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Sato—Tate distributions of twists of
y2=x5-—xand y2=x6+41
Francesc Fité and Andrew V. Sutherland

We determine the limiting distribution of the normalized Euler factors of an
abelian surface A defined over a number field k when A is @-isogenous to the
square of an elliptic curve defined over k with complex multiplication. As an
application, we prove the Sato—Tate conjecture for Jacobians of Q-twists of the
curves y> = x> — x and y? = x® + 1, which give rise to 18 of the 34 possibilities
for the Sato—Tate group of an abelian surface defined over Q. With twists of these
two curves, one encounters, in fact, all of the 18 possibilities for the Sato—Tate
group of an abelian surface that is Q@-isogenous to the square of an elliptic curve
with complex multiplication. Key to these results is the twisting Sato—Tate group
of a curve, which we introduce in order to study the effect of twisting on the
Sato-Tate group of its Jacobian.
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1. Introduction

Let A be an abelian variety of dimension g, defined over a number field k. The
generalized Sato—Tate conjecture predicts that the Haar measure of a certain compact
subgroup G of the unitary symplectic group USp(2g) governs the distribution of
the normalized Euler factors Zp (A, T) as p varies over the primes of k where A
has good reduction. The normalized Euler factor at a prime p is the polynomial
Ly(A, T) = Ly(A, T/q'/?), where g = ||p|| is the norm of p and

2g

Ly(A. T) =] [0 —aT)

i=1
MSC2010: primary 11M50; secondary 14K15, 14G10, 11G20, 11G10.
Keywords: Sato-Tate, hyperelliptic curves, abelian surfaces, twists.

543


http://msp.org
http://msp.org/ant/
http://dx.doi.org/10.2140/ant.2014.8-3
http://dx.doi.org/10.2140/ant.2014.8.543

544 Francesc Fité and Andrew V. Sutherland

is the L-polynomial of A at p. The polynomial L,(A, T) has the defining property
that for each positive integer n,
2g
#A(F ) = ]_[(1 —al).
i=1
In order to give a precise statement of the Sato—Tate conjecture, we need to specify
the group G and to define what it means for G to “govern” the distribution of the
polynomials Ly(A, T'). Serre [2012] defined, in terms of £-adic monodromy groups,
a compact real Lie subgroup of USp(2g) associated to the abelian variety A, denoted
by ST(A) and called the Sato-Tate group of A, satisfying the following property:
for each prime p at which A has good reduction, there exists a conjugacy class s(p)

of ST(A) whose characteristic polynomial equals Zp (A, T):= ?io a;(A)(p) T}
Fori=0,1,...,2g,let I; denote the interval
n=[-(F)- ()
i i

and consider the map
®; : ST(A) € USp(2g) - I; CR (1-1)

that sends an element of ST(A) to the i-th coefficient of its characteristic polynomial.
Let w(ST(A)) denote the Haar measure of ST(A) and let ®; . (w(ST(A))) denote
its image on [; by ®;. We can now state the generalized Sato—Tate conjecture.

Conjecture 1.1. Fori =0, 1, ...,2g, the a;(A)(p) are equidistributed?* on I; with
respect to CI>,~,*(,LL(ST(A))).3

The original Sato—Tate conjecture addresses the case where A is an elliptic curve
E/Q without complex multiplication (CM), in which case g = 1 and ST(A) =
USp(2) = SU(2). This case of the conjecture has recently been proved; see [Serre
2012, p. 105] for a complete list of references. For elliptic curves E/k with
complex multiplication, there are two cases, depending on whether the CM field
M is contained in k or not. In the former case, ST(E) is isomorphic to the unitary
group U(1) (embedded in SU(2)), and in the latter case, ST(E) is isomorphic to
the normalizer of U(1) in SU(2). Both cases follow from classical results that we
recall in Section 3B.

In all three cases arising for g = 1, it is easy to see that the Sato-Tate group
of E is invariant under twisting: if E’ is isomorphic to E over @, then ST(E’) is

I'See also [Fité et al. 2012, §2] for a brief summary of this construction; there the Sato—Tate group
of A is denoted by ST 4, rather than ST(A).

ZWhen we make equidistribution statements, we sort primes in increasing order by norm.

3Thereisa slightly stronger form of Conjecture 1.1 which asserts that in fact the conjugacy classes
s(p) are equidistributed with respect to the projection of £ (ST(A)) on the set of conjugacy classes of
ST(A); see [Fité et al. 2012, Conjecture 1.1].
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isomorphic to ST(E). However, when g > 1, this is no longer true.

In this article we study the possibilities for the Sato—Tate group of the Jacobians
of twists of genus-2 curves defined over () with many automorphisms (these arise
for curves whose Jacobians are Q-isogenous to the square of an elliptic curve with
complex multiplication), and to prove that in these cases Conjecture 1.1 is true.*

The curves we consider give rise to 18 of the 34 Sato—Tate groups that can
occur for an abelian surface defined over Q, yet they all lie in one of the two
Q-isomorphism classes corresponding to the curves listed in the title of this article.
This makes apparent the importance of understanding the effect of twisting on the
Sato—Tate group.

In the remainder of this section, we describe the two points in the moduli
space of genus-2 curves that are the object of our study, and state our main result
(Theorem 1.4). We also describe the numerical computations used to obtain explicit
examples that realize all the possibilities permitted by our main theorem.

Let us first fix some notation. Throughout this paper, @ denotes a fixed algebraic
closure of ( that is assumed to include the number field k and all of its algebraic
extensions. Let Gy = Gal(Q/ k) denote the absolute Galois group of k. For any
algebraic variety X defined over k and any extension L/k, we use X, to denote
the algebraic variety defined over L obtained from X by the base change k — L.
For abelian varieties A and B defined over k, we write A ~ B to indicate that
there is an isogeny between A and B that is defined over k. We may write A ~; B
to emphasize the field of definition, but this is redundant (to indicate an isogeny
defined over an extension L/k, we write A; ~ By).

1A. Genus-2 curves with many automorphisms. Let C be a curve of genus g <3
defined over k. In Section 2, we define the twisting Sato—Tate group STty (C) of C,
a compact Lie group with the property that the Sato—Tate group of the Jacobian
of any twist of C is isomorphic to a subgroup of STy, (C). There is a well-known
bijection between the set of twists of C up to k-isomorphism and the cohomology
group H'(Gy, Aut(Cg)), given by associating to a twist C” of C the class of the
cocycle £(7) := ¢ (*¢)~!, where ¢ is an isomorphism from ng to Cg. Thus the
group Aut(Cq) is a good measure of how complicated the twists of C can be.

For the rest of Section 1, we let k = Q and g = 2. The automorphism group
Aut(Cq) is then one of the following seven groups:

Ca, Dy, Dy, Dg, Cyg, 2Ds, Sy.

Here C,, denotes the cyclic group of n elements, D,, the dihedral group of order 2n,
and S, the symmetric group on n letters. The groups 2Dg and S4 are 2-coverings of

4Using the techniques of this article, one can obtain analogous results for genus-3 curves with
many automorphisms, such as the Fermat and Klein quartics; see [Fité et al. > 2014].
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Dg and S4, isomorphic to C3 x D4 (with action kernel V) and GL;(F3), respectively.
In the generic case, Aut(Cg) is isomorphic to C. This implies that every twist C’
of C is quadratic, and we have ST(Jac(C")) = ST(Jac(C)) = ST1w(C).

We are interested in the opposite situation: the two exotic cases where Aut(Cg)
is as large as possible: S4 and 2Dg. All genus-2 curves C with Aut(Cg) isomorphic
to S4 (resp. 2Dg) are isomorphic to

5

y2=x>—x (resp. Y2 =x%+1), (1-2)

and thus they constitute a single Q-isomorphism class @, (resp. 3) of curves.
We shall choose representative curves C(z) and Cg for 6, and 5 that are defined
over @ and have particularly nice arithmetic properties. We write C° (resp. €) to
denote either Cg or Cg (resp. either €, or 63). The key arithmetic property we
require of C? is that its Jacobian be Q-isogenous to E2, where E is an elliptic curve
defined over @ (with CM). This applies only to the curve y? = x®+ 1 listed in (1-2),
which we take as our representative Cg for the class €3, but it also applies to the
curve
yr=x0—5x*—5x2 41, (1-3)

which we take as a better representative Cg for the class 6, of y> = x> — x.

The classification in [Fité et al. 2012] gives an explicit description of each of
the 52 Sato—Tate groups that can and do arise in genus 2, as subgroups of USp(4),
of which 32 have identity component (isomorphic to) U(1). The two curves listed
in (1-2) both appear in [Fité et al. 2012], where they are shown to have Sato—Tate
groups with identity component U(1). It follows that if C is a twist of either
of these curves, then ST(Jac(C)) also has identity component U(1). In fact, the
representative curves for all 32 of the U(1) cases listed in [Fité et al. 2012] are
actually twists of one of the two curves in (1-2) (possibly using an extended field
of definition).

Among the 32 genus-2 Sato—Tate groups with identity component U(1), two are
maximal. The first has component group S4 x C; and is denoted by J(O), while
the second has component group Dg x C; and is denoted by J (Dg). We will prove
that STTW(CS) = J(0) and STTW(CQ) = J(Dg), and, as a consequence, that the
Sato—Tate group of any twist of Cg (resp. Cg) is isomorphic to a subgroup of J(O)
(resp. J(Dg)). Conversely, we will show that every Sato—Tate group that can occur
over @ and is isomorphic to a subgroup of J(O) (resp. J(Dg)) arises for some
Q-twist C of CS (resp. Cg), by giving explicit examples in each case.’ Most of the
Sato-Tate groups G with identity component U(1) are actually subgroups of both
J(0) and J(Dg). In such cases we exhibit Q-twists of both Cg and Cg that have
Sato-Tate group G.

SWe call C a Q-twist of CO if C is defined over @ and C5= c%.
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1B. Main result. Recall that C° denotes either Cg or Cg . These are both genus-
2 curves defined over Q whose Jacobians are Q-isogenous to the square of an
elliptic curve E/Q with CM by an imaginary quadratic field M equal to Q(v/—2)
or @(+/=3), respectively. Our main result is that Conjecture 1.1 holds for the
Jacobians of the Q-twists C of C°.

In order to state the theorem more precisely, we introduce some notation.

Definition 1.2. For any Q-twist C of CY, let K /Q (resp. L/@Q) denote the minimal
extension over which all endomorphisms of Jac(C)g (resp. homomorphisms from
Jac(C)g to Eg) are defined. Then we write T'(C) for the isomorphism class

[Gal(L/Q), Gal(K /Q), Gal(L/M)].

We say that two triples of groups (Hy, H,, H3) and (H{, H}, H}) are isomorphic

if H; ~ H/ for i =1,2,3. We write [H, H>, H3] for the isomorphism class of
(H,, Hy, H3), which we regard as a triple of abstract groups.
Definition 1.3. For any finite group H with a subgroup Hp and a normal sub-
group N, and any positive integers r and s with r | s, let o(s, r) (resp. o(s, r)) count
the elements in Hy (resp. H \ Hp) of order s whose projection in H/N has order r.
Let z(H, N, Hy) denote the vector [z1, z2], where

21 =[o(1,1),0(2,1),0(2,2), 03, 3), 0(4, 2), 0(6, 3), 0(6, 6), 0(8, 4), 0(12, 6)],
22 =[0(2,2),5(4,2), 5(6, 6), 58, 4), 5(12, 6)].

For any Q-twist C of C°, write
2(C) :=[21(C), 22(C)] := z(Gal(L/Q), Gal(L/K), Gal(L/M)).

We also define o(r) =) o(s,r) and o(s) = ) _, o(s, r). We note that in the
cases of interest, z(H, N, Hy) is z(C) for some Q-twist C of C 0. In this situation,
o(r) is the number of elements in Gal(L /M) whose projection to Gal(K /M) has
order r, and o(s) is the number of elements of order s in Gal(L /Q) that are not in
Gal(L/M). Clearly

Zo(s, r)= ZB(S, r)= w.

r,s r,s

Moreover, we prove in Proposition 4.9 that the only pairs (s, ) for which o(s, r)
or o(s, r) can be nonzero are those that appear in the vectors z; and z.

Finally, let L ,(C, T') denote the Euler factor of C at a prime p of good reduction.
We may write the normalized Euler factor I:p(C, T)=L,(C, T/pl/z) as

L,(C,T)=T*"4a1(C)(p)T> +a:(C)(p)T*> +a,(C)(p)T + 1.

We are now ready to state our main theorem.
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Theorem 1.4. Let C be a Q-twist of C°.
(i) There are exactly 20 possibilities for T (C) if C° = Cg, and 21 if C* = C30.
(ii) The triple T (C) and the vector z(C) uniquely determine each other.
(i) The triple T (C) (or z(C)) determines the Sato—Tate group ST(Jac(C)).
(iv) Fori=1,2, the a;(C)(p) are equidistributed on I; = [—(‘.L), (4)] with respect

i i

to a measure (a; (C)) that is uniquely determined by the vector z(C). More
precisely, the density function of u(a;(C)) is continuous up to a finite number
of points, and it is therefore uniquely determined by its moments:

M, [1e(ai (C))] = (0(1)2" 4+ 0(3) + 0(4)2"/* + 0(6)3"/*) by,

[L:Q]

M, [ (a2(C)]1 = (0()bs 4 0(2)bo,n + 0(3)b1.n + 0(4)by 4 0(6)b3
+0(2)2" +0(4)(=2)" +0(6)(—1)" +0(12)).
Here by, , denotes the coeﬁ‘iciem6 of X" in (X>4+mX + 1"

(v) Conjecture 1.1 holds for C.

[L: Q]

We actually prove statement (iv) in greater generality, for an abelian surface A
defined over a number field k with Ag ~ Eé, where E is an elliptic curve de-
fined over k with CM by a quadratic imaginary field M. This is accomplished
in Section 3 via Corollary 3.12, whose proof relies on a study of the structure of
Hom(E;, Ar) Qu Q as a Galois @[Gal(L /M)]-module and a refined equidistri-
bution statement of Frobenius elements of a CM elliptic curve when restricted to
certain Galois conjugacy classes (see Corollary 3.8). We compute the moments

X—> 00

o1 .
M, [a;(C)] := lim %[;a,-(cxp) :

where p varies over primes of good reduction, and prove equidistribution of the
a; (C)(p) with respect to a measure u(a;(C)). It follows that M, [u(a;(C))] =
M, [a; (C)]. We devote Section 4 to the proofs of assertions (i), (ii), and (iii), which
follow from Corollary 4.18, Proposition 4.16, and Proposition 4.17, respectively.
The final assertion (v) follows from (iii) and (iv): it is enough to check that for
each of the 41 possibilities of 7' (C), the formulas obtained for p[a; (C)] coincide
with the ones obtained for ®; . (uw(ST(Jac(C)))) in [Fité et al. 2012]. In fact, it has
very recently been shown that the generalized Sato—Tate conjecture (in its strong
form) holds in general for abelian surfaces with potential complex multiplication;
see [Johansson 2013].

SFor m = 0,1,2, 3,4, the by, ,, form the sequences A126869, A0002426, A000984, A026375,
A081671, respectively, in the Online Encyclopedia of Integer Sequences [OELS 2011].


http://oeis.org/A126869
http://oeis.org/A0002426
http://oeis.org/A000984
http://oeis.org/A026375
http://oeis.org/A081671

Sato—Tate distributions of twists of y2=x5-xand y2=x6+1 549

1C. Numerical computations. In Section 5, we show that all 41 of the possible
triples 7'(C) determined in section Section 4 actually arise for some Q-twist C of
C° by exhibiting a provable example of each case. The example curves C were
obtained by an extensive search that was made feasible by part (ii) of Theorem 1.4; it
is computationally much easier to approximate z(C) than it is to explicitly compute
T (C), which requires computing the Galois groups of number fields of fairly large
degree (48 or 96 in the most typical cases).

For an elliptic curve E with CM, the values a;(E)(p) can be computed very
quickly, and we show how to compute a;(C)(p) and a,(C)(p) from a;(E)(p)
using the fact that Jac(C) is @-isogenous to EZ (see Proposition 4.9). This allows
us to efficiently compute an approximation of z(C) (using again Proposition 4.9)
of precision sufficient to provisionally identify 7 (C) (via part (ii) of Theorem 1.4).
Many curves were analyzed (tens of thousands) in order to obtain 41 candidate
examples, one for each possible triple 7(C). For each of these 41 candidates,
we then proved that the provisional identification of 7'(C) is correct by explicitly
computing the Galois groups Gal(L/Q), Gal(K /Q), and Gal(L/M).

2. The twisting Sato—Tate group of a curve

In this section we define the twisting Sato—Tate group, which is our main object of
study. We do so in terms of the algebraic Sato—Tate group defined by Banaszak
and Kedlaya [2011]. Let A be an abelian variety of dimension g < 3 defined over a
number field k, and fix an embedding of k into C. Fix a polarization on A and a
symplectic basis for the singular homology group H; (A®, @). Use it to equip this
space with an action of Gszg(@). For each t € Gy, define

L(A,7):={y €Spy, : ¥ 'y = "o forall « € End(Ag) ® Q}. -1

Here we view « as an endomorphism of H; (AEP, Q). The algebraic Sato—Tate

group of A is defined by
AST(A) := U L(A, 7).

‘L'GGk

The Sato-Tate group ST(A) is a maximal compact subgroup of AST(A) ®qg C; see
[Banaszak and Kedlaya 2011, Theorems 6.1 and 6.10].

Remark 2.1. As noted in the introduction, ST(A) is invariant under twisting when
g = 1. This does not hold for g > 1; however, ST(A) is invariant under quadratic
twisting. For g < 3, this follows easily from the definitions above. Indeed, let
x : Gy — C be a quadratic character. For every T € Gy, one has L(A® x, t) =
L(A, 1) ® x(v) (see (2-2) for a more general relation). Invariance under quadratic
twisting follows from the fact that L(A, ) ® x(t) = L(A, t). For A of arbitrary



550 Francesc Fité and Andrew V. Sutherland

dimension, the invariance of ST(A) under quadratic twisting follows easily from
the definition of ST(A) given in [Serre 2012] (see also [Fité et al. 2012]), in terms
of the image of the ¢-adic representation attached to A.

We now assume that A is the Jacobian Jac(C) of a curve C defined over k, and
view Aut(Cg) as a subgroup of GL(H, (Jac(C)fSp, Q)).

Definition 2.2. The twisting algebraic Sato—Tate group of C is the algebraic sub-
group of Sp,,/Q defined by

ASTry (C) := AST(Jac(C)) - Aut(Cg).
Observe that ASTty (C) is indeed a group: for any yy, y» € AST(Jac(C)) and
a, ay € Aut(Cg), we have
—1
via1(na) ™ = ny; 'nlaies 'y, =1y, H? (@) € ASTn (C).

We will make the notational convention that the t; are such that y; € L(A, ;)
until the end of the section. Now let C’ be a twist of C, a curve defined over k for
which C ’L =~ (Cy, for some finite Galois extension L/k. Let ¢ : C ’L — C, be a fixed
isomorphism. It is easy to check that

L(Jac(C"), 1) = ¢~ ' LJac(C), 1) ("¢). (2-2)
Here ¢ is seen as a homomorphism from H; (Jac(C/)fgp, @) to Hy (Jac(C)fSp, @).
Lemma 2.3. Let y' € L(Jac(C’), 1) € AST(Jac(C")). Write y' as ¢~y Cp) with
y in L(Jac(C), t) as in (2-2). The map
Ayt AST(Jac(C) — ASTrw(C),  Ap(y) =y (d)¢~"
is a (well-defined) monomorphism of groups.
Proof. Let y| = ¢~ 'y1("1¢) and y; = ¢~ '12(2¢) be elements of LJac(C’), 1)
and L(Jac(C"), 1), respectively. Then
Ag(ivy) = Dy (07 virayy O 90 12(P9))
= Ap(¢7 () (P9) T (P9)
= A (07 V12(P19) = i (P )~
=[O Oy, e
=1~ 9T = Ap(rAs (1)
It is clear that Ay is both well-defined and injective: Ag(y|) = Ag(y,) if and only
if y/ =y,. O
We now define the twisting Sato-Tate group STty (C) of C.
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Definition 2.4. The rwisting Sato—Tate group STty (C) of C is a maximal compact
subgroup of AST1,(C) ® C.

Remark 2.5. It follows from the previous lemma that for any twist C’ of C, the
Sato-Tate group ST(Jac(C)) is isomorphic to a subgroup of STy, (C). We also note
that the component groups of STty (C) and ASTy, (C) ® C must be isomorphic,
and the identity components of STy (C) and ST(Jac(C)) are equal.

Our next goal is to study the component group of STty (C) when C is a hyperel-
liptic curve (of genus g < 3). Consider the group’
(Aut(Cg) x AST(Jac(C)))/Z,
where Z is the normal subgroup of Aut(Cg) X AST(Jac(C)) consisting of the pairs
(ar, ) with o = y, where o € Aut(Cg) and y € AST(Jac(C)).
Lemma 2.6. The map

@ : AST1y (C) — (Aut(Cg) x AST(Jac(C)))/Z, P(ya)=(a"',y)
is a (well-defined) isomorphism.

Proof. For any yi, y, € AST(Jac(C)) and a1, o € Aut(Cg), we have

D (y1017200) = D(112(Panan) = (o5 (Pa) ™!, yiys)
= ;" v, ) = P(ria) P (@)

The surjectivity of & is clear. It remains to prove that ® (y 1) = ®(yra) if and
only if Y11 = y»a5. On the one hand, ®(y1a1) = ®(y»p) if and only if

1

— — _— 71 — —
Z 3 (o, ! Y2 (o ' Y= (T‘ (ajay h. VY ])~

On the other hand, y a1 = y,a; if and only if «a, = yl_lyz, or equivalently,
Tfl(alaz_l) = )/23/1_1. But then (’fl(alo{;l), yzyl_l) e’ O

We now assume C is a hyperelliptic curve (of genus g < 3). As an endomor-
phism of H; (J ac(C )gp, @), the hyperelliptic involution w of C corresponds to the
matrix —1 € szg (@). Recall that AST(Jac(C)) contains the matrix —1. Thus
(=1, —-1) € Z, and Lemma 2.6 implies that ASTty, (C) is isomorphic to a subgroup
of

(Aut(Cg) 3 ASTrac(c))/ (=1, =1)).

Let K / k denote the minimal field extension over which all the endomorphisms of
Jac(C) are defined. Then, since the component group of ST(Jac(C)) is isomorphic
to Gal(K / k) (see [Banaszak and Kedlaya 2011, Remark 6.4, Theorem 6.10]), and

TThe product of elements (1, y1) and (a3, ) in Aut(C@) x AST(Jac(C)) is defined to be
(azyz_lalyz, y1y2) = (ap - Ray, y1y2), where y, € L(A, 15) C AST(Jac(C)).



552 Francesc Fité and Andrew V. Sutherland

the identity component of ST(Jac(C)) contains the matrix —1, the component group
of STty (C) is isomorphic to a subgroup of

Aut(Cg)/(w) x Gal(K /k).
By Lemma 2.3, for any twist C’ of C, there exists a monomorphism of groups
X : Gal(K /k) — Aut(Cg)/{w) x Gal(K / k). (2-3)
It follows that if there exists a twist C of C such that
|Gal(K /)| = |Aut(Cg)| - |Gal(K / k)] /2, (2-4)

where K /k is the minimal extension over which all the endomorphisms of J ac(é )
are defined, then STty (C) = ST(Jac(C)), and for every twist C’ of C, the Sato-Tate
group ST(Jac(C”)) is a subgroup of ST(Jac(C)).

Remark 2.7. Let Cg and Cg be the two curves defined in Section 1A. If C is a
twist of Cg (resp. Cg) such that ST(C) = J(O0) (resp. J (Dg)), then (2-4) is satisfied.
It follows that STty (CY) = J(0) and STy (CY) = J(Dg).

3. Squares of CM elliptic curves

We shall work in the category of abelian varieties up to isogeny, so we call the
elements of Hom(A, B) ® () homomorphisms, the elements of End(A) ® Q endo-
morphisms, and the surjective elements in Hom(A, B) ® Q isogenies.

We henceforth assume that A is an abelian variety over k such that Ag ~ Eé,
where E is an elliptic curve defined over k with CM by an imaginary quadratic
field M (except in Section 3D, where we do not assume E has CM). Let L/ k be the
minimal extension over which all the homomorphisms from Eg to Ag are defined,
and let K /k be the minimal extension over which all the endomorphisms of Ag are
defined. We note that kM C K C L, and we have Hom(Eg, Ag) >~ Hom(E., AL)
and Ay ~ E%

3A. The Galois modules Hom(E, A;) and End(A}). Let o and o denote the
two embeddings of M into @. Consider

Hom(Er, AL) ®y., Q@ and End(AL) ®u .. O,

where the tensor products are taken via the embedding o : M < Q. If we let
Gal(L/kM) act trivially on Q and naturally on Hom(E, Ay), these products
become @[Gal(L /kM)]-modules of dimensions 2 and 4, respectively, over Q, and
similarly for o.

Definition 3.1. Let 6 := 0y, ,(E, A) (resp. Ou.+(A)) denote the representation af-
forded by the module Hom(E., AL) Q.o Q (resp. End(AL) Q.0 Q), and similarly
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define 6 := Oms(E, A) and Oy 5(A). Let Og := 60g(E, A) (resp. 6g(A)) denote
the representation afforded by the Q[Gal(L/k)]-module Hom(E., Ar) ® Q (resp.
End(AL) ® Q).

For each t € Gal(L/kM), we write
det(1 —0(t)T) = 14a,(0)(1)T + a2 (0)(r)T?,
where a;(0) = Tr6 and a,(0) = det(f) are elements of M. Observe that
TrOg(t) =Try Tro(r) if T € Gal(L/kM). (3-1)
For z € M, let |z| := /o (2) (2).

Proposition 3.2. There is an isomorphism of Q[Gal(L / kM)]-modules

End(AL) ®u.0 @~ (Hom(EL, AL) ®u.s Q) @ Hom(EL, AL) @0 Q.
Thus Tr0y 5(A) =TrOys(E, A) - Troy o (E, A) = | Tr(9)|* € Q, and therefore
Om.o(A) =0y 5(A).
Proof. Consider the natural inclusion of @[Gal(L /kM)]-modules

End(A;) ®u,0 @ — Homg(Hom(E,, AL) ®u.0 @, Hom(EL, AL) Qu.o Q),

which sends an element v in End(A;) Q.0 Q to the linear map of Q-vector spaces
that sends f in Hom(Ey, AL) @m0 Q to Yo fin Hom(EL, AL) Qm s Q. Both
spaces have dimension 4 over @, and thus must be isomorphic as @[Gal(L /kM)]-
modules. O

Let 7 : Gal(L/kM) — Gal(K /kM) be the natural projection. For each 7 in
Gal(L/kM), let s = s(t) denote the order of T and let r = r(t) denote the order of
() in Gal(K /kM). The possible values of r are 1, 2, 3, 4, and 6; see [Fité et al.
2012, §4.5].

Proposition 3.3. Suppose © € Gal(L/k) does not lie in Gal(L/kM). Then the
eigenvalues of 0g(E, A)(t) are as follows:

s=2: —1,-1,1,1 s=8: 5,03, Cas Lo

s=4: i,i,—i,—i s=12: 12, ¢a0 1 Ey

s=6: 83,84, 86, G¢
Here, ¢, stands for an r-th root of unity.

Proof. We can assume that kM / k is quadratic; otherwise there is nothing to prove.
We first show the following properties of g (E, A):

(1) The least common multiple of the orders of the eigenvalues of 6g(E, A)(7) is
equal to s.
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(i) If T e Gal(L/k) \ Gal(L/kM), then TrOg(E, A)(z) =0.

It follows from the definition of L/k that the representation 6 (E, A) is faithful,
which implies (i). Let y be the quadratic character of Gal(L/k) associated to
the quadratic extension kM /k. Then E ® x ~ E (and, in fact, A ® x ~ A),
which implies that Hom(E;, A;) = Hom(E, A;) ® x (by [Mazur et al. 2007,
Proposition 1.6], for example). This proves (ii).

For s =2, 6, 8, 12, the proposition follows from (i) and (ii). For s =4, (i) implies
that i is an eigenvalue of Og(E, A)(7), and (ii) leaves just two possibilities for the
four eigenvalues: i, —i, 1, —1, or i, —i, i, —i. We now show that only the latter can
arise. The eigenvalues of 6g(E, A)(t) are quotients of roots of ip(E , T) and roots
of ZP(A, T), where p is a prime of k, inert in kM, of good reduction for A and E.
We can further assume that p has absolute degree 1. Then I:p (E,T)=1+4T2, and
the polynomial Ep (A, T) is one of the following:

A—=TH% 1-T*+T* 14T 14+7T>+T* Q+T7TH%. (32

In no case can both 1 and i arise as quotients of a root of I:p (E,T)=1+T? and
roots of Zp (A, T). U

In view of Proposition 3.2, we write 6y, (A) for Oy 5 (A) = Oy 5(A).
Proposition 3.4. For each t € Gal(L/kM), we have

Troy(A) () =246 +1,.

Proof. It follows from [Fité et al. 2012, Proposition 9] that the eigenvalues of
Op(A)(t)are 1, 1, 1, 1, &, &, Er, Er. Equation (3-1) leaves three possibilities
for the eigenvalues of 6);(A): they must be either 1, 1, ¢, Er, orl,1,¢,¢, or
1,1,¢,,¢,. By Proposition 3.2, Tr6),(A) is rational, so only the first possibility
can occur. ([

3B. Equidistribution for Frobenius conjugacy classes. We first recall the well-
known notion of equidistribution on a compact topological space X (see [Serre 1998,
Chapter 1]). Let €(X) denote the Banach space of continuous, complex valued
functions f on X, with norm || f|| = sup,.y | f(x)|. Let u be a Radon measure
on X, a continuous linear form on 6€(X). Let {x;};>1 be a sequence of points of
X. The sequence {x;};>1 is said to be equidistributed with respect to u if for every
f € €(X), we have

1l
u(f) = lim — le S (xi).
1=
Note that if {x;};>1 is equidistributed with respect to w, then u is positive and

has total mass 1. We are particularly interested in the case where X is an interval
I of R. In this case, the n-th moment M,,[u] of w is the value wu(g,), where ¢, is
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the function of €(/) defined by ¢, (z) = z". Analogously, the n-th moment of a
sequence {x;};>1 on I, if it exists, is defined by

m

.1
My [{xi}iz1] = lim - > oAl
i=1

Thus if the sequence {x;};>; is equidistributed with respect to u on I, then its n-th
moment exists and is equal to M, [u].

Let F/k be a field extension, and let Pk, denote the set of primes of F at which
the elliptic curve Er has good reduction. We write the normalized L-polynomial
for Er at a prime p of Pg, as

Ly(Ep,T)=1+a(Er)(»)T +T>.

Choose an ordering by norm {p;}i=1 of Pg,, that is, an ordering for which
Ipll; <lIpll; forall 1 <i < j, and let a;(EF) denote the sequence

{a1(EF)(pi)}iz1

of real numbers in the interval [—2, 2]. Equidistribution statements about a; (EF)
do not depend on the particular ordering by norm we have chosen.

Until the end of this section, we assume that F contains kM. We begin by
recalling classical results of Hecke and Deuring that yield equidistribution for
aj(Er) with respect to the measure

supported on [2, —2]. Here dz denotes the restriction of the Lebesgue measure on
R to the interval [—2, 2]. The measure (., is uniquely characterized by the fact
that it is continuous and its n-th moment is b, := by , (as in Theorem 1.4).

We actually require a slightly stronger equidistribution statement than the one
above. Let ¢ be a Frobenius conjugacy class of an arbitrary finite Galois extension
F'/F, and let P, denote the set of primes in Pg, that are unramified in F’ and
whose Frobenius conjugacy class is c. We will show that the subsequence a; (EF)
of a;(EF) obtained by restricting to the primes in P, is also equidistributed with
respect to fem.

Remark 3.5. Henceforth, for a compact group G, let ;£ (G) denote its Haar measure.
In terms of the (generalized) Sato—Tate conjecture, the measure [icn, 1S seen as
@1 . (u(ST(EF))), where @ is the trace map defined in (1-1) and ST(Ef) = U(1).
Recall that the Sato—Tate group ST(E) of an elliptic curve E defined over k£ with
CM by M is U(1) (embedded in SU(2)) if M is contained in k, and the normalizer
of U(1) in SU(2) if M is not contained in k.
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We follow the presentation in [Gross 1980, Chapter 1]. Let p be a prime of F of
good reduction for Er. Let Fp denote the algebraic closure of the residue field of
F at p. The image of the injection

End(E@) RO=M — End(ER) QQ

contains the Frobenius endomorphism Fry, : Eﬁp — Eﬁp, which acts on a point by
raising its coordinates to the ¢-th power, where g = ||p||. Let a(p) :=a(EF)(p) € M*
denote the preimage of Fry, under this injection. Since the characteristic polynomial
of Fry is reciprocal to the L-polynomial of Ef at p, we have

1
ai(Ep)(p) = —W(G(W(P)) +3(a(p))). (3-3)

For any place v of F, let F, denote the completion of F at v and let O, denote
the ring of integers of F,. Let Ir = ]_[; F), denote the group of ideles of F. Here
the product runs over all places v of F, and the prime means that if s = (s,) belongs
to Ir, then s, is in O} for all but finitely many v. We write v, for the valuation
associated to a finite prime p of F'. We then attach to Er the group homomorphism

XEp . IF —> M>k
uniquely characterized by the following three properties:
(1) Ker(xg,) is an open subgroup of /r.

(ii) If s = (a) is a principal idele (a € F*), then xg,.(5) = Np/m(a).

(iii) If s = (s,) is an idele with s, = 1 at all infinite places of F' and at those finite
places where Efr has bad reduction, then

Xep(s) =] Je(p) .

3B1. The 1-dimensional £-adic representation attached to Er. Fix a prime ¢ dif-
ferent from the characteristic of Fp and an embedding of Q into (¢, and let Vy(EF)
denote the (rational) £-adic Tate module of E . Define

Vo (E) := Vi(Er) ®u.0 Qy, (3-4)

where the tensor product is taken via the embedding M < @, induced by o.
Similarly define Vz(E). We then have an isomorphism of Q;[G r]-modules:

Vi(Ep) @ Qp =~ V,(E) ® V5(E). (3-5)

Let ¢ : GF — Aut(V,(E)) denote the ¢-adic character corresponding to the
action of G on V, (E). If Froby is an arithmetic Frobenius at p in G, then the
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value of g¢ o (Froby) is o (a(p)). Define

Vio  Ir > (M @m0 Q)" Vo) = xe, () ® (Nrm(s™)),,

where for an idele s in I, the component of the idele N,y (s) in Iy corresponding
to the place w is ]_[v‘w NF,/m, (8v), where the product runs over all places v of
F lying over w. We then have ¥, ,(F*) = 1, by property (ii). Thus ¥, is a
continuous character on the group Cr = I/ F* of classes of ideles. Since its
image is totally disconnected, it is a character of Cr/C%, where C % is the identity
component of Cr. Artin reciprocity yields an isomorphism Rec : G;‘L? —- Cfr/C OF.
Property (iii) then implies that ¥ , o Rec(Froby) = o (a(p)), and thus

Ve.0 0 Rec(Froby) = o¢,4 (3-6)
as £-adic characters of G .

3B2. The Hecke character attached to Er. A Hecke character of F is a continuous
homomorphism ¢ : Ir — C* such that ¥ (F*) = 1. For primes p where ¢ is
unramified, let ¥ (p) denote ¥ (s), where sy, is a uniformizer of Oy and s, = 1 for
v # p, and let ¥ (p) = 0 when 1 is ramified at p. The L-function of i is defined as

Lp.s) =[] —vmlpr=)""
p

Hecke [1920] showed that if v is nontrivial and takes values in U(1), then L(, s)
is a nonzero holomorphic function for N(s) > 1. Let us fix an embedding of Q
into C, so that we may view ¢ and o as embeddings of M into C. Define

Voo 1 IF > (M @16 C)", Yoo (8) = x£,(8) ® (Nrym(s™)) .,

where oo denotes the only infinite place of M. Property (ii) of xg, implies that
Yo.0 1s @ Hecke character. It is unramified at the primes of good reduction for Ef,
and we note that EOO’U = Yo5- Let |z| denote the absolute value of a complex
number z and define

Voo Ir = U, Yk o (6) = Voo (8)/ 1000 (5)].

For every prime p of good reduction for Ef, let

a1(p) := a1 (EF)(p) := ¥, o Rec(Froby) = o (a(p))/[Ip]l'/%. (3-7)
Let «r; denote the sequence {oy (p;)}i>1.

3B3. Equidistribution statements. For a finite Galois extension F’/F and a con-
jugacy class ¢ of Gal(F’/F), let P, be as above. Let o . := a1 .(EF) denote the
subsequence of o obtained by restricting to the primes of P.. Our goal is to prove
the following proposition.
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Proposition 3.6. Let ¢ be any conjugacy class of Gal(F'/F). Then « . is equidis-
tributed with respect to w(U(1)).

We first recall a theorem of Serre. Let G be a compact group and X the set of its
conjugacy classes. Let P be an infinite subset of the primes of F, and let {p;};>;
be an ordering by norm of P. Assume that each prime p in P has been assigned a
corresponding element x;, in X.

Theorem 3.7 [Serre 1998, p. I-23]. The sequence {xy,}i>1 is equidistributed over X
with respect to the image on X of the Haar measure of G if and only if L(p, s)
is holomorphic and nonzero for R(s) > 1 for every irreducible and nontrivial
representation o of G. Here L(p, s) stands for the infinite product

[T det(1 —oGplnl~) ™"

peP
We now use Theorem 3.7 to prove Proposition 3.6.

Proof. We first reduce to the case that F’/F is abelian (in fact, cyclic). Let T be an
element of ¢, and let f denote its order. Define

I ={ie{0,1,.... f=1}|[r']1=c}.

Let H be the subfield of F’ fixed by (t). The residue degree over F of a prime ‘P
of H lying over p € P, is 1, and thus o1 (Eg)(B) = a1 (EF)(p). Then oy (EF) is
the disjoint union

|_| oy i (En),

iel (1)

where we identify / with its conjugacy class in the cyclic group Gal(F’/H). To
show that o1 . = o1 (EF) is u(U(1))-equidistributed, it suffices to show that all its
subsequences «; i (Ey) are (any sequence that can be partitioned into a finite set of
subsequences that are all equidistributed with respect to a fixed common measure
is clearly equidistributed with respect to the same measure), and if we assume the
proposition holds for abelian extensions, then this is true.

So suppose that F’/F is abelian, and define G := U(1) x Gal(F'/F) and x, :=
a1 (p) x Frob, for each prime in Pg, unramified in F’/F. Since for such a prime,
xp € U(1) x {c} if and only if p € P., proving the proposition is equivalent to
showing that {xy, };>1 is equidistributed over the set X of conjugacy classes of G
with respect to the measure induced by the Haar measure of G. The irreducible
characters of G are of the form ¢, ® x, where ¢, : U(1) — C* is a character of
U(1), which is of the form ¢,(z) = z* for some integer a, and yx is an irreducible
character of Gal(F’/F), which is 1-dimensional since Gal(F’/F) is abelian. By
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Theorem 3.7, it is enough to show that if ¢, ® x is nontrivial, then

_n—1
La®x.8)=[](1 =¥l ®*x @0l ™)
p
is holomorphic and nonzero for 9i(s) > 1. Via Artin reciprocity, we may view
(1/;010’0)“ ® x as a Hecke character (with values in U(1)), and then L (¢, ® x, s) is
equal, up to a finite number of factors, to the Hecke L-function L((lﬁo]o’ IR x,8),
which is holomorphic and nonzero for 9i(s) > 1. U

Recalling that
1 dz

T n a2
supported on [—2, 2] is the image by ®; of the Haar measure of U(1), we obtain
the following.

Corollary 3.8. Let E be an elliptic curve defined over k with CM by an imaginary
quadratic field M. Let F be any field containing kM, let F'/F be a finite Galois
extension, and let ¢ be a conjugacy class of Gal(F'/F). Then:

(1) The sequence a1 .(EF) is equidistributed with respect to the measure [Lcm.

(i) Myla1,c(EF)] = Mylai (Ep)].

3C. Egquidistribution of a1(A) and az(A). As in Section 3A, A is an abelian
surface defined over k with Ag ~ E?@, where E is an elliptic curve defined over k
with CM by M, and we have the tower of fields kM C K C L, where L/k is the
minimal extension over which all the homomorphisms from Ag to Eg are defined,
and K /k is the minimal extension over which all the endomorphisms of Ag are
defined.

For any field extension F/k, let P4, denote the set of primes of F at which Ap
has good reduction. For p in P4, , we write the normalized L-polynomial for A at
pas

Ly(Ar. T)=1+ai(Ap)(MT +ax(Ap)(MT? +ai(Ap) ()T + T+

Let P be the set of primes lying in P4, and Pg, that are unramified in FL.
Choose an ordering by norm {p;};>; of P, and let a;(Ar) and a2(AF) denote the
sequences

{ai(Ap)(P)}iz1,  {a2(Ap)(Pi)}i=1s

respectively. In this section, we use the results in Sections 3A and 3B to prove
equidistribution for a; (A) and a;(A).

Lemma 3.9. Let p be a prime of good reduction for A and E that splits in kM and
is unramified in L.
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(i) Withuy =Rea;(0)(Froby) and u, =Ima;(0)(Froby), we have

ai(A)(p) = urai(E)(p) £usv/4 —ai(E)(p)*.

(ii) With vi = Re ax(0)(Froby) and vy =Imay(0)(Froby), we have

az(A)(p) = via1(E)(p)* — 2v1 + |a1 (6) (Froby)|* F vaa1 (E) (p)v'4 — a1 (E) (p)?.

Proof. Define V,;(A) and Vz(A) as in (3-4). We then have the following isomor-
phism of Q[Grp]-modules:

Ve(Axm) ® Qp = Vo (A) @ V5 (A).
By arguments analogous to those in [Fité 2013, Theorem 3.1], we have
Vo(A) = 0mo(E, A)® Vs (E), V5(A) =0ys(E, A)Q Vs (E).
Thus there is an isomorphism of Qy[Gp]-modules:
Ve(A) ®@ Qp = 0y, (E, A) ® Vo (E) ® 6y 5(E, A) @ V5(E).  (3-8)
1/2

To shorten notation, we write o (p) for aj (Expr)(p) = o (@ (Exp) () /Ipll'/2,
as defined in (3-7). Then «;(p) = & (@ (Exp) 1))/ llp]l'/2, and (3-8) implies that

a1 (Agpm) (p) = —ar(P)ai(p) —ar(pay (p),

a(Axm) (p) = ax (p)at (p)* + az(p)ary (P)2 +ai(p)ai(p),
where a; (p) denotes a; (0) (Froby). The proposition then follows from the fact that
ay(Exp)(p) = —ar(p) —ai(p). U

Proposition 3.10. For v € Gal(L/kM), let u(t) = |a1(0)(t)|. Then a;(Ary) and
ay(Agy) are equidistributed with respect to the measures

(3-9)

(1) ular(Agm)) =

1 1 dz
- 1 —2u(t),2u )
[L:kM]n Xr: [4u(t)? — 72 [—2u(7),2u(7)]
1 1

dz
i A = — 1 29 w(r)24+2]s
(i1) p(az2(Arm)) (L kM| n 2 N yoresea [ (0)2—2,u()2+2]

whose support lies in the intervals Iy = [—4, 4] and I, = [—6, 6], respectively. In
each sum, T ranges over Gal(L/ kM) and 1, 1) is the characteristic function of the
interval [a, b] C R. Moreover, we have

1
mwmww=imm;mmw,

.. 1
(MWWWMZEmm;WMW

where the integer by, , is the coefficient of X" in (X> +mX + 1)".
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Proof. We can rewrite the equations in (3-9) as follows:

—ai(p) ai(p)
A =
ai(Arm)(p) |01(P)|<|a1(p)|0t1(13)+| 1(p)| (p))

ax(p)'/? 2()
_l’_
a2 P e

= (2P (p) + @) ()’ =2+ a1 (),

where a;(p) denotes a; (0)(Froby,), and we have used |ax(p)| = 1. The equidistri-
bution statements now follow from the Chebotarev density theorem and two facts
below:

2
ar(Ara)(p) = |az(P)|< 1 /zal(m) —2lax(p)| + a1 ()

(1) For any z € U(1) and any conjugacy class ¢ of Gal(L/kM), the sequence za;  is
w(U(1))-equidistributed on U(1). Indeed, Proposition 3.6 ensures equidistribution
of o1 ¢, and invariance under translations is in fact the defining property of the Haar
measure. Thus the sequence za . + 71 1S (em-equidistributed on 11 (Expy) =
[—2,2].

(2) If a sequence B = {Bi}i>1 1S cm-equidistributed on [—2, 2], then for u € R-:
o The sequence up is equidistributed on [—2u, 2u] with respect to the measure

1 dz
A =2

o The sequence {,Bi2 -2+ uz}izl is equidistributed on [u* — 2, u? + 2] with
respect to the measure

1 dz
T A= W2 —2)?

Regarding the moments, the Chebotarev density theorem implies that

M A = ! 0 "M o | P
alar( an—m;ml( YOI" - M, [z([eDar + z([T D@ | Prey ],

where z([t]) = —a1(0)(t)/]|a1(0)(r)|. But now (1) implies that
M, [z([tDa1 + z(TD@1 | Prey] = bon-

The same argument is used to compute

Mala(Auw)] = - kM]ZZ( )G (@@ P -2)""
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One then applies

n

}:Gﬂ?ym—m“ﬁzmﬂ«X+UﬁHm—me
- = [X"J(X2 + mX + 1) = by,

where [X"] f(X) denotes the coefficient of X" in the polynomial f(X). O
We now generalize the definitions of o(r) and o(s) given in Section 1B for k = Q.

Definition 3.11. Let o(r) count the elements in Gal(L/kM) whose projection in
Gal(K /kM) has order r. Let o(s) count the elements in Gal(L/k) \ Gal(L/kM)
of order s.

If k = kM, the sequence q;(A) is equidistributed with respect to w(a; (Axp))
and My[a;(A)] = Myla; (Akm)], fori =1, 2.

Corollary 3.12. Suppose k #= kM. Then a)(A) and ay(A) are equidistributed with
respect to the measures

(i) m(ai(A)) := Fu(a(Am)) + 380,

(ii) p(a2(A)) = S (@i (Axn))

TR (02082 +0(4)8 2 +0(6)8-1 +5(12)81),

whose support lies in the intervals Iy = [—4, 4] and I, = [—6, 6], respectively. Here
8, denotes the Dirac measure at 7. We also have

(i) M, [a1(A)] = (0(1)2" +0(3) + 0(4)2"2 + 0(6)3"/?) by,

[L:k]

(i) Mp[a2(A)] =

(0(Dba,n +0(D)bo,n +0B3)b1, + 0(D)b2 5 + 0(6)b3 1
+0(2)2" +0(4)(=2)" +0(6)(—1)" +0(12)).

[L:k]

Proof. We focus on the proof of the statements about the moments, since the argu-
ments involved suffice to deduce the statements about the measures. Statement (i)
follows from Propositions 3.2, 3.4, and 3.10, and the equality

My, [ai(Akm)] =2 -Maulai(A)],

which follows from the fact that if p is a prime of k, where A has good reduction
and p is inert in kM, then A is supersingular at p and a;(A)(p) = 0.
For (ii), let v denote the nontrivial conjugacy class of Gal(kM/k). Note that

M, [a2(A)] = IM,[ax(A) | Pi] + 1M, [ax(A) | P,
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To compute M, [a2(A) | P11 = M, [a2(Axu)], we apply Proposition 3.10. We then
claim that

M, laz2(Ap) | Pl = 0(2)2" +0(H)(=2)" +0(6)(—=1)" +0(12)).

[L:kM] (
We may restrict to primes p of k that are inert in kM, of absolute residue degree 1,
and of good reduction for both A and E. The polynomial I:p(A, T) must then be
one of the five listed in (3-2).

We now consider the Rankin-Selberg polynomial L, (E, 6g(E, A), T), whose
roots are all products of roots of Ep(E , T) =14 T?, and all roots of the polynomial
det(1—6g(E, A)(Froby,)T). More explicitly, if s is the order of Frob, in Gal(L/k),
one may apply Proposition 3.3 to compute L, (E, 0g(E, A), T). This yields:

s=2: (1+7%* s=6: (1=T*+T%? s=12: (1+T>+T%?
s=4: (1-T%* s=8: (1+T%?

By arguments analogous to those of [Fité 2013, Theorem 3.1], there is an inclusion
of Q¢[Gr]-modules
Vi(A) € Vi(E) ®Oa(E, A).

This implies that L, (A, T) divides L,(E, 0g(E, A), T). It immediately follows
that Ly (A, T) is

s=2: (147?72 s=6: 1—-T>+T* s=12: 1+71%+71*
s=4: (1-T%2 s=8: 14T*

Finally, we observe that the condition ip (A, T) divides I:p (E,0g(E, A), T) implies
that s can not attain any value other than the ones considered. (]

3D. Additional remarks. As noted in the introduction, all 32 of the genus-2 Sato—
Tate groups with identity component isomorphic to U(1) can arise as the Sato—Tate
group of an abelian variety A defined over k with Ag ~ Eé, where E is an elliptic
curve defined over k (with CM).

However, not all 10 of the genus-2 Sato—Tate groups with identity component
isomorphic to SU(2) can arise as the Sato-Tate group of an abelian variety A
defined over k such that Ag ~ EZ%, where E is an elliptic curve defined over k
(without CM).® The Sato-Tate groups for which this is not true are the four whose
component group contains an element of order 4 or 6. Indeed, recall that 6g(E, A)
and O (A) are the representations afforded by Hom(E, A7) ®Q and End(A) Q.
As in the proof of Proposition 3.2, one can then show that 6g(A) = 6g(E, A)®?,

8 All Sato—Tate groups with identity component SU(2) can occur for an A over k such that
A@ ~ E?@ for some elliptic curve E, but this curve need not be defined over k.
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that is, a1 (8g(A)) = a1(0g(E, A))*. Butif r € Gal(K / k) has order 4 or 6, then
a1(6g(A))(r) =2 or 3, which are not squares in Q.

We end this section by computing the density z; (Ay) of zero traces of an abelian
Varietl/ A defined over k such that Ag ~ E% for some elliptic curve E defined
over Q.

Lemma 3.13. Let A be an abelian variety defined over k such that Ag ~ E%, where
E is an elliptic curve defined over Q (not necessarily over k). Let M denote the CM
field if E has CM, and let M = Q otherwise. Then

0(2) . o
1y | 1GalZ kM) iFIeM k] =1,
z1(Ap) = 11 0(2) DN

2 " 2|Gal(L/kM)|

Proof. Except for a set of density zero, any prime p of k that does not split in kM is
supersingular, in which case a;(A)(p) = 0. This gives density 0 in the first case and
density % in the second case. Among the primes that split in kM, we wish to show
that exactly the proportion 0(2)/|Gal(L/kM)| have trace 0. Among these primes,
the density of the supersingular primes is zero. Let p be a nonsupersingular prime
of good reduction for A that splits in kM. From Remark 4.8 in [Fité et al. 2012] in
the non-CM case, and from Proposition 3.4 in the CM case, the roots of L,(A, T)
are o, @, {ra, ,a, where r is the order of Froby, in Gal(K/k) and where o/« is
not a root of unity. It follows that o + @ + ¢, + ¢, @ = 0 if and only if » = 2. One
then applies the Chebotarev density theorem. ([

4. Twistsof y2=x>—x and y> =x%+1

In this section, we strengthen the results of Section 3 in the particular case that
k =Q and A ~g Jac(C), where C is a twist of the curve y> = x> —x or y?> = x°+1.
We first introduce some convenient notation. Let Cg and Cg denote the curves
defined over QQ by the equations

CY: y?=xb—5x*—5x2 41, CY: P =xC+1.

The curve C(Z) is a twist of y?> = x> — x, as one may verify by computing their

respective Igusa invariants, as defined in [Igusa 1960]. As shown below, the
Jacobian of Cg is Q-isogenous to the square of an elliptic curve defined over Q, a
property that the curve y> = x> — x does not enjoy. We also note that the minimal
field of definition of the endomorphisms of the Jacobian of Cg is Q(~/—2), but for
y2 =x —x itis Q, v/—2).

Let Eg and Eg denote the elliptic curves defined over Q by the equations

EY: Y2=X’—5X*-5X+1, EY: Y’=X'+1.
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We note that j(E(z)) =253 and j(Eg) =0, and thus E(z) has CM by Q(+/-2) and
EY has CM by Q(v/=3).

To simplify notation, throughout this section d denotes either 2 or 3, and we
write C° for CY, E° for EY, and M for Q(+/—d). We use C to denote a twist of
C? defined over Q. In the context of Section 3, we are specializing Ag~ E2 to
the case where A = Jac(C) and E = E°, as we now show.

4A. Fields of definition of isomorphisms.
Lemma 4.1. JaC(Cg) is Q-isogenous to (Eg)z.

Proof. We proceed as in the proof of Lemma 4.1 in [Fité and Lario 2013]. The
quotient of Cg by the nonhyperelliptic involution «(x, y) = (—x, y) is precisely the
elliptic curve EY, and thus Jac(Cg) ~0 Eg x E, where E is also an elliptic curve
defined over Q. The automorphism y (x, y) = (1/x, y/x*) does not commute with
which implies that End(Jac(C?)) is nonabelian, and therefore Jac(C d) ~a (E; 0y2,
O

Lemma 4.2. The minimal number field over which all the automorphisms of Cg are
defined coincides with the minimal number field over which all the endomorphisms
of Jac(C)g are defined.

Proof. Let K, (resp. K,.) denote the minimal number field over which all the
automorphisms of Cg (resp. all the endomorphisms of Jac(C)g) are defined. The
fact that Aut(Ck,) is nonabelian and contains a nonhyperelliptic involution implies
that Jac(C)x, ~ E 2 where E is an elliptic curve defined over K. Since E has CM
by M, it follows that K, = K, M. But [Cardona 2001, Proposition 7.3.1] asserts that
M =Q/-3)is already contained in K, if C is a twist of Cg , whereas [Cardona
20006, Proposition 8] states that M = QV/=2) is already contained in K, if C is a
twist of Cg . O

We use K to denote the field given by Lemma 4.2. We note that K is a Galois
extension of (0, and we have M C K, with equality in the case C = C 0,

Lemma 4.3. Let ¢ be an isomorphism from C% to Cg. The following number fields
coincide:

(1) the minimal field over which all isomorphisms from C% to Cg are defined,

(i1) the compositum of K (or even just M) and the minimal field L4 over which ¢
is defined,

(iii) the minimal field over which all homomorphisms from Jac(C 0)@ to Jac(C)g
are defined,

(iv) the minimal field over which all homomorphisms from E% to Jac(C)g are
defined.
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Proof. Let Ly, Ly, L3, and L4 denote the fields defined by (i), (ii), (iii), and (iv),
respectively. Any isomorphism i from C% to Cg can be written as ¥ = a o ¢
and ¢ o «” for some o € Aut(Ck) and some o € Aut(CA(f,). This implies that
Li C MLy C KLy = L,. Conversely, for any ol e Aut(C,&) and o € Aut(Cg), the
compositions « o ¢ and ¢ o «” are isomorphisms from C2 to Cg- It follows that
L, € L. Thus we have shown Ly =MLy = KLy = L>.

The isomorphism from C2¢ to Cp, induces an isogeny JaC(CO)L¢ ~Jac(C)p,,
which we also denote by ¢. Any homomorphism from Jac(C 0)@ to Jac(C)g
can be written as ¥ o ¢ for some ¥ € End(Jac(C)g) ® Q. This implies that
L3 C LyK,LyM = L,. Conversely, it is clear that L; is contained in L3.

Any endomorphism ¢ from Jac(CO)@ to Jac(C)g can be written as ¢; o ¢y,
where ¢ € Hom(Jac(C®), (E°)*) ® Q and ¢» € (Hom(E} ,Jac(C)r,) ® Q).
Thus L3 € L4. Conversely, any homomorphism from E% to Jac(C)g can be
written as ¢, o ¢;, where ¢ € Hom(E?, Jac(CY)) ® @ and ¢» is an element of
Hom(Jac(C?).,, Jac(C)1,) ® Q. Thus Ly C L3. O

We use L to denote the field given by Lemma 4.3, and we note that L is a Galois
extension of () that contains K.

Remark 4.4. If A is the abelian three-fold E° x Jac(C), we observe that L coincides
with the minimal field over which all the endomorphisms of Ag are defined. It
follows that the component group of ST(A) is isomorphic to Gal(L/Q).

4B. The Galois module Hom(Eg, Jac(C) ). We now compute 0/ o (E®, Jac(C)),
strengthening Lemma 3.9 in the case where A ~g Jac(C). We take advantage of
the following fact: the group Gal(L/Q) is isomorphic to a subgroup of Go :=
Aut(CY,) x Gal(M/Q). Here the action of Gal(M/Q) on Aut(CY) is the natural
one (see [Fité and Lario 2013, §2]).

More precisely, let ¢ : C;, — Cg be an isomorphism. Then

A Gal(L/Q) = Geo,  rg(0) = (¢() ", mr m (o))

is a monomorphism of groups, where 7z, /s : Gal(L/Q) — Gal(M/Q) is the natural
projection, as in [Fité and Lario 2013, Lemma 2.1]. Now let

Resy A4 : Gal(L/M) = Aut(CY))

be the restriction of A4 at Gal(L/M). Consider the 2-dimensional M -rational
representation

Opo co : Aut(Cg,,) — Aut@(Hom(Eg,,, Jac(CO)M) OM.c @2)

defined by Opo co(a)(¥) = a o yr. As in [Fit€ and Lario 2013, Theorem 2.1], one

then has
B0 co o Res$ Ay = Oy 5 (E°, Jac(C)), -1
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Class la 2a 2b 3a 4a 6a 8a 8b
Size 1 1 12 8 6 8 6 6
x1 1 1 1 1 1 1 1 1

x2 1 1 -1 1 1 1 — -1

X3 2 2 0o -1 2 -1 0 0

a 2 =2 0 -1 0 1 /=2 —J=2

s 2 =2 0 -1 0 1 —J/=2 =2

X6 3 3 1 0 -1 0 — —1

x7 3 3 -1 0 -1 0 1

xs 4 —4 0 1 0 -1 0 0

Table 1. Character table of Aut((C9) ) =~ (48, 29).

Class la 2a 2b 2c¢c 3a 4a 6a 6b 6¢C
Size 1 1 2 6 2 6 2 2 2
v 11 1 1 1 1 1 1 1
x2 1 1 1 -1 1 -1 1 1 1
x3 1 1 -1 -1 1 1 -1 -1 1
xa 1 1 -1 1 1 -1 -1 -1 1
X5 2 2 =2 0 —1 0 1 1 -1
X6 2 -2 0 0 2 0 0 0 -2
x7 2 2 2 0 —1 0 —1 -1 -1
s 2 -2 0 0 -1 0 —/-3 V=3 1
o 2 -2 0 0 -1 0 /=3 —J/=-3 1

Table 2. Character table of Aut((Cg) M) = (24, 8).

where 0y o (E 0 Jac(C)) is the representation of Gal(L /M) in Definition 3.1.
Lemma 4.5. Let C be a twist of C°. Then

X4 OF X5 ifCO = Cg (see Table 1),

Tré6 =
e {Xs or xo ifC%=C) (see Table 2).

Proof. A glance at Tables 1 and 2 tells us that any M -rational faithful representation
of degree 2 must have trace x4 or x5 when C% = Cg, or trace g or x9 when C? = Cg .
The two possibilities in each case correspond to the two different embeddings of

M into Q. O
Proposition 4.6. The index of K in L is at most 2.

Proof. As in Lemma 4.1, let « be the nonhyperelliptic involution «(x, y) = (—x, y)
of C°. Let E be the elliptic curve Cx /(¢ 'a¢) defined over K (note that ¢~

is an automorphism of C, all of which are defined over K). The isomorphism
¢:Cp— Cg induces an isomorphism ¢ : E; — Eg. Thus E is a K -twist of E°.
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From characterization (iii) of L in Lemma 4.3, it is clear that L is the compositum
of K and the minimal field L  over which ¢ is defined.

When CY = Cg, we have j(FE) # 0, 1728, and by [Silverman 2009, p. 304], it
follows that (Z) is then defined over a quadratic extension of K and [L : K] < 2.
When C% = Cg, we have j(E) =0, and in this case L = K ({/y), for some y € K.
Let Lo = K (,/y). It suffices to show that /y € Lo.

Suppose for the sake of contradiction that 3/y ¢ Lo. Then Gal(L/L¢) >~ Cs.
Lemma 4.5 then implies that if 7 is a nontrivial element of Gal(L/Lg), then
TrOy & (E®, Jac(C))(t) = —1. Therefore, the restriction of the representation
afforded by the Gal(L/M)-module Hom(EY, Jac(C)y) OM.0 Q to Gal(L/Ly) is

Res}! 0.0 (E°, Jac(C)) ~ x ® X,

where y is any of the two nontrivial characters of Gal(L/Lg). As in [Fité 2013,
Theorem 3.1], we have

Res}! Oy, (E, Jac(C)) ® Vo (E°) = V, (Jac(C)),
as Q¢[G L,]-modules. This implies that
Vo (Jac(0)) =~ (x ® Vo (E”) @ (X ® Vo (EY)), 4-2)

as Q/[G L,]-modules. However, as seen in Lemma 4.2, Jac(C)r, ~ Eio, which
implies the following isomorphism of Q¢[G 1,]-modules:

Vy(Jac(C)) ~ V, (E)*®. (4-3)

But now (4-2) and (4-3) together imply V, (E 0y~ x ® V, (E®), which is impossible.
(We remark that if Res%} Om.o(E 0 Jac(C)) =~ x?®, one does not reach a contradic-
tion; see Example 4.12). O

Proposition 4.7. Let w be the hyperelliptic involution of C°. Then [L : K1=2 if
and only if (w, 1) € G¢o lies in the image of Ay. If [L : K| =2, then the preimage
of (w, 1) by Ay is the nontrivial element  of Gal(L/K).

Proof. We first suppose that [L : K] = 2. Observe that for both Cg and Cg, if
o e Aut(Cl(l’,,) and TrOgo co(a) = —2, then @ = w. In view of the isomorphism in
(4-1), it thus suffices to prove that 0y (E®, Jac(C))(w) = —2. From the proof of
Proposition 4.6, we know that Jac(C)x ~ E 2 where E is an elliptic curve defined
over K with CM by M. Fix an isomorphism ¢ : E? — E;. Fix an isogeny
Yo Ex x Ex —> Jac(C)g. Fori =1,2,let; : Ex — Eg x Eg denote the natural
injection to the i-th factor. Then ¥, oty o ¥; and i o 15 0 Yy constitute a basis of
the @[Gal(L/M)]—module Hom(EY, Jac(C) 1) QM. Q. The claim follows from
the fact that “y| = —yrq, “Yp = Y, and “; = ;.
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Now suppose that [L : K] = 1. Recall the monomorphism
*g 1 Gal(K /Q) < Aut(CY,)/(w) x Gal(M/Q)

of (2-3). The commutativity of the diagram

/\

Gal(L/Q) —= Gal(K/@)g Geo/{((w, 1))
implies that (w, 1) does not lie in the image of Ay. [l

Remark 4.8. Let Hy := A4(Gal(L/M)). If (1, ) lies in the image of A4, then
Ag(Gal(L/Q)) = Hy » ((1, 7)); indeed, Hy is normal in Ay(Gal(L/Q)), since its
index is 2, and Hy N ((1, 7)) is trivial. In this case, Hy is stable under the action
of Gal(M /Q). However, it is not true in general that Gal(L/Q) >~ Hy x {((1, t)) or
that Hy is stable under the action of Gal(M/Q).

Proposition 4.9. For t in Gal(L/Q), let s =s(t), r =r(t), and t =t (1) denote the
orders of T, the projection of T on Gal(K /Q), and the projection of T on Gal(M /Q),
respectively. The following hold:

(1) The triple (s, r, t) is one of the 13 triples listed in Table 3.
(ii) If T fixes M, then the triple (s, r, 1) determines, up to sign, the quantities
a1(0)(t) = Try,o (E°, Jac(C)) (1), (4-4)

a2(0)(t) = det Oy o (E°, Jac(C))(1), (4-5)
as specified in Table 3.
(iii) For each triple (s, r,t), let Fis ) 1 [=2,2] — [—4, 4] x [—-2, 6] be the map
defined in Table 3. For every prime p > 3 unramified in L of good reduction
for both Jac(C) and E°, there exists a unique triple (s, r, t) such that

Fis.ry(@i(E®)(p)) = (u - a1(Jac(C))(p), a2(Jac(C))(p)), (4-6)

withu = %1 (infact,u =1 for (s, r,t) # (6,6, 1) and (8, 4, 1)). Moreover, the

unique triple (s, r, t) for which (4-6) holds is (fL(p), fx(p), fu(p)), where
fr(p) is the residue degree of p in F.

Remark 4.10. For a prime p unramified in L such that f;(p) = 1, we have
a(Jac(C))(p) = az(0)(Frob,) - ai (E)(p)* + |a1 (8) (Frob,)|* — 2a,(9) (Frob,,),

where a>(0)(Frob,,) = +£1. It follows that for any two twists C and C’ of C 0 we

have
ar(Jac(C))(p) = £a,(Jac(C"))(p)  (mod p),
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(s,r,1) Firn(x) ai(0)(r) a(©)(r)
(1,1, 1) (2x,x2+2) 2 1
2, 1,1 (—2x,x%+2) -2 1
2,2, 1) 0, —x>+2) 0 —1
(3,3, 1) (—x,x2—1) -1 1
4,2, 1) 0, x2=2) 0 1
6,3, 1) (x,x2—=1) 1 1

6.6,1) (V3(@4—x2),—x*+5) /-3 -1
(8,4, 1) (V2(4—x2),—x>+4) £J-2 -1

2,2,2) 0,2) —
4,2,2) 0, -2) - -
(6,6,2) ©0,-1 — —
8,4,2) (0,0) - -
(12,6,2) 0,1 - -

Table 3. The triples for (s, r, t) associated to T € Gal(L/Q) (as
defined in Proposition 4.9), and corresponding values of Fi; , 1) (x),
a1(6)(r), and a2 (6)(7).

where a;(A)(p) = p'/?a;(A)(p) is the integer that appears as the coefficient of 7'
in the (unnormalized) L-polynomial L ,(A, T).

Proof. For assertion (i), assume first that = 1. Observe that s is the order of A4(7)
in Aut(CA(f,), and r is the order of the projection of A4(7) in Aut(C,BI)/(w). Let ¢
denote the conjugacy class of A4(7) in Aut(CB,). One finds that the pairs (s, r) are
determined by the conjugacy class of 7 as follows:

0 — 0 c: la 2a 2b,2c 3a da 6a, 6b 6¢
! N (r,s): (1,1 2,1 (2,2) 3,3) 4,2) (6,6) (6,3)
O = 0 c: la 2a 2b 3a 4a 6a 8a
! T (r,s): (1,1) 2,1 (2,2) (3,3) 4,2) (6,3) (8,4

(see Tables 2 and 1 for the names of the conjugacy classes). Assertion (ii) now
follows immediately by applying the isomorphism in (4-1) and Lemma 4.5. If
t = 2, then r must be 2, 4, or 6, and the fact that [L : K] < 2 limits (s, r, t) to
either one of the last 5 triples in Table 3, or (4, 4, 2). The latter possibility is ruled
out by Proposition 3.3: if s = 4, then for every prime p for which Frob, lies in
the same conjugacy class of 7 in Gal(L/Q), we have l_,p(Jac(C), T)=(1-T??,
and the only quotients of roots of this polynomial are 1 and —1. This implies
that 6y, (Jac(C))(7) has order 2, and since 6y;(Jac(C)) is faithful, we must have
r=r(tr) =2, not 4.

For t = 1, the existence statement in (iii) follows from combining Lemma 3.9
with statement (ii), and for r = 2, it follows from the proof of Corollary 3.12.
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The uniqueness of the map F(, ,, satisfying (4-6) at a prime p > 3 may be
verified by noting that the graphs of the 13 functions F, ) intersect in only
finitely many points in R, none of which corresponds to a possible value of
(al(EO)(p), a;(Jac(C))(p), az(Jac(C))(p)) for any prime p > 3. Finally, we note
that if T = Frob,, then (s(t), r(z), t(1)) = (f2(p), fx (P), fu(p)). O

We now give two examples of abelian varieties A such that Ag ~ (E%)2 for
which the conclusions of Propositions 4.6 and 4.9 do not hold because A is not
Q-isogenous to the Jacobian of a twist of C°. In the two examples below, we use
the elliptic curve .

Eg: yi=x42
defined over Q, which is a twist of Eg .

Example 4.11. Let A = EJ x EY. Then K = L = Q(+/2, ¢3). If T € Gal(L/M)
and s(t) = 3, then a;(0)(r) = 1 +¢3 or 1 +¢5 and a»(#)(t) = &3 or ¢5, which do
not lie in (). Thus by Proposition 4.9, A is not Q-isogenous to the Jacobian of any
Q-twist of Cg. Moreover, for p =7, one can compute that a,(A)(7) = 30, while
a((ED?)(7) = ar(Jac(CY))(7) = 18. Thus

ax(A)(7) # a;(Jac(C”))(7)  (mod 7).

Example 4.12. Let A = (E~g)2; then L = Q(¥/2, &3) and K = Q(¢3); we have
[L : K]=6, and, by Proposition 4.6, A is not (2-isogenous to the Jacobian of any
Q-twist of Cg. In the context of the proof of Proposition 4.6, Ly = Q(+/2, £3)
and Res?0 O(E®, A) >~ x?9, rather than Res?0 0(E®, A) ~ x @ ¥, which avoids
the contradiction used in the proof. Moreover, for A we may have s(r) = 3 and
r(t) =1, which gives a pair (s, r) that cannot occur for the Jacobian of any Q-twist
of Cg, by part (ii) of Proposition 4.9.

4C. The triples T (C). We determine the possible values of the triple 7' (C), which
denotes the isomorphism class [Gal(L /Q), Gal(K/Q), Gal(L/M )]. To specify
triples explicitly, we use identifiers from the Small Groups Library [Besche et al.
2002] found in computer algebra systems such as GAP and Magma. These identifiers
consist of a pair of positive integers (n, m), where n is the order of the group and m
distinguishes the group from other groups of order n but otherwise has no meaning.
We also recall from Section 4B the embeddings

Ay : Gal(L/Q) < G o, Res Ay : Gal(L/M) <~ Aut(Cl(fl),
*¢ 1 Gal(K /Q) < Geo/{(w, 1)), Resiy: Gal(K/M) < Aut(CY,)/(w),
where w denotes the hyperelliptic involution of C°.

Lemma 4.13. The groups G o, Go/{(w, 1)), Aut(CA(BI), and Aut(CIBI)/(w) are as
follows:
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C’ Geo Geo/{(w, 1)) Aut(Cy) Aut(Cyp)/(w)
CY (96,193) (48, 48) (48,29) (24, 12)
CY (48,38) (24,14) (24,8) (12, 4)

Proof. We show how to compute G o and Aut(CAOl); the respective quotients are
then easily obtained. Recall that if C/Q is a genus-2 curve, given by a hyperelliptic
equation y> = f(x), where f(x) € Q[x], then for any « € Aut(Cq), there exist
m,n, p,q € Q such that

(4-7)

mx+n mq—np
alx,y) = ;

) y
px+q (px+q)?
see, for example, [Cardona 2006]. Let

(o) := <’Z Z)

The map ¢ : Aut(Cg) — GL; (Q) that sends « to (() is a G g-equivariant monomor-
phism. For d =2, 3, we have Aut((Cg)M) = (Uy, Vy), where

Uzzl(*/__z_l 1 ) 1( 1 —\/—_2+1>'

2 1 1ev=2) 2Tl 1

v (01 v 1 0 —1+/=3
3=\1 o) 37 2\1+/=3 0 ’

One can readily check that U; and V; represent automorphisms of (CS) M, and
that they generate a group of order 48 if d = 2 and of order 24 if d = 3, which
are known to be the orders of Aut((Cg) m). With this explicit representation, the
isomorphism type of (Uy, V) is then easily determined by a computer algebra
system. The group GC2 is then determined by explicitly computing the semidirect
product (Uy, V) x Gal(Q(v/—d)/Q). O

Remark 4.14. We note that (48, 29) ~ S, ~ GL;(F3) and (24, 8) ~2Dg ~ C3 x D4
are the two automorphism groups mentioned in the introduction, with quotients
(24, 12) >~ S4 and (12, 4) >~ Dg, respectively. The group (24, 14) is isomorphic to
D¢ x C,, while the groups (48, 38) and (48, 48) are both degree-3 extensions of
D4 x Cy and (96, 193) is a degree-3 extension of Cg x Aut(Cg).

Let f(C ) denote the triple
(Ap(Gal(L/Q)), g (Gal(L/M)), ry(Gal(L/M)))

in Geo X Geo X Go. Since Ay 1s injective, the conjugacy class of T (C) determines
T(C) and z(C), where z(C) is the vector in Definition 1.3. In order to bound the
number of possibilities for 7(C) and z(C), we first bound the number of possible
triples 7(C), up to conjugation.
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Lemma 4.15. Let H, N, and Hy be subgroups of G co. IfT(C) = (H, N, Hy), then
the following conditions must be satisfied:

(1) Hypand HN Aut(Cg,I) x (1) coincide and have order |H|/2.
(i) N and {((w, 1)) N Hy coincide.
Proof. Let Gal(M/Q) = {1, t}. Then

Ho = )s(Gal(L/M)) C (Aut(CY)) x {1) N H,
Hy =y (Gal(L/Q) \ Gal(L/M)) S (Aut(C§) x {t}) N H.

The injectivity of Ay implies that |Hy| = [H,| = |H|/2, and (i) follows from the
fact that H = Hy U H;.

Proving (ii) is equivalent to showing that (w, 1) lies in the image of A4 if and
only if [L : K] = 2. But this has already been proved; see Proposition 4.7. U

Proposition 4.16. Let H, N, and Hy be subgroups of G co that satisfy conditions
(i) and (ii) of Lemma 4.15.

(i) For C° = CO (resp. cY = CO) there are 27 (resp. 38) possibilities for the
conjugacy class of (H, N, Hy) in Gco X Go X G co.

(i) For C° = CO (resp. CO = CO) the 27 (resp. 38) possibilities for the conju-
gacy class of (H, N, Hy) give rise to the 23 (resp. 23) isomorphism classes
[H, H/N, Hy] and vectors z(H, N, Hy) listed in the top (resp. bottom) half
of Table 4. Moreover, |[H, H/N, Hy] and z(H, N, Hy) determine each other
uniquely.

(iii) For C° = CO (resp. C¥ = CO) the triple T (C) and the vector z(C) must be
among those listed in the corresponding half of Table 4, and T (C) and z(C)
determine each other uniquely.

Proof. For (i), recall that GCo (48, 38) and Aut((CO) m) = (24, 8). The following
three facts permit us to work with GCo and Aut((CO) M) as abstract groups. First,
there are exactly two subgroups A and Az of (48, 38) isomorphic to (24, 8). Second,
there is a unique nontrivial central involution w in (48, 38), and it lies in both A,
and A,. Third, consider the two lists of triples of groups, up to conjugation,

$i={(H. (W)NH,HNA;) | HC (48,38), |[HNA;|=|H|/2} /~, i=12,

where (H, (W)NH, HNA;) ~ (H', (W)NH', H'NA;) if H and H' are conjugated
in (48, 38). Then the lists £; and ¥, coincide; write & for this list. For C° = Cg,
the three previous facts can be checked to hold verbatim when replacing (48, 38)
and (24, 8) by (96, 193) and (48, 29), respectively. For C° = CJ, & has 38 elements
and, for C* = Cg, it has 27 elements.
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For (ii), for each of Cg and Cg , we enumerate the triples (H, N, Hp) in & and
explicitly compute [H, H/N, Hp] and z(H, N, Hp) in each case using a computer
algebra system (we used Magma), obtaining the values listed in Table 4. One then
checks that [H, H/N, Ho]l = [H', H'/N’, Hj] if and only if z(H, H/N, Hp) =
z(H', H'/N', H)).

Statement (iii) follows immediately from (ii) and Lemma 4.15. O
Proposition 4.17. The vector z(C) and the triple T (C) both uniquely determine
the Sato—Tate group ST(Jac(C)).

Proof. The 18 Sato—Tate groups G that can occur over @ with G® ~ U(1) (see [Fité
et al. 2012, Theorem 4.3]) are uniquely determined by the combination of:

(a) the isomorphism classes of the groups G/G° and G"$/G"$°,
(b) the vector 22(G) = (22,2(G), 22,-2(G), 22,-1(G), 22,0(G), 22,1(G)),’

where G™ is the index-2 subgroup of G obtained by removing from G those
components all of whose elements have a constant characteristic polynomial.

On the one hand, the isomorphism classes of the groups G/G" and G/ G"**? are
determined by T'(C), since G/G° ~ Gal(K /Q) and G"*/G""* ~ Gal(K/M). On
the other hand, z,(G) is determined by z(C); indeed, it follows from the construction
of the Sato—Tate group in terms of the image of the £-adic representation attached to
Jac(C) and from assertion (iii) of Proposition 4.9, that zo(G) - [L : K] = z2(C). U

Corollary 4.18. For each triple [H, H/N, Hy) in Table 4, there exists a twist C
of C° such that T(C) =[H, H/N, Hy) if and only if the corresponding row in the
table is not marked with an asterisk. Thus, for C° = Cg (resp. for CY = Cg) there
are exactly 20 (resp. 21) possibilities for T (C).

Proof. Observe that the triples marked with an asterisk in Table 4 correspond
to Sato-Tate groups (equivalently, Galois types) that cannot arise for abelian
surfaces defined over Q (see [Fité et al. 2012, Proposition 4.11]). For each of
the triples [H, H/N, Hp] that is not marked with an asterisk, a curve C with
T(C)=[H, H/N, Hp] is exhibited in Tables 5 and 6 (for details on how the curves
have been found, see Section 5A; for details on how 7' (C) is computed for each of
the curves, see Section 5C.) ([l

Remark 4.19. If the triple [H, H, Hy] appears in either half of Table 4, then so
does the triple [H x Cy, H, Hy x C;]. In other words, if there exists a twist C of
CY such that Gal(L/Q) = Gal(K /Q), then there exists a twist C’ of C° such that
Gal(K'/Q) = Gal(K /Q) and Gal(L'/Q) ~ Gal(K /Q) x C,. Here K’ (resp. L') is

9Following the notation of [Fité et al. 2012], recall that z; ; (G) denotes the number of connected
components of G all of whose elements have a constant characteristic polynomial, for which the
coefficient of the quadratic term is equal to i. Note that the components of the vector zo(G) have been
permuted with respect to the definition of z;(G) given in [Fité et al. 2012].
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the minimal field over which all the automorphisms of C’ (resp. all the isomorphisms
between C’ and C?) are defined. Indeed, if C is given by the hyperelliptic equation
y2 = f(x), let C’ be the curve given by dy*> = f(x), where d € @* is not a square
in K. We will use this remark in Section 5 for the computation of some of the
curves.

Remark 4.20. Among the 18 Sato—Tate groups with identity component U(1) that
can occur over @, there are 13 that are subgroups of J(O) and 11 that are subgroups
of J(Dg) (6 are subgroups of both). From Table 6, we see that the 13 that are
subgroups of J(0) can all occur as Q-twists of CY, and the 11 that are subgroups
of J(Dg) can all occur as (Q-twists of Cg .

5. Numerical computations

We now describe the methods used to obtain the example curves C listed in Tables
5 and 6. As in Section 4, each curve C is a Q-twist of C° = Cg, ford =2, 3,
where Jac(Cg) ~ (ES)2 and Eg is an elliptic curve with CM by M = Q(+/—d).
For d = 2, we list 20 curves C that are QQ-twists of the curve Cg defined by
y? = x% — 5x* — 5x2 4 1, realizing every possible triple

T(C) = [Gal(L/Q), Gal(K /Q), Gal(L/M)]

that can occur when C is a Q-twist of Cg. Recall that the fields K and L are the
minimal fields of definition End(Jac(C)g) and Hom(Jac(C)g, Eg), respectively,
as in Definition 1.2. Similarly, for d = 3, we list 21 curves C that are twists of
the curve Cg defined by y? = x® + 1, realizing every possible triple 7 (C) that can
occur when C is a Q-twist of Cg.

For each of the two curves C°, we followed the procedure outlined below:

(1) Generate a large set S of (D-twists of C 0,
(2) For each C € §, compute a provisional value of the triple T (C).

(3) Select a single representative C for each distinct triple 7(C) and then verify
the provisional value of 7'(C) by explicitly computing the fields K and L and
the triple 7(C) = [Gal(L/Q), Gal(K /@), Gal(L/M)].

The purpose of the “provisional” computation of 7 (C) in step (2) is to avoid
computing the fields K and L for all of the curves in S, which would have been
infeasible. Explicit computation of the fields K and L (and their Galois groups) for
even a single curve C can be quite time-consuming, taking hours or even days of
computer time, and the sets S that we used contained tens of thousands of curves.

In the rest of this section we fill in some of the details of the three steps listed
above.
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5A. Generating twists of C°. Explicit parametrizations of the families of twists of
Cg and Cg are given in [Cardona 2001; 2006]. One can easily obtain a large set S
using these parametrizations. However, the resulting curves tend to have large coef-
ficients, making the computation of K and L more difficult, and the vast majority of
curves in § are likely to represent the generic case, where Gal(K /Q) and Gal(L /Q)
are as large as possible. In principle, one can control the isomorphism type of
Gal(K /Q) by placing appropriate constraints on the input parameters, but this is not
enough to determine the Sato—Tate group, and it gives no control over Gal(L /().

We instead adapted the search method used in [Fité et al. 2012], generating S by
enumerating all curves of the form y? = 21‘6:0 c;x' satisfying coefficient bounds
lci| < B;. To quickly identify curves C that are twists of C°, we first compute
a1 (C)(p) for a handful of small primes p that are inert in M, and immediately
discard C if a;(C)(p) # 0 for any such p. We then compute the absolute Igusa
invariants of C, and compare them to the corresponding values for C°. With the
bounds B; chosen to encompass some 2°° curves with small coefficients, we obtain
a set S containing tens of thousands of twists of C” in each case.

After applying the method in Section 5B below to all of the curves in S, we had
several candidate curves C for every possible triple 7(C) that can arise when C
is defined over Q) (the triples listed in Table 4 that are not marked with an asterisk).
We then selected a single representative C for each triple and computed K and L for
each of these C, as described in Section 5C, and then computed the Galois groups
Gal(L/Q), Gal(K /@), and Gal(L /M), using the Magma computer algebra system,
to obtain the true value of the triple 7 (C). As expected, this computation confirmed
the provisional value in every case. Indeed, in all but the most time-consuming
cases we were able to repeat the computations using several different candidate
curves C and always obtained the expected value of 7'(C).

Remark 5.1. The computation of the triple 7(C) in Magma is completely inde-
pendent of the calculations used to obtain a provisional value for 7 (C), which were
performed using the smalljac software library [Sutherland 2011]; the purpose of
the provisional computations was simply to obtain a set of candidate curves that is
much smaller than the initial set S. The fact that in every case we obtained the same
value for T'(C) using two completely different methods gives us a high degree of
confidence in our numerical computations.

5B. Provisional computation of T (C). To provisionally identify the triple 7' (C),
we compute an approximation of the vector z(C) (see Definition 1.3), which, by
Theorem 1.4, uniquely determines 7' (C). To do this, it suffices to determine the
triples (s, r, t) of residue degrees ( f7(p), fx (p), f;(p)) for a sample set of primes
p (say, primes p < 2!6 of good reduction for C), and then count how often each
triple appears. The components o(s, r) and o(s, r) of the vector z(C) may be
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approximated by computing the relative frequencies of the triples (s, r, 1) and
(s, r, 2), respectively, and normalizing so that o(1, 1) = 1.

We can easily compute t = fy(p) € {1, 2} by checking whether p splits in M,
but we also need to compute r = fx(p) and s = f7(p), and we would like to do
so without knowing K or L. This can be achieved as follows: we first compute
al(EO)(p) and the values a;(C)(p) and a;(C)(p), as described in Section 5B1,
and then determine the unique map Fi; ) from Proposition 4.9 for which

Fis.r.n(@i(E%)(p)) = (£a1(C)(p), a2(C)(p)). (5-1)

5B1. Computation of a1(C)(p) and a(C)(p). For an arbitrary genus-2 curve,
efficient computation of a;(C)(p) and a,(C)(p) is addressed in [Kedlaya and
Sutherland 2008], but in the special case of interest here, where C is a Q-twist of
C°, we use a faster approach. The Jacobian of C? is @-isogenous to the square of EY,
an elliptic curve defined over Q. Because E° has complex multiplication, we can
very efficiently determine a1 (E)(p). Taking C g as an example, Eg is defined by the
Weierstrass equation y? = x> — 5x% — 5x 4 1. This curve has CM by M = Q(+/—-2),
and for any prime p > 2 we may compute a = al(Eg)(p) as follows: a =0 if p is
inert in M and otherwise a = 4x/,/p, where the integer x satisfies p = x242y? for
some integer y. The positive integer z = |x| may be determined via Cornacchia’s
algorithm, and then x = (—1)€z, where e = (z — 1)/2 4+ (p — 1)(p + 5)/16; see
[Rubin and Silverberg 2010] for details. The computation for Cg is similar: in this
case EY is defined by y? = x3 + 1, with CM by M = Q(+/-3).

With a; (E%)(p) computed, there are only a handful of pairs (a;, ap) that are
compatible with (5-1), that is, for which there exists a triple (s, r, ) such that
F(S,,,,)(al(EO)(p)) = (zay, ap). Taking into account whether C is a twist of Cg
or Cg , Whether p splits in M or not, and that the sign of a; is actually ambiguous
in only 2 cases, there are at most 8 possibilities. Each compatible pair (a;, a»)
determines an integer

n=p?+ p**a; + par + p"*a; + 1,

one of which is equal to #Jac(C)(F,). In most cases, if we pick a random point
P € Jac(C)(F,), the equation nP = 0 will hold for exactly one n and uniquely
determine a; and a;. Even when this is not the case, after factoring the integers 7,
we can determine the order of any point P in Jac(C)([F,), using just O (log p)
operations in [F,; see [Sutherland 2007, Chapter 7]. This allows us to compute the
order of Jac(C)([F,) using a probabilistic generic group algorithm (of Las Vegas
type) that runs in O(p'/*) expected time; see [Sutherland 2007; Kedlaya and
Sutherland 2008, Proposition 1].'° This compares to an O (p*/*) expected running

10The O( pl/ 4) bound is a worst-case estimate; it is faster than this for most p.
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time for an arbitrary genus-2 curve using a generic group algorithm.!!

Having computed L ,(C, 1) =#Jac(C)([F,), we use the same method to deter-
mine L,(C, —1) = #Jac(C‘)(F,,), where C is any nontrivial quadratic twist of C
over [, and these two values uniquely determine a; and a>.

The algorithm described above is included in the most recent version of the
smalljac software library, whose source code is available at [Sutherland 2011].

5C. Computation of K and L. In this section, we describe the procedure used to
compute the fields K and L for the curves C listed in Tables 5 and 6.

For the field K, its characterization in Lemma 4.2 as the minimal field over which
all the automorphisms of C are defined turns out to be the most computationally
effective. For all 41 curves C: y?> = f(x) listed in Tables 5 and 6, one readily
checks that Aut(C%) ~ Aut(Cg) = Aut(Cp(zs,y)), Where F is the splitting field of
f(x) (see Remark 5.2 below). It is then a finite problem to identify the minimal
subfield K of F(&24) for which Aut(Ck) = Aut(Cr(z,,))-

Having computed K, we determine L as follows. For any nonhyperelliptic
involution 8 € Aut(C?l), the elliptic quotient C°/(B) is defined over M. If B; and
B> are conjugate in Aut(Cf‘}), then C%/(B;) ~ C°/(B,). For Cg there is just one
conjugacy class of nonhyperelliptic involutions; hence in this case every elliptic
quotient C°/(B) is isomorphic to Ei(l)/l‘ For Cg there are two conjugacy classes of
nonhyperelliptic involutions, of size 2 and 6 (see Table 2). The first corresponds to
the M-isomorphism class of £, and the second corresponds to the M-isomorphism
class of the elliptic curve y? = x3 — 15x +22.

Since we know K explicitly, we can compute Aut(Cg) and enumerate all the
nonhyperelliptic involutions « (there are 12 when d =2 and 8 when d = 3). For
d =2 we pick any «, and for d = 3 we pick « from the conjugacy class of size 2.
Define E := Ck/{a) and E0 = C/?,,/(qﬁa(f)_l). The isomorphism ¢ induces an
isomorphism ¢ : E;— Eg. As in the proof of Proposition 4.6, L is the compositum
of K and the minimal field over which ¢ is defined. Our choice of « ensures that
EO~ Ez?/ﬁ thus EL o~ Eg.

By applying [Cardona et al. 1999, Lemma 2.2], we can compute an explicit
Weierstrass equation for E of the form

E: Y’=X>+AX+B, with A, BeK.

Writing E° in the form Y2 = X3 4+ UX + V, there then exists y € L such that
U=y*Aand V = y%B, and y generates L as an (at most quadratic) extension
of K. We can easily derive y from the coefficients A, B, U, and V.

T As noted in [Kedlaya and Sutherland 2008], the asymptotically faster polynomial-time algorithm
of Pila [1990] is not practically useful in the range of p relevant to the computations considered here.
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Remark 5.2. In fact, it is true in general that for any twist C of Cg (resp. Cg), the
field K is contained in F(v/—2) (resp. F (v/=3,1)). We thank J. Quer for kindly
providing the following argument.

Let Aut(Cg)* denote the subgroup of Aut(Cg) generated by those elements o
such that Trace(:(«)) is nonzero. We claim that

Aut(Cgy)* = Aut(Cry)™.

Let WP(C) denote the set of Weierstrass points of C and let o be an element of
G rum. It suffices to show that ?a = « for every o in Aut(Cg)™* such that Trace(t(«))
is nonzero. Observe that for every P in WP(C), one has °P = P. Then, writing
Q = a~!(P), we have

“aoa ' (P) = (“a)(Q) =(a(Q)) =P = P,

which implies that “« is either o or wa, since the action of Aut(Cg)/{w) on WP(C)
is faithful. Provided that Trace(:(«)) is in M, the latter option is not possible, since
otherwise we would have

Trace(t(a)) = @ Trace(i(a)) = Trace(t(wa)) = — Trace(t(a)),

contradicting the fact that Trace(:(«)) is nonzero. Since Aut(Cg) and Aut(CO) are
conjugated, the groups Aut(Cg)* and Aut(C0 )* are isomorphic. It is stra1ghtfor—
ward to check that

Aut((CHg) ~Ss and Aut((Cg)" ~Ca x Ce.

Thus, for every twist C of C Y the field K is contained in F (J—_Z); but for a
twist C of Cg, the order of Aut((Cg)F(m)) can be 12 or 24. By considering the
parametrizations given in [Cardona 2001, Proposition 7.4.1] of all the twists C of
Cg as well as of the corresponding embeddings ¢(Aut(Cg)) in GL,(Q), one may
explicitly verify that K is always contained in F(v/—3, i).

SC1. An example. Consider the twist C of C g defined by the hyperelliptic equation
y2 = f(x) = x° + 15x* +20x7 +30x2 + 18x +5

over Q. This curve is listed in Table 6 for the triple [(24, 5), (12, 4), (12, 1)]. Let
us prove that this is in fact the triple T (C) = [Gal(L/@), Gal(K /Q), Gal(L/M)].

We first compute K. Let F denote the splitting field of f(x). One checks (via
Magma) that |Aut(Cyr)| = 24, where M = Q(+/—3), and therefore K € MF
(since we know a priori that |Aut(Cg)| = |Aut((C§)@)| = 24). By enumerating
the various subfields of MF, we find that the minimal subfield K of MF for which
|Aut(Cg)| =24 1is K = M(+/5, a), where a® +3a — 1 =0.
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To compute L, we choose the nonhyperelliptic involution o of Aut(Cg) whose
image under the map ¢ : Aut(Cg) — GL,(Q) defined in (4-7) is

() = l ﬁ _Zﬁ
C5\-2v5 V5 )
Applying [Cardona et al. 1999, Lemma 2.2] yields a Weierstrass equation for
E=C/{a):
11 1

—— V5t

97656250 3906250
Since EY is the curve y> = x>+ 1, we have U =0 and V =1, so y% = 1/B. This
implies that

125 375 125 125
y? - (TﬁJr T)az + (T\/g-F T)a —125+/5-375=0,

E: Y’=X’+B, withB=

and one finds that L = K (v'2+v/5 + 10).

Having explicitly computed the fields K and L, it is then straightforward to
verify that Gal(L/Q) ~ (24, 5), Gal(K/Q) ~ (12,4), and Gal(L/M) ~ (12, 1)
using Magma.

6. Tables

This section contains the remaining tables described earlier, whose definitions we
briefly recall. Remember that C? is one of the two curves Cg 2 =x0—5x*—5x2+1
(in which case M = @(+/=2)) or CY: y? = x®+ 1 (in which case M = Q(+/-3)).
Table 4 lists (up to isomorphism) the possible values of the triples 7'(C) that can
arise when C is a Q-twist of the curve C°.

Section 4C describes the computation of these tables. Each triple [H, H/N, Hy]
is a possible value for T(C) = [Gal(L/@), Gal(K /Q, Gal(L/M)], and is deter-
mined by a subgroup H C G0 whose intersection with Aut(Cg,I) is an index-2
subgroup Hy of H, where N = H N Z(G o).

For each triple T(C) we list the corresponding Sato—Tate group G and its
matching Galois type, as defined in [Fité et al. 2012], as well as the vector z(C) given
by Definition 1.3, all of which are uniquely determined by 7'(C), by Theorem 1.4.
As proven in [Fité et al. 2012], the Sato—Tate groups J(C1), J(C3), and C4 1 cannot
arise for a genus-2 curve defined over (Q, and the corresponding rows in Table 4
are marked with an asterisk.

In Tables 5 and 6, we list representative curves that realize every triple T (C)
that can occur when C is defined over Q. For each curve, we also give an explicit
description of the fields K and L, where K is the minimal field for which Aut(Cg) =
Aut(Cq), and L is the minimal extension of K over which C is isomorphic to CO.
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G H H/N Hy Galois type z(H, N, Hyp)
*J(Cp) 4,1) (2,1) (2,1) F[Cy,Cy, H] [1,1,0,0,0,0,0,0,0,0,2,0,0,0]
J(Cy) (8,2) 4,2) 4, 1) F[D;, Cy, H] [1,1,0,0,2,0,0,0,0,2,2,0,0,0]
J(Cy) (8,3) 4,2) (4,2) F[D;, Cy, H] [1,1,2,0,0,0,0,0,0,2,2,0,0,0]
*J(C3) (12,2) (6,2) (6,2) F[Cg, C3,H] [1,1,0,2,0,2,0,0,0,0,2,0,0,4]
J(Cy) (16,6) (8,2) (8, 1) F[C4 x Cy,Cy] [1,1,0,0,2,0,0,4,0,2,2,0,4,0]
J(Dy) (16,11) (8,5)  (8,3) F[DyxCy Dyl  [1,1,4,0,2,0,0,0,0,6,2,0,0,0]
J(Dy) (16,13)  (8,5) (8,4) F[D, x Cy, D3] [1,1,0,0,6,0,0,0,0,6,2,0,0,0]
J(D3) (24,6) (12,4)  (12,4) F[Dg, D3, H] [1,1,6,2,0,2,0,0,0,6,2,0,0,4]
J(Dg) (32,43) (16,11) (16,8) F[Dyg x Cp,Dy4] [1,1,4,0,6,0,0,4,0,10,2,0,4,0]
J(T) (48,33)  (24,13) (24,3) F[A4xCy, Ayl [1,1,0,8,6,8,0,0,0,6,2,0,0,16]
J(0) (96,193) (48,48) (48,29) F[S4 x Cy,S4] [1,1,12,8,6,8,0,12,0,18,2,0,12,16]
Cy 1 (2,1) (2,1) (1, 1) F[Cy,C,Mp(®)] [1,0,0,0,0,0,0,0,0,1,0,0,0,0]
Cy1 4,2) (2,1) (2,1) F[Cy,C,Mp(®)] [1,1,0,0,0,0,0,0,0,2,0,0,0,0]
*Cy 8, 1) 4,1) 4, 1) F[C4,Cs] [1,1,0,0,2,0,0,0,0,0,0,0,4,0]
Dy 1 (4,2) 4,2) (2,1) F[D,,Cr,Mp(R)] [1,0,1,0,0,0,0,0,0,2,0,0,0,0]
Dy 1 (8,3) 4,2) (4, 1) F[D,,Cr,Mp(R)] [1,1,0,0,2,0,0,0,0,4,0,0,0,0]
Dy 1 (8,5) 4,2) (4,2) F[D,,C,,Mp(R)] [1,1,2,0,0,0,0,0,0,4,0,0,0,0]
D35 6,1) (6, 1) (3,1) F[D3, C3] [1,0,0,2,0,0,0,0,0,3,0,0,0,0]
D35 (12,4) (6,1) (6,2) F[D3, C3] [1,1,0,2,0,2,0,0,0,6,0,0,0,0]
Dy 1 (16,7) (8,3) (8,3) F[Dy4,D5] [1,1,4,0,2,0,0,0,0,4,0,0,4,0]
Dy (16, 8) (8,3) (8,4) F[Dy4,D5] [1,1,0,0,6,0,0,0,0,4,0,0,4,0]
Dy > (16,7) (8,3) (8, 1) F[Dy4, C4] [1,1,0,0,2,0,0,4,0,8,0,0,0,0]
0, (48,29)  (24,12) (24,3)  F[Sy, A4l [1,1,0,8,6,8,0,0,0,12,0,0,12,0]
*J(Cp) (4,1) (2,1) (2,1) F[Cy,Cy, H] [1,1,0,0,0,0,0,0,0,0,2,0,0,0]
J(Cp) (8,2) (4,2) 4, 1) F[D;, Cy, H] [1,1,0,0,2,0,0,0,0,2,2,0,0,0]
J(Cp) (8,3) 4,2) (4,2) F[D;, Cy, H] [1,1,2,0,0,0,0,0,0,2,2,0,0,0]
*J(C3) (12,2) (6,2) (6,2) F[Cg, C3, H] [1,1,0,2,0,2,0,0,0,0,2,0,0,4]
J(Ce) (24,10) (12,5) (12,5) F[Cgq x Cr,Ce] [1,1,2,2,0,2,4,0,0,2,2,4,0,4]
J(Dy) (16,11)  (8,5) (8,3) F[Dj x Cy,D5] [1,1,4,0,2,0,0,0,0,6,2,0,0,0]
J(D3) (24,5) (12,4)  (12,1) F[Dg,D3,H] [1,1,0,2,6,2,0,0,0,6,2,0,0,4]
J(D3) (24,6) (12,4) (12,4) F[Dg, D3, H] [1,1,6,2,0,2,0,0,0,6,2,0,0,4]
J(Dg) (48,38) (24,14) (24,8) F[Dg x Cp,Dgl [1,1,8,2,6,2,4,0,0,14,2,4,0,4]
Ca 1 (2,1) (2, 1) (1,1) F[Cy,C,Mp(®)] [1,0,0,0,0,0,0,0,0,1,0,0,0,0]
Cr1 4,2) (2,1) (2,1) F[Cy,C,Mp(®)] [1,1,0,0,0,0,0,0,0,2,0,0,0,0]
Co,1 (6,2) (6,2) (3, 1) F[Ce,C3,Mp ()] [1,0,0,2,0,0,0,0,0,1,0,2,0,0]
Ce,1 (12,5) (6,2) (6,2) F[Ce,C3,Mp ()] [1,1,0,2,0,2,0,0,0,2,0,4,0,0]
Dy 1 (4,2) 4,2) (2,1) F[D,,Cr,Mp(R)] [1,0,1,0,0,0,0,0,0,2,0,0,0,0]
D; 4 (8,3) 4,2) (4, 1) F[D,,Cr,Mp(R)] [1,1,0,0,2,0,0,0,0,4,0,0,0,0]
D; (8,5) 4,2) (4,2) F[D,,Cr,Mp(R)] [1,1,2,0,0,0,0,0,0,4,0,0,0,0]
D35 (6,1) 6, 1) (3, 1) F[D3, C3] [1,0,0,2,0,0,0,0,0,3,0,0,0,0]
D35 (12,4) (6, 1) (6,2) F[D3, C3] [1,1,0,2,0,2,0,0,0,6,0,0,0,0]
Dg.1 (12,4) (12,4)  (6,1) F[Dg, D3, M (R)] [1,0,3,2,0,0,0,0,0,4,0,2,0,0]
Dg. 1 (24, 8) (12,4)  (12,1) F[Dg,D3,Mp(R)] [1,1,0,2,6,2,0,0,0,8,0,4,0,0]
Dg, 1 (24,14)  (12,4) (12,4) F[Dg,D3,Mp(R)] [1,1,6,2,0,2,0,0,0,8,0,4,0,0]
D¢ > (12,4) (12,4)  (6,2) F[Dg, Cgl [1,0,1,2,0,0,2,0,0,6,0,0,0,0]
D¢ (24,14)  (12,4) (12,5) F[Dg,Cgl [1,1,2,2,0,2,4,0,0,12,0,0,0,0]

Table 4. Triples for twists of Cg (top) and Cg (bottom).
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G [Gal(L/Q), Gal(K /Q), Gal(L/M)] K L
y=x5_x
J(C)  (8,2),(4.2), (4. 1) M) K(VV2+2)
y2 =x5 +4x
J(Cy)  (8,3), (4,2),(4,2) M) K(V2)
y2=x6+x5—5x4—5x2—x+1
J(Cy) (16,6),(8,2),(8,1) M1 +17) K(\/(\/ﬁ+3)\/\/ﬁ+ 17— 8/17)
y2 =x549x
J(Dy) (16, 11), (8, 5), (8, 3) M(i, V/3) K(V/3)
y2 =x5-9x
J(Dy) (16, 13), (8,5), (8,4) M(i,/3) K (&30
y2=x6+10x3—2
J(D3) (24,6),(12,4), (12, 4) M(/=3, Y=2) K(Vv6-2)
y2 =x5+3x
J(Dg) (32,43), (16, 11), (16, 8) M(i, ¥3) K(¥3)
y2 = x% + 6x5 — 20x% +20x3 —20x2 —8x +8
J(T)  (48,33), (24, 13), (24, 3) M(uy, up) K (Jv7)
y2=x6—5x4+10x3—5x2+2x—1
J(0)  (96,193), (48, 48), (48, 29) MG/=11,u3,uy), K(/02)
y2=x6—5x4—5x2+1
Ca1 (2, 1), (2, 1), (1, 1) M K
y2 =—x045x445x2-1
Ca.1 4,2), (2,1, (2, 1) M K (i)
y2=x54x
Dy (4,2),4,2),(2,1) M(@) K
y2 =x0 +3x5 —20x% +30x3 - 35x2 + 3x + 10
Dy 4 (8,3),(4,2), (4, 1) M) K(V3vVT+7)
y2 =x5 4+ 81x
Dy (8,5), (4,2), (4,2) M@) K(+/3)
y2 =x0—18x5 — 15x% — 20x3 + 135x2 — 498x — 89
D3z (6,1),(6,1),(3, 1) M (us) K
y2 = x® + 4x5 — 10x* + 80x3 + 140x2 + 144x — 184
D3 (12, 4), (6, 1), (6,2) M (ug) K (i)
y2 =x5-2x
Dyq  (16,7), (8.3),(8,3) M@ Y=2) K(Y=2)
y2 =x5+2x
Dyy  (16,8),(8,3), (8, 4) M(iV2) K(V2)
2 6 5 3 2
y =x"+x>+10x°+5x“+x -2
Dsr  (16,7),(8,3),(8,1) MV=T+17) K(\/—x/—zx/x/—7—7+2«/—7)

2 =x0+7x5 +10x% +10x3 +15x2 +17x +4

01 (48,29), (24, 12), (24, 3)

M(u7,ug)

K(,/7u§+u§+5u3 +4)

u}—Tuy +7=0
ud +6us —8=0

Uy +4u3 +8uy +8=0
Uy +5Sug—10=0

w3 —duz +4=0 u§+22u4 +22=0

U3 +5u7+10=0 ug +4ud +8ug+2=0

w12 — 12011 +700]0 — 23607 + 33708 — 40v] — 42008 + 45207 — 15007 + 1607 — 2807 + 8vy +1=0
v}? +440)1 + 682010 + 404805 + 313508 — 1984407 + 3066140 + 178354003

— 5571929 + 851843 + 126977403 — 1293732 — 970299 =0

Table 5. Twists of Cg: y? = x% — 5x* — 5x2 + 1 realizing each triple.
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G [Gal(L/Q), Gal(K /Q), Gal(L/M)] K L

32 = x% + 6x5 + 30x* + 120x2 — 96x + 64

J(Cy)  (8,2),(4,2), (4. 1) M(/5) K(VV5+5)
y2 =x34+10x3 +9x

J(Cy)  (8,3),(4,2),(4,2) M(@) K(V3)
y2 =x0—15x4 = 2063 +6x +1

J(Ce) (24,10), (12, 5), (12, 5) M, uy) K (¥3)
y2 = x5 +20x3 +36x

J(Dy) (16, 11),(8,5), (8, 3) M(i, V/2) K(V6)
y2 =x0 4+ 15x4 +20x3 +30x2 +18x +5

J(D3) (24,5), (12, 4), (12, 1) MK/5,uy) K(V2v/5+10)
y2 =x% 4 6x5 +40x3 — 60x2 +72x — 32

J(D3) (24,6),(12,4), (12, 4) M, up) K(Y3)
y2 =x04+3x5+10x3 - 15x2 +15x — 6

J(Dg) (48,38), (24, 14), (24, 8) M(i,V2,u3) K(V2)
y=x0+1

Coq (2, 1), (2, 1),(1, 1) M K

y2 =x04+15x4 +15x2 +1

Ca 1 (4,2),(2,1),(2, 1) M K(V2)
y2 = —x% —6x5 +30x% —20x3 — 15x2 + 12x — 1

Ce,1 (6,2),(6,2), (3, 1) M(uy) K

2 =x0 4+ 6x5 —30x? +20x3 +15x2 — 12x +1

Ce,1 (12,5), (6, 2), (6, 2) M(uy) K@)

y2 = xﬁ -1

Dy (4,2), (4,2),(2,1) M (i) K

32 = 11x5 +30x5 + 30x* + 40x3 — 60x2 + 120x — 88

Dy (8,3),(4,2), 4, 1) M(/-2) K(VV6-2)
y2 =x0—15x4 +15x2 -1

Dy (8,5),(4,2),(4,2) M i) K(V2)
y2=x0+4

D3y (6.1).(6.1).(3.1) M(J2) K

y2 =x0 4+ 12x5 +15x% +40x3 + 15x2 + 12x + 1

D3, (12,4),(6.1), (6.2) M(3) K(V=2)
32 = x% +9x5 — 60x4 — 120x3 + 240x2 + 144x — 64

Deg 1 (12, 4), (12, 4), (6, 1) M(i, ug) K

32 = x0 + 6x5 — 30x% — 40x3 + 60x2 +24x -8

Deg,1 (24, 8), (12,4), (12, 1) M(/=2,us) K(Vv6-2)
y2 = x +3x5 + 15x% — 20x3 + 60x2 — 60x +28

D1 (24,14), (12, 4), (12, 4) M&=2,u3) K2
y2=x642

Dg 2 (12,4), (12, 4), (6, 2) M(Y2) K

y2 =x0+6x5 —15x% +20x3 —15x2 +6x — 1

Den  (24,14), (12,4), (12,5) MG&/=2,u¢) K@)

u?73u1+1=0
uj —15us —10 =0

u3 —3uy +4=0
uf—9us—6 =0

ui+3uz —2=0
u%—6u7—6

Table 6. Twists of Cg): y? = x® + 1 realizing each triple.
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The methods used to obtain these curves and the computation of K and L are
described in Section 5.
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