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Posets, tensor products
and Schur positivity

Vyjayanthi Chari, Ghislain Fourier and Daisuke Sagaki

Let g be a complex finite-dimensional simple Lie algebra. Given a positive
integer k and a dominant weight A, we define a preorder < on the set P* (A, k)
of k-tuples of dominant weights which add up to A. Let ~ be the equivalence
relation defined by the preorder and P+ (), k)/~ be the corresponding poset of
equivalence classes. We show that if X is a multiple of a fundamental weight (and
k is general) or if k = 2 (and A is general), then P* (A, k)/~ coincides with the
set of Sy-orbits in P+ (A, k), where S acts on PT (A, k) as the permutations of
components. If g is of type A, and k = 2, we show that the S,-orbit of the row
shuffle defined by Fomin et al. (2005) is the unique maximal element in the poset.
Given an element of P* (A, k), consider the tensor product of the correspond-
ing simple finite-dimensional g-modules. We show that (for general g, A, and k)
the dimension of this tensor product increases along <. We also show that in
the case when A is a multiple of a fundamental minuscule weight (g and k are
general) or if g is of type A, and k = 2 (X is general), there exists an inclusion of
tensor products along with the partial order < on Pt (X, k)/~. In particular, if g
is of type A, this means that the difference of the characters is Schur positive.

Introduction

This paper is partially motivated by the following simple observation. The isomor-
phism classes of simple finite-dimensional representations of the complex simple
Lie algebra sl, are indexed by Z, the set of nonnegative integers. Given r € Z, let
V (r) be a representative of the corresponding isomorphism class. The well-known
Clebsch—Gordan formula gives us the following decomposition: for r, s € Z,

V)V =Vie+s)eVie+s—2)®---dV(r—s)).
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program 1388 “Representation Theory”. Sagaki was partially supported by the Grant-in-Aid for
Young Scientists (B) No. 23740003.
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If 1, s1 € Z are such that r| 4+ s; = r + s, it is then immediate that one has an
injection of sl,-modules

Vi) @V(s) = Vi) QV(s)) < |r—s|>|r —sil. (0-1)

In particular, the dimension increases if min{r, s} < min{r(, s;}. Moreover, the
pairs (r, r) and (r, r + 1) are maximal in the sense that: the corresponding tensor
product maps onto to any tensor product corresponding to (ry, sy) if r; + 51 = 2r
(resp. r1 +s1 = 2r 4+ 1). Notice that these maximal pairs are actually the simplest
examples of the row shuffle of partitions given in [Fomin et al. 2005]. Part of our
interest in this problem comes from the fact that the tensor product V (r) ® V (s)
admits the structure of an indecomposable module for the infinite-dimensional Lie
algebra sl ® C[z], where CJ[¢] is the polynomial ring in the indeterminate 7. In
this case, the map in (0-1) is actually a map of sl, ® C[¢]-modules and the module
corresponding to the maximal pair is a truncation of a local Weyl module. We
shall return to these ideas elsewhere. We mention this only to indicate our original
motivation; the results of the current paper are entirely about simple Lie algebras.

Suppose now that g is a finite-dimensional simple Lie algebra and P the set of
dominant integral weights. We let P (A, 2) be the set of “compositions” of A with
at most two parts, that is, pairs of dominant integral weights which add up to A.
If (A1, X2) and (w1, up) are two such compositions, we define a partial order <
by requiring that min{A (hy), A2 (hg)} < min{u(hy), n2(he)} hold for all positive
roots «. This order extends in a natural way to P* (A, k), the set of compositions
of A with k parts for all £ > 1; one just requires the inequality to hold for all partial
sums.

For i € P, let V(1) be the corresponding finite-dimensional g-module. If A
and p are two compositions of A with k parts and V (&), V () are the corresponding
tensor products of g-modules, we prove that

A<p = dimVQ) <dim V().

If A is a multiple of a minuscule weight, then we prove that there exists a (noncanon-
ical) inclusion V (L) < V (u). In the case when g is of type sl3 and k =2, we prove
that the inclusion holds for all A € P™. We conjecture that this latter result holds for
all simple Lie algebras. Our conjecture may be viewed as a generalization of the
row-shuffle conjecture which was made in [Fomin et al. 2005] for representations
of sl,4+1. The row-shuffle conjecture was proved in [Lam et al. 2007], showing that
our conjecture is true in the case of sl,4 for the pair A, u where u is the maximal
element in the poset. A completely different approach taken in [Dobrovolska and
Pylyavskyy 2007] also gives some evidence for our conjecture in the case of s[4 1.

The following is an immediate combinatorial consequence of Theorem 1(i) and
is perhaps of independent interest. Given two partitions (0 <a; <ap <--- < ay)
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and (0 <b; < by <--- < by) of an integer n satisfying

i i
> aj< bjforalll <i <k,
j=1 j=1

we have

ai...ap <by...b,

with equality if and only if a; = b; forall 1 < j <k.

The article is organized as follows. Section 1 has the basic definitions and
notation. In Section 2 we introduce the partial order and state the main theorem. In
Section 3 we prove that the dimension of the tensor product increases along the
partial order. The critical idea in this proof is to show that in the case of sl;, the
partial order for £ > 2 is determined by the order at k = 2. Once this is done, the
proof is a simple application of the Weyl dimension formula. In Section 4 we use
the results of Section 2 and the Littelmann path model to prove that for general k
and A a multiple of a minuscule weight, we have an inclusion of tensor products
along the partial order. In Section 5 we study the partial order P* (A, 2) in detail.
We identify maximal elements of the poset and prove that the row shuffle is the
unique maximal element when g is of type sl,,,. Finally, in Section 6, we use
results of Kashiwara and Nakashima on semistandard Young tableaux and crystal
bases to prove that in the case that g = sl3 and k = 2, the Schur positivity holds
along our order for all A € P™.

1. Preliminaries

Throughout this paper we denote by C the field of complex numbers and by Z
(resp. Z1) the set of integers (resp. nonnegative integers).

1.1. Let g denote a finite-dimensional complex simple Lie algebra of rank n and
h a fixed Cartan subalgebra of g. Let / = {1,...,n} and fix a set {o; : i € I} of
simple roots of g with respect to b and a set {w; : i € I} of fundamental weights.
Let P (resp. P1) be the Z (resp. Z) span of {w; :i € I}. Let R and R™ be the set
of roots and positive roots respectively. For « € R, let slp(a) = (xglt, hy) be the
corresponding subalgebra of g isomorphic to sl, and set h_, = —h, for @ € RT,
hi = hy,. Let W be the Weyl group of g and recall that W acts on b and h* and that
forallw e W, L € h* and « € R™, we have

(wA) (whe) = A(ha).

For a € RT, let s, € W be the corresponding reflection and we set s; = Sq;. Let
wo € W be the longest element.
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We say that A € P is minuscule if A(hy) € {0, 1} for all @« € R™. It can be easily
seen that if A € P is minuscule, then A is a fundamental weight. The following
is the list of minuscule weights; here we follow the numbering of vertices of the
Dynkin diagram for g in [Bourbaki 2002].

A, w,1<i<n
B, wy,

C, wi

D, w1, wp—1,wy
E¢ w1, ws

E7 w7
1.2. For any g-module M and u € h*, set
Muz{meM:hmzp,(h)m,heh}, wt(M):{,uef]*:MM;éO}.

We say M is a weight module for g if

M= Mm,.

neb*

Any finite-dimensional g-module is a weight module. It is well known that the set
of isomorphism classes of irreducible finite-dimensional g-modules is in bijective
correspondence with PT. For A € P* we denote by V(1) a representative of the
corresponding isomorphism class.

If V(A)* is the dual representation of V (1), then

V(A)* = V(—wor). (1-1)

The dimension of V(1) is given by the Weyl dimension formula, namely

A+ p)(ha)

dimV() = ]_[ )

a€RT

: (1-2)

where p =Y ", w; € P*. Any finite-dimensional g-module is isomorphic to a
direct sum of irreducible modules, and in particular, we have

VeV = @ vm®ie, ¢, =dimHomg(V(v), V(L) ® V().

veP+

We shall freely use the fact that

V@V =V @ V(1)
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and that

dim Homg (V (v), V(A) ® V(1)) = dimHomg (V ()*, V(L)* ® V (1)*).

2. The poset P+ (), k)/~ and the main result
2.1. Given an integer k > 0 and A € P, set
Pk ={A=01, ..., 00 e (PR in+- +a =1}
Clearly, P (A, k) is a finite set and the symmetric group S; acts naturally on it.
The Weyl group W acts diagonally on Pt (X, k) as follows:
wA=w,..., ) = (WA, ..., wA;) forwe W.

Observe that

Le PT(h k) < —wok € P (—woh, k). (2-1)
ForA e PT(A,k),a e RT,and 1 <€ <k, set

Fae(W) ;= min{ (A 4+ A ) (he) 1 1 iy <ip <+ <ig <k}.

Clearly, rg x(A) > rox—1(A, &) > -+ >rq1(X). Given A, p € PT (A, k), we say that
A=< puif

Fat(M) <rge(m) foralla € RTand 1 <{ <k.
This defines a preorder on the P* (A, k). It induces a partial order on the set of
equivalence classes with respect to the equivalence relation ~ on P* (A, k), given

by
A~ = 1o (AM) =r4e(p) foralla e RMand 1 <€ <k.

The poset has a unique minimal element, which is just the k-tuple (A, 0, ..., 0).
For ease of notation, we shall not always distinguish between elements of
Pt (A, k)/~ and their representatives in PT (A, k).
Note that if A, w € PT (X, k), then
A=< <= —woh <X —wop. (2-2)
We now state the main result of this paper.

Theorem 1. Let g be a finite-dimensional simple Lie algebra and let k € 7 and

A€ PT. Assume that A = (A1, ..., ) and p = (uy, ..., uy) are elements of
Pt (A, k) such that A < p in PT (A, k)/~.
(i) We have

k k
dim Q) V () < dim Q) V (u),
s=1 s=1

with equality if and only if . = w in PY (A, k)/~.
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(i1) Leti € I be such that w; is minuscule and let . = N w; for some N € Z.. Then

k k
dimHomg<V(v), (0 V(ks)) < dimHomg(V(v), & V(,us)>, ve P

s=1 s=1

(iii) If g is of type A,, and k =2, then
A< p = dimHomgy(V (v), V(A1) ®V (A2)) <dimHomg(V (1), V(1) ®V (2)),

forallv e PT.

The theorem is proved in the rest of this paper. We conclude this section with
some comments on the methods of the proof and give some explanations for the
restrictions in the theorem. We also give some context to our result by relating it to
others in the literature.

2.2. To prove part (i) of the theorem, we use the Weyl dimension formula to reduce
the proof to the case of sl,. Recall that the cover relation of < on P+ (A, k) is the
pairs A < pt, such that there does not exist v € P1 (%, k) with A < v < u. For sl we
determine this cover relation, which allows us to determine a sufficient condition for
the cover relation in P* (X, k) in general. Part (ii) of the theorem follows from these
ideas along with the Littelmann path model. For an arbitrary simple Lie algebra, it
seems quite difficult to determine the cover relations even for k = 2. For sl3 and
k =2, we give a sufficient condition for one element to cover another in Section 5.
It would appear from our conditions that the cover relation depends heavily on
the combinatorics of the Weyl group and the root system. Part (iii) of the theorem
is proved by using the information on the cover relation together with results of
[Kashiwara and Nakashima 1994; Nakashima 1993] on realization of crystal bases.

2.3. A subject that has been of much interest has been the notion of Schur positivity.
Let A be the ring of symmetric functions. It is well known [Macdonald 1995] that
it has an integral basis given by the Schur functions s,, where x is a partition. A
symmetric function is said to be Schur positive if it can be written as a nonnegative
integer linear combination of Schur functions.

Suppose now that g is of type A,_; and A € P, say A = Y/_!s;w;. Define
a partition x(A) = (x1 > -+- > x,) by x; = Z;,;ljsp if 1 <j <r—1and set
xr = 0. On the other hand, given a partition x = (x; > x2 > -+ > x,—1 > 0), set
AX) =02 (i — xiv1)wi € P

It is known that the character of V(1) is s, ). Parts (ii) and (iii) of Theorem 1
can be reformulated as: let A = (A1, A2), = (1, 2) € P (A, 2); then

AS B = SSeun — Sx00S02) = ), CuSxes € = 0forallve PT.
vepPt

We conjecture that this is true more generally:
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Conjecture. Let g be a simple Lie algebra and let A € PT and A = (A, A2),
= (i1, n2) € PT(x,2); then

A=p = dimHomg(V(v), V(M)®V(kz)) §dimHomg(V(v), V(M1)®V(M2)),
(2-3)
forallve PT.

Part (i) of the theorem could be viewed as giving some additional, but very
limited evidence for the conjecture.

2.4. In [Fomin et al. 2005] the authors introduced the notion of a row shuf-
fle. Thusif x = (1 22> = a1 20 and § = (§ =& > -+ >
&,—1 = 0) are two partitions with at most n — 1 parts, then the row shuffle is
a pair of partitions (p'(x, &), p*>(x, &)) defined as follows. Order the multiset
{x1,- s xr—1, &1, ..., &,—1} decreasingly, say 1 > ¥p > --- > yrp,_». Set

o OGE) =W =Y > > Y3 > 0),
PP E) =W = Ya > > Y2 > 0).

In other words, we are shuffling the rows of the joint partition. It was conjectured
in [Fomin et al. 2005] and proved in [Lam et al. 2007] that s,1(, £),2(;,&) — S S¢ 18
Schur positive. Related conjectures can also be found in [Okounkov 1997; Lascoux
et al. 1997]. Partial results on this conjecture were also obtained in [Bergeron
et al. 2006; Fran and McNamara 2004; McNamara 2008; McNamara and van
Willigenburg 2009; Purbhoo and van Willigenburg 2008].

2.5. The connection of the row shuffle with our partial order is made as follows.
Suppose that g is of type A,_1, let v, u € PT, and set A = u + v. In Section 5.3,
we define an element Ay = (A1, A2) € PT(X, 2) /~ and prove that it is the unique
maximal element in this set. It is a simple calculation to prove that if we take &
and x to be the duals of the partitions x (v) and x (1), then p' (£, x) and p?(&, x)
are the duals of the partitions x (') and yx (1?), respectively. It is well known
[Macdonald 1995] that there exists an involution w of the ring A which maps the
Schur function associated to a partition £ to the Schur function associated to its
dual. Hence the result of [Lam et al. 2007] proves the following statement: let
w,v € Pt andlet A = +v. Then

dim Homgy(V (1), V()®V (v)) <dim Homg(V (1), V(AH@V (1)) for all ne PT.

In other words, their result proves that part (iii) of Theorem 1 is true for A,_; in
the case when gt = Apax.

We remark that in [Lam et al. 2007] the authors proved, further, that in the case
where g is of type A,,_1, having Schur positivity for k =2 (and g = Apax) implies
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Schur positivity for arbitrary k; for example, they proved

dim Homg (V (1), V(1) ®- - -® V (1)) < dim Homg (V (), V(1) ®--- @ V(2.5))

forall k > 2, (i1, ..., ux) € P(r, k) and n € PT, where (', ..., AX) is the k-row
shuffle of (u1,..., ug). One can show (similar to the proposition in 5.3) that
(A1, ..., A) is the unique maximal element in P (A, k).

2.6. Suppose g is of type A,; then Lam, Postnikov and Pylyavskyy stated the
conjecture in 2.3 in an unpublished work (we may refer here to [Dobrovolska
and Pylyavskyy 2007]). The following first step in proving this conjecture in the
Ap-case has been taken in [Dobrovolska and Pylyavskyy 2007]. It is shown there
that for (1, o) < (A1, A2) € PT(A,2)and v € PT,

dim Homg (V (v), V(1) ® V(12)) # 0 = dimHomg(V (v), V(A1) ® V (A2)) #0.

Their approach is completely different from ours, as they use the Horn—Klyachko
inequalities. It would be interesting to see if some of the ideas apply also when g is
not of type A,.

3. Proof of Theorem 1(i)

The main idea in the proof of part (i) of the theorem is to show that when X is a
multiple of a fundamental weight, the partial order on P* (A, k) is determined by
the partial order on P* (A, 2). We prove this in the first part of the section and then
deduce Theorem 1(1).

3.1. Assume until further notice that g is an arbitrary finite-dimensional simple Lie
algebra, and
reZiw; forsomei€l. 3-1)

In particular, we can and will think of A as a nonnegative integer. It is clear that
elements of Pt (), k) are just k-tuples of nonnegative integers which add up to
r€Zy. Ifh e PY (), k), we have

FatQ) =dire, cA),  hy =Y dih;,

iel
and it follows that if ., p € P (A, k), then
A = ro;0(A) <rge(p), 1=€=k.

In other words, the partial order is determined entirely by o;. So we shall drop the
dependence on o and write ro (L) for ry, ¢(A).
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3.2

Lemma. Let A, u € PT (A, k). Then A ~ p if and only if p = o A for some o € Sk,
that is, the equivalence class of A is exactly the Sy orbit of .

Proof. The fact that A = o u implies A ~ w is clear from the definition of P* (A, k).
For the converse, choose o, 0’ € S; so that oA and o’ p are partitions of A, say

oh==-2x1),  ou= (== ).
Since A ~ oA, it follows that oA ~ o’ . But this implies that
)"1:/1“1’ )\'1+)\2=M1+M2, ey )\.1+)\,2++)\,k=M1++Mk’

forcing oA = o', and the Lemma is proved. ([

From now on, we will identify the set P+ (), k)/~ of equivalence classes with
partitions of . with at most k parts. By abuse of notation, we continue to denote this
set by PT (X, k); note that < is now a partial order on this set. As a consequence,
we shall also assume without comment that re(A) = A1 +---+Agfor1 <f <k.

3.3. Let A be as in (3-1), and let k € Z,. Write A = kAg + pg, where 0 < pg < k
and Ao € Z,. Define Apax = (A > --- > A1) € PT(A, k) by

A-:{AO 1 <j=<k-po,
7 o+ 1 >k — po.
Observe that
o iflfgfk_po’
re(Amax) = {(ﬂ-i— DAg—k+ py otherwise.

The following result justifies the notation.

Lemma. Keep the notation above. For all A € PT (A, k), we have A < Apax.
Moreover, hmax is the unique element of P™ (A, k) satisfying

max {A;} — min {A;} < 1. (3-2)
1<i<k 1<i<k

Proof. Tt is clear that A,y satisfies (3-2). If w = (ux > --- > 1) € PH(A, k) also

satisfies (3-2), then pj —py <1forall 1 < j <k.If u; =y forall j, then A =kpu;,

and hence we would have py =0 and | = Ag as required. Otherwise, fix jo <k—1

such that p; = g for 1 < j <k — jo and p; = 1 + 1 otherwise. Then

k k
Dous=kpitjo=h=kio+ko=) ks

s=1 s=1

and hence p; = Ag and jy = ko, which proves that gt = Apax.
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Suppose for a contradiction that there exist A = (At > --- > A1) € P (A, k) and
1 <j=<k—powithr;(X) > jAo, and assume that j is minimal with this property.
Since
riA) =Arj+rj—1(X) > jho,

we get Ag > A; > Ao+ 1 forall £ > j. This gives
A=A+ -+ A +riAQ) > k—j)Qo+ 1)+ jro = kro+ po=2,
which is a contradiction. The case j > k — py is similar, and we omit the details. [

3.4. We now prove that the partial order on PT (A, k) is entirely determined by the
partial order P* (A, 2). The first step is the following result, which determines the
cover relation in P1 (A, 2).

Lemma. Suppose that . = (A > Ay) € PT (A, 2) and assume that A # Amax. Then
w € P(X,2) covers A if and only if

w=0G2—=1=A+1.

Proof. Since A # Apax, We see from the lemma in 3.3 that A, — A; > 1. Hence,
w=My—1>x1+1)€ PT(A, k) and A < w. Suppose that there exists v = (v > vy)
with A < v. Then A; < vy, and hence we get u < v, which proves the lemma. [l

35. Let A=Ay >---> A1) € PT(A, k) be such that Ay — A > 2. Then there exist
1 < ji < j» <k with

Ajp <Kjitts Ap=1 <hj, Aj+2=Ag.

For each such pair (j2, j1), we define a partition A(j2, ji) = (A, = --- = A}):

A i # Jj1s J2,
A; =11, -1 i=j, (3-3)
Ajp+1 0=
Observe that
. re)+1 ji1 <€ < jo,
A(j2, = 3-4
re(j2. j1) {rg(l) otherwise, -4

and so A < A(jo, j1). The following proposition shows that the partial order on
P™T (A, k) is controlled by the partial order on P (A, 2).

Proposition. Let A = (A > --- > A1) € PT (A, k) and assume that p € P (A, k)
covers . Then p = A(j2, j1) for some 1 < ji < jp <k with Aj;, < Xj 41 and
)uj2,1 < )\.jz al’ld)le +2< )sz.
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Proof. We proceed by induction on k. The lemma in 3.4 shows that induction begins
at k = 2. Assume that k > 2. Let L € PT (X, k), and assume that w € P* (X, k)
covers A.

Suppose r¢(A) < rg(p) for all 1 < £ < k. Since A has a cover, it follows that
A # Amax, and so there exist 1 < j; < j, < £ such that A(j,, j;) is defined. Now,
(3-4) shows that

A <A(j2, j1) 2 1,
and hence u = A(j2, j1)-
Suppose now that there exists 1 < £ < k such that r,(u) =r¢(A) and £ is minimal
with this property. Consider first the case when ¢ = 1, that is, 1 = A;. Then

o= (g =+ > u2), AM=0A=-->12)

are distinct elements of P (A — Ay, k — 1) (since w # A). Moreover, we claim that
Ko covers Ag. If there exists vo = (vy > -+ > 1p) € PT (A — Ay, k — 1) such that

Ao < vo =X [,

then v, > A, > A;. Hence, if we set v = (v > --- > vy > A1) € PT (X, k), then we
get
A<v=pu.

This forces v = u, and hence vy = p(. By induction on k and noting that k — 1 > 2,
we see that
o =Ao(Jj2, j1)

for some 2 < j; < jo» <k, and hence u = A(j2, j1)-
It remains to consider the case when ¢ > 2, which in particular would imply that
(1 > Aq. This time, we take

o= (e >+ > 1), A=Rg>--->11)

and note that these are elements of P (r;(X), £) and that Ao < . We claim again
that u, covers Ag. Thus, let vo = (vy > --- > vy) € PT(r¢(A), £) be such that

Ao < Vo =X -
Then

Vgt > A+ A, 1<s<t, v+ Fvi=A 4+ AL
Suppose that vy > Agy1. Then we get vy > Ag > Ay and
O<ve—2e=@e—1+--+A2) — (-1 +---+v1) <0,
which is a contradiction. Thus we get v, < A, 1, and hence

v=0G == A =V > =) € P K.
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Also we see that A < v < u. Since u is a cover of A, this forces v = u, and hence
vy = io. Thus we conclude that p covers Ag. By induction on k, ug = Ao (j2, j1)
for some 1 < j; < jp <£. We see that A < A(jz, j1) < i, which forces u = A (2, j1).
Thus we have proved the proposition. ([

3.6. Proof of Theorem 1(i). Assume first that g is sl. Let A € PT™ =Z_ w; be an
arbitrary dominant integral weight, and letk > 2. LetA= (A >---> A1) € PT (X, k)
and = (g > --- > 1) € PT(A, k) be such that A < p (in P (A, k)/~). First
we show that if A < u (in P* (A, k)/~), then

k k k k
dim @) V() <dim @) V(w,).  thatis, [[os+D <[Jo+D. (3-5)
s=1 s=1

s=1 s=1

A standard argument shows that there exists a sequence A = v, vy, ..., v, =
of elements of PT (A, k) such that v, covers v, for each 1 < g < p. It suffices
to show (3-5) in the case when u covers A. Then, by the proposition in 3.5, there
exist 1 < j; < jo <k with )‘J'l < )‘J'H“l and )szfl < )\.jz and )‘jl +2< )‘jz such that
i = A(j2, j1). Thus the inequality (3-5) is equivalent to

()\’jl + 1)()\,1'2 +1) < ()le +2))\j2.

But this is obvious from the fact that A; +2 < A;,. Thus we have proved (3-5).
Also, we have proved (under the assumption that A < ) that if

k k
dim Q) V (1) = dim Q) V (1),
s=1 s=1

then A = u (in P* (A, k)/~). The converse of this statement is obvious by the
lemma in 3.2. Thus we have proved Theorem 1(i) in the case of sl,.

Assume next that g is an arbitrary finite-dimensional simple complex Lie algebra,
and that A € P is an arbitrary dominant integral weight. Let A = (A1, ..., A),
=y, ..., ux) € PT(A, k) be such that L < p (in P* (X, k)/~). Using the Weyl
dimension formula, we see that

dlm® voo =TT & *(?;’W,

s=laeR™*
dlm® V() = l_[ l_[ (I’Ls;'(;l)))(ha) .
s=1aeRt

So, in order to prove that dim ® V(As) <dim ® V (), it suffices to show that
s=1 s=1
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k k

[ s +p)ha) <[ (s +p)(ha)  foreach @ € RY.

s=1 s=1

Foreacha € RT and 1 <s <k, we set

A0 = G+ p)(he) — 1,
1D = (15 + p)(he) — 1,

k k
M = 0(ha) +k(p(he) =D =Y A0 =3 @,

s=1 s=1

Then we see that the elements

A'(a) - (A'(la)? AR )\‘](Ca))’ /‘L(a) = (lj’ia)’ MR /'Ll((a))

are elements of PT (A, k) for sl, (or rather sly(«)) satisfying A < u(® (in
PT(A@ k) /~). Hence, by the argument for sl, above, we obtain

k k k k
[+ 00) =[P+ <[] + 1) =] [ (s + 0) (o),
s=1 s=1 s=1 s=1

as desired. Also, we deduce that (under the assumption that A < p)
k k
dim Q) V (3) = dim Q) V (1)
s=1 s=1

k k
= []e@+D=T]e®+1 forallaecR*

s=1 s=1
— 2@ = [L("‘) for all « € R™ (by the argument for s, above)
= A=L.
Thus we have proved Theorem 1(i). O

4. Proof of Theorem 1(ii)

4.1. As in Section 3, we regard elements of P (Naw;, k) as partitions of N. Also,
we deduce from the proposition in 3.5 that Theorem 1(ii) is proved once we establish
the following proposition.

Proposition. Suppose thatr, s € Z, and assume that s > r + 1. Leti € I be such
that w; is minuscule. Then, for all i € P, we have

dim Homg(V(,u), V(isw)® V(ra),-))
< dimHomg(V(/L), Vs —Dw) Q@ V((r+ 1)a)i)).
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The proposition is established in the rest of the section using the Littelmann path
model.

4.2. We recall the essential definitions and results from [Littelmann 1994; 1995].

Definition. (i) Let A € P™ and w, v € WA. We say that u > v if there exists a
sequence u =&, &1, ..., &, =v of elements in WA and elements 81, ..., B, €
R™ of positive roots such that

SP :sﬂp(%-p—l)v Sp—l(hﬂ,,) <Ov 1 Spfm
Moreover, in this case, we let dist(u, v) be the maximal length m of all such
possible sequences.

(i) For u,v € WA with u > v and a rational number 0 < a < 1, we define an
a-chain for (u, v) as a sequence u =&y > & > --- > &, = v of elements in
WA such that

diSt(Sp—la Sp) =1, %‘p = S,B,,(%-p—l), aSp—l(hﬂp) S/
forall p=1,2,...,m.

(iii)) An LS path of shape X is a pair (v; a) consisting of a sequence
v=(W;> vy >--->1) (forsome > 1)

of elements in WA and a sequence a =(0=ag <aj; <--- <ay=1) of rational
numbers satisfying the condition that there exists an a,-chain for (v, v,41)
forp=1,2,...,¢£—1. We denote by B(A) the set of all LS paths of shape A.

4.3. Set b, = > "7 | Rw;, where R is the set of real numbers. Given an LS path
7 =w;a)=(,v,..., Ve ap,ai,...,ay) of shape A, define a piecewise linear,
continuous map 7 : [0, 1] — by by
qg—1
w(t) = Z(ap —ap_1)vp+({t—ag_1)v, fora, 1 <t=<a,, 1<qg=t. (4-1)
p=1
Clearly, distinct LS paths give rise to distinct piecewise linear functions with values

in b, and we shall make this identification freely in what follows.
Given & € P, we say that an LS path 7 of shape A is £-dominant if

(¢ +7m@®)(hi) =0

forall i € I and ¢t € [0, 1]. Note that & = (v{, v, ..., V¢; ao,ay,...,ag) is &-
dominant if and only if (§ +m(a,))(h;) >0foralli € I and0 < p <.
For A, &, u € P, set

B gom = {77 € B(3) : 7 is £-dominant, and & 4 7 (1) = p}. (4-2)
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Theorem [Littelmann 1994]. For A, &, u € P, we have
dim Homg (V (), V(§) ® V(1)) = #BM);_jom- (4-3)

4.4. The first step in the proof of the proposition in 4.1 is to describe the set B(N w;)
explicitly when w; is minuscule.

Lemma. Let i € I be such that w; is minuscule. Consider a pair (v; a), where
v= (v > vy >---> Vy) is a sequence of elements in W(N w;) and

a=0=qgy<a<---<ag=1)
is a sequence of rational numbers (for some £ > 1). Then we have
(v;a) € B(Nw;) < Na,e€Zy forall0<p<{.

Proof. Suppose first that (v; a) is such that Na, € Z, for all 0 < p < ¢, in which
case we must prove that for 1 < p < £ — 1, there exists an a,-chain for (v,, v,41).
Since v, > v,41, there exists a sequence v, =&y > & > - - - > §,, =V, 41 of elements
in W(Nw;) such that

dist(§g—1.8¢) =1, & =sp,(65-1), &g-1(hg) <0, l=<g=m.

Writing &,_1 = w(Nw;) with some w € W, we get

g)_1(hg,) = N (way)(hg,) € NZ o,
—
ez
which gives a,§,-1(hg,) € Z, as required.
Now suppose that (v;a) = (v1, va,..., Ve dg,ay,...,ag) € B(Nw;). If v e
W (N w;), then since w; is minuscule, we have that v(hg) € {0, =N} for all 8 € R.
We have to prove that Na, € Z, for 1 < p < £. The assertion is obvious when
p=0orl. If1 <p<4{-—1,choose an a,-chainv, =& >§ > --->§, =v,4.
Then there exists a positive root # such that

§1=s50), apo(hp)e Zo.

In particular, we have §y(hg) < 0, which implies that §)(hg) = —N. Thus we get
Na, € Z as required. U

4.5. The following observations are trivial but useful:

veWlhw) =V = rrilv eW((r+ 1w;),

v,y eWw), v>y = v >y, 4-4)

ra
O0<a<l :Oga/=m<1, r+la ez,.



948 Vyjayanthi Chari, Ghislain Fourier and Daisuke Sagaki

Given (v; a) = (vi, ..., Vg agp, ..., ag), set
o, (vi,...,vé,(r—l—l)a)i;a(/),...,aé,l) if vp £ row;,
(E;Q)= ! / / / :
(Vl’---aveq» (r+Dowi; ay, ...,a,_y, 1) if vy =rw;.

We now prove the proposition in 4.1 by showing that for each © € P, the
assignment

v a) > (s a)
gives an injective map

i Berop” < B((r + Do),

sw;-dom (s — )w;-dom”

It is immediate from the lemma in 4.4, along with (4-4) and the fact that (r + 1)w;
is the minimum element in W ((r 4+ 1)w;) (with respect to the ordering >; see also
[Littelmann 1995, Remark 4.2]), that

;@) € B(roy) = (V) d) € B((r + Doy).

Let 7 and 7’ be the piecewise linear paths associated to (v; a) and (V'; a’), respec-
tively (see (4-1)). We have

n(ﬂt> forOftg%,
(1) = " o (4-5)
77(1)+(t—r+1>(r+1)a),- for T <r<1.

This proves immediately that
soi+m(DN)=p = s—Dw+7' (1) =6 —Dw; +7(1) +w; =sw; +7(1) = 4.

Moreover, since

r r+1
te[O, ]<:> t €0, 1],
r+1 r

it follows also that if 5 corresponds to an element of B(sw;) different from (v; a),
then there exists ¢ € [0, r/(r 4+ 1)] such that

(1) #1'@).

Thus we have proved that ¢, is injective.
It remains to show that 7" is (s — 1)w;-dominant. Let j € I. If j # i, we have

((s = Do +7'®)) (hj) = (' @) (h}).
Since 7 is sw;-dominant, we have

0<(@w;+m@)(h;)=(@)(h;) forall0<r=<1.
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Thus, by (4-5), we see that (7'(t))(hj) > 0 forall 0 <t <r/(r+1). Also, for
r/(r+1) <t <1, we have

G O)h)) = )+ (1= =7 )+ D i (h)) = (r(1) (k) = 0.
=0

Thus we have shown that if j # i, then ((s — Do; +7/(t))(h;) >0 forall 0 <t < 1.
Next, assume that j = i. We see from (4-5) that the function

((s = Doy +7" (1)) (i)

is strictly increasing on [r/(r 4 1), 1]. Thus it suffices to show that

((s — Do + 7' (1)) (hi) =0 forall 0 <t < - Jrr - (4-6)

Let 0 < g < {. We have

q
(' (ap))(hi) = > (al, —al, v, (hy).
p=1
Here, we note that v;, (h;) € {0, £(r + 1)} since w; is assumed to be minuscule.
Hence,

q q
(@) (hi) = (a, —a),_V,(hi) = = > (@, —a), )(r+1)
p=l — p=1
>0
=—(r+a, =—rag > —r.
Thus, for every 0 < g < ¢,
((s =D +7'(ay))(hi) = (s =1) =r =s —(r+1) = 0 by assumption,

which implies (4-6). Thus we have proved the proposition. (]

5. The poset PT(A,2)/~

As we remarked earlier, it is clear that if o € S;, then A and oA are in the same
equivalence class with respect to ~ for all A € P* (X, k). However, the following
example shows that outside sl,, the equivalence class of ~ is in general bigger
than the Si-orbit of an element. Suppose that g is of type sl3 and that k = 3 and
A =3w; + 3w,. Then it is easily seen that

A= (w2, w1 + 2w, 2w1) ~ p = 2wy, w1, 201 + w2),

but clearly A and p are not in the same S3-orbit. However, when k = 2, we prove
below (see the lemma in 5.5) that for all simple Lie algebras, the equivalence class
is exactly the S;-orbit.
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5.1. We begin with an equivalent formulation of the preorder in the case k = 2.

Proposition. Let g be a finite-dimensional simple complex Lie algebra and let
A= (A1, A2) and p = (w1, i) be elements of P*(\,2)/~ for some A € PT. Then

A= <= —p)he)(1 —12)(he) =0 foralla € RT
— (A1 —p)(he) (1 —22)(he) =20 foralla € R.

In particular, if w € W is such that w(,Ai — A>) € P, then
A=p <= wh;—pu) € P" and w(uy —Ay) € PT.
Proof. Since rq 2() = A(hy), we see that

(1 — m2)(hg) i pa(he) < wi(he),

[ —2ry = i
T 2() = 2r0,1(R) {(uz—m)(ha) otherwise,

or in other words that
Fa2(l) = 2rg,1 () = |(11 — n2) (ha)l.
Since k = 2, we see that
A= <= ry1(A) <rg1(n) foraloae R,
and hence we get

A= ra o) = 2rg 1 (1) < Tap (W) = 2rg 1 (M)
= (1 — p2) (ha)| < 101 — 12) (he)|
= (11 — 1) (he)* < (M — 1) (he)?
& 2ui— A — ) (he)? < (g — 22) (ha)?
= (A1 — pu)(he) (1 —A2)(he) =0

for all « € RT. Since h_, = —h,, we see that

A=p = (A —pu)(he)(1 —A2)(hy) >0 forall o € R.

(5-1)

Now let w € W be such that w(A; — Ap) € PT. If A < u, then for all « € R™,

WA — w1 (ho)w(pr —A2)(he) = (A1 — (1) (hy-14) (1 — A2) (hyy-14) =0

by the first statement of the proposition. Also, we have

w(ki — 1) (he) + Wy — A2) (he) = w(hy —A2)(hy) =0 forall @ € RY,

since w(A; — A2) € PT by assumption. Thus we conclude that w(A; — 1) (hy) >0
and w(u; — A2)(he) > 0 for all o € RT, which implies that both of w(A; — 1)
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and w(u; — A) are dominant. Conversely, assume that both of w(A; — 1) and
w(w) — Ap) are dominant. Then, for all @ € R,

(A1 — 1) (he) (1 — A2) (he) = WAt — 1) (hy-1) W (1 — A2) (hy-14) > 0.

Hence, by the first statement of the proposition, we have A < u. Thus the second
statement of the proposition is established. (]

5.2. The next result gives information about the maximal elements in P+ (A, 2)/~.

Lemma. Let A € Pt andleti € I, w € W be such that . —w ™ 'w; € P*. Then
the equivalence classes of (h, 1) and (A, . — w™'w;) are maximal in the posets
Pt (2A,2) and P21 —w™ ' w;, 2), respectively.

Proof. Let w = (1, u2) € PT (21, 2) be such that (A, ) < p in PT(2A,2)/~.
Using the proposition in 5.1, we get A — u; € P* and uy — A € P, which forces
U1 = o = A as required.

Similarly, if . € PT(2xr — w™'w;, 2)/ ~ with (A, A — w™'w;) < u, then the
proposition in 5.1 gives w(A — 1) € Pt and w(u; — A) +w; € P*. But this is
only possible if either 1y = Ay or u; — A = —w~'w;. In either case, this implies
that g = (A, A —w 'w;) in PTQA —w ™ w;, 2)/~. O

5.3. Suppose that g is of type A,. Then we can refine the preceding result as
follows. Given A = ) _, riw; € PT, define elements A*, s = 1, 2 as follows. If
ri €274 foralli € I, then take Al =212=. Otherwise let | <ip<ij<--- <ip=<n

be the set where r; is odd and set I, = I'\ {io, ..., i,}. Define
p
ri, +(=1)° T
Al =Z(’T w,-x+z 51 wj, AM=r—21l
s=0 l€I+

In either case, set Amax = (A1, A2).

Proposition. Let . € Pt and g be of type A,. Then either ' = A> or A> =
M —w e, for some w € W and i € I. In either case, Ayax is the unique maximal
element in PT(\,2)/~.
Proof. If 1! # A2, then by definition, we have

M =32 = oy — oy + -+ (=D,

where 0 <ip <--- <i, <n. Itis elementary to see that A= 22)(hy) € {0, £1},
that is, ! — A2 is in Wt for some minuscule t € P*, and hence in Ww; for some
i € I. It remains to prove that it is the unique maximal element. In other words, we
must prove that if g € P* (A, 2), then g < Amax. Again, using the proposition in
5.1, it suffices to prove that

(1 — A (he) (U1 — A (he) = (1 — AN (he) A — 112) (he) > 0.
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If (1 — A1) (hy) = 0, there is nothing to prove. If (u; — A (hy) > 0, then since
(A = A2 (hy) € {0, £1}, we get pu1(hy) = A*(hy) as required. The case when
(1 — A1) (he) < 0 is identical. O
5.4.

Proposition. Let A, u € P*(X,2)/~ with A < u and assume there exist w € W
and iy € I such that w(k; — 1) € PT and

w (A1 — w1) (hig)w (1 — A2) (hiy) > 0. (5-2)
Then ()»] —wlw;y, Ao+ w_lw,-o) € PT(A,2) and
A< (M —w o, o+ wey) < e (5-3)
Proof. First we remark that by (5-2) and the assumption that w(i; — A;) € P™,
w(Ay — A2)(hiy) = w(Ay — 1) (hiy) + w(py — A2)(hy) > 0. (5-4)

Let us show that A; — w ! w;, and A + w_la),-O are dominant, which implies that
(M —w iy, Ao+ w ;) € PT(A, 2). For j € I, write
n
whj =Y rih;,
i=1
and note that either r; > O foralli €  orr; <Oforalli € I. If r;;, <0, then
obviously (A — w_la)l-o)(hj) >0.If r, >0forall i € I, then we have

(A1 —=A2)(hj) =w(ry — A2)(wh ) > riyw (A — A2) (hiy) > rig,

where the first inequality follows from the assumption that w(A; — A2) € P, and
the second inequality follows from (5-4). Hence A (h;) > Ay(h;) +ri, > riy, and
hence (A — w_la)io)(hj) > 0, since w_la)io (hj) =ri,. Thus we have proved that
A —w'w;,, € P*. To prove that 1, +w~'w;, € P+, we note that if r;, > 0, there
is nothing to prove. If r; <0 for all i € I, then we have

(A1 = 22)(hj) =wh — A2)(wh;) < riyw(Ay — A2)(hiy) < iy,

where the first inequality follows from the assumption that w(A; — A2) € PT, and
the second inequality follows from (5-4). Hence A>(h ;) > Ay (hj) —riy = —rj,, and
s0 (A2 +wlw;y)(hj) = Aa(h;) + 1y > 0, proving that A + w™'w; € PT.

By the proposition in 5.1, we see that w(A; — 1) and w(w; — Ay) are in P,
Hence (5-2) gives
wy —pu1)(hi) >0, w(uy —A2)(h;) >0, andhence w(h;—Az)(hy,) >0,

which in turn gives

W — @) —wiy, W —A2) — @, WA —A2) —w;, € P (5-5)
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To prove
A= ()»1 - w_lwio, Ay + w_lwio) =nu,
we must show that for all « € R,
w ™ wjy (he) (1 — w0y — A2) (he) = 0,
(h —w ™ @iy — 1) (he) (1 — 2o — ™ wj ) (he) > 0,
or equivalently that
Wiy (ha) (WA — A2) — wiy) (he) = 0,
(w(hi — p1) — w4y) (he) (W1 — A2) — wjy) (he) > 0.
But this is now immediate from (5-5).
In order to prove (5-3), it remains to show A < (Al — w_lw,-o, M+ w_lw,-o). For
that, notice that A — w_la),-0 ¢ {A1, A2}, since then by the lemma in 5.2, we would

have that A is a maximal element of P™ (X, 2), and this would contradict the fact
that A < . U

5.5. In this section, we will show that for k = 2, equivalence classes in P (A, 2)
are the S,-orbits, generalizing the results of Section 3.2.

Lemma. Let g be arbitrary and let A, . € P+ (X, 2) for some .. € P*. Then A ~ i
if and only if @ and A are in the same S»-orbit.

Proof. Suppose that A = (A1, A2) and p = (u1, u2) and set v = A; — A and
VvV = uy — pup. If A ~ u then we see from (5-1) that for all @ € R, we have
v(hy) = £V'(hy), where the sign depends on «. It suffices to show that we can
choose the sign consistently. Suppose for a contradiction that this is not so; then
there exist a connected subset Iy of I and i, i» € Iy such that

v(hi) =V'(h;) #0,
v(hi,) = —V'(hi,) #0,
v(hj)=V'(hj)=0, jelp\{i, i}

Set =7, 1, @i we can easily check that § is a (positive) root, that is, B € RT.
Then

v(hg) = v(hi) 4+ v(hi,) =V (hi) =V (hiy) # £V (hi) +V'(hy)).
Since B € R, we get the required contradiction. O
6. Proof of Theorem 1(iii)

In this section, we assume that g is of type A, and prove Theorem 1(iii). We
begin by showing that we can restrict our attention to certain elements A and u of
P*(%,2).
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6.1. Since the poset P (X, 2) is finite, it suffices to prove part (iii) of Theorem 1 for
A and u, where p is a cover of A, that is, A < u and there does not exist v e P (A, 2)
with A < v < . We first show that in fact it suffices to prove Theorem 1(iii) for
certain special A and also that for these A we can restrict our attention to certain
special covers.

We shall use freely the following two facts. The first is well known.

VO ® V(i) =, V() @ V().

The second fact is that the partial order on PT (A, k) is compatible with duals (see
(1-1) and (2-2)) and that for all A, i, v € P, we have

dim Homg (V (v), V(1) ® V(w)) = dim Homg (V (—wov), V (—woAd) @ V (—wopu)).

This allows us to switch freely between proving Theorem 1(iii) either for A < p or
for —woA < —wou. Recall that —wow; = w>.

Proposition. Let A€ Pt and A= (A1, Ay) € PT (A, 2) and assume that g = (j11, [12)
covers A. It suffices to prove Theorem 1(iii) is true when A and j satisfy the following
conditions for some w € {id, s1, $2}:

wk —A2) € P, w(h —A2)(h) >0, (6-1)
and either
p=R —woi, Ay +ww) or

(6-2)
i= (k1 —wOi—r)(h)wor, ky+wii — i) (h)wor).

Proof. We first prove that we can assume that A satisfies the conditions in (6-1).
Suppose that L = (A1, A2) € P (X, 2) is such that . — A, € P but Ay (h1) = A2 (h1).
Since A is not the maximal element in P (X, 2), it follows from the lemma in 5.2
that A; # X,, and hence we must have A (hy) > Ay(hy). We have —wol < —wop,
and hence —wo(A1 —A2)(hy) > 0. If so(A; —A2) € PT ors1 (A1 —A2) € PT, asimilar
argument shows that either A or —wgA satisfies the conditions in (6-1). Suppose
now that w(A; — Ap) € P* but w ¢ {id, s, s}. Then ww € {id, 51, 52}, and hence
we can work with the pair (—wopA,, —wok1).
We now prove that we can also assume that u satisfies the conditions in (6-2).

Case 1. Suppose that there exists i € I = {1, 2} such that

wA — p)(h)w(uy —Ar2)(hi) >0,

where w € {id, 51, s2}. We see from the proposition in 5.1 that w(A; — ;) and
w(p; —A) € PT. Thus we have w(x; — 1) (h;) > 0 and w(w; — A2)(h;) > 0. In
particular,

w(Ar —A2)(h) =w(Ay — p)(hy) +w( — A2)(h;) > 0. (6-3)
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Subcase 1.1. If i =1, then it follows from the proposition in 5.4 that
A< (A — w oy, A+ w_la)]) = (A1 —wor, A+ woy) < .
Since g covers A, it follows that gt = (A; — wwi, A2 + ww), as required.
Subcase 1.2. If i = 2, then it follows from the proposition in 5.4 that
A< (r— w o, Ao+ w_lwz) = (A1 — wawz, A2 +wawn) < .
By the “duality”, we get
—wok < (—wori — (—wowwy), —woks + (—Wowwy)) X —WoH.
Since —wop covers —wpA, we get
—wopt = (—woA — (—WoWws), —WoAs + (—WoWw2)).
We set w = wowwy and note that we have
id if w=id,
w:=1_s, ifw=s,
57 ifw=s,.
We also have
W((—woh1) — (—woh2)) = —wow (A — A2) € PT,
W((—wor1) — (—wor2))(h1) = —wow (i — A2) (k1)
=w( —A2)(hp) >0 by (6-3).

Hence, —woA and —wqpu satisfy the conditions (with w replaced by w). Hence, if
Theorem 1(iii) is established for this pair, then it follows for the pair A and u as
discussed earlier.

Case 2. Suppose that
w(A — pu)h)w(pnr —2r2)(h;) <0 foralli e I ={1,2},

where w € {id, 51, s2}. We see from the proposition in 5.1 that w(A; — 1) € P*
and w(u; — A2) € PT. Thus,

w(iy — ) (h)w(uy —A2)(h;)) =0 foralli el ={1,2},

which implies that w;(h;) = wi;(h;) or wi (h;) = wiy(h;) for eachi =1, 2.
Remark that A is not the maximal element, since A < w. Therefore it follows that
the only possibilities are

wiuy = (wi2)(h)wy + (WA (hy)wy  or  wuy = (wAy) (hpw + (wA2) (hy)w,.
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In turn this implies that

1~ (wr) (h)w™ oy + i) (o) w ™ w, (WA ()w ™ w1+ (who) () w™ ' wy)
= (M —wO — ) )w o, A+ wli — ) (h)w o)
= (M —w(hi — A (hDwor, A+ w(hi — i) (h)waoy),

as required; here we use the fact that

{)»1 = (WA (hDw ™ o) + (wiy) (h)w™ oy,
A2 = (W) (h)w ™ oy + (wir) (hy)ww,,

and then the fact that w—! = w. O

6.2. We now recall from [Kashiwara and Nakashima 1994; Nakashima 1993] a
tableaux description of tensor product multiplicities. Given A € PT, let T(A) C Zi
be the subset consisting of tuples (s1,1, 51,2, 51,3, 52,2, §2,3) satisfying the conditions

s1,1+ 81248513 =A(h1) +A(ho), 822+ 52,3 = Alh2), (6-4)
511> 52,2, S1,1+S1,2 > 522+ 52.3. (6-5)
Then, it is proved in [Kashiwara and Nakashima 1994] that
dim V(&) =#T(X).

(This is just the number of semistandard tableaux with entries from {1, 2, 3} of
shape A, where s; ; corresponds to the number of j in the i-th row). Moreover, if
v € P and we set

T ={(si,)) €T 51,1 —s12—s22=v(h1), s12+522— 513 —523=1(h2)},

then
dim VL), =#T()".

In particular, if (s; ;), (#; ;) € T(A)", then they satisfy
siL1=1t1, Si2+s2=ha+h2 Si3+S3=13+03. (6-6)
Suppose now that , v € P*; then [Nakashima 1993]
dimHomg (V(v), V(1) ® V(W) = #T (%), (6-7)

where T(A)l‘i is the subset of T(X)"” consisting of (s 1, 51,2, 51,3, 52,2, 52,3) € T(A)
satisfying the following additional constraints:

s12 < pu(h), s13=<wlhr), s23+s13 < puh)+s12,  (6-8)
v(hy) +v(ho) = u(hy) + p(ha) + 511 — 8513 — 2.3, (6-9)
v(hy) = p(ha) +s12+ 522 — 513 — 523 (6-10)
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As a consequence, we see that to prove Theorem 1(iii), we must prove that if
A, € PT(A,2), then

A=< = #T(A2)}, <#T(u2),, foreachve Pt. (6-11)

This is done in the rest of the section.

6.3. Keep the notation in the proposition in 6.1. In this subsection, we prove that
Theorem 1(iii) is true if A and u satisfy the conditions (6-1) and (6-2) with w = id
or w = sp. By (6-11), it suffices to find an injective map from

Ty, = T +aww1);, _upe, = T2 +aw1)}, 4., (6-12)
for each v € P, where a equals either 1 or w(A; — A2)(h1); note that
w(A; —A2)(hy) >0

by the second equality of (6-1). This is obtained as a corollary of the following
proposition.

Proposition. Keep the notation above. For each v € P, there exists 0 < £ < a
such that for all (s; ;) € T(AZ)L, we have

a—LC=<s1p=<A(h)—4L, s13=Aii(h))—(a—¥), s3>a—"L.
Proof. First, let us show that
A(h) +Ai(hy) —a = Aa(hy) +Aa2(h2),  Ar(hy) —Aa(hy) > a. (6-13)
Indeed, since w(A; — Ap)(h1) > a by the definition of a, we have
(A1 —2A2)(h1) > a if w=1id,
(A1 —=A2)(hy+hy) >a if w=ss,
which implies the second (resp. first) inequality of (6-13) if w = id (resp. w = 7).
Also, since w(A; — Ay) € PT, we see that
w(A —A2)(hy +h2) > why —A2) (A1) > a.
Thus we get
(A1 —22)(hy+hy) >a ifw=id,
(A1 —A2)(h) > a if w=sy,
which implies the first (resp. second) inequality of (6-13) if w = id (resp. w = s»).
By (6-8), we have 11> < A{(hy) for all (7; ;) € T(Az)Kl. Thus we can choose
0 < ¢ < a maximal such that for all (7; ;) € T()‘Z)K. ,

t12 < Ar(hy) —£.

In particular, we can and do fix an element (s; ;) € T(kz)Kl with 512 = A1 (h1) — L.
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Suppose that there exists (7 ;) € T(AZ)KI, with #1 3 > A1 (h2) + £ —a. Then (6-6)
gives
hot+tar=s22+s12=s12=»A1(h1)— L.
This implies that
Ax(h1) +Xa(ha) =111+t 2+ 13 by the first equality of (6-4)
>tor+1t2+1t3 Dby the first inequality of (6-5)
>hi(h) —C+13
>A(h) =L+ 1 (h)+L—a
=A1(h1) +Ai(h2) —a.
This contradicts the inequality Ao (h1) + A2(h2) < Ay(h1) + A1(h2) — a obtained in
(6-13).
Suppose now that there exists (#; ;) € T(XZ)KI with 71 » < a —£. Then we have
A (h2) =t 2+t 3 by the second equality of (6-4)
<t;1+1t,2 by the second inequality of (6-5)
<t1+a—L€=s11+a—L by the first equality of (6-6)
<si1+si3ta—"~.
On the other hand, we have
Si1+s13+a—£€=2rx(h1)+ X a(ha) —s12+a— £ Dby the first equality of (6-4)
=X (h1) + A2 (h2) — (A (h) =) +a— ¢
= Xa2(h1) + A2 (h2) — A (hy) +a. (6-14)
Combining the two gives
Aa(h2) < Aa(hy) +2A2(h2) —Ai(hi) +a  and so Aj(hy) — A2(hy) <a,

which contradicts the second inequality of (6-13).
Finally suppose that there exists (#; ;) € T()Q)Kl with £, 3 <a — £. Then we have

M(h)=to+h3<ti1+hz<tii+a—L=s1+a—L=<s1+s13+a—L

Since 51,1+ 513 +a — £ =Xxy(h) + Az2(h2) — A1 (h1) +a by (6-14), we get
Aa(h2) < Aa(hy) +Aa(h2) — Ay (hy) +a,

which again contradicts the second inequality of (6-13). U

The following corollary is now trivially checked using Section 6.2. Thus we
have proved that Theorem 1(iii) is true if A and p satisfy the conditions (6-1) and
(6-2) with w = id or w = s, (see (6-12)).
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Corollary. Keep the notation and setting in the proposition above. Let v € P™, and
let £ be as in the proposition above. Then the assignment (s; ;) — (s; i)

s =s11+a, Sia=s12—(a—1), Si3=s13+@—10),
Sy =82+ @—10), sy3=s3—(a—10),
defines an injective map T(Az)Kl — T, + awl),‘{_awl.
6.4. Again, keep the notation in the proposition in 6.1. In this subsection, we prove

that Theorem 1(iii) is true if A and u satisfy the conditions (6-1) and (6-2) with
w = §1. By (6-11), it suffices to find an injective map from

T2}, = T +as101), _us0, = (k2 +a(wy —wy)) (6-15)

v
Al—a(wy—wr)

for each v € P, where a equals either 1 or s1(A; — A2)(h1); note that
s1(A1 —A2)(h1) >0

by the second equality of (6-1). This is obtained as a corollary of the following
proposition.

Proposition. For each v € P, there exists £ > 0 such that for all (s; ;) € TOw)3,,
51,1 >822+ ¢, si3>a—1.

Proof. Suppose that there exists (#; ;) € T(kz),‘{l such that either #; 3 = A1 (hy) or
13+ 13 = A1(h2) +t12. Then £ = O satisfies the condition of the proposition.
Indeed, let (s; ;) € T(AZ)KI. Then 51,1 > 52,2+ 0 is true by the first inequality of
(6-5). Also we see by the third equality of (6-6) that

s13+823=t3+103> A (h).

Since 23 < A2(h2) by (6-5), and A (h2) — Aa(h2) + A1 (h1) — A2(h1) > O by the
fact that s; (A1 — A2)(hy) > O (recall that s (A — A2)(hy) € PT), we get

513 > A(h2) — 823 > A1(h2) — A2(h2) = Aa(hy) —A1(h1) > a=a+0.

Consider now the case when for all (7; ;) € —[I—()\Q)Kl , both of #; 3 < A1(h2) and
t13+ 13 < Ai(hy) +t12 hold. Since #1; > £, » by (6-4), we can choose £ > 0
minimal with the property that #; 1 > 7,5 + £ for all (7; ;) € T(AZ)KI. If ¢ > a,
then the statement of the proposition is trivially true. Assume now that £ < a, and
suppose that there exists (#; ;) with 713 < a —£. Fix (s; ;) € T(kz)j{l such that
51,1 = 82,2 +£. Since both of (s; ;) and (; ;) are elements of T(A2)", we have, by
(6-4) and (6-6),

to+(@a—~0) >t 2+t 3=Ar(h)+r2(h2)—t11 =ra(h1)+Aa(ho) —s11 =512+51 3.
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Hence we get

A1(hy) > t12 by the first inequality of (6-8)
>s12+s13—(@—19)
= (A2(h1) + A2(h2) —s1,1) + € —a by the first equality of (6-4)
= Aa(h1) +A2(h2) —s22—a
> Aa(h1) + Xa(h2) — A2(ho) —a by the second equality of (6-4)
= A2(hy) —a.

So, A1(h1) > Ao(h1) —a, which gives a > Ay(h1) — A (h1), which is a contradiction.
Hence t13 > a — £ for all (7; ;) € T(Az),‘{l , and the proof is complete. O

The following corollary is now trivially checked using Section 6.2. Thus we
have proved that Theorem 1(iii) is true if A and p satisfy the conditions (6-1) and
(6-2) with w = 51 (see (6-15)).

Corollary. Keep the notation and setting in the proposition above. Let v € P, and
let £ be as in the proposition above. Then the assignment (s; ;) — (s; i)

S11=SL1 Sia=s12+(@—10), si3=s13—(a—1),
s, =502+1, sy3 =53+ (@—10),

defines an injective map T(kz)Kl — T(Az +a(wy — wl))
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