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On the Hom-form of Grothendieck’s
birational anabelian conjecture
in positive characteristic

Mohamed Saidi and Akio Tamagawa
We prove that a certain class of open homomorphisms between Galois groups of

function fields of curves over finite fields arises from embeddings between the
function fields.
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Introduction

Let K be an infinite field that is finitely generated over its prime field. Let K be
an algebraic closure of K. We denote by K the separable closure, and by KPet
the perfection, of K in K. Let GK = Gal(K P /K') be the absolute Galois group
of K. (Observe that Gx = Ggperr.) The ultimate aim of Grothendieck’s birational
anabelian conjectures is to reconstruct the field structure of K from the topological
group structure of Gg. More precisely, these conjectures can be formulated as
follows.
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Birational anabelian conjectures. There exists a group-theoretic recipe for re-
covering finitely generated infinite fields (or their perfections) from their absolute
Galois groups G. In particular, if for such fields K and L one has Gx = G, then
LPet = gPef Moreover, given two such fields K and L, one has the following.

Isom-form. Every isomorphism o : Gy — G is defined by a field isomorphism
¥ : L = K. This isomorphism is unique if the characteristic is 0, and unique
up to Frobenius twists if the characteristic is positive. In particular, y induces an
isomorphism LPe = gperf,

Hom-form. Every open homomorphism o : Gy — G is defined by a field em-
bedding ¥ : L < K. This embedding is unique if the characteristic is 0, and unique
up to Frobenius twists if the characteristic is positive. In particular, y induces a
field embedding LPef < KPet,

Thus, the Hom-form is stronger than the Isom-form. The first results concerning
these conjectures were obtained by Neukirch and Uchida in the case of global
fields.

Theorem (Neukirch, Uchida). Let K and L be global fields. Then the natural map
Isom(L, K) — Isom(Gg, Gr)/ Inn(Gp)

is a bijection.

More precisely, this is due to Neukirch [1969a; 1969b] and Uchida [1976] for
number fields, and due to Uchida [1977] for function fields of curves over finite
fields. Later, Pop generalized their results to the case of finitely generated fields
of higher transcendence degree ([Pop 1994; 2002]; see also [Szamuely 2004] for
a survey on Pop’s results).

In characteristic 0, Mochizuki proved the following relative version of the Hom-
form of the birational conjectures.

Theorem [Mochizuki 1999]. Let K and L be two finitely generated, regular ex-
tensions of a field k. Assume that k is a sub- p-adic field (that is, k can be embedded
in a finitely generated extension of Q) for some prime number p. Then the natural

map open
Homy (L, K) = Hom" (G, Gr)/ Inn(Ker(G — Gy))

is a bijection. Here, Homy, denotes the set of k-embeddings, and Hom?ien denotes

the set of open G-homomorphisms.

However, almost nothing is known about the absolute version (that is, not rel-
ative with respect to a fixed base field k) of the Hom-form, except for Uchida’s
result [1981] for K = Q and [L : Q] < oo.

A major obstacle in proving the Hom-form of the birational anabelian conjec-
tures is that one of the main common ingredients in the proofs of Neukirch, Uchida,
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and Pop, which is the so-called local theory (or Galois characterization of the
decomposition subgroups), and which is used in order to establish a one-to-one
correspondence between divisorial valuations, is not available in the case of open
homomorphisms between Galois groups. More precisely, the main result of local
theory available so far, Proposition 1.5, gives very little information on the image of
the decomposition subgroups in this case, though one can still prove some partial
results (Proposition 2.2, Lemmas 2.6 and 2.9). It seems quite difficult, for the
moment, to establish a satisfactory local theory that is suitable to the Hom-form of
the above conjecture. Also, the methods used in the proof of Mochizuki’s theorem
above are quite different, and do not rely on local theory. Instead, Mochizuki
proves his result as an application of his fundamental anabelian result that relative
open homomorphisms between arithmetic fundamental groups of curves over sub-
p-adic fields arise from morphisms between corresponding curves, the proof of
which relies on p-adic Hodge theory. It is not clear how to adapt Mochizuki’s
method to the case of positive characteristics.

In this paper we investigate the Hom-form of the birational anabelian conjectures
for function fields of curves over finite fields. For i = 1, 2, let k; be a finite field.
Let X; be a proper, smooth, geometrically connected algebraic curve over k;. Let
K; be the function field of X; and fix an algebraic closure K;of K;. Let K isep and

K; perf be the separable closure and the perfection of K; in K;, and k; the algebraic

closure of k; in K. erte G, = G K & Gal(K; P /K;) for the absolute Galois
group of K;, and Gk = Gal(k / k;) for the absolute Galois group of k;. We have

the natural exact sequence of profinite groups
= pr;
11— G, — G — Gy, — 1,

where G; is the absolute Galois group Gal(Kisep/K,-l;,-) of K;k;, and pr; is the
canonical projection.

Further, let p; be the characteristic of k;, and let Gp‘ be the maximal prime-to-
pi quotient of G;. The push-forward of this sequence with respect to the natural
surjection G; — G gives rise to the natural exact sequence

1G> 6" G 1.

Set &; def Gi, i = 1,2 (which we call the profinite case) or &; def G(p) 1 =1,2
(the prime-to-characteristic case). We investigate two classes of continuous, open
homomorphisms —rigid and proper homomorphisms — between &; and &,.
First, we investigate a class of continuous, open homomorphisms o : & — &5,
which we call rigid. More precisely, we say that ¢ is strictly rigid if the image of
each decomposition subgroup of & coincides with a decomposition subgroup of
®,, and we say that o is rigid if there exist open subgroups ; C &, H, C &,, such
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that o (1) C $» and that 9, 2 $, is strictly rigid. Thus, isomorphisms between
® and &, are (strictly) rigid by the main result of local theory for the Isom-form.
Let Hom(®, &,)"¢ be the set of rigid homomorphisms between & and &,.

We say that a homomorphism y : K» — K of fields (which defines an extension
K1/K, of fields) is admissible if the extension K;/K, appears in the extensions
of K, corresponding to the open subgroups of &,. An equivalent condition in the
profinite case is that the extension K;/K is finite separable; and in the prime-
to-characteristic case, that the extension K;/K> is finite separable and the Galois
closure of the extension Kk /K »k» is of degree prime to p def p1 = p2. We define
Hom(K>, K1)*™ < Hom(K>, K;) to be the set of admissible homomorphisms
Kz — K 1.

Now, our first main result is the following (see Theorem 3.4).

Theorem A. The natural map Hom(K,, K1) — Hom(&{, &,)/Inn(®,) induces
a bijection .
Hom(K>, K1)™™ = Hom(®;, ,)"¢/ Inn(&,).

Our method of proving Theorem A is as follows. First, we prove, using a cer-
tain weight argument based on the Weil conjecture for curves, that a strictly rigid
homomorphism o : | — &, induces a bijection Xy, 5% x, between the set of
closed points of X and X, (see Lemma 3.8). With this we can reduce the Hom-
form in this case to the Isom-form, which has been established in [Uchida 1977]
(profinite case) and [Saidi and Tamagawa 2009] (prime-to-characteristic case).

Next we consider a class of continuous, open homomorphisms ¢ : &; — &5,
which we call proper. These are homomorphisms with the property that the im-
age of each decomposition subgroup of &; coincides with an open subgroup of
a decomposition subgroup of &;, such that each decomposition subgroup of &,
contains images of only finitely many conjugacy classes of decomposition sub-
groups of 1. We also consider a certain rigidity condition, which we call inertia-
rigidity, on the various identifications between the modules of the roots of unity
(Definition 4.5). Unfortunately, we are not able to prove that this condition auto-
matically holds for proper homomorphisms. Let Hom(&1, &,)P"i"i¢ be the set of
proper and inertia-rigid homomorphisms between &; and &,. Our second main
result is the following (see Theorem 4.8).

Theorem B. The natural map Hom(K;, K1) — Hom(&1, &)/ Inn(&,) induces
a bijection o -
Hom(K>,, K1)*P — Hom(®&, &,)?""""¢/Inn(&,).

Here, we define Hom(K,, K1)**? C Hom(K>, K) to be the set of separable homo-
morphisms K, — K.

To prove Theorem B, we first show, using a weight argument, that a homomor-
phism o : &1 — &, as above induces a surjective map Xy, — Xy, between the sets
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of closed points of X and X», which has finite fibers (Lemma 2.9). Second, using
Kummer theory, we reconstruct functorially an embedding K, < (K7 Y% be-
tween multiplicative groups (Lemma 4.13). Finally, we show that this embedding
KX < (K™™)* is additive.

Recovering the additive structure is one of the main steps in the proof. This
problem was treated by Uchida in the case of a bijective identification K, = K *
between multiplicative groups, which is order-preserving and value-preserving. In
fact, one needs only to restore the additivity between constants. For this one has to
show identities of the form y(f> + 1) = y(f2) + 1 for some specific nonconstant
function f, € K;. Uchida succeeded in his case by choosing f, to be a function
with a minimal pole divisor (he called such a function a minimal element.) His
argument fails in the case of an embedding between multiplicative groups that is
not surjective, because the image of a minimal element is not necessarily minimal in
this case. Roughly speaking, we extend his arguments by using, instead, a function
that has a unique pole. This one-pole argument turns out to be very efficient, and
leads to the recovery of the additive structure under quite general assumptions
(Proposition 5.3).

Although rigid homomorphisms are a special case of proper homomorphisms,
we choose to treat them separately for several reasons. First, the important condi-
tion of inertia-rigidity is automatically satisfied in the case of rigid homomorphisms
(Remark 4.9(i)). Second, in the case of (strictly) rigid homomorphisms we can
reduce directly to the Isom-form, the proof of which can be based on class field
theory. This is not possible for proper homomorphisms, in general. In fact, in the
case of proper homomorphisms, class field theory reconstructs only the norm map
between the multiplicative groups of function fields.

This paper is organized as follows. In Section 1, we review well-known facts
concerning Galois theory of function fields of curves over finite fields, including
the main results of local theory. In Section 2, we investigate some basic properties
of homomorphisms between absolute Galois groups of function fields of curves
over finite fields, as well as homomorphisms between decomposition subgroups.
In Section 3, we investigate rigid homomorphisms between (geometrically prime-
to-characteristic quotients of) absolute Galois groups, and prove Theorem A. In
Section 4, we investigate proper homomorphisms between (geometrically prime-
to-characteristic quotients of) absolute Galois groups, and prove Theorem B. In
Section 5, we investigate the problem of recovering the additive structure of func-
tion fields. Using the above one-pole argument, we prove Proposition 5.3, which
is used in the proof of Theorem B in Section 4.

We hope very much that this paper is a first step towards proving the Hom-form
of Grothendieck’s anabelian conjecture concerning arithmetic fundamental groups
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of hyperbolic curves over finite fields, whose Isom-form was proven by Tamagawa
[1997] for affine curves and Mochizuki [2007] for proper curves.

1. Generalities on Galois groups of function fields of curves

1A. Notations on profinite groups and fields. 1Let € be a full class of finite groups
(6 is closed under taking subgroups, quotients, finite products, and extensions).
For a dproﬁnite group H, denote by H* the maximal pro-€ quotient of H, and set
HOZ g /Ker(H — H*), where H is a closed normal subgroup of H. Note that
H® coincides with H® if and only if the quotient A =y /H is a pro-¢ group.
By definition, we have the commutative diagram

1 H H A 1

Lol

l — H® > H® A 1,

where the rows are exact and the columns are surjective.

If ] is a prime number, we write H! and H® instead of H® and H® when %€ is
the class of finite /-groups, and we write H and H") when % is the class of finite
I’-groups (finite groups of order prime to /).

For a profinite group H, we write H%® for the maximal abelian quotient of H;
Sub(H) for the set of closed subgroups of H; Aut(H) for the group of (continuous)
automorphisms of H; and Inn(H) for the group of inner automorphisms of H.

For a profinite group H and a prime number /, denote by cd(H) and cd;(H)
the cohomological and /-cohomological dimensions of H. It is well-known that if
cd(H) < oo, then H is torsion-free.

Let « be a field and «*P a separable closure of k. Denote the absolute Galois
group Gal(«x*P/k) by G,. We write

Mo = Hom(Q/Z, (1c5P) ).
Thus, M, is a free 7% -module of rank one, where 77 is defined as 7 if chark =0
and as 77 if chark = p > 0. Further, M, has a natural structure of G,-module,
which is isomorphic to the Tate twist zT(l); that is, G, acts on M,sp via the
cyclotomic character y, : G, — (Z%)X.

1B. Galois groups of local fields of positive characteristic. Let p be a prime num-
ber. Let L be a local field of characteristic p, that is, a complete discrete valuation
field of equal characteristic p, with finite residue field £. We denote the ring of
integers of L by O;. Also, fix a separable closure L*P of L. We shall denote the
residue field of L*P by £, since it is an algebraic closure of £. Note that £ and
¢ can also be regarded naturally as subfields of L and L*P, respectively. Write
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D ¥ Ga 1(L3°P/L) for the corresponding absolute Galois group of L, and define
the inertia group of L by

1 &ef {y € D |y acts trivially on 2).
We have a canonical exact sequence
11— D— G ¥ Galg/e) — 1,
and, for a full class € of finite groups, we get a canonical exact sequence
1- 1> DY - Gy— 1.

The inertia subgroup [ possesses a unique p-Sylow subgroup /%. The quotient
ey /1Y is isomorphic to 7", and is naturally identified with the Galois group
Gal(L'/L"), where L' and L"" are the maximal tamely ramified and maximal un-
ramified extensions of L contained in L. We have a natural exact sequence

l>I'->D'—-> Gy — 1,

where D' % Gal(L'/L). (Observe that I' = I”" and D' = D)) In particular, I'
has a natural structure of G,-module. Further, there exists a natural identification
I' = M; of Gy-modules. These follow from well-known facts in ramification
theory. See [Serre 1968, chapitre IV] for more details.

Let!/ be a prlme number. Denote by D; an [-Sylow subgroup of D. Then the
intersection Il &N D is an [-Sylow subgroup of /. Thus, I, =I" and, for [ # p,
1 is isomorphic to Z;. The image G, ; of D; in G, is the unique /-Sylow subgroup
of Gy~ Z and hence G, ; >~ Z;. We have a canonical exact sequence

1—)[1—)D1—>Gg’l—)1.

In particular, /; has a natural structure of G, ;-module, and, if / # p, there exists a
natural identification /; = Mj; of G ;-modules, where M; ; stands for the /-Sylow
subgroup of the profinite abelian group M.

It is well-known that cd; (D) = cd(D;) = 2 for any prime number [ # p, and that
cd,(D) =cd(Dp) = 1. Thus, cd(D) = 2 < oo. In particular, D is torsion-free.

Proyosmon 1.1. Let ®© be a quotient of D, let J be the image of I in D, and let
Gy = @/J For each prime number 1, let ©;, J; and &, be the images of Dy, I
and Gy in ®, T and &, respectively, which are each [-Sylow subgroups of ®, J
and By, respectively. Let | be a prime number # p.

(i) One of the following cases occurs.
Case 0: cd;(®)=0,9;={1}, 3, ={1}, and &,; = {1}.
Case 1: Cd1(©)=1,@12Gg,31={1}, andéﬁgylz
Case 2: Cd[(@) = 2, @[ >~ D[, 31 >~ I[, and @g,l ~ Gg.
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Case oo: ¢d;(®D) = oo, and J; is a finite group.

(ii) Assume that Case 2 occurs. Let ®' be an open subgroup of ©, L' the (finite,
separable) extension of L corresponding to ®' C©, and D' the inverse image
of ®"in D. (Thus, D' = G.) Then, for each finite l-primary ®'-module M
and each k > 0, one has H*(®', M) = H*(D', M).

Proof. (i) Since J; is a quotient of I; > Z;, one of the following occurs: (a) J; = {1},
(b) J3; = Z/I"7Z for an integer m > 0, and (c) J; =~ Z;. If (a), D, is a quotient of
D;/I; =Gy~ 7;. Thus, it is easy to see that one of Cases 0, 1, or co occurs. If (b),
Case oo occurs. If (c), we have &, ; ~ G, ;. This follows from the fact that /; is
isomorphic to M;; on which Gy ; acts via the /-adic cyclotomic character, and that
the /-adic cyclotomic charter x; : G¢; — Z;° is injective. Thus, it is easy to see
that Case 2 occurs.

(ii) Replacing L by L', we may assume that L’ = L. (Observe that Case 2 occurs
also for the quotient G,y = D’ — D'.)

Denote by N the kernel of the surjection D — ®. By the assumption that Case 2
occurs, Dj is injectively mapped into ®, and hence D; N N, which is an [-Sylow
subgroup of N, is trivial. Since N is of order prime to [, we have H*(D, M) =
H*®, H'(N, M)) = H*(D, M), as desired. O

1C. Galois groups of function fields of curves. Let k be a finite field of charac-
teristic p > 0. Let X be a proper, smooth, geometrically connected curve over
k. Let K = Kx be the function field of X and fix an algebraic closure K of
K. erte K P and k = kP for the separable closures of K and k in K. Write
G = GK = Gal(Ksep/K) and Gk = Gal(k/k) for the absolute Galois groups of K
and k, respectively. We have the exact sequence of profinite groups

1-G—>G3 G- 1, (1.1)

where G is the absolute Galois group G xi = Gal(K*P/K k) of Kk, and pr is the
canonical projection. Here, it is well-known that the right term Gy is a profinite
free group of rank 1 that is (topologically) generated by the Frobenius element,
while the left term G is a profinite free group of countably infinite rank [Pop
1995; Harbater 1995]. However, the structure of the extension (1.1) itself is not
understood well. From (1.1) above, we also obtain the exact sequence

156G 5692 g 51

for each full class 6 of finite groups.
In the rest of this section, let N be a closed normal subgroup of G and set
QS =i¥e; /N. Let K denote the Galois extension of K correspondlng to N, that is,
def (K*P)N. Let & be the i image of G in ®, and set Q’Bk = Qﬁ/@ which is a
quotlent of Gy.
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For a scheme T, denote by X7 the set of closed points of 7. Write X for
the integral closure of X in K*®P. The absolute Galois group G acts naturally on
the set Z <, and the quotient X / G is naturally identified with Xx. For a point
xe Z W1th residue field k(x) (Wthh is naturally identified with k), we define its
decomposmon group D: and inertia group I; by

; Sy eGly(®) =13
and def ~
I; = {y € D: | y acts trivially on k(X)},

respectively. We have a canonical exact sequence
1—)[;—>D;—>Gk(x)—>1,

where x stands for the image of X in Ty.

More generally, write X for the integral closure of X in K. The Galois group
& acts naturally on the set X3, and the quotient X ;3 /& is naturally identified with
Y x. For a point X € X, with residue field k(x) (which is naturally identified with
a subfield of k), we define its decomposition group D3 and inertia group J; by

Dy e®|yE =5

and e

J: = {y € D3 | y acts trivially on ()},
respectlvely (For any g € &, one has ©gg~: ¢®:g ! and JTez = gJzg™ ') Set
(’5k(x) @ #/J%. Thus, if we take a point X € E):( above X € X3, then D3, J;,
and &) are quotients of Dz, Iz and Gy(x), respectively, where x stands for the
image of x in £ x. We have a canonical exact sequence

1—)3;—)@;—)@/(()()—)1.

For each closed subgroup $ C &, denote by X the image of x in X . Define

K U (K¢)ig s
HCS

where ) runs over all open subgroups of &, and (K 53),% means the X y-adic com-
pletion of K 55 (K )9. Then the Galois group Gal(K;/K,) is naturally identified
with ® 3, where x d_fo5 € Xyx.

In the rest of this subsection, we fix a prime number / # p, and make two
assumptions: (1) N/ = N, or, equivalently, K admits no [ -cyclic extension; and (2)
K contains a primitive /-th root of unity.

Remark 1.2. Let € be a full class of finite groups.

(1) If F; € 6, then the quotient G of G satisfies these two assumptions.
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(i) If F; € € and Gal(K(¢)/K) € 6, then the quotient G of G satisfies these
two assumptions.

Lemma 1.3. Let x € X and take Xe 2):{ above x. Let Dz ; be an [-Sylow sub-
group of Dz and D5, the image of Dz ; under the natural surjection Dz — Dy,
which is an [-Sylow subgroup of ©;. Then the natural surjection Dz, — D; is
an isomorphism.

Proof. Take t € K such that ¢ is a uniformizer at x def X¢ € Xx. Then by the
two assumptions (and by Kummer theory), any ["-th root ¢!/!" of ¢ is contained in
K. From this, it follows that I; _f Dz NI is injectively mapped into ;. Now,
applying Proposition 1.1(i) to the quotlent G k, = Dz — D3, we conclude that only
Case 2 from that proposition can occur, as desired. (]

Lemma 1.4. Let &' be an open subgroup of &, K’ the (finite, separable) extension
of K corresponding to & C &, and G’ the inverse image of &' in G. (Thus,
G' = Gg.) Then, for each finite l-primary & -module M and each k > 0, one has
HK®', M) S HYNG', M).

Proof. Replacing K by K’, we may assume that K’ = K. (Observe that the two
assumptions also hold for the quotient ¢ ¥ k' — & =G’/N.) By Lemma 1.3,
one has cd;(N) < 1. (See [Serre 1994, chapitre 11, proposition 9], which only treats
the number field case but whose proof works as it is in our function field case.)
Next, by the assumption that N = N, one has H'(N, M) = Hom(N, M) = 0.
Thus, we have HX(G, M) = H*(&, H'(N, M)) = H*(&, M), as desired. O

Proposition 1.5 (Galois characterization of decomposition subgroups).

(i) Let X # X' be two elements of X 3. Then Dz N Dy is of order prime to I, and
hence, in particular, is open neither in ®z nor in Dji.

(i1) Let Dec;(®) C Sub(®) be the set of closed subgroups © of & satisfying the
following property: There exists an open subgroup D¢ of © such that for any open
subgroup ®' C Dy, dimp, H*(®',F;) = 1. Define Dec™ (&) C Dec;(®) to be
the set of maximal elements of Dec;(®). Then the map L3 — Sub(®), X — Dx
induces a bijection X3 = Dec}“ax(Qﬁ), and, in particular, is injective.

Proof. (i) As in [Uchida 1977], this follows from the approximation theorem
[Neukirch 1969b, Lemma 8]. More precisely, let ©; be an /-Sylow subgroup of
Dz N Dy, and suppose that ®; # 1. Since D; C Dy is torsion-free, D; is an
infinite group. Thus, one may replace & by any open subgroup, and assume that
{1 € K, that the images x and x" in £ x of X and X are distinct, and that the image
of ®; in % /(&®)! is nontrivial. In particular, this implies that the natural map
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is not injective. By Kummer theory, this last condition is equivalent to saying that
the natural map
KXJ(K) — KX (K < K3 /(K

is not surjective. This contradicts the approximation theorem. (Note that (K X)'
and (K )" are open in K¢ and K}, respectively.)

(ii) By Proposition 1.1(i) and Lemmas 1.3 and 1.4, the proof of Uchida [1977]
(which is essentially due to Neukirch, [1969a; 1969b]) works as it is. See [Uchida
1977, Lemmas 1-3] for more details. O

Remark 1.6. For other characterizations of decomposition groups— applicable
to much more general situations — see, for example, Theorem 1.16 of [Pop 1994],
Theorem 2 of [Koenigsmann 2003], or the results in [Engler and Koenigsmann
1998; Engler and Nogueira 1994].

1D. Fundamental groups of curves. Write

def
P ) s,

for the closed subgroup of G generated by the inertia subgroups /; for all Xe
E}:{, and call it the inertia subgroup of G. Then [ is normal in G. The quotient
G/I is canonically identified with the fundamental group 7;(X) of X with base
point Spec(l? ) = X [Grothendieck and Raynaud 1971]. We have a natural exact
sequence _ or
l->mX) > m((X)— Gy —>1,

where 1 (X) is the fundamental group of X Ly x «k with base point Spec(K) — X
and pr is the canonical projection. We have the exact sequence

L= 1 ()™ — 1 (0™ 5 G — 1,

where 71 (X)2°" is the torsion subgroup of 771 (X)2°, and pr is the canonical projec-
tion. Moreover, 771 (X) " is a finite abelian group that is canonically isomorphic
to the group Jx (k) of k-rational points of the Jacobian variety Jy of X.

More generally, write J = o (J%)zex, for the closed subgroup of & generated by
the inertia subgroups Jz for all X € X3, and call it the inertia subgroup of &. Then
J is normal in &. Set I'IX = Q5/J which is a quotient of 1 (X). Define IT5 to be
the image of 71 (X) in ITy. Then we have a natural exact sequence

1 - Mg — My > & — 1.

When & = G© for a full class € of finite groups, we have ITx = 71 (X)®. In
this case, we have the exact sequence:

ab, tor b Pr
1 - Iy — 1Y = Gy — 1,



142 Mohamed Saidi and Akio Tamagawa

ab,tor ab,tor .

where ITy " is the torsion subgroup of H“b Moreover, ITy"™ is a finite abelian
group that is canonically isomorphic to the maximal (pro- )‘6 quotient Jx (k)® of
the finite group Jx (k).

2. Basic properties of homomorphisms between Galois groups

In this section we investigate some basic properties of homomorphisms between
Galois groups of function fields of curves over finite fields. First, we shall inves-
tigate a class of homomorphisms between decomposition subgroups, which arise
naturally from the class of homomorphisms between (quotients of) Galois groups
that we consider in Sections 3 and 4.

2A. Homomorphisms between Galois groups of local fields of positive charac-
teristics. Fori e {1, 2},let p; > 0be a prime number. Let L; be a complete discrete
valuation field of equal characteristic p;, with finite residue field £;. Let Oy, be the
ring of integers of L;. Also, fix a separable closure L?ep of L;. We shall denote the
residue field of LSep by ¢;, since it is an algebraic closure of £;. Note that £; and
¢ can also be regarded naturally as subfields of L; and L P respectively. Write
D <l Ga l(LSep /L;) for the corresponding absolute Ga101s group of L;, and call
I; C D; the inertia subgroup. For each prime number /, let D;; be an [-Sylow
subgroup of D;.
By local class field theory [Serre 1967], we have a natural isomorphism

(L )/\ Dab

def . b .
where (L W = 1 L l.x /(L I.X)”. In particular, D?® fits into an exact sequence

n

0—0; > D" —7-0

(arising from a similar exact sequence for (L;)"), where @Zi is the group of mul-
tiplicative units in Oz,. Moreover, we obtain natural inclusions

¢ x Ul =0} C L < D,

1

where U il is the group of principal units in @Zi, and
L} /0} = Z < D{/Im(0})

(where = is the isomorphism induced by the valuation), by considering the Frobe-
nius element.

Let ®; be a quotient of D;, J; the image of /; in ©;, and &, déf’Di/j,-. For each
prime number /, let ©; ; be the image of D;; in ®;, which is an /-Sylow subgroup
of ®;. Write

Jm(¢)), ImU}) C Im(0}) C Im(L]) C D
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for the images of £, U/, 07, and L in D, respectively. In the rest of this

subsection, we assume that either ®; = D;, i = 1,2 or D; = D} = Dl.(p’ ), i =
1, 2, and refer to the former and the latter cases as the profinite and the tame
cases, respectively. Thus, we have @?b = (L))", Im(L*) =L}, Jm(GZi) = @Zi,
Jm(£S) = ¢ and Im(U}) = Ul.1 in the profinite case, and ’D?b = (L)HN U},
Jm(L]) =L} /U}, Im(0}) =0} /U =Tm(e]) = £ and Im(U}') = {1} in the
tame case.
Let
T:3] —>» %)

be a surjective homomorphism between profinite groups. Write t2° : ’D?b — ’D%b
for the induced surjective homomorphism between the maximal abelian quotients.
For each prime number /, 7(®;) is an /-Sylow subgroup of ©,, and we shall
assume that 7(D;) =D> .

Proposition 2.1 (invariants of arbitrary surjective homomorphisn(}s‘between de-
composition groups). (i) The equality p; = p; holds. Set p zf p1 = po.

(ii) Letl # p be a prime number. We have ® ;N Ker t = {1}. In particular, Ker t
is pro-p. In the tame case, T is an isomorphism.

(iii) The homomorphism t induces a natural bijection £; = €} between the mul-
tiplicative groups of residue fields. In particular, £, and £, have the same
cardinality.

(iv) t induces naturally an isomorphism M, 5M i,» Which is Galois-equivariant
with respect to t. In particular, T commutes with the cyclotomic characters
xi i = (ZV)* of ®;, that is, the following diagram is commutative:

2Py = @")*

4

@1 4r> @2.

(v) We have t(3;) = J>.

(vi) The homomorphism t® : D% — D preserves IJm(L)), Jm(GZi), Jm(e)
and Im(U}). Further, the isomorphism @Z’l‘b/jm(@zl) — ng/jm(@zz) in-
duced by t preserves the respective Frobenius elements.

Proof. Property (i) follows by considering the g-Sylow subgroups of ®; for var-
ious prime numbers ¢. Indeed, for i € {1, 2}, ©, ,, is not (topologically) finitely
generated (resp. is cyclic) in the profinite (resp. tame) case, while ©; ; for a prime
number [ # p; is (topologically) finitely generated and noncyclic. Accordingly,
the surjection D1 ,, — D3 ,, (resp. Dy, ,, — D2 p,) cannot exist in the profinite
(resp. tame) case, unless p; = py. Thus, we must have p; = p».
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The ﬁrstrassertion of (i1) follows from Proposition 1.1(i), applied to the quotient
Dy — %1 — 3. The second assertion follows from the first. The third assertion
follows from the second, together with the fact (which can be checked easily) that
D} admits no nontrivial normal pro-p subgroup.

Next, we prove (iii). By local class field theory, the torsion subgroup D"
of D?b is naturally identified with £;* (both in the profinite and the tame cases),
and hence, in particular, is finite of order prime to p. By (ii), the kernel of the
surjective homomorphism 72 : @i‘b — @Ez‘b is pro-p. Thus, 7 induces a natural
isomorphism D" = D" which is naturally identified with £ = £5, as
desired.

By applying the above argument to open subgroups of ®; (which correspond to
each other via 1), with i = 1, 2, and passing to the projective limit with respect to
the norm maps, we obtain a natural isomorphism M, >M 7, between the modules
of roots of unity. Here, we use the fact that if L} is a finite extension of L; cor-
responding to an open subgroup ®’ of ©;, then the following diagram commutes:
(L) —= D)

1

-

(L) — D,

where the horizontal maps are the natural surjective homomorphisms from local
class field theory, and the map @;ab — @;T‘b is induced by the natural inclusion
’D; C ©;. Further, this identification is (by construction) Galois-compatible with
respect to the homomorphism 7. This completes the proof of (iv).

Property (v) follows from property (iv), since J; coincides with the kernel of x;
fori =1,2.

Next, we prove (vi). First, 7 preserves the image Jm(GZi) by (v), since this
image coincides with the image of the inertia subgroup J;. Since Jm({;) (resp.
Jm(Ul.l)) is the maximal prime-to-p (resp. pro-p) subgroup of Jm(@zi), property
(vi) for jm(ﬂix) (resp. Jm(Ul.l)) follows. Further, by (iii) and (iv), the homo-
morphism @?b /3m(©zl) — @gb /Jm(GZQ) induced by t preserves the respective
Frobenius elements, since such an element is characterized as the unique element
whose image under y; is §(¢;). Finally, since Jm(L) is the inverse image in ’D?b
of the subgroup generated by the Frobenius element in @?b /Im(O >L<,~) fori =1,2,
they are preserved by 72°. O

2B. Homomorphisms between Galois groups of function fields of curves over
finite fields. Next, we shall investigate some basic properties of homomorphisms
between Galois groups of function fields of curves over finite fields. We follow the
notations in Section 1, especially subsections 1A and 1B. Moreover:
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Notation. (i) For i € {1, 2}, let k; be a finite field of characteristic p; > 0. Let X;
be a smooth, proper, geometrically connected curve of genus g; > 0 over k;. Let
K; = K. be the function field of X; and fix an algebraic closure K; of K;. Let
K; *P be the separable closure of K; in K;, and k; the algebralc closure of k; in K.

Followmg the notations in Section 1, we will write G, e k;, = Gal(K; *PIK)
for the absolute Galois group of K;, and G; L k. = Gal(K; *P/Kik;) for the

absolute Galois group of K;k;.

(i1) Let NV; be a normal closed subgroup of G; and set Q5, = G / N Let K;
denote the Galois extension of K; correspondlng to N;, that is, Ig = (K bep)N'
Let G; be the i image of G, in ®;, and set @k = (’5,/(’5,, which is a quotient of
Gy, = Gal(kl/k,). Fori =1, 2, let us denote by ¢, the image in &y, of the #(k;)-th
power Frobenius element of Gy, .

(ii1) Write X ; for the integral closure of X; in 1€l~. The Galois group &; acts
naturally on the set X3 , and the quotient Xy /®; is naturally identified with Xy, .
Denote the natural quotient map £; — Xy, by ¢;. For a point x; € X3, with
residue field k; (X;) (which is naturally identified with a subfield of k;), we define
its decomposition group Dy, and inertia group J;, by

df
Dz =y €6 | y(F) =%}
and

s, def {y € Dy, | y acts trivially on &; (X;)},

respectively. Set &y, (x)) def ®~ ./J5,, where x; stands for the image of x; in Xy,.
Write J; & (I%)zex, for the closed subgroup of &; generated by the inertia

subgroups Jz, for all X; €X; %,» and call it the inertia subgroup of &;. Then J; is
normal in &;.

(iv) Let 0 : | — &, be a continuous homomorphism between profinite groups.

Proposition 2.2 (image of a decomposition subgroup). Let [ # p1, p» be a prime
number, and assume that (1) Nl N>, or, equivalently, K2 admits no [-cyclic
extension; and (2) K contains a primitive l-th root of unity. For each x| € X3 %, Jix
an [-Sylow subgroup Dz, | of D, and set Tz, Y5 Jz, N Dy, 1, which is an [-Sylow
subgroup of Jx,. Let Xy . be the set of X1 € X, such that cd;(0 (D)) = 2.
Then:

(1) There exists a unique map q7> = qg(,,l : E}?l,a,l — 25(2 such that o (Dz,) C Q&()Eu)
foreachxi € 3 .

(ii) Foreach x, € X3, 0.0 there exists an [-Sylow subgroup @5(51),1 Of@JJ(il) such
that o (D5, 1) C 943()21),1' Moreover, we have o (Jz, 1) C 343()?1),1’ where we set

def

Iaa = Jai) N5

GG,
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which is an [-Sylow subgroup ijé(il)'
(ii1) The subset % %00 C > % is ®-stable, or, equivalently,

~1
Xi00=q91 (Xx,00):

where Xx, 51 dzefql (2%, .5.1)- The map ¢ is Galois-compatible with respect to
o: we have
b(g1%1) =0 (g1)p(X1)
for any X1 € X %,.00 and any g1 € &1. In particular, & induces naturally a
map ¢ = ¢o1 : Lx,,01 —> LX,-
(iv) Forany x| € 25{1 ~ 25{1,6,1’ we have o (Jz, 1) = {1}.
(v) For two primes | = 11, I, satisfying the assumptions, qgg’ll and (]30,12 coincide
with each other on the intersection ¥ | NXg .
Proof.
(i) Take x; € Z%, 00 Applying Proposition 1.1(i)(ii) to ® = o (Dy,), we have
0 (D5,) € Dec; () in the notation of the result in part (ii) of Proposition 1.5.

Thus, by this same result, there exists X, € X %, such that o0 (®z,) C D;,. By
Proposition 1.5(i), such x, is unique. So, set

P(X1) = Fa,
which has the desired properties.

(i) The existence of Qé(il),l follows from the fact that o (D3, ;) Co (Dy,) C @(5(;1)
and that o (Dy, ;) is pro-/. Finally, consider the composite map of

o ~ _ 5
D35 = D) = Do/ I = Cra@@iny-
The.n, since Cdl(.ﬁ_kz(qz(d;(il)))) = 1,.the image of Jz, ; in ®k2(qz(¢3(i1))) must be
trivial by Proposition 1.1(i), as desired.
(iii)) Immediate from the definitions.

(iv) Wehave cd; (0 (D5,)) <cd;(&2) <2 < 0o, where the second inequality follows
from Lemma 1.4. Now, the assertion follows from Proposition 1.1(i).

(v) This follows from the fact that the defining property o (Dz,) C D B of q~> 18
independent of /. (|

We shall consider the following conditions:

Condition 1. Either ;, = G;,i = 1,2 or &, = G;p;), i =1,2. We refer to the
former and the latter cases as the profinite and the prime-to-characteristic cases,
respectively. (Observe that conditions (1) and (2) in Proposition 2.2 are then sat-
isfied for any prime number [ # p1, p>.) In particular, we have &;, = G, in both
cases.
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Condition 2. The map o : &; — &, commutes with the projections pr, pr,, that
is, it inserts into the commutative diagram

1%@1%@51&(;1(1%1

b al

1%@2%@52&(}1@%1,

where the rows are exact.
Condition 3. The map o : &; — &, is an open homomorphism.
In the rest of this section, we assume that Condition 1 holds.

Lemma 2.3. In the prime-to-characteristic case, Condition 2 automatically holds.
In the profinite case, if 0 (J1) C Jo, then Condition 2 holds.

Proof. In the prime-to-characteristic case, the quotient pr; : &; — Gy, coincides
with ®?b modulo the closure of the torsion subgroup. Thus, o commutes with the
projections pry, pry.

In the profinite case, assume that o(J;) € J;. Then o induces naturally, by
passing to the quotients &, /J;, a homomorphism 7 (X)) — m1(X3) between fun-
damental groups. The quotient pr; : &; — m1(X;) — Gy, coincides with (X ;)2
modulo the torsion subgroup. Thus, o commutes with the projections pr;, pr,. [

In the rest of this section, we assume, moreover, that Condition 3 holds. Then
note that, if Condition 2 also holds and if o : G, — Gy, and 6 : & — &, are
homomorphisms induced by o, then automatically oy is open and injective and o
is open.

Lemma 2.4 (invariance of the characteristics). The equality p; = p» holds.

Proof. By replacing &, by the open subgroup o (&) C &;,, we may and shall
assume that o is surjective.

In the profinite case, the assertion follows by considering the (pro-)g-parts of
Qﬁ;‘b for various prime numbers g. More precisely, for i € {1, 2}, consider the
filtration @?b = Fi0 D Fl.1 ) Fiz, where Fl.1 is the image of ®; = Ker(®; — Gy,)
and Fl.2 is the image of Ker(®; — m1(X;)). Then, by global class field theory,
FY/F! = Gy, (= 2), F!/F? = Jx, (k;) (finite), and

Fi2 = < 1_[ é;i,x,‘>/kix’
xiEZXi

where @)X(,-,x,- is the multiplicative group of the completed local ring of X; at x;.
Further, we have a natural decomposition @)X(,-,x,» =k(x;)* x lei, where k(x;)* is
the multiplicative group of the residue field of X; at x; (and hence finite) and U ):,- is



148 Mohamed Saidi and Akio Tamagawa

the group of principal units in @; x; (and hence isomorphic to a direct product of
countably infinite copies of Z,). Therefore, the p;-part of 05?'3 modulo the closure
of the torsion subgroup is not finitely generated, while the /-part of Qﬁ?b modulo
the closure of the torsion subgroup, for a prime number [ # p;, is finitely generated
(and even cyclic). (Note, however, that the /-torsion subgroup of @?b is infinite.)
Thus, &, being a quotient of & (via o) we must have p; = p».

In the prime-to-characteristic case, the assertion follows by considering the g-
Sylow subgroups &; , of &; for various prime numbers g. As o is assumed to be
surjective, we may and shall take &, , = 0 (& ,). Indeed, for i € {1, 2}, &; ),
is cyclic, while &;; for a prime number / # p; is noncyclic. Accordingly, the
surjection &, — &, ,, cannot exist, unless p; = py. Thus p; = p». O

def
So, from now on, set p = p; = p».

Remark 2.5. The same argument used in the proof of (the prime-to-characteristic
case of) Lemma 2.3 shows that an open homomorphism o : &1 — &, between profi-
nite groups automatically commutes with the natural projections pr} : &; — G,fl_ /,
induced by pr;, for i =1, 2. Thus, we have the commutative diagram

where the right column is automatically open and injective. The authors do not
know, at least at the time of writing, whether or not Condition 2 follows from
Conditions 1 and 3 in general (that is, even in the profinite case).

In the rest of this subsection we assume that Condition 2 holds.

’ /
Lemma 2.6. The map o induces a natural open homomorphism o’ Ggp ) Ggp ),
which commutes with the canonical projections

G > Gy i=1,2.

Fori =1,2, let 3} be the image of 3; C &; in Ggp). Then o'(3)) C J3,. Thus, o
induces a natural open homomorphism t’ nl(Xl)(p,) — m(Xg)(p,), which com-
mutes with the canonical projections w1 (X i)(l’/) — Gy,; 1 =1, 2. In particular, we
have g1 > g>.

Proof. The first assertion is clear. The second follows from Proposition 2.2(ii)(iv).
The third assertion follows from the second. Now, 7/ : 71 (X)) — 71 (X2)?")
induces an open homomorphism 7} (X 1)1’/ - (X 2)”/, and hence an open homo-
morphism m(yl)f’/’ab — 71]()_(2)1’/*3'3. Since m()_(i)”/’ab is a free ZP'-module of
rank 2g; for i =1, 2, this implies the last assertion. O
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Lemma 2.7. For a prime number | # p, the map ¢ =1 : Lx, 6.1 — Lx, IS almost
surjective, that is, Xx, \ ¢(Xx, o.1) is finite. In particular, Xy, 5 is infinite (and
hence, a fortiori, nonempty).

Proof. Assume that the set S = EXZ N ¢ (Zx, 4,1) is infinite. Set U2 Xz NS,

As in (the third assertion of) Lemma 2.6, then o induces an open homomor-
phism ‘L'l(l) (X )D = 7 (U,)Y, which is a lifting of the homomorphism AN
71 (X1)® - 71(X2)® induced by v’ m; (Xl)(l’/) — m(Xz)(P/). We have a com-
mutative diagram

1] — 711()_(1)1 — 7T1(X1)(l) Py Gy, —1

) wlal

1] — 711([72)1 — m(Uz)(l) L G, — 1,

where U, défUz xkzlEZ. Since rl(l) (X)) = 1 (U)D is open and oy : Gi, = Gy,
is (open and) injective, we see that ff (X)) = m(Uy) is open. This is a
contradiction, since 7 ()_( Dl s (topologically) finitely generated, while nl(l_] 5)!
(and hence fll (1 (X 1)) also) is not (topologically) finitely generated, since S is
infinite. U

Lemma 2.8. Let 00 : G, = Gy, be the (open, injective) homomorphism induced
byo Set do [sz G()(le)]

(1) The following diagram is commutative:

2Py = @")*

of ]

o0
Gy, — Gy,

PrlT PrzT

@1 4o> @2,

where xy, is the cyclotomic character of Gy, fori =1, 2.
(ii) We have 1(ki) = 9(ko)® and oo(pr,) = ¢}.
Proof. (i) Since the bottom square is commutative by the definition of op, we
only have to prove that the top square is commutative. As Gy, is (topologically)
generated by ¢i,, we may write oo(@r,) = ¢, where a € Z. Now, the desired
commutativity i, o 0o = Xk, is equivalent to saying that x, (oo(@x,)) = Xk, (¢k,)
(as Gy, is (topologically) generated by ¢, ). Since xi, (¢x,) = (ki) = p*1F»! and

Xk (00(01,)) = X (9) = Xio (91,)% = (k) = p*1tr],
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the desired commutativity is thus equivalent to the equality a[ky : F,] = [k; : F)]
in Z. (The homomorphism 7 — (27, B+ pP is injective by [Chevalley 1951,
théoreme 1].) In particular, it suffices to prove the desired commutativity on an
open subgroup H C Gy,. Indeed, set m &f [Gk, : H]. Then, since (p,’(’; is the
Frobenius element for H, the commutativity on H is equivalent to the equality
malky :Fpl=mlky:F,]in Z, which implies a[ky : F,] = [k; : F,], as desired. Thus,
by replacing & and &, by suitable open subgroups, we may and shall assume that
g > 0.

Next, for each prime number [ # p and i € {1, 2}, let xx, ; : G, — Z;° denote the
[-adic cyclotomic character. Thus, corresponding to the decomposition 27" =
]_[l#p ZIX, we have i, = (xx;.1)12p- We have to prove that x, oo = xx,, which is
equivalent to saying that x, ;o o9 = x,.; for all / # p.

We shall first prove that the last equality holds up to torsion. More precisely,
denote by xx,; the composite of

Gy, =77 77 )@

By Lemma 2.7, we can take x| € 25(1,0,1 # . Set x» d=efq~5(i1). Let x; denote the
image of x; in Xy, for i = 1, 2. By Proposition 2.2(ii), we have o : Dz, ; — D53,
and o : Jz, ; — Js,, which are injective by Proposition 1.1(i). This implies that
Xky.1 ©00 = Xk, holds on the image of D%, ; in Gy,, which is an open subgroup of
the /-Sylow subgroup Gy, ; of Gy,. As Z; /(Z[)*" ~ 7, is torsion-free and pro-/,
this implies that )i, ; 0 60 = X, .1-

In particular, we have xx, :(co(¢k,)) = Xk,.1(¢r,). This implies the equality
B(ko)* = 4(ky) in Z /(Z])°" ~ Z;. Since p € Z;" is not torsion, this last equality
shows that o[k, : F,] = [k; : ] in Z;. Here, corresponding to the decomposition
7= [ prime Z;, we write o = (@;);: prime- Or, equivalently, we have

alky :Fpl=1[ki :Fpl+1,(€)

in Z where (), : 7, — 7 is the natural injection and € dzetozp[kz Fpl=lki:FpleZ,.

On the other hand, by Lemma 2.6, we get an open homomorphism 71 (X | ) —
T ()_(2)”/, and hence a surjection 7} ()_(I)P/'ab ®7 Q — 1 ()_(z)p/’ab ®z Q, which is
Galois-compatible with respect to

op . le — sz.

For each i =1, 2, let P;(T) be the characteristic polynomial of (pk "l on the free

7P -module 71(X;)P"2 (of rank 2g;), where i’ is defined by {i, i’} = {1, 2}. Then
it is known that P;(T) € Z[T].

Write p; for the natural representation Gy, — Auty,, (7 (X i)p/’ab). Let Rg be
the (commutative) Q-subalgebra of End;, ®Z@(m()_( )P @7 Q) generated by
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02(Gy,). We have :
Py(oa(pp ) =

in Rg. By the Galois-compatibility, we also have

Pi(pa(oo(gp > ") =0

[2 pJ

in Rg. These identities imply that both of ,02((kal o, p2(00(g,” ")) € Rg are
algebraic over (O, and hence so is the ratio
[kZ pJ [kl 0{[1(2 F J [kl pJ tp(é) def

hh = pa(ep) ) = p2(
in R@ So, take a monic polynomial Q(T') € Q[T] satisfying Q(n) =01in Rg. Set

b < deg(Q).
Let [ # p be a prime number, and let R; g be the image of Rg in

Endg, (1 (X2)"* ®7 Q).

p2(00(@y, ") (@,

Then observe that the image 7; of n in R; o C Endg, (m1(X2)"*®* ®7 Q) is a pro-p
element of Endz, (7 (X,)®)* and hence a torsion element of p-power order. So,
let p% be the order of ;. As Q(n;) = 0 in the commutative (-algebra R; g, we
conclude: ((p —1)/p)p* < p(p*) < b, where ¢ stands for Euler’s function. (Use
Q — R; g, which follows from g> > 0.) Thus, g, is bounded: there exists a > 0
such that ¢; < a for all [ # p. Namely, (;)?" =1 for all [ # p.

Set ¢ def det(n;), where the determinant is taken as an element of

Endg, (1 (X2)"* ®7 Q).

Since det is a multiplicative homomorphism, we have (&)?" =1 for all [ # p. Set
e def (C)izp in (ZPy* = ]_[l#, Z; . Now, by construction, we have

¢ =10l ) = 8k,

and hence (k)P %€ =1 in (ZP )*. Since the homomorphism 7 — (Zp/)x,
B +— pP is injective, this last equality forces [k : Fplp®gatp(e) =0 in 7. As
[k2 : Fp1p“g2 > 0, this implies ¢, (¢) = 0. Namely, we have afk; : F,] = [k : [)p]
in Z as desired.

(i1) As in the proof of (i), set O—O((pkl,\) = (p,‘z‘z. Since Gy, = 7 and [Gk, : 00(Gk,)]=
do, we must have @ =dou, where u € Z*. Now, since a[k; : F,]=[k; :F,] by (i), we
getdoulky 1 F ] = [k : Fpl, and thus u =[ky : F,1/(dolks : Fp]) € Q-0 (C 7®70Q).
Since 7* N Q-0 = {1}, we conclude u = 1. Thus, dolks : F,] = [k; : F,] and
00(¢r,) = (p,f;’, as desired. O

Lemma 2.9. For each prime number | # p, the map (l;a,l P X%, 00 > Zg, IS
surjective. In particular, the map ¢q1 : x, 51 — XX, IS surjective.
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Proof. As in the proof of Lemma 2.7, set

SE Sy Sy and U, E X, S.
By Lemma 2.7, S is a finite set. Let 7 < oo be the cardinality of S(k»). Then o
induces an open homomorphism rl(l) i (X)D® = 7 (Uy)®, which is a lifting
of the homomorphism O (X)) = 71(X2)? induced by ' : m (Xl)(f’/) —
T (X 2)(”/) in Lemma 2.6. We have a commutative diagram

1 — X)) - mx)? 2 G, — 1

f{\L ‘El(hJ( Gol

1 —> 1 (Uy) — mU)? 2% Gy, — 1,

where U, def U, kaIEz. Since rl(l) (X)) = 1 (U)D is open and oy : Gk, — Gy,
is (open and) injective, we see that ff (X)) = i (Uy) is open. The open
homomorphism fll A ()_( D! = 71(U,)! induces an open homomorphism ff’ab :
71(X1)*® — 7(Uy)"®. This last homomorphism is, by construction, Galois-
compatible with respect to o : Gy, = Gy, . In other words, if we regard (U,)l-2d
as a Gg,-module via og, then ff b 45 a homomorphism as Gg,-modules.

The absolute values of eigenvalues of ¢k, € Gy, in m (X b are all (k;)
with multiplicity 2g;. On the other hand, by Lemma 2.8(ii), the absolute values of
eigenvalues of ¢y, in 71 (U2)H® are the same as those of (p,f;’, which are f(k,)%/?
with multiplicity 2g, and t(ky)% with multiplicity max(r—1, 0). By Lemma 2.8(i),
they coincide with 8(k1)'/? and t(k;), respectively. Thus, we conclude r < 1.
However, if r # 0, by replacing &, &, with suitable open subgroups, we may
assume that r > 1, a contradiction. So, we have established » = 0.

To prove the surjectivity of ¢~>g,l, we may freely replace &, &, by open sub-
groups 91, 9, respectively, such that o () C $H,. (Indeed, the map

1/2
2

¢)o’,l . 25(1,0,[ —> 25(2

remains unchanged.) In particular, we may assume that o : | — &, is surjective.
Then the surjectivity of ¢o; : Xy, ,; — X, is equivalent to the surjectivity of
@61 Xx,.0. — Xx,, which is then equivalent to r = 0. O

3. Rigid homomorphisms between Galois groups

In this section we investigate a class of homomorphisms between (geometrically
prime-to-characteristic quotients of) absolute Galois groups of function fields of
curves over finite fields, which we call rigid. We follow the notations in Sections
1 and 2. In particular, we follow the Notation at the beginning of subsection 2B.
We assume that Condition 3 holds.
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Definition 3.1 (rigid homomorphisms). (i) We say that o : | — & is strictly
rigid if there exists a map

¢ : 25(1 — 2)'(2,

such that
o(Ds) =Dz,

for each x| € 25(1'

(i) We say that o : & — &, is rigid if there exist open subgroups $; C &,
2 C G5, such that o (1) C H, and that H; 2 £, is strictly rigid. (Here,
9, is considered as a quotient of the absolute Galois group that is the inverse
image in G; of §; C &;.)

(iii) Define Hom(®1, &,)""¢ C Hom(®, &;) to be the set of rigid (and hence
continuous and open) homomorphisms &; — &,.

Remark 3.2. (i) Consider a commutative diagram of maps between profinite
groups Y
(5] 1 —> 62

&) - &),
where the vertical arrows are surjective. Then if o : & — &, is strictly rigid
(resp. rigid), o’ : & — &), is strictly rigid (resp. rigid).

(i1) Let $, be an open subgroup of &, and $; def o1 ($,). Thenifo : & - &,
is strictly rigid (resp. rigid), the natural homomorphism $); — $), induced by
o is strictly rigid (resp. rigid).

(iii) Assume that o : &; — & is strictly rigid with respect to ¢ : X, — Zg,
Then if ¢ is surjective, o is surjective. Indeed, this follows 1mmed1ately from
the fact, by Chebotarev’s density theorem, that &, is (topologically) generated
by its decomposition subgroups.

(iv) As in Proposition 2.2, let [ # pi, p» be a prime number, and assume that
() Né = N, or, equivalently, 152 admits no [-cyclic extension; and (2) IEZ
contains a primitive /-th roots of unity.

If o is strictly rigi~d Wit~h respect to ¢ : & % 23 %,» then we must have
Y% .01 = X%, and ¢ = ¢o;. In particular, then ¢ is unique and Galois-
equivariant with respect to o, and hence naturally induces a map ¢ (= ¢4) :
EXI — ZXZ = def -

If o is rigid, then we must have EX ol = 2;(1, and, if we set ¢ = ¢s,
then

o @) C Djn
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foreach x; € X %,- The map é is uniquely characterized by this property, and
Galois-equivariant with respect to o, and hence naturally induces a map

¢ (: d)U,l) . 2X1 - EXZ'
In the rest of this section, we assume that Condition 1 holds.

Definition 3.3. (i) Let y : K — K i be a homomorphism of fields defining an
extension K/K» of fields. Set p = p1 = po. Then we say that y is admissible
if the extension K /K, appears in the extensions of K, corresponding to the open
subgroups of &,. More precisely, in the profinite case, we say that y is admissible
if the extension K;/K> is finite separable; in the prime-to-characteristic case, we
say that y is admissible if the extension K/K> is finite separable and the Galois
closure of the extension Kk /K>k» is of degree prime to p.

Equivalently, y : K» — K is admissible if and only if it extends to an isomor-
phism 7 : K» > K.

(ii) Define Hom(K>, K1)*™ c Hom(K>, K) to be the set of admissible homo-
morphisms K» — K.

Our aim in this section is to prove the following.

Theorem 3.4. The natural map Hom(K;, K1) — Hom(&, &,)/ Inn(&,) induces
a bijection dm ~
Hom(K>, K1)™™ = Hom(®,, ,)"¢/ Inn(&,).
More precisely,

() If y : Ko — K| is an admissible homomorphism between fields, then the
homomorphism & — &, induced by y (up to inner automorphisms) is rigid.

(i) Ifo : &1 — &, is a rigid homomorphism between profinite groups, then there
exists a unique isomorphism y : K, — K of fields, such that y oo (g1) = g0y
for all g\ € &1, which induces an admissible homomorphism K, — K.

Remark 3.5. (i) By local theory for the Isom-form, any isomorphism &; = &,
is strictly rigid. In particular, we have Isom(®, ;) C Hom(&,, ®5)"¢. Thus,
Theorem 3.4 can be viewed as a generalization of the Isom-form:

Isom(K,, K1) = Isom(&, &,)/Inn(&,),
which is the main theorem of [Uchida 1977] in the profinite case, and the main
theorem of [Saidi and Tamagawa 2009] in the prime-to-characteristic case.
(ii) Let . .
. err err

be a homomorphism of fields defining an extension K perf/ K, Pert of fields. Set
p = p1 = p>. We say that y is admissible if the extension K perf/ K, pert appears
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in the extensions of ngrf corresponding to the open subgroups of &;, which is
regarded as a quotient of the absolute Galois group G K = Gk,. More precisely,
in the profinite case y is always admissible, and in the prime-to-characteristic case
y is admissible if and only if the extension the Galois closure of the extension
K f ”flzl / ngrng is of degree prime to p. Define

Hom (ngrf, K{)erf)adm C Hom (ngrf’ Kf)erf)

to be the set of admissible homomorphisms K2 — K. Then the natural map
Hom (ngrf, Kferf) — Hom (&, 8,)/ Inn(&;) induces a bijection

Hom (ngrf, Kferf)adm/ Frob? = Hom ((‘51, ®,)"2/ Inn(&,).

Indeed, this follows from Theorem 3.4, since the natural map Hom(K>, K;) —
Hom (ngrf, K ferf) induces

Hom(K», K1)*™ = Hom (K2, k7)™ / Frob? .

The rest of this section is devoted to the proof of Theorem 3.4.

First, to prove 3.4(i), let y : K» — K be an admissible homomorphism. Then,
by the definition of admissibility, the extension K/K> is isomorphic to some ex-
tension L /K> that corresponds to an open subgroup ), of &,. Set 551 Q51 Now
let o : &; — &, be the homomorphism induced by y (up to conjugacy). Then it
is easy to see that o restricts to an isomorphism $; — §), (corresponding to the
isomorphism L = K1), which is strictly rigid. Thus, o is rigid, as desired.

Next, to prove 3.4(ii), let o : &; — &, be a rigid homomorphism. By def-
inition, there ex1st open subgroups H; C &, H, C G,, such that 0 (H;) C H2
and that §; > §, is strictly rigid with respect to, say, ¢ : X — Xy, . Then, by
Remark 3.2(iv), ¢ is Galois-equivariant with respect to o : Q5 1 — Qig (that 1s, not
only with respect to o : )1 — $)7), and, for each X; € EX , we have o (@xl) C ©¢(x1)
anda(©x1 NH1) = ¢(x1)mﬁ2

Lemma 3.6. Condition 2 holds for o : & — &,.

Proof. By Proposition 2.1(v), we have o (Jz,) C Jj;,, for each x; € 3 . In
particular, we have o (J;) C J,. Now, the assertion follows from Lemma 2.3. [

Thus, we may apply Lemmas 2.6-2.9 to o.
Lemma 3.7. We have o (1) = $, and $1 = o~ ().

Proof. By Lemma 2.9, (,5 is surjective, and hence, by Remark 3.2(iii), o : 91 — 2
is surjective, that is, o (1) = 9.

Next, let X1 6, = X|,-1(5,) — X1 and X2 g, — X, be (finite, generically
étale) covers corresponding to open subgroups §; C o1 ($2) C B and H, C By,
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respectively. Suppose that $§; C o~ (),). Then, by Chebotarev’s density theorem,
there exists x| € X % such that

k(xl,fjl) 9_ k(xl,o_](ﬁz))v

where x1 ¢, and x| ,-1(g,) denote the images of x; in ¥y ¢, and X} ;-1(,), respec-
tively. Set X, & fd)(xl) € Xg,. We have 0(D5,) C Dy,, and hence

o (D5, NH1) Co @5 N0~ (H2)) C Dy, NM.
Now, since §; — ), is strictly rigid, we must have
o (D5, NH1) =0 Dz, N0~ (H2) =Ds, N M.

By Proposition 2.1(iii), this implies that £(k (x1,¢,)) = (k(x2,6,)) =8k (X1 o-1(6,))»
where x3 o, denotes the image of x; in X, . This contradicts

k(x1.5,) 2 k(x) 6-1(6,))- -

We treat the special case where o : & — &, is strictly rigid (and hence, in
particular, surjective).

Lemma 3.8. Assume that o : &1 — &, is strictly rigid.
(i) We have g1 = g».
(ii) The map ¢ : £x, — X, is bijective.

Proof. By Lemma 2.6, the homomorphism ¢ naturally induces a commutative
diagram

1 —> m(XD"™® — T} — Gy, —> 1

b

1 —> 71 (X)"™® —> My —> G, —> 1,

where I1; is the quotient 771 (X;)®?"/ Ker(mr1(X;)?" — 71(X;)?), and the maps
[1; — Gy, are the natural projections; i = 1,2. The vertical maps are surjec-
tive. In particular, the representation Gy, — Gy, — Aut(m (}_(Z)P/’ab), where
G, — Aut(m; (X z)P/’ab) is the natural representation and Gy, — Gy, is the right
vertical map in the above diagram, is a quotient representation of the natural repre-
sentation Gy, — Aut(ry (X 1)?*). For i € {1, 2}, let E; be the set of eigenvalues,
counted with multiplicities, of the Frobenius element ¢y, acting on (X l-)P"ab.
Then E; C Ey, since the map G, — Gy, maps ¢, to ¢, (see Lemma 2.8(ii)). We
will show that E| = E,.

For an integer n > 1, let k; , be the unique extension of k; of degree n; i =1, 2.
Then by the Lefschetz trace formula, §X;(k;,) =1 — Za, cE; ai +q", where

= ﬁ(k) (see Lemma 2.8(ii) for the equality (k1) = fi(k2)). Recall that the
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map ¢ : Xy, — Xy, is surjective (see Lemma 2.9), and if xo = ¢ (x;), then the
residue fields k(x;) and k(x,) have the same cardinality (see Proposition 2.1(iii)).
In particular, #(X (k1 ,)) > 8(X2(k2,,)) for all n. Thus, Z;:l ,B;.’ <Oforanyn=>1,
where

def def
ESE~NE={8,....5)

(r =2g1—2g>» > 0). Write 8; = p;e'% (p; € Roo, 0; €10, 27)), for j € {1,...,r}
(note that p; = g'/? by the Riemann hypothesis for curves). Let J be the set
consisting of the 4 quadrants of C = R2. More precisely, I ={Ty | k € {1, 2, 3, 4}},

where
Ty o {Peie |peR-o,0€ [w %)}

Thus, each « € C* belongs to a unique element of I, which we shall denote by
T (). Consider the map p : N — J" that maps an integer n to {T(ﬂ;?)};.:l. Then
there must exist integers m| < my such that p(m) = pu(m,), since g(I") = 4" is
finite. This implies that /1% and ¢'"2% belong to the same quadrant of C = R? for
all j e{l,...,r}. Inparticular, Re(ﬁ;’) = ,0;? cosnf); > 0, where n dzefmz —my>1.
Suppose that r > 0; then this implies that

Rf:(}é:1 ,8;’): ng Re g > 0,

which contradicts the above fact that Z;:l p; =0, for all n. Thus, r =0, that i,
E = E| ~ E, must be empty, and E| = Ej.
In particular, the 7P ranks of (X i)l’/’ab
This completes the proof of Lemma 3.8(i).
Finally, we can conclude that ¢ is injective. For otherwise, there would exist
an integer n > 1 such that (X, (k,)) > #(X»(k,)), and hence, E # &, which is a
contradiction. This completes the proof of Lemma 3.8(ii). U
Lemma 3.9. Assume that o : & — &, is strictly rigid. Then o) : Qigp RN 05(21’ )
is an isomorphism. (In particular, in the prime-to-characteristic case, o is an

, which equal 2g;, are equal; i =1, 2.

isomorphism.)

Proof. By Lemma 3.8(ii), the map ¢ : Xx, — Xx, induced by o is bijective. For a
finite subset S, of Xy,, let S & qﬁ_l (S2). Then o naturally induces a continuous,
surjective homomorphism Tél,Sz : nl(Ul)(l’/) —» m(Uz)(p/), where m(Ui)(”/) is the
maximal geometrically prime-to-p quotient of the fundamental group 71 (U;) of
U; & X; — §;; i =1, 2. Further, we have the commutative diagram

1 —> m U — mU)P) — Gy, — 1

b

1 —> m(U2)" — m(Up)?) — Gy, — 1.



158 Mohamed Saidi and Akio Tamagawa

The surjective homomorphism 7 U 1)”' — 1 (U 2)”/ must be an isomorphism by
[Fried and Jarden 1986, Proposition 15.4], since X; — S; have the same topological
type (g, £(S;)), where S; denotes the inverse image of S; in 2)71-; i =1,2, by
Lemma 3.8. (For the bijectivity S; = S,, apply Lemma 3.8(ii) to various open
subgroups of &, &, corresponding to constant field extensions.) Thus, the map
tél’ s, 1s an isomorphism (note that the surjective map Gy, — Gy, is an isomor-
phism). Also,
o) =limm (X; — )",

Si

where the projective limit is taken over all finite subsets S; of Xx,; i =1, 2. Further,

A
: /
o) = m 7, s,
{51.52}

where the projective limit is taken over all finite subsets Sy and S, corresponding
to each other via ¢. Thus, o”") must be an isomorphism. ]

Now, return to the general case. As above, let | C &, $H; C &, be open
subgroups such that o (£1) C £, and the map oy, , : 1 — 52 obtained by
restricting o : &; — &, is strictly rigid with respect to ¢ : Xy, — Xg,- By
Remark 3.2(iv), (ZS is Galois-equivariant with respect to o : & — &, (that is, not
only with respect to o, 5, : 91 — $2), and, for each x; € X3 , we have

O—(@xl)ocen Q&(i])’ G(Qil ﬂﬁ]) :@&(fl)mﬁz'

Moreover, by Lemma 3.9, the map (o, 52)(1’) ﬁ(p ) ﬁ(p ) induced by 0,5,
is an isomorphism.

Now, let us denote the finite separable extension of K; corresponding to ; C &;
by K; &, and the (infinite) Galois extension of K; ¢, corresponding to §; —» ﬁ;p )
by K (p ) . By applying the Isom-form proved in [Saidi and Tamagawa 2009], we
see that

(oﬁl,ﬁz)(p) 5([’) 5([’)

~ / ~

arises from a unique field isomorphism y 57, : Kép .6)2 > K fp 56)1 that induces an

~6(1?’)
isomorphism K» o, = K15, ’

Lemma 3.10. Let §; C $);,i = 1, 2 be open subgroups, such that o () C $, and
that ogy ¢, 9 — 9 is strictly rigid. Then the field isomorphism

() (")
K ﬁ/—>K

V(jﬁ/ )P, (53’2)(17’) 1,9,

. ») ~ ®"
restricts to yﬁip/) o) szg)z =K 1pf)]
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Proof. This follows formally from the statement of the Isom-form proved in [Saidi
and Tamagawa 2009], as follows, without recalling any construction in that paper.
Take an open subgroup ) of §)) that is normal in $),. Then, by Lemma 3.7,
91 E o7 () CoT (9 =9,

1 det

and hence, by Remark 3.2(ii), £/ 5 9 is strictly rigid. Assume that

A o (P)
Yapeh, s - Kz Y)” - K, 4

: @)~ ()
TESLIICES 10 ¥gy ) (57,0 ° Kzf’ﬁ,z 5 Klf’ﬁ,l and to Vo)

() ~ )
,35;”’) : Kz’)52 — Kl’ﬁl. Then

)(p,) K (p )/ K(P )

V(s (53, 1.9,

restricts to ( ) -
Vﬁgp’)’ﬁ;n’) K p Klpy) ,
as desired. So, it suffices to prove the desired property in the case where §; C §;
is normal for i = 1, 2, and o naturally induces an isomorphism $); /5’)/1 590, /55’2
between finite groups
Fori=1, 2, let J; be the image of £/ in Sﬁ(p ) Wthh is an open normal subgroup
of 53(" ) Let Ji C 5’_)1 be the inverse image of J in §;. Thus, we have the natural
identification J; 3P = Ji and the commutative dlagram

9 C J C H C G

oy
(5;)(17) N 3([7) s ﬁl@') s 6;17')’

in which the vertical arrows are natural surjective maps.
Since the isomorphism (oﬁ/ %), )(1’) (9] )(p) — (9 )(P) 1s compatible with the

natural (conjugate) actions of £ and £, with respect to ) i 92, the correspond-
ing field isomorphism

o (")
K ﬁ/—>K

V(g/])(p’),(gz)(p’) 1.9,

is also compatible with the natural actions of £, and ), with respect to $ % 5.
In particular, V(s )@, (55, restricts to K3 ¢, — Ki._g,, and hence induces an iso-
morphism / )

oK = K
that is compatible with o : $; — §,, and hence with O ) 5 55([’ ) ﬁép/). On
the other hand, the isomorphism

(P (17)
yﬁ(ll/)’y)(zp) Kz 532 K
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is also compatible with

L@~ ()
T s PO = 0

Thus, we conclude that, as desired,
A=0_
ﬁ(lp )’S;);P )

by the uniqueness of such a Galois-compatible isomorphism. (This is included in
the statement of the Isom-form proved in [Saidi and Tamagawa 2009].) O

Now, consider the set ¥ (C Sub(&1) x Sub(®,)) of all pairs of open subgroups
H1 C B, H C B,y suchthat o($H1) C $Ho, that §H 2 $)7 is strictly rigid, and that $);
is normal in &,. Then, as in the proof of Lemma 3.10, it follows from Lemma 3.7
and Remark 3.2(ii) that (91, $2) € ¥ implies that o () = $», that | = 0_1(552),
and that the image of & in Sub(®,) is cofinal in the set of open subgroups of &;.

For each pair (91, $7) € ¥, we get an isomorphism

gy ) * -7)(117) - f)(zp)
by Lemma 3.9, which is Galois-compatible with respect to ¢ : &; — &,. By the
Isom-form proved in [Saidi and Tamagawa 2009], o

57 @) induces an isomor-
. 1 72
phism

L)~ W)
Vﬁgp’)’ﬁ;p/) . K2,5§2 - Kl’;j],
which is Galois-compatible with respect to o : &; — &;. By Lemma 3.10,
Ve g can be patched together and define an isomorphism
1 27

7K S (KD,

where
def

M = Ker(o : 6] —> &),
which is Galois-compatible with respect to o : & — &,.

In the profinite (resp. prime-to-characteristic) case, K, admits no nontrivial fi-
nite separable (resp. geometrically prime-to-p) extension, and hence neither does
(K1)™ (=~ K»). This implies that (K;)™ = K|, that is, 9t = {1}. Thus, we obtain
Y. 152 5K 1, which is Galois-compatible with respect to o : &; — &,, as desired.
Finally, the uniqueness of such y follows formally from the uniqueness in the
statement of the Isom-form, proved in [Uchida 1977; Saidi and Tamagawa 2009].
This finishes the proof of Theorem 3.4. U

Remark 3.11. We have proved Theorem 3.4 by reducing it to the statement of the
Isom-form, by means of Lemma 3.9. Instead, we could mimic the proof of the
Isom-form.
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4. Proper homomorphisms between Galois groups

In this section we investigate a class of homomorphisms between (geometrically
prime-to-characteristic quotients of) absolute Galois groups of function fields of
curves over finite fields, which we call proper. We follow the notations in Sections
1-3, and in particular, the Notation at the beginning of subsection 2B. We assume
that Condition 3 holds.

Definition 4.1 (well-behaved homomorphisms). We say that o : &; — &, is well-
behaved if there exists a map

(f; . 2)?1 —> 25(2
such that o (Dx,) Opcen 9(1;(}1) for each x| € Xz,

Remark 4.2. (i) Given a commutative diagram of maps between profinite groups

@1%62

I

/ /
&) —= &,

where the vertical arrows are surjective and the map &; — &, is well-behaved,
then the map & — &) is well-behaved.

(ii) Let 9 C &1, H7 C &, be open subgroups such that o () C H,. Then if
o : & — B, is well-behaved, the natural homomorphism $; — $); induced by o
is well-behaved. (Here, $); is considered as a quotient of the absolute Galois group
that is the inverse image in G; of $; C 6;.)

(iii) If o : &1 — &, is strictly rigid (Definition 3.1), then it is well-behaved.

(iv) As in Proposition 2.2, let [ # p1, p» be a prime number, and assume that (1)
N, = l'= N>, or, equivalently, K> admits no [- -cyclic extension; and (2) K> contains a
primitive /-th roots of unity. Then, first, if o : &1 — &, is rigid, then it is well-
behaved by Remark 3.2(iv). Second, if o : & — &, is well-behaved with respect
to¢: Y3, — Xg,, then we must have

Ef(l,a,l = Ef(l and QS = ‘50,1-

In particular, then ¢ is unique and Galois-equivariant with respect to o, and hence
naturally induces a map ¢ (= ¢o) : x, = Zx,.

Definition 4.3 (proper homomorphlsms) We say that o : &; — &, is proper if o
is well-behaved with respect to ¢ : Yz, — Xy, such that ¢ is Galois-equivariant
with respect to o, and the map ¢ : X, —> Yy, induced by ¢ has finite fibers, that
is, for each x; € Xy,, the fiber ¢~ I(xp) is a (possibly empty) finite set.
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Remark 4.4. (i) Given a commutative diagram of maps between profinite groups

(’51%(’52

I

&) — &),
where the vertical arrows are surjective and the map &; — &, is proper, the
map & — &) is proper.
(ii) Let | C &1, H2 C G, be open subgroups such that o (1) C H,. Then if
o : B — &, is proper, the natural homomorphism $; — ), induced by o

is proper. (Here, $; is considered as a quotient of the absolute Galois group
that is the inverse image in G; of §; C &;.)

In the rest of this section, we assume that Condition 1 holds. Assume also that
the continuous open homomorphism ¢ : &; — 62 is well-behaved with respect
to ¢ : Zl—>2 By Lemma 2.4, wehavep—p1=p2 LetxleEX and

set Xp = ¢>(x1) Denote by x; and x; the image of X; and X; in ¥y, and Xy,,
respectively. Then

o
@;1 —» G(@;l) C @;2.
open
By this and Proposition 2.1(v), we have
o
Jz, »0(0g) C Js,.
open

In particular, o induces an open injective homomorphism 7:)3( l: 3;1 — ’J%z, where

~t ~t : : t t
J;, (resp. T3 ) denotes the inertia subgroup of g)h (resp. of 9;?2)' We have natural
identifications

~ ~  ~t ~ ~o~t
My = Mypyee = T30 Mo = Moy = T,

where M; 'y ke 18 the (global) module of roots of unity fori =1, 2.
We introduce the following important concept of rigidity of inertia.

Definition 4.5 (inertia-rigid homomorphisms). We say that the well-behaved ho-
momorphism o : &; — &, is inertia-rigid if there exists an isomorphism

T M S M,

of Z”'-modules such that for each ¥; € & ,» there exists a positive integer ex, such
that the following diagram commutes:

M] — Mk(xl)sep —> jﬁ?l

s, .TL j(f;l (4.1)

My —> M ()5 _— sz,
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~ def 7 - . ~ ~ .
where X2 = ¢(x1); x; and x, are the images of x; and X in Xy, and Xy,, respec-
tively; and the isomorphisms are the canonical identifications.

Remark 4.6. (i) Given acommutative diagram of maps between profinite groups

G14>G2

b

Ggp) s G;P),

where the vertical arrows are natural surjective maps and the map G| — G»
is inertia-rigid, the map Ggp RN Ggp Vs inertia-rigid.

(i) Let H; C &1, H2 C G, be open subgroups such that o (H1) C H,. Then if
0 : 8B — &, is inertia-rigid, the natural homomorphism £; — $, induced by
o is inertia-rigid. (Here, $); is considered as a quotient of the absolute Galois
group that is the inverse image in G; of §; C &;.)

Remark 4.7. (i) Set

def _~ ~ def ~ ~

er, = [J5, 10 (T)], ey = [T5 1g, (35)].
. . bs

Note that p ¢t eﬁzl and there exists an integer bz, > O such that ez, = p ~le§|.
(In the prime-to-characteristic case, we have ez, = e}l and bz, = 0.) Now, in
Definition 4.5, there must exist an integer az, > 0 such that ez, = p“ eﬁh’ or,

. . def
equivalently, ez, = p“i ¢z, where cz, = az, — bz, € Z. Moreover, set

def . -
a= min{ag, | X1 € T3 }.

ax

Replacing 7 by p“t and ez, by p~%ez, = p

Assume, moreover, that o is proper and that we are in the profinite case. Then, in
fact, we have ¢z, =0 for every X € X eventually, if we choose  with @ = 0. (This
follows from Theorem 4.8 below and its proof.) Thus, in the profinite case, we may
assume ez, = ¢z, in Definition 4.5 from the beginning. In the prime-to-characteristic
case, however, it seems difficult to specify the value of ez, a priori. (If we assumed
ez, = eg, in the prime-to-characteristic case, then inertia-rigid homomorphisms
would cover only tame homomorphisms K, — K;.)

174 eﬁzl, we may assume that a = 0.

(i1) In the situation of Definition 4.5, we have

def

i, > € Lo (Ds) C Dy,

The subgroup €z, C D5, corresponds to a finite extension Ly, /(K>), of the x-adic
completion (K3),, of K>. Thus, the residue field £, of Ly, is a finite extension of
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the residue field k(x;) at x,. We have the commutative diagram

@gl — Qfgl

b

t t
3321 — Qf)zp

where the vertical maps are the canonical surjections onto the maximal tame quo-
tients, and the horizontal maps are naturally induced by o. Further, the lower
horizontal map, which is surjective, naturally induces an isomorphism 3;] = 3%1
by Proposition 2.1(v). Here, J; and J; denote the inertia subgroups of D} and
@}1, respectively. We have a natural identification 3;1 = 3;2, where 3;2 is the
inertia subgroup of @}2, obtained via the natural identifications

M(K e = J~ MLielp = 3;1 , (Kz)sep = Lsep’
which, composed with the natural map 3%1 — 3;2 induced by the inclusion
€z — Dy,

is the ez, -th power map [ez, ] : 3}2 — 3;2, as is easily verified. We define

S~ o oAt
Til X2 ‘J«\?l g ‘Jiz

to be the natural isomorphism obtained by composing the natural isomorphism

~t ~  ~t
J _)\5)21

X1

induced by o (see Proposition 2.1(v)) with the natural identification 3%1 = 3;2
The inertia-rigidity is equivalent to requiring the commutativity of the diagram

M] % M(K )SCP % J~

% . t
p 1 Tj( J(r}] o

M, —> M(K )%ep —> J~

in which both vertical arrows are isomorphisms.

Define Hom(K>, K1)*? € Hom(K>, K1) to be the set of separable homomor-
phisms K, — K;. Define Hom(®, ®,)Primie = Hom(®,, &,) to be the set of
proper (and hence continuous and open) inertia-rigid homomorphisms & — &,.
Our aim in this section is to prove the following.

Theorem 4.8. The natural map Hom(K;, K1) — Hom(&, &,)/ Inn(&,) induces
a bijection
Hom(K>, K1)*? = Hom(&;, ,)P""¢/ Inn(8,).
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More precisely:

(1) If y : Ko — K is a separable homomorphism between fields, then the homo-
morphism & — &, induced by y (up to inner automorphisms) is proper and
inertia-rigid.

(i) If o : &1 — &, is a proper, inertia-rigid homomorphism between profinite
groups, then there exists a unique homomorphism y : K, » K, of fields,
such that y oo (g1) = g1 0y, for all g1 € &, which induces a separable
homomorphism K, — K.

Remark 4.9. (i) Assume that o : &; — &; is a rigid homomorphism. Then
it follows from Lemma 3.8(ii) that o is proper. Further, o is inertia-rigid.
This can be reduced to the case where o is strictly rigid, and then deduced
from class field theory as in the arguments preceding Lemma 4.12. (Note that
then ¢ is bijective by Lemma 3.8(ii).) Thus, Theorem 4.8 can be viewed as a
generalization of Theorem 3.4.

(ii) The natural map Hom(ngrf, K ferf) — Hom(®1, ,)/ Inn(H,) induces a bi-
jection
Hom(KE™, K*")/Frob” = Hom(®;, &,)P"™/ Inn(&,).
Indeed, this follows from Theorem 4.8, since the natural map Hom(K», K;) —
Hom(ngrf, K ferf) induces

Hom(K>, K1)*® = Hom(K?*", KP")/ Frob” .

The rest of this section is devoted to the proof of Theorem 4.8.

First, to prove (i), let y : Ko — K| be a separable homomorphism. Then y
induces naturally an open injective homomorphism G| — G7 (up to Inn(G,))
and then an open homomorphism o : & — &, (up to Inn(®,)). The map o is
well-behaved with respect to the map ¢ : Xy, — Xy, that arises from a finite
morphism X; — X, of schemes corresponding to y : K, — K. Thus, each fiber
of ¢ is finite, and hence o is proper. Next, if we define T : M; = M, to be the
identification Myx» = M (with respect to a suitable extension K, = K| of
y : K — K1), then diagram (4.1) commutes with ez, defined to be the ramification
index of K;/K> at X;. Thus, o is inertia-rigid.

Next, to prove (ii), let o : & — &, be a proper, inertia-rigid homomorphism.

Lemma 4.10. Condition 2 holds for o : &1 — &,.
Proof. Same as that of Lemma 3.6. ([

Thus, we may apply Lemmas 2.6-2.9 to o.
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Next, let T : M| = M, be the isomorphism appearing in the definition of inertia-
rigid homomorphism, so that diagram (4.1) commutes for each x; € X3 and for
some ez, € Z-o.

Lemma 4.11. (i) The isomorphism t : My = M, is Galois-equivariant with
respect to .

(ii) The positive integers esx,, ez, and e§?1 depend only on the image x| € Xx, of X1.

Proof. (i) For each x| € & I the commutativity of diagram (4.1), together with
Proposition 2.1(iv), implies that 7 is Galois-equivariant with respect to

o
D = Djzyy-
Our assertion then follows, since & is generated by the decomposition subgroups
Dz forallx; e %0 as follows from Chebotarev’s density theorem.

(ii) Take another X| € T, above x| € Xy, and set X} d=efq;()?1). Fix y € &1 such

that ¥| = y ¥;. By the Galois-equivariance property of ¢ (Remark 4.2(iv)), we have
then )Eé = o (y)X2. Denote by [y] and [0 (y)] the inner automorphisms of &; and
&, induced by y and o (y), respectively. We have the commutative diagram

in which both rows are isomorphisms. It follows that ¢z = eg,. This commutative
diagram induces the commutative diagram

~t [V] ~t
Jil J)?i

! 7!,
Xl Xl

~t [o()] ~t
T — > T,
in which both rows are isomorphisms. It follows that e;, = e;l. With (i), this last
L . 1
commutative diagram also implies that ez = ez, . ]

From now on, we shall write ey, ey, and ¢} for es,, ¢, and ¢ , respectively.
Further, according to this, we shall write ay,, by, and c,, for the invariants az,, by,
and cz, in Remark 4.7(i), respectively. We may and shall also assume that

a (=min{a,, | x; € Zx,}) =0;

see Remark 4.7(1).
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We have the commutative diagram of exact sequences

L—k— [] ( [1 k(X1)X>+Q51<”/)’ab

XE€Xx, xiep(x2) l

1 K [] k) ——— &,

)CZEEXZ

from global class field theory. Here, the map & L (Pab g, (PD.2b g naturally
induced by o. The right horizontal maps are induced by Artin’s reciprocity map,

and the map
1_[ ( l_[ k(xl)x> - l_[ k(x2)*
0€Xx, x1€p~!(x) X2€Xx,

maps each component k(x1)> to k(x)* as follows. First, k(x;)* maps isomorphi-

cally onto £ via the natural identification induced by o; see Remark 4.7(ii) and

Proposition 2.1(iii). Then £ maps to k(x2)* by the ey, -th power of the norm map.
The above diagram induces, for each x, € Xy,, the commutative diagram

k' — J] ke*> [ €

l x1€¢~ ! (x2) x1€0~ " (x2)

k k(x2)*,

where the map k5" — k(x)* is the natural embedding, the map

k= T ke

x1€¢~ 1 (x2)

is the natural diagonal embedding, and the isomorphism

]_[ k(x)* > 1_[ e

x1€0~ (x2) x1€071(x2)

and the map
[ & - ke*
x1€47 1 (x2)

are as above. By passing to various open subgroups corresponding to extensions
of the constant fields, and to the projective limit via the norm maps, we obtain the
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commutative diagram

@;1 ed—1(%y) Px1
Mg — @siegia My — DiegraMey

} }

Mk;ep Mk(xz)sep,

where
v My = Mg

is the natural isomorphism induced by o; see Remark 4.7(ii) and Proposition 2.1(v).

Here, x; € X5 is any point above x; and $:z ¥, = Xy, is obtained as the inductive

limit of ¢’s for various open subgroups corresponding to extensions of the constant

fields. Observe that ¢ : Y%, = Xy, has finite fibers, since ¢ : Xx, — Xx, has

finite fibers, the projection ¥y, — Xy, has finite fibers, and ¢ is compatible with ¢.
This can be rewritten as

D es1 e Pn1
My —- @xleé—l(iz)Ml ? Gaileé"(iz)Mz

i \L (4.2)

M, M,

via the natural identifications My, s = My and M o = M, for x; € ¢~ L(x);
Mi(xyyser = M>; and Mkaep = M;,i=1,2. Thus, in dlagram (4.2) the map M; —
D5 cp-1 (1) M1 is the natural diagonal embedding, and the map @3 cj-1(5,) M2 —
M, is the map @5z, c3-1z,) [¢x]- We shall denote by 7’ : My — M, the homomor-
phism that is the left vertical arrow in diagram (4.2) (note that t’ is independent of
the choice of x; € X,).

Lemma 4.12 (product fogrfnula) The sum le ch1(5y) Ex1 1S mdependent of the
choice of x, € Xx,. Setn =) . 5-
[n] : My — M; denotes the map of elevation to the power n in M.

Iy €x1 > 0. Then we have t/ = [n] o T, where

Proof. This follows from the commutativity of diagram (4.2), by observing that the
homomorphism o being inertia-rigid means that the isomorphism p,, in diagram
(4.2) equals p®it for all x| € ¢~ (x,). O

For the rest of this section, all cohomology groups will be continuous Galois
cohomology groups unless otherwise specified.

The Galois-equivariant identification ! : M, = M induces naturally an in-
jective homomorphism H L(B,, My) — HY (&, M) between Galois cohomology
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groups. Indeed, this homomorphism fits into the commutative diagram

0 —> HY(Gy,, My) — H' (&, My) — H'(&,, M>)

} } }

0 —= H'(Gy,, M) — H' (&, My) — H' (&, M)),

where both rows are exact and vertical maps are natural maps induced by (o, 77 1).
Here, the left vertical arrow is injective by H O(Hk1 , M) =0, where Hy, stands for
the (isomorphic) image of Gy, in Gy,, and the right vertical arrow is injective since
M, is torsion-free and [&; : 0 ()] < co. Therefore, the middle vertical arrow is
also injective.

Further, for each x; € Xy,, the following diagram is commutative:

H1(®1, M) — @jleqs—l(jz)Hl(jfla My) - @jleé—l(jz)Hl(gil, M)

f f

H' (82, My) H' Tz, My),

where the horizontal maps are the natural restriction maps, the left vertical map is
the above map, the map

H'(Oz, M) > @ H'Qx, Ma)
f1ed~(T)
is the natural map induced by the inclusion Jz, C J;, for x| € ¢~ (%), and the
isomorphism H'(J;,, M1) = H'(J;,, M) is naturally induced by the natural sur-

jective map Jz, — Jx,, which is induced by (o, = h.
We have natural identifications

H'(3z,, My) = Hom(J5,, M) = Hom(3%,, M1) = Hom(M,, My) = 27,
H'(35,. Mp) = Hom(Js, . Mp) = Hom(3Y, . Mp) = Hom(M,, Mp) = 27,
H' (35, M) = Hom(J,, Ma) = Hom(3% , M2) = Hom(M>, Mp) = 27,

In light of these identifications, the above diagram can be rewritten as

A

1
H (&, M) — @;ﬁq?—'(iz)zp

T @ileé—l(iz)[exl]¢

H (&), My) —— 77,

where the vertical map 70 — @neqb () 77 is the map EBXIE(b 1y lex ], and
[ex, ] denotes the map of multiplication by e,, in Vi By considering all x; € X,,
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we obtain the following commutative diagram:
== def f oy ~ ! %
H' (&, My) — Divy, = l_[ 77 — (D5 ep-1 a0 2")

/\?16271 )226272

T

=~ def )
H'(6,, My) ——— Divg, = [] 27"

f2€2§2
. . 2 o def .
Here, given an index set A, we define [Tiea 27 = lim(D;.c Z/nZ). (Accord-
ingly, one has pin
Pz c[] 2 c[]2
AEA AEA AEA

and the equalities hold if and only if f(A) < co.) Thus, the map ]53/)72 — ]557(]
maps X, to ) : Lep~1 (i) €x1X1. In particular, the subgroup Divy, of Divg, maps into
the subgroup Divy, of Divy . Here, fori =1, 2,

]SR/'X,_ déf 1—[/ Zp,
X1 EEXI.
is naturally embedded into ﬁi;yl_ and is regarded as a subgroup of ]S.i;yl_. It follows

from various constructions that, for i = 1, 2, the image of the map H ! (&;, M;) —
Divy, is contained in Divy,. Thus, we obtain the commutative diagram

HY (&, M) — ﬁ/xl

1 1 43)

H'(®,, My) — Divy,.

f

For i =1, 2, set Divy, def @xiezxt Z, which is the group of divisors on X;. Then

the subgroup Divy, of Divy, maps into the subgroup

Divy, = P ( D z)

XZGEXZ xled)—] (x2)
of Divy,. Thus, we have a natural map
Divy, — Divy, .

We denote by Priy; the subgroup of Divy, which consists of principal divisors.
Note that we have a natural map K, — Divy,, which maps a function f; to its
divisor div( f;) of zeros and poles. Further, Let Jx, be the Jacobian variety of X;.
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Let Div())(i C Divy, be the group of degree-zero divisors on X;. Then there exists a

natural isomorphism . 0 .
Divy, /Prix, = Jx, (k).

Write D X; for the kernel of the natural homomorphism Div! x, — Ix (k; ) , with
Jx,; (ki )p standing for the maximal prime-to-p quotient Jx, (k;)/(Jx, (ki){ p}) of
Jx,; (k;), where, for an abelian group M, M{p} stands for the subgroup of torsion
elements a of M of p-power order. Then Dy, sits naturally in the exact sequence

0 — Prix, — Dx, — Jx, (ki)){p} — 0.

For i € {1, 2}, and a positive integer n prime to p, the Kummer exact sequence

1—)/1,n—)6mﬂ)6m—>1

induces a natural isomorphism

KX/(K)" = HY (S, 1y (K;));

see Lemma 1.4. By passing to the projective limit over all integers n prime to p,
we obtain a natural isomorphism

(K = HY(®;, M),

where Al def

= lim K/ /(K"
an

(K)

Since we have a natural embedding K, — (K iX)Ap/, we get a natural embedding
KX < H'(&;, M)).

In what follows we will identify K; * with its 1mage in H'(®;, M;); i =1,2. The
natural maps K * — Divy, and H (6,, M;) — DlVX are compatlble w1th each
other, and hence the image of K in DIVX , via the map HY(®;, M;) — DIVX in
diagram (4.3), coincides with the subgroup Priy, of principal divisors.

Lemma 4.13 (recovering the multiplicative group). (i) The homomorphism
BR/XZ — 61;)(1
in diagram (4.3) maps Dy, into Dx,.

(ii) The above map H'(®,, M>) — H' (&, M) induces a natural injective
(multiplicative) homomorphism

y i KSe (K)P " = (K x,

where p" is the exponent of the p-primary finite abelian group Jx, (k1){p}. We
have [y (Ky) : y(K;)N K[l < oo and [y(Ky) :y(K;)N(K{)?P]> 1.
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Moreover, this injective homomorphism is functorial in the following sense: Let
N1 C Gy, H C G, be open subgroups such that o (H1) C Ha, and, fori =1, 2, let
L;/K; be the finite separable extension corresponding to ; C &;, Y; the integral
closure of X; in L;, and £; the constant field of L; (that is, the algebraic closure of
ki in L;). Then we have a commutative diagram

Ly — (L

(R

Ky —= (K",
where p™ > p" is the exponent of the p-primary finite abelian group Jy, (£1){p},
and the vertical arrows are the natural embeddings.

Proof. (1) We have the diagram of maps

Divy, — H* (@ (X)), My)

f f

Divy, — H(m(X2)?", M),

where the map Divy, — Divy, is the one induced by the map ISR/XZ — ﬁlxl
in diagram (4.3). For i € {1, 2}, the group H?(m (X,-)(l’/), M;) denotes the sec-
ond cohomology group of the profinite group 71 (X @) with coefficients in the
(continuous) 1 (X;) P)_module M;.

First, we shall treat the special case that (g; >)g> > 0. In this case, we have a nat-
ural isomorphism H?(m (Xi)(p/), M) = Hezt(Xi, M;) ([Mochizuki 2007, Propo-
sition 1.1]), where Hezt(Xi, M;) denotes the second étale cohomology group of
X; with coefficients in M;. We will identify the groups H 2 (X ,-)(p/), M;) and
Hezt(X,-, M;) via the above identifications. Further, the map H?(m (Xz)(l’/), My) —
H2(r(X1)?", M) is the map induced by the natural map 7 (X 1)?" — 7 (X,)®"
between fundamental groups, which is induced by o (see Lemma 2.6), and the
Galois-equivariant identification ' : M, = M;. The map

Divy, — H> (1 (X)), M)

maps a divisor D to its first arithmetic (étale) Chern class ¢ (D), and is naturally
induced by the Kummer exact sequence

1_)/f’vn_)Gmﬂ>G’m_)1

in étale topology (see [Mochizuki 2003, 4.1]). In particular, the map Divy, —
H* (1 (X;)®), M;) factors as

Divy, — Pic(X;)/(Jx, (k) {p}) = H* (1 (X)), My),
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where Pic(X;) dif elt(X i, Gim) is the Picard group of X;. Note that the kernel of

the above map Divy, — H?(w(X;)?", M;) coincides with Dx,. We claim that
the above diagram is commutative. Thus, it induces a natural map Dy, — Dy, as
desired (in the case that g, > 0).

To prove this claim, let x, € Xx,. We shall investigate the images of x; €
Divy, in H 2 (X 1)(P/), M) under the two (composite) maps in the above di-
agram. First, consider the special case where x, € Xy, is kp-rational and each
point of ¢_1(x2) C Xy, is kj-rational. Then the image cj(x2) of the divisor
x; € Divy, in H?(mr(X2)?", M>) coincides with the class of the extension 1 —
M, — 7 (ﬂ_;z)(P/) — 11(X2)?) — 1, where 7, ([L;Z)(P/) is the geometrically prime-
to- p fundamental group of the line bundle L,, corresponding to the invertible sheaf
Ox,(x2) with the zero section removed [Mochizuki 2005, Lemma 4.2; Mochizuki
2003, 4.1]. Further, m; (I]_>< )(1’ ) is naturally identified with the maximal cuspidally
central quotient (X, \ {xz})(p )ceen of 711 (Xa {xz})(p ). Here, for a nonempty
open subscheme U; C X;, we define the maximal (geometrically prime-to-p) cus-
pidally central quotient 71 (U;)®) " to be the maximal quotient of 7y (U;)®"
in which the image of Ker(sr1(U;) — m;(X;)) lies in the center of the image of
T ((71-) [Mochizuki 2005, Lemma 4.2(iii)]. Similarly, the maximal cuspidally cen-
tral quotient 771 (X1 ~ ¢! (x2)) )" of 711 (X; ~ ¢! (x2))?" gives the extension
of m; (Xl)(”/) by @metb*l(w M that corresponds to

@yepiom € @ H@MED, M) =H(m(xD™, P ).

x1€¢71(x2) x1€07 (x2)

Being well-behaved (with respect to @), o induces naturally a homomorphism
(X1~ ¢ )P = 7(Xas ~ {x2)®?, which is a lifting of 7;(X)?) —
T (Xg)(l’/) and which further induces a homomorphism 7; (X~ ¢! (xg))(l’/)*c'Cn —
(X2 {xg})(f’/)’c'cn. These homomorphisms fit into the commutative diagram

] — @xlet;b*l(xz)Ml — w1 (X1 \d)—l(xz))(p/),c-cn s ﬂl(Xl)(p/) o

| | |

1 M, 71 (Xa N ) Peen oy (X)) P — 1,

in which both rows are exact and the left vertical arrow is €D, cs-1(y,) €x1 7> by
the inertia-rigidity of o. The commutativity of this last diagram implies that
the image of the extension class of the top row (that is, (c¢1(x1))y,ep-1(x,)) UN-
der the map H2 (1 (X)), D, ¢y () M) = H?(m1(X1)?), M) induced by
®x16¢ 1(x2)[exl] coincides with the image of the extension class of the bottom
row (that is, c¢j(x)) under the map Hz(m(Xz)(”) M,) — H?(m (Xl)(l’) M)
induced by o and 771, In other words, the i image of ¢ (x,) in H?(m (Xl)(P ), M)
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coincides with le€¢—1(xz) ex,c1(x1). From this follows the claim (in the special
case), since the divisor x, maps to le€¢_](x2) ey, x1 via the above map Divy, —
Divy,. Finally, consider the general case where x, may not be k»-rational and
each point of ¢~'(x,) may not be kj-rational. But this is reduced to the spe-
cial case by considering suitable open subgroups of &;, i = 1, 2, corresponding
to constant field extensions klf of k;. (Here, use the fact that the natural map
H2 (1 (X)) P, My) — H?(m1(X; xx, k[)P?, M;) is injective, which follows from
the injectivity of the natural map Jx, (k;) = Jx, (k) = Jx, , K, (k}).) Thus, the claim
follows. [

Next, to treat the general case that we may possibly have g, = 0, consider any
open subgroup £, of &, and set 9, e -1 (92), which is an open subgroup of &;.
For each i = 1, 2, let Y; be the cover of X; corresponding to the open subgroup
9; C &;, and ¢; the constant field of Y; (that is, the algebraic closure of k; in the
function field of Y;). Now, assume that the genus of Y, is positive. Then it follows
from the preceding argument that the homomorphism Divy, — Divy, maps Dy,
into Dy,. In particular, by functoriality, the image of Dy, in Divy, is mapped into
Dy, C Divy, under the natural map Divy, — Divy,. Or, equivalently, the image of
Dy, in Divy, /Dy, lies in the kernel of Divy, /Dx, — Divy, /Dy,. This last map
is identified with the natural map

Picx, /(Jx,(k2){p}) — Picy, /(Jy,(£2){p})

induced by the pull-back of line bundles. Thus, by considering the norm map,
we see that the kernel in question is killed by the degree [&, : $,] of the cover
Y, — X», and hence so is the image of Dy, in Divy, /Dx,.

Observe that the greatest common divisor of [&; : ], where $); runs over all
open subgroups of &, such that the corresponding cover has positive genus, is 1.
(Indeed, if g, > O, this is trivial, and, if g» = O, this follows, for example, from
Kummer theory.) Thus, the image of Dy, in Divy, /Dy, must be trivial, as desired.

(i) Fori =1, 2, let l~)x[ denote the inverse image of Dy, C Divy, (C ﬁRIX,) in
H'(&;, M;). 1t follows from (i) and the commutativity of diagram (4.3) that the
natural injective homomorphism H 1(®,, My) — H'(®,, M}) induces a natural
injective homomorphism bxz — DXI. Since K/ is the inverse image of Prix, C
Divy, in H 1(®;, M;) [Mochizuki 2007, Proposition 2.1(ii)], we have

Dyx,/K* = Dy, /Prix, = Jx, (k) {p}.

Thus, the injective homomorphism Dy, < Dy, induces (K;)P" < K, or, equiv-
alently, K, < (K[ ".
Since y (K,)/(y (K, )NK/") is injectively mapped into lﬁjx1 /K= Jx, (k){p},

which is finite, y(K,") N K[ is of finite index in y(K,). Next, suppose that
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Y (KS) =y(Ky;) N (K )P, or, equivalently, y (K5°) C (K|*)?. By the assumption
that a =0, there exists an x| € Xy, such that e,, = ¢! . In particular, e,, is prime
to p. Set xz = qb(xl) € Yx, and take any g € K such that ord,,(g) = 1. Then,
by the commutativity of diagram (4.3), we have ordxl (y(8)) = ey, ordy, (g) = ey,
which is prime to p. On the other hand, since y(g) € (le)p, ordy, (¥ (g)) must be
divisible by p, which is absurd.

Finally, the desired commutativity of diagram follows easily from the functori-
ality of Kummer theory. (]

Next, let x; € Xx, and set x2 = qb(xl) € Xx,. Then (by choosing x| € EX above
xyand X, € X5 % above x, such that qb(x 1) = X») we have the natural commutative
diagram

H' (&1, M) — H'(®z,, My) — H'(Jz,, M)

f f f

H'(®,, My) — H'(®z,, My) — H'(J;,, Ma),

where the horizontal arrows are natural restriction maps and the vertical arrows are
induced by (o, t~!). By Kummer theory, this diagram can be identified with the
natural commutative diagram

; ordy

(KM — (K™ —+ 27

f b e

(K3 — (K2 )A" e jv

where the left horizontal arrows in the two rows arise from natural field homo-
morphisms K; — (K1), and K» — (K2)x, and the vertical arrows are induced by
(0, T~1). Further, the kernels of

AT

, ord,
(KM 2827 and (Ko™ 223 7o
are naturally identified with
H (G M1) = (k(x1))" ' =k(x1)* and H'(Gi(xy)s M2) = (k(x2)) =k(x2),

respectively. Thus, in particular, the homomorphism ((K>) )Ap — (K )AP
naturally induces a homomorphism ¢y, : k(x2)* — k(x1)* that is identified w1th
the homomorphism H'(Gy(r,), M2) — H'(Gi(x,), M1) induced by (o, !). Here,
the last homomorphism is injective by the fact H O(Hk(xl), M3) =0, where Hyy))
stands for the (isomorphic) image of G (x;) in G(x,), Which is open in G ().

We have two natural ﬁeld homomorphisms K| — K ™" the first one is a natural
embedding i : K| — K of degree p" and the second one is the isomorphism
j:Ki = K| P mduced by the p~"-th power map. According to these, we obtain
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two scheme morphisms X P 5 Xy, where X f ~ stands for the integral closure of
X1 in K . First, for closed points, these two morphisms give the same bijection

TiX lpfn = 2X1~

Let x; € Xy, and set xf’ et n_l(xl) The two field homomorphisms i and j
induce two isomorphisms k (x1) — k(x” 1 ) of residue fields, which we shall denote
by i(x;) and f(xl), respectively. Then we have i(x))=F"o J j(x1), where F stands
for the pth power Frobenius map. Now, for valuations of functions, we have

ord ,» oi =p"ordy,, ord ,» oj=ord, .
X1 X1
Finally, for values of functions, we have
iG] ) =i @)). JOHGT ) =@ )

foreach f € K with ordy, (f) > 0. Thus, in particular, i (f)(x” )= j(f)(x" )"

Lemma 4.14. Let y : K, < (K;)P"" be the injective homomorphism in Lemma
4.13. Let x| € Tx, and set x = ¢(x1) € Xx,. Then:

(i) Foreach g € K5, we have
Ordxf’_" (y(g)) = p"ey, ordy, (g).

(Namely, y is order-preserving with respect 1" o ¢. See Definition 5.1.)

(i1) Foreach g € K2>< with ordy, (g) =0, we have (y (g))(xfin) =1i(x1)(ty, (g(x2))).
(Namely, y is value-preserving with respect 1" o ¢ and

{l (x1) O ly, }x{rnEZ - .

X

See Definition 5.2.)

Proof. (1) and (ii) follow immediately from the commutativity of diagrams (4.3)
and (4.4). U

Fix a prime number [ # p. For each i = 1,2, let kl be the (unique) Z;-
extension of k;, set K; [ K; kl and write XZ for the normalization of X; in
Kll . (Thus, Xl = Xi Xy kf J) Then the p-primary abelian subgroup Jx, (kf){ P}
of Jy, (kf ) is finite for i = 1, 2. (See, for example, [Rosen 2002, Theorem 11.6]
or [Saidi and Tamagawa 2009, proof of Theorem 3.7].) So, write p"® for the
exponent of J Xl(kll){ p}. By passing to the limit over the finite extensions of k;
contained in kf fori = 1,2 (see Lemma 4.13(ii)), we get a natural embedding
(K é) *— ((K {) )P Now we apply a result from Section 5. (Observe that there
are no vicious circles since the discussion of Section 5 does not depend on the con-
tents of earlier sections.) More specifically, by Lemma 4.14 and Proposition 5.3,
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the embedding (K3)* < ((K})*)? " above arises from a (uniquely determined)
embedding Ké — (K {)P_"o of fields. This embedding of fields restricts to the
original embedding of multiplicative groups K < (K;*)? ". Thus, we conclude
that this original embedding also arises from a (uniquely determined) embedding
K, — Kffn of fields.

Define the subfields K, D K, D K to be the inverse images of the subfields
Kf’_n DK D Klp in K;. By Lemma 4.13(ii), there exists a finite subset S C K>
such that K> = J, g Kja. Since K> is an infinite field, this implies that K7 is
also an infinite field and that K, must be of dimension 1 as a K}-vector space.
Namely, K, = K}, or, equivalently, the above field homomorphism K, < K f B
induces a field homomorphism y : K, < K. Next, again by Lemma 4.13(ii), we
have [K,* : (KY)*] > 1, that is, K, 2 K}. Equivalently, the field homomorphism
K, — K is separable.

Passing to the open subgroups $; C &, H, C &, with o () C H, and applying
the above arguments to §); 5 2, we obtain naturally a (separable) field homomor-
phism p : K> — K| which restricts to the above (separable) field homomorphism
K2 —> Kl.

Lemma 4.15 (compatibility with the Galois action). Let g; € &, and let g, e
0 (g1) € &,. Then the following diagram is commutative:

K, 1~ K,

‘N

£ 5 R,

Proof. Let $H, C &, be an open normal subgroup and set

def

91 =0 (),

which is an open normal subgroup of &;. Fori = 1,2, let F;/K; be the finite
Galois subextension of K;/K; corresponding to §); C &;, and denote by Y; the
integral closure of X; in F;. We have commutative diagrams

H' (97, My) — H'(H1, M)

o] of

H' (92, My) — H'(H1, My),

where g; : H L($;, M;) — H'($;, M;) denotes the automorphism induced by the
action of g; on $);, and the horizontal maps are naturally induced by (o, 1) (see
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Lemma 4.11(i)), and - -
DiVy2 —> DiVy1

4 o

DiVy2 — DiVyl s

where the map g; : ISR/yi — ﬁ/yi is the automorphism naturally induced by the
action of g; on Y; (see Remark 4.2(iv)). Further, the above diagrams commute with
each other, via the maps H'($;, M;) — ﬁRfyi in diagram (4.3) for i = 1, 2. Note
that in the above diagrams the map g; : H'($;, M;) — H'($);, M;) restricted to
F coincides with the automorphism g; : F;* — F;*. Therefore, we deduce this
commutative diagram, from which the assertion follows:

x ¥ X
F2 Fl

oA of .

x Y X
Fy — F;.

Finally, we shall prove the uniqueness of the field homomorphism 7 : K» — K,
that is Galois-compatible with respect to o and restricts to a separable homomor-
phism K, — K. In the profinite case, this uniqueness follows formally from the
uniqueness in the assertion of the Isom-form proved in [Uchlda 1977], as in the
case of rigid homomorphisms in Section 3. (Observe that y : K» — K is then
an isomorphism.) In general, however, we need some arguments which are not
entirely formal, as follows.

So, let 7’ : 152 - K 1 be another such field homomorphism. The field homomor-
phisms 7 and 7’ induce field isomorphisms ko = k1, say, 7 and 7, respectively,
which are Galois-compatible with respect to o. We may write " = ¢¢ o y for
some o € Z where ¢ € Gal(k; /F p) stands for the pth power Frobenius element.
Further the isomorphisms y and ' induce 7" -module isomorphisms M, = M,
say, ! and (7/)"!, respectively, which are Galois-compatible with respect to o.
Thus, we have (z/)~' =[ plo L By Kummer theory, we have the commutative
diagrams

K > H'(®, My) K — H' (&), M)
yT T(G,r’l) and yﬁ T(a,(r’)’l)
K} = H' (65, M), K} = H' (62, My).

Thus, for each g € K;°, we have y'(g) = y ()" in (KIX)AI’,. Since both y and y’
are field homomorphisms, we deduce that p* € Q-¢, by taking a nonconstant
function g and considering valuations at suitable points. Thus, o € Z, by [Chevalley
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1951, théoreme 1]. Exchanging y and y’ if necessary, we may assume that o > 0.
Thus, y' = F¥ o y, where F stands for the pth power Frobenius map. Since y’ is
separable, we conclude « = 0, and hence ' = y. Passing to the open subgroups
H1 C B, H C G, with 0($H1) C $H2, we conclude that  : Kz — Kl is unique.
Thus, the proof of Theorem 4.8 is completed. ([

5. Recovering the additive structure

This section is devoted to the proof of Proposition 5.3, which was used in the proof
of Theorem 4.8. We shall first axiomatize the set-up. We will use the following
notations. For i € {1, 2}, let X; be a proper, smooth, geometrically connected curve
over a field k; of characteristic p; > 0. Let K; = Ky, be the function field of X;,
and X, the set of closed points of X;. Let

LK — K[
be an embedding between multiplicative groups, which we extend to an embedding

t: Ky — K between multiplicative monoids by setting ¢(0) = 0. We assume that

we are given a map
(]5 . EXl —> ZXz

that has finite fibers, that is, for any x; € X, the inverse image o 'x)) C X x, 1s
a finite set.

Definition 5.1 (order-preserving maps). The map ¢ : K, — K is called order-
preserving with respect to the map ¢ if, for any x, € X, and any x; € ¢~ (x2),
there exists a positive integer ey, y, > 0 such that the following diagram commutes:

K —>ZU{oo}

LT [ex)x, ]T
or de

Ky, —= 7 U{o0}.

Here, [ey,x,] denotes the map of multiplication by ey, in Z, which we extend
naturally to Z U {oo} by mapping oo to co.

Next, we assume that the map ¢ : K, — K is order-preserving with respect to
the map ¢ : x, — X,. Further, we assume that we are given an embedding

lxix, :k(x2)x — k(xl)x
between multiplicative groups for any x; € Xy, and any x| € ¢~ (x2).

Definition 5.2 (value-preserving maps). The map ¢ : K, < K is called value-
preserving with respect to the map ¢ and the embeddings {ty,x,}(x;.x,), Where
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(x1, x2) runs over all pairs of points x; € Xx, and x| € ¢~ (xy) if, for any f» € 1(2X
and any point x; € Xy, such that x, N Supp div( f2) = &, we have

Ly, (J2(x2)) = ¢(f2) (x1),
where f>(x;) denotes the value of f, at xo and ¢(f2)(x;) the value of ¢(f) at x;.

If « : K5 — K is value-preserving, it particularly fits into the commutative
diagram

k() 1% k(x)*

o

kY ——— k',
where the vertical maps are the natural embeddings. (Observe that ¢ maps kj into
k1, by the order-preserving assumption.)

Proposition 5.3 (recovering the additive structure). Assume that the embedding
t: Ky < K is order-preserving with respect to the map ¢, and value-preserving
with respect to the map ¢ and the embeddings {i,x,}(x,.x,)» Where the pair (x1, x2)
runs over all points x, € Xy, and x| € ¢~ (x2). Assume further that X, (k) is an
infinite set. Then the map ¢ is additive (and hence, a homomorphism of fields).

Proof. First, we shall prove that k) = k. (Namely, f € K> is constant if and
only if ¢«(f) € K is constant.) Indeed, set F» &ef t~!(ky). Note that ki>< coincides
with the set of functions in K, with neither zeroes nor poles (or, equivalently, with
no poles) anywhere in Xx,. Now, by the order-preserving property of ¢, F> \ {0}
coincides with the set of functions in K,° with neither zeroes nor poles (or, equiva-
lently, with no poles) in ¢ (Xx,) C Xx,. It follows easily from this characterization
that F; is a subfield of K, containing k;. Since K is a function field of one variable
over kp and since k» is algebraically closed in K», we have either F, = k; or that
F> is also a function field of one variable over k;. Suppose the latter, and let W, be
the (proper, smooth, geometrically connected) curve over k, with function field F>.
Take any point x; € Xx, and let w € Xy, be the image of x; under the composite
map
EX] —¢> EXz — EWZ,

where the second map arises from the cover X, — W, corresponding to the exten-
sion L,/ F,. Now, by the Riemann—Roch theorem, there exists a function f € F;
having a pole at w. By the order-preserving property of ¢, the function ¢(f) € K;
must have a pole at x;. This contradicts the definition of F,. Therefore, we must
have F, = k>, as desired.

We prove that ¢ : £x, — Xy, is surjective. Suppose otherwise and take x; €
Yx, \ ¢(Xx,) # &. By the Riemann—-Roch theorem, there exists a nonconstant
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function f € K5 such that the pole divisor of f is supported on x € Xx,. Then,
by the order-preserving property of ¢, the function ¢(f) € K admits no poles, and
hence ((f) € ki. As t~! (k1) = ko, we thus have f € k», which is absurd.

The rest of the proof is similar to the proof of [Saidi and Tamagawa 2009,
Proposition 4.4], where ¢ is a bijection. We first prove that ¢ restricted to kj is
additive. Again by the Riemann—Roch theorem, there exists a nonconstant function
f € K; such that the pole divisor div(f)s of f is supported on a unique point
X2 € Xx,: div(f)eo = nx2, with n > 0. For a nonzero constant « € k, we analyze
the divisor of the function ¢( f + ) — ¢(f). We claim that

Supp div(t(f +a) — () C ¢~ (x2).

Indeed, if y; € Ty, is such that y, & ¢ (y1) # x,, then ord,, (:(f + @)) > 0, and
ordy, (t(f)) = 0. Moreover, t(f +a)(y1) # t(f)(y1), as follows from the value-
preserving assumption, since (f 4+ «)(y1) # f(y1). Thus,

y1 ¢ Supp div(e(f +a) —(f))

and our claim follows. Further, if x; € ¢! (x») is a pole of ((f + ) — 1(f), we
have |ordy, (¢(f +a) —t(f))| < ney,x,. We deduce easily from this that there are
only finitely many possibilities for the divisor div(¢(f 4+ «) — t(f)). Since k; is
infinite (X;(k) being infinite), there exists an infinite subset A C k2X such that
div(e(f +a) —t(f)) is constant, for all « € A.
Let o # B be elements of A. Then div(t(f +a) —¢(f)) =div(e(f + B) —t(f)),
which implies
(B —uf)
L(f +a)—u(f)
Observe that «(f +«) — t(f) # 0, by the injectivity of ¢. Further, c = ¢«(8)/t(a),
as is easily seen by evaluating the function

L(f+B)—u(f)

t(f +o)—u(f)
at a zero of the nonconstant function ¢( f). Thus, we have ((B)(t(f +a) —i(f)) =
t()(t(f + B) —t(f)), which is equivalent to

L)) =u(B)) = (@)e(f + B) —L(B)u(f + ).

ceky.

Let

ar B(f+a) _ B +af™h
T @-prT @-p
Note that g is a nonconstant function, since f is nonconstant. We have
_BU+o . (=B f _Bataf aB+f)

1 = = .
S = e B @B af —Bf @—Pf
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Dividing this equality by (o — B)¢(f) # 0, we obtain

) —up) _ U(f +B) =B+ f)
o —p) e =B f) '

Thus,
Ha) —u(B) _ te(f+B)  Pla+f)
a—pB)  a—Pu(f) wa—puf)
which equals (g + 1) — ¢(g). Further,

-1 _,
wa=p)

as follows by evaluating the function ¢(g 4 1) — ¢(g) at a zero of the nonconstant
function ¢(g). Thus,

g+ 1) =1u(g)+1.

Take any ¢ € kp. Then, evaluating this equation at a zero of ((g — ¢), we obtain
t(¢+1)=1(¢)+ 1. Now, for any &, n € kp, we have t(§ +n) = 1(§) +¢(n). Indeed,
if n =0, this follows from ¢(0) = 0. If n #~ 0, we have

e+ = o5+ 1) = (1(5) +1)em =16) + et
Thus, (|, is additive.

From this it follows easily that ¢ itself is additive. Indeed, let # and [/ be any
elements of K, and let us prove ¢(h+1) = t(h)+ (). Take any x; € X, (k;) which
is neither a pole of & nor a pole of [. Then, evaluating at any x; € ¢~ !(x2), we
obtain

(L(h+D)(x1) = txx, (B + 1) (x2))

= Lyx, (h(x2) +1(x2))

= 1(h(x2) +1(x2))

= t(h(x2)) +t(l(x2))

=lxix, (h (XZ)) + lxixs (l (XZ))

= () (x1) + () (x1)

= (t(h) + (D) (x1),
where the first and the sixth equalities follow from the value-preserving property,
the second and the last equalities follow from the additivity of the evaluation maps,
the third and the fifth equalities follow from the value-preserving property and the
fact that i (x7), [ (x2) € k (since x; € X»(k2)), and the fourth equality follows from

the additivity of ¢|,. Now, since there are infinitely many such x; by assumption,
the equality ¢(h + 1) = ¢(h) 4+ ¢(I) must hold. Thus, Proposition 5.3 is proved. [
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Local positivity, multiplier ideals,
and syzygies of abelian varieties

Robert Lazarsfeld, Giuseppe Pareschi and Mihnea Popa

We use the language of multiplier ideals in order to relate the syzygies of an
abelian variety in a suitable embedding with the local positivity of the line bundle
inducing that embedding. This extends to higher syzygies a result of Hwang and
To on projective normality.

Introduction

Hwang and To [2010] observed that there is a relation between local positivity on
an abelian variety A and the projective normality of suitable embeddings of A. The
purpose of this note is to extend their result to higher syzygies, and to show that
the language of multiplier ideals renders the computations extremely quick and
transparent.

Turning to details, let A be an abelian variety of dimension g, and let L be an
ample line bundle on A. Recall that the Seshadri constant €(A, L) is a positive
real number that measures the local positivity of L at any given point x € A: for
example, it can be defined by counting asymptotically the number of jets that the
linear series | kL | separates at x as k — oco. We refer to [Lazarsfeld 2004, Chapter
5] for a general survey of the theory, and in particular to Section 5.3 of that book
for a discussion of local positivity on abelian varieties.

Our main result is this:

Theorem A. Assume that
e(A,L) > (p+2)g.
Then L satisfies property (Np).

The reader may consult for instance [Lazarsfeld 2004, Chapter 1.8.D], [Green
and Lazarsfeld 1987] or [Eisenbud 2005] for the definition of property (N,) and

The first author’s research was partially supported by NSF grant DMS-0652845. The third author’s
research was partially supported by NSF grant DMS-0758253 and a Sloan Fellowship.
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further references. Suffice it to say here that (Ng) holds when L defines a pro-
jectively normal embedding of A, while (V1) means that the homogeneous ideal
of A in this embedding is generated by quadrics. For p > 1 the condition is that
the first p modules of syzygies among these quadrics are generated in minimal
possible degree. The result of Hwang and To [2010] is essentially the case p =0
of Theorem A.

In general it is difficult to control Seshadri constants. However, it was shown in
[Lazarsfeld 1996] that on an abelian variety they are related to a metric invariant
introduced in [Buser and Sarnak 1994]. Specifically, write A = V/A, where V is
a complex vector space of dimension g and A € V is a lattice. Then L determines
a hermitian form & = hy on V, and the Buser—Sarnak invariant is (the square of)
the minimal length with respect to 4 of a nonzero period of A:

m(A, L) :=0r7?£i£AhL(£, £).

The main result of [Lazarsfeld 1996] is that
e(A, L) > % -m(A, L).

On the other hand, one can estimate m(A, L) for very general (A, L). In fact,
suppose that the polarization L has elementary divisors

dy|dy|---|dy,

andputd =d(L)=d;----- d,. By adapting an argument of Buser—Sarnak in the
case of principal polarizations, Bauer [1998] showed that if (A, L) is very general,

then 51/
m(A, L) > T\g/d g'

Therefore we obtain:

Corollary B. Assume that
4¢(p+2)%g*
2g! |

Then (Np) holds for very general (A, L) of the given type.

d(L) >

The essential interest in statements of this sort occurs when L is primitive (that
is, di = 1), or at least when d; is small: as far as we know, our result is the first to
give statements for higher syzygies of primitive line bundles in large dimension.
By contrast, if L is a suitable multiple of some ample line bundle, then much
stronger statements are known. Most notably, the second author proved in [Pareschi
2000] that (N,) always holds as soon as d; > p + 3. This was strengthened and
systematized in [Pareschi and Popa 2003; 2004], while (for p = 0) other statements
appear in [Iyer 2003] and [Fuentes Garcia 2005].
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We conclude this introduction by sketching a proof of the theorem of [Hwang
and To 2010] via the approach of the present paper. Following a time-honored
device, one considers the diagonal A C A x A, with ideal sheaf $,. Writing

LXL =priL @prsL
for the exterior product of L with itself, the essential point is to prove
H'(AxA,LKL®JA) = 0. )

Hwang and To [2010] achieve this by establishing a somewhat delicate upper bound
on the volume of a one-dimensional analytic subvariety of a tubular neighborhood
of A (or, more generally, of a tubular neighborhood of any subtorus of an abelian
variety). This allows them to control the positivity required to apply vanishing
theorems on the blow-up of A x A along A. While their calculation is of substantial
independent interest, for the task at hand it is considerably quicker to deduce (*)
directly from Nadel vanishing.

Specifically, using the hypothesis that ¢(A, L) > 2g, a standard argument (see
Lemma 1.2) shows that for suitable 0 < ¢ < 1, one can construct an effective
Q-divisor

l1—c

Eo =num T L

on A whose multiplier ideal vanishes precisely at the origin: $(A, Eg) = $9. Now
consider the difference map

S§:AXA— A, x,y)—>x—y,

and set E = §*Ey. Since forming multiplier ideals commutes with pullback under
smooth morphisms, we have on the one hand

F(A XA E)=656F(A, Eg) =9Ia.
On the other hand, one knows that
L*KL>=686"(L)®N (s)

for a suitable nef line bundle N on A x A. Thanks to our choice of Ey, this implies
that (L X L)(—E) is ample. Therefore Nadel vanishing gives (*), as required.
The proof of the general case of Theorem A proceeds along similar lines. Fol-
lowing an idea going back to Green [1984], one works on the (p + 2)-fold product
of A, where one has to check a vanishing involving the ideal sheaf of a union of
pairwise diagonals.! To realize this as a multiplier ideal, we pull back a suitable

IThe possibility of applying vanishing theorems on a blow-up to verify Green’s criterion was
noted already in [Bertram et al. 1991, Remark on p. 600]. Nowadays one can invoke the theory of [Li
2009] to control the blow-ups involved: the pairwise diagonals Ag 1, ..., Ag, p+1 form a building
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divisor under a multisubtraction map: this is carried out in Section 1. The positivity
necessary for Nadel vanishing is verified using an analogue of (x:x) established in
Section 2. Finally, Section 3 contains some complements and variants, including a
criterion for L to define an embedding in which the homogeneous coordinate ring
of A is Koszul.

For applications of Nadel vanishing, one typically has to estimate the positivity
of formal twists of line bundles by Q-divisors. To this end, we allow ourselves
to be a little sloppy in mixing additive and multiplicative notation. Thus, given a
Q-divisor D and a line bundle L, the statement D =, bL is intended to mean
that D is numerically equivalent to b - ¢ (L). Similarly, to say that (bL)(—D) is
ample indicates that b - ¢;(L) — D is an ample numerical class. We trust that no
confusion will result.

1. Proof of Theorem A

As in the Introduction, let A be an abelian variety of dimension g, and let L be an
ample line bundle on A.

We start by recalling a geometric criterion that guarantees property (N,) in our
setting. Specifically, form the (p + 2)-fold product X = A*(P+2) of A with itself,
and inside X consider the reduced algebraic set

E={(x(), ...,xp+1)|x0=x,- forsome 1 <i < p+1}=A0,1UA0,2U...UA0’I,+1

arising as the union of the indicated pairwise diagonals. Thus ¥ has p + 1 irre-
ducible components, each of codimension g in X.

It was observed by Green [1984, §3] that property (N,) for L is implied by
a vanishing on X involving the ideal sheaf of $y, generalizing the condition (*)
for projective normality. We refer to [Inamdar 1997] for a statement and care-
ful discussion of the criterion in general.> In the present situation, it shows that
Theorem A is a consequence of the following:

Proposition 1.1. Assume that e(A, L) > (p +2)g. Then

, p+2
H’(AX(IH_Z), X L®Q®9E) -0
for any nef line bundle Q on X and all i > 0.3

set in the sense of [Li 2009] on the (p + 2)-fold self product of a smooth variety. However, in the
case of abelian varieties treated here, elementary properties of multiplier ideals are used to obviate
the need for any blow-ups.

2The argument appearing in [Green 1984] is somewhat oversimplified.

3As explained in [Inamdar 1997] one actually needs the vanishings

H'(AXPHD) JIRLR...RL®Is)=0
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The plan is to deduce the proposition from Nadel vanishing. To this end, it
suffices to produce an effective QQ-divisor £ on X having two properties:

(X, E) = 9. (1-1)
p+2
("X L)(~E) is ample. (1-2)

The rest of this section is devoted to the construction of £ and the verification of
these requirements.
The first point is quite standard:

Lemma 1.2. Assuming that e(A, L) > (p+2)g, there exists an effective Q-divisor
Fy on A having the properties that

Fo =num 1=
p+2
for some 0 < ¢ K 1, and
F(A, Fo) = 9.

Here naturally $y € O4 denotes the ideal sheaf of the origin 0 € A.

Proof of Lemma 1.2. We claim that for suitable 0 < ¢ < 1 and sufficiently divisible
k > 0, there exists a divisor D € |k(1 —c¢)L| with

multy(D) = (p + 2) gk,

where, in addition, D has a smooth tangent cone at the origin 0 € A and is non-
singular away from 0. Granting this, it suffices to put Fy = (1/(p +2)k)D. As for
the existence of D, let

p: A =Bly(A) — A
be the blowing up of A at 0, with exceptional divisor T C A’. Then, by definition
of (A, L), the class (1 —c)p*L —(p+2)gT is ample on A’ for 0 <c <« 1. If D' is

a general divisor in the linear series corresponding to a large multiple of this class,
Bertini’s theorem on A" implies that D = p,(D’) has the required properties. [J

Now form the (p + 1)-fold product ¥ = AXPTD of A with itself, and write
pr; : Y — A for the i-th projection. Consider the reduced algebraic subset

p+1
A= Upri_l(O)z{(yl,...,yp+1)|y,-=0f0rsome 1 fifp—i-l}.

i=1

for 0 < p’ < p and ¢ > 1, but these are all implied by the assertion of Proposition 1.1.
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We wish to realize $, as a multiplier ideal, to which end we simply consider the
exterior sum of the divisors Fy just constructed. Specifically, put

p+1

Eo=)_pr{(Fo).
i=1

Thanks to [Lazarsfeld 2004, 9.5.22], one has

p+1 p+1

F(Y, Eo) = [ [ pri$(A, Fo) =] [ pri o,

i=1 i=1

that is, (Y, Eg) = $ 4, as desired.
Next, consider the map

§=05,.1 c AXPHD _ pox(ptD) (13)
(x()? xlv L] xp—i—l) — (xO _xl’ L] xO _xp-l-l),
and note that ¥ = §~' A (scheme-theoretically). Set
E =§*(Ey).

Forming multiplier ideals commutes with pulling back under smooth morphisms
[Lazarsfeld 2004, 9.5.45]; hence

$(X, E)=8"9(Y, Eg) = 8" =I5,

and thus (1-1) is satisfied.
In order to verify (1-2), we use the following assertion, which will be established
in the next section.

Proposition 1.3. There is a nef line bundle N on X = A*P*2 such that
p+l1 pt2
(M L)eN="0 L. (1-4)
Granting this, the property (1-2) —and with it, Proposition 1.1 — follows easily.

Indeed, 1
- +
E =y (7(8 1)),

Therefore (1-4) implies that

(pézL)(_E) =num € (sz) —f—%.]\]’

which is ample. This completes the proof of Theorem A.
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2. Proof of Proposition 1.3
Let A be an abelian variety and p a nonnegative integer. Define the maps
b: AXPtD 5 A, (X05 X1y« vy Xpp1) > X0+ X1 + -+ -+ Xpi1,
and forany 0 <i < j<p+1,
dij:AX(p+2)—>A, (X0, X1, ..oy Xpg1) > Xj — X
Recall the map § from the previous section:

. 2 1
) .AX(‘D+)—> Ax(p+ ), ()Co,xl,...,xp+1)l—> (XQ—xl,...,XQ—xp+1).

Proposition 1.3 follows from the following more precise statement.*
Proposition 2.1. For any ample line bundle L on A, we have
ptl p+l
1<i<j k=0
Let
a:AxA—> A and d:AxA— A

be the addition and subtraction maps, % be a normalized Poincaré line bundle on
A x A, and ¢ : A — A be the isogeny induced by L. We use the notation

P=(1x¢)*P and Pij = pr;"jP,
where pr;; A*(P+2) 5 A x A is the projection on the (i, j)-factor. We will use
repeatedly the following standard facts.
Lemma 2.2. The following identities hold:
1) a* L= (LXL)Q P,
() L= (LR (-D*L)® P!,
(iii) pri; P @ pr3; P = (a x 1)* P on the triple product A x A x A.

Proof. Identity (i) is well known (see for example [Mumford 1970, p. 78]) and
follows from the seesaw principle. Identity (ii) can then be deduced similarly using
the seesaw principle, or from (i) by noting that d = a o (1, —1). This gives

d*LEAx (=) (LRL)® (1 x ¢r)*P)
ZE(UXRED L)@ x (=) ogr)*®
=SULREDL)® (1 X ) (1, =1D)*P
= (LR(-D*L)® (1 x ¢) P,

4Note that L and (—1)*L differ by a topologically trivial line bundle.
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where the last isomorphism follows from the well-known identity
(=D xD'PZAx (=))*P=p !
Identity (iii) follows from the formula
pri3? ® prz? = (a, 1)*P
on A x A x A, which in turn is easily verified using the seesaw principle (see, for
example, the proof of Mukai’s inversion theorem [1981, Theorem 2.2]). O
Proposition 2.1 follows by putting together the formulas in the next Lemma.

Lemma 2.3. If L is an ample line bundle on A, the following identities hold:
+2

oL =(mL)e(Qer):
i<j

(i) diL = (04K RLR---RH(~1)*LR---K0) ® P;' foralli < j;
! J

+1
(iii) 5*(% L) = (LM R(EDLR--R(=1D)*L) @ Py @@ Py ).

Proof. (i) If p =0 this is Lemma 2.2(i). We can inductively obtain the formula for
some p > 0 from that for p — 1 by noting that b (= b,1>) = (a, id) o b, 1, where
by denotes the addition map for k factors, a is the addition map on the first two
factors, and id is the identity on the last p factors. Therefore, inductively we have

rr=@io((BL)e (@ p)).
1<j

The formula follows then by using Lemma 2.2(i) for the addition map a on the first
two factors, and Lemma 2.2(ii1) for the combination of the first two factors with
any of the other p factors.

(i1) This follows simply by noting that d;; = d o p;;, where p;; is the projection on
the (i, j) factors and 4 is the difference map. We then apply Lemma 2.2(ii).

(iii) Note that § = (do1, - . ., do, p+1). Therefore

p+1
5( ML) =djL®---®dj L.
One then applies the formula in (ii). ([

In order to discuss the Koszul property in the next section, we will need a variant
of these results. Specifically, fix kK > 2 and consider the mapping

A xk k-1
y A — AxED (X0, X5« ooy Xg) > (X0 — X1, X] — X2, + ooy Xk—] — Xk).
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Consider also for any 0 <i < j < k the maps
aij:AXk—>A, (X0, X15 -+, Xp) > X + X
Variant 2.4. For any ample line bundle L on A we have
y*(%l L) ® ( ® a;jl.HL)
0<i<k—1
=LK (L*®(-D*L)X...K(L*® (-D*L) K (L ® (~1)*L).

Proof. Noting that a;; = a o pr;;, where pr;; is the projection on the (i, j) factors
and a is the difference map, and using Lemma 2.2(i), we have

aiL= (04K - KLR---KLK---K0,) @ P;.
L J

On the other hand, y = (do1, di12, . . . , dk—1,x) and using Lemma 2.3(ii) for each of
the factors, we have

k—1
y*( X L) = (L&(L@(—l)*L)@ e &(L@(—l)*L)&(—l)*L)
®Py'®...@P . O
Corollary 2.5. There is a nef line bundle N on A** such that

k=1 k
y(RL)eN=RL.
3. Complements

This section contains a couple of additional results that are established along the
same lines as those above. As before, A is an abelian variety of dimension g, and
L is an ample line bundle on A.

We start with a criterion for L to define an embedding in which A satisfies the
Koszul property (for a definition and discussion of this property see for instance
[Brion and Kumar 2005, §1.5]).

Proposition 3.1. Assume that ¢(A, L) > 3g. Then under the embedding defined
by L, the homogeneous coordinate ring of A is a Koszul algebra.

Sketch of Proof. Fix k > 2, and consider the k-fold self product A** of A. By
analogy to Green’s criterion, it is known that the Koszul property is implied by the
vanishings (for all £ > 2)

k
H'(A RL®0®Ir) =0, (3-1)
where Q is a nef bundle on A*¥, and I is the reduced algebraic set

F=A10UA3U---UAp_1x
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(see [Inamdar and Mehta 1994, Proposition 1.9]). As above, this is established by
realizing I as a multiplier ideal and applying Nadel vanishing. For the first point,
one constructs (as in the case p =2 of Theorem A) a divisor Fo =pum ((1—c¢)/3)L
on A, takes its exterior sum on AX%*~Dand then pulls back under the map y :
A*k — AX&=D appearing at the end of the last section. The required positivity
follows from Corollary 2.5. ([

We record an analogue of the result of Hwang and To for Wahl [1992] maps.

Proposition 3.2. Let L be an ample line bundle on A, and assume that e(A, L) >
2(g + m) for some integer m > 0. Then

M(Ax A LRL®IV) =0.

In particular, the m-th Wahl (or Gaussian) map
v h°(Ax A, LKL ®97})

>’ (Ax A LRLRIZ®0,) Zh(A, L*®S"Q))
is surjective.

Sketch of Proof. One proceeds as in the proof outlined in the Introduction, except
that the stronger numerical hypothesis on €(A, L) allows one to take Ey =pum
((1—=c¢)/2)L with $(A, Ep) = 96”“. For the rest one argues as before. O

Remark 3.3. Proposition 3.2, combined with Bauer’s result mentioned in the In-
troduction and with [Colombo et al. 2011, Theorem B], implies the surjectivity of
the first Wahl map of curves of genus g sitting on very general abelian surfaces for
all g > 145. This provides a “nondegenerational” proof —in the range g > 145 —
of the surjectivity of the map yll(c for general curves of genus g, which holds for
all g > 12 and g = 10 [Ciliberto et al. 1988].
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Elliptic nets and elliptic curves

Katherine Stange

An elliptic divisibility sequence is an integer recurrence sequence associated to
an elliptic curve over the rationals together with a rational point on that curve. In
this paper we present a higher-dimensional analogue over arbitrary base fields.
Suppose E is an elliptic curve over a field K, and Py, ..., P, are points on E
defined over K. To this information we associate an n-dimensional array of
values in K satisfying a nonlinear recurrence relation. Arrays satisfying this
relation are called elliptic nets. We demonstrate an explicit bijection between
the set of elliptic nets and the set of elliptic curves with specified points. We also
obtain Laurentness/integrality results for elliptic nets.
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Introduction

An elliptic divisibility sequence is an integer sequence W, satisfying
Wn+thn—m = n+1Wn—1W31 - Wm-i—lvvm—lwy%- (1)

This definition was introduced by Morgan Ward [1948]. Let W, (x, y) be the n-th
division polynomial associated to an elliptic curve (the n-th division polynomial
vanishes at the n torsion points). Ward showed that division polynomials satisfy
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the recurrence (1) and furthermore that all elliptic divisibility sequences have the
form

W, = A", (x, y)

for some constant A, elliptic curve (or singular cubic) and point P = (x, y) on the
curve. This rich structure has led to number-theoretic results [Ayad 1993; Everest
et al. 2006; Ingram 2009; Silverman 2004; 2005; Swart 2003] and to applications
to Hilbert’s Tenth Problem [Cornelissen and Zahidi 2007; Eisentrdger and Ever-
est 2009; Poonen 2003], to integrable systems [Hone 2005], and to cryptography
[Chudnovsky and Chudnovsky 1986; Shipsey 2001; Stange 2007]. For a bibliog-
raphy, see [Everest et al. 2003, Chapter 10].

There have been several attempts to generalize this theory. Translated elliptic
divisibility sequences were studied in [Swart 2003; van der Poorten 2005; van der
Poorten and Swart 2006]. Mazur and Tate [1991] generalize division polynomials
to arbitrary endomorphisms in the p-adic setting, and Streng [2008] uses their
definition to generalize to the endomorphism ring of an elliptic curve with complex
multiplication. Elliptic divisibility sequences are closely related to the denomina-
tors of the multiples [#] P of a fixed point P; questions have been asked about the
collection of denominators of the linear combinations [n]P + [m]Q by Everest,
Miller and Stephens [2004]. The hope of defining higher-rank elliptic divisibility
sequences via a recurrence relation was discussed in correspondence by Elkies,
Propp and Somos [Propp 2001].

The primary purpose of this paper is to generalize from integer sequences to
multidimensional arrays with values in any field, which we call elliptic nets. A
substantial part of the difficulty lies in finding the correct recurrence and defining
a generalized division polynomial.

We define an elliptic net to be a function W : A — R from a finite-rank free
abelian group A to an integral domain R satisfying the properties that W (0) = 0
and that

Wp+q+s)Wip—q)Wir+s)W(r)
+Wg+r+s)yWig—r)W(p+s) W(p)
+Wer+p+s)Wr—p)W(g+s)W(g)=0

for all p,q,r,s € A. If A= R = Z, this is an equivalent definition of an elliptic
divisibility sequence (this is not immediately obvious, but it is a consequence of
results in this paper). By the rank of an elliptic net we shall mean the rank of A
(this bears no relation to the rank of apparition defined in [Ward 1948] for elliptic
divisibility sequences). Section 1 covers the basic definitions and gives examples.

Our primary interest is the relationship between elliptic curves and elliptic nets.
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Main Theorem (introductory version). For each field K and integer n, there is an
explicit bijection of sets

scale equivalence classes
of nondegenerate elliptic
nets W:7" — K

|

tuples (C, Py, ..., P,) where C is a cubic
curve in Weierstrass form defined over K,
considered modulo unihomothetic changes
of variables, and such that {P;} € C,s(K)"
is appropriate

For a description of the relevant terminology, see Section 5 (appropriate), page 221
(scale equivalent, nondegenerate) and page 222 (unihomothetic). See Theorem 7.4
for a more detailed statement. The isomorphism itself is described explicitly in
Definition 5.1 (depending on Theorem 4.6) and Theorem 6.7. For ranks 1 and 2,
explicit formulae can be found in Propositions 3.8, 6.3 and 6.4. For an example,
see (4).

The other main aspect of elliptic nets studied in this paper is Laurentness. These
results are needed for the proof of the main theorem, but are of independent interest.
One property of elliptic divisibility sequences of particular interest is that they are
integer sequences: if the sequence begins 1, a, b, ac, ... (a, b, c € Z), then it will
consist entirely of integers [Ward 1948]. This result has been studied in the more
general framework of the Laurent phenomenon of [Fomin and Zelevinsky 2002].

Laurentness results are found in Section 2, which is devoted to the inductive
structure of elliptic nets: how some terms are determined by others via the re-
currence relation. We define a universal ring W}, for elliptic nets on A, such that
elliptic nets W : A — R are in bijection with homomorphisms W4 — R. We obtain
results on the structure of this ring, and in turn, these imply integrality results. See
Theorem 2.2 for the case n = 1, Theorem 2.5 for n =2, and Theorem 2.8 for n > 3.
The proofs in this section are elementary but somewhat tedious. The author has
not been successful in replacing them with methods similar to those of [Fomin and
Zelevinsky 2002], although the possibility remains.

The next two sections define the higher-rank generalization of division polyno-
mials called net polynomials: rational functions on the n-fold product E" of an
elliptic curve E, which vanish on tuples (P, ..., P,) satisfying a linear relation
[vi]P; + -+ + [v,]P, = O for fixed coefficients v;. In Section 3, we work with
the complex uniformization of an elliptic curve defined over C. In Section 4 we
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generalize the definition to arbitrary fields by analysing the arithmetic properties
of net polynomials. The main result here is Theorem 4.4.

The last three sections describe the bijection in the main theorem. Section 5
makes explicit the production of an elliptic net from any cubic Weierstrass curve
using the net polynomials. Section 6 determines exactly those cubic curves which
produce a given elliptic net. Finally, Section 7 puts together the results of the
previous sections to prove the main theorem, stated in its full form as Theorem 7.4.

Computer software. The explicit isomorphism described in this paper has been
implemented for Pari/GP and SAGE in ranks 1 and 2; see [Stange 2010].

1. Elliptic nets

Definition 1.1. Let A be a free finitely-generated abelian group and R an integral
domain. An elliptic net is any map W : A — R with

W(0) =0, 2
and such that, for all p, g, r,s € A,
W(p+q+s) Wip—q) Wr+s) W(r)
+W(g+r+s)Wig—r)W(p+s)W(p)
+Wr+p+s)Wr—p)W(g+s)W(g)=0. 3)
Functions W : A — R which satisfy (3) but not (2) can only appear in charac-
teristic 3 (to see this, take p =g =r = s = 0 in (3)). Any constant function in
characteristic 3 is an example. By definition, these are not elliptic nets.
We refer to the rank of A as the rank of the elliptic net. Suppose that B C A is
a subgroup of A. Then the restriction to B of an elliptic net W : A — R is also

an elliptic net. We refer to this elliptic net as the subnet associated to B and write
Wi|g:B — R.

Example 1.2. Let R be an integral domain. The following are elliptic nets.
e The zero net W : 7" — R defined by W (v) = 0 for all v.
o The identity map W;, : Z — Z given by W (v) = v.

e Let W' : Z — R be an elliptic net. Then for each 1 <i < n, we may define
W; :Z" — R by W;(vy, ..., v,) = W(v;), and this will also be an elliptic net.

o More generally, if W : A — R is an elliptic net and f : B — A is a homomor-
phism of finitely generated free abelian groups, then Wo f : B — R is also
an elliptic net.

e If W: A — Risanelliptic net and g : R — § is a homomorphism of integral
domains, then go W : A — § is also an elliptic net.



Elliptic nets and elliptic curves 201

* Wieg : Z — Z given by W(v) = (%), the Legendre symbol of v over 3. This
can be verified by a finite examination of cases; observe that at least one of p,
q,r, p—q,q—r,and r — p is divisible by 3. See also [Ward 1948, p. 31].

e Wgpp : Z — Z given by

sz if v > 0,
Ww)=1—-F, ifv<0,
0 ifv=0,

where F>, is the 2v-th Fibonacci number. One checks this example using the
closed form for terms of the Fibonacci sequence. See also [Ward 1948, p. 31].

o Here is a portion of an elliptic net of rank 2, displayed as an array:

3269 —2869 4335 5959 12016 —55287 23921 1587077 —7159461
—127 =299 94 479 919 —2591 13751 68428 424345
—44 =27 =31 53 =33 =350 493 6627 48191

-1 -7 =5 8§ —19 —41 -—151 989 —1466
3 -2 1 3 —1 —13  -36 181 —1535 @)
1 —1 1 1 2 -5 7 89 —149
-1 —1 0 1 1 -3 11 38 249
=2 -1 -1 1 —1 —4 1 47 185
(0] 1 -3 -1 2 -3 -5 17 63 —184
P —

This example arises from the curve y> 4+ y = x> + x? — 2x over @ and the
two points P = (0, 0), Q@ = (1, 0); see Example 5.3. The origin is at the term
with value 0. Each axis forms an elliptic divisibility sequence, e.g., 0, 1, 1,
—3,11,38,249, ....

2. Laurentness and integrality

In this section we ask which terms of an elliptic net determine the others via the
recurrence relation. In the case of n = 1, Ward [1948] showed that the terms
W), ..., W(4) sufficed to determine the rest of the net (unless too many of these
terms were zero). Our method also demonstrates Laurentness and integrality re-
sults. The main theorems of this section are used in Section 6.

Laurentness. Let I be a group, in additive notation, called the indexing group,
whose elements are called indices. To each i € I, we associate the symbol 7;. In
what follows, the indexing group will be I = Z" for some n.

Consider the ideal Jit in the ring Z[T;];c; generated by Ty and all polynomials
encoding property (3), i.e., those of the form

Tp+q+s Tp—q Tr+s Tr + Tq+r+s Tq—r Tp+s Tp + Tr+p+s Tr—p Tq+s Tq (5)
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as p, q,r,s range over /. Polynomials of the form (5) will be called recurrence
relations. Consider the ring W} obtained from Z[7;];<;//M as a quotient by its own
nilradical. For each integral domain R, there is a bijection between elliptic nets
W : I — R and homomorphisms W; — R (defined by taking 7; — W (i)).

Taking p = g = i,r = s = 0 shows that Tl.3(Ti + 7_;) € M for each i € I.
In particular, Tfi(Ti + T_;) € M also. Therefore, any prime ideal containing Jil
contains 7; + 7_;; for if it did not, then it must contain 7; and 7_;, a contradiction.
Therefore T_; = —T; in W;. This implies the following.

Proposition 2.1. Let W : A — R be an elliptic net. Then W (—z) = —W (2) for all
z € A.

The purpose of this section is to find a finite subset O ¢ J C I such that the local-
isation Wy [Ti_l],-e ; is finitely generated as a Z-algebra, and to give the generators.
(The localisation is not the trivial ring (1 =0) by the existence of a homomorphism
from it to Q given by Example 1.2, where one uses part (3) with W’ = W, of part
(2).) From this we show that every 7; can be expressed as a Laurent polynomial in
integer coefficients in a finite number of terms 7';. This implies that any elliptic net
which does not take zero values at the 7 is entirely determined by those values.

To illustrate, consider the rank-one case, which is essentially a result of Morgan
Ward.

Theorem 2.2 [Ward 1948, Theorem 4.1]. The ring °WZ[T1_1, T2_1] is generated as
a Z-algebra by the six elements

Tl ’ Tl_] ’ TZ’ Tz_] ’ T37 T4 .
Furthermore, each T; is expressible as a Z-coefficient polynomial in
T, T, T, T5 TTy

In particular, let W : Z — Q be an elliptic net. If W(1) =1, W(2) # 0, W(i)
is an integer fori =2, 3,4, and W (2) divides W (4), then the elliptic net consists
entirely of integers.

Proof. Recall that T_, = —T,,, so it suffices to prove the first two statements for

positive n. Taking (p, q,r,s)=(m+1,n,1,0)and (n+1,n—1, 1, 0) respectively,
in W; we have

Ton1 T{ + Tuo1 Ty + Tusa Toa T =0, (6)

Ton T T] + Ty Ty 2Ty + Tu2 T T, = 0. )

The equations (6) and (7) prove the first statement by induction. The base case
consists of 0 <n < 4; forn > 4, we have 2n > n + 2.
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For even i, it can be shown by induction on (7) that 7; is expressible as a Z-
coefficient polynomial in 77, Tl_l, 1>, Tz_]’ T3, and T4 in such a way that the
combined degree of 7, and T, in each monomial is positive. For i = 2,4 this
is clear. To complete the induction in general, observe that in (7), each of the
rightmost two terms is divisible by at least two T; where k is even and k < 2n.

For even i, the second statement of the theorem concerning the expressibility of
all T; in terms of T, Tl_l, T>, T5 and Ty Tz_l follows from the observation of the
previous paragraph. The statement also holds for i = 1, 3. Consequently, it holds
for odd i by induction on (6). O

Proofs by induction. The inductive proofs in this section will be based on the
following definitions. Consider finite sets S, J C [ where 0,i ¢ S U J. We
say that an index i € [ is S-integrally implied by J if there exists a Z-coefficient
monomial P(7y) (in variables indexed by S) and Z-coefficient polynomial Q(T})
(in variables indexed by J) such that

T; P(Ty) = Q(T)) ®)

in Wy. A set K C I is S-integrally implied by the set J if every index in K is
S-integrally implied by J.

As an example (see Proposition 2.1 and the paragraph which precedes it), —i is
S-integrally implied by any J containing i (for any S). In what follows, this fact
will often be used tacitly.

A set B C I is an S-integral baseset for Wy if all of I is S-integrally implied by
B. If B C I is an S-integral baseset, then each 7; can be expressed as a polynomial
with integer coefficients in the set of variables {7} }5cpU{ Ts_1 }ses (when considered
in the appropriate localisation).

It is straightforward to verify that if i is S-integrally implied by J and every
j € J is S-integrally implied by J', then i is S-integrally implied by J’. To show
that B is an S-integral baseset for /, the proofs in this section show the following:
for each index i € I, there is a finite sequence Jo C J; C - - - C J,, such that B = Jj,
i € J, and for each 1 <k <n, J; is S-integrally implied by J;_;. At each stage, we
show that each index of J; is S-integrally implied by J;_;. Recall that implication
is simply the existence of an relation of the form (8), and in fact we simply give a
relevant element of the form (5).

These elements are cumbersome to write out. For example, taking in the case
n=3, p=(1,0,0), g =(0,1,0), r=(0,0, 1), s = (0, 0, 0), we obtain

Ta,1,0T(1,-1,00T00,0,0 T(0,0, 1)
+T0,1,1T0,1,-1)T(1,0,00T(1,0,0)
+T1,0,0 T(=1,0,1) T(0,1,0)T(0,1,0)-
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For this information, let us instead use the more convenient notation

10001100
0100(1-100
0011

0011
1100
0010 1-100

1-100
0011 |. )
1100

In this notation, the columns to the left of the brackets correspond to the columns
of p, ¢, r and s, while the indices of the terms of the recurrence appear as the
columns within the brackets.

To demonstrate that an index i is (S-integrally) implied by a set of indices J,
it suffices to write down an appropriate such array. Notice that any array of the
form (9) is a recurrence if each row is a recurrence. Therefore we may construct
examples row by row.

The following definition will be useful for ordering inductions.

Definition 2.3. Let
N(v) = max i

be the sup-norm of the vector v.

Basesets for rank 2. For the rank-two case, we require a lemma.

Lemma 2.4. The ring W2 [T, . 0), T 11), i 11)] is generated as a Z-algebra by the
elements

{Ty : N(v) <4} U{T| (10), (01)7 T, 1)}

Proof. Let S ={(1,0),(0,1),(1,1)} and B = {v € 7Z? : N(v) < 4)}. This proof
proceeds by induction on the sup-norm. Trivially, any v with N(v) < 4 is §-
integrally implied by B. Let Ny > 4 and suppose that all terms with indices
with sup-norm less than Ny are S-integrally implied by B. Call the set of such
indices Ky,. Suppose v is an index of sup-norm Ny. We construct a recurrence
demonstrating that v is S-integrally implied by Ky, row by row. Fori =1, 2,
define w; = [v;/2].

Case I: v has one odd entry and one even entry. For the odd entry, we use the row
w; w;i—1 00 [vi 100 ‘ w;—1 wi-1 w; w; ’ w; —w; w;—1 wi—l]
For the even entry, we use the row
w; w; 10 [vi 011 |w,~+1 wi—-1 w; w; | wi+l —w;+1 w; w,-]
Case Il: v has two odd entries. Use the rows

wp wi-100 vy 100 |w-1 wi-1 w; wy wyp —wp wi-1 wi-1
wy) wyp—1 10| wvy 111 wy wy—2 wy wy | wy+l —wr+l wy—1 wy—1
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Case III: v has two even entries. Use the rows

wy wi-101 v 110 wy wi—1 wi+l wy | wi+l  —w; w; wi-1
wy w2 10 [ vy 011 |wy+l wo—1 wy wy | wo+l —wp+l wy wy

For even v;, either |v;| <2 or |v;| > 3. In the former case, |w;| +1 <2 < Nj.
In the latter case, we have |w;|+ 1 < (Jv;| +2)/2 < |v;| < Np. For odd v;, either
|[vi] <3 or |v;| > 4. In the former case |w;| +2 < 4 < Ny. In the latter case, we
have |w;| +2 < (lvi| +5)/2 < |vi| < No.

Therefore all the vectors in the recurrence have sup-norm less than Ng with the
exception of v. In the monomial of v in the recurrence, the other indices are (1, 0),
(0, 1) or (1, 1). This demonstrates that v is S-integrally implied by K, and hence
by B. ([

Theorem 2.5. The ring W22[T(Tll), T(T]O), Ty 11)] is generated as a Z-algebra by
the eleven elements
—1 —1 -1
Ta,n, Ta,0, Tons Thhy T Tory Tens Taz, Teos To2), Teo,

and the following identities hold:

Ta.-nTi . =TaoTan — T Tan,
TexTa,-nTa.oTon = Ta.n (ToyTenTao — TonTeon i) -
In particular, if W : Z* — Q is an elliptic net for which
(@ W({1,00=W(©O,H)=w,1)=1,
(b) W(2,0), W(,2), W(,2) #W(Q, 1) are integers, and
(c) W(,2)— W2, 1) divides WO, 2)W2,1) —W2,0)W(l,2),

then all terms of the elliptic net are determined by these seven values and are
integers.

Proof. The first and second stated identities are the recurrences
10101 111 (|1-11112000
I-111(2000|1111]°
-1 0(20-1-1]0211(0-211
1-1]12-1 0121011 012]°
Let S ={(1,0), (0, 1), (1, 1)}, and B={v € Z*>: N(v) < 4}. By Lemma 2.4, it
suffices to show that B is S-integrally implied by the set

{(1,0), (0, 1), (1, 1),(2,0),(0,2), (2, 1), (1,2), (2,2)}.

(10)

We list the relevant recurrences in order. As each index is implied, it may be used
to imply later indices. It is assumed that as (a, b) is implied, so is (—a, —b). To
begin, the index (1, —1) is implied by (10). We then write
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2. —1y: HOT1T0-12112-10-1/1210
’ 110020001 11 1|1-111]
(—1,2): OT-LOT-LI-1-112000-1-1-1-17
110002000 1111] 1-111
. L 1-10[20-1-1]021 1] 0211
2,-2): -1-2-11[-210-1‘-2-10-1‘10-1-2]

At this point we have implied all indices of sup-norm at most 2. Next we have

. 2100[3100]1 1222211
30 G010 0011 1-100‘1100]
G.1): 210031001 1222211
10101111 |1-111[2000]"

- (11)

(3.2); 2100[3100|1122[2211
1110201120112 011

. 2110[3111]2022[3-111
(3,3): 2100[3100 1122’2211]

Simply by switching top rows with bottom rows, we similarly imply (0, 3), (1, 3),
and (2, 3). And by putting negatives on the second row of (11), we imply the index
(3, —2) (and (—2, 3) by switching top and bottom). Next,

G._1): 2100[3100)1122/2211
LS S 1 T O T T I A Y VIO I e

. 1 210[3-111|3111|2022
G =3 5. 00[-3-100‘1-1-2-2‘-22-1-1]

Again by switching top and bottom we get (—1,3). We have now implied all
indices with sup-norm at most 3. We continue with

. 2101(4110(2 1323221
4, 0): 0010[0011'1—1001100_’
4.1): 321-1[4101]2123|3-211]
T 000 1[1010]1010]1 010"
. 321-114101(2123]3-212
*2): 1110[2011‘20112011_’
(4,3): 2210(4011(3122(3-122
21003100 |1122]2-211
. 321-114101(2123]3-212
@, 4): 221 0[4011‘3122‘3—122]

Again by switching top rows with bottom rows, we similarly imply (0, 4), (1, 4),
(2,4) and (3,4). And by putting negatives on the second rows, we imply the
indices (4, —1), (—1,4), (4, —3) and (—3,4). There remains to consider the
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indices

L —

20 -1 -1

S 21-11]410-1
@ —4: -2-2-10[-40-1-1'

. 21-11[410-1]1232|2321
@ -2): -1-1-10[ ' 01-1‘-20-1-1]’

23212321
12213122
By switching rows, we imply (—2, 4). We have now demonstrated the calculation

of all terms of index with sup-norm at most 4. The second part of the statement
follows immediately from the first. (]

& =

Basesets for ranks n > 3. Let e; denote the standard basis vectors.

Lemma 2.6. Define subsets of Z° by
Ly =1{e;}; Ufe; te;}ix; U{2e};,
/zz{a,-e,-—l—ajej:aiGZ,1§i§j§3}.
Then all indices v € 7> with N (v) < 2 are Lo-integrally implied by L.

Proof. We make use of the recurrences

110-1710-10]0101[/0-101
00-1 1/100-1|0110[0-110 |, (12)
101011 1 1|1-111/2000
001-1-1001]0-1-10/01-10
1101 10-10{0101/0-101 |, (13)
0110 1-1 11[/2000[1 111
101 011 11]1-111]2000
000110101 010[1010]. (14)
110-110-10[0101[0-101

Permute the rows of (12) by the cyclic permutations (123) and (132), calling the
results (12)" and (12)” respectively; for example, the rightmost column of (12)" is
(0, 1, 0). Do the same for (13) and (14).

Consider the equation obtained by the combination

(12) x T(l,1,1)T(Zl,o,o)T(l,—l,O)T(%),l,o) +(12)" x T(1,1,1)T(1,o,0)T(0,1,—1)T(%),l,o)T(o,oﬁl)
+(14) x T(1,71,0)T(%),1,0)T(0,1,1)T(0,0,1)T(zl,o,l) +(14) x T(o,1,71)T(21,0,0)T(0,0,1)T(1,0,1>T(1,1,0)
+(13) x Ta1.0 TG 0.0 T0.1.0)T1.1.0) + (13) % T T 1.0y T1.0.0 Too.1.0 T0,0.1)
+(13)" x T(l,1,1)T(21,0,0)T(1,0,1)T(0,1,0)T(0,0,1)-
The result has the form aT(,1,1) + b = 0, where a and b are polynomials in 7,

where every v has at least one zero coordinate. In particular,

a=T3 0070107001 T0.00T0.20T1.0.-1)-
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Thus 7(1,1,1) is L-integrally implied by L/z. To imply the terms T(—1.1,1), T(1,-1,1)»
and T(;.1,—1), use (12), (12)’, and (12)”. This covers all terms of sup-norm at
most 1.

We have the following recurrence:

00 0 1 101010101 010
00-11{100-1)(0110]0-110
21 1-112101(11012]2-101
0101}2-110(2110(1021
11 00[2000f1111]1-111

If v has exactly one coordinate of value £2 (the rest £1), then we imply v by
taking the first three rows in the recurrence above (possibly taking negatives and
permutations of rows as necessary). If v has exactly two £2’s, use the middle
three rows in the same way. If v has exactly three +2’s, use the last three rows

(this relies on the previous cases). ([
Remark 2.7. The four equations (12), (12)’, (12)” and (13) in the four unknowns
Ta 1,1, T—1.1,1y, Taa,—1,1) and T(q,1,—1), are linear with coefficients consisting of

monomials in T, where v has at least one zero coordinate. The determinant of the
system is

270,00 T0.1.0 7001, T0.1.0 TG00 To.1. 0 Ta. 1.0 Ta.0.-n To.1.-1)-
This observation is useful for calculations where 2 is invertible.

Theorem 2.8. Let n > 2. For each £ in the set
L={0,1}"\{(0,0,...,0),(,1,..., D]},

choose a vector x; having N(x;) = 1 and having nonzero entries exactly where £
does. Let G,, = {x;}¢cr. Let

H,=G,U{e;}Ule; :e;,i # j}U{2e},
Hr/z =H,U{2e¢ +ej,i # j}.
Then 7" is Hy-integrally implied by H,.

Proof. The proof is by induction on n. The base case is n = 2, which is a conse-
quence of Theorem 2.5.

Fixing any 1 <i <n, we can identify H,,_; with a subset of H,, (and ng_l with
a subset of H,) by adding a zero between the (i — 1)-th and i-th positions of each
vector of H,,_ (or H,;_ 1)- By this identification and by the inductive hypothesis
(for n — 1), any v € Z" with a zero in the i-th position is H,-integrally implied by
H) . Therefore it suffices to imply those v € Z" having no zero coordinate.

The inductive step is itself an induction on the sup-norm of v. The base cases
are N(v) =1 and N (v) = 2. Both of these for n = 3 are provided by Lemma 2.6,
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so for the base cases, we may assume n > 4. To imply v, we construct a recurrence
row by row, so that the first column is exactly v. For the first three rows, use the
following, multiplied by —1 as necessary.

10001 100(0011|1-100
0100f(1-100(1100|10O01T1 |.
1010|1010 1 010

0001

For all subsequent rows, use one of the following two recurrences (shown together
in an array), multiplied by —1 as appropriate:

11 1-1[100 1’1001'1 001]

00-1 1{100-1|0110]0-110 "
For each row, the choice between the two possibilities can be made in such a way
that the fourth column of the recurrence lies in G,. Columns 2 and 4 have at
most two nonzero entries (which are £1) and so are in H,,. The other columns,
numbered 5 though 12, have at least one zero entry, and so are already implied by
the inductive step. This completes the case N (v) = 1.

For the remainder of the proof, we will repeatedly use the following recurrences.

Let w; = [v;/2]. If v; is even, we call the recurrences shown in the following array
(E1) through (E4):

wi-1 w; 01 | v; =110 |w;j+l w; w; wi-1 w; —w;+1 wi+l  w;
w; wi—1 01 v, 110 w; wi—-1 w;+1 w; | w;+1 —w; w; wi—1
w; w; 00 v; 000 wj wj w; w; wy —Ww; wj w;

wi wi 10 V; 011 wi+1 w,-—l wi wi w,-+1 —w,-+1 w; w;

If v; is odd, we call the following recurrences (O1) through (O5).

w; wi-10 0[v; 1 00| w-1w-1 w w w; —w; wi-1 w;-1
wi—l wy 0 0 v; -1 00 w; wy wi—l wi—l wi—l l—w,- wy w;
wi-1  w; 1 0] v; -1 11 |wj+l wi-1 w;-1 w;-1 w; —w;  w; W

wi w; 0-11]v; 0-10|w-1 w w-1 w| w-1 —w w-1 w;

wj wy 1 -1 v; 0 01 w; w,-—l w,-—l wy wy l—w,- wi—l wy

The second base case is N (v) =2 (n >4 still). Since we may assume v; # 0 (this
is covered by previous cases in the induction on n), the other v; have |v;| = *£1.
There are three cases:

Case I: v has at least three odd v;. Use for the first three odd v; the recurrences
(01), (O4) and (O5) respectively. Use (E3) for all the even v;. In this case, all the
columns besides the first contain only digits 0 and =1 and so were implied in the
case N(v) = 1. Columns 2, 3, and 4 contain only one nonzero term each, and so
are in H,,.
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Case II: v has one or two odd v;. Use (O3) for one odd coordinate and (O1) for the
other (if it exists). Use (E3) for all even coordinates. Then, columns 2—4 contain
one or two nonzero entries, and columns 5-12 may contain at most one +2; but
such a column was implied in the Case L.

Case IlI: v has no odd v;. Use (E1) and (E4) for the first two rows, and (E3) for
all others. Columns 2—4 contain one or two nonzero entries and 5—12 at most two
+2’s; but such a column was implied in Case I or II.

This completes the N (v) = 2 base case.

Now suppose N(v) = Ny > 3 and n > 3. This is the inductive step; we will
assume we have implied all indices of sup-norm less than Ny. As before, v; # 0.
For |v;| =3, (01), (02), (04), and (O5) have entries less than Ny in columns 5-12.
For 1 < |v;| <2, and 3 < |v;| < Ny, all applicable recurrences have entries less
than Ny in those columns. We have two cases:

Case I: v has at least one even entry. Use (E4) for the first even coordinate, and
choose from (E1) and (E2) for the second even coordinate (if it exists). We use
(E3) for all other even coordinates. We will use (O1) or (O2) for all odd entries
(and make the choice between (E1) and (E2) above) in such a way that the second
column is in G,,.

Case II: v has no even entry. Use (0O4) and (O5) for the first two odd coordinates,
and (O1) or (02) for all others, according so that the second column is an element
of G,,. O

3. Net polynomials over C

Fix an elliptic curve E defined over C. Our purpose is to define rational functions
Qy: E" — C for all v € Z" such that for each P € E", the map

Wgp:Z7"—>C, vi> Qy(P)

is an elliptic net. In this section we associate a lattice A C C to the elliptic curve
E and consider the complex uniformization C/A.

Elliptic functions over C. For a complex lattice A, let 5 : A — C be the quasiperiod
homomorphism, and define a quadratic form A : A — {£1} by

1 ifwe?2A,

Ma) = {—1 if ¢ 2A.

Recall that the Weierstrass sigma function o : C/A — C satisfies the following
transformation formula for all z € C and w € A:

0(z+w: A) = M@)e" @195 (72 A). (15)
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Definition 3.1. Fix a lattice A € C corresponding to an elliptic curve E. For

v=(vy,...,V,) €Z", define a function 2, on C" in variables z = (zy, ..., z,) as
follows:
o(1z1+ -+ Va2 A
Qv(Z;A):n (11 n<n ) ‘
HU(Zi; AR v 1_[ o (zi+2zj; A"
i=1 1<i<j<n

(If v=0, we set 2, =0.) In particular, we have for each n € Z, a function €2, on
C in the variable z, namely
onz; N)
Q(z; A) = ———3,
o(z; A"

and for each pair (m, n) € Z x Z, a function €2, , on C x C in variables z and w:

o(mz+nw; A)
0 (z; M) =g (z 4 w3 A)™o (w; A=

Qm,n(z, w; A) =

Remark 3.2. Compare the proof of Lemma 4.5 to this definition.

Proposition 3.3. Fix a lattice A € C corresponding to an elliptic curve E. The
functions 2, are elliptic functions in each variable.

Proof. Let w € A. We show the function is elliptic in the first variable. Let
v=i,...,0) €2 and 2 = (21, ...,2n), W = (0,0, ...,0) € C". Using (15),
we calculate
Qyz+w; A)  A(viw) !
Q@A) @)V

where the last equality holds because A is a quadratic form. Thus €2, is invariant
under adding a period to the variable z;. Similarly €2, is elliptic in each variable
on (C/A)". O

Proposition 3.4. Fix a lattice A € C. Letve 7" andz € C". Let T be ann x m
matrix with entries in Z and transpose T'". Then

Qrw(z; A)

Qu(T"(2); A) = — .
2oy .
l_[ QT(ei)(z§ A)zvi 2= i) 1_[ QT(e,'+e_i)(z; A

i=1 l<i<j<n
Proof. A straightforward calculation using Definition 3.1. (]

Let g and ¢ denote the usual Weierstrass functions.
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Lemma 3.5.
. _0(u +v)o(u —v)
(a) P —p W) =——"
. Qyrw(2)2p—w(z)
(b) p-2)—pWw-2)=— Q0 (20 ()2
Proof. Part (a) is well-known; see [Chandrasekharan 1985], for example. Part (b)
follows by direct calculation using Definition 3.1. (]
Lemma 3.6.
_o(x+a +b)o(x)o(a —b)
(@) ¢(x+a)—¢a)—¢(x+b)+¢(b) = G0t Do@o®)
oc(2x +a+b)o(a)o(b)

d) ¢(x+a+b)—t(x+a)—t(x+b)+¢(x)=

o(x+a+byo(x+a)o(x+bo(x)

Proof. (a) Denote by f and g the two sides of the equation to be proved. Considered
as functions of any one of x, a or b, these are elliptic functions. Suppose that
a,b ¢ A. Consider f and g as functions of x. The set of poles of f or g is
{—a, —b}. The zeroes of g (the right-hand side) are at —a — b and 0. These are
also zeroes of f, since ¢ is an odd function. Hence f =cg for some ¢ not depending
on x. Now define instead

F=@x+a)—¢@)—¢x+b)+EDd)o(x+a)o(x+Db),
G=oc(x+a+b)o(x).

We have F = ¢/G for some constant ¢’ independent of x. Taking derivatives and
evaluating at x = 0, we have

(9 (b) — p (a)) o (a@)o (b) = c'o(a+b)o'(0)
We have ¢/(0) = 1. By Lemma 3.5, we then have

;L o(a—>)

o(a)o (b)
which concludes the proof of (a). Part (b) is obtained by a change of variables
X<a,a<x+b,b<x. |

Forming the elliptic net.

Theorem 3.7. Fix a lattice A € C corresponding to an elliptic curve E. Fix
Z1, -+, Zn € C. Then the function W : 7" — C defined by

W(v) = Qv(le cety Zn; A)

is an elliptic net.
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Proof. For notational simplicity, we drop the arguments z;, A on €2, and also
write o (v), g (v) and ¢(v) for o (viz1 + - + Vuzn), (V121 + - -+ + v,2Z,) and
¢(v1z1+ - -+ v,2,). We observe that v = 0 if and only if 2, =0.

We intend to show that (3) holds for W in p, ¢, r and s. If any one of p,
q or r are zero, then (3) holds trivially (note that o is an odd function, so that
Q_, = —,). Hence we may assume that none of 2, €24, or 2, is identically
zero. For any quadratic form f defined on Z”, we have the following relation for
all p,q,s e 7™

fp+q+)+f(p—@)+f(s)—f(p+s)—f(p)—f(g+s)— f(g)=0. (16)
First we address the case that s = 0. By (16) and Lemma 3.5,

2p+g82p—q _ (P +9)0(P—9)
Q2Q7 o(p)o(g)?

=p(q) —p(p).

Therefore, we have

QpgSp—q | Qg1rQq—r | QripS2r—p _
Q202 Q202 Q202 =0,
P q q--r r--p

which gives the relation (3) for s = 0, that is,
QprgQp—g U+ Qgr Lg—r 2V + Qi p Q2 = 0.
Now suppose that s # 0 and so 25 # 0. By (16) and Lemma 3.6,

Qptg+s82p—gS2s _ o(p+q+s)o(p—q)o(s)
Qpis2pQg152g  o(p+s)o(p)o(q+s)o(q)
=(p+s)—¢(p)—¢(g+s)+¢(g).

Therefore, we have

Qp—i—q-i—st—q Qs Qq-i—r—‘,-qu—rQs Qr—%—p—}—sQr—st

=0,
Qs Qs Qs L Qs Q)

or, more simply,
Qp—',—q—i—s Qp—q Qr—',—s Qr + Qq—i—r—',—s Qq—r Qp—i—s Qp + Qr—|—p—{—s Qr—qu—i-s Qq = Ov
which is what was required to prove. ([

The identity (3) for €2, is similar to several identities known in complex function
theory [Gasper and Rahman 2004; Wenchang et al. 1996].
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Explicit rational functions. Elliptic functions for a lattice A of C give rational
functions on the associated elliptic curve (via complex uniformization). If we give
a Weierstrass model for the same elliptic curve, we can give explicit expressions for
the rational functions as elements of the usual field of rational functions associated
to the model. In the following proposition, we do this for €2, for some small v € 7",
forn=1,2,3.

Proposition 3.8. Consider an elliptic curve E, and a Weierstrass model for E
given by

2

yz—i-alxy—l-a3y—x3 —apx” —agx —ag=0.

As usual, let
by =aj+4ay, bs=2as+aias, be=a;+4as,

bg = a%aﬁ +4araq — arazaq + a2a§ — ai.

To E we can also associate a complex uniformization and elliptic functions Q, as
above. As rational functions on E, we have the following equalities.

Forn=1:

Ql=1, Qz=2y+a1x+a3,
Q3 = 3xt+ b2x3 + 3b4x2 4+ 3bex + bg, cr Q2= 2y +a1x +az)
(2x° + box” + 5bax® 4+ 10bx> + 10bgx? + (babs — babe)x + babs — by).

Forn =2:

Quo0=R0n=%1n=1

Q(lv_l) = X2 — X1, Q(—l,l) =X| — X2,
_ 2 _
Qo1 =2x1+x— (u) _a](yz y1) ta,
X2 —X] Xy —X]
— v \2 _
Qi) =X1+2x — (u) _al(yz y1>+a2'
X2 —X1 Xy —X1
Forn =23:

Q1,0,00 = 2(0,1,00 = 2(0,0,1) = 2(1,1,00 = (0,1,1) = (1,0, = 1,
Q1,00 =X2—x1, 0,1,-1)=xX3—Xx2, 1,01 =X — X3,
Q11,00 =x1—x2, 0,-1,1)=X2—x3, 1,0-1)=X3— X1,

Yy1(x2 —x3) + y2(x3 — x1) + y3(x1 —x2)
(x1 —x2)(x1 — x3)(x2 — x3)

Quin=

9
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yi(x2 —x3) — y2(x3 — x1) — y3(x1 —x2)

Qe1,n= E—_—— +a1x; +as,
2 — X3
—y1(x2 —x3) + y2(x3 — x1) — y3(x1 — x2)
Qa,—1,n= p— +a1x; +as,
3— X1
—y1(x2 —x3) — y2(x3 — x1) + y3(x1 — x2)
Qui1,-n= 1 —2) +a1x3 +as.
1 — X2

Proof. The division polynomial formulae (the n = 1 case) are well-known; see
[Chandrasekharan 1985], [Frey and Lange 2006, p. 80], or [Silverman 2009, Ex-
ercise 3.7]. The formulae for n = 2 and the related first three lines of formulae for
n = 3 are immediate consequences of Lemma 3.5 and the addition law for elliptic
curves [Silverman 2009, Algorithm 2.3]. Only the cases where n = 3, v; # 0
for all i = 1, 2, 3 are not immediate: these formulae are a result of the proof of
Lemma 2.6. Note that using Remark 2.7 results in the same formulae. ([

4. Net polynomials over arbitrary fields

In the last section, we defined elliptic functions €2, in the case of C/A. In this
section we wish to define the same rational functions for any elliptic curve over
any field, calling them W, the net polynomials. We will start from the results of
the last section.

Defining net polynomials. Let R = Q[oy, oy, o3, g, 6] be a polynomial ring
over Q in the variables «;. Define f(x, y) € R[x, y] by

e, y) =y +axy +ozy —x° —opx® —aux — a6,

Consider the affine scheme € : f(x,y) = 0 over R. Let a = (a;) € C°. The
association («;) — (a;) gives a map ¢, : R — C. Consider the affine variety over
C given by

Cy: y2 +aixy+azy = X+ a2x2 + asx + ag.

Then ¢, gives rise to a Cartesian diagram

&~ Cl

_—

Spec(R) <—— Spec(C)

where €" =€ Xspec R - * - Xspec & € 1 the n-fold fibre product of € with itself over R.

The rational functions 2, € H(C}) have rational expressions in x, y and the
a; (in terms of the Weierstrass model, as in for example Proposition 3.8). These
expressions have rational coefficients by construction and the general theory of
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sigma functions (the divisors are Galois invariant). So these same expressions
(with a; replaced with «;) give rational functions ¥, € J(€").

Theorem 4.1. Let n > 1. Denote by H(€") the field of rational functions on €".
There exists a unique system of functions ¥V, € ¥ (€") depending on v € 7" such
that

(a) the map
W 7" — H(E"), v,

is an elliptic net, and

(b) whenever C, is elliptic, the restriction of Wy to a fibre C} is the rational
Sfunction Q,.on Cj.

Proof. The union of the C}; for which Cy, is an elliptic curve is Zariski dense, and
so the W, are determined uniquely by their restrictions to these fibres. (]

We call these W, the net polynomials; we will discuss shortly the “polynomial”
ring R,, in which they live.

We transfer some useful properties of the €2, to properties of the W, on é".
Again, there are unique rational functions X and Y for € whose restriction to
elliptic C, correspond to the Weierstrass functions g and %p/ . Each v € 7" gives
rise to a map v : €" — € which is the linear combination associated to the vector
v (e.g., (1, 1) is the usual group law). Define rational functions X, = X o v and
Y,=Yowvon%é".

The next lemma follows immediately from Lemma 3.5.

Lemma 4.2. W2W2 (X, — X)) = =Yy 0y Wy

More generally, there is a map T : € — €" associated to any T € M, ,,(Z).
The next proposition follows from Proposition 3.4.

Proposition 4.3. Let v € 7". Let T be any n x m matrix with entries in Z and
transpose T'". Then

n
207 =3 vivj ivj
oo D[ [Wre)™ " [T ¥rvlersey = Y1 (17)
i=1

1<i<j<n

Net polynomials at primes. In this section we determine a little more about the
exact nature of the elliptic net W,. In particular, we wish to restrict the possible
divisor of W, and show that it has zero valuation for certain primes.

Consider the ring S = Z[ay, oo, @3, a4, a6]. Since f(x, y) is defined over S, we
may define €5 : f(x, y) =0 as a scheme over Spec S whose fibre over Spec R is
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€. Then €; = €5 Xspecs - - - Xspec s €5 1s a scheme over Spec § whose fibre over
Spec R is €". Define

R = S[xi, Yili<izn [(xi _xj)_1]1§i<j§n / (f(xis i) i<izn -

The ring R, is the affine coordinate ring of the affine piece of €' obtained by
removing all the diagonals and antidiagonals, in the sense of the elliptic curve
group law (in other words, on an elliptic curve fibre, x; = x; if and only if the
corresponding points satisfy P; = 4=P;). There is a natural identification of R,
with a subset of JH(€").

Theorem 4.4. The functions V, are elements of R,. Let p be any prime of R,
which is a lift of a prime of S. Then WV, ¢ p.

The lifted ideal p = q%R,, is prime whenever q is a prime of S. The proof of
the theorem will involve showing for all valuations v associated to such primes p
that v(W,) (slightly modified) is a quadratic form with certain vanishing. Then the
following lemma will establish that this function is identically zero.

Let B and C be abelian groups written additively. The function f : B — C is a
quadratic form if for all x, y,z € B,

fa+y+)—fa+»)—fO+)—fx+2)+ fx)+ f(y)+ f(2)=0.

If f is a quadratic form, then for all x, y € B,

S+ +fx—y)=2fx)—2f()=0.
The converse holds if C is 2-torsion free.

Lemma 4.5. Let M : 7" — Z be a quadratic form. Suppose that M (v) = 0 for all
v=e; and v = e; +e; (i.e., for standard basis vectors and their two-term sums).
Then M (v) =0 for all v.

Proof. 1t is well-known that any value of a quadratic form can be given in terms of
its value at a certain “base” of vectors. In particular,

f(Za,-e,-):Z(Za?—Zaiaj)f(ei)—l— Z aiajf(ei+ej). O
i=1

i=1 j=1 I<i<j<n

Proof of Theorem 4.4. Each W, € J{(¢") has a corresponding Weil divisor. Suppose
a codimension-one subscheme X appears as a summand in this divisor, and let
X=Xxn Cy. If Cq is elliptic, X # &, and X # C,, then X is of codimension
one in C}; and appears in the divisor of 2, to the same order as X appears in the
divisor of W,. Definition 3.1 determines the divisors of €2, and this restricts the
possible divisors for W,. In particular, it shows that s\, € R,,, where s € S.
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Therefore, taking v to be a valuation of R, lifted from a valuation of S associated
to a prime q of S, it will suffice to show that v(W,) =0 for all v € Z".
Lemma 4.2 implies

\I’v-i-wq"v—w

Xy = Xy=——503
vow

We claim that v(X, — X) = 0 whenever v # £w, v #0, and w # 0.

First suppose v(X, — Xy) < 0; we show that v =0 or w = 0. Indeed, we know
that v(X,) < 0 or v(Xy) < 0. Suppose v(X,) < 0. This implies that v(P) = O
for all P on the nonsingular part of the fibre over q of €s. Since P ranges over all
possible values (e.g., P = (P, 0, ..., 0)), we find that this implies that [v;] = [0]
for all i. In turn, this shows that v = 0. Similarly, if v(X,) < 0, then w = 0.

Next suppose v(Xy — Xy) > 0; we show that v = +w. Suppose the valuation is
positive. Then v(P) = 2w (P) for all P on the nonsingular part of the fibre over
q of €s. Since P ranges over all possible values (e.g., P = (P,0,...,0)or P =
(P, P,0,...,0)), we find that this implies, in particular, that forall 0 <i < j <n,
we have [v; = w;] =[0] and [v; +v; & (w; +w;)] =[0] on €. In turn, this gives
v; = 2w; and v; +v; = =(w; + w;). Together these imply that v = £w. This
demonstrates the claim.

Define a function M : 7" — Z by

v(Wy) ifv #£0,

M) = {0 ifv=0.

Note that M (—v) = M (v), from which one can deduce that
Mv+w)+Mw—w)—2Mw)—2M(w)=0 (18)

whenever v = 0 or w = 0. Our work up until now has shown that (18) holds in all
other cases except v + w = 0 or v — w = 0. These remaining two cases reduce to
the statement that for all u, M (2u) = 4M (u). To obtain this, take the sum of the
four instances of (18) with (v, w) respectively taking the values (4u, u), 3u, u),
(Bu, u) and (2u, u), and then subtract the instance of (18) with (v, w) = (3u, 2u).

We have shown that (18) holds for all v and w, and that therefore M : 7" — 7 is
a quadratic form (since Z is 2-torsion free). The other assumptions of Lemma 4.5
are verified by Proposition 3.8. Therefore, M is identically zero, which is what
was required to prove. ([

Summary. Letn > 1. For any elliptic curve or scheme C, let O denote the identity,
[m] : C — C denote multiplication by m, p; : C" — C denote projection onto the
i-th component, and s : C" — C denote sum of all components. For v € Z", define
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the expression

Dey=([vi] % x [, )*s* (@) — Y vv;(pjf x p})s*(0)
I<k<j<n . .
- Z(zv,f -> vka-)p;;(@),
k=1 j=1

which is a divisor on the n-fold product C". Over the complex numbers, the
functions €2, have these divisors and satisfy the elliptic net recurrence (3) (see
Section 3).

We now collect the results of the previous sections in one statement.

Theorem 4.6. Let n > 1. There exists a unique collection of rational functions
W, € JH(€Y) for each v € 7" satisfying these conditions:

(a) The map v +— V, gives an elliptic net W : 7" — R,,.
(b) Wy =1whenever v=e; for some 1 <i <norv=e;+e; forsomel <i <j=<n.
(c) Div(Wy) = Dy p.

Proof. Part (a) follows from Theorems 4.1 and 4.4. Part (b) follows from Proposi-
tion 3.8 and Theorem 4.1. Part (c) follows from Theorem 4.4. O

5. Elliptic nets from elliptic curves

In light of Theorem 4.6, it is now natural to define an elliptic net associated to any
cubic Weierstrass curve over any field.

Definition 5.1. Let K be any field. Let ay, a», a3, a4, ag € K. To this we associate
a map

S=Zar,az, a3, a4, 6] > K, ;> a;.
Let
fx,y)= y2+a1xy+a3y—x3 —a2x2—a4x — ag

and let C be a curve defined by f(x, y) =0. Then we have a Cartesian diagram
Spec(S) =<—— Spec(K)

under which we may pullback W, to obtain ¢, € H(C") (this is possible since
the fibre on the right is not contained in the support of the divisor of W,, by
Theorem 4.6).
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The nonsingular points of C defined over K, denoted Cps(K), form a group.
We call a set of points {Py, ..., P,} on the nonsingular part Cys of a cubic curve
appropriate if

(@) P; #0 forall i, (b) [2]P; #0 forall i,
(c) P;#=xPjforanyi # j, and (d) [3]P; # 0 whenever n = 1.
If we have an appropriate n-tuple of points P € Cps(K)", we may define a map
Wep:7"— K

by setting We p(v) = ¢ (P). By Theorem 4.6, this will be an elliptic net. This
will be called the elliptic net associated to C and P.

We have the following additional corollary to Theorem 4.6.

Corollary 5.2. For an elliptic net We p : 7" — K associated to a curve C and
nonsingular points P, we have W (v) = 0 if and only if v(P) = O on Cy;.

Proof. This follows from the statement that 2,(v-z) =0 ifand only if v-z € A
(see Section 3). O

Example 5.3. In (4) (page 201) we displayed an example elliptic net Wg (p o)
associated to the elliptic curve and points

E:y2+y:x3+x2—2x, P=(0,0, 0=(1,0

Some of the smaller terms of this net can be calculated using Proposition 3.8; for
example,

w@0,00=0, W{,00=W@O,1)=W(1,1) =1,
W2,0) =2y +ajx;+az=1, W(0,2) =2y, +ajx+az=1,
W, —-1)=x,—x1 =1,

_ 2 _
W(2, 1) = 2x1 + x5 — (u) —al(u) Yar=2,
X2—X1 X2 —X1

W2, —1) = (1 +y2)” = @x1 +x2) (61 —x2) = ~ 1.
More terms can be calculated using the recurrence relation (3). Since P and Q
are independent nontorsion points, there are no zeroes in the array except the zero
located at the origin (W(0,0) = 0). The row through the term O is the elliptic
divisibility sequence associated to E and P, which begins
1, 1, =3, 11, 38, 249, —2357, 8767, 496035, —3769372, —299154043,
—12064147359, 632926474117, —65604679199921, ...

The column through O is the elliptic divisibility sequence associated to Q.



Elliptic nets and elliptic curves 221

6. Elliptic curves from elliptic nets

We are now in a position to use the results of Section 2 to determine exactly which
elliptic curves (or more generally cubic Weierstrass curves) give rise to any given
elliptic net.

Scale equivalence and normalization.

Proposition 6.1. Let W : A — K be an elliptic net. Let f : A — K* be a quadratic
form. Define W/ : A — K by

W/ (v) = f(@)W ().
Then W/ is an elliptic net.

Proof. Let p, q,r, s € A. We use multiplicative notation in K*, so that f satisfies

FP+a+)fPf@QfSOfp+) ' flg+) ' fip+s) =1 (19

The parallelogram law for quadratic forms (written multiplicatively) states that

fr=a)fp+a) = fp)’f@? (20)
Multiplying f(r) f(r +s) and equations (19) and (20) together, we obtain

F(p+a+5) f(p=q) fr+8) f(r) = f(q+5) f(p+8) fr+5) f(P) f(@) f(r) f ()7,

which is symmetric in p, ¢, and r, so

f+q+s)f(p—) fr+s)fr)=flq+r+s)flg—r)f(p+s)f(p)
=f(r+p+s)fr—p)flg+s)f(qg),

which shows that the recurrence (3) holds for W/ if it does for W. [l

If two elliptic nets are related in the manner of W and W/ for some quadratic
form f, then we call them scale equivalent. This is clearly an equivalence relation.

Let W : Z" — K be an elliptic net. We say that W is normalized if W(e;) = 1
forall 1 <i <nand W(e; +e;) =1forall 1 <i < j <n. An elliptic net arising
from a curve and points is normalized. It should be stressed that the concept of
normalized is only defined for elliptic nets with a preferred basis.

If any term of the form W(e;), W (2e;), W(e; +e;), or W(e; —e;) is zero (where
i # j), or if n =1 and any term of the form W (3e;) is zero, then we say that W is
degenerate. Compare the definition of degenerate to the definition of appropriate
in Section 5.

Proposition 6.2. If W : 7" — K is a nondegenerate elliptic net, there is exactly
one scaling W/ which is normalized.
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Proof. Define

Aii=W(e)™', forl<i<n,
W(e)W(e;
Wie; +e;)
foy= [T 43"
l<i<j<n

Then W/ is normalized. Uniqueness follows from the elementary properties of
quadratic forms (as in the proof of Lemma 4.5). U

The proof demonstrates that scale equivalence has L";rl) degrees of freedom. If
W :Z" — K is an elliptic net, then its normalization W is defined to be the unique
normalized elliptic net which is a scaling of W. A coordinate sublattice of 7" is a
sublattice of the form

{fveZ":v;=0fori ¢ I}

for some proper nonempty subset / C {1, 2, ..., n}. The rank of the sublattice is
the cardinality of /.

Curves from nets of ranks 1 and 2. Define a change of variables of a cubic curve
in Weierstrass form to be unihomothetic if it is of the form

X' =x+r, yY=y+sx+t, 21)

for some r, s and t.
The rank-one result in the following form is due to Christine Swart.

Proposition 6.3 [Swart 2003, Theorem 4.5.3]. Let W : Z — K be a normalized
nondegenerate elliptic net. Then the family of curve-point pairs (C, P) such that
W = Wc, p is three dimensional. These are the curve and nonsingular point

C:y*+aixy+asy =x>+apx* +asx +ag, P =(0,0),

where

. W)+ WQ)> —-2WQ2)WQ3)
1 =

W(Z)ZW(S) ’
L _WQWE? W@+ WD)~ WQWE)
2T W(2)3W@3) ’
az;=W(Q2), as =1, ag =0,

or any image of these under a unihomothetic change of coordinates.
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Proof. A normalized rank 1 nondegenerate elliptic net has W (2) #0 and W (3) #0.
Any singular point P = (x, y) on a cubic Weierstrass curve has vanishing partial
derivatives, which implies that W, (P) = 2y + a;x 4+ a3 = 0 (see Proposition 3.8).
Therefore, if any curve and singular point gives rise to W, then W(2) = 0, in
contradiction to nondegeneracy. The division polynomials W, W,, W3 and W, are
invariant under a change of coordinates of the form (21). Then, it is a simple calcu-
lation to check that W¢_p agrees with W at the first four terms; hence W p = W by
Theorem 2.2. Conversely, suppose W = W¢r pr. After applying a transformation
of the form (21) taking P’ to (0, 0) and taking a4 to 1, substitution of the division
polynomials into the equations above verifies that a; = a; for all i. U

Proposition 6.4. Let W : 7> — K be a normalized nondegenerate elliptic net. Then
the family of 3-tuples (C, P, P») such that W = Wc p, p, is three dimensional.
These are the curve and nonsingular points

C: y2 +aixy+azy = x> +a2x2 + asx + ag,

Pr=(0,0), P,=(W(,2)-W(2,1),0),
with
_ W(2,0)—W(0,2)
W@, ) -W(1,2)’

as=WQ2,1)-W(,2)W(2,1), ag =0,

aj 02=2W(2, 1)_W(1,2)a as = W(z’ O)’

or any image of these under a unihomothetic change of coordinates.

Proof. In a normalized nondegenerate elliptic net,
W2, DH-Ww(1,2)=W(,-1)#0, W(2,0)#0, W(0,2)#0

(see Theorem 2.5). Thus (as in the previous theorem) if a curve and points give
rise to W, then the points are nonsingular. The formulae for W (2, 0), W (0, 2),
W (2, 1) and W(1, 2) are invariant under a change of coordinates of the form (21).
The net W¢ p, p, agrees with W at the terms (2, 0), (0, 2), (2, 1) and (1, 2); hence
Wc, p,p, = W by Theorem 2.5. Conversely, suppose W = Wcr pr p;. After ap-
plying a unihomothetic transformation taking P| to (0,0) and P; to (W(1,2) —
W (2, 1), 0), substitution of the net polynomials into the equations above verifies
that a; = a; for all i. O

Example 6.5. Plugging terms from the elliptic net of (4) into the formulae in the
statement of Proposition 6.4 we recover the corresponding E, P, and Q.

Remark 6.6. A more symmetric set of equations in the case of characteristic not
equal to 2 is as follows:

Pi=w,0), P=(-v,0, 2v=W(2,1)-W(,?2),
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~ W(2,0)-W(,2)
W, ) -W(1,2)’
203 =W(Q2,00+W(0,2), 4das=—-W(2,1)—W(l, 2))2,
8ag=—-(W2,1)—W(, 2))2(W(2, D+ Ww(,2)).

aj 2a0 = W2, 1)+ W(l,2),

Curves from nets in general rank.

Theorem 6.7. Let n > 1. Let W : 7" — K be a normalized nondegenerate el-
liptic net. Then the set of curves C and P € C" such that W = Wc¢ p forms a
three-dimensional family of tuples (C, P). Further, none of the points P € P are
singular. In particular, the family consists of one such tuple and all its images
under unihomothetic changes of coordinates.

Proof. The proof is by strong induction on n, where the inductive statement has
two parts:

(I) The theorem holds for 7.
(I) W(v) # 0 for some v € {£1}".

The base case consists of ranks n = 1, 2. Part (I) is by Propositions 6.3 and 6.4;
part (II) is by nondegeneracy, which implies W (e;) # 0 and W (e; 4 e3) # 0.

Suppose n > 3 and the inductive statement holds for all k < n. Let Wy, ..., W,
be the normalized elliptic subnets of W associated to the rank n — 1 coordinate
sublattices L; = {v : v; = 0}. These are defined as nets W; : L; — K but they can
be identified with nets W/ : Z"~! — K in the obvious way (by deleting the zero
coordinate). They are normalized and nondegenerate (by definition, nondegeneracy
at rank n implies nondegeneracy on rank n — 1 sublattices for n > 2). By part (I)
the inductive hypothesis, we have W/ = W, p, for some curves C; and nonsingular
points P; € C/'.

We observe a consequence of Proposition 4.3. Suppose V| : Z" — K is an
elliptic net of rank m associated to C and P. Also suppose

Vo:fveZm v, =0}— K

is the elliptic subnet of V; associated to the coordinate sublattice of rank m — 1
which consists of vectors with last coordinate zero. Suppose V, : 7" - K is
naturally identified with V, by simply deleting the last coordinate of the domain.
Then V is associated to C and P’ where P’ is simply P with the last coordinate
deleted. This statement, appropriately adjusted, holds for any coordinate hyper-
plane (not just the one with last coordinate zero).

Consider two of the rank n — 1 subnets, say W; and W;. Let W;; = W; N W; in
W. Define Wi’j :7"=? — K by the obvious identification. Then, Wi/j = Wc,.p, for
some curve C;; and P;; € Cl.”j_z. By the foregoing, C; = C; = Cj;, P;j is just P;
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with the i-th coordinate deleted, and P;; is just P; with the (j — 1)-th coordinate
deleted.

Considering every such pair, we may define a candidate curve C by C = C; for
all i and P € C" defined as the unique n-tuple which results in P; upon deleting the
i-th coordinate. By the foregoing, this is well-defined. Now we see that W agrees
with W¢ p on all coordinate sublattices of rank n — 1. By part (II) of the inductive
hypothesis and Theorem 2.8, we see that W is determined by its sublattices of rank
n — 1. Therefore W = W¢ p.

To show part (II) of the inductive statement, we observe that if W (v) =0 for all
v € {£1}", then v(P) = O for all such v (by Corollary 5.2). But this is impossible,
since it would imply [2]P; = O for 1 < i < n, a contradiction to nondegeneracy
(again Corollary 5.2).

A change of coordinates of the form (21) for C does not change the elliptic net,
as it is determined by its values on its coordinate hyperplanes, where this is true.
Further, if two tuples not related by such a change of coordinates generate the same
net W, then the same would hold for some coordinate hyperplane, a contradiction.
This demonstrates part (I) of the inductive statement. O

7. The curve-net theorem

We set some remaining terminology, and then proceed to the statement and proof
of the main theorem.

Homothety and singular elliptic nets. The only changes of coordinates of a Weier-
strass equation into another are compositions of unihomothetic changes of coor-
dinates and changes of coordinates of the form (x, y) + (W2x, 23 y), which we
refer to as homotheties (since they correspond to homotheties of the lattice in the
complex uniformization).

Proposition 7.1. Consider the rank n elliptic net W¢_p associated to
C: y2 +ajxy+azy =x3 +a2x2+a4x + ag

defined over K and P € C(K)". Let A be a nonzero element of K. Suppose
¢, : C — C, is the isomorphism of curves taking C to

Cy: y2 + raixy + A3a3y =x3+ Azazxz + X4a4x + )»6a6
under the change of coordinates (x, y) — (A2x, A3y). Then
We,.4.p) = 2We.p
In particular, let §;; be the Kronecker delta, and define

gwyy=—1-— > (—1)5"fvl~vj.

I<i<j<n
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Then
We, 6.y = 2P We p.

Proof. The first statement is entailed by the second. From the general theory of
Weierstrass sigma functions, o (Az, AA) = Ao (z, A). Thus, by Definition 3.1,

Qu(Az; AA) = A5V Q,(z; A).
As in Section 4, this allows us to conclude that the same holds for ¥, so that
W, (A2x, Ay, M) = 2800, (x, y, o),
from which the result follows. (]

Definition 7.2. Let W : Z" — K be an elliptic net. With the notation of Proposition
7.1, we define

W* () 1= AP W (v).

This gives an action of K on elliptic nets W : Z" — K called the homothety action.
Two elliptic nets are homothetic if they are in the same orbit of the action of K.

The following proposition is immediate.

Proposition 7.3. Let W : 7" — K be an elliptic net. Then for any nonzero A € K,
W* is normalized if and only if W is.

Let W :Z" — K be an elliptic net. If the curve C associated to its normalization
is a nodal or cuspidal cubic, then W is called singular. If, instead, C is an elliptic
curve, then W is called nonsingular. In either case, the discriminant A of W is
defined to be the discriminant of the associated Weierstrass equation. Similarly,
the j-invariant is the j-invariant of the associated Weierstrass equation. The dis-
criminant of an elliptic net changes by a factor of A'?> under homothety, while the
Jj-invariant remains unaltered.

The curve-net theorem. We may put a partial ordering on tuples (C, Py, ..., P,)
where C is a Weierstrass curve and P; are nonsingular points on the curve. We do
this by defining

(Cv Plvvpn)S(Dv le’Qm)
if and only if C = D and the groups they generate satisfy a containment

(P, Py) S(Q1, ..., On) .

The collection of all elliptic nets is partially ordered by the subnet relation. Col-
lecting our work up to this point, we have now shown:
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Theorem 7.4. For each field K, there is an explicit isomorphism of partially or-
dered sets

scale equivalence classes of
nondegenerate elliptic nets
W : 7" — K, for some n

|

tuples (C, Py, ..., P,) for some m, where C is a
cubic curve in Weierstrass form over K, consid-
ered modulo unihomothetic changes of variables
and such that {P;} € Cp(K)™ is appropriate

Nonsingular nets correspond to elliptic curves. The action of K (by homothety) on
the sets preserves the order and respects the isomorphism. The bijection takes an
elliptic net of rank n to a tuple with n points. The elliptic net W associated to a
tuple (C, Py, ..., P,) satisfies the property that W (vy, ..., v,) = 0 if and only if
nPr+---4+v,P, =0o0nthe curve C.

Proof. In the diagram in the statement of the theorem, call the upper set N and the
lower set €. The first claim is that there is an injective map N — €. Proposition 6.2
shows that each scale equivalence classes in N contains a unique normalized elliptic
net, so we can define the map by Theorem 6.7 (which also guarantees injectivity).
Corollary 5.2 shows that the result is an element of ‘6. This shows the first claim.
The second claim is that there exists an inverse map € — N. The map is given
by Definition 5.1, which is well-defined as a result of Theorem 4.6. It is required
to check that the resulting elliptic net is normalized (Proposition 3.8) and nonde-
generate (Corollary 5.2). Theorem 6.7 says that this map is indeed an inverse to
the map of the first claim. This gives the second claim and the bijection of sets.
It is clear that the bijection associates an elliptic net of rank » to a tuple with
n points, and that it preserves the partial ordering. The action of homothety is
preserved by Proposition 7.1. And the final statement of the theorem is a result of
Corollary 5.2. ([

Remark 7.5. The degenerate cases present several difficulties. One is that a de-
generate elliptic net may not be determined by the usual initial set of terms as given
in Section 2. For example, the sequence given by

0 ifn#k,

Wim) = {1 ifn=k,

is an elliptic net for any nonzero integer k. However, some degenerate sequences
can be thought of as arising from singular points on a singular cubic. For example,
consider a sequence associated to an elliptic curve E and point P both defined over
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@ such that P reduces to a singular point modulo some prime p. Then the sequence
regarded modulo p as living in [, (which is necessarily a degenerate elliptic net)
should be associated to a point on the special fibre of the Néron model. It is likely
that Theorem 7.4 can be extended to include these cases (this is future work).

Acknowledgements

I thank my thesis advisor, Joseph Silverman, for many patient hours. I also thank
Rafe Jones, Alf van der Poorten, and Jonathan Wise.

References

[Ayad 1993] M. Ayad, “Périodicité (mod ¢) des suites elliptiques et points S-entiers sur les courbes
elliptiques”, Ann. Inst. Fourier (Grenoble) 43:3 (1993), 585-618. MR 94£:11009

[Chandrasekharan 1985] K. Chandrasekharan, Elliptic functions, Grundlehren der Mathematischen
Wissenschaften [Fundamental Principles of Mathematical Sciences] 281, Springer, Berlin, 1985.
MR 87e:11058 Zbl 0575.33001

[Chudnovsky and Chudnovsky 1986] D. V. Chudnovsky and G. V. Chudnovsky, “Sequences of
numbers generated by addition in formal groups and new primality and factorization tests”, Adv.
in Appl. Math. 7T:4 (1986), 385-434. MR 88h:11094 Zbl 0614.10004

[Cornelissen and Zahidi 2007] G. Cornelissen and K. Zahidi, “Elliptic divisibility sequences and
undecidable problems about rational points”, J. Reine Angew. Math. 613 (2007), 1-33. MR200%:
11196 Zbl 1178.11076

[Eisentriger and Everest 2009] K. Eisentriger and G. Everest, “Descent on elliptic curves and
Hilbert’s tenth problem”, Proc. Amer. Math. Soc. 137:6 (2009), 1951-1959. MR 2009k:11201

[Everest et al. 2003] G. Everest, A. van der Poorten, I. Shparlinski, and T. Ward, Recurrence
sequences, Mathematical Surveys and Monographs 104, American Mathematical Society, Provi-
dence, RI, 2003. MR 2004c:11015 Zbl 1033.11006

[Everest et al. 2004] G. Everest, V. Miller, and N. Stephens, “Primes generated by elliptic curves”,
Proc. Amer. Math. Soc. 132:4 (2004), 955-963. MR 2005a:11076 Zbl 1043.11051

[Everest et al. 2006] G. Everest, G. Mclaren, and T. Ward, “Primitive divisors of elliptic divisibility
sequences”, J. Number Theory 118:1 (2006), 71-89. MR 2007a:11074 Zbl 0169.15902

[Fomin and Zelevinsky 2002] S. Fomin and A. Zelevinsky, “The Laurent phenomenon”, Adv. in
Appl. Math. 28:2 (2002), 119-144. MR 2002m:05013 Zbl 1012.05012

[Frey and Lange 2006] G. Frey and T. Lange, “Background on curves and Jacobians”, pp. 45-85 in
Handbook of elliptic and hyperelliptic curve cryptography, edited by H. Cohen et al., CRC, Boca
Raton, FL, 2006. MR 2162720

[Gasper and Rahman 2004] G. Gasper and M. Rahman, Basic hypergeometric series, 2nd ed., En-
cyclopedia of Mathematics and its Applications 96, Cambridge University Press, Cambridge, 2004.
MR 2006d:33028 Zbl 1129.33005

[Hone 2005] A. N. W. Hone, “Elliptic curves and quadratic recurrence sequences”, Bull. London
Math. Soc. 37:2 (2005), 161-171. MR 2005h:11111 Zbl 1166.11333

[Ingram 2009] P. Ingram, “Multiples of integral points on elliptic curves”, J. Number Theory 129:1
(2009), 182-208. MR 2010a:11102 Zbl 05485801


http://www.numdam.org/item?id=AIF_1993__43_3_585_0
http://www.numdam.org/item?id=AIF_1993__43_3_585_0
http://www.ams.org/mathscinet-getitem?mr=94f:11009
http://www.ams.org/mathscinet-getitem?mr=87e:11058
http://www.emis.de/cgi-bin/MATH-item?0575.33001
http://dx.doi.org/10.1016/0196-8858(86)90023-0
http://dx.doi.org/10.1016/0196-8858(86)90023-0
http://www.ams.org/mathscinet-getitem?mr=88h:11094
http://www.emis.de/cgi-bin/MATH-item?0614.10004
http://dx.doi.org/10.1515/CRELLE.2007.089
http://dx.doi.org/10.1515/CRELLE.2007.089
http://www.ams.org/mathscinet-getitem?mr=2009h:11196
http://www.ams.org/mathscinet-getitem?mr=2009h:11196
http://www.emis.de/cgi-bin/MATH-item?1178.11076
http://dx.doi.org/10.1090/S0002-9939-08-09740-2
http://dx.doi.org/10.1090/S0002-9939-08-09740-2
http://www.ams.org/mathscinet-getitem?mr=2009k:11201
http://www.ams.org/mathscinet-getitem?mr=2004c:11015
http://www.emis.de/cgi-bin/MATH-item?1033.11006
http://dx.doi.org/10.1090/S0002-9939-03-07311-8
http://www.ams.org/mathscinet-getitem?mr=2005a:11076
http://www.emis.de/cgi-bin/MATH-item?1043.11051
http://dx.doi.org/10.1016/j.jnt.2005.08.002
http://dx.doi.org/10.1016/j.jnt.2005.08.002
http://www.ams.org/mathscinet-getitem?mr=2007a:11074
http://www.emis.de/cgi-bin/MATH-item?0169.15902
http://dx.doi.org/10.1006/aama.2001.0770
http://www.ams.org/mathscinet-getitem?mr=2002m:05013
http://www.emis.de/cgi-bin/MATH-item?1012.05012
http://www.ams.org/mathscinet-getitem?mr=2162720
http://dx.doi.org/10.1017/CBO9780511526251
http://www.ams.org/mathscinet-getitem?mr=2006d:33028
http://www.emis.de/cgi-bin/MATH-item?1129.33005
http://dx.doi.org/10.1112/S0024609304004163
http://www.ams.org/mathscinet-getitem?mr=2005h:11111
http://www.emis.de/cgi-bin/MATH-item?1166.11333
http://dx.doi.org/10.1016/j.jnt.2008.08.001
http://www.ams.org/mathscinet-getitem?mr=2010a:11102
http://www.emis.de/cgi-bin/MATH-item?05485801

Elliptic nets and elliptic curves 229

[Mazur and Tate 1991] B. Mazur and J. Tate, “The p-adic sigma function”, Duke Math. J. 62:3
(1991), 663—-688. MR 93d:11059 Zbl 0735.14020

[Poonen 2003] B. Poonen, “Hilbert’s tenth problem and Mazur’s conjecture for large subrings of
Q”, J. Amer. Math. Soc. 16:4 (2003), 981-990. MR 2004f:11145 Zbl 1028.11077

[van der Poorten 2005] A. J. van der Poorten, “Elliptic curves and continued fractions”, J. Integer
Seq. 8:2 (2005), [article] 05.2.5. MR 2006h:11083

[van der Poorten and Swart 2006] A. J. van der Poorten and C. S. Swart, “Recurrence relations for
elliptic sequences: every Somos 4 is a Somos k”, Bull. London Math. Soc. 38:4 (2006), 546-554.
MR 2007d:11024 Zbl 1169.11013

[Propp 2001] J. Propp, Robbins forum, various messages from January 2, 2001 through March 6,
2001, available at http://faculty.uml.edu/jpropp/about-robbins.txt.

[Shipsey 2001] R. Shipsey, Elliptic divibility sequences, Ph.D. thesis, Goldsmiths, University of
London, 2001.

[Silverman 2004] J. H. Silverman, “Common divisors of elliptic divisibility sequences over function
fields”, Manuscripta Math. 114:4 (2004), 431-446. MR 2005d:11096 Zbl 1128.11015

[Silverman 2005] J. H. Silverman, “p-adic properties of division polynomials and elliptic divisibility
sequences”, Math. Ann. 332:2 (2005), 443-474. MR 2006f:11063 Zbl 1066.11024

[Silverman 2009] J. H. Silverman, The arithmetic of elliptic curves, 2nd ed., Graduate Texts in
Mathematics 106, Springer, Dordrecht, 2009. MR 2010i:11005 Zbl 1194.11005

[Stange 2007] K. E. Stange, “The Tate pairing via elliptic nets”, pp. 329-348 in Pairing-based
cryptography: Pairing 2007 (Tokyo, 2007), edited by T. Takagi et al., Lecture Notes in Comput.
Sci. 4575, Springer, Berlin, 2007. MR 2009e:11233 Zbl 1151.94570

[Stange 2010] K. E. Stange, Scripts in PARI/GP 2.3.4 and SAGE 4.6.1, 2010, available at http://
math.katestange.net.

[Streng 2008] M. Streng, “Divisibility sequences for elliptic curves with complex multiplication”,
Algebra Number Theory 2:2 (2008), 183-208. MR 2009¢:11110 Zbl 1158.14029

[Swart 2003] C. Swart, Elliptic curves and related sequences, Ph.D. thesis, Royal Holloway and
Bedford New College, University of London, 2003.

[Ward 1948] M. Ward, “Memoir on elliptic divisibility sequences”, Amer. J. Math. 70 (1948), 31-74.
MR 9,332j

[Wenchang et al. 1996] C. Wenchang, S. B. Ekhad, and R. J. Chapman, “Problems and Solutions:
Solutions: 10226, Amer. Math. Monthly 103:2 (1996), 175-177. MR 1542800

Communicated by John H. Coates
Received 2010-04-28 Revised 2010-09-16 Accepted 2010-10-17

stange@math.stanford.edu Department of Mathematics, Stanford University, 450 Serra
Mall, Building 380, Stanford, CA, 94305, United States
http: //math.katestange.net

mathematical sciences publishers :.msp


http://dx.doi.org/10.1215/S0012-7094-91-06229-0
http://www.ams.org/mathscinet-getitem?mr=93d:11059
http://www.emis.de/cgi-bin/MATH-item?0735.14020
http://dx.doi.org/10.1090/S0894-0347-03-00433-8
http://dx.doi.org/10.1090/S0894-0347-03-00433-8
http://www.ams.org/mathscinet-getitem?mr=2004f:11145
http://www.emis.de/cgi-bin/MATH-item?1028.11077
http://www.ams.org/mathscinet-getitem?mr=2006h:11083
http://dx.doi.org/10.1112/S0024609306018534
http://dx.doi.org/10.1112/S0024609306018534
http://www.ams.org/mathscinet-getitem?mr=2007d:11024
http://www.emis.de/cgi-bin/MATH-item?1169.11013
http://faculty.uml.edu/jpropp/about-robbins.txt
http://dx.doi.org/10.1007/s00229-004-0468-7
http://dx.doi.org/10.1007/s00229-004-0468-7
http://www.ams.org/mathscinet-getitem?mr=2005d:11096
http://www.emis.de/cgi-bin/MATH-item?1128.11015
http://dx.doi.org/10.1007/s00208-004-0608-0
http://dx.doi.org/10.1007/s00208-004-0608-0
http://www.ams.org/mathscinet-getitem?mr=2006f:11063
http://www.emis.de/cgi-bin/MATH-item?1066.11024
http://dx.doi.org/10.1007/978-0-387-09494-6
http://www.ams.org/mathscinet-getitem?mr=2010i:11005
http://www.emis.de/cgi-bin/MATH-item?1194.11005
http://dx.doi.org/10.1007/978-3-540-73489-5_19
http://www.ams.org/mathscinet-getitem?mr=2009e:11233
http://www.emis.de/cgi-bin/MATH-item?1151.94570
http://math.katestange.net
http://dx.doi.org/10.2140/ant.2008.2.183
http://www.ams.org/mathscinet-getitem?mr=2009e:11110
http://www.emis.de/cgi-bin/MATH-item?1158.14029
http://dx.doi.org/10.2307/2371930
http://www.ams.org/mathscinet-getitem?mr=9,332j
http://dx.doi.org/10.2307/2975119
http://dx.doi.org/10.2307/2975119
http://www.ams.org/mathscinet-getitem?mr=1542800
mailto:stange@math.stanford.edu
http://math.katestange.net
http://www.mathscipub.org/

ALGEBRA AND NUMBER THEORY 5:2(2011)

The basic geometry of Witt vectors, |
The affine case
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We give a concrete description of the category of étale algebras over the ring
of Witt vectors of a given finite length with entries in an arbitrary ring. We do
this not only for the classical p-typical and big Witt vector functors but also
for certain analogues over arbitrary local and global fields. The basic theory of
these generalized Witt vectors is developed from the point of view of commuting
Frobenius lifts and their universal properties, which is a new approach even for
classical Witt vectors. Our larger purpose is to provide the affine foundations for
the algebraic geometry of generalized Witt schemes and arithmetic jet spaces, so
the basics are developed in some detail, with an eye toward future applications.
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Introduction

Witt vector functors are certain functors from the category of (commutative) rings
to itself. The most common are the p-typical Witt vector functors W, for each
prime number p. Given a ring A, one traditionally defines W (A) as a set to be AN
and then gives it the unique ring structure which is functorial in A and such that
the set maps

Ww(A) — AN
P P P 2
(x0, X1, ...) —> (x0, Xy + pX1, Xy +px; +p°x2, ...)

are ring homomorphisms for all rings A, where the target has the ring structure
with componentwise operations. For example, we have
p-l .
(X0, X1, .-+ 3o, y1.--.) = (xo+yo, x1 4+ y1 — Zl %(f)x(’;yé’_’, )
i=

(X0, X1, .. ) - (0, V1, - - - ) = (x0y0, X{y1 +x15§ + pxiyi, ...).

Observe that the four polynomials in xg, yg, x1, ¥ displayed on the right-hand side
have integer coefficients, as they must if they are to define operations on W (A) for
all rings A. Conversely, to prove that the desired functorial ring structure on W
exists, it is enough to prove that the polynomials sitting in the higher components
have integer coefficients too. This is Witt’s theorem.

On the other hand, the polynomials at the component of index n depend only
on the variables xg, Yo, ..., X, ¥,. This is clear by induction. It follows that the
quotient set A = {(xg,...,x,)} of W(A) = AV is a quotient ring, which we
denote by W, (A). (It is traditionally denoted W,1(A). The shift in indexing is
preferable for reasons discussed in 2.5.)

In some cases, the rings W(A) and W, (A) are isomorphic to familiar rings. For
example, W(Z/ pZ) is isomorphic to the ring Z, of p-adic integers, and W,,(Z/pZ)
is isomorphic to Z/p"t1Z. If p is invertible in A, then w is a bijection and so the
Witt vector rings become product rings: W,(A) = A% and W(A) = AN. But in
most cases, W(A) is not a familiar ring.

While this traditional approach to Witt vectors is adequate for many purposes,
it has two shortcomings. The first is that it is not clear how we should think about
the affine scheme Spec W, (A) geometrically. Indeed, I am not aware of a truly
geometric description of Spec W, (A) in any nontrivial case in the literature. If we
want to fully incorporate Witt vectors into arithmetic algebraic geometry (and we
do), it is important to have a thorough understanding of their geometry. The main
point here and in the companion paper [Borger 2010] is to set up a framework for
that. The geometry in this paper is however limited to the basic results in the affine
case needed for the general treatment in [Borger 2010].
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The second shortcoming of the traditional approach is that it does not explain
what the defining purpose of Witt vectors is. The answer, at least for this paper, is
that they control Frobenius lifts—ring endomorphisms which reduce to the Frobe-
nius map modulo p. Here we are following Borger and Wieland [2005, §12.3-4],
who in turn followed Joyal [1985a; 1985b]. Motivated by this perspective, we will
define Witt vector functors relative to primes in any global or local field. This
generality includes not only the p-typical functors above but also the so-called big
Witt vector functor and less common variants of the p-typical ones due to Drin-
feld [1976, Proposition 1.1] and to Hazewinkel [1978, (18.6.13)]. It also includes
many variants unstudied till now. We will work with these generalized functors
throughout the paper. In fact, this will take no more effort once we establish some
basic reduction results.

Let us now discuss the contents in more detail.

Section 1 introduces our generalized Witt vectors. Given a Dedekind domain
R and a set E of maximal ideals of R with finite residue fields, we will define a
functor Wg g from the category Ringp of R-algebras to itself:

Wr.E: Ringgp — Ringp.

(In fact, we will work with slightly more general R and E.) We call Wg f the E-
typical Witt vector functor. When R = Z and E consists of a single maximal ideal
pZ, our functor will agree with the p-typical Witt vector functor above; when E
consists of all maximal ideals of Z, our functor will agree with the big Witt vector
functor. The definition of W g is in two steps. First we define a functor

Wg’E: Ringflle — Ringi'e,

where Ring?e is the full subcategory of Ringy consisting of R-algebras which are
m-torsion free for all ideals m € E. We call such algebras E-flat. Then we define
Wr.E to be a certain natural extension of Wg, ¢ to all of Ringg.

Let N®) denote the commutative monoid &b £ N, where N is {0, 1, ...} under
addition. Given an action of N‘®) on an R-algebra B, let Y, denote the endomor-
phism of B given by the m-th element of the standard basis of N®). Let us say
that such an action is a A g g-structure if for each m € E, the map v, reduces
to the Frobenius endomorphism x > x!®™ on B/mB. Now, for any R-algebra
A, the monoid NB) acts on AN through its translation action on itself in the
exponent. When A is E-flat, we define W,% £ (A) to be the largest of the sub-R-
algebras B C AN® having the properties that B is stable under the action of N
and that the induced action on B is a A g g-structure. It is elementary to check that
a maximal such subalgebra Wg’ £ (A) exists.
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This definition can be expressed as a universal property. Let Ringf/'\R’E denote
the following category: the objects are E-flat R-algebras equipped with a Ag k-
structure, and the morphisms are N®)-equivariant R-algebra maps. Then WR@’ £
viewed as a functor Ring}, — Ringl, _, is the right adjoint of the evident forgetful
functor.

One then defines Wy £ to be the left Kan extension of W,g, g» how viewed as a
functor Ring‘;'e — Ringp. This amounts to the following. It is not hard to show that
the functor Wg’ ¢ 1s representable, that is, there exists an E-flat R-algebra Ag
and an isomorphism W}g’ g(—) =Hom(Ag g, —), as set-valued functors. Because
ng, g takes values in R-algebras, Ag g carries the structure of a co-R-algebra
object in Ring‘(,'e. Because such a structure is described using maps between certain
coproducts of Ag g with itself, and because Ringi'e is a full subcategory of Ringp
closed under coproducts, A g g continues to be a co-R-algebra object when viewed
as an object of Ring . Therefore it represents an R-algebra-valued functor, and this
functor is what Wg g is defined to be.

Since the definition of W g in terms of Wgy ¢ 1s of a purely category-theoretic
nature, one should view the E-flat case as the central one. This is in contrast to the
common point of view that the purpose of Witt vector functors is to lift rings from
positive characteristic to characteristic zero.

As in the E-flat setting, W g is the right adjoint of the forgetful functor

Rings, , — Ringg,

but to make sense of this, it is necessary to know the what a A g g-structure on a
general R-algebra is. Unfortunately, it is not easy to state the definition, and so
we will leave it to the body of the paper. In the E-flat setting, it is equivalent to a
commuting family of Frobenius lifts indexed by E, as above; but in general, it is
a slightly stronger structure that is better behaved. When R is Z and E consists of
all maximal ideals of Z, a A g g-structure is equivalent to a A-ring structure in the
sense of Grothendieck’s Riemann—Roch theory, but this does not admit a simple
definition either.

In addition to the right adjoint Wg g, the forgetful functor Ring, , . — Ringg
has a left adjoint, which we denote by A — Ag g © A. It has a smaller presence
in this paper, but it is very important—even in the p-typical case, as the work of
Buium [1996; 2005] makes clear.

Section 2 defines functors Wg g ,, which are truncations of Wy g in the same
way that the functors W, above are truncations of W. For any A € Ringfl'e and
neNE et ng,E’n(A) denote the image of the subring ng’E(A) C AN under the
canonical projection

AN(E) — A[O’"],
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where
[0,n] ={i e N®) | i, < npy forallm e E}.

Then Wg £ 18 a functor Ringfl'? — RingfI'Q. It is representable by an E-flat R-algebra
AR E.n, and we extend it to a functor

Wr.En: Ringg — Ringp

by taking its left Kan extension, as above. These truncated functors are related to
the original one by the formula

Wr E(A) = 1irfln Wgr En(A).

Even in the p-typical case, this approach to defining the Witt vectors has the
advantage over the traditional one that universal properties are emphasized and the
particulars of explicit constructions are played down. But this comes at a cost. For
instance, it is not obvious that Wg g, preserves surjectivity of maps. To prove
this and other basic facts, it appears necessary to bring back the Witt components
(x0, X1, . ..) above, at least in some form. To define them, the ideals of £ must be
principal; the purpose of section 3 is to define them in the minimal case we will
need, which is when E consists of a single principal ideal m. A version of the proof
of Witt’s theorem then shows there is a unique functorial bijection AN — Wr.E(A)
such that when A is E-flat, the composition AN — W g(A) € AN satisfies

2
(X0, X1, X2, ... ) > (X0, Xd +7x1, x{ +7x] +7%x0, ...)

where ¢ = [R : m] and 7 is a fixed generator of m. We can similarly identify
Wr.E.n(A) with the quotient Al07] consisting of vectors (xp, ..., x,). Let me em-
phasize that the components (x, X1, ... ) depend on the choice of generator 7 € m
in a complex, non-multilinear way. But we can use them to define Verschiebung
operators

Vi:im/ @r Wr gn(A) = Wr gt (A)

! ® (x0, -+, %) > (0,..., 0, x0, ..., Xp),

which are independent of the choice of the generator . Making that so is the
purpose the tensor factor m/.

When E consists of a single ideal m (possibly nonprincipal), section 4 describes
Wr.E.n in terms of the case where m is principal, which is covered by section 3.
This is done by working Zariski locally on R. Using the same technique, we will
show that the Verschiebung maps as above can be defined when m is not assumed to
be principal. In fact, there is a unique functorial family of such maps agreeing with
the maps defined above. The image of V, is the kernel of the canonical projection

WRr.Entj(A) — Wg g j(A).
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Similarly, section 5 gives a description of Wg g, when E is general in terms
of the case where E consists of a single ideal, which is covered by section 4: if
my, ..., m, are the ideals in the support of n, there is a natural isomorphism

WR.En > WR,m,,nm,. o -0 Wgm, Ty - (0-0-1)

Such a description also holds for Wg f, though some care must be taken when E is
infinite. It is also possible to describe the functor A g g © —, as well as its truncated
variants Ag g, © —, in terms of the case where E consists of a single ideal.

Section 6 gives several ring-theoretic facts about Wg g, which we will need
later. For example, this is where we prove that Wg g, preserves surjectivity.
Most of the arguments there appear to require the use of Witt components and
the reduction techniques of sections 4 and 5.

Sections 7-9 prove the main results, which relate Witt vector functors and étale
maps. Suppose E consists of a single ideal m. For any ring A and any integer
n > 1, we have a diagram

sopr;

Wr.En(A) AN Wgr En—1(A) x A A/m"A. (0-0-2)

topry

When m is principal, the maps «,, s, and ¢ can be defined in terms of the Witt
components relative to a fixed generator 7 € m as follows:

q" g"! n
oy, (ag, ..., a,) — ((ao,...,an,l),aO +ma; 47 a,,)
n
s: (ag, ..., ay—1) — (ag + - +7T"71a371) mod m" A

t:a—amodm'A.

If A is m-torsion free, (0-0-2) is an equalizer diagram. Figure 1 shows the induced
diagram of schemes in the p-typical case when n = 1.

Now let C denote the following category: an object is a pair (B, ¢), where B is
an étale (Wg g.,—1(A) x A)-algebra and ¢ is an isomorphism of A/m" A-algebras

A/mnA®toPr2 B —(p> A/mnA®5°Prl B

and where a morphism (By, ¢1) = (B2, ¢2) is a (Wg g n—1(A) x A)-algebra map
f: By — Bj such that

@20 (A/mnA Oropr, = (A/mnA Osopr, fogr.

In other words, C is the category of algebras equipped with gluing data relative to
the diagram (0-0-2), or equivalently C is the (weak) fiber product of the category
of étale W,,_1(A)-algebras and the category étale A-algebras over the category of
étale A/m" A-algebras via the evident functors.
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— | Frobenius

identity

Spec Wi (A) «——— Spec(A x A) &=—= Spec A/pA

Figure 1. As a topological space, Spec W (A) (traditionally writ-
ten W5 (A)) is two copies of Spec A glued along Spec A/pA. This
is also true as schemes if we assume that A is p-torsion free and we
glue transversely and with a Frobenius twist, as indicated. There is
a similar description of Spec W, (A) as Spec W,,_1(A) glued with
Spec A along Spec A/p" A. See the diagram (0-0-2).

Theorem A. The base-change functor from the category of étale Wg g ,(A)-alge-
bras to C is an equivalence. If A is m-torsion free, then a quasi-inverse is given by
sending (B, @) to the equalizer of the two maps

1®idp

B —i A/m*A ®sopr, B-
po(1®idp)

The first statement can be expressed succinctly in geometric terms; it says that
the map «,, satisfies effective descent for étale algebras and that descent data is
equivalent to gluing data with respect to the diagram (0-0-2). Using theorem A and
induction on n, it is in principle possible to reduce questions about étale W, (A)-
algebras to questions about étale A-algebras. This is still true when E consists of
more than one ideal, but now by (0-0-1) and induction on r.

Section 9 generalizes van der Kallen’s theorem [1986, (2.4)] to any R and E:

Theorem B. Let f: A — B be an étale morphism of R-algebras. Then the map
WrEn(f): Wr En(A) = Wr En(B) of R-algebras is étale.

This result is fundamental in extending Witt constructions beyond affine schemes
and will be used often in [Borger 2010]. Van der Kallen’s argument, which has
an infinitesimal flavor, could be extended to our setting with only minor modifi-
cations.! Instead we deduce theorem B from theorem A, so our argument has a
globally geometric flavor.

1Until recently, [van der Kallen 1986] had escaped the notice of many workers in de Rham-Witt
theory, to whom theorem B was unknown even for the p-typical Witt vectors.
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1. Generalized Witt vectors and A-rings

The purpose of this section is to define our generalized Witt vectors and A-rings.
It is largely an expansion in more concrete terms of the portion of [Borger and
Wieland 2005] dealing with Witt vectors and A-rings. The approach here will
allow us to avoid much of the abstract language of operations on rings, as first
introduced in [Tall and Wraith 1970].

For the traditional way of defining A-rings and Witt vectors, see [Bourbaki
1983, X1, §1] and especially the exercises for that section. One can also see Witt’s
original paper [1937] on p-typical Witt vectors and his notes on big Witt vectors
[Witt 1998, pp. 157-163].

1.1. Supramaximal ideals. Let us say that an ideal m of a ring R is supramaximal
if either

(a) R/mis afinite field, Ry, is a discrete valuation ring, and m is finitely presented
as an R-module, or

(b) m is the unit ideal.

By far the most important example is a maximal ideal with finite residue field in a
Dedekind domain. (In fact, all phenomena in this paper occur already over R = Z,
and this case covers the classical Witt vectors and A-rings.) The reason we allow
the unit ideal is only so that a supramaximal ideal remains supramaximal after any
localization.

Note that a supramaximal ideal m is invertible as an R-module. Indeed, locally
at m it is the maximal ideal of a discrete valuation ring, and away from m it is the
unit ideal.

1.2. General notation. Fix a ring R and a family (my)4cp of pairwise coprime
supramaximal ideals of R indexed by a set E. Note that because the unit ideal is
coprime to itself, it can be repeated any number of times; otherwise the ideals m,,
are distinct. For each o € E, let g, denote the cardinality of R/m,. We will often
abusively speak of m, rather than « as being an element of E, especially when m,
is maximal, in which case it comes from a unique o € E.

Let R[1/E] denote the R-algebra whose spectrum is the complement of E in
Spec R. It is the universal R-algebra in which every m, becomes the unit ideal. It
also has the more concrete description

R[1/E] = (X) R[1/m].
aeE

where the tensor product is over R and R[1/m] is defined to be the coequalizer
of the maps

Sym(R) —— Sym(m,')
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of symmetric algebras, where m_! is the dual of m,, one of the maps is Sym
applied to the canonical map R — m; !, and the other is the map induced by the
R-module map R — Sym(m;l) that sends 1 € R to the element 1 € Sym(m;l) in
degree zero.

Finally, we write N for the monoid {0, 1, 2, ...} under addition and write Ringp
for the category of R-algebras.

1.3. E-flat R-modules. Let us say that an R-module M is E-flat if for all maximal
ideals m in E, the following equivalent conditions are satisfied:

(a) Ry ®pr M is a flat R,-module,

(b) the map m ®g M — M is injective.

The equivalence of these two can be seen as follows. Condition (b) is equivalent
to the statement Torfe (R/m, M) =0, which is equivalent to

Torf™ (R/m, Ry ® M) = 0.

Since Ry, is a discrete valuation ring, this is equivalent to the R;,-module R, @ g M
being torsion free and hence flat.

We say an R-algebra is E-flat if its underlying R-module is. Let Ringf]'e denote
the full subcategory of Ringy consisting of the E-flat R-algebras.

1.4. Proposition. Any product of E-flat R-modules is E-flat, and any sub-R-
module of an E-flat R-module is E-flat.

Proof. We will use condition (b) above. Let (M;);c; be a family of E-flat R-
modules. We want to show that for each maximal ideal m in E, the composition

m[[Mi — [[[mOM;, —— [, M;

is injective. Because each M; is E-flat, the right-hand map is injective, and so it is
enough to show the left-hand map is injective.

Since m is assumed to be finitely presented as an R-module, we can express it as
a cokernel of a map N’ — N of finite free R-modules. Then we have the following
diagram with exact rows:

N @r[[;Mi — NQr[[; Mi — m@r[[; Mi —— 0
[LN®rM; — [[, NOrM; —— [, m®r M; —— 0.

The left two vertical maps are isomorphisms because N’ and N are finite free.
Therefore the rightmost vertical map is an injection (and even an isomorphism).
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Now suppose M’ is a sub-R-module of an E-flat R-module M. Since m is an
invertible R-module, m ® g M’ maps injectively to m ®g M. Since M is E-flat,
m®pg M’ further maps injectively to M, and hence to M. O

1.5. W-rings. Let A be an R-algebra. Let us define a Wy g-action, or a Wg g-ring
structure, on A to be a commuting family of R-algebra endomorphisms 1, indexed
by « € E. This is the same as an action of the monoid N®) = 5, N on A. For
any element n € N®) | we will also write 1, for the endomorphism of A induced
by n. A morphism of W g-rings is defined to be an N£)-equivariant morphism
of rings.

The free W g-ring on one generator e is Wg g = R[e]®*N where NE) acts
on Wy g through its action on itself in the exponent. In particular, W f is freely
generated as an R-algebra by the elements 1/, (¢), where n € N®), Then it is natural
to write ¥, = ¥, (e) € W g and ¥, = ¥, € Wp g, Where by € N®) denotes the
a-th standard basis vector, and e = g € W g for the identity operator.

For any Wg g-ring A, there is a unique set map

WppxA— A (1-5-1)
with the property that forall« € E, r € R, f1, f> € Vg g, a € A we have

Yoo a=1yy(a) (1-5-2)

and

roa=r, (fitf)oa=(fioca)+(fr0a), (fif2)oa=(froa)(fr0a). (1-5-3)

Taking A = Wg g, we get a binary operation o on Wy g called composition or
plethysm. One can check that this makes W r a monoid (noncommutative unless
R = 0) with identity e and that (1-5-1) is a monoid action.

In the language of plethystic algebra [Borger and Wieland 2005], we can inter-
pret Wg g as the free R-plethory R(y,|o € E) on the R-algebra endomorphisms
Y. Then a Wk g-action in the sense above is the same as a Wg g-action in the
sense of abstract plethystic algebra. In particular, Wg g can be viewed as the ring
of natural unary operations on Wg g-rings, and the composition operation o above
agrees with the usual composition of unary operations. (Compare with 1.18 below.)

1.6. E-flat A-rings. Let A be an R-algebra which is E-flat. Define a A g g-action,
or a A g-ring structure, on A to be a Wg g-action with the following Frobenius
lift property: for all @ € E, the endomorphism id ® ¥, of R/m, ®r A agrees with
the Frobenius map x +— x%. A morphism of E-flat A g-rings is simply defined

to be a morphism of the underlying Wy g-rings. Let us denote this category by
fl
ARE"

Ring
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1.7. The ghost ring. Since an action of W g on an R-algebra A is the same as
an action (in the category of R-algebras) of the monoid N&), the forgetful functor
from the category of Wr g-rings to that of R-algebras has a right adjoint given by

AnT]a= ANY
N(E)

where NE) acts on AN®’ through its action on itself in the exponent. (This is a
general fact about monoid actions in any category with products.) For a € AN®
and n, n’ € N®)| the n-th component of ¥, (a) is the (n 4 n’)-th component of a.

One might call AN the cofree W g-ring on the R-algebra A. It has tradition-
ally been called the ring of ghost components or ghost vectors. By 1.4, it is E-flat
if A is.

When |E| = 1, there is the possibility of confusing the ghost ring AN, which
has the product ring structure, with the usual ring AN of Witt components (see
3.5), which has an exotic ring structure. To prevent this, we will use angle brackets
(ap, ai, . ..) for elements of the ghost ring.

1.8. Witt vectors of E-flat rings. Let us now construct the functor W}g’ g We will
show in 1.9 that it is the right adjoint of the forgetful functor from the category
of E-flat Ag g-rings to that of E-flat R-algebras. (Further, the flatness will be
removed in 1.12.)

Let A be a E-flat R-algebra. Let Uyp(A) denote the cofree Wk g-ring AN® For
any i >0, let

Uir1(A) = {b € Ui(A) | Yo (b) — b € mu Ui (A) for all « € E).

This is a sub-R-algebra of AN, Indeed, it is the intersection over o € E of the
equalizers of pairs of R-algebra maps

Ui(A) —_Z R/my ®g Ui (A)

given by x — 1 ® ¥, (x) and by x > (1 ® x)%.
Now define
WR £ (A) =\ Ui(A). (1-8-1)
i>0
This is the ring of E-typical Witt vectors with entries in A. It is a sub-R-algebra
of AN™. Observe that W} ;(A) = AN if A is an R[1/E]-algebra.

1.9. Proposition. (a) W,g’E(A) is a sub-Wpg g-ring ofAN(E).
(b) This Vg, g-ring structure on W};E(A) is a AR g-ring structure.

(c) The induced functor A +— WI%,E(A) from E-flat R-algebras to E-flat AR g-
rings is the right adjoint of the forgetful functor.
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Proof. (a) Let us first show by induction that each U;(A) is a sub-Wg g-ring of
ANY For i = 0, we have Uy(A) = AN<E), and so it is clear. Fori > 1, we use
the description of U;;1(A) as the intersection of the equalizers of the pairs of ring
maps
Ui(A) — R/my @ Ui (A)

given in 1.8. Observe that both these ring maps become Wy g-ring maps if we give
R/m, ®r U;(A) a Wg, p-action by defining Yg: a®x —> a® g (x), forall B € E.
Since limits of Wg g-rings exist and their underlying rings agree with the limits
taken in the category of rings, U;;+1(A) is a sub-Wg g-ring of AN Therefore
WI%,E(A), the intersection of the U;(A), is also a sub-Wg g-ring of AN

(b) It is enough to verify

Yo (x) = x% € mu Wi £(A) =mg [ Ui(A),
i>0

forall « € E and x € W}%,E(A)- For any i > 0, we know
Vo (x) — x% € myU; (A),

because x € Wg’E(A) C U;+1(A). Therefore we know

Y (x) — x% € [\ ma Ui (A).

i>0
So, it is enough to show
mg [\ Ui(A) = maUi(A). (1-9-1)
i>0 i>0

Since m, is finitely generated, it is a quotient of a finite free R-module N. Consider
the induced diagram

My ®g lim; Ui (A) —— lim; mg ® U (A)

| |

N ®g lim; U; (A) —— lim; N @z U; (A)

Since N is finite free, f is an isomorphism; since m,, is projective, the map N — m,,
has a section and hence so does g. Therefore g o f is surjective and hence so is #,
which implies (1-9-1).

(c) Let A be an E-flat R-algebra, let B be an E-flat Ag g-ring, andlety: B — A
be an R-algebra map. By the cofree property of AN<E), there is a unique Wg g-ring
map y: B — AN® lifting . We now only need to show that the image of y is
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contained in ng’ g (A). By induction, it is enough to show that if im(y) C U;(A),
then im(y) € Uy 41 (A).
Let b be an element of B. Then for each o € E, we have

Yo (y () — vy (B)% =y (Yo (b) — b%) € y (mg B) € mg im(y) € my Ui (A).
Therefore, by definition of U;;(A), the element y (b) lies in U;11(A). O

1.10. Exercises. Let R = Z. If E consists of the single ideal pZ, then W1(Z)
agrees with the subring of the ghost ring Z" consisting of vectors a = (ag, aj, ... )
that satisfy

ap = a4y mod p"t!

for all n > 0. In particular, the elements are p-adic Cauchy sequences and the rule
a > lim,_, « a, defines a surjective ring map W(7) — 7 p-

We can go a step further with W1(Z »)- Let I denote the ideal pZ, x p*Z p X
in Z'). Then W' (Z,,) is isomorphic to the ring Z, & I with multiplication defined
by the formula (x, y)(x', ¥') = (xx’, xy' + yx" + yy’).

Now suppose that E consists of all the maximal ideals of Z, and identify N()
with the set of positive integers, by unique factorization. Then W (Z) consists of
the ghost vectors (aj, a, . ..) that satisfy

= 14-ord, (j)
aj=ap; mod p p

for all j > 1 and all primes p.

1.11. Representing W1, Let us construct a flat R-algebra A  representing the
functor W,fel’ - First we will construct objects A"R’ p representing the functors U;.
For i =0, it is clear: Uy is represented by A%’E = Vg g. Now assume A"R’E has
been constructed and that it is a sub-R-algebra of R[1/E]®g Vg, g satisfying

RUI/E1®r Al = RU/E1®r Vi -

Then let A’;}E denote the sub—A"R, p-algebra of R[1/E]®g Wg g generated by all
elements 7* ® (Vo (f) — f9), where n* € m;l CR[I/E], f € A’AE, anda € E.
Then A"R7 g 1s flat over R. Indeed, it is E-flat because it is a sub-R-algebra of
R[1/E]®r VR E, and it is flat away from E because R[1/E]®g A g g agrees with
the free R[1/E]-algebra R[1/E] ®g Vg g. It also clearly represents U;.

Finally, we set

Are=|J A%z S RI/EI®r Vg E. (1-11-1)
i>0

It is flat over R because it is a colimit of flat R-algebras, and it represents ng E
because each A, o represents U;. As an example, if E = E'uE”, where E”
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consists of only copies of the unit ideal, then A g g agrees with the monoid algebra
AR’E/[N(EU)]. We will often use the shortened forms A g or, when E = {m}, An.

Since A g f represents W1, which takes values in R-algebras, Ag g carries the
structure of a co-R-algebra object in Ringfl'e. Because Ringﬁ,'e is closed under co-
products (the tensor product of flat modules being flat), a co-ring structure consists
in morphisms

AT, A AR g—> ArE®rARE, € ,8°: AgRg—> R (1-11-2)

corresponding to addition, multiplication, the additive identity, and the multiplica-
tive identity on the functor W,‘g’ g- The R-linear structure on ng, g corresponds to
a morphism
B: Ape— RE=T]R. (1-11-3)
R

All these structure maps satisfy the opposite of the R-algebra axioms. (In the
language of schemes, one would say this makes Spec Ag g an R-algebra scheme
over R; or in the language of [Borger and Wieland 2005], it makes Ag g an R-R-
biring.)

1.12. Definition of W in general. We can view A g g as an object of Ringp, instead
of Ring?e. Then define Wg g as a set-valued functor on Ringy by

Wr E(A) = Homging, (AR E, A). (1-12-1)

The structure maps (1-11-2)—(1-11-3) give Wg g the structure of a functor with
values in R-algebras:
Wr.E: Ringg — Ringp. (1-12-2)

(Note that here we really use the fact that the coproduct in Ring‘;'e agrees with that
in Ringg. In 1.11, it was used only to justify the symbol ® for the coproduct.)
For any A € Ringg, let us call the Wg £(A) the R-algebra of E-typical Witt
vectors with entries in A. Its restriction to Ringﬁ,'e agrees with W1ﬂ37 ¢ because Ring‘;'e
is a full subcategory of Ringp.
We will often write Wg or W for Wg g when there is no risk of confusion. When
E consists of a single ideal m, we will also write Wg o or Wy,.

1.13. Remark: Kan extensions. In categorical terms, Wg f is the left Kan exten-
sion of i o Wil . along the inclusion functor i:

Ring?e LN Ringr

/P
WE.ET | Wg.E (1-13-1)
. [
Ring?e — Ringg.
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(See [Borceux 1994a, 3.7], for example, for the general theory of Kan extensions.)
I mention this only to emphasize that the passage from the E-flat case to the general
case is by a purely category-theoretic process, and hence the heart of the theory lies
in the E-flat case. This is in contrast to the common point of view that the purpose
of Witt vector functors is to lift rings from positive characteristic to characteristic
Zero.

1.14. Ghost map w. The ghost map

w: Wee(Ad)— []A
N(E)
is the natural map induced by the universal property of Kan extensions applied to
the inclusion maps ng’ £(A) = [[yw A, which are functorial in A. Equivalently,
it is the morphism of functors induced by the map

0
VrE=Agpp—> ARE

of representing objects. When A is E-flat, it is harmless to identify w with the
inclusion map.

1.15. Example: p-typical and big Witt vectors. Suppose R is Z. If E consists of
the single ideal pZ, then W agrees with the classical p-typical Witt vector functor
[Witt 1937]. Indeed, for p-torsion free rings A, this follows from Cartier’s lemma,
which says that the traditionally defined p-typical Witt vector functor restricted to
the category of p-torsion-free rings has the same universal property as Wi, (See
[Bourbaki 1983, IX.44, exercice 14] or [Lazard 1975, VII§4].) Therefore, they are
isomorphic functors. For A general, one just observes that the traditional functor is
represented by the ring Z[xg, x1, ... ], which is p-torsion free, and so it is the left
Kan extension of its restriction to the category of p-torsion-free rings. Therefore
it agrees with W as defined here.

Another proof of this is given in 3.5. It makes a direct connection with the
traditional Witt components, rather than going through the universal property.

Suppose instead that E is the family of all maximal ideals of Z. Then W agrees
with the classical big Witt vector functor. As above, this can be shown by reducing
to the torsion-free case and then citing the analogue of Cartier’s lemma. (Which
version of Cartier’s lemma depends on how we define the classical big Witt vector
functor. If we use generalized Witt polynomials, we need [Bourbaki 1983, IX.55,
exercise 41b]. If it is defined as the cofree A-ring functor, as in [Grothendieck
1958], then we need Wilkerson’s theorem [1982, Proposition 1.2].)

Finally, we will see in 3.5 that when R is a complete discrete valuation ring and
E consists of the maximal ideal of R, then W agrees with Hazewinkel’s ramified
Witt vector functor [Hazewinkel 1978, (18.6.13)].
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1.16. Comonad structure on W. The functor W: Ringf,'e — Ring‘}'e is naturally
a comonad, being the composition of a functor (the forgetful one) with its right
adjoint, and this comonad structure prolongs naturally to Wg g. The reason for
this can be expressed in two ways—in terms of Kan extensions or in terms of
representing objects.

The first way is to invoke the general fact that Wy g, as the Kan extension of
the comonad W,%’ - has a natural comonad structure. This uses the commutativity
of (1-13-1) and the fullness and faithfulness of i. The other way is to translate
the structure on W of being a comonad into a structure on its representing object
AR, g. One then observes that this is exactly the structure for the underlying R-
algebra i (AR, g) to represent a comonad on Ringg. (This is called an R-plethory
structure in [Borger and Wieland 2005].)

1.17. A-rings. The category Ring,, . of Ag g-rings is by definition the category
of coalgebras for the comonad Wk g, that is, the category of R-algebras equipped
with a coaction of the comonad Wg . Since Wg g extends Wg’ g» & AR p-ring
structure on an E-flat R-algebra A is the same as a commuting family of Frobenius
lifts .

When R = Z and E is the family of all maximal ideals of Z, then a A-ring is
the same as a A-ring in the sense of [Grothendieck 1958] (and originally called a
“special A-ring”). In the E-flat case, this is Wilkerson’s theorem [1982, Proposition
1.2]. The proof is an exercise in symmetric functions, but the deeper meaning
eludes me. The general case follows from the E-flat case by category theory, as in
1.15.

1.18. Free A-rings and A © —. Since Wp g is a representable comonad on Ringp,
the forgetful functor from the category of A g g-rings to the category of R-algebras
has a left adjoint denoted A g g © —. This follows either from the adjoint functor
theorem in category theory [Borceux 1994a, 3.3.3], or by simply writing down the
adjoint in terms of generators and relations, as in [Borger and Wieland 2005, 1.3].
The second approach involves the R-plethory structure on Ag g, and is similar to
the description of tensor products, free differential rings, and so on in terms of
generators and relations.

The functor A g g © —, viewed as an endofunctor on the category of R-algebras,
is naturally a monad, simply because it is the left adjoint of the comonad Wk .
Further, the category of algebras for this monad is naturally equivalent to Ringy -
This can be proved using Beck’s theorem [Borceux 1994b, 4.4.4], and is the same
as the fact that the category of K-modules, for any ring K, can be defined as
the category of algebras for the monad K ® — or coalgebras for the comonad
Hom(K, —).
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We can interpret elements of A g g as natural operations on A g _g-rings. Indeed,
a A g, p-ring structure on a ring A is by definition a (type of) map A — Wg £(A).
It therefore induces a set map

AR,E X A— AR,E X WRE(A) = AR,E X HOII]R(ARJ;, A) e A,
which is functorial in A. In particular, if we take A = Ag g, we get a set map
ArEg X AR g —> AR E. (1-18-1)

It agrees with the restriction of the composition map o on Wg1,£, £ = R[1/E]®r
Wp g given in 1.5. In particular, it is associative with identity e.

In fact, all natural operations on A g g-rings come from Ag g in this way. See
[Borger and Wieland 2005] for an abstract account from this point of view.

1.19. Remark: identity-based approaches. It is possible to set up the theory of
A, p-rings more concretely using universal identities rather than category theory.
(See [Buium 1996; Buium and Simanca 2009; Joyal 1985a; 1985b], for example.)
In this subsection, I will say something about that point of view and its relation to
the category-theoretic one, but it will not be used elsewhere in this paper.

First suppose that for each « € E, the ideal m,, is generated by a single element
my. For any Ag g-ring A and any element a € A, there exists an element §, (a) € A
such that

wa (@) = a4+ Tl (a).
If we now assume that A is E-flat, the element 6y (a) is uniquely determined by
this equation, and therefore §, defines an operator on A:

Observe that if the integer g, maps to 0 in R, for example when R is a ring of
integers in a function field, then §, is additive; but otherwise it essentially never
is. (Also note that é, is the same as the operator 6,1 defined in 3.1 below.)

Conversely, if A is an E-flat R-algebra, equipped with operators §,, there is
at most one A g g-ring structure on A whose §,-operators are the given ones. To
say when such a Apg g-ring structure exists, we only need to express in terms
of the operators §, the condition that the operators ¥, be commuting R-algebra
homomorphisms. After dividing by any accumulated factors of 7, this gives the
identities of Buium—Simanca [2009, Definition 2.1]:

__ pYa
8o (r) =" N’" , forreR, (1-19-1)

o

8o(a+b) =64(a)+da(b) + Co(a, b), (1-19-2)
da(ab) = 8q(a)b® + a8y (b) + mada(a)da (), (1-19-3)
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dq 08a(a) =8y 084 (a) + Ca,ot’ (a, du(a), (Sa’(a))» (1-19-4)
where
qa qa a a1 1 L
Co(x,y)= 4y @+ = — Z —(q_“>xqa—lyl (1-19-5)
T, = o \ i
and
Ca,a’(X, y, Z)
= Co (x9, 74y) _ Co(x, 147) _ 5a(7Ta’)an + 8"‘/(7705));%’, (1-19-6)
Ty Ty Ty Ty

One can easily check that the coefficients of these polynomials are elements of R.

For any R-algebra A, let us define a §p_g-structure on A to be a family of op-
erators &, satisfying the axioms above. Thus, if A is an E-flat R-algebra, then
a Ap g-structure—by definition a commuting family of Frobenius lifts indexed
by E—is equivalent to a dg g-structure. The point of all this, then, is that if
we no longer require A to be E-flat, a §g g-structure is generally stronger than
having a commuting family of Frobenius lifts, but it is still equivalent to having
a AR g-structure. This offers another point of view on the difference between a
AR, p-structure and a commuting family of Frobenius lifts: A &g g-structure is
well behaved from the point of view of universal algebra (and hence so is a Ag -
structure) because it is given by operators §, whose effect on the ring structure is
described by universal identities, as above; but the structure of a commuting family
of Frobenius lifts does not have this property because of the existential quantifier
hidden in the word lift.

The equivalence between dg g-structures and A g g-structures can be seen as
follows. For E-flat R-algebras A, it was explained above. For general A, the
equivalence can be shown by checking that the cofree §g g-ring functor is repre-
sented by an E-flat R-algebra (in fact, a free one). It therefore agrees with the left
Kan extension of its restriction to the category of E-flat algebras, and hence agrees
with Wr.E.

We could extend the identity-based approach to the case where the ideals m,,
are not principal, but then we would need operators

8tz (%) = 75 (Yo (x) — x%) (1-19-7)

for every element 7z} € m !, or at least for those in a chosen generating set of m, !,
and we would need additional axioms relating them. A particularly convenient
generating set of m ! is one of the form {1, 7}}, which always exists. Further, for
each «a € E, itis enough to use the operators v/, and 3y 7> instead of 3y, 1 and 84, 7%,
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because d,,1 can be expressed in terms of ¥, by (1-19-7). Therefore if we fix ele-
ments 77¥ € m_ ! which are R-module generators modulo 1, the relations needed for
the generating set |, z{V«, 8o, 7z} of operators are those in (1-19-1)—(1-19-6) but
one needs to make the following changes: for each « € E, replace each occurrence
of m; ! with ¥, and add axioms that v, is an R-algebra homomorphism, that ¥,
commutes with all ¥ and all §, =, and that (1-19-7) holds.

When R is an [ ,-algebra for some prime number p, the polynomials Cg(x, y)
are zero and the axioms above simplify considerably. In particular, the operators
8y are additive, and so it is possible to describe a A g, g-structure using a cocommu-
tative twisted bialgebra, the additive bialgebra of the plethory Ag g. See [Borger
and Wieland 2005, sections 2 and 10].

1.20. Localization of the ring R of scalars. Let R’ be an E-flat R-algebra such
that the structure map R — R’ is an epimorphism of rings. (For example, the map
Spec R’ — Spec R could be an open immersion.) Then the family (my)yeg induces
a family (m},)qcg of ideals of R’, where m, = m, R’. By the assumptions on R’,
each m/, is supramaximal. Let us write £’ = E and use the notation E’ for the
index set of the m/,.

Let us construct an isomorphism:

R ®rAr.g —> Ap . (1-20-1)

fl
ARE"

(see 1.6) is a subcategory of the category of Ring

The category Ringf)\R, .
Indeed, any object A’ e,Ringi'\R, . is an R-algebra with endomorphisms VY, for
each o € E. These endomorphisms are again commuting Frobenius lifts, simply
because A’/m/, A’ = A’/myA’. Since A’ is E’-flat (and by the assumptions on R’),
A’ is E-flat. Therefore, it can be viewed as a Ag g-ring.

Further, Ringfl'\R,’E, agrees with the subcategory of Ringf)\R,E consisting of objects
A whose structure map R — A factors through R’, necessarily uniquely. Now con-
sider the underlying-set functor on this category. From the definition of Rin gf['\R/ s
this functor is represented by the right-hand side of (1-20-1), and from the second
description, it is represented by the left-hand side. Let (1-20-1) be the induced
isomorphism on representing objects. It sends an element ¥’ ® f to r’ f.

The isomorphism of represented functors which is induced by (1-20-1) gives
natural maps

Wr g/(A") — Wg g(A), (1-20-2)

for R’-algebras A’.
Finally, let us show that for any R’-algebra B’, the canonical map

ArEOB —> Ap.p OB (1-20-3)
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is an isomorphism. It is enough to show that for any R’-algebra A’, the induced
map

HOD’IR/(AR/’E/ ©) B/, A/) — HOIllR/(AR’E O] B/, A/)
is a bijection. Since Ringps is a full subcategory of Ringp, the right-hand side

agrees with Homg(Ag g © B’, A’), and so the map above is an isomorphism by
(1-20-2).

1.21. Teichmiiller lifts. Let A be an R-algebra, let A° denote the commutative
monoid of all elements of A under multiplication, and let R[A°] denote the monoid
algebra on A°. Then for each o € E, the monoid endomorphism a +— a% of
A° induces an R-algebra endomorphism v, of R[A°] which reduces to the g,-
th power map modulo m,. Since R[A°] is free as an R-module, it is flat. And
since the various v, commute with each other, they provide R[A°] with a Ay g-
structure. Combined with the R-algebra map R[A°] — A given by the counit of the
evident adjunction, this gives, by the right-adjoint property of Wr g, a AR g-ring
map ¢: R[A°] = Wg £(A). We write the composite monoid map

A° M RIAT 5 We p(A)°

as simply a > [a]. It is a section of the R-algebra map wo: Wg g(A) — A and
is easily seen to be functorial in A. The element [a] is called the Teichmiiller lift
of a.

2. Grading and truncations

2.1. Ordering on 7B, For two elements n’, n € Z'F) = @D Z, write n’ < n if we
have n,, < n, for all « € E. Also put

[0,n] = {n' e NE) | n’ < n).

2.2. Truncations. We have the following decomposition of Wy g:

Vee=QQ)QRIVy1= X RIYal = R[Yuln e NF.

acE ieN neNE)

(Thus, Wg g is an N®)-indexed coproduct in the category of R-algebras, much
like graded rings are monoid-indexed coproducts in the category of modules. One
might say that Wg g is an N¥)-graded plethory. This point of view will not be
used below.) For each n € Z(&) put

Vera=Q) @ RIWI= Q) RIYwl=R[Ywln €l0,n]].
aeE 0<i<ng n’€[0,n]

Then Wg g, represents the Ringp-valued functor that sends A to the product ring
Al%7] which is naturally a quotient of AN
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Define a similar filtration on A g g by
ArEn=AgreN(R[1/EI®Qr VR En). (2-2-1)
We will often use the shortened forms Ag ,, Vg n, Amn, W, and so on.

2.3. Proposition. (a) For each n € N the R-scheme Spec Ag.g.n admits a
unique structure of an R-algebra object in the category of R-schemes such
that the map Spec Ar g — Spec AR .n induced by the inclusion Ag g, C
AR, E is a homomorphism of R-algebra schemes over R.

(b) Foreachm,n € N®) we have

AR EmOAREN S AR Emtn, (2-3-1)
where o denotes the composition map of (1-18-1).

Proof. (a) Write A = Ag g, Ap = AR E.»n, and so on. First observe that, for any
integer i > 0, all the maps in the diagram

R[1/E1®g W2¥ —— R[1/E] @z W&*

R

®ri i
APk Ak

are injective. Indeed, a; clearly is; the vertical maps are because they become
isomorphisms after base change to R[1/E] and because A, and A are E-flat; and
it follows formally that b; is injective. Then the uniqueness of the desired R-algebra
scheme structure on Spec A, follows from the injectivity of b,.

Now consider existence. Let

A: R[1/E1®g W —> R[1/E1®z ¥ @& ¥

denote the ring map that induces the addition (resp. multiplication) map on the ring
scheme Spec R[1/E]®g Wg. To show that the desired addition and multiplication
maps on Spec A, exist, it is enough to show

A(Ay) S Ay Qr Ap. (2-3-2)

In fact, once we do this, we will be done: because each c; o b; is injective, the
ring axioms (associativity, distributivity, and so on) will follow from those on
Spec R[1/E]®@g V.

The map A sends ¥, to ¥, @ 1 + 1R ¥, (resp. ¥y ® ¥,). Therefore we have

A(R[1/E]®r Wn) S R[1/E]®Qr Wy ®r Wi,
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and hence
A(A,) € AP0 (RI1/E] @ WE) = ASH,

This establishes (2-3-2) and hence completes the proof of (a).
(b) Combine the definition (2-2-1) with the inclusion

(R[1/E]®r Vi) o (R[1/E]®r W¥,) € (R[1/E]®R Yintn)
and the inclusion A,; o A,, C A. |

2.4. Witt vectors of finite length. Let Wg g, denote the functor Ringp — Ringp
represented by Ag g n:

WR. En(A) = Homg (AR £, A). (2-4-1)

We call Wg g, the E-typical Witt vector functor of length n. As in 1.12, we will
often write Wg , or W,; when E = {m}, we will also write Wg 1, or Wy ,. We
then have

Wg g(A) =1lim, Wg g, (A). (2-4-2)
(Note that it is often better to view Wg g(A) as a pro-ring than to actually take the
limit. If we preferred topological rings to pro-rings, we could take the limit and
endow it with the natural pro-discrete topology.) It follows from 4.4 and (5-4-2)
below that the maps in this projective system are surjective.

The (truncated) ghost map

Wen: Wrogan(A) — A, (2-4-3)

is the one induced by the inclusion Wg g, € Ag g, of representing objects. For
any i € [0, n], the composition w, with the projection onto the i-th factor gives
another natural map

w;: WrEn(A) — A. (2-4-4)

Also the containment (2-3-1) induces an R-algebra map
Wr.Emtn(A) —> Wr g0 (Wr Em(A)) (2-4-5)

which sends an element a: Ag g min — A of Wg gm4n(A) to the map y —
[B = a(Boy)], for variables y € Ag g, and B € Ar g, We will call (2-4-5)
co-plethysm. It agrees with the map of functors induced by the map

AREmOAREN— AR Emin, BOYy > Boy (2-4-6)

on representing objects, where 8 © y is defined as in [Borger and Wieland 2005].
Finally, observe that for any element f € Ag g, the natural A g g-ring operation

f:WrE(A) — WgE(A)
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(a map of sets) descends to a map

f: WR,E,m-i—n(A) - WR,E,m(A)-
Indeed, it is the composition

(2-4-5)
Wr.Emin(A) — Wg ga(Wg Em(A)) =Hom(Ag g0, Wr Em(A))

=

—> Wr Em(A), (2-4-7)
where —(f) denotes the map that evaluates at f. Particularly important is the
example f = ,, where the induced map

1/’111 WR,E,m-i—n(A) - WR,E,m(A) (2-4—8)

is a ring homomorphism.

2.5. Remark: traditional versus normalized indexing. Consider the p-typical Witt
vectors, where R is Z and E consists of the single ideal pZ. Let W, denote Witt’s
functor, as defined in [Witt 1937]. So, for example,

W, (F,) =2Z/p"Z.

In 3.5, we will construct an isomorphism W, , | = W,. Thus, up to a normalization
of indices, our truncated Witt functors agree with Witt’s.

The reason for this normalization is to make the indexing behave well under
plethysm. By (2-3-1) and (2-4-5), the index set has the structure of a commutative
monoid, and so it is preferable to use an index set with a familiar monoid structure.
If we were to insist on agreement with Witt’s indexing, we would have to replace
the sum m + n in (2-3-1) and (2-4-5) with m +n — (1, 1, ...), where this would
be computed in the product group ZZ. The reason why this has not come up in
earlier work is that the plethysm structure has traditionally been used only through
the Frobenius maps v,. In other words, only the shift operator on the indexing set
was used. Thus the distinction between N and Z>; was not so important because
the shift operator n +— n + 1 is written the same way on both. But making the
identification of N and Z>1 a monoid isomorphism would involve the unwelcome
addition law m +n — 1 on Z3,.

It is different with the big Witt vectors, where R is Z and E consists of all
maximal ideals 1.15. They are also traditionally indexed by the positive integers
[Hazewinkel 1978, (17.4.4)], but here the positive integers are used multiplicatively
rather than additively. In particular, the monoid structure that is required is the
obvious one; so the traditional indexing is in agreement with the normalized one:
the big Witt ring W,:(A) (using traditional multiplicative indexing) is naturally
isomorphic to our p-typical ring W,,(A) and to Witt’s W, (A).
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2.6. Localization of the ring R of scalars. Let R’ be an E-flat R-algebra such that
the structure map R — R’ is an epimorphism of rings, as in 1.20.
Then for each n € N®)| we have

R ®g Aren =R Qg (Ar.e N (R[1/E1®g VR En))
S (R ®r Are) N(RI/EIQr Vi g/ .0)-

(We only need to check that the displayed map is an isomorphism along E, in which
case it is true because R’ is E-flat over R.) By (1-20-1), this gives an isomorphism
of R’-algebras

R'®r AR —> AR ' (2-6-1)
The induced isomorphism of represented functors gives natural maps
Wr g (A") —> Wr g.a(A), (2-6-2)
for R’-algebras A’. If A is an R-algebra, the inverse of this map induces a map
R'®r Wr.En(A) —> Wr g/ n(R' ®r A) (2-6-3)

We will see in 6.1 that this is an isomorphism.
As with (1-20-3), the map (2-6-2) induces an isomorphism

AREAOB — Ap p,OB, (2-6-4)
for any R’-algebra B’,
2.7. Proposition. Let A be an E-flat R-algebra. Then the ghost map
wen: Wr,g(A) —> AN
is injective. If A is an R[1/E]-algebra, it is an isomorphism.

Recall that the analogous facts for infinite-length Witt vectors are also true,
either by construction 1.8 or by the universal property 1.9.

Proof. If every ideal in E is the unit ideal, then Ag g = Wg g, and hence we have
AR.En=WYg E.n. The statement about R[1/E]-algebras then follows from (2-6-1).
The statement about E-flat R-algebras follows by considering the injection

A— R[1/E]®g A

and applying the previous case to R[1/E] ®f A. (]
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3. Principal single-prime case

For this section, we will restrict to the case where E consists of one ideal m gen-
erated by an element . Our purpose is to extend the classical components of
Witt vectors from the p-typical context (where R is Z and E consists of the single
ideal pZ) to this slightly more general one. The reason for this is that the Witt
components are well-suited to calculation. In the following sections, we will see
how to use them, together with 4.1, 5.4, and 6.1, to draw conclusions when E is
general.

In fact, the usual arguments and definitions in the classical theory of Witt vectors
carry over as long as one modifies the usual Witt polynomials by replacing every
p in an exponent with g, and every p in a coefficient with . Some things, such
as the Verschiebung operator, depend on the choice of , and others do not, such
as the Verschiebung filtration.

Let n denote an element of N. Let us abbreviate

Am=ARE, Amn=AREn, Wa=WrE, ¢=qn V¥ =1Yn,
and so on.

3.1. 6 operators. Define elements 6, o, 0.1, ... of
R[1/7]1Qr Am=R[1/7] Qg ¥

recursively by the generalized Witt polynomials
Y =0T+ 70N, T (3-1-1)

(Note that the exponent on the left side means iterated composition, while the
exponents on the right mean usual exponentiation, iterated multiplication.) As in
1.5, we can view the elements 6 ; as natural operators on W1/} m-Tings. We will
often write 9; = 6, ; when 7 is clear.

3.2. Lemma. We have
Y 0bnn =01, +70 01 +7TPOr0s ..., 0n0-1) (3-2-1)
Sfor some polynomial P(0r.0, ..., 0r n—1) With coefficients in R.

Proof. It is clear for n = 0. For n > 1, we will use induction. Recall the general
implication

J

j .
x=ymodm = x? =y? modm/T!,
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for j > 1, which itself is easily proved by induction. Together with the formula
(3-2-1) for ¥ 0 6, ; with i < n, this implies
n .
Yoy =Y ' (Yob)!
i=0
n—1

=a"Y o+ Y w @O mod m"R[A, ... 0]
i=0

When this is combined with the defining formula (3-1-1) for Yo+ we have
7" o6, = "84 +7"6, 1 mod m" ' R[6y, ..., 60, 1].
Dividing by 7" completes the proof. ([

3.3. Proposition. The elements 0, 0,0x.1,... of R[1/7] ®r A lie in Ay, and
they generate A, freely as an R-algebra. Further, the elements 0y, ..., 0y, lie
in A, and they generate Ay, freely as an R-algebra.

This is essentially [Witt 1937, Theorem 1].

Proof. By induction, the elements 6y, ..., 6, generate the same sub-R[1/m]-alge-
bra of R[1/7] ®r Am as w"o, ..., ¥ and are hence algebraically independent
over R[1/m]. Since R C R[1/x], they are also algebraically independent over R.

Let B, be the sub-R-algebra of R[1/7]®r A generated by 6, ..., 6,, and let
B =, B,. To show A, 2 B, we may assume by induction that A, 2 B, and
then show A 2 B,+1. By 3.2 and because Ay, is a Ay,-ring, we have

76pt1 € (Y 06 —67) + MAmy € MAp.

Dividing by 7, we have 8,41 € Ay, and hence Ay D By[6,+1] = B+1.
On the other hand, by 3.2 again, we have

Y06, =0 mod mB, 4

for all n. Hence B, being generated by the 6, is a sub-A-ring of R[1/7] ®@g Am.
It follows that B D Ay 0e = Ay, and therefore B = A,
Last, the equality A , = B, follows immediately from the above:

Amn = AnN (RI1/T] @R Wi n) = BN (R[1/7] @k Wimn)
= R[6p, ... 1N R[1/71[b, ..., 6,]
= R[6p, - .., 0,1 = By. O
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3.4. Example: Presentations of Am, © A. Using 3.3, we can turn a presentation
of an R-algebra A into a presentation of Ay, © A. We have

Am,n @ R['x] ; Am,n = R[QO’ R ] 0}’[]7

where 6 is short for 0, x, which corresponds to the element 6 ;(x) =0 x © x.
Because the functor Ay, , © — preserves coproducts and coequalizers, we have

A © (RIx1, - X1/ (f1s - £)) = RO (x )1/ 6: (fi), (3-4-1)

where 0 <i <n,1 < j<r,and 1 <k <s. Here each expression 6;(x;) is a
single free variable, and 6; ( f;) is understood to be the polynomial in the variables
6; (x;) that results from expanding 6; (f;) using the sum and product laws for 6;.
Because A, © — preserves filtered colimits, we can give a similar presentation
of Am, © A for any R-algebra A. Similarly, we can take the colimit over n to get
a presentation for A, © A.

In the E-typical case, where E is finite, one can write down a presentation of
AR, E © A by iterating (3-4-1), according to 5.3 below. We can pass from the case
where E is finite to the case where it is arbitrary by taking colimits, as in 5.1.

The method above is not particular to the 6 operators—it works for any subset
of Am, that generates it freely as an R-algebra. For example, we can use the §
operators of 1.19. Let 8" € Ay, denote the i-th iterate of §,. Then the elements
89, ..., 8" liein Ay, and freely generate it as an R-algebra. (As in 3.3, this follows
by induction, but in this case, there are no subtle congruences to check.) Therefore
we have

Awmn © (RIx1, oo %1/ (1o £5)) = RIS (x)1/ (8" (f0)), (3-4-2)

where 0 <i <n,1 < j<r,and 1 <k <s. We interpret the expressions Si(xj)
and 8'(f;) as above. The general E-typical case can be handled as above. (See
[Buium and Simanca 2009, proof of Proposition 2.12].)

3.5. Witt components. It follows from 3.3 that, given &, we have a bijection
Wn(A) —> AX AX---, (3-5-1)

which sends a map f: Ay — A to the sequence (f(6r.0), f(6r.1),...). To make
the dependence on 7 explicit, we will often write (xg, x1, ... ), for the image of
(x0, X1, . .. ) under the inverse of this map. If R =7 and = = p, then this identifies
Wi (A) with the ring of p-typical Witt vectors as defined traditionally. Similarly,
when R is a complete discrete valuation ring, we get an identification of Wy, (A)
with Hazewinkel’s ring of ramified Witt vectors quf «(A). (See [Hazewinkel 1978,
(18.6.13), (25.3.17), and (25.3.26)(i)].) We call the x; the Witt components (relative
to ) of the element (xg, ...), € W(A).
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Similarly, using the free generating set 6, o, . .., 6., of Am ,, we have a bijec-
tion

Win(A) — A0 (3-5-2)

As above, we will write (xo, ..., x,); for the image of (xo,...,x,) under the

inverse of this map. This identifies Wy, ,(A) with the traditionally defined ring of

p-typical Witt vectors of length n + 1. (For remarks on the +1 shift, see 2.5.)
Note that the Witt components do not depend on the choice of 7 in a simple,

multilinear way. For example, if « is an invertible element of R and we have

(X0, X15 -+ )z = (V05 V15 -+ - Jur»

then we have

Xo=Yo, xi=uy, xo=uyr+r w—ul)yl,
As in 3.4, we could use the free generating set 80 8!, ... of Ay, instead of
6o, 61, . ... This would give a different bijection between Wy, (A) and the set AV,

and hence an R-algebra structure on the set AN which is isomorphic to Witt’s but
not equal to it. The truncated versions agree up to A x A, but differ after that. This
is simply because 8° = 6y and §' = 6y, but 8> # 6,. (See [Joyal 1985b, p. 179].)

3.6. The ghost principle. It follows from the descriptions (3-5-1) and (3-5-2) that
W and Wy, , preserve surjectivity. On the other hand, every R-algebra is a quo-
tient of an m-flat R-algebra (even a free one). Therefore to prove any functorial
identity involving rings of Witt vectors when m is principal, it is enough to restrict
to the m-flat case. Further, any m-flat R-algebra A is contained in an R[1/m]-
algebra, such as R[1/m]®g A. Since Wy, and Wy, ,, being representable functors,
preserve injectivity, it is even enough to check functorial identities on R[1/m]-
algebras A, in which case rings of Witt vectors agree with the much more tractable
rings of ghost components. An example with details is given in 3.7.

3.7. Verschiebung. For any R-algebra A define an operator V., called the Ver-
schiebung (relative to ), on Wi, (A) by

Ve (3o, y1. -2 )x) = 0, yo, y1, -z (3-7-1)

This is clearly functorial in A. Define another, identically denoted operator on the
ghost ring AN by the formula

Ve ((z0, 21, .. .)) = (0, w20, w21, .. ). (3-7-2)

These operators are compatible in that we have w(V,(y)) = V,(w(y)) for all
y € Win(A), and the operator V; on the ghost ring is clearly R-linear. It follows by
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the ghost principle that the operator V;; on W,(A) is R-linear. Here is the argument
in some detail.

We need to check the identities ¥V, (y) =V, (ry) and V, (x+y) =V, (x)+V; (¥),
forr € R, x,y € W(A). Write x = (xg, X1, ...)r and y=(yp, ¥1,...)z. If Aisa
E-flat, the ghost map w: W (A) — AN is injective. Therefore V; is R-linear on
Wi (A), by the R-linearity of V,; on the ghost ring.

The general case then follows from E-flat case. Fix an E-flat R-algebra A with
a surjective R-algebra map A — A. Foreach i, let y; be a pre-image of y;, and set
y=0,-..)r € Wn(A). The induced map f: Wm(/() — Wn(A) then satisfies
f(9) = y. Therefore we have

Va(ry) = Ve (rf(3)) = Vz(f(ry)) = f(Vz(ry))
=fVa)=rf(Va(D) =rVa(f(3) =rVz(y).

The additivity axiom follows similarly.

3.8. Example. Wg m »,(R) has a presentation
RLx1, ..., )/ (eixj —7'xj |1 <i < j <),
where the element x; corresponds to Vjé (1).

3.9. Teichmiiller lifts. Under the composition
ar>[a] w
A——WMA) ——AXAX---

(see 1.21), the image of a is (a, a?, at’, ... ). It follows from the ghost principle
that
[a]l]=(a,0,0,...), € W(A).

Multiplication by Teichmiiller lifts also has a simple description in terms of Witt
components: _
(@l biy oo ) =C(.val by, .. g (3-9-1)

Again, this follows from the ghost principle.

4. General single-prime case

Assume E consists of a single ideal m, possibly not principal. Let n be an element
of N. Let us write Wg m, = Wg £, and so on.

Let K, denote Ry,[1/m]. If m is the unit ideal, we understand R, and hence
K, to be the zero ring. Otherwise, R, is a discrete valuation ring and Ky, is its
fraction field. In particular, m becomes principal in R[1/m], Ry, and Ky,. The
following proposition then allows us to describe Wg 1 ,(A) in terms of the case
where m is principal, and hence in terms of Witt components.
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4.1. Proposition. For R’ = R[1/m], Ry, Km, write Wg' ..n = Wr' mp'.n. Then for
any R-algebra A, the ring Wg m.n(A) is the equalizer of the two maps

W /mlmn (RIL/M] @& A) X Wr, mn (R ®r A) 2 Wy mn (K ®r A)

induced by projection onto the two factors and the bifunctoriality of W_ m ,(—).
Proof. The diagram
pry
R —— R[1/m] x Ry ——, K
prp

is an equalizer diagram. Since Ky, is m-flat, so is any sub-R-module of Ky, It
follows that for any R-algebra A, the induced diagram

A—s (R[l/m] me> QrA T Kn®g A

is an equalizer diagram. Since Wg n , 1S representable, it preserves equalizers, and
so the induced diagram (writing W, = Wg m.n)

Wn(A) — Wn(R[l/m] Or A) X Wn(Rm ®Rr A) —_ Wn(Km R A)
is also an equalizer diagram. Then (2-6-2) completes the proof. (]

4.2. Verschiebung in general. We can define Verschiebung maps
Vi m/ @g Wrm(A) — Wrm(A). (4-2-1)

To do this, it is enough, by 4.1, to restrict to the case where m is principal, as long
as our construction is functorial in A and R. So, choose a generator 7 € m and
define

Vil ®@y)=V](), (4-2-2)

for all y € Wg m(A). On ghost components it satisfies
VIix®(z0,21,...)) =0, ...,0,xz0, x21,...),

where the number of leading zeros is j. In particular, it is independent of the choice
of r, by the ghost principle.

If we write Wg wm(A)(j) for Wg m(A), viewed as a Wg m(A)-algebra by way of
the map ¥;: Wg m(A) — Wg m(A), then the map

V7w @g Wrm(A)(jy — Wr m(A), (4-2-3)

is Wg m(A)-linear, as is easily checked using the ghost principle. Expressed as a
formula, it says
VIx®yyp;@) =V (x®y):. (4-2-4)



The basic geometry of Witt vectors, | 261

In particular, the image V/ Wgr.m(A) of V7 is an ideal of Wgr.m(A).
Let us also record the identities

v (V(x®y) =xy (4-2-5)
and
Vi@V ' ®y)=xV/ ' ®yy) em!/VIWg m(A). (4-2-6)
Again, one checks these using the ghost principle.
Finally, for any n € N, the map V/ descends to a map

VI m! @ Wr i (A)(j) —> Wt (A), (4-2-7)
and the obvious analogues of the identities above hold here.

4.3. Remark. We can define Verschiebung maps even if we no longer assume there
is only one ideal in E. For any j € N‘®), let J denote the ideal I, mgf’ of R. Then
VJ would be a map J g Wg g(A) — Wg g(A). The identities above, suitably
interpreted, continue to hold. We will not need this multiple-prime version.

4.4. Proposition. The sequence

. vi
0— m’/ @ WRmn(A) ) — Wrmn+j(A) —> Wgm j(A) — 0  (4-4-1)
is exact.

Proof. Write Wgr , = Wgr mpr.n When R’ is an R-algebra such that the ideal mR’
is supramaximal.

First consider the case where m is principal. Let m € m be a generator. Using
(3-7-1), it is clear that V/ is injective and that its image is the set of Witt vectors
whose Witt components (relative ) are 0 in positions 0 to j — 1. By 3.5, the pre-
image of 0 under the map W 1 ;(A) — Wg ;(A) is the same subset, and the map
Wg .t j(A) — Wg ;(A) is surjective.

Now consider the general case. Augment the diagram (4-4-1) by expressing
each term of (4-4-1) as an equalizer as in 4.1. Here we use that m is R-flat. It then
follows from the principal case and the snake lemma that (4-4-1) is left exact.

It remains to prove that the map Wg ,4;(A) — Wg ;(A) is surjective. By in-
duction, we can assume n = 1. By 4.1, for any i € N we have

WRi(A) = Wg i(Rn®RrA) Xwy, ;(Knord) WRI/m)i (R[1/m] @R A).

Now let m denote a generator of the maximal ideal of R;,, and suppose two ele-
ments

y= ()’07 SRR yj)ﬂ € WRm,j(Rm ®r A),
2=120,-,2;) € (R[1/m] ®g AT = Wgi1/m),; (R[1/m] ®g A)
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have the same image in Wk j(Kn ®g A). To lift the corresponding element of
W;(A) to W;,1(A), we need to find elements

yj_HGRm@RA and Zj+1€R[1/m]®RA
such that in K,;,; ® g A, we have

Jj+1

Yo +otr =g (4-4-2)

So, choose an element z;,1 € A whose image under the surjection
A—s A/mA) T = Ryy/(mRy) ™ @& A
j+1 .
agrees with the image of yg " +---+m/y;. It follows that the element
qj+1

¥ +...+nfy]q.—1®zj+1 €ERL®rA

lies in 7/ (R ®g A). It thus equals 7/ ™'y | for some element y; ;1 € Ru®g A.

And so y; 4 and z;j4 satisfy (4-4-2). O
4.5. Corollary. For any R-algebra A, we have
P m' ®r Aw —> gry We.mal(A), (4-5-1)
ie[0,n]

where Ay denotes A viewed as a W, (A)-module via the ring map w;: W,(A) —
A.

4.6. Reduced ghost components. We can define infinitely many ghost components

for Witt vectors of finite length n if we are willing to settle for answers modulo
m' 1

First assume m is generated by some element . By examining the Witt poly-
nomials (3-1-1), we can see that for any i > 0, the composition

Wrm(A) —> A —> A/m"*1 A

vanishes on V"1 Wg.m(A). It therefore factors through Wg 1 »(A), giving a map
w; from Wg . (A) to A/m" 1A,
When m is not assumed to be principal, we define w; by localizing at m:

Wr mn(A) = Wr mron(Ru@rA) —> (Ru®@gA)/m" N (Rp®@gA)=A/m"™ A,

where the middle map is w; as constructed above in the principal case. We call the
composition
Wrmn(A) —> A/m" 1A (4-6-1)

the i-th reduced ghost component map.
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5. Multiple-prime case

The purpose of this section is to give some results on reducing the family E (of
1.2) to simpler families. The first reduces from the case where E is arbitrary to the
case where it is finite, and the second reduces from the case where it is finite to the
case where it has a single element. We will often write Wg = Wg g, Ag = AR E,
and so on, for short.

5.1. Proposition. The canonical maps

COlimE/ AR,E’—>AR,E, (5—1-1)
COlimE/ AR,E/,n/ e AR,E,n (5—1—2)

are isomorphisms. Here E' runs over the finite subfamilies of E, and n' is the
restriction to E' of a given element n € N'&).

Proof. Consider (5-1-1) first. Since each map A g/ — Ag is an injection, (5-1-1) is
an injection. Therefore, since Ag is freely generated as a A g-ring by the element
e = Yy, it is enough to show the sub-Wg-ring colimgr A g of Ag is a sub-A g-ring.
Since it is flat, we only need to check the Frobenius lift property. So, suppose
m € E. For any element x of the colimit, there is a finite family E” such that
x € Agrand m € E”. But Agr is a Agr-ring. So we have ¥, (x) = x4 modulo
mA g, and hence modulo m(colimg: Agr). Therefore the Frobenius lift property
holds for the colimit ring.
Then (5-1-2) follows:
Apn=(R[1/E]®r VE ) N Ap = (colimg' R[1/E]®g Vg n) Ncolimg Apr

= colimg ((R[1/E1®g Vg w) N Ap) = colimp: Aps . a

5.2. Corollary. For any R-algebra A, the canonical maps
Wr.e(A) — 1%}1 Wr.e'(A), (5-2-1)
Wr.En(A) — lihgl W,/ w (A) (5-2-2)

are isomorphisms, where E', n, and n’ are as in 5.1.
5.3. Proposition. Let E' 1 E” be a partition of E. Then the canonical maps
AR,E' Or AR,E" —> AR E, (5-3-1)
AR Ew ORARE w —> AR En (5-3-2)

are isomorphisms, where n’ and n” denote the restrictions to E' and E" of a given
element n € NE).
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Proof. 1t is enough to show each map becomes an isomorphism after base change
to R[1/E’] and R[1/E"]. So, by (1-20-1), we can assume every element in either
E' or E” is the unit ideal.

In the second case, we have

Ap Or Apr=Ap O RINE) = Ap[NE)) = Ap

The argument for (5-3-2) is the same, but we replace the generating set N&”) with
[0, n"].

Now suppose every element in E’ is the unit ideal. Then a A g/-ring is the same
as a Wgr-ring. So we have

Ap OrApr = Ap[NE = Ap.
For (5-3-2), replace NE" with [0, n'], as above. O

5.4. Corollary. Let E' U E" be a partition of E. Then for any R-algebra A, the
canonical maps

Wr £(A) — Wg g (Wr £/(A)), (5-4-1)
Wr.En(A) —> Wg grw(Wg g (A)) (5-4-2)
are isomorphisms, where n,n’, n’ are as in 5.3.

5.5. Remark. By the results above, it is safe to say that expressions such as
Am Op--OpAm, and Wy 00 Wy (A) (5-5-1)

are independent of the ordering of the m;, assuming the m; are pairwise coprime.
(Note that it is not generally true that P © P’ = P’ © P for plethories P and P’.
See [Borger and Wieland 2005, 2.8].)

If we ask that the expressions in (5-5-1) be independent only up to isomor-
phism, then it is not even necessary that the m, € E be pairwise coprime 1.2. But
invariance up to isomorphism is not a such a useful property, and most of the time
coprimality really is necessary. For example, we could look at rings with more than
one Frobenius lift at a single maximal ideal, but we would not be able to reduce to
the case of a single Frobenius lift. Indeed, if E consists of a single maximal ideal
m, the two endomorphisms {¥rwwa) and W (¥rwa)) of WW (A) commute, and the
first is clearly a Frobenius lift, but the second is generally not. Therefore WW (A)
cannot be the cofree ring with two commuting Frobenius lifts at m.

In fact, I believe this is the only place where we use the coprimality assumption
directly. The rest of our results depend on it only through 5.3. Although I know of
no applications, it would be interesting to know whether the abstract setup of this
paper, and then the main results, hold when we allow more than one Frobenius lift
at each maximal ideal.
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6. Basic affine properties

This section provides some basic results about the commutative algebra of Witt
vectors. They are just the ones needed to be able to prove the main theorems in
sections 8 and 9 and to set up the global theory in the companion paper [Borger
2010]. There are other basic results that could have been included here, but which
I have put off to the other paper, where they will be proved for all algebraic spaces.

We continue with the notation of 1.2. Fix an element n € N¥). We will often
write W, = Wg , = Wg g, and so on, for short. By 5.2, we may assume that E
agrees with the support of n, and in particular that it is finite.

6.1. Proposition. Let R’ be an E-flat R-algebra such that the structure map R —
R’ is a ring epimorphism (as in 1.20). Then the composition

, (2-6-3) , (2-6-2)7! ,
R'Qr Wr En(A) —— WR EA(R"QrA) —— Wr g n(R"Qr A)

is an isomorphism, where E' is as in 1.20.

Proof. We may assume by 5.4 that E consists of a single ideal m. Using 4.1 and
the flatness of R’ over R, we are reduced to showing that the functors Wg1 /m),m,n-
Wg. mn» and Wk _ m, commute with the functor R’ ® g —. Therefore we may
assume that the ideal m is principal.

Write W,, = Wg m.n. The result is clear for n = 0, because Wy is the identity
functor. So assume n > 1. By 4.4, we have the map of exact sequences

id /®Vl
0 —— R @rm®g Wy—1(A) ——— R’ @k Wy(A) — R' @ A —— 0

N |

0——mg Wy—1(R"QrA) —— W, (R"'QrA) —— R Qr A ——0

where the vertical maps are given by (2-6-3). By induction the leftmost vertical
arrow is an isomorphism. Therefore the inner one is, too. ([

6.2. Proposition. For any ideal I in an R-algebra A, let Wg g ,(I) denote the
kernel of the canonical map Wg g ,(A) — Wg g n(A/I). Then we have

W En()Wr En(J) S Wr En(IJ)
for any ideals 1, J in A.

Proof. We first show that we may assume E consists of a single ideal m. In
doing this, it will be convenient to prove an equivalent form of the statement:
if IJ € K, where K is an ideal in A, then W,,(I)W,(J) € W,(K). Suppose
E = E'u{m}. Let n’ be the restriction of n to E. Let I' = Wg (1), J' =
We w(J), and K’ = Wg (K). By 5.4, we have Wg , = W, © W, and
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hence Wg (1) = Wi, (I') and so on. By induction, we have I'J’ C K’, and then
applying the result in the single-ideal case gives

WEn(I) WEn(-]) - VVm,n‘-n (I/) Wm,nm (J/) == Wm,nm (K/) - WE,n(K)-

So we will assume E = {m} and drop E from the notation.

By 6.1, the statement is Zariski local on R, and so we may assume the ideal m is
generated by some element . We will work with Witt components relative to 7.

We need to show that for any elements x = (xg, ..., X))z € W,({) and y =
(Y0, -+ » Yu)r € W, (J), the product xy isin W, (I J). So it is sufficient to show this
in the universal case, where A is the free polynomial algebra R[xo, yo, - - -, Xn, Ynl,
I is the ideal (xg, ..., x,), and J is the ideal (yo, ..., yn).

Consider the commutative diagram

Wn (A) wﬁ_}” A[O’n]

| |

W< n 0
Wa(A/IT) —= (A/1)1O,

We want to show that the image of xy in W, (A/IJ) is zero. Since A/IJ is flat
(even free) over R, the lower map w, is injective, and so it is enough to show the
image of xy in (A/1J)!%" is zero. But by the naturality of the ghost map, we have
we,(x) € 1'% and we, (y) € JI9. Therefore w, (xy) lies in (1J)1%", which
maps to zero in (A/I JHlonl, ([l

6.3. Remark. Although the proof of 6.2 given above uses some properties specific
to Witt vector functors, the result is true for any representable ring-valued functor.
See [Borger and Wieland 2005, 5.5].

6.4. Corollary. If [ is anideal in an R-algebra A and 1™ =0, then Wg g ,(1)™=0.

6.5. Proposition. Let ¢: A — B be a map of R-algebras. If it is surjective, then
so is the map Wg g n(9): Wg g n(A) = Wr En(B).

Proof. By 5.4, we may assume E consists of one ideal m. Since surjectivity can be
checked Zariski locally on R, it is enough by 6.1 to assume m is principal. Then
using the Witt components, we can identify the set map underlying Wg g, (¢) with
the map ¢[0"1: A0 . Bl which is clearly surjective. O

6.6. Corollary. If ¢p: A — B is surjective, then

W (o) Walg)
WrEn(AxpA) X WgEgn(A) —— Wg En(B)
Wn(Prz)

is a coequalizer diagram.
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Proof. The functor W, is representable, and hence commutes with limits. (See 2.4.)
Therefore W, (A x p A) agrees with W, (A) xw, 5y W, (A), which is an equivalence
relation on W, (A), the quotient by which is the image of W,,(¢). By 6.5, this is all
of W,(B). O

6.7. Remark. This result is particularly appealing when A is E-flat and B is not.
Then we can describe W,(B) in terms of W,(A) and W,(A xp A), which are
directly accessible because A and A xp A are E-flat.

6.8. Proposition. Suppose E consists of one ideal m, and let A be an R-algebra.
For any i > 0, the map Spec(id ® w;) of schemes induced by the ring map

id®w;: R/mQg Wr gn(A) — R/m®g A/m"*!

is a universal homeomorphism. For i = 0, it is a closed immersion defined by a
square-zero ideal.

Proof. Write W, = W g, and so on. Consider the diagram

idew;
R/m®g Wa(A) —— s R/m@p A/m" A

lid@wo r®m—>ral~
i

A/mA inel A/mA.

To show it commutes, it is enough to assume m is principal, generated by 7. Then
commutativity follows from the obvious congruence

i i—1 . i
wi(a)zag +7mf +---+7r’a,-zag mod mA,

for any element a = (ag, aj, ...)r € W(A).

Therefore, id ® w; is the composition of a map whose kernel is a nil ideal and
a power of the Frobenius map. The scheme maps induced by both of these are
universal homeomorphisms.

Now let us show that id ® wg (which equals id ® wy) is a surjection with square-
zero kernel. The map id ® wy is surjective by 1.21 (or 4.4). So let us show the
square of its kernel is zero. By 4.4, the kernel of the map W, (A) - R/m®pgA is the
ideal VW, (A) +mW,(A). Hence it is enough to show (V! Wn(A))2 C mW,(A).
This follows from (4-2-6). O

6.9. Proposition. Let (B;);c; be a family of A-algebras such that the induced map
[1; Spec B; — Spec A is surjective. Then the induced map

[ [ Spec We.£.0(Bi) — Spec W . (A)

1

is surjective.
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Proof. By 5.4, it is enough to assume E consists of one ideal m. Further, it is
enough to show surjectivity after base change to R[1/m] and to R/m. For R[1/m],
it follows from 6.1 and the equality W, (C) = C!%"!, when m is the unit ideal. Now
consider base change to R/m. By 6.8, the ring W, (A)/mW, (A) is a nilpotent
extension of A/mA, and likewise for each B;, and so we are reduced to showing
that

LI Spec B;/mB; — Spec A/mA

1

is surjective. This is true since base change distributes over disjoint unions and
preserves surjectivity. O

6.10. Proposition. The R-algebra AR g, is finitely presented, and the functor
Wr.E.n preserves filtered colimits of R-algebras.

Proof. Since W g, is represented by A g, the two statements to be proved are
equivalent. By 5.4, we may assume E consists of a single ideal m. By [EGA 6,
2.7.1], the first statement can be verified fpqc locally on R, and in particular after
base change to R[1/m] and to R,,. Therefore by (2-6-1), we can assume m is
generated by a single element 7r. But by 3.3, the R-algebra Ag g, is generated by
the finite set 0, ¢, ..., 7 p- U

7. Some general descent

The purpose of this section is to record some facts about descent of étale algebras
which we will use to prove our main result, Theorem 9.2. The results mention
nothing about Witt vectors or anything else in this paper. So it would be reasonable
to skip this section and refer back to it only as needed.

More precisely, we do the following. First, we set up some language and no-
tation for descent, essentially repeating parts of Grothendieck’s TDTE I [1966].
(It could not be otherwise.) Second, we prove an abstract result (7.10) relating
gluing data and descent data for certain simple gluing constructions. Third, we
recall Grothendieck’s theorem (7.11) on integral descent of étale maps. Finally, we
prove 7.12, which provides the plan of the proof of 9.2. Aside from the language
of descent, only these three results will be used outside this section.

Language

7.1. Fibered categories. Let C be a category with fibered products. Let E be a
category fibered over C. (See [Grothendieck 1966, A.1.1] or [SGA 1, VIL.6.1].) For
any object S of C, let Eg denote the fiber of E over S. Let us say that a map
q: T — Sin Cis an E-equivalence if ¢*: Eg — Er is an equivalence of categories,
and let us say that ¢ is a universal E-equivalence if for any map S’ — S in C, the
base change ¢': S’ xs T — S’ is an E-equivalence.
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For the applications in the next section, the reader can take

C = the category of affine schemes,

E = the fibered category over C where Eg is the category of affine (7-1-1)
étale S-schemes and the functors ¢* are given by base change.

Then any closed immersion defined by a nil ideal is a universal E-equivalence
[EGAS, 18.1.2].

7.2. Composition notation. Let S be an object of C, and let Cgy g denote the cat-
egory of objects over § x S. That is, an object of Cgxs is a pair (7, 77), where
T is an object of C and iy is a map T — § x §, called its structure map; a
morphism is a morphism in C commuting with the maps to S x S. For such an
object, let w7 1, w7 2 denote the composition of the structure map 7 — S x S with
the projections pry, pry: S xS — S. (s, is the “source” and 77 is the “target”.)
We will often abusively leave w7 implicit and say that T is an object of C.

Let 15 denote the object (S, A) of Csxs, where A : § — § x S is the diagonal
map.

Given two objects T, U € Cgys, define TU € Cgxs as follows. As an object of
C, it is the fibered product

pr
TU —

1
Przl
T,1
U

T

Jnm (7-2-1)
— S
We give T'U the structure of an object of Cg, s with the map

(77, 10pr], WY 20PIy)

TU =T xsU S xS. (7-2-2)

7.3. Category objects and equivalence relations. A category object over S is an
object R € Cgy s together with maps
er: l¢g — R,

(7-3-1)
cr: RR— R

in Csxs (called identity and composition) satisfying the usual identity and asso-
ciativity axioms in the definition of a category. A morphism f: R — R’ of such
category objects is defined to be a morphism in Cg g satisfying the functor axioms,
that is, such that

fo€R=eROf and CR/OﬂszCR,

where ff denotes the map RR — R’R’ induced by f.
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A category-object structure on a subobject R € S x S is a property of R in that
when it exists, it is unique. One might say that R is a reflexive transitive relation
on S. We say R is an equivalence relation on § if, in addition, the endomorphism
(pry, pry) of § x S that switches the two factors restricts to a map

s:R— R
(which is of course unique when it exists).

7.4. Pre-actions (gluing data). Let T be an object of Cgxg. A pre-action of T on
an object X € Eg is defined to be an isomorphism

@i f L, (X) —> 15 (X) (7-4-1)

in E7. A pre-action is also called a gluing datum on X relative to the pair of maps
(7.1, w7 2). (Actually, Grothendieck [1966, A.1.4] calls ¢! the gluing datum.)
Let

PreAct(T, X)

denote the set of pre-actions of 7 on X. Any map T — T’ in Cgys naturally
induces a map

PreAct(T’, X) — PreAct(T, X).

If f: X — X’ is a morphism in Eg between objects X, X" with pre-actions ¢, ¢/,
then we say f is T -equivariant if the diagram

772
77 2(X) ——— 7} ,(X")

l(p l(p/
w7, (f)
mx (X) o mr (X))

commutes.
In this way, the objects of Eg equipped with a pre-action of 7" form a category.

7.5. Actions. Now let R be a category object over S. An action of R on X is
defined to be a pre-action ¢ of R on X such that the diagram

eh,(X) — Y etk (X)

N

id%(X)
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and the diagram

gL (X) O e (0

\
/

Py 5(X) primy 1 (X)

pr3(¢) pri(®)

A
R

P71 (X) === prj7g »(X),

commute. Here, pr; and pr, denote the projections RR — R onto the first and
second factors, and the morphisms represented by equality signs are the isomor-
phisms induced by the canonical structure maps (g o f)* = f* o g* (denoted by
ct,¢ in [Grothendieck 1966, A.1.1(i1)]) of the fibered category E corresponding to
the equalities
mrroe=1ds =mg j0e
and
TTR2O0C =TR 2 0PIy,
7TR’1 opr2 =7'[R’2op1‘1,
TTR,1 ©OC =TTR 1 OPrI;.
We will often use the following more succinct, if slightly abusive, expressions of
the commutativity of the diagrams above:

e*(p) =idx, c*(p) = (prig) o (pr3¢). (7-5-1)
Let Act(R, X) denote the set of actions of R on X. A morphism R — R’ of
category objects induces a map
Act(R', X) — Act(R, X)
in the obvious way.
Last, note that if R is an equivalence relation, the diagram

s*(¢)
S*JT;’Z(X) SN s*n;’{,,] (X)

‘ -1

* ¢ *
JTR’I(X) —— Ty

commutes. This follows immediately from (7-5-1). The abbreviated version is

s* @) =9 (7-5-2)
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7.6. Descent data. Let g: S" — S be a map in C, and put
R(S'/S) =58 x5S

View R(S’/S) as an object in Cg/, 5 by taking wg(s/s) to be the evident monomor-
phism
R(S'/S) =8 xs8 — 8" xS

Then R(S’/S) is an equivalence relation on S’. An action ¢ of R(S’/S) on an
object X’ of Eg is also called a descent datum on X’ from S’ to S. (Again, it is
actually ¢! that is called the descent datum in [Grothendieck 1966].) We might
call R(S’/S) the descent, or Galois, groupoid of the map g: §' — S.

Because the two compositions R(S'/S) = 8" xs S8 = §' — S are equal, for any
object X € Eg, the object ¢*(X) of Eg has a canonical pre-action of R(S’/S), and it
is easy to check that this is an action. We say that ¢ is a descent map for the fibered
category E if the functor from Eg to the category of objects of Eg» with an R-action
is fully faithful. We say it is an effective descent map if it is an equivalence.

7.7. When gluing data is descent data. Now suppose we have a diagram
s” (S —— S (7-7-1)

in C such that the two compositions S” = § are equal. The universal property of
products gives a map
S — 8" xs8 =R(S'/S).

For any object X’ € Eg/, this map induces a function
Act(R(S'/S), X') —> PreAct(S”, X).

Let us say that gluing data on X' is descent data relative to the diagram (7-7-1)
when this map is a bijection.

Gluing two objects

Here we spell out in (perhaps excessive) detail some basic facts about equivalence
relations on disjoint unions that are E-trivial, but not necessarily trivial, on each
factor.

From now on, let C denote the category of affine schemes, schemes, or algebraic
spaces. (We only need some weak hypotheses on coproducts in C, but let us not
bother to determine which ones we need.)

7.8. Equivalence relations on a disjoint union. Suppose S is a coproduct S, + Sp
of two objects S,, S, € C. (We use the symbols a, b to index the summands only
to emphasize their distinction from the symbols 1, 2 that index the factors in the
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product § x S.) Let R be an equivalence relation on S, and let R;; denote R X gy
(Si x §j), for any i, j € {a, b}. Let 7g,; 1 denote the evident composition

pr
R,’j =R XSS (S, X SJ) —]> Si

and TTR;;.2 the analogous map R;; — §;. We will sometimes view R;; as an object
of Cgxs using the induced map R;; — §; x §; — § x §.

Lete;: S; — R;; and ¢;ji: R;jRjx — Rj; and s;;: R;; — Rj; denote the evident
restrictions of ¢ and ¢ and s.

7.9. Actions over a disjoint union. For any object X over S, write X, = S, xg X
and X, = §) x5 X.
For any pre-action
@ TR X —> X, (7-9-1)
of R on X, let us write ¢;; for the restriction of ¢ to R;;. In order for this pre-action
to be an action, it is necessary and sufficient that for all i, j, k € {a, b} we have
e; (pii) = idy;, (7-9-2)
¢;jx(@ix) = pri(@ij) o pry(@jk)- (7-9-3)
This is just a restatement of (7-5-1), summand by summand. In that case, (7-5-2)
becomes

st (@) =¢;;- (7-9-4)

7.10. Proposition. Let R be an equivalence relation on S = S, + Sp such that for
i =a,b, the map e;: S; — R;; is a universal E-equivalence. Then for any object
X € Eg, the map

P—=>Pba
Act(R, X) ——— PreAct(Rp,, X)
is a bijection.

Proof. Let us first show injectivity. Let ¢ and ¢ be actions of R on X such that
©ba = ¢},,- We need to show that this implies ¢;; = ¢; ; foralli, j €{a, b}. Consider
each case separately. For ij = ba, it is true by assumption. When ij = ab, (7-9-4)
and the given equality ¢y, = ¢}, imply
Pab = S (Pap) ™' = 53, (@)™ = Wi
When i = j, since ¢; is an E-equivalence, it is enough to show e} (¢;;) = e (¢;;).
But by (7-9-2), we have
ef (¢ii) =idx, = €] (¢};).

Therefore ¢ = ¢’, which proves injectivity.
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Now consider surjectivity. Let ¢, be a pre-action of Rp, on X. Define
Qab = 3 (Pba) " (7-10-1)
and for i = a, b define ¢;; to be the map such that
e (¢ii) = idx,, (7-10-2)

which exists and is unique because ¢; is an E-equivalence. We need to check that
the pre-action ¢ = @uq + Qab + @pa + @pp 0f R on X is actually an action. To do
this, we will verify the relations (7-9-2) and (7-9-3).

The identity axiom (7-9-2) holds because it is the defining property (7-10-2) of
Pii-

Now consider the associativity axiom (7-9-3) for the various possibilities for
ijk. Since i, j, k € {a, b}, two of i, j, k must be equal.

If i = j, the composition f

pry ! ejxid
Rjk —— SjjRjk —— RjjRjk
is an E-equivalence, because it is a base change of the universal E-equivalence e;.
Therefore it is enough to show

I i) = frpri(p;i) o £ pri(@ji). (7-10-3)
By the equality pr o f =ej omg,, 1 and (7-10-2), we have
[rprie)) =mg, a€5(p)) =g, (idx;) =id.

On the other hand, by c;jro f =idg; =pr,o f, we have f*cjfjk(gojk) = f*pr;(@ji).
Equation (7-10-3) then follows.
The case j = k is similar to the case i = j. (Or apply s to the case i = j.)
Last, suppose i = k. The following diagram is easily checked to be cartesian:

(idg;;»sij)
Rij ———— RijRj; (7-10-4)

ﬂRij-]l lciji

¢
(This is just another expression of the existence and uniqueness of inverses in a
groupoid.) Since ¢; is a universal E-equivalence, (idg;;, sij) is an E-equivalence.
So it is enough to show axiom (7-9-3) after applying (idg,,, s;;)*, that is, to show

ij

(idg;» 5ij)"ciji (@ii) = (iR, 5i7)"pry (¢ij) o (idg;;, 5ij)*Pra(@;i)- (7-10-5)
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By the commutativity of (7-10-4) and (7-10-2), we have
(idg,;, 5ij)"cfji (i) = g, 1€] (i) = g, (idy,) =id.
Combining this with the equation ¢;; = s;fi (i j)*l, (7-10-5) reduces to
(idg;;, 5i))*pri(¢ij) = (idg;;, 5i)*prasy; (@ij)-
But this holds because we have
pry o (idg,;, sij) = idg,; = sj; 0 8ij = sj; opryo (idg,;, ij)-

Therefore the equations in (7-9-3) hold for all i, j, k, and so the pre-action is an
action. ([

Grothendieck’s theorem

Recall that a map Spec B — Spec A of affine schemes is said to be integral if the
corresponding ring map A — B is integral (and not necessarily injective).

7.11. Theorem. Every surjective integral map Y — X of affine schemes is an
effective descent map for the fibered category E over C of (7-1-1).

This theorem is proven in [SGA 1, IX 4.7] up to two details. First, the argument
given there covers only morphisms ¥ — X which are finite and of finite presen-
tation; and second, the statement there has no affineness in the assumptions or in
the conclusion. The first point can be handled by a standard limiting argument
(or one can apply [Rydh 2010, Theorem 5.17 plus Remark 2.5(1b)]). The second
point can be handled with Chevalley’s theorem; the form most convenient here
would the final one [Rydh 2009, Theorem 8.1], which is free of noetherianness,
separatedness, finiteness, and scheme-theoretic assumptions.

Gluing and descent of étale algebras

7.12. Proposition. Consider a diagram of rings

hy
d R
B_>B/—)BN

hy
eT E/T Te” (7-12-1)
81

A—— A 3
f 82

such that hj oe' = e" o g;, fori =1, 2. Also assume that
(a) the two parallel right-hand squares are cocartesian,
(b) both rows are equalizer diagrams,

(c) relative to the lower row, gluing data on any étale A’-algebra is descent data,
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(d) f satisfies effective descent for the fibered category of étale algebras, and
(e) € is étale.
Then e is étale and the left-hand square is cocartesian.

Note that when we use the language of descent in the category of rings (as in
(¢) and (d)), we understand that it refers to the corresponding statements in the
opposite category.

Proof. Property (a) equips the étale A’-algebra B’ with gluing data ¢ relative to
(g1, &2)- Indeed, take ¢ to be the composition

A// ®g1,A’ B/ B// A// ®g2’A/ B/.

By property (c), this gluing data comes from unique descent data relative to f.
Therefore by (d) and (e), the A’-algebra B’ descends to an étale A-algebra C.
Now apply the functor C ® 4 — to the lower row of diagram (7-12-1). By (a)

and the definition of descent, the result can be identified with the sequence

hy

C— B _2B.

hy
This sequence is also an equalizer diagram, because the lower row of (7-12-1) is
an equalizer diagram, by (b), and because C is étale over A and hence flat. Again
by (b), the upper row of (7-12-1) is an equalizer diagram, and so we have C = B.
Therefore, B is an étale A-algebra and the left-hand square is cocartesian. U

8. Ghost descent in the single-prime case

We return to the notation of 1.2. Suppose E consists of a single maximal ideal m,
and fix an integer n > 1. Write W,, = Wg ., and so on. Let A be an R-algebra,
and let o, denote the map

W, (A) 2 W,_1(A) x A (8-0-2)

given by the canonical projection on the factor W,,_1(A) and the n-th ghost com-
ponent w, on the factor A. Let [,(A) denote the kernel of «,. For example, if m
is generated by 7, then in terms of the Witt components, we have

L,(A) ={(0,...,0,a); € A" | x"a = 0}. (8-0-3)
8.1. Proposition. (a) «y, is an integral ring homomorphism.

(b) The kernel I,,(A) of oy, is a square-zero ideal.

(c) If A is m-flat, then «, is injective.
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(d) The diagram
Wy 1(A) — A/m"A

P

w,
W, (A) ——— A,
where the vertical maps are the canonical ones, is cocartesian.

(e) View A as a W, (A)-algebra by the map w,: W,(A) — A. Then every element
in the kernel of the multiplication map A ®w,a) A —> A is nilpotent.

(f) In the diagram

Wy opr
W, (A) SN Wai1(A) x A 3 A/m"A, (8-1-1)
pry
where pr, denotes the reduction of pr, modulo m", the image of a,, agrees with
the equalizer of w, o pr; and pr,.
Proof. (a): It is enough to show that each factor of W,_;(A) x A is integral over
W,(A). The first factor is a quotient ring, and hence integral. Now consider an

element a € A. Then a7 is the image in A of the Teichmiiller lift [a] € W,(A).
(See 1.21.) Therefore the second factor is also integral over W,,(A).

(b) It suffices to show this after base change to R[1/m] x Ry,. Therefore, by 6.1,
we may assume m is generated by a single element . Then an element of the
kernel of «;,, will be of the form V[a] = (0, ..., 0, a);, where n"a = 0. On the
other hand, by (4-2-6) we have

(V2 aD)(VEIbD) ="V} [ab]l=(0,...,0,7"ab), =0.
(c) We have (wg,—1 xidg) o, = wg,. Since A is m-flat, the map w, is injective
2.7, and hence so is «,,.

(d) As above, it is enough by 6.1 to assume m is generated by a single element 7.
Then we have

A @w,4) Wn—1(A) = AQw,a) Wu(A)/ VW, (A) = AJw, (V" W, (A))A.
Examining the Witt polynomials (3-1-1) shows w,(V"W,(A)) =" A.

(e) Again, by 6.1 we may assume m is generated by a single element 7. To show

every element x € [ is nilpotent, it is enough to restrict x to a set of generators.

Therefore it is enough to show (1 ® a —a ® 1)7" = 0 for every element a € A.
Now suppose that, for j =0, ..., g", we could show

(‘j." )af € im(w,). (8-1-2)
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Then we would have

(1®a—a® ) = Z (—D"(%n )aj ®a? ™ = Z -1/ ® (3n )a-iaqn_j
J J

=(1®a—1®a)? =0,

which would complete the proof. So let us show (8-1-2).
Let f =ord,(q) and i =ord,(j). Then we have

n 1 n—1 .
ordp(cﬁ. ) =ord,(q" j )+ordp<6§. 1 ) >nf —i.

n . . .
It follows that <q] )af is an R-linear multiple of 7/ ~'a/. Since w, is an R-

algebra map, it is therefore enough to show
7" al € im(wy). (8-1-3)

Now, forbe Aand s =0, ..., n, we have 7" b7 = w, (V~*[b]), and therefore
7"~b? is in the image of w,. So to show (8-1-3), it is enough to find an integer
s and an element b € A such that 7" b7 is an R-linear divisor of 7"/ ~g/. In
particular, it is sufficient for b and s to satisfy b9 =a/ andn —s < nf —i.

Take s to be the greatest integer at most i f~'. Then we have ¢° | j; so if we
set b = al/? € A, we have b? = a’. It remains to show n — s < nf —i. This is
equivalent to n—if~! <nf —i, which is in turn equivalent to (1— f)(n—if~') <O0.
And this holds because 1 — f <O andn —if~! > 0. (Recall that j < ¢”.) This
completes the proof of (e).

(f) As above, we may assume that m can be generated by a single element 7. For

any element a = (ao, . .., a,)r € W,(A), we have
an(@) = (@, ..., an_1), al +---+7"'a?_ +7"a,).
Therefore an element ((ao, . .., as—1), b) € W,—1(A) x A lies in the image of a,
if and only if
al +---+7"'a’  =b modm"A,
which is exactly what we needed to show. U

8.2. Corollary. For any R-algebra A, the ghost map
Wwen: Wy(A) — A0
is integral, and its kernel J satisfies J* = 0.

Proof. By 8.1 and induction on 7. U

8.3. Theorem. (a) The map a, is an effective descent map for the fibered cate-
gory of étale algebras.
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(b) Relative to the diagram
Wy 0pr;

W,(A) o, Wh_1(A) x A {A/m"A, (8-3-1)

pra
gluing data on any étale W, _1(A) x A-algebra is descent data (7.7).

(c) If A is m-flat, then for any A’-algebra B’ equipped with gluing data ¢, the
descended A-algebra is the subring B of B’ on which the following diagram
commutes:

AW A @, opr, B

B’ ¢

m

A/m"A @, B

Proof. (a) This follows from Grothendieck’s Theorem 7.11 and 8.1(a)—(b).
(b) We will use 7.10, where C and E are as in (7-1-1). In the notation of 7.8, put

S. =Spec W,(A) and S, = Spec A.

Let I' be the equivalence relation S X spec w,(4) S on S. By 8.1(d), we have I', =
Spec A/m"A. The map e, is an isomorphism because W,,_1(A) is a quotient ring
of W,,(A). The map e, is a nil immersion, by 8.1(e), and hence is an E-equivalence.
Thus we can apply 7.10, which says that a I'-action is the same as a I'j, pre-action.
In other words, gluing data is descent data.

(c) This will follow from 7.12 once we verify the hypotheses. 7.12(a)—(b) are clear;
7.12(c) follows from (b) above; 7.12(d) follows from (a) above; and 7.12(¢e) follows
from the definition of B, for the top row of (7-12-1), and from 8.1(c) and (f), for
the bottom row. U

8.4. Remark. For any ring C, let EtAlg. denote the category of étale C-algebras.
Then another way of expressing part (b) of this theorem is that the induced functor

EtAIan(A) —> EtAIan,l(A) XEtAIgA/m"A EtAlgA

is an equivalence. (Of course, the fibered product of categories is taken in the weak
sense.) In particular, we can prove things about étale W, (A)-algebras by induction
on n. This is the main technique in the proof of 9.2. But it also seems interesting
in its own right and will probably have applications beyond the present paper.
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8.5. Remark. If we let W, (A) denote the image of «,,, the induced diagram

_ Wy opr;
Wy (A) —— W,_1(A) x A 3 A/m"A.
pra

satisfies all the conclusions of the theorem above, regardless of whether A is m-flat.
Indeed, it is an equalizer diagram by 8.1(f) and the definition of W, (A); it is
an effective descent map by 8.3 and 8.1(b). Last, because W, (A) is the image of

o, gluing (resp. descent) data relative to W, (A) agrees with gluing (resp. descent)
data relative to W, (A). In particular, gluing data relative to W, (A) is descent data.

9. W and étale morphisms

We return to the general context of 1.2. In particular, E is no longer required to
consist of one ideal.

9.1. Lemma. Consider a commutative square of affine schemes (or any schemes)

X x

|k

Y «—Y/,
and let U be an open subscheme of Y. Suppose that
(@) f and f' are étale,
(b) the square above becomes cartesian after the base change U xy —, and

(c) g and h become surjective and universally injective after the base change
(Y - U) Xy —.

Then the square above is cartesian.

Proof. Let e denote the induced map (g, f'): X’ — X xy Y’. It is enough to show
e is étale, surjective, and universally injective [EGA 8, 17.9.1]. The composition
of e with pry: X xy Y — Y'is f’. Because f is étale, so is its base change pr,.
Combining this with the étaleness of f’ implies that e is étale [EGA 8, 17.3.4].

The surjectivity and universal injectivity of e can be checked after base change
over Y to U and to Y — U. By assumption e becomes an isomorphism after base
change to U. In particular, it becomes surjective and universally injective.

Let ¢, g, h denote the maps e, g, h pulled back from Y to ¥ — U. Let &’ denote
the base change of h from Y to X. Then, as above, we have g= h oé. Since h
is universally injective, so is 4#’. Combining this with the fact that g is universally
injective, implies that é is as well [EGA 1, 3.5.6-7]. Finally é is surjective since /’
is injective and g is surjective. (]
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9.2. Theorem. For any étale map ¢: A — B and any element n € NE), the
induced map Wg g ,(¢): Wgr.En(A) = Wg g, (B) is étale.

Proof. By 5.4, it is enough to assume E consists of a single maximal ideal m. Also,
it will simplify notation if we assume m is principal, generated by an element .
We may do this by 6.1 and because it is enough to show étaleness after applying
Rn®pr — and R[1/m] ®g —. Let us write W,, = Wg g 5.

We will reason by induction on #n, the case n = 0 being clear because Wy is the
identity functor. So from now on, assume n > 1.

Let Wn(A) denote the image of o, : W,(A) - W,_1(A) x A, and let @, de-
note the induced injection W,(A) — W,_i(A) x A. Define W, (B) and &, for B
similarly.

Step 1: W, (B) is étale over W, (A). To show this, it suffices to verify conditions
(a)—(e) of 7.12 for the diagram

_ Wy, opr;
B) —— W,_1(B)x B B/m"B

W -
T T pry T
- Qn Wy opr|
Wn(A) — Wn-1(A) X A — A/m*A,
prp

where the vertical maps are induced by ¢ and functoriality. We know 7.12(a) holds
by induction. Conditions 7.12(c)—(d) hold by 8.3 (or 8.5). Condition 7.12(e) was
shown already in 8.1(f). Now consider 7.12(b). It is clear that the square of pr,
maps is cocartesian. So, all that remains is to check that the square of w, o pr,
maps is cocartesian. By induction, W,_;(B) is étale over W,_;(A), and so this
follows from 9.1, which we can apply by 6.1 and 6.8.

Step 2: W, (B) is étale over W, (A). We know from 8.1(b) that the kernel 7,,(A) of
the map o, : W, (A) — W, (A) has square zero. Therefore by [EGA 8, 18.1.2], there
is an étale W, (A)-algebra C and an isomorphism f: C ®y, 4y Wy (A) — W, (B).
Now consider the square

C — W,(B)

~
~
~
>

Wn(A) — Wn(B)’

where the upper map is the one induced by f and where d will soon be defined.
By 8.1(b), the kernel I,,(B) of the right-hand map has square zero. Therefore since
C is étale over W, (A), there exists a unique map d making the diagram commute.
Let us now show that d is an isomorphism.
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Because C is étale and hence flat over W, (A), we have a commutative diagram
with exact rows:

0 1,(B) Wp(B) ——— W,(B) ——— 0
e)[ dT fTN
0—— CQ®w,(a) I,(A) C C ®w,a) Wn(A) — 0.

So to show d is an isomorphism, it is enough to show e is an isomorphism. Because
I,(A) is a square-zero ideal, the action of W,(A) on it factors through W, (A).
Therefore, e factors as follows:

C ®w,4) In(A) = C ®@w,a) Wa(A) @y, (4) In(A)
foid -
= Wa(B) @y, () In(A) —> L,(B),
Since f is an isomorphism, it is enough to show g is an isomorphism.
Using the description (8-0-3) of I,,, the map g can be extended to the following
commutative diagram with exact rows:

0 I,(B) B il "B ————0

gT (przo&n)~4 T(przo&n)-w

0 —— Wa(B)® [n(A) —— Wy (B)® A ——= W,(B) @ 7" A, — 0

where ® denotes ®y, (4. for short. Therefore it is enough to show the right two
vertical maps are isomorphisms, and to do this, it is enough to show the right-hand
square in the diagram

- pryod,
W, (B) — W, (B) ——— B

I

Wy (A) —» W,(A) ——— A

is cocartesian. We will do this by applying 9.1, with U = Spec R[1/m] @z W, (A).

By step 1, condition 9.1(a) holds. Now consider conditions 9.1(b)—(c). By
8.3(b), the horizontal maps in the left-hand square have square-zero kernel. In par-
ticular, the scheme maps they induce are universal homeomorphisms. And by 6.1,
they become isomorphisms after applying R[1/m]®g —. Therefore it is enough to
show 9.1(b)—(c) hold for the perimeter of the diagram above. In this case, 9.1(b)
follows from 6.1, and 9.1(c) follows from 6.8. O
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9.3. Remark. Observe that when A is E-flat, the proof terminates after step 1,
which is just an application of 7.12. Thus in the central case, the argument is not
much more than 8.1 and some general descent theory.

9.4. Corollary. Let B an étale A-algebra, and let C be any A-algebra. Then for
any n € NB) | the induced diagram

WrEn(B) —— WrEa(B®4 C)

T T

Wgr.En(A) ——— Wg g4 (C)
is cocartesian.

Proof. By 5.4, we can assume E consists of a single ideal m. The proof will be
completed by 9.1, once we check its hypotheses are satisfied. Condition (a) of 9.1
holds by 9.2, condition (b) holds by 6.1 and 2.7, and condition (c) holds by 6.8. [

9.5. W, does not generally commute with coproducts. Almost anything is an ex-
ample. For instance, with the p-typical Witt vectors, Wi (A ®z A) is not isomorphic
to Wi(A) ®w, @z Wi(A), when A is [F,[x] or Z[x].

9.6. W does not generally preserve étale maps. Let W denote p-typical Witt func-
tor (non-truncated), and let ¢ denote the evident inclusion Q[x] — Q[x*'], which
is étale. While W (¢) is best viewed as a map of pro-rings, it is possible to view
it as a map of ordinary rings, and ask whether it is étale. It is not: W(¢) can be
identified with ¢": Q[x]V — Q[x*']V, which is not étale because Q[x*']V is not
finitely generated as an @[x]V-algebra. This is an elementary exercise.

9.7. Other truncation sets for the big Witt vectors. Some writers have considered
more general systems of truncations for the big Witt functor 1.15. See [Hesselholt
and Madsen 1997, §4.1], for example. Given a finite set T of positive integers
closed under extraction of divisors, they define an endofunctor Wy of the category
of rings. When T consists of all the divisors of some integer d > 1, then Wt agrees
with our Wz g ,, where E consists of the maximal ideals m C Z that contain d and
where ny,, = ord,(d). Thus the two systems of truncations are cofinal with respect
to each other.

The functors Wy also preserve étale maps. Indeed, it is enough to show that the
base change to Z[1/T] and to Z,), for each prime p € T, is étale. (See [EGA 8,
17.7.2(i1)].) Applying the identity W7 (A)[1/p] = Wr(A[1l/p]), which can be
established by looking at the graded pieces of the Verschiebung filtration, it is
enough to consider Z[1/T ]-algebras and Z,)-algebras. In the either case, Wr(A)
is simply a product of p-typical Witt rings W,,(A) for various primes p and lengths
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n (see [Hesselholt and Madsen 1997, (4.1.10)]), in which case the result follows
from 9.2, or van der Kallen’s original theorem [1986, (2.4)].
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https://doi.org/10.2140/ant.2011.5.287

Correction to a proof in the article
Patching and admissibility over
two-dimensional complete local domains

Danny Neftin and Elad Paran
Volume 4:6 (2010), 743762

The proof of Lemma 1.8 of the article in the title is incorrect. We supply an
alternate argument for Proposition 1.10, whose proof invoked that lemma.

We are grateful to Yong Hu for pointing out to us a gap in the proof of Lemma
1.8 of our article “Patching and admissibility over two-dimensional complete local
domains”, namely, the isomorphism R/p = §/q implies only that S = R 4 q and
not S = R 4 pS, as required for this argument.

The lemma is applied for the rings

Ro=Dyuy, Ri=D;, Ry=Dy, R=Dg,

where J N J' = &, to show that S := Ry N Ry = R. Let us show this assertion
directly. In particular, this will trivially imply that for these rings q = pS.

All references are to the article in question.

Recall that 7 is a finite set and that v is the extension of the order function of
the ideal p := (x, y) <K |[x, y]to K(x,y). Fori e I,letz; = y/(x —c;y) and for a
subset J C I, Dy is defined as the completion of K[z; | j € J][x, y] with respect
to v.

Lemma. Let i, j € I be two distinct indices. Then Dyjy N\ Dyjy = Dg.

Proof. By Proposition 1.5, Dy;; = K[z;][[x — ¢;y]l and hence an element f € Dy;
can be written as Z,fio fr(zi)(x — ¢ y)k for some polynomials f;, k > 0. Assume
f € Dy, jy can also be written as Z,fio gr(z;)(x —cjy)k € Dijy=K|z;lllx —c;yl,
where g; are polynomials for & > 0.

In particular,

fi@)(x — iy = g (z))(x —¢jy)* (mod p*1 Dy jy) (0
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domains.

287


http://msp.org
http://msp.org/ant/
https://doi.org/10.2140/ant.2011.5-2
https://doi.org/10.2140/ant.2011.5.287
https://doi.org/10.2140/ant.2010.4.743
http://dx.doi.org/10.2140/ant.2010.4.743
http://dx.doi.org/10.2140/ant.2010.4.743
http://dx.doi.org/10.2140/ant.2010.4.743
http://dx.doi.org/10.2140/ant.2010.4.743

288 Danny Neftin and Elad Paran

for all k > 0. We claim that equality (1) in fact holds in Dy; ;;. Indeed, since
X —cy= (1 +(cj — ci)zj)(x —c;y), the difference between the sides of (1) is

(fiz) (L4 (cj —e)zp)* — gr(z))(x — ;)" € Klzi, zj1(x — ;. (2)

Since p is contained in the center of the valuation v, Proposition 1.5 implies that
the difference (2) is in p*+! Dy; jy only if it is zero, proving the claim.

By finding a common denominator, one can write an element f;(z;)(x —c; y)k as
pr(x, y)/(x —c;y)™ where m > 0 and py is a homogenous polynomial of degree
k +m that is prime to (x —c;y)™. Writing g (z;)(x —¢; y)* = g (x, y)/(x — ¢;y)!
for I >0 and g a homogenous polynomial of degree kI that is prime to (x —c¢; y)/,
the equality

pex,y)  qi(x,y)
=y (x—c;y)
implies that m = [ = 0 and hence that f;(z;)(x — ciy)k € K[x, y] forall k > 0. It
follows that f = >0, fi(zi)(x —ciy)* € K[[x, y1l, as required. O

Let us complete the proof of Proposition 1.10:

Proposition. Suppose J, J' C 1. Then DyN\ Dy = Djny.

Proof. Clearly Djny; € Dy N Dy. For the converse inclusion, we distinguish
between two cases. First suppose that J N J' # & and fix j € J N J'. Then
Dy =Klzi ke Jllx—cjyll, Dy =Klzx | k € Jx —c;y]l and hence

D;NDy = (Klzx |k € JINK [z | k € IDIx —c;y].

By Lemma 1.9, K[zx |k € JINK[zx | ke J'1=K[zx | ke JNJ'].

Now suppose that J NJ' = @. If |[J| = |J'| = 1, then the claim follows from
the Lemma. Assume without loss of generality |J| > 2. For distinct jj, j» € J,
we have by the previous case D; N D,y = Dyj,, for i =1, 2. In particular,
D; N Dy € Dyjy N Dyj,y. By the Lemma, Dyjy N Dyj,; = Dz implying that
Dj;N Dy = Dy as required. |
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