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Maximal ideals and representations
of twisted forms of algebras

Michael Lau and Arturo Pianzola

Given a central simple algebra g and a Galois extension of base rings S/R, we
show that the maximal ideals of twisted S/R-forms of the algebra of currents
g(R) are in natural bijection with the maximal ideals of R. When g is a Lie
algebra, we use this to give a complete classification of the finite-dimensional
simple modules over twisted forms of g(R).

1. Introduction

Let S/R be a (finite) Galois extension of commutative, associative, and unital
algebras over a field k, and let g be a finite-dimensional central simple k-algebra.
Let & be an S/R-form of g ®; R, that is, an R-algebra & such that

LROrRS>g®r S (1.1

as algebras over S.

In this paper we accomplish two tasks:

(1) We establish a natural correspondence between the maximal ideals of & and
those of the base ring R.

(2) If g is a Lie algebra, k is algebraically closed of characteristic 0, and R is
of finite type, we describe all the finite-dimensional irreducible modules of & and
classify them up to isomorphism.

In what follows, we will denote gy S as g(S). Recall that if " is the Galois group
of S/R, then there is a natural correspondence between the set of isomorphism
classes of S/ R-forms of g(R) = g ®; R and the pointed set of nonabelian Galois
cohomology H'(T, Autg_yg §(S)). See [Knus and Ojanguren 1974], for example.
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For example, consider the multiloop algebra £(g, o), where g is a finite-dimen-
sional Lie algebra over an algebraically closed field k of characteristic 0, and o is
an N-tuple of commuting automorphisms

01,...,ON: §— 0
of finite orders my, ..., my, respectively. This is a Z"-graded Lie subalgebra of
the Lie algebra g(§), where S = k[tlil, R tﬁl]:

L(g;0) = EP gj @' 1],
jezN

where g; ={x € g|oi(x) = ";‘ijix for all i}, for fixed primitive m;-th roots of unity
& € k. Then ¥(g, o) is an S/R-form of g(R), where R = k[tliml, e tﬁmN]. The
Galois group I of S/R is Z,,,, X - -+ X Z,,,,, and the corresponding (constant) 1-
cocycle in H(T, Autg_yg §(S)) is the group homomorphism taking a fixed generator
a; of Z,, to ol._l ® 1. Such algebras play an important role in affine Kac—Moody,
toroidal, and extended affine Lie theory.!

We open the paper with a detailed investigation of the maximal ideals of twisted
forms &£.> Given any ideal $ of the R-algebra &£, we show that there is a unique
["-stable ideal J ($) C S for which $ Qg S maps to gy J ($) under the isomorphism
LRr S — g S. As all maximal ideals $ of the k-algebra & are R-stable, this
produces a bijection ¥ : $ — J($) N R between maximal ideals of the k-algebra &£
and the set Max(R) of maximal ideals of R. Explicitly, ¥ ~! : I — I¥ for maximal
ideals I C R.

To have access to the attractive results of classical representation theory, we
then assume that g is a finite-dimensional simple Lie algebra and R is of finite
type over an algebraically closed field k of characteristic 0. The classification of
finite-dimensional simple -modules V proceeds by observing that the kernel of the
representation ¢ : £ — End (V) is an intersection of a finite collection of distinct
maximal ideals $1, ..., $, € £. Given any maximal ideals My, ..., M, € Max(S)
lying over the maximal ideals ¥ ($1), ..., ¥ ($,) € Max(R), respectively, we obtain
evaluation maps

eV L > g S — (R S/M)D---® (9 S/M,) = g®".

We then use properties of forms to show that ev, is surjective and descends to an
isomorphism evy, : £/ ker ¢ => g®". The finite-dimensional simple -modules V

IFor simplicity of notation, we use integral powers of the variables #;, though fractional exponents
are sometimes used to work with the absolute Galois group of the base ring R or with twisted modules
for vertex algebras.

2Throughout this paper, all ideals are assumed to be two-sided unless there is an explicit mention
to the contrary.
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are thus pullbacks of tensor products of g-modules along evy:
VVQ, M)=V, (M) Qi Vi, (M),

for some nonzero dominant integral highest weights A1, ..., A, of g (relative to a tri-
angular decomposition g =n_ @ h@n, ) and maximal ideals My, ..., M, € Max(S),
where V), (M;) is the simple g-module of highest weight A;, viewed as an £-module
via the composition of maps

@ M G @ S/ M; ~ g — End(V3,).

Two such representations V (A, M) =V, (M1)®x- - -® Vi, (M) and V(u, N) =
Vi (N1 ®k - - -®xk V,, (N,,) are isomorphic (£/ ker ¢)-modules, and thus isomorphic
Z-modules, if and only if their highest weights are equal, relative to the induced

triangular decomposition
L/ ker¢p = ev;,[] ®®) @ ev;,ll He") @ ev;} (nf").

The cohomological interpretation of forms leads to an action of the group I" on
P, x Max(S), for which V (&, M) >~ V(u, N) if and only if m = n and

(Ais M) =""(ui, N;)

for some y1, ..., ¥, € I'. This classification (Proposition 3.7) is then described in
terms of ['-invariant functions from the maximal spectrum Max(S) to the set P
of dominant integral weights. This gives a constructive description (Theorem 3.9)
of the moduli space of finite-dimensional simple £-modules in terms of finitely
supported I"-invariant functions Max(S) — P.

One of our main motivations in the present paper was to generalize and provide
more intuitive proofs of previous work on (twisted) loop and multiloop algebras. See
[Lau 2010; Senesi 2010] for a summary of past work on this problem. However, the
interpretation of isomorphism classes as spaces of I'-equivariant maps used in past
work does not generalize to our context of twisted forms. Instead, the I'-equivariant
functions had to be reinterpreted as I'-invariant functions Max(S) — P,. This
turned out to be the correct perspective to include cases where there is no natural
action of I" on the space P of nonzero dominant integral weights. More signif-
icantly, with new proofs, we have eliminated all dependence on the Z"-grading
of (g, o), a point that was crucial in the arguments of [Lau 2010]. This lets us
apply our work to nongraded contexts, including a classification of modules for the
mysterious Margaux algebras explained in Section 4.

Perhaps the most striking feature of the present work is its nearly complete
independence from the particular S/R-form under consideration. The maximal
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ideals of any S/R-form & of g(R) are in bijection with Max(R), and the finite-
dimensional simple ¥-modules are evaluation modules enumerated by finitely
supported I'-invariant maps Max(S) — Py. Indeed, the only place where the
Galois cocycle (and hence the isomorphism class) of the S/R-form plays an explicit
role is in the isomorphism criterion for ¥£-modules (Proposition 3.7). But in many
interesting examples, even this condition vanishes, as we illustrate in Section 4.

Notation. Throughout this paper, k will denote a field. We let k* = k \ {0} and
denote the set of nonnegative integers by Z. The category of finitely generated
unital commutative associative k-algebras will be denoted by k-alg, and we will
write Max(S) for the maximal spectrum of each S € k-alg.

2. Twisted forms and their maximal ideals

In this section, k& will denote an arbitrary field and S/R will be a finite Galois
extension in k-alg with Galois group I'. Let g be a finite-dimensional central simple
algebra over k, and let R € k-alg. We may view g(R) = g ® R as an algebra over
R by base change, the multiplication given by (x ® r)(y ® s) = xy ® rs (for each
x,y€e€gandr,s € R). As before, & will denote an S/ R-form of g(R). Any such &
is obviously an algebra over k by restriction of scalars, and we may thus speak of
k-ideals and R-ideals of &, namely the ideals of & viewed as an algebra over k and
over R, respectively.> The goal of this section is to classify the maximal k-ideals
of &.

Since Galois extensions are faithfully flat, we have the following general facts.
See [Matsumura 1989, Theorem 7.5], for instance.

Lemma 2.1. Let I be an ideal of R, and let M be an R-module.
(1) The canonical map
M—->M@rS, x—x®I1
is injective. In particular, R can be identified with a k-subalgebra of S.
(2) After viewing R inside of S via (1), IS is an ideal of S and RNI1S = 1.
Up to coboundary, we can associate a Galois 1-cocycle
u = (uy)yer € Z' (T, Auts.ae(9(S)))

to &, suchthat £ ~ ¥, ={z € g® S | u,”z =z for all y € I'}. We therefore can
(and henceforth will) view & as an R-subalgebra of g(§) = g ®; S. Note that the
S-algebra isomorphism

LOrS=g(R)®r S =9(5)

3We remind the reader that the word ideal means two-sided ideal.
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may be realized as the multiplication map

LRk S — g(S), (Zx,-@si)@SI—)in@Sis (2.2)

forall ), x; ®s; € £ and s € S. This will allow us to associate an ideal of S to
every R-ideal of &.

Lemma 2.3. Let $ be an R-ideal of £. Then $ Qg S is an S-ideal of £ Qg S, and
there is a unique ideal J = J($) C S such that g Qi J = (9 Qr S).

Proof. Fix a k-basis {x1, ..., x;u} of g. Let J = J (&) be the set of all s € S for which
there exists Z;":l X;i ®s; € (P Qg S) such that s = s; for some i. By the definition
of J, itis clear that u($ ®r S) C g Ry J. Moreover, since gQ 1 C g®y S is a finite-
dimensional central simple k-algebra, it follows from the Jacobson density theorem
that x; ® s € u($ Q@ S) for all s € J and for all i <m. Thus g R J C u(9 Qg S).
The uniqueness of J is clear since the tensor product g ®; J is being taken over a
field k. (]

Proposition 2.4. Let $| and $, be R-ideals of £. Then J($1) C J($7) if and only
if $1 € $o. In particular, the map J : {R-ideals of £} — {ideals of S} is injective.

Proof. Let $ = $1 + $,. The restriction of the multiplication map
w:LRrS— g(S)

to PR g S gives an isomorphism g : FQr S — g®yi J ($) with J($)=J ($1)+J ($2).
By flatness of S/R,
FSRr S

$2®r S

(9/92) ®r S =~
as S-modules. The injection pg restricts to an isomorphism

F2®r S — g Qi J(F2),

so we see that

IRr S _ 9® J($)
$2®@rS 9@k J($2)
Thus ($/%,) ®g S = 0 if and only if g ®; (J($)/J($2)) = 0; then by faithful
flatness, $/$, = 0 if and only if J($)/J($,) = 0. That is, $; C ¥, if and only
if J($1) C J($7). O

=gQ (J(9)/J($2)).

Proposition 2.5. Let $ C & be an R-ideal. Then J(9) is stable under the action of
the Galois group I' = %al(S/R).
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Proof. As in the proof of Lemma 2.3, we fix a k-basis B = {x1, ..., x,} of g. From
the definition of J = J(¥), it is easy to see that J is the ideal of S generated by
the set Eg(¥) of those elements s € S for which there is an element ) _, x; @ s; €
for which s; = s for some i. It is thus enough to show ¥s € J for all y € I" and
s € Eg(9).

Letu € Z\(T, Autg_a15(g(5))) be a cocycle corresponding to the S/R-form £.
Fix y € I', and write u,(x; ® 1) = Z’};l Xj ®ajj. Since u, is an automorphism of
g(S), the matrix A = (a;;) is invertible in M,,(S). Letz =) x; ®s; € $. It suffices
to show that ¥s; € J fori =1, ..., m. We have

in Qsi=uz®) =pnw,z201) = M(Z uy(x; ®7s;) ® 1)
_ M(Z sy (5 @ 1) @ 1) = “(Z uy (i ® 1) @)
= M(ij ®aij ® Vs;) = Zx.,- ® (Z a,-.,-ysl->.
j i

i,J

In matrix form, we see that
Vs1 51

— (At)—l

YSm Sm

By definition, s; € Eg($) € J for all 7, and (AH~' e M,,(S). Hence "s; € J for all
i. O

Lemma 2.6. Let [ be an ideal of R. Then I is an ideal of £, and J(I¥) = IS.
Proof. 1t is obvious that /¥ is an ideal of £. As S-modules (in fact, as S-algebras),
ISQrS=LQRRIS > LRrSRQs IS >gR; SRs IS > gQyi IS,
so J(I¥)=1S. [l
We now turn to the classification of maximal k-ideals $ of the S/R-form &£.

Lemma 2.7. The sets of maximal k-ideals and maximal R-ideals of & coincide.

Proof. Let $ be a maximal k-ideal of &£. We claim that $ is stable under the
action of R. For any r € R, the space r$ is clearly a k-ideal of &, and if r$ Z ¥,
then $ + r$ = & by the maximality of $. The algebra & is perfect by descent
considerations, as has already been noted in [Gille and Pianzola 2007], for instance.
Thus

F=LF = (F+rNHL=IL+I0F) C IFC 9,
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since & is an R-algebra. But this contradicts the proper inclusion $ C &£, sor$ C $
as claimed. From this, it follows that every maximal k-ideal of & is also a maximal
R-ideal of & and conversely. ([

Lemma 2.8. Let M be a maximal ideal of R.

(1) There exist prime ideals of S lying over M, and any such ideal is maximal. The
group T acts transitively on the set of such maximal ideals. In particular, this
set is finite.

(2) MS =(); M;, where the intersection is taken over the (finite) set of maximal
ideals of S lying over M.

Proof. (1) This is well-known, but we recall the main ideas for completeness. From
basic properties of Galois extensions, we know that R = S', and hence S/R is
integral. From this it follows that the set of prime ideals of S lying over M is
not empty, that any such ideal is maximal, and that the action of I on this set is
transitive. (See [Bourbaki 1964, §2.1 Proposition 1 and §2.2 Théoréeme 2].)

(2) Any maximal ideal m of S containing M S will lie over M, since the intersec-
tion mN R is a proper ideal of R containing M SN R, which is equal to the maximal
ideal M by Lemma 2.1(2). Thus m = M; for some i, and ("), M; is the radical of
MS. Since S/R is flat,

S/MS >~ (R®rS)/(M®rS)~(R/M)QgS.

Let L = R/M, a field extension of k. Since the extension S is Galois over R,
general facts about base change guarantee that the extension (R/M) ®pr S is Galois
over (R/M) ®gr R >~ L. (See [Milne 1980, §1.5], for instance.) That is, S/MS
is a Galois extension of L. Galois extensions are finite étale and the only such
extensions of L are products L x - - - X L,,, where the L; are finite separable field
extensions of L. We see from this that S/M S has trivial Jacobson radical. Hence
MS is a radical ideal of S, and M S =), M;. O

Theorem 2.9. The map  : I — IZ defines a bijection between the set of maximal
ideals of R and the set of maximal ideals of £.

Proof. Let $ be a maximal ideal of &, and let J = J () C S be the ideal correspond-
ing to $. Let P C S be a maximal ideal containing J, and let M = P N R. Since
S/R is integral, M is a maximal ideal of R [Bourbaki 1964, §2.1 Proposition 1].

As explained in Lemma 2.8(1), the Galois group I' acts transitively on the
finite set My, ..., My of maximal ideals S lying over M. Since J is I'-stable
(Proposition 2.5) and contained in a maximal ideal P lying over M, we see that
J SN, M;. By Lemma 2.8(2), MS = (., M;. Hence J C MS.

Note that M & is an ideal of £ whose corresponding ideal is M S, by Lemma 2.6.
By Proposition 2.4, $ € M¥. Since MS = (I_, M; is a proper ideal of S,
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Lemma 2.3 guarantees that M & is a proper ideal of £. Hence $ = M ¥ by the
maximality of $, so the image of the map i includes all maximal ideals of £.

Let I} and I, be maximal ideals of R. If [&¥ = L%, then IS = IS by
Proposition 2.4 and Lemma 2.6. Now Lemma 2.1(2) yields that I; = I, hence that
¥ is injective. It remains only to check that /£ € & is maximal whenever / C R
is maximal. Suppose that / C R is a maximal ideal, and let $ C & be a maximal
ideal containing /. We have already shown that there is a maximal ideal M C R
for which $ = M&. By Lemma 2.1(2) and Lemma 2.6,

M=MSNR=JMEL NR=J(F)NR.
By Proposition 2.4, J(I¥) € J($), so
I=ISNR=JUL)NRC J(F)NR =M.

By the maximality of /, we see that / = M. Hence [¥ = M¥ = $ is a maximal
ideal of &£. ([

As an application, we recover the following well-known fact; see [Knus and
Ojanguren 1974, Corollary II1.5.2].

Corollary 2.10. Let s be an Azumaya algebra over R. Every (two-sided) maximal
ideal of A is of the form 1A for some maximal ideal I of R.

3. Classification of simple modules

We maintain the notation of the previous section but now assume that g is a finite-
dimensional simple Lie algebra over an algebraically closed field k of characteristic
zero. The base ring R will be of finite type in k-alg, and all modules (representations)
will be of finite dimension over k. Unless explicitly indicated otherwise, ® will
denote a tensor product ®; taken over the base field k.

Let £ C g® S be an §/R-form of g(R) as before, and let ¢ : £ — Endy (V)
be a finite-dimensional irreducible representation of £. We fix a cocycle u €
ZU(T, Autg.pie(g(5))) so that £ = £,,.

3a. Evaluation maps and simple modules. Since ¥ is perfect, £/ ker ¢ is a finite-
dimensional semisimple Lie algebra over k£ [Lau 2010, Proposition 2.1]. Hence
there is an isomorphism

f:¥L/kerp —> g1 D-- - Dgn

for some collection of finite-dimensional simple k-Lie algebras g, ..., g,. Let
7w : ¥ — F/ker ¢ be the natural projection. Then

P/kerdp = L/ My @ - D L/,
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where JMy, ..., M, are pairwise distinct maximal ideals of £ whose intersection is
ker ¢. More precisely, we can take

M=o f g @ BFGFD - Dgn)

fori =1,...,n, where g; indicates that the i-th summand is omitted. To classify
the simple modules of &£, it thus suffices to consider quotients of £ by maximal
ideals.*

Let $ € & be a maximal ideal. By Theorem 2.9, $ = I&¥ for some maximal
ideal / € R. Let P C S be a maximal ideal lying over /, and let

€:S—>S/Px~k 3.1

be the natural evaluation map.> Then the composition

evp: P> g®S o5 gk~ g (3.2)
is a homomorphism of k-Lie algebras.
Proposition 3.3. The map evp : £ — g is surjective and has kernel $ = (P N R)<.

Proof. The multiplication map p : £ ®r S — g(S) is an isomorphism (2.2), so
given any element x € g, there exist elements z; € & and #; € S such that

,u(Zzz‘@ti) =xQ®1.

That is, if z; = Zj xj ®s;; for some k-basis {x;} of g and s;; € S, then

ij ®Sijti =x®1.

ij
Applying the map 1 ® € introduced in (3.1), we get Zi,j X ®e(sije(t) =x®1.
But & is closed under multiplication by elements of k, so ), €(t;)z; € £, and

evp (Z e(t,-)z,-) = ije(s,-j)e(t,-) =x.
i,j

1

Hence evp is surjective.
Letz=) ;,x;®s;€¥andr el. Thene(r)=0,since /] = PNR C P =kere.
Hence

evp(rz) = ine(rsi) = ine(r)e(si) =0,

4Recall that there is no difference in the concept of maximal ideal if we view & as an R- or k-Lie
algebra.

5S is of finite type over R and R is assumed to be of finite type over k. Thus S is of finite type
over k and therefore S/ P = k by the Nullstellensatz.
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so I¥ Ckerevp. Since $ = I¥ is a maximal ideal and ev p is nonzero, the kernel
of evp is precisely $. ([

We have now shown that £/ ker ¢ is isomorphic to a direct sum of finitely many
copies of g. Explicitly, ker ¢ is the intersection of a (finite) family of distinct

maximal ideals M, ..., M, in &. Let Iy, ..., I, be the (distinct) maximal ideals
of R given by Theorem 2.9. For any collection M of maximal ideals M, ..., M,
of § lying over 1y, ..., I,, respectively, the map
evy = (evy,, ...,evy,) £ —>gd--- Dy,
z> (evy, (2), ..., evy, (2))

descends to an isomorphism evy, : £/ ker¢p — gd--- D g.
Since the irreducible representations of g®" = g@- - - @ g are precisely the tensor
products

=01, 0): 8P - Bg—>Endp(V1®---®V,),

n
Ty X)) > Y id® - © 0 () ©- - ®id
i=1

of simple g-modules (p;, V;), we now have a complete list of the simple £-modules.
Theorem 3.4. Let ¢ : & — Endi (V) be a finite-dimensional irreducible representa-
tion of &. Then there exists a finite collection P = (P, ..., P,) of maximal ideals

of S with P;N\ R # P; N R fori # j, and a simple g¢®"-module (p, Vi ®---® V,)
suchthat V=V ®---®V,and ¢ =poevp.

Remark 3.5. The converse of Theorem 3.4 is obvious. Given a collection of
maximal ideals P, ..., P, of S for which the ideals P; N R of R are pairwise
distinct, the Chinese remainder theorem gives an isomorphism

/My D DL/ M, = L) N M,

where M; = (P; N R)¥. (This uses the fact that the P; N R are maximal, as shown
in the proof of Theorem 2.9.) Thus the map

L= LMD DL/M, ~ g

is surjective, so the pullback of any simple g®"-module V =V, ® - - - ® V,, will be
a simple ¥-module.

3b. Isomorphism classes of simple modules. Fix a Cartan subalgebra h) of g and
an épinglage of (g, h); see [Bourbaki 1975, VIII, §4.1]. Given a maximal ideal
M € Max(S) and a finite-dimensional representation p : g — Endy (W), we write
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W (M) for the vector space W, viewed as an ¥-module with action given by the
composition of maps

Fesg®S 2 g5 Endg(W),
where evy, is the quotient map

eV 1 g®S—> (g®9)/(@®M) =g®(S/M) x> g,
XR®sH—> (xQs)(M) =s(M)x

forall x € g and s € §. For each automorphism o« € Autgs.y;.(g(S)) and M € Max(S),
we write (M) € Aut(g) for the automorphism defined by

(@(M))(x) = (a(x ® D))(M) =evy(a(x @ 1))
for each x € g. It is straightforward to verify that the map
Auts.Lie(9(S5)) = Aut(g), o a(M)

is a group homomorphism for each M € Max(S). We write Outa (M) and Inta (M)
for the outer and inner parts, respectively, of the automorphism

a(M) =Inta(M) oOuta(M).

See [Bourbaki 1975, VIII, §5.3 corollaire 1] for details.

By Theorem 3.4, the (finite-dimensional) simple £-modules are those of the form
VA, M) =V, (M) ®---® Vy,(M,), where each 1; is in the set P;* of nonzero
dominant integral weights, Vj, is the simple g-module of highest weight A;, and
M = (M, ..., M) is an n-tuple of maximal ideals of S lying over distinct (closed)
points of Spec(R).

Lemma 3.6. Suppose that the £-modules VL, M) =V, (M) Q@ ---® Vy, (M,,)
and V(u, N) =V, (N1) ® --- ® V., (N,) are isomorphic for certain Ay, ..., Ap,
ul,...,unePf and My, ..., M,,, N1, ..., N, € Max(S). Then m = n, and up to
reordering, Mi "R = N; N R for all i.

Proof. Let ¢y p : £ — Endi(V(A, M)) and ¢, n : £ — Endi(V (e, N)) be the
homomorphisms determining the module actions. Since V (A, M) >~ V (u, N), their
kernels are equal, so

[((M: N R)E =Ker ¢y =ker gy = |(N; N R)L.
i=1 j=1
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By Lemma 2.1(2) and Lemma 2.6,

ﬁ(Mi NR)= (ﬁ(M,- ﬂR)S) NR= J(ﬁ(M,- ﬂR)SB) N R
i=l

i=1 i=1
n n
= J(ﬂ(Nj ﬂR)§£> NR=[\(N;NR).
j=1 j=1
For I C R, let Var I be the set of m € Spec R with / € m. Then

O{Mi NR} = LmJVar (M; N\ R) = Var (ﬁ(Mi ﬂR))
i=1 i=1 i=1

=Val'(ﬁ(ijR)) = O{ijR}.
j=I

j=1
Thus m = n, and after reordering, M; N R = N; N R for all i. |

Recall that u, is the image of y € I' = %al(S/R) under the Galois cocycle
u:I'— Autgyi(g(S)). The group I acts on the set of pairs (A, M) € Pf x Max(S)
by (i, N) = (wo Outu, ™' ('N), ’N).

Proposition 3.7. Suppose
VA, M) =V, (M)Q---QV,,(My) and V(u, N)=V,,(N)Q---QV,, (Ny)

are irreducible $-modules with A, 1 € (ij)” and MiN R = N; NR foralli. Then
VA, M) =V (u, N) if and only if there exist y1, ..., v, € I' such that

(A, M) ="(u;i, N;j) fori=1,...,n.

Proof. Let ¢y : £ — Endi(V(A, M)) and ¢, n : £ — Endi(V (e, N)) be the
homomorphisms defining the module actions. Since each A; is nonzero, the kernel
of the action of g®" on V (A, M) is trivial, and the evaluation maps ev, induce an
automorphism

evy =evy, O---Devy, : £/ kerdy y = g¥".

Similarly, evy : £/ ker ¢, y — g®" is a Lie algebra isomorphism.

Let g=n_®hdn, be the triangular decomposition of g relative to the épinglage
of (g, h). We pull back the corresponding triangular decomposition of g®" to obtain
the triangular decomposition

L/ kerg, m = ev;,ll 0®) @ ev;,l1 6% @ ev;,ll (nf“). 3.8)

The representations V (A, M) and V (u, N) will be isomorphic precisely when they
have the same highest weights relative to the decomposition (3.8).
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The Galois group I' = %al(S/R) acts transitively on the fibers of the pullback
map Spec(S) — Spec(R) over maximal ideals of R. Choose y; € I so that M; =" N;
for all i.

Letg' =0@---®g®--- DO be the i-th component of g®". Note that

CV;,II (gi) = m kerevy, = m(M’ NRY¥ = m(N, NRY¥ = ﬂkereVN, .
r#i r#i r#i r#i

Therefore, evy, o evy, (g9) =0 forall i # j, and
evy o ev;,l1 (xi) =tlj0evy, o ev;,[] (xi) =1 0EVy, O ev&: (x)
for all x' € g', where (; is the inclusion of g as the i-th component of g®":
iig—>08- @gd--- 0 g®"

Relative to the decomposition (3.8), the highest weight of V (A, M) is thus
Y i_y kioevy, and the highest weight of V(u, N) is Y i, v oevy,, where v; €
(evy, o ev&f (h))* is the highest weight of V,,, relative to the new triangular decom-
position

-1 -1 -1
g=evy,oev,, (m_) @evy, oevy, (h) devy, oev,, (ny).

By [Lau 2010, Lemma 5.2], v; = p; o rl._l, where 7; = Int(evy, o ev;,lz). That is,
V(A, M) =V (u, N) if and only if

n n
Z Ajoevy, = Z i o ri_] oevy,
i=1 i=1
on ev;,l1 (h®™). For the i-th component h =0®--- @ HhP - -- B0, we have
evy (h) Cevy/! (g) = (M; N R,
JF#L
SOAjoevy; (ev;,ll(bi)) =0fori # j. Therefore, V (A, M) =~V (u, N) if and only if
Ajoevy, = io rl.’l oevy, for all i; that is, if and only if A; = u; o Out(evy;, o ev;dll_).
We now simplify the expression for the automorphism evy;, OCV;,III_ : g — g. For
X € g, write ev;,,ll, (x)= Zj xj®s;+kerevy, € £/ kerevy, = £/ kerevy,, where
xjegands; €S forall j. Then evy, oev;lll, (x)= Zj sj(N;)x;. By definition,
sj(N))+ N; =s5;+N; € S/N;,
and s;(N;) € k C R is clearly fixed by y; € I'. Hence

Sj(Ni)-i-yiNi :y’Sj +YiN; € S/VIN; =S/ M;,
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and s;(N;) ="is;(M;). Therefore,
evy, oev;,lll_ x) = Z Visj(M;)x ;.
J

Moreover, ijj@)sj €eL={zeg®S|uy,’z=zforall yel}, so

Vi
eV, 0evy, (X) = (Z X ®sj)(Mi) = (uy,) " (Z X; ®sj)(Mi)
Y j
=u, (M) Y s;(M)x; = uy (M) (),
j

and evy, oeV;,I: = u;l_l(M,-). Hence V (A, M) >~ V (i, N) if and only if there exist
Y1, ..., ¥Yn € ' such that ¥i(u;, N;) = (A;, M;) for all i. O

We identify the £-module V(A, M) =V, (M1) ®---® V,,(M,) with the map
Xy - Max(S) — Py,

where oM = Zyel" Z?:l X0, M) and
Mi if I = N,',

vy Max(S) = Py, I .
X (i, Ni) (5) + {0 otherwise.

The Galois group I" acts on the set F of finitely supported functions Max(S) — P,
by identifying each function f with the set of ordered pairs {(f(M), M) | M €
Max(S)} and defining ¥f = {"(f (M), M) | M € Max(S)}. The function Xiy. M is
then I'-invariant, and the set ' of I'-invariant functions in % is in bijection with
the set € of isomorphism classes [V] of (finite-dimensional) simple -modules V:

Theorem 3.9. The map  : [V (A, M)] = x; y is a well-defined natural bijection
between € and F" .

Proof. By Theorem 3.4, Lemma 3.6, and Proposition 3.7, two simple $-modules
Wi and W, are isomorphic if and only if there exist n > 0, ordered pairs

(M, 3), (N, p) € Max(8))" x (P{)"

with M\; "R = N;N R #NjﬂR:MjﬂRfOI’l. #“ J, and ViseoosVn €T
such that W, >~ V(A, M), W >~ V(u, N), and (M;, A;) = Yi(N;, u;) for all i.
Thus V(A, M) >~ V(u, N) if and only if Xpo M) = XNy In particular, the map
¥ : € — F' is well-defined and injective. It is also surjective, as the support of
any f € ¥ decomposes into a disjoint union of I'-orbits. Therefore,

m
f= Z Z Xv(ri M;)

yel' i=1
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for some collection of orbit representatives My, ..., M,, € Max(S). O

4. Applications

In this section, k will denote an algebraically closed field of characteristic zero.

4a. Multiloop algebras. Multiloop algebras are multivariable generalizations of
the loop algebras in affine Kac—Moody theory. The study of these algebras and
their extensions includes a substantial body of work on (twisted and untwisted)
multiloop, toroidal, and extended affine Lie algebras. The representation theory of
multiloop algebras has also been adapted to include generalized current algebras
and equivariant map algebras [Chari et al. 2010; Neher et al. 2012]. When R and
S are Laurent polynomial rings, the intersection of the class of algebras with the
class of twisted forms discussed in the present paper includes multiloop algebras
(Section 4a), but not Margaux algebras (Section 4b), for instance.

Let g be a finite-dimensional simple Lie algebra over k, with commuting au-

tomorphisms oy, ..., oy : g — g of finite orders my, ..., my, respectively. Fix a
primitive m ;-th root of unity &; € k for each j, and let R = k[tliml, e tim“’] -
S=kl£, . 5.

The (twisted) multiloop algebra £ = ¥(g, o) is a ZV-graded subalgebra of
g8 =g®S:
%g.0)= Pt

jezN

where j = (ji,...,jn), 9 = {x € g | 0i(x) = Sij"x fori = 1,...,N}, and
th = tlj'tzj2 e t,]VN. It is easy to see that & is a Lie algebra over R and an S/R-
form of g(R).

Specializing our main theorems to the case of multiloop algebras, we recover
the results of [Lau 2010]. Maximal ideals M; = M,, = (t —a;1, ..., tn —a;n) of
S correspond to points @; = (a1, - - ., ajn) on the algebraic n-torus (KON = kX x
-+ x k*. Note that M; N R is the ideal (of R) of polynomials vanishing at ;. Thus
M;NR € Max R is generated by {t]"' —a’\', ..., 15" —a!y'}. Therefore, M; N\R =
M; N R if and only if m(a;) = m(a;), where we write m(ag) = (ay,', . .., a,y ) for
all ap € (K)V.

The Galois group I' =%al(S/R) is Z,, X - - - X Z,,,, where each Z,,,, is generated
by an element
&ty ifi=]j,

o il .
tj  otherwise.

The 1-cocycle u : I' — Autgyic(g(S)) corresponding to & is given by

_ —r —IN
uy,=o; oy QI
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foreach y=(af', ..., ay) €. Thenu, (M) =0, " ---oy" for all M € Max(S).
The fact that
u,: Max($) - Autg, M+ u,(M)

is constant means that the action of I" on P;* x Max(S) splits into separate actions
of I' on Max(S) and on P} by

Y:Tx P — P, (y,A) > roOuto, " ---oy"™.

In this language, I" acts on Pj x Max(S) as Y(A, M) = (Y (y~ 1, 1), M). The
["-invariant functions [, u : Max(S) — P4 become I'-equivariant functions under
the new action ¥ on P. We thus recover the following theorem [Lau 2010,
Corollary 4.4, Theorem 4.5, and Corollary 5.10]:

Theorem 4.1. (1) The finite-dimensional simple modules of £(g; o) are those of
the form V(A,a) =V, (My,)®---® V,,(M,,) forn >0, a; € k)N, and
m(a;) # m(aj) wheneveri # j.

(2) The isomorphism classes of finite-dimensional simple £(g; o)-modules are in
bijection with the finitely supported T -equivariant maps (k)N — P,.

4b. Azumaya and Margaux algebras. Fix Laurent polynomial rings
R=k[;,1*] and S=k[f'. 5]

Let A = A(1, 2) be the standard Azumaya algebra, the unital associative R-algebra
generated by {T=!, T;5'} with relations 75T = —T1 T» and T =¢? fori = 1, 2. Then
A is an S/ R-form of the associative algebra M, (R) of 2 x 2 matrices over R, as can
be readily verified using one of the well-known representations of the quaternions
as matrices in M, (C).

Since PGL; is the automorphism group (scheme) of both M (k) and s, (k), there
is a natural correspondence between S/R-forms of M>(R) and sl(R). Namely,
given any S/R-form B of the matrix algebra M>(R), view B as a Lie algebra Lie B
with bracket [a, b] = ab — ba. Its derived subalgebra (Lie B)' = Span{[a, b] |
a, b € B} is then an S/R-form of sl;(R).

Applying this construction to £; = (Lie A)" and computing explicitly, it follows
that £; > £(sh(k), 01, 02) where o1 and o, are conjugation by (§ ) and (9}),
respectively [Gille and Pianzola 2007]. Therefore, we obtain the representations of
¥, as in the previous section.

Surprisingly, not every twisted form of g(k[tlil, tzil]) is a multiloop algebra.
This can be seen using loop torsors. The only known S/R-forms of g(R) that are
not isomorphic to multiloop algebras are called Margaux algebras. The simplest of
these can be constructed concretely as follows. See [Gille and Pianzola 2007] for
details.
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Let A, R, and S be as in Section 4a. The right A-module
M={(,)eAGA|(1+T)r=(1+T)u)

is projective but not free. This can be used to show that its endomorphism ring
M = End4 (M), while also an S/R-form of M,(R), is not isomorphic to A as an
A-algebra. It follows that £ and &, = (Lie i) are nonisomorphic S/R-forms of
sl (R). By the classification of involutions in PGL; (k) and a study of loop torsors,
it can be shown that ¥, is not a (twisted) multiloop algebra.

By Theorems 3.4 and 3.9, the irreducible representations of &, are the tensor
products VA, M) =V, (M) ® ---® V,, (M), where A1, ..., A, € Z, \ {0} are
highest weights of slr(k) and M; = (t; — a;1, t» — a;») are maximal ideals of
S = k[tlil, tzil] corresponding to points in distinct fibers over Spec R. That is,
(aizl, al.zz) # (a?l, a?z) fori # j.

Two such representations

VA, M)=V,,(M)®---®V,,, (M) and V(u, N)=V, (N)Q---QV,, (Ny)

are isomorphic precisely when the corresponding 6al(S/R)-invariant functions
X @nd XN Are equal. But the action

YO, M) = (A o Outu, ™' (YM;), YM;)
is simply an action on Max(S),
i, Mi) = (A, ™M),

since u},*l(VM ) € Aut sly(k), and every automorphism of sl (k) is inner! Thus
V(A, M) =~ V(u, N) if and only if (after reordering the tensor factors) m = n,
Ai = ui, and the a;, b; € k™ x k™ corresponding to M; and N; satisfy a;; = £b;;
for all i and j.

As for any Galois extension S/ R, the isomorphism classes of the (finite-dimen-
sional) simple modules of any S/R-form of sl;(R) are given by restrictions of
the same evaluation modules of sl;(S). In particular, the irreducible ¥;- and
%¥,-modules come from the same s, (S)-modules.
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