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Arithmetic motivic Poincaré series
of toric varieties

Helena Cobo Pablos and Pedro Daniel Gonzalez Pérez

The arithmetic motivic Poincaré series of a variety V defined over a field of
characteristic zero is an invariant of singularities that was introduced by Denef
and Loeser by analogy with the Serre—Oesterlé series in arithmetic geometry.
They proved that this motivic series has a rational form that specializes to the
Serre—Oesterlé series when V is defined over the integers. This invariant, which
is known explicitly for a few classes of singularities, remains quite mysterious.
In this paper, we study this motivic series when V is an affine toric variety. We
obtain a formula for the rational form of this series in terms of the Newton
polyhedra of the ideals of sums of combinations associated to the minimal system
of generators of the semigroup of the toric variety. In particular, we explicitly
deduce a finite set of candidate poles for this invariant.

Introduction

Let S denote an irreducible and reduced algebraic variety defined over a field k of
characteristic zero. The set H (S) of formal arcs of the form Spec k[[#]] — S can be
given the structure of scheme over k (not necessarily of finite type). If 0 € S, we
denote by H (S)¢ the subscheme of the arc space consisting of arcs in H(S) with
origin at 0. The set H,,(S) of m-jets of S of the form Spec k[t]/(tm+1) — § has
the structure of algebraic variety over k. By a theorem of Greenberg, the image of
the space of arcs H (S) by the natural morphism of schemes j,, : H(S) = H,,(S)
that maps any arc to its m-jet is a constructible subset of H,,(S).

It follows that j,, (H (S)) defines a class [ j,, (H (S))] in the Grothendieck ring of
varieties Ko(Vary) and also a class x.([H,,(S)]) € Ko(CHMoty) in the Grothendieck
ring of Chow motives, where x. : Ko(Vary) — Ko(CHMoty) is the unique ring
homomorphism that maps the class of a smooth projective variety to its Chow
motive (see [Gillet and Soulé 1996; Guillén and Navarro Aznar 2002]). We denote
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by K(‘)n"‘(Vark) the image of Ky(Vary) by the homomorphism x.. We use the same
symbol L to denote the class [A}(] € Ko(Vary) and the class Xc([A}C]) € K(‘)"O‘(Vark).

Denef and Loeser [DL 2004] have defined various notions of motivic Poincaré
series, motivated by some generating series in arithmetic geometry. Assume for
simplicity that the variety S is defined over the integers. We denote by p a prime
number and by Z, the p-adic integers. For every positive integer m, the symbol
N, m(S) denotes the number of rational points of S over Z/ p™ 17 that can be
lifted to rational points of S over Z,, by the projection induced by the natural map
Z,—> Z/p™*'Z. The Serre-Oesterlé series of S at the prime p is

PST)=Y Npm($)T" € Z[T].

m>0

The definition of the geometric motivic Poincaré series,

PSon(T) =Y xe(Ljm(H)DT™ € K (Var) ® QIT],

m>0

is inspired by that of the Serre—Oesterlé series. However, there is no specialization
of the series Pgseom(T) into P[f(T) in general [DL 2004].

Denef and Loeser studied the “motivic nature” of the series P;f(T), passing
through the Grothendieck ring K (Field;) of ring formulas over k. By Greenberg’s
theorem, for every m there exists a formula ,,, over k, such that for any field
extension k C K, the m-jets over k that can be lifted to arcs defined over K
correspond to the tuples satisfying i, in K. It follows that v, defines an element
[¥m] € Ko(Field,). Then, Denef and Loeser defined a ring homomorphism 7 :
Ky (Field;) — K 6“‘)‘ (Var;) @ Q. This homomorphism can be seen as a generalization
of xc, since the image by x s of the class of the ring formula defining a variety
V coincides with the class x.([V]) in K(r)n"t(Vark) ® Q. The arithmetic motivic
Poincaré series of S is defined as

PI(T) =Y xy (YT € K (Vary) @ QIT].

m>0

Denef [1984] proved the rationality of the series P;f (T) using quantifier elimi-
nation results. Denef and Loeser [1999; 2001] proved the rationality of the series
Pgom(T) and Py (T) by using quantifier eliminations theorems, various forms of
motivic integration, and the existence of resolution of singularities.

If V is a variety defined over the integers and p is a prime number, the symbol
N, (V) denotes the number of rational points of V over the field of p elements.
Denef and Loeser proved that the result of applying the operator N, to the motivic
arithmetic series PaSr(T) provides the Serre—Oesterlé series Plf(T) for almost all

primes p.
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If we fix the origin of the arcs at a fixed point 0 € S, we obtain local versions of
the series P>”(T) and P (T), which are also rational; see [DL 1999; 2001].
The rationality proofs therein are qualitative in nature; in particular, there is no
conjecture on the significance of the terms appearing in the denominator of the
rational form of the series Pa(rS ’O)(T) or in Pg(est;&) (7).

The rational form of the series Pa(rS’O)(T) is known explicitly for a few classes
of singularities. If (S, 0) is an analytically irreducible germ of plane curve, the
information provided by the series Pa(rS’o) (T) is equivalent to the data of the Puiseux
pairs [DL 2001]. Nicaise [2005a] proved the equality of the geometric and arithmetic
motivic Poincaré series in the case of varieties that admit a very special resolution
of singularities, in particular for normal toric surfaces; see also [Nicaise 2005b;
Lejeune-Jalabert and Reguera 2003]. He gave a criterion for the equality Pa(rS’O) (T)=
ng(;gf (T) for various classes of singularities and also an example of a normal toric
threefold (Sp, 0) such that the series Pa(ISO’O)(T) and Pg(ggfr?)(T) are different. Some
features of the motivic arithmetic series are studied for quasi-ordinary singularities
in [Rond 2009].

In this paper, we describe the arithmetic motivic Poincaré series of an affine
toric variety Z* = Spec k[A], in terms of the semigroup A. We assume that A is a
semigroup of finite type of a rank d lattice M (lattice of characters), which generates
M as a group, and such that the cone R>oA contains no lines. In this situation,
there is a unique minimal system of generators ey, ..., e, of the semigroup A.
The monomial ideal (X*);=; .., C k[A] is maximal, and defines the distinguished
point 0 € Z2. In this paper we consider other monomial ideals as the logarithmic
Jjacobian ideals $;, generated by monomials of the form X* for u in the set

lei, +---+eilei N Nejy # 0}

for[=1,...,d (see [Cobo Pablos and Gonzdlez Pérez 2012]), and the ideals of
sums of combinations 6 ;, defined by monomials X", with w in the set

{ei1+---+e,~j i) € <{1]n}>}

j=1,...,n

We study the motivic arithmetic series P A’O)(T) by extending the approach
we used in [CoGP 2010; 2012] to describe the geometric motivic Poincaré series of
toric and quasi-ordinary singularities.

For convenience, we explain the methods and results first when the variety Z* is
normal. The set j,,(H(Z%)o) of m-jets of arcs through (Z*, 0) is constructible; it
is a finite disjoint union of locally closed subsets of the form j,, (H,}) [Cobo Pablos

and Gonzélez Pérez 2012]. Here H;} denotes the set of arcs through (Z A 0) that



408 Helena Cobo Pablos and Pedro Daniel Gonzalez Pérez

have generic point in the torus and a given order v € M*. The set Hf is an orbit of
the natural action of the arc space of the torus on the arc space of the toric variety
ZA [Ishii 2004; 2005].

We describe the class, denoted by x ([ j. (H,)]y), of the formula defining the
locally closed subset j,, (H,') in terms of the Newton polyhedra of the logarithmic
jacobian ideals and the degree of a certain Galois cover. This Galois cover reflects the
relation between the initial coefficients of the arcs in H and the initial coefficients
of the m-jets in j,, (H); see Section 5.

A key point in the description of the rational form of the series Pd(rz O)(T)
is that using the ideals 6 ;, we can refine a finite partition of the set of possible
pairs {(v, m)}, which was defined in [Cobo Pablos and Gonzalez Pérez 2012] to
describe the sum of Pg(g,mo)(T ). If (v, m) and (v', m’) belong to the same subset
of this refinement, then the degrees of the Galois covers associated to j, (H) and
Jmr (H) 001n01de (see Sections 6 and 7). Using these partitions, we decompose the
series P (z* 0)(T) as a sum of a ﬁmte number of contributions. The main result is a
formula for the rational form of P(Z 0 (T) (see Theorem 11.4 and Corollary 10.4).
The proofs pass by the results on the generating function of the projection of the set
of integral points in the interior of a rational polyhedral cone; see [Cobo Pablos and
Gonzalez Pérez 2012]. The denominator of P( 0)(T) is a finite product of terms
of the form 1 —L*T? with a > 0 and b > 0, which are determined explicitly in terms
of the ideals of sums of combinations 6 ;. The integers a and b can be described
in terms of the orders of vanishing of the ideals 6; and $; at the codimension-one
orbits of various toric modifications given by the Newton polyhedra of the ideals 6 ;
(see Remark 10.8). In the normal toric case, we obtain a formula for Paf/\ (T) in
terms of arithmetic motivic series at the distinguished points of the orbits.

In the nonnormal case, we obtain in a similar way a formula for the rational form

of P(Z 0)(T) and the factors of its denominator. The main difference is that we
have to consider contributions of jets of arcs with generlc point in the various orbits
of ZI'. We deduce a formula for the difference Pg(ezomo)(T) P(Z 0 (T) and we
give a criterion for the equality of these two series that generalizes the one given by
Nicaise [2005b] (see Proposition 10.5 and Corollary 10.6).

The paper is organized as follows. In Sections 1 and 2 we introduce the Grothen-
dieck rings, the arc and jet spaces, and the motivic Poincaré series. The notations
on toric varieties, their monomial ideals, and their arcs are introduced in Sections 3
and 4. The computation of the class x ¢ ([j, (H;)]r) is given in Section 5. Sections
6 and 7 deal with the partitions associated to sequences of monomial ideals. The
main results are stated and proved in Sections 8, 9 and 10. In the case of normal
toric varieties, some features of the computation can be simplified (see Section 11).
We discuss some examples in Section 12.
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1. Grothendieck rings of varieties and of ring formulas

The Grothendieck ring Ko(Vary) of k-varieties is the free abelian group of isomor-
phism classes [ X] of k-varieties X modulo the relations [X]=[X']+[X \ X']if X’
is closed in X, and where the product is defined by [X][X'] = [X x X']. We denote
by L := [A,ﬁ] the class of the affine line. If C is a constructible subset of some
variety X, that is, a disjoint union of finitely many locally closed subvarieties A;
of X, then [C] € K((Vary) is well-defined as [C] := ) ;[A;] independently of the
representation. Bittner [2004] proved, using the weak factorization theorem, that
the ring Ko(Vary) is generated by classes of smooth projective k-varieties, modulo
relations of the form [W] — [E] = [X] —[Y], where Y C X is a closed subvariety,
and W is the blowing up of X along Y with exceptional divisor E.

We refer to [Scholl 1994; Gillet and Soulé 1996; Guillén and Navarro Aznar
2002] for the definition of the category of Chow motives. Roughly speaking, its
definition involves replacing the category of smooth projective algebraic varieties
over k by a category with basically the same objects, and whose morphisms are
suitable correspondences modulo rational equivalence. There exists a unique ring

homomorphism
Xc : Ko(Varg) — Ko(CHMoty) (D)

that maps the class of a smooth projective variety over k to its Chow motive, where
Ko(CHMoty) denotes the Grothendieck ring of the category of Chow motives over
k (with coefficients in Q). This fundamental theorem, which is due to Gillet and
Soulé [1996] and Guillén and Navarro Aznar [2002], can be seen also in terms of
Bittner’s result. We refer to [Gillet and Soulé 1996; Guillén and Navarro Aznar
2002; Bittner 2004] for precise definitions and proofs and to [Scholl 1994] for a
survey on the notion of motives. We denote by K (Vary) the image of Ko(Vary)
in Ko(CHMoty) under this homomorphism.

Notice that the image of L in K, (‘)“0‘ (Varyg), which we denote with the same symbol,
is not a zero divisor in K(‘)“O‘(Vark) since it is a unit in Ko(CHMot,). However, it
seems that it is not known if L is a zero divisor in Kq(Vary).

A ring formula 1 over k is a first-order formula in the language of k-algebras and
free variables xq, ..., x,, that is, the formula v is built from boolean combinations

“and”, “or”, “not”) of polynomial equations over k and existential and universal
quantifiers. The Grothendieck ring Ko(Fieldy) of ring formulas over k is generated
by symbols [v{/], where v is a ring formula over k, subject to the relations

(Y1 VY] =[]+ [Y2] — [Y1 A 2]

if ¥r; and ¥, have the same free variables, and [y/|] = [y»] if there exists a ring
formula W over k such that when interpreted in any field, K D k provides the graph
of a bijection between the tuples of elements of K satisfying | and those satisfying
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Y. The ring multiplication is induced by the conjunction of formulas in disjoint
sets of variables [DL 2001]. Denef and Loeser defined a ring homomorphism

xr : Ko(Fieldy) — K (Vary) ® Q. )

They proved that this homomorphism is characterized by two conditions. The first
one is that for any ring formula  that is a conjunction of polynomial equations
over k, the element y ¢ ([¥]) is equal to the class x.([V]) in K(;"O‘(Vark) ® Q of the
variety V defined by 1. The second condition, which is more technical, expresses
that certain relations should hold in terms of unramified Galois coverings over k.
We refer to [DL 2001; 2004] for the precise statement. In the simplest case it
implies the following:

Example 1.1 [DL 2004, Example 6.4.3]. If n > 1 is a fixed integer, k is a field
containing all n-th roots of unity, and  is the ring formula

Y : there exists y such that x = y" and x # 0,
then we have that x s ([¢]) = (1/n)(L —1).

Lemma 1.2. Let i be the ring formula whose interpretation in any field K 2 k
provides the set of K -rational points of T that lift to K -rational points of T' by a
Galois covering T' — T of degree n of d-dimensional algebraic k-tori. If the field
k contains all the n-th roots of unity, then we have that x ([ ]) = (1/n)(L — 1)4.

Proof. The morphism 7’ — T induces a finite index inclusion of the corresponding
character group M C M’, and hence a map of k-algebras k[M] <— k[M']. By
the classification theorem of finitely generated abelian groups applied to M’/ M,
there exists a basis {vy, ..., vy} of M" and unique integers by | b | - - - | by, where |
denotes division, such that {byvy, ..., bsvs} isabasisof M andn =by...by. It
follows that the map of coordinate rings K[M] <> K[M'] expresses in coordinates
as K[z?bl, e z;tb‘i] — K[zlil, e zécl]. We deduce that the ring formula 1 is
the conjunction of formulas ; : there exists y; such that x; = yf”' and x; # 0 for
i=1,...,d, where the variables x, ..., xs are independent. Then we get that

__ 1 _ e
XD = 5——p- L= 1. O
Remark 1.3. Denef and Loeser defined the map x s by factoring it through the
Grothendieck ring Ko(PFFy) of ring formulas for the category of pseudofinite fields
containing k. See [DL 2001; 2004; 2002].
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2. Arcs, jets and motivic Poincaré series

We start this section by recalling the definition of the space of arcs of a variety S.
We assume for simplicity that S is an affine irreducible and reduced algebraic variety
defined over a field k of characteristic zero.

For any integer m > 0, the functor from the category of k-algebras to the category
of sets, sending a k-algebra R to the set of R[t]/(t"*")-rational points of S, is
representable by a k-scheme H,, (S) of finite type over k, called the m-jet scheme
of S. The natural maps induced by truncation j,’n"+1 : Hy 1 (S) = Hy(S) are affine,
and hence the projective limit H (S) ::(liﬁHm(S) is a k-scheme, not necessarily
of finite type, called the arc space of S.

In what follows, we consider the schemes H,,(S) and H (S) with their reduced
structure. We have natural morphisms j,, : H(S) — H,,(S). By an arc we mean
a k-rational point of H (S), that is, a morphism Spec k[[t]] — S. By an m-jet we
mean a k-rational point of H,,(S), that is, a morphism Spec k[¢]/ (t"*t1y > S. The
origin of the arc (respectively of the m-jet) is the image of the closed point O of
Spec k[[¢]] (respectively of Spec k[¢]/(t"+1)).

If Z C S is a closed subvariety, then H(S)z := jO_I(Z) (respectively H,,(S)z :=
( j(’)")_1 (Z)) denotes the subscheme of H(S) (respectively of H,,(S)) formed by
arcs (respectively m-jets) in S with origin in Z.

By a theorem of Greenberg [1966], j,,(H(S)) is a constructible subset of the
k-variety H,,(S) for any integer in > 0. We can then consider the class

Ljm(H(S))] € Ko(Vary).

Greenberg’s result implies also that there is a ring formula v, over k, such that
for any field K containing k, the k-rational points of H,,(S) that can be lifted to
K -rational points of H (S) correspond to the tuples satisfying v, in K. If ¢, is
another ring formula over k with the same property, then [,,] =[/,,]in Ko (Fieldy).
The same applies for j,,(H(S)z) if Z C S is a closed subvariety.

Notation 2.1. We denote the class [,,] by [, (H(S))]s to avoid confusion with
the class [j,, (H(S))] € Ko(Vary).

Definition 2.2 [DL 1999; 2001].

(1) The geometric motivic Poincaré series of (S, Z) is

PEDT) =Y xe(Lim(H(S)DT™ € K (Vary) ® QT
m=>0
(2) The arithmetic motivic Poincaré series of (S, Z) is

PEAT) ="y Ljm(HS)DINT™ € K§©' (Vary) @ QT

m=>0
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Remark 2.3. In order to have the geometric and arithmetic setting in the same ring,
we have slightly modified the original definition of the geometric motivic Poincaré
series, since ), _o[jm (H(S)2)1T™ € Ko(Vari)[T1; see [DL 1999]. This does not
affect the rationaTity results below.

Denef and Loeser proved that these series have a rational form:

Theorem 2.4 [DL 1999, Theorem 1.1; 2001, Theorem 9.2.1]. The series Paog (T)
and Pa(rS’Z)(T) belong to the subring of K" (Vary) ® Q[T generated by

K§* (Vary) @ Q[T]
and the series (1 —L*T?)™, witha € Z and b > 0.

The arithmetic motivic Poincaré series has interesting properties of specialization
to classical arithmetic series. Let p be a prime number. The operators N, and N, ,
are applied to a variety V defined over the integers by N,(V) :=#V(Z/pZ) and
Npm (V) :=#m,(V(Zp))}, where Z,, denotes the p-adic integers,

T (V(Z,) CV(Z/p"T'7)

is the image of V(Z,)) by the natural projection induced by Z, — Z/p™*'7, and
# denotes the cardinality. Suppose that the variety S is defined over the integers.
The Serre—Qesterlé series Plf(T) =D ws0 Np.mT™ € Z[T] of S at the prime
p is a rational function of T [Denef 1984]. Denef and Loeser proved that for
p > 0, the series Plf (T) is obtained from P;(T') by applying to each coefficient
the operator N, [DL 2001; 2002; 2004].

Remark 2.5. These results hold in a more general setting, in particular when S
is not affine as assumed here [DL 1999; 2001]. The proof of the rationality of
sz (T) involves the use of quantifier elimination results and p-adic integration
[Denef 1984]. The proof of the rationality of P.(T') requires also quantifier elimi-
nation results and arithmetic motivic integration [DL 2001; 2004; 2002].

3. Affine toric varieties and monomial ideals

In this section we introduce the basic notions and notations from toric geometry;
see [Ewald 1996; Oda 1988; Fulton 1993; Gel’fand et al. 1994] for proofs.

If N = 79 is a lattice, we denote by Ng := N ® R the vector space spanned by
N over the field R, and by Ng := N ® Q the vector space spanned by N over Q.
In what follows, a cone in Ng means a rational convex polyhedral cone: the set of
nonnegative linear combinations of vectors ay, ..., a, € N. The cone 7 is strictly
convex if it contains no line through the origin, in which case we denote by O the
O-dimensional face of t; the cone t is simplicial if the primitive vectors of the
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1-dimensional faces are linearly independent over R. We denote by £ or by int(7)
the relative interior of the cone 7.

We denote by M the dual lattice. The dual cone t¥ C Mg of T is the set
{we Mg | (w,u) >0 for all u € t}. The orthogonal cone T+ has the condition
(w, u) =0 instead of (w, u) > 0.

A fan ¥ is a family of strictly convex cones in Nr such that any face of such a
cone is in the family and the intersection of any two of them is a face of each. The
relation 6 < 7 denotes that 6 is a face of . By 6 < 7, we mean 6 # t is a face of 7.
The support of the fan X is the set |X| := | J,.5; T C Nr. The k-skeleton of the
fan ¥ is =% = {r € ¥ | dim = k}. We say that a fan X' is a subdivision of the
fan T if both fans have the same support and if every cone of ¥’ is contained in a
cone of X. If X; fori =1, ..., n are fans with the same support, their intersection
Mo Zi:={=; @ | = € =} is also a fan.

Notation 3.1. In this paper, A is a subsemigroup of finite type of a lattice M, which
generates M as a group and such that the cone 0¥ = R¢A is strictly convex and
of dimension d. We denote by N the dual lattice of M and by o C N the dual
cone of o¥. We denote by Z* the affine toric variety Z* = Spec k[A], where
k[AT = {D fnie 1. X * | a;, € k} denotes the semigroup algebra of the semigroup
A with coefficients in the field k. The semigroup A has a unique minimal set of
generators ey, .. ., e,; see the proof of [Ewald 1996, Lemma V.3.5, page 155]. We
have an embedding of Z" C A} given by x; ;== X% fori =1,...,n.

If A =0V N M, then the variety Z*, which we denote also by Z, y or by Z,
when the lattice is clear from the context, is normal. If A # o N M, the inclusion
of semigroups A — A := oV N M defines a toric modification Z* — Z*, which is
the normalization map.

The torus Ty := Z¥ is an open dense subset of Z* that acts on Z*, and the
action extends the action of the torus on itself by multiplication. The origin 0
of the affine toric variety Z” is the 0-dimensional orbit, defined by the maximal
ideal (X )‘)0#6 A of k[A]. There is a one-to-one inclusion reversing correspondence
between the faces of o and the orbit closures of the torus action on Z*. If 6 < o,
we denote by orbé\ the orbit corresponding to the face 8 of o. The orbit closures
are of the form ZA" for 6 <.

Notation 3.2. The Newton polyhedron of a monomial ideal corresponding to a
nonempty set of lattice vectors $ C A is defined as the convex hull of the Minkowski
sum of sets $ + 0. We denote this polyhedron by N'($). Notice that the vertices of
N(¥) are elements of $. We denote by ordg the support function of the polyhedron
N'(#), which is defined by ordg : 0 — R, v = inf,cn ) (v, w). A vector v € o
defines the face &, := {w € N($) | (v, w) = ordg(v)} of the polyhedron N'($). All
faces of N'($) are of this form, and the compact faces are defined by vectors v € .
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The fan X (9) of the polyhedron N($) is the set of cones
o(F):={veo|(v,w) =ordg(v) for all w € F}

for & running through the faces of N'($). The fan X(9¥) is supported on o. By
definition, it is easy to check that if T € X ($) and if v, v’ € 7, then the faces of the
polyhedron N'($) defined by v and v’ coincide, that is, %, = %,; we denote this
face also by %;.

The affine varieties Z,; corresponding to cones T in a fan ¥ glue up to define
a toric variety Zx. A fan ¥ subdividing the cone o defines a foric modification
ny : Zy — Z,.

If $ C A defines a monomial ideal, the composite Zyg) =@ Zy —> ZNis equal
to the normalized blowing up of Z* centered at $; see for instance [Lejeune-Jalabert
and Reguera 2003].

Definition 3.3. For 1 < j < n, the j-th ideal of sums of combinations of Z* is the
monomial ideal €; of k[ A] generated by X*, where « runs through

{eil+...+e,-j {il,...,ij}e<{1"'j"n}>}, 3)

i ) denotes the set of combinations of j elements of {1, ..., n} for
J=1,...,n. We denote by ©; the fan of the polyhedron N'(€;), and by ords; its
support function; see Notation 3.2. The maps

@1 :=ordg, and ¢;:=ordg; —ordg;_, for j=2,...,n,

are piecewise linear functions defined on the cone o. If v € o, we write ¢o(v) :=0
and ¢, 11 (v) := 400 for convenience.

Definition 3.4. For 1 <[ < d, the [-th logarithmic jacobian ideal of Z7 is the
monomial ideal $; of k[ A] generated by X*, where « runs through

{ei, +---+e,le,N--ne, #0for 1 <iy,...,i; <n}. 4)

We denote by %, the fan of the polyhedron N'($;), and by ordy, its support function;
see Notation 3.2. The maps

¢1:=ordg, and ¢;:=ordg —ordg,_, for [=2,...,d,

are piecewise linear functions defined on the cone o. If v € o, we write ¢p(v) :=0
and ¢441(v) := +oo for convenience.

We also use the notations $; and 6; for the sets (4) and (3), respectively.

Lemma 3.5. Ifv e andif (p1, ..., pn) is a permutation of (1, ..., n) such that

(viep) <---=(v,ep,),
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then ord<gj W) = (v, Zizl ep,) and @;(v) = (v, epj)for 1 < j <n. Moreover,

0=go() =@pi(V) =---=@a(v) and 0=¢o(V) <P1(v) <--- < Pa(V).

Proof. The first assertion follows by induction on j € {1, ..., n}.
See [Cobo Pablos and Gonzalez Pérez 2012, Lemma 5.3] for the second sequence
of inequalities. ]

Proposition 3.6. The Newton polyhedra of the ideals 6 ; for j =1, ..., n determine
and are determined by the minimal system of generators of the semigroup A.

Proof. The Newton polyhedron N'(6 ;) determines and is determined by its support
function ordg; for j = 1,...,n. By Lemma 3.5 and the definitions if 6 is a
d-dimensional cone of the fan ﬂle ®,, there exists a permutation i1, ..., i, of
1,...,nsuchthatg;(v)=(v, ;) forj=1,...,nandallv € 6. Thus, the functions
@j for j=1,...,n or equivalently, Ord(@j for j =1, ..., n determine the vectors
el,...,ey,. O

4. Arcs and jets on a toric singularity

Let A be a semigroup as in Notation 3.1. If R is a k-algebra, an R-rational
point of ZM is a homomorphism of semigroups (A, +) — (R, -), where (R, )
denotes the semigroup R for the multiplication. In particular, the closed points
are obtained for R = k. An arc h on the affine toric variety Z” is given by a
semigroup homomorphism (A, +) — (k[[¢], - ). An arc in the torus T is defined
by a semigroup homomorphism A — k[[¢]]*, where k[[¢]* denotes the group of
units of the ring k[[¢]].

Notation 4.1. We denote the set of arcs H(Z")y of Z* with origin at the distin-
guished point 0 of Z* simply by Ha, and by H} the set consisting of those arcs of
H with generic point in the torus Ty.

Notice that 2 € H} if and only if the formal power series X" oh € k[[¢]] is nonzero
forall u € A. Any arc h € H} defines two group homomorphisms vj, : M — Z and
wp i M — k[[t]* by X" oh =t @y, (m). If m € A, then v, (m) > 0, and hence vy,
belongs to & N N. Notice that w;, defines an arc in the torus, that is, w;, € H(Ty).

Remark 4.2. The space of arcs in the torus acts on the arc space of a toric variety;
[Ishii 2004; 2005].

Lemma 4.3 [Ishii 2004, Theorem 4.1; 2005, Lemma 5.6; Lejeune-Jalabert and
Reguera 2003, Proposition 3.3]. The map 6 "N x H(Ty) — H3, which applies a
pair (v, w) to the arc h defined by X" o h = t""" o (u) for u € A is a bijection. The
sets Hy |, :={h € H) | vy = v} forv €& NN are orbits for the action of H(Ty) on
HY, and we have HY = | |,csnn Hx .-
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Remark 4.4. We often denote the set H} and orbit H} , by H* and H, respec-
tively, if A is clear from the context.

An arc h € H has its generic point n contained in exactly one orbit of the torus
action on Z%. If h(n) € orbg\ for some 6 < o, then h factors through the orbit
closure ZA" and h e H/tmel’ that is, & is an arc through (Z/mei’ 0) with generic
point in the torus orbé\. We can apply Lemma 4.3 to describe the set H} ., just
replacing the semigroup A by A N@+; see [Cobo Pablos and Gonzilez Pérez 2012].
In particular, if & =0, then h € H}; if 6 = o, then A N6+ =0 and h is the constant
arc at the distinguished point 0 € Z*. We have a partition Hy = |_|, <o Hy g1

S. The image of the class of the formula defining j; (H)
Definition 5.1. We associate to (v, s) € (6 N N) x Z- the sets
M :=spang{e; | (v,e;) <s,i=1,...,n},
0} :=spangfe; | (v, e;) <s,i=1,...,n}.

We denote by [(v, s) the dimension of the Q-vector space £;. The integer (v, 5)
is also the rank of the lattice M;. We denote by g (v, s) the index of the lattice
extension M C £; N M.

Proposition 5.2. If (v, s) € 6 X Z~, with [(v, s) > 0, and if the field k contains all
the q (v, s)-th roots of unity, then we have

1
qv,s)
Ifl(v, s) =0, then we have x ([ js(H))]f) = L.

Proof. If h € H}, the equality ord;(X¢ o h) = (v, ¢;) holds for 1 <i < n. By
Definition 5.1, those vectors e; such that j;(X“ oh) # 0 span the Q-vector space £,
since (v, ¢;) <s. If [(v, s) = 0, this vector space is empty, the jet space j;(H)
consists of the constant O-jet, and the conclusion follows easily from the definitions.

Suppose then that [ :=[(v, s) > 0. If h € H}}, then it is given by n series of the
form

(L _ 1)1(‘;,5) > le(v,s)—ordgl(w)(v)'

xs(Lis(H)]1y) =

X oh = t<”’e">c(e[~)<l +3° um(e,-)tm) fori=1,...,n.
m>1
The s-jet js (X% o h) is different from zero if and only if (v, ¢;) <s.
By [Cobo Pablos and Gonzélez Pérez 2012, Lemma 5.7], there exist integers
1 <ky,...,ki <nsuchthat ¢;(v) =(v,e) <sfori=1,...,1[,
I

¢} =spangfek,, ..., ey}, and ordg (v) = Z(v, ek )-
i=1
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By [Cobo Pablos and Gonzélez Pérez 2012, Section 6], if £ is the universal
family of arcs parametrizing H, the terms {u,,(ex,) | i = 1,...,1,m > 1} are
algebraically independent over @ and the terms {c(e;)*! |i =1, ..., n} generate a
k-algebra isomorphic to k[M] by the isomorphism that maps c(e;) — X“.

By the proof of [Cobo Pablos and Gonzalez Pérez 2012, Theorem 7.1], a formula
defining j;(H,’) is the conjunction of two formulas, yr; and v, with independent
sets of variables. The first formula, 1y, is a finite sequence of polynomial equalities
with rational coefficients expressing the terms u, (e;) appearing in j; (X% o h), for
1 <r <s—{(v,e), in terms of the variables

{up(er,) |1 <i <1, 1 <r <s—(v,eg)}.

We deduce that x s ([¥1]) = L7915 (") The second formula comes from the effect
on the initial coefficients c(e;) for e; € £3 of the operation taking the s-jet of an arc.
This operation is described by taking the image by the map

W : T’ := Spec k[c(e,')il]eieg.a — T :=Specklc(e)™ e <s

of the point determined by 4 € H. The map W is the unramified covering of
[-dimensional algebraic tori determined by the inclusion M; C £}, N M of index
q (v, s) of rank /(v, s) lattices. Thus the second formula is equivalent to y,: there
exists y € T’ such that W(y) = x for x € T, and hence by Lemma 1.2 we get that
xs([¥a]) = (1/g (v, ) (L= 1)\. U

6. Sequences of convex piecewise linear functions and fans

Let 0 C Ng be a rational convex polyhedral cone of dimension d = dim Ng.
Consider a sequence of piecewise linear continuous functions

hy:0 - R for 1 <p=<m,
such that ,(c NN) C Z, and
O<hiv)<---<hyuW) forall veo. &)

By convenience we set hg(v) = 0 and h,,4+1(v) = +00. We denote by Eg the fan
consisting on the faces of o and by E, the coarser fan such that the restriction of
h to n is linear for any cone n € E, for 1 < p <m. In addition we assume that for
any cone 1 € E,_ the restriction &, is upper convex, that is, h,(v) + h,(v") <
hp(v+') forall v,V €n.

Notation 6.1. For 0 < p <m and for n € ("_, E, we set

n(h, p) = {(v,5) € Ng x Reg [ v €6 N, hp(0) <5 < hpy ().
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Lemma 6.2. The closure n(h, p) of the set n(h, p) is a convex polyhedral cone
that is rational for the lattice N x Z.

Proof. If n € ﬂf:o 8/, then the restriction 4 j|,, : n — R s linear if j = p, and upper
convex if j = p 4+ 1. It follows that 1(4, p) is a convex polyhedral cone, rational
for the lattice N x Z, since h, and h | take integral values on N. O

Notation 6.3. For 0 < p <m and n € E, we define the following sets:
(i) A(h, p):={(v,s) ENXZ|veEG, hp(v)<s <hpi1(v)}.
(i) Ak, p,m) :={(v,s) e N xZ|vesNi, hy(v) <s <hpp1(v)}.

Remark 6.4. We have partitions

(6NN)xZso=| | Ak, p) and AGp)= || Ak p.n).
p=0 neNr_, Er

7. Refinements of partitions

We apply the procedure of Section 6 to both sequences ¢ = (¢1, ..., ¢4) and
¢ =(¢1,..., ¢u) (see Lemma 3.5).

Remark 7.1. The sequence of fans associated to ¢ (respectively ¢) is ﬂizo %, for
i =0,...,d (respectively (,_,©, fori =0, ..., n), where for convenience we
denote by X or by ® the fan consisting of the faces of the cone o.

Lemma 7.2. If A(g, j,0) # O for some 1 < j <n and 0 € ﬂ{zl O, (using
Notation 6.3), then the restriction of the functions (6 N N) X Z~o — Z>q given by

(w,s)—>1I(v,s) and (v,s)—>q(v,s)

1o the set A(p, j,0) are constant functions. We denote their values on the set
A(p, J,0) by l(j,0) and q(j, 0), respectively.

Proof. If v € 6 for 6 € ﬂle ©®,, then there exists a unique cone 6, € O, such
that v € Qor forr =1,..., j. We denote by %,y the face of the polyhedron N'(%6,)

defined by any such vector v € 6 forr =1, ..., j (see Notation 3.2).
Suppose that v, V' € 6 and (p1, ..., pn) and (p}, ..., p,) are two permutations
of (1, ..., n) such that the inequalities
(voep) < - <(v,ep,) and (V,ey)<---<(V,ep) (6)

hold. We prove first that

(Voep) <= < (v,ey). O
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By definition, for any 1 <r < j, we have that ordg, (v) = (v, u,) for any u, € %, 4.
We get from Lemma 3.5 that the vectors u, :=ep, +- - -+ep, andu; :=e, +---+ep
belong to &, ¢ for 1 <r < j. This implies (7).

If (v,s) € A(gp, j, 0), then by Lemma 3.5, we obtain ¢;(v) = (v,ep,) <5 <
@j+1(v). We deduce that if (v, s) and (v', s”) belong to A(g, j, 6), then

{eill<i<n, (vie)<s}={e|1<i<n, (V',e))<s'Y={ep,....ep}. (8)

Since (8) spans the lattice M; and the vector space £, the sublattices £; N M and
M, are independent of the choice of (v, s) in A(g, j, 6). This implies the constancy
of the functions / and g on A(y, j, 0). [l

Remark 7.3. If 1 </ <d andif t € ﬂl_l Y., we denoted in [Cobo Pablos and
Gonzalez Pérez 2012] the sets A(¢, ) and A(g, l,t)by A;and A; ., respectlvely.
The map [ (v, s) is also constant on the sets of the form A(p, [,7)fort e ﬂ —o Zis
see [Cobo Pablos and Gonzalez Pérez 2012, Lemma 5.7].

By Remark 6.4, we have two partitions

NNy xZoo=|] || A .0,

=0 6en/_, 0,

. ' ©)
6NNy xZo=|| | ] A@.L.n

lzorleﬂfeoE

associated to the sequences ¢ and ¢.

Proposition 7.4. If 6 (g, ]) 7& @for somel < j<nand@ e ﬂ _; Oy, then there
exists a unique cone T € ﬂ J %, such that & C T and

Alp, J,0) C A, 1(j,0), 1). (10)

Proof. Given (v, s5) and (v/, s") in Alp, ], 0) - (a NN) x Z., we deduce from (9)
that there exist cones 7 € ﬂ _oXiandt'€e ﬂ _o % forintegers 0 </, !’ <d such that
(v,s) € A(¢,1,7) and (V', s") € A(¢,l’, t/). By [Cobo Pablos and Gonzélez Pérez
2012, Lemma 5.7], we have [ = [(v, s) and I’ = [(v/, s), and then [ = I’ by (8).
Then [ =1(j, 0) by definition in Lemma 7.2.

Let (p1, ..., pn) and (p/l, ..., py) be two permutations of (1, ..., n) such that
(6) holds. Then we can apply the method given in [Cobo Pablos and Gonzalez Pérez
2012, Proposition 5.1] to determine the value of ordg, (v) for 1 < i < I(v,s).
Moreover, it is enough to apply this on the set (8) instead of {e, ..., e,}. We
deduce from (7) that v and v’ define the same face of N($;) for 1 <i <I(v, s). This
is equivalent to the equality T = t’. We have proven (10), and as a consequence,
the inclusion 6 C 7 holds. O
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Definition 7.5 [Cobo Pablos and Gonzalez Pérez 2012, Definition 8.1 and Re-
mark 8.6]. We consider the equivalence relation ~ defined on the set (6 N"N) x Z~
by

(v, )~ (,s) < s=s,£,=4 and vy = UI/E‘;,'

Lemma 7.6. The set A(y, j, 0) is a union of equivalence classes by the relation ~
of Definition 7.5 for 1 < j <nand 0 € ﬂle ®,. Moreover, we have

oct
Ag.l.D/~= || A0/~ (11)

0eN_, ©,,1(j.60)=I
Proof. By (9) and Proposition 7.4, it follows that

oct
A, 1, 7) = | | A(g, j,0).

oeN_, ©,,1(.6)=l
If (v, s) belongs to Ay, j,0) and (v, s) ~ (V/, s), then (8) holds. The vectors v
and v’ define the same face of N'(%6,) for 1 <r < j, and therefore v’ € int§. Since
@j(V) <5 < @j+1(v), we conclude that (', s) € A(g, j, 0). O

. z2,0
8. The structure of the series P,. * (T)

We consider the auxiliary Poincaré series

Pae(8):= 3 1 ([ i CHON U dsHacan) | )T° € K5 (Vary @ QI (12)

5>0 0#£6 <0

Notice that the Poincaré series P,(A) measures the class of the formula defining
the set of jets of arcs with origin in O that are not jets of arcs factoring through
proper orbit closures of the toric variety Z*.

Proposition 8.1. We have Pa(rZA’O)(T) = Z P (ANOY).

<o

ItAfollows from Proposition 8.1 that in order to describe the motivic series
Pa(rZ ’0)(T), it is enough to describe the form of the auxiliary series P,.(A) for any

semigroup A.

Remark 8.2. In the normal case, the equality j,,(Hx) = j,(H}) holds for all
m > 0 [Nicaise 2005b], but this property fails in general.

Definition 8.3 [Cobo Pablos and Gonzalez Pérez 2012, Definition 8.9]. If 1 <l <d,
TE ﬂﬁzl %;, and v € 7, then v defines a face &, , of the polyhedron N'($;). Since
the face %, is independent of the choice of v € 7, we denote itby &F; ;. If 1 </ <d,
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the set 9, is the subset of cones 7 € ﬂﬁzl ¥; such that the face &; ; of N($;) is

contained in the interior of 0. We denote by |%;| the set | J, g, T

Proposition 8.4. Let us fix an integer so > 1. The set j,,(H)\ U, 20<0 Jso (Hapot)
expresses as a finite disjoint union of locally closed subsets, as follows:

n 0C|Di.el
i@ N U i e = | || L] eH:). (3)
00 <0 =1 ey o, [vs0]eAw.j.0)/~

Proof. This partition follows from the partition in [Cobo Pablos and Gonzalez Pérez
2012, Proposition 8.11] by using formula (11) (see Remark 7.3). O

If 5o > 1, the coefficient of 7% in the auxiliary series P(A) is obtained by
applying the map y s to the class of the formula defining (13). Then we determine
this class by using Proposition 5.2.

We introduce the following auxiliary series for 6 € ﬂle Q,:

Pojo@)i= Q=100 %5 35 LUt 4
s> [(1,9)] €A(g,,0)/~

We deduce the next proposition from Propositions 8.4 and 5.2 and formula (14).

n 0C|Diel

Pl‘OpOSitiOIl 8.5. dl‘(A) Z Z Q(] 9) WJQ( )
J=1 een_,

9. The rational form of some generating series

In this section, we fix an integer 1 < j < n and a cone § € ﬂj O, such that

A(p, j,0) # @. For simplicity, we denote by / the integer /(j, f) defined in

Lemma 7.2 and by 7 the unique element of the fan ﬂr 1 Zr such that (10) holds.
Since 6 C t C ﬂr: 3., the restriction of ¢, to 6 is a linear function of the form

(@)p(w)=(v,e;,) forr=1,...,1,

where {iy, ..., i} C{1,...,n}.
Consider the lattice homomorphisms

LiNxXZ—ZT (,5) > (v, e), ..., (v, e),s)
and
T = (7‘[1, 7T2) . ZI—H —> Zz, (al, ey a1+1) — (la1+1 —ay—:--+-—4aj, al+1).

We set § =mopu.
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Remark 9.1. The homomorphisms 7, i, and & were considered in [Cobo Pablos
and Gonzailez Pérez 2012]. Since 0 is contained in t, the kernels of u and &
intersect the cone 6 only at the origin. Similarly, by formula (10), the inclusion
E(A(p, j,0)) C Zio \ {(0, 0)} holds. See [Cobo Pablos and Gonzalez Pérez 2012,
Section 9]. B

If j # n, the lower boundary of the cone 0 is the set
0-0(p, j) :={(v,s) |veh, s=g¢;(}

Notice that 9_6(g, j) is a cone since 6 € ﬂle ©;, and then the function ¢; is
linear on 6. The upper boundary is the set

040(p, j) =={(v,8) [vel, s=pjn(v) #@;(}

If j =n, thenl =d and ¢,11(v) = 400, and the upper boundary is the union of
cones spanned by (0, 1) € Ng x R and the proper faces of the cone 8_9(@ j). The
edges of the cone 6(y, j) are edges of 9_6(yp, j) U 0(g, j).

Notation 9.2. If p C 7 is a one-dimensional cone rational for the lattice N, we
denote by v, the primitive integral vector on p, that is, the generator of the semigroup
pNN.

Remark 9.3. The primitive integral vectors for the lattice N x Z on the edges of

the cone 0 are
(v, @j(vp)) for p <0, dimp =1

together with

0, 1) if j =n,
{(va(pj+l(vp)) if j#n
forpe®;11, p CO,dimp =1, and ¢;(v) # ¢;41(v). Then notice that
(lpj(vp) —ordg, (vp), ¢j(vp)) if (v,8) = (vp, 9 (Vp)),
E(,5) = (Upj+1(vp) —ordg, (vp), pj+1(vp)) if (v, 5) = (Vp, Pj+1(vp)), (15)
d,1) if (v,s)=1(0,1).

Definition 9.4. Suppose that A(g, j, 0) # &. We denote by By j o(A) the finite
set

{Up;(vp) — ordy, (vp), (V) | p <6, dimp =1}
{Ugj11(v) — ordg, (V). @ 41(v,)) | p € O, pCO} if j#n,
(@, 1)) if j=n.

Definition 9.5. If A C Z/*! is a set, we denote by Fa(x):= aea X the generating
function of A; see [Cobo Pablos and Gonzélez Pérez 2012, Section 12].
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Proposition 9.6. We have the following equality:

Py jo(A)=@L—-1/0O N pm@rm@ e 7[L)[T], (16)
acp(A(g, j,0))

There exists a polynomial Rg, j.0 € Z[L, T] such that Pg, j,0(A) has the rational
form

Pyjo(M)=Ryje ] a-LT"7"
(d,b)EBZ./‘YQ(A)

Proof. The map p defines a bijection

A, J, )/~ = n(Alp, j,0)), [(v, )] v, s);

see [Cobo Pablos and Gonzalez Pérez 2012, Lemma 9.3] and Lemma 7.6. Then the
equality (16) follows from the definitions.

We denote by 7, : k[Z't'] — k[[L, T the monomial transformation defined by
Ty (x4) ;= LT @OTm@ for g € 7+, Then we get that

Pf,j,@(A) — (L _ 1)10’9)77*(1:‘;1,(14@];0)(x))‘

We apply [Cobo Pablos and Gonzélez Pérez 2012, Theorem 12.4]. We obtain
that the denominator of a rational form of F, 4, ;,)(x) consists of products of
terms 1 — x*®) for b running through the primitive integral vectors in the edges
of the closure of the cone 8(¢, j). Then the result follows by Remark 9.3 and
Definition 9.4. a O

10. Main results

Definition 10.1. (i) For a semigroup A generating a rank d > 1 lattice, we define
a finite subset B, (A) of ZQZO as (see Definition 9.4):

I1<j<n
Bu(A) = U By.jo(A). (17)
Beﬂle O,, 9C\@1(jﬁ)|
If 0 <5 <o, then A N7yt is a semigroup generating lattice of rank d — dim 7.

We use formula (17) and Definition 9.4 to define in this case a finite subset
Bar(A Nyt of Zzzo. We set

Bu(ANob):={(0,1)} and By :=|JBu(ANoh).

<0

(i) We define the integer

g(A) :=lem{q(j,0) |6 € N/, ©,, 0 Dol 1<j<n}. (18)
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If 0 < n < o, then (A Nn™t) is the number obtained by replacing A by ANyt
in (18). We set g(A No ) := 1. We define also the integer

ga :=lem{g(ANYY) | < o).
Theorem 10.2. Suppose that the field k contains all q(A\)-th roots of unity. Then
there exists a polynomial Q..(A) € Z[L, T] such that
1 _
Pu(A)=—=0u(A) [] (-LT")7"
q(A)
(a,b)€Bar(N)
Proof. This follows from Propositions 8.5 and 9.6. ([

Notation 10.3. If n < o, then the polynomial Q. (A N n') is obtained from
Theorem 10.2 by replacing A by the semigroup A Nn*. We set Q. (ANot) :=1.

Corollary 10.4. If the field k contains all gx-th roots of unity, then there exists a
polynomial Qq A € Z[L, T] such that
A 1 _
PYOOT) = —Qua [ a-LTH7
N b
Moreover, we have the equality
1 _
PFHO(T) = Z —— Q. (AN7"Y) ]_[ a-L‘rthH'. 19
— q(ANY~) R
n=o (a,b)€Bar(ANNT)
Proof. The result follows by Theorem 10.2 and Proposition 8.1. ([l

We can now compare the series Pg(;;ﬂ)(T) and Pa(IZ’O)(T) (see Definition 2.2). In
[Cobo Pablos and Gonzalez Pérez 2012] we introduced the series

Peeom() 1= xe( [ D\ U Jis(Hang) ) T° € K§ (Var) @ QT

s>0 0#£0 <o

(20)

and we proved that

A
PLO(T) =" Preom(ANOY).
<o
Proposition 10.5. If the field k contains all g(A)-th roots of unity, then
n 0CIDigol |
Pulb) = PemM) =Y > (1= m)R@ o [1 a-Leh
=1 ben_ o, ’ (a,b)€By,j 4(A)

Proof. This follows from Proposition 9.6, formula (20), Theorem 10.2, and the
results in [Cobo Pablos and Gonzélez Pérez 2012] for Peeom(A). U
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Corollary 10.6. If for every integer 1 <1 < d and any vertex v of the Newton

polyhedra N($;), there exists a subset I, C {1, ..., n} of | elements such that
V= Z €;
iel,

A
and the vectors e; for i € I, form part of a basis of M, then the series P ‘0)(T)
(Z",0) -
and Pgeon ~ (T') coincide.

Proof. This condition implies that ¢ (v, s) = 1 for every (v, s) € (6 N N) X Z~y.
By Proposition 10.5, we get that Py (A) = Pgeom(A). Now for any face n < o, the
vertices of the Newton polyhedra of the logarithmic jacobian ideals of A Nn' are
also vertices of the logarithmic jacobian ideals of A. The hypothesis implies that
ANnt spans the lattice M Nyt and then also that P, (ANyt) = Pgeom (A Npt). O

Remark 10.7. Corollary 10.6 is a generalization of the Nicaise condition [2005b,
Theorem 1] in the case of normal toric varieties.

Remark 10.8. The coordinates of the vectors in the set By, ; g(A) can be described
geometrically in terms of the ideals 6; and $; for [ = 1(j,0). Let nj:Z;— Z% be
the composite of the normalization of Z*, with the toric modification defined by the
subdivision ﬂle O, of 0. The modification 7; is the minimal toric modification
that factors through the normalized blowing up with center €, forr =1, ..., j.
If p is an edge of 0, the orbit closure E, of the orbit associated to p on Z; has
codimension one. We denote by v, the divisorial valuation defined by E,. It
satisfies v, (X") = (v,, m) for m € M. The pullback n]’.“ ($) of a monomial ideal $
of Z” is a sheaf of monomial ideals on Z j- The ideals 7'[7((@,) forr=1,...,J are
locally principal on Z;. Then we get the following identities:

07 (v9) = v (TH(€)) — v, (TH(6j 1),
(/)j-i-l(Vp) = vp(ﬂj((@j—{—l)) - vp(nj((@j))s
ordy, (v,) = v, (T} ($)).

ComApare this with the geometrical description of the set of candidate poles of
Péezonio)(T); see [Cobo Pablos and Gonzalez Pérez 2012].

11. The normal case

In the normal case, when the semigroup A is saturated, that is, A = oY N M, we
describe the motivic arithmetic series in a simpler way by using j*(Hy) = js(H});
see [Nicaise 2005b].

Notation 11.1. () st = LI Ll,cry_ 5, A@. 1,0/~
(i1) For s9 > 0 we set Ay, = {[(v, s)] € A | s = 50}
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Remark 11.2. The set A, is finite; see [Cobo Pablos and Gonzalez Pérez 2012,
Remark 8.2]. By (9) and Lemma 7.6, we deduce that

d=] || A .6/~

=l genl_ o,

Proposition 11.3. Let us fix an integer so > 1. The set j,,(H*) expresses as a
Sfinite disjoint union of locally closed subsets as js,(H*) = U[(U,‘Y)]e&gxo Jso (H). We
deduce that 3 ;(Ljs(H)1) = X yjeat, X5 (Uis(HD1 ).

Proof. The first claim follows by the method of [Cobo Pablos and Gonzalez Pérez
2012, Proposition 8.11]. The second is a consequence of the first and Proposition 5.2.

(|
Theorem 11.4. If Z A is normal, then we have
n
A 1 _
Pa(I‘Z 0) :Z Z ng’j’e l_[ (1 —LaTb) 1.
= eeny_ o, (@.b)€By jo(A)
Proof. 1t is a consequence of Propositions 11.3 and 9.6 and Remark 11.2. ([

Corollary 11.5. Suppose that the affine toric variety Z» is normal. If 0 < o, we
denote by o,/ the image of the cone " in (Mg)r, where My := M/6+N M, and by
A (0) the saturated semigroup A(0) := (o) N\ Mg) X Ziogime. With this notation, we
have zA dimé p(Z2®,0)
PL(T) =) (L — 1) plZm0(T),
<o
Proof. The proof follows by the arguments of [Cobo Pablos and Gonzdilez Pérez
2012, Corollary 4.11]. U

12. Examples

12a. The case of monomial curves. Let A C Z>o be a semigroup with minimal
system of generators e; < ey < - - - < e, such that gcd{ey, ..., e,} = 1. In this case,
we have 6 NN =Z.. If g; := gcdley, ..., ¢;}, then we obtain

Pt ) Q1)

1 L-1,1 T "L gi_1—q; LeéaTe
T +icir 2

P(ZA,O) T) =
w D=1+ oa T _Le-era

This follows from the results of this paper, taking the following observations
into account:

o We have the equality j,(H) = j,(H*).

o If v,V € Z. satisfy ji(H)) and j;(H}) # {0}, then the equality j;(H)) =
Jjs(H}) implies v ="
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o If v e Z. g satisfies ve; <s < ve;41, then g(v, s) =g;
Then, setting e,y := 00, we get the following equality, which implies (21):

n 0o veiti—l

Pa(rZA,O)(T) + Z Z Z (L — 1) Ls ver s
i=1 v=1 s=ve;
Remark 12.1. The inequalities g; > g» > --- > g, = 1 are not always strict. For
instance, if A is generated by e; = 8, e = 18, e3 = 20 and e4 = 21, then we get
q1 =38, g2 =¢q3 =2 and g4 = 1. It follows from (21) that the term 1 — L2720 is
not a factor of the denominator of the series P(Z 0)(T). If A’ is the semigroup
generated by ej, e; and e4, then we obtain from (21) that

A A
PEO(T) = P ONT),

while the semigroups A and A’ are not isomorphic. In contrast with this behavior,
the motivic series Pa(rc’o)(T) of a plane branch (C, 0) determines the semigroup of
the branch (C, 0); see [DL 2001].

12b. An example of non-normal toric surface. Consider the semigroup A gener-
ated by the vectors e; = (5, 0), e2 = (0, 2), e3 = (0, 3) and e4 = (6, 2) The cone o
is [R{2>0 and the lattice M is equal to Z2. We have the semigroups AN ’71 =(5,0)Z~9¢
and A N 772L = (0,2)Z-¢ + (0,3)Z-¢, where n; and 1, are the one-dimensional
faces of 0. By the case of monomial curves, we get

-1 T 1 L—1<T2 LT3)
—Lri-r & P =sam e (Tt L)
Figure 1 shows the subdivisions associated with the ideals 6, for r =1, 2, 3.

In the following table, we give the different values of ¢(j, #) and I(j, 6) for 6

in the subdivisions of Figure 1 and j such that A(g, j, ¢) # &. We exclude from

ar(Amn] )_

2.5) 2.5) p3=(1,6)
,01 = ’ pl = ’
612 b3 04 p1=(2,5)
p,m=(@3,95) 033 p,m=(@3,5)
(2
by by
o011 621 031
®, O, NO, 0N, N3

Figure 1. The subdivisions ®1, ®; N O, and ®; N O, N O3.
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this table the cones in 6 € ﬂjzlG)r for j =4, since in this case g(4,0) = 1 and
[(4,0)=2

q(1,011)=2 ¢q(1,012) =35
I(1,0)=1 1[(1,012)=1

q2,0)=1 q2,0)=10 ¢q2,0:3)=10 g2, p1)=10
12,00)=1 12,00)=2 12,03)=2 12,p)=2

g3,031) =5 qB3,03)=5 q@B,03)=5 ¢gB3,634)=2 q@G,p1)=5

q3, ) =5
[(3,631)) =2 1(3,0)=5 13,053)=2 1(3,04)=2 13,p1)=2
[(3,p)=2

Notice that A(g, 1, p1) = A(g, 2, p2) = A(p, 3, p3) = &. In the following table,
we have filled in the cases corresponding to the pairs (a, b) € By (A), (a, b) # (2, 1)
in terms of the rays appearing in the subdivisions of Figure 1:

(@,5) € Bu(A) vy = (2,5) v =(3,5) vpy = (1,6) vy = (1,0) vy = (0, 1)

2@y —ordyg,, ¢2) (0, 10) (5,15) 2,2)
(2¢3 —ordy,, ¢3) (10, 15) (5,15) (19, 18) 5.5) 2,2)
(24 —ordy,, @) (24,22) (31, 28) (19, 18) (7,6) 4,3)

It follows that By p = Bar(A) U {(1,3),(0,2),(1,1),(0,1)}. We have com-
puted the sum of the series Par (T) with the methods of [Cobo Pablos and
Gonzélez Pérez 2012]. We have obtained an irredundant representation of the form

POy =R, T) [ a-LTH™!
(a,b)eB

with R(L, T) € Q[L, T], and where B = By 5 \ {(24, 22), (31, 28)}.
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