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Sharp upper bounds for the Betti numbers
of a given Hilbert polynomial

Giulio Caviglia and Satoshi Murai

We show that there exists a saturated graded ideal in a standard graded polynomial
ring which has the largest total Betti numbers among all saturated graded ideals
for a fixed Hilbert polynomial.

1. Introduction

A classical problem consists in studying the number of minimal generators of ideals
in a local or a graded ring in relation to other invariants of the ring and of the ideals
themselves. In particular, a great amount of work has been done to establish bounds
for the number of generators in terms of certain invariants, for instance, multiplicity,
Krull dimension, and Hilbert functions (see [Macaulay 1927; Sally 1978]). An
important result was proved in [Elias et al. 1991], where the authors established
a sharp upper bound for the number of generators v(/) of all perfect ideals / in a
regular local ring (R, m, K) (or in a polynomial ring over a field K) in terms of
their multiplicity and their height.

In a subsequent paper, Valla [1994] provides, under the same hypotheses, sharp
upper bounds for every Betti number ,BI.R (I) =dimg ToriR (I, K); notice that with
this notation ,B(f (I) = v(l). More surprisingly, Valla proved that among all perfect
ideals with a fixed multiplicity and height in a formal power series ring over a field
K, there exists one which has the largest possible Betti numbers ;.

The main result of this paper is an extension of Valla’s theorem. We will consider
both the local and the graded case, although the result we present for the local case
follows directly from the graded case.

We first consider the graded case. We show that for every fixed Hilbert polynomial
p(t), there exists a point Y in the Hilbert scheme Hilb?”, such that Bi(ly) = Bi(Ix)

pn—1

for all i and for all X e Hilbﬁg,,(f,)l . Equivalently, let S = K[X1, ..., X, ] be a standard

graded polynomial ring over a field K. We prove:
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Theorem 1.1. Let p(t) be the Hilbert polynomial of a graded ideal of S. There
exists a saturated graded ideal L C S with Hilbert polynomial p(t) such that
,Bl.S(S/L) > ﬂiS(S/I)for all i and for all saturated graded ideals I C S with Hilbert
polynomial p(t).

Notice that Valla’s result corresponds to the special case of the theorem when
p(t) is constant.

An important result in the study of upper bounds for Betti numbers is the
Bigatti-Hulett—Pardue theorem, which shows that the lex ideal has the largest Betti
numbers among all homogeneous ideals in a standard graded polynomial ring for
a fixed Hilbert function. By using the Bigatti—-Hulett—Pardue theorem, we reduce
Theorem 1.1 to a certain combinatorial problem on lex ideals, and prove the theorem
by purely combinatorial methods.

We have chosen to not present an explicit formula of the bounds. We are
convinced that such a formula, in the general case, would be hard to read and to
interpret. Instead, as a part of the proof, we describe the construction of the lex
ideal that achieves the bound. Using the Eliahou—Kervaire resolution it is possible
to write an explicit formula for the total Betti numbers of every lex ideal in terms
of its minimal generators.

In particular, explicit computations of the bounds can be carried out for a given
Hilbert polynomial. Thus, it would be possible to describe an explicit formula of
the bounds for classes of simple enough Hilbert polynomials. For example, in the
special case when the Hilbert polynomials are constant, such a formula was given
by Valla [1994].

Theorem 1.1 induces the following upper bounds of Betti numbers of ideals in a
regular local ring (see Section 3 for the proof): For a regular local ring (R, m, K)
and an ideal I C R, let pr/;(t) be the Hilbert-Samuel polynomial of R/I with
respect to m (see [Bruns and Herzog 1998, §4.6]).

Theorem 1.2. Let (R, m, K) be a regular local ring of dimension n, and let p(t)
be a polynomial such that there is an ideal J C R such that p(t) = pg;;j(1).
There exists an ideal L in A = K[[x1,...,x,]l with pa;(t) = p(t) such that
BA(A/L) > BR(R/I) for all i and for all ideals I C R with pg;;(t) = p(2).

Unfortunately, the combinatorial part of the proof of Theorem 1.1 is very long
and complicated. Moreover, a construction of ideals which achieve the bound is
not easy to understand. Thus, it would be desirable to get a simpler proof of the
theorem and to get a better understanding for the structure of ideals which attain
maximal Betti numbers.

The paper is structured in the following way: In Sections 2 and 3, we reduce
a problem of Betti numbers to a problem of combinatorics of lexicographic sets
of monomials with a special structure. In Section 4, we introduce key techniques
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to prove the main result. In particular, we give a new proof of Valla’s result.
In Section 5, a construction of ideals which attain maximal Betti numbers of
Theorem 1.1 will be given. In Section 6, we give a proof of the main combinatorial
result about lexicographic sets of monomials, which essentially proves Theorem 1.1.
In Section 7, some examples of ideals with maximal Betti numbers are given.

2. Universal lex ideals

In this section, we introduce basic notations which are used in the paper.

Let S = K|[xy, ..., x,] be a standard graded polynomial ring over a field K. Let
M be a finitely generated graded S-module. The Hilbert function H(M, —):Z — Z
of M is the numerical function defined by

H(M, k) =dimg My

for all k € Z, where My is the graded component of M of degree k. We denote
Py (¢) by the Hilbert polynomial of M. Thus Py (¢) is a polynomial in ¢ satisfying
Py (k) = H(M, k) for k > 0. The numbers

IB;?J. (M) = dimg ToriS(M, K);

are called the graded Betti numbers of M, and ,31.5 (M) =>" jez ,8;? ; (M) are called
the (total) Betti numbers of M.

A set of monomials W C S is said to be lex if, for all monomials u € W and
v >ex U Of the same degree, one has v € W, where > is the lexicographic order
induced by the ordering x| >jex - -+ >1ex Xn. A monomial ideal / C S is said to be
lex if the set of monomials in / is lex. By the classical Macaulay’s theorem [1927],
for any graded ideal / C S there exists the unique lex ideal L C S with the same
Hilbert function as /. Moreover, Bigatti [1993], Hulett [1993], and Pardue [1996]
proved that lex ideals have the largest graded Betti numbers among all graded ideals
having the same Hilbert function.

For any graded ideal I C S, let

sat [ = (1 : m®)

be the saturation of I C S, where m = (x1, ..., x,) is the graded maximal ideal of
S. A graded ideal [ is said to be saturated if I = sat I. It is well-known that [ is
saturated if and only if depth(S/I) > 0or [ =S.

Let L C S be a lex ideal. Then sat L is also a lex ideal. It is natural to ask which
lex ideals are saturated. The theory of universal lex ideals gives an answer.

A lex ideal L C S is said to be universal if LS[x,+1] is also a lex ideal in S[x,,1].
The following are fundamental results on universal lex ideals:
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Lemma 2.1 [Murai and Hibi 2008]. Let L C S be a lex ideal. The following
conditions are equivalent:

(1) L is universal.

(1) L is generated by at most n monomials.

(iii)) L = S or there exist integers ay, ay, ..., a; = 0 with 1 <t < n such that
_ 1
L= (xle, xf‘xg#l, coxxg e -xf’_lle‘+ ). (1)

A relation between universal lex ideals and saturated lex ideals is the following:

Lemma 2.2 [Murai and Hibi 2008]. Let L C S be a lex ideal. Then depth(S/L) >0
if and only if L is generated by at most n — 1 monomials.

A lex ideal I C S is called a proper universal lex ideal if I is generated by at
most n — 1 monomials or I = S.

Let I C S be a graded ideal. Then there exists the unique lex ideal L C S with
the same Hilbert function as /. Then sat L is a proper universal lex ideal with the
same Hilbert polynomial as /. This construction / — sat L gives a one-to-one
correspondence between Hilbert polynomials of graded ideals and proper universal
lex ideals:

Proposition 2.3. For any graded ideal 1 C S there exists the unique proper universal
lex ideal L C S with the same Hilbert polynomial as 1.

Proof. The existence is obvious. What we must prove is that, if L and L’ are proper
universal lex ideals with the same Hilbert polynomial then L = L.

Since L and L’ have the same Hilbert polynomial, their Hilbert functions coincide
in sufficiently large degrees. This fact shows Ly = L/, ford > 0. Thus sat L =sat L'.
Since L and L’ are saturated, L =satL =satL' = L. O

3. 1-lexicographic ideals, Betti numbers and max sequences

In this section, we reduce a problem of Betti numbers of graded ideals to a problem
of combinatorics of lex sets of monomials.

Let S=K|[x1,...,x,] and S = K[x1, ..., x,—1]. For a monomial ideal I C S,
let / =71NS. A monomial ideal I C S is said to be 1-lexicographic if x, is a
nonzero divisor of §/I and I is a lex ideal of §.

Lemma 3.1 [Iyengar and Pardue 1999, Proposition 4]. For any saturated graded
ideal 1 C S, there exists a 1-lexicographic ideal J C S with the same Hilbert
function as 1 such that ,ij (I < ,ij(l)for alli, j.
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Lemma 3.2. Let J C S be a 1-lexicographic ideal. Then:
(i) dimg Jg = Y"¢_, dimg Ji forall d > 0.
Gi) BS(J)=B5(J) forall i.
Proof. Condition (ii) is obvious since x,, is regular on S/J. Also, for all d > 0,

we have a decomposition J; = @Z:o kaj_k as K-vector spaces. This equality
proves (i). O

Corollary 3.3. Let J and J’ be 1-lexicographic ideals in S. If J and J " have the
same Hilbert polynomial then J; = J; for d > 0.
Proof. Lemma 3.2(i) says that dimg J; — dimg J;—1 = dim Jy, S0
dimg J; =dimg J; for d > 0.
Then the statement follows since J and J' are lex. (]

Next, we describe all 1-lexicographic ideals in S. By Proposition 2.3, fixing a
Hilbert polynomial is equivalent to fixing a proper universal lex ideal U. For a
proper universal lex ideal U C S, let

ZWU)
={I C §:1is alex ideal with I C satU and dimg (sat U)/I = dimg (satU)/U}.

Note that dimg (sat J)/J is finite for any graded ideal J C S since (satJ)/J is
isomorphic to the zeroth local cohomology module HnQ(S /J). By using Lemma 3.2,
it is easy to see that if / € £(U) then IS has the same Hilbert polynomial as U.
Actually, the converse is also true.

Lemma 3.4. Let U be a proper universal lex ideal. If J is a 1-lexicographic ideal
such that Py (t) = Py (t) then J € L(U).

Proof. By Corollary 3.3 we have Uy = J; for d > 0, so sat U = sat J. Also, since
U and J have the same Hilbert polynomial, for d >> 0, one has

d d
dimg Uy =) _dimg Uy =) _ dimg (sat Uy) — dimg (sat U /U)
k=0 k=0
and
d d
dimg Jy =) dimg Jp = Y _ dim (sat J;) — dimg (sat J/ J).
k=0 k=0
Since sat J = sat U, we have dimg (sat f/f) = dimg (sat U/U) and J € £(U). O
By Lemmas 3.1 and 3.4, to prove Theorem 1.1, it is enough to find a lex ideal
which has the largest Betti numbers among all ideals in £(U). We consider a more
general setting. For any universal lex ideal U C S (not necessarily proper) and for



1024 Giulio Caviglia and Satoshi Murai

any positive integer ¢ > 0, define
FWU;c)={I CcU:1Iisalex ideal with dimg U/I = c}.

We consider the Betti numbers of ideals in £(U; ¢).

We first discuss Betti numbers of lex ideals. We need the following notation:
For any monomial u € S, let max u be the largest integer £ such that x, divides
u, where max(1) = 1. For a set of monomials (or a K-vector space spanned by
monomials) M, let

m<i(M)=#{ue M :maxu <i}
fori =1,2,...,n, where #X is the cardinality of a finite set X, and
m(M) = (m<1(M),m<2(M), ..., m<y(M)).

These numbers are often used to study Betti numbers of lex ideals. The next
formula was proved by Bigatti [1993] and Hulett [1993], by using the famous
Eliahou—Kervaire resolution [1990].

Lemma 3.5. Let I C S be a lex ideal. Then, for all i, j,

n—1

s n—1\ .. "\ (k-1 k—1

/3[#].(1):( ; )dlmKIj—Z< ; )mgk(lj—l)_Z(i_l m<i(I}).
k=1 k=1

For vectors a = (ay, ..., a,), b= (by,...,b,) € Z", we define

a>bsa >b; fori=1,2,...,n.

Corollary 3.6. Let U be a universal lex ideal and 1, J € £(U; ¢). Let My (resp. Jy)
be the set of all monomials in U \ I (resp. U\ J). If m(M;) > m(My) then

BE(I) = B5(J) for all i.
Proof. Observe that ,B;?iﬂ (I = fl.ﬂ.(J) =0 for j > 0. Thus, for d > 0, we have
B (D) = Z?=0 'sz‘ﬂ(l)- Let I<q = EBZ:O I. Then by Lemma 3.5,

n n—1

—1 k—1 k—1
ﬁis(1)=(”i )dimklfd—;( ,- )mfk(lfd_l)—;(l._l)mfkug»

and the same formula holds for J. Since, for d > 0,
m(J<a) =mU<q) —m(M;) = mU<q) —m(M;) =m(I<q),
we have ,Bl.S ) > ,BiS (J) for all i, as desired. U

Next, we study the structure of Jil;. Let

_soai+l _ap_ax+1 a _a a—1 _a;+1
U= x) o x) x5 x )
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be a universal lex ideal, §; = x| - - -x?fllxi“”q, and b; =a, +---+a; +1=degs;.
(IfU=Sthent=1anda; =—1.) Let

SO =Klxi, ..., xal.
Then, as K -vector spaces, we have a decomposition
U=6S"065P0 - @5 5".

Definition 3.7. A set of monomials N C S is said to be revlex if, for all monomials
u € N and v <jx u of the same degree, one has v € N. Moreover, N is said to
be super-reviex (in §?) if it is revlex and u € N implies v € N for any monomial
v e S of degree < degu — 1. A multicomplex is a set of monomials N C S
satisfying that u € N and v|u imply v € N. Thus a multicomplex is the complement
of the set of monomials in a monomial ideal. Note that super-revlex sets are
multicomplexes.

Let I € £(U; c¢) and Jil; be the set of monomials in U \ /. Then we can uniquely
write
My = 31M(1> LﬂSQM(z) W--- H’J(S,M(,),

where M;, C S) and ¥ denotes the disjoint union. The following facts are obvious:
Lemma 3.8. (i) Each My;y is a revlex multicomplex.
(i1) If 6; M jy has a monomial of degree d then 8; 1M 11y contains all monomials
of degree d in 8; 11 StV forall d.

Lemma 3.8(ii) is equivalent to saying that if M;y contains a monomial of degree
d then M ;. 1y contains all monomials of degree d — ;4 in SOV,
We say that a set of monomials

where M;y C SW, is a ladder set if it satisfies conditions (i) and (ii) of Lemma 3.8.
The next result is the key result in this paper:

Proposition 3.9. Let U C S be a universal lex ideal. For any integer ¢ > 0, there
exists a ladder set N C U with #N = c such that for any ladder set M C U with
#M = c one has

m(N) >m(M).

We prove Proposition 3.9 in Section 6. Here, we prove Theorem 1.1 by using
Proposition 3.9.

Proof of Theorem 1.1. Let U C S be a proper universal lex ideal with Py (t) = p(t)
and U = UNS. Let ¢ = dimg (sat U/l_]). For any lex ideal I C sat U, let ; be
the set of monomials in (satU \ I).
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Let N C sat U be a ladder set of monomials with #N = ¢ given in Proposition 3.9.
Consider the ideal J C S generated by all monomials in sat U \ N. Then J C sat U
and M ; = N. In particular, J € L(U).

Let L = JS. By construction, Py (t) = Py (t) = p(t). We claim that L satisfies
the desired conditions. Let I C S be a saturated graded ideal with P;(¢) = p(¢).
By Lemmas 3.1 and 3.4, we may assume that [ is a 1-lexicographic ideal with
[ € $(U)=%(satU:; c). Since A7 is a ladder set, by the choice of J, m(A ;) >
m(Mj). Then, by Corollary 3.6,

B (L) =B ()= B (D) =B (])
for all i, as desired. O
Another interesting corollary of Proposition 3.9 is:

Corollary 3.10. Let U C S be a universal lex ideal and ¢ > 0. There exists a
lex ideal L C U with dimg U/L = c such that, for any graded ideal I C U with
dimg U/I = c, one has B (L) > BS(1) for all i.

Proof of Theorem 1.2. Let I be an ideal in a regular local ring (R, m, K) such that
Pry1(t) = p(t). Then the associated graded ring gr,, (R/I) has the same Hilbert—
Samuel polynomial as R/I. Also, we may regard gr,,(R/I) as a quotient of a
standard graded polynomial ring S = K[xy, ..., x,] (see [Bruns and Herzog 1998,
Proposition 2.2.5]), and it is known that /3[R(R/I) < ﬁf(grm(R/I)) for all i (see
[Robbiano 1981; Herzog et al. 1986]).

Let S = S[x,+1]. By adjoining a variable to gr,,(R/I) we obtain a graded ring
that is isomorphic to S’/ J for a saturated graded ideal J C §". Then pg (r/1)(t) is
equal to the Hilbert polynomial of S’/J and ,Bl.S (gr,,(R/1I)) = ﬂf/(S/ /J) foralli.
Let L' C S’ be the saturated ideal with the same Hilbert polynomial as J given in
Theorem 1.1. Observe that L’ has no generators which are divisible by x,,; by the
construction given in the proof of Theorem 1.1.

Let L C A= K][xi,...,x,]l be a monomial ideal having the same generators
as L’. We claim that L satisfies the desired conditions. By construction, the
Hilbert-Samuel polynomial of A/L is equal to the Hilbert polynomial of S’/L’ and
BAA/L) = B5(S'/L) for all i. Since BR(R/T) < B5(S'/J) < B (S'/L’) and
PRry1(t) = Pgj(t) = Pg/1/(t), the ideal L satisfies the desired conditions. U

4. Some tools to study max sequence

In this section, we introduce some tools to study m(—). Let S = K[x1, ..., x,] and
S=KI[x, ..., x,]. From now on, we identify vector spaces spanned by monomials
(such as polynomial rings and monomial ideals) with the set of monomials in the
spaces. First, we introduce pictures, which help to understand the proofs. We
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associate with the set of monomials in S the following picture:

S3 x13 xlzxz S xg
Sz x12 X1X2 - x,%
Sl X1 X2 cee Xp
So 1

Each block represents a set of monomials in S of a fixed degree ordered by the lex
order. We represent a set of monomials M C S by a shaded picture so that the set
of monomials in the shade is equal to M. For example, here is a representation of
the set M = {1, x1, x2, ..., X, x,%}:

Definition 4.1. We define the opposite degree lex order > gpdiex by U >gpdiex U if
(i) degu < degv or
(i1) degu =degv and u > v.

For monomials 1 >opdiex 42, let

[up, url={vesS:u Zopdlex U = opdlex us}.

A set of monomials M C S is called an interval if M = [uy, u,] for some monomials
ui, uy € S. Moreover, we say that M is a lower lex set of degree d if M = [xf, us],
and that M is an upper revlex set of degree d if M = [u,, x,”f ] (see figure).

g

Interval Lower lex set Upper rev-lex set

A benefit of considering pictures is that we can visualize the map p : § — S
defined as follows. For any monomial x'fu e Swithu e §, let

p(xlfu) =u.
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This induces a bijection

d d
p Sdz@x{‘Sd_k —> S§d=®Sk
k=0 k=0

xu — u.

It is easy to see that if [u], us] C Sy then p([u1, u2]) =[p(u1), p(uz)] is an interval
inS:

ui T pw)|
T
L1, u2] C Sa p(lu1, uz]) C S=q

In particular:
Lemma 4.2. Let M C S; be a set of monomials.
(1) If M is lex then p(M) is a lower lex set of degree O in S.
(1) If M is revlex then p(M) is an upper revlex set of degree d in S.

We define max(1) =1 in § and max(1) =2 in S. For any monomial u € S; with
u#+ x]d, one has max(u) = max(p(u)). Hence:

Lemma 4.3. Let M C S; be a set of monomials. One has m(M) = m(p(M)).
Moreover, ifxf & M then m(M) =m(p(M)).

Lemma 4.4 (Interval Lemma). Let [u1, us] be an interval in S,0 <a <degu, and
b>deguy. Let L C S be the lower lex set of degree a and R the upper revlex set of
degree b with #L = #R =#[u, u,). Then

m(L) = m([u1, uz]) = m(R).

Proof. We use double induction on n and #[u;, u;]. The statement is obvious if
n=1orif #{uy, up] = 1. Suppose n > 1 and #[u, us] > 1.

Case 1. We first prove the statement when [u(, u>], L, and R are contained in a
single component S; for some degree d. We may assume L # [uy, up] and L # R.
Then, since x{ & [u1, ual, m(lur, u2]) = m(p([ur, u21)) and m(R) = m(p(R)).
Since p(L) C S<4 is a lower lex set of degree 0, p([u1, u2]) C S<4 is an interval,
and p(R) C S’Sd is an upper revlex set of degree d in S. By the induction hypothesis,
we have

m(L) = m(p(L)) = m(p([ur, u2])) = m(p(R)) =m(R).
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Then the statement follows since m (p([u1, u21)) = m([uy, uz]).
Case 2. Now we prove the statement in general. We first prove the statement for L.

We identify S; with the set of monomials in § of degree i. Suppose #[u1, uz] > #S,.
Then there exist u}, u), € S such that

(w1, uz] = [ur, uy] W ul, usl

and #[uy, uy] =#S,. Let L’ be the lower lex set of degree a+1 with #L' =#[u', u2].
By the induction hypothesis, m(S,) > m([u, u5]) and m(L") = m([u), us]). Thus

m([uy, uz]) <m(S,WL) =m(L).

Suppose #[u1, uz] <#S,. Then L C §,. Letd =degu, and A C S; be the lex
set with #A = #[u, us]. Then A = xf_“L. Since m(A) = m(L), what we must
prove is:

m(A) = m([ur, uz]).

Since #[u, ur] <#S, <#S4+1, we have degu, <d + 1.
If degus =d then [uy, us] C S4. Then the desired inequality follows from Case 1.
Suppose degur, =d + 1. Then

d+1
[, uzl = [ug, x 1 [x{ T us).

Recall #[u1, uz] < #S, < #S,4. Let B C S be the lex set with #B = #[x{ ™', us].
Then [x™, us] = x| B. Since #B +#{uy, x91 = #u1, us] <#S4, BN[uy, x!1 = @.
Then, by Case 1,

m(lur, uz]) = m(B) +m([ur, x]) < m(A)

(see figure).

[u1, us] BWluy, x4 A L

Next, we prove the statement for R. In the same way as in the proof for L, we
may assume #[uy, up] < #Sp. Let d = degu,.

If degu; =d then [uy, u] C Sy and A = x{’*d[ul, u»] is an interval in Sp,. Then,
by Case 1, we have m([u1, uz]) = m(A) = m(R) as desired. Suppose degu; < d.
Then

[ur, ua) = [ur, x? W [x{, us).
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Let R’ be the upper revlex set of degree b in S with #R' = #[u;, x?~']. Then,
m([ur, u2))=m(R") + m([x{, uz]) = m(R") + m([x7, x{ " u2]),

where the first inequality follows from the induction hypothesis on the cardinality.

Since R\ R’ C S}, is an interval and [xf, x{’_duz] C Sp is lex, by Case 1 we have

m(R) +m([x}, x}"uz]) = m(R") + m(R\ R') = m(R),

as desired (see figure). U

[ur, us] R'W[x{, us] R'W[x}, x{"us] R
Recall that a set M C S of monomials is said to be super-revlex if it is revlex
and u € M implies v € M for any monomial v € S of degree < degu — 1.

Corollary 4.5. Let R C S be an upper reviex set of degree d and M C S a super-
revlex set such that #R + #M < #S5—4. Let Q C § be the super-reviex set with
#Q =#R +#M. Then

m(Q) = m(R) +m(M).
Proof. Let e = min{k : x¥ ¢ M} and F ={u € S, : u ¢ M}. If #F > #R then
Q=Mu(Q\M)

and Q\ M C F is an interval. Thus m(Q \ M) > m(R) by the interval lemma.
Suppose #F < #R. Write
R=IWR

such that 7 is an interval with #/ = #F and R’ is an upper revlex set of degree d.
Since F is a lex set, the interval lemma shows

m(M)+m(R)=m(M)+m(I)+m(R") <m(FYM)+m(R).

Then F'W M is a super-revlex set containing x{. By repeating this procedure, we
have m(M) +m(R) < m(Q). O

The above corollary proves the next result, which was essentially proved by
Elias, Robbiano and Valla [Elias et al. 1991].

Corollary 4.6. Let R C S be a finite revilex set of monomials and M C S the
super-reviex set with #M = #R. Then m(M) > m(R).



Upper bounds for Betti numbers of a Hilbert polynomial 1031

Proof. Let R = H‘J,N: o Ri, where R; is the set of monomials in R of degree i
and N = max{i : R; # J}. Let M(<;) be the super-revlex set with #M<;) =
#4J/_, Ri. We claim m(M(< j)) = m(\#J/_, R;) for all j. This follows inductively
from Corollary 4.5 as follows:

J J—1
m(LJ_rJ R,-) =m<trJ R,~> +m(Rj) 2m(M<j_1) +m(R;) <m(M<)).

i=0 i=0

(We use the induction hypothesis for the second step and use Corollary 4.5 for the
last step.) Then we have m(M) = m(M(<n)) > m(L—ﬂlNzo Ri). O

We finish this section by proving the result of Valla, which we mentioned in the
introduction.

Corollary 4.7 [Valla 1994]. Let c be a positive integer and M C S the super-revlex
set with #M = c. Let J C S be the monomial ideal generated by all monomials
which are not in M. Then, for any homogeneous ideal I C S with dimg (S/I) =c,
we have B5(S/J) > B5(S/I) forall .

Proof. The proof is similar to that of Corollary 3.6. By the Bigatti—Hulett—Pardue
theorem, we may assume that / is lex. Then Lemma 3.5 says, for d > 0, we have

s — (" WY i 1S (K1 , < (k-1 ,
,3;()—( ; ) img §d_;< ; )mfk( sd—l)_;<i_l>m§k( <d)

and the same formula holds for J. Let N C S be the set of monomials which are
not in /. Since N is a revlex set with #N = ¢, for d > 0, by Corollary 4.6 we have

m(J<q) =m(S<q) —m(M) 2m(S<q) —m(N) =m(I<q).
Hence ,BI.S(J) > ,BiS(I) for all i as desired. O

The proof given in this section provides a new short proof of the above result.
The most difficult part in the proof is Corollary 4.6. The original proof given in
[Elias et al. 1991] is based on computations of binomial coefficients. On the other
hand, our proof is based on moves of interval sets of monomials.

5. Construction

In this section, we give a construction of sets of monomials which satisfy the
conditions of Proposition 3.9, and study their properties.

Throughout Sections 5 and 6, we fix the following notation: Let ay, as, ..., a; be
nonnegative integers, where t <n, andletb; =a;+---+a;+1fori =1,2,...,¢.
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Let F=Se ®Se;®- - -d Se; be afree S-module withdege; =b; fori =1,2,...,1t.
We consider the set

U=5SVe wsPe, - .05V, C F.

Note that we identify each § (&) with the set of monomials in it. Fori =1,2,...,1,
let §; = x{" - -xlflfll xfi+1. Then, by the decomposition given before Definition 3.7,
the above set U can be identified with the set of monomials in the universal lex
ideal (81,...,8)=8SV @ ---®8,S® via the natural correspondence ue; < §;u.

We call an element ue; € U a monomial in U. For each monomial ue; € U, we

define
i ifu=1,
max(ue;) = )
{ max (i) otherwise.

Also, for M CU,wedefinem(M)=(m<1 (M), m<x(M), ..., m<,(M)) in the same
way as in Section 3. We say that a subset M = M jye1W- - -WM e, CU is aladder set
if My, ..., My, satisfy the conditions (i) and (ii) of Lemma 3.8. Then, considering
m(—) of ladder sets in U = SWVe; - - -wSWe, is equivalent to considering m (—) of
ladder sets in the universal lex ideal (81, ..., 8,) =85V @---@®8,5?. In particular,
to prove Proposition 3.9, it is enough to consider ladder sets in U.

Let M C U. We write

t
U® — S(i)ei, MD =MnN U(i)7 UEH = L_H S(k)ek, and MG = MNUED.
k=i

Note that U = |4),.; S®e; can be identified with the universal lex ideal in
Kl[xi, ..., xn] generated by {(xf"")xfi ---xZ"_‘lle’fH ck=ii+1,...,t}. For
a subset M CU, we write M; for the set of monomials in M of degree k and
M<j= L“J/cho M.

As in Section 4, we use pictures to help to understand the proofs. We identify U
with the following picture:

u® e u®

Note that each low represents the set of monomials in U having the same degree.
Thus, in the previous figure, deg e; = deg e + 2 and dege; = dege, + 1. Also, we
present a subset M C U by a shaded picture. For example, the following figure



represents M = {1, x1, x2, . ..

, xnjer W {l}es:
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Also, we define the map p : U — U by extending the map given in Section 4 as
follows: For xfue; € UV with u € K[x;11, ..., X,], let

& ue; 1 ifi <r—1,
X;ue;) =
plxjue:) {o ifi=1.
We call the above map p : U — U the moving map of U. The moving map induces
a bijection from Ujm ={ue; cUW :degu=j—b;}to Ué‘;&im ={ue;; € UMD :
degu <j—bj}fori=1,2,...,t—1.

Lemma 5.1. For N C U](.i) withi <t —1, one has m(N) > m(p(N)). Moreover, if
x! P e; & N then m(N) = m(p(N)).

l
Next, we define ladder sets M C U which attain maximal Betti numbers. Recall
that a subset M C U is called a ladder set if the following conditions hold:

() {ueSD:ue; € MDY is a revlex multicomplex fori =1,2,...,¢.
(ii) If M # @ then MV = UV fori =1,2,....1— 1 and for all j > 0.

To simplify the notation, we say that N C U@ is a super-revlex set (resp. interval,
lower lex set or upper revlex set of degree d) if N' = {u € S© : ue; € N} is super-
revlex (resp. interval, lower lex set or upper revlex set of degree d — b;) in S©. For
monomials ue;, ve; € U and for a monomial order > on S, we write ue; > ve; if
u>v.

Definition 5.2. A monomial f = x{'x3?---x,"e; € U is said to be admissible
over U if the following conditions hold:

() degp'(f)y<e+lorp'(f)y=ei i fori=1,2,...,t—2.

.. _ _ 1-b,
(i) p' 1(f):e, or p! ](f) Zopdlexxf+ ‘e

Note that the second condition in (ii) cannot be satisfied when e+ 1 —b; < 0 and that
if # = 1 then all monomials in U are admissible. Also, p’~!( ) >opdiex x; H_b’et if
and only if deg o'~ (f) < e or p' =L (f) = x 1 Pre,.

We say that f € Ue(i) is admissible if it is admissible over U=". Note that
e; € U is admissible for all i and k.

I

k

X
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Definition 5.3. Let >gx be the degree lex order. Thus for monomials u, v € S,
u >qex v if degu > degv or degu = degv and u >x v. We extend >qiex tO
monomials in U by ue; >giex ve; if 8;u >qiex 6;v. Thus, we have ue; > qex ve; if

(i) degue; > degve;,
(i1) degue; =degve; andi < j, or
(iii)) degue; =degve;, i = j and u >qiex V.
Fix an integer ¢ > 0. Let

f = max {g e UW : g is admissible and #{h € U : h <gqiex g} < c}

>dlex
and

Lioy={heU" h<ge ).

Let M=MWDW...ww M?D C U be a set of monomials with #M = c. We say that
M satisfies the maximal condition it M) = L.,. Also, we say that M is extremal
if M0 ¢ UEP satisfies the maximal condition in UZR for all k.

Example 5.4. If r = 1 then any monomialin U = § e, is admissible and extremal
sets can be identified with super-revlex sets in SV,

Example 5.5. Suppose 1 = 2. Then f = x|'x57---x,"e;, where f # x{'ej, is

admissible in U = SWMe; W SPe, if o > as or f = xfz_lxgzel. In other words, a
monomial f € Sl(il)el is admissible if and only if f > xfrlxg*”“el ifa, <d
and f = xflel if ap > d. For example, if dege; = 2 and dege, = 4 then the

O o 1 1
admissible monomials in Us( ) = (S§ ))el are
3 2 2 2 2
Xi€1, Xyx2€1, xXyxsey, ..., XyxXp€1, X1X5€;1.

Example 5.6. Suppose ¢ = 3. The situation is more complicated. A monomial

f=x"x?-x,"es € U, where f # x|"e; is admissible in U if and only if

e a1 >ap—1and
. xg“ ceexp" > opdlex x§+1_b3 or xé“ coexyt =1,
For example, if dege; = 2, dege, = 4, degesz = 6, and n = 3 then the set of the
admissible monomials in U6(1) = (K[x1, x2, x3]4)e1 are
{xfel} U {)C13X281 , X13X3€1} U {xlzx%el , xfx2x3e1} U {xlxgel , xlxgxgel 1.
Example 5.7. Let U = x>S® wx;x35?. Suppose ¢ = ("3?) +2. Then

max {f € UV : f is admissible and #{h € U : h <giex f} <c} = x{e1.

> dlex

Indeed,
n+2
#heU:h <qex xier} :#S(le)el ille = ( 2 ) !
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and
#lhe U :h <qex x1x3e1} = #(SO\ (x], xixa, ..
n+3
= >c
3
By Example 5.5, the lex-smallest admissible monomial in US(U is xlxgel. Thus the
extremal set L C U with #L = c is

2
. xlzxn})el W S(Sl)ez

L= 5(512)01 & {1, xn}ez.

Example 5.8. In general, it is not easy to understand the shape of extremal sets,
but in some special cases they are simple.

If by = by = - - - = b, then any monomial in U is admissible. Thus any extremal
set M in U is of the form

M:{hEU:hSdlexf}

for some f e U.

If b, > e then the only admissible monomial in Ue(l) is xffb‘el. Thus if b; K
by L -+ K b, (for example, if b;;| — b; > ¢ for all i) then any extremal set M in
U with #M = c is of the form

M=35") e wse) e st Ve, WN,

where N c S®e, and #Sg;g e 14 - -LJ:JSSd_tR e,_1WUN < #Sgll

fori=1,...,t—1.

In the rest of this section, we study properties of extremal sets. Suppose ¢ > 3.
For an integer k > —as3, we write U[—k] = S¥e], where e is a basis element with
dege; = b; + k. In the picture, U)[—k] is the picture obtained from that of U
by moving the blocks k steps above. In particular, for any integer k > —as, U’ =

U® L—ﬂ£:3 UD[—k] can be identified with a universal lex ideal in K[xa, ..., x,]:

U=2

U'=UP W (i, UY1K

Lemma 5.9. Suppose t > 3. Let f € U", d = deg p(f), and k > —a3 with
e—d+k>0. Then f is admissible over U if and only if the following conditions
hold:
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e degp(f) <e+1lorp(f)=en.
o x5 p(f) e U, is admissible in U’ = U@ W 4fi_y UD[—k].

Proof. LetU' = S(z)eZLﬂSG)eg&J- . -&JS(’)e; with dege; =dege;+k fork=3,...,1,
and let ¢ be the moving map of U’. Let p' (f) =u;1€;41 fori =2, ...,t—1. Then
o' (x5 p(f)) =uiiael , fori=1,2,...,t—2. Thus deg p'(f) < e+1if and
only if deg ¢’ ' (x¢™** p(f)) <e41+k fori >2. Also, p' 1 (f) Zopaiex x¢ T e
if and only if ¢'"2(x$ T p () Zopdiex ¢ el Since deg x{ T p(f) = e +k,
the above facts prove the statement. ([

By the definition of the maximal condition, the next result is straightforward:
Lemma 5.10. Let M C U be an extremal set.
(1) If#M = #U<, then M D U,.
Gi) if#M > #UL)_ | wUS? then M > UL)

<e—1

2
wUZ?.
Proof. Since M is extremal, there exists an f € U) such that

MDD ={heU® :h<qe f).

(i) Since x]e_b'el is admissible and {h € U : h <gjex xle_b‘el} =U<, [ >dlex xf_b'el.
Then MDD > {h e UD : h <gex xf_h‘el} = Uge). Also, since

#MCED =M —#MD > #h e U h <gex [} —#h e UV 1 h <qex £} = #US),

we have M&? 5 UY) by induction on 7.
(i1) It is clear that M D U<, by (1). If deg f > e then
#M > #{h €U h <ge f} > #MV 0 UE?.

Then #MZ? > #UZ? and M= 5 US? by (i) as desired. If deg f < e then
MO =UY) | and #ME? > #UE? by the assumption. Hence M2 > U&?

by (i). 0
Corollary 5.11. Extremal sets are ladder sets.

Proof. If M C U is extremal then M is super-revlex for all i by the maximal
condition. It is enough to prove that if Me(l) # & then M D Ue(zZ)‘ If Me(l) #* O
then there exists an admissible monomial f € Ue(l) such that

#M > #h e U h <qe f) 2 #US) W US?.
Then the statement follows from Lemma 5.10. O
To simplify notation, for ue;, ve; € U with u >gpaiex v, We write

[ue;, ve;] = {we; € U®:u Zopdlex W Zopdlex v}
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Lemma 5.12. Supposet > 2. Let M C U be an extremal set.
(i) If az > 0 then MV # 0 if and only if #M > #U ).
(i) If az =0 and MV # 0 then #M > #UL)).
Proof. Let f € Ue(]) be the lex-smallest admissible monomial in Ue(l) over U.

(1) It suffices to prove that

#heU:h <qe ) =#UL). 2)
If f=x{" b1e, then fr=x{" bi=11,e; is not admissible. By the definition of

admissibility, one has deg p( f ) =degxe; > e+ 1 and by > e. In this case we
have {h e U : h <d]eX f} =U<

Suppose f # x| el We prove (2) by using induction on ¢. Suppose ¢ = 2.
Then f = x{? - §+ 26, and

(heU:h<ge f1=UY_ Wlf,xPewUl).

<e—1

Since p([f, x¢"1ei]) = Uetiﬁrl U(z) we have

#heU:h<age f} =400 +#U%)  =#UL),

where we use ,o(Ue(l)) = Uéze) +a, Tor the last equality.

Suppose ¢ > 3. Since p(f) # ey, we have deg p(f) =e+1. Indeed, by Lemma 5.9,
—1 e+l bz

deg p(f) < e+ 1. On the other hand, since x{?" x5 e; is admissible over U,
<lex X az 1 €+1 hzel Thus de p( ) > de ,O(xa2 1 e-‘rl 12 ) —e+ 1.
x2 g g

C0n51der U=UP4+ Ul: UD[—1]. By Lemma 5.9 (consider the case when
d=c¢+1and k =1), p(f) is the lex-smallest admissible monomial in Ue(i)l over
U’. Then

(=3)

p(f) xe-i-l bzez] " U( 2) — # ,O(f), xz-i—l—bzez] W Uéze) W l]/i_e;‘_1
:#{h eU :h =dlex p(f)}

=#U5) . 3)
where the last equation follows from the induction hypothesis. On the other hand
(heU:h<ae f)=Lfx; "elwUL) wUS? @
and eta
p(Lf xen)) = [p(f). x T elw (4] UP. )
j=e+2

Equations (3), (4), and (5) show that
#heU:h <ae f}=#UL)

<e—1

2 1 1
WwUS),, =400 wUud =#U"),

where the second equality follows since ,o(U(fl)) = Uéze) a-
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(i1) It suffices to prove that #{h e U : h <qiex [} > #Uge). Since a; =0, #Uge) = #Ue(l).
Then we have

#heU:h<ge f}>#U00)_  wUS) =#0") wu®=vl),
as desired. O

Corollary 5.13. Supposet > 2. Let B C Ue(]) be the revlex set and N C UZ? a
ladder set with #N > #UZ?Y  Lety C U be the extremal set with

<e—1°

#y =#U)

<e—1

WBWN.

IF#BWN < #UL" then
Y=Ul)  wy®?.

Proof. Since #Y > #U<,_1, we have ¥ D U<,_; by Lemma 5.10. On the other
hand, since #Y = #Ugg_1 WBWN < #Uge) by the assumption, we have Ye(l) =g
by Lemma 5.12. Hence YV = v U

<e—1"
For monomials f >qiex g € U, let [f, g) =[f. g1\ {g}.

Lemma 5.14. Let f € Ue(l) be the lex-smallest admissible monomial in Ug(l) over U
and g >1ex h € Uél) admissible monomials over U such that there are no admissible
monomials in [g, h] except for g and h. Then #[g, h) < #[ f, xs_b‘ el

Proof. If t = 1 then all monomials are admissible over U. If t = 2 then any
monomial w € Ue(l) with w >« f 1s admissible over U. Thus the statement is clear
if t <2.

Suppose t > 3. Since g # h we have [ # xf_h'el. By the definition of admis-
sibility, we have deg(p(f)) = e if ap = 0 and deg(p(f)) = e+ 1if a; > 0. We
consider the case when a, > 0 (the proof for the case when a, = 0 is similar).

Consider U’ = U® W|4J;_; UD[—1]. Since any monomial w € U such that
o(w) = xé“ez with k < e+ 1 — b, is admissible over U, we have p([g, h)) C S, for
somed <e-+1. Let

A=x5"1"p(g. m) =[x p(9), x5 p () c US),

(see figure).
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Let w € A. Then w =x§+1_d,0(w’) for some w’ € [g, h). Lemma 5.9 says that w
is admissible over U’ if and only if w’ is admissible over U. Hence A contains no

admissible monomial over U’ except for x§+1_d p(g). By Lemma 5.9, p(f) € Ue(i)l

is the lex-smallest admissible monomial in U 6(_2:1 over U’. Then, by the induction
hypothesis,

#A <#p(f). x: el = #o(Lf, x e DU, <#f, x e,

Then the statement follows since #[g, h) =#p([g, h)) = #A. U

Lemma 5.15. Let M C U be an extremal set, e = min{k : x’rb‘el ¢ M}, and
H=U\M,. Let f € Ue(l) be the lex-smallest admissible monomial in Ue(l) over
U. Then:

() #U<e +#f, x5 ")) <#UL), |

(i) #M +#H <#U") .

Proof. We use induction on ¢. If = 1 then the statements are obvious. Suppose
t>1.

@) If a, > 0 then by Lemma 5.12

#Ue +#Lf, x0 "ell =#{h € Ut h <qex [} +#UD =#UL) +#UD <#UL) |

as desired. Suppose a, = 0. Then
p(Lfoxy e = [p(f), x; el C UP

and p(f) is the lex-smallest admissible monomial in Ue(z) over UZ? by Lemma 5.9.
Then by the induction hypothesis,

#U<, +#1f, xS e = #UL) + (BUSY +#p(f), x¢7er))

<#U%) +#U%) |
(O]
= #U§e+l

as desired.

(ii) Suppose M # U . Then MY = @. Since M2 is extremal over U=, by
the induction hypothesis,

#M +#H =#U") WM 34UV wHED <s0l) 408 <#Ul)

where we use #U;Bl = #Uéze) i = #Uge) 1 for the last inequality.

Suppose MP =UP. Let g = max-,, M and let

u =min{h € Uile) : h is admissible over U and h > gex g}-
> dlex -
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b1—

Then [, g) C Ue(l) Since g >djex xle_ lel. Since M is extremal,

BM <#{h e U h <qe 1.
Since MV ={h e UM 1 h <qex g}, H = [xf_b‘el, g). Thus

M +#H <#{h € U :h <gex p} +#x""e1, 2)
=#U<, +#[1. 8)
S #Uje +#[f9 x;_blelL

where the last inequality follows from Lemma 5.14. Then the desired inequality
follows from (i). O

6. Proof of the main theorem

Let U =SWVe, 0 SPe, -0 SD¢, be as in Section 5. The aim of this section is
to prove the next result, which proves Proposition 3.9.

Theorem 6.1. Let M C U be a ladder set and L C U the extremal set with #L =#M.
Thenm(L) = m(M).

The proof is by case analysis, and occupies the next three subsections.
In the rest of this section, we fix a ladder set M C U.

Preliminary of the proof. For two subsets A, B C U, we define
A>B & #A=#B and m(A) = m(B).

Let X € U be the super-revlex set with #X = #M . Then {k : M,El) # @} D
{k : Xy # @). Thus X UME? is also a ladder set in U. Since X > M1 by
Corollary 4.6, we have:

Lemma 6.2. There exists a ladder set N C U such that NV is super-revlex and
N>M.

Thus, in the rest of this section we assume that M1 is super-revlex. Let

e =min{k +b; : xte| ¢ M}
and
f = max {g € Uile) : g is admissible over U and #{h € U : h <giex g} < #M},
> dlex -

where f =0 if #{h € U : h <qx €1} > #M. Since xf_b‘_lel is admissible over U

(when e # by), we have f = xf_b'_lel or deg f = e. We will prove:
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Proposition 6.3. With the same notation as above, there exists a ladder set N such
that N > M and
NV ={heUW :h <qex [,

where {h e UV 1 h <qiex f} =D if f =0.

The above proposition proves Theorem 6.1. Indeed, by applying the above
proposition repeatedly, one obtains a set N which satisfies the maximal condition
and N > M. Then apply the induction on ¢. Also, if # = 1 then Proposition 6.3
follows from Corollary 4.6. In the rest of this section, we assume that ¢ > 1 and
that the statement is true when the number of the free basis of U is at most ¢t — 1.
By the above argument, we may assume that Theorem 6.1 is also true when the
number of the free basis of U is at most  — 1.

Lemma 6.4. There exists a ladder set N C U with N > M and min{k 4 b; : x{‘ e ¢
N} = e satisfying the following conditions:
(A1) N is super-revlex and N2 is extremal in U=,
2
(A2) p(NNHYUN® 5 Uée)ﬂz or p(NHYNN® = g,
(A3) Ift=2 and,o(Ne(l))ﬂN(z) —othen NV = 2. Ift >3 and,O(Ne(l))ﬂN(Z) —
then Ne(l) = & or there exists a d > e such that N® = Ugd) and Nc§3+)1 =+ Ufgl,

Proof. Let F = M{". Then M = (U')

<e—1

W F)YM?P g M= since MY is
super-revlex.

Step 1. We first prove that there exits N satisfying (A1l). Let X be the extremal set
in UZ? with #X = #M =2, Let

N=MPyx=U" wFwx.

Since we assume that Theorem 6.1 is true for U =2, N > M. What we must prove
is that N is a ladder set. Since M2 > USE)I, #X = #M =2 > #USE)I. Then
Lemma 5.10 says X D Ugi)l, which shows that N is a ladder set if F = @. If
F # o then by the definition of ladder sets, M2 > ng), and X D ng) by
Lemma 5.10. Hence N is a ladder set.

Step 2. We prove that if M satisfies (A1) but does not satisfy either (A2) or (A3) then
there exists an N satisfying (A2) and (A3) such that N > M and #N M s strictly
smaller than #M 1. We may assume p(F) UM 2 Uge) o, and F # &, otherwise

M itself satisfies the desired conditions. Note that F % @ implies M® > Uge) Let
a=minfk: M> £ UL,
b=max{k :k <e+ay, p(F) #U>),
d =max{k: M> = U},
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where d = oo if n =2. Let H = Ug} \ M@ (see figure).

The set p(F) equals p(F), ¥ L‘l‘JjZZZH U](.Z), since it is an upper revlex set of
degree e +ay. Suppose H = @. Then M® = UZ). Since p(F)UM®@ 2 Uge)m,
we have b > d and p(F) N M® = @, which sagi that M satisfies (A2) and (A3).
Suppose H # @. Observe that for any super-revlex set L with Uge) CLC de),

MDDy LwMZY is aladder set.

Case I: Suppose #H > #F. (Note that if t = 2 then we always have #H > #F.)
Then M@ is super-revlex since we assume that M (22) is extremal and p(F) is an
upper revlex set of degree e +a with #M® 4 #p(F) < #Ug}. Let R C U® be
the super-revlex set in U® with #R = #M? +#p(F). By C;)rollary 45,

m(R) = m(M®) +m(p(F)) = m(M®) +m(F). (6)
Also, since R is super-revlex, U;Ze) CRC Ug;. Thus

N=UY wRyMEZ

<e—1
is a ladder set. Then Ne(l) =@ and N > M by (6). Hence N satisfies (A2) and
(A3).

Case 2: Suppose #H < #F . Observe that M® U p(F) contains all monomials of
degree k in U@ fork <aand b <k <e+ay. Since MU p(F) ) Ué2e)+a2, we have
a <b.

Let I C p(F) be the interval in U® such that #1 = #H, and p(F) \ / is an upper
revlex set of degree e +ay, and let F’ C F be the revlex set with p(F') = p(F)\ I.
Since H, is a lower lex set of degree a, the interval lemma gives

m(M®) +m(o(F)) <m(H, W M®) +m(p(F)\1)
=m(US) +m(p(F)).

This is illustrated at the top of the next page.
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e p(F) vl p(F)
Suppose p(F’) U Uéza) D Uge)ﬂz. Then

N=(UY)

<e—1

WF WU WM
is a ladder set and satisfies N > M and conditions (A2) and (A3) since

<etay:

Suppose p(F)UUL) 2 Uge)Jraz. Then p(F’) C U-infﬁr] U;Z). Since we assume
#H < #F, #F' = #F — #H, > #(H \ H,). Let J C p(F’) be the interval in
U@ such that #J = #(H \ H,) and p(F’) \ J is an upper revlex set of degree
e+ ap, and let F” C F’ be the revlex set satisfying p(F") = p(F’) \ J. Since

H\H,= Lﬂ?:a 41 UJQ) is a lower lex set of degree a + 1, the interval lemma yields

m(US) +m(p(F)) 2m(M@ W H) +m(p(F")) =m(USZ)) +m(p(F"))

(see figure).

M® p(F) vl p(F')

Then
N= (Ul

<e—1

WF ) WU WM =D

is a ladder set and satisfies N > M and conditions (A2) and (A3).
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Finally, since Step 1 does not change the first component M1 and Step 2
decreases the first component, by applying Steps 1 and 2 repeatedly, we obtain a
set N C U satisfying conditions (A1), (A2), and (A3). ]

Lemma 6.4 says that to prove Proposition 6.3 we may assume that M satisfies
(A1), (A2), and (A3). Thus in the rest of this section we assume that M satisfies
these conditions. Also, we may assume f # O since the proposition follows from
the induction hypothesis when f = 0.

Proof of Proposition 6.3 when f # xf_bl_lel. In this case we have deg f = e.
Let
f zxftl .. .leVlel

and F = Mél). Since xffb‘el ¢ F by the choice of e, we have m(F) = m(p(F)).
Also, we have
> 2
M= 5 Ul

Indeed, this is obvious when F' # & by the definition of ladder sets. If F' = & then

#ME =#M —#U")

<e—1

>#heU:h<qe f}—#UL) | = #UZ),

<e—1 =
and since M =% is extremal we have M=? > ng) by Lemma 5.10. Let

e=degp(f)=ar+---+a,+b.

Case 1. Suppose p(F) C W72 U and #F +#M@\ lJ5_ U < #U%), ..
Observe that M» > L‘Uj’:g U l(_z) . Let P be the super-revlex set with

e
#P =#M\ |HUP,
j=€
and let Q C U'® be the super-revlex set with #Q = #F +#M %)\ H_Jj':e Uj@. Since

p(F) is an upper revlex set of degree e +a; and M® \ U—sze Uj(.z) is revlex, by
Corollaries 4.5 and 4.6, we have

m(Q) = m(P) +m(p(F)) = m(M@ \|H U}Z)) +m(F) 7

j=¢€
(see the first two steps in Figure 1).
Observe that Q C Uge) +a, SINCE #Q < #Uge) +a, by the assumption of Case 1. Let
U =U®wl_, UD[—ay). Since MEV[—ay] 5 UE) [—ay) = U'ED

<e+ay’

QWMEI[—ay] U’

is a ladder set in U’ (see the third step in Figure 1).



W QUM [—ay]

vl)  wHWUS

<e—1

WY [+as]

v e

<e—1

(o) 8 U2

<e—1

JwY

Figure 1. Some steps in the proof of Proposition 6.3 in the case
when f # xf_bl_le 1- See bottom of previous page and middle and
bottom of page 1047.
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Let g be the largest admissible monomial in U ge) +a, OVEr U " with respect to > gjex
satisfying
#lhe U’ h <qex 8} <#Q W M[—as].

By the induction hypothesis, there exists ¥ C U '3 uch that
X={heU? : h<gxglwYcU

is a ladder set in U’ and
X>QQuwMEY, (8)

Lemma 6.5. Letd =e+ar —€. Then g > xg,o(f).

Proof. Consider
={heU:h=<ae [}

Then #M > #L and L&Y = US?. Thus LO\ W U =UD | Let F' =

LY = [f, x¢"P1e,]. Then p(F') = [p(f), x¢ 2er] W+ Uj*‘ggl U, Also, p(F') is
disjoint from L® \ l4S_, U;z) nd

(oo (1) U J7")) =m0\ 55 00

2 —b
= (U2, \ [557 Per, p().
Let
2 b 2 -
R=US [ P er xf 0 () = UL, WK 0 (). it ]

(see figure).

yW

<e—1

Wp(F) R

Then RW L3 [—a,] € U’ is a ladder set in U’ and xg,o(f) is admissible over U’
by Lemma 5.9. On the other hand,

e
#RWLED =#L —#U0) | —#|+ U(z) <#M—#UY) | —#|H U =#x.

j=¢€ j=¢€
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Since x¢ p(f) is admissible over U’ and since R W LE)[—ay] = {h € U’ : h <qiex
xg,o(f)}, by the choice of g, we have

g Z1ex X5 p(f)
as desired. O

By Lemma 6.5, g is divisible by xg . Let H C US" be the revlex set such that

e+ap
p(H) = L—Ij U;Z) \x;d[xsﬂz_bzez, g)-
j=¢€
Then by Lemma 4.3
m(H)+m(UZ) = m(US 0, \ 157 e, ) =m(XP). (9)
Let

N=UY wH)WUD WY[+a] CU.

<e—1

Since X is a ladder set, Y D U/(Szﬁm and Y[+ay] D U§3). Thus N is a ladder set

in U. We claim that N satisfies the desired conditions.
A routine computation shows

e e
#M\ | HUP =#0")  wouME) =4Ul) WX =#N\|HUP

j=¢ j=¢

(see Figure 1). Thus #N = #M. Let © = max.,  H. Then xg,o(u) = g. We claim

that u = f. Since g > xﬁl,o(f), W >1ex f. Since g is admissible over U’, u

is admissible over U by Lemma 5.9 (If t = 2 then Lemma 5.9 is not applicable;

however, if ¢ =2 then any monomial s € Ue(l) with & > f is admissible). However,

since #N =#M and N D {h € U : h <giex 1}, by the choice of f, we have f = u.
It remains to prove N > M. This follows from (7), (8), and (9) as follows:

e e
M\ UP = (Ul | wF)y <M<2> \ [+ UJ(.Z)) W M=

j=€ Jj=¢
< Uge)—l WO M(Z3)

<u®

<e—1

WX

e
< (Uge)—l WH)W Uge)—l WY[+az] =N\ L".'J UJQ)

J=€

(see Figure 1).
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Case 2. Suppose p(F) C U—in‘f Uj(.z) and #F +#M? \ Gy UJQ) > #Ué?+az-

Lemma 6.6. We have f = x{"'x3’ey; that is, a3 = - - = o, = 0.

Proof. Suppose f # x{'x3%e;. Let g = x{'x3?T 7™ ¢, Then g >qiex [ is

admissible over U by the definition of admissibility. Also,

#M <#h e U h <ae g) = #(UL)_ | W[g, x: ")) wUS WU

Since p([g, x¢"1ei]) = U—Jf::z Ul.(Z) and MZ3 > U§3),

¢ e
#F +#(M<2> \[4 UJ@)) = (#M — 40D —#M =) —#|HU?

j=¢ j=¢
e
—b (@) 2 )
<#lg. x; e | +#US) —#|H U =402, .
j=¢€
which contradicts the assumption of Case 2. Thus f = x|"'x3%e;. O

Lemma 6.6 says that o (f) :xS_b2 e. In particular, p ([ f, x¢ "1 e;]) = sz‘;z UJ(.Z)

Let

e+ap
H= 4 U7\ o(F)

j=¢

(see figure).

----------------- I A R

H

Since p(F) is an upper revlex set of degree e + a», H is a lower lex set of degree
e. Also, since #F +#M@ > #U2,  p(F)UM® > UE? by (A2). Thus
M® > H.

Let R be the super-revlex set in U® with #R =#M @ \ H. Since M» \ H is
revlex, by Corollary 4.6 we have

R>MP\ H. (10)

Then since #R < #M @,
Ry MEY C U(ZZ)

is a ladder set (see the third picture in Figure 2).



Upper bounds for Betti numbers of a Hilbert polynomial 1049

(heUW :h<gex fITWRUMED N={heUW  h<gy flWY

Figure 2. Toward the proof of Case 2.

Let Y C UZ? be the extremal set in U2 with #Y = #R W M =3, We claim
that

N={heUW :h<qex flYY

satisfies the desired conditions. Indeed, we have

=(UY) |\ WFYH)YMP\ H)w M=
< (UL Wf.xi ")) W RW MED

<{heUW h<gex fIUY =N

(see Figure 2) since p(F) W H = 4572 U = p([f. x5 e2]). by (10).
It remains to prove that N is a ladder set Since

#Y =#M —#{h e UV 1 h <qex f} > #UE?
by the choice of f, we have Y D U2 = 2) by Lemma 5.10. This fact guarantees that

N is a ladder set.

Case 3. Suppose p(F) ¢ |+ Ue+a2 U; @ Then p(F) properly contains L—ﬂe+a2 U; @
since p (F) is an upper revlex set of degree e+ay. In particular, F properly contalns
[f, x¢b1e;]. We claim:

Lemma 6.7. We have f = x{"x5%e; and a; # 0.
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Proof. If ay # 0 for some k > 3 then x{"x5>" "¢ >gex f is admissible over U.
Then by the choice of f, F C [xf”x‘;ﬁ"'ﬂ”el, x¢Pie] and

n

e+ap

e, _ 2
p(F) C p(Ix{' x5 * ey xt ™" er]) = |+ U,

J=€

a contradiction. Also, if @y = 0 then € = deg p(f) = 0 which implies

e+ap
1 ?2) 2)
p(F) CpUM) =ULE,, = U,
j=€
a contradiction. O

Recall e =deg p(f). Thus oy =€ — bp by Lemma 6.7. Let

H=heF: :h>¢f}
and
g =max H.

>lex

By the choice of f, H contains no admissible monomials over U. By Lemma 6.7,

p(F\ H) = Lﬂjzz Uj(.z). Hence H # @& by the assumption of Case 3. Since

1 ar—1 . L.
X1 x32 ey is admissible over U,

p(H) C p(xf x> ey, x0xey)) = UL

e—1

is revlex. Also, € — 1 > b, since Ub(zz) ={e} and H # &.

If t = 2 then any monomial & € Ue(l) with & >« f is admissible, which implies
H = @. Thus we may assume ¢ > 3.

To prove the statement, it is enough to prove that there exists an extremal set
Z C U= such that
Z>HyYME, (11)

Indeed, if such a Z exists then N = (MV \ H)w M® @ Z satisfies the desired
conditions. Recall that € < e+ 1 by the definition of admissibility.

Subcase 3-1. Suppose a3 > e — (e — 1).
Letd =e — (¢ — 1). We consider

t
U'=U?u|H U [+d].
i=3
This set is well-defined since a3 > d. Recall p(H) C U ﬁ)] Let

Y =p(H)WUL & MEI[+d]
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(see figure).
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= T :
l .M(i3)[-+-d]”;
p(HYWUL ,yME Y
Then Y is a ladder set since M3 > U;?Hd = U(>3) Also, U(2) _, # @ since
€e—1> bs.
Let u € Ufe)_ | be the largest admissible monomial in U _, over U’ with

respect to > giex satisfying #{h € U’ : h <qiex £} < #Y. Then since we assume that
Proposition 6.3 is true for U’, there exists an extremal set Z C U’ (=3 such that

Y<{heU® h<qe pu}WZ.
(2)

UZ._,; in other words:

To prove (11), it is enough to prove {h € U h <gex n} =

€2b2

Lemma 6.8. m =X, .

Proof. Recall that U;i)_z = &. It is enough to prove that deg i # € — 1. Suppose to

the contrary that degu =€ — 1. Let u’ € ULY be a monomial such that o) =nu
Then 1 is admissible over U by Lemma 5.9. Also,

#y —#U%

<e-—2

> #, x T 7 e) +#U'EY = #u, xS e+ #U S

Since #M =Y L #H = #Y — #U(Z) _, and since p([,u f))
have

[, x5~ 2], w

#M =#M\H) Y MP v HyMED
>#(M\ H)WUS) +#{u, xS P2y W Z
>#u, )W M\ H)WUS? =#h e U h <gex 1),

which contradicts the maximality of f since (' >ex & >1ex f and ' is admissible
over U. U

Subcase 3-2. Suppose a3 < e — (¢ — 1). We consider
X = x§ (e~ l),o(H) C Uéfz),

as illustrated at the top of the next page.
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Let

Further, let

¢ = max(Y?P\ X).

=>dlex
Since e — (e — 1) > a3, e — (e — 1) > 1. Thus

—(e—1)—1 e—
g =x5 S x5 bre,

and
Y® = XWihe U(Z) th Zqiex g/}'

Since a3 < e — (€ — 1), deg p(g') = € +az < e. Thus g’ is admissible over U =2,

Let 1 be the largest admissible monomial in U ge) over U=? with respect to
> dlex With #{h € UZ? : h <giex 1} < #Y. Since Lemma 5.9 says that X contains
no admissible monomials over U (=%,

M Zdlex g, and u ¢ X.

Since we assume that Proposition 6.3 is true for U %), there exists an extremal set
Z C U= such that

W={heU? h<geuWwz

is a ladder set and
W>Y,

as shown in the figure immediately above.
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Lemma 6.9. uw=g.
Proof. Suppose to the contrary that i # g’. Then p >giex g’ and
W=[u x5 “Pp@)wr?wz.

Then there exists u’ € Ue(]) such that

—(e—1
x5 ) = .

By Lemma 5.9, 1/ is admissible over U and (' >jex & >1ex f. Observe that

#MED L #H =#Z W [u, g) =#Z +#1, f)

by the construction of ¥ and Z. Since Z D Ué?) ,

#M > #MO\H)WHW UL w M=
=#MV\H) WUl wZwy, f)
= # MO\ e[, HoULwUs?
=#heU:h <qex 1'}.
Since ' is admissible over U, this contradicts the maximality of f. (]

Now
W:{hEU(Z) :hfdlexg/}wz

andsince W>» Y and Y = XW{h e UP : h <giex &} W MY, we have

m(Z) = m(X @ MZD) =m(H & M=),

e—b1—1
e

which proves (11). This completes the proof of Proposition 6.3 when f # x| 1.

Proof of Proposition 6.3 when f = xf _b‘_lel. Let F = Mél). If F = & then there
is nothing to prove. Thus we may assume F # &. Then M D U g” since M is a
ladder set. -

Case 1. Suppose a; = 0. Then dege; = dege, = by. Since x‘;_b‘ e; is admissible
over U, ngblel ¢ F. Indeed, if xsfblel € Fthen M D{h e U :h <gex xsfblel},
which contradicts the maximality of f. Thus

e—b

F Clx; ey, xs_b'el]

and
o(F)C p([ngb‘el,x,‘j’blel]) = Ue(z).

Consider
X=pF)WUL_ wMED cUuE?
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and let Y ¢ UZ? be the extremal set with #Y = #X. Since X is a ladder set in
U2, by the induction hypothesis we have

Y > X.
(@)
Lemma 6.10. Yy®=vz .

Proof. Suppose to the contrary that Y® £ UZ (2) . Let g = ge, be the largest
admissible monomial in Yie) over UZ? with respect to >dlex. Since X D Ui e2)1’
we have ¥ D Uie) , by Lemma 5.10. Thus degg =e and Y D U;3).

Let ¢’ = ge,. Since g = ge; is admissible over U=? and since p(g') = g, g’ is
admissible over U by Lemma 5.9. Observe that #Y = #X < #F +#M=? — #UE(Q).

Then
#M = #U(” (WFyMED

> 4U") 1+#U(2)+#Y
>#U(1) 1+#U(2)+#{h e U h <gex g}
=4y

<e—1

+H#UP +#U0)  W[g. 2 e w UL

=40 | +#UEY +#(g 1" en]
=#heU:h fdlexg},

which contradicts the maximality of f. Hence Y® = Ufe) - O
Then, since Y > X, we have
YEY > FumM©Ed, (12)

Let
N=UY wMPyyE

Then N is a ladder set since #Y = > #M =3 Also, N > M by (12). Thus N
satisfies the desired conditions.

Case 2. Suppose a > 0. Since deg f # e, by Lemma 5.12 we have
1
#M < #UL). (13)

Hence
#F +#M@ <#M —#U") | <#UD <#U8), . (14)

Then, by (A2) and (A3), we may assume that p(F)N\ M @ = &, t > 3, and there
exists a d > e such that M? = USJ) and Mﬁzl #* Uﬁzl. Let

A={ue; € p(F)eta :xé“a”*(d“) divides u and u/xéeJraZ)*(dH)ez € p(Fat},

as illustrated in the second picture at the top of the next page.



Ucel W PWQ Ny

<e—1

W P W Q[+as]

Also set

E=x; "t DA cu? and B=p(Fleya, \ACUS

e+ay*

Subcase 2-1. Suppose #B + #M =3 < #U . Consider
t
U =029+ U -a.
i=3

Since MEI[—a,] > U'EY by Corollary 5.13 and by the induction hypothesis,

<e+aj’
there exists the extremal set Q C U’ =3 such that

0> ByMEY, (15)
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Let P be the super-revlex set in U® with #P =#M® +#p(F)\ B. Then since
P(F)<eta,—1 W E 1s revlex, Corollary 4.6 shows

m(M® & p(F)\ B) =mMP) +m(o(F)<era-1 WE) <m(P)  (16)
(see the second step in the figure on the previous page). We claim that

N=U")

<e—1

WPWO[+a]CU
satisfies the desired conditions. Indeed, by (15) and (16),
m(N) =m(UL)_ & MP W (o(F)\ B)W (BYMEY)) =m(M)

(see figure on the previous page).

It remains to prove that N is a ladder set. If p(F)\ B = @ then P = M®, and
therefore N is a ladder set since #Q > #M 3. Suppose p(F) \ B # @. Recall that
p(F)NM® = &. Since

#UL) <#M® <#P =#p(F)<pyap 1WEWUM? <#U%)

<e+ax—1°
we have
v cpcu?

<etar,—1"

Then by Lemma 5.10 what we must prove is that

#Q > #U(Z3)

<e+ar—1°

Since #S,Ei) = Zf;:i #S,Ejjl for all i > 0 and k > 0, we have

t
#U 2 ) w0 =#UEY (17)
j=3
for all k > 0. Since p(F)\ B # &, #B =#p(F)e4a, \ A > #Ue(-zi-)az _#Uﬁgr Thus
etay e+ap e+ar—1
#B > #U3, —#U7 =# [H U, =#[H UuP = D wui,
j=d+2 j=d+2 j=d+1

(we use (17) for the last step) and therefore

et+ar—1
#0=#M= 4B > 405" + Y U =405,
d+1

as desired.
Subcase 2-2. Suppose #B +#M =3 > #Uﬁ)az.

Lemma 6.11. o(F) D b‘JiiZi2 U;Z)-
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Proof. Suppose to the contrary that p(F) D |47 UJ(.Z). Then

j=d+2
e+ar—1

#p(F)\B=#(p(F)\(AWB))WE=+# |+ U
j=d+1

by the choice of E. Then #(o(F)\ B)¥ M® =#U)_ | and

=

#M =40 wp(F)wMPuME >3l 14Ul w08, =40l

<e+4ar— e+ap <e»

where we use the assumption #B +#M =3 > #U e(i)m for the second step. However,
this contradicts (13). (]

The above lemma says that e +a, > d 4+ 2 and p(F)yz+1 = @. Thus B does not
contain any monomial #e, such that u is divisible by x§e+“2)_(d+1). Hence

et+ar+taz
(3)
pBYC |H U (18)
j=d+2+a3
Since Mﬁl #= U[ﬁ)l, by Lemma 5.15,
3 3)
#ME <#UT) .
Lemma 6.12. a3 =0.
Proof. If a3 > 0 then
et+ay+aj
#B+4#M=) < # | UP +#08), <UD, 10, =#UD,.
j=d+2+a3
which contradicts the assumption of Subcase 2-2. ([

Let
H={heU3):h¢M=>)

(see figure).




1058 Giulio Caviglia and Satoshi Murai

By Lemma 5.15,
>3 (3
#H +#MED <#UC) .

Since a3 = 0, by the assumption of Subcase 2-2,
e+ap
#B > #US, —#M=) =4U8)  —#MED > #H +4 |H U
j=d+3
Let
B=14WJWaG,

where [ is the set of lex-largest #H monomials in B and G is the revlex set with

p(G) = Lﬂj:;ﬂr% U](.3) (see figure):

By MY
. _ et+ay 2 3) 3)
Since a3 = 0, (18) says p(B) C Lﬂj:d+2 U;”. Hence p(I) C U, Let C C U7,
be the lex set in Uﬁz with #C = #H. If we regard U =% as a universal lex ideal in

K[x3, ..., x,],then H and C are lex sets in K [x3, ..., x,] with the same cardinality.
Hence C = x3H. Then, by the interval lemma,

m(H) =m(C) =z m(p(I)) =m(I). (19)

Let P C U® be the super-revlex set with #P = #A 4+ #J + #M® . By the
choice of G, G is the set of all monomials ue, € p(F) such that u is not divisible
by x§+a2_(d+2). Also, since B does not contain any monomial ue; such that u is
divisible by x5 ~“*V "any monomial in J is divisible by x5 7>~ “*¢,. Then
xy CHPHR yP) is areviex set. Since M WE W (x, “TY T gy s revex,

we have

m(P) = m(M® @ Ewx, T ) — i (MPwAw ). (20)

L]

MO YAWT MO WEWJ M@ W Ewx, T2y P
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Let
Q0 =p(F)\(AYB) = p(F)<etar—1-
Subcase 2-2-a. Suppose that #P +#Q < #Ug; var—1- Let R C U be the super-

revlex set with #R = #P + #(Q. Then since Q is an upper revlex set of degree
e+ ay — 1, by Corollary 4.5 and (20)

R>»>PYO>MPyAWJWQ. (21)
On the other hand, by Lemma 5.15,

#H +#M = <300 .

Then since p(G) = U‘Jjgfm U/G)’

HYGYME) =#GWwHYM=D <3Ul)  =#U%

et+ay*

LetU'=U® |¢J/_, UD[—ay]. Observe that M [—ay] > U'E) . Then Corollary

<e+ay*

5.13 and (19) say that there exists an extremal set Z C U (=3)[—a,] such that

Z>»GYWHY (M [-a]) > GuluM=. (22)

1YGWM®E=) GYHwM?=D Z[+ar)

We claim that
N=UY

<e—1

WRW Z[+as]
satisfies the desired conditions. Indeed, by (21) and (22),

N>»UY wMPWALWI W Q) WGy M=

> UL  WFuMPYMED =M.

Weuse p(F)=AWIWJWYGWQ and m(F) = m(p(F)) for the second step.)
It remains to prove that N is a ladder set. Since Ug; CRC Uge) P |

enough to prove that Z[+as] D u=? Since p(G) = H-J"*”Z U](.3),

<e+ax—1° j=d+3
e+ap
#Z=#HUMwG) 2 #U ) v |+ U =457, .

j=d+3
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(We use #Uf’) > #U](E?) for the last step.) Then Z[+a2] D U;i)uz—l by Lemma 5.10
as desired.
Subcase 2-2-b. Suppose that #P +#Q > #Uéze) a1 Note that

#P +#0 +#] +#G =#F +#M?.

Then #M@ WF > #U?, . Let R be the super-revlex set with #R = #M @ +#F.

<e+tar—

Then #R = #M® +#F < #UZ) , by (14). Since #R > #P +#0 > UZ), .
there exists a revlex set B’ C U, e(i)az such that
R=U2, | WB.
Also by Corollary 4.5,
2
BwUZ =R>MPupF). (23)
Since #F + #M=? < #U%), | we have #B' + #M>? < #US, . Then by
Corollary 5.13 there exists the extremal set Z C U (=3)[—a,] such that
B'Y (M [-a)) < Z. (24)
We claim that
N=UL) WUl ¢Z[+a]

satisfies the desired conditions.
By (23) and (24),

N>»UD wu?, wBYME > Ul wFuMPYME =M.

<e—1 <etax—1

N=Uvl  wul

<e+4ar—1

W Z[+as]
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It remains to prove that N is a ladder set. What we must prove is:

(=3)
<e+ay—1°

Z[+ax] D U
By the assumption of Subcase 2-2-b,

#MD L HF —#(IWG) =#0Q +#P > #U?

<etar,—1°
Then
#B =#M@ +#F —#U°)

<e+tap

| >#IWG.
Then in the same way as the computation of #Z in Subcase 2-2-a, we have

47 =#MZD W B > #MZD w1 wG) > #UED

<e+tax—1°

(=3)

<etar_1 S desired.

Then by Lemma 5.10, Z[+a;] D U

7. Examples

In this section, we give some examples of saturated graded ideals which attain
maximal Betti numbers for a fixed Hilbert polynomial. Observe that, by the decom-
position given before Definition 3.7, the Hilbert polynomial of a proper universal
lex ideal I = (81, 82, ..., 8;) is given by

t—bi+n—1 t—by+n—2 t—b;+n—t
H (1) = T (T e (T,
n—1 n—2 n—t

where b; =degé; fori =1,2,...,1.

Example 7.1. Let S = K[x,...,x4] and S = K|[xi, ..., x3]. Consider the ideal
I = (x13, x%xg, xlxzz, x%, xlz)@) C S. Then

t+2 t—4 t—9
H1(t)=%t3+t2—%t+1=(-|3_ >+< 5 >+< . )

and the proper universal lex ideal with the same Hilbert polynomial as [ is
L = (x1, xg, xgxg).

Let
U=satL=(L 1 x3°) =(x1,x§) cS

and ¢ = dimg U/i = 5. Then the extremal set M C U with #M =5 is
M = xi{1, x1, X2, x3} W x5 {1}.
Then the ideal in S generated by all monomials in U \ M is

J = x1(x}, x1x2, X1X3, X3, X2X3, X3) + X3 (X2, x3) C S,
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and J has the largest total Betti numbers among all saturated graded ideals in S
having the same Hilbert polynomial as /.

Example 7.2. Let S = K[x1,...,xs] and S = K[xy, ..., x4]. Consider the ideal

I = (xy, x%, x2x33, x2x32xi5). Then [ is a proper universal lex ideal. Let

U=satl =(:x°) = (x1,x22,xzx32) cS
and ¢ = dim U/ = 15. Then the extremal set M C U with #M = 15 is
M = x {1, x1, x2, X3, X4, X2X3, X2X4, x32, X3X4, xi} L+Jx%{1, X2, X3, X4} Lﬂxzxf{l}.
Then the ideal in S generated by all monomials in U \ M is
J =x1(x12, X1X2, X1X3, X1X4, x%, xzx32, X2X3X4, xzx‘%, xi, x32x4, xgxf, xi)
+ x%(x%, X2X3, X2X4, x32, X3X4, xf) + x2x32(x3, X4)

and J has the largest total Betti numbers among all saturated graded ideals in S
having the same Hilbert polynomial as /.

Finally, we give an explicit formula of the bounds in Theorem 1.1 for one special
case. For positive integers a and d, let

ag+d ag_1+d—1 a; +t
o= ()T ()

be the d-th binomial representation of a. Thus ay, ..., a; are integers satisfying
ag > aq_1>--->a; >0 witht > 1. We define

ag—1+d ag—1—1+d—1 a— 1+t
ad) = d + d—1 +---+ p .

Also, for k=0, 1,...,n—1, we inductively define aw k) by a0 =a and ay k) =
(a(,k—1))ay for k > 1, where 04y = 0. The following formula is due to Valla [1994,
Proposition 5]:

Lemma 7.3. Let ¢ be a positive integer, M C S the super-revlex set with #M = c,
and let J C S be the ideal generated by all monomials which are not in M. Let e be
the unique integer such that (ef’l;Hz) <c< (ei:") and letr = c — (67,1;”1). Then, for
i > 1, one has

Fi—2\[fe+n—1\ ‘[ k
ﬁl.S(S/J)z(eeil )(j+:_1)+z<z’—1)”“""‘>' (25)
k=1

The right-hand side of (25) only depends on c, n, and i. Thus we denote it by
B,’ (C, I’l)



Upper bounds for Betti numbers of a Hilbert polynomial 1063

Let b and c be positive integers. Consider the polynomial

pa):(r—b+n—1)+.”+(r—b+2)+(r—b—c+2)' 26)
n—1 2 1

The universal lex ideal having the Hilbert polynomial (26) is

b b—1 b—1_c
L=(xy,....,x] Xp_2,X] X,_1).

Then U = satL = (x{’fl) and dimg (sat E)/Z = ¢. In this case, an ideal which
attains the bound in Theorem 1.1 was considered in Example 5.4. Let M C S =
K[x1,...,x,-1] be the super-revlex set with #M = c and let J C S be the ideal
generated by all monomials in § which are not in M. Then the ideal L = xi’ -1
attains the bound. In particular, by Lemma 7.3, we have:

Proposition 7.4. Let I C S be a saturated graded ideal whose Hilbert polynomial
is of the form (26). Then ,BiS(S/I) < Bi(c,n—1) foralli > 1.

Remark 7.5. When b = 1, the above proposition is the result of Valla [1994] who
considered the case when the Hilbert polynomial of S/I is constant. Indeed, if
Pg,1(2) is equal to a constant number ¢ then

t+n—1 t—1+n—-1 t—14+2 t—1—c+2
Pi(t) = —Cc= 4.4 + .
n—1 n—1 2 1
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