 case of (26); moreover, we can weaken the above assumption
“generated by one algebra” to a condition that is necessary as well as sufficient for
our strengthened conclusion.

We need the following definition. (Recall that a preordering < on a set or class
means a reflexive, transitive, but not necessarily antisymmetric binary relation.)

Definition 22. A preordered class (K, <) will be called absolutely directed if every
set of elements of K is majorized by some element of K.

In particular, a preordered set is absolutely directed if and only if it has a greatest
element (an element > all elements).

In the next result, condition (33) can be seen to be a strengthening of the x = 1
case of (26) (with “nontrivial” replacing “subdirectly irreducible”), while (34) is a
weakening of the condition that P be generated as a prevariety by a single algebra.
The equivalence of (35) and (37) for quasivarieties is due to Mal’cev.

By the trivial algebra we will always mean the one-element algebra. (So trivial
algebras and empty algebras are never the same thing.)

Theorem 23 [Mal’cev 1966; Gorbunov 1998, Proposition 2.1.19]. Let P be a pre-
variety, and let < be the preordering “is embeddable in” among algebras in P.
Then the following conditions are equivalent.

33) Every set of nontrivial algebras in P is P-compatible.
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(34) P is generated as a prevariety by a class of algebras absolutely directed
under <.

Moreover, if P is a quasivariety (so that, again, our algebras are assumed fini-
tary), then those conditions are also equivalent to each of the following:

(35) Every pair of nontrivial algebras in P is P-compatible.

(36) P is generated as a quasivariety by a class of algebras absolutely
directed under <.

(37) P is generated as a quasivariety by a single algebra.

Proof. (33) says that the class of nontrivial algebras in P is absolutely directed
under <. But P is generated as a prevariety by its nontrivial algebras (the trivial
algebra being the direct product of the empty family thereof), so this implies (34).

To show (34)=(33), let X be an absolutely directed class of algebras generating
P, and Y any set of nontrivial algebras in P. Since Y is a set, we can find a set
Xo € X, homomorphisms into members of which separate points of algebras in Y,
and by the absolute directedness of X, some one algebra A € X contains embedded
images of all members of Xy; hence homomorphisms into A separate points of
algebras in Y. Hence if we form a direct product A’ of sufficiently many copies
of A, then for each nonempty B € Y, we can use maps to some coordinates of A’
to separate points of B; and since B is nontrivial and nonempty, the set of maps
so used will be nonempty, and we can repeat some of them to fill in the remaining
coordinates if any; thus we can embed B in A’. The same conclusion is vacuously
true if B is empty, so A’ has subalgebras isomorphic to all B € Y, proving that Y
is P-compatible.

Now let P be a quasivariety.

Clearly, (33)=(35). The converse holds because we can go from pairwise co-
products to finite coproducts by induction, while coproducts of infinite families
are direct limits of coproducts of finite families, and in a quasivariety, direct limits
respect the underlying set functor. Thus, (33)—(35) are equivalent.

(34)=-(306) is trivial, since the quasivariety generated by a class of algebras con-
tains the prevariety generated by the same class. We shall now show (36)=(37),
then note two alternative ways of getting back from (37): to (34), or to (35).

Given (36), let X be an absolutely directed class of algebras generating P as a
quasivariety. Since the finite sentences (12) form (modulo notation) a set, if we
choose for each such sentence not satisfied by P a member of X for which it fails,
we get a set of algebras Xy € X which again generates P. By assumption, Xy is
majorized by an algebra A € X, and this will likewise generate P, proving (37).

Now assume (37), and let A be an algebra that generates P as a quasivariety.

On the one hand, one can deduce (34) from the fact that P is generated as a
prevariety by the class of ultrapowers of A ([Gorbunov 1998, Corollary 2.3.4(1)];
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compare last paragraph of Definition 5 above) by verifying that that class is abso-
lutely directed under <. The idea is that given a set of ultrafilters U ; (j € J), each
on a set /;, these yield a “product” filter on HJ I;, and any ultrafilter °U containing
this will have the property that all the ultrapowers A" embed in the ultrapower A™.

To get (35), on the other hand, suppose by way of contradiction that By and
B were a non-P-compatible pair of nontrivial algebras in P. Without loss of gen-
erality, suppose By, has non-one-to-one coprojection into ByllpBy; let elements
x # y of By fall together there. Since P is determined by finite sentences (12),
the conjunction of finitely many of these universal sentences with finitely many
equations holding among finitely many elements of By and By must imply x = y.
But every finite system of relations among elements of each of the B; is realizable
by relations among some family of elements of A (otherwise A, and hence P,
would satisfy an implication (12) saying that the conjunction of such a system
of relations implies that all elements are equal, contradicting our assumption that
the B; are nontrivial). On the other hand, since P does not satisfy an implication
forcing x = y to hold in By, the above equations involving elements of By must be
satisfiable by a family of elements of A with distinct elements representing x and y.
But combining this family with the family of elements of A chosen above to satisfy
our finitely many relations holding in B, we see that the sentences (12) defining
P imply that those two elements are equal, giving the required contradiction. [J

In the above theorem we had to exclude the trivial algebra from certain state-
ments. The following addendum to that theorem shows that in many prevarieties,
not only is that restriction unnecessary, but trivial algebras can be used in formu-
lating a very simple criterion, (39), for the equivalent conditions of the theorem to
hold.

Corollary 24. In the context of Theorem 23, suppose that
(38) P has at least one nontrivial algebra with a trivial subalgebra

(that is, a nontrivial algebra with an element idempotent under all the algebra
operations).

Then (33)—(34), and, if P is a quasivariety, (35)—(37) are equivalent to the con-
dition obtained by deleting the word “nontrivial” from (33); and also to

39) Every algebra in P is P-compatible with the trivial algebra.

Proof. 1t is easy to deduce from (38) that each of (33) and (35) is equivalent to
the formally strengthened version of itself gotten by deleting the restriction “non-
trivial”: given a set X of algebras (respectively, a pair of algebras) of P including
the trivial algebra, which we want to embed simultaneously in some algebra, we
“sneak the trivial member of our set in” by hiding it in a nontrivial algebra as
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in (38), then apply (33) (respectively, (35)) to the resulting family of nontrivial
algebras. As a special case of this version of either condition, we have (39).

On the other hand, given (39), we can get the strengthened form of (33) by a
version of the construction by which one embeds a family of groups in their direct
product group. Let {B; |i € I} be any set of algebras in P. By (39), embed each B;
in an algebra A; containing an idempotent element e;. Taking A = Hl A;, we can
embed each B; in A by using the inclusion map at the jth component, and mapping
to every other component by collapsing everything to a trivial subalgebra. U

Clearly every prevariety of groups, monoids, or lattices satisfies (39), hence
satisfies (33) with the nontriviality condition deleted, (34), and, if it is a quasivari-
ety, (35)-(37).

On the other hand, the variety V of unital associative (or unital associative
commutative) algebras over any field satisfies (33) (and hence (34)—(37)), by the
standard description of coproducts of such algebras, but not (38) or the version
of (33) with “nontrivial” deleted; rather, the trivial algebra (with 1 = 0) is not V-
compatible with any other algebra. Hence in the absence of (38), the exclusion of
the trivial algebra in (33) and (35) is indeed needed to make Theorem 23 hold. Our
constructions in the preceding section with unary algebras also illustrate this: in
the prevariety generated by a single algebra C; (d > 1), the conditions of Theorem
23 hold, but Cy satisfies (Vx, y, 7) ax=x = y=z, so the trivial algebra is not
P-compatible with any nontrivial algebra.

There are also examples where (38) holds, but where the equivalent conditions of
Theorem 23 and Corollary 24 do not; for example, the variety of groups or monoids
with one distinguished element, or of lattices with two distinguished elements: a
counterexample to (39) is given by any group or monoid with distinguished element
that is not the identity, or any lattice with a pair of distinguished elements that are
not equal.

These same examples also show that the analog of the implication (37)=-(33)
does not hold for varieties, with “generated as a variety” in place of “generated as
a quasivariety”, since every variety satisfies the analog of (37).

The next corollary is a result promised in the comment following Lemma 11.

Corollary 25. Suppose P is a prevariety generated by a single algebra, or, more
generally, satisfying (34), and let (B;);c; be a family of nontrivial algebras in P.
(Again, if P satisfies (38), the restriction “nontrivial” can be dropped.) Then

(40) for every J C I, the natural map ]_[i,EJ B — ]_[i,el B; is one-to-one.
Hence

41) any subfamily of a P-independent family of subalgebras of a nontrivial
algebra A is P-independent.
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Proof. To see (40), note that | [~ B; = ( o/ B;)lip( el B;), with the natural
map ]_H,EJ B, — i,EI B; corresponding to the first coprojection under this decom-
position. By the implication (34)=>(33) (or its modified version if P satisfies (38)),
the indicated coproducts over J and I —J are P-compatible, hence that coprojection
map is one-to-one, as claimed. (A slight hiccup in this argument: If J or I — J is
empty, can we be sure the coproduct over that subset, namely the initial algebra,
is nontrivial? No, but if it is trivial, and if P is not the trivial prevariety, then since
the initial algebra can be mapped into every algebra, (38) holds, and so we are in
the case where we don’t need nontriviality.)

To get (41), recall that the statement that (B;);<; is an independent family of
subalgebras of A means that the subalgebra of A generated by these subalgebras
can be identified with their coproduct. If none of the B; is trivial, then this ob-
servation together with (40) immediately gives the desired conclusion. If at least
one of the B; is trivial, then since by assumption A is not, (38) holds, and by the
parenthetical addendum to the first part of this corollary, we again have (40) and
can proceed as before. U

On a different topic, let us note the extent to which Theorem 21 does and does
not go over from prevarieties to quasivarieties.

Corollary 26. If P is a quasivariety, then (even without the residual smallness
assumption of Theorem 21), condition (26) implies

42) P can be generated as a quasivariety by < k algebras.
The reverse implication holds if x is finite, but not for any infinite k.

Proof of (26)=(42). A quasivariety P is generated as a prevariety, and hence
as a quasivariety, by its subdirectly irreducible algebras [Gorbunov 1998, Theo-
rem 3.1.1], hence, as in the proof of Theorem 23, we can find a set X of these that
generates it as a quasivariety. By (26) we can write X as |J, ., X, Where each
X, is P-compatible. If for each a € x we let A, be an algebra in P containing
embedded images of all members of X, then P is generated as a quasivariety by
this set of x algebras.

For the converse assertion when « is a natural number rn, let P be generated as
a quasivariety by Ay, ..., A,. Then P=SPPy{Ay, ..., A,}, where Py denotes
closure under ultraproducts; thus, each P-subdirectly irreducible object of P is
embeddable in a member of Py {A1, ..., A,}. Moreover, the operator P respects
finite decompositions; that is, any ultraproduct of a family of structures indexed by
a finite union of sets, (A;);er,u..-u1,, can be written as an ultraproduct of one of the
subfamilies (A;);es,. Hence Py{Ay, ..., Ay} = PufA1}U--- UPu{A,}. The
class of subdirectly irreducible algebras in P that are embeddable in members of a
given P {A;} is contained in the one-generator quasivariety SPP{A;}, hence
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by the implication (37)=>(33), each of these n classes has the property that all its
subsets are P-compatible. This gives (26).

On the other hand, given any infinite x, let V be the variety of sets given with
a x-tuple of 0-ary operations (constants) ¢, (a € k). Since as a quasivariety, V
is generated by its finitely presented objects [Gorbunov 1998, Proposition 2.1.18],
and there are only « of these, it satisfies (42). On the other hand, since all operations
are O-ary, every equivalence relation on a V-algebra is a congruence, so the subdi-
rectly irreducible algebras are precisely the two-element algebras. We have one of
these for each 2-class equivalence relation on x, and one more corresponding to the
partition of that set into ¥ and &. This gives 2* subdirectly irreducible algebras,
no two of which are V-compatible. (Il

9. Afterthoughts on P-compatible algebras

Perhaps the concept of “P-compatible algebras” is not the best handle on the phe-
nomena we have been examining; or at least should be complemented by another
way of looking at them. Suppose that for algebras A and B in P, we say that
A is “comfortable” with B in P if the coprojection A — AllpB is one-to-one;
equivalently, if A is P-compatible with some homomorphic image of B in P. This
relation is not in general symmetric; for example, in the variety of associative unital
rings, each ring Z/nZ is comfortable with Z, but not vice versa. Algebras A and B
are P-compatible if and only if each is comfortable with the other. (So the relations
of P-compeatibility and of being comfortable in P may be characterized in terms
of one another.) More generally, an arbitrary family of algebras is P-compatible if
and only if each is comfortable with the coproduct of the others.

If P is generated as a prevariety by a class of algebras X, we see that an algebra
A is comfortable in P with an algebra B if and only if homomorphisms into mem-
bers of X that contain homomorphic images of B separate points of A. Hence, if
we classify algebras B € P according to which algebras A are comfortable with
them, then algebras B; and B, will belong to the same equivalence class under
this relation if the subclass of X consisting of algebras containing homomorphic
images of B; coincides with the subclass of those containing images of B,. (We
do not assert the converse.) In particular, if P is residually small, so that X can
be taken to be a set, the number of these equivalence classes has the cardinality
of a set. More generally, if P is generated by the union of x classes of algebras,
each absolutely directed under the relation < of Theorem 23, the same reason-
ing shows that it will have at most 2* equivalence classes under this equivalence
relation. On the other hand, if we classify algebras according to which other
algebras they are comfortable with, we may, so far as I can see, get up to 2%
classes.
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For any algebra A in P, the class of algebras which are comfortable with A forms
a subprevariety of P. The class of algebras that A is comfortable with likewise
yields a subprevariety on throwing in the trivial algebra. (A stronger statement,
also easy to see, is that this class is closed under taking subalgebras and under
taking products with arbitrary algebras in P; equivalently, that if this class contains
an algebra B, then it contains every algebra in P admitting a homomorphism to B).

10. On infinite symmetric groups: an answer and a question

This last section does not depend on any of the preceding material.

It was shown in [de Bruijn 1957] (see also [Bergman 2007]) that for € an infinite
set, the group S = Sym(Q) of all permutations of € contains a coproduct of two
copies of itself (from which it was deduced by other properties of that group that it
contains a coproduct of 2¢7() copies of itself). In [Bergman 2007, Question 4.4],
I asked, inter alia, whether, for every subgroup B of S, if we regard S as a member
of the variety of groups given with homomorphisms of B into them, S contains a
coproduct of two copies of itself in that variety.

The answer is negative. To see this, pick any x € € and let B be the stabilizer in
S of x. Writing elements of S to the left of their arguments and composing them
accordingly, we see that the partition of § into left cosets of B classifies elements
according to where they send x, and that for each y € Q, the coset sending x to y has
elements of finite order; for example, if y # x, the 2-cycle interchanging x and y.

On the other hand, I claim that if S; and S, are any two groups with a common
subgroup B proper in each, then in the coproduct with amalgamation Sy 11,5, there
are left cosets of B containing no elements of finite order. Indeed, the standard
normal form in that coproduct shows that each left coset is generated by a possibly
empty alternating string of left coset representatives of B in S; and S>. When
that string is nonempty and has even length, one sees that elements of finite order
cannot occur. Hence for § = Sym(€2) and B as above, S, as a group containing B,
cannot contain a copy of S;1i;S5.

So let us modify our earlier question.

Question 27. For Q an infinite set, what nice conditions, if any, on a subgroup
B C § = Sym(Q) will imply that S has a subgroup containing B and isomorphic
over B to S1i,S?

For instance, will this hold if B is equal to, or contained in, the stabilizer of a
subset of Q having the same cardinality as Q? If B is finite?

In that same question in [Bergman 2007], I asked whether for any submonoid B
of the monoid Self(Q) of self-maps of €, the monoid Self(£2) must contain, over
B, a coproduct of two copies of itself with amalgamation of B. It seems likely
that the subgroup B C Sym(Q) C Self(€2) used above also gives a counterexample
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to this part of the question. This will be so if we can show that the subgroup of
invertible elements of the monoid coproduct of two copies of Self(Q) with amal-
gamation of B is isomorphic to the group coproduct of two copies of Sym(Q) with
amalgamation of B, since we have seen that this is not embeddable over B in the
group Sym(Q) of invertible elements of Self(Q). But the analysis of coproducts
of monoids with amalgamation, even when the submonoid being amalgamated is
a group, seems difficult.

The final part of that question posed the same problem for the endomorphism
algebra of an infinite-dimensional vector space over a field. To this I also do not
know the answer; and in view of the results of [Wehrung 2007], it is natural to ask
the same question for lattice of equivalence relations on an infinite set.

11. Glossary for the nonexpert in universal algebra

I indicate below the meanings of some basic concepts of universal algebra, though
more briefly and informally than would be done in a textbook presentation. (Defi-
nitions of some other concepts are recalled in the sections where they are used. |
do not define concepts of category theory, such as coproduct; or of set theory, such
as ultraproduct, and the distinction between sets and proper classes. For these, see
standard references such as [Mac Lane 1971; Chang and Keisler 1990].)

An n-ary operation on a set X means a function X" — X; here n is called the
arity of the operation. An algebra is a set given with a family of operations of
specified arities. The list of operation-symbols and their arities is the type of the
algebra (used here only in the phrase “algebras of the same type”). Constants in
the definition of an algebra structure (for example, the O and 1 of a ring structure)
are in this note regarded as 0-ary operations; indeed, X° is a one-element set, so
amap X° — X specifies an element of X. Given a subset S of an algebra X, the
subalgebra of X generated by S is here denoted (S).

The given operations of an algebra are called primitive operations. Expressions
in a family of variable-symbols and iterated applications of the primitive operations
determine derived operations. Such expressions are themselves called terms. For
instance, (xy)z and x(yz) are distinct ternary terms in the operations of a group.
(They must be considered distinct so that they can be used to write the group
identity of associativity.) The variable-symbols are also considered terms; they are
the starting-point for the recursive construction of all terms. This technical sense of
term will not stop us from using the word in other ways, for example, in referring
to the mth term of a sequence.

An algebra all of whose primitive operations have finite arity is called finitary.
(This does not preclude there being infinitely many primitive operations; for ex-
ample, we have this for modules over an infinite ring.)
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As indicated in Section 1, a variety of algebras is the class of all algebras of a
given type satisfying a given set of identities. In any variety V, one can construct
a free algebra on any set, satisfying the usual universal property.

The above concepts are assumed from Section 2 on. Starting with Section 3, we
also refer to the variety of algebras generated by a family X of algebras of a given
type, that is, the least variety containing X. This is clearly the class of all algebras
that satisfy all identities satisfied by all members of X. Birkhoff’s Theorem states
that it is also the class of all homomorphic images of subalgebras of (generally
infinite) direct products of members of X, abbreviated HS P (X). (Definitions of
prevariety and quasivariety, and results for these analogous to Birkhoff’s Theorem,
are recalled in Section 3.)

To motivate a concept used from Section 7 on, note that if an algebra A is
embedded in a direct product []; A;, by a homomorphism with components f; :
A— A;, then A= f(A) C[], fi(A). Modeled on the properties of this subalgebra,
one defines a subdirect product of a family of algebras (B;);<; to be a subalgebra of
[1, B; which projects surjectively to each B;. An algebra that, up to isomorphism,
cannot be so expressed without one of the projection maps being an isomorphism
is called subdirectly irreducible.
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Exponential sums nondegenerate
relative to a lattice

Alan Adolphson and Steven Sperber

Our previous theorems on exponential sums often did not apply or did not give
sharp results when certain powers of a variable appearing in the polynomial were
divisible by p. We remedy that defect in this paper by systematically applying p-
power reduction, making it possible to strengthen and extend our earlier results.

1. Introduction

In the papers [AS 1987a; 1987b; 1989; 1990a; 1990b] we established properties
of the L-functions of exponential sums on affine space A" and the torus T". The
purpose of this article is to prove a general result that leads to a sharpening of the
theorems of those papers.

Let p be a prime, let ¢ = p”, and let [, be the field of g elements. Let f €

Fy [xlil, R xfl] be a Laurent polynomial, say,
f=> apx/, (1.1)
jeJ

where a; € ;' and J is a finite subset of Z". Let Z(J) be the subgroup of Z"
generated by the elements of J. By the basic theory of abelian groups, there exists
a basis uy, ..., u, for 7" and integers d, ..., d; such that dyuy,...,duy; is a
basis for Z(J). After a coordinate change on T", we may assume that uy, ..., u,
is the standard basis. The Laurent polynomial f may then be written in the form

d d
f:g(xllv"'vxkk)a

for some g € [Fq[xlil, R x,fl]. Write d; = pb"e,- for each i, where b; > 0 and
(e;, p) = 1. Since raising to the p-th power is an automorphism of F,, the ex-
ponential sums associated to the polynomials f and g(x', ..., x;") are identical.
Furthermore, the theorems in the aforementioned papers generally produce sharper
results when applied to g(x{', ..., x;*) than when applied to f. (Thus there is no

MSC2000: primary 11L07; secondary 11T23, 14F30.
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improvement over our earlier work if p {[Z* : Z(J)].) We refer to g(x', ., x)
as the p-power reduction of f.

Over A", the technique of p-power reduction is less versatile because one cannot
make the same sorts of coordinate changes. One has a standard toric decomposition
{xi}iea. Giv,en’ f €Fylx1, ..., x,], one can try to analyze the corresponding expo-
nential sum on A" by analyzing its restriction to each of these tori, but the picture
is complicated by the fact that p-power reduction may require different coordinate
changes on different tori. It thus seems worthwhile to generalize our previous
results to apply directly to the polynomial as given, to avoid the task of performing
p-power reduction on a case-by-case basis.

Let M be the prime-to- p saturation of Z{J),

Mj;={ueZ"|kueZ{J) for some k € Z satistying (k, p) = 1},

and let R(J) denote the subspace of R" spanned by the elements of J. We will get
a strengthening of our earlier results when M is a proper subset of Z" NR(J). Let

[Z" NR{J) : Z{J)] = pe,
where a > 0 and (e, p) = 1. Then
[Z"NR{T) : My = p?, (1.2)

so My #7"NR(J) if and only if a > 0.

Part of the motivation for this work was a desire to understand Theorems 3.6.5
and 3.6.7 from [Katz 2005] from our point of view. Suppose that f € F,[xy, ..., x,]
is a homogeneous polynomial of degree d = pke, (e, p) = 1, k > 1. Katz showed
that if f = O defines a smooth hypersurface in P"~!, then the L-function asso-
ciated to the exponential sum defined by f (see Section 2 for the definition) is a
polynomial (n odd) or the reciprocal of a polynomial (n even) of degree

L@y + -,

p
all of whose reciprocal roots have absolute value ¢"/?. Note that in this situation
[Z" : M;] = p*. Our results in [AS 1989] do not apply to polynomials of degree
divisible by p. However, we show here that when M is a proper subset of Z" one
can weaken the definition of nondegeneracy used in that article and still deduce
analogous conclusions. In particular, we show that the above theorem of Katz is
true as well for nonhomogeneous polynomials, provided that the homogeneous
part of highest degree defines a smooth hypersurface in P"~! and [Z" : M ;] = p*.
In other words, the conclusion remains true when one perturbs the smooth homo-

geneous polynomial by adding arbitrary terms of degrees p*e’, ¢’ < e. (In earlier
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work, analogous results for exponential sums involving polynomials of degree di-
visible by p were proved under the additional assumption that the homogeneous
form of second highest degree “behaved nicely” relative to the leading form: see
[AS 2000; 2009; Rojas-Ledn 2006].)

This generalization of Katz’s theorem (Proposition 5.1 below) will be derived
as a consequence of Theorem 4.17. Another consequence of that theorem is the
following result. Consider the Dwork family of hypersurfaces

X\ 4+ 4x, +Ax .. x, =0

in P"~!. If n = p*e, where k > 1 and (p, ¢) = 1, and 4 # 0, this hypersurface is
singular (except for n =2, 3). We show (Corollary 5.9 below) that the zeta function
of this hypersurface has the form

R(t)D"
(1=t —gt)...(01—qg"2t)’

where R(t) is a polynomial of degree
(P = De" e (e = 1)+ (=1)"(e = 1),

all of whose reciprocal roots have absolute value ¢"~>/2. (Zeta functions of the
Dwork family have also been studied recently in [Rojas-Le6én and Wan 2007] and
[Katz 2007].)

As another example, we strengthen the classical theorem of Chevalley—Warning.
Let f = Zjej ajxj e Fylx1, ..., x,] and let N(f) denote the number of solutions
of f = 0 with coordinates in [,. Let N denote the nonnegative integers, let N
denote the positive integers, and let J' = {(j, 1) e N"T! | j e J}. Let A(J’) denote
the convex hull of J'U{(0, ..., 0)} in R"*1.

Theorem 1.3. Let u be the smallest positive integer such that u A(J'), the dilation
of A(J') by the factor i, contains a point of My 0 (N)" 1. Then ord, N(f) >
u — 1, where ord, denotes the p-adic valuation normalized by ord, q = 1.

Z(t) =

For example, the equation >, xl.p g 0 has ¢"~! solutions: since raising
to the p-th power is an automorphism of [, one can assign arbitrary values to
X1, ..., %x,—1 and there will be a unique value of x,, satisfying the equation. Since
My =7(J') is the lattice generated by the {(0,...,0, p%,0,...,0, DY _,,u=n
and Theorem 1.3 gives the precise divisibility by g.

For a more subtle example, let p = 3, n = 3, and consider the polynomial

f= x1x22 +x2x32 +x12X3.
The lattice M = Z(J') is the rank-three sublattice of Z* with basis the vectors

u=(1,2,0,1),u,=(0,1,2,1),us = (2,0, 1, 1).
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The only point of A(J") N (N, )*is (1,1, 1, 1) and one has
(1, 1,1, 1) = 3(u; +up +u3), (1.4)

thus (1,1, 1, 1) & M. It follows that 4 > 1, so Theorem 1.3 implies that N (f)
is divisible by 3". (In fact, u; +u, € My N (N+)4, so i = 2.) On the other hand,
since the degree of f equals the number of variables, the classical Chevalley—
Warning Theorem does not predict the divisibility of N(f) by 3. If we take the
same polynomial f but assume p # 3, then (1.4) shows that

(1, 1’ 15 1) E M.],D

so i = 1 and Theorem 1.3 does not predict any divisibility by p.

Theorem 1.3 is a special case of Theorem 3.3, which we prove by the method of
[Ax 1964], as applied in [AS 1990a]. Ax expresses an exponential sum as a sum of
certain products of Gauss sums; Stickelberger’s Theorem computes the valuation
of each Gauss sum, so one must determine which of these products of Gauss sums
has minimal valuation. This minimum is in general difficult to calculate directly,
so one replaces the set of valuations by a larger set whose minimum is easier to
calculate. We used a convexity argument in [AS 1990a, Lemma 1], which is the
approach we take here. Another method for estimating this minimum is via the “p-
weight” of the polynomial: see [Moreno et al. 2004, Section 4] for a description of
this approach and references to related work. The results obtained from these two
approaches do not seem comparable, that is, neither implies the other as far as we
know.

The first main idea of this paper is that when computing the action of Dwork’s
Frobenius operator, which gives the L-function of the exponential sum on the
torus, one can ignore the action of Frobenius on power series whose exponents
lie outside of M since such power series contribute nothing to the spectral theory
of Frobenius. This idea is explained in Section 2. The second main idea is the
notion of nondegeneracy relative to a lattice, which is introduced in Section 4. It
guarantees that the p-power reduction of f will be nicely behaved. This leads to
precise formulas for the degree of the L-function and the number of roots of a
given archimedian weight.

2. Trace formula

Let ¥ : F, — Q(¢,) be a nontrivial additive character and define

Su(T", )= D W(Trg, e, (f (),

x€Tn (Fym)
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where Try,, /5, denotes the trace map. In the special case where f € Fylxi, ..., xul,
we can also define

Sw(A", =D W(Trg, 6, (f (X))

x €A ([qu )

There are corresponding L-functions
(0] [m
LT, fi)=e ( S, (T", —)
(T, f5 1) =exp n; (" ) —

and
v, g0 =exp( suan, o).
m=1

Let Q,, denote the field of p-adic numbers and Z,, the ring of p-adic integers.
Set Qi = Q,(¢p). Then Q; is a totally ramified extension of @, of degree p — 1.
Let K denote the unramified extension of Q, of degree r and set Qy = K ().
The Frobenius automorphism x +— x? of Gal([F,/F,) lifts to a generator 7 of
Gal(Q/ Q1) by setting 7({,) ={,,. Let Q be the completion of an algebraic closure
of Qp. Let “ord” denote the additive valuation on € normalized by ord p = 1 and
let “ord,” denote the additive valuation normalized by ord, g = 1.

Let E(r) =exp(D>_ 2, 1P /p") be the Artin—Hasse exponential series. Let y € Q;
be a solution of > 2 tpi/pi =0 satisfyingordy = 1/(p — 1) and set

0t)=E(yt)= Y it €Qlrl.

i=0

The series 0(¢) is a splitting function in Dwork’s terminology and its coefficients
satisfy

i
p—1

Define the Newton polyhedron of f, written A(f), to be the convex hull in R”"
of the set J U{(0, ..., 0)}. Let C(f) be the cone in R" over A(f), thatis, C(f) is
the union of all rays in R” emanating from the origin and passing through A(f).
For any lattice point u € C(f) N Z", let w(u), the weight of u, be defined as the
smallest positive real number (necessarily rational) such that u € w (1) A(f), where
w(u)A(f) denotes the dilation of A(f) by the factor w(u). Then

ord 4; > 2.1)

1
C(HNZ" - —Z
w:C(HNZ" >
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for some positive integer N. We fix a choice j of N-th root of y and set Qo =
Qo(7), Q1 =Q (7). We extend 7 € Gal(Q/ Q) to a generator of Gal(Qy/Q)
by setting 7(y) = 7. Let 0o be the ring of integers of Q.

Let M be a lattice such that M; C M C 7" NR({J), let L = Homz(M, Z), and
let £ € L. We extend ¢ to a function on Z" NR(J) as follows. For u € 7" NR(J)
we have p®u € M by (1.2), so we may define

t(u) = p~t(p“u).
This definition identifies L with a subgroup of Homz(Z" NR(J), p~¢Z). Define
My(f)={ueZ"NC(f)|ord¢(u) >0 forall £ € L}.
Note that Mo(f) =M NC(f). Fori > 0 let

Mi(f)={ueZ"NC(f) | inflord £(w)} = —i}.

Note that since L has finite rank, the infimum over L always exists. Furthermore,
we have M;(f) = @ fori > a and

7"nc(f) =M.
i=0

We consider the following spaces of power series (where b € R, b > 0, ¢ € R,
and 0 <i <a):

Li(b,c)= [ Z Auxt | A, € Qp, ord A, > bw(u) —i—c],
ueM;(f)
Lib) =] Li,0),

ceR

[ Z A, yNw(”) “I A, €0, Au—>Oasu—>oo},
ueM;(f)

I = [ z A 7N A, € Q, AL,—>Oasu—>oo}.
ueM;(f)

We also define L(b, ¢), L(b), B, B’ as the unions of these spaces fori =0, ..., a.
Note thatif b > 1/(p —1), then L;(b) € B} and for ¢ > 0, L; (b, ¢) € B;. Similarly
L() € B’ and for ¢ > 0, L(b,c) C B. Define anormon B;,i =0,...,a, as

follows. If
Z Auj;Nw(u)xu,
ueM;(f)
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then set

ISI= sup |Aul
ueM;(f)

One defines a norm on B in an analogous fashion.
Let f = > ;a;x/ be the Teichmiiller lifting of f, that is, 4§ = a; and the
reduction of f modulo p is f. Set

r—1 ) )
Fx)=]]0@;x"). Fox) =[] F* ).
i=0

jeJ
The estimate (2.1) implies that F(x) and Fyp(x) are well-defined and satisfy

F(x) e Lo(pl_ 1,0), Fo(x) € Lo(ﬁ,o).

We define the operator y on series by

1//( Z Aux”) = Z Apux”.

ueZ" ueZ"
Clearly, y(L(b, c)) € L(pb, c).
Lemma 2.2. For1 <i <a we have
w(Li(b,c)) € Lit1(b, 0),
and fori = a we have
y(La(b, ) =0.
Furthermore, the same assertions hold with L; (b, c) replaced by B;.

Proof. Let ¢ € L and pu € M;(f). Since ord £(pu) > —i, it follows that ord £(u) >
—i — 1. By definition of M;(f) the first inequality is an equality for some ¢ € L.
The second inequality is then an equality also for that £, hence u € M; 1 (f). U

The operator a = y" o Fj is

« an Qq-linear endomorphism of the space B’, and

e an Qp-linear endomorphism of L(b) for0 <b < p/(p —1).
The operator ag =17 ~"' o y o Fy is

o an Q;-linear endomorphism of B,

e an Q;-linear endomorphism of L(b) for0 <b < p/(p — 1),

« an Q-semilinear endomorphism of B’, and

e an Qp-semilinear endomorphism of L(b) forO <b < p/(p —1).
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It follows from [Serre 1962] that the operators a™ and o' acting on B’ and L(b) for
0 <b < p/(p—1) have well defined traces. In addition, the Fredholm determinants
det(/ —ta) and det(I — tag) are well defined and p-adically entire. The Dwork
trace formula asserts

Sm(—l]—n’ f) = (qm - l)nTr(am): (23)

where o acts either on B’ or on some L(b), 0 <b < p/(p — 1), and the nontrivial
additive character implicit on the left-hand side is given by

W (x) = 6(1) ™),

Let ¢ be the operator on formal power series with constant term 1 defined by g (1)’ =
g(1)/g(gqt). Using the relationship det(I — ra) = exp(— > o Tr(a™)t" /m),
Equation (2.3) is equivalent to

L™, £ 0" = det( —ta)”". (2.4)

Let I' be the map on power series defined by

F( Z Aux”) = Z Auxt.
uel" ueMo(f)

Define & = I'o a, an endomorphism of B and Lo(b) for 0 <b < p/(p —1). The
main technical result of this paper is the following.

Theorem 2.5. If M; C M, then as operator on By and Lo(b) forO <b<p/(p—1)
the map o satisfies

Su (T, f)=1(¢g" — )'"Tr(@™).
Equivalently,
L™, £ 0" = det( —ta)”".

Proof. To fix ideas, we work with the space B’. Note that if u € My(f) and
v e M;(f),1<i<a,thenu+v € M;(f). This shows that multiplication by F and
Fp are stable on B fori =1, ..., a. Lemma 2.2 then implies that a:(B}) C B/, for
i=1,...,a—1and a(B)) =0. It follows that any power of a acting on | Ji_, B}
has trace 0, so on | J;_, B! we have det(I —ra) = 1. From [Serre 1962, Proposition
9] we then get

det(I —ta | B') =det (I —ta | B’/ Ui, B)).

Under the Banach space isomorphism B = B’/ |J{_, B/, the operator & is identi-
a

fied with the operator induced by o on B’/ | J;_; B;. This proves the theorem. [
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3. First applications

To improve the results of [AS 1987a], one can replace the space L(p/(p — 1)) and
its associated counting function W (k) used there by the space Lo(p/(p — 1)) for
the lattice M; and its associated counting function

Wo(k) =card{u e M; NC(f) | w(u) =k/N}. (3.1)

But since the main results of [AS 1987a] are concerned with the n-torus T”, it is
simpler to just replace f by its p-power reduction as described in the introduction.
For example, the first inequality of Theorem 1.8 of that paper becomes the one in
Theorem 3.2 below.

Theorem 3.2. We have 0 < deg L(T", f; t)(_l)"*l <n!'V(f)/[Z" : M;], where
V (f) denotes the volume of A(f) relative to Lebesgue measure on R".

The second inequality of [AS 1987a, Theorem 1.8] can be similarly improved.

Suppose that f € F,[x1, ..., x,] andlet o (f) be the smallest positive real (hence
rational) number such that w(f)A(f), the dilation of A(f) by the factor w(f),
contains a point of M; N (N;)". We prove the following strengthening of [AS
1987b, Theorem 1.2].

Theorem 3.3. If f is not a polynomial in some proper subset of {x1, ..., x,}, then
ordy S1(A", f) = o(f).

As an example of Theorem 3.3, consider the polynomial

Fx1, x2) = x1x5 +x]x3 +x x5

If p #5, then M; = 7?; so w(f) = 7/25, which gives the estimate of [AS 1987b,
Theorem 1.2]. Theorem 3.3 gives an improvement when p = 5. In this case,

My = {(u1, uz) € Z* | uy + 6us, is divisible by 25}

sow(f)=1.

Proof of Theorem 3.3. Let @¢ be the set of all functions ¢ : J — {0, 1,...,q — 1}
such that

1 . n
—— > $()j e (ND"
q—14
jeJ
For ¢ € @ define ¢’ € @ by
least positive residue of p¢(j) modulo g —1 if ¢(j) #0O.
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We denote the i-fold iteration of this operation by ¢¥). Note that since g = p”,
one has ¢) = ¢. By [AS 1990a, Equation 13] we have

1r—] Oy
ord, S1(A", f) > min {;22‘75 (J)}. (3.4)

pedy

Clearly Zjej ¢D(j)j e Z(J) forall i, so
1 oo s
FZ¢(1)(1)J e M;N(NL)".
jeJ

If we define @ to be the set of all functions ¢ : J — Rxq such that

1
quﬁﬁ(J)j e M;N(NL)",

jeJ

then q%ﬁbo C @y, so Equation (3.4) implies
ordy S1(A", f) = ;felﬁ?] [ Z;fﬁ(j)]-
jE

The assertion of Theorem 3.3 then follows from [AS 1990a, Lemma 1] by taking
the set L of that lemma equal to M; N (N, )". (Theorem 3.3 can also be proved by
repeating mutatis mutandis the argument of [AS 1987b, Section 4] with L(p/(p —

1)) replaced by Lo(p/(p — 1)).) g

We derive a generalization of Theorem 1.3 from Theorem 3.3. Let f1, ..., f, €
Fylx1,...,x,] and let N(fi, ..., f;) denote the number of solutions in [F, to the
system f; =---= f, =0. Let y1, ..., y be additional variables and set

,
F:Zyifi €[Fq[xl,-.-,xn,m,---,%]-

i=1
It is easily seen that
SIA™ FY=q"N(fi, ..., fr).

Applying Theorem 3.3 to F gives the following result, of which Theorem 1.3 is
the special case r = 1.

Corollary 3.5. ord, N(f1,..., f;) = w(F)—r.
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4. Nondegeneracy relative to a lattice

The results of [AS 1989; 1990b] are cohomological in nature and require a more
detailed development. Suppose that Z(J) has rank k. Let M be a lattice, Z(J) C
M C 7" NR({J), and set L = Homz(M, Z). For ¢ € L we define a “differential
operator” E; on the ring F,[x" | u € M] by linearity and the formula

E/(x") = €(u)x".

This definition is motivated by the fact that if we write

n
ﬁ(ul,...,un)=Zajuj,
=1

where u = (u1,...,u,) € M C 7" and the a; are rational numbers, and put E, =
Z;f: L ajx;0/0xj, then in characteristic 0,

E¢(x* )—Za xj—(x ) =C(u)x".

j=1

Let f be given by (1.1) and let o be a subset of A(f). Define

fo = Z ajxj.

jeJNo

We say that f is nondegenerate relative to (A(f), M) if for every face o of A(f)
that does not contain the orlgln the Laurent polynomials {E/(f,)}scr have no
common zero in ([FX)" where [F denotes an algebraic closure of [,. Note that the
condition Z(J) C M guarantees that all f, lie in F,[x" | u € M], so the E¢(f;)
are defined. Note also that to check this condltlon, it suffices to check it on a
set of the form {Ey, }l |» Where {f,-}f.‘:1 is any basis of L. (We remark that this
idea, to replace the differential operators x;0/0x; by certain linear combinations
with coefficients that are not p-integral, appears in nascent form in [Dwork 1962],
where it was needed to calculate the p-adic cohomology of smooth hypersurfaces
of degree divisible by p.)

The condition used in [AS 1989], that f be nondegenerate relative to A(f), is
equivalent to the condition that f be nondegenerate relative to (A(f), Z"NR{J)) in
the sense of the present definition. We make the relationship between this definition
and our earlier one more explicit. There is a basis ey, ..., e, for Z" and positive
integers dy, ..., dy, k < n, such that diey, ..., dre; is a basis for M. After a
coordinate change on T", we may take ey, ..., e, to be the standard basis for Z".
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This implies that there exists a Laurent polynomial

+1 +1
g=ZbeCG[Fq[x R i I
ceC

where C is a finite subset of Z*, such that
FGr, ) =g, 1), (4.1)
Note that (4.1) implies
(Z(C):Z{J)]=d,---di (=[Z"NR{J) : M]). 4.2)

Remark. When we choose M = M, it follows from Equation (1.2) that each d; is
a power of p. In this case, the exponential sums associated to f and g are identical.

Proposition 4.3. The Laurent polynomial f is nondegenerate relative to the pair
(A(f), M) if and only if g is nondegenerate relative to (A(g), Z%).

Proof. Equation (4.1) implies that there is a one-to-one correspondence between the
faces of A(f) and the faces of A(g). Specifically, the face o of A(f) corresponds
to the face o’ of A(g) defined by

-1 —1 k
o' ={d; ur,....d up) eR* | (uy,...,ux) €o}.
Furthermore, we have
d d
fo'(-xla"~axk):g0'/(x]13"'5xkk)'

Using uy, ..., ug as coordinates on 7k, we may take as basis for Homz (Z~, 7) the
linear forms {é’;}le defined by

f;(ula R uk) = Ui,
and we may take as basis for L = Homz (M, Z) the linear forms {¢ i}f.‘zl defined by

Ci(uy, ..., ug) =di_]u,-.

It is straightforward to check that fori =1, ..., k,
Eq,(fo)(x1. o300 = Eg (g0 (], .. x().
This implies the proposition. U

Lemma 4.4. Put [Z" N R{J) : Mj] = p® and let M C 7" N R{J) be a lattice
containing Z{J). Then M C My if and only if p* | [Z" "R(J) : M].

Proof. Suppose that p® | [Z" NR(J) : M]. Then [M : Z({J)] = ¢’ with (¢/, p) = 1.
In particular, ¢'m € Z(J) for all m € M, so M C M. The other direction of the
assertion is clear. [l
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There are restrictions on the lattices with respect to which f can be nondegen-
erate.

Proposition 4.5. Let M be a lattice, Z{J) T M C 7" NR{J).
(a) If f is nondegenerate relative to (A(f), M), then M C M.

(b) Suppose M C M. Then f is nondegenerate relative to (A(f), M) if and only
if f is nondegenerate relative to (A(f), My).

Proof. We may assume without loss of generality that Z(J) is a subgroup of Z" of
rank n. For if rank(Z(J)) = k < n, then by (4.1) we may take f to be a Laurent
polynomial in xy, ..., x;, in which case Z(J) is a subgroup of Z" N R(J)(= Z¥)
of rank k.

We suppose M is not contained in M; and prove that f must be degenerate
relative to (A(f), M). By (4.2) and Lemma 4.4, we have p“ { [Z(C) : Z(J)]. But
ph 2" Z{J)],so p|[Z": Z(C)]. Arguing as in the proof of Equation (4.1) then
shows that there exists a Laurent polynomial

h= Zcexe € [Fq[xil, . ,x,fcl]
ecE

such that
g(-x15"'5-xn):h(-x15---a-xl’l—la-x;f)' (46)

To show f is degenerate relative to (A(f), M), it suffices by Proposition 4.3 to
show that any Laurent polynomial g of the form (4.6) is degenerate relative to
(A(g),Z"). The weight function w of Section 2 defines an increasing filtration
on the ring F,[x" | u € C(g) N Z"]: level i/N of the filtration is spanned by
the monomials of weight < i/N. If g were nondegenerate, then {x;0g/0x;}]_,
would be a regular sequence in the associated graded ring and would generate a
proper ideal of codimension n! V (g) (by [Kouchnirenko 1976], see also [AS 1989,
Section 2]). But, by Equation (4.6), x,0g/0x, = 0, and hence cannot be part of
such a regular sequence. This contradiction establishes part (a) of Proposition 4.5.

Now suppose that M € M;. Choose a basis {e(i)};’:] for M; and integers
dy,...,d, such that {cz’l~e(")}?:1 is a basis for M. By Lemma 44, p td,---d,.
Let {¢;}7_, be the basis for Homz (M, Z) defined by

Li(eV) =6 ;i (Kronecker’s delta).

Then {dl._lf,-};’zl is a basis for Homyz (M, Z). And since (d;, p) = 1 for all i, the
{E(,(f5)}?_, have no common zero in ([_FqX )" if and only if the same is true of the
{E; ‘[ (f5)}i_,. This establishes part (b) of Proposition 4.5. [l

By Proposition 4.5(a), we must have M € M if we hope to have f nondegen-
erate relative to (A(f), M). On the other hand, we must have M; C M in order
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for the trace formula (Theorem 2.5) to hold for M. Thus the only practical choice
for M is to take M = M. Recall from Section 2 that if g(¢) is a power series with
constant term 1, then g(r)? = g(t)/g(q1).

Theorem 4.7. Suppose that Z({J) has rank k and that f is nondegenerate relative
to (A(f), My). Then L(T", f; t)(_l)'Hl = P(t)‘)‘"fk, where P(t) is a polynomial
of degree k! Vi, (f) and Vi, (f) denotes the volume of A(f) relative to Lebesgue
measure on R(J) normalized so that a fundamental domain for M j has volume 1.

Proof. One repeats the arguments of [AS 1989] with the modifications introduced

for Theorem 2.5: replace L(b) and B’ by Lo(b) and B and use & in place of a.

We recall some of these details as they are needed in the proof of Theorem 4.17.
Let

Q0-Q = ... Q"0

be the cohomological Koszul complex on B, defined by the differential operators
{lA)i};?zl constructed in [AS 1989, Section 2]. The endomorphism & of B, con-
structed in Section 2 can be extended to an endomorphism a, of the complex Q°
by noting that Q' = (By) (!) and then defining @; : Q' — Q' to be

@ @)@ (B)D > BYHO. “4.8)

Theorem 2.5 is equivalent to the assertion that

n
L(T", f30) =[] det( — ;| @)D,
i=0

which implies that

n
L(T", f30) =] det( — r; | H (@)D" (4.9)
i=0

Put R = F,[x* | u € My(f)]. The ring R has an increasing filtration defined
by the weight function w of Section 2: F;,y R is the subspace spanned by {x" |
w(u) <i/N}. Let R = @2, Ri/n be the associated graded ring, that is, R;/y =
Fi/nR/F-1),n. Now suppose that f is nondegenerate relative to (A(f), M), let
{f;}f.‘zl be a basis for L = Homz (M}, Z), and let E;,(f) € R, be the image in the
associated graded ring of E;, (f) € FiR. The nondegeneracy hypothesis implies
by the arguments in [Kouchnirenko 1976] that {E;, (f )}i.‘:] is a regular sequence
in R, that is, the (cohomological) Koszul complex on R defined by {E¢, (f )}f.‘:1 has
vanishing cohomology except in top dimension. Furthermore, also by the methods
in [Kouchnirenko 1976], one can show that the single nonvanishing cohomology

group has dimension k! Vy, (f).
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Since M; € 7", we may express the elements of L as linear forms in n variables.
Write

n
€,-(u1,...,un)=2a,-juj, a,-jEp*“Z.
j=1

Put lA)gi = Z'}:l ajj D ; and let Q7 be the cohomological Koszul complex on B
defined by {Dy,}*_,. The Frobenius action &; : Q% — € is defined to be
@ a)® (B(’))(’f) N (B(’))(f-).

The “reduction mod p” [AS 1989, Lemma 2.10] of €27 is the Koszul complex on R
defined by {E¢, (f )}le. Monsky’s cohomological lifting theorem [Monsky 1970,
Theorem 8.5; AS 1989, Theorem A.1] then implies that the cohomology of Q7
vanishes except in top dimension and that H¥ (€27) has dimension k! Vj;, (f). But
since {ﬁ[i }fle are linear combinations of {lA),-};’:1 and vice versa, it follows that
(as Frobenius modules)

HI(Q") = (@) 07,

where it is understood that the right-hand side vanishes if i < k. In particular we
have H"(Q°*) = Hk(Q;), hence

det(I —1d; | H'(Q%)) = det(I — ¢"~té, | H"(Q*)) ().
From Equation (4.9) we then get
n—k

n
L", f31) =[] detd —q""1a, | H"(@Q*) V"G, (4.10)
i=k

If we put
P(t) = det(I —ta, | H"(Q®)) (= det(I —tay | H*(Q)))),
then P (t) is a polynomial of degree k! Vi, (f) and (4.10) implies that
LT, i =Py
This completes the proof of Theorem 4.7. U

Assume the hypotheses of Theorem 4.7. The quotient ring

R/(Efl (f)a B Efk(f))

is a graded ring of dimension k! Vj;, (f) over F,. Put

a; = dimg, (R/(E¢,(f), ..., Ee,()))i/n-
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One can show that a; =0 fori > kN. By either repeating the argument of [AS 1989]
or replacing the polynomial f by the polynomial g(xi', ..., x;") constructed in
the introduction and applying [AS 1989, Theorem 3.10], one obtains the following
generalization of part of [AS 1989, Theorem 3.10].

Theorem 4.11. Under the hypotheses of Theorem 4.7, the Newton polygon of the
polynomial P (t) relative to the valuation ord, lies on or above the Newton polygon
relative to ord, of the polynomial Hfivo(l —q'/Nrya,

Remark. We recall the combinatorial description of the a;. Let Wy(i) be the
counting function of Equation (3.1) and form the generating series

oo
H(t) =Y W)/

i=0
Then
Z 2ui=o @il YN

S a-nf

Remark. The lower bound of Theorem 4.11 is generically sharp if, for some in-
teger D depending on A(f), p=1 (mod D) [Wan 1993].

H(r) =

We generalize Theorem 4.7 to the affine case. (The corresponding generalization
of Theorem 4.11 is somewhat more involved so we postpone that to a future article.)
Let

Zajx el [x ). xk ,xk+1,...,xn].

jeJ
For each subset A C {k+1, ..., n}, let f4 be the polynomial obtained from f by
setting x; =0 for all i € A. Then

fa= D aixd eFixf, L xE (xidigal, (4.12)
Jjeda

where Jo ={j = (j1,..., jn) € J | ji=0fori € A}. We call f convenient if for
each such A one has

dim A(f4) = dim A(f) — |A|.

Suppose f is convenient and nondegenerate relative to (A(f), My). The hypoth-
esis that f be convenient guarantees that f4 is also convenient, and the hypothesis
that f be nondegenerate relative to (A(f), M) implies that f4 is nondegener-
ate relative to (A(fa), My NR{J4)). By Proposition 4.5(a), we must then have
Mj;NR(Ja) € Mj,. The reverse inclusion is clear, so

Mj, =M;NR(J4), (4.13)
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and we conclude that f, is nondegenerate relative to (A(fa), M;,). Applying
Theorem 4.7, we get that

L s DT = Py (4.14)
where P, (t) is a polynomial of degree
deg P4 (1) = (dim A(fa)! Vi, (fa)- (4.15)

The standard toric decomposition of affine space gives

Sa(MEx A fy=" > 8, @M, 1),

AC{k+1,...,n)

hence

LA A, iy =TT @@=, g 0@ HED" @)

AC{k+1,...,n}
Put
v()= D (=DMdim A(fa)! Vi, (fa).
AC{k+1,...,n}

Theorem 4.17. If f €T, [xlil, e, x,fd, Xk+1, - - - » Xn] is nondegenerate relative to

(A(S), My) and convenient, then

)5" dim A(f)

LT x A", £ D" = 0@ (4.18)

where Q(t) is a polynomial of degree v(f).
Proof. It follows from Equations (4.14) and (4.16) that Equation (4.18) holds with

o= ] P, (4.19)
AC{k+1,...,n}
a rational function of degree v( f) by Equation (4.15). It remains only to show that
Q(t) is a polynomial.
In the proof of Theorem 4.7, we constructed a complex Q° satisfying

i o\~ n . (n dlmA(f)
H'(Q") = (H"(Q")) (4.20)
and L(T", f; )" = P(0)? ™" where
P(t) = det(I — td@, | H"(Q)). 4.21)

Since f is nondegenerate and convenient, each of the polynomials f4 satisfies the
hypotheses of that theorem, so analogous assertions are true. Let

Q40— Q) — ... >0
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be the corresponding cohomological Koszul complex with differential operators
{D{*};i¢2a and Frobenius operators {&f‘};’:—(l)Al. We have

HI(@3) = (H 14 Q) (i) (4.22)
and L(T" 1AL £4: )" = py (1) —dim AW | where
Pa(t) =det(I —ta;_ 4 | H"7'*1(QY)). (4.23)

There is an exact sequence of complexes [Libgober and Sperber 1995, Equation

“4.1D]:

Q- P ail-11-> P Q21— > Q. _yl-n+kl—0.
|Al=1 |A|=2

Let Q°* = ker(Q® — @‘ aj=1 % [—11), so that there is an exact sequence
0->Q Q- P Qi-11- > Q) yl-n+kl—>0. (424
[Al=1

Equations (4.20), (4.22), (4.24), and induction on n — k show that

P Een o N ee (n—dim_A(f)
H'(Q*) = (H"(Q*)L i ), (4.25)
Equation (4.24) implies that
n -
[ ] detr —ra; | B (@)D"
i=0
n—|A| ) (_DM\
- 1 (H det(l — 1a? | Hf(Q;))<—1>'*'A‘*‘) . (4.26)
AC{k+1,...,n}  i=0

1A]

The inner product on the right-hand side of (4.26) equals L(T"~ 1Al f4, r)=D",
hence by (4.16) the right-hand side equals L(T* x A", f: t). By (4.25) the left-
hand side equals

n—dim A(f) -
[T detd —tq'a, | B (o)),
i=0
We thus have
LT s Ak £ D" — det(l — ta, | H* Q)7 .
Comparison with Equation (4.18) then shows that

O(t) = det(I —ta, | H*(Q*)),
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hence Q(¢) is a polynomial. O

We explain how to compute the archimedian absolute values of the roots of the
polynomial Q(¢) under the hypothesis of Theorem 4.17. Take M = M and let g be
the Laurent polynomial associated to f by Equation (4.1). As noted in the proof of
Proposition 4.3, the linear transformation u; dlflui, i=1,...,k, identifies the
faces o of A(f) with the faces ¢’ of A(g). In particular, the face A(fa) of A(f)
will correspond to some face o, of A(g). Let g4 denote the sum of those terms
of ¢ whose exponents lie on the face ¢ (so that A(gs) = o). By the Remark
preceding Proposition 4.3, we have

LA ML g )0 = L@ AL s D = Py @.27)

The nondegeneracy of fy4 relative to (A(f4), M;,) implies the nondegeneracy of
g4 relative to (A(ga), Z9™ 2(&4)) We can thus apply the results of [AS 1990b] and
[Denef and Loeser 1991] to g4 to compute the number of roots of P4 (¢) of a given
archimedian weight. By Equation (4.19) and the fact that Q(¢) is a polynomial,
we then get the number of roots of Q(¢) of a given archimedian weight.

For applications in the next section, we calculate the number of reciprocal roots
of largest possible archimedian absolute value ¢@™AUN/2 of O(r). For A # @,
all reciprocal roots of P4 (f) have absolute value < ¢dmA())/2 g0 this is just the
number of reciprocal roots of Pg(r) of absolute value ¢@mA()/2 By Equation
(4.27), this can be obtained by applying [AS 1990b, Theorem 1.10] to g: the
number wgim A(r) Of reciprocal roots of highest weight is

wimagh = D, (=DIMAOTIMT (Gim ) Vo (o). (4.28)
0,...,00S0'CA(g)

Since A(g) is obtained from A(f) by an explicit linear transformation, we can
express this in terms of invariants of A(f):

Wdim A(f) = > (—nimANSiIme ([dim g vy, (o), (4.29)
0,....00So SA(f)
where J, = J No.
We note an important special case of this formula. If every face of A(f) that
contains the origin is of the form A(f4) forsome A C{k+1, ..., n}, the right-hand
side of Equation (4.29) is just v(f). This gives the following result.

Corollary 4.30. Under the hypothesis of Theorem 4.17, if every face of A(f) that
contains the origin is of the form A(fa) for some A C {k+1,...,n}, then all
reciprocal roots of Q(t) have archimedian absolute value g @™ 2()/2,

As a special case of Corollary 4.30, we note the following result.
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Corollary 4.31. If f € Fy[x1, ..., x,] is nondegenerate relative to (A(f), M)
and convenient, then L(A", f, t)(*l)wl is a polynomial of degree v ( f) all of whose
reciprocal roots have absolute value g"/*.

5. Examples

We explain how Theorem 4.17 implies a generalization of the result of Katz quoted
in the introduction.

Proposition 5.1. Let f € Fy[x1, ..., x,] have degree d = p"e, (e, p) =1, and
suppose that every monomial appearing in f has degree divisible by p*. If f@,
the homogeneous part of f of degree d, defines a smooth hypersurface in P"~!,
then LA™, f;1)=V""" is a polynomial of degree

1
v(f)= F“d — D"+ (=1)"(p* = 1)), (5.2)

all of whose reciprocal roots have absolute value g"/>.

Proof. Let eV, ..., e denote the standard basis for R”. Over any sufficiently
large extension field of F,, we can make a coordinate change on A" so that f
is convenient and for any A C {1, ..., n}, the intersection of f @) = 0 with the
coordinate hyperplanes {x; = 0};c is smooth. In particular, the equations fﬁd) =0
define smooth hypersurfaces in P"~141=!. The Newton polyhedron A(f) is then
the simplex in R” with vertices at the origin and the points {de" )};’:1. The faces of
A(f) not containing the origin are the convex hulls of the sets {deD};ca. Tt will
be simpler to index these faces by their complements: let o4 denote the face which
is the convex hull of {de(")}igA.
Write f =3, ajx’, J afinite subset of N. Let M C Z" be the subgroup

M ={(ui,...,up) €Z" | uj+---+u, is divisible by p*}.

Since all monomials in f have degree divisible by p*, it follows that Z(J) € M.
In fact, M; C M. To see this, let (uy, ..., u,) € M;. By definition, there exists an
integer ¢ prime to p such that ¢(uy, ..., u,) € Z{J). This implies that ¢ Z?:l u;
is divisible by p*. But since (c, p) = 1, one has >'_, u; divisible by p¥, therefore
(uy,...,u,) e M.

We claim that f is nondegenerate relative to (A(f), M). As basis for M we
take the elements

»*,0,...,00U{(~1,0,...,0,1,0,...,0)}",,
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where the 1 occurs in the i-th position, and as basis for L = Homz(M, Z) we take
the “dual basis”, namely, the linear forms

fl(ul,-~~aun):p_k(u1+---+un)

and
gi(ula ---a”n)=uia

fori=2,...,n. Let AC{l,...,n}andlet o4 be the face of A(f) defined above.

Note that
> apxd = £,

jeJNoy

We must thus check that {E¢, (f (d))}l’.’: | have no common zero in ([‘qu )". But

Eq(fih=e" 1,0

and
(d)
ofa
E (fi") =x;

ax,-

fori =2,...,n, so we must show that the system
(d) (d)

0 0

@ a2y YA (5.3)

0x> oxy

has no solution in ([FX)” Since p | d, the Euler relatlon implies that any common
zero of {x; 8f(d)/6xl }!_, is also a zero of xlaf )/axl, thus the system (5.3) is
equivalent to the system

8 f(d) B 6f(d) B

@ _ - = =0. 5.4
n o "o, (5.4)

Furthermore, x; does not appear in f4 if i € A, hence the solutions of (5.4) in ([ﬁ;)"
are exactly the solutions of the set

Oy utars? foxiiga (5.5)

in ([_Fj]< )". However, the equation f Xi)= 0 defines a smooth hypersurface in P"~141=1,
so any common zero of the set (5.5) must have x; = 0 for all i ¢ A. In particular,
(5.5) has no common zero in ([‘qu )". This implies that (5.4) has no solution in
([_FqX )", proving the nondegeneracy of f relative to (A(f), M).

We can now compute v(f). By Proposition 4.5(a) we have M = M}, so

(2"~ . My, =pr forall A#{l,...,n)
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and

dr=1Alpk it A£ {1, ..., n),

_ n—|A| . —
(n=1ADV(f0)/ 12" My, ] [1 ifA={1,...,n}.

Then clearly
1
V()= Jp @ =D+ G- 1)

and the assertions of Proposition 5.1 follow from Theorem 4.17. Finally, note
that if L(A", f; t)(*l)"*1 is a polynomial of degree (5.2) over all sufficiently large
extension fields of [, then the same is true over [, itself. The assertion about the
absolute value of the roots follows immediately from Corollary 4.31. O

Remark. There are many results in the literature that, like Proposition 5.1, assert
that L(A", f; t)(_l)n_1 is a polynomial if £ defines a smooth hypersurface and
some additional condition is satisfied (see [Deligne 1974, Théoréme 8.4; AS 2000,
Theorem 1.11 and the following remark; Katz 2005, Theorem 3.6.5; AS 2009, The-
orem 3.1]). One might ask if any additional condition is really necessary. Consider
the three-variable polynomial

f=@GP—)+x"y 4yl
The homogeneous part of degree p is smooth but f has the same L-function as
g=x""ly+yr 'z

Since ZZE[F{] ¥ (yP~1z) = 0if y #0, one calculates that Zx’),’ZE[Fq Y(g(x,y,2)=
g®. This gives L(A3, f:1) = (1 —¢?t)~", showing that smoothness of f@ alone
is not sufficient to guarantee that L(A", f; t)(_l)n_] will be a polynomial.

We apply Theorem 4.17 to compute the zeta functions of some possibly singular
hypersurfaces. Let f € F,[xy, ..., x,] be a homogeneous polynomial and let X C
P"~! be the hypersurface f = 0. Write the zeta function Z(X/ 4, 1) of X in the
form

Rt
(1= —=gt)...(1 —qg"2t)’
where R(t) is a rational function. The exponential sum associated to the poly-
nomial yf € Fylxy,..., x,, yil] can be used to count points on the projective
hypersurface X. The precise relation is given in [AS 1989, Equation (6.14)]:

(5.6)

Z(X/Fy,t) =

LA x T, yf; )V = R(gr)°. (5.7)

Proposition 5.8. Suppose that yf € Fy[x1, ..., x,, yE!] is nondegenerate relative

to (A(yf), My) and convenient. Then R(t) is a polynomial of degree v(yf), all of
whose reciprocal roots have absolute value g"=2/2.
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Proof. The assertion about the degree of R(¢) follows immediately by applying
Theorem 4.17 to Equation (5.7). The assertion about the absolute values of the
roots of R(t) follows immediately from Corollary 4.30. (I

As an illustration of Proposition 5.8, consider the projective hypersurface X C
P! over [, defined by the homogeneous equation

fOx, .o, x)=x{+--+x, +ix...x, =0,

where 1 € F,. If p {n, this hypersurface is smooth for all but finitely many values
of 1. If p|n, it is a singular hypersurface for all nonzero 4 (except in the cases
p=n=2and p=n=3). We describe the zeta function when p | n.

Corollary 5.9. Suppose that n = p*e, where k > 1 and (p, e) =1, and ). 0. Then
R(t) is a polynomial of degree

degR(t) = (p* — De" ' +e ' ((e— 1)+ (=1)"(e - 1)), (5.10)
all of whose reciprocal roots have absolute value g~/

Remark. Note that the second summand on the right-hand side of Equation
(5.10) is the dimension of the primitive part of middle-dimensional cohomology
of a smooth hypersurface of degree e. When 1 = 0, the hypersurface X is smooth
of degree e. (It is defined by the equation x{ +---+x; =0.)

Proof of Corollary 5.9. The proof is a direct application of Proposition 5.8. We
sketch the details. It is straightforward to check that yf is convenient: A(yf) is
the n-simplex in R"*! with vertices at the origin and the points

(n,0,...,0,1),0,n,0,...,0,1),...,(00,...,0,n,1),
and for each subset A C {1, ..., n}, one has dim A(yf4) =n — |A|. We have
J={(,0,...,0,1), (0,n,0,...,0,1), ..., (0,...,0,n,1), (1,...,1, 1)} cZ2"!,

thus R(J) is the hyperplane in R**! with equation u; + - - - 4+ u, = no and the
lattice Z"T! NR(J) has basis

B={(,-1,0,...,0),(0,1,-1,0,...,0),...,(0,...,0,1,—1,0), (0,...,0,n, 1)}.
It follows that n! V,,(yf) = n"~!. Similarly, we have
n" AL i 1Al <n -1,
1 if |[A] =n.

Let the first n — 1 vectors in B be denoted @;,i =1, ..., n — 1. The lattice Z(J)
has basis

(n—1AD! Va1 (0fa) = {

nai,...,na,—», n—1,—-1,...,—-1,0),(,...,1,1),
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from which it follows that M ; has basis
pray, ... pray_r,n—1,-1,...,—-1,0),(1,...,1,1). (5.11)
One then checks that
(2" NR(I) : M1 = (0" 2

If |A| > 1, then J4 consists of vectors (0,...,0,n,0,...,0,1) for which the n
occurs in the i-th entry for i € A (the vector (1, ..., 1, 1) does not appear), and the
calculation is easier. One gets

(p*y—2 if A=,
(2N NR(J4) : My 1= (pF) 1Al if 1 <Al <n—1,
1 ifA={1,...,n}.
We then have

ANV ple™l ifA=0,
(= MAD VoAl OF8) _ puieiat iy < 4 <n—1,
[Z”+1 DIR(JA) : M]A]
itA={1,...,nl.

It is now straightforward to check that v(yf) equals the expression on the right-
hand side of (5.10).

It remains to check that yf is nondegenerate relative to (A(yf), My). The dual
basis of the basis (5.11) for M is the set of linear forms

i

1 n—i )
fi(ul,...,un,v)=Z—kuj+—kun—ev, i=1,...,n—2,
~ p p
J_
fnfl(ula---a”nav):_utz+va
Co(uy, ..., Uy, 0)=0.

The polynomials (yf), for faces o of A(yf) that do not contain the origin are
exactly the polynomials yfs for A C {1, ...,n}, |A| <n.If A=, we have

Ee,(vf) = Ee, ., (yf) = Ayxi ... xn,

which has no zero in (I]_:;)"H. So suppose that 1 < |A| <n — 1. Then

yfa= Zyxin‘
idA

Suppose first that n ¢ A. If 1 € A, then

Ep,(yfa)+eE¢, (yfa) = —eyx),
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andifi € A forsome i, 2 <i <n — 2, then

E¢,(yfa) — Ee._, (yfa) = —eyx,,.

Neither of these monomials vanishes on ([_F; Yyl IfigAforalli=1,...,n—2,
then A = {n — 1}. In this case we have

E¢,(yfa) +eEe, (yfa) = ey(xi — x,),

Efi (yfA) - E[i—l (yfA) = ey(x;l - XZ) fori=2,...,n-2,

Ee,(vfa) =y + .. 4 x5 + x).
If the first n — 2 expressions vanish, then yx{ =---=yx; , =yx, . The vanishing
of the last expression is then equivalent to (n — 1)yx)) = 0, which is impossible
in (F)"*1.

Now suppose that n € A. If 1 ¢ A, then
Ee (yfa) +eEe, (yfa) = eyxy,

andifi ¢ A for some i, 2 <i <n—2, then

E¢,(yfa) —E¢,(vfa) = eyx?.

Neither of these monomials vanishes on ([_Fj;)”“. IfieAfori=1,...,n—2,

then A contains all indices except i =n — 1 and E¢,(yfa) = yx,_,, which does
not vanish on ([_Fjl< Yy
Thus yf satisfies the hypotheses of Proposition 5.8. (I
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F-adjunction
Karl Schwede

In this paper we study singularities defined by the action of Frobenius in char-
acteristic p > 0. We prove results analogous to inversion of adjunction along a
center of log canonicity. For example, we show that if X is a Gorenstein normal
variety then to every normal center of sharp F-purity W C X such that X is
F-pure at the generic point of W, there exists a canonically defined Q-divisor
Aw on W satisfying (Kx)|w ~o Kw + Aw. Furthermore, the singularities of X
near W are “the same” as the singularities of (W, Ay). As an application, we
show that there are finitely many subschemes of a quasiprojective variety that
are compatibly split by a given Frobenius splitting. We also reinterpret Fedder’s
criterion in this context, which has some surprising implications.

1. Introduction

Suppose that X is a variety and Y is an effective integral Weil divisor on X such
that n(Kx + Y) is Cartier. If the singularities of X are mild (for example, if X
is Cohen—Macaulay and normal) one has a restriction theorem wx(Y)/wx = wy.
However Ox (n(Kx + Y))|y is not necessarily equal to nKy; there is an additional
residue of Oy (n(Kx + Y))|y which (when divided by n) is called “the different”,
see [Kawamata et al. 1987, Lemma 5-1-9] and [Kollar et al. 1992, Chapter 16].
Even when Y is an arbitrary subvariety (that is, not a divisor) similar phenomena
have been observed; see, for example, Kawamata [1997b; 1998; 2008] and [Ein
and Mustatd 2009]. In this paper we explore a related phenomenon in positive
characteristic which we call F-adjunction, or Frobenius adjunction. In particular,
we prove results very similar to the parts of what was known as the adjunction con-
jecture of Kawamata and Shokurov [Ambro 1999], which relates the singularities
of X near a center of log canonicity W C X to the singularities of W.

Suppose that R is a Gorenstein (or a sufficiently nice log-Q-Gorenstein) normal
F-finite ring. Then to every center of sharp F-purity Q € Spec R (centers of sharp
F-purity are characteristic p analogs of centers of log canonicity) such that R

MSC2000: primary 14B05; secondary 13A35.

Keywords: F-pure, F-split, test ideal, log canonical, center of log canonicity, subadjunction,
adjunction conjecture, different.
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is F-pure and R/Q is normal we show that there exists a canonically defined Q-
divisor Ag/p on Spec R/ Q such that the singularities of R near Q are “the same”
as the singularities of (R/Q, Ag/p).

A center of sharp F-purity is a characteristic p > 0 analog of a center of
log canonicity; see for example [Kawamata 1997a, Definition 1.3] and [Schwede
2008a]. Technically speaking, a possibly nonclosed point Q € Spec R is a center of
sharp F-purity if, for every R-linear map ¢ : R'/?° — R, we have ¢(Q'/?") C Q.
In particular, if Spec R is F-split, then Spec R/Q is compatibly split with every
Frobenius splitting of Spec R. Unfortunately, there may be infinitely many dif-
ferent maps that one needs to check to determine whether Q is a center of sharp
F-purity. However, when R is Gorenstein and sufficiently local, there exists a
“generating” map y : RY/? — R such that Q is a center of sharp F-purity if and
only if w(Q!/P) C Q for this single map v, see Proposition 4.1. A similar result
also holds when R is (Q)-Gorenstein with index not divisible by p > 0. It is the
existence of this “generating map” that we use to prove our results.

We will now briefly outline the construction of Ag,o on R/Q. On any scheme
X = Spec R such that R is a normal local ring of characteristic p > 0, there is a
bijection of sets

{ Effective Q-divisors A such } {Nonzero elements of } /
that (p¢ — 1)(Kx + A) is Cartier Homg, (F{Ox, Ox) ~

where the equivalence relation on the right identifies two maps ¢ and y if there is
a unit u such that ¢ (u x _) = w(_); see Theorem 3.13. Statements related to this
correspondence are well known and have appeared in several previous contexts,
see [Hara and Watanabe 2002, Theorem 3.1, Proof 2] and [Mehta and Ramanathan
1985]. However, we do not think it has been explicitly described in the context of
Q-divisors and singularities defined by Frobenius.

With this bijection in mind, assume (p¢ — 1)Ky is Cartier, then the divisor 0 on
X = Spec R determines a map ¢ € Homg, (F:Oyx, Ox). Setting W = Spec R/ Q,
the map ¢ can be restricted to a map ¢o € Homg,, (FOw, Ow) precisely because
W is a center of sharp F-purity (the map is ¢ is nonzero because R is F-pure).
But then ¢¢ corresponds to a divisor Ag/9 on W = Spec R/ Q.

Once we have constructed Ag,/ o, we can relate the singularities of X and W.
Roughly speaking, we can do this because the F-singularities of R (respectively,
the F-singularities of R/ Q) can all be defined by the images of certain

¢ € HOIII@X(F:@X, @X)

(respectively ¢p € Homg,, (F{Ow, Ow)). Some of these results are summarized
now.
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Main Theorem (Theorem 5.2, Corollary 6.9, Remark 9.5). Suppose that X is an
integral separated normal F-finite noetherian scheme essentially of finite type'
over an F-finite field of characteristic p > 0. Further suppose that A is an effective
Q-divisor on X such that Kx + A is Q-Cartier with index not divisible by p. Let
W C X be an closed subscheme that satisfies the following properties:

(a) W is integral and normal.
(b) (X, A) is sharply F-pure at the generic point of W.
(¢) The ideal sheaf of W is locally a center of sharp F-purity for (X, A).

Then there exists a canonically determined effective divisor Ay on W satisfying
the following properties:

@) (Kw+ Aw) ~a (Kx + A)lw.

(ii) Furthermore, if (p¢ — 1)(Kx 4+ A) is Cartier then (p* — 1)(Kw + Aw) is
Cartier and (p¢ — 1) Ay is integral.

(iii) For any real number t > 0 and any ideal sheaf a on X which is does not
vanish on W, we have that (X, A, a') is sharply F-pure near W if and only if
(W, Ay, a") is sharply F-pure.

(iv) W is minimal among centers of sharp F-purity for (X, A), with respect to
containment of topological spaces (in other words, the ideal sheaf of W is
of maximal height as a center of sharp F-purity), if and only if (W, Ay) is
strongly F-regular.

(v) There is a natural bijection between the centers of sharp F-purity of (W, Aw),
and the centers of sharp F-purity of (X, A) which are properly contained in
W as topological spaces.

(vi) There is a naturally defined ideal sheaf t,(X, L W; A, a"), which philosoph-

ically corresponds to an analog of an adjoint ideal in arbitrary codimension,
such that

0w(X, L Wi A, a)|w = (W; Aw, @) = “the big test ideal of (R, A,a")”.
Here aand t > 0 are as in (iii).

When the center W is not a normal scheme, some of these results can still be
lifted to the normalization of W, see Proposition 8.2. Also see the concluding
remarks to this paper. Part (vi) should be viewed as an ultimate generalization
of the F-restriction theorems for test ideals found in Takagi [2007; 2008], also
compare with [Hara and Watanabe 2002, Theorem 4.9, Remark 4.10].

I The essentially finite type hypothesis can be removed if one is willing to work on a sufficiently
small affine chart or if X is the spectrum of a local ring.
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The construction of Ay is local and does not require X to be projective. In par-
ticular, the statement of Theorem 5.2 is ring theoretic and may be more familiar to
commutative algebraists. However the Ay constructed is canonical. In particular,
the Aw glue together to give us the result in the global setting, see Remark 9.5.

When we combine this theory with the work of Fedder [1983], we obtain the
following.

Theorem A (Theorem 5.5). Suppose that S is a regular F-finite ring such that F¢ S
is a free S module (for example, if S is local) and that R =S/ 1 is a quotient that is a
normal domain. Further suppose that Ay is an effective Q-divisor on Spec R such
that Homg (F{R((p¢ —1)A), R) is a rank one free F¢ R-module (for example, if R
is local and (p® — 1)(K g 4+ A) is Cartier). Then there exists an effective Q-divisor
A on Spec S such that:

(a) (p¢— 1)(Ks+ Ay) is Cartier.

(b) Iis (As, F)-compatible and (S, Ag) is sharply F-pure at the minimal asso-
ciated primes of I (that is, the generic points of Spec S/I).

(c) Ag induces Ay as in the Main Theorem.

We do not know of any similar result proved in characteristic O (except when R is
a complete intersection [Ein et al. 2003]). The A s in Theorem 5.5 is not canonically
determined and therefore we do not see how to globalize this statement.

We also prove the following result.

Theorem B (Corollary 4.3, Remark 9.5). Suppose that X is a normal variety of
finite type over an F-finite field k. Suppose that ¢ : F{Ox — Ox is a (global)
splitting of Frobenius. Then there exists an effective divisor A on X (determined
uniquely by ¢) such that

(1) Kx+A~q0;
(2) (X, A) is sharply F-pure;

(3) The irreducible subvarieties compatibly split by ¢ coincide exactly with the
centers of sharp F-purity of (X, A).

Since centers of sharp F-purity are closely related to centers of log canonicity,
the previous result should be viewed as a link between compatibly split subvarieties
and centers of log canonicity (of log Calabi—Yau pairs).

Finally, also using these ideas, we prove that there are only finitely many centers
of sharp F-purity for a sharply F-pure triple (R, A, a,) (the case when R is a local
ring was done in [Schwede 2008a] using the techniques of [Enescu and Hochster
2008] or [Sharp 2007]). Here a, is a graded system of ideals [Hara 2005; Schwede
2008a].
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Theorem C (Theorem 5.8). If (R, A, a,) is sharply F-pure, then there are at most
finitely many centers of sharp F-purity.

This also implies that if X is noetherian (although not necessarily affine) and
(X, A) is locally sharply F-pure, then there are at most finitely many centers of
sharp F-purity. This is the analog of the statement that if (X, A) is log canonical,
there exist at most finitely many centers of log canonicity. Another implication of
this is that for a globally F-split variety, there are at most finitely many subschemes
compatibly split with any given splitting, see Corollary 5.10. In the case of a
local ring, similar results have been obtained in [Enescu and Hochster 2008; Sharp
2007]; see also [Schwede 2008a, Corollary 5.2]. Finally, essentially the same result
has been independently obtained by Mehta and Kumar [2009].

We close with a comparison of A, with related constructions which have been
considered in characteristic zero (in particular, the aforementioned “different”). We
then consider what happens if we normalize R/Q (in case R/ (Q is not normal). We
conclude with several further remarks and questions. In particular see Remark 9.5
where a global version of the ideas of this paper are briefly discussed.

2. Preliminaries and notation

Throughout this paper, all schemes and rings are noetherian, excellent, reduced
and of characteristic p > 0. We also assume that all rings R (and schemes X) have
locally normalized dualizing complexes, wy (respectively wy ), see [Hartshorne
1966]. In fact, little is lost if one only considers rings that are of essentially finite
type over a perfect field. Since we are primarily concerned with the affine or local
setting, we will freely switch between the notation corresponding to a ring R and
the associated scheme X = Spec R. If X = Spec R and R is reduced, then we will
use k(X) = k(R) to denote the total field of fractions of R. If D is a divisor on
X = Spec R, we will mix notation and use R(D) to denote the global sections of
Ox (D). Furthermore, we will often use F{M to denote an R-module M viewed
as an R-module via the e-iterated Frobenius, that is r.x = r?'x (informally, this
is just restriction of scalars). In particular, when R is reduced F¢ R is just another
notation for R'/7P°. The reason for this notation is that if F¢: X — X is the e-iterated
Frobenius, then F¢Oy is just the sheaf associated to R 1/pe,

We briefly review some properties of Weil divisors on normal schemes, com-
pare with [Hartshorne 1977, Chapter II, Section 6; 1994] and [Bourbaki 1998,
Chapter 7]. Recall that on a normal scheme X, a Weil divisor is finite formal sum
of reduced and irreducible subschemes of codimension 1, and a prime divisor is
a single irreducible subscheme of codimension 1. So if X = Spec R, the Weil
divisors carry the same information as formal sums of height one prime ideals. A
Q-divisor is an element of {group of Weil divisors} ®z Q; it can also be viewed
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as a finite formal sum »_a; D; where the a; € Q and the D; are prime divisors.
See [Kollar and Mori 1998] for basic facts about Q-divisors from this point of
view. A Q-divisor for which all the a; are integers is called an integral divisor
(in other words, an integral divisor is a (-divisor that is also a Weil divisor). A
Q-divisor is called Q-Cartier if there exists an integer m > 0 such that m D is an
integral Cartier divisor. A Q-divisor is called m-Cartier if m D is an integral Cartier
divisor. A divisor (respectively a Q-divisor) D = > a; D; is called effective if each
of the a; are nonnegative integers (respectively, nonnegative rational numbers).

Since X is normal, for each prime divisor D on X, there is an associated discrete
valuation v p at the generic point of D C X. Then, for any nondegenerate element
f € k(X) (an element is nondegenerate if it is nonzero on each generic point of
X = Spec R), there is a divisor div f which is defined as div f =2,y vp(f)D.
Recall that associated to any divisor D on X = Spec R there is a coherent sheaf
Ox (D) whose global sections we will denote by R(D). Recall that the sheaf R(D)
is reflexive with respect to Homz(_, R).

For the convenience of the reader, we record some useful properties of reflexive
sheaves that we will use without comment.

Proposition 2.1 [Hartshorne 1977; 1994, Proposition 1.11, Theorem 1.12]. Sup-
pose that R is a normal domain and suppose that M and N are finitely generated
torsion-free R-modules. Then:

(1) M is reflexive (that is, the natural map M — Homg(Homg(M, R), R) =
(MY)Y is an isomorphism) if and only if M is S2.

(2) Homg(M, R) = M" is reflexive.

(3) If R is of characteristic p and F-finite (see Definition 2.6), then M is reflexive
if and only if F¢ M is reflexive.

(4) If N is reflexive, then Hom(M, N) is also reflexive.

(5) Suppose M is reflexive, that X = Spec R and Z C X is a closed subset of
codimension 2. Set U to be X \ Z and leti : U — X be the inclusion. Then
ix(Mly) =M.

(6) With notation as in (5), the restriction map to U induces an equivalence of

categories from reflexive coherent sheaves on X to reflexive coherent sheaves
onU.

Proposition 2.2 [Hartshorne 1994, Proposition 2.9; 2007, Remark 2.9]. Suppose
that X is a normal scheme and D is a divisor on X. Then, there is a one-to-one cor-
respondence between effective divisors linearly equivalent to D and nondegenerate
sections s € T'(X, Ox (D)) modulo multiplication by units in H*(X, Ox).?

2 A section is called nondegenerate if it is nonzero at the generic point of every irreducible com-
ponent of X.
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Definition 2.3. If X is equidimensional, then we set wy to be h_dimx(a);() and
call it the canonical module of X. If, in addition, X is normal, then wy is a rank 1
reflexive sheaf and so it corresponds to an integral divisor class. A divisor D such
that Ox (D) = wy is called a canonical divisor of X and is denoted by K.

Remark 2.4. If X is not normal but instead Gorenstein in codimension 1 (G1) and
S2, then one can still view wy as a divisor class (technically as an almost Cartier
divisor / Weil divisorial subsheaf; see [Hartshorne 1994; Kollar et al. 1992]). Most
of the results of this paper generalize to pairs (X, A) where X is G1 and S2 and
A is an element from {almost Cartier divisors} ® ). However, there are several
technical complications which we feel obscure the main points of this paper and
so we will not work in this generality. In particular, one can have two different
almost Cartier divisors / Weil divisorial subsheaves D and E such that 2D = 2FE
[Kollar et al. 1992, page 172]. Because of this, for a ()-Weil divisorial subsheaf D,
Ox (D) is not well defined. There are ways around this issue, although statements
like Theorem 3.11(e,f) and the definition of sharply F-pure pairs would need to
be amended. Another option is to do something similar to what is suggested in
Remark 9.1.

Definition 2.5. A pair (X, A) is the combined information of a normal scheme X
and an effective Q-divisor A. A triple (X, A, a") is the combined information of
a pair (X, A), an ideal sheaf a € Ox which on every chart U = Spec R satisfies
aly N R° # @, and a positive real number ¢ > 0. If X = Spec R, then we will
sometimes write (R, A) instead of (X, A).

Now we define F-singularities, singularities defined by the action of Frobenius.
These are classes of singularities associated with tight closure theory [Hochster and
Huneke 1990], which are good analogs of singularities from the minimal model
program [Kollar and Mori 1998].

Definition 2.6. We say that a ring R of positive characteristic p > 0 is F-finite if
F.R = R'/? is finite as an R-module.

Throughout the rest of this paper, all rings will be assumed to be F-finite. This
is not too restrictive an assumption since any ring essentially of finite type over a
perfect field is F-finite, see [Fedder 1983, Lemma 1.4].

Definition 2.7 [Hochster and Roberts 1976; Hochster and Huneke 1989; Hara
and Watanabe 2002; Schwede 2008b]. Suppose that (R, m) is a local ring. We
say that a triple (R, A, a") is sharply F-pure if there exists an integer e > 0, an
element a € al"*~D1 and a map ¢ € Homg (F{R([(p® — 1)AT), R) such that
¢ (F{(aR)) = R. Here F{(aR) C F{R([(p® —1)A]). If A =0and a = R, then
we call the sharply F-pure triple (R, A, a’) (or simply the ring R) F-pure.
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Again, assuming R is local, a triple (R, A, a") is called strongly F-regular if
for every ¢ € R° there is an integer ¢ > 0, an element a € a/® D1 and a map
¢ € Homg (F{R([(p® —1)AT), R) such that ¢ (F¢(caR)) = R.

If X is any scheme (for example X = Spec R where R is a nonlocal ring), then
a triple (X, A, a") is called sharply F-pure (respectively, strongly F-regular) if
for every closed point3 x € X, the localized triple (Ox, Alspec Oy a’) is sharply
F-pure (respectively, strongly F-regular).

Remark 2.8. In the case where R is a nonlocal ring, these definitions of strong
F-regularity and sharp F-purity are slightly more general than the ones given in
[Takagi 2004a; Takagi and Watanabe 2004; Schwede 2008a; 2008b]. Previously,
a triple (R, A, a") (with R-not necessarily local) was called strongly F-regular
(respectively sharply F-pure) if it satisfied the “local ring” version of the condition
stated above. In the case that a = R (or more generally, if a is principal) then the
various notions coincide (regardless of the A). The problem is that it is not clear
whether a triple (R, A, a') is strongly F-regular (respectively sharply F-pure) if
and only if it is strongly F-regular (respectively sharply F-pure) after localizing at
every maximal ideal.

Remark 2.9. Suppose that R is local and that (R, A, a’) is sharply F-pure and
that e is as in the above definition, then for every integer n > 0O there exists a
¢, € Homg (FR([(p"¢—1)A7), R) such that 1 € $, (F¢al"P"~D1)_ This follows
from the same argument as in [Schwede 2008a, Lemma 2.8; 2008b, Proposition
3.3].

Remark 2.10. Sharply F-pure singularities are a characteristic p > 0 analog of
log canonical singularities [Hara and Watanabe 2002; Schwede 2008b]. Strongly
F-regular singularities are a characteristic p > 0 analog of Kawamata log terminal
singularities [Hara and Watanabe 2002]. There are also good analogs of purely log
terminal singularities that we will not discuss here, see [Takagi 2008].

Definition 2.11 [Hochster and Huneke 1990; Hara and Takagi 2004; Schwede
2008a; 2008b]. Suppose that (R, A, a’) is a triple. An element ¢ € R® is called a
big sharp test element for (R, A, a’) if for all modules N € M and all z € N;‘,IA’CJ,
one has that cal"P*=D17r° C N}[VfﬂA for all e > 0.

For the definition of tight closure with respect to such a triple (and an explanation

of the notation above), see [Schwede 2008a, Definition 2.14 ]. Also compare with
[Hara and Yoshida 2003; Takagi 2004b; 2008.]

If R is reduced and F-finite, then there always exists a big sharp test element
for any triple (R, A, a’).

31f the condition holds at the closed points, then it also holds at the nonclosed points.
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Definition 2.12 [Hochster and Huneke 1990; Lyubeznik and Smith 2001; Hara
and Takagi 2004; Hochster 2007]. The big test ideal of a triple (R, A, a"), denoted
7 (R; A, a'), is defined as follows: Set E = @mem—spec R Er/m, Where Eg/m is the
injective hull of R/m. Then

. A *Ad' __ *A,d
,(R; A, a') ;= Anng 03°% = QAnnR OER/m .

Remark 2.13. Big test ideals are characteristic p > 0 analogs of multiplier ideals,
[Smith 2000; Hara 2001; Takagi 2004b; Hara and Yoshida 2003].

Remark 2.14. In [Schwede 2008a], we defined the big test ideal 7,(R; A, a’) ina
somewhat different way, essentially using the criterion for the big test ideal found
in [Hara and Takagi 2004, Lemma 2.1]. While we will not state that definition here,
we note that the big test ideal of [Schwede 2008a] was an ideal J of R which, when
localized at any m, coincided with Anng_ O’EAR/“;. We now explain why such a J
agrees with 7,(R; A, a'). Note that this J is contained in each Anng Oj‘gi “; , and so
J C Anng O*EA“’. Conversely, we see that 7,(R; A, a’)Ry C Anng, OER/“; C Jn,
which completes the proof.

Definition 2.15 [Schwede 2008a]. An ideal I C R is said to be F-compatible with
respectto (R, A, a") or equivalently uniformly (A, o', F)-compatible or simply F -
compatible if the context is clear, if for every e > 0, every a € al"?*~D1 and every
map ¢ € Homg(F{R([t(p® — 1)AT), R), we have ¢(Ffal) C I. A prime ideal
Q which is F-compatible with respect to (R, A, a') is called a center of sharp F-
purity for (R; A, a'), or simply a center of F-purity if the context is clear. We will
also often abuse notation and call the subscheme W := Spec R/Q C Spec R =: X
a center of F-purity as well.

Remark 2.16. Centers of sharp F-purity are characteristic p > 0 analogs of cen-
ters of log canonicity. In particular, any center of log canonicity reduced from

characteristic 0 to characteristic p > 0 is a center of sharp F-purity [Schwede
2008a, Theorem 6.7].

Lemma 2.17 [Schwede 2008a]. Consider a triple (R, A, a') (recall all rings are
assumed F-finite). The following properties of F-compatible ideals are satisfied.

(1) Any (ideal-theoretic) intersection of F-compatible ideals is F-compatible.
(2) Any (ideal-theoretic) sum of F-compatible ideals is F-compatible.
(3) The radical of an F-compatible ideal is F-compatible.

(4) The big test ideal t,(R; a', A) is the unique smallest F-compatible ideal that
has nontrivial intersection with R°.

(5) The minimal primes of a radical F-compatible ideal are also F-compatible.
(6) A pair (R, A) is strongly F-regular if and only if it has no centers of sharp
F-purity besides the minimal primes of R.
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A version of Lemma 2.17(6) is true also for triples (R, A, a’). Although in that
case, one must use the “new” strong F-regularity condition, see Remark 2.8. In
particular, [Schwede 2008a, Corollary 4.6] is probably not correct as stated. It
should say: “(R, A, a,) is strongly F-regular after localizing at every maximal
ideal of R if and only if (R, A, a,) has no centers of sharp F-purity besides the
minimal primes of R.” Thus the original statement of [Schwede 2008a, Corollary
4.6] is correct if one uses the definition of strong F-regularity from Definition 2.7.
We believe this is the only instance of the issue described in Remark 2.8 causing
a misstatement in that paper (although several results can be strengthened if one
uses the “new” definition).

3. Relation between Frobenius and boundary divisors

In this section we’ll describe a correspondence between maps ¢ : F Oy — Oy and
Q-divisors A such that Kx + A is Q-Cartier (with index not divisible by p > 0).
Statements closely related to this correspondence have appeared in several previ-
ous contexts (see [Hara and Watanabe 2002, Theorem 3.1, Proof 2] and [Mehta
and Ramanathan 1985]) and were known to experts. However, we do not think
the correspondence has been explicitly written from a Q-divisor perspective. As
before, in this section we are assuming that X is the spectrum of a normal F-finite
ring R with a locally normalized dualizing complex wp,.

Roughly speaking, the correspondence goes like this. Suppose R is a local ring
and set X = Spec R:

» Given a ¢ € Homg(F¢R, R), this is the same as

» choosing a map (of F¢R-modules) F{R — Homg(F{R, R) sending 1 to ¢,
which is the same as

« an effective Weil divisor D such that Oy (D) = Ox((1 — p)Kx) (note that
FfOx((1— p®)Kx) =Homg(F¢{R, R)), which is the same as

« an effective Q-divisor A where we set A = (1/(p¢ —1))D.

The expert reader might wonder why we divide by p® — 1 in the final step (and
thus produce a Q-divisor). It turns out that for the purposes of F-singularities,
composing ¢ with itself (that is, ¢ o F¢) is harmless, see Section 4 below. Thus
by dividing by p¢ — 1 we are normalizing our divisor with respect to composition;
see Theorem 3.11(e).

In order to make this correspondence precise and in order to be able to use
it, we first need the following observations about maps F{Ox — Ox (which of
themselves are of independent interest). Lemma 3.1 is well known to experts; see
[Fedder 1983; Mehta and Ramanathan 1985; Mehta and Srinivas 1991; Hara and
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Watanabe 2002, Lemma 3.4]. However, the proof is short, so we include it for the
convenience of the reader.

Lemma 3.1. Suppose that (X, A) is a pair such that (p* —1)(Kx+ A) is a Cartier
divisor. Then omq, (F{Ox((p® —1)A), Ox) is an invertible sheaf when viewed
as an F{Ox-module.

Proof. It is enough to verify this locally, so we may assume that X is the spectrum
of a local ring. Then observe that

Homey (FOx((p® —1)A), Ox) = Home, (F,Ox((p* — A + p°Kx), ox)
= Fy omgy (Ox((p° — 1)A + p°Ky), wx)
= F,0x((1 = p)(Kx + A))
= F{0y. O

Remark 3.2. We will often view J¢omg, (F{Ox((p¢ — 1)A),Ox) as an F{Ox-
submodule of 7Zomg, (F{Ox, Ox).

Remark 3.3. For an arbitrary normal (nonlocal) F-finite scheme X, we do not
know if one always has

Homey (F{0x((p° —1)A), Ox) = 0x((1 — p)(Kx + A)). (3.3.1)

In the nonlocal case, if one is following the proof of Lemma 3.1, one should write

Homoy (F,Ox((p° —1)A + p°Kx), ox)
= F{ Home, (Ox((p° — DA+ p°Kx), (F*) wx).

The module (F¢)'wy = Homg, (F{Ox, wx) is a canonical module on X, but these
are only unique up to tensoring with an invertible sheaf. In the local case, tensoring
with an invertible sheaf does nothing (and so wx is unique up to isomorphism —
multiplication by a unit). Likewise, if X is of essentially finite type over an F-finite
field, it is easy to see that (F¢)'wy can be identified with wy (again, noncanon-
ically, but up to multiplication by a unit of H%(X, Ox)). Of course, by passing
to a sufficiently small affine chart, we can always assume that Equation (3.3.1) is
satisfied. In fact, it may be that Equation (3.3.1) always holds.

The previous result also implies the following when interpreted using Fedder’s
criterion [Fedder 1983].

Corollary 3.4. Suppose that (R, m) is a quasiGorenstein normal local ring (re-
spectively, a Q-Gorenstein local ring whose index is a factor of p® —1). Further
suppose that we can write R = S/I where S is an F-finite regular local ring. Then
for each e > 0 (respectively for each e = nd, n > 0) there exists an element f, € R
so that (I 1) = IWPT 4 (f,).
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Proof. Simply note that F¢(I'P) : I)Homg(F¢S, S)/FE1'P") = Homg(FER, R)
by [Fedder 1983, Lemma 1.6]. The quasiGorenstein or Q-Gorenstein assumption
implies that the right side of the equation is a free rank-one F¢ R-module. U

Remark 3.5. If one fixes a generator 7 of Homg(F( S, S), one can then view the
element f, as an S-module map F¢S — S that sends F¢/ into [.

Observation 3.6. Suppose (in the situation of Lemma 3.1) that X is the spectrum
of a local ring, that A = 0, and that Ox ((p® — 1)Kx) is a free rank-one F{Ox-
module. Therefore, s#ome, (F{0x,Ox) has a generator 7. If one composes T
with its pushforward F¢T : F2Oy — F¢Oy, one obtains a map

Th, =T o F'T : FX*0x — Ox. (3.6.1)

One can then ask whether that composition is a generator of the rank-one locally
free F2¢ R-module S#ome, (F20x, Ox)? What can be said in the case that A # 0?
It turns out that the composition is indeed a generator (and in the case when A #0
as well). One can prove this using local duality, however it is no more difficult
(and certainly more satisfying) to prove it directly. First however, let us compute
a specific example.

Example 3.7. Consider the case when X = SpeclF,[xy, ..., x,] = Spec R and
choose 7, to be the generator of JZomg(F¢R, R) of the form

T(xl]xlz Xln): 1, 1fll:lZ::ln:pe—1,
criTe 0, whenever [; < p¢ —1 for all i and [; < p¢ —1 for some i.

Now consider T, o F{T,, we claim it is equal to T5,. Consider a monomial m =

xi‘xéz .. .xfl” such that /; < p?* — 1. We can write

m = ()P ()P () - P (),
where k;, j; < p° are integers. This implies that
T,(F{T,(m)) = Te(xi<l .. xkn Te(x{l Cximy).
The claim is then easily verified since p¢(p® — 1)+ (p¢ — 1) = (p** — 1).

Remark 3.8. In the context of Example 3.7, it follows that T,(F;I) = I 1/rl
where 111/P°1 is the smallest ideal J such that I C JP‘1 [Blickle et al. 2008]. This
was well known to experts.

In fact, Example 3.7 above is a special case of the following lemma (that is
known to experts) which uses Hom-® adjointness. For example, it is closely related
to [Kunz 1986, Appendix F.17(a)].
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Lemma 3.9. Suppose that R — S is a finite map of rings such that Homg (S, R)
is isomorphic to S as an S-module. Further suppose that M is a finite S-module.
Then the natural map

Homg (M, §) x Homg (S, R) — Homg (M, R) (3.9.1)
induced by composition is surjective.

Proof. First, set a to be a generator (as an S-module) of Homg (S, R). Suppose
we are given f € Homz(M, R) = Homg(M ®s S, R). We wish to write it as a
composition.

Using adjointness, this f induces an element @ (f) € Homgs(M, Homg(S, R)).
Just as with the usual Hom-tensor adjointness, we define ®(f) by the following
rule:

@(H)S)=ft®s)=f(st)forte M,s € S.

Therefore, since Homg (S, R) is generated by «, for each f and r € M as above,
we associate a unique element ay, € S with the property that (O (f)(1))(_) =
alar; ).

Thus using the isomorphism Homg (S, R) = S, induced by sending o to 1, we
obtain a map ¥ : Homg(M, R) — Homg(M, S) given by Y (f)(t) = ay,.

We now consider a o (Y(f)). However,

a(Y (@) =alas) = (@(f)@)A) = f@).
Thus f =a o (Y(f)) and we see that the map (3.9.1) is surjective, as desired. [J

We need a certain variant of this in the context of pairs.

Corollary 3.10. Suppose that (X, A) is a pair and that Kx + A is (p¢ —1)-Cartier.
Then for every d > 0 the natural map ¥,
Hompeoy (FH0x ([(p? — 1)AY), F{Ox)
®Ff@x %0]71@)( (F:@X((Pe - I)A), @X)
= Hompeo, (FLH0x ([(p*T = DAY, FLOx((p° — D A))
®Feoy Homoy (F,0x((p* —1)A), Ox)
— Homoy (FLHOx([(p = 1)AT), 0x)
induced by composition, is an isomorphism.

In other words, locally, every map ¢ : FST40x ([(p°*t¢ — 1)A]) — Oy factors
through some scaling of the (local) F{Ox-generator of

Homey (F{Ox((p° —1)A), Ox).
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Proof. Notice that the map ¥ we are considering is a map of rank-one reflexive
(that is, rank-one S2) F:*d Ox sheaves and thus it is injective (since it is not zero).
So to show it is an isomorphism, it is sufficient to show it is surjective in codi-
mension one. Therefore we may consider the statement at the generic point y of a
codimension 1 subvariety (locally, this is localizing at a height one prime). Since
X is Gorenstein in codimension one, we see that

(L%ﬂome (F*l@X, @X))y

is a free rank-one F*1 Ox-module. We fix a generator 77 and set 7, to be the gener-
ator of
(Homey (F0x, Ox))y

obtained by composing 7' with itself n—1 times just as in (3.6.1) (7, is a generator
by Lemma 3.9).

If A does not contain the point y in its support, we are done by the previous
lemma. On the other hand, if A contains y in its support, then we may express
A at the stalk of # locally as z’ (where 7 is a rational number with denominator a
factor of p¢ — 1). Then we notice that

‘- d—1 d(,e__ d__
T,(z"? 1)I(F;’Td(zir("’ M) = T, (FOT, ([P 7 =D+ (=Dl y)
d+e _ dte
= Te(Fde(Z((p l)ﬂ_)) — T€+d(z[(p l)t]_).

This proves the corollary, since for any n > 0, T,,(z[?"~D*1 ) generates the image
of the F;/Ox ,-module

(Homg, (F,Ox([(p" —1)A1), Ox)), inside (Somg, (F,;0x,0x)),. O

We are now ready to explicitly relate ¢ : F{Ox — Ox to a Q-divisor A. As
mentioned before, parts of this theorem were likely known to experts, but to my
knowledge, it has not been written down in the language of (D-divisors.

Theorem 3.11. Suppose R is a normal F-finite ring. For everymap ¢ : FfR — R,
there exists an effective Q-divisor A = Ay on X = Spec R such that:
(@) (p¢ — 1A is an integral divisor.
(b) (p*—1)(Kx+A) isa Cartier divisor and Homg (F{R((p¢—1)A), R) = F{R.
(c) The natural map F{ R=Hompg(F{R((p—1)A), R) — Homg(F{R, R) sends
some F¢ R-module generator of Homg (F{R((p® —1)A), R) to ¢.
(d) The map ¢ is surjective if and only if the pair (R, A) is sharply F -pure.

(e) The composition map

Purne =¢oFipoFlpo.. o Fl°P

also determines the same divisor A.
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(f) Another map ¢': Ff,R — R determines the same Q-divisor A if and only if for
some positive integers n and n’ such that (n + 1)e = (n’ + 1)e’ (equivalently,
for every such pair of integers) there exists a unit u € R such that

poFlpoF¥po...o Flp(ux)=¢ o F:,qﬁ/ o F*ze’gb/ 0...0 F:le/gzﬁ/(x).

for all x € R. In other words, ¢ and ¢’ determine the same divisor if and only
if ¢ composed with itself n times is a unit multiple of ¢' composed with itself
n’ times.

Proof- A map ¢ : F{R — R uniquely determines the map of F? R-modules
®: F/R — Homg(F;R, R)

which sends 1 to ¢. This can also be viewed as applying the functor Homg(_, R)
to ¢ and factoring the map

R;,HomR(R,R)L)HomR(F:R’ | -
T
Fe 1H¢ :
F:R 7

through F¢R. We know that Homg(F¢R, R) = F{R((1 — p®)Kx + M) for some
Cartier divisor M (in many cases M is zero; see Remark 3.3). Therefore, the map @
determines an effective divisor D which is linearly equivalent to (1 — p®)Kx + M,
see [Hartshorne 1977] and Proposition 2.2. Set

Clearly property (a) is satisfied. For the first part of (b), simply note that
(P —DEx+A) = —DKx+D~(p°—DKx+ (1 —p)Kx+M=M.
For the second part of (b), observe that
Homg (FR((p* = 1)A), R) = F{R((1 — p)Kx + M — (p* — 1) A)
ZF/R(1—p)Kx+M — D)= F{R.
Let us now prove (c). At height one primes y, the map
®: F;R, — Homg(F;R, R), =~ F{R,

as above, is multiplication (as an F¢ R-module) by a generator of D. But so is
the map from (c), ¥ : F{R = Homg(F{R((p® — 1)A), R) — Homg(F{R, R).
All the modules involved are rank-1 reflexive F{Ox-modules and that the domains
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of ® and ¥ are isomorphic. Therefore the maps ® and ¥ induce the same divi-
sors and so @ and ¥ can be identified (for an appropriate choice of isomorphism
Homg(F{R((p® —1)A), R) = F{R). Part (c) then follows.

To prove (d), suppose first that ¢ is surjective, or equivalently that 1 is in ¢’s
image. Then there exists an R-module map a so that the composition

RaFfR¢R

is the identity. Apply Homg(_, R) to the diagram (3.11.1). This gives a diagram:

R ¢ Homg (Homg(FCR, R), R) <~ F¢R

Homg(F{R, R

1~

F¢R(D)

and so we can factor ¢ as F{R — F{R(D) — R. This proves that (R, A) is
a sharply F-pure pair. Conversely, suppose that (R, A) is sharply F-pure, then
a single (equivalently every) generator o of Homg (F{R((p® — 1)A), R) satisfies
a(F{R) = R. But ¢ is such a generator so ¢ (F{R) = R.

We now prove (e). It is enough to check the statement at a height one prime y .
We know that Homg (F¢ R, R), is locally free of rank one with generator 7,. We
then see that ¢, (_ ) = T.(d _) where d is a defining equation for D when localized
at y . Composing this with itself n times, we obtain the map

ne (n—De_ ... e
¢y OF:¢y OF*26¢), o.. .OFf6¢y (F)‘En+l)ez) — T(n+1)e(F>£n+l)edp +p=Dep.4p +1Z).

But now we notice that (1/(p®+De —1))(p" + p™=D¢ ...+ p¢ +1)D is equal
to (1/(p¢—1))D.

Finally, we prove (f). First note that changing a map by precomposing with
multiplication by a unit does not change the associated divisor. Therefore, if maps
¢ and ¢’ satisfy the condition on their compositions (as above), then they determine
the same divisor by (e). Conversely, suppose that the maps ¢ and ¢’ have the same
associated divisor, and choose n and n’ as above. Without loss of generality, by
replacing ¢ and ¢’ with their compositions, we may assume that ¢ = ¢/, and we
simply have two maps ¢, ¢’ € Homg (F¢ R, R) that determine the same divisor. In
particular, the maps

F{R — Homg(F;R, R) F{R — Homg(F/R, R)
a
1 ¢ I ¢
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induce the same embedding of Homg (F{ R, R) into the total field of fractions of
F?¢R. Therefore the two maps differ by multiplication by a unit as desired; see
[Hartshorne 2007] or Proposition 2.2. O

Remark 3.12. Condition (a) above is redundant in view of condition (b).

Theorem 3.13. Suppose that R is normal and F-finite as above. For every effective
Q-divisor A satisfying conditions (a) and (b) from Theorem 3.11, there exists a map
¢ € Homg (F{R, R) such that the divisor associated to ¢ is A.

Proof. We set ¢ to be the image of 1 under the composition
iogoF°:R— F{R=Homgr(F/R((p°—1)A), R) > Homgr(F{R, R),

where ¢ is the isomorphism given by hypothesis, and i the map induced by the
inclusion FYR C F{R((p® — 1)A). It is straightforward to verify that applying
Hompg(__, R) to the above composition also explicitly constructs (and factors) ¢
because of the isomorphism Homg (Homg(F¢R, R), R) = F{R.

Applying Homg(_, R) to this factorization of ¢, and using the construction
from Theorem 3.11 gives us back A. ]

In summary, we have shown that for a reduced normal F-finite local ring R there
is a bijection between the sets

{ Effective Q-divisors A such } {Nonzero elements of } /
that (p¢ — 1)(Kx + A) is Cartier Homg, (F{Ox, Ox) ~>

where the equivalence relation on the right identifies two maps ¢ and y if there
is a unit u € R such that ¢(u x _) = w(_). Remark 9.5 discusses how to make
sense of such a correspondence in the nonlocal case.

One can even extend this correspondence further. Recall that putting an R{F*°}-
module structure on an R-module M is equivalent to specifying an additive map

P M —> M

such that ¢, (rm) = r?* ¢,(m); see [Lyubeznik and Smith 2001] for additional de-
tails. Such maps can also be identified with R-module maps M — F{M.

Proposition 3.14. Suppose that (R, m) is a complete normal local F-finite ring
with injective hull of the residue field Eg. Then there is a bijection between the set
of R{F¢}-module structures on Eg and the set of elements of Homg (F{ R, R).

Proof. Consider a map ¢ : F'R — R and apply Homg(_, Eg). This gives us a
map

ER :HomR(R, ER) — HOH’IR(F:R, ER) = EFfR = F:ER.
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Applying Homg(_, Eg) gives us back ¢. Note that there are (noncanonical)
choices here when we identify F{Egr with Homg(F¢ R, Eg). However, these are
merely up to multiplication by units and so we can fix such isomorphisms. ([

Therefore, in the case of a complete local normal ring, we have the following
correspondences.

Effective Q-divisors A such Nontrivial cyclic F{ R-submodules
that (p¢ — 1)(Kx + A) is Cartier of Homgz (F{R, R)

Nonzero elements of / Nonzero R{F°}-module /
Homg(F{R, R) ~ structures on Eg ~

The first equivalence relation identified two maps if they agree up to precompo-
sition with multiplication by a unit of F{R (as above). The second equivalence
relation identified two maps if they agree up to postcomposition with multiplication
by a unit of F¢R.

Corollary 3.15. Suppose that S is a regular F-finite ring such that F¢S is free as
an S-module and that R = S/1 is a quotient that is normal. Further suppose that
Homg(F{R, R) = F{R (in particular, R is Q-Gorenstein with index not divisible
by p). Write (I'P°1: Iy = I'P V4 (£,) just as in Corollary 3.4. Then for all n > 0,

ne]

ne € ... (n—1e
(I[P :I):I[p ]+(fel+[7 +tp ).

4. Application to centers of sharp F-purity

In [Schwede 2008a], we introduced a notion called centers of sharp F-purity (also
known as F-compatible ideals), a positive characteristic analog of a center of log
canonicity; see for example [Kawamata 1997a; 1998]. Our main goal in this section
is to prove several finiteness theorems about centers of sharp F-purity.

Recall that an ideal 7 is called F-compatible with respect to (R, A) if for every
e > 0 and every ¢ € Homg(F{R([(p® — 1)A7), A), we have ¢(FSI) € 1. One
limitation of the definition of F-compatible ideals is that it seems to require check-
ing infinitely many e > O (and infinitely many ¢). However, for radical ideals 1,
assuming that (p¢ — 1)K is Cartier, we will show that it is enough to check the
condition only for that e.

Proposition 4.1. Suppose that R is a normal F-finite ring. Further suppose that A
is an effective Q-divisor such that Homg (F{R((p® —1)A), R) is free as an F{Ox-
module. Then a radical ideal 1 C R is F-compatible with respect to (R, A) if and
only if T,(F{I) € I where T, is a F{ R-module generator of

Hom(F{R((p® —1)A), R).
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Proof. Since a radical ideal [ is F-compatible if and only if its minimal associated
primes are F-compatible, see Lemma 2.17(5), without loss of generality we may
assume that / is prime. Furthermore, since F-compatible ideals behave well with
respect to localization, see [Schwede 2008a, Lemma 3.7], we may also assume that
R is local and that / = m is maximal.

Suppose that ¢ : F?R([(p”—1) A1) — R satisfies the property that ¢ (F’m) € m,
we will obtain a contradiction. Therefore, for some element x € m, we have that
#(F’x) =u where u is a unit in R. By scaling ¢, we may assume that u = 1. Now
choose integers n and m such that nb = me. Consider the function y : F"’R — R
defined by the rule

w(F ) =g (x g (x F2p(x- FDPp (R 1))

Notice that y (F’x) = 1. On the other hand, Homg (F™R((p™¢ — 1)A), R) is
generated by 7' composed with itself m—1 times. Notice that since T sends m into
m, so does its composition. Therefore, to obtain our contradiction we simply have
to check that v € Homg (F? R, R) is an element of Homg (F"*R((p"¢—1)A), R).
But that is straightforward since it was constructed by composing ¢ with itself
(using the fact that we round up, not down, so that p*[(p? —1)AT+[(p?—1)AT >
[(p*™ =1 AT). U

Remark 4.2. For a sharply F-pure pair (R, A), all F-compatible ideals are radical.

Corollary 4.3. Suppose that ¢ : F{R — R is a Frobenius splitting and R is an F-
finite normal ring. Then the centers of sharp F-purity for the pair (R, Ay) coincide
with the subschemes of X = Spec R compatibly split with .

Remark 4.4. One might ask if an analog of Proposition 4.1 holds for nonradical
ideals, and we do not know the answer in general. However, in [Schwede 2008a], it
was shown that the nonfinitistic/big test ideal is the unique smallest F-compatible
ideal that intersects nontrivially with R°. Using the additional structure of the big
test ideal, we are able to prove an analogous result (in fact, the proof is very similar
to a special case of [Takagi 2008, Proposition 3.5(3)]).

Definition 4.5. Suppose that ¢, € Homg (F¢ R, R) is a map. For every integer
n >0, we define ¢,, € Homg(F“R, R) to be the map obtained by composing ¢,
with itself n—1 times, just as in Theorem 3.11(e). We set ¢y to be the identity map
in Homg (R, R).

Our next goal is to characterize the big test ideal using this machinery. First

however, we need two lemmas.

Lemma 4.6. Suppose that a is an ideal generated by | elements and that m and k

are integers. Then:
(am)[pk] > qPim+H (Pt =1)
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Proof. Let f1, ..., f; be a set of generators for a. Then aP (P =1) g generated
by the elements of the form

b b

R A
where Zézl b; = p*m~+1(p*—1). We will show that each such element is contained
in (a)[P"). Write each b; = q; p* +r; where 0 < r; < pk. Thus we have

b ko o
lbl N :(fl‘“ ...flq’)P - ).
Note Zle ri <1(p* —1). Therefore,
1 1 1 1
prm+1(p =1 =>"bi = (sz%') + (Zri) < (p" Z%’) +1(p* - 1),
i=1 i=1 i=1 i=1
which implies that p*m < p* Zle qi, in particular, m < zgzl g;. Therefore,
k k
o P e @)
and so flb1 e flbl € (a@m)P' as desired. O

Lemma 4.7. Suppose that a is an ideal of R which can be generated by | elements
and such that a N\ R° #£ &. Fix an e > 0. Then there exists an element ¢’ € R° such
that

¢t =D < (gl =11 ip

foralln > 0andall k <e.
Proof. First note that we have
(a(t(p”“l)])[p"] > Pt =DIH P =) 5 (PP = D1+p¢
The first containment holds by Lemma 4.6 above. Thus it is sufficient to find a ¢’

such that ¢/al®@" =D c P Tt (" =1+ Choose ¢’ € al+DP* N R°. We need to
show that

(+ D p®+ [t (p™™ = 1)1 = p*Te(p™ — D] +1p°.

However,
PP — D1 +1p° < p*Le(p™ — D] + p* +1p°

<Pt (™ =D+ +Dp <t(p™ ™ =D+ +Dp°
as desired. O

Proposition 4.8. Suppose that R is a normal F-finite ring, that A is an effective
Q-divisor such that (p® — 1) A is integral, and that Homg (F{R((p® — 1)A), R) is
of rank one and free as an F¢ R-module with generator T, (viewed as an element of
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Homg (F{R, R)). Set Ty, to be the map obtained by composing T, with itself n—1
times. Then we have the following:

(1) The big test ideal t,(R; A) is the unique smallest ideal J whose intersection
with R° is nontrivial and which satisfies T,(F{J) < J.

(ii) Furthermore, if a is an ideal such that aN R° # & and t > 0 is a real number,
then the big test ideal t,(R; A, a') is the unique smallest ideal J whose inter-
section with R° is nontrivial and which satisfies T, (Ffear’(” D1y € J for
all integers n > 0.

Proof. For (i), note that the big test ideal 7, (R; A) satisfies T.(F{7,(R; A)) €
75 (R; A), thanks to [Schwede 2008a, Proposition 6.1]. Thus we simply have to
show it is the smallest such ideal. Likewise for (ii), 7, (R; A, a') satisfies the con-
dition Ty, (Fal"@*~Dlg,(R; A, a')) C 7,(R; A, a') for all integers n > 0, so we
must show that it is the smallest such ideal.

We now claim that statement is local in order to assume that R = (R, m) is a local
ring. We outline the proof of this claim in case (i) since case (ii) is essentially the
same. Suppose that J is an ideal which satisfies both JAR® # @ and T,(F{J) C J.
Then J + 7, (R; A) also satisfies both conditions. Note that J does not contain
75(R; A) if and only if we have the strict containment J + 7,(R; A) 2 J. But in
such a case, we can localize at a maximal ideal where the same strict containment
holds. Thus we have reduced to the local case. Therefore, from this point forward,
we assume that R is a local ring with maximal ideal m.

Suppose that J is an ideal such that T,(F¢J) € J —alternatively, such that
T,,e(Ffea”(f’m_mJ C J, for all n > 0—and such that J N R° # &. In case (i),
notice also that T, (F}]'*J) C J for all positive integers n (and thus ¢ (F)'¢J) C J for
all € Homg(FR((p"¢~! —1)A), R) since T, is also a generator by Corollary
3.10).

In the setting of (i), fix d € J N R°. By applying Matlis duality, we see that the
composition

ERjj — Er — ER®r F/°R — Er Qg F/*R((p" —1)A)

D Er@r FIR((p™ —1)A
—— ErQ®rF*R((p )A)

is zero for every integer n > 0. Likewise, in the setting of (ii), for eachd € J N R°
and each a € al"?"“~D1  we have that the composition

ERjj = Er = ERQRr F/°R — Er Qr F/R((p"* —1)A)
Fit (xda) ne ne
—— ErQg FR((p" —1)A)

is zero for every integer n > 0.
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We now want to show that Eg,; C 0 (respectlvely Er/y C 0 ) because
Anng (O*A) = 75(R; A) (respectively AnnR(O* ) =1(R;A,a )) Therefore,
choose z € Eg/;. By assumption Azl =0¢ ER ®r F*R((p" — 1 A) for all
n > 0 (respectively, dal"P"“*~D1zP" =0 e Ex@g F™R((p" —1)A) for all n > 0).
We need to verify a similar statement for powers of p that are not multiples of e,
and so now the proof becomes quite similar to [Hochster and Huneke 1990, Lemma
8.16].

In the setting of (i), we claim that F' R((p"¢ — 1) A) naturally maps to

FErmeR(T(pktme —1)A1)

for any k > 0 via the k-iterated action of Frobenius. To see this explicitly, apply
Homg (R(—[(p" — 1)A7), _) to the map R — FFR([(p* — 1)A1). Tensoring
with Eg then gives us a map

FIR((p™ —1)A)®r Eg — F™R([(p*™ —1)A1) ®r Er
dzpne=d®z s dpk®Z:dkapk+ne

ne+k

which factors the map Eg — FKt"¢R([(pk*"¢ —1)A1) ®& Eg. Hence, dr‘zp
vanishes for all £, n > 0.

Choose ¢ = d”* and choose j > 0 arbitrary. Write j = ne 4+ k where k < e.
Then

e— l ne+k e—1 ne+k e

ez = qr —qr gt — g =P = 0,

as desired. Therefore, Eg/; C O’EAR so that
J = AnnR(ER/]) DAnnR(O )—‘L'b(R A)

which proves (i).
In case (ii), using a similar argument, we still have d?" (a/ (7" =D1)[P'127"™ = g
for all k,n > 0. By Lemma 4.7, there exists a ¢’ € R° such that

Lt DT (gl =Dy
for all n > Oandallk <e.
Set ¢ = ¢'dP", choose j > 0 arbitrary and write j = ne +k where k < e. Then
cal! ' =D1,p7 — et g lt(pret=n, prett
- dp671 7pkdpk (a"t(Pnefl)-l )[pk]zpneJrk
_ dpeflipko _ 0,

as desired. O
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5. F-adjunction

In this section, we reinterpret the following observation using the language from
the previous sections.

Observation 5.1. Suppose that (R, m) is an F-finite local ring and
¢ € Homg(F{R, R).

Further suppose that / is a proper ideal of R such that ¢ (F¢1) C I. Then there is
a diagram p
F:R — R

r j

FSR/T) -2 R/
where the vertical arrows are the natural quotients.
e Because R is local, ¢ is surjective if and only if ¢; is surjective.

When we apply the correspondence between effective Q-divisors and
¢ € Homg(F{R, R),

we obtain the following result.

Theorem 5.2. Suppose that R is a reduced F-finite normal ring and that (R, A).
Assume also that (p¢—1) A is an integral divisor such that we have an isomorphism
Homg(F{R((p°—1)A), R)= F{R of F{ R-modules. Further suppose that I C R is
F-compatible with respect to (R, A) and that R/I is normal. Finally suppose that
(R, A) is sharply F-pure at the generic points of Spec R/I (that is, after localizing
at the minimal primes of 1). Then there exists a canonically determined effective
Q-divisor Ag,; on Spec R/ satisfying the following properties:

(i) (p®—1D)(Kg/1+ Agyp) is an integral Cartier divisor

(ii) Homg,; (FS((R/D)((p® — 1) Agy1)), R/I) = FE(R/I) as FE(R/1)-modules.

(iii) (R, A) is sharply F-pure near Spec R/I if and only if (R/I, A1) is sharply
F-pure.

(iv) For any ideal a C R which is not contained in any minimal prime of I and any
real number t > 0, we have that (R, A, a') is sharply F-pure near Spec R/
ifand only if (R/1, AR/, a') is sharply F-pure.

(v) I is maximal with respect to containment among F-compatible ideals for the
pair (R, A) (in other words, 1 is a minimal center of sharp F-purity), if and

only if (R/1, Agyr) is a strongly F-regular pair and R/ is a domain.*

“In fact, if we assume that / is maximal among F-compatible ideals, then it follows that R/[ is
a normal domain and so the assumption that R/ is normal is unnecessary.
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(vi) There exists a natural bijection between the centers of sharp F-purity of
(R/1, Ag/1) and the centers of sharp F-purity of (R, A) which contain 1.

Remark 5.3. Roughly speaking, properties (iii), (iv), (v) and (vi) imply that the
singularities of (R/1, Ag/s) are very closely related to the singularities of (R, A)
near /. Compare with [Kawamata 1998; 2007; 2008; Ein and Mustatd 2009; Am-
bro 1999; Ein et al. 2003].

Proof. Given A as above, associate a ¢ € Homgr(F{R, R) as in Theorem 3.13.
Just as in Observation 5.1, we associate a ¢; € Homg /7 (F¢(R/1I), R/I), to which
we associate a divisor Ag,;. By construction (and using Theorem 3.11) we see
that the existence and that properties (i) and (ii) are obvious. For the rest of the
properties, it is harmless to assume that R is local. Notice that the map ¢; is not
the zero map on any irreducible component of Spec R/I because (R, A) is sharply
F-pure at the minimal primes of /. To show that Ag,; is canonically determined,
note that if one chooses a different ¢ : FYR — R associated to A, the associated
map ¢; will differ from the original choice by multiplication by a unit, and so Ag/;
will not change. Likewise, if one chooses a different e > 0, then using Theorem
3.11(e,f), we obtain the same Ag,; yet again.

In terms of (iii), this simply follows from Observation 5.1. Notice now that (iv)
is a generalization of (iii). Condition (iv) follows by an argument similar to the
one in Observation 5.1 since we simply consider a diagram
Fd(xa)

FIR i R

lffa 4
n

1

FIR/I ——— = R/I

FYR

lffa
F4(xa)

FiR/] ————

for each d = ne instead and various a € a/?'=D1_ In the diagram above, ¢" is the
composition of ¢ with itself n—1 times as before. Now again, the map obtained
by composing the bottom row is surjective if an only if the map obtained from
composing the top row is surjective.

Condition (v) will follow from (vi) since a pair is strongly F-regular if and only
if it has no centers of sharp F-purity. Therefore, we conclude by proving (vi).
Suppose that P € Spec R contains I, and corresponds to P € Spec R/I. We will
show that P is a center of sharp F-purity of (R, A) if and only if P is a center of
sharp F-purity for (R/1, Ag/;). First suppose that P is a center of sharp F-purity
for (R, A). This is equivalent to the condition that ¢ (F¢ P) C P. This implies that
$1(F¢P) C P). The converse direction reverses this and is essentially the same as
the argument given in the proof of [Schwede 2008a, Proposition 7.5]. U
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Remark 5.4. I do not know if one can somehow generalize the “centers of sharp
F-purity” of condition (vi) to all F-compatible ideals. It is not hard to see that
one does obtain a bijection between radical F-compatible ideals since they are
intersections of centers of sharp F-purity. Section 6 is concerned with proving an
analog of (vi) for the big test ideal.

Using the ideas of Fedder’s criterion, we also obtain the following result.

Theorem 5.5. Suppose that S is a regular F-finite ring such that F{S is a free S
module (for example, if S is local) and that R = S/1 is a quotient that is a normal
domain. Further suppose that Ay is an effective Q-divisor on Spec R such that
Homg (F{R((p® — 1)A), R) is a rank one free F¢ R-module (for example, if R is
local and (p® — 1)(Kgr + A) is Cartier). Then there exists an effective Q-divisor
A on Spec S such that:

(@) (p°—1)(Ks+ Ay) is Cartier.

(b) I is (As, F)-compatible and (S, Ay) is sharply F-pure at the minimal asso-
ciated primes of I (that is, at the generic points of Spec S/I).

(b) Ay induces Ag as in Theorem 5.2.

Proof. The key point is that every map FYR — R is obtained by restricting a map
F!S — S to R, see [Fedder 1983, Lemma 1.6]. Note that condition (b) follows
immediately since the map F{ R — R we are concerned with is nonzero. ]

Remark 5.6. The Ag constructed in the above theorem is in no way canonically
chosen.

Remark 5.7. I do not know of anything like a characteristic zero analog of this
except in the case that X C Y is a complete intersection [Ein and Mustata 2004];
also compare with [Kawakita 2008; Ein and Mustata 2009].

We now show that for an F-pure pair, there are at most finitely many centers
of sharp F-purity (equivalently there are at most finitely many (A, F')-compatible
ideals). We give a proof that is written using the language of divisors. However
the same proof may be given without this language (this was done in a preprint of
this paper). This result was proved for local rings in [Schwede 2008a, Corollary
5.2], using the method of [Enescu and Hochster 2008] or a modification of the
method of [Sharp 2007]. Finally, essentially the same result has also been obtained
independently in [Metha and Kumar 2009].

Theorem 5.8. If (R, A, a,) is sharply F-pure, then there are at most finitely many
centers of sharp F-purity.



032 Karl Schwede

Proof. We may prove this on a finite affine cover of Spec R. Thus, we may assume’

there exists amap ¢ : F{ R([(p®—1)AT) — R that sends some elementa € F{a,c_;
to 1. Note, every center of sharp F-purity Q € Spec R for (R, A, a,) satisfies
¢ (FfaQ) € Q. Our goal is to show that there are finitely many prime ideals Q
such that ¢(Ffa Q) C Q.

First note that we can replace ¢(_) by ¢(a x _) and so ignore the term a.
For a contradiction, assume there are infinitely many such prime ideals Q such
that ¢ (F¢ Q) € Q. We choose a collection £ of infinitely many primes ideals Q
satisfying:

@) ¢(F{Q) < 0.
(ii) All Q € 2 have the same height.

(iii) The closure of the set £ in the Zariski topology is an irreducible (possibly
nonproper) closed subset W of Spec R. We set P to be the generic point of
that subset W (in other words, P = Npecn Q).

Using the pigeonhole principle, it is not difficult to see that a set £ satisfying
conditions (i), (i1) and (iii) exists.
We make two observations about the prime ideal P:

e P must have smaller height than the elements of .
P satisfies ¢ (F¢P) C P since P is the intersection of the elements of Q.

By restricting to an open affine set of Spec R containing P, we may assume that
R/ P is normal (the elements of £ will still form a dense subset of Spec R/ P).
Therefore, ¢ induces a divisor Ap on Spec R/P as in Theorem 5.2. The set of
elements in £ restrict to centers of sharp F-purity for (R/P, Ap) by Theorem
5.2(vi). As noted above, {Q/P | Q € Q} is dense in Spec R/ P and simultaneously
{Q/P | Q € 1} is contained in the nonstrongly F-regular locus of (R/P, Ap),
which is closed and proper. This is a contradiction. (]

Remark 5.9. If one wishes to assume that R is not necessarily normal and that
A =0, or even that A is some sort of appropriate generalization of a (Q-divisor
(see for example [Hartshorne 2007] or [Kollar et al. 1992, Chapter 16]), the proof
goes through without change.

Corollary 5.10. Suppose that X is a noetherian F-finite Frobenius split scheme
with splitting ¢ : F{Ox — Oy, then there exists at most finitely many ¢-compatibly
split subschemes.

Proof. Use a finite affine cover of X. On each open affine subset, there are finitely
many compatibly split subschemes by the above argument. (]

5This happens after localizing each point, so it happens in a neighborhood of each point, so we
may use such neighborhoods to cover Spec R
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6. Comments on adjoint-like test ideals and restriction theorems

Based on the work of Takagi, it is natural to hope that there is a restriction theorem
of (generalized) adjoint-like test ideals, similar to the ones in [Takagi 2007; 2008].
Using the results of the previous section, we can accomplish this.

Definition 6.1. Suppose that R is F-finite normal ring and that (R, A, a’) is a
triple. Further suppose that :

(a) Q € Spec R is a center of sharp F-purity for (R, A).
() an(R\ Q) # 2.

(¢) (Rg, Alspecry) is sharply F-pure.

(d) R/Q is normal.

(e) There exists an integer eg such that Homg (F°R((p® — 1)A), R) is free as
an FY° R-module.

(f) The integer e is the smallest positive integer satisfying condition (e).

Fix amap ¢, = ¢ : F,"R — R corresponding to A. We define the big test ideal of
(R, A, a") outside of Q, denoted 7,(R; € Q; A, a') (if it exists), to be the smallest
ideal J satisfying the following two conditions:

 J is not contained in Q (thatis, J N (R\ Q) # ).
o Pne, (Frall (P"0=D1Jy C J for all n > 0 where ®ne, 18 as in Definition 4.5.

Remark 6.2. With regard to Definition 6.1(b), using the fact that

an(R\ Q) # 2,

we see that Q is a center of sharp F-purity for (R, A) if and only if it is a center
of sharp F-purity for (R, A, a’). Likewise, the localized pair (Rg, Alspecr,) i8
sharply F-pure if and only if the localized triple

(RQ9 AlspeCRQa (aRQ)t)
is sharply F-pure since aRgp = Ryp.

Remark 6.3. It is unnecessary to choose ep to be the smallest integer satisfying
condition (e). If one uses any integer ¢q satisfying condition (e), then one obtains
the same 7, (R, ,@ Q; A, a"). We will not verify this here as the proof is rather
involved and is essentially the same argument as in Proposition 4.8.

Remark 6.4. It is also interesting to study the smallest ideal J which properly
contains Q and such that @, (Fyal»°=D1J) C J for all n > 0 (again, if it
exists). For future reference, we will denote that ideal by 7,(R, 2 Q; A, a').
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Remark 6.5. If a = R, then 7,(R, £ Q; A) = t»(R, ¢ Q; A, a") is the unique
smallest ideal not contained in Q such that ¢, (Fy"J) C J. Likewise, if a = R,
7(R,2 0; A) = 1,(R,2 Q; A, a") is the smallest ideal properly containing Q
such that ¢, (F5°J) C J.

Remark 6.6. It is probably interesting to look at nonprime radical ideals Q which
are F-compatible with respect to (R, A). Set R°? to be the set of elements not
contained in any minimal prime of Q. In that case, one should probably consider
ideals J minimal with respect to the conditions that JNR°? # @ and ¢ (F°J) C J.
If one takes Q to be the zero ideal of R, then 7, (R, ¢_ Q; A) is just the usual big
test ideal, see Proposition 4.8. However, in this paper, we will not work in this
generality.

Remark 6.7. Suppose that the ideals 7,(R, £ Q; A, a’) and 7,(R,2 Q; A, a")
exist. Notice that 7, (R, ¢_ 0;A,d)C1(R,2 Q; A, a"). Furthermore, we claim
that

(R, £ Q: A, )+ 0 =1(R,2 Q; A, d). (6.7.1)
The containment D follows from the definition of 7,(R,2 Q; A, a’) because
(R, € Q; A, a') + Q satisfies

Pneo (FP0al" P "Dy (R, & 05 A, a )+ Q) S (R, € Q; A, d')+ 0 (6.7.2)

since both Q and 7,(R, §,7:‘ Q; A, a') satisfy the condition of Equation (6.7.2). But
then since both 7,(R, ¢ Q; A, a') and Q are contained in 7,(R, 2 Q; A, a'), we
are done.

We can now prove that 7,(R, 2 Q; A, a') exists.

Proposition 6.8. Suppose that (R, A, a") and Q € Spec R are as in Definition
6.1. Further suppose that o : R — R/Q is the natural surjection. Suppose that
ARy is the Q-divisor on Spec R/ Q corresponding to A as in Theorem 5.2. Then
(R, 2 Q; A, o) exists and is equal to a~ ' (t,(R/ Q; AR/, @")). In particular

(R, 2 Q: A, a)/Q=1(R,2 Q: A, a")|gjg =1(R/Q: Agjg, d@).
Proof. As noted before, it is easy to see that if J contains Q and
Preg (FLal' P =D1T) €

then ¢neo,Q(F:H”(”MO_m (J/Q)) € J/Q. Conversely, if we have an ideal J 2 Q
such that ¢, o (F<a"P"*=D1(J/0)) C J/Q then

Brey (FEaTP=DIycy40=1.

But ideals of R containing Q are in bijection with ideals of R/ Q. This completes
the proof. U
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Once we have verified that 7, (R, Q Q; A, a") exists, Proposition 6.8 will im-
mediately imply the following restriction theorem.

Corollary 6.9. Suppose that (R, A, a") and Q € Spec R are as in Definition 6.1.
Further suppose that Ag,o is the Q-divisor on R/Q corresponding to A as in
Theorem 5.2. Then

(R, € 0; A, a)gyo=((R, L Qs A, a" )+ Q)lrjo = (R/Q; Ao, d@).

Proof. Apply Proposition 6.8 and Equation (6.7.1). The result will follow once we
know that 7,(R, € Q; A, a') exists. O

The rest of the section will be devoted to proving that the ideal 7, (R, SZ 0; A,a)
exists.

Remark 6.10. One way to do this is by working out a version of tight closure
theory using ¢ € R\ Q instead of ¢ € R°. However, we will use a more direct
approach.

We begin with several lemmas which are essentially the same as those used in
the proof the existence of test elements. The main technical result of the section is
Proposition 6.14, which combines the following three lemmas.

Lemma 6.11. Suppose that (R, A) is a sharply F-pure pair, (p* — 1)(Kr + A)
is integral, and that Homg (F{R((p® — 1)A), R) is free as an F{R-module with
generator ¢, (by restriction, we also view ¢, as an element of Homg (F{ R, R)).
Further suppose that d € R is an element not contained in any center of F-purity
for (R, A).

Then:

() 1 € e (F*°(dR)) for some ng > 0.
(ii) There exists ng > 0 such that 1 € ¢, (F}(dR)) for all n > ny.

Proof. We begin by proving (i). First we claim that the statement is local. Another
way to phrase the conclusion of the lemma is that ¢,.(F/'°(dR)) = R. However,
dne(FI°(dR)) = R (for a fixed n) if and only if it is true after localizing at each
maximal ideal. Conversely, if (¢n;¢)m, (Fy iedRmi) = Ry, after localizing at some
maximal ideal m; for some n;, then it holds in a neighborhood of m; for the same #;.
Cover Spec R by a finite number of such neighborhoods and choose a sufficiently
large n that works on all neighborhoods.® Therefore we may assume that R =
(R, m) is local. Note that this is essentially the same as the usual proof that strong
F-regularity localizes.

Note that if 1 € bne(FI€(dR)) then 1 € ¢pe(F°R). By composition, this implies that 1 €
dmne (F"€(dR)) for all integers m > 0.
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Choose a minimal center Q of sharp F-purity for (R, A) and mod out by Q. It
follows that (R/Q, Ag/p) is strongly F-regular and also that d#0eR/Q.

In particular, for some n > 0, we have ¢, (F :eﬁR / Q) = R/Q. Therefore, we
can find an element » € R/Q such that ¢,,,(F“db) = 1 € R/Q. By choosing an
arbitrary b € R such that the coset b+ Q = b, we see that Gne(F°db) =1+ x for
some x € Q. Since R is local, Q Cm and 1+x is a unit, we have 1 € ¢,,.(F*(dR))
as desired.

We now prove (ii). Let ng be the integer from part (i). It follows that 1 €
Gnpe (F"° R) so there exists an element f € R such that 1 = ¢, (F°° f). In
particular, the map

F"°: R — F°R((p"° —1)A)
1 — F1

splits. This implies that F*: R — F¢R((p°—1)A) also splits. Butthen 1 € ¢.(F{R)
since ¢, was chosen as a generator of Homg (F¢R((p® —1)A), R). Therefore we
see that,

1€ go(FSR) = o (FL e (Fi(dR))) = Pius1ye (FI T (dR)).
Repeatedly applying ¢, will then complete the proof of (ii). O

Lemma 6.12. Suppose that (R, A, a') is a triple and Q € Spec R is a center of
F-purity satisfying the conditions from Definition 6.1. Then there exists an element
¢ € R\ Q that satisfies the following condition:

For all d € R\ Q and for all sufficiently large n > 0, there exists an integer
m' > 0 (which depends on both n and d) such that ¢ € Breg (Frdal’ P =Dy,

Proof. Choose c € anN (R \ Q) so that

(@ (R, A|Spec R(.) is Sharply F-pure.
(b) There are no centers of sharp F-purity for (R., A|spec #.) Which contain Q R,
(as an ideal).

(c) All centers of sharp F-purity for (R., Alspec r,) are contained in QR (as
ideals).

In particular, d/1 € R, is not contained in any centers of sharp F-purity for
(Rc, Alspec r.)- Note conditions (b) and (c) above may be summarized by saying
that Q R, is the unique maximal height (as an ideal) center of sharp F-purity.
Therefore, by Lemma 6.11, we know that for all 3> 0, 1 € (@ne,)c (Fi (dR.)).
This implies that ¢’ € ¢q, (Frdal"?"* =11 for some m’. O

Lemma 6.13. Suppose that for some e > 0, we have a map y, : F{R — R such
that b € ye(Ffar’(pe_l)]). Then for alln > 0, b* € yne(Ffea”(”ne_l)]). Here vy, is
the map obtained by composing y with itself n—1 times, as in Definition 4.5.
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Proof. We proceed by induction. The case n = 1 was given by hypothesis. Now
suppose the result holds for n (that is, b? e Ve Fgeaff(p"“flﬂ)). However,
b* e bye(F:aff(pe—lﬂ) =y, (F:art(pf—lﬂbp“’) <y, (F:afl(PE—l)]bZ)
C 7e (F:aft(pe_l)] yne(F:ea[[(pne_m))
=7Ve (F:Vne(F,:le(art(pe_l)])[‘D’w]ah(pm’_lﬂ))
C P nye (LDl =00,
as desired. 0

We now come to the main technical result of the section.

Proposition 6.14. Assume the notation and conventions from Definition 6.1. There
is an element b € R\ Q such that for every d € R\ Q, there exists an integer ng > 0
such that b € $pe, (Fi*“dal’ P =D1)Note that b does not depend on d.

Proof. Fix ¢ € R\ Q satisfying Lemma 6.12. Then there exist integers ny, m; > 0
such that ™' € @y, e (F'(1)al"P"=DT) " An application of Lemma 6.13 then
implies that ¢! € ¢yp,e, (Fi"'(1)al’ @™ =D1y for all n > 0. We will show that
™ = b works.

Likewise, by Lemma 6.12, for some n’ > 0 there exists m, such that

¢ € ey (FL(d)al @07 1T),

If my < 3m,, we are done (set ngy = n’). Otherwise, choose n > 0 such that
my p™™ > my. Then,

M= MM € M g (FIM 0 PODTY
= Punieo (FLM1 0l PHOmDImI) € gy ) (Fmeoalt PO Dl ema)
S By (F10al 0D (F20(d)al @ -1y
= e (FI™M Oy oo (F70 (d) (al 00~ DT P 0 gt 0=y

4 (nny4n")eqg _
S Puni-rmyen (FL T (@)l PET),

*

Thus we can choose ny = nny + n’, which completes the proof. O

Remark 6.15. The b from the previous proposition can be used as a big sharp test
element for the variant of tight closure mentioned in Remark 6.10. In fact, to prove
the existence of big sharp test elements, one still has to prove Proposition 6.14 or
something closely related to it.
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Definition 6.16 [Hara and Takagi 2004] . Fix b as in Proposition 6.14. Then we
define the ideal 7(R; b, A, a') as follows:

T(R: b, A, ) := D ey (F/@bal P~ DT,
n>0
Note that the sum stabilizes as a finite sum since R is noetherian.

We make several observations about this ideal (and then we will show it is equal

to (R, L Q; A, a")).
Lemma 6.17. With notation as above, we have the following two results:
(1) beT(R; b, A,d"). In particular,T(R; b, A,a")N(R\ Q) # @.
(ii) Foralln' >0, ¢,,/eo(F:/eoamﬂ"'%—lﬂ?(ze; b, A,a")) CT(R; b, A,a").
Proof. For (i), simply set d = b and apply Proposition 6.14. For (ii), notice we
have the inclusion

bureo (F0al PO =DIF(R; b, A, a"))

= ¢n’eo (F:/eoaft(pn/eo—l)'l Z ¢neo(F:eOba|—t(pneo_1)-|))

n>0

S ey (0 X g (FL0ba @000 )

n>0 )
= Puey (F'bal" =Dy C F(R; b, A, o). O

n>n’
Theorem 6.18. For b € (R \ Q) as in Proposition 6.14, the ideal T(R; b, A, a') is
the unique smallest ideal J that satisfies
JNR\NQ)#D  and  Puey(Fra’P=V1yC J  foralln > 0.
Therefore ©p(R, ¢ Q; A,a') =7T(R; b, A, a').

Proof. The previous lemma proves that 7(R; b, A, a') satisfies the two conditions.
Suppose that J is any other ideal that also satisfies the two conditions in Theorem
6.18. Choose d € J N (R \ Q). By hypothesis,

Z¢n€0 (Ffeoda(t(p”eo—lﬂ) - ngneo(F;leoaﬁ(P"eO—lﬂ J) cJ,
n>0 n>0
and so by Proposition 6.14, we see that b € J. But then

T(R: b, A, a") = ey (F/bal’ P~

n>0

S ey (Fr0al P01y g, 0

n>0
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Remark 6.19. Theorem 6.18 implies that 7(R; b, A, a') is also independent of the
choice of b (as long as b is chosen via Proposition 6.14).

Remark 6.20. If b is as in Proposition 6.14, then for any multiplicative set T, it
follows that b/1 satisfies Proposition 6.14 for the localized triple

(T7'R, Alspec-18, (T~ '0)").

Therefore the formation of 7,(R, € Q; A, a") = T(R; b, A, a') commutes with
localization. In particular, we can define 7, (X, SZ W; A, a") on a scheme X with
center of F-purity W which locally satisfies the conditions of Definition 6.1.

7. Comments on codimension one centers of F-purity

Suppose that (X = Spec R, A + D) is a pair, D C X is an integral normal reduced
and irreducible divisor, and A and D have no common components. Assume that
Kx + A + D is Q-Cartier with index not divisible by p > 0. Since X is normal,
(X, A+ D) is F-pure at the generic point of D and D is also a center of F-purity
for the pair (X, A+ D). In characteristic zero, there is the notion of the “different”;
see [Kollar et al. 1992]. If Q is a defining ideal of D, the different is an effective
divisor that plays a role similar to the divisor Ag/o from Theorem 5.2.

We will show that the different and Ag,o agree under the hypothesis that D is
Cartier in codimension 2. Roughly speaking, this is the case where the different
is uninteresting (it is also the case discussed in [Kolldr and Mori 1998]). We will
then give two applications of the methods used to prove this result. We expect that
the different and Ay, coincide in general although we do not have a proof, see
Remark 7.6.

First we need the following lemma. This lemma is implicit in the work we have
done previously, but we provide an explicit proof for completeness. Lemma 7.1
is also closely related to the fact that the set of Frobenius actions on Hgi(R) is
generated by the natural Frobenius action F': Hffm R(R)— Hlffm R(R) [Lyubeznik
and Smith 2001].

Lemma 7.1. Suppose that R is an F-finite Gorenstein local ring. By dualizing the
natural map G : R — F¢R (apply Homg(_, wr)), we construct the map

Y : Flogr — wg.

By fixing any isomorphism of wgr with R (which we can do since R is Gorenstein),
we obtain a map which we also call ¥,

¥:F'R— R.

This map ¥ is an F{ R-module generator of Homg (F{ R, R). In particular, if R is
normal, then Y corresponds to the divisor 0 via Theorem 3.11.
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Proof. First note that the choices we made in the set-up of the lemma are all unique
up to multiplication by a unit (note there is also the choice of isomorphism between
(F e)!wR with F{wpg as in Remark 3.3). Therefore, these choices are irrelevant in
terms of proving that ¥ is an F{ R-module generator. Suppose that ¢ is an arbitrary
F¢ R-module generator of Homg (F{ R, R); we can write ¥ (_) =¢(d- _ ) for some
d € F¢R. Using the same isomorphisms we selected before, we can view ¢ as a
map Ffwgr — wg. By duality for a finite morphism, we obtain ¢¥ : R — F¢R.
Note now that G(_) =d -¢"(_). But G sends 1 to 1 which implies that d is a
unit and completes the proof. U

We now need the following (useful) surjectivity. A similar argument (involving
local duality) was used in the characteristic p > 0 inversion of adjunction result of
[Hara and Watanabe 2002, Theorem 4.9].

Proposition 7.2. Using the notation above, further suppose that D is Cartier in
codimension 2 and that (p¢ — 1)(Kx + D+ A) is Cartier. Then the natural map of
F{Ox-modules:

® : Homg, (F;0x((p° — 1)(D + A)), Ox) — Homg, (F;O0p((p® — 1)Alp), Op).
induced by restriction is surjective.

Proof. The statement is local so we may assume that X = Spec R where R is the
spectrum of a local ring. Furthermore, because we are working locally, the domain
of ® is isomorphic to F¢R. Thus the image of @ is cyclic as an F{Op-module
which implies that the image of ® is a reflexive F70Op-module. Therefore, it is
sufficient to prove that @ is surjective at the codimension one points of D (which
correspond to codimension two points of X). We now assume that X = Spec R is
the spectrum of a two-dimensional normal local ring and that D is a Cartier divisor
defined by a local equation (f = 0). Since D is normal and one-dimensional, D
is Gorenstein, and so X is also Gorenstein. In particular, (p¢ — 1)A is Cartier.
This also explains how we can restrict (p¢ — 1)A to D: perform the restriction at
codimension 1 points of D, and then take the corresponding divisor.
Consider the following diagram of short exact sequences:

x f
0 R R R/f 0
1.—>fP"1L l/l»—)l jl»—ﬂ
Fixf
0 F{R F{R F{(R/f) —=0

Apply the functor Homg(_, wg) and note that we obtain the following diagram
of short exact sequences.
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X

0 R R wr/r ZExth(R/f, og) —> 0
e XS re ~ 1
0 F*a)R F*C()R —_— F:C()R/f = EXtR(Ff(R/f), wr) —=0

The sequences are exact on the right because R is Gorenstein and hence Cohen—
Macaulay. By Lemma 7.1, we see that 6 and a can be viewed as F¢R-module
generators of the modules

Homg,r(F{(R/f), R/f) = Homg,r(Fwr/s, ®r/f),
HOIHR(F:R, R) = HOII'IR(F:COR, COR),
respectively. Furthermore, the map labeled f§ can be identified with
ao (F{(x f7™h).

But the diagram proves exactly that the map f € Homg(F¢ R, R) restricts to a
generator of Homg, s (F{wg,r, wr,/s) which is exactly what we wanted to prove in
the case that A = 0. When A # 0, we can simply premultiply the o, f and J with
a local generator of the Cartier divisor (p¢ — 1)A. (]

Remark 7.3. Suppose that X is normal, A =0 and D is Gorenstein in codimension
1 and S2 (but D is not necessarily normal or irreducible), then the map @ from
Proposition 7.2 is still surjective. The proof is unchanged.

The previous example also gives us the following corollary. Compare with
[Kollar and Shepherd-Barron 1988, Theorem 5.1; Karu 2000, Theorem 2.5; Fedder
and Watanabe 1989, Proposition 2.13; Schwede 2007, Theorem 5.1].

Corollary 7.4. Suppose that R is normal, local and Q-Gorenstein with index not
divisible by p and that f € R is a nonzero divisor such that the map © from
Proposition 7.2 (where D = div(f) and A = 0) is surjective.”

If R[ f~ "1 is strongly F-regular and R/f is F-pure then R is strongly F-regular.
In particular, both R and R/ f are Cohen—Macaulay.

Proof. Since the map
® : Hom g (F£R((p* — 1) div(£)), R) — Homp; (FE(R/[), R/f).
is surjective, a splitting ¢ € Homg, s (F¢(R/f), R/f) has a preimage
¢ € Homg(F{R, R).

"Note that @ is surjective if R/f is normal, or more generally if R/f is S2 and Gorenstein in
codimension 1.
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It then follows (just as in Observation 5.1) that the map ¢ is also surjective. In
particular, ¢ sends some multiple of f7°~! to 1. But then since R[ f '] is strongly
F-regular, we see that R itself is strongly F-regular. ([

Corollary 7.5. Suppose that S is an F-finite regular local ring and I is a prime
ideal of S such that R = S /1 is normal and satisfies

(I[Pg] 1) = 7Pl (g)

for some g € S (note that this implies that (p¢ — 1)K is Cartier). Further suppose
that f € S is an element whose image in R is nonzero and such that R/(fR) is
normal (or S2 and Gorenstein in codimension 1). Then

(+ 7T U+ () = U+ T+ (7).

Proof. If A=S/(I+ f), it follows from Proposition 7.2 that Homy4 (F{ A, A) is free
of rank 1 as an F{ A-module and furthermore that a generator of Hom4 (F{A, A) is
obtained by multiplying a generator of Homg (FSR, R) by f7°~! and restricting.
The result then follows from [Fedder 1983, Lemma 1.6]. O

Remark 7.6. Suppose that D is a normal prime divisor on X a normal scheme.
Further suppose that A is an effective (Q-divisor (without common components
with D) such that Kx + A + D is (-Cartier. Then there exists a canonically
determined effective Q-divisor Ap on D with (Kx + A+ D)|p ~g Kp+ Ap; see
[Kollar et al. 1992, Chapter 16] for a description of the construction of the different
(which can be performed in any characteristic). Furthermore, in characteristic zero,
the singularities of (X, D + A) near D are closely related to the singularities of
(D, Ap) [Kollar et al. 1992; Kawakita 2007]. We expect that the different co-
incides with the divisor Ag,o we have constructed, but we do not have a proof
(the problem might be quite easy if approached correctly). One should note that
we believe that the divisor called the “different” in [Takagi 2008, Theorem 4.3] is
AR/o. Again, we suspect that Ag/o coincides with the different in general.

8. Comments on normalizing centers of F-purity

In the characteristic zero setting, one obstruction to working with an arbitrary log
canonical centers W C X is the fact that W may not be normal. One way around
this issue is to normalize the subscheme W (even if W is a divisor). Therefore, it
is tempting to do the same in positive characteristic. Using Lemma 8.1, one can
do something like this in characteristic zero. In particular, in Proposition 8.2 we
do obtain canonically determined Q-divisors on the normalization of any center of
F-purity. However, a full analog of inversion of adjunction on log canonicity via
normalizing centers of F-purity is impossible, as we will see in Example 8.4.
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Lemma 8.1. Suppose that R is a reduced F-finite ring and that € Hompg (F{R, R).
Set RN to be the normalization of R inside the total field of fractions. Then ¢
extends to a unique R" -linear map ¢V : FERN — RV that restricts back to ¢.

Proof. To construct ¢%, simply tensor ¢ with the total field of fractions k(R) of R
and then restrict the domain to F¢R™. The fact that the image of ¢" is contained
inside RN follows from [Brion and Kumar 2005, Hint to Exercise 1.2.E(4)]; for
a complete proof see [Schwede 2008a, Proposition 7.11]. The fact that this ¢* is
unique follows from the fact that the natural map

Hompg (F; R, R) — Homg(F; R, R) ®g k(R) = Homy(g)(F;k(R), k(R))
is injective. U
Proposition 8.2. Suppose that X = Spec R and (X, A) is a pair and that
Home, (F{0x((p° —1)A), Ox)

is free of rank 1 as an F{Ox-module. Further suppose that SpecR/I = W C X
is a reduced closed subscheme such that (X, A) is sharply F-pure at the generic
points of W and I is F-compatible with respect to (R, A). Set

n:SpecR/DHN =wVN - w

to be the normalization map and write WY = LI, WiN : the disjoint union of WV
into its irreducible components.

Then there exists a canonically determined Q-divisor Ay~ on WV satisfying
the following properties:

(i) If Ayw ; is set to the portion of Ayn on Wl.N, then (p¢ —1)(Ky~ + Awyn ;) is
Cartier, and %om@WN (FOun((p = D) Awn ), Opyn) = F{Oyn as F{Opyn-
modules. ’

(i) The conductor ideal of (R/I) in (R/I)N is F-compatible with respect to
(R/DN, Ayw).

(iii) The big test ideal t,((R/I)N; Ayn) of (R/D)N, Ayw) is contained in the
conductor ideal of R/I € (R/1)".

(iv) If (X, A) is sharply F-pure, then (W™, Ayw) is also sharply F-pure.

(v) If J is an ideal of (R/I)N which is F-compatible with respect to (R, Ayw),
then the inverse image J of J in R is F-compatible with respect to (R, A). (In

particular, (R, §Z I; A), defined as suggested in Remark 6.6, is contained
in the inverse image of T, ((R/1)N, Ayn)).

Remark 8.3. Even though W" is not necessarily equidimensional, it is easy to
define Ky~ since we can work on each component individually.
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Proof. We can associate to A amap ¢ : F¢ Homg (F¢ R, R) (up to scaling by a unit).
By assumption, this ¢ restricts to a map ¢; € Homg/; (F¢(R/I), R/I) which is
nonzero at the generic point of each irreducible component of R//. By Lemma
8.1, this map extends to a map ¢f’ € Homg ,, (F{Own, Own). Thus this map gives
us our Ay~ by Theorem 3.11. Notice that the image of a unit under R — (R/I)N
is still a unit, so that Ay~ is uniquely determined.

At this point, statement (i) is obvious. Statement (ii) follows from [Schwede
2008a, Proposition 7.10] and statement (iii) follows from the fact that the big test
ideal is the smallest ideal F-compatible ideal with respect to ((R/1)", Ay ). For
statement (iv), note that if ¢ is surjective, then so is ¢;. But then it is easy to see
that gbfv is also surjective.

To prove (v), we first note that ¢;(FS(J N R/I)) € J N R/I. But then we see
that the preimage of J N R/I in R is F-compatible with respect to (R, A). ([

One might hope that the converse to property (iv) of Proposition 8.2 above holds,
but unfortunately, this is not the case. Of course, it is easy to see that if (ﬁ}v is
actually a splitting (that is, if it sends 1 to 1), then so is ¢; and thus ¢ is surjective
near / (which would imply that (R, A) is sharply F-pure near /). However, it
can happen that gbfv is surjective (that is, it sends some x to 1) but ¢; is not (in
particular, the element x is in (R/I)" but not in R/I). The following example
illustrates this phenomenon.

Example 8.4. Suppose that R =k[a, b, c] where k =[,, the field with two elements
(any perfect field of characteristic two will work). Set I = (ac? + b?). Set A =
div(I). It is easy to see that I is F-compatible with respect to (R, A). Notice that
we can write

R/I =kla, b, c]/(ac* +b*) Z k[x>, xy, y].

Therefore, the normalization of R/ is simply k[x, y]. We will exhibit a map
¢r: F(R/I) — R/I, restricted from a map ¢ : F,R — R, that is not surjective,
but that the extension qbﬁv to the normalization is surjective. Of course, R/I is
not weakly normal and so it is not F-pure, which implies that no such ¢, can be
surjective.

To construct ¢, we simply take the following map which is associated to A.
Explicitly, we take the map v : F, R — R that sends abc to 1 (and all other lower-
degree monomials to zero) and precompose with multiplication by ac? + b?. That
1s,

$(_)=y(@ac® +b%- ).

We compute ¢ on the relevant monomials.

p(1)=0, ¢@)=0, ¢()=0, ¢(c) =0,
dab)=0, ¢bc)=c, ¢(ac)=0, ¢labc)=0>b,
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Thus we see that ¢ (and therefore also ¢;) is not surjective when localized at the
origin. Now we wish to consider the corresponding map on k[x, y]. First we
retranslate ¢ in terms of the variables x and y.

¢ (1) =0, $Y(y) =0, ¢y (xyH) =,
oY (xH =0, #NEy) =0,  HY (Y =y,
¢ (xy) =0, ¢y (x%) =0,

Therefore, y = ¢§V (xy?) = y¢§v (x), which implies that ¢§V x)=1.

Remark 8.5. Of course, in the above example, there were certain purely insep-
arable field extensions in the normalization. In particular, R/l was not weakly
normal. It may be that without such pure-inseparability, when ¢§V is surjective so

is ¢.
9. Further remarks and questions

We conclude with some remarks and speculation.

Remark 9.1. It is natural to try to generalize the results of this paper outside of the
case when R is normal. One approach to this is to normalize R as we discussed in
the previous section. However, as we saw, this approach has limitations. Another
more direct approach might be, instead of working with pairs (R, A) such that
(p¢—=1)(Kgr+ A) is Cartier, to consider pairs (R, N) where N is a free (or perhaps
locally free) subsheaf of Homg (F¢ R, R) for some e.

Perhaps yet a better formulation would be to consider first the graded non-
commutative algebra @, Homg(F{R, R) where the multiplication is defined by
composition. That is, for ¢ € Homg(F¢R, R) and w € Homg(F¢R, R) the prod-
uct ¢ - y is defined to be ¢ o F¢y € Homg(F¢t?R, R). Dually, one could
consider the noncommutative ring %(Eg) of [Lyubeznik and Smith 2001]. Then
perhaps a pair could be the combined data of the ring R and a graded subalgebra
A C @, Homgp(F{R, R) such that A is generated as an algebra over Ag = R by
a single element ¢ € Homg(F¢ R, R) for some e. Two pairs (R, A) and (R, A")
would be said to be equivalent, if there is an integer n > 0 such that A,, = A},, for
all e (here A, is the ne’th graded piece of A).

Almost all of the results of this paper can be generalized to such a setting.

Remark 9.2. This theory can also be used to help identify subschemes of a quasi-
projective variety X that are compatibly split with a given Frobenius splitting. In
particular, suppose that ¢ : F¢Ox — Oy is a Frobenius splitting. We can then
associate a divisor Ay to ¢. Any center of log canonicity of the pair (X, A) is
a center of sharp F-purity [Schwede 2008a] and thus the associated scheme is
compatibly split with ¢.
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Question 9.3. Suppose that R is a normal Q-Gorenstein ring of finite type over
a field of characteristic zero and that QO € Spec R is a center of log canonicity.
Further suppose that Ry is log canonical and that, when reduced to characteristic
p > 0 (or perhaps to infinitely many p > 0), (R,)g, is F-pure. Then for each
p > 0, we can associate a (canonically defined) Ag, on R,/Q,. We then ask
whether or not A g, is reduced from some Q-divisor A on R?

Question 9.4. Is there a characteristic zero analog of 7,(R, ¢ Q; A)? Takagi has
considered similar questions [Takagi 2007, Conjecture 2.8]. One possible analog
is something along the following lines: for a log resolution 7 : X—>X= Spec R
of (R, A), let E =) E; be the sum of divisors E; of X (exceptional or not) such
that Q € 7 (E;) and such that the discrepancy of (R, A) along E; is < —1. Then
consider the ideal

”*Gi([Ki —n"(Kx+ A)+e¢ Z E,-|) for € > O sufficiently small.

Is it possible that this coincides with 7,(R, ¢ Q; A) for infinitely many p > 0?
Also compare with [Fujino 2008].

Finally, we consider the nonlocal setting.

Remark 9.5. Suppose that (X, A) is a pair where X is a (possibly proper) variety
of finite type over an F-finite field k. In particular, we know that (F¢)'wy can
itself be identified with wy; see Remark 3.3. Further suppose that Ky + A is Q-
Cartier with index not divisible by p > 0. Now suppose that W C X is a normal
closed variety defined by an ideal sheaf Iy which is locally F-compatible with
respect to A. Then on a sufficiently fine affine cover U; of X, we can associate
Q-divisors Ay, on W; = U; N W. It is easy to see that these divisors agree on
overlaps since they were canonically determined. Therefore, there is a Q-divisor
Aw on W determined by (X, A).
Furthermore, we claim that

(P = D(Kx + Dlw ~ (p° = D(Kw + Aw). 9.5.1)

One way to see this is to work globally (in particular, partially globalize Theo-
rems 3.11 and 3.13). More precisely, there is a bijection of sets

Effective Q-divisors A on X such Line bundles . and nonzero /
that (p¢—1)(Kx+A) is Cartier elements of Homg, (F¢.Z,0x) [/ ™

The equivalence relation on the right side identifies two maps ¢, : F{.% — Ox
and ¢ : F¢.% — Oy if there is an isomorphism y : %} — % and a commutative



F-adjunction 947

diagram

Fes s oy

Ff*/L lid

Ft L Ox

We sketch the correspondence for the convenience of the reader. Given A, set
Z =0x((1 - p°)(Kx + A)). Then observe that

Homo, (FZL,0x) = F{Home (£, 0x((1 — p°)Kx)) = F{Ox((p* — D A).

We can choose a global section of Ox ((p¢ — 1)A) corresponding to the effective

integral divisor (p¢ — 1)A (up to multiplication by a unit). This section may be

viewed as a map ¢, : F{.Z — Ox by the above isomorphism. For the converse

direction, given such a ¢ we obtain a global section of FS.Z~'((1 — p°)Kx).

This corresponds to an effective divisor D. Set Ay = (1/(p® —1))D. Again, as

mentioned before, this is simply the globalized version of Theorems 3.11 and 3.13.
Now, since Iy is locally F-compatible with respect to A, we have that

Pa(Filw L) S Iy
By restriction, we obtain a map ¢w : .Z|w — Ow. It is then clear that

Ox((p° — D(Kx + A))lw

is isomorphic to Ow ((p® — 1)(Kw + Aw)) as desired.
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Log minimal models according to Shokurov
Caucher Birkar

Following Shokurov’s ideas, we give a short proof of the following klt version
of his result: termination of terminal log flips in dimension d implies that any
kit pair of dimension d has a log minimal model or a Mori fibre space. Thus, in
particular, any klt pair of dimension 4 has a log minimal model or a Mori fibre
space.

1. Introduction

All the varieties in this paper are assumed to be over an algebraically closed field k
of characteristic zero. We refer the reader to Section 2 for notation and terminology.

The following conjecture is perhaps the most important problem in birational
geometry.

Conjecture 1.1 (Minimal model). Let (X/Z, B) be a Kawamata log terminal (klt)
pair. Then it has a log minimal model or a Mori fibre space.

The 2-dimensional case of this conjecture is considered to be classical. The
3-dimensional case was settled in the 80’s and 90’s by the efforts of many math-
ematicians, in particular Mori, Shokurov and Kawamata. The higher-dimensional
case has seen considerable progress in recent years, thanks primarily to Shokurov’s
work on the existence of log flips, which paved the way for further progress. The
conjecture is also settled for pairs of general type [Birkar et al. 2006], and inductive
arguments have been proposed for pairs of nonnegative Kodaira dimension [Birkar
2007]. For a more detailed account of the known cases of this conjecture, see the
introduction to [Birkar 2007].

Shokurov [2006] proved that the log minimal model program (LMMP) in dimen-
sion d — 1 and termination of terminal log flips in dimension d imply Conjecture
1.1 in dimension d even for log canonical (Ic) pairs. (In this paper, by termination
of terminal log flips in dimension d, we will mean termination of any sequence
X; --» Xi41/Z; of log flips/Z starting with a d-dimensional klt pair (X/Z, B)
which is terminal in codimension > 2; see Section 2 for a more precise formula-
tion.)

MSC2000: 14E30.
Keywords: minimal models, Mori fibre spaces.
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Following Shokurov’s method and using results of [Birkar et al. 2006], we give
a short proof of:

Theorem 1.2. Termination of terminal log flips in dimension d implies Conjecture
1.1 in dimension d; more precisely, for a kit pair (X/Z, B) of dimension d one
constructs a log minimal model or a Mori fibre space by running the LMMP/Z on
Kx + B with scaling of a suitable big/Z R-divisor and proving that it terminates.

As in [Shokurov 2006], one immediately derives the following:
Corollary 1.3. Conjecture 1.1 holds in dimension 4.

Note that when (X/Z, B) is effective (for example if it is of nonnegative Kodaira
dimension), log minimal models are constructed in [Birkar 2007], using different
methods, in dimension < 5.

2. Basics

Let k£ be an algebraically closed field of characteristic zero. For an R-divisor D
on a variety X over k, we use D™ to denote the birational transform of D on a
specified birational model of X.

Definition 2.1. A pair (X/Z, B) consists of normal quasiprojective varieties X, Z
over k, an R-divisor B on X with coefficients in [0, 1] such that Ky + B is R-
Cartier, and a projective morphism X — Z. (X/Z, B) is called log smooth if X is
smooth and Supp B has simple normal crossing singularities.

For a prime divisor D on some birational model of X with a nonempty centre on
X, a(D, X, B) denotes the log discrepancy. (X/Z, B) is terminal in codimension
> 2 if a(D, X, B) > 1 whenever D is exceptional/X. Log flips preserve this
condition but divisorial contractions may not.

Let (X/Z, B) be a kIt pair. By a log flip/Z we mean the flip of a Ky + B-
negative extremal flipping contraction/Z. A sequence of log flips/Z starting with
(X/Z, B) is asequence X; --+ X;11/Z; in which X; — Z; < X;1 isa Kx, + B;-
flip/Z and B; is the birational transform of B on X1, and (X,/Z, B;)=(X/Z, B).
By termination of terminal log flips in dimension d we mean termination of such
a sequence in which (X;/Z, By) is a d-dimensional klt pair which is terminal in
codimension > 2. Now assume that G is an R-Cartier divisor on X. A sequence
of G-flops/Z with respect to (X/Z, B) is a sequence X; --+ X;11/Z; in which
Xi > Z; < X;4+1 is a G;-flip/Z such that Kx, + B; = 0/Z; where G; is the
birational transform of G on X = X;.

Definition 2.2 ([Birkar 2007, §2]). Let (X/Z, B) be a klt pair, (Y/Z, By) a Q-
factorial kit pair, ¢: X --» Y/Z a birational map such that ¢~! does not contract
divisors, and By be the birational transform of B (Note that since X — Z and
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Y — Z are both projective, by the definition of a pair, X and Y have the same
image on Z). Moreover, assume that

a(D,X,B) <a(D,Y, By)

for any prime divisor D on birational models of X and assume that the strict in-
equality holds for any prime divisor D on X which is exceptional/Y .

We say that (Y/Z, By) is a log minimal model of (X/Z, B) if Ky + By is nef/Z.
On the other hand, we say that (Y/Z, By) is a Mori fibre space of (X/Z, B) if there
is a Ky + By-negative extremal contraction Y — Y'/Z such that dim Y’ < dimY.

Typically, one obtains a log minimal model or a Mori fibre space by a finite
sequence of divisorial contractions and log flips.

Remark 2.3. Let (X/Z, B) be a kit pair and W — X a log resolution. Let By =
B~ +(1—¢€) > E; where 0 < € < 1 and E; are the exceptional/ X divisors on W.
Remember that B™ is the birational transform of B. If (Y/ X, By) is a log minimal
model of (W/X, Bw), which exists by [Birkar et al. 2006], then by the negativity
lemma ¥ — X is a small Q-factorialisation of X. To find a log minimal model or
a Mori fibre space of (X/Z, B), it is enough to find one for (Y/Z, By). So, one
could assume that X is Q-factorial by replacing it with Y.

We recall a variant of the LMMP with scaling which we use in this paper. Let
(X/Z, B4+C) be a Q-factorial klt pair such that Kx+ B+C isnef/Z and B, C > 0.
By [Birkar 2007, Lemma 2.7], either Kx + B is nef/Z or there is an extremal ray
R/Z such that

(Kx+B)-R<0 and (Ky+B+1,C)-R=0,

where
A:=inf{t >0 | Kx + B+1tC is nef/Z}

and Kx + B + 1;C is nef/Z. Now assume that R defines a divisorial contraction
or a log flip X --» X’. We can consider (X'/Z, B’ 4+ 21C’), where B’ + A1C’ is
the birational transform of B + 1;C and continue the argument. That is, either
Kx + B’ is nef/Z or there is an extremal ray R’/Z such that (Kx'+ B’)- R’ <0
and (Kx' + B’ 4+ A,C") - R’ =0, where

o :=inf{t >0 | Kx'+ B'+tC’ is nef/Z}

and Ky + B’ 4+ 2,C’ is nef/Z. By continuing this process, we obtain a special
kind of LMMP on Kx + B which we refer to as the LMMP with scaling of C. If
it terminates, then we obviously get a log minimal model or a Mori fibre space for
(X/Z, B). Note that the required log flips exist by [Birkar et al. 2006].
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3. Extremal rays

In this section, for convenience of the reader, we give the proofs of some results
about extremal rays [Shokurov 2006, Corollary 9, Addendum 4]. The norm |G ||
of an R-divisor G denotes the maximum of the absolute value of its coeffecients.

Let X — Z be a projective morphism of normal quasiprojective varieties. A
curve I' on X is called extremal/Z if it generates an extremal ray R/Z which
defines a contraction X — S/Z, and if for some ample/Z divisor H we have
H -T =min{H - £}, where X ranges over curves generating R. If (X/Z, B) is
divisorial log terminal (dlt) and (Kx + B) - R < 0, then by [Kawamata 1991] there
is a curve X generating R such that (Kx + B)- X > —2dim X. On the other hand,
since I and X both generate R we have

(Kx+B)-I' (Kx+B)-X
H-T - H-X

b

hence T
(KX+B)-r=(1r<X+B)-ZH—’Z > —2dim X.

Remark 3.1. Let (X/Z, B) be a Q-factorial kit pair, F be a reduced divisor on X
whose support contains that of B, and V be the R-vector space of divisors generated
by the components of F.

(i) By [Shokurov 1992, Property 1.3.2; 1996, First Main Theorem 6.2 and Re-
mark 6.4], the sets

FP={AeV|(X/Z,A)islc} and N={AecP|Kx+ A isnef/Z)

are rational polytopes in V. Since B € &, there are rational boundaries
B',...,B" € ¥ and nonnegative real numbers ay, ..., a, such that B =
> a;jB/, > a; =1, and each (X/Z, BY) is klt. In particular, there is m € N
such that m (K x + B/) are Cartier, and for any curve I" on X the intersection
number (Kx + B) - I' can be written as Zaj% for certain ny,...,n, € Z.
Moreover, if I' is extremal/Z, then the n; satisfy n; > —2m dim X.

(ii) If Kx+ B isnef/Z, then B € N and so one can choose the B/ so that Kx + B/
are nef/Z.

Lemma 3.2. Let (X/Z, B) be a Q-factorial kit pair. There is a real number o. > 0
such that:

(1) If T is any extremal curve/Z and if (Kx + B)-T > 0, then (Kx + B) - T > a.

(i) If Kx + B is nef/ Z, then for any R-divisor G, any sequence X; --+ X;y1/Z;
of G-flops/Z with respect to (X/Z, B), and any extremal curve T on X;, if
(Kx,+Bi)-I' >0, then (Kx,+ B;)-I' > o where B, is the birational transform
of B.
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Proof. (1) If B is a (Q-divisor, then the statement is trivially true. Let B',...,B",
ai,...,ar, and m be as in Remark 3.1(i). Let I" be an extremal curve/Z. Then,
(Kx+B)-T'=>a;(Kx+ B’)-T and since for each j we have (Kx + B/)-T >
—2dim X, the existence of a is clear for (i).

(ii) By Remark 3.1(ii) we may also assume that Ky + B/ are nef/Z. Then, the se-
quence X; --+ X;41/Z; is also a sequence of flops with respect to each (X/Z, B/).
In particular, (X;/Z, Bij) is kIt and m(Kx, + Bij) is Cartier for any j, i where Bl.j
is the birational transform of B/. The rest is as in (i). U

Proposition 3.3. Let (X/Z, B) be a Q-factorial kit pair, F a reduced divisor on
X whose support contains that of B, and & as in Remark 3.1. There is a rational
polytope X C & of kit boundaries and of maximal dimension containing an open
neighborhood of B in & (with respect to the topology on & induced by the norm
I - ) such that

(1) if AeX and (Kx+A)-R <0 for an extremal ray R/ Z, then (Kx+B)-R <0,
and

(i) if Kx + Bisnef/Z, A € X, we have a sequence X; --+ X;11/Z; of Kx + A-
flops/Z with respect to (X /Z, B), and (Kx, + A;) - R <0 for an extremal ray
R/Z on some X;, then (Kx, + B;) - R = 0, where A;, B; are the birational
transforms of A, B respectively.

Proof. (i) Let M C & be a rational polytope of kit boundaries and of maximal
dimension containing an open neighborhood of B in &. If the statement is not true
then there is an infinite sequence of A; € [l and extremal rays R;/Z such that for
each [ we have

(Kx+A)-R <0, (Kx+B)-R >0,

and || A; — B]| converges to 0. Let €; be the point on the boundary of J/l such that
Q; — A; = bj(A; — B) for some real number b; > 0 and such that ||Q; — B]| is
maximal. So, € is the most far away point in /L which is on the line determined
by B and Ay, in the direction of A;. Since ||A; — B|| converges to 0, b; converges
to +o0.

By assumptions, (X/Z, €Y) is klt and if I'; is an extremal curve/Z generating
R, then

—A) T=(Kx+Q) -I''—(Kx+A;)- T} > -2dim X.
This is not possible because by Lemma 3.2,
(Kx+A)-T1+(B—-A)-TI'=(Kx+B)-T>a,

and by the same arguments (B — A;) - I'; approaches 0.
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By definition, the sequence X; --+ X;11/Z; is a sequence of Kx + A-flips which
are numerically trivial with respect to Kx + B. Let X be as in (i). Assume that R
is an extremal ray/Z on X; such that (Kx, + A;)- R <0 but (Kx, + B;)- R > 0.
Let I be an extremal curve/Z generating R. Let Q be the point on the boundary
of K which is chosen for A similarly as in (i). By assumptions, (X;/Z, A;) and
(X;/Z, Q;) are kit where €; is the birational transform of Q. So,

(Q —A) I'=(Kx, +Q;) - T = (Ky, + A;)- T’ > =2dim X.

On the other hand, (Kx, 4+ B;)-I' > a where a is as in Lemma 3.2. By construction,
there is some b > 0 such that b(A; — B;) = Q; — A;. Therefore,

2dim X

(Kx;, +Ai)-T'=(Kx;, + Bi) - T'+(A;i = Bi)- I >a—

which is not possible if boo > 2dim X. In other words, if A is close enough to B
then the statement of (i7) also holds, that is, we only need to shrink J appropriately.
O

4. Proof of the main results

Proof of Theorem 1.2. Let (X/Z, B) be a kit pair of dimension d. By Remark 2.3,
we can assume that X is Q-factorial. Let H > 0 be an R-divisor which is big/Z
so that Ky + B + H is kit and nef/Z. Run the LMMP/Z on Kx + B with scaling
of H. If the LMMP terminates, then we get a log minimal model or a Mori fibre
space. Suppose that we get an infinite sequence X; --» X;y1/Z; of log flips/Z,
where we may also assume that (X;/Z, By) = (X/Z, B).

Let 4; be the threshold on X; determined by the LMMP with scaling as explained
in Section 2. So, Ky, + B; + A;H; is nef/Z,

(Kx,+B;))-R; <0 and (Kx, + B;+1;H;)-R =0,

where B; and H; are the birational transforms of B and H and, R; is the extremal
ray which defines the flipping contraction X; — Z;. Obviously, 4; > 4;41.

Put 4 = lim;_, o A;. If the limit is attained, that is, A = A; for some i, then the
sequence terminates by Corollary 1.4.2 of [Birkar et al. 2006]. So, we assume that
the limit is not attained. Actually, if A > 0, again [Birkar et al. 2006] implies that
the sequence terminates. However, we do not need to use [Birkar et al. 2006] in
this case. In fact, by replacing B; with B; + A H;, we can assume that 1 = 0 hence
lil’l'li_)oo j,,' =0.

Put A; := B; + /; H;. Since we are assuming that terminal log flips terminate,
or, alternatively, by Corollary 1.4.3 of [Birkar et al. 2006], we can construct a
terminal (in codimension > 2) crepant model (Y;/Z, ©;) of (X;/Z, A;). A slight
modification of the argument in Remark 2.3 would do this. Note that we can assume
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that all the Y; are isomorphic to Y; in codimension one, perhaps after truncating
the sequence. Let A| =1lim; .o, ©®;" on Y} and let A; be its birational transform
on Y;. The limit is obtained componentwise.

Since H; is big/Z and Kx, + A; is klt and nef/Z, Kx, + A; and Ky, + ©; are
semiample/Z by the base point freeness theorem for R-divisors. Thus, Ky,+A; isa
limit of movable/ Z divisors which in particular means that it is pseudo-effective/Z.
Note that if Ky, + A; is not pseudo-effective/ Z, we get a contradiction by Corollary
1.3.2 of [Birkar et al. 2006].

Now run the LMMP/Z on Ky, + A;. No divisor will be contracted again be-
cause Ky, + Aj is a limit of movable/Z divisors. Since Ky, + Aj is terminal in
codimension > 2, by assumptions, the LMMP terminates with a log minimal model
(W/Z, A). By construction, A on W is the birational transform of A on Yj, and
G;:=0; — A on W satisfies lim; , oo G; = 0.

By Proposition 3.3, for each G; with i > 0, we can run the LMMP/Z on Ky +
A+ G; which will be a sequence of G;-flops, that is, K 4+ A would be numerically
zero on all the extremal rays contracted in the process. No divisor will be contracted
because Kw+ A+G; is movable/Z. The LMMP ends up with a log minimal model
(W;/Z, Q). Here, Q; is the birational transform of A + G; and so of ©;. Let S;
be the Ic model of (W;/Z, Q;) which is the same as the Ic model of (Y;/Z, ©;)
and that of (X;/Z, A;) because Ky, + Q; and Ky, + ®; are nef/Z with W; and Y;
being isomorphic in codimension one, and Ky, + ®; is the pullback of Kx, + A;.
Also note that since Kx, + B; is pseudoeffective/Z, Kx, + A; is big/Z; hence S;
is birational to X;.

By construction, Ky, + A™ is nef/Z and it turns out that Ky, + A~ ~r 0/S;.
Suppose that this is not the case. Then, Kw, + A™ is not numerically zero/S; hence
there is some curve C/S; such that (Kw, +A~+G;")-C=0but (Kw,+A7)-C>0
which implies that G; - C < 0. Hence, there is a Ky, + A™ + (1 + 7)G; -negative
extremal ray R/S; for any > 0. This contradicts Proposition 3.3 because we must
have

(KW[—i—AN—i-GiN)-R:(KW[—{-AN)-R:O.

Therefore, Kw, + A~ ~g 0/S;. Now Kx, + A; ~r 0/Z; implies that Z; is over
S; and so Ky, + A; ~r 0/S;. On the other hand, Ky, 4+ B; is the pushdown of
Ky + A;; hence Ky, + B; ~r 0/S;. Thus, Kx, + B; ~r 0/Z; and this contradicts
the fact that X; — Z; is a Kx, 4+ B;-flipping contraction. So, the sequence of flips
terminates and this completes the proof. (I

Proof of Corollary 1.3. Since terminal log flips terminate in dimension 4 by [Fujino
2004; Shokurov 2004] (see also [Alexeev et al. 2007]), the result follows from
Theorem 1.2. (Il



958 Caucher Birkar

Acknowledgements

I thank V. V. Shokurov and Y. Kawamata for their comments and suggestions,
which improved this paper.

References

[Alexeev et al. 2007] V. Alexeev, C. Hacon, and Y. Kawamata, “Termination of (many) 4-dimen-
sional log flips”, Invent. Math. 168:2 (2007), 433-448. MR 2008f:14028 Zbl 1118.14017

[Birkar 2007] C. Birkar, “On existence of log minimal models”, preprint, 2007. arXiv 0706.1792

[Birkar et al. 2006] C. Birkar, P. Cascini, C. Hacon, and J. McKernan, “Existence of minimal models
for varieties of log general type”, preprint, 2006. arXiv math/0610203

[Fujino 2004] O. Fujino, “Termination of 4-fold canonical flips”, Publ. Res. Inst. Math. Sci. 40:1
(2004), 231-237. Addendum: 41:1 (2005), 251-257. MR 2004k:14020 Zbl 1069.14017

[Kawamata 1991] Y. Kawamata, “On the length of an extremal rational curve”, Invent. Math. 105:3
(1991), 609-611. MR 92m:14026 Zbl 0751.14007

[Shokurov 1992] V. V. Shokurov, “Three-dimensional log flips”, Izv. Ross. Akad. Nauk Ser. Mat.
56:1 (1992), 105-203. In Russian; translated in Russian Acad. Sci. Izv. Math. 40:1 (1993), 95-202.
MR 93j:14012 Zbl 0785.14023

[Shokurov 1996] V. V. Shokurov, “3-fold log models”, Journal of Math. Sci. 81:3 (1996), 2667—
2699. MR 97i:14015 Zbl 0873.14014

[Shokurov 2004] V. V. Shokurov, “Letters of a bi-rationalist, V: Minimal log discrepancies and
termination of log flips”, pp. 328-351 in Algebr. Geom. Metody, Svyazi i Prilozh., Tr. Mat. Inst.
Steklova 246, 2004. In Russian; translated in Proc. Stekl. Inst. Mathematics 246, (2004), 315-336.
MR 2006b:14019 Zbl 1107.14012

[Shokurov 2006] V. V. Shokurov, “Letters of a bi-rationalist, VII: Ordered termination”, preprint,
2006. arXiv math/0607822

Communicated by Yujiro Kawamata
Received 2009-03-12 Revised 2009-09-07 Accepted 2009-10-06

c.birkar@dpmms.cam.ac.uk DPMMS, Centre for Mathematical Sciences,
Cambridge University, Wilberforce Road,
Cambridge, CB30WB, United Kingdom



ALGEBRA AND NUMBER THEORY 3:8(2009)

Centers of graded fusion categories
Shlomo Gelaki, Deepak Naidu and Dmitri Nikshych

Let € be a fusion category faithfully graded by a finite group G and let & be
the trivial component of this grading. The center #(6) of 6 is shown to be
canonically equivalent to a G-equivariantization of the relative center %,(6).
We use this result to obtain a criterion for ¢ to be group-theoretical and apply
it to Tambara—Yamagami fusion categories. We also find several new series of
modular categories by analyzing the centers of Tambara—Yamagami categories.
Finally, we prove a general result about the existence of zeroes in S-matrices of
weakly integral modular categories.
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1. Introduction

Throughout this paper we work over an algebraically closed field &k of characteristic
0. All categories considered in this paper are finite, abelian, semisimple, and k-
linear. We freely use the language and basic theory of fusion categories, mod-
ule categories over them, braided categories, and Frobenius—Perron dimensions
[Bakalov and Kirillov 2001; Ostrik 2003; Etingof et al. 2005].

Let G be a finite group. A fusion category € is G-graded if there is a decom-

position “— @ <,

geG
of € into a direct sum of full abelian subcategories such that the tensor product of
% maps €, X 6, to €,,, for all g, h € G. A G-extension of a fusion category % is
a G-graded fusion category € whose trivial component €., where e is the identity
of G, is equivalent to 9.

MSC2000: primary 16W30; secondary 18D10.
Keywords: fusion categories, braided categories, graded tensor categories.
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Gradings and extensions play an important role in the study and classification of
fusion categories. For example, nilpotent fusion categories (that is, those categories
that can be obtained from the trivial category by a sequence of group extensions)
were studied in [Gelaki and Nikshych 2008]. It was proved in [Etingof et al.
2005] that every fusion category of prime power dimension is nilpotent. Group-
theoretical properties of such categories were studied in [Drinfeld et al. 2007]. Re-
cently, fusion categories of dimension p"g™, where p, g are primes, were shown
to be Morita equivalent to nilpotent categories [Etingof et al. 2009].

The main goal of this paper is to describe the center #(€) of a G-graded fu-
sion category € in terms of its trivial component & (Theorem 3.5) and apply this
description to the study of structural properties of 6 and the construction of new
examples of modular categories.

The organization of the paper is as follows. In Section 2 we recall some basic
notions, results, and examples of fusion categories, notably the notions of the rela-
tive center of a bimodule category [Majid 1991], group action on a fusion category
and crossed product [Tambara 2001], equivariantization and de-equivariantization
theory [Arkhipov and Gaitsgory 2003; Bruguieres 2000; Gaitsgory 2005; Kirillov
2002; Miiger 2000; Drinfeld et al. 2009], and braided G-crossed fusion categories
[Turaev 2000; 2008].

In Section 3 we study the center % () of a G-graded fusion category €. We
show that if % is the trivial component of 6, then the relative center %4 (‘€) has a
canonical structure of a braided G-crossed category and there is an equivalence of
braided fusion categories #g (€)Y = %() (Theorem 3.5). Thus, the structure of
% (‘6) can be understood in terms of a smaller and more transparent category g (6).
In particular, there is a canonical braided action (studied in detail in [Etingof et al.
2009]) of G on Z(@). In Corollary 3.10 we use this action to prove that € is group-
theoretical if and only if (%) contains a G-stable Lagrangian subcategory. As an
illustration, we describe the center of a crossed product fusion category € =% x G.

We apply the results from Section 4 to the study of Tambara—Yamagami cate-
gories [Tambara and Yamagami 1998]. We obtain a convenient description of the
centers of such categories as equivariantizations and compute their modular data,
that is, S- and T-matrices. This computation was previously done in [Izumi 2001]
using different techniques. We establish a criterion for a Tambara—Yamagami cat-
egory to be group-theoretical (Theorem 4.6). We also extend the construction of
non-group-theoretical semisimple Hopf algebras from Tambara—Yamagami cate-
gories given in [Nikshych 2008].

In Section 5 we construct a series of new modular categories as factors of the
centers of Tambara—Yamagami categories. One associates a pair of such categories
€(g, ) with any nondegenerate quadratic form ¢ on an abelian group A of odd
order. The categories €(g, £) have dimension 4|A|. They are group-theoretical if
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and only if A contains a Lagrangian subgroup with respect to ¢g. We compute the
S- and T-matrices of €(g, +) and write down several small examples explicitly.

Section 6 is independent from the rest of the paper and contains a general re-
sult about existence of zeroes in S-matrices of weakly integral modular categories
(Theorem 6.1). This is a categorical analogue of a classical result of Burnside in
character theory.

2. Preliminaries

2A. Dual fusion categories and Morita equivalence. Let € be a fusion category
and let Jit be an indecomposable right 6-module category .Il. The category €%, of
“%-module endofunctors of Jl is a fusion category, called the dual of € with respect
to JiL [Etingof et al. 2005; Ostrik 2003].

Following [Miiger 2003a], we say that two fusion categories 6 and & are Morita
equivalent if 9 is equivalent to €%, for some indecomposable right 6-module
category Jl. A fusion category is said to be pointed if all its simple objects are
invertible (any such category is equivalent to the category Vecy; of vector spaces
graded by a finite group G with the associativity constraint given by a 3-cocycle w €
Z3(G, k*)). A fusion category is called group-theoretical if it is Morita equivalent
to a pointed fusion category. See [Ostrik 2003; Etingof et al. 2005; Nikshych 2008]
for details of the theory of group-theoretical categories.

2B. The center of a bimodule category and the relative center of a fusion cat-
egory. Let € be a fusion category with unit object 1 and associativity constraint
axyz: (X®Y)®Z = X® (Y ®Z) and let Jl be a 6-bimodule category.

Definition 2.1. The center of M is the category %¢ (/M) of 6-bimodule functors
from € to Jl.

Explicitly, the objects of %« () are pairs (M, y ), where M is an object of Al and
Yy ={yx: XM > M® X}xee (D

is a natural family of isomorphisms making the diagram

-1
Ax.M

XeMmMey) —2"' _(xeM)®Y
YY 106
X® (Y QM) MeXx)®Y, (2
X, Y.M M, XY
X@VOM ———> M (X®Y)

commutative, where the a’s denote the associativity constraints in J.
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Indeed, a ‘€-bimodule functor F : € — A is completely determined by the pair
(F(1), {yx}xee), where y = {yx}xeq is the collection of isomorphisms

yx X®F1) > F(X) > F()® X,

coming from the ‘6-bimodule structure on F'.
We will call the natural family of isomorphisms (1) the central structure of an
object X € e (M).

Remark 2.2. (i) The definition of the center of a bimodule category is parallel
to that of the center of a bimodule over a ring.

(ii) We will often suppress the central structure while working with objects of
% (M) and refer to (M, y) simply as M.

(iii) % (M) is a semisimple abelian category. It has the obvious canonical structure
of a %(¢)-module category, where % () is the center of € (see, for example,
[Kassel 1995, Section XIII.4] for the definition of %(€)).

Here is an important special case of this construction. Let € be a fusion category
and let @ C 6 be a fusion subcategory. Then € is a @-bimodule category. We will
call %g,(€) the relative center of 6.

Remark 2.3. The aforementioned construction of the relative center is a special
case of a more general construction considered in [Majid 1991, Definition 3.2 and
Theorem 3.3].

It is easy to see that #g (6) is a tensor category with tensor product defined as
follows. If (X, y) and (X', ) are objects in %g(6) then

XX, y)=Xe®X,7),

where Jy : VR (X ®X') S (XQX)Q®V, V €%, is defined by the diagram

—1

aV,X,X’ v /
Ve (X oX) VexX)®X' (X®V)® X
fvl l“x‘v,x’ (3)
a3l , /
XX)eV —"  xoX'@V)~— X®(VeX).

The unit object of %4 (€) is (1, id). The dual of (X, y) is (X*, 7), where y, :=
(7+v)*.
Remark 2.4. Let € and 9 be as above.

(i) %g (%) is dual to the fusion category & X €™ (where €™ is the fusion cat-

egory obtained from € by reversing the tensor product and X is Deligne’s
tensor product of fusion categories) with respect to its module category 6,
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where &% and €™ act on € via the right and left multiplication respectively.
In particular, % (%) is a fusion category.

(i) FPdim(%g (€)) = FPdim(‘¢) FPdim(%), where FPdim denotes the Frobenius—
Perron dimension of a category.

(iii) %¢ () coincides with the center #(%€) of €. This category has a canonical
braiding given by

cxy).xgn =rx (X, )X, ) XL )X, ). 4)
(iv) There is an obvious forgetful tensor functor:
Z(€) > Z5(6) : (X, 7) = (X, 7). &)

2C. Centralizers in braided fusion categories. Let 6 be a braided fusion category
with braiding c¢. Two objects X and Y of 6 are said to centralize each other [Miiger
2003b] if Cy,xXCxy = idX®Y.

For any fusion subcategory % C 6 its centralizer 9’ is the full fusion subcategory
of € consisting of all objects X € ‘6 centralizing every object in &. The category
€ is said to be nondegenerate if ¢’ = Vec. In this case one has 9" = 9% [Miiger
2003b]. If € is a premodular category, that is, has a spherical structure, then it is
nondegenerate if and only if it is modular.

A braided fusion category € is called Tannakian if it is equivalent to the repre-
sentation category Rep(G) of a finite group G as a braided fusion category. Here
Rep(G) is considered with its standard symmetric braiding. The group G is defined
by € up to an isomorphism [Deligne 1990].

A fusion subcategory & of a braided fusion category is called Lagrangian if it
is Tannakian and ¥ = &'.

Theorem 2.5 [Drinfeld et al. 2007]. A fusion category € is group-theoretical if
and only if #(€) contains a Lagrangian subcategory.

2D. Group actions on fusion categories and equivariantization. Let G be a finite
group, and let G denote the monoidal category whose objects are elements of G,
whose morphisms are identities, and whose tensor product is given by multiplica-
tion in G. Recall that an action of G on a fusion category % is a monoidal functor
G — Autg(6): g+ T,. Forany g, h € G, let

Yeg.h = Tg oTy >~ Tgh
be the isomorphism defining the monoidal structure on the functor G — Autg (6).

Definition 2.6. A G-equivariant object in 6 is a pair (X, {ugy}gec) consisting of
an object X of ‘6 together with a collection of isomorphisms u, : T, (X) >~ X, g€ G,
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such that the diagram
Tg (up)

Tg(Th(X)) Tg(X)
Vg,h(x)l l“g
Tgh (X) e X

commutes for all g, 7 € G. One defines morphisms of equivariant objects to be
morphisms in 6 commuting with ug, g € G.

Equivariant objects in € form a fusion category, called the equivariantization
of ¢ and denoted by ¢¢ [Tambara 2001; Arkhipov and Gaitsgory 2003; Gaitsgory
2005]. One has FPdim(%®) = |G| FPdim(%).

There is another fusion category that comes from an action of G on 6. It is
the crossed product category € x G defined as follows [Tambara 2001; Nikshych
2008]. As an abelian category, € x G := %X Vecg, where Vecs denotes the fusion
category of G-graded vector spaces. The tensor product in € x G is given by

(XRg)®@(YRh):=(XQT,(Y)Rgh, X, Ye®, gheG. (6)

The unit object is 1 X e and the associativity and unit constraints come from those
of 6. Clearly, € x G is faithfully G-graded with the trivial component €.
As explained in [Nikshych 2008], 6 is a right € x G-module category via

Y ® (XK g) =T, (Y ®X),

and the corresponding dual category (‘6 x G)7 is equivalent to ©C. It follows from
[Miiger 2003a] that there is an equivalence of braided fusion categories

F (6 x G) = %(€%).

Let G be a finite group. For any conjugacy class K of G fix a representative
ag € K. Let Gk denote the centralizer of ag in G.

Proposition 2.7. Let € =P geG g be a G-graded fusion category with an action
g > T, of G on 6 such that Ty carries €, 10 64p,-1. Let H :={g € G | €, # 0O}.
There is a bijection between the set of isomorphism classes of simple objects of
€S and pairs (K, X), where K C H is a conjugacy class of G and X is a simple
G k -equivariant object of ‘€,,.

Proof. A simple G-equivariant object of ¢ must be supported on a single conjugacy
class K. Let Y =@zex Y, be such an object. Then Y, is a simple G g -equivariant
object.

Conversely, given a G g-equivariant object X in €,, let

Y =D Tn(X),
h



Centers of graded fusion categories 965

where the summation is taken over the set of representatives of cosets of Gg in G.
It is easy to see that Y acquires the structure of a simple G-equivariant object.
Clearly, the two constructions are inverses of each other. (I

Remark 2.8. The Frobenius—Perron dimension of the simple object corresponding
to a pair (K, X) in Proposition 2.7 is | K | FPdim(X).

2E. De-equivariantization of fusion categories. Let € be a fusion category. Let
¢ =Rep(G) be a Tannakian category along with a braided tensor functor € — %(€)
such that the composition € — %(6) — € (where the second arrow is the forgetful
functor) is fully faithful. The following construction was introduced in [Bruguieres
2000] and [Miiger 2000]. Let A := Fun(G) be the algebra of functions on G. It is
a commutative algebra in € and thus its image is a commutative algebra in % ().
This fact allows us to view the category € of A-modules in € as a fusion category,
called de-equivariantization of 6. There is a canonical surjective tensor functor

F:¢—>%; : X—AQX. @)

It was explained in [Miiger 2000; Drinfeld et al. 2009] that the group G acts on
% by tensor autoequivalences (this action comes from the action of G on A by
right translations). Furthermore, there is a bijection between subcategories of €
containing the image of € = Rep(G) and G-stable subcategories of €s. This
bijection preserves Tannakian subcategories.

The procedures of equivariantization and de-equivariantization are inverses of
each other: that is, there are canonical equivalences (65)¢ = % and (€°)g = .

In particular, the construction above applies when € is a braided fusion category
containing a Tannakian subcategory ¢ = Rep(G). In this case the braiding of
€ gives rise to an additional structure on the de-equivariantization functor (7).
Namely, there is natural family of isomorphisms

X®FY)> FY)®X, Xe%s, Yee, (8)

satisfying obvious compatibility conditions. In other words, F can be factored
through a braided functor € — %(6€), that is, F' is a central functor.

If € C €’ then 6 is a braided fusion category with the braiding inherited from
that of €. If € = €/, the category 6 is nondegenerate. (In the presence of a
spherical structure this category is called the modularization of € by € [Bruguieres
2000; Miiger 2000].)

Remark 2.9. The category 6 is not braided in general. However it does have an
additional structure — it is a braided G-crossed fusion category. See next section
(2F) for details.
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2F. Braided G-crossed categories. Let G be a finite group. Kirillov [2002] and
Miiger [2004] found a description of all braided fusion categories % containing
Rep(G). Namely, they showed that the datum of a braided fusion category &
containing Rep(G) is equivalent to the datum of a braided G-crossed category 6;
see Theorem 2.12. The notion of a braided G-crossed category is due to Turaev
[2000; 2008] and is recalled below.

Definition 2.10. A braided G-crossed fusion category is a fusion category € equip-
ped with (i) a (not necessarily faithful) grading € = & 2cG 6, (ii) an action g — T,
of G on 6 such that T, (6;,) C 6,1, and (iii) a natural collection of isomorphisms

cxy : XQY =T, (Y)®X, Xeb,, gecGandY €6, )
called the G-braiding. These structures are required to satisfy certain compatibility
conditions, which we now state. Let y, , : T, Tj, = T, denote the tensor structure
of the functor g — T, and x, the tensor structure of T.

(a) The diagram

To(X) @ Ty(Y) O Tyt (Ty(V) ® Ty (X)
(1e)xly (7 ghe—1.¢)y ®id7, ()
T,(X®Y) Ton(Y) ® Ty (X) (10)
Ty(cx.y) ey ®idry(x)
To(Ty(Y) ® X) - To (T (¥)) ® Ty (X)
() 1yv).x

commutes for all g, 2 € G and objects X € €, Y € €.
(b) The diagram

X®Y)®Z
X®Y®2Z) T,(MHRIX)RZ
cxmzj larg(y),x,z (11)
T,(Y®2Z)® X T,(V)® (X ® Z)
(ﬂg);,]z®idxl lidrgm ®cx.z

0Ty (Y),Tg(Z),X

(T,(Y)®T,(Z)® X T,(Y)® (T,(2) ® X)

commutes for all g € G and objects X € 6,, Y, Z € 6.
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(c) The diagram

XY ®2Z)
X®Y)®Z X®(Th(Z)®Y)
Xov,z T La)_(,ITh(Z),Y (12)
T(Z)8 (X ®Y) X®TWZ)®Y
(yg,n)z®idxey T Lé‘x,rmz)@idy
a;ngh(Z),X,Y
T, TH,(Z)®(X®Y) (T, Th(Z2)®X)®Y

commutes for all g, h € G and objects X € €4, ¥ €6, Z € 6.

Remark 2.11. The trivial component €, of a braided G-crossed fusion category
%€ is a braided fusion category with the action of G by braided autoequivalences.
This can be seen by taking X, Y € 4, in diagrams (10)—(12).

Theorem 2.12 ([Kirillov 2002; Miiger 2004]). The equivariantization and de-
equivariantization constructions establish a bijection between the set of equiva-
lence classes of G-crossed braided fusion categories and the set of equivalence
classes of braided fusion categories containing Rep(G) as a symmetric fusion sub-
category.

We shall now sketch the proof of this theorem. An alternative approach is given
in [Drinfeld et al. 2009].

Suppose € is a braided G-crossed fusion category. We define a braiding ¢ on
its equivariantization € as follows.

Let (X, {ug}gec) and (Y, {vg}sec) be objects in @Y. Let X = @gec X, bea
decomposition of X with respect to the grading of ‘6. Define an isomorphism
Ex,y:X®Y=@Xg®YM@Tg(Y)®Xgm@Y®Xg= Y®X. (13)

geG geG geG

It follows from condition (a) of Definition 2.10 that ¢x y respects the equivariant
structures, that is, it is an isomorphism in 6. Its naturality is clear. The fact that ¢
is a braiding on €Y (that is, the hexagon axioms) follows from the commutativity
of diagrams (11) and (12). It is easy to check that ¢ restricts to the standard braiding
on Rep(G) = Vec® C €¢. Hence, € contains a Tannakian subcategory Rep(G).

Conversely, let € be a braided fusion category with braiding ¢ containing a Tan-
nakian subcategory Rep(G). The restriction of the de-equivariantization functor
F from (7) on Rep(G) is isomorphic to the fiber functor Rep(G) — Vec. Hence
for any object X in 6 and any object V in Rep(G) we have an automorphism of
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F(V)® X defined as the composition
FWV) XS XQRF(V)>S F(V)® X, (14)

where the first isomorphism comes from the fact that F (V) € Vec and the second
one is (8).

When X is simple we have an isomorphism Autg (F (V) ® X) = Autyec (F(V)),
hence we obtain a tensor automorphism ix of F|rep(G). Since Autg (F|rep(c)) =G
we have an assignment X +— ix € G. The hexagon axiom of braiding implies that
this assignment is multiplicative, that is, that iz = ixiy for any simple object Z
contained in X ® Y. Thus, it defines a G-grading on 6:

¢ =P, where 0(€,) = {X € 0(€) | ix = g}. (15)
geCG

It is straightforward to check that i T (X) = ghg_1 whenever ix = h.

Finally, to construct a G-crossed braiding on ¢, observe that € and €™ are
embedded into the crossed product category € x G = (CGG)EE as subcategories @jef
and 6ign, consisting, respectively, of functors of left and right multiplications by
objects of 6. Clearly, there is a natural family of isomorphisms

XQY S Y®X,  with X € Geq and ¥ € Grighy, (16)

satisfying obvious compatibility conditions. Note that €j.f is identified with the
diagonal subcategory of € x G spanned by objects X X g, X € 6,, g € G, and
%Grigh is identified with the trivial component subcategory ¢ Xl e. Using (6) we
conclude that isomorphisms (16) give rise to a G-crossed braiding on 6.

One can check that the two constructions above (from braided fusion categories
containing Rep(G) to braided G-crossed categories and vice versa) are inverses of
each other; see [Kirillov 2002; Miiger 2004; Drinfeld et al. 2009] for details.

Remark 2.13. Let 6 = ©,c6%, be a braided G-crossed fusion category. It was
shown in [Drinfeld et al. 2009] that the braided category €€ is nondegenerate if
and only if €, is nondegenerate and the G-grading of 6 is faithful.

3. The center of a graded fusion category

Let G be a finite group and let & be a fusion category. Throughout this section €
will denote a fusion category with a faithful G-grading, whose trivial component
is @; that is, € is a G-extension of %:

¢=F€;. G.=9. (17)
geCG



Centers of graded fusion categories 969

In what follows we consider only faithful gradings: that is, those such that €, # 0
for all g € G. An object of € contained in 6, will be called homogeneous of
degree g.

Our goal is to describe the center %(€) as an equivariantization of the relative
center % () defined in Section 2B.

3A. The relative center % () as a braided G-crossed category. Let us define a
canonical braided G-crossed category structure on #g; (6).
First of all, there is an obvious faithful G-grading on #g;(%6):

% (6) = P %a(€,). (18)
geG
Indeed, it is clear that for every simple object X of %4 (6) the forgetful image of
X in % must be homogeneous.
We now define the action of G on %5 (€). Take g, h € G. Let Fungggre (€, €1)
denote the category of @-bimodule functors from €, to €. Clearly, it is a %£(%)-
bimodule category.

Proposition 3.1. Let g, h € G. The functors

Lg n:%5(€r) = Fungxgre (€4, €he) : Z — ZQ?7, (19)
Rg,h:%@((@h) = Fung_b@gbrev(('@g, CGgh) Z=1Q7. (20)

are equivalences of %(%)-bimodule categories.

Proof. We prove that (19) is an equivalence. Let Fung (€, 6,) be the category of
right %-module functors from €, to 6. It suffices to prove that

Mg, : 65 — Fung (€, €1e) : X > X®? 21D

is an equivalence. Indeed, %-bimodule functor structures on M, ,(X) for X € 6,
are in bijection with central structures on X.

For every g € G choose a simple object X, € €,. Then A, := X, ® X, is an
algebra in @. It follows from [Ostrik 2003, Theorem 1] that the functor ¥ — Y ® X ;
is a left ‘6-module category equivalence between 6 and the category of right A,-
modules in €. Since ¥ ® X7 belongs to % if and only if Y is in 6, we see that the
functor above restricts to a left %-module category equivalence between 6, and
the category of right Ag-modules in %. There are also similar equivalences of right
module categories.

It follows that for all g, 7 € G there is an equivalence

Y= X, ®Y ® X, (22)

between 6 and the category of (Ag — Ajg)-bimodules in ‘6. The right-hand side of
(22) belongs to ¥ if and only if Y is in ;. Hence, (22) restricts to an equivalence
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between 6, and the category of (A, — Aj,)-bimodules in 9. The latter category is
identified with the category of right %-module functors between the categories of
right Ag-modules and Ajg-modules in 9, that is, with Fung, (6,, €5). It is easy to
see that upon this identification the restriction of equivalence (22) to €;, coincides
with (21).

The proof of the equivalence (20) is completely similar. (]

We define tensor functors

Ton =L, o1 Ron 1 %a () > Fa(Ce),  g.heG,  (23)
and set
T, := @ Ton : %5 (€) — %4 (6). (24)
heG

The definition of T, along with Proposition 3.1 give rise to the following natural
isomorphism of %-bimodule functors from €, to 6:

c_y:?QY S T,(Y)®?. (25)
It translates to a natural family of isomorphisms
CX,y§X®Y:>Tg(Y)®X, XEC@g, Y € %5(%), g €G, (26)

satisfying natural compatibility conditions corresponding to the %-bimodule struc-
ture on (25). Since the grading (18) is faithful, we have T, (%4 (€;)) CZq(€445-1).

Take X1 € 65, X2 € 6, and set X = X| ® X in (26). We obtain a natural
isomorphism

T To, (V) @ X1 ® X2 > Ty, (V) @ X1 ® X 27)

Since every object Z € 6,, 4, is contained in X ® X, for some X € €,,, X, € €,
using naturality of (27) we obtain a natural isomorphism

ToTo,(Y)®Z = Tge,(Y)® Z, Ze€%byqq,, (28)

of %-bimodule functors Ty, T, (Y)®? and T, ,,(Y)®?. By Proposition 3.1 this
gives an isomorphism T Ty, (Y) = Ty, 0, (Y), Y € &g (), that is, an isomorphism
of functors Ty, Ty, = Tg,q,. Thus, the assignment g +— T, is an action of G on
% () by tensor autoequivalences.

Suppose that X is an object in #(€¢). Then both sides of (26) have structure of
objects in %4 () obtained by composing central structures of X and Y.

Lemma 3.2. Isomorphisms (26) define a G-braiding on % (6).
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Proof. That isomorphisms (26) are indeed morphisms in %g () follows from com-
mutativity of the diagram

idx ®dy yv ®idy

XQRYQV XQVRY VRX®Y
cx,y®idvj y % lidv ®cxy  (29)
T,Y)®XQ®V T,V)QVRX ———=VRT,JY)QX,

idrg(r) ®yv T()V®ldx

where (X, y) € %#4(€g), (Y, J) € %5(€), and V € 9. Indeed, the parallelogram
in the middle commutes by naturality of ¢, and the two triangular faces commute
since the natural isomorphism (25) is an isomorphism of %-bimodule functors.

It is straightforward to check that isomorphisms cy, y satisfy the compatibility
conditions of Definition 2.10. ]

The constructions and arguments above prove the following theorem.

Theorem 3.3. Let G be a finite group and let € be a fusion category with a faithful
G-grading whose trivial component is 9. The relative center %g,(€) has a canon-
ical structure of a braided G-crossed category.

Remark 3.4. In particular, to every G-extension of a fusion category & we as-
signed an action of G by braided autoequivalences of %(%). This assignment is
studied in detail in [Etingof et al. 2009].

3B. The center %(%) as an equivariantization. As before, let G be a finite group
and let € be a fusion category with a faithful G-grading (17). Let #g (%) be the
braided G-crossed category constructed in Section 3A.

Theorem 3.5. There is an equivalence of braided fusion categories
% (€)C = %(%€). (30)

Proof. We see from (26) that a G-equivariant object in %g;,(6) has a structure
of a central object in € defined as in (13). It follows from definitions that the
corresponding tensor functor %g,(€)¢ — %() is braided.

Conversely, given an object Y in %(%), consider its forgetful image Y in %g,(%€).
Combining the central structure of ¥ with isomorphism (26) we obtain a family of
isomorphisms

Y®X > T,(Y)®X, X €%, g€G,

which gives rise to the isomorphism of %-bimodule functors Y7 T, Y®?:
%, — 6. By Proposition 3.1 we obtain a natural isomorphism Y > T, (Y) and,
hence, a G-equivariant structure on Y. Thus, we have a tensor functor Z(€¢) —
%4 (€)C. Tt is clear that the two functors are quasiinverses of each other. U
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We describe the Tannakian subcategory € = Rep(G) C #(%) corresponding to
equivalence (30). For any representation 7 : G — GL(V) of the grading group
G, consider an object I, in #(€) where I, = V ® 1 as an object of € with the
permutation isomorphism

cL,x =n(@)Qdx : ; X =XQ I, when X € 6,. 3D

Then € is the subcategory of %(6) consisting of objects I, where 7 runs through
all finite-dimensional representations of G.

Remark 3.6. Here is another description of the subcategory €: it consists of all
objects in %#(6) sent to Vec by the forgetful functor #(€) — %g ().

Corollary 3.7. Let € be a faithfully G-graded fusion category with the trivial
component 9. Let € = Rep(G) C %(€) be the Tannakian subcategory constructed
above. Then the de-equivariantization category (€')¢ is braided tensor equivalent
to (D).

Proof. The statement follows from Theorem 3.5 since (€')¢ is the trivial compo-
nent of the grading of #(€)g = %4 (6). O

Remark 3.8. The assignment above
{G-extensions of 9} > {braided G-crossed extensions of %(%)} (32)

can be thought of as an analogue of the center construction for G-extensions.

Next, we describe simple objects of #(6). For any conjugacy class K in G fix
a representative ag € K. Let G denote the centralizer of agx in G. Note that the
action (24) of G on %g (@) restricts to the action of Gx on g (€,, ).

Proposition 3.9. There is a bijection between the set of isomorphism classes of
simple objects of %6(€) and pairs (K, X), where K is a conjugacy class of G and
X is a simple G g -equivariant object of %,(€,,,).

Proof. By Theorem 3.5 we have %(%€) ~ %4,(), so the stated parameterization is
immediate from the description of simple objects of the equivariantization category
given in Proposition 2.7. U

3C. A criterion for a graded fusion category to be group-theoretical. We have
seen in Corollary 3.7 that % (‘¢) contains a Tannakian subcategory € =Rep(G) such
that the de-equivariantization (€')¢ is braided equivalent to %(%), where 9 is the
trivial component of 6. Furthermore, by Remark 2.11, there is a canonical action
of G on %(9), by braided autoequivalences. By [Drinfeld et al. 2009], Tannakian
subcategories of %(¢) containing € bijectively correspond to G-stable Tannakian
subcategories of (€¢)g >~ #(%). Combining this observation with Theorem 2.5(ii)
we obtain the following criterion.
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Corollary 3.10. A graded fusion category € = @geG
theoretical if and only if (D) contains a G-stable Lagrangian subcategory.

€y, €. = D, is group-

Corollary 3.10 will be useful in Section 4D, where we characterize group-
theoretical Tambara—Yamagami categories.

We can specialize Corollary 3.10 to equivariantization categories. Let G be a
finite group acting on a fusion category €. The equivariantization €“ is Morita
equivalent to the crossed product category € x G (see Section 2D). Therefore,
%(€%) = %(% x G). Clearly, the trivial component of %(€ x G)g is %(%) and the
canonical action of G on ¥(%) is induced from the action of G on 6 in an obvious
way.

Corollary 3.11. The equivariantization € is group-theoretical if and only if there
exists a G-stable Lagrangian subcategory of %(6).

Remark 3.12. Let G act on € as before. One can check (independently from
the results of this section) that the G-set of Lagrangian subcategories of %(%€)
is isomorphic to the G-set consisting of indecomposable ¢-module categories .l
such that the dual category 6%, is pointed. This isomorphism is given by the map
constructed in [Naidu and Nikshych 2008, Theorem 4.17]. Thus, the criterion in
Corollary 3.11 is the same as [Nikshych 2008, Corollary 3.6].

3D. Example: the relative center of a crossed product category. Let G be a finite
group and let g — T,, g € G, be an action of G on a fusion category %. Let
€ :=% x G be the crossed product category defined in Section 2D. It has a natural
grading
%:@%g, where 6, = {Y Mg | Y € B}
geG

We describe the braided G-crossed fusion category structure on the relative cen-

ter
%2 (6) = P a(6y).
geG

By definition, the objects of g (€,) are pairs (Y X g, y), where Y € % and

Y ={x: XY >Y®Ty(X)}xew (33)

is a natural family of isomorphisms satisfying natural compatibility conditions.
Thus, %4 (%6,) can be viewed as a “deformation” of #(%) by means of 7.

The action of G on 9 induces an action /& +— f}z on %g (6) defined as follows.
Applying T, h € G, to y7,_, (x) in (33), we obtain an isomorphism

Px : XQTp(Y) = Th(Y) ® Thgp-1(X). (34)

Set Ty(Y K g, y) := (T;,(Y) X hgh~"', 7). Thus, T maps %4 (,) t0 % (g1
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Finally, the G-braiding between objects (XXh) € % (€;,) and (Y Xg) € %q (€,)
comes from the isomorphism

(XEh)@(YRg) = (XQT,(Y)Rhg L (T)(Y)® Tygpr (X)) Khg
= (T, (Y)Rhgh™ ") @ (X Xh)
=T, (YRg)®(XXh).

By Theorem 3.5, the category %(% x G) = %(%Y) is equivalent to the equivari-
antization of the braided G-crossed category above.

4. The centers of Tambara-Yamagami categories

Our goal in this section is to apply techniques developed in Section 3 to Tambara—
Yamagami categories introduced in [Tambara and Yamagami 1998] (see Section
4A below for the definition). Namely, using the techniques in Section 3 we estab-
lish a criterion for a Tambara—Yamagami category to be group-theoretical. We then
use this criterion together with Corollary 3.11 to produce a series of non-group-
theoretical semisimple Hopf algebras. In this section we assume that our ground
field k is the field of complex numbers C. We begin by recalling the definition of
a Tambara—Yamagami category.

4A. Definition of Tambara-Yamagami categories. Let Z, = (5| > = 1) be the
cyclic group of order 2.

Tambara and Yamagami [1998] completely classified all Z,-graded fusion cat-
egories in which all but one simple objects are invertible and the noninvertible
simple object has nontrivial graded degree.

They showed that any such category TY(A, y, 7) is determined, up to an equiv-
alence, by a finite abelian group A, a nondegenerate symmetric bilinear form
x 1 Ax A — kX, and a square root 7 € k of |[A|~!. The category TY(A, y, 7) is
described as follows. It is a skeletal category (that is, such that any two isomorphic
objects are equal) with simple objects {a | @ € A} and m, and tensor product

a®b=a+b, a@m=m, m a=m, m®m=@a,

foralla, b € A, and the unit object 0 € A. The associativity constraints are given by
Oa,b,c = ida+b+c» Oa,b,m = id,y, Oa,m,b = X(ay b) id;p, Om,a,b = idy,

Ca,mm = @ idbs Om,a,m = @ X(aa b) idb’
beA beA

Umma =D idp, tmmm= B txla,b)!id,.
beA a,beA
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The unit constraints are the identity maps. The category TY(A, y, 7) is rigid with
a* = —a and m*™ = m (with obvious evaluation and coevaluation maps).

Let n:=|A|. The dimensions of simple objects of TY(A, y, t) are FPdim(a) =
1, a € A, and FPdim(m) = /n. We have FPdim(TY(A, yx, t)) = 2n.

The Z,-grading on TY(A, y, 1) is

TYA, v, 1) =TYA, x, 1)1 DITY(A, x, 1)s,

where TY(A, y, ) is the full fusion subcategory generated by the invertible ob-
jects a € A and TY(A, y, t)s is the full abelian subcategory generated by the
object m.

Let € :=J%Y(A, y,7)and D := TY(A, x, 7).

4B. Braided 7,-crossed category % (%). First, let us describe the simple objects
of %, (6) =%(61) ® %5 (6s). Let A :=Hom(A, k). Clearly, #(6) = %(Vecy),
so its simple objects are parameterized by (a, ) € A X A. The object X (4,4
corresponding to such a pair is equal to a as an object of € and its central structure
is given by

P (x)idasy 1 X ®@ X(ag) = X(a,9) ® X. (35)
Using Definition 2.1 we see that simple objects of %g;(‘¢s) are parameterized by
functions p : A — k™ satisfying

pla+b)=yx(a,b) 'papb), a,becA (36)

(clearly, such functions form a torsor over X). The corresponding object Z, is
equal to m as an object of € and has the relative central structure

px)id, :x®Z, = Z,®x, xecA. (37)

Let A— A :a > a be the homomorphism defined by @(x) = x (x, a). Similarly,
let A— A: ¢+ a be the homomorphism defined by ¢ (x) = y (x, $) (recall that
x is nondegenerate). Clearly, these two maps are inverses of each other.

The fusion rules of g () are computed using formula (3) :

X(a,¢) ® Xb.y) = X(atb.pty)>
X(a.p) ® Zp = Zpp(-a)
Zp ® X(a.p) = Zpp(-a)s
Zy®Z,= @ X (aap'/p)-
acA

We have X>(ka,¢) = X(—q,-¢) and Z7 = Z, where p(x) = p(—x), x € A.
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Using the construction given in Section 3A we see that the action of Z; on
% (@) is given by

Ty = idy, (6); Ts(X@,p) =X(3,-a» Ds(Zy))=2Z,. (38)

The monoidal functor structure on 7, — Autg(#g (%)) is given by the natural
isomorphism y := y5 5 : Is o T5 = T defined by

PXagp =P@idx,,, 7z, = (T Z p(x)_l) idz, .

x€eA

The crossed braiding morphisms on %g (‘) are given by

XagpXou = V(@ 1oy : Xa.g) @ Xb.p) = Xo,p) @ X(a,9)5
Xz, = P@) 1 : X(a,p) ®Zp = Zp ® X(a,)5
CZy Xag) = idy:Z,®X@g¢ — X(_a 9 ® Zy,
cz,.2,=@Gaeap(—a) 'idy: Zy ®Z) > Z,8Z,.

4C. The equivariantization category %4 (€)%2. A simple calculation of Z;-equi-
variant objects in %g (¢) establishes the following.

Proposition 4.1. The following is a complete list of simple objects of %4 (€)?> =
F(TY(A, x, 1)) up to an isomorphism:

(1) 2n invertible objects parameterized by pairs (a, €), where a € A and €* =
x(a,a)™". The corresponding object Xa,e s equal to X (4, —3) as an object of
%4 (@) and has Z,-equivariant structure

cidyx, o : Ts(X@,—a) = X@.-a)

2) @ two-dimensional objects parameterized by unordered pairs (a, b) of
distinct objects in A. The corresponding object Yo, is equal to X, _3) @
X(p,—a) as an object of #,(€) and has Z,-equivariant structure

(idX(a,fi;) @X (a, b)il idX(h,*ZD) N Ta(X(a,f/b\) @ X(b,_a)) :) X(d,f/l;) @ X(b,—?i)»

(3) 2n /n-dimensional objects parameterized by pairs (p, A), where p : A — k*
satisfies (36) and A> = 1 D e p(x)~L. The corresponding object Zy A IS
equal to Z, as an object of #4,(€) and has Z,-equivariant structure

Aidz, : T5(Zp) > Z,.

Recall from [Etingof et al. 2005] that in a braided fusion category of an in-
teger Frobenius—Perron dimension there is a canonical choice of a twist € such
that the categorical dimensions of objects coincide with their Frobenius—Perron
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dimensions. Namely, for any simple object X the scalar fx is defined in such a
way that the composition

coevy HXCX,X* evy

1 —S XX — S X"X —>1 (39)

is equal to FPdim(X) idy.
Let @ be the canonical twist on % (). Using the previous observation, explicit
formulas from Section 4B, and Section 2F, we immediately obtain the following.

Ox,. = x(@a,a)”", Oy, =x@b), 6z,,=A.

Using the fusion rules of %(%¢) (which may be computed using the explicit formulas
in Section 4B), values of the twists above, and the well known formula

Sxy =05'0," D" N§ y6zdz, (40)
VA

we obtain the S- and T -matrices of %(%):
SXye Xy o = X(a, d), Sx..v,.=2x(a,b+c),
SXa,e’Zp,A = E\/Ep (a)5 SYa,h»Yc,d = 2 (X (a’ d)X(bJ C) + X(a9 C)X (b9 d)) b

1
=— > x(@,a)’pla)p'(a);
AA ;

SYa,b’Zp,A = 05 SZP,A’Z/#,A/

TXav‘ :X(a’a)_l’ Tya,/; :X(a5 b)_ls TZ/)’A =A.

Proposition 4.2. The maximal pointed subcategory of %(€) is nondegenerate if
and only if |A| is odd.

Proof. Let a € A be an element of order 2. Then X, . centralizes every invertible
object of #(6). O

Remark 4.3. We note that simple objects and the S- and 7 -matrices of %(¢) were
described in [Izumi 2001] using very different methods.

4D. A criterion for a Tambara—Yamagami category to be group-theoretical. The
group A x Als equipped with a canonical nondegenerate quadratic form g : A x A—
k> given by R
q((@,¢)):=¢(), (a,9)eAxA.

We will call a subgroup B C A x A Lagrangian if ¢|p =1 and B = B+ with respect
to the bilinear form defined by ¢. Lagrangian subgroups of A x A correspond to
Lagrangian subcategories of Z(Vec,) = Vec,, 3.

The braided tensor autoequivalence Ty of #(Vec,) defined in Section 4B deter-
mines an order 2 automorphism of A x A, which we denote simply by 9:

o((a, ¢) = (—p, —a), (a,$) € AxA. (41)
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Definition 4.4. We will say that a subgroup L C A is Lagrangian (with respect
to y)if L = L+ with respect to the inner product on A given by y. Equivalently,
ILI> = Al and x|, = 1.

Lemma4.5. Let A be an abelian 2-group such that |A| =2" and let y be a nonde-
generate symmetric bilinear form on A. Then A contains a Lagrangian subgroup.

Proof. 1t suffices to show that A contains an isotropic element, that is, an element
x € A, x #0, such that y(x, x) = 1. Then one can pass from A to (x)*/(x) and
use induction.

Suppose that A is cyclic with a generator a. Then 2*"a = 0 and y(a, a) is a
(227)th root of unity, hence y (2"a, 2"a) = x(a, a)*" = 1.

If A is not cyclic then it contains a subgroup A9 =Z/27Z & Z/2Z. Let x;, x, be
distinct nonzero elements of Ag. Suppose y (x;, x;) #1, i =1, 2. Then y (x;, x;) =
—1 and y (x| +x2, x{ +x2) = 1, as desired. O

Theorem 4.6. Let € = TY(A, y, t) be a Tambara—Yamagami fusion category.
Then € is group-theoretical if and only if A contains a Lagrangian subgroup (with
respect to x).

Proof. By Corollary 3.10, € is group-theoretical if and only if %(%) contains a
Ts-stable Lagrangian subcategory. Equivalently, € is group-theoretical if and only
if A x A contains a Lagrangian subgroup B stable under the action

(@, ¢) > (§, @). (42)

This condition on B is the same as being stable under the action of ¢ from (41).

Let L be a Lagrangian (with respect to y) subgroup of A and let L= {@laelL}.
Then Lx Lisa Lagrangian subgroup of A x A stable under (42). Hence % is group-
theoretical.

Conversely, suppose that € is group-theoretical. Let us write A = Aeyen ® Aodds
where Aeyen i the Sylow 2-subgroup of A and Aggq is the maximal odd order
subgroup of A. Since |A| must be a square, we conclude that |Aeyen| is a square,
and so Aeyen contains a Lagrangian subgroup with respect to y|4,,, by Lemma 4.5.

So it remains to show that A,qq contains a Lagrangian subgroup with respect to
X | A, For this end we may assume that |A| is odd. Let B C A x Abea Lagrangian
subgroup stable under (42). Then B = By & B_, where

By :={(a, £a) | (a, +a) € B}.
Let Ly = B+ N (A x {1}). Then |L,||[L_| = |A[, and y|., = 1. Hence, L4 are
Lagrangian subgroups of A. U

Remark 4.7. It was observed in [Etingof et al. 2005, Remark 8.48] that for an odd
prime p and elliptic bicharacter y on A = (Z/ pZ)?, the category TN((Z/ pZ)> y,7)
is not group-theoretical. The criterion from Theorem 4.6 extends this observation.
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4E. A series of non-group-theoretical semisimple Hopf algebras obtained from
Tambara—Yamagami categories. Here we apply Corollary 3.11 to produce a series
of non-group-theoretical fusion categories admitting fiber functors (that is, repre-
sentation categories of non-group-theoretical semisimple Hopf algebras), gener-
alizing examples constructed in [Nikshych 2008]. We refer the reader to [Mont-
gomery 1993] as a reference on Hopf algebra theory.

Let A be a finite abelian group with a nondegenerate bilinear form y. Let
Aut(A, y) denote the group of automorphisms of A preserving y.

The following proposition was proved in [Nikshych 2008, Proposition 2.10].

Proposition 4.8. There is an action of Aut(A, y) on TY(A, x, t) given by g —
T,, where

T (A)=g(a), Teg(m)=m, acA, geAut(A, y),
with the tensor structure of T, given by identity morphisms.

Corollary 4.9. Let G be a subgroup of Aut(A, y). Then the fusion category
TY(A, x,1)° is group-theoretical if and only if there is a Lagrangian subgroup
of (A, x) stable under the action of G.

Proof. Combine Corollary 3.11 and Theorem 4.6. (Il

We will say that a nondegenerate symmetric bilinear form y : A x A — k™ is
hyperbolic if there are Lagrangian subgroups L, L’ C A suchthat A=L & L'. In
this case L' is isomorphic to the group L= Hom(L, k*) of characters of L and y
is identified with the canonical bilinear form on L & L.

It was demonstrated in Tambara [2000] that when n = |A] is odd the category
TJY(A, y, ) admits a fiber functor (that is, TY(A, y, 7) is equivalent to the rep-
resentation category of a semisimple Hopf algebra) if and only if z ~! is a positive
integer and y is hyperbolic.

Corollary 4.10. Let p be an odd prime, let L = (Z/pZ)N, N > 1,let A=L & L,
andlet y : A X A — k™ be the canonical bilinear form defined by

x(@, ¢), b, v)) =y @¢B), abeA, ¢, yeA.

Suppose that G is a subgroup of Aut(A, y) not contained in any conjugate of
Aut(L) C Aut(A, y). Then the equivariantization category TY(A, x, p~™)C is
a non-group-theoretical fusion category equivalent to the representation category
of a semisimple Hopf algebra of dimension 2p*" |G|.

Proof. Note that Aut(A, y) acts transitively on the set of Lagrangian subgroups of
(A, x) and the stabilizer of L is Aut(L). Apply Corollary 4.9. O
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Remark 4.11. The series of fusion categories in Corollary 4.10 extends the one
constructed in [Nikshych 2008], where the case of N = 1 and G = Z/27Z was
considered.

5. Examples of modular categories arising from quadratic forms

As before, let € := TY(A, y, ) be a Tambara—Yamagami category and let ¥ :=
TJY(A, y, 1)1 be the trivial component of Z;-grading of TY(A, y,r). In this
section we assume that our ground field & is the field of complex numbers C.

Suppose that the symmetric bicharacter y : A x A — k> comes from a quadratic
form on A, that is, there is a function g : A — k™ such that

qla+b)=q(a)q(b)x(a,b), a,beA and q(-a)=q(a).

From the description obtained in Section 4B we observe that % (€) contains a
fusion subcategory spanned by the simple objects X(42), @ € A, and Z 1. It is
clear from the Tambara—Yamagami classification in Section 4A that this category
is equivalent to €.

Proposition 5.1. Suppose that the symmetric bicharacter y comes from a qua-
dratic form on A. Then € admits a Z,-crossed braided category structure. The
equivariantization €7* is nondegenerate if and only if |A| is odd.

Proof. Clearly, € inherits the Z,-crossed braided category structure from %g (6).
The nondegeneracy claim follows from Proposition 4.2 and Remark 2.13. U

Let us assume that n := |A| is odd. Then y corresponds to a unique quadratic
form g. Let €(g, ) := €% be the modular category constructed in Proposition
5.1 (the £ corresponding to 7 = :I:\/Lﬁ, respectively). In what follows we describe
the fusion rules and S- and T-matrices of €(g, £).

5A. Fusion rules of €. Clearly, €(g, ) is a fusion category of dimension 4n. It
has the following simple objects:

two invertible objects, 1 = X and X _;
% two-dimensional objects Y,, a € A — {0} (with Y_, = Y,); and

two /n-dimensional objects Z;, 1 € Z/27.

Here we simplify the notation used in Section 4C and define
Xy:=Xox1, Ya:=Ya—a, Zi=Zy1,,

where A;, [ € Z/27, are distinct square roots of i% D uea qa).
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The fusion rules of €(g, £) are given by
X_®X_=Xg, X1 Q®Y, =Y, Xi®Z7Z =17,
X_®Z1=Z1, Yo®Yy=Yip ®Ysp, YiQ®Yi=X DX Yo,
YaQ®Zi=Z0®Z1, ZIQRZLI=X4+®@®Ys), ZIQ®Zi11=X_-&(®Ya),
where a, b € A (a #b) and [ € Z/27. All objects of €(q, £) are self-dual.

Remark 5.2. Note that the fusion rules of €(g, =) do not depend on the quadratic
form ¢ and the number 7. We show below that the S- and T-matrices of €(g, )
do depend on g and 7.

5B. S- and T-matrices of €.

Lemma 5.3. The Gauss sums corresponding to q and q* are equal up to a sign,
that is,
ZaeA Q(a)z
ZaeA q(a)

Proof. Consider the group A x A with a nondegenerate quadratic form Q =g x q.
The Gaussian sum for this form is

T(Ax A, Q)= D ql@)qgb)=1(A,q).

a,beA

e {1}

The restriction of Q on the diagonal subgroup D := {(a,a) | a € A} is nonde-
generate since |A| is odd. The restriction of Q on the orthogonal complement
Dt = {(a,—a) | a € A} is nondegenerate as well. By the multiplicativity of
Gaussian sums we have

t(Ax A, Q)=1(D, Q)r(D, Q)= (D q(@)*),
acA

which implies the result. O

Using the formulas for the S- and T- matrices of %(6) given in Section 4C we
can write down the S- and T- matrices of €(g, £):

Sxixe =1, Sx.x. =1, Sx.v, =2, Sv,.z =0,

gla+b)  qa)’qb)’
Stem=vm Stz =-vn Snn= 2(q(a)Zq(b)2 Tt by )

+./n if the Gauss sums of g and ¢ coincide,

SZ 7, = .
P | 24/n otherwise,

T./n if the Gauss sums of g and ¢ coincide,

S7.214 = .
Lo +./n otherwise.
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Tx, =1, Ty,=q@)?’ Tz=A.
(Recall that A;, [ € Z/27Z, are distinct square roots of :I:% D aea q(a).)
n

5C. Example with A = Z/pZ x Z/pZ. Let p be an odd prime and let A :=

7/pZ x 7] pZ. Let (;) denote the Legendre symbol modulo p, that is, (%) =1if
a € (Z/pZ)* is a square modulo p and —1 otherwise.
Let a,b € (Z/pZ)* and & := e*'/P. Consider the following nondegenerate

quadratic form ¢ on A:
Q(xl, XZ) — écaxlz—bx%.

It is hyperbolic if (%) =1 and elliptic if (%) =—1.

Lemma 5.4. Foreverya, b € A*, we have

s o [ G)VP - Fp=1modd),
xez/p1 (@)iyp if p=3(mod4),
and

Z Fax—b (@)p.
(x1,x2)€Z/ pZxZ/pZ p

Proof. The first assertion is well known; see, for example, [Ireland and Rosen
1990]. The second assertion is an easy consequence of the first. U

Using Lemma 5.4 we can explicitly write the S-matrix of €(q, £):

Sxex: =1,8x. x. =1, SXi Yy oy = 25
_ _ — dax)y1—4bxays
SXJr,Zl =P, SX,,ZI =—-D, SY(X]»"Z)’Y(YI’)'Z) - 4Re(§ )a
S¥oyupzs =0, Sz,2, =%p, 821,211 = FP>

and its 7 -matrix:
T _ 1 T — 2ax1272bx§ T _ A
x: =1, Tyx ) =¢ , Tz, =A,

where A;, [ € Z/2Z, are distinct square roots of i(%).
The central charge of the modular category é(g, %) is

£(E(g. ) = (@)
)4

Below we give the S- and 7T-matrices of the modular category €(g, ) for p =
3. Order simple objects of €(g, £) as follows: 1, X_, Y(o,1), Y(1,0)> Y(1,1) Y(1,2)
Z,, Z_. There are four modular categories (g, £) of dimension 36 corresponding
to the choices of hyperbolic/elliptic ¢ and 7 = j:%.



Centers of graded fusion categories 983

(a) When ¢ is hyperbolic we have

12 2 2 2 3
12 2 2 2 -3
2 -2 4 —2-2 0
2 4 —2-2-20
2 22 4 =2 0
2 2 -2-2 4 0
30 0 0 0 43 F3
3-30 0 0 0 T3 +3)

T =diag(l,1,&%,£,1,1,1, -1} whent =3,
T :dlag{ln 15 527 C_;Za 17 lyij _l} When T = —%

[OSTEN ST S I (O I S R
S OO O W W

Note that both the corresponding modular categories are group-theoretical
with central charge 1; in fact the one with 1 = % is equivalent to the represen-
tation category of the double D(S3) of the symmetric group S3 and the one

with 7 = —% is equivalent to the twisted double of Ss.

(b) When g is elliptic we have

1 2 2 2 2 3
1 2 2 2 2 -3
2 -2 4 —2-20
2 4 —2-2-20
2 —2-2-24 0
2 224 20

30 0 0 0 £3 F3

30 0 0 0 F3 43

SO OO W W

W W NN NN ==

1
T =diag{l,1,¢,&, &%, &%, —i}  whent = T

1
T =diag{l,1,&, &, 2,821, -1} whent = -3

Both the corresponding modular categories are not group-theoretical. They
both have central charge —1 and so are not equivalent to centers of fusion
categories. In particular, they are not equivalent to representation categories
of any twisted group doubles.

5D. Example with A = Z/pZ. Let p be an odd prime and let A := Z/pZ. Let
a € (Z)pZ)* and & := ¢*/P, Up to isomorphism there are two nondegenerate
quadratic forms ¢ on A:

q(x) =&,
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one corresponding to (%) = 1 and another to (%) =—1.
Using Lemma 5.4 we can explicitly write the S-matrix of €(g, ):

Sxox. =1, Sx.x. =1, Sx.,v, =2,
:F

SX+,ZI = \/_, SX_,Z] = _f’ SYX,Y), :4Re(é4axy)’
2

2
Sv,.z1 =0, Sz1,2) = :I:(;) \/_, SZI,ZI+1 = :F(;) \/ﬁ

Further, we have
Tx, =1, Ty, =572ax2, Tz, = A,
where

o +(¢)  if p=1(mod4),
Ay, 1l €7/27, are distinct square roots of p ]
i(%)i if p =3 (mod4).

The central charge of the modular category é(g, £) is

(29 if p=1(mod4),

((€(g, 1)) = {_(%z)i if p =3 (mod4).

Below we give the S- and T-matrices of the modular category €(g, ) for p =
3 and 5. For p = 3 we order the simple objects as 1, X_, Y1, Zg, Z; and for p =5
we order them as 1, X_, Y1, Y», Zo, Z;. (In (¢) and (d) below, & = ¢27i/3)

(a) When p =3 and a = 1 we have

1 1 2 /3 3
1 1 2 =3 -3
Ss=1 2 2 -2 0 0 ,
V3 V3 0 FV3 £V3
V3 =3 0 V3 73
) —1+i3 1+i —l—i} 1
T =diagi1, 1, R , when 7 = —,
g< 2 2~ /3
) —1+i/3 1—i —1+i} 1
T =diagi1, 1, R , when 7 = ———.
g< 2 22 3

The central charge of both the corresponding modular categories is i.
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(b) When p =3 and a = 2 we have

S = the S-matrix in (a),

—1—iJ3 1—i —1+i] 1

T =diagi1, 1, , , when 7 = —,

g{ 2 V27 V2 V3
—1—i3 1+i —l—i]

T =diagy1,1, , , when 1 = —.

g[ 2 2 2 NG

The central charge of both the corresponding modular categories is —i.

(c) When p =5 and a =1 we have

1 1 2 2 V5 5
11 2 2 =5 =5
|2 2 V51 —v5-1 0 0
12 2 —V5-1 V5-1 0 o0 |’
V3 -5 0 0  FV5£V5
V5 -J5 0 0 +V5F5
T =diag{1,1,&%,¢&%, 1, -1} when 7 = =
9 b 9 b 9 \/g’
1
T =diag {1,1,&3, %0, —i when 7 = ———.
g1 } 7

The central charge of both the corresponding modular categories is —1.

(d) When p =5 and a =2 we have

11 2 2 V55
11 2 2 =5 -5
|2 2 =v5-145-1 0 0
12 2 V5-1 =J5-1 0 o |’
V5 -5 0 0  FV5 V5
V5 -V5 0 0 +V5FV5

1

T =diag{1,1,&,¢&% 0, —i) whenr:—s,
T =diag{1,1,¢,¢% 1, -1} when 7 = ——.

2+ ™) s ﬁ

The central charge of both the corresponding modular categories is 1.

985
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6. Appendix: Zeroes in S-matrices

There is a classical result of Burnside in character theory saying that if y is an
irreducible character of a finite group G and y (1) > 1, then y(g) = O for some
g € G; see [Berkovich and Zhmud’ 1999, Chapter 21].

In this appendix we establish a categorical analogue of this result for weakly
integral modular categories. Recall from [Etingof et al. 2008] that a fusion category
%€ is called weakly integral if its Frobenius—Perron dimension is an integer. In this
case the Frobenius—Perron dimension of every simple object of ‘6 is the square root
of an integer [Etingof et al. 2005].

Let € be a weakly integral modular category with the S-matrix S. Let O(%€)
denote the set of all (representatives of isomorphism classes of) simple objects of
€. Given X € 0(¢) define the sets

Tx ={Y €0(€) | Sx,y =0}, Dx=0(¢)— (Tx U{1}).

Clearly, we have a partition O(€) = Tx U Dx U {1}. Let T x and @x be full abelian
subcategories of € generated by Tx and Dy, respectively.

Let K be the field extension of @ generated by the entries of S. It is known
[de Boer and Goeree 1991; Coste and Gannon 1994] that there is a root of unity &
such that K C Q(¢). In particular, the operation of taking the square of an absolute
value of an element of S is well defined. Let G := Gal(K/Q). Every element
o € G comes from a permutation ¢ of 0(%€) such that ¢ (Sx,y) = Sx,+(r) for all
X, Y € 0(%6).

Let € be a weakly integral modular category. It was shown in [Etingof et al.
2005] that there is a canonical spherical structure on 6 such that categorical dimen-
sions in % coincide with Frobenius—Perron dimensions. Let us fix this structure for
the remainder of this section. For any X € 0() let dx denote the dimension of
X. For any full abelian subcategory & of € let dim & denote the sum of squares
of dimensions of simple objects of .

Theorem 6.1. Let € be a weakly integral modular category with the S-matrix S.
Then Tx is not empty for every noninvertible simple object X of 6. That is, every
row (column) of S corresponding to a noninvertible simple object contains at least
one zero entry.

Proof. Note that the statement of Proposition does not depend on the choice of
spherical structure.
We have ZYe@((é) |Sx.y|*> = dim6; hence,

dim € 2 1+dimJy
N e e P2
X YeDy X YeDy

Sx,y Sx.y

dx

2 dim@y
- , (43)
dx

dx
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where dy denotes the dimension of X. It suffices to check that

1
dim%x Z

YeDyx

2
Sx.,y

> 44
dx , (44)

since then (43) implies that 1 < (1 4 dim J x)/d%, whence
dim Ty >d% — 1. (45)

But X is noninvertible so dx > 1 and T x #0.
Rewriting the left hand side of (44) as the sum of dim %y terms and using the
inequality of arithmetic and geometric means we obtain

2

1 Sxy|? 1 S
dim % 2. c}l(,y ~ dim® 2 & dX;lY
Xyepy I X X yeDy Xey
2d%\ 1/dim Dy
= (1)
dy YeDy dy

The set Dy is clearly stable under all automorphisms in the Galois group, and
hence so is the product [], . Dy |S XY /dy‘ZdY . Therefore, this product belongs to
Q. Its factors are squares of absolute values of characters of Ky(€) on X and
hence are algebraic integers. Since all factors are positive, the product is > 1,
which implies (44). [l

For X € O(6) define
Ux ={Y €0(€) | |Sx,y| = dy}.
Let Uy be the full abelian subcategory of 6 generated by Uy.

Proposition 6.2. Let € be a weakly integral modular category and let X be a
simple noninvertible object in €. Then

3dim Ty +dimUy > dim €. (46)

Proof. We may assume dy > /2.

We will use the following theorem of Siegel [1945] from number theory. Let
K /Q be a finite Galois extension with the Galois group G = Gal(K /Q). Let a be
a totally positive algebraic integer in K, oo 7 1. Then

1 3
ﬁz U(OC)Z E
oceG
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We apply this to the situation when K is the extension of () generated by entries
of S. We compute

dme =Y |SxyP=di+ > di+ > |Sx,v |

Ye® YeUyx Y €0(@)—(Tx UUxU{1})
) 1 [Sx.v|?
=d2 +dimUy + & — :
X X . Z Y G| Z o d%
€0(6)—(TxUUxU{1}) oeG
> 2+dimUy + 3 (dim6 — dim Ty — dim Uy — 1);

therefore 3dim 7 x + dim Uy > dim € + 1 > dim €, as required. |

Remark 6.3. Our proofs of Theorem 6.1 and Proposition 6.2 imitate the corre-
sponding proofs for group characters given in [Berkovich and Zhmud’ 1999].
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