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On the refined ramification filtrations in
the equal characteristic case

Liang Xiao

Let k be a complete discrete valuation field of equal characteristic p > 0. Using the
tools of p-adic differential modules, we define refined Artin and Swan conductors
for a representation of the absolute Galois group G with finite local monodromy;
this leads to a description of the subquotients of the ramification filtration on Gy.
We prove that our definition of the refined Swan conductors coincides with that
given by Saito, which uses étale cohomology. We also study its relation with the
toroidal variation of Swan conductors.
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Introduction

The ramification theory for a complete discrete valuation field k£ with possibly
imperfect residue field «; was first studied by K. Kato [1989]]; he used étale co-
homology and Milnor K -theory to give a detailed description of the ramification
of a character of the absolute Galois group Gy, or equivalently of its maximal
abelian quotient sz. A. Abbes and T. Saito [2002; 2003]] extended Kato’s work
by providing G, with the ramification filtration Fil* G, and the log ramification
filtration FilngGk satisfying certain properties. Saito [2009] later defined a natural
injective homomorphism

rsw : Hom(Filiy, Gy /Filiy! Gy, F ) — Q¢ (log) ®, i

MSC2000: primary 11S15; secondary 14G22, 11S80, 11S31.
Keywords: ramification filtration, Swan conductor, refined Swan conductor, p-adic differential
module, Dwork isocrystal.

1579


http://msp.org
http://msp.org/ant/
http://dx.doi.org/10.2140/ant.2012.6-8
http://dx.doi.org/10.2140/ant.2012.6.1579

1580 Liang Xiao

for each a € Q- (, where O is the ring of integers of k, 7y is a uniformizer, «y is the
residue field, and €2 ,i (log) is the module of logarithmic differentials; he called it the
refined Swan conductor homomorphism. This provides some further information
about the subquotients for the log ramification filtration on Gy.

Along a different path, G. Christol, B. Dwork, S. Matsuda, Z. Mebhkout, and
their collaborators used p-adic differential modules to give an interpretation of
the Swan conductors of representations of G when the residue field «y is perfect.
They associated a p-adic differential module over an annulus to any continuous
representation of Gy, and proved that the Swan conductor of the representation is
related to the radii of convergence of the local solutions for the differential module.
K. Kedlaya [2007] generalized this approach to include the case in which the
residue field is imperfect, by giving the definitions of Artin conductors and Swan
conductors for a representation of G. The author [Xiao 2010] verified that this pair
of definitions coincide with those naturally associated to the ramification filtration
and log ramification filtration of Abbes and Saito [2002; |2003]. An important
consequence of this comparison result is the Hasse—Arf theorem for the ramification
filtration and the log one [Xiao 2010, Theorem 4.4.1], which states that the Artin
conductors and Swan conductors are all integers.

In this paper, we give an alternative definition of the refined Swan conductor
homomorphism as well as their nonlog counterparts, using p-adic differential
modules, and we will compare our definition with that of Saito. Let us describe the
basic idea of the definition. In this introduction, we assume for simplicity that
has a finite p-basis {131, R I;m}. Let K be the fraction field of the Cohen ring of
with respect to bi,...,by. Let By, ..., B, denote the canonical lifts of by, . .., by,
to K, respectively. Let A}((ﬁo, 1) be the annulus over K with coordinate 7 and
with radii in (19, 1) for some 1 € (0, 1). By the aforementioned series of work,
one can associate to an irreducible p-adic representation p of G with finite image
a differential module € over A}((no, 1) for the differential operators dy = d/0T
and 9, =9/dB, ..., 9, =93/3By,. Let 1 = —p/P~D denote a Dwork pi and put
K’ = K (). When p is of pure ramification break b, that is, when p(Filb+Gk)
is trivial but ,o(Filb Gy) is not, the following naive picture is helpful as a guide
to intuition. Suppose that there exists a basis of € @ K’, with respect to which
do, d1, - . ., dpy act per the prescription:

=T " 'Nyg, 0,=nT"Ny,...,0,=nT"N,, (0.0.1)

where Ny, ..., N, are matrices in Og/[T]]. For each j € {0, ..., m}, we use Nj
to denote reduction of N; modulo the ideal (s, T'); these matrices commute and
have coefficients in «. Take a common (generalized) eigenbasis ey, ..., e4 for all
N js set 0; ; to be the (generalized) eigenvalue of N j associated to e;, viewed as an

element in K:lg . One may then define the multiset of refined Swan conductors of p
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to be

{ﬂk_b(@,oiﬂ +0;1dby + - - .+9,~,mdl;m> i=1,..., d} C Qék (log) ®q, nk_b/c,flg.
k

(A multiset is a set where we allow elements to have multiplicity.) Of course,

such a nice basis of € ®x K’ over the annulus A}(,[no, 1) with the described

properties might not exist in general. In practice, we need the following two

technical arguments to read off the multiset of refined Swan conductors.

(a) The above picture can be better described over a field. Namely, we have
the description of the actions of dp, . .., d,, as in[(0.0.1)] over the completion
of K(T) with respect to the n-Gauss norm for any n € [ng, 1). By taking
common eigenvalues as explained above, we can define a version of refined
Swan conductors, called the refined radii, of the differential module at each
radius 1. We then show that the refined radii, as we vary the radius of the Gauss
norm, also vary in a nice way when 7 is sufficiently close to 1: they form a
unique multiset consisting of elements of Qék (log) ®g, ;- bkzlg, independent
of the choice of . We then just simply define this multiset to be the multiset
of refined Swan conductors of the representation p; this does not require any
good matrices representing the actions of d; over the entire annulus.

(b) When the spectral norms of the differential operators are smaller than their
operator norms over the base field, the description [(0.0.1)] requires some
modification. Over the completion of K (T') for the n-Gauss norm, we may
find a basis such that the matrix for 8;’ " with an appropriate r € N acts by
some nice matrix as in [(0.0.1)] We then take the common eigenvalues of those
matrices and define the refined radii to be the p”-th roots of these eigenvalues.
When trying to prove results in this case, we use a technique called Frobenius
antecedents developed in [Kedlaya and Xiao 2010], which reduces the question
at hand to the case when the spectral norms are bigger than the operator norms.

We can also define the notion of refined Artin conductors using a variant of the
definition of the refined Swan conductors, in which the effect of log structure is
removed, which amounts to replacing the factor 7="~! by 7" in

Part of the content in this paper on refined Swan conductors has been already
included in the author’s thesis [Xiao 2009]. However, we feel the present paper
provides a better context for our development of refined Swan conductors. We also
fill in some gaps in the thesis.

To compare our definition of refined Swan conductors with Saito’s, we proceed
as in [Xiao 2010] by introducing the thickening spaces which tie the p-adic dif-
ferential equations together with the rigid analytic spaces considered by Abbes
and Saito. More precisely, we may first realize a finite Galois extension / of k
as the corresponding extension of the function fields of a finite étale extension of
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smooth affine varieties Y — X. We may further assume that both X and Y lift to
smooth formal schemes X and Y. The differential module associated to a p-adic
representation of Gal(// k) lives over the a subspace of the tube of X embbeded
diagonally in X x X, which is a rigid analytic subspace of the generic fiber of
X x X and is called the thickening space. We carefully study the construction of the
differential module and compare that with Saito’s description of the special fiber
of the formal scheme Y. The core of the comparison result is to identify the data
defining an Artin—Schreier cover of A}} with the data coming from the associated
Dwork isocrystals as a differential module.

We also remark that when k is an n-dimensional higher local field of characteristic
p > 0, the refined conductors induce a ramification filtration on G indexed by (0"
with lexicographic order. This is expected to be compatible with certain filtration
on the Milnor K-groups via Kato’s class field theory.

Finally, we study the relation of the refined Swan conductors with the variation of
intrinsic radii (certain form of Swan conductors) over a polyannulus. We prove that
the valuations of the refined Swan conductors at a vertex of the polygon associated
to the polyannulus encode some information about the slopes of the log-affine
functions of the intrinsic radii at that vertex. For the precise statement, we refer to
[Proposition 4.3.13]

Plan of the paper. [Section 1|is devoted to developing the theory of refined radii, the
analog of refined conductors over a complete nonarchimedean field. In the first two
subsections, we set up notation and recall some basic results on differential modules
from [Kedlaya and Xiao 2010]. We define the refined radii in[Section 1.3]and prove
a decomposition result that separates pieces with different refined
radii in a differential module. In we consider the case where we allow
multiple derivations to interact. In we study how the refined radii vary
on an annulus or a disc, when the radii are log-affine functions. We then define the
refined conductors for solvable differential modules over an annulus in

In we apply the theory of refined conductors for solvable differential
modules to define refined conductors for Galois representations. In the first two
subsections we recall the construction of differential modules following [Kedlaya
2007|], and deduce some basic properties. In we define the refined
conductor homomorphism. [Section 2.4] briefly discusses an application to higher
local fields.

In we compare our definition with that of Saito, which is reviewed
in [Section 3.1l In[Section 3.2l we realize the extension of fields as a finite étale
cover of varieties and lift them to rigid analytic spaces over K. In we
do a crucial calculation on the differential module structure of Dwork isocrystals
to determine their refined radii; this calculation forms the heart of our proof of
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the comparison theorem. We wrap up with a proof of the comparison
(Theorem 3.4.1]inSection 3.4

In we focus on the interplay of refined Swan conductors with the
toroidal variation of Swan conductors. A few technical lemmas are discussed in

Section 4.2] and the main theorems are proved in [Section 4.

1. Theory of differential modules

Our systematic study of differential modules proceeds in two stages: first over a
complete nonarchimedean field, and then over an annulus over a complete nonar-
chimedean field. In the former case, the spectral norm, or equivalently the radius
of convergence, of the differential operator is a very important invariant; when the
differential module has pure radii, we will focus on certain secondary information
of the differential module, called the refined radii. In the latter case, it was proved
in [Kedlaya and Xiao 2010]] that the radii of convergence of a differential module
over an annulus give rise to piecewise log-affine functions as one varies the radii
on the annulus; we will again focus on the secondary data: the refined radii. In the
case when the aforementioned piecewise log-affine functions are in fact log-affine,
we prove that the multisets of refined radii of the differential module at all radii are
the same, if we naturally identify the spaces where these refined radii live.

1.1. Setup. This subsection is mainly to explain our convention on notations; how-
ever, the commutative algebra [Lemma 1.1.10[ will become a very useful tool later

as explained in [Remark 1.1.11

Notation 1.1.1. By a multiset S, we mean a set where we allow elements to have
multiplicity. For s € S, the multiplicity of s in S is denoted by multi;(S). When §
consists of a single element (with multiplicity), we call it pure.

Notation 1.1.2. For any field K that will be considered in this paper, K2 will
denote a fixed algebraic closure. We let K*°P denote the separable closure of K
inside K¥2. Set Gg = Gal(K*P/K). For a finite Galois extension L/K (inside
K*%), we denote its Galois group by G, ,x = Gal(L/K).

For e € N, we use . to denote the set of e-th roots of unity in K alg
Notation 1.1.3. By a nonarchimedean field, we mean a field K equipped with a
nonarchimedean norm |- | = |- |g : K* — RZ. A subring of K (with the induced

norm and topology) is called a nonarchimedean ring.
For a nonarchimedean field K, denote the ring of integers of K by

Ok ={xeK:|x| <1}

and the maximal ideal of Ox by mg = {x € K : |x| < 1}; denote the residue field
of K by kx = Og/mg. We reserve the letter p for the characteristic of xkg. If
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charkg = p > 0 and char K = 0, we normalize the norm on K so that |p| =1/p.
For an element a € Ok, we denote its image in kg under the reduction map by a.
In case K is discretely valued, let g denote a uniformizer of Og and let vg (-) be
the corresponding valuation on K, normalized so that vg (rg) = 1.

For a nonarchimedean field K and s € R, we set

m(,? ={xeK:|x|<e’}, m(,?Jr: {xeK:|x|<e™"}, Kg) = mﬁ?/mﬁ?”.

If s € —log | K *|, there exists a noncanonical isomorphism kg =~ ng). Fora e K
with |a| <e™*, we sometimes denote its image in /cgg) by a®. In particular, K§<O) =Kk

and a© =g if v(a) > 0.

Notation 1.1.4. Let J be an index set. We use e; to denote a tuple (e;) jes. For
another tuple uy, set u =[] jel u;j , if all but finitely many of the e; are equal
to 0. We also use ZZFO to denote the sum over ¢; € {0, 1, ..., n} foreach j € J
provided e; # 0 for only finitely many j; for notational simplicity, we may suppress
the range of the summation when it is clear. If J is finite, put

le;l=73"lej| and (e))!= [](e;".

jeJ jeJ
Convention 1.1.5. Throughout this paper, all derivations on topological modules
will be assumed to be continuous; in particular, €2 }Q /s will denote the module of
continuous differentials on the (topological) ring R relative to the (topological) base
ring S; we may suppress S from the notation when $ =T ,, Z or Z,. Moreover, all
derivations on nonarchimedean rings will be assumed to be bounded (that is, to
have bounded operator norms). All connections considered will be assumed to be
integrable.

Notation 1.1.6. For a matrix A = (A;;) with coefficients in a nonarchimedean ring,
we use |A] to denote the supremum among the norms of the entries A;; of A.

Hypothesis 1.1.7. For the rest of this subsection, we assume that K is a complete
nonarchimedean field.

Notation 1.1.8. Let I/ C [0, +00) be an interval and let n € N. Let
") ={(x1,...,x,) e K" |x;| e fori=1,...,n}

denote the polyannulus of dimension n with radii in /. (We do not impose any
rationality condition on the endpoints of I, so this space should be viewed as an
analytic space in the sense of Berkovich [[1990].) If I is written explicitly in terms of
its endpoints (e.g., [, B]), we suppress the parentheses around I (e.g., A% [c, B]).



On the refined ramification filtrations in the equal characteristic case 1585
Notation 1.1.9. Let 0 < o < 8 < 400. We put

K{a/t,t/B) =1 ant" : |a,In" — 0 as n — +o0, for any 1 € [, ,8]},

nez

K{a/t,t/Bl =1 ant” : |lay|n" — 0 as n — +o0, for any 7, € [, ﬂ)},

neZ

K{{a/t, t/Bllo=1>_ ant" : |ay|n" — 0 and |a,|B" is bounded
neZ

as n — =£o0, for any 7 € («, ,3)}.
o

K(t/B)=13 ant" : |an|ﬂuoasnﬁ+oo},
n=0

o0
K{t/B}} = Zant" :ag|n® — 0as n — +o0, foranyne[O,,B)},
n=0

o
Klt/Bllo=1>_ ant" : la,|B" is bounded as n — oo}.
n=0

For I = {1, ..., n} and a nonarchimedean ring R, we use R(u;) to denote the Tate
algebra, consisting of formal power series ) _, - auy with a., € R and |a,,| — 0
as |ey| = —+o00. For (n;)icr € (0, +00)", the n;-Gauss norm on the polynomial ring
R([t7] is the norm | - |,,, given by

el
> " at
e

this norm extends uniquely to multiplicative norms on Frac(R[#/]), and on R{¢;) in
case |n;| < 1foranyi € I.

For n € [«, B], the n-Gauss norm on K[¢] extends to multiplicative norms on
K{a/t,t/B) and K[[¢/B]lo, on K{a/t,t/B}} in case n # B, and on K {«/t,t/B1o
in case n # «.

= rrgtx{lae,l 7'}
ni

We record here a lemma in commutative algebra which will be frequently used
(implicitly) when gluing decompositions.
Lemma 1.1.10. Let

R——S
T—U
be a commuting diagram of inclusions of integral domains, such that the intersection

SN T within U is equal to R. Let M be a finite locally free R-module. Then the
intersection of M Qg S and M Q@ T within M Qg U is equal to M.

Proof. See [Kedlaya and Xiao 2010, Lemma 2.3.1]. O
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Remark 1.1.11. We explain how this lemma is used in this paper. We often apply
this lemma to the R-module End(M) over R for a differential module M. More
precisely, we often encounter the situation when we can write both M Qg S and
M®gT as direct sums of two submodules such that both direct sum decompositions,
when tensored with U, give the same direct sum decomposition of M @ U. We
view the projections constituting the direct sum decompositions as elements in
End(M) ®g S, End(M) ®g T, and End(M) ®g U, respectively. By
we see that the projections above are actually the images of one element of End(M)
under the natural maps; this element defines a direct sum decomposition of M
which when tensored with S or T yields the given direct sum decomposition of
M Qg S or M @g T, respectively. In other words, we can “glue” the direct sum
decompositions of M ®x S and of M @ T along M Qg U to get a direct sum
decomposition of M (over R).

1.2. Differential modules and radii of convergence. The starting point of the the-
ory of nonarchimedean differential modules is to understand differential modules
over a nonarchimedean field. One of the important tools is the Newton polygon
associated to a cyclic vector, which gives much numerical information if the spectral
norm of the differential operator is strictly bigger than the operator norm on the base
field. To extend interesting results across the threshold imposed by the operator
norm mentioned above, we restrict ourselves to the case when the differential
operator is of rational type, that is, its metric properties resemble d/d X acting
on the completion of Q,(X) with respect to the 1-Gauss norm; in this case, we
may entirely remove the restriction on spectral norms by considering the Frobenius
antecedents of the differential modules.

Definition 1.2.1. Let K be a differential ring, that is, a ring equipped with a
derivation 9. Let K{T'} denote the (noncommutative) ring of twisted polynomials
over K [Ore 1933]]; its elements are finite formal sums ) ,_, a;T" with g; € K,
multiplied according to the rule Ta =aT 4 d(a) fora € K. -

A 0-differential module over K is a finite projective K-module V equipped
with an action of d (subject to the Leibniz rule); any d-differential module over K
inherits a left action of K{7} where T acts via d. The rank of V is the rank of V
as a K-module. The module dual VY = Homg (V, K) of V may be viewed as a
d-differential module by setting (af)(v) = d(f(v)) — f(d(v)). We say V is free if
V is free as a module over K. We say V is trivial if it is isomorphic to K®? for
some d € N as a d-differential module.

For a d-differential module V free of rank d over K, an element v € V is called
a cyclic vector if v, dv, ..., 99=1y form a basis of V as a K-module. A cyclic
vector defines an isomorphism V >~ K{T'}/K{T} P of 0-differential modules, where
P € K{T} is some monic twisted polynomial of degree d, and the d-action on
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K{T}/K{T}P is the left multiplication by T. If K is a differential field of charac-
teristic 0, V always has a cyclic vector; see [Dwork et al. 1994, Theorem 111.4.2;
Kedlaya 2010, Theorem 5.4.2].

For a o-differential module V, we put Hg) (V) =Kero.

Hypothesis 1.2.2. For the rest of this subsection, we assume that K is a complete
nonarchimedean field of characteristic zero, equipped with a derivation d with
operator norm |d|x < 00, and that V is a nonzero d-differential module over K.

Definition 1.2.3. Let p denote the residual characteristic of K; we conventionally
set
] it p=0,
“= p~ /=D if p>0.

The spectral norm of  on V is defined to be sy = lim, o [3"]}/" for any
fixed K-compatible norm | - |y on V. Define the generic 0-radius of V to be
Ry(V) = a)|8|s_pfv; note that Ry(V) > 0. Let Vi,..., V; be the Jordan—Holder
constituents of V as a K{T }-module. We define the multiset R3(V) of (extrinsic)
subsidiary d-radii of V to be the collection of Ry(V;) with multiplicity dim V; for
i=1,...,d.Let Ry(V; 1) <..--<Ry(V; dim V) denote the elements of R3(V) in
nondecreasing order. We say that V has pure d-radii if 2R3 (V) is pure as a multiset;
in other words, it consists of dim V copies of Ry(V).

Definition 1.2.4. Let R be a complete K -algebra. For v € V and x € R, we define
the d-Taylor series of v with respect to x to be

o0
n
T(v;a;x):zwx" eV ®kR, (1.2.5)
n!
n=0
in case this series converges. When V = K, the d-Taylor series [(1.2.5)| with respect
to a fixed x € R gives a homomorphism K — R of rings, if it converges for all
v € V = K. For general V, the d-Taylor series [(1.2.5)] with respect to the same
fixed x € R gives a homomorphism of K-modules V — V ®k R respecting the
aforementioned ring homomorphism, if both homomorphisms converge.

Lemma 1.2.6. Let V, Vi, and V, be nonzero d-differential modules over K.
(@) If0 — Vi - V — V5, — 0is exact, then we have Ry(V) = Ry(V1) URy (V).
(b) We have Ry(VY) =Ry(V).
(c) We have Ry(Vi ® Vo) > min{Ry(Vy), Ry(Va)}. If Vi is irreducible and
Ry(V1) < Ry(V3), then Vi ® V; has pure d-radius Ry(Vy).
(d) Let f : K — K[T/ully be the homomorphism given by f(x) = T(x; d; T).
Then f*V =V ®k ¢y KIT/ully is a o7 = 9/9T-differential module over
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KT /ullp. Forr € (0, Ry(K)), Ry(V) > r if and only if f*V restricts to a
trivial dr-differential module over A}([O, r).

Proof. The statements (a)—(c) are [Kedlaya and Xiao 2010, Lemma 1.2.9] and the
statement (d) is [1bid., Proposition 1.2.14]. O

Definition 1.2.7. For P(T) = ), a;T" € K[T] or K{T} a nonzero (possibly
twisted) polynomial, define the Newton polygon of P as the lower convex hull of
the set {(—i, —log |a;|)} C R2.

Proposition 1.2.8 (Christol-Dwork). Suppose that V >~ K{T}/K{T} P, and let s
be the lesser of —log |0|g and the least slope of the Newton polygon of P. Then
max{|d|g, [3]sp,v} = e~*. More generally, the multiplicity of any s' < —log|d|x as
a slope of the Newton polygon of P coincides with the multiplicity of we’ inRy(V).

Proof. This is [Kedlaya 2010, Theorem 6.5.3]. U

Definition 1.2.9. We say a derivation d on K is of rational type if there exists
u € K such that the following conditions hold (in this case, we call u a rational
parameter for 0):

(i) we have d(u) =1 and |3|x = |u|~", and
(ii) for each positive integer n, [3" /n!|x < [0]%.

If 9 is of rational type, the inequalities in (ii) are in fact equalities, which yields
that |9]sp, x = w|d|k; see [Kedlaya and Xiao 2010, Definition 1.4.1].

Lemma 1.2.10. Let 0 be a derivation on K of rational type with u as a rational
parameter and let L/ K be a finite tamely ramified extension. Then the unique
extension of d to L is of rational type with u again as a rational parameter.

Proof. This is [Kedlaya and Xiao 2010, Lemma 1.4.5]. U

Remark 1.2.11. We sometimes need to replace K by the completion of K (x) with
respect to the n-Gauss norm for some 1 € R.¢, where x is transcendental over K
and we set dx = 0. The derivation 9 is again of rational type when acting on the
new field.

Definition 1.2.12. When 9 is of rational type, it is more convenient to consider
d-radii with a different normalization, as follows. For V a od-differential module,
we define the intrinsic d-radius of V to be IRy (V) = [0|sp,x /10]sp,v = 19|k - Ry(V).
We define the multiset of intrinsic subsidiary d-radii to be JRy(V) = |0|x - Rs (V).
We put IRy(V; i) =1|0|g - Ry(V;i) fori =1,...,dim V. We say that V has pure
intrinsic d-radii if IR, (V) is pure as a multiset.

Hypothesis 1.2.13. For the rest of this subsection, we assume that K is a complete
nonarchimedean field of characteristic zero and residual characteristic p, equipped
with a derivation 9 of rational type. We fix u € K a rational parameter of 9. We
also assume p > 0 unless otherwise specified.
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Construction 1.2.14. We construct the d-Frobenius as follows. If K contains a
primitive p-th root of unity ¢,, we may define an isometric action of the group
Z/pZ on K using d-Taylor series:

XD =T 0 (¢, —Du) (i €Z/pZ, x€K);

in particular, u® = ;I’;u. Let K@ be the fixed subfield of K under this action; in
particular, u” € K@ Hence, we have a Galois extension K /K (! generated by u
with Galois group Z/pZ. If K does not contain all p-th roots of unity, we may still
define K@ by first constructing (K (14,))?) and then applying the Galois descent;
in this case, the extension K /K@ may not be Galois.

We call the inclusion ¢@* : K@ < K the 8-Frobenius morphism (homomor-
phism). We view K@ as being equipped with the derivation 3’ = 3/(pu?~"); it is
a derivation on K because a simple calculation shows that @x)D = §1’;8(x(i))
for any x € K, yielding that 8’(x) is invariant under the Z/ pZ-action if x € K.
By [Kedlaya and Xiao 2010, Lemma 1.4.9], 3’ is of rational type on K®.

We sometimes use ¢?" : K@ < K to denote the p”-th 3-Frobenius (homo-
morphism) obtained by applying the above construction n times; if K contains a
primitive p"-th root of unity ¢, this is the same as the fixed field for the natural
action of Z/p"Z on K given by x) =T (x; 8; (¢}, — u) fori € Z/p"Z.

Remark 1.2.15. We point out that the definitions of d-Frobenius and K ? depend
on the choice of the rational parameter u.

Lemma 1.2.16. The residue field k g contains k.

Proof. We know that K is generated by u over K@ If lu| ¢ |[KD>|, KD will
have the same residue field as K does. If |u| € |[K@*|, let x € K® be an element
such that |x| = |u|. Then kg is generated over kg by u/x, whose p-th power lies
in kg@. The statement follows. (]

Definition 1.2.17. Given a 9’'-differential module V' over K9, its 9-Frobenius
pullback is the d-differential module ¢@*V’' =V’ ® ) K over K, where

AW ®@x)=puP 'Y (W) Qx+v ®I(x) W eV, ,xeKk).

For a d-differential module V over K, we define the d-Frobenius descendant
of V to be the K@ -module <pia)V obtained from V by restriction along ¢®* :
K@ — K and viewed as a ’'-differential module over K ¥ with the action given
by 8’ (v) = d(v)/puP~! forany v e V.

Let V be a d-differential module over K such that IR;(V) > p~ /=D A 3-

Frobenius antecedent of V (which always exists as is shown in[Lemma I.2.T§(c)) is a
d’-differential module V’ over K such that V = ¢@*V’ and IRy (V') > p~P/(P~D,
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Lemma 1.2.18. The 0-Frobenius pullbacks and descendants have the following
properties.

(a) For V' a &'-differential module over K, we have
IRy (9 *V") = min{IRy (V")'/?, p IRy (V")}.

Moreover, if IRy (V') # p~P/(P=V the above inequality is in fact an equality.
(b) For V a d-differential module over K, there is a canonical isomorphism
e@*pPy = yor,

(c) Fori =0,...,p—1, let Wl-(a) be the 3'-differential module over K9 with
one generator v (which is a proxy of u'), such that 3'(v) = (i /p)u~Pv. Then
IRa/(Wl-(a)) = pP/P=D fori=1,..., p— 1. For any d-differential module
V over K, we have canonical isomorphisms (; : ((pia)V) ® Wl.(a) = (p,&a)V
fori =0,...,p—1. Moreover, a submodule U of (pia)V is itself the 0-
Frobenius descendant of a submodule of V if and only if 1;(U ® Wl-(a)) =U for
i=0,...,p— 1L

For Vi and V, 0-differential modules over K , we have

ePVi@ e Vr = (o (Vi ® V).
For V' a §'-differential module over K?, we have
D@V =V @ D ve W,
i=1
(d) (Christol-Dwork) Let V be a d-differential module over K such that
IRy (V) > p~ 1/ =D,

Then there exists a unique d-Frobenius antecedent V' of V. Moreover, we have
IRy (V') =IRy(V)P.

(e) Let V be a d-differential module over K. Then

{rp’ p_P/([’—l)’ el p—p/(p—l) } ifr - p_l/(p_l),

~ p—1 times

R (@PV)= . . . —1/(p-1)

reJR, (V) {p r...n D r} ifr < p~l/p=b,
———™

p times

In particular, we have IRy (9"’ V) = min{p~ IRy (V), p~P/®P=D},

Proof. For (a), see [Kedlaya and Xiao 2010, Lemma 1.4.11 and Corollary 1.4.20].
(b) and (c) are straightforward. For (d), see [Kedlaya 2010, Theorem 10.4.2]. For
(e), see [Kedlaya and Xiao 2010, Theorem 1.4.19]. U
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Remark 1.2.19. As in [Kedlaya 2010, Theorem 10.4.4], one can form a version of
[Lemma 1.2.18|(d) for differential modules over discs or annuli.

For the following theorem, we do not assume p > 0.

Theorem 1.2.20. Let V be a d-differential module over K. Then there exists a
unique decomposition of d-differential modules:

V- .
re(0,1]

where every subquotient of V, has pure intrinsic d-radii r. Moreover, V., = 0

ifr ¢ K> 9.

Proof. For the decomposition, see [Kedlaya and Xiao 2010, Theorem 1.4.21]. The
rationality of those r such that V, # 0 follows from [Proposition 1.2.8|when r < @
and from taking d-Frobenius antecedents in the general case. (I

Definition 1.2.21. We call @,¢(0,»)V, the visible part of V and @, ¢, 11V, the
nonvisible part of V. If V consists of only its visible part, we say V has visible
(intrinsic) d-radii; similarly, if V consists of only its nonvisible part, we say V has
nonvisible (intrinsic) 0-radii.

Remark 1.2.22. Let V be a d-differential module over K with pure intrinsic d-radii

IRy(V) > p‘l/(f’_l). By|[Lemma 1.2.18(d), V has a d-Frobenius antecedent V'. By

Lemma 1.2.18|c),

p—1
oV =PV =V e (@ V'® Wl@).
i=1

This decomposition coincides with the one obtained by applying [Theorem 1.2.20)
(0)
togp,y V.

1.3. Refined radii. When a d-differential module V' has pure 0-radii, we will define
the multiset of refined 0-radii, certain secondary information for the differential
module. Similar to the case of d-radii, we may canonically write V as a direct sum
of d-differential submodules such that the multiset of refined d-radii for each direct
summand consists of elements pairwise-conjugate under the action of Gal(K2/K).

Hypothesis 1.3.1. In this subsection, let K be a complete nonarchimedean field of
characteristic zero and residual characteristic p (possibly p = 0), equipped with
a derivation 0 of rational type. We fix u € K a rational parameter for 9. Unless
otherwise specified, we assume that V is a d-differential module of rank d over K
with pure intrinsic d-radii IRy(V). Put s = —log(wRy(V)~") = —log [0]sp,v-
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Notation 1.3.2. For P(T) =T¢+a; T ' +---+a, € K[T] a polynomial whose
Newton polygon has pure slope s, the multiset of the reduced roots of P consists
of the reductions of the roots of P in K[({Szlga counted with multiplicity. If P is the
characteristic polynomial of a matrix A € Mat(mg)), we call the reduced roots of

P the reduced eigenvalues of A.

Notation 1.3.3. For b € (0, 1] (a proxy of IRy (V)), we define A =A(b) and r =r(b)
as follows.

(i) When b < w (which happens if V has pure visible intrinsic d-radii), we let
A(b) =0and r(b) = 1.

(ii) When b € [w, 1) and hence p > 0 (which happens if V has pure nonvisible
d-radii), let A(b) denote the unique positive integer such that

—1 —1
be [p PO p=D | p PP (=) )

and put r(b) = p*®.
(ii1) When b =1, we let AL(b) =r(b) = oc.
Definition 1.3.4. Let b € (0, 1]. A K-norm |- |y on V is called b-good (or simply

good if b = IR3(V)), if it admits an orthogonal (not necessarily orthonormal)
basis, and

(i) when b < w (which happens when b = IR;(V) for V visible), we have ||y <
w(blu)~!,

(i) when b € [w, 1) and hence p > 0 (which happens when b = IRy (V) for V
nonvisible), we have

i ; r
‘a—,| <0l fori=1,...,r—1, |3_‘ < p V=D, (1.3.5)
1.1V rlly

(iii) when b =1, we have |3'/i!|y < |8|’}( forall i > 0.
One may summarize the conditions (i)—(iii) by writing
(iv) |87/i!], <max {|9]%. (wb™"|u|~"/i!|} fori=1,....r.
Indeed, the equivalence of (1) or (iii) with (iv) is straightforward and the equivalence
of (ii) and (iv) (when necessarily p > 0) follows from the observation that the
maximum above is equal to 3|’ if i <7 and to p~/*=D(blu|)~" if i =r. From
condition (iv), it is obvious that a b-good norm is also b’-good for any b’ < b.
For the rest of this definition, we assume that b = IR3(V) < 1. By|Lemma 1.3.9
below there exists a good norm for V.
Using this good norm, we define the multiset of refined d-radii of V, denoted by

®,(V), as follows. Enlarge the value group of K in the sense of [Remark 1.2.11|so
that V admits an orthonormal basis. Let N, be the matrix of 3" with respect to the
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chosen basis. If «1, ..., oy are the reduced eigenvalues of N,, viewed as elements

) we put

N K e

V. 1-D={a),....a)"}

as the multiset consisting of elements in K}?;lg (note that there is no ambiguity of
taking r-th roots for elements in /c;(r:]; when p > 0). We will see in Lemmas
and that the multiset of refined d-radii is independent of the choices of the
good norm and the orthonormal basis of V. After these lemmas, we will abbreviate
Oy(V,] 1) to ©3(V). When ®y(V) is pure as a multiset, we say that V has pure
refined 0-radii.

We remark that ®; (V') does not depend on the choice of the rational parameter u.
But it is sometimes convenient to use the multiset of intrinsic refined 0-radii
903(V) =u®y(V) for a fixed rational parameter u € K.

Finally, in the case when IR;(V) = 1, we conventionally define ®4(V) and
$0;(V) to be the multisets consisting of 0 with multiplicity dim V.

Remark 1.3.6. In the definition of refined d-radii, we first enlarged K to K’, the
completion of K (xy, ..., x,) for some (11, ..., n,)-Gauss norm. However, the
multiset of refined d-radii ®3(V, |-|) is still composed of elements in K;(Sz,g. Indeed,
since the construction is canonical, for any 6 € ®3(V, |-|), we have g8 € ©3(V, |-|)
for any automorphism g of K’ fixing K. But ©®3(V, |-|) is a finite multiset. So it can
consist only of elements in /c;;zlg. Alternatively, we can carefully keep track of the
new variables we introduced in the computation of reduced eigenvalues; from this,

we can also see that the multiset of refined d-radii is composed of elements in K;gz]g.

Remark 1.3.7. We also remark that when p > 0 and b = w!/ P* | the condition
(1.3.5)|fori =1, ..., p*~!is equivalent to[(1.3.5)[fori =1, ..., p*. But we need
the matrix N, to define refined d-radii. For example, when b = IRy (V) = w, we
will see in below that the twisted polynomial from [Proposition 1.2.8]
gives us a good norm on V. However, one cannot compute the refined d-radii by
taking the reduced roots of this twisted polynomial. Instead, one has to find the
matrix for 97.

Remark 1.3.8. For a good norm, one can show that the inequalities in|(1.3.5)|are in
fact equalities, but we will not use this fact later; see [Kedlaya 2010, Lemma 6.2.4]
for a proof of similar flavor.

Lemma 1.3.9. Let V be as in|Hypothesis 1.3.1| Assume that b < IRy(V'), and that
b<1ifp>0. Then V admits a b-good norm. In particular, any V with pure
intrinsic radii IRy(V) < 1 admits a good norm.

Proof. We first assume that b < w. We take a cyclic vector v € V with twisted
polynomial P. By[Proposition 1.2.8] the lesser of —log |d|x and the least slope of the
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Newton polygon of P equals min{s, —log |d|x} > —log(wb~'|u|~"). Then we can
define a b-good norm on V by taking the orthogonal basis to be v, dv, ..., 3% 1v
with [3'v] = &' (Blu|)™ fori =0,...,d — 1. When b = w, as pointed out in

our bound [3|y < |u|~" alone implies condition for r =
1,..., p when p > 0, and condition (iii) in [Definition 1.3.4] when p = 0.

The remaining case is when p > 0and b € (p~"/®=D 1), Weletn =1 — 1 if
b= p~V/7""'(P=1) and 5 = 1 otherwise. In other words, 7 is the unique nonpositive
integer such that

be (pp"—’(p—n,pp"(ip—l)],

Let @ . K@m 5 K be the p”-th d-Frobenius and let d = 8/(p"u?"~') be
the corresponding derivation on K @". Since IRy(V) > b > p~1/®" (=) py

repeatedly applying [Lemma 1.2.18]d), we obtain an n-fold 8-Frobenius antecedent
W over K @) it has intrinsic d-radii

n n —p =1
IR (W) = IRy(V)" = b7 € (p7=1, p7=T |

In particular, W has a b”"-good norm by the argument in the previous paragraph.
We have

|up”5|W < p—l/(p—l)b—p” e[l p)

<p-p=p"
w <p—n.1:p)\—1

' whenn =2,

= |ud|,, = p~"|u”"? (1.3.10)

whenn =X —1.

This norm on W gives rise to a K-norm | - |y on V, which we will show is b-good.

By|((1.3.10), we have |ud —i|y = |ud —i|w < |i| fori =1,..., p* — 1. Hence we
have, fori = 1,...,p’\,

ﬂ} _|u'e’ =‘u8(u8—1)---(u8—(i—1))) <’@’
ity il lw i! w—lilw
. <1 ifi=1,...,p*—1,
= ’pTupnf)’W < p‘l/(”_l)b_p" = p_l/(f”_l)b_”A ifi = pk and n = A,
< pP/(P=Dp=p" — p-1 ifi=prandn=xr—1.
This verifies [(1.3.5)] O

Lemma 1.3.11. Assume that IRy(V) < 1. Let | - | be a good norm on V. Then the
multiset of refined d-radii ®y(V, |- |) is well-defined.

Proof. By possibly enlarging K in the sense of[Remark 1.2.11} we have two orthonor-
mal bases e and €’ for | - |y such that ¢’ = eA for a transition matrix A € GL;(Ok).

Fori=1,...,r,let N; denote the matrix of 3’ with respect to e; by [(1.3.5), we
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have |N;/i!| <3|} fori =1,...,r — 1. Then

r

0'(€) _ ' (eA) _ N '@ 0TI (A) | 1 (o N TH(A)
TR D D T (20: i (r—i)!)'

1= 1=

If A='M A denote the matrix of 3" /r! with respect to e/, we have
r—1 ,
N, N; " (A)A™!
M="r Niogw (A)A
r! + 2(; i (r—i)!

1=
Note that |N;/i!| <|9|% and
10" (A)AT  r =D < 18T AAT Y < 18]

imply that |[M — N, /r!| < 10|y < @R3(V)™", which is smaller than any singular
value of N,/r!. By [Kedlaya 2010, Theorem 4.2.2], the reduced eigenvalues of
N, /r! coincide with those of A~ M A. Therefore, ®y(V, |- |) does not depend on
the choice of an orthogonal basis for | - |. U

Lemma 1.3.12. Assume that IRy(V) < 1. Let | - |1 and | - | be two good norms on
V. Then ®y(V, |-11) = Oy(V, |- |2).

Proof. By possibly enlarging K as in [Remark 1.2.11) we may choose orthonor-
mal bases e and f of | -[; and | - |2, respectively, so that eA = f with A =
Diag{all, ey add}.

Let N; denote the matrix of 3’ with respect to e; by|(1.3.5), we have |N;/i!| <1
fori=1,...,r —1. Then

() _9"(eA) _ Z V(@ I TIA) _ o (Z N9 T(A) A_l) 4

rlrl il (r=i) = ~ il (r—i)!

=l
It suffices to show that N, /r! has the same reduced eigenvalues as

 PLAUICYE
L~ (! (r—i)!
i=0

This is true by [Kedlaya 2010, Theorem 4.4.2] since

N; 9" (A) 71)_’& | . <3r_i(all) -1 3" (ada) —1)‘
it AT PRe T T

<13l 191" < @Ry (V)™
fori =0,...,r—1. (|

Corollary 1.3.13. Assume that V has pure visible d-radii. For any cyclic vector
v € V, the multiset of the reduced roots of the twisted polynomial associated to v is
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exactly the multiset of refined d-radii of V. In particular, this multiset is composed
(s)

Kalg*

More generally, we may drop the hypothesis that V has pure 0-radii, and only

assume that V has visible 0-radii Ry(V) = we’. Let h denote the multiplicity of
Ry (V) in the multiset Ry (V). In this case, for any cyclic vector v € V, if we write
the associated monic twisted polynomial as X44a X4 4. - +ay, then lai] <e™'s
fori < h and |ay| = e™". Moreover, if Vs is the direct summand of V with pure

d-radii we® as given by|Theorem 1.2.20} then ©y(V,es) consists of the reduced roots
of the polynomial X" +a X" ' 4+... 4 a;, =0.

Proof. As already pointed out in[Remark 1.3.7] we emphasize again that the case
IR3(V) = w is not included in the statement. We first treat the case when V has pure

visible d-radii. We can construct the good norm using the twisted polynomial as in
This twisted polynomial is then exactly the characteristic polynomial
of the matrix of d with respect to this basis. The claim follows.

For V not necessarily pure of d-radii, the bound for norms on a; follows from
[Proposition 1.2.8| For the statement about refined d-radii, we need to dig into the
proof of [Theorem 1.2.20]a bit more. By [Kedlaya 2009| Corollary 3.2.4], we can
write P = Q R where QO and R are monic twisted polynomials such that the Newton
polygon of Q = X" +d] X1y -+ aj, has pure slopes s and the Newton polygon
of R has slope strictly bigger than s. Moreover, we have Vs = K{T}/QK{T}. The
upshot is that the formal multiplication satisfies |a; — alf | < el for anyi=1,...,h.
Therefore, the reduced roots of X" +a; X" '+ ...+ aj, = 0 are the same as the
reduced roots of X" + aiX h=l .o 4 a,’l = 0, which are the same as the elements
of ®3(V) by the discussion in the previous paragraph. (]

Lemma 1.3.14. Fixb < (0, 1) and setr =r(b), A =A(b), and s = —log(w (b|u|)~").
Let V' be a d-differential module over K of rank d, equipped with a basis e, with
respect to which the action of 0 satisfies the conditions in |Definition 1.3.4| with
the chosen b. Assume that the reduced eigenvalues of the matrix N, € Mat(m(,?) )
of 3" on V' are all nonzero in K;(rfll
consequence, (V') is exactly the multiset of the reduced eigenvalues of N,.

of nonzero elements of k

Then V' has pure intrinsic 9-radii b. As a

Proof. Since N, € Mat(m(,;‘v)), we have IRy (V') > b. Suppose that V' does not
have pure intrinsic d-radii b. Enlarging K as in|[Remark 1.2.11|if needed, we may
apply [Theorem 1.2.20|and [Lemma 1.3.9|to V' and its Jordan—Holder constituents

to find a basis f for which the conditions in [Definition 1.3.4hold and the matrix

N, € Mat(my") of 9" is degenerate modulo m\/." (when identifying x* with

kk). Now, the same argument in the proof of implies that N, and
N, must have the same multiset of reduced eigenvalues. But zero is a reduced
eigenvalue of IV, but not of N,., which is a contradiction. Hence V' has pure intrinsic
0-radii b. The last statement is O
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Lemma 1.3.15. We have @y(VY) = —03(V) ={—0 16 € By(V)}.
Proof. This is straightforward. U

We will prove in[Theorem 1.3.26|a direct sum decomposition of V parametrized
by the multiset of refined d-radii. For this, we start with some basic properties of
refined d-radii when V has visible d-radii.

Lemma 1.3.16. Let V and W be two 9-differential modules over K with pure and
visible 0-radii Ry3(V) = Ry(W). Then the following two statements are equivalent.

(1) The refined d-radii of V and W are distinct, that is, ®3(V) N Oy(W) = .
(2) The tensor product V.®Q WY has pure 9-radii Ry(V).

Moreover, if either statement holds, we have an equality of multisets:
Oy(VRWY)={0; —0,:0, € Oy(V), 0, € Oy(W)}.
As corollaries, we have the following:

(@) If ©3(V)NOy(W) = @, then any homomorphism [ : W — V of d-differential
modules is zero.

(b) If ®y(W) has pure refined d-radii 6 € k), then 0 € ©y(V) if and only if

V ® WY does not have pure d-radii Ry(V).
(c) If ®4(V) and ®y(W) both have the same pure d-radii 6 € /c;ga)lg, then we have
Ry(VQWY) > Ry(V).

Proof. By [Lemma 1.3.15] we have ©y(W") = —03(W). We may enlarge K as in
Remark 1.2.11|so that we have good norms on both V and W given by orthonormal
bases. Equip V ® WY with the tensor product norm. Let Ny, Ny € Mat(m%)) be

the matrices of 9 acting on V and W with respect to the given bases, respectively.
By Oy(V) and —Oy(W) are the multisets of reduced eigenvalues
of Np and Ny, respectively. Then the multiset of reduced eigenvalues of the matrix
N=Ny®1+1Q Njisexactly {#; —60,:0, € ©3(V), 6, € O3(W)}.

If (1) holds, then all reduced eigenvalues of N are nonzero and hence |N"|=e™"*

for all n € N. Moreover, the reduction of N in M (/cgji) has full rank if we identify

K](?jg) with kgae. Therefore, V.® WY has pure d-radii Ry(V) by
proving (2).

Conversely, if (2) holds, then the tensor product norm is a good normon V@ WV
already and the multiset of reduced eigenvalues of N is the multiset of refined
d-radii of V. ® WV. By |Corollary 1.3.13, 0 ¢ ©y(V ® W"). This implies (1).

We now prove (a). Since V ® WY has pure d-radii Ry(V) < w, we have
Hg(V ® W) = 0 and hence there is no nonzero homomorphism of d-differential
modules from W to V.

Statement (b) is just (a special case of) the inverse statement of (1) < (2).
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For (c), we know that Ny and N; have pure reduced eigenvalues 6 and —6,
()

respectively. Hence N = No ® 1 + 1 ® N reduces to a matrix in k., with zero
eigenvalues (if we identify KI(;ZIg with K gae). It is then nilpotent, that is,

N" e Mat(m{5)")  for n > dim V - dim W.
This implies that R3(V @ WY) > Ry(V). O

Lemma 1.3.17. Let V and W be two 9-differential modules over K. Assume that V
has pure and visible 3-radii and Ry(V) < Ry(W). Then V ® WV has pure 3-radii
Ry (V) and multiset of refined 0-radii is composed of dim W copies of @3 (V Q WY).

Proof. By[Theorem 1.2.20] we may assume that W has pure d-radii. By[Lemma 1.3.9]
we may find a b-good norm on W with b = min{IRy (W), w} > IR3(V).

We proceed as in[Lemma 1.3.16] If Ny and N are the matrices of d with respect to
some orthonormal bases of V and WV, respectively, then we have N € Mat(m(,g)Jr)

and that Ny has pure reduced eigenvalue ®;(V). Hence the multiset of reduced
eigenvalues of No ® 141 ® Nj is simply composed of dim W copies of the set of
reduced eigenvalues of Ng. The lemma follows. U

The refined d-radii of a nonvisible d-differential module is closely related to the
d’-radii of its Frobenius antecedent; we can save much computation by using this
fact. To establish this relation explicitly, it is more convenient to work with the
refined intrinsic 0-radii.

Proposition 1.3.18. Assume p > 0. Let 9@ : K9 — K be the 3-Frobenius with
respect to the parameter u.

(a) Assume that IRy(V) € (p_l/(p_l), 1), and then|Lemma 1.2.18(d) implies that

V = @D*W for some '-differential module W on K® such that
IRy (W) = IRy(V)P.

We have
Oy (V) = {—(p")'/? 16" € @y (W)}

(b) Assume that IRy(V) = p‘l/ (p=1), a@d then (pia)(V) has pure intrinsic 9’'-radii
p~P/P=D The elements in &@y(gﬁid)(V)) can be grouped into p-tuples

)

(Q 6+1 0+p—1)
P D p

with 6 € K gag, and $Oy(V) is the multiset composed of (07 — RS K gag for
each p-tuple above.
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(c) Assume IRy(V) < p~'/ =D Then we have

30y (@PVy={p7'0,....p7'0:0 € 30,(V)}.
—

p times

Proof. (a) By and by possibly enlarging K as in

we can take an orthonormal basis e on W which defines a good norm. The norm
induces a good norm on V by the explicit construction in[Cemma 1.3.9] Let A be
as in [Nofation 1.3.3] We have

uf’*af"=ua(ua—1)---(ua—pk+1)= puld (puPd —1)--- (puPd' — p*+1)
—1
Y N l_[ (puPd’ —i);
i=1,pti

this operator also acts on W. Since |u?d'|y < max{l, p~/P=DIRy (W)} < p,
we have

"9 = p? (=) (—p D) WP | < |u? o7
Therefore, the matrix of 37" with respect to e is congruent to the matrix of
(=P D P P modulo m& 0T
We then must have
Oa(V.1-1) = {((=DP " (pne) " |6 € @y (W)} = { — (p0)'" | 6 € @1 (W)}.

(b) When IRy(V) = p~ /=D [Lemma 1.2.18k e) implies that (pia)V has pure in-
trinsic 9’-radii p~?/(P~D_ By|Lemma 1.2.18(e) and [Lemma 1.3.16| the elements in
Eﬁ@y((pid)(V)) can be grouped into p-tuples

(g 0+1 9+p—1)

P D p

with 6 € kgae. (Note: explicit computation shows that 9@3/(W(3)) = { } ) By
possibly enlarging K in the sense of [R | we may assume that oDy

admits a good norm defined by an orthonormal bas1s e. Let N be the matrix of
pu?d’ with respect to e. Then u”d” acts on (p(a)*qoi‘))(V) = V®P according to

udWd—1)---wd—p+1)=pu?d (pu?d —1)--- (pufd — p+1).
Hence the matrix for this action with respect to e is congruent to the product

N(N—1)---(N—p+1) modulo pOgw since |pu”d’|xw = p~ 1 then the multiset
of its reduced eigenvalues is composed of 67 — 8 with multiplicity p for each tuple
( 6 0+1 0+p—1 )

g o e ey

P p p
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in the multiset of reduced eigenvalues of N. The statement follows.

(c) By|Lemma 1.2.18(e), (pia)V has pure intrinsic 9’-radii
PRy (V) < pTP/D,

Since u?d’ = ud/ p, we can take a good norm of <p>(ka) V and deduce that

1
90y (V) = ;9®3(<p<3)*<p$> V),

which in turn equals %9®3(V€BP ) by [Lemma 1.2.18(b). The statement follows. [l

Proposition 1.3.19. holds only assuming IRy (V) = IRy(W) < 1

instead of the visible hypothesis. Similarly,[Lemma 1.3.17\holds with only assuming
IR3(V) < 1 instead of the visible hypothesis on V.

Proof. Tt suffices to check the remaining cases: p > 0 and IRy (V) > p~ /(=D _If
IRy(V) > p~ /(=D the statements for V and W follow from the statements on
their 3-Frobenius antecedents by [Proposition 1.3.18(a). If IRy (V) = p~!/=D the
statements for V and W follow from the statements on their d-Frobenius descendants

by [Proposition 1.3.18(b) and [Lemma T.2.T§c). O

The following is an example of d-differential modules with pure refined d-radii.
It will serve as a testing object later.

Our convention is to use Gothic letter s instead of s when discussing intrinsic
radii of convergence; we will never use both s and s together.

Example 1.3.20. Fix s € —log |K* |9 such that s < 0 if p =0, and s < i log p if

p>0.Letf e K}fﬁlg be a nonzero element.

(1) If p =0, then we have s € —log |[(K')*| and 6 € Kff,) for some finite tamely
ramified extension K’ of K. Let x be a lift of 0 to m(,? Putd=1and n =0.

n n—1 .
(2) If p>0, there exists n € N such that 67 € (/c;(p, 5))1” with p"~ls e —log [(K")*|

for some finite tamely ramified extension K’ of K. By|[Lemma 1.2.16, we may

find a lift
—p".(p"s)
xXeu Pm @
of u=P"9P", where the extra u—?" reflects the different normalizations of refined
intrinsic d-radii and refined d-radii. Put d = p”.

Let £ (n) be the 9-differential module over K’ of rank d with basis {ey, ..., es},
where the d-action is given by de; = e; 4| fori =1,...,d —1 and dey; = xe;.

Remark 1.3.21. When p > 0, we point out that 5 < % log p also includes some

part of the nonvisible range. The restriction s < % log p in|[Example 1.3.20|is linked
(p"s)

. . _pn
with the choice x e u™? m Ko -

In general, we may extend the range of s to be
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(_oo’ <pi1 - pc(pl—l)> logp>

for some ¢ € N, but the price we pay is to take x € u‘pnm([f,(;z.) lifting u=P" 67" for
some n € N and some finite tamely ramified extension K’ of K. However, as ¢ gets
larger, we need to enlarge n to guarantee the existence of such a lift x. This is why

1
we may not assume that s < 51 log p.

Remark 1.3.22. In the nonvisible case, one can construct a d-differential module
with pure refined d-radii by simply pulling back a 9’-differential module over K (V)
with appropriate refined d’-radii. However, such a naive construction does not help
our later study of the one-dimensional variation of refined d-radii. We will construct
[Example 1.5.7] a family version of [Example 1.3.20, which looks similar in both
visible and nonvisible ranges.

Lemma 1.3.23. Keep the notation as in|Example 1.3.200 Then ¥, (,) has pure
intrinsic 9-radii IRy (£ () = we® and pure refined intrinsic 9-radii 6.

Proof. We may replace K by the completion of K (z) with respect to the |u|~'e™*-
Gauss norm (and set 9z = 0).

We first assume that either we have p =0 or we have p > 0 and s < 0, that is,
we consider the visible d-radii case. We note that e;, z 'es, ..., 77 @ Ve, together
define a good norm on ¥, (,); it is a straightforward computation to check that the
statement in this case.

We now tackle the case when p > 0 and s € [0, %log p). Fori=1,...,p,

we have

de = ey wheni+I[<p", and a"e,,n_, = ai_l(xel) when i > 1.

We will show that {ej,z 'es, ..., z7?"~De,} defines a good norm on %y ().
Indeed, fori =1, ..., p, the matrix of 9’ with respect to this basis is
0 0 70 -0
0 0 e 0 7 0
0 0 00 -7
N; = Py 0 00 . 0 (1.3.24)
7P gx P i 00--0
\z—l’”“ai—lx (—Dz7P"Hyi2x ... 00 --. o)

Note that
191go = p~ ul? 9 |xo = p~ ' ul™" < wlz] < |zl
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_] . B X .
Hence, modulo m% 2D+ “the nonzero terms of N; are the z/ and z 7" tix in

[(1.3.24)} they form a 2-by-2 block matrix

—( 0 2 Iy (pr—i) (—log|z])
N, (Floglzh — - PEDXPTD ) @ Mat o (1 22 ).
i 7P +lx'li><i 0 pxp ( K )

Note that |z77" T x| = |z|. By|Lemma 1.3.14] we have IR (¥, () = we® and that

this basis defines a good norm on V. Moreover, the multiset of reduced eigenvalues
of N, is composed of the element x /7" with multiplicity p". This implies that

IB0,(V) ={6 (p" times)} by the choice of x in|Example 1.3.20 U

Lemma 1.3.25. Let V be a d-differential module over K with pure visible 0-radii
Ry(V) = we®. Then we have the following.

(a) For any subquotient Vo of V, all elements in ®y(Vy) appear in ®@y(V).

(b) Forany 6 € K}(S;g, there is a unique maximal 0-differential submodule of V

which has pure refined 0-radii 6.

Proof. For 6 € k), such that 6 ¢ ©,(V), let Ly () be the d-differential module

Kalg
constructed in [Example 1.3.20| By Lemmas [1.3.23/and [1.3.16, V ® £V | has
pure d-radii Ry(V), and so does Vp ® ‘SE;,(ny By the same lemmas again, we

have 6 ¢ ®,(Vp). This proves (a). We point out that this, however, does not
prove the inclusion ®3(Vp) € ®4(V) as a multiset, which will be a corollary of
Theorem 1.3.26] below.

The second statement follows from the observation that if two submodules V;
and V, of V both have pure refined d-radii 9, so does their sum V| + V, because it
is a quotient of V| & V5. O

Similarly to the direct sum decomposition by intrinsic d-radii, we have a direct
sum decomposition by refined intrinsic d-radii. The latter is in fact deduced from
the former by twisting d-differential modules of the form £y ().

Theorem 1.3.26. Let K and V be as in|[Hypothesis 1.3.1] Then V admits a unique
direct sum decomposition

V=P V. (1.3.27)

{G}CK;;;lg

where the direct sum runs through all Gal(K alg /K)-orbits {0} in Kﬁj.jlg, such that

the refined 0-radii of Vigy is a multiset consisting of the Gal(K™2/K)-orbit {0} with
appropriate multiplicities.
Moreover, if K' is a finite tamely ramified extension of K such that all the 6 in

(p"S)) 1/p"

the above decomposition belong to | J, (K K , then we have a unique direct
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sum decomposition
verK'= P v

(s)
Oex K/alg

of d-differential modules over K’ such that each Vy has pure refined d-radii 6.

Proof. The statement is void if IR;(V) = 1. We assume IR3(V) < 1 from now
on. We first replace K by the K’ in the theorem; using the uniqueness of such a
direct sum decomposition and Galois descent, we may recover the statement over
K. Note that implies that 9 is still a derivation of rational type.

We first assume that either p =0, or p > 0 and IRy(V) < p~ /=D _ For each
6 € ®3(V), we construct £, ) as in[Example 1.3.20] which is a rank d 9-differential
module with pure d-radii Ry(V) and pure refined radii 6. By [Lemma 1.3.16(b),
V& Sﬁx () does not have pure radii Ry(V). |Theorem 1.2.20| then gives rise to a
decomposition V ® 35; ) = Wo ® W1, where Ry(Wo) > Ry(V) and Wy has pure
o-radii Ra(V)

Put Wo =Wo®%, ) and W1 W1 ® £, (n). Consider the following homomor-
phisms of d-differential modules:

4
14 /7?@\551,(”> ® L) —— Wo ® Wi,
—

J
where i is induced by the diagonal embedding K — Six m ® Ly and j is
induced by the trace map ifx @ ® £x,my — K normalized so that j i~= id. Eet
() ® £y () to the factors Wy and Wi,
respectively, viewed as submodules of the source. We then have pg = po, p% = p1,
and po+ p1 = 1.

We claim that jpoi and jp;i are projectors on V. Indeed, [Lemma 1.3.16{(c)
implies that Ra((SEv () ®Lx.m) > Ry(V). Byllm Vv ®$x @ ®§£X )
and hence Wy, and W, have pure d-radii Ry(V). [Lemma 1.3.17|also implies that
OF (Wo) consists of solely 8, and by the “moreover” part of [Lemma 1.3.16[, we have

po and p; be the projections from V @ £Y

©(W1) = {61 +6 (with multiplicity d) | 6; € ©5(W1)}.

In particular, we have 6 ¢ @d(Wl) Hence any homomorphlsm of d-differential
modules between Wo and Wl has to be zero by emma 1.3.16(a). In particular,
p1ijpo = poijp1 = 0. Thus, we have

(jpoi)(jpoi) = jpoij (1 — p1)i = jpoi(ji) — j(poijp1)i = jpoi,

(p1D)(pii) = jpiij(1 — po)i = jpri(ji) — j(piijpo)i = jpii,

jpoi + jpii = j(po+pi=ji=1.
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This proves V = jpoi (V)@ jp1i(V). Moreover, by Lemma 1.3.25(i), ©3(jpoi (V))
consists of only 6 since it is a quotient of Wo, and ©;( jp1i(V)) does not contain 6
since it is a quotient of Wi. Applying this process to each of 6 € ®,(V) gives the
desired decomposition

The uniqueness of the direct sum decomposition follows from [Lemma 1.3.25|b).

Now if p > 0 and IRy(V) = p‘l/(P_l), the decomposition |(1.3.27)|comes from
the decomposition of its d-Frobenius descendent, via the relation described in
IProposition 1.3.18(b). If p > 0 and IR;(V) > p~"/(»~1 the decomposition
comes from the decomposition of its d-Frobenius antecedent, via the relation
described in [Proposition 1.3.18a). (]

Now we prove some fundamental properties for tensor products of d-differential
modules with pure d-radii and pure refined d-radii. One can combine this with
Theorems|[1.2.20]and[T.3.26]to obtain corresponding results for general d-differential
modules.

Proposition 1.3.28. Let V and W be two o-differential modules over K with pure
d-radii Ry(V) = Ry(W) < |u|~" and pure refined 0-radii Oy and Oy , respectively.

(a) Then WY has pure refined 9-radii —0y.
(b) If Oy = Ow, then we have Ry(V @ WY) > Ry (V).

(¢) If Oy # Ow, then V @ WY has pure d-radii Ry(V) and pure refined 3-radii
Oy — Ow.

(d) Moreover, if we do not assume that V-.and W have pure refined d-radii and let
U denote the maximal submodule of V ® W that has 9-radii strictly larger
than Ry(V'), then we have

dimU = Z multipg (5 (V)) - multig (5 (W)).

(s)

GEKKMg

Proof. (a) is straightforward, and (d) follows from (b) and (c) by the decomposi-
tion

When IRy (V) =1R3(W) < w, (b) follows from|[Lemma 1.3.16|c), and (c) follows
from the “moreover” part of the same lemma.

When p > 0 and IRy (V) =IRy(W) > p~ /=D _(b) and (c) for V and W follow
from the same statement for the d-Frobenius antecedents of V and W, by the
relation described in [Proposition 1.3.18(a).

We now prove (b) and (c) in the case when p > 0 and I R3(V) = IRy(W) =

p~1/P=D_ First, [Lemma 1.2.18(3) implies that

eIV e (ePW) = (e (Ve W)™
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Note that [Proposition 1.3.18(2) implies that the multiset of refined intrinsic d-radii
of V is composed of all the solutions to

P
(5 -5
p p
each with multiplicity dim V, and that the multiset of refined intrinsic d-radii of W
is composed of all the solutions to
P
(3 -5 =
p p

each with multiplicity dim W. If 6y # Oy, by (c) in the visible case together
with [Theorem 1.3.26| the multiset of refined intrinsic d’-radii of (pia) Ve ((pia) W)V
consists of roots of

<%>p - % =u(By —Ow),

each with multiplicity p dim V dim W. Statement (c) then follows from [Proposition]
b). If Oy = Oy, by (b) in the visible case together with [Theorem 1.3.26]
(pia) Vv ®<p£3) W has a submodule of dimension (p — 1) dim V dim W whose intrinsic

d’-radius is strictly larger than p~?/(»=D_ By|Lemma 1.2.18|e), this can happen

only if IRy(V @ W) > p~ /=D which is what we need to prove in (b). O

Remark 1.3.29. We remark that if we do not assume that 9 is of rational type but
assume that Ry (V) < |8|E1 instead, all the results in the subsection still hold (note
that we do not need Frobenius antecedent in the visible case).

1.4. Multiple derivations. Having studied the situation of one single derivation,
we now let multiple commuting derivations interact. This essentially amounts to
putting the information from each derivation together. To give the refined radii for
multiple derivations a more canonical definition, we will represent the multiset of
refined radii as a multiset of differential forms.

Notation 1.4.1. In this subsection, we put J = {1, ..., m}.

Definition 1.4.2. Let K be a differential ring of order m, that is, a ring equipped
with m commuting derivations 91, ..., 0,. A d;-differential module, or simply a
differential module, is a finite projective K-module V equipped with commuting
actions of 9y, ..., d,,. We will apply the results in previous subsections to each 9;
separately.

Definition 1.4.3. Let K and V be as above, and let R be a complete K-algebra.
ForveVand Ti,..., T, € R, we define the d;-Taylor series to be
37 (v)

o0
T@:9,: o Tw) = ) WT;’ €V ek R,
ej=0 )
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if it converges.
We will need the following tautological lemma in the proof of

Lemma 1.4.4. Let 9 = 101 + - - - + &, 0,y be another derivation, with ay, . . ., oy
in K. To simplify the notation, we formally write o.; = d(u ;) for any j € J (and one
can check that the formula[(1.4.5)| can be written with no reference to u ;). Then, for
any x € V, we have

T(x; 9y Tur; 9;8) —ui, ..., T(um; 05 8) — um) =T(x; 9; §), (1.4.5)
as formal power series in V @k K[[3].

Proof. Since[(1.4.5))is a tautological statement, we may assume that K is Z-torsion
free. It suffices to show that[(T.4.5)|is true modulo 8" for any 9,-differential module
V and for any x € V, by induction on n. This is clear for n = 1. Assume that we
have proved this claim for n and we need to prove it for n + 1. It suffices to prove
the equality

DT (05 05 T 05 8) =, .., Tt 05 8)—tt) = T (x5 83 ) =TO@); ;)

modulo §" (note that the derivation reduces the exponents on § by 1). We compute
the left hand side as follows.

iTr(x 33 T(ur; 0;8) —ur, ..., T(um; 0 8) — )

35
37 (x) 9 N .
Z (e))! aa(w 159:8) —ur) - (T(um: 33 8) — ) )

= Z a(JeJ(;C') (Z e (Tr: 8:8) —un) - (Tuys 9:8) —uj) ™
e;=0 T Njed o D
 (T(um; 05 8) — um) '8—5T(Mj;3:5)>

= Z Z (681)(‘)6) < T(uy; 9; 6) — ul)el

e (Tl 03.8) = )™ - 2T (w39 8))
By the induction hypothesis, modulo §", this is congruent to

D T@;(x); 95 6) - wr(u,,a 8) = T(@;(x); 3;8)-T(du,); 3; 5)

JjeJ jeJ
= T(Z 9;(x)d(u;); 9; 5) =T@O(x); 9; 5).
jeJ

This finishes the induction and proves the lemma. U
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Definition 1.4.6. Let K be a complete nonarchimedean differential field of order
m and characteristic zero, and let V be a nonzero 9, -differential module over K.
Define the intrinsic radius of V to be

IR(V) = min{ IRy, (V)} = min{13;1ap. & /19; .1}

For j € J, we say 9 is dominant for V if IRy, (V) =IR(V). We define the multiset of
intrinsic subsidiary radii JR(V)={IR(V; 1), ..., IR(V; dim V)} by collecting and
ordering intrinsic radii from the Jordan-Hélder constituents, as in
We again say that V has pure intrinsic radii if JR(V) is pure as a multiset.

We similarly define the extrinsic radius ER(V') to be the minimum of R, (V') and
the multiset of extrinsic subsidiary radii ER(V) ={ER(V; 1), ..., ER(V;dim V)}
by collecting and ordering extrinsic radii from the Jordan—Holder constituents.

Definition 1.4.7. Let K be a complete nonarchimedean differential field of order
m and characteristic zero. We say that K is of rational type with respect to a set
of parameters {u; : j € J} if each 9; is of rational type with respect to u;, and
0i(uj)=0fori # jin J.

Hypothesis 1.4.8. For the rest of this subsection, let K be a complete nonar-
chimedean field of characteristic zero, equipped with commuting derivations d; of
rational type with respect to parameters u ;. Let V be a d;-differential module with
pure d;-radii for each j € J. We assume moreover that IR(V) < 1.

Notation 1.4.9. For each j, put s; = —log(wRy,(V)™'), A; = A(IR;,(V)), and
rj =r(Ry;(V)). By [Theorem 1.2.20, we have s; € Q - log |K*| for any j.

Definition 1.4.10. By [Theorem 1.3.26| we may replace K by a finite tamely rami-
fied extension such that V' admits a direct sum decomposition V =@ Vj,, where each

direct summand Vj, has pure refined 0;-radii 6; for any j € J. Define the multiset
of refined radii of V, denoted by ©(V), to be the collection of ¥ =) ._, 6, du;
with multiplicity dim Vj,, where ¥ is viewed as an element of

@Kﬁgﬁé duj.

jelJ

jeJ

The reason that we write the refined radii in the form of differentials will be justified
later, in [Theorem 1.4.20

We will also consider cases where the derivations with larger radii of convergence
are ignored.

(i) Let $O(V) be the multiset consisting of elements ) _ 6; du; with multiplicity
dim Vp,, where the sum is taken over those j such that IRy, (Vo,) =1IR(Vy,);
this is called the multiset of refined intrinsic radii. Often, we view it as a
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multiset of elements in

@Kleg% for s = —log(a)lR(V)_l).
jeJ uj

We remark that this definition does not depend on the field extension of K we
made earlier.

(ii) Let €©(V) be the multiset consisting of elements ) | 6;du; with multiplicity
dim Vjp,, where the sum is only taken over those j such that Ry, (Vo,) = R(Vy,).
We call it the refined extrinsic radii.

Definition 1.4.11. Let (by,...,b,) €(0,1]™. Anorm |-|y on V is (by, ..., by)-
good (or simply good if bj = IRy, (V) for all j € J) if it is bj-good with respect to
dj forall j € J.

Remark 1.4.12. In contrast to the single derivation case, we do not know if a good
norm exists in general, unless we assume that K is discretely valued, in which
case, Lemma 1.4.14]below gives an affirmative answer. [Hypothesis 1.4.13|below
may not be necessary for some of the results later in this subsection, as one might
get around using some approximation process. Since we will work with complete
discrete valuation field in most applications, we restrict ourselves here to this case.

Hypothesis 1.4.13. For the rest of this subsection, we assume that K is discretely
valued.

Lemma 1.4.14. Assume that b € (0, IRy, (V)] for any j € J, and thatb; < 1 for
all j if p > 0. Then the differential module V admits a (b1, ..., b,,)-good norm.

Proof. We first remark that if /R, (V') < 1,[Theorem 1.2.20)implies /Ry, (V) € |K |9,

To prove the lemma, we may assume b; = IR, (V).

By the same argument as in[Lemma 1.3.9]using Frobenius antecedent, it suffices
to prove the lemma under the assumption that b; < w for any j € J. Note that the
d-Frobenius antecedent is compatible with 9 for j’ # j. Let K’ be the completion
of K (x;) with respect to the e */-Gauss norm, where we set d;(x;) = 0 for all
Jj.j'eJands; = —log(w (b|u|)~"). In particular, K’ is discretely valued since
e % e|K*|?forany j € J.

We first show that V' := V ® K’ has a (b, ..., b,)-good norm. For this, it
suffices to show that given any norm | - |y with orthonormal basis ey, ..., €4, the
submodule M’ of V' generated by

{xjjajje,' aj € Zso forany j € J and i e{l,...,d}}

over Ok is a finite Og/-module; if so, M’ gives rise to a norm on V', under which
[0j] < |x;| =e% for all j verify the conditions of (b1, ..., b,)-good norm in
IDefinition 1.3.4] To prove that M’ is a finite Og/-submodule, it suffices to prove
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that |x;.' 8;’|V/ is bounded for each j as n — 400 (we used here the fact that K’ is
discretely valued, otherwise boundness may not imply finiteness). It is then enough
to verify this boundness condition for any K’-norm on V’. In particular, for each of
d;, we can choose a b;-good norm by for which [x}d |y < 1. Thus
M’ is finite over Ok and hence we have a (by, ..., b,)-good norm on V',

This norm restricts to a K-norm on V satisfying all the norm conditions in
[Definition 1.3.4] We use the following lattice lemma to show that it admits an
orthogonal basis. O

Lemma 1.4.15. Let F be a complete discrete valuation field and let V be a finite
dimensional vector space, equipped with a norm compatible with F. Assume
moreover that the valuation group log|V —{0}|y of V is also discrete. Then V
admits an orthogonal basis.

Proof. The proof is almost the same as [Kedlaya 2010, Lemma 1.3.7]. For com-
pleteness and the convenience of the reader, we reproduce it here.

We use induction on the dimension n» = dim V. When n = 1, the statement
is obvious; any nonzero vector forms an orthogonal basis. Now assuming the
statement for n — 1, we will prove it for an n-dimensional F-normed vector space
(V, |-]v) whose valuation group is discrete. Pick a nonzero vector v; € V and denote
W =V /Fvy, provided with the quotient norm | - |y ; this is again F-compatible and
has discrete valuation group. By the inductive hypothesis, W admits an orthogonal

basis vy, ...,v,. Fori =2,...,n, we pick v; € V that lifts v; € W such that
|vilv = |vi|w (this is possible because V has discrete valuation group). We claim
that vy, ..., v, form an orthogonal basis of V.

We need to prove that |v|y = max;{|x;||v;i|v} for any v =xjv1 +---+x,v, € V.
It is clear that |v|y is less than or equal to the right hand side; we need to show
|vly > max;{|x;||vi|v}. We prove it the following two cases separately.

(i) If the maximum above is achieved by some i > 2, we have

[vly > [vmod Fui|lw = |[x202 + -+ - + X, U |lw

=max;_,{|x;||v;|w} = max]_, {|x;||v;|v}.

(i1) We have |x(||vi| > |xi||v;| for all i = 2,...,n. In this case, we have
[v| = |xi||vi]| = max; {|x;[|vi|v}.

This shows that vy, ..., v, form an orthogonal basis of V and finishes the proof
of the lemma. O

Remark 1.4.16. One may hope to find an analog of [Example 1.3.20| for 9,-
differential modules. This, however, amounts to carefully choosing the element x

in so that the actions of d; commutes. For this, we might need to
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restrict the possible intrinsic refined radii to a subset of

EB ;;zlgd _j, where s = —log(wIR(V)™ ).

jeJ
Unfortunately, we do not know how to identify this subset in general.
1.4.17)below partly answers this question.
It would be interesting to know, when p > 0, whether any element in

B, du;j

Kie T,

. J
jelJ
can appear in the multiset of refined intrinsic radii of some differential module. The
referee also pointed out that the reduction of 9; may give rise to a %-module in
characteristic p. We do not know if this construction is independent of the choice of
good norms. But we suspect that this is related to the reduction of some arithmetic
%-module when the differential module comes from one.

Proposition 1.4.17. Assume that IR(V) < w and that either p=0o0rd =rank V =1.
Let s = —log(a)lR(V)_l). Note that the action of ujd; on K induces a derivation
on k') If

Kunr

9 = Ze d”J € $O(V),
jeJ

then fori, j € J, we have u;0;0; = u;0;0; in K}fam.
Proof. By possibly replacing K by a finite tamely ramified extension, we reduce to
the case when V is irreducible with a good norm given by an orthonormal basis,

and when V has pure refined intrinsic radii Z ics0i(duj/uj). The u;d;-action

with respect to this basis is given by a matrix N; € Matyxq(m K)) Since 9; and 9;
commute with each other for any i, j € J, we have

N,~Nj+u,~8i(Nj):NjNi+uj8j(Nl~). (1.4.18)

Taking the trace of [(T.4.18)|gives d-u;9;0; =d -u ;3;6;, which yields the proposition
because d is invertible in k. O

Before proceeding, we need some notation to use in [Theorem 1.4.20| below.

Notation 1.4.19. If p > 0, we can write an integer n € N as n =ag+ pa; +- - -+ p*ax
withay,...,a,€{0,..., p—1}. Puto,(n) =ap+---+a; if p>0,and o,(n) =0
if p = 0. It is straightforward to check that o,(n1) + 0,(n2) > 0,(ny + ny) for
ni, ny € N, and that |n!| = "™ for n e N.

The following theorem explains how refined radii change when we consider a
different set of derivations, and hence justifies the reason we wrote refined radii in
the form of differentials in[Definition 1.4.1
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Theorem 1.4.20. Assume that V has pure refined 0;-radii 0; € K;(Sﬁé forany j € J.
Let K’ be a complete discrete valuation field containing K. Let 3 be a derivation on
K', extending the action of €191 + - - - + ,,0,, on K to K', where ay, ..., o, € K'.
In fact, we have o; = d(u;) for any j € J. We assume that 0 is a derivation of
rational type on K'. Set s = minjc;{s; —log|a;|} and let Jy be a subset of J
consisting of j for which s = s; —log |a|. Assume moreover that IR;(V) < 1 if
j€Jo. Put = Zjelo a;b; € K;g,)alg.

Then Ry(V Qk K') < we®, and the equality is achieved if and only if 6 # 0 in
K;;,)alg. Moreover, when equivalent statement is verified, V @ x K' has pure 0-radii
we® and pure refined 0-radii 6.

Proof. For j € J, the equality a; = 9(u ;) follows from applying 0 to u ;.

By|Lemma 1.4.14]|and by possibly enlarging K and K’, we may assume that V
admits a norm given by some orthonormal basis e such that, for any j € J,

(1) if IR;(V) < 1, the norm is good with respect to 9;, and

(ii) if IR;(V) =1, the norm is b;-good with respect to d; for some b; in
(lojle ™, N K2

In this case, instead of taking the usual definitions of r;, A;, and s;, we set
ri=rb;),Aj=A(b;),and s; =s —log(b;|a;|~"!). Note that s; —log |e;| > s
still holds.

Similarly to[Notation 1.3.3] we define integers r and A as follows.

(X) When |0|gwe’ < w we denote A =0 and r = 1.

(xx) When |0|gwe’ € [w, 1) and p > 0, let A denote the unique nonnegative integer
such that

_ A—1 _ _ Al
|3|Kra)ese[p 1/p*(p D,p 1/p*(p 1))’

and put = p*. In this case, we have (|8|K/wes)1’k < w for k < A and hence
(10| we’) <w® fori=1,...,r —1.

For each j € J, we have

i
J

/ . rij —_F . g
1 <|0jl, fori=1,...,r;—1, and|8j"|V§|uj| Tie="i%i,

Fori =1, ...,r,the action of 3 on an element x of e can be expressed in terms of
the actions of 9, according to the coefficients of 8’ on the left hand side of |(1.4.5),
applied to x. More precisely, for any j € J and any i € N, the coefficient of §' in
T(uj; 0; 6) —u; has norm less than or equal to [0 (u )| |a|§;,1 = |oj| |8|’}{71. For any
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coefficient that arises in the d;-Taylor series expansion, if we put e; =c; +d,r;
withc; €{0,...,r; —1}and d; € Z> for any j € J, then we have

d irj
<11 [,
<|x|y- 1_[ |3j|1'(’ . 1_[ e—d_/rjé‘jw—djr_/+c,,(d,-r,-)),

jeJ jeJ

9% (x) ¥ )

(e)!

Putting these two bounds together, we see that if a §'-term on the left hand side of
(1.4.5)|arises in a term that includes Bj’ (x)/(ey)! (which particularly implies that
i >ey+---+ep), then its norm is smaller than or equal to

| x| |8|l erTem 1_[ lovj | l_[ |8j|;é . l_[ —djrjsj = djrj+<7p(djrj))

JjeJ jeJ jel
N 5 o -
|x||a|l —e em 1_[(|3j|1(|aj|)¢_; . 1_[ ((|Olj|[(e s_,) i 4o d_,r_,+a,,(d/r_/))
jeJ jeJ
< |x| |8|l e l_[ |8| . 1_[ djrjsa)*djrj‘FUp(djrj))
jed jelJ

(note [|xr > 19 (u ;)| |uj|™" = lee;]19;1%)
< [x] 181l (18] gre®) ™ i 47 o i i)

Wheni=1,...,r — 1, the coefficient of this §'-term has norm less than or equal
to |9’ |x| by condition (xx). When i = r, this 8'-term has norm less than or equal
to |0/, ,((|8|K/a)e"')_’a)) lx| = @ "Tle "5 |x]; the equality can happen only when
Y_jdjrj=rand 0p(3_;d;rj) = }_;0,(d;r;), which together yield e; = r for
some j € Jo and e = 0 for j* # j. When equality of norms is achieved, the
corresponding §'-term is a; 8; (x)/r!. Therefore, modulo m%fH the matrix of
9" with respect to e is congruent to » e ;8; ; this is a sum of matrices with
single eigenvalues a;HJ’. for j € Jo (note that, again, IRy, (V) < 1 for all j € Jp).
By |Lemma 1.3.14] we have Ry(V) < we’ and this is an equality if and only if
Y jes@i0; #0in K;(r,fd)g, which is equivalent to 3 ;. ; «;60; #0in Kﬁg,)alg, note that
r is always 1 or a power of p. Moreover, if the equivalent condition is satisfied, V

has pure refined 0-radii

1/r
(Z e;a;) = 00 =0 k). 0

jedo j€Jdo
Corollary 1.4.21. Let V be a d-differential module over K and let

f=T(;0;T): K — K[T/ullo
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and f*V be as in[Lemma 1.2.6(d). For n € [0, |u|), let F, denote the completion of

K (T) with respect to the n-Gauss norm.

(@) Ifne (0, Ry(V)], f*V ®F, has pure intrinsic or-radius 1; if n € (Ry(V), |u|),
f*V ® F;, has (extrinsic) dr-radius Ry(V).

(b) When n € (Ry(V), lul), we have ®3,(f*V ® F,) = O5(V).

Proof. For any x € V, f*(3(x)) = a7 (f*(x)). The first statement follows from
this immediately, and the second statement follows from (When
IRy(V) =1, (b) is void.) ]
Remark 1.4.22. Similar to[Remark 1.3.29] if we do not assume that 9y, .. ., 9, are
of rational type (but only commuting), the results from this subsection still hold if,
for any 9; for which the refined 9-radii are relevant, we have Ry, (V) < [0 il

1.5. One-dimensional variation of refined radii. Having established the results
for differential modules over a field, we now study the case of a differential module
over a rigid analytic annulus or a rigid analytic disc. It is particularly interesting to
study how the multisets of (subsidiary) radii of the differential module with respect to
different Gauss norms vary as we change the radii which define the Gauss norm. Ked-
laya and the author had proved various results on this in [Kedlaya 2010, Chapter 11;
Kedlaya and Xiao 2010, Section 2], essentially stating that the (subsidiary) radii are
piecewise log-affine functions in the radii of the annulus. In this subsection, we will
characterize how the refined radii change as we change the radii for the Gauss norm,
in the case when the functions given by the subsidiary radii are in fact log-affine.

Hypothesis 1.5.1. Throughout this subsection, we assume that K is a complete
nonarchimedean field of characteristic zero and residual characteristic p. We also
assume that K is equipped with derivations 91, ..., d,, of rational type with respect
touy,...,Uuy.

Notation 1.5.2. Put J ={1,...,m} and J* = JU{0}. For n > 0, let F;, denote the
completion of K (¢) under the n-Gauss norm |-|,,. Set 9y = d/dt on K[t]; it extends
by continuity to F, and ring of functions on discs or annuli. The derivations 9+
are of rational type on F,.

Notation 1.5.3. Fix j € J™ and an interval I C [0, co). We say that  is an open
interval in [0, co) if it is of the form [0, 8) or (a, B), where 0 < a < 8. Put
I= I\{0}. For M a 9;-differential module of rank d over A}((I), r € —log I, and
ief{l,...,d}, weput

M, r)=—log Ry (M@®Fer; i),  F'(M,r)=f" (M, r)+- -+ M, 7).

Theorem 1.5.4. Fix j € J* and an interval I C [0, +00). Let M be a 0;-differential
module of rank d over A}( (D).
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(a) (linearity) Fori =1, ..., d, the functions fi(j)(M, r) and Fl.(j)(M, r) are con-
tinuous. They are piecewise affine on the locus where fl-(j)(M, r) > —log |u |
if j € J; and they are piecewise affine on all of—logj if j=0.

(b) (weak integrality)

(bl) Suppose p=0o0r j=0.Ifi =d or fl(fr)l (M, rg) < fi(j)(M, ro), the slopes
of Fl.(j)(M, r) in some neighborhood of r = rq belong to Z. Consequently,
the slopes of each fi(j)(M, r) and Fi(j)(M, r) belong to %Z U---u 52.

(b2) Suppose p>0and j € J. Iffi(j)(M, ro) > 1/(p"(p—1))log p —log|u|
for some n € Zs, then the slopes of each fi(j)(M, r) and Fi(j)(M, r)in
some neighborhood of ry belong to ﬁl.

(c) (monotonicity) Suppose 0 € I and suppose either j € J, or j = 0 and
fl.(o)(M, ro) > ro. Then the slopes of Fl.(j)(M, ro) are nonpositive in a neigh-
borhood of ry.

(d) (convexity) Fori =1, ...,d, the function Fl.(j )(M , 1) Is convex.

(e) (decomposition) Assume that I is an open interval in [0, +00). Suppose that
for some i € {1,...,d}, Fi(j)(M, r) is affine and fi(j)(M, r) > J‘ig{)l(M, r)
forr € —logl. Then we can write M uniquely as the direct sum of two 9;-
differential submodules M| and M, such that, for any n € 1, the multiset of
0j-radii of My @ F), exactly consists of the smallest i elements in the multiset
of 0j-radii of M @ F.

Proof. This is [Kedlaya and Xiao 2010, Theorems 2.2.5, 2.2.6, and 2.3.5]. O

Notation 1.5.5. Let I C [0, +00) be an interval and let M be a d;+-differential
module of rank d on AL (I). Forr € —log andi € {1, ...,d}, we put

JitM,r) = —logIR(M ® Fe-r;i) and F,(M,r)= fitM,r)+---+ fi(M,r).

Suppose that I C [0, 1) and that |u;| = 1 for any j € J, we put

fi(M,r) = —10g ERM @ Fe-r; i) and  Fy(M,r)= fi(M,r)+---+ f;(M,r).
Theorem 1.5.6. Fix an interval I C [0, +00). Let M be a 9 ;+-differential module
of rank d over A}( (D).

(a) (linearity) Fori =1, ...,d, the functions f;(M,r) and F;(M,r) are continu-
ous and piecewise dffine.

(b) (integrality) If i =d or f;(M,ry) > fi+1(M, ro), then the slopes of F;(M, r)
in some neighborhood of ry belong to Z. Consequently, the slopes of each
fi(M,r)and F;(M, r) belong to %ZU .U éZ.

(c) (monotonicity) Suppose that 0 € 1. Then the slopes of F; (M, r) are nonpositive,
and each F; (M, r) is constant for r sufficiently large.
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(d) (convexity) Fori =1, ...,d, the function F;(M,r) is convex.

(e) (decomposition) Suppose that I is an open interval in (0, +00), and suppose
that, for somei € {1, ..., d—1}, the function F;(M,r) is affine and f;(M,r) >
fis1(M, r) for r € —log I. Then M can be uniquely written as the direct sum
of two 9+ -differential submodules M| and M such that, for any n € I, the
multiset of intrinsic radii of M\ ® F, exactly consists of the smallest i elements
in the multiset of intrinsic radii of M @ F,.

(f) (dichotomy) Suppose that I is an open interval in [0, +00) and that M is not
the direct sum of two nonzero 9 j+-differential submodules. If fi(M, r) is affine
forr € —log I, then, for each j € J+,

(1) either M @ F), has pure intrinsic 0;-radii and the intrinsic d-radius equals
IR(M ® F) foralln € I, or
(2) we have IRy, (M ® F;)) > IR(M ® Fy) for all n € I.

Moreover, if |uj| =1 forany j € J and if I C [0, 1), then the same statements
above except (¢) hold for f,-(M, r) and I:}(M, r) in place of f;(M,r) and F;(M,r),
respectively. In this case, the following statement holds.

(¢') (monotonicity) Suppose that 0 € I. Fori =1, ...,d, for any point ro where
fi(M, ro) > ro, the slopes of F;(M, r) are nonpositive in some neighborhood
of ro. We also have f;(M,r) =r forr sufficiently large.

Proof. Statements (a)—(e) for f;(M,r) and F;(M, r) are proved in [Kedlaya and
Xiao 2010, Theorems 2.4.4 and 2.5.1]. Statements (a), (b), (¢'), (d), and (e) for
ﬁ(M ,r) and I:”,- (M, r) can be proved similarly as follows.

Let K denote the completion of K (x;) with respect to the (1, ..., 1)-Gauss
norm. For I = [«, B) C [0, 1), the Taylor series defines an 1nJect1ve continuous
homomorphism f*: K (a/t,1/B}} — K (a/t,t/B}} such that f* (u])—u +x;t (as
in [Kedlaya and Xiao 2010, Notation 2.4.1]). For n € («, 8), we use F to denote
the completion of K (t) with respect to the n-Gauss norm. Then f * extends to an
injective isometric homomorphism f* : F, — F

We view f*M as a do-differential module on A] [e, B). Since

a0|f*/\/[ =dolm + Z xja a1,

jelJ
we have

Ryy(M ® F,) = miﬁ {Ry;(M ® F,)} = ER(M ® F,), for any n € [, B).
JE

In other words, fi(o) (f*M, r)y= f, (M, r) forr € (—log B, —log ). The theorem fol-
lows from [Theorem 1.5.4} to obtain the decomposition in (e), we use[Lemma 1.1.10
and Eemark 1.1.11{to glue the decompositions over A}Z[a, B) and over F), for some

n € (a, p).




1616 Liang Xiao

We now prove (f) for the intrinsic radii; the proof for the extrinsic radii is similar.

Fix j € J*. Assume that we are not in case (2). Then IRy, (M@ F;) =IR(MQ F)
for some 7 € I. By[Theorem 1.5.4(d), the that that 1(‘/ '(M, r) is convex forces
IRy, (M®F,) =IR(M® F)) forall n € I. Now, if IRy, (M ® Fy; 2) > IR(M ® F),) for
all n € («, B), the decomposition (e) would imply that M is decomposable, which
contradicts the assumption. Therefore, we have IR; (M ® F;2) = IR(M ® F;)
for some n € I. By d) again, we have the equality for all n € I.
Continuing this argument for the third smallest and other subsidiary 9;-radii leads
us to case (1). O

Next, we discuss how the multiset of refined 9,-radii of the 9;-differential module
M changes when we base change the 9;-differential module M to the completions
with respect to different Gauss norms, in the case when

My == (0 (M)

is affine. Before proving general results, we first look at an example of 9 ;-differential
module with pure refined d;-radii when base changed to any completion with respect

to the Gauss norm. It is a 1-dimensional family analog of |[Example 1.3.20

Example 1.5.7. Let j € J™ and let (a, B) € (0, 00) be an open interval. Fix b € Q

and 6 € Kﬁf.‘,)lg, where a € —log | K *|®. Assume that

1 if p=0,

1.5.8
pl/P if p > 0. ( )

E‘/aOlb’ eaﬂb < {

We will see that this includes some nonvisible radii. As noted in
we cannot loosen the restriction in|(1.5.8)| from p!'/? to p!/(P=1,
Let e be the prime-to-p part of the denominator of ». We have the following:

(1) If p =0, thena € —log |[(K')*| and 6 € K;?,) for some finite tamely ramified
extension K'/K. Let x € m(I?,) be a lift of 6. We set n =0 and d = 1 in this
case.

(i1) If p > 0 and j = 0, there exists n € N such that

07" e Ké”,"“) with p"a € —log |(K')*| and p"eb € pZ,
for some finite tamely ramified extension K'/K . Let x € mgf,na) be a lift of 67",
We setd = p".

(ii") If p > 0and j € J, there exists n € N such that o' e (K}f,nila))p and p"ebe”Z
with p"~la € —log |(K’)*| for some finite tamely ramified extension K'/K .
Letx € m(lf,(aa/_)) be a lift of #7"; this is possible by [Lemma 1.2.16
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Let A}(,(al/ ¢ B1/¢) be the open annulus with coordinate Ve Let $Y I)j - denote
the 0;-differential module over A}(,(al/e, ﬂl/e) of rank d with basis {ey, ..., e;},
on which 9; acts per description

1= uley if j e,

djej=eiy fori=1,...,d—1 and 8jed:{xt_d(b+1)e1 it j=0.

We added u;d and =9 in the definition to balance the different normalizations on
intrinsic 0;-radii.

Lemma 1.5.9. Keep the notation as in|Example 1.5.7, If we set F,_, = Fe-r (1),

then for any r € (—log 8, —log ), ££(Jb m® F!_, has pure intrinsic 9 ;-radii we*~ br
and pure refined 9 ;-radii 0rb.

Proof. Comparing this with [Example 1.3. 20| shows that for any r, A b ®F,

is isomorphic to £ @4 () if j € J,and to &£,,awn ) if j = 0 Applymg
[Lemma 1.3.23]to this 9; -differential module yields the result; note that the condi-
tion [(1.5.8)] corresponds to the condition on s in[Example 1.3.20 O

Theorem 1.5.10. Fix j € J*. Let M be a d;-differential module over an open
annulus A}((a, B) such that M ® Fe-+ has pure intrinsic 0;-radii web" < 1 for
any r € (—log B, —log ) (this implies that fl(j)(M, ry=---= d(ljn)]M(M r)isan
affine function with slope b). Let e be the prime-to-p part of the denominator of b.

Then there exists a unique direct sum decomposition

M= P My

{1e0 }gk;:zzlg

of 9; diﬁerential modules over A}{(a, B) where the sum is over all 1, xGal(K2/K)-

Kales and the refined d;-radii of My,,0)® F, for any n € (a, B) is a multiset

consisting of the . x Gal(K¥2/K)-orbits {t "0} with appropriate multiplicities.
Moreover, if K’ is a finite tamely ramified tension of K such that all the 0 in the

orbits of/c

above decomposition belong to | J,, (K(p S))l/ " then we have a unique direct sum
decomposition
M ®xasiapn K@/ e 18V ) = D My
Gel(;;ilg

of 9;-differential modules over Al (a'/¢, BY/¢) such that My ® K'F, has pure
refined 0 j-radii 176 for any n € (a, B).

Proof. First of all, since defining a d;-differential module only needs finite data, we
may assume that @ -log | K*| # R.
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The decomposition as stated in the theorem, if it exists, is determined by the
decomposition of M ® F.- for each r € (—log 8, —log «); it is hence unique. We
may always replace M by M ®x a/r.1/py K'fle/¢/t1/¢, t1/¢/B1/¢}} for e and any
finite tamely ramified extension K’ of K, and we may recover the result for M
using Galois descent. In particular, we may assume that e = 1. Moreover, using
[Lemma 1.1.10] and [Remark 1.1.11} it suffices to first obtain the decomposition
in a neighborhood of each radius in (¢, 8) and then glue the decompositions on
overlaps.

Let ro € (—log B, —loga) be a point. We first assume that IRy, (M & Fo—r) < 1
when p=0, and IRy, (M ® F,+) < p~"/??~D when p > 0 (note that this restriction
still allows some nonvisible radii). By shrinking the interval (¢, ) to a smaller
neighborhood of ry, we may assume that the condition above at ry holds for all
points in (—log B8, —loga). Pick a point r; € (—log 8, —log«) which does not
belong to () -log | K *|.

Let 07 ¢ 9@3]. (M ® F.-r) be an element in the multiset of refined intrinsic
d;-radii, with multiplicity p. Since M ® F,-- has pure intrinsic d;-radii we? b1
we have

(a=br)) ~ ,—b (a) .
Falg =1 KKalg’

e 'l

0t ex

here the latter isomorphism follows from our choice r; ¢ Q - log |[K *|. We may
replace K by a finite tamely ramified extension so that

(p"a)\1/p"
0 € Lnj(/c P R
The construction in gives a d;-differential module §Eij 2) () Over
A}((a, B) such that SEX{ b © Fe-r has pure 9;-radii we? P and pure intrinsic
0j-radii 6t~" for any r € (—log B8, —logax).
Ifweset N=M® (S.Ei{l),’(n))v, then we have IRy, (N ® Fe-r) < we™b" for any
r € (—log B, —log ). Moreover, [Proposition 1.3.19|and [Theorem 1.3.26|together
imply that

. . . N
1(J)(M» ry) = fl(])(N, ry) = f(EjJian_u)d(N» ry) > f(((ljimM_M)d+1(N» ).

By [Theorem 1.5.6(d), the same inequality holds for all r € (—log 8, —logw) in

place of r; because a convex function below a linear function is same as the linear
function if and only if the two functions touch at some point. By [Theorem 1.5.4fe),
we have a unique decomposition of 9;-differential modules N = Ny @ N; such
that, for any r € (—log 8, —loga), No ® F.-- has pure intrinsic d;-radii wed b
and IRy, (N1 ® Fe-r) > webr, By the same argument as in |Theorem 1.3.26|, this
implies that M admits a decomposition of 9-differential modules M = Mg & M’
over Ak (a, B) such that My ® (V) )Y = Ny and M’ ® (£} )V = No. By
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[Proposition 1.3.28|and [Lemma 1.5.9} for any r € (—log 8, —log®), My ® F.— has
pure refined intrinsic d;-radii 01", and the multiset of refined intrinsic 9 j-radii of
M’ ® F.—- does not contain 07 ~”. We obtain the decomposition in the theorem by
applying this argument to every 6.

To finish the proof, it suffices to consider the case when p > 0 and

IRy, (M ® Fer) € [p~/PP=1 1),

But in this case, the d;-Frobenius antecedent of M exists over the annulus with
radii in a neighborhood of r. The decomposition follows from the decomposition
of the d;-Frobenius antecedents of M (applied iteratively until the intrinsic d;-radii
fall in the range above). U

Remark 1.5.11. The artificial reduction to the case Q -log |K*| # R is to deduce
0 e K;?a)lg.
not constantly p~!/?=D_in which case one may alternatively use the Frobenius

pushforward to reduce to the visible case.

This fact can also be proved using Newton polygons if the fl(j )(M , 1) s

Theorem 1.5.12. Let I be an open interval of [0, +00) and let M be a 0;+-
differential module over A }< (I) such that M ® Fe-r has pure intrinsic radii we b
forre —log(f ). Let e denote the prime-to- p part of the denominator of b. Then there
exists a unique direct sum decomposition M = @{Mﬁ} M., 9y of d;+-differential
modules over A}((I), where the sum is taken over all i, x Gal(K2/K)-orbits of

<1

du;
DL @l a,
and the refined intrinsic radii of My,,s, ® F, for any n € —log I is a multiset
consisting of the i, x Gal(K¥€/K)-orbits {t "9} with appropriate multiplicities.
Moreover, there exists a finite tamely ramified tension K' of K such that we have
a unique direct sum decomposition

M @K'l = ¢ My (15.13)

@ duj @ dt
Z?Ejej, KKalg T,] GBKKaIg T
of 3+ -differential modules over Ak, (I'/¢) such that My ® K/F,/’ has pure refined
intrinsic radii t=°9 for any n € —log I
Proof. We first treat the case when 0 ¢ /. Without loss of generality, we assume
that M is not a direct sum of two nonzero sub-d;+-modules, which implies the

dichotomy given by [Theorem 1.5.6f). We may apply to the 9; for
which case (f1) of holds for M and note that the decompositions for

different 9; given by are compatible. This gives rise to the desired

decomposition.
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Now, we consider the case when I = [0, B). Since we have already proved the
theorem over («, B) for any « > 0, it suffices to find the decomposition for I =[0, @)
for some « € (0, 1). Note that when « is sufficiently small, M ® Al « [0, @) is trivial
as a dp-differential module and hence is the pullback of a 9,- d1fferent1al module
M, over K along the natural morphism K — K {{¢/a}}. The decomposition
follows from the decomposition of M given by [Theorem 1.3.26 O

We have a similar result for refined extrinsic radii, but only over Al x (1); this is
because adjoining ¢!/¢ would change the extrinsic radii. This subtlety also comes
up when considering differential modules over discs (as opposed to annuli) and
trying to extend the decomposition into the center of the disc: this is only possible
if the functions defined by the extrinsic radii are “constant”.

Theorem 1.5.14. Assume that |u;j| =1 forall j € J. Let M be a d;+-differential
module over an open annulus AlK(I) with I C (0, 1). Assume that M ® F.— has
pure extrinsic radii we® " < e forr € —log(l ). Let e denote the prime-to-p part
of the denominator of b. Then there exists a unique direct sum decomposition

M= @ M, 5 (1.5.15)

of 3;+-differential modules over Al x (1), where the direct sum is taken over all
e X Gal(K 2/ K)-orbits
(ned} in &b K}fa)lg du; ® K}?ﬂ)lg dt,
jeJ
and the multiset of refined extrinsic radii of M 5 ® F, exactly consists of the
e X Gal(K2 /K )-orbits {t~ ueﬁ} with approprlate multiplicities, for any n € I.

Proof. The proof is the same as O

Proposition 1.5.16. Fix j € J*. Let M be a 9;-differential module over an open
disc AIK[O, a) such that M ® F,, for any n in a neighborhood of n = o has pure
0j-radii we’, where we® is independent of n, and is strictly less than |u;| if j € J
and less than o if j = 0. Then there exists a unique direct sum decomposition
M= @{9 mM } of 9;-differential modules over A1 [0, @), where the direct sum
is taken over all Gal(K alg / K)-orbits {0} of Kk and the multiset of refined 9;-radii
of My ® F), consists of the Gal(K ag /K- orblts {0} with appropriate multiplicities,
forany n € (0,a) if j € J and for any n € (we’, ) if j =0.

Proof. [Theorem 1.5.4|c) implies that M ® F;, has pure 9;-radii we*, for any n € (0, «]
if j € J and for any n € (we’, o] if j = 0. The proposition then follows from
the same argument as in [Theorem 1.5.10} but invoking [Kedlaya and Xiao 2010,
Theorem 2.3.10] in place of [Theorem 1.5.4(e) when making the decomposition by
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extrinsic radii. Note also that we will only make use of the 0;-differential module
EEECJ ()) (m 10 the proof which is defined over the entire disc A1 [0 a). (I

Proposition 1.5.17. Assume that |u;|=1 for any j € J. Let M be a d+-differential
module over an open disc Al k0, a) with a < 1. Assume that M @ Fe-- has pure
extrinsic radii min{we’, e_r}for any r > —log o, where we’ < a. Then there exists
a unique direct sum decomposition M = 69{19 ) of dy+-differential modules
over A}{[O o), where the direct sum is taken over all Gal(K®£/K)-orbits {19} in
P K};.zlg duj ® nglé dt,
jeJ
such that the multiset of refined extrinsic radii of M B ® F, exactly consists of the
Gal(K¥2/K)-orbits (D} with appropriate multiplicities, for any n > we®.

Proof. Without loss of generality, we assume that M is not a direct sum of
two nonzero d;+-differential modules. We first show a dichotomy, similar to
f): for each 9;, either M ® F), has pure d;-radii we® for all n > we’,
or Ry;(M ® F,) < we’® for all n > we’. Assume that we are not in the latter
case. Then Ry (M ® F) = ER(M ® F)) for some n € (we’, a). By parts (c)
and (d) of [Theorem 1.5.4] the monotonicity and convexity of f (M, r) forces
Ry, (MQFy) =ER(M®F,,) foralln € (0, @). Now, if Ry, (M®F;; 2) > ERIMQF;)
for all n € (we’, «), we may use [Kedlaya and Xiao 2010, Theorem 2.3.10] to
decompose M to split off the smallest d;-radii, which contradicts the indecom-
posability assumption on M. Therefore, Ry, (M ® Fy; 2) = ER(M ® F;) for some
n € (we*, a). Continuing this argument for the third and other subsidiary d;-radii
leads us to the former case of the claim. The proposition now follows from applying
[Proposition 1.5.16/to each 9; that satisfies the former condition of the claim. [J

Remark 1.5.18. We do not expect a decomposition theorem analogous to
tion 1.5.17|in the case when the functions for extrinsic radii are linear with negative
slopes. The reason is that, when 7 is sufficiently close to 0, ER(M ® F)) is always
the same as 7, and hence no information about the d;-radii of M ® F, is reflected in
the extrinsic radii. In contrast, in the situation of [Proposition 1.5.17]if the functions
of extrinsic radii stay constant before the they become equal to —log 1, all dominant
d; must have constant d;-radii by the monotonicity (Theorem 1.5.4(c)).

1.6. Refined differential conductors. Differential modules defined over an open
annulus with outer radius 1 are historically considered very important, in particular
those whose intrinsic radii approach 1, as we base change to the completion with
respect to the Gauss norms with radii approaching to 1; this is known as the solvable
case. In particular, the rate of the such change of intrinsic radii is related to the
Swan conductors if the differential modules come from a Galois representation
of Gr (). In this subsection, we focus on this situation and define differential
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conductors, as well as refined differential conductors if the differential module has
pure differential conductors.

We continue to assume [Hypothesis 1.5.1} Moreover, we assume p > 0 in this
subsection.

Definition 1.6.1. Let M be a d,+-differential module of rank d over A}((no, 1) for
some 19 € (0, 1). We say that M is solvable if IRIM ® F;)) — 1l asn— 1.

Theorem 1.6.2. Suppose M is a solvable 0 ;+-differential module of rank d over
A%(’?O, 1), for some ng € (0, 1). Then by making no sufficiently close to 1, there
exists a unique direct sum decomposition M = M, @ - - - ® M, over A}((no, 1) and
nonnegative distinct rational numbers by, . . ., b, with b; -rank(M;) € Z, such that
M; ® F, has pure intrinsic radii n? foranyi =1, ...,y and any n € (no, 1).

Keep the same hypothesis and assume moreover that \u;| =1 forall j € J. Then
by makzng no suﬁ?czently close to 1, there exists a unique direct sum decomposition
M=M L @ - 69 M over A K(no, 1) and nonneganve distinct rational numbers
b], .. b with b, rank(M) € Z, such that M ® F, has pure extrinsic radii 77
foranyl =1,...,y and any n € (no, 1).

Proof. By parts (a), (b), and (d) of forl =1, ...,d, the functions
d'F;(M,r) and d! I:}(M ,r) on (0, —logng) are continuous, convex, and piecewise
affine with integer slopes. The assumption d! F;(M,r) — 0 also implies that
d! FI(M, r) — 0 as r — 0T; because of this and the fact that d! F;(M, r) > 0 and
d!f’l(M, r) > 0 for all r, the slopes of F;(M,r) and I:"I(M, r) are forced to be
nonnegative. Hence there is a least such slope; that is, d! F;(M, r) and d! I:"I (M, r)
are linear in a right neighborhood of r = 0.

We can thus choose ng € (0, 1) so that d! F;(M, r) and d!l:"l(M, r) are linear
on (0, —logng) for I = 1,...,d. The desired decomposition is constructed in
e) and the integrality of b; - rank(M;) and I;i -rank(Ml-) follows
from the fact that Fyim ar, (M;, r) and F dim A7, (Mi, r) have integral slopes, again by
b). O
Definition 1.6.3. Let M be a solvable d,+-differential module of rank d over
AlK(no, 1) for some 1y € (0, 1). Define the multiset of differential log-breaks
of M to be the multiset consisting of b; from with multiplicity
rank M;; we use bjog(M; 1) > - - - > biog(M; d) to denote the differential log-breaks
in decreasing order. We define the differential Swan conductor of M to be the
sum of the differential log-breaks, that is, Swan(M) = Zl | bi - rank(M;); it is
a nonnegative integer by We say that M has pure differential
log-breaks if all differential log-breaks are equal.

When M has pure differential log-breaks, we define the multiset of refined Swan
conductors of M, denoted by $® (M), to be the multiset consisting of ¢ in|(1.5.13)
with multiplicity rank M.
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Similarly, when |u ;| =1 for all j € J, we define the multiset of differential nonlog-
breaks to be the multiset consisting of b; from with multiplicity
rank Mi; we use bpiog(M; 1) > - -+ > byjog(M; d) to denote the differential nonlog-
breaks in decreasing order. We define the differential Artin conductor of M to
be the sum of the differential nonlog-breaks; it is also a nonnegative integer by
We say that M has pure differential nonlog-breaks if all differential
nonlog-breaks are equal.

When M has pure differential nonlog-breaks, we define the multiset of refined
Artin conductors of M, denoted by €® (M), to be the multiset of . x Gal(KP/K)-
orbits { Meé} in with multiplicity equal to the multiplicities of {tr=? U«e{é} in
M{uﬁ} ® F, for any n € (19, 1).

2. Refined differential conductors for Galois representations

One of the most important applications of p-adic differential modules is to provide
an interpretation of the Swan conductors of representations of G, where k is a
complete discrete valuation field of equal characteristic p > 0 with perfect residue
field. This idea was later generalized by Kedlaya [2007] to the case when the
residue field of k need not to be perfect, and by the author [Xiao 2010] to relate the
differential modules to the Swan conductors in the sense of Abbes and Saito [[2002].
In this section, we further develop the theory on the differential module side to
incorporate the study of refined differential conductors, which will be related to
Saito’s definition [2009] of refined Swan conductors, as proved in the next section.
Throughout this section, we assume that p > 0 is a prime number.

2.1. Construction of differential modules. This subsection is dedicated to the con-
struction of the differential modules associated to representations of G, where k is
a complete discrete valuation field of equal characteristic p > 0.

Definition 2.1.1. For a field « of characteristic p > 0, a p-basis of k is a set
(bj)jes C k such that the products b%’, where ej€{0,1,...,p—1}forall jeJ
and e; = O for all but finitely many j, form a basis of the vector space x over k”.

Notation 2.1.2. Let k be a complete discrete valuation field of characteristic p > 0.
Let m; be a uniformizer of k, generating the maximal ideal my in the ring of
integers 0. Let k = ky denote the residue field. Let k¥ = 2 denote an algebraic
closure of k. We choose and fix a noncanonical isomorphism k =~ k ((7rx)). We fix
a p-basis by of k and let b; C k be the preimage of them via the isomorphism
above. Then {b;, m;} form a p-basis of k, which we refer to as a lifted p-basis.
Let ko = (),eny kP = Mnen kP". We know that dry and db; form a basis of Ql@k
over Oy.
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Let Og denote the Cohen ring of x with respect to b; and let B; C Ok be the
canonical lifts of the p-basis. Put K = Frac Og. We use O, to denote the ring of
Witt vectors of kg, viewed as a subring of Ok and we put Ko = Ok, [%]

Notation 2.1.3. For an extension k’/k of a complete discrete valuation field, the
(naive) ramification degree of k' /k is simply the index of the valuation of k in that
of k.

We say that k/k is tamely ramified if p t e and the residue field extension xy /Ky
is separable, that is, k- is algebraic and separable over «j(x,; @ € A) for some
transcendental elements x,, and an index set A. If moreover, e = 1, we say k’/k is
unramified.

Notation 2.1.4. By a representation of G, we mean a continuous homomorphism
p : Gy — GL(V,), where V, is a vector space over a (topological) field F' of
characteristic zero. We say that p is a p-adic if F is a finite extension of Q,,.

Let F be a finite extension of Q,, let O denote its ring of integers, and let [,
denote the residue field of O, where g is a power of p. Put Z, = W([F,) and
Q, =12, [%] By an O-representation of Gy, we mean a continuous homomorphism
p: Gy — GL(A,) with A, a finite free O-module.

For p a p-adic representation or an O-representation, we say that p has finite
local monodromy if the image of the inertia group Iy is finite.

We assume that F, C ko. Put K’ = K F. Since F/Q, is totally ramified, we have
Ox =0k ®Zq 0.

Notation 2.1.5. We put R, = K'(n/T, T}} forn € (0, 1) and Rg = Une(O,l) R
the latter ring is commonly called the Robba ring over K'. Let Ry} be the subring of
Rk consisting of elements whose 1-Gauss norm is bounded by 1; it is a Henselian
discrete valuation ring, with residue field k if we identify the reduction of 7 with
7. For n € (0, 1), we use F,; to denote the completion of K'(T) with respect to
the n-Gauss norm.

A Frobenius lift ¢ is an endomorphism of 97%}’(“, which lifts the natural g-th power
Frobenius on k. Any Frobenius lift extends by continuity to an action on Rg'. A
standard Frobenius lift is a Frobenius lift which sends T to T? and B; to B;’ for
any j € J.

The differentials

Qéﬁp, Qy,, and Q:R,;{ /
forany n € (0, 1) admit a basis givenby dB; and dT. We set dg=0/0T, d; =0/0B;
with j € J for the dual basis. Then a V-module over R k- is just a d;+-differential
module.
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Definition 2.1.6. Let ¢ be a Frobenius lift. For R = Rg/, R, or R, a (¢, V)-
module M over R is a d;+-differential module together with an isomorphism
®: ¢p*M — M of 0;+-differential modules.

Theorem 2.1.7. For any Frobenius lift ¢, we have an equivalence of categories
between the category of O-representations with finite local monodromy and the cate-
gory of (¢, V)-modules over 97{1;(‘5. Moreover, all (¢, V)-modules can be realized
over %l,for some n € (0, 1). This (¢, V)-module is independent of the choice of
the p-basis.

Proof. The functor is constructed in [Kedlaya 2007, Section 3; [Xiao 2010, Sec-
tion 2.2]. O

Definition 2.1.8. For a p-adic representation p of G with finite local monodromy,
we choose an O-lattice A, of V,, stable under the action of Gy; this gives an

O-representation of Gy. [Theorem 2.1.7|then produces a (¢, V)-module over QRi}{“,,

whose base change to R g is called the differential module associated to p, denoted
by €,. This €, does not depend on the choice of the lattice A .

For the rest of this subsection, we assume the following.
Hypothesis 2.1.9. The residue field « has a finite p-basis b, where J ={1, ..., m}.
We put J* = J U{0}.
Proposition 2.1.10. Let ¢ be the standard Frobenius lift on QRi[‘;E. Then the Frobe-

nius ¢ : F;],, — F,; is the same as the iterative Frobenius ¢ %" o ..o @@ " in

|Construction 1.2.14) where q = p”.

Proof. We may assume that K’ contains ¢, a g-th root of unity. It suffices to
show that the image ¢(F,’7[,) is stable under the action of (Z/qZ)™*! in the sense of
|Construction 1.2.14] where each 9;-Frobenius corresponds to a factor Z/qZ, and
that the degree of F; over ¢ (Fy,) is ¢ *'.

Fori = (ig, ..., im) € (Z/qZ)"*', we have T® = ;‘,jOT and (B))® = {,;ij for
any j € J. Hence (- YD o ¢ for all i are continuous homomorphisms from Ok [T]]
to itself, sending B; to Bj? and T to T9. By the functoriality of Cohen rings (see
[Xiao 2010, Proposition 2.1.8]), these homomorphisms are all the same. Hence

the image of ¢ is stable under the (Z/qZ)"*!-action. It is evident that F,; has rank
qm—H

Proposition 2.1.11. Let ¢ be the standard Frobenius lift on %1;5 and let € be a
(¢, V)-module over AL, [no, 1) for some ng € (0, 1). Then € is solvable.

Proof. This is well-known to the experts; we include a proof for the convenience of

the reader. By [Lemma 1.2.18|(a), we have
fi(@*M,r)
=max {p~* f;(M, qr), p'*(fi(M, qr) =log p), ..., f;(M.qr) —ilog p},

over ¢ (F,;q); this forces the two homomorphisms to be the same. U
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where A =log, g. Since ¢*M => M, the function g;(M) = limsup,_, o+ fi(M, 1)
satisfies

g (M) =max {p g (M), p'(gi(M) —log p), ..., gi(M) — rlog p}.

This forces g; (M) to be zero. By the continuity of f;(M, r) and the convexity of
F;(M, r) in[Theorem 1.5.6] lim, o+ f; (M, r) =0. In other words, € is solvable. [
Proposition 2.1.12. Let ¢ be the standard Frobenius lift and let ¢’ be another
Frobenius lift on QR?/. Assume that € is a (¢, V)-module over A}(/[no, 1) for some
no € (0, 1). Then the restriction of € to A}(,[n, 1) for some n € [no, 1) is naturally
equipped with a (¢', V)-module structure.

Proof. Define the Frobenius structure for ¢’ by Taylor series as follows. For v € €,
¢'(v)

2\ (T = (TN [, @ (B — (BT geo gen gem
~ (es+)! (aTeo 9B 9By (”)>'
e;+=0
Since |¢'(T) —¢(T)|1 < 1 and |¢'(B;) —¢(Bj)|1 < 1 forall j € J, we have the
same inequality using n-Gauss norm when n € [n{), 1] for some n6 sufficiently close
to 1. Hence the expression for ¢’ converges on A! /[, 1) and gives the restriction
of € to A}(,[nf), 1) a structure of (¢’, V)-module. O

Remark 2.1.13. One may also approach the results of this subsection without
referring to the standard Frobenius but instead using a generalized version of

[Cemma 1.2.18{a) for noncentered Frobenius. This point of view is taken in [Kedlaya
2010, Chapter 17].

2.2. Differential conductors. Combining the results from [Section 1.6|and [Propo{
we can define differential conductors for a representation of G with
finite local monodromy. To make this definition more robust, we will introduce the
break with respect to each element of the p-basis, and the break of the differential
module is just the maximum among all breaks for each element of the p-basis, after
appropriate normalization. This point of view is in particular useful when we try to
understand how the conductors change when restricting a Galois representation to
G, for some (explicit) finite extension [ of k.

Definition 2.2.1. We first assume that k satisfies [Hypothesis 2.1.9] Let p be a
representation of G with finite local monodromy. The log-breaks of p are defined
to be the differential log-breaks of €,, as a solvable d,+-differential module. Put
biog (0 1) = biog(€,; 1) for I =1, ..., dim p. Similarly, the nonlog-breaks of p are
defined to be the differential nonlog-breaks of €, together with the element
0 with multiplicity dim p*, where p* is the maximal subrepresentation of p on
which I acts trivially. Put bpjog(0; ) = bpiog (€ Dforl=1,..., dim(,o/,ol"),

p/plk>
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and bylog(p; dim(p/p™) +1) = - - - = byiog(p; dim p) =

For simplicity, we also put byjoe(0) = bniog(0; 1) and biog(p) = biog(0; 1); they
are called the highest nonlog-break and the highest log-break, respectively.

We now consider a general k. For a p-adic representation p of Gy with finite
local monodromy, let [ be the extension of k corresponding to Ker p via Galois
theory. We may choose a p-basis {c;, m;} of [ such that 7r; is a uniformizer and
cyj C @, , and such that ¢\, C Ok for some finite subset Jy C J. If we use k" to
denote the completion of k(c J/\’; ;n € N), then k" verifies [Hypothesis 2.1.91 We
define the nonlog-breaks and log-breaks of p to be, respectively, those of p|g, ..
Their sums are called the Artin conductors and, respectively, Swan conductors of p,
denoted by Art(p) and Swan(p). These do not depend on the choice of the p-basis
or of Jy, by [Kedlaya 2007, Proposition 2.6.6].

Definition 2.2.2. Put Fil’G; = G} and Fil°Gy = I; fora € (0, 1]. Fora > 1, let
R, be the set of finite image representations p with nonlog-break strictly less than a.
Put Fil?Gy = ﬂpeRa (Ik ﬂker(,o)) and set Fil* Gy, to be the closure of | J,_ Fil’ G,.
This defines a filtration on Gy such that for any representation p with finite image,
p(Fil*G}) is trivial if and only if p € R,.

Similarly, put FlllOgGk = Gy. Fora > 0, let R, 1o¢ be the set of finite image
representations p with log-break less than a. Put Filig,Gx = e, ,,, (I Nker(p))
and set Fil“+Gk to be the closure of |, , FllfogGk This defines a filtration on Gy
such that for any representation p with finite image, p(FlllOgGk) is trivial if and
only if p € Ry 10g.

For a finite Galois extension / of k, the above filtrations induce filtrations on the
Galois group G/ by

Gl/k (log) = G]Fll(log)Gk/Gl and Gl/k (log) = GlFll Gk/Gl,

(log)

for a > 0. We define the (log-)ramification breaks of the extension [/k to be the
numbers b for which G;’/k(,log) #* G?/J’I_c(,log)‘ We order them as

bmyog(l/ k) = bmyog(L/k; 1) = byiog(l/k;2) > - - -
In particular, if p is a faithful representation of G/, we have b)iog(0) =bmylog 1/ k).
Theorem 2.2.3. The differential conductors satisfy the following properties:

(a) For any representation p of finite local monodromy,

Art(p) = Y a-dim(VII"O VIO e 7,

ae@zo
1a+
Swan(p) = ) a-dim( g 0 /V Hioe @ )Ezzo-
ae@zo

(b) Let k'/ k be a (not necessarily finite) extension of complete discretely valued
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fields. If k'/k is unramified, then Fil°Gy = Fil*Gy for a > 0. If k'/k is
tamely ramified with naive ramification index e < 00, then FilfggGk/ = FilfogGk
fora > 0.

(c) Fora > 0, we have Fil*t' G, C FilfogGk C Fil“Gy.

(d) For graded pieces we have, for a > 1,

0 ] ,
Fil*G /Fil*T Gy = ) . l.fa #aQ

an abelian group killed by p ifa € Q,
and for a > 0,

0 .
FﬂilogGk/FilaJer - { lfa ¢ @’

log an abelian group killed by p ifa € Q.

(e) These filtrations on Gy agree with the ones defined in [Abbes and Saito 2002)
2003)].

Proof. Using the comparison [Xiao 2010, Theorem 4.4.1] of the arithmetic and
differential conductors, this follows from their basic properties as stated in [Xiao
2010, Theorem 2.4.1 and Proposition 4.1.7]. We refer to [X1ao 2010; |/Abbes and
Saito 2002] for the definition of Abbes and Saito’s filtrations. O

We now study the break for each element of the p-basis. We assume the validity
of [Hypothesis 2.1.9|for the rest of the subsection.

Proposition 2.2.4. For each j € J*, there is a ramification break b;(p) associated
tobj (j€J)orm (j=0), such that Ry, (€, ® F,;) = n?i® for any n € (o, 1)
with some ng < 1. Moreover,

bniog(p) = j€3§{b,~(p)}, biog(p) = max{bo(p) — 1; b;(p) for j € J}.

Proof. By applying the same argument of [Proposition 2.1.11|to intrinsic d;-radii,
we know that

IRy, (€, ® Fyy) = IRy, (€, @ F)?

as n — 17. Therefore, by the convexity given by [Theorem 1.5.4(d), fl(j )(‘é p>T) 18

affine as r — 0. The proposition follows. U

Definition 2.2.5. We call b;+(p) the breaks by p-basis of p with respect to the
lifted p-basis b; and the uniformizer .

Remark 2.2.6. Rigorously speaking, the breaks by p-basis depend on the choice of
the dual basis dy, . . ., d;, of the differential forms. So when we change the choices
of the lifted p-basis and the uniformizer, the breaks by basis b;(p) may change
accordingly.
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Lemma 2.2.7. Fix jo € J. Let b, (p) be the breaks by p-basis of p with respect
to the lifted p-basis {bj\yjy), bj, + 7} and the uniformizer i Then b;. (p)=b;(p)
for j € J and

/ =max{bo(p), bj,(p)} if bo(p) # bj,(p),
by(p) )
< bo(p) if bo(p) = bj,(p).
Proof. Let 8/]+ denote the derivations dual to the basis d B\yj}, dT, d(Bj, + T) of
SZ;R,,“ Then 9, = d; and 9y = dy — 9j,. The lemma follows immediately. O

Remark 2.2.8. This lemma is in fact much stronger than it appears. Applying the
same argument to b, + amy for all o € ko implies that, for all but possibly one
a € ko, by(p) = bj,(p). So, vaguely speaking, the equality bo(p) = b(p) holds
“generically”; this motivates the following lemma.

Lemma 2.2.9. Fix jy € J. Let k be the completion of k(x) with respect to the
1-Gauss norm, equipped with the lifted p-basis {bj\(j, bj, + xmk, x}. Let p be
the representation G — Gy LS GL(V,). Let by im+1}(p) denote the breaks by
p-basis with respect to the aforementloned lifted p-basis and the unlformzzer T,
where bJ\ oy (P) corresponds 10 b\ (jo)s bm () corresponds to bj, + xmy, bo(,o)
corresponds to my, and bm+1 (p) corresponds to x. Then b] () =0bj(p)forjel,
bm+1(p) =bjy(p) — 1, and bo(p) = max{bo(p), bj,(p)}. In particular, bniog(p) =
bnlog (0).

Proof. Let K’ denote the completion of K’ (X ) with respect to the 1-Gauss norm,
where X is the canonical lift of x. Let f : A no, 1) > A K,[no, 1) be the natural
morphism. Then f*€, is the differential module associated to p’. Let 9 JHUim+1)
be the differential operators corresponding to the p-basis (b (o}, bj, + X7k, k).
Then under the identification by f*, we have

3y =937, Omi1 =T, do=3ad — X3, (2.2.10)
The lemma follows from this because X is transcendental over K'. O

Lemma 2 2 11. Fix jo € J. Set k' = k(b /p) equipped with the lifted p-basis
{b/\{jo}, P } Let b/ J+(plG,) be the breaks by p-basis of p|g,, with respect to
the aforementioned p-basis and uniformizer wy. Then b} (olg,) =bj(p) for j €

T \Ujo} and b (plG,) = 5bjs(p)-

Proof. Replacing k by k' is equivalent to pulling back the differential module €,

along ¢®). The lemma follows from applying [Lemma 1.2.18(a) to ¢ ® F,; when
O

n—1".

Lemma 2.2.12. Fix jo< J. Let k' denote the completion ofk(b]/pn' n eN) equipped
with lifted p-basis bj\(j,). Let b, (plg,) be the breaks by p-basis of p|g, with
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respect to this p-basis and the uniformizer . Then we have b;. (olg,,) =Dbj(p) for
Jj € I\ jo}-
Proof. Replacing k with k' is equivalent to simply forgetting the jj-direction. [

Situation 2.2.13. Now, we study a particular case of base change, which will
be useful in the comparison This type of base change was first
considered by Saito [[2009].

Fix e € N possibly divisible by p. Let k be as above, and let k" be the com-
pletion of k(x) with respect to the 1-Gauss norm, with uniformizer wp = my.
Put k = k'lul/(u® — x~'my). The residue field of k is k(x); we consider the
p-basis (by, x) and the uniformizer 7; = u of k. We choose the unique isomor-
phism « (x)(u)) =~ k that is compatible with the chosen isomorphism « (773) >~ k in

Notation 2.1.2|and that sends x to x. This gives rise to the lifted p-basis (b, x, u)
of k.

Proposition 2.2.14. The natural homomorphism G — Gy induces a homomor-

phism FilfggG P FilngGk for any a € Q. Moreover, the induced homomorphism
Filis, G /Filie." G — Filf, Gy / Fili; Gy

is surjective for any a € Q.

Proof. It suffices to show that, for a p-adic representation of G with finite local
monodromy and pure log-break bjog(p), the induced representation

,5 . G]z —> Gk —> GL(Vp)

also has the same log-break. Let K’ be the completion of K’(X) with respect
to the 1-Gauss norm, where X is the canonical lift of x. We then have a natural
map f: A}?,[nl/e, 1) — A}(,[n, 1) for n — 17, sending T to XU*, where U is the
coordinate of the former annulus.

Let bo(p), ..., 5m+1 (p) be the breaks by p-basis with respect to b, x and the
uniformizer 7r; = u. Then f*€, is the differential module associated to 0, with the
actions of 3y = 9/9U, d; = 9/9By, and 9,,,, = 9/0X. We have

3y =10y, 0o=eXU '3y, and 9y = Udp. (2.2.15)

By [Theorem 1.4.20, we have by (5) = eby(p), bo(p) < eby(p) — (e — 1), and
bm+1(p) = eby(p) — e (when e is prime to p, the inequality becomes an equality).
In particular, we have b,,+1(p) > bg(p) — 1. Hence we conclude that

biog (p) =max{bo(8) =1, b (8), b+1(5)} =max{eb; (p), ebo(p) —e} = ebiog (p).

This proves the proposition. U
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2.3. Refined differential conductors. In this subsection, we define the refined dif-
ferential conductors, which provides additional information about the subquotient
Filfy ., G/Filji., Gy of the ramification filtrations.

We keep the notation as in previous subsections but we drop [Hypothesis 2.1.9]

Notation 2.3.1. Fix a Dwork pi & = (—p)!/(—D.

Notation 2.3.2. We put Q(gk (log) = Qék + @k‘% - Q,i If we choose a p-basis by
of k as in we have

0l (o) =, & (& pa;).

Tk jeJ
Construction 2.3.3. Let p be a p-adic representation of G with finite local mon-
odromy and with pure break b = byjo¢(0) or log-break b = bjoe(0). We may replace
k by the completion of an inseparable extension as in [Definition 2.2.1| and then
assume [Hypothesis 2.1.9] Let €, denote the (¢, V)-module associated to p. By
Theorem 1.5.6F e), there exists ng € (0, 1) such that €, ® F,; has pure extrinsic or
intrinsic, respectively, radii n” for any n € [no, 1).

We define the multiset of refined Artin conductors of p to be

rar(p) = {%ﬁnk_b Y€ 9@(%»} C Qék R0, nk_bk.
Similarly, we define the multiset of refined Swan conductors of p to be
rsw(p) = {%ﬁﬂk_b S ﬁ@(%p)} - Qék(log) Qg, nk_b/?.
Remark 2.3.4. There is a unique primitive p-th root of unity ¢, such that
= (¢ — 1) mod (¢, — 1%

The definition of refined conductors above is unchanged if we replace & by ¢, — 1.

Lemma 2.3.5. In|Construction 2.3.3| the definition of the refined Artin and Swan
conductors does not depend on the choices of the lifted p-basis of k and the uni-
formizer my.

Proof. We may assume [Hypothesis 2.1.9|since only finitely many elements in the
p-basis appear in the refined Artin and Swan conductors.

For another choice of lifted p-bases and uniformizers, we will consider another
set of differential operators: 8} =9d/ 8B} for j € J and 9} =9/0T’. We put

dBj=Y_a; ydB) +a;odT for jeJ, and dT =) oo ydBj+aodT,
jred jeld

where o j» € O[T ] for j, j' € JT. Moreover, we have ao,j €T -0 T].
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We may assume that €, has pure differential nonlog-break, or pure differential
log-break. So there exists no € (0, 1) such that €, ® F,; has pure extrinsic (resp.
intrinsic) radii n” for all n € [no, 1).

Consider 1 € (170, 1) N p® so that F,; is discretely valued. then
implies that, for any j € J* such that Raj’. (Ve® F,;) =ER(V® F,’]), we have

Oy, (6, ® F)) = (T (a0, 00+ -+ + m, ) :
w T~ (0odT +0dB) +---+6,dBy,) € €O(€, ® F))},
and for any j € JT such that IRaj/_ (V® F)) =IR(V ® F)),

Oy (€, @ F)={nT (%20 0,) :
8} ,0® ;7)— Y/ 4 T 0+"’+05m,Jm .
AT
nT—b(QOT +01dBy+ -+ 6,d B, ) € IO, ® F,;)}.

Note also that

(20,000 + -+ + tm,00m)dT' + Z (20,j00+ -+ Olm,ij)dB}

jeJ

’ = 00dT +61dBy + - -+ 6pd By,
Combining these two formulas, we conclude that €® (V) (resp. $O(V)) for d,+
is the same as that for a’ﬁ. Hence the refined Artin and Swan conductors are
well-defined. U

Lemma 2.3.6. Let k'/k be a tamely ramified extension of ramification degree
e = ey and let p be a p-adic representation of Gy with finite local monodromy
and with pure log-break b = byog(0). Then p|c,, has pure log-break eb. Moreover, if
we identify Q(I% (log) ®c, 1, "k with Qék (log) ®q,, ,,°k, then tsw(p) is the same
as rsw(plg,,)-

Proof. This follows immediately from the fact that €, Gy is just the base change
of %;;) along A}{/[nl/e, 1) —> Al /[n, 1), where the coordinate for the first annulus
ist'/e. (]

Theorem 2.3.7. Let k be a complete discrete valuation field of equal characteristic
p>0.

(a) Let p be a p-adic representation of Gy with finite local monodromy and
with pure log-break b = biog(p) > 0. Then there exists a unique direct sum
decomposition of p as p = ®)crsw(p) P}, Where the direct sum is taken over
all pe X Gi-orbits (U} in rsw(p), and 1sw(p(p)) consists of the Galois orbits
{9} with appropriate multiplicities. Moreover, there exists a finite tamely
ramified extension k' /k of naive ramification degree e such that we have a
unique direct sum decomposition of representations of Gy over some finite
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extension F' of F: plg, ® F' = @ﬂErsw(p) Po, such that py has pure refined
Swan conductors

9 € Qg (log) ®c,, 7,k = Q¢ (log) ®g, 7 'k

(b) Choose the p-th root of unity ¢, as in Then there exists an

injective homomorphism for any b € Q,

Gi/Fillt Gy, Fp) — Q) (log) ®¢, 1%k, (2.3.8)

ISW = I'SWy : Hom(Filb Jog

log

such that, when viewing the left hand side as a subset of

Hom(Fil},, G /Fill Gy, @, (£,)")

via the identification of 1 € F, with ¢, we have, for any p-adic representation
p of Gy with finite local monodromy and with pure log-break b, the images
of the summands of plF“{,O G under the homomorphism rsw exactly form the
multiset of refined Swan conductors of p. Moreover, the homomorphism|[(2.3.8)|
does not depend on the choices of the Dwork pi.

Proof. For both (a) and (b), we may assume that [Hypothesis 2.1.9| holds, since only
finitely many elements in a p-basis matter.

(a) Using the identification given in we may first replace k and Frac O
by a tamely ramified extension of k and a finite extension of Frac O, respectively,

so that the decomposition of the V-module €, given by of €, can be
realized over R, and that I, C ko. Since this decomposition is canonical, it is
also a decomposition of (¢, V)-modules. By the slope filtration [Kedlaya 2007,
Theorem 3.4.6], the Frobenius action on each direct summand of €, is étale,
yielding the decomposition of the representation via the equivalence of categories
inTheorem 2.1.7|

(b) The following are immediate corollaries of [Proposition 1.3.19]

(i) For any p-adic representations p and p’ of G, with finite local monodromy,
same pure log-break b, and same pure refined Swan conductor ¢, the log-break
of p ® p’v is strictly smaller than b.

(ii) For any p-adic representations p and p’ of Gy with finite local monodromy,
same pure log-break b, but different pure refined Swan conductor ¢ # ¥, re-
spectively, p®p"" has pure log-break b and pure refined Swan conductor ¢ —v’.

We also need the following easy fact about Galois representations.

(iii) For any homomorphism  : Filf’OgGk / Fil{’ogG k= Fp— Q,(g,)™, there exist

a finite tamely ramified extension k” of k with naive ramification degree e and
a representation p, of Gy with finite local monodromy, pure log-break eb,
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and pure refined Swan conductor, such that p, It
direct summand. i

Proof of (iii): The chosen p-th root of unity ¢, in promotes x to

the homomorphism

Gk/Fi]ﬁ:g'G/( contains x as a

X :Fily Gi/Fill Gy — Fp — @, (0) "

by identifying 1 with ¢,. Since G/ Filf’oJr Gy is a profinite group, there exists a

g
normal subgroup H of Gy of finite index containing Filf’ogGk, such that x factors
through

I =Fil} Gy /(H NFil} ,Gy).

Put p' = Ind?"/ " x; then p’ lpib G, contains x as a direct summand. We may use (a)

to write p’|g,, for some finite tamely ramified extension k’ of k as the direct sum of
representations with pure refined Swan conductors. Then x appears in at least one
of the direct summand, which we take to be our chosen p, .

Having established (iii), we define rsw to be the morphism sending x to the
unique refined Swan conductor of p,, which is an element of

Q¢ (log) ®, 7, "k = Qg (log) ®q, 7, 'k,

via the identification in This map is well-defined by (iv) below and it
is clearly a homomorphism. Its injectivity will follow from (v).

(iv) For any two representations p, and p;( satisfying (iii), they must have the same
refined Swan conductor.

Suppose the contrary, that is, p, and ,o;( have distinct pure refined Swan conductors
¥ and ¥'. This in particular implies that p, ® p;(V has pure Swan conductor b by (ii).
However, the construction of p, and ,0;( implies that p, ® p;(v |G, contains a direct
summand trivial on Filffg Gy; this is a contradiction.

(v) For two distinct homomorphisms x, x’ : FillbOgGk / Filf’oz,Gk — [, the repre-

sentations p, and p,’ given by (iii) have distinct refined Swan conductors.
Suppose the contrary. Then (i) implies that p, ® p;/ would have log-break strictly
less than eb. However, p, ® ,0;,, when restricted to

Fily,, Gy /Fillt Gy = Fil{? Gu /Fil{f Gy,

has a direct summand isomorphic to x ® x’V, which is nontrivial. This is a contra-
diction.

We now prove the independence on the choice of the Dwork pi. If we choose
another Dwork pi, we would need to use another primitive p-th root of unity g“;; for
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somei €1,..., p—1. On one hand, the refined Swan conductor is multiplied by
(g“;7 —1)/(¢p —1) =imod (§, — 1). On the other hand, the p-adic representation

Fil?

heGr/FIlE G — Q,(2,)

log

becomes x‘. Hence we need to take ,0®’ as our p-adic representation of Gy to
define the homomorphism rsw. This representation has refined Swan conductor
rsw(,ox =i -1sw(p,), which is the same as the refined Swan conductor of p
computed using the old Dwork pi. O

Remark 2.3.9. It is interesting to point out that the choice of a Dwork pi is related
to the choice of the Artin—Scheier £-adic sheaf in [Saito 2009]]; they both amount
to choosing a primitive p-th root of unity. The difference is that we consider it as
an element in @p whereas Saito viewed it as an element in @1.

Proposition 2.3.10. Let k be a complete discrete valuation field of equal character-
istic p > 0. Then for b € Q~, the conjugation action of

Fil%+

logGk/Flllog on FlllogGk/Fll

log

is trivial. In other words, Fil>. G/ Fll Gk lies in the center of F11 Gk JFilbt

log log
Proof. This proposition is proved in [Abbes and Saito 2003, Theorem 1]. We give
an alternative proof using differential modules.

It suffices to prove the following: for a p-adic representation p of G with finite
local monodromy and with pure log-break b, if it is absolutely irreducible under
any tamely ramified extension, then

Pl

b Gr/Fillt

10;,

is a direct sum of a single character y : Fllb Gk /F11 Gk — 0. This is equivalent
to showing that the action of FlllogGk on ,0 ®pY is tr1V1a1 and hence to showing
that the log-break of p ® p" is strictly smaller than b.

As usual, we may assume [Hypothesis 2.1.9] By [Theorem 2.3.7|(a), the irreducibil-
ity condition on p implies that p must have pure refined Swan conductor and hence
the log-break p ® p* must be strictly less than b. We are done. (I

Proposition 2.3.11. Keep the notation as in|Situation 2.2.15| Then the refined Swan

conductor homomorphism rswy, for k factors as

+
Ck/k G [Fp)

Gy, p)—>H0m(F11"/k Gy /Fily,

Hom(FlllogGk/Fll log

log

e gzé; (log) ®q; 7 Picug- (23.12)

Proof. Keep the notation as in |Pr0positi0n 2.2. 14|, let I?,; be the completion of K' )
with respect to the n'/¢-Gauss norm in U. Fix no € (0, 1) such that IR(¢,® F,;) =nb
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for n € [ng, 1). Then|(2.2.15)implies that, for any n € [y, 1) N p@ and for any
J €10,...,m+1} such that IRy, (f*€, ® F,’,) =1IR(¢,® F,;), we have

@y, (6@ F)) itjed,
Oy, (f*€, ® F,;) ={eXU 10 (¢® F;) if j =0and hence pte,
Ue®3m+l(%®F);) lf‘]:m—i—l,

using to compute the refined radii. The proposition follows. [

One may want to prove analogs of [Theorem 2.3.7| and [Proposition 2.3.10] for
refined Artin conductors. This however needs to take a bit more effort because there
may not be a representation of G, with pure refined Artin conductor. Instead, we
reduce to the classical case, where the results for refined Artin conductors follows
from those for refined Swan conductors.

Theorem 2.3.13. Let k be a complete discrete valuation field of equal characteristic
p>0.

(a) Choose the p-th root of unity ¢, as in Then there exists an

injective homomorphism for any b € Q- 1,
rar = rary : Hom(Fil’ G, /Fil’* G, F,)) - Q¢, ®q, 7 "k, (2.3.14)
such that, when viewing the left hand side as a subset of
Hom(Fil’ Gy /Fil’* Gy, ©,(£,)%)

via the identification of 1 € F, with ¢, we have, for any p-adic representation
o of G with finite local monodromy and with pure nonlog-break b, the images
of the summands of p|gp ¢, under rar exactly form the multiset of refined Artin
conductors of p. Moreover, this homomorphism does not depend on the choices
of the Dwork pi.

(b) For any b € Q- 1, the conjugation action of
Fil'* G, /Fil’G,  on Fil’G,/Fil’* G,
is trivial. That is, Fil’ G /Fil’* Gy, lies in the center of Fil'T G /Fil’* G.

Proof. For both (a) and (b), we may assume [Hypothesis 2.1.9] Moreover, we assume
that J is not empty because otherwise we are in the classical case, and both (a) and
(b) follow from their log-version counterpart: [Theorem 2.3.7]and [Proposition 2.3.10]
respectively.

We perform a base change similar to the one in Let k’ be the
completion of k(xy, ..., x;;) with respect to the (1, ..., 1)-Gauss norm and let k
be the completion of

K ((bj+xm)'7, le./p"; neN;jel),
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equipped with the uniformizer 7 = ;. Itis in fact a complete discrete valuation field
with perfect residue field. By Lemmas [2.2.9]and [2.2.T1] the natural homomorphism
G — Gy induces a surjective homomorphism

Fil‘G;/Fil** G; —> Fil*Gy/Fil"* Gy.
Dualizing this gives an injective homomorphism

1 : Hom(Fil“ Gy /Fil“* Gy, F ) — Hom(Fil* G /Fil** G, F ).

For p a representation of G4 with finite local monodromy and with pure nonlog-
break b we let o denote the representation G; — Gy A GL(V,). Let K" denote
the completion of K'(X ) with respect to the (1, ..., 1)-Gauss norm, where X ; is
alift of x; for j € J. Let K denote the completion of

K"((B;+X,T)/" X" neN, jel).

Let f: A%[no, 1) — Al [[no, 1) denote~the natural morphism. Then f*¢€, is the
differential module associated to p. Let 9 denote the differential operator on f*¢€,
dual to the basis d7T'. Similar to|(2.2.10), we have

d=00— X101 —+— X, 0.

If we let I?n denote the completion of K (T) with respect to the n-Gauss norm, we
have

- * =N _ : /
R;(f*¢® F,) = min {Ry; (€@ F))}.

Hence p has pure nonlog-break b and, by [Theorem 1.4.20} its multiset of refined
Artin conductors is

rar(p) = { (6o — X161 — - -+ — XuOp)dmy | Oodri +61dby + - - - + Oy dby, €rar(p)}.
In other words, if we consider the «-linear injective homomorphism
A Qék ®q, 7, 'K —> n,;b/c,;algdnk

given by A(db;) = —X;dm; and A(dmy) = dmy, then rar(p) = A(rar(p)). This
together with the injectivity of u reduce (a) and (b) for Gy to that of G, which is
already known as we explained earlier. In particular, we have A orswy =rswzou. U

2.4. Multi-indexed ramification filtrations for higher local fields. When k is an
n-dimensional local field, the refined Artin and Swan conductors give more refined
filtrations on the Galois group Gy, indexed by Q" with lexicographic order. We
restrict ourselves to the equal characteristic p > 0 case.
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Definition 2.4.1. We say that a complete discrete valuation field £ of character-
istic p > 0 is an (m + 1)-dimensional local field if there is a chain of fields
k=kp+1, km, . .., ko, where k; 1 is a complete discrete valuation field with residue
field k; for i =0, ..., m. Contrary to most literature, we do not assume that kg is a
perfect field. Let {b;};c; be a set of lifts of a p-basis of kg to Oy.

An (m+1)-tuple of elements ty, . . ., t,, € k is called a system of local parameters
of k if t; € O is a lift of a uniformizer of k,,_; all the way up to k. Such a choice
gives a (noncanonical) isomorphism k >~ ko((#,,)) - - - (f0))- In this case, we have

Qf,, (log) = @@k/ dt; o EB@« - and Qg @@k/ dt; & @ O db;.

jeJ jeJ

Equip @"*! with the lexicographic order: i = (i1, ..., imt1) <J =1y jmsl)
if and only if, for some [ <m + 1,

i <ji, U1 =Ji41,  -ovs  dmgl = jmtl-

For a € Q, we use @”jjl to denote the subset of @”*! consisting of i = (i1, . .., imt1)
such that i+ > a.

Given a system of local parameters, we define a multi-indexed valuation as
follows, denoted by v = (vy, ..., Upt1) : kX — Z" T C Q™! where vy41 = v, .,
and recursively we have, downwards from i =m + 1 to i = 1, that v;_ (@) =
Uk, (o;—1) with a; 1 equal to the reduction of «;7,, —ui@) g ki_1. Note that the

+1—i
definition of v depends on the choice of local parameters t, . . ., t,.

Definition 2.4.2. For & =) g a;dt; + )., Bjdb;j € Q¢ k, we set

Vnlog(A) = min{v(ap), ..., v(am), v(B;); j € J}.

T for iy € Q.

Fora=3"1", o <t d” + ZJEJ Bj—5" db’ € Ql (10g) ®q, k, we set

This gives a multi-indexed valuation on Q . Qo 1y

Viog (A) = min{v (o), . .., v(am), v(B;); j € J}.

1771+l

This gives a multi-indexed valuation on Ql (log) ®aqy 1y K for i,y € Q.

Fori=C(,...,im+1) € ®>1 , We deﬁne Fil! Gy to be the subgroup of Fili+1 Gy,
given by the intersectlon of the kernels of characters

x : Fil'"' Gy — Fil'"+' G /Fil"'* G — F,,

for which vyjg(x) > —i. We similarly define Fil' Gy fori = (i1, yimy1) € @m i
by adding subscripts log to the definition above.
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Remark 2.4.3. The abstract filtrations do not depend on the choices of local pa-
rameters, but the indexings do. Set Og ={x € K : v(x) > (0, ..., 0)}. It might be
more natural to index the above filtrations by “rational powers of fractional ideals
of K” of the form 7'/", where I is an Og-submodule of K containing Ok, n is an
integer, and / I/n g equivalent to I’ Un'if n" = ' as Ok -submodules of K.

Remark 2.4.4. When kj is a finite field, this filtration is expected to be compatible
with an easily defined filtration on the Milnor K-groups via class field theory for
higher local fields. This may be verified by comparing the filtration on the Milnor
K-groups with Kato’s refined Swan conductors, which is equivalent to Saito’s
definition by [[Abbes and Saito 2009, Theorem 9.1.1] and hence to our definition by

proved later. For more along this line, the reader may refer to the
recipe in Kato’s masterpiece [[Kato 1989].

3. Comparison with Saito’s definition

In this section, we compare our definition of the refined Swan conductor homomor-
phism with the one given by Saito in [Saito 2009]. Since the reader who is only
interested in one side of the story may use this result as a black box,
we present the proof assuming that the reader is familiar with the definition of arith-
metic ramification filtrations; see for instance [Saito 2009, Section 1; Xiao 2010].

The proof of the comparison theorem is of a geometric nature. We explain the
rough idea here. We first realize the given finite extension [ of k as the corresponding
extension of function fields of a finite étale extension of smooth affine varieties
Y — X. Our main object is some version of infinitesimal neighborhood of the
generic fiber over k of the diagonal embedding of Y into ¥ x Y, viewed as a
rigid analytic space over k. The refined Swan conductor homomorphism defined
by Saito makes use of the stable formal model of such an object, whereas our
definition using differential modules is closely related to some object over the
generic point of a smooth model over Ok lifting the aforementioned rigid space.
The crucial calculation we performed in [Section 3.3|relates these objects, in which
case it boils down to some explicit computation on a higher dimensional analog of
the Artin—Scheier cover, and on the associated ¢-adic sheaves and overconvergent
F-isocrystals.

We assume p > 0 is a prime number throughout this section.

3.1. Review of Saito’s definition. In this subsection, we review the definition of
the ramification filtrations and the refined Swan conductors defined by Abbes and
Saito in [[Abbes and Saito 2002; 2003; [Saito 2009|]. Instead of introducing the
general construction, we will focus on a special case which is used in the comparison
theorem. For more details and a complete treatment, one may consult [Saito 2009].
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Construction 3.1.1. Let / be a finite Galois extension of k. We consider a closed
immersion Spec0; — P into a smooth (affine) scheme P over Spec Oy. Put
$ =Ker (Op — 0)).

Forr =a/b € Q with a,b > 0, let P[a/b] — P be the blowup at the ideal
9 4 m;Op and let P(a/ 2 P[“/ *1 be the complement of the support of

(9“@ [a/b]+mk@ [a/h])/mk@ [a/h].

Let P( ") be the normalization of P, (a/b), ; it does not depend on a and b but only on
their ratlo Let P(r) and P denote the generic fiber and the special fiber of P(r)
respectively. Let P(r) denote the generic fiber of completing PC(’) along P"”. The
immersion Spec 0; — P is uniquely lifted to an immersion Spec 0; — P(r)

By the finiteness theorem of Grauert—Remmert cited in [Abbes and Salto 2003},
Theorem 1.10], there exists a finite separable extension k’/k of naive ramification
degree e = e/ such that the normalization P(fr) of Pér) x ¢, O has reduced
geometric fibers over Spec Oy, which we call a stable model of P( ) We put

P(r) P(er) k//z;

this is called the stable special fiber of PG(Z) and it does not depend on the choice
of k'.

We defer the discussion of the properties of this construction until later when we
have a concrete example at hand.
For the rest of this section, we make the following geometric assumption.

Hypothesis 3.1.2 (Geom). There exists an affine smooth variety X over ky and an
irreducible divisor D, smooth over kg with generic point &, such that 0; = @9(7 £
where the latter is the completion of the local ring at £. In particular, [Hypothesis 2.1.9|
is fulfilled.

Remark 3.1.3. This hypothesis is essentially the same as the hypothesis of the
same name in [Saito 2009, p. 786], except that our k is the completion of the
Henselian local field considered in Saito’s paper.

Construction 3.1.4. After replacing X (and hence D) by an étale neighborhood of
& if necessary, there exists a finite flat morphism f : ¥ — X of smooth varieties
over ko such that V =Y xx U — U = X\D is finite étale with Galois group G,/
and that ¥ x x Spec 0% , = Spec 0.

Let (X x X) be the blowup of X x4, X along D Xy, D, and let (X x X)™ denote
the complement of the proper transforms of X xx, D and D x4, X in (X x X)".
The diagonal embedding Ay : X — X xj, X naturally lifts to an embedding
Ax : X — (X x X)~. Now, pulling back the whole picture along f : ¥ — X gives
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the commutative diagram

@ x X)L (x x x)~

Ay /
/X’/ﬂy Ay .
\ N
X 3.1.5)
X\ \ .

YXkOX Tl XXkOXﬁ'X

P P1

Y

Yy —mmX

where (Y x X)™ is the fiber product of the big square, and all parallelograms are
Cartesian.
Put

P =(XxX)"XporyxSpecOy s and Q= (¥ XX)" X pyoryo(fx1).x Spec O ¢.
Taking the Cartesian product of the top part of [(3.1. 5) with Spec 0% x.¢ = Spec O

over X xi, X along ps then gives the following commutatlve diagram.

Spec 0; 20
fl 1 (3.1.6)

Spec Oy A p P2 Spec Oy

Let $ denote the ideal of the immersion A x. We will view P and Q as schemes
over 0y via p».
We can now apply |Construction 3.1.1|to the embeddings Ax and Ay to define

(er) (er) p(er) (er) (er) (er) A(er) (er)
P@L aPk/ aPk/ aP,z and Q@;(’Qk/ ’Qk/ ’Q,} ’

respectively, where k’/k is a finite separable extension of naive ramification degree

e. We still use p; to denote the morphism P(”) N AN Spec Or. By functoriality
of [Construction 3.1.1} we have a morphlsm f ). Q(er) P@(Zr).

Remark 3.1.7. The field extension k” serves as the role of a “coefficient field”; we
only use it to provide reasonable integral structures of our spaces over Oy, and also
to make er an integer. We can make &’ as large as we need.

In contrast, the extension //k pulled back from p; : X Xy, X — X encodes the
arithmetic information.

We collect together some properties of these spaces.
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Proposition 3.1.8. Ler k'/ k be a finite separable extension of naive ramification
degree e.

(a) When er is an integer, the space P@(:/r) is definedtobe ) ;- n,(_,ieru@i COp®q,k'.
It is smooth over Oy, and its closed fiber P,C(,ir) can be canonically identified

with the ki -vector space Qék (log) ®q, 7, “ k. The rigid space
ﬁ,(fr) is isomorphic to Sp (k'(rr;;" 80, 7" 8,)),
where &y, . . ., &y form a dual basis of Qék.

(b) The generic fiber Q,(jr) of Q((;kf) is isomorphic to Pk(,e "® pik I In particular,
Q,(jr) is finite and étale over Pk(,e ") with Galois group Gy, and the same is
true for

/Q\,(;r) over f’\fjr).

(c) Let Spt Opn be the completion of Q along Spec O,. If er is an integer, then

@,Efr) is the affinoid variety le;)g (Oor — O

defined in |Abbes and Saito 2003, Section 4.2] for j =r.

(d) If the highest log-break bog(l/k) is less than or equal to r, then Q(-r) is an
element of the category (FE/ P,z(r))alg, defined below in

(€) The highest log-break biog(1/ k) is strictly less than r if and only if the number
of connected components of Q,(zr) is [l : k].

Proof. For (a), see [Saito 2009, Lemma 1.10]. The claim (b) follows from the
fact that f : V — U is finite and étale with Galois group G,/«. For (c), see [ibid.,
Example 1.21]. The statements (d) and (e) follow from [ibid., Lemma 1.13 and
Theorem 1.24]. U

Definition 3.1.9. For an i-vector space W of finite dimensional, let (FE/ W) be
the full subcategory of (FE/ W) whose objects are finite étale morphisms g : Z — W
such that Z admits a structure of algebraic group scheme and such that g is a
morphism of algebraic groups.

Remark 3.1.10. By the argument just before [ibid., Lemma 1.23], the category
(FE/ W)32 is a Galois category associated to the Galois group nf lg(W), which is
a quotient of the fundamental group 7;(W). This group can be identified with
the Pontrjagin dual of the extension group Ext' (W, F p) in the category of smooth
algebraic groups over k. The map W" = Homg (W, i) — Ext! (W, [F,) sending a
linear form f: W — Aé to the pullback along f of the Artin—Scheier sequence

| t—=>tP—t 1
O0—>F,—> Ay —— A =0
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is an isomorphism.

Proposition 3.1.11. We have a surjective homomorphism

7 8(P{) — Filf,, G /Fill) Gy

it induces an injective homomorphism
rsw’ Hom(FlllogGk/FlllogGk, F,) — Qck (log) ®q, 7, bg.

Proof. For the first half of the proposition, see [Saito 2009, Theorem 1.24]. The
second half follows from [Remark 3.1.10 (Il

In the following special case, we give a more detailed description of these spaces.

Situation 3.1.12. Let //k be a finite totally ramified Galois extension, which is
not tamely ramified. Assume that the highest log break b = bjoe(I/ k) is a positive
integer. Assume moreover that Fllb 1Gk/ (Flllog Gr N Gy) =~ Fp; in particular,
the second highest log-break bjog (1 /k 2) is strictly less than byog(I/k) — 1. By
[Proposition 3.1.11] Q(b) consists of [/ : k]/ p copies of the same Artin—Scheier cover
of P-( ), at least if we forget about the algebraic group structure. Assume that this
cover is given by

2P — 7+ (@omy P S0 Fanm 8 4 -+ Gty ") = 0 (3.1.13)

for some aj+ € k, where the coordinates of P,z(b) are given by b=15, and T bs;.
These elements «, ..., &, are determined up to multiplication by i € [, in
accordance with the choice of z up to multiplication by the same i € [ .

Let k’/ k be a finite separable extension of ramification degree e > 1, such that
Q(Eb) is a stable model. By possibly enlarging k', we may assume that &+ € ky/
and that Q,(Cif’) is the disjoint union of [/ : k]/p copies of the aforementioned Artin—

Scheier cover of P,((:,b).

Lemma 3.1.14. The space Q ) is the disjoint union of [1 : k1/ p copies of the same
space R(eb) Let R A(eb) denote the completion of R along its special fiber and let

A(eb) denote the genertc fiber, viewed as a rigid analytlc space Then Q(eb D
the disjoint union of [l : k]/ p copies of a same space ﬁ;{,b , Which is the normal

closure of P(eb Yin I/Q\,(jb) and is finite and étale over F(Eb 1).

Proof. There is a G/ -equivariant one-to-one correspondence between the con-
nected components of Qﬁff’) and the connected components of Q(eb).
Since the second highest log-break byog(I/ k; 2) is strictly less than biog(1/ k) — 1,

by [Abbes and Saito 2002, Remark 3.13], the number of connected components

of Q(Eb R is [/ : k]/ p. Note that each connected component of Q(Eb Y which is
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plev=h , can be also characterized as the normal

’\(eb 1)

automatically finite and étale over P,

£ P "(eb 1) j’e*(

closure o D). this normal closure is the space R we sought. [J

Proposition 3.1.15. Let aj+ C Oy lift ay+ C /ck/ We can choose a lift z OfZ to

I/Q\gb) such that its minimal polynomial over P(e = Spf Oy ("4 80, 8 ) is

2P — 2+ (oo P80 + e P81 + -+ P8) = 0. (3.1.16)
"(eb) (817)
Then the element z generates Ry over Py ”. Moreover, the element 7 extends to
a section over i?\(eb and it generates i?\(eb D over P(eb b,

Proof. We first pick any lift 7’ of 7 to R A(eb)

ZP+a17? '+ +a, =0, where al, s, ap € @k/(ﬂk,e ¢80, nk,e 87) and the
reduction of this equation is exactly For the given aj+ C Oy, we have

; it must satisfy an equation of the form

e=77 -7+ (O(()T[k_,eb_e(S() +0l17'[k_,6b(31 + - +Olm7'[k_,eb5m) € 7'[[{/@’R§(eh).
0

Now,z=27'+€+€l + P . converges and satisfies |(3.1.16)

Since z generates a subalgebra of 0 Rl which is finite and étale over O ze» of
( k!

the same degree p, this subalgebra has tok equal @"(eb)

For the similar statement for eb — 1 in place of eb we argue as follows. Since
i?\,(:fb Y is the normal closure of P(eb Yin A,(jb) by [Lemma 3.1.14[, the element 7
extends to a section over R( ¢>=1 Wwith the same minimal polynomial |(3.1. 16)1 Again,
since z generates a subalgebra of Oz which is finite and étale over O zes-1) of

k ]\/
same degree, it has to generate the whole ring. This finishes the proof. (]

3.2. Lifting rigid spaces. The definition of the refined Swan conductor homomor-
phism using differential modules makes use of spaces and modules over the field
K. Following the idea of [Xiao 2010], we formally lift the picture of the previous
subsection from k to some annulus A}< [n, 1). This construction is a local version
of Berthelot’s definition [[1996] of rigid cohomology.

Construction 3.2.1. Replacing X by an open Zariski neighborhood of & if neces-
sary, there exists a finite morphism f : ¥ — X between two affine smooth formal
schemes of topologically finite type over Og,, such that f reduces to f modulo
p and such that the induced map Y \ f~!(D) — X \ D is finite étale with Galois
group Gy /. In particular, the special fibers of X and Y are X and Y, respectively.

LetAy : X — X X Spf O, X be the diagonal embedding, and put Ay = (id, f) :
Y—>Y X Spf O, X. Let p; and p; denote the projections from X X Spf O, X to the
first and the second factors, respectively.

Let X" denote the completion of X Xspfog, X along the diagonal embedding
Ay ; it can be identified with the completion of the cotangent bundle of X along its



On the refined ramification filtrations in the equal characteristic case 1645

zero section. Set Y = X" ®,,, x Y; it is the same as the completion of ¥ xspro X
along the embedding Ay.

For n € (0, 1), we set 97{‘,‘(“ , to be the subring of R consisting of elements having
1-Gauss norm < 1; it is complete with respect to the n’-Gauss norm for " € [, 1].
On one hand, this ring does not give rise to a formal scheme; on the other hand, it is
good to keep the geometric intuition. Hence we introduce the geometric incarnation
Sp 97%‘;‘ - which is just a symbol. Any morphism between geometric incarnations
should be thought of as ring homomorphisms; in particular, the fiber product is
simply the (completed) tensor product. We also point out that we will only consider
affine schemes and there is no question of gluing.

We may compare the following commutative diagram with [(3.1.5)]

f

—_—
fx1

f

-

Y X
ij lAX
P2 1 i
Y X

where i : Sp %i}g‘ , =X is the geometric incarnation of the natural homomorphism

0% ¢ — R for some 1 € (0, 1) N p®. We have
Sp gile,n xx Y =Sp %an’tﬂl/el/k
for n sufficiently close to 1. Put

P, = X" X py,X,i SP g{llgtn and 0, = Y”" X pao(fx1),X,i SP%iKm,n

Again, both P, and @) should be thought of as geometric incarnations of Op, and
0g,, the completed tensor products of corresponding rings of functions. We then
have the following Cartesian diagram

int Ay
Sp %L,?]l/q/k —_— Qn

/|

Spatg,

fx1 (3.2.3)

Ax

P,

Lemma 3.2.4. The morphism p; : P, — Sp(?]ii,v‘(’fn) is given by the continuous
homomorphism ¥ = R, — RE 80/ T, 81, ..., 8]l such that Y (T) = T + b,
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Y (Bj) = Bj+4§; for j € J. More precisely, for x € QRII‘(“,? we have

e
J+ (x) €j+

Y(x) = Z o

e;+=0

Proof. The first statement follows from the description of X” above and the second
statement follows by the uniqueness of such a homomorphism. (]

Construction 3.2.5. Let k’/k be a finite separable extension of naive ramification
degree e. Since " is Henselian, there exists R} corresponding to the extension
k'/k, where K’ is the fraction field of a Cohen ring of «y'. For n sufficiently close

to 17, the extension %im, of QRim descends to a finite étale algebra QR? 1je OVer

%‘m for some # sufficiently close to 1. Fix such an . Let 7’ denote the coordmate
t

Of g{‘llg/ 771 Je*

Let r € N (be a proxy of eb or eb — 1). Let
P =Sp (R (T80, T'7"8)))

be the geometric incarnation of a closed-disc bundle (with changing radii) over

Sp 97{‘1‘(‘5 1.» it may be viewed as a subspace of P, (in the sense of geometric

1ncarnat10n) Let Q(r) be the preimage (in the sense of geometric incarnation) of
P(r) under the morphlsm Q,— P,

Proposition 3.2.6. Let p be a p-adic representation of Gy i. Let
Gk
F,=((f x 109, ®V,)""*

be the differential module over P, and forr € N, let
r G
%;,)K/ = ((f X 1)*©Q(12,7 (%) Vp) 1/k

be the corresponding differential module over P . Then ¥, and @(V’)K, are the
pullbacks of €, along p1 : P, — Sp 97%1;(“” and p; : P( ) n = Sp %len’ respectively.
Proof. This follows from the following G; /k—equlvarlant Cartesian diagram of

geometric incarnated morphisms.

o Q17 _) Sp%mt

K’ '/ez/k
lfxl \fxl jf
r) P1 i
PKr,’n P, SpR%', 0

Corollary 3.2.7. For a € Q_; and n € (0, 1) N p@, let F, o denote the comple-
tion of K (T, 8;+) with respect to the (n, n°t', n%, ..., n®)-Gauss norm and let
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[A— . in|
Fy o= Fia g R

Kt’,nl so- Assume that p has pure log-break b and pure refined

Swan conductor

9 =n,;b<5¢0‘;ﬂ +&1%+---+&m—dgbm),
k 1 m

where aj+ € k. If r < ea < eb and n is sufficiently close to 17, then F, ® F,’],a =

9?/(;’)1(, ® F,; . as a 0/98 j+-differential module has pure intrinsic radii n’ and pure

refined intrinsic radii

T (a0 + @ o 4y %),

ds, ds, )
Bl Bm

Proof. BylLemma 3.2.4| and |Pr0positi0n 3.2.6 OJJ;F’)K, is the pullback of €, along the
multidimensional analog of the generic point homomorphism as in[Corollary 1.4.21]
However, the calculation of the refined 9;-radii can be computed independently for
each of the ;. Hence the statement follows from |Corollary 1.4.21] ]

Before proceeding, we briefly recall the lifting construction in [Xiao 2010,
Section 1], which lifts a rigid analytic space over ky’ to a rigid analytic space over
A}(,[Tll/ev 1) forn e p@ N (0, 1) sufficiently close to 1.

Construction 3.2.8. Let Z be a rigid analytic space over k' with ring of analytic
functions Ay = k'{uy, ..., us)/ L. Let Ix: C Og/{uy, ..., us)(T") be an ideal
such that O (uy, ..., us)(T")/Ig is flat over Ok and Ix' ®c,, k' = Ir;. We call
X, = Spf(%igt,’n(ul, ..., us)/Ix') a lifting space of X.

Proposition 3.2.9. Fixr € N.
(a) The space Q(IQJ] is a lifting space of /Q\,(;).

(b) Suppose ng), is a stable model and r = eb or eb — 1. Then for n sufficiently

close to 17, %?n has [l : k]/p connected components, each of which is

isomorphic to a formal scheme Rg,) . finite and étale over Pl(g,)n of degree p.

(¢) Fix a Dwork pi m = (—p)"/?=V and fix aj+ C %i;(“,(n) e lifts of aj+. By
making n closer to 1~ if needed, we may choose a lift 7 of z to Rz/)(n) 0 whose

minimal polynomial over PI((r,)’n is of the form
pln((l +mz)P — 1= pr(aoT' " 8o+ 1 T "+ -+, T'")) = 0. (3.2.10)

Proof. The first statement follows from the construction. The second statement

follows from [Xiao 2010, Proposition 1.2.11]; the fact that all the connected com-

ponents are isomorphic to the same Rg,)(n)’ 0 is a corollary of (c), proved below.
For (c), pick a lift z; of z to Rg,)(n) . whose minimal polynomial reduces to

[3.1.16)|modulo 7. (Note that K is absolutely unramified.) We define the following
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substitution process. Assume that we have defined z;. We set
)\'i - an'((l + nzi)p - 1 - pﬂ' (aOT/_eb_e(sO +(¥] T/_eb + ce +am T/_eb))‘
and set z; 11 = z; — A;. Hence we have

Mot = (b — k) = (L w2)” + prek,)
p—1 1
-1 P - -1
= (1= (+mz)? )x,-+2;p—n(n)(1+nz,-)l’ "(—mh)" + (—1PIAL.
n=

Since |Ai|; < p~ /D, by continuity, |A{|, < 1 for n € [no, 1] for some 1o
sufficiently close to 1. Thus,

Nigily <max {p~ /P DIn|, A2} for i € [0, 1).

As a consequence, this substitution process converges with respect to all n-Gauss
norms for n € [no, 1]. The limit z = lim,_, 1 z; satisfies [3.2.10)] By the same
argument as in |Pr0positi0n 3.1.151, the limit z generates R%’)(n),n over PI((F,)(,,)’,7
n is sufficiently close to 1. (]

when

3.3. Dwork isocrystals. In this subsection, we single out a calculation of refined
radii for the differential modules coming from a higher dimensional Artin—Scheier
cover. This is the heart of the comparison We will state it in a
slightly general form because it has its own interest in the study of differential
modules.

Hypothesis 3.3.1. In this subsection, let K be a complete discrete valuation field
of characteristic zero, containing w. Let « denote its residue field, which has
characteristic p > 0.

Situation 3.3.2. Let P denote the formal scheme Spf 9]{‘,‘;‘ n<80’ ee,0m),and let T
be the coordinate of R‘I‘(‘fn. Let R be a finite extension of P generated by z satisfying
the relation

(I+m2)’ =14 paT " (agdo+ - -+ 0 dm),

where r e Nand o € %len for j=1,...,m. Let o; € k be the reduction of a; for
any j. We assume that not all «; are zero. Let f : R — P be the natural morphism,
which is finite and étale.

Construction 3.3.3. We reproduce a multidimensional version of the construction
in [Kedlaya 2005, Lemma 5.4.7]. The pushforward f,0¢g decomposes as the direct
sum of p differential modules of rank 1, with respect to 9; =93/d4; for j =0, ..., m.

Let ¢; be the differential module given by (1 +mz)’ fori =1,..., p—1. (The
trivial submodule of f,0¢ is not of interest to us.)



On the refined ramification filtrations in the equal characteristic case 1649

Notation 3.3.4. For n € (0, 1), let F,, be the completion of K (T, &y, ..., 5,) with
respect to the (n, 1, ..., 1)-Gauss norm.

Proposition 3.3.5. For n sufficiently close to 17, the intrinsic radius IR(¢; ® F,)
is equal to n" and the refined intrinsic radius of €; fori =1, ..., p — 1 is given by
906 @ F)) = {inT " (pdSo+ - - - + amddy) }.

Proof. Since
d(1+mz) d(1+prT " (aodo+ -+ wdn))
— =
(I +mz) 1+ prT~" (oo + - - - + 0tSm)

€; is isomorphic to a differential module given by

Vo=inT (14 paT " (@80 + -+ emdn) v ® (aoddo+ - - - + @nddy).

Fix j =0, ..., m. Using the proof of [Kedlaya 2005, Lemma 5.4.7], when 7 is
sufficiently close to 1~ (e.g., n > p‘l/ "), viewed as a d;-differential module, this
is the same as

3ij' = thoch_rwj,
where w; is a section of €;, dependent on j. Hence Bf(wj) =(imo;T7")"w;, and
the proposition follows immediately. ]
3.4. Comparison. In this subsection, we assemble the results from previous sub-
sections to prove the following comparison theorem.

Theorem 3.4.1. Assume Hypothesis (Geom). Then for b € Q- , the homomorphism

rsw : Hom(Fil{,, G /Fill: Gy, F ) — Q4 (log) @ 7, "& in|Theorem 2.3.7]is the same

as the homomorphism rsw’ in|Proposition 3.1.11|

Proof. Let k be as in |Pr0positi0n 2.2.14l By [Saito 2009, Lemma 1.22], rsw’ for k
factors as

(elz/kb)-i-
log

e,;/kb

Hom(Fil}, G /Fill; Gy, F ;) — Hom(Fil,

log log Gl}/Fﬂ GE ’ [FP)

W 1 —¢iib
LN Q@; (log) o, us K jalg -
The same factorization is also valid for rsw as in[(2.3.12)] Hence we may choose
ej i divisible by the denominator of b and reduce to the case when b is an integer.
We also remark that, for the same reason, we may feel free to replace k by a finite
tamely ramified extension.

Fix ¢, a p-th root of unity. Let x : FilfogGk/FilfogGk — [, be a nontrivial
character and put

rsw' () = nk‘b(&o% +aydby+ - +&,,,d15m),
k
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where a, ..., @, € k. By identifying 1 € [, with ¢, € Q,(¢,), we get a homo-
morphism

FlllogGk/Fll G S Fp— Qp(p)™:

log

we still use y to denote the composition. By the argument and the result of
and by possibly replacing k by a finite tamely ramified extension,
we can find a p-adic representation p of G with finite image and pure log-break b
such that pg, G is a direct sum of copies of x. Moreover, we may assume that p
is irreducible when restricted to any finite tamely ramified extension of k" of k. The
representatlon p factors exactly through [/ k, a finite Galois extension. It must be
true that FlllogGk /GiN Filf’OgGk >~ [F,. By possibly making another tamely ramified
extension of k, we may assume that the second highest log-break of //k is strictly
less than b — 1; thus Fil, ' Gy /G, NFill ' Gy ~F .

We shall now use the results and notation from previous subsections. By
|Propos1t10n 3.2. 9L Q(Eb Dis a disjoint union of [/ : k]/p copies of R(Eb D which
is finite and étale over P1(</ ), generated by z with minimal polynom1al @}
(Here, we made a choice of z and z in accordance with the algebraic group structure
on Q see the remarks after M) By |Pr0positi0n 3.3. 5[, this implies that

TZbK} QF/ n.b—1/2¢ @ 1 — 17 has pure refined intrinsic radii

nT™ <0%+a1d81+ —i—ozmdéS)

(Here we made a choice of Dwork pi & so that ¥ = ¢, — 1 mod (¢, — 1)? as in

Wm) By K?mm 7| the refined Swan conductor of €, has to be

(ao— +a1db; + - - - + &ndby,), the same as rsw’. O
Remark 3.4.2. By [Abbes and Saito 2009, Theorem 9.1.1], the two definitions of
refined Swan conductors above are the same as Kato’s definition in [Kato 1989],
when the representation is one-dimensional. So all three definitions agree. This
result is also implicitly contained in [Chiarellotto and Pulita 2009].

4. Refined Swan conductors and variation of intrinsic radii on polyannuli

When we have a differential module over a polyannulus or a polydisc, similar to the
one-dimensional situation, we may study how the multiset of intrinsic radii of the
differential module changes as we complete the module with respect to different
Gauss norms. Kedlaya and the author [2010] proved that the partial sums of the log
of intrinsic radii form continuous convex piecewise affine functions. The purpose
of this section is to prove that the slopes at some point of such affine functions
are related to the refined intrinsic radii of the differential module, completed with
respect to the corresponding Gauss norm. Again, the proof proceeds in two steps,
first over an annulus or a disc and then over a polyannulus or a polydisc
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(Section 4.3). The first subsection focuses on some technical results which will be
used in the following two subsections.

Hypothesis 4.0.1. We assume [Hypothesis 1.5.1]and keep the notation of
We also assume that K is discretely valued throughout this section. We do not insist
p > 0 in this section unless otherwise specified.

4.1. Partial decomposition for differential modules. In [Section 1.5 we deliber-

ately restricted ourselves to the situation over open annuli. In many applications, it

is equally important to understand the theory of differential modules over a bounded

analytic ring, for example K {{ce/¢, t]lo. This subsection is devoted to developing a

parallel theory in this case, which is not addressed in [Kedlaya and Xiao 2010].
We fix some o € (0, 1) for this subsection.

Notation 4.1.1. We define E to be the completion of Frac (K {a/t, t]]o) with re-
spect to the 1-Gauss norm; it is isomorphic to the p-adic completion of Ok ((t))[%],
and it contains Fj as a subfield.
If s € —log | K *|, we can find an element x € K™ with |x| =e™*. This x defines
an isomorphism
.x71

Kg) —> kg S kg (1)).

Hence we have a canonical valuation vg(-) on /c,(;) given by the ¢-valuation; this
does not depend on the choice of x € K*. This valuation extends naturally to Ké?lg
for s € Q-log|K ™.

Notation 4.1.2. Let j € J*. For M a d;-differential module over K {{a/t, t]lo of
rank d and i € {1, ..., d}, we put

F(M . 0) = —log Ry(M @ E: i),  F(M.0)=f(M,0)+- + £/ (M.0).
We similarly define f;(M, 0) and F;(M, 0) if M is a d;+-differential module over
K{{e/1, tTo.
Proposition 4.1.3. Fix j € JT. Let M be a 3;- (resp. 3;+-) differential module of
rank d over K {{a/t, t]o.

(a) The functions fl-(j )(M ,1r) and Fl-(j )(M , ') are continuous, and are affine if

fl.(j)(M, 0) > —log |u|; the functions f;(M,r) and F;(M, r) are affine.
(b) Suppose for some i € {1,...,d — 1}, the function Fim(M, r) (resp. F;(M,r)

is affine), and £ (M,r) > f1(M,r) (resp. fi(M,r) > fis1(M, 1)) for
r € [0, —loga). Then M admits a unique direct sum decomposition My ® M,
over K{{a/t, t1o such that
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(1) for any n € (0, —log ), the multisets of subsidiary 9d;-radii (resp. intrinsic
radii) of My ® F,, exactly consist of the i smallest elements of the multisets
of subsidiary 9d;-radii (resp. intrinsic radii) of M ® F,, and

(i) the multisets of subsidiary 0 ;-radii (resp. intrinsic radii) of My ® E exactly
consist of the i smallest elements of the multisets of subsidiary 0 ;-radii
(resp. intrinsic radii) of M @ E.

Proof. The statement (a) for d;-radii follows from the exact same argument as
[Kedlaya and Xiao 2010, Theorem 2.2.6(a)], which follows immediately from the
corresponding properties of the associated twisted polynomial. We now explain how
we deduce (a) for intrinsic radii. Firstly, by parts (a), (b) and (d) of
d!- F;(M,r) is convex and piecewise affine of integer slopes for r € (0, —log @).
We need only to check continuity at » = 0, which follows from exactly the same
argument as in Step 1 of the proof of [ibid., Theorem 2.3.9].

The statement (b) is proved in [ibid., Theorems 2.3.9, 2.5.5, and Remarks 2.3.11,
2.5.7]. O

Note that the statement (b) of the above proposition excludes the case when
M, r)y> f9(M, 1) forr € (0, —loge) and £ (M, 0) = £/} (M, 0), and the
similar case with the superscript (j) removed. The rest of this subsection is devoted
to extending the conclusion of (b) to this case.

Notation 4.1.4. Set R = (N, Klla/t, 1)} and R = M,y Kla/t, 110,
where the latter can be identified with the subring of the former consisting of
elements with finite 1-Gauss norm.

Hypothesis 4.1.5. We assume that |u ;| =1 for j € J.

This hypothesis is just to make our presentation simpler. We can always reduce
to this case by replacing K by the completion of K (xy, ..., x,;) with respect to the
(lu1l, ..., lum|)-Gauss norm and by replacing u; by u;/x;, where 9;(x;) =0 for
J, j' € J. Note that K is still discretely valued.

Lemma 4.1.6. The ring R is a field. A sequence (f,)nen C K{ot/1t, t1o is con-
vergent if it is convergent for the r-Gauss norm for all r € (a, 1) and is bounded for
the 1-Gauss norm.

Proof. The first statement is well-known; see [Kedlaya 2005, Lemma 3.5.2]. We
remark that this would be false if K were not discretely valued. To see the second
statement, we observe that ( f;,),en converges in K {{c/¢, t}}. The limit has bounded
coefficients and hence lies in K {{c/¢, t]o. O

Lemma 4.1.7. Fix j € JT. Let R°{T} be the ring of twisted polynomials as
in [Definition 1.2.1, where T stands for 0; if j € J and for d/dt if j = 0. Let
P=T%+a;T "+ .. 4+a,; € RPYT} be a monic twisted polynomial whose Newton
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polygon has pure slope s < 1. Let {by, ..., b,} be the set of vs-valuations of the
reduced roots of P (not counting multiplicity, with either increasing or decreasing
order), when we view P as a twisted polynomial in E{T}. Then P admits a unique
factorization P = Q1 - - - Q, as products of monic twisted polynomials such that
all the reduced roots of Q;, when viewed as twisted polynomials in E{T}, have
vg-valuations b;.

Proof. We assume that by, ..., b, are in decreasing order. It then suffices to show
that we can write P = QR as a product of two monic polynomials such that the
reduced roots of Q and R, when viewed as twisted polynomials in E{T}, have
pure vg-valuations b and strictly less than b;, respectively. We can also write
it as P = RQ satisfying the same condition, but with different 0 and R. By
the claim follows from [Kedlaya 2009} Proposition 3.2.2] because
the sequences {P;} and {Q;} there are bounded under the 1-Gauss norm. [l

Lemma 4.1.8. Fix j € J. Let M be a 9;-differential module of rank d over
K{{a/t, t]lo such that M ® E has pure intrinsic d;-radii IRy, (M ® E) < w. By choos-
ing a cyclic vector of M ® RPY, we may identify M ® RPY with RPYTY /R TP,
where P is a twisted polynomial in RP{T). Then for n sufficiently close to 1,
the slopes of the Newton polygon of P (for the n-Gauss norm) are the log of the
subsidiary 0 -radii of M @ F,) minus log .

Proof. The identification M @ %* ~ RPY{ T} /RP{T}P descends to
M@ K{p/t. tlo = K{B/t, tNoAT}/K{B/1, tTofT}P

for B sufficiently close to 1™. Note that for n sufficiently close to 17, all 9;-radii
of M ® F, are visible. The lemma follows from [Proposition 1.2.8| (]

The following theorem also holds without assume [Hypothesis 4.1.5]

Theorem 4.1.9. Fix j € JT. Let M be a 3;- (resp. ;+-) differential module of rank
d over K{{a/t, tlo such that M ® E has pure intrinsic d;-radii IRy,(M @ E) < 1
(resp. intrinsic radii IR(M ® E) < 1). Suppose that for some i € {1,...,d — 1}, the
function Fi(j)(M, r) (resp. F;(M,r)) is affine and fl.(j)(M, r) > fl(i)l (M, r) (resp.
fitM,r) > fix1(M,r)) for any r € (0, —loga). Then M admits a unique direct
sum decomposition Mo® M of 3;- (resp. d;+-) differential module over K{{a /1, t]o
such that, for any n € (0, —log ), the multiset of 9 j-radii (resp. intrinsic radii) of
My ® F), exactly consists of the smallest i elements of the multiset of d;-radii (resp.
intrinsic radii) of M @ F,.

Proof. We first deduce the 9;-differential module case. By e), it

suffices to obtain the decomposition over K{8/¢, t]lop for B € («, 1) sufficiently
close to 1 and then we may apply [Lemma 1.1.10]and Remark 1.1.11]to glue this

decomposition with the decomposition given by [Theorem 1.5.4{e).
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To start, we assume that /R, (M ® E) < w. By making g closer to 1, we may
assume that IRy, (M ® F;) < w for all n € (B, 1) as well. It is also very easy to
reduce to the case when [Hypothesis 4.1.5|holds. Since %! is a field, we can find
a cyclic vector to identify M ® RPd with RP4(T}/RPYT}P for a monic twisted

polynomial P as in Applying to M ® R with the b’s

in decreasing order, we can find a submodule My of M such that the multiset of

d;j-radii of My ® F), exactly consists of the smallest i elements in the multiset of
d;-radii of M ® F,, when n sufficiently close to 17. Applying again
with the b’s increasing, we can find a quotient M of M satisfying exactly the same
condition on My as above. Then the kernel of M — M| together with M, gives the
direct sum decomposition required in the theorem.

We next assume that p > 0 and IRy, (M ® E) = p~V/@P=D If j e J, the ;-
Frobenius ¢ @) : K@) — K naturally extends to

(p(aj) . K(af){{a/t, tho — K{{a/t, to;

if j =0, we have @ : K{{a” /1P, tP]lg — K {a/1, tTlo. Then the desired decompo-
sition follows from the decomposition of ¢\ M. Note that ¢@*¢{"” pp = p@r.
If p>0and IRy, MQE) > p‘l/(p_l), we may assume that

1

IRy, (M ® F,) > pP-T

for all n € (B, 1), and the decomposition follows from that of the d;-Frobenius
antecedent of M.

Finally, we show that the d,+-differential module case follows from the 9;-
differential module case. By [Theorem 1.5.6{e), it suffices to find the decomposition
over K{8/t,t]lp for 8 € (a, 1) sufficiently close to 1 and then, to glue the de-
compositions using [Lemma 1.1.10] and [Remark 1.1.11} By |Proposition 4.1.3(a)
and (T a), there exists 8 € (@, 1) such that, if IRy, (M ® E; i) < 1 for
some j, then the functlon f; U )(M r) for this j is affine over [0, —log 8). By the
decompositions given by [Proposition 4.1.3(b) and this theorem for 9;, the restriction
of M to K{{B/t, t]lo is the direct sum of d;+-differential modules M; such that, for
any j € J* with IRy, (M; ® E) < 1, the 9;-differential module M; ® F, has pure
d;-radii for any n € (8, 1). Since we already know that M ® E has pure intrinsic
radii < 1, we may take 8 sufficiently close to 1 such that each direct summand
above has pure intrinsic radii equal to the d;-radii for some j, when tensored with
F, for any n € (B, 1). Hence regrouping the direct summands gives the direct sum
decomposition we are looking for. (]

Remark 4.1.10. The condition /R;, (M ® E) < 1 is crucial. As pointed out in
[Kedlaya 2010, Remark 12.5.4], one may give counterexamples in the case IR, (M ®
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E) =1 using the theory of crystals. However, in the presence of a Frobenius, one
may still get the decomposition.

Proposition 4.1.11. Let M be a d,+-differential module over K{{c«/t, t]lo (resp.
Kt1o) of rank d. We put f;(M,0) = —log ER(M ® E; i) and

E;(M,0)= fi(tM,0)+---+ f;(M,0) fori=1,....d.

(a) The functions f,-(M, r) and ﬁ,- (M, r) are affine at r = 0.

(b) Suppose for some i € {1,...,d — 1}, the function I:} (M, r) is affine and
fi(M, r) > ﬁ+1(M, r) forr € (0, —log o) (resp. whenever fi(M, r)>r),and
suppose that f, (M, 0) > 0. Then M admits a unique direct sum decomposition
Mo® M over K{ae/t, t1o (resp. K[[t]lo) such that the multiset of extrinsic radii
of M ® F, for any n € (0, —log ) (resp. for any n > 0 such that fi(M, r)>r)
consists of the smallest i elements of the multiset of extrinsic radii of M @ F),.

Proof. (a) follows from exactly the same argument as in [Proposition 4.1.3] We
now prove (b). By the extrinsic version of [Theorem 1.5.6]e), it suffices to find
the decomposition over K {{8/t, t]lp for B € (¢, 1) sufficiently close to 1 and then
we may apply [Lemma 1.1.10|and |Remark 1.1.11|to glue the decompositions. By
[Proposition 4.1.3(b) and [Theorem 4.1.9|for 9;-differential modules, there exists
B € («, 1) such that when we tensor M with K{{8/t, t], it is a direct sum of
differential modules M; such that either for any j € J* with R (M; ® E) < 1,
M; ® F, has pure 9d;-radii for all n € (B, 1), or we have ER(M; ® E) = 1. The
proposition then follows from regrouping these direct summands. (I

4.2. Refined radii and the log-slopes of the radii. For a differential module over
an annulus or a disc, the slopes of the functions coming from the radii of convergence
are determined by the multiset of refined radii for the differential module completed
for the corresponding Gauss norm. We also give a refined radii decomposition
result for differential modules over bounded analytic rings.

Theorem 4.2.1. Fix j € J* and let M be a 9 -differential module over K {{a /1, t]lo

of rank d. Assume that fi(j )(M , 1) for all i are the same and are affine of slope b
inr € [0, —loga). Moreover, we assume that Ry,(M ® E) = we® is strictly less
than |u j|_1 if j € J and is strictly less than 1 if j = 0. Then the vs-valuation of any
element in the multiset of refined 0j-radii of M @ E is —b.

Proof. We may assume that |u ;| = 1. We first consider the case when M ® E has
pure visible intrinsic d;-radii /Ry, (M ® E) < w. By making « closer to 1™, we may
assume that the function fl.(] )(M ,r) > —log w for each i is affine over [0, —log @).

As in we may identify M ®9R1;(d with RPYT}/RPY T} P for some
twisted polynomial P =T +a; T4 ' 4. .+ ay € RPY{T}. Since M ® E has pure
d;j-radii we’, the Newton polygon of P with respect to the 1-Gauss norm has pure
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slope s and the multiset ®y, (M ® E) is just the multiset of reduced roots of this
twisted polynomial. We put

P=T44+a"1 " +...+a",
where C_li(is) € K;(is)((l‘)).

When 7 is sufficiently close to 17, the Newton polygon of P with respect to
the #-Gauss norm is determined by the Newton polygon of P in the following
sense: it is the lower convex hull of the set {(—i, —log|a;|1 — v(c'zi(is)) logn)}. By
this implies that the collection of all slopes of functions fl.(j )(M ,7)
for all i at r =0 is exactly the collection of the vy-valuations of the roots of P, which
in turn equals the collection of the vg-valuations of the elements of the multiset of
refined 0;-radii of M @ E.

Now, it suffices to reduce to the case above using d;-Frobenius. Assume p > 0
from now on. It is easier to work with intrinsic radii and refined intrinsic radii. So
we put gi(M,r) = £ (M, r) +log|u;|if j € J and g;(M,r) = £V (M, r) —r
if j =0. We will use glf(M , ) to denote the derivative of the function g; (M, -).
Moreover, we set s’ = —log(a)IRaj(V)_l).

If IRy,(M ® E) = = p~"/*=D we set M; = ¢\’ M. Then|Lemma 1.2.18(d)

implies that if j € J,
[g/(My,0)) = {pg/(M,0) (d times), 0 ((p — 1)d times)} if g/(M,0) <O,
l {g/(M,0) (pd times)} if g/(M,0) >0,

and if j =0,

{g/(M,0),0 (p—1times)} if g/(M,0) <O,

{giMy,0)} = i{%gﬁ(M’ 0) (p times)} if g/(M,0) > 0.

By |Propositi0n 1.3.1 8|> the elements in the multiset $© i (M ®E ) can be grouped
into p-tuples

g oo ey

(g 6+1 9+p—1>
PP P '

and the multiset $©3 (M ®E) is composed of (87 —8)!/? for each p-tuple above with
the same multiplicity, where 6 € k pae. Elementary calculation shows the following
relation between the vg-valuations of (87 —6)!/? and the V_log p-Vvaluation of 6:

e when vo(0) < 0, we have v_jog ,((60 +1)/p) =vo(0) for [ =0, ..., p—1, and
vo((07 —0)!/P) = vy (0);

e when vo(0) > 0, we have v_jog ,((0 +1)/p) =0forl =1,...,p—1, and
vo((07 —)'/P) = (1/p)vo(6).

Hence the statement for M; with v_joe , implies that for M with vo.
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If IRy;(M ® E) > w, by [Lemma 1.2.18(d) and |[Remark 1.2.19[, M has a 9;-

Frobenius antecedent M if « is sufficiently close to 1. By |Lemma 1.2.18(d) and
[Proposition 1.3.18] we have

g&i(Mo, r) = pgi(M,r) for any i,
and O, (Mo ® EO))={(—0)"/p:0 €90y, (MQE)}, if j € J;

gi(Mo, pr) = pgi(M, r) for any i,
and $©y (Mo ® EO))={(—-0)"/p:0 €90y (MQE)}, if j =0.

Since v(ps'—log p) ((—0)P / p) = pvy (0), the statement for M with vs/( log p) follows
from the statement for M with v,y _joe , if j € J and with 1 5 Vps'—log p if j=0
(note that #? is the coordinate in the latter case). U
Corollary 4.2.2. Fix j € J* and let M be a d;-differential module over K {{a /1, t]o.
Assume that M ® E has pure 9j-radii Ry,(M ® E) = we®, which is strictly less than
|u j|*1 if j € J and is strictly less than 1 if j = 0. Then the following two multisets
are the same:

(1) the multiset composed of the vs-valuations of the elements in the multiset of
refined 0;-radii of M @ E, that is, {vs(0) : 6 € 05, (M Q E) };

(ii) the multiset composed of the negatives of the slopes of fl.(j ) (M, r)atr =0, for
i=1,...,d
Proof. This follows from combining Theorems [4.1.9)and i.2.1] O

Notation 4.2.3. For any s € Q-log | K *|, the valuation v on Kf;)

on d d
(s) t @ () ”J

induces a valuation

jeJ
still denoted by v, by setting
vs(eoﬂ +91dﬂ +- +9mdL) = min {vs(0)}, for 6o, ..., 0 € k.
Um jeJ*t

Corollary 4.2.4. Let M be a 0,+-differential module over K{a/t, t]lg. Assume
that M ® E has pure intrinsic radii IR(OM ® E) = we® < 1. Then the following two
multisets are the same:

(1) the valuations of the refined intrinsic radii of M Q E, {v5(9) 0 eSOMQRE) };
(i1) the negatives of the slopes of fi(M,r)atr =0,fori=1,...,d.

Proof. This follows from combining Theorems [4.1.9/and B.2.1] O
Similar to [Theorem 1.3.26] we have the following decomposition by refined

radii.
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Theorem 4.2.5. Fix j € JT and let M be a d;-differential module of rank d over
K{{a/t, tlo. Assume that M ® Fy, for n € (a, 1), and M ® E all have pure 9 ;-radii,
and assume that the function fl(j)(M, r) is affine with slope b for r € [0, —log ).
Let e be the prime-to-p part of the denominator of b. Moreover, assume that
Ry, (M ® E) = we* is strictly less than |uj|*1 if j € J and is strictly less than 1 if
Jj = 0. Then there exists a finite tamely ramified extension K' of K and a unique
direct sum decomposition

M &K'/t Vel = ) My

(s)

QEKKalg

of 0;-differential modules such that
(1) My ® F,) has pure refined 0 j-radii 0t~ forall n € (a, 1), and

(ii) every element in the multiset of refined d;-radii of My ® E is congruent to or=b
(s)

modulo elements in K .,

with vg-valuation strictly bigger than vy (0t ~") = —b.

Moreover, this decomposition descents to a unique decomposition of M itself by
Galois descent, satisfying analogous properties, but in the fashion stated in terms of
e X Gal(K2/ K )-orbits.

Proof. The proof is identical to that of except that we use decom-
position [Theorem 4.1.9]in place of O

Theorem 4.2.6. Let M be a 9 ;+-differential module of rank d over K{a/t, t]o.
Assume that M ® F,, for n € (a, 1), and M ® E all have pure intrinsic radii,
and assume that the function fi(M,r) is affine with slope b for r € [0, —log o).
Let e be the prime-to-p part of the denominator of b. Moreover, assume that
IR(M ® E) = we® < 1. Then there exists a finite tamely ramified extension K’ of K
and a unique direct sum decomposition

(o) duj . (s) dr
ﬁe%KKaIgTjeaKKalgT

of dj+-differential modules such that
(1) My ® F,, has pure refined intrinsic radii P foralln € («, 1), and

(ii) every element in the multiset of refined intrinsic radii of My ® E is congruent
to 9t~ modulo those elements in

du ; dt
D 2 o,
J

jeJ

with ve-valuation strictly bigger than vg(9t~?) = —b.
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Moreover, this decomposition descents to a unique decomposition of M itself by
Galois descent, satisfying analogous properties, but in the fashion stated in terms of
e X Gal(Kalg/K)-orbits.

Proof. The proof is identical to that of [Theorem 1.5.12] except that we invoke

in place of 0

Corollary 4.2.7. Let M be a 0;+-differential module of rank d over K {{a/t, t]o.
Assume that M @ E has pure intrinsic radii IRIM ® E) = we® < 1 and that the func-
tion f;(M,r) foreachi =1,...,d is affine over [0, —loga). Let M = @be@ M,
be the unique direct sum decomposition of M over A}< (e, 1) such that f1(Mp,r) =
-+ = fdimm, (Mp, r) has slope b. Then the following two multisets are the same:

(1) The multiset composed of all elements in

_ duj  _ dt
IOM, & F)) € P i, @i, <L
jeJt /

for all b and for some fixed n € («, 0) (this is independent of the choice of n);
(ii) The multiset composed of ¥ for all ¥ € ©y;(v), where O is the reduction of

_ du; _
e Q) -tuls, L g el

1 1,
o K 1
JE

modulo those elements with vg-valuation strictly bigger than vs().
Proof. It follows from the decomposition Theorems 4.1.9and {.2.6] O
We have similar results for extrinsic radii.

Theorem 4.2.8. Assume that |uj|=1forall j € J. Fors €R, let Uy be the valuation
on Kg)dl‘ @ EBJ-EJ Kg)duj given by

Vs (Bodt +61duy + - - - + Oppduy,) = ,‘-Eiﬁ {vs@p}.

Let M be a 0 ;+-differential module of rank d over K {a/t, t]lo. Assume that M Q F,),
forn e (a, 1), and M ® E all have pure extrinsic radii, and assume that the function
fl (M, r) is affine with slope b for r € [0, —log «). Let e be the prime-to-p part of the
denominator of b. Moreover, assume that ER(M @ E) = we® < 1. Then there exists
a unique direct sum decomposition M = € 19y Mty of d;+-differential modules
over K{{a/t, t]lo, where the direct sum runs through all . x Gal(K*®P /K)-orbits

{ned} in @jeJ K;;ilgduj @nglgdt such that

(i) for all n € (a, 1), the multiset of refined extrinsic radii of M, 9y ® F, is
composed of the j, x Gal(K®¢/K)-orbit {,uez?}t_b} with the appropriate mul-
tiplicity, and
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(i1) the multiset consisting of the reductions of elements in the multiset of refined
extrinsic radii of M 1 ®F modulo those elements with v- valuatzon is strictly
bigger than —b, is composed of the i, x Gal(K®¢/K)-orbit (et} with
the appropriate multiplicity.

Proof. The proof is identical to that of except that we use invoke
Mcorer 223 in place of [heorer 15 .

Corollary 4.2.9. Assume that |u;| =1 for all j € J. Let M be a 0;+-differential
module of rank d over K[[t]lo. Assume that ER(M ® E) = we® < 1. Let M,
denote the unique 0 j+-differential submodule of M ® E that has pure extrinsic radii
ER(M ® E); put | =dim M,. Then:

(a) The Vs-valuations of elements in ® (M, ® E) are all nonnegative.

(b) There exists a unique direct sum decomposition

M= My oM
)
of 0+-differential modules over K[t]lo, where the first direct sum is taken over
all Gal(lcsep/KK) orbits {19} - @JEJ ;(S;g du; ® K;(;g dt such that
@) foralln <1, M{ﬂ} ® F), has pure extrinsic radii mln{we n} and, when n €
(we’, 1), the multiset © (Myy ® F,)) is composed of { z?} with multiplicity,
(i1) the multiset consisting of reductions of elements in the multiset of refined ex-
trinsic radii of M) ® E modulo those elements with positive Vs-valuation
is composed of {13‘} with appropriate multiplicity, and
(iii) for any r > 0 satisfying fl(Mo, r) <r,we have fl(MO, r) < we’.

Proof. (a) By [Proposition 4.1.11a) together with [Theorem 1.5.6[c’), we know
that the functions f1(M,r), ..., fi(M,r) are linear in a neighborhood of r with
nonpositive slopes. Then applying the decomposition in |Proposition 4.1.11(b) and
together with description (ii) in we conclude that
the Vg-valuations of elements in ® (M,) are all nonnegative.

(b) Let I’ denote the number of elements in ® (M,) whose V,-valuation is zero.
By the proof of (a), we see that the derivatives f{ M,0)=-..= fl’, (M, 0) are equal
to 0, and that f},, (M, 0) > 0 or fir1(M,0) > f,(M,0) in case [ =1'. By items

(¢) and (d) of [Theorem 1.5.6, we know that
AM.0) =M. r)=-- = fi(M,r)> fr1(M.r)

for any r < fl (M, 0). We may then apply |Pr0positi0n 4.1.1 1|to split off the desired
My. Now, we may apply the standard technique (Lemma 1.1.10|and [Remark 1.1.11)
to glue the decomposition given by [Theorem 4.2.8| and [Proposition 1.5.17} this
gives the further decompositions by Mg;. U
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4.3. Variation over polyannuli. In this subsection, we study differential modules
over a polyannulus or a polydisc. In particular, we are interested in studying the
functions coming from the radii of convergence when we complete the differential
module with respect to various Gauss norms. We relate the slopes of such functions
with the valuations of the refined intrinsic radii.

In this subsection, we assume|[Hypothesis 1.5.1|and we assume that K is discretely
valued.

Definition 4.3.1. A subset C C R" is called nondegenerate if it contains an open
subset of R". Its interior is denoted by C™,
An integral affine functional on R" is a map A : R” — R of the form

Ay, ..o, x)=aix1+---+ayx, +b

for some ay,...,a, € Zand b € —loglKX|@.
A subset C C R" is rational polyhedral (or RP for short) if it is bounded and
there exist integral affine functionals A, ..., A, such that

C={xeR":p(x)>0fori=1,...,rl

For C € R" an RP subset of R", a function f : C — R" is integral polyhe-
dral if there exist finitely many integral affine functionals A}, ..., 1, such that
f(x) =max{A](x), ..., A, (x)} for any x € C.

Remark 4.3.2. Our convention slightly differs from that of [Kedlaya and Xiao
2010]], where RP subsets are not assumed to be bounded. However, some of the
statements below still hold for unbounded RP, and they are often simple corollaries
of the statements in the bounded case. We leave this as an exercise for the reader.

Notation 4.3.3. We put I ={1, ..., n}. We use a to denote the n-tuple (a, ..., a).

Definition 4.3.4. For a subset C C R”, let e =€ denote the closure in R" of the
subset {e "7 : r; € C}. A subset S of [0, +00)" is called log-RP if S = e~ for
some RP subset C of R"; it is called nondegenerate if C is so.

For S a log-RP subset of [0, +00)", define A x (S™) to be the subspace of the
(Berkovich) analytic'n—space with coordinates ¢, ..., t, satisfying the condition
4ty ..., 1ta]) € e ™. We use K{{S}} to denote its ring of functions, and use
K[[STlo to denote the subring of K{{S}} consisting of functions that are bounded on
lt/] € e C". ‘

One cannot literally equate S with e €™ the problem is that we cannot take
the log for a zero coordinate in S-space. But, in practice, one can view the two
spaces the same, just being careful when stating a result.

Notation 4.3.5. Let S be a nondegenerate log-RP subset of [0, +-00)" and let R
denote either K{{S}} or K[STlo. Let M be a 9, ;-differential module over R of rank
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d, with respect to the derivations 9y, ..., d,, and 9,41 = 9/0t1, ..., Opyn = 3/0t,.

For an element n; in (11, ..., 7,) € S (S™if R = K{{S}), let F,, be the completion

of Frac(R) with respect to the n;-Gauss norm. We remark that for »; on the

boundary of S, F;,, “looks different” (more like E than F), in the 1-dimensional case).
For an element r; in —log S (or —log S™ if R = K {{S}}), put

JitM, r;)=—logIRMQFe-—+ ;1) and F/(M,r;)= fi(M,r))+- -+ fi(M,rp)
forl=1,...,d.
Theorem 4.3.6. Keep the notation as above. We have the following:

(a) (Polyhedrality) The functions d' Fy(M, ry),forl=1,...,d—1,and F;(M, ry)
are integral polyhedral functions.

(b) (Decomposition) Suppose that for somel € {1, ..., d}, the function F;(M, ry) is
affine, and suppose that fi(M,r;) > fi+1(M, ry) for any r; € —log S. Then M
admits a unique direct sum decomposition M = My@® M, of differential modules
such that for any n; € —log S™, the multiset of intrinsic radii of My exactly
consists of the smallest | elements in the multiset of intrinsic radii of M @ Fy,.

(¢) (Refined radii) Assume that R = K{S}} and that
SiM,rp) == fa(M,r;) = —logw—s+biri+---+byry

are affine functions on —log S™. Let e; denote the prime-to-p part of the
denominator of b; for all i € 1. Then there exists a finite tamely ramified
extension K' of K and a multiset

$O(M) C@ (s)dt, D @ (5)duu.]

iel

such that we have a unique direct sum decomposition of differential modules

Mg RIS, ....f = @ My,
DeIO(M)
such that each My ® Fy, [t, £/ e tnl/e"] has pure refined intrinsic radii t;bll?.

Proof. For (a) and (b), see [Kedlaya and Xiao 2010, Theorems 3.3.9 and 3.4.4, and
Remark 3.4.7]. (c) follows from the same argument but using [Theorem 1.5.12|as
the decomposition tool. O

To extend (c) of the theorem above to the boundary is a little tricky. We will
prove it in a special case and leave the general case as an exercise for the reader.

Situation 4.3.7. Consider the subset C = {(xl) CR":x; >0, x1+---4+x, < 1}.
Put S=e~€,and R = K[S]o. Let M be a differential module over K [[S]lp. Assume
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moreover that f1(M,0)=---= f;(M,0) = —logw — s with s < 0. We define the
following two multisets.

ey

2

|
Choose x € m(ﬁ)\m(s)+ to identify /cg) 2k r, and embed the latter into the

higher local field kg ((t1)) - - - (t,)), which is equipped with a multi-indexed
valuation with respect to the parameters (¢,, . .., t1). This gives rise to a valua-
tion v, : Kff) — 7" C @", where the latter is equipped with the lexicographical

order; this does not depend on the choice of x. Define the following valuation

() dt; © du]
Do e

iel -

on

still denoted by vs, by taking the minimum of v, over the coefficients. We
consider the multiset A = {(v(ﬁ), ﬁ)‘ﬁ € $OM ® Fl)}’ where ¥ is the
reduction of 7, %™ to

(s dit (s) duj
Drie T @ D

iel jeJ
By [Theorem 4.3.6(a), there exists an RP subset C’ of C which is adjacent to
thecellstj=---=¢;, =0fori =1,...,n—1, such that the function f;(M, ry)

. . __(int
for each [ is affine in r; over C’. Then, over e €

sum decomposition of differential modules M = P, g Mp, such that

, we have a unique direct

HiMy, rp) =+ = faimm,, (Mp;, 1) = —logw —s+biri+- -+ bury.
We put
={(=b1, ..., =by, 9) b Q" 1" 1709 € IOM @ Fy))),

for some n; € C’™ and this set does not depend on the choice of n; by

Mheorem 2.3(c).

Choose integers ey, ..., e, € N coprime to p such that ¢;b; € Z for any i and for
any (—by. ... —by. 0) € B. Put R = K[C'Jolr e e,

Theorem 4.3.8. The two multisets A and B are the same (for any C' that satisfies
the condition in (2)). Moreover, there exists a finite tamely ramified extension K'/ K
and a unique direct sum decomposition

such that, if we put F'

MR ®K' = P Mp,.0
(by,v0)eB

= For [t ... 6" 1Q K/,

el
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() forallr; € C"™, M,.9)® F'_,, has pure intrinsic radii we=""1=~0"n+5 qnd

pure refined intrinsic radii t; b1y, and

_rl

(ii) any element in $©(M ® F)) is congruent to t;b’ Y modulo elements with
vg-valuation strictly bigger than (—by, ..., —by,).

Proof. We first construct the decomposition that satisfies condition (i). For this, we
may replace K by a finite tamely ramified extension such that all ¢ appearing in B

lie in
() dt; (s)du;
K —_— K —
@ K ©® @ K
jeJ

iel

for an appropriate s. In this case, we construct the decomposition of M ® R’ using
the same argument as in [Kedlaya and Xiao 2010, Theorem 3.4.4] by invoking
Theorems [4.1.9]and .2.6] at appropriate places.

Now we check condition (ii) for this direct sum decomposition; this is equivalent
to identifying the multisets A with B for each M}, . Note that we already know
that My, 9 ® F,-, has pure intrinsic radii we=?1"1=~0"+s For simplicity, we put
M = My, 5. We do induction on the dimension n. When n = 0 there is nothing to
prove. We assume that the theorem is proved for n — 1. Let D denote the face t{ =0
of C.PutC=CnD,C'=C'ND, S = e_C and R = K[[S]lo with coordinates
t,...,t,, where K is the completion of Frac(K [[tl]]o) with respect to the 1-Gauss
norm.

By applying the induction hypothesis to M = M ®g R, the multiset A is equal to

A= (@), =bo, by W) [ (<o, —by) €@
t;bz . ..t;bnl?/ cIOM® Fm)}’
for any (ro,...,1,) € ol , where v, is the valuation on
dt; du;
(s) %0 (9 &4Jj
Dy, @ Drgn
iel jeJ

as in|Notation 4.2.3 andtl_v’“(ﬂ/)ﬁ/ is the reduction of tl_\"‘(l9 )9’ in

() dt; (5) duj
@ Kd'gt @@ K ae uj

iel jeJ

It suffices to identify the multiset A" with B. When r; € Q" N C’, this follows
from applying to the line which passes through the point r; and is
parallel to the #;-axis. In particular, this says that for any ¢’ above,

179" is the same as .
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When r; is not rational, the same statement follows from the “continuity” result in

[Theorem 4.3.6/(c). O
Remark 4.3.9. One can also describe the intrinsic radii of Mj, » at the point
(rp))eC’ withry=---=r,=0forsome !l €{l,...,d—1}. We leave this as an

exercise for interested readers.

Next we consider the situation for solvable differential modules.
Definition 4.3.10. Let C={(x;) CR":x; >0, x;+- - -+x, =1}. For [, B] € (0, 1),
we put S g1 = {0 : p € [e, B1} and Riq g1 = K[Sa,pll0- For @ € (0, 1), we put

Ry = mﬁe(a,l) R[a,ﬁ]-
Fix o € (0,1). Let M be a differential module over R,. Assume that M is
solvable, that is, for each x; € C, we have f1(M, p*) —>0asp— 1.

By [Theorem 1.6.2] for x; € C, there exists b1 (M, x;), ..., bg(M, x) such that
JilM, —x;logp) = pPMxD) when p— 17, forl=1,...,d. Put

Bi(M,x;) =by(M, xp)+---+b(M, xy)
fori=1,...,d.

Proposition 4.3.11. Keep the notation as above. Then the functions d'B;(M, xy)
and By (M, x1) are integral polyhedral functions.

Proof. See [Kedlaya 2011, Theorem 3.3.3]. The proposition also follows from

a). O
Construction 4.3.12. Keep the notation as above.
Let x =(0,..., 1) € C be the point. Let § be the completion of the fraction

field of Og ((#1)) - - - ((#,—1)); it is a higher dimensional local field. We have a natural
embedding Ry — §{n/t,, tn}} =y, if n € (a, 1). This means to restrict the picture
to the line (0, ..., 0, p) for p € (n, 1). We assume that M ®§,, has pure-log break b.

Recall that, as in we have a valuation
dt,’ duj n
v: K zal &) K zal — Q".
B0 P2

JE

J

iel
Proposition 4.3.13. Keep the notation as above. The following two multisets of

(n — 1)-tuples are the same.

(1) The multiset composed of valuations v of the elements of (1/1)$O(M & §n)’
where &t is a Dwork pi.

(i) The multiset of slopes of bj(M, x1), forl = 1,...,d, on a RP subset of C
which is adjacent to the cells {t1 =--=t=0,tit1+--+t, = 1}f0r all
i=1,...,n.

Proof. 1t follows from O
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Remark 4.3.14. One may interpret the above proposition geometrically, as in
[Kedlaya 2011]]. We will come back to this discussion in a future work.
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On common values of ¢(n) and o(n), Il
Kevin Ford and Paul Pollack

For each positive-integer valued arithmetic function f, let #; C N denote the
image of f, and put ¥ (x) := ¥y N[1, x] and ¥;(x) := #7}(x). Recently Ford,
Luca, and Pomerance showed that ¥ N 7; is infinite, where ¢ denotes Euler’s
totient function and o is the usual sum-of-divisors function. Work of Ford shows
that Vi3 (x) < V5 (x) as x — oo. Here we prove a result complementary to that of
Ford et al. by showing that most ¢-values are not o -values, and vice versa. More
precisely, we prove that, as x — oo,

Vo (1) + Vo (x)

#{néxne%ﬂ%}éW

1. Introduction

1A. Summary of results. For each positive-integer valued arithmetic function f,
let 7+ denote the image of f, and put 7 (x) :=7;N[1, x]and V¢ (x) :=#77(x). In
this paper we are primarily concerned with the cases when f = ¢, the Euler totient
function, and when f = o, the usual sum-of-divisors function. When f = ¢, the
study of the counting function Vy goes back to Pillai [1929], and was subsequently
taken up in [Erdos 1935} 1945; [Erdos and Hall 1973;1976; |Pomerance 1986} [Maier
and Pomerance 1988}, [Ford 1998al] (with an announcement in [Ford 1998b]]). From
the sequence of results obtained in these papers, we mention Erdds’s asymptotic
formula [[1935] for log(V¢(x)/x), namely

Vix) = (x — 00),

(logx)H—o(])
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and the much more intricate determination of the precise order of magnitude by Ford,

X

Vi(x) < fog

p exp(C(log3 x —logy x)2 +Dlogzx —(D+ % —2C)logy x). (1-1)

Here log; denotes the k-th iterate of the natural logarithm, and the constants C and
D are defined as follows: Let

[e.¢]
F(z) = Zanz", where a, = (n+1)log(n+1) —nlogn — 1. (1-2)
n=1
Since each a, > 0 and a, ~ logn as n — o0, it follows that F(z) converges to a
continuous, strictly increasing function on (0, 1), and F(z) — oo as z 1 1. Thus,
there is a unique real number o for which

F(o)=1 (0=0.542598586098471021959...). (1-3)

In addition, F’ is strictly increasing, and F’(0) = 5.697758 . ... Then

_ 1
2 |logel

3
D =2C(1 +log F'(0) —1og(2C)) — 3 =2.176968.. ...

In [[Ford 1998al, it is also shown that[(T-T)] holds for a wide class of ¢-like functions,
including f = o. Consequently, Vy(x) < V; (x).

Erdés [1959, p. 172] asked if it could be proved that infinitely many natural
numbers appear in both 73 and 7, (see also [Erdos and Graham 1980]]). This
question was recently answered by Ford, Luca, and Pomerance [Ford et al. 2010].
Writing Vj » (x) for the number of common elements of ¥ and 7, up to x, they
proved that

=0.817814...

V.o (x) > exp((loglog x)“)

for some positive constant ¢ > 0 and all large x (in [Garaev 2011]] this is shown for all
constants ¢ > 0). This lower bound is probably very far from the truth. For example,
if p and p +2 form a twin prime pair, then ¢ (p +2) = p+1 =0 (p); a quantitative
form of the twin prime conjecture then implies that Vy ,(x) > x/(log x)%. In Part I
of this article [Ford and Pollack 2011[], we showed that a stronger conjecture of the
same type allows for an improvement. Roughly, our result is as follows:

Theorem A. Assume a strong uniform version of Dickson’s prime k-tuples conjec-

ture. Then as x — o0,
X

Voo (x) = —(logx)1+0<1>’

Theorem A suggests that V ,(x) is much larger than we might naively expect.
This naturally leads one to inquire about what can be proved in the opposite direction;
for instance, could it be that a positive proportion of ¢-values are also o -values?
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Vor) | Vo (V)
N Vo) | Ve | Voo (N | HEER | S
10000 2374 2503 1368 | 0.5762426 | 0.5465441
100000 20254 21399 11116 | 0.5488299 | 0.5194635
1000000 180184 189511 95145 | 0.5280436 | 0.5020553
10000000 1634372 1717659 841541 | 0.5149017 | 0.4899348
100000000 15037909 | 15784779 | 7570480 | 0.5034264 | 0.4796063
1000000000 || 139847903 | 146622886 | 69091721 | 0.4940490 | 0.4712206

Table 1. Data on ¢-values, o-values, and common values up to
N =10%, fromk =5to k =9.

The numerical data up to 10°, exhibited in suggests that the proportion of
common values is decreasing, but the observed rate of decrease is rather slow.

Our principal result is the following estimate, which implies in particular that
almost all ¢-values are not o -values, and vice versa.

Theorem 1.1. As x — o0,

Vo (x) + Vo (x)
(log 10gx)1/2+0(1) ’

The proof of [Theorem I.T|relies on the detailed structure theory of totients as
developed in [Ford 1998al]. It would be interesting to know the true rate of decay

of Vg o (x)/ Vy(x).

1B. Sketch. Since the proof of is rather intricate and involves a num-
ber of technical estimates, we present a brief outline of the argument in this section.

We start by discarding a sparse set of undesirable ¢ and o -values. More precisely,
we identify (in[Lemma 3.2)) convenient sets .74 and <%, with the property that almost
all ¢-values less than or equal to x have all their preimages in .<7; and almost all
o -values less than or equal to x have all their preimages in .<7;. This reduces us to
studying how many ¢ and o -values arise as solutions to the equation

V¢,J (x) g

¢(a)=o0(a"), where ae€dy, a €.

Note that to show that Vj ,(x)/Vs(x) — 0, we need only count the number of
common ¢-o -values of this kind, and not the (conceivably much larger) number of
pairs (a, a’) € 4 x 4, corresponding to these values.

What makes the sets .7 and .7, convenient for us? The properties imposed in
the definitions of these sets are of two types, anatomical and structural. By anatom-
ical considerations, we mean general considerations of multiplicative structure as
commonly appear in elementary number theory (for example, consideration of the
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number and size of prime factors). By structural considerations, we mean those
depending for their motivation on the fine structure theory of totients developed by
Ford [[1998a].

Central to our more anatomical considerations is the notion of a normal prime.
Hardy and Ramanujan [[1917]] showed that almost all natural numbers < x have
~ loglog x prime factors, and Erdds [[1935]] showed that the same holds for almost
all shifted primes p — 1 < x. Moreover, sieve methods imply that if we list the
prime factors of p — 1 on a double-logarithmic scale, then these are typically close
to uniformly distributed in [0, loglog p]. Of course, all of this remains true with
p+ 1 in place of p — 1. We assume that the numbers belonging to <7, and .7, have
all their prime factors among this set of normal primes.

If we assume that numbers n all of whose prime factors are normal generate
“most” f-values (for f € {¢, o}), we are led to a series of linear inequalities among
the (double-logarithmically renormalized) prime factors of n. These inequalities
are at the heart of the structure theory of totients as developed in [Ford 1998al].
As one illustration of the power of this approach, mapping the L largest prime
factors of n (excluding the largest) to a point in R%, the problem of estimating
Vy(x) reduces to the problem of finding the volume of a certain region of RE,
called the fundamental simplex. In broad strokes, this is how one establishes Ford’s
bound We incorporate these linear inequalities into our definitions of .7, and
5. One particular linear combination of renormalized prime factors appearing in
the definition of the fundamental simplex is of particular interest to us (see condition
(8) in the definition of .27y in[Section 3|below); that we can assume this quantity is
less than 1 is responsible for the success of our argument.

Suppose now that we have a solution to ¢ (a) = o (a’), where (a, a’) € y x ;.
We write a = pop1p2 -+ and @’ = qoq1q> - - - , where the sequences of p; and qj
are nonincreasing. We cut the first of these lists in two places; at the k-th prime py
and at the L-th prime py. The precise choice of k and L is somewhat technical;
one should think of the primes p; larger than p; as the “large” prime divisors of a,
those smaller than pj but larger than py as “small”, and those smaller than p; as
“tiny”. The equation ¢ (a) = o (a’) can be rewritten in the form

(po—D(pr—D(po—1) - (pk—1—1) fd
=(qo+D(gi+D(g+1)--(gk—1 + De, (1-4)

where

f=¢Wk---pr1), d:=¢(pLpry1i---), and e:=0(gqrt1---). (1-5)

To see that|(1-4)| correctly expresses the relation ¢ (a) = o (a’), we recall that the
primes py, ..., p; are all large, so that by the “anatomical” constraints imposed
in the definition of .27y, each appears to the first power in the prime factorization
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of a. An analogous statement holds for the primes gy, . . ., g; this follows from the
general principle, established below, that p; &~ g; provided that either side is not too
small. There is one respect in which [(T-5)| may not be quite right: Since p; is tiny,
we cannot assume a priori that p; # pr_1, and so it may be necessary to amend
the definition of d somewhat; we ignore this (ultimately minor) difficulty for now.

To complete the argument, we fix d and estimate from above the number of
solutions (consisting of po, ..., pk—1, g0, - - -, gk—1, €, f) to the relevant equations
of the form [(I-4)} then we sum over d. The machinery facilitating these estimates
is encoded in which is proved by a delicate, iterative sieve argument
of a kind first introduced in [Maier and Pomerance 1988]] and developed in [Ford
1998a, §5]. The hypotheses of that lemma include several assumptions about the
pi and g, and about e, f, and d. All of these rather technical hypotheses are, in
our situation, consequences of our definitions of .27 and <7, ; we say more about

some of them in a remark following [Lemma 4.

Notation. Let P*(n) denote the largest prime factor of n, understood so that
Pt (1) =1, and let Q(n, U, T) denote the total number of prime factors p of
n such that U < p < T, counted according to multiplicity. Constants implied by
the Landau O and the Vinogradov < and >> symbols are absolute unless otherwise
specified. Symbols in boldface type indicate vector quantities.

2. Preliminaries

2A. Anatomical tools. We begin with two tools from the standard chest. The first
is a form of the upper bound sieve and the second concerns the distribution of
smooth numbers.

Lemma 2.1 (see, e.g., [Halberstam and Richert 1974, Theorem 4.2]). Suppose

A1, ..., Ay are positive integers and B, . . ., By are integers such that

h

E=]]a [] (AB;—A;B)#0.

i=1 1<i<j<h

Then
(§2) h
x 1—=£ x(log,(|E| +2))

#H{n<x:Ain+B; prime (1<i<h)} K (Togx)" ]lﬂ_g (1_%)}1 (logx)"

where v(p) is the number of solutions of the congruence [ [(Ain+ B;) =0 (mod p),
and the implied constant may depend on h.

Let W(x, y) denote the number of n < x for which P (n) < y. The following
estimate is due to Canfield, Erdds, and Pomerance:
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Lemma 2.2 [Canfield et al. 1983]]. Fixe > 0. If2<y<xandu =

W(x,y) =x/u"to®

1

foru <y ~¢ asu— oo.

The next lemma supplies an estimate for how often €2 () is unusually large; this
may be deduced from the theorems in Chapter O of [Hall and Tenenbaum 1988|].

Lemma 2.3. The number of integers n < x for which Q(n) > alog, x is
x(log x)~2@ ifl<a<?2,
“ |x(logx)'=@2210g, x  ifa >2,
where Q(\) = flA logtdt = Alog(h) — A+ 1.

In the remainder of this section, we give a precise meaning to the term “normal
prime” alluded to in the introduction and draw out some simple consequences. For
S > 2, a prime p is said to be S-normal if the following two conditions hold for
each f € {¢,0}:

Q(f(p),1,9) <2log, S,

and, for every pair of real numbers (U, T) with S < U < T < f(p), we have

|Q(f(p), U, T)— (log, T —log, U)| < /log, Slog, T. (2-1)

This definition is slightly weaker than the corresponding definition on [Ford 1998a,
p- 13], and so the results from that paper remain valid in our context. As a straightfor-
ward consequence of the definition, if p is S-normal, f € {¢, o}, and f(p) = S, then

Q(f(p) <3log, f(p). (2-2)

The following lemma is a simple consequence of [Ford 1998a, Lemma 2.10] and

[a-15

Lemma 2.4. For each f € {¢, o}, the number of f-values less than or equal to x
which have a preimage divisible by a prime that is not S-normal is

L Vy(x)(log, x)° (log $)~1/°.

We also record the observation that if p is S-normal, then P (f(p)) cannot be
too much smaller than p, on a double-logarithmic scale.

Lemma 2.5. If5 < p < x is an S-normal prime and f(p) = S, then

log, P+(f(P)) > log, p _ log; x+log4
log, x - log, x log,x
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Proof. We have

1 1 1
P+(f(p)) P> f(P)W > f(p)310g2f(17) > p410g2x.

The result follows upon taking the double logarithm of both sides. (Il

2B. Structural tools. In this section, we describe more fully some components
of the structure theory of totients alluded to in the introduction. Given a natural
number n, write n = po(n) p1(n)p2(n) - - -, where po(n) = pi(n) = pa(n) = - --
are the primes dividing n (with multiplicity). For a fixed x, we put

(log, pi(n))/(log, x) ifi < 2(n) and p;(n) > 2,
0 ifi > Q(n) or p;(n) =2.

Suppose L > 2 is fixed and that & > 0 for 0 < i < L — 1. Recall the definition
of the a; from|(1-2)|and let . (§) be the set of (x,...,x.) € RE with 0 < xp <
X1 <---<x; < 1and

|

({o) arx1 +axxy +---+apxp < &,
(1) arxy +axxs+---+ap_1xp < Exq,
(Ir—2) arxp—1+axxyp <&p_oxp 2.

Define T (&) as the volume (L-dimensional Lebesgue measure) of .#7 (§). For
convenience, let 1 = (1,1, ..., 1), ¥ = .. (1) (the “fundamental simplex”), and
let T;, be the volume of .%}. Let

Lo(x) := [2C(logz x —logy x) |,

where C is defined as in the introduction. The next lemma allows us to locate the
preimages of almost all f-values within suitable sets of the form .77 ().

Lemma 2.6 [Ford 1998a, Theorem 15]. Write Lo = Lo(x). Suppose 0 < ¥ < Ly,
L=Ly—V,and let
1

éi:%-i(x)zl"Fm 0O<<i<L-2).

The number of f-values v < x with a preimage n for which
(1 (3 2), ..., xp(n320) ¢ SLE) is K Vi(x) exp(=W?/40).

For future use, we collect here some further structural lemmas from [Ford 1998al].
The next result, which follows immediately from our and Lemma 4.2 of
that article, concerns the size of sums of the shape appearing in the definition of
inequality (/p) above.
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Lemma 2.7. Suppose that L > 2, 0 < w < %, and x is sufficiently large. The

number of f-values v < x with a preimage satisfying
apxy(n; x)+---+apxp(n;x) 2 1+ o
is < V¢(x)(log, x)°(log x)~@/(150L% log L)

We will make heavy use of the following (purely geometric) statement about the

simplices .77 (§), which appears as [Ford 1998a, Lemma 3.10]. Recall from|(1-3)
that o = 0.542598 . .. denotes the unique real number with ) .2, a,0" = 1.

Lemma 2.8. If x € %, (§) and EOLé}lL_l . --5572 < 11, then x; < 30/ x; when
i < j,and x; <30/ for1 <j<L.

Define % (€; x) as the set of integers n with 2 (n) < L and
(xo(n; x), x1(n; x), ..., xp—1(n; x)) € LL(§).
For f € {¢, o}, put
ROEn= Y S
f(n)

neZr (&,x)

The next lemma, extracted from [Ford 1998al Lemma 3.12], relates the magnitude
of R(Lf ’(g; x) to the volume of the fundamental simplex 77, whenever & is suitably
close to 1. In that article, it plays a crucial role in the proof of the upper-bound

aspect of [(T-T)]

Lemma 2.9. If 1/(1000k%) < wr,—« < 1/(10k%) for 1 <k < Lo, & = 1 + w; for
eachi,and L < Lo, then

Ry (€ x) < (log, )" T,
forboth f =¢and f =o0.

While only the case f = ¢ of appears in the statement of [ibid.,
Lemma 3.12], the f = o case follows trivially, since o (n) > ¢ (n). In order to

apply we need estimates for the volume 77 ; this is handled by the next
lemma, extracted from [libid., Corollary 3.4].

Lemma 2.10. Assume 1 <& < 1.1for0<i <L—2and that L7 &2, < 1.
If L=Lo—V >0, then

(logy x) T (§) < Y (x) exp(—W?/4C).
Here

Y (x) :=exp(C(logz x —log, x)* + Dlogzx — (D + 1 —2C) log, x).  (2-3)
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We conclude this section with the following technical lemma, which will be
needed when we select the sets .27 and .27, in

Lemma 2.11. For f € {¢, 0o} and y > 20,

logzy
Z RS Y(y). 2-4)
UE'V/" log Y
Pty

where Y is as defined in|(2-3)| Moreover, for any b > 0,

—2Clogb
08 X) TR, 2-5)

Y (exp(tog ")) < ¥ (o) (o

Proof. We split the left-hand sum in according to whether or not v < y'°227,
The contribution of the large v is O (1) and so is negligible: Indeed, for t > y'°227, we
have logt/log y > log, y. Thus, by we have W (¢, y) < t/(logt)? (say),
and the O (1) bound follows by partial summation. We estimate the sum over small v
by ignoring the smoothness condition. Put X = yl°&2 Y Since V()< (t/logt)Y (1),
partial summation gives that

X
y 1<<1+/ YO = 4oy o B X
- v 3 tl 3X
vesy
v<X

as y — 00. (The last equality follows, for instance, from L’Hopital’s rule.) Since

log, X/logy X ~log, y/log;y and Y (X) ~ Y (y), we have Estimate [(2-5)|
follows from the definition of Y and a direct computation; here it is helpful to
note that if we redefine X := exp((logx)?), then log; X = logy x + logh and
log, X =log, x + Op(1/logs x). O

3. Definition of the sets <7 and .27/,

We continue fleshing out the introductory sketch, giving precise definitions to the
preimage sets %7 and .7;. Put

1 .
= [ Lo(x) —2y/logs x |, gi:=1+m (1<i<L). (D

The next lemma is a final technical preliminary.

Lemma 3.1. Let [ € {¢p, 0}. The number of f-values v < x with a preimage n
for which

@) Cer(n;x), ..., xp(n;x)) € SL(§) and
(i1) n has fewer than L + 1 odd prime divisors (counted with multiplicity)
is K Vy(x)/log, x.
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Proof. We treat the case when f = ¢; the case when f = o requires only small
modifications. We can assume that x/log x < n < 2x log, x, where the last inequal-
ity follows from known results on the minimal order of the Euler function. By
Lemma 2.3 we can also assume that Q(n) < 10log, x. Put p; := p;(n), as defined
in[Section 2B| Since (x| (n; x), ..., x.(n; x)) € .1 (§) by hypothesis, Lemma 2.8

gives that x, < 3@2 < 0.9, and so py < exp((log x)%9). Thus,

n/(pop1) = paps - - - < exp(10(log, x) (log x)*?) = x°1,

and so pg > x%/° (say) for large x. In particular, we can assume that p(z) fn.

Suppose now that n has exactly Ly — k + 1 odd prime factors, where we fix
k > Ly— L. Then

v=_(po—D¢(pi1p2-- pry—1)2’

for some integer s > 0. Using the prime number theorem to estimate the number
of choices for pg given p; - - - pr,—k and 2°, we obtain that the number of v of this
form is
by 1 1
<z ¥ sors Iy
log x i ¢(pr-+ PrLo—k) = 2
(We use here that x /(¢ (p1 - - pry—k)2°) > po = x%/°)) The sum over s is < 1.
To handle the remaining sum, we observe that p; --- pr,—x belongs to the set

RHro—k (&, x), where & := (&, . .., &r,—k—2). Thus, the remaining sum is bounded by
@ gy 1
Ry~ Gk x) = Z b’

mezr—k (&, x)
So by Lemmas [2.9]and [2.10] both of whose hypotheses are straightforward to verify,
R (8 1) < (logy X)L, < (logy X)L, () <Y (x) exp(—k? /4C).
Collecting our estimates, we obtain a bound of

< @Y(x) exp(—k?/4C) < Vy(x) exp(—k* /4C).

Now since Lo — L > 2,/log; x, summing over k > Lo — L gives a final bound
which is
<L Vp(x) exp(—(logy x)/C) K Vy(x)/log, x,

as desired. O

For the rest of this paper, we fix € > 0 and assume that x > xg(¢). Put

S :=exp((log, x)*®), &:= |log, S w = (log, x)~1/2+¢/2, (3-2)
log, x
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For f € {¢, 0}, let o/; be the set of n = po(n)p1(n) - - - satisfying f(n) < x and

©0)
(D
2
3
“
(6))
(6)
)
®)

n 2= x/logx,

every squarefull divisor m of n or f(n) satisfies m < log? x,

all of the primes p;(n) are S-normal,

Q(f(n)) <10log, x and 2(n) < 10log, x,

if d | n and d > exp((log, x)'/?), then Q(f(d)) < 10log, f(d),
(x1(n; x), ..., xp(n; x)) € SL(E),

n has at least L + 1 odd prime divisors,

PH(f(po)) = x /1020, py(n) < x!/101082),

apxi(n;x)+---+apxp(n; x) <1—o.

The following lemma asserts that a generic f-value has all of its preimage in .27;.

Lemma 3.2. For each f € {¢, o}, the number of f-values < x with a preimage
néadyis

<L Vy(x)(logy x)~ 12,

Remarks. (i) The .27y not only satisfy but do so economically. In

(i)

fact, from condition (5) and the work of [Ford 1998a, §4], we have that
#a/y < Vy(x). Thus, on average, an element of #(x) has only a bounded
number of preimages from «7y. So when we turn in Sectionsandto counting
¢-values arising from solutions to ¢ (a) = o (a’), with (a, a’) € @y x o;, we
expect not to be (excessively) overcounting.

Of the nine conditions defining .7, conditions (0)—(4) are, in the nomenclature
of the introduction, purely anatomical, while conditions (5)—(8) depend to
some degree on the fine structure theory of [Ford 1998al]. Condition (8) is
particularly critical. It is (8) which ensures that the sieve bounds developed in
[Section 4| result in a nontrivial estimate for Vy , (x). Our inability to replace
the exponent % on log, x in |Lemma 3.2| (or in |Theorem 1.1[) by a larger number
is also rooted in (8).

Proof. 1t is clear that the number of values of f(n) corresponding to n failing
(0) or (1) is « x log, x/log x, which (recalling [(I-T)) is permissible for us. By
l_Lemma 2.4] and our choice of S, the number of values of f(n) coming from n
failing (2) is < Vy(x)/log, x. The same holds for values coming from n failing
(3). by [Cemma 2.3

Suppose now that n fails condition (4). Then »n has a unitary divisor d >
exp((log, x)'/?) with Q(f(d)) > 10log, f(d). Put w := f(d). Then w | f(n), and
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f(n) < xlog, x. So if w > x!/2, then the number of possibilities for f(n) is

1 x log, x
<L xlogyx — K ===
w;ﬂ w log x

Q(w)>101log, w

using to estimate sum over w. If w < x!/2, we observe that f(n)/w =
f(n/d) € V;; hence, with Y (x) defined as in|(2-3), the number of corresponding
values of f(n) is

< > Vi (x/w) <<—Y( ) D l<< Vi)

log, x
exp((log, x)1/3) <w<x1/? w>exp((10g2x)l/3)
Q(w)>=101og, w Q(w)>101log, w

By the number of f-values with a preimage failing (5) is

Vf(x)

<
log, x

According to the number of f-values with a preimage satisfying (5)
but not (6) is also < V¢(x)/log, x.

Suppose now that n satisfies (0)—(6). In what follows, we write x; = x; (n; x).
From (5), we have & > a1x1 4+ axxp > (a1 + a2)xp, and so xp < 0.8. So from (3),

e = PP - <exp(10(logy 1) (log 1)) < k10 (3-3)

In particular, py > x'/3 4+ 1 and f(po) > x'/3, so that v := f(p1ps---) < x>,
The prime pg satisfies f(pg) < x/v. For z w1th x!3 < 7z < x, the number of
primes po with f(po) < z and PT(f(po)) < x'/1°22% is (crudely) bounded by
W(z, x!/1o2%) « 7/(logx)?, by So the number of values of f(n)
coming from n with PT(f(pg)) < x'/1°%2% g

< Z Z I< (logx)2 Z (logx)2 €

v<x2/3 p: f(p)<x/v
ue#/f PH(f(p))Lxl/logax uet/f

To handle the second condition in (7), observe that since f(pg) < x/v, the prime
number theorem (and the bound v < x?/3) shows that given v, the number of
possibilities for pg is < x/(vlogx). Suppose that p;(n) > x!/(10010225)  Then
x1 =x1(n; x) > 0.999, and we conclude from Zi>] a;x; < &y that either x, < Q3/2
or x3 < Q5/2. Writing vy for f(pap3---) and v; for f(p3ps---), we see that the
number of such f-values is
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X 1 1 1 1
<<logx§:E< Z U_2+ZE Z v_3)

Pt (vp) P2 Pt (v3)
Lexp((logx)?”"%) <exp((logx)?”"?)
0g3x> 1/2 (1Og3X)3/2) Vf(-x)
< log log, x(Y(X)< o x + (log, x)Y (x) log, x < (logy x)1/27—<"

using to estimate the sums over v, and vs.

Finally, we consider n for which (0)—(7) hold but where condition (8) fails. By
Lemma 2.7 we can assume that ayx; +---+arx;, < 1+ w, since the number of
exceptional f-values is

<V exp(—(logy /) « L2
0gr X
Thus,
l—w<ax1+---+ax, <14+w, (3-4)

while by condition (/;) in the definition of .77 (§), ajxo+---+ap_1xp <&1x;. We
claim that if J is fixed large enough depending on €, then there is some 2 < j < J
with x; < 0/7¢/3 . 1f not, then for large enough J,

J-1
fix12 Y ajxjn 20" Plag+a’ +---+ase’) > o'
j=1

Thus, x> 0' /4 £, > 0'7¢/°, and s0 & > 0~ /*(a10+a20*+- - -+ay0’) = 07/,
which is false. This proves the claim. We assume below that j € [2, J] is chosen
as the smallest index with x; < Qj —€/3, by condition (1), this implies that all of
P1s ..., pj—1 appear to the first power in the prime factorization of n.
Now given x3, ..., xz, we have from [(3-4)| that x; € [o, & + 2w] for a certain «.

Thus,

Z % L wlog, x = (log, x)1/2+/2,

P1

So the number of f-values that arise from n satisfying (0)—(7) but failing (8) is

logxZ Z p1 Z %

J=2 PPzt P+<v><exp(<logx>@’ e
vely

log3x)—1+j—e/3 —1/2+€
x <—log2x &« Vy(x)(log, x) .

This completes the proof of O
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As a corollary of [Lemma 3.2 we have that Vj; , (x) is bounded, up to an additive
error of < (Vg (x)+ Vs (x))/(log, x) 1/2—€, by the number of values ¢ (a) that appear
in solutions to the equation

¢(a)=o0(a’), where (a,d’) € dyx .

In Sections ] and [5] we develop the machinery required to estimate the number of
such values. Ultimately, we find that it is smaller than (V4 (x) + V;, (x))/(log, x)A
for any fixed A, which immediately gives ['heorem 1.1

4. The fundamental sieve estimate

Lemma 4.1. Let y be large, k > 1,1 20,30 < S <y <1 <~ < v =,

and u; < v; for 0 < j <k—1. Putd = ,/log,S/log,y, v; =log,v;/log,y,
w; =logyu;/log, y. Suppose that d is a natural number for which P*(d) < vy.
Moreover, suppose that both of the following hold:

(@) For2 < j <k —1,either (uj,v;) = (j—1,vj-1) orvj < 1 — 26. Also,
Ve < -1 — 26.

(b) For1 < j<k—2,wehavev;>vj,o.
The number of solutions of
(po—D - (pr—1—Dfd=(q+1) - (gi-1+De<y (4-1)
inpo, ..., Pk—1-40s - - -, qk—1, €, f satisfying
(1) pi and q; are S-normal primes,
() u; <PH(pi—1),PT(gi+1)<vfor0<i <k—1,
(iii) neither ¢(]_[f-:(} pi) nor a(]_[f-:(; gi) is divisible by r? for a prime r > v,
(iv) Pt(ef) < wvg; Q(f) < 4llog, v,
(V) po— 1 has a divisor > y'/? which is composed of primes > v,
is
_ k=1
< %(C 10g2 y)6k(k + 1)Q(d) (log vk)S(k-H) log (k+1)+1(10g y) 2430, a,v,—t—E’

where E =§ Zf:z (ilogi+i)+2 Zf:_ll (vi — ;). Here c is an absolute positive
constant.

Remarks. Since the lemma statement is very complicated, it may be helpful to
elaborate on how it will be applied in below. Given (a, a’) € oy X oy
satisfying ¢ (a) = o (a’), rewrite the corresponding equation in the form with
d, e, and f as in[(I-5) (Here L is as in[(3-1)] and &, given more precisely in the
next section, satisfies k &~ L/2.) We are concerned with counting the number of
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values ¢ (a) which arise from such solutions. We partition the solutions according
to the value of d, which describes the contribution of the “tiny” primes to ¢ (a), and
by the rough location of the primes p; and ¢g;, which we encode in the selection of
intervals [u;, v;] (cf. Lemma 2.5). Finally, we apply and sum over both
d and the possible selections of intervals; this gives an estimate for the number of
¢ (a) which is smaller than (Vy(x) + V5 (x))/(log, x)4, for any fixed A.

In our application, conditions (i)—(v) of are either immediate from
the definitions, or are readily deduced from the defining properties of <7 and <7, .
Conditions (a) and (b) are rooted in the observation that while neighboring primes
in the prime factorization of a (or a’) may be close together (requiring us to allow
[t4; 41, vit1] = [ui, vi]), the primes p;(a) and p;y2(a) are forced to be far apart
on a double-logarithmic scale. Indeed, since (xi(a; x), ..., xz(a; x)) € .7L(§),

shows that x; 2 < 30%x; < 0.9x;.

Proof. We consider separately the prime factors of each shifted prime lying in each
interval (v; 41, v;]. ForO< j <k—1and 0 <i <k, let
k—1 k—1

siim= [ p si;om= ] p*  si=df[]si=e[]s,
pllpj—1 rll(g;+1) Jj=0 Jj=0

PLUY; PV
Also, forO< j<k—1land 1 <i <k, let

5/ k-1 k—1

_Si—1,j ;o Vi, _ _ /
Lij= —, ti,j_ T, ti_l_[ti’j_l_[ti,j'
i, j Si g 5 ;
’ =0 j=0

For each solution & = (po, ..., pk—1. f+ qo, - - -+ Gk—1, €) of [4-1)] let
0 () = (8i5 81,00+ s Sik—1> f1 8] 0v -2 Si 10 €}
T () ={tis 1100 -tk Lt oo o g0 1)
Defining multiplication of (2k 4/ 4 2)-tuples component-wise, we have
oi— () = 0i(A )T (). (4-2)

Let &; denote the set of o;(7) arising from solutions 7 of [(4-1)| and T; the
corresponding set of 7;(.27). By|[(4-2)| the number of solutions of [(4-1)| satisfying

the required conditions is
Sol= > L 4-3)

01661 ‘[1611
0’1‘[1660

First, fix o1 € G;. By assumption (v) in the lemma, #; o > yl/ 2. Also,

n=n0="to<y/s.,
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t1 is composed of primes > vy, and sq,f; + 1 and s{ oft — 1 are prime. Write

t =1,Q0, where Q = PT(t1). Since py is an S-normal prime, |(2-2) gives that
0> tll/Q(tl) > tll/Q(p"_l) > yl/(ZQ(po—l)) > yl/(610g2 y)’

Given 17, implies that the number of Q is O (y(log, y)/(s1] log’ ¥)).

Moreover,
Zt I1 (1+ + 2+ )<< llogvy — (log y)! ™",
1 v <pLy &

Consequently, for each o1 € &1,

y(log, y)°
2 1K oy (4-4)
rleil
01f1€60

Next, suppose 2 < i < k. We now apply an iterative procedure: If v; < v;_1, we

use the identity
DD DD D @5)

01;166,' 1 O',EG ‘L’,ET
g ‘L’,EG, 1
If v; = v;_1, then[(4-5) remains true but contains no information, and in this case
we use the alternative identity

1 1 1
o=y = > = (4-6)
5 5 ;
o 1€Giy ! 0i+1€6;+1 ' Ti+1€%i41 i+l

0i+1Ti+1€6;—1

We consider first the simpler case when v; < v;_1. Suppose 0; € G;, 1; € T;

and 0;7; € 6;_1. By assumption (i), t; =tio---tij—1 =t -t ,_,. In addition,

Sii—ttii-1+1=p;_yands/._t/. ,—1=gq;_, are prime. Let Q := P*(t;;,_1),

i,i—1%,i—1
Q= P+(ti’l._1), b:=t;;—1/Qand b’ := tl./’i_l/Q/.
We consider separately ¥; 1, the set of 7; with Q = Q" and F; », the set of 7; with

0 # Q'. First,
- <L ) Z
‘L’,E‘:‘: 1 b b Q
O 71661 1
where /(t) denotes the number of solutions of ;o - - -t;; _2b=t =1t/ ,---t], b/,

and in the sum on Q, s; ;_1bQ + 1 and slf’l._lb/Q — 1 are prime. By , the
number of Q < zis <« z(logz) ™3 (log, y)3 uniformly in b, b’. By partial summation,

> é < (log, y)* (log y) i1

O>uiy
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Also, h(t) is at most the number of dual factorizations of ¢ into i factors each, that
is, h(t) <i**®, By|(2-1), Q(¢) <i(v;_1 —v; +8)log, y =: I. Also, by assumption
(iii), ¢ is squarefree. Thus,

h 20 g
PR P ﬁ] ,

t j<I
where
1
Z =< (i-1—v)log,y+1=H
p
Vi <pLVi-1
By assumption (a), v;_; —v; = 26§, hence I < %iH < %izH. Hence,
2 1 j L ,
SO (EEY ST L < it exp(r) = (log y) e )
t 1 — j!
t J<I
This gives

51 < (logy )? (log y) -1 H (10D 0150,

For the sum over ¥;,, set t;, = tQQ’. Note that rQ" = t;0---1;;—2b and
tQ =t/ -t b, s0Q|t]y---t/;, ,b'and Q" |t; - t;;—2b. If we fix the factors
divisible by Q and by Q’, then the number of possible ways to form 7 is < i?%®
as before. Then

j292(0)+2

=X <X

‘L’,GT,Z
UITIEGt 1

b Z 00"

where s;;—1bQ + 1 and 57 ;_b'Q" — 1 are prime. By the number of
0 < z (respectively Q' < 7) is K z(logz)~ 2(log2 y)2. Hence

2

0.0

1
< (log, y)*(log y) i~
00’ ?
Combined with |(4-7)} this gives X « i2(log, y)*(log y)~2#i-1+(+iloghvi1—vi+d)
From (a) and (b), i2 < k% < (log, y)z. Adding ¥, and X, shows that for each o;,

Z l < (10g2 y)6(10g y)—zﬂi—l+(i logi—l—i)(vi,l—vi-‘ré)‘ (4-8)
‘L’,'EZ:,' ti
O',"L’iEGi_]
We consider now the case when v; = v;_y. Set Q1 := Pt (ti11,-1), Q2 =
P*(ti14), Q3= PT(t,,;_)), and Q4 := P*(t/ ;). From (iii), we have that
01 # Q> and Q3 # Q4. Moreover, letting b; denote the cofactor of Q; in each
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case, we have that

Si1,i—1b1Q1+1=p;_1, Siy1,1h303 —1=¢q;1, 4.9)
Si+1,ib202+ 1 = p;, Siy10aQa—1=gq;.

Since there are now several ways in which the various Q; may coincide, the
combinatorics is more complicated than in the case when v; < v;_;. We index
the cases by fixing the incidence matrix (§;;) with é;; =1if Q; = Q; and §;; =0
otherwise.

Write D = ged(Q1 02, 030Q4), and let Q := Q,0,/D and Q' := Q304/D, so
that D, 0, and Q' are formally determined by (6;;). Then Q Q' |4, and writing
tiv1/D=1tQQ’, we have

1O =tit10ti41,1 - lix1,i—2b3b4, (4-10)

th = z'/+l,0ti/+l,l e ti/+l,i—2b1b2- (4'11)

We now choose which terms on the right-hand sides of [(4-10)| and [(4-11)| contain
the prime factors of Q and Q’, respectively; since 2(Q) < 2 and Q(Q’) < 2, this
can be done in at most (i + 1)* ways. Having made this choice, the number of ways
to form ¢ is bounded by (i + 1)?%® and so

1 (i+1)252(t)+4 1
— < A max —_—. 4-12
2 fiy1 2 t bl,bz,ba,lmz DQQ' (12
Ti+1€%i41 t
Oi1Ti+1€6;_1

Itis easy to check that DQ Q' =[] 7 Qj» where 7 indexes the distinct Q ;. For
each j € _Z, let n; be the number of linear forms appearing in ((4-9)|involving Q ;.

Since each of these n; linear forms in Q; is prime, as is Q; itself,
implies that the number of possibilities for Q; < z is K z(log 2) "% (log, y)t1,
and so

> L < (log, )" (logu;—1) ™" < (log, y)" ! (log y) ~"#i-1,
Qjzui—y J

uniformly in the choice of the b’s. Since Zjej nj =4 and Zjej 1 <4,
1 1 —dy,
> 5o <11 ( > —) < (log, y)*(log y) -1, (4-13)
DQQ" ~ Qj
je s N0 Zuioy

The calculation |(4-7), with i replaced by i + 1, shows that

Z (i+lt)2mt) < (log y)((i+1)+(i+])IOg(i+1))(Ui_Vi+l+5). (4-14)
t
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Combining [(4-12)] [(4-13)], and [(4-14)| shows that

Z i <G+ 1)4(log2 )8 (log y)~4i-1+H(+D+HHD I0g(-+1D) 04 =vis1+9)
l
(4-15)

Ti+1€%i41
0i+1Ti+1€6; -

< (log, y)12(10g y)*ZMHJr(i log i+i) (vi—vi—1) =2 +(({+1) log((+1)+(+1)) (vi+1—v; +8)

where in the last line we use that v;_; = v; and (i + 1)* <k* < (log, y)4.

Using [(4-3)] [(4-5)} and [(4-6)] together with the inequalities [(4-4)] [(4-8)} and
we find that the number of solutions of is
1

k . —1)- 7 7 7 — .
< y(clog, y)* (log y) 27" i iz =y log i) =2uti "

UkEGk

where ¢ is some positive constant. Note that the exponent of log y is

k—1

<-2+4) avi+E.
i=1
It remains to treat the sum on o;. Given s,’( = st /d, the number of possible oy is

at most the number of factorizations of s,’c into k + 1 factors times the number of
factorizations of ds into k + 1 factors, which is at most (k + 1)@ (k + 1)%00).
By assumptions (i) and (iv), Q(s,/() < 4(k+1)log, vg. Thus,

Sk d
ok €6y P (sp)<ve
k1)@ (1o v, ) 8K+ logk+1)+1
<<( + D' (log dk) ‘

1 _ (kD@D (4 1)8*+D logy ue 1
— < il
)3 > oy

5. Counting common values: Application of

In this section we prove the following proposition, which combined with[Cemma 3.2

immediately yields Throughout the rest of this paper, we adopt the
definitions of L, the &;, S, J, and @ from and

Proposition 5.1. Fix A > 0. For large x, the number of distinct values of ¢ (a) that
arise from solutions to the equation

¢(a)=o0(d"), with (a,d") € dy x s,
is smaller than (Vy(x) + Vs (x))/(log, x)A.

Let us once again recall the strategy outlined in the introduction and in the

remarks following Let (a, a’) € @7y x </ be a solution to ¢ (a) = o (a’).
Let p; := p;(a) and g; := p;(a’), in the notation of We choose a cutoff
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k so that all of pg, ..., px—1 and qqo, . .., qk—1 are “large”. Then by condition (1)
in the definition of the sets <7/, neither p? | a nor g? | @', for 0 <i <k — 1. Fixing
a notion of “small” and “tiny”, we rewrite the equation ¢ (a) = o (a’) in the form

(po=1)---(pr—1 =D fd=(qo+ 1) (qx—1+ De, (5-1)

where f is the contribution to ¢ (a) from the “small” primes, d is the contribution
from the “tiny” primes, and e is the contribution of both the “small” and “tiny”
primes to o (a’).

We then fix d and numbers u; and v;, chosen so that u; < P (p; — 1), P*(g; +
1) < v; for each 0 <i < k — 1. With these fixed, Lemma 4.1| provides us with an
upper bound on the number of corresponding solutions to Such a solution
determines the common value ¢ (a) = o (a) € ¥4 N ¥;. We complete the proof of

by summing the upper bound estimates over all choices of d and
all selections of the u; and v;.

We carry out this plan in four stages, each of which is treated in more detail below:

« Finalize the notions of “small” and “tiny”, and so also the choices of d, e,
and f.

o Describe how to choose the u; and v; so that the intervals [u;, v;] capture
PH(p;i—1)and PT(q; +1) forall 0 <i <k — 1.

o Check that the hypotheses of are satisfied.
o Take the estimate of and sum over d and the choices of u; and v;.

5A. “Small” and “tiny”. Suppose we are given a solution (a, a’) € @y X o, to

¢(a)=o0(a’). Setx;=xj(a; x) and y; =x;(a’; x), in the notation of [Section 2B} so
that (from the definition of .7;) the sequences x=(x1, ..., xz) andy=(y1, ..., yr)
belong to .7 (§).

Lemma 5.2. With {z j}JL-zl denoting either of the sequences {x} or {y;}, we have
(i) zj <3¢’ for 1 < j <L,

(i) z1—; > 1350/ /logy x for 0< j < L.

(iii) zj42 <09z for 1 < j<L—2.

Proof. Claim (i) is repeated verbatim from By the same lemma,
z; <30/7'z; for 1 <i < j < L. This immediately implies (iii), since 02 <0.9.
Moreover, fixing j = L, condition (6) in the definition of .7y gives that

i 1 3 ;- i
Zi 2 %Ql Lz > %Ql L/logy x > %Ql L/log, x,

which is (ii) up to a change of variables. U
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Lemma 5.3. The minimal index ko < L for which

log, PT(pi, — 1) < (log, x)/2T</10

satisfies ko ~ (1/2 —€/10)L as x — oo.

Proof. i) shows that the least K with log, px < (log, x)1/2+€¢/10 gatisfies
K < (1/2—¢€/1040(1))L, as x — oo. Since log, P (px — 1) < log, pk, this
gives the asserted upper bound on ko. The lower bound follows in a similar fashion
from [Lemma 5.2(ii) and |[Lemma 2.5| [l

Recall the definition of § from [(3-2)] and put

n:=10L§, sothat n = (log; x)3/2(10g2 x)_l/z.

We choose our “large”/“small” cutoff point k by taking k = kg if xg,—1 — xx, = 20n,
and taking k = kg — 1 otherwise. For future use, we note that with this choice of &,

X1 — X = 20m. (5-2)

This inequality is immediate if k = ko; in the opposite case, by [Lemma 5.2(iii),
Xk—1 — Xk = Xkg—2 — Xkg—1 = Xky—2 — Xk, — 207
> 0.1x5,_2 — 201 > 0.1(log, x)~1/2+</10 _ 205 > 20p.

Note that with this choice of k, we have log, p; > (log, x) 1724e/10 for 0 < i <k—1,
and so condition (1) in the definition of 27 guarantees that each p; divides a to the
first power only, for 0 < i < k — 1. Moreover, from Lemmas [5.2{ii) and [5.3] we
have log, ¢; > (log, x)'/?*</11 for 0 <i < k — 1. So each ¢; divides a’ only to the
first power, for 0 <i < k — 1. Now take

¢(pLpLy1---) if pp_1 # pr,
f=¢pkpry1---pPL-1), di:{ ,,LL b " t B b (5-3)
son®LpLyi---) if proi=pL,
and
e:=0(qrqk+1- ),
and observe that [(5-T)| holds.

5B. Selection of the uj and vj. Rather than choose the u; and v; directly, it
is more convenient to work with the w; and v;; then u; and v; are defined by
uj:=-exp((logx)*/) and v; := exp((logx)"/). Put

logz x+1log 100

=1-
0 log, x

and ¢;:=¢—jn (=1, (5-4)
and note that with vy := 1 and g := o, we have

uo :xl/(l()Ologzx) < xl/logzx < P-‘r(po_ 1), P+(C]0+ 1) <x= o,
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by condition (7) in the definitions of .27 and <7;. To choose the remaining 4 ; and
vj, it is helpful to know that p; and g, are close together (renormalized on a double
logarithmic scale) for 1 < j < k. This is the substance of the following lemma.

LemmaSd4. Ifp; >Sandq; > S, then |xj—y;| < (2j+1)8 <n. These hypotheses
holdif L — j > 2C logy x + 12, and so in particular for 1 < j < k.

Proof. Suppose for the sake of contradiction that y; > x; + (2j + 1)4; since the p;
and g; are all S-normal, this would imply that
Qo@), pj.q) _ Q@@ pj.q))

1 xi—8) < _ <i(yi—x; ’
(J+ )()’j X d) logzx 10g2X J(y] xj+8)

which is false. We obtain a similar contradiction if we suppose x; > y; +(2j +1)4.
The second half of the lemma follows from and a short calculation,

together with the estimate k ~ (1/2 —¢/10)L of O

We choose the intervals [, v;] for 1 < j < k — 1 successively, starting with
J = 1. (We select vy last, by a different method.) Say that the pair {x;, x;;1} is
well-separated if x; — x| = 10n, and poorly separated otherwise.

In the well-separated case, among all ¢; (with i > 0), choose ¢ minimal and ¢’
maximal with

¢'log, x <log, min{P*(p; —1), P*(g; + 1))
< log, max{P*(p; — 1), P*(q; + 1} < ¢ log, x,
and put
wi=¢, v;i=¢'.

In the poorly separated case, j <k —1, by We select [, vil=[m 1, vj41]
by a similar recipe: Among all ¢; (with i >>0), choose ¢ minimal and ¢’ maximal with
¢'logy x <log, min{P" (p; — 1), PT(q; + 1), PT(pjs1— 1), PT(gj+1+ 1)}

<logy max{PF(p; — 1), PT(g; + 1), PT(pjr1—1), PT(gj+1+ D) < ¢ logy x,
and put

vi=vip=¢ and pp=p=¢"

To see that these choices are well-defined, note that by (7) in the definition of
</, we have x;, y; < {o, which implies that a suitable choice of ¢ above exists in

both cases. Also, for 1 <i <k, we have x;, y; > (log, x)~1/2T¢/1 (by
and 53ii). So by Lemma 2.3

log, min{ P*(p; — 1), P*(g; + 1)}/ logy x > (log, x)~'/>+</12,

say. Since neighboring ¢; are spaced at a distance 1 < (log, x)~V 2(log3 x)32, a
suitable choice of ¢’ also exists in both cases.
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For our application of it is expedient to keep track at each step of
the length of the intervals [, v;], as well as the distance between the left-endpoint
of the last interval chosen and the right-endpoint of the succeeding interval (if any).
In the well-separated case, Lemmas [5.4] and [2.5] show that

v; <max{x;, y;}+n <x;+2n,
while

log; x+log4

wj = min{x;, y;} — log, x

n=x;—3n, (5-5)

so that v; — u; < 5n. Also, if a succeeding interval exists (so that j +1 <k — 1),
then v; 1 <max{x;y1, yj+1}+n < xj41 +2n, and the separation between 1 ; and
vj 4 satisfies the lower bound

Wj—=Vjtl 2 Xj —Xjp1 =510 2 5. (5-6)
In the poorly separated case, we have
vi Smax{x;, yj, Xj1, yj+1}+n=max{x;, yj} +n < x; +2n,

as before, but the lower bound on w; takes a slightly different form;

. log; x+log4
/’Lj>mln{xj’yj5xj+layj+l}_g31T2xg_
log; x+log4
> (=) = 25 =0 > x =30 2 x = 130, (57)

so that v; — pu; < 157. In this case, since v; = vy and ;= w41, the succeeding

interval (if it exists) is [ 42, vj12]. By [Lemma 5.2iii),

Xj—Xj42 = 0.1x; > 0.1(logy x)~1/2+</10 5 20y,
say. Thus, v; o> <max{x;i2, yj42} +n < xj32+2n < xj — 18, and so
Mjr1—Vjpa=pj—Vvjy = (x; —13n) — (x; — 18n) = 5n. (5-8)

At this point we have selected intervals [, v;], for all 0 < j <k —1. We choose
v = ¢, where ¢ is the minimal ¢; satisfying ¢ > x; + n. Note that

log, S/log, x = 361log; x/log, x < (log, x)~'/2¢/11

<X <& =we <xe+2n.
Thus, vx > S. From [(5-5) and [(5-7)} px—1 = xx—1 — 31, so that also
k=1 — Vk = Xg—1 — X — 51 2 157, (5-9)

where the last estimate uses [(5-2)]
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5C. Verification of hypotheses. We now check that may be applied
with y = x. By construction, § < vy < vp—1 < --- < vp = x, and u; < v; for all
0<i <k—1. Moreover, if [t j, v;] #[p;—1, vj—1] (Where 2 < j <k—1), then from
[(5-6)]and [(5-8)} wj—1—v; =57 =50LS > 28, and from[(5-9)} ux—1 —vi = 151 > 26.
Thus, condition (a) of[Lemma 4.1]is satisfied. It follows from our method of selecting
the w; and v; thatif v; = vy, then (again by [5-8)) vj12 < pjr1—5n <vjp1 =V,
which shows that condition (b) is also satisfied. Moreover, since v; > x;, we have
P*(d) < pL < pr < vr. So we may focus our attention on hypotheses (i)—(v) of
We claim that these hypotheses are satisfied with our choices of d, e,

and f from and with
l:=L—k. (5-10)
Property (i) is contained in (2) from the definition of .»7;. By construction,
ui <P (pi—1), PY(gi+1) <

for all 0 < i <k — 1, which is (ii). Since vy > S > log y, property (iii) holds by
(1) in the definition of «7y. The verification of (iv) is somewhat more intricate.
Recalling that v > xy, it is clear from [(5-3)] that

P(f) < pr < vk

To prove the same estimate for P (e), we can assume e # 1. Let r = P T (e), and
observe that r | o (R), for some prime power R with R || gkqk+1 - - - . If R is a proper
prime power, then from (1) in the definition of <7, we have

r <o(R) <2R <2(logx)? < v.

So we can assume that R is prime, and so R < ¢ and r < PT(R+1) <max{3, R} <

qx- But by [Lemma 5.4}
log, gr/logy x = yp < xp + 2k + 1)8 < xx + 1 < .

Thus, P (e) =r < v. Hence, P*(ef) < vi. Turning to the second half of (iv),
write py - - - pr—1 = AB, where A is squarefree, B is squarefull and gcd(A, B) = 1.
Recalling [(2-2)] we see that

Q(p(A)) <32(A) log, v < 31 log, vy,

with [ as in [(5-10)l Let B’ be the largest divisor of a supported on the primes
dividing B, so that B’ is squarefull and B | B’. By (1) in the definition of <7, we
have B’ < (logx)2. If B’ < exp((log, x)'/?), then (estimating crudely)

Q(¢(B)) < Q(#(B) <2logp(B') <2log B' < 2(log, x)'/2.
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On the other hand, if B" > exp((log, x)1/2), then by (4) in the definition of .7 ts

Q¢(B)) < Q(p(B") < 10log, ¢(B') < 10log, B’ < log; x.

Since log, vk = vk log, x > nlog, x > (log, x)'/2, we have we have Q(¢(B)) <
2log, vk in either case. Hence,

Q(f)=Q(p(A) + (o (B)) < Bl +2)log, v < 4llog, v,

which completes the proof of (iv). Finally, we prove (v): Suppose that b > x!/3 is a
divisor of pg — 1. Recalling again [2-2)]

1 1 1
P+(b) > pl/ 2 po—1 > p3logx > x 9log,x . 5 T00Tog, x > vy

Thus, setting b to be the largest divisor of pg — 1 supported on the primes < vy, we
have b < x!'/3. From|(3-3)|and conditions (0) and (7) in the definition of Ay,

a x/logx
_ - 1//1055 - x095,
pip2p3--- X P1

Po

say. Thus, (pg — 1)/b is a divisor of pp — 1 composed of primes greater than v,
and of size at least (pg — Dx~1/3 > x%/10x=1/3 5 x1/2,

SD. Denouement. We are now in a position to establish and so
also Suppose that k and the u; and v; are fixed, as is d; this also

fixes | = L —k. By whose hypotheses were verified above, the
number of values ¢ (a) coming from corresponding solutions to ¢ (a) = o (a’), with

(a,a’) € Ay x Ay, is
< g(c log, 0% (k + 1H2@ (log vy ) Bk+D log (kD +] (logx)_2+2f=_ll aivi+E
< 2 exp(0((logs x)*) L@ (log vp) " (log x) 2 Zi=t a5+ E | (5.11)

where

k—1 k k—1

k—1
E'=E+) aii—x)=8) (ilogi+i)+2) (vi—um)+ ) ai—x).
i=1 i=2 i=1 i=l

By our choice of v; and ; in[Section 5B] we have v; — u; < n and v; —x; < 1.
Hence,

k—1
E' < 38L%logL + n(L + Za,-) &« S8L*logL+nL*logL < 8L>logL.

i=1
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In combination with (8) from the definition of .27, this shows that the exponent of
log x on the right-hand side of [(5-11)[is at most —1 —w+ E’ < —1 — w/2, and so

(log x)—2+2f;11 aixi+E (logX)_l eXp(—%(lng x)l/2+e/2)‘

Moreover, by [Lemma 5.3|and [Lemma 5.2(3i),

v < xx + 21 < (logy x) /27 42y < (log, x) 7123, (5-12)

and hence

(log Uk)L2 = exp(L2(log, x)vi) < exp((log, x)/2</%).

Inserting all of this back into[(5-TT)| we obtain an upper bound which is

LQ(d)

< P

exp(—%(logz x)1/2+5/2) (5-13)

log x

Now we sum over the parameters previously held fixed. We have k < L; also,
for i >0, each p; and v; has the form ¢; of [(5-4)] Thus, the number of possibilities
for k and the u; and v; is

S L1+ 7' D < exp(0((logs x)?)). (5-14)

Next, we prove that
Q(d) < (log, x)'/? (5-15)

uniformly for the d under consideration, so that
L2 Lexp(0((log, x)'/*log, x)). (5-16)

Put m := prpr+1---. Suppose first that p; # py_1, so that m is a unitary divisor
of a and d = ¢(m). If m < exp((log, x)1/2), then follows from the crude
bound Q(d) < logd. On the other hand, if m > exp((log, x)!/?), then from (4)
in the definition of %%, we have Q(d) = Q(¢(m)) < log, m. But by (3) in the

definition of .7 and i),

logy m < log, p; " < logs x +log, pr. < logy x + 0% log, x

< logy x + Q_ZV 10g3xQLO log, x K Q_ZV logs x log; x < exp(0(y/logs x)),

which again gives Suppose now that p;, = p;_;. In this case, let m’ be
the largest divisor of a supported on the primes dividing m. Then d | ¢ (m'), and
50 Q(d) < Q(p(m')). Write m' = pjm”, where j >2 and py {m”; both pj and
m" are unitary divisors of a. We have Q (¢ (m")) < (log, x)!/2, by mimicking the
argument used for m in the case when py # pr_1. Also, Q((j)(pi)) < (log, x)1/?
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except possibly if pi > exp((log, x)!/?), in which case, invoking (1) and (4) in the
definition of .27,
Q¢ (p])) < 10log, p(pl) < 10log, pi < 10log, (log? x) < log; x.
So
Q(d) < Q@(m)) = Q@ (p))) +Q(p(m")) < (log, x)'/?,

confirming

Referring back to|(5-13)] we see that it remains only to estimate the sum of 1/d.
Since Pt (d) < vy, |(5-12)| shows that every prime dividing d belongs to the set
P = {p :log, p < (log, x)!/?+¢/3}, Thus,

1 1,1 1/2+€/5
i< ]‘L(l+;+?+---> < exp((log, x)!/2+/3). (5-17)
pe.

Combining the estimates [(5-13)} [(5-14)} [(5-16)} and [(5-17)] we find that
/ / X €
#o(@) a €y d €y, §(a) =0 (@)} < o exp(=(logy )P,

which completes the proof of [Proposition 5.1] and of [Theorem 1.1}
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Galois representations associated with
unitary groups over Q

Christopher Skinner

We show that a cuspidal automorphic representation 7 = ), 7¢ of a unitary
similitude group GU(a, b) g with archimedean component T ina regular dis-
crete series has an associated (a + b)-dimensional p-adic Galois representation
with Frobenius eigenvalues given by the local base change parameters for all
primes £ such that 7, and GU(a, b) are unramified.

1. Introduction

In this paper we explain how results of Morel [2010]] on the cohomology of the
noncompact Shimura varieties associated to unitary similitude groups over Q can
be combined with results of Shin [2011]] on the cohomology of certain compact
Shimura varieties and with certain analytic results — most notably the stability of
the gamma factors arising from the doubling method for unitary groups [Lapid and:
Rallis 2005} |Brenner 2008] — to prove that a cuspidal automorphic representation
7 of GU(a, b) g with archimedean component in a discrete series and regular (in a
sense made precise below) has an associated (a + b)-dimensional p-adic Galois
representation with Frobenius eigenvalues given by the local base change parameters
for all primes £ such that # and GU(a, b) are unramified. Our motivation for this is
the use in [Skinner and Urban 2010] of these p-adic Galois representations in the
case (a, b) = (2, 2) to prove the Iwasawa—Greenberg main conjecture for a large
class of modular forms. The main results include Theorems A and B below, whose
proofs are intertwined.

Let K be an imaginary quadratic field of discriminant dx. Letn =a+bbe a
partition of a positive integer n as the sum of two nonnegative integers a and b.

Then
1,
Jop =
, ( )

This work was partially supported by the grants DMS-0854974 and DMS-0701231 from the National
Science Foundation.
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defines an Hermitian pairing on the space V := K". Let G := GU(a, b) jg denote
the unitary similitude group over (0 of the Hermitian pair (V, J, ). The L-packets
of discrete series representations of G(R) are naturally indexed by the irreducible
algebraic representations of G,k (see [Section 4.1). By a regular discrete series
representation of G(R) we will mean one belonging to an L-packet indexed by a
representation with regular highest weight.

Let H := Resk,0(G, x GL,). For any Q-algebra R, let (x, g) — (X, g) be
the involution of H(R) = (R ® K)* x GL,(R ® K) induced by the nontrivial
automorphism of K, and let 6 be the involution defined by 6((x, g)) = (%, X’ gz h.
Note that an irreducible admissible representation o of H(Ag) is given by a pair
(¢, 7) consisting of an admissible character ¥ of A and an irreducible admissible
representation T of GL,(Ak) and that o = (¢, T) is f-stable (that is, 0? = o) if
and only if 7V = t¢ and ¢ = ¥ x£, where x, is the central character of T and the
superscripts ‘v’ and ‘c’ denote, respectively, the contragredient and composition
with the involution induced by the nontrivial automorphism of K. Let BC: /G — LH

be the base change morphism (see [Section 2.3).

Theorem A (weak base change). Let w be an irreducible cuspidal representation
of G(Aq) and let x be its central character (a character of AIX(). Let X (1) be the
finite set of primes £ such that either m, is ramified or £|dg. Suppose ab # 0 and 7,
is a regular discrete series belonging to an L-packet indexed by a representation §.
There exists an automorphic representation o = (Y, ©) of H(Ag) such that:

(@) o =0, ¢ = x5 and xr = x5/ Xn-
(b) Foraprime € ¢ ¥(r), o is unramified, and if ¥y, : Wo, — LG is the Langlands
parameter of wy then

Vo, :=BCo Yy, : Wo, — “H

is the Langlands parameter of oy. In particular, for any idele class character
x of Ag there is equality of twisted standard L-functions

Lyy(s,m X x) = Ly (s, T X ).
(¢) 00 has the same infinitesimal character as £ Q & 0.

There is a natural identification of G/ x with G, x GL,, (see[Section 2.2) and hence
of G(R® K) with H(R), which then identifies £, and hence &9, as a representation
of H(R). The (partial) standard L-function of 7 is as defined as in [Li1 1992} §3].

Let K be an algebraic closure of K and let Gk := Gal(K /K). For each finite
place v of K let K, be an algebraic closure of K, and fix an embedding K — K.
The latter identifies Gg, := Gal(K, /K,) with a decomposition group for v in G
and hence the Weil group Wg, C Gk, with a subgroup of Gg.
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Let p be a prime and @ » an algebraic closure of Q,. Let(: C = Q p be an
isomorphism. Our conventions for Galois representations are geometric.

Theorem B (Galois representations). Let w be an irreducible cuspidal represen-
tation of G(Ag) and let x, be its central character. Let X (1) be the finite set
of primes £ such that either m, is ramified or £|dx. Suppose ab # 0 and 7 is
a regular discrete series belonging to an L-packet indexed by the representation
§. Let o = (Y, 1) be as in There exists a continuous, semisimple
representation p, = p,: Gx — GL, (@ p) such that:

1-n

(@) prpy @ p,1+c€

(b) pr is unramified at all finite places not above primes in ¥, () := X () U {p},
and for such a place w

(Prlwi, )™ = 1Recy (Tw @ Y| - 1§ /2).

In particular,

1—
LZp(ﬂ)(s’ Pr) = LE,,(ﬂ)<S + Tn, T X lﬂ>

(c) Forv|p, prlcy, is potentially semistable of Hodge—Tate-type &.

(d) If p & X(v) then

(d) If p & T(7) then for any v|p, prlcy, is crystalline. Moreover, for any j in
Hom@p_alg(l( v, Qp) the eigenvalues of the action of the [ K, : Q,]-th power of

the crystalline Frobenius on

Deiis(pr |GKU) ®@p®@,,1<u,j @p

are the eigenvalues of the action of Frobenius on (Rec, (rv R Yyl - 1(,] —n)/2)‘

For any irreducible admissible representation « of GL,, (K,), Rec,, () is the Weil—-
Deligne representation over C associated by the local Langlands correspondence,
and (Rec,, (@) is the representation over Q@ p obtained by change of scalars via .
For pz |Gy, to be of Hodge-Tate type & means that the Hodge-Tate weights can be
read off from £ in a prescribed way (see [Section 4.4)).

As the proof of shows, there is a partition n =m1 +- - - +m, such that
the representation 7 in[Theorem Alis of the form v = r; H- - -Ht, with 7; a cuspidal
automorphic representation of GL,,, (Ak) such that 77 = ‘L'iv and 0; :=1; @|-|"i—™M/2
is regular algebraic in the sense of [Clozel 1990]. Then the representation p, of
is just py ® (@le ,oai,t), where p,,, is the m;-dimensional p-adic
Galois representation associated to o; (oo, is obtained from [Shin 2011]).

The theory of pseudorepresentations in combination with congruences between
automorphic forms allows the weakening of some of the hypotheses of[Theorem B|—
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cases where ab = 0 or where £ is not regular can be allowed. But we do not include
this here.

If Q is replaced by a totally real field of degree greater than one, then the analogs
of Theorems [A] and [B] are known, the weak base change having been proved by
Labesse [2011]]. Furthermore, versions of these theorems have been proved by
Morel [2010], who proves but with ¥ () replaced by an indeterminate
set of primes, and by Harris and Labesse [2004]], who require additional conditions
at some finite primes. The work of Morel is the starting point of our proofs.

Our proofs of Theorems [A] and [B] proceed essentially as follows. By results
of Morel, an automorphic representation o = (¥, 7) of H(Ag) as in[Theorem Al
exists but with ¥ (;r) replaced by an indeterminate set S © X (). Furthermore,
T is a subquotient of an induced representation IndgL” (®;:1 ri) with P C GL,
the standard parabolic associated with a partition n = m| + - - - + m, and each
7; a discrete representation of GL,, (Ag) such that 7 = rl.v. By considering
absolute values of Satake parameters, it follows from the work of Mceglin and
Waldspurger characterizing the discrete series representations of GL,,, (Ag) that
each 7; is cuspidal, and a consideration of infinitesimal characters yields that
o; '=1;®|-|" /2 is algebraic with the same infinitesimal character as a regular
irreducible representation of Resg /oGL,,;. The regularity of & is used in both these
arguments. Then pr, := py @ (Bi_; ps;.1), With p,, , being the representation
deduced from the work of Shin, satisfies conclusions (a), (b), and (c) of
with () replaced by S. It then remains to show that (b) of also
holds for £ € S but £ ¢ X (), for then (b) and (d) of follow from
the corresponding results for the p,, ,. To obtain (b) of for such an ¢
we first observe that the representation /\” p;, is unramified at the places w|{.
This is because Morel has essentially shown that this representation appears in
the intersection cohomology of a Shimura variety associated to w that has good
reduction at w|¢ (some argument is required to reduce to the nonendoscopic case);
this is another point at which the regularity of £ is used. Then the local-global
compatibility satisfied by the p,, , implies that there is a finite order character
xe of K L,X such that each 7; , ® x, is unramified, and hence a principal series
representation of GL,,, (K,,) with Satake parameters all having the same absolute
values (again using regularity of &). This information is then combined with that
coming from the y-factors of the standard L-functions. Lapid and Rallis have
defined local y-factors y (s, m, X x,) for the standard L-function of & such that

Lss.mx )= [] v@.mxx)xLsl—s,7¥xx™,
veSU{oo}

and Brenner has proved stability for these y-factors at nonarchimedean places.
Comparing this with the functional equation for Lg(s, T x x) and choosing a global
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character y with £-component x, and with sufficiently ramified g-components x,
for £ # g € S yields an equality between y-factors for 7 and
Ty (s, e X xe) = (S, Te X xeo)-

Comparing the definitions of these gamma factors and exploiting some freedom in

the choice of x, and x then yields conclusion (b) of
After some preliminary remarks fixing notation for unitary and related groups in

[Section 2] in[Section 3| we give the analytic arguments involving L-functions and
y-factors. In we then recall the results of Morel and Shin and explain
how Theorems [Al and [B] follow.

2. Preliminaries

We adopt the following notation and conventions.

2.1. Galois groups and representations. Let Q be an algebraic closure of @ and
let K C @ be an imaginary quadratic field of discriminant dx. For F = Q or K, let
Gr :=Gal(Q/F). Let Wr be a Weil group of F; this comes with a homomorphism
to G . For each place v of F fix an algebraic closure F,, of F, and an embedding
Q < F,. The latter identifies G F, := Gal(F,/F,) with a decomposition group in
Gr. Let W, be the Weil group of F,; for a finite place v, Wr, is a subgroup of
G F, and so is identified with a subgroup of G r. Fix a homomorphism Wg, — Wg
compatible with the fixed inclusion G, C Gr. We denote the action on K of the
nontrivial automorphism in Gal(K/Q) by x +— x. For simplicity, we also fix an
embedding K < C (equivalently, an isomorphism K , = C).

Let p be fixed prime and ¢ : C s p a fixed isomorphism. Our conventions for
p-adic Galois representations are geometric: L-functions of representations of G ¢
or G, are defined by taking characteristic polynomials of geometric Frobenius
elements.

For an algebraic Hecke character of Ay (50 xoo(x) = sgn(x)"x’ if F = Q and
Xoo(x) =x"x"if F =K, for some r, t € Z) let

Px =IO)(,L:GF_)@;7<

be the p-adic Galois character such that Ly, (s, py) =Lip(s, x). Thene:Gr — Z}
is the p-adic character associated to the norm | - | character of A} ; this is the
p-adic cyclotomic character: for a geometric Frobenius frob,, v{ poo,

€(frob,) = Norm(v)_1 .

2.2. The groups: G, Gy, H, and Hy. Let ny, ..., n; be positive integers and
n:=ny+---+n;. Foreachi =1, ...,k let n; =a; + b; be a partition of n; as a
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sum of two nonnegative integers. Let

1,
J,' = Jaivbi = ( ! 1 >
—1y,

Then J; defines a Hermitian pairing on K. Let
G=GU(ay, b)) x---xUlak, b)) )0

and let u : G — G, be its similitude character. That is, for any Q-algebra R,

k
G(R) = {g = (g1,....g0) € [] GLn,(R®K) : 31 € R* such that g; J'g; = AJi}
i=1

and u(g) = A. Here g +— g is the involution of GL,,(R ® K) defined by the action
of the nontrivial automorphism of K. Let Go := U (ay, by) x - - - x U (ax, by) be the
kernel of .

For any K -algebra R there is a natural isomorphism RQ K => RX R, r @ x >
(rx, rX). Using this, we identify Gk with G, x []-_, GL,,:

k k
g=(g}.8/) € G(R) C [ [ GLy,(R® K) = [ | GLu (R) x GL,,(R)
i=1 i=1
is identified with (u(g), (gl)) € R* x ]_[l | GL,; (R). Then Go/x is identified with
the subgroup l_[l  GL,,.
Let H :=Resg/0G k. Then H/k is identified with G,x x G k. The identifica-
tion of G, with G,, x []+_, GL,, identifies H with

k
Resk0Gm x [] Resg/@GL,, .
i=1

Let 6 be the involution of H defined by
0(x, () = (¥, (3" ).

Let Hy := Resg;0Go. Note that 6 also defines an involution (g;) — (fgl.—l) of Hy.
An irreducible admissible representation of H (Aqg) is given by a tuple (i, (t;)) with
¥ an admissible character of Ay and each 7; an irreducible admissible representation
of GL,, (Ag).

2.3. Dual groups and L- -groups. The identification of G, with G, x ]_[l | GL,,
also identifies the dual group G with C* x ]_[ _; GL,, (C), with Gg acting through
the quotient Gal(X /Q) and the nontrivial automorphlsm ¢ € Gal(K /Q) acting by

k

c(x, (8) = (x ]_[detgi, (<I>;,.“g,-1<l>n,-)>,
i=1
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where b, = (q)m,ij) = ((—1)i+18i’m_j+1). Put LG = 5 X W@. Similarly,
50 = ]_[f.‘:1 GL,, (C) with the same action of Gg; let LGy = 60 x Wg. The
L-homomorphism corresponding to taking an irreducible admissible Gy(Ag)-
constituent of an irreducible admissible G (Ag) representation is the projection

LG = LGy, (x, (g) xw > (gi) X w.

Since H/x = Gk X Gk, H = G x G with the action of G@ again factoring
through Gal(K /Q) and with c(x, y) = (c(y), c(x)). Slmllarly, HO GO X 60 with
the same action of Gq. Put LH := H x Wg and LHy := Hy x Wg. The diagonal
embedding G—> H=GxGis G @-equivariant; its extension to L-groups

BC: G —>'H

is the base change map. Let BC : G — Hj be the similarly defined map.

3. L-functions and y-factors

In this section we prove the key analytic ingredient of our proof of Theorems
and We assume in the argument that Go = U (a, b) (that is, k=1).

Let m be a cuspidal automorphic representation of Go(Ag). Let X (;r) be the
finite set of primes ¢ such that either m, is ramified or £|dx. By the principle of
functoriality for the L-group homomorphism BC : “Go — LH it is expected — at
the very least— that there should be a weak base change of w to Hy(Ag). That
is, there should exist an automorphic representation T of Hy(Ag) (equivalently, of
GL, (Ak)) such that for £ ¢ X (i), the Langlands parameter vy, : Wo, — LHy of
7y 1s just BC o ¥y, with ¥, : Wo, — LGy the Langlands parameter of w,. We say
that 7 is a very weak base change of w if there is some set S D X () such that this
relation between Langlands parameters holds for all £ & S.

Proposition 1. Let w be a cuspidal automorphic representation of Go(Aq). Assume
that there exists a very weak base change t of w to Hyo(Aq). If T is a tempered
principal series at every finite place £ & (1), then T is a weak base change of 7.

We deduce the conclusion of this proposition by comparing L-functions and
y-factors. Let R := Reskx;0G,,. Then R = C* x C* with Gg acting through
Gal(K /Q) and the nontrivial automorphism ¢ of K acting as c(x1, xp) = (x2, x1).
LetLR:= R x Wgo. Let w be a Hecke character of Ag. Then w is an irreducible
admissible representation of R(Ag) =A X ; we let ¥, 1 Wo, — —LR be the Langlands
parameter associated with w; := ®v| ‘ a)v (coming from class field theory) The
L-groups of Gog x R and Hy x R are L(Go x R) = LG, X Wo LR = (Go X R) x Wao
and (Hy x R) = “Hy xw, “R = (Hy x R) x Wg, with Wg acting on each factor.
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Let v and 7 be as in the proposition. The unramified local L-factors L(s, 7wy X wy)
of the standard L-function of w x w are the L-factors associated with the represen-
tation ry; : “(Go x R) = GL2,(C),

1,
ra((g, (x1, %)) x 1) = (x‘g RPN ) ru(131¢) = (1 )

If ¢ {dg and 7y and wy are unramified, then
L(s, ¢ x ) = det(1 — £ 7y (Yrz, (froby), Yo, (frobe))) .

Similarly, the local unramified L-factors L(s, Ty X wy) := ]_[U‘ ¢ L(s, Ty X w,) are
the L-factors associated with the homomorphism r;, : L(Hy x R) = GL,,(C),

/ X181 ’ L,
rst(((glv 82), (.X], xz)) A 1) = ( x2q>;]lg21(bn> r.Yt(l el C) = <1n )‘

In particular, ry;, = r}, o (BC x id), so L(s, 7wy X wg) = L(s, T X wy) if £{dg and
7y, T¢, and wy are unramified and ¥, := BCo ¥, (so for all £ & ).

Lemma 2. Suppose £ tdg and 7ty are Ty are unramified. If
L(S, Tty X a)g) = L(S, Ty X a)g)

Sfor all unramified wy, then Y, = BC o {ry,.
Proof. Let

Vg, (frobg) =t X froby, ¢ =diag(ty, ..., t,), and Y, (froby) = (h, h) X froby,

~

h = diag(hy, ..., h,) (¥, must be of this form as 7/ = 7,). Suppose first that £
does not split in K. As frob, = ¢ in Gal(K /Q), the condition that L(s, 7y X wg) =
L(s, t¢ X wg) is just that t; /t,_; = h; / h,—; (after possibly reordering the /;). That
is, t = zh for some z € C*, and so (z, 1)¥, (frobg)(z !, 1) = BC o ¥y, (froby).
Hence, v, is equivalent to BC o Y/,

Suppose that £ splits in K. Let ¥, (frob;) = («, B) x froby. As frob, =1 in
Gal(K /Q), the equality L(s, 7, X w¢) = L(s, T¢ X w¢) means that

diag(at, B, 't7'®,) € GLy,(C) and diag(ah, B, 'h~'d,) € GLy,(C)
are equivalent. As o and 8 can be arbitrary, it follows that r and & are equivalent,
so BC o Y, is equivalent to v/,. O

Let S D X () be any finite set of primes such that y,, = BCo ¢, forall £ ¢ S.
The (partial) standard L-functions Lg(s, ¥ X w) and Lg(s, T X w), given by the
Euler products

Ls(s,m xw) =[] L(s, s xwg) and Lg(s, 7 xw) =[] L(s, T¢ X wg)
tgs ¢S
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for Re(s) > 0, satisfy
Ls(s,m xw)=Lg(s, T X w).

The doubling method of Piatetski-Shapiro and Rallis provides an integral representa-
tion of Lg(s, m x w) as well as local y-factors at all places; see [Gelbart et al. 1987,
Part A] and especially [Lapid and Rallis 2005]|. In particular, for each place v of Q,
Lapid and Rallis have defined local y-factors y (s, my X @y) 1= y (S, Ty X 0y, ¥y),
Y, being the standard additive character of K, and proved that the local y-factors
y (s, Ty X w,) are compatible with parabolic induction and are as expected in the
unramified cases. The functional equation for Ls(s, m X w) is then

Ls(s, m X w) = l_[ Y (s, Ty x wy) x Ls(1 —s, ¥ x 0™ ).
veSU{oo}

Comparing this with the usual functional equation for the standard GL,, L-function
Lg(s, T X w) we find that

[] remxoy= ] [lre mwxow. 3.1

veSU{oo} veSU{oo} wlv

where w is a place of K and y (s, Ty, X wy,) is the y-factor defined by Godement
and Jacquet (again using the standard additive characters). For a place v of Q, set
Y (8, Ty X wy) 1= l_[ Y (8, Ty X wy).
wlv

We exploit stability of y-factors. This says that if r; and 7, are two irreducible
admissible representations of Go(Qy), then for x a sufficiently ramified character of
K[, y(s, i x x)=7y(s, m2 X x). This has been proved by Brenner [2008]. Stability
is also known for the Godement—Jacquet y -factors for GL,. Taking 7| = 7, and
7, to be an unramified tempered principal series, we see that if wy is sufficiently
ramified then

(s, e X we) =y (s, m2 X wp) =y(s, T2 X wg) =Y (8, T X wy), (3.2)

where 1, is the representation of Hy(Q,) = GL, (K¢) having Langlands parameter
equal to the composition with BC of the parameter of m;; 7, is also an unramified
tempered principal series. The first and last equalities in [(3.2)] come from stability,
and the middle comes from [Lapid and Rallis 2005, Theorem 4]: part 1 of this
theorem, together with the hypothesis that 7, is a principal series, reduces the
equality to the minimal cases — the anisotropic cases, which are part 7 of the
theorem, and the isotropic cases, which are part 8§ — plus the analog of part 2 for
the Godement—Jacquet y-factors (compatibility with parabolic induction).

It is easy to see that given any finite set of primes S’ it is possible to find a set
§” > SU S’ and a finite order Hecke character w of Ay such that wy is arbitrary for
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all £ € §’, and wy is sufficiently ramified at all primes £ € §” — S’ and unramified
at all primes not in S”. Taking §' = @&, we deduce from ((3.1)| and |(3.2)| that
Y (8, Too X Weo) = Y (8, Too X Weo). Taking S" = {£}, any prime £, we then deduce

from and that
Y (s, e X we) =y (s, T¢ X wp) (3.3)

always.

Suppose now that £ ¢ X (7). By hypothesis, 7, is a tempered principal series for
v|€. Suppose first that £ is inert in K. Then 1 = 7w (uy, ..., uy) with |u; (x)| =1
forall x €e K ZX. Fix j between 1 and n and choose wy so that i jw, is unramified.
Let I C {1, ..., n} be the set of indices such that u;w, is unramified. Then

1 — piwe(0)€=%
1— 7 wy t(0) 022

x [T (s, miwo.
i¢l

Y (s, T¢g X wy) = 1_[

iel

As pjwy is ramified fori € I, y (s, (i wy) is holomorphic with no zeros. Furthermore,
the temperedness of 7, ensures that there is no cancellation between the numerators
and denominators of the factors coming from the i € I. Therefore, y (s, 7, X wy)
has || > 1 poles. However, if w, is ramified, then, since m, is unramified, it
follows from combining parts 1, 7, and 8 of [Lapid and Rallis 2005, Theorem 4]
that y (s, ¢y X w¢) is holomorphic. So it must be that wy —and hence u; —is
unramified. But j was arbitrary, so each u; is unramified: 7, is an unramified

principal series. Therefore, by

L(1—s,m,)
L(S, 7Tg)

L(l-s,1))

=y, m)=y(s, 1) = L.t

(for the first equality, see part 3 of [Lapid and Rallis 2005, Thm. 4]). As 7, is
tempered, the zeros of the right-hand side are those of L(s, t,)~', while those
of the left-hand side are a priori a subset of those of L(s,)~!. This means
that L(s, 7;)/L(s, ;) is holomorphic. But each of L(s, t,)~' and L(s, ) 'isa
polynomial of degree n in £~ with constant term 1, and so they must be equal.
That is, L(s, m¢) = L(s, t¢). Since an unramified w, equals | - |z for some ¢ € C,
it follows that L(s, 1y @ wy) = L(s +t,my) = L(s +1t, t¢) = L(s, T ® wy), which
implies — by [Lemma 2]— that vy, = BC 0 ¥/r,.

Suppose that £ = vv splits in K. Viewing Q; as a K-algebra via the embedding
that induces v, Gy(Qy) is identified with GL,(K,) = GL,(Q,) and 7, with a
representation 7, of GL,(Qg). Let 3 = ;. Then

Y (s, Ty X w)y (s, T5 X w5) = y (s, m¢ X wyp)

=y (s, Te X wg) =y (5, Ty X wy)Y (s, Ty X w5p).
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The first equality follows from part 8 of [Lapid and Rallis 2005, Theorem 4]. By
choosing w, so that wj is sufficiently ramified but w, is unramified, y (s, 75 X @)
and y (s, T3 X wy) can be assumed to be holomorphic with no zeros. Arguing as in
the nonsplit case then yields that t, is unramified and L (s, t,) = L(s, m,) (recall
that 7, and t; are assumed to be principal series and tempered). Reversing the
role of w, and w; then yields that t; is unramified and L(s, t;) = L(s, m5). As
L(s,my) = L(s, m,)L(s, ), it follows that L(s, 7y ® we) = L(s, ¢ ® wy) for all
unramified wy, which— by again — implies that ¥;, = BC o ¥,. This
completes the proof of

4. o and p,
In this section, k is arbitrary.

4.1. Algebraic representations and discrete series for G(R). Let T C G be the
subgroup of diagonal elements. Then 7 is identified with the diagonal subgroup

G, =G, Mt C G,y x ﬁ GL,,.

i=1
and the character group X (T) is identified with Z!*": to ¢ = (co, c1, . .., cx) € Z! T,
¢; € Z", corresponds the character

n n;

(to, (diag(ti1, .. tin) = 15" TT T1 1

i=1j=1
We take the dominant characters to be those that are dominant with respect to the
upper-triangular Borel B; this is equivalent to ¢;; > ¢j2 > -+ > ¢; . Regular
dominant characters are those where the inequalities are strict. The (regular)
irreducible algebraic representations of G,k are indexed by the (regular) dominant
characters in X (T): to the representation £ corresponds its highest weight with
respect to the pair (T, B).

The L-packets of discrete series representations of G(R) are indexed by equiv-

alence classes of elliptic Langlands parameters v : Wg — LG. The restriction to
Wc = C* of such a i is equivalent to a representation of the form

2> ((z/2)P°, (diag((z/2D)", ..., (2/DP"i)) Xz

with po € Z and p;; € (n; — 1)/2 + Z; the ordering can be chosen so that
Pi1 > > Dir- Let Ci,j ‘= Di,j — (n; —2i + 1)/2. Then Cijl = = Cir
and ¢ = (cp, c1, ..., Ck), co = po and ¢; :=(¢; 1, ..., Ci,r;), 1S a dominant character
of X(T') and so corresponds to an irreducible algebraic representation & of G,k of
highest weight c. This gives a parametrization of the discrete series L-packets by
the irreducible algebraic representations of G,k ; we denote the L-packet indexed
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by & by I1,(£). By a regular discrete series we will mean one belonging to an
L-packet I1;(£) with £ having regular highest weight.

4.2. 0. Suppose a;b; #0 for all i. Let = be a cuspidal automorphic representation
of G(Aq) with 7, € I14(§) for some regular algebraic representation & of G k.
Let x, be the character of the scalar torus Resx /oG, C G determined by 7 (an
algebraic Hecke character of Ag). Let X (i) be the finite set comprising the primes
£ such that either 7, is ramified or ¢|dg. Let ¢ € X(T') be the (regular) highest
weight of £. Put i(c) := (¢, —¢}, ..., —c}), where if ¢; = (ci1, ..., cip,) then
¢ = (Cin»---,¢i,1) and ¢ :=co + Zle Z;h:l ci,j- Then i(c) is also a regular
dominant character in X (7).

The weight of an irreducible algebraic representation of Gk is the integer m
such that the action of the central torus G, C G is given by x — x™; the weight of
the representation & with highest weight ¢ € X(T') is ¢y + c;,.

It follows from the proofs of Corollary 8.5.3 and Lemma 8.5.6 in [Morel 2010] —
see especially the top paragraph on page 156 there — that there exist partitions
ni =m;+---+m;,, with each m; ; > 0, irreducible automorphic representations
7 j of GLy, ;(Ak), and a finite set of primes § D X () satisfying the following
conditions:

e T7; ; is discrete.

c  __ vV
* L=t

e For £ ¢ § and v|¢, each 7; ; , is unramified.

eLet £ &S, v|¢, and let 7;, be the unramified irreducible subquotient of
IndgL"i (® j T jv) and oy the irreducible representation of H(Q;) defined
by the tuple (®v\5 xS, (®U|€ Tiv)). If ¥, is the Langlands parameter of r,

then BC o ¥, is the Langlands parameter of oy.

. .. GLy; .
« The infinitesimal character of 7; :=Indp, " (); 7.;) is the same as that of the
absolutely irreducible algebraic character of Resg;oGLy, ; of highest weight

_
(ci, =€) x5 (2) = z0Z%.

Here, P; C GL,, is the standard parabolic associated with the partition n; =
miip+---+m,,.

Recall that the infinitesimal character of an admissible representation of GL,, (C)
is an element of arfhc modulo the action of the Weyl group W (gl,, ¢, am,c), where
gl,, :=Lie(GL,,(C)) and a,, := Lie(A,,(C)) with A,, := G C GL,, the diagonal
torus. Identifying C ®g C with C x C via z @ w +— (zw, zw) and C = Lie(C*) (in
the usual way, so the exponential map is z — ¢°) identifies a,, ¢ with C" x C™, and
hence aljl’c :=Homg¢ (a,,c, C) = C™ x C™ (using the dual basis); W(gl,, ¢), aXLC)
is then identified with G, x &,,. An absolutely irreducible algebraic representation
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of Resg oGL,, corresponds to its highest weight with respect to
(Resg/@Am, ResgaBm),
B, C GL,, being the upper-triangular Borel; this is an element of
XResg/0Am) = X(An) x X(Ap)

(the identification being via Resg /@A, /K= A, X Ay) given by a pair of dom-
inant characters of X(A,,) = Z™ (the last identification is the usual one: ¢ =
(Cl,...,Cm) € Z™ corresponds to the character diag(ry, ..., 1y,) > 1" -+ tp";
dominant characters satisfy c¢; > - - > ¢,,, and regular dominant characters are
those where the inequalities are strict). The infinitesimal character of the irre-
ducible representation of highest weight (c1, ¢2) is (c1, ¢2) + pGL,, € C%’C, where
poL, = ((m—-1)/2,(m=3)/2,...,(3—m)/2, (1 —m)/2) is half the sum of the
usual positive roots in gl,,.

As & is regular, if the weight of & is zero (that is, c¢o+c( = 0) then by [Morel 2010,
Theorem 7.3.1], the Satake parameters of 7y, £ ¢ S, all have absolute value 1. The
same is then true of the Satake parameters of 7; ; , for any v|€ as ¥, =BCor,. For
& having general weight m € Z, let 7" and &’ be the twists of 7 and &, respectively,
by the character p(-)™™; then &’ is regular of weight 0 and 7/ € I14(§’). The
representations of the GL,, (Ak) associated to 7" as above are the same as those
associated to m: this can be seen by the relation between Langlands parameters at
£ ¢ S. The case of general weight then follows immediately from that of weight
zero. Therefore, we also have that

o for £ ¢ S, v|{, the Satake parameters of t; ; , all have absolute value I - 7; ; ,
. GLn . . .
is tempered; furthermore, 7; , =Indp (® T, j,v) and is a tempered principal
series.

Lemma 3. Each t; ; is cuspidal, and 0; j :=7; ; ® | - |mi.j=ni)/2 s algebraic and
has the same infinitesimal character as a regular absolutely irreducible algebraic
representation §; j of ResxjoGLuy, ;.

Here o; ; being algebraic automorphic representation of GL,,, ;(Ag) is as in
[Clozel 1990, 1.2.3]: the infinitesimal character b; ; € axl[ C= Cmij x C™iJ of
0i,0 satisfies b; ;4 (1 —m; j)/2 € 2™ x 7™ '

Proof. As 7; ; is discrete, by the main results of [Mceglin and Waldspurger 1989]
there is a factorization m; ; = s; jr; ; and an irreducible cuspidal automorphic
representation «; ; of GLSI.,J. (Ak) such that 7; ; is the unique irreducible quotient of

GLy, ; o o
Indp, . DB Bii=(i ;@ | R @ (@ |,
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where P; ; C GLm,.yj is the standard parabolic associated with the partition m; ; =
si,j + -+ s;; (r;; summands). Since for all but finitely many v the Satake
parameters of 7; ; , all have the same absolute value, it must then be that r; ; =1,
and so 7; j = o j is cuspidalﬂ

Leta; ;€ a:i,;,,d: be the infinitesimal character of 7; ; .. Then the infinitesimal

character of 7; o0 18 g@; := (@i 1, ..., dir,) € arf,-,@' In particular, there exist L', L” C
{1,...,n;} of cardinality m =m; ; such thata =g, ; = (a’, a") € C" x C" with
a’ and a” equal to (ci ¢+ (n; —2€+1)/2)¢er and (—c; ¢+ (2€ —n; +1)/2)err,
respectively. Suppose L' = {¢|,..., ¢, } with ] < €, <--- < ¢, and L" =
{e7,...,€,} with £/ > €7 > ... > £, . Then the infinitesimal character b = b; ; of

oijis givenby b=a+ (m —n;)/2=(d',d") + pcL,, . where
d'=(cig+k—)izksm and d" = (—c; g+ —ni +k)i<kzm-

As pgL, + (1 —m)/2 € 7™, it follows that b+ (1 —m)/2 € Z™ x 7™, so o; j is
algebraic. Also,

ci,Z;( +k—£;€ _Ci,i;{ﬂ_k_ 1 +£;€+1 = Ci,[;{ —Ci,g;CH— 1 +£;€+1 —Z;{ >1
—Ci,g;c/ +E;(/—l’l, +k+Ci’[;(/+l—E,Z+1 “+n; —k—1 :Ci,é}{’ﬂ_ci,%’ +£;</_Z;€/+l —1>1,
so d’ and d” are both regular and dominant. Therefore,
d:=(d,d") e X(An) x X(An)

corresponds to a regular absolutely irreducible algebraic representation §; ; of
Resk /oGL,, with infinitesimal character d + pgL,, = b. |

m

Corollary 4. The cuspidal representations t; j are tempered at all finite places.
Furthermore, each t; is irreducible and tempered at all finite places.

Proof. Choose an algebraic Hecke character x of Ag such that x x¢ = "/,
Then o; ; ® x is a conjugate self-dual algebraic cuspidal representation with infini-
tesimal character that of a regular absolutely irreducible algebraic representation of
Resg /@GLmi,j. Therefore, o0; j ® x is tempered at all finite places by [Shin 2011,

Corollary 1.3]. The claims about 7; ; and 7; follow easily from this. |
Put
Y=yx. and o=, (5)). 4.4)

Then o is identified with an irreducible automorphic representation of H (Ag). This
is a very weak base change of 7 in the sense that the Langlands parameter 5, of
o¢ is BCo Yy, forall £ € S, ¥, being the Langlands parameter of .

IThis can also be seen by considering infinitesimal characters.
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Remark 5. Suppose k = 1. Let my be an irreducible automorphic constituent of
the restriction of w to Go(Ag). Then t = 1] is a very weak base change of 7 to
Hy(Ag) that is tempered at all finite places. By to complete the proof
of it suffices to show that 7, is a principal series for all v|¢, £ & X (7).
This is done in the following by analyzing certain Galois representations associated
with 7.

4.3. p,. Let p : Gx — GL, @ p) be a continuous representation. Let & be an
absolutely irreducible algebraic representation of Resg ,oGL,, with highest weight
(c1,¢2) € X(Ap) X X(Ap) =2" x Z™. Let v|p be a place of K. Recall that p, :=
plGq, being Hodge-Tate means thzit\the graded (@ »®a,K v)-module Dyr ,,(py) :=
(0v ® Bur.0) kv, Bur.y i= D, s K, (1), is a free (@p ®q, Ky)-module of rank m.
By py being of Hodge-Tate type § we mean that for any j € Homg,-aig(Ky, Q,),
the graded @ -module Dygr(py) ®@ 80, Ko j Q p 1s nonzero in degrees i — 1 —cy;,
i =1, .., m, if the restriction of j to K is the fixed embedding K — Q p» =Cand
0therw1se is nonzero in degrees i — 1 —c2;,i=1,...,m.

Let o; ; be as in From [Shin 2011]] we conclude that there exist
representations p; j = po; ;.. : Gk — GLy, ;(Q)) such that

* p;,j is continuous and semisimple,

’

1—m; ;)/2
o for vf p, WD(p;, jIGKU)Fr_SS _ LRGCU(G, in®|- ( —mj j)/ )

Ny —,0”®61 ",
« for each v|p, pi j|G, is potentially semistable of Hodge-Tate type §&; ;,

o for v|p, if 0; ; , is unramified then p; ;|G is crystalline and the eigenvalues
of the [K, : Q,]-th power of the crystalline Frobenius on

Dcris(pi,j |GKU) ®@p®@p KO,x @pa any A € Hom@p—alg(Kg, @p)a

(1 ml/)/Z))

are the Frobenius eigenvalues of (Rec, (O’, o ®|- where K ,? Cc K,

is the maximal absolutely unramified extension.

Here WD(p; |G KU)FI_SS is the Frobenius semisimple Weil-Deligne representation
associated to the p; j|Gy, -

The existence of p; ; follows from [Shin 2011, Theorem 1.2]: As in the proof
of choose an algebraic Hecke character x of Ag such that o; j ® x is
conjugate self-dual; such a character can be chosen to be unramified at any given
finite set of finite places. Then [ibid., Theorem 1.2] applies to o0; ; ® x and we
set p;j ;=R p,L(aiY/ x He ,0;  In Shin’s notation (the contragredients are here
because of the normalization of the local Langlands correspondence in [[Shin 2011]).
By varying the set of primes at which x is unramified we obtain the compatibility
with the local Langlands correspondence at all v{ p. A comparison between the
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eigenvalues of the [K, : Q,]th-power of the crystalline Frobenius eigenvalues and
the Frobenius eigenvalues of the Weil-Deligne representation is not stated explicitly
in |[ibid.]| but can be obtained by appealing to the comparison theorem in [Katz
and Messing 1974]: the arguments in [[Shin 2011, §7] and especially [Taylor and
Yoshida 2007, §2] explain that there is a solvable CM-extension L/K in which
all places of K above p split and such that BCy /x (al.’vj ® x 1) is cuspidal and an
algebraic Hecke character i of A;* unramified at all primes above p such that some
multiple of the p-adic G -representation R, ,(BCy /x (ain x H® Py, 18 cut
out by correspondences acting on the cohomology with constant coefficients of a
self-product of the universal abelian variety over a compact Shimura variety (with
good reduction at v if 07 ; , ® x, 18 unramified). Here BCy /x (-) denotes the base
change lift to GL, (Ay).
Put

pi = @;"zlp,-,j, i=1,...,k,
and
pr = py ® (D=, pi)- (4.5)

Remark 6. Suppose k = 1. Then p, satisfies the conclusions of but
with S replacing X (;r) and with the additional condition that p & S for part (d); the

definition of p, being of “Hodge-Tate type &” is given after [Theorem 10| below.

Proposition 7. For v|{, £ & X (), the representations t; ; , and t; , are tempered
principal series.

Our proof of this proposition will come from an understanding of the ramification
atv|¢, £ ¢ X, (), of the representation

k
rre = py @ Q N pi.
i=1

First, we explain what it means for 7 to be an endoscopic lift. This means that
each n; has a partition n; = n;r +n; as a sum of nonnegative integers with some
;’nj_ # 0 and such that Zf: | n; 1is even, and that there is a cuspidal automorphic

representation y of G'(Ag), with

n

G :=GWU(af,by) xUay,by) x---xUlat,bj) x Ula;, by))

a0 = (| 5] [

such that y is unramified at each prime ¢ ¢ X (i), and for each ¢ € X (m) the
Langlands parameter v, of 7, is the composition of the Langlands parameter v,

and
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of y, with the endoscopic L-group homomorphism
End: ‘G’ — LG,

is defined as follows (see also [Morel 2010, Proposition 2.3.2]. Let ex o:Wo—{£1}
be the nontrivial quadratic character factoring through Gal(K /Q); by class field
theory this determines a quadratic character wg /g : A* /Q* — {£1}. Fix a finite-
order Hecke character wg of AIX( such that wg [ax = wk g and let u : Wg — C~
be the character corresponding via class field theory. Let ¢ € Wg be a lift of the
nontrivial automorphism of K. Define ¢ : Wg — ~G by

— 1 ©n+ q)fl
(% o)
" I+
o(w) = <1’ ((M (w) n; ’uni*(w)]ni_))) Xxw, we Wg.

The endoscopic map is then

—+
End((h. (g7 87)) % w) = (x, (g" '_))ww).

L

Here (A, (g, ¢7)) € G’ =C* x []_, GL,+(C) x GL,- (C).

Lemma 8. Either m is an endoscopic lift of some y with y a regular discrete
series or the representation ry is unramified at all v|¢, £ & T, (7).

Proof. By [Morel 2010, Theorem 7.2.2] (see also the proof of [ibid., Theorem 7.3.1]),
either 7 is an endoscopic lift of some y with y, a regular discrete series indexed
by a representation with the same weight as & (see [ibid., Lem. 7.3.4]) or (some
multiple of) r occurﬂ in the middle degree intersection cohomology of a Shimura
variety associated with G, &, and 7. By [[Lan 2008]], this Shimura variety is known
to have good reduction at all v|¢, £ ¢ X, (i), so the representation r5, is unramified
at such v. O

Proof of[Proposition 7} Let v|¢, £ & X (). Suppose 7 is the endoscopic lift of some

y with y, a regular discrete series. Let o’ = (', (ti+, 7, )) be the very weak base

change of y as in (so rl.i is an irreducible automorphic representation
of GL,=(Ak)). From the definition of 7 being an endoscopic lift of y, it follows

that
+ ooy — o
T =(1] Qg ' YH(T, ®wy)

2Theorem 7.2.2 of [Morel 2010] only applies to the case k = 1 as stated, but it is asserted at the
start of [1bid., 7.2] that the results and proofs “would work the same way” for general k. Indeed, the
result for the case k > 1 is stated and used in the proof of [ibid., Theorem 7.3.1].
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(as rii is tempered by [Corollary 4)). We may therefore reduce to the case where 7
is not endoscopic, and hence, by to the case where r,; is unramified at v.

Suppose that r,; is unramified at v. Consider the isogeny
k r k
G =GL; x 1_[ 1_[ GLm,-,_,- — G,:=GL| ® ® GL(n,-),

i=1j=1 i=1 ai

k
(s (81,)) > A ® Q@ A" (diag(gi, - - - 8ir))-
i=1

The kernel of this isogeny is central. As r; is the composition of

k
o 3=,0w69@1,0i :Gg — G1(Qp)
i=
with this isogeny, it then follows that since r;; is unramified at v, the image of inertia
at v under p is contained in the center of G @ »), and so the image of inertia at
v under each p; ; is central. So some finite-order twist of each p; ; is unramified
at v, which —by compatibility of p; ; with the local Langlands correspondence —
implies that a finite-order twist of each o; ; ,, and hence of each t; ; ,, is unramified.

By [Corollary 4] 7; ;. is also tempered. It follows that each z; ; , is a tempered
principal series, so each t; , must also be a tempered principal series. U

4.4. The main results. We can now state our main results, of which Theorems [A]
and [B| are special cases, and complete their proofs.

Theorem 9. Let w be an irreducible cuspidal representation of G(Ag) and let x,
be the character of the scalar torus Resg joG,, C G determined by m (a character
of Ag). Let X (1) be the finite set of primes £ such that either 1ty is ramified or £|dk.
Suppose aib; #0,i =1, ..., k, and o is a regular discrete series belonging to
an L-packet T14(£). There exists an automorphic representation o = (¥, (1;)) of
H(Ag) such that:

(@ o’ =0y = xe.
(b) Foraprime £ & X (1), o, is unramified, and if Y, : Wg, — LG is the Langlands
parameter of 7y then
Vo, :=BCo Yy, : Wo, — H
is the Langlands parameter of oy.
(¢) 0w has the same infinitesimal character as € @ £°.

Proof. Let o = (Y, (1;)) be as in Then part (a) holds. Furthermore, there
exists a finite set of primes S D X (;7) such that part (b) holds with S replacing X (7).

Let my C  be an irreducible automorphic representation of Go(Ag). Then g is
given by a tuple (7o ;)1<i<x With 7 ; an automorphic representation of U (a;, b;).
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For ¢ ¢ X (), each 7 ; ¢ is unramified and the Langlands parameter v/, , of ¢ ; ¢
is given by composing v/, : Wa, — LG with the projection

LG - LGy — LU(a;, b;) = GL,,(C) x Wg.

From part (b) holding for £ ¢ S it then follows that for such ¢ the Langlands
parameter of 7; ¢ is BCo ¥, ,; that is, 7; is a very weak base change of o ;. But by
Proposition 7, 7; , is a tempered principal series for each v|¢, £ & X (i), so it follows
from that 7; is a weak base change of 7y ;. That (b) holds is then im-
mediate from the relation between the Langlands parameters of 7, and of the g ; ¢.

To see that part (c) holds, we first recall that the infinitesimal character of an
admissible representation of H (R) is an element of s up to action of the Weyl group
W(bhe, sc), where b :=Lie(H (R)) and s := Lie(S(R)) with S :=Reskg,0T/xk CG
the group of diagonal matrices. Then S)x =T x x T/x and X (§) = X(T) x X (T).
The irreducible algebraic representations of H,g correspond to pairs of dominant
characters of X (7) — the highest weight of the representation with respect to S
and the upper-triangular Borel. In particular, the representation & ® £ corresponds
to (c, i(c)) and has infinitesimal character (c, i(c)) 4+ pg, where py := (0, (PGLn,. ).
On the other hand, S(R) =C* x ]_[ff:1 Ap, SO

vV _ 2 \% \% _ rl4n 14+n
5@—@ @anl’CGB---@anj’C—C XC )

and the infinitesimal character of o, is (co, c6) EBZ.‘:l (infinitesimal character of t;).
Since the infinitesimal character of t; is (¢;, —c})+ paL,, » the infinitesimal character

of 0o is ((co, (¢i + paL, ), (¢p, (=€} + pcL, ) = (¢, () + pH. a

Theorem 10. Let 7w be an irreducible cuspidal representation of G (Aq) and let x
be the character of the scalar torus Resg j0G,, C G determined by w (a character
of Ag/K*). Let ¥(r) be the finite set of primes € such that either 7y is ramified
or L|dx. Suppose aib; #0,i =1,...,k, and n is a regular discrete series

belonging to an L-packet T14(§). Let o = (Y, (1;)) be as in[Theorem 9} There exists

a continuous, semisimple representation
Pr=pPr.:Gg —> GLn(@p)
such that:

(1) px is unramified at all finite places not above primes in X, () := X () U{p},
and for such a place w

1—n;)/2
(0 lwie, )™ = B, (Recy (tiw @ Yl - 157,

(b) For v|p, pxlGy, is potentially semistable of Hodge—Tate-type §.
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(©) If p & X(;) then for any v|p, prlcy, is crystalline; for any
J € Hom@p—alg(Km @p)

the eigenvalues of the action of the [K, : Q,]-th power of the crystalline
Frobenius on

Deyis (o |GKu) ®@p®@p1{u,j Qp

are the eigenvalues of the action of Frobenius on

k
@ tRec, (Ti,v Yyl - 5}1—11;)/2).
i=1
Let ¢ = (co, ¢1, .- -, cx) € X(T) be the highest weight of §. By pr g, being of
Hodge-Tate type &£, we mean that p, is of Hodge-Tate type (co + ¢, ¢, +¢).

Proof. If we take p, to be as in[(4.5)] then (a) is immediate from [Theorem 9(b) and
the definition of p, as being the twist by py, of the sum of the p; ;. From the proof

of the character &; ; has highest weights
(Ci,E; + t— E;v _Ci,E;’ + e;/ —n; + t)lgtfmi_j 5

and so for v|p,

Dur,o(6i) ®g,0q, k,.c Cp

is nonzero in degrees ¢, — 1 — ¢i ¢ 1f ¢ € Homg p-alg(K vs Q p) induces the fixed
embedding K «— Q » = C, and otherwise is nonzero in degrees n; — £/ — 1 4¢; 4.
That pr |G, 1s of Hodge-Tate type & then follows from this and the fact that
Voo(z) = z99Z% and so py is of Hodge-Tate type (co, c). That prlgy, . vlp, is
potentially semistable and even crystalline with the prescribed Frobenius eigenvalues
if v|p follows from the corresponding facts for py and the p; ;. O

Theorems [A] and [B] are just the special cases where k = 1.
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Abelian varieties and Weil representations
Sug Woo Shin

The main goal of this article is to construct and study a family of Weil repre-
sentations over an arbitrary locally noetherian scheme without restriction on
characteristic. The key point is to recast the classical theory in the scheme-
theoretic setting. As in work of Mumford, Moret-Bailly and others, a Heisenberg
group (scheme) and its representation can be naturally constructed from a pair
of an abelian scheme and a nondegenerate line bundle, replacing the role of a
symplectic vector space. Once enough is understood about the Heisenberg group
and its representations (e.g., the analogue of the Stone—von Neumann theorem), it
is not difficult to produce the Weil representation of a metaplectic group (functor)
from them. As an interesting consequence (when the base scheme is Spec Fp),
we obtain the new notion of mod p Weil representations of p-adic metaplectic
groups on F,,—vector spaces. The mod p Weil representations admit an alternative
construction starting from a p-divisible group with a symplectic pairing.

We have been motivated by a few possible applications, including a conjectural
mod p theta correspondence for p-adic reductive groups and a geometric approach
to the (classical) theta correspondence.

1. Introduction

For a quick overview of contents and results, see [Section

1A. Motivation from theta correspondence. The Heisenberg groups, their rep-
resentations and the Weil representations (also called oscillator or metaplectic
representations) play interesting roles in a wide range of mathematics. In the
context of number theory and representation theory, they give rise to the theta
correspondence, which enables us to relate automorphic forms or representations of
one connected reductive group (or its covering group) to those of another group. It
not only helps to establish instances of the Langlands functoriality but also reveals

The author’s work was supported by the National Science Foundation during his stay at the Institute
for Advanced Study under agreement No. DMS-0635607. Any opinions, findings and conclusions or
recommendations expressed in this material are those of the author and do not necessarily reflect the
views of the National Science Foundation.
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deep information about arithmetic invariants and as such has led to numerous
profound applications. The theta correspondence has been developed very well in
both local and global contexts (namely, for p-adic/real groups and adelic groups,
respectively), though there are still many open questions, for representations on
vector spaces over C (or an algebraically closed field of characteristic 0).

On the other hand, there has been growing interest in the representations of
p-adic reductive groups on vector spaces over F; (I # p) and Fp (as well as
representations with p-adic analytic structure) in connection with Galois theory
as part of the extended Langlands philosophy under the motto “mod /, mod p
and p-adic local Langlands program”. From the global perspective, one seeks the
theta correspondence for mod p or p-adic automorphic formsE] Thus, it is a very
natural question to ask whether there is a reasonable theory of local and global theta
correspondence for representations on [F; and F p vector spaces and more ambitiously
for representations of p-adic analytic nature.

In the classical theory, the following basic ingredients are needed to formulate
the local theta correspondence for p-adic groups. The global setup is similar.
(Unfortunately the exceptional theta correspondence is not going to be considered
in our work.) We need

(i) a p-adic Heisenberg group arising from a symplectic vector space (V, (-, -))
over Q,,

(ii) the Stone—von Neumann theorem and Schur’s lemma for representations of
the Heisenberg group,

(iii) the Weil representation of the p-adic metaplectic group Mp(V, (-, -)), and
(iv) reductive dual pairs in Sp(V, (-, -)).

It is natural to try to extend to a more general setting. The current paper
will do this for [(DH(i1)] leaving (and a conjectural mod p theta correspondence)
to a sequel [Shin > 2012].

1B. Mod p Weil representations, prelude. Let us briefly point out some difficulty
when trying to construct the Weil representation of a p-adic metaplectic group
on an FP—Vector space, which was not done before but is a special case of our
results. There would be two naive approaches. If one tries to define an Fp—version
of a classical p-adic Heisenberg group (e.g., [Moeglin et al. 1987, Chapter 2]) by
replacmg the role of C by F p» it is impossible to obtain a reasonable group, ruling
out|(ii)| above. For instance, every continuous additive character Q, — [F is trivial.

IThe p-adic version of the Shimura—Shintani correspondence was studied in [Stevens 1994;
Ramsey 2009; |Park 2010]. Their work interpolates the classical correspondence p-adically and does
not require much use of representation theory. The author does not know yet whether or how their
work could be interpreted in the framework of representation theory.
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Another approach would be to take an explicit (Schrédinger or lattice) model for
the Weil representation and switch the coefficient from C to F p- Then the problem
is that the group actions are no longer well defined. In the Schrodinger model, some
group action is given by Fourier transform, which cannot be defined for F p-valued
functions on a p-adic group. (See[Remark 7.9|for a related discussion.) In the lattice
model, the formula involves p in the denominator, which no longer makes sense. It
is not immediately clear how to fix these problems unless new ideas are introduced.

1C. Geometric construction via Mumford’s theory. We remedy the situation by
giving a uniform geometric construction of regardless of the characteristic
of the coefficient field, starting from an abelian scheme A — S and a nondegenerate
line bundle L instead of a symplectic vector space. In the local case, the effect
is roughly to replace (V, (-, -)) by the rational p-adic Tate module V,A of A
with L-Weil pairing. (Here V), A is regarded as an ind-group scheme as explained
in [Section 3A]) The construction makes sense even in characteristic p; it just
behaves differently. (For an analogy, think about A[p®] in characteristic p and
away from p.) Actually [(1)| and [(i)] are basically treated in Mumford’s theory of
abelian varieties and theta functions. (As the results are often not in the desired
generality in the literature, we fill the gaps along the way. See the next paragraph.)
Once|(1)| and |(11)| are done, is obtained without much difficulty. The theory is so
flexible as to allow the construction of the objects over an arbitrary locally
noetherian base scheme S.

Sections [2H4] of our paper follow the approach of [Mumford 2007, §§3-5] and
[Moret-Bailly 1985| §5] closely while adapting several facts in the classical theory
of theta correspondence (e.g., [Mceglin et al. 1987]]) to the geometric setting. In
[Mumford 2007, §§3-5], the Heisenberg groups and their representations are studied
mostly over an (algebraically closed) field, and the scheme-theoretic approach in the
relative setting is only sketched on a few pages. Moret-Bailly consistently works in
the relative setting, but the theory is treated only at finite level. Our contribution is
to carry out the construction and justify necessary facts (e.g., Theorems [I.T] and [T.2))
at infinite level (in a p-adic or a finite adelic limit). As a byproduct we obtain
the (dual) lattice model over a general locally noetherian base scheme and deduce
the restriction property of Heisenberg and Weil representations and
from the Kiinneth formula. (It turns out that lattice models always
exist, but Schrodinger models are often missing.) We can also make sense of matrix
coefficients and dual representations in this generality. It is hoped that the geometric
interpretation will shed light on some facts well known by other methods.

Our work is definitely not the first attempt toward a geometric construction of Weil
representations. This was considered in an unpublished manuscript of |[Harris [1987]].
(It appears that the manuscript was planned to include an application to some cases
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of the symplectic-orthogonal theta correspondence, but that part was not written to
our knowledge.) His approach to Heisenberg groups and representations closely
follows that of Mumford| [1966/ (19674l |{1967b]] and works only in characteristic O
(even though ideas are often generalizable). Hence, his setting is simpler than
ours, and many scheme-theoretic issues do not arise there. His innovation is to
construct a Weil representation in the way that it is closely tied with the geometry
of Siegel modular varieties. On the other hand, our construction is so general that
it applies to almost any families of abelian varieties, but when specialized to the
universal abelian scheme over a Siegel modular variety, the two constructions of
Weil representations by us and by Harris are orthogonal in some sense.

From a different perspective and motivation, [Gurevich and Hadani 2007]] con-
structs classical Weil representations for finite metaplectic groups as perverse
sheaves (Deligne’s idea), and the function field analogue is dealt with in [Lysenko
2006; Lafforgue and Lysenko 2009, for instance. Their constructions are quite
different from ours and do not seem to carry over to the number field case. In the
converse direction, our construction does not work in the function field case either.
The basic reason is that the p-adic symplectic (or metaplectic) group in our setting
appears as the automorphism group of a rational p-adic Tate module, which is a
vector space over Q, rather than something like [, ((7)).

In our setup, symplectic groups and metaplectic groups are defined as group
functors varying over the base. By introducing a level structure, we can trivialize the
rational Tate module (ind-scheme), which has the effect that those group functors
may be identified with constant families of groups. When the base is Spec C, we
precisely recover the classical notion of from our construction.

It is worth emphasizing that we have completely avoided the use of harmonic
analysis. This is only natural for our method to work in all characteristics uniformly.
In this regard, even when specialized to the classical case (over Spec C), our
construction of the Weil representation is different from the classical treatment (e.g.,
[Mceglin et al. 1987])).

As the reader can see, one of our crucial observations was to realize that Mum-
ford’s theory had the key to the main question raised in[Section TA| This may appear
to be a simple idea, but when we consulted a few experts on theta correspondence,
we learned that the idea was largely unnoticed though a similar idea must have been
conceived by some experts (e.g., [Harris 1987]).

1D. Mod p Weil representations. To study finite adelic objects, one may concen-
trate on one place at a time. So let us restrict ourselves to p-adic Heisenberg
groups and p-adic metaplectic groups. By the Stone—von Neumann theorem (more
precisely, its analogue in our setting), a family of Heisenberg representations, as
well as that of Weil representations, tends to be a constant family (modulo the
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line bundle pulled back from the base). However, things do change when moving
between points of different residue characteristic. Unsurprisingly, new phenomena
essentially occur in characteristic p. (This is related to the fact that A[ p°] is étale
away from characteristic p.) It is worth noting that the Heisenberg and metaplectic
groups vary significantly in characteristic p as the isogeny type of A[ p>°] varies over
fibers. On the other hand, over a base ring like Zp, a classical Weil representation
(over the generic fiber) specializes to a mod p Weil representation (Section 7DJ.
In view of these new phenomena, we feel that it is fundamental to understand
mod p Weil representations, namely when the base is Spec F,,. In order to make their
local nature more transparent, we present an alternative construction of mod p Weil
representations using p-divisible groups instead of abelian schemes (Section 6D).
Then lattice and Schrodinger models are studied in Sections [/B|and There
remains the question of whether the Schrodinger model exists in the nonordinary
case (see the paragraph below [Proposition 7.10). Another interesting question about
the p-adic metaplectic group itself is whether it arises from a double covering of

the p-adic symplectic group (see the questions in [Section 5D).

1E. Weil representations of real metaplectic groups. Real Heisenberg groups and
real metaplectic groups do not appear in this paper. This is not defective but quite
natural if we want a uniform theory that works in positive characteristics as real
groups are not expected to have nice representations on F,,—vector spaces. In the
special case where the base is Spec C, it is possible to extend the Heisenberg
representations to real places (thereby one can define the real Weil representa-
tion) as explained in [Mumford 2007, §5, Application I] (also see Proposition 3.2
of the book).

1F. Summary of main results. Let A be an abelian scheme over a locally noether-
ian scheme S. Let f : L — A be a symmetric nondegenerate line bundle of index i
over A (0 <i <dimg A). Following Mumford, we construct the adelic Heisenberg
group @(L) = @(A, L) fitting in a short exact sequence 1 — G, — @(L) —VA—1.
A weight-1 representation of @(L) is defined to be a quasicoherent Og-module
equipped with zg(L)-action such that A € G, acts by A. An (adelic) Heisenberg
representation of @(L) is an irreducible admissible and smooth @(L)-representation
of weight 1 that does not vanish anywhere on S. (Admissibility and smoothness
are defined in Definitions [4.7] and [4.8])

Theorem 1.1 (Stone—von Neumann theorem and Schur’s lemma, [Theorem 4.15)).

For any Heisenberg representation # of G(L), there is an equivalence of categories

( weight-1 smooth ) ~ (quasicoherem)
G(L)-representations Og-modules
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given by M +— Homg (¥, M) and N+ FH Q N, which are quasi-inverses of each
other.

Theorem 1.2 (Construction of Heisenberg representations, [Corollary 4.14). The
Og-module V(L) := lim R’ f,(n*L) is a Heisenberg representation of 4(L).
—n

Theorem 1.3 (Construction of Weil representations, [Section SA)). For any Heisen-
berg representation ¥ of 4(L), we can construct a “metaplectic” group functor
Mp(VA, el sitting in a sequence of group functors on (Sch/S)

1 - G, — Mp(VA, é") — Sp(VA, é") — 1, (1-1)

which is an exact sequence of groups upon evaluation at any locally noetherian
S-scheme.

Theorem 1.4 (Comparison with classical theory, [Section 6A). In case S = Spec C,
a choice of level structure for VA equipped with L-Weil pairing allows one to identify
@(L), °l7(L), Sp(VA, é&) and Mp(VA, &) with the following objects in the classical
finite adelic sEting: the Heiseﬁaerg group, Heisenberg representation, symplectic
group and metaplectic group, respectively. (Here the metaplectic group is a central
extension of the symplectic group by C* as can be seen from )

The preceding theorems are also valid in the p-adic setting instead of the finite
adelic setting. (In particular, take limits over powers of p rather than all positive
integers, and use V, A in place of VA.) Moreover, the analogous construction works
for (X, (-, -)) in place of (A, L), where ¥ is a p-divisible group over S with a
symplectic pairing (-, - ), granted that a Heisenberg representation exists for the
Heisenberg group associated with (X, (-, -)). This is most interesting when S is
an [F,-scheme. A Heisenberg representation for (X, (-, -)) can be exhibited when
S = Spec k for an algebraically closed field k of characteristic p (but the author
does not know in what generality it exists) and leads to a construction of a mod p
Weil representation of a p-adic group functor over Spec k.

1G. Scope of applications and further developments. As we construct a family
of Weil representations from a family of abelian varieties and line bundles, it would
be natural to apply our results to the universal family of abelian varieties over
moduli spaces such as Shimura varieties. This should be related to metaplectic
automorphic forms and a worthy object already in characteristic 0. We hope that
our results will be of some use when studying theta correspondence via Shimura
varieties by methods in algebraic geometry, for instance in the context of Kudla’s
program [2002].

When there is a Weil representation, it is very natural to consider a reductive
dual pair and the resulting theta correspondence (Section TA)). In the sequel [Shin
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> 2012]], we do this for the newly constructed mod p Weil representation of a
p-adic metaplectic group.

In order to access many cases of mod p Weil representations and theta corre-
spondence, a necessary step would be to explicate the models in further,
especially in the case of supersingular abelian varieties (or p-divisible groups).

1H. Contents and organization of the paper. This article is naturally divided into
two parts. Under each part we have listed some of the main contents. The sequel
[Shin > 2012] may be regarded as Part II1.

Part I. Heisenberg groups and Heisenberg representations
« Construction of the p-adic or adelic Heisenberg group and Heisenberg repre-

sentation from an abelian scheme A and a nondegenerate line L bundle over a
locally noetherian scheme S. (Sections 2H4))

o A description of the Heisenberg group as G, x VA with a twisted group law,
where VA is the “rational Tate module”, when L is symmetric. (Section 3E)

« A study of the category of representations of the Heisenberg group, subsuming
the Stone—von Neumann theorem and Schur’s lemma. (Proposition 2.12|and

eorem 4. 1))

Part I1. Weil representations, level structures and explicit models

» Construction of the p-adic or adelic metaplectic group and the Weil represen-
tation over S. (Sections [5A]and [5D)

« Comparison with classical theory via level structure. (Sections

» Weil representations over Fp of p-adic metaplectic group; Igusa level structure;
an approach via a p-divisible group replacing the role of an abelian variety.

(Sections [6CH6D)
« Study of lattice and Schrédinger models; examples. (Section 7))

11. Notation and convention. 1If S is a scheme, denote by (Sch/S), (Flat/S) and
(LocNoeth/S) the categories of S-schemes, flat S-schemes and locally noetherian
S-schemes, respectively. All fppf sheaves on S in sets or groups are considered
on a small fppf site. Their category is a full subcategory of the category functors
from (Flat/S) to the category of sets or groups. An Og-module always means a
quasicoherent Og-module in this article and is often viewed as an fppf sheaf on S
as well. The category of Og-modules is denoted QCohg.

An object of (Flat/S) may be viewed as an fppf sheaf in sets on S, and this
induces a fully faithful functor. The underlined notation such as Hom, End and
Aut denotes a sheaf or a functor (rather than just a set, a group, a ring, etc.) in the
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appropriate category determined by the context. Often Mp and Sp are defined as
group functors on (Sch/S). - o

In this article we will usually work in (Sch/S) for a base scheme S. In particular,
any morphism of schemes is always assumed to be an S-morphism, and a fiber
product is taken over S unless specified otherwise. The tensor product of two
Os-modules is denoted by & (rather than ®q;) if there is no danger of confusion.

2. Finite Heisenberg groups and their representations

We use the following notation:
e S is a scheme,
e f:A— §isan abelian scheme over S of relative dimension g > 1,
e fV:AY — S is the dual abelian scheme (cf. [Faltings and Chai 1990, 1.1]),
e L is aline bundle over A,

e Ty : AxsT — A xgT is the translation by x, where T is an S-scheme and
x € A(T),

e A : A— AV is the morphism sending x to 7L @ L.

When we think of L, we will often go between two equivalent viewpoints: either
as an invertible sheaf £ of Og-modules on A or as a line bundle equipped with a
projection 7 : L — A (cf. [Mumford et al. 1994 1.3]). Given L, the corresponding &¥
is described as L(U) ={s:U — L | m os =idy } for each open subscheme U of A.
By setting L = Spec(,<0¥®") (relative spectrum over A), we recover L from .
In order to avoid cumbersome switch of notation, we just write L for either L or
the corresponding <.

2A. Nondegenerate line bundles.

Definition 2.1. A line bundle L over A is (relatively) nondegenerate if A : A — AY
is a finite morphism.

Lemma 2.2. If L is nondegenerate, then
(1) AL is anisogeny (a surjective quasifinite homomorphism of group schemes) and
(i1) ker A is a finite flat group scheme over S.

Proof. We know that A, is compatible with the group scheme structures. Surjectivity
and quasifiniteness follow from the case of S = Spec k for a field £ when the result is
well known (cf. [Bosch et al. 1990, Lemma 1, page 178]). Part((ii)|is a consequence
of the fact that any isogeny of abelian schemes is finite flat. ([

Lemma 2.3. The following are equivalent:

(1) L is nondegenerate in the above sense.
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(ii) For every point s € S, the fiber L; over A is nondegenerate (i.e., Ar, is finite).

(iii) For every geometric point's € S, the fiber Ls over Ay is nondegenerate (i.e.,
AL, IS finite).

Proof. 1t is obvious that [(1)| implies By the flat base change theorem (applied to
the base extension from s to 5), [(il)] and [(ii1)] are equivalent. It remains to deduce
from [(i)} Observe that[(ii)| implies that A, is quasifinite. An easy application of the
valuative criterion shows that Ay is proper. Hence, Ay is finite. (I

Lemma 2.4. Suppose that A is defined over S = Speck, where k is a field. For
a nondegenerate line bundle L, there exists a unique integer 0 <ind(L) < g (the
index of L) such that H™® (A, L) # 0.

Proof. See [Mumford 1974, §16] when k is algebraically closed. The general case
is reduced to the algebraically closed case by the flat base change theorem. (I

In general the following result is well known. We present a proof as we were
incompetent in finding a handy reference.

Lemma 2.5. Suppose that S is locally noetherian. Let L be a nondegenerate line
bundle over A. The index function s — ind(Ly) from S to Z is locally constant (with
Zariski topology on S).

Proof. As the question is local, we may assume that S is noetherian and con-
nected. We know that s — dim H'(A,, L,) is upper semicontinuous and that
s — x(Ly) is constant. Let m be the maximum value of i such that the function
s — dim H'(Ay, Ly) is nonzero. (We know m < g.) The constancy of x (Ly) and
_emma 2.4|imply that ind(L;) € {m,m —2,m —4, ...} for all s € S. Since the
specialization map ¢+ (s) : R f,L ® k(s) — H™ (A, Ly) = 0 is trivially
surjective, [Hartshorne 1977, Theorem III.12.11(a)] says that it is an isomorphism
for every s € S; hence, R+ f+«L =0. Then Part (b) of the cited theorem implies that
@™ (s) is surjective for all s € S. On the other hand, ¢~ (s) is also trivially surjective
for s € S, so the same theorem shows that R" f,. L is locally free on S and that ¢™ (s)
is an isomorphism. Therefore, ind(L,;) = m for all s € S, and we are doneE] O

Definition 2.6. A line bundle L over A is nondegenerate of index i € Z ifind(L;) =i
for all s € S.

Remark 2.7. A nondegenerate line bundle of index 0 is none other than a relatively
ample line bundle.

2We refer to [Hartshorne 1977] only for convenience as it has the exact form of the theorem we
need. As it is written, it applies to a (locally) projective abelian scheme A over S. This is no problem
as projectivity can be relaxed to properness by [[Grothendieck 1963} I11.7.7].
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2B. Heisenberg groups. Define an S-subgroup scheme K (L) :=ker Ay of A. Con-
cretely, the group K (L)(T) for each S-scheme T consists of x € A(T) such that
TY(LxT)~(LxT)® psM for some line bundle M on S, where po: AxT — T
is the projection map. If L is nondegenerate, then K (L) is a finite flat group scheme
by

Let us define a group-valued contravariant functor Aut(L/A) on (Sch/S). The
group Aut(L/A)(T) consists of pairs (Y, x), wherex e A(T)and ¢ : LxT — LxT
is an isomorphism such that the following diagram commutes:

LxT—¢>L><T

(ﬂ,l)l j(ml)
T,

AxT —>AxT

The group law is provided by (V(, x1)(¥, x2) = (Y1¥2, x1 + x2). The functor
Aut(L/A) is representable by a group scheme denoted (L) and called a theta group
or a Heisenberg group (scheme). There is a natural sequence of S-group schemes

1—-> G, > %L)—> K(L)—1, (2-1)

where the maps are respectively o — («, 0) and (i, x) — x on T-valued points.
We identified G,,, with the automorphisms of L over A. The argument in the proof
of [Mumford 1974, §23, Theorem 1] shows that[(2-T)|is exact as Zariski sheaves.
The commutator map 9(L) x G(L) — 4(L) given by (y1, y2) — y1 yzyl_l yz_l has
image in G, and induces a bilinear pairing

el K(L) x K(L) — Gy,.

Lemma 2.8. If L is nondegenerate, then e

nondegenerate. (The latter means that an isomorphism K (L) = Hom@s (K(L), G,)

is symplectic, namely alternating and

is induced by e*.)
Proof. See [Moret-Bailly 1985| IV.2.4(ii)]. U

2C. The Stone-von Neumann theorem and Schur’s lemma. From here on we
will always assume that L is nondegenerate, unless it is said otherwise.

Definition 2.9 [Moret-Bailly 1985, V.1.1]. Let G be a group scheme over S and
& an Og-module (always assumed to be quasicoherent). We say that & is a G-
representation (on an Og-module) when & is equipped with a morphism of fppf
sheaves in groups G — Auty (%). A morphism between two G-representations &
and &, is a morphism of Og-modules &, — %, compatible with G-actions. The
same definition makes sense when G is replaced with an fppf sheaf in groups.
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Remark 2.10. When G is a group functor on (Sch/S), a representation of G will
mean an Og-module F equipped with a morphism of group functors G — Autg (F),
where Autq (%) is regarded as the group functor 7'+ Autg, (¥®c,07) on (Sch/S).

Definition 2.11 [Moret-Bailly 1985, V.2.1, V.2.3]. A 94(L)-representation ¥ is of
weight w € Z if G, acts on F via the character A — A". A %(L)-representation &
is irreducible if every G(L)-subrepresentation ¥’ of & has the form F = F Q¢
for some ideal sheaf $ of Og (equipped with trivial §(L)-action).

Most of the time our focus will be on representations of weight 1 or —1. The

following result due to Moret-Bailly (but see below) is crucial in
understanding weight-1 representations of 4(L).

Proposition 2.12. Let F be a ‘4(L)-representation of weight 1. Suppose that F is a
locally free Og-module of rank deg L.

(1) & is an irreducible 6(L)-representation.

(ii) There is an equivalence between the category of Os-modules and the category
of G(L)-representations of weight 1 on Og-modules given by N — F Q N
and M — Home (%, M), which are canonically quasi-inverses of each other.
(The composition of the two functors in any order is canonically isomorphic to
the identity functor.)

(iii) If F is another weight-1 G(L)-representation that is locally free of rank deg L,
then there exists a unique (up to isomorphism) line bundle M on S such that
F =FQM.
(iv) Endy (%) >~ Og canonically.

Proof. The first two assertions are contained in [Moret-Bailly 1985 V.2.4.2, V.2.4.3].
As for clearly [(ii) implies that there is an Og-module .l such that ¥ = F ® JL.
As ¥ and F are locally free of the same rank, it follows that JL is locally free of
rank 1. Part is a consequence of since Endg ;) (%) = End,, (O5) = 05. O

For each 0 < j < g, note that R/ f«L is naturally a 4(L)-representation of
weight 1 (which could be the zero sheaf) in the above sense. We will need the
following fundamental result on %(L)-representations:

Proposition 2.13. Assume that S is locally noetherian and that L has index i.
() R’ fiL =0 unless j =i.

(i) R f.L is locally free, and (r21n1<@5,R"]‘*L)2 = rankg, K (L) = (deg L)% In
particular, it satisfies the condition of|Proposition 2.12|

(iii) (R fiL)y ~ H'(Ay, Ly) for each s € S.
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Proof. When i =0, [(i)]and [(ii)] were deduced in [Mumford et al. 1994} Chapter 0, §5]
from [Grothendieck 1963, 111.7.7.5, 111.7.7.10, 111.7.8.4.]. The same results of
[Grothendieck 1963]] imply [(1)] and [(i1)| for arbitrary i. Part amounts to the
assertion that ¢’ (s) is an isomorphism as shown in the proof of ([

Remark 2.14. When S = Spec k for an algebraically closed field k, the results of
this subsection in this case were proved in the appendix of [Sekiguchi 1977|]. (The
proof is attributed to Mumford; cf. [Mumford 1966, §1].) The sheaf R! f«L provides
us with a k-vector space H'(A, L) with an action of §(L). |Proposition 2.13| says
that H' (A, L) is the unique (up to isomorphism) irreducible (L )-representation
of weight 1. When S = Spec C, |Proposition 2.12|implies the classical Stone von—
Neumann theorem for finite Heisenberg groups on C-vector spaces.

2D. Matrix coefficient map. Let F be as in[Proposition 2.12] Then

¥’ =Homg (%, Os)
is a Y(L)-representation of weight —1 via
(o)) =v'y ), yebl), veF, v eF (2-2)

Equip Homg (%9(L), Os) with a structure of G(L) x §(L)-representation via

(V. v O =05 vy, . vy €4(L), ¢ € Homg (4(L), Os). (2-3)

Lemma 2.15. The map sending v @ v fo y — v” (yv) yields an isomorphism of
%G(L) x G(L)-representations

F®F" 3 Homg (Y(L), Os).

Proof. See [Moret-Bailly 1985 Theorem V.2.4.2(i)]. O

3. Adelic and p-adic Heisenberg groups

In this section we consider not only a single abelian scheme A but also coverings
of A simultaneously in order to obtain a theory of p-adic and adelic Heisenberg
groups. Although it would be natural to deal with a tower of abelian schemes in the
sense of Mumford [1967b, §7], which involves all isogenies to A, we have chosen
to work with only multiplication-by-n maps (n € Z.¢) in favor of simplicity and
concreteness. (If one wishes to make the analogue of Mumford’s polarized tower of
abelian schemes in our context, one may relax the ampleness condition and allow
line bundles to be nondegenerate.)

Keep the notation from the previous section. In particular, L is a nondegenerate
line bundle over A. We do not assume that L is symmetric until No
condition (such as being locally noetherian) is imposed on S in[Section 3]
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3A. Construction of T and V. This subsection is about a general construction.
Let X be a commutative group scheme over S. For eachn € Z.g,letn: X — X
denote the multiplication-by-n map by a slight abuse of notation. Assume that

for every n > 1, the map n is finite and flat. (%)
Set X[n] := kern, which is a finite flat group scheme, and

TX .= l(iLnX[n]
n

with respect to m : X[mn] — X|[n] for each m,n > 1. Since the latter maps are
finite (thus affine) S-morphisms, [Grothendieck 1964, 1V.8.2.3] implies that the
limit 7 X exists in the category of S-group schemes. The underlying structure ring
is T X = Spec(lim Ox(n)), and as a group functor

TX(T) = {(xr)rzl |xr € X[r](T), I'Xrs = X, ifI",S = 1 }

Define an ind-group scheme
VX = h_r)n TX

with respect tom : T X — T X (from the n-th copy of T'X to the mn-th copy for all
m,n > 1). As a group functor, for each S-scheme T,

VX(T)={(xr)r>1|x € X(T), Nx;=0forsome N > 1, rx,; =x,, Vr,s >1}.

(3-D
By a variant of Yoneda’s lemma, V X is determined as an ind group scheme by
the above description as a group functor. By allowing m and n to run over powers
of a prime p, we can similarly define T, and V),. Note that there is a canonical
isomorphism TX >~ [[,T, X, functorial in X.

There is a canonical action of Z on T X coming from the compatible canonical
actions of Z/ rZ on X|[r] for r > 1. The 7-action on TX patches to an action of
A% = hm Z on VX. Similarly Z,, and Q, act on T, X and V, X, respectively.

The constructlon of TX,VX, T, X and V X is functonal in X and carries over
to commutative flat ind-group schemes X satisfying [(x)| above. For instance, T), X
and V,X make sense for p-divisible groups X over S.

Example 3.1. There exist natural isomorphisms 7G,, >~ T s, T(Q/Z) =~ /Z\,
T,(Q,/Z,) =7, and T,G,, = Ty peo.

Example 3.2. We have T,y = Sp;cc(li)n Os[T]/ (T?" = 1)) with transition maps
f(T)— f(TP).

Example 3.3. If X has bounded torsion (there exists n > 1 such that X[n] = X[mn]
forall m > 1), then TX, VX, T,X and V, X are all trivial group schemes.
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An important case is when X is an abelian scheme. An isogeny of abelian scheme
o A" — A is said to be bounded if ker @ C A[n] for some n > 1. (This condition
is automatic if S has finitely many connected components because the fiberwise
rank of ker « is locally constant on S but not in general; suppose that S = | i=15;
and that for each j, S; # & and « is the multiplication by j on A x5 §;. Then « is
not bounded.) A map of ind-group schemes B : VA" — VA is said to be bounded
if mTA C B(nTA") C TA for some m, n > 1. The same notion is defined for a map
V,X'— V,%, where ¥’ and X are p-divisible groups over S.

Lemma 3.4. Leta: A’ — A be a bounded isogeny of abelian schemes. The induced
map V(a) : VA" — VA sending (x,),>1 to (a(x,)),>1 is a bounded isomorphism.

Proof. We remark that the boundedness of « is needed to ensure that V («) is an
invertible map. Also note that if kera C A’[m], then mTA C V (a)(TA") C TA. O

Remark 3.5. In the geometric theory of theta functions a la Mumford, one reason
why VA naturally shows up is that an (ample) line bundle over A can be trivialized
over VA. In this regard, VA is the analogue of the universal covering spaces for com-
plex abelian varieties. Unsurprisingly, we will see VA appearing in the construction
of adelic Heisenberg groups and Weil representations.

Lemma 3.6. The scheme TA is flat over S and defines an fppf sheaf in groups on
(Flat/S). The ind-scheme VA also defines an fppf sheaf in groups on (Flat/S). The
same is true for T, A and V, A.

Proof. Let us show that TA is flat over S. We may assume that S is affine. Let
S = Spec C and A[n] = Spec B, forn > 1. As m : A[mn] — Al[n] is surjective, we
see that m™ : B, — By, is injective. Since B, is a flat C-algebra, 1i_II>an is also
one. Hence, the assertion about 7A follows. The fppf sheaf axiom for VA is easily
deduced from that for TA. The case of T,A and V, A is proved in the same way. []

Consider a category of p-divisible groups over § in which morphisms are bounded
isogenies, and then obtain a new category by inverting bounded isogenies. When X
is a p-divisible group over S, let A_utg’b(E) denote the automorphism group functor
on (Sch/S) arising from the latter category. Let A_utg(VpE) be the group functor
on (Sch/S) assigning bounded automorphisms. Define a map

£ Aug®(T) — Auty(V, %)
by a > ((xpr)r=0 > (@(xpr))r=0), where x; € X and xpr = px,r+1.
Lemma 3.7. The above map & is an isomorphism.

Proof. 1t suffices to present the inverse map & “lof & Leta € A_utg(VpE) so that
p"T, X C p"a(T,X) C T,X for some m > n > 0. For each r > 0, p"a maps
(1/p")T, X to itself, thus inducing a map X[p"] — X[p”] by taking quotients
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by T, X. By patching these maps, we obtain a map &’ : ¥ — X such that kero’ is
killed by p™; hence, &' is bounded. Then we define £ ! («) = p~™"«’. It is routine
to verify that £ ! is indeed the inverse map of &. (I

3B. Construction of adelic and p-adic Heisenberg groups. Let A be the S-group
scheme equipped with u : A — A, which is the inverse limit of the coverings
n:A — A for all integers n > 1 (cf. [Mumford 2007, 4.27]). The limit A exists as
a group scheme because the maps n are affine, again due to [|[Grothendieck 1964,

I1V.8.2.3]. We have that TA = keru in the notation of Set %TA =

u~'(A[n]) = ker(nu). (We interpret u~'(A[n]) as A x, 4 Aln].)

Lemma 3.8. For eachn € Z., K(n*L) ~ A x,2 4 K(L) canonically. In other
words,
Kn*L)(T)={x € A(T) | n*x € K(L)(T) }.

Proof. Set Ly :=L xT. For x € A(T),
Tin*Lr ® (n*Ly) ™' ~n*(TLr ® L) ~ T Ly ® Ly,
where the second isomorphism results from the theorem of the square. Therefore,
x € K(m*L)(T) if and only if n>x € K (L)(T). O
Set T(A, L) :=u"'(K(L)) and %T(A, L) := (nu)~ " (K (L)). There are canoni-

cal identifications (as schemes over A)

lTA ~ lim A[mn] and T(A,L)~lim K(m*L).

n m=1 m=1
We have a natural projection u : %TA — A[n]. Form,ne Z.¢g, m: A — A induces
#TA > %TA. Its inverse map is denoted by % : %TA = #TA. Similarly, there are
natural maps

%T(A,L):T(A,n*L)—»K(n*L) and ~:lra s L1,
n m n mn

A concrete description of 7' (A, L) is that for each S-scheme T,
T(A, L)YT) ={(xp)r=1 | xr € A(T), x1 € K(L)(T), X =58xp5, Vr,s = 1}.

The ind-group scheme VA is canonically identified with the ind-scheme
arising from {%TA}nzl with the inclusions %TA — #TA for m,n > 1 as can be
seen by the commutative diagram

TA TA

n]w mnTN

L74c LA — ...
n mn
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There are natural inclusions rllTA <~ VA and %T(A, L) — VA foreachn > 1.
Set §(n*L) :=%4(n*L) Xk n*L) H%T(A, L). We will denote by j, the canonical
projection §(n*L) — #T (A, L). The next lemma will endow us with an inclusion

later. (See[(3-4))

Lemma 3.9. Let T be an S-scheme, x' € A(T) and (Y, x) € 4(n*L)(T). Suppose
that x = mx'. Then there exists a unique ' : (mn)*L = (mn)*L such that
(Y’ x") € 4((mn)*L)(T) and

/

(mn)*L —— (mn)*L

[

n*L ——n*L

commutes, where the vertical maps are the projection maps (as (mn)* L is the fiber
product of n*L with A over m : A — A).

Proof. Without loss of generality, we may assume that n = 1. The uniqueness
is easy. If (¥/,x"), (¥", x") € 4(m*L)(T) have the property as above, then the
difference (" (y¥')~!, 0) is in the image of some ¢ € G,,(T) under G,, — 9(L).
This means that [(3-2)| remains commutative after multiplying ¢ to the top arrow.
This implies that 7 = 1 and ¢’ = "

Let us verify the existence of v’. The fact that (v, x) € 9(L)(T) induces an
isomorphism & : L = T L making the top triangle in the left diagram commute. In
the following two diagrams, the rectangles are cartesian squares. (We are abusing
the notation to use A and L to denote A xg T and L xgT.)

L v m*L v/

X ~ m*E ~

T*L — [,

X

A T, T
Then m*Lm:Em*Tx*L ~ T m*L. (The latter holds because m o T,y = Ty om.) Let
V' € Aut(m*L)(T) be the latter map composed with 7'm*L ~ m*L in the above
diagram. Then (v, x") € 4(m*L)(T), so commutes up to an automorphism
of L fixing L — A. Such an automorphism is a multiplication by s € O7. The
commutativity of is achieved by multiplying 7 to v/’ O

Remark 3.10. (This remark is to be recalled in the proof of [Lemma 4.5]) By
associating ¥ to x” € A[m](T) with x =0 and ¥ = id in[Lemma 3.9] we can define
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an action of A[m] on (mn)*L. This action is the same as the A[m]-action induced
on (mn)*L via (by taking G = A[m] and £ tobe n : A — A). This
can be seen from the fact that the quotient of (mn)*L with respect to the former
A[m]-action is n*L, as shown in the proof of

Corollary 3.11. For each S-scheme T, the set @(n*L)(T) may be described as the
set of (Y, xy)r>1 Such that

1) (P, xr) €9(rn)*L)(T) forall r > 1,
(i1) x, = 8sxp5 forallr,s > 1 and

(iii) the following diagram commutes for all r, s > 1:

(rsn)*L Ve (rsn)*L

L

rn*L ———rn*L
Proof The set of (¢, x;),>1 in the corollary will be temporarlly called %O(n*L)(T).
As ‘g(n*L) G(n*L) Xk @n+1) 2T(A L), we see that &@(n*L)(T) consists of

and (x,),>1 such that (Y1, x;) € 9m*L)(T) and x, = sx,s forall r, s > 1.
There is an obvious map

Go(n*L)(T) — G(n*L)(T) (3-3)

forgetting v, for r > 2. By for a choice of v and (x,),>1, there exists
a sequence (Y, ),>» satisfying of the corollary, and such a sequence is unique.
Therefore, [(3-3)]is a bijection. O

Henceforth, Eé(n"‘L) is viewed as the S-group scheme whose associated group
functor is described as in [Corollary 3.11] It is flat over S and defines an fppf sheaf
on S by essentially the same argument as in the proof of Thanks to

we have a map of group schemes
inmn : G(n* L) — G((mn)*L) (3-4)

sending (Y, x;),>1) = ((¥}, x.)r>1) on T-valued points, where x, = x,,, and
Wr/ = wrm-

Lemma 3.12. The following diagram commutes, and its rows are fppf exact:

1 Gy, Gy — > LT(A, L) — 1
\id Lin_mn ll/m
Jmn

1 —= G, — G((mn)*L) —— (mn)zT(A L) —1
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Proof. Everything is obvious except perhaps the surjectivity. The map j, is fppf
surjective as it is a base change of the fppf surjective map 4(n*L) — K(n*L)

(cf.[Section 2B)). Similarly, ji., is fppf surjective. O

Let us define an ind-group scheme via iy, p,:
G(L) == 1imG(n*L).
n
Under the limit, the maps nj, : ‘Q(n*L) — T(A L) induce a map ] ‘Q(L) — VA.
The fact that %(n*L) are fppf sheaves shows that CQ(L) is also one. We have a

commutative diagram where rows are fppf exact sequences:

| —> Gy —G*L) —> 114, L) — 1

Lid L lnatural (3_5)
J

1 G G(L) VA 1

Lemma 3.13. Let A’ be an abelian scheme over S and a : A’ — A a bounded
isogeny. Then o induces an isomorphism 9(a) : G(a*L) — G(L) fitting in the
commutative diagram below:

1 —= Gy —Ga*L) —= VA — 1

Lid ~L<’é(a) N\V(a)

1 G Y(L) VA 1

Proof. The map @(a) comes from the maps @(oz*n*L) — @(n*L) for n > 1, which
are constructed as (¥, x,),>1 — (¢, @(x,)),>1. Here ¢ : L = L is obtained from
Y(a*n*L) by taking the quotient of the diagram below by the action of ker «:

Y
*n*L — a*n*L

It is straightforward to verify that @(a) is compatible with the maps id and V («)
and thus an isomorphism. U

Now let L’ be a line bundle over A’ such that L’ ~ o*L. This induces an
isomorphism @(L’ )~ ZQ(Ot*L). It is easy to check that the latter isomorphism is
independent of the choice of the isomorphism L’ >~ «*L. By composing with @(a),
we obtain an isomorphism @(L/ ) >~ @(L).
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Lemma 3.14. Let A, A’, a, L and L' be as above. The isomorphism @(L/ ) @(L)
fits into the following commutative diagram:

| — Gy —G(L) — VA — 1

- T

1 — Gu —%(L) VA 1

Proof. In view of it is enough to note the obvious commutativity:

Gy — G(L') — VA’

-l

Gm — G(a*L) — VA’ O
3C. The map 6. Define o1 : TA — %(L) by (x,),>1 —> (id, x1) and
51:TA — G(L) =%(L) x g1, T(A, L)

by o1 and the natural inclusion TA < T (A, L). Forn > 1, set 6, := i1 ,007. Further
composing with the projection C?(n"‘L) — %(n*L), we obtain o, : TA — 4(n*L).
By construction, 6,8 are compatible with the inclusions iy, for m, n > 1 and thus
yield a map 6 : TA — @(L). Note that 5, 0, (n > 1) and ¢ are morphisms of
(ind-)group schemes and that G,, N6 (nTA) = {1} in Eg(L) for every n > 1.

Lemma 3.15 [Mumford 2007, Proposition 4.13].

(i) Zg (0 (nTA)) =~ @(n*L) canonically.

(iii) There is an isomorphism Ng(6 (nTA))/6 (nTA) = 4(n*L) induced by the
canonical maps

Ng1, (6 (nTA)) ~G(n*L) — G(n*L).

Proof. As usual, we implicitly work on T-points for some S-scheme 7. Let
X =(¢r,x;)r>1 € N@(L)(6(nTA)) and Y = (Y, yr)r>1 € 6 (nTA). Partfollows
from the fact that

XYX 'y 'eG,NnénTA) = {1).

Let us prove For some m > 1, (¢, x,)r>1 € Eé((mn)*L) may represent
an element of %(L). It suffices to show that if (¢!, x)),>; centralizes & (nTA),
then (¢, x/)r>1 = in.mn((¢r, X;)r>1) for some (¢y, x,),>1 € 4(n*L). Consider the

r>r
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commutative diagram

’

,
(rmn)*L —— (rmn)*L

.|
T/\t;,

A

The image of 6 (nTA) in @((mn)*L) is none other than &,,, (nTA), which consists of
(Y, yr)r>1 such that y, € A[rm]. Recall that A[m] acts on (rmn)*L as explained
at the beginning of Let us verify that the whole diagram[(3-6)|is A[m]-
equivariant. (In fact it is even A[rm]-equivariant.) Since (¢;, x,),>1 commutes
with elements of &,,, (nTA), the top arrow in the diagram is A[m]-equivariant. The
vertical maps are A[m]-equivariant by [Mumford 2007, Lemma 4.11]. The same
fact is obvious for the bottom map. By taking quotients of by A[m], we
obtain ¢, such that the following commutes:

(rn)*L o (rn)*L

|

mxy
A—A

By[Lemma 3.9 (¢, x/);>1 = in.mn((¢r, mx.);>1). The proof ofis complete.
For the proof of (iii)|, it is enough to note that the image of 6 (nTA) in 4(n*L)
consists of (¢, x,),>1 such that (¢, x) is the identity element. U

Lemma 3.16. Let (A, L) be as before, a : A’ — A be a bounded isogeny and
L' =a*L. Let 6' : TA' — %(L’") denote the analogue of & constructed from (A’, L").
Then the following commutes:

TA' —— (L")

a\ Nl@(a)

& ~

TA —4(L)

Proof. Let (x,),>1 € TA'. Both @(a) o6’ and 6 o map (x,),>1 to (id, ¢((x,)r>1))
in G(L). O

3D. The pairing é~. In analogy with e’ in|Section 2B| we obtain a bilinear com-
mutator pairing from the bottom row of [(3-5)]

el VAx VA = G,
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which is a morphism of ind-group schemes over S. On the other hand, the Z/nZ-
linear Weil pairings

eEWel s Aln] x Aln] = w, < Gy,

for n > 1 are glued to an A®-linear pairing (cf.[Section 3A)
el Well . YA x VA — VG,,.

Concretely on the functors of points, the map is

,Weil
((xn)nzl, (yn)nzl) = (61[\172,161 (an, yNn))nzl,

where N > 1 is such that x1, y; € A[N 2. The definition is independent of N. The
right side is an element of V G,, since egﬁenﬂ (XNmn> YNmn)™ = elLv’zvnvell (XNn, YNn) for

any m,n > 1. Letb: VG, — G, be the map b((x,),>1) = x; in the notation of|(3-1)

Lemma 3.17. The pairing é* is nondegenerate, and é* = b o e=-Weil,

Proof. The nondegeneracy of é is deduced from the nondegeneracy of ¢”  for all
n>1 . Indeed, if e~ were degenerate, there would be an S-scheme T
and a nonzero section x € %T(A, L)(T) such that e (x, y) = 1 for any section y of
VA in a T-scheme. Choose a large enough m > 1 such that x ¢ 6 (mnTA). Then x has
nontrivial image X in #T (A, L)/6(mnTA) ~ K ((mn)*L), but by the assumption,
X pairs trivially with any section of K ((mn)*L) via ¢™""L_ This contradicts the
nondegeneracy of ¢™""L.

Let us now prove the second assertion. Let (¢, x), (¢, y) € @(L), and write
X =(xp)n>1,Y = (Yn)n>1 € VA. For any N > 1 chosen as above,

J— , Weil :
b(eL,Well((xn)nzl’ (yn)nzl)) — ell\llznel (an, YNn) — eL()CN, yN)N — eL(XI, yl)

(The second equality is standard. See Property (5) of [Mumford 1974, §23] for
instance.) Consider the following commutative diagram:

I —= Gy — GND*L) — K(N?)*L) — 1

R

| — Gy — G((N?)*L) — T (A, (N?)*L) — 1

P e

1 Gm G(L) VA 1

Let x" = (x))n>1 and y' = (y),)n>1 be such that x; = xy2, and y, = yy2,. Note that
x1, ¥; € AIN*] C K((N»*L); thus, x’, y' € T (A, (N*)*L). The commutativity of
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the diagram allows us to equalize the commutator pairing for each row. The second
assertion follows from

~ _ _ 2\ %
b, )=y Yy = eV L(x], y)) = eH(Nx), Ny =eF(xy, y1). O

3E. Symmetric line bundles and the map t. Our construction of 7 is based on
[Mumford 2007, §4] as well as Step V in Appendix I of that book. From here
on, assume that L is symmetric, i.e., (—1)*L ~ L. There is an isomorphism (e.g.,

appeal to[Lemma 3.14with A=A’ o =—land L' = L)
G(—1)*L) > G(L) (3-7)

uniquely characterized as follows. If (¢,, x;),>1 1s mapped to (Y, —x,),>1, then
the diagram below commutes, where the vertical maps are induced by the pullback
along (—1): A — A:

(—1)*L 2 (—1)*L

A choice of an isomorphism / : L >~ (—1)*L induces EE(L) = @((—1)*L). By
composing with [(3-7)] we obtain an isomorphism

il %) > %)

and can show that it is independent of the choice of I (cf. [Mumford 2007} Propo-
sition 4.16]). The situation may be understood through a commutative diagram:

1 G 4L —L=va 1
Lid liL L—l (-8
1 Gnm G(L) L VA 1

For each n > 1, clearly the map x — xi’(x)~! from @(n*L) to @(n*L) factors
as the composite of j, : 4(n*L) — nl—zT(A, L) and h, : nl—zT(A, L) — %n*L). We
construct 7, as the composite

1
2n?

% 1 han o %
T(A,L)—> WT(A, L) = %((2n)"L).

Whennis odd, T, : nizT(A, L) — %(n*L) is defined as

Lran2Lra e
n n
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It is readily checked that T, are compatible with i, ,,, for m, n > 1 so that they glue

together to a map 7 : VA — %(L). (Note that T, and T,,, provide sections in the
diagram of [Lemma 3.12|) By construction, 7 is a section of j, namely

jot=id. (3-9)

The map T enables us to identify Z§(L) with G,, x VA equipped with a certain
group law that resembles the classical Heisenberg group law. To be precise, define
a group law on G, x VA by

(A, x) - (1, y) = (- 2" (3x, 9), x + y). (3-10)
Lemma 3.18 [Mumford 2007, Proposition 4.18.B]. The map

Gm x VA= G(L), (A, x)—> A 7(x)
is an isomorphism of ind-group schemes over S.

Proof. The above map is readily seen to be an isomorphism of ind-schemes over S
from the row exactness of [(3-8)] together with [3-9)] It remains to check the
homomorphism property. Set X = 7(x/2) and y = 7(y/2). Let A, u € G,,. Then
AT()UT(y) = At (x) T(y)

= auFit (@75

= kit @7 FEEE TR ® T

= xuet (& ® ™, ) FxHNGDH T

= et (x, y/) 2E+7) =ruet (/2. ) 1E+F). O

It is natural to ask about the difference between ¢ and 7|74, which are maps
from TA to %G(L). Consider the map

el 1 ITA > G,, el(x)=6"2x)22x)7" (3-11)
Lemma 3.19. The map el is a quadratic form factoring as
3TA = Al2] = 112 = G,

where %TA — A[2] and wy — Gy, are canonical surjection and injection. In
particular, 6 and T coincide on 2 - TA. Forall x,y € %TA (viewed as T-valued
points for each S-scheme T),

eb(x+y)el) el () = el (x, )2

Proof. The proof of [Mumford 2007, Proposition 4.18.C] is easily adapted to the
scheme-theoretic setting as in the proof of the last lemma. U
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Lemma 3.20. Consider (A’, L') and (A, L) with a bounded isogeny o : A" — A
such that L' = a*L. Suppose that L' and L are symmetric. Then the following

diagram commutes, where the row isomorphisms are as in|Lemma 3.18
G x VA ——4(L")

~j (id, V (@)) ~ l@(a)

G x VA ——4(L)

Proof. The proof is reduced to checking i” o@(oz) = @(a) o0 il which amounts to
the commutativity of the outer rectangle below:

~ I~ G-1) ~
G(L) —=G((=D*L") —>=%4(L")

l@(a) j@(a) l@(a)
L

UL~ B 1L L G,

The maps I and I, are induced by any choice of isomorphisms L’ >~ (—1)*L’
and L >~ (—1)*L (since such isomorphisms allow us to make the identifications
Aut(L'/A) ~ Aut((—1)*L'/A) and Aut(L'/A) >~ Aut((—1)*L’/A)), and they are
easily seen to be independent of the choice. The right half commutes because
@(oz)@( 1) = @( 1)@(0{) (Q( a) In order to verify that the left half commutes,
one reduces to the situation where &, L’ and L are replaced with @, n*L' and n*L,

respectively. Then by using the description of [Corollary 3.TT] one checks that
(wr, xr)rzl (wra xr)rzl

l@(o{) l@(a)

s a6 st —= (T (x))rot

where v/, is the induced automorphism of L — A obtained from taking quotient
by ker «a of .. (The latter is an automorphism of L' — A’.) (]

3F. p-adic Heisenberg groups. 1t is easy to adapt the construction of this section
to obtain p-adic analogues. There are obvious definitions of 1 =T,(A, L) and
4 »((p™)*L). In order that T),(A, L) be contained in V, A, we need to assume that
deg L is a power of p (mcludlng deg L = 1) or equivalently that K (L) is a p-group.
Then we have #Tp (A, L) — V,A for all n > 1. Define

Gp(L) :==1im%G,((p")*L).
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There is a commutative diagram similar to [(3-5)}

~ p”j;”
| —> Gy —= G, ((p")*L) —> 5 T(A, L) —= 1|

l id l l natural

1 G %,(L) d

VPA—>1

The commutator pairing yields élL, : VA xV,A — G,. A group morphism
6p: TpA — 9,(L) is constructed as before. Now suppose that L is symmetric.
Then there is a map 7, : V,A — @,,(L) (which is not compatible with group
structure) such that fp ot, =id. If p # 2, then 6; = Tpl1,4 and ele’* =1.1If
p =2, the map ei* : %TQA — G, sending x to 82L (2x) T2(2x)~! factors through
%TQA — A[2] = up» — G, and satisfies the same formula as in
Using T, we get an isomorphism G, x V,A = %, (L) (for any p including p = 2)
if the group law on the left-hand side is as in[(3-10)

4. Adelic and p-adic Heisenberg representations

As before, A is an abelian scheme over S, and L is a nondegenerate line bundle
over A. Throughout [Section 4] S is locally noetherian, but L is not assumed to be

symmetric except briefly at the end of

4A. Some preliminaries on group actions. The following general notation will

be used in [Section 4At

e G is a finite flat group scheme over S (not necessarily étale), and

e a: X — Sisan S-scheme of finite type equipped with a strictly free G-action
(ie., G xs X —> X xg X via (g, x) — (gx, x) is a closed immersion) such
that every orbit is contained in an affine open set.

Then a general theorem of Grothendieck (cf. [Tate 1997, Theorem 3.4]) ensures
that the quotient ¥ := X/G, along with B : Y — S and § : X — Y, exists in the
category of S-schemes. (This is a universal geometric quotient and an fppf quotient.
See [[van der Geer and Moonen > 2012, Theorem 4.16, Theorem 4.35] for details.)

Proposition 4.1. Let & and F be a coherent Ox-module and a coherent Oy -module,
respectively. The canonical maps F — (£,£*F)° and £*(£.(F)°) — F are
isomorphisms. (The maps are given by the fact that £* is the left adjoint of &,.)
The map & +— E*F induces an equivalence of the category of coherent Oy-modules
(resp. locally free Oy-modules of finite rank) with the category of coherent Ox-
modules with G-action (resp. locally free Oy-modules of finite rank with G-action).

Proof. The statement and proof of [Mumford 1974, §12 Theorem 1] can be adapted
to the relative setting over S. U
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Lemma 4.2. The category of G-representations on Og-modules has enough injec-
tives.

Proof. Let & be a G-representation on an Og-module. Since the category of
Os-modules has enough injectives, there exists an injective Og-module $ with
i :F <> 9. The Og-module § := Homg (G, ¥) is an injective object in the category
of G-representations on Og-modules since, by the injectivity of ¥, the functor

M +— Hom; (M, Hom, (G, $)) ~ Hom u, )

is exact. (The latter isomorphism is given by ¢ — (m — ¢ (m)(e)), where e is the
identity of G.) The isomorphism for M = F yields Hom (%, $) >~ Homy (%, 9),
and the map iF>9 corresponding to i is an injection. U

There is a functor ¥ +— ¥’ from the category of G-representations on Og-
modules to the category of Og-modules. (By [Moret-Bailly 1985, V.1.2], ¥¢ is an
Og-module.) For i > 0, let %' (G, V") denote the ith right derived functor of the left
exact functor ¥ +— VC.

Lemma 4.3. There is a spectral sequence E;] =% (G, R/a.(6*F)) = R/ B, F.

Proof. Let Rep(G) denote the category of G-representations on Og-modules. Con-
sider the left exact functors QCohy — Rep(G) and Rep(G) — QCohg given by
F > a, (E*F) and V +— VG, respectively. Note that

. (E*F)C = B.F. (4-1)

The desired spectral sequence is none other than the Grothendieck spectral sequence.
We only need to show that the functor & — o, (§*%) carries injective objects to
acyclic objects.

Set Gy := G xg Y. Note that . (§*F) = B.£:5*F, §:6"F >~ Hom (G, F) and

B«Homg (G, F) >~ Homg (G, B+F).

For any Og-module %/, Hom, (G, F') is acyclic for taking G-invariants, so the
proof is complete. (The argument is the same as the one showing the acyclicity of
induced modules in group cohomology. Indeed, if ¥ — ¥, is an injective resolution
in Og-modules, then Homg (G, F) — Homg (G, $,) is an injective resolution in
Rep(G). When G-invariants are taken, the latter resolution becomes ¥ — $,,
which is exact.) U

Corollary 4.4. Suppose that R’ o, (§*F) = R/ B.F = 0 for an integer g > 0 unless

Jj = q. Then the canonical morphism R, % — (R, (E*F))C (cf |[Equation (4-1))

is an isomorphism.

Proof. The spectral sequence of degenerates at E, by the assumption
and induces the desired isomorphism. U
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4B. Construction of adelic Heisenberg representations. Temporarily, we make
an assumption that L is nondegenerate of index i for some i > 0. (This will be
removed at the end of this subsection.) Set

YMW(L) := R f,(n*L).

Note that Eé(n*L) acts on ¥ (L) through its projection onto %(n* L), whose action
was discussed in[Section 2C| For m, n € Z., there is a natural map functorial in L

fin*L — fum,m*(n*L) >~ f,(mn)*L

induced by the adjunction map n*L — m,m*(n*L). It works similarly with higher
direct image of f (since m, is exact). Let v, : V(L) — Y™ (L) be the
functorial map R’ f,(n*L) — R’ f,.((mn)*L). Clearly Vin.mnkVn.mn = Vn.mnk for any
m, n, k € Z~ as both sides are the functorial map with respect to (mnk)*L — n*L
covering mk : A— A. Also, v, np 1S compatible with i, :@(n*L) — Eé((mn)*L);
namely, forall y € @(n*L) and v eV ™ (L), we have inmn (V) Vn.mn (V) =V mn (¥ V).
Indeed, this results from the commutativity of

‘n,mn( )
(mn)*L _ e (mn)*L

| |

n*L n*L

where y and iy, ,,, (y) act through their respective images in 4(n* L) and G((mn)*L).

Lemma 4.5. As Og-modules, for allm,n > 1,
OV(”)(L) ~ (olf(mn)(L))A[Wl] _ (OI/’(m”)(L))Emn(”TA)’

where the first isomorphism is induced by vy, ;.

Proof. Takea =B = f, & =m, F=n*L and g = i in|Corollary 4.4|to obtain the

first isomorphism
V(L) = (Ve (L)) A (4-2)

We claim that
(0{/‘("’”’[) (L))A[l’l’l] — (0‘/‘(’71”) (L))gmn (”TA). (4_3)

On the right-hand side, @((mn)*L) acts through 9((mn)*L). The action of the
subgroup scheme 6, (nTA) of 4((mn)*L) factors through

Omn(nTA) /G (mnTA) >~ A[m].
In view of |Corollary 3.11} the latter A[m]-action (on the right-hand side of |(4-3)))

is described as follows: x’ € A[m] acts on (mn)*L via v, which is obtained from
by taking x =0 and ¥ =id, and this induces the action of x’ on """ (L).
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The claim [(4-3)] follows from the fact that this A[m]-action is the same as the one

used in and thus used in [(4-2)] (See[Remark 3.10]) O

Using the fact that v, ,,,, are compatible with i, ,,, as explained above, we obtain

V(L) :=lim V(L)

as a Z§(L)—representaltion, where v, ,, are transition maps. The Og-module °{7(L)
carries a weight-1 action by %(L). Its properties will be investigated in

Remark 4.6. A more concise definition of °/I7(L) would be R’ f.(u*L). (We defined

u in ) It is useful to view @(L) as a compatible system of C‘é(n*L)—actions
on V™ (L) as this allows us to derive properties of V'(L) from those of YO(L).

Now we drop the assumption that the index of L is constant over S. Let g be
the relative dimension of A over S. Since the index function s +— L; is locally
constant, we can decompose S = ]_[igzo S; into open and closed subschemes such
that the index function is constantly i on each S;. The previous paragraphs construct
Y@ (L), V(L) and so on over each S;; thereby, we obtain them over S.

4C. Basic properties. Just like at the end of the last subsection, we no longer
assume that L has fixed index over S.

Definition 4.7. A @(L)—representation F on an Og-module is admissible if F° T4
is a coherent Og-module for every n > 1. (We always have that %° ™) ig an
Og-submodule of %.)

Definition 4.8. A @(L)—representation F is smooth if

F — U @&(n-TA).

n>1

A useful observation is that %° ™) is a module over Ng(6(nTA))/6 (nTA) ~

%(n*L), cf.[Lemma 3.15| This will be exploited several times.

Remark 4.9. If L is a symmetric line bundle so that 7 is available, an equivalent
criterion for smoothness is that F = | J,-; #*"™. The obvious reason is that
6 =17 on 2TA.

Remark 4.10. It is not inconceivable that any weight-1 @(L)—representation is
smooth, but we have not checked this.

Lemma 4.11. Suppose that L is nondegenerate of index i. Then
() V(L) =¥ (L), and
(1) the @(L)-representatian °l7(L) is admissible and smooth.
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Proof. Clearly [(1)] implies Part[(1)|is obtained from by taking limit

over m. Note that this works even if ind(L) is not constant on S, cf. the end of

Section 4Bl O

We give a tentative definition of a (finite) adelic Heisenberg representation.
Perhaps a more satisfactory definition is of [Proposition 4.19| below.

Definition 4.12. An adelic Heisenberg representation ¥ of @(L) is a smooth @(L)-
representation of weight 1 such that %° "™ is a locally free Og-module of rank
n%¢ .deg L foralln > 1.

Lemma 4.13. An adelic Heisenberg representation # of @(L) is a locally free

@5—m0dul£| and irreducible. (The notion of irreducibility is as in )

Proof. Let ' C ¥ be a smooth @(L)—subrepresentation, S0 ()T MTA) = o (1TA) g
a %G(n*L)- and 9(n*L)-subrepresentation. By [Proposition 2.12(i), there is an ideal
sheaf $,, of Og such that

(%/)&(nTA) =9, %OA'(HTA)‘ (4-4)

By taking 6 (TA)-invariants, where 6 (TA) acts through its image in @(n*L}, we get
)T = g, . 55T

Since 9¢° ™) is locally free, the comparison with|(4-4)|for n = 1 shows that §, = $;

for all n > 1. Hence, #' = ¥ ® 9. The local freeness of ¥ follows from the fact
that

. 5 (n!TA)
¥, =lim ("
o =lim )s
is free over Og g, as it is an increasing union of finite free modules. (Since each

transition map has a section, a basis can be written down easily.) (I

Corollary 4.14. The @(L)-representation °I7(L) is an adelic Heisenberg represen-

tation of @(L) in the sense of|
Proof. This follows from [Proposition 2.13(i1)| and Lemmas @.1T]and F.13] O

Theorem 4.15. Let K be a Heisenberg representation of @(L). Then there is an
equivalence of categories

Rep. (9(L)) = QCohg

given by M +— Homg (¥, M) and N+ FH Q N, which are quasi-inverses of each
other.

3Note that we are dealing with an O g-module, which is typically of infinite rank. We consider an Og-
module € locally free if the Zariski localization ¥s is a free Og g-module for all s € S. This does not
automatically imply that |, is a free Oy;-module in some open neighborhood U of s fora given s € S.
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Proof. To simplify notation, let us write Y for g!7(L). Suppose that the proposition
is known for % = ¥. Then it implies that any Heisenberg representation ¥’ is
isomorphic to ¥ ® F for an Og-module %. Since the ¢ (TA)-invariants in %’ and e
are locally free of the same rank, we see that % is an invertible Og-module. By
using this, the proposition for ¢’ is easily deduced from the case for 7.

Consider the case 9 = 7. We will show that the natural map

V @ Homg,, (7, M) — Al (4-5)

sending v ® f to f(v), which is clearly functorial in Jl, is an isomorphism
in Repslm(@(L)). Once this is shown, the same argument as on page 113 of [Moret-
Bailly 1985|] proves that N' — Hin@m(ﬂ?, TN ) is a functorial isomorphism
in QCohg, and we will be done. As a preparation, let us consider the functors

F1
Os—mod Rep! (4(n*L))

F2 4 F3

G
Repl, (4((mn)*L))

where %, %,, §; and 9, are the functors in [Proposition 2.12(i1), which give
equivalences of categories, and %3 is given by the rule F3(My) = A/Lg lm] Then

F3 0 Fy >~ F; canonically. Indeed, in view of [Lemma 4.11[1)]

F1(Mo) = Mo @ V™ = (Mo @ V™ YAIM = Gy (F, (Mp)).

Now let JM € Rep;m(@(L)), and set M = MTTTD for n > 1. It is implied
by %3 o ¥, >~ F that canonically

G1F3(F2%) >~ (9191)%,.

Thanks to [Proposition 2.12(i1), we get a canonical isomorphism % %3 >~ 9,. Ap-
plying to L™ and unraveling the functors, we have a canonical isomorphism

Homg e, V™, M) 5 Homg e, (V™ M) (4-6)

induced by the restriction to ¥, (The right-hand side of is a rewriting
of Homyy,,. (V™ M™), where we use the fact that & (nTA) is trivial on
and /(" . What happens to the left-hand side is similar.) We obtain the following
commutative diagram in which the vertical maps come from natural inclusions
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YO s gl | 1 s g1 and [(4-6)F

V™ @ Homg ., (V' M™)

|

Yrimn) @ Homg (1) (Vemm ey s g mn)

~

M

By taking limit over n, we deduce that [(4-3)|is an isomorphism. O

Corollary 4.16. The canonical map O — lﬂkg( L) (7€) (via the Os-module structure
on K) is an isomorphism.

Proof. By [Theorem .13} Ends, () ~ Endg, (05) = Os. 0

Corollary 4.17. Let ¥ be as in If ¥ is another @(L)-representation
with the same property, then there exists an invertible Og-module N such that

H ~HRQN.

Proof. This is proved as in the first paragraph of the proof of O

Corollary 4.18. Suppose that S = Spec R for a local ring R. Then any two Heisen-
berg representations are isomorphic.

Proof. Immediate from [Corollary 4.17 O

This subsection ends with an alternative characterization of Heisenberg represen-

tations. It will be used in [Section 5Al

Proposition 4.19. The following are equivalent:

(1) %€ is a Heisenberg representation of @(L). (See )

(i) # is a weight-1 admissible smooth irreducible representation of ZE(L) ona
locally free Og-module such that ¥ does not vanish anywhere on S.

Remark 4.20. In above, it is enough to require % % 0 when S is connected.
On the other hand, one could show that the admissibility in [(i1)]is superfluous by
extending to the case when & may be of infinite rank. That proof is
easily reduced to the finite rank situation.

Proof. q says that ()] implies In order to show the other implication,
let # be as in and ¥’ be a Heisenberg representation of @(L) (in the sense of
[Definition 4.12)). [Theorem 4.15|tells us that ¥ ~ ¥’ ® N for some 0g-module N
By taking invariants under 6 (nTA) for a large enough n (so that the invariants are
nontrivial), we see that N has to be a coherent Og-module. It suffices to show that N'
is locally free of rank 1.

Choose an arbitrary s € S. The stalks at s are related by ¥, >~ ¥, ®qg, Ns. We
see that N is a projective Og ;-module as ¥ and 9, are free over Og ;. Since N is
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finitely generated over the noetherian ring Oy g, it is free of finite rank. Now let U
be an open affine noetherian neighborhood of s in S. The proof will be complete
if N'|y is shown to be an invertible Oy -module.

Suppose this is not the case. tells us that N'|y has an Oy -submodule
A that is not given as N'|y ®g,, § for any ideal sheaf $ C Oy. Applying[Lemma 4.22]
we obtain an Og-submodule N’ of N such that N'|; = M. Then it is impossible
that N = N ®g, $ for an ideal sheaf $ C Og. (If it were possible, by restricting to
U, we would get M = Ny ®g,, $|v, but this is a contradiction.) This means, via
(applicable to 3¢'), that %€ allows a G(L)-subrepresentation % ® N’
not given by an ideal sheaf, contradicting the assumption that ¥ is irreducible. []

Corollary 4.21. Consider (A/ L ) and (A, L) with a bounded isogeny a: A’ — A
such that L' = a*L. Let (Q(a) C5»’1(L ) > C?;(L) be defined as in If

ol %’J(L) — Autg (¥0) is a Heisenberg representation, then p o(Q(a) isa Hezsenberg
representation of G(L").

Proof. This is clear from criterion|[(ii)| of [Proposition 4.19|and [Lemma 3.16] (Thanks
to the latter, the fact that p is admissible and smooth shows that p 0%§(w) is also.) [

The following two lemmas were used in the proof of [Proposition 4.19}

Lemma 4.22. Let & be an Og-module and U an open affine subscheme of S. Let
M be an Oy-module defined by an Og(U)-submodule of %(U). Define a Zariski
presheaf ¥ on S by

FV)y={aeFV)|alyny eMUNV) }.

Then ¥ is a Zariski sheaf and an Og-submodule of F. (Recall that every Og-module
(likewise, every Oy -module) is required to be quasicoherent in our convention.)

Proof. 1t is a routine check that ' is a Zariski sheaf. By construction, ¥ is a
subsheaf of %. The verification that & is an Og-module reduces to the affine case,
in which case it is elementary. U

Lemma 4.23. Let U be a noetherian scheme. Let & be a locally free Oy-module
of finite rank. Suppose that & has rank at least 1 at every point of U and rank
greater than 1 at some point u € U. (Note that U may not be connected.) Then
there exists an Oy -submodule M C F that is not of the form Ml = F Qq, $ for any
ideal sheaf $ C Oy.

Proof. We can find an affine subscheme V = Spec B of U containing # on which
|y is free of rank at least 2. Let M be any rank-1 free B-submodule of F(V),
and denote by Jl the corresponding Oy -module. Extend ' to an Oy -module .l
by the previous lemma. We claim that [l satisfies the condition of the lemma.
Indeed, if we had M = & ¢, F for some ideal $ C Oy, then we would reach a
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contradiction by taking stalk at # and computing the k (z)-dimension after tensoring
k(u) =0y ,/my . (Here my , denotes the unique maximal ideal of Oy ,.) O

4D. Dual Heisenberg representations and matrix coefficients. As we have seen
in|Section 2D} there are isomorphisms of §(n*L) x 9(n*L)-representations

V(n*L) ®V(n*L)” = Homg (4(n*L), Os) 4-7)
for varying n. On the right-hand side, G,, acts on %(n*L) and Og by multiplication.
We will promote to an adelic isomorphism.

Definition 4.24. Define an Og-module
Hom{™ (4(L). Os) := |_J Homg, (G(L)/6 (nTA), Os)

n>1
=|J Homg, (@(L), O5)7 @01,

n>1

A section ¢ of Homg | (@(L), Oy) is said to be smooth if it is a section of the above
Os-module. (The definition is equivalent if 7 is used in place of &; cf. [Remark 4.9})

Lemma 4.25. The map
V(L) ®@V(L)” — Homg" (CQ(L) Os) (4-8)
vV’ > (y > v (yv) (4-9)
is an lsomorphlsm of (Q(L) X CQ(L) -representations. Here, °V(L)V is equipped

with an action of (Q(L) by the same formula as m On the right- hand side, the

action is described by ((y1, y2)¥)(v) = ¥ (y; 'yy1) for ¥ € Hom™ ((5(L) Os)
and yy, 2 € 4(L).

Proof. Recall from that §(n*L) /6 (nTA) ~ %(n*L) naturally. Thus,
may be rewritten as
V(n*L) @V (n*L)” = Homg, (G(n*L), O)° "¢ @TA)

— I_IO_Hle ((’é(l’l*L), @S)&(HTA)X“}’

where the last equality holds thanks to By taking further invariant,
we obtain

V(L) @V (n*L)" > Homg @(n*L), 05)° =)

as maps of @(L) X Eé(n*L)—representations. (Note that V(L) is acted upon by
N1, (0 (TA)) /6 (TA) = 4(L) /6 (TA).)

We patch these isomorphisms via inverse limit, which are compatible as n varies
(as they are given by the same formula as [(4-9))), to obtain an isomorphism of
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‘?;(L) X @(L)—representations
T(L)®V (L)Y =5 Homg, (B(L), O5)° ™11, (4-10)
Likewise, there is an isomorphism of @(n*L) X @(L)-representations
V(n*L) ® V(L)Y = Homg (G(L), O5)° ™1

given by the same formula as [(4-9)] By patching again, we arrive at the map [(4-8)|
and see that it is an isomorphism. (]

Corollary 4.26. For any Heisenberg representation ¥, [(4-9)| induces an isomor-
phism of 9(L) x G(L)-representations

% ® 9" ~ Hom{™ (4(L), Os).
Proof. [Corollary 4.17]tells us that %@ %" ~V'(L)®V'(L)" canonically. Composing
this with [(4-8)] we derive the desired isomorphism. O

Definition 4.27. Set Homg'(VA, O5) := U
Hom%??(VA, Oy) is said to be smooth.

Hom@S(VA/nTA, Og). A section of

n>1

From here until the end of this subsection, assume in addition that L is symmetric.
There is a further isomorphism of Og-modules

Homg, (3(L), O5) ~ Homg, (VA, O) @-11)

by restricting from EE(L) ~ G, x VA to {1} x VA. Then
induces an isomorphism from Ho_mqg; (6(L), Og) onto Hom*™(VA, Og), and the
@(L) X @(L)—action may be transported to them. This action will be used in the
following corollary:

Corollary 4.28. Suppose deg L = 1. There is a Heisenberg representation ¥ so that
%" = Homg, (VA, 05)° P>l
= {¢ € Hom, (VA, Og) | ¢ (x) = e (5y) é"(3x. y)-dp(x+y),Vx € VA, y € TA}
= {¢ € Homg} (VA, O5) | ¢ (x) = €/ (37) €5 (3%, )¢ (x +), Vx € VA, y € TA}.

The action of (A, 2) € Gy x VA ~G(L) (cf [Lemma 3.18[(3-10)) is described by

((h, 2)P)(x) =27l (x, 2/2) - p(x — 2).

Proof. Set # .= °{7(L) ®V'(L)". By the assumption V'(L) is an invertible Og-module.
The isomorphism [(4-10)| provides

%V 3 Hom@m (@(L), @S)6(TA)X{1} ~ Hom@S(VA, @S)?T(TA)X{I}'
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Let y € TA. If ¢ € Homg (@(L), Os), then &(y) = 7(y) ek (y/2) acts on ¢ as
follows, where the elements of (L) are written using

G () - $)((L,x) =l Gy (L, x)(1, )
=eldy) ¢ Ax, ), x +y)
=el(3y)et(Gx,y) - o (1, x +y)).

Thus, the condition that 6 (y) - ¢ = ¢ for all y € TA produces the transformation
formula for ¢. Such a ¢ is automatically smooth. Indeed, for any x € VA, choose
n > 1 such that x € %TA. The transformation formula tells us that ¢ (x + y) = ¢ (x)
for all y € 2nTA since e& |74 = 1 and &% |paxma = 1.

To compute the group action, let » € Homg (@(L), Os) be the map correspond-

ing to ¢ via[(4-11)] Then (using in the third equality)

((h, 2)9)(X) = ATV (F(x) = 2~ Y (F (@) 12 (x)
=2t /2, )T R —2) = A7 (2/2, 0) T Y (B (x — 2))
=116l (x,2/2) - p(x —2). O

Remark 4.29. |Corollary 4.28[ may be thought of as presenting the (dual) lattice
model for 7", whose dual gives rise to the lattice model for .

Remark 4.30. Although # is a smooth @(L)—representation, there is no reason to
expect ¥ to be smooth in general. We caution the reader that the smoothness of ¢

in |Corollary 4.28|does not imply that #" is smooth as a @(L)-representation.

Remark 4.31. Let us assume that L has index 0, namely that L is relatively ample.
By choosing a particular section Iy € H(S, °{7(L)V), one can associate theta func-
tions for each element of H’(S, °I7(L)) as explained in [Mumford 2007, §5, Appli-
cation 2]. More precisely, take [ to be “the evaluation at 0" map °l7(L) — Og. Then

(4-8)[(by taking v =lj) and |(4-11)|induce a map HO(S, °l7(L)) — Homg, (VA, Oy),

which is a geometric construction of theta functions.

4E. An application of the Kiinneth formula, PartI. Forr =1,2,let f,: A, —> §
be an abelian scheme with a nondegenerate line bundle L, of index i,. Define
A := A xg Ay with projections p, : A — A, and the structure map f : A — S.
Take L := p{L| ® p5L>.

Lemma 4.32. We have canonical isomorphisms

RUALI®R2f Ly ifj=i1+ia,
0 if j #i1+io.

In particular, L is nondegenerate of index i1 + i,.

ij*L:{



1754 Sug Woo Shin

Proof. This is a consequence of |Grothendieck 1963, Théoreme 6.7.8]. (Take the
two complexes of Og-modules there to be L and L;, where each of them is viewed
as a complex concentrated in degree 0.) ([

By checking that the isomorphisms in|Lemma 4.32|for n* L are compatible with

transition maps for varying n (namely v, ,,, in[Section 3B|and its analogues for
(A1, L) and (A, L,)), we obtain a canonical isomorphism

V(L) @ V(Ly) ~T(L). (4-12)
Moreover, we have a natural embedding
Y(n*L1) x%G(n*Ly) — 4(n*L)

for each n > 1, sending ((¢1, x1), (¢2, x2)) to (pié1 ® p3¢2, (x1, x2)). This map
lifts to a map CQ(n*Ll) X (Q(n*Lz) — (Q(n*L) and patches to

Gn*Ly) x G(n*Ly) — Gn*L). (4-13)

It is a routine check that [(4-12)[is equivariant with respect to [(4-13)| Namely, the
restriction of the CQ(n*L) representatlon °V(L) to @(n*Ll) X (g(n*Lz) via|(4-13)[is
identified via|(4-12)|with the ‘Q(n*Ll) X ‘Q(n*Lz) -representation on °V(L1) QV(L5).

In|Section 5C| we will see an analogous result for Weil representations.

4F. Representations of p-adic Heisenberg groups. We return to the p-adic setup
of in particular, deg L is assumed to be a power of a prime p. Define a
%, (L)-representation

Vp(L) :=lim ¥V (L).
n

The admissibility and smoothness are defined for @p (L)-representations as in
Definitions and 4.8 by letting n run over powers of p. A Heisenberg repre-
sentation of 9, (L) is defined exactly as in |Proposition 4, IQ(ii)l and induces an
equivalence of categories as in [Theorem 4.15 L The representation ¥ p(L)is a
Heisenberg representation of 0 »(L), and any two Heisenberg representations differ

by a tensoring with a line bundle over S. We also have the analogues of results in

[Section 4D and [Section 4El

5. Weil representations

As in the previous section, let A be an abelian scheme over a locally noetherian
scheme S. Now L is a nondegenerate symmetric line bundle over A.
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5A. Adelic Weil representations. Let p :@(L) — Autg (#) be any adelic Heisen-
berg representation (Definition 4.12] cf.|Proposition 4.19). Define a group functor
Sp°(VA, %) on (Sch/S) by

SpP(VA, e")(T) ={g € Auty (VA x5T) | "o (g, 9) =é"}.  (5-1)

(The superscript b stands for “bounded”.) Note that g € Spb(VA, él)(T) acts on
Gm(T) x VA(T) by g - (A, x) = (X, gx) and that this action preserves the group
law of The automorphism §(L) ~ G,, x VA of allows us to
transport the Spb(VA, él)-action to the side of @(L).

Let T be a_locally noetherian S-scheme. Write Ly := L xg T, and define
oT :@(L) x T — Autg (¥ ®0r) to be the representation induced from p by base
extension. It can be seen from the construction of @(L) that @(L) x T =~ @(LT)
canonically. Moreover, # ® Oy is a Heisenberg representation of @(LT). For each
g€ S_pb(VA, el (T), define ,o§ := pr o g, a weight-1 representation of @(LT).

Lemma 5.1.

@) ,0§ is a Heisenberg representation of @(LT).
(i) ,o§ ~ pr as @(LT)—representations.

Proof. Without loss of generality, we may assume 7" = §. Since g is a bounded
automorphism, there exist m, m’ > 1 such that for every n > 1, g(mnTA) C nTA
and g(nTA) D m'nTA. Thus,

gert EmnTA)) — gep(T(TA)  4nq  Gep®(E(TA) — gep(E(m'nTA))

Therefore, pé is smooth and admissible. Further, p# is irreducible since any @(L)—
subrepresentation of p# is also a ZE(L)—subreplresentation of p, which is irreducible.
Part|(1)| follows from [Proposition 4.19]

Corollary 4.17| shows that p¢ >~ p ®¢; N as @(L)—representations for some
invertible sheaf N on S (equipped with trivial @(L)-action). The isomorphism
provides f : % ~ #H Q@ N as Og-modules. But f obviously induces an isomorphism
0= pQN of @(L)—representations. Therefore, p8 >~ p. (I

Now define a group functor l\ﬂ)b(VA, éX) on (Sch/S) such that for locally noe-
therian T,

MpP(VA, é“)(T)
={(g. M) e SP"(VAx T, ") x Auty (#®O07) | MoproM™" =pf} (52)

with group law (g1, M1)(g2, M2) = (g182, M1 M>). (The definition is understood
as a functor of points.) Similarly define l\ﬂ)b(TA, él) with TA in place of VA. There
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is a sequence of group functors
1 - G, — MpP(VA, &%) — Sp°(VA, ") — 1. (5-3)

The first map G,, — Mp®(VA, é¥) is given by o + (1, «) using the canonical
isomorphism G,, Au‘[O (#0), and the next map sends (g, M) to g.

We define variants Sp(VA, e él) and Mp(VA, e él), which are also group functors on
(Sch/S) and (LocNoeth/ S), respectively. For an S-scheme T, write 7 =[]
as a disjoint union of connected components. Set

l€1

Sp(VA, &)(T) := [ [ Sp*(VA, e")(Ty)
iel
and similarly for Mp(VA, ¢L)(T). By the paragraph above [Lemma 3.4I, The bound-

edness condition is vacuous in S_pb(VA, eL)(T)). As the analogue of (5—3)|, we
have

1 —> G, — Mp(VA, el > Sp(VA, ely > 1. (5-4)

Remark 5.2. In general, we do not address the issue of representability of Sp, Mp,

Sp and Mp by ind-group schemes. When there is a level structure 1}
we will see that Sp is often representable.

Lemma 5.3. For any locally noetherian S-scheme T, the sequence of groups ob-
tained from|(5-3)| by taking T -points is exact. The same is true for[(5-4)|

Proof. It is enough to deal with[(5-3)] which implies the other case easily. The lemma
is obvious except for the surjectivity, which we check now. Let g € Sp(VA, é5)(T).
It suffices to show that Homg LT)(PT’ p?) has a T-point. Since pT_: p§ by the
preceding lemma, we have a (noncanonical) isomorphism Homg LT)(,OT, pf) ~

Aut@(LT)(,oT). The latter is isomorphic to G,,(T) by [Theorem 4.15] which is
certainly nonempty. U

Remark 5.4. In the classical analogue of (or [(5-4)), the exactness in the
middle results from the irreducibility of the Heisenberg representation and Schur’s
lemma. The surjectivity results from the Stone—von Neumann theorem.

Definition 5.5. The tautological representations l\ﬂ)b(VA, by — Autg (3) and
Mp(VA, by — Aut (90), respectively, given as a morphism of group functors on
(LocNoeth/S) by (g, M) — M is called the Weil representation or the oscillator

representation (cf. [Remark 2.10).

For the rest of [Section SI, we mostly focus on Mp and Sp The results carry over
to Mp and Sp easily (Section SE). The Weil representation is independent of the
choice of the Heisenberg representation ¥ in a suitable sense, as we will soon see.
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Lemma 5.6. If Mpge(VA, el and Mpge,(VA, él) denote the group functors arising
from Heisenberg representations ¥ and %, respectively, then there is a canonical
isomorphism of metaplectic group functors sitting in a commutative diagram below:

| —= G, —> Mp) (VA, &) —— Sp°(VA, é-) —— |

| — G, —> Mp, (VA &) —— Sp°(VA, &) — 1

Proof. By [Corollary 4.17, % = # ® N for an invertible Og-module N. Thus, there
is a canonical isomorphism o : Autg (%) >~ Aut (%'). Then (g, M) > (g, a(M))
clearly induces the desired isomorphism. O
Corollary 5.7. With the notation in the previous lemma, we have the following
commutative diagram:

Mp®, (VA, é5) — Autg (%)

Ntcan N]can

Mpb, (VA, &%) YL Aut, (3)

Proof. This result follows immediately from the proof of a

29

We would like to find a splitting of over an “open compact subgroup
of Sp (VA, éL) Letm,n > 1. Let Sp ( T(A,L);nTA, éL) denote the subgroup
functor of Sp (VA, eb) con51st1ng “of g that stabilizes T(A L) and nTA and
induces the 1dent1ty map on — T(A L)/nTA. Note that Sp ( T(A, L);nTA, éb) =
Sp (T (A, L); mnTA, éb). (We will favor the expression on the left-hand side when
it seems conceptually helpful.) Now suppose that (g, M) € Mp (VA, AL) with
g€ Sp ( T(A, L); 2TA, é). The latter condition implies the g-action on (Q(L)

o preserves 7(2TA), which is equal to 6 (2TA), and

* leaves @(2*L) stable and induces the identity map on
G(2*L) ~G(2*L) /% (2TA).
By restriction, M induces an isomorphism of representations

T (2TA)) 9¢0 (ZTA)) )

My (P|<§(2*L)7 (/0 |<g(2*L),

The representations factor through the quotient 4(2*L) of @(Z*L). Since g acts
as the identity on 9(2*L), we deduce that p& = p (not just an isomorphism) as
%(2*L)-representations on #° ™) Hence, by |Pr0p0sition 2.12kiv)l,

Mo € Autg (3 *™) = Autg (05) = Gp. (5-5)
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The former of the two canonical isomorphisms above is given by [Proposition 2.12{11)|
In light of [(5-5)] there is a unique choice of M (when g is fixed) that restricts to M.
This leads to our next result.

Lemma 5.8. There is a canonical splitting of|(5-3)|over S_pb(TA, él). Namely, there
is a map of group functors

spl: Sp’(3T (A, L); 2TA, &%) — Mp°(TA, é")
such that if spl(g) = (g, M), then M, corresponds to the identity of G,, via|(5-5)

Proof. Leta : T — S be an S-scheme. For each g € Spb(%T(A, L); 2TA, év), let
us define M,. As was seen in the proof of there exists M ;, such that
(g, Mé) € I\Qb(TA, éL)(T). Such an Mé defines an automorphism a € G,,(T) by
Set My :=a~! M. Then (g, M) € hﬂ)b(VA, eL)(T), and M, corresponds
to 1 € G, (T) via[(5-5)} Moreover, it is straightforward to verify (g1g2, Mg,q,) =
(8182, Mg, My,) as the images of My, ,, and Mg, M, in G,, via[(5-5)|are both 1. [J

Corollary 5.9. Suppose that deg L = 1. Then there is a canonical splitting of|
over Sp°(TA, 4TA, &%).

Proof. Immediate, since T (A, L) = TA and
SpP(TA, 4TA, é") = Sp* (3 TA, 2TA, &%). O

5B. Dual Weil representations. The dual Heisenberg representation " also plays
the role of the dual Weil representation. Namely, l\ﬂ)b(A, él) acts on %V by the rule

(g, M) - vHYW)=v'M~ ), ve¥, vVex".

5C. An application of the Kiinneth formula, Part II. We continue [Section 4E
with the same notation as in that subsection. Note that there is an obvious embedding

Sp"(A1, &) x SpP(A,, 8"2) — Sp°(A, eh).
The following is the analogue of a classical result [Mceglin et al. 1987 11.1(6)]:
Lemma 5.10. The isomorphism
i V(L) @V (L) ~ V(L)

of [(4-12)| is an isomorphism of l\ﬂ)b(VAl, ely x l\ﬂ)b(VAz, él2)-representations
(the notion of representations as in if the action on the right-hand
side is pulled back via

MpP(VA, e"1) x Mp®(VA,, é") — Mp(VA, &)
(g1, M), (82, M2)) = (81 ® g2, i (M1 ® M2)i ™).
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Proof. This is a tautology in view of the way the metaplectic group action is defined.
O

5D. Local Weil representations Let Pp: @ (L) — Aut@ (9€,) be a p-adic Heisen-

berg representation. As in [Section 5A] we deﬁne Mp°(V,,A, é5) and Sp°(V, A, é5)
and fit them into a sequence (cf. @]} that is exact in the sense of [Cemma 5.3}

1 G, — Mp°(V,A, &) — Sp°(V,A, éh) — 1. (5-6)
The local Weil representation at p is the tautological representation
Mp(V,A, &) — Aute (3,).

There is a splitting of [(5-6)] over Sp (To(A, L), T,A, AL) if p # 2 and over
Sp (2T (A, L); 2T,A, ") if p =2 (cf. m Natural questions on the
structure of Mp (V A, eL) are:

(i) When is [(5-6)] split?
(ii) If[(5-6)]is not split, does it come from a double cover? Namely, can we show

that Mp® (V,A, eL) has a subgroup functor Sp (VyA, eL) that is an extension
of Sp°(V, A, ¢ )by w2?

For the classical p-adic metaplectic group, it is known that the answers to|(1)| and
are “never” and “yes”, respectively, at least when p # 2. The questions seem
subtle if § is an [F,-scheme and already when § = Spec Fp. We will see a positive
answer to ()] when A is an ordinary abelian variety (Corollary 7.7). We do not have

a clue to See for the case of supersingular abelian varieties.

5E. From Mp to Mp. Most results of [Section 5 have been stated about Mp and
Sp Everything we have proved or asked about Mp and Sp applies to Mp and
Sp. The proof is easily reduced to the case of connected base schemes, in which
case Mp® and Mp coincide as well as Sp° and Sp.

6. Level structures

In our context, a level structure is a trivialization of VA, V), A and so on. This allows
us to compare our theory with the representation theory of the usual symplectic
and metaplectic groups over number fields and p-adic fields (which are defined
independently of abelian schemes and line bundles). This resembles the level
structure arising naturally in the moduli-theoretic setting. It is interesting to note
new characteristic p phenomena, which are not observed in the classical theory of
Weil representations, when studying the Weil representation of a p-adic metaplectic
group in characteristic p (Section 6C). Throughout [Section 6, we assume that S is
locally noetherian.
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6A. Level structure on VA. Let S be a O-scheme and (V, (-, -)) be an even-
dimensional Q-vector space with a symplectic pairing. Let ¢ : A — G, be a
nontrivial morphism of (ind-)group schemes over S. (This is the analogue of the
additive character in the classical setting.) By composing, we obtain

(«, )y VOA® X VRA® — Gy,.
Suppose that there is an isomorphism of ind-group schemes over S

n:VA® ~VA

that carries (-, )y to él. This forces v to factor through e, < G,, since é-

factors through (oo — G, (Lemma 3.17).
Lemma 3.18|together with 7 allows us to identify G, x (V @ A>°) ~%4(L), where

the left-hand side, to be denoted @(V, (-, )y), has group law

A x) - (, y) = (- (x/2, y)y x +y). (6-1)
Again via 7, the exact sequences in [(3-5)| and [(5-4)] become

1= G =GV, (+,-)y) = VRA® -0,
1—>Gm—>Mp(V®A°°,(-,~),/,)—>Sp(V®A°°,(-,-)I/,)—>1.

(The analogue for Mp and Sp is also obtained from M) The group functor
Sp(V®A>, (-, -)y) is represented by the constant group scheme associated with
the usual symplectic group Sp(V ® A, (-, - )y) while Mp is defined by the same
recipe as in[(5-2)| (using Sp in place of Sp ).

Remark 6.1. Note that  does not exist unless S is in characteristic 0 because V,A
is not a constant ind-group scheme at any point s € S of residue characteristic p.

See [Section 6C] for a different kind of level structure.

Remark 6.2. In the simple case when § = Spec k and k is an algebraically closed
field of characteristic 0, a choice of x : Q/Z = o over k gives rise to ¥ in the
following manner:

A% 5 A 7R Q7L oo < Gy

6B. Locallevel structure, Part1. We consider two kinds of level structures on V), A.
The first one is the local analogue of Let (V,, (-, -)) be a symplectic
Q-vector space and ¥ : Q, — G,, a nontrivial morphism of (ind-)group schemes
over S. Thereby, obtain (-, )y : V, x V, — G,,, where V, is also viewed as a
constant ind-group scheme over S. A level structure is a Q,-linear isomorphism

n:Vy~V,A
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(@, acts on V,A as explained in [Section 3A) carrying (-,-)y to é5. As in
Section 6A] this forces ¥ to factor through pp~ <> G,. The map 7 and the
p-adic analogue of [Lemma 3.18|enable us to identify G,(V,, (-, - )y) := Gun X V),
with 9, (L), where the former is equipped with the same group law as in|(6-1)f We

obtain exact sequences

1= G = G,(Vp, (-, )y) = V, = 0, (6-2)
1= Gy = Mp(Vp, (-, -)y) = SP(Vp, (-, -)y) — L.

6C. Local level structure, Part II. When S is in characteristic p, a different level
structure is desirable (cf.[Remark 6.1)). Let & be a field extension of F,. Suppose

that S is a k-scheme. Let (X, (-, -)¢) be a p-divisible group ¥ over k with an
alternating pairing (-, -)o : ¥ X ¥ — pp~. This can be promoted to

(s N VpEX V2 — Vpupe

by the functoriality of V,,. Let b, : V,u,x — = be the p-adic analogue of b

in Set (-,-) :=b,o0(-,-)1. Then a level structure is a Q,-linear

isomorphism
VxS = V,A

matching (-, -) and éé. Set @,,(Z, (+,)0) =Gy x V,X with the group law
(A x) - (1, y) = (M- (5%, ¥), X+ y). (6-3)
In light of the p-adic analogue of ¢ induces an isomorphism
Gp(B, (-, )0) =G, (L),

The p-adic analogues of exact sequences in [(3-5) and [(5-4)] are identified via ¢ with
the following, where Mp and Sp are defined as in

1= Gp—G,(, (-, )0) = V,T =0, (6-4)

1 = Gy = Mp(V, 2, (-,-)) = Sp(V, 2, (-,-)) = L.

A priori l\ﬂ)(VpE, (-, -)) depends not only on (X, (-, -)o) but also on (A, L)

because the definition involves the Heisenberg representation, which is constructed

from (A, L). But shows that two Heisenberg representations
of @p(E, (-, -)o) (constructed from two choices of (A, L)) differ by a tensoring
with an invertible Og-module, so Mp(V, %, (-,-)) and its Weil representation
depend (up to isomorphism) only 0172, (-, o) thanks to|Corollary 5.7

Remark 6.3. One can consider a variant when S is not entirely in characteristic p.
For instance, if ¥ = (Q,/Z, x pupy~)¢ for some g > 1, which can be defined
(together with (-, -)o) over Spec Z, one can take S to be any locally noetherian
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scheme, and the construction above goes through. On the other hand, if (X, (-, - )o)
is as above except that the base ring is not k but the integer ring O in an algebraic
extension field of @, the discussion can be adapted to any O-scheme S.

Remark 6.4. The level structure ¢ is the analogue of the Igusa level structure used
in the literature (e.g., [Katz and Mazur 1985; |Harris and Taylor 2001; |[Hida 2004]).

Remark 6.5. It is an interesting phenomenon that the Heisenberg group and the
metaplectic group at p heavily depend on the isogeny type of ¥ (or A[p*>°]) when
S is in characteristic p. This is evident in [(6-4)] for instance. Each isogeny type
gives rise to a different mod p Weil representation.

6D. Weil representations associated with p-divisible groups, without abelian va-
rieties. Assume p #2. Let (, (-, -)o) and (-, -) be as in[Section 6 with k =T ,.
For simplicity, assume that (-, - )¢ is a perfect pairing. (In general it is enough to
require (-, -) to be a perfect pairing.) We know that there exists an (A, L) such
that there is a symplectic isomorphism ¢ : V,X =~ V, A thanks to Oort’s result
([Rapoport 2005, Theorem 7.4], cf. [Oort 2001]]) that any Newton polygon stratum
in the mod p fiber of the Siegel modular variety with hyperspecial level at p is
nonempty. Then attaches the Heisenberg group/representation and Weil
representation to (X, (-, - )o). The goal of this subsection is to sketch an alternative
approach without using (A, L) at all.

Recall that @p = @,,(E, (-, -)o) is already defined inindependently
of (A, L). The key point will be to prove the existence of the Heisenberg repre-
sentation of @p without resorting to (A, L). In particular, we use the fact that any
nondegenerate theta group possesses a weight-1 irreducible representation over an
algebraically closed field [Moret-Bailly 1985, Chapter 5, Theorem 2.5.5].

Take 6, : T,X — @,,(E, (-, -)o) to be the natural embedding x — (1, x).
(The assumption p # 2 is used to ensure that the latter embedding preserves group
structure. ) Itis easy to Verlfy the analogue of |L S|for% s 0, etc. (replacing
CQ((p )*L) there with C§(p )i =G, X = o7 T ¥ in%,),in Wthh 6,(T, %) embeds Vla
the map 1 x p". Set4(p") .=‘g(p”)/op(T ¥), which is isomorphic to G, x >[p*]
(which inherits the twisted group law). By the theorem of [Moret-Bailly 1985] cited
above, each (p") possesses a Heisenberg representation (irreducible representation
over k of dimension p") for n > 1. The Heisenberg representation # of @p is
obtained by patching via the analogue of and then one can check the
analogues of [Theorem 4.15] [Proposition 4.19] and Corollaries 4.26|and .28] (Of
course TA, VA and é~ should be replaced by 7,2, V, X, and (-, -), and ef should
be ignored.) The construction of carries over to Mp(V, %, (-, - )) and
its Weil representation on #.

Remark 6.6. What we have denoted &, should be thought of as the analogue of 7,
in the previous sections (although there is no distinction when p # 2). Perhaps
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one can still work with p =2 if we select e, : X[2] x X[2] — w2, satisfying the
properties of [Lemma 3.19| to play the role of eZ. Then the above definition of &,
should be multiplied by e, (cf. [3-TT)).

Remark 6.7. If char(k) # p and k =k, then one can identify V), with a symplectic
Q,-vector space (as a constant group scheme), and the above construction still
goes through without (A, L). When k = C, this essentially recovers the classical
construction.

Remark 6.8. We have worked with X over Fp rather than over a more general
scheme S. The only essential reason is that the existence of Heisenberg represen-
tations (i.e., the analogue of [Moret-Bailly 1985, Chapter 5, Theorem 2.5.5]) no
longer holds in general. A sufficient condition for the existence of a Heisenberg
representation is that ¥ over S comes from some (A, L).

Example 6.9. Let X/, denote a supersingular p-divisible group over Fp of height 2
and dimension 1 equipped with a perfect pairing (-, -) : X1/2 X X2 = ppe. Let
D1 /> be a central quaternion algebra over Q,, of invariant 1/2. It is well known that
Endﬁp (21,2) is isomorphic to the maximal order of Dy, so Endﬂ (VX12) = Dy .
(In general, one can use Dieudonné theory to classify p-divisible groups X over
Fp up to isogeny and identify Endﬁp(VZ) as a semisimple Q ,-algebra. See any
standard reference such as [Demazure 1972].)
Set ¥ :=(X1,2)%, and define (-, -) : ¥ X ¥ — e by

((-xl)l 1,<yz, 1 l_[(-xlayl

Then
Sp(VpZE, (-, -)0) = Sp,(D12)

as constant group schemes over Fp. Observe that this group is an inner form of
Sp,,(Q)). The questions (1) and ((i1)| of would be especially interesting
to answer in this case. We would guess “no” to|(1)| and “yes” to in this case
but without much evidence. The only heuristic reason is that this X is the unique
p-divisible group over Fp (up to isogeny) that is self-dual and isoclinic, so it makes
harder for [(5-6)| (or the analogous sequence for X) to split. (For any other choice
of a self-dual X, the group of Fp—points of Sp(V,Z, (-, -)o) is isomorphic to the
group of @ ,-points of an inner form of a pro?er Levi subgroup of Sp,,(Qj). This
is a well known fact in the theory of isocrystals applied to Sp,,, where the former
group is often denoted J5,(Q,). See [Kottwitz 1997] for instance.)

6E. Global level structure. 1t is clear how to put together local level structures to
get a global one. Let A°? be the prime-to-p part of A>°, namely Vi =11 2p 2
and A7 = hm 1Z” where n runs over positive integers prime to p. When S is
a Q- scherne this is done in the obvious manner by globalizing [Section 6B] Let us
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say a few words when S is an [ ,-scheme. Consider the analogue ¥* : A®*? — G,
of ¥ so that we have (-, - )yr : VRA®P x VRA*P — Gy, (cf.|Section 6B)). Let
(2, (-, )o) be as in[Section 6C] and set (-, -), :=b,o(-, )| using notation there.

A level structure in this setting is an A°°-linear isomorphism
P, 0): VRA®P x (V,E x¢ S) = VA

carrying ({-, - )yr, (-,")p) tO ¢l. We have exact sequences that look like |(6-2)
away from p and[(6-4)|at p.

7. Explicit models

In the study of Weil representations and the theta correspondence, it is important to
find a good model on which the group action can be described explicitly. For p-adic
or finite adelic metaplectic groups, the most popular models in the classical context
are Schrodinger and lattice models. In[Section 7} we focus on the p-adic setting
and describe the models for Heisenberg and Weil representations in some simple
cases. In those cases S is local, so the Heisenberg representation is unique up to
isomorphism (Corollary 4.18)). The mixed characteristic phenomenon of
is intriguing and begs further investigation.

Throughout L is assumed to be symmetric and nondegenerate of
degree 1. (The assumption on degree may not be essential but is very convenient.
Degree 1 can be achieved over an algebraically closed field for any (A, L) without
disturbing symmetry and nondegeneracy if we are allowed to modify (A, L) by an
isogeny. See [Mumford 1974, §23, Theorem 4, cf. Corollary 1].) Let C*°( -, k) and
C2°(-, k) denote the k-vector spaces of locally constant and, respectively, locally
constant and compactly supported k-valued functions and D*°( -, k) denote the
k-vector space dual of C*°( -, k). Throughout this section, a k-valued function is
understood without further comments as a sheaf-theoretic homomorphism with
target Ospec &, but note that in the setting of this is no different from a
function in the naive sense.

7A. Over afield of characteristic not equal to p. Suppose that S = Spec k, where k
is algebraically closed of characteristic unequal to p. Therefore, V), A is isomorphic
to the constant ind-group scheme @?,g over S. In this subsection, we may and will
view V,A as a Q,-vector space with symplectic pairing éé VR, A X V,A— k™.
Similarly, T}, A is regarded as a free Z,-module sitting inside V), A.

Corollaries 4.28| and adapted to the local setting, tell us that the lattice
model for the dual Heisenberg representation may be described as

%lvattice = {¢ € COO(VpA» k)
| () =el (3 Gx, y) - ¢(x+y),Vx € V,A, y e T,A} (7-1)
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with (A,z2) € G,,, x VA~ @(L) acting as ((A, 2)9)(x) = k‘léL(x/Z, 2)-d(x —2).

Note that ef =1 unless p =2 (see . The lattice model H)attice, the dual

v . oy
of #,ic.» admits a concrete description

Hiattice = {¢ € CCOO(VpA’ k)
| o) =3t Gr, o +y). Vx e VA, ye T,A} (7-2)

with the dual action; namely, (, z) acts as (A, 2)¢) (x) = réL(z/2, x) - p(x +2).
Indeed the pairing

Wiatice X Wiice = ko (£ D f(x)gx)
xeV,A/T,A

is easily verified to be k-linear, perfect and @(L)-equivariant. Refer to the literature
such as [Meeglin et al. 1987, Chapter 2.11.8] (when p # 2) for a precise description
of the Weil representation on #j,uice. That reference treats the case k = C, but the
same formula applies if p # char(k).

On the other hand, let T,A = A| @ A, be a decomposition into free Z,-
submodules that are totally isotropic for éll; and in perfect duality with respect
to éé. Setting V; = A; ®z, Q,, for i = 1,2, we have V,A = V| @ V, and may
identify V, with VY. When p =2, we assume that

Vi =(x1.x) €A1 @Ay, el (x/2)eh(x1/2,x) = 1. (7-3)

The above condition amounts to assuming that L is even symmetric in the terminol-
ogy of [Mumford 2007, Proposition 4.20]. This can always be achieved by pulling
back L via the translation 7 for a suitable x € A[2](k). See [Mumford 2007, Corol-
lary 4.24]. The Schrodinger model is (e.g., [Mceglin et al. 1987, Chapter 2.1.4.1],
[Mumford 2007, Proposition 5.2.A])

Hsch = C(Va, k), (A, 21, 22) - ) (x2) = he" (w2, 21) €5 (22/2, 21) - P (2 + 22),

(7-4)
where we write z = (z1, z2) € V1 @ V5. [Corollary 4.18|ensures that Hiaice 2 Hsch as
@(L)-representations on k-vector spaces. Refer to [Mumford 2007, Proposition 5.2],
for example, to see an explicit isomorphism. Let us recall an explicit formula for the
Weil representation on #s., to be compared to the mod p case later (Section 7C).

Proposition 7.1. Consider My € Auty (¥scn) for g € Sp(V, A, éé) in the following
three cases. (Here My and g are implicitly T -valued points for a locally noetherian
k-scheme T. The matrices below are written with respect to V,A >~ V,’ @ V,. In
we choose a k-valued Haar measure on V,, which exists since p # char(k).)

tp—1
() g= (BO g), (M) (x) = |det B|,"*¢(B~'x) for any B € GLy(V»).
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01
symmetric (i.e., C = CV).

01 AL
= , (M = , dy.
(i) g (_1 0) (M) (x) /V 20 dy

(1) g = <I C), (My9)(x) = éé(Cx,x)(b(x), where C € Homy(V,, V) is

Then we have (g, My) € l\ﬂ)(VpA, éé) in all three cases.

Proof. This is proved by the same computation as in the proof of [Mumford 2007,
Lemma 8.2] (cf. [Moeglin et al. 1987, Chapter 2.11.6]). (]

Remark 7.2. Classically the factor |det B |;1/ z inis inserted to make M, a unitary
operator. Of course (g, M,) € Mp(V, A, élL,) still holds if |detB|;1/ 2 is erased.

Example 7.3. The classical Heisenberg and Weil representations (for p-adic groups)
are obtained when k = C and A = C8/A with A =78 +i7Z8, and L arises from a
Riemann form A x A — Z defining a principal polarization.

Remark 7.4. In the definition of #s¢,, one cannot use C°°(V>, k) because the latter
is not smooth with respect to the @(L)-action (defined by the same formula). As for
Hiattice, C2° cannot be replaced by C*° either for the same reason: the @(L)—action
on the C*°-space is not smooth. Likewise, #,’,... i nonsmooth.

7B. Lattice model over Fp. Suppose that S = Spec k with k = Fp. The dual lattice

model 7€}, ;... which is again unique up to isomorphism, has the same description as

(Corollary 4.28| (cf.|(7-1)). As before, Hiaice is defined to be the dual of %', (and
equipped with the dual action). Unlike we do not have the notion of compact
support on V,A, so view #jaice just as a space of distributions. An interesting

problem would be to find an explicit formula for the Weil representation on #Hjaice-

7C. Schridinger model over Fp. Let k = Fp as before. Unlike lattice models,
Schrodinger models do not always exist. The first obstruction is that V,A or
A[p®] is not always completely polarizable. For instance, if A is a supersingular
elliptic curve, then A[p°°] does not admit a product decomposition. According to
Dieudonné theory, we can achieve

1% x Xp > A[p™] (7-5)

for mutually dual p-divisible groups X and X, over k, by modifying A with an
isogeny if necessary, if there are an exactly even number of simple p-divisible
groups of slope % in A[p®°]. Let us suppose that this is the case so that
exists. Also suppose that is a complete polarization, i.e., é,L,lzlle =1,
élel):zxzz =1 and éll; defines a perfect pairing between X; and X,. Then we also
have V,A>V,(A[p™]) = V,X; x V,X,. Now that there is a complete polarization,
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one can ask whether there is a Schrodinger model for #. The answer is positive in
the simplest case.

Proposition 7.5. Suppose that A is ordinary; in other words, there exists an isomor-
phism A[p™] = X1 x Xy with 1 = (up=)8 and Xp = (Q,/2Z,)8. If p =2, assume
thatholds with T, 2 x T, %, in place of Ay @ As. Then the k-vector space
Hsch 1= C°(Vp X0, k) (where V, X, is viewed as a Q,-vector space) on which
(A, 21,22) € Gy x V, X1 X V35 :@(L) acts by

(&, 21, 22) - ) (x2) = el (x2, 21) €5 (22/2, 21) - P (X2 + 22)

is a Heisenberg representation of @(L).

Remark 7.6. The above formula is the same as |(7-4)| except that it should be
interpreted scheme-theoretically. On the other hand, the lemma does not generalize
to the nonordinary case as C2°(V, X, k) has no natural meaning if % is not étale.

Proof. Without loss of generality, we may assume éIL, is the standard symplectic
pairing (of the form|(7-7)). Then it is easily verified that

"T,%
Heen” ™ = CX Ty Ea/p" Ty, k).

Hence, #sch is smooth and admissible. By the Stone—von Neumann theorem
(Theorem 4.13)), s is isomorphic to a Heisenberg representation tensored with

. "T, %
a k-vector space. But the fact that dimy, %g = p*" shows that the latter vector
space has dimension 1. Hence, s, is itself a Heisenberg representation. O

We introduce an ind k-group scheme

(B C v
P:= o p)|BeAuV, ). CeHom(V, 5. V,%), CV=C1.

(The dual Vv between V, % and V%, is taken with respect to é!L,.) Once a basis
is chosen, we can identify Aut(V,¥,) >~ GL4(Q,) and Hom(V,X;, V,%s) =~
My(Vy i pe) in view of below. (We apologize for two different usages of M,.)

Corollary 7.7. In the setting of|Proposition 7.5 we have

(1) a canonical isomorphism Sp(V), A, éé) =~ P as group functors and

(i) G, x P ~ l\ﬂ)(VpA, éIL,) as group functors via (A, g) = AMg, where My is
defined on Hscp as

vy—1
(P9 3) Moo o

*8

. g (’ C),<Mg¢>(x)= 5L (Cx, x) § (3).

0171
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Remark 7.8. The action in [(i1)] above is the same as [(1)] and [(i1)] of [Proposition 7.1
Since Sp(V)A, élLy) is smaller when char(k) = p, the action [(ii1)| simply does not

show up here. Also note that the above M,-action does not involve |det B|;1/ 2,
which does not make sense in k.

Proof. Part|(1)|is derived from the canonical isomorphisms
Hom, (Z/p"Z.Z/p"2) ~Z/p"Z. Hom(Z/p"Z. jup) = .
Hom, (upn, Z/p"7) =0, Homy (ppn, pupr) =2Z/p" 7.

For the given action of (X, g) obviously defines a splitting of Since
Gm x Sp(V)A, éIL,) is representable by a k-group scheme, the same is true for
Mp(V,A, éé). O

(7-6)

Remark 7.9. If one naively attempts to find a mod p Weil representation, then
one could guess that C>°(QF, Fp) is the right model just by imitating the classical
Schrodinger model without using the Heisenberg representation (which may be dif-
ficult to come up with unless the Heisenberg group is defined scheme-theoretically).
But then one gets into trouble in defining a projective representation of Sp,,(Q)).
Indeed, the group action in [(iii)| of [Proposition 7.1} which amounts to the Fourier
transform, does not make sense over F p- (For instance, there is no Fp—valued Haar
measure on V,.) The virtue of our scheme-theoretic approach is that it renders a
precise meaning to C°(Q%, Fp), which is but a special case of a mod p Weil repre-
sentation corresponding to the ordinary p-divisible group. In addition, our approach
explains why the Fourier transform action should disappear from the picture.

Denote by D*°(V, X1, k) the dual k-vector space of C*°(V,, X1, k). The following
proposition allows us to transport the Heisenberg representation structure from
C>®(VpX1, k) to D®(V, Xy, k):

Proposition 7.10. There is a canonical isomorphism of k-vector spaces
CX(VpXa, k) = D®(V, %1, k).

Proof. For a finite group scheme G and its dual GV over k, recall the standard fact
that their rings of functions are canonically k-dual, namely Og >~ (Ogv)". When
appliedto G = #Z »/Zp, this provides a canonical isomorphisms C ( #Z o/ Lp, k)~
D(pn, k) for all n > 1, where D denotes the distribution. By taking inverse limit,
Ce(Qp/Z,, k) = D®(Tyup=, k). Now by taking the direct limit along the maps
on C. and D* induced by

Q,/2, L Qp/2, &) Typppo B Typpe 5 -1

we obtain C2°(Q,, k) = D®(V,up, k). The same argument with multiple copies
of Q, and V, iy proves the proposition. O



Abelian varieties and Weil representations 1769

So far we have considered only ordinary p-divisible groups X. For a general X
with a complete polarization ¥ = X x X, with respect to éIL, (where C2°(V, X2, k)
does not make sense), it remains to be answered whether D*°(V, X1, k) is a Heisen-
berg representation.

Remark 7.11. When p > 2, the material of this subsection can be rewritten in

terms of only (%, (-, - )o) by using [Section 6D] getting rid of (A, L) from the
picture. (See for p = 2.) We retained (A, L) to make the analogy with
more transparent and also not to make an exception p # 2.

7D. Over a ring of mixed characteristic (0, p). In this final example, consider the
case when:

e K is a field extension of @, complete with respect to a p-adic valuation
v, : KX — R. Assume that xP" — 1 splits completely in K for all n > 1.

e O :={ae K" |vp(a) = 0}U{0}.

e § = SpecOk.

o ¥ =3 x Xy with y = (up>)® and Xp = (Q,/Z,)% over S.

e (+,)0:E X T — up~ is a symplectic pairing sending
g g

((@E DD (D, D)) = [ Ty [ e v~ (7-7)
i=l i=l1

where (-, ) : ppo x Q,/Z, — pp is the canonical pairing and (-, -) is as
in Section 6C]

o If p =2, assume that|(7-3) holds with 7,3 x T), %> in place of A| ® A».

As in the previous subsection, define an ind-group scheme over Og by

tp—1
P .= { <B() g) ‘ BeGLy(Q)y), C EH.;m(@i’ (VpMpoo)g)’ cY=cC }

Since[(7-6)|still holds with Ok in place of k, the exact analogue of [Corollary 7.7/holds

over Og. The P-representation on the free Ox-module Hsch 0, := C°(V), X2, Ok)
is the Weil representation. It is instructive to note how this specializes to Spec K
and Spec k, where k now denotes the residue field of K. By passing to Spec k, we
recover the Weil representation of which is again a P-representation.
Over the generic fiber, £; becomes isomorphic to (Q,/Z,)% noncanonically. There-
fore, Sp(V,Z, (-, -)0)(K) is isomorphic to Sp,,(Q,). The Weil representation
C(V, %, K) over the generic fiber is the classical one described in[Section 7A]and
contains #scp, o, as an “integral model”. This example illustrates that the integral
model may admit a smaller action than the generic fiber. It would be worthwhile to
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describe a similar phenomenon for Weil representations in the case of nonordinary
p-divisible groups over Ok.
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Small-dimensional projective
representations of symmetric and
alternating groups

Alexander S. Kleshchev and Pham Huu Tiep

We classify the irreducible projective representations of symmetric and alternating
groups of minimal possible and second minimal possible dimensions, and get a
lower bound for the third minimal dimension. On the way we obtain some new
results on branching which might be of independent interest.

1. Introduction

We denote by S, and A,, the Schur double covers of the symmetric and alternating
groups S, and A, (see for the specific choice we make). The goal of
this paper is to describe irreducible projective representations of symmetric and
alternating groups of minimal possible and second minimal possible dimensions, or,
equivalently the faithful irreducible representations of S, and A,, of two minimal
possible dimensions. We also get a lower bound for the third minimal dimension.

Our ground field is an algebraically closed field F of characteristic p # 2. If
p = 0, then the irreducible representations of S, and A, over [ are roughly labeled
by the strict partitions of #, i.e., the partitions of n with distinct parts. To be more
precise to each strict partition of 7, one associates one or two representations of Sn
(of the same dimension if there are two) and similarly for An.

Now, when p = 0, the representations corresponding to the partition (7) are
called basic, while the representations corresponding to the partition (n — 1, 1) are
called second basic. To define the basic and the second basic representations of
§n and An in characteristic p > 0, one needs to reduce the first and second basic
representations in characteristic zero modulo p and take appropriate composition
factors. This has been worked out in detail by Wales [1979]]. Again, there are one
or two basic representations for S, and one or two basic representations for A, (of
the same dimension if there are two), and similarly for the second basic.
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The dimensions of the basic and the second basic representations have also been
computed in [Wales 1979]. To state the result, set

1 if p|n,
Kp = .
0 otherwise.

In partlcular kn = 0 if p = 0. Then the dimensions of the basic representations for
S, and A,, are:

n—2—kn J

a(An) =2l

a(én =
The dimensions of the second basic representations for §,, and A,, are:

bGn) = 282 (1= 2 — ke — 2n ),
b(Rn) =212 (10— 2 — kg — 2.

Main Theorem. Letn > 12, G =S, or Ay, and V be a faithful irreducible repre-
sentation of G over F. If dimV < 2b(G), then V is either a basic representation
(of dimension a(G)) or a second basic representation (of dimension b(G)).

The assumption # > 12 in the is necessary — for smaller n there

are counterexamples. On the other hand, this assumption is not very important,
since dimensions of all irreducible representations of §n and An are known for
n < 11 anyway; see [Jansen et al. 1995]|.

We prove the by induction, for which we need to establish some
new results on branching (see Sections [3H5). These results might be of independent
interest. We establish other useful results on the way. For example, we find the
labels for second basic representations in the modular case (see [Section 3). Such
labels were known so far only for basic representations.

The scheme of our inductive proof of the[Main Theorem|is as follows. First of all,
it turns out that the treatment is much more streamlined if, instead of G-modules for
Ge {én, An}, one works with supermodules over certain twisted groups algebras
T, and U,. This framework is prepared in Consider now a faithful
irreducible G-module W which is neither a basic nor a second basic module. Then
there is an irreducible J,-supermodule V' such that W is a composition factor of
the G-module V. We aim to show that the restriction of V' to a natural subalgebra
T m withm € {n—1,n—2,n—3}, contains enough “large” composition factors, i.e.,
composition factors which again are neither a basic nor a second basic supermodule
of J,,. In this case we can invoke the induction hypothesis to show that dim V'
is at least a certain bound, which guarantees that dim W > 25(G) (cf. [Section 6)).
Otherwise, our branching results (Sections [4] [5) imply that V' is labeled by a so-
called Jantzen—Seitz partition, in which case we have to restrict V' further down to
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a natural subalgebra 7, with m € {n —6,n —7,n — 8}, and again show that this
restriction contains enough large composition factors.

The substantially strengthens Theorem A of [Kleshchev and
Tiep 2004], which in turn strengthened [Wagner 1977]], and fits naturally into the
program of describing small dimension representations of quasisimple groups. For
representations of symmetric and alternating groups results along these lines were
obtained in [James 1983|] and [Brundan and Kleshchev 2001b, Section 1]. For
Chevalley groups, similar results can be found in [Landazuri and Seitz 1974; [Seitz
and Zalesski1 1993]; |Guralnick and Tiep 1999; Brundan and Kleshchev 2000; [Hiss
and Malle 2001} (Guralnick et al. 2002; Guralnick and Tiep 2004]] and many others.

Throughout the paper we assume that n > 5, unless otherwise stated. For small
n symmetric and alternating groups are too small to be interesting.

2. Preliminaries

We keep the notation introduced in the Introduction.

2A. Combinatorics. We review combinatorics of partitions needed for projective
representation theory of symmetric groups, referring the reader to [Kleshchev 2005,
Part II] for more details. Let

— (0,0) %fp:O, and [ = ZZ() %fp:O,
(p—1/2 if p>0; {0,1,...,¢} if p>0.

For any n > 0, a partition A = (A1, A3,...) of nis p-strict if A, = A, 4 for some
r implies p | A,. A p-strict partition A is restricted if in addition

{kr—k,+1 <p if plA,,
)\.r_)\.r_l’_lfp lfp'*')\.r,

for each r > 1. If p = 0, we interpret p-strict and restricted p-strict partitions as
strict partitions, i.e., partitions all of whose nonzero parts are distinct. Let RP ()
denote the set of all restricted p-strict partitions of n. The p’-height hp (L) of
A€ Pp(n)is:

hp/(k):=}{r| 15r§nandp+kr}‘ (A € RPp(n)).

Let A be a p-strict partition. We identify A with its Young diagram consisting of
certain nodes (or boxes). A node (r, s) is the node in row » and column s. We use
the repeating pattern 0, 1,...,£—1,¢,£—1,...,1,0 of elements of I to assign (p-)
contents to the nodes. For example, if p =5then A = (16,11,10,10,9,5,1) e RPs,
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and the contents of the nodes of A are:

ol1][2]1]o]0]

(e} el fa )l fan]

jec) fer )l el fan)l fan]
—_ == ==
DD [DI [ [ D
el e el e

— [ = = | = —
B[ [ (B | |
— [ = = = —
(==} o)l fer ) el fan )l Kan]

|OOOOOOO

The content of the node A4 is denoted by cont, A. Since the content of the node
A = (r,s) depends only on the column number s, we can also speak of cont, s for
any s € Z~y.

Let A be a p-strict partition and i € I. A node A = (r, s) € A is i -removable (for
A) if one of the following holds:

(R1) conty A =i and A4 := A — {A} is again a p-strict partition.

(R2) The node B = (r, s + 1) immediately to the right of 4 belongs to A, cont, 4 =
conty B=i=0,andbothAp =A—{B}and A4 p:=A—{A, B} are p-strict
partitions.

A node B = (r,s) &€ A is i-addable (for A) if one of the following holds:
(A1) cont, B =i and LB := L U{B)} is again an p-strict partition.

(A2) The node A = (r,s — 1) immediately to the left of B does not belong to A,
cont, A = cont, B =i =0, and both A =1U{A4}and A4 B =1 U{4, B}
are p-strict partitions.

Now label all i-addable nodes of A by + and all i-removable nodes of A by —.
The i-signature of A is the sequence of pluses and minuses obtained by going along
the rim of the Young diagram from bottom left to top right and reading off all the
signs. The reduced i -signature of A is obtained from the i -signature by successively
erasing all neighboring pairs of the form +—. Nodes corresponding to —’s in the
reduced i-signature are called i-normal. The rightmost 7-normal node is called
i-good. Define

i (L) = #{i-normal nodes in A} = #{—"s in the reduced i-signature of A}.

Continuing with the example above, the 0-addable and 0-removable nodes are
labeled in the diagram at the top of the next page. The 0-signature of A is
-, —,+,+,—,—,—, and the reduced 0-signature is —, —, —. The nodes corre-
sponding to the —’s in the reduced 0-signature have been circled in the diagram.
The rightmost of them is 0-good.
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HEEE

©

Set
- {)\A if A is the i-good node,
eiA =

0  if A has no i-good nodes.

The definitions imply that é;A = 0 or é;A € RP,(n — 1) if L € RP,(n).

2B. Crystal graph properties. We make RP), :=| |~ RP,(n) into an I-colored
directed graph as follows: A LN wif and only if A =¢; ;Z Kang 2003 Theorem 7.1]
proves that this graph is isomorphic to B(Ag), the crystal graph of the basic
representation V(A ) of the twisted Kac—-Moody algebra of type A;z_)l (interpreted
as B if p = 0). The Cartan matrix (a;;);, jes of this algebra is

(2 2 0 - 0 0 0

12 -1 - 0 0 0

0 -1 2 - 0 0 0
if 0> 2,

0 0 0 - 2 -1 0

0 0 - -1 2 -2

\0 0 0 - 0 -1 2

2 4 )
(_1 2) ifl =1,

2 =2 0
-1 2 -1 0
0 -1 2 -1 if £ = oo.
0 -1 2 .

In view of Kang’s result, we can use some nice properties of crystal graphs:
Lemma 2.1 [Stembridge 2003, Theorem 2.4]. Leti, j € I andi # j. Then

() Ifei(A) >0, then 0 < gj(é;A) —&j (L) < —aj;.
(ii) If&;(A) > 0 and gj(é;A) = €j(A) > 0, then é;é; ) = €jé;A.
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2C. Double covers and twisted group algebras. There are two double covers of
the symmetric group but the corresponding group algebras over | are isomorphic,
so it suffices to work with one of them. Let §,, be the Schur double cover of the
symmetric group S, in which transpositions lift to involutions. It is known that Sn
is generated by elements z, 51, ..., s,—1 subject only to the relations

Z8p = Sp2Z, 2 = 1, s,2 =1,

Sr8r+18r = Sr+15rSr+1,
spsp = zsesy (Jr —t] > 1)

for all admissible r, ¢. Then z has order 2 and generates the center of S,.. We have
the natural map m : S;; — S,

1> (z) >5, 55, > 1,

which maps s, onto the simple transposition (»,7 + 1) € S,. The Schur double
cover A, is 771 (A,). We introduce the wisted group algebras:

Tp:=FS,/(z+1), WU, :=FA,/(z+1).

Spin representations of S, and A, are representations on which z acts nontrivially.
The irreducible spin representations are equivalent to the irreducible projective
representations of S, and A, (at least when n # 6, 7). Moreover, z must act as —1
on the irreducible spin representations, so the irreducible spin representations of S,
and A,, are the same as the irreducible representations of the twisted group algebras
I n and WUy, respectively. From now on we just work with 9, and U,,.

We refer the reader to [Kleshchev 2005, Section 13.1] for basic facts on these
twisted group algebras. In particular, 7, is generated by the elements 71, ..., %,—1,
where ¢, = s, + (z 4 1), subject only to the relations

2=1, tlrpily =tlrpilrtyr1, oty = —tsty (Jr —s| > 1).

Moreover, I, has a natural basis {#¢ | g € Sn} such that U, = span(tg | g € A,).
This allows us to introduce a Z,-grading on J, with (7,)5 = Uy, and (T,)7 =
span(fg | g € Sn \ An). Thus J, becomes a superalgebra, and we can consider its
irreducible supermodules.

2D. Supermodules over 7, and U,. Here we review some known results on rep-
resentation theory of 9, and U,, described in detail in [Kleshchev 2005| Chapter 22]
following [Brundan and Kleshchev 2001a; 2002]. It is important that the different
approaches of these last two papers are reconciled in [Kleshchev and Shchigolev
2012]], where some additional branching results, which will be crucial for us here,
are also established.
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First of all, we consider the irreducible supermodules over J,. These are labeled
by the partitions A € RP,(n). It will be convenient to set

0 1if m is even,
om):= {1 if m is odd; (2-D
and
a(A) :==om—hy(1)). (2-2)

The irreducible J,-supermodule corresponding to A € RP,(n) will be denoted
by D*, so that
(D* | L € RP,(n)}

is a complete and irredundant set of irreducible J ,-supermodules up to isomorphism.
Moreover, D* is of type Mif a(A) = 0 and D* is of type Q if (1) = 1. Recall the
useful fact that a(A) has the same parity as the number of nodes in A of nonzero
content; see [Kleshchev 2005, (22.15)].

Let V be a 7 ,-supermodule, m1, ..., m, € Z~, and /Ll, o ERPL(n). We
use the notation my D*' +---+m, D* € V to indicate that the multiplicity of
each D*" asa composition factor of V is at least m.

2E. Modules over 9,, and U,. Now, we pass from supermodules over 7, to
usual modules over 7, and AU,. This is explained in detail in [Kleshchev 2005,
Section 22.3]. Assume first that a(A) = 0. Then D* is irreducible as a usual
I n-module. We denote this J,-module again by D*. Moreover, D* splits into two
nonisomorphic irreducible modules on restriction to WU,: resO{L” D* = EY * @ E
On the other hand, let a(1) = 1. Then, considered as a usual module, D* sphts as
two nomsomorphlc n-modules: D* = D% @ D*. Moreover, E* _resJ" D} ~
re ” D)‘ is an irreducible AU, -module. Now,

{(D* | A e RP,(n), a(L) =0} U {D}, D* | L € RP,(n), a(r) =1}
is a complete irredundant set of irreducible J,,-modules up to isomorphism, and
{E* | e RP,(n), a(h) = 1} U {E* E* | L € RP,(n), a()) = 0}

is a complete irredundant set of irreducible U,-modules up to isomorphism.

We note that it is usually much more convenient to work with I ,-supermodules,
and then “desuperize” at the last moment using the theory described above to obtain
results on usual J,,-modules and U,-modules; see Remark 22.3.17 in [Kleshchev
2005]]. For future use, we also point out that if V' is an irreducible J,-supermodule
and W is an irreducible constituent of V' as a usual J,-module (or én—module),
then )

dimV _ a().
dim W
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2F. Weight spaces and superblocks. Let V be a J,-supermodule. We recall the
notion of the formal character of V' following [Brundan and Kleshchev 2003|] and
[Kleshchev 2005, Section 22.3]. Let M1, ..., My be the Jucys—Murphy elements
of J,; see [Kleshchev 2005, (13.6)]. The main properties of the Jucys—Murphy
elements are as follows:

Theorem 2.2.
(i) [Kleshchev 2005, Lemma 13.1.1] M2 and M} commute for all 1 < k.1 < n.

(i1) [Kleshchev 2005, Lemma 22.3.7] If V is a finite-dimensional J ,-supermodule,
then for all 1 < k < n, the eigenvalues oka2 onV are of the formi(i +1)/2
for somei € 1.

(iii) [Brundan and Kleshchev 2003 Theorem 3.2] The even center of T, is the set
of all symmetric polynomials in the M2, ..., an
For an n-tuple i = (iy,...,iy) € I", the i -weight space of a finite-dimensional
I n-supermodule V is:

Vii={veV | (M} —ix(ix +1)/2)Nv=0for N> 0Oandk =1,...,n}.

By [Theorem 2.2, we have V = @; ¢ yn Vi. If V; # 0, we say that i is a weight of
V.

We denote by &;(V) the maximal nonnegative integer m such that D* has a
nonzero i -weight space with the last m entries of i equal to 7.

The superblock theory of I is similar to the usual block theory but uses even
central idempotents. Denote

Tpi={y:1—>Z5| Y y(i)=n}.
iel
Also denote by v; the function from I to Z>o which maps i to 1 and j to O for all
j #i.Foryely, welet
I" =4 =(y,....in) €I |vi; +---+vi, =y}

If V is a finite-dimensional J,-supermodule, then by [Theorem 2.2(iii),

viyl:= P v

ielv

is a I ,-superblock component of V', referred to as the y-superblock component
of V, and the decomposition of V into the J,-superblock components (some of

which might be zero) is:
V=@ vyl

v€ly

The y-superblock consists of all 7,-supermodules V with V[y]=V.
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Let A € RP,(n). For any i € I denote by y;(A) the number of nodes of A of
content i. Then we have a function

y():=) yi()vi € Tn.
iel
Theorem 2.3 [Kleshchev 2005, Theorem 22.3.1 (iii)]. Let A € RP,(n) and y € I'y.
Then D* is in the y-superblock of T, if and only if y (A) = y.

2G. Branching rules. Given a function y : I — Z>o and i € I we can consider
the function y —v; : I — Z5¢ if y(i) > 0. Now, let A € RP,,(n). Denote

res; D* = (resng D)‘>[y()\) — ;] iel
interpreted as zero if y;(A) = 0. In other words,

re, DV:= @ D} (el (2-3)
iel”, iy=i
We have
T A A
resgz_1 D" = @resi D*.
iel

Moreover, either res; D* is Zero, or res; D* is self-dual indecomposable, or res; D*
is a direct sum of two self-dual indecomposable supermodules isomorphic to each

other and denoted by e; D*. 1If res; D* is zero or indecomposable we denote
e; D* :=res; D*. From now on, for any J ,-supermodule V we will always denote

. n . In
res,—; V= res,_; Vi.=res;" V.
n—Jj

Theorem 2.4 [Kleshchev 2005, (22.14), Theorem 22.3.4; |Kleshchev and Shchigolev

2012, Theorem A]. Let A € RPp(n). There exist T ,_1-supermodules ei D* for
each i € I, unique up to isomorphism, satisfying the following conditions:

(i) res,_q D* is isomorphic to
eoD* ®2e,D* @ ---d2e, D*  ifa(h) =1,
eoD*® e D*@---de, D ifa(r) =0.
(ii) Foreachi € I, e;D* # 0 if and only if . has an i-good node A, in which

case e; D is a self-dual indecomposable supermodule with irreducible socle
and head isomorphic to DM,

(iil) If A has an i-good node A, then the multiplicity of D*4 in e; D* is &;(}).
Furthermore, a(D*) equals a(D") if and only if i = 0.

v) If u € RPp(n — 1) is obtained from A by removing an i-normal node then
D" is a composition factor of e; D*.
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(v) e; D* is irreducible if and only if &;(\) = 1;
(vi) resp—; D* is completely reducible if and only if e;(\) = 0 or 1 forall i € I.
(vii) £:(D*) = £i(h).
(viii) [Brundan and Kleshchev 2006, Theorem 1.2 (ii)] Let A be the lowest re-
movable node of A such that Ay € RP,(n —1). Assume that A has content

i and that there are m i-removable nodes strictly below A in A. Then the
multiplicity of DM ine; DY ism + 1.

Finally, one rather special result:

Lemma 2.5 [Phillips 2004, Proposition 3.17]. Let p > 3 and D, E be irreducible
I n-supermodules such that res,_1 D and res,_1 E are both homogeneous with the
same unique composition factor. Then D = E.

2H. Reduction modulo p. To distinguish between the irreducible modules in char-
acteristic 0 and p in this section we will write D versus D)“ We also distinguish
between Io = Z>¢ and I = {0,1,...,£}. Toevery i € Iy we associate i € I, via
i i=contyi. Ifi =(iy,....,in) € I" thent = (i1,....in) € 1.

Denote reduction modulo p of a ﬁmte -dimensional 7 - supermodule V in char-
acteristic zero by V. In particular we have D} for any strict partition A of 7.

In fact, let (KK, R, [F) be the splitting p-modular system which is used to perform
reduction modulo p. In particular, F = R/(7r) where () is the maximal ideal of
R. So we have V = Vg ® g [ for some J,-invariant superhomogeneous lattice Vg
inV.

Recall that char F # 2 so we may assume that all i (i + 1)/2 with i € I belong
to the ring of integers R. As usual we consider elements of 7, as elements of [.
Then it is easy to see that

iG+1D)/24+@=i(i+1)/2 (ielp). (2-4)

Let again V' be an irreducible J,-supermodule in characteristic zero. When
performing its reduction modulo p we can choose a J,-invariant R-lattice Vg
of V' that respects the welght space decomposmon Ve = P;c i Vi, r, where
Vi,r = VRN V;. Then Vii=V; ROrRFC V— It follows that for an arbitrary
J €1, we have

vi=& Wi (2-5)
ielf
i=j
This implies the following result (see the proof of [Kleshchev and Shchigolev 2012,
Lemma 8.1.10]):
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Proposition 2.6. Let A be a strict partition of n and D())‘ be the corresponding
irreducible J y-supermodule in characteristic zero. Then all composition factors of
the reduction D())‘ modulo p belong to the superblock 'y, where y =) 4¢3 Veont, 4>
where the sum is over all nodes A of A.

We now use reduction modulo p to deduce some very special results on branching.
Lemma 2.7. We have:

1) if p>5andn = p—+1, then resy_; DI(,p_l’Z) has a composition factor D*
with e,(n) = 1;

(i) if p >3 and n = p + 4, then res;, 1 DI(,p *2.2D hasa composition factor D*
with gg(t) = 2.

Proof. We will use the characterization of ¢;(A) given in[Theorem 2.4(vii).

() Let y = 3vy +vg + 23,4 ¢ vi- Note that D(()p_l’z) is the only ordinary
irreducible in the y-superblock, and Dl(,p —12)

the y-superblock. It follows that

is the only p-modular irreducible in

(p—1,2) _ -1,2)
Dy =mDP

for some multiplicity m. So the restriction res;,_ Dl(,p =12 has the same composi-
tion factors as the reduction modulo p of the restriction

res;—i D(()p_l’z) = D(()P—lsl) EBD(()p_Z’Z).

Now, note using |(2-5)| that 82(D(()p_2’2)) =1.

(i) Lety =4(vg+vy)+ve+2 Zi;éo,l,e v;. Note that D(()p+2’2) is the only ordinary
irreducible in the y-superblock, and Dpp +2.2) s the only p-modular irreducible in
the y-superblock. It follows that

(p+2,2) _ +2,2
Dy =mD{P+2?

for some multiplicity m1. So the restriction res,—; DI(,p +22) has the same composi-
tion factors as the reduction modulo p of the restriction

res,—i D(()p+2,2) _ D(()p+2,1) @D(()p+1’2).

Now, note using |(2-5)( that eo(D(()pH’z)) =2. O

3. Basic and second basic modules

3A. Definition, properties, and dimensions. If the characteristic of the ground
field is zero, then the basic supermodule A4, and the second basic supermodule
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B, over 9, are defined as
Ap:=D™ and B,:=D" 1D,

If the ground field has characteristic p > 0, it follows from the results of [Wales
19779]] that reduction modulo p of the characteristic zero basic supermodule has only
one composition factor (which could appear with some multiplicity). We define the
basic supermodule A, in characteristic p to be this composition factor.

Moreover, again by [Wales 1979], reduction modulo p of the characteristic
zero second basic supermodule will always have only one composition factor
(with some multiplicity) which is not isomorphic to the basic supermodule — this
new composition factor will be referred to as the second basic supermodule in
characteristic p and denoted by B,,.

Thus we have defined the basic supermodule A4, and the second basic supermod-
ule B, for an arbitrary characteristic.

When p > 0, write n in the form

n=ap+b (a,bez, 0<b=<p). (3-1)
Define the functions y 4,y B» € T, by
yAn = a@uo+ -+ 20y +vp) + i Veont, s>
B -
yori=aQvo 44+ 2vp_1 +vyp) + s§1 Veont, s T V0-

Lemma 3.1. A, is in the y 7 -superblock and By, is in the y B -superblock.

Proof. This follows from the definitions of A, and B, above in terms of reductions
modulo p and [Proposition 2.6 =
Theorem 3.2 [Wales 1979].

ETR
() dim A, = 2"3") = {2 2o ifpin,
2= it pin.

(ii) Ay is of type M if and only if n is odd and p {n, or n is even and p | n.

(iii) The only possible composition factor of res,—1 Ay is Ap—1.
Theorem 3.3 [Wales 1979].

(i) dim B, = 2L%J (n —2 —kp — 2k,—1); equivalently,
2T =) if prntn—1),
dim B, = {27 m=3) ifp|n,
2 -4 ifpln-1).



Representations of symmetric and alternating groups 1785
(ii) By isoftypeMifandonlyifnisoddand p|(n—1),ornisevenand p t (n—1).
(iii) The only possible composition factors of res,—1 By are A,—1 and B, —;.
Finally, we state two results concerning the weights of basic modules.
Lemma 3.4 [Phillips 2004, Corollary 3.12]. The only weight appearing in A, is
(cont, 0,conty 1,. .., conty(n—1)).

Lemma 3.5 [Phillips 2004, Lemma 3.13]. Let p > 3 and D be an irreducible
T n-supermodule. Suppose that there exist i, j, k € I (not necessarily distinct) such
that every weight i appearing in D ends onijk. Then D is basic.

3B. Labels. 1t is important to identify the partitions which label the irreducible
modules A, and B, in characteristic p. Recall the presentation [(3-1)] Define the
partitions o, € RPp(n) as follows:

Y {(pa,b) if b # p,
"t p—-11) ifb=p,

and the partitions B, € RP,(n) by

n—1,1) if n < p,
(p—=2,2) ifn=p,
Bn:i=13(p—2,2,1) ifn=p+1,

(p+1,p% 1, b—1) ifn>p+landb #1,
(p+1,p* 2, p—1,1) ifn>p+landb=1.

For technical reasons we will also need the partition y;,, € R%,(n) only defined
forn £ 0,3 (mod p):

n—-2,2) ifn<porn=p+1,
(p—1,2,1) ifn=p+2,

Yo =3 (p+2,p 2, p—1) ifn>p+2and b =1,
(p+2,p* 2, p—1,1) ifn>p+2andb =2,
(p+2, p?~1,b-2) ifn>p+2and b #1,2,3, p.

For p = 3 we define
§n:= (5311 (ifa>2and b = 3).

Finally, for p > 3 we define (for n # 1,4 (mod p))
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(n—3,3)or (n—3,2,1) if n < p,

(p—1,3) ifn=p+2,
(p—1,3,)or(p,2,1) ifn=p+3,
(p+2,2,1) ifn=p+5>10,
(p+3,b=3)or (p+2,b-3,1) ifa=1and5<b < p,
(p+2,p=3,1)or(p+2,p-2) ifn=2p,

5, = (p+3,p* 2, p—1) ifa>2and b =2,
(p+2, p* L Dor (p+3,p* 2, p—1,1) ifa>2andb =3,
(p+2,p+1, p¥2,2) ifa>2andb =5 < p,
(p+3,p*~,b=3) or ifa>2and5<b < p,
(p+2,p+1, p?~2 b-3)

(p—|—2,p”_1,p—_2)or ifa>2and b = p.
(p+2, p+1,p*72, p=-3)

(In the cases where §, is not unique, this notation is used to refer to either of the
two possibilities).

The cases where the formulas above do not produce a partition in R% (1) should
be ignored. For example, if p = 3, there is no ys, because the second line of the
definition of y, gives (2,2, 1) & RP3(5).

Theorem 3.6. Let A € RP,(n).
(i) A, = D%,
(ii) By = Dbn.
(iii) If D%~ appears in the socle of res,—; D* then » = ay, or Bn.

(iv) IfDﬂ"—1 appears in the socle of res,—1 D* then ) = Bn or yu. In particular,
A must be B8, ifn=0,3 (mod p).

(v) If DYn=1 appears in the socle of tesp—; D* then A = y, or 8,. Conversely,
DYn=1 gppears in the socle of res;,_1 Dn,

Proof. (i) is proved in [Kleshchev 2005, Lemma 22.3.3].

(iii), (iv), and (v) come from by analyzing how good nodes can be
added to a;—1, Bn—1, and y;,—1, respectively.

(i1) If n < p then the irreducible J ,-supermodules in characteristic p are irreducible
reductions modulo p of the irreducible modules in characteristic zero corresponding
to the same partition. So the result is clear in this case. We now apply induction on

n to prove the result forn > p. Let B, = DB, By|[Theorem 3.3(iii) and the inductive
assumption, B can be obtained from a,—; or B,—; by adding a good node.
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By (iii), the only partition other than o, which can be obtained out of «,,—; by
adding a good node is B,. Moreover, 8, can indeed be obtained out of z;,—; in such
a way provided n # 0, 1 (mod p). This proves that § = 8, unlessn =0, 1 (mod p).

By (iv), the only partition other than ,, which can be obtained out of 5,,_; by
adding a good node is y,. Let n = 0 (mod p). Then there is no y;, and it follows
that B = 8, in this case also.

Finally, to complete the proof of the theorem, we just have to prove that 8 = f,
when n =1 (mod p). But we have only two options 8 = 8, and 8 = ¥y, and the

second one is impossible by a

3C. Some branching properties.
Lemma 3.7. Let D be an irreducible J ,-supermodule.

(1) If all composition factors of res,—1 D are isomorphic to Ay—1, then D = A,,.

(i1) If all composition factors of res,,—1 D are isomorphic to Ay—1 or By_1, then
D = A, or D = B, with the following exceptions, when the result is indeed
false:

(@) p>5n=5and D= D®?;
(b) p= 5,n=06,and D = D(4’2);
(c) p=3,n=7and D= DG,

(iii) Suppose that all composition factors of resy, D are isomorphic to Ay, or By,
for some 8 <m <n. Then D = A, or D = B,,.

Proof. (i) is proved in [Kleshchev and Tiep 2004, Lemma 2.4]. For (ii), if 4,1
appears in the socle of res,—; D then by [Theorem 3.6(iii), D is isomorphic to 4,
or By. Thus we may assume that the socle of D is isomorphic to a direct sum of
copies of B,,_; = DBn—1. By iV) we just need to rule out the case
D = D",

When n < p we have y, = (n—2,2), and D#=3.2) j5a composition factor of
resy—1; DY7, unless n = 5, when we are in (a), and this is indeed an exception.

If n > p, let k,—; be the partition obtained from y,, by removing the bottom
removable node. It is easy to see using the explicit definitions of the partitions
involved, that «,,_; is a restricted p-strict partition of n — 1 different from o,
and ,—1, unless n = p+ 1 or n = p 4+ 4. Since the bottom removable node is
always normal, in the nonexceptional cases we can apply [Theorem 2.4{iv) to get a
composition factor D*»=1 in res,_; D¥".

Now we deal with the exceptional casesn = p+landn = p +4. If p =3,
then the case n = p + 1 does not arise since we are always assuming n > 5. If
n = p+4 =7, we are in the case (c), which is indeed an exception, as for p =3
the only irreducible supermodules over J¢ are basic and second basic.
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Similarly, we get the exception (b) for p =5, n = p 4 1. All the other cases do
not yield exceptions in view of

To prove (iii), we proceed by induction on k = n — m, where the case k = 0
is obvious, and the case k = 1 follows from (ii). For the induction step, if U
is any composition factor of res,—; D, then any composition factor of res,, U is
isomorphic to A,, or By,. By the induction hypothesis, U is isomorphic to 4,4
or B,_1. Hence D = A, or D = By, by (ii). O

In the following two results, which are obtained applying[Theorem 2.4} §, means
any of the two possibilities for §, if §, is not uniquely defined.

Lemma 3.8. Let n > 6, and denote R :=res,_1 DY*. We have:
(i) Ifn < p, then R = 2"(”)(D7n—1 ® Dﬂn—l)'
(i) If n = p + 1, then D1 4 2DBn-1 € R,

(i) Ifa > 2 and b = 1, then 2°™ (2 DBn—1 4 Dou—1) ¢ R, except for the case
n =717, p =3, when we have 4pPn—1 ¢ R,

(iv) Ifb =2, then 2°+D pPa—1 4 p¥n—1 ¢ R,
(v) Ifa=1and b = 4, then 4DPn-1 € R.
(vi) Ifa > 2 and b = 4, then 2°™ (2 DPn—1 4 Don-1) c R.
(vii) Ifa>1and 4 <b < p, then 2°@tD) (pPn—1 | p¥n-1) c R,

Notation. Let A € RP,(n) and j € Z-o. We denote by d;(A) the number of
composition factors (counting multiplicities) not isomorphic to 4,—;, B,—j in
res) _ j D*.

Lemma 3.9. We have dy(6,) > 2 and d,(8,) = 3, except possibly in one of the
following cases:

() n=6,p>5, and 8, = (3,2, 1), in which case res,_; D® = DY~ and
res;—» DS =2 pPn—,

(i) n="17, p > 3,and &, = (4, 3), in which case
res,_y D% =2D¥n-1,
resy_p D =2DPr—2 L 2pYn—2 if p > 5
res,_, D% 3 4DPr—2 4 open—2 jr p =5
(iii)) n =17, p > 5, and 6,, = (4,2, 1), in which case
res,_; D% = D¥n—1 4 pon-1,
resy_p D% = DPr—2 4 2 p¥n—2,
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iv) p>3,n=p+3,6,=(p,2,1), in which case
res,_; D% 32DYn=1 4 pon-1,
resy_p D% 5 D¥=2 4 2 pPr—2 4y pYn—2,
V) p>3,n=mp+3withm>2,8, =(p+2, p 1, 1), in which case
resy_; D% 5 2DYn=1 tes, 5 D% 52.200m=D pbn—2 4 5 p¥n-2
Vi) p>5,n=p+6,8, =(p+3.,3), in which case
resy_; D 5 2DY1 | tes,_, D% 52DPr—2 4 2 p¥n—2
(vii) p =3 and 8, = (5,31, 1), in which case
resy,_; D% 5 2DYn=1 res, 5 D 52.20@=D pbu—2 4 3 p¥n—2
(viii) p > 3, n = pm for an integer m > 2, and 8, = (p + 2, p™ 2, p —2), in
which case resy_y D% = 20 pYn—1 gpq
2DYn=2 4 2DBn—2 jf p > 5,

res;—» D% 5 {2 pdn—2 +4DBn—2 if p=>5andn > 10,
4 DPn—2 if p=>5,andn = 10.

4. Results involving Jantzen—Seitz partitions

4A. JS-partitions. Let A € RP,(n). We call A a JS-partition, written A € JS, if
there is i € I such that ¢;(A) =1 and ¢j(A) = 0 for all j € I\ {i}. In this case
we also write A € JS(i) or D* € JS(i). The notion goes back to [Jantzen and Seitz
1992; [Kleshchev 1994].

Note that if A = (A; = Ay > --- > Ap > 0) is a JS-partition then the bottom
removable node A := (%, Ap,) is the only normal node of A, and in this case we have
A €JS(i), where i = cont A4.

Lemma 4.1. Let §, be one of the explicit partitions defined in Then
8n € IS(7) for some i if and only if p > 3 and one of the following happens:

(1) n=6, p>5,and b, = (3,2, 1); in this case §, € IS(0) and a(A) = 1;
Gi) n=17, p>3,and §, = (4,3); in this case a(A) = 1 and §, € IS(2);
(iii) n = mp form > 2 and 8, = (p + 2, p 2, p —2); in this case 8, € IS(2),
a(A) =o(m), and
2DYn=2 4 2DBn—2 jf p > 5,
resp—y D% 5 {opbi2 L 4phri2 it p=5andn > 10,
4 DPn—2 if p=>5,andn = 10.
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Proof. This is proved by inspection of the formulas for §, and applying the definition
of the Jantzen—Seitz partitions. O

Now, we record some combinatorial results of A. Phillips.

Lemma 4.2 [Phillips 2004, Lemma 3.8]. For A € RP,(n) the following are equiv-
alent:

(1) A €7S(0);
(ii)) A €JS(0) and egA € IS(1);
(iii) A €JS(i) and e;A € JS(J) for some i, j € I and exactly one of i and j is equal
to 0.
Lemma 4.3 [Phillips 2004, Lemma 3.14]. Let A € RP(n). Then:
(i) A=aypandn =1 (mod p) if and only if e;(A) = 0 for all i # 0 and ¢¢(A) €
IS(0);
(i) A=ayandn #0,1,2 (mod p) if and only if A € IS(i) and e;A € IS(j) for
some i, j € I\{0}.

Lemma 4.4 [Phillips 2004, Lemma 3.7]. Let A = (I{', ..., ;") € RP,(n) with
ly > 1y >+ > 1y >0. Then A € JS(0) if and only if I, = 1 and cont, [y =
conty(ls41+ 1) foralls =1,2,... . m—1.

4B. Jantzen-Seitz partitions and branching.

Lemma 4.5. Let A € JS(i) and assume that D* is not basic. Then one of the
following happens:

(1) i =0and egh €JS(1);

(i) i =4, eg—1(egA) =2 and ej(egr) =0 forall j #{—1.
(iii) i =1, e9(€1A) =2 and gj(é11) =0 for all j # 0.

(iv) p>3,1#0,4,e_1(e;A) = 1, gi11(€iA) = 1 and ¢j(¢é;L) = 0 for all j #
i—1,i+1. Moreover, if in addition, we have i # 1, then g;_1(é;A) = 1.
Proof. Assume first that &;A € JS(j) for some j. Then by [Lemma 4.3] exactly one

of i, j is 0. Hence by [Lemma 4.2] we are in (i).

Now, let &;A ¢ JS. Then, by [Lemma 2.1} £;(&;A) > 0 implies that j =i & 1;
moreover g;+1(€;A) < 1, and g;_1(e;A) < 1if i # 1,£. If i = £, it now follows
that we are in (ii). If i = 1 we are in (iii) or in (iv). If i # 0, 1, £, we are in (iv). O

Lemma 4.6. Let A € RP,(n) satisfy (iv). Then one of the following

occurs:
(i) d2(2) = 4.
(i) a(A)=0,i =1, and d,(X) = 3.
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(i) D* = B,
Gv) p>S n=mpform>2,A=68,=(p+2,p" 2 p—2) €ISQ), and
resy_p D% 5 2DYn—2 4 2 phn—2
V)Y n=5,p>5and A =(3,2).
i) n=7,p>3,and A = (4, 3).
Proof. We may assume that D is not basic. We may also assume that D* is not
second basic — otherwise we are in (iii). By we have
res,—1 D* =29 péik
Assume that i # 1. Theni — 1 # 0 and a(e;A) + a(A) = 1, so we have
res,_y D* = 2(D%—14* 4 pei+iihy,

If none of D¢ =+1%* s basic or second basic, we are in (i).

Suppose that Déi+1eit o~ 4, By |[Theorem 3.6, we may assume that A = y;,.

But inspection shows that ), is never JS, unless n = 5 and p > 5, in which case,
however, A € JS(1). Suppose now that D% +1¢* ~ B, Then we may assume
that A = §j. It follows from that we are in the cases (iv) or (vi).

Now, let i = 1. then gives
res,_, D* 3 29Meg D1h 4 2 pEl

If one of D€1£1€1% g basic or second basic then A = Yn or A = 8. If A =y, then

we are in (v). The case A = §, is impossible by So we may assume
that neither of D®1%1€1% is basic or second basic.

If gg(e1A) = 2, then Déoé1h appears in eoDél}‘ with multiplicity at least 2, and
we are in (i). Finally, let gg(é1A) = e2(é;A) = 1. Then

Ies,—o D)\' = 2a()‘)DéOEl}\ + 2D5251)».

If a(A) = 1, we still get 4 composition factors, but if a¢(A) = 0, we do get only 3
composition factors, which is case (ii). O

Lemma 4.7. Let p > 3 and let h € RP(n) satisfy|[Lemma 4.5/ (ii) or (iii). Then

one of the following occurs:
(1) da(A) = 4.
(i) D* = 4,.
(ii) p=S,n=mpform>2,A=8,=(p+2, p™ 2, p—2),and

2D%—2 4 4pPr—2  ifp > 10,

_, D% 3
fe8n=2 {4Dl3n—2 ifn = 10.
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Proof. Tt follows from the assumption that all weights of D* are of the form
(%,i—1, i) and that D* has a weight of the form (x,i—1,i —1, i). If all weights
of D* are of the form (%,i—1,i—1,1), then D* is basic by [Lemma 3.5 If
a weight of the form (x,i,i—1,i) appears in D}‘, then so does (x,i,i,i—1)
or (x,i—1,1,1i) thanks to [Kleshchev 2005, Lemma 20.4.1], which leads to a
contradiction. If (*, j,i—1, i) appears with j #i,i —2, then (x,i—1, j, i) also
appears, again leading to a contradiction. So i = £ and weights of the form
(%, 0—1,£—1,€) and (x, £—2, £—1, £) appear in D*. In this case a(A)+a(é;r) =1,
and so yields a contribution of 4 peée—1€ek jnto res,—o D*. So, we
are in (i) unless €éy_1€yA = oo o1 By—n. If €y_18¢A = aty—p, then A = B, or yy,
which never satisfy the assumptions of the lemma. If é,_1é4A = B,—>, then we
may assume that A = §,, which by leads to the case (iii). O

Note that if p = 3 then the cases (ii) and (iii) of are the same.
Lemma 4.8. Let p = 3 and A € RP ,(n) satisfy (ii). Then one of the

following occurs:
(@) da(r) = 4;
(i) A is of the form (x,5,4,2), a(\) =0, in which case tes,—y D* has composition
factor D531 o A, 5. B,_, with multiplicity 3. In particular, dy()) > 3.
(iii) D* =~ A, or By.

Proof. If A is neither basic nor second basic, then the assumptions imply that A
has one of the following forms: (x, 5,4, 3%,2), (x, 6,4, 30, 2), or (%, 5,4,2) with
a > 0and b > 0. In the first two cases, gives at least 4 needed
composition factors. So we may assume that we are in (ii). The rest now follows

from [Theorem 2.4 O

4C. Class JS(0). This is the most difficult case since modules D* € JS(0) tend to
branch with very small amount of composition factors.

Lemma 4.9. Let A € RP,(n) and assume that there exist distinct i, j € I \ {0}
such that e;(A) = €j(A) = 1 and e (A) =0 forall k # i, j. Then é;é; L €JS(0).

Proof. Assume first that j # 1. Then by we have £9(¢jA) = 0. Now,
if i # 1 then similarly e9(¢;¢;1) = 0, and é;¢;A ¢ JS(0). If i = 1, we note by
that >k €k(€jA) > 1. So there must exist k¥ # 0, 1 such that gz (¢jA) > 1.
Now by [Lemma 2.1} we have 4 (¢;¢;A) > 1, which shows that &;¢;A ¢ JS(0).
Now assume that j = 1. Taking into account[Lemma 2.1] we must have &; (€, 1) =
go(€11) = 1. By[Lemma 4.4] &, A is obtained from &;¢; A by adding a box of content
i to the first row. Now A must be obtained from €A by adding a box of residue 1
to the last row, but then again by we must have g1 (1) > 2. O

Our main result on branching of JS(0)-modules is as follows:
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Proposition 4.10. Let A € RP,(n) belong to IS(0) and A # oy, By. Assume in
addition that

) n>12ifp=3.
(i) n>16if p =5,
(iii)) n>10if p > 7.
Then dg()) = 24, with three possible exceptions:
@) p>7,A=(p—3,3,2,1), in which case we have

44, 3+20B, 3+ 16DP~>D 1 4p(P=02D ¢ res? T3 ph.
G)y p=7,A=((p+2,p+1,p% p—1,1)witha > 0, in which case we have
4pWP+2pHL04p=6) | 16 D(PF20 TP L4y, 4 20B,_g € res,_g D*.
(i) p=5,n=18,and A =(7,6,4, 1), in which case
200741 1 16By, + 84, €res;, D.

Proof. We will repeatedly use the notation A = (s, I/", [7"4" .

want to specify the last m — r + 1 lengths of the parts of A.

First we consider the case p = 3. In this case, using[Lemma 4.4 we see that A is
of the form (*, 2, 1). Since n > 12 we could not have * = &, and by [Lemma 4.4]
again, we must have A = (x,3%,2,1) witha > 1 or A = (%,4,2, 1). We could not
have % = & since A # oy, By, so by[Lemma 4.4] we can get more information about
A, namely A = (%,4,3%,2, 1) or A = (*,5,4,2,1). Since A # B, and n > 12, we
conclude that * # & in both cases.

Now, we get some information on the restriction res,_¢ D* using
If A = (%,4,3% 2, 1), then 223 p(:4.3%1) ¢ reg, 5 D* Now, the last node in the
last row of length 3 in (%, 4, 3%, 1) satisfies the assumptions of Theorem 2.4|viii), so
we conclude that 2 D(4:3771.2.1) ¢ resZ:g D434 Furthermore, the last node
in the row of length 4 in (%, 4, 3%, 1) is the third normal 0-node from the bottom.
If it is 0-good, then 3DC3* 71 ¢ reg?=2 Pt4.3%.1) by [Theorem 2.4fiii). If it is
not good, then the 0-good node is above it and €y(A) > 4, in which case we get
4DeA43%1) ¢ res'”3 D4:3%1) where by the first (x, 4, 3%, 1) we understand a
partition obtained from the second (%, 4, 3¢, 1) by removing a box from a row of
length greater than 4. Thus we have

...y if we only

2a(k)+1D(*,4,3“_1,2,1) + 3 . 20()»)D(*,3a+1,1) = res,_s D)\,
or

2&()\)+1D(*,4,3a_1,2,1) + 2(1()»)D(*,3a+1,1) +4_20()\,)D(*,4,3a,1) = res,_3 D)».
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The second case is much easier so we continue just with the first one. On restriction
to n —4, we now get

2a()»)+1 D(*’4’3a_1’2) +6- 2“0‘)])(*’3”’2’1) € resy—q D)L
Note that a(A) + a((*,4,3%7!,2)) = 1, so we further get
4pC437ND | 6.0a0) p(6392) ¢ oo

Now consider resZ:g 4D*43 7LD Note that eo((*,4,3%711)) > 3, so re-
moval of the 0-good node yields a contribution of at least 12 composition fac-
tors, none of which is isomorphic to a basic or a second basic module. Finally
resZ:g 6-2a(%) p(x,3.2) yields 12D¢:3%D  which again cannot be basic or second
basic, since here * stands for some parts of length greater than 4. The restriction
res) D3:4.2.1) is treated similarly.

Now, let p = 5. Using and the assumptions n > 16 and A # oy, By,

we arrive at the following six possibilities for A:
(%,5,4,3,2,1), (%,6,4,3,2,1), (%,7,3,2,1),
(*7 67 50’4’ 1)’ (*’ 7, 6,4’ 1)’ (*’ 9’ 6’4’ 1)’

with @ > 1 and * # &, except possibly in the last two cases. Now we use[Theorem 2.4
to show that:

o res,_g D*5432.D contains 48 D*>5:3:2) or 20 D531 4 4 p(*+.4.3.2) of
20D:5:3.1) 4 12 p(.4.3.2,1)

* res,_g D(*,6,4,3,2,1) 5 4D(*,6,4) +20D(*’6’3’1).

o resy_g D321 520 6.1 4 10 5.2,

.. —1
® 1eS,_¢ D*:6:5%.4.1) hag at least 4 composition factors of the form D(*:6:5977.4)

and either 20 composition factors of the form D344 or 12 composi-

tion factors of the form D*-3“41) and 16 composition factors of the form
D(*7675a_1 34’1)

e In the case * = @ we get the exception (c), while in the case * # & we get
resy_g D 7641 520 D741 4 4 p(*.6.5.1)

¢ 20D®94D L 4PEBSD g peg o PO9.6.4.1)

Finally, let p > 7. Using and the assumptions 7 > 10 and A # o, B
we arrive at the following possibilities for A (with a > 0):

(*94933251)5 (*5p_373727 1)7 (*7p_1’p_2329 1)9 (*9p+27p_2’2’1)’
C,p+2,p+Lp% p—11), (x2p—Lp+1p% p—11).



Representations of symmetric and alternating groups 1795

If A = (*,4,3,2,1) then * # & as n > 10. In this case we get
4D 4 20p*31 ¢ res,,_¢ D

If A = (%, p—3,3,2,1), we may assume that p > 7 (otherwise we are in the

previous case). If x = &, we are in the exceptional case (a), and [Theorem 2.4

yields the composition factors of the restriction as claimed in the theorem. If * # &,
we get similar composition factors but with partitions starting with ‘x’, and such
composition factors are neither basic nor second basic.

IfA=(x, p—1,p—2,2,1), we have

LetA=(x, p+2, p—2,2,1). If x =2, then a(A) = 1, and using[Theorem 2.4}

we get 16D(P+2:2=5) L g D(P+1.p=5.1) ¢ re5,  D*. Otherwise, we get
16DP+2:2=5) 4 20 pUPFT1.P=4) ¢ e, o D

IfA=(p+2, p+1, p% p—1,1), then
4 pPF2.p+1.p%0=6) 4 1 pCp+2,0°1 . p=5) L 5 pC.p+1,p"H !, p—4)
+4D*P T3 ¢ s, o D*.
If * #£ @, all of these composition factors are neither basic nor second basic.

Otherwise we are in the exceptional case (b).
The case A = (x,2p—1, p+1, p%, p—1,1) is similar to the case

A=, p+2, p+1,p% p—1,1). O
We will also need the following result on JS(0)-modules:

Lemma 4.11. Let A € RPp(n) for n > 12. Assume A € JS(0) and A # oy, By. Then
either

(a) d3(A) =3, or
(b) dz3(A) =2, p=>5,andn =mp + 1 for some m > 2.

Proof. Applying to V := D* we have res,_; V = U = D* with
w €JS(1). Assume d3(V) < 2 so that d»(U) < 2. Now we can apply [Lemma 4.3|
to o € JS(1) and arrive at one of the three cases (ii)—(iv) described in
In the case (ii) (so p = 3), the condition d,(U) < 2 implies by that
U= dy—1 or Bp_1. In the case (iii) (and p > 3), then since n > 12 by [Lemma 4.7]
either we have y = o, or we arrive at (b). Similarly, in the case (iv) by[Lemma 4.6|
either we have u = §,,— or we arrive at (b).
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Assuming furthermore that (b) does not hold for V, we conclude that u €

{an—1, Bn—1}. Since A # ay, Bu, by [Theorem 3.6/ we must have A = y,,. But then
A ¢15(0) by O

5. Thecase ) e; (L) =2

5A. The subcase where all ¢; (A) < 1.

Lemma 5.1. Let A € RP,(n). If there exist i # j with g;(A) = ¢j(A) = 1 and
ex(A) =0forallk #1, j, then at least one of é;A, €A is not JS.

Proof. Assume that é;A,é;A € JS. Then by [Theorem 2.4, we have
res,;—1 D* ~ nlDé"}‘ EanDEf}‘

and
A éjeil €;ejA
resy,—o D* =nym D D noymyD ,

for some 11, 5, my, my €{1,2}. Moreover, by[Lemma 2.1 we have &;é;1 = &;¢é;A.
It follows that the restrictions res;—» Dé* and res;—» D% * are both homogeneous
with the same composition factor DEi%* So,if p >3, we get a contradiction with

Let p = 3. Then we may assume that i = 0 and j = 1. Note that by the
assumption £9(A) = (1) = 1, each weight appearing in D* ends on 1,0 or on
0, 1, and both of these occur. After application of & to D* only the weights of
the form (x, 0, 1) survive and yield weights of the form (x, 0). Since e;A € JS(0),
we conclude that £¢(¢; 1) = 1, and so all weights of D¢1* are of the form (x, 1, 0).
Similarly all weights of D are of the form (%, 0, 1). Thus the weights of D* are
actually of the form (%, 0, 1,0) and (%, 1,0, 1). However, by the “Serre relations”
[Kleshchev 2005, Lemma 20.4.2 and Lemma 22.3.8], the existence of a weight
(%, 1,0, 1) implies the existence of (x, 1, 1,0) or (x,0, 1, 1), which now leads to a
contradiction. O

Lemma 5.2. Let A € RP,(n) \ {ctn, Bns Y. On}. Suppose that e;(A) = ¢e; (L) =1
for some i # jin I \{0}, and ;. (A) =0 forall k # i, j. Then:

() resp_; D* =~ 2a() péik qy2a) peiX Moreover, &\ and éjA are not both JS,

and e;\,ejA # ay—1, Bu—1, Yn—1. In particular, dy (L) > 2.

(i1) dy(X) = 5.
Proof. By|Theorem 2.4} we have res,_; D} =~ 2aQ) péit gy 2a() it 1n view of
we now have (i).

By [Lemma 2.1} ¢;(¢;1) > 0 and &;(¢;A) > 0, so

2a()a@h) pjeik | pa()pa@;d) peigik — o péréik 9 peidih ¢ reg, , Dt
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(it might happen that ¢;¢; A = ¢€;¢; A, in which case the above formula is interpreted
as 4D%%* ¢ res,_, D). Moreover, since not both &;A and éjA are JS, we may
assume without loss of generality that &;A is not JS, i.e., ) ; €x(é;A) > 1. Therefore
gj(e;jA) > 2 or there exists k # i, j with g4 (¢;A) > 0. In the first case, we conclude
that actually 4D%¢* 4 2 DCi¢i* ¢ res,_, D*, whence d, (1) > 6. In the second
case we get 2D% ¢k g peiih 4 2a) pekéik c reg, 5 D* 5o dy(L) > 5. O

Lemma 5.3. Let A € RP,(n) \ {an, Pn. Vn, On}. Suppose that e;(A) = go(A) =1
for some i in I\ {0}, and e (A) = 0 forall k #i,0. Then:

(i) resy—; D* = 22Q) péi* gy peor Moreover, &\ and éy) are not both JS, and

éih,ej\ #ay—1,Bn-1,VYn—1. In particular, dy (L) > 2.

@Gi) dr(A) = 3.
Proof. By [Theorem 2.4} res,_; D* = 2¢M) péi* g Dl 1 view of ,
we now have (i). By|[Lemma 2.1 ¢;(€gA) > 0 and &9(¢;A) > 0, so

261()\)Dé()§,')» + za(éo)»)DEiéo)» — 2(1()»)(DE()E,')» + DE,'E())») c reSn_2 D)»

Moreover, from (i), not both &;A and egA are JS. Assume that ;A € JS. Then
go(€;A) = 2 or there exists k # i, 0 with g;(¢;A) > 0. In the first case, we conclude
that actually 2-224) péoéid 4 7a() péiéod ¢ yeg,  D* whence d, (1) > 3. In the
second case we get 240 (peoéik  peéifody 4 3 Dekéit creg, 5 D* 50 dy(X) > 4.
The case egA € JS is considered similarly. O

Corollary 5.4. Let A € RP,(n) \{otn, Bu, Vn,6n}, and i # j be elements of I such
that &; (L) #0, &j(A) # 0, and e () =0 forall k € I\ {i, j}. Thenres,_, e; (DY)
orres,_s €j (D*) is reducible.

Proof. If g;(A) > 2, then by , we have ¢;(€jA) > 2. Since Déi* e ej (D*)

by [Theorem 2.4, we conclude that res,_; ¢; (D)‘) is reducible. So we may assume

that ¢;(A) = 1 and similarly ¢; (1) = 1. If both i, j are not 0, we can now use

i). If one of 7, j is 0 use [Lemma 5.3(i) instead. O

5B. The subcase where some &; (L) = 2.

Lemma 5.5. Let A € RP,(n) \ {an, Pn. Vn. On}. Suppose that g; (L) = 2 for some
iel,ander(M)=0forallk #1i.Ife;\ €IS, theni # 0 and

2°M 2 p%* 4 DMy e res,_; D,
where eih # dy—1, Bn—1, Yn—1 and i # op—1.
Proof. First of all, by [Lemma 4.3|i), we have i # 0. By [Theorem 2.4]
resy_1 D* = 2¢We; (DY),
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and 2D%* ¢ ¢; (D). Since A # o, B, VYn, We get &k # Ap_1. Prei. V1. It
remains to prove that e; (D) has another composition factor which is not basic
spin.

The partition A has two i-normal nodes. Denote them by A and B, and assume
that 4 is above B. Then A is good and ¢;A = A4. Moreover, since the bottom
removable node of A is always normal, we know that B is in the last row.

Assume first that A g € RP,(n —1). In this case DB e res,_, D* by condition
(iv) in the conclusion of Assume that Ag = «,,_;. Inspecting the for-
mulas for the partitions o;,—1 and taking into account the assumption A # &y, By, Vn,
we see that B must be of content 0 which contradicts the assumption i # 0.

Assume finally that Ap & RP,(n — 1). In this case A is of the form A =
(%, k+ p, k), and A is in the second row from the bottom, i.e., A 4 = (x, k+ p—1, k).
Since A4 € JS(i), B should be the only normal node of A 4. In particular the node C
immediately to the left of 4 should not be normal in A 4. Tt follows thatk = (p+1)/2
and i = /.

Note that D* has a weight of the form

(i1, in—3,L—1,4,0)
since &¢(A) = 2. By [Kleshchev 2005, Lemma 20.4.2 and Lemma 22.3.8],
(i1, yin—3,2,L—1,0)

is also a weight of D*. Therefore e;_;(e; (D)) # 0. Since e;_1 (D%*) = 0, this
shows that there is a composition factor D* of ey(D*) not isomorphic to Dé*,

and containing the weight (i1, ...,i,—3,£,£—1).
If u© = a1 for all such composition factors, then it follows that all the weights
(iy,...,ip—3,4,£ —1) are the same and are equal to
(cont, 0,contp 1, ..., conty(n—1)),

see Hence the only weights appearing in D are of the form
(cont, 0,conty 1, ..., conty(n—3),£—1,£,0)

or
(cont, 0,contp 1,...,conty(n—3),£,L—1,0).

Hence D% 3 is the only composition factor of res,_3 D*. So D% 2 or DPn—2 are
the only modules which appear in the socle of res;,_» D*. Therefore D%~ DPn—1
or DYn=1 are the only modules which appear in the socle of res,_1 D*, whence
A € {au, Bn, Yn, 6n}, giving a contradiction. |

Lemma 5.6. Let A € RP,(n) \ {an, Pn. VYn, On}. Suppose that e;(A) = 2 for some
ie€l,ander(M)=0forallk #i. Then dy(A) > 3.
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Proof. By [Theorem 2.4[, we have 2173102 D&* ¢ res,—> D*, so we may assume
that i = 0. Then by |Lemma 4.3[, oA is not JS, and hence &1 (égA) > 0. So D¢1é0*
is also a composition factor of res;,_» D*. O
Lemma 5.7. Let A € RP,(n)\{an, Bn, Yn}. If d2(A) <2, then A €JS(0), or A =6y,
and one of the conclusions (1)—(viii) of[Lemma 3.9 holds.

Proof. By we may assume that A # §,. Further, it is clear that we may

assume that ) ; &;(A) < 2. If A € JS(7), then it follows from Lemmas
and [4.8|that i = 0. Finally, suppose that )_; &; () = 2. These cases follow from

Lemmas[5.2]} [5.3] and [5.6 O
6. Proof of the[Main Theorem

6A. Preliminary remarks. We denote

ap = dim 4, = 272",

n—l—ky,_
by ;:dimBn=2L 2 lJ(n—2—/<n—2lcn_1).

Define the following nondecreasing functions (of n):

—Kn—1

n+1
f):=2by, =272 —2—kn—26p_1).
4b
* o n__ 5l
ST =gy =2

Clearly, f*(n) > f(n).
We say that an irreducible J,-supermodule V is large, if it is neither a basic,
nor a second basic module. We also denote by d(p, n) the smallest dimension of

large irreducible J,-supermodules. By iii), the sequence d(p,n) is
nondecreasing for n > 8 (and p fixed).

Lemma 6.1. The is equivalent to the following statement: If an

irreducible J,-supermodule V satisfies at least one of the two conditions

(1) dimV < f(n),

(i) dimV < f*(n) and a(V) =1,
then V is either A, or By,.
Proof. Let W be a faithful irreducible FG-module, where G = A,, or én, and
consider an irreducible J ,-supermodule V' such that W is an irreducible constituent
of V considered as an FG-module. If G = A, then dim V' = 2(dim W), and the

bound stated in the for G = A, is precisely f(n)/2. Consider
the case G = S,. Then dim V = 2%)(dim W), and the bound specified in the

Main Theorem|for G = S, is f*(n)/2.

n+27Kn_1J
) (n—2—kp—2K,y-1).
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Assume the holds. If dim V satisfies (i), then taking G = A, we

see that dim W < f(n)/2 and so W is a basic or second basic representation. If V
satisfies (ii), then taking G = S, we see that dim W < f*(n)/2 and so W is again
a basic or second basic representation. In either case, we can conclude that V' is
either A, or B,,.

In the other direction, let dim W satisfy any of the bounds stated in the
Then dim V satisfies (i) if G = A, or if G = 5, but a(V) = 0, and dim V
satisfies (ii) if G = S, and a(V) = 1. By our assumption, V is either 4, or By,
whence W is a basic or a second basic representation. O

Set 1, := | (n—ky)/2]. Then (n—2)/2 < 7, <n/2, and so for m < n we have
m—m)/2—1<mp—mm<(n—m)/2+1.

In particular, 0 < 7, — 7,1 < 1, and so the sequence {7, }72 , is nondecreasing;
also, m,_1 —my_3 < 2.

6B. Induction base: 11 < n <15. We will prove the Main Theorem| by induction
on n > 11. First, we establish the induction base:

Lemma 6.2. The statement of the [Main Theorem| holds true if 12 < n < 15, or if
n=11but (n, p,G) # (11,3, A11).

Proof. If 11 <n < 13 then one can use [Conway et al. 1985} Jansen et al. 1995;

Breuer et al.] to verify the Also observe that
3456, p=0,3,7, or > 13,

i 13— 12290 p=5. 6
P2 = 1664, p =11,
2816, p=13.

Now assume that n = 14 or 15. By it suffices to show that dim V' >
/*(n) for any large irreducible 7 ,-supermodule V = D*. By iii),

resy3 V has a large composition factor, and so dim V' > d(p, 13). Direct compu-
tation using |(6-1)[ shows that d(p, 13) > f*(n), unless n = 14 and p = 5,11, or
n=15and p =5, 11, 13. To treat these exceptions, we observe that

1408, p=11or > 13,

6-2
1344, p=75; 6-2)

d(p.12) = {
in particular, 3d(p, 12) > f*(15). So we may assume that d>(V) <2, dimV <
f*(n), and apply to V. Moreover, since d(p, 13) > f(14), we may also

assume a (V') = 1 for n = 14. Furthermore, for n = 15 we may assume V &€ JS(0) as
otherwise dim V' > 3d(p, 12) by|[Lemma 4.11} Now we will rule out the remaining
exceptions case by case.
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e (n, p) = (14, 11). Under this condition, y14 does not exist, so either A = 814 or
V €JS(0). In the former case, by we must have §14 = (11,2, 1) and

dim V > 2(dim D¥13) + dim D¥'3 > 21664 > 2-1536 = f*(14).

In the latter case, resi3 V = D* with u € JS(1) and a(D*) = a(V) = 1 by
It then follows that resi, V' = 2W for some faithful irreducible
I 12-supermodule W. By our assumption,

1664 = d(p,13) <dim V =dim D* < f*(14) = 3072,

and dim D* is twice the dimension of some irreducible A;3-module. Inspecting
[Breuer et al.] we see that dim D* = 1664, whence dim W = 832. However, Alz
does not have any faithful irreducible representation of degree 416; see [Jansen
et al. 1993].

e (n, p) = (14, 5). Under this condition, §;4 does not exist, so either A = ;4 or

V €JS(0). In the former case, by we have
dim V > 2(dim DP13) 4+ dim D%13 > 2(2-352 4+ 1120) > 2- 1536 = £*(14).

In the latter case, as before we can write resy3 V = D* with u € JS(1) and a(D*) =
a(V) =1, and res;, V = 2W for some faithful irreducible 7 {,-supermodule W.
By our assumption,

2240 = d(p, 13) <dim V = dim D* < f*(14) = 3072.

Inspecting [Breuer et al.] we see that dim D* € {2240,2752}, so dim W €
{1120, 1376}. However, A1, does not have any faithful irreducible representation
of degree 560 or 688; see [Jansen et al. 1995].

e (n, p) = (15, 5). Under this condition y;5 does not exist, so we need to consider

only A = §;5. Now by we have A = (7,5, 3) and
dim V > 2(dim D%13) + 4(dim DP13) > 6 By3 = 4224 > 21536 = [*(15).

e (n, p) = (15,11). Here 815 does not exist, so we may assume A = y;5. By

Lemmas [3.7(iii) and [3.8] we have
dim V > 4(dim DP14) + d(p, 13) = 4736 > 2- 1664 = f*(15).

e (n, p) = (15,13). By|[Lemma 3.9|we may assume A # 815 and so A = y;5. Now
by [Cemma 3.8 we have

dim V > dim DP14 4+ dim D¥14 > By, +d(p, 13) = 3456 > 2-1664 = £*(15). O
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6C. The third basic representations D¥". The following result will be fed into

the inductive step in the proof of the

Proposition 6.3. Letn > 12 and V = DY, Assume in addition that the dimension
of any large irreducible F ,,-supermodule is at least f(m) whenever 12 <m <n—1.
Then dimV > f*(n). If moreover V satisfies the additional conditions

n>15isodd, pt(n—1), and d{(V)=>2, (6-3)
then dim V > f*(n+1)/2.

Proof. We will proceed by induction on # > 12 according to the cases in|Lemma 3.8

(i) First we consider the case where p = 0 or p > n. Then y, = (n — 2, 2). By the
dimension formula given in [Hoffman and Humphreys 1992|] we have

dimV =2"2 (- 1Y(n — 4).
In particular, dim V' > 4b,, > f*(n). Also, dimV > f*(n+1)/2 if n > 15 is odd.
(ii) Next assume that # = p 4+ 1. By i),

dim DY > ay_y + 2by_; = %” +2b,,. (6-4)

Since f*(n) = 2b, in this case, we get dim V > f*(n).

(iii) Assume we are in the case (iii) of in particular n > 13. In this case

we have
dim DY»

20 (n)
It follows that dim V > 4b, =2 f(n) > *(n).

(iv) Consider the case (iv) of If n =12, then p =5, and dim V >
1344 > 1280 = f*(12). Assume now that n > 13 and a > 2. By iv)
and [(6-5),

dimV >20=Dp, 4 dim p¥n-1 > 200=D 55 | —ol" P He(i=D) (5, o5y
(6-6)

> 2by_1 4+ dim D=1 > 4p,_, = 4b,,. (6-5)

On the other hand,

¥y = 2" (n—2) = 2" o t=D oy,
Hence dim(V) > f*(n) if n > 17. If n = 16, then p = 7. In this case, instead of
[(6-5)| we use the stronger estimate

dim DY15

20— 2b14 + dim D4 = 2b14 +d(p, 13) = 4864,
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yielding dim V > 11136 > 7168 = f*(16). If n = 14, then p = 3, and dim V' >
d(p,13) = 3456 > 3072 = f*(14). The cases n = 13, 15 cannot occur since
n =ap+ 2 with a > 2. If moreover V satisfies|(6-3)} then since res,—; V contains
an additional large composition factor in addition to D¥»—!, instead of we
now have
dimV >2°"=Dp 4+ dim D' + f(n—1)
= 20179/2(71 —35) > 2 D2(n 1) > f*(n+ 1)/2.

Next suppose thatn = p+2>15. By iii), res,—p D¥"—! must contain
a large composition factor Y, and dimY > f(n—2) = 2b,_, by our assumption. It

follows by Lemma 3.8(ii) that dim D¥"—! > a,,_,+4b,_,. Applying iv),

we obtain
dim V > by_; +dim DY > by_| + (apn + 4bp_n) = 2"7" (51— 24). (6-7)

Since f*(n) = 2+tD/2. (5 —2), we are done if n > 16. If n = 15, then p = 13
and by we have

dim V > by + dim DY14 > by4 + d(p, 13) = 3456 > 3328 = f*(15).

If n =13, then p =11 and dim V > d(p, 13) = 1664 > 1408 = f™*(13) by [(6-1)
If moreover V' satisfies [(6-3)] then since res,—q V' contains an additional large
composition factor in addition to D¥#~1_ instead of [(6-7)| we now have

dimV > b,_; +dim DY + f(n—1) = 20=3/2(7, — 34)
> 204020 _ 1) > f*(n+1)/2.

(v) Now we consider the case n = p + 4 and p > 11. Again by iii),
res,—; DY" must contain a large composition factor X, and dim X > f(n — 1) by

our assumption. In fact, since y;, has exactly one good node (a 1-good node) with
two 1-normal nodes and a(y,) = 1, by [Theorem 2.4] we see that res,,—; DY =2W,
where the J,,_1-supermodule W has DPn—1 a5 head and socle and X as one of the
composition factors in between. Thus X has multiplicity at least 2 in res,_; DY—1.

Hence by [Lemma 3.8|v) we have

dim DY > 4b,_; + 2(dim X) > 8b,_; = 2" (8n — 24). (6-8)
Since f*(n) =2@+tD/2(p—2) and f*(n+ 1) < 2@ +3/2(5 — 1) in this case, we
get dim V' > max{ f*(n), f*(n+ 1)/2}.

(vi) Assume we are in the case (vi) of in particular, n > 14. Suppose
first that 2 | n. By [Theorem 3.6, D¥"—2 appears in soc(res,—» D%-1); furthermore,

dy(D¥=1)>2 by|Lemma 3.9} Thusres,_» D%—1 has at least two large composition
factors: DY7—2 and another one, say, Y. According to (iv), dim DY»—2 > {*(n—2).
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On the other hand, dim Y > £ (n—2) by our assumption. It follows that dim D%-1 >

f*(n—2)+ f(n—2). Hence vi) implies
dim D" > 2b,_y +dim D31 > 2b,_ | + f*(n—2)+ f(n—2) =2"T" (5n—18).

Since f*(n) = 20+t2/2(n —2), we obtain dim V > f*(n).
Now let n be odd. Then[Lemma 3.8|(vi) implies that
dim D" > 4b,_, + 2(dim D%—1) > 8b,_, = 2"Z" (8n — 24). (6-9)
Also, f*(n) =20+D/2(n —2) and f*(n + 1) <2@+3/2(;3 — 1) in this case, so
dimV > max{ f*(n), f*(n+1)/2}.

(vii) Finally, we consider the case (vii) of in particular, p > 7 and
n>12. If n =12, then p = 7, and so by [Breuer et al.] we have dim V' > 1408 >
1280 = f™*(12). Now we may assume that n > 13.

Suppose in addition that z is odd, so that o(a + b) = 1. According to (v) and

(vi), dim DY»=1 > f*(n—1) = 4b,_,. Hence by vii) we have
dim DY > 2(hy—_; 4+ dim DY"=1) > 10b,_; = 2"Z (10n—30).  (6-10)

Since f*(n) =20+tD/2(n —2) and f*(n+ 1) <20+3/2(n — 1), we are done.
Assume now that n is even. If b = 5, then dim DY»—! > 8b,_, by [(6-8)[and

(6-9)} On the other hand, if » > 5, then dim DY»=! > 10b,_, by |(6-10)| Thus in
either case we have dim DY»—1 > 8b,_,. Now vii) implies that

dim V > by_y +dim DY = b,_{ + 8b,_p = 2"T (101 — 38).
Since f*(n) = 2+t2/2(n —2), we again have dim(V) > f*(n). O

Proposition 6.4. Letn>14,andlet V = D*bea large irreducible T ,,-supermodule.
Assume in addition that the dimension of any large irreducible J ,,-supermodule is
at least f(m) whenever 12 < m < n— 1. Then one of the following holds.

() dy(h) = 3.
Gi) A € JS(0).
(iii) A = yu, A €IS, and dimV > f*(n).
(iv) A =26,,n=0,3,6( mod p), one of the conclusions (iv)—(viii) of [Lemma 3.9
holds, and dim 'V > f™*(n).

Proof. (1) Assume that A €JS(0) and d, (1) < 2. Then we can apply If
A = yn. then A ¢S (see e.g.|Lemma 3.8), and dim V' > f*(n) by

We may now assume that A = §,, in particular, one of the cases (iv)—(viii) of

occurs. By and our assumptions, dim DY > f*(m)

form=n—1andm=n-2.
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(2) Here we consider the case n = p + 3 (so that p > 11). By [Lemma 3.7(iii),
res,—3 DYn—2 must have some large composition factor Z, anddim Z > f(n—3) =

2b,,_3 by the assumptions. Applying items (ii) and (iv) of we get
dim D2 > a,_5 + 2b,_3 +dim Z, dim D¥"~1 > b,_, +dim D¥~2. (6-11)

Together with[Lemma 3.9(iv), this implies

dim V > ap_; +2(dim D¥1) > a4 2(ap—3+4bp_3+byz) = 2"7" (51—28).

Since f*(n) = 2+t2/2(n —2), we are done if n > 20. Suppose that n < 19, so
thatn = p+3 =16 0orn = 14. If n = 16, then dim Z > d(p, 13) = 2816, and so

[(6-TT)|implies

dim D4 > 4160, dim D”'5 > 4800.

It follows that dim V' > 9728 > 7168 = f™*(16). If n = 14, then dim DY13 >
d(p,13) = 1664, so

dim V > ay3 + 2(dim DY13) = 3392 > 3072 = f*(14).

(3) Next suppose that n = mp + 3 with p > 3 and m > 2. By items (iii) and (iv)
we have

dim DYn—2 > 2°MW (2p, _+ 4 dim D¥3), dim DY»—1 > 2°Mp, 5 4 dim D¥n—2,
(6-12)
By our assumptions, dim D%—3 > f(n—3) = 2b,_3. Together with v),

this implies
dim V > 2(dim D1y > 2140y v ap, ) =20W+L"32] (5, _30). (6-13)

Since f*(n) = 2l®=2)/21(4, —8), we are done unless 2 | n < 20. In the remaining

case, (n, p) = (18,5). Then dy(§;5) = 2 by and so dim D%15 >

2d(p, 13) = 4480. Thus|(6-12)|implies that
dim D' > 7552, dim D¥'7 > 9088,

whence dim V > 18176 > 16384 = f™*(18).

4 If p>5and n = p + 6, then since dim D¥»~2 > f(n —2) = 2b,_,, by
[Lemma 3.9(vi) we have

dimV > 6by_p = 277D/ 2(6p—24) > 2 TD/2 ., _2) = f*(n).  (6-14)
If p = 3|n, then since dim DYn—1 > f*(n — 1), by [Lemma 3.9(vii) we have

dimV =2/ (n—1) = 2" 2n—6) = 2" =3) = f*(n).
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If 5 < p|n, then using dim D¥—2 > f*(n—2) and viii) we obtain
dimV > 2by_y + 2f*(n—2) = 2L"2 (50 —20) > 2L" T (n = 3) = f*(n).
If p =5|n and n is odd, then viii) and our assumptions imply
n+3 n+1
dimV >4b,_,+2f(n—2)=2"2 (n—4)>2"2 (n—3)= f*(n).

Finally, assume that p = 5|n and n > 20 is even. By [Lemma 3.9, d;(6,—2) > 2,
whence dim D%~2 > 2 f(n — 3) by our assumptions. Hence viii) yields

dim V > 4b,_y + 2(dim D%—2) > 4b,_, + 4f(n—3)
=2"2(3n —14) > 20FD/2(n - 3) = f*(n). O

6D. The case V € ]JS.
Lemma 6.5. [fn > 23 and (n, p) # (24, 17), then f*(n) <241 (n — 6).

Proof. First assume that p | (n — 7). Then f(n —6) = 2L0=0/21(3 — 10). In
particular, f*(n) < 24f(n—6) if n > 26. If n = 25, then p = 3, f*(25) =
213.21 <24.(2°-15) =241(19). If n = 24, then p = 17. If n = 23, then p > 2
cannot divide n — 7.

Next assume that p } (n—7). Then f(n—6) > 2L0=5/21(;;—9) and so f*(n) <
24f(n—06)ifn > 23. O

Proposition 6.6. Letn > 16 and V' € JS(0) be a large irreducible T ,-supermodule.
Assume in addition that, if m := n — 6 > 12, then the dimension of any large
irreducible I ,-supermodule is at least f(m). Then dimV > f*(n).

Proof. Using the fact that y,, is never in JS(0) (see for instance), we
may assume that V = D* and A # y,,.

(i) First we claim that if p = 17 then the dimension of any large irreducible 7 {4-
supermodule Y = D! is at least 3d(p, 13) = 10368. This is certainly true if

dj(Y) = 3 for any j < 3. Otherwise d»(Y) < 2, and so by either
u € JS(0), or w = 816, Y16. In the former case d3(Y) > 3 by [Lemma 4.11} Also
d»(816) = 3 by So we may assume (4 = ;6. Applying [Lemma 3.8[i)

three times, we see that
resy3 Y = 2DY13 +2b13 +2b14 + b;s.

Since dim D13 > d(p, 13), we also have dim Y > 3d(p, 13) in this case.
By iii), any large irreducible J ;g-supermodule X has dimension at
least 10368.
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(ii) Now we consider the case n > 23 and apply [Proposition 4.10/to A. In particular,
dg(A) = 20; more precisely, either dg(A) > 24, or

dim V = 20f(n — 6) 4 20by_g + 4ap_g > 30 (n — 6).

Thus we always have dim V' > 24f(n — 6). If furthermore (n, p) # (24,17),

then the last inequality implies dim V > f*(n) by Assume now that
(n, p) = (24, 17). Then by the result of (i) we have

dim V >20-10368 > 213.22 = f*(24).

(iii) The rest of the proof is to handle the cases 16 <n < 22.

e Consider the case n = 16, 17. First suppose that p # 5,11. By [Lemma 4.11]
d3(A) > 3, hence

dim V > 3d(p, 13) > 8448 > 7680 > f*(n)

by|(6-1) If (n, p) = (16, 5), then d,(A) > 2 by [Lemma 4.11] whence
dimV > 2d(p, 13) > 4480 > 3072 = f™*(16)

by |(6-1). On the other hand, the proof of [Proposition 4.10| shows that if (n, p) =
(16, 11) then A can be only (6,4, 3,2, 1) which however does not belong to JS(0).
If n =17 and p = 5 or p = 11, then dg(X) > 24 by [Proposition 4.10, whence

dim V > 24d(p. 11) > 24-864 > 7680 = f*(17).

e Let n = 18. By [Proposition 4.10} dg(A) > 24 if p # S and dg(A) > 20 if p = 5.
Now if p # 3, then

dim V > 20d(p,12) > 20-1344 > 16384 > *(18).
If p =3, then
dim V > 24d(p,12) = 24-640 = 15360 = f™*(18).

* Suppose 19 <n < 21. By |Proposition 4.10, d¢(A) > 24 if (n, p) # (20, 17) and
dg(X) > 20 otherwise. Now if (n, p) # (20, 17), then

dimV > 24d(p,13) > 24-1664 > 38912 > f™*(n).
If (n, p) = (20, 17), then
dim V > 20d(p, 13) = 20-3456 > 36864 = f™*(20).

e Finally, let n = 22. By [Proposition 4.10} dg(A) > 24 if p # 19 and dg(X) > 20 if
p = 19. By the assumptions, the dimension of any large irreducible J;¢-module
Y is at least f(16) = 3584 if p # 5. We claim that dim Y > 3584 also for p = 5.
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(Indeed, by Lemmas and [3.9] either d; (Y) > 2 for some j € {2,3}, or
Y =~ DY16, In the former case, dimY > 2d(p, 13) = 4480. In the latter case, by p.

(iii) of the proof of [Proposition 6.3| dim Y > 4b;5 = 6144.) Now if p # 19, then
dim V > 24-3584 > 81920 > f™*(22).

If p = 19, then by [Proposition 4.10| we have

dim V > min{20 £ (16) + 20b16, 24/ (16)} = 24 £(16) = 24-3584 > f*(22). O

Proposition 6.7. Letn> 16 and V be a large irreducible T ,-supermodule. Assume
that:

(1) resy—1 V isirreducible but V ¢ JS(0);
(ii) the dimension of any large irreducible T ,,-supermodule is at least f(m) for
2<=m=<n-1.
Then a(V) =0and dimV > f(n).

Proof. The assumptions in (i) imply that V € JS(i) for some i > 0 and that a(V') = 0.
By we may assume that d» (V) > 3 (as otherwise dim V > f*(n));
i.e., res,—» V' contains at least three large composition factors W, 1 < j < 3.
Applying the hypothesis of (ii) to m = n —2, we get dim W; > f(n —2) and so
dim V > 3f(n —2). Assume in addition that 7,1 — 7,—3 < 1. Then

3f(n—2)>2"=3(6n—136) > 21" (6n —36) > 2™-1+1 . (n—2) > f(n),

and we are done.

Next we consider the case (n, p) = (17,7). Then res;3 W, contains a large
composition factor. Hence, by we have dim W; > d(p, 13) = 3456, whence
dim V' > 3-3456 > 7680 = f(17), and we are done again.

So we may assume that 7, — 7,—3 > 2; equivalently, # is odd and p | (n — 3).
Since we have already considered the case (n, p) = (17,7), we may assume that
n > 21. It suffices to show that dim W; > f(n)/3 for 1 < j < 3. There are the
following four possibilities for W;.

e W; = DY»—2. By |Proposition 6.3|we have
dimW; > f*(n—2)=2"T (n—6)>2"2 (n—2)/3 = f(n)/3.

e res,_3 Wj is reducible but W; 2 DY»=2_ Since W; is large, it must have a large

composition factor by [Lemma 3.7(iii); furthermore, res, 3 W; can contain neither
Ap_3 nor B,_3 in its socle. It follows that d;(W;) > 2, and so, applying the

hypothesis of (ii) to m = n — 3 we get

dim W = 2f(n—3)=2"T (n—6) >2"2 (n—2)/3 = f(n)/3.



Representations of symmetric and alternating groups 1809

e W; € JS(0). Applying [Proposition 4.10| to W; and the hypothesis of (ii) to
m =n—_8 we get

dim W) > 24/ (n—8) > 24-2"% (n—12) = 2" (1—2)/3 = f(n)/3.

* W; € JS(k) for some k > 0. Then d>(W;) > 3 by |[Proposition 6.4{ (note that
the conclusion (iv) of cannot hold since p | (n — 3)). Applying the

hypothesis of (ii) to m = n —4 we get
dimW; > 3f(n—4)=3-2"T (n1—6) > 2"2 (1—2)/3 = f(n)/3.
The proposition is proved. O

Proposition 6.8. Letn > 16 and V be a large irreducible I ,,-supermodule. Assume
that:

(1) V €IS(@) for somei #0anda(V) =1,

(i) for 12 <m < n — 1, the dimension of any large irreducible T ,-supermodule

X is at least f(m) ifa(X) =0, and at least {*(m) ifa(X) = 1.

Then dimV > f*(n).
Proof. (1) The assumptions imply thatres,_; V =2U, where U is alarge irreducible
T p—1-supermodule with a(U) = 0. By [Proposition 6.4, d1(U) = d,(V)/2 > 1 (as
otherwise dim V' > f™*(n)); in particular, U ¢ JS(0). Applying to
U we see that either U = D", or p|(n—1)(n—4)(n—7) and U = D%—1, or
d,(U) = 3.
(2) Assume we are in the first case: U =~ D=1, Then by [Theorem 3.6 either
V = DY or V = D% The first possibility is ruled out since V' € JS. If the second

possibility occurs, then Lemma 4.1 implies that n = mp for some m > 2, p > 3,
and 8, = (p + 2, p"™ 2, p—2), which means that §, satisfies the conclusion (viii)

of In this case, part (4) of the proof of shows that
dimV > f*(n).

(3) Consider the second case: U 2 D%—1 but d,(U) <2. ThendimU > f*(n—1)
by Now if p | (n —1), then

dimV > Zf*(l’l _ 1) — 2|_(n+3)/2] (n _4) > 2'.(”+1)/2J (l’l _4) — f*(l’l)
Likewise, if 5 < p | (n —4) and n is odd then
dimV =2 *(n—1)=2"F (n=3)> 2" 5 (n=2) = [*(n).

Suppose that 5 < p|(n —4) and 2 |n; in particular, we are in the case (v) of

Lemma 3.9l Then [(6-13)|implies that
dimV > 23 (5n—35) > 2" (n—2) = f*(n).
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Suppose that n = p + 7 > 16; in particular, we are in the case (vi) of
Then [(6-14)| implies that

dimV >253n—15)> 2" (1 —2) = f*(n).

(4) From now on we may assume that d,(U) > 3 and so res,—3 U contains at least
three large composition factors 7, 1 < j < 3. Applying the hypothesis of (ii)
tom =n-—3,wegetdim7; > f(n—3)and sodimV > 6f(n — 3). Assume in
addition that either 7 is odd, or 2 |n > 18 and p 4 (n —4). Then

dimV >6/(n—3)>6-2"2 (=7 > 2" =2) > f*m).
If n =16, then dim 7; > d(p, 13) > 1664 by whence
dimV > 6-1664 = 9984 > 7168 > f™*(16).
If n € {18,20} and p|(n —4), then (n, p) = (18,7), in which case dim7; >
d(p, 13) = 3456 by [(6-1)|and so
dimV > 6-3456 = 20736 > 16384 = f™*(18).

(5) It remains to consider the case where n > 22 is even, p | (n —4), and dim U <
f*(n)/2. Recall that U is large, a(U) = 0, d{(U) > 2 and U 2 DY»—1. Thus
res,—, U cannot contain 4,_, or B,_; in its socle. Also, since

f(n—2)=20"D12(n—4)> f*@n)/5,

we have that dim U < (5/2) f(n —2) and so d;(U) < 2 by the hypothesis in (ii)
for m = n — 2. It follows that d; (U) = 2, i.e., res,—, U contains exactly two large
composition factors W, j =1, 2. Assume in addition that some W; has a(W;) = 1.
By the hypothesis in (ii) for m = n — 2, in this case we have

dimU > f(n—2)+ f*(n—=2) =20"2/2(3p—12) > 2"2(n —2) > f*(n)/2,

and we are done again.

We conclude by [Theorem 2.4|that res,,—, U = e¢(U) is reducible, with a large
irreducible J,,_,-supermodule W =~ W; = W, as its socle and head. Furthermore,

if p = 3, then by the hypothesis in (ii) for m = n — 1 we have
dimU > f(n—1) =272 —a) = *@n)/2.

So we may assume p > 3. We will distinguish the following three subcases

according to applied to W (note that n —2 = 2( mod p) and so the
conclusion (iv) of cannot hold) and show that dim W > f*(n)/4,

which contradicts the assumption dimU < f™*(n)/2.
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e d,(W) > 3. Applying the hypothesis of (ii) to m = n — 4 we get
dimW >3f(n—4) =3.20"9/2, —7) > 20=D/2( _2) = f*(n)/4

as n > 22, and so we are done.

* W €1S(0). Since n > 22, we can apply [Proposition 4.10/to W and the hypothesis
of (ii) to m = n — 8 to get

dim W >24f(n—8) >24-20078/2(y _12) > 200=2/2(y _2) = f*(n)/4.

e W =~ D¥n—2 Recall that 2p | (n —4). Hence by we have
dimW > f*(n—2) =2"2(n—4) > 20D2(n—2) = f*(n)/4. O

6E. Inductive step of the proof of the main theorem. As a consequence of the
results proved in Sections we obtain the following:

Corollary 6.9. For the induction step of the proof of the it suffices

to prove that, if V = D is any irreducible J,-supermodule satisfying all the
following conditions

(1) n 2 16, )\' # an, ,B}‘h )/n’
() V €1IS,d(V)>2,dy(V) > 3, and all the simple summands of the head and
the socle of res,—1 V are large

then dimV > f(n), and, furthermore, dimV > f*(n) when a(V) = 1.

Proof. By the induction hypothesis, the dimension of any irreducible J,-super-
module X is at least f(m) if a(X) = 0 and at least f*(m) if a(X) = 1 for
12<m<n-1. By and Propositions we may now assume
that n > 16, A # ay, Bu, yn and V € JS(0). Now, if res,—; V is irreducible, then
V €JS(i) for some i > 0 and a(V) = 0, in which case we also have dim V > f(n)
by [Proposition 6.7} The case V € JS(i) with a(V) = 1 is treated in [Proposition 6.8
So we may assume that V ¢ JS. Since A # oy, Bu, Yn, res,—1 V cannot contain
Ay—1 or B,_1 in the socle or in the head. It now follows that dq (V) > 2. Also, if

d, (V') <2, then we may assume dim V > f*(n) by O
Now we will complete the induction step of the proof of the

Arguing by contradiction, we will assume that the irreducible J,-supermodule V'

satisfies the conditions listed in [Corollary 6.9] but
dimV < f(n) %fa(V) =0,
f*(n) ifa(V)=1.

The condition d; (V) > 2 implies that res,—; V contains at least two large com-
position factors Uj, j = 1,2, and dim U; > f(n — 1) by the induction hypothesis,



1812 Alexander S. Kleshchev and Pham Huu Tiep

whence dimV > 2f(n — 1). Similarly, the condition d,(V) > 3 implies that
dmV =>3f(n—-2).
We distinguish between the following three cases.

6E.1. Case I: m,,—1 — my—3 = 2. This case happens precisely when 7 is odd and
p | (n—3), whence

[ n—=1)
TR

In particular, if p = 3 then f*(n) =2f(n—1) <dim V. So we may assume p > 3.
Then

SHm) = f)=2"F (=2 k). f(1—1)=2"T (n—3) =

dimV —=2f(n—1)< f(n)=2f(n—1)=20+D12 =24, <b, 1 < f(n—1).

It follows that d (V') = 2, and aside from U, U,, res,,—; V can have at most one
more composition factor which is then isomorphic to 4,_;. Also, if a(U;) =1 for
some j, then by the induction hypothesis, dimU; > f*(n—1) =2f(n—1), and
so we would have dim V' > 3f(n—1) > f(n). Thus a(U;) =0 for j =1, 2.

Suppose that a(V') = 0. The above conditions on res,—; V imply by [Theorem 2.4
that res,—; V' = eo (V) has socle and head both isomorphic to U = Uy = U,. Since

d, (V') > 3 (and all composition factors of res,_, A,_; are isomorphic to A,_;), we
see that 1 (U) > 2; in particular, U ¢JS(0). Also, dimU < (dimV)/2< f*(n—1).
Hence [Proposition 6.4]applied to U yields d,(U) > 3. It follows that

3

dimV > 2(dimU) > 6f(n—3) = 2" (6n—36) > 2"F (n—2) = [ (n).

Next suppose that a(V') = 1. Then the above conditions on res,—; V' imply by

Theorem 2.4|that res,_{ V = 2¢; (V) =2U with U =~ U; =~ U, and i > 0. Since
dr(V) >3 we see that d{(U) > 2 and so U €JS(0). Also, dimU < (dim V) /2 <

f*(m —1). Hence applied to U again yields d,(U) > 3 and

dimV > 6f(n—3) > f(n). In either case we have reached a contradiction.

6E.2. Casell: w,,—1—m,—> =0. This case happens precisely when either p | (n—1),
or pt(n—1)(n—2) and 2 | n. In the former case,

iy =2 =)y <234y = 2f(n—1) <dimV
a contradiction. Likewise, in the latter case,

f(n)=22n—2—ky) <2 2(n—3)=2f(n—1) <dimV.
If in addition p | n, then

) =2"t2m-3)=2f(n—1) <dimV.
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Hence we may assume that ptn(n—1)(n—2), 2 |n, and a(V') = 1. In this case
dimV —2f(n—1)< f*(n)—=2f(n—1) =202 =44, | <b,_y < f(n—1).

It follows that d; (V') = 2, and aside from Uy, U,, all other composition factors of
res,—1 V (if any) must be isomorphic to 4,_1.

Suppose in addition that ¢; (V') # 0 for some i > 0. Then we may assume that
Uj is in soc(e; (V). As a(V) =1, 2¢;(V) is a direct summand of res,—; V. In
particular, if there is some k # i such that e; (V') # 0, then soc(eg (V) must be
Ay—1, contrary to our hypotheses. Thus res,—1 V = 2¢;(V) in this case. Now
¢; (V') has a composition factor U; with multiplicity one and all other composition
factors (if any) are isomorphic to 4,_1. By our hypotheses, soc(e;(V)) = Uy. It
follows that ¢; (1) = 1, and so e; (V) = Uj is irreducible by [Theorem 2.4(v). Thus
V €JS(i), a contradiction.

We have shown that res,,_; V = eo(V), with

U :=U; =soc(eg(V)) = head(eo(V)) = Us,

go(A) =2, and a(U) = a(V) = 1. Now d{(U) = d(V)/2 > 1; in particular,
U & JS(0). Thus we can apply and distinguish the following

subcases.
(a) Suppose d,(U) = 3 and p } (n —4). Then

dimV >2(dimU) > 6 f(n—3) = 2D/2(6n — 36) > 20"+2/2(n—2) = f*(n).

(b) Suppose p|(n—4) and U % DYn—1, Recall that d1(U) > 2. If d{(U) > 3,
or if some large composition factor X of res,_, U has a(X) = 1, then since
f*(n—2) =2f(n—2), the induction hypothesis implies

dimV >2(dimU) > 6 f(n—2) = 2D/2(6n — 24) > 201+2/2(n _2) = f*(n).

Thus d; (U) = 2 and every large composition factor W of res,_, U has a(W) = 0.
Moreover, the socle and head of res;,,_, U can contain neither A,_, nor B,_,. It
follows by [Theorem 2.4]that res,—» U = 2¢;(U) = 2W for some i > 0 and some
irreducible J,,_,-supermodule W. In particular, U € JS(i). We have shown that
ek (A) = 208k ,0 and égA = U € JS. Furthermore, A # y;, by our assumption. Hence,
by we must have A = §,. But in this case DY»—1 appears in the socle

of res,—; V by[Theorem 3.6(v). Thus U =~ DY#n—1 contrary to our assumption.
(¢) Suppose pt(n—4), d,(U) <2 and U 2 DY»—1, Since p}(n—1) and U €JS(0),
by [Proposition 6.4] this can happen only when n = p + 7 (so that p > 11),and U =

D%=1 as specified in|Lemma 3.9k vi). Applying vi) and .

we obtain

dimV > 2(dimU) > 4/ *(n—2) > 2"2(4n —16) > 20+2D/2(n —2) = f*(n).
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(d) Suppose U =~ DYn—1, In this case y,—; satisfies the condition [(6-3) Hence
dimU > f*(n)/2 by [Proposition 6.3| yielding a contradiction again.

6E.3. Case lll: my_1 —my_p = my—1 —my—3 = 1. This case arises precisely when
either p|(n—2),0r pt(n—1)(n—2)(n—3) and 2 }n. In particular,

dimV > 3/(n—2)> 2" G =15 > 2" T (i —2) > f(n).

Thus we get a contradiction if a(V) = 0, or if f*(n) = f(n).

Hence a(V) =1and f*(n) > f(n),i.e., nisevenand p | (n—2); in particular,
[*(n) =20+D/2(p —2). If n = 16 then p = 7. In this case, since d3(V) >
d>(V) = 3, by [(6-1)| we must have

dim V > 3d(p, 13) = 10368 > 7168 = f*(16),
a contradiction.

So we may assume that n > 20. We will show that each of the large composition
factors U; of res,—; V has dimension at least f*(n)/2 = 22 —2), leading to

the contradiction that dim V' > f*(n). Since n—1 = 1( mod p), by

we need to consider the following three possibilities for U;.

(a) d2(Uj) = 3. Applying the induction hypothesis to the large composition factors
of res,_3 Uj we get

dimUj > 3f(n—3) =20"2/2(3p—15) > f*(n)/2.

(b) Uj = DY»—1'. Recall that 2p | (n — 2) (in particular n > 2p + 2), hence using
we have

dimU; > 8b,_, =2"2(2n—10) > f*(n)/2.

(c) Uj €1S(0). Applying [Proposition 4.10|and the induction hypothesis to the large
composition factors of res,_7 U; we get

dimU; >24f(n—7) >24-208/2(n—11) > 2"/2(n —2) = f*(n)/2
if n > 29. Also, if p # 3, then
dimUj > 24f(n—7) > 24-20792(n —10) > 2"2(n—2) = f*(n)/2.

It remains to rule out the cases where 16 <n <28 and2p =6|(n—2),i.e.,n =20
or n = 26. If n = 20, then by [Proposition 4.10|and |(6-1)| we have

dim U; > 24-d(p.13) > 24-3456 > 18432 = [*(20)/2.

Finally, assume (1, p) = (26,3). We claim that any large irreducible J9-
supermodule X has dimension at least 3d(p, 13) = 10368. (Indeed, this is certainly
true if dp(X) > 3 or d3(X) > 3. If dp(X),d3(X) < 2, then X =~ DY19 by
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IProposition 6.4 and [Lemma 4.11} In this case dim X > f*(19) = 15360 by
Proposition 6.3]) Now applying [Proposition 4.10[to U; we get

dim U; > 24-10368 = 248832 > 196608 = f*(n)/2.

We have completed the proof of the
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Secant varieties of
Segre—Veronese varieties

Claudiu Raicu

We prove that the ideal of the variety of secant lines to a Segre—Veronese variety
is generated in degree three by minors of flattenings. In the special case of a
Segre variety this was conjectured by Garcia, Stillman and Sturmfels, inspired
by work on algebraic statistics, as well as by Pachter and Sturmfels, inspired by
work on phylogenetic inference. In addition, we describe the decomposition of
the coordinate ring of the secant line variety of a Segre—Veronese variety into a
sum of irreducible representations under the natural action of a product of general
linear groups.

1. Introduction

Spaces of matrices (or 2-tensors) are stratified according to rank by the secant
varieties of Segre products of two projective spaces. The defining ideals of these
secant varieties are known to be generated by minors of generic matrices. It is
an important problem, with applications in algebraic statistics, biology, signal
processing, complexity theory etc., to understand (border) rank varieties of higher
order tensors. These are (upon taking closure) the classical secant varieties to Segre
varieties, whose equations are far from being understood. To get an idea about
the boundary of our knowledge, note that the Salmon problem [Allman 2007],
which asks for the generators of the ideal of o4(P3 x P3 x P3), the variety of secant
3-planes to the Segre product of three projective 3-spaces, is still unsolved (although
its set-theoretic version has been recently resolved in [Friedland 2010; Friedland
and Gross 2012[]; see also [Bates and Oeding 2011]).

Flattenings (see provide an easy tool for obtaining some equations
for secant varieties of Segre products, but they are not sufficient in general, as can
be seen for example in the case of the Salmon problem. Inspired by the study of
Bayesian networks, Garcia, Stillman and Sturmfels conjectured [Garcia et al. 2005,
Conjecture 21] that flattenings give all the equations of the first secant variety of

This work was partially supported by National Science Foundation Grant No. 0964128.
MSC2010: 14M17, 14M12.
Keywords: Segre varieties, Veronese varieties, secant varieties.
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the Segre variety. This conjecture also appeared at the same time in a biological
context, namely in work of Pachter and Sturmfels on phylogenetic inference [2004}
Conjecture 13].

Conjecture 1.1 (Garcia—Stillman—Sturmfels). The ideal of the secant line variety
of a Segre product of projective spaces is generated by 3 x 3 minors of flattenings.

The set-theoretic version of this conjecture was obtained by Landsberg and
Manivel [2004], as well as the case of a 3-factor Segre product. The 2-factor case
is classical, while the 4-factor case was resolved by Landsberg and Weyman [2007].
The 5-factor case was proved by Allman and Rhodes [2008]]. We prove the GSS
conjecture in as a consequence of our main result, which
is the corresponding statement for Segre—Veronese varieties.

It is a general fact that for a subvariety X in projective space which is not
contained in a hyperplane, the ideal of the variety oy (X) of secant (k — 1)-planes to
X has no equations in degree less than k+1. If X = G/ P is a rational homogeneous
variety, a theorem of Kostant (see [Landsberg 2012, Chapter 16] or the remark
preceding [Landsberg and Manivel 2004, Proposition 3.3]) states that the ideal of X
is generated in the smallest possible degree (that is, in degree two), and Landsberg
and Manivel [2004] asked whether this is also true for the first secant variety of X.
It turns out that when X is the D7-spinor variety, there are in fact no cubics in the
ideal of 0, (X) (see [Landsberg and Weyman 2009; Manivel 2009])). In[Theorem 4.1]
we provide a class of G/P’s, the Segre—Veronese varieties for which the answer
to the question of Landsberg and Manivel is positive. This generalizes a result of
Kanev [1999] stating that the ideal of the secant line variety of a Veronese variety
is generated in degree three. We obtain furthermore an explicit decomposition into
irreducible representations of the homogeneous coordinate ring of the secant line
variety of a Segre—Veronese variety, thus making it possible to compute the Hilbert
function for this class of varieties. This can be regarded as a generalization of the
computation of the degree of these secant varieties in [|[Cox and Sidman 2007].

Before stating the main theorem, we establish some notation. For a vector space
V, V* denotes its dual, and PV denotes the projective space of lines in V. If
w = (u1 > pp > ---) is a partition, S,, denotes the corresponding Schur functor (if
ur =0 we get symmetric powers, whereas if all u; = 1, we get exterior powers).
For positive integers dy, . .., dn, SV4,.....4, denotes the Segre—Veronese embedding
of a product of n projective spaces via the complete linear system of the ample line
bundle O(dy, ..., d,). 02(X) denotes the variety of secant lines to X.

Theorem 4.1} Let X = SVy, . 4, (PV x PV} x--- xPVY) be a Segre—Veronese

variety, where each V; is a vector space of dimension at least 2 over a field K of
characteristic zero. The ideal of 0»(X) is generated by 3 x 3 minors of flattenings,
and moreover, for every nonnegative integer r we have the decomposition of the
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degree r part of its homogeneous coordinate ring

KlooxX)l, = P SuVi®---@8SuV)™,

where m;_is obtained as follows. Set
i
fi= max ’7_2—|’ e =AM+ AL
n

If some partition ' has more than two parts, or if e, < 2f., then my = 0. If
ey >r—1,thenmy = [r/2] — fr+ 1, unless e, is odd and r is even, in which case
my = [r/2] — fo. Ifex, <r —1and e, > 2f,, thenm; = [(e; +1)/2] — fo + 1,
unless e, is odd, in which case m) = (e, +1)/2] — f.

The ideal of the Segre—Veronese variety itself was proved to be generated by
2 x 2 minors of flattenings by Bernardi [2008]], generalizing previously known
results on the Segre and Veronese varieties. The corresponding result for a Segre
variety was obtained by Grone [[1977] in the set-theoretic version and proved by Ha
[2002]] ideal-theoretically. The set-theoretic version of the result for the Veronese
variety goes back to Wakeford [[1919], while the ideal-theoretic version was only
obtained much later by Pucci [[1998]. Even though the higher secant varieties are
not always generated by minors of flattenings, Catalisano, Geramita and Gimigliano
[Catalisano et al. 2008]] describe a large class of examples where this is in fact
the case. In their examples the k-th secant variety of a Segre (or Segre—Veronese)
variety is cut out by the (k 4 1)-minors of a single matrix of flattenings.

above has further consequences to deriving certain plethystic formu-
las for decomposing (in special cases) symmetric powers of triple tensor products
(Corollary 4.3p) and Schur functors applied to tensor products of two vector spaces
(Corollary 4.3b), or even symmetric plethysm (Corollary 4.4)).

The main technique introduced in our work does not seek to employ the par-
ticularities of specific instances of Segre—Veronese varieties, but instead tries to
capture only the essential features that are shared between all these varieties. We
work in some sense with spaces of “generic tensors”, and rather concentrate on their
“generic equations”. The latter are representations of products of symmetric groups,
which can be defined abstractly with no relation to spaces of tensors (although
what led us to them was their realization as zero-weight spaces of particular tensor
representations). The main point is that the generic equations yield, by a process
of specialization, the equations of any specific secant variety of a Segre—Veronese
variety. One can also go back, via polarization, from the equations of a specific
secant variety to (a subset of) the generic equations. The main tools that we employ
in analyzing the generic equations of the varieties of secant lines are combinatorial:
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graph theory and tableau combinatorics. We hope that similar methods, particularly
replacing graph theory with the theory of simplicial complexes, could be used to
give an analogous picture for higher secant varieties. The main goal of our work is
to set up a general framework that would help understand arbitrary secant varieties,
and illustrate how insights from combinatorics occur naturally in this framework,
providing new results in the case of the varieties of secant lines.

The general representation theoretic approach to the study of projective varieties
with a group action has been successful in providing algorithms for computing the
equations and homogeneous coordinate rings of these varieties degree by degree.
The main caveat of these algorithms was their failure to provide a good stopping
condition that would allow one to decide when the full set of minimal generators of
the ideal of a variety has been computed. Our combinatorial methods try to fill this
gap by allowing one to identify a specific structure that characterizes the vanishing
of a (generic) polynomial on the variety. This structure has the property that is
inherited as the degree of the polynomial increases, and also that its presence in any
high degree is manifestly a consequence of the inheritance from a finite set of small
degrees. Concretely, for the ideal of the secant line variety of a Segre—Veronese
variety, we will see that (generic) polynomials of degree r are represented by graphs
(Section 4B)) with r vertices. The structure that makes a polynomial the equation of
the secant variety is the presence in the associated graph of a complete subgraph
on three vertices (a triangle; see [Remark 4.5). This is clearly a structure that is
inherited by adding new vertices and edges to the graph, and also it is a structure
that’s inherited from degree three — the smallest degree where a complete graph
on three vertices could exist. In [[Oeding and Raicu 2011]], we employ similar
ideas to give a proof of a conjecture of Landsberg and Weyman regarding the
generators of the ideal of the tangential variety of a Segre variety. The structure
that makes a polynomial the equation of the tangential variety turns out to be more
involved, represented by a finite list of subgraphs on two, three or four vertices
[1bid.| Section 3.5].

Finding equations for higher secant varieties of Segre—Veronese varieties turns
out to be a delicate task, even in the case of two factors (n = 2) with not too positive
embeddings (small dj, d»). Recent progress in this direction has been obtained by
Cartwright, Erman and Oeding [Cartwright et al. 2012].

Since finding precise descriptions of the equations, and more generally syzygies,
of secant varieties to Segre—Veronese varieties constitutes such an intricate project,
much of the current effort is directed to finding more qualitative statements. Draisma
and Kuttler [2011]] prove that for each k, there is an uniform bound d (k) such that
the (k — 1)-st secant variety of any Segre variety is cut out (set-theoretically)

by equations of degree at most d(k). [I'heorem 4.1| implies that d(2) = 3, even
ideal-theoretically.
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For higher syzygies, Snowden [2010] proves that all the syzygies of Segre
varieties are obtained from a finite amount of data via an iterative process. It would
be interesting to know if the same result holds for the secant varieties. This would
generalize the result of Draisma and Kuttler. For Veronese varieties, the asymptotic
picture of the Betti tables is described in work of Ein and Lazarsfeld [2012f. Again,
it would be desirable to have analogous results for secant varieties.

The structure of the paper is as follows. In[Section 2| we give the basic definitions
for secant varieties and Segre—Veronese varieties. We introduce the basic notions
from representation theory that are used throughout the work, and describe the
process of flattening a tensor, which leads to the notion of a flattening matrix.
builds the framework for analyzing the equations and homogeneous
coordinate rings of arbitrary secant varieties of Segre—Veronese varieties. Even
though we were only able to work out the details of this analysis in the case of the
first secant variety, we believe that the general method of approach may be used
to shed some light on the case of higher secant varieties. In particular, the new
insight of concentrating on the “generic equations” is presented in detail and in the
generality needed to deal with arbitrary secant varieties. is inspired by
a conjecture of Garcia, Stillman and Sturmfels, describing the generators of the
ideal of the variety of secant lines to a Segre variety. We prove more generally
that this description holds for the first secant variety of a Segre—Veronese variety.
We also give a representation theoretic decomposition of the coordinate ring of
this variety, which allows us to deduce certain plethystic formulas based on known
computations of dimensions of secant varieties of Segre varieties.

2. Preliminaries

Throughout this work, K denotes a field of characteristic 0. All the varieties we
study are of finite type over K, and are reduced and irreducible. PV denotes the
N-dimensional projective space over K. We write PW for PV when we think of PV
as the space of 1-dimensional subspaces (lines) in a vector space W of dimension
N +1 over K. Given a nonzero vector w € W, we denote by [w] the corresponding
line. The coordinate ring of PW is Sym(W™), the symmetric algebra on the vector
space W* of linear functionals on W.

2A. Secant varieties.

Definition 2.1. Given a subvariety X C PV, the (k — 1)-st secant variety of X,
denoted oy (X), is the closure of the union of linear subspaces spanned by & points
on X:

Ok (X) = U le ,,,,, X+
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Alternatively, if we write PY = PW for some vector space W, and let Xcw

denote the cone over X, then we can define oy (X) by specifying its cone oy (X).
This is the closure of the image of the map

s:)A(x---x)A(—>W, defined by s(x1,...,x) =x1+ -+ x¢.

The main problem we are concerned with is this:
Problem. Given (the equations of) X, determine (the equations of) oy (X).

More precisely, given the homogeneous ideal 7 (X) of the subvariety X C PW,
we would like to describe the generators of I (o} (X)). Alternatively, we would
like to understand the homogeneous coordinate ring of o} (X), which we denote by
Ko (X)]. As we will see, this is a difficult problem even in the case when X is
simple, that is, isomorphic to a projective space (or a product of such). There is thus
little hope of giving an uniform satisfactory answer in the generality with which
we posed the problem. However, the following observation provides a general
approach to the problem, which we exploit in the future sections.

The ideal/homogeneous coordinate ring of a subvariety ¥ C PW coincides with
the ideal/affine coordinate ring of its cone Y C W, hence our problem is equivalent to
understanding / (UT(Y)) and K [c;(Y)]. The morphism s of affine varieties defined
above corresponds to a ring map

s*:Sym(W*) > K[X x - x X]=K[X]® - Q K[X].

We have that / (c?(?)) and K [m] are the kernel and image respectively of s*.
The main focus for us will be on the case when X is a Segre—Veronese variety
(described in the following section), and k = 2.

2B. Segre—Veronese varieties. Consider vector spaces V1, ..., V, of dimensions
my,...,my, > 2, respectively, with duals Vl*, ..., V¥, and fix positive integers
di,...,d,. We let

X=PVx- - xPVS

and think of it as a subvariety in projective space via the embedding determined by
the line bundle Ox (dy, ..., d,). Explicitly, X is the image of the map

4, PV x - x PV = PSym? V' ®- .- ® Sym® V*)

.....

given by
(erl, ..., len) > [eM @ @ e,

We call X a Segre—Veronese variety.
For such X we prove that I (02(X)) is generated in degree 3 and we describe
the decomposition of K[o,(X)] into a sum of irreducible representations of the

product of general linear groups GL(V) x - - - x GL(V,,) (T'heorem 4.1J).
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When n =1 we set d = d;, V = V|. The image of SV is the d-th Veronese
embedding, or d-uple embedding of the projective space PV*, which we denote by
Very(PV*). Whend; =---=d, =1, the image of SV; i is the Segre variety
Seg(PV" x --- x PVy). An element of Sym® Vi@ - ® Sym® V¥ is called a
(partially symmetric) tensor. The points in the cone over the Segre—Veronese variety
are called pure tensors.

2C. Representation theory. We refer the reader to [Fulton and Harris 1991] for
the basic representation theory of symmetric and general linear groups. Given a
positive integer r, a partition w of r is a nonincreasing sequence of nonnegative
integers t1 > puo > -+ withr =) ;. We write = (i1, 2, .. .). Alternatively, if
 1s a partition having i ; parts equal to u ; for all j, then we write u = (/,Lill M? S
To a partition u = (i1, U2, . ..) we associate a Young diagram which consists of
left-justified rows of boxes, with u; boxes in the i-th row. For u = (5, 2, 1), the
corresponding Young diagram is

For a vector space W, a positive integer r and a partition u of r, we denote by
S, W the corresponding irreducible representation of GL(W): S, are commonly
known as Schur functors, and we make the convention that S¢;) denotes the sym-
metric power functor, while S;4y denotes the exterior power functor. We write S,
for the symmetric group on r letters, and [ ] for the irreducible S,-representation
corresponding to u: [(d)] denotes the trivial representation and [(19)] denotes the
sign representation.

Given a positive integer n and a sequence of nonnegative integers r = (ry, ..., ),
we define an n-partition of r to be an n-tuple of partitions A = (AL LA, with
A oa partitionof r;, j =1, ..., n. We write A rjand A " r. Given vector spaces

Vi, ..., V, as above, we often write GL(V) for GL(V}) x - - - x GL(V,,). We write
S,V for the irreducible GL(V)-representation S;1 V| ® - - - ® S3» V,,. Similarly, we
write [A] for the irreducible representation M®---®[A"] of the n-fold product
of symmetric groups S, = S,, x --- x §,,. We have:

Lemma 2.2 (Schur—Weyl duality).

V1®r1 Q- ® Vn®rn — @[k] RS, V.
A=y

Most of the group actions we consider are left actions, denoted by -. We use the
symbol * for right actions, to distinguish them from left actions.
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For a subgroup H C G and representations U of H and W of G, we write
Indg](U) =K[G]®kmU and Resg(W) = Wy,

for the induced representation of U and restricted representation of W, where
K[M] denotes the group algebra of a group M, and Wy is just W, regarded as an
H-module. We write WS for the G-invariants of the representation W, that is,

W =Homg (1, W) C Homg (1, W) = W,
where 1 denotes the trivial representation of G.

Remark 2.3. If G is finite, let
5G = Z g € K[G].

geCG

We can realize W as the image of the map W — W given by w > s - w. Assume
furthermore that H C G is a subgroup, and let sy denote the corresponding element
in K[H]. We have a natural inclusion of the trivial representation of H

1— K[H], 1~ sy,
which after tensoring with K[G] becomes
Ind, (1) = K[G] @k 1 = K[G]®xm K[H] ~ K[G],
so that we can identify Indg(l) with K[G]-sy.
Lemma 2.4 (Frobenius reciprocity).
WH =Hompy (1, Res§ (W)) = Homg (Ind% (1), W).

Given an n-partition A = (Al, ..., A™") of r, we define an n-tableau of shape A to
be an n-tuple T = (Tl, ..., T™), which we usually write as T'®---®T", where
each 7' is a tableau of shape A’. A tableau is canonical if its entries index its boxes
consecutively from left to right, and top to bottom. We say that T is canonical
if each T' is, in which case we write T;, for T. If T = (A!, %), with A! = (3, 2),
A2 = (3, 1, 1), then the canonical 2-tableau of shape A is

1[2]3]
415

23]
® .

1
4
Bl

We consider the subgroups of S, given by

R; ={g € S, : g preserves each row of T} },

C; ={g € S, : g preserves each column of 7} }
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and define the symmetrizers

a,\=2g, bA=ngn(g)-g, G =a;- by,

gER;\ gECA

with sgn(g) =[], sgn(g;) for g = (g1....,8n) € Sr, where sgn(g;) denotes the
signature of the permutation g;.

The GL(V)- (or S,-) representations W that we consider decompose as a direct
sum of S, V’s (or [A]’s) with A F" r. We write

W=@W,\,
A

where W, >~ (S, V)™ (or W, =~ [A]™*) for some nonnegative integer m, = m; (W),
called the multiplicity of S, V (or [A]) in W. We call W, the A-part of the represen-
tation W.

Recall that m ; denotes the dimension of V;, j =1, ..., n. We fix bases

%j={xij:i=1,...,mj}

for V; ordered by x;; > x;41,j. We choose the maximal torus T =T x --- x T, C
GL(V), with T the set of diagonal matrices with respect to % ;. We choose the Borel
subgroup of GL(V) to be B = By x --- x By, where B; is the subgroup of upper
triangular matrices in GL(V;) with respect to % ;. Given a GL(V)-representation
W, a weight vector w with weight a = (a, ..., a,), a; € T, is a nonzero vector in
W with the property that for any t = (¢, ...,,) € T,

t-w=ay(f) - ap(ty)w.

The vectors with this property form a vector space called the a-weight space of W,
which we denote by wt,(W).

A highest weight vector of a GL(V)-representation W is an element w € W
invariant under B. W = S, V has a unique (up to scaling) highest weight vector w
with corresponding weight A = (A!, ..., A"). In general, we define the A-highest
weight space of a GL(V)-representation W to be the set of highest weight vectors
in W with weight A, and denote it by hwt, (W). If W is an S,-representation, the
A-highest weight space of W is the vector space hwt, (W) =c,- W C W, where ¢,
is the Young symmetrizer defined above. In both cases, hwt, (W) is a vector space
of dimension m; (W).

2D. Flattenings. Given decompositions d; = a; + b;, witha;, b; >0,i =1, ..., n,
we let A = (ay,...,a,), B=(by,...,b,), sothatd = (dy,...,d,) = A+ B,
and embed

Sym? V}® .- ®Sym% V¥ Vi@V,
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in the usual way, where
Va=Sym* V;®---® Sym™ V,, Vg =Sym” V| ®---® Sym” V,.

This embedding allows us to flatten any tensor in Sym?! Vi ® Sym® V¥toa
2-tensor, that is, a matrix, in V; ® V. We call such a matrix an (A, B)-flattening of
our tensor. If |A| =a;+- - -+a, then we also say that this matrix is an | A|-flattening,
or a | B|-flattening, by symmetry.

We obtain an inclusion

a4, PV x - xPV¥) — Seg(PV) x PVy),

.....

4, PV x - x PVF)) — op(Seg(PV) x PVy)),

.....

where the latter secant variety coincides with (the projectivization of) the set of
matrices of rank at most k in V; ® V. This set is cut out by the (k + 1) x (k+ 1)
minors of the generic matrix in V; ® V. This observation yields equations for the
secant varieties of Segre—Veronese varieties (see also [Landsberg 2012, Chapter 7]).

Lemma 2.5. For any decomposition d = A + B and any k > 1, the ideal of
(k+ 1) x (k4 1) minors of the generic matrix given by the (A, B)-flattening of
Sym?! Vi@ ® Sym® V* is contained in the ideal of

O’k(Sle dn(IPVl* X X U:DVn*)).

.....

Definition 2.6. We write Fﬁ}l (V) = Fﬁ;l "(Vy, ..., V,) for the degree r part of
the ideal of (kK + 1) x (k+ 1) minors of the (A, B)-flattening. We call the elements
of Fﬁg’r(V) flattening equations.

Note that the invariant way of writing the generators of the ideal of (k+1) x (k+1)
minors of the (A, B)-flattening in the preceding lemma (F ﬁfBl’kH(V)) is as the
image of the composition
k+1 k+1
A Va® )\ Vs Sym™ (V4 ® V) — Sym* ™! (Sym” v ® - - @ Sym™ V),

where the first map is the usual inclusion map, while the last one is induced by the
multiplication maps Sym® V; ® Sym” V; — Sym“ V;.

2E. The ideal and coordinate ring of a Segre—Veronese variety. 1f

4, PV x -  xPV),

.....

then the ideal 7 (X) is generated by 2 x 2 minors of flattenings [Bernardi 2008],
that is, when k = 1 the equations described in are sufficient to generate
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the ideal of the corresponding variety. As for the homogeneous coordinate ring of a
Segre—Veronese variety, we have the decomposition

KIX]=EPESym™ Vi ®---@ Sym™ V,). *)
r>0

This decomposition will turn out to be useful in the next section, in conjunction

with the map s* defined in [Section 2Al In [Section 4] we give a description of

K[02(X)] analogous to|(*)l and prove that the 3 x 3 minors of flattenings generate
the homogeneous ideal of o7 (X).

The statements above regarding the ideal and coordinate ring of a Segre—Veronese
variety hold more generally for rational homogeneous varieties (G/P), and have
been obtained in unpublished work by Kostant; see [Landsberg 2012}, Chapter 16].

3. Equations of the secant varieties of a Segre—Veronese variety

This section introduces the main new tool for understanding the equations and
coordinate rings of the secant varieties of Segre—Veronese varieties, from a repre-
sentation theoretic/combinatorial perspective. All the subsequent work is based on
the ideas described here. The usual method for analyzing the secant varieties of
Segre—Veronese varieties is based on the representation theory of general linear
groups. We review some of its basic ideas, including the notion of inheritance,
in The new insight of restricting the analysis to special equations of
the secant varieties, the “generic equations”, is presented in More
precisely, we use Schur—Weyl duality to translate questions about representations
of general linear groups into questions about representations of symmetric groups
and tableau combinatorics. The relationship between the two situations is made
precise in One should think of the “generic equations™ as a set of
equations that give rise by specialization to all the equations of the secant varieties
of Segre—Veronese varieties. Similarly, we have the “generic flattening equations”
which by specialization yield the usual flattening equations.

3A. Multiprolongations and inheritance. In this section Vi, ..., V, are (as al-
ways) vector spaces over a field K of characteristic zero. We switch from the Sym?
notation to the more compact Schur functor notation S(4) described in
The homogeneous coordinate ring of P(S@) V" ®--- ® S@,)V,)) is

S=Sym(SupV1i® - ® Sw,)Va),

the symmetric algebra of the vector space S V1 ®- - - ® S, V. This vector space
has a natural basis B =%y, ... 4, consisting of tensor products of monomials in the el-
ements of the bases By, ..., B, of Vi, ..., V,. We write this basis, suggestively, as
B =Sym? B; ® - -- ® Sym® B,. We can index the elements of B by n-tuples
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o= (o, ...,a,) of multisets «; of size d; with entries in {1, ..., m; =dim(V;)},
as follows. The a-th element of the basis B is

Za = ( 1_[ Xi],1> K- --Q ( 1_[ xi,,,n)a
ileal l',lGOl,,

and we think of z, as a linear form in S.

We can therefore identify S with the polynomial ring K[z,]. One would like
to have a precise description of the ideal / C S of polynomials vanishing on
,,,,, 4, PV x - xPV})), but this is a very difficult problem, as mentioned
in the introduction. We obtain such a description for the case k =2 in

The case k = 1 was already known, as described in
Given a positive integer r and a partition u = (i1, ..., ;) = r, we consider the

set 2, of all (unordered) partitions of {1, ..., r} of shape u, that is,
t
Pu={A={A1,..., A} :|Ail=p;and | |A; ={1,....r}},
i=1
as opposed to the set of ordered partitions where we take instead A = (Aq, ..., A;).

Definition 3.1. For a partition yu = (,uil1 . ,u"k) of r, we consider the map

N
T S SupV1® -+ ® S,y V) — ® Sy (Su;ap V1 ® - ® Seujdy) V)s
=1

given by

212 > Z ® l_[ m(z; :i € B),

Ae®, j=1 BeA
g |Bl=p;

where m : (S Vi ® -+ ® S, Va) O — Su;dyV1® -+ ® S(u;d,) Va denotes the
usual componentwise multiplication map.
We write 7, (V) or r,,(Vi, ..., V,) for the map m, just defined, when we want

to distinguish it from its generic version (Definition 3.TT). We also write
d d d d
Ulvy=UL(Vy,....V,) and UL(V)=UL(vi,.... V)

for the source and target of 7, (V), respectively (see Definitions and for
the generic versions of these spaces).

A more invariant way of stating [Definition 3.1]is as follows. If o = (1, ..., i),

then the map 7, is the composition between the usual inclusion

Sty Sy Vi ® -+ ® Sia,) Va) = (SapV1® -+ ® S(a,y) Vi) ®"
=SupVi® - ®Su)V)®"' Q-+ @ (SapVi ® - ® Sa,) V)M,
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and the tensor product of the natural multiplication maps
m : (S Vo)™ — Su,an Vi
Example 3.2. Letn=2,d; =2, dy = 1, r =4, u = (2,2) = (2%), dim(V}) = 2,
dim(V,) = 3. Take
21 =221, 22 = 21143, B3 = Z|L1L{1Y, 24 = 2({2,2),(2D-
We have
mu(21-22-23-24) = m(21, 22) -m(23, 24) +m (21, 23)-m (22, 24) +m (21, 24)-m(22, 23)
= Z({1,1,1,2},{1,3) * 2{1,1,2,2},{1,2) T Z{1,1,1,2},{1,1}) * Z({1,1,2,2},{2,3})
+2((1,2,2,2}.{1,2) * Z({1,1,1,1},{1,3})-
A more “visual” way of representing the monomials in
Sym(Sym™ Vi ® - - - @ Sym™ V,,) = K[z,]

and the maps 7, is as follows. We identify each z, with an 1 x n block with entries

the multisets «;:
za=|on o] ]

We represent a monomial m = z,1 - - - z, of degree r as an r x n block M, whose
rows correspond to the variables z,: in the way described above:

1|1 1

al az ... an

oe% a% 01,%
m=M =

r r r

al az PR an

The order of the rows is irrelevant, since the z,; commute. The way 7, acts on
an r x n block M is as follows: it partitions in all possible ways the set of rows
of M into subsets of sizes equal to the parts of u, collapses the elements of each
subset into a single row, and takes the sum of all blocks obtained in this way. Here
by collapsing a set of rows we mean taking the columnwise union of the entries of
the rows. More precisely, if M is the r x n block corresponding to z,1 - - - z,- and

nw=(Ly,..., M), then

i
S AR
_ i€eAr Yk
M=) T
AP, : K
A={Ar,..., At}
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Note that if two A; have the same cardinality, then the variables corresponding to
their rows commute, so we can harmlessly interchange them.

Example 3.3. With these conventions, we can rewrite [Example 3.2 as

1,21
L1[3] meo [1,1,1,2]1,3] (1,1, 1,2[1,1] | [1,2,2,2]1,2

— + + :
1,11 1,1,2,2/1,2] 7 [1,1,2,2]2,3] T [1,1,1,1]1,3
2,2]2

Proposition 3.4 (multiprolongations [Landsberg 2012, Section 7.5]). For a positive
integer r, the polynomials of degree r vanishing on

ok (SVay...a, PV x - x PV}))

are precisely the elements of S (Sw@)V1 ® -+ ® S(a,)Va) in the intersection of
the kernels of the maps m,,, where . ranges over all partitions of r with (at most)
k parts.

Proof. Let X denote the Segre—Veronese variety SVy, . 4, (PV]" x--- xPV)). As

in|Section 2A| there exists a map (s*, which we now denote )
72 Sym(Sp Vi ® - - - ® S,y V) —> K[X1%,

whose kernel and image coincide with the ideal and homogeneous coordinate ring

respectively, of o (X). Using the description of K[X] given in [Section 2E| we
obtain that the degree r part of the target of 7 is

(K[X]%),
= D SuuinVi® - ®S4ud)V) @ ® Suuan Vi ® -+ ® Suya,) Va)-
et p=r

The degree r component of v, which we call 7., is then a direct sum of maps 7,
as in[Definition 3.1 where u ranges over partitions of r with at most k parts. The
conclusion of the proposition now follows. To see that it’s enough to only consider
partitions with exactly k parts, note that if u has fewer than k parts, and 7t is a parti-
tion obtained by subdividing u (splitting some of the parts of © into smaller pieces),
then 7, factors through (up to a multiplicative factor) 7z, hence ker(rr,,) D ker(mz),
so the contribution of ker(sr,,) to the intersection of kernels is superfluous. O

Definition 3.5 (multiprolongations). We write 1,(V) = Ig(V) for the kernel of
the map 7, (V), and I, (V) = Ifl (V) for the intersection of the kernels of the maps

(V) as u ranges over partitions of » with k parts. that is, I, (V) is the degree r
part of the ideal of 03 (SVy, .. 4, (PV] x - x PV)).
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Given the description of the ideal of o} (X) as the kernel of the GL(V)-equivariant
map 7w, we now proceed to analyze m irreducible representation by irreducible
representation. That is, we fix a positive integer r and an n-partition A= (A, ..., A")
of (rdy, ..., rd,), and we restrict 7 to the A-parts of its source and target. The map
7 depends functorially on the vector spaces Vi, ..., V,, and its kernel and image
stabilize from a representation theoretic point of view as the dimensions of the V;
increase. More precisely, we have the following

Proposition 3.6 (inheritance [Landsberg 2012, Section 7.4]). Fix an n-partition
AE"r(dy, ..., dy). Let l; denote the number of parts of M, for j=1,...,n. Then
the multiplicities of S,V in the kernel and image respectively of w are independent
of the dimensions mj of the V;, as long as m; > ;. Moreover, if some [ is larger
than k, then S,V doesn’t occur as a representation in the image of .

Proof. The last statement follows from the representation theoretic description of
the coordinate ring of a Segre—Veronese variety, and Pieri’s rule: every irreducible
representation S; V occurring in K[X]®¥ must have the property that each A/ has
at most k parts.

As for the first part, note that 7 is completely determined by what it does on
the A-highest weight vectors, and that the A-highest weight vector of an irreducible
representation SV only depends on the first /; elements of the basis %, for
j=1,...,n. O

We just saw in the previous proposition that (the A-part of)  is essentially insen-
sitive to expanding or shrinking the vector spaces V;, as long as their dimensions
remain larger than /;. Also, the last part of the proposition allows us to concentrate
on n-partitions A where each A’ has at most k parts. To understand 7, we thus
have the freedom to pick the dimensions of the V; to be positive integers at least
equal to k. It might seem natural then to pick these dimensions as small as possible
(equal to k), and understand the kernel and image of 7 in that situation. However,
we choose not to do so, and instead we fix a positive degree r and concentrate our
attention on the map 7,, the degree r part of 7. We assume that

dm(V;)=r-d;, i=1,...,n.

The reason for this assumption is that now the sl zero-weight spaces of the source and
target of 7, are nonempty and generate the corresponding representations. Therefore
7, is determined by its restriction to these zero-weight spaces, which suddenly
makes our problem combinatorial: the zero-weight spaces are modules over the
Weyl group, which is just the product of symmetric groups S,4, X - - - X S,4,, allowing
us to use the representation theory of the symmetric groups to analyze the map .
We call this reduction the “generic case”, because the sl zero-weight subspace of
S (SunpV1® - -+ ® S, Va) is the subspace containing the most generic tensors.
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3B. The “generic case”.

3B.1. Generic multiprolongations. We let d, r denote the sequences of numbers
(di,...,dy) andr-d = (rdy, ..., rd,) respectively. We let S, denote the product
of symmetric groups S,4, X - -- X Syq4,, the Weyl group of the Lie algebra sl(V') of
GL(V) (recall that dim(V;) =m; =rd; for j =1,...,n).

Definition 3.7. We denote by U,d the s[(V) zero-weight space of the represen-
tation S(r)(S(dl)Vl Q- ® SuyVn) Ur d has a basis consisting of monomials
m = z,1 - - - Z4r, Where for each j, the elements of {oz ’} form a partition
of the set {1, ..., rd;}, with |a | =d;. Alternatively, U has a ba31s consisting of
r x n blocks M where each column of M Yyields a partition of the set {1, ..., rd;}
with r equal parts.

Example 3.8. Forn =2,d; =2, d, =1, r =4, a typical element of Urd 18

1,6
2,3
4,5
7,8

= Z((L,6),{1}) " 2({2,3},{4D) " 2({4,51,(2) " 2({7.8}1,(3) = M

W[~

S, acts on Ufl by letting its j-th factor S;4; act on the j-th columns of the blocks
M described above. As an abstract representation, we have

d oS
Ur >Ind, . s,yms, (D

where @ denotes the wreath product of (Sq, X --- x Sg,)" with S,, and 1 denotes the
trivial representation (we will say more about this identification in [Section 3C). For
now, recall that for a group H and positive integer r, the wreath product H" @ S, of
H" with the symmetric group S, is just the semidirect product H" x S,, where S,
acts on H” by permuting the r copies of H. The dimension of the space U,d is

d _ (rd)'(rdy)! - - - (rdy)!
(di\dy! - --d,) - r!
Example 3.9. Continuing [Example 3.8 let o0 = (07, 02) € Sg X S4, where, in cycle
notation, o1 = (1, 2)(5, 3,7), oo = (1, 4, 3). Then

2,6|4

1,7(3
o-M= 4302 Or 0 -Mm = Z({2,6},{4)) " TUL,7},(3)) " 2({4,3}.{2) " 2({5.8).{1))-
1

5,8

N =N,

Definition 3.10. For a partition x written in multiplicative notation p = (,uil‘ ey

as in [Definition 3.1} we define the space U, ff to be the sl zero-weight space of the
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representation

S
&) S (Stusan Vi ® -+ ® Sy V).
j=1

Writing u = (41, ..., 4;) we can realize Uﬁl as the vector space with a basis
consisting of ¢ x n blocks M with the entry in row i and column j consisting of
Wi -dj elements from the set {1, ..., rd;}, in such a way that each column of M
represents a partition of {1, ..., rd;}. Asusual, we identify two blocks if they differ

by permutations of rows of the same size, that is, corresponding to equal parts of .
Note that when © = (17) we get Ug = U,d , recovering

We can now define the generic version of the map m,, from
Definition 3.11. For a partition x - r as in we define the map

d d
U — Uy,

to be the restriction of the map from [Definition 3.1 to the s zero-weight spaces of
the source and target.

Example 3.12. The generic analogue of |[Example 3.3|is:

1,6[1

2,3[4| men [1,2,3,6[1,4]  [1,4,56]1,2]  [1,6,7,8]1,3
S - + :

4,5[2 4,5,7,8/2,3| " [2,3,7,8]3,4| " [2,3,4,5[2,4

7,8|3

If instead of the partition (2, 2) we take u = (2,1, 1) = (122), then we have

;,2411 1,2,3,6[1,4 1.4.5.6]1,2 1.6.7.8]1.3
T,

iyl 45 [2 ]+ 23 [4|+[ 23 |4
’ 7 7 4 2
7.8]3 8 |3 8 [3 5

2,3,4,5(2,4 2,3,7,8(3,4 4,5,7,8(2,3
+ 1,6 1|+ 1,6 1|+ 1,6 1
7,8 3 4,5 2 2,3 4

Note that if we compose (2, 1,1y with the multiplication map that collapses together

the last two rows of a block in U ((22 ’11)1), then we obtain the map 2 - (2 7).

Definition 3.13 (generic multiprolongations). We write [, =1 g for the kernel of

the map 7, (introduced in|Definition 3.11), and I, = I, ,4 for the intersection of 1, as

W ranges over partitions of r with at most (exactly) k parts. We refer to I, as the set
of generic equations for op (SV4(PV®---®@PV,")), or generic multiprolongations

(see [Proposition 3.4).
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3B.2. Tableaux. The maps m,, for various partitions u, are S,-equivariant, so
to understand them it suffices to analyze them irreducible representation by irre-
ducible representation. Recall that irreducible S,-representations are classified by
n-partitions A " r, so we fix one such. This gives rise to a Young symmetrizer c;,
as explained in and all the data of 7, (concerning the A-parts of its
kernel and image) is contained in its restriction to the A-highest weight spaces of
the source and target, that is, in the map

T =mu(A):cy Urd —> Cy- Ufi.

We now introduce the tableau formalism that’s fundamental for the proof of our
main results, giving a combinatorial perspective on the analysis of the kernels and
images of the maps ,, which are the main objects we’re after.

The representations U ff are spanned by blocks M as in |Definition 3.10} hence

the vector spaces ¢y, - Uff are spanned by elements of the form c; - M, which we
shall represent as n-tableaux, according to the following definition.

Definition 3.14. Given a partition u = (w1, ..., 4y) = r, an n-partition A " r and
ablock M € U fi, we associate to the element ¢;- M € ¢, - U ,il the n-tableau

T=T,.... Th=T'®---®T"

of shape A, obtained as follows. Suppose that the block M has the set ozj. in its i-th
row and j-th column. Then we set equal to i the entries in the boxes of T/ indexed
by elements of oz; (recall from that the boxes of a tableau are indgxed
canonically: from left to right and top to bottom). Note that each tableau 7/ has
entries 1, ..., ¢, with i appearing exactly u; - d; times.

Note also that in order to construct the n-tableau T we have made a choice of the
ordering of the rows of M: interchanging rows i and i” when w; = u; should yield
the same element M € U ff , therefore we identify the corresponding rn-tableaux that
differ by interchanging the entries equal to i and i'.

Example 3.15. Weletn =2,d = (2, 1), r =4, u = (2, 2) as in[Example 3.2] and
consider the 2-partition A = (', A2), with A! = (5, 3), A2 = (2, 1, 1). We have the
situation depicted in

Let’s write down the action of the map ,, on the tableaux of

1]3]

112]2]3]3]

T \[1]4]4 ®%
=1112\2\®é2‘+1221\1\®é1‘+1222\2\®}2‘.
1/2 T 1]2]2 > 1/1]1 >
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1,6/1] ‘
1]3
2,34 1(2[2]3]3]

G as02lT [1]4]4 ®%
7.813 —
2,34

0.7,83 3114\4\®;4‘

1,61 32 5a
4,52 —

Figure 1. (See|Example 3.15})

We collect in the following lemma the basic relations that n-tableaux satisfy.
Lemma 3.16. Fix an n partition . F" r, and let T be an n-tableau of shape .

(1) If o is a permutation of the entries of T that preserves the set of entries in each
column of T, then o (T) = sgn(o) - T. In particular, if T has repeated entries
in a column, then T = 0.

(2) If o is a permutation of the entries of T that interchanges columns of the same
size of some tableau T/, then o (T) =T.

(3) Assume that one of the tableaux of T, say T/ has a column C of size t with
entries ay, ay, ..., a;, and that b is an entry of T/ to the right of C. Let o;
denote the transposition that interchanges a; with b. We have

T = Zoi(T).
i=1

We write this as

ai| b ‘ ai | a;
L folE
a; :§ b ’
: i=1 :
|4t | |4t |

disregarding the entries of T that don’t get perturbed.

Proof. (1) follows from the fact that if 0 € C, is a column permutation, then
b)h- o = —b}L.
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(2) follows from the fact that if o permutes columns of the same size, then o € R,
is a permutation that preserves the rows of the canonical n-tableau of shape A (so
in particular a, - 0 = a,), and o commutes with b, . It follows that

cro=ay- (by-o)=ay (o-by) =(ay-0) by =ay b, =c;.

(3) follows from (note the rest of the proof uses the formalism of
[Section 3B.3|below). Let us assume first that all entries ay, ..., a;, b are distinct.
If T is the n-tableau obtained by circling the entries ay, ..., a;, b, then

als] @
X0

By skew-symmetry on columns (part (1)), the effect of circling ¢ entries in the same
column of a tableau T is precisely multiplying 7 by t!. It follows that we can
rewrite the relation above as

~
I

aq b ‘ ay | a;
T=t‘ a; - E b
: i=11 :
K K

By [Corollary 3.22| T = 0, which combined with the preceding equality yields the

desired relation.

Now ifay, ..., a;, b are not distinct, then either a; = a; for some i # j, or b =aq;
for some i. If a; = a;, then T and oy (T), k # i, j, have repeated entries in the
column C, hence they are zero. Relation (3) becomes then 0 = 0;(T') +0;(T). But
this is true by part (1), because 0;(T') and o;(T') differ by a column transposition.

Assume now that b =a; for some i. Then o (T) has repeated entries in the column
C for j #1i, thus relation (3) becomes T = o;(T'), which is true because a; = b. [

There is one last ingredient that we need to introduce in the generic setting,
namely generic flattenings.

3B.3. Generic flattenings.

Definition 3.17 (generic flattenings). For a decomposition d = A + B, where
A=(ai,...,ay)and B=(by,...,b,) (sod; =a;+b; fori =1, ..., n), we define
a generic (A, B)-flattening to be an n X n matrix whose (i, j)-entry is z,igJ, for
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o = (e, ..., ab), Bi=(Bl, ..., B), with Ioz;I =aj, |ﬂ;~| = b, and such that for
fixed j, the sets a;, ,3;. form a partition of the set {1, ..., rd;}.

We write Fﬁ:rlg for the subspace of U,é spanned by expressions of the form

[al,""O‘k|ﬂ1,”,,ﬂk]-zyk+l"‘Zyr,
wherelal, ..., @B, .., pll=det@uup), o = (@, o), 1= (B, -, B,
' =W, vy, with || =aj, |B;| =bj and |y;| = d;, and such that for fixed j,
the sets 0‘;’ ; V} form a partition of the set {1, ..., rd;}. We refer to the elements

of Fﬁ’,% as generic flattening equations.
Example 3.18. Take n = 2, d = (2, 1) and r = 4, as usual. Take A = (1, 1),
B =(1,0) and k = 3. A typical element of "}, looks like

D =[({1}, {1}, ({3}, {4D), (7}, 3HI6} {1, (2}, {D), ({8}, (D] z(a.s1.02)

2qLe){1h 2(r2n{1) 2{L8L{1)
=det | z(3,6.14) Z(3.21.14) T(B.8L1AD | 2014502
2(7,6).{3) 2(7,2.{3) 2({7.8},{3)

Expanding the determinant, we obtain

1,61 1,2]1 1,81 1,61 1,81 1,2]1
3,24 3,64 3,24 3,84 3,64 3,84
D = — - — + + :
7,8|3 7,8|3 7,6|3 7,2|3 7,2|3 7,6|3
4,512 |4,52] |4,5]2] 4,52 [4.5]2] |4,5]2

Notice that all the blocks in this expansion coincide, except in the entries 2, 6, 8
that get permuted in all possible ways. Let’s multiply now D with the Young
symmetrizer ¢, for A = AL A2, Al =(5,3)and A2 = (2,1, 1). We get

1]4] 1]4]

A o [1]2]2]4]4] _[1]1]2]4]4]
D =T1373 LRl 2[3]3 ® 13
2] 2]
_1224\4\®§4‘_1324\4\®§4‘
3[1 = 1/3]2 =
2] 2]
1]4] 1]4]
4 L3[2]4l4] o 51— 4 [L[1[2]4]4] o 51
2[3]1 > 2 >

Note that all the 2-tableaux in this expression coincide, except in the 2nd, 6th and
8th box of their first tableau, which get permuted in all possible ways. We represent
¢, D by a 2-tableau with the entries in boxes 2, 6 and 8 of its first tableau circled
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(see also below):

o _[1@[2]4]4]
o P=ophle ®

o]~

To reformulate this one last time, we write

1]4] 1|4
1[@[2]4]4] 1[2]2]4]4]
® 3 =) se() o ® 3] |.
D33 B fowycS 113]3 B
where S3 = S{1,2,3) is the symmetric group on the circled entries.
Definition 3.19. Let A, B and Fﬁ”;} as in [Definition 3.17} let
D=[a',....odk|B" ... BT st 2y € FYT,

andlet A\H"r = (rdy,...,rd,). Welet y! =’ UBi fori =1, ..., k, and consider
T = ¢, - m the n-tableau corresponding to the monomial m = z,1---z,r. We
represent ¢, - D € hth(Fi’y%) as the n-tableau T with the entries in the boxes
corresponding to the elements of a!, ..., aX circled. Alternatively, we can circle
the entries in the boxes corresponding to the elements of B!, ..., g*.

It follows that a spanning set for hwt;L(Fif”rB) can be obtained as follows: take
all the subsets 6 C {1, ..., r} of size k, and consider all the n-tableaux T with a;
(alternatively b;) of each of the elements of 6 circled in T/. Of course, because of
the symmetry of the alphabet {1, ..., r}, it’s enough to only consider € ={1, . . ., k},
so that the only entries we ever circle are 1, 2, ..., k.

Continuing with we have

4]

4] @2@4\4\®

. 1/@|2]4]4] _
¢ D © O

~ @33

N
See

Our goal is to reduce the statement of [Theorem 4.1]to an equivalent statement that
holds in the generic setting, and thus transform our problem into a combinatorial
one. More precisely, we would like to say that the space of generic flattening
equations coincides with the intersection of the kernels of the (generic) maps 7,
and that this is enough to conclude the same about the nongeneric case. One issue
that arises is that we don’t know at this point (although it seems very tempting to
assert) that the zero-weight space of the space of flattening equations coincides
with the space of generic flattening equations. will show how to take
care of this issue, and how to reduce all our questions to the generic setting.
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3B.4. 1-flattenings. In this section we focus on the space of generic 1-flattening
equations, F; = F lk”, defined as the subspace of Uré given by

k,or k,r
Fl - Z FA,B'
A+B=d
|Al=1

We shall see that F; has a very simple representation theoretic description, which
by the results of the next section will carry over to the nongeneric case.

Proposition 3.20. With the notations above, we have

Fi =@ wh).
A

Hr
M #0

d ) d .
where (U; ), denotes the A-part of the representation U, , and Ay # 0 means k,]( #0
for some j =1, ..., n,that is, some partition \J has at least k parts.

Proof. We divide the proof into two parts:

a) If A " r is an n-partition with some A’/ having at least k parts, and T is an
n-tableau of shape A, then T € Fj.

b) If A " r is an n-partition with all A/ having less than k parts, then c; - F; = 0.

Let us start by proving part a). We assume that A/ has at least k parts and consider
T an n-tableau of shape A. If 7/ has repeated entries in its first column, then T = 0.

Otherwise, we may assume that the first column of T/ has entries 1,2, ...,¢ in
this order, where ¢ is the number of parts of A/, t > k. We consider the n-tableau
T obtained from T by circling the entries 1, 2, ..., k in the first column of T/.
We have
@
@
T=T'®.---® : : ® --QT",
®
k+1]---

that is,
T=> sgn(o) o(T),

o €Sk
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where Sy denotes the symmetric group on the circled entries. Since o (T') differs from
T by the column permutation o, it follows by the skew-symmetry of tableaux that
o(T) =sgn(o) - T. This shows that

T=kT < T= -TeR,
proving a).
To prove b), let

k
D=[a',....d"B", ... B zppnr 2y € FYTy,

for some A + B =d with |A| = 1. We have that b, - D is a linear combination of
terms that look like D, so in order to prove that ¢, = a,- b, annihilates D, it suffices
to show that a; - D = 0.

We have A = (ay, ..., a,) witha; =1 for some j and a; =0 fori # j. We can
thus think of each of &', ..., &* as specifying a box in the partition A/. Since A/
has less than k parts, it means that two of these boxes, say p and ¢, lie in the same
row of A/. Let o = (p, q) be the transposition of the two boxes. o is an element in
the group R, of permutations that preserve the rows of the canonical n-tableau of

shape A (Section 2C)), which means that a, - 0 = a,. However,

1 kil k

=[a',...,af,...,a?,...,a"|B", ..., B"]
=—[a1,...,(xp,...,aq,...,(xkl,Bl,...,,Bk],
since interchanging two rows/columns of a matrix changes the sign of its determinant.

We get
a,-D=(ay-0)-D=ay-(0-D)=ay (—D) =—a;- D,

hence a; - D = 0, as desired. O

Remark 3.21. The nongeneric 1-flattening equations give the equations of the
so-called subspace varieties (see [Landsberg 2012, Section 7.1; Weyman 2003,
Proposition 7.1.2]), and in fact this statement is essentially equivalent to our
[Proposition 3.20] via the results of the next section, namely [Proposition 3.27|

Corollary 3.22. Let 6 C {1, ..., r} be a subset of size k. If A is an n-partition with
each M having less than k parts, and T is an n-tableau of shape X\, with one of each
entries of € in TJ circled, then T = 0. More generally, with no assumptions on A, if
the circled entries in T/ all lie in columns of size less than k, then T =0.

Proof. The first part follows directly from |Proposition 3.20[, since T is a 1-flattening
equation, and the space of 1-flattening equations doesn’t have nonzero A-parts when
A is such that each of its partitions have less than k parts.
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For the more general statement, we can apply the argument for part b) of the
proof of the previous proposition. If

D=la",....e"p" . Bz € Fy

is such that each &' corresponds to a box of T/ situated in a column of size less than
k, then since column permutations don’t change the columns of the boxes corre-
sponding to the o, it follows that b; - D is a combination of expressions D’ with the
same properties as D. To show that ¢, D =0, it is thus enough to prove that a;- D =0.
The proof of this statement is identical to the one in the preceding proposition. [

Many of the classical results on the representation theory connected to secant
varieties of Segre—Veronese varieties can be recovered from the generic perspective.
For some of them, including the Cauchy formula or Strassen’s equations, and their
generalization by Landsberg and Manivel [2008]], the reader may consult [Raicu
2011}, Chapter 5].

3C. Polarization and specialization. In this section V1, ..., V, are again vector
spaces of arbitrary dimensions, dim(V;) =m;, j=1,...,n. Letr =(r1, ..., 1)
be a sequence of positive integers, and let

W: Vl®"1 ®”‘®Vn®i’n.

Let S, denote the product of symmetric groups S,, x --- x S, ,andlet G C S, be a
subgroup. Consider the natural (right) action of S, on W obtained by letting S,, act
by permuting the factors of ‘/l.@’i. More precisely, we write the pure tensors in W as

v=®v,-j, Withvijer,jzl,...,n,i=1,...,rj,
ij
and for an element o0 = (o!,...,0") € S,, we let
V*x0O = ®v0'j(i)j‘
iJ
This action commutes with the (left) action of GL(V) on W, and restricts to an

action of G on W. It follows that W¢ is a GL(V)-subrepresentation of W.

Proposition 3.23. Continuing with the notation above, let U = WG, U’ = Indér 1).
Let .. V" r be an n-partition with \J having at most m j parts. The multiplicity of
SV in U is the same with that of [A] in U’.

Moreover, there exist polarization and specialization maps

P :wt, (U) — U/, 0, :U — wt, (U),

with the following properties:
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(1) Q, is surjective.
(2) P, is a section of Q;.

(3) Py and Q;, restrict to maps between hwt, (U) and hwt, (U’) which are inverse
to each other.

Proof. The first part is a consequence of Schur—Weyl duality (Lemma 2.2)) and
Frobenius reciprocity (Lemma 2.4)). We start with the identification

U = WS = Homg (1, Res; (W)).
Using Schur—Weyl duality we get

ATt

therefore the previous equality becomes

U = @ Homg (1, Resg; (IA]) ® 5,.V.
A"y

Frobenius reciprocity now yields
Homg (1, Resy’ ([])) = Homg, (Ind; (1), [A]) = Homg, (U, [A]).

We get

U = P Homy, (U, [\ ® 5,V
A=ty

hence the multiplicity of S,V in U coincides with that of [A] in U’, as long as
S,V # 0, that is, as long as m is at least as large as the number of parts of the
partition A/.

It follows that the vector spaces hwt; (U) and hwt; (U’) have the same dimen-
sion, equal to the multiplicity of S,V and [A] in U and U’ respectively. We next
construct explicit maps P,, O, inducing isomorphisms of vector spaces between
the two spaces.

We identify an element o = (¢!, ..., 0") € S, with the “tensor”

Qo' ),
ij

and consider the (regular) representation of S, on the vector space R with basis
consisting of the tensors o for o € S,. The left action of S, on R is given by

o ‘®aij = ®0'](aij)»
iJ iJ
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while the right action is given by

®aij *x0 = ®aoj(i)j'

i,j i,j
We consider the vector space map Q; : R — W given by

Q) aij — X gj (@),

iJ iJ

where g; : {1,...,r;} = B, is the map sending a to x;; if the a-th box of A/ is
contained in the i-th row of A/ (or equivalently if Aj +-- +)J | <a= A +-- +)J ).
The image of Q; is wt, (W). Itis clear that if a = (9, ; a;; and b = ®w b;j, then
0;.(a) = Q,(b) if and only if a = o - b for o € §, a permutation that preserves

the rows of the canonical n-tableau of shape A. It follows that we can define
P, :wt, (W) — R by
1
P,.(Qx(a)) = a;-a
where a;, is the row symmetrizer defined in hence Py is a section of Q3.
Notice that P, and Q; are maps of right S,-modules, that is, they respect the
*-action of S, on R and wt, (W) respectively.
Let us prove now that P, and Q) restrict to inverse isomorphisms between
hwt; (R) = ¢y - R (recall from that ¢, denotes the Young symmetrizer
corresponding to 1) and hwt, (W). The two spaces certainly have the same dimen-

sion (take G = {e} to be the trivial subgroup of S, and apply the first part of the
proposition), so it’s enough to prove that for a’ € hwt; (R)

a) 0;(a’) € hwt; (W), and
b) Pi(Qi(a") =a'.
To see why part b) is true, note that
Pu(Qi(@y-0) = = -a; -a=a-a,

that is, P, o Q, fixes a, - R. Since hth(R) =c¢;- R C ay- R, it follows that
P,(Q;(a")) = d’. To prove a) we need to show that Q; (a’) is fixed by the Borel
(recall the definition of the Borel subgroup from [2C)). It’s enough to do this when

a=c-a, a:®aij.
i,J

The pure tensor a corresponds to an element o € S, so we can write a = e * o,

where
e=Qeij
i,j
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is the “identity” tensor, ¢;; =i for all i, j. It follows that

0,(a) = Qi(ci-a)= Qs (ay-by-exo) =Al- Q(by-e) *o.

Since the *-action commutes with the action of the Borel, it is then enough to prove
that Q, (b, - e) is fixed by the Borel. But this is a direct computation:

QO (by-e) =®X11/\"'/\x(x1);j,

i,j

where (A7)’ denotes the conjugate partition of A/, so that in fact (A/ ); denotes the
number of entries in the i-th column of A/. In any case, it is clear from the formula
of O, (b, -e) that it is invariant under the Borel, proving the claim that P, and Q,
restrict to inverse isomorphisms between hwt; (W) and hwt; (R).

To finish the proof of the proposition, it suffices to notice that, by
we have the identities

U=W°=Wxs and U/:Indgr(l):R*s, where s:Zg.
geG

Now since P, Q) respect the x-action, it follows that they restrict to inverse
isomorphisms between

hwt, (W)ss =hwt, (Wsxs) =hwt, (U) and hwt; (R)%s=hwt; (Rxs)=hwt, (U"),

proving the last part of the proposition. U

We shall apply [Proposition 3.23|with r = (rdy, ..., rd,) and

d
U=U,(V)=Sr»(SupV1®---® S, Vn),

or more generally

S
d
U=U,(V)= ® S(i/-)(S(del)Vl R & S(de,l)vn),
j=1

the source and target respectively of the map 7, in W is now the
representation
d
W: V1®r 1 ®® Vn®rdn‘

We start with U = Urg(V). We have U = WY, where G = (S, x---x8g)" S,
is the wreath product between (Sgz, x --- x Sg,)" and S,, and G is regarded as
a subgroup of S, as follows. First of all, we identify an element o € G with a
collection

o= ((a’.‘)jzl,,,,,n, r), where O’Jk € S4;, TES.
k=1,..., r
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Then, we think of S, = S,4, X - -+ X 4, as a product of symmetric groups, where
Sra; 1s the group of permutations of the set @; = {1, ..., rd;}. Furthermore, we
think of an element o € G as an element of S, by letting o ;‘ act as a permutation of

(k) =1)-dj+1,..., () -d;j} CD;.

For example, when d; =--- =d,, =1, G is just the group S,, diagonally embedded
in S”. With this G, we let U’ = Indy; (1).
One can now see why the representation U,d , as defined in the previous section,

can be identified with U’. Recall that U,d was defined as a space of r x n blocks
with certain identifications. Consider the block

{1,...,d1} {1,...,d2} {1,....dn}
{di+1,...,2d,) {dot1,....2d2) || {dutl,....2dy)

{r=Dd1+1,....,rd1}| {r—=Ddr+1,...,rda}|--- |[{(r—1)d,+1,...,rdy}

G acts trivially on M (because each a]’.‘ does, and because the effect of 7 is just
permuting the rows of M), and all the other blocks are obtained from M by the
action of some element of S,. One should think of the span of M thus as the trivial
representation 1 of G that’s induced to S;.

It is probably best to forget at this point that U’ was the zero-weight space of a
certain representation, and just think of it abstractly as the induced representation
Indif (1), with its realization as a space of blocks. An important point to notice now
is that for any decomposition d = A 4+ B and any k, r, we have

P (WGL(Fy'5(V)) C Fyp. and  Qu(Fy'p) C wh(Fy5(V)),

where Fﬁ:rl; (Definition 3.17) is the generic version of Fif”rB(V) (Definition 2.6|).

This means that on the corresponding A-highest weight spaces, P, and Q) restrict
to isomorphisms

hwt; (Fi'5 (V) 2 hwt; (Fy).

Example 3.24. Here’s an example of specialization, involving blocks we’re already
familiar with. Letn =2, d; =2, do =1, r=4, A =(5,3), A>=(2, 1, 1). For
the specialization map Q, we have

1.6/1 1,201

[2.3]4] o [1.1]3]

M=25n — =M
7.8]3 2.212
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0; sends 1, 2, 3, 4, 5 from the first column of M to 1, because boxes 1, 2, 3,4, 5 of
2! lie in the first row of A!, and it sends 6, 7, 8 to 2 because boxes 6, 7, 8 of 1! lie
in its second row. A similar description holds for the second column of M and A2.

Although we won’t write down explicitly P; (M) in this example (see the example
below for a concrete illustration of the action of P;), we will just mention that
P, (M) is the average of the blocks that specialize to M’ via the specialization map
Q. Of course, M is one such block, but there are many more others.

Example 3.25. Letn=3,di =dy=d;=land A' =22 =13 =2, 1). If
M= Z((1). (11,222} 6. 0 23121 € U
then Q5 (m) = z(1y, 1), (1n2((1), 23, 1H 22, (1), 12h € U and

P.(Q5.(m))
1
= 5 (@ADL 2D 2231 0D 311206 T 212D BLINZ((3).2).13)
T2 0L 0D ZA2) 312D 23121, 3) T Z@2L LD ZA1L 312D 231421, 3)
21, 21,2) 2320, 31D 2L (LBD) T 232121 2HZALBLID ZA3)(11,.3)

F2((11.2).01) 23120 (3).2) 233111, 3D T 220,20 1D TA1LB3) 2D Z3).1.3))-

When U = Uff(V), with = (Mill . -,uv?), we get U = WY, where
N
G =R ((Suya %+ % Suja)2S;,) -
j=1

It follows that U’ = Indf;*' 1H=U, g with the realization as a space of blocks explained
in the preceding section.

We note that the maps 7, and 7, (V) commute with the polarization and spe-
cialization maps P, Q;, that is, we have a commutative diagram:

[N
! wt, (Uf (V)
Py
n#l lnu(v) (3—1)
d O d
Uy, . wi, (U (V)
A

Example 3.26. Letd = (2, 1), r =4, u = (2,2), A =(5,3), A2 = (2,1, 1). We
only illustrate the specialization map Q);, with the above diagram transposed:
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1,6][1]

2,34 Ty 1,2,3,6 1,4+1,4,5,6 1,2+1,6,7,81,3
4,52 4,5,7,8(2,3 2,3,7,8|3,4 2,3,4,5|2,4
7,8|3

[ Qs

DO = | |
N ==
N[ =] Q| =

(V) , 1,1 1,2,2,2

1,1,1,2 1,1,1,2 1
1,1,2,211,2] |1,1,2,2|2,3 1,1,1,1]1,

L s Ly Lo

Restricting[(3-1)]to the A-highest weight spaces, we obtain a commutative diagram

Ox

hwt, (U2) = hwt, (UL (V)
A
nul lnu(V)
d Qk d
hwt; (U},) . hwt, (U, (V)
A

where all the horizontal maps are isomorphisms. This shows that the A-highest
weight spaces of the kernels of 7, and 7, (V') get identified via the polarization and

L . d d .
specialization maps, and therefore the same is true for I, and I (V): the generic
multiprolongations and multiprolongations correspond to each other via polarization
and specialization. We summarize the conclusions of this section:

Proposition 3.27. The polarization and specialization maps P, and Q) restrict
to maps between generic flattening equations and flattening equations, inducing
inverse isomorphisms

hwty (F}7p) 2 hwty, (F} 75 (V).

They also restrict to maps between the kernels of the generic m, and the nongeneric
ones, inducing inverse isomorphisms

hwt; (ker(sr,)) > hwt, (ker(mr,, (V))).

As a consequence, Py and Q); yield inverse isomorphisms between the A-highest
weight spaces of generic and nongeneric multiprolongations

hwt, (I9) ~ hwt, (I (V).
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It follows that in order to show that flattening equations coincide with multipro-

longations for the variety of secant lines to a Segre—Veronese variety (Theorem 4.1)),
it suffices to prove their equality in the generic setting.

4. The secant line variety of a Segre—Veronese variety

This section is based on the techniques developed in the preceding one. We use
the reduction to the “generic” situation to work out the analysis of the equations
and coordinate rings of secant varieties of Segre—Veronese varieties in the first
new interesting case, that of varieties of secant lines. We show how in the case
of the secant line variety o> (X) of a Segre—Veronese variety X, the combinatorics
of tableaux can be used to show that the “generic equations” coincide with the
3 x 3 minors of “generic flattenings”. In particular, we confirm a conjecture of
Garcia, Stillman and Sturmfels, which constitutes the special case when X is a Segre
variety. We also obtain the representation-theoretic description of the homogeneous
coordinate ring of 0> (X), which in particular can be used to compute the Hilbert
function of 0,(X). In the special cases when 07 (X) coincides with the ambient
space, we obtain the decomposition into irreducible representations of certain
plethystic compositions. describes the statements of our results, while
contains the details of the proofs.

4A. Main result and consequences. The main result of this work is the description
of the generators of the ideal of the variety of secant lines to a Segre—Veronese
variety, together with the decomposition of its coordinate ring as a sum of irreducible
representations.

Theorem 4.1. Let X = SVy, . 4, (PV* <X PV} x .- x PV)) be a Segre—Veronese
variety, where each V; is a vector space of dimension at least 2 over a field K of
characteristic zero. The ideal of 0»(X) is generated by 3 x 3 minors of flattenings,
and moreover, for every nonnegative integer r we have the decomposition of the
degree r part of its homogeneous coordinate ring

Kool = P SuVi®-@SuV)™,

A=
Mbrd;

where m,_is obtained as follows. Set

)\’i
fr= max [d—z—‘, en=Ay+---+ AL

i=l1,...,n i

If some partition ' has more than two parts, or if e5 < 2f., then m, = 0. If
ey >r—1,thenmy = |r/2] — fo,+ 1, unless e, is odd and r is even, in which case
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my = |r/2] — fo. Ifex, <r —1and e, > 2f,, thenm; = [(e; +1)/2] — fo + 1,
unless e, is odd, in which case m) = (e, +1)/2] — f.

As a consequence, we derive the conjecture by Garcia, Stillman and Sturmfels
concerning the equations of the secant line variety of a Segre variety.

Corollary 4.2. The GSS conjecture (Conjecture 1.1) holds: namely, the ideal of the
variety of secant lines to a Segre product of projective spaces is generated by 3 x 3
minors of flattenings.

Proof. This is the first part of whend| =dy=---=d, = 1. O

Combining with known dimension calculations for secant varieties
of Segre and Veronese varieties, we obtain two interesting plethystic formulas. We
do not claim that these formulas are new: since all the vector spaces involved have
dimension two, the representation theory of sl, can be also used to deduce them.
However, we hope that the simple idea we present, together with a generaliza-
tion of the last part of to higher secant varieties, would yield new
plethystic formulas for decomposing Schur functors applied to tensor products of
representations.

Corollary 4.3. a) Let Vi, V,, V3 be vector spaces of dimension two over a field K
of characteristic zero, and let r be a positive integer. We have the decomposition

Sym Vi@V, @V = P SuVi®Splhe SV,
A=010%03)
AbEr
where m,,_ is obtained as follows. Set f) = max{l, )é, )\g}, e, = )\5 + )\% + )\g.
If some partition \' has more than two parts, or if e;, < 2 f;, then my, = 0. If
e, >r—1,thenm) =|r/2|— fo,,+1, unless e, is odd and r is even, in which case
my = |r/2]— fi. Ifex, <r—1landey >2f,, thenm, = |(ex+1)/2] — fr+1,
unless e, is odd, in which case m) = (e, +1)/2] — f,.

b) Let Vi, V;, be vector spaces of dimension two over a field K of characteristic
zero, let r be a positive integer and let 1 = (1, 12) be a partition of r with at
most two parts. We have the decomposition

S (Vi®@Vy) = @ (S V1 ® S;2 Vo)™,
A=(1,A2%)
Abr

with m, =mgu 52 ), where m;)1 52, is as defined in part a).

1)
Proof. Part a) follows from the fact that the secant line variety of a 3-factor Segre
variety X has the expected dimension, namely 2 - dim(X) + 1. In the case we
are interested in, X = Seg(P! x P! x P') has dimension 3 and is a subvariety of
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P222=1 = P7, 50 0»(X) fills in the whole space. This means that the coordinate
ring of 0»(X) and P’ coincide, that is,

K[o2(X)] =Sym(V; ® V>, ® V3),

and therefore we can use the description of to compute
K[o2(X)]r =Sym" (Vi@ V2 ® V3).

As for part b), let V3 be another vector space of dimension two. Part a) tells us
how to decompose Sym” (V; ® V» ® Vi) in general. On the other hand, regarding
V1 ® V, ® Vi as the tensor product between the vector spaces V| ® V, and Vi, we
can use Cauchy’s formula to obtain

Sym" (Vi ® Vo ® V3) = @ S, (Vi@ V) ® S, V.
ukr

Now the desired formula for the multiplicity of the irreducible representations
occurring in S, (V; ® V») follows by combining the formula from part a) with the
Cauchy formula depicted above. U

Corollary 4.4. Let V be a vector space of dimension two over a field K of charac-
teristic zero. We have the decomposition

Sym” (Sym*(V)) = @ (S, V)™,
AR3r

where m,_is obtained as follows. Set

A
P R

If & has more than two parts, or if e, < 2f (that is, . = 1), then m; = 0. If
ey >r—1,thenm) = |r/2| — fo + 1, unless e, is odd and r is even, in which case
my = 1r/2] — fo. Ifex, <r—1and ey, > 2f,, thenm) = |(ep +1)/2] — fr + 1,
unless ey is odd, in which case m) = | (e, +1)/2| — fo.

Proof. This follows from the fact that o»(Vers(P!)), the secant line variety of the
twisted cubic, fills in the space, hence its coordinate ring is Sym(Sym?*(V)). Using
the description in withn =1, d; =3 and V = V) of dimension 2, we
obtain the desired formula. ([

4B. Proof of the main result.

Proof of We start by outlining the main steps of the proof. We fix
a sequence of positive integers d = (dy, ..., d,) and a positive degree r, and let
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r=(rdy, ..., rd,). By[Proposition 3.27| it suffices to prove the generic version of
the theorem. More precisely, we let

d
F= Y FcU
A+B=d

be the set of all generic flattening equations, and let F; denote the subspace spanned
by those generic flattening equations with |[A| =i. (As the rest of the proof will
imply, we have F = F| + F, + F3; see [Raicu 2010; [Raicu 2011, Chapter 6] for
more precise results in this direction in the case n = 1 of the Veronese variety.)
Recall that I = I,d denotes the space of generic multiprolongations of degree r

(Definition 3.13)), that is, I is the kernel of the map
T = @ JTM:UzU,d—> @ U;(f.

w=(p1,pu2)br u=(u1,u2)br

We have F C I, by combining [Lemma 2.5|with [Proposition 3.27] We will show that
F =1 and that the image of = decomposes into irreducible S,-representations as

7 (U) =P,

A"

where m; is as defined in the statement of the theorem.

We list the main steps below. The details will occupy the rest of the section.

Step 0: If A is an n-partition with some A’ having at least three parts, then
hwt; (U) =hwt; (F) (Proposition 3.20), hence hwt, (F) =hwt; (I) since FCI CU.
Moreover, this also shows that m; = 0.

Step 1: We fix an n-partition A of r with each A’ having at most two parts. We
identify each tableau T with a certain graph G. We show that graphs containing
odd cycles are contained in F.

Step 2: We show that the A-highest weight space of U/ F is spanned by bipartite
graphs that are as connected as possible, that is, that are either connected, or a union
of a tree and some isolated nodes.

Step 3: We introduce the notion of fype associated to a graph G as in Step 2,
encoding the sizes of the sets in the bipartition of the maximal component of G.
We show that if G|, G, have the same type, then G| = =G, (modulo F).

Step 4: If we let
7= @ 7, U — @ U,

ukr ukr
u=(a=b) u=(a=b)

and if G; are graphs of distinct types (not contained in F'), then the elements 7 (G;)
are linearly independent. This suffices to prove that F and the kernel of & are
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the same, that is, that ' = /. The formulas for the multiplicities m, follow from
counting the number of G;, that is, the number of possible types.

Remark 4.5. A careful look at the details of the proof will show that, in fact, in
Steps 2 and 3, instead of working modulo F it is enough to work modulo the
subspace of U spanned by graphs containing odd cycles, and that moreover, any
graph containing an odd cycle is a linear combination of graphs containing a triangle.
This implies that in fact F', and hence I, is spanned by graphs containing a triangle.
This is the structure alluded to in the introduction that makes a graph (that is, a
generic polynomial) “vanish” on the secant line variety of a Segre—Veronese variety.

Step 1. We fix an n-partition A of r with A= ()J'1 > Xé >0),fori=1,...,n. For
each n-tableau T of shape A we construct a graph G with r vertices labeled by the
elements of the alphabet s = {1, ..., r} as follows. For each tableau T of T and

column

of T' of length 2, G has an oriented edge (x, y) which we label by the index i. We
will often refer to the labels of the edges of G as colors. Note that we allow G to
have multiple edges between two vertices (some call such G a multigraph), but at
any given vertex there can be at most d; incident edges of color i. Since we think of
two n-tableaux as being the same if they differ by a permutation of &, we shall also
identify two graphs if they differ by a relabeling of their nodes. Note that a graph
G determines an element in hwt, (U), by considering a tableau 7" with columns

for each edge (x, y) of G. The order of the columns of 7T is not determined by

G, but part (2) of states that any such T yields the same element
of hwt, (U). The orientation of the edges of our graphs will be mostly irrelevant:

reversing the orientation of an edge of G = T will correspond to changing G to

—G (see part (1) of[Lemma 3.16). When we talk about connectedness and cycles,
we don’t take into account the orientation of the edges.

Example 4.6. The graph

®n

1]2] 13\®21\: 5 ]
3
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is connected and has a cycle of length 3, while

13\®13\: 1

is disconnected and has a cycle of length 2.

From now on we work modulo F, and more precisely, inside the A-highest weight
space of (U/F). This space is generated by the graphs described above. The main

result of is this:
Proposition 4.7. If G has an odd cycle, then G = 0 (that is, G is in F).

We first need to establish some fundamental relations, that will be used throughout
the rest of the proof.

Lemma 4.8. The following relations between tableaux/graphs hold (see the inter-
pretation below):

= Ol
a) Y4 = —; in particular, = 0.
un b
b)xz\_xy\_i_zx\‘
LY 1 <] LY
o [x]2) g [x[3] _ [x ]3] g [x]z]
LY 1< ] 1 <] LY
d) X z‘® X Z‘® X y‘: X Z‘® X )"® X y“
LY LY 1 <] LY 1 <] Z

Interpretation: For an expression E =) ,ar-T, where the T are n-tableaux of
shape A, we say that £ =0 if

ZaT-Te FCU.
T

If all the n tableaux occurring in the expression E contain the same n-subtableau S,
then we suppress S entirely from the notation (see also the comment in part (3) of

Lemma 3.16).
Example 4.9. One interpretation of part b) of could be that

alb x|zlt]_lalb x|[ylt] | lalb z]x]t]
cd®y _cd®z +cd®y ’

for any {a, b, c,d} ={x,y,z,t} ={1, 2, 3, 4}. The 2-subtableau S is in this case

S=“fl®.

c
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Proof ofLemma 73| a) is part (1) of [cemma 316

b) follows from part (3) of the same lemma (since all columns of our tableaux have
size at most two).

¢) We have

@®%@=ngn<a>-a(’; PAE Z>=o,

0eS;

@)

(because the left hand side is contained in F3). Using parts a) and b) repeatedly, we
can express everything in terms of

xy\ and XZ‘
z y

’

and after simplifications, the preceding equation becomes

3.<x y®x1_xz®xy>=o.

< Yy Yy <

d) Part c) states that any tensor expression in

a:xz\ and b:xy\
1y Z

does not depend on the order in which a and b appear, so we can think of the pure
tensors in a, b as commuting monomials in a, b. Writing

yx‘:b—a
L b

we can translate

@@®@@®@®zzsgn(g),g<x A PSEIFIPNE: y)ZO
LY

©) ©)

oES3
into
a’b — a*(b — a) + (a — b)*b — b*a — (b — a)’a + b*(a — b) = 0,

which simplifies to 3(a?b — ab?) = 0, that is, a’h = ab?, or

xz\®xz\®xy\:xz\®xy\®xy\. O
LY LY 2] LY 2] 2]

Corollary 4.10. If G is a graph having a connected component H consisting of

two nodes joined by an odd number of edges, then G = 0.

Proof. Interchanging the labels of the two nodes of H preserves G, but by part a)
of Lemma 4.8| it also transforms G into (—1)¢G, where e is the number of edges
in H. Since e is odd, G = 0. U
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Corollary 4.11. If G is a graph containing cycles of length 1 or 3, then G = 0.

Proof. If G has a cycle of length 1, this follows from part a) of IfG

has a cycle of length 3, we may assume this cycle is C =0 — @ — ® — . We

have several cases to analyze, depending on the colors of the edges in this cycle.
If the edges in C have distinct colors, we need to prove that

13] o [2]1] o [1]2]
T ®B ®nr =0

We have by part b) of applied to the middle tableau that

13] (2]t o [1]2] _[1]3] o l1]2] o [1]2] [1]3]o[1]3]
27 ®B1 1B T2 9B 9B 2 N 23

where the last equality is part d) of the same lemma.
If the edges of C have the same color, we need to prove that

1[1[2]_
21303]=
We have
0= D@ _[1]1]2]_[2]2]1]_[3]3]2] _[1[1]3]  [2[2]3]  [3[3]1
@@ " [213[3] [1[3]3] [2]1][1] [3][2]2] " [3]1][1]"[1]2]2
_[ufaf2], (]2, [2]afn], [if]2], [2]i]n], [t][2]1]_. [1][1]2
=233 2303 3B T TR TR T 2k

where the penultimate equality follows from skew-symmetry on rows, while the

last one follows from part (2) of
Finally, suppose that the edges of C have two colors, say (1, 2) and (1, 3) have

the same color. We need to prove that

11ﬂﬂ®2u20

3]
As in the preceding case,
o - DTG , @D
QB3 ©)
_ 11]2]3] ,[2]1]  [2]2]1]3] . [1]2] [3[3]2]1]. [2]3]
- 2]3 @; 13 ®i 2[1 ®L
a3 ]2] o [3]1], [2]2]3]1] o [3]2] , [3]3]1]2] o [1]3]
3[2 ®;+31 ®L TR ®;
_ < [1]1]2]3] . [2]1]
=653 ®i ;

where the last equality follows by utilizing repeatedly parts a) and c) of



1856 Claudiu Raicu

For example, we have for the second term that

221\3\® _ _ 2]1]
1/3 3 2[3 3 2[3 3]

12\__121\3\®12\ 112\3\®

where the last equality follows by applying part ¢) of in the form

v]z] g lzly]_|z]y] g [v]z]
X X X X

with

ylz] _[2]1] zlyl _[1]2]
X T3 X T3 =

Corollary 4.12. If an n-tableau T contains the columns

C] = and C2=,
and T’ is obtained from T by interchanging two boxes [ y|and |z | from the same
tableau T' of T, and not contained in any of Cy, Ca, then T = T’ (modulo F).

Proof. If

|

is a column of 7' then T contains a triangle, hence T = 0. Since interchanging y
and z transforms 7 into 7/ = —T =0, it follows that 7 = T'. We can assume then
that y and z don’t lie in the same column of T?. If they both belong to columns of
size one of T, then interchanging them preserves T (see part (2) of .
Otherwise we may assume that y belongs to a column of size two in T?, hence we
have the relation

vzl _[yl*] |z]y]_|z]¥]
* z * *

’

where the last equality follows from the fact that any tableau containing C;, C» and

|

is a graph containing a triangle, that is, it is zero (Corollary 4.11). (]
Proof of [Proposition 4.7} We show that a graph G (with corresponding tableau 7')

containing an odd cycle of length at least 5 is a linear combination of graphs with
shorter odd cycles. The conclusion then follows by induction from [Corollary 4.11
Suppose that C D> —..-—>®— Disan odd cycle in G, with k > 5. We
denote by E; the edge (i,i + 1) (Ex = (k, 1)).
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Let’s assume first that there are two consecutive edges of C of the same color:
say E; and E; have color 1. If not all edges of C have color 1, we may assume
that E3 has color 2, so that 7' contains the subtableau

12] o
2[3 '
Since E, E, have color 1, it follows that d; > 2, hence there are at least two 4’s in
T'. One of them is thus not contained in Es, and therefore in none of the edges of C.
We apply with Cy, C, the columns corresponding to E;, E3, y =2
and z =4. We can thus interchange the 2 in E; witha4 € T not in any E;, obtaining
an n-tableau 7’ = T, with T’ containing the cycle D - @ - S — - - ®© — O
of length k£ — 2.

If all the E; have color 1, T contains the subtableau

1121314k
21314]5]-]1

If there is an edge (3, 4) of G with color different from 1, then we can replace E3
by that edge and apply the previous case. If d; > 2 then 7! has a 4 not contained
in any E;, so we can again use the argument from the previous paragraph. Suppose
now that d; = 2. The proof of shows that we can interchange 3
with 4 in all T* (i # 1), modulo tableaux containing S and an edge (3, 4) of color
different from 1. But these we know are zero (modulo F') by the argument above,
so we can write 7 = T’ where 7' is obtained from T by interchanging all 3’s and
4’sin T for i > 2. We now use the relation

S = cT.

1234:1234+1233
213145 2151413 21414\5)
to write
T/:T//+T///

where 7" contains the cycle © - @ — ® — --- — (© — @ of length k — 2, and
T" differs from T by interchanging all the 3’s and 4’s in T, and doing a column
transposition in the column of E3. This shows that T =T’ =0—T, hence T = 0.

Finally, we assume that no two consecutive edges have the same color. Since the
cycle is odd, we can find three consecutive edges with distinct colors, say Ey, E»
and E3, with colors 1, 2 and 3 respectively. By [Corollary 4.12] we have

4] 2] o 13] _[1]2]
2 ®i®i‘4 ®I l

If the edge E4 in C doesn’t have color 1, then it survives after interchanging 2 and
4 as above, hence T is equal with a graph containing the odd cycle

D->@D->0—-- -0

—

T =
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of length k — 2.

Suppose now that E4 has color 1. If the edge Es doesn’t have color 2, then we
may repeat the argument above replacing the edges E,, E; and E3 with E,, E3
and E4 respectively. Otherwise, T contains the subtableau (with x = 6 if k > 5 and
x=1ifk=5),

114] ., [2]5 3[5] _[1]2] .. [2]5 3[5] _[1]2] o [2]5] . [5]3]

2151831 ®Ma ~[451® 31«84l ~[45®3«®[4a]

where the first equality follows by interchanging 2 and 4 in the first factor, while
the last one follows by interchanging 3 and 5 in the last factor (in both cases we
apply [Corollary 4.12). It follows that 7" is equal to a graph containing the odd cycle
D—-@—®—-.-— ®— @ of length k — 2, concluding the proof. O

Step 2. We first translate the relations in part b) of into basic operations
on graphs. We start with the following:

Definition 4.13. A node (j)is said to be i-saturated if there are d; edges of color i
incident to @

Remark 4.14 (basic operations). Let G be a graph containing an edge (1, 2) of
color 1. The following relations hold:

2‘—1— 3 1‘ becomes

(1) If the vertex 3 is not 1-saturated, then 1/3 ‘:

1
3]
1/@ ) @\1+ @

@ @ 0 ©® 00

—_
98]
—_
[\
—_
W

(2) If G has an edge (3, 4) of color 1, then = + 1 becomes

®®®—>®

L e 0

Proposition 4.15. Let A be as before, and let
n
e, = Z )\12
i=1

If e, > r — 1, then hwt, (U/F) is spanned by connected graphs. If e, <r — 1, then
hwt, (U/ F) is spanned by graphs G that consist of a tree, together with a collection
of isolated nodes.
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Proof. We first show that if G has two connected components H;, H, with H;
containing a cycle, then we can write G = G| + G, where G and G, are graphs
obtained from G by joining the components H, H; together.

Consider an edge (1, 2) contained in a cycle of H;, having say color 1. Consider
anode 3 of H, and suppose first it is not 1-saturated. Using the first basic operation
of we get that G = G| + G,, where G, G, are obtained from G by
connecting H, to Hy via an edge of color 1. If B is 1-saturated, then in particular
there exists at least one edge, say (3, 4), of color 1 in H,. The second basic
operation of yields G = G| + G2, where G, G, are obtained from G
by connecting H; and H, via two edges of color 1.

If ) > r — 1, then G will contain cycles as long as it is not connected, so iterating
the procedure above, we can write G as a linear combination of connected graphs.

If e, < r — 1, the argument above reduces the problem to the case when G is
a union of trees, some of which may be isolated nodes. We show that if G has at
least two components that are not nodes, then G = G| + G;, where G, G, are
unions of trees, and the sizes of the largest components of G, G are strictly larger
than the size of the largest component of G. Induction on the size of the largest
component of G then concludes the proof of the proposition.

Let H; be the largest component of G, and let H, be another component which
isn’t a node. If H, has only one edge, then G = 0 by Consider
a leaf of Hj, say 3, and assume first that all edges in H, have the same color,
say 1. Since H; has more than one edge and is connected, it must have a vertex
with at least two incident edges of color 1, that is, d; > 2. This means that B is
not 1-saturated. Let (1, 2) be an edge of H> (of color 1). The first basic operation
of shows that G = G| + G,, where G, G, are obtained from G by
expanding its largest component.

Assume now that the edges in H, have at least two colors, and that the edge
incident to 3 has color 2. Let (1, 2) be an edge of H, of color different from 2, say

1. @ is not 1-saturated, thus we can use the first basic operation of [Remark 4.14{as

in the preceding case. (I

Step 3. Combining [Step I| with [Step 2| we get that, depending on the n-partition
A, hwt, (U/F) is spanned either by connected graphs without odd cycles, or by
graphs consisting of a tree and some isolated nodes. These graphs are going to be
important for the rest of the proof, so we make the following

Definition 4.16 (MCB graphs). A maximally connected bipartite (MCB) graph is
either a connected graph without odd cycles, or a graph consisting of a tree together
with a collection of isolated nodes.

For an MCB graph G, the maximal connected component admits an essentially
unique bipartition of its vertex set into subsets A, B of sizes a > b (that is, vertices
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in the same subset A or B are not connected by an edge). We say that G has type
(a, b; L) (or just (a, b) when A is understood), and that it is canonically oriented if
all the edges have source in A and target in B (when a = b, there are two canonical
orientations). We have the following:

Proposition 4.17. If G|, G, are canonically oriented MCB graphs of type (a, b),
then G| = G».

We first need to refine the relations of

Remark 4.18 (refined basic operations). Suppose that G is an MCB graph with
vertex bipartition A LI B as in

(1) Assume that @) is not 1-saturated, (1, 2) is an edge of color 1, and D,
belong to A. If (D, B are contained in the same connected component of the
graph obtained from G by removing the edge (1, 2), then

@ @
i / _
3 ® 00
This follows from the fact that the conditions above guarantee that the term
that was left out from the first basic operation of has an odd cycle,

and hence equals 0 by

(2) Assume that (1,2) and (3, 4) are edges of color 1, D, 3 € A and Q, @ € B,
and either (D and @), or @ and @ are in the same connected component of
the graph obtained from G by removing the edges (1, 2) and (3, 4). Then

o® @ ©®

-3

As above, the missing term from the second basic operation has an odd cycle,
and hence equals 0.

Proof of|Proposition 4.17] We prove by induction on e, (the number of “edges” of
A), that it is possible to get from G to G, via a series of refined basic operations.
If e, = 0, there is nothing to prove. Suppose now that e, > O.

We call an edge E of an MCB graph G nondisconnecting if the graph obtained
from G by removing E is still an MCB graph. More explicitly, if e; > r, then E
must be contained in a cycle of G, and if e, < r, then one of the endpoints of E
must be a leaf of G.

The idea of proof is to reduce to the case when G, G, have nondisconnecting
edges E1, E> of the same color, such that G| = G \ E| and G, = G, \ E; are
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canonically oriented MCB graphs of the same type. Once this is done, we remove
E\, E; from G, G, and apply induction to conclude that G/2 can be obtained from
G/ via a series of refined basic operations (as in[Remark 4.18). We then put back the
edges E;, E; and lift the sequence of operations to the original graphs. The main
difficulty lies in creating the nondisconnecting edges E, E», which is especially
laborious when the graphs contain no cycles. For the convenience of the reader,

this case is illustrated by [Example 4.19|below.

Inductive step. We will prove later that for any nondisconnecting edge E, of G,
of color c, there exist a sequence of refined basic operations which transforms G
into a new graph G having a nondisconnecting edge E of color ¢, such that the
graphs G/ and G/, obtained from G and G, by removing the edges E| and E;
have the same type. Assuming this, by induction we can find a series of refined
basic operations that transform G into G,. We lift this sequence of operations to
G as follows: the refined basic operations of type (2) are performed just as if the
edge E; was not contained in G, as well as the operations of type (1) that don’t
transform an edge E’ of color ¢ into one that’s incident to E; the operations of
type (1) involving an edge E’ of color ¢ that gets transformed into an edge incident
to E; are replaced by operations of type (2) involving E’ and E;. It is clear that E;
remains nondisconnecting along the process, so we end up with the graphs G} and
G that coincide after removing the nondisconnecting edges £ and E; of color c.
At most two more refined operations of type (2) (that correspond to correcting
the positions of the endpoints of E1) are then sufficient to transform G into G»,
concluding the proof.

Creating a nondisconnecting edge when the graphs contain cycles. We show that if
e, >r and G has an edge E; of color ¢, then we can find a refined basic operation
that makes E| nondisconnecting. Suppose that E is disconnecting, and let Hy, H»
be the connected components of the graph obtained from G; by removing the
edge E;. One of H|, H, must contain a cycle, say Hj, and let O, Y be consecutive
edges of this cycle, of colors o(range) and y(ellow) (note that o might coincide
with y). If H, has anode N that is not o-saturated or not y-saturated, then a refined
operation of type (1) involving the node N (as ®) and one of the edges O, Y (as
the edge (1, 2)) will make E; a nondisconnecting edge. Otherwise, if every vertex
of H, is both o- and y-saturated, then there exists a cycle in H, consisting of edges
of colors 0 and y (if o = y, then since O, Y are incident edges of color o, it means
that d, > 2, in particular any o-saturated node has at least two incident edges of
color o; if 0 # y, then any o- and y-saturated node has at least one o-incident and
one y- incident edge; in both cases, the nodes in H, have at least two incident edges,
so we can find a cycle as stated). A refined basic operation of type (2) involving an
o-edge on this cycle and O (or an y-edge and Y) will make E; nondisconnecting.
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Creating a nondisconnecting edge when the graphs have no cycles. If e; < r and
G has a nondisconnecting edge E, of color ¢, then we prove that we can find a
sequence of refined basic operations that transforms G into a graph G containing
a nondisconnecting edge E; of color ¢, and moreover Gl — Eq{ and G, — E5 have
the same type. We may assume that ¢, = r — 1, by removing the isolated nodes
of G and G,. Suppose that the graphs G; have vertex bipartitions A; Ul B;, with
|A;| = a, |B;| = b, and that E> = (x, y), with ) € B, a leaf of G,. This means
that the graph G», and hence also G, has at most (b — 1) - d. + 1 edges of color c,
and for any color ¢’ # ¢, it has at most (b — 1) - d.» edges of color ¢’. In particular,
for any color ¢’ # ¢, there exists a node in By which is not ¢’-saturated. Consider
an edge E = (u, v) of color ¢ in G, with @) € Ay, ®) € B;. Let H;, H, be the
connected components of G; — E containing u and v respectively. We prove by
descending induction on the size of H, that we can make E nondisconnecting, with
its endpoint in B being a leaf.

If H, = {)} then E is nondisconnecting. More generally, if H, N B; = {V)},
then we may assume that all the edges in H; have color c. If E’ is an edge of H,
of color ¢’ # ¢ (see the second transformation in below), then there
are at most (b — 1) -d. — 1 edges of color ¢’ in Hy, so that we can find a vertex C’
in H; that is not ¢’-saturated. A refined basic operation of type (1) involving E’
and C’ decreases the size of H, by one, so we can conclude by induction. Assume
now that the edges in H; have color c. Together with the edge E, we get at least
two edges of color ¢ outside H|, which means that H| has at most (b —1)-d. — 1
edges of color c, that is, it has a vertex that is not c-saturated. We now do a refined
basic operation of type (1) as before, involving that vertex and an edge of H;, and
conclude by induction.

We may now assume |H, N By| > 1 (see the first transformation in
below). Therefore there exist distinct edges Y = (u’, v) of color y(ellow) and
O = (u', V') of color o(range) in H, (y and o might coincide). If 0 = ¢ then we
replace E with (u’, v’), which decreases the size of H>, so that we can conclude by
induction. If there exists a vertex W € H;N By that is not y-saturated, then the refined
basic operation involving Y and W decreases the size of H,. Likewise, if there
exists a vertex W € H; N A that is not o-saturated, then the refined basic operation
involving O and W also decreases the size of H,. We may therefore assume that all
nodes in By N H; are y-saturated, and those in A; N H; are o-saturated, and show
that this leads to a contradiction. If y = o, then since u’ has two incident edges of
color o, we must have d, > 2. All the nodes of H; being saturated implies that they
have degree at least d, > 2, so H; contains a cycle, which is a contradiction. If
y # o, then H| must contain at least | H; N A | edges of color o (since each vertex in
H| N Ay is o-saturated) and at least | H; N By | edges of color y, that is, H; contains
at least | H;| edges, hence it can’t be a tree. U
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Example 4.19. Consider the 3-tableaux

_[315]1]6] . [3]1]2]5]6] o [1]5]3]4]
h=m7 ©4 ® 06 ’
_[1]3]5]6] o [5]1]2]3]4] o [3][5]1]6]
T2—24 ®6 ®24 ,

with corresponding graphs

@ @
Y \@

%
< .
®

where color 1 corresponds to ——, color 2to ~~=,and color3to — - >. Gy
and G, are MCB of the same type (Definition 4.16)), and in fact G| = 0, since it is
the same as the graph obtained by reversing the orientation of its 5 edges (an odd
number), and this equals —G by part a) of However, it is unclear a
priori that G, is also equal to 0. We use the algorithm described in the proof of
[Proposition 4.17|to get a sequence of refined basic operations that transforms G
into G. We first make the edge of G of color 2 nondisconnecting, and then adjust
its position (the third step) and relabel the nodes (last step) to get G:

@

\

ff@/

L

@/ CJ“@ SN N

With the notation in the last paragraph of the proof of [Proposition 4.17] we have
E = (3,4) a disconnecting edge, A; = {1, 3, 5}, B = {2, 4, 6} a bipartition of the
vertex set of G;. We’d like to make E nondisconnecting, with its endpoint in B
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being a leaf. We have

We also have Y = (5,4) of colory= —— and O = (5,6) of coloro = — — >
The unique vertex @ in HiN B is y-saturated, and (M e H N A is o-saturated, but
W =@ is not o-saturated. The refined basic operation involving W and O yields
the first transformation.

We now have

We are in the case H,N B ={®)}={@}. The edge E’ = (5, 4) has color ¢’ = —,
different from ¢ = ~~= . W =(® is a vertex in H; N B, which is not ¢’-saturated,
so we can use the refined basic operation involving E’ and W as our second
transformation, making E a nondisconnecting edge as desired.

We next adjust the position of E, in order to get the graph G,. We use the
refined operation involving the vertex (D and the edge (3, 4). The last transforma-

tion involves relabeling the nodes &, ®, @, @ and @ by O, @, @, ® and ®

respectively.

Corollary 4.20. If G is a canonically oriented MCB graph of type (a, a), having
an odd number of edges, then G = (.

Proof. Changing the orientation of all the edges of G, we obtain a canonically
oriented MCB graph G’ of the same type as G. It follows from [Proposition 4.17]
that G = G’. On the other hand, we get by part a) of that G’ = —G,
hence G = 0. U

Step 4. The preceding steps yield:

Corollary 4.21. For e;, f; as in the space (U/F), is spanned by
MCB graphs G,y of type i/ = (a’ > ') (see for the type of an MCB
graph), with a’ + b’ =min(e, + 1, r) and b’ > f,. Moreover, G,y =0 ifa’ = b’ and
e is odd.
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Proof. The last statement is the content of (Corollary 4.20, We know that (U/F), is
spanned by MCB graphs (Proposition 4.15), and the condition " > f; follows from

the fact that any graph G has at least )Lé /d; vertices incident to edges of color i,
and any edge is incident to one vertex in each of the two sets of the bipartition. The

number of vertices in the maximal connected component of an MCB graph of type
W isa’ +b =min(e; +1,r).

It remains to show that if ' = (¢’ > '), @’ +b' =min(e; +1,r) and b’ > f3,
then there exists an MCB graph G of type . Consider A" and B’ disjoint sets
consisting of a’ and &’ vertices in {(), ..., ®) respectively. Foreveryi =1,...,n
we draw )»é edges of color i joining pairs of elements in A’ and B’, in such a way
that no vertex has more than d; incident edges of color i. This is possible since
Ab/d; < fi <b' <a'. If the bipartite graph G (with vertex set A’ U B’) obtained in
this way is connected, then we get an MCB graph G, by adding to G the isolated
nodes outside A’U B’. If G is not connected, then it has an edge E of color ¢
contained in a cycle, and a vertex v outside the connected component of E. If v is
not c-saturated, we can move E to make it incident to v, and preserve the bipartition
of G (as in the refined basic operations of type (1), Remark 4.18§)), thus obtaining a
graph with fewer components. If v is c-saturated, let E’ be an incident edge of color
c¢. We move E and E’ as in a refined basic operation of type (2), connecting the
components of E and v. Repeating this procedure will eventually yield a connected
graph G and an MCB graph G as above. O

Lemma 4.22. Consider canonically oriented graphs G, as above, one for each
type ' = (d’, b'), with a’ # b" when e;_ is odd. If

T = GB m, U — @ Uy,
ukr ukr
u=(a=b) u=(a>b)

then the set {rr (G )}, is linearly independent. In particular, F = I and the graphs
G, give a basis of (U/F);. This shows that dim((U/I),) = m,, where m_is as

described in concluding the proof of our main result.

Proof. Note that the number of G, is precisely m;, so the last statement follows
once we prove the independence of the G,. This is a consequence of the linear
independence of {7 (G )}/, which in turn follows once we show that for u = (a, b),
uw = (a’,b"), we have

(1) 7,(Gu) =0if b </, and
Q) 7, (G) £0if b=1.

Recall that G, = T}/, for some n-tableau 7,,. We have

Ty =Y T, *)



1866 Claudiu Raicu

where each T; is an n-tableau with entries 1, 2, obtained from a partition A LI B =
{1, ..., r} by setting equal to 1 and 2 the entries of 7, from A and B respectively.
To prove (1), note that since |B| = b < b’, for each i the endpoints of some edge
in G, have to be set to the same value, so 7; has repeated entries in some column,
that is, 7; = 0. It follows that 77,,(G,») = Y T; =0.
To prove (2), let A" U B’ be the bipartition of the maximal connected component
of G, and take

w=(a,b)y=d—b,b).

The only n-tableau(x) 7; in [(¥)] without repeated entries in some column is (are)

the n-tableau 77 obtained from setting the entries of A ={1,...,r} — B’ to 1, and
the entries of B = B’ to 2 (and if |A’| = | B’|, the n-tableau T, obtained by setting
the entries of A={1,...,r}— A’ to 1 and the entries of B = A’ to 2). Since in the

latter case e, must be even, we get in fact that 71 = 7>, since T and 7, differ by
an even number of transpositions within columns, and by permutations of columns
of size 1. It follows that it’s enough to prove that 71 # 0.

Up to permutations within columns, and permutations of columns of the same
size, we may assume that

Ty =cp-m=cy 2(A,. A 2(B,..B)

where A={1,...,a}and B={a+1,...,a+b}, thatis, T} =T11®---®T”,with

i _[L[1]J1]1]1]-]2]2]]
Tl_zz...z )

If a > b and 0 = 7 - 7/, with t a row permutation and t’ a column permutation
of the canonical n-tableau T of shape A, then o - m # m, unless t/ = id. This
shows that the coefficient of m in 77 is a positive number, hence Ty # 0. If a = b,
o -m=m and t’ # id, then t/ must transpose all the pairs (1, 2) in the columns
of Ty of size 2. Since T; has e, (an even number) of such columns, the signature
of 7/ must be +1. It follows again that the coefficient of m in T) is positive and
therefore 77 # 0. 0
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