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Squareful numbers in hyperplanes
Karl Van Valckenborgh

Let n > 4. In this article, we will determine the asymptotic behavior of the size of
the set of integral points (ag : - - - : a,) on the hyperplane Y ", X; =0 in P" such
that a; is squareful (an integer a is called squareful if the exponent of each prime
divisor of a is at least two) and |a;| < B foreachi € {0, ..., n}, when B goes to
infinity. For this, we will use the classical Hardy—Littlewood method. The result
obtained supports a possible generalization of the Batyrev—Manin program to
Fano orbifolds.

1. Introduction

The problem we consider can be related to a question Campana posed concerning
rational points on orbifolds. A good overview is given for example in [Abramovich
2009; Poonen 2006; Campana 2005]. Examining the orbifold (P!, A) with Q-
divisor A =1/2-[0]4+1/2-[1]+1/2-[o0], it is explained for example in [Poonen
2006] why it is reasonable to expect that the set

{(ay, ar, a3) € VAR ay +a; = as, ay, ay, az are squareful,
max{lai|, laz|, |a3|} < B, ged(ay, az, a3) = 1}

will asymptotically behave as C - B'/? as B tends to infinity.

Since this question turns out to be too difficult at the moment, we general-
ize to a higher-dimensional analogue (P"~!, A), where now A is the Q-divisor
A=1/2-[Hp]l+---+1/2-[H,] with H; the hyperplane defined by X; = 0 for
i €{0,...,n—1} and H, defined by Xg + --- + X,—; = 0. In analogy with

the one-dimensional case, a point P = (ap : --- : ay—1) € P"~1(Q) (we assume
ap, ...,ay—1 € Z and gcd(ag, ..., a,—1) = 1) will be called a rational point in
Campana’s sense on (P"~!' A) if for every i € {0,...,n} and every prime p

for which the reduction of P is contained in the reduction of H; modulo p, we
have i,(P, H;) > 2, where i,,(P, H;) denotes the intersection number of P and H,
above the prime p. These conditions will be satisfied if a; is squareful for every
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i €{0,...,n—1}andif Z;:ol a; is also squareful. We denote the set of all such
rational points by (P"~!, A)(Q). Using the height function

the set of points P € (P"~!, A)(Q) of bounded height is denoted (P"~!, A)(Q)<p.
Defining the canonical divisor of the orbifold (P11, A) as

n—1
D Xi
i=0

H(xg:-:xp-1) =max{|x0|, ooy [Xn—1ls

K(ﬂ:on—]’A) = K[pn—l + A,

we have Kpn-1 oy~ (—=(n—1)/2)- H in Pic(P"")q, where H is the hyperplane
class of P"~!. Since the height function we use is associated to H, a very naive gen-
eralization of Manin’s conjecture would predict that #(P"~!, A)(Q) < ~ C-B"~D/2
for some constant C > 0, as B tends to infinity. Our main goal is to prove the
following theorem.

Theorem 1.1. For n > 4, there exists a § > 0 so that
#(I]:anl’ A)(@)gB — C . B(nfl)/Z _|_ O(B(nfl)/ths)

for some constant C > Q.

In Section 5 we will give an explicit description of the constant C and examine
the distribution of rational points on the orbifold (P11 A).

2. Description of the proof

Throughout the article, we will use the following notation.

We will denote the (n + 1)-tuple (xo, ..., x,) € A"*! for any ring A by x. For
the nonzero integers we use the notation Zy, that is Zo = Z \ {0}. If there exists a
constant C > 0 such that | f(x)| < Cg(x) for real-valued functions f and g with
g only taking positive values, we write f(x) < g(x) or f(x) = O(g(x)). If C
depends on other parameters, this will be denoted explicitly when this dependence
is important for the computations. We will write f(x) ~ g(x) if f(x)/g(x) tends
to one if x goes to infinity. Also, we allow the small positive constant € to take
different values at different points of the arguments. Finally, for any « € R we will
write e(o) = exp(2wia).

To prove Theorem 1.1, we first restrict ourselves to the set of points

(@: - :an—1) € (P, A)(@)
for which a; # 0 for each i € {0,...,n — 1} and Z?:_ol a; # 0. We denote this
subset by (P"~!, A)(@)T. Also, (P"~!, A)(@)z p indicates the intersection of

(P*1, A)(@)T with (P*71, A)(@) 5.
By the definition of (P"~!, A)(@), we can identify (P"~!, A)(@)g p with the
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set

{(aoz. ..1ay) € H(Q):a; € Zy, a; is squareful, ged(ag, ..., a,) =1, On<1a<x la;| < B},
<isn
where H C P" is the hyperplane defined by Xo+---+ X,, =0.
Since a squareful integer can be written uniquely (up to the sign of x) as x2y>,
where y is squarefree, the latter set in turn corresponds to

{(xgyg B :x,%y,?) € H(Q) : x;, y; € Zy and y; is squarefree,
2.3
ged(x0Y0, - - - s Xnyn) = 1, Joax X7y} 1< B} (D)

Definition. We define M (B) as the set

n
{(J_c, Y) €Zy? Y xly? =0, ged(xoyo, ..., Xaya) =1,
i=0 n
2.3 2
231 < B. 1) = 1}.
(max |x;y; | ,-l;loM (IyiD)
(Note that for any integer y € Z, the condition x?(|y;|) = 1 means that y; is square-
free.) Also, we denote by M, ;(B) the set

{(J_c,z) € Zy"?: i

i) = 1},
i=0

n
aixty} =t, max |ax}y}| < B,
0<i <n L

i=0

where ag, ..., a,,t € Z are fixed, ged(ap, ..., a,) =1 and [[/_,a; # 0. Here, u,
denotes an arbitrary function Zy — {0, 1}, foreach i € {0, ..., n}.

As a first step in the proof, we will use the classical Hardy—Littlewood circle
method to determine an expression for the cardinality of the set M, ,(B). Notice
that in the definition of M, ;(B), we replaced the function w?(-) in the definition
of M(B) with the more general function p}(-). We shall see that applying the
circle method is independent of this condition, but nevertheless necessary to de-
rive an asymptotic formula for #M (B) since squarefree conditions on multiples
of the y; will appear as we will explain below. We see that M (B) is a subset of
1,0(B) (f we take /L;.( -) to be u?(-) for each i), with the additional gcd
condition ged(xoyo, - - ., X, ¥») = 1 on the solutions. We will take this gcd condition
into account using an adapted version of the Mobius inversion.

Identifying (P11 A) (@)2 g With (1), it readily follows that

.....

e 1
#P" M@, = ez #M(B),

which implies that an asymptotic formula for #M (B) induces an asymptotic for-
mula for #(P"~', A)(@)E,.
Finally, we will explain why this result suffices to prove Theorem 1.1.
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3. Calculating #M, (B)

Let us first fix the framework of the circle method.
Let T be R/Z. For 0 < A < 1and P > 1 (we always suppose B > 1), we define
IM(A, q,a) as the image in T of {& € R: |a —a/q| < P27%} with a, ¢ € Z and

may = |J Mma.q.a.

1<a<q<P?

ged(a,q)=1
We call 91(A) the union of the major arcs and T \ MM (A) = m(A) the union of the
minor arcs. We shall clarify the constraint on the constant A and the dependence
of P on B in Proposition 3.7 and Theorem 3.8.

The circle method calculates #M, ;(B) by integrating an exponential sum over

T, namely

#My (B) = / > (]‘[ué(y,-))e(afo_c,z»da, )

1<a; x2y}<B =0

n
where f(x,y) =) aixizyf — t. We will denote the integrand of (2) by E(«) and
- i=0

Sily=" > pi(yelaax’y’).

1<]aix?y3|<B

will set

Therefore,

E(x) =e(—at) 1_[ S; ().

i=0

As usual, the integral over 91(A) will provide the main term while the integral
over m(A) will only contribute to the error term.

Major arcs. We refer to [Schmidt 1984, Section 5; Davenport 2005, Chapter 4] for
avoid conflict with theorems. (Many authors improperly cite a detailed description
of the circle method over the major arcs for the classical case of diagonal equations.
In order to apply this to fzm( ) E(@) da, we will first fix y and thus consider the
diagonal equation f(x, y) = fy(x) = 0; afterwards we will take the sum of the
obtained expression over all admitted v

Since we fix y, we only look at x; satisfying 1/|a,~yi3|1/2 < x| < (B/laiyfl)l/z.
Most of the time, it suffices to consider only positive x;; we will denote the corre-
sponding interval for positive x; with D;, that is,

=[1/la;y} ', BY*/la;y}|"?]. 3)
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We will also use the notation
Byy, = B'?/laiy}|'>. @)

Note that since we consider only y with 1 < | yl.3 | < B, we have 1 < B, y, < B1/2
foreachi € {0, ..., n}. B

Because we first wish to examine the exponential sum E(«) (for o € M(A)) for
some y fixed, we denote this part of E(«) by

Ey(a) = > elafy(x)).

1/1a; v} 1V < |xi 1 < By,
i=0,...,n

Furthermore, for every positive integer ¢ and every integer a relatively prime to ¢,

we define o
oz(g) = q(”“)ze(z%;wec 25 ) (5)
and for every B € R, 7
ry,B(m:/Do---fDne(ﬂfy(a_c)) dx. ©)

Proposition 3.1. Fora =a/q + B € M(A; q, a), we have

Z?:O |aiyi3|1/zB(n+2)/2PA—2)
[T laiy} |/

under the condition BP2~2 > 1on P and A.

Ey(a) =2""0, (g)@,g(ﬂ) +0 (q

Proof. Combining positive and negative signs of x;, we have

Ey@) =2"e(—at) [ D eeaix?y?). (7)

i=0x;eD;
For @ = a/q + B, the inner sum over x; equals

24,3
) (%) D7 e(Bailqui +2)%7). ®)

1<z <q vieZ
qui+zieD;
Euler’s summation formula (in its simplest version) implies
Y
2, _ 1 2 Y
> ety = | ewndn+ o1+ 1claY)

X<qu+z<y X

for any real numbers 0 < X <Y, ¢ €R,q,zeN. Taking Y = B, ,, { = ,Ba,-yi3
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and recalling the definition of D; in (3), we can rewrite (8) as

723
> (MY (L[ epantyt) i+ 01+ 181B)).
<o <y q q Jp;

We substitute these expressions successively back into (7) and obtain the desired
main term. Using the trivial upper bounds

2,3
aa;z;y:
|3 eteansy)| +] e(—y) | etpatydrax
D;

)C,'ED,‘ ]<Z, q

< Bay,yi»

we get the total error term 0(q(1 +|B|B) maxogi<n ]_[j#l aj. YJ) Using (4) and
1+ |B|B « P272B, we complete the proof. U

From this result, we can now derive an expression for the integral of E,(a) over
M(A) by first integrating the expression for E,(«) obtained in Proposition 3.1
over M(A; ¢, a) and then summing over all admitted a and g.

We first define

Sesr= [ ecyumay [ ey Zsl P)dy
\y|<L B-1/2 ”n+1

(where ¢; = sgn(a;y;)) and

Sy =3 3 o(5)

q<L O<q<1
ged(a,q)=1

We have
gn—1/2

df = ————— BPA?
/ﬁ|<P“Ty’B(ﬁ) P = Ty i =08 ’

and therefore

2"1Sy 4 (PA) e 3 (BPAT?
f Ey(@)da = X»g,ti ) §,3t,132 ) . gn=1/2
mA) [T laiy; 1V
+0(Zn olaiyi'? p+2)/2 p5a- 4) )
[T g laiyi'/2

Note that the integral J, ; (L) only depends on the signs of y and a and no longer
on their actual values. -

Next, we make the coefficient of B”"~1/2 in this expression independent of B.
We first focus on the factor Sy 4 (P%).
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The singular series.

Lemma 3.2. We have
n
“’z(g)‘ g "] Tecd@y?, ).
i=0

Proof. Using elementary properties of generalized Gauss sums (see for example
[Berndt et al. 1998, Chapter 1]), we obtain for positive integers a and c that

c—1

Ze(aTnz)‘ < ged(a, o)y

n=

Applying this to (5) implies the statement. (]

Corollary 3.3. For n > 4, the series

67@,::% 3 GX(E)’ (10)

g=1 0<a/q<l1
ged(a,q)=1
called the singular series, converges absolutely. In particular, we have

H?:o |al~yl~3|l/2+‘9
lem(apyg, - .., any2)'/?

Syar < (11)

and

n v31/2+e
[T laiy? A(—n+3)/2
Sy i (P? :6,,t+0( i=014iY; L pACHE) (12)
y.a pa 1cm(aoy3,...,any,§)”2

forany ¢ > 0.

Proof. From the previous lemma, we deduce that

o0 n
Sy < Z g~ =072 1—[ gcd(a,-y?, KL
g=1

i=0
(o)
< Z (do---dy)'"? Z g~ (=072
dilaiy; g=1
i=0,..., n lem(do, ..., du)lq

o0

(do RN dn)l/z —m—1))2

< Zz lem(dy, ..., d,) =072 29 .
q:
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Since n > 4, the latter expression converges and we get

(do---dy)'/?
Syat < 2 Tontdor . d) T

dilaiy?
i=0,...,n
3(1/2
H?:O |aiyi | /2+e
lem(agyg, - . ., apy3)'/?

for any € > 0. Moreover, we obtain in the same way that

n
Sy = Gyas(PH< Y g V2] T ecd(aiy}, g)'?

q>P2 i=0
(do---dp)'/? = —(—1)/2
<2 lem(do, - ... dy) D72 . a
dila;y? q>P%
0<i<n lem(do. ..dn)lg
[T5 g la;y? |t/ te . pAGn+3)/2. 0
lem(agyg, - . ., any2)'/?

Remark 3.4. One can prove (see for example [Davenport 2005, Lemmas 5.2-5.3])
for n > 4 that S 4, can be written as an Euler product of p-adic densities

i G0, - x0) € @/ P' D)™ YT aiyix} =t mod p')

I—o00 pin

The singular integral. Examining J; ; 3(BP27%) in (9), we have the following
proposition.

Proposition 3.5. For n > 3, we have

jg,t,B(BPA_Z) — j§,t,B + O(B(l—ﬂ)/ZP(A—Z)(l—I’l)/Z) (13)
with
+o0 n
e = / e(—yt/B)dy / e(y > Sixi2> dx
- —00 [B—I/Z’l]n+l =0

under the condition BP272 > 1.

Proof. As proved in [Davenport 2005, Proof of Theorem 4.1], we have

< min{l, [y|73},

1
/ e(ye,-xiz) dx;
B

—1/2

and thus

< min{1, [y~ (14)

n
/ ely Zsixiz dx
[B—I/Z’l]n-%—l i—0
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This implies that the integral J, ; p converges, since

+o00
|Te.r8| < / min{1, |y|~"3" " dy < 4oo.

—00
Also,
’jg,t,B(BPA—2) _ jg,t,B‘ < / Iy |~ D2y,
ly|>BPA-2
& B(l—n)/ZP(A—Z)(l—n)/z‘ 0

Defining the singular integral as

~+o00 n 5
‘9:/_00 dy /[o,mf(y iZsix,-)d)_c, (15)

=0

(SR

it follows from the last proof that this integral is also convergent.
Lemma 3.6. It holds that 3, ; p — J, as B goes to infinity.
Proof. We have

+00 n
en =3l < [ leytim =) dy‘ /[ R 2 e ) dx

—00
400 .
* /oo dv ‘/([B—l/zyl]nﬂ)g e(y ; EiX; ) dx

=1 (B,t)+ I(B),

where ([B~1/2,11"™1)" denotes the complement of [B~!/2, 11"*! in the hypercube
[0’ 1]n+1.

Since |(e(—yt/B) — 1)| =2|sin(rytB~!)| < min{2, 27|y ||t|B~'}, we obtain
the following for I (B, t), recalling (14):

+o00
0G0 < [ minft iyl min1, 72 dy.
—00
Splitting up the latter integral into three parts according to the appropriate range
of y, we get I1 (B, t) < |t|B~! for B big enough.
For I,(B), one has

< min{1, [y|7"%

1
/ e(yeix})dx;
0

and
B-12

/ e(ye,-xiz) dx;
0

< min{B~'2, |y|71/%}.
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Applying the exclusion-inclusion principle to I5(B) and observing the symmetric
form of the integrand, we get

n+1
L(B) K Zf min{B~2, |y |72} - min{1, |y|~"/2)" " dy.

It follows that I,(B) < B~1/2. Hence,
|3e..5 —Je| < B7/? (16)
for B big enough, completing the proof. U
Note that from Proposition 3.5 and (16), one has

et B(BPA—z) — 38 4 0(3—1/2 4 B(l—n)/ZP(A—Z)(l—n)/Z)‘ (17)
We now return to the integral of E\(«) over the major arcs.

Proposition 3.7. Forn > 4 and for any A with0 < A < 1/5, there existsa § > 0
so that

/‘ E@)d 2n+16y,g,tj§ Br=V/2 L o (B(n—l)/Z—S) (18)
o o= " .
ma) > [T g laiyi1'/2 24

Proof. Substituting (12) and (17) into formula (9), we get

n+1 ~
f Ey(@)do = 2 Ovarde pa-ip
IM(A)

- T laiy} /2
3
i O( H:’l:o laiy;'|° . B(n=1/2 pA(=n+3)/2
lem(agyg, - . ., any)'/?

Bn=2/2 4 pa-dU-m/2 |aiy,~3|l/2

[Tz laiy; |72 [Tz laiy; 172
For this expression to be nontrivial, we have to determine P = P(B) and A
properly (under the condition B P2~2 > 1) so that the error term is Oy.a (B1=D/2=8)
for some & > 0. Taking P = B!/2 and 0 < A < 1/5 is satisfactory. O

B(n+2)/2P5A_4>. (19)

We can now prove our estimate for the major arcs.

Theorem 3.8. For n > 4 and for any A with 0 < A < 1/15, there exists a 6 > 0 so
that

/ E(@)da=Cy;-B" 7?4+ 0(B"V/27),
M(A) -

where

J
n+1 y.a,tJe
at—2 Z <l_[/’L(yl)—1/27

Zn+1 0| iYi |
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with &, ,; and J; as defined above.

Proof. We sum (19) over all admitted y; such that 1 < |yi3| <B,ie€{0,...,n}, and
denote the sum of the coefficients of the main term by C, ;(B).
We obtain, using (11),

G ., ’.1_ a; 3e
- Xﬂl:” 7 < l_[13_0| lyl | Ve (20)
[T laiy?| lem(agyy, - - ., any;)

for any & > 0. We have

2 : H?zo |a,-yi3|s < Z 1
3 3 _

3 1cm(a0y(), ceey any,?)l/z 3 lCl’Il(aoyO, ey any2)1/2 (n+1)€

max |y;/|=B max |y?|>B

0<i<n 0<i<n

1
< Zza lem(yo, . . ., yp)3/230+De
omax |y; |>B

# (o, ..., yn) s lem(yo, ..., yu) = N}
< Z nN3/2—3(n+1)s -

N3>B
< B*l/6+(n+l)e (21)

for any & > 0. This allows us to replace C, (B) by Cg ;.
We now turn to the error term in (19), summing over all admitted values of y
and putting P = B'/? as before.
The first error term can be treated as the main term. The coefficients of the third
and fourth error terms will also converge without any extra conditions. Moreover,
the upper bound can be made independent of the a;. For the last error term however,
the coefficient will asymptotically contribute O (B'/3).

This means the extra condition

1, n+2  5A—-4 n—1 1
3t T T 9T
has to be satisfied for the error term to behave properly. ]

Note that (20) and (21) also provides a uniform upper bound of C, ;, that is,
Ca,: < C, independently of @ and 7.

Minor arcs. The goal of this section is to prove the following theorem.

Theorem 3.9. For n > 4, there exists a § > 0 so that

/ E(a)da = 0(B"V/>7?).
m(A)
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To treat the integral over the minor arcs, we will not fix y but examine the whole
equation at once. Recall that

E@=e(—an[[Si@)=e=en]] D wimel@ax®y?.
i=0

i=0 1<a;x2y3|<B

Using Holder’s inequality repeatedly, we get for n > 4,

/ E(a)da
m(A)

To obtain a good upper bound of this expression, we first examine fol [S; (@)|*da.

1
< sup (|So(a)|-~|Sn74(a)|)j max /0 |Sj(e)*da. (22)

aem(A) =n=3,...,

Lemma 3.10. For any ¢ > 0, we have

1
/ 1S (e)|*da < B,
0

Proof. From now on, we will concentrate on the part of the sum where the variables
are positive. This will suffice to prove the theorem because of the symmetry.
Let
Sy(y= Y W D elaa;x’y)

Y<y<2Y lgngMJ

be the contribution to S;(«) for ¥ <y <2Y. Using Cauchy’s inequality, it follows
that

1 1
[ sr@ra <y [(is@p ¥ o

Y<y2Y

2
Z e(aajx2y3) da

1<¥<By;

1
LY Z Z / e(xa;jG(x, y))da
0

Y<y1,y2,532Y 1< <By; y
1<x2<Baj,y2
153,54 <Ba 5

<Y -#Z(Y, B),

with G(x, y) = y33 (x%—x%)—i—xlzyf—xzzyg and Z(Y, B) ={(x, y) € Zg : y33 (x%—xf) =
)c12y13 —x%yg’, 1 <x; <By, Y <y; <2Y}, where By = (B/Y3)1/2.

If we make a distinction between solutions (x, y) € ZZ) of G(x, y) =0 for which
x?y; —x3y5 =0 or not, it follows that both sets contain O(Y~! - B'*¢) solutions.
Hence, we conclude that #Z(Y, B) <, Y~!- B¢, and thus

1
/ 1Sy (@) |*do <. B'*®.
0
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Summing over all intervals (¥, 2Y] with ¥ = 2¥ « B'/3 and applying Cauchy’s
inequality twice on |S§; (o0)]* = | ZY=2k<<B'/3 Sy (a)|*, we get

1
/ 1Sj(e)[*da < B / Sy (@)*da < B S Bl = B
0 Y=2¢«B!/3 Y=2k<B1/3

which completes the proof. (]

Remark 3.11. Recalling the expression for #M, ;(B) in (2) and putting n = 3,
a=1,1,1,1),t=0and u;(-) = w?(-) for each i, this lemma implies that the
equation ny + ny = n3 + nq, where n; is squareful and 1 < |n;| < B for each
i €{1,2,3,4}, has O(B'**) solutions.

In order to handle the first part of (22), namely supgcma)(ISo(@)] - - - [Su—a(@)]),
we will prove the following proposition.

Proposition 3.12. Let o € m(A). Then there exists a § > 0 such that
|Si(@)] < B2,

Proof. Let ¥ > 0. We may henceforth assume that |a;| < BY, since otherwise the
trivial upper bound yields

oo
1Si (@) < Z,/ s < BU-V2
y=1

which is satisfactory. Similarly, we may assume that y < BY in S;(«). Thus, we
have
|Si(@)| < B2

y<BY

with, if we set X =/ B/(|a;|y?),
TX(O{) = Z e(aaiy3x2).

x<X

Since |a;|y3x? < B, in particular X > B!/2=2¥_ Using the usual squaring and
differencing approach (see for example [Davenport 2005, Chapter 3]), we obtain

‘Tz(“)’2< >

|hI<X

Z e(2aa,~y3hx)
x,x—gth

< Y min{X, [20a;y’hl| 7"y < X + B ) min{X, flay] 7},
<X <Y

where ¥ = 2|a;|y*X and |ja|| = min{|8| € R: B = a mod 1} for any real number a.
In order to estimate the sum over y, we will use the following lemma.
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Lemma 3.13 (Separation lemma). Let P, Q > 1 be reals,« € T and a, q € Z with
ged(a, q) =1 and |a —a/q| < g2 Then

3 min{%, ||ax||_1} < PQ(q~ "+ 0" +4q(PQ) ") log2¢ P).

x<P
Proof. A full proof is given in [Vaughan 1997, Lemma 2.2]. ([
Choosing P =Y and Q = X, Lemma 3.13 implies
2 1
7, @) <<X+XYB£( +5+ XY)

2¢e 1 1 )
< XYB ( + 5+ 1

< Bl+2s($+32¢71/z) +qB%,
since X <Y and XY = 2|a;|y’X? = 2B. Hence,

1S:(@)] < BY272 4 pl/2verd (% +BY T BT (23)

According to Dirichlet, we can find a, ¢ € Z with gcd(a, ¢) =1 and g < B@~2)/4
such that |ag —a| < 1/B?=2)/4 = B(A=2/4 (Note we also have |a —a/q| < 1/g>.)
Furthermore, it is necessary that g > B?/2: otherwise, we would have o € M (A).
With these boundaries for ¢ in (23), a suitable small choice for ¥ in terms of A
leads to the statement. ([

We are now able to prove Theorem 3.9.

Proof of Theorem 3.9. Combining Proposition 3.12 and Lemma 3.10 in (22), we
obtain

« BU/2=90=3)  plie pi=)/2=5+e _ p(1=1)/2

/ E(x)da
m(A)

forany 0 < e <. U

4. Towards the main problem
Combining the previous results, we are able to prove the following theorem.
Theorem 4.1. For n > 4, there exists a § > 0 so that
#M,(B) = Cq, - B V24 0(B""1/279),
with the constant C, ; described in Theorem 3.8.

Proof. This follows directly from Theorem 3.8, Theorem 3.9 and (2). ]
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Remark 4.2. Note that the error term is independent of a and ¢ and recall we
also proved C, ; can be bounded uniformly independent of a and 7. This implies
that #M,, ,(B) < C - B"~VY/2 for some constant C > 0. Indeed, when B < 1,
M, ;(B) = @, and for B > 1, it follows from Theorem 4.1 that

#My(B) < C'- B~V 4 7. gD 0 gD,
where C = 2max{C’, C"}.

Going back to M (B) (see definition on page 1021), we will now prove the
following theorem.

Theorem 4.3. For n > 4, there exists an explicit constant D and a § > 0 such that
#M(B)=D- B=1/2 4 O(B(n—l)/z—s)
as B goes to infinity.

(The definition of the constant D is given in Lemma 4.5; in the next section, we
will give some indications about the interpretation of D.)

The only problem still left in proving Theorem 4.3 is to understand how we can
tackle the additional gcd condition ged(xgyo, - - ., X, y») = 1 on the solutions. Note
that the Mobius inversion at hand leads to divisibility conditions on both x; and y;
which have to be handled with care.

Lete=(ep,...,e,) € N’é“ and f =(fo,..., fn) € Ng“, where f; is squarefree
for eachi € {0, ..., n}. -

Definition. We denote the set

n n
[y ezd Y xdyl =0, max 12371 < B, e, filyr and []u?(nib=1]

by N(g,f)(B).

Demanding that solutions in N(j 1)(B) satisfy gcd(xoyo, ..., X,¥,) = 1 means
we wish to leave out those solutions of N(j 1)(B) for which there exists a prime p
and a subset I/ C {0, ..., n} such that p|x; ifi € [ and p|y; ifi ¢ I (ori € I, where
1€ denotes the complement of / in {0, ..., n}) in order to get to M (B). Defining
for a prime p and subsets I, J C {0, ..., n} the couple (e”!, f7/) by elp’l =p

fori € I and e{’ ! = 1 otherwise and analogously for f7 /it hence follows that
M(B)=Nan(B) \ | News, fr1e)(B). (24)
(p.D)

Notice that in this last union only a finite number of sets are nonempty since for a
prime p > +/ B, we get N(Ep,zyfp,zc)(B) = .
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Definition. Let S be a finite set of couples (p, /). We can associate to S a couple

(e, f) as follows: defining for each prime p the index sets I, = U, nes! and J, =

U(p})eslc, the associated couple is given by ¢; = H{plie],,} pand fi = H{p\ier} p.
We then define

uie, I) = Z(—l)” #{sets S of cardinality n with associated couple (e, I)}
n>0

Observing (24) together with this definition, we have

#M(B) =) Yo wle f)#Ne s (B). (25)

e=1 (¢, f)eN+?

e=gcd(e; fi, i=0,...,n)
The following lemma collects some properties of ft.

Lemma 4.4. There exists a function i : Z*"7? — 7 such that

@) ule, f) = ]_[p (v, (e), vp(f)), where v,(e) = (vp(eo), ..., vp(en)) (and
analogously for v,(f)),

(i) Z(m,n) =0ifm; =n; =0and (m,n) # (0, 0) or if m; > 1 for some i,

.....

denotes /’Z(m(’),...,m,{,mé/,...,mzj) with ml’ =1ifi el and mll =0

otherwise and m;'”’ =1 ifi € J and m;J = 0 otherwise.
Proof. (1) and (ii) follow directly from the definition of  immediately above. From

the same definition, it follows, if I U J = {0, ..., n}, and denoting by T a finite set
of subsets I C {0, ..., n}, that

AL, J) =" "(=1)"#{sets T of cardinality m
m

such that / = UgerK and J = Uger K€Y}
If we sum over all possible / and J such that /U J = {0, ..., n}, we get (iii)). [
Consider now N, I)(B) for a couple (e, I ) for which u(e, I ) #0 and
ged(e; fi, i =0,...,n)=ce,

i.e., a subset with nontrivial contribution to #M (B) (recall (25)). Since #N/,, ) (B)=

#M2 g3 0(B), choosing ] (y;) = > (filyil) (where €2 f3= (5 f, - .., en f,)), we
know by Theorem 4.1 that

#N(Qf)(B) = Ce2f3’0 . B(l’l—l)/Z + O(B(n—l)/z_g)‘
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Since e divides e; f;, we can write el.2 fi3 = v;e” for some v; € N for each i in
{0, ..., n}. Making the substitutions x/ =x; /e; and y; = y; / f;, we see that N(, r)(B)
corresponds to the set

n n

o 2n+2 . 2.3 _ 2 /3 B 2 N _

{(J_C DY) ey ~§Uixi yi =0, or%aénlv"xi Vi |<e—23nd QM (fi|yi|)—1},
= =

where we eliminated ¢? in the equation, and hence #N(,, I)( B) = #M, (B /ez).
Letting B go to infinity, this implies that the main terms in the asymptotic formulas
of #N,, I(B) and #M, o(B/ e?) are equal, and in particular that

B B(n—1)/2—8
#Ne.p) (B) = Copo- B = 0(= o) (26)
Notice we also obtain (recall Remark 4.2) that
B@—1/2 C
#Ne.p)(B) S C-——=— and Capso< 27 27)
From these results, we can now prove:
o0
Lemma 4.5. The series D = Z Z n(e, f)-Coys g converges.

e=1 (g’f)eNZrH»Z
gcd(e; fi, i=0,...,n)=e

Proof. Substituting (27) into the definition of D and using the properties of w in
Lemma 4.4, we get

- lute, )
|D| < E § ﬁ
e=l (e )eN?
ged(e; fi, i=0,...,n)=e

2 n+1
l1p(vp(e), vp())I 22"
SIS CRRTITIS )
P k=0 (Up(g)svp(f))€N2n+2 P
mini{v1>(ei)+vp(ﬁ)}:k

which converges since n > 4. (|

Proof of Theorem 4.3. From the definition of D and (26), it follows that

00
- B(n—l)/Z—(S
[#4(8) = D-B" P < 3 > |ute. - o—1D—23
e=1 (g’I)GNZnJrZ
gcd(e; fi, i=0,...,n)=e

Following the same reasoning as in Lemma 4.5, we then get

B B B 22n+1
M B) =D BV < B T (142,
p
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where the product converges for § > 0 small enough since n > 4. This proves the
theorem. U

5. Rational points on the orbifold (P"~1, A)

We can now prove our main theorem.

Theorem 5.1. For n > 4, there exists a § > 0 such that
#P" A (@) <p=C-B" V24 0(B"VP),
Here,

o n+1 g
1 2 62,62f3,0‘]§
C=gmid, 2 HeD D g s
e=1 (QI)EN%H yengrl/{:l:l} i=0\%i Ji i
gcd(e; fi, i=0,....n)=e fivi squarefree

with Sy 4.1, J¢ and the function p as defined before. (By y € Zg“/{:l:l}, we denote
the (n + 1)-tuples (yg, ..., yn) € ZSH, defined up to sign as an (n + 1)-tuple.)
Proof. The connection between (pr-1, A)(CI;D);r 5 and the set M (B) given by (1),
together with Theorem 4.3, implies that the theorem holds for #(P"~!, A) (@)z g It
remains to prove that, for n > 4, the set of points (ag : - - - : a,) € (P"!, A)( Q)¢
with at least one zero coordinate (whose cardinality is < #(P" 2, A)(Q)gp), is
asymptotically negligible compared to (P"~!, A) (@)z B

We will verify this for n = 4; by induction, the statement follows for n > 4.

As mentioned in Remark 3.11, it follows from Lemma 3.10 that

#P?, M@, < B,
Combining this with the trivial upper bound #(P!, A)(Q)¢p <K B, we obtain
#(P?, A) (@ <p < B < B3/
for & > 0 sufficiently small. ([

Description of the constant. An alternative description of (P" !, A)(@); p can

be obtained as follows. Consider y € ZSH /{£1} with each y; squarefree. For
such y, let Oy denote the smooth quadric defined by the homogeneous polynomial

FX()_C) = ySX% +... +y3X,% e 7Z[ Xy, ..., X,]. Furthermore, define the morphism

Ty QX — H (28)
(xXg: -+ 1xy) (ygxg :---:y,?x,%).
We will consider points (xg: - :x,) € QX (@) with x; € Z such that H?:o x;i #0

and ged(xoyo, - - -, Xnyn) = 1. We denote this subset of Qz(@) by QX(@)JF. This
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set is mapped into (P"~!, A)(Q)* by my and, keeping in mind (1), we have

e a@t= [ me@h. (29)
yezZgt j{£1}
y; squarefree
This implies

n—1 + 1 N ) 2.3
#P'L A @Lp =50 > #{(xo,-..'xn)eQX(@)+_011<1ia<xn|xiyi|<B}.

yezgtj{£1}
yi squarefree
For a fixed y, an asymptotic expression for each of the latter sets using the
classical circle method is known (see [Davenport 2005, Chapter 8]) and a Mobius
inversion for the gcd condition ged(xoyo, . .., X, yn) =1.
Moreover, from Lemma 4.5, it follows that we can change the order of summa-
tion for e and y in the constant C from Theorem 5.1 and thus, defining

> 216G, 203
y.e*,0V¢e
Co,=)_ > W Do 77y (30)

e=1 (g,Z)ENZ"JFZ i=0
ged(e; fi, i=0,...,n)=e

we have, for n > 4,

#P" A @«p ~ <% > CQy> .B=D/2
yezgtt/{£1}
yi squarefree
as B goes to infinity.

This constant Cp, can be given a more geometrical interpretation using the
adelic space Q, (A@j of the quadric Q,, as explained in [Peyre 1995, §5]. Here,
it has been shown that the refined version of the Manin conjecture is compatible
with the circle method for smooth quadrics in PG, and moreover, that rational points
on smooth quadrics are equidistributed. Considering the Tamagawa measure wy,

(corresponding to the height function H, defined as H,(P) = maxog; <, |xl.2yl.§|
where P = (xg:---:x,) € Q,(Q)) on Q,(Aq), the equidistribution of the rational
points on Q, implies that for every good open subset W (that is, an open subset

W for which wp (W) = 0, where W = W \ W) of QX(A@), we have

#{PeQ,(@*TNW | Hy(P)< B} . @, (W)
#{P e 0,(@F | Hy(P) < B} wn, (Qy(A))

as B goes to infinity. We refer to [Peyre 1995] for more details on this matter. This
implies we can obtain a description of the constant Cp  in terms of the measure wy,
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of a certain subset of the adelic space Q,(Ag) of the quadric Q,. More precisely,
it follows that - -

Co, = @n,(Qy(A)")/(n— 1),

where Q, (Ag)" denotes the good open subset of 0,(Ag) defined by the gcd con-
dition gca(xoyo, ...y Xpyn) = 1 we imposed on Q;(@). (Note that imposing the
open condition []/_, x; # 0 does not change the measure.) We obtain the following
corollary.

Corollary 5.2. Forn > 4, we have

_ 1 _
#(Pn 1’ A)(@)gB ~ (W Z CQX) . B(ﬂ /2 (31)
yezZgt /{x1)

yi squarefree

as B goes to infinity, where Co, = wH},(QX(A@)%)/(n — 1.

The adelic space of the orbifold (P"~!, A). In order to define the adelic space of
the orbifold properly, we first have to explain how we can translate the definition
of “squarefulness” to the different completions of Q.

At each finite place v = p, a p-adic integer a € Z,, is squareful if v,(a) # 1.
Due to the structure of Q7 this means that we can write a squareful p-adic integer
a uniquely as x%y? with x € Z}; and y € Z squarefree.

On the other hand, any real number a € R can be written as (4=1)3x? and ought
to be considered as squareful.

Since we identified (P"~!, A)(Q) with {(ug : --- : u,) € H(Q) : u; squareful}
(recall H C [P" is the hyperplane defined by X¢ + - - - + X,, = 0), we have, for each
v € Val(Q), that

(P AY@y) = {(uo: -+ up) € H(Qy) : uj squareful}
= {(xg’vyg R :x,%’vy,‘?) e H(Qy,) 1Y€ Zg“/{:l:l}, y; squarefree}.

This implies, recalling the definition of 7y in (28),

Ean@y = | me.@)h, (32)
yezgt j{£1}
yi squarefree
where for a finite place v = p, Q,(Q,)" is the open subset of Q,(Q,) defined by
the condition mingg; <, (v, (x;,»¥:)) = 0, and where Qy([R)Jf = 0,(R).
Note that the union considered is not disjoint, but that the imﬁge for different
y and y’ either coincides or is disjoint. Hence, it follows that, at each place
Ve VaT(@), (P*~1, A)(@,) can be described as a finite disjoint union of sets
7y (Q,(Qy)") for specified y € 75 /{1}.
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Definition. We define the adelic space (P"~!, A)(Ag) as
P M)A = [ e A)@).
veVal(Q)

Remark 5.3. One may prove that (P"~!, A)(Q) is dense in (P"~!, A)(Ag). This
follows from the fact that weak approximation holds for smooth quadrics.

Distribution of rational points on (P"~1, A). We can now consider the probabil-
ity measure

®"1,A) 1
= ) 33
Frse = 3P12)(@)<s Z i 33)
Pe(P",A)(Q)
H(P)<B

n—1
on (P!, A)(Ag). Here, we will investigate the convergence of Mﬁg B’A) to a

specific measure on the adelic space of the orbifold, which we have yet to define,
when B goes to infinity. Keeping in mind the description of (P"~!, A)(Ag) we
gave above, we can define this measure in the following natural way.

Definition. We define the measure @pn-1 o) On (P11 A)(Ag) as

e W)= Y e ), (34)
yezgttj{£1} -
yi squarefree
where U is an open subset of (P"~!, A)(Ag) (which is equipped with the subspace
topology coming from H(Ag)) and 7, : Qy(Ag)’ — (P!, A)(Ag). (Note that
the morphisms 7, introduced in (28) define continuous maps my : Qy(Ag) —

H (Ag) which map Q,(Ag)" into (P"~!, A)(Aq).)

Remark 5.4. From this definition of the measure @pn-1_4), it follows that its sup-
port consists of the (disjoint) union of

my(Qy(Ag)") (35)

for all Y€ Zg“/{:l:l} with y; squarefree for each i € {0, ..., n}. This is a proper
subset of (P"~!, A)(Ag).

n—1
In order to say something about the convergence of Mgbg B’A), we first define

elementary open subsets of (P"~!, A)(Ag).
An elementary open subset W of H(Ag) can be defined as

W= ]_[ w,,
veVal(Q)

such that W,, C H(Q,) is defined at finitely many finite places as W, = red;,l1 (Xp),
where X, C H(Z/pMZ) and redy : H(Q,) — H(Z/pMZ); W, = H(Q,) for
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any other finite place. Furthermore, at the infinite place v = oo, we require Wy, =
ﬂi,j (Ai,jxi < xj) C H(R) fixing one of the coordinates x; to one. Here, A; ; € R.g
depending on i and j.

To construct elementary open subsets on (P"~!, A)(Ag), we can take the inter-
section with elementary open subsets of H (Ag).

We will now prove the following theorem.

Theorem 5.5. For every elementary open subset U of (P"~!, A)(Ag), we have

Q)([p)n—l’A) (U)

(P"il,A)
Iz ) - -
wpi-1 0 ((PP1, A)(Ag))

H<B

as B goes to infinity.

Proof. Straightforward calculations show that for each admitted y, the inverse
image 7, '(U) of an elementary open subset U of (P"~!, A)(Ag) defines a good
open subset of Qy (Ag)".

Now let U be an elementary open subset of P! A)(Ag). Recalling (33), the
partition of (P"~!', A)(@)* in (29), and Theorem 5.1, we get

([P’"’l,A)(U) C#{uo e ruy) € P, A)Y@)NU : maxogi<n |uil < B}
Hap 10)= #P T, A)(Q)<s
> {0 x) € Q@ N N (U) t maxogi<n |y 47| < BY
Zz#{(XO D ixg) € Oy (@ i maxogi<n ly?x? < B}

(Here, we used the abbreviated notation Zy to sum over all admitted y € Zg“ )
Combining the fact that rational points on smooth quadrics are equidistributed,

the definition of the measure in (34), and Theorem 5.1 enables us to complete the

proof. (]
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