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Polyhedral adjunction theory
Sandra Di Rocco, Christian Haase, Benjamin Nill and Andreas Paffenholz

In this paper we offer a combinatorial view on the adjunction theory of toric
varieties. Inspired by classical adjunction theory of polarized algebraic varieties
we explore two convex-geometric notions: the Q-codegree and the nef value of a
rational polytope P . We prove a structure theorem for lattice polytopes P with
large Q-codegree. For this, we define the adjoint polytope P (s) as the set of those
points in P whose lattice distance to every facet of P is at least s. It follows
from our main result that if P (s) is empty for some s < 2/(dim P + 2), then the
lattice polytope P has lattice width one. This has consequences in Ehrhart theory
and on polarized toric varieties with dual defect. Moreover, we illustrate how
classification results in adjunction theory can be translated into new classification
results for lattice polytopes.

Introduction

Let P ⊆ Rn be a rational polytope of dimension n. Any such polytope P can be
described in a unique minimal way as

P = {x ∈ Rn
: 〈ai , x〉> bi , i = 1, . . . ,m},

where the ai are primitive rows of an m× n integer matrix A and b ∈Qm .
For any s > 0 we define the adjoint polytope P (s) as

P (s) := {x ∈ Rn
: Ax > b+ s1},

where 1= (1, . . . , 1)T.
We call the study of such polytopes P (s) polyhedral adjunction theory.
Adjunction theory is an area of algebraic geometry which has played a fundamen-

tal role in the classification of projective algebraic varieties [Batyrev and Tschinkel
1998; Beltrametti and Di Termini 2003; Beltrametti et al. 1992; Beltrametti and
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Figure 1. Two examples of polyhedral adjunction. See page 2426
for discussion.

Sommese 1994; 1995; Fania and Sommese 1989; Fujita 1987; 1992; 1996; 1997;
Nakamura 1997; Sommese 1986]. The correspondence between polarized toric
varieties and lattice polytopes provides a natural ground for an adjunction theory of
lattice polytopes, as suggested in [Dickenstein et al. 2009].

The main purpose of this article is to convince the reader that polyhedral adjunc-
tion theory is an exciting area of research with many open questions connecting
toric geometry, polyhedral combinatorics and geometry of numbers.

By the toric dictionary between convex geometry of polytopes and geometry of
projective toric varieties, a lattice polytope P defines a toric variety X P polarized
by an ample line bundle L P . The pair (X P , L P) is often referred to as a polarized
toric variety. Sometimes the pair (X, L) is replaced by the equivariant embedding
X ↪→ PN defined by a suitable multiple of the line bundle L . Adjunction theory
provides tools to characterize and classify the pairs (X, L) by looking at the behavior
of the adjoint systems |uK X + vL|, for integers u, v, where K X is the canonical
divisor in X . We refer to Section 4 for details. If P is the polytope defined by
the line bundle L on X , then (vP)(u) is the polytope defined by the line bundle
uK X + vL .

In adjunction theory the nef value τ(L) and the unnormalized spectral value
µ(L) (sometimes called the canonical threshold) measure the positivity of the
adjoint systems. In Section 4 an account of these notions is given. An “integral”
version of the unnormalized spectral value for lattice polytopes has been present in
the literature for quite some time (even though it was never defined this way) under
the name codegree, denoted by cd(P)— see Definition 1.7. This notion appeared
in connection with Ehrhart theory and was studied by Batyrev and Nill [2007].

A “rational” version, again for lattice polytopes, has recently been introduced in
[Dickenstein et al. 2009]. Let c be the maximal rational number for which P (c) is
nonempty. Its reciprocal µ(P) := 1/c equals precisely the unnormalized spectral
value µ(L P). It is called the Q-codegree of P (Definition 1.5).

A long-standing conjecture in algebraic geometry states that general polarized
varieties should have unnormalized spectral values that are bounded above by
approximately half their dimension. In particular, as discussed more fully in
Remark 4.10, we have the following conjecture:
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Conjecture 1 [Beltrametti and Sommese 1994]. If an n-dimensional polarized
variety X is smooth, then µ(L) > (n+ 1)/2 implies that X is a fibration.

Let us consider lattice polytopes again. A Cayley sum of t + 1 polytopes is a
polytope (denoted by P0 ∗ · · · ∗ Pt ) built by assembling the polytopes Pi along the
vertices of a t-dimensional simplex — see Definition 3.1. For t = 0, the condition
of being a Cayley sum is vacuous. So when we say that P has a Cayley structure
we mean a nontrivial one with t > 0. For example, for t = 1, the condition is known
in the literature as P having lattice width one. From an (apparently) unrelated
perspective Batyrev and Nill conjectured that there is a function f (n) such that,
if cd(P) > f (n), the polytope has a nontrivial Cayley structure. This can be
sharpened:

Conjecture 2 [Dickenstein and Nill 2010]. If an n-dimensional lattice polytope P
satisfies cd(P)> (n+2)/2, then P decomposes as a Cayley sum of lattice polytopes
of dimension at most 2(n+ 1− cd(P)).

The polarized toric variety associated to a Cayley polytope is birationally fibered
in projective spaces, as explained on page 2441. It follows that Conjecture 2 could be
considered an “integral-toric” version of Conjecture 1 extended to singular varieties.
It also suggests that geometrically it would make sense to replace cd(P) by µ(P)
and use the bound (n+ 1)/2 from Conjecture 1. This leads to a reformulation (we
note that µ(P)6 cd(P)):

Conjecture 3. If an n-dimensional lattice polytope P satisfies µ(P) > (n+ 1)/2,
then P decomposes as a Cayley sum of lattice polytopes of dimension at most
b2(n+ 1−µ(P))c.

The main result of this paper is Theorem 3.4. It implies a slightly weaker
version of Conjecture 3, with µ(P) > (n+ 1)/2 replaced by µ(P)> (n+ 2)/2 —
see Corollary 3.7.

Despite much work both Conjectures 1 and 2 are still open in their original
generality. It is known that f (n) can be chosen quadratic in n [Haase et al. 2009] and
that Conjecture 2 is true for smooth polytopes [Dickenstein et al. 2009; Dickenstein
and Nill 2010]. The results in [Dickenstein et al. 2009; Dickenstein and Nill 2010]
also imply that for toric polarized manifolds Conjecture 1 holds forµ(L)>(n+2)/2.

Besides the underlying geometric intuition and motivation, polyhedral adjunction
theory and the results of this paper have connections with other areas.

Geometry of numbers. It follows from the definition of the Q-codegree thatµ(P)>1
implies that P is lattice-free, that is, it has no interior lattice points. Lattice-free poly-
topes are of importance in geometry of numbers and integer linear optimization —
see [Averkov et al. 2011; Nill and Ziegler 2011] for recent results. Lattice-free
simplices turn up naturally in singularity theory [Morrison and Stevens 1984]. Most
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prominently, the famous flatness theorem states that n-dimensional lattice-free
convex bodies have bounded lattice width (we refer to [Barvinok 2002] for details).
Cayley polytopes provide the most special class of lattice-free polytopes: they
have lattice width one, that is, the vertices of the polytope lie on two parallel affine
hyperplanes that do not have any lattice points lying strictly between them. Our main
result, Theorem 3.4, shows that lattice polytopes with sufficiently large Q-codegree
have to be Cayley polytopes. This hints at a close and not yet completely understood
relation between the Q-codegree and the lattice width of a lattice polytope.

Let us remark that for n > 3 Corollary 3.7 only provides a sufficient criterion
for P to be a Cayley polytope. For instance, P = [0, 1]n has lattice width one,
but µ(P) = 2 < (n+ 2)/2. Still, for even n the choice of (n+ 2)/2 is tight. Let
P = 21n , where 1n := conv(0, e1, . . . , en) is the unimodular n-simplex. Here, P
does not have lattice width one, since every edge contains a lattice point in the
middle. On the other hand, we have µ(P)= (n+ 1)/2. Since for n even we have
cd(P)= (n+2)/2, this example also shows that the bound (n+2)/2 in Conjecture 2
is sharp.

Projective duality. There is evidence that the unnormalized spectral value is con-
nected to the behavior of the associated projective variety under projective duality.
An algebraic variety is said to be dual defective if its dual variety has codimension
strictly larger than 1. The study of dual defective projective varieties is a classical
area of algebraic geometry (starting from Bertini) and a growing subject in com-
binatorics and elimination theory, as it is related to discriminants [Gelfand et al.
1994]. It is known that nonsingular dual-defective polarized varieties necessarily
satisfy µ > (n+ 2)/2 [Beltrametti et al. 1992]. On the other hand, in [Dickenstein
and Nill 2010; Di Rocco 2006] it was shown that a polarized nonsingular toric
variety corresponding to a lattice polytope P as above is dual defective if and only
if µ > (n+ 2)/2. It was conjectured in [Dickenstein and Nill 2010] that also in
the singular toric case µ > (n+ 2)/2 would imply (X P , L P) to be dual defective.
Theorem 3.4 gives significant evidence in favor of this conjecture, as it was shown
in [Curran and Cattani 2007; Esterov 2010] that the lattice points in such a dual
defective lattice polytope lie on two parallel hyperplanes. Moreover, using our main
result we verify a weaker version of this conjecture (Proposition 4.11).

Classification of polytopes and adjunction theory beyond Q-Gorenstein varieties.
We believe that polyhedral adjunction theory can help to develop useful intuition
for problems in (not necessarily toric) classical adjunction theory, when no algebro-
geometric tools or results exist so far. For instance, defining µ makes sense in the
polyhedral setting even if the canonical divisor of the toric variety is not Q-Cartier.

How to read this paper. Sections 1–3, as well as the Appendix, are kept purely
combinatorial, no prior knowledge of algebraic or toric geometry is assumed. The
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algebro-geometrically inclined reader may jump directly to Section 4. We refer the
reader who is unfamiliar with polytopes to [Ziegler 1995].

In Section 1 we introduce the two main players: the Q-codegree and the nef value
of a rational polytope. Section 2 proves useful results about how these invariants
behave under (natural) projections. These results should be viewed as a toolbox
for future applications. Section 3 contains the main theorem and its proof. The
algebro-geometric background and implications are explained in Section 4. In
the Appendix we include a combinatorial translation of some well-known algebro-
geometric classification results by Fujita which we think may be of interest to
combinatorialists.

1. The Q-codegree, the codegree, and the nef value

Throughout let P ⊆ Rn be an n-dimensional rational polytope.

Preliminaries. Let us recall that P is a rational polytope if the vertices of P lie in
Qn . Moreover, P is a lattice polytope if its vertices lie in Zn . We consider lattice
polytopes up to lattice-preserving affine transformations. Let us denote by 〈 · , · 〉
the pairing between Zn and its dual lattice (Zn)∗.

There exists a natural lattice distance function dP on Rn such that for x ∈ Rn

the following holds: x ∈ P (respectively, x ∈ int(P)) if and only if dP(x) > 0
(respectively, dP(x) > 0).

Definition 1.1. Let P be given by the inequalities

〈ai , · 〉> bi for i = 1, . . . ,m, (∗)

where bi ∈ Q and the ai ∈ (Z
n)∗ are primitive (i.e., they are not the multiple of

another lattice vector). We consider the ai as the rows of an m×n integer matrix A.
Further, we assume all inequalities to define facets Fi of P . Then for x ∈ Rn we
define the lattice distance from Fi by

dFi (x) := 〈ai , x〉− bi

and the lattice distance with respect to ∂P by

dP(x) := min
i=1,...,m

dFi (x).

For s > 0 we define the adjoint polytope as

P (s) := {x ∈ Rn
: dP(x)> s}.

Remark 1.2. We remark that it is important to assume that all Fi are facets, as
the following two-dimensional example shows. Let a1 := (−1, 1), a2 := (1, 2),
a3 := (0,−1), a4 := (0, 1). We set b1 := 0, b2 := 0, b3 :=−1, b4 := 0. This defines
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Figure 2. The skeleton of vertices of the adjoint polytopes.

the lattice triangle P := conv
(
(0, 0), (1, 1), (−2, 1)

)
having facets F1, F2, F3, while

F4 := {x ∈ P : 〈a4, x〉= 0} is just the vertex (0, 0). Then the point x := (−1/6, 1/4)
satisfies dP(x) = 1/3, however 〈a4, x〉 = 1/4. Note that a4 is a strict convex
combination of (0, 0), a1 and a2. It can be shown that such a behavior cannot occur
for canonical rational polytopes in the sense of Definition 2.4 below.

Remark 1.3. As the parameter s varies, the vertices of the adjoint polytopes trace
out a skeleton of straight line segments (compare Figure 2 and Lemma 1.12). In
computational geometry there are similar constructions such as the medial axis and
the straight skeleton [Aichholzer et al. 1995; Eppstein and Erickson 1999], which
are of importance in many applications from geography to computer graphics. “Roof
constructions” such as M(P) in Proposition 1.14 are also intensively studied in this
context (compare Figure 4). The skeleton proposed here is different, since it uses a
distance function which is invariant under lattice-preserving affine transformations
and not defined in terms of Euclidean distance or angles.

Let us note some elementary properties of polyhedral adjunction:

Proposition 1.4. Let s > 0.

(1) Each facet of P (s) is of the form

F (s) := {x ∈ P (s) : dF (x)= s}

for some facet F of P.

(2) Assume P (s) has dimension n, and let x ∈ P (s). Then dP(s)(x) = dP(x)− s.
Moreover, if x ∈ int(P (s)) and dP(x)= dF (x) for a facet F of P , then F (s) is
a facet of P (s), and dP(s)(x)= dF (s)(x).

(3) Assume P (s) has dimension n, and let r > 0. Then

(P (s))
(r)
= P (s+r).

(4) For r > 0 we have r(P (s))= (r P)(rs).

Proof. Property (1) follows directly from the definition. For (2), we first prove the
second statement. Let x ∈ int(P (s)), and let F be a facet of P with dP(x)= dF (x).
If we set λ := s/dF (x), we have λx + (1− λ)F ⊆ F (s): all elements y of the
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left-hand side satisfy dF (y)= s and dG(y)> s for facets G of P other than F . This
shows that F (s) is indeed (n− 1)-dimensional.

This also shows that

dP(x)= dF (x)= dF (s)(x)+ s > dP(s)(x)+ s.

On the other hand, pick a facet G of P such that G(s) is a facet of P (s) and that
dG(s)(x)= dP(s)(x). Then dP(x)6 dG(x)= dG(s)(x)+ s = dP(s)(x)+ s.

Finally, if x sits on the boundary of P (s), then the desired equality reads 0= 0.
Now (3) follows directly from (2), and (4) is immediate from the definition. �

The Q-codegree. We now define the invariant we are most interested in. The
reciprocal is used to keep the notation consistent with already existing algebro-
geometric terminology.

Definition 1.5. We define the Q-codegree of P as

µ(P) :=
(
sup{s > 0 : P (s) 6=∅}

)−1
,

and the core of P is core(P) := P (1/µ(P)).

As the following proposition shows, the supremum is actually a maximum.
Moreover, since P is a rational polytope, µ(P) is a positive rational number.

Proposition 1.6. The following quantities coincide:

(1) µ(P),

(2)
(
max{s > 0 : P (s) 6=∅}

)−1,

(3)
(
sup{s > 0 : dim(P (s))= n}

)−1,

(4) min{p/q > 0 : p, q ∈ Z>0, (pP)(q) 6=∅},
(5) inf{p/q > 0 : p, q ∈ Z>0, dim((pP)(q))= n},

(6) min{p/q > 0 : p, q ∈ Z>0, (pP)(q) ∩Zn
6=∅}.

Moreover, core(P) is a rational polytope of dimension < n.

Proof. (1), (2), (4) and (6) coincide by Proposition 1.4(4). For the remaining
statements, note that for s > 0, the adjoint polytope P (s) contains a full-dimensional
ball if and only if there exists some small ε > 0 such that P (s+ε) 6=∅. �

The codegree. The Q-codegree is a rational variant of the codegree, which came
up in Ehrhart theory of lattice polytopes [Batyrev and Nill 2007]. However, the
definition also makes sense for rational polytopes.

Definition 1.7. Let P be a rational polytope. We define the codegree as

cd(P) :=min{k ∈ N>1 : int(k P)∩Zn
6=∅}.
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Lemma 1.8. Let l be the common denominator of all right-hand sides bi given in
the inequality description of P as in (∗) of Definition 1.1. Then

int(l P)∩Zn
= (l P)(1) ∩Zn.

In particular, µ(P)6 l cd(P).

Proof. Let x ∈ int(l P)∩Zn . Then Z3 〈ai , x〉> lbi ∈Z for all i = 1, . . . ,m. Hence,
〈ai , x〉> lbi +1, as desired. The other inclusion is clear. The last statement follows
from Proposition 1.6(6). �

Note that for a lattice polytope P , we automatically have l = 1, so

µ(P)6 cd(P)6 n+ 1,

where the last inequality is well-known (take the sum of n+ 1 affinely independent
vertices of P).

The nef value. The third invariant we are going to define is a finite number only if
the polytope is not too singular. Let us make this precise.

Definition 1.9. A rational cone σ ⊂ (Rn)∗ with primitive generators v1, . . . , vm

in (Zn)∗ is Q-Gorenstein of index rσ if there is a primitive point uσ ∈ Zn with
〈vi , uσ 〉 = rσ for all i .

The normal fan N(P) of P is Q-Gorenstein of index r if the maximal cones are
Q-Gorenstein and r = lcm(rσ : σ ∈ N(P)).

Such a cone/fan is called Gorenstein if the index is 1. Moreover, we say that
P is smooth if for any maximal cone of N(P) the primitive ray generators form a
lattice basis. Clearly, P smooth implies N(P) Gorenstein.

In other words, N(P) is Q-Gorenstein if the primitive ray generators of any
maximal cone lie in an affine hyperplane and the index equals the least common
multiple of the lattice distance of these hyperplanes from the origin. For instance,
any simple polytope is Q-Gorenstein because every cone in the normal fan is
simplicial.

Definition 1.10. The nef value of P is given as

τ(P) :=
(
sup{s > 0 : N(P (s))= N(P)}

)−1
∈ R>0 ∪ {∞}.

Note that in contrast to the definition of the Q-codegree, here the supremum is
never a maximum.

Definition 1.11. Assume N(P) is Q-Gorenstein, and v is a vertex of P . Assume
that in the inequality description of P as in (∗) of Definition 1.1, the vertex v satisfies
equality precisely for i ∈ I . That is, the normal cone of v is σ = pos(ai : i ∈ I ). For
s > 0, define the point v(s) by v(s)= v+ (s/rσ )uσ , where uσ and rσ are defined
in Definition 1.9. Note that 〈ai , v(s)〉 = bi + s for i ∈ I .
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Figure 3. P (1/5) ⊆ P for a 3-dimensional lattice polytope P .

The following lemma collects various ways to compute the nef value τ of a
polytope, if the normal fan is Q-Gorenstein.

Lemma 1.12. N(P) is Q-Gorenstein if and only if τ(P) <∞. Assume this con-
dition holds. Then for s ∈ [0, τ (P)−1

] we have P (s) = conv(v(s) : v vertex of P).
Consequently, the following quantities coincide:

(1) τ(P)−1,

(2) max{s ∈Q>0 : v(s) ∈ P (s) for all vertices v of P},

(3) min{s ∈Q>0 : v(s)= v′(s) for two different vertices v, v′ of P},

(4) min{s ∈Q>0 : P (s) is combinatorially different from P},

(5) max{s ∈Q>0 : N(P) refines N(P (s))}.

Proof. The first assertion follows by Definition 1.11. Notice that N(P)=N(P (s))
if and only if v(s) 6= v′(s) for any two different vertices v, v′ of P . This implies
the assertions (1)⇐⇒ (3)⇐⇒ (4). Let now ξ = max{s ∈ Q>0 : v(s) ∈ P (s)}. As
remarked in Definition 1.11 it is τ(P)−1 6 ξ . On the other hand the existence
of an s ∈ Q such that ξ < s < τ(P)−1 would lead to a contradiction. In fact it
would imply that N(P)= N(P (s)) and the existence of a vertex v ∈ P for which
v(s) 6∈ P (s). This proves (1)⇐⇒ (2)⇐⇒ (5). �

Figure 3 shows a three-dimensional lattice polytope P whose normal fan is not
Q-Gorenstein (τ(P)=∞). Note that P has 5 vertices, while the adjoint polytope
P (c) (for 0< c < 1/µ(P)) has 6 vertices.

By definition, we have µ(P) 6 τ(P). We also want to compare the codegree
and the nef value.

Proposition 1.13. Let P be a lattice polytope with Q-Gorenstein normal fan of
index r . If s > rτ(P) is an integer, then (s P)(r) is a lattice polytope. In particular,

cd(P)− 1< rτ(P).
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Proof. By Lemma 1.12 every vertex of P (r/s) is of the form v
( r

s

)
= v+ r

rσ s uσ for
some vertex v of P . Hence, every vertex of (s P)(r) is given as sv

( r
s

)
= sv+ r

rσ
uσ ,

a lattice point. For the last statement it suffices to observe that (cd(P)− 1)P does
not have interior lattice points. �

The “mountain” and Q-normality. We now give a graphical description of the
nef value and the Q-codegree, one that provides an efficient way to compute these
invariants. Let the mountain M(P)⊆ Rn+1 be defined as

M(P) := {(x, s) : x ∈ P, 06 s 6 dP(x)}.

Proposition 1.14. Assume that P has an inequality description as in formula (∗)
of Definition 1.1. Then

M(P)= {(x, s) ∈ Rn+1
: (A | −1)(x, s)T > b, s > 0}.

Therefore, M(P) is a rational polytope with M(P) ∩ Rn
× {s0} = P (s0) × {s0}.

Moreover,

(1) µ(P)−1
=max(s : there is a vertex of M(P) with last coordinate s).

If N(P) is Q-Gorenstein, then

(2) τ(P)−1
=min(s > 0 : there is a vertex of M(P) with last coordinate s).

Proof. Set q :=µ(P)−1. By Proposition 1.6(2), we have q =max{s> 0 : P (s) 6=∅}.
By the definition of P (s), this is the maximal positive s such that there is an x ∈ P
which satisfies dF (x)> s for all facets F of P . This shows (1).

Let us prove (2). Suppose N(P) is Q-Gorenstein, and abbreviate t := τ(P)−1.
For every vertex v of P and s > 0 define v(s) as in Definition 1.11. At every vertex
(v, 0) of the bottom facet P×{0} of M(P) there is a unique upwards edge towards
(v(s), s) for small s. By Lemma 1.12(3) there are two vertices v, v′ of P so that
v(t)= v′(t). The corresponding point (v(t), t)= (v′(t), t) in M(P) is a vertex, as
it is incident to at least two edges. �

Let us consider the example given on the right-hand side of Figure 1, and take
a look at its mountain — see Figure 4. The height of the mountain equals the
reciprocal of the Q-codegree, while the height of the first nontrivial vertex is the
reciprocal of the nef value.

This motivates the following definition (see [Dickenstein et al. 2009]).

P

Figure 4. The lattice distance mountain M(P).
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Figure 5. P (4) ⊆ P for a 3-dimensional lattice polytope P .

Definition 1.15. We say that P is Q-normal if µ(P)= τ(P).

To get the correct intuition for this notion, let us note that P is Q-normal if and
only if all vertices of P survive under polyhedral adjunction (as long as the adjoint
polytope is full-dimensional). For n > 3 it is not enough that all facets of P survive,
as Figure 5 illustrates (where τ(P)−1

= 2, µ(P)−1
= 6 and core(P) is an interval).

2. Natural projections

Throughout let P ⊆ Rn be an n-dimensional rational polytope.

The core and the natural projection. Recall that core(P) := P (1/µ(P)) is a rational
polytope of dimension < n.

Definition 2.1. Let K (P) be the linear space parallel to aff(core(P)). We call
πP : Rn

→ Rn/K (P) the natural projection associated with P .

Lemma 2.2. Let x ∈ relint(core(P)). Let us denote by F1, . . . , Ft the facets of P
with dFi (x) = µ(P)

−1. Then their primitive inner normals a1, . . . , at positively
span the linear subspace K (P)⊥.

Moreover, if core(P)= {x}, then

{y ∈ Rn
: dFi (y)> 0 for all i = 1, . . . , t}

is a rational polytope containing P.

Proof. We set s :=µ(P)−1. Let i ∈ {1, . . . , t}. Since dFi (x)= s and x ∈ relint(P (s)),
we have dFi (y) = s for all y ∈ P (s). This shows C := pos(a1, . . . , at) ⊆ K (P)⊥.
Assume that this inclusion were strict. Then there exists some v ∈ Rn such that
〈v,C〉> 0 and v does not vanish on the linear subspace K (P)⊥. In particular, for
any i ∈ {1, . . . , t} one gets 〈v, ai 〉> 0, so dFi (x + εv)> dFi (x)= s for any ε > 0.
Moreover, if we choose ε small enough, then dG(x+εv)≈ dG(x) > s for any other
facet G of P . Hence, x + εv ∈ P (s). But this means v ∈ K (P), and v must vanish
on K (P)⊥, a contradiction.

Finally, notice that if P (s) = {x}, then a1, . . . , at positively span (Rn)∗. In
particular, conv(a1, . . . , at) contains a small full-dimensional ball around the origin.
Dually, {y ∈ Rn

: 〈ai , y〉> bi , i = 1, . . . , t} is contained in a large ball. Hence, it
is a bounded rational polyhedron, thus a rational polytope. �



2428 Sandra Di Rocco, Christian Haase, Benjamin Nill and Andreas Paffenholz

P = conv
[

0 2 0 2 0 0
0 0 4 2 0 4
0 0 0 0 h h

]
Q = conv

[
0 2 0 2
0 0 4 2

]
Figure 6. The Q-codegree projection πP : P→ Q.

The Q-codegree under natural projections. We begin with a key observation.

Proposition 2.3. The image Q :=πP(P) of the natural projection of P is a rational
polytope satisfying µ(Q)> µ(P). Moreover, if µ(Q)= µ(P), then core(Q) is the
point πP(core(P)).

Proof. Let t, x, Fi , ai as in Lemma 2.2 and s := µ(P)−1. Q is a rational poly-
tope with respect to the lattice L := Zn/(K (P) ∩ Zn). The dual lattice of L is
(Zn)∗ ∩ K (P)⊥. In particular, any ai for i ∈ {1, . . . , t} is still a primitive normal
vector of a facet of Q. In particular, Q(s)

⊆ πP(P (s)) = {πP(x)}. Therefore,
µ(Q)−1 6 s. �

The example in Figure 6 shows that this projection can be quite peculiar. The
dashed lines are the affine hulls along which we are projecting, while the fat line
segments are the cores of P and Q. On the left side we only drew the lattice points
on the bottom face for clarity. Here, πP projects onto the bottom face Q. If we
assume that the height h of P is large enough, then the adjoint polytope core(P) is
a line segment projecting onto the point x = (4

3 ,
4
3 , 0) marked on the bottom. Note

that this point doesn’t even lie in the line segment core(Q). Essentially, the reason
for this behavior is that the preimage of one of the two facets of Q defining the
affine hull of core(Q) is not a facet of P . Moreover, µ(Q)= 1> 3

4 = µ(P).

Projections of α-canonical polytopes.

Definition 2.4. Let σ be a rational cone with primitive generators v1, . . . , vm . Then
the height function associated with σ is the piecewise linear function

htσ (x) :=max
{ m∑

i=1

λi : λi > 0 for i = 1, . . . ,m ,

m∑
i=1

λivi = x
}
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on σ . For α > 0, we say that σ is α-canonical if htσ (x) > α for every nonzero
x ∈ σ ∩Zn . A 1-canonical cone is said to be canonical.

A rational polytope is (α-)canonical if all cones of its normal fan are.

This is a generalization to the non-Q-Gorenstein case of canonical singularities
in algebraic geometry. Note that a Q-Gorenstein cone of index r is (1/r)-canonical.
In particular, rational polytopes with Gorenstein normal fan are canonical.

Lemma 2.5. Let π : P→Q be a polytope projection, and assume P is α-canonical.
Then αdP(x)6 dQ(π(x)) for all x ∈ P.

Proof. Let 〈a, · 〉 > b be a facet of Q realizing dQ(π(x)). That is, 〈a, π(x)〉 =
b + dQ(π(x)). Then the integral linear functional π∗a belongs to some cone
σ ∈ N(P) with primitive generators a1, . . . , am . Write π∗a =

∑m
i=1 λi ai with

λi > 0 for i = 1, . . . ,m and
∑m

i=1 λi = htσ (π∗a). Then b =
∑m

i=1 λi bi , and∑m
i=1 λi > α. Thus

dQ(π(x))= 〈a, π(x)〉− b = 〈π∗a, x〉− b

=

m∑
i=1

λi (〈ai , x〉− bi )>
m∑

i=1

λi dP(x)> αdP(x). �

Corollary 2.6. Let π : P → Q be a polytope projection, and assume P is α-
canonical. Then µ(P)> αµ(Q).

In particular, if P is canonical, then µ(P)> µ(Q).

This shows that for canonical polytopes the natural projection in Proposition 2.3
is Q-codegree preserving! In particular, the polytope Q has the nice property that
core(Q) is a point.

Example 2.7. Unfortunately, it is in general not true that being α-canonical is
preserved under the natural projection, as can be seen from the following example.
Consider the polytope

P = conv
[

14 8 0 −8 14 0 0 −14 −14
7 1 0 1 7 21 21 7 7

−21 −3 0 3 21 21 −21 21 −21

]
This is a three-dimensional lattice polytope. Its core has the vertices (0, 7, 7) and
(0, 7,−7), so the natural projection π maps onto a two-dimensional lattice polytope
by projecting onto the first two coordinates. The projection is

π(P)= conv
[

14 8 0 −8 0 −14
7 1 0 1 21 7

]
All but one normal cone of P is canonical. The exception is the normal cone at the
origin. Its primitive rays are (−1,−5,−1), (1,−5, 1), (0,−3,−1) and (0,−3, 1).
The ray (0,−1, 0) is in the cone, and its height is 1

3 . So P is 1
3 -canonical. The

normal cones of the natural projection Q are again canonical with one exception.
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The normal cone at the origin is generated by the rays (1,−8) and (−1,−8). It
contains the ray (0,−1), so Q is only 1

8 -canonical. The computations were done
with polymake [Joswig et al. 2009].

Q-normality under natural projections.

Proposition 2.8. Let P be Q-normal. Then its image Q under the natural projection
is Q-normal, its core is the point core(Q) = πP(core(P)), and µ(Q) = µ(P).
Moreover, if P is α-canonical, then Q is α-canonical.

Proof. If P is Q-normal, then the normal fan of P refines the normal fan of
core(P) = P (1/τ(P)). In particular, the face K (P)⊥ of N(core(P)) is a union of
faces of N(P). Therefore, being α-canonical is preserved. On the other hand,
N(Q)=N(P)∩K (P)⊥ for any polytope projection P→ Q. That means that every
facet F of Q lifts to a facet π∗P F of P . Together with dF (πP(x))= dπ∗P F (x) (for
x ∈ P) this implies Q(s)

= π(P (s)) for any s > 0. This yields the statements. �

If a rational polytope is Q-normal and its core is a point, then the generators of
its normal fan form the vertex set of a lattice polytope. Such a fan corresponds to a
toric Fano variety; see, e.g., [Debarre 2003; Nill 2005].

3. Cayley decompositions

Throughout let P ⊆ Rn be an n-dimensional lattice polytope.

Lattice width, Cayley polytopes and codegree. We recall that the lattice width of
a polytope P is defined as the minimum of maxx∈P〈u, x〉−minx∈P〈u, x〉 over all
nonzero integer linear forms u. We are interested in lattice polytopes of lattice
width one, which we also call (nontrivial) Cayley polytopes or Cayley polytopes of
length > 2.

Definition 3.1. Given lattice polytopes P0, . . . , Pt in Rk , the Cayley sum P0∗· · ·∗Pt

is defined to be the convex hull of (P0× 0)∪ (P1× e1)∪ · · · ∪ (Pt × et) in Rk
×Rt

for the standard basis e1, . . . , et of Rt .
We say that P ⊆ Rn is a Cayley polytope of length t + 1 if there exists an affine

lattice basis of Zn ∼= Zk
×Zt identifying P with the Cayley sum P0 ∗ · · · ∗ Pt for

some lattice polytopes P0, . . . , Pt in Rk .

This definition can be reformulated [Batyrev and Nill 2008, Proposition 2.3].

Lemma 3.2. Let σ ⊆ Rn+1 be the cone spanned by P × 1. Then the following
statements are equivalent:

(1) P is a Cayley polytope P0 ∗ · · · ∗ Pt of length t + 1.

(2) There is a lattice projection P onto a unimodular t-simplex.



Polyhedral adjunction theory 2431

(3) There are nonzero x1, . . . , xt+1 ∈ σ
∨
∩ (Zn+1)∗ such that

x1+ · · ·+ xt+1 = en+1.

Since the t-th multiple of a unimodular t-simplex contains no interior lattice
points, we conclude from Lemma 3.2(2) that

cd(P0 ∗ · · · ∗ Pt)> t + 1.

Conversely, Conjecture 2 states that having large codegree implies being a Cayley
polytope. To get the reader acquainted with Conjecture 2, we include a simple
observation.

Lemma 3.3. If cd(P) > d(n+ 1)/2e, then through every vertex there is an edge
whose only lattice points are its two vertices.

Proof. Assume otherwise. Then there exists an injective lattice homomorphism f
mapping 21n → P . Therefore, Stanley’s monotonicity theorem [Stanley 1993;
Batyrev and Nill 2007] yields n + 1 − cd( f (21n)) 6 n + 1 − cd(P), hence
cd(P) 6 cd

(
f (21n)

)
6 cd(21n) = d(n+ 1)/2e. This yields a contradiction to

our assumption. �

The decomposition theorem. Let P, P ′ be n-dimensional lattice polytopes. We
will say that P and P ′ are unimodularly equivalent (P ∼= P ′) if there exists an affine
lattice automorphism of Zn mapping the vertices of P onto the vertices of P ′. It
is a well-known result (see, for example, [Batyrev and Nill 2007]) that P ∼=1n if
and only if cd(P)= n+ 1. Since µ(P)6 cd(P)6 n+ 1 and µ(1n)= n+ 1, we
deduce that P ∼=1n if and only if µ(P)= n+ 1.

We next prove a general structure result on lattice polytopes of high Q-codegree.
We set

d(P) :=
{

2(n−bµ(P)c) if µ(P) 6∈ N,

2(n−µ(P))+ 1 if µ(P) ∈ N.

If we exclude the special situation P ∼=1n , we have 16 d(P) < 2(n+ 1−µ(P)).

Theorem 3.4. Let P be an n-dimensional lattice polytope with P 6∼=1n . If n>d(P),
then P is a Cayley sum of lattice polytopes in Rm with m 6 d(P).

For the proof we recall the following folklore result.

Lemma 3.5. Let P ⊆ Rn be an n-dimensional lattice polytope. Let

z ∈ pos(P ×{1})∩Zn+1.

Then there exist (not necessarily different) vertices v1, . . . , vg of P and a lattice
point p ∈ ( j P)∩Zn with

z = (v1, 1)+ · · ·+ (vg, 1)+ (p, j)
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(p, j)

z

Figure 7. Decomposing z in the proof of Lemma 3.5.

such that (p, j)= (0, 0) or 16 j 6 n+ 1− cd(P).

Proof. There exists an m-dimensional simplex S in P with vertices v1, . . . , vm+1

in the vertex set of P such that z ∈ pos
(
(v1, 1), . . . , (vm+1, 1)

)
. We can write

z =
m+1∑
i=1

ki (vi , 1) +
m+1∑
i=1

λi (vi , 1) for ki ∈ N and λi ∈ [0, 1).

See also Figure 7. The lattice point
∑m+1

i=1 λi (vi , 1) is an element of the fundamental
parallelepiped of the simplex S. By [Beck and Robins 2007, Corollary 3.11], its
height j equals at most the degree of the so-called Ehrhart h∗-polynomial. Ehrhart–
Macdonald reciprocity implies that this degree is given by m + 1− cd(S). We
refer to [Batyrev and Nill 2007] for more details. Now, the result follows from
j 6m+ 1− cd(S)6 n+ 1− cd(P) by Stanley’s monotonicity theorem [1993]. �

Proof of Theorem 3.4. By successive application of Proposition 2.3, we can find
a lattice projection P → Q with dim(Q) = n′ 6 n such that µ(P) 6 µ(Q) and
Q(s)
={x} for s :=µ(Q)−1. By observing that d(Q)+(n−n′)6 d(P), we see that

d(P) < n implies d(Q) < n′ and, moreover, if the desired statement holds for Q,
then it also holds for P . Hence, we may assume that s = µ(P)−1 and P (s) = {x}.

By Lemma 2.2, P is contained in a rational polytope P̃ with s = µ(P̃)−1 and
P̃ (s) = {x} so that all facets of P̃ have distance s from x . Let σ ⊆ σ̃ ⊆ Rn+1 be the
(full-dimensional, pointed) cones over P ×{1} ⊆ P̃ ×{1}, and let u ∈ (Rn+1)∗ be
the last coordinate functional. As u evaluates positively on all vertices of P̃ ×{1},
we have u ∈ int σ̃∨ ⊆ int σ∨. Let us define the lattice polytope

R := conv
(
{0} ∪ {η : η primitive facet normal of σ̃ }

)
⊆ (Rn+1)∗.

In order to invoke Lemma 3.2(3), we will show that R has high codegree so that u
can be decomposed into a sum of many lattice points in σ̃∨ ⊆ σ∨ by Lemma 3.5.
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To this end, observe that 〈η, (x, 1)〉 = s for every primitive facet normal η of σ̃ ,
so that R is an (n+ 1)-dimensional pyramid with apex 0:

R = σ̃∨ ∩ {y ∈ (Rn+1)∗ : 〈y, (x, 1)〉6 s}.

P̃ × 1⊇ P × 1

σ

σ̃
ηi

u(x, 1)
(x, 1)

u
σ̃∨ σ∨

ηi R
{〈 · , (x, 1)〉 = s}

Let us bound the height of an interior lattice point of σ̃∨. Assume there is
some y ∈ int σ̃∨ ∩ (Zn+1)∗ such that 〈y, (x, 1)〉 < 1. Because x ∈ P is a convex
combination of vertices there is some vertex w ∈ P × {1} such that 〈y, w〉 < 1.
However, y ∈ int σ̃∨⊆ int σ∨ implies 0< 〈y, w〉. This contradicts 〈y, w〉 ∈Z. Now,
〈 · , (x, 1)〉6 s is a valid inequality for R, and by the above, int(k R)∩ (Zn+1)∗ =∅
for k 6 s−1

= µ(P).
On the other hand, u is a lattice point in int σ̃∨ with 〈u, (x, 1)〉 = 1. So u is in

int(k R)∩ (Zn+1)∗ for k > µ(P). Hence, r := cd(R)= bµ(P)c+ 1.
From Lemma 3.5 applied to R and (u, r) ∈ pos(R×{1})∩ (Zn+2)∗ we conclude

that
(u, r)= k(0, 1)+ (η1, 1)+ · · ·+ (ηg, 1)+ (p, j)

for a natural number k, for (not necessarily different) nonzero vertices η1, . . . , ηg

of R and for a lattice point p ∈ ( j R)∩(Zn+1)∗ with the property that (p, j)= (0, 0)
or 16 j 6 n+ 2− r .

From u 6∈ (r−2)R and (u, r−2)= (k−2)(0, 1)+(η1, 1)+· · ·+(ηg, 1)+(p, j),
we conclude that k − 2 < 0, that is, k ∈ {0, 1}. Further, if k = 1, then u is in
(r − 1)R \ int((r − 1)R) so that 1= 〈u, (x, 1)〉 = (r − 1)s, that is, µ(P) ∈ Z.

Let us first consider the case k = 0. Since u ∈ int(r R), we observe that

(u, r) 6∈ pos
(
(η1, 1), . . . , (ηg, 1)

)
,

thus (p, j) 6= (0, 0). Therefore, r = g + j , and u splits into a sum of at least
g+1> r+1−(n+2−r)= 2bµ(P)c−n+1 nonzero lattice vectors in σ̃∨. Hence,
Lemma 3.2(3) yields that P is a Cayley polytope of lattice polytopes in Rm with
m 6 n+ 1− (g+ 1)6 2(n−bµ(P)c).

It remains to deal with the case k = 1. Here, we have already observed that
µ(P) ∈ Z. If (p, j)= (0, 0), then u splits into a sum of at least g+ 1= r nonzero
lattice points in σ̃∨, so Lemma 3.2(3) yields that P is the Cayley polytope of lattice
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polytopes in Rm with m6 n+1−(g+1)6 n+1−µ(P). Finally, if (p, j) 6= (0, 0),
then r = g+ 1+ j , so we again deduce from Lemma 3.2(3) that P is the Cayley
polytope of g+ 1 = r − j > r − (n+ 2− r) = 2r − n− 2 lattice polytopes in an
ambient space of dimension n+ 1− (2r − n− 2)= 2(n−µ(P))+ 1. �

Remark 3.6. Statement and proof of Theorem 3.4 generalize Theorem 3.1 in
[Haase et al. 2009], which proves Conjecture 2 in the case of Gorenstein polytopes.
A Gorenstein polytope P with codegree c can be characterized by the property that
P is a Q-normal lattice polytope with (cP)(1) being a lattice point.

Corollary 3.7. Let P be an n-dimensional lattice polytope. If n is odd and µ(P) >
(n+ 1)/2, or if n is even and µ(P)> (n+ 2)/2, then P is a Cayley polytope.

There is no obvious analogue for rational polytopes. For instance, for ε > 0, the
Q-codegree of (1+ε)1n equals (n+1)/(1+ε), so it gets arbitrarily close to n+1,
however its lattice width is always strictly larger than one.

Theorem 3.4 proves Conjecture 2 if dµ(P)e = cd(P). Therefore, we get the
following new result using Proposition 1.13.

Corollary 3.8. Conjecture 2 holds if N(P) is Gorenstein and P is Q-normal.

If P is smooth with cd(P) > (n+ 2)/2, then it was shown in [Dickenstein et al.
2009; Dickenstein and Nill 2010] that P∼= P0∗· · ·∗Pt , where t+1= cd(P)=µ(P),
and P0, . . . , Pt have the same normal fan. The proof relies on algebraic geometry;
no purely combinatorial proof is known.

A sharper conjecture. We conjecture that in Corollary 3.7 the condition µ(P) >
(n+1)/2 should also be sufficient in even dimension. This is motivated by an open
question in algebraic geometry — see Remark 4.10. We can prove this conjecture
in the case of lattice simplices.

Proposition 3.9. Let P ⊆ Rn be an n-dimensional rational simplex. Let ai be the
lattice distance of the i-th vertex of P from the facet of P not containing the vertex.
Then

τ(P)= µ(P)=
n∑

i=0

1
ai
.

Proof. Let x be the unique point that has the same lattice distance s from each facet.
Then τ(P)−1

= µ(P)−1
= s. Fix a basis {e0, . . . , en} for Rn+1 and consider the

affine isomorphism

P→ conv(a0e0, . . . , anen)=

{
y ∈ Rn+1

>0 :

n∑
i=0

yi
ai
= 1

}
⊂ Rn+1

given by y 7→
(
dF0(y), . . . , dFn (y)

)
. The point x is mapped to c := (s, . . . , s), so

1/s =
∑n

i=0 1/ai . �
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Corollary 3.10. Let P ⊆ Rn be an n-dimensional lattice simplex.

(1) If µ(P) > (n+ 1)/2 (or µ(P)= (n+ 1)/2 and ai 6= 2 for some i), then P is a
lattice pyramid.

(2) If µ(P)> (n+ 1)/2 and P 6∼= 21n , then P has lattice width one.

Proof. Assume that P is not a lattice pyramid. Then ai > 2 for all i = 0, . . . , n.
Hence,

µ(P)=
n∑

i=0

1
ai
6 n+1

2
.

This proves (1). For (2), let us assume that ai = 2 for all i = 0, . . . , n. We consider
the injective affine map

Rn
→ Rn, y 7→ (dF1(y), . . . , dFn (y)).

Note that the image of P is 21n = conv(0, 2e1, . . . , 2en). Let us denote the image
of Zn by 3. It satisfies 2Zn

⊆ 3 ⊆ Zn . If 3 = Zn , then P ∼= 21n . Hence,
our assumption yields that the reduction modulo 2 is a proper linear subspace
3/2Zn

⊂ (Z/2Z)n . Therefore, it must satisfy an equation
∑

i∈I xi ≡ 0 mod 2 for
some subset ∅ 6= I ⊆ {1, . . . , n}. The linear functional 1

2

(∑
i∈I xi

)
defines an

element λ ∈3∗ such that λ(2ei )= 1 if i ∈ I and 0 otherwise. Hence, P has lattice
width one in the direction of the pullback of λ. �

Example 3.11. It is tempting to guess that µ(P)= (n+ 1)/2 and ai = 2 for all i
implies that P ∼= 21n . However, here is another example:

conv
[

0 0 1 1
0 1 0 1
0 1 1 0

]
.

A corresponding result for the codegree was proven in [Nill 2008] where it is
shown that a lattice n-simplex is a lattice pyramid if cd(P)> 3

4(n+1). Let us stress
that Conjecture 2 is still open for lattice simplices.

4. Adjunction theory of toric varieties

In this section, we explain the connection between the previous combinatorial
results and the adjunction theory of toric varieties.

General notation and definitions. Let X be a normal projective algebraic variety
of dimension n with canonical class K X defined over the complex numbers. We
assume throughout that X is Q-Gorenstein of index r , that is, r is the minimal
r ∈ N>0 such that r K X is a Cartier divisor. X is called Gorenstein if r = 1.

Let L be an ample line bundle (we will often use the same symbol for the
associated Weil divisor) on X . We use the additive notation to denote the tensor
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operation in the Picard group Pic(X). When we consider (associated) Q-divisors,
the same additive notation will be used for the operation in the group Div(X)⊗Q.

Recall that L is nef (respectively, ample) if it has nonnegative (respectively,
positive) intersection with all irreducible curves in X . Moreover, L is said to be
big if the global sections of some multiple define a birational map to a projective
space. If a line bundle is nef, then being big is equivalent to having positive degree.
It follows that every ample line bundle is nef and big. The pair (X, L), where L is
an ample line bundle on X , is often called a polarized algebraic variety. The linear
systems |K X + sL| are called adjoint linear systems. These systems define classical
invariants which have been essential tools in the existent classification of projective
varieties. In what follows we summarize what is essential to understand the results
in this paper. More details can be found in [Beltrametti and Sommese 1995, 1.5.4
and 7.1.1].

Definition 4.1. Let (X, L) be a polarized variety.

(1) The unnormalized spectral value of L is defined as

µ(L) := sup
{
s ∈Q : h0(N (K X + sL)

)
= 0 for all positive integers

such that N (K X + sL) is an integral Cartier divisor
}
.

Note that µ(L) <∞ follows from L being big.

(2) The nef value of L is defined as

τ(L) :=min{s ∈ R : K X + sL is nef}.

It was proven by Kawamata that τ(L) ∈Q. Moreover if rτ = u/v, where u and
v are coprime, then the linear system |m(vr K X + uL)| is globally generated for a
big enough integer m. The corresponding morphism

f : X→ PM
= P

(
H 0(m(vr K X + uL))

)
has a Remmert–Stein factorization as f = p ◦ϕτ , where ϕτ : X→ Y is a morphism
with connected fibers onto a normal variety Y , called the nef value morphism. The
rationality ofµ(L)was only shown very recently [Birkar et al. 2010, Corollary 1.1.7]
as a consequence of the existence of the minimal model program.

Observe that the invariants above can be visualized as follows — see Figure 8.
Traveling from L in the direction of the vector K X in the Neron–Severi space
NS(X)⊗ R of divisors, L + (1/µ(L))K X is the meeting point with the cone of
effective divisors Eff(X) and L + (1/τ(L))K X is the meeting point with the cone
of nef-divisors Nef(X). We now summarize some well-known results which will
be used in this section.

Proposition 4.2. (1) τ(L) is the largest s ∈ Q such that K X + sL is nef but not
ample.
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Eff
L

L + 1
τ

K X

L + 1
µ

K X

K X

Figure 8. Illustrating µ(L) and τ(L).

(2) µ(L)6 τ(L), with equality if and only if ϕτ is not birational.

(3) Let rτ(L)= u/v with coprime positive integers u, v. Then

u 6 r(n+ 1),

in particular, τ(L)6 r(n+ 1).

(4) µ(L)6 n+ 1.

Proof. Statement (1) is proven in [Beltrametti and Sommese 1995, 1.5.5]. For (2)
observe that the interior of the closure of the effective cone is the big cone,
Eff(X)

int
=Big(X). Recall that if a divisor is not big, then the map associated to the

global sections has a lower-dimensional image. It follows that the map is birational
only when τ and ν do not coincide. A proof can be also found in [Beltrametti and
Sommese 1995, 7.1.6]. Statement (3) is part of Kawamata’s rationality theorem
and (4) is proven in [Beltrametti and Sommese 1995, 7.1.3]. �

Remark 4.3. There are at least three other notions which are related to the unnor-
malized spectral value. The (nonnegative) spectral value σ(L) := n+ 1−µ(L)
was defined by Sommese [1986] (compare this notion with the degree of lattice
polytopes [Batyrev and Nill 2007]). Fujita [1992] defined the (nonpositive) Kodaira
energy κε(L) as −µ(L)— see also [Batyrev and Tschinkel 1998]. Furthermore,
the reciprocal µ(L)−1 is called the effective threshold — see, for example, [Birkar
et al. 2010].

There are several classifications of polarized varieties with large nef value. For
example:

Theorem 4.4 [Fujita 1987]. Let (X, L) be a polarized normal Gorenstein variety
with dim(X)= n. Then:



2438 Sandra Di Rocco, Christian Haase, Benjamin Nill and Andreas Paffenholz

(1) τ(L)6 n unless (X, L)=
(
Pn,OPn (1)

)
.

(2) τ(L) < n unless we are in one of the following cases:
(a) (X, L)=

(
Pn,OPn (1)

)
.

(b) X is a quadric hypersurface and L = OX (1).
(c) (X, L)=

(
P2,OPn (2)

)
.

(d) (X, L) =
(
P(E),O(1)

)
, where E is a vector bundle of rank n over a

nonsingular curve.

In the same paper Fujita also classifies the cases τ(L)> n−2 and τ(L)> n−3.
We will discuss this classification in the toric setting and the induced classification
of lattice polytopes with no interior lattice points in the Appendix.

Toric geometry. We refer the reader who is unfamiliar with toric geometry to
[Fulton 1993]. In what follows we will assume that X is a Q-Gorenstein toric
variety of Gorenstein index r and dimension n. Let L be an (equivariant) line bundle
on X . Let N ∼= Zn , 6 ⊂ N ⊗R be the defining fan and denote by 6(i) the set of
cones of 6 of dimension i . For τ ∈6(i), V (τ ) will denote the associated invariant
subvariety codimension i .

Recall that L is nef (resp., ample) if and only if L · V (ρ j )> 0 (resp., > 0) for
all ρ j ∈6(n− 1); see [Mustaţă 2002, Theorem 3.1], for example.

There is a one-to-one correspondence between n-dimensional toric varieties
polarized by an ample line bundle L and n-dimensional convex lattice polytopes
P(X,L) ⊂ M ⊗R (up to translations by a lattice vector), where M is the lattice dual
to N . Under this correspondence k-dimensional invariant subvarieties of X are
associated with k-dimensional faces of P(X,L). More precisely, if

P = {x ∈ Rn
: Ax > b}

for an m × n integer matrix A with primitive rows and b = (b1, . . . , bm) ∈ Zm ,
then L =

∑
(−bi )Di , where Di = V (βi ), for βi ∈6(1), are the invariant divisors,

generating the Picard group.
More generally, a nef line bundle L on a toric variety X ′ defines a polytope

PL⊂Rn , not necessarily of maximal dimension, whose integer points correspond to
characters on the torus and form a basis of H 0(X ′,L). The edges of the polytope PL

correspond to the invariant curves whose intersection with L is positive. In particular,
the normal fan of PL does not necessarily coincide with the fan of X ′. It is the fan
of a toric variety X obtained by possibly contracting invariant curves on X ′. The
contracted curves correspond to the invariant curves having zero intersection with L.
Let π : X ′→ X be the contraction morphism. There is an ample line bundle L on X
such that π∗(L)=L. Because the dimension of the polytope equals the dimension
of the image of the map defined by the global sections one sees immediately that
PL has maximal dimension if and only if L is big.
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Adjoint bundles. (Compare with Section 1.) Let (X, L) be the polarized variety
defined by the polytope P = {x ∈ Rn

: Ax > b}. Observe that for any s ∈Q>0 the
polytope P (s) := {x ∈ Rn

: Ax > b+ s1}, with 1= (1, . . . , 1)T, corresponds to the
Q-line bundle sK X + L . With this interpretation it is clear that

µ(P)= µ(L) and τ(P)= τ(L)

Remark 4.5. Proposition 1.14 gives us a geometric interpretation of these invariants.
Let k ∈ Z such that k M(P) is a lattice polytope and let Y be the associated toric
variety. The polytope P is a facet of M(P) and thus the variety X is an invariant
divisor of Y . Moreover, the projection M(P)� P induces a rational surjective map
Y → P1 whose generic fiber (in fact all fibers but the one at∞) are isomorphic
to X .

Remark 4.6. From an inductive viewpoint, it would be desirable to know how “bad”
the singularities of P (1) can get if we start out with a “nice” polytope P . However,
this seems to be very hard. Traditionally, there is another way, the “onion skinning”
of a polytope (see [Haase and Schicho 2009; Ogata 2007]) via the interior polytope
P [1] := conv(int(P)∩Zn). Recall that the lattice points of P (1) correspond to the
global sections of K X + L P . If the line bundle K X + L P is globally generated
(equivalently nef) then P (1)= P [1], but in general they might be different. Obviously,
P [1] ⊆ P (1), with equality if and only if P (1) is a lattice polytope. Ogata [2007]
examined the case of smooth polytopes of dimension at most three with interior
lattice points. He proves the following:

- In dimension two, P (1) equals P [1], and it is even a smooth polytope [Ogata
2007, Lemma 5].

- In dimension three [Ogata 2007, Proposition 3], it is claimed that by succes-
sively forgetting facet inequalities (corresponding to blow-downs) it is possible
to obtain a smooth polytope P ′ ⊇ P with P ′(1) = P (1) = P [1] and τ(P ′)6 1.
Moreover, while P [1] may not be smooth anymore, Proposition 4 of [Ogata
2007] says that singular points of cones over (P2, O(2)) and (P1

×P1, O(1, 1))
are the only possible singularities, occurring at the toric fixpoints of X P [1] .

It would be desirable to understand what happens in higher dimensions; for
instance, we expect the answer to the following question to be negative:

Let P be a smooth four-dimensional polytope with interior lattice points. Is P (1)

still a lattice polytope?

Admissible polarized toric varieties (compare with Section 2). In the language
above, Proposition 2.3 states that if (X, L) is a polarized Q-Gorenstein toric variety
then there is a finite sequence of maps of toric varieties

Xk→ Xk−1→ · · · → X2→ X1→ X0 = X
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polarized by ample line bundles L i . In fact, by considering the polytope P = P(X,L),
Proposition 2.3 gives a projection P � Q from the linear space Aff(P (1/µ(L))).
The projection defines a map of fans 6Q → 6P , and in turn a map of toric
varieties X1 → X . Notice that dim(X1) = dim(X)− dim(P (1/µ(L))). Let L1 be
the polarization defined by Q on X1. Starting again with (X1, L1) we look at
the corresponding projection Q � Q1 and so on. Notice that the sequence will
stop when µ(Xk−1)= µ(Xk) and core(Qk) is a single (rational) point. We remark
that the Q-codegree has been defined for any polytope while the spectral value is
defined only for Q-Gorenstein varieties. In more generality the singularities are
quite subtle and it is not at all clear how to proceed within algebraic geometry. For
this purpose we will call a polarized Q-Gorenstein toric variety admissible if in
the sequence above X i is Q-Gorenstein for every 06 i 6 k. Recall that the lattice
points of N core(Qk) correspond to the global sections H 0

(
N (K Xk +µ(Lk)L K )

)
,

for an integer N such that N (K Xk +µ(Lk)L K ) is an integral line bundle. Then
Proposition 2.3 reads as follows:

Proposition 4.7. Let (X, L) be an admissible polarized Q-Gorenstein toric variety.
There is a finite sequence of maps of toric varieties

Xk→ Xk−1→ · · · → X2→ X1→ X0 = X

polarized by ample line bundles L i such that µ(L i )> µ(L i−1) for 16 i 6 k and
H 0
(
N (K Xk +µ(Lk)L K )

)
consists of a single section for an integer N such that

N (K Xk +µ(Lk)L K ) is an integral line bundle.

Example 4.8. The polytope in Figure 6 defines an admissible polarized Q-Go-
renstein toric variety. Let (X, L) be the associated polarized toric variety. The
(unnormalized) spectral value satisfies µ(L) = µ(P) = 3

4 . The polytope has the
following description:

P =


 x

y
z


∣∣∣∣∣∣∣∣∣∣

x > 0
y > 0
z > 0

x + y 6 4
hx + 2z 6 2h

 if h odd,

P =


 x

y
z


∣∣∣∣∣∣∣∣∣∣

x > 0
y > 0
z > 0

x + y 6 4
kx + z 6 2k

 if h = 2k for some integer k.

For simplicity let us assume that h is odd. From the polytope one sees that Pic(X)
is generated by D1, . . . , D5 with the linear relations
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D1 ∼ h D5+ D4, D2 ∼ D4, D3 ∼ 2D5

Moreover, L = 4D4+ 2h D5 and K X = −3D4− (h + 3)D5, giving 4K X + 3L =
(2h−12)D5, which is effective for h> 6. The first projection onto Q defines in this
case an invariant subvariety X1 which is isomorphic to P2 blown up at one point.
Moreover L1= L|X1=4l−2E , where l is the pull back of the hyperplane line bundle
on P2 and E is the exceptional divisor. The variety X1 is smooth and therefore
Q-Gorenstein of index 1. Starting again with (X1, L1) we have ν(L1) = 1 and
X2 ∼= P1 with L2 = OP1(2), which give µ(L2)= 1 and H 0(K X2 + L2)= H 0(OX2).

It would be desirable to have criteria for a toric polarized Q-Gorenstein variety
to be admissible.

The main result. (Compare with Section 3.) As explained in [Haase et al. 2009;
Dickenstein et al. 2009] the toric variety X , defined by a Cayley polytope

P = P0 ∗ · · · ∗ Pt ,

has a prescribed birational morphism to the toric projectivized bundle

X = P(H0⊕ H1⊕ · · ·⊕ Ht)

over a toric variety Y . The variety Y is defined by a common refinement of the
inner normal fans of the polytopes Pi . Moreover, the polytopes Pi are associated
to the nef line bundles Hi over Y . As a consequence of Theorem 3.4 we get the
following result.

Proposition 4.9. Let (X, L) be a polarized Q-Gorenstein toric variety. Suppose
q ∈Q>0 such that 2q 6 n and no multiple of K X + (n+ 1− q)L which is Cartier
has nonzero global sections. Then there is a proper birational toric morphism
π : X ′→ X , where X ′ is the projectivization of a sum of line bundles on a toric
variety of dimension at most b2qc and π∗L is isomorphic to O(1).

Proof. The assumption 2q 6 n implies that µ(L)> (n+ 2)/2. Theorem 3.4 gives
the conclusion. �

Remark 4.10. It is conjectured on page 2434 that µ(L) > (n+1)/2 should suffice
in Corollary 3.7. One algebro-geometric statement which hints at this possibility is a
conjecture by Beltrametti and Sommese [1995, 7.1.8] stating that µ(L) > (n+1)/2
should imply µ(L)= τ(L) when the variety is nonsingular. Moreover, it was also
conjectured in [Fania and Sommese 1989] that if µ(L) > 1, then µ(L)= p/q for
integers 0 < q 6 p 6 n+ 1. In particular, µ(L) > (n+ 1)/2 would again imply
µ(L) ∈ Z.

Let A be the set of lattice points of a lattice polytope P , and let X A be the (not
necessarily normal) toric variety embedded in P|A|−1. Then there is an irreducible
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polynomial, called the A-discriminant, which is of degree zero if and only if the
dual variety X∗A is not a hypersurface (that is, X A has dual defect) — see [Gelfand
et al. 1994].

Proposition 4.11. Let P be a lattice polytope with µ(P)> (3n+4)/4 if µ(P) 6∈N,
or µ(P)> (3n+ 3)/4 if µ(P) ∈ N. Then X A has dual defect.

Proof. By Theorem 3.4, P is a Cayley polytope of at least n+1−d lattice polytopes
in Rd , where the assumptions yield that n+1−d > d+2. Then Proposition 6.1 and
Lemma 6.3 in [Dickenstein et al. 2007] imply the desired result. Note that in the
notation of [Dickenstein et al. 2007] m = n+ 1− d , r = d , and c = m− r > 2. �

For smooth polarized toric varieties it was verified that the assumption µ(L) >
(n+2)/2 is equivalent to the variety having dual defect [Dickenstein and Nill 2010].
Moreover, smooth dual-defective varieties are necessarily Q-normal (µ(L)= τ(L))
by [Beltrametti et al. 1992]. By the results of [Di Rocco 2006; Dickenstein et al.
2009] this implies that the associated lattice polytope is a smooth Cayley polytope
with µ(L) = cd(P) factors which all share the same normal fan. On the other
hand, it has recently been shown [Curran and Cattani 2007; Esterov 2010] that all
lattice points in a (possibly singular) dual-defective polytope have to lie on two
parallel hyperplanes. However, it is not true that all Cayley polytopes, or polytopes
of lattice width 1, are dual defective, even in the nonsingular case. Therefore, the
main question is whether the following strengthening of Proposition 4.11 may be
true — see [Dickenstein and Nill 2010]:

Question 4.12. Is (X, L) dual defective if µ(L) > (n+ 2)/2?

Appendix: Fujita’s classification results

In this section we provide a translation of the results in [Fujita 1987, Theorem 2
and 3′]. A straightforward corollary gives the classification of smooth polytopes of
dimension three with no interior lattice points. One could derive a more extensive
classification from the theorems just cited and from later work such as [Beltrametti
and Di Termini 2003; Nakamura 1997]. This would require a more elaborate
explanation, which goes beyond the scope of this paper.

Theorem A.1 [Fujita 1987]. Let P be an n-dimensional lattice polytope such that
its normal fan is Gorenstein.

(1) If τ(P) > n, then P ∼=1n .

(2) If n− 1< τ(P)6 n, then P ∼= 212 or P ∼= P0 ∗ P1 ∗ · · · ∗ Pn−1, where the Pi

are parallel intervals.

(3) If P is smooth and n− 2< τ(P)6 n− 1, then P is one of these polytopes:
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(a) There is a smooth n-dimensional polytope P ′ and a unimodular simplex
S 6⊆ P such that

P ′ = P ∪ S

and P ∩ S is a common facet of P and S.
(b) P (1/(n−1)) is a point.
(c) P = 213, 313, 214.
(d) There is a projection π : P �11×11

(e) There is a projection π : P � 212 and the polytopes π−1(mi ) have the
same normal fan, where mi are the vertices of 212.

(f) P ∼= P0 ∗ P1 ∗ · · · ∗ Pn−2, where the Pi are smooth polygons with the same
normal fan.

Note that in (3)(a) P is given by a vertex truncation of P ′ (compare with Figure 2),
corresponding to a blow-up at a smooth point. The following result is a simple
corollary of the previous classification. It was also obtained in a slightly weaker
form by Ogata [2007, Proposition 1], using combinatorial methods.

Corollary 4.2. Let P be a smooth 3-dimensional polytope with no interior lattice
points. Then P is of one of the following types.

(1) P =13, 213, 313.

(2) There is a projection P�12, where any preimage of each vertex is an interval.
Equivalently, there are a, b, c ∈ Z such that

P = conv
[

0 0 0 a b c
0 1 0 1 0 0
0 0 1 0 0 1

]
.

(3) There is a projection P � 212, where any preimage of each vertex is an
interval. Equivalently, there are a, b, c ∈ Z such that

P = conv
[

0 0 0 a b c
0 2 0 2 0 0
0 0 2 0 0 2

]
.

(4) There is a projection P �11×11. Equivalently, there are a, b, c ∈ Z such
that

P = conv
[

0 0 1 1 0 1 1 0
0 1 0 1 1 1 0 0
0 0 0 0 a b c a+b−c

]
.

(5) P = P0 ∗ P1, where P0 and P1 are smooth polygons with the same normal fan.

(6) There is a smooth 3-dimensional polytope P ′ with no interior lattice points
and a unimodular simplex S 6⊆ P such that

P ′ = P ∪ S

and P ∩ S is a common facet of P and S.
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