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On a conjecture of Kontsevich and
Soibelman

Lé Quy Thuong

Dedicated to Professor Ha Huy Vui on the occasion of his sixtieth birthday

We consider a conjecture of Kontsevich and Soibelman which is regarded as a
foundation of their theory of motivic Donaldson—Thomas invariants for noncom-
mutative 3d Calabi—Yau varieties. We will show that, in some certain cases, the
answer to this conjecture is positive.

1. Introduction

Kontsevich and Soibelman [2008] introduce and give discussions on the motivic
Donaldson—-Thomas invariants which are defined for noncommutative 3d Calabi—
Yau varieties and take values in certain Grothendieck groups of algebraic varieties.
One of the main objectives of Kontsevich and Soibelman’s paper is to define the
motivic Hall algebra which generates Toén’s notion [2006] of the derived Hall
algebra. For € an ind-constructible triangulated A.,-category over a field «, the
motivic Hall algebra H (6) is constructed to become a graded associative algebra,
which admits for each strict sector V an element Aga“ invertible in the completed
motivic Hall algebra and satisfying the factorization property. It is believed that,
in the case of 3d Calabi—Yau category, there is a homomorphism & of the motivic
Hall algebra into the motivic quantum torus defined in terms of the motivic Milnor
fiber of the potential. Then the motivic Donaldson-Thomas invariants appear as
the collection of the images of AI;"‘” under the homomorphism .

In fact, the following conjecture plays a central role in the existence of ®. As-
sume that the characteristic of « is zero. Let F' be a formal series on the affine
space Af = Afl Xy A,‘? X Af% depending in a constructible way on finitely many
extra parameters, such that F(0,0,0) = 0 and F has degree zero with respect to
the diagonal action of the multiplicative group G,, , with the weights (1, —1, 0).
In particular, F(x, 0, 0) is the zero function on Aff]. We denote by Xo(F) the set
of the zeros of F on Af(’. Consider the natural inclusions
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i :Ad' X G = Xo(F) X G e and  ip : {0} X Gy e = Xo(F) Xi Gppy -

Consider the motivic Milnor fiber ¢ of F in the ring M X’ (F)x,G,,,» the localization
of the relative Grothendieck ring defined in [Guibert et al. 2005; 2006]. Denote by
h the function on A‘h defined by /1 (z) = F (0, 0, z). We write ¥ o for the pullback
igFy. We denote by the integral |, A the pushforward of the canonical morphism
7 A% X, Gy e — Spec(k) Xy G-

Conjecture 1.1 [Kontsevich and Soibelman 2008]. With the previous notations
and hypotheses, the following formula holds in ./(/Lg:‘::

/ it =11.
dq ’
A

In this paper, we consider the conjecture in some special (actually quite general)
cases, namely, when F is a composition of a polynomial in two variables and a
pair of two regular functions (Theorem 5.1), or F has the form

F(x,y,2)=g(x,y,2) +h(2)"

with ¢ sufficiently large (function of Steenbrink type, Theorem 5.6) under some
additional conditions of nondegeneracy with respect to its Newton polyhedron (this
would be the general case for the conjecture if we did not assume ¢ sufficiently
large). For these cases, we use previous results of Guibert, Loeser and Merle
[Guibert et al. 2006; 2009] for the motivic Milnor fiber of composite functions or
functions of Steenbrink type. We also use in an important way, via Proposition 4.8,
the explicit computation of the motivic Milnor fiber of a regular function via its
Newton polyhedron (suggested by [Guibert 2002]). These lead to the positive
answer to the conjecture in the cases considered.

2. Motivic zeta function and motivic Milnor fiber

Let us recall some basic notations in the theory of motivic integration which will
be used in this paper. For references, we follow [Denef and Loeser 1998, 1999a;
2001; Guibert 2002; Guibert et al. 2005; 2006].

2A. Let k be a field of characteristic zero. For a variety X over x, we denote by
Lm(X) the space of m-arcs on X, and by £(X) a limit of the projective system
of spaces ¥,,(X) and (canonical) morphisms &;(X) — £,,(X) (I > m). In this
paper, we use the notation 7, for the canonical morphism £(X) — £,,(X). The
Gm.c-action on &£, (X) and £(X) is given by a - ¢(t) = ¢(at). The notation My
can be found in [Guibert et al. 2006]. As in [Guibert et al. 2005], we denote by
M X’;”G the localization at L of the relative Grothendieck ring of G,, ,-equivariant
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morphisms ¥ — X x, G, , endowed with a monomial G,, ,-action, where L is

1
the class of the line bundle A X% Gy

From now on, the group scheme G,, , = Spec(x|¢, t~17) will be written simply
as G.

2B. Motivic zeta function and motivic Milnor fiber. Let X be a smooth variety
over k of pure dimension n, and let g : X — A,} be a function on X, with zero
locus Xo(g). For m > 1, we define

Xm(g) :=1{p € £, (X) | ord; g(¢) = m}.

Note that this variety is invariant by the G-action on &£,,(X). Furthermore, g in-
duces a morphism g, : ¥,,,(g) — G, assigning to a point ¢ in £,,, (X) the coefficient
ac(g(¢)) of t™ in g(¢(t)), which we also denote by ac(g)(¢). This morphism is
a diagonally monomial of weight m with respect to the G-action on &,,(g) since
g(s-¢) = s"gu(p). We thus consider the class [¥,,(g)] of X,,(g) in M?éo(g)xka}-
We can now consider the motivic zeta function

Zy(T) =) [ (I T"

m>1

in ‘A/LX()(g)x cIT1. Note that Z, =0 if g =0 on X.

By using a log-resolution of Xy(g), Denef and Loeser [1998; 2001] proved that
Z4(T) is a rational series in Jl/LX (@)%, cl[T1s (see next paragraph) and they also
showed that one can consider the limit lim7_, o, Z¢(T) in J(/LXO( )% G" Then the
motivic Milnor fiber of g is defined as

Sy i=— Tli_)néo Zo(T).

2C. Rational series and their limits. Let A be one of the rings
ZIL L', ZIL L, (/D=L ))isol, MG, 6

We denote by A[T]l;, the A-submodule of A[[T] generated by 1 and by finite
products of terms p, ;(T) = LT /(1 —1L¢T") with e in Z and i in N . There is a
unique A-linear morphism

lim : AT, = A

T—o00

Am (H Pei. j; (T)> = (=D

iel

such that

for every family ((e;, ji))ier in Z x N5 with [ finite (possibly empty).
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We will use the notation
RLy:=f{a=(ai,...,an) €RLy|a; =0 for i &I},
RLy:=fa=(a,...,an) eRL|a; =0i ¢ I},

for I a subset of {1, ..., n}. The sets ZI>0’ ZI>0 and NI>0 are defined similarly.

Let A be a rational polyhedral convex cone in [R{io and let A denote its closure
in [RE’>O with I a finite set. Let [ and !’ be two integer linear forms on Z/ positive
on K_\ {0}. Consider the series

Sagp(T):= Y L'O7i®
keAﬂNio

in Z[L, LY[T].

Lemma 2.1 [Guibert 2002]. With previous notations and hypotheses, assuming
that A is open in its linear span A, the series S ;.y(T) lies in Z[L, L~ [T 1, and

lim Sp 5 p(T) = (—1)4m@&),
T—o0

3. The Newton polyhedron of a regular function

3A. Newton polyhedra. Let g(x) =), .\n doX® be a polynomial in n variables
x=(x1, ..., xy) such that g(0) =0. We denote by supp(g) the set of exponents « in
N" with a, #0. The Newton polyhedron I of g is the convex hull of supp(g)+RZ ;.
For a compact face y of I', we denote by g, the quasihomogenous polynomial
gy (x) =) a.x”.
aEy

We say g is nondegenerate with respect to its Newton polyhedron I' if, for every
compact face y of I', the face function g, is smooth on G".

To the Newton polyhedron I we associate a function I which assigns to a vector
a in RZ , the value infycr(a, b), with (a, b) being the standard inner product of a
and b. For a in R”,, we denote by y, the face of I' on which the restriction of the

>0°
function (a, .) on I' attains its minimum, i.e., b € I' is in y, if and only if

(a. b) = Ir(a) = min(a, b).

Fora =0 in [R{’;O, vo=T.1fa #0, y, is a proper face of I'. Furthermore, y,
is a compact face of I' if and only if a is in R? ). For any face y of the Newton
polyhedron I', we denote by o (y) the cone {a € RY | y, = y}. Its closure is given

byo(y)={aeRlylva Dy}
A fan % is a finite set of rational polyhedral cones such that every face of a cone
of & is also a cone of &, and the intersection of two arbitrary cones of & is the

common face of them.
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3B. Partition of R\, x R, with respect to g. Write n = n| + ny with ny > 0,
ny > 0. Let g be a function on A} that is nondegenerate with respect to the Newton
polyhedron I" of g. Let y be a compact face of I'. A proper face € of I' is said to
lean on y if there exists a subset  of {1, ..., n} such that

e=y+RL ={a+blacy,beRly).

Note that dim(e) = dim(y) + |I|. Clearly, the face € is noncompact when [ is
nonempty. The following lemmas are trivial.

Lemma 3.1. Ify +R.  is a face leaning on a compact face y of T, then for every

J subset of I, y + Réo is also a face of ' leaning on y.

Notice that if / = &, the face y —i—RIZ reduces to the compact face y. [fe =y —HRIZ(),
we denote oy, ; := o (€). It is clear that dim(o, ;) =n — |[I| — dim(y).

Lemma 3.2. If 0, ; is contained in IR’;O x R, then for every subset J of I, oy 4
is contained in RZ, x RZ,. Moreover, o, is a face of o, ;.

Lemma 3.3. Assume that y is a compact face and € =y + R’ is a face of T'. Then
oy,1 is contained in RZ\) x RY if and only if I is a subset of {1, ..., ni}.

Fix a compact face y of I'. Let M be a maximal element (in the inclusion relation)
of the family of the subsets of {1, ..., n;} such that y + [Rii”o is a face of I" (thus,
by Lemma 3.3, 0, y is contained in IR'QO X IR';ZO). Then, for every subset / of M,
y +RL, is a face of T" due to Lemma 3.1, and o, ; is contained in RZ, x R”, by
Lemma 3.2. We thus have proved the following result.

Proposition 3.4. There exists a canonical fan in IR;IO x R, with respect to g par-
titioning it into the cones o, 1, where I runs over the subsets of M, M runs over
the maximal subsets of {1, ..., n} such that y + [Rig’o is a face of ', and y runs
over the compact faces of I.

Example 3.5. Consider a function g(xi, ..., x,) with Iy having a unique vertex
P. Then the k-dimensional faces of I' leaning on P have the form

I
P+R,

with I a subset of {1,...,n}and |I| =k, fork=0,...,n— 1. We deduce from
Lemma 3.3 that the canonical partition of RZ}) x R}, with respect to g is given by
the cones op j, with I a subset of {1, ..., n;}.

Remark 3.6. In the case n; = 0, we reduce to the work in [Guibert 2002]. More
clearly, for each compact face y of I', all the maximal subsets M of {1, ..., n}, of
which y + Rgo is a face of I" and o,y C R, are empty.
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4. Computation of if ¥, and [« i1,

Consider a regular function g on A?. We assume that g is nondegenerate with
respect to its Newton polyhedron I'. Denote by i; the natural inclusion A7!' — A7
or A?' X, G = A x, G.

4A. The motivic zeta function Z4(T). We identify the arc space £(A}) with the
space of formal power series «[[#]]" via the system of coordinates x, ..., x,. For
every arc ¢ € £(A}), we note ord,x(¢) = (ord;x1(¢), ..., ord;x,(¢)). For every
m € N.g and a € N" we set

%a,m (g) = %m (g) N TTm (%a)»

where the spaces &,,(g) and &, are defined as follows:

Em(g) ={p € £,(AY) | ord,g(p) =m},
%o = {9 € LAY) | ord;x (@) = a}.

Itis clear that %, ,, (g) is a variety over Xo(g) X, G in which the morphism to X¢(g)
is induced by the canonical morphism £, (A}) — A} and the morphism to G is
the morphism ac(g). Note that &, ,,(g) is invariant by the G-action on &£,, (A}).

For every a e N* and ¢ € ¥, ord; g(¢) > I (a) by the definition of /. Further-
more, %,,(g) can be expressed as a disjoint union |J,pn Xa,m(g) of the subspaces
Xa,m(g) for a in N". Then the motivic zeta function Z¢(T') of g can be written in
the following form:

Z(D)=Y " Y [Fam(IL"T"

aeN" m>Ir(a)
=3 (Farr@W OO 13 g5, (LT
aeh m>Ir(a)+1
: Z%T)+ ZN(T).

There is a canonical partition of RZ into the rational polyhedral cones o (y)
with y running over the proper faces of I', so we deduce that

ZO(T) = Z Z [%a’lr(u)(g)]ﬂ_—nlr(a)Tlr(a),

Y aeo(y)

ZI(T) = Z Z Z[%a,lr(a)—H((g)][Lin(lF(aH»k) Tlr(a)+k’

Y aeo(y) k>1

where the sum ZV runs over the proper faces y of I'.
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4B. Computation of i{Zg(T). Assume that g satisfies the additional condition
that A} is naturally included in X((g) via the morphism 7;. To compute i Z¢(T),
we consider the canonical fan in RZ, x R”%, with respect to g. Denote by I'. the
set of compact faces of I' and by sm} the set of maximal subsets M of {1, ..., n}
such that y + RY is a face of I'. By Proposition 3.4, we can partition RZ, x R")
into the cones cr_% 1> with I a subset of M, M in 9, and y in I'.. Assume that
M, ={Mi,...,M,}. We denote by G,, the family of subsets of one of the sets

My, ..., M,. Then we have

i Z0(T) :i?< DI [%a,lrw)(g)][L*"lr(”)Tlr(”)),

yelc 16, acoy |

iTZl(T)ziT( 22 2 Z[%a,zrwm(g)][L‘”“F(“)*")Tlr(a”").

yel. 1€, acoy 1 k>1

4C. Class of X4,m(g). For a compact face y of I', consider the variety X, :=
G" \g;l(O) endowed with a G-action as follows: if y = y,,a = (ay, ..., a,) then
we set

s (§15 "-’Sn) = (Salgla .."sangn).
For each compact y and I in &,,, consider the morphism
gy Xy =G"\ g, (0) > Xo(g) X, G

given by
gya€r, ..., &) = ((éla S én)a gy, Sn))7

where &; is defined by
. |& ifiel,
Si = {O otherwise.
The first projection X,, — X(g) is G-equivariant in an obvious manner, and for
Y = Va, the second X, — G is diagonally monomial of weight I (a) with respect
to the G-action since gy, (s-(§1, ..., &) = s’F(‘”gV (&1, ..., &) forany s in G. This
defines a class [g,.7 : X — Xo(g) X, G] in Mgo(g)xkﬁ’ which we denote by ®,, ;.
Notice that @, ; does not depend on the action thanks to the construction of the
Grothendieck group (cf. [Guibert et al. 2005, 2006]).

We denote by W, ; the class in /l/tgo( )%, G of the morphism

g, (0) x G — Xo(g) x« G,

which maps ((Sl, &), t) to ((él, e én), tlr(“)) for y = y,, with the G-action
on g, (0) given by s - (&1, ..., &) = (s“&, ..., s&,), the G-action on G given
by the multiplicative translation, g, 1(0) x, G — Xo(g) being G-equivariant, and
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8, 1(0) x, G — G being diagonally monomial of weight I1-(a) with respect to the
(z-action.

Lemma 4.1. The following formulas hold in J(/Lgo (@) %G foreveryainoy ;:

(1) If there is a nonempty subset I of {1, ...,n} such that a; > m for any i € I
and g|A¥c =0, then [¥,,(g)] =0.

Ifa; <lr(a) foranyi =1, ...,n, we have

(i) [%a.tr (@) ()] = Py LMD,

(i) (% iy 044 (8)] = Wy L0 @HO=S@ foy f > 1.

Here, Al :={(x1,...,x,) €A" | x; =0Vi € I}, and s(a) :== Y i, a;.

Proof. Item (i) follows from the definition of &, ,,(g) and from the hypothesis on
g. Indeed, every element of m,,(¥,) has the form ¢(¢) = (x1(¢), ..., x,(¢)), where
x;j(t) is a polynomial of degree <m in a variable t forany j =1, ..., n, and x; (?)
is the zero polynomial if i is in /. Then g(¢(¢)) = 0 and ord,g(¢) = oo, which
means that &, ,(g) = <.

Items (ii) and (iii) may be deduced fropl the proofs of [Guibert 2002, Lemmas
2.1.1,2.1.2] and from the isomorphism J(/U;(O ) = MEO (2)xG (cf. [Guibert et al. 2006,
Proposition 2.6]). In [Guibert 2002, Section 2.1] (in particular, Lemmas 2.1.1 and
2.1.2), Guibert only considers functions of the form ZaeNg . fax®. Observe that
his condition that o € N ; is equivalent to the condition that ¢; < Ir(a) for any
i =1, ..., n. Finally, notice that the hypothesis of nondegeneracy with respect to
I" is in fact the main tool for the proofs.

There is also a way to prove (ii) directly as follows. An element ¢ (¢) of X, ;..(a)(g)

has the form ¢ (r) = (x (1), ..., x,(1)), where x; (1) = Y0 ) ¢; ,,t" with ¢; o, #0

fori =1, ..., n. Note that the coefficient of '@ in g(¢(1)) is equal to
I d™ D) I d™ g, (p(1))
@ dir@ 0T T T g =0
= gy(cl,al» ey Cniay)s
which is nonzero for every a in o), ; and (¢ 4, ..., Cn,q,) In X,. One deduces
from this that %, ;@) (g) is isomorphic to X, x, AL @@ yia the map

(p(t) = ((Ci,a,-)lgigns (Ci,m)1§i§n,a;+1§m§lr(a))-

Here the action of G on A/ is trivial. For any s in G, the arc ¢(st) is mapped to

((s“ci.a)1=i=ns (Cim)1<i<n.ai+1=m=ir @)

which is by definition equal to

s - ((Ci,a,-)lfifna (Ci,m)1§i§n,ai+1§m§lr(a))-
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This means that the G-action is compatible with the isomorphism; that is, the iso-
morphism is G-equivariant. Then item (ii) follows. U

Remark 4.2. We do not know yet how to compute [%, ;;.(4)+k (g)] for k > 0 without
the assumptions as in Lemma 4.1.

Remark 4.3. Lemma 4.1 and Remark 4.2 explain the reason why in the rest of
this paper we will always assume that no vertex of the Newton polyhedron I' of
g lies in a coordinate plane; that is, a; < Ip(a) for any i = 1, ..., n. In this case,
Ir(a) is expressed as Z;’Zl a;a; witha; >0foranyi=1,...,n. By Lemmad4.1,
this hypothesis guarantees that, for every compact face y of I', with I in G,,, all
the terms of the sum [¥4,1-(a)(g)] are nonzero if ®,, ; is nonzero, and all
the terms of the sum Zaeg . [(%Xa.ir@)+k(g)] (Where k > 0) are nonzero if W, ; is
nonzero. In our work, we want to consider sums of this type that can be reduced
to the case of Lemma 2.1.

aeoy |

4D. An explicit formula for i{¥,. Assume that g is a regular function on A} that
is nondegenerate with respect to its Newton polyhedron I', that no vertex of I lies
in a coordinate m-plane (m =1, ..., n — 1), and that X((g) contains A" x, {0}.
One then deduces from Remark 4.3 and Lemma 4.1 that

irZ%(T) = Z Z Z it L@@,

vel. 1€6, acoy |

and that

i}‘Zl(T)=if<Z > W @OTr@ Ny k)

yeF.IeG acoy, | k>1

T 1= I]_ 1T Yo D i L@,

yel. 1e6, acoy |

Proposition 4.4. With the previous notation and hypotheses, the following formula
holds in M®,,

o XeG
iTFy =Y (=10 N DAL Xy g) (P — Wy )]

yel. 16,

Proof. The positivity of the sum function s on &, 7 \ {0} is evident, and that of
the function /r on &, 7 \ {0} follows straightforward from Remark 4.3. Applying
Lemma 2.1, notice that dim(o, ;) =n — |I| —dim(y); we have

li D, i s@plr@ — ¢ li [ ~S@ ir(@

Am, ri fim 2

acoy | aeoy, |

— (_l)n—lll—dim(y)q)y’l



398 Lé Quy Thuong

and

lim W, LT OTNO =g, ) fim Y L@@
v, Vs
T—>ooa€a%l T—>ooa€0yv1

=(— l)nflllfdim(y)\py’l )

It follows that

lim i*Z2%(T) = _1yr—dim() g
Jim iy Z3(T) > =1 > =i,

yel. e,

and

li 1 _ _1\n+1—dim(y) IR .

dim i7Z!(T) > D > =llipw,

yel. €6,

Then the proposition is proved. (|
Example 4.5 (cf. Example 3.5). In the case where I'y has a unique compact face
P, the classes Wp ; vanish. If we assume that o; > O foreveryi =1,...,n, we
have

i1Fe = (=" 3" (DAL xx,0) Pps]-
1c{l,...,n1)
Corollary 4.6 [Guibert 2002]. Assume that g is given by g(x) =) _, N agx% in
k[x] with g(0) = 0. If g is nondegenerate with respect to I', then

Fe0=(=1""" Y " (=DINP[O} x x(5) (Py.s — ¥y.1)]
yel.

holds in Jl/Lg.

Proof. (See Remark 3.6) Apply Proposition 4.4 to the case n; = 0. Here the natural
inclusion i : Aj'' < A reduces to the inclusion ip : {0} < A7. Moreover, in this
case, by Lemma 3.3, for every compact face y of I', we have &,, = {<}. Thus this
corollary follows. Observe that this formula was already obtained by Guibert (cf.
[2002, Proposition 2.1.6]). U

4E. Consider the function g(x) = ), yrnn dex® on A7, where H is the hyper-
plane in R ) defined by the equation

al+...+anl :an1+l+"'+ap’

for some fixed p such that n; < p < n. Here, as well as in Corollary 4.6, we use
the notation x* for x" - - - x,", where & = (o1, ..., @,). Because supp(g) lies on
the hyperplane H, the compact faces of I' are contained in H. Moreover, for the
same reason, for each compact y, there exist noncompact faces of I' leaning on y .

Note that, in this case, A7! is naturally viewed as a subset of X¢(g).
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Lemma 4.7. Assume that g(x) =), c yrne GuX® is nondegenerate with respect to
. Then, for every compact face y of ', we have |9, | = 1, and the unique element
of M,, is nonempty.

Proof. Let y be a compact face of I'. Assume that y + Rio is a face of I'. Then, by
Lemma 3.3, the cone o, ; is contained in RZ‘O X IR’EO if and only if I is contained
in {1,...,n;}. Furthermore, we claim that if y + [F\Rio and y + Rio are faces
leaning on y such that the corresponding cones o, ; and oy, are both contained in
R\, x R™), then so is y + R}/, Indeed, since (a1, ..., ay,) is in H, one deduces
that if 7 and J are contained in {1, ..., ny}, the intersection of y + [R{I Y7 with the
interior of I is empty. This, together w1th the fact that y + R >0 and y —I— R>0 are
faces of I', shows that y + [RE’UJ is a face of I' leaning on y such that o, ;y; is
contained in RZ|) x R”%,.

Asa conseqﬁence of the above claim, for each compact face y of I, there exists
a unique maximal subset M of {1, ..., n} such that y 4 [F\RQ’IO is a face of I" that
leans on y, and o, y is contained in RZ, x R"%,. The nonemptiness of the set M
follows from the fact that supp(g) lies on the hyperplane H. U

Proposition 4.8. Assume that g(x) =), HANT, aqx® is nondegenerate with re-
spect to I'. Then f adi S vanishes in Mg.

Proof. Let y be a compact face of I'. By Lemma 4.7, the set 91, has a unique
element and this element is nonempty. Assume 9, = {M} with [M| > 1. Note
that A, = |, at if @y, and By, = / a1 i} Wy,; depend only on y, not on I contained
in M. Because ZJ o(— 1)1( ) 0 for m > 1, one deduces that

> ", —B,)=0

IcM
The hypothesis on g that « € H NN’ ) means no vertex of the Newton polyhedron
" of g lies in a coordinate plane. By Proposition 4.4, the image |, Al 11 i{Fg of Iy
vanishes in J(/lG O

5. The Kontsevich-Soibelman conjecture

In this section, we will show that under certain assumptions, Conjecture 1.1 is true.

5A. Composition with a polynomial in two variables. We consider Conjecture 1.1
of Kontsevich and Soibelman in the case where F has the form F(x,y,z) =
f(g1(x,y), g2(z)), where f is a polynomial in two variables with f (0, y) nonzero
of positive degree, g is a function on A,‘f' Xy Af(lz such that g; (tx, t~'y) = g1 (x, y)
and g;(0,0) = 0, and g, is a regular function on Aff. Let g = g1 x g2 and
Xo(g) ={(x,y,2) | g1(x,y) = g2(z) =0}. In particular, X((g) contains AZ‘ x {0}.
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We denote by i the inclusion of A,‘f’ X, G into Xo(f og) X, G. Recall that, in this
case, h(z) = f(0, g2(2)).

Theorem 5.1. Assume that f is a polynomial in two variables with f (0, y) nonzero
of positive degree. Let g\ be a regular function on Affl X Agz nondegenerate with
respect to its Newton polyhedron Iy, such that g1(0, 0) = 0, no vertex of I'y, lies
in a coordinate plane, and g1(tx,t~'y) = g1(x, y) for every t in G. Let g» be a
regular function on Af?. Then, the formula

/Adl i1 fog = L0

holds in Jl/tg. In other words, in this case, Conjecture 1.1 is true.

Proof. In [Guibert et al. 2009], Guibert, Loeser and Merle consider the motivic
Milnor fiber of a composition of the form f(g;, go) where g; and g, have no
variable in common and f is a polynomial in «[x, y] such that f(0, y) is nonzero
of positive degree. To describe it, they used the generalized convolution operators
W defined in [Guibert et al. 2005] and the tree of contact 7(f, 0) constructed in
terms of Puiseux expansions by Guibert [2002]. Here O is the origin of A,‘(’ , with
d =dy +d>+ds. To any rupture vertex v of T(f, 0) one attaches a weighted homo-
geneous polynomial Q, in k[X, Y]. The virtual objects A, are defined inductively
in terms of the tree of contact 7(f,0) and A,,, where vy is the first (extended)
rupture vertex of the tree and A,, depends only on g. Let i be the inclusion of
Xo(g) x, Ginto Xo(f og) X, G. Let mg be the order of 0 as a root of f(0, y). By
the main theorem of [Guibert et al. 2009], the formula

"9 fog =0 ([Xo(gD]) — Y Wo,(A)

holds in ./l/t‘]fé0 (@ %G’ where Wy denotes the convolution defined in the same paper
and the sum runs over the augmented set of rupture vertices of the tree t(f, 0).
The i; in the theorem is the inclusion of Aff‘ X, G into Xo(f o g) X, G, but by
abuse of notation, we also use i; for the inclusion Agl X G = Xo(g) X, G. Thus
i1 and i oi; are in fact the same thing. Applying the operator | Al i to both sides

of the previous formula, we have

Agﬁ%%=Aﬂng%@m%§;&jW&MJ

We claim that, with the previous notation and hypotheses, the formula

&ﬁ%%%ﬁ%zwﬂﬁ
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holds in Jl/tg. Indeed, as in the proof of [Guibert et al. 2006, Theorem 5.18], one
can check that

S o ((Xo(g)D) = Lg7 (OB o
By the hypotheses on g; and the fact that i} (Adl) Nng, (0) {0}, we have

e ' OI=[A"]=1" and i} m

<k
=inF my =% mgy ..
X 0750 50,0

One deduces that
i1 o (IXo(gn)]) =i} (18 OB S o) = LUF mo .

By the definitions of & and mg, we have &¥ 00 = S0, and the claim then fol-
lows. So, in order to finish the proof of Theorem 5.1, it suffices to prove that
f Al ifWo,(A,) =0 for every (extended) rupture vertex v of 7(f, 0).

Let vg be the first (extended) rupture vertex of the tree of contact T (f, p). Asin
[Guibert et al. 2009], the virtual object A, in

G
MXo(g)XK(A xcG)

is defined by Avo =9, K ng where ¥ is an element in Jl/tG Xo(g2) <Al that is the
“disjoint sum” of ¥, 1n JI/LX (g%, G and Xo(gz) in My (g,)-

Lemma 5.2. Assume that g, is a regular function on Aff' X e Agz nondegenerate
with respect to its Newton polyhedron Ty, such that g(0,0) = 0, no vertex of
[y, lies in a coordinate plane, and g (tx, t='y) = g1(x, y) for every t in G. Let
g2 be a regular function on A?. Then |, A ifWo(Ay,) vanishes in Jl/tg for every
quasihomogeneous polynomial Q.

Proof. The assumptions on g; mean that we can write g, in the form

B
gi(x,y) = Z Aapxy’ - xdllyfl' Yy
(@, p)eHANLT

where H is given by oy 4 - - +ag4, = 1+ - -+ Ba,- By Proposition 4.8, fAdl i1Y,
vanishes in Jl/tg, hence f A 11 i{ Ay, vanishes in ./l/LG Here i1 is once again abused
to denote the natural 1nclus1on Adl x Al x, G ;> Xo(g) x Al x, G. Because the

diagram
G Yo

My @)%l 6 > MR 0%, 6
fd| ’Tl ng] ’ll
ME l) ME
Alx,G G

commutes, the lemma follows. O
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Let v be an arbitrary rupture vertex of the tree of contact t(f, 0) and a(v) the
predecessor of v in the augmented set of rupture vertices. Then the polynomial Q,
is a factor of Q,(). Suppose that O, (X, 1) has m, disjoint zeroes in A,i.

Lemma 5.3. The equality A, = my, A, ) holds in J(/LX (@ %Al %, 6"

Proof. We first notice that QU_I(O) is a smooth subvariety in G x, G equivari-
ant under a diagonal G-action, and that the second projection pr, of the product
A; X G induces a homogeneous fibration Q;l (0) —> G. We denote by B, the
restriction of A,y above O 1(0). Then, by [Guibert et al. 2009], the element A,
in S J@x.Alx, G i defined as the external product of the class of id : Al — Al by
the induced map pr, : B, — G, which is diagonally monomial when restricted to
Xo(g) X G %, G.

Consider the fibration pr, : B, — G defined by the composition of B, — Q 1(0)
and pr; : Q;l(O) — G. Then each fiber of pr, : B, — G is a disjoint union of m,,
copies of a fiber of Aa(v) — Al X G over one point (a, b) in A,l X, G. It follows

that A, =my Ay in ‘A/LXO(g)XK(AIX G)’ -

It follows from Lemma 5.2 and Lemma 5.3 that fAdl ifWo,(A,) =0 for every
(extended) rupture vertex v of 7(f, 0), completing the proof of Theorem 5.1. [J

Remark 5.4. In the case f(x, y) = x + y, the result can also be obtained directly
from the motivic Thom—Sebastiani theorem [Denef and Loeser 1999b; 2001].

5B. In the next proposition, we prove the conjecture of Kontsevich and Soibelman
under some other conditions on F = g, namely assuming F is nondegenerate with
respect to its Newton polyhedron I" and no vertex of I" lies in a coordinate plane.

Proposition 5.5. Let g be a regular function on Agl Xy Af(lz X A,‘? such that
£(0,0,z) = 0 for every z in A,”{l»’, g(tx, t_ly, 7) = g(x,y,z) for every t in G,
and (x,y,7) in Adl Xy Adz Xy Ad3 If g is nondegenerate with respect to its Newton
polyhedron T and no vertex of T lies in a coordinate plane, then |, i i, vanishes
in JI/LG’ In other words, Conjecture 1.1 is true in this case.

Proof. Write the function g in the form

b "
g.y. = Y gapex"y'z,
(a,b,c)eHNNY |

where d =d|+d>+d3 and H is given by the equation a;+- - -+aq, =b1+- - -+by,.
By Proposition 4.8, | Al 11 i, vanishes in L/l/tG Notice that in this case h(z) =
F(0,0,z)=g(0,0, z) =0, hence ¥, ¢ also vanishes in Jl/LG O
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5C. Functions of Steenbrink type. We consider now the case that
F(x,y, 2)=g(x,y,2)+h()",

where g is as in Proposition 5.5, h(z) is regular on AI‘? such that 2(0) =0, and ¢ is
a large enough natural number. By composition with the projection, we will view
h as a function on A,

Theorem 5.6. Let F(x, y,z) =g(x, v, 2)+h(2)", where g is as in Proposition 5.5,
h(z) is regular on Af(h such that h(0) = 0, and £ is a natural number. There exists
a positive real number N such that, ift > N, the following formula holds in Mg:

. d
/d| likyF:l]_ lffhz’o.
K

Proof. Let us denote by i and j the inclusions of (Xo(g) N Xo(h)) X, G into
Xo(g) X, Gand Xo(F) x, G, respectively. The existence of N is shown by [Guibert
et al. 2006, Theorem 5.7]. Also by this theorem, for £ > N, we have

J*Fr—i"F e = Fpe([Xo(@)D) — Us (Fpe (Fy)),

where Wy is the convolution defined in [Guibert et al. 2006]. Then we get

/Adl iTEPF—/Adl iTEl’g:/Adl ifff’hz([Xo(g)])—/Adl W (e (Fy)).

Now, by Proposition 5.5, f i i{¥, = 0. An analogue to the proof of Lemma 5.2
shows that f i ifWs (Fpe (Ef )) vanishes. One deduces that

[ ige= [, igaxoo.
A Al

Define a function g’ on A% x, A% by setting g'(x, y) = g(x, y,0). Then we
have that g’(0,0) =0 and g’(tx, t~'y) = g’(x, y) for any ¢ in G. Furthermore, we
have an identity in Jlx, ) as follows

[Xo(2)] = [Xo(g)]+[{(x,y,2) € AT x (A% {0}) | g(x, y, 2) = O}].

As in the proof of Theorem 5.1, since h* and g’ have no variable in common, we
have
TS pe ((Xo(gHD) = LSy g

in M®, . It remains to notice that
Al xG
TS ([(x, y,2) € ADTE X (A {0}) | g(x, y,2) =0}]) =0
because the intersection

i(ADY N {(x, y, 2) € Al 5 (AL {0)) | g(x, y,2) =0}
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is empty. Thus, fAdl iTYr = L Fpe o in A/Lg, as needed. (|
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