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Adjoint ideals and a correspondence
between log canonicity and F-purity

Shunsuke Takagi

Dedicated to Professor Shihoko Ishii on the occasion of her sixtieth birthday

This paper presents three results on F-singularities. First, we give a new proof of
Eisenstein’s restriction theorem for adjoint ideal sheaves using the theory of F-
singularities. Second, we show that a conjecture of Mustatd and Srinivas implies
a conjectural correspondence of F-purity and log canonicity. Finally, we prove
this correspondence when the defining equations of the variety are very general.

Introduction

This paper deals with the theory of F-singularities, which are singularities defined
using the Frobenius morphism in positive characteristic. We present three main
results. First, we give a new proof of a restriction theorem for adjoint ideal sheaves.
Second, we show that a certain arithmetic conjecture implies a conjectural corre-
spondence of F-purity and log canonicity. Finally, we prove this correspondence
when the defining equations of the variety are very general.

The notion of the adjoint ideal sheaf along a normal Q-Gorenstein closed sub-
variety X of a smooth complex variety A with codimension ¢ was introduced in
[Takagi 2010] (see Definition 1.8 for its definition). It is a modification of the
multiplier ideal sheaf associated to the pair (A, cX) and encodes much information
on the singularities of X. Eisenstein [2010] recently proved a restriction theorem
for these adjoint ideal sheaves. In this paper, we give a new proof of his result using
the theory of F-singularities.

Building on earlier results [Hara and Yoshida 2003; Takagi 2004b; 2008], we
introduced in [Takagi 2010] a positive characteristic analogue of the adjoint ideal
sheaf called the test ideal sheaf (see Proposition-Definition 1.1). We conjectured
that the adjoint ideal sheaf coincides after reduction to characteristic p > 0 with
the test ideal sheaf and some partial results were obtained in [loc. cit.]. Making use
of these results, we reduce the problem to an ideal theoretic problem on a normal
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(D-Gorenstein ring essentially of finite type over a perfect field of characteristic
p > 0. The desired restriction formula is then obtained by adapting the argument
of [Schwede 2009] (which can be traced back to [Fedder 1983]) to our setting (see
Theorem 3.2). As a corollary, we show the correspondence between adjoint ideal
sheaves and test ideal sheaves in a full generality (Corollary 3.4 on page 934).

The other ingredients of this paper are on a correspondence between F-pure
singularities and log canonical singularities. F-pure singularities are defined via
splitting of Frobenius morphisms (see Definition 1.3). Log canonical singulari-
ties form a class of singularities associated to the minimal model program (see
Definition 1.7). It is known that the pair (X; ¢ Z) is log canonical if its modulo p
reduction (X ,; tZ,) is F-pure for infinitely many primes p, and the converse is
conjectural (see Conjecture 2.4 for the precise statement). This conjecture is widely
open, and only a few special cases are known. On the other hand, Mustatd and
Srinivas [2011, Conjecture 1.1] proposed the following more arithmetic conjecture
to study a behavior of test ideal sheaves: if V is a d-dimensional smooth projective
variety over an algebraically closed field of characteristic zero, the action induced
by the Frobenius morphism on the cohomology group H¢ (Vp, Oy,) of its modulo p
reduction V), is bijective for infinitely many primes p. In this paper, we show
that their conjecture implies the correspondence of F-purity and log canonicity
(see Theorem 2.11). Our result can be viewed as strong evidence in favor of this
conjectural correspondence although the conjecture of Mustatd—Srinivas is also
largely open.

As additional evidence of this correspondence, we consider the case when the
defining equations of X are very general. Shibuta and Takagi [2009] proved the
correspondence if X = C" and Z is a complete intersection binomial subscheme or
a space monomial curve. Using a similar idea, Herndndez [2011] recently proved
the case when X = C" and Z is a hypersurface of X such that the coefficients
of terms of its defining equation are algebraically independent over (2. Using
the techniques we have developed for Theorem 3.2, we generalize his result in
Theorem 4.1 (page 935).

1. Preliminaries

Test ideals and F-singularities of pairs. In this subsection, we briefly review the
definitions of test ideal sheaves and F-singularities of pairs. The reader is referred
to [Schwede 2008; 2009; 2011] and [Takagi 2004a; 2010] for the details.
Throughout this paper, all schemes are Noetherian, excellent and separated, and
all sheaves are coherent. Let A be an integral scheme of prime characteristic p. For
each integer e > 1, we denote by F'*: A— A or F¢:04 — F{04 the e-th iteration of
the absolute Frobenius morphism on A. We say that A is F-finiteif F: A — Aisa
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finite morphism. For example, every scheme essentially of finite type over a perfect
field is F-finite. Given an ideal sheaf I C 0, for each g = p°, we let I191 C 0,4
denote the ideal sheaf identified with I - F{04 via the identification F{04 =04. For
a closed subscheme Y of A, we let $y denote the defining ideal sheaf of Y in X.

The notion of test ideal sheaves along arbitrary subvarieties was introduced in
[Takagi 2010]. Below we give an alternate description of these sheaves based on
the ideas of [Schwede 2009]. Let A be a normal Q-Gorenstein variety over an
F-finite field of characteristic p > 0 and X € A be a reduced equidimensional
closed subscheme of codimension c. Suppose that the Gorenstein index of A is not
divisible by p. There then exists infinitely many e such that (p® — 1)K 4 is Cartier,
and we fix such an integer ep > 1. Grothendieck duality yields an isomorphism of
F20 4-modules

F{004 = %omg, (F°((1 — p*)Ka), 04),

and we let

Pae FLOA((1 = p)Ky) — Oy

denote the map corresponding to the global section 1 of 04 via this isomorphism.
When A is Gorenstein, we can describe ¢4 ., more explicitly: it is obtained by
tensoring the canonical dual (F¢)Y : F°w — w4 of the e(-times iterated Frobenius
morphism F% : 04 — F;°04 with 04(—K4). Also, the composite map

Paeg © FOPa g0+ 0 F DV, o0t FIO0,((1— p")K ) — Oy

is denoted by @4 ¢, for all integers n > 1. Just for convenience, ¢4 o is defined to
be the identity map Oy — O4.

Proposition-Definition 1.1 (cf. [Takagi 2010, Definition 2.2]). Let the notation
be as above, and let Z := Z:-":] t;Z; be a formal combination, where the t; are
nonnegative real numbers and the Z; are proper closed subschemes of A that do
not contain any component of X in their support.

(1) There exists a unique smallest ideal sheaf J C 04 whose support does not
contain any component of X and that satisfies

e (F:m (]ﬁ;(pnm_l)yrztl(pm_m N -ﬁth":(pmo_l)]@A((l _ pneo)KA))) cJ

for all integers n > 1. This ideal sheaf is denoted by Tx (A, Z). When X = &
(resp. Z = @), we write simply T(A; Z) (resp. Tx (A)).

(2) (A, Z) is said to be purely F-regular along X if tx(A, Z) = O4.



920 Shunsuke Takagi

Proof. We will prove that Tx (A, Z) always exists. First, we suppose that A is affine,
O4((1—p"™)K 4) =0, and Homg, (F;°04, 0,) is generated by ¢4 o, as an F; 0 4-
module. Then Homg, (Fi 04, 04) is generated by @4 e, as an Fy 0 4-module
for all n > 1. Here we use the following fact:

Claim. There exists an element y € O 4 not contained in any minimal prime ideal
of $x and satisfying the following property: for every § € 04 not contained in any
minimal prime of $x, there exists an integer n > 1 such that

"0—1 "0 —1 m €0 —1
Y € Paneo(FI (895" mg;w ﬂ...ﬁ%”’ ).

Proof. Suppose that g € (), $z, is an element not contained in any minimal prime
of $x such that D(g)|, € X is regular. By [Takagi 2010, Example 2.6], D(g)
is purely F-regular along D(g)|y. It then follows from an argument similar to
[Schwede 2011, Proposition 3.21] that some power of g satisfies the condition of
the claim. (|

Let y € 04 be an element satisfying the conditions of the above claim. Then we
will show that

- nep _ 1 ney 1 (P90 —1
fX(A, Z) — Z(pA,neo (F:€0(V§C;p )9[Zt:(p )1 . '93gm([7 )]))

n>0

. neg _1 neg _ 1 - neg _ 1
Itis easy to check that 3, _ @a.ne, (FL @ (y 957 Vgl 7m0 gm0y
is the smallest ideal J C 04 containing y and satisfying

~(p"€0 —1 neg —1 ' neg 1
@ aney (FIO(T I O—D gl @ 0= gl 0=y

for all n > 1. On the other hand, if an ideal / € 04 is not contained in any minimal
prime of $x and satisfying

~(p"€0 —1 neg _ 1 - neg 1
@ ey (FI0 (195"~ D gl @ 0= gln"0=DTy)

Z m

for all n > 1, then y is forced to be in I by definition. This completes the proof when
A is affine and Homg, (F0,4,0,) is generated by ¢4 ., as an F{°0 4-module.

In the general case, Tx (A, Z) is obtained by gluing the constructions on affine
charts. U

Remark 1.2. The definition of Tx (A, Z) is independent of the choice of ey.
Next, we will give a definition of F-singularities of pairs and F-pure thresholds.

Definition 1.3 ([Takagi 2006, Definition 3.1; Schwede 2008, Proposition 3.3],
cf. [Schwede 2008, Proposition 5.3]). Let X be an F-finite integral normal scheme
of characteristic p > 0 and D be an effective Q-divisor on X. Let Z =) /L | t; Z;
be a formal combination, where the #; are nonnegative real numbers and the Z; are
proper closed subschemes of X. Fix an arbitrary point x € X.
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(1) ((X, D); Z) is said to be strongly F-regular at x if, for every nonzero y € Oy y,
there exist an integer e > 1 and § € ﬁ[ztl‘ (f A ufﬁ[Z’:,(f*m such that
y8F®:0x — FOx([(p° — D)y, a+> yda,
splits as an Oy -module homomorphism.
(i) ((X, D); Z) is said to be sharply F-pure at x if there exist an integer e¢ > 1
and § € Q[Ztll(f el &Brzt’z(f ~DT uch that
8F¢:0x . — F{Ox([(p° = 1)D1),, aw> 8a”,
splits as an Oy -module homomorphism.
We simply say that (X; Z) is strongly F-regular (resp. sharply F-pure) at x if
((X,0); Z) is. We say that (X, D) is strongly F-regular (resp. sharply F-pure) if
((X, D); @) is. Also, we say that ((X, D); Z) is strongly F-regular (resp. sharply
F-pure) if it is for all x € X.

(iii) Suppose that (X, D) is sharply F-pure at x. Then the F-pure threshold
fpt, (X, D); Z) of Z at x is defined to be

fpt, (X, D); Z) :=sup{t € R>o | (X, D); tZ) is sharply F-pure at x }.
We write simply fpt, (X; Z) when D =0.

Remark 1.4. Let A and Z be as in Proposition-Definition 1.1. Then (A; Z) is
strongly F-regular at a point x € A if and only if T(A, Z), =04 4.

There exists a criterion for sharp F-purity called the Fedder type criterion, which
we will use later.

Lemma 1.5 [Fedder 1983, Lemma 1.6; Schwede 2008, Theorem 4.1]. Let A be
an F-finite regular integral affine scheme of characteristic p > 0and X C A be a
reduced equidimensional closed subscheme.

(1) For each nonnegative integer e, the natural morphism
FEP: 9x) - omg, (FSO4, 04) — Homg, (FEOx, Ox)
sending s - @4 to @4 o F¢(xs) induces the isomorphism

Fe(o0: gx)-9ome, (FC04, 0,)
Ffﬁ[)fe]-%om@A(Ff@A, 04

= %om@X(Ff@X, @X).

(2) Let Z = Z:’; 1 tiZ; be a formal combination, where the t; are nonnegative real
numbers and the Z; are proper closed subschemes of A that do not contain
any component of X in their support. Let x € X be an arbitrary point. Then
the following conditions are equivalent:

(@) (X; Z|y) is sharply F-pure at x.
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(b) There exists an integer eg > 1 such that
0] n(po—1 tn (p0—1 0
(9[[’ 'gJX,X)‘q)I—Z:,(f )1 . 9;mff )1 g m%x]’
which is equivalent to saying that

(5[,[17 7. )g,fn(p"eo*l)] . th(p”“o D] g [P’”U]
. X

Zy,x Zm X

for all integers n > 1. Here, my € Oy , denotes the maximal ideal of x.

We remark that (2) is an easy consequence of (1) in Lemma 1.5.

Singularities of the minimal model program. In this subsection, we recall the
definitions of adjoint ideal sheaves, multiplier ideal sheaves and singularities of
pairs. The reader is referred to [Lazarsfeld 2004] for basic theory of multiplier ideal
sheaves and to [Eisenstein 2010; Takagi 2010] for that of adjoint ideal sheaves.
Let X be a normal variety over an algebraically closed field K of characteristic 0,
and let Z =), #;Z; be a formal combination, where the #; are nonnegative real
numbers and the Z; are proper closed subschemes of X. A log resolution of the
pair (X, Z) is a proper birational morphism 7 : X — X with X a smooth variety
such that all scheme theoretic inverse images 7~1(Z;) are divisors and in addition
\U; Supp 7~ Y(Z;) UExc(r) is a simple normal crossing divisor. The existence of
log resolutions is guaranteed by the desingularization theorem of Hironaka [1964].

Definition 1.6. Let X and Z be as above, and let D := ), dy Dy be a boundary
divisor on X, that is, D is a @-divisor on X with 0 <d; <1 for all k. In addition,
we assume that Ky + D is Q-Cartier and no component of | D | is contained in the
support of the Z;. Fix a log resolution 7 : X — X of (X, D+Z) such that n D] is
smooth. Then the adjoint ideal sheaf adj, (X, Z) of (X, Z) along D is defined to be

adjp (X, Z) = m@;([l(;( ' (Kx+ D)= Ytz + 7] LDJ) C 0y.
i
When D = 0, we denote this ideal sheaf by $(X, Z) and call it the multiplier ideal

sheaf associated to (X, Z).

Definition 1.7. Let X and Z be as above, and let D be a Q-divisor on X such that
Kx + D is Q-Cartier. Fix a log resolution 7 : X — X of (X, D + Z), and then we
can write

Ky=m"(Kx+D)+ Y tm ' (Z)+ ) a;E;,
l. :

where the a; are real numbers and the E; are prime divisors on X. Fix an arbitrary
point x € X.

(1) ((X, D); Z) is said to be kit at x if a; > —1 for all j such that x € w(E}).
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(ii) (X, D); Z) is said to be log canonical at x if a; > —1 for all j such that
x en(Ej).

When X is Q-Gorenstein and D = 0, we simply say that (X; Z) is klt (resp. log
canonical) at x instead of saying that ((X, 0); Z) is klt (resp. log canonical) at x.
When Z = &, we simply say that (X, D) is kit (resp. log canonical) at x instead
of saying that ((X, D); @) is klt (resp. log canonical) at x. Also, we say that
((X, D); Z) is kKlt (resp. log canonical) if it is so for all x € X.

(iii) Suppose that (X, D) is log canonical at x. Then the log canonical threshold
Iet, ((X, D); Z) of Z at x is defined to be

let, (X, D); Z) :=sup{t € R>¢ | (X, D); tZ) is log canonical at x }.
We simply denote this threshold Ict, (X; Z) if X is Q-Gorenstein and D = 0.

When the ambient variety is smooth, we can generalize the notion of adjoint
ideal sheaves to the higher codimension case. Let A be a smooth variety over an
algebraically closed field of characteristic 0 and X C A be a reduced equidimensional
closed subscheme of codimension c.

Definition 1.8 ([Takagi 2010, Definition 1.6]; cf. [Eisenstein 2010, Definition 3.4]).
Let the notation be as above. Let Z =) . #; Z; be a formal combination, where the
t; are nonnegative real numbers and the Z; are proper closed subschemes of A that
do not contain any component of X in their support.

(i) Let f : A” — A be the blow-up of A along X and E be the reduced excep-
tional divisor of f that dominates X. Let g : A— A'bea log resolution of
(A, f‘l(X) + Z[ f‘l(Zi)) so that the strict transform g*_lE is smooth, and
set 1 = f o g. Then the adjoint ideal sheaf adjy(A, Z) of the pair (A, Z)
along X is defined to be

adjy (A, Z) == n*@g<Kg/A —en (X)) — LZ mfl(zi)J + g*1E>.

(i1) (A; Z) is said to be plt along X if adjy (A, Z) =04.
Remark 1.9. (1) Definitions 1.6, 1.7 and 1.8 are independent of the choice of a
log resolution used to define them.

(2) Let X and Z be as in Definition 1.7, and assume that X is ()-Gorenstein. Then
(X; Z) is kIt at a point x € X if and only if $(X, Z)y =Ox ,.

2. Reduction from characteristic 0 to characteristic p

In this section, we briefly review how to reduce things from characteristic 0 to
characteristic p > 0. Our main references are [Hochster and Huneke 1999, Chapter 2;
Mustata and Srinivas 2011, Section 3.2].
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Let X be a scheme of finite type over a field K of characteristicOand Z=7) , #; Z;
be a formal combination, where the #; are real numbers and the Z; are proper closed
subschemes of X. Choosing a suitable finitely generated Z-subalgebra B of K, we
can construct a scheme X p of finite type over B and closed subschemes Z; p C X
such that there exist isomorphisms

X :—>XB X Spec B SpecK

~

i —— Zi,B X Spec B Spec K

NC—

Note that we can enlarge B by localizing at a single nonzero element and replacing
X p and Z; p with the corresponding open subschemes. Thus, applying the generic
freeness [Hochster and Huneke 1999, (2.1.4)], we may assume that Xz and the
Z; p are flat over Spec B. Letting Zp := Zi t;Z; g, we refer to (Xp, Zp) as a
model of (X, Z) over B. Given a closed point i € Spec B, we let X, (resp. Z; ;)
denote the fiber of Xp (resp. Z; ) over pu and define Z, := ) ;t;Z; ,. Then
X, 1s a scheme of finite type over the residue field « () of w, which is a finite
field of characteristic p(u). If X is regular, then after possibly enlarging B, we
may assume that Xp is regular. In particular, there exists a dense open subset
W C Spec B such that X, is regular for all closed points i € W. Similarly, if X
is normal (resp. reduced, irreducible, locally a complete intersection, Gorenstein,
Q-Gorenstein of index r, Cohen—Macaulay), then so is X, for general closed points
w € Spec B. Also, dimX = dim X, and codim(Z;, X) = codim(Z; ,, X,,) for
general closed points ¢ € Spec B. In particular, if X is normal and Z is a Q-Weil
(resp. Q-Cartier) divisor on X, then Z,, is a Q-Weil (resp. Q-Cartier) divisor on X,
for general closed points p € Spec B. If Kx is a canonical divisor on X, then Ky ,
gives a canonical divisor Ky, on X, for general closed points u € Spec B.

Given a morphism f : X — Y of schemes of finite type over K and a model
(X, Yp) of (X, Y) over B, after possibly enlarging B, we may assume that f is
induced by a morphism fp : Xp — Yp of schemes of finite type over B. Given a
closed point € Spec B, we obtain a corresponding morphism f, : X,, — Y, of
schemes of finite type over « (). If f is projective (resp. finite), then so is f;, for
general closed points i € Spec B.

Definition 2.1. Let P be a property defined for a triple (X, D, Z), where X is a
scheme of finite type over a finite field, D is an effective (D-divisor on X and Z is
an R>p-linear combination of closed subschemes of X.

(1) ((X, D); Z) is said to be of P type if, for a model of (X, D, Z) over a finitely
generated Z-subalgebra B of K, there exists a dense open subset W C Spec B
such that ((X,, D,); Z,,) satisfies P for all closed points i € W.
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(1) ((X, D); Z) is said to be of dense P type if, for a model of (X, D, Z) over a
finitely generated Z-subalgebra B of K, there exists a dense subset of closed
points W C Spec B such that ((X,, D,,); Z,,) satisfies P forall u e W.

Remark 2.2. (1) By enlarging B, ((X, D); Z) is of P type if and only if for some
model over B, P holds for all closed points € Spec B.

(2) When P is strong F-regularity, pure F-regularity or sharp F-purity, the above
definition is independent of the choice of a model.

There exists a correspondence between adjoint ideal sheaves and test ideal
sheaves.

Theorem 2.3 ([Takagi 2008, Theorem 5.3]; cf. [Hara and Yoshida 2003; Takagi
2004b]). Let X be a normal variety over a field K of characteristic 0, and let
Z= Zi t; Z; be a formal combination, where the t; are nonnegative real numbers
and the Z; are proper closed subschemes of X. Let D = Zj d;jD;j be a boundary
divisor on X such that K x + D is Q-Cartier and no component of | D] is contained
in the support of the Z;. Given any model of (X, Z, D) over a finitely generated
Z-subalgebra B of K, there exists a dense open subset W C Spec B such that

adjip(X, Z), = Tp, (X1, Zy)

for every closed point u € W. In particular, (X, D); Z) is kit at x if and only if it
is of strongly F-regular type at x.

An analogous correspondence between log canonicity and F-purity, that is, the
equivalence of log canonical pairs and pairs of dense sharply F-pure type, is largely
conjectural.

Conjecture 2.4. Let X be a normal variety over an algebraically closed field K
of characteristic 0 and D be an effective Q-divisor on X such that Kx + D is
Q-Cartier. Let Z =), t; Z; be a formal combination, where the t; are nonnegative
rational numbers and the Z; are proper closed subschemes of X. Fix an arbitrary
point x € X.

(1) (X, D); Z) is log canonical at x if and only if it is of dense sharply F-pure
type at x.

(ii) Suppose that (X, D) is log canonical at x. Given any model of (X, D, Z, x)
over a finitely generated Z-subalgebra B of K, there exists a dense subset of
closed points W C Spec B such that

Iet, ((X, D); Z) = fptx“ ((Xu’ DM); Zu)

forall u e W.
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Remark 2.5. (1) It is easy to see that (i) implies (ii) in Conjecture 2.4.

(2) If (X, D); Z) is of dense sharply F-pure type at x, then by [Hara and Watanabe
2002, Theorem 3.3; Takagi 2004a, Proposition 3.8], it is log canonical at x.

Remark 2.6. Conjecture 2.4 is known to hold in the following cases (see also
Theorem 4.1):

(i) X is a @-Gorenstein toric variety, D = 0 and the Z; are monomial subschemes.

(i1) X is the affine space A%, D=0and Z =t Z, where Z; is a binomial complete
intersection subscheme or a space monomial curve (in the latter case, n = 3).

(iii) X is a normal surface, D is an integral effective divisor on X and Z = &.

(iv) X is the affine space A%, D =0 and Z is a hypersurface of X such that the
coefficients of terms of its defining equation are algebraically independent
over (.

Case (i) follows from [Blickle 2004, Theorem 3], (ii) from [Shibuta and Takagi
2009, Theorem 0.1] and (iv) from [Herndndez 2011, Theorem 5.16]. We explain
here how to check the case (iii). If D # 0, then it follows from comparing [Hara
and Watanabe 2002, Theorem 4.5] with [Kawamata 1988, Theorem 9.6]. So we
consider the case when D = 0. By Remark 2.5, it suffices to show that a two-
dimensional log canonical singularity (X, x) is of dense F-pure type. Passing to
an index-1 cover, we may assume that (X, x) is Gorenstein. If it is log terminal,
then by [Hara 1998, Theorem 5.2] (see also Theorem 2.3), it is of F-regular type
and, in particular, of dense F-pure type. Hence, we can assume that (X, x) is not
log terminal, that is, (X, x) is a cusp singularity or a simple elliptic singularity.
By [Mehta and Srinivas 1991, Theorem 1.2; Watanabe 1988, Theorem 1.7], cusp
singularities are of dense F'-pure type. Also, by [Mehta and Srinivas 1991], a simple
elliptic singularity with exceptional elliptic curve E is of dense F-pure type if and
only if for a model Ep of E over a finitely generated Z-subalgebra B C K, there
exists a dense subset of closed points W C Spec B such that E, is ordinary for
all © € W. Applying the same argument as the proof of [Mustatd and Srinivas 2011,
Proposition 5.3], we may assume that E is defined over @. It then follows from
the ordinary reduction theorem of Serre [1966] that such W always exists. Thus,
simple elliptic singularities are of dense F-pure type.

Lemma 2.7. In order to prove Conjecture 2.4, it is enough to consider the case
when Z = @.

Proof. Since the question is local, we work in a sufficiently small neighborhood
of x. By Remark 2.5, it suffices to show that if ((X, D); Z) is log canonical, then
it is of dense sharply F-pure type.
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Suppose that ((X, D); Z) is log canonical. Let h; 1, ..., h;,,, be a system of
generators for $z, for eachi. Let g; 1, ..., gi.m, be general linear combinations of
hii, ..., him, with coefficients in K, and set g; := ]_['/"‘:1 gi,j so that

(X D+Z dIVX(g, ) (1)

is log canonical. On the other hand, since g; € ﬁ'g:, if (1) is of dense sharply F-pure
type, then so is ((X, D); Z). Therefore, it is enough to show that the log canonical
pair (F) is of dense sharply F-pure type. ([

Mustatd and Srinivas [2011] recently proposed the following more arithmetic
conjecture and related it to another conjecture on a comparison between multiplier
ideal sheaves and test ideal sheaves:

Conjecture 2.8 [Mustatd and Srinivas 2011, Conjecture 1.1]. Let X be an n-
dimensional smooth projective variety over Q. Given a model of X over a finitely
generated 7-subalgebra B of Q, there exists a dense subset of closed points
W C Spec B such that the action induced by Frobenius on H" (X, Ox,) is bijective
forallpeWw.

Remark 2.9. Conjecture 2.8 is known to be true when X is a smooth projective
curve of genus less than or equal to 2 (see [Mustatd and Srinivas 2011, Example 5.5],
which can be traced back to [Ogus 1982; Serre 1966]) or a smooth projective surface
of Kodaira dimension 0; see [Jang 2011, Proposition 2.3].

Example 2.10. We check that Conjecture 2.8 holds for the Fermat hypersurface X
of degree d in P over a field K of characteristic 0. Given a prime number p,
set Sy :=Fplxo, ..., xx], mp = (X0, ..., %) € Sp, fpi=x0+---+x? €S, and
Xp :=ProjS,/f,. Since H""'(X,,0x,) = 0 for almost all p when d < n, we
consider the case when d > n + 1. Note that

Hn_l(xp’ @x,,) = [Hrﬁp(sp/fp)]o = [(O : fP)H,Z’,J;l(Sp)]fd

Via this isomorphism, the action induced by Frobenius on H n=l(x p» 0x,) is iden-
tified with

fpp_lF . [(0 . fP)Hr'é,';'(S,;)]—d - [(0 : fp)Hr',’,*,',l(Sp)]—d’

where F : Hrﬁjl(Sp) — HQ;’I(SP) is the map induced by Frobenius on H;’;’I(Sp).
Let
§i=1lz/(x0---x)"] € Hpt ' (Sp)

be a homogeneous element such that flf 'F (&) vanishes; that is, such that flf ~lp
lies in (xy”, ..., x,"). Set W :={p € SpecZ | p =1 mod d }, which is a dense
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subset of Spec Z, and suppose that p € W. Let ay, .. ., a, be nonnegative integers
such that Y *_a, =d —n — 1. Then the term

d(ap+1) d(a,+D\(P—D/d _ . ag a p—ap—1 —a,—1
(xo ...xn(" )) _(xo ...xn")pxo x’f n

. . —1 . 1 [ . .
appears in the expansion of f,f . Since {xi‘ ceext Jo<iy,....in<p—1 18 a free basis
of S, as an Sh-module, fP~1zP can be written as

— —ap—1 P ; .
V4 ]zp:u(xgo-wxfl’"z)pxg GWTh L xpan L. Z gil(’) ..... inx(’)o...len’
ij#p—aj—1
where u € [, is a nonzero element and g;,, .. ;, € S, foreach 0 <ig,...,i, <p—1.
Let ¢ : F,.S, — S, be the S-linear map sending xg_ao_l o xP7 10 1 and the
other part of the basis to 0. Then

uxgo---xfl”z=<p(fp_lzp)€§0((x8w,...,x,2"p))E(xf)",..- x,).

’'n

By the definition of the a;, one has m‘f,_”_lz C(xy,...,x,"), that s, mg—"—lg =0

in H "jl (Sp). This means that deg& > —d + 1, and we conclude that, for all p e W,
,‘,U_ F:[(: fp)H@l(Sp)]_d —[(0: fp)H]{‘:‘;I(Sp)]_d is injective.
The following result comes from a discussion with Karl Schwede, whom the
author thanks:

Theorem 2.11. If Conjecture 2.8 holds, then Conjecture 2.4 holds as well.
To prove it, we use a notion of sharp F-purity for noneffective integral divisors.

Definition 2.12. Let X be an F-finite normal integral scheme of characteristic
p > 0 and D be a (not necessarily effective) integral divisor on X. We assume
that Kx + D is Q-Cartier with index not divisible by p. Let x € X be an arbitrary
point. We decompose D as D = D — D_, where D, and D_ are effective integral
divisors on X that have no common irreducible components. We then say that
the pair (X, D) is sharply F-pure at x if there exists an integer ep > 0 such that
(p® — 1)(Kx + D) is Cartier and that for all positive multiples e = neg of eg, one
has an Oy ,-linear map ¢ : F{Ox((p* —1)D4 + D_), — Ox(D_), whose image
of F{Ox(D_), contains 1. We say that (X, D) is sharply F-pure if it is sharply
F-pure at every closed point of X.

If D is an effective integral divisor, this definition coincides with Definition 1.3(ii).
We need a variant of [Schwede and Tucker 2012, Theorem 6.28] involving sharp
F-purity in the sense of Definition 2.12.

Lemma 2.13 (cf. [Schwede and Tucker 2012, Theorem 6.28]). Let 7 : Y — X be
a finite separable morphism of F -finite normal integral schemes of characteristic
p > 0. Let Ay be an effective Q-divisor on X such that Kx + Ay is Q-Cartier
with index not divisible by p. Suppose that Ay is an integral divisor on Y such that
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Ky + Ay =n*(Kx + Ax). Also, we assume that the trace map Try,x : .0y — Ox
is surjective. Then (X, Ax) is sharply F-pure if and only if (Y, Ay) is sharply
F-pure in the sense of Definition 2.12.

Proof. The statement is local on X, so we assume that X = Spec A and Y = Spec B,
where A is a local ring and B is a semilocal ring. There exists ey € N such that
(p? —1)(Kx + A) is Cartier. Then Homy (FYA((p¢ —1)Ax), A) is a free F7A-
module of rank 1 for all positive multiples ¢ = neg of ep. Let px : FfA — A be its
generator. We decompose Ay as Ay . — Ay _, where Ay ; and Ay _ are effective
integral divisors on Y that have no common components. Then the F¢{ B-module

Homg (F¢B((p® —1)Ay,+ 4+ Ay.-), B(Ay,)) = F{B((1 — p)(Ky + Ay))
= Fin"A((1 - p)(Kx + Ax))
= F/n*A=F/B,
and we pick its generator gy : F{B(Ay_) — B(Ay _) extending ¢y : F{A — A.

Suppose that (X, Ax) is sharply F-pure. By the definition of sharp F-purity,
after possibly enlarging e, we have that 1 € Imgpyx C Im ¢y, and hence, (Y, Ay) is
sharply F-pure.

Conversely, suppose that (¥, Ay) is sharply F-pure. Making e larger if necessary,
we may assume that 1 € Im ¢y. Note that Ay =7*Ax — R and R > Ay _, where
R denotes the ramification divisor of 7. Then the F{ B-module
Homg (F{B((p° — D7*Ax + R), B(R))

= iA1= p)(Kx + Ax)

=Homp(F{B((p* —DAy++ Ay-), B(Ay,-)).
We pick its generator @y : F¢ B(R) — B(R) extending ¢y : F¢ B(Ay,—) — B(Ay ).
Since the trace map Try,x corresponds to the ramification divisor R, we have the
following commutative diagram:

Px
FPA—" s A
FfTry/x ]Try/x

Py

F¢!B(R) — B(R)
The surjectivity of the trace map Try,x : B — A implies that
1 € Try;x(Imgy) C Try,x (Im ¢y) = ox (Im F Try,x) = Im gy

because B € Im ¢y. Thus, (X, Ay) is sharply F-pure. O

Proof of Theorem 2.11. Let the notation be as in Conjecture 2.4. By Lemma 2.7,
we may assume that Kx + D is Cartier and Z = &. Since the question is local, we
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work in a sufficiently small neighborhood of x. By Remark 2.5, it suffices to show
that if (X, D) is log canonical, then it is of dense sharply F-pure type.

Suppose that (X, D) is log canonical. By [Kollar and Mori 1998, Section 2.4],
there exists a finite morphism f : X’ — X from a normal variety X’ over K
such that f*(Kx + D) is Cartier. Let D’ be a (not necessarily effective) integral
divisor on X’ such that Ky + D' = f*(Kx + D). It then follows from [Kollar
and Mori 1998, Proposition 5.20] that (X', D’) is log canonical. We decompose
D' as D' = Djr — D’ , where Dﬁr and D’ are effective integral divisors on X that
have no common components. Take a log resolution 7 : X > X of (X', D), and
let E denote the reduced divisor supported on the m-exceptional locus Exc(r).
Let (Xp, Dp, X3, Dy = D;’B — D’_’B, g, Ep) be amodel of (X, D, X', D' =
D' — D’ ,m, E) over a finitely generated Z-subalgebra B of K. After possibly
enlarging B, we may assume that Ky, + D,, is Q-Cartier with index not divisible by
the characteristic p(u) and that the trace map TfX; /X, S0 x|, = Ox, 1s surjective
for all closed points u € Spec B.

By virtue of [Mustatd and Srinivas 2011, Theorem 5.10], there exists a dense
subset of closed points W C Spec B such that for every integer e > 1 and every
n € W, the map

T, Fy 0% (Kg, + 7, D)+ EW) = 7,05, (Kz, +7, ' Dy, +Ep), (0)

induced by the canonical dual of the e-times iterated Frobenius map Oy — F{Ox ,
is surjective. Tensoring (¢) with O X/, (—K X), — D;), one can see that the map

oy, Ff (@;N (M+(1— p(W)7; (Kx1, + D)))) - 7., 0%, (M)

Dy, —mi(Kx, +D,)+E,. Since (X', D')

*
is log canonical, 1 € nu*@gu (M) C @XL (DL’M). By Grothendieck duality, p is
identified with the evaluation map

F{Ox, (D_ ) ® #omo,, (FfOx, ((p(w)°*=1DYy , + D" ), 0x,(D_ )
— @XL(D/_,M)-

is surjective, where M = K g + 7,

The subjectivity of p then implies that there exists an Ox/-linear map
ox : FLOx, (p(w) — DDy, + D" ) = Ox, (D)

such that 1 € ‘PX’(F:@X,& (DL’M)). That is, (X/,, D;L) is sharply F-pure in the sense
of Definition 2.12. Applying Lemma 2.13, we conclude that (X, D,,) is sharply
F-pure forall u e W. (]

Remark 2.14. Let Y be an S2, G1 and seminormal variety over an algebraically
closed field K of characteristic O and I" be an effective Q-Weil divisorial sheaf
on Y such that Ky 4+ I' is @-Cartier. Combining Theorem 2.11 with [Miller and
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Schwede 2012, Corollary 4.4], we can conclude that if Conjecture 2.8 holds, then
the pair (Y, I') is semilog canonical if and only if it is of dense sharply F-pure type.

3. Restriction theorem for adjoint ideal sheaves

In this section, building on an earlier work [Takagi 2010], we give a new proof of
Eisenstein’s restriction theorem for adjoint ideal sheaves using test ideal sheaves.

Definition 3.1. Let A be a smooth variety over an algebraically closed field K
of characteristic 0 and X € A be a normal QQ-Gorenstein closed subvariety of
codimension c. Let r denote the Gorenstein index of X, that is, the smallest positive
integer m such that mKx is Cartier. Then the l.c.i. defect ideal sheaf L jy Ccoy
is defined as follows. Since the construction is local, we may consider the germ
at a closed point x € X C A. We take generally a closed subscheme Y of A that
contains X and is locally a complete intersection (l.c.i. for short) of codimension c.
By Bertini’s theorem, Y is the scheme-theoretic union of X and another variety CY
of codimension c. Then the closed subscheme DY := CY | x of X is a Weil divisor
such that r DY is Cartier and Ox (rKx) = Ox(—rD¥)w$". The l.c.i. defect ideal
sheaf Jy is defined by

Jx =) 0Ox(-rD"),
Y

where Y runs through all the general l.c.i. closed subschemes of codimension ¢
containing X. Note that the support of Jx exactly coincides with the non-l.c.i. locus
of X. In particular, Jy = Oy if and only if X is l.c.i. The reader is referred to
[Kawakita 2008, Section 2; Ein and Mustatd 2009, Section 9.2] for further properties
of l.c.i. defect ideal sheaves.

Now we give a new proof of the theorem of Eisenstein [2010, Corollary 5.2].

Theorem 3.2. Let A be a smooth variety over an algebraically closed field K of
characteristic 0 and Z = Z;":l t;Z; be a formal combination, where the t; are
nonnegative real numbers and the Z; are proper closed subschemes of A. If X is a
normal Q)-Gorenstein closed subvariety of A that is not contained in the support of
any Z;, then

F(X, ZIx+1VUx) =adiy(A, 2) |y,

where r is the Gorenstein index of X and Jx is the l.c.i. defect ideal sheaf of X.
Proof. We refine the proof of [Takagi 2010, Theorem 3.1]. The inclusion

I'We follow a construction due to Kawakita [2008], but our terminology is slightly different from
his. We warn the reader that the ideal sheaf called the 1.c.i. defect ideal in [Kawakita 2008] is different
from our Jy. Also, Ein and Mustatd [2009] introduced a very similar ideal, which coincides with
our Jx up to integral closure.
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1
FX Zlx+-Vx) 2 adjx (A, 2) |y

follows from a combination of [Ein and Mustatd 2009, Remark 8.5] and [Takagi
2010, Lemma 1.7]. Hence, we will prove the converse inclusion.

We consider the germ at a closed point x € X N[/, Z; C A since the question
is local. Let ¢ denote the codimension of X in A. Take generally a subscheme Y
of A that contains X and is l.c.i. of codimension c, so Y is the scheme-theoretic
union of X and a variety CY. Then DY :=CY| x 1s a Weil divisor on X such that
rDY is Cartier. By a general choice of Y, one has

$(X, ZIy+1vUy) =adjpr (X, Z|y) (%)

(which follows from an argument similar to the claim in the proof of [Takagi 2010,
Theorem 3.1]). Therefore, it is enough to show that adj v (X, Z|y) Cadjy (A, Z)|y.

By Theorem 2.3 and [Takagi 2010, Theorem 2.7], in order to prove this inclusion,
it suffices to show that given any model of (A, X, Y, Z, C Y DY) over a finitely
generated Z-subalgebra B of K, one has

‘ED}I (X;u Z;,L |Xﬂ) g fXM (A;,Ls Z,LL) |Xﬂ (**)

for general closed points © € Spec B. Since p is a general point of Spec B and the
formation of test ideal sheaves commutes with localization, we may assume that
04, is an F-finite regular local ring of characteristic p = p(u) > r, X, = V(1)
is a normal Q-Gorenstein closed subscheme of A, with Gorenstein index r and
Y, =V((fi,..., fc)) is acomplete intersection closed subscheme of codimension ¢
containing X ,. We may assume in addition that D}: is a Weil divisor on X, such
that rD}; is Cartier and Oy, (rKx,) = Ox, (—rD/f)wf?:. We take a germ g € 0y,
whose image g is the local equation of rDZ on Oy, . Let a; € Oy, be the defining
ideal of Z; , for each i = 1,...,m. Fix an integer ey > 1 such that p® — 1 is
divisible by r, and set go := p.
Claim. For all powers q = q;; of qo, one has
g(q—l)/r(l[q] D =(fi--- fc)q—l in @AM/I[q]_
Proof. Since g — 1 is divisible by r,
Ox, (1 —q)(Kx, + D)) =0y, (1 —q)Ky,) Ix,,
c
= @AM ((1 - q)(KAH + Z diVAu (fl))) |X,L'
i=1
Set e := nep. By making use of Grothendieck duality, this implies that the natural
map of F70,, -modules

C
Homg, (F{0a,((g—1) Y diva,(fi)).0a,) = Home, (F{Ox,((g—1)D}).0x,)
i=1
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induced by restriction is surjective. It then follows from Lemma 1.5(1) that the
04,,-linear map
g=/r(qlal. )

Il4]

(fi-r f)?7'04, >
induced by the natural quotient map 04, — 0, /1) is surjective. Thus, we obtain
the assertion. O

Let ¢x, ¢, : Fi“°0Ox, — Ox, be a generator for the rank-1 free F{“0Ox -module
Homg, (F{*0x,,0x,). Then Tpy (Xu, Zuly,) is the unique smallest ideal J
whose support does not contain any component of DZ and that satisfies

-1 m 0—1
Ty

DX i,neo (F:eo(.]g(q(')l_l)/ra{ll (g0
for all integers n > 1. By Lemma 1.5(1), there exist an 04, -linear map
P ey F 04, — 04,

and a germ h, € 04, whose image is a generator for the cyclic Ox, -module
(I'%1: 1) /1191 such that we have the commutative diagram

)1["0
‘pAp,,neOOF* hn

neg
F, ©Al/- ©A,L
l DX 1 ney l
negy wneq
F* @Xﬂ @X}L

where the vertical maps are natural quotient maps. By the definition of 7y, (A, Z,,),
one has

"

~ n_1y [r(gg—1 [ (g5 =11 =
DA, ney (F:eO(TXH (A, ZH)IC(qO 1)a1 19 S o B % )) - TXM(AM’ Zy).

Since g@0=D/"h, € [°@ D 4 [19%] by the claim,
~ n_ [t1(gg—D1 [tm (g5 — D] ~
(pAM,neo (FSKO(TX“(A/M Z,u)g(qo l)/rhnal o cr Oy 0 )) g TXM(A/L’ Z;;,)"*‘I-
It then follows from the commutativity of the above diagram that
OX, e (F:eo(fxu (AM’ ZM) |Xﬂg(q3—l)/ra—l mgg—n1 ... a, flm(q{)’—lﬂ))
g fXM (A;La Z;L) |XII-’

where, for eachi =1, ..., m, @; is the image of a; in Ox,-

On the other hand, note that a|"' - - - aj"'%x (A,) € 7x, (A, Z,). By [Takagi
2010, Example 2.6], the support of 7x,(A,) is contained in the singular locus
of X,,, which does not contain any component of Dl’; because X, is normal. Also,
by a general choice of Y, we may assume that no component of D}; is contained
in the support of Z; , foralli =1,...,m. Thus, the support of Tx, (A, Z,) |Xu
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does not contain any component of D/f. By the minimality of fDK (Xu, Z,| Xu)’ we
conclude that Tpy (Xy, Zylx,) € Tx, (Au, Zp I, -

Remark 3.3. Let the notation be as in Theorem 3.2, and fix an arbitrary point x € X.
Employing the same strategy as the proof of [Kawakita 2007, Theorem], we can use
Theorem 3.2 to prove that the pair (X; Z|y + %V(J x)) is log canonical at x if and
only if (A; cX + Z) is. This result is a special case of [Kawakita 2008, Theorem 1.1;
Ein and Mustatd 2009, Theorem 1.1], but our proof does not depend on the theory
of jet schemes.

As a corollary, we prove the conjecture proposed in [Takagi 2010, Conjecture 2.8]
when X is normal and Q@-Gorenstein.

Corollary 3.4. Let A be a smooth variety over an algebraically closed field K of
characteristic 0 and X C A be a normal )-Gorenstein closed subvariety of A. Let
Z =3"" | t;Z; be a formal combination, where the t; are nonnegative real numbers
and the Z; C A are proper closed subschemes that do not contain X in their support.
Given any model of (A, X, Z) over a finitely generated Z-subalgebra B of K, there
exists a dense open subset W C Spec B such that

adjy (A, Z), =Tx,(Au, Zy)

for every closed point u € W. In particular, the pair (A; Z) is plt along X if and
only if it is of purely F-regular type along X.

Proof. Let r be the Gorenstein index of X and Jy C Oy be the l.c.i. defect ideal
sheaf of X. Let (Ap, Xp, Zp, Jx p) be any model of (A, X, Z, Jx) over a finitely
generated Z-subalgebra B of K. By [Takagi 2010, Theorem 2.7], there exists a
dense open subset W C Spec B such that

Tx, (A, Z,) S adjx (A, 2),

for all closed points ;« € W. Therefore, we will prove the reverse inclusion.
As an application of Theorem 2.3 to (x) and (xx) in the proof of Theorem 3.2,
after replacing W by a smaller dense open subset if necessary, we may assume that

adjx (A, Z)uly, = $(X, ZIx + 3V x), S Tx, (A, Z) I, »

that is,
adjy (A, Z), S Tx,(Au, Z,) + 9%,

for all closed points u € W. It, however, follows from Theorem 2.3 and [Eisenstein
2010, Theorem 5.1] that we may assume that, for all closed points u € W,

adjy (A, 2),NIx, = $(A, cX + Z), = T(Ay, X+ Zy) € Tx, (A, Z).
Thus, adjy (A, Z), € Tx, (A, Z,) for all closed points u € W. [l
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4. The correspondence of log canonicity and F-purity when the defining
equations are very general

Using the argument developed in the previous section and involving the l.c.i. defect
ideal sheaf, we will show that Conjecture 2.4 holds true if the defining equations of
the variety are very general. The following result is a generalization of a result of
Herndndez [2011] to the singular case:

Theorem 4.1. Let A := Spec K[x1, ..., x,] be the affine n-space over an alge-
braically closed field K of characteristic 0 and X C A be a normal Q-Gorenstein
closed subvariety of codimension c passing through the origin 0. Let r denote the
Gorenstein index of X and Jx denote the l.c.i. defect ideal of X. Let a C Ox be
a nonzero ideal and t > 0 be a real number. Suppose that there exist a system of
generators hy, ..., h for the defining ideal $x of X and a system of generators
hit1, ..., h, for awith the following property: for eachi =1, ..., v, we can write

m 2

oi
al al 1

h,~=2y,~jx1’ cexy” €eKlxy, ..., xn] ((ozi(j),...,ocl.(;’))eZ’éO\{()},yijEK*)

j=1

with y;1, ..., Vip; algebraically independent over Q. Then (X;tV (a) + %V(JX)) is
log canonical at 0 if and only if it is of dense sharply F-pure type at Q.

Remark 4.2. By the definition of Jx, X is l.c.i. if and only if Jx = Ox. Thus, if
X =Spec K[x1,...,x,]/(h1, ..., h;)is anormal complete intersection variety, a C
Oy is the image of the ideal generated by A1, ..., h, and the h; € K[x1, ..., x,]
satisfy the same property as that in Theorem 4.1, then Theorem 4.1 says that
(X, tV(a)) is log canonical at 0 if and only if it is of dense sharply F'-pure type.

Proof. By Remark 2.5, it suffices to show that if (X; tV(a) + }V(JX)) is log
canonical at 0, then it is of dense sharply F-pure type.

Suppose that (X; tV(a)+ }V(JX)) is log canonical at 0. Since the log canonical
threshold Ictg ((X ; %V(J x)); V(a)) is a rational number, we may assume that ¢ is a
rational number. Take a sufficiently general complete intersection closed subscheme
Y :=V((fi1,..., fo)) of codimension ¢ containing X, and let s :=c— [+ v and
feyji=hiyjforevery j=1,...,5s—c. Foreachi=1,...,s, we can write

Mo "
ﬁ:Zuijxl” coexy” €Klxq, ..., x,] ((al.j s

a") € Z8,\ {0}, u;; € K*),
j=1

where uiy, ..., Ui, ..., Usl, ..., Usy, are algebraically independent over ). We

decompose Y into the scheme-theoretic union of X and a variety C¥ and let DY

denote the Weil divisor on X obtained by restricting C YtoX.Letge K[x1, ..., Xx,]

be a polynomial whose image is a local equation of the Cartier divisor » DY in a
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neighborhood of 0. Using the standard decent theory of [Hochster and Huneke
1999, Chapter 2], we can choose a model

(A%, =SpecBlx1,....xa1, X5, Y=V ((f1.8.-... fe.8)), Dp. ap, Jx 5, &5)

of (A%, X, Y, DY, a, Jx, g) over a finitely generated Z-subalgebra B of K satisfying
these conditions, for all closed points u € Spec B:

(W) Z[ur, oo Wimys e Uty ey U, 1/(IT:, uij)] € B.
(i) The image of gp lies in Jp.
(iii) X, is a normal Q-Gorenstein closed subvariety of codimension ¢ passing the
origin 0 with Gorenstein index r.
(iv) Y, is a complete intersection closed subscheme of codimension ¢ containing X, .
) rDZ is a Cartier divisor on X, and Oy, (rKx,) = Ox, (—rD};)wff:.

(vi) The image of g, is a local equation of rDZ at 0.

It is then enough to show that there exists a dense subset of closed points
W C Spec B such that (X,;tV(a,) + %V(Jx,ﬂ)) is sharply F-pure at O for all
new.

Since (X;tV(a) + %V(JX)) is log canonical at 0, it follows from [Kawakita
2008, Theorem 1.1; Ein and Mustatd 2009, Theorem 1.1] (see also Remark 3.3)
that (A% ; tV(a) + cX) is log canonical at 0. By a general choice of fi, ..., f., it
is equivalent to saying that

(Nfd Zdiv(f,-) +tV(fetrs s fs))

i=1

is log canonical at 0. By making use of the summation formula for multiplier ideals
[Takagi 2006, Theorem 3.2], for any € > 0, there exist nonnegative rational numbers
Aet1(€), ..., As(€) with Aoy1(€) + -+ -+ Ag(e) = t(1 — €) such that

(/—\’12; Y a-odivifi+ Y. AJ-(e)div(fj))

i=1 j=c+1

is klt at 0. Let ay, be the term ideal of f; (that is, the monomial ideal generated by
the terms of f;) foreachi =1,...,s. Since ay, contains f;, the monomial ideal
FAL Y (1—e)V(ap) + Zj-:CH Lj(€)V(ay,)) is trivial. Then by the Main
Theorem of [Howald 2001], the vector 1 lies in the interior of

D (—e)P(ag)+ > xj(©)P(ay),

i=1 j=c+1
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where P(ay) is the Newton polyhedron of ay for eachi = 1,...,s. This is
equivalent to saying that there exists
G(€) = (O11(E)s -+, T, (€, -+, 041 (), - ., Oy, (€)) € REI™
such that
(1) Ao(e)T <1,
) Z;"’:l oij(e)=1—¢foreveryi=1,...,c, and
3) Z']"’:l oij(€) =Aj(e) foreveryi =c+1,...,s,

where A is the n x Y _;_, m; matrix

(1) (1) (D (1 (1)
Ay oo Ay Gy . Agl o Ay
(n) (n) (n) (n) (n)
ayy -.. Ay Gy oo Qg . Gy

Since such a o (¢) exists for every € > 0, by the continuity of real numbers and the
convexity of the solution space
(reR-" AT <1),
Dimimi

there exists 0 = (011, ..., Olmys -+ Os1, -+ -, Osm,) € QL such that
(D) AoT <1,
Q) Z'}’;la,-j =1foreveryi=1,...,c, and
Q) Yicert ity 01 =1,
where A is the (n + 5) x >1_, m; matrix
(1) (1) (1) (1) (1) () ()
Ay ee Al Q) ee G G3) .. Aol .. dsm
(n) (n) (n) (n) (n) (n) (n)
ayy ... Ay, Ay ... Gy, Gy ... A ... ds,
1 ... 1 0o ... 0 o ... 0 ... 0
1 ... 1 0 ... 0 ... 01- (L)
1 ... 0 ... O
0 0O ... 0
1 ... 1

We take the least common multiple N of the denominators of the o;; so that o;; (p—1)
is an integer foralli =1,...,sand all j =1, ..., m; whenever p=1 mod N.
Let p be a prime such that p = 1 mod Nr, and let ey, ..., e, be nonnegative
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integers such that

~ mi mg T
(p=DAc"=(e1, s e, Lo(p=1, -, Yoy(p—1) .
j=1 j=1
Then ey < p—1forallk =1,...,n. The coefficient of the monomial xf] ce X
in the expansion of
flz_’;;‘. o1j(p=1) fSZ'}’il asj(p=1)
is
0o p (1) —Z]_[ 21 o= D) e € Z[ui;] i1, B,
P 'E,],...,T,'m. i o / J=emi T
rlj i=1 !
where the summation runs over all T = (11, ..., Tim, -+ -» Tsls -« - » Tsm,) GZZ =1
such that
~ T
AtT=(el, e, e, 201](19 ZGSJ(p )) .
Since AcT < 1, one has Zm’ (oij(p—1) <p—1lforali=1,...,s, so the
coefficient
1—[< Y oij(p—1) )
i=1 Uil(p_l)»---»o'im;(p_l)

. s i1(p—1 Oim; (p—1) . .
of the monomial []}_, u?i‘(p ). Ui in 6, ,(u) is nonzero in [F,. This

means that 6, ,(u) is nonzero in Fj[u;;li=1, 5 j=1,.m; € B/pB because by as-
sumption, the u;; are algebraically independent over [ ,, so D(0,, ,(u))NSpec B/ pB
is a dense open subset of Spec B/pB.

We now set

W= U D (65, ,(w)) N Spec B/pB < Spec B.
p=1 mod Nr

Then W is a dense subset of Spec B. Fix any closed point u € W, and let p denote
the characteristic of the residue field k(1) = B/u from now on. Since the image
of 0y, ,(u) is nonzero in B/, the monomial xfl .- x," appears in the expansion of
o> Q2 o) (p=1)
fl’ﬂ "fs,u', Y
in (B/w)[x1,...,x,]. Since Z'}ilo,-j(p —1)=p—1forali=1,...,cand
ex <p—1forallk=1,...,n, one has

e (p=1)

(it o pe=1) j=1057)(p=1) P

p—1 j=
fl,/t fcu c+1,u fsu ¢(x1,...,xf)
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in (B/w)lx1, ..., Xnl(x,...x,)- By Lemma 1.5(2), this is equivalent to saying that
for all powers g = p°¢ of p,
1 et o) @—1) O, 0s)(g—1)
TR i R AL CHISPRRE )
in (B/w)[x1, ..., xulx,,....x,)- Applying the claim in the proof of Theorem 3.2, one
has

m s

(q 1)/,-f(2 =1 U¢+1;)(fl 1) j= la.)j)(q 1)

Y, 9x,08 i R ¢ (... xd)

in (B/p)[x1, -« s Xnl(xy...x,)- Since > et Z Lo =t and the image of g, lies
in Jx ., it follows from Lemma 1.5(2) again that the pair (X;u SV(Ix)+tViay))
is sharply F-pure at 0. ([

Remark 4.3. Using the same arguments as the proof of Theorem 4.1, we can prove
the following. Let X = Spec K[xy, ..., x,]/(f1, ..., fc) be a normal complete
intersection over a field K of characteristic 0 passing through the origin 0. Let
Z C X be a proper closed subscheme passing through 0 and f.4;,..., f; be a
system of polynomials whose image generates the defining ideal $; € Oy of Z.
We write

i M ()

ﬁ:Zu,jxl coxn €K, xl (@) al”) € 2L\ {0}, uij € K¥)

j=1

foreachi=1,...,s and set A to be the (n+s) x Y_;_, m; matrix from (A). Then
we consider the following linear programming problem:

N m;
Maximize E E 0ij

i=c+1 j=1
subject to  A(O11, .-+ Olmyys -5 Osly--ns crsmS)T <1,
c  m;
> =
i=1 j=l1
0jj€Qspforalli=1,...,sandall j=1,...,m;.
Assume that there exists an optimal solution 6 = (011, . .., Clms -« - » Osls - - - » Osm,)

such that Ao # Ac’'" for all other optimal solutions ¢’ # o. In addition, we assume
that X is log canonical at 0. Then:

(1) Ieto(X, Z) is equal to the optimal value ) ;_ ., Z] | Oij-

(2) Given any model of (X, Z) over a finitely generated Z-subalgebra B of K,
there exists a dense subset of closed points W C Spec B such that

Icto(X; Z) =1pty(X,; Z,) forall we W.
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Shibuta and Takagi [2009] showed that the assumption of Remark 4.3 is satisfied if
X =A% and Z is a complete intersection binomial subscheme or a space monomial
curve (in the latter case, n = 3). However, in general, there exists a binomial
subscheme that does not satisfy the assumption.

Example 4.4. Let X := A?( = Spec K [x1, x2, X3, ¥1, y2, y3] be the affine 6-space
over a field K of characteristic 0 and Z € X be the closed subscheme defined
by the binomials x;y> — x2y1, X2y3 — x3y2 and x1y3 — x3y;. Then Z does not
satisfy the assumption of Remark 4.3. Indeed, Ictg(X, Z) = 2, but the optimal value
of the linear programming problem in Remark 4.3 is equal to 3. Given a prime
number p, let X, := Agp = Spec [ [x1, x2, x3, y1, ¥2, y3] and Z, € X, be the
reduction modulo p of Z. Since fpty(X,, Z,) = 2 for all primes p, Conjecture 2.4
holds for this example.
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