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Equidistribution of values of linear forms
on quadratic surfaces

Oliver Sargent

In this paper, we investigate the distribution of the set of values of a linear map
at integer points on a quadratic surface. In particular, it is shown that, subject to
certain algebraic conditions, this set is equidistributed. This can be thought of as
a quantitative version of the main result from a previous paper. The methods used
are based on those developed by A. Eskin, S. Mozes and G. Margulis. Specifically,
they rely on equidistribution properties of unipotent flows.

1. Introduction

Consider the following situation. Let X be a rational surface in R?, R be a fixed
region in R* and F : X — R® be a polynomial map. An interesting problem is to
investigate the size of the set

Z={xeXNZ:F(x)eR)

consisting of integer points in X such that the corresponding values of F are in R.
Suppose that the set of values of F at the integer points of X is dense in R®. In this
case, the set Z will be infinite. However, the set

Zr={xeXNZ:F(x)eR, ||x|| <T}

can be considered. This set will be finite, and its size will depend on T'. Typically,
the density assumption indicates that the set Z might be equidistributed within the
set of all integer points in X. Namely, as T increases, the size of the set Z7 should
be proportional to the appropriately defined volume of the set

{xeX:F(x)eR, ||x|<T}

consisting of real points on X with values in R and bounded norm. Such a result,
if it is obtained, can be seen as quantifying the denseness of the values of F at
integral points.
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The situation described above is too general, but it serves as motivation for what
is to come. So far, what is proved is limited to special cases. For instance, when
M : RY — R* is a linear map, classical methods can be used to establish necessary
and sufficient conditions that ensure the values of M on Z¢ are dense in R®. The
equidistribution problem described above can also be considered in this case. It is
straightforward to obtain an asymptotic estimate for the number of integer points
with bounded norm whose values lie in some compact region of R*® [Cassels 1972].

When Q : RY — R is a quadratic form, the situation is that of the Oppenheim
conjecture. Margulis [1989] obtained necessary and sufficient conditions to ensure
that the values of Q on Z¢ are dense in R. Considerable work has gone into
the equidistribution problem in this case, first by Dani and Margulis [1993], who
obtained an asymptotic lower bound for the number of integers with bounded height
such that their images lie in a fixed interval. Later, Eskin, Margulis and Mozes
[Eskin et al. 1998] gave the corresponding asymptotic upper bound for the same
problem. The major ingredient, used in the proof of Oppenheim conjecture, is
to relate the density of the values of a quadratic form at integers to the density
of certain orbits inside a homogeneous space. This connection was first noted
by M. S. Raghunathan in the late 1970s (appearing in print in [Dani 1981], for
instance). It is, in this way, using tools from dynamical systems to study the orbit
closures of subgroups corresponding to quadratic forms, that Margulis proved the
Oppenheim conjecture. Similarly, the later refinement, due to Dani and Margulis
[1990], who considered the values of quadratic forms at primitive integral points,
and work on the equidistribution (quantitative) problem by Dani and Margulis and
Eskin, Margulis and Mozes, was also obtained by studying the orbit closures of
subgroups acting on homogeneous spaces.

Similar techniques were also used by Gorodnik [2004] to study the set of values
of a pair, consisting of a quadratic and linear form, at integer points and in [Sargent
2013] to establish conditions sufficient to ensure that the values of a linear map at
integers lying on a quadratic surface are dense in the range of the map. The main
result of this paper deals with the corresponding equidistribution problem and is
stated in the following:

Theorem 1.1. Suppose Q is a quadratic form on R? such that Q is nondegenerate
and indefinite with rational coefficients. Let M = (Ly, ..., Ly) : R — R be a
linear map such that:

(1) The following relations hold: d > 2s and rank(Q |xer(m)) =d — 5.
(2) The quadratic form Qlxer(m) has signature (ry, r2), where riy > 3 and rp > 1.
(3) Foralla e R*\ {0}, a1 L1 + - - - + a5 Ly is nonrational.

Let a € Q be such that the set {v € 7¢ : Q(v) = a} is nonempty. Then there exists
Co > 0 such that, for every 6 > 0 and all compact R C R® with piecewise smooth
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boundary, there exists a Ty > 0 such that, for all T > Ty,
(1=6)CoVol(R)T* 2 <|fveZ’: Q) =a, M(v) € R, vl = T}|
< (146)Co Vol(R)T*~72,
where Vol(R) is the s-dimensional Lebesgue measure of R.

Remark 1.2. The constant Cy appearing in Theorem 1.1 is such that
CoVOl(R)T*2 ~Vol({v e RY: Q(v) =a, M(v) € R, |v|| <T)),

where the volume on the right is the Haar measure on the surface defined by
QW) =a.

Remark 1.3. Theorem 1.1 should hold with the condition that rank(Q |ker(ar)) =
d — s replaced by the condition that rank(Q|ker(ar)) > 3. Dealing with the more
general situation requires taking into account the nontrivial unipotent part of
Stabso(p)(M); as such, lower bounds could probably be proved using methods of
[Dani and Margulis 1993], but so far, no way has been found to obtain the statement
that would be needed in order to obtain an upper bound.

Remark 1.4. As in [Eskin et al. 1998], it would be possible to obtain a version of
Theorem 1.1 where the condition that ||v|| < T was replaced by v € T K, where K
is an arbitrary deformation of the unit ball by a continuous and positive function. It
should also be possible to obtain a version of Theorem 1.1 where the parameters T
and Cy remain valid for any pair (Q, M) coming from compact subsets of pairs
satisfying the conditions of the theorem.

Remark 1.5. The cases when the quadratic form Q|xer(ar) has signature (2, 2)
or (2, 1) can be considered exceptional. There are asymptotically more integers
than expected (by a factor of log T) lying on certain surfaces defined by quadratic
forms of signature (2, 2) or (2, 1). This leads to counterexamples of Theorem 1.1
in the cases when the quadratic form Q|ver(ar) has signature (2, 2) or (2, 1). Details
of these examples are found in Section 6.

Outline of the paper. The proof of Theorem 1.1 rests on statements about the
distribution of orbits in certain homogeneous spaces. The philosophy is that equi-
distribution of the orbits corresponds to equidistribution of the points considered in
Theorem 1.1. Consider the following:

Ratner’s equidistribution theorem [Ratner 1994]. Let G be a connected Lie
group, I a lattice in G and U = {u, : t € R} a one-parameter unipotent subgroup
of G. Then for all x € G/ I, the closure of the orbit Ux has an invariant measure
Wiy supported on it, and for all bounded continuous functions f on G/ T,



898 Oliver Sargent

Recall that in the proof of the quantitative Oppenheim conjecture [Eskin et al.
1998] one needs to consider an unbounded function on the space of lattices. Simi-
larly, in order to prove Theorem 1.1, one needs to consider an unbounded function F
on a certain homogeneous space. The basic idea is to try to apply Ratner’s equi-
distribution theorem to F in order to show that the average of the values of F
evaluated along a certain orbit converges to the average of F' on the entire space.
This is the fact that corresponds to the fact that integral points on the quadratic surface
with values in R are equidistributed. The main problem in doing this is that F' is un-
bounded, and so one must obtain an ergodic theorem taking a similar form to Ratner’s
equidistribution theorem but valid for unbounded functions. In order to do this, one
needs precise information about the behavior of the orbits near the cusp. This infor-
mation is obtained in Section 3 and comes in the form of nondivergence estimates for
certain dilated spherical averages. In order to obtain these estimates, we use a certain
function defined by Benoist and Quint [2012]. The required ergodic theorem is then
proved in Section 4. Finally in Section 5, the proof of Theorem 1.1 is completed
using an approximation argument similar to that found in [Eskin et al. 1998]. Specif-
ically, the averages of F over the space are related to the quantity Co Vol(R)T¢~5~2
and the averages of F' along an orbit are related to the number of integer points
with bounded height, lying on the surface and with values in R. In Section 2, the
basic notation is set up and the main results from Sections 3 and 4 are stated.

2. Set-up

2A. Main results. For the rest of the paper, the following convention is in place:
s, d and p will be fixed natural numbers such that 2s <d and 0 < p < d. Also, r
and r, will be varying, natural numbers such that d —s = r; +r;. Let &£ denote
the space of linear forms on R<, and let €, denote the subset of $° such that for
all M € €y, Condition (3) of Theorem 1.1 is satisfied. A quadratic form on R4
is said to be defined over Q if it has rational coefficients or is a scalar multiple
of a form with rational coefficients. For a a rational number, let 9.(p, a) denote
quadratic forms on R defined over @ with signature (p, d — p) such that the set
{vez¢: Q(v) =a)} is nonempty for all Q € 9(p, a). Define

Cpairs(a, r1,12)
={(Q,M):0€9(p,a), M € 6Lin and Qlker(m) has signature (1, 2)}.

Note that for r; > 3 and r, > 1 the set €p,iis(a, 71, r2) consists of pairs satisfying
the conditions of Theorem 1.1. Although the set 6p,is(a, 1, r2) and hence its
subsets and sets derived from them depend on a, this dependence is not a crucial
one, so from now on, most of the time, this dependence will be omitted from the
notation. For M € &£* and R C R® a connected region with smooth boundary, let
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Vu(R) ={veR?: M(v) € R}). For Q € 9(p,d — p),ac Qand K =Ror Z,
let X‘é(K) = {v € K¢ : Q(v) = a}. Denote the annular region inside R4 by
AT, T)={ve RY: Ty < lv]| < T»}. Using this notation, we state the following
(equivalent) version of Theorem 1.1, which will be proved in Section 5:

Theorem 2.1. Suppose that ri > 3, r, > 1 and a € Q. Then for all (Q, M) €
Cpairs(a, 71, ), there exists Cy > 0 such that, for every 8 > 0 and all compact
R C R’ with piecewise smooth boundary, there exists a Ty > 0 such that, for all
T > To,

(1-6)Co Vol(R) T2 < | X4 (Z)NViy (R)YNA(D, T)| < (1—6)Co Vol (R) T4 572,

Remark 2.2. As remarked previously, the cases when ri =2 andrp =2 orr; =2
and r, = 1 are interesting. In dimensions 3 and 4, there can be more integer points
than expected lying on some surfaces defined by quadratic forms of signature (2, 2)
or (2, 1); this means that the statement of Theorem 2.1 fails for certain pairs. In
Section 6, these counterexamples are explicitly constructed. Moreover, it is shown
that this set of pairs is big in the sense that it is of second category. We note that as
in [Eskin et al. 1998] one could also show that this set has measure 0 and one could
prove the expected asymptotic formula as in Theorem 2.1 for almost all pairs.

Even though Theorem 2.1 fails when ry =2 and r, =2 orry =2 and r, = 1, we
do have the following uniform upper bound, which will be proved in Section 5 and
is analogous to Theorem 2.3 from [Eskin et al. 1998]:

Theorem 2.3. Let R C R® be a compact region with piecewise smooth boundary
and a € Q.

(D If ry = 3 and ry = 1, then for all (Q, M) € Bpairs(a, 11, 12) there exists a
constant C depending only on (Q, M) and R such that, forall T > 1,

1X%(Z) N Vi (R) N A0, T)| < CTi—2

) Ifry=2andry =1o0rr; =ry =2, then for all (Q, M) € €pairs(a, r1, r2) there
exists a constant C depending only on (Q, M) and R such that, for all T > 2,

|X%(Z) NVu(R)YNAQ,T)| < C(lOg T)Td—s—Z.

2B. A canonical form. For vy, v; € R?, we will use the notation (v, v») to denote
the standard inner product in R<. For a set of vectors vy, ..., v; € R?, we will also
use the notation (vy, ..., v;) to denote the span of vy, ..., v; in RY: although this
could lead to some ambiguity, the meaning of the notation should be clear from the
context.

For some computations, it will be convenient to know that our system is conjugate
to a canonical form. Let ey, ..., e, be the standard basis of R?. Let (Qo, Mo) be
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the pair consisting of a quadratic form and a linear map defined by

s+ry d—1
Qo) = 01.s(W)+ 20100+ Y v7— Y v} and Mo(v)=(vi,..., ),
i=s+2 i=s+r1+1

where v; = (v, ¢;) and Q1. s(v) is a nondegenerate quadratic form in variables
V1, ..., Vs. By Lemma 2.2 of [Sargent 2013], all pairs (Q, M) such that the signature
of Qlker(m) 18 (r1, r2) and rank(Q |xer(ar)) = d — s are equivalent to the pair (Qo, Mo)
in the sense that there exist g; € GL;(R) and g, € GL;(R) such that (Q, M) =
(08, gsM3"), where for g € GL4(R) we write Q = Qf if and only if Qo(gv) = Q(v)
for all v € R?. Moreover, since R C R® is arbitrary, up to rescaling and possibly
replacing R by g, R, we assume that g; € SL;(R) and that g; is the identity. Let

@sL(a, r1,r2) ={g € SLa(R) : (QF, M{) € Gpairs(a, r1,12)}.

For g € ésL(a, r1, r2), let G, be the identity component of the group {x € SL;(R) :
08 (xv) = Q§ (W)}, Ty = Gg NSLy(Z), Hy = {x € G4 : M§(xv) = M§(v)} and
K,=HgN g '0,4(R)g. By examining the description of the subgroup H, given
in Section 2.3 of [Sargent 2013], it is clear that K, is a maximal compact subgroup
of H,. It is a standard fact that G is a connected semisimple Lie group and hence
has no nontrivial rational characters. Therefore, because Qg is defined over Q, the
Borel-Harish-Chandra theorem [Platonov and Rapinchuk 1991, Theorem 4.13]
implies I is a lattice in G ;. We will consider the dynamical system that arises from
H, actingon G4/ I'y. For K=R or Z, the shorthand X¢ g (IK) = X ¢ (<) will be used.

2C. Equidistribution of measures. Consider the function « as defined in [Eskin
et al. 1998]. It is an unbounded function on the space of unimodular lattices in R.
It has the properties that it can be used to bound certain functions that we will
consider and it is left-K;-invariant. Similar functions have been considered in
[Schnell 1995], where it is related to various quantities involving successive minima
of a lattice. Let A be a lattice in R?. For any such A, we say that a subspace U
of R? is A-rational if Vol(U/U N A) < oo. Let

W; (A) ={U : U is a A-rational subspace of R? with dim U = i}.

For U € W;(A), define da (U) = Vol(U/U N A). Note that da (U) = lug A Auill,
where up, ..., u; is a basis for U N A over Z and the norm on /\' (R?) is induced
from the euclidean norm on R?. Now we recall the definition of the function «:

«;(A) = sup
vew(a) da(U)

and o(A) = max «;(A).
0<i<d

Here we use the convention that, if U is the trivial subspace, then da (U) = 1; hence,
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ao(A) = 1. Also note that, if A is a unimodular lattice, then da (RY) = 1 and hence
ag(A)=1.

In (2-2) and Theorem 2.5, we consider « as a function on G4/ I'; this is done
via the canonical embedding of G4/ I', into the space of unimodular lattices in R4,
given by xI'y — xZ¢. Specifically, every x € G ¢/ I'g can be identified with its image
under this embedding before applying « to it. For f € C.(R?) and g € 6s1.(r1, r2),
we define the function Fyr, : Gg/ T’y — R by

Fre@)= Y f(xv). @-1)

veX,(Z)

The function « has the property that there exists a constant c(f) depending only
on the support and maximum of f such that, for all x in G,/ T,

Frg(x) <c(f)alx). (2-2)

The last property is well known and follows from Minkowski’s theorem on suc-
cessive minima; see Lemma 2 of [Schmidt 1968] for example. Alternatively, see
[Henk and Wills 2008] for an up-to-date review of many related results.

We will be carrying out integration on various measure spaces defined by the
groups introduced at the beginning of the section. With this in mind, let us introduce
the following notation for the corresponding measures. If v denotes some variable,
the notation dv is used to denote integration with respect to Lebesgue measure and
this variable. Let u, be the Haar measure on G,/ I'; if g € €s.(r1, r2), then since
", is a lattice in G, we can normalize so that g (G, /I'g) = 1. In addition, v will
denote the measure on K, normalized so that v, (K,) = 1. Let m{, denote the Haar
measure on X g([RR) defined by

/ f)dv= /OO / f) dmg(v) da. (2-3)
R4 —oc0 JX4(R)

The following provides us with our upper bounds and will be proved in Section 3:

Theorem 2.4. Let g € 6s (11, r2) be arbitrary, and let A = gZd. Let {a, :t € R}
denote a self-adjoint one-parameter subgroup of SO(2, 1) embedded into Hy so
that it fixes the subspace {es1,, ..., eq_1) and only has eigenvalues e™', 1 and €'.

(I) Supposer; =3,r, > 1and 0 < § < 2; then
sup[ a(akA)® dvy (k) < oo.
t>0 JK;

(D) Supposeri =ry =2o0rr; =2andr, =1; then

supl/ a(akA) dvy(k) < o0.
Ky

t>1
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In Section 4, we will modify the results from Section 4 of [Eskin et al. 1998]
and combine them with Theorem 2.4 to prove the following, which will be a major
ingredient of the proof of Theorem 2.1:

Theorem 2.5. Suppose ri > 3 and ry > 1. Let A = {a; : t € R} be a one-
parameter subgroup of H, such that there exists a continuous homomorphism
p : SLo(R) — Hy with p(D) = A and p(SO(2)) C K, where D={({ %) :1 > 0}.
Let ¢ € Ll(Gg/ ') be a continuous function such that, for some 0 < § < 2 and

some C > 0,
lp(A)| < Ca(L)’ forall A€ G,/ T,. (2-4)

Then for all € > 0 and all g € €s1.(r1, 12), there exists Ty > 0 such that, for all t > T,

/ & (ark) dvg (k) — / b dug
Kg Gg/rg

3. The upper bounds

<e.

In this section, we prove Theorem 2.4. By definition, H; = SO(ry, r») and is
embedded in SL;(R) so that it fixes (e, ..., e;). Let {a; : t € R} denote a self-
adjoint one-parameter subgroup of SO(2, 1) embedded into H; so that it fixes the
subspace (es42, ..., eq—1). Moreover, suppose that the only eigenvalues of a; are
e, 1 and ¢'. For g € 6s1.(r1, 12), let A = g7¢.

3A. Proof of Part (I) of Theorem 2.4. The aim is to construct a function f : H; —
R that is contracted by the operator

A f(h) = f fakh) dvy (k).

We say that f is contracted by the operator A; if for any ¢ > O there exists 79 > 0
and b > 0 such that, for all # € Hy,

Ay f(h) <cf(h)+b.

This fact will be used in conjunction with the following:

Proposition 3.1 [Eskin et al. 1998, Proposition 5.12]. Let f : H; — R be a strictly
positive function such that:

(1) For any € > 0, there exists a neighborhood V (¢) of 1 in H such that
(I—e)f(h) = fluh) = (1+€)f(h)
forallh € Hy andu € V (¢).
(2) The function f is left-K j-invariant.
(3) f(1) <oo.
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(4) The function f is contracted by the operator A;.
Then sup,_y A; f(1) < o0.

It is clear that, if in addition to satisfying Properties (1)—(4) we have a(hA)® <
f(h) forall h € Hy, then the conclusion of Part (I) of Theorem 2.4 follows. We define
the function in three stages. In the first stage, we define a function on the exterior
algebra of R?; then this function is used to define a function on the space of lattices
in R?. Finally we use that function to define a function with the required properties.

3A.1. A function on the exterior algebra of R?. Let \(R?) = @?;11 /\i (RY).
We say that v € /\(R?) has degree i if v € /\i(Rd). Let Q; ={viA AV
V1, ..., v; € R?) be the set of monomial elements of /\([Rid) with degree i. Define
Q= Uf:_f Q;. Consider the representation p : H; — GL(/\(R?)). Since Hj is
semisimple, this representation decomposes as a direct sum of irreducible subrepre-
sentations. Associated to each of these subrepresentations is a unique highest weight.
Let % denote the set of all these highest weights. For A € P, denote by U* the sum
of all of the subrepresentations with highest weight A and let 7, : A(RY) — U”* be
the orthogonal projection.

Lete >0.ForO<i <dandv e /\i (R?), the following function was defined
by Benoist and Quint [2012]. Let
mingeg oy €” 15 WD~ if || < €7,

ve(v) = {0 else,

where for 0 <i < d we define y; = (d —i)i. In fact, the definition of ¢, given here is

a special case of the definition given in [Benoist and Quint 2012]. In that definition

of g, there is an extra set of exponents depending on A € %\ {0} appearing. However,

we see that in our case we may choose all of these exponents to be equal to 1.
Let F ={v e /\([R?d) : Hyv = v} be the fixed vectors of H;. Let & be the

orthogonal complement of %.

Remark 3.2. Since max; g\ (0}l 75.(v)|| defines a norm on F¢, there exist constants
c1 and ¢, depending on € and the y;’s such that

-1 -1
vl < @e(v) < vl
for all v € F°.

Remark 3.3. ForO<i <d and v € /\i([R{d) \ {0}, we have ¢ (v) = oo if and only
if v is H;-invariant and ||v|| < €%.

We will need to refer to the constant defined as b; = sup{p.(v) : v € /\([Rd),
lv]l = 1}. Benoist and Quint [2012, Lemma 4.2] showed that the function ¢,
satisfies the following convexity property:
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Lemma 3.4. There exists a positive constant C such that, for any 0 < € < C™!,
ue2,ve,andwe Q; withiy >0,iy > 0and iz > 0 such that . (u Av) > 1
and pc(u A w) > 1, one has:

(D) Ifiy >0and iy +iy+1i3 <d, then
min{ge (u A v), gc(u Aw)} < (Ce)V/? max{ge (), pc (u A v A w)).
Q) Ifiy=0and iy +iy+1i3 <d, then
min{g (v), ge (W)} < (Ce)' e (v Aw).
Q) Ifi; >0,i1+ir+is=dand |lu AvAw| =1, then
min{ge (i A v), ge(u Aw)} < (Ce)'Ppe(u).
4) Ifiy=0,i1 +ir+i3=d and ||[v Awl| > 1, then

min{g, (v), pc(w)} < by.

We also need to obtain uniform bounds for the spherical averages of ¢.. In order
to do this, we use the following:

Lemma 3.5 [Eskin et al. 1998, Lemma 5.2]. Let V be a finite-dimensional real
inner-product space, A a self-adjoint linear transformation of V, K a closed
connected subgroup of O (V) and S a closed subset of the unit sphere in V. Assume
the only eigenvalues of A are —1, 0 and 1, and denote by W—, W° and W the
corresponding eigenspaces. Assume that Kv ¢ WO for any v € S and that there
exists a self-adjoint subgroup Hy of GL(V) with the following properties:

(1) The Lie algebra of H; contains A.

(2) H, is locally isomorphic to SO(3, 1).

(3) Hi N K is a maximal compact subgroup of H,.

Then for any §,0 < § < 2,

lim sup/ ||exp(tA)kv||_‘S dv(k) =0.
K

t—00 vesS
Using Lemma 3.5, we can obtain the following bound on the spherical averages:

Lemma 3.6. Supposer; >3 andry > 1. Then foralle > 0,0 <35 <2 andc > 0,
there exists ty > 0 such that, for all t > ty and all v € F° \ {0},

/ e (akv)’ dvy (k) < cpe(v)°.
K
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Proof. The subset S = {v € /\([Rd) :lv—1o(v)|| = 1} is a closed subset of the unit
sphere in /\ (R?). We have a, = exp(tA) for an appropriate choice of A satisfying
the conditions of Lemma 3.5.

We claim that, for any v € S, Kv ¢ WP, To see this, let

H,={h e H; : hkv =kv for all k € K;}.

Note that K; normalizes H,. Let E, be the subgroup generated by K; U H,. By its
definition, E, also normalizes H,. Since K is a maximal proper subgroup of H;, in
the case that H, ¢ K;, we must have E,, = H;. Therefore, H, is a normal subgroup
of H;. Since r{ >3 and r, > 1, Hj is simple and hence H, = H; or H, is trivial.
Since S N F = 0, the first case is impossible. Therefore, for all v € S, H, C K;. In
particular, this means that {q, : r € R} is not contained in H,. This implies the claim.

Then if r; > 3 and r, > 1, the conditions of Lemma 3.5 are satisfied. Hence, for
any 6 with 0 < 6 < 2,

lim sup [ |laskv| ™ dv; (k) =0.
f—>00 ves K;

This implies that for all ¢ > 0 there exists #y > 0 such that, for all ¢ > 7y and all
ve FN\{0},

lackv]| = dvy (k) < cllv]| .
K

Then the claim of the lemma follows from Remark 3.2. O
3A.2. A function on the space of lattices. For any lattice A, we say that v € Q
is A-integral if one can write v =v; A --- Av; where vy, ..., v; € A. Let Q;(A)

and ©Q2(A) be the sets of A-integral elements of 2; and €2, respectively. Define
fe : SLy(R)/SL;(Z) — R by

fe(A) = vggza();) @e (V).

Note that by Remark 3.2 for all € > 0 there exists some constant ¢, > 0 such that,
for any unimodular lattice A, we have

max ||v||_1 < max( max -1 max ||v||_1>
veEQ(A) O0<i<d \veQ;(A), lIto(v)[|<e”i vEQR; (A), [T (v)]|>€i
<cefe(A)+ max €7, (3-1)

O<i<d

Moreover, it follows from the definition of the « function that

a(A) :max{ max ||v]|~, 1}. (3-2)
veQ(A)

The following is necessary to ensure that the function f.(hA) is finite for all & € H;:
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Lemma 3.7. Forallh € Hy, ifu € Q(hA), thenu ¢ F

Proof. Suppose for a contradiction that u € Q2 (hA)NF. Suppose that u has degree i
forsome 0O <i <d,andletu =u;A---Au; and U = {uy, ..., u;). Sinceu € Q(hA),
it follows that U N A A is a lattice in U. Moreover, because u € %, U N A is also a
lattice in U or equivalently g~'U NZ¢ is a lattice in g~'U. The subspace g WU is
H,-invariant.

Conversely, it follows from Lemma 3.4 of [Sargent 2013] that, if V is any
H_g-invariant subspace, then either

() VvC g_](el,...,es) or

) V=g New1,....ea) ® V' where V' C g7 e, ..., ).
Thus, either V or the orthogonal complement of V' is contained in g_1 (er,...,es).
By Corollary 3.2 of [Sargent 2013], g_] (e1, ..., es) contains no subspaces defined

over Q. This implies that, if V' is any H,-invariant subspace, then V is not defined
over Q. In particular, V NZ¢ cannot be a lattice in V. This gives a contradiction. (]

3A.3. A function on H;. Define fA,G : Hy — R by

facth) = fe(hA).

In view of (3-1) and (3-2), the proof of Part (I) of Theorem 2.4 will be complete
prov1ded that Conditions (1)—(4) from Pr0p0s1t10n 3.1 are satisfied by the func-
tion fA ¢ for some € > 0. It is clear that fA ¢ 18 left-K -invariant. Also since
7.0 (h™ DD~ < /vl < T (e (k)| for all & € P, v € Q and h € H,
fa.e also satisfies Condition (1) of Proposition 3.1. From Remark 3.3, we get that
fA’e(l) = oo only if there exists v € Q(A) NP, but by Lemma 3.7, we know that
no such v exists and so fA,e(l) < 00. It remains to show that fA,e is contracted by
the operator A;. The proof is very similar to that of Proposition 5.3 in [Benoist and
Quint 2012].

Lemma 3.8. Suppose r = 3 and rp > 1. There exists € > 0 such that, for all
0 < 8§ < 2, the function f A.c IS contracted by the operator A;.

Proof. Fix ¢ > 0. By Lemma 3.6, there exists #y > 0 so that, for any v € F° \ {0},
8 ¢ s
| octagkr’ ani ) < g’ (3:3)
K d

Let mo = ||p(ag) |l = ||,0(a,gl)||. Then for all v € /\([R{d),
mg' < llagvll/ 0]l < mo. (3-4)
It follows from the definition of ¢, and (3-4) that

my " g (v) < e (a,v) < moge (v). (3-5)
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Let
W(hA) ={veQhA): fo(hA) < mige(v)}.

h A == max (p !p . 3'6

Let C be the constant from Lemma 3.4. Assume that € is small enough so that
myCe < 1. (3-7)

There are now two cases.

Case 1: fc.(hA) <max{by, m%}. In this case, (3-5) and the fact that f, is left-K;-
invariant imply that fe(a,khA) <mgfe(hA). Hence,

felakhA)? dvy(k) < (momax{by, mg})°. (3-8)
K

Case 2: fe(hA) > max{by, m%}. This implies:

Claim 3.9. The set V(hA) contains only one element up to sign change in each
degree.

Proof. Assume that, for some 0 <i <d, W(hA)NQ(hA) contains two noncolinear
elements, vg and wy. Then because f(hA) > m% and vy and wq are in W (hA), we
have ¢¢(vg) > 1 and ¢, (wg) > 1. We can write vg = u A v and wyg = u A w, where
ue 2 hA),veQ;,(hA)and w e 2;,(hA) with i} > 0 and i» > 0. There are four
cases.

Case 2.1: i, <i and i; < d —1i. In this case,

1/2

fe(hA) < mgmin{oe (u A v), ge(u Aw)} < (mgCe)'/* max{pe (u), ge(u Av Aw)}

by Lemma 3.4(1). This implies that
fe(hA) < (m3Ce)' 2 f.(hA), (3-9)

which contradicts (3-7).

Case 2.2: ip =i <d —i. In this case, u = 1. The same computation but using
Lemma 3.4(2) still gives (3-9), which is still a contradiction.

Case 2.3: i) =d —i < i. In this case, ||u A v A w] is an integer. Therefore, the
same computation but using Lemma 3.4(3) still gives (3-9).

Case 2.4: ip =i = d —i. The same computation, using Lemma 3.4(4), gives
fe(hA) = by,

which is again a contradiction. (]
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Suppose v € 2 is arbitrary. If v ¢ W(hA), then f.(hA) > mg(pe (v), and by
left- K j-invariance of ¢, (3-5) and (3-6), for all k € K;, we have

e (arkv) < moge(v) <my" fo(hA)

<m-! < e (a, k 3-10
<my wgnqll%gA)w(W) Jonax P (anky). (3-10)

If v € ¥(hA), then (3-10) holds for obvious reasons. Therefore, (3-10) holds for
all v € Q. Thus, using the definition of f, and (3-10), we get

felaykhA) dvy (k) = f max goe(a,okv)‘sdw(k)

K

< Y / @e(anky)® dv (k). (3-11)

we\y(hm

Using Lemma 3.7, we see that, for all v € W(hA), ¥ ¢ F and hence ¥ — 1o(Y) €

F\{0}. Moreover, if g, (a,kyr) # 0, then ¢ (a k) = @e(ai,k (Y — 70(¥))) and
we can apply (3-3) to get

/K e (arky)® dvy (k) < gmw (3-12)

for each ¥ € W(hA). If ¢c(a; k) =0, then it is clear that (3-12) also holds. Using
Claim 3.9, we obtain

> f Qe (anky)’ dvy (k) <d max / Qe (akyp)’ dvy (k)
vewha) Jx

Yew(hA) 1

the claim of the lemma follows from (3-6), (3-8), (3-11) and (3-12). O

3B. Proof of Part (Il) of Theorem 2.4. This time, the aim is to construct a function

such that it satisfies the conditions of the following:

Lemma 3.10. Suppose ry =2 andry=10rri=rp,=2. Let f : Hf > R be a
strictly positive continuous function such that:

(1) For any € > 0, there exists a neighborhood V (¢) of 1 in Hy such that

(I—e)f(h) = f(uh) = (A +e)f(h)
forallh € Hy and u € V (¢).
(2) The function f is left-K r-invariant.
3) f(1) <oo.
(4) There exist ty > 0 and b > 0 such that, for all h € Hy and 0 <t < 1y,
A f(h) < f(h)+D.
Then sup,. (1/1)A; f(1) < o0.
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Proof. Since SO(2, 1) is locally isomorphic to SL>(R) and SO(2, 2) is locally
isomorphic to SL,(R) x SL,(R), this follows directly from Lemma 5.13 of [Eskin
et al. 1998]. ([l

The general strategy of this subsection is broadly the same as in the last one.
First we define a certain function on the exterior algebra of R?, and then we use
this function to define a function that has the properties demanded by Lemma 3.10.

3B.1. Functions on the exterior algebra of RY. As before, we work with a function
on the exterior algebra of RY. This time, the definition is simpler because in this
case the vectors fixed by the action of H; cause no extra problems. For € > 0,
O<i<dandve /\i(Rd), we define

Pe(w) =" v~

Ifve /\O(Rd) orve /\d (RY), then we set & (v) = 1. The following is the analogue
of Lemma 3.4:

Lemma 3.11. Leti; > 0 and i > 0 and A be a unimodular lattice. Then for all
ue 2 (A),veQ,(A) and w € Q,(A),

Ge(U A V) Pe(u Aw) < €223, (u) Pe (U AV AW).

Proof. This is a direct consequence of Lemma 5.6 from [Eskin et al. 1998] and the
fact that 2y;, i, — ¥iy — Viy+2i, = 20 O
The following lemma is used to bound the spherical averages. It is analogous to

Lemma 3.6 (see also Lemma 5.5 of [Eskin et al. 1998]). It explains why in this
case the fixed vectors do not cause problems.

Lemma 3.12. Suppose ry > 2 and r, > 1. Then for allt > 0 and v € \(R?) \ {0},

lackv| = dvr (k) < o))~
K
Proof. Let F,(t) = sz llaskv] =" dv; (k). We will show that %Fv (t)<Oforallt>0
and v € A (R?)\ {0}, from which it is clear that the claim of the lemma follows.
Let 7~ and ™+ be the projections from /\ (R?) onto the contracting and expanding
eigenspaces of a;, respectively. Note that

d [ el k) |)2 — e || T (k) |12
ZFv(t)_,/K, ||atkv||3 d\)[(k)
< (lady’ / XGPSt R Py dv k). (-13)
il 7 Jk,

Let Qg also denote the matrix that defines the quadratic form Qp. Note that
I~ (Qov)Il = llx* (v)|| and [lx T (Qov)|| = [l (v) | for all v € A\ (R?). Because
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0F=00=0;", ifdet(Qp) =1, then Qp € K, or if det(Qp) = —1, then —Qg € K.
This means that QoK ;(v — t9(v)) = K; = (v — 19(v)) and thus

) |~ (kv) ||* dvy (k) = ; 7w T (Qo(kv))||* dvy (k)

7T (kv) |12 dvy (k). (3-14)
K

Therefore, using (3-13) and (3-14), we have

|Iaz||

llvll
forallt >0and v € /\([RRd) \ {0} as required. U

d
Eﬂ,(z)_ f T (kv) |12 dvr (k) (e ™ —e*) <0

3B.2. Functions on H;. Define fA,e :Hy — R by

d
fA,e(h)=Z max g (v).

€Q;(hA)

Note that for all € > 0 there exists some constant ¢, > 0 such that, for any unimodular
lattice A,

d

max ||v < ce max v) <c¢ max V).
Jmax (v~ < e max §(v) EZ nax ge(v)

In view of this and (3-2), the proof of Part (II) of Theorem 2.4 will be complete
provided that Conditions (1)—(4) from Lemma 3.10 are satisfied by the functions f Ae
for some € > 0. It is clear that fA,e is left- K ;-invariant. Also since ||p(h~ ")~ <
lhv|l/lIlv]l < |lp(h)] for all v e Q and h € Hy, fA,E also satisfies Condition (1) of
Lemma 3.10. We also have that fA,e(l) < 00. It remains to show that fA,e satisfies
Condition (4) of Lemma 3.10.

Lemma 3.13. Suppose ry =2 andr, =1 orry = ry = 2. Then there exist € > 0
and ty > 0 such that, for all 0 <t <ty and h € Hy,

/ Fa.cakh) dvi(k) < fa.c(h).
K
Proof. Let mg = | p(ay,)||. Then for all v e A(R?) and 0 < ¢ < 1o,
my' < llavll/lv]l < mo. (3-15)
It follows from the definition of @, and (3-15) that, for all 0 < 7 < t,

my '@ (v) < Pelav) < moPe (v). (3-16)
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Let

d
_ . . ~ 2~
U(hA) = L:J] [veQihn): max Pe(v) <mi@.(v)}.

UEQ,’(h

Now we show that for € small enough the set W (2A) contains only one element
up to sign change in each degree. To see this, assume that, for some 0 <i < d,
W (hA) N Q(hA) contains two noncolinear elements, vy and wg. We can write
vo=uAvand wo =u A w where u € Q; (hA), v e Q;,(hA) and w € Q;,(hA)
with i1 > 0 and i, > 0. In this case,

fa.e(h)? < d*mi@e(u A v) Ge(u A w) < d*mye* fa e (h)?

by Lemma 3.11. Hence, the claim is true since taking ¢ small enough gives a
contradiction.

In view of this discussion, we can suppose that W(hA) = {1//,-}?1: |» Where ; has
degree i. Let v € Q;(hA) be arbitrary. If v ¢ W(hA), then maxyeq, na) Pe (V) >
m%@(v), and by left-K;-invariance of ¢, and (3-16), for all k € K;, we have

Fe(akv) <mofew) <mg' max Go(w)=mg G W) < Felanky). (-17)

If v e W(hA), then (3-17) holds for obvious reasons. Therefore, (3-17) holds for
all v € Q. Thus, using the definition of fa  and (3-17), we get

d
f kh) dv; (k) = B (a, kv) dvy (k
[ Factaugidoi =3 [ max etk v

d
<> [ Gtakvn) dvio. (3-18)
i=1 7K1
By Lemma 3.12, there exists #o > 0 so that, for any v € A (R¢) and all 0 < ¢ < 1o,
f Pe(ark i) dvi(k) < @e (Vi) (3-19)
K
for each y; € W(hA). The claim of the lemma follows from (3-18) and (3-19). [

4. Ergodic theorems

For subgroups Wi and W, of G, let X (Wi, W1) = {g € G, : Wog C gW}. As
in [Eskin et al. 1998], the ergodic theory is based on Theorem 3 from [Dani and
Margulis 1993], reproduced below in a form relevant to the current situation:

Theorem 4.1. Suppose r; > 2 and r, > 1. Let g € 6s1.(r1, r2) be arbitrary. Let
U = {u, : t € R} be a unipotent one-parameter subgroup of G, and ¢ be a bounded
continuous function on Gg/ I'g. Let % be a compact subset of Gg/ 'y, and let € > 0
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be given. Then there exist finitely many proper closed subgroups Hy, ..., Hy of
Gy such that H; NIy is a lattice in H; for all i and compact subsets Cy, ..., Cy
of X(H,U), ..., X(Hy, U), respectively, such that for all compact subsets F of
D — U <j<x CiTg/ Ty there exists a Ty > 0 such that, for all x € F and T > Ty,

1 T
‘7/ ¢<utx)dr—/ ¢ dug
0 Gg/ Ty

Remark 4.2. By construction, the subgroups H; occurring are such that H; NI", is
Zariski-dense in H; and hence H; are defined over (). For a precise reference, see
Theorem 3.6.2 and Remark 3.4.2 of [Kleinbock et al. 2002].

< €.

The next result is a reworking of Theorem 4.3 from [Eskin et al. 1998]. The
difference is that in Lemma 4.3 the identity is fixed as the base point for the flow
and the condition that H, be maximal is dropped.

Lemma 4.3. Suppose ri > 2 and r, > 1. Let g € 6s1(r1, r2) be arbitrary. Let
U = {u, : t € R} be a one-parameter unipotent subgroup of Hg, not contained in any
proper normal subgroup of Hy. Let ¢ be a bounded continuous function on G/ T'y.
Then for all € > 0 and n > 0, there exists a Ty > 0 such that, for all T > Ty,

T
vg({kng: l/ ¢(u,k)dt—/ ddug >e}) <n. 4-1)
T Jo Ge/Ts

Proof. Let Hy, ..., Hyand Cy, ..., C be as in Theorem 4.1. Let y € I',; consider
Yi(y) = K¢ N X (H;, U)y. Suppose that Y;(y) = K,; then Uky~' c ky~'H; for
all k € K,. In other words,

k'Ukcy "Hyy forallkeK,. (4-2)

The subgroup (k~'Uk : k € K,) is normalized by U U K, and clearly U E
k € K,) C(UUK,) C Hy. If G is a simple Lie group with finite center, with maximal
compact subgroup K, it follows from Exercise A.3, Chapter IV of [Helgason 2001]
that K is also a maximal proper subgroup of G. This means that, because H, is
semisimple with finite center, any connected subgroup L of H, containing K, can
be represented as L = H'K, where H’' is a connected normal subgroup of H,.
Because U is not contained in any proper normal subgroup of H,, this implies
that (U U K,) = H,. Therefore, (k~'Uk 1 k € K,) is a normal subgroup of Hg,
and because U is not contained in any proper normal subgroup of Hg, we have
(k~'Uk : k € Kg) = Hg. This and (4-2) imply that H, C y_lHiy. Note that
¥ € SLg(Z) and, by Remark 4.2, H; is defined over Q. Therefore, y "' H;y is
defined over Q; it follows from Theorem 7.7 of [Platonov and Rapinchuk 1991]
that Yy~ H;y N SLy(Q) = y ' H;y. Therefore, Lemma 3.7 and Proposition 4.1 of
[Sargent 2013] imply that y ~'H;y = G ¢» Which is a contradiction, and therefore,
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Yi(y) € K,. This means, for all 1 <i <k, ¥;(y) is a submanifold of strictly smaller
dimension than K, and hence

v (Yi(y)) = 0. (4-3)

Note that, because C; € X(H;, U),

k.0 |J argcken | xa org=J U v,
1<i<k 1<i<k 1<i<k yel,
and therefore, (4-3) implies
vg(Kgﬂ U CiFg) =0. (4-4)
1<i<k

Let % be a compact subset of G such that K, C %. Then from (4-4), it follows
that, for all > 0, there exists a compact subset F of @ — | J;;; CiT'g such that

Ve (FNKg) >1—1. (4-5)

From Theorem 4.1, for all ¢ > 0, there exists a Ty > O such that, for all x €
(FNKg)/Tgand T > Ty,

1 T
‘—/ sumdi— [ gdug|<e
T Jo Ge/Ts
Therefore, if k € Ko, T > T and
1 T
‘—f sudrdr= [ > e.
T Jo Ge/Ty
then k € K, \ F, but vg (K, \ F) < n by (4-5), and this implies (4-1). O

Lemma 4.4. Suppose riy > 2 and r, > 1. Let g € 6s1(r1, r2) be arbitrary. Let
U ={u, : t € R} be a one-parameter unipotent subgroup of H, not contained in any
proper normal subgroup of Hy. Let ¢ be a bounded continuous function on G/ T'y.
Then for all € > 0 and § > 0, there exists a Ty > 0 such that, for all T > Ty,

< €.

1 (1487
i | pukdvyrdr— [ g,
8T Jr K, Ge/Ty
Proof. Let ¢ be a bounded continuous function on G4/ I',. Lemma 4.3 implies for
all e > 0, n > 0 and d > 0 there exists a Ty > 0 such that, for all T > Ty,

vg<{k €K,

dT

1
LT gk di —/ ¢ du
dT Jo t Ge/Ts ¢

>e}> <n. (4-6)
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Using (4-6) withd =1 and d = 1+, we get that for all € > 0 and 1 > 0 there exists
a subset 6 C K, with v, (¢) > 1 — 7 such that for all k € 6 the following hold:

T
[ owmai-1 [ pau,
0 Gg/ Ty

(1+8€T
/ $ (uik) di — (1 +8)T/ o du,
0 G

¢/ Tq

< €T,

<1 +4+68)Te.

Hence, for all k € 6, we have

(1+8)T
f ¢ (usk) dt—(ST/ ddug
T

Gg/ T

(14+8)T
[ owmwdi-—avor [ pau,
0 G

g/rg T
—/ ¢(u,k)dt—|—T/ ddug
0 Ge/ Ty

=

T
f ¢ (k) di — T/ ¢ djug
0 G,/T,

48T
—i—‘/ ¢(utk)dt—(1+8)T/ ¢dug
0

Gg/ Ty

<2+48Te.

This means that, for all § > 0, n > 0 and € > 0,

1 (1+6)T 248
vg<{kng:‘—/ d)(u,k)dt—/ ddu, <( + )E})zl—n.

Since we can make € and 7 as small as we wish, this implies the claim. ([

Lemma 4.5. Supposer; >2andry > 1. Let A ={a, : t € R} be a one-parameter
subgroup of Hg, not contained in any proper normal subgroup of H,, such that
there exists a continuous homomorphism p : SLy(R) — Hg with p(D) = A and
p(SO(2)) C K, where D = {((’) t(,)l) it > O}. Let ¢ be a continuous function on
G/ 'y vanishing outside of a compact set. Then for all g € 65 (r1,12) and € >0
there exists Ty > O such that, for all t > Ty,

| saogo- [ pdu,
K, Gg/ Ty

Proof. This is very similar to the proof of Theorem 4.4 from [Eskin et al. 1998], and

some details will be omitted. Fix € > 0. Assume that ¢ is uniformly continuous.

Let u; = ((1) i) and w = ((1) Bl). Then it is clear that d;, = (6 t91) = byuk;w,
1

where b, = (1 + t—z)—1/2(7tl_l 143—2) and k; = (1 + t_2)_1/2(7t1_l t; ) By our

assumptions on A, there exists a continuous homomorphism p : SL,(R) — H, such

<e.
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that p(D) = A and p(SO(2)) C K,. Let p(d;) =dj, p(b;) = b}, p(k;) = k; and
p(w) =w’'. Then for all r > 0 and g € 651 (r1, 1),

/ $(dlK) v, (k) = / ¢ (bl w'k) dvg (k)
Kg Kg
— [ ¢wuk)dv, (k) 4-7)
Kg

since k;, w" € K. It follows from (4-7) that, for r, > 0,
‘ / Bd) dvg (k) — f B k) dvgac)‘
Kg Ké’

=

fK (¢(d;,k)—¢>(d;k))dvg<k)‘+‘ /K <¢(d;,k)—¢<u;tk>>dvg<k)‘

=' fK (¢(d;d£k)—¢><d;k))dvg<k)’+‘ /K (¢(b;,u;,k)—¢<u;tk)>dvgu«)‘. 4-8)

By uniform continuity, the fact that lim;_, o, by = I and (4-8) imply there exist
T; > 0 and § > 0 such that for ¢t > T; and |r — 1| < § we have

/ ¢ (dik) dvg (k) — / & (u,,k) dvg(k)’ <e.
K, K,
Thus, if T > Tj, then

<e. (4-9)

1 U407
‘ / B (d)k) dvg (k) — — / 3 LK) dvg (k) dt
K, 8T Jr K,
Combining (4-9) with Lemma 4.5 via the triangle inequality finishes the proof of
the lemma. O

The section is completed by the proof of the main ergodic result, whose proof
follows that of Theorem 3.5 in [Eskin et al. 1998].

Proof of Theorem 2.5. Assume that ¢ is nonnegative. Let A(r) = {x € G¢/ Ty :
a(x) > r}. Choose a continuous nonnegative function g, on G4/ I'y such that
grx)=1lifxeA(r+1), g, (x)=0ifx¢ A(r)and0<g,(x) <lifx € A(r)\A(r+1).
Then

/ 6 (ark) dv, (k)
Kg

_ /K ¢ (ark) g (@) dvy (k) + /K (@ (k) — d(ak) g (@h)) dvg(k).  (4-10)
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Let B =2 —§; then for x € G¢/ T,
$(x) gr(x) < Ca(x)* P g, (x)
= Ca(x)* g (x) a(x) P12 < CrPla(x)* P12,
The last inequality is true because g, (x) = 0 if «(x) < r. Therefore,
/K ¢ (ark) g, (ak) dvy (k) < Cr—P/? /K a(a k) P12 dvy (k). (4-11)
g g

Since g € 6s(r1,72), r1 > 3 and rp, > 1, Theorem 2.4(I) implies there exists B

such that
/ a(a k)P dvy (k) = / a0 g Nakg)> P dv; (k)
K

8 K

<c(g) | alakg)* P ?dvi(k) <B
K

for all t > 0. Then (4-11) implies that
/ ¢ (ark) g (ak) dvg (k) < BCr=F72. (4-12)
Kg

For all € > 0, there exists a compact subset, 6 of G4/ I'y, such that 1y (6) > 1 —e€.
The function « is bounded on %6, and hence, for all € > 0,

lim jig (A(r))
= rlggo(ug({x €6:a(x)>r) +ug({x € (Gg/T)\6:a(x) >r})) <e.

This means that

rl_i)n;o pg(A(r)) =0. (4-13)
Note that
/ D (x) gr(x)dug(x) < ¢ (x) dpg(x). (4-14)
G/ Ty A(r)

Since ¢ € L! (G4/Ty), (4-13) and (4-14) imply that

lim ¢(x) gr(x)dpg(x) =0. (4-15)

r—o0 Gg/rg

Since the function ¢(x) — ¢(x)g,(x) is continuous and has compact support,
Lemma 4.5 implies for all € > 0 and g € 6s.(ry, r2) there exists Ty > 0 such



Equidistribution of values of linear forms on quadratic surfaces 917

that, for all ¢ > Ty,
‘ /K (¢ (a:k) — ¢ (ark) g (ask)) dvg(k)

—/ (P(x) —P(x) gr(x)) dpg(x)| < % (4-16)
Gg/ Ty

It is straightforward to check that (4-10), (4-12), (4-15) and (4-16) imply the
conclusion of the theorem if r is sufficiently large. U

5. Proof of Theorem 2.1

The proof of Theorem 2.1 follows the same route as that of Sections 3.4-3.5 of
[Eskin et al. 1998]. The main modification we make in order to handle the present
situation is that we work inside the surface X, (R) rather than in the whole of R4,
For t € R and v € R?, define a linear map a, by

—t t
atvz(vls~-~svs’e US+17vS+27"'7evd)‘

Note that the one-parameter group {a, : t € R} = g Ha,:teR)gC H, and that there
exists a continuous homomorphism p : SL»(R) — H, with p(D) = {a, : t € R} and
p(SO(2)) C K, where D ={(,, [91) :1 > 0}. Moreover, note that {a, : 1 € R} is self-
adjoint and not contained in any normal subgroup of H, and the only eigenvalues
of a, are e7', 1 and ¢'. In other words, {a, : t € R} satisfies the conditions of
Theorems 2.5 and 2.4. For any natural number 7, let S”~! denote the unit sphere
in an n-dimensional Euclidean space and let y,, = Vol($") and ¢, r, = ¥y, —1Vr,—15
then define

C| = Crl,r22(2_r1_r2)/2 _ Crl,r22(2_d+S)/2- (5-1)

5A. Proof of Theorem 2.3. In Lemma 5.1, it is shown that it is possible to ap-
proximate certain integrals over K, by integrals over R?=5=2. The integral over
R?=5=2 can be used like the characteristic function of R x A(T/2, T); in particular,
Theorem 2.3 is proved as an application of Lemma 5.1. It should be noted that
Lemma 5.1 is analogous to Lemma 3.6 from [Eskin et al. 1998] and its proof is
similar.

Lemma 5.1. Let f be a continuous function of compact support on Ri ={veR?:
(v, e541) > 0}, and for g € €sL(r1, r2), let

Jrg(ly, ... s, 1)

1
:m " 2f(£17"'7£59r1 US+27"°9vd717vd)dv3+2"'dvd71’
Rd—s—

where vy = (a — Qg(ﬁl, ves s, 0, 0500, ..., V-1, 0))/2r so that Qg(@l, ol
VUs42, ..., Vg—1, V) = a. Then for every € > 0, there exists Ty > 0 such that, for
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every t with e' > Ty and every v € Ri with ||v|| > Tpy,

‘cle@’—s—”’ / F(arkv) dvg (k) — J 7o (M V), lvlle™)| < e.

Ké’
Proof. By Lemma 2.2 of [Sargent 2013], for all g € €s1.(r1, r2), there exists a basis
of R4, denoted by by, ..., by, such that

s+r]
05(0)=Q1,.s ) +20 100+ Y V7 Z v; and ME@)=(i,...,v)
i=s+2 i=s+ri+1
and
&t(v) = (vlv ... Us, e_tvs-i-l’ Us425 - - Ud—1, etvd)a

where v; = (v, b;) for 1 <i <d and Qg, s(v) is a nondegenerate quadratic form in
variables vy, ..., vs. Let E denote the support of f. Let ¢; = inf,cg (v, bs4+1) and
¢2 = sup, (v, by+1). From the definition of &, it follows that f(a,w) = 0 unless

Kw, byt1){w, ba)| < B, (5-2)

c1 < {(w, byi)e™ < ¢, (5-3)

7'(w) e 7' (E), (5-4)

where 8 depends only on E and 7’ denotes the projection onto the span of by, .. ., by,

bsia, ..., by_1. For w satisfying (5-2) and (5-3), we have (w, by) = O(e™"). This,
together with (5-4) and (5-3), implies that, if f(a,w) # 0 and ¢ is large, then

lwll = (w, bsy1) + O(e™). (5-5)
Note that by (5-5),
(@w, byy1) = (w, byr)e ™ =e " |wl + O(e™) (5-6)
and
(a;w, b)) ={(w,b;) forl<i<sors+2<i<d-1. (5-7)
Finally,

(@w, bg) = (05 (w) — Q8 ({w, br), ..., (w, by)

(w, bs11), ..., (W, bg—1),
=(Q§(w)—Q§((w,bl) oo (w, by),
),

(w, bg11), ..., (w, bd 1

k]

’

0
0))/2(a;w, bsy1)
0
0

))/2e " lwll+ O(e™).  (5-8)

Hence, using (5-6), (5-7) and (5-8) together with the uniform continuity of f,
applied with w = kv forv € Ri and k € K, we see that for all § > O there exists a
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to > 0 so that if r > ¢y then
| f@kv) — fur, ... v vlle™, (kv, bygr), ..., (kv, ba—t), va)| <8, (5-9)
where v, is determined by
Q8 (vi, ..., vs, [vlle™, (kv, byyr), ..., (kv, ba_1), va) = Q5 (v) =a.

Change basis by letting f;41 = (by+1+ba)/~2, fa=(bss1—bg)/~2 and f; = b; for
I<i<sors+2<i=<d-—1. Inthis basis, Ky = SO(r1) x SO(r7) consists of orthogo-
nal matrices preserving the subspaces L1 =(f1, ..., fs), L2={fs+1, .- ., fs+r ) and
L3y = {fstr,+1,-.., fa). Fori =1, 2 or 3, let ; denote the orthogonal projection
onto L;. Write p; = ||l7r;(v)||; then the orbit K,v is the product of a point and
two spheres {vy, ..., vg} X 028" 1 x p38™~1 where $"'~! denotes the unit sphere
in L, and 27! the unit sphere in L.

Suppose w € K,v is such that f(a;w) # 0. Then from (5-2) and (5-3), it follows
that (w, bg) = O (e™"). Now, set w; = (w, f;); then w1 =2"12(w, byy1)+0(e™),
wy =2"Y2(w, byy1)+O0(e ") and, for 1 <i<sors+2<i<d—1, w;=0(l).
Hence, fori =2 or 3,

pi = llmi(w) || = 272w, byy1) + 0™ =27 wl|+ 0™,  (5-10)

where the last estimate follows from (5-5).
By integrating (5-9) with respect to K, we see that for all € > O there exists a
to > 0 so that if 1 > ¢ then

‘ / F ko) dvy )

Kg

o Fr o lle K, bogn), - (K, ba1), v dvg (0] < €. (5-11)
Kg

Equation (5-4) implies that, if f(a;kv) # 0, then kv is within a bounded distance
from ps fy114p3 f4. As ||v] increases, so do the p; and the normalized Haar measure
on p S~ ! near P2 fs+1 tends to (l/Vol(,ozS”_l)) dvgs4g - - - dvgy,, and similarly the
Haar measure on p3S™2~! near 03 f4 tends to (1/V01(,03S’2_1)) dVsir 41 -dvg_1.
This means that as ||v|| tends to infinity the second integral in (5-11) tends to

1-r1 1—nr

Py P3

f Fi, g lvlle™, vegny oo vy vg) dvsgn -+ - dvg—
Crl,rz Rd7372
_ (lv]le=")4=5=2

ri—1 _rn-—1
2 103 Cr],r2

T (M5 (), lvlle™). (5-12)

Because (5-10) implies that pé‘flpgrl = 206+2=d)/2| |y ||9=5=2 L O(e7"), we can
use (5-11) and (5-12) to get that for all € > O there exists a o > 0 so that if # > 1
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and ||v|| > #y then

R el‘(s—i—l—d)
/ k) dvy (0 = o (M. Tolle™)| < e
Kg

o 5+2=d)
Ci

By dividing through by the factor , we obtain the desired conclusion. [

For f; and f> continuous functions of compact support on R = {v € R? :
(v,e541) > 0}, define Jy, o + Jp 0 = Jri4p.g and Jp, oJp, 0 = Jf 50 These
operations make the collection of functions of the form Jy, into an algebra of
real-valued functions on the set R* x {v € R: v > 0}. Denote this algebra by .
The following will be used in the proofs of Theorems 2.3 and 2.1:

Lemma 5.2. o is dense in C.(R* x {veR:v > 0}).

Proof. Let B be a compact subset of R® x {v € R: v > 0}. Let sdp denote the
subalgebra of & of functions with support B. It is straightforward to check that the
algebra s p separates points in B and does not vanish at any point in B. Therefore,
by the Stone—Weierstrass theorem [Rudin 1976, Theorem 7.32], o g is dense in the
space of continuous functions on B. Since B is arbitrary, this implies the claim. [J

Proof of Theorem 2.3. Let € > 0 be arbitrary and g € €s.(r1, r2). By Lemma 5.2,
there exists a continuous nonnegative function f on [Ri of compact support so that
Jfg>14+€eonRx[1,2]. Thenifv e RY satisfies ¢! < ||v]| < 2é’, Mg(v) € R and
Qg(v) =a, then Jf,g(Mé”(v), lvlle™") > 1+e€. Then by Lemma 5.1, for sufficiently
large ¢,

Creld=s=21 / f(akv) dvy (k) > 1
K}Z

if e' < |lv|| <2e', M§(v) € R and QF(v) = a. Then summing over v € X,(Z), we
get

X @) NVy(la. BN A", 2¢)| < Y Cre D" | f(arkv) dvg (k)
veX,(Z) Ke

= Cpeld21 / Fpo(ak)dvg(k).  (5-13)

Kg
Note that
/ Fyg(ack) dvg (k) =/ Ff,g(g’la,kg)dvl ). (5-14)
K

g 1

By (2-2), we have the bound F¢(x) < c(f)a(x) forall x € Gg/T'g, where c(f)
is a constant depending only on f. Since g € €s.(r1, r2), Part (I) of Theorem 2.4
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implies that if ; > 3 and r, > 1 then
/ Ff,g(gflatkg)dvl (k) <c(f og’l) a(akg) dvy(k) < oo. (5-15)
K] KI

In the case when ri =2 and r, =1 or r| = rp, =2, Part (II) of Theorem 2.4 implies
that for all g € 6s.(r1, r2) there exists a constant C so that

f Fro(g'akg)dvi(k) <c(fog™") | alakg)dvi(k) <Ct.  (5-16)
K; K;

Hence, (5-13), (5-14) and (5-15) imply that as long as r; > 3 and r, > 1 there exists
a constant C, such that

|X¢(Z)N Vi (R)YNA(e', 2¢")| < Cre 5721,

Similarly, (5-13), (5-14) and (5-16) imply that, if ry =2 and r, =1 orry =r, =2,
then
X, (Z) N Vi (R) N A(e, 2e")| < Cate =721,

Since we can write T = ¢’ and
n
A, T) = lim (A(O, T/2") UA(T/zi, T/zi—l)),
n—oo iz
the theorem follows by summing a geometric series. ([

Theorem 2.3 has the following corollary, which is comparable with Proposition
3.7 from [Eskin et al. 1998] and will be used in the proof of Theorem 2.1.

Corollary 5.3. Let f be a continuous function of compact support on [R{i. Then for
every € > 0 and g € Bg1.(r1, ), there exists ty > 0 so that, fort > ty,

e TN Ty (M (), ||v||e—f)—clf Fpo(ak)dvg(k)| <e. (5-17)
veX,(2) Ky

Proof. Since Jy , has compact support, the number of nonzero terms in the sum
on the left-hand side of (5-17) is bounded by ce@~=2" because of Theorem 2.3.
Hence, summing the result of Lemma 5.1 over v € X,(Z) proves (5-17). O

5B. Volume estimates. For a compactly supported function & on R® x R?\ {0}, we
define

@(h,T):/ h(M§ (), v/T)dmg(v).
X, (R)

For ¥ C R4, we will use the notation Vong (%) = f X, (®) 1yn X, (R) dm, to mean the
volume of & with respect to the volume measure on X (R).
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The following lemma and its corollary are analogous to Lemma 3.8 from [Eskin
et al. 1998], and the proofs share some similarities although it is here that the fact
we are integrating over X, (R) rather than the whole of R? becomes an important
distinction. In Lemma 5.4, we compute limy_, o (1/ T95-2)@(h, T). Here it is
crucial that / is not defined on R® x {0}; if it was, using the fact that 4 can be bounded
by an integrable function, one could directly pass the limit inside the integral and
the limit would be 0. The basic strategy of Lemma 5.4 is that we evaluate the
integral |, X, (®) dmg by switching to polar coordinates. This has the effect that the
integral changes into an integral over two spheres; then we approximate the spheres
by an orbit of K, and an integral over the coordinates fixed by K.

Lemma 5.4. Suppose that h is a continuous function of compact support in R® x
R?\ {0}. Then

i —1 * d—s—2 ,_dr
lim Td—s—2 O, T)=C ko Ju h(z, rkeg)r dz > dvg (k),

T—o0

where e is a unit vector in R and C\ is the constant defined by (5-1).

Proof. By Lemma 2.2 of [Sargent 2013], for all g € €s1.(r1, r2), there exists a basis
of R4, denoted by fi, ..., fa, such that

S s s+r d
2 2 2 2
Q5)=> vi= Y v+ Y = Y v} and M{@w)=J(i.....v),
i=1 i=s;+1 i=s+1 i=s+r;+1

where v; = (v, fi) for 1 <i <d, J € GLy(R), s; is a nonnegative integer such
that r{ + 51 = p and s, is a nonnegative integer such that r, +s, =d — p. Let
Ly = (U1,...y Vs, Usply oo Usry)s L2 = (Usj1s -+ o5 Usy Usr b1y -« -5 Vd)s sr—1
be the unit sphere inside L; and S¢~7~! be the unit sphere inside L,. Let o € SP~!
and B € §?~P~!, Using polar coordinates, we can parametrize v € X ¢(R) so that

JJaw; cosht for1 <i <sy,
Japi— sinht fors;+1<i<s,
Jaoi_sig cosht fors+1<i<s+r,
JaBi—s,—r sinht fors+r+1<i<d.

(5-18)

v =

In these coordinates, we may write

4d-2)/2

dmg(v) = cosh?~ ! ¢sinh? ™' 1 dt d&(a, B) = P(e") dt d&(a, ),

where P(x) = (a“9=2/2/24=1x?=2 4 0(x?73) and & is the Haar measure on
§P~1 x §9=1. Making the change of variables, r = \/ae' /2T, gives

Jacosht =Tr4a/4Tr and +/asinht =Tr —a/4Tr. (5-19)
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Let L) = (Vg1 - -+ Vsry )5 Ly = (Vgipr 415 - - -5 Va), S"1~1 be the unit sphere inside
L, $"2~1 be the unit sphere inside L), o’ € ! and g’ € $>~!. We may write

d&(a, B) = 8(a, B)day - - - dais, dBy - - - dBs, dE' (', B),

where §(«, B) is the appropriate density function and d&’ is the Haar measure on
S1=1 % §2~1 This gives

2Tr dr o
dm g (v) = P(ﬁ) 8(c. B) —— datr - day, dpy - dp., dE'@. B).  (5-20)

Let z € R®. Make the further change of variables

1
@1, By oo Bos) = o d 'z (5-21)
this means that
1
day---dag, dBy - - -dBy, = ———— dz. 5-22
o] U, ﬂl 182 det(.])(Tl")‘ Z ( )

Moreover, using (5-18), (5-19) and (5-21) gives
Mg(v) =z+01/T) and v/T=r@+p)+01/T). (5-23)

Since h is continuous and compactly supported, it may bounded by an integrable
function and hence

. 1

T—o0

= lim #/ h(Mg(v),v/T)dmg(v)

T—)OO Td s—2 Xg(R)

1
= g
_/X ®) Tlgrgo Td—s— i My (), v/T) dmg(v)

= / / / h(z,r(o +p)ri 728, B) dzﬂdé/(o/, B,
Srlflxsrzfl 0 s 2r

where the last step follows from (5-20), the definition of P(x), (5-22) and (5-23).
Note that from the definition of § it is clear that §(«’, /) = 1. Finally, let ¢y =
%( fi+ pr) and L(o/ + B') = kep and ' = +/2r to get that

lim ——— 0O, T)= cl/ / fh(z, r'keg)r' =5~ zdz dvg(k) O

T—o0 Td

Corollary 5.5. For all g € 6s1.(r1, r2), there exists a constant C3z > 0 such that for
all compact regions R C R® with piecewise smooth boundary

, 1
lim —=— Voly, (Vyys (R) N A(T/2, T)) = C3 Vol(R).

T—00
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Proof. Let 1 denote the characteristic function of R x A(1/2, 1); then it is clear that

lim ; Volxg(VMg(R) NA(T/2,T))

T—00 Td—s—z
1
= lim ——
T—00 Td—S—2 /); (R

8

: 1(Mo(gv), v/T) dmg(v)

. 1
= TILH;O —Td*siz(a(l, T).

Since R has piecewise smooth boundary, there exist regions Ry € R x A(1/2,1) C
R; such that lims_, ¢ R; = lims_.o Ry = R, and for all 6 > 0, we can choose
continuous compactly supported functions 45 and h; on R* x R?\ 0 such that
0<hy <1<hf <1 hy@w) =1(v)ifve Ry and hi (v) =0if v ¢ R;. By
Lemma 5.4,

T—o0

1 1
lim ——0O(h;,T) <liminf ——— 1(M, ,/T)d
im Tz Oy, T) = liminf 25— /X oy LMo(), v/ T) dmg ()

8

1
§limsupm/}(( )l(Mo(gv), v/T)dmg(v)

T—o00 g

1
: +
< Jim O T).

It is clear that
) ) 1 _ ) ) 1 +
Jim, fimn, T3 O by T) = Jim, fim, 75O )

. 1

hence, we can apply Lemma 5.4 to get that

. 1
lim m@(l, T)

T—o0

OO -1 d—s—2 ,_dr
=C 1(z, rk™ eo)r® " “dz —— dvg(k)
K, J0 s 2r

o0 dr
= C] / 1R(Z) dZ/ f 1A(1/2,1)(rk_1e0)rd_5_2 - dl)g(k) = C3 VO](R).
RS Kg 0 2r

The last equality holds because

> -1 d—s—2 dr
Laa,1)(rk™ eg)r — dvg(k) < 00
K, JO 2r

as 14(1/2,1) has compact support and K, is compact. (]
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5C. Proof of Theorem 2.1. By Theorem 4.9 of [Platonov and Rapinchuk 1991],
there exist vy, ..., v; € X¢(Z) such that X, (Z) = {:1 [ev;. Let Pi(g) ={x € Gy
xv; =v;} and A;(g) = P;(g) NT'g. By Proposition 1.13 of [Helgason 2000], there
exist Haar measures gp;, pa, and ya, on Gg/A;(g), P;(g)/Ai(g) and I'y/A;(g),
respectively, such that, for f € C.(G,/A;(g)) and hence for integrable functions
on Gg/Ai(g),

/ fdon, = / f FGp) dpa(p)dm, (o), (5-24)
Gg/Ai(g) X (R) JPi(g)/Ai(g)

/ fdon, = / / FGp) dya, () ditg (). (5-25)
Gg/Ai(g) Gg/rg Fg/Ai(g)

Note that I"g /A; (g) =T'gv; is discrete and its Haar measure dy, is just the counting
measure and so

fxy)dya,(y) = f(xv). (5-20)
/Fg/Ai(g) : Z

velgy;

Therefore, the normalizations already present on m, and i, induce a normalization
on py,. Moreover, it follows from the Borel-Harish-Chandra theorem [Platonov
and Rapinchuk 1991, Theorem 4.13] that the measure of pa,(P;i(g)/Ai(g)) < o0
for each 1 <i < j. Asin [Eskin et al. 1998; Dani and Margulis 1993], where the
proofs rely on Siegel’s integral formula, here the proof relies on the following result:

Lemma 5.6. Forall f € C.(Xg(R)) and g € 6s.(r1, 12), there exists a constant

J
C®) =) pa(Pi()/Ai(2)
i=1
such that

C(g) fdmg = / Frodpy. (5-27)
Xg(R) G,/Ty
Proof. Note that, for 1 <i < j, G,/P,(g) = X,(R). If f € C.(X,(R)), then f

is A;(g)-invariant and therefore can be considered as an integrable function on
Gg/Ai(g) and so

/ / S xp)dpa,(p)dmg(x)
X, ®) J Pi(9)/Ai(2)

:/ dpAi/ fdmg. (5-28)
Pi(g)/Ai(g) X (R)

Now it follows from the definition of Fy, (i.e., (2-1)), (5-24), (5-25), (5-26) and
(5-28) that
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J
Fiodu, = d
~/G/1“g f.g Glhg ;ng/l" Z Jfxv)dpg(x)

g 8 vel'gv;

J
=3 g ram,
= Jr)/rie X, ®)

which is the desired result. O

The final lemma of this section is the counterpart of Lemma 3.9 from [Eskin
et al. 1998], and again the proof there is mimicked.

Lemma 5.7. Let f be a continuous function of compact support on Ri. Then for
all g € 6sL(r1,r2),

1
lim T7 o (ME), [0ll/T) dmy(v) = C;C Froduy,
o0 Td—5-2 /xgaR) FeMo(®), I/ ) dmg(v) = (g)/Gg/Fg he e

where C is defined by (5-1) and C(g) is defined in Lemma 5.6.

Proof. Let v; be the components of v when written in the basis by, ..., by from
Lemma 5.1. Using the change of variables (vy, ..., vs) = (21,..., Zs, I, Us42,
...,a) where Q8(vy, ..., vs) = a, we see that

> > d—s—2 dr
f)dv= Jio(z,r)r'"""dz —da.
R4 —00 J0 5 2r

Hence, it follows from how m, is defined (i.e., (2-3)) that

= d—s—2 ,_dr
[ f)ydmg(v) = f / Jrg(z,r)r dz —. (5-29)
X (R) 0 Jrs 2r

Lemma 5.4 and (5-29) imply that

1
lim —/ Jf,g(Mg(v), lvll/T)dmg(v)

T—00 Td—s—2 XQ(R)
=C1/ (/ f(v)dmg) dvg (k).
K, \JX,(R)

Now the conclusion follows from Lemma 5.6. O

The purpose of Lemma 5.7 is to relate the integral over G,/ T, to an integral
over X (R) in order that the integral over X (R) can be approximated by an integral
over K, via Theorem 2.5. Then the integral over K, can be approximated by the
appropriate counting function via Corollary 5.3. We now proceed to put this into
action in the proof of our main theorem, which is just a modification of the proof
in [Eskin et al. 1998].
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Proof of Theorem 2.1. By Lemma 5.4, the functional ¥ on C.(R°® x R\ {0}) given
by

. 1

is continuous. For all connected regions R C R* with smooth boundary, if 1
denotes the characteristic function of R x A(1/2, 1), then for every € > 0 there exist
continuous functions /. and 4_ on R* x R?\ {0} such that, for all (r, v) € R® x R4\ {0},

h_(r,v) <1(r,v) <hy(r,v) (5-30)
and
(W (hy)—W(ho)| <e. (5-31)

Let § denote the space of linear combinations of functions on R® x R? of the form
Jso(r, [lv]]), where f is a continuous function of compact support on [R{i. Let #
denote the collection of functions in C.(R® x R? \ {0}) such that if # € % then
h takes an argument of the form (r, ||v||). By Lemma 5.2, ¢ is dense in ¥, and
since iy and h_ belong to 3¢, we may suppose that 4, and #_ may be written
as a finite linear combination of functions from $. The function Fy, defined by
(2-1) obeys the bound (2-4) with § = 1 by (2-2). Moreover, Lemma 3.10 of [Eskin
et al. 1998] implies that Fy, € L{(G4/T'g). Therefore, if i’ € {h, h_}, then for
all g € 6sL.(r1, r2), we can apply Theorem 2.5 with the function Fy,, followed by
Corollary 5.3 and Lemma 5.7 to get that there exists #p > 0 so that, for all € > 0
and t > 1y,

C
% Y (M), ve™) = W(k)

veX,(2)

< €. (5-32)

From the definition of W (%), we see that for all 7 € C.(R* x R?\ {0}) and g €
%s1.(r1, rp) there exists 7y > 0 so that, for all € > 0 and ¢ > 1y,

: ./
—_— h(M§ (v), ve™) dmg(v) — \D(h)‘ <e. (5-33)
=Dt |y @) 0 g

Clearly (5-30) implies

c
% Z h_(M§ ), ve™) — W (hy)
¢ veXg(Z)
Cc
= % Z 1(M§(v), ve ) —W(hy)

veX,(Z)

C
= % Z hy(M§(v), ve™) —W(hy). (5-34)

veX,(2)
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Apply (5-31) to the left-hand side of (5-34), and then apply (5-32) with suitable
choices of €’s to get that for all g € €g.(r, r2) there exists 7y > 0 so that, for all
6 >0andr > 1y,

C
% Z 1(ME(v), ve™) — W(hy)

veX,(2)

0
<-. 5-35
=3 (5-35)

Similarly using (5-30), (5-31) and (5-33), we see that for all g € €5y (r1, r2) there
exists 7o > 0 so that, for all 6 > 0 and 7 > 1,

1

0
_— L(ME(v), ve ") d —W(h <-. 5-36
Py /Xg(R) (Mg (v), ve™") dmg(v) (hp)| =< > (5-36)

Hence, using (5-35) and (5-36), we see that for all g € 6 (11, ) there exists fp > 0
so that, for all & > 0 and ¢t > 1,

<0. (5-37)

C® Y 1(M§(u),ve—f)—f 1(M§ (v), ve™) dmyg (v)

veX,(2) X

This means that for all g € €g (11, 1) there exists #y > 0 so that, for all 6 > 0 and
t > 1,

(1—9)/ LM (v), ve ") dmg(v) < C(g) Z 1(M§ (v), ve™)
X ®) veX,(2)

<(1+6) l(Mg(v), ve ") dmg(v). (5-38)
X, (R)
Hence, for all (Q, M) € 6pairs(r1, 12), there exists 7y > 0 so that, for all & > 0 and
t > 1y,

(1 =6) Volx, (Vi (R) NA(T/2,T)) = C(&)|Xo(Z) NV (R) NA(T/2,T)|
< (146) Volx, (Vi (R) NA(T /2, T)).

The conclusion of the theorem follows by applying Corollary 5.5 and summing a
geometric series. (]

6. Counterexamples

In small dimensions, there are slightly more integer points than expected on the
quadratic surfaces defined by forms with signature (1, 2) and (2, 2). This fact was
exploited in [Eskin et al. 1998] to show that the expected asymptotic formula for
the situation they consider is not valid for these special cases. In a similar manner,
it is possible to construct examples that show that Theorem 1.1 is not valid in the
cases that the signature of H, is (1, 2) or (2, 2). In this section, for the sake of
brevity, we restrict our attention to the case when s = 1, but we note that similar
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arguments would hold in the case when s > 1. To start with, make the following
definitions:

Q1(x) = —x1x2+ X3 + X3,

Q(x) = x1x2 +x3 — 13,

03(x) = —x1x2 + x5 +x7 — ax?,

Ly(x) =x1 —axs.
We can now prove:
Lemma 6.1. Let € > 0; suppose [a, b]=[1/2 —¢€, 1] or[—1, —1/2+¢€]. Leta > 0;
then for every Ty > 0, the set of B € R for which there exists a T > Ty such that
X% (2)NVy,(la, b)) N A, T)| > T (log T)' ¢

or |X4,@)NVL,(a, b)) NAQ, T)| > T(logT)'

is dense. Similarly if a = 0, then for every Ty > 0, the set of B € R for which there
exists a T > Ty such that

X%, (@) NV, ([a, b)) N A, T)| > T*(log T)' ¢

is dense.

Proof. Let S;(a, T,a) ={x € 7% : Ly(x)=0, Q;(x)=a, ||x|| <T}, whered; =4
ifi=1o0r2andd; =5 ifi =3. Lemma 3.14 of [Eskin et al. 1998] implies that

|Si(a, T, a)| ~ cioT logT fori=1,2and /o € Qand a > 0, (6-1)
1S3(ct, T, 0)] ~ 34T log T for /o € Q, (6-2)

where c; , are constants that depend on . Note thatif i =1,2 and x € S; (o, T, a) \
Si(, T/2, a), then

T2
- (@ +D)x3 <x?+x2<T?—(a*+1Dx3 (6-3)
and

X3 +x; =ax;+a. (6-4)
Similarly if x € S3(«, T, 0) \ S3(c, T/2, 0),
T2
T—(az—l—l)x% §x32+xf+x§ < Tz—(ozz—l-l)x% (6-5)
and

X3+ xi=a(x] +x3). (6-6)
Combining (6-3) and (6-4) gives

T2 —4a

Aa2ta+1) ©7
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Respectively, combining (6-5) and (6-6) gives

— 2 _ 2
Loer s g Iolr s (6-8)
4@ +a+1) al+a+1
which upon noting that —7 < x5 < T offers
- DT T2 DT
@+ DT _ X2 < &. (6-9)

a2 +a+1

a?4+a+1
pr=at | (6-10)

It is clear that Lg, (x) = L (x) £ V(@2 +a+1)/T?xs, and hence, if i = 1, 2 and
xeSi(a, T,a)\ S;(a, T/2, a), then (6-7) implies

da?+a+1) —
Take

1
T slaws -5
(6-11)
— 1= 75 =Ly () = - —T—
Similarly if x € S3(e, T, 0) \ S3(e, T/2, 0), then (6-9) implies
/ (a+1)<Lﬂ ) < (a+1)
(6-12)

1_(oz+1) < Lp(r)— /__(a+1)

This means for all € > 0 there exists Ty > 0 such thatif T > T, then S;(«, T, a) C
X“Qi Z)N VL‘8+ ([1/2 —€,1]) N A(O, T); respectively, there also exists 7_ > 0 such
thatif 7 > T_ then S;(«, T, a) C X‘éi(Z) NV, ([=1,-1/2+€])N A0, T). By
(6-1) and (6-2), for i = 1, 2 and large enough T (depending on ), |S;(«, T, a)| >
T(log T)' =€ and |S;(«t, T, a)| > CT*(log T)' €. The set of B satisfying (6-10) for
rational « and large T is clearly dense, and this proves the lemma. ([

Theorem 6.2. Let j = 1,2. For every € > 0 and every interval |a, b], there
exists a rational quadratic form Q and an irrational linear form L such that
Stabso(g) (L) = SO(j, 2) such that, for an infinite sequence T, — o0,

|X (Z)N Vi (la, b)) N A, Tp)| > Tf(log T)' ¢,
where a; > 0 and a, = 0.

Proof. Since the interval [a, b] must intersect either the positive or negative reals,
there is no loss of generality in assuming, after passing to a subset and rescaling,
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that [a, b] =[1/4,5/4] or [-5/4, —1/4]. For a given S > 0 and i = 1, 2, let Uy
be the set of y € R for which there exist 8 € Rand T > S with

X4 (2)N Vi, ([1/2, 1) NAQ, T)| > CT log T (6-13)
and
1B — vl <T72 (6-14)

Then Ug is open and dense by Lemma 6.1. By the Baire category theorem [Rudin
1987, Theorem 5.6], (7| Uys+1 is dense in R and is in fact of second category and
hence uncountable. Let y € (7o Ui+ \ Q; then there exist infinite sequences By
and T such that (6-13) and (6-14) hold with § replaced by g; and T by T;. Note
that (6-14) implies that, for ||x|| < Ty,

1 1
[Lg (x) —L,(x)| < Fk < 1

so that
Xo. ()N Ve, ([1/2, 1) N A, Ty) € X (2) N VL, ([1/4,5/4]) N A0, Ty)

and hence |X‘é‘i )NV, ([1/4,5/4) N A0, Ti)| > CTi log Ty by (6-13). If i =3,
then we can carry out the same process, but we replace AUg by the set Wg of y € R
for which there exist § e R and T > S with

X9, @ N VL, ([1/2,1)N A, T)| > CT*log T
and
B—yl<T2 O
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