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Pair correlation of angles
between reciprocal geodesics
on the modular surface

Florin P. Boca, Vicentiu Pasol,
Alexandru A. Popa and Alexandru Zaharescu

The existence of the limiting pair correlation for angles between reciprocal
geodesics on the modular surface is established. An explicit formula is provided,
which captures geometric information about the length of reciprocal geodesics,
as well as arithmetic information about the associated reciprocal classes of binary
quadratic forms. One striking feature is the absence of a gap beyond zero in the
limiting distribution, contrasting with the analog Euclidean situation.

1. Introduction

Let H denote the upper half-plane and I' = PSL;,(Z) the modular group. Consider
the modular surface X = I"\H, and let IT: H — X be the natural projection. The
angles on the upper half-plane H considered in this paper are the same as the
angles on X between the closed geodesics passing through IT(i) and the image of
the imaginary axis. These geodesics were first introduced in connection with the
associated “self-inverse classes” of binary quadratic forms in the classical work
of Fricke and Klein [1892, p. 164], and the primitive geodesics among them were
studied recently and called reciprocal geodesics by Sarnak [2007]. The aim of this
paper is to establish the existence of the pair correlation measure of their angles
and to explicitly express it.

For g € I, denote by 0, € [—m, 7] the angle between the vertical geodesic [, 0]
and the geodesic ray [i, gi]. For z1, zo € H, let d(z1, z2) denote the hyperbolic
distance, and set

lgl> =2coshd(i, gi) = a® +b* + > +d*> for g = (" b

c d) € SLQ(R).
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It was proved by Nicholls [1983] (see also [Nicholls 1989, Theorem 10.7.6])
that for any discrete subgroup I' of finite covolume in PSL;(R), the angles 6, are
uniformly distributed, in the sense that for any fixed interval I C [—m, ],

#{y el :0,€l,d(,yi) <R} 1

lim — =—.
R—00 #{yeF:d(l,yz)gR} 2
Effective estimates for the rate of convergence that allow one to take |/| < e % as

R — oo for some constant ¢ = cr > 0 were proved for I' =I"(/N) by one of us [Boca
2007], and in general situations by Risager and Truelsen [2010] and by Gorodnik
and Nevo [2012]. Other related results concerning the uniform distribution of real
parts of orbits in hyperbolic spaces were proved by Good [1983], and more recently
by Risager and Rudnick [2009].

The statistics of spacings, such as the pair correlation or the nearest neighbor
distribution (also known as the gap distribution) measure the fine structure of
sequences of real numbers in a more subtle way than the classical Weyl uniform
distribution. Very little is known about the spacing statistics of closed geodesics.
In fact, the only result that we are aware of, due to Pollicott and Sharp [2006],
concerns the correlation of differences of lengths of pairs of closed geodesics on a
compact surface of negative curvature, ordered with respect to the word length on
the fundamental group.

This paper investigates the pair correlation of angles 6, with d(i, yi) < R, or
equivalently with ||y I?’< 0*=eR~2coshR as Q — oco. As explained in Section 2,
these are exactly the angles between reciprocal geodesics on the modular surface.

The Euclidean analog of this problem considers the angles between the line
segments connecting the origin (0, 0) with all integer points (m, n) satisfying
m?+n? < Q% as Q — oo. When only primitive lattice points are being considered
(rays are counted with multiplicity one), the problem reduces to the study of the pair
correlation of the sequence of Farey fractions with the L? norm ||m/n ||% =m?*+n>.
Its pair correlation function is plotted on the left of Figure 1. When Farey fractions
are ordered by their denominator, the pair correlation is shown to exist and it is
explicitly computed in [Boca and Zaharescu 2005]. A common important feature
is the existence of a gap beyond zero for the pair correlation function. This is an
ultimate reflection of the fact that the area of a nondegenerate triangle with integer
vertices is at least %, which corresponds to the familiar inequality |b/d —a/c| > 1/cd
satisfied by two lattice points P = (a, b) and Q = (¢, d) with Area(AO P Q) > 0.

For the hyperbolic lattice centered at i, it is convenient to start with the (nonuni-
formly distributed) numbers tan(6,, /2) with multiplicities, rather than the angles 0,
themselves. Employing obvious symmetries explained in Section 3, it is further
convenient to restrict to a set of representatives I'y consisting of matrices y with
nonnegative entries such that the point yi is in the first quadrant in Figure 2. The
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pair correlation measures of the finite set 2y of elements 6, with y € I'f and
l¥ Il < Q (counted with multiplicities) is defined as

1
R3©) = oA 0 ) <TI0 v v, 0< 20y =6) < 5o,

By

|

where Bg ~ %Qz denotes the number of elements y € 'y with ||y || < Q. As it will
be used in the proof, we similarly define the pair correlation measure Rg (&) of the
set T of elements tan(6,, /2) with y € I'r and |y || < Q.

One striking feature, illustrated by the numerical calculations in Figure 1, points
to the absence of a gap beyond zero in the limiting distribution, in contrast with the
analog Euclidean situation.

The main result of this paper is the proof of existence and explicit computation
of the pair correlation measure R%l given by

RY(§) = RY((0.£1) = lim Rp(©), (1-1)

and similarly for RY, thus answering a question raised in [Boca 2007].

To give a precise statement, consider &, the free semigroup on two generators
L= (i (1)) and R = ((1) i) Repeated application of the Euclidean algorithm shows
that G U {I} coincides with the set of matrices in SL;(Z) with nonnegative entries.
The explicit formula for R;S (&) is given as a series of volumes summed over G,
plus a finite sum of volumes, and it is stated in Theorem 2 (Section 7). The formula
for Rz‘I (&) leads to an explicit formula for R%‘(S), which we state here, partly
because the pair correlation function for the angles 0, is more interesting, being
equidistributed, and partly because the formula we obtain is simpler.

Theorem 1. The pair correlation measure R%‘ on [0, c0) exists and is given by
the C! function

Rgi(%s):%(z)(ZBM@H YIS Au(s)). (1-2)

Me6 Lel0,6/2) Ke[1,6/2)

For M € &, letting Upy = |M||>//|IM||* — 4, 6y as above, and {1 = max{f, 0},

we have
x [ (I/VIM|* —4—sin20 —0p) /&),
By (§) = do.
4 Jo Uy +cos(20 — 0yy)
For integers £ € [0,£/2), K € [1,&/2), we have

T T ey B

2cos2t’ /) cost’
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where Ak (&, t) is the area of the region defined by those re'? € [0, 11? such that

Fx ¢(0 2¢
KO 2 g (3
%‘ maX{l, L((ele)-"_LgJ,_l(ele)}

Leti(e') >0,

with €' = (cos 0, sin0), the piecewise linear functions L; as defined in (5-5), and

1 N Leyi(e”)
Li_1(e!®)L;(e?) Lg(eie)(L%(eie) + L%.,.](eie)) .

Fx.0(0) _c0t9+Z
i=1

Rates of convergence in (1-1) are effectively described in the proof of Theorem 2
and in Proposition 15.

When £ < 2, the second sum in (1-2) disappears and the derivative B}, (§)
is explicitly computed in Lemma 17, yielding an explicit formula for the pair
correlation density function g, ) = dRm(é) /d&, which matches the graph in
Figure 1.

Corollary 1. For 0 < & < 2 we have

B2 =16 5 ( |M I+ VIM )
’ 352 = \IMP+VIMpE=4—g2)

A formula valid for 0 < & < 4 is given in (8-11) after computing A0 x (&)

1.5 [ L “‘\
[\ \

05 1 15 2 25 3 0.5 T 15 2 25 3

Figure 1. The pair correlation functions gzT (left) and g%‘ (right),
plotted in gray, compared with the pair correlation function of Farey
fractions with L? norm (left), and of the angles (with multiplicities)
of lattice points in Euclidean balls (right). The graphs are obtained
by counting the pairs in their definition, using Q = 4000, for which
By = 6000203. We used Magma [Bosma et al. 1997] for the
numerical computations, and SAGE [Stein et al. 2012] for plotting
the graphs.
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The computation is performed in Section 8.2, and it identifies the first spike
in the graph of g5 %(x) at x = (3/4m)~/5. A proof of an explicit formula for the
pair correlation density g5 2 (x) valid for all x, and working also when the point i is
replaced by the other elliptic point p = ¢™//3, will be given in [Boca et al. 2013].

Since the series in Corollary 1 is dominated by the absolutely convergent sum
>y E2IM||4, we can take the limit as £ — O:

g (0) =% Z( IM~ 1):0.7015...
3 = \VIMI* -

Remarkably, the previous two formulas, as well as (1-2) for & < 2, can be written
geometrically as a sum over the primitive closed geodesics ¢ on X which pass
through the point I1(i), where the summand depends only on the length £(6):

8 (0)= 3 Z Z enec@) 1

n>1

This is proved in Section 2, where we also give an arithmetic version based on an
explicit description of the reciprocal geodesics € due to Sarnak [2007].

For the rest of the introduction we sketch the main ideas behind the proof,
describing also the organization of the article. After reducing to angles in the
first quadrant in Section 3, we show that the pair correlation of the quantities
W (y) = tan(0, /2) is identical to that of ®(y) = Re(yi). We are led to estimating
the cardinality of the set

{@ Y eyl Y1 Q. v #7, 0< QX@() —2(y)) <&},

For a matrix y = (5 , 5 ) with nonnegative entries, ||y || < Q, and ¢, ¢’ > 0, consider
the associated Farey interval [p/q, p’/q’], which contains ®(y). In Section 4, we
break the set of pairs (y, y’) above in two parts, depending on whether one of the
associated Farey intervals contains the other, or the two intervals intersect at most
at one endpoint. In the first case we have y = y'M or y' = y M with M € &, while
in the second we have a similar relation depending on the number £ of consecutive
Farey fractions there are between the two intervals. The first case contributes to the
series over G in (1-2), while the second case contributes to the sum over K, £. The
triangle map 7" whose iterates define the piecewise linear functions L;(x, y), first
introduced in [Boca et al. 2001], makes its appearance in the second case, being
related to the denominator of the successor function for Farey fractions.

To estimate the number of pairs (y, y M) in the first case, a key observation is
that for each M € I' there exists an explicit elementary function Z(x, y), given
by (5-1), such that

O(y)—P(yM)=Enu(q, q)
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for y as above. Together with estimates for the number of points in two dimensional
regions based on bounds on Kloosterman sums (Lemma 7), this allows us to estimate
the number of pairs (y, y M) with fixed M € G, in terms of the volume of a three
dimensional body Sy ¢ given in (7-14). The absence of a gap beyond zero in the pair
correlation measure arises as a result of this estimate. The details of the calculation
are given in Section 7, leading to an explicit formula for RZZ (Theorem 2).

Finally in Section 8 we pass to the pair correlation of the angles 6,, obtaining
the formulas of Theorem 1 and Corollary 1.

In this paper we focus on the full modular lattice centered at i, both because of
the arithmetic connection with reciprocal geodesics, and because in this case the
connection between unimodular matrices and Farey intervals is most transparent.
It is this connection and the intuition provided by the repulsion of Farey fractions
that guides our argument, and leads to the explicit formula for the pair correlation
function, which is the first of this kind for hyperbolic lattices.

In a subsequent paper [Boca et al. 2013], we abstract some of this intuition
and propose a different conjectural formula for the pair correlation function of an
arbitrary lattice in PSL,(R), centered at a point on the upper half plane, which
we prove for the full level lattice centered at elliptic points. While the formula in
that paper is more general, the method of proof, and the combinatorial-geometric
intuition behind it, is reflected more accurately in the formula of Theorem 1: the
infinite sum in the formula corresponds to pairs of matrices where there is no
repulsion between their Farey intervals, while the finite sum corresponds to pairs of
matrices where there is repulsion. The approach used in [Boca et al. 2013] builds
on the estimates and method of the present paper.

A proof of that paper’s conjecture by spectral methods has been proposed in
a preprint by Kelmer and Kontorovich [2013]. By comparison, our approach is
entirely elementary (using only standard bounds on Kloosterman sums), and via the
repulsion argument it provides a natural way of approximating the pair correlation
function. A key insight in the present paper, which is also the starting point of
[Boca et al. 2013] and [Kelmer and Kontorovich 2013], is that instead of counting
pairs (y, y’) € I' x I in the definition of the pair correlation measure, we fix a
matrix M, count pairs (y, y M), and sum over M. The same approach may prove
useful for the pair correlation problem for lattices in other groups as well.

2. Reciprocal geodesics on the modular surface

In this section we recall the definition of reciprocal geodesics and explain how the
pair correlation of the angles they make with the imaginary axis is related to the
pair correlation considered in the introduction. We also show that the sums over
the semigroup & appearing in the introduction can be expressed geometrically in
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terms of sums over primitive reciprocal geodesics. A description of the trajectory
of reciprocal geodesics on the fundamental domain seems to have first appeared in
the classical work of Fricke and Klein [1892, p.164], where it is shown that they
consist of two closed loops, one the reverse of the other. There the terminology
“sich selbst inverse Classe” is used for the equivalence classes of quadratic forms
corresponding to reciprocal conjugacy classes of hyperbolic matrices.

Oriented closed geodesics on X are in one-to-one correspondence with conjugacy
classes {y} of hyperbolic elements y € I'. To a hyperbolic element y € I" one
attaches its axis a,, on H, namely the semicircle whose endpoints are the fixed
points of y on the real axis. The part of the semicircle between zg and y zgp, for
any zo € a,, projects to a closed geodesic on X, with multiplicity one if and only
if y is a primitive matrix (not a power of another hyperbolic element of I'). The
group that fixes the semicircle a, (or equivalently its endpoints on the real axis) is
generated by one primitive element yy.

We are concerned with (oriented) closed geodesics passing through IT(i) on X.
Since the axis of a hyperbolic element A passes through i if and only if A is
symmetric, the closed geodesics passing through I1(i) correspond to the set R of
hyperbolic conjugacy classes {y} which contain a symmetric matrix. The latter are
exactly the reciprocal geodesics considered in [Sarnak 2007], where only primitive
geodesics are considered.

The reciprocal geodesics can be parametrized in a two-to-one manner by the set
G C T, defined in the introduction, which consists of matrices distinct from the
identity with nonnegative entries. To describe this correspondence, let 4 C I be
the set of symmetric hyperbolic matrices with positive entries. Then we have maps

C—>dA—>R (2-1)

where the first map takes y € & to A = yy’, and the second takes the hyperbolic
symmetric A to its conjugacy class {A}. The first map is bijective, while the
second is two-to-one and onto, as follows from [Sarnak 2007]. More precisely, if
A =yy' € d is aprimitive matrix, then B =’y # A is the only other matrix in #
conjugate to A, and {A"} = {B"} foralln > 0.

Note also that ||y ||> = Tr(yy"), and if A is hyperbolic with Tr(A) = T, then the
length of the geodesic associated to {A}is 2In N(A) with N(A) = %(T ++/T2—4).

Lemma 2. Let A € I be a hyperbolic symmetric matrix and let y € T" such that
A = yy'. Then the point yi is halfway (in hyperbolic distance) between i and Ai
on the axis of A.

Proof. We have d(i, yi) =d(i, y'i) = d(yi, Ai) where the first equality follows
from the hyperbolic distance formula and the second since I" acts by isometries
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on H. Using formula (3-3), one checks that the angles of i, yi and i, Ai are equal,
hence yi is indeed on the axis of A. [l

We can now explain the connection between the angles 6,, in the first and second
quadrant in Figure 2, and the angles made by the reciprocal geodesics with the
image I1(i — ioo) = I1(i — 0). Namely, points in the first and second quadrant
are parametrized by yi with y € G, and by the lemma the reciprocal geodesic
corresponding to A = yy’ € o consists of the loop I1(i — yi), followed by
[1(i — y'i) (which is the same as the reverse of the first loop). Therefore to each
reciprocal geodesic corresponding to A = Yy’ € o correspond two angles, those
attached to yi and y’i in Figure 2, measured in the first or second quadrant so that
all angles are between 0 and /2.

In conclusion, the angles made by the reciprocal geodesics on X with the fixed
direction I1(i — ioo) consist of the angles in the first quadrant considered before,
each appearing twice. Ordering the points yi in the first quadrant by ||y || corre-
sponds to ordering the geodesics by their length. Therefore the pair correlation
measure of the angles of reciprocal geodesics is 2R§1(§ /2), where R%‘ was defined
in the introduction.

The parametrization (2-1) of reciprocal geodesics allows one to rewrite the series
appearing in the formula for g, 2(0) in the introduction, as a series over the primitive
reciprocal classes GRP1M:

M ~
A;e@QHMH“—Jl) ZN(A)2‘1 {}%; W”—

where we have used the fact that for a hyperbolic matrix A of trace T we have
VT2 —4=N(A)—N(A)™' and N(A") =N(A)".

One can rewrite the sum further using the arithmetic description of primitive
reciprocal geodesics given in [Sarnak 2007]. Namely, let %g be the set of nonsquare
positive discriminants 2% D’ with « € {0, 2, 3} and D’ odd divisible only by primes
p =1 (mod 4). Then the set of primitive reciprocal classes RP"™ decomposes as a
disjoint union of finite sets:

prlm U %pnm

de9Dqp

with |9{srim| = v(d), the number of genera of binary quadratic forms of discrimi-
nant d. If d € 9g, has exactly A odd prime factors, v(d) equals 2* if 8 divides d
and 2%~ ! otherwise. Each class {y} € @tgﬂm has

N(y) = ag = 1(uo + vo/d),
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with (1, vp) the minimal positive solution to Pell’s equation u? — dv?> = 4. We

then have (d)
v
Z Z (J/)Zn _ = Z Z :

(y}egprim n>1 deDg n>1 %

In the same way, by Lemma 13 the pair correlation measure R(ZZ (&) in Theorem 1
can be written for & < 1 as a sum over classes {y} € RP"™, where each summand
depends only on & and N(y).

3. Reduction to the first quadrant

In this section we establish notation in use throughout the paper, and we reduce the
pair correlation problem to angles in the first quadrant. A similar reduction can be
found in [Chamizo 2006], in the context of visibility problems for the hyperbolic
lattice centered at i.

For each matrix g = (‘; Z) € SL»(R), define the quantities

Xe=a>+1, Yy=+d> Zy=ac+bd, Ty=X,+Y, =gl

. Z
m@:mgm:f3efxgzﬂg— T; —4). 3-1)
8

The upper half-plane H is partitioned into four quadrants:
I={zeH:Rez>0,|z] <1}, II={zeH:Rez>0,]|z|> 1]},
IMI={zeH:Rez<0,l|z] >1}, IV={zeH:Rez<0,]|z] <1}.
Note that all the points gi for g € I" lie in one of the four open quadrants, with the
exception of i itself. This follows from the relation

XY, —Z;=1, (3-2)

which will be often used.
In this section, simply take X = X, Y =Y,, Z=Z,, 0 =0,. A direct calculation
shows that the center of the circle through i and gi isa@ = (X —Y)/(2Z), leading to
1 27

tan 0, = - = 7 _g for all 0, € [-m, 7].
g g

Plugging this into

0 tan 6 0 14++/14+tanZ26 . 7

tan - = ——— f|«9|<z or tan————1f5<|0|<7r,

2 14+V1+tan20 2 tan 0

and employing (3-2) and the equivalences |gi| <1 <= X <Y and Re(yi) > 0 <=
Z > 0, we find the useful formulas
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NT?—44+X,-Y, X,— Z
W(g) :=tan 7NN s i Sl W e W (3-3)
2 27, Z, Y,—¢,

for all 0, € [—m, 7].

Weset y=(“%), 7=(0¢), s=(0",) Lety €T,y #I,s. For yi to be in
the right half-plane we need Re(yi) > 0. This is equivalent to ac 4+ bd > 0, and
implies that ac > 0 and bd > 0 because abcd = bc + (bc)? > 0. Since ac > 0,
without loss of generality we will assume that a > 0 and ¢ > 0 (otherwise consider
—y instead). Without loss of generality, we will assume that b > 0, d > 0 as well
(otherwise, we consider —ys = (:Z ‘Z) instead, since yi = ysi). Thus y has only
nonnegative entries.

Ifa,b,c,d >0 and ad — bc = 1, then c/a and d /b are both < 1 or both > 1
(since open intervals between consecutive Farey fractions are either nonintersecting
or one contains the other). Since yi € I <= a”? +b?* < ¢? +d?, it follows that both
a/c and b/d are < 1 for yi € I. We conclude that among the eight matrices -y,
+ys, £y, £ys, which have symmetric angles (see Figure 2), the one for which yi
is in quadrant I can be chosen such that

a,b,c,d>0 and 0<-=<-=<1.

oI

Ul

The set of such matrices y is denoted I'y.
Consider the subset 93 of I't consisting of matrices with entries at most Q:

P p) b p_7r }
Ro = er:0<p,p,q.9g <0, —<—<1yg,
¢ {<q/ q ppo4-4 9 q
and its subset f)v%Q consisting of those y with ||y || < Q. The cardinality By of S’fiQ
is estimated in Corollary 8 as By ~ 30Q?/8, in agreement with formula (58) in
[Sarnak 2007] for the number of reciprocal geodesics of length at most x = Q2.
Let F ¢ be the set of Farey fractions p/q with0 < p <g < Q and (p,q) = 1.

The Farey tessellation (Figure 3) consists of semicircles on the upper half-plane

R T
/

Figure 2. Two symmetric geodesics through i.
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~

P o(y) 3p+p2ptp’  ptp’ p2p
V) 3¢¥a2q+a”  qtq q+2q’

m\|‘m

Figure 3. The Farey tessellation.

connecting Farey fractions 0 < p/q < p’/q’ <1 with p'g — pg’ = 1. We associate
to matrices y € 91 with entries as above the arc in the Farey tessellation connecting
p/q and p’/q’, and conclude that

Q2
#Ro =24F,—3=—+0(01 )
0 F0 5(2)+ (QIn Q)

4. The coincidence of the pair correlations of ® and ¥

In this section we show that the limiting pair correlations of the sets {W(y)} and
{®(y)} ordered by ||y || — oo do coincide. The proof uses properties of the Farey
tessellation, via the correspondence between elements of 2 and arcs in the Farey
tessellation defined at the end of Section 3.

For y = (5,/ fl’), set y— = p/q, v+ = p'/q’. From (3-1), (3-3), and the inequalities
X, <72,<Y,,2Y,>T,and ¢, <1/T,, we have:

Y(y)—o(y) = Zy «— (4-1)
Y "= Y, (e 'y, —1) Iyl
Y- <®(y) <W(y) <y4. 4-2)

Denote by ) (£) (resp. R (£)) the number of pairs (y, y') € S)N%ZQ, y # v/, such
that 0 < W(y) — W(y) < &/0? (resp. 0 < @(y) — @(y') < §/0Q%). For fixed
B e (%, 1), consider also

Noep=#.v)eRy: QW () -V <&, vl < 0,
and the similarly defined N 3 ¢.p- The trivial inequality
(o] [}
+#{(r.y) eRG iy #v. QYO — 2 () <E, Iyl IV = 07}
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and the estimate in (4-1) show that there exists a universal constant ¥ > 0 such that
RGE) <2NG e 5
+#{(r. ) eRG iy £y —2 0 <V () — V() <EQTTH2 QY
showing that
RGE) 2N g+ RH Q)+ RY (& +26 Q> ). (4-3)
In a similar way we show that
R(E) 2N ¢ 5+ RE 2k Q) + RY (£ + 26 Q7). (4-4)

We first prove that N' 0.t.pand NY 0.6.p are much smaller than Q2. For this goal and
for later use, it is important to divide pairs (y, ') € 9‘{2 in three cases, depending
on the relative position of their associated arcs in the Farey tessellation (it is well
known that two arcs in the Farey tessellation are nonintersecting):

(i) The arcs corresponding to y and y’ are exterior, i.e., yy <y’ or y, <y_.
i) y gy le,y- <yl < y
(i) y Sy e,y <y-<yy
Proposition 3. NCep<<0™PInQ and N}, ,< Q' PInQ.

Proof. N ¢.p and N g p are increasing as an effect of enlarging %Q to Ry, so for
this proof we will replace %Q by Rp. We only consider N'& 0.6.8 here. The proof
for the bound on N 0.6 is identical. Both rely on (4-1) and (4- 2)

Set K = [£]4 1. From (4-2) and the fact that |’ —r| > 1/Q* for all r, ' € Fo
such that r # ', it follows that

#FoNlys, VD<K +1
if . <y’ and |®(y") — ®(y)| < &/ Q7. In particular, ¥/ =y, when0 < & < 1.
We now consider the three cases listed before the statement of the proposition:

(i) The arcs corresponding to y and y’ are exterior. Without loss of generality,
assume that y;, < y’. If i is such that y = y;, the i-th element of %, then

Pi+r

YL =Yier =
qi+r

for some r with 0 <r < K. The equality p’ q” —p’ q’ =1shows thatif y’ =p’ /q’
is fixed, then ¢/, (and therefore y; = p/, /q’,) is uniquely determined in intervals
of length at most g”_. Since ¢/, < Q, it follows that the number of choices for g/, is
actually at most (Q/q" )+ 1=(Q/qi+r) + 1.
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When 0 < & < 1 one must have y” = y,. Knowing ¢_ and ¢, would uniquely
determine the matrix y. Then there will be at most (Q/g) + 1 choices for y’, so
the total contribution of this case to N qQ> £p is at most

>y ( +1)<<Q‘+51nQ

1<q-< 0P 1<4, < QP

When £ > 1 denote by ¢;, gi+1, - - ., gi+x the denominators of ¥;, Yi+1, .-, Vi+k-
Since g; < QF, we have
K < ! < ! <1
Vi K_V'\_\_\_\ — Vi
i+ 1 Q Qﬂ qi i
showing that i + K < #% ¢ so long as Q >>¢ 1. As noticed in [Hall and Tenenbaum
1984],
0+gq;
qj+2 = qj+1—4;j.
qj+1

As in [Boca et al. 2001], consider
14+x
k(x,y):= [—]
Y y

Let Q be large enough so that 8y := Q! < 1/(2K +3). Then ¢;/Q < 8o, and it
is plain (see also [ibid.]) that

o -s, k(222 =1,
0

and T ={(x,y) €, 117 :x+y>1,«(x,y) =k}

0 0
and
(Cli+1 61i+2> <Qi+K 6]i+K+1>
K\—/—s—)="""=K s T =29
0 0 0 Q
because ¢j+1, gi+2, - - - » §i+k+1 must form an arithmetic progression. Hence
(@’ 6]i+1> €, and (CIi+1 ’ 4i+2) <6]i+K’ 6]i+1<+1> c T,

0 0 0 0 0 0
showing in particular that min{g;+, ..., qi+x} > Q/3. Therefore, we find that
max{Q/qgi+1, ..., Q/qi+x} < 3, and the contribution of this case to Ng’éﬂﬂ is
at most

YooY 4K« 0%

1<g-<0F 1<q+<QF
(i) y' £ y- Let i be the unique index for which y; < ®(y) < y;41 with y; < yis
successive elements in F¢. Since |®(y") — P (y)| < &/Q?, either y! < @ (y) < a
or there exists 0 < r < K with y{ = y;_, or with y/ = y,;4,. In both situations
the arc corresponding to the matrix y’ will cross at least one of the vertical lines
above Y,_k, ..., Vi, Yi+1, ---» Vi+k- A glance at the Farey tessellation provides
an upper bound for this number N, g of arcs y’ € Rp. Actually, one sees that
the set €, 1 consisting of 2 + 22 4 ... 4 2% arcs obtained from y by iterating the
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mediant construction L = [Q/min{g_, g4 }]+ 1 times (y is not enclosed in 6, ;)
contains the set {y’ € Rg : ¥’ Ty, ¥’ # y}. The former set contains at most L arcs
that are intersected by each vertical direction, and so N, x < (2K +1)L. Therefore,
the contribution of this case to N ‘IQ” £ is (first choose y, then y’) at most

> Y ek+n( {Q }+1)<< 0"+ 1n Q.
1<g<0P 1<q’<0F

(iii) ¥ S y’. We necessarily have y = y’'M, with M € &. In particular, this yields
Y4 € Fs. Considering the subtessellation defined only by arcs connecting points
from F s, one sees that the number of arcs intersected by a vertical line x =« with

/

y_:§<o[<y+=§, where )/=()/_,)/+)€9'7Qﬂ,

is equal to s(g, ¢’), the sum of digits in the continued fraction expansion of ¢ /¢’ < 1
when g < ¢’, and respectively to s(¢’, ¢) when ¢’ < g. A result from [Yao and
Knuth 1975] yields in particular that

Y. slq.qh< 0¥’ Q,

0<g<q'<QF

and therefore

#Hy v eRy v SYI<1+2 Y s(q.4) < 0PI’ Q.
0<g<q'<QF

This completes the proof of the proposition. U
Proposition 3 and inequalities (4-3) and (4-4) imply:
Corollary 4. For each B € (%, l),

RY(E) =R (£ + 0:(0° ) + RS (0:(0*H)) + 0: (0 In Q).

5. A decomposition of the pair correlation of {®(y)}

To estimate %3 (&), recall the correspondence between elements of 2R and arcs in
the Farey tessellation from the end of Section 3. We consider the following two
possibilities for the arcs associated to a pair (y, y') € SRZQ:

(i) One of the arcs corresponding to y and y’ contains the other.

(ii) The arcs corresponding to y and y’ are exterior (possibly tangent).

Denoting by R{)(§) and R{}"(£) the number of pairs in each case, we have

RG(E) = RY(E) + RY"(©).
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SIL

Bp’+Dp Ap’+Cp  p’
Bq’+Dq Aq’+Cq  q’

Figure 4. The case y' < y.

5.1. One of the arcs contains the other. In this case we have either y = y’M or
y' =y M with M € & (see also Figure 4). For each M € I" define

xy(Ysr — Xm) + (2 —y)HZy
x2+ YD) (X2 Xy + 2 Yy +2xyZy)°

Emx,y) = (5-1)

where Xy, Yy, Zy are defined in (3-1). For y = (5 i Z ). a direct calculation shows
O(y) —P(yM)=Eulq’, ). (5-2)
Two remarks are in order now. First, notice that X, # Yy, for any M € G because
of (3-2) and since Xy, Yy, Zpy > 1. Secondly, we also have
O(y) # P(y M). (5-3)
Suppose, ad absurdum, that ®(y) = ®(y M). Then (5-2) and (5-1) yield
2Zy 299’
Yv—Xu 4*—q
that is, tan 8y = tan 26, where 6 = tan"'(¢’/q) € (0, w) and 0y, € (0, ) because
Zy > 0. This gives

2’

Xy —€m

70 _tn<92) tang € Q,

hence \/(XM +Yy)? —4 =Xy + Yy —2ey € Q, which is not possible because
Xy+Yy =3.
From (5-2) and (5-3) we now infer:

Lemma 5. Using the notation introduced before Proposition 3, the number of pairs

(y,y) € Ry, y £y, with0 < D(y) —d(y) <&/Q%andy Sy ory' Sy, is
given by

0 pp — §
RB(S)— {(J/ VM)E% (q q)»Me6a|DM(QvQ)|<@}-
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K < kg
Y
ke
DPe—1 e Peti
qe—1 9 qe+1

Figure 5. The case where ¥ and y’ are exterior.

5.2. Exterior arcs. In this case we have y,y’ € %Q, y. > y,. Let £ >0 be
the number of Farey arcs in & connecting the arcs corresponding to y, y’ (see
Figure 5). In other words, writing y = (;’, Z) and y’ = (7' P*), we have that

qe+1 4qe
po/qo :=p'/q’, p1/q1, ..., pe/qe are consecutive elements in Fo. Setting also
P—1/9—1:= p/q, it follows that g; = k;q;—1 —q;—2, where k; e N, i =1, ..., ¢, and
ki = [M} for 2 <i <X
qi—1

The fractions p,/qe and pey1/qge+1 are not necessarily consecutive in F g, but
we have qor1 = Kqe —qe—1,

K <kpot = [Q%—qg]

qe+1
It follows that ' = y M with

(50

We have ¢ < & because
¢

¢
<I><y’>—<1><y>>2 > —.
. ) i1 qi—14i 0
It is also plain to see that
P’ q W D qe+1
——0(Y)=—5—5, PW)-—=—FF—. (5-4)
q q'(q*>+q"?) qe  qe(qi+4q7.)
The last equality in (5-4) and g7 +q7,, < O yield, for £ > 1,
§ 1 qe+1
> 0(y)—d(y) = +
027 qe-19c  qe(q; +4q7.)
L L Ke—qn K Qg K
" qe1qe q00? 0% gi19.0* ~ Q%

while if £ = 0 we have
K@”+aqq) _ K

O ! - = = 5
V== v T O
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showing that K < &. Notice also that (5-4) yields

14

q 1 qet1
P(y)—d(y) = + + .
q'(q>+q9? Z% 19 qe(q} +4q7.,)

Let T = {(x,y) € (0, 11%: x + y > 1} and consider the map
0P -9, Ty = (v [ ]y-x)

whose restriction to J is bijective and area-preserving [Boca et al. 2001]. Consider
the iterates T/ = (L;_1, L;) and the functions K; =[(14+L;_»)/L;_1]ifi=1,..., ¢,
Kg_H =K, and Lg_H = KLg — LE—l- One has:
e L_i(x,y)=x and Lo(x, y) =y for (x, y) € (0, 1]*
eO0<Li(x,y)<Ilfori>0and (x,y)edJ
e Li1(x,y)+Li(x,y)>1fori=1,...,fand (x,y) €T
® Li(x»)’) = Ki(X,y)Li—l(X,y) _Li—Z(x’ y)
fori=1,...,¢4+1and (x,y) €T

(-3
im0 =0T (5 ‘IQ)
= (oL (£.5). oni(%. L)) fori =o.1..
atet = Kac- 1 = 01§ g)—u-l<gg>>~
Define also the function Y x : (0, 1]*> — (0, c0) by
:
Yok = L()([;J—I_:—L%) +§ Li_llLi + (Lfi“Lm). (5-6)

We have proved the following statement:

Lemma 6. The number er(g ) of pairs (y, y') of exterior (possibly tangent) arcs
in SRQfor which 0 < CID(J/) — O(y) <&/ Q% is given by

R = ) dik,
£€[0,§)
Ke[l,§)

where the sums are over integers in the given intervals, dyg is the number of matrices
/
(f;/ f;) such that the following hold:
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0<p<q, 0<p'<q. pa—pq =1,
<Q% 0<Kg—q1<0,
2, 2 2 2 2
Pi+q;+(Kpe—pe-1)"+(Kqe—qe-1)" < 07,
Yex(q/0.4'/0) <&,

(5-7)

andg_1=q,q90=q'.
6. A lattice point estimate
Lemma 7. Suppose that Q is a region in R? of area A(2) and rectifiable boundary

of length £(02). For any integer r with (r,q) =1 and 1 < L < g, we have

Nagr ::#{(a, b)ye QNZ?:ab=r (mod q)} = MA(Q) +€q.1.q,
q?
where, for each ¢ > 0,
1/2+€

= A(R2) (H_E(BLQ))(C] +q1/2+£).

Proof. Replacing Z2 by LZ? in the estimate

€Q,L.q <<€

{tm,n)eZ?: (m,m+1) x (n,n+1)NIQ# 2} K 1 +£0Q),

(for a proof see [Narkiewicz 1983, Theorem 5.9]) we find that the number of
squares Sy, , = [Lm, L(m +1)] x [Ln, L(n + 1)] such that S'm,n N aL2 is nonempty
is € 14+ (1/L)£(952). Therefore

#{(m,n) €72 (Lm, L(m+1)) x (Ln, L(n+1)) € Q} = (Q) (1+ 5(39))

Weil’s estimates [1948] on Kloosterman sums, extended to composite moduli

in [Hooley 1957] and [Estermann 1961], show that each such square contains

(@0(q)/qH)L? + O.(q'/***) pairs of integers (a, b) with ab =r (mod ¢q) (see, e.g.,

[Boca et al. 2000, Lemma 1.7] for details). Combining these two estimates, we find
A(Q) L(3Q) w(q) 2 12+ w(q)

Ng’q,,:( 73 +0<1+T) " AL+ 0(qP) ) = " —-AQ)+éqq.L,

as desired. O

3
Corollary 8. #Ro = £ + 0, (Q'/6+%),

Proof. Note first that one can substitute pg’/q for p’ = (1+ pq’)/q in the definition
of Ry, replacing the inequality ||y || < Q% by (¢*+¢"*)(¢*+ p?) < 0?¢?, without
altering the error term. Applying Lemma 7 with

Q, = {(u,v) €[0,q1x [0, 01: (¢> +u>)(g> +v}) < 0*¢*} and L=¢°°
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and using A(£2,) < Qg and £(£2,) < 2(Q +¢q) <40, we infer that
+ 0 (Q11/6+€)

Standard Mobius summation (see, e.g., [Boca et al. 2000, Lemma 2.3]) applied
to the decreasing function h(q) = (1/q) A(2,4) with ||h]l» < Q and the change of
variable (g, u, v) = (Qx, Qxy, Qz) further yield
~ 0 11/6+
#Ro = —— Vol(S) + 0,(Q"'1/6+),
°T

S={(x,y,2) €[0, 1 : (1 +y»)(x*> + %) < 1}.

where

The substitution y = tan 8 yields

16’
completing the proof of the corollary. ([

/4 do 2 2 2 2 772
Vol(S):/ —A({(x,2) €[0, 117 : x* + 2> <cos” 0}) = —
o cos-6

The error bound in Corollary 8 can be improved using spectral methods (see
Corollary 12.2 in [Iwaniec 2002]). We have given the proof since it is the prototype
of applying Lemma 7 to the counting problems of the next section.

7. Pair correlation of {®(y)}

The main result of this section is Theorem 2, where we obtain explicit formulas
for the pair correlation of the quantities {®(y)} in terms of volumes of three-
dimensional bodies. The discussion is divided in two cases, as in Section 5.

7.1. One of the arcs contains the other. The formula for Rg in Lemma 5 provides

RRE) =D Nug(®), (7-1)

MeS

where Ny () denotes the number of matrices y = (5 : 2’ ) for which

é, lyM| < Q.

(7-2)

The first goal is to replace in (7-2) the inequality ||y M| < Q by a more tractable

one. Taking y of the given form and substituting p = (p’q — 1)/q’ we write, using
the notation from (3-1):

lyM|? =

0<p<q, 0<p'<q, pg—pd =1, 18 9|<

(P'q+pg)Yu+2p'q'Zy

s (7-3)

p/2
(ﬁ +1> (¢ Xu +a*Yu +29q9'Zy) —
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The quantity Ny o(§) can be conveniently related to N M, 0 (&), the number of
integer triples (¢, g, p’) such that

0<p'<q¢' <0, 0<g<Q, pg=1 (modq)),
024" (7-4)
p/2+q/2'

(]
| —

Emn(q’, q) < Yym =4 Xu+q*Yu +299' Zy <

§
@a
We next prove that, given cg € (% 1), forallMeSand Q > 1with Yy < Xy <
Q%0 and all & > 0,

N0 S Nu.0@®) <Ny pivago (EA+V2007H?).  (7-5)

For the first inequality, note that if the integral triple (¢', g, p’) satisfies (7-4) then
by (7-3) we have
p/z + q/z

ly MIJ* < pe Yym < Q%

and thus if we define p := (p’q — 1)/q’ then (7-2) holds. For the second inequality,
take y as in (7-2). Using (7-3) we then have

(P'q+pa)Yu+2p'q'Zy

2 2
P +q
Y, u<0*+ "

q” q
Using also that Zy < Q% and ¢Yy = V> Yuv Yy <V Yyuv Yy < Q'+, we
conclude that
p/2+q/2
q/2

< Q*+29Yy +2Zy.

YyM < Q2+2Ql+co+2Q2co < Q2(1+\/§QCO_1)2.

Also
£ EQ+20071)
0 Qx(1+v2007
Hence (¢, ¢, p) satisfies (7-4) with the pair (Q, &) replaced by (Q + /2 Q%,
£(1 ++/20%12). This proves (7-5).

Next we show that Ny o(§) vanishes when max{Xy, Yy} > 0% and Q is
large enough.

~
'

Emq’, q)| <

Lemma 9. Let ¢y € (% 1). There exists Qo(§) such that whenever M € G,
max{Xy, Yy} > Q*°, and Q > Qo(),

Nu.0@&) =Ny (&) =0.

Proof. We show there are no coprime positive integer lattice points (¢’, ¢) for which

12m(q’, )| < Yym =4 Xy +¢*Yu+299' Zu < 0% (7-6)

@9
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Noting from (7-3) that Y,y < ly M2, this will ensure that Nu,0(&) =0. The
equality N um,0(&) =0 follows as well from (7-4).

Suppose (¢', q) is as in (7-6), write ¢'i +q = (q,q’) = (rcos@, rsinf), 6 €
(0, w/2), and consider (X,Y,Z) = Xy, Yu, Zy), T = |[M||> = X + Y, and
Uy =cothd(i, Mi) =T /~/T? — 4. Since

ooz 4 eosp — VX
sSin M—ﬁ an COS M—ﬁ,

the inequalities in (7-6) can be described as
1 |sin(By —26)| <ﬁ< 2
§ Un+cosOu —20) = 0>~ (Upy +cosOy —20))VT2 — 4
Denoting 8y = 0y/2 — 6, from the first and last fraction in (7-7) we infer

[sin 28| << 1/ T. Therefore &, is close to 0, or to =7 /2. When 4§y, is close to 0
we have

(7-7)

1
[tan 8| < |8p] < |sin 28| K T

When 6,y is close to &7 /2 we similarly have |6y F /2| K %, which is seen to be
impossible. Indeed, the inequality

[tan 8| _ [sin 28 7]
Uy—1  Upy~4cos28y
1+ cos2éy

shows that it suffices to bound from above (Uy; — 1)/(1 4 cos 28,), which would
imply that |tan §3/| < &, thus contradicting |53 F %| & 1/T. Since Z is a positive
integer, we have sinfy; > 1/T. Since cos 6, sinf > 0 and 6y, € (0, ), we have

14+ cos28y =14 cos(@y —260) > 14 cos20 cosby

_ 1
>1—|cosOy|=1—+v1—sin?6y > =3

As Uy — 1 < 1/T?, it follows that (Uy — 1)/(1 4 cos 28;) < 1, a contradiction.
We have thus shown that |6,/ < |tandys| < 1/T'; more precisely, there exists a
function ®¢ (&), continuous in &, such that |§/| < Og(§)/T.

Casel: Y > X. Then0 <0y /2 <m/4and Z =/ XY —1 < Y. Since
1 _
8| < o < Q7

one has 0 < 6 < /3 for large Q. Employing the formula tan(6;/2) = Z/(Y —e€r)
with e7 as in (3-1), we infer

AC+BD q’

_ 0 1
P+ D~ g =|tan8M|-‘1+tan9tan7M &L —. (7-8)

T
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Combining (7-8) with

Z Z 1 Z A+B 1 1
O<y—, v<7 ™ |y-cplSam <r
we arrive at A+ B , ]
q —2¢
Tl =< 0 7-9
CiD < T 0 (7-9)

If nonzero, the left-hand side in (7-9) must be at least 1/¢g(C + D). But
q(C + D) < gv/2(C? + D) < QV2,

and so 0> « Q, a contradiction. The remaining case, in which ¢ = C + D and
q' = A+ B, is not possible because Q>0 < (C+D)?=qg(C+ D)< Q«/i.
Casell: X >Y. Thenn/4 <0y /2 <m/2and Y <V/XY —1=Z. As |§)| K Q7%,
we must have 0 < /2 — 6 < 7/3 for large values of Q. This time we have

Y—er 4 _‘ (z_G_M)_ (z_ﬂ
‘ = |tan > > tan > 6

= |tan3M|-‘1+tan (Z—Q—M) tan(z—é)‘

q/
2 2 2
< (14 +3) [tandy| < %
which leads (since D > C if and only if B > A) to

C+_D__ 1 Z_CJF_D‘« " |D-C]|
ALB T (A+B)(AC+BD)
|
1 1,1l o, (7-10)

— <
T+(A+B)2\T X T

As in Case I, this is not possible because ¢’(A + B) < ¢'+/2X < Q+/2 and
(A+ B)? > Q%, O

Our next goal is to apply Lemma 7, assuming Yy < Xp < Q> and taking
r =1, to the set Q2 = Q7 4 ¢ of pairs (u, v) € (0, Q] x (0, ¢'] that satisfy

Q2 ”

ot (7-11)

1Bum(q’, u)| < é and ¢ Xy +u*Yy +2uq'Zy <
Lemma 10. There exist continuous functions Ty(§) and C (&) such that, for any
matrix M € & with Yy < Xy and T = |M||> > Ty(&), the projection on the first

coordinate of the set Q4 ¢ is contained in the interval (0, C(§)q'].

Proof. Using polar coordinates (u, g') = (r cos 0, r sin0), 0 € (0, 7 /2), we see that
inequalities (7-11) imply (7-7). This shows that for the purpose of this lemma we
can replace Qy ¢ by the set of (u, v) € (0, Q] x (0, ¢'] satisfying (7-7). Therefore
we can use all estimates from the first part of the proof of Lemma 9 (because they
only rely on (7-7), the integrality of g being used only at the end).
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Note also that ¥ = Y, < X = X, and Z%> = XY — 1 yield Y < Z. Replacing g
by u in the first part of the proof of Lemma 9, so that tan6 =u/q’, 6 € (0, 7/2), we
see (compare the last line before Case 1) that |6/| < ®(£)/T for some continuous
function ®. Next we look into the first estimates in Case 2 and see that there
exists a function Ty(€), depending continuously on &, such that, for any M with
T =|M|?*> Ty(§),one has 0 < 7/2 — 60 < /3 and

4 Lo < (14 V3) tandy
q V4

In conjunction with the bound on §,,, this shows the existence of a continuous
function Cy (&) such that

Y—¢€
TTQ/ < Co(§)q',

showing that u < (14 Cy(§))q’. O

‘u_

Although this will not be used in this paper, we remark that if y is as in (7-2),
then (7-4) is satisfied by the triple (¢’, g, p’) with the pair (Q, &) replaced by
(0++/20%, £(1++/20%"12), by the proof of (7-5). Therefore Lemma 10 shows
that ¢ /q" < 1 (with a different implicit constant than C(¢) from Lemma 10).

Next notice that, as Q — o0,

Z max{ Xy, Yy} 0 <5 Q@72 0<o <. (7-12)

MeS
max{ Xy, Yu}< QX0

This follows immediately from!

Z X[T/[a < Z (A2+BZ)—J

MeS 1<A2+BZ<QZCO
Yu<Xu<Q*o

< / (x2+y2)7a dx dy Ly Q(272U)CO.

)C2+y2 <2Q200

Assume now that Yy < Xy < Q2. When T = ||M||> > To(€) we apply
Lemma 10. The definition of €2, seen after some obvious scaling as a section subset
in the body Sy ¢ defined by the conditions in (7-14) below, shows that the range
of u consists of a union of intervals in [0, Q] with a (universally) bounded number
of components and of total Lebesgue measure <¢ ¢'. This gives

i
A(R2) K¢ fxi and ((0Q) <t q +4¢ <« «/%
M M

"Here A and B determine uniquely the matrix M = (4 5).
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Taking L = (¢')%/5, we find Q > X,/%(g')"/%, and the error provided by Lemma 7
is €a,1.4 < 0(g) VX, 12, Note also that in this case A > C and B >
As a result, applying (7-12) W1th 0 = 15, the error is seen to add up to

12’
Y Y teew<e ¥ (%)
A*+B><0%0 ¢'<Q/VXu A2+B2LQ¥0 M M

IM>>To(®) " .
<<8 Q( +CO)/ +8‘

Lemma 7 now provides

w(fz ) (7-13)

Nu@.6H)= Y
1<q'<Q/vVXu

The situation || M ||? < To(€) (in this case there are O¢(1) choices for M) is directly
handled by Lemma 7. The same choice for L provides €g, ;56 ,» <K Q(q’ y~1/6+e,
These error terms sum up to O, ¢ (Q'/6%2) in this situation.

Next we will apply Mobius summation (see, e.g., [Boca et al. 2000, Lemma 2.3])
to the function 41(q¢") = (1/q")A(Qp1,4,¢). Note that (1/Q)h;(q") represents the
area of the cross-section of the body Sy ¢ by the plane x = ¢’/ Q, where Sy ¢
consists of those (x, y, z) € [0, 177 such that

1
1422

[En(. I<E and x> Xy +y* Yy +2xyZy < (7-14)
The intersection of the projection of Sy ¢ onto the plane z = 0 with a vertical line
x = c is bounded by a quartic and an ellipse, showing that the cross-section function
¢ Ay e(c) := Area(Sy ¢ N {x = c}) is continuous and piecewise C! on [0, 1]
and the number of critical points of Ay ¢ is bounded by a universal constant C
independently of M and &. The graph on the right of Figure 6 illustrates one of the
possible cases that can arise, when Ay ¢(c) has the most number of critical points,
showing that we can take C = 3.
In particular, the total variation of 2] on [0, Q] is bounded above by

: Q
(C + 1)(supyp, gy 11 — infio, 01 1) K 171 lloc < o evh
M

and so we infer

O/ Xu
S D a0 = / hiqg)dg' +0(
- 4 @
<q'<O// Xy

0
X Q)'

Using also the change of variables (¢', u, v) = (Qx, Qy, Qxz), (x, y, z) € [0, 17,
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7

" L h T L L L L L L
02 0.4 0 0.8 10 0.2 0.4 0.6 0.8 1.0

Figure 6. Left: cross-sections of Sy ¢ for z =0 (vertical hatching)
and z = 1 (horizontal hatching). Right: the function ¢ — Ay £(c),
for M =R and £ =1.5.

(7-13), (7-5) and (7-12), we find that the contribution to Rg(s ) of matrices M with
YM < XM is

0
1 (fm dq’' OlnQ (114¢0)/6+
L ARy )—+0(—) + O, ¢ (QUIHe0)/6Fe
22) ]‘;G o q'.& q X]léZ 85( )
Yy <Xy <Q%0
2
- %> D Vol(Sue) + Ocg QM0 4+ QUITWISH) - (7-15)
; MeS
Yy <Xpu<Q*0

With n = ( (1) é), notice the following important symmetries:

D C = =
nM;7=<B A) and  Ej;py(y, x) = —Eup(x, y). (7-16)

This shows that the reflection (x, y, z) = (¥, x, z) maps Sy ¢ bijectively onto S, u,,¢ .
The situation Xj; < Yy is handled similarly using (7-16), which results in
reversing the roles of ¢ and ¢’ with Lemma 7 applied for r = —1.
Now we give upper bounds for Vol(Sy ). Let (x, y,z) =(rcost,rsint,z) € Sy ¢.
The proof of (7-9) and (7-10) does not use the integrality of ¢’ and ¢, so denoting

C+D . A+B .
wM:AT—B <1 if Yy <Xy and wM=C1—D<1 if Xy <Yy,
we find that
—1/2 -1 y 1
YL KL X, TLT and L oM <7

in the former case, and

. _ |
XLy <Yy P« T and (%—wM‘«T
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in the latter case. Writing the area in polar coordinates, we find 72 <« T~! and
Vol(Sye) < A({(x, ) €0, 17 :32 €0, 1], (x. y. 2) € Sue})
oM+ Ty 2 2
< 1/ 2T dr = 2 = 2 (7-17)
2 Jo—er T2 M|
The bound (7-17) and an argument similar to the proof of (7-12) yields

> Vol(Sy¢) < oo and D Vol(Sug) K Q7. (7-18)

Me& MeG
max{ Xy, Ya}>0%0

From (7-15), (7-18) and ¢g € (3. 1), we infer
Q2
t@

The volume of Sy ¢ can be evaluated in closed form using the substitution
z=tant:

RG(E) === Vol(Sy¢) + O (QU+0/0F¢), (7-19)

MeG

dt
cos? ¢

/4
Vol(Sye) = /o By, 1) , (7-20)

where By (&, t) is the area of the region consisting of those (r cos 8, r sin6) € [0, 1%
such that

Lo Isin@0—6] _ ,_ 1 2cos?t

£ Ur+cos(20 —0y) = JT2—4 Ur+cos(20 —0y)’

with 0y, € (0, w/2) having sinfy; = 2Zy;/~/T?* —4 and Uy = T /+/T? — 4 (for
brevity we write T = Tyy).

The following elementary fact will be useful to prove the differentiability of the
volumes as functions of &.

(7-21)

Lemma 11. Assume that G, H : K — R are continuous functions on a compact set
K C R¥, and denote x, = max{x, 0}. Then the formula

V)= [ €-GuHw b, EcR,
defines a C' map on R, and
V(€)= H(v) dv.

G<é&
Using Equation (7-20), we find that

| [ 2 (2T —4—[sin(20 — 0u)| /(€ cos? 1)),
Vol(Sy.e) = 5 / dt [ db
’ 2 Jy 0 Ur +cos(20 — 0y)

’

(7-22)
and applying Lemma 11, we obtain:
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Corollary 12. The function & — Vol(Sy¢) is C'.
For a smaller range for & we have the following explicit formula:

Lemma 13. Suppose that § < Zy. The volume of Sy ¢ only depends on & and
T =||M|*

Vol(Sw,¢)
T A — JA—4E2 cos* ¢ 1 A — JA—4E2 cost
=/4tan_1 VA 57 cos + In l—f 57 cos dt,
0 20E cos? t 2& cos? t 2

whereA:T2—4andoz:%(T+«/T2—4).

Proof. The two polar curves defined by (7-21) intersect for

28

|in(20 — Oyy)| = ———— cos’ 1,
VT? -4
that is, for 1 = 0y /2 £ with @ = a(&, 1) € (0, 7/4) such that
sin2a = ———— cos’ 1.
VT2 —4

Since sinOy = 2Z//T? — 4, the assumption & < Z ensures that @ < ). Thus
6+ €10, w/2), and the change of variables 6 = 0,,/2 + u yields

3 (t)—l “<2coszt 1 B |sin(2u)| J
M5 ‘5/ JT?—4 Ur +cos(2u) s<UT+cos<2u)>> ¢

—x
The integrand is even and both integrals can be computed exactly, yielding the
formula above. U

In particular, Lemma 13 yields Vol(Sy, ¢) <§/ T2, providing an alternative proof
for (7-17).

7.2. Exterior arcs. Referring to the notation of Section 5.2, we first replace the
inequalities

prP+p?+q*+q¢*< Q% and pj+qi+(Kpe—pe-1)*+(Kge—qe-1)* < 0

in (5-7) by simpler ones. Using p'q — pq’ = 1, we can replace p by p'q/q’ in the
former, while py_; can be replaced by pyqe—1/q¢ in the latter. As a result, these
two inequalities can be substituted in (5-7) by

12
(1 + "’—,2)«12 +9%) < Q*(1+0(07),
1 (7-23)

2
(1 + %)(qg +(Kqe—qe-1)?) < Q*(1+0(Q7h).
7
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Since p;/q¢=p'/q'+0(/Q) and g} + (K ge—qe—1)* <203, the second inequality
in (7-23) can be also written as
2
(1 + —) (g7 + (Kqe —qe-1)*) < Q*(1+ 0(Q7)),

leading to
an(é) - Z Z NQ+0(Q1/2) q’, K,E(E)’

Le[0.8) ¢'<Q
Ke[l,§)

where N rQ"’”q,’ k.¢(§) denotes the number of integer lattice points ( p’, q) such that
0<p'<q, 0<g<Q, pg=1(@modg), 0<Kq—qe-1<0,

q C]/ 2 2 qulz
Yy, K( ) <&, p Hgt< . (7-24)
0’ Q max{q?+q'2, g7 + (Kqe — qe—1)*}

Applying Lemma 7 to the set Q = Q) 7 K OE of elements (u, v) for which

/

uelo,0l, velo,ql, L(Q Q>>0f0rz—01 0

0< KL L)~ Loa( D) <1, T D) <,
v 4q? < 0%q"
max {u +q7, Q2L (%, %) + Q*(KLe(%. %) — Lo (5. %))}
with A(Q) < Qq', £(3Q) < Q, L = (¢')*/°, we find
v(q") A(Qq Kes)
q'

’

+ 0.(0(g")~1/°F%).

No o ¢.k08)=
This leads in turn to

RYO(E) = MY () + 0. (Q"/0F9),

v(q") A(QQ’,QK,AE)
TR S St L)

te06) g<0 ¢
Kell.b)

where

For fixed integers K € [1,£), £ € [0, &), consider the subset Tk ¢ ¢ of [0, 1P
consisting of those (x, y, z) € [0, 177 such that

O<Lppi(x,y)=KL¢(x,y)—Le_1(x,y) <1, Tygx,y) <§,
2, .2 12 2 (7-25)
max{x +y ,Lz(x,y)+Lz+1(x,y)} < 12

with L; and Y g as in (5-5) and (5-6).
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Mobius summation is now applied to h2(q¢") = (1/q’ )A(Qﬂ,mk ‘ S) The quantity
(1/Q)h2(q’) represents the area of the cross-section of the body Tk ¢ ¢ by the plane
x = ¢’/ Q. This shows that &, is continuous and piecewise C "on [0, 0], and fur-
thermore the number of critical points of 4, is bounded uniformly in & (and indepen-
dently of Q). Hence the total variation of 45 on [0, Q]is ¢ ||h2]lc0 < Q. Employing
also the change of variables (¢’, u, v) = (Qx, Qy, Qxz), where (x, y, z) € [0, 173,

we find
qu
Qﬂ/ﬂ +O )
@E = erE[Zo,g)(/o ® A(Qy k.ee) T 0(Q)
Ke[l,8)
Z Vol(Tk v.6) + O¢(Q).
4( ) o
Ke[l,§)
and so
Ry = < D" Vol(Tk.ee) + Oc e (Q'/5F). (7-26)
)] );ée[[o]%

To show that & — Vol(Tk ¢¢) is C' on [1, 00), we make the change of variables
(x,y,2) = (cosf,sinf, tant) to obtain

/4 dt
Vol(Tk ¢¢) = f Ak (8, 1) ——, (7-27)
0 cos*t

where Ak (&, t) is the area of the region defined by the conditions in (1-3). Now
notice that K;(x, y) <& when 1 <i < ¢, as a result of (omitting the arguments of
the functions)

Li+L; 1 1

K; = < + <Yk <§.
l L4 Li oLi1 Li1L;
Similarly,
L 1+ L L_ 1
[ — P <Yk <E&.
Lo Ly  LoL,

Thus the projection of Tk ¢ ¢ on the first two coordinates is included into the
union of disjoint cylinders Iy := J, N T_lﬂ'k2 n...NnT-Hg Tk, with F
{(x,y): Ki(x,y) =k} and k = (ky, ..., ky) € [1, é)e. On each set T all maps
Ly,...,Lg, Lyy are linear, say L;(x, y) = A;x + B;y, with integers A;, B; de-
pending only on kq, ..., k; for i < £ and Ay41, Be4+1 depending only on k and K.
Therefore the functlon Fk ¢(0) is continuous on each region J, and applying
Lemma 11 we conclude that the function & > Vol(Tk ¢¢) is C Uon [1, o0], being
a sum of [£]¢ volumes, as functions — each of which is C' each of which is C' as
a function of &.
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Remark 14. The region Tk ¢ ¢ can be simplified further. For each integer J €[1, §),
the map

V;:(u,v)—~ (JLe(u,v)—Ly_1(u,v), Le(u,v))

is an area preserving injection on 7, since it is the composition of T* in (5-5)
followed by the linear transformation (u, v) — (Jv — u, v). Note that under this
map (omitting the arguments (u, v) of the functions below):

1+JL;—L,_
L1—>|:+ ¢ -1

—(JJL;,—Ly_1)=L,_
L, ] (JL, e—1) -1

(using Ly—1 + L, > 1), and by induction it follows similarly that L; — L,_;
for 0 < i < £. Also we have that V;(u,v) = (x,y) € [0, 11? if and only if
x=JL;—Ly_1€[0,1]and J =[(1+x)/y].

Let us decompose the region Tk ¢ ¢ into a disjoint union of regions Tk j.¢ ¢,
1 < J < &, obtained by adding the condition [(1 + x)/y] = J. By the discussion of
the previous paragraph, the map (¥, Id;) is a volume preserving bijection taking
Uk, j.oe onto Tk j.¢ ¢, where Uk j.¢ ¢ is the set of all (x, y, z) € [0, 113 such that

x+y>1, JLy—L¢1>0, KLo—L;>0, 7Ygg;<§,

1
L2+ (KLy—L))*< . L4+ (JLi—Lyi)*< )
o+ (KLo—Ly) T2 ¢+ (JL¢—Ley) T2
Here L; = L;(x, y) and
JLy— Ly, o KLy—L,

Yok, (x,y)=

+ + .
Lo(L}+(JLg— Le—1)?) Li—1Li  Lo(L3j+ (KLo—Ly)?)

i=1

For a > 1, the transformation (W, Id;) maps bijectively the part of Uk j.¢ ¢ for
which [(1 + L,—1)/L¢] = o onto the part of Uj k. ¢ for which [(1 +x)/y] = a.
Therefore Vol(Uk, j.¢.e) = Vol(Uy k.¢.¢) and the sum of volumes appearing in
(7-28) can be written more symmetrically:

Z Vol(Tx ¢e) = Z Vol(Uk, j;¢,¢)-

Ke[l,§) K.Je[l,§)

As an example of using this formula, if 1 < & <2 and £ = 1, we can only have
K = J =1 and the inequalities JL; — Ly > 0, KLy — L; > 0 cannot be both
satisfied, so Uy 1,1,¢ is empty. Therefore the only contribution from the 7" bodies in
(7-28) comes from T7 o ¢ if & € (1, 2].

We can now prove the main theorem on the pair correlation of the quantities
tan(6,, /2).
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Theorem 2. The pair correlation measure R2T exists on [0, 00). It is given by the
C! function

Ry (3%) = 3(;(2)( Z Vol(Sye)+ Y. Y Vol(Tx g)) (7-28)

£€[0,6) Ke[1.§)
where the three-dimensional bodies Sy ¢ are defined by the conditions in (7-14)
and the bodies Tk ¢ ¢ are defined by the conditions in (7-25).

Proof. By (7-19) and (7-26), with ¢ € (3, 1) and G (&) denoting the sum of all
volumes in (7-28), we infer that

Q2
)

It follows that the function G is C! on [0, c0) as a result of & — Vol(Sy,¢) being C 1
on [0, 00), and of & > Vol(Tk ¢¢) being C' on [1, 00). Corollary 4 and (7-29)
now yield, for 8 € (3, 1),

R (€)
Q2

0)
1

Employing again the differentiability of G and G (0) =0, and taking 8 = 43'1 =5+,
this provides

RY(E) = ——= G (&) + O0r (QUTV/0), (7-29)

(G($+0(Q2 3ﬂ))+G(0(Q2 3ﬂ)))+0§a(Q1+ﬂ an+Q(11+co)/6+5)

2
R () = fz) G (&) + 0 (Q/179). (7-30)

Equation (7-28) now follows from (7-30) and Corollary 8. (]
8. Pair correlation of {0, }

8.1. Proof of Theorem 1. In this section we pass to the pair correlation of the
angles {60, }, estimating

R (&) :=#{(y,y) € RY:0< 0O, —6,) <E).

Define the pair correlation kernel F (§, t) as follows:

FE =Y BuE.nD+ Y Ageé. 1), (8-1)
Me& 1126[[01,55))

where By (&,¢t) and Ak (&, t) are the areas from (7-20) and (7-27), respectively,
so that by (7-30) we have
Q2 7w/

Rp(E) = ——
o0& =75 ) FE!
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0 Q2 /4 é
Proposition 15. R = —— F < , t)

P 0o®) ) Jo 2cos?t’ /cos?t

Before giving the proof, note that Theorem 1 follows from the proposition as

Q — oo, taking into account the different normalization in the definitions of RY (5 )

and RQ[ (&), and defining, in view of Proposition 15 and (8-1),

B(g)-—/ZB( 5 ') @“_ oy (g)-—fZA ( 5 ') i
MST= ] "M 2 cos2s ) cos? KEST= 0 8 cos2t” ) cos2t

From the definitions of By (&, 1), Ak ¢(§,1) in the equations following (7-20),
(7-27), it is clear that

3 & 2 3 3 2
B ( ,z):B (—,o) i, A (—,z):A (—,0) :,
M\ 2 cos2 1 M\ > €08 KO\2cos? 1 ) €08

hence one has

§

2’

By (§) = _BM( >

0), Ako(®) = —Am(S 0), 8-2)

which together with (7-22) yields the formula for Bj;(£) given in Theorem 1. Note
that the range of summation in Theorem 1 restricts to K < &/2, £ < & /2, compared
with the range in (8-1). Indeed, from the description of Ag ¢(£/2 cos?t,1) following
(7-27), we see that £ < Y, g < &/2, while for K we have
1 KLy— K¢ 5
S 2

K < + <Yk <
L¢_ 1Ly Ly

and similarly for £ = 0.

Proof of Proposition 15. Consider I = [«, ) with N =[Q4], |[I|=N"1~ Q~4,
If=le-—Q ¥ g+Q ¥l and I~ =[a + Q—d’, B—Q~], where

0<d_ <d/ - <L

Partition the interval [0, 1) into the union of N intervals I; = [}, aj41), with
[I;]=N —1 as above. Associate the intervals Iji to I; as described above. Set

Ry = {(v.v) eRY 1y £y},
RY o) =#{(y.v) €N, :0< Q% (0, —6,) <& W(y). V() e},
RTLE) =#{(r.y) €N, 0K QX0 —0,) <E W) el} (=R H()),
RY o &) =#{(r. ) € R, 10K QYW (YY) — () <E W), ¥(Y) e},
Ry &) =#{(y.y) €N, 0< QX W(Y) = W(y) <E, y_.ys e},
Ry E) =#{(y,y) €N, :0< QUG — (y) <& y_.yy €1}

N
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Expressing 0, — 6, and W(y') — W(y) via the mean value theorem, we find

R o(3(1+aNE) SR o (&) <RY o (5(1+ D). (8-3)

Lemma 16. The following estimates hold:

=z

N N
(i) D9 o) SRGE) =Y R)7p®) <Y RY H®) +0(Q I’ Q).
j=1 j=1

j=1
(i) RY &) =R} 5E) +0(Q" In? Q).

Proof. The first inequality in (i) is trivial. For the second one, note first that the
total number of pairs (y, y’) with 0 < 6,, — 6, < £07? and gqq’ Qd/, with
y-=p/qandy, =p'/q’, is K¢ Qd(Q" In 0)(Q1n Q). For y with gq' > 0™,
use V(y)—B<Y(y)—V¥(y)<1l/qg’ <O~ —d' 50 v(y')e I]+. The proof of (ii)
is analogous. ([

Lemma 16 and (8-3) yield

=

N
SR (A0 +adE) <R E) < Z L (b1 a2, )6) + 0,(Q'5+%),
j=I

To estimate %?Q(S) we repeat the previous arguments for a short interval /
as above. Adding everywhere the condition y_, y; € I, we modify QRr”é by ?le 0
and Rf, by R}, in Lemma 5, R{}" by R/}, and R{}" by R} in Lemma 6. The
additional condition p/q, p'/q’ € I is inserted in (7-2). The condition 0 < p’ < ¢’
is replaced by g’a < p’ < ¢'B in (7-4) and (7-24), and 0 < p < ¢ is replaced by
qa < p < gpB in (7-4). The condition v € [0, ¢'] is replaced by v € [¢'®, ¢'B) in
the definition of Qs 4/ ¢, and Q) ¢ .. The bodies Sy ¢ and Tk ¢,¢ are substituted,
respectively, by S7 a¢ and T k ¢ ¢ after replacing the condition z € [0, 1] in their
definitions by z € [«, B). The analogs of (7-20) and (7-27) hold:

dt dt
VOI(SI,M,S)Z/BM(SJ)—z, VOI(TI,K,1,§)=fAK,z(§,l) 5. (84
] cos? ¢ It cos? ¢

The approach from Section 7 under the changes specified in the previous para-
graph leads to

Q2
IQ(S)—RIQ(§)+R p(&) = @ ), F(, f)

with the pair correlation kernel F (&, t) defined by (8-1). We also have

+ 0 (Q23/12+8)
(8-5)

RYY o (&) = Ry (&) + 0 £(Q¥/174 4 0>, (8-6)
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The analogs of Lemmas 5 and 6 yield, upon (8-5) and (8-6),

Q2 —1/3 dt 23/124¢ey _ gp®.b
Ry o) = ‘@ o, FE+0(Q71),1) ——+ 0:.:(Q ) = %H’Q(éi);
The analog of Corollary 4 and (8-7) yield
Ry €) =Ry 5 E + 007 + AT H(0Q71) + 0€(Q7/4+8)
2
-2 (FE+0Q "™, n+F ' ;))) (0124
¢2) Juan-11

=2} o®. @8)

As shown in Section 7, the function F is C! in &, thus (8-8) gives actually?

Q2 23/12+¢ b
= t Ot ¢ . 8-9
Q(S) @ ), F(, ) T (Q )= ,+’Q(§) (8-9)
Lemma 16(i), (8-9), and the fact that F € C'[0, c0) yield
_ Q2 23/12+4¢ 2—d'
Wo® =05 | £c(0 + 0 =&Y ,(®).

tan I (8—10)

Let also w; = tan~! o j- From (8-10) and (8-3) we further infer

Q2 ®jt1

dt 23/12+¢ 2—d'
] FOFahs ) ot 00 4 07
<

R o(6) < 97#;+ (€)

Q2 @+l F(L(1 42, )e. ) d +0 (BN 4 2=d'y,
NT0) o oo
Employing also
Wjy1 dt @j+1 dt
1 2 _ 1 2 NN
/w, F(E(I—I—O{j)‘é,t)m_/wj (FGQ+an? g, 1)+0(@;1 w]))coszt

and (w41 — a)j)2 < Q*Zd, we find that

&) = o F(3(1+tan’ 0, 1) A 00PNy =3 ().
e %) 2 cos?t ’ 1.0
This, together with Lemma 16(i), yields the equality from Proposition 15. ]

2The argument from Section 7 applies before integrating with respect to ¢ on [0, 7 /4], showing
that F is C'.
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8.2. Explicit formula for gzm. Next we compute the derivatives Bj, (&), thus prov-
ing Corollary 1. We also obtain the explicit formula (8-11) for g%l on a larger range
than in Corollary 1, after computing the derivative A’K’O(S).

Lemma 17. For M € G, let T =Ty, Z = Zy as in (3-1). The derivative B),(§) is
given by

lln( T+VT?2—4 )
482 \T74 /T2 —4-¢2
ua ((T+M)2(T—,/T2—4—52)

if§<2Z,

—F In
82 (4+472)(T +JT2—4—£2)
T (T +T?—4)?
— 1 if€ > /T?—4.
8e2 n( 414722 ) s
Proof. Using (8-2), we proceed as in the proof of Lemma 13:
By (&) T /”/2 £ 1 sin(20 — )| 50
Mg )y \UT7—=2 Ur+cos(20 —6y) Ur+cosQ0—6u)),

where Ur = T /~/T? — 4, and 0y € (0, 7/2) has sin 0y =2Z/~/T* — 4. Applying
Lemma 11, we obtain

, . 15in(26 — 04|
By)=— do,
482 J; Ur + cos(20 — 0y)

with I = {0 € (0,7/2) : |sin(20 —Oy)| < £//T? —4}. Clearly I = (0, 7/2)
when & > /T2 —4, and if § < VT2 —4, let o = a(§) € (0, 7/4) be such that
sin2a =& /+/T% — 4. Then

E<2Z e a<Oy/2e>1=[0/2—a, 0y/2+al,

27 <ESVT2 -4 a e[y/2, 7/4]
e 1=10,00/2+alU[7/2+60u/2 —a, 7/2],

and the integral is easy to compute. For M = ((1) }) and & = 3, the region with area

By (§/2,0) is the one hatched vertically in Figure 6. (]

A similar computation using (8-2) shows that A/K,o(f) is given by
0 if § <2K,

(1+x2)(1+(x2_K)2) '
(1 +x;2)(1 + (1 — K)z)) if £ € 2K, KVK2+4],

In(1+ K?) if & > KVK?+4,

where x, > x; are the roots of

T 2 1

x2(E+2K) —2xK(E+K)+EK>+1)—2K =0.
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By the last paragraph in Remark 14, the body 71 ; ¢ is empty, so A;1(§) =0, and
we have an explicit formula on a larger range than in the introduction:

(=€) =%(Z BM&HA&,O@)), 0<g<4 1D
Me6
We can now explain the presence of the spikes in the graph of g%‘ in Figure 1.
The function B}, (£) is not differentiable at § =2 F and +/ T? — 4, while the function
Al o(&) is not differentiable at £ = 2K and / (K2 +2)2 — 4. At the point & = /5,
two of the functions Bj,(£), as well as A/l,o@)’ have infinite slopes on the left,
which gives the spike on the graph of g%‘(x) at x = (3/4m)/5.
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