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Arithmetic theta lifting and L-derivatives
for unitary groups, |l

Yifeng Liu

We prove the arithmetic inner product formula conjectured in the first paper of
this series for n = 1, that is, for the group U(1, 1) unconditionally. The formula
relates central L-derivatives of weight-2 holomorphic cuspidal automorphic rep-
resentations of U(1, 1)y with e-factor —1 with the Néron-Tate height pairing
of special cycles on Shimura curves of unitary groups. In particular, we treat
all kinds of ramification in a uniform way. This generalizes the arithmetic inner
product formula obtained by Kudla, Rapoport, and Yang, which holds for certain
cusp eigenforms of PGL(2)q of square-free level.
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1. Introduction

The Birch—Swinnerton-Dyer conjecture predicts a deep relation between ratio-
nal points on rational elliptic curves and the associated analytic object called the
Hasse—Weil zeta function or L-function. This conjecture has also been generalized
to higher dimensions and to more general varieties and motives by Beilinson, Bloch
and others. Gross and Zagier [1986] studied the relation between the central deriv-
ative of the L-function of a rational elliptic curve and the height pairing of Heegner
points on it, through the arithmetic theory of modular curves and Rankin L-series.
After elaborate computations, they obtained the famous Gross—Zagier formula,
which is exactly predicted by the Birch—-Swinnerton-Dyer conjecture. This was

MSC2000: primary 11G18; secondary 20G05, 11G50, 11F27.
Keywords: arithmetic inner product formula, arithmetic theta lifting, L.-derivatives, unitary Shimura
curves.
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generalized by S.-W. Zhang [2001a; 2001b] to the case of Shimura curves over
totally real fields. The complete version of the Gross—Zagier formula was recently
achieved by X. Yuan, S.-W. Zhang and W. Zhang [Yuan et al. 2011]. Bruinier
and Yang [2009] used regularized theta lifting and relate the inner product to L-
derivatives to give another proof of the original Gross—Zagier formula. Certain
p-adic (or rigid analytic) versions of the Gross—Zagier formula have been studied
in [Bertolini and Darmon 1997; 1998].

Kudla [1997; 2002; 2003; Kudla et al. 2006] found another way to study L-
derivatives, or more generally, derivatives of Siegel Eisenstein series. It was his
great discovery that the theory of doubling integrals established in [Gelbart et al.
1987] can be used instead of the classical Rankin—Selberg convolution and that
derivatives of (Siegel) Eisenstein series are also related to the height pairing of
certain arithmetic objects. His project on the arithmetic Siegel-Weil formula sheds
new light on this area. More importantly, the idea should work for higher dimen-
sions and in both symplectic-orthogonal and unitary cases. Kudla, Rapoport, and
Yang [Kudla et al. 2006] have also proved a special form of the arithmetic inner
product formula for quaternion Shimura curves over Q of minimal level.

Extending that work, we set up in [Liu 2011] a general, explicit formulation
of arithmetic theta lifting. Conjecture 3.11 of that paper gave an arithmetic inner
product formula for unitary groups; we also proved the modularity theorem for
the generating series (Theorem 3.5) and an archimedean arithmetic Siegel-Weil
formula for any dimension (Theorems 4.17 and 4.20) predicted by this formulation.
In this second paper, we prove the complete version of the arithmetic inner product
formula for unitary groups of two variables over totally real fields.

The following is a detailed introduction. Let F' be a totally real field, E/F a
quadratic imaginary extension, T the nontrivial Galois involution, €, r the associ-
ated quadratic character by class field theory, and i an additive character of F\AF,
standard at archimedean places. For n > 1, let H, be the unitary group over F such
that for any F-algebra R, H,(R) = {h € GL,(E ®F R) | 'h*w,h = w,} where

Wy, = L,
n — —ln .

The center of H,, is the F-torus E*-! =ker[Nm: EX — F*]. Let 7 be an irreducible
cuspidal automorphic representation of H, and 7V its contragredient. Let x be a
character of Ay which is trivial on E*Ay.

By the theta dichotomy proved in [Paul 1998; Gong and Grenié 2011], we get
a factor €(, x) (see Section 2A for a precise definition) which is the product
of local ones €e(m,, x,) for each place v of F, such that €(my, xy) € {£1} and
€(my, xv) = 1 for almost all v. Although it is conjectured that this € (i, xy) is
related to the local e-factor in representation theory (see [Harris et al. 1996]), it is
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not the same, according to our definition. From these local factors, we can construct
a hermitian space V(rr, x) over Ag of rank 2n which is coherent (resp. incoherent)
if e(mr, x) =1 (resp. —1). When € (7, x) = 1, we get the usual (generalized) Rallis
inner product formula (see [Kudla and Rallis 1994; Ichino 2004; 2007], also [Liu
2011, Section 2] in our setting).

Now let us assume n =1 and € (7, ) = —1. Then the central L-value L(%, T, X)
vanishes where the global L-function L(s, 7w, x) = [[,(s, 7y, xv) is the product
of local ones, which are essentially defined as the common denominators of lo-
cal zeta integrals by Piatetski-Shapiro and Rallis (see [Gelbart et al. 1987; Harris
et al. 1996]; this will be recalled in Section 2A). It is natural to ask the value of
L’(%, 7, x). For this purpose, we further assume that for any archimedean place ¢
of F, m, is a discrete series representation of weight 2 such that its central character
wz, = x, . Then the corresponding V(r, x) is incoherent and totally positive
definite of rank 2. Now for any hermitian space V over Ag which is incoherent
and totally positive definite of rank 2, let H = Resa, /aU(V) be the corresponding
unitary group. Then we can construct a projective system of unitary Shimura curves
(Shg (H))k, smooth and quasiprojective over E, where K is a sufficiently small
open compact subgroup of H(A ). These curves are nonproper if and only if F =0Q
and € (7T, x,) =1 for all finite places v of F. In any case, we denote by (Mg )k the
(compactified, if necessary) system of unitary Shimura curves for simplicity. For
any f € m and Schwartz function ¢ € ¥(V)V> (see Section 3B), we construct a
cycle A , called the arithmetic theta lifting, which is a divisor on Mg of degree 0
for any K fixing ¢, through the Weil representation w,. On the contragredient
side, we also have ®£5 for f¥ € 7 (but through wy). We prove the following
arithmetic inner product formula for U(1, 1) p:

Theorem 1.1. Let w, x be as above and let V be any totally positive-definite inco-
herent hermitian space over Ag of rank 2. Then

() If V2V (m, x), then the arithmetic theta lifting ®£ is a torsion class for any
femnandp e F(V)V>,
() If V = \(m, ), then for any f € m, f¥ € ¥ and any ¢, ¢" € (V)=
decomposable, we have
L'(5.7 %)
T Lr@L(L egr)

where we take the Néron—Tate height pairing on some Mg (same as Beilinson—

(©). O InT [12°0. x0. fu. £ 40 @B},

v

Bloch pairing on curves) such that ¢ and ¢V are invariant under K and we
normalize it by a volume factor such that the resulting pairing is independent
of the K we choose. The terms Z* in the product are normalized local zeta
integrals defined in Section 2A, of which almost all are 1.
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We remark that the L-function L(s, , x) defined by Piatetski-Shapiro and Ral-
lis (see [Harris et al. 1996] for a detailed definition for the unitary group case)
coincides with L(s, BC() ® x) when n = 1; this is conjectured to be true for any
n. In particular, the set of L-derivatives appearing in the above main theorem is
exactly the same as in the Gross—Zagier formula in full generality, recently proved
in [Yuan et al. 2011].

Our basic idea is similar to that of [Kudla 1997; Kudla et al. 2006]. The dif-
ference is that those works consider a certain integral model of the Shimura curve
associated to a (Q-quaternion algebra and view the generating series and hence
the arithmetic theta lifting as Arakelov divisors on that integral model. It has a
canonical integral model in their minimal level case. But for general-level struc-
tures and even higher dimensional Shimura varieties, it is not all known. Instead,
we work over canonical models of (unitary) Shimura varieties over reflex fields
and define the generating series and the arithmetic theta lifting as usual Chow
(co)cycles. In this way, we can formulate a precise version of the arithmetic inner
product formula assuming that the Beilinson—Bloch height pairing, which is just
the Néron—Tate pairing in the case of curves, is well-defined. At least in the case
of U(1, 1) r, everything is well-defined.

For the proof, we use theories of Siegel Eisenstein series, Arakelov geometry,
local heights, and p-divisible groups. The geometry part of this method actually
goes back to [Gross and Zagier 1986]. Instead of explicit place-by-place compu-
tation (which is possible in the minimal level case) as in [Kudla et al. 2006], we
greatly use the theory of theta lifting, certain multiplicity one results, modularity of
the generating series, and various techniques for choosing test functions to avoid
explicit computations at bad places which are almost impossible in the case of
general levels. This allows us to prove the result for all kinds of ramification,
from both representations and geometry, in a uniform way. This new idea was first
proposed by Yuan, Zhang, and Zhang, and was used in their recent work on the
general Gross-Zagier formula and the arithmetic triple product formula [ Yuan et al.
2010; 2011].

The paper is organized as follows. In Section 2, we start by reviewing the
method of doubling integrals, especially the integral presentation of L-functions
and L-derivatives for unitary groups. In particular, we recall the analytic kernel
function E’(0, g, ®). Usually, it is extremely difficult to calculate its Fourier co-
efficients explicitly. But we prove later in the section that for a certain “nice”
choice of test functions, we can kill all irregular Fourier coefficients and even
arbitrary finitely many derivatives of regular ones. This nice choice is quite deli-
cate and hence not easy to describe at this point. Finally, we have the following
decomposition for nice & and g in a subgroup of H,,(Ar) which is dense in

Hy, (F)\H>, (AF):
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E'(0,8,®) =) E0,g ),
vgS

where S is a certain finite set of finite places of F which are “bad”. The term
Ey(0, g, @) is a sum of products of local Whittaker functions away from v and
their derivatives at v; it is O if v is splitin E.

In Section 3, we review the definition of Néron—Tate and Beilinson—Bloch height
pairing on curves over number fields. Using this, we have a parallel construction of
the kernel function for the height-pairing side when n = 1, namely the geometric
kernel function E(g;, g2; ¢1 ® ¢2) which is essentially the height pairing of two
generating series Zy, (g1) and Zy,(g2). Thanks to the theorem of modularity of the
generating series proved in [Liu 2011], it is not difficult to see that E(gy, g2; ¢1 R¢»)
is an automorphic form of H; x H;. Analogous to the analytic side, for nice choice
of ¢1 ® ¢, we have a decomposition for g; inside a subgroup of H;(Afg) which is
dense in Hj(F)\H|(AF):

E(g1. 82 ¢1 @ ¢2) = —vol(K) Y (Z, (81). Zg,(82)) e
veeXxe

+ Eisenstein series and (possibly) automorphic characters,

where v° takes over all places of E and the local height pairing is taken over a
certain integral model of Mg . The terms of automorphic characters appear only in
the case where the original Shimura curve is nonproper due to the nonvanishing of
a certain intertwining operator.

Section 4 is dedicated to comparing the corresponding terms in two kernel func-
tions for good finite places, namely the analytic side E, (0, ¢(g1, gz.v ), 1 ® ¢) and
the geometric side (Z;;l (g1), sz (g2))ve With v°|v.

Section 5 is dedicated to treating bad places appearing only on the geometric
side. We prove that, for nicely chosen ¢; ® ¢, these (finitely many nonzero) height
pairings are Eisenstein series and theta series.

We reach the final stage of the proof in Section 6. First, we introduce the notion
of holomorphic projection and compute that for the analytic kernel function. By the
comparison theorem at infinite places proved in [Liu 2011, Section 4], it turns out
that after doing holomorphic projection, we will get the correct Green’s function.
Second, the difference between the (holomorphic projection of the) analytic kernel
function and the geometric kernel function

Pr(E"(0,1(81,85). 1 ® ¢2)) — E(g1. 82: 1 @ ¢2)

is now a linear combination of Eisenstein series, automorphic characters (that is,
one-dimensional automorphic representations), and theta series for (g, g») inside a
subgroup of H (Ar) x H{(AF) whichis dense in H; (F)\H{(Ar)x H (F)\H(AF).
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But the key thing is that they are both automorphic forms; hence they really differ
by a linear combination of Eisenstein series, automorphic characters, and theta
series. Now we integrate automorphic forms f € 7 and f € 7" with this difference
and get zero since 7 is cuspidal and € (s, x) = —1! This has already implied the
arithmetic inner product formula but only for nicely chosen ¢ ® ¢¥. To obtain the
full formula, we need to use the multiplicity-one result proved in Section 6B. We
introduce functionals

alf £V b, 0" =[]2%0, xo for £ S0 ® ),

y(f 1Y, 6.9") = (0], 0T,

which are obviously inside Hom g, a,)x a1 ap) (R(V, x), 77 X x 1), whose dimen-
sion is 1 when V = V(rr, x). Moreover, by [Harris et al. 1996] we know that as a
functional, & 7~ 0. Hence y is a constant multiple of «. To calculate this constant,
we only need to plug in certain f, Y, ¢, ¢" such thata(f, fV, ¢, ¢") #0. By the
density result proved in Section 2D, we can choose nice ¢ ® ¢¥ and f, f such
that a(f, f¥, ¢, ¢") # 0 where the constant has already been computed. As a
consequence, we obtain the arithmetic inner product formula for any f, 1, ¢, ¢".
The following conventions hold throughout this paper.

e Ay = /Z\®Z Q= (1<i£1N Z/NZ) @z Q is the ring of finite adeles, A = Ay x R
is the ring of full adeles.

o For any number field K, Ay =AQ®g K, Arx =Ar®g K, K = K ®g R,
and 'y = Gal(K?3/K) is the Galois group of K.

e As usual, for a subset S of places, —g (resp. —5) means the S-component
(resp. component away from §) for the corresponding (decomposable) adelic
object; —o (resp. — r) is the infinite (resp. finite) part.

e The symbols Tr and Nm mean the trace (resp. reduced trace) and norm (resp.
reduced norm) if they apply to fields or rings of adeles (resp. simple algebras),
and tr means the trace for matrices and linear transformations.

e 1, and 0, are the n x n identity and zero matrices; ‘g is the transpose of a
matrix g.

o All (skew-)hermitian spaces and quadratic spaces are assumed to be nonde-
generate.

o For aring R, sometimes R also stands for its spectrum Spec R or Spf R (if it
causes no confusion) according to the context.

o For a scheme X over a field K, we let Pic(X) be the Picard group of X over
K, not the Picard scheme.
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2. Analytic kernel functions

2A. Doubling method. We briefly recall results mainly from [Gelbart et al. 1987;
Li 1992; Harris et al. 1996] with the setups and notation of [Liu 2011, Section 2].

Let F be a totally real field and E a totally imaginary quadratic extension of F.
We denote by 7 the nontrivial element in Gal(E/F) and €gF : A;/FX — {£1}
the associated character by class field theory. Let X (resp. X y; resp. Xoo) be the
set of all places (resp. finite places; resp. infinite places) of F, and X°, Z;, and
X2, those of E. We fix a nontrivial additive character y of Ap/F.

For a positive integer r, we denote by W, the standard skew-hermitian space
over E with respect to the involution 7, which has a skew-hermitian form ( -, -)
such that there is an E-basis {ey, ..., e, } satisfying (e;, ¢;) =0, (e,4i, e,1;) =0
and (e;, e,y ;) =6;; for 1 <i, j <r. Let H, = U(W,) be the unitary group of W,
which is a reductive group over F. The group H,(F), in which F can be itself
or its completion at some place, is generated by the standard parabolic subgroup
P.(F) = N,(F)M,(F) and the element w,. Precisely,

N, (F) = {n(b): (lr 119) ‘ be Her,(E)},

M, (F) = {m(a>= (“ t rl)
-
J— lr
wr - —lr ’

where Her, (E) = {b € Mat,(E) | b* = 'b}.

We fix a place v € £ and suppress it from the notation. Thus F = F,, is a local
field of characteristic zero, E = E, is a quadratic extension of F' which may be
splitand H, = H, , = H,(F,) is a local reductive group. Also, we denote by J{, the
maximal compact subgroup of H, which is the intersection of H, with GL,,(0OF)
(resp. is isomorphic to U(r) x U(r)) if v is finite (resp. if v is infinite). For s € C and
a character x of E*, we denote by I,(s, x) = s—Indgr’(Xl-|2+r/ 2) the degenerate
principal series representation (see [Kudla and Sweet 1997]) of H,, where s-Ind
means the unnormalized smooth induction. Precisely, it realizes on the space of
J{,-finite functions ¢; on H, satisfying

ac GL,(E)},

and

g (n(bym(a)g) = x (deta)|detal*p(g)
for all g € H,, m(a) € M,, and n(b) € N,. A (holomorphic) section ¢, of I,(s, x)
is called standard if its restriction to J{, is independent of s. It is called unramified
if it takes value 1 on J{,. Now we view F and E as number fields. For a character
x of A which is trivial on E* and s € C, we have an admissible representation
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I.(s, x) = ®/ I, (s, xv) of H.(Af), where the restricted tensor product is taken
with respect to the unramified sections.

Let us have a quick review of the classification of (nondegenerate) hermitian
spaces. If v € ¥y and E is nonsplit at v, there are, up to isometry, two different
hermitian spaces over E, of dimension m > 1: V* defined by

e(VF) = eg/p((=1)"" V2 det VF) = £1.

If v e Xy and E is split at v, there is, up to isometry, only one hermitian space
VT over E, of dimension m. If v € £, there are, up to isometry, m + 1 different
hermitian spaces over E, of dimension m: V; with signature (s, m — s) where
0 < s < m. In the later two cases, we can still define €(V) in the same way. In
the global case, up to isometry, all hermitian spaces V over E of dimension m are
classified by signatures at infinite places and detV € F*/NmE™; particularly, V
is determined by all V, = V ®F F,. In general, we will also consider a hermitian
space V over Ag of rank m. In this case, V is nondegenerate if there is a basis under
which the representing matrix is invertible in GL,,(Ag). For any place v € X, we
let Vy =VQa, Fy, Vi =V Q®a, Af r, and define (V) ={v € X | e(V,) = -1},
which is a finite set, and € (V) =[] €(V,). We say V is coherent (resp. incoherent)
if the cardinality of X (V) is even (resp. odd), that is, €(V) = 1 (resp. —1). By the
Hasse principle, there is a hermitian space V over E such that V=V @ p A if and
only if V is coherent. These two terminologies are introduced in the orthogonal
case in [Kudla and Rallis 1994]; see also [Kudla 1997].

We fix a place v € X and suppress it from the notation. For a hermitian space
V of dimension m with hermitian form (-, -) and a positive integer r, we can
construct a symplectic space W = Resg,r W, @ g V of dimension 4rm over F with
the skew-symmetric form %TrE/F( -, )T®( -, -). Welet H=U(V) be the unitary
group of V and ¥ (V") the space of Schwartz functions on V’. Given a character
x of E* satisfying x| .. =€ Jp> We have a splitting homomorphism

I(y,1): H x H— Mp(W)

lifting the natural map  : H, x H — Sp(W) (see [Harris et al. 1996, Section 1]).
We thus have a Weil representation (with respect to ¥) w, = w, y of H, x H on
the space ¥(V"). Explicitly, for ¢ € (V") and h € H, we have:

o wy(n(b))p(x) =Y (tr bT (x)) (x).

.« 0, (m(@)¢(x) = |detal’s’*x (deta)p (xa).

o« w0, (w)(x) = yy(x).

e w (W (x)=¢(h '),
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where T (x) = ((x, L Xj )) 1<i j<r is the moment matrix of x, yy is the Weil constant
associated to the underlying quadratic space of V (and also ), and ¢ is the Fourier
transform

$) = /V SO (T, W) dy,

using the self-dual measure dy on V" with respect to 1. Taking the restricted tensor
product over all local Weil representations, we get a global (V") := &) F(V/) as
a representation of H, (Ar) x H(AF).

We now let m = 2n and r = n with n > 1 and suppress n from our notation,
except that we will use H' instead of H,, P’ instead of P,, N’ instead of N,, and
X' instead of Ji,. Hence x|ax = 1. Let w = &' 7, be an irreducible cuspidal
automorphic representation of H'(Ar) contained in L?>(H'(F)\H'(Ar)) and
realizes on the space of complex conjugation of functions in 7.

We denote by (— W) (recall that W = W,,) the skew-hermitian space over E with
the form —( -, -). Hence we can find a basis {e , ..., e, } satisfying (e, , e;) =0,
(6,1 ¢, ;) =0and (e e, ;) = —§; for 1 <i <n. Let W' =W (W)
be the direct sum of two skew-hermitian spaces. There is a natural embedding
1 : H x H — H" := U(W") given, under the basis {ey, ..., ez} of W and
len, ... ensel, o e s enl, - oy s —€, g, ..., —ey } of W”, by 1(g1,82) =
10(g1, g, ), wWhere

—1
_ (@ by _ (@ by v _ 1, 1,
s a) 2=\ a) ¢ )0 Z)

and al by
1o )= a b
0(81, 82) = di
©  d
For a complete polarization W” = W’ @ W', where W' = spang{ey, ..., e,;
er,...,e;} and W' = spangfe,t1,...,em; —e, . |,...,—e,,}, there is a Weil

representation of H”, denoted by ) (with respect to ¥/), on the space PV,
such that t*a)” = wy .y X Xa)X " Wthh is realized on the space (V") ® F(V").
Let P be the parabohc subgroup of H” fixing the subspace W’ whose maximal
unipotent subgroup is denoted by N.

Let V be a hermitian space over Ag of rank 2n. We have a linear map

LV — Do(s, X)

given by ¢¢ 5(g) = w; (&)@ 0)Ap(g)*. When s = 0, it is H"”(Ap)-equivariant
and we denote by R(V, x) = ®; R(V,, x) the image of this map. We define the
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Eisenstein series

E@e)= Y, ¢

yeP(F)\H"(F)

for any standard section ¢, and E (s, g, ) = E(g, ¢¢s). Itis absolutely convergent
when 9i(s) > n and has a meromorphic continuation to the entire complex plane,
holomorphic at s = 0 (see [Tan 1999, Proposition 4.1]).

By [Gelbart et al. 1987; Li 1992] (see also [Liu 2011, Proposition 2.3]), for any
femn, f¥ en’, and standard ¢, € I,(s, x) which are decomposable, we have for
N(s) >n

Fg) fY(g2)x ' (detg) E(i(g1, g2), ¢s) dg1 dga

= 1_[ Z(Xv’ fv, fvv, (Px,v)a

vEX

\/[H/(F)\H/(AF)]Z

where

Z(Xvs fos fvv» SDS,U) =/ (o (gv) fos fx)ﬂos,v(VOl(gva 1)) dg,

/
v

is the local zeta integral, which has a meromorphic continuation to the entire com-
plex plane. Here,

Let us temporarily suppress v in the following. As in [Harris et al. 1996] (see
also [Liu 2011, Section 2C]), we define the local L-factors L(s, 7, x) through these
local zeta integrals and define the normalized one to be

_ bu)Z(x f, £ 9s)
L(s+ %, T, X)

; (2-1)
s=0

Z5x f Y e

which is a nonzero element in Hompg/y g/ (12,(0, x), ¥ X x ) (see [Harris et al.
1996, Proof of (1), Theorem 4.3]), where

m—1

bu(s) =[] LQ@s+m—i. €y p). (2-2)
i=0

Welet Z*(s, x, f, [, @) =Z*(x. . [, ¢a.s).
When everything is unramified, Z*(s, x, f, f", ®) = 1, by [Li 1992]. Hence,
globally (and assuming everything is decomposable; otherwise we take a linear
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combination), the assignment

Ol(f, f\/, CD) = 1_[2*(09 Xl)? flh fv\/’ CDU)
v
defines an element in

Hompapyxmap (R(V, x), 77 K x7) = ® Homp: w1y (R(Vy, o), ) B X 710).

v

By analytic continuation, we have

/[ (F)\H'(A )]2f(gl)fv(gZ)Xil(detgz)E(sv’(glagz),<I>)dg1dgz
H/(F\H'(Ap

1
_ 2f(S+2’ 7T., X? l_[Z*(Sy)(v»fvvavach)
[T L2s+iepp) 7,
for any s € C, where in the last product almost all factors are 1.

By the theta dichotomy proved in [Paul 1998] in the archimedean case and [Gong
and Grenié 2011] in the nonarchimedean case (see [Liu 2011, Proposition 2.6] for
our statement), we have Hompy . gy (R(Vy, Xxu), ) W xymy) # 0 for exactly one
Vy (up to isometry) over E, of dimension 2n. We denote this hermitian space
by V(my, xv) and €(my, xy) = €(V (y, xv)). Let V(mr, x) be the hermitian space
over Ag, unique up to isometry, such that V(rw, x), = V (my, xv) forany v € &
and €(, x) = [[€(my, x»). Hence we can choose f € w, f¥ € n¥, and @ €
P(V(m, x)*") such that a(f, fV,®) #0. If e(r, x) = —1, then V(m, ) is inco-
herent and E (0, g, ®) =0 by [Liu 2011, Proposition 2.11(1)]. Then L(%, m,x)=0
and we have

Fe) fY(g2)x ' (detg) E'(0,1(g1, g2), D) dg1 dga

L'(3, 7, x)
== []2°0 x0, fo. £}, ®). (23)
[T2 LG egp) 7y
We call E'(0, g, ®) =d/ds|s—0E (s, g, ®) the analytic kernel function associated
to the test function ® € ¥ (V2.
For any T € Her,,(E), we have the T-th Fourier coefficient

/[H’(F)\H’(AF)JZ

Er(s, g, ®) =/ E(s,ng, ®)yr(n)~" dn,
N(F)\N(AF)
where Y7 (n(b)) =y (tr Th) and locally dn, is the self-dual measure with respect to
Yry. It turns out that for nonsingular 7', the Fourier coefficient has a decomposition
as
Er(s, 8. ®) =Wr(s, g, ®) = [ | Wr(s, gu, Dv) (2-4)

vex



934 Yifeng Liu

if ® = Q) P, is decomposable. Here, locally for any standard section ¢, in
I, (s, xv), we define the Whittaker integral as

Wr(gv, Qos,v) = / @s,v(wnvgv)WT(nv)_l dny,
Ny
where w = wy, and Wr (s, gy, ®,) := Wr(g, 9o, ) for any T € Hery,(E,).
Hence we have
E(s,g.®)= > Er(s,g.®)+ Y []Wr(s. g ®).
T sing. T nonsing. veEX

Taking the derivative at s = 0, we have

E0.8.®) =Y Ep0.g®+ Y > W0, 8.0 [[ Wr. gy, o)

T sing. T nonsing. veX )
=Y Ep0.g. ) +> > Wr(0.g,. ) [| Wr(0. gu. D).
T sing. veX T nonsing. v'#v

But ]_[v,#v Wr(0, gy, ®,) # 0 only if V, represents T for all v’ # v. Since V
is incoherent, V, cannot represent 7. For T nonsingular, there are only finitely
many v € ¥ such that T is not represented by V,, that is, there does not exist

X1, ..., X2, €V, whose moment matrix is 7. We denote the set of such v by
Diff(T, V). Then

E'0,g,®)= Y E70,8 ®)+Y E,0,g ®),

T sing. veX
where
E,0.8.®)= Y Wp0.8,.9) [[ Wr(0. gv. ®y).  (2-5)
Diff(T.,V)={v} Vv

In fact, the second sum is only taken over those v which are nonsplit in E.

2B. Regular test functions. In this section, we will prove that the summation of
E’ (0, g, ®) over singular 7”s vanishes for a certain choice of ® and g in a suitable
subset of H”(Af). We follow the ideas in [Yuan et al. 2010].

For a finite place v, recall the definition

PV g = (@ € F(VI") | @y(x) = 0if det T(x) =0}

We call the elements in this set regular test functions.
Fix a finite subset § C X s with | S| =k > 0 and let Ef’(\/é"),eg =
Our main result in this section is:

Proposition 2.1. For ® = @305 € F(VZ"),eg ® F(V521), ord;—0E7 (s, g, D) > k
for T singular and g € P(AF,S)H”(Ai).

PV reg-

vesS
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We can assume that ® = ) ®,, is decomposable with ®,, € Ef’(\/%”),eg forveS
and rank T =2n — r < 2n. Choose a € GL,,(E) such that

tT 0, _
aTa—< 7 (2-6)

with T € Hera,_,(E). Then
Er(s, g, ®)=Euria (s, m(a)g, P).

Hence we can assume that 7 is of the form (2-6).
First, we need a more explicit formula for the singular coefficient E7. By defi-
nition, for R(s) > n

Ersg. )= [ S e, (g dn
N(F)\N(AF) )/EP(F)\H//(F)
(-7

-/ S r@es(rmvr o0 dn,
N(F)\N(AF) )/GP(F)\H”(F)

where r(g) means the H” action on I»,(s, x) by right translation. We need to

unfold this summation. Let
1,

15,—
Wana = , (2-8)

_12n—d
for 0 < d < 2n be a set of representatives of the double coset Wp,ny\Wpy»/Wp/n
of Weyl groups, thus ws, ¢ = wy, = w. We have a Bruhat decomposition

2n

H'(F) =] [ P(F)wan aP(F),
d=0

where F can be the global field or its local completions.

Lemma 2.2. If v € S and g, € P,, the support of r(g,)¢e, s is contained in
P(F)wN (Fy).

Proof. It suffices to prove that ¢¢, ¢ vanishes on P (F,)wz, 4 P(F,) for d > 0 since
gv € P(Fy). For g = n(by)m(a))wa, an(ba)m(az) € P(Fy)wa, q P(Fy), we have

@o,.5(8) = wy, ()P O0)A(g)°
= xv(detaiay)|detajaz|y A(g)" /\/ U (T )Py (xaz) dx,

where \/%”_d is viewed, via (x1, ..., x2,—q)— (0, ...,0,x1, ..., X2,_4), as a sub-
set of \/%". Since &, is regular and d > 0, ®,(xay) =0 for x € \/%”_d. O



936 Yifeng Liu

By the lemma, we have for g € P(Ar s) H" (A},

en= S r@ees e dn

ENNAE) e p(F)\P(F)wP(F)

= (®)9as(ym)Yrm)~'d
/N(F)\N(AF) Z 8o VT "

yewN (F)

= / ()¢ (wn)Yr(n)~ dn
N(AF)

= / s (wn)yr (n) ™" dn
N(AF)

=11 / @u.s ()Y (n,) " dny, (2-9)
veX Ny

where we write ¢y instead of 7 (g)@e s for simplicity. Let §’ C X be the finite subset
containing all infinite places and ramified places, away from which y, and vy, are
unramified; ¢, ; is the (unique) unramified section in I, (s, x,) (hence S’ O S) and
detT e OF,- Then

(2-9) = <H Wr(e, gov,s)> Wr(e, 5. (2-10)

ves’

By [Kudla and Rallis 1994, p. 36] and [Tan 1999, Proposition 3.2], we have

S/
, as (s)
Wr(e, ¢3) = —— 2 —
YA, (s —5r)b5,(s)

where
m—1 m—1

amo() =[] Lo@s+i—m+1,€g,p) and byy(s)=[] Lo@s+m—i, ep,p),
i=0 i=0

as in (2-2). Hence Wy (e, (p‘f/) has a meromorphic continuation to the entire com-
plex plane. For v € §’, we normalize the Whittaker functional to be
1
a2n—r,v(s -3 r)bZn,v(s)
an v (s)

W}k (e, (pv,s) = Wr (e, @v,s)-

Using the argument and notation of [Kudla and Rallis 1994, p. 35], we have

Wr (e, Qov,s) = Wf(ea i*o Ur,v(s)wv,s)-

By [Piatetski-Shapiro and Rallis 1987, Section 4], the (local) intertwining operator
U, (s) has a meromorphic extension to the entire complex plane. By [Liu 2011,
Lemma 2.8(1)], which combines results from [Karel 1979] and [Wallach 1988],
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Wr (e, ¢y5) and hence W7 (e, ¢, ;) have meromorphic continuations to the entire
complex plane. Together with the meromorphic continuation of Wy away from S’
and W3 in §’, (2-10) has a meromorphic continuation which equals

az, (s)

Arn—r(s — 517)b2y (s)

1_[ W; (ea (pv,s)-
ves’

Proof of Proposition 2.1. Consider the point s =0, b,,(0) = ]_[lzil L(, eg / ) eCx,
and

az,(0) — i+1
_ 2O T L= ety e,
a2n—r(_%r) E EIE

Let k, = ords—oWj (e, -) be the order of the functional at s = 0 for v € S” and
i, = ords—o Wy (s, e, - )¢, for v e S. Since Er(e, pp) =0 if & =& @, for
at least one @, regular, by (2-10) and the proof of [Liu 2011, Lemma 2.10], we
have k; + 3, L cs kv > 1 for any vg in S. Also by the definition of Wr, we see
that

Pv,0 — s W;‘(e» (pv,s)L:O

is a nontrivial N-intertwining map from 15,(0, x) to Cy y,. Now if v € §, our
©¥y,0 = ¢a,.0 for a regular test function &, € Ef’(\/%”),eg. By [Rallis 1987, Lemma
4.2] stated as [Liu 2011, Lemma 2.7(1-a)], ¢, 0 goes to 0 under the above map,
that is, x|, > k, + 1 for v € S. Hence

ords— Ol_[WT(e <va)>ZK + Z Kv>k_1+KUO+ Z Ky = k.

ves’ ves vesS'— vo#VES’

In conclusion, if we choose S such that |.S| > 2 and a decomposable test function
D = DD’ € F(V§")eg ® F(V2),

then for g € P(Ar s) H"(A3),

E'(0.g.®) =) E,0,g. ). 2-11)

veX

2C. Test functions of higher discriminant. In this section, we will show that if
we have a better choice of ®, for v € §, we can even make W} 0, e, ®,) =0 for
any nonsingular 7" which is not representable by V,. We follow the ideas in [Yuan
et al. 2010].

Since the argument is local, we fix one v € S which is nonsplit and suppress it
from the notation in this section. Let V be one of V* and V' the other one which
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is not isometric to V. For d € Z, let
Herd,(E) = {T € Hery,(E) | det T # 0},
9 = {b € Her), (E) | b = T (x) for some x € V*"},
%' = {b' € Herd (E) | b’ = T(x) for some x" € V'*"},
¥, = (b +b" | b € % and b" € Herp, (p;9)} NHerd, (E),

where p is the maximal ideal of Of. Then Her) (E) = # L1,

G WL GGG

g%, =%, and |, %, = Hergn(E). We say that a test function ® € $(V?") is
of discriminant d if
{T(x) | x €Supp(®)}N¥, = 2.

We denote by $(V?"), the space of such functions, and set
V" rega =V reg NS (V).
Lemma 2.3. Foranyd € Z, $(V*")eg.4 is not empty.

Proof. Fix any d; in fact, we only need to prove that there exists 7 ¢ ¥/, such that
detT #0. Then (T +Hery, (pgd)) N#' = . Any test function with support whose
elements have moment matrices contained in (7 + Hery, (pgd)) N Hergn(E ), which
is open, will be in Q(Vz")reg,d. Now we want to find such a T. Take any 77 € ¥
with det 77 # 0. Since 7 is open, we can find a neighborhood 7 + Hery, (p}) C 3
foraveZ. If v < —d, then we are done. Otherwise, let @ be the uniformizer of
F. Then @ ~V"4(T; + Hery, (p}.)) C 9. But

@ (T + Heray () = (@ "~y + Herzu(p ).
Hence T = o ~"~¢T) will serve for our purpose. ([

Since v is nontrivial, we can define its discriminant d., to be the largest integer d
such that the character vy is trivial on N (Op) = Her,, (Of) for all T € Hery, (pgd).
We need to mention that this is not the conductor of a p-adic additive character.
But the difference between them only depends on n and the ramification of E/F.
The main result of this section is:

Proposition 2.4. Let d > dy be an integer. Given ® € S’(Vzn)reg,d, we have
Wr (s, e, ®) =0 for T € ¥ nonsingular.

Proof. For N(s) > n,

Wr(s, e, ®) = / W, (wn)®(0)A(wn)* Y7 (n) ™" dn
N
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is absolutely convergent. Hence it equals
/ ( YrbT (x))D(x) a’x)k(wn(b))sljl(—tr Tbhb)db
Hery, (E) Vo
=/ P (x) dx/ AMwn(0)* ¢ (te(T (x) — T)b) db
y2n Her,, (E)
=f <I>(X)de AMwn (D)) Y11 (n(b)) db. (2-12)
y2n Hery, (E)
Since A(wn(b)n(by)) = A(wn(b)) for by € Herp, (Of),
(2-12)=/ @ (x) dX/ A(wn (b))’ Yr(x)—1(n(b)) db
yan Hery, (E)/Hery, (OF)
X f VYr)-1(n(b1)) dby,
Her2, (Ok)

in which the last integral is zero for all x € Supp(®) by our assumption on .
Hence Wr (s, e, ®) = 0 after continuation. In particular, W} 0, e, d)=0. O

In conclusion, if S is a finite subset of X ¢ with [S|>2, & =Q) P, € PV
with @, € F(V2"),eg for v € S, and &, € FS(V2")q 4, for v € S nonsplit with
dy > dy,, then

E'0,g, ®) = Z E, O, g, ®) (2-13)
veS

for g € eSH”(AISp).

2D. Density of test functions. In the previous two sections, we have made particu-
lar choices of test functions to simplify the formula of the analytic kernel functions.
But for our proof of the main theorem, arbitrary choices will not suffice. In this
section, we will show that there are “sufficiently many” test functions satisfying
these particular choices we have made in the sense of Proposition 2.8. We follow
the ideas in [Yuan et al. 2011].

We keep the notation from the previous two sections. In particular, v will be
a place in S and will be suppressed from the notation. Recall that we have an
H"-intertwining map $(V>") — $(V?")y = R(V, x) < ©,(0, x) through the
Weil representation a); . Hence we have an H' x H' admissible representation on
(V2" through the embedding ¢ defined in Section 2A.

Lemma 2.5. If v is nonsplit, then for any d € Z we have

PV )reg = @) (m(F* 1p))F (V) ega-
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Proof. Fix d € Z. For any function ® € EP(VZ"),eg, Supp(®P) is a compact subset
of 9¢. Since Her) (E)\%,, is open and

9 (Her) (E)\%/,) = Her) (E)\ Q 9, = Her) (E)\%' =¥,
(Hergn (E )\%&)dez is an open covering of Supp(®), and hence has a finite subcover.
Then there exists dy € Z such that Supp(®) N %Zio =g. If dy > d, then we are
done. Otherwise, consider @' = o/ (m(w?=41,,))®; then Supp(®) N ¥, = @.
The lemma follows. U

In the rest of this section, let n = 1. Then H' = U(W)).

Lemma 2.6. Let w be an irreducible admissible representation of H' which is not
of dimension 1 and A : (V) — 7 a surjective H'-intertwining map, where H' acts
on L(V) through a Weil representation w. Then for any ¢ with A(¢) # 0, there is
@' € FS(V)reg such that A(¢') # 0 and Supp(¢’) C Supp(¢).

Proof. Let f = A(¢). If there exists n € N such that 7w (n) f # f, then

Alwm)p —¢)=nn)f — f #0
but
wmex) —dx) = (YT (x) — 1)p(x),

where n = n(b). We see that ¢’ = w(n)¢ — ¢ € F(V),eg and Supp(¢’) C Supp(e).
If w(n)f = f for any n € N, then f will be fixed by an open subgroup of H’
containing N since 7 is smooth. But any such subgroup will contain SU(W)),
hence 7 factors through H'/SU(W;) =U(W;)/SUW) EE %1 which contradicts
the assumption on 7. ([

Lemma 2.7. If m; and 7, are two irreducible admissible representations of H'
which are not of dimension 1, then for any surjective H' x H'-intertwining map
B:P(V)YRF(V)=S(V?) — 71 Ry where H' x H' acts on (V) QF(V) by a
pair of Weil representations w; X wy, there is an element ® = ¢ Q ¢, € 9’(V2)reg
such that B(®) # 0.

Proof. Let ® € $(V?) be such that B(®') # 0. Write ® =) ¢;1 ® ¢ 2 as an
element in $(V) ® ¥(V). Hence we can assume that there is ¢; ® ¢, such that
B(¢1 ® ¢2) # 0. By Lemma 2.6, we can also assume that ¢; € F (V). For
x € Supp(¢y), let V; be the subspace of V generated by x and V'~ its orthogonal
complement. Both V, and V* are nondegenerate hermitian spaces of dimension 1.
As an H'-representation, (V) = $(V,) ® F(V*). Now write ¢ = ) ¢; » @ ¢
according to this decomposition. We can assume there is a ¢, ® ¢* such that
B(¢1 ® (¢x ® ¢*)) # 0, since as an H'-representation, ¥(V*) is generated by the
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subspace F(V*),eg. We can then write

G ®9" =Y w2(g) (@, ()Px ®P)),

with d)}‘ € F(V)reg. So we can further assume that B(¢; ® (¢ ® ¢*)) # 0 with
¢ €F(VF)req, thatis, Supp(¢, ®¢*)NV, =. Applying Lemma 2.6 again, we can
further assume there exists ¢§x) € F(V)reg such that Supp(d)éx)) C Supp(¢, ® ¢*)
and B(¢ ®¢§x)) # 0. The condition that Supp(¢2) N V* = & is open for x. Hence
we can find a neighborhood U, of x such that ¢|y, ® ¢§x) € Ef(Vz)reg. Since
Supp(¢;) is compact, we can find ® of this kind such that B(®) # 0. O

Recall the zeta integrals introduced in Section 2A. For @ € PV, we write
25, x, L Y, ®)=Z*(x, f» [, ¢o.s). Combining Lemmas 2.5 and 2.7, we have:

Proposition 2.8. Letn = 1, v € Xy, w be an irreducible cuspidal automorphic
representation of H', and V,, = V (1, xv). For any d € Z, we can find f, € m,,
f,en),and 1y, @2,y € SJ(VUZ),eg,d (resp. S’(sz)reg) if v is nonsplit (resp. split)
in E, such that the (normalized) zeta integral Z*(0, xy, fv, [,/ ¢1.0 @ ¢2.4) # 0.

3. Geometric kernel functions

3A. Néron-Tate height pairing on curves. In this section, we will review the gen-
eral theory of the Néron—Tate height pairing on curves over number fields and some
related facts.

Height pairing of cohomologically trivial cycles. Let E be any number field, not
necessarily CM, and let M be a connected smooth projective curve over E, not nec-
essarily geometrically connected. Let CH! (M )% be the group of cohomologically
trivial cycles which is the kernel of the map

deg : CH'(M)¢ —> HZ,(Mps, Z,(1)'2 @7, C=C

for any fixed rational prime number £. Let Al be a regular model of M, that is, a
regular scheme, flat and projective over Spec O with generic fiber Mg = M.
Recall that an arithmetic C-divisor is a datum (%, g,-), where % € Z' (M) is a
usual divisor and g,- is a Green’s function (that is, a Green’s (0,0)-form of logarith-
mic type [Soulé 1992, 11.2]) for the divisor #,-(C) on M, (C) for each :°: E — C.
We denote by ’Z\(}: (M) the group of arithmetic C-divisors. For a nonzero rational
function f on Jl, we define the associated principal arithmetic divisor to be

div(f) = (div(f), — log| fie.cl?).

The quotient of 7! ¢ (M) divided by the C-subspace generated by the prm(:lpal arith-
metic divisors is the arithmetic Chow group, denoted by CH;:(./M) Inside CHC(./(/L)
there is a subspace CH} ()¢ which is C-generated by (%, 0) with % supported

fin
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on special fibers. Let CHflin(Jl/L)é C @L};(M) be the orthogonal complement under
the C-bilinear pairing

(- )as : CHE(A) x CHE () — C.

Recall that an arithmetic divisor (%, g,-) is flat if we have the following equality
in the space D1 (M, (©)) of (1, 1)-currents:

dd (gl +6%.c) =0

for any (°, where d° = (4mi)~'(d — 9), [—] is the associated current, and § is
the Dirac current. Flatness is well-defined in fl\-l(]c(ﬂ/t). Now we introduce the
subgroup fﬁ(l@(ﬂ/t)o of @LIC(JI/L) consisting of elements (represented by) (%, g,°)
such that (%, g,0) € CHflin(A/L)é, Fr € CHI(M)%, and (%, g,) is flat. Hence we have
a natural map

Pt CHEM® = CHY (M)

(3-D
(2{’ gt) = 2{E
which is surjective. Now we can define the Néron—Tate height pairing:
T CHY M x CHY (M) — €
< )NT ( )q; ( )@ (3_2)

(Z1, Z2) = (&1, g1,0), (%2, 82.0))Gs,

where (%;, gi o) (i =1,2) is any preimage of Z; under py. It is easy to see that
this is independent of the choices of preimages and also the regular model J(.

Modification of the height pairing. Practically, the cycles we are interested are not
automatically cohomologically trivial. We need to make some modifications with
respect to some auxiliary data. This is quite easy if we are working over a curve.
Let F%(M ) be the abelian group of isomorphism classes of hermitian line bundles
on M. Recall that a hermitian line bundle is £ = (%, ||- ||,»), where &£ € Pic(M)
and || ||, is a (smooth) hermitian metric on the holomorphic line bundle £;- c. We
assume that deg c; () # 0. For any Z € CH'(M), the divisor

0_, _degZ PN
70 =2 degcl(g)cl(ge) e CH' ().

Now we define the modified height pairing with respect to &:
(Z1, Za)g =2} 4. Z3 yInT

for any Z; e CH "(M)e (i =1, 2). In particular, we need to choose a suitable Green’s
function on Z; when computing via (3-2). We say that the Green’s function g,o of
Z is $-admissible if the following equalities between (1, 1)-currents hold:

deg Z

8140220 = Goger @)

[e1(Eeco -1l
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/ ge-c1(&Epecyll-llie) =0,
Mo (C)

where ¢ (Lo ¢, || ||.) € AL (Mo (T)) is the Chern form associated to the hermitian
holomorphic line bundle (£,- ¢, ||-|/,») which is a (1, 1)-form.

3B. Decomposition of geometric kernel functions. In this section, we will apply
the above section to the special case of Shimura curves of unitary groups. We fix
until the end of this paper an additive character v : F\Ar — C such that v, is the
standard character qbgo ‘t > 2 (t € F, = R) for any ( € Yo

Shimura curves of unitary groups. We review the setup of [Liu 2011, Section 3A]
in the particular case m = 2 and r = 1. Hence V is a totally positive-definite her-
mitian space over Ag of rank 2. Let H = Resa, /aU(V) be the unitary group which
is a reductive group over A and HY" = Resp,. /aSU(V) its derived subgroup. Let
T = Resp, /AAE’I be the maximal abelian quotient of H which is also isomorphic
to its center. Let T = Resp/E *:1 be the unique (up to isomorphism) Q-torus such
that T xgA =T. Then T has the property that 7'(Q) is discrete in 7 (A ). For any
open compact subgroup K of H(A ), which we always assume to be contained in
the principal congruence subgroup for N > 3, there is a Shimura curve Shg (H)
that is smooth over the reflex field E. For any embedding (° : E < C over: € X,
we have the following (°-adic uniformization:

Shx (H)2" = HO@)\(@“ x H(Af)/K).

We briefly explain the notation above. Let V) be the nearby E-hermitian space of
V at ¢, that is, V' is the unique E-hermitian space (up to isometry) such that v =
V, for v # ¢ but V[(L) is of signature (1, 1) and H® = ResF/@U(V(‘)). We identify
HO(A r) and H(A ) through the corresponding hermitian spaces. Let 3¢ be
the hermitian domain consisting of all negative C-lines in V" whose complex
structure is given by the action of F, ® r E, which is isomorphic to C via °. The
group H(Q) diagonally acts on @ and H(A s)/K via the obvious way. In fact,
%" is canonically identified with the H‘(R)-conjugacy class of the Hodge map
h©® ;S =Resc/gGmc — HY ZU(1, g x U2, 0)&~! given by

h(L)(Z):((l _ ),12,...,12).
7/z

The Shimura curve Shg (H) is nonproper if and only if F =@ and X (V) = {oo}.
In this case, we can add cusps to make it proper. We denote by Mk the compactified
(resp. original) Shimura curve if Shg (H) is nonproper (resp. proper) and by M the
projective system of (Mg )g with respect to the projection II(( ": Mg — Mg. On
each Mg, we have a Hodge bundle £ € Pic(Mg)g which is ample. They are
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compatible under pull-backs of II(( ", hence define an element
&L ePic(M)g := lE)nK Pic(Mk)q.

Now we briefly recall the construction of Kudla’s special cycles Z(x)k and
generating series Z4(g) (see, for example, [Kudla 1997]). Here, we will make a
consistent formulation as in [Liu 2011, Section 3A]. We say x € V is admissible
if (x,x) € E is totally positive definite. For x admissible, we define Z(x)g in
the following manner: under the uniformization at some ¢, it is represented by the
points (z, h1h) € D) x H(A ) where h € H¥" (A) as in [Liu 2011, Lemma 3.1]
(with respect to ), z L hx, and h; fixes hx. The cycle (actually a divisor) is in
fact defined over E and hence independent of «. We define Z (x)x = ¢1(£}) when
x =0 and O for all other x. In any case, Z(x)k defines an element in CH'(M K)Q
which only depends on the class K (x).

As in [Liu 2011, Section 3A], we define a subspace PV)Y ¢ L(V,) which
consists of functions of the form

P(T (x))e T

where P is a polynomial function on Her{(C) = R. It is a (LieH, ,, ¥, )-module
which is generated by the Gaussian

¢go (x) — e—ZnT(x).

Let
GV = (@ FVU) @IV, FWUK =( @ F(WU) @I (VK

LE€EX o LE€EX o
for an open compact subgroup K of H(A ;). Recall that we have the Weil represen-
tation w, = wy y of H'(Ar) on ¥(V) (see Section 2A) with y : E \AE such that
X|ax = 1. Asxsociated to this x, we define a sequence £ = (£)), € Z*>~ determined
by x.(z) = z% for z € E}** = C*!. In particular, £/ are all even.
Let us recall the definition of Kudla’s generating series and define the (modified)
compactified one as in [Liu 2011, Section 3C]. They are

Zy(8) = Z wy ()P(T (x), ) Z(X)k,

)CEK\\//'

Z4(8) if Sh(H)x is proper,
Zs(8)+ Wo(3. 8. ¢)c1(£y) if not,

as series with values in CH! (Mg )¢ for ¢ € P(V)Y~K and g € H'(Ar), where
Wo(s, g, @) =11, Wo(s, gv, ¢,) Whichis holomorphic at s = % Here for ¢ =po s,
we denote ¢ (T (x), x) = Ppoo(¥)@r(x) for any y € Voo with T(y) = T (x) which
does not depend on the choice of y. This makes sense since Z(x)x 7% 0 only for x

Z,(8) =
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admissible or equal to 0 and hence 7 (x) is totally positive definite or 0. It is easy
to see that Zy(g) and Z(g) are compatible under pull-backs of nk ", and hence
define series with values in CH' (M)¢ := 1i_r>nKCH1 (Mg)c. Readers may view the
modification in the nonproper case as an analogy of the classical Eisenstein series
G, (7) (which is not a modular form!). It becomes modular if we add a term —7 /3t
at the price of being nonholomorphic (see, for example, [Diamond and Shurman
2005, p. 18]).

Now we apply the argument of the previous section to the curve Mg. The
cycles whose heights we want to compute are the generating series Z, (g) which
are not necessarily cohomologically trivial. We use the dual of the Hodge bundle
£ = (£k)k € Pic(M) to modify as in the above section. The metric of £,- ¢ for
some (° € X2, over L € X, is the one descended from the H/ -invariant metric

1
[vlle = 3 (v, V),

forv e V[(‘) and the hermitian form ( - , - ), of V) at «. We denote by P= (@K) K €
Pic(M) the corresponding metrized line bundle. Since & is ample, deg ¢; (£ ) #0.
For ¢ € $(V)U~K and g € H'(Af), we define the arithmetic theta series as

deg Z; (g)

O4(8) = Z;(g) - mcl (£x)

on any curve Mg, with K’ C K. The ratio

_ degZ5(g)
PO G

is independent of the choice of K'.

Definition 3.1. The series O4(g) is called the arithmetic theta series. It is a
CH'(M)2-valued automorphic form of H'(Af) by Corollary 3.3.

Degree of the generating series. In this subsection, we will compute the degree
function D(g, ¢). From ¢ € $(V)U~X which is decomposable, we can form an
Eisenstein series

E(,g.9)= Y.  o,r2¢Orp(yg)"?

YEP'(F)\H'(F)

on H'(AF), which is absolutely convergent if i (s) > % and has a meromorphic con-
tinuation to the entire complex plane. We take Tamagawa measures (with respect to
Y)dh on H(A), dh on Ag’l =MH/H"(A), and dh, on H(A), which is the stabilizer
of x e V. Now forany v € X, let b € F* such that Q; :={x eV, | T(x) =b} # .
Then the local Whittaker integral W (s, e, ¢,) has a holomorphic continuation to
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the entire complex plane and Wb(%, e, ¢v) is not identically zero. Hence we have
an Ny-intertwining map

P(Vy) = Cypgpe Su > Wi(3. €, 80).

On the other hand, by [Rallis 1987, Lemma 4.2] for v finite and [Rallis 1987,
Lemma 4.2] and [Kudla and Rallis 1994, Proposition 2.10] for v infinite (see also
[Ichino 2004, Proposition 6.2]), we have

Wi(3, e, 00) = v, fQ Gu(x) d iy p(x) (3-3)

for the quotient measure d i, p, = dh,/dh, x on 2, for any x € 2.

Proposition 3.2. The Eisenstein series E(s, g, ¢) is holomorphic at s = % and
D(g» ¢) = E(S’ 8 ¢)|S:%

Proof. We can assume that ¢ is decomposable. For b € F*, let

1
Db(g,¢)=m KZW w,(8)¢ (b, x) deg Z(x) g/
xe f
T (x)=b

be the b-th Fourier coefficient of D(g, ¢). Now we compute the degree of Z(x) g’
when T (x) = b is totally positive. Without lost of generality, let us assume x is
contained in the image of some (rational) nearby hermitian space V) — V ¢ and
K’ is sufficiently small. The isomorphism det : H’ — E*! induces a surjective
map Hy'\H(Af)/(K'NH(Af)s) - EXNAL) /det K'. Hence

det K’
K'NHA ),

_ vol(detK’, dhy)
" vol(K'NH(A )y, dhgy)

deg Z(x)g = ‘

When b # 0 and is not totally positive, deg Z(x) g = 0 by definition. Hence for b
totally positive,

vol(det K”)
vol (K" NH(A£),)

Dy(g, ¢) = wy (8)¢ (D, x)

1
o O
degci(£Y) KW,
T (x)=bh

@y (800)Poo(b) vol(det K)
~ degei (L) vol(K') Tx(i;v:fwa@)fb(ﬂdub(x)

_ @x (800)Poo (b) vol(det K) l—[
deg ¢ (L) vol(K")

/Q Wy (gv)Pu(x) dﬂv,b(x) (3-4)

UEEf

and Dy(g, ¢) = 0 otherwise.
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On the other hand, Ej(s, g, ¢) is holomorphic at s = % for b # 0. For b not
totally positive, Ej (s, g, ¢)|S_ 1 = 0; otherwise,
-2

Ep(s. 8. 9,1 = Wo(3.8.9) = [ [ Wu(3. 8. 1)
veEX

and so, by (3-3),

Eb(s,g,¢>)|S:% =11 J/vu/ wy (8v)Pv(x) dity,p(x)

vex $2

= —vol( Qo) (85)$c () [ | fQ 0y (80)by () djtup(x),  (3-5)

UEZf
where vol(£24,) = vol(24 ) for any totally positive b. Let

D— vol(det K)
"~ vol(Qo0) deg ¢ (L) vol (K7)

Now we compute the constant term

Do(g. ¢) = 0y (8)$(0) + Wo(3. 8. 9).

On the other hand, the constant term of E (%, g, ¢) 18

Eo(%. 8. ¢) = 0y (8)$(0) + Wo(3. 8. ¢).

Here the intertwining term Wy( %, g, @) is nonzero only if Shg (H) is nonproper,
that is, |2 (V)| = 1. Now, if Shx (H) is proper, then we can apply the theorem
of modularity of the generating series (see [Liu 2011, Theorem 3.5]) to see that
D(g, ¢) is already an automorphic form. Comparing the ratio of the constant term
and nonconstant terms, we find that D = 1. Second, if Shx (H) is not proper, we
calculate the degree of the Hodge bundle in the classical way on modular curves
and find that D = 1.

Let E(g. ¢) = E(s. 8. $)|,_1 = Wo(5. & ¢); then
Oy (8) = Zy(g) — E(g, p)c1(LR).

If |12(V)] > 1, Wo(%, g, ®) = 0; otherwise, it equals C(x o det), where C is a
constant and x is the descent of y to Ag’l. Precisely, x (x) = x (ey) for any e, € A;
such that x = e, /e}. In any case, E(g, ¢) is a linear combination of an Eisenstein
series and an automorphic character for g in P, H' (A r). O

From this computation, we have the following corollary of the modularity of the
generating series in the compactified case:

Corollary 3.3. For any linear functional £ € CH! (M), Z(Z(;)(g) (and hence
£(©4)(g) as well) is absolutely convergent and an automorphic form of H'(AF).
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Proof. We only need to prove that Zg (yg)= Zg (g) € Pic(M)¢ forany y € H'(Q).
But by [Liu 2011, Theorem 3.5] and the fact that the Hodge bundle is supported
on the cusps, Z(;(yg) = Z;(g) in CH'(Shg (H))¢, so their difference must be
supported on the set of cusps. By a theorem due to Manin [1972] and Drinfeld
[1973], which posits that any two cusps are the same in CH'(Mk)c, we have an
exact sequence

C — CH'(Mx)e — CH!(Shg (H))e — 0.

Hence we only need to prove that deg Z, (v g) = deg Z, (g), which is true by the
above proposition. O

Definition 3.4. Let © be an irreducible cuspidal automorphic representation of
H'(Ar). For any cusp form f € w and ¢ € (V)V~, the integral

o] = f F(2)0,(2) dg € CH' (M)
H'(F)\H'(AF)

is called the arithmetic theta lifting of f which is a divisor on (compactified)
Shimura curves. The original idea of this construction comes from Kudla [2003,
Section 8; 2006, Section 9.1]. He constructed the arithmetic theta series as an
Arakelov divisor on a certain integral model of a Shimura curve.

Geometric kernel functions. For ® =" ¢; 1Q¢;» with ¢; ; € P(V)V=K we define
the geometric kernel function associated to the test function @ to be

E(g1, 825 @) :=vol(K') Y (O, (21), O, (€2)) N7

where the measure giving vol(K’) is defined in [Liu 2011, Theorem 4.20], and the
superscript K’ means that we are taking the Néron—Tate height pairing on the curve
Mg for some K’ C K. The function is independent of what K’ we choose. By
Corollary 3.3, E(gy, g2; @) € A(H' x H'), the space of automorphic forms of the
group H'(Ar) x H'(Ar). Now let us just work over Mg and choose a regular
model Jlgx of it. We fix an arithmetic line bundle @k to extend @;. Of course, the
metric on @g is same as that on E;.

Now since the map py, (see (3-1)) is surjective, we can fix an inverse linear
map p]ﬁ{ and write

Op(g) := Pk (©4(9)) = ([Z()™". ) + (Vi (). 0) — E(g. p)ak,

where g, is an @K-admissible Green’s function of Zy(g) and V(g) is the sum
of (finitely many) vertical components supported on special fibers. We also write
simply

Zs(8) = (IZs(1™", ) + (V(8), 0).
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Then we have for ¢; € $(V)V=K (i =1, 2),

E(g1, 82; 1 @ ¢2)
= vol(K) (B4, (g1), O, (g2)) K+

= —vol(K)(By, (g1). O, (82))Gs
= —vol(K)(Zg, (g1) — E(81, $1)Bk , Zp,(22) — E(82, $2)@k ) s
= —V0|(K)<Zp1 (g1, 24)2 (82))6s + E(g1, ¢1) vol(K) (wk, @¢2 (g2))as
+ E(g2, ¢2) vol(K) (B, (81), Bk )cs
+ E(g1. $1) E(g2. ¢2) vol(K) @k, Dk )es.  (3-6)

where the Gillet-Soulé pairing are taken on the model Jlg. By Corollary 3.3,
A(g, @) :=vol(K){wk, @¢ (g))cs is an automorphic form of H” which may depend
on K, and also on the model .lg since we do not require any canonicality of pJ,_/LL.
Let C = vol(K)(wk, @k )gs. Then

(3-6) = —vol(K)(Zy, (21), Z4,(82))cs + E(g1, ¢1) A(g2, $2)
+ A(g1, 1) E(g2, ) + CE(g1, ¢1)E(g2, ¢2). (3-7)

Now we assume that ¢; and ¢, are decomposable and ¢, @ ¢, € Sf’(\/%),eg
for some v € X . Then Zy, (g1) and Zy,(g2) will not intersect on the generic fiber
if gi € PJH'(A}) (i =1,2). Then

(Zg,(81): Zgy(8)as = Y (Zg(81): Zipy (82))ue (3-8)
veeXxe
where the intersection ( -, - ),o is taken on the local model Mg, o 1= Mg X, O Eyo
if v° = p° is finite and Mg ,-(C) if v° = (° is infinite. Combining (3-7) and (3-8),
we have for such ¢; and g; (i =1, 2),

E(81. 82: 01 ® $2) = —Vol(K) > (Zg,(81): Zgy (82))ve + E (1, $1) A(g2. $2)
veeXxe

+A(g1, P E(g2, 2) + CE(g1, p1)E(g2, 92). (3-9)

4. Comparison at finite places: good reduction

4A. Nonarchimedean Whittaker integrals. In this section, we calculate certain
Whittaker integrals Wy (s, g, ®) and their derivatives (at s =0) at a nonarchimedean
place when T has rank 2.

Let F/Q, be a finite extension and E/F a quadratic extension with Gal(E/F) =
{1, t}. We fix a uniformizer @ of F and let g be the cardinality of the residue field
of F. Let V7 (resp. V™) be the two-dimensional E-hermitian space withe(V1) =1
(resp. €(V7) = —1); it is unique up to isometry. Set H* = U(V?H), and let A*
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be a maximal Og-lattice in V* where the hermitian form takes values in Og. Let
POt e P(VE) (resp. @ € P((V*)2)) be the characteristic function of A* (resp.
(A%)?), and let K be the stabilizer of A* in H* which is a maximal compact
subgroup. Recall that we have local reductive groups H' = H,, H' = H,, P, . ...

Now, we assume that E/F is unramified and p > 2. Let i be the unramified
character of F. For nonsingular 7' € Her(E), we consider the Whittaker integral,

Wr (s, g, %) = / Qoo+ s (wn(u)g)Yr (n(u)) ™ du, 4-1)
Her,(E)

for N(s) > 1, where du is the self-dual measure with respect to . We write
g = n(b)m(a)k under the Iwasawa decomposition of H”. Then

4-1) =/ a)’l’(wn(u)n(b)m(a)k) i O Ap(wnw)nb)m(a)k) Y (—tr Tu) du
Hery (E)

=Y ({trTh) Ap(wn(w)m(a))’ Y (—tr Tu) du
Hery (E)

= Y (tr Th)|detaly ™ Wigrra(s, e, OF).

Hence we only need to consider the integral Wy (s, e, O If T & Hery(Og), then
Wi (s, e, ®0) is identically 0. For T € Hery(0g), it is known (see [Kudla 1997,
Appendix], for example) that forr € Zand r > 1, Wy (r, e, POy = yy+op oy, T)
where yy+ is the Weil constant and oF is the classical representation density (for
hermitian matrices). From [Hironaka 1999], we see that for r > 0

ar(loyr, T)=Pr(12, T; (=q)™")
for a polynomial Pr(1,, T; X) € Q[X]. By analytic continuation, we see that
Wr(s, e, ®°7) = yy+ Pr(13, T; (—q) ™).

If ord(det T') is odd, that is, if 7 cannot be represented by V', then we know that
Wr (0, e, CI>°+) = Pr(1,, T; 1) = 0. Taking the derivative at s = 0, we have

d
Wi (0, ¢, @) = —yy+ logq - = Pr(1a, T; X)‘X_l.

Proposition 4.1 [Hironaka 1999]. If T is GL2(Og)-equivalent to diag[w®, w’]
with 0 <a < b, then

a a+b-2l
Pr(12, T X) = (1447 X)(1 —¢2X) Z(qu( > (—X>k>.
=0 k=0
Corollary 4.2. If a + b is odd, then

a
Wi(0, e, @) = yy=b2(0) "' log g - % Y qla+b-20+1).
[=0
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4B. Integral models. We now introduce the integral model of the Shimura curves
Mg with full-level structure at p and integral special subschemes. First, we fix
some notation for Sections 4 and 5.

e For any rational prime p, we fix an isomorphism ¢, : C ANy p p once for all.

e Lety; (i =1,...,d) be all the embeddings of F into C, and let ] and ¢ be
the embeddings of E into C that induce ¢;.

« For p a finite place of F, let p° be that of E over p if p is nonsplit and p° and
p® be those of E if p is split. We fix a uniformizer @ of Fj,.

e For a number field F, Tr = Resr,qGm, r and Tl = ResF/@F/X’1 for any
quadratic extension F'/F where F/*'! =ker[Nm: F'* — F*]. If F is totally
real, then F is the set of all totally positive elements.

o For any finite extension L/Q, of local fields with ring of integers 0; and
maximal ideal q C Oy, let U} be the subgroup of 0} congruent to 1 mod g°.
Denote by L"" the maximal unramified extension of L and L its completion
whose ring of integers is 0j. Let L* be the finite extension of L" = L°
corresponding to U; through local class field theory and L* its completion.

e Let [ be the algebraic closure of [,.

If the Shimura curve Shg (H) is nonproper (then F = Q), we add cusps to make
it proper — this holds also for integral models (see Remark 4.10 and [Katz and
Mazur 1985] for details). In what follows, we will not pay any attention to these
cusps since they will not affect our later computations. In the first two subsections,
we recall some results in [Carayol 1986] which are useful for us.

Change of Shimura data. Let p = py,pa, ..., pr (1 <r < d) be all places of F
dividing p and p° the place of E above p. We assume that the embedding

tpoti: E—=C,

induces the place p°. As before, we suppress ¢; for the nearby objects. Hence, we
have the hermitian space V over E of dimension two, whose signature is (1, 1)
at ¢; and (2, 0) elsewhere, the unitary group H, and the Shimura curve Mg =
Shi (H, X) for a sufficiently small open compact subgroup K C H (A ), which is
a smooth projective curve defined over (](E). Here X is the conjugacy class of the
Hodge map i : S — Hp defined by

z=x+iye> [() 'xz,1,. 1] € HR) C (GLy(R) X g C) x (HX xggx C¥) 47,

v x
where we identify Tg(R) with (C*)? via (:5, ..., (3). We denote by v: H — T}
the determinant map. We have the zero-dimensional Shimura variety

Lk = Shyx)(Tg, v(X))
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and a smooth morphism (also denoted by) v : Mg — L between ({(E)-schemes
such that the fiber of each geometric point is connected.

Now let us define a subgroup Ky, , of U(V}). Recalling the notation in the last
section and assuming that V, = V*, we have the lattice AT (if p is split, we only
have the positive one). For any integer n > 0, we define K, , to be the subgroup
of K(;t whose elements act on A% /@ A trivially. Then Ky, o = KgE 1s a maximal
compact subgroup. For K = K, , x KP®, we write M, gv» (resp. L, g») for Mg
(resp. Lk).

Since the Shimura datum (H, X) is not of PEL type when F # Q (even when
F = Q, we still need another PEL datum for later computation, see Remark 4.10),
we need a variation in order to obtain the moduli interpretation, and hence the
integral model. This is analogous to the case considered in [Carayol 1986; Zhang
2001a; 2001b; Yuan et al. 2011] and we refer for the detailed proof of various facts
to [Carayol 1986]. We choose a negative number A € Q such that the extension
QW) is split at p and the CM extension F' = F(v/1)/F with Gal(F/F) =
{1, t} is not isomorphic to E/F. We fix a square root of A in C with positive
imaginary part, say A’, and a square root of A in Q, A,,. Let Lil (resp. Liz) be the
embeddings of F into C above ; (i =1, ..., d) which sends v/A to A’ (resp. —1').
Since p is split in Q(v/A), each p; (i =1, ..., r) is split in FT; we denote by pil
(resp. pl.z) the place above p; that sends +/A to A p (resp. —A,) and assume that
L(p) ot} induces p}.

By the Hasse principle, we see that there is a unique quaternion algebra B over
F, up to isomorphism, such that B, as an F'-quadratic space (of dimension 4), is iso-
metric to V viewed as an F-quadratic space with the quadratic form %Tr E/FCy)
where ( -, -) is the hermitian form on V. More precisely, for v finite, B, = BQr F),
is nonsplit if and only if v is nonsplit and V,, = V. Also, B, (R) = Mat,(R) and
B, (R)=MH fori > 1. We identify the two quadratic spaces B and V through a fixed
isometry; hence V has both left and right multiplication by B. We fix an embedding
E < B through which the action of E induced from the left multiplication of B
coincides with the E-vector space structure of V. Let G = Resp,goB™ with center
T =Tr and ,

G =G xr Tp = T x T},

where v sends (g x z) to (ng-zsz, z/sz). Consider the subtorus 7 = G, g x
T1: and let H' be the preimage of 7' under v'. We define the Hodge map /" :
S — H[g{ C Ggr X T TF*,R by

z=x+iy+— [(_’;)yc)_] xl,lzxzfl,...,lzxzfl]

and let X7 be the H'(R) conjugacy class of i, where we identify Tr+(R) with
(C*)4 through (:1, ..., }). So we have the Shimura curve M+ := Shg+(H', XT)
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which is defined over ¢} (FT) for an open compact subgroup K of H'(A 7). Sim-
ilarly, we have the smooth morphism v’ : M}, — L% .. Moreover h'(i) defines a
complex structure on V,,; hence V,, becomes a complex hermitian space of dimen-
sion 2 which is isometric to its original complex hermitian space structure from the
E-hermitian space V. Then X can be identified with the set of negative definite
complex lines in V,,; and hence X' is isomorphic to X as hermitian symmetric
domains.

As in [Carayol 1986, Section 2.2], we can view H' as a group of symplectic
similitude. In fact, let B = B®y F' and let b — b be the involution of the second
kind on BT which is the tensor product of the canonical involution of B and the
conjugation of F'. Consider the @-vector space V' underlying B'. We define a
symplectic form by

Ui, w) = TI’FT/@(\/XTFB?/F+(UII)))

for v, w € BT. Then H' can be identified with the group of B-linear symplectic
similitude of (V, ¥ ") with the left action given by #.v =vh~! and hence H'(Q,)
can be identified with the group @X x [T, B, For any open compact subgroups
KTp of [Ti- » B, and K™P of H (Af), we s1mp1y write MOK t» for M+
where K" = Zy x @E X KT Px KTP and similarly for L0 ki Kt

Through L(p)» WE can take the base change of the curve Mg to Eye and the curve
M . to Foi T = F, embedded in Ey-, which are denoted by M.y and M} Kkt:p> and
51m11ar1y for L and L. Since H and H' have the same derived subgroup, Wthh
is also the derived subgroup of G, we have

Proposition 4.3 [Carayol 1986, Section 4]. Let KP C H} :=U(V ®F A’; ) be an
open compact subgroup which is decomposable and sufficiently small. Then there
is an open compact subgroup K, TPxKTPC ]_[r By xH T(Ap ), such that the geo-
metric neutral components M .. po and Mo KiP Kkhppare deﬁned and isomorphic
over E5 .

Moduli interpretations and integral models. From the Hodge map defined above,
we have a Hodge filtration 0 C FiIO(Vg) = (Vg)o’_1 - VE and define ¢7(b) =
tr(b; VT/FiIO(VT)) € Ll (F") for b € BT. For sufficiently small KT, the curve MJr
represents the followmg moduli functor (see [Kottwitz 1992]) on the category of
locally noetherian schemes over ¢ (F ): for such a scheme S, M +(8) is the set of
equivalence classes of quadruples (A,0,i,n), where

¢ A is an abelian scheme over S of dimension 4d;
e 6:A— AYisa polarization;

e i: B < End’(A) is a monomorphism of @-algebras such that, for all b € BT,
we have tr(i (b); Lies(A)) =t7(b) and O 0 i(b) =i (b)Y 06;
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« 77 is a K'-level structure; that is, for a chosen geometric point s on each
connected component of S, 7 is a (S, s)-invariant K "-orbit of BT ® A -
linear symplectic similitude : V' ® A ¢ — H{*(As, Ay), where the pairing
on the latter space is the 6-Weil pairing.

Here in the third condition, we view ¢ (b) as a constant section of O via the struc-
ture map L% (F") — Os. This convention is also applied to other trace conditions
appearing later. The two quadruples (A, 0,i,7) and (A’,0’,i’, ii’) are equivalent
if there is an isogeny A — A’ which takes 6 to a Q@*-multiple of 6, i to i’, and 7
to 77’.

Now taking the base change through ((,), we obtain the functor MIT(HJ over
the completion h WFHY = Fy. For any (A,0,i,1n) € MKT p(S s), Lieg(A) is a

Up)
BT =B"®q Q,-module. Since the algebra B' =BRr(F'® Q,) decomposes as

Bl =B ®&B,® - ®B &B®B;&---® B,

where Bl:/ =B'®r FJ{ is isomorphic to By, as Fy,-algebra, the B;—module Lies(A)
decomposes as

Lies(A) = @) Lie} (A) @ EP Lief(A),

i=1 i=1

while
r r
Ape = Pape)) & Ay},
i=1 i=1

for the associated p-divisible group. Since the involution b — b on B' changes
the factors B1 and 32 by computing the trace we see that the COIldlthIl that
tr(i (b); Lles(A)) = tT(b) is equivalent to

tr(b € B; Lie(A)) = Trp/r, (b) and Lie; (A) =0 for i > 2. (4-2)

Fix a maximal order Al.2 = @Bm of Bl.2 foreachi =1, ..., r and let A} be the
dual of A?. Then

Ay =Pl e @AZ C @(VT) ) EB(V =V =veq,
i=1

is a Z ,-lattice in VJr and self-dual under ¥ . There is a unique maximal Z,-order
0 c BT such that @' =0" and @Tz =03, acting on A2 where @Tz is the image of
of ®z,Lp C B'®qQ, = B in the B? component Then the functor Mo K KTPp
is isomorphic to the followmg moduh functor in the category of locally noetherlan
schemes over Fy: for such a scheme S, M0 kiP xrrp(S) is the set of equivalence
classes of quintuples (A, 0,1, n”, 1 p) where
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A is an abelian scheme over S of dimension 4d;

6:A— AV is a prime-to-p polarization;

i:0"— End(A) ® Zpy is a monomorphism such that (4-2) is satisfied and
Ooi(b)=1i(b)Y o6 forall be O;

7i? is a KTP-level structure, that is, a 771 (S, s)-invariant K "-”-class of BT®AP
linear symplectic similitudes n? : V1 ®AV’ — H“(Av, )

77 pisa kK ; P _level structure, that is, a 77 (S, s)-invariant K ; P_class of isomor-
phisms of 0-modules 1} : @I_, A? — B}_, H* (A, Z,)2.

The two quintuples (A, 6, i, 7, ﬁf,) and (A, 0,1, (n?), (ﬁf,)/) are equivalent if
there is a prime-to-p 1sogeny A — A’ such that it carries 0 to a Z ,-multiple of
0',itoi’, nP to (RP), and 5 np to (r]p)/

We are going to extend this moduli functor to O, to get an integral model of
M&K;-P’KT.p;p. Now let us consider an abelian scheme (A, 0, i) which is a part of
the datum defined just above, but for A over an O, -scheme S. Through 6, we see
that (A ) 11 and (A poc)l.z are Cartier dual to each other. We replace (4-2) by

tr(b € Op, C BY; Lief(A)) = Trgz . (b) € Or, and Lief(A) =0 fori = 2. (4-3)

This means that the p-divisible group (A poo)i2 is étale for i > 2. We let T,A =
l(iLnn A[p"](S). Then (TpA)l.2 is isomorphic to Al.2 as O'-modules if S is simply
connected.

Now we define a moduli functor A/LT KjP ke ON the category of locally noe-
therian schemes over Of,: for such a scheme S, Jl/LO kP ke (S) is the set of
equivalence classes of quintuple (A, 8, i, n?, n p) where

e (A, 0,1i) is as in the last moduli problem but satisfies (4-3);

« 77 isa K TP-level structure, thatis, a 771 (S, s)-invariant K 7-class of BT®A1’
linear symplectic similitudes n? : Vi® Ap — HEt(AS, )

. n pisa K; 'P_level structure, that is, a 771 (S, s)-invariant K;’p—class of isomor-
phisms of 0-modules 1} : @/_, A2 — @/_,(T,A)>.

The two quintuples (A, 6, i, 717, 7i5) and (A’,0',i’, (7", (75)") are equivalent if
there exists a prime-to-p isogeny A — A’ satisfying the same requirements as in
the last moduli problem. For sufficiently small K ;’p x KTP_ this moduli functor is
represented by a regular scheme (also denoted by) JI/L(T)’ KiP KiPs which is flat and
projective over Of,. Using Proposition 4.3, we get a regular scheme o, x» flat
and projective over O ., whose generic fiber is Mo k».p-. Here, we also need to
use the fact that ./l/La ki® ktr is stable for K -7 small and the results in [Deligne
and Mumford 1969, Section 1] to make the descent argument. By construction, the
neutral components of L/l/ta K Kkt X0p, 0 E, and Mo g» X@ Epo o) Ere are isomorphic.
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We shall write (4, 0, i) for (a part of the datum of) the universal object over
M gi» e We also denote by & = (slp)] — M§ giv grr the universal p-
d1v151ble group with Op, -action and an action by [T BpX x HY (A ) compatible
with that on the underlying scheme JI/LO K Kt We also have a p- d1V1Slble group
& — Mo, g» with an action by H 4 compatlble with that on Mo g».

Remark 4.4. In fact, when p|2 and B, is division, the condition (4-3) is not
enough. One needs to pose that (A poo)% is special (see [Boutot and Carayol 1991,
Section I1.2]) at all geometric points of characteristic p.

Now consider the case where €(V,) =1, that is, V, = V+, and By = Maty (Fp)
or U(V,) is quasisplit. At the outset, we introduce some notation for the Morita
equivalence. Let R be a (commutative) ring (with 1) and M a (left) R-module
(or p-divisible group according to the context). Let m > O be any integer. We
denote by M E=pmm (arranged in a column) the left Mat,,, (R)-module in the natural
way. Conversely, for any left Mat,,(R)-module N, we denote by N” = eN the
(left) R-module, where e =diag[1, 0, ..., 0] € Mat,,(R) and the action is given by
r.(en) = (exdiaglr, ..., r]).nforr € Randn € N. Itis easy to see that the functors
(—)% and (—)" are a pair of equivalences between corresponding categories.

We identify A = @Bp with Matz(@pp) and hence 0% B, with GLz(@Fp) Using
Morita equlvalence we easily see that in the moduli problem Jl/LO Ki® Kips WE Can
replace the first condition in (4-3) by the following:

tr(b € OF, ; Lief(A)") = b. (4-4)

Consider a geometric point s : Spec F — J(/LO ki gt Of characteristic p and let
@m be the completion of the henselization of the local ring at s. By the Serre—Tate
theorem, it is the universal deformation ring of (dy, 65, is) which is the same as
that of (sdy, p.., 0s, is). By the conditions in the moduli problem and the Morita
equivalence, we see that this is the same deformation ring of the p-divisible group
%I’b = (s, pm)?’b which is an ©Fp -module of dimension 1 and height 2. Hence

@(s) = @ﬁp [[z]. We have

Proposition 4.5 [Carayol 1986, Section 6]. The scheme ./l/ta K Kh (resp. Mo, kv)
is smooth and projective over Of, (resp. Og,.).

For a geometric point s of characteristic p on t/l/ta Ky K (resp. Mo kv ), there
are two cases. We say s is ordinary if the formal part of 96‘“ (resp. &) is of
height 1; supersingular if 967 (resp. ¥;) is formal. We denote by [Jl/LO KiP K t.0]s.s.
(resp. [Mo, k¥ ]s.s.) the supersingular locus of the scheme JI/LO KiP K (resp Mo, x»).

A basic abelian scheme. To give the moduli interpretation of the special cycles,
we need first to construct a basic abelian scheme. We fix an imaginary element
win E, thatis, u* = —p and u # 0. Since we only care about the place p, we
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identify the following two isomorphic commutative diagrams to ease our notation:

HE) e——m—[(] (E)]LA() E——— Ep

™ ~
DS [t} (F)I, F! Fp-

7 - o S 7

NG (R 01T F - Fp

Lp)

where [— ]A means the completion in C,, through ¢(,).

Now let E = E ®F FT, which is a CM field of degree 4d and a subalgebra of
B extending the fixed embedding E < B. We also denote by e —> & the canonical
involution of the second kind of £ T such that the subfield fixed by this involution
is totally real. The maps (! ®¢/ : EQp F' — C®rC— Cand (! @t/ : E®r F' —
CpC—->C@G=1,...,d, j=1,2) give 4d different complex embeddings of
E T into C, where C ®g C — C is the usual multiplication. We choose a CM type

= {§ ®L1,t ®L1,L ®L [ ®tl |i=2,...,d} of ET. Then ® determines a
Hodge map h¥: S — T where T'JF is the subtorus of Resg+ /@Gm Ei Con51st1ng
of elements e such that ee € G, g. The Shimura varieties M* = = Sh KT(T'JF {(h*))
basically parametrize abelian varieties over E™® with CM by ET of type ®. It is
finite and projective over Spec ET® where ET'® is the reflex field of (ET, ®).

To make this more precise, let V* be the Q-vector space underlying E. Define
a symplectic form

VW, w) = Trp (VA Trg g (vD))

for v, w € ET. Then T# can be identified with the group of E-linear symplec—
tic similitude of (V*, ¥¥) and Ti(@p) can be identified with Q@ x [T, E
The Hodge map h* induces a filtration 0 C F|I0(V ) C VCi such that ti(e) =
tr(e; Vi/Fllo(Vi)) =) ,colle) foree E. Since we have identified E (resp. FT)
with its embedding through «{ (resp. li), we now identify ET with its embedding
through ({ ® t}, that is, with LT(E).L%(FT) cC.

Lemma 4.6. The reflex field EV® is ET.

Proof. By definition, E¥® is the field generated by the numbers ¢*(e) forall e € E™.
Let e = (x + yu) x (x' +y'A) be an element in ET with x, y, x’, y’ € F. Then

d

tH(e) = (x + y)2x) + D 240 (1 (x) + 1 (7))
i=2
=2Trr/o(xx") + 2Trp/@(xy" )N + 2yx"p — 2xy'A/

Hence E® = ET. O
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As before, the algebra E; =E"®0Q p» has a decomposition

r r r r
El = @E} @ @E} = @Epi@ @Em,

which is also true for its modules. Let 77! | be the prO]CCthIl of E, T to the first factor
E;. ! The additive map ¢ extends to a map tp E, T~ ET b From the calculation in

the above lemma, we find that, for (el )= (el, .. e1 e%, .. 2) cET,

p
mloth(e) =Y Tre, ja,(e)) +el +ef —Tre, /r, (e]). (45
i=1

Let 0 C 0" be the unique maximal Z(,,)-order in E* such that 6* = 0% and the
ring of integers is 0% 2= = Og,,, where @L is the image of 0% ®z, Zp in the E2
component. For any abellan variety A over an Eyo-scheme S with an action by
0%, Lieg(A) is an ET -module, and hence decomposes as the direct sum of L|e (A)
i=1,...,r,j= 1 2). In view of (4-3) and (4-5), we pose the trace cond1t10n as

tr(e € O, C ET; Lief(A)) = ey € Epe and Lief(4) =0 for i > 2, (4-6)

where ey is just e if Ep = Eye is a field or the component in Epe if Epy = Eypo @ Epe
is split.
Let

P gx X t.p
K _Zp Xl_[@Ep,- x K
i=1
be an open compact subgroup of Ti(Af) Set M00 Kip = MKi, and let Mgo ki, i
be the base change under ¢(,)0(1{®t): ET <> Eyp. Then for sufficiently small K ¥
MF represents the following moduh functor (due to (4- 6)) on the category of

00,K%»
locally noetherian schemes over Ey.: for such a scheme S, M (S) is the set

00,K %P
of equivalence classes of quadruples (A, ¥, j, n?) where

A is an abelian scheme over S of dimension 2d;

¥ : A— AV is a prime-to-p polarization;

j: 0% < End(A) ® Z(,) is a monomorphism of Z,-algebras such that (4-6)
is satisfied and 9 o j(e) = j(&)¥ o ¥ for all e € OF;

n? is a K*P_structure, that is, a (S, s)-invariant K*P-class of ET ® A?—

linear symplectic similitude n” : V¥ @ A — HEE (A, AL,

The notion of equivalence is similarly defined as before. Moreover, we can extend
this moduli functor to be over O Epo- We omit the detailed definition. One can
similarly prove that the extended one, say ./l/too x+p, 1s finite, projective, smooth
over 0 Epos and connected, and hence is isomorphic to Spec Og: for some finite
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unramified extension of local fields E*/Ey.. Fix an embedding ¢* : E* < E}¢ and
let (€, 1, j) be the universal object over Moo KEp X000 @Enr = Spec @Enr and

= (¢ oc)1 Fix a geometrlc point s : O T > C of characterlstlc Zero and an
@i -generator x of H (€5, Z(p)) where H 1s the first Betti homology. We call the
quadruple (€, 9, j; x) a basic unitary datum.

For any x € V which is positive definite, we have a subscheme Z(x)x on Mg
which is a special cycle as in Section 3B. Let us consider the curve My g».po and its
subscheme Z(x)o,pe, which is the base change of Z(x) KpoKP in My gv». We denote
by Z (x)o . the neutral component of Z (x)o po X ES E .. By Proposition 4.3, we
have an 1rreduc1ble closed subscheme Z (x)o pon M(; Kiv KT r.p Dy passing between
the neutral components, which is an element in CH! (M0 ki khep XF, ER). For
KP® sufficiently small (which is independent of x), Z (x)O N 0(@) is represented by
(z, e) for any complex geometric p01nt 0:Egi— Cwherez Lxande € H (A )
is the identity element. Actually, Z (x)O is deﬁned for any x € V' —{0} if we view
x=x®1 e VT and extend by Z(ax)O p= Z(x)0 p fora e F""*. Let [ Z(x)0 p]Zar
be the Zariski closure of Z(x)O in J(/LO KiP Kte X0p, @E;g

We fix a basic unitary datum (% v, J; x) Since Spec 0 E, is simply connected,
we can extend x to a section x” of the lisse N’ -sheaf Het(%‘é AP ) over Spec 0 ETSs
hence a section xS of Het((é X Spec Ognr S, AP ) for any 0 ET, scheme S. If Sis an
E nr-scheme we have a section xg opr (€ xspec ET, S, Ay). In particular,

-
(Xp.5. %0 ) € (Tp(€ Xspectny ST B ED(Tp(E X spec 6, 7.
p i— p
Let E =% X, [ be the special fiber. Since (E, oo) is étale for i > 2, (T, E)2
is canonlcally 1som0rph1c to (HB(%S, VA p))2 Hence x canonically determlnes an
element xp € ®t=2(T E)l . For any F-scheme S, we have element xp’S.

Proposition 4.7. Let x € V' N A} such that Z(x){, ,, is nonempty and let S be an
@EQ' -scheme. For any morphism S — [ Z(X)T ]Zar — JI/L KiP kTP X0p, @Enr induc-
ing the quintuple (A, 0,i4, 1", n}’,) there is a quaszhomomorphlsm 0a:€ x Spec g,
S — A satisfying the following conditions:

e For any e € 0%, the following diagram commutes:

4
€ XSpec@E;ro S _>A A
j) l l i) 47
QA

€ X Spec Opnr §——A
pO
* 04 induces a homomorphism from Y Xspec @E;,O S to (Apoc)%.

o For any geometric point s € S, the map 0a, . : HS (€5, ALY — HEE (A, AZ)
sends x! into ? (x).
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o For any geometric point s € S, the map

r r
P @) - @ (T4} ®cy, Fr,

i=2 i=2
sends x¥ ; into i7", (x)
pss Nplx).

Proof: Let o : Ejc < C be any embedding such that it gives a complex geometrlc
point of [Z (x)0 p]Zar which corresponds to the quintuple (A,, 6,,i4,, (17)0, (1 p) ),
and also to the point represented by (z, ¢). This means that we can find a symplectic
similitude y : H?(AO, Q) — VT such that vy~ 1(x) € Lie(A,) is an i-eigenvector
of iy, (h(i)) (see [Kottwitz 1992, Section 8] for the complex points of Shimura
varieties of PEL type). Consider the operator iy, (h'@)) —i acting on Lie(A,)
which is by zero on the Z,)-sublattice Y(,) = ia, (0%)(y~1(x)) of rank 4d, and
hence is also by zero on the R-subspace it generates, which is Tg = is, (E" ®q
R)(y ~'(x)). But since, on this space, multiplying i is the same as iy, (h"()),
we see that Tr/Y(,) defines a complex subtorus (up to prime-to-p isogeny) E of
dimension 2d and a quasihomomorphism ¢} : E — A,, hence E is a complex
abelian variety. It is easy to see that F is isogenous to € x¢ . »C, hence we can find
a unlque quasihomomorphism Q E:€Xgpm oC—>E sendmg xtoy lxe T =
HB(E, Z(,)), and 0a, = 0 0 0/ a, satisfies pthe properties in the proposition. Since
o is arbitrary, it is not difficult to see that o4, descends to a quasihomomorphism
o4 : € X 0gm, Eg — A satisfying all properties but where (A, 0,14, 77, n}';) is
the qumtuple on Z (x)0 p- If we denote by A’ the corresponding abelian scheme
over [Z (x)ovp]Zar the quasihomomorphism g4 uniquely extends to g : € — A’,
satisfying (4-7). The other properties follow from the comparison theorems (for
homology) and the assumption that x € A%. For general S, we only need to pull
back 4. O

Integral special subschemes in the quasisplit case. We now assume that p is non-
splitin E. For any element r € FT*N0O Fp , we define a functor Zi(t)o in the follow—
ing way. For any @Enr -scheme S, Zi(t)o p(S) is a sextuple (A, 6,ia, n? np, 04)
where (A, 0,i4, n? np) is an element in J(/LO KiK' »(S)and g4 : € xspecoEn, S —
A is a nontrivial quasihomomorphism such that

o we have a commutative diagram like (4-7);
* ¢ induces a homomorphism from Y Xspec 0,0 S t0 (A poo)%; and
pO

« the nontrivial quasihomomorphism A oQX o6 oo, induces j (1) Xspec F Sspe
E X Spec F Sspe - E X SpecF Sspe where Sspe =S X@E;r .
These properties cut out a subscheme, which is still denoted by Qf(t)o p ©

Jl/to KL ki By the positivity property of the Rosati involution, one easily sees
that 1t is nonempty if and only if 7 is totally positive. Let o be an E-point of the
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generic fiber ZZ(t)O p such that it is equal to some Z (x)0 p- We write T (0) =t to
indicate their relation. If 22(0)0 p is the unique irreducible component of Zi(t)o o
containing o, then it is a closed subscheme of J(/LO ki ke Xop, Oy, By con-
struction, o corresponds to a special cycle Z()c)O P Hence we have the following
identity between sets:

U { generic point of Zi(o)g’p | T (o) = t}

lEFT’Jrﬂ@Fp

{Z@)g, | xeVinAT—(0}}

= { —{0}},

where A, = AT is the self-dual lattice of Vp. Hence, again by Proposition 4.3, we
obtain an integral special subscheme Si(x)&po of Mg g» such that its generic fiber
18 Z(x) po-

From now on, we assume further that €(V,) = 1.

Proposition 4.8. The special fiber 2}‘1(0)0 plspe (resp., [ii(x)o P olspe) Of 2}‘1(0)0 9
(resp. Ei(x)o P .) lies in the supersingular locus [Jl/LO KiP K rlss. (resp. [Mo grlss)-

Proof. We only need to prove this for [25(0)0 p]spe Lets=(A,0,i4,n? np, 0a)
be an [F-point of %(0)O Then we have a nontrivial homomorphism between
OF,-modules 04« : Y — (A w)? = (?JET) (%T b)e’92 Hence there is at least one
projection (96T b)ﬂ32 — %T whose composition with g4 . is nonzero. We know
that both Y and 961 are Of,-modules of dimension 1 and height 2. But since we
have assumed that p is nonsplit in E, Y is formal, which implies that %S’ is also
formal; that is, s is located in the supersingular locus. ([

We need to study the supersingular loci of JI/LO KiP kTP and Mo xr. We fix an
integral special subscheme Ei‘i(o)o with T (0) =1 and an F-point s of it. We set A =
Ay and X = %7, which is a formal OF,-module of dimension 2 and height 4 over
F with an action by GL,(0 Fy ). In fact, the isomorphism class of X is independent
of the choice of 0 and s. We denote by (A, 6°,i 40) the (unique) isogeny class of
the abelian variety with polarization and endomorphism (A4, 8,i4). Let B be the
division algebra over F obtained from B by changing Hasse invariants at ¢; and p,
hence both B,; and B, are division algebras. Let BT =B ®F FT, G= ResF/@éX
with center 7', and

[

GT = é XT TFT L) T x TFT,

where 17(g x z) = (Nmg 'ZZH, Z/ZT-[‘). Let H' be the preimage of 77 under v'.
Then we have End(A°, i 40) = B asan F-algebra and Aut(A°, 0°, i 40) = ﬁ%(@)
(see [Carayol 1986, Section 11]). We can also choose the isomorphism such that
the involution of the second kind on B induced by 6 is the tensor product of the
canonical involution of B and the conjugation of F'. In what follows, we identity
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End(A°, i 40) with B' and Aut(A°, 6°, i 40) with H'(Q). We also identify AT (A7)
with H T(Afc) through the level structure (777, 7jh) of A.

Let ST = [Jl/ta KiP, xirlss.(F) be the set of supersingular points in the special
fiber together with a p-divisible group 96T|ST on it. The group H' (A £) acts on
%T| ¢+ Which is compatible with its action on § 7. It is easy to see that the action
factors through Z; x SL, (0 pp). Hence its normalizer SL;(F)}) acts trivially on § T
and the action factors through Fi* x [T By x H T(A?).

By Honda-Tate theory, it is proved in [Carayol 1986, Section 11.3] that

,
T (AP
Frx[]ByxH (A)
i=2
acts transitively on ST and its stabilizer at s is H'(Q) x (@;—p x K I;” x KTP). Hence
we have

st ﬁ*(@)\(z < [ By /K" HT(A;Z)/KW)
i=2

Similarly for S = [ kv ]ss. (F), we have a p-divisible group 96| B with an ac-
tion by H(Ay) which is compatible with that on §. The action factors through
SL2(0f,) C H(Ay). Hence its normalizer SLy (F}) acts trivially on S and the action
factors through E;i’l X Hﬁ. Let Z be the center of H. Then the stabilizer at s is
H(Q) x (prc,’1 x K¥), where H = Z - H"9". Hence we have

S=H@)\H}/K".
where I:I]’f = H}J..

Moreover, if we denote by [Jl/La KiP, ke ls (resp. [Mo x»]7) the formal comple-

tion at the point s, then we have
T A~ A~ \

[MO,K;’p,KT-P]S :Nv [‘/M‘O,Kp]s :N7
where N = Spf RF, 2 with Rp, 2= ©Fp [z and N =N x@ﬁp @Epo. Hence we have
the following p-adic uniformization of the formal completion at the supersingular
locus:

p
[‘MS,K;»,W]QS- Xop, Op = HT(@)\(N xZx []By/K}P x HWA?)/K”’)
i=2
and
[Mo,k» 105, Xy, O, = HQ\N' x Hj /K",

where H (@) (resp. H (Q)) acts on N (resp. N”) through the p-component, which
is trivial on the center. Such uniformization is a special case of that considered in
[Rapoport and Zink 1996].
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Next we must determine the formal completion [%(o)g’p]ﬁpe and [¥ ()c)(‘;’po]gpe of
the integral special subschemes. We consider the Z,)-module

A =End((E, j),(A,is):={0:E— A|ooj(e) =is(e)op forall e € 0%},

which has an action by 0% through e.¥ = ¥ o j(e) for e € 0 and X € A. Hence
Ag=A®Q has an E-vector space structure which is of dimension 2. The group
H(Q) acts on Ag through /.X = h o ¥. Hence we have an action of H(Q) on
Ag. Let V be the Q-vector subspace of Ag generated by H(Q).X, which is an
E-vector space of dimension 2, where Xo = 04. We define an E-hermitian form
(-,-) onitin the following way:

&9 =j o oy oboX €E, X, yeVCAqg. (4-8)

By the following lemma, H is the unitary group of (V, (-,-)) (and the hermitian
form really takes values in E). In particular V is totally positive definite and is
isometric to the nearby hermitian space V® of V.

Lemma 4.9. For any be B*'= H"(Q), we have (b.%y, b.%) = 1, where B*"!
is the subgroup of all norm-1 elements.

Proof. By definition,
(E.)EO, l;.io)/ = jf1 o o (I;o)zo)v oo (l;)vco) = jf1 o ! o)?(\)/ o (I;v of ol;) 0 X
=j lop! 0Xy o (Z;v’_l 00ob)oXy

:jfloﬂilo)\éa/oeo)\éo=()zo,)zo)/=1. O
The level structure (7, ﬁg) of A gives a KP-class of isometries
VRrAl > VerAl,

by sending x to X € 1% QF AfF such that ¥,(x!) € 77(x) and x*(xp s) € np(x)
We identify these two spaces through any isometry in this class. For the place p,
we let [\p = End((Y, j), (X,ix)). Then Z\p is a maximal lattice in Vp such that
the hermitian form restricted to it takes values in Og,..

Let 7 : N — [M{ ki kirles Xop, OF,. be the natural projection map. Then
the base change & 1([%(0)8 p]A) is S{(xo) X}, % Og,.. Here, %(Xp) is a cycle on N
where the endomorphism Xg € A deforms. In the next section, we will define and
discuss in detail the cycle %(x) for any x € ]\p —{0}.

For any heH /K’J we denote by %(x, h) the cycle of [Mo x» 1 X0, Oz Eyo
represented by (ii(x) X0 o Eyo h) For any & € HP/Kp we denote by Zf(x h)
the cycle of Mg kv X0, @ O, which is the translatlon of %(x)0 - by the Hecke
operator of h. Since A@ﬁAp = (H‘L(@)HGL(AP)) (VﬂAp) we have the following
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identity between sets:
{Z@E. k) | ¥ e H@Q\(VNA,—{0), h € Hi(@\H}/KP)
= {[%(x, M) | x € H@QN(V N A, —{0), h € H(@\H}/KP}. (4-9)

spe

Remark 4.10. In the case F = Q, the Shimura datum (H, X) is of PEL type. But
for our later computation, we still want to change the datum. Recall that from
the hermitian space V, we get a unique quaternion algebra B over Q which is
indefinite. Now the group H' = B* and MKT := Shg+(H', X") is just the usual
Shimura curve over @ (the modular curve if B is the matrix algebra). In this case,
we don’t introduce the auxiliary imaginary field @(+/A) anymore. We still have
Proposition 4.3.

For moduli interpretations, it is well known that M}+ parametrizes abelian sur-
faces with Op action and K '-level structure. But notice that for local decompo-
sition, we only have one term which is B, = 32 If Bp is a matrix algebra for
some rational prime p we still have the object (&ﬁ oo)1 , which is just (s, ~)?, and
Proposition 4.5 holds. In particular, when M ', is the modular curve, we use the
results in [Katz and Mazur 1985] to construct the compactified integral models.

The basic abelian scheme in this case is just the elliptic curve over Ogn with
generic fiber of CM type (E, (*). Moreover, we have a similar but simpler version
of Propositions 4.7 and 4.8. For various kinds of special cycles, we can define
similar notions and their relation (4-9) still holds.

4C. Local intersection numbers. In this section, we study the formal scheme N
and its formal special subschemes #(x). Then we compute certain intersection
numbers of these formal special subschemes. In fact, the case we consider is es-
sentially the same one as in [Kudla and Rapoport 2011] with the signature (1, 1),
only with mild modifications. We keep assuming that € (V) = 1 and p is nonsplit
in E.

Formal special subschemes. Let (X,ix) be as in the last section. Then X" is a
formal Of,-module of dimension I and height 2. We define a moduli functor N
on ‘ﬁt[p@ the category of O -schemes where @ is locally nilpotent. For any
S € Obj ‘ftt[p@ N(S) is the spet of equivalence classes of the couples (G, pg)
where

* G is an Op,-module of dimension 1 and height 2 over S, and

e 06 : G X5 Sspe —> X " X Sspe 15 a quasiisogeny of height 0 (isomorphism
actually).
Two couples (G, pg), (G', pg’) are equivalent if there is an isomorphism G’ — G

sending pg to pg. Then N is represented by a formal scheme of finite type over
Spf O, of relative dimension 1 which is just Spf Of, [7].



Arithmetic theta lifting and L-derivatives for unitary groups, Il 965

Recall that we have a two-dimensional Ey--hermitian space Vp = Hom((Y, j),
(X,ix)) ® Q= V~. For any X € A, — {0}, we define a subfunctor Z(X) of N
as follows: for any S € Obj Milpgy. , (X)(S) is the set of equivalence classes of

Fp .
(G, pg) such that the composed homomorphism

- 1

Y %0z, Sope = ¥ XF Sspe —> X X£ Sepe > LRI Sepe
extends to a homomorphism %Y X0y S — G*. Then %(X) is represented by a closed
formal subscheme of N (in fact, one can show that it is a relative divisor as in [Kudla
and Rapoport 2011, Proposition 3.5]). For linearly independent X = (X, X3) €
(f\p —{0})2, two formal special subschemes %(x;) and %(X;) intersect properly at
the unique closed point in N eg. Assuming that y = x g for some g € GL,(0 E,,o) such
that y = (¥, y») has the moment matrix 7' (y) = diag[w ¢, w?’], then of a, b > 0,
one is odd and the other is even.

Intersection numbers. Now we assume that p 1 2 is unramified in E. Let Y be the
unique (up to isomorphism) formal O, -module of dimension 1 and height 2 over
[ but with action by O Eyo such that the induced character of O Eyo ON Lie(Y) is the
one twisted by 7 from that on Lie(Y). By [Kudla and Rapoport 2011, Lemma 4.2],
there is an isomorphism

ox Y xY > X

in Homg,, , (¥ x Y, X) such that, as elements of Homg, (¥, Y x Y),

. a s
inc;o 1%, i=1,

inc; o I1?, =2,

9

px 0¥ =

where inc; denotes the inclusion into the i-th factor of the product and IT is a
fixed uniformizer of End(Y). We identify ¥ x Y with X, and hence ]\p with
Hom@E (Y,Y xY). If we denote by Def(X”; X) the subring of Def(X") = Op, 71
deformlng x, then

E(F) - %(¥) = lengthg Def(X’; X) = lengthe, Def(X"; 3) = Z£G1) - Z(n).

Let F; be a quasicanonical lifting of level s which is an O F, -module over @ﬁg,
unique up to the Galois action (see [Gross 1986]). Hence it defines a morphism
Spf O By = N which is a closed immersion. Let %; be the divisor on N defined
by the image, which is independent of the choice of F;. We have the following
proposition generalizing [Kudla and Rapoport 2011, Proposition 8.1].

Proposition 4.11. As divisors on N,

a b
EG) =Y % LG =) %

even odd
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Proof. The original proof of [Kudla and Rapoport 2011, Proposition 8.1] again
works for one direction:

a b
D% <G, Y % %G
s=0 s=1
even odd

To prove the other side, we only need to prove that the intersection multiplicities
of both sides with the special fiber Ns,e = Spf F[[#] are the same. For the left side

we have
a a

a+1_1
> % Nepe= D 107 :Us 1=1
s spe [ Fy Fp] q—l s
s=0 s=0
even even
b b
b+1_1
Y % Nepe= Y [0F :Us 1=1——
s spe [Fp Fp] C[—l s
s=1 s=1
odd odd

where ¢ is the cardinality of the residue field of Fy,. The assertion follows from
the following proposition, which is a generalization of [Kudla and Rapoport 2011,
Proposition 8.2]. (]

Proposition 4.12. For y € Hom Orpo (Y, X), the intersection multiplicity

qv-‘rl_l
-1

2£(jl)) 'Nspe =

where v > 0 is the valuation of (y, y)'.

Proof. We generalize the proof of [Kudla and Rapoport 2011, Proposition 8.2] to
the case Fy, # Q, again by using the theory of windows and displays of p-divisible
groups [Zink 2001; 2002]. In the proof, we simply write F = Fy,, E = Ee and let
e and f be the ramification index and extension degree of residue fields of F/Q,,,
respectively. Then g = pf . Let R = [F[[t]] and A = W]¢]] where W = W (F).
We extend the Frobenius automorphism o on W to A by setting o (¢) = ¢?. For
any s > 1, we set Ry = R/t* and A; = A/t’. Then A (resp. Ay) is a frame of
R (resp. Ry). The category of formal p-divisible groups over R is equivalent to
the category of pairs (M, «), consisting of a free A-module of finite rank and an
A-linear injective homomorphism o : M — M ©.=AQ® A.c M, such that coker(a)
is a free R-module.

First, we treat the case f = 1. Consider the p-divisible group Y over F of
dimension 1 and (absolute) height 2e with action by Og. It corresponds to the pair
(N, B), where N is the Z/2-graded free 0 = Of ®z, W-module of rank 2 (which
is a free W-module of rank 2e¢) with N; =0 -n; (i =1, 2) and S(ng) = @ Qny,
B(n1) =1Q®ng. We extend Op-linearly the Frobenius automorphism on W to O¢.
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Similarly as in the proof of [Kudla and Rapoport 2011, Proposition 8.2], the p-
divisible group X over [ corresponds to (M, «) there and its universal deformation
is (M, «;). The only difference is that we should replace p by @w. The proof there
works exactly in this case.

Now we treat the general case and assume that f > 2. Consider the p-divisible
group Y over F. It corresponds to the pair (N, ), where N is a Z/2-graded free
OF ®z, W-module of rank 2. Since

f-1 -1
J
Or @2, W=D 0r ®wp.o0 W =D 07,
j=0 j=0

where k is the residue field of F, we can write

f—1 _ f—1 ,
(o) (o)
N = (@ O eOJ) ® (@ O elsf)
j=0 j=0

and B(e; j)=e; j41fori=1,2and 0 < ]_< f—1 ﬂ(e(),f_l)_:e_l,o and B(ey, r—1)=
wep,o. Similarly, the p-divisible group Y corresponds to (N, 8) where we write

f-1 _ f-1 _
N (o)) (05
N= (EB ¢ eo,j) ® (@ OF eu)
j=0 j=0

and B(&; ;) =¢; j41 fori =0,1and 0< j < f—1; B(&1,s—1) =&, and B(eo, y—1) =
we o. Then we extend them to F[[¢]] by scalars, still denoted by N and N.

The p-divisible group X corresponds the direct sum (M, «) := (N, B) D (N, B).
Under the basis {60’0, 51,0, cee €0, f—1s él,f—l; €10, éo,o, s €l f—1s éO,f—l}s the
matrix of « is
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Let (M, o) corresponds to the universal deformation of (X, iy) over F[[#]l. We
can write in the same basis

Explicitly, we have
oz,(e,;j):ei,]url, i:0,1andj:O,...,f—2,

a; (e, f—1) = e1,0 —ter,o, a(er, r—1) =@ep,,
Ot[(éi’j)=éi’j+1, i=0,1andj:0,...,f—2,
as(er, r—1) = eo,0+tep,o, a(eg, r—1) = ey .

Now we denote by o¥(a) : M @) 5 M@ the induced homomorphism for k£ > 0.
Then, formally, we have

of ) Neij)=ej1, i=1,2andj=1,...,f—1,

_ 1 - 1P _
ot @) o) =—erp. ol@T ero) =eo o1+ —e0s-1.
k) Ne =61, i=1,2andj=1,...,f—1,
tpk

11— 1._ 1. _
o @) @1.0) = =0 -1, o (@) @) = &1 p-1— —er 1.
w w

Now let y correspond to the graded A-linear homomorphismy : N®4A; — M.
Then the length £ = %(¥)-Nspe of the deformation space of y is the maximal number
a such that there exists a diagram of the form

N —ﬁ> N©@

4 7o

M —2

that commutes modulo 7%, where y lifts y.

Casei: v = 2r is even. We may assume that y = @’incy, represented by the
4 f x 2 f matrix
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o 0 0
0 O 0
0 o' 0
xo=|0 0 0
0 O o’
0 O 0

If r =0, in order to lift y mod #?, we search for a 4 f x 2 f matrix X (1) with
entries in A, such that X (1) = X (0) in A and satisfies

a0 X (1) =0 (X(1))op.

Buto (X (1)) =0(X(0)) = X(0). Hence we need to find the largest a < p such that
o Tox (0)op has integral entries mod 7. But the entry at the place (eq, r—1, €o, f—1)
is t /@, so the largest a is just 1. Hence when v = r = 0, the proposition holds.

If r > 0, we first show that we can lift y mod 19 By induction, we introduce
X (k) for k > 1 by requiring that X (k + 1) = X (k) in A,x and oy 0 X (k + 1) =
o(X(k+1))opB. Buto(X(k+ 1)) = o(X(k)); hence formally we should have
X(k+1)=a, oo (X(k))oB. We need to show that

XQrf)y=a " oo(@) o0 Na) o X(0)0 g7

has integral entries. Let x; j.;/ j (resp. X; j.;/,j/) be the entry of X (2rf) mod @
at the place (e; j, ey j/) (resp. (e; j, e ;7). Then among all these terms, the only
nonzero terms are

_ _ f=1—j¢,2r-2 2r=3, ... .

Ro. 0 = (=D Tlp T T@TTHRTT D i f 1,
f=1=j,2r—1 2r=2 ... .

xl,j;l,j:(—l)rtp @™ +q” "+ +1)’ i=0,..., f—1,

which shows that we can lift y mod 19 Next, we consider the lift of y mod tpa”
that 1s, the matrix

XQrf+1)=a " oo (X@2rf))op.

It has exactly one entry which is not integral: the place of (eg r_1, €0, y—1) whose
nonintegral part is

t o f=1,2r—1 2r=2 ... (_1)}’ 2r 4 2r—1 ...
Ly p! T @ AT D) 2 T g T e L
w [

It turns out that the length £ = %(y) - Ngpe is exactly

q2r+1_1 qv-i-l_l

g—1 — q-—1
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Caseii: v = 25 + 1 is even. We may assume that We may assume that y =
w’incy o I, where IT is the endomorphism of ¥ determined by Il(ep ;) = ep ;
and I1(e; ;) =wep,j for j =0,..., f —1. Then y is represented by the 4 f x 2 f
matrix

0 0
oSt .. 0
0 0
0 ws-ﬁ-l
0O -.- 0
w? 0
0O --- 0
0 oS

Similarly, we introduce the notation Y (k) for k > 0. We first show that y lifts
mod 9 zm, that is, the matrix

Y(2s+Df)y=ao " oa(@) o 0a®TD @) oy (0) o g&ThHS

has integral entries. Let y; ;.;7 j’ (resp. y; ji’, i) be the entry of Y ((2s+1) f) mod &
at the place (e; j, ey, j/) (resp. (e; j, e ;7). Then among all these terms, the only
nonzero terms are

)_’O,j;O,j — (_l)stpf,lfj(q2s—1+q2x—2+'-~+1)’ j=0,...,f—1,

f=l—j( 25 4 25—1 . .
Vi1 = (=1 Hep! e D i f 1,

which shows that we can lift y mod #¢ **! Next we consider the lift of y mod tpa"!

that is, the matrix
Y(2s+Df+ D=0 'oo(Y(2s+1)f))oB.

It has exactly one entry which is not integral: the place of (eg r_1, €0, y—1) whose
nonintegral part is

41
L(_1)5+1tp.pf71(q2.r+q2sfl+,.,+1) — itqzs+l+q2s+”'+l‘
w w
It turns out that the length £ = %(y) - Ngpe is exactly
q25+2_1 _ qv-i-l -1
q—1 q—1

This proves the proposition. U
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The results in [Gortz and Rapoport 2007] used in the proof of [Kudla and
Rapoport 2011, Proposition 8.4] also work for Fj, not just Q,. For 0 <s < b
odd we have

a+1 _

4 _11, a<s,
E(Gh) % = q?_l |

qu‘Fi(a—Fl—s)[@;p:U;—p], az=s.

By summing over s, we get the following local arithmetic Siegel-Weil formula at
a good finite place:

Theorem 4.13. Let X; € [\p — {0}, fori =1, 2, be linearly independent. Then the
intersection multiplicity %(x1) - %(X) only depends on the GL, (0 Epo )-equivalence
class of the moment matrix T = T (X). Moreover, if we set T ~ diag[@?, w ] with
0<a < b, then

Ho(T) := (%)) - % (%) = % Y da+b+1-2D,
=0

where q is the cardinality of the residue field of Fy,.

4D. Comparison at good places. In this section, we will consider the local height
pairing (/Z\(p1 (g1), Z¢2 (g2))ve at a finite place v° of E which is good. Recall that
we have a Shimura curve Mk and we assume that K is sufficiently small and
decomposable. We also assume that ¢; (i =1, 2) are decomposable.

Let S C Xy be a finite subset with |S| > 2 such that for any finite place p ¢ S,
we have

e P12, pis unramified or split in E;

e e(Vp) =1,

e Pip= ¢g (i =1, 2) are the characteristic functions of a self-dual lattice A, =
AT CVy;

* K, is the subgroup of U(V,) stabilizing Ap, that is, K, is a hyperspecial
maximal compact subgroup;

o x and ¢ are unramified at p.

Fix a place p € S such that p is nonsplit in E. We have the generating series
Zs (@)=Y o,(8)hi(x)Z(xi)k
)C,'EK\\/

- Z Z wx(gi)(f’i(hi_lxi)Z(hi_lxi)K, (4-10)

X €H@N\V hieHy (Ap\HAf)/K
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where V = V() is the nearby (coherent) hermitian space as in Section 4B. Write
gi.p = n(b; p)m(a; p)k;p in the Iwasawa decomposition and choose any number
e; € E* such that valy(e;) = valy(a; p). Let g; = m(e;) "' gi; then

@-10= > > 0y (8)i (h ' xie) Z(hy ' xi)k
xieH(@)\V h,-eHXI. Ap\HAf)/K
= Y > 0y ()91 (h; ' xie) Z(hy ' xie)k
xi€H@\V hieHy, (Ap)\H(Af)/K
= Y > 0y (391 (hy ' x) Z(h) ' xi) i
x,‘EH(@)\V hiEHxl- (A/‘)\H(A]")/K
= Y D Ui T @y (EHN (' x) Z(h; ' xi)

xi €H@\V hieHy(Ap)\HAf)/K

since in the Iwasawa decomposition g; , = n(l;i,p)m(&i,p)ki,p, dip € Op,.. In what
follows, we assume that ¢, ® o, € El’(\/%),eg for at least one v € S and g; €
P H'(A}). Then if Z(h; ")k appears in the generating series Zy, (g;), we must
have x; € V — {0} and h;éxi € Ap. Hence by the last part of Section 4B, we
can extend Z (hi_lx,-) k to a union of integral special subschemes %(x;, i;) on the
smooth model Ay x». We define

X (8i)
= Y > V(b p T (x)) P ® (0 (BD)dF) (7 x) E(xi, hi).

x €H(@\V hieH (@\HAy)/K

which is a cycle of Jlp gr extending the generating series Zy, (g;).

If p & Sis splitin E, we just take %4, (g;) to be the Zariski closure of Zy, (g;)
in t/‘/l()’ Kp.

We now state the main theorem of this section. Here vol is the same volume as
in [Liu 2011, Theorem 4.20].

Theorem 4.14. Suppose that ¢1 , QP2 € Ef’(\/%),egfor at leastoneve S and g; €
P H'(AY.). Let y be a finite place not in S, let Mg .p- = Mo, x» be the smooth local
model introduced in Section 4B, and let %y, (g;) be the cycle introduced above.

(1) For p nonsplitin E,
Ep(0,1(81, 83). ¢1 ® ¢2) = —vol(K)(Zg, (81), Z,(82)) e
where, by definition,
(Zg(81): Zgy (82))pe =108 7 (&, (81) - L, (82))

(2) Z¢,(81) - %4,(g2) =0 for p splitin E.
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Combining this with [Liu 2011, Theorem 4.20], we have:

Corollary 4.15. Assume that ¢; = ¢go¢,',f satify ¢1.,Q¢2., € Ef’(\/%)regfor allveS
and @1, @ oy € 9’(\/%)reg,dv with d, > dy, for nonsplit v € S (see Section 2C for
the notation). Assume further that g; € egH' (A‘g) (i = 1,2), and that the local
model My .po is Mo kv for all finite places p°|p ¢ S. Then

E'(0,1(21,85), $1 ® ¢2) = —vol(K) Y ~(Z,(81), Zp» (82))re-
vo|v

vgS

(Here the Green’s functions used in archimedean places are those defined in [Liu
2011, Theorem 4.20], not the admissible Green’s functions defined in Section 3B.)

Proof of Theorem 4.14. (1) Since the special fiber of %, (g;) locates in the super-
singular locus, we have

%41(81) - Zp,(82) = [%4, (81 - [# 4 (82)15pe- (4-11)

But

(%4, (8)]ope =
> Yo Vi T CIdy @ 0y @Dy 5L, i), (4-12)
¥ €H@\V hieHg, (Q\H} /KP
where d;g is the characteristic function of A p- For any t; € FN Op, which is totally

positive, we fix an element X;, € VNA p With 7' (X;,) = ;. Then

@-12) = Ypbipt) > g @Def (T R % hi)
f hie Hy, (@\H] /KP
= > Wb TE) Y e @Dl R G ).
% eVNA,—{0} hieH(@)\H} /K?

Two formal cycles %(Xq, };1) and % (x5, fzz) intersect only if }uzl and ﬁz are in the
same double coset of H(@)\H}’/Kp. Hence

@)= Y YpBpTE) Y o (@ & )eIeS (™ HL(H)-% (X))

¥=(x1,x2) heH(@\H} /KP

= > Yp(bpT (¥))

TGGLz(Epo)ﬂHerz(@Epo)

x> W@ el @ R (hT D H(T),  (4-13)
heH} /KP
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where l;p = diag[lgl,p, l;z,p]. By Theorem 4.13, Corollary 4.2 and following the
same steps in the proof of [Liu 2011, Theorem 4.20], we get

—vol(K) 10g ¢* (%4, (81) - %4, (82)) = Ep(0,1(31, &), b1 @ $2). (4-14)

By definition,

(4-14)
= Y Wi0,1Gp &) ¢1p®b2p) [ [ Wr0.1(G10, &) $1.0 @ d20)
Diff (T, V)={p} vFEp
= > Wi 0.1(81p.85 ). b1 @ ¢ap)
DIff(T,V)={p} .
X 1_[ Werre (0, l(gl,va gz,v)’ ¢1,v ®¢2,v)
vp
= > Wi 0,108 85): d1p®@2p) [ [ Wr(0, 1(g10: 85,): $1.0 © 62.0)
Diff(T,V)={p} vEP
= EP(O’ l(glv g2v)v ¢1 ®¢2)9
where e = diag[eq, e2] € GLy(E).
(2) We will prove this in a more general case in Lemma 5.1. (]

5. Comparison at finite places: bad reduction

In this section, we discuss the contribution of the local height pairing at a finite
place in S. There are three cases we need to consider: the split case (that is,
U(Vy) is split), the quasisplit case (that is, U(V,) is quasisplit but not split) and
the nonsplit case (that is, U(V,) is not quasisplit).

SA. Split case. We first discuss the contribution of the local height pairing at a
split (finite) place in S.

We fix a prime p € S which is split in E aﬂd any p° € E} over p. What we want
to consider is the height pairing (Zy, (1), Z¢,(g2))pe on a certain model Mg, e,
forprs®@pr.s € 9(V§),eg and g; € eSH’(A‘;). We assume that K = K, K? with
KP sufficiently small and K, = K, , for n > 0, hence Mx = M,, g». In Section 4B,
we constructed a smooth integral model Mo gr for Mo g».pe, a p-divisible group
& — Mo kv, and hence x — Mo, x», which is an O Fy -module of dimension 1
and height 2. A Drinfeld @"-structure for an Op,-module X of height 2 over an
) F, -scheme § is an O Fy -homomorphism,

an : (OF, /@"0F,)* > X[o"1(S),

such that the image forms a full set of sections of X[z "] in the sense of [Katz
and Mazur 1985, Section 1.8]. Let M, x» = Mo kv (n) be the universal scheme
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over Jlp g» of the Drinfeld " -structure «;, (see [Harris and Taylor 2001, Lemma
I1.2.1]). Then M, kv is regular, finite over .o, kv, and its generic fiber is M, gv.po.
We compute the intersection number after a base change M kpipe = M kvipe XF,
Fg. Then Jl/L;L xv» the normalization of M, kv X0p, 0] s is still regular and its
generic fiber is M,;’ KPope- We denote by [JI/L;’ x» lord the ordinary locus of the
special fiber [Ji/L' Kp]spe = J(/L; kv X0, p [ which is also the smooth locus. The
set of connected components of [Jl/tn x» lspe canonically corresponds to the set of
geometric connected component of Mn kv, and hence to E* 1\AX ! /v(K). The
set of irreducible components on each connected component of [Jl/Ln kr Ispe» that s,
the Igusa curves, corresponds to the set P(V,)/Ky ,, where P(V,) is the set of all
Ep = F, @ Fp-lines in V}, where U(V,) acts from right by [.h = h~'l for [ € P(V,)
and h € U(V}). Together, the set of irreducible components of [Jl/tn ko lspe 18

lg, kv 1= P(Vp)/Kpn X (EXNAZ!/1(K)).

Now we consider the special cycles. We use the same notation for the base
change of special cycles Z(x)k and the generating series Zg,(g;) on M, KPper As
before, we denote by Z(x)x (resp. %4,(g;)) the Zariski closure of Z (x) k (resp.
Z4,(gi))in ./l/L;l’Kp. Since p is splitin E, the special fiber [£, (gi)]spe C [Jl/L;l’Kp Jord-
Let P(V) be the set of E-lines in V. Then the set of geometric special points of
M, kv (also of M, gv.pe, Mr’th;po) is
Spk =H@\P(V)xHAp/K= ] H@\HA)/K

IeH(@)\P(V)

and the set [, g Jora (F) is

[I H@\(WN\UWV)/Kpn) x HY/KP),

leHQ\P(V)

where N; C U(V,) is the unipotent subgroup of the parabolic subgroup fixing /.
The reduction map

Spx — [, g Jord(F) —> lg, ko (5-1)

is given by (I, h) — (I, hy, h?) — (hgll, v(hyh?)) (see [Zhang 2001b, Section 5.4]
for a discussion).

We compute the local height pairing on the model ./l/L,’% xr- We write Zm (gi) =
%4, (gi) + Vg, (gi) for some cycle Vg (g;) supported on the special fiber as in
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Section 3B. Let wye be the base change of wy to M, x». We have

(1ogq) ™ (Zy, (81). Zg, (82))pr
=Ty, (81)+Vp,(81) (Z,(82)+V 9,(82)—E(g2, $2) wpe+E (82, P2) wpe)
=%4,(81) - (%4,(82) + V¢, (82) — E(g2, p2)wpo)
+E(g2, 92) (&g, (1) +Vp,(g1)) - wpe
=%y, (81) - ZLp,(g2) +Zp,(g1) - V', (82) + E(g2, 92)V'g,(81) - wpe, (5-2)

where g is the cardinality of the residue field of Fy,.
Now we discuss the above three height pairings respectively. First, we have

Lemma 5.1. Under the weaker hypotheses that ¢1, @ ¢2, € F (\/%)reg and g; €
P)H'(A}) for some finite place v other than p, %4, (g1) and %4,(g2) do not inter-
sect.

Proof. This is clear from the first arrow of the reduction map (5-1). O

Second, we define a function v(-; ¢, g2) on V, — {0} in the following way. For
any x € V, — {0}, write x for the line in P(V}) containing x. Then v(x; ¢, g2)
is the coefficient of the geometric irreducible component represented by (x, 1) in
lg, x» appearing in Vy,(g2). It is a locally constant function and

vol(det K)

v(-, ¢1,p; 2, 82) = W

P1p V(- 2, 82)

extends to a function in #(Vp) such that v(0, ¢1 p; ¢2, g2) = 0 since ¢ ,(0) = 0.
Then the intersection number

T (81) Vi(82) = Y. @y (€1 EX)k - Vs, (82)
xeK\Vy
_ Z vol(K) )
o, vol(K NH(Af),)
T(x)eF*

(-, P1p; B2, 82) ® (0, (8NP (x)  (5-3)

since g1 € ey H'(AP).
On the other hand, we let

E(s, g v(-, $1p; $2, 82) @ P}
= > 0O by b2 82 @D O (rg) 2

yEP (F)\H'(F)

be an Eisenstein series which is holomorphic at s = % Then we have

(5:3) = Es, 8, v(+, $1.p5 #2, 82) @) 1 = Wol3, & V(- b1.p3 62, 82) ® 97)
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by the standard Siegel-Weil argument and the argument in Proposition 3.2. For
simplicity, we let

Ee) (g, 1 $2, 82)
=logq[E(s, 8. v(-, brp: $2.82)®P])| _1 — Wo(3. 8, V(- b1.p; d2. 82) @) .

2
Finally, we let
Apey (g1, P1) =log gV 'y, (g1) - wpe.

Then in summary, we have

Proposition 5.2. For ¢1 s ® ¢2,.5 € $(V%)reg and g € egH'(A) (i = 1, 2),
</Z\¢1 (g1), 2@(82));:0 = E) (g1, P15 &2, 92) + Ape) (&1, 1) E (g2, P2).

5B. Quasisplit case. In this section, we discuss the contribution of the local height
pairing at a nonsplit (finite) place p in S such that €(V) = 1.

We fix such a p and denote by p° the unique place of E over p as usual. As
before, we need to consider the height pairing (/Z\(p1 (g1), ZPz (82))pe ON a certain
model Mgy, for 1 p ® ¢ap € F(V)reg and g; € e, H'(A}). We assume that
K = K,K? with K? sufficiently small and K, = K, , for n > 0. In Section 4B,
we have fixed an isometry between V), and Maty(Fy) sending Ay to Maty(OF, ).
Hence V,, has an action by GL>(Fy) by both left and right multiplication where the
latter is Eye-linear. We write \/Z with respect to the left multiplication and GL, (Fp)
acts on F(Vy) via (g.¢)(x) = ¢(xg). By enlarging n (to be an least 1), we assume
that ¢; , is not only invariant under K, , but also 1, + @ " GL,(0 Fy ).

We let [, kx» be the normalization of Mg kv in Mn k¥;pe Which is regular and
finite over Mg xr. We take a base change M Kbipe n,KPipe X Epo E o), where
E(’J) =Ep F" and £ o =Ep F” Let JI/U K be the normahzatlon of Jl/Ln Kb Xog
0) E<n> Wthh in turn 1s a regular model of M Then the set of supersmgular
pomts is

JKPiper

S = [, o lss.(F) = H@\(ER /v(Kpa) x HY/KP),

where H (Q) acts on the first factor by multiplying the determinant. For any point
s € S,,, the completion [Jl/tn kv ¢ at the point s is isomorphic to a formal scheme N7,

over Spf O EW. It can be constructed in the following way. We have a p-divisible
group 96”""’ — NE=Spf R Fp.2- Let R Fp.2n (see [Harris and Taylor 2001, Lemma
I1.2.2]) be such that Spec Rp, 0 = (Spec RF, 2)(n) is the universal scheme of
the Drinfeld & "-structure for £""V:* which is even defined over Spec R Fy 2. Let
Spec R), be the normalization of Spec R Fp 2®o0; i, 0] Eé’” in any connected component
of Spec R, 2. ®q, E(”) Then N/, = Spf R, and is finite over N’ x¢ i @E(")

The generic fiber NP ny =Spec R, ® E(”) is Galois over N} :=Spec RE, 2 ® E(”)
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with Galois group SL,(OF, /@w"OF,). Moreover, it inherits a universal p-divisible
%' — Spec R}, a universal Drinfeld & "-structure

o), i Ap/a" Ay — X" (N, )
for %;b. In particular, we have the uniformization
[, o 15 = H@\W), x E /v(Kpa) x HE/KP).

In Section 4B, we construct the (irreducible) integral special subscheme % (x, ')
forxe VNA,—{0},h' e H;/Kp. We still write %(x, h’) for its base change under
the map ./(/t; Ky = Mo, xr X0k, @Ef,’?- But now it is not irreducible anymore. We
write #(x, h) with h € Ky o/Kpn X H}?/Kp and AP = K/, for all its irreducible
components such that its complex geometric fiber (point) is represented by (z, k)
with z L x. Each %(x, h) is defined over @E;@, is geometrically irreducible, and
2. 1) spe C (ML) gy 1ss.

We have a p-divisible group ¥’ |2‘£ ® %(x) where we use the same notation
for the pull-back of %(x) from Spf RF, > to . Consider 96;7 ’ 2y, #(X), and

ot A/ Ay —> L[ 1 (F).0),

where %(xX), o is some connected component of %(X),. By the definition of %(x),
the element X € Hom((Y, j), (X, ix)) canonically induces a homomorphism gy :
Yy X, F(X) — & |%( » hence o5 + Yy x g (X)) — &, |€£(x) In particular, we
have ah element

05, (xp) € Ty(¥) |5, ) = M, [ E(E),) = (Im &) (" 1EE))

For each connected component %()?)77 0, O , extends to a (1o + @"GL2(0F,))-

class of 1som0rphlsms Np: Ap —> Tp(%,7 o) Where %n o 1s the restriction of 96 to
#(X)p,0. Letx = np (Qx «(xp)), which is well-defined in Ap/(12 + w”GLg(@FP))

By construction, we have the following property:

(x,x)/(x,%) €1l +@"0f, andx e @Ay & X € wm[\p forallm > 0. (5-4)

We denote by %(xX, x) the union of all irreducible components of %(X) containing
%#(X),,0 whose ﬁg l(.Q,;,*(xp)) = x. It is nonempty only when (5-4) is satisfied.
Hence for a fixed X, the number of x such that % (X, x) is nonempty is at most
ISL2(OF, /@"OF,)|. Now for any he E /v(Kp,,) X H'J/Kp we let %(x, x, h)
be the cycle of [Jl/Ln kv 1% represented by (EZ (x, x), h) Then we have the following
identity between sets:

{2, x, h) | ¥ € H@QN\(A,—{0), h € Hi@\(E) /v(Kpn) x HJ/KP))
={[Z(x, )1, | x€ H@\(VNA,—{0}), he H(@)\(K,, O/Kp,,pr/KP)} (5-5)

spe
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Now we can consider the height pairing. Pick an element ¢ € E* such that
—valy(e) is sufficiently large. Then

Zo@) = Y ox@)i)Zxk= Y wy(g)di(xie)Z(xie)k

x,'EK\\/f x,-EK\\/f
= Y oy (g)di(xie)Z(xi)k.
x,'EK\\/f

Hence we can assume that ¢; j, is supported on Ajp. Recall that we assume ¢ , ®
h2p€ Ef’(\/%)fgg»", gi € epH/(A;), and ¢;  is also invariant under 1,+@" GL2(OF, ).
We define

Fp(e)= Y. > o ® (0 (8P (' x) E(xi, i)
xi€H@\V hieHy (Q\H(Af)/K

which is a cycle of JI/L;L x» extending the generating series Zy, (g;) on M, y». po-
The special fiber [%4, (i) ]spe C [J‘/t;,, xvlss. and

EZACHINE Y > ¢i.p(x)
% EeVOR,—{0),xi hieH@N\(ES' /v(Ky ) x HY /KP)
x (w0, (81 (A )% (i, xi, hi).

We have a similar decomposition as in (5-2) but the first term is not zero any-
more. First, we consider

%, (81) - %y (82) = [Z, (8D)e - [%,(82)150e
= X X 2 Pr.p(r1)2.p(x2)
F1,52€VNAp—{0) 12 e H@\(E)S' /v(Kp ) x HY /KP)
(@) (g1, 8NP} ® P (h™' (X1, ¥2))) £(F1, x1) - £ (¥, x2). (5-6)
Now the key point is to analyze the last intersection number. We have:
Lemma 5.3. We can extend
(E1, X3 Brp, d2p) = > b1.p(X1)P2.p(x2) E(F1, x1)- % (X2, x2)
x1,%2€Ap /(La+@"GL2(OF, )
to a function in & (\U/pz).

Proof. First we note that % (X, x;) and #(X,, xp) intersect properly unless x|
and X, are Ep.-colinear and x; and x, are also Ep.-colinear. But in this case,
&1,p(x1)¢2,p(x2) = 0 by our regularity assumption. For (X, X;) ¢ (]\p —{0))2, we
let (X1, X2; @1,p, P2,p) = 0. Hence (X1, X2; @1, ¢2,p) is now a function on \v/pz
which is compactly supported. We only need to prove that it is locally constant.
We have several cases.
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If one X;, say X1, is not in [\p, then p is locally zero at (X1, X).

If, say, X; = 0, then since ¢, vanishes on a neighborhood of 0 and (5-4), u
is also locally zero.

If both X; are in A, — {0}, but are not Ep.-colinear, choose a neighborhood
U such that any (x{, x}) € U is still not Ep-colinear; (x], x;)'/(X;, X;)' €
1 +@"0F,; (x], x3) and (¥, X2) span the same Og,.-sublattice in ]\p. Then
u is locally constant on U.

If both X; are in A, — {0} and Ee-colinear, we choose U as above. Then

for x1, xp not Eye-colinear, %(xX;, x1) - #(X2, x2) is locally constant on U, and
hence u is also. [l

By the lemma,

(5-6)=) > (@) (g1, 8 NPTRPY (A~ ) 1 (%; P1.ps B2.p)-

XeV2 he H@\(E ' /v(Kp ) xHJ /KP)

Since the set FI(@)\(E;’I/U(KP,,,) X FI]’?/K’“) is finite, we let

O (1 b1, 82) =logg Y ()™ (E)

Xev?

be the theta series for the Schwartz function

e — > (5 Brp, 62.) ® (@ (9] @ 6).

he H@\(ES' /v(Ky )< H} /KP)

Then we have

Lemma 5.4. For g; € epH/(N;),

log g%, (81) - %, (82) = 002 (1(g1. 85): ¢1. $2).

where q is the cardinality of the residue field of Ey..

Now we consider the second term, 4, (g1) - V'4,(g2). For any

hy € H@\ER" /v(Kpn) x HE/KP),

we write s(/;) for the corresponding supersingular point in S,,. Then

% (81) -V (82) = %, (8D epe - [V (82)1L5

= ) 3 1.5 (r1) (@ (817 (7 51)

#1eVNAp—{0hx1 e H@N\(ES' /v(Ky ) x HE /KP)

EE b)) [V (1 - 6D
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Lemma 5.5. For any ﬁl, we can extend

v(i1,¢1,p,f11;¢2,g2) = Z ¢1,p(xl)§£(f1,xl,fll)'[qu&z(gZ)]?(;“)
x1€Ap /(La+@"GL2(0F, )

to a function in 9(‘7,3).

Proof. The proof is similar to that of Lemma 5.3. In fact, for X; € Ap — {0}, let U
be a neighborhood such that for any x| € U, (x;, x)'/(¥;, X;)’ € | + @ "0OF,. Then

F(-, x1, hy) - [V, (gz)]?(ﬁl) is locally constant on U. O
The lemma implies that

(5-7) =

> > $1.p(x1) @y (80PN (' ¥V, P1p. 1 b2 82).

H1eV hieH@N\(ES/v(Ky.)x H}/KP)

Let 93’;!)( <, 015 82, P2) = Z wy (-)¢"®"(X1) be the theta series for the Schwartz
i] € ‘7
function

P = Z V(- Prp b1 2, 82) ® 0, (h1)g.
heH@N\(ES /v(Ky ) xHJ /KP)
Then we have:

Lemma 5.6. For g; € e, H'(A}),

ver

log g%y, (81) - V4,(82) = 0(2) (81, P15 82, $2)
is a theta series for g| € e,,H’(N;:).
Finally, we let
Aoy (81, 1) =1og g Vg, (81) - wpe.
Then, in summary, we have:

Proposition 5.7. For ¢1 s ® ¢2.5 € $(V5)reg and g; € egH'(A) (i = 1, 2),

(Zp1 (80 Zg(82))e
=002 (1(21. 85): b1, $2) + 0 (81, D13 82, $2) + A (81, B E (g2, $2).

5C. Nonsplit case. In this section, we discuss the contribution of the local height
pairing at a nonsplit (finite) place p in S such that €(Vp,) = —1.

We fix such a p and denote by p° the unique place of E over p as usual. As
before, we need to consider the height pairing <2¢1 (g1), Z,,z (82))pe ON a certain
model Mg, pe, for ¢1p @ ¢ € Sf’(\/g)reg and g; € epH/(N;). We assume that
K = K,K* with K? sufficiently small and K, = K}, , for n > 0. In Section 4B, we
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have fixed an isometry between V;, and By, the division quaternion algebra over
Fy, sending Ay to Op,, the maximal order. Hence V,, has an action of By, by both
left and right multiplication where the latter is Eye-linear. Also, By, acts on (V)
via (g.¢)(x) = ¢ (xg). By enlarging n (to be an least 1), we assume that ¢; j, is not
only invariant under K , but also 1, + @ "0 By - Moreover, we assume that ¢; , is
supported on Ay,

We need to choose some model for M), g».po. If n = 0, we have already con-
structed a regular model Jlp x» which is flat and projective, but not smooth over
OE,.. Similar to the quasisplit case in Section 4B, we let B be the quaternion
algebra over F by changing the Hasse invariant at ¢; and p from which we construct
BT and an algebraic group H' over Q. We let H = Z - H"9¢". Then we have the
following variant of the Cherednik—Drinfeld uniformization theorem (see [Boutot
and Carayol 1991, Chapitre I1I]):

(15,

spe

xor,. Op,. H@\%' x H}/K*

l !

[ Mo, kv 1epe X0, O, ——= H(@\Q' x H}/KP,

where Q' = Q X0p, OF,. (resp. ® = geuniv Xop, OF,.) and 2 (resp. gunivy is the
Jormal Drinfeld upper half plane over O, (resp. universal 0p, -module over Q).
For general n > 1, we construct an integral model of the base change

Mo kv X 0 EQ as follows. Let Q8 = gunVi8[zp"] — guniv-rig[ o ] be the
étale covering over Q"€ with Galois group (O, /@"0p,)*. Consider Qe x p E ()
it has (Of, /@"0F,)* connected components. Pick any connected component Z
which is étale over Q"& X F, E(") with Galois group (@Bp/w”@g y<-1. Then it is
easy to see that

M, = H@\(E, x ES /v(Kpa) x HE/KP),

where H (Q) acts on X, through the p-component modulo center and acts on
E %1 /v(Kp ) via the determinant map.

Let Q,, be the normalization of ' X0, o) E<"> in X,. It is not regular but has
double points; we blow up these points to get a regular formal scheme €2/, and (for
sufficiently small KP)

H@\(, x E' /v(Kpn) x HY/KP)

is regular, flat, and projective over O EW, where H(Q) acts on Q! by the universal
property of normalization and blowing-up of double points. By Grothendieck’s
existence theorem, we have a regular scheme J;, x» that is flat and projective over
SpecO E®, and a morphism 77, : M, gp — Mgy gy X0 Epo o) E® such that the following
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diagram commutes:

LG, g e H@N\(), x Ej' /v(Kya) x H} /KP)

- |

[ Mo, g X0, @E;@]gpe — 2 (H@\Q x H}/KP) X0z, @E;;g-

Now let us define the integral special subschemes on these models. We recall the
integral special subschemes 9’1(0); (resp. %(x)a’po) on JI/L(T)’ KiP KT (resp. Mo gv)
defined in Section 4B. Similar to the quasisplit case, we fix an integral special
subscheme 23(0) p With T'(0) = 1. Let s be the unique geometric point in the Zariski
closure of the generic fiber of %(0) p- Weset A =d; and X = %f a special formal
0p,-module of height 4. The isogeny class of A is independent of 0. We denote
by (A%, 6°,i40) the corresponding abelian variety up to isogeny. Then we have
End(A°, i) = BT as an F'-algebra and Aut(A°, 6°,i40) = H'(Q). We define
A= Hom((E, j), (A,ia)) and /V\@ =A®Q. LetV C 1\@ be the sub- E-vector space
generated by H (@).xp where xg = 04. One can define a hermitian form ( -, -)" on
V asin (4-8) such that ( ‘7, (-,-)’) is isometric to the nearby hermitian space y®
of V and has the unitary group H. The level structure n?, ﬁf,) of A gives a KP-class
of isometries V® FN} F—> Ve F N}’ r- We identify VQ}) F A?’ r With Ve F N}’ F Via
a fixed isometry in this class. For the place p, we let Ay, = Hom((Y, j), (X, ix)),
which is a self-dual lattice in f/p. We are going to define a formal special subscheme
%¥(x)on Q:=Q X0g, 0g,.

Let us first recall the moduli problem represented by <. For any element S €
Obj ‘ﬁt[p@ﬁp, Q(S) is the set of equivalence classes of couples (®, pp) where

» @ is a special formal Op,-module of height 4 over S and

o po 1 D XgSspe = X X Sspe 15 a quasiisogeny of height 0.

Two couples (P, pp) and (P, pg) are equivalent if there is an isomorphism
®’ — @ sending pg¢ to pg. For any X € /V\p, we define a subfunctor %#(x) as
follows: for any S € Obj ‘J‘(t[p@ , Z(x)(S) is the set of equivalence classes (P, pg)
such that the composed quas1h0momorphlsm

—1

X Po
O'yx@ Sspe:YX[FSspe—>XX[FSspe—)qDXSSspe

I}P
extends to a homomorphism Y xg. S — P.

Now we proceed exactly as in Sectlon 5B. We use the same notation for the pull-
back of %(x)0 . to the scheme Jl/U kP and define &(x, h) for x € VN Ap — {0},
heKpo/Kpn x HY ) /KP. We also have the formal special subscheme %(X, x, h)
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for x € [\p — {0}, he Egyl/v(Kp,n) X I—VIJE/KP, and x satisfying a similar relation
as in (5-4). The identity of sets (5-5) still holds. There is only one difference:
when n > 1, we only keep the irreducible component which is not supported on
the special fiber when defining %(x, x, h).

Now we can consider the height pairing. We define

Fp(8)= Y > bp ® (0, (8PN (' x1) E(xi, hi),

X €H@N\V hieHy (@\H(Af)/K

which is a cycle of M), x» extending the generating series Z, (g;) on M, gp. 0. We
have

(%, (8)]pe =
> > i.p (i) (0 (8D (hy ' X)E s, xi. hy).

% eVOR,—(0)xi hieH@\(ES' /v(Ky,)x HJ /KP)

We have a similar decomposition as in (5-2) but the first term is not zero any-
more. First, we consider

%p(81) - %y (82) = [Z, (8D)5e - [%,(82)150e

= > > > 15001 br.p(12)

%1, % €VNA, —{0) X172 Eeﬁ(@)\(E;(;l/u(K,,,,,)xﬁ;/KP)
x (@) (g1, 8NP] ® Y (™" (1. ¥2))) 2 (E1, x1, h) - E(¥2. x2. h).  (5-8)
We have the following lemma, whose proof is similar to that of Lemma 5.3.

Lemma 5.8. We can extend

I’L(jél’ -562’ i;l’ ¢1,p7 ¢2,P) =
> $1p (1) b2p(x2) L (F 1, x1, ) - (¥, X2, )

x1.026Ap /(L+@"GLy (O, ))
to a function in 9)(‘7'32).
By the lemma,
(5-6) =
> > (@) (g1, 8N} @ Y (™' D) u(F; B, p1.p, po.p).

Fev? fleﬁ(@)\(E:o’l/v(Kp’n)xI-VI}’/K")
Since the set ﬁ(@)\(E;Z’l/v(Kp,n) X ﬁj’f/K”) is finite, we let

O (1 b, g2) =logg Y ()™ (E)

XeV?
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be the theta series for the Schwartz function

ohor = 3 wCe il frp $2) ® (@ (9] ® 63).

he H@\(Es' /v(Ky ) xH} /K?)
Lemma 5.9. For g; € e,H'(A}),

log g%, (81) - %p,(82) = 002 (1(81. &): ¢1. $2),
where q is the cardinality of the residue field of Ey..
Now we consider the second term, %4, (g1) - V'4,(g2). For any
hy € H@QN\(ER" /v(Kpa) x HY/KP),

we write s(fn) for the corresponding connected component of [J(/L; kv lspe- Then

%p,(81) - Vg, (82) = [%4, (81150 - [Vr (82) 151
= 3 B1.p(xD) @y (21N (i 51)

BeVNAp—(0)x1 e H@\(E /v(Ky ) xHE /KP)

EEr, 21, ) - [V, () - (59)
Lemma 5.10. For any hi, we can extend

V(X1, Prps his 2, 82) = Z $1,p(x1) E (X1, x1, ) - [°V¢2(g2)]?(,;l)
x1€Ap /(Ia+@"GL2(OF, )

to a function in & (Vp).

This lemma implies that (5-9) equals
> > ¢1.p(x1) x (@y (g0)PD) (7 %)V (1, b1 p, F1; B2, 82).
BV hieH@N\E' /v(Ky ) x HY/KP)

Let

Oty (- 13 82, ¢2) = ) @, ()" (1)
,\716‘7

be the theta series for the Schwartz function

¢ = > V(- B i 62, 82) @ 0 ()]

e H@\(ES' /v(Kp ) x HY [KP)
Lemma 5.11. For g; € e, H'(A}),

log g%y, (81) - Vg,(82) = O (81, 15 82, P2)

is a theta series for g| € epH/(N}).
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Finally, we let
Apey (g1, #1) =log gV 'y, (g1) - wpe.

Then, in summary, we have:

Proposition 5.12. For ¢1,.s @ ¢2,5 € $(V3)reg and g; € egH'(AS) (i = 1, 2),

(Zg, (8. Z, (82))pe
= 9(hpcir (1(81, 85); D1, 92) + 050, (81, D15 82, $2) + Ay (g1, P E (82, $2).

6. An arithmetic inner product formula

6A. Holomorphic projection. In this section, we calculate the holomorphic pro-
jection of the analytic kernel function E'(0, 1(g1, &), $1®¢>) and its relation with
the geometric kernel function when n = 1. We follow the general theory for the
GL, case in [Gross and Zagier 1986; Zhang 2001a; 2001b; Yuan et al. 2011].

Holomorphic projection in general. Let € = (£), € Z*> be a sequence of integers.
We denote by do(H') C A(H') the subspace of cuspidal automorphic forms of
H' =U(W)) and by &QS(H "y C do(H') those ones whose archimedean component
is in a discrete series representation of weight (148, 1 —£). Let Z’ be the center of
H’, and hence isomorphic to E*-! as an F-torus. From £, we define a character ¢*
of Z._ by g“f(z) = 7% Let si(H', ¢%) be the subspace of s{(H’) consisting of all
forms which have the archimedean central character ¢ t. It is obvious that &QS(H NC
A(H', Y. For any element in &QS(H 'y and any t € F*, the t-th archimedean
Whittaker function (with respect to the standard ¥2)) is W, where

Wimbm@lki ko) = [ ] @ @ayk; ik,

LE€EX oo

forall a = (a,) € EX, b = (b) € Fx and [k, ko] = ((k1,,, k2,]) in the standard
maximal compact subgroup K.

We let &QS(H’ x H') (resp. sd(H' x H', ¢*)) to be the subspace of sl(H' x H')
consisting of functions F such that F'(-, g») and F (g, -) are both in &ﬁS(H ") (resp.
A(H', ¢%) for all g, g» € H'(Afr). For any form F € A(H' x H', ¢ and any
1® fre &QS(H "x H"), we can define the usual Petersson inner product as

(F, i® o = F(g1, &) f1(g1) f2(g2) dg1dg>.

'/[H/(F)\H,(AF)]Z
Definition 6.1. The holomorphic projection Pr is a linear map from A(H' x H', ¢ %)
to &QS(H’ x H'), such that Pr(F) is the unique form in &QS(H’ x H') satisfying
(Pr(F), fi® f)uw = (F, fi® fo)u forany f1 ® fr € df(H x H').
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For any automorphic form F e sd(H' x H', ¢%), we define the Whittaker function
for a nontrivial character i of F\AF to be

Fys(g1, 82) = @A) W(g1.00) WE(g2.00) Apr () Apr(hy)®
[Z/(Foo)N'(Foo)\H' (Fso)1*

X Fy (g1, thi, g2, fho) W8 h)WE(hy) dhy dhy,  (6-1)

where Wt = Wf such that ¥ (x) = lpgo(tx) and d = [F : Q] as before.

Proposition 6.2. Let F € si(H' x H', ¢%) be a form with asymptotic behavior
F(m(ar)gi, m(@2)g2) = Og, o, (la1a2]5)

as a; € A and |aaz|a, — 00 for some € > 0. Then the holomorphic projection
Pr(F) has the Whittaker function

Pr(F)y (g1, 82) = Sll_% Fy (g1, 82).

Proof. First, we can decompose F = )  F; ., as a finite sum of element
Fp ¢, €A(H xH', ¢*%) which has central character ¢ 1X¢; 5 such that (¢ 1, &s.2)
are distinct pairs. One can easily show that if F satisfies the asymptotic behavior
in the proposition, so does each F¢ | ¢ ,.

Now consider any Whittaker function Wi(g;) = WB(g,-,OO)W}'-(gi, =12
of H'(Ap) with central character ¢; such that W} (&i,r) is compactly supported
modulo Z'(A s, r)N'(Ay ), we define the Poincaré series as

Pyi(gi) = lim > W (y 8% P (Voo gioo)'-

s—0
yEZ'(F)N'(F)\H'(F)

If (¢1, &2) doesn’t appear in {(Zs,1, &5,2)}, then the Petersson inner product
(F, Py ® Py2)m

is automatically zero; hence we only need to consider the case where it appears.
Then, assuming that F has the asymptotic behavior as in the proposition, we have,
after choosing suitable quotient measures dg; and dg»,

(F, Py1 @ Py2)

=/Ffl,{z(glagZ)Pwl(81)PW2(82)d81d82

= lim [ Fr (81,820 W (g1)W2(g2)Ap (81,00 Ap(82,00) dg1dgn

s—07F

= tim [ Py 018 WD WE A (8100 A (820" i1
Naxd



988 Yifeng Liu

where the first two integrals are taken over [Z'(Ar) H'(F)\ H'(Ar)]* and that last
over [Z'(Ap)N'(Ap)\H'(Ap)]*.
Since (Pr(F), Py1 @ Py2) g is equal to (F, Py ® Py2) g, its value is

/ W)W (g2 W g1 WH(ga) dg1 dga x
[Z/(Foo)N'(Foo)\H' (Fso)]%

/[Z/(A N A )]Z(PF(F);I,qz)w(gl,f,g2,f)W}(g1,f)WJ%(gz,f)dgl,fdgz,f-
f.F f.F f.F

The first factor equals (47)~24 . Therefore

(Pr(F), Py1 ® Py2) i = (4m) "2 x

/[Zm A )JZ(PV(F)gl,Q)w(gl,fagz,f)W}(gl,f)W%(gz,f)dgl,fng,f-
SN/ A fF

Since this holds for all possible W}, W%, and (¢1, &), we conclude that
Pr(F)y (81, 82) = Sll_% Fy (81, 82)- U

Now suppose F does not satisfy an asymptotic behavior as in Proposition 6.2.

Definition 6.3. For any F € si(H' x H', ¢%), we let
Pr(F)y (g1, 82) = const Fy (g1, 82).

where const ;_,o denotes the constant term at s = 0 after the meromorphic contin-
uation (around 0). We define the quasiholomorphic projection of F to be

Pr(F)(g1.82) = ) Pr(F)y(g1. 82).
v
where the sum is taken over all nontrivial characters of F\Ar. The above propo-
sition just says that for F satisfying that asymptotic behavior, we have Pr(F) =
Pr(F). In fact, the definition can apply to more general functions just in

LA (N'(F)\H'(AF), ¢ ® L*(N'(F)\H'(Af), ¢ Y.

Holomorphic projection of the analytic kernel function. Now we want to apply the
above theory to the particular form E'(0,1(g1, &), 1 @ ¢2)) € A(H' x H', x°)
for oo = 9L = qbgo, where x°:= x | 7= {Ex/ 2, Unfortunately, this form does not
have the asymptotic behavior stated in Proposition 6.2. To find its holomorphic
projection, we introduce the following function:

F(s;81,85¢1.02) =E(s+3.81.01)E(s + 3. 82, ¢2) € A(H' x H', x°),

where we use the Weil representation w, y in both Eisenstein series on H'(Af).
This function is holomorphic at s = 0. We claim that
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Proposition 6.4. The difference E'(0,1(g1,85), 1 @ ¢2) — F'(0; g1, 825 b1, ¢2)
has the asymptotic behavior stated in Proposition 6.2.

Proof. Since it is symmetric in g and g», without lost of generality, we prove the
asymptotic behavior for g;. Consider the Fourier expansion

E(s,1(mag, &), ¢1®p) = Y Er(s,1(m(@)gi, g), ¢1 ® ¢o)

T eHer, (E)

in which all terms except those with

00
r=(0 )

in the summation are bounded as |a;|a, — oo. Hence we only need to consider
those 7. Before we compute these terms, we recall some matrices representing
elements in Weyl groups:

Case I: d, € F*. We have
Er(s,1(81,8)): $1 ® ¢2)

:\/|:| @ C)UX (w2n(b)l(g1,g£/))¢1 ®¢2(0))\P(w2n(b)l(gl’gé/))vw(trTb)_ldb

+/ Wy (wo,1n(B)1(g1, 851 ® $2(O)Ap(wa,1n(b)i(g1,85)) ¥ (trTh)~'db
Hery (Ag)
+ terms that are bounded,

where the first term is just Wr (s, 1(g1, &), ¢1 ® ¢2) and the second term equals

00
Wi.a,(s; 81, 855 1, $2) ::/A wy (wz,m (O b2> (g1, gzv))(ﬁl ® 2 (0)Apr(g1)*
x Apr(win(br)g2)* ¥ (daby) dby
= 0, (g1 (OAp(g1)* x Wy (s + 1. 82, $2).

Case II: d, = 0. We have, apart from the terms Wr (s, 1(g1, &), ¢1 @ ¢») and
Wi0(s: g1, &'s 1, ¢2), another term,

Wa0(s; 81, 855 @1, ¢2) := @, (81)P1(0)Ap(g1)° X wy (g5 )p2(0)Ap(82)".

Now the term Wy (s, 1 (m(ap)g, gzv), $1®¢2) has asymptotic behavior Oy, 4, (1)
as |aj|a, — 0o, hence we don’t need to consider it. What is left is
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Eoo(s, (21, 8), $1®¢2) :=Wa0(s: g1, & b1, 92+ Y Wiar(53 81, 85 b1, $2)
d2€F

= 0, (g)P1(OAp(21)° X E(s + 3. g2. $2).
It turns out that our form F (s; g1, g2; @1, ¢2) is just the Eisenstein series (in g;) of

the section Eoo(s. 1(g1. ). §1 ® ¢2). namely

F(sigi,gndi¢)= Y Eols,1(rg1, g). 1 ®@ ).
yEP'(F)\H'(F)
Viewing it as a function in g1, we have the Fourier expansion

F(s; 81,82 ¢1,$2) = Z Eq(s+3.81.61) x E(s+13, 8. 62).
dleF

For all d € F*, the term Ey, (s + % m(ay)g1, ¢1) decays exponentially as |a;|a,
goes to infinity. Hence we only need to consider the term

Fo(s; g1, 825 @1, ¢2)
=Eo(s+3.81.01)E(s +3. 8. $2)
= (@, (€)1 OAp (81)" + Wols + 3, g1, 1)) E(s + 3, 82, 62)
= Eoo(s, 1(81,85), $1 @ $2) + Wo(s + 3. 81, #1) E (s + 5, 82, ¢2).

Now the proposition is equivalent to showing that

E}y(0,1(yg1, 85), 01 ® ¢2) — F{(0; g1, g2; b1, $2)
d

= s:o(WO(S +31.81.01)E(s+ 3. 8. 42))
=—Wo(3. 81, 01)E'(3. 82. 82) — W((3. 81, 1) E (3. 82. 92)
has the asymptotic behavior (in g{). This is true since
Wo (3. m(@)gr, ¢1)= g, (1), Wy(5. mangi. ¢1)= 0y e, (l0glaila,). O
By the proposition, we have
Pr(E'(0,1(g1,85).¢1 ® $2)) (6-2)
=Pr(E'(0,1(81,85).¢1 ® ¢2) — F'(0; g1, 82;91,92)) + Pr(F'(0; 81, 82: b1, ¢2))
= Pr(E"(0,1(81.85).91 ® $2) — F'(0:81,82:1.92)) + Pr(F'(0: g1.82: 61.902)).-
Since

F'(0;81,8:¢1.62) = E'(3.81.01)E(3. 82, ¢2) + E(3, g1, 1) E'(%. 2. $2),
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its holomorphic projection Pr(F’(0; g1, g2; ¢1, #2)) = 0. Then

(6-2) = Pr(E'(0,1(g1, 2), ¢1 @ P2) — F'(0; g1, g2; d1, $2))
=Pr(E'(0,1(g1. 85). 1 ® ¢2)) — Pr(F'(0; g1, g2: $1. $2))
=Pr(E'(0,1(g1.8Y). 01 ® ¢2)) — Pr(E' (3. 81. 01) E(3. 82. $2))
—Pr(E(3, 81, 61)E' (5. 82, 42)).
It is easy to see that
Pr(E'(3. 81.01)E(L. 82.02)) = Pr(E' (L. g1, 61)) Ex (L. g2, 62).
where

E*(%’ 8i> ¢l) = Z Wdi(%’ gi’(bi)'

dl'EFX

In particular, if ¢1,, @ ¢o,, € EP(\/%),eg for at least one finite place v, then given
g1 and g» in P, H'(A}.), each E*(%, gi,®i), i =1,2,is alinear combination of an
Eisenstein series and an automorphic character. In summary:

Proposition 6.5. The holomorphic projection of the analytic kernel function is
PI’(E,(O, l(glv g;)’ ¢1 ®¢2)) = Isvr(E/(()’ l(gl’ g§)7 ¢1 ® ¢2))
- PNr(E/(%’ 81, ¢1))E*(%s 82, ¢2) - E*(%’ 81, ¢l)5r(El(%’ 82, ¢2))

Quasiholomorphic projection of the analytic kernel function. Now we are going
to compute the quasiholomorphic projection of E'(0,1(g1, &), ¢1 ® ¢2) under the
following assumption:

(REG) ¢ = ¢ i r with ¢p1.4 ® ¢p2.y € S(V2),eg for all v € S and
D1,0®2.0 € F(V2)eg.4, for v e S nonsplitwithd, > dy,; gi €egH'(A).

Recall from (2-13) that

E'(0,1(81,85), 01 @) = D _ EL(0,1(81, 85), 1 ® $2).
veS

It is clear that when we apply Pr to the above expression, nothing will change
except the terms E, (0, 1(g1, g5), ¢1 ® ¢2) for 1 € Xo. Now we just fix one ¢ € Lo
and consider, by [Liu 2011, Theorem 4.20],

-2 VOl(K)<(Z¢| (gl)’ E¢] (g])to)’ (Z¢>2(82), E¢2(g2)L°)>MK,

which is (after forgetting the constant —2 vol(K)), by definition, the integration
over the (complex) Shimura curve of
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> D wx(g)di(Tix), h;lmaxlal,hl)

X170 hieH@\HAp)/K

* (Z Z wy, (82)92(T (x2), hzzxz)Exzaz,hz)

070 hoe H@\H(Ay)/K

See [Liu 2011, Section 4C] for the notation. Since this expression and the process
of taking Pris symmetric in g; and g», let us just do the first variable and hence
omit the subscript 1 in the following calculation. Of course we only need to do
this for the neutral component, hence we consider the current

Y w0y (9)¢(T (), %) Eva.
x#0

It is clear that for T(x) =t ¢ F T,
Pr(wy () (t, X)Exa)y, (8) =0

for any t' € F* (which is just the set of all totally positive numbers in F), hence
these terms vanish after applying Pr. For those x such that T(x) = € F™, the
corresponding term will contribute to the ¢-th Fourier coefficient in the quasiholo-
morphic projection. Namely,

ﬁr<wa<g>¢(T<x>,x>sm) =y 5,( > wx(—)¢<r,x)sm> (®)

x#0 teF+ T(x)=t 14

where, similar to (6-1),

5r( > wx<—>¢<T<x>,x>Em) (8) = const (4m) W/ *(g,)
T (x)=t 1z =
<y Ap (B @, (g WD, 1) Era dh, (63)
Tt V2 RN (R\H'(®)

where we identify F, with R in the domain of the integral and a is such that & =
n(b)m(a)k of h in the Iwasawa decomposition. Making the substitution y = aa,
we have

o0
(6-3) = const 4w ) W, *(5) D wy (8191, %) /0 E yyay’e T dy
T (x)=t

(0.¢]
:consot (4rt) Z a)X(g)q’)(t,x)f E\/y.xy‘ve_d"”y dy. (6-4)
= ()=t 0
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If we let §,(z) = R(x, 2)/2t = —(x, x;)/(x, x), then

(6-4) = const (4r1) > o), x)/ (/

—4rtyudy(z) !
e du>yse—47rty dy

T (x)=t
o8] —47ryu8x(z)
_const(471t) Z wy () (t, )= c/ / Ve Y dudy
T (x)=t
s [
_ 4 s [ 1 47y (14ub, (2))
csog%t( TTt) Z w, (8)P(t, x)t /1 u(/(; e du
T(x)=t
rd+s) [ du
Cg%(”)rg:—th(g)d)( Vo | w s,y
du
= const w t,x _ 6-5
ons T(XZ)I 1 ()0 )fl rE (6-5)

Admissible Green’s function. As in [Gross and Zagier 1986], we introduce the
Legendre function of the second type:

o
Qs_l(t)=f (t++vVt>2—=1coshu)*du, t>1,s>0.
0

Then the admissible Green’s function attached to the divisor ) Wy (8)P(t, x)Z,
(on the neutral component) is T )=t

3" (g = const2 Y @, () (1, %) Q51 (1425,(2)).
T (x)=t
By a result of Gross and Zagier, we have
/oo du 20, 1(14+20) + 0™ +
_ = _ C C ) Cc — Q.

1 u(l4uc)’ s
Combining (6-5), Corollary 4.15, and Proposition 6.5, we have:
Proposition 6.6. Under the assumptions (REG) for ¢1 ® ¢ and g;, we have
Pr(E'(0.1(81. 85). $1 ®$2)) = —vol(K) > (Z, (81). Zp,(82)) v

v°|v

vgS
—Pr(E'(3.81.61))Ex (. 82.82) — Eo (%, 81. 1) Pr(E' (. 2. $2)).
where at the archimedean places we are using admissible Green’s functions.
6B. Uniqueness of local invariant functionals. We now fix a place v € ¥ and sup-

press it from the notation. We prove that the space Homp« g/ (12(0, x), 7 X x )
is of dimension 1, following [Harris et al. 1996].
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From x, we have defined an automorphic character 7, of H' in the following
way. Given g € H', detg € E*°!; hence we can write detg = eg/e, for some
e, € E*, by Hilbert’s Theorem 90. Define 7, (g) = x (e,), which is well-defined
since x|px = 1.

Proposition 6.7. For an irreducible admissible representation w 7 7. Uof H',

we have dim Hom gy g/ (12(0, x), 77 X x7t) = 1 and L(s, 7, x) is holomorphic at

=1
s =3

First, we have a double coset decomposition
H' = Pyp(H x HYUPit(H x H) =: QU

with Qg open and €2; closed. Hence we have a filtration 15(0, x) D 12(0) O, x)
where

20, x) = {p € 10, x) | Suppy C o},

which is invariant under the action of H' x H’ by right translation through 1.
As H' x H' representations, we have Qéo) O, ) = 12(0) (0, x) and Qél)(o, X) =
L0, x)/ 12(0) (0, x). We have an H' x H' intertwining operator

o0, x) = FHYA® )
p— V(g =g, 1)),

where S(H') is the space of Schwartz functions on H’, since

o (yor(g, 12)1(g1, 2)=¢(yo1(g2, gz)l(gz_lggl, 15))=x(det gz)<p(yot(g2_]gg1, 1,)).

There is on $(H') ® (x X 7¥) a unique H' x H’-invariant functional (up to a
constant) given by

Voo [ mef v ds.

But,
Homp sy ($(H') @ (m K 7"), C) = Hompyry g (F(H'), ¥ K 1)
=Homp g (FH) @ (1K x), n" K x7)
= Homyr (05 (0, ), " R x).
For the representation Q(zl)(O, X ), we have:

Lemma 6.8. If m % 7", then Homyyy i (05”(0, x), m/ ® x ) = 0.
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Proof. We have an intertwining isomorphism Q(zl)(O, X) — Il(%, X) X Il(%, X)
given by

¢ ((g1, 82) > @((g1. 82))).

since (1 (p181,P282)) =@ (p1, p2)1(g1,82)) = x (a1a2)|araz| (1 (g1, g2)) where
p1 =n(by)m(ar)k; and pr = n(by)m(az)k,. Hence

Hom g/« (05”0, x), ¥ B x70)
= HomH’xH’(Il(%, X) &]1(%’ )(), r” Xxn)
=Hompp (r B x 77, L(-4 x )R L (-3, x7")).

By [Kudla and Sweet 1997, Theorem 1.2] for v finite nonsplit, [Kudla and Sweet
1997, Theorem 1.3] for v finite split, and [Lee 1994, Theorem 6.10 (1-b)] for v in-
finite, the only irreducible H’-submodule contained in I =3 x 1) is isomorphic

~!. The lemma follows by our assumption on 7. U

to JTX

Proof of Proposition 6.7. The normalized zeta integral (2-1) has already defined a
nonzero element in Hom g, g (15(0, x), VX x ), so the dimension is at least 1. If
itis higher than one, we can find a nonzero element in Hom gy g/ (12(0, ), 7Ry 1)
whose restriction to 12(0) (0, x) is zero since dim Hom g/ g (Qg)) 0, x), 7"Rym)=
1. Then it defines a nonzero element in HoerxHr(le)(O, x), m¥ X x7) which is
0 by the above lemma. Hence dim Homp/ g/ (12(0, x), ¥ X x7) = 1.

For the L-factor part, the restriction of the normalized zeta integral to 12(0) O, x)
is nonzero. But the original zeta integral has already been absolutely convergent
ats=0ifp e 12(0) (0, x), hence L(s, , x) cannot have a pole at s = % since by (s)
is holomorphic and nonzero at s = 0. ([

Remark 6.9. Proposition 6.7 is conjectured to be true for any n, s, x, and irre-
ducible admissible representation r. This is proved in [Harris et al. 1996] for &
supercuspidal — more precisely, for w not occurring in the boundary at the point
s, which exactly equivalent to the assumption of Lemma 6.8 when n = 1.

6C. Final proof. In this section, we prove the main theorem by combining all the
results we have obtained.

We need to compare the (holomorphic projection of the) analytic kernel function
and the geometric kernel function defined in Section 3B. First, we still assume
(REG) on ¢; ® ¢»» and g;. Let

€(g1, 82; P1 ® d2) =Pr(E'(0,1(g1. 85). ¢1 @ ¢2)) — E(g1, 825 1 @ $2).

which is in 4(H' x H', x°). By (3-9), and Propositions 5.2, 5.7, 5.12, and 6.6, we
have that the restriction of €(g1, g2; #1 ® ¢2) to the subset [eg H ! (A‘IE)]2 is equal
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to the sum of the following terms:

C1(g1, 82; D1 @ Po) = —E(g1, $1)A(g2, $2) — A(g1, 1) E(g2, $2)
_CE(gl’ ¢1)E(g2’ ¢2)a
Cu(g1, &2: 91 Q) = Z Ay (81, P1)E(g2, 92);

P°lp
peS
Cm(g1, &2; 1 @ ) = Z Ee) (81, ¢1; &2, $2);
p°Ip split
peS

Cvi(gn g d1®P) = Y O (g1, 8); b1, 92) + 05 (21, B1; 82, ¢0);
p°|p nonsplit
peS

Cv(g1, 823 ¢1, P2) = —PNF(E/(%, g1, 91))E« (3. 82, 92)
—E.(3. 81, ¢1)|SF(E/(%, 2. $2)).

Now given any cuspidal automorphic representation 7 of H’ such that 7, is a
discrete series of weight (1 —£X/2, 14 €X/2) and €(r, x) = —1,forany f e &
and fV € Y, the integral

/ FefY(g)x (detg) (g1, g2: 91 ® ) =0

[PlesH'(A? )2

oo

for ? =1, II, III, IV, V, since each term involves either Eisenstein series, auto-
morphic characters, or theta series when restricted to e H ! (A}g) which is dense in
H'(F)\H'(Ar)! Hence we have

/ Flg)fY(g)x ' (detg2)E'(0,1(g1, 82), 1 @ $2)
(H'(F)\H'(Ap) P2
= / Fg)fY(g2)x ' (detga)E(g1, &5; d1 @ ¢2). (6-6)
[H/(F)\H'(Ap) ]2

Recall our definition of the geometric kernel function, which is

E(g1, g&2; ¢1 ® ¢2) = vol(K) Z@‘f’l (1), Og,(82)) N,

and we are using the Weil representation w, in the formation of both © (g;)
(i = 1,2). If we now use w; to form the second and, to be consistent with the
previous convention, write ¢ = ¢ and ¢ = ¢, then Oy, (g,) = Oy (g2) x (det g2).

Recall our definition of arithmetic theta lifting (with respect to the Weil repre-
sentation w, ) in Section 3B:

o/ = £(©)O(8) ds, 6-7)
H'(F)\H(AF)
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which is an element in CH! (M )?: and also @gi with respect to a))v(, where M =
(M) is the projective system of (compactified) Shimura curves. For any K’
under which ¢ and ¢V are invariant, the height pairing vol(K’ )(@g, el )ﬁ/T cal-
culated on Mg is independent of K’, where vol(K') is defined as before. Hence
we can use <®£» el YNT to denote this number.

Recall that we have a totally positive-definite incoherent hermitian space V(r, x).
We now prove our main theorem:

Theorem 6.10 (Arithmetic inner product formula). Let = and x be as above and
V any totally positive-definite incoherent hermitian space over Ag of rank 2. Then
(D) If V22V (m, x), then the arithmetic theta lifting @éj =0 forany f € m and
¢ € S(V)=;
) If V= \(m, x), then for any f € w, f¥ € n¥, and any ¢, " € (V)=
decomposable, we have
L'(5.7 x)
~ LrQQ)L(1, €g/F)

where almost all normalized zeta integrals (see Section 2A) appearing in the
product are 1.

<®£, ®£V>NT

1_[2*(0’ Xv» fl)’ fv\/’ ¢U®¢I\}/)’

Proof. We first prove (2). Recall that in Section 2A, we defined the functional
(X(f, f\/, d)v ¢V) = 1_[ Z*(07 X'U9 fl)’ fv\/, ¢U ®¢1\)/)
v

in the space &) Homp:xu/ (R(Vy, xv), w B x,m,) which is nonzero since V =
V(r, x). By Proposition 2.8 for v € S and the fact that 7, is a discrete series
representation of weight (1 — €X/2, 1 4 £X/2), we can choose local components
fvand f,’ for all v € ¥ and ¢, and ¢, for v € X such that ¢ ® ¢" satisfies the
assumption (REG) and a(f, fV, ¢, ¢") # 0. On the other hand, the functional

y(f. £V 0.9Y) = (O], O] vt = vol(K)(©], O], )k:
is also in ®U Hom g sy (R(Vy, Xv), m, W x,7,) whose dimension is 1 according
to Proposition 6.7. Hence we know that the ratio y /« is a constant. By our special
choice of f, ¢, and ¢ and by (6-7), (6-6), and (2-3), we have
‘y L/(%v T, X)

@ LrQ)L(, eg/p)

Hence
L'(3.7, x)
~ Lr(2Q)L(1,€g/F)

forany f en, f¥ en¥,and ¢, ¢ € F(Vy)U=.

(©]. O InT [12°0. 0. fu. £ b0 @)

v
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For (1), the functional y is zero since V 2 V(r, x). If we take ¢ = ¢ and
fY = f, then ®£ = 0 since the Néron—Tate height pairing on curves is positive
definite. ([

Acknowledgements

I am very grateful to my advisor Shou-Wu Zhang for lots of helpful conversations
and encouragement during the long-term preparation of this series of papers. I am
also indebted to Xinyi Yuan, Shou-Wu Zhang, and Wei Zhang for sharing ideas
in their recent joint work on the Gross—Zagier formula [Yuan et al. 2011] and the
arithmetic triple product formula [Yuan et al. 2010]. I would like to thank Wee
Teck Gan, Aise Johan de Jong, Luis Garcia Martinez, Frans Oort, Mingmin Shen,
Ye Tian, Tonghai Yang, and Weizhe Zheng for their useful discussions. Finally, I
want to thank the referee for many useful suggestions.

References

[Bertolini and Darmon 1997] M. Bertolini and H. Darmon, “A rigid analytic Gross—Zagier for-
mula and arithmetic applications”, Ann. of Math. (2) 146:1 (1997), 111-147. MR 99f:11079
Zbl 1029.11027

[Bertolini and Darmon 1998] M. Bertolini and H. Darmon, “Heegner points, p-adic L-functions,
and the Cerednik—Drinfeld uniformization”, Invent. Math. 131:3 (1998), 453-491. MR 99f:11080
7Zbl 0899.11029

[Boutot and Carayol 1991] J.-F. Boutot and H. Carayol, “Uniformisation p-adique des courbes de
Shimura: les théorémes de Cerednik et de Drinfeld”, pp. 45-158 (1992) in Courbes modulaires et
courbes de Shimura (Orsay, 1987/1988), edited by J. Kahane, Astérisque 196-197, Société Mathé-
matique de France, Paris, 1991. MR 93c:11041 Zbl 0781.14010

[Bruinier and Yang 2009] J. H. Bruinier and T. Yang, “Faltings heights of CM cycles and derivatives
of L-functions”, Invent. Math. 177:3 (2009), 631-681. MR 2011d:11146 Zbl 05598921

[Carayol 1986] H. Carayol, “Sur la mauvaise réduction des courbes de Shimura”, Compositio Math.
59:2 (1986), 151-230. MR 88a:11058 Zbl 0607.14021

[Deligne and Mumford 1969] P. Deligne and D. Mumford, “The irreducibility of the space of
curves of given genus”, Inst. Hautes Etudes Sci. Publ. Math. 36 (1969), 75-109. MR 41 #6850
Zbl1 0181.48803

[Diamond and Shurman 2005] F. Diamond and J. Shurman, A first course in modular forms, Grad-
uate Texts in Mathematics 228, Springer, New York, 2005. MR 2006f:11045 Zbl 1062.11022

[Drinfeld 1973] V. G. Drinfeld, “Two theorems on modular curves”, Funkcional. Anal. i PriloZen.
7:2 (1973), 83-84. In Russian; translated in Functional Anal. Appl. 7 (1973), 155-156. MR 47
#6705

[Gelbart et al. 1987] S. Gelbart, I. Piatetski-Shapiro, and S. Rallis, Explicit constructions of auto-
morphic L-functions, Lecture Notes in Mathematics 1254, Springer, Berlin, 1987. MR 89k:11038
Zbl 0612.10022

[Gong and Grenié 2011] Z. Gong and L. Grenié, “An inequality for local unitary theta correspon-
dence”, Ann. Fac. Sci. Toulouse Math. (6) 20:1 (2011), 167-202. MR 2830396 Zbl 05903982



Arithmetic theta lifting and L-derivatives for unitary groups, Il 999

[Gortz and Rapoport 2007] U. Gortz and M. Rapoport (editors), ARGOS seminar on intersections
of modular correspondences (Bonn, 2003/04), Astérisque 312, Société Mathématique de France,
Paris, 2007. Zbl 1117.11003

[Gross 1986] B. H. Gross, “On canonical and quasicanonical liftings”, Invent. Math. 84:2 (1986),
321-326. MR 87g:14051 Zbl 0597.14044

[Gross and Zagier 1986] B. H. Gross and D. B. Zagier, “Heegner points and derivatives of L-series”,
Invent. Math. 84:2 (1986), 225-320. MR 87j:11057 Zbl 0608.14019

[Harris and Taylor 2001] M. Harris and R. Taylor, The geometry and cohomology of some simple
Shimura varieties, Annals of Mathematics Studies 151, Princeton University Press, 2001. MR
2002m:11050 Zbl 1036.11027

[Harris et al. 1996] M. Harris, S. S. Kudla, and W. J. Sweet, “Theta dichotomy for unitary groups”,
J. Amer. Math. Soc. 9:4 (1996), 941-1004. MR 96m:11041 Zbl 0870.11026

[Hironaka 1999] Y. Hironaka, “Spherical functions and local densities on Hermitian forms”, J. Math.
Soc. Japan 51:3 (1999), 553-581. MR 2000c:11064 Zbl 0936.11024

[Ichino 2004] A. Ichino, “A regularized Siegel-Weil formula for unitary groups”, Math. Z. 247:2
(2004), 241-277. MR 2005g:11082 Zbl 1071.11022

[Ichino 2007] A. Ichino, “On the Siegel-Weil formula for unitary groups”, Math. Z. 255:4 (2007),
721-729. MR 2007m:11063 Zbl 1223.11056

[Karel 1979] M. L. Karel, “Functional equations of Whittaker functions on p-adic groups”, Amer. J.
Math. 101:6 (1979), 1303-1325. MR 81b:10021 Zbl 0427.22011

[Katz and Mazur 1985] N. M. Katz and B. Mazur, Arithmetic moduli of elliptic curves, Annals of
Mathematics Studies 108, Princeton University Press, 1985. MR 86i:11024 Zbl 0576.14026

[Kottwitz 1992] R. E. Kottwitz, “Points on some Shimura varieties over finite fields”, J. Amer. Math.
Soc. 5:2 (1992), 373-444. MR 93a:11053 Zbl 0796.14014

[Kudla 1997] S. S. Kudla, “Central derivatives of Eisenstein series and height pairings”, Ann. of
Math. (2) 146:3 (1997), 545-646. MR 99j:11047 Zbl 0990.11032

[Kudla 2002] S. S. Kudla, “Derivatives of Eisenstein series and generating functions for arithmetic
cycles”, pp. 341-368 in Séminaire Bourbaki, 1999/2000, Astérisque 276, Société Mathématique de
France, Paris, 2002. MR 2003a:11070 Zbl 1066.11026

[Kudla 2003] S. S. Kudla, “Modular forms and arithmetic geometry”, pp. 135-179 in Current de-
velopments in mathematics, 2002, edited by D. Jerison et al., Int. Press, Somerville, MA, 2003.
MR 2005d:11086 Zbl 1061.11020

[Kudla and Rallis 1994] S. S. Kudla and S. Rallis, “A regularized Siegel-Weil formula: the first
term identity”, Ann. of Math. (2) 140:1 (1994), 1-80. MR 95f:11036 Zbl 0818.11024

[Kudla and Rapoport 2011] S. Kudla and M. Rapoport, “Special cycles on unitary Shimura varieties,
I: Unramified local theory”, Invent. Math. 184:3 (2011), 629-682. MR 2800697 Zbl 05939410

[Kudla and Sweet 1997] S. S. Kudla and W. J. Sweet, Jr., “Degenerate principal series representa-
tions for U(n, n)”, Israel J. Math. 98 (1997), 253-306. MR 98h:22021 Zbl 0896.22007

[Kudla et al. 2006] S. S. Kudla, M. Rapoport, and T. Yang, Modular forms and special cycles on
Shimura curves, Annals of Mathematics Studies 161, Princeton University Press, 2006. MR 2007i:
11084 Zbl 1157.11027

[Lee 1994] S. T. Lee, “On some degenerate principal series representations of U(n, n)”, J. Funct.
Anal. 126:2 (1994), 305-366. MR 95j:22023 Zbl 0829.22026

[Li 1992] J.-S. Li, “Nonvanishing theorems for the cohomology of certain arithmetic quotients”, J.
Reine Angew. Math. 428 (1992), 177-217. MR 93e:11067 Zbl 0749.11032



1000 Yifeng Liu

[Liu2011] Y. Liu, “Arithmetic theta lifting and L-derivatives for unitary groups, I”’, Algebra Number
Theory 5 (2011), 849-921.

[Manin 1972] J. I. Manin, “Parabolic points and zeta functions of modular curves”, Izv. Akad. Nauk
SSSR Ser. Mat. 36 (1972), 19-66. In Russian; translated in Math. USSR-Izv. 6 (1972), 19-64. MR 47
#3396 Zbl 0243.14008

[Paul 1998] A. Paul, “Howe correspondence for real unitary groups”, J. Funct. Anal. 159:2 (1998),
384-431. MR 2000m:22016 Zbl 0924.22012

[Piatetski-Shapiro and Rallis 1987] I. Piatetski-Shapiro and S. Rallis, “Rankin triple L functions”,
Compositio Math. 64:1 (1987), 31-115. MR 89k:11037 Zbl 0637.10023

[Rallis 1987] S. Rallis, L-functions and the oscillator representation, Lecture Notes in Mathematics
1245, Springer, Berlin, 1987. MR 89b:11046 Zbl 0605.10016

[Rapoport and Zink 1996] M. Rapoport and T. Zink, Period spaces for p-divisible groups, Annals
of Mathematics Studies 141, Princeton University Press, 1996. MR 97f:14023 Zbl 0873.14039

[Soulé 1992] C. Soulé, Lectures on Arakelov geometry, Cambridge Stud. Adv. Math. 33, Cambridge
University Press, 1992. MR 94e:14031 Zbl 0812.14015

[Tan 1999] V. Tan, “Poles of Siegel Eisenstein series on U(n, n)”, Canad. J. Math. 51:1 (1999),
164-175. MR 2000e:11073 Zbl 0963.11028

[Wallach 1988] N. R. Wallach, “Lie algebra cohomology and holomorphic continuation of general-
ized Jacquet integrals”, pp. 123-151 in Representations of Lie groups (Kyoto, Hiroshima, 1986),
edited by K. Okamoto and T. Oshima, Adv. Stud. Pure Math. 14, Academic Press, Boston, MA,
1988. MR 91d:22014 Zbl 0714.17016

[Yuan et al. 2010] X. Yuan, S.-W. Zhang, and W. Zhang, “Triple product L-series and Gross—Schoen
cycles, I: Split case”, preprint, 2010, available at http://www.math.columbia.edu/~szhang/papers/
Triplelverl-6.pdf.

[Yuanetal. 2011] X. Yuan, S.-W. Zhang, and W. Zhang, “Gross—Zagier formula on Shimura curves”,
preprint, 2011, available at http://www.math.columbia.edu/~szhang/papers/GZSC-2011-8.pdf. To
appear in Ann. Math. Stud.

[Zhang 2001a] S. Zhang, “Heights of Heegner points on Shimura curves”, Ann. of Math. (2) 153:1
(2001), 27-147. MR 2002g:11081 Zbl 1036.11029

[Zhang 2001b] S.-W. Zhang, “Gross—Zagier formula for GL;”, Asian J. Math. 5:2 (2001), 183-290.
MR 2003k:11101 Zbl 1111.11030

[Zink 2001] T. Zink, “Windows for displays of p-divisible groups”, pp. 491-518 in Moduli of
abelian varieties (Texel Island, 1999), edited by C. Faber et al., Progr. Math. 195, Birkhduser,
Basel, 2001. MR 2002c:14073 Zbl 1099.14036

[Zink 2002] T. Zink, “The display of a formal p-divisible group”, pp. 127-248 in Cohomologies
p-adiques et applications arithmétiques, I, edited by P. Berthelot et al., Astérisque 278, Société
Mathématique de France, Paris, 2002. MR 2004b:14083 Zbl 1008.14008

Communicated by Richard Taylor
Received 2010-04-02 Revised 2010-10-20 Accepted 2010-10-21

liuyf@math.columbia.edu Department of Mathematics, Columbia University,
2990 Broadway, New York, NY 10027, United States

mathematical sciences publishers :'msp



Algebra & Number Theory

msp.berkeley.edu/ant

EDITORS

MANAGING EDITOR

Bjorn Poonen

Massachusetts Institute of Technology

Georgia Benkart
Dave Benson
Richard E. Borcherds
John H. Coates

J-L. Colliot-Thélene
Brian D. Conrad
Hélene Esnault
Hubert Flenner
Edward Frenkel
Andrew Granville
Joseph Gubeladze
Ehud Hrushovski
Craig Huneke
Mikhail Kapranov
Yujiro Kawamata
Janos Kollar

Yuri Manin

Barry Mazur
Philippe Michel

Susan Montgomery

Cambridge, USA

EDITORIAL BOARD CHAIR

David Eisenbud
University of California
Berkeley, USA

BOARD OF EDITORS

University of Wisconsin, Madison, USA
University of Aberdeen, Scotland
University of California, Berkeley, USA
University of Cambridge, UK

CNRS, Université Paris-Sud, France
University of Michigan, USA
Universitit Duisburg-Essen, Germany
Ruhr-Universitit, Germany

University of California, Berkeley, USA
Université de Montréal, Canada

San Francisco State University, USA
Hebrew University, Israel

University of Kansas, USA

Yale University, USA

University of Tokyo, Japan

Princeton University, USA
Northwestern University, USA

Harvard University, USA

Ecole Polytechnique Fédérale de Lausanne

University of Southern California, USA

Shigefumi Mori
Raman Parimala
Jonathan Pila
Victor Reiner

Karl Rubin

Peter Sarnak
Joseph H. Silverman
Michael Singer
Ronald Solomon
Vasudevan Srinivas
J. Toby Stafford
Bernd Sturmfels
Richard Taylor
Ravi Vakil

Michel van den Bergh

Marie-France Vignéras

Kei-Ichi Watanabe
Andrei Zelevinsky

Efim Zelmanov

PRODUCTION
contact@msp.org

Silvio Levy, Scientific Editor

RIMS, Kyoto University, Japan

Emory University, USA

University of Oxford, UK

University of Minnesota, USA
University of California, Irvine, USA
Princeton University, USA

Brown University, USA

North Carolina State University, USA
Ohio State University, USA

Tata Inst. of Fund. Research, India
University of Michigan, USA
University of California, Berkeley, USA
Harvard University, USA

Stanford University, USA

Hasselt University, Belgium

Université Paris VII, France

Nihon University, Japan

Northeastern University, USA
University of California, San Diego, USA

See inside back cover or www.jant.org for submission instructions.

The subscription price for 2011 is US $150/year for the electronic version, and $210/year (4 $35 shipping outside the US) for
print and electronic. Subscriptions, requests for back issues from the last three years and changes of subscribers address should
be sent to Mathematical Sciences Publishers, Department of Mathematics, University of California, Berkeley, CA 94720-3840,

USA.

Algebra & Number Theory (ISSN 1937-0652) at Mathematical Sciences Publishers, Department of Mathematics, University
of California, Berkeley, CA 94720-3840 is published continuously online. Periodical rate postage paid at Berkeley, CA 94704,
and additional mailing offices.

ANT peer review and production are managed by EditFLow® from Mathematical Sciences Publishers.

PUBLISHED BY

:I mathematical sciences publishers

http://msp.org/
A NON-PROFIT CORPORATION
Typeset in IATEX
Copyright ©2011 by Mathematical Sciences Publishers


http://dx.doi.org/10.2140/ant
mailto:contact@msp.org
http://dx.doi.org/10.2140/ant
http://msp.org
http://msp.org/

Algebra & Number Theory

Volume 5 No. 7 2011

Arithmetic theta lifting and L-derivatives for unitary groups, I 849
YIFENG L1U

Arithmetic theta lifting and L-derivatives for unitary groups, II 923
YIFENG LU

1)5:

1937-0652(201 7;1-A



	
	
	

