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On the refined ramification filtrations in
the equal characteristic case

Liang Xiao

Let k be a complete discrete valuation field of equal characteristic p > 0. Using the
tools of p-adic differential modules, we define refined Artin and Swan conductors
for a representation of the absolute Galois group G with finite local monodromy;
this leads to a description of the subquotients of the ramification filtration on Gy.
We prove that our definition of the refined Swan conductors coincides with that
given by Saito, which uses étale cohomology. We also study its relation with the
toroidal variation of Swan conductors.
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Introduction

The ramification theory for a complete discrete valuation field k£ with possibly
imperfect residue field «; was first studied by K. Kato [1989]; he used étale co-
homology and Milnor K-theory to give a detailed description of the ramification
of a character of the absolute Galois group Gy, or equivalently of its maximal
abelian quotient sz. A. Abbes and T. Saito [2002; 2003]] extended Kato’s work
by providing G, with the ramification filtration Fil* G} and the log ramification
filtration Fili’ogGk satisfying certain properties. Saito [2009] later defined a natural
injective homomorphism

rsw : Hom(Filiy Gy /Filiy}, Gy, F ) — Q¢ (log) ®, i

MSC2000: primary 11S15; secondary 14G22, 11580, 11S31.
Keywords: ramification filtration, Swan conductor, refined Swan conductor, p-adic differential
module, Dwork isocrystal.
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for each a € Q- ¢, where O is the ring of integers of k, 7y is a uniformizer, «y is the
residue field, and €2 ,i (log) is the module of logarithmic differentials; he called it the
refined Swan conductor homomorphism. This provides some further information
about the subquotients for the log ramification filtration on Gy.

Along a different path, G. Christol, B. Dwork, S. Matsuda, Z. Mebhkout, and
their collaborators used p-adic differential modules to give an interpretation of
the Swan conductors of representations of G when the residue field «y is perfect.
They associated a p-adic differential module over an annulus to any continuous
representation of Gy, and proved that the Swan conductor of the representation is
related to the radii of convergence of the local solutions for the differential module.
K. Kedlaya [2007] generalized this approach to include the case in which the
residue field is imperfect, by giving the definitions of Artin conductors and Swan
conductors for a representation of G. The author [Xiao 2010] verified that this pair
of definitions coincide with those naturally associated to the ramification filtration
and log ramification filtration of Abbes and Saito [2002; |2003]. An important
consequence of this comparison result is the Hasse—Arf theorem for the ramification
filtration and the log one [Xiao 2010, Theorem 4.4.1], which states that the Artin
conductors and Swan conductors are all integers.

In this paper, we give an alternative definition of the refined Swan conductor
homomorphism as well as their nonlog counterparts, using p-adic differential
modules, and we will compare our definition with that of Saito. Let us describe the
basic idea of the definition. In this introduction, we assume for simplicity that
has a finite p-basis {131, - l;m}. Let K be the fraction field of the Cohen ring of «y
with respect to bi,...,by. Let By, ..., B, denote the canonical lifts of by, . .., by,
to K, respectively. Let A}((no, 1) be the annulus over K with coordinate 7 and
with radii in (59, 1) for some 1o € (0, 1). By the aforementioned series of work,
one can associate to an irreducible p-adic representation p of G with finite image
a differential module € over A}((no, 1) for the differential operators dg = d/0T
and 3, =93/0By, ..., 8, =03/3B,,. Let t = —p'/(P~D denote a Dwork pi and put
K’ = K (). When p is of pure ramification break b, that is, when ,o(Filb TGr)
is trivial but p(Fil’Gy) is not, the following naive picture is helpful as a guide
to intuition. Suppose that there exists a basis of € ®x K’, with respect to which
do, d1, - . ., dpy act per the prescription:

do=raT""'Ny, 8,=nT"Ny,...,0,=nT"N,, (0.0.1)

where Ny, ..., N, are matrices in Og/[T]]. For each j € {0, ..., m}, we use Nj
to denote reduction of N; modulo the ideal (;r, T'); these matrices commute and
have coefficients in k. Take a common (generalized) eigenbasis ey, . .., e4 for all
N js set 0; ; to be the (generalized) eigenvalue of N ;j associated to e;, viewed as an

element in K;:lg . One may then define the multiset of refined Swan conductors of p
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to be
{ﬂk_b(ﬁ’i,oiﬂ +9i,1d51 4. .+9,~,mdl;m> i=1,..., d} C Qék(log) ®g, Jrk_b/(,flg.
k

(A multiset is a set where we allow elements to have multiplicity.) Of course,
such a nice basis of € ®x K’ over the annulus A}(,[no, 1) with the described
properties might not exist in general. In practice, we need the following two
technical arguments to read off the multiset of refined Swan conductors.

(a) The above picture can be better described over a field. Namely, we have
the description of the actions of d, ..., 3, as in[(0.0.T)] over the completion
of K(T) with respect to the n-Gauss norm for any n € [ng, 1). By taking
common eigenvalues as explained above, we can define a version of refined
Swan conductors, called the refined radii, of the differential module at each
radius 1. We then show that the refined radii, as we vary the radius of the Gauss
norm, also vary in a nice way when 7 is sufficiently close to 1: they form a
unique multiset consisting of elements of Qék (log) ®g, m; b K,?lg, independent
of the choice of . We then just simply define this multiset to be the multiset
of refined Swan conductors of the representation p; this does not require any
good matrices representing the actions of 0; over the entire annulus.

(b) When the spectral norms of the differential operators are smaller than their
operator norms over the base field, the description [(0.0.1)] requires some
modification. Over the completion of K (T') for the n-Gauss norm, we may
find a basis such that the matrix for Bf " with an appropriate r € N acts by
some nice matrix as in [(0.0.1)] We then take the common eigenvalues of those
matrices and define the refined radii to be the p”-th roots of these eigenvalues.
When trying to prove results in this case, we use a technique called Frobenius
antecedents developed in [Kedlaya and Xiao 2010], which reduces the question
at hand to the case when the spectral norms are bigger than the operator norms.

We can also define the notion of refined Artin conductors using a variant of the
definition of the refined Swan conductors, in which the effect of log structure is
removed, which amounts to replacing the factor 7=°~! by 7=? in

Part of the content in this paper on refined Swan conductors has been already
included in the author’s thesis [Xiao 2009]. However, we feel the present paper
provides a better context for our development of refined Swan conductors. We also
fill in some gaps in the thesis.

To compare our definition of refined Swan conductors with Saito’s, we proceed
as in [Xiao 2010] by introducing the thickening spaces which tie the p-adic dif-
ferential equations together with the rigid analytic spaces considered by Abbes
and Saito. More precisely, we may first realize a finite Galois extension [/ of k
as the corresponding extension of the function fields of a finite étale extension of
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smooth affine varieties Y — X. We may further assume that both X and Y lift to
smooth formal schemes X and Y. The differential module associated to a p-adic
representation of Gal(//k) lives over the a subspace of the tube of X embbeded
diagonally in X x X, which is a rigid analytic subspace of the generic fiber of
X x X and is called the thickening space. We carefully study the construction of the
differential module and compare that with Saito’s description of the special fiber
of the formal scheme Y. The core of the comparison result is to identify the data
defining an Artin—Schreier cover of Ay} with the data coming from the associated
Dwork isocrystals as a differential module.

We also remark that when & is an n-dimensional higher local field of characteristic
p > 0, the refined conductors induce a ramification filtration on G indexed by (0"
with lexicographic order. This is expected to be compatible with certain filtration
on the Milnor K-groups via Kato’s class field theory.

Finally, we study the relation of the refined Swan conductors with the variation of
intrinsic radii (certain form of Swan conductors) over a polyannulus. We prove that
the valuations of the refined Swan conductors at a vertex of the polygon associated
to the polyannulus encode some information about the slopes of the log-affine
functions of the intrinsic radii at that vertex. For the precise statement, we refer to
[Proposition 4.3.13]

Plan of the paper. [Section 1|is devoted to developing the theory of refined radii, the
analog of refined conductors over a complete nonarchimedean field. In the first two
subsections, we set up notation and recall some basic results on differential modules
from [Kedlaya and Xiao 2010]]. We define the refined radii in and prove
a decomposition result that separates pieces with different refined
radii in a differential module. In[Section 1.4l we consider the case where we allow
multiple derivations to interact. In we study how the refined radii vary
on an annulus or a disc, when the radii are log-affine functions. We then define the
refined conductors for solvable differential modules over an annulus in

In we apply the theory of refined conductors for solvable differential
modules to define refined conductors for Galois representations. In the first two
subsections we recall the construction of differential modules following [Kedlaya
2007]], and deduce some basic properties. In we define the refined
conductor homomorphism. [Section 2.4] briefly discusses an application to higher
local fields.

In we compare our definition with that of Saito, which is reviewed
in [Section 3.1l In([Section 3.2 we realize the extension of fields as a finite étale
cover of varieties and lift them to rigid analytic spaces over K. In[Section 3.3| we
do a crucial calculation on the differential module structure of Dwork isocrystals
to determine their refined radii; this calculation forms the heart of our proof of
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the comparison theorem. We wrap up with a proof of the comparison
(Iheorem 3.4.1]in [Section 3.4

In we focus on the interplay of refined Swan conductors with the
toroidal variation of Swan conductors. A few technical lemmas are discussed in

Section 4.2 and the main theorems are proved in [Section 4.

1. Theory of differential modules

Our systematic study of differential modules proceeds in two stages: first over a
complete nonarchimedean field, and then over an annulus over a complete nonar-
chimedean field. In the former case, the spectral norm, or equivalently the radius
of convergence, of the differential operator is a very important invariant; when the
differential module has pure radii, we will focus on certain secondary information
of the differential module, called the refined radii. In the latter case, it was proved
in [Kedlaya and Xiao 2010]] that the radii of convergence of a differential module
over an annulus give rise to piecewise log-affine functions as one varies the radii
on the annulus; we will again focus on the secondary data: the refined radii. In the
case when the aforementioned piecewise log-affine functions are in fact log-affine,
we prove that the multisets of refined radii of the differential module at all radii are
the same, if we naturally identify the spaces where these refined radii live.

1.1. Setup. This subsection is mainly to explain our convention on notations; how-
ever, the commutative algebra|[Lemma 1.1.10[ will become a very useful tool later

as explained in[Remark 1.1.11

Notation 1.1.1. By a multiset S, we mean a set where we allow elements to have
multiplicity. For s € S, the multiplicity of s in S is denoted by multi;(S). When §
consists of a single element (with multiplicity), we call it pure.

Notation 1.1.2. For any field K that will be considered in this paper, K2 will
denote a fixed algebraic closure. We let K*°P denote the separable closure of K
inside K¥2. Set Ggx = Gal(K*P/K). For a finite Galois extension L/K (inside
K*%), we denote its Galois group by G, ,x = Gal(L/K).

For e € N, we use . to denote the set of e-th roots of unity in K alg
Notation 1.1.3. By a nonarchimedean field, we mean a field K equipped with a
nonarchimedean norm |- | = |- |g : K* — RZ. A subring of K (with the induced

norm and topology) is called a nonarchimedean ring.
For a nonarchimedean field K, denote the ring of integers of K by

Ok ={xeK:l|x|<1)

and the maximal ideal of Ox by mg = {x € K : |x| < 1}; denote the residue field
of K by kx = Og/mg. We reserve the letter p for the characteristic of k. If



1584 Liang Xiao

charkg = p > 0 and char K = 0, we normalize the norm on K so that |p| =1/p.
For an element a € Ok, we denote its image in kg under the reduction map by a.
In case K is discretely valued, let 7 denote a uniformizer of O and let vg (-) be
the corresponding valuation on K, normalized so that vg (mg) = 1.

For a nonarchimedean field K and s € R, we set

mﬁ? ={xekK:|x|<e’}, m(,?J’: {xeK:|x|<e™}, IC;?) = mgg)/mgﬁH.

If s € —log | K *|, there exists a noncanonical isomorphism kg =~ /cﬁ(s). Fora e K
with |a| <e™*, we sometimes denote its image in /cgg) by a®. In particular, /<§<0) =Kk

and a© =a if v(a) > 0.

Notation 1.1.4. Let J be an index set. We use e; to denote a tuple (e;) ;. For
another tuple uy, set u =[] jes uj." , if all but finitely many of the e; are equal
to 0. We also use ZZ,:O to denote the sum over e; € {0, 1, ...,n} foreach j € J
provided e; # 0 for only finitely many j; for notational simplicity, we may suppress
the range of the summation when it is clear. If J is finite, put

le;l=73"lej| and (e))!= [](e;").

jeJ jeJ
Convention 1.1.5. Throughout this paper, all derivations on topological modules
will be assumed to be continuous; in particular, €2 }Q /s will denote the module of
continuous differentials on the (topological) ring R relative to the (topological) base
ring S; we may suppress S from the notation when $ =, Z or Z,. Moreover, all
derivations on nonarchimedean rings will be assumed to be bounded (that is, to
have bounded operator norms). All connections considered will be assumed to be
integrable.

Notation 1.1.6. For a matrix A = (A;;) with coefficients in a nonarchimedean ring,
we use |A] to denote the supremum among the norms of the entries A;; of A.

Hypothesis 1.1.7. For the rest of this subsection, we assume that K is a complete
nonarchimedean field.

Notation 1.1.8. Let I C [0, +00) be an interval and let n € N. Let
() ={(x1,....,x) € K |x;| e fori=1,...,n}

denote the polyannulus of dimension n with radii in /. (We do not impose any
rationality condition on the endpoints of I, so this space should be viewed as an
analytic space in the sense of Berkovich [[1990].) If I is written explicitly in terms of
its endpoints (e.g., [, B]), we suppress the parentheses around I (e.g., A% [c, B]).
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Notation 1.1.9. Let 0 < o < 8 < 400. We put

Kl{a/t,t/B) =1 ant" : |ayIn" — 0 as n — to0, for any 1 € [, ,8]},

neZ

K{a/t,t/Bl =1 ant" : |lay|n" — 0 as n — +o0, for any 5 € [, ,8)},

neZ

K{{a/t, t/Bllo=1>_ ant" : |ay|n" — 0 and |a,|B" is bounded
neZ

as n — =00, foranyne(oz,ﬁ)}.
o

K(/B) =13 au" - Ianlﬁ"—>0asn—>+oo},
n=0

o0
K{t/8}} = Zant" :ag|n® — 0as n — +o0, foranyne[O,,B)},
n=0

o0
Klt/Bllo=1>_ aut" : |a,|B" is bounded as n — oo}.
n=0

For I ={1, ..., n} and a nonarchimedean ring R, we use R(u;) to denote the Tate
algebra, consisting of formal power series ) _, - a,uy with a., € R and |a,,| — 0
as |ey| = —+o00. For (n;)ier € (0, 400)", the n;-Gauss norm on the polynomial ring
R([t/] is the norm | - |,,, given by

€]
> " at;
er

this norm extends uniquely to multiplicative norms on Frac(R[#;]), and on R(¢;) in
case |n;| < 1foranyi € I.

For n € [«, B], the n-Gauss norm on K[¢] extends to multiplicative norms on
K{a/t,t/B) and K[[¢/B]lo, on K{a/t,t/B}} in case n # B, and on K {«/t,t/B1o
in case n # «.

= max{la,, |- n}'};
ni el

We record here a lemma in commutative algebra which will be frequently used
(implicitly) when gluing decompositions.
Lemma 1.1.10. Let

R——S
T—U
be a commuting diagram of inclusions of integral domains, such that the intersection

SN T within U is equal to R. Let M be a finite locally free R-module. Then the
intersection of M Qg S and M @ T within M Qg U is equal to M.

Proof. See [Kedlaya and Xiao 2010, Lemma 2.3.1]. O
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Remark 1.1.11. We explain how this lemma is used in this paper. We often apply
this lemma to the R-module End(M) over R for a differential module M. More
precisely, we often encounter the situation when we can write both M ®x S and
M®RgT as direct sums of two submodules such that both direct sum decompositions,
when tensored with U, give the same direct sum decomposition of M Qg U. We
view the projections constituting the direct sum decompositions as elements in
End(M) ®g S, End(M) ®% T, and End(M) ®g U, respectively. By
we see that the projections above are actually the images of one element of End(M)
under the natural maps; this element defines a direct sum decomposition of M
which when tensored with S or T yields the given direct sum decomposition of
M Qg S or M @g T, respectively. In other words, we can “glue” the direct sum
decompositions of M ®x S and of M @ T along M Qg U to get a direct sum
decomposition of M (over R).

1.2. Differential modules and radii of convergence. The starting point of the the-
ory of nonarchimedean differential modules is to understand differential modules
over a nonarchimedean field. One of the important tools is the Newton polygon
associated to a cyclic vector, which gives much numerical information if the spectral
norm of the differential operator is strictly bigger than the operator norm on the base
field. To extend interesting results across the threshold imposed by the operator
norm mentioned above, we restrict ourselves to the case when the differential
operator is of rational type, that is, its metric properties resemble d/d X acting
on the completion of Q,(X) with respect to the 1-Gauss norm; in this case, we
may entirely remove the restriction on spectral norms by considering the Frobenius
antecedents of the differential modules.

Definition 1.2.1. Let K be a differential ring, that is, a ring equipped with a
derivation d. Let K{T'} denote the (noncommutative) ring of twisted polynomials
over K [Ore 1933]]; its elements are finite formal sums ) ,_ a;T" with g; € K,
multiplied according to the rule Ta =aT 4 d(a) fora € K. -

A 0-differential module over K is a finite projective K-module V equipped
with an action of d (subject to the Leibniz rule); any d-differential module over K
inherits a left action of K{7} where T acts via d. The rank of V is the rank of V
as a K-module. The module dual VY = Homg (V, K) of V may be viewed as a
o-differential module by setting (af)(v) = d(f(v)) — f(d(v)). We say V is free if
V is free as a module over K. We say V is trivial if it is isomorphic to K®? for
some d € N as a d-differential module.

For a d-differential module V free of rank d over K, an element v € V is called
a cyclic vector if v, dv, ..., 99=1y form a basis of V as a K-module. A cyclic
vector defines an isomorphism V >~ K{T'}/K{T} P of 0-differential modules, where
P € K{T} is some monic twisted polynomial of degree d, and the d-action on



On the refined ramification filtrations in the equal characteristic case 1587

K{T}/K{T}P is the left multiplication by T. If K is a differential field of charac-
teristic 0, V always has a cyclic vector; see [Dwork et al. 1994, Theorem 111.4.2;
Kedlaya 2010, Theorem 5.4.2].

For a d-differential module V, we put Hz? (V) =Kero.

Hypothesis 1.2.2. For the rest of this subsection, we assume that K is a complete
nonarchimedean field of characteristic zero, equipped with a derivation d with
operator norm |d|x < 00, and that V is a nonzero d-differential module over K.

Definition 1.2.3. Let p denote the residual characteristic of K; we conventionally
set
] it p=0,
“= p~ /=D if p>0.

The spectral norm of @ on V is defined to be 3]sy = lim, o [3"]}/" for any
fixed K-compatible norm | - |y on V. Define the generic 0-radius of V to be
Ry(V) = a)|8|s_pfv; note that Ry(V) > 0. Let Vi,..., V; be the Jordan—Holder
constituents of V as a K{T }-module. We define the multiset R3(V) of (extrinsic)
subsidiary d-radii of V to be the collection of Ry(V;) with multiplicity dim V; for
i=1,...,d.Let Ry(V; 1) <..--< Ry(V;dim V) denote the elements of R3(V) in
nondecreasing order. We say that V has pure d-radii if R3(V) is pure as a multiset;
in other words, it consists of dim V copies of Ry(V).

Definition 1.2.4. Let R be a complete K -algebra. For v € V and x € R, we define
the d-Taylor series of v with respect to x to be

o0
n
T(v;a;x)zza—('v)x" €V ®kR, (1.2.5)
n!
n=0
in case this series converges. When V = K, the d-Taylor series [(1.2.5)| with respect
to a fixed x € R gives a homomorphism K — R of rings, if it converges for all
v € V = K. For general V, the d-Taylor series [(1.2.5)] with respect to the same
fixed x € R gives a homomorphism of K-modules V — V ®k R respecting the
aforementioned ring homomorphism, if both homomorphisms converge.

Lemma 1.2.6. Let V, V|, and V; be nonzero d-differential modules over K.
(@) If0 > V| — V — V, = 0is exact, then we have Ry(V) = Ry(V)) URy(V,).
(b) We have Ry(VY) =Ry(V).
(c) We have Ry(Vi ® Vo) > min{Ry(V1), Ry(Va)}. If Vi is irreducible and
Ry(V1) < Ry(V2), then Vi ® V; has pure d-radius Ry(Vy).
(d) Let f : K — K[T/ullg be the homomorphism given by f(x) = T(x; d; T).
Then f*V =V Qg ¢y KIT/ully is a o7 = 9/9T-differential module over
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KT /ullo. Forr € (0, Ry(K)), Ry(V) > r if and only if f*V restricts to a
trivial o7 -differential module over A}([O, r).

Proof. The statements (a)—(c) are [Kedlaya and Xiao 2010, Lemma 1.2.9] and the
statement (d) is [1bid., Proposition 1.2.14]. O

Definition 1.2.7. For P(T) = ), a;T' € K[T] or K{T} a nonzero (possibly
twisted) polynomial, define the Newton polygon of P as the lower convex hull of
the set {(—i, —log |a;])} C R2.

Proposition 1.2.8 (Christol-Dwork). Suppose that V >~ K{T}/K{T}P, and let s
be the lesser of —log |0|g and the least slope of the Newton polygon of P. Then
max{|d|g, [3]sp,v} = e~*. More generally, the multiplicity of any s' < —log|d|x as
a slope of the Newton polygon of P coincides with the multiplicity of we' inRy(V).

Proof. This is [Kedlaya 2010, Theorem 6.5.3]. U

Definition 1.2.9. We say a derivation 0 on K is of rational type if there exists
u € K such that the following conditions hold (in this case, we call u a rational
parameter for 0):

(i) we have d(u) =1 and |3|g = |u|~', and
(ii) for each positive integer n, [3" /n!|x < [0]%.

If 9 is of rational type, the inequalities in (ii) are in fact equalities, which yields
that |9]sp, k = w|d|k; see [Kedlaya and Xiao 2010, Definition 1.4.1].

Lemma 1.2.10. Let 0 be a derivation on K of rational type with u as a rational
parameter and let L/ K be a finite tamely ramified extension. Then the unique
extension of d to L is of rational type with u again as a rational parameter.

Proof. This is [Kedlaya and Xiao 2010, Lemma 1.4.5]. U

Remark 1.2.11. We sometimes need to replace K by the completion of K (x) with
respect to the n-Gauss norm for some 1 € R. o, where x is transcendental over K
and we set dx = 0. The derivation 9 is again of rational type when acting on the
new field.

Definition 1.2.12. When 9 is of rational type, it is more convenient to consider
d-radii with a different normalization, as follows. For V a od-differential module,
we define the intrinsic d-radius of V to be IRy (V) = |0|sp,x /10]sp,v = 19|k - Ry(V).
We define the multiset of intrinsic subsidiary d-radii to be JRy(V) = |0|x - Rs (V).
We put IRy (V; i) =10|g - Ry(V;i) fori =1,...,dim V. We say that V has pure
intrinsic d-radii if IR, (V) is pure as a multiset.

Hypothesis 1.2.13. For the rest of this subsection, we assume that K is a complete
nonarchimedean field of characteristic zero and residual characteristic p, equipped
with a derivation 9 of rational type. We fix u € K a rational parameter of 9. We
also assume p > 0 unless otherwise specified.
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Construction 1.2.14. We construct the d-Frobenius as follows. If K contains a
primitive p-th root of unity ¢,, we may define an isometric action of the group
Z/pZ on K using d-Taylor series:

XD =T 0; (¢, —Du) (i €Z/pZ, x€K);

in particular, u® = {I’;u. Let K@ be the fixed subfield of K under this action; in
particular, u” € K@ Hence, we have a Galois extension K /K ?) generated by u
with Galois group Z/pZ. If K does not contain all p-th roots of unity, we may still
define K@ by first constructing (K (14,))®) and then applying the Galois descent;
in this case, the extension K /K @ may not be Galois.

We call the inclusion ¢(®*
phism). We view K@ as being equipped with the derivation 3’ = 3/(pu?~"); it is
a derivation on K@ because a simple calculation shows that @x)® = {1’;8()6("))

: K@ < K the 3-Frobenius morphism (homomor-

for any x € K, yielding that 8’(x) is invariant under the Z/ pZ-action if x € K.
By [Kedlaya and Xiao 2010, Lemma 1.4.9], 3’ is of rational type on K®.

We sometimes use ¢?" : K@ < K to denote the p"-th d-Frobenius (homo-
morphism) obtained by applying the above construction n times; if K contains a
primitive p"-th root of unity ¢, this is the same as the fixed field for the natural
action of Z/p"Z on K given by x) =T (x; 8; (¢}, — u) fori € Z/p"Z.

Remark 1.2.15. We point out that the definitions of d-Frobenius and K ? depend
on the choice of the rational parameter u.

Lemma 1.2.16. The residue field k g contains k.

Proof. We know that K is generated by u over K@ If lu| ¢ |[KD>|, K@ will
have the same residue field as K does. If |u| € |[K@*|, let x € K® be an element
such that |x| = |u|. Then kg is generated over k x@ by u/x, whose p-th power lies
in kg @ . The statement follows. (]

Definition 1.2.17. Given a d’-differential module V' over K@, its 9-Frobenius
pullback is the 9-differential module ¢@*V’' = V' ® ) K over K, where

AW ®x)=pu’ 1 (W)@x+1 ®3(x) W eV ,xeKk).

For a o0-differential module V over K, we define the d-Frobenius descendant
of V to be the K@ -module (pia)V obtained from V by restriction along ¢(* :
K@ — K and viewed as a ’'-differential module over K ¥ with the action given
by 8’ (v) = d(v)/puP~! forany v e V.

Let V be a d-differential module over K such that IR;(V) > p~ /=D A 3-

Frobenius antecedent of V (which always exists as is shown in[Lemma 1.2.T§(c)) is a
d’-differential module V' over K@ such that V = ¢@*V’ and IRy (V') > p~P/(P~D,
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Lemma 1.2.18. The 0-Frobenius pullbacks and descendants have the following
properties.

(a) For V' a &'-differential module over K, we have
IRy (9 *V") = min{IRy (V")'/?, p IRy (V")}.

Moreover, if IRy (V') # p~P/(P=D  the above inequality is in fact an equality.
(b) For V a d-differential module over K, there is a canonical isomorphism
e@*Py = yor,

(c) Fori =0,...,p—1, let Wl-(a) be the '-differential module over K9 with
one generator v (which is a proxy of u'), such that 3'(v) = (i / p)u~Pv. Then
IRa/(Wi(a)) =p PPV fori=1,..., p— 1. For any d-differential module
V over K, we have canonical isomorphisms (; : ((pia)V) ® Wi(a) = (p,(ka)V
fori =0,...,p—1. Moreover, a submodule U of goia)V is itself the 0-
Frobenius descendant of a submodule of V if and only if 1;(U ® Wi(a)) =U for
i=0,...,p—1

For Vi and V, 0-differential modules over K, we have

ePVi@ eV = (o (Vi ® V).
For V' a 3'-differential module over K @ we have
pD @y =y g pES vew?.
i=1
(d) (Christol-Dwork) Let V be a d-differential module over K such that
IRy(V) > p~ /=D,

Then there exists a unique d-Frobenius antecedent V' of V. Moreover, we have
IRy (V') =IRy(V)P.

(e) Let V be a d-differential module over K. Then

{rl’, p—p/(p—l)’ o p—p/(p—l) } ifr> p—l/(p—l),

p—1 times

TRy (@PV) = U
reJR, (V) {p_lr"--vp_lr} lfrfp_l/(p_l)‘
—

p times

In particular, we have IRy (9"’ V) = min{p~'IRy(V), p~P/(P=D},

Proof. For (a), see [Kedlaya and Xiao 2010, Lemma 1.4.11 and Corollary 1.4.20].
(b) and (c) are straightforward. For (d), see [Kedlaya 2010, Theorem 10.4.2]. For
(e), see [Kedlaya and Xiao 2010, Theorem 1.4.19]. U
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Remark 1.2.19. As in [Kedlaya 2010, Theorem 10.4.4], one can form a version of
[Lemma 1.2.18|(d) for differential modules over discs or annuli.

For the following theorem, we do not assume p > 0.

Theorem 1.2.20. Let V be a d-differential module over K. Then there exists a
unique decomposition of d-differential modules:

V- .
re(0,1]

where every subquotient of V, has pure intrinsic d-radii r. Moreover, V., = 0

ifr ¢ K> |9

Proof. For the decomposition, see [Kedlaya and Xiao 2010, Theorem 1.4.21]. The
rationality of those r such that V, # 0 follows from [Proposition 1.2.8|when r < @
and from taking d-Frobenius antecedents in the general case. ([

Definition 1.2.21. We call @,¢(0,»)V; the visible part of V and @, ¢, 11V, the
nonvisible part of V. If V consists of only its visible part, we say V has visible
(intrinsic) 0-radii; similarly, if V consists of only its nonvisible part, we say V has
nonvisible (intrinsic) 0-radii.

Remark 1.2.22. Let V be a d-differential module over K with pure intrinsic d-radii

IRy(V) > p‘l/(f’_l). By|Lemma 1.2.18(d), V has a d-Frobenius antecedent V'. By

Lemma 1.2.18|c),
p—1
oV =9l v =V e (@ V'® Wi(a’).
i=1

This decomposition coincides with the one obtained by applying [Iheorem 1.2.20
(@)
to g, V.

1.3. Refined radii. When a 0-differential module V has pure 0-radii, we will define
the multiset of refined 0-radii, certain secondary information for the differential
module. Similar to the case of d-radii, we may canonically write V as a direct sum
of d-differential submodules such that the multiset of refined d-radii for each direct
summand consists of elements pairwise-conjugate under the action of Gal(K2/K).

Hypothesis 1.3.1. In this subsection, let K be a complete nonarchimedean field of
characteristic zero and residual characteristic p (possibly p = 0), equipped with
a derivation 0 of rational type. We fix u € K a rational parameter for d. Unless
otherwise specified, we assume that V is a d-differential module of rank d over K
with pure intrinsic d-radii IR3(V). Put s = —log(wRa(V)_l) = —log |d]sp,v-
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Notation 1.3.2. For P(T) =T+ a, T4 '+ -4a, € K[T] a polynomial whose
Newton polygon has pure slope s, the multiset of the reduced roots of P consists
of the reductions of the roots of P in K,(ﬁﬁlg, counted with multiplicity. If P is the
characteristic polynomial of a matrix A € Mat(mg)), we call the reduced roots of

P the reduced eigenvalues of A.

Notation 1.3.3. For b € (0, 1] (a proxy of IR3(V)), we define A =A(b) and r =r(b)
as follows.

(i) When b < w (which happens if V has pure visible intrinsic d-radii), we let
A(b) =0and r(b) = 1.

(ii) When b € [w, 1) and hence p > 0 (which happens if V has pure nonvisible
d-radii), let A(b) denote the unique positive integer such that

—1 —1
be [p PO | p PP (=) )

and put r(b) = p*®.
(ii1) When b =1, we let AL(b) =r(b) = oc.
Definition 1.3.4. Let b € (0, 1]. A K-norm |- |y on V is called b-good (or simply

good if b = IRy(V)), if it admits an orthogonal (not necessarily orthonormal)
basis, and

(1) when b < w (which happens when b = IR3(V) for V visible), we have [0|y <
w(®lu)!,

(i) when b € [w, 1) and hence p > 0 (which happens when b = IRy (V) for V
nonvisible), we have

i . r
‘3,— <ol fori=1,....r—1, |3— < p VDT, (1.3.5)
illy rlly

(iii) when b = 1, we have |3'/i!|y < |8|’k forall i > 0.
One may summarize the conditions (i)—(iii) by writing
(iv) |87/, <max {|9]%. (wb™"|u|~")/i!|} fori=1,....r.

Indeed, the equivalence of (1) or (iii) with (iv) is straightforward and the equivalence
of (ii) and (iv) (when necessarily p > 0) follows from the observation that the
maximum above is equal to |3|% if i <r and to p~Y/®=D(b|u|)~" if i =r. From
condition (iv), it is obvious that a b-good norm is also b’-good for any b’ < b.

For the rest of this definition, we assume that b = IRy(V) < 1. By
below there exists a good norm for V.

Using this good norm, we define the multiset of refined d-radii of V, denoted by

®,(V), as follows. Enlarge the value group of K in the sense of [Remark 1.2.11|so
that V admits an orthonormal basis. Let N, be the matrix of 3" with respect to the
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chosen basis. If o1, ..., oy are the reduced eigenvalues of N,, viewed as elements

") we put

N K g

OV, |- =), .. )"}

as the multiset consisting of elements in xﬁgilg (note that there is no ambiguity of
taking r-th roots for elements in /c;(rf]; when p > 0). We will see in Lemmas
and that the multiset of refined d-radii is independent of the choices of the
good norm and the orthonormal basis of V. After these lemmas, we will abbreviate
Oy(V,] 1) to ®3(V). When ®y(V) is pure as a multiset, we say that V has pure
refined 0-radii.

We remark that ®; (V') does not depend on the choice of the rational parameter u.
But it is sometimes convenient to use the multiset of intrinsic refined 0-radii
903(V) =u®y(V) for a fixed rational parameter u € K.

Finally, in the case when IR3(V) = 1, we conventionally define ®3(V) and
90,5 (V) to be the multisets consisting of 0 with multiplicity dim V.

Remark 1.3.6. In the definition of refined d-radii, we first enlarged K to K’, the
completion of K (xy, ..., x,) for some (11, ..., n,)-Gauss norm. However, the
multiset of refined d-radii ®3(V, |-|) is still composed of elements in K;(Si]g. Indeed,
since the construction is canonical, for any 6 € ®3(V, |-|), we have g8 € ©3(V, |-|)
for any automorphism g of K’ fixing K. But ©®3(V, |-]) is a finite multiset. So it can
consist only of elements in /c;gzlg. Alternatively, we can carefully keep track of the
new variables we introduced in the computation of reduced eigenvalues; from this,

we can also see that the multiset of refined d-radii is composed of elements in K;;:]g.

Remark 1.3.7. We also remark that when p > 0 and b = w!/ P* | the condition
(1.3.5)|fori =1, ..., p*~!is equivalent to[(1.3.5)|fori =1, ..., p*. But we need
the matrix N to define refined d-radii. For example, when b = IRy(V) = w, we
will see in below that the twisted polynomial from [Proposition 1.2.§]
gives us a good norm on V. However, one cannot compute the refined d-radii by
taking the reduced roots of this twisted polynomial. Instead, one has to find the
matrix for 97.

Remark 1.3.8. For a good norm, one can show that the inequalities in|(1.3.5)|are in
fact equalities, but we will not use this fact later; see [Kedlaya 2010, Lemma 6.2.4]
for a proof of similar flavor.

Lemma 1.3.9. Let V be as in|Hypothesis 1.3.1| Assume that b < IRy(V), and that
b<1ifp>0. Then V admits a b-good norm. In particular, any V with pure
intrinsic radii IRy(V') < 1 admits a good norm.

Proof. We first assume that b < w. We take a cyclic vector v € V with twisted
polynomial P. By[Proposition 1.2.8] the lesser of —log |d|x and the least slope of the
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Newton polygon of P equals min{s, —log |d|x} > —log(wb~'|u|~"). Then we can
define a b-good norm on V by taking the orthogonal basis to be v, dv, ..., 3% v
with [3'v] = &' (Blu|)™ fori =0,...,d — 1. When b = w, as pointed out in
our bound |3|y < |u|~! alone implies condition for r =
1,..., p when p > 0, and condition (iii) in [Definition 1.3.4] when p = 0.

The remaining case is when p > 0and b € (p~"/®?=D 1), Weletn =1 — 1 if
b=p~ (P*'(p=1) and n = A otherwise. In other words, 7 is the unique nonpositive
integer such that

be (ppn_l(l’_l)’ppn(ip—l)].

Let @ : K@n 5 K be the p"-th 9-Frobenius and let § = 3/(p"u?"~!) be
the corresponding derivation on K@ Since IRy(V) > b > p~V/®" (=) py

repeatedly applying [Lemma 1.2.T8d), we obtain an n-fold d-Frobenius antecedent
W over K @™: it has intrinsic d-radii

n n P =1
IR (W) = IRy(V)" = 67" € (p7=1, p7=T |

In particular, W has a b”"-good norm by the argument in the previous paragraph.
We have
w?"d|,, < p~ VB €1, p)
<p-p=p*
w

<p-1=p*! whenn=»x1-1.

' whenn =2,

= [ud|,, = p~"u”" (1.3.10)

This norm on W gives rise to a K-norm | - |y on V, which we will show is b-good.

By |((1.3.10), we have |ud —i|y = |ud —i|w < |i| fori =1,..., p* — 1. Hence we
have, for i = 1,...,pk,

w'o'| _|u'd’ =‘u8(u8—1)---(u8—(i—1))‘ <’@‘
il ly il lw i! w—lilw
. <1 ifi=1,...,p*—1,
= }pTupné)W < p_l/(”_l)b_”" = p_l/(”_l)b_pA ifi = p)‘ and n = A,
< pP/(P=Dp=p" = p-1 ifi=ptandn=xr—1.
This verifies [(1.3.5)] O

Lemma 1.3.11. Assume that IRy(V) < 1. Let | - | be a good norm on V. Then the
multiset of refined 0-radii ®y(V, | -|) is well-defined.

Proof. By possibly enlarging K in the sense of[Remark 1.2.11} we have two orthonor-
mal bases e and €’ for | - |y such that ¢’ = eA for a transition matrix A € GL;(Ok).

Fori =1,...,r,let N; denote the matrix of 3’ with respect to e; by |(1.3.5), we
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have |N;/i!| <3|} fori =1,...,r — 1. Then

V) _ e g 0@ 0TIy (Z N (A))_

r! rl il (r=i)! — il (r—=i)!

i=0
If A='M A denote the matrix of 3" /r! with respect to e/, we have

r—1 ,
_ & Mar—l(A)A—l
M= r! 2(; i =i

1=l

Note that |N;/i!| < |d|% and
19" (A AT (r =D < |81 A AT < [l

imply that |[M — N, /r!| < 10|y < @R3(V)™", which is smaller than any singular
value of N,/r!. By [Kedlaya 2010, Theorem 4.2.2], the reduced eigenvalues of
N, /r! coincide with those of A~' M A. Therefore, ®y(V, |- |) does not depend on
the choice of an orthogonal basis for | - |. U

Lemma 1.3.12. Assume that IRy(V) < 1. Let | - |1 and | - | be two good norms on
V. Then ©y(V,|-11) = Oy(V, |- |2).

Proof. By possibly enlarging K as in we may choose orthonor-
mal bases e and f of |- [; and | - |2, respectively, so that eA = f with A =
Diag{all, ey add}.

Let N; denote the matrix of 3’ with respect to e; by|(1.3.5), we have |N;/i!| <1
fori=1,...,r —1. Then

r

YD _eh) 0@ A _ gy (Z N9 (A) A_l) s

N il (r—i) = — il (r=i)!

r! r!
=

It suffices to show that N, /r! has the same reduced eigenvalues as

3N o1
c— il (r—i)!
i=0

This is true by [Kedlaya 2010, Theorem 4.4.2] since

N; 9" (A) 71|_‘& ‘ . (3r_i(a11) -1 3" (aqa) —1)’
it AT PRe T Ty

<19l - 10l " <@Ry(V) 7',
fori =0,...,r—1. O

Corollary 1.3.13. Assume that V has pure visible d-radii. For any cyclic vector
v € V, the multiset of the reduced roots of the twisted polynomial associated to v is
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exactly the multiset of refined d-radii of V. In particular, this multiset is composed
(s)

Kalg*

More generally, we may drop the hypothesis that V has pure 0-radii, and only

assume that V has visible 0-radii Ry(V) = we’. Let h denote the multiplicity of
Ry (V) in the multiset Ry (V). In this case, for any cyclic vector v € V, if we write
the associated monic twisted polynomial as X4aq, X9 14.. -~+ay, then |a;| < eis
fori < h and |ay| = e™". Moreover, if Vs is the direct summand of V with pure

o-radii we® as given by|Theorem 1.2.20} then ©y(V,es) consists of the reduced roots
of the polynomial X" +a X" ' 4+... +a, =0.

Proof. As already pointed out in we emphasize again that the case
IR3(V) = w is not included in the statement. We first treat the case when V has pure

visible d-radii. We can construct the good norm using the twisted polynomial as in
This twisted polynomial is then exactly the characteristic polynomial
of the matrix of d with respect to this basis. The claim follows.

For V not necessarily pure of 0-radii, the bound for norms on a; follows from
[Proposition 1.2.8| For the statement about refined d-radii, we need to dig into the
proof of [Theorem 1.2.20]a bit more. By [Kedlaya 2009} Corollary 3.2.4], we can
write P = QR where Q and R are monic twisted polynomials such that the Newton
polygon of Q = X" +a1X h=14 .. -+ aj, has pure slopes s and the Newton polygon
of R has slope strictly bigger than s. Moreover, we have Vs = K{T}/QK{T}. The
upshot is that the formal multiplication satisfies |a; —a.| < e foranyi=1,..., h.
Therefore, the reduced roots of X" +a; X1 + ... 4+ a;, = 0 are the same as the
reduced roots of X" + aiX =l 4 a;l = 0, which are the same as the elements
of ®3(V) by the discussion in the previous paragraph. (]

Lemma 1.3.14. Fixb < (0, 1) and setr =r(b), . =A(b), and s = —log(w (b|u|)~").
Let V' be a d-differential module over K of rank d, equipped with a basis e, with
respect to which the action of 0 satisfies the conditions in |Definition 1.3.4| with
the chosen b. Assume that the reduced eigenvalues of the matrix N, € Mat(m%s))
of 3" on V' are all nonzero in Kgfli
consequence, ®y (V') is exactly the multiset of the reduced eigenvalues of N,.

of nonzero elements of k

Then V' has pure intrinsic d-radii b. As a

Proof. Since N, € Mat(m%‘v)), we have IRy (V') > b. Suppose that V' does not
have pure intrinsic d-radii b. Enlarging K as in|Remark 1.2.11|if needed, we may
apply [Theorem 1.2.20|and [Lemma 1.3.9|to V' and its Jordan—Holder constituents

to find a basis f for which the conditions in [Definition 1.3.4/hold and the matrix

N, € Mat(my") of 9" is degenerate modulo m{’)* (when identifying x* with

kk). Now, the same argument in the proof of implies that N, and
N, must have the same multiset of reduced eigenvalues. But zero is a reduced
eigenvalue of ﬁ, but not of N,, which is a contradiction. Hence V' has pure intrinsic
0-radii b. The last statement is O
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Lemma 1.3.15. We have @3(VY) = —0y(V) ={-010 € ©4(V)}.
Proof. This is straightforward. U

We will prove in[Theorem 1.3.26|a direct sum decomposition of V parametrized
by the multiset of refined d-radii. For this, we start with some basic properties of
refined d-radii when V has visible d-radii.

Lemma 1.3.16. Let V and W be two 9-differential modules over K with pure and
visible d-radii Ry(V) = Ry(W). Then the following two statements are equivalent.

(1) The refined d-radii of V and W are distinct, that is, ®3(V) N Oy(W) = .
(2) The tensor product V.Q WY has pure 9-radii Ry(V).

Moreover, if either statement holds, we have an equality of multisets:
Oy(VRWY)={0; —0,:0, € Oy(V), 0, € Oy(W)}.
As corollaries, we have the following:

(@) If O3(V)NOy(W) = g, then any homomorphism [ : W — V of d0-differential
modules is zero.

(b) If ®y(W) has pure refined d-radii 6 € (), then 0 € ©y(V) if and only if

V ® WY does not have pure d-radii Ry(V).
(©) If ®43(V) and ®y(W) both have the same pure d-radii 6 € K;(S;g, then we have
Ry(VQWY) > Ry(V).

Proof. By [Lemma 1.3.15] we have ©y(W") = —O3(W). We may enlarge K as in

Remark 1.2.11[so that we have good norms on both V and WV given by orthonormal
bases. Equip V ® WY with the tensor product norm. Let Ny, Ny € Mat(mﬁ?) be

the matrices of 9 acting on V and W with respect to the given bases, respectively.
By Oy(V) and —Oy(W) are the multisets of reduced eigenvalues
of Np and Ny, respectively. Then the multiset of reduced eigenvalues of the matrix
N=Ny®1+1Q Njisexactly {6 —0,:60) € O3(V), 6, € @y3(W)}.

If (1) holds, then all reduced eigenvalues of N are nonzero and hence |N"|=e™

for all n € N. Moreover, the reduction of N" in M, (/cglji) has full rank if we identify

K[(;’j; with kgae. Therefore, V. ® WY has pure d-radii R3(V) by
proving (2).

Conversely, if (2) holds, then the tensor product norm is a good normon V@ WV
already and the multiset of reduced eigenvalues of N is the multiset of refined
d-radii of V.® WV. By [Corollary 1.3.13, 0 ¢ ©y(V ® W"). This implies (1).

We now prove (a). Since V ® WY has pure d-radii Ry(V) < w, we have
H g (V. ® WY) =0 and hence there is no nonzero homomorphism of 9-differential
modules from W to V.

Statement (b) is just (a special case of) the inverse statement of (1) < (2).

ns




1598 Liang Xiao

For (c), we know that Ny and N; have pure reduced eigenvalues 6 and —6,
()

respectively. Hence N = No ® 1 +1 ® N reduces to a matrix in k., with zero
eigenvalues (if we identify Ké‘;}lg with K gae). It is then nilpotent, that is,

N" e Mat(m{5")  for n > dim V - dim W.
This implies that R3(V @ WY) > Ry(V). O

Lemma 1.3.17. Let V and W be two 9-differential modules over K. Assume that V
has pure and visible 3-radii and Ry(V) < Ry(W). Then V Q WV has pure 3-radii
Ry (V) and multiset of refined 9-radii is composed of dim W copies of ©3(V Q WY).

Proof. By[Theorem 1.2.20] we may assume that W has pure d-radii. By[Lemma 1.3.9]
we may find a b-good norm on W with b = min{IRy(W), w} > IRy (V).

We proceed as in[Lemma 1.3.16] If Ny and N, are the matrices of d with respect to
some orthonormal bases of V and WV, respectively, then we have N € Mat(m(,‘(v)Jr)

and that Ny has pure reduced eigenvalue ®; (V). Hence the multiset of reduced
eigenvalues of No ® 141 ® Nj is simply composed of dim W copies of the set of
reduced eigenvalues of Ny. The lemma follows. U

The refined d-radii of a nonvisible d-differential module is closely related to the
d’-radii of its Frobenius antecedent; we can save much computation by using this
fact. To establish this relation explicitly, it is more convenient to work with the
refined intrinsic 0-radii.

Proposition 1.3.18. Assume p > 0. Let 99 : K9 — K be the d-Frobenius with
respect to the parameter u.

(a) Assume that IRy(V) € (p_l/(p_l), 1), and then|Lemma 1.2.18(d) implies that

V =@ O*W for some d'-differential module W on K© such that
IRy (W) = IRy(V)P.

We have
Oy (V) = {—=(p)'/? :6" € @5 (W)}

(b) Assume that IRy(V) = p~ /(=D a@d then (pfka)(V) has pure intrinsic d’'-radii
p~P/P=D The elements in &@y(gof)(V)) can be grouped into p-tuples

g e e ey

(Q 6+1 9+p—1>
p P p

with 6 € K gag, and $Oy(V) is the multiset composed of (07 — /P e K gag for
each p-tuple above.
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(c) Assume IRy(V) < p~"/P=D_ Then we have

90y (@PVy={p'0,....p7'0:0 € 30y (V)}.
—_—

p times

Proof. (a) By |Lemma 1.3.9|and by possibly enlarging K as in [Remark 1.2.11}

we can take an orthonormal basis e on W which defines a good norm. The norm
induces a good norm on V by the explicit construction in[Lemma 1.3.9] Let A be
as in [Notation 1.3.3] We have

u? 37 =udud—1) - @d — p*+1) = puPd (puPd —1) - - - (purd' — p* +1)
ph—1
A—1 A A—1
=p” w8 [T (pu?d —i);
i=1,pti

this operator also acts on W. Since |u?d'|y < max{l, p~"/®=DIRy (W)} < p,
we have

‘up‘ap" _ pp*" ((_1) e (—p+ 1))1’A_'up"3/p*{w < ‘u”kal’klw.
Therefore, the matrix of 37" with respect to e is congruent to the matrix of
(=P D P P modulo m& 0T
We then must have
Oa(V. - 1) = {((=DP " (pne) " |6 € @y (W)} = { — (p0)"" | 6 € @1 (W)}.

(b) When IRy (V) = pil/(l’*”, i:emma 1.2.18ke) implies that goia)V has pure in-

trinsic 8’-radii p~7/(?~D. By|Lemma 1.2.18|e) and [Lemma 1.3.16] the elements in

9@3/((pia)(V)) can be grouped into p-tuples
( 6 0+1 0+p—1 )

El

pop T p
with 6 € kgaz. (Note: explicit computation shows that 5’@3/(W( )) = { Ly, ) By

possibly enlarging K in the sense of R | we may assume that oDy

admits a good norm defined by an orthonormal ba151s e. Let N be the matrix of
puPd’ with respect to e. Then u”d” acts on ¢ @*(? (V) = V®P according to

ud(ud —1)---(ud —p+1) = pu?d' (pu?d’ —1)--- (pu?d' — p+1).
Hence the matrix for this action with respect to e is congruent to the product

N(N—1)---(N—p+1) modulo pOgw since |pu’d’|xw = p~!; then the multiset
of its reduced eigenvalues is composed of 67 — 6 with multiplicity p for each tuple
( 6 6+1 0+p—1 )

g o e ey

p P p
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in the multiset of reduced eigenvalues of N. The statement follows.

(c) By[Lemma 1.2.18(e), (pia) V has pure intrinsic d’-radii
p~ Ry(V) < pP7 Y,

Since u?d’ = ud/ p, we can take a good norm of <p>(ka) V and deduce that

1
5’®a/((pf’) V)= ;y@a (‘P(a)*wia) V),

which in turn equals %9@3(V®1’ ) by [Lemma 1.2.18(b). The statement follows. [l

Proposition 1.3.19. holds only assuming IRy(V) = IRy(W) < 1

instead of the visible hypothesis. Similarly, holds with only assuming
IRy(V) < 1 instead of the visible hypothesis on V.

Proof. It suffices to check the remaining cases: p > 0 and IRy(V) > p~ /=D _If
IRy(V) > p~ /(=D the statements for V and W follow from the statements on
their -Frobenius antecedents by [Proposition 1.3.18(a). If IRy (V) = p~ /=D the
statements for V and W follow from the statements on their d-Frobenius descendants

by [Proposition 1.3.18|(b) and [Lemma 1.2.T§(c). O

The following is an example of d-differential modules with pure refined d-radii.
It will serve as a testing object later.

Our convention is to use Gothic letter s instead of s when discussing intrinsic
radii of convergence; we will never use both s and s together.

Example 1.3.20. Fix s € —log |K*|® such that s < 0 if p =0, and 5 < é log p if

p>0.Letf e Kleg be a nonzero element.

(1) If p =0, then we have s € —log [(K')*| and 6 € K;f,) for some finite ramely
ramified extension K’ of K. Let x be a lift of 0 to mg? Putd=1and n =0.

(2) If p >0, there exists n € N such that 97" € (K;(p,nfls))p with p"~lse —log [(K')|

for some finite ramely ramified extension K’ of K. By|Lemma 1.2.16, we may
find a lift
(p"s)

_pn
X Eeu U mye,

of u=P"9P", where the extra u—?" reflects the different normalizations of refined
intrinsic d-radii and refined d-radii. Put d = p”".

Let £, () be the d-differential module over K’ of rank d with basis {ey, ..., es},
where the d-action is given by de; = e; | fori =1,...,d — 1 and de; = xe;.

Remark 1.3.21. When p > 0, we point out that 5 < % log p also includes some

part of the nonvisible range. The restriction § < % log p in[Example 1.3.20]is linked

with the choice x € ufpnm%’:;). In general, we may extend the range of s to be



On the refined ramification filtrations in the equal characteristic case 1601

(‘oo’ <p£1 - pC(pl—l)> 10gp>

for some ¢ € N, but the price we pay is to take x € u_”nm(lf,(;z.) lifting u=P" 67" for
some n € N and some finite tamely ramified extension K’ of K. However, as ¢ gets
larger, we need to enlarge n to guarantee the existence of such a lift x. This is why

1
we may not assume that s < 51 log p.

Remark 1.3.22. In the nonvisible case, one can construct a d-differential module
with pure refined d-radii by simply pulling back a d’-differential module over K (V)
with appropriate refined d’-radii. However, such a naive construction does not help
our later study of the one-dimensional variation of refined d-radii. We will construct
[Example 1.5.7] a family version of [Example 1.3.20, which looks similar in both
visible and nonvisible ranges.

Lemma 1.3.23. Keep the notation as in|Example 1.3.200 Then ¥, (,) has pure
intrinsic 9-radii IRy (£ () = we® and pure refined intrinsic 9-radii 6.

Proof. We may replace K by the completion of K (z) with respect to the |u|~'e™*-
Gauss norm (and set 9z = 0).

We first assume that either we have p =0 or we have p > 0 and s < 0, that is,
we consider the visible d-radii case. We note that ey, z 'es, ..., z- @ Ve, together
define a good norm on &£, (,); it is a straightforward computation to check that the
statement in this case.

We now tackle the case when p > 0 and s € [0, élog p). Fori=1,...,p,

we have

de = ey wheni+I[<p", and a"e,,n_, = ai_l(xel) when i > 1.

We will show that {ej,z 'es, ..., z7?""De,n} defines a good norm on %y ().
Indeed, fori =1, ..., p, the matrix of 8’ with respect to this basis is
0 0 o0 -0
0 0 o0z o0
0 0 . 00 ... A
;= o 1.3.24
Ni 7z Pty 0 o 00 --- 0 (1.3.24)
7P gy 7P iy o0 0 ---0
2Py =Dz P2y .. 000 - 0

Note that
191go = p~ ul? 9 |xo = p~ ' ul™ <wlz| < |zl
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—1 + . B . .
Hence, modulo m% °2I:D* " the nonzero terms of N; are the z' and z=”"*x in

[(1.3.24)} they form a 2-by-2 block matrix

— 0 2 I =iy (pr—i) (—log |z])
N, (Sloglzh — - PEZOXPE=D ) e Matpny pn (ke 27",
i 7P +lx’Ii><i 0 pxp ( K )

Note that |z77" T x| = |z|. By|Lemma 1.3.14] we have IRy (¥, (n)) = we® and that

this basis defines a good norm on V. Moreover, the multiset of reduced eigenvalues
of N, is composed of the element x /7" with multiplicity p”. This implies that

I0,(V) ={6 (p" times)} by the choice of x in|Example 1.3.20 U

Lemma 1.3.25. Let V be a d-differential module over K with pure visible 0-radii
Ry(V) = we®. Then we have the following.

(a) For any subquotient Vo of V, all elements in ®y(Vy) appear in ®y(V).

(b) Forany 6 € K};;g, there is a unique maximal d-differential submodule of V

which has pure refined 0-radii 6.

Proof. For 6 € k), such that 8 ¢ ©,(V), let Ly () be the d-differential module

Kalg
constructed in [Example 1.3.20| By Lemmas [1.3.23(and [1.3.16, V ® £V | has
pure d-radii Ry(V), and so does Vp ® (SB;(”). By the same lemmas again, we

have 6 ¢ ®,(Vp). This proves (a). We point out that this, however, does not
prove the inclusion ®y(Vp) € ®3(V) as a multiset, which will be a corollary of
Theorem 1.3.26] below.

The second statement follows from the observation that if two submodules V;
and V; of V both have pure refined d-radii 8, so does their sum V| + V, because it
is a quotient of V| @ V5. O

Similarly to the direct sum decomposition by intrinsic d-radii, we have a direct
sum decomposition by refined intrinsic d-radii. The latter is in fact deduced from
the former by twisting d-differential modules of the form &£, ().

Theorem 1.3.26. Let K and V be as in|[Hypothesis 1.3.1] Then V admits a unique
direct sum decomposition

V=P V. (1.3.27)

{Q}CK;:leg

where the direct sum runs through all Gal(K alg /K)-orbits {6} in Kﬁ(sig, such that

the refined 0-radii of Vyg) is a multiset consisting of the Gal(K™2/K)-orbit {0} with
appropriate multiplicities.
Moreover, if K' is a finite tamely ramified extension of K such that all the 0 in

(p”S)) 1/p"

the above decomposition belong to | J,, (K K , then we have a unique direct
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sum decomposition
verK'= P v

(s)

GEKK/alg

of d-differential modules over K’ such that each Vy has pure refined d-radii 6.

Proof. The statement is void if IR;(V) = 1. We assume IRy(V) < 1 from now
on. We first replace K by the K’ in the theorem; using the uniqueness of such a
direct sum decomposition and Galois descent, we may recover the statement over
K. Note that[Lemma 1.2.10|implies that 9 is still a derivation of rational type.
We first assume that either p =0, or p > 0 and IRy(V) < p~"/?~=D_ For each

0 € ®,(V), we construct £ () as in[Example 1.3.20, which is a rank d 0-differential

module with pure d-radii Ry(V) and pure refined radii 6. By [Lemma 1.3.16(b),
V£, | does not have pure radii Ry(V). |Theorem 1.2.20| then gives rise to a

x,(n
decomp(()s)ition Ve 55; ) = Wo @& Wy, where Ry(Wp) > Ry(V) and W; has pure
o-radii Ry(V).
Put Wo =Wo®<L, n) and Wl = W) ® <, (n). Consider the following homomor-
phisms of d-differential modules:

4
Vv @&E;m) ® Lx,in) — Wo & W1,

J
where i is induced by the diagonal embedding K — LP;’ m ® Lx,m and j is
induced by the trace map SBZ’ o ® £x.) — K normalized so that j i~= id. I;et
po and p; be the projections from V ® EBZ’ ) ® Lx,(m) to the factors Wy and Wy,
respectively, viewed as submodules of the source. We then have pg = po, pl2 = p1,
and po+p1= 1.

We claim that jpoi and jp;i are projectors on V. Indeed, [Lemma 1.3.16(c)
implies that Ry (58;@ ® Lx.n) > Ry(V). Bylm Ve EBZ’(n) Q Lx.(n)
and hence VT/O and W, have pure d-radii Ry(V). [Lemma 1.3.17| also implies that
Oy (Wo) consists of solely 8, and by the “moreover” part of [Lemma 1.3.16[ we have

®3(W1) = |61 +6 (with multiplicity d) | 6; € ©5(W1)}.

In particular, we have 6 ¢ ©;(W,). Hence any homomorphism of 9d-differential

modules between W, and W/l has to be zero by [Lemma 1.3.16(a). In particular,

piijpo = poijp1 = 0. Thus, we have
(jpoi)(jpoi) = jpoij (1 — p1)i = jpoi (ji) — j(poijp1)i = jpol,
(Gp1)(Gpri) = jpiij (1 — po)i = jpii(ji) — j(piijpo)i = jpii,
Jpoi + jpii=j(po+p)i=ji=1
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This proves V = jpoi (V)@ jp1i(V). Moreover, by [Lemma 1.3.25(i), ©3(jpoi (V))
consists of only 8 since it is a quotient of Wo, and ©;( jp1i(V)) does not contain 6
since it is a quotient of Wi. Applying this process to each of 6 € ®;(V) gives the
desired decomposition

The uniqueness of the direct sum decomposition follows from [Lemma 1.3.25|b).

Now if p > 0 and IRy(V) = p‘l/(f’_l), the decomposition |(1.3.27)|comes from
the decomposition of its d-Frobenius descendent, via the relation described in
IProposition 1.3.18(b). If p > 0 and IR;(V) > p~ /P~ the decomposition
comes from the decomposition of its d-Frobenius antecedent, via the relation
described in [Proposition 1.3.18[a). ]

Now we prove some fundamental properties for tensor products of d-differential
modules with pure d-radii and pure refined d-radii. One can combine this with
Theorems|[1.2.20]and[T.3.26]to obtain corresponding results for general d-differential
modules.

Proposition 1.3.28. Let V and W be two d-differential modules over K with pure
d-radii Ry(V) = Ry(W) < |u|~! and pure refined 0-radii Oy and Oy , respectively.

(a) Then WY has pure refined 9-radii —0y.
(b) If Oy = Ow, then we have Ry(V @ WY) > Ry (V).

(¢) If Oy # Ow, then V Q@ WY has pure d-radii Ry(V) and pure refined d-radii
Oy — Ow.

(d) Moreover, if we do not assume that V-.and W have pure refined d-radii and let
U denote the maximal submodule of V. ® W" that has 9-radii strictly larger
than Ry(V'), then we have

dimU = Z multip (O5(V)) - multig (5 (W)).

(8)

QEKng

Proof. (a) is straightforward, and (d) follows from (b) and (c) by the decomposi-
tion
When IRy (V) =IRy(W) < w, (b) follows from|Lemma 1.3.16(c), and (c) follows

from the “moreover” part of the same lemma.

When p > 0 and IRy (V) =IRy(W) > p~ /=D _(b) and (c) for V and W follow
from the same statement for the d-Frobenius antecedents of V and W, by the
relation described in [Proposition 1.3.18(a).

We now prove (b) and (c) in the case when p > 0 and I R3(V) = IRy(W) =

p~ /=D First, [Lemma 1.2.18(3) implies that

oMV e (ePW) = (e (Ve W)™
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Note that [Proposition 1.3.18(2) implies that the multiset of refined intrinsic d-radii
of V is composed of all the solutions to

p
() 5=
p p

each with multiplicity dim V, and that the multiset of refined intrinsic d-radii of W
is composed of all the solutions to

p
() -5
p p

each with multiplicity dim W. If 6y # Oy, by (c) in the visible case together
with [Theorem 1.3.26 the multiset of refined intrinsic d’-radii of (pia) Ve ((pfka) w)Y

consists of roots of

<%>p — % =u(ty —Ow),

each with multiplicity p dim V dim W. Statement (c) then follows from [Proposition|

b). If 8y = Oy, by (b) in the visible case together with [Theorem 1.3.26]
(pia) Vv ®§0»(<3) W has a submodule of dimension (p — 1) dim V dim W whose intrinsic
d’-radius is strictly larger than p—?/(P=D By e), this can happen
only if IR3(VQ@ W) > p‘l/(p_l), which is what we need to prove in (b). O

Remark 1.3.29. We remark that if we do not assume that d is of rational type but
assume that Ry3(V) < |8|}1 instead, all the results in the subsection still hold (note
that we do not need Frobenius antecedent in the visible case).

1.4. Multiple derivations. Having studied the situation of one single derivation,
we now let multiple commuting derivations interact. This essentially amounts to
putting the information from each derivation together. To give the refined radii for
multiple derivations a more canonical definition, we will represent the multiset of
refined radii as a multiset of differential forms.

Notation 1.4.1. In this subsection, we put J = {1, ..., m}.

Definition 1.4.2. Let K be a differential ring of order m, that is, a ring equipped
with m commuting derivations 01, ..., d,. A d;-differential module, or simply a
differential module, is a finite projective K-module V equipped with commuting
actions of 9y, ..., d,,. We will apply the results in previous subsections to each 9;
separately.

Definition 1.4.3. Let K and V be as above, and let R be a complete K-algebra.
ForveVand Ti,..., T, € R, we define the d;-Taylor series to be

ey
T(; 3, Th, ..., T, Za ) rer ¢ v op R,
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if it converges.
We will need the following tautological lemma in the proof of

Lemma 1.4.4. Let 0 = 101 + - - - + &, 0,y be another derivation, with ay, . . ., oy
in K. To simplify the notation, we formally write o.; = d(u ;) for any j € J (and one
can check that the formula[(1.4.5)| can be written with no reference to u ;). Then, for
any x € V, we have

T(x; ay; T(uy; 0;8) —ur, ..., T(up; 0;6) —um) =T(x; 9; 8), (1.4.5)

as formal power series in V @k K[[3].

Proof. Since[(1.4.5)]is a tautological statement, we may assume that K is Z-torsion
free. It suffices to show that[(T.4.5)|is true modulo 8" for any 9,-differential module
V and for any x € V, by induction on n. This is clear for n = 1. Assume that we
have proved this claim for n and we need to prove it for n 4 1. It suffices to prove
the equality

DT (05 05 T 05 8) =, ., Tt 05 8)—tt) = T (55 03 ) =TO); ;)

modulo §" (note that the derivation reduces the exponents on § by 1). We compute
the left hand side as follows.

9
%T(x 33 T(ur; 058) —ur, ..., Tum; 0;8) — )

3’ (x) 9 .
Z L s (T 9:8) =) (TG 0:8) =) )

KJ—

¢’ . -
- Z (Jej(;) (Zej : (—”—(ul; d9;9) —Ml) "‘(T(uj; 9: 8) —uj) =1
e;=0 : jed &na
2+ (Tutm; 9 8) =)™ - 35 13 8 8))

_Z Z (68])(')6) ( T(uy; 9;8) —Lt])el

Jel et (Tl 03.8) = )™ - 2T (3.9 8))

By the induction hypothesis, modulo 8", this is congruent to

D T@;(x); 95 6) - wr(u,,a 8) = T(@;(x); 3;8)-T(d(u,); 3; 5)

jeJ jeJ
= T(Z 9;(x)d(u;); 9; 5) =T@O(x); 9; 5).
jeJ

This finishes the induction and proves the lemma. U
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Definition 1.4.6. Let K be a complete nonarchimedean differential field of order
m and characteristic zero, and let V be a nonzero d,-differential module over K.
Define the intrinsic radius of V to be

IR(V) = min{ IRy, (V)} = min{13;1ap. & /19; .1 }

For j € J, we say d; is dominant for V if IR, (V) =IR(V'). We define the multiset of
intrinsic subsidiary radii JR(V)={IR(V; 1), ..., IR(V; dim V)} by collecting and
ordering intrinsic radii from the Jordan-Holder constituents, as in
We again say that V has pure intrinsic radii if JR(V) is pure as a multiset.

We similarly define the extrinsic radius ER(V') to be the minimum of Rj; (V') and
the multiset of extrinsic subsidiary radii ER(V) ={ER(V; 1), ..., ER(V;dim V)}
by collecting and ordering extrinsic radii from the Jordan—Holder constituents.

Definition 1.4.7. Let K be a complete nonarchimedean differential field of order
m and characteristic zero. We say that K is of rational type with respect to a set
of parameters {u; : j € J} if each 9; is of rational type with respect to u;, and
0i(uj)=0fori # jin J.

Hypothesis 1.4.8. For the rest of this subsection, let K be a complete nonar-
chimedean field of characteristic zero, equipped with commuting derivations d; of
rational type with respect to parameters u ;. Let V be a d;-differential module with
pure d;-radii for each j € J. We assume moreover that IR(V) < 1.

Notation 1.4.9. For each j, put s; = —log(a)Raj(V)_l), Lj = A(R5;(V)), and
rj =r(Ry;(V)). By Theorem 1.2.20, we have s; € Q- log |K*| for any j.

Definition 1.4.10. By [Theorem 1.3.26] we may replace K by a finite tamely rami-
fied extension such that V admits a direct sum decomposition V =@ Vj,, where each

direct summand Vj, has pure refined 0;-radii 6; for any j € J. Define the multiset
of refined radii of V, denoted by ©(V), to be the collection of ¥ =) ._, 6, du;
with multiplicity dim Vjp,, where ¥ is viewed as an element of

@K;;ll duj.

jelJ

jeJ

The reason that we write the refined radii in the form of differentials will be justified
later, in

We will also consider cases where the derivations with larger radii of convergence
are ignored.

(i) Let $O(V) be the multiset consisting of elements ) _ 6; du; with multiplicity
dim Vjp,, where the sum is taken over those j such that IRy, (Vo,) =1IR(Vy,);
this is called the multiset of refined intrinsic radii. Often, we view it as a
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multiset of elements in

K;;;gdiz for s = —log(wIR(V)™ ).
jeJ uj

We remark that this definition does not depend on the field extension of K we
made earlier.

(ii) Let €©(V) be the multiset consisting of elements ) | 6;du; with multiplicity
dim Vjp,, where the sum is only taken over those j such that Rj;(Vo,) = R(Vq,).
We call it the refined extrinsic radii.

Definition 1.4.11. Let (by,...,b,,) € (0,1]™. Anorm |-|y on V is (by, ..., by)-
good (or simply good if b; = IR,; (V) forall j € J)ifitis b j-good with respect to
dj forall j € J.

Remark 1.4.12. In contrast to the single derivation case, we do not know if a good
norm exists in general, unless we assume that K is discretely valued, in which
case, [Lemma 1.4.14]below gives an affirmative answer. [Hypothesis 1.4.13|below
may not be necessary for some of the results later in this subsection, as one might
get around using some approximation process. Since we will work with complete
discrete valuation field in most applications, we restrict ourselves here to this case.

Hypothesis 1.4.13. For the rest of this subsection, we assume that K is discretely
valued.

Lemma 1.4.14. Assume that b; € (0, IRy, (V)] for any j € J, and thatb; < 1 for
all j if p > 0. Then the differential module V admits a (b1, ..., b,,)-good norm.

Proof. We first remark that if /R, (V') < 1,[Theorem 1.2.20|implies /Ry, (V) € |K |9,

To prove the lemma, we may assume b; = IR;, (V).

By the same argument as in using Frobenius antecedent, it suffices
to prove the lemma under the assumption that b; < w for any j € J. Note that the
d;-Frobenius antecedent is compatible with 9, for j’ # j. Let K’ be the completion
of K (x;) with respect to the e™*/-Gauss norm, where we set d;(x;) = 0 for all
Jj.j'eJands; = —log(w (b|ul)~"). In particular, K’ is discretely valued since
e % e|K*|?forany j € J.

We first show that V' := V ® K’ has a (b, ..., b,)-good norm. For this, it
suffices to show that given any norm | - |y with orthonormal basis ey, ..., €4, the
submodule M’ of V' generated by

{x?’c’)?’ei taj € Zso forany j € J and i e{l,...,d}}

over Ok is a finite Og/-module; if so, M’ gives rise to a norm on V', under which
[0j] < |x;| =e% for all j verify the conditions of (b1, ..., b,)-good norm in
IDefinition 1.3.4] To prove that M’ is a finite Og/-submodule, it suffices to prove
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that |x;‘ 8;’|V/ is bounded for each j as n — 400 (we used here the fact that K’ is
discretely valued, otherwise boundness may not imply finiteness). It is then enough
to verify this boundness condition for any K’-norm on V’. In particular, for each of
d;, we can choose a b;-good norm by for which |x}d |y < 1. Thus
M’ is finite over Ok and hence we have a (bq, ..., b,)-good norm on V',

This norm restricts to a K-norm on V satisfying all the norm conditions in
[Definition 1.3.4] We use the following lattice lemma to show that it admits an
orthogonal basis. O

Lemma 1.4.15. Let F be a complete discrete valuation field and let V be a finite
dimensional vector space, equipped with a norm compatible with F. Assume
moreover that the valuation group log|V —{0}|y of V is also discrete. Then V
admits an orthogonal basis.

Proof. The proof is almost the same as [Kedlaya 2010, Lemma 1.3.7]. For com-
pleteness and the convenience of the reader, we reproduce it here.

We use induction on the dimension n» = dim V. When n = 1, the statement
is obvious; any nonzero vector forms an orthogonal basis. Now assuming the
statement for n — 1, we will prove it for an n-dimensional F-normed vector space
(V, |-]v) whose valuation group is discrete. Pick a nonzero vector v; € V and denote
W =V /Fvy, provided with the quotient norm | - |y ; this is again F-compatible and
has discrete valuation group. By the inductive hypothesis, W admits an orthogonal

basis vy, ..., v,. Fori =2,...,n, we pick v; € V that lifts v; € W such that
|vilv = |vi|w (this is possible because V has discrete valuation group). We claim
that vy, ..., v, form an orthogonal basis of V.

We need to prove that |v|y = max;{|x;||v;i|y} for any v =xjv1 +---+x,v, € V.
It is clear that |v|y is less than or equal to the right hand side; we need to show
|vly > max;{|x;||vi|v}. We prove it the following two cases separately.

(i) If the maximum above is achieved by some i > 2, we have

[vly > [vmod Fui|lw = |[x202 + - - - + X, U |w

=max;_,{|x;||v;|w} = max]_, {|x;||vi|v}.

(i) We have |x{||vi| > |x;||v;| for all i = 2,...,n. In this case, we have
[v| = [x1]v]| = max;{|x;||vi|v}.

This shows that vy, ..., v, form an orthogonal basis of V and finishes the proof
of the lemma. O

Remark 1.4.16. One may hope to find an analog of [Example 1.3.20| for 9;-
differential modules. This, however, amounts to carefully choosing the element x
in so that the actions of d; commutes. For this, we might need to
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restrict the possible intrinsic refined radii to a subset of

EB ggdu L, where s = —log(wIR(V)™").
J

jeJ
Unfortunately, we do not know how to identify this subset in general.

1.4.17)below partly answers this question.
It would be interesting to know, when p > 0, whether any element in

Dl

Kie

. J

jelJ

can appear in the multiset of refined intrinsic radii of some differential module. The
referee also pointed out that the reduction of 9; may give rise to a %-module in
characteristic p. We do not know if this construction is independent of the choice of
good norms. But we suspect that this is related to the reduction of some arithmetic
%-module when the differential module comes from one.

Proposition 1.4.17. Assume that IR(V) < w and that either p=0ord =rank V = 1.
Let s = —log(a)IR(V)_] ). Note that the action of ujd; on K induces a derivation
on k') If

Kunr

9 = Ze d”J € $O(V),
jeJ

then fori, j € J, we have u;0;0; = u;0;0; in K}fzm.
Proof. By possibly replacing K by a finite tamely ramified extension, we reduce to
the case when V is irreducible with a good norm given by an orthonormal basis,

and when V has pure refined intrinsic radii ) jes 0j(duj/uj). The u;d;-action

with respect to this basis is given by a matrix N; € Matyxq(m K)) Since 9; and 9;
commute with each other for any i, j € J, we have

N,-Nj+u,~8,~(Nj):Nle-+uj8j(Nl-). (1.4.18)

Taking the trace of [(T.4.18)|gives d-u;9;60; = d -u ;3;6;, which yields the proposition
because d is invertible in k. O

Before proceeding, we need some notation to use in [Theorem 1.4.20|below.

Notation 1.4.19. If p > 0, we can write an integer n € N as n =ag+ pa; +- - -+ p*ax
withay,...,a,€{0,..., p—1}. Puto,(n) =ap+---+a;if p>0,and o,(n) =0
if p = 0. It is straightforward to check that o,(n1) + 0,(n2) > 0,(n| + ny) for
ni, ny € N, and that |n!| = "% ® for n € N.

The following theorem explains how refined radii change when we consider a
different set of derivations, and hence justifies the reason we wrote refined radii in
the form of differentials in [Definition 1.4.1
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Theorem 1.4.20. Assume that V has pure refined 9;-radii 0; € K;(sﬁl)g forany j € J.
Let K’ be a complete discrete valuation field containing K. Let 0 be a derivation on
K', extending the action of €191 + - - - + &, 0,y on K to K', where ay, ..., o, € K'.
In fact, we have o; = d(u;) for any j € J. We assume that 9 is a derivation of
rational type on K'. Set s = minjc;{s; —log|a;|} and let Jy be a subset of J
consisting of j for which s = s; —log |a|. Assume moreover that IR;(V) < 1 if
j€Jo. Put = Zjelo a;f; € K;g,)alg.

Then Ry(V ®k K') < we®, and the equality is achieved if and only if 6 # 0 in

(s)
KK/alg'

we® and pure refined 0-radii 6.

Moreover, when equivalent statement is verified, V @k K’ has pure 9-radii

Proof. For j € J, the equality a; = 9(u ;) follows from applying 0 to u;.

By|Lemma 1.4.14]and by possibly enlarging K and K’, we may assume that V
admits a norm given by some orthonormal basis e such that, for any j € J,

(1) if IR;(V) < 1, the norm is good with respect to 9;, and
(i) if IR;(V) =1, the norm is b -good with respect to d; for some b; in
(lajle ™, N K9,
In this case, instead of taking the usual definitions of ;, A;, and s5;, we set

ri=rb;),Aj=x1(b;),and s; = s —log(b;|o;|~"!). Note that s; —log |e;| > s
still holds.

Similarly to we define integers r and A as follows.

(x) When |0|grwe® < w we denote A =0 and r = 1.

(xx) When |d|gwe’ € [w, 1) and p > 0, let A denote the unique nonnegative integer
such that

_ A—1 _ _ Ay
|8|Kra)ese[p 1/p*(p D,p 1/p*(p 1))’

and put r = p’x. In this case, we have (|8|K/wef)pk < w for k < A and hence
(|10|gwe’) <w® fori=1,...,r —1.

For each j € J, we have

i
J

/ . rj —_—F . g
1 <|0jlg, fori=1,...,r;—1, and|8j"|V§|uj| TieT"ivi,

Fori=1,...,r,the action of 3 on an element x of e can be expressed in terms of
the actions of d;, according to the coefficients of 8’ on the left hand side of [(1.4.5)]
applied to x. More precisely, for any j € J and any i € N, the coefficient of §' in
T(uj; 0; 6) —u; has norm less than or equal to [0 (u )| |8|i,{_,1 = |oj| |8|;1. For any
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coefficient that arises in the d;-Taylor series expansion, if we put e; =c; +d,r;
withc; €{0,...,r;j—1}and d; € Z-( for any j € J, then we have
97 (x)

drj
H‘(d r])! )!

= lelv-JT1al¢ - 1_[ e“’f"f“‘fw—dﬂ.f+ap<d,-rf>),

jeJ jeJ

37 (x)
(e)!

Putting these two bounds together, we see that if a §'-term on the left hand side of
(1.4.5)|arises in a term that includes 8?’ (x)/(ey)! (which particularly implies that
i >ey+---+ep), then its norm is smaller than or equal to

|X| |8|l e1——én 1_[ |Olj|ej l_[ |8]|;é X l_[ —d; TSI ™ djrj-i-ap(djrj))

jet jeJ jel
—— N o -
= 19l TT08 ko 1) - [T (oo™ ) diriton@irn)
jeJ jeJ
< |x| |8|l e l_[ |8| . l_[ djrjswfdjrﬂrop(djrj))
JjeJ jeJ

(note 3] = 19 us 1™ = laj11;1x)
=< |X| |8|I.K/(|8|K/a)ef)*2j djrja)aﬁ(z:jdjrj).

Wheni=1,...,r — 1, the coefficient of this §'-term has norm less than or equal
to 3%, | x| by condition (xx). When i = r, this 8'-term has norm less than or equal
to |0/, ,((|8|K/coe“')_’a)) lx| = @ " Tle "5 |x]; the equality can happen only when
Y. jdjrj=rand 0p(3_;d;rj) =};0,(d;r;), which together yield e; = r for
some j € Jo and e;; = 0 for j' % j. When equality of norms is achieved, the
corresponding §'-term is a; 8J’. (x)/r!. Therefore, modulo m(lng the matrix of
8" with respect to e is congruent to » el 58; ; this is a sum of matrices with
single eigenvalues a;G; for j € Jo (note that, again, IRy, (V) < 1 for all j € Jp).
By we have Ry(V) < we® and this is an equality if and only if
Y jes 0] #0in Kﬁ(r,fﬂ)g, which is equivalent to ) ;. ; @;60; #0in K}?,)alg, note that
r is always 1 or a power of p. Moreover, if the equivalent condition is satisfied, V

has pure refined 0-radii

1/r
(Z e;.a;) =Y 0505 =6 exCl. 0

jedo Jj€Jdo

Corollary 1.4.21. Let V be a o-differential module over K and let

f=T(;0;T): K — KI[T/ullo
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and f*V be as in[Lemma 1.2.6(d). For n € [0, |u|), let F, denote the completion of

K (T) with respect to the n-Gauss norm.

@ Ifne (0, Ry(V)1, f*V ®F, has pure intrinsic or-radius 1; if n € (Ry(V), |ul),
f*V ® F;, has (extrinsic) dr-radius Ry(V).

(b) Whenn € (Ry(V), lul), we have ®,,(f*V @ F,) = Oy(V).

Proof. For any x € V, f*(3(x)) = a7 (f*(x)). The first statement follows from
this immediately, and the second statement follows from (When
IRy (V) =1, (b) is void.) O
Remark 1.4.22. Similar to if we do not assume that 9, ..., d, are
of rational type (but only commuting), the results from this subsection still hold if,
for any 9; for which the refined 9;-radii are relevant, we have R, (V) < |9, e

1.5. One-dimensional variation of refined radii. Having established the results
for differential modules over a field, we now study the case of a differential module
over a rigid analytic annulus or a rigid analytic disc. It is particularly interesting to
study how the multisets of (subsidiary) radii of the differential module with respect to
different Gauss norms vary as we change the radii which define the Gauss norm. Ked-
laya and the author had proved various results on this in [Kedlaya 2010, Chapter 11;
Kedlaya and Xiao 2010, Section 2], essentially stating that the (subsidiary) radii are
piecewise log-affine functions in the radii of the annulus. In this subsection, we will
characterize how the refined radii change as we change the radii for the Gauss norm,
in the case when the functions given by the subsidiary radii are in fact log-affine.

Hypothesis 1.5.1. Throughout this subsection, we assume that K is a complete
nonarchimedean field of characteristic zero and residual characteristic p. We also
assume that K is equipped with derivations 91, ..., d,, of rational type with respect
ouy,...,Uuy.

Notation 1.5.2. Put J ={1,...,m} and J* = JU{0}. For n > 0, let F;, denote the
completion of K (¢) under the n-Gauss norm |-|,,. Set 9y = d/dt on K[t]; it extends
by continuity to F, and ring of functions on discs or annuli. The derivations 9+
are of rational type on F,.

Notation 1.5.3. Fix j € J* and an interval I C [0, co). We say that [ is an open
interval in [0, oo) if it is of the form [0, 8) or («, B), where 0 < a < 8. Put
I= I\{0}. For M a 9;-differential module of rank d over A}((I), r € —log I, and
ief{l,...,d}, weput

M, r)=—log Ry (M@®Fer; i),  F'(M,r)=f" (M, r)+- -+ £ M, 7).

Theorem 1.5.4. Fix j € J* and an interval I C [0, +00). Let M be a 0;-differential
module of rank d over AIK (D).
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(a) (linearity) Fori =1, ..., d, the functions fi(j)(M, r) and Fl.(j)(M, r) are con-
tinuous. They are piecewise affine on the locus where fi(J)(M, r) > —log |u |
if j € J; and they are piecewise affine on all of —log 1 if j = 0.

(b) (weak integrality)

(bl) Suppose p=0or j=0.1fi =d or fl(fr)l (M, rg) < fi(])(M, ro), the slopes
of Fl.(j)(M, r) in some neighborhood of r = ry belong to Z. Consequently,
the slopes of each fi(J)(M, r) and Fi(")(M, r) belong to %Z U---uU 52.

(b2) Suppose p>0and j € J. Iffl.(j)(M, ro) > 1/(p"(p—1))log p —log|u;|
for some n € Zs, then the slopes of each fi(])(M, r) and Fi(j)(M, r)in
some neighborhood of ro belong to ﬁl.

(¢) (monotonicity) Suppose 0 € I and suppose either j € J, or j =0 and
fl.(o)(M, ro) > ro. Then the slopes of Fi(J)(M, rg) are nonpositive in a neigh-
borhood of ry.

(d) (convexity) Fori =1, ...,d, the function Fl.(j ) (M, r) is convex.

(e) (decomposition) Assume that I is an open interval in [0, +00). Suppose that

. @) . ) )
for some i € {1,...,d}, Fl.J (M, r) is affine and fl.] M,r) > ij_l(M,r)
forr € —logl. Then we can write M uniquely as the direct sum of two 9;-
differential submodules M| and M,, such that, for any n € 1, the multiset of
0j-radii of My @ F), exactly consists of the smallest i elements in the multiset
of 0j-radii of M @ F.

Proof. This is [Kedlaya and Xiao 2010, Theorems 2.2.5, 2.2.6, and 2.3.5]. O
Notation 1.5.5. Let I C [0, +00) be an interval and let M be a 0;+-differential
module of rank d on AL (I). Forr € —log andi € {1, ..., d}, we put

fitM,r) = —logIR(M ® Fe-r;i) and Fi(M,r)= fitM,r)+---+ fi(M,r).

Suppose that I C [0, 1) and that |u;| =1 for any j € J, we put

fi(M,r)=—l0g ERM @ Fe-r; i) and  F;(M,r)= fi(M,r)+--+ f;(M,r).
Theorem 1.5.6. Fix an interval I C [0, +00). Let M be a 9 ;+-differential module
of rank d over A}((I).

(a) (linearity) Fori =1, ...,d, the functions f;(M,r) and F;(M, r) are continu-
ous and piecewise dffine.

(b) (integrality) Ifi =d or f;(M,ro) > fi+1(M, ro), then the slopes of F;(M, r)
in some neighborhood of ry belong to Z. Consequently, the slopes of each
fi(M,r) and F;(M, r) belong to %ZU - U él.

(c) (monotonicity) Suppose that 0 € 1. Then the slopes of F;(M, r) are nonpositive,
and each F;(M, r) is constant for r sufficiently large.
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(d) (convexity) Fori =1, ...,d, the function F;(M, r) is convex.

(e) (decomposition) Suppose that I is an open interval in (0, +00), and suppose
that, for somei € {1, ...,d—1}, the function F;(M,r) is affine and f;(M,r) >
fis1(M, r) for r € —log I. Then M can be uniquely written as the direct sum
of two 9+ -differential submodules M| and M» such that, for any n € I, the
multiset of intrinsic radii of M\ ® F,, exactly consists of the smallest i elements
in the multiset of intrinsic radii of M @ F,.

(f) (dichotomy) Suppose that I is an open interval in [0, +00) and that M is not
the direct sum of two nonzero 0 j+-differential submodules. If fi(M, r) is affine
forr € —log I, then, for each j € J+,

(1) either M ® F), has pure intrinsic 0;-radii and the intrinsic d-radius equals
IR(M ® F,) foralln € I, or
(2) we have IRy, (M ® F;) > IR(M ® Fy) for all n € I.

Moreover, if |uj| =1 forany j € J and if I C [0, 1), then the same statements
above except (c) hold for f,-(M, r) and ﬁ}(M, r) in place of f;(M,r) and F;(M,r),
respectively. In this case, the following statement holds.

(¢') (monotonicity) Suppose that 0 € I. Fori =1,...,d, for any point ro where
fi(M, ro) > ro, the slopes of F;(M, r) are nonpositive in some neighborhood
of ro. We also have f;(M,r) =r for r sufficiently large.

Proof. Statements (a)—(e) for f;(M,r) and F;(M, r) are proved in [Kedlaya and
Xiao 2010, Theorems 2.4.4 and 2.5.1]. Statements (a), (b), (¢'), (d), and (e) for
fi(M ,r) and I:”,- (M, r) can be proved similarly as follows.

Let K denote the completion of K (x;) with respect to the (1, ..., 1)-Gauss
norm. For I = [«, §) C [0, 1), the Taylor series defines an 1nJect1ve continuous
homomorphism f*: K (a/t,1/B}} — K (a/t,t/BY} such that f* (u])—u,—l-xjt (as
in [Kedlaya and Xiao 2010, Notation 2.4.1]). For n € («, 8), we use F to denote
the completion of K (t) with respect to the n-Gauss norm. Then f * extends to an
injective isometric homomorphism f* : F, — F

We view f*M as a do-differential module on A] [e, B). Since

80|f*M =dolm + Z x]a [ps
jelJ
we have

Ray(M ® F,) = miﬁ [Ry,(M ® F;)} = ER(M ® F,), for any n € [, B).
J€

In other words, fi(o) (f*M, ry= f, (M, r) forr € (—log B, —log ). The theorem fol-
lows from [Theorem 1.5.4} to obtain the decomposition in (e), we use[Lemma 1.1.10
and [Remark 1.1.11|to glue the decompositions over A}?[a, B) and over F), for some

n € (a, p).




1616 Liang Xiao

We now prove (f) for the intrinsic radii; the proof for the extrinsic radii is similar.

Fix j € J*. Assume that we are not in case (2). Then IRy, (M@ F;) =IR(M® F)
for some 7 € I. By[Theorem 1.5.4(d), the that that fl(j '(M, r) is convex forces
IRy, (M®F,)=IR(M®Fy) forall n € I. Now, if IRy, (M ® Fy; 2) > IR(M ® F,) for
all n € («, B), the decomposition (e) would imply that M is decomposable, which
contradicts the assumption. Therefore, we have IR; (M ® F;2) = IR(M ® F;)
for some 5 € I. By d) again, we have the equality for all n € I.
Continuing this argument for the third smallest and other subsidiary 9;-radii leads
us to case (1). O

Next, we discuss how the multiset of refined 9,-radii of the d;-differential module
M changes when we base change the 9;-differential module M to the completions
with respect to different Gauss norms, in the case when

AP M,y == (M, )

is affine. Before proving general results, we first look at an example of 9;-differential
module with pure refined 9;-radii when base changed to any completion with respect

to the Gauss norm. It is a 1-dimensional family analog of

Example 1.5.7. Let j € J* and let (o, B) € (0, 00) be an open interval. Fix b € Q

and 0 € /c;;?]g, where a € —log | K~ |92, Assume that

1 ifp=0,

1.5.8
pl/P if p > 0. (1.5.8)

eal, e’pb < {

We will see that this includes some nonvisible radii. As noted in
we cannot loosen the restriction in|(1.5.8)| from p!/? to p!/®=D.
Let e be the prime-to- p part of the denominator of ». We have the following:

(1) If p =0, thena € —log|[(K)*| and 6 € /c,((a,) for some finite tamely ramified
extension K'/K. Let x € m(,?,) be a lift of 6. We set n =0 and d =1 in this
case.

(ii) If p > 0 and j = 0, there exists n € N such that

67" e K}(’Zn“) with p"a € —log|(K')*| and p"eb € pZ,
for some finite tamely ramified extension K'/K . Let x € mgf,na) be a lift of 67",
We set d = p”.

n n—1
(i") If p > 0 and j € J, there exists n € N such that 67" € (<, “)? and p"eb € Z
with p"~la € —log |(K’)*| for some finite tamely ramified extension K'/K.
Letx € mg/(fj)) be a lift of 67"; this is possible by [Lemma 1.2.16,
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Let A}(,(al/ ¢ B1/¢) be the open annulus with coordinate tl/e. Let 58(] ;7 - denote

the 0;-differential module over A}(,(al/e, ,31/6) of rank d with basis {ey, ..., e;},
on which 9; acts per description

xt=%u e if j e,

djei=eiy fori=1,...,d—1 and 8jed:{xt_d(b+1)e1 it i =0.

We added u;d and 7~ in the definition to balance the different normalizations on
intrinsic 0;-radii.

Lemma 1.5.9. Keep the notation as in|Example 1.5.7, If we set F,_, = Fe-r (tl/¢y,

then for any r € (—log 8, —log ), SB(jb m® F!_, has pure intrinsic 9 ;-radii we®™ —br
and pure refined 9 ;-radii 0rb.

Proof. Comparing this with [Example 1.3. 20| shows that for any r, A by ®F,

is isomorphic to £ a4 () if j € J,and to &£,,aen ) if j = O Applymg
[Lemma 1.3.23]to this 9; -differential module yields the result; note that the condi-
tion [(1.5.8)] corresponds to the condition on s in [Example 1.3.20] O

Theorem 1.5.10. Fix j € J*. Let M be a d;-differential module over an open
annulus A}((a, B) such that M ® Fe-+ has pure intrinsic 0;-radii we™b" < 1 for
any r € (—log B, —loga) (this implies that fl(j)(M, r)y=---= d(ljn)]

affine function with slope b). Let e be the prime-to-p part 0f the denominator of b.
Then there exists a unique direct sum decomposition

M= P My

{10 }gK;a)lg

yM,r)isan

of 9; diﬁferential modules over A}{(a, B) where the sum is over all 1, xGal(K2/K)-

Kdlg’ and the refined 9 j-radii of M,,,0)® F, for any n € (a, B) is a multiset

consisting of the . x Gal(K¥¢/K)-orbits {t "0} with appropriate multiplicities.
Moreover, if K’ is a finite tamely ramified tension of K such that all the 0 in the

orbits of K

above decomposition belong to | J,, (K(p S))l/ " then we have a unique direct sum
decomposition
M ®xasiapn Kl /11 11181 = B My
eél(;lglg

of 9;-differential modules over Al (a'/¢, BY/¢) such that My ® K'F, has pure
refined 0 j-radii t7°6 for any n € (a, B).

Proof. First of all, since defining a d;-differential module only needs finite data, we
may assume that @ -log | K*| # R.
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The decomposition as stated in the theorem, if it exists, is determined by the
decomposition of M ® F.- for each r € (—log B8, —log «); it is hence unique. We
may always replace M by M ®x q/r.c/py K'fla/¢/t1/¢, t1/¢/B1/¢}} for e and any
finite tamely ramified extension K’ of K, and we may recover the result for M
using Galois descent. In particular, we may assume that e = 1. Moreover, using
[Lemma 1.1.10] and [Remark 1.1.11} it suffices to first obtain the decomposition
in a neighborhood of each radius in (¢, 8) and then glue the decompositions on
overlaps.

Let ro € (—log B, —loga) be a point. We first assume that IRy, (M & Fo—r) < 1
when p=0, and IRy, (M ® F,) < p~'/P?~D when p > 0 (note that this restriction
still allows some nonvisible radii). By shrinking the interval («, 8) to a smaller
neighborhood of ry, we may assume that the condition above at ry holds for all
points in (—log 8, —log«). Pick a point r; € (—log 8, —log @) which does not
belong to () -log | K *|.

Let 0% ¢ ‘¢®3.f (M ® F.-r) be an element in the multiset of refined intrinsic
d;-radii, with multiplicity . Since M ® F,-- has pure intrinsic d;-radii wed
we have

(a=br1) ~ —b (a) .
Fa]g =t KKa]ga

e "1

0r7b e

here the latter isomorphism follows from our choice r; ¢ Q - log |K*|. We may
replace K by a finite tamely ramified extension so that

0 e U(K;(p"a)) 7"
n

The construction in gives a d;-differential module 33;’ Z’ () over
AlK(a, B) such that iﬁx{ b © Fe-r has pure 9;-radii we* P and pure intrinsic
0 j-radii 6t~ for any r € (—log B, —log ).

Ifweset N=M® (ii{i’(n))v, then we have IRy, (N ® Fe-r) < we? b for any
r € (—log B8, —log o). Moreover, |Proposition 1.3.19|and [Theorem 1.3.26|together
imply that

1(])(Ma ry) = fl(])(N’ r) = f(Ejjian_M)d(Na ry) > f((d]ian—u)d-i-l(N’ ry).

By [Theorem 1.5.6(d), the same inequality holds for all r € (—log B, —log«) in

place of r; because a convex function below a linear function is same as the linear
function if and only if the two functions touch at some point. By [Theorem 1.5.4]e),
we have a unique decomposition of 9;-differential modules N = Ny @& N; such
that, for any r € (—log 8, —loga), Ny ® F.— has pure intrinsic 0;-radii wet~br
and IRy, (N1 ® Fe-r) > wed b, By the same argument as in |Theorem 1.3.26|, this
implies that M admits a decomposition of 9 -differential modules M = My & M’
over Ak (a, B) such that My ® (LY} )Y = Ny and M’ ® (£ )V = No. By
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[Proposition 1.3.28|and [Lemma 1.5.9} for any r € (—log 8, —log®), My ® F.— has
pure refined intrinsic d;-radii 01", and the multiset of refined intrinsic 9 j-radii of
M’ ® F,-r does not contain 87 ~”. We obtain the decomposition in the theorem by
applying this argument to every 6.

To finish the proof, it suffices to consider the case when p > 0 and
IRy, (M ® Fer) € [p~/PP=1 1),

But in this case, the d;-Frobenius antecedent of M exists over the annulus with
radii in a neighborhood of r. The decomposition follows from the decomposition
of the d;-Frobenius antecedents of M (applied iteratively until the intrinsic d;-radii
fall in the range above). U

Remark 1.5.11. The artificial reduction to the case Q-log |[K*| # R is to deduce
0 e K;?a)lg. This fact can also be proved using Newton polygons if the fl(" )(M , 1) is
not constantly p~!/?=D_in which case one may alternatively use the Frobenius

pushforward to reduce to the visible case.

Theorem 1.5.12. Let I be an open interval of [0, +00) and let M be a 0;+-
differential module over Ak (I)) such that M ® Fe-r has pure intrinsic radii we® —br
forre —log(f ). Let e denote the prime-to- p part of the denominator of b. Then there
exists a unique direct sum decomposition M = @{Mﬁ} M., 9y of d;+-differential
modules over A}((I), where the sum is taken over all i, x Gal(K2/K)-orbits of

<1

du;
Drith L @kl a,
and the refined intrinsic radii of My,,») ® F, for any n € —log I is a multiset
consisting of the i, x Gal(K¥€/K)-orbits {t "} with appropriate multiplicities.
Moreover, there exists a finite tamely ramified tension K’ of K such that we have
a unique direct sum decomposition

M @K't = & My (15.13)

@ duj ~ @ dt
06% KKalg T,] eakKalg T
of 3+ -differential modules over Ak, (1'/¢) such that My ® K/F,; has pure refined
intrinsic radii t=°9 for any n € —log I.
Proof. We first treat the case when 0 ¢ /. Without loss of generality, we assume
that M is not a direct sum of two nonzero sub-d;+-modules, which implies the

dichotomy given by [Theorem 1.5.6{f). We may apply [Theorem 1.5.10|to the d; for
which case (f1) of holds for M and note that the decompositions for

different 9; given by are compatible. This gives rise to the desired

decomposition.
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Now, we consider the case when I = [0, 8). Since we have already proved the
theorem over («, 8) for any « > 0, it suffices to find the decomposition for I =[0, o)
for some « € (0, 1). Note that when « is sufficiently small, M ® Al « [0, @) is trivial
as a dp-differential module and hence is the pullback of a 9,- dlfferentlal module
M over K along the natural morphism K — K {{t /a}}. The decomposition [(1.5.13)]
follows from the decomposition of M given by [Theorem 1.3.26 O

We have a similar result for refined extrinsic radii, but only over Al x (1); this is
because adjoining ¢!/¢ would change the extrinsic radii. This subtlety also comes
up when considering differential modules over discs (as opposed to annuli) and
trying to extend the decomposition into the center of the disc: this is only possible
if the functions defined by the extrinsic radii are “constant”.

Theorem 1.5.14. Assume that |u;j| =1 forall j € J. Let M be a 9 +-differential
module over an open annulus AlK(I) with I C (0, 1). Assume that M ® F.— has
pure extrinsic radii we® " < e forr € —log(f ). Let e denote the prime-to-p part
of the denominator of b. Then there exists a unique direct sum decomposition

M= EB M, 5 (1.5.15)

of 3;+-differential modules over Al x (1), where the direct sum is taken over all
e X Gal(K 2/ K)-orbits
(ned} in ey K;?a)lg du; ® K}?Bl dt,
jeJ
and the multiset of refined extrinsic radii of M 5 ® F, exactly consists of the
e X Gal(K 2/ K)-orbits {t~ ueﬂ} with approprzate multlpllatles foranyn e I.

Proof. The proof is the same as O

Proposition 1.5.16. Fix j € J*. Let M be a 9;-differential module over an open
disc A}([O, a) such that M ® F,, for any n in a neighborhood of n = o has pure
0j-radii we’, where we® is independent of n, and is strictly less than |u;| if j € J
and less than o if j = 0. Then there exists a unique direct sum decomposition
M= @{9 <3)M } of 0;-differential modules over A1 [0, @), where the direct sum
is taken over all Gal(Kalg/K) orbits {6} oflc(‘), and the multiset of refined 0 j-radii
of My ® F), consists of the Gal(K A/ KY-orbits {0} with appropriate multiplicities,
forany n € (0,a) if j € J and for any n € (we’, a) if j =0.

Proof. [Theorem 1.5.4|(c) implies that M ® F;, has pure 9;-radii we*, for any 1 € (0, «]
if j € J and for any n € (we’, a] if j = 0. The proposition then follows from
the same argument as in [Theorem 1.5.10] but invoking [Kedlaya and Xiao 2010,
Theorem 2.3.10] in place of [Theorem 1.5.4(e) when making the decomposition by
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extrinsic radii. Note also that we will only make use of the 0;-differential module
SE;J 2) (n 10 the proof which is defined over the entire disc A1 [0 o). ([

Proposition 1.5.17. Assume that \uj|=1 forany j € J. Let M be a d+-differential
module over an open disc A « 0, o) with a < 1. Assume that M ® Fe-+ has pure
extrinsic radii min{we®, e~} for any r > —loga, where we® < a. Then there exists
a unique direct sum decomposition M = @{ﬁ ) of dy+-differential modules
over A}([O o), where the direct sum is taken over all Gal(K®£/K)-orbits {19} in
) /c;gzlg duj ® K;;zlg dt,
jeJ
such that the multiset of refined extrinsic radii of M H® F, exactly consists of the
Gal(K¥2/K)-orbits (D) with appropriate multiplicities, for any n > we®.

Proof. Without loss of generality, we assume that M is not a direct sum of
two nonzero d;+-differential modules. We first show a dichotomy, similar to
f): for each 9;, either M ® F,, has pure 9;-radii we® for all n > we”’,
or Ry;(M ® F,) < we’® for all n > we’. Assume that we are not in the latter
case. Then Ry (M ® F;) = ER(M ® F;) for some n € (we’, a). By parts (c)
and (d) of [Theorem 1.5.4] m the monotonicity and convexity of f](f (M, r) forces
Ry, (M®F,)=ER(M®F,) forall n € (0, ). Now, if Ry, (M®Fy; 2) > ERM®F))
for all n € (we’, «), we may use [Kedlaya and Xiao 2010, Theorem 2.3.10] to
decompose M to split off the smallest d;-radii, which contradicts the indecom-
posability assumption on M. Therefore, Ry, (M ® Fy; 2) = ER(M ® F,) for some
n € (we’, a). Continuing this argument for the third and other subsidiary 9;-radii
leads us to the former case of the claim. The proposition now follows from applying
[Proposition 1.5.16/to each 9; that satisfies the former condition of the claim. [

Remark 1.5.18. We do not expect a decomposition theorem analogous to
tion 1.5.17|in the case when the functions for extrinsic radii are linear with negative
slopes. The reason is that, when 7 is sufficiently close to 0, ER(M ® F)) is always
the same as 7, and hence no information about the d;-radii of M ® F;, is reflected in
the extrinsic radii. In contrast, in the situation of [Proposition 1.5.17if the functions
of extrinsic radii stay constant before the they become equal to —log n, all dominant
d; must have constant 3;-radii by the monotonicity (Theorem 1.5.4(c)).

1.6. Refined differential conductors. Differential modules defined over an open
annulus with outer radius 1 are historically considered very important, in particular
those whose intrinsic radii approach 1, as we base change to the completion with
respect to the Gauss norms with radii approaching to 1; this is known as the solvable
case. In particular, the rate of the such change of intrinsic radii is related to the
Swan conductors if the differential modules come from a Galois representation
of Gy, (). In this subsection, we focus on this situation and define differential
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conductors, as well as refined differential conductors if the differential module has
pure differential conductors.

We continue to assume [Hypothesis 1.5.1} Moreover, we assume p > 0 in this
subsection.

Definition 1.6.1. Let M be a d,+-differential module of rank d over A}((ﬂo, 1) for
some 19 € (0, 1). We say that M is solvable if IRIM ® F;;)) — 1l asn— 1.

Theorem 1.6.2. Suppose M is a solvable 0 ;+-differential module of rank d over
A}<(770, 1), for some ng € (0, 1). Then by making ng sufficiently close to 1, there
exists a unique direct sum decomposition M = M, @ - - - ® M, over A}((UO, 1) and
nonnegative distinct rational numbers by, . . ., b, with b; -rank(M;) € Z, such that
M; ® F, has pure intrinsic radii n’ foranyi =1, ...,y and any n € (no, 1).

Keep the same hypothesis and assume moreover that \u;| =1 forall j € J. Then
by maklng no suﬁczently close to 1, there exists a unique direct sum decomposition
M = M1 @ - EB M over Al x (Mo, 1) and nonnegatlve distinct rational numbers
bl, .. b with b, rank(M) € Z, such that M ® F, has pure extrinsic radii 77
foranyl =1,...,y and any n € (no, 1).

Proof. By parts (a), (b), and (d) of [Theorem 1.5.6] for/ =1, ..., d, the functions
d'F;(M,r) and d! I:“I(M, r) on (0, —log ng) are continuous, convex, and piecewise
affine with integer slopes. The assumption d! F;(M,r) — 0 also implies that
d! FI(M, r) — 0 as r — 0T; because of this and the fact that d! F;(M, r) > 0 and
d!ﬁl(M, r) > 0 for all r, the slopes of F;(M,r) and ﬁl(M, r) are forced to be
nonnegative. Hence there is a least such slope; that is, d! F; (M, r) and d! ﬁ, (M, r)
are linear in a right neighborhood of r = 0.

We can thus choose ng € (0, 1) so that d! F;(M, r) and d!I:"l(M, r) are linear
on (0, —logng) for I = 1,...,d. The desired decomposition is constructed in
e) and the integrality of b; - rank(M;) and I;,- -rank(l\%) follows
from the fact that Fyim p, (M, r) and F dim A7, (Mi, r) have integral slopes, again by
b). O
Definition 1.6.3. Let M be a solvable d,+-differential module of rank d over
AlK(no, 1) for some 1y € (0, 1). Define the multiset of differential log-breaks
of M to be the multiset consisting of b; from with multiplicity
rank M;; we use bjog(M; 1) > - - - > biog(M; d) to denote the differential log-breaks
in decreasing order. We define the differential Swan conductor of M to be the
sum of the differential log-breaks, that is, Swan(M) = Zl | bi - rank(M;); it is
a nonnegative integer by We say that M has pure differential
log-breaks if all differential log-breaks are equal.

When M has pure differential log-breaks, we define the multiset of refined Swan
conductors of M, denoted by $® (M), to be the multiset consisting of ¢ in|(1.5.13)
with multiplicity rank M.
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Similarly, when |u ;| =1 forall j € J, we define the multiset of differential nonlog-
breaks to be the multiset consisting of b; from with multiplicity
rank M,-; we use bylog(M; 1) > - - - > bpiog(M; d) to denote the differential nonlog-
breaks in decreasing order. We define the differential Artin conductor of M to
be the sum of the differential nonlog-breaks; it is also a nonnegative integer by
We say that M has pure differential nonlog-breaks if all differential
nonlog-breaks are equal.

When M has pure differential nonlog-breaks, we define the multiset of refined
Artin conductors of M, denoted by €® (M), to be the multiset of . x Gal(KP/K)-
orbits { Mef’} in with multiplicity equal to the multiplicities of {tr=? //Le&} in
M{M@} ® F, for any n € (10, 1).

2. Refined differential conductors for Galois representations

One of the most important applications of p-adic differential modules is to provide
an interpretation of the Swan conductors of representations of G, where k is a
complete discrete valuation field of equal characteristic p > 0 with perfect residue
field. This idea was later generalized by Kedlaya [2007] to the case when the
residue field of k need not to be perfect, and by the author [Xiao 2010] to relate the
differential modules to the Swan conductors in the sense of Abbes and Saito [2002].
In this section, we further develop the theory on the differential module side to
incorporate the study of refined differential conductors, which will be related to
Saito’s definition [2009] of refined Swan conductors, as proved in the next section.
Throughout this section, we assume that p > 0 is a prime number.

2.1. Construction of differential modules. This subsection is dedicated to the con-
struction of the differential modules associated to representations of G, where k is
a complete discrete valuation field of equal characteristic p > 0.

Definition 2.1.1. For a field « of characteristic p > 0, a p-basis of k is a set
(bj)jes C k such that the products b’ , where ej€{0,1,...,p—1}forall jeJ
and e; = O for all but finitely many j, form a basis of the vector space x over «”.

Notation 2.1.2. Let k be a complete discrete valuation field of characteristic p > 0.
Let m; be a uniformizer of k, generating the maximal ideal my in the ring of
integers 0. Let k = k; denote the residue field. Let k¥ = 2 denote an algebraic
closure of k. We choose and fix a noncanonical isomorphism k >~ k ((7rx)). We fix
a p-basis by of k and let b; C k be the preimage of them via the isomorphism
above. Then {b;, m;} form a p-basis of k, which we refer to as a lifted p-basis.
Let ko =(),en kP = Mnen kP". We know that dmry and db; form a basis of Q%k
over Oy.
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Let Og denote the Cohen ring of x with respect to b; and let By C Ok be the
canonical lifts of the p-basis. Put K = Frac Og. We use Ok, to denote the ring of
Witt vectors of kg, viewed as a subring of Ok and we put Ko = 0 Ko[%]'

Notation 2.1.3. For an extension k’/k of a complete discrete valuation field, the
(naive) ramification degree of k' /k is simply the index of the valuation of k in that
of k.

We say that k/ k is tamely ramified if p t e and the residue field extension /Ky
is separable, that is, k- is algebraic and separable over «j(x,; @ € A) for some
transcendental elements x,, and an index set A. If moreover, e = 1, we say k'/k is
unramified.

Notation 2.1.4. By a representation of G, we mean a continuous homomorphism
p : Gy — GL(V,), where V, is a vector space over a (topological) field F' of
characteristic zero. We say that p is a p-adic if F is a finite extension of Q.

Let F be a finite extension of Q,, let O denote its ring of integers, and let [,
denote the residue field of O, where g is a power of p. Put Z, = W([F,) and
Q, =12, [%] By an O-representation of Gy, we mean a continuous homomorphism
p: Gy — GL(A,) with A, a finite free O-module.

For p a p-adic representation or an O-representation, we say that p has finite
local monodromy if the image of the inertia group I is finite.

We assume that F, C ko. Put K’ = K F. Since F/Q, is totally ramified, we have
Ox =0k ®Zq 0.

Notation 2.1.5. We put R, = K'(n/T, T}} forn € (0, 1) and Rg = Une(O,l) R
the latter ring is commonly called the Robba ring over K'. Let %i;t, be the subring of
Rk consisting of elements whose 1-Gauss norm is bounded by 1; it is a Henselian
discrete valuation ring, with residue field £ if we identify the reduction of 7" with
7. For n € (0, 1), we use F,; to denote the completion of K'(T) with respect to
the n-Gauss norm.

A Frobenius lift ¢ is an endomorphism of QRiI’(“, which lifts the natural g-th power
Frobenius on k. Any Frobenius lift extends by continuity to an action on Rg'. A
standard Frobenius lift is a Frobenius lift which sends T to T? and B; to ij for
any j € J.

The differentials

Q;%, Q,, and Q.
forany n € (0, 1) admit a basis givenby dB; and dT. We set g =0/0T, d; =09/0B;
with j € J for the dual basis. Then a V-module over R k- is just a d;+-differential
module.
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Definition 2.1.6. Let ¢ be a Frobenius lift. For R = Rk, QR”K,, or 9711;(“,, a (¢, V)-
module M over R is a d;+-differential module together with an isomorphism

®: ¢p*M — M of 0;+-differential modules.

Theorem 2.1.7. For any Frobenius lift ¢, we have an equivalence of categories
between the category of O-representations with finite local monodromy and the cate-
gory of (¢, V)-modules over %i;(“,. Moreover, all (¢, V)-modules can be realized
over %'}(,for some n € (0, 1). This (¢, V)-module is independent of the choice of
the p-basis.

Proof. The functor is constructed in [Kedlaya 2007, Section 3; |Xiao 2010, Sec-
tion 2.2]. O

Definition 2.1.8. For a p-adic representation p of G with finite local monodromy,
we choose an O-lattice A, of V,, stable under the action of Gy; this gives an

O-representation of Gy. [Theorem 2.1.7|then produces a (¢, V)-module over 97%}25,

whose base change to R g is called the differential module associated to p, denoted
by €,. This €, does not depend on the choice of the lattice A .

For the rest of this subsection, we assume the following.
Hypothesis 2.1.9. The residue field « has a finite p-basis b, where J ={1, ..., m}.
We put J* = J U{0}.
Proposition 2.1.10. Let ¢ be the standard Frobenius lift on QRi,?t,. Then the Frobe-

nius ¢ : F,;,, — F,; is the same as the iterative Frobenius %" o ..o @@n» jn

|Construction 1.2.14) where q = p”.

Proof. We may assume that K’ contains ¢, a g-th root of unity. It suffices to
show that the image gb(F,’]q) is stable under the action of (Z/qZ)"*! in the sense of
|Construction 1.2.14] where each 9 ;-Frobenius corresponds to a factor Z/qZ, and
that the degree of F, over ¢ (F,,) is gmtl.

For i = (ig, ..., im) € (Z/qZ)"*!, we have T® = ;;OT and (B))® = g,j" B; for
any j € J. Hence (- YD o ¢ for all i are continuous homomorphisms from Ok [T]]
to itself, sending B; to Bj.’ and T to T9. By the functoriality of Cohen rings (see
[X1iao 2010, Proposition 2.1.8]), these homomorphisms are all the same. Hence

the image of ¢ is stable under the (Z/qZ)"*!-action. It is evident that F,; has rank
qm—H

Proposition 2.1.11. Let ¢ be the standard Frobenius lift on gtllr(“, and let € be a
(¢, V)-module over AL, [no, 1) for some ng € (0, 1). Then € is solvable.

Proof. This is well-known to the experts; we include a proof for the convenience of

the reader. By [Lemma 1.2.18|(a), we have
fi(@*M,r)
=max {p~" f;(M, qr), p'"*(fi(M,qr)—log p). ..., f;(M.qr) — xlog p},

over ¢ (F 7;(,); this forces the two homomorphisms to be the same. U
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where A =log, g. Since $*M => M, the function g; (M) = limsup,_, o+ fi(M, 1)
satisfies

gi(M) =max {p g (M), p' ™ (gi(M) —log p), ..., gi(M) — rlog p}.

This forces g; (M) to be zero. By the continuity of f;(M, r) and the convexity of
F;(M, r) in[Theorem 1.5.6] lim, o+ f; (M, r) =0. In other words, € is solvable. [

Proposition 2.1.12. Let ¢ be the standard Frobenius lift and let ¢’ be another
Frobenius lift on gii,r(lt,. Assume that € is a (¢, V)-module over AL, [no, 1) for some
no € (0, 1). Then the restriction of € to A}C[n, 1) for some n € [no, 1) is naturally
equipped with a (¢', V)-module structure.

Proof. Define the Frobenius structure for ¢" by Taylor series as follows. For v € €,
¢'(v)

= @(T) = (TN, (@ (B)) =B / geo gor gem
~ (es+)! (aTeo dB" 9BY (”))'
e;+=0
Since |¢'(T) —¢(T)|1 < 1 and |¢'(B;) —¢(Bj)|1 < 1 forall j € J, we have the
same inequality using n-Gauss norm when 7 € [n, 1] for some 7, sufficiently close
to 1. Hence the expression for ¢’ converges on A}(,[nf), 1) and gives the restriction
of € to A}(/[n{), 1) a structure of (¢, V)-module. O

Remark 2.1.13. One may also approach the results of this subsection without
referring to the standard Frobenius but instead using a generalized version of

[Cemma 1.2.18|a) for noncentered Frobenius. This point of view is taken in [Kedlaya
2010, Chapter 17].

2.2. Differential conductors. Combining the results from [Section 1.6|and |Propo{
sition 2.1.11} we can define differential conductors for a representation of G with
finite local monodromy. To make this definition more robust, we will introduce the
break with respect to each element of the p-basis, and the break of the differential
module is just the maximum among all breaks for each element of the p-basis, after
appropriate normalization. This point of view is in particular useful when we try to
understand how the conductors change when restricting a Galois representation to
G, for some (explicit) finite extension [ of k.

Definition 2.2.1. We first assume that k satisfies [Hypothesis 2.1.9] Let p be a
representation of G with finite local monodromy. The log-breaks of p are defined
to be the differential log-breaks of €,, as a solvable 9d,;+-differential module. Put
biog(0; 1) = biog(€,; 1) for I =1, ..., dim p. Similarly, the nonlog-breaks of p are
defined to be the differential nonlog-breaks of €, together with the element
0 with multiplicity dim p’¢, where p’t is the maximal subrepresentation of p on
which I acts trivially. Put bpjog(0; 1) = bniog (€ Dforl=1,..., dim(p/,o’k),

o/p>
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and bylog(p; dim(p/p™) +1) = - - - = byiog(0; dim p) =

For simplicity, we also put byjog(0) = bniog(0; 1) and biog(p) = biog(0; 1); they
are called the highest nonlog-break and the highest log-break, respectively.

We now consider a general k. For a p-adic representation p of Gy with finite
local monodromy, let [ be the extension of k corresponding to Ker p via Galois
theory. We may choose a p-basis {c,, m;} of [ such that 7r; is a uniformizer and
cyj C @l , and such that ¢\ 5, C @k for some finite subset Jy C J. If we use k" to
denote the completion of k(c VRS N), then k" verifies [Hypothesis 2.1.91 We
define the nonlog-breaks and log-breaks of p to be, respectively, those of p|g, ..
Their sums are called the Artin conductors and, respectively, Swan conductors of p,
denoted by Art(p) and Swan(p). These do not depend on the choice of the p-basis
or of Jy, by [Kedlaya 2007, Proposition 2.6.6].

Definition 2.2.2. Put Fil’G; = G} and Fil’Gy = I; fora € (0, 1]. For a > 1, let
R, be the set of finite image representations p with nonlog-break strictly less than a.
Put Fil“G, = ﬂpeRa (Ik ﬂker(p)) and set Fil“* Gy, to be the closure of | J,_ Fil’ G;.
This defines a filtration on Gy such that for any representation p with finite image,
p(Fil*G}) is trivial if and only if p € R,.

Similarly, put FlllOgGk = Gy. Fora > 0, let R, 1o¢ be the set of finite image
representations p with log-break less than a. Put Filiy, Gy = (1, Roog (It Nker(p))
and set Fil“+Gk to be the closure of |, , F 1ogGk ThlS defines a filtration on Gy
such that for any representation p with finite image, p(FlllOgGk) is trivial if and
only if p € Ry 10g.

For a finite Galois extension / of k, the above filtrations induce filtrations on the
Galois group G/ by

Gl/k (log) = GlFll(log) Gk/Gl and Gl/k (log) = G1F11 Gk/G[,

(log)

for a > 0. We define the (log-)ramification breaks of the extension //k to be the
numbers b for which G;’/k(’log) #+ Gﬁ’ﬁ(’log). We order them as

b(n)log(l/k) = b(n)log(l/k; 1) > b(n)log(l/k; 2) =
In particular, if p is a faithful representation of G;/x, we have b)log (0) =bmylog 1/ k).
Theorem 2.2.3. The differential conductors satisfy the following properties:

(a) For any representation p of finite local monodromy,

Art(p) = Y a-dim(VII" O VIO e 7,
HEQEO
Fill* G
Swan(p) = Y a-dim( tog 0 /V Hioe @ )eZZo.

ae@zo

(b) Let k' / k be a (not necessarily finite) extension of complete discretely valued
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fields. If k'/k is unramified, then Fil®Gy = Fil*Gy for a > 0. If k'/k is
tamely ramified with naive ramification index e < 00, then Filfgg Gy = FillaogGk
fora > 0.

(c) Fora > 0, we have Fil*t' G, C FilngGk C Fil“Gy.

(d) For graded pieces we have, for a > 1,

0 J ,
Fil*G; /Fil*T Gy = ) . l.fa #Q

an abelian group killed by p ifa € Q,
and for a > 0,

0 .
Filf, Gy /Fil! Gy = { fagQ.

log an abelian group killed by p ifa € Q.

(e) These filtrations on Gy agree with the ones defined in [Abbes and Saito 2002)
2003]].

Proof. Using the comparison [Xiao 2010, Theorem 4.4.1] of the arithmetic and
differential conductors, this follows from their basic properties as stated in [Xiao
2010, Theorem 2.4.1 and Proposition 4.1.7]. We refer to [Xiao 2010; Abbes and
Saito 2002] for the definition of Abbes and Saito’s filtrations. (|

We now study the break for each element of the p-basis. We assume the validity
of [Hypothesis 2.1.9|for the rest of the subsection.

Proposition 2.2.4. For each j € J*, there is a ramification break b;(p) associated
tobj (j€J)orm (j=0), such that Ry, (€, ® F,;) = n?1® for any n € (o, 1)
with some nyg < 1. Moreover,

bniog(p) = j€3§{bj(p)}, biog(p) = max{bo(p) — 1; b;(p) for j € J}.

Proof. By applying the same argument of [Proposition 2.1.11|to intrinsic d;-radii,
we know that

IRy, (€, ® Fyy) = IRy, (€, @ F)"?

as n — 17. Therefore, by the convexity given by [Theorem 1.5.4(d), fl(j )(Cé p>T) 18

affine as » — 0T. The proposition follows. U

Definition 2.2.5. We call b;+(p) the breaks by p-basis of p with respect to the
lifted p-basis b; and the uniformizer .

Remark 2.2.6. Rigorously speaking, the breaks by p-basis depend on the choice of
the dual basis dy, . . ., d;, of the differential forms. So when we change the choices
of the lifted p-basis and the uniformizer, the breaks by basis b;(p) may change
accordingly.
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Lemma 2.2.7. Fix jo € J. Let b, (p) be the breaks by p-basis of p with respect
to the lifted p-basis {bj\jy}, bj, + 7r} and the uniformizer . Then b;. (p)=b;(p)
for j € J and

/ =max{bo(p), bj,(p)} ifbo(p) # bj,(p),
by(p) )
< bo(p) ifbo(p) =Dbjy(p).
Proof. Let 8, denote the derivations dual to the basis d Bj\(jy), dT,d(Bj, + T) of
Q 91”"1 Then 9, = d; and 9, = dy — 9j,. The lemma follows immediately. O

Remark 2.2.8. This lemma is in fact much stronger than it appears. Applying the
same argument to b, + amy for all o € ko implies that, for all but possibly one
a € ko, by(p) = bj,(p). So, vaguely speaking, the equality bo(p) = b(p) holds
“generically”; this motivates the following lemma.

Lemma 2.2.9. Fix jy € J. Let k be the completion of k(x) with respect to the
1-Gauss norm, equipped with the lifted p-basis {bj\(j, bj, + xmk, x}. Let p be
the representation G — G LS GL(V,). Let I;J+U{m+1}(/§) denote the breaks by
p-basis with respect to the aforementioned lifted p-basis and the uniformizer T,
where b]\ oy (P) corresponds 10 b\ (jo)s bm(,o) corresponds to bj, + xmy, bo(,o)
corresponds to my, and bm+1 (p) corresponds to x. Then b] () =0bj(p) forjel,
bu+1(5) = bjy(p) — 1. and bo(5) = max{bo(p). bj, (p)). In particular, byog(5) =
bnlog(p)-

Proof. Let K’ denote the completion of K’ (X ) with respeot to the 1-Gauss norm,
where X is the canonical lift of x. Let f : A Ano, 1) — Al x[no, 1) be the natural
morphism. Then f*€, is the differential module associated to p’. Let 9 JHUlm+1)
be the differential operators corresponding to the p-basis (b (). bj, + X7k, k).
Then under the identification by f*, we have

3y =987, Omi1=T3dj, do=2a— X9, (2.2.10)
The lemma follows from this because X is transcendental over K'. O

Lemma 2.2.11. Fix jo € J. Set k' = k(b /p) equipped with the lifted p-basis
{b\(jo}s jop} Let b’ J+(plG,) be the breaks by p-basis of p|g, with respect to
the aforementioned p-basis and uniformizer . Then b’j (olg,) =bj(p) for j €

J\jo} and b (plG,) = 5bjo(p)-

Proof. Replacing k by k' is equivalent to pulling back the differential module €,

along ¢, The lemma follows from applying [Lemma 1.2.18(a) to ¢ ® F,; when
O

n—1".

Lemma 2.2.12. Fix jy< J. Let k' denote the completion ofk(bl/pn' n eN) equipped
with lifted p-basis bj\yjy). Let bJ+ (0lG, ) be the breaks by p-basis of plc,, with
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respect to this p-basis and the uniformizer . Then we have b;. (olg,) =Dbj(p) for
Jj € I\ jo}-
Proof. Replacing k with k' is equivalent to simply forgetting the jy-direction. [

Situation 2.2.13. Now, we study a particular case of base change, which will
be useful in the comparison This type of base change was first
considered by Saito [2009].

Fix e € N possibly divisible by p. Let k be as above, and let k" be the com-
pletion of k(x) with respect to the 1-Gauss norm, with uniformizer ' = my.
Put k = K'[ul/u® — x~'m). The residue field of k is k(x); we consider the
p-basis (by, x) and the uniformizer 7; = u of k. We choose the unique isomor-
phism « (x) (1)) =~ k that is compatible with the chosen isomorphism « (77) >~ k in

Notation 2.1.2|and that sends x to x. This gives rise to the lifted p-basis (b, x, u)
of k.

Proposition 2.2.14. The natural homomorphism G — Gy induces a homomor-

phism FilfggG P FilngGk for any a € Qso. Moreover, the induced homomorphism
Filiy, G/ Filie.," G — Filf, Gy /Fili; Gy

is surjective for any a € Q.

Proof. It suffices to show that, for a p-adic representation of G with finite local
monodromy and pure log-break bjog(p), the induced representation

,5 : G]; — Gk — GL(Vp)

also has the same log-break. Let K’ be the completion of K’(X) with respect
to the 1-Gauss norm, where X is the canonical lift of x. We then have a natural
map f: A}?,[nl/e, 1) — A}@[’?’ 1) for n — 17, sending T to XU*, where U is the
coordinate of the former annulus.

Let 150(,5), e I5m+1 (p) be the breaks by p-basis with respect to b, x and the
uniformizer 7r; = u. Then f*€, is the differential module associated to 0, with the
actions of dy = 9/dU, d; = 3/9By, and 3,1 = 9/9X. We have

d; =0y, do=eXU '3y, and 3y = U 0. (2.2.15)

By [Theorem 1.4.20, we have by (5) = eby(p), bo(p) < ebo(p) — (e — 1), and
bm+1(p) = eby(p) — e (wWhen e is prime to p, the inequality becomes an equality).
In particular, we have b,,11(0) > bo(p) — 1. Hence we conclude that

biog(p) =max{bo(5) =1, by (5), by+1(5)} =max{eb; (p), ebo(p) —e} = ebiog (p).

This proves the proposition. U



On the refined ramification filtrations in the equal characteristic case 1631

2.3. Refined differential conductors. In this subsection, we define the refined dif-
ferential conductors, which provides additional information about the subquotient
Fil§,e G/ Filfgg)Gk of the ramification filtrations.

We keep the notation as in previous subsections but we drop [Hypothesis 2.1.9]

Notation 2.3.1. Fix a Dwork pi & = (—p)!/?=D.

Notation 2.3.2. We put Qék (log) = Qék + @k% C Q}. If we choose a p-basis b,
of k as in we have

ol (o) =, & (& pab;).

Tk jeJ
Construction 2.3.3. Let p be a p-adic representation of G with finite local mon-
odromy and with pure break b = byjo¢(0) or log-break b = bjoe (). We may replace
k by the completion of an inseparable extension as in [Definition 2.2.1| and then
assume [Hypothesis 2.1.9] Let €, denote the (¢, V)-module associated to p. By
Theorem 1.5.6F e), there exists ng € (0, 1) such that €, ® F,; has pure extrinsic or
intrinsic, respectively, radii #” for any 7 € [1o, 1).

We define the multiset of refined Artin conductors of p to be

rar(p) = {%ﬁnk_b RS 9@(%»} - Qék ®0, nk_b/%.
Similarly, we define the multiset of refined Swan conductors of p to be
rsw(p) = {%ﬁnk_b S ﬁ@(%p)} - Qék(log) Qg, nk_bk.
Remark 2.3.4. There is a unique primitive p-th root of unity ¢, such that

= (¢ — 1) mod (¢, — 1.

The definition of refined conductors above is unchanged if we replace & by ¢, — 1.

Lemma 2.3.5. In|Construction 2.3.3| the definition of the refined Artin and Swan
conductors does not depend on the choices of the lifted p-basis of k and the uni-
formizer my.

Proof. We may assume [Hypothesis 2.1.9|since only finitely many elements in the
p-basis appear in the refined Artin and Swan conductors.

For another choice of lifted p-bases and uniformizers, we will consider another
set of differential operators: 8} =9d/ 8B} for j € J and 9} =9/0T’. We put

dB; =Y a; ydB),+a;odT for jeJ, and dT =) oo ydBj+aodT,
jred jeld

where o j» € O[T ] for j, j' € JT. Moreover, we have ao,j €T -0 [T].
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We may assume that €, has pure differential nonlog-break, or pure differential
log-break. So there exists no € (0, 1) such that €, ® F,; has pure extrinsic (resp.
intrinsic) radii n” for all n € [ng, 1).

Consider 1 € (170, 1) N p® so that F,; is discretely valued. then
implies that, for any j € J* such that Raj’. (Ve® F,/,) =ER(V® F,’]), we have

Oy (€, ® Fy) = {RT (a0, j60 + - - - + &t jOm) :
nT~"(dT +61dB) + -+ 0,dB,) € €O, Fy)},
and for any j € J* such that IR;,} (V® F)) =IR(V ® F)),

Oy (€, @ F) = |xT"(%q 0, :
3} ,0® 77)_ T T O+"‘+O{m,1m .
AT
nT—b(QO?—i-GldBl ot Ond By ) € 9O(E, ®F,;)}.

Note also that

(0,000 + - + tm,08m)dT' + Y _ (et0,j00 + - - + tm, j6m)d B

jeJ

. =60dT +61dB; + -+ 6pd By,
Combining these two formulas, we conclude that €® (V) (resp. $O(V)) for d,;+
is the same as that for a’ﬁ. Hence the refined Artin and Swan conductors are
well-defined. ([l

Lemma 2.3.6. Let k'/k be a tamely ramified extension of ramification degree
e = ey and let p be a p-adic representation of Gy with finite local monodromy
and with pure log-break b = byog (). Then p|c,, has pure log-break eb. Moreover, if
we identify Q(I% (log) ®c, 1, "k with Qék/ (log) ®q,, 1, °k, then tsw(p) is the same
as rsw(plg,,)-

Proof. This follows immediately from the fact that €, Gy is just the base change
of €, along A}(,[nl/‘f, 1) — Al .[n, 1), where the coordinate for the first annulus
fe tl/e

ist/¢. U

Theorem 2.3.7. Let k be a complete discrete valuation field of equal characteristic
p>0.

(a) Let p be a p-adic representation of Gy with finite local monodromy and
with pure log-break b = biog(p) > 0. Then there exists a unique direct sum
decomposition of p as p = @ )crsw(p) P}, Where the direct sum is taken over
all e x Gi-orbits {9} in rsw(p), and rsw(pyyy) consists of the Galois orbits
{9} with appropriate multiplicities. Moreover, there exists a finite tamely
ramified extension k' /k of naive ramification degree e such that we have a
unique direct sum decomposition of representations of Gy over some finite
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extension F' of F: plg, ® F' = @ﬂersw(p) Pv , such that py has pure refined
Swan conductors

9 € Q, (log) ®c,, 7,k = Qf, (log) ®q, 7, 'k

(b) Choose the p-th root of unity ¢, as in Then there exists an

injective homomorphism for any b € Q-+,

Gi/Fillt Gy, Fp) — Q) (log) ®c, 1%k, (2.3.8)

ISW = I'SWy : Hom(Filb log

log

such that, when viewing the left hand side as a subset of

Hom(Fil},, Gy /Filf Gy, @, (¢,)")

via the identification of 1 € [, with ¢, we have, for any p-adic representation
o of G with finite local monodromy and with pure log-break b, the images
of the summands of plFilﬁ)gGk under the homomorphism rsw exactly form the
multiset of refined Swan conductors of p. Moreover, the homomorphism|[(2.3.8)|
does not depend on the choices of the Dwork pi.

Proof. For both (a) and (b), we may assume that [Hypothesis 2.1.9| holds, since only
finitely many elements in a p-basis matter.

(a) Using the identification given in we may first replace k and Frac O
by a tamely ramified extension of k and a finite extension of Frac O, respectively,

so that the decomposition of the V-module €, given by of €, can be
realized over R, and that I, C ko. Since this decomposition is canonical, it is
also a decomposition of (¢, V)-modules. By the slope filtration [Kedlaya 2007,
Theorem 3.4.6], the Frobenius action on each direct summand of €, is étale,
yielding the decomposition of the representation via the equivalence of categories
in[Theorem 2.1.7|

(b) The following are immediate corollaries of [Proposition 1.3.19]

(i) For any p-adic representations p and p’ of G with finite local monodromy,
same pure log-break b, and same pure refined Swan conductor ¢, the log-break
of p ® p’V is strictly smaller than b.

(ii) For any p-adic representations p and p’ of G with finite local monodromy,
same pure log-break b, but different pure refined Swan conductor ¢ # ¥, re-
spectively, p®p"" has pure log-break b and pure refined Swan conductor ¢ —v’.

We also need the following easy fact about Galois representations.

(iii) For any homomorphism  : Filf’OgGk / Fil{’OJgin — Fp = Q,(g,)™, there exist

a finite tamely ramified extension k” of k with naive ramification degree e and
a representation p, of Gy with finite local monodromy, pure log-break eb,
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and pure refined Swan conductor, such that py |g;» (Gi/Fill%G contains x as a
direct summand.

Proof of (iii): The chosen p-th root of unity ¢, in[Remark 2.3.4] promotes x to
the homomorphism

X FlllOgGk/Fll TG = Fp— QL))"

log

by identifying 1 with ¢,. Since Gy /Fil 1ogGk is a profinite group, there exists a

normal subgroup H of Gy of finite index containing Fllf’O;Gk, such that x factors
through
1= FlllogGk/(H N FlllOgGk).

Put p' = Ind?"/ " X ; then p’lFilek contains x as a direct summand. We may use (a)
to write p'|g,, for some finite tamely ramified extension k’ of k as the direct sum of
representations with pure refined Swan conductors. Then x appears in at least one
of the direct summand, which we take to be our chosen p, .

Having established (iii), we define rsw to be the morphism sending x to the
unique refined Swan conductor of p,, which is an element of

Q¢ (log) ®q,, 7"k = Qg (log) ®c, 7, 'k,

via the identification in This map is well-defined by (iv) below and it
is clearly a homomorphism. Its injectivity will follow from (v).

(iv) For any two representations p, and ,0;( satisfying (iii), they must have the same
refined Swan conductor.

Suppose the contrary, that is, p, and p;( have distinct pure refined Swan conductors
¥ and 9. This in particular implies that p, ® p " has pure Swan conductor b by (ii).
However, the construction of p, and ,o 1mphes that p, ® p |G, contains a direct

summand trivial on Fllf(’)’gGk/ this is a contradlctlon

(v) For two distinct homomorphisms x, x’ FlllogGk / Fil{’OJ;Gk — [, the repre-
sentations p, and p, given by (iii) have distinct refined Swan conductors.

Suppose the contrary. Then (i) implies that p, ® ,o;/ would have log-break strictly
less than eb. However, p, ® ,0;,, when restricted to

Fily,, Gy /Fillt Gy = Fil{? Gu /Fil{of Gy,

has a direct summand isomorphic to x ® x’¥, which is nontrivial. This is a contra-
diction.

We now prove the independence on the choice of the Dwork pi. If we choose
another Dwork pi, we would need to use another primitive p-th root of unity {;, for
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somei €1,..., p—1. On one hand, the refined Swan conductor is multiplied by
(g“;; — 1)/, —1) =imod (¢, — 1). On the other hand, the p-adic representation

Fil?

hGi/FIE G — @ (5)

log

becomes x‘. Hence we need to take ,0®’ as our p-adic representation of Gy to
define the homomorphism rsw. This representation has refined Swan conductor
rsw(,oX =i -1sw(p,), which is the same as the refined Swan conductor of p
computed using the old Dwork pi. O

Remark 2.3.9. It is interesting to point out that the choice of a Dwork pi is related
to the choice of the Artin—Scheier £-adic sheaf in [Saito 2009]]; they both amount
to choosing a primitive p-th root of unity. The difference is that we consider it as
an element in @p whereas Saito viewed it as an element in @1.

Proposition 2.3.10. Let k be a complete discrete valuation field of equal character-
istic p > 0. Then for b € Q~, the conjugation action of

Fil%+

logGk/Flllog on FlllogGk/Fll

log

is trivial. In other words, Fil>. G/ Fll Gk lies in the center of F11 Gk JFilbt

log log
Proof. This proposition is proved in [Abbes and Saito 2003, Theorem 1]. We give
an alternative proof using differential modules.

It suffices to prove the following: for a p-adic representation p of G with finite
local monodromy and with pure log-break b, if it is absolutely irreducible under
any tamely ramified extension, then
Pl

b Gr/Fill:

10;:

is a direct sum of a single character y : Fllb Gk /FﬂlogGk — 0. This is equivalent
to showing that the action of FlllogGk on ,0 ® p" is trivial, and hence to showing
that the log-break of p ® p" is strictly smaller than b.

As usual, we may assume [Hypothesis 2.1.9] By [Theorem 2.3.7(a), the irreducibil-
ity condition on p implies that p must have pure refined Swan conductor and hence

the log-break p ® p* must be strictly less than b. We are done. ([

Proposition 2.3.11. Keep the notation as in|Situation 2.2.13| Then the refined Swan
conductor homomorphism rswy, for k factors as

Gy F,) —> Hom(Fil'* G /il " G F,)

Hom(FﬂlOgGk /Fil? log log

log

il Qé; (log) ®q; 7 “Picug-  (23.12)

Proof. Keep the notation as in |Pr0position 2.2. 14|, let I?,; be the completion of K' )
with respect to the n'/¢-Gauss norm in U. Fix g € (0, 1) such that IR(€, ®F,§) =nb
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for n € [no, 1). Then|(2.2.15)| implies that, for any n € [no, HnN p and for any
j €10, ..., m+ 1} such that IR, (f*¢€, ®F/)_IR(% ®F) we have

@3, (€ F)) if jel,
@, (f*€, ® F)) = { eXU* '@y (€® F) if j =0 and hence p{e,
U@, (€@ Fy) if j=m+1,
using to compute the refined radii. The proposition follows. ]

One may want to prove analogs of [Theorem 2.3.7] and [Proposition 2.3.10| for
refined Artin conductors. This however needs to take a bit more effort because there
may not be a representation of G, with pure refined Artin conductor. Instead, we
reduce to the classical case, where the results for refined Artin conductors follows
from those for refined Swan conductors.

Theorem 2.3.13. Let k be a complete discrete valuation field of equal characteristic
p>0.

(a) Choose the p-th root of unity ¢, as in Then there exists an

injective homomorphism for any b € Q- 1,
rar = rary : Hom(Fil’ G, /Fil’* Gy, F,)) - Q¢ ®q, 7 "k, (2.3.14)
such that, when viewing the left hand side as a subset of
Hom(Fil’ Gy /Fil’* Gy, Q,(¢,)™)

via the identification of 1 € [, with ¢, we have, for any p-adic representation
o of Gy with finite local monodromy and with pure nonlog-break b, the images
of the summands of plgp g, under rar exactly form the multiset of refined Artin
conductors of p. Moreover, this homomorphism does not depend on the choices
of the Dwork pi.

(b) For any b € Q. 1, the conjugation action of
Fil'*G/Fil’G,  on Fil’G/Fil’* G,
is trivial. That is, Fil’ G /Fil’T G lies in the center of Fil'* G /Fil’* G.

Proof. For both (a) and (b), we may assume [Hypothesis 2.1.9] Moreover, we assume
that J is not empty because otherwise we are in the classical case, and both (a) and
(b) follow from their log-version counterpart: [Theorem 2.3.7)and [Proposition 2.3.10]
respectively.

We perform a base change similar to the one in Let k' be the
completion of k(x1, ..., x;;) with respect to the (1, ..., 1)-Gauss norm and let k
be the completion of

K ((bj+xjm)'7, le./pn; neN; jel),
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equipped with the uniformizer 7 = ;. Itis in fact a complete discrete valuation field
with perfect residue field. By Lemmas [2.2.9]and [2.2.T1] the natural homomorphism
G — Gy induces a surjective homomorphism

Fil’G;/Fil** G; —> Fil*Gy/Fil"* Gy.
Dualizing this gives an injective homomorphism

1 : Hom(Fil* Gy /Fil“* Gy, F ) — Hom(Fil’ G /Fil** G, F ).

For p a representation of G4 with finite local monodromy and with pure nonlog-
break b we let o denote the representation G; — Gy A GL(V,). Let K" denote
the completion of K'(X ) with respect to the (1, ..., 1)-Gauss norm, where X ; is
alift of x; for j € J. Let K denote the completion of

K"((B;+X,T)" X" neN, jel).

Let f: A}Z[no, 1) —> A}@[flo, 1) denote the natural morphism. Then f*€, is the
differential module associated to 5. Let 8 denote the differential operator on f*€ 0
dual to the basis dT'. Similar to|(2.2.10), we have

d=080— X10] — - — X;uOp-

If we let 17,, denote the completion of K (T) with respect to the n-Gauss norm, we
have

- * Ty : /
R;(f*€® F,) = min {Ry; (€@ F))}.

Hence p has pure nonlog-break b and, by [Theorem 1.4.20} its multiset of refined
Artin conductors is

rar(p) = { (6o — X161 — - -+ — XuOw)dmi | Oodri +61dby + - - -+ 0, dby, €rar(p)}.

In other words, if we consider the «-linear injective homomorphism

b

.ol —b— —b
A Q@k ®o, T K —> T KiagdTi

given by A(db;) = —Xjdm and A(dmy) = dmy, then rar(p) = A(rar(p)). This
together with the injectivity of u reduce (a) and (b) for Gy to that of G, which is
already known as we explained earlier. In particular, we have A orswy =rswzou. U

2.4. Multi-indexed ramification filtrations for higher local fields. When k is an
n-dimensional local field, the refined Artin and Swan conductors give more refined
filtrations on the Galois group Gy, indexed by Q" with lexicographic order. We
restrict ourselves to the equal characteristic p > 0 case.
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Definition 2.4.1. We say that a complete discrete valuation field £ of character-
istic p > 0 is an (m + 1)-dimensional local field if there is a chain of fields
k=kp+1, km, ..., ko, where k; 1 is a complete discrete valuation field with residue
field k; for i =0, ..., m. Contrary to most literature, we do not assume that kg is a
perfect field. Let {b;};c; be a set of lifts of a p-basis of k¢ to O.

An (m+1)-tuple of elements fg, . . ., t,, € k is called a system of local parameters
of k if t; € O is a lift of a uniformizer of k,,|_; all the way up to k. Such a choice
gives a (noncanonical) isomorphism k >~ ko((#,,)) - - - (f0)). In this case, we have

Qg (log) = @@k/ ® EB@/(/ - and Qg = @@k/ dt; & @ Ow db;.

jeJ jeJ

Equip @"*! with the lexicographic order: i = (i1, ..., imt1) <J =01y jms1)
if and only if, for some [ <m + 1,

0 <ji, U1 =Jitts  coer Imgl = Jmtl.

For a € Q, we use @”jjl'l to denote the subset of @”*! consisting of i = (i1, . .., imt1)
such that i,;,+1 > a.

Given a system of local parameters, we define a multi-indexed valuation as
follows, denoted by v = (vy, ..., Upt1) : kX — Z" T C Q™! where vy41 = v, .,
and recursively we have, downwards from i =m + 1 to i = 1, that v;_ () =
Vi, (ej—1) with &;_; equal to the reduction of a;z, ' @) in k; ;. Note that the

+1—i
definition of v depends on the choice of local parameters t, .. ., #;.

Definition 2.4.2. For A =Yg a;dt; + ) ., Bjdb;j € Q¢ k, we set

Vnlog(A) = min{v(ap), . .., v(an), v(B)); j € J}.

lm+l

This gives a multi-indexed valuation on Q . Q0 Kk for 41 € Q.

For A = Zi:Oal d” + Z;e] B> db’ € Ql (log) ®@k k, we set

Viog (A) = min{v(a), ..., v(aw), v(B;); j € J}.

m+l

This gives a multi-indexed valuation on Qék (log) ®¢, t, "'k for iy € Q.

Fori=C(i,...,im+1) € @’ffl, we define Filin to be the subgroup of Fil'"+' Gy

given by the intersection of the kernels of characters
x : Fil'"' Gy — Fil'"+' G /Fil"'* Gy — F,,

for which vyj0g(x) > —i. We similarly define Fil' Gy fori = (i1, simy1) € @”’ +
by adding subscripts log to the definition above.
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Remark 2.4.3. The abstract filtrations do not depend on the choices of local pa-
rameters, but the indexings do. Set Og ={x € K : v(x) > (0, ..., 0)}. It might be
more natural to index the above filtrations by “rational powers of fractional ideals
of K” of the form 7/", where I is an Og-submodule of K containing Ok, n is an
integer, and / I/n g equivalent to I’ Un'if " = ' as Ok -submodules of K.

Remark 2.4.4. When kj is a finite field, this filtration is expected to be compatible
with an easily defined filtration on the Milnor K-groups via class field theory for
higher local fields. This may be verified by comparing the filtration on the Milnor
K-groups with Kato’s refined Swan conductors, which is equivalent to Saito’s
definition by [[Abbes and Saito 2009, Theorem 9.1.1] and hence to our definition by

proved later. For more along this line, the reader may refer to the
recipe in Kato’s masterpiece [[Kato 1989].

3. Comparison with Saito’s definition

In this section, we compare our definition of the refined Swan conductor homomor-
phism with the one given by Saito in [Saito 2009]. Since the reader who is only
interested in one side of the story may use this result as a black box,
we present the proof assuming that the reader is familiar with the definition of arith-
metic ramification filtrations; see for instance [Saito 2009, Section 1; Xiao 2010].

The proof of the comparison theorem is of a geometric nature. We explain the
rough idea here. We first realize the given finite extension [ of k as the corresponding
extension of function fields of a finite étale extension of smooth affine varieties
Y — X. Our main object is some version of infinitesimal neighborhood of the
generic fiber over k of the diagonal embedding of Y into ¥ x Y, viewed as a
rigid analytic space over k. The refined Swan conductor homomorphism defined
by Saito makes use of the stable formal model of such an object, whereas our
definition using differential modules is closely related to some object over the
generic point of a smooth model over Ok lifting the aforementioned rigid space.
The crucial calculation we performed in [Section 3.3|relates these objects, in which
case it boils down to some explicit computation on a higher dimensional analog of
the Artin—Scheier cover, and on the associated £-adic sheaves and overconvergent
F-isocrystals.

We assume p > 0 is a prime number throughout this section.

3.1. Review of Saito’s definition. In this subsection, we review the definition of
the ramification filtrations and the refined Swan conductors defined by Abbes and
Saito in [[Abbes and Saito 2002; |2003; |Saito 2009|]. Instead of introducing the
general construction, we will focus on a special case which is used in the comparison
theorem. For more details and a complete treatment, one may consult [Saito 2009]].
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Construction 3.1.1. Let / be a finite Galois extension of k. We consider a closed
immersion Spec0; — P into a smooth (affine) scheme P over Spec Oy. Put
$ =Ker (Op — O)).

For r =a/b € Q with a,b > 0, let P[a/b] — P be the blowup at the ideal
9+ m;Op and let P(a/ g PW " pe the complement of the support of

(9 0 [a/h —i—mk@ a/b )/mk a/h

Let P( ") be the normalization of P( a/b), ; it does not depend on a and b but only on
their ratlo Let P(r) and P denote the generic fiber and the special fiber of P(r)
respectively. Let P(r) denote the generic fiber of completing P@(r) along P The
immersion Spec 0; — P is uniquely lifted to an immersion Spec 0; — P(r)

By the finiteness theorem of Grauert—-Remmert cited in [Abbes and Sa1t0 2003,
Theorem 1.10], there exists a finite separable extension k’/k of naive ramification
degree e = e/ such that the normalization P(ir) of P(é’) x ¢, O has reduced
geometric fibers over Spec Oy, which we call a stable model of P( ") We put

) _ pler) -
P;Z = P@k/ X0y K5

this is called the stable special fiber of P@(z) and it does not depend on the choice
of k'.

We defer the discussion of the properties of this construction until later when we
have a concrete example at hand.
For the rest of this section, we make the following geometric assumption.

Hypothesis 3.1.2 (Geom). There exists an affine smooth variety X over ky and an
irreducible divisor D, smooth over kg with generic point &, such that 0; = @9(’ £
where the latter is the completion of the local ring at £. In particular, [Hypothesis 2.1.9|
is fulfilled.

Remark 3.1.3. This hypothesis is essentially the same as the hypothesis of the
same name in [Saito 2009, p. 786], except that our k is the completion of the
Henselian local field considered in Saito’s paper.

Construction 3.1.4. After replacing X (and hence D) by an étale neighborhood of
& if necessary, there exists a finite flat morphism f : ¥ — X of smooth varieties
over ko such that V =Y xx U — U = X\D is finite étale with Galois group G,/
and that ¥ x x Spec O . = Spec 0.

Let (X x X) be the blowup of X x, X along D Xy, D, and let (X x X)™ denote
the complement of the proper transforms of X xx, D and D x4, X in (X x X)".
The diagonal embedding Ay : X — X xj, X naturally lifts to an embedding
Ay : X — (X x X)~. Now, pulling back the whole picture along f : ¥ — X gives
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the commutative diagram

¥ x Xy L (x % x)~

Ay /
/X’/ny Ay o
\ N
X 3.1.5)
X\ \ )

Y iy X XXpg X —= X

Y

P P1

Yy —mmX

where (Y x X)™ is the fiber product of the big square, and all parallelograms are
Cartesian.
Put

P=(XxX)"XporyxSpecOy s and Q= (¥ XX)" X pyonyo(sx1).x Spec O ¢.
Taking the Cartesian product of the top part of [(3.1. 5) with Spec 0% k¢ = Spec O

over X xy, X along p then gives the following commutatlve diagram.

Spec 0; 20
fl i (3.1.6)

Spec Oy A p P2 Spec Oy

Let $ denote the ideal of the immersion Ay. We will view P and QO as schemes
over 0y via p».
We can now apply |Construction 3.1.1| to the embeddings Ax and Ay to define

(er) (er) per) (er) (er) (er) A(er) (er)
P@L ’Pk’ ’Pk’ aP,z and Q@;( an/ Q Q

respectively, where k’/k is a finite separable extension of naive ramification degree
e. We still use p; to denote the morphism P(”) —>prL Spec 0. By functoriality

of [Construction 3.1.1} we have a morphlsm f ) Q(er) P@(Zr).

Remark 3.1.7. The field extension k” serves as the role of a “coefficient field”’; we
only use it to provide reasonable integral structures of our spaces over Oy, and also
to make er an integer. We can make k' as large as we need.

In contrast, the extension //k pulled back from p; : X Xy, X — X encodes the
arithmetic information.

We collect together some properties of these spaces.
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Proposition 3.1.8. Let k'/ k be a finite separable extension of naive ramification
degree e.

(a) When er is an integer, the space P@(:,r) is definedtobe ), n,c_,ier-ﬁi COp®q,k'.
It is smooth over Oy, and its closed fiber PK(:,r) can be canonically identified

with the ki -vector space Qék (log) ®q, 7, k. The rigid space

~

P,(jr) is isomorphic to Sp (k' (7w, " 80, 7" 8,)),
where &y, . . ., &, form a dual basis of Qék.

(b) The generic fiber Q,(jr) of Q((@if) is isomorphic to Pk(,er) ®pi.k I In particular,
Q,(jr) is finite and étale over Pk(/e " with Galois group Gy, and the same is
true for

/Q\,(;r) over f’\;;r).

(c) Let SpfOpn be the completion of Q along Spec O,. If er is an integer, then

A,(jr) is the affinoid variety X{;)g(@QA — Oy

defined in [|Abbes and Saito 2003, Section 4.2] for j =r.

(d) If the highest log-break bog(l/k) is less than or equal to r, then Q(-r) is an
element of the category (FE/ P,z(r))alg, defined below in

(€) The highest log-break biog(1/ k) is strictly less than r if and only if the number
of connected components of Q,(zr) is [ : k).

Proof. For (a), see [Saito 2009, Lemma 1.10]. The claim (b) follows from the
fact that f : V — U is finite and étale with Galois group G;/«. For (c), see [ibid.,
Example 1.21]. The statements (d) and (e) follow from [ibid., Lemma 1.13 and
Theorem 1.24]. O

Definition 3.1.9. For an i-vector space W of finite dimensional, let (FE/ W) be
the full subcategory of (FE/ W) whose objects are finite étale morphisms g : Z — W
such that Z admits a structure of algebraic group scheme and such that g is a
morphism of algebraic groups.

Remark 3.1.10. By the argument just before [ibid., Lemma 1.23], the category
(FE/ W)@ is a Galois category associated to the Galois group nf lg(W), which is
a quotient of the fundamental group sr;(W). This group can be identified with
the Pontrjagin dual of the extension group Ext' (W, F p) in the category of smooth
algebraic groups over i. The map WV = Homg (W, k) — Ext!(W, [F,) sending a
linear form f: W — Aé to the pullback along f of the Artin—Scheier sequence

1 t—=>tP—t 1
0—-F,—> A —— A =0
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is an isomorphism.

Proposition 3.1.11. We have a surjective homomorphism

7 8(P{) — Filf,, G /Fill) Gy

it induces an injective homomorphism
rsw’ Hom(FlllogGk/FlllogGk, F,) — Q@ (log) ®g, 7, bg.

Proof. For the first half of the proposition, see [Saito 2009, Theorem 1.24]. The
second half follows from [Remark 3.1.10 ([

In the following special case, we give a more detailed description of these spaces.

Situation 3.1.12. Let //k be a finite totally ramified Galois extension, which is
not tamely ramified. Assume that the highest log break b = bjoe(I/ k) is a positive
integer. Assume moreover that Filb 1Gk/ (Flllog Gr N Gy) =~ Fp; in particular,
the second highest log-break bjog (1 /k 2) is strictly less than bog(I/k) — 1. By
[Proposition 3.1.11] Q(b) consists of [/ : k]/ p copies of the same Artin—Scheier cover
of P-( ), at least if we forget about the algebraic group structure. Assume that this
cover is given by

2P — 7+ (@omy P S0 +anm 81 4 -+ Gty ") = 0 (3.1.13)

for some aj+ € k, where the coordinates of P,Z(b) are given by b=15, and T bs,;.
These elements &, ..., @, are determined up to multiplication by i € [, in
accordance with the choice of z up to multiplication by the same i € [ .

Let k’/k be a finite separable extension of ramification degree e > 1, such that
Q(Eb) is a stable model. By possibly enlarging k', we may assume that &+ € ky/
and that Q,((if’) is the disjoint union of [/ : k]/p copies of the aforementioned Artin—

Scheier cover of P,((:,b).

Lemma 3.1.14. The space Q ) is the disjoint union of [1 : k1/ p copies of the same
space R(eb) Let R A(eb) denote the completion of R along its special fiber and let

A(eb) denote the generlc fiber, viewed as a rigid analytlc space. Then Q(eb D

the disjoint union of [l : k]/ p copies of a same space ﬁ}(,b Y \which is the normal

closure of P, P ip I/Q\,(jb) and is finite and étale over ﬁ(Eb 1).

Proof. There is a G/ -equivariant one-to-one correspondence between the con-
nected components of chff) and the connected components of Q(eb).
Since the second highest log-break bjog(1/ k; 2) is strictly less than biog(1/k) — 1,

by [Abbes and Saito 2002, Remark 3.13], the number of connected components

of Q(Eb Vs [/ : k]/p. Note that each connected component of Q(Eb b , which is
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plev=h , can be also characterized as the normal

A(eb 1)

automatically finite and €tale over P,

fP "(eb 1) ﬁ

closure o D). this normal closure is the space R we sought. [J

Proposition 3.1.15. Ler aj+ C Oy lift aj+ C Kk/ We can choose a lift Z on to

ii\((@eb) such that its minimal polynomial over P(e = Spf Oy (0480, 7,8 1) is

2P — 2+ (oo P80 + o P81+ P8) = 0. (3.1.16)
Then the element z generates k\(eb) over P ) . Moreover, the element z extends to
a section over f?\(eb and it generates i?\(eb D over i’\fjb b

"(eb)

Proof. We first pick any lift 7’ of z to R ’; it must satisfy an equation of the form

ZP+a1Z? '+ +a, =0, where al, c.,ap € @k/(nk,e ¢80, nk,e 87) and the
reduction of this equation is exactly For the given o j+ C Oy, we have

e=7" -7+ ((X()T[k_,eb_e&) +O(17Tk_,eb51 + - +Olm7'[k_,eb5m) € ﬂk/@ﬁ(eh).
O

Now,z=27'+€+€l + P4 converges and satisfies |(3.1.16)

Since z generates a subalgebra of 0 R which is finite and étale over O 5 of

PCJ /
k k
the same degree p, this subalgebra has to equal @A@w

For the similar statement for eb — 1 in place of eb we argue as follows. Since

i?\fjb Y is the normal closure of P per=b A(eb) by [Lemma 3.1. 14|, the element 7
eb—1)

extends to a section over ﬁ}(, with the same mlnlmal polynomial (3.1. 16)1 Again,

since z generates a subalgebra of Oger-1) Which is finite and étale over O per-1) of
k k’
same degree, it has to generate the whole ring. This finishes the proof. ([

3.2. Lifting rigid spaces. The definition of the refined Swan conductor homomor-
phism using differential modules makes use of spaces and modules over the field
K. Following the idea of [Xiao 2010]], we formally lift the picture of the previous
subsection from & to some annulus A k[n, 1). This construction is a local version
of Berthelot’s definition [[1996] of rigid cohomology.

Construction 3.2.1. Replacing X by an open Zariski neighborhood of & if neces-
sary, there exists a finite morphism f : ¥ — X between two affine smooth formal
schemes of topologically finite type over Og,, such that f reduces to f modulo
p and such that the induced map Y \ f~!(D) — X \ D is finite étale with Galois
group Gy /. In particular, the special fibers of X and Y are X and Y, respectively.

LetAxy : X - X X Spf O, X be the diagonal embedding, and put Ay = (id, f) :
Y—>Y X Spf O, X. Let p; and p; denote the projections from X X Spf O, X to the
first and the second factors, respectively.

Let X" denote the completion of X Xspfog, X along the diagonal embedding
Ay ; it can be identified with the completion of the cotangent bundle of X along its
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zero section. Set Y = X" ®,, x Y itis the same as the completion of ¥ xspro kX
along the embedding Ay.

For n € (0, 1), we set QR‘,‘(“ , to be the subring of R consisting of elements having
1-Gauss norm < 1; it is complete with respect to the n'-Gauss norm for " € [n, 1].
On one hand, this ring does not give rise to a formal scheme; on the other hand, it is
good to keep the geometric intuition. Hence we introduce the geometric incarnation
Sp 97{‘;‘ - which is just a symbol. Any morphism between geometric incarnations
should be thought of as ring homomorphisms; in particular, the fiber product is
simply the (completed) tensor product. We also point out that we will only consider
affine schemes and there is no question of gluing.

We may compare the following commutative diagram with [(3.1.5)]

f

|
1]

X
—X

where i : Sp %‘12‘ N> X is the geometric incarnation of the natural homomorphism
O e~ @tllf(‘tn, for some 7 € (0, 1) N p@. We have

SpaRR, xx ¥ =SpAy" 1,
for n sufficiently close to 1. Put

P, =X" ><p2XlSp9/'tmt and 0, =Y" xpzo(fxl)X,SpQRmt

Again, both P, and @, should be thought of as geometric incarnations of Op, and
Og,, the completed tensor products of corresponding rings of functions. We then
have the following Cartesian diagram

int Ay
SpQRL,nl/gl/k —_— Qn

/|

Sp 9]{112‘ n

fx1 (3.2.3)

Ax

P,

Lemma 3.2.4. The morphism p; : P, — Sp(%i;(‘f p) is given by the continuous
homomorphism r : 97%”“ — Q{i;(‘fnlléo/ T,61,...,8nl such that yw(T) = T + &,
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Y (Bj) = Bj +§; for j € J. More precisely, for x € ?Ri}(‘fn, we have

e
J+ (x) ej+

¥(x) = Z o

e;+=0

Proof. The first statement follows from the description of X” above and the second
statement follows by the uniqueness of such a homomorphism. (]

Construction 3.2.5. Let k’/k be a finite separable extension of naive ramification
degree e. Since " is Henselian, there exists %¢" corresponding to the extension
k'/k, where K’ is the fraction field of a Cohen ring of «y'. For n sufficiently close

to 17, the extension QRim, of %im descends to a finite étale algebra QRIEE 1je OVer

%‘m for some # sufficiently close to 1. Fix such an . Let T’ denote the coordlnate
t

of 9{‘[‘;, et

Let r € N (be a proxy of eb or eb — 1). Let
Py =Sp (R (T8, T'7"5,))

be the geometric incarnation of a closed-disc bundle (with changing radii) over

Sp QRII‘(“, 1> 1t may be viewed as a subspace of P, (in the sense of geometric

1ncarnat10n) Let Q(r) be the preimage (in the sense of geometric incarnation) of
P(r) under the morphlsm Q,— P,

Proposition 3.2.6. Let p be a p-adic representation of Gy i. Let
G
F,=((f x .09, ®V,)" "

be the differential module over P, and forr € N, let
r G
%E),)K’ = ((f X 1)*@Q52n ® Vp) 1/k

be the corresponding differential module over P n Then ¥, and @ , are the
pullbacks of €, along p1 : P, — Sp QRI;(HU and pi : P( ) N Sp %}?tn, respectively.
Proof. This follows from the following G; /k—equlvarlant Cartesian diagram of

geometric incarnated morphisms.

o Q17 _) Sp%1nt

K’y I/"l/k
jfxl \fxl jf
r) P1 i
PKr,’n P, SpR%', 0

Corollary 3.2.7. Fora € Q_, and n € (0,1) N p@, let F, , denote the comple-
tion of K (T, 8;+) with respect to the (n, n°t', n%, ..., n®)-Gauss norm and let
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[A— . int
Fho = Fra @gip

K pl/e Assume that p has pure log-break b and pure refined

Swan conductor
5 :nk—”<&0@ +a, 9 +---+o‘zmd_ﬂ),
Tk by b

where aj+ € k. If r < ea < eb and n is sufficiently close to 1™, then F, ® F,;’a =

(r)
93;;,1(/

refined intrinsic radii

® F,; . as a 3/98 j+-differential module has pure intrinsic radii n’ and pure

a5y @51y g, dn)
T <aOT+OllBl+ +oszm-

Proof. By lLemma 3.2.4| and |Pr0positi0n 3.2.6 @g’)K, is the pullback of €, along the
multidimensional analog of the generic point homomorphism as in[Corollary 1.4.21]
However, the calculation of the refined 9;-radii can be computed independently for
each of the ;. Hence the statement follows from |Corollary 1.4.21] (]

Before proceeding, we briefly recall the lifting construction in [Xiao 2010,
Section 1], which lifts a rigid analytic space over ky’ to a rigid analytic space over
A}(,[nl/e, 1) forn e p@ N (0, 1) sufficiently close to 1.

Construction 3.2.8. Let Z be a rigid analytic space over k’ with ring of analytic
functions Ay = k'{uy, ..., us) /L. Let Ix: C Og/{uy, ..., us)(T") be an ideal
such that O/ (uy, ..., us)(T")/Ig is flat over Ok and Ix' ®¢,, k' = Irr. We call
X, = Spf(@tiKm,,n(ul, ..., us)/Ix') a lifting space of X.

Proposition 3.2.9. Fixr € N.
(a) The space Q(IQ pisa lifting space of /Q\,(Cr,).

(b) Suppose ng), is a stable model and r = eb or eb — 1. Then for n sufficiently
close to 17, %)n has [l : k]/p connected components, each of which is

isomorphic to a formal scheme Rg/) . finite and étale over Pl(g,)n of degree p.

(c) Fix a Dwork pi t = (—p)"/?=Y and fix o j+ C gti;(“,(”) /e lifts of aj+. By
making n closer to 1~ if needed, we may choose a lift 7 of z to R%/)(n) 0 whose

minimal polynomial over PI((r,)’n is of the form
pin((l +12)P — 1= pr(@oT =80+ T~ - -+ e, T'~0)) =0. (3.2.10)

Proof. The first statement follows from the construction. The second statement
follows from [Xiao 2010, Proposition 1.2.11]; the fact that all the connected com-
ponents are isomorphic to the same Rg,)(n)’ 0 is a corollary of (c), proved below.

For (c), pick a lift z; of z to Rg,)(n) . whose minimal polynomial reduces to

[3.1.16)|modulo 7. (Note that K is absolutely unramified.) We define the following
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substitution process. Assume that we have defined z;. We set
hi= an((l +rz)P — 1= pr(aT "o+ T+ -+, T'™)).
and set z;+1 = z; — A;. Hence we have

Mot = (b — k) — (L w2)7 + prek,)
p—1 1
-1 p - -1
= (1= (4mz)? )x,-+2;p—n(n)(1+nz,-)1’ (=g Ai)" + (—1)PIAL.
n—=

Since |Ai|; < p~ /D, by continuity, |A{|, < 1 for n € [no, 1] for some o
sufficiently close to 17. Thus,

Nigtly <max {p~ /DN, 412} for i € [0, 1).

As a consequence, this substitution process converges with respect to all n-Gauss
norms for 1 € [no, 1]. The limit z = lim,_, y z; satisfies [3.2.10)] By the same
argument as in |Pr0p0siti0n 3.1.151, the limit z generates Rg,)(,,)ﬂ7 over PI((r,)(n)’n
n is sufficiently close to 1. O

when

3.3. Dwork isocrystals. In this subsection, we single out a calculation of refined
radii for the differential modules coming from a higher dimensional Artin—Scheier
cover. This is the heart of the comparison We will state it in a
slightly general form because it has its own interest in the study of differential
modules.

Hypothesis 3.3.1. In this subsection, let K be a complete discrete valuation field
of characteristic zero, containing . Let « denote its residue field, which has
characteristic p > 0.

Situation 3.3.2. Let P denote the formal scheme Spf 97{‘[2‘ . (60, ..., 0m), and let T
be the coordinate of R‘I‘(’fn. Let R be a finite extension of P generated by z satisfying
the relation

(I+m2)’ =14 paT " (agdo+ - -+ 0udm),

where r e Nand o € QRI}{“,] for j=1,...,m. Let a; € « be the reduction of e ; for
any j. We assume that not all «;; are zero. Let f : R — P be the natural morphism,
which is finite and étale.

Construction 3.3.3. We reproduce a multidimensional version of the construction
in [Kedlaya 2005, Lemma 5.4.7]. The pushforward f,0¢g decomposes as the direct
sum of p differential modules of rank 1, with respect to d; =3/d4; for j =0, ..., m.

Let ¢; be the differential module given by (1 +mz)' fori =1,..., p—1. (The
trivial submodule of f,0¢ is not of interest to us.)
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Notation 3.3.4. For n € (0, 1), let F,, be the completion of K (T, &y, ..., 5,) with
respect to the (1, 1, ..., 1)-Gauss norm.

Proposition 3.3.5. For n sufficiently close to 17, the intrinsic radius IR(€; @ F,)
is equal to n" and the refined intrinsic radius of €; fori =1, ..., p — 1 is given by

90(& @ F)) = {inT " (apdSo+ - - - + amddy) }.

Proof. Since

d+mz)' d(1+prT " (eodo+ -+ otmbm))
— =1
(1+mz) 1+ paT 7 (oo + -+ 0tmbm)

€, is isomorphic to a differential module given by
Vo=inT " (1+prT " (oS0 + - -+ &) v® (oddo +- - - + Xnddy).

Fix j =0, ..., m. Using the proof of [Kedlaya 2005, Lemma 5.4.7], when 7 is
sufficiently close to 1™ (e.g., n > p‘l/ "), viewed as a d;-differential module, this
is the same as

ijj = in'och*rwj,
where w; is a section of €;, dependent on j. Hence 8;’(wj) =(imo;T7")"w;, and
the proposition follows immediately. (]
3.4. Comparison. In this subsection, we assemble the results from previous sub-
sections to prove the following comparison theorem.

Theorem 3.4.1. Assume Hypothesis (Geom). Then for b € Q- ¢, the homomorphism

rsw : Hom(Fil{,, G /Fill: Gy, F ) — @ (log) @ 7, "k in|Theorem 2.3.7|is the same

as the homomorphism rsw’ in|Proposition 3.1.11|

Proof. Let k be as in |Proposition 2.2.14l By [Saito 2009, Lemma 1.22], rsw’ for k
factors as

(Ei/kb)-i-

Hom(Fil” Gy /Fil’* Gy, F,) — Hom(Fil-’*" G /Fi
«/Fi k> Fp) — Hom(Fil Gk/Flllog

log log log G/E’ [Fl’)

W 1 —eib
— Q@; (log) ®q;, us K falg -

The same factorization is also valid for rsw as in[(2.3.12)] Hence we may choose
€k divisible by the denominator of b and reduce to the case when b is an integer.
We also remark that, for the same reason, we may feel free to replace k by a finite
tamely ramified extension.

Fix ¢, a p-th root of unity. Let x : Filf’ogGk /Filf’ogGk — [, be a nontrivial
character and put

_pf- d _ = _ -
rsw/(x)=nkb(aonl:+a1db1+~--+amdbm>,
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where ag, ..., @, € k. By identifying 1 € [, with ¢, € Q,(¢,), we get a homo-
morphism

FlllOgGk/Fll Gk—>[F — Q,p)™

log

we still use x to denote the composition. By the argument and the result of
and by possibly replacing k by a finite tamely ramified extension,
we can find a p-adic representation p of G with finite image and pure log-break b
such that pgy, G is a direct sum of copies of x. Moreover, we may assume that p
is irreducible when restricted to any finite tamely ramified extension of k" of k. The
representatlon p factors exactly through [/ k, a finite Galois extension. It must be
true that FlllogGk /GiN Filf’ogGk >~ [F,. By possibly making another tamely ramified
extension of k, we may assume that the second highest log-break of //k is strictly
less than b — 1; thus Fill, ' Gy /G NFill ' Gy ~F .

We shall now use the results and notation from previous subsections. By
|Propos1t10n 3.2. 9L Q(d’ Dis a disjoint union of [/ : k]/p copies of R(eb Y which
is finite and étale over PI((, ), generated by z with minimal polynom1al @}
(Here, we made a choice of z and z in accordance with the algebraic group structure
on Q see the remarks after |(3 1. 13)l) By |Pr0position 3.3. 5[, this implies that

‘Tf)b K/l QF/ n.b—1/2¢ @ 11— 17 has pure refined intrinsic radii

nT—”@O‘% S adsy - +amd5m).

(Here we made a choice of Dwork pi & so that ¥ = ¢, — 1 mod (¢, — 1)? as in

Wm) By Eﬁﬂm 7| the refined Swan conductor of €, has to be

(ao— +a1db; + - - - + &udby,), the same as rsw’. O
Remark 3.4.2. By [Abbes and Saito 2009, Theorem 9.1.1], the two definitions of
refined Swan conductors above are the same as Kato’s definition in [[Kato 1989]],
when the representation is one-dimensional. So all three definitions agree. This
result is also implicitly contained in [[Chiarellotto and Pulita 2009].

4. Refined Swan conductors and variation of intrinsic radii on polyannuli

When we have a differential module over a polyannulus or a polydisc, similar to the
one-dimensional situation, we may study how the multiset of intrinsic radii of the
differential module changes as we complete the module with respect to different
Gauss norms. Kedlaya and the author [2010] proved that the partial sums of the log
of intrinsic radii form continuous convex piecewise affine functions. The purpose
of this section is to prove that the slopes at some point of such affine functions
are related to the refined intrinsic radii of the differential module, completed with
respect to the corresponding Gauss norm. Again, the proof proceeds in two steps,
first over an annulus or a disc and then over a polyannulus or a polydisc
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(Section 4.3). The first subsection focuses on some technical results which will be
used in the following two subsections.

Hypothesis 4.0.1. We assume [Hypothesis 1.5.1] and keep the notation of
We also assume that K is discretely valued throughout this section. We do not insist
p > 0 in this section unless otherwise specified.

4.1. Partial decomposition for differential modules. In[Section 1.5 we deliber-

ately restricted ourselves to the situation over open annuli. In many applications, it

is equally important to understand the theory of differential modules over a bounded

analytic ring, for example K {{ce/¢, t]lo. This subsection is devoted to developing a

parallel theory in this case, which is not addressed in [Kedlaya and Xiao 2010].
We fix some o € (0, 1) for this subsection.

Notation 4.1.1. We define E to be the completion of Frac (K fla/t, t]]o) with re-
spect to the 1-Gauss norm; it is isomorphic to the p-adic completion of Ok ((t))[%],
and it contains Fj as a subfield.
If s € —log | K *|, we can find an element x € K* with |x| =e™*. This x defines
an isomorphism
.x71

Kg) —> kg S kg (1)).

Hence we have a canonical valuation vg(-) on /cg) given by the z-valuation; this
does not depend on the choice of x € K*. This valuation extends naturally to /cl(;.jg
for s € Q-log|K ™.

Notation 4.1.2. Let j € J*. For M a d;-differential module over K {{a/t, t]lo of
rank d and i € {1, ..., d}, we put

£(M . 0) = —log Ry(M @ E: i),  F(M.0)=f(M,0)+-+ £/ (M.0).
We similarly define f;(M,0) and F; (M, 0) if M is a d;+-differential module over
K{{a/1, tTo.
Proposition 4.1.3. Fix j € JT. Let M be a 3;- (resp. 3;+-) differential module of
rank d over K {{a/t, t]o.

(a) The functions fl-(j )(M , 1) and Fl.(j )(M , ) are continuous, and are affine if

fi(j)(M, 0) > —log |u|; the functions f;(M,r) and F;(M, r) are affine.
(b) Suppose for some i € {1, ...,d — 1}, the function Fl.(j)(M, r) (resp. F;(M,r)

is affine), and £ (M,r) > f1(M,r) (resp. fi(M,r) > fii1(M, 1)) for
r € [0, —loga). Then M admits a unique direct sum decomposition My ® M,
over K{a/t, t1o such that
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(1) for any n € (0, —log ), the multisets of subsidiary 9;-radii (resp. intrinsic
radii) of My ® F,, exactly consist of the i smallest elements of the multisets
of subsidiary d;-radii (resp. intrinsic radii) of M ® F,, and

(i) the multisets of subsidiary 0 ;-radii (resp. intrinsic radii) of My ® E exactly
consist of the i smallest elements of the multisets of subsidiary 0 -radii
(resp. intrinsic radii) of M Q E.

Proof. The statement (a) for d;-radii follows from the exact same argument as
[Kedlaya and Xiao 2010, Theorem 2.2.6(a)], which follows immediately from the
corresponding properties of the associated twisted polynomial. We now explain how
we deduce (a) for intrinsic radii. Firstly, by parts (a), (b) and (d) of
d!- F;(M,r) is convex and piecewise affine of integer slopes for r € (0, —log «).
We need only to check continuity at » = 0, which follows from exactly the same
argument as in Step 1 of the proof of [ibid., Theorem 2.3.9].

The statement (b) is proved in [ibid., Theorems 2.3.9, 2.5.5, and Remarks 2.3.11,
2.5.7]. O

Note that the statement (b) of the above proposition excludes the case when
M, ry> f9(M, 1) forr € (0, —loge) and £ (M, 0) = £/} (M, 0), and the
similar case with the superscript (j) removed. The rest of this subsection is devoted
to extending the conclusion of (b) to this case.

Notation 4.1.4. Set R = N,y Klla/t, 1)} and R = M,y Kla/t, 110,
where the latter can be identified with the subring of the former consisting of
elements with finite 1-Gauss norm.

Hypothesis 4.1.5. We assume that |u ;| =1 for j € J.

This hypothesis is just to make our presentation simpler. We can always reduce
to this case by replacing K by the completion of K (x1, ..., x,) with respect to the
(lu1l, ..., lum|)-Gauss norm and by replacing u; by u;/x;, where 9;(x;/) =0 for
J, j' € J. Note that K is still discretely valued.

Lemma 4.1.6. The ring R is a field. A sequence (f,)nen C K {ot/1t, tTo is con-
vergent if it is convergent for the r-Gauss norm for all r € («, 1) and is bounded for
the 1-Gauss norm.

Proof. The first statement is well-known; see [Kedlaya 2005, Lemma 3.5.2]. We
remark that this would be false if K were not discretely valued. To see the second
statement, we observe that ( f;,),en converges in K {{«/¢, t}}. The limit has bounded
coefficients and hence lies in K {{c/¢, t]o. O

Lemma 4.1.7. Fix j € J*. Let R°{T} be the ring of twisted polynomials as
in [Definition 1.2.1, where T stands for 0; if j € J and for d/dt if j = 0. Let
P=T%+a; T "+ .. 4+ay; € RPYT} be a monic twisted polynomial whose Newton
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polygon has pure slope s < 1. Let {by, ..., b,} be the set of vs-valuations of the
reduced roots of P (not counting multiplicity, with either increasing or decreasing
order), when we view P as a twisted polynomial in E{T}. Then P admits a unique
factorization P = Q1 - - - Q, as products of monic twisted polynomials such that
all the reduced roots of Q;, when viewed as twisted polynomials in E{T}, have
vg-valuations b;.

Proof. We assume that by, ..., b, are in decreasing order. It then suffices to show
that we can write P = QR as a product of two monic polynomials such that the
reduced roots of Q and R, when viewed as twisted polynomials in E{T}, have
pure vg-valuations b and strictly less than bj, respectively. We can also write
it as P = RQ satisfying the same condition, but with different O and R. By
the claim follows from [Kedlaya 2009} Proposition 3.2.2] because
the sequences {P;} and {Q;} there are bounded under the 1-Gauss norm. [l

Lemma 4.1.8. Fix j € J. Let M be a 9;-differential module of rank d over
K{a/t, t]lo such that M ® E has pure intrinsic d;-radii IRy, (M ® E) < w. By choos-
ing a cyclic vector of M ® R, we may identify M ® RPY with RPYT} /R TP,
where P is a twisted polynomial in RPT}. Then for n sufficiently close to 17,
the slopes of the Newton polygon of P (for the n-Gauss norm) are the log of the
subsidiary 0 j-radii of M @ F,) minus log w.

Proof. The identification M @ %° ~ RPYT} /RPYT} P descends to
M@ K{p/t. tlo = K{B/t, tNoAT}/K{B/1, tTofT}P

for B sufficiently close to 1™. Note that for n sufficiently close to 17, all 9;-radii
of M ® F, are visible. The lemma follows from [Proposition 1.2.8| (]

The following theorem also holds without assume [Hypothesis 4.1.5|

Theorem 4.1.9. Fix j € JT. Let M be a 3;- (resp. 8;+-) differential module of rank
d over K{{a /1, t]lo such that M @ E has pure intrinsic d;-radii IRy, (M ® E) <1
(resp. intrinsic radii IR(M ® E) < 1). Suppose that for some i € {1,...,d — 1}, the
function Fi(j)(M, r) (resp. F;(M,r)) is affine and fl.(j)(M, r) > fl(i)l (M, r) (resp.
fitM,r) > fix1(M,r)) for any r € (0, —loga). Then M admits a unique direct
sum decomposition Mo® M of 3;- (resp. 9;+-) differential module over K{{a /1, t]o
such that, for any n € (0, —log ), the multiset of 0 ;-radii (resp. intrinsic radii) of
My ® F), exactly consists of the smallest i elements of the multiset of d;-radii (resp.
intrinsic radii) of M @ F,.

Proof. We first deduce the 9;-differential module case. By e), it

suffices to obtain the decomposition over K{8/¢, t]lp for B € («, 1) sufficiently
close to 1 and then we may apply [Lemma 1.1.10]and Remark 1.1.11]to glue this

decomposition with the decomposition given by [Theorem 1.5.4{e).
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To start, we assume that /R, (M ® E) < w. By making g closer to 1, we may
assume that IRy, (M ® F;) < w for all n € (B, 1) as well. It is also very easy to
reduce to the case when [Hypothesis 4.1.5|holds. Since %! is a field, we can find
a cyclic vector to identify M ® RPd with RP4(T}/RPYT}P for a monic twisted
polynomial P as in Applying to M ® R with the b’s
in decreasing order, we can find a submodule My of M such that the multiset of
d;-radii of My ® F), exactly consists of the smallest i elements in the multiset of
d;-radii of M ® F, when n sufficiently close to 17. Applying again
with the b’s increasing, we can find a quotient M, of M satisfying exactly the same
condition on M as above. Then the kernel of M — M| together with M, gives the
direct sum decomposition required in the theorem.

We next assume that p > 0 and IRy, (M ® E) = p V=D If j e J, the ;-
Frobenius ¢®) : K@) — K naturally extends to

@ KO fa/t, tTo — K{a/t, tlo;

if j =0, we have @ : K{{a? /P, tP]lg — K {a/1, tTlo. Then the desired decompo-
sition follows from the decomposition of goiaj ' M. Note that @@ )*goiaj "M = Mm@,
If p>0and IRy, MQE) > p~1/P=D we may assume that

=1
IRy, (M ® Fy) > pP~!

for all n € (B, 1), and the decomposition follows from that of the 9;-Frobenius
antecedent of M.

Finally, we show that the d,+-differential module case follows from the 9;-
differential module case. By [Theorem 1.5.6{e), it suffices to find the decomposition
over K{B/t,t]lop for B € («, 1) sufficiently close to 1 and then, to glue the de-
compositions using [Lemma 1.1.10] and [Remark 1.1.11} By |Proposition 4.1.3(a)
and a), there exists B € («, 1) such that, if IRy, (M ® E; i) < 1 for
some j, then the function fiU )(M , r) for this j is affine over [0, —log ). By the
decompositions given by [Proposition 4.1.3(b) and this theorem for 9, the restriction
of M to K{{B/¢, t]lo is the direct sum of d;+-differential modules M; such that, for
any j € JT with IRy, (M; ® E) < 1, the 9;-differential module M; ® F;, has pure
d;-radii for any n € (8, 1). Since we already know that M ® E has pure intrinsic
radii < 1, we may take B sufficiently close to 1 such that each direct summand
above has pure intrinsic radii equal to the 0;-radii for some j, when tensored with
F, for any n € (8, 1). Hence regrouping the direct summands gives the direct sum
decomposition we are looking for. ([

Remark 4.1.10. The condition IRy,(M ® E) < 1 is crucial. As pointed out in
[Kedlaya 2010, Remark 12.5.4], one may give counterexamples in the case IR, (M ®
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E) =1 using the theory of crystals. However, in the presence of a Frobenius, one
may still get the decomposition.

Proposition 4.1.11. Let M be a d,+-differential module over K{{«/t, t]o (resp.
K t1o) of rank d. We put f;(M,0) = —log ER(M ® E; i) and

Fi(M,0)= fl(M,0)+---+ fi(M,0) fori=1,...,d.

(a) The functions f,-(M, r) and ﬁi (M, r) are affine at r = 0.

(b) Suppose for some i € {1,...,d — 1}, the function I:} (M, r) is affine and
fi(M, r) > ﬁ+1(M, r) forr € (0, —log &) (resp. whenever fi(M, r)>r),and
suppose that fi(M ,0) > 0. Then M admits a unique direct sum decomposition
Mo® M over K{a/t, t1o (resp. K[[t1lo) such that the multiset of extrinsic radii
of M ® F, for any n € (0, —log ) (resp. for any n > 0 such that fi(M, r)>r)
consists of the smallest i elements of the multiset of extrinsic radii of M @ F),.

Proof. (a) follows from exactly the same argument as in |[Proposition 4.1.3] We
now prove (b). By the extrinsic version of [Theorem 1.5.6]e), it suffices to find
the decomposition over K {8/t, t]lp for B € (¢, 1) sufficiently close to 1 and then
we may apply [Lemma 1.1.10]and [Remark 1.1.11|to glue the decompositions. By
[Proposition 4.1.3[b) and for 9;-differential modules, there exists
B € («, 1) such that when we tensor M with K{8/t, t], it is a direct sum of
differential modules M; such that either for any j € J* with Ry (M; ® E) < 1,
M; ® F, has pure 9d;-radii for all n € (8, 1), or we have ER(M; ® E) = 1. The
proposition then follows from regrouping these direct summands. ([

4.2. Refined radii and the log-slopes of the radii. For a differential module over
an annulus or a disc, the slopes of the functions coming from the radii of convergence
are determined by the multiset of refined radii for the differential module completed
for the corresponding Gauss norm. We also give a refined radii decomposition
result for differential modules over bounded analytic rings.

Theorem 4.2.1. Fix j € J* and let M be a 9 -differential module over K {{a /1, t]lo
of rank d. Assume that fl.(j ) (M, r) for alli are the same and are affine of slope b
inr € [0, —loga). Moreover, we assume that Ry,(M ® E) = we® is strictly less
than |u j|_1 if j € J and is strictly less than 1 if j = 0. Then the vs-valuation of any
element in the multiset of refined 0;-radii of M @ E is —b.

Proof. We may assume that |u ;| = 1. We first consider the case when M ® E has
pure visible intrinsic d;-radii IRy, (M ® E) < w. By making « closer to 17, we may
assume that the function fi(] )(M ,r) > —log w for each i is affine over [0, —log &).

As in we may identify M ®9R';(d with RPY{T}/RPY T} P for some
twisted polynomial P =T +a; T4 ' 4. -+ ay € RPY{T}. Since M ® E has pure
d;-radii we’, the Newton polygon of P with respect to the 1-Gauss norm has pure
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slope s and the multiset ®y, (M ® E) is just the multiset of reduced roots of this
twisted polynomial. We put

P=T44+a"1 " +...+a",
where ™ € k¥ (1)).

When 7 is sufficiently close to 17, the Newton polygon of P with respect to
the #-Gauss norm is determined by the Newton polygon of P in the following
sense: it is the lower convex hull of the set {(—i, —log|a;|1 — v(c'zl.(is)) logn)}. By
this implies that the collection of all slopes of functions fi(j )(M ,7)
for all i at r =0 is exactly the collection of the v-valuations of the roots of P, which
in turn equals the collection of the vg-valuations of the elements of the multiset of
refined 0;-radii of M @ E.

Now, it suffices to reduce to the case above using d;-Frobenius. Assume p > 0
from now on. It is easier to work with intrinsic radii and refined intrinsic radii. So
we put ¢;(M,r) = f(M,r)+log|u;| if j € J and gi(M,r) = £ (M, r) —r
if j =0. We will use glf(M , ) to denote the derivative of the function g; (M, ).
Moreover, we set s’ = —log(wIRal. (V)~h.

If IRy,(M ® E) = = p~ /=D, we set M; = ¢\’ M. Then|Lemma 1.2.18(d)

implies that if j € J,

(g/(M,,0)) = {pg/(M,0) (d times), 0 ((p — 1)d times)} if g/(M, 0) <0,

l {g/(M,0) (pd times)} if g/(M, 0) >0,
and if j =0,

{g/(M,0),0 (p—1times)} if g/(M,0) <0,

{gi(M1,0)} = i{%gf(MvO) (p times)} if g/(M,0) > 0.

By |Propositi0n 1.3. 18} the elements in the multiset $& i (M ®E D) can be grouped
into p-tuples

P

(g 6+1 9+p—1)
PP P '

and the multiset $©; (M ®E) is composed of (87 —6)!/? for each p-tuple above with
the same multiplicity, where 6 € k.. Elementary calculation shows the following
relation between the vop-valuations of (87 —6)!/? and the V_log p-Vvaluation of 6:

e when vo(0) < 0, we have v_jog ,((60 +1)/p) =vo(0) for [ =0, ..., p—1, and
vo((07 —0)'/7) = vy (0);

e when vo(0) > 0, we have v_jog ,((0 +1)/p) =0forl =1,...,p—1, and
vo((07 — )17y = (1/p)vo(6).

Hence the statement for M; with v_j,e , implies that for M with vy.
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If IRy;(M ® E) > w, by |Lemma 1.2.18(d) and [Remark 1.2.19[, M has a 9;-

Frobenius antecedent M if « is sufficiently close to 1~. By [Lemma 1.2.18(d) and
[Proposition 1.3.18] we have

g&i(Mo, r) = pgi(M, r) for any i,
and 963;(M0®E(3-/)) ={(—=0)"/p:0 €90, (MQE)}, if j € J;

g (Mo, pr) = pgi(M,r) for any i,
and $©y (Mo ® EO))={(-0)?/p:0 €90y (MQE)}, if j =0.

Since v(ps'—1og p) ((—0)? / p) = pvy (0), the statement for M with vs/( log p) follows
from the statement for My with v,y _joe , if j € J and with 1 5 Vps'—log p if j=0
(note that 7? is the coordinate in the latter case). U

Corollary 4.2.2. Fix j € J* and let M be a d;-differential module over K {{a /1, t]l.
Assume that M ® E has pure 9j-radii Ry,(M ® E) = we®, which is strictly less than
|u j|*1 if j € J and is strictly less than 1 if j = 0. Then the following two multisets
are the same:

(1) the multiset composed of the vs-valuations of the elements in the multiset of
refined 0;-radii of M @ E, that is, {vs(0) : 6 € ©5, (M Q E) };
(ii) the multiset composed of the negatives of the slopes of fi(j ) (M, r)atr =0, for
i=1,...,d.
Proof. This follows from combining Theorems {.1.9|and {.2.1] O

Notation 4.2.3. For any s € Q-log | K *|, the valuation v on Kf;)

on d d
(s) t @ (s) “J

jeJ

induces a valuation

still denoted by v, by setting

du1

vs(eoﬁwl oo O D) = min {ue(6))), for o, O € 1.

Um jeJ+

Corollary 4.2.4. Let M be a 0;+-differential module over K{a/t, t]lg. Assume
that M ® E has pure intrinsic radii IR(OM ® E) = we® < 1. Then the following two
multisets are the same:

(1) the valuations of the refined intrinsic radii of M Q E, {v5(9) 0 eSOMQRE) };
(1) the negatives of the slopes of fi(M,r)atr =0,fori=1,...,d.

Proof. This follows from combining Theorems {.1.9and {.2.1] O
Similar to [Theorem 1.3.26] we have the following decomposition by refined

radii.
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Theorem 4.2.5. Fix j € J© and let M be a d;-differential module of rank d over
K{{a/t, tlo. Assume that M ® Fy, for n € (a, 1), and M ® E all have pure 0 -radii,
and assume that the function fl(j)(M, r) is affine with slope b for r € [0, —log ).
Let e be the prime-to-p part of the denominator of b. Moreover, assume that
Ry, (M ® E) = we* is strictly less than |uj|*1 if j € J and is strictly less than 1 if
Jj = 0. Then there exists a finite tamely ramified extension K' of K and a unique
direct sum decomposition

MK /1l 1T = ) My

(s)

QEKng

of 0;-differential modules such that
(1) My ® F,) has pure refined 0 j-radii Qt_bfor alln € (a, 1), and

(ii) every element in the m(u)ltiset of refined d-radii of Mg ® E is congruent to 9r=b
;)

e With vg-valuation stricily bigger than vy 017") = —b.

modulo elements in k

Moreover, this decomposition descents to a unique decomposition of M itself by
Galois descent, satisfying analogous properties, but in the fashion stated in terms of
e X Gal(K 2/ K)-orbits.

Proof. The proof is identical to that of except that we use decom-
position [Theorem 4.1.9]in place of O

Theorem 4.2.6. Let M be a d;+-differential module of rank d over K{{a/t, t]o.
Assume that M ® F,, for n € (a, 1), and M ® E all have pure intrinsic radii,
and assume that the function fi(M,r) is affine with slope b for r € [0, —loga).
Let e be the prime-to-p part of the denominator of b. Moreover, assume that
IR(M ® E) = we® < 1. Then there exists a finite tamely ramified extension K’ of K
and a unique direct sum decomposition

du;
e K;:a)lg TjIEBK;;a)lg #

jeJ
of dj+-differential modules such that
(1) My ® F,, has pure refined intrinsic radii P foralln € (o, 1), and

(ii) every element in the multiset of refined intrinsic radii of My ® E is congruent
to Ot~° modulo those elements in

(s) duj (s) dt
@Kxalg i D K geas

jeJ

with ve-valuation strictly bigger than v¢(9t~?) = —b.
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Moreover, this decomposition descents to a unique decomposition of M itself by
Galois descent, satisfying analogous properties, but in the fashion stated in terms of
e X Gal(Kalg/K)-orbits.

Proof. The proof is identical to that of [Theorem 1.5.12] except that we invoke

in place of 0

Corollary 4.2.7. Let M be a 0;+-differential module of rank d over K {{«/t, t]o.
Assume that M @ E has pure intrinsic radii IRIM ® E) = we® < 1 and that the func-
tion f;(M,r) foreachi =1, ...,d is affine over [0, —loga). Let M = @be@ M,
be the unique direct sum decomposition of M over A}< (e, 1) such that fi(Mp,r) =
-+ = fdimm, (Mp, r) has slope b. Then the following two multisets are the same:

(1) The multiset composed of all elements in

_ duj _ _ dt
JOMy @ F) C @ 1, S @1 i,
jeJt /

Jor all b and for some fixed n € («, 0) (this is independent of the choice of n);
(i) The multiset composed of ¥ for all ¥ € ©y;(v), where O is the reduction of

_ du; _
e G s, B g by 15, 4

1 1
o K% 1
AS]

modulo those elements with vg-valuation strictly bigger than vs ().
Proof. It follows from the decomposition Theorems {.1.9)and {.2.6] O
We have similar results for extrinsic radii.

Theorem 4.2.8. Assume that |uj|=1forall j € J. Fors €R, let Uy be the valuation
on Kg)dl‘ @ ®jeJ Kg)duj given by

Vs (Bodt +61duy + - - - + Opduy,) = }Qiﬁ {vs@)}.

Let M be a 9 j+-differential module of rank d over K {{a/t, t]lo. Assume that M Q F,),
forn e (a, 1), and M ® E all have pure extrinsic radii, and assume that the function
fl (M, r) is affine with slope b for r € [0, —log «). Let e be the prime-to-p part of the
denominator of b. Moreover, assume that ER(M @ E) = we® < 1. Then there exists
a unique direct sum decomposition M = P 19y M5y of dy+-differential modules
over K{{a/t, t1lo, where the direct sum runs through all . x Gal(K 5P/ K)-orbits

(D} in @jej K;(szlgduj @nglgdt such that

(i) for all n € (a, 1), the multiset of refined extrinsic radii of M, 9y ® F, is
composed of the 11, x Gal(K®¢/K)-orbit {Meét_b} with the appropriate mul-
tiplicity, and
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(ii) the multiset consisting of the reductions of elements in the multiset of refined
extrinsic radii of M 1t ®F modulo those elements with v- valuatton is strictly
bigger than —b, is composed of the i, x Gal(K®¢/K)-orbit (et~} with
the appropriate multiplicity.

Proof. The proof is identical to that of except that we use invoke
Mhcorerm 223 in place of [Teorer 154 .

Corollary 4.2.9. Assume that |u;| =1 forall j € J. Let M be a 0;+-differential
module of rank d over K|t]lo. Assume that ER(M @ E) = we® < 1. Let M,
denote the unique 0 j+-differential submodule of M ® E that has pure extrinsic radii
ER(M ® E); put | =dim M,. Then:

(a) The Vs-valuations of elements in ® (M, ® E) are all nonnegative.

(b) There exists a unique direct sum decomposition

M= My oM
()
of dy+-differential modules over K [[t]]o, where the first direct sum is taken over

all Gal(lcbep//cK) orbits {19} ch du; ® K;{;g dt such that

@) foralln <1, M{ﬁ} ® F), has pure extrinsic radii mln{we n} and, when n €
(we’, 1), the multiset © (Myy ® F,) is composed of {19} with multiplicity,
(ii) the multiset consisting of reducnons of elements in the multiset of refined ex-
trinsic radii of My ® E modulo those elements with positive Vs-valuation

jeJ Kﬂg

is composed of {5‘} with appropriate multiplicity, and
(iii) for any r > 0 satisfying fi(My, r) <r,we have fi(My, r) < we’.

Proof. (a) By [Proposition 4.1.11)a) together with [Theorem 1.5.6(c’), we know
that the functions f1(M,r), ..., fi(M,r) are linear in a neighborhood of r with
nonpositive slopes. Then applying the decomposition in |Proposition 4.1.11)(b) and
together with description (ii) in we conclude that
the V¢-valuations of elements in ® (M,) are all nonnegative.

(b) Let I’ denote the number of elements in ® (M,) whose V,-valuation is zero.
By the proof of (a), we see that the derivatives f{ M,0)=-..= f/, (M, 0) are equal
to 0, and that fl’,H(M, 0)>0or ﬁ/+1(M, 0) > fl(M, 0) in case [ =1'. By items
(c’) and (d) of we know that

AM,0)=fi(M,r)=---= fy(M,r)> fri1(M,r)

for any r < fl (M, 0). We may then apply |Pr0p0sition 4.1.11| to split off the desired
My. Now, we may apply the standard technique (Lemma 1.1.10jand [Remark 1.1.11)
to glue the decomposition given by [Theorem 4.2.8| and [Proposition 1.5.17} this
gives the further decompositions by Mg;. U
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4.3. Variation over polyannuli. In this subsection, we study differential modules
over a polyannulus or a polydisc. In particular, we are interested in studying the
functions coming from the radii of convergence when we complete the differential
module with respect to various Gauss norms. We relate the slopes of such functions
with the valuations of the refined intrinsic radii.

In this subsection, we assume|Hypothesis 1.5.1|and we assume that K is discretely
valued.

Definition 4.3.1. A subset C C R" is called nondegenerate if it contains an open
subset of R". Its interior is denoted by C™,
An integral affine functional on R" is a map A : R” — R of the form

AXL, o X)) =a1Xy +- -+ apx, +b

for some ay,...,a, € Zand b € —loglKX|@.
A subset C C R" is rational polyhedral (or RP for short) if it is bounded and
there exist integral affine functionals Aq, ..., A, such that

C={xeR":xx)>0fori=1,...,r}.

For C € R" an RP subset of R"?, a function f : C — R”" is integral polyhe-
dral if there exist finitely many integral affine functionals A}, ..., 1/, such that
f(x) =max{A](x), ..., A, (x)} for any x € C.

Remark 4.3.2. Our convention slightly differs from that of [Kedlaya and Xiao
2010]], where RP subsets are not assumed to be bounded. However, some of the
statements below still hold for unbounded RP, and they are often simple corollaries
of the statements in the bounded case. We leave this as an exercise for the reader.

Notation 4.3.3. We put I = {1, ..., n}. We use a to denote the n-tuple (a, ..., a).

Definition 4.3.4. For a subset C C R”, let e =€ denote the closure in R" of the
subset {e "7 : r; € C}. A subset S of [0, +00)" is called log-RP if S = e~ for
some RP subset C of R"; it is called nondegenerate if C is so.

For S a log-RP subset of [0, +00)", define A x (S™) to be the subspace of the
(Berkovich) analytic(n—space with coordinates ¢, ..., t, satisfying the condition
4ty ..., 1t]) € e ™. We use K{{S}} to denote its ring of functions, and use
K[[STl to denote the subring of K{{S}} consisting of functions that are bounded on
lt7] € e C". }

One cannot literally equate S with e €™ the problem is that we cannot take
the log for a zero coordinate in S-space. But, in practice, one can view the two
spaces the same, just being careful when stating a result.

Notation 4.3.5. Let S be a nondegenerate log-RP subset of [0, +-00)" and let R
denote either K{{S}} or K[STo. Let M be a 9;,;-differential module over R of rank
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d, with respect to the derivations 91, ..., 0y, and 0,41 = 3/0t1, ..., yyn = 3/01.

For an element n; in (11, ..., 7,) € S (S™if R = K{{S}), let F,, be the completion

of Frac(R) with respect to the n;-Gauss norm. We remark that for n; on the

boundary of S, F;, “looks different” (more like E than F), in the 1-dimensional case).
For an element ; in —log S (or —log S™ if R = K {{S}}), put

JitM, r;)=—logIRMQFe-—+;1) and F(M,r;)= fi(M,r))+- -+ fi(M,rp)
forl=1,...,d.
Theorem 4.3.6. Keep the notation as above. We have the following:

(a) (Polyhedrality) The functions d\ Fi(M, ry),forl=1,...,d—1,and F;(M, ry)
are integral polyhedral functions.

(b) (Decomposition) Suppose that for somel € {1, ..., d}, the function F;(M, ry) is
affine, and suppose that fi(M,r;) > fir1(M, rp) forany ry € —log S. Then M
admits a unique direct sum decomposition M = My® M, of differential modules
such that for any n; € —log S™, the multiset of intrinsic radii of My exactly
consists of the smallest | elements in the multiset of intrinsic radii of M @ Fy,.

(¢) (Refined radii) Assume that R = K{S}} and that
SiM,rp))=---=fa(M,r;)=—logw—s5+biri+---+byry

are affine functions on —log S™. Let e; denote the prime-to-p part of the
denominator of b; for all i € 1. Then there exists a finite tamely ramified
extension K' of K and a multiset

$OM) C @ (s)dt, D @ (5)du.]
iel

such that we have a unique direct sum a’ecomposition of differential modules

M@ R, .../ 1= P My,
PeIO(M)
such that each My ® Fy, (1, £/ e t,}/e"] has pure refined intrinsic radii t;b’ v.

Proof. For (a) and (b), see [Kedlaya and Xiao 2010, Theorems 3.3.9 and 3.4.4, and
Remark 3.4.7]. (c) follows from the same argument but using [Theorem 1.5.12|as
the decomposition tool. O

To extend (c) of the theorem above to the boundary is a little tricky. We will
prove it in a special case and leave the general case as an exercise for the reader.

Situation 4.3.7. Consider the subset C = {(xI) CR":x; >0, x;1+---4+x, < 1}.
Put S=e~€,and R = K[[S]o. Let M be a differential module over K [[S]lo. Assume
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moreover that f1(M,0)=---= f;(M,0) = —logw — s with s < 0. We define the
following two multisets.

ey

2

|
Choose x € m$\m'&" to identify /cffl) “— kp, and embed the latter into the

higher local field kg ((t1)) - - - (t,)), which is equipped with a multi-indexed
valuation with respect to the parameters (¢, ..., t1). This gives rise to a valua-
tion v : Kl(f) — 7" C @", where the latter is equipped with the lexicographical

order; this does not depend on the choice of x. Define the following valuation
on
(s) di (@4 u]
D e QoL
iel -

still denoted by vg, by taking the minimum of v4 over the coefficients. We
consider the multiset A = {(v(ﬁ‘), z§)|19 € I9O(M Q® Fl)}, where ¥ is the
reduction of tl_”“’ % to

(s) dt; o ® du]
DTt © Dregn,

iel jeJ
By [Theorem 4.3.6(a), there exists an RP subset C’ of C which is adjacent to
thecellstj=---=t,=0fori =1, ...,n—1, such that the function f;(M, ry)

. . _ (int . .
for each [ is affine in r; over C’. Then, over e ¢, we have a unique direct
I

sum decomposition of differential modules M = P, . Mp, such that

JiMp,,rp) =+ = faimm,, (Mp,, r1) = —logw —s+biri+- -+ byry.
We put
={(=b1, ..., =bp, ®) b €@, ;" - 1709 € SOM ® Fy))),

for some 1; € C'™ and this set does not depend on the choice of 5; by

[Theorem 4.3.6(c).

Choose integers ey, ..., e, € N coprime to p such that ¢;b; € Z for any i and for
any (—by, ..., —b,, 9) € B. Put R = K[C'Tolt’*", ..., t,/*"].

Theorem 4.3.8. The two multisets A and B are the same (for any C' that satisfies
the condition in (2)). Moreover, there exists a finite tamely ramified extension K' /K

and a unique direct sum decomposition

MR QK = P Mp,.»
(br,9)eB

such that, if we put F,_,, = Fe-r, [t]/el, R K
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() forallry € C'int, M@, 9 ® F!_,, has pure intrinsic radii we b= =barnts g

pure refined intrinsic radii t; b1y, and

_,1

(ii) any element in $O(M ® F|) is congruent to t;b’ ¥ modulo elements with
vg-valuation strictly bigger than (—by, ..., —by,).

Proof. We first construct the decomposition that satisfies condition (i). For this, we
may replace K by a finite tamely ramified extension such that all ¢+ appearing in B

lie in
() dt; (s)du;
K —_— K E—
6{9 K 696{9 K
JjeJ

iel

for an appropriate s. In this case, we construct the decomposition of M ® R’ using
the same argument as in [Kedlaya and Xiao 2010, Theorem 3.4.4] by invoking
Theorems [4.1.9]and [4.2.6] at appropriate places.

Now we check condition (ii) for this direct sum decomposition; this is equivalent
to identifying the multisets A with B for each M}, . Note that we already know
that My, 9 ® F,—, has pure intrinsic radii we=?1"1=~0"+s For simplicity, we put
M = My, ». We do induction on the dimension n. When n = 0 there is nothing to
prove. We assume that the theorem is proved for n — 1. Let D denote the face t{ =0
of C.PutC=CnD,C'=C'ND, S = e_c and R = K[[S]lo with coordinates
t,...,t,, Where K is the completion of Frac(K [[tl]]o) with respect to the 1-Gauss
norm.

By applying the induction hypothesis to M =M Qg R, the multiset A is equal to

A= { (@), =bar o=l 1y V) | (b by €@
L7 e IOM ® Fy)),
for any (rp,...,r,) € ol , where vy is the valuation on
dt; du;
5) s

@Kgﬂlgt_l © EBK;??IE’%

. i ) uj

iel jeJ

as inNotation 4.2.3| and#, ** @97 is the reduction of t; @)% in

(s) dt; (s) duj
@ Kd'gt 69@ Kd‘gu.

iel jeJ

It suffices to identify the multiset A’ with B. When r; € @" N C’, this follows
from applying to the line which passes through the point r; and is
parallel to the #;-axis. In particular, this says that for any ¢’ above,

179" is the same as .
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When r; is not rational, the same statement follows from the “continuity” result in

[Theorem 4.3.6|(c). 0
Remark 4.3.9. One can also describe the intrinsic radii of Mj, » at the point
(rp))eC’' withry=---=r,=0forsomel €{l,...,d—1}. We leave this as an

exercise for interested readers.

Next we consider the situation for solvable differential modules.
Definition 4.3.10. Let C={(x;) CR":x; >0, x;+- - -+x, =1}. For [o, B] € (0, 1),
we put S g1 = {0 : p € [o, B]} and Ryo g1 = K[ Sa,p11l0- For @ € (0, 1), we put

Ry = mﬂe(a,l) R[a,ﬂ]-
Fix o € (0,1). Let M be a differential module over R,. Assume that M is
solvable, that is, for each x; € C, we have fi(M, p*) —0asp— 1",

By [Theorem 1.6.2] for x; € C, there exists b1 (M, x;), ..., bg(M, x;) such that
JilM, —x;logp) = pPMxD) when p— 1, forl =1, ...,d. Put

B(M,x;) =by(M, xp)+---+b(M, xp)
fori=1,...,d.

Proposition 4.3.11. Keep the notation as above. Then the functions d!B;(M, xp)
and By(M, xy) are integral polyhedral functions.

Proof. See [Kedlaya 2011, Theorem 3.3.3]. The proposition also follows from

a). O
Construction 4.3.12. Keep the notation as above.
Let x = (0,..., 1) € C be the point. Let § be the completion of the fraction

field of Og ((#1)) - - - ((#,—1)); it is a higher dimensional local field. We have a natural

embedding Ry — §{n/t,, t.}} = %n, if n € (o, 1). This means to restrict the picture

to the line (0, ..., 0, p) for p € (n, 1). We assume that M®§n has pure-log break b.
Recall that, as in we have a valuation

. dti du] n
v @K%ﬂ]g P @ @K&alg uj — @ .
J€

iel !
Proposition 4.3.13. Keep the notation as above. The following two multisets of

(n — 1)-tuples are the same.

(1) The multiset composed of valuations v of the elements of (1/1)$O(M & §n),
where & is a Dwork pi.

(i1) The multiset of slopes of bj(M, xy), for l =1, ...,d, on a RP subset of C
which is adjacent to the cells {t1 =--=t=0,tit1+- -+, = l}for all
i=1,...,n.

Proof. 1t follows from O
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Remark 4.3.14. One may interpret the above proposition geometrically, as in
[Kedlaya 2011]]. We will come back to this discussion in a future work.
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