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ALGEBRA AND NUMBER THEORY 6:1(2012)

L-series of Artin stacks over finite fields

Shenghao Sun

We develop the notion of stratifiability in the context of derived categories and
the six operations for stacks. Then we reprove the Lefschetz trace formula for
stacks, and give the meromorphic continuation of L-series (in particular, zeta
functions) of [F,-stacks. We also give an upper bound for the weights of the
cohomology groups of stacks, and an “independence of ¢ result for a certain
class of quotient stacks.

1. Introduction

In topology there is the famous Lefschetz—Hopf trace formula, which roughly says
that if f : X — X is an endomorphism of a compact connected oriented space
X with isolated fixed points, then the number of fixed points of f, counted with
multiplicity, is equal to the alternating sum of the traces of f* on the singular
cohomology groups H' (X, Q).

There is also a trace formula in algebraic geometry, for schemes over finite
fields, due to Grothendieck. It says that if X is a scheme over [, separated and
of finite type, and F; is the g-geometric Frobenius map, then

2dim Xy

#Xo(F) = > (=) Tr(Fy, HI(X, Qy)),
i=0

where H!(X, Q) is the £-adic cohomology with compact support. In fact he
proved the trace formula for an arbitrary constructible sheaf, see [Grothendieck
1965, Verdier 1967, Deligne 1977].

Behrend conjectured the trace formula for smooth algebraic stacks over [, in
his thesis and [Behrend 1993], and proved it in [Behrend 2003]. However, he
used ordinary cohomology and arithmetic Frobenius (rather than compact support
cohomology and geometric Frobenius) to prove the “dual statement,” probably
because at that time the theory of dualizing complexes of algebraic stacks, as
well as compact support cohomology groups of stacks, were not developed. Later
Laszlo and Olsson [2008a; 2008b] developed the theory of the six operations for
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algebraic stacks, which makes it possible to reprove the trace formula, and remove
the smoothness assumption in Behrend’s result. Also we will work with a fixed
isomorphism of fields ¢ : @, = C, namely we will work with (-mixed complexes,
rather than mixed ones, and this is a more general setting (see Remark 2.8.1).

Once we have the trace formula, we get a factorization of the zeta function
into a possibly infinite product of L-factors, and from this one can deduce the
meromorphic continuation of the zeta functions, generalizing a result of Behrend
[1993, 3.2.4]. Furthermore, to locate the zeros and poles of the zeta functions, we
give a result on the weights of cohomology groups of stacks.

We briefly mention the technical issues. As pointed out in [Behrend 2003], a
big difference between schemes and stacks is the following. If

fIXO—>Y0

is a morphism of [ -schemes of finite type, and K¢ € Df (Xo, @), then f«Ko
and fiK( are also bounded complexes. Since often we are mainly interested in
the simplest case when Ky is a sheaf concentrated in degree O (for instance, the
constant sheaf @g), and Df is stable under f, and fi, it is enough to consider Dé’
only. But for a morphism

f:%— %Yy

of [,-algebraic stacks of finite type, fi and fi do not necessarily preserve bound-
edness. For instance, the cohomology ring H*(BG,,, Q) is the polynomial ring
@K[T] with deg(7T") = 2. So for stacks we have to consider unbounded complexes,
even if we are only interested in the constant sheaf Q. In order to define the trace of
the Frobenius on cohomology groups, we need to consider the convergence of the
complex series of the traces. This leads to the notion of an ¢-convergent complex
of sheaves (see Definition 4.1).

Another issue is the following. In the scheme case one considers bounded
complexes, and for any bounded complex Ky on a scheme Xy, there exists a
stratification of X that “trivializes the complex K (that is, the restrictions of all
cohomology sheaves ¥’ K to each stratum are lisse). But in the stack case we have
to consider unbounded complexes, and in general there might be no stratification
of the stack that trivializes every cohomology sheaf. This leads to the notion of
a stratifiable complex of sheaves (see Definition 3.1). We need the stratifiability
condition to control the dimensions of cohomology groups (see Lemma 3.10). All
bounded complexes are stratifiable by Lemma 3.4 (v).

Also we will have to impose the condition of :-mixedness, due to unbounded-
ness. For bounded complexes on schemes, the trace formula can be proved without
using this assumption, although the conjecture of Deligne [1980, 1.2.9] that all
sheaves are (-mixed is proved by Laurent Lafforgue, see Remark 2.8.1.
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We briefly introduce the main results of this paper.

Fixed point formula.

Theorem 1.1. Let ¥ be an Artin stack of finite type over [, and let [X((F,)] be
the set of isomorphism classes of the groupoid of [F,-points of ¥Xo. Then the series

> (1" Te(Fy, H (2. Q)

neZ
regarded as a complex series via (, is absolutely convergent, and its limit is “the
number of F,-points of X", namely

. 1
#%o(F,) = Z FAILE.
xe[%o(Fy)] a

Here F, denotes the g-geometric Frobenius. To generalize, one wants to impose
some condition (P) on complexes Ko € D (¥, (¢) such that:

(1) The condition (P) is preserved by f.
(2) If a complex Kj satisfies (P), then the “naive local terms” are well-defined.
(3) Trace formula holds in this case.

The condition (P) on Ky turns out to be a combination of three parts: ¢-conver-
gence (which implies (2) for Ky), (-mixedness and stratifiability (which, together
with the first part, implies (2) for f1Kg). See Theorem 4.2 for the general statement.
These conditions are due to Behrend [2003].

Meromorphic continuation. The rationality in Weil conjecture was first proved
by Dwork, namely the zeta function Z(Xo, t) of every variety X, over [, is a
rational function in ¢. Later, this was reproved using the fixed point formula
[Grothendieck 1965, Illusie 1977]. Following Behrend [1993, 3.2.3], we define
the zeta functions of stacks as follows.

Definition 1.2. For an [,-algebraic stack Xy of finite type, define the zeta function

A 1
Z(%o, 1) = exp (Z; > m)

v>1 )CE[%()([F(IU)J
as a formal power series in the variable t.

Notice that in general, the zeta function is not rational (see Section 7). Behrend
[1993,3.2.4, 3.2.5] proved that if % is a smooth algebraic stack, and it is a quotient
of an algebraic space by a linear algebraic group, then its zeta function Z (%, t) is a
meromorphic function in the complex ¢-plane; if & is a smooth Deligne-Mumford
stack, then Z (¥, t) is a rational function. These results can be generalized as
follows.
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Theorem 1.3. For every [,-algebraic stack Xy of finite type, its zeta function
Z(Xo, t) defines a meromorphic function in the whole complex t-plane. If g is
Deligne—Mumford, then Z(%y, t) is a rational function.

See Proposition 7.3.1 and Theorem 8.1 for the general statement.

A theorem of weights. One of the main results in [Deligne 1980] is that if X is
an [F,-scheme, separated and of finite type, and % is an (-mixed sheaf on X¢ of
punctual (-weights < w € R, then for every n, the punctual :-weights of H (X, %)
are < w + n. The cohomology groups are zero unless 0 < n <2dim Xg. We will
see in Remark 7.2.1 that the upper bound w + n for the punctual (-weights does
not work in general for algebraic stacks. We will give an upper bound that applies
to all algebraic stacks. Deligne’s upper bound of weights still applies to stacks for
which all the automorphism groups are affine.

Theorem 1.4. Let ¥y be an [,-algebraic stack of finite type, and let ¥ be an
t-mixed sheaf on Xy, with punctual t-weights < w, for some w € R. Then the
-weights of H! (¥, F) are < dim%¥ + 5 + w, and they are congruent mod Z to
weights that appear in Fg. If n > 2dim ¥y, then H! (¥, —) = 0 on sheaves. If for
all points x € X(F) in the support of F, the automorphism group schemes Auty are
affine, then the 1-weights of H! (¥, ¥) are <n+ w.

Organization. In Section 2 we review some preliminaries on derived categories
of £-adic sheaves on algebraic stacks over [, and (-mixed complexes, and show
that (-mixedness is stable under the six operations.

In Section 3 we develop the notion of stratifiable complexes in the context of
Laszlo and Olsson’s £-adic derived categories, and prove its stability under the six
operations.

In Section 4 we discuss convergent complexes, and show that they are preserved
by fi. In Section 5 we prove the trace formula for stacks. These two theorems
are stated and proved in [Behrend 2003] in terms of ordinary cohomology and
arithmetic Frobenius, and the proof we give here uses geometric Frobenius.

In Section 6 we discuss convergence of infinite products of formal power series,
which will be used in the proof of the meromorphic continuation. In Section 7 we
give some examples of zeta functions of stacks, and give the functional equation
of the zeta functions and independence of ¢ of Frobenius eigenvalues for proper
varieties with quotient singularities in Proposition 7.3.2.

In Section 8 and Section 9, we prove the meromorphic continuation and the
weight theorem respectively. Finally in Section 10 we discuss “independence of
£” for stacks, and prove Proposition 10.5 that for the quotient stack [ X/ G], where
X is a proper smooth variety and Gy is a linear algebraic group acting on Xy, the
Frobenius eigenvalues on its cohomology groups are independent of £.
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Notation and conventions.

1.5.1. We fix a prime power g = p“ and an algebraic closure [ of the finite field
[, with g elements. Let F or F, be the g-geometric Frobenius, namely the g-th
root automorphism on F. Let £ be a prime number, £ # p, and fix an isomorphism
of fields @, ——C. For simplicity, let |«| denote the complex absolute value |ic|,
for o € @{.

1.5.2. In this paper, by an Artin stack (or an algebraic stack) over a base scheme S,
we mean an S-algebraic stack in the sense of M. Artin [Laumon and Moret-Bailly
2000, 4.1] of finite type. When we want the more general setting of Artin stacks
locally of finite type, we will mention that explicitly.

1.5.3. Objects over [, will be denoted with an index (. For instance, & will denote
an [ -Artin stack; if F is a lisse-€tale sheaf (or more generally, a Weil sheaf 2.4)
on Xy, then F denotes its inverse image on & := ¥ Q¢ [F.

1.5.4. For a field k, let Gal k denote its absolute Galois group Gal(k**P/k). By a
variety over k we mean a separated reduced k-scheme of finite type. Let W ([F,) be
the Weil group qu of F,.

1.5.5. For a profinite group H, by Q,-representations of H we always mean finite-
dimensional continuous representations (see [Deligne 1980], 1.1.6), and denote by
Repg, H the category of such representations.

1.5.6. For a scheme X, we denote by | X| the set of its closed points. For a category
% we write [€] for the collection of isomorphism classes of objects in €. For
example, if v > 1 is an integer, then [¥y([F,v)] denotes the set of isomorphism
classes of [ v-points of the stack &o. This is a finite set.

For x € %o(F,v) we will write k(x) for the field F;». For an [ -scheme X
(always of finite type) and x € |Xy|, we denote by k(x) the residue field of x.
In both cases, let d(x) be the degree of the field extension [k(x) : F,], and let
N(x) = g™ = #k(x). Also in both cases let x : Spec F,» — %o (or Xo) be the
natural map (v = d(x)), although in the second case the map is defined only up to
an automorphism in Gal(k(x)/[F,). Given a Ko € D.(%X), Q) (see Section 2), the
pullback x* Ko € D.(Spec k(x), Q) =D, (Rep@( Gal k(x)) gives a complex Kx of
representations of Gal k(x), and we let F, be the geometric Frobenius generator
Faw of this group, called “the local Frobenius”.

1.5.7. Let V be a finite dimensional @;-vector space and ¢ an endomorphism of
V. For a function f : @, — C, we denote by Zv, o f () the sum of values of f
in o, with o ranging over all the eigenvalues of ¢ on V with multiplicities. For
instance, ZV,(p a="Tr(p, V).
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A 0 x O-matrix has trace 0 and determinant 1. For K € Df (@) and an endo-
morphism ¢ of K, we define, following Deligne [1977],

Tr(p, K) := Y _(=1)" Tr(H" (), H"(K)), and
neZ
det(l — gt, K) := [ [ det(1 — H"(p)t, H*(K)"V".
nezZ
For unbounded complexes K we use similar notations if the series (respectively
the infinite product) converges (converges term by term; see Definition 6.2).

1.5.8. Foramap f: X — Y and a sheaf & on Y, we sometimes write H" (X, &) for
H"(X, f*%). We write H"(X) for H" (¥, Q¢), and h" (¥, %) for dim H" (¥, %),
and similarly for H}(X) and Al (%, F).

1.5.9. For an [, -algebraic stack ¥ and a Weil complex K¢ on &y, by RI" (%o, Ko)
(respectively RI'. (%o, Ko)) we mean Ra, Ky (respectively Ra;Ky), where the mor-
phism a : ¥y — Spec [, is the structural map.

The derived functors Rfs, Rfi, Lf* and Rf' are usually abbreviated as f., fi,
f*and f'. But we reserve ®, #om and Hom for the ordinary sheaf tensor product,
sheaf Hom and Hom group, respectively, and use ®%, R¥om and RHom for their
derived functors.

2. Derived category of £-adic sheaves and mixedness

We briefly review the definition in [Laszlo and Olsson 2008a; 2008b] for derived
category of ¢-adic sheaves on stacks. Then we show that -mixedness is stable un-
der the six operations. As a consequence of Lafforgue’s result from Remark 2.8.1,
this is automatic, but we still want to give a much more elementary argument.
The proof works for mixed complexes as well, see Remark 2.12. One can also
generalize the structure theorem of (-mixed sheaves in [Deligne 1980] to algebraic
stacks as in Remark 2.7.1.

2.1. Let A be a complete discrete valuation ring with maximal ideal m and residual
characteristic £. Let A, = A/m"*!, and let A, be the pro-ring (A,),. We take the
base scheme S to be a scheme that satisfies the following condition:

(LO): S is noetherian, affine, excellent, finite-dimensional, in which £ is invert-
ible, and all S-schemes of finite type have finite £-cohomological dimension.

We denote by &, %, ... Artin stacks locally of finite type over S.

Consider the ringed topos A = A(X) := Mod(%ﬁs_ét, A,) of projective systems
(M), of Ab(¥yis-¢t) such that M, is a A,-module for each n, and the transition
maps are A-linear. An object M € o is said to be AR-null, if there exists an integer

r > 0 such that for every integer n, the composed map M, , — M, is the zero
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map. A complex K in o is called AR-null, if all cohomology systems %' (K) are
AR-null; it is called almost AR-null, if for every U in Lis-ét(¥) (assumed to be of
finite type over S), the restriction of %' (K) to Et(U) is AR-null. Let %(s{) be the
ordinary derived category of &{. See [Laumon and Moret-Bailly 2000, 18.1.4] for
the definition of constructible sheaves on &js.¢.

Definition 2.2. An object M = (M,,),, € A is adic if all the M,,’s are constructible,
and for every n, the natural map

An ®An+1 Mn+1 - Mn

is an isomorphism. It is called almost adic if all the M,,’s are constructible, and
for every object U in Lis-ét(X), the restriction M|y is AR-adic, that is, there exists
an adic Ny € Mod(Ue[\:‘, A,) and a morphism Ny — M|y with AR-null kernel and
cokernel.

A complex K in sl is a A-complex if %' (K) € si are almost adic for all i. Let
D (A) be the full triangulated subcategory of () consisting of L-complexes, and
let D.(X, A) be the quotient of 9.(d) by the thick full subcategory of those which
are almost AR-null. This is called the derived category of A-adic sheaves on ¥.

Remark 2.2.1. (i) D.(¥, A) is a triangulated category with a natural ¢-structure,
and its heart is the quotient of the category of almost adic systems in & by the thick
full subcategory of almost AR-null systems. One can use this ¢-structure to define
the subcategories DZ (%, A) for f ==, b.

If%/S is of finite type (in particular, quasi-compact), it is clear that K € Do (A)
is AR-null if it is almost AR-null. Also if M € o is almost adic, the adic system
Ny and the map Ny — M|y in the definition above are unique up to unique
isomorphism, for each U, so by [Laumon and Moret-Bailly 2000, 12.2.1] they
give an adic system N of Cartesian sheaves on %Xjis¢, and an AR-isomorphism
N — M. This shows that an almost adic system is AR-adic, and it is clear [Illusie
1977, p. 234] that the natural functor

A-Sh(X) — heart D (%, A)

is an equivalence of categories, where A-Sh(%) denotes the category of A-adic (in
particular, constructible) systems.

(i) D.(%, A) is different from the ordinary derived category of Mod(¥jis.¢t, AA)
with constructible cohomology; the latter can be denoted by %.(¥, A). Here
Mod(is¢t, A) denotes the abelian category of Ag-modules, not adic sheaves
A-Sh(%).

(iii)) When § = Speck for k a finite field or an algebraically closed field, and
& = X is a separated S-scheme, [Laszlo and Olsson 2008b, 3.1.6] gives a natural
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equivalence of triangulated categories between D?(X, A) and Deligne’s definition
@2(X, A) in [Deligne 1980, 1.1.2].

23. Letmw %hs & — Xlis¢ be the morphism of topoi where 7! takes a sheaf
F to the constant projective system (F),, and m, takes a projective system to the
inverse limit. This morphism induces a morphism of ringed topoi

(0%, 74) © (HR s Ae) = iissts A).

The functor R, : D () — D(X, A) vanishes on almost AR-null objects [Laszlo
and Olsson 2008b, 2.2.2], hence factors through D.(¥, A). In [ibid., 3.0.8], the
normalization functor is defined to be

K> K := Lt*Rm,K : D(%, A) — D(sA).

This functor plays an important role in defining the six operations (ibid.). For
instance:

eFor FeD_ (¥, A)and G € DZF(%, A), R¥om(F, G) is defined to be the image
of R¥omp (F,G)in D.(%, A).

e For F, G e D; (96 A), the derived tensor product F ®* G is defined to be the
image of F ®A

 For a morphism f: %€ — Y and F € DI (%, A), the derived direct image f.F is
defined to be the image of fNF

Let E; be a finite extension of Q; with ring of integers 0,. Following Laszlo
and Olsson [2008b] we define D (¥, E,) to be the quotient of D (¥, 0,) by the
full subcategory consisting of complexes K such that, for every integer i, there
exists an integer n; > 1 such that %¢' (K) is annihilated by A". Then we define

D (%, Q) = 2-colimg, D.(¥, E,),

where E; ranges over all finite subextensions of @g /Qy, and the transition functors
are

E)\’ Q@E;L - DC(%v E)») - Dc’(%a E)\./)
for E;, C E;/.

2.4. From now on in this section, § = Spec [F,. We recall some notions of weights
and mixedness from [Deligne 1980], generalized to [, -algebraic stacks.

2.4.1. Frobenius endomorphism. For an [,-scheme X, let Fy, : Xo — Xq be
the morphism that is identity on the underlying topological space and g-th power
on the structure sheaf Oy ; this is an [,-morphism. Let F : X — X be the induced
F-morphism Fx, xidf on X = Xo QF.
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By functoriality of the maps Fy,, we can extend it to stacks. For an [, -algebraic
stack %o, define Fy, : o — X to be such that for every F,-scheme X, the map

Fyy(Xo) : Xo(Xo) = Xo(X0)

sends x to x o Fx,. We also define Fy : X — & to be Fy, x idr. This morphism
is a universal homeomorphism, hence Fy and Fy, are quasi-inverse to each other,
and F; ~ Fj, Fy. >~ Fy.

2.4.2. Weil complexes. A Weil complex Kq on & is a pair (K, ¢), where K is in
De(%, Q) and ¢ : FyK — K is an isomorphism. A morphism of Weil complexes
on & is a morphism of complexes on ¥ commuting with ¢. We also call K¢ a Weil
sheaf if K is a sheaf. Let W (%X, Qy) be the category of Weil complexes on &j; it
is a triangulated category with the standard #-structure, and its core is the category
of Weil sheaves. There is a natural fully faithful triangulated functor

D (%o, Qp) — W (%o, Qp).

The usual six operations are well-defined on Weil complexes.

» Verdier duality. The Weil complex structure on DK is given by the inverse of
the isomorphism

DyK 2% DyFiK —> FiDyK.

o Tensor product. Let K and L be two Weil complexes such that K ®% L (which
is K ® L since they are of (Qy-coefficients) is constructible. This is the case when
they are both bounded above. The Weil complex structure on K ® L is given by

FiK®L)—> FIKQ@FiL 2%, KkQL.

e Pullback. This is clear:
Fif'K = f*FiK L% K.
Here f : %o — Yy is an [, -morphism and (K, ¢) is a Weil complex on %Y.

« Pushforward. Let f : ¥y — Yy and Ko € WT (%o, Q¢). The Weil complex
structure on f, K is given by

FfK — fiF5K L% fK,
where the first arrow is an isomorphism, because it is adjoint to
S+ K — Foy*f*FiK = f*F%*FiK

obtained by applying f; to the adjunction morphism K — Fy, F; K, which is an
isomorphism.
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o The remaining cases f', f; and R¥om follow from the previous cases.

In this article, when discussing stacks over [F,, by a “sheaf” or “complex of
sheaves,” we usually mean a “Weil sheaf” or “Weil complex,” whereas a “lisse-
étale sheaf or complex” will be an ordinary constructible Q,-sheaf or complex on
the lisse-étale site of &p.

For x € ¥o(F,v), it is a fixed point of Fy, hence there is a “local Frobenius
automorphism” F), : Kx — Kx for every Weil complex Ky, defined to be

Kz~ Kp,0 = (FiK)y - K.

2.4.3. (-Weights and :-mixedness. Recall that ¢ is a fixed isomorphism Q; — C.
For o € @Z, let wy (o) := 2log, |wx], called the -weight of « relative to . For a
real number 8, a sheaf Fg on ¥ is said to be punctually i-pure of weight B, if for
every integer v > 1 and every x € €y(F,v), and every eigenvalue o of F, acting on
Fx, we have wy ) () = B. We say F is t-mixed if it has a finite filtration with
successive quotients punctually ¢-pure, and the weights of these quotients are called
the punctual (-weights of Fg. A complex Ko € W (&), @g) is said to be (-mixed
if all the cohomology sheaves % K are (-mixed. Let W,, (%o, Q;) (respectively
D, (%o, Qp)) be the full subcategory of -mixed complexes in W (%o, Q¢) (respec-
tively De(%o, Qp)).

One can also define punctually pure sheaves, mixed sheaves and mixed com-
plexes for algebraic stacks.

2.4.4. Twists. For b e @Z, let @E,b) be the Weil sheaf on Spec [, of rank one, where
F acts by multiplication by b. This is an étale sheaf if and only if b is an £-adic unit
[Deligne 1980, 1.2.7]. For an algebraic stack ¥y/[F,, we also denote by @zb) the
inverse image on & of the above Weil sheaf via the structural map. If & JPO is a sheaf
on ¥, we denote by @ the tensor product F ®@ ¢ s and say that % ) is deduced
from %\ by a generalized Tate twist. Note that the operation F( — 9?(17) adds the
). We
denote by (d) the operation (d)[2d] on complexes of sheaves, where [2d] means
shifting 2d to the left. Note that (-mixedness is stable under the operation (d).

weights by w,(b). For an integer d, the usual Tate twist @( (d) is @z

Lemma 2.5. Let X be an [F,-algebraic stack.

(1) If F¢ is an t-mixed sheaf on Xy, then so is every subquotient of .

(i) If 0 = F\) — Fo — F; — 0 is an exact sequence of sheaves on o, and F,,
and @6’ are -mixed, then so is Fy.

(iii) The full subcategory W, (%o, Q¢) (respectively D,, (%o, Q¢)) of W (%o, Qp)
(respectively D.(Xy, Qy)) is a triangulated subcategory with induced standard t-
structure.
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(iv) If f is a morphism of [,-algebraic stacks, then f* on complexes of sheaves
preserves t-mixedness.

W If j : Up — Xy is an open immersion and i : %o — X is its complement, then
Ko € W%y, Qy) is t-mixed if and only if j* K¢y and i* K are t-mixed.

Proof. (1) If &g is punctually ¢-pure of weight 8, then so is every subquotient of it.
Now suppose Fj is (-mixed and %, is a subsheaf of %(. Let W be a finite filtration

0C---CFy ' CcFyc---CFo

of F( such that GriW Fo:=F o/ 9?6 is punctually ¢-pure for every i. Let W’ be the
induced filtration W N &, of 96. Then Gr!” % is the image of

Fy N Fy C Fy — Gr¥ Fo,
so it is punctually t-pure. Let F; = Fo/%(, be a quotient of Fy, and let W” be the
induced filtration of %, namely (F})" := F,/(F} N F,). Then
Gt F) = F /(F T+ FINF),

1

which is a quotient of 9?6 / 9«*6*1 = Ger %o, so it is punctually ¢-pure. Hence every
subquotient of ¥ is (-mixed.

(ii) Let W' and W" be finite filtrations of %, and % respectively, such that Gr!” / F
and Griw ! %, are punctually ¢-pure for every i. Then W’ can be regarded as a finite
filtration of % such that every member of the filtration is contained in %, and W”
can be regarded as a finite filtration of %( such that every member contains ;.
Putting these two filtrations together, we get the desired filtration for &.

(iii) Being a triangulated subcategory means [Deligne 1977, p. 271] that if the
sequence K) — Ko — K;j — K([1] is an exact triangle in W (%o, Qy), and two of
the three complexes are (-mixed, then so is the third. By the rotation axiom of a
triangulated category, we can assume K and K are :-mixed. We have the exact
sequence

—> H'"K)— H'Kyg — H'K] —> -+ -,

and by (i) and (ii) we see that %" Ky is ¢-mixed.
W (X, Q) has the induced #-structure because if K is (-mixed, then its trun-
cations t<, Ko and 7>, K are (-mixed.

(iv) On sheaves, f* preserves stalks, so it is exact and preserves punctual ¢-purity
on sheaves. Let f : Xy — Yy. Given an -mixed sheaf Fgy on Yy, let W be
a finite filtration of %, such that each GrW 9?0 is punctually ¢-pure. Then f*W
gives a finite filtration of f*%( and each Gr f *Fo= f* Ger %o is punctually
t-pure. So the sheaf f*% is (-mixed. For an (-mixed complex Ky on ¥, note that
H"(f*Ko) = f*H"(Kp), hence f*Kj is (-mixed.
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(v) One direction follows from (iv). For the other direction, note that ji and i,
are exact and preserve punctual (-purity on sheaves. If &g is an (-mixed sheaf on
WUg, with a finite filtration W such that each GrW @0 is punctually ¢-pure, then for
the induced filtration jiW of j %, we see that Gr J1%F0 = Ji GrW o is punctu-
ally t-pure, so jiF is t-mixed. For an (-mixed complex Ko on Uy, we use that
#H"(j1Kog) = j#H"*(Kp). Similarly i, also preserves (-mixedness on complexes.
Finally the result follows from (iii) and the exact triangle

jgj*K0—>K0—>i*i*K0—>. O

To show that -mixedness is stable under the six operations, we need to show that
t-mixedness of complexes on stacks can be checked locally on their presentations.
To descend a filtration on a presentation to the stack, we generalize the structure
theorem of (-mixed sheaves to algebraic spaces. Recall the following theorem of
Deligne [1980, 3.4.1].

Theorem 2.6. Let F be an t-mixed sheaf on a scheme X over [F,.

(i) Fo has a unique decomposition Fo = P p /z Fo(b), called the decomposition
according to the weights mod Z, such that the punctual 1-weights of Fo(b) are
all in the coset b. This decomposition, in which almost all the Fo(b) are zero, is
functorial in &Fo. Note that each Fo(b) is deduced by twist from an t-mixed sheaf
with integer punctual weights.

(i1) If the punctual weights of % are integers and F is lisse, Fo has a unique
finite increasing filtration W by lisse subsheaves, called the filtration by punctual
weights, such that GriW Fo is punctually t-pure of weight i. This filtration is functo-
rial in Fo. More precisely, any morphism between 1-mixed lisse sheaves of integer
punctual weights is strictly compatible with their filtrations by punctual weights.

(iii) If g is lisse and punctually 1-pure, and X is normal, then the sheaf & on X
is semisimple.

Remark 2.6.1. (i) If € is an abelian category and 9 is an abelian full subcategory
of €, and C is an object in 9, then every direct summand of C in € lies in % (or
isomorphic to some object in %). This is because the kernel of the composition

AEBB A%AGBB

is B. So direct summands of a lisse sheaf are lisse. If &g in Theorem 2.6 (i) is
lisse, then each % (b) is lisse.

(ii) If the @;-sheaf F is defined over some finite subextension E; of Q, /Qy, then
its decomposition in Theorem 2.6 (i) and filtration in Theorem 2.6 (ii) are defined
over E;. This is because the E;-action commutes with the Galois action.
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(iii) Deligne [1980] made the assumption that all schemes are separated, at least
in order to use Nagata compactification to define f;. After the work of Laszlo
and Olsson [2008a, 2008b], one can remove this assumption, and many results in
[Deligne 1980], for instance this one and (3.3.1), remain valid. For [Deligne 1980,
3.4.1] one can take a cover of a not necessarily separated scheme X, by open
affines (which are separated), and use the functoriality to glue the decomposition
or filtration on intersections.

Lemma 2.7. Let X be an [,-algebraic space, and % an 1-mixed sheaf on Xy.

(i) Fo has a unique decomposition Fy = P, /7 Fo(b), the decomposition ac-
cording to the weights mod Z, with the same property as in Theorem 2.6 (i). This
decomposition is functorial in .

(i1) If the punctual t-weights of Fo are integers and Fy is lisse, Fo has a unique
finite increasing filtration W by lisse subsheaves, called the filtration by punctual
weights, with the same property as in Theorem 2.6 (ii). This filtration is functorial
in F.

Proof. Let P : X 6 — X be an étale presentation, and let @6 = P*%, which is also
t-mixed by Lemma 2.5 (iv). Let Xg be the fiber product

" __ vy / Pl /
X[ = X} xx, X)) — X))

ST

X6 Xo.

Then X is an [, -scheme of finite type.

(i) Applying Theorem 2.6 (i) to &, we get a decomposition F(, = P,cg,z F(b).
For j =1, 2, applying p;‘f we get a decomposition

PiFo= @ pjF®.
beR/Z

Since p;f preserves weights, by the uniqueness in Theorem 2.6 (i), this decom-
position is the decomposition of pjf@{) according to the weights mod Z. By the
functoriality in Theorem 2.6 (i), the canonical isomorphism . : p{ %, — p;%, takes
the form &, /7 b, Where pp : Py F,(b) — p3%F (D) is an isomorphism satisfying
cocycle condition as p does. Therefore the decomposition Fy = P e,z Fo(b)
descends to a decomposition Fy = P, Y Fo(b). We still need to show each
direct summand % (b) is t-mixed.

Fix a coset b and consider the summand %y (b). Twisting it appropriately, we
can assume that its inverse image % () is (-mixed with integer punctual (-weights.
By Lemma 2.5 (v) and noetherian induction, we can shrink Xo to a nonempty
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open subspace and assume F(b) is lisse. Then % (b) is also lisse, and applying
Theorem 2.6 (ii) we get a finite increasing filtration W’ of %6 (b) by lisse subsheaves
@6([9)", such that each Ger / F (D) is punctually ¢-pure of weight i. Pulling back
this filtration via p;, we get a finite increasing filtration p}‘f W’ of p*t%F(b), and

. J
simce

)%W/ !
Gr,'" piFy(b) = pi Gt} Fy(b)

is punctually (-pure of weight i, it is the filtration by punctual weights given by
Theorem 2.6 (ii), hence it is functorial. It follows that the canonical isomorphism
i : piFo(b) > p5F,(b) maps ptF(b)" isomorphically onto p3%F(b)’, satisfying
cocycle condition. Therefore the filtration W’ of @6(19) descends to a filtration W of
Fo(b), and P* Ger Fo(b) = Ger ' 9?6 (b) is punctually ¢-pure of weight i. Note that
P is surjective, so every point x € Xo([F,») can be lifted to a point x" € X (Fyn
after some base extension [y of Fyo. This shows Ger Fo(b) is punctually ¢-
pure of weight i, therefore F((b) is t-mixed. This proves the existence of the
decomposition in (i).

For uniqueness, let %y = P @o(b) be another decomposition with the desired
property. Then their restrictions to X|, are both equal to the decomposition of %,
which is unique Theorem 2.6 (i), so they are both obtained by descending this
decomposition, and so they are isomorphic, that is, for every coset b there exists
an isomorphism making the diagram commute:

~

Fo(b) Fo(b)

e

Fo.

For functoriality, let 99 = € 9o (b) be another (-mixed sheaf with decomposition
on X, and let ¢ : Fy — 9y be a morphism of sheaves. Pulling ¢ back via P we
get a morphism ¢’ : ¥ — 9 on X, and the diagram

M,

0
Pi%y p>%
pie l l 237
/ /
1% p2%

commutes. By Theorem 2.6 (i) ¢" =€ ¢’ (b) for morphisms ¢’ (b) : F(,(b) — 4;(b),
and the diagram
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can

piF,(b) 3%, (b)
pie’ l l P9’
P19, (b) P5%,(b)

can

commutes for each b. It follows that the morphisms ¢’(b) descend to morphisms
@(b) : Fo(b) — Gy(b) such that o = P ¢(b).

(ii) The proof is similar to part (i). Applying Theorem 2.6 (ii) to %, on X, we get a
finite increasing filtration W’ of % by lisse subsheaves @g with desired property.
Pulling back this filtration via p; : X[ — X we get the filtration by punctual
weights of p}‘@é. By functoriality in Theorem 2.6 (ii), the canonical isomorphism
Wi piFy — piF, maps pi%; isomorphically onto p;% satisfying cocycle con-
dition, therefore the filtration W’ descends to a finite increasing filtration W of %
by certain subsheaves 9?6. By Olsson [2007, 9.1] they are lisse subsheaves.

For uniqueness, if W is another filtration of %, by certain subsheaves @6 with
desired property, then their restrictions to X, are both equal to the filtration W' by
punctual weights, which is unique Theorem 2.6 (ii), so they are both obtained by
descending this filtration W', and therefore they are isomorphic.

For functoriality, let %y be another lisse (-mixed sheaf with integer punctual (-
weights, and let V be its filtration by punctual weights, and let ¢ : F¢y — j be a
morphism. Pulling ¢ back via P we get a morphism ¢’ : F;, — 4, on X{,, and the
diagram

*ap/ *gp/
P10 Py
pTw’l lpi‘(p/
*(g/ *(_g/
Proo = 7 P2

commutes. By Theorem 2.6 (ii) we have (p’(?ﬁg) C %g , and the diagram

g

. 0 .

* g/l *gp/l
P 20
p’fw’l lp’;w/
*(g/i *(g/i
Pido T g, P2

commutes for each i. Let ¢" : 98 — f@g be the restriction of ¢’. Then they descend
to morphisms ¢’ : &) — 4, which are restrictions of ¢. O

Remark 2.7.1. One can prove a similar structure theorem of (-mixed sheaves on
algebraic stacks over F,: the proof of Lemma 2.7 carries over verbatim to the
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case of algebraic stacks, except that for a presentation X, — &y, the fiber product
X =X, X%, X(, may not be a scheme, so we use the case for algebraic spaces and
replace every ‘“2.6” in the proof by “2.7”. It turns out that Theorem 2.6 (iii) also
holds for algebraic stacks, as a consequence of the proof of Theorem 1.4. As we
will not use these results in this paper, we do not give the proof in detail here, but
refer to [Sun 2012, 2.1].

Proposition 2.8. Let Xy be an [ -algebraic stack, and let P : Xo — %o be a
presentation (that is, a smooth surjection with Xo a scheme). Then a complex
Ko € W%y, Qp) is t-mixed if and only if P*K (respectively P'Ky) is t-mixed.

Proof. We consider P*K first. The “only if” part follows from Lemma 2.5 (iv).
For the “if” part, since P* is exact on sheaves and so ' (P*K() = P*¥' (K,), we
reduce to the case when Ky = % is a sheaf. So we assume the sheaf 9?/0 = P*%y
on Xy is t-mixed, and want to show % is also ¢-mixed. The proof is similar to the
argument in Lemma 2.7.

Let X{ be the fiber product

P1
Xg = XO X% X() —_—> X()

g |’

Xo %o.

Then X is an algebraic space of finite type. Applying Theorem 2.6 (i) to F; we
get a decomposition F, = Pjer/z Fo(b). For j = 1,2, applying p} we get a
decomposition
Pi%F, = P piF®),
beR/Z

which is the decomposition of p}‘@é according to the weights mod Z. By the
functoriality in Lemma 2.7 (i), the canonical isomorphism u : p{%( — p3 %, takes
the form P, g,z b, Where wp, : pyF(b) — p53%F((b) is an isomorphism satis-
fying cocycle condition as u does. Therefore the decomposition of % descends
to a decomposition Fy = EBbeR /Z Fo(b). The t-weights of the local Frobenius
eigenvalues of J((b) at each point of &y are in the coset b. Next we show that
Fo(b)’s are (-mixed.

Replacing ¥ by a direct summand J((b) and then twisting it appropriately, we
may assume its inverse image % is (-mixed with integer punctual t-weights. By
Lemma 2.5 (v) we can shrink & to a nonempty open substack and assume %y is
lisse. Then %j, is also lisse, and applying Theorem 2.6 (ii) we get a finite increasing
filtration W’ of & by lisse subsheaves %/, such that each Gr}” / %, is punctually
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t-pure of weight i. Pulling back this filtration via p;, we get a finite increasing

filtration p7 W’ of p;f@{), and since

*

ij/ *agp! __ * W/ ai!
Gr,” p;Fy=p;Gr;" %

is punctually ¢-pure of weight i, it is the filtration by punctual weights given by
Lemma 2.7 (ii). By functoriality, the canonical isomorphism w : p{%, — p3%;
maps pi“%g isomorphically onto p%‘@g, satisfying cocycle condition. Therefore
the filtration W’ of % descends to a filtration W of %, and P* Ger Fo = GriW ' F
is punctually ¢-pure of weight i. Since 7 is surjective, GriW %o is also punctually
t-pure of weight i, therefore % is (-mixed.

Next we consider P'K(. We know that P is smooth of relative dimension d, for
some function d : 79(X9) — N. Let Xg be a connected component of X. Since
1o (Xp) 1s finite, X8 is both open and closed in X, so

£:x0-L xo 5w,

is smooth of relative dimension d (Xg). Then P*K is t-mixed if and only if
f*Kog= j*P*Kj is -mixed for the inclusion j of every connected component,
if and only if f'Ko= f*Ko(d(X})) is t-mixed, if and only if P'K is (-mixed,
: l_ i'pl_ :xp!

since f'=j P = j*P". ]

Remark 2.8.1. As a consequence of Lafforgue’s theorem on the Langlands cor-
respondence for function fields and a Ramanujan—Petersson type of result, one
deduces that all complexes on any [,-algebraic stack is (-mixed, for any . To
see this, by Proposition 2.8 and Lemma 2.5 (ii,v), we reduce to the case of an
irreducible lisse sheaf on a smooth (in particular, normal) [,-scheme. By [Deligne
1980, 1.3.6] we reduce to the case where the determinant of the lisse sheaf has
finite order, and Lafforgue’s result [Laumon 2002, 1.3] applies. In the following,
when we want to emphasize the assumption of (-mixedness, we will still write
Wi (%0, Q¢)”, although it equals the full category W (%o, Q¢).

Next we show the stability of (-mixedness, first for a few operations on com-
plexes on algebraic spaces, and then for all the six operations on stacks. Denote
by Dy, or just D the dualizing functor R¥om(—, Ky,), where Ky, is a dualizing
complex on & [Laszlo and Olsson 2008b, §7].

2.9. Recall [Kiehl and Weissauer 2001, II 12.2] that, for [,-schemes and bounded
complexes of sheaves on them, the operations fy, fi, f*, f', D and — ®% — all
preserve (-mixedness. Since we are working with Q,-coefficients, L =Q.

Lemma 2.10. Let f : Xo — Yo be a morphism of F,-algebraic spaces. Then the
operations — @ —, Dx,, fi and f all preserve i-mixedness, namely, they induce
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functors
—®—: W, (X0, Q) x W,, (X0, Qp) —> W,, (X0, Qy),
D: W, (Xo, Qp) — W, (Xo, @),
fi: W (Xo, Qo) — W, (Yo, Qy),
fi: Wiy (X0, Q) —> W, (Yo, Qo).
Proof. We will reduce to the case of unbounded complexes on schemes, and then

prove the scheme case. Let P : X{; — X be an étale presentation.
Reduction for ®. For objects Ko and Lo in W, (X, Qy), we have that

P*(Ko® Lo) = (P*Ko) ® (P*Lo),

and the reduction follows from Proposition 2.8.

Reduction for D. For Ko € W,,(Xo, Q;), we have P*DKy = DP'Kj, so the
reduction follows from Proposition 2.8.

Reduction for f, and fi. By definition [Laszlo and Olsson 2008b, 9.1] we have
f« = DfiD, so it suffices to prove the case for fi. Let Ko € W, (Xo, Qy), and let
P':Yj— Ypand X, — X xy, ¥, be étale presentations:

8

Xy —— Xo)yy —— Y

RN

Xo Yo.

By smooth base change [Laszlo and Olsson 2008b, 12.1] we get P™* fiKo= f,h*Kj.
Replacing f by f’ we can assume Yy is a scheme. Let j : Uy — X/ be an open
dense subscheme [Knutson 1971, II 6.7], with complement i : Zg — X(. Applying
J1 to the exact triangle

j!j*K() — Ko — l*l*Ko —

we get
(finj*Ko— fiKo — (fi)i*Ko —>

By Lemma 2.5 (iii) and noetherian induction, we can replace X by Uy, and reduce
to the case where f is a morphism between schemes.

This finishes the reduction to the case of unbounded complexes on schemes, and
now we prove this case.

For the Verdier dual Dy,, since the dualizing complex Ky, has finite quasi-
injective dimension, for every Ko € W, (Xo, @g} and every integer i, there exist
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integers a and b such that
9" (Dx, Ko) 2= %' (Dx, Tfa.51 Ko),

and by 2.9, we see that Dy, K is t-mixed.
Next we prove the case of ®. For Ko and Lo € W, (Xo, Q¢), we have

W (Ko® Loy = P ¥ (Ko) ® %/ (Lo).
i+j=r
The result follows from 2.9.
Finally we prove the case of f, and fi. Let K¢ € W,:{ (Xp, @¢). Then we have
the spectral sequence
Ej = R f.(% Ko) => R™ f, K,

and the result follows from 2.9 and Lemma 2.5 (i,ii). The case for fi = Df. D also
follows. O

Finally we prove the main result of this section. This generalizes [Behrend 2003,
6.3.7].

Theorem 2.11. Let [ : %oy — Yo be a morphism of F,-algebraic stacks. Then the
operations f., fi, f*, f', Dg,, —® — and R¥om(—, —) all preserve i-mixedness,
namely, they induce functors

fo 2 W (%o, Qo) — W,F (Yo, Q). fi Wy (%o, Qo) — W, (Yo, Q).

W, Mo, @) — W, (%0, Qo), [ W, (Yo, Q) —> W, (%o, Qy),

R¥tom(—, =) : W, (%o, Qo) x W,! (%o, Qp) —> W,} (%o, Qo).
® : W, (%o, Qo) x W, (%o, Qr) — W, (%0, Qo).
D : W (%0, Qp) —> Wi (%o, Q).
Proof. Recall from [Laszlo and Olsson 2008b, 9.1] that we have f,:= Df,D and
f':=Df*D. By [ibid., 6.0.12,7.3.1], for Ko € W~ (%9, Q;) and Lo € W (%o, Q;),
we have
D(Ky® DLy) = R¥#om(Ko® DLy, Kggo) = R¥Hom (K, R¥#om (D Ly, K%o))
= R%Om(Ko, DDL()) = R%Om(Ko, Lo).

Therefore it suffices to prove the result for f,, f*, D and — ® —. The case of f*
is proved in Lemma 2.5 (iv).

For D: Let P : Xo — % be a presentation. Since P*D = D P', the result follows
from Proposition 2.8 and Lemma 2.10.

For ®: Since we have P*(Ko® Ly) = P*Ky® P*L, the result follows from
Proposition 2.8 and Lemma 2.10.
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For f, and f;: We will start with f;, in order to use smooth base change to reduce
to the case when ¥y is a scheme, and then turn to f in order to use cohomological
descent.

Let Ko € W, (%o, @g), and let P : Yo — Yg be a presentation and the following
diagram be 2-Cartesian:

74

(%O)YO - YO

| |

%o Yo

We have [ibid., 12.1] that P* fiK( = f; P"*Kj, so by 2.8 we can assume Yo = Y
is a scheme.

Now we switch to fi, where f : %y — Yo, and Ko € W5 (%o, Q). Let X0 — %o
be a presentation. Then it gives a strictly simplicial smooth hypercover X o of ¥:

Xon = Xo Xg, - -+ X, Xo,

n+1 factors

where each X , is an [F,-algebraic space of finite type. Let f, : Xo, — Yo be the
restriction of f to Xo,. Then we have the spectral sequence [Laszlo and Olsson
2008b, 10.0.9]

EY = R’ fi(Kolx,,) = R f.Ko.

Since f;’s are morphisms of algebraic spaces, the result follows from Lemma 2.10
and Lemma 2.5 (i, ii). U

Remark 2.12. In fact, we can take the dualizing complex Ky, to be mixed, and
results in this section hold (and can be proved verbatim) for mixed complexes. In
particular, mixedness is preserved by the six operations and the Verdier dualizing
functor for stacks (if we take a mixed dualizing complex).

3. Stratifiable complexes

In this section, we use the same notations and hypotheses in 2.1. For the purpose
of this article, it suffices to take S to be Spec k for an algebraically closed field &
of characteristic not equal to £, but we want to work in the general setting (namely,
that of any scheme that satisfies (LO)) for future applications; for instance, when
proving the generic base change. Let &, %, ... be S-algebraic stacks of finite type.
By “sheaves” we mean “lisse-étale sheaves”. “Locally constant constructible” is
abbreviated as “lcc”. A stratification ¥ of an S-algebraic stack & is a finite set of
disjoint locally closed substacks that cover &. If % is alcc (A, )g-module, a decom-
position series of F is a filtration by lcc Ag-subsheaves, such that the successive
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quotients are simple Ag-modules. Note that the filtration is always finite, and
the simple successive quotients, which are (Ag)e-modules, are independent (up
to order) of the decomposition series chosen. They are called the Jordan—Holder
components of F.

Definition 3.1. (i) A complex K = (K,,), € 9D.(A) is said to be stratifiable if there
exists a pair (¥, L), where ¥ is a stratification of ¥ and & is a function that assigns
to every stratum W € & a finite set L (W) of isomorphism classes of simple (that is,
irreducible) lcc Ag-modules on WUyis_¢;, such that for each pair (i, n) of integers the
restriction of the sheaf #'(K,) € Mod.(%iis.st, An) to each stratum WU € & is lcc,
with Jordan—Holder components (as a Aoi-module) contained in £(W). We say
that the pair (¢, &) trivializes K (or K is (¥, ¥)-stratifiable), and denote the full
subcategory of (¥, £)-stratifiable complexes by Dy ¢ (A). The full subcategory of
stratifiable complexes in 9.(HA) is denoted by D5 (A).

(ii) Let DS"™(%, A) be the essential image of D" (A) in Do (%, A), and we call the
objects of D™ (X, A) stratifiable complexes of sheaves.

(iii) Let E, be a finite extension of Qg with ring of integers O,. Then the definition
above applies to A = 0. Let D3"™ (X, E,) be the essential image of D™ (%, 0;)
in D.(¥, E,). Finally we define

D™ (%, Qg) = 2-colimg, D™ (X, E;).

Remark 3.1.1. (i) This notion is due to Beilinson, Bernstein and Deligne [1982],
and Behrend [2003] used it to define his derived category for stacks. Many results
in this section are borrowed from [Behrend 2003], but reformulated and reproved
in terms of the derived categories defined in [Laszlo and Olsson 2008b].

(ii) Let & be a A,-sheaf trivialized by a pair (¥, &), and let ¢ be a subquotient
sheaf of %. Then % is not necessarily trivialized by (¥, &). But if % is lcc on each
stratum in ¥, then it is necessarily trivialized by (¥, &).

3.2. We say that the pair (¥, &') refines the pair (¥, &£), if ¥’ refines &, and for
every V€ &, U € ¥ and L € L(U), such that ¥ C WU, the restriction Ly is
trivialized by &'(V). Given a pair (¥, &) and a refined stratification ¥’ of &, there
is a canonical way to define &’ such that (¥, &’) refines (¥, £): for every V' € &',
we take &' (1) to be the set of isomorphism classes of Jordan—Ho6lder components
of the Icc sheaves L|y for L € £(U), where AU ranges over all strata in & that
contains V. It is clear that the set of all pairs (¥, &) form a filtered direct system.

A pair (¥, &) is said to be fensor closed if for every U € ¥ and L, M € £(U),
the sheaf tensor product L ® 5, M has Jordan-Holder components in £(U).

For a pair (¥, &), a tensor closed hull of this pair is a tensor closed refinement.

Lemma 3.3. Every pair (¥, £) can be refined to a tensor closed pair (', &£).
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Proof. First we show that for a lcc sheaf of sets & on &is¢;, there exists a finite
étale morphism f : ¥ — % of algebraic S-stacks such that f~'% is constant.
Consider the total space [%] of the sheaf &. Precisely, this is the category fibered
in groupoids over (Aff/S) with the underlying category described as follows. Its
objects are triples (U € obj(Aff/S), u € obj X(U), s € u'F)(U)), and morphisms
from (U, u, s) to (V, v, t) are pairs (f : U — V, a:vf = u) such that ¢ is mapped to
s under the identification o : f~'v™'F =y ~'F. The map (U, u, s) — (U, u) gives
amap g:[F] — &, which is representable finite étale (because it is so locally). The
pullback sheaf g~'% on [%] has a global section, so the total space breaks up into
two parts, one part being mapped isomorphically onto the base []. By induction
on the degree of g we are done.

Next we show that for a fixed representable finite étale morphism Y — &, there
are only finitely many isomorphism classes of simple lcc Ag-sheaves on & that
become constant when pulled back to . We can assume that both & and %Y are
connected. By the following Lemma 3.3.1, we reduce to the case where ¥ — &
is Galois with group G, for some finite group G. Then simple lcc Ag-sheaves on
% that become constant on %Y correspond to simple left Ay[G]-modules, which are
cyclic and hence isomorphic to Ag[G]/1 for left maximal ideals I of Ag[G]. There
are only finitely many such ideals since A[G] is a finite set.

Also note that a Icc subsheaf of a constant constructible sheaf on a connected
stack is also constant. Let L be a Icc subsheaf on & of the constant sheaf associated
to a finite set M. Consider their total spaces. We have an inclusion of substacks
i:[L]— ]_[m cm Xm, where each part &,,, is identified with &. Then i (%) = X
is finite étale, and is the inclusion of a substack, hence is either an equivalence or
the inclusion of the empty substack, since & is connected. It is clear that L is also
constant, associated to the subset of those m € M for which i ~'(%,,) #“ O,

Finally we prove the lemma. Refining & if necessary, we assume all strata are
connected stacks. For each stratum U € ¥, let Y — U be a representable finite
étale morphism, such that all sheaves in £ (U) become constant on %Y. Then define
£'(AU) to be the set of isomorphism classes of simple lcc Ag-sheaves on AUjis_¢
which become constant on %Y. For any L and M € &' (), since all lcc subsheaves
of L&, M are constant on Y, we see that L ® 5, M has Jordan—-Holder components
in £’ (W) and hence (¥, &) is a tensor closed refinement of (¥, &£). O

Lemma 3.3.1. Let Y — X be a representable finite étale morphism between con-
nected S-algebraic stacks. Then there exists a morphism % — Y, such that ¥ is
Galois over &, that is, it is a G-torsor for some finite group G.

Proof. Assume ¥ is nonempty, and take a geometric point x — &. Let € be the
category FEt(X) of representable finite étale morphisms to %, and let

F : € — FSet
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be the fiber functor to the category of finite sets, namely F(¥Y) = Homg(x,Y).
Note that this Hom, which is a priori a category, is a finite set, since ¥ — & is
representable and finite. Then one can verify that (€, F : € — FSet) satisfies the
axioms of Galois formalism in [Grothendieck and Raynaud 1971, Exp. V, 4], and
use the consequence g) on p. 121 in (loc. cit.) For the reader’s convenience, we
follow Olsson’s suggestion and explain the proof briefly. Basically, we will verify
certain axioms of (G1)-(G6), and deduce the conclusion as in (loc. cit.).

First note that €, which is a priori a 2-category, is a 1-category. This is because
for any 2-commutative diagram

N7

where % and % are in 6, the morphism f is also representable (and finite étale),
so Homg (%, %) is discrete. By definition, the functor F preserves fiber-products,
and F (%) is a one-point set.

Let f : %Y — % be a morphism in %€, then it is finite étale. So if the degree of f is
1, then f is an isomorphism. This implies that the functor F is conservative, that
is, f is an isomorphism if F'(f) is. In particular, f is a monomorphism if and only
if F(f) is. This is because f is a monomorphism if and only if p; : Y XY — Y
is an isomorphism, and F preserves fiber-products.

Since f : Y — % is finite étale, its image stack ¥’ C ¥ is both open and closed,
hence Y — % is a monomorphism that is an isomorphism onto a direct summand
of % (thatis, ¥ =% [ [ " for some other open and closed substack " C %). Also,
since Y — Y’ is epic and finite étale, it is strictly epic, that is, for every % € 6, the
diagram

Y %

Hom (%', %) — Hom (M, %) = Hom (Y xoy Y, %)

is an equalizer.
Every object % in ‘@ is artinian: for a chain of monomorphisms

o Y, 5> Yy > Y > Y,
we get a chain of injections
o> FW,) —> - —> FW%) > F(Y),

which is stable since F (%) is a finite set, and so the first chain is also stable since
F is conservative.

Since F is left exact and every object in € is artinian, by [Grothendieck 1960,
3.1] the functor F is strictly pro-representable, that is, there exists a projective
system P = {P;; i € I} of objects in € indexed by a filtered partially ordered set I,



70 Shenghao Sun

with epic transition morphisms ¢;; : P; — P; (i < j), such that there is a natural
isomorphism of functors

F —> Hom(P, —) := colim; Hom(P;, —).

Let v; : P — P; be the canonical projection in the category Pro(6) of pro-objects
of <€ ~We may assume that every epimorphism P; — & in 6 is isomorphic to
P; 4N P; for some i < j. This is because one can add P; — % into the projective
system P without changing the functor it represents. Also one can show that the
P;’s are connected [Grothendieck 1960], and morphisms in ‘€ between connected
stacks are strictly epic.

Given Y € €, now we show that there exists an object % — & that is Galois and
factors through %. Since F(%) is a finite set, there exists an index j € I such that
all maps P — % factors through P %Pj. This means that the canonical map

P—>Y :=Yxg---xg, wherelJ:=F®)= Hompuoee)(P,Y)
—_—
#J factors
factors as

P p Ayl

Let P — P, 2 %7 be the factorization of A into a composition of an epimorphism
and a monomorphism B. We claim that P; is Galois over .

Since F(P;) is a finite set, there exists an index k € I such that all maps P — P;
factors through P BN Px. Fix any v : P, — P;. To show P; is Galois, it suffices to
show that Aut(P;) acts on F(P;) = Hom (P, P;) transitively, that is, there exists a
o € Aut(F;) making the triangle commute:

P, —— P

NG

P;

For every u € J = Hom(P;,%), we have u ov € Hom(Py,%), so there exists a
u’' € Hom(P;,%) making the diagram commute:

P —— P,

wl |

Pii/’oy.

u

Since v is epic, the function u +— u’ : J — J is injective, hence a bijection. Let
o : %Y’ — %’ be the isomorphism induced by the map u > u’. Then the diagram
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P~ Py

N

PI-T»O:UJ

commutes. By the uniqueness of the factorization of the map P, — ¥’ into the
composition of an epimorphism and a monomorphism, there exists a o € Aut(F;)
such that o o v = ;. This finishes the proof. O

We give some basic properties of stratifiable complexes.

Lemma 3.4. (i) 23" () (respectively D™ (X, A)) is a triangulated subcategory
of B (A) (respectively D.(X, A)) with the induced standard t-structure.

W) If f: %X — Y is an S-morphism, then f*: D (4(Y)) = D (A(X)) (respectively
f*: DY, A) — DX, A)) preserves stratifiability.

(iii) If & is a stratification of X, then K € D (A(X)) is stratifiable if and only if
K|y is stratifiable for every V € &.

(iv) Let P : X — & be a presentation, and let K = (K,,),, € D (AX)). Then K is
stratifiable if and only if P*K is stratifiable.

(v) D", A) contains D2(X, A), and the heart of DS"™ (X, A) is the same as that
of Do(%, A) in Remark 2.2.1 (i)

(vi) Let K € 9.(A) be a normalized complex [Laszlo and Olsson 2008b, 3.0.8].
Then K is trivialized by a pair (¥, &) if and only if Ky is trivialized by this pair.

(vii) Let K € D" (). Then its Tate twist K (1) is also stratifiable.

Proof. (i) To show %%"™(s) is a triangulated subcategory, it suffices to show
[Deligne 1977, p. 271] that for every exact triangle K’ — K — K” — K'[1]
in @.(sA), if K’ and K" are stratifiable, so also is K.

Using refinement we may assume that K’ and K" are trivialized by the same
pair (¢, &). Consider the cohomology sequence of this exact triangle at level n,
restricted to a stratum U € &. By Olsson [2007, 9.1], to show that a sheaf is Icc on
AU, one can pass to a presentation U of the stack U. Then by Milne [2008, 20.3]
and the five-lemma, we see that the %' (K,,)’s are lcc on U, with Jordan—Holder
components contained in £(U). Therefore 95" (s4) (and hence D™ (¥, A)) is a
triangulated subcategory.

The ¢-structure is inherited by 23" (s4) (and hence by D"*(%, A)) because, if
K € 9.(s) is stratifiable, so also are its truncations t<,K and 7>,K.

(ii) The functor f* is exact on the level of sheaves, and takes a Icc sheaf to a lcc
sheaf. If (K,), € 9.(A4(Y)) is trivialized by (¥, &), then (f*K,), is trivialized
by (f*9, f*£), where f*F = {f~1(V)|V € ¥} and (f*L)(f~'(V)) is the set of
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isomorphism classes of Jordan—Holder components of f*L, L € £(V). The case
of D.(—, A) follows easily.

(iii) The “only if” part follows from (ii). The “if”” part is clear: if (¥y, £y) is a
pair on V that trivializes (K,|y),, then the pair (P¢, £) on ¥, where ¥y = UFy
and & = {Ly}vey, trivializes (K,),.

(iv) The “only if” part follows from (ii). For the “if” part, assume P*K is trivialized
by a pair (¥x,¥x) on X. Let U € ¥x be an open stratum, and let V C & be
the image of U [Laumon and Moret-Bailly 2000, 3.7]. Recall that for every T in
Aff/S, V(T) is the full subcategory of % (T') consisting of objects x that are locally
in the essential image of U(T), that is, such that there exists an étale surjection
T’ — T in Aff/S and u’ € U(T’), such that the image of v’ in ¥(T’) and x| are
isomorphic. Then V is an open substack of & (hence also an algebraic stack) and
P|y : U — V is a presentation. Replacing P : X — ¥ by P|y : U — V and using
noetherian induction and (iii), we may assume ¥x = {X}.

It follows from a theorem of Gabber [Illusie et al. 2008] that P, takes a bounded
complex to a bounded complex. In fact, using base change by P, we may assume
that P : Y — X is a morphism from an S-algebraic space Y to an S-scheme X. Let
Jj : U — Y be an open dense subscheme of ¥ with complementi : Z — Y. For a
bounded complex L of A,-sheaves on Y, we have the exact triangle

(Pi)yi'L —> P.L —> (Pj).j*L —> .

Gabber’s theorem implies that (Pj),j*L is bounded, since Pj : U — X is a mor-
phism between schemes. Note that the dualizing functor preserves boundedness,
so does i' = Dyi* Dy, and therefore we may assume that (Pi),i 'L is bounded by
noetherian induction. It follows that P, L is bounded.

Now take a pair (¥, &) on & that trivializes all P, L’s, for L € £x; this is possible
since each P,L is bounded and £y is a finite set. We claim that K is trivialized
by (¢, &).

For each sheaf % on %, the natural map & — ROP,P*% is injective. This
follows from the sheaf axioms for the lisse-lisse topology, and the fact that the
lisse-étale topos and the lisse-lisse topos are the same. Explicitly, to verify the
injectivity on Xy — U, for any u € &(U), since the question is étale local on U,
one can assume P : Xy — U has a section s : U — Xy. Then the composition
Fy — ROP.P*Fy — ROP.Rs,s*P*Fy = Fy of the two adjunctions is the
adjunction for P os = id, so the composite is an isomorphism, and the first map is
injective.

We take & to be the cohomology sheaves ¥ (K,). Since P*¥!(K,) is an it-
erated extension of sheaves in Ly, we see that P, P*%'(K,), and in particular
ROP,P*¥'(K,), are trivialized by (¥, ¥) by (i). Since #'(K,) is lcc [Olsson
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2007, 9.1], by Remark 3.1.1 (ii) we see that %' (K,) (hence K) is trivialized by
(¢, %).

(v) By part (i) and Remark 2.2.1 (i) it is enough to show that all adic systems
M = (M), € i are stratifiable. By (iv) we may assume ¥ = X is an S-scheme.
Since X is noetherian, there exists a stratification [Illusie 1977, VI, 1.2.6] of X
such that M is lisse on each stratum. By (iii) we may assume M is lisse on X.

Let & be the set of isomorphism classes of Jordan—Holder components of the
Ag-sheaf My. We claim that & trivializes M, for all n. Suppose it trivializes M,,_;
for some n > 1. Consider the sub-A,-modules AM,, C M,[A"] C M,,, where M,,[\"]
is the kernel of the map A" : M,, — M,,. Since M is adic, we have exact sequences
of A x-modules

0—— AM, M, My 0,
0 —— M,[A"] — My, — A"M,, — 0,
0—— )VnMn - Mn - Mn—l — 0.

The natural surjection M, /AM, — M, /M,[}"] implies that & trivializes A" M,,
and therefore it also trivializes M,. By induction on n we are done.

Since D? C D" C D,., and D? and D, have the same heart, it is clear that D5
has the same heart as them.

(vi) Applying — ®1L\n K, to the following exact sequence, viewed as an exact triangle

in (&, A,)

O—>An,1ﬂ>An—>Ao—>0,

we get an exact triangle by Laszlo and Olsson [2008b, 3.0.10]

K, 1—K,— Ky—>.
By induction on n and Remark 3.4.1 below, we see that K is trivialized by (¥, &)
if Ko is.
(vii) Let K = (K,),. Recall that the Tate twist K (1) is defined to be the system
(K,(1)),, where K,,(1) = K, ®f‘\n A, (1). Note that the sheaf A, (1) is a flat A,,-
module: to show that — ®,, A, (1) preserves injections, one can pass to stalks at

geometric points, over which we have a trivialization A, >~ A, (1).
Suppose K is (¥, &)-stratifiable. Using the isomorphism

I (Kn) @4, An(1) = H (K, @K An(1)),

it suffices to show the existence of a pair (¥, £’) such that for each U € ¥, the
Jordan—Holder components of the Icc sheaves L @4, A, (1) lie in £'(W), for all
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L € (). Since L is a Agp-module, we have

L®a, An(1) = (L ®n, Ao) ®n, An(1) =L &4, (Ao ®a, An(l))
=L ®a, Ao(1) =L Qx, Ao(1),

and we can take £’ (U) to be a tensor closed hull of {Ag(1), L € L(W)}. O

Remark 3.4.1. In fact the proof of Lemma 3.4 (i) shows that @y ¢ () is a trian-
gulated subcategory with induced standard ¢-structure, for each fixed pair (¥, &£).
Let Dy (%, A) be the essential image of Dy ¢(sA) in D.(%¥, A), and this is also a
triangulated subcategory with induced standard ¢-structure.

Also if Efj =— E" is a spectral sequence in the category s{(¥), and the Eij ’S
are trivialized by (¥, &) for all i, j, then all the E"’s are trivialized by (¥, &).

We denote by Dz’sm‘(%, A), for ¥ = &, b, the full subcategory of f-bounded
stratifiable complexes, using the induced #-structure.

The following is a key result for showing the stability of stratifiability under
the six operations later. Recall that M — M = Ln*Rm,M is the normalization
functor, where 7 : ¥ — &% is the morphism of topoi in [Laszlo and Olsson 2008b,
2.1], mentioned in 2.3.

Proposition 3.5. For a pair (¥, L) on &, if M € Dy ¢(sd), then Me Dy ¢(A), too.
In particular, if K € D.(X, A), then K is stratifiable if and only if its normalization
K € 9.(A) is stratifiable.

Proof. First, we will reduce to the case where M is essentially bounded (that
is, #'M is AR-null for |i| > 0). Let P : X — ¥ be a presentation. The ¢-
cohomological dimension of X is finite, by the assumption (LO) on S. Therefore,
by Laszlo and Olsson [2008b, 2.1.i], the normalization functor for X has finite
cohomological dimension, and the same is true for & since P*M = P*M , by
[ibid., 2.2.1, 3.0.11]. This implies that for each integer i, there exist integers a and
b with a < b, such that 3 (M) = 9 (14 »)M). Since 71 5 M is also trivialized by
(¢, %), we may assume M € @Z,g(ﬂ(%))'

Since M is normalized, by Lemma 3.4 (vi), it suffices to show that (ﬂ )o s
trivialized by (¥, £). Using projection formula and the flat resolution of Ag

0— A =5 A= Ag—> 0,
we have [ibid., p.176]
(M) = Ao ®K R M = R, (7* Ay % M),

where 7*A¢ is the constant projective system defined by Ag. Let C € 9 () be
the complex of projective systems 7*Aq ®IL\. M; it is a A-complex, and we have
Cn = Mo®% M, € D(%, Ao).
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Recall [Illusie 1977, V, 3.2.3] that a projective system (K, ), ringed by A, in an
abelian category is AR-adic if and only if

« it satisfies the condition (MLAR) [Illusie 1977, V, 2.1.1], hence (ML), and denote
by (N,), the projective system of the universal images of (K,),;

« there exists an integer k£ > 0 such that the projective system (L), := (Ny4x @ Ap)n
is adic.

Moreover, (K,), is AR-isomorphic to (L,),. Now for each i, the projective
system #'(C) is AR-adic Remark 2.2.1(i). Let N/ = (N,’;),, be the projective
system of the universal images of ' (C), and choose an integer k > 0 such that the
system L = (L%), = (N}, ® Ay), is adic. Since N, C %' (Cy4x) is annihilated

by A, we have L! = N,i 4« and the transition morphism gives an isomorphism

Li~Li®@p, Ay —> L!

n—1°
This means the projective system L' is the constant system rr*L{). By Laszlo and
Olsson [2008b, 2.2.2] we have Rm, ' (C) ~ Rm,L', which is just L} by [ibid.,
2.2.3].

The spectral sequence

RIT, 3 (C) = % (M),)

degenerates to isomorphisms Li~ %! ((M )o), so we only need to show that L6 is
trivialized by (¢, &). Using the periodic A,-flat resolution of A

e Ay 2 A, 2 A, S A, 5 Ay — O,

we see that A ®f\n %7 (M,) is represented by the complex

s 9 (M) s 96T (M) > 96 (M) —> 0,

50 ' (Ao®% ¥/ (M,)) are trivialized by (¥, &), forall i, j. Since M is essentially
bounded, we have the spectral sequence

¥ (Ao ®F, H! (M) = 9 (Cp),

from which we deduce (by Remark 3.4.1) that the % (C,)’s are trivialized by
(#,%). The universal image N,i is the image of %i(Cn+,) — % (C,) for some
r > 0, therefore the N,’;’s (and hence the L;’s) are trivialized by (¢, &).

For the second claim, let K € D (¥, A). Since K is isomorphic to the image of
K under the localization De(A) — D.(%, A) [Laszlo and Olsson 2008b, 3.0.14],
we see that K is stratifiable if K is. Conversely, if K is stratifiable, which means
that it is isomorphic to the image of some M € %5 (), then K = M is also
stratifiable. [l
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3.5.1. For K € D.(%¥, A), we say that K is (¥, &)-stratifiable if K is, and then
Proposition 3.5 implies that K € Dy ¢ (&, A) (see Remark 3.4.1) if and only if K
is (¢, &)-stratifiable.

Corollary 3.6. (i) If ¥ is a stratification of &, then K € D (X, A) is stratifiable if
and only if K |y is stratifiable for every V € &.

(ii) Let K € D (%X, A). Then K is stratifiable if and only if its Tate twist K (1) is.

(iii) Let P : X — & be a presentation, and let K € D.(¥, A). Then K is stratifiable
if and only if P*K (respectively P'K) is stratifiable.

Proof. (1) The “only if” part follows from Lemma 3.4 (ii). For the “if” part, we
first prove the following.

Lemma 3.6.1. For an S-algebraic stack ¥ locally of finite type, let
N5 M— C— N[1]

be an exact triangle in 9.(A), where N is a normalized complex and C is almost
AR-null. Then the morphism u is isomorphic to the natural map M — M.

Proof. Consider the following diagram

u

N M C N1
S R S
N M C N[,

Since C is almost AR-null, we have C=0 by Laszlo and Olsson [2008b, 2.2.2],
and so u is an isomorphism. (]

Now let f:9" — & be a morphism of S-algebraic stacks, and let M € & (A (X)).
We claim that f*M ~ f*M. Applying f* to the exact triangle

M—)M—>C—>

we get
*M — f*M — f*C —> .

By Laszlo and Olsson [2008a, 4.3.2], ﬁn = hocolimNrfNMn, and — ®ﬁn A,
and f* preserve homotopy colimit because they preserve infinite direct sums. Now
that t<y M, and A,_; are bounded above complexes, we have

f*(TfNMn ®f\n An—l) x f*TfNMn ®f\n An—l
(see the proof of [ibid., 4.5.3]). Hence applying f* to the isomorphism

Mn ®ﬁn Ap—1 — Mn—l
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we get an isomorphism
"My @5, Anet —> f My,

and by [ibid., 3.0.10], f *M is normahzed Also it is clear that f*C is AR-null.
By Lemma 3.6.1 we have f*M f*M
R Thereﬁ)& the “if”” part follows from Lemma 3.4 (iii) and Proposition 3.5, since
Kly ~(K|v).
(ii) This follows from Lemma 3.4 (vii), since K (1) = K (1).
(iii) For P*K, the “only if” part follows from Lemma 3.4 (ii) and the “if” part fol-
lows from Lemma 3.4 (iv) and Proposition 3.5, since P*K = (?;?) [ibid., 2.2.1,
3.0.11].

Since P is smooth of relative dimension d, for some function d : my(X) — N,
we have P'K ~ P*K(d)[2d], so by (ii), P*K is stratifiable if and only if P'K
is. [l

Before proving the main result of this section, we prove some special cases.

3.7. Let f : X — Y be a morphism of S-schemes. Then the A,-dualizing com-
plexes Kx , and Ky, of X and Y respectively have finite quasi-injective dimen-
sions, and are bounded by some integer independent of n. Together with the
base change theorem for f;, we see that there exists an integer N > 0 depending
only on X, Y and f, such that for any integers a, b and n with n > 0 and any
M e QDE“’I’](X, Ap), we have f,M € QDE“’HN](Y, A,). This implies that for each n,
the functor (defined using K-injective resolutions, see [Spaltenstein 1988, 6.7])

Je 1 DX, Ap) = DY, Ay)

restricts to
f* :@c(X’ An) - @C(Y, An)

Moreover, for M € % (s4(X)) with constructible %/ (M,,)’s (for all j and n) and for
each i € Z, there exist integers a < b such that

Rif*M = Rif*f[a,b]M'

In particular, if M is a A-complex on X, then R! f«M is AR-adic for each i, and
hence fuM = (fM,), is a A-complex on Y.
This enables us to define

Je 1 D(X, A) = D.(Y, A)

tobe K — Qf. K , where Q : 9.(A(Y)) — D.(Y, A) is the localization functor.
It agrees with the definition in [Laszlo and Olsson 2008b, 8] when restricted to
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Dj (X, A), and foreachi € Z and K € D.(X, A), there exist integers a < b such
that R . K ~ R’ futa.n K.

Lemma 3.8. (i) If f : X — Y is a morphism of S-schemes, and K € D.(X, A) is
trivialized by ({X}, &) for some &, then f, K is stratifiable.

(i1) Let ¥ be an S-algebraic stack that has a connected presentation (that is, there
exists a presentation P : X — & with X a connected S-scheme). Let Ky and K, be
two A-dualizing complexes on ¥, and let D and D' be the two associated dualizing
functors, respectively. Let K € D (¥, A). If DK is trivialized by a pair (¥, %),
where all strata in ¥ are connected, then D'K is trivialized by (¥, ¥') for some
other &'. In particular, for stacks with connected presentation, the property of the
Verdier dual of K being stratifiable is independent of the choice of the dualizing
complex.

(iii) Let X be an S-algebraic stack that has a connected presentation, and assume
that the constant sheaf A on ¥ is a dualizing complex. If K € D.(%, A) is trivial-
ized by a pair ({%}, £), then Dy K is trivialized by (X}, &) for some &'.

Proof. (i) Since f, K is the image of f, K, it suffices to show that f*I/(\ is stratifiable.
Since f.L is bounded for each L € £, there exists a pair (¥y, £y) on Y that
trivializes f, L, for all L € . We claim that this pair trivializes R f, K, ., for each
i and n.

Since Rif*l?n = R"f*r[a,b]l?n for some a < b, and 14 p) fn is trivialized by
({X}, &), we may assume K, is bounded. The claim then follows from the spectral
sequence

R? £,.%1((K)n) = R £.((K)y)

and Remark 3.4.1.

(i1) Recall that the dualizing complex Kg (respectively K?%) is defined to be the
image of a normalized complex Ky o (respectively K, ’.), where each Ky, (re-
spectively Ké&n) is a A,-dualizing complex. See [ibid., 7.2.3, 7.2.4].

Let P : X — & be a presentation where X is a connected scheme. Then we have

P*R¥om(Kyn, Kiy ) = R¥om(P* Ky », P*Kl, ) = R#om(P' Ky, P'K}y ).

Since P!K%,n and P!Kéf’n are A,-dualizing complexes on X, by [Illusie 1977,
Exp. 1, 2], we see that P*R¥om (K ,, Kée,n) (and hence R¥om(Kyp ,, Kém)) is
cohomologically concentrated in one degree, therefore it is quasi-isomorphic to
this nontrivial cohomology sheaf, once it has been appropriately shifted. So let
R¥om (K p, Ké@,n) ~ L,[r,] for some sheaf L, and integer r,. Since P*L, is
invertible and hence lcc (see [Illusie 1977, p. 19]), the sheaf L, is lcc [Olsson
2007, 9.1].
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For every stratum AU € &, let £((U) be the union of £(°U) and the set of isomor-
phism classes of the Jordan—Ho6lder components of the lcc sheaf Lg|q. Since all
strata in & are connected, there exists a tensor closed hull of (¥, &) of the form
(¢, %), that is, they have the same stratification .

By Laszlo and Olsson [2008b, 4.0.8], the system

(LplraDn = R%om((K%,n)nv (Kégn)n)

is normalized, so by Lemma 3.6.1, ﬁK\% = (Lu[ry])n, and by Lemma 3.4 (vi), it is
trivialized by (¥, &’). Since DK is trivialized by (¥, ¥'), so also is D’K, because
D'K ~ DK ®“D'Ky.

(iii) The assumption implies in particular that & is connected, so by (ii), the ques-
tion is independent of the choice of the dualizing complex. By definition, K is triv-
ialized by ({&}, &), so are truncations of K. The essential image of R%om(f(\ , As)
in D.(%, A)is DK, so by 3.5.1 it suffices to show that R#om (I?, Ao) €Dygry g (A)
for some &'

Since ¥ is quasi-compact, each A,-dualizing complex is of finite quasi-injective
dimension, so for each integer i, there exist integers @ and b such that

%' R¥om(K,, Ap) = % RHom (a1 Kn, An).

Using truncation triangles, we may further replace ty, 5 K, by the cohomology
sheaves ¥/ I?,,, and hence by their Jordan—Ho6lder components. Therefore, it suf-
fices to find an &’ that trivializes %¢' R¥om (L, A), for all i € Z and L € £. Note
that R¥om (L, Ag) = Hom(L, Ag) = L" is a simple Ap-sheaf, so one can take
¥ ={LV|L € &}. O

Remark 3.8.1. For any S-algebraic stack &, the Verdier dual of a complex K in
D (%, A) being stratifiable or not is independent of the choice of the dualizing
complex. Let Ky and Ky, be two dualizing complexes on %, defining dualizing
functors D and D', respectively. Let P : X — & be a presentation, let Ky = P'Ky
and let K} = P'K/, defining dualizing functors Dy and D) on X, respectively.
Suppose DK is stratifiable. To show D’K is also stratifiable, by Corollary 3.6 (iii)
it suffices to show P'D'K = D} P*K is stratifiable. Since Dy P*K = P'DK
is stratifiable by assumption, we may assume ¥ = X is a scheme. Since X is
noetherian, it has finitely many connected components, each of which is both open
and closed. Then the result follows from Corollary 3.6 (i) and Lemma 3.8 (ii).

Next we prove the main result of this section.

Theorem 3.9. Let f : & — Y be a morphism of S-algebraic stacks. Then the op-
erations fy, fi, f*, f!, Dy, — QL — and R¥om(—, —) all preserve stratifiability,
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namely, they induce functors

[ DFNE, A) — DI, A),  fi: D@, A) — DIMW, A,
[*iDI(W, A) — DI, A),  f:DI(W, A) —> DI A),
R¥om(—, =) : D%, AP x D" (X, A) — DIS"™(X, A),

Q" : DM, A) x D&, A) —> DM(E, A),

D : D™ (%, A) —> D™ (%, A)P.

Proof. We may assume all stacks involved are reduced.

We consider the Verdier dual functor D first. Let P : X — & be a presentation.
Since P*D = D P!, by Corollary 3.6 (iii) we can assume & = X is a scheme. Let
K be a complex on X trivialized by (¥, &). Refining if necessary, we may assume
all strata in & are connected and regular. Let j : U — X be the immersion of an
open stratum in ¥ with complement i : Z — X. Shrinking U if necessary, we may
assume there is a dimension function on U [Riou 2007, Définition 2.1], hence by
a result of Gabber [ibid., Théoreme 0.2], the constant sheaf A on U is a dualizing
complex. Consider the exact triangle

ixDz(K|z) — DxK — jiDy(K|y) — .

By Lemma 3.8 (iii) we see that Dy (K |y) is trivialized by ({U}, &) for some
&', so j.Dy(K|y) is stratifiable by Lemma 3.8 (i). By noetherian induction we
may assume Dz (K|z) is stratifiable, and it is clear that i, preserves stratifiability.
Therefore by Lemma 3.4 (i), Dx K is stratifiable.

The case of f* (and hence f') is proved in Lemma 3.4 (ii).

Next we prove the case of ®L. Fori=1,2let K; € D_ (%, A), trivialized
by (¢;, %;). Let (¥, %) be a common tensor closed refinement (by Lemma 3.3)
of (¥;,%;), i = 1,2. The total tensor product K; ®" K, is defined to be the
image in D (%, A) of K| ®%_ K>, which by Laszlo and Olsson [2008b, 3.0.10] is
normalized, so it suffices to show (by Lemma 3.4 (vi)) that

1?1,0 ®,L\0 Ez,o = 1?1,0 QA 1/(\2,0
is trivialized by (¢, £). This follows from
W (K10®n, K20) = €D % (K10) ®n, % (K2,0)
i+j=r

and the assumption that (¥, &) is tensor closed.

The case of R¥om (K, K») = D(K; @ DK>) follows.

Finally we prove the case of f, and fi. Let f : & — % be a morphism of S-
algebraic stacks, and let K € DE;’ (&, A) for some pair (¢, £). We want to show
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JiK is stratifiable. Let j : U — & be the immersion of an open stratum in &, with
complement i : % — ¥. From the exact triangle

(finj*K — fiK — (fi)i*K —

we see that it suffices to prove the claim for fj and fi. By noetherian induction
we can replace & by AU. By Corollary 3.6 (iii) and smooth base change [Laszlo and
Olsson 2008b, 12.1], we can replace %Y by a presentation Y, and by Corollary 3.6 (i)
and [ibid., 12.3] we can shrink Y to an open subscheme. After these reductions,
we assume that Y =Y is a regular irreducible affine S-scheme that has a dimension
function on it, that K is trivialized by ({%}, &), and that the relative inertia stack
I =% Xa xxyx,a X is flat and has components over ¥ [Behrend 2003, 5.1.14].
Therefore by [ibid., 5.1.13], f factors as

AN N Y

where g is gerbe-like and 4 is representable (see [ibid., 5.1.3-5.1.6] for relevant
notions). So we reduce to two cases: f is representable, or f is gerbe-like.

Case when f is representable. By shrinking the S-algebraic space % we can
assume & = X is a regular connected scheme that has a dimension function, so that
the constant sheaf A on X is a dualizing complex. By Lemma 3.8 (iii) we see that
DK is trivialized by some ({X}, &), and by Lemma 3.8 (i), fx DK is stratifiable.
Therefore fiK = Df,DK is also stratifiable.

Case when f is gerbe-like. In this case f is smooth [Behrend 2003, 5.1.5],
hence étale locally on Y it has a section. Replacing Y by an étale cover, we may
assume that f is a neutral gerbe, so f: B(G/Y)— Y is the structural map, for some
flat group space G of finite type over Y [Laumon and Moret-Bailly 2000, 3.21]. By
[ibid., 5.1.1] and Corollary 3.6 (i) we may assume G is a Y-group scheme. Next
we reduce to the case when G is smooth over Y.

By assumption Y is integral. Let k(Y) be the function field of ¥ and k(Y) an
algebraic closure. Then Gmmed is smooth over k(Y), so there exists a finite ex-
tension L over k(Y) such that G req is smooth over L. Let Y’ be the normalization
of Y in L, which is a scheme of finite type over S, and the natural map Y' — Y is
finite surjective. It factors through Y’ — Z — Y, where Z is the normalization of
Y in the separable closure of k(Y) in L = k(Y’). So Z — Y is generically étale,
and Y’ — Z is purely inseparable, hence a universal homeomorphism, so Y’ and
Z have equivalent étale sites. Replacing Y’ by Z and shrinking Y we can assume
Y’ — Y is finite étale. Replacing Y by Y’ (by Corollary 3.6 (ii)) we assume G eq
over Y has smooth generic fiber, and by shrinking ¥ we assume G4 is smooth
over Y.

Greq 18 a subgroup scheme of G [Grothendieck and Demazure 1970, Exposé
VIa, 0.2]; we write h : Greqg <> G for the associated closed immersion. Then
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Bh: B(Gra/Y) — B(G/Y) is faithful and hence representable. It is also radicial:
consider the diagram where the square is 2-Cartesian

Y ;l’ G/Gred Y

| |

B(Grea/Y) —— B(G/Y).

The map i is a nilpotent closed embedding, so g is radicial. Since P is faithfully
flat, Bh is also radicial. This shows that

(Bh)*: D (B(G/Y),A) = D (B(Grea/Y), A)

is an equivalence of categories. Replacing G by Gg we assume G is smooth over
Y,and hence P : Y — B(G/Y) is a connected presentation.

Let d be the relative dimension of G over Y. By assumption, the constant sheaf
A on Y is a dualizing complex, and so f'A = A(—d) (and hence the constant
sheaf A on &) is a dualizing complex on ¥. By Lemma 3.8 (iii), we see that DK is
trivialized by a pair of the form ({%}, &'). To show fiK is stratifiable is equivalent
to showing that DfiK = f,DK is stratifiable. So replacing K by DK, it suffices
to show that f,K is stratifiable, where K € D{gg}, (&, A) for some &£.

Consider the strictly simplicial smooth hypercover associated to the presentation
P:Y — B(G/Y),and let f; : [[; G — Y be the structural map. As in the proof
of Lemma 3.8 (i), it suffices to show the existence of a pair (¥y, £y) on Y that
trivializes R" f, L, for all L € & and n € Z. From the spectral sequence [Laszlo
and Olsson 2008b, 10.0.9]

EY =R fi, f P*L = R f,L,

we see that it suffices for the pair (¥y, £y) to trivialize all the E ij -terms. Assume
i > 1. If we regard the map f; : [[; G — Y as the product map

l_[ f] . l_[ G — l_[ Y,
i i i
where the products are fiber products over Y, then we can write f;* P*L as

SIP LKy, AgHyp, - - Ky, Ao.

Note that the scheme Y satisfies the condition (LO). By Kiinneth formula [Laszlo
and Olsson 2008b, 11.0.14] we have

Jfis fiTPTL = fla fTP L ®py f1:M0®pg * * - Qg f15o0-
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Since f1«f{"P*L and f+A¢ are bounded complexes (by a theorem of Gabber [Il-
lusie et al. 2008]), there exists a tensor closed pair (¥y, Ly) that trivializes them,
for all L € &. The proof is finished. O

Consequently, the theorem also holds for Q,-coefficients.
Finally we give a lemma which will be used in the next section. This will play
the same role as [Behrend 2003, 6.3.16].

Lemma 3.10. Let X be a connected variety over an algebraically closed field k
of characteristic not equal to £, and let & be a finite set of isomorphism classes
of simple lcc Ay-sheaves on X. Then there exists an integer d (depending only on
&) such that, for every lisse A-adic sheaf F on X trivialized by &, and for every
integer i, we have

dimg H (X, F ®a E) <d -rankg(F ®, E),
where E is the fraction field of A.

Proof. Since & is finite and 0 < i < 2dim X, there exists an integer d > 0 such
that dimy,, Hci (X, L) <d-ranky, L, for every i and every L € £. For a short exact
sequence of lcc Ag-sheaves

0—Y¥Y—>%—>9—0
on X, the cohomological sequence
oo —> H/(X,9) — H(X,9) — H/(X,9') —> -

implies that dimy, H! (X, 9) < dimp, H! (X, 9) +dimp, H! (X, 9"). So it is clear
that if G is trivialized by &, then dimy,, Hc‘: (X,%) <d-ranky, %, for every i.

Since we only consider # ® E, we may assume ¥ = (%,,), is flat, of some
constant rank over A (since X is connected), and this A-rank is equal to

rankp, Fo =rankg (F ®p E).

Recall that H C’ (X, &) is a finitely generated A-module [Illusie 1977, VI, 2.2.2], so
by Nakayama’s lemma the minimal number of generators of the module is at most
dimp, (Ao ®4 H. (X, F)). Similar to ordinary cohomology groups [Milne 2008,
19.2], we have an injection

Ao®a HA(X, F) — H'(X, Fo)

of Ag-vector spaces. Therefore, dimg Hci (X, F ®, E) is less than or equal to the
minimal number of generators of Hci (X, &) over A, which is at most

dimp, (Ao @4 HL(X, F)) < dimp, HL(X, Fo)
<d -ranky, Fo =d -rankg (F Q4 E). O
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4. Convergent complexes and finiteness

We return to [, -algebraic stacks &g, Yo, ... of finite type. A complex Ky in
W (%o, Q) is said to be stratifiable if K on % is stratifiable, and we denote by
WS (9%, Q) the full subcategory of such complexes. Note that if Ky is a lisse-
étale complex, and it is stratifiable on %, then it is geometrically stratifiable (that
is, K on ¥ is stratifiable). In turns out that in order for the trace formula to hold,
it suffices to make this weaker assumption of geometric stratifiability. So we will
only discuss stratifiable Weil complexes. Again, by a sheaf we mean a Weil Q-
sheaf.

Definition 4.1. (i) Ler K € D.(Qy) and ¢ : K — K an endomorphism. The pair
(K, @) is said to be an -convergent complex (or just a convergent complex, since
we fixed ) if the complex series in two directions

>, 2 lef

neZ H"(K),H"(p)

is convergent, for every real number s > 0. In this case let Tr(¢, K) be the abso-
lutely convergent complex series

D (=" Tr(H" (9), H*(K))

or its limit.

(i1) Let Ko € W~ (X, Qy). We call Ky an t-convergent complex of sheaves (or
just a convergent complex of sheaves), if for every integer v > 1 and every point
x € Xo(Fyv), the pair (Kx, Fy) is a convergent complex. In particular, all bounded
complexes are convergent.
(iii) Let Ko € W~ (%o, Q) be a convergent complex of sheaves. Define

1

cv(Xo, Ko) = Z mTF(Fx, K5) € C,
xelo(Fgv)] r

and define the L-series of Ky to be the formal power series
tU
L(%o. Ko. 1) = exp (Z} co(®o, K@;) e CIrT.
v=

The zeta function Z (%, ¢t) in Definition 1.2 is a special case of this definition
as Z(Xoy, t) = L(Xgy, Qy, t). It has rational coefficients.

Notation 4.1.1. We sometimes write ¢, (Kg) for ¢, (¥y, Ko), if it is clear that K
is on ¥y. We also write ¢, (¥g) for ¢, (¥, Qp).
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Remark 4.1.2. (i) Behrend [2003, 6.2.3] defined convergent complexes with re-
spect to arithmetic Frobenius elements, and our definition is for geometric Frobe-
nius, and it is essentially the same as Behrend’s definition, except we work with
t-mixed Weil complexes (which means all Weil complexes, by Remark 2.8.1) for
an arbitrary isomorphism ¢ : Q, — C, while Behrend [2003] works with pure
or mixed lisse-étale sheaves with integer weights. Also our definition is a little
different from that in [Olsson 2008a]; the condition there is weaker.

(i1) Recall that Aut, is defined to be the fiber over x of the inertia stack $¢9 — ¥Xj.
It is a group scheme of finite type [Laumon and Moret-Bailly 2000, 4.2] over k(x),
so Aut, k(x) is a finite group.

(iii) If we have the following commutative diagram

Spec Fjua —— Spec Fyv
Jx
.)C,

then (K5, Fy) is convergent if and only if (K7, Fy/) is convergent, because we have
Fy = F% and s — sd : R"? — R>C is a bijection. In particular, for a lisse-étale
complex of sheaves, the property of being a convergent complex is independent
of g and the structural morphism ¥, — Spec [,. Also note that, for every integer
v > 1, a complex K¢ on & is convergent if and only if Ko ® F,v on %o ® Fyo is
convergent.

We restate the main theorem in [Behrend 2003] using compactly supported co-
homology as follows. It generalizes Theorem 1.1. We will prove it in this section
and the next.

Theorem 4.2. Let f : Xy — Yo be a morphism of F,-algebraic stacks, and let
Ko € W, 5"y, Q) be a convergent complex of sheaves. Then:

(i) (Finiteness) fiKq is a convergent complex of sheaves on %Y.
(i) (Trace formula) ¢, (¥y, Ko) = ¢, (Yo, fiKo) for every integer v > 1.
First we give a few lemmas.

Lemma 4.3. Let

K/ K K// K/[l]
v | 0| |+ | o
K’ K K" K'[1].

be an endomorphism of an exact triangle K' — K — K" — K'[1] in D Q). If
any two of the three pairs (K', ¢'), (K", ¢") and (K, @) are convergent, then so is
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the third, and
Tr(p, K) =Tr(¢', K') +Tr(¢”, K").

Proof. By the rotation axiom we can assume (K’, ¢’) and (K", ¢”) are convergent.
We have the exact sequence

coi—> HYK') — H"(K) — H"(K") — H"TY(K') — - .

Since H"(K) is an extension of a subobject of H"(K") by a quotient object of

H"(K'), we have
Dl = > el + Y el

H"(K),p H"(K"),¢' H"(K"),¢"

for every real s > 0, so (K, ¢) is convergent.

Since the series Z” D" Y iy converges ab.solutely,' we can change
the order of summation, and the second assertion follows if we split the long exact
sequence above into short exact sequences. ([l

Corollary 4.4. If K) — Ko — K{ — K{[1] is an exact triangle in W~ (X, Qy),
and two of the three complexes K|, K and Ky are convergent complexes, then so
is the third, and c,(Ko) = ¢, (K() + ¢, (K{).

Proof. For every x € €o(F,v), we have an exact triangle
Ki: — Ky — Ki —>
in D (Qy), equivariant under the action of F,. Then apply Lemma 4.3. (]
Lemma 4.5. Theorem 4.2 holds for f : Spec F o — Spec Fy.
Proof. We have an equivalence of triangulated categories
W~ (Spec Fy, Qi) => D (Repg, G),

where G is the Weil group FZ of [F,. Let H be the subgroup F 47 the Weil group
of Fga. Since f : SpecF,a — Specl, is finite, we have fi = f,, and it is the
induced-module functor

Hom@e[H] (@Z[G], —) :D; (Rep@ H) — D/ (Rep@( G),

which is isomorphic to the coinduced-module functor @g[G] g, (1 — In partic-
ular, f is exact on the level of sheaves.

Let Abea @g—representaﬁon of H, and B = Q;[G] ®,[H] A. Letxqy,...,x,
be an ordered basis for A with respect to which F¢ is an upper triangular matrix

o] ok ok

k
U
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with eigenvalues «y, ..., «,. Then B has an ordered basis
1®x17 F®xls Y Fd_l®xl’
1®x, FQx2 -+, FIT'®ux,,
1®xma F®xm, ) Fd71®xm’

with respect to which F' is the matrix

0 - o;
M, * x
% |, where M;= 00
My, o
1 0

The characteristic polynomial of F on B is ]_[l'.":l(td —a;).

Let K¢ be a complex of sheaves on Spec F,«. The eigenvalues of the Frobenius
Fon#"(fiK)= fi#"(K) are all the d-th roots of the eigenvalues of F?on %" (K),
so for every s > 0 we have

Y Y er=dY Y e

n ¥ (fiK),F n yn(K),Fd

This shows that f,K( is a convergent complex on Spec [, if and only if K is a
convergent complex on Spec [ a.
Next we prove

cy(Spec Fya, Ko) = cy(Spec Fy, f1Ko)

for every v > 1. Since H"(fiK) = fiH" (K), and both sides are absolutely conver-
gent series so that one can change the order of summation without changing the
limit, it suffices to prove it when K = A is a single representation concentrated in
degree 0. Let us review this classical calculation. Use the notation above. For each
i, fix a d-th root al.] /4 of o, and let ¢; be a primitive d-th root of unity. Then the
eigenvalues of F on B are {Zl‘ail/d, fori=1,....mandk=0,...,d—1.

If d { v, then Homg, (Fya, Fyv) = 9, so ¢, (Spec F a, A) = 0. On the other hand,

d—1
cy(SpecFy, A) =Tr(F, B) = ik ="/ gk =o0.
ik i k=0
If d|v, then Hom[pq ([qu, Fgv) = Hom[pq ([qu, [qu) =7/dZ. So

co(Fpa, A) =d Te(F*, A)=d Y o’

1
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On the other hand,

co(Fg. B)=Te(F*, By =Y tia//! =3 o/ =a ) o', O
i

ik ik
Next, we consider BGy, for a finite group scheme G over [,.

Lemma 4.6. Let Gy be a finite [,-group scheme, and let F( be a sheaf on BG.
Then H! (BG, %) =0forallr #0, and H(f)(BG, F) ~ HY(BG, %) has dimension
at most rank(F). Moreover, the set of 1-weights of Hc0 (BG, %) is a subset of the
t-weights of .

Proof. By [Olsson 2008a, 7.12-7.14] we can replace G by its maximal reduced
closed subscheme, and assume G is reduced, hence étale. Then G is the same as a
finite group G ([F) with a continuous action of Gal([F,) [Milne 2012, XII, 2.11]. We
will also write G for the group G (F), if there is no confusion. Since Spec F — BG
is surjective, we see that there is no nontrivial stratification on BG. In particular,
all sheaves on BG are lisse, and they are just Q,-representations of G.

BG is quasi-finite and proper over [, with finite diagonal, so by [Olsson 2008a,
5.8], H/(BG, %) =0 for all r # 0. From [ibid., 5.1], we see that if F is a sheaf
on BG corresponding to the representation V of G, then Hf (BG,%¥) = Vg and
H°(BG, %) = VY, and there is a natural isomorphism

vHng:VG—>VG.
geCG

Therefore
hS(BG, %) =dim Vg < dim V = rank(%),

and the weights of V; form a subset of the weights of V (counted with multiplic-
ities). U

4.7. (i) If k is a field, by a k-algebraic group G we mean a smooth k-group scheme
of finite type. If G is connected, then it is geometrically connected [Grothendieck
and Demazure 1970, Exposé VI,, 2.1.1].

(ii) For a connected k-algebraic group G, let a : BG — Speck be the structural
map. Then
a* : A-Sh(Spec k) —> A-Sh(BG)

is an equivalence of categories. This is because

*BG has no nontrivial stratifications (it is covered by Spec & which has no non-
trivial stratifications), and therefore

« any constructible A-adic sheaf on BG is lisse, given by an adic system (M,,),
of sheaves on Spec k with G-actions, and these actions are trivial since G is con-
nected, see [Behrend 2003, 5.2.9].
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(iii) Let Go be a connected [ -algebraic group. By a theorem of Lang [1956,
Theorem 2], every Go-torsor over Spec [, is trivial, with automorphism group Gy,

therefore
1 1

co(Go) ~ #Go(Fg)’
Recall the following theorem of Borel as in [Behrend 2003, 6.1.6].

cy(BGo) =

Theorem 4.8. Let k be a field and G a connected k-algebraic group. Consider the
Leray spectral sequence given by the projection f : Spec k — BG,

EY = H (BGp) ® H (Gp) = Q.

Let N* = Eg_fl C H*(Gy) be the transgressive subspaces, for s > 1, and let N be
the graded Qg-vector space EBSZl N?. We have:

(@) N*=01ifs is even.
(b) The canonical map \N — H*(Gy) is an isomorphism of graded Qq-algebras.

(c) The spectral sequence above induces an epimorphism of graded Qg-vector
spaces H*(BGy) — N[—1]. Any section induces an isomorphism

Sym*(N[—1]) = H*(BGy).

Remark 4.8.1. (i) The E’’-term in Theorem 4.8 should be H"(BGy, R’ £:.Qp),
and R* f*@z is a constructible sheaf on BG. By 4.7 (ii), the sheaf R® f*@g is
isomorphic to a* f*R® f*@g =a"H*(Gy), where a : BG — Speck is the structural
map and H’(Gy) is the Gal(k)-module regarded as a sheaf on Spec k. Therefore
by projection formula, E5° = H" (BGy) ® H*(Gy).

(ii) Since the spectral sequence converges to @ sitting in degree 0, all E’} are
zero, except Egg. For each s > 1, consider the differential map

0,s . 20,5 s+1,0
ds-‘rl : Es+1 Es+l

on the (s + 1)st page. This map must be injective (respectively surjective) because
it is the last possibly nonzero map from E* (respectively into ES*!-0). Therefore,
it is an isomorphism. Here N* = EJ7, is a subspace of Ey** = H*(Gy), and EZ T}
is a quotient of E;H’O = H**1(BGy). We get the surjection H*T!'(BGy) — N*

by using the isomorphism d?_fl.

4.8.2. Let G be a connected [, -algebraic group of dimension d. We intend to ap-
ply Theorem 4.8 to investigate the compact support cohomology groups H}(BG).

We have graded Galois-invariant subspaces N =&, N" C @,., H"(G) con-
centrated in odd degrees, such that the induced map -

/\ N — H*(G)
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is an isomorphism, and such that H*(BG) = Sym*N[—1]. Let n, = dim N", and
let v,1, ..., v, be a basis for N” with respect to which the Frobenius acting on
N is upper triangular

oy x Xk

*

U,
with eigenvalues o, 1, ..., oy, . By Deligne [1980, 3.3.5], the weights of H"(G)
are >r, SO |o,| qu/Z > 1. We have

H*(BG) = Sym*Q;(v;;| for all i, j) = Q[v;;],
with deg(v;;) =i + 1. Note that all i + 1 are even. In particular, H¥*Y(BG)=0
and

H> (BG) = {homogeneous polynomials of degree 2r in v;;}
:@[<1_[ oS my 1) = 2r>.
iJj ij

With respect to an appropriate order of the basis, the matrix representing F acting
on H?" (BG) is upper triangular, with eigenvalues

1_[01?;."’, for Zmij(i—i—l) =2r.
ij iJ
By Poincaré duality, the eigenvalues of F acting on H. > ~2¢(BG) are
g [ Je;™, where > my(i+1)=2r
ij ij
Here (m;;);,; are tuples of nonnegative integers. Therefore the reciprocal charac-
teristic polynomial of F on H->~2¢(BG) is

P_3r—24(BGo,t) = l_[ (1—q_d1_[05i;mij'f>-
i,j

m,’jZO
Zi,_/ mij(i+1):2r

In the following two lemmas we prove two key cases of Theorem 4.2 (i).

Lemma 4.9. Let G be an [,-group scheme of finite type. Then Theorem 4.2 (i)
holds for the structural map f : BGy — Spec [, and any convergent complex
Ky e W= (BGy, Q).

Proof. By Olsson [2008a, 7.12-7.14] we may assume that Gy is reduced (hence
smooth), so that the natural projection Spec F, — BGj is a presentation. Note that
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then the assumptions of (-mixedness and stratifiability on K¢ are verified automat-
ically, by Proposition 2.8 and Corollary 3.6 (iii), even though we will not use them
explicitly in the proof.

Let Gg be the identity component of G and consider the exact sequence of
algebraic groups

1 — G) — Gy —> m0(Go) —> 1.

The fibers of the induced map BGg — Bmy(Gg) are isomorphic to BGY, so we
reduce to prove two cases: Gy is finite étale (or even a finite constant group scheme,
by Remark 4.1.2 (iii)), or Gy is connected and smooth.

Case of G finite constant. Let G(/F, be the finite constant group scheme
associated with a finite group G, and let Ky € W™ (BGy, Q;). Again we denote
by G both the group scheme Gy ® F and the finite group Go(F), if no confusion
arises. Let y be the unique point in Spec [,

BG BGy

]

Spec F 2, Spec [,

1s identified with the coinvariance functor
()6 : D7 (Repg, G) — D (Qy),

which is exact on the level of modules, since the category Repg, G is semisimple.
So (fiKo)y = (fy)1K = Kg and #"(Kg) = #"(K)¢. Therefore

D7 odalt = ) el
¥ ((fhK) F #H"(K), F

for every n € Z and s > 0. Therefore, if K¢ is a convergent complex, so is f1Kjp.
Case of G smooth and connected. In this case

f*: @;-Sh(Spec F,) —> Q,-Sh(BGy)

is an equivalence of categories by 4.7 (ii). Let d = dim Gy, and let %\ be a sheaf
on BGy, corresponding to a representation V of the Weil group W ([F,), with
Bi, ..., Bm as eigenvalues of F. By the projection formula [Laszlo and Olsson
2008b, 9.1.i] we have H!(BG, ¥) >~ H!(BG) ® V, and by 4.8.2 the eigenvalues
of F on HC_Z’_Q"(BG) ® V are (using the notation in 4.8.2)

—d —mij
g~ Be] Teri ™
ij
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fork=1, ..., m and tuples (m;;) such that Z ;m;j(i+1)=2r. Forevery s > 0,

>, > laf —Zq—d‘\m H

neZ H'(BG)®V,F  myj.k

- (kz:yﬁkr)(zq-“n g

mij

which converges to
m
—d 1
(X ) T
k=1 ij Y

since |o;;|~° < 1 and the product above is taken over finitely many indices.

Let K be a convergent complex on BGy, and for each k € Z, let V; be a W(F,)-
module corresponding to #* K. For every x € BG([F,) (for instance the trivial
G-torsor), the pair (5 (K)x, Fy) is isomorphic to (Vi, F). Consider the W (F,)-
equivariant spectral sequence

H'(BG, #"(K)) = H'™(BG, K).

We have

DD DTS DI DR D 1§

neZ H'(BG,K),F neZ r+k=n H’ (BG,%*K),F

=Y Y

r.keZ H (BG)®Vi,F

XY Y

keZ reZ H!(BG)®Vi,F

_ 1
- Zq ds(‘; Iozls> 1_[ Tl
k> L]

keZ

—ds 1

() (T )

(kzz 1._.[1_|0‘ij| :
eZ Vi, F [2%)

where the first factor is convergent by assumption, and the product in the second

factor is taken over finitely many indices. This shows that fi K¢ is a convergent
complex. U

Let E; be a finite subextension of @;/Q, with ring of integers A and residue
field Ao, and let (&, &) be a pair on & defined by simple lcc Ag-sheaves on strata. A
complex Ko e W (%), Qy) is said to be (¥, &)-stratifiable (or trivialized by (¥, £)),
if K is defined over E;, with an integral model over A trivialized by (¥, ¥).
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Lemma 4.10. Let X/F,; be a geometrically connected variety, E; a finite subex-
tension of Qy/Qq with ring of integers A, and let & be a finite set of simple
lcc Ag-sheaves on X. Then Theorem 4.2 (1) holds for the structural morphism
f: Xo — Spec [y and all lisse 1-mixed convergent complexes Ky on X that are
trivialized by ({X}, &).

Proof. Let N = dim Xg. From the spectral sequence

EF = H' (X, %K) = H™ (X, K)

we see that
)IED DTS DI DD DI -1 DI S 1
neZ H'(X,K),F neZ r+k=n H!(X,%*K),F 0<r<2N H!(X,%*K),F

keZ

therefore it suffices to show that the series » ", _, > HI (X9 K),F la|® converges for
each 0 <r <2N.

Let d be the number in Lemma 3.10 for £. Each cohomology sheaf #" Ky is
t-mixed and lisse on X, so by Theorem 2.6 (i) we have the decomposition

W' Ko= P @"Ko)(b)
beR/Z

according to the weights mod Z, defined over E,, see Remark 2.6.1 (ii). For
each coset b, we choose a representative by € b, and take a b; € @: such that
wy (b1) = —by. Then the sheaf (#" Ko) (b)) deduced by twist is lisse with integer
punctual weights. Let W be the filtration by punctual weights Theorem 2.6 (ii) of
(" Ko)(b)®V. For every v > 1 and x € Xo(F,v), and every real s > 0, we have

DD DT DD D T

neZ (#"Ko)x, Fx neZ (#"Ko)(b)x, Fx
R/Z

be
=> > la/bypr

n€Z_(H"Ko)(b)PV, Fx

beR/Z
— Z qbos/z Z |a|S/U
nez (9" Ko) (b)eV, F,
beR/Z
=2 "y ) el
nez ieZ Grl¥ (#"Ko)(b)D)x, Fy
beR/Z
= Y g™ g™ rank G} (3" Ko) (b) V.
neZ ieZ
beR/Z

Since K is a convergent complex, this series is convergent.
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For each n € Z, every direct summand (#" Kgo)(b) of #" Ky is trivialized by
({X}, &). The filtration W of each (" Kg)(b)®" gives a filtration of (#"K()(b)
(also denoted W) by twisting back, and it is clear that this latter filtration is de-
fined over E;. We have Gr!” (3" K¢) (b)) = (Gr}¥ (#"K)(b))®", and each
Grl.W(?}f” Ko)(b) is trivialized by ({X}, &#). By Lemma 3.10,

h.(X, Gr)Y (%" K)(b)"V)) = hi(X, G} (3" K ) (b))
<d -rank Gr)” (¥" K ) (b)
=d -rank Gr}" (%" K) (b)),

where the first equality follows from [Laszlo and Olsson 2008b, 9.1.i]. Therefore

2. ) =3 ) el

neZ HI (X, #"K),F neZ HI(X,(H'K)(b)).F
beR/Z

_ Z Z bl

neZ Hr(X,(#"K)b)Pv),F

beR/Z
=2 ") 2, al
nez ieZ HI(X,Gr)Y (%" K)(b)®D)),F
beR/Z
< X AP g X Gl (K ™))
neZ ieZ
beR/Z
< qrs/Zd Z qbQS/Z Zqis/z . rankGer((?f”K)(b)(b‘)),
neZ ieZ
beR/Z
and it converges. ([

Now we prove Theorem 4.2 (i) in general.

Proof. We may assume all stacks involved are reduced. From Theorem 2.11 and
Theorem 3.9 we know that fiKo € W,,*"(¥, Qp).

Let y € Yo (F,v), we want to show that ((f1Ko)y, F)) is a convergent complex.
Since the property of being convergent depends only on the cohomology sheaves,
by base change [Laszlo and Olsson 2008b, 12.5.3] we reduce to the case when
Yo = Spec [,v. Replacing g by g*, we may assume v = 1. By Remark 4.1.2 (iii)
we only need to show that (RI".(¥, K), F) is convergent.

If j : Ug — Ko is an open substack with complement i : %9 — %o, then we have
an exact triangle

j!j*Ko —> K() —> i*i*Ko —>
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in W~ (%o, Q¢), which induces an exact triangle
RT.(Ug, j*Ky) —> RT'(¥o, Ko) —> R (%o, i*Ky) —>

in W~ (Specl,, @g). So by Corollary 4.4 and noetherian induction, it suffices to
prove Theorem 4.2 (i) for a nonempty open substack. By [Behrend 2003, 5.1.14]
we may assume that the inertia stack $g is flat over €. Then we can form the
rigidification 7 : &y — X with respect to $o [Olsson 2008b, §1.5], where X
is an [ -algebraic space of quasi-compact diagonal. X, contains an open dense
subscheme [Knutson 1971, II, 6.7]. Replacing %y by the inverse image of this
scheme, we can assume X is a scheme.

If Theorem 4.2 (i) holds for two composable morphisms f and g, then it holds
for their composition g o f. Since RI'.(¥y, —) = RI'-(Xp, —) o m, we reduce
to proving Theorem 4.2 (i) for these two morphisms. For every x € Xo(F,v),
the fiber of w over x is a gerbe over Spec k(x). Extending the base k(x) (see
Remark 4.1.2 (iii)) one can assume it is a neutral gerbe (in fact all gerbes over
a finite field are neutral; see [Behrend 2003, 6.4.2]). This means the following
diagram is 2-Cartesian:

B Aut, — X

b

Spec v —— Xo.

So we reduce to two cases: Xy = BG for an [ -algebraic group Gy, or Xy = X
is an [F,-scheme. The first case is proved in Lemma 4.9.

For the second case, given a convergent complex Ko € W5 (Xy, Q;), defined
over some E; with ring of integers A, and trivialized by a pair (¥, &) (£ being
defined over Ag) on X, we can refine this pair so that every stratum is connected,
and replace X, by models of the strata defined over some finite extension of [,
Remark 4.1.2 (iii). This case is proved in Lemma 4.10. ([

5. Trace formula for stacks
We prove two special cases of Theorem 4.2 (ii) in the following two propositions.

Proposition 5.1. Let G be a finite étale group scheme over [, and F a sheaf on
BGy. Then

c1(BGo, Fo) = c1(Spec [y, R (BGo, Fo)).

Proof. This is a special case of [Olsson 2008a, 8.6] on correspondences given by
group homomorphisms. (]



96 Shenghao Sun

Proposition 5.2. Let G be a connected [ ;-algebraic group, and let F be a sheaf
on BGy. Then

c1(BGo, Fo) = c1(Spec Fy, RT(BGo, Fo)).

Proof. Let f : BGo — Spec [, be the structural map and d = dim G¢. By 4.7 (ii),
the sheaf %, on BG takes the form f*V, for some sheaf V on Spec [,. By 4.7 (iii),

we have
Tr(F, V)

c1(BGy, Fo) = #Go(F,)
q

m Tr(Fy, Fx) =
By the projection formula we have H(BG, %) ~ H!(BG)® V, so

Tr(F, H!(BG, ¥)) =Tr(F, H!(BG)) - Tt(F, V).
Then

c1(SpecFy, RT(BGo, F0)) = Y _(—1)" Tr(F, H}(BG, %))
n

=Te(F. V)Y (=1)" Te(F, H!(BG)).
SO we can assume Fy = @g. Using the notations in 4.8.2 we have

Z( )" Tr(F, H"(BG))_ZTr(F H ¥ 2(BG))

r>0
=2 2 [l =a 2 []e™
r=0 3" m;j(i+1)=2r i,j m;;>0 i,j
m,-_,->0

=q ] +e; +a;7 + —d]_[l_

ij

It remains to show that

#Go(F) =¢' T [(1
ij
In 4.8.2, we saw that if each N’ has an ordered basis v;q, ..., Vin, With respect
to which F is upper triangular, then since H*(G) = /\ N, H'(G) has a basis

Vipjis NVigjp Ao AV s

such that ZT:] i, =1, i <iry1,and if i, =i,41, then j, < j41. The eigenvalues

of F on H'(G) are a;, j, - - - @, ;,, for such indices. By Poincaré duality, the eigen-

values of F on H*~/(G) are q% (e, j, - - - ;). Note that all the i, are odd,

SO m

2d—i=i=) i,=m mod?2.
r=1
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Applying the classical trace formula to G, we have
#Go(Fy) = 3o D"g g o), =g T](1 =),
ij

This finishes the proof. O

5.2.1. Note that in Propositions 5.1 and 5.2 we did not make explicit use of the
fact that % is (-mixed.

Now we prove Theorem 4.2 (ii) in general.

Proof. Since ¢,(¥o, Ko) = c1(¥o ® Fyv, Ko ® F4v), we can assume v = 1. We
shall reduce to proving Theorem 4.2 (ii) for all fibers of f over F,-points of ¥,
following the approach of Behrend [2003, 6.4.9].

Let y € Yo(F,) and (¥y), be the fiber over y. Then (%o),(F,) is the groupoid
of pairs (x, ), where x € Xy(F,) and « : f(x) — y is an isomorphism in Yo (F,).
Suppose (¥p),(F,) # &, and fix an x € (Xp),(F,). Then Isom(f(x), y)(F,) is
a trivial left Aut, ([, )-torsor. There is also a natural right action of Aut,(F,) on
Isom(f(x), y)(F,), namely ¢ € Aut,(F,) takes a to o o f(¢). Under this action,
for & and o’ to be in the same orbit, there should be a ¢ € Aut, (F,) such that the
diagram

fo)

fx) J(x)

N

commutes; by definition this means (x, ) is isomorphic to (x, &) in (%), (F,). So
the set of orbits Isom( f (x), y)(F,)/ Aut,(F,) is identified with the inverse image
of the class of x along the map [(¥o),(F,)] — [¥0(F,)]. The stabilizer group
of a € Isom(f(x), y)(F,) is Aut(, «)(F,), the automorphism group of (x, ) in
(%O)y(”:q)-

In general, if a finite group G acts on a finite set S, then we have

#G
Y o= ) #Orbg(x)=#S.
[x]eS/G#StabG(x) [x]eS/G

Now for § = Isom(f(x), y)(F,) and G = Aut,(F,), we have

# Aut, (Fy)
2 F A (. = Tsom(f (), n)(Fg) = # Auty (Fy);
(x,0)€[(%o)y (F] (x,a)\I"g

(x,0)—>x

the last equality follows from the fact that S is a trivial Aut, ([, )-torsor.
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If we assume Theorem 4.2 (ii) holds for the fibers fy : (¥y), — Specl, of f,
for all y € Yo(F,), then

Te(Fy, (LK)
(@, fiky = Y LU

vty AU Fg)
_ Z Tr(Fy, (fy!K)Y)
veivtr,n AU (FY)

_ Z 1 Z Tr(Fx, Kx3)
#Auty([Fq) #Aut(x,a)(l]:q)

yelo(F,)] (x.@)el(%o)y ()]
Tr(Fy, K3)
I o
R Rl ( @) xel@oF )] \ (x.)el@o)y (Fy)] wao(Fg)
Xy (x,a)~>x
= 2 3 ( ) Z #Au tlxam
ye[%([Fq)] uty (g o(Fy)]
xn—)y
# Aut, (F
( 2 ﬁ)wﬂﬂ
(et @1 T AU (Fy)
(x,0)—>x
1 Tr(Fy, K5)
= Z S —2 2 230 4 Aty (F,)
Aut,, (F # Aut, (F yia
ye[o(F,)] y(Fq) xe[%o(Fy)] «(Fg)
x>y
Tr(Fy, Kz) _
2 %o, Kp).
Z #AuL, (F,) =:¢1(%o, Ko)
xe[#o(F,)]

Here the second equality follows from [Laszlo and Olsson 2008b, 12.5.3]. Thus
we reduce to the case when ¥y = Spec[,.

If Kj — Ko — K; — K[1] is an exact triangle of convergent complexes in
W, St (%o, Qy), then by Corollary 4.4 and Theorem 4.2 (i) we have

c1(Xo, Ko) = ¢1(Xo, K{) + c1(%o, Kj) and
c1(Mo, fiKo) = c1(¥o, fiKg) +c1(Mo, fiK().
If j : Uy — %o is an open substack with complement i : #y — X, then
c1(&o, j1j*Ko) =c1(Uo, j*Ko) and c¢1(Xo, ixi*Ko) = c1(Zo, i*Ko).

By noetherian induction we can shrink &, to a nonempty open substack. So we
may assume the inertia stack $g is flat over &, with rigidification = : Xy — X,
where Xy is a scheme. If Theorem 4.2 (ii) holds for two composable morphisms
f and g, then it holds for g o f. So we reduce to two cases as before: ¥y = X
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is a scheme, or £y = BGy, where Gy is either a connected algebraic group, or a
finite €tale algebraic group over [,. We may assume Xy is separated, by further
shrinking (for instance to an affine open subscheme).

For a complex of sheaves K and an integer n, we have an exact triangle

T nKo— T<n+1K0 — %H(KO)[_n] )

SO
c1(t<nt1K0) = 1 (1<, Ko) + 1 (" (Ko)[—n])
= c1(t<nKo) + (—=1)"c1 (%" (K0p)).

Since Ky is bounded above, 1y Ko >~ Ko for N > 0. Since Ky is convergent,
c1(t<nKo) — 0 absolutely as n — —oo, so the series Znez(—l)”cl(%n(l(o))
converges absolutely to ¢ (Kp).

Applying RI". we get an exact triangle

RT (%o, T<nKo) —> RT(Xo, T<p+1Ko) —> RT (%o, #" Ko)[-n] —>
in W~ (Spec I, @5). We claim that, for ¥y = X a scheme, or BG(, we have
lim ¢ (SpecF,, RT (%o, 7<,K0)) =0
n——oo

absolutely. Recall that ¢ (RT (1<, K0)) = Y_; (=Dt Tr(F, H (¥, 12, K)), so
we need to show that

Z Z o] -0 asn— —oo0.

ieZ H (®,7<,K),F

From the spectral sequence

H (%, %1, K) = H™ (%, 1-,K)

we see that
Do =y 0 X =)y Y el
ieZ H (%X,7-nK),F i€? r+k=i H!(X,%*t_,K),F ieZ r;{i—k:i H! (X, %K), F
<n

Let d = dim %X, (see 9.1). In the cases where X is a scheme or BG(, we have
H! (¥, %) =0 for every sheaf & unless r < 2d (see 4.8.2 and Lemma 4.6). There-

LYY Y MY Y Y

ieZ r;(i-k:i HI(X,9%¢K), F i<n+2d r+k=i H' (X,%*K),F
<n

and it suffices to show that the series

2.0 > el

ieZ r+k=i H (%,%"K),F
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converges. We already proved this for BG( in Lemma 4.9, and for schemes X in
Lemma 4.10 (we may shrink X so that the assumption in Lemma 4.10 is satisfied).

Note that in the two cases ¥y = X or BG(, Theorem 4.2 (ii) holds when Ky is a
sheaf concentrated in degree 0. For separated schemes X, this is a classical result
of Grothendieck [1965] and Verdier [1967]; for BGy, this is done in Propositions
5.1 and 5.2. Therefore, for a general convergent complex Ky, we have

c1(RT (T<n+1K0)) = c1(RT (1<, K0)) + c1 (RT(H" Ko)[—n])
= 1 (RT (1<, K¢)) + (—=1)"c1 (#" Kp),

and so

c1(RT(Kp)) = Z(—l)"cl(%"l(o) + lim ¢ (R (t<nKo)) = c1(Kp). [

neZ

Corollary 5.3. Let f : o — Yo be a morphism of F,-algebraic stacks, and let
Ko e W, S"(%y, Qy) be a convergent complex of sheaves. Then

Lo, Ko, 1) = LYy, f1Ko, ).

6. Infinite products

For a convergent complex Ky on &, the series sz 1 cv(Kp)t? /v (and hence the
L-series L(Xy, Ko, t)) usually has a finite radius of convergence. For instance, we
have the following lemma.

Lemma 6.1. Let X(/F, be a variety of dimension d. Then the radius of conver-
gence of Y- cy(Xo)t? /v is 1/4%.

Proof. Let fx,(t) =), cv(X0)t"/v. Let Yj be an irreducible component of X
with complement Uy. Then cy(Xg) =cy(Yy)+c,(Up), and since all the ¢, -terms are
nonnegative, we see that the radius of convergence of fx,(¢) is the minimum of that
of fy,(t) and that of fy,(¢). Since max{dim(Yy), dim(Up)} = d, and Uy has fewer
irreducible component than Xy, by induction we can assume Xy is irreducible.
Then there exists an open dense subscheme Uy C X that is smooth over Spec [,
Let Zyo = Xo — Uy, then dim(Zy) < dim(Xo) = d. From the cohomology sequence

H"Y(Z) — HX(U) — HX(X) — H}*(2)

we see that HCZd(X) = HCM(U) = Q¢(—d). The Frobenius eigenvalues {o;;}; on
H!(X) have t-weights <1, for 0 <i < 2d [Deligne 1980, 3.3.4]. By the fixed point



L-series of Artin stacks over finite fields 101

formula,

cy(Xo) _ qu + ZO§i<2d(_1)i Zj alpj

cop1(Xo)  g+Dd 4 2 0<ica(—D" 25 O‘;.}/'H

g7+ g7 Lozica (=D 5 (54)"
. ii +1
L+ 00 c0a(=D" 2, ((;l—.&z’)v

which converges to 1/g? as v — oo, therefore the radius of convergence of f X, (1)
is

CU(XO)/U 1
1m =i
v—>00 ¢yt (Xo)/(W+1) g

In order to prove the meromorphic continuation of Theorem 8.1, we want to
express the L-series as a possibly infinite product. For schemes, if we consider only

0

bounded complexes, the L-series can be expressed as a finite alternating product of
polynomials P,(Xy, Ko, t), so it is rational [Grothendieck 1965]. In the stack case,
even for the sheaf Q, there might be infinitely many nonzero compact cohomology
groups, and we need to consider the issue of convergence of the coefficients in an
infinite products.

Definition 6.2. Let f,,(t) = Zkzo anit® € C[[t1] be a sequence of power series over
C. The sequence is said to be convergent term by term, if for each k, the sequence
(auk)n converges, and the series

. o k .
Jim 0= 3 lim an
k>0
is called the limit of the sequence (f,,(¢))n.

6.2.1. Strictly speaking, a series (respectively infinite product) is defined to be a
sequence (a,),, usually written as an “infinite sum” (respectively “infinite prod-
uct”) so that (a,), is the sequence of finite partial sums (respectively finite partial
products) of it. So the definition above applies to series and infinite products.

Recall that log(1 +g) =Y, (=)™ g" /m for g € tC[[1]].

Lemma 6.3. (i) Let f,(t) =1+ Zkz] anxt® € C[[t]] be a sequence of power series.
Then (f,,(t)), is convergent term by term if and only if (log f,(t)), is convergent
term by term, and

lim log f,,(t) =log lim f,(¢).
n—o00 n—oo
(ii) Let f and g be two power series with constant term 1. Then

log(fg) =log(f) +log(g).
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(iii) Let f,,(t) € 1 + tC[[t]] be a sequence as in (1). Then the infinite product
anl fn(t) converges term by term if and only if the series anl log f,,(t) con-
verges term by term, and

Z IOg fn(t) = IOg 1_[ fn(t)-
n>1 n>1
Proof. (i) We have
log fu(®) =Y (=)™ (D awt*)" /m

m>1 k>1
=t-a, +t (a,,z )+t (ang—anlanzﬁ-%asl)

+1 (an4 —ap1Qp3 — 2 n2 + a 1an2 Z Ankt
k>1

In particular, for each k, the function A,y —aux =h(ani, . . ., an k—1) is a polynomial
in a,, ..., an -1 with rational coefficients. So if (a,x), converges for each k,
then (A,x), also converges, and by induction the converse also holds. If we have
lim;,_ 00 Gnk = ag, then lim,, . o0 Apr = ar + h(ay, ..., ar_1), and

log lim fn<r>=log(1+k21akr )=k21j<ak+h<a1,...,ak_1>>r = lim log f, (7).
> >

(ii) log and exp are inverse to each other on power series, so it suffices to prove
that for f and g € tCJ[[¢]], we have

exp(f +g) = exp(f) exp(g)-
This follows from the binomial formula:

) . n fk gnfk
exp(f+8) =) (f+g)/nl= Zn,z<)fkg k:mk:oﬁ'(n—k)!

n>0 n>0

-y L g] = () (i) = exp(h) expie).

l]>0 i>0 j=0

(ii1) Let Fy(t) = ]_[fl\’:] fa(t). Applying (i) to the sequence (Fy())y, we see
that the infinite product [, , f.(f) converges term by term if and only if (by defi-
nition) (Fy ()N converges_term by term, if and only if the sequence (log Fn (¢))n
converges term by term, if and only if (by definition) the series Zn> 1 log fu (1)
converges term by term, since by (ii) -

log ]_[fn (1) = Z log £, (1)

n=1
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Also
1 t)=1log lim Fy(t) = lim log Fy (¢t
og [ [/u(0) =log lim Fy(r)= lim log Fy (1)

n>1 N
- ngnooi_;log falty=1) log fu(n). O

n>1

6.4. For a complex of sheaves Ky on ¥ and n € Z, define
P,(%o, Ko, t) :==det(1 — Ft, H' (¥, K)).
We regard P, (%o, Ko, t)*! as a complex power series with constant term 1 via ¢.

Proposition 6.5. For every convergent complex of sheaves Ko € W, 5" (%, Qyp),
the infinite product

_1\n+l

nez

is convergent term by term to the L-series L(¥y, Ko, t).

Proof. The complex RI'.(¥, K) is bounded above, so P, (%o, Ko, t) =1 forn >0,
and the infinite product is a one-direction limit, namely n — —oo.

Let apy, ..., aum, be the eigenvalues (counted with multiplicity) of the mor-
phism F on H (%, K), regarded as complex numbers via ¢, so that

Pn(l) = Pn(%()» KO» t) = (1 _anll) e (1 _anm,,t)-

By Lemma 6.3 (iii) it suffices to show that the series

> (=1 log Py(t)

nez

converges term by term to szl cy(Ko)t¥ /.

We have
> D" og Py = Y (=1 log [ [(1 — i)
neZ neZ i
n arlt)itv ¥ n v Y
=D (DY =) ) () e =) e(RTe(Ko)),
neZ i v>1 v>1 neZ i v>1

which converges term by term by Theorem 4.2 (i), and is equal to ) | .| ¢, (Ko)t"/v
by Theorem 4.2 (ii). U

Remark 6.5.1. In particular we have

_1\n+l
Z(%o, 1) = [ [ Pa (0. """,

neZ
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where P, (%o, 1) = P,(%Xo, Qp, t). This generalizes the classical result for schemes
[Grothendieck 1965, 5.1]. When we want to emphasize the dependence on the
prime £, we will write P, ¢(Xo, t).
If G is a connected [, -algebraic group, 4.8.2 shows that the zeta function of
BGy is given by
1

Z(BGo. l‘)Zl_[ 1—[ <1—C]_d1_[()li;mij't>_: 1_[ (1—q_d1_[05i;m”'f>_l’
i,j iJj

r>0 m;j>0 mi;j=0
Zi,j m;j(i+1)=2r

7. Examples of zeta functions

In this section we compute the zeta functions of some stacks, and in each example
we do it in two ways: by counting rational points and by computing cohomology
groups. Also we investigate some analytic properties.

Example 7.1. BG,,. By 4.7 (iii) we have ¢, (BG,,) = 1/c,(G,,), so the zeta func-
tion is

Z(BGy,t) =exp (ZCU(BG,”)%) =exp ( Z qvl—l %)

v>1 v>1

Using Borel’s theorem 4.8 one can show (or see [Laumon and Moret-Bailly 2000,
19.3.2]) that the cohomology ring H*(BG,,) is a polynomial ring Q¢[T], generated
by a variable T of degree 2, and that the Frobenius action on cohomology is given
by FT" = ¢"T". So by Poincaré duality, we have
Tr(F, H, " (BGy)) = Tr(F, H, "2 (BGy, Qe(—1))/q

=Tr(F~', H"(BGu) /g =q"".

This gives
[1PBGu, D" =TT —g 0"

neZ n>1
It is easy to verify the result in Remark 6.5.1 directly:

1 v l/qv v v 1
eXp(qu—li)_eXp(Z 1—1/qv?)_eXp< ?anv>

v>1 v> v>1 n>1

_ HCXP(Z (t/z")”) _ 1—[(1 gt

n>1 v>1 n>1

There is also a functional equation

Z(BGyy, gt) = %Z(BG,”, -
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which implies that Z(BG,,, t) has a meromorphic continuation to the whole com-
plex plane, with simple poles at t = g", for n > 1.

HL._Q”_Z(BGm) is pure of weight —2n — 2. A natural question is if Deligne’s
theorem of weights [Deligne 1980, 3.3.4] still holds for algebraic stacks. Olsson
told me that it does not hold in general, as the following example shows.

Example 7.2. BE, where E is an elliptic curve over ;. Again by 4.7 (iii) we have
cv(BE) =1/#E(F,v).

Let o and 8 be the roots of the reciprocal characteristic polynomial of the Frobenius
on H'(E):

> —(U+g—ci(E)x+qg=0. (7.2.1)
Then for every v > 1, we have ¢, (E) =1 —a" — 8" +¢q¢" = (1 —a’)(1 — BY). So
1 o~V ﬁ—v

BB = g~ T—a T_p—

=(Zam)(Xrm)= E (75)

n>1 m=>1 n,m>1

and the zeta function is

Z(BE, 1) = exp (ZCU(BE)%)

T (X () ) - T (-

n,m>1 n,m>1
v>1

To compute its cohomology, one can apply Borel’s theorem 4.8 to E, and we
have N=N'!= H'(E), so N[—1] is a 2-dimensional vector space sitting in degree
2, on which F has eigenvalues « and 8. Then H*(BE) is a polynomial ring
@g [a, b] in two variables, both sitting in degree 2, and the basis a, b can be chosen
so that the Frobenius action F on H?(BE) is upper triangular (or even diagonal)

!

H*(BE) =Sym"N[—1]=Q(a",a" ‘b, ..., 0"

Then F acting on

can be represented by

n * * ok

"B x

k]

*

ﬂn
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with eigenvalues o, a”_l,B, ..., B". So the eigenvalues of F on HC_Z_Z" (BE) are
q—]a—n, q—lal—nﬂ—]’ e q—lﬂ—n and

[1PBE. O =1/0 ¢ [0 —g e )1 —¢7'p7'0)]

ner J—g e —g a7 BT U g7 D] -

Note that the right hand side is the same as Z(BE, t) above (since o = q).
Let Z,(t) := Z(BE, gt). Its radius of convergence is 1, since by Lemma 6.1
cy(BE) . Ccuy1(E)
im ———— = lim =
vo00 cyy 1(BE)  vooo c(E)

There is also a functional equation

Zy(at) =

o 211 22(1),

where
1

(I—ep~')y(1—ap2)(1—af3t) -

Z,(t) is holomorphic in the open unit disk and satisfies the functional equation

Zo(t) =

Zr(Bt) =

1_0”220)-

Therefore Z,(t), and hence Z(BE,t), has a meromorphic continuation to the
whole complex 7-plane with the obvious poles.

Remark 7.2.1. HC*Z*Z”(B E) is pure of weight —2 — n, which is not < —2 —2n
unless n = 0. So the upper bound of weights for schemes fails for BE. This also
leads to the failure of the decomposition theorem for B E; see [Sun 2012, §1], for
the example of a pure complex on B E which is not geometrically semisimple.

Also note that, the Equation (7.2.1) is independent of ¢, so the polynomials
P, ¢«(BE,t) are independent of £.

Example 7.3. BG(, where G is a finite étale [,-group scheme, corresponding to
a finite group G and a Frobenius automorphism o on it. Then BG¢(F,v) >~ G/ oW,
where p( is the right action of G on the set G given by & : g+ oV (h~)gh. So

1 #G
B = _— = 1
c(BGo)= #Stab,w (g)  #G
[gleG/p®
and the zeta function is
Z(B G(), t) = %

Its cohomology groups are given in Lemma 4.6: H(BG) = Qy, and other H 1=0.
This verifies Remark 6.5.1.



L-series of Artin stacks over finite fields 107

Note that Z(BGy, t) is the same as the zeta function of its coarse moduli space
SpecF,. As a consequence, for every [ -algebraic stack %o, with finite inertia
$o — ¥p and coarse moduli space w : Xy — X [Conrad 2005, 1.1], we have
Z(Xo,t) = Z(Xy, t), and hence it is a rational function. This is because for every
x € Xo(F4v), the fiber 7~ 1(x) is a neutral gerbe over Spec k(x), and from the above
we see that ¢, (ot 1 (x)) = 1, and hence ¢,(%o) = ¢, (Xo). The fact that Z(Xo, t) is
a rational function follows from [Knutson 1971, II, 6.7] and noetherian induction.
More generally, we have the following.

Proposition 7.3.1. Let X be an [,-algebraic stack. Suppose that X either has
finite inertia, or is Deligne—Mumford (not necessarily separated). Then for every
Ko € Wb(%y, Qy), the L-series L(¥Xy, Ko, t) is a rational function.

Proof. 1t suffices to show that Theorem 4.2 holds for the structural morphism
%o — SpeclF, and Ky € Wh(%o, @g) in these two cases. We will not make explicit
use of the fact from Remark 2.8.1 that K is -mixed.

Case when ¥ has finite inertia. Let 7 : Xy — X be its coarse moduli space.
For any sheaf %, on %(, we have isomorphisms H (X, ROm %) ~ H! (%, F) by
Lemma 4.6, so RI'.(¥y, %o) is a bounded complex, hence a convergent complex.
To prove the trace formula for ¢ — Spec [, and the sheaf F, it suffices to prove
it for ¥o — Xo and Xo — Spec [,. The first case, when passing to fibers, is reduced
to BGg, and when passing to fibers again, it is reduced to the two subcases: when
Gy is finite, or when Gy is connected. In both of these two cases as well as the
case of an algebraic space X( — Spec [, the trace formula can be proved without
using (-mixedness 5.2.1. Therefore, Theorem 4.2 holds for % — Spec [, and any
sheaf, hence any bounded complex, on &j.

The trace formula is equivalent to the equality of power series

L(%o. Ko. 1) = [ | Pi(%0. Ko, n=o
ieZ
and the right-hand side is a finite product, because RI'.(¥y, Ky) is bounded. There-
fore, L(¥Xy, Ko, t) is rational.

Case when % is Deligne-Mumford. For both (i) and (ii) of Theorem 4.2, we
may replace ¥ by a nonempty open substack, hence by [Laumon and Moret-Bailly
2000, 6.1.1] we may assume & is the quotient stack [X(’) / G1, where X (’) is an affine
F,-scheme of finite type and G is a finite group acting on X{,. This stack has finite

diagonal, and hence finite inertia, so by the previous case we are done. Also, we
know that RI".(¥y, K¢) is bounded, therefore L(¥X, Ko, t) is rational. U

If one wants to use Poincaré duality to get a functional equation for the zeta
function, [Olsson 2008a, 5.17] and [Laszlo and Olsson 2008b, 9.1.2] suggest that
we should assume ¥ to be proper smooth and of finite diagonal. Under these
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assumptions, one gets the expected functional equation for the zeta function, as
well as the independence of ¢ for the coarse moduli space, which is proper but
possibly singular. Examples of such stacks include the moduli stack of pointed
stable curves .ilg , over F,.

Proposition 7.3.2. Let X be a proper smooth [ ,-algebraic stack of equidimension
d, with finite diagonal, and let m : Xy — X be its coarse moduli space. Then
Z(Xy, t) satisfies the usual functional equation

z(%o, #) — ¢ Z(Xo, 1),

where x = Zizio(—l)i deg P; ¢(Xo, t). Moreover, H'(X) is pure of weight i, for
every 0 <i <2d, and the reciprocal roots of each P; ¢(Xo, t) are algebraic integers
independent of £.

Proof. First we show that the adjunction map Q; — m,7*Q, = 7,Qy is an iso-

morphism. Since 7 is quasi-finite and proper [Conrad 2005, 1.1], we have m, = m

[Olsson 2008a, 5.1] and er@g =0 for r #0 [Olsson 2008a, 5.8]. The natural map

Q¢ — R%7,Qy is an isomorphism, since the geometric fibers of 7 are connected.
Therefore RT' (%o, Q;) = RT'(Xo, 7.Q¢) = RT(X,, Qy), and hence

H (%) ~ H (%) ~ H'(X) ~ H (X)

for all i [Olsson 2008a, 5.17]. Let P;(t) = P;(¥o,t) = P;(Xg, t). Since Xy is an
algebraic space of dimension d, P;(t) =1 if i ¢ [0, 2d]. Since ¥y is proper and
smooth, Poincaré duality gives a perfect pairing

H (X)) x H*7 (%) — Qu(—d).

Following the standard proof for proper smooth varieties, see [Milne 2008, 27.12],
we get the expected functional equation for Z(¥Xy, t) = Z(Xy, t).

Hi(X) is mixed of weights < i [Deligne 1980, 3.3.4], so by Poincaré duality,
it is pure of weight i. Following the proof in [Deligne 1974a, p. 276)], this purity
implies that the polynomials P; ¢(Xo, t) have integer coefficients independent of
L. O

Remark 7.3.3. Weizhe Zheng suggested Proposition 7.3.1 to me. He also sug-
gested that we give a functional equation relating L(%o, DKy, t) and L(Xo, Ko, t),
for Ko € W2(%, @g), where & is a proper [,-algebraic stack with finite diagonal,
of equidimension d, but not necessarily smooth. Here is the functional equation:

L(%o, Ko, t™") =t - Q- L(¥o, DKo, 1),
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where x. = 37 (= 1)'hi (%, K) and Q = (1%L (%, Ko, 1))]1=0- Note that the
rational function L(¥y, Ko, t) has degree — x., hence Q is well-defined. The proof
is similar to the above.

Example 7.4. BGLy. We have

#GLN(”:qv) — (qu _ 1)(qu _qv) L (qu —qv(N_l)),

so one can use ¢,(BGLy) =1/c,(GLy) to compute Z(BGLy, t). One can also
compute the cohomology groups of BG Ly using Borel’s theorem 4.8. We refer
to [Behrend 1993, 2.3.2] for the result. Let us consider the case N = 2 only. The
general case is similar.

We have

1 1 2 2 3 3
Cv(BGLZ)Zqu(1+q—U+qu+qw+F+ﬁ+”-),

and therefore

Z(BGLa, 1) = exp (Z (t/z4)v) oxp (Z (z/ZS)v> o (Z 2(z/:,6)u) B

1 1 1 \? 1 \2 1 \3
- 1—t/q4'1—t/q5'(1—z/q6)'(1—t/q7>'(1—z/q8)
So Z(BGL,, qt) = Z(BGLa, t) - Z\ (1), where

1
(A—t/g>A—t/g>)(A—t/q)(1—1/q°) - -

Z1(t) satisfies the functional equation

Z(t) =

Zi(q*t) =

1=1/q - Z1(1),

So Z,(t), and hence Z(BG L, t), has a meromorphic continuation with the obvi-
ous poles.

The nonzero compactly supported cohomology groups of BGL; are given as
follows:

HS2(BGLy) = Qun+42(L314) >0,
This gives

1
(A=t/qgH(A—=t/g>)A—1/q®) (1 —1/q7)?- -’

[1PBGLy, " =

neZ

n+4

and Remark 6.5.1 is verified. Note that the eigenvalues are 1/¢"™", which are

independent of £.
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8. Analytic continuation

We state and prove a generalized version of Theorem 1.3.

Theorem 8.1. Let %o be an [ -algebraic stack, and let Ky € W,;’Stra(%o,@g)
be a convergent complex. Then L(Xy, Ko, t) has a meromorphic continuation to
the whole complex t-plane, and its poles can only be zeros of the polynomials
P, (&, Ko, t) for some integers n.

We need a preliminary lemma. For an open subset U C C, let O(U) be the set
of analytic functions on U. There exists a sequence {K,},>1 of compact subsets
of U such that U = J, K,, and K,, C (K,,+1)°. For f and g in O(U), define

2 on(fi )
pu(f. ) =sup{lf @) — gz € Ky} and p(fig)=Y (L)'l
; Y T4 pu(fo9)

Then p is a metric on O(U) and the topology it induces is independent of the subsets
{K,}, chosen (see [Conway 1973, VII, §1]).
The following lemma is from [Conway 1973, p. 167, 5.9].

Lemma 8.2. Let U C C be connected and open and let (f,), be a sequence in
O(U) such that no f, is identically zero. If Zn( fn(2) — 1) converges absolutely
and uniformly on compact subsets of U, then [ [, f1(2) converges in O(U) to an
analytic function f(z). If zg is a zero of f, then 20 is a zero of only a finite number
of the functions f,, and the multiplicity of the zero of f at zy is the sum of the
multiplicities of the zeros of the functions f, at zy.

Now we prove Theorem 8.1.

Proof. Factorize P,(Xy, Ko, t) as ]_[r;l;l(l —ay;t) in C. Since RT (%o, Ko) is a
convergent complex by Theorem 4.2 (i), the series Zn j lanj| converges.
By Proposition 6.5 we have

neZ j=1

as formal power series. Take U to be the region C— {oen jn even} with the intention
of applying Lemma 8.2. Take the lexicographical order on the set of all factors

1
I —ay;t, forn odd; ———, forn even.
l—O[nj

Each factor is an analytic function on U. The sum ), (f,(z) — 1) here is equal to

Z (= Olnjt) + Z linj

ayit
n odd, j neven, j nj
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Let

my
> lawjtl,  nodd,
=1
gn(t) = m,;l

|anjt|
Z — Y neven.
2 1T =]

We need to show that ), g,() is pointwise convergent, uniformly on compact
subsets of U. Precisely, we want to show that for any compact subset B C U, and
for any ¢ > 0, there exists a constant Np € Z such that

Y et <e
n<N

for all N < Np and r € B. Since g,(¢) are nonnegative, it suffices to do this for
N = Np. There exists a constant Mg such that || < Mp for all r € B. Since

Zn’j loenj| converges, |a,j| — 0 as n — —o0, and there exists a constant Lg € Z
such that |o,;| < 1/(2Mp) for all n < Lg. So

my

gn(t) <2 Janjt]

j=1
forall n < Lp and ¢t € B. There exists a constant Ng < L such that
DY lewjl < &/(2Mp)
n<Np j
and hence
D g =20 otl <2Mp Y Y gl <
n<Np n<Np j n<Np j

By Lemma 8.2, L(¥y, Ko, t) extends to an analytic function on U. By the second
part of Lemma 8.2, the oe;jl’s, for n even, are at worst poles rather than essential
singularities, therefore the L-series is meromorphic on C. ([l

Now L (%, Ky, t) can be called an “L-function”.

9. Weight theorem for algebraic stacks

9.1. We prove Theorem 1.4 in this section. For the reader’s convenience, we briefly
review the definition of the dimension of a locally noetherian S-algebraic stack &
from [Laumon and Moret-Bailly 2000, Chapter 11].

If X is alocally noetherian S-algebraic space and x is a point of X, the dimension
dim, X of X at x is defined to be dim,s X', for any pair (X', x’) where X’ is an
S-scheme étale over X and x’ € X’ maps to x. This is independent of the choice of
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the pair. If f : X — Y is a morphism of S-algebraic spaces, locally of finite type,
and x is a point of X with image y in Y, then the relative dimension dim, f of f
at x is defined to be dim, X,.

Let P : X — & be a presentation of an S-algebraic stack &, and let x be a point
of X. Then the relative dimension dim, P of P at x is defined to be the relative
dimension at (x, x) of the smooth morphism pr; : X xg X — X of S-algebraic
spaces.

If % is a locally noetherian S-algebraic stack and if £ is a point of &, the dimen-
sion of & at £ is defined to be dimg & = dim, X —dim, P, where P : X — & is an
arbitrary presentation of & and x is an arbitrary point of X lying over &. This defini-
tion is independent of all the choices made. At last one defines the dimension of &
by dim & = sup; dimg &. For quotient stacks we have dim [X/G]=dim X —dim G.

Now we prove Theorem 1.4.

Proof. If j : Uy — X is an open substack with complement i : %y — %o, then we
have an exact sequence

o HI'OU, J*F) — H'(X, F) —> H' (&, i*F) —> - .

If both H'(WU, j*%) and H} (¥, i*%F) are zero (respectively have all -weights <m
for some number m), then so is H' (&, %). Since the dimensions of Uy and & are
no more than that of ¥, and the set of punctual (-weights of i*% and of j*%F is
the same as that of %, we may shrink % to a nonempty open substack. We can
also make any finite base change on F,. To simplify notation, we may use twist
(see 2.4) and projection formula to assume w = 0. As before, we reduce to the
case when ¥ is geometrically connected, and the inertia f : $9 — ¥ is flat, with
rigidification w : &y — Xo, where Xy is a scheme. The squares in the following
diagram are 2-Cartesian:

Fo Auty
T
B Auty — B Aut, %o Y Spec [

Spec — Spec v — Xo

We have (R*m %)y = HC"(B Autz, &). Since f is representable and flat, and ¥

is connected, all automorphism groups Aut, have the same dimension, say d.
Assume Theorem 1.4 holds for all BG(, where G are [ -algebraic groups.

Then RFm %y = 0 for k > —2d, and for k < —2d, the punctual -weights of



L-series of Artin stacks over finite fields 113

RfmFg are < 5 —d, hence by [Deligne 1980, 3.3.4], the punctual -weights of
H! (X, kadv) are < —d +r. Consider the Leray spectral sequence

EX = H' (X, R*n\F) = H ™%, %).
If we maximize % — d 4+ r under the constraints
r+k=n, 0<r<2dimXy, and k<-2d,

we find that H' (¥, %) =0 for n > 2 dim X¢ —2d =2 dim ¥y, and for n <2 dim ¥,
the punctual (-weights of H' (¥, F) are < dim Xo + 5 —d = dim ¥ + 5.

So we reduce to the case ¥y = BGo. By Lemma 4.6 the Leray spectral sequence
for h : BGy — Bmy(Gy) degenerates to isomorphisms

H’(Bmo(G), R"mF) ~ H"(BG, F).

The fibers of A are isomorphic to BG8, so by base change and Lemma 4.6 we
reduce to the case when G is connected. Let d =dim G and f : BGo — Spec [,
be the structural map. In this case, Fy = f*V for some Q,-representation V of
W (F,), and hence F( and V have the same punctual (-weights. Using the natural
isomorphism H(BG) ® V >~ H!(BG, %), we reduce to the case when %, = Q.
In 4.8.2 we see that, if oy, ..., oy, are the eigenvalues of F' on Nt i >1 odd,
then the eigenvalues of F on H 2k=2d(BG) are

g Hai;mij, where Zmij(i +1) =2k.
L

i,j

Since i > 1, we have ) im;; > k; together with |a; ;| > q"/2 one deduces
—d 1—[ —m,j

so the punctual t-weights of H2¥=2¢(BG) are < —k — 2d for k > 0, and the other
compactly supported cohomology groups are zero.

Itis clear from the proof and [Deligne 1980, 3.3.10] that the weights of H' (¥, %)
differ from the weights of % by integers.

Recall that H*(BG) is pure of weight 2k, for a linear algebraic group G over
F, [Deligne 1974b, 9.1.4]. Therefore, H2*~24(BG) is pure of weight —2k — 2d,
and following the same proof as above, we are done. O

e —k=24)/2

Remark 9.2. When ¥y = X is a scheme, and n < 2dim X, we have

dimX0+%+wzn+w,
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so our bound for weights is worse than the bound in [Deligne 1980, 3.3.4]. For an
[F,-abelian variety A, our bound for the weights of H'(BA) is sharp: the weights
are exactly dim(BA) + 5, whenever the cohomology group is nonzero.

We hope Theorem 1.4 has useful and interesting applications, for instance for
generalizing the decomposition theorem of Beilinson—Bernstein—Deligne—Gabber
(see [Sun 2012]) to stacks with affine stabilizers, and for studying the Hasse—Weil
zeta functions of Artin stacks over number fields. For instance, it implies that the
Hasse—Weil zeta function is analytic in some right half complex s-plane.

Using Theorem 1.4 we can show certain stacks have [, -points.

Example 9.3. Let ¥y be a form of BG,,, that is, & = BG,, r over F. Then all
the automorphism group schemes in &y are affine, and for any » > 0 we have
7272 (%X) =h 272" (BG,) = 1. Leta_p_,, be the eigenvalue of F on H2~2"(%X).
Then by Theorem 1.4 we have |a_»_2,| < ¢~'~". Smoothness is fppf local on the
base, so ¥ is smooth and connected, hence HC_Z(%) =Qu(1) and a_p = q_l. So

#%o(Fg) =Y Tr(F, H7" (@) =q ' +a 4+ s+
n>0 —1

Zq_l—q_z—q_3+-'-=q_l—qq_1 -0

when g # 2. In fact, since there exists an integer > 1 such that ¥y ®[F ;- = BGm,qu R
we see that all cohomology groups H.~ 2=21(%) are pure, that is, |@_s_s,| =g~ 7".

In fact, one can classify the forms of BGm,[Fq as follows. If ¥ is a form, then it
is also a gerbe over Spec [, hence a neutral gerbe BG for some algebraic group
G by Behrend [2003, 6.4.2]. By comparing the automorphism groups, we see that

Gy is a form of G, f . There is only one nontrivial form of G, f ” because
H'(F,, Aut(Gy)) = H'(F,, Z/27) = 727,

and this form is the kernel R} G, , of the norm map
I]:qz/[F‘I ’ qZ

Nm
Re /8, Gmfp —— Gmf,,

where Rg , r, is the operation of Weil’s restriction of scalars. Therefore, the only
nontrivial form of BGm,[Fq is B(R[% 2/F, Gm,[qu). In particular, they all have [,-
q

points, even when g = 2.

Example 9.4. Consider the projective line P! with the following action of G,,: it
acts by multiplication on the open part A C P!, and leaves the point co fixed. So
we get a quotient stack [P /G,,] over F,. Let X be a form of [P!/G,,]. We want to
find an [F,-point on &y, or even better, an [F,-point on &, which, when considered
as a point in X(F) = [P!/G,,1(F), lies in the open dense orbit [G,, /G, ](F).
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9.4.1. Consider the following general situation. Let G be a connected [, -alge-
braic group, and let X( be a proper smooth variety with a Go-action over [,. Let

[Xo/Gol > BGo —%> SpecF,

be the natural maps, and let & be a form of [ X/ Go]. Then f is representable and
proper. For every k, R¥ f+«Qy is a lisse sheaf, and takes the form g*V} for some
sheaf Vi on Spec [F,. Consider the Leray spectral sequence

Ef* = R"giR* £,Q, = R (/)1 Q.
Since R’g;ka*@g =R"g(g*Vy) = (R’gy@g) ® Vi, we have

W) =R ([X/G) < Y h(BG)-dimVi= > h.(BG)-h*(X).
r+k=n r+k=n

Now we return to [P!/G,,]. Since h°(P!) = h2(P') =1 and 1% (BG,) =1
for i > 1, we see that 4! (¥) = 0 for n odd and

0, n=>1,
R2MX) < h°(PY 2 (BG,,) + > (PY k2 2(BG,) =11, n=0,
2, n<0.

Since ¥ is connected and smooth of dimension 0, we have Hf.) (%) = Q. By
Theorem 1.4, the (-weights of HCZ” (%) are < 2n. The trace formula gives

#%0(Fg) = > _Tr(F, H" (%)) = 1+ Y _Tr(F, H" (%))
n<0 n<0 2]_22q”:1_i>0
n<0 q- 1
when g > 4.

In order for the rational point to be in the open dense orbit, we need an upper
bound for the number of [F,-points on the closed orbits. When passing to [, there
are 2 closed orbits, both having stabilizer G, . So in [¥(([F,)] there are at most 2
points whose automorphism groups are forms of the algebraic group G, r,. From
the cohomology sequence

1 — (R[éq2 5, G 2) (Fy) —> Fly —0 F

we see that
#(Rg /5, Gk ) (Fg) =g +1.

Since 1/(qg + 1) < 1/(g — 1), the space that the closed orbits can take is at most
2/(q — 1), and equality holds only when the two closed orbits are both defined
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over [, with stabilizer G,,. In order for there to exist an [,-point in the open dense
orbit, we need

-2 .2

g—1" gq-1

and this is so when g > 7.

10. About independence of ¢

The coefficients of the expansion of the infinite product

Z(%o. 1) =[] PreC@o. ™"
ieZ
are rational numbers and are independent of ¢, because the c,(¥)’s are rational
numbers independent of £. A famous conjecture is that this is also true for each
P; (%o, t). First we show that the roots of P; ;(¥o, t) are Weil g-numbers. Note
that Pi,[(%o, t) € Qg[t].

Definition 10.1. An algebraic number is called a Weil g-number if all of its con-
jugates have the same weight relative to q, and this weight is a rational integer. It
is called a Weil g-integer if in addition it is an algebraic integer. A number in Q
is called a Weil g-number if it is a Weil g-number via .

For o € Q;, being a Weil g-number or not is independent of ¢; in fact the images
in C under various ¢’s are conjugate.

For an [,-variety X, not necessarily smooth or proper, [Deligne 1980, 3.3.4]
implies all Frobenius eigenvalues of H!(X) are Weil g-integers. The following
lemma generalizes this.

Lemma 10.2. For every [ -algebraic stack Xy, and a prime number £ # p, the
roots of each P; (Xy,t) are Weil g-numbers. In particular, the coefficients of
P; ¢(Xo, t) are algebraic numbers in Qy (that is, algebraic over Q).

Proof. For an open immersion j : Ug — & with complement i : o9 — &, we
have an exact sequence

oo —> H W) — H(®) — H(%) — -+,

thus we may shrink to a nonempty open substack. In particular, Lemma 10.2 holds
for algebraic spaces, by Knutson [1971, IT 6.7] and Deligne [1980, 3.3.4].

We may assume % is smooth and connected. By Poincaré duality, it suffices to
show that the Frobenius eigenvalues of H' (%) are Weil g-numbers, for all i. Take
a presentation Xy — ¥ and consider the associated strictly simplicial smooth
covering X§ — %o by algebraic spaces. Then there is a spectral sequence [Laszlo
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and Olsson 2008b, 10.0.9]
E{k=Hk(Xr):> Hl’+k(%)’
and the assertion for & follows from the assertion for algebraic spaces. (]

Problem 10.3. Is each
Pie(%o, 1) = det(1 — Ft, H (%, Qp)
a polynomial with coefficients in @, and the coefficients are independent of £?7

Remark 10.3.1. (i) Note that, unlike the case for varieties, we cannot expect the
coefficients to be integers (for instance, for BG,,, the coefficients are 1/ qi).

(i1) Problem 10.3 is known to be true for smooth proper varieties [Deligne 1980,
3.3.9], and (coarse moduli spaces of) proper smooth algebraic stacks of finite diag-
onal (see Proposition 7.3.2). It remains open for general varieties. Even the Betti
numbers are not known to be independent of £ for a general variety, see [Illusie
2006].

Let us give positive answer to Problem 10.3 in some special cases of algebraic
stacks. In Section 7 we see that it holds for BE and BGLy. We can generalize
these two cases as follows.

Lemma 10.4. Problem 10.3 has a positive answer for:

(1) BA, where A is an [F,-abelian variety.

(i) BGy, where Gy is a linear algebraic group over [.

Proof. (i) Let g =dim A. Then N = H'(A) is a 2g-dimensional vector space, with

eigenvalues a1, . . ., ayg for the Frobenius action F, and N is pure of weight 1. Let
ai, ..., ax, be abasis for N so that F is given by the upper-triangular matrix
o k%
*
Qg

Then H*(BA) = Sym*N[—1] = Qlay, . .., aze ], where each a; sits in degree 2.
In degree 2n, H*"(BA) =@g (@i, ---a;, |1 <iy, ..., i, <2g), and the eigenvalues
are o;, - - - o, . By Poincaré duality

HC—Zn—Zg(BA) — H2"(BA)V ®@Z(8)

we see that the eigenvalues of F on H, 2g—2n (BA) are
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Each factor
Poagon(@®) = ] (1—=(ai--e)7")

1<iy,.

. Lseeosln .<_2g . . .
stays unchanged if we permute the ¢; ’s arbitrarily, so the coefficients are symmetric

polynomials in the «; b

s with integer coefficients, hence are polynomials in the
elementary symmetric functions, which are coefficients of ]_[lzi & —a . The
polynomial

2g

[[( —eit) =det(1—Ft, H'(A, Q)

i=1

also has roots «;" ! and this is a polynomial with integer coefficients, independent
of £, since A is smooth and proper. Let m = £¢q# be leading coefficient of it. Then

2g 1 2g

—1
H(z—ai ):n—il_!(l—ait).
1= 1=

This verifies Problem 10.3 for BA.

(i1) Let d = dim Gy. For every k > 0, H?*(BG) is pure of weight 2k [Deligne
1974b, 9.1.4], hence H2¢=2k(BG) is pure of weight —2d —2k by Poincaré duality.
The entire function

1

Z(BGo.1) IQ) P_2a-2%(BGo, 1) € Q[l7]]

is independent of £, and invariant under the action of Gal((Q) on the coefficients of
the Taylor expansion. Therefore the roots of P_;_2x(BGy, t) can be described as

1 . .
“ f ———— thath ht 2d + 2k rel ”
Zeros o Z(BGo. 1) that have weight 2d + 2k relative to ¢,

which is a description independent of £, and these roots (which are algebraic num-
bers) are permuted under Gal(Q). Hence P_y_(BGo,t) has rational coeffi-
cients. O

The following proposition generalizes Proposition 7.3.2 and Lemma 10.4 (ii).

Proposition 10.5. Let X be the coarse moduli space of a proper smooth [T ,-
algebraic stack of finite diagonal, and let G be a linear F,-algebraic group that
acts on Xy, and let Xy be a form of the quotient stack [ Xo/ Ggo]. Then Problem 10.3
is verified for X.

Proof. It suffices to show that H (X) is pure of weight n, for every n. To show
this, we can make a finite extension of the base field [,, so we may assume that
%o =[Xo/Gol. Let

%o N BGy LN B (Go)
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be the natural maps.
Let d = dim G¢. Consider the spectral sequence

Hc—Zd—Zr (BG, Rk ﬁ@ﬁ) — HC_Zd_ZH—k (%)

The E;-terms can be computed from the degenerate Leray spectral sequence for
h:
H7%7(BG, R* Q) ~ H*(Bro(G), R™>7* I R* £,Qy).

We remark that the restriction of R=2¢=2"h R* £,Q, along the natural projection
Spec F, — Bmo(Go) is isomorphic to the Galois module H2¢=2" (BG, R* /,Q,),
and since G0 is connected, (R* fv@[)| BGY is the inverse image of some sheaf Vj
via the structural map BG0 — Spec[F,. By base change, we see that the sheaf Vj,
regarded as a Gal([F,)- module, is H k(X ). By projection formula we have

H7%=(BGY, R* f,Qy) ~ H2"?(BG®) ® H*(X)

as representations of Gal([F,), and by Proposition 7.3.2, the right hand side is pure
of weight —2d — 2r + k. By Lemma 4.6, H->=2"(BG, R* fiQ;) is also pure of
weight —2d — 2r + k, therefore H!' (%) is pure of weight n, for every n. U

10.6. Finally, let us consider the following much weaker version of independence
of £. For ¥p and i € Z, let W(¥Xy, i) be the following property: the Frobenius
eigenvalues of HZ (%, Qy), counted with multiplicity, for all £ # p, are contained
in a finite set of algebraic numbers with multiplicities assigned, and this set together
with the assignment of multiplicity, depends only on &y and i. In particular it is
independent of £. In other words, there is a finite decomposition of the set of all
prime numbers £ # p into disjoint union of some subsets, such that the Frobenius
eigenvalues of H! (%, Q) depends only on the subset that £ belongs to. If this
property holds, we also denote such a finite set of algebraic numbers (which is not
unique) by W (¥, i), if there is no confusion.

Proposition 10.6.1. The property W (X, i) holds for every ¥ and i.

Proof. 1f AU is an open substack of &y with complement %, and properties
W (Ug, i) and W (Fy, i) hold, then W (X, i) also holds, and the finite set ¥ (¥, i)
a subset of W (Ug, i) UV (Fy, i).

Firstly we prove this for schemes X(. By shrinking Xy we can assume it is
a connected smooth variety. By Poincaré duality it suffices to prove the similar
statement W* (X, i) for ordinary cohomology, that is, with H! replaced by H', for
all i. This follows from [de Jong 1996] and [Deligne 1980, 3.3.9]. Therefore it
also holds for all algebraic spaces.

For a general algebraic stack &, by shrinking it we can assume it is connected
smooth. By Poincaré duality, it suffices to prove W* (¥, i) for all i. This can be
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done by taking a hypercover by simplicial algebraic spaces, and considering the
associated spectral sequence. U
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