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On lower ramification subgroups and
canonical subgroups

Shin Hattori

Let p be a rational prime, k be a perfect field of characteristic p and K be a finite
totally ramified extension of the fraction field of the Witt ring of k. Let 6 be a
finite flat commutative group scheme over Ok killed by some p-power. In this
paper, we prove a description of ramification subgroups of % via the Breuil-Kisin
classification, generalizing the author’s previous result on the case where 4 is
killed by p > 3. As an application, we also prove that the higher canonical
subgroup of a level n truncated Barsotti—Tate group % over Ok coincides with
lower ramification subgroups of 4 if the Hodge height of 4 is less than (p—1)/p”,
and the existence of a family of higher canonical subgroups improving a previous
result of the author.

1. Introduction

Let p be a rational prime, k be a perfect field of characteristic p and W = W (k)
be the Witt ring of k. The natural Frobenius endomorphism of the ring W lifting
the p-th power Frobenius of k is denoted by ¢. Let K be a finite extension of
Ko = Frac(W) with integer ring Ok, uniformizer w and absolute ramification
index e. We fix an algebraic closure K of K and extend the valuation v p of K
satisfying v,(p) = 1 to K. Let 0 z be the completion of the integer ring Og.
We also fix a system {17, },=0 of p-power roots of 7 in K satisfying 7o = 7 and
7'[: 41 =T and put Ko, = |J,, K (7). The absolute Galois groups of K and K
are denoted by Gx and Gg_, respectively. For any positive rational number i,
put m? ={x € Ox | vp(x) > i} and Og; = @K/m?. For any valuation ring
V of height one, we define m‘%i and V; similarly. We also put &; = Spec(0k ;),
FL.i = Spec(0y ;) for any finite extension L/K, and $; = Spec(Og ;).

Breuil conjectured a classification of finite flat (commutative) group schemes
over Ok killed by some p-power via ¢-modules over the formal power series ring
& = W[u]l and obtained such a classification for the case where groups are killed
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by p > 3 [Breuil 2002]. It is often referred to as the Breuil—Kisin classification,
since Kisin showed the conjecture for p > 3 [Kisin 2006] and for the case where
p = 2 and groups are connected [Kisin 2009]. The conjecture was proved for any
p independently in [Kim 2012; Lau 2010; Liu 2013]. In particular, we have an
exact category Mod}’goc of such ¢-modules over & killed by some p-power (for
the definition, see Section 2) and an anti-equivalence of exact categories 2*(—)
from the category of finite flat group schemes over Ok killed by some p-power to
the category Mod}goo. Moreover, we can recover the G g -module 4(0) via this
classification: Let R be the valuation ring defined as the projective limit of p-th
power maps
R:l(il_n(GK1 «~Og 1<)

and & be the element of the ring R defined by & = (79, 71, ...). We normalize the
valuation vg by vg(r) = 1/e and define R; similarly to Ok ;, using vg in place of
v,. For any positive integer 7, let W,,(R) be the Witt ring of length n of R, which is
considered as an G-algebra by the map u +— [xr]. The ring W, (R) admits a natural
G g -action. Then, by the Breuil-Kisin classification, we also have an isomorphism
of G -modules

g4 :9(0g) = TEON*(9)) = Homg o, (IM* (), W,(R)).

On the other hand, for any positive rational number i, we have a finite flat closed
subgroup scheme %; of % over Ok, the i-th lower ramification subgroup of 4, whose
index is adapted to the valuation v,. Namely, it is defined as the unique finite flat
closed subgroup scheme of ¢§ over Ok satisfying

%;(0z) = Ker($(0g) — 90z ).

The lower ramification subgroups, which are named as such because of their
similarity to the lower numbering ramification groups in algebraic number theory,
have similar properties to the upper ramification subgroups [Abbes and Mokrane
2004, §2.3] such as the functoriality and the compatibility with base extension.
While this upper variant is used to construct canonical subgroups of abelian varieties
[Abbes and Mokrane 2004], the lower ramification subgroups have been also studied
and used to construct canonical subgroups [Hattori 2013; 2014; Rabinoff 2012], as
explained later.

If 4 is killed by p > 3, then [Hattori 2012, Theorem 1.1] shows that the isomor-
phism &4 induces an isomorphism

%;(0) ~ Ker(TE(ON*(%9)) — Homg ,(M*(9), R))

for any i. This description of the lower ramification subgroups of 4 via the
Breuil-Kisin classification is used in [Hattori 2013] to deduce various properties
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of canonical subgroups. In this paper, we prove the following theorem, which
generalizes this description.

Theorem 1.1. Let i be a positive rational number satisfying i <1 and W,PP (R); be
the divided power envelope of the natural surjection

Wiu(R) = Og i, (ro. ..., ra—1) = pro(ro) mod m=".
Let I, ; be the kernel of the map W, (R) £ W,PP(R),' induced by the Frobenius map

<p:(r0,...,r,,_1)r—>(rop,...,r:_l).

Let § be a finite flat group scheme over Ok killed by p" and 90 = 9*(9) be the
corresponding object of the category Mod}gm. Then the natural isomorphism

eg:9(0g) — TE(OM) = Homeg , (M, W,(R))
induces an isomorphism
(gi (@k) ~ Homg,w(i)ﬁ, In,)

For the case of n =1, Theorem 1.1 can be interpreted as a correspondence of both
upper and lower ramification between % and a finite flat group scheme #(9*(9))
over k[[u] (Corollary 3.3), generalizing [Hattori 2012, Theorem 1.1]. Indeed, by a
theorem of Tian and Fargues, Theorem 3.3 of [Hattori 2012], and the compatibility
of the Breuil-Kisin classification with Cartier duality, Theorem 1.1 for n = 1 also
implies the assertion of the corollary on upper ramification subgroups. However,
the author does not know if a description of upper ramification subgroups via the
Breuil—Kisin classification for n > 1 can be obtained from Theorem 1.1, since we
do not have a comparison result between upper and lower ramification subgroups
similar to the theorem of Tian and Fargues for n > 1.

In [Hattori 2012], the proof of Theorem 1.1 for the case where 4 is killed by
p > 3 is reduced to showing a congruence of the defining equations of 4 and
FH(O*(9)) with respect to the identification k[[u]l/(u¢) >~ Ok ; sending u to 7. This
congruence is a consequence of an explicit description of the affine algebra of 4 in
terms of 7*(9) due to Breuil [2000, Proposition 3.1.2], which is known only for
the case where 4 is killed by p > 3. Here, instead, we study a relationship between
the groups

4(0g ;) and Homg o, (M*(9), W, (R)/1.:)

by using the faithfulness of the crystalline Dieudonné functor [de Jong and Messing
1999], from which Theorem 1.1 follows easily.

As an application of Theorem 1.1 and an explicit description of the ideal I, ;
(Lemma 4.3), we also prove the coincidence with canonical subgroups with lower
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ramification subgroups, and the existence of a family of canonical subgroups
improving Corollary 1.2 of [Hattori 2014]. Before stating the results, we briefly
explain a background of this application.

Let K/Q, be an extension of complete discrete valuation fields, X be an admissi-
ble formal scheme over Spf(Ok) and & be a truncated Barsotti—Tate group of level
n over X. Consider their Raynaud generic fibers X and G. For any point x € X,
the fiber &, is a truncated Barsotti—Tate group of level n over the ring of integers
of a finite extension of K. If &, is ordinary, then the unit component (’52 satisfies
60(0z) = (Z/p"7)%™®= and its special fiber is equal to the Frobenius kernel of
the special fiber of &,. We refer to a finite flat closed subgroup scheme of &, as a
canonical subgroup if it has these properties. What we want to construct here is
a family of canonical subgroups for G: namely, an admissible open subgroup C
of G over a strict neighborhood U of the ordinary locus X°*¢ C X for & such that
for any x € U, the fiber C, is the generic fiber of a canonical subgroup of &,. The
existence of a family of canonical subgroups is one of the key ingredients in the
theory of p-adic Siegel modular forms, and for such arithmetic applications, we
also need a precise understanding of C,. This leads us to construct such a family
by first constructing and studying a canonical subgroup of &, fiberwise, and then
patching them into a family.

For each fiber &, the method of lifting the conjugate Hodge filtration to the
Breuil-Kisin module [Hattori 2013; 2014] gives a sharp result on the existence of a
canonical subgroup of &,, which is stronger than other methods such as the one
using the Hodge—Tate map. Namely, it shows that a canonical subgroup 6, of &,
exists if the Hodge height of &, is less than 1/(p"%(p+ 1)) and 6, has various
properties needed for arithmetic applications.

To obtain a family of canonical subgroups (from any of such fiberwise construc-
tions), we typically need to show the coincidence of canonical subgroups with a
specific series of subgroups of &, which can be patched into a family when varying
x, and this step often requires us to restrict to a smaller admissible open subset
than the locus of x such that a canonical subgroup of &, exists. We have at least
three series of such subgroups: Harder—Narasimhan filtrations, upper ramification
subgroups and lower ramification subgroups, where the former two were mainly
used in preceding works; see [Abbes and Mokrane 2004, Fargues 2011, Hattori
2013; 2014, Tian 2010; 2012].

For n = 1, the canonical subgroup 6 constructed in [Hattori 2013; 2014] was
shown to coincide with both upper and lower ramification subgroups, and this again
gives a sharp result, namely the existence of a family of canonical subgroups over
the locus of Hodge height less than p/(p+1). For n > 2, it was also shown that €,,
coincides with upper ramification subgroups under a condition on the Hodge height,
and this yields a family over the locus of Hodge height less than 1/(2p"~!) [Hattori
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2013; 2014] A weaker result can be obtained also by the Harder—Narasimhan
method [Fargues 2011].

In this paper, to obtain a stronger existence theorem of a family of canonical
subgroups, we also prove the coincidence of the canonical subgroup constructed in
[Hattori 2013; 2014] with lower ramification subgroups, as follows.

Theorem 1.2. Let K/Q, be an extension of complete discrete valuation fields. Let
G be a truncated Barsotti—Tate group of level n, height h and dimension d over
Ok with 0 <d < h and Hodge height w < (p — 1)/ p". Then the level n canonical
subgroup 6, of 6 [Hattori 2014, Theorem 1.1] satisfies 6, = 4;, = G; for

1 w g 1
-0 p-1 T 1)

Note that by our assumption and [Hattori 2014, Theorem 1.1], we have an
isomorphism of groups

In =

€,(0g) = (Z/p"2)".

The fact that the lower ramification subgroup %; (Og) is isomorphic to (Z/ p7)?
for w < (p — 1)/p" was proved by Rabinoff [2012, Theorem 1.9] for the case
where K/Q),, is an extension of (not necessarily discrete) complete valuation fields
of height one, by a different method. Theorem 1.2 reproves this result of Rabinoff
for the case where the base field K is a complete discrete valuation field, and also
shows that the subgroup considered by Rabinoff coincides with 6,,. In particular,
we show that his subgroup has standard properties as a canonical subgroup as in
[Hattori 2014, Theorem 1.1], such as the coincidence with a lift of the Frobenius
kernel.

Using Theorem 1.2, we also prove the following theorem on a family construction
of canonical subgroups, which is stronger than [Hattori 2014, Corollary 1.2] for
n>72.

Theorem 1.3. Let K/Q, be an extension of complete discrete valuation fields. Let
X be an admissible formal scheme over Spf(Og) and & be a truncated Barsotti—Tate
group of level n over X of constant height h and dimension d with0 <d < h. We
let X and G denote the Raynaud generic fibers of the formal schemes X and &,
respectively. Putr, = (p — 1)/ p" and let X (r,,) be the admissible open subset of X
defined by

X(rp)(K) ={x € X(K) | HIg(&x) < ru}.

Then there exists an admissible open subgroup C, of Glx,) over X (r,) such that,
etale locally on X (r,), the rigid-analytic group C, is isomorphic to the constant
group (Z/p"Z)¢ and, for any finite extension L/K and x € X (L), the fiber (Cy,)
coincides with the generic fiber of the level n canonical subgroup of &,.
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2. The Breuil-Kisin classification

In this section, we briefly recall the classification of finite flat group schemes and
Barsotti—Tate groups over Og due to Kisin ([2006] for p > 3 and [2009] for p =2
and connected group schemes) and to Kim [2012], Lau [2010] and Liu [2013] for
p = 2. We basically follow the presentation of [Kim 2012].

We let the continuous ¢-semilinear endomorphism of & defined by u — u” be
denoted also by ¢. Put 6, = G/p"G. Let E(u) € W[u] be the (monic) Eisenstein
polynomial of the uniformizer . Then a Kisin module (of E-height < 1) is an
G-module endowed with a g-semilinear map ¢y, : 9t — 91, which we also write
abusively as ¢, such that the cokernel of the map

1©¢: 0" M=6By.6M— M

is killed by E (u). The Kisin modules form an exact category in an obvious manner,
and its full subcategory consisting of 9t such that O is free of finite rank over
G (resp. free of finite rank over 6], resp. ﬁnitely generated p- power torsion and
u-torsion free) is denoted by Mod & (resp. Mod ¢ & resp. Mod ‘” )

We also have categories of Breu11 modules Mod / S‘p, Mod1 (p and Mod defined
as follows (for more precise definitions, see for example [Hatton 2012 §2.1],
where the definitions are valid also for p = 2). Let S be the p-adic completion
of the divided power envelope of W[u] with respect to the ideal (E(«)) and put
S, = §/p"S. The ring S has a natural divided power ideal Fil' S, a continuous
@-semilinear endomorphism defined by u — u” which is also denoted by ¢ and
a differential operator N : § — § defined by N(u) = —u. We can also define a
@-semilinear map ¢; = p~ g : Fil'S — S. Then a Breuil module (of Hodge—Tate
weights in [0, 1]) is an S-module endowed with an S-submodule Fil'.il containing
(Fil' $).Ut and a @-semilinear map ¢y 4 : Fil'Al — A satisfying some conditions.
We also define ¢ : M — M by @y(x) = gol(E(u))_lgol,M(E(u)x). We drop the
subscript J if there is no risk of confusion The Breuil modules also form an
exact category. Its full subcategory Mod ¢ /s (resp. Mod ‘p) is defined to be the one
consisting of Jl such that .l is free of finite rank over S and Jl/L/ Fil' Ml is p-torsion
free (resp. J is free of finite rank over S ]) The category Mod, S‘o is defined as the
smallest full subcategory containing Mod ¢ /5, and closed under extensions. Then the
functor M — § ®, e M induces exact functors

Modl P Mod;s(p, Mod1 ‘p — Mod/S‘o, Mod}goo — Mod}’s(‘;O
which are all denoted by Jlg(—), by putting

Fil Mg (M) = Ker(S @, M 5 S/Fil'S @ M).
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Put & = (g, m1,...) € R as before and consider the Witt ring W(R) as an
G-algebra by the map u — [rr]. The p-adic period ring Acys is defined as the
p-adic completion of the divided power envelope of W (R) with respect to the ideal
E(u)W(R) and the ring Acryg[l/p] is denoted by BCrys For any r = (rg, r1,...) €
R with r; € Og |, choose a lift # of r; in O and put r' = limj_, oo /%, €
O¢. Consider the surjection 6, : W,(R) — @Kn sending (ro, 71, ..., —1) to
;’:_O p l) Then the quotient Acys/p" Acrys can be identified with the divided
power envelope WDP(R) of the surjection 6, compatible with the canonical d1v1ded
power structure on the ideal pW,,(R). For any objects 9t € Mod ¢ /& and M € Mod ¥ /5
we have the associated G g, -modules

TG* (mt) = HomG,(p(mt7 W(R))7 crys (‘/M‘) Homsyw’Fﬂl (‘/M“a ACI‘yS)7
which are related by the injection

T&(M) — Ty (Me (D)

crys

defined by f +— 1 ® (¢ o f). Similarly, for any object 9 € Mod}goo, we have the
associated Gk, -module

T&(ON) = Homg (M, Q,/Z, ®z, W(R)).

Let D be an admissible filtered p-module over K such that gr' Dx = 0 unless
i =0,1. Put Sk, = S ®w Ko and 9 = Sk, ®k, D. The Sg,-module % is endowed
with a natural Frobenius map ¢g : 9 — % induced by the Frobenius of D, a
derivation Ngy =N ®1: %9 — & and an Sk,-submodule Fil'® defined as the inverse
image of Fil' Dg by the map % — %/ (Fil'S)% = D. Then a strongly divisible
lattice in @ is an S-submodule /M of % which satisfies the following:

e Jlis a free S-module of finite rank and % = M[1/p].
e L is stable under ¢g and Ng.
e g (Fil' M) C pM, where Fil' Al = M NFil'%.
(%) =Homg, J.¢.Fil (@, Bcrys) IfMlisa strongly divisible lattice in %,
then the natural Gg_, -actlons onT*

erys (M) and V(D) = T L, (U)[1/p] extend to
G g -actions and we have a natural isomorphism of G g-modules

We put V, Crys

(D) — (D) = Homg, ¢ Fil(D, B

crys crys)

[Breuil 2002, Proposition 2.2.5] and [Liu 2008, Lemma 5.2.1].

Let (BT/0k) (resp. (p-Gr/Ok)) be the exact category of Barsotti—Tate groups
(resp. finite flat group schemes killed by some p-power) over Og. For any Barsotti—
Tate group I' over Ok, we let 7,(I') denote its p-adic Tate module, V,(I') =
Q,®z , Tp(I') and D*(I") be the filtered p-module over K associated to V,(I"). We

crys
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also let D*(—) denote the contravariant crystalline Dieudonné functor [Berthelot
et al. 1982] and consider its module of sections

D*(I)(S — Og) = lim D*(I")(S, — Ok )

n

on the divided power thickening S — Ok defined by u — 7. Note that the S-module
D*(I")(S — Ok) can be considered as an object of the category Mod}’sw and also as
a strongly divisible lattice in 9*(I") = Sk, ®, D*(I") [Faltings 1999, §6]. For any
finite flat group scheme % over Ok killed by some p-power, we define an object
D*(9) (S — Og) of the category MOd}Si similarly. Then we have the following
classification theorem, whose first assertion (which is Theorem 2.2.7 of [Kisin
2006] for p > 3, and Theorem 4.1 and Proposition 4.2 of [Kim 2012] for p =2)
implies the second one (Theorem 2.3.5 of [Kisin 2006] for p > 3, and Corollary
4.3 of [Kim 2012] for p =2) by an argument of taking a resolution.

Theorem 2.1 (Kisin). (1) There exists an anti-equivalence of exact categories
M*(—) : (BT/O) — Mod, &
with a natural isomorphism of G g -modules
er : T,(I') = TEEN*()).

Moreover, the S-module Mg (ON*(I')) can be considered as a strongly divisible
lattice in ™ (") and we also have a natural isomorphism of strongly divisible
lattices in D*(I")

pr = Me@TH(I)) — D*(T)(S — Ok).
(2) There exists an anti-equivalence of exact categories
M* (=) : (p-Gr/Og) — Mod, ¢
with a natural isomorphism of G g, -modules
eg 1 9(0g) — TE(ON*(9)).
Moreover, we also have a natural isomorphism of the category Mod}’bfio
g Me(OMN*(9)) — D*(9)(S — Ok).

On the other hand, for any object 9t of the category Mod}g or Mod}gm, we can
define a dual object 9" which is compatible with Cartier duality of Barsotti—Tate
groups or finite flat group schemes. In particular, for any object 91 of the category
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Mod}goo killed by p”, we have a commutative diagram of G g_-modules

G0f) x G (0g) ——Z/p"Z(1)

1

TSN (9)) x TEM*(9)") — Wu(R)

where the upper horizontal arrow is the pairing of Cartier duality, the lower horizontal
arrow is a natural perfect pairing, §g is the composite

G (O0p) L TEONNGY)) = TEON*(9)Y)

and the right vertical arrow is an injection (see [Kim 2012, §5.1], and also [Hattori
2012, Proposition 4.4]).

Let I' be a Barsotti—Tate group over Ok. We consider any element g of 7, (I")
as a homomorphism g : Q,/Z, — T" x Spec(@ z). By evaluating the map

D*(g) : D*(T" x Spec(0z)) — D*(Q,/Z,)

on the natural divided power thickening Acys — 0 %> we obtain a homomorphism
of G -modules

Tp(I') — Homs, ¢ kit (D* (D) (Acys — Og), D*(Qp/Z) (Acrys — Og))
=T} (D*(T)(S — Ok)).

crys
This map is an injection, and an isomorphism after inverting p [Faltings 1999,

Theorem 7]. Then we have the following compatibility of this map with the Breuil—-
Kisin classification.

Lemma 2.2. Let I" be a Barsotti-Tate group over Ok. Then the following diagram
is commutative:

pr(rf‘) ;
Tetys (D" (D)(S = 05)) —— e Ty (e (M)

Te (M)

Proof. Put D = D*(I") and 9 = 91*(I"). Consider the diagram

Tp(T) — Ty (D*(T)(S — O)) —— Tihy (e (M) <— TEEM)

~ | =

Verys(D)

where the left and middle triangles are commutative by [Kim 2012, Theorem 5.6.2]
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and Theorem 2.1 (1), respectively. The commutativity of the right one is remarked
in [Kim 2012, footnote 11]. We briefly reproduce a proof of this remark for the
convenience of the reader. We follow the notation of [Kisin 2006]. In particular,
let 0 = Ojp,1) be the ring of rigid-analytic functions on the open unit disc over
Ko and M = 0 ®@g 90 be the associated ¢-module over the ring 0. We also put
%o = (O0ll,] ®k, D)"=" = 0®, D. Then the map T&(OM) — Vi (D) is defined
as the composite

Home, (M, W(R)) — Home , (M, BZ,,) ‘"% Home,,(¢* M, By,)

crys
(198)* n

+
—> Homg,y Fil (Do, By, ).

) - HomK(),(p,Fll(D7 Bcrys

Here the map & : D — M is the unique ¢-compatible section and the map 1 ® & :
Do =0Q®k, D — M factors through the injection

1Qp: "M =0Q,0 M - M

[Kisin 2006, Lemma 1.2.6]. Put 9 (ON) = Mes(OMN)[1/p] = Sk, ®c ¢* M. Then
we have K sy, De (M) = Ko ®yp, g, D and the composite

1
S0 - K0®¢,,K0 D ﬁ’; D —§> gD*M—) @G(Sﬁ)

1
is the unique ¢-compatible section. Using this, we can check that Ko®y, x, D ®¢p
is an isomorphism of filtered ¢-modules, where we consider on the left-hand side
the induced filtration by the isomorphism

D (M) /(Fil' )Ts (M) — K ®y.x, D,

and hence we can also check the above remark easily. Since the map er is defined
by identifying the images of 7,,(I") and T£(9M) in VC*;yS(D), the lemma follows. [J

3. Lower ramification subgroups

In this section, we prove Theorem 1.1. We begin with the following lemma, which
gives upper bounds of the lower ramification of finite flat group schemes. For any
valuation ring V of height one with valuation v and any N-tuple x = (xq, ..., xy)
in V, we put v(x) = min;—;___n v(x7).

Lemma 3.1. (1) Let J{/Q, be an extension of complete discrete valuation fields
and 4 be a finite flat group scheme over Oy, killed by some p-power. Then we
have 6; =0 foranyi > 1/(p —1).

(2) Let I be an extension of complete discrete valuation fields over Q,, or k((u))
with valuation v and § be a finite flat generically etale group scheme over Oy
killed by some p-power. Then we have the following.
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(a) 4 = (‘!éo)l-for anyi > 0.

(b) 4 =0foranyi > deg(9)/(p —1).

Here G; and deg(§) are defined using v. Namely, we extend v to a separable
closure H>%P of K, write as wg >~ @, Ox /(a;) and put

G; (Oger) = Ker(G(Oger) — G(0gs0,)),  deg(9) =D vay).
I
Proof. For the assertion (1), we may replace K by its finite extension and assume
6" (05) = 9Y(0y) for an algebraic closure J of . By Cartier duality, there
exists a generic isomorphism § — 94’ = @, for some n;. Then 9, = 0 for any
i > 1/(p —1) and the assertion follows from the commutative diagram

G(05) — 9(0g)

o

4(0g,,) — 9 03,)
Let us consider the assertion (2). For any i > 0, we have a commutative diagram

0 —— GO (Ogpser) —— G(Ogpsep) —— G (Ogpser) —— 0

| |

G(Ogsep ;) — G (Ogpsen ;)

where the upper row is the connected-etale sequence. Then the right vertical arrow
is an isomorphism and the part (a) follows.

For the part (b), suppose i > deg(9)/(p — 1). By part (a), we may assume that
is connected. By [Tian 2012, Proposition 1.5], we have a presentation of the affine
algebra Og of ¢

Og >~ Oyl X1, ..., Xall/(f1s-- . fa)s

(fi,---, fa) = (X1, ..., Xg)U mod deg p
with some U € M;(0«) satisfying the equahty v(det(U)) = deg(§), where X| =
= X4 =0 gives the zero section. Let U be the matrix satisfying U U= det(U)1,,

where 1; is the identity matrix. For any element x = (x1, ..., x4) of G(Oxse),
multiplying by U implies the inequality

v(x) +v(det(U)) > pv(x).

Thus we obtain the inequality v(x) < deg(%)/(p — 1) unless x = 0 and the assertion
follows. O
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For any positive rational number i < 1, we let WPP(R); denote the divided power
envelope of the composite

6, i
Oni: Wa(R) = Og , — Og ;. (ro, ..., Fa—1) = pro(ro) mod m'

compatible with the canonical divided power structure on the ideal pW,(R). Note
that, by fixing a generator gi of the principal ideal m?, we have an isomorphism
of R-algebras

Wa(R[Y1, Yo, .. 1/(p'1” — pY1. Y] = pY2, Y] — pY3,..) —> WP (R): (1)

sending Y; to 51([£i]), where we put §(x) = (p — D!y, (x) with the p-th divided
power y,,. The surjection 6, ; defines a divided power thickening WP (R); — O ;
over the thickening S — Ok, which is denoted by A, ;. Put

I.; = Ker(W,(R) % WPP(R),).

From the definition, we see the inclusion 1, ; € I, ;7 for any i > i'.
We show Theorem 1.1 by relating both sides of the isomorphism in its statement
via Breuil modules using the lemma below.

Lemma 3.2. Leri <1 be a positive rational number and § be a finite flat group
scheme over Ok ; killed by p". Then the map

%(0% ;) =Home, (Z/p"Z, 4 x $;) — Hom(D*(9)(Apn), D*(Z/p"Z)(An.))
= Hom(D*(9)(A,.)), W, " (R):)
defined by g — D*(g)(A,;) is an injection.

Proof. Suppose that a homomorphism g :Z/p"Z — 4x ¥; satisfies D*(g) (An.i)=0.
We can take a finite extension L /K such that the map g is defined over Spec(0y ;).
Then we have the commutative diagram

Homg, ,(Z/p"Z, %6 x S i) — Hom(D*(§ x F1,i)(An,i), D*(Z/p"Z)(An,i))

| |

Home, (Z/p"Z, % x %) Hom(D*(G x #:)(Api), D*(Z/ p"Z)(An.i))

and thus we may assume L = K.

Put ¥ =Spec(Z,) and X¥,, = Spec(Z/p" Z). Consider the big fppf crystalline site
CRYS(¥;/Z) and its topos (¥;/X)crys [Berthelot et al. 1982]. Note that the local
ring Ok ; is a Noetherian complete intersection ring and, for any finite extension
L/K, the ring Oy, ; is faithfully flat and of relative complete intersection over O ;.



On lower ramification subgroups 315

Thus, by [de Jong and Messing 1999, Proposition 1.2 and Lemma 4.1], we see that
the composite
Home,,(Z/p"Z,9) — Homy,/ 5)crys (O (9), D*(Z/ p"2))
e Hom(gi/E)CRYs (D*(%9), D*(Z/ p" 1))

is an injection.
Consider the natural morphism of topoi

incrys : (Fi/ Za)crys = (Fi/ Z)crys-

Since the crystal D*(Z/p"Z) is isomorphic to the quotient Og, /=/P"0g, 5 of the
structure sheaf Og, 5 [Berthelot et al. 1982, Exemples 4.2.16] and this is equal to
l'nCRYS*(@g[ /En) [Berthelot et al. 1982, (4.2.17.4)], the natural map

IrCRYS Hom(gi/E)CRYS(D*(CQ), D*(Z/p"7))
- Hom(g;i/zn)CRys (i::CRYS(l]:D>k ((5))’ i::CRYS(lD* (Z/pnz)))
is an isomorphism.
Finally, we claim that the thickening A, ; defines the final object of the big crys-
talline site CRYS(¥;/Z,). This follows as the proof of [Fontaine 1994, Théoreme

1.2.1]. Indeed, it suffices to show that for any O ;-algebra Oy, any Z/p" Z-algebra
O and any surjection O7 — Oy defined by a divided power ideal J7, the composite

eni
W, (R) =5 O ; — Oy

uniquely factors through O7. For this, we define the map f : W,(R) — Or as

follows: For any element r = (ry, . .., r,—1) of the ring W, (R), choose a lift p/rna)
in O7 of the element pr, (r;) forany [ =0, ..., n — 1 and put
n—1 ,
f) =Y p'or, )"
1=0

This is independent of the choice of lifts and gives a ring homomorphism satisfying
the condition. Conversely, suppose that a homomorphism f”: W, (R) — O satisfies
the condition. Then, for any element » = (ry, ..., r,—1) of the ring W,(R), we
have f'(r) = Y 0= pl £/(r 177" and f'([r;]"/7") mod Jr = pr, (r;). Thus the
uniqueness follows. Hence the evaluation map on the thickening A, ;

Hom g, /5 ) cys (incrys(D*(9)), ircrys (D" (Z/ p" 7))
— Hom(D*(9)(A,.i), WP (R))

is an injection. This concludes the proof of the lemma. U



316 Shin Hattori

Proof of Theorem 1.1. Take a resolution of ¢§ by Barsotti—Tate groups over Og
0->%—>T1—->I,—0
and consider the associated exact sequence of Kisin modules
0= 9% — 9 —>M—0.

Put M = Mg(ON) and N} = Mg (D) for I =1, 2. By Lemma 2.2 and the definition
of the anti-equivalence 9*(—), we have a diagram

Tp(I') = T35y (VD) 2TEON)
____________________ T
Tp(rz)%ﬂf;ys(ﬂz) ______________________________ ST
T Tt £ Ton
st _)HomSW(MWEP(R)) _________________________________ > 7o)

%(0g ;) Homg , (M, W (R);) <——Homg (M, W,(R)/1,,:)

where the left horizontal arrows are induced by g +— D*(g) and the right horizontal
arrows are the maps sending f to 1 ® (¢ o f). The middle left vertical arrow
g : Tp(I'2) — 4(0f) is defined as follows: For g € T,(I"2), the element p"g is
contained in the image of T,(I'y) = l(ir_nl Fl[pl](@lg) and put p""g =h = (hy)n=0-
Then the element 2, € I'1[p"](Og) is contained in the subgroup 9(0 ) and the map
7 is defined by g > h,. We define the map 77,4 : Tgr(N2) — Homyg o, (M, WDP(R))
similarly: For any map f : N2 — Acys, the map p” f induces a map N1 — Acpys.
Its composite with the natural map Acrys — W,?P(R) factors through Jt and defines
the map Ty (f) : M — W,PP(R). The map 79y is defined in the same way. From
these definitions, we see that the diagram is commutative. Note that the bottom left
horizontal arrow is an injection by Lemma 3.2, and that the bottom right horizontal
arrow is also an injection by the definition of the ideal 7, ;.

Thus, for any element g € 4(0), its image in G(O ;) is zero if and only if the
image of eg(g) € T (M) in Homeg , (M, W, (R)/1I,;) is zero. Hence the theorem
follows. ([

The special case of n =1 of Theorem 1.1 can be interpreted as a correspondence
of ramification for finite flat group schemes over Og and k[[u] generalizing [Hattori
2012, Theorem 1.1], as follows. Recall that we have an anti-equivalence #(—)
from the category Mod}’g1 to an exact category of finite flat generically etale group
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schemes over k[[u]] whose Verschiebung is zero [Gabriel 1965, Théoréme 7.4]. This
gives the equality 7Z(9) = 7 (9M)(R) for any object M of the category Mod}g e
We normalize the indices of the upper and the lower ramification subgroups of finite
flat generically etale group schemes G over Ok and ¥ over k[[u]] to be adapted to v,
and vg, respectively. In particular, we define the i-th lower ramification subgroup
of # by

#i(R) = Ker(#(R) — #(R))).

Note that the field Frac(R) can be identified with the completion of an algebraic
closure of k((u)).

Corollary 3.3. Let p be a rational prime and K/Q, be an extension of complete
discrete valuation fields with perfect residue field k. Let § be a finite flat group
scheme over Ok killed by p and consider the associated object * (8) of the cate-
gory Mod}gl. Then the map e : 4(0g) = H(ON*(9))(R) induces the isomorphisms
of Gk, -modules

6;(0g) = HEO(9))i(R), G (Og) = HON"(9) (R)
for any positive rational numbers i and j.

Proof. By Cartier duality, a theorem of Tian and Fargues [Tian 2010, Theorem 1.6;
Fargues 2011, Proposition 6] and Theorem 3.3 of [Hattori 2012], it is enough to
show the assertion of Corollary 3.3 on lower ramification subgroups. Moreover,
since the i-th lower ramification subgroups of % and #H(91*(%)) vanish for any
i > 1/(p—1) [Hattori 2012, Corollary 3.5 and Remark 3.6], we may assume i < 1.
Then the equality /] ; = m? and Theorem 1.1 imply Corollary 3.3. U

4. Description of the ideal I, ;

In this section, we give an explicit description of the ideal 7, ;. We identify the
rings of both sides of the isomorphism (1).

Proposition 4.1. Let ny, ..., n; be integers satisfying 0 <n; < p—1 for any j and
r be an element of W,,(R). If the element ;’YI"1 e Yl"’ is zero in the ring W,PP(R)i,
then [Ei]f’ | r in the ring W, (R). In particular, we have the inclusion I, ; C ([Ei]).

Proof. By substituting Y; = 0 for j > [, we reduce ourselves to showing that the
equality in the ring W, (R)[Y1, ..., Y]
Py Y = (pT = pY) fot (Y = pYa) it -+ (Y = pYD) i+ Y i (2)

with fo, ..., f; in this ring implies [Bi]P | r. By replacing f;’s, we may assume the
inequality
deg; (fj)) <p (G'=j+1,...,D, 3)
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where deg; means the degree with respect to Y.

For any [-tuple m = (my, ..., m;), write Y = Y{"' ... ¥" and let ¢} ,, be the
coefficient of Y™ in f;. Putn = (ny,...,n)) ande; =(0,...,0,1,0,...,0) with
1 on the j-th entry. We consider a lexicographic order on the module Z': we say
m < m' if there exists j with 1 < j </ such thatm ; <m’; and m ;, = m’, for any
J < j' <l. Taking the terms of scalar multiples of the monomial Y in (2), we have
the equality

-1
rY"=[p'1PconY" + Y (—pYjt1)Cin e; Y2
j=0

Now we claim that
Cin—ejy =0 (=0,....,1—1). 4

Suppose the contrary. Choose j such that 0 < j </—1and ¢j,—; , # 0. Consider
the term ¢ y—; , Y*~“*" in f;. The right-hand side of the equality (2) contains the
term cj,ﬂ_ejﬂXK'J”’E-/_E/'+1 for j > 1 and [Ei]f’co,ﬂ_elzl’_e‘ for j =0. Note that, for
j' < j—2, the j-th entry of the [-tuple n+ pe; —e; | —ej4 is equal to n; + p and
thus fj» does not contain any scalar multiple of Y?+7¢/=¢/+1=¢/"+1 by assumption (3).
Since n + pe; —ej1 <nand n —e; < n, it follows from (2) that

-1
. yntrej—ej+1 — _ —pY.: . yntprej—ejr1—ejyy
Cjn—ejn L ' = (=p ],+1)c]l7£l+173j_ej+l—e_,‘/+1—

j=j-1
for j > 1 and

-1

i n—e n—ej—e;
[E 17Cop—e Y* ™ = — § :(_ij"i'l)Cj',ﬂ—el—ej’ﬂZ’ s
Jj'=0

for j =0.

We let Eq(1) denote this equation. Put m(1) =n + pe; —ejy for j > 1 and
m(1) =n—e for j =0. Repeating this by arbitrarily choosing a term with nonzero
coefficient cj ,,» on the right-hand side of the equation Eq(s), we obtain a series
of equations Eq(1), Eq(2), ... and a sequence of /-tuples of non-negative integers
m(1), m(2), ... such that Eq(s) is an equation of monomials of degree m(s) for
any s > 1. Note that if there is no such term on the right-hand side of the equation
Eq(s), the procedure stops. On the other hand, if the equation Eq(s) is either of the

types
Ym(s) — (Yjp)cj,m(s)—pejXM(S)_pej - (1 =< ] = [ — 1)7
cl— = .
- _[Bl]pCO,m(s)Zm(s) — (] = O),
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with some ¢ € W, (R) such that the indicated term is chosen and that ¢, (5)— pe; (Tesp.
€0,m(s)) 1s contained in the ideal p"~'W,(R), then the equation Eq(s + 1) is empty
and the procedure also stops. In the latter case, we put m(s+1) =m(s) — pe;+e ;i
forl<j<l/—1landm(s+1) =m(s)+e for j =0.

Lemma 4.2. The sequence m(s) is strictly decreasing with respect to the lexico-
graphic order on 7' defined as above.

Proof. Note the inequalities n > m(1) > m(2). Suppose that we have m(1) >
m2) > --->m(t) <m(t + 1) for some ¢t > 2. Then the term Ylpfl in (2) does not
affect Eq(s) for 1 <s < t. Thus, by the construction, one of the following four
cases holds foreach 1 <s <t:

(C) m(s+1)=m(s)+ pe;j —ejy forsome 1 < j <[—1,
(C}) m(s+1)=m(s) — pej+ejpq forsome 1 < j<I—1,
(Co) m(s + 1) =m(s) —ey,
(Cp) m(s+ 1) =m(s) +ey.

Moreover, (C;) and (C }) do not occur consecutively for any j satisfying 0 < j </—1.
Note that m(s) > m(s + 1) for (C;) and m(s) < m(s + 1) for (C}).

First we claim that (C()) does not hold for s = ¢. Suppose the contrary. Then
(Cj) holds for s =t — 1 with some j satisfying 1 < j </ — 1. Hence the j-th entry
m(t); of the [-tuple m(t) is no less than p. The equation Eq(z)

Cimt—1y—e; Y = =[p' 1P comn Y™ — -

implies deg j (fo) = p. This contradicts (3).

Hence (C }) holds for s = ¢ with some 1 < j <[/ — 1. From this we see that
m(t); > p. Since n; < p, there exists an integer ¢’ with 1 <t <t — 2 such that
(C;) holds for s =" and that it does not hold for any s satisfying ¢’ <s <1.

Next we claim that m(s); = m(t')j + p for any s satisfying 1" < s < t. Suppose
the contrary and take the smallest integer ” with ¢ < ¢” <t such that (C;_;) holds
fors =1". Thenm(s); =m(t")j+pfort’ <s <t"andm(t"+1);=m(t')j+p—1.
By assumption, we also have m(¢” +1); > m(t); > p. On the other hand, the
equation Eq(t”) is

sz(z’/) - — = (—PYj)ijl,m(t”)fejzm(’”)_ef .
with some ¢ € W,,(R). Hence we obtain
deg;(fj—1) =m@"); —1=m()j+p—1=p,

which contradicts (3).
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Now let jo be the non-negative integer such that (C},) holds for s =¢ — 1. Then
Jo # j, j — 1 by the constancy of m(s); which we have just proved. The equation
Eq(r —1) is

-1 “1—e:
sz(t J= (_ijo-H)Cj(),m(f—l)_ejo-ﬂ Ym(t )=Co+t —

with some ¢ € W,(R) and thus deg;(fj,) > m(t —1); = m('); + p > p. By
assumption (3), we obtain jo > j. In particular, we have jo > 1 and m(t) =
m(t — 1)+ pej, — ej,+1. Therefore the equation Eq(?) is

Y = — o — (V) my—pe, YO TP~

with some ¢’ € W,(R) and degjo(fj) > m(t)j, = p. This contradicts (3), and the
lemma follows. O

By Lemma 4.2, the case (C }) does not occur in the procedure for any non-
negative integer j. In particular, if there is no term with non-zero cj ,,v on the
right-hand side of Eq(s) for some s, then the equation is

[Bi]pecj'//’m//zm(s) = 0,

where cju’mwzﬂ” is the chosen term on the right-hand side of Eq(s—1) and € € {0, 1}.
Note that this occurs for s satisfying m(s) = (0, ..., 0), since in this case (Co)
holds for s — 1. Therefore, Lemma 4.2 implies that, for any choice of terms as
above, we end up with an equation of this type for a sufficiently large s. Since the
element [ pi]l’ is a non-zero divisor in the ring W, (R), we see that ¢~ ,,» = 0. This
contradicts the choice of terms, and (4) follows.

Hence we obtain the equality

rY® =[p'1Pco, ¥"
and thus [ Bi]l’ | r. This concludes the proof of Proposition 4.1. O

Lemma 4.3. Put n(s) = v,((ps)!) for any non-negative integer s. Then an element
r=(ro, ..., n—1) of the ring W, (R) is contained in the ideal I,, ; if and only if the
condition

P’ 1 (o, - Fa—i—n(s—1). 0, ..., 0) )
holds for any s > 1.

Proof. Let r be an element of the ideal I, ; and show the condition (5) for r by
induction on s. The case of s = 1 follows from Proposition 4.1. Suppose that the
condition (5) holds for some s > 1. Let v’ = (r, .. ., r}’z_l_n(_v_l), 0,...,0) be the
element of W, (R) such that

(ro. - -+ Fa—1-n@s—1): 0, ..., 0) = [p'T’r".
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We write the p-adic expansion of the integer s as

s=ni+pny+--+p'n

with 0 <n; < p— 1. Then in the ring WPP(R); we have
o(r) = p oY Y,

and Proposition 4.1 implies that [ Bi] divides p“(“')r’ . Hence the element [ Ei ] divides
(T 0, ...,0) and thus

> Tn—1-n(s)’

PP (oo Fac1on(s), 0, <., 0).

Conversely, suppose that an element r of the ring W, (R) satisfies the condition (5)
for any s > 1. Since we have n(s) > n for some s, a similar argument as above shows
that ¢(r) = 0 in the ring W,PP(R)i. This concludes the proof of the lemma. U

Remark 44 Lemma 4.3 enables us to compute the ideal 7, ;. For example, I ; =
(mz>, mg"") € Wa(R) and

=20 >4i >4i
I (le’le’mR l) (pzz)v
(mz™,mz™" mz"")  (p=3).

Finally we prove a relationship between the ideals 1, ,; and I, ;, which will
be used in Section 5.

Lemma 4.5. Foranyr = (ro,...,r,—2) € I_1 pi and r,_| € R, we have

A infl
r=(r0,...,rn_2,£)p rn—l)EIn,i-

Proof. By Lemma 4.3, we have

[Epi]x | (rO’ e Fp—2—n@s—1)» Oa cees 0)

in the ring W,,_1 (R) for any s > 1 satisfying n(s — 1) <n — 1. Let us show that the
element 7 = (7, ..., r,—1) satisfies the condition

[P Go. - Faion(s—1). 0, ..., 0)

in the ring W, (R) for any s > 1 satisfying n(s — 1) < n. The case of s = 1 follows
from the definition of 7. Suppose s > 2. Since n(s —2) + 1 < n(s — 1), we have
n—1-n(s—1)<n-—2-n(s—2)and [pP']*~! divides (7, ..., Fac1—ns—1))-
Then the inequality p(s — 1) > s implies the condition. This concludes the proof of
the lemma. O
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5. Application to canonical subgroups

In this section, we prove Theorem 1.2 and Theorem 1.3. First we consider
Theorem 1.2. Let K/Q),, be an extension of complete discrete valuation fields.
Let % be a truncated Barsotti—Tate group of level n, height 4 and dimension d
over Ok with 0 < d < h and Hodge height w < (p — 1)/p". Let €, be the level n
canonical subgroup of 4 as in Theorem 1.1 of [Hattori 2014]. By a base change
argument and the uniqueness of ‘¢, (see Proposition 3.8 of the same reference),
we may assume that the residue field k is perfect. Recall that we normalized the
valuation vg on the ring R as vg(w) = 1/e in Section 1.

Let 97t = M*(9) be the corresponding object of the category Mod}goo. Then,
by Remark 3.4 of [Hattori 2014], we can show as in the proof of [Hattori 2013,

Lemma 3.3] that the object 99t/ p) has a basis ey, ..., e, such that
_ _ _ . P P
(p(elv"'9el’l)=(ela-"761‘1)(ueP3 I/teP4)’

where the matrices P; have entries in the ring k[[u] with

Pr € My_g(kul),  ve(det(Py) = w, (? f) € GL, (k[[ul).
3 Py

Let 131 be the element of M;_,(k[[u]]) such that P, 131 =uI,_4. Let B be the
unique solution in My ;g4 (k[[u]]) of the equation

B = P3Py —u?1" " B Pyg(B) Py + u? ') Pyp(B) Py

and put D = P; 4+ u?1=") P,p(B), which also satisfies vg(det(D)) = w (see the
proof just cited). Moreover, put

- - _ _ In_q
(8/1, ...,e;,lid) = (81, ...,eh) (ue(lz—w)B> .

The elements €/, ..., e,_,, €s—a+1, - - . , €, form a basis of the &;-module Nt/ pMN
satisfying
=/ =/ = -\ _ =/ =/ = - D Py
(p(e]7 RN eh_d7 €h—d+1s-- > e/’l) — (elv KN} eh_d7 Ch—d+1s-- > e/’l) 0 ue(lfw)P/
4

for some matrix PAf € M, (k[[ul). Then we have the following description of the
level one canonical subgroup €, of ¢[p].

Lemma 5.1. Let f be an element of the module Homg ,(91/ pN, R) defined by

(er,....en) > (x,y)
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with an (h — d)-tuple x and a d-tuple y in R. Then [ corresponds to an element of
€1(0g) by the isomorphism

egip) - G[pl(Og) ~ Homg ,(M/pM, R)

if and only if vg(x +u¢"yB) > w/(p — ).

Proof. Let £ be the G;-submodule of Mt/ p generated by €/, ..., e,_,. Then
£ defines a subobject of M/ pIMN in the category Mod}gl. Put 91 = O/ pN)/ L.
Lemma 3.2 of [Hattori 2014] also holds for our [ p] and its subgroup scheme
corresponding to 91, by Remark 3.4 of the same reference. By Lemma 3.2 and
Theorem 3.5(1) of that reference, the level one canonical subgroup 6, is the closed
subgroup scheme of [ p] corresponding to the object 91. We have the commutative
diagram

0 —— 6;(0g) ———— Y[pl(Og) ——— (Y[pl/€1)(O0g) — 0

2 l £, 2 l &4(p) N l E4p1/€;
l*

0 — Homg (N, R) — Homg ,(IM/pIMN, R) — Homg ,(£, R) — 0

where the rows are exact and the vertical arrows are isomorphisms. The element f
corresponds to an element of €1 (O ) if and only if ¢*(f) =0. The map *(f): £ — R
is defined by

@,....e_p) > x+u"""yB,

which we consider as an element of #(£)(R). Since deg(#(£)) = w, the lemma
follows from [Hattori 2013, Lemma 2.4]. U

Recall that we put

in=1/(p" " (p =) —w/(p=1), i =1/(p"(p=1)).
Lemma 5.2. If w < (p — 1)/p", then we have 6, = 4[p);, = 4lpli; for any
integer m satisfying 1 <m <n.

Proof. By [Hattori 2014, Theorem 1.1(c)], the equality €; = %[ p];, holds. From
the inequalities
I <in<i_,<---<ip<i}|<iy,

we have the inclusions
€1 S“lply S9lpli, ©--- S 4lpli, S 4lpli;-

Let us show the reverse inclusion. Let 1 be the quotient of 9t/ pO) in the category
Mod}g1 corresponding to the closed subgroup scheme €; C 4. By Corollary 3.3, it
is enough to show that
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Home, , (M p, m>")  Home,, (M, R).
Consider a g-compatible homomorphism of G-modules 9t/ p9t — R defined by

@1, ....en) > (x,y) = p'"(a, b)
with an (h — d)-tuple a and a d-tuple b in R. Then we have

% % In-a O P P
Pin(aP HPY — pin
E (2 ’ Q ) B (Q’ 12) ( O ueld) (P3 P4> ’

P Pz)_le

where a? = (a{7 ey a,f_ ;) and similarly for b”. Multiplying this by ( PP
3 Py

GLj, (k[[u]), we obtain the equality

-1
" P P
epy — /P (P 1P 42

and we can write a = p'/?"a’. The (h — d)-tuple a’ satisfies

a'=p!/P" @ By — p ¥ DY Py
Hence vg(a’) > min{1/p"~!, (p" —1)/p"} — w and
vr(x) = min{l/(p" *(p— 1)) —w, 1+ 1/(p"(p = 1)) —w} > w/(p— ).
Since 1 —w > w/(p — 1), we obtain
vr(x +u""yB) > w/(p—1).
Then Lemma 5.1 implies the reverse inclusion, and the lemma follows. U

To show Theorem 1.2, we proceed by induction on n. The case of n = 1 follows
from Lemma 5.2. Put n > 2 and suppose that the theorem holds for any truncated
Barsotti—Tate groups of level n — 1 over Og. Consider a truncated Barsotti—Tate
group ¢ of level n over Ox with Hodge height w < (p — 1)/p”, as in Theorem 1.2.
In particular, we have 6,,_; = (Q[p”_l],-H = CQ[p”_l],-’;_l , and thus the inclusions
€n-1 €9, €% also hold.

Lemma 5.3. For any positive rational number i satisfyingi < 1/(p — 1), multipli-
cation by p induces the map 4;(0g) — (g[p"_l]pi ©g).

Proof. By Lemma 3.1(2), we may assume that % is connected. By [Illusie 1985,
Théoreme 4.4(e)], there exists a p-divisible formal Lie group I" over Ok such that
% is isomorphic to I'[p"]. By [Rabinoff 2012, Lemma 11.3], we can choose formal
parameters Xy, ..., Xy of the formal Lie group I" such that the multiplication-by-p
map of [ is written as

[P1X) = pX+ (X7, ..., X]YU + pf(X) mod deg p?,
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where X = (X1, ..., Xg), fX) = (fi(X), ..., fa(X)) such that every f; contains
no monomial of degree less than p and U € M;(Ok). Let x = (x1,...,xq) be a
d-tuple in O satisfying [p"](x) =0 and v,(x) > i. Since 1 +i > pi, we have
1+v,(x) > pi and pv,(x) > pi. Hence v, ([ pl(x)) > pi and the lemma follows. []

Lemma 5.4. We have the inclusion 4;; C 6.

Proof. By Lemma 5.2 and Lemma 5.3, multiplication by p"~! induces a homomor-
phism %;; (Og) — %[p],-/I (0g) =%1(0g). Hence we have the inclusion

Gir C p "D,

Consider the natural map 9 — %4/€;. By [Hattori 2014, Theorem 1.1], the subgroup
scheme 6; x &¥;_,, coincides with the kernel of the Frobenius of % x ¥;_,,. Put
G =94 x ¥1—y and similarly for % Note that pi, = i,/l_1 <1 —w. Then we
have a commutative diagram

G(0g) — (4/€1)(0f)

| |

GO 1) — G/€1(Og 1) =GP (Og )

| |

/610 pi) 4P (Of i)

where the composite of the middle row is the Frobenius map and the right horizontal
arrows are injections. From this diagram, we see that the map 6 — %/, induces a
map

G (0g) — (4/61)_ (Og).

This implies the inclusion %;; /%1 S (p~ D%, /%)y . Note that the group
scheme p~ ("D, /%€, is a truncated Barsotti-Tate group of level n — 1, height 4
and dimension d with Hodge height pw and that the subgroup scheme €,, /€ is its
level n — 1 canonical subgroup (see the proof of [Hattori 2013, Theorem 1.1] and
[Hattori 2014, Theorem 1.1]). From the induction hypothesis, we see that

(p~ "G /1)y =n/1.
This implies the inclusion %;; € 6,,, and the lemma follows. O

Proposition 5.5. The image of the map §;, (0g) — [ "1 pin(Og) induced by the
multiplication by p contains the subgroup 9| p"‘l]inf1 Og).
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Proof. By Theorem 1.1 and Lemma 5.3, we have a commutative diagram

(gin (©[€) ﬁ. HomG,w(mv In,i,,)

X :

(g[pn_l]pin (GK) ? HOmG,(p(mv In—l,[’in)

GLp" 1, (Og) —> Home o (M, In—1,,_,),

where the horizontal arrows are isomorphisms and the map pr is induced by the
natural projection W, (R) — W, _1(R). It suffices to show that the image of the
map pr contains the subgroup Homg (N, I,,—1;,_,).

Letey, ..., e, be abasis of the §,-module O lifting ey, ..., e, and e, ..., €)_,
be lifts of &/, ..., ,_, in 9N, respectively. Then e, ..., e,_,. ep—as1, ..., ey also
form a basis of the &,-module 1. Take a ¢-compatible homomorphism of &-
modules 9 — I, ;, , defined by

(e/la L) e;/l_dv eh—d+19 L) eh) = (.ZC, 2))7
where x = (x, ..., xp—q) and y are an (h — d)-tuple and a d-tuple in the ideal
I,_1,, ,» respectively. Put x; = (x;, 0) € W, (R), X = (%1, ..., Xp—q) and similarly

for _& Let A be the matrix in M} (S,,) satisfying

’ 1 / I
(p(el, e € gy Ch—d s e e eh) = (61, e € g Ch—dH1s - s eh)A.

Define an (h — d)—tuple§ =(&1,...,&,—4) and a d-tuple n in R by

PNEL InD) = 9. §) — (5. DA,

where we put [g] = ([&1], ..., [En—q]) and similarly for [g]. By Proposition 4.1, the
elements x and y are divisible by [ Ei"*'] and thus we can write

& m=p""E" ).

Since i,—1 = pi, +w > pi,, Lemma 4.5 implies that, for any A-tuple z in R, the
element (%, 3)+ p"~'[p'z] is contained in the ideal 1, ;,. It is enough to show that
there exists an h-tuple z in R satisfying

(R, D)+ p" Ip"zD) = (@, )+ p" ' [p" 2D A.
Put z = (£, w) with an (h — d)-tuple ¢ and a d-tuple w. Then this is equivalent to

the equation

» - D P
E )+ p" (", ") = p (¢, w) <0 ue(l_i)P‘{) .
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We claim that the equation

§ +£Pi;1§p — pi;zé-D

for the first entry has a solution { = p»~Di¢" with an (h — d)-tuple ¢’ in R.
Indeed, let D € Mj,_;(k[[u])) be the matrix satistfying DD = u®"I,_4. Then this is
equivalent to the equation

é./ — é__/l’j _}_Ep(pfl)infw(g/)pﬁ‘

Since p(p — 1)i, > w, we can find a solution ¢’ of the equation by recursion.
For the second entry, we have the equation

Bpin+w7_7/ +£Plnc_()17 :Eln<£P2 +£1_WQ)P4/)
This is equivalent to the equation

C_()p :Bl—w—(p—l)i,,QP‘{ +£/P2 _Bwn/.

Note that 1 —w > (p — 1)i,,. Write this equation as
@, ..., o)+ (@1,...,00)C+(c],....c) =0

with some C = (¢;,j) € My(R) and ¢ € R. Then the R-algebra

d d
P / 14 /
Rlwy, .. .,a)d]/<a)1 +ch‘,la)j +cph., 0y +ch,da)j —I—cd>
j=1 j=1

is free of rank p? over R. Since Frac(R) is algebraically closed and R is integrally
closed, this R-algebra admits at least one R-valued point. Hence we can find at
least one solution w of the equation. This concludes the proof of the proposition. []

Consider the exact sequence
0 — Gpl;, (Og) — G, (Og) > G[p" 1,1, (Of).
Proposition 5.5 implies that the image of the rightmost arrow contains the subgroup
Gp" i, (Og) SGp" i, (Op),

which coincides with €,,_1 (0 z) by induction hypothesis and thus is of order pn—hd,
By Lemma 5.2, the subgroup %[ p];, (O) also coincides with 61 (0 ) and this is of
order p¢. Hence the group %, (Og) is of order no less than p"“. Since Lemma 5.4
implies the inclusions

In

i, (0g) S%; (0g) €6,(0f),

Theorem 1.2 follows by comparing orders. U
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To prove Theorem 1.3, we need the following lemma, which is a “lower” variant
of [Hattori 2013, Lemma 4.5].

Lemma 5.6. Let K/Q, be an extension of complete discrete valuation fields and i
be a positive rational number. Let X be an admissible formal scheme over Spf(Ok)
and X be its Raynaud generic fiber. Let & be a finite locally free formal group
scheme over X with Raynaud generic fiber G. Then there exists an admissible open
subgroup G; of G over X such that the open immersion G; — G is quasicompact
and that for any finite extension L/ K and x € X (L), the fiber (G;). coincides with
the lower ramification subgroup (8,); x Spec(L) of the finite flat group scheme
O, =& xx , Spf(Or) over Of.

Proof. Let $ be the augmentation ideal sheaf of the formal group scheme &.
Write i =m/n with positive integers m, n and put § = p"0g + $9". Let B be the
admissible blow-up of & along the ideal $ and &,, , be the formal open subscheme
of B where p™ generates the ideal $0q. Since the Raynaud generic fiber of &,, ,
is the admissible open subset of G whose set of K -valued points is given by

fx € G(K) | vp($(x)) = i},

it is independent of the choice of m, n, and we write it as G;. Using the universality
of dilatations as in the proof of [Abbes and Mokrane 2004, Proposition 8.2.2], we
can show that G; is an admissible open subgroup of the rigid-analytic group G. For
any affinoid open subset U = Sp(A) of G, put I =I'(U, $). Then the intersection
U N G; is the affinoid Sp(A(/"/p™)) and thus the open immersion G; — G is
quasicompact. This concludes the proof of the lemma. (]

Proof of Theorem 1.3. Set C, to be the admissible open subgroup G;; of G as
in Lemma 5.6 with i, = 1/(p"(p — 1)). Then, by this lemma and Theorem 1.2,
each fiber (C,), coincides with the generic fiber of the level n canonical subgroup
of &,, and its group of K-valued points is isomorphic to the group (Z/p"Z)“.
Moreover, C, is etale, quasicompact and separated over X (r,). Thus [Conrad 2006,
Theorem A.1.2] implies that C,, is finite over X (r,,), and the theorem follows by a
similar argument to the proof of [Hattori 2013, Corollary 1.2]. U
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