Algebra &
Number
Theory

Volume 8

i}
WWel®sl sn u "sl B



Algebra & Number Theory

msp.org/ant

EDITORS

MANAGING EDITOR

Bjorn Poonen

Massachusetts Institute of Technology

Georgia Benkart
Dave Benson
Richard E. Borcherds
John H. Coates

J-L. Colliot-Thélene
Brian D. Conrad
Hélene Esnault
Hubert Flenner
Edward Frenkel
Andrew Granville
Joseph Gubeladze
Roger Heath-Brown
Craig Huneke
Yujiro Kawamata
Janos Kollar

Yuri Manin

Barry Mazur
Philippe Michel

Susan Montgomery

Cambridge, USA

EDITORIAL BOARD CHAIR

David Eisenbud
University of California
Berkeley, USA

BOARD OF EDITORS

University of Wisconsin, Madison, USA
University of Aberdeen, Scotland
University of California, Berkeley, USA
University of Cambridge, UK

CNRS, Université Paris-Sud, France
University of Michigan, USA

Freie Universitit Berlin, Germany
Ruhr-Universitit, Germany

University of California, Berkeley, USA
Université de Montréal, Canada

San Francisco State University, USA
Oxford University, UK

University of Virginia, USA

University of Tokyo, Japan

Princeton University, USA
Northwestern University, USA

Harvard University, USA

Ecole Polytechnique Fédérale de Lausanne

University of Southern California, USA

Shigefumi Mori
Raman Parimala
Jonathan Pila
Anand Pillay
Victor Reiner

Peter Sarnak
Joseph H. Silverman
Michael Singer
Vasudevan Srinivas
J. Toby Stafford
Bernd Sturmfels
Richard Taylor
Ravi Vakil

Michel van den Bergh

Marie-France Vignéras

Kei-Ichi Watanabe
Efim Zelmanov
Shou-Wu Zhang

RIMS, Kyoto University, Japan

Emory University, USA

University of Oxford, UK

University of Notre Dame, USA
University of Minnesota, USA
Princeton University, USA

Brown University, USA

North Carolina State University, USA
Tata Inst. of Fund. Research, India
University of Michigan, USA
University of California, Berkeley, USA
Harvard University, USA

Stanford University, USA

Hasselt University, Belgium

Université Paris VII, France

Nihon University, Japan

University of California, San Diego, USA
Princeton University, USA

PRODUCTION
production@msp.org
Silvio Levy, Scientific Editor

See inside back cover or msp.org/ant for submission instructions.

The subscription price for 2014 is US $225/year for the electronic version, and $400/year (4-$55, if shipping outside the US)
for print and electronic. Subscriptions, requests for back issues and changes of subscribers address should be sent to MSP.

Algebra & Number Theory (ISSN 1944-7833 electronic, 1937-0652 printed) at Mathematical Sciences Publishers, 798 Evans
Hall #3840, c/o University of California, Berkeley, CA 94720-3840 is published continuously online. Periodical rate postage
paid at Berkeley, CA 94704, and additional mailing offices.

ANT peer review and production are managed by EditFLow® from Mathematical Sciences Publishers.

PUBLISHED BY
mathematical sciences publishers
nonprofit scientific publishing
http://msp.org/
© 2014 Mathematical Sciences Publishers


http://dx.doi.org/10.2140/ant
mailto:production@msp.org
http://dx.doi.org/10.2140/ant
http://msp.org/
http://msp.org/

ALGEBRA AND NUMBER THEORY 8:5(2014)
dx.doi.org/10.2140/ant.2014.8.1045

Polarization estimates for abelian varieties
David Masser and Gisbert Wiistholz

In an earlier paper we showed that an abelian variety over a number field of fixed
degree has a polarization whose degree is bounded by a power of its logarithmic
Faltings height, provided there are only trivial endomorphisms. Here we greatly
relax the endomorphism hypothesis, and we even eliminate it completely when
the dimension is at most seven. Our methods ultimately go back to transcendence
theory, with the asymmetric geometry of numbers as a new ingredient, together
with what we call the Severi—-Néron group, a variant of the Néron—Severi group.

1. Introduction

In this paper we address the following question: is the polarization of an abelian
variety determined by arithmetical data? More precisely, if A is an abelian variety of
fixed dimension defined over a fixed number field, is there necessarily a polarization
on A whose degree is bounded in terms of the Faltings height of A?

So formulated, the question has the easy answer, “yes”. For a fundamental
finiteness result states that, up to isomorphism, there are only finitely many such
abelian varieties with a bounded height, and then we can choose a polarization on
each of them. However, this argument fails to give any kind of explicit estimate for
the degrees of the polarizations.

Taking into account the applications of transcendence theory to abelian varieties
in recent years, in particular our papers [Masser and Wiistholz 1993a; 1993b; 1993c;
1994; 1995a; 1995b], one may conjecture that these degrees are bounded by an
expression of the form C max{1, 7(A)}", where h(A) is the absolute logarithmic
semistable Faltings height of A (see, for example, [Faltings 1983] or [Bost 1996a]),
7 depends only on the dimension of A, and C depends only on this dimension
together with the degree of the field of definition of A.

The object of the present paper is to establish this conjecture in almost all the
cases of interest to algebraists or arithmetic geometers. It was already proved in
[Masser and Wiistholz 1995a, Corollary, p. 6] when the endomorphism ring of A is
trivial. In general suppose that A is defined over a number field k, and write End A

MSC2010: primary 11G10; secondary 11J95.
Keywords: abelian varieties, estimating polarizations.
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for the ring of endomorphisms defined over the algebraic closure k of k; this is an
order in the algebra Q @ End A over the rational field Q. If A is simple, this algebra
is a division algebra whose center is a number field. Our main result can be stated
as follows.

Theorem 1.1. For positive integers n and d there is a constant w depending only
on n and a constant C depending only on n and d with the following property. Let
A be an abelian variety of dimension n defined over a number field k of degree d.
Suppose that A is simple over k and that Q ® End A is commutative or its center is
totally real. Then A has a polarization over k of degree at most C max{1, h(A)}".

In fact the above hypotheses on the endomorphism algebra correspond precisely
to the types L, II and III in Albert’s famous classification, together with type IV
in the commutative case. This remark is already enough to establish the above
conjecture for simple abelian varieties in infinitely many dimensions and all abelian
varieties, not necessarily simple, in small dimensions. For example, we will deduce
the following consequences.

Corollary 1.2. For a positive squarefree integer n and a positive integer d there
is a constant 7w depending only on n and a constant C depending only on n and d
with the following property. Let A be an abelian variety of dimension n defined
over a number field k of degree d. Suppose that A is simple over k. Then A has a
polarization over k of degree at most C max{1, h(A)}".

Corollary 1.3. For a positive integer d there is a constant C depending only on d
with the following property. Let A be an abelian variety of dimension at most
defined over a number field k of degree d. Then A has a polarization over k of
degree at most C max{1, h(A)}*, where 1 is an absolute constant.

In all of the above results the quantity C max{1, #(A)}* can readily be replaced
by Comax{d, h(A)}* with Cy independent of d; see the remarks in [Masser and
Wiistholz 1995a, p. 23]. A more interesting problem is to prove that A has a
polarization over k itself of small degree in the above sense, but this seems not
to follow from our methods. At any rate we may note that all polarizations of
an abelian variety of dimension n defined over a field k of characteristic zero are
automatically defined over an extension of k of relative degree at most 316n; gee
[Masser and Wiistholz 1993a, Lemma 2.3, p. 415].

Our original motivation for estimating polarizations was to extend the isogeny
estimates of [Masser and Wiistholz 1993b], for polarized abelian varieties, to unpo-
larized abelian varieties, simply by providing the latter with explicit polarizations.
In fact we solved this isogeny problem in a completely different way in our paper
[Masser and Wiistholz 1995a]. Nevertheless we feel that our conjecture has enough
independent interest to justify the present paper. And similar problems over finite
fields have been studied by Howe [1995].
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Actually the proof of our theorem relies heavily on the methods and results of
[Masser and Wiistholz 1995a]; in particular we need discriminant estimates and
factorization estimates. This paper is based ultimately on the work of [Masser and
Wiistholz 1993a], which involves techniques from the theory of transcendental
numbers. By contrast, the deduction of our present results from those of [Masser
and Wiistholz 1995a] is by purely algebraic methods, together with the geometry of
numbers. More precisely, the necessary positive definiteness properties of our polar-
izations are established using tools from the so-called asymmetric geometry of num-
bers. For endomorphism algebras of types I, III and IV it suffices to use a theorem
of Chalk, but for type II we have to develop what seems to be a new generalization
to number fields of a theorem of Blaney. All these results are recorded in Section 2.

In Section 3 we prove some elementary properties of discriminants in quaternion
algebras and CM-fields, and in Section 4 we give some analogous results for the
cross-discriminants introduced in [Masser and Wiistholz 1995a]. Only instead of
considering the full set Hom(A, A) of homomorphisms from A into its dual A
we have to restrict to its subset the Néron—Severi group NS(A), as well as to a
certain complement, which for want of a better name we call the Severi—Néron
group SN(A). Also in this section we record the necessary facts about Albert’s
classification and the representations of the corresponding endomorphism algebras.
Some of this material is borrowed from an article of Shimura [1963].

Then in Sections 5 and 6 we obtain our purely algebraic estimates for polarizations
on complex abelian varieties; this enables us to postpone the appeal to [Masser and
Wiistholz 1995a] until Section 7, where we establish our theorem and its corollaries.

Of course our results are not quite complete; in fact to prove the full conjecture
it remains only to treat simple abelian varieties in the noncommutative case of type
IV. We hope to return to this problem in a later paper. For the moment it is perhaps
amusing to speculate on whether our conjecture holds with = = 0; for example,
does every abelian variety of dimension 2 defined over @ have a polarization whose
degree is bounded by an absolute constant, say 10'°?

And finally we should say something about effectivity. As usual the exponents
7 in our results are not only effective but also explicitly computable, as already in
[Masser and Wiistholz 1993a; 1993b; 1995a]. The effectivity of the coefficients C
is known for some time since the work of Bost [1996b]. At any rate the algebraic
estimates of our own Sections 2—6 are all completely explicit and it is not until
Section 7 that we appeal to [Masser and Wiistholz 1995a].

Some of this work was written up while the first author was visiting Gottingen
and Erlangen in 1991 (sic), and he would like to thank S. Patterson and H. Lange
for hospitality. Since then the work has been mentioned by Bost in his 1994-95
Séminaire Bourbaki talk [Bost 1996b, p. 126], as well as in [Masser 2006] and
[Baker and Wiistholz 2007, p. 164].
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Recently E. Gaudron and G. Rémond [2013] sent us a manuscript in which they
complete our results. They use the general strategy and methods laid down in our
papers [Masser and Wiistholz 1993a; 1993b; 1993c; 1994; 1995a; 1995b], but their
details appear to differ from ours. Thus our work is of independent value, not least
in our use of the asymmetric geometry of numbers. This topic is relevant to class
number problems for quadratic forms over number fields and in our context it brings
to the fore some interesting side questions.

2. Asymmetric geometry of numbers

For a positive integer £ let E be a lattice in the real Euclidean space R’ with
determinant d(E). If d, ..., d; are positive real numbers with d; --- dy = d(E),
Minkowski’s theorem in the geometry of numbers (see, for example, [Gruber and
Lekkerkerker 1987, Theorem 3, p. 43]) provides nonzero (£y, ..., &) in E with

&1l <d, ..., |&]| <d,. (2-1)

An asymmetric version of this was established by Chalk; it provides instead
(&1, ..., &) in E with

£1>0,...,86 >0, [§ - &l =d(E) (2-2)

(see, for example, [Gruber and Lekkerkerker 1987, corollary, p. 598] for a proof of
Chalk’s original theorem for grids). Note that it is not possible to localize further
as in (2-1).

Our first application of these results is as follows. Let K be a totally real number
field of degree m, and denote by ¢y, ..., ¢, the different embeddings of K into
the real field R. For & in K write N(§) = &% ... E%n and T(§) = &P + ... +- &P
for the norm and trace, respectively, from K to Q. If O is an order in K we define
in the usual way its discriminant d(0) as the determinant of the matrix with entries
detT(&,&)), (1 <i, j <m), where &, ..., &, are elements of any basis of O over
the rational integers Z. Since K is totally real, it is easy to see (for example, as in
the proof just below) that d(0O) is positive.

Lemma 2.1. For any nonzero o in K there exists & in O such that o& is totally
positive and |N (§)| < d(0)'/2.

Proof. Let uy, ..., u, be the signs of 6?1, ..., 0% . As & runs over O, the vectors
(&P, ..., u,,&%n) describe a lattice E in R”, and it is straightforward to check
that its determinant d(Z) satisfies (d(Z2))? = d(0). The desired result now follows
at once from (2-2). O

Next let n be a positive integer (soon to disappear, so that there is no danger of
confusion with n = dim A in Section 1). Let F be a field (also soon to disappear),



Polarization estimates for abelian varieties 1049

and let Q be a quadratic form on F" over F. This has a discriminant d(Q) in
F defined as the determinant of the matrix with entries Q(e;,e;) (1 <i, j <n),
where Q also denotes the associated bilinear form, and ey, ..., ¢, are elements of
the standard basis of F”* over F.

Suppose for the moment that K = () and F = R. If Q is nondegenerate and not
negative definite a theorem of Blaney [Gruber and Lekkerkerker 1987, Theorem 4,
p. 471] shows how to find small positive values of Q on Z". Namely, there exists
(&1, ..., &,) € 7" such that

0< Q& ..., &) <2"Nd()|'".

Our purpose in the rest of this section is to obtain generalizations of this result
to arbitrary totally real fields K, with totally positive values of Q on 0" for some
order O of K. For applications it suffices to restrict ourselves to n < 3 and forms Q
defined over K (the latter is not in fact a genuine restriction). In that case the real
conjugates Q%', ..., Q% each have a certain signature, and it seems necessary to
assume that these are all the same. If this common signature is u, we say that Q
has total signature u.
We start with totally positive definite binary forms.

Lemma 2.2. Let Q(x, y) be a binary quadratic form over K with total signature
(+4). Then there are &, n in O such that g = Q(&, n) is totally positive and

N(g) <2™d(0) IN(@(Q))]'/>.

Proof. Completing the square on each of the positive definite conjugates of Q, we
find real numbers a;, b;, ¢; such that

0% (x,y) =a;((x —biy)* + (c;y)?) (1 <i<m). (2-3)
In particular

d(Q?)=a?c? >0, a;>0 (1<i<m), (2-4)

1

and we can also suppose ¢; > 0 (1 <i <m). Now, as &, n run over O, the vectors
(2 —bin® 0, . EP —ban®, P
describe a lattice Z in R>", and it is easy to see that
d(E) = (d(©)"?)* = d(0).

Define C by
C¥ =c¢y -+ ¢cpd(0); (2-5)

then it follows from (2-1) that we can find &, 5 in O, not both zero, with
§% bl <C, ¥ <Clc (1<i<m).
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So (2-3) gives
0< Q%% n?) <2C%; (1<i<m).
Hence ¢ = Q(§, n) is totally positive and
N(g) =2"C*"ay --- a =2"d(0) IN(d(Q))|'/?
by (2-4) and (2-5). This completes the proof. (]
The analogue for totally indefinite forms seems to lie a little deeper.

Lemma 2.3. Let Q(x, y) be a binary quadratic form over K with total signature
(4 —). Then there are &, 11 in O such that g = Q (&, n) is totally positive and

N(q) <2"d(0) IN@d(Q)]'"*.

Proof. This time we factorize each indefinite conjugate as

Q% (x, M) =ai(x —biy)(x —ciy) (1=<i=m)
for real a;, b;, c;; in particular

d(Q?) = —3ai(bi —c)* <0 (1 <i=<m).
Now, as &, 1 run over O, the vectors
(7 —bin™ a1 " — ™). .. &P — b an (" — cp®))

describe a lattice E in R*" with

d(E)=lar -+ aml by —c1| -+ |bm — cm| d(0).

So Chalk’s theorem (2-2) applied to E gives us in a similar way the desired estimate.
This completes the proof. (]

To extend these results to ternary forms we need a couple of elementary obser-
vations. For an order O in K recall from [Masser and Wiistholz 1995a, p. 8] the
class index i (0) = i1 (0), which is the smallest positive integer / such that every
0O-module of rank 1 in O contains a principal 0-module of index at most /.

Lemma 2.4. Given elements &, n in O there are i, v in O with
0<|NW|<i(©)’

such that
VM COucCM

for M = Of 4 On.
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Proof. Of course u plays the role of a highest common factor of £ and . If £ and
n are both zero then the result is trivial with © =0, v = 1. Otherwise M has rank 1
and so there is u # 0 in M with

[M:0p]=1<i(0). (2-6)

Let L be the O-module of all A in O such that AM C Ou. Again thereis v #0in L
with
[L:0v]=1 <i(0). 2-7)

Now L = Lg N L,, where L is the set of all A in O such that A¢ is in Ou. So
[0:L]1=[0:Lel[Le: LeNLy] <[0:Lg][O: Ly]. (2-8)
Also for any ¢ in M we have
[0: L] =1[0¢:00N0u] < [M:0ul=1,
s0 (2-8) gives [O: L] <1 2, Finally this together with (2-6) and (2-7) leads to
[0:0v]=[0: L][L:0v] < I*I' <i(0),

and since the left-hand side is |N (v)| (see, for example, [Reiner 1975, Example 3,
p. 231] the proof is complete. U

Next we say that a row vector v in 03 is O-primitive if every nonzero A in K
with Av in 03 satisfies [N (1)| > 1.

Lemma 2.5. Suppose that vy in 03 is O-primitive. Then there are vy, vy in 0> such
that vy, vy, vy form a matrix V with

0 < |N(detV)| <i(0)°.
Proof. Let vy = (£o, 10, $o). By Lemma 2.4 there are u, v in O with
0<|NW)|<i(0)? (2-9)

such that
VM COucCM (2-10)

for M = 0&y + Ong. In particular there exist &1, n; in O with u = n&y — €119, and
we define v; = (£1, 11, 0) in 0. Again by Lemma 2.4 there are i/, v in O with

0 < |NOW)| <i(@)° (2-11)

such that
VM cou' <M’ (2-12)

for M’ = O+ 0¢p. In particular there exist o, T in O with &' = o u+1t&. By (2-10)
the numbers & = —vtéy/u, ny = —vrne/p are in 0, and so vy = (&, 12, oV) is
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in 03. Now we can quickly check that the rows vy, vy, v, form a matrix V with
det V. = vu/; and this is nonzero since 1’ = 0 would imply vg = 0, contradicting
primitivity.

It remains to verify the upper bound for | N (det V)|. But (2-10) and (2-12) show
that Avg is in 02 for A = vv’/u/, so primitivity gives [N (u)| < |N(vv’)|. Therefore

IN(det V)| < [N(vD)] <i (@)’
by (2-9) and (2-11); and this completes the proof. O

If 0 happens to be a maximal order, a more natural proof of Lemma 2.5 might
be obtained using the projectivity of torsion-free O-modules. But this does not
seem quite straightforward, since our definition of primitivity does not quite imply
that 03 /Oy is torsion-free. Further the extension to nonmaximal orders appears to
involve exponents of i (0) depending on m = [K : Q].

In practice we shall estimate i (0) by d (0)!/2, as in the class index lemma of
[Masser and Wiistholz 1995a, p. 8] for e = 1.

At last we can extend the earlier results of this section to ternary forms.

Lemma 2.6. Let Q(x, y, z) be a ternary quadratic form over K with total signature
(+——). Then there are &, n, ¢ in O such that g = Q(&, n, ¢) is totally positive and

N(g) <2*"d(0)°|IN(d(Q)|'>.

Proof. We follow closely the method in [Gruber and Lekkerkerker 1987, p. 471].
Since K is dense in R® K it is easy to see that Q takes totally positive values on
K3 and so also on 03. The norms of these latter values are rational numbers with
bounded denominator and so form a discrete set. Thus we can find vy = (&9, 19, o)
in 03 at which the value qo = Q (o, no, ¢o) is totally positive with minimal norm,
say No = N(qo). Then vy must be O-primitive, otherwise we could find a value with
strictly smaller norm. We express the variables x, y, z in terms of new variables
x',y', 7 using the matrix V of Lemma 2.5. So if the new form Q’ is defined by
Q'(x',y,7)=0Q(x,y, z) we now have go = Q'(1, 0, 0). Completing the square
on g, LO’ gives

7% Q' (. y. )= (¥ +ay +87)’ + 01 (. 7)
for a, B in K and a binary form Q1 over K. Since g is totally positive and Q' has

total signature (4+ — —), it follows that O has total signature (— —). Lemma 2.2
applied to —Q; gives 1/, ¢’ in 0 with ¢; = Q1(n’, ¢’) totally negative and

IN(q1)] <2"d(©) INd(Q)|'?.
Now

d(Q1) =q,°d(Q), d(Q)=(detV)*d(Q)
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and so the estimate of Lemma 2.5 and the class index lemma lead to
IN(gD)| < 2" Ny >2d(©"2IN (@) (2-13)

Next define a third form over K by
QN(X”, y//) — qo—l Q,(X”, n/y//’ {ly”) — (x// + 7/-))//)2 +q] (y//)Z

for some y in K. This has total signature (+ —). So Lemma 2.3 gives &”, n” in O
with ¢” = Q" (¢", n) totally positive and N (¢”) < 2"d(0) [N (d(Q"))|'/?. Using
the estimate (2-13) for d(Q") = g1 we find that

N(g") < 2>"2N;>*a(0) 4N @014 (2-14)

Finally g = Q'(£”, n'n", ¢'n"") = qoq” is a totally positive value of Q' on 03 and
so a totally positive value of Q on 03. Therefore minimality implies Ny < N(g), or
N(g") = 1. Now (2-14) leads at once to the required upper bound for Ny, and this
completes the proof. O

Lemmas 2.2, 2.3, and 2.6 above are all partial generalizations of Blaney’s theorem
from the rationals to totally real number fields. There is no difficulty in extending
the induction argument, as in [Gruber and Lekkerkerker 1987, p. 471], to any
number of variables, provided one assumes that Q has a total signature which is
not negative definite. But it does not seem straightforward to prove the analogous
results under the weaker and more natural hypothesis that no conjugate of Q is
negative definite.

3. Quaternion algebras and CM-fields

As in the preceding section, let K be a totally real number field of degree m. Let
D be a quaternion algebra over K; that is, a noncommutative algebra over K of
dimension 4 with center K. For a finitely generated additive subgroup I'" of D
of rank r we define the discriminant d; (I") as the determinant of the matrix with
entries T1(y;v;) (1 <i, j <r), where yy, ..., ¥, are elements of any Z-basis for I",
and 7 denotes the trace from D to Q obtained for example through left (or right)
regular representations. We also have for all § in D

T1(8) =2T(tr §), 3-1)

where as before T is the trace from K to (2 and now tr is the reduced trace from D
to K; see, for example, [Reiner 1975, Example 5, p. 7 and Equation (9.7), p. 116] .
There is a canonical involution pg on D defined by

po(d) = (trd) —4 (3-2)
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for all 6 in D. Its fixed space, consisting of all § with po(§) = 8, is just K; while
its antifixed space, consisting of all § with py(6) = —3, is a K-vector space E of
dimension3. So D=K @ E.

The following result specifies the ternary quadratic form to which Lemma 2.6
will eventually be applied. Denote the reduced norm from D to K by

nm§ = §p9(8) = po(8)8,
and let N as before be the norm from K to Q.

Lemma3.1. Ifa, B, v are elements of E linearly independent over K , the quadratic
form

Q(x,y,2) = —(xa +yB+zy)> = nm(xa + yB +zy)
satisfies

Nd(Q)) = (—=1)"d\(M)dy(0) (3-3)
for any order O in K, where M = 0o &0 @ Oy.

Proof. If &y, . . ., &, are elements of a Z-basis for O, then for any A in K the matrix
with entries 71 (§;&;1) (1 <1i, j <m) has determinant d;(O)N (1). We can find a
K -basis of E consisting of elements «g, Bo, yo satisfying the standard quaternion
relations

=& Bi=n, yo=a0fo=—Pox

for &, n in K, and now (3-3) follows after a short calculation with «g, 8o, 1 in
place of «, B, y; in fact both sides have the value N (£7)>.

Next let «, 8,y in E be such that M = Ox & O @ Oy is a submodule of
My = Oag & 0By b Oy, so that «, B, y are related to ag, Bo, Yo by means of a
nonsingular matrix V over O. If we can check that

N (det V)| =[My: M], (3-4)

then both sides of (3-3) change by the square of this quantity on replacing My by
M, so (3-3) follows for «, B, y.

Now (3-4) should be in the literature, but we could not find an exact reference. It
can be verified ad hoc by picking a Z-basis of O and for each A in K writing V,, for
the matrix in the corresponding right regular representation; then if V has entries A,
the index [M( : M] is the absolute value of the determinant of the matrix with blocks
Vi. By [Reiner 1975, Example 3, p. 7] this determinant is just N (det V). See also
[Reiner 1975, Example 3, p. 231] for another approach. Or one can compare the
maximal exterior powers of M and Mj; these have the shape P (det V), % for an
O-module & of rank 1.
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Hence (3-3) is established for any such «, 8, y. Finally the general case can be
reduced to this case simply by multiplying by a suitable positive integer; and the
proof of the present lemma is thereby complete. (I

Notice in this lemma that d; (0) is not quite the same as the d(0) in Section 2;
in fact
d1(0) =4"d(0) (3-5)

due to the differing traces.

Next let K be a CM-field over K; that is, a totally imaginary quadratic extension
of K. For a finitely generated additive subgroup I" of K| we define the discriminant
di (") as above using the trace T from K to (0. The analogue of (3-1) is

T1(8) =T (trd), (3-6)

where T is the trace from K to @ and tr is the (reduced) trace from K; to K. There
is a canonical involution pg on K, which we can identify with complex conjugation,
and (3-2) continues to hold. We define as before E as the antifixed space, so that
Ki=K®E.

Lemma 3.2. Let O be an order of either D or K. Then:
(a) |di(K NOy)| <2%|d(0y)].
(b) |di(ENGO| <2%"|di(0y)].

Proof. Suppose first that 0} is a maximal order. If Ok is the ring of integers of K
then Og O} contains O and so must be 0. In particular O is an Ok -order containing
Ok. So [Reiner 1975, Theorem 10.1, p. 125] shows that tr§ is in Ok for all § in 0.
In particular tré is in O, and now the identity 2§ = tr§ + (2§ — tr §) leads to

200 C(KNON®(ENO) €Oy

Since the summands are perpendicular with respect to the reduced trace, and
therefore by (3-1), (3-6) also with respect to 77, taking discriminants gives

2%1d, (01)] = |di (K NOD)| |di (E N0 = [di(01)].

Since all these discriminants are nonzero rational integers, (a) and (b) follow when
04 is maximal.
In general there is a maximal order O,, containing Oy, and

d1(01) = [0y, : 011%d1(O),
di(KNO))=[KNO,, : KNO*d;(KNGO,,).

But the second index above does not exceed the first index, so (a) follows in general;
and (b) is established similarly. This completes the proof. U
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4. Polarizations and representations

Let A be an abelian variety defined over the field C of complex numbers. Analyti-
cally A is isomorphic to the quotient of the tangent space Lie A at the origin by the
period group Per A defined as the kernel of the exponent1al map from Lie A to A.

We write A for the dual abelian variety of A. Then Lie A can be identified with
the space of all C-antilinear maps from Lie A to C, and Per A with the subgroup of
all such maps whose imaginary parts are integer-valued on Per A (see [Lange and
Birkenhake 1992, pp. 35, 73] or [Mumford 1974, p. 86]). Now a homomorphism
f from A to A takes an element z of Lie A to an element of Lie A which itself
takes (antilinearly) an element w of Lie A into an element R(z, w) of C. In this
way the group % = Hom(A, A) of all homomorphisms f from A to A is identified
with the group of sesquilinear forms R = R(z, w) (linear in z and antilinear in
w) on Lie A x Lie A whose imaginary parts are integer-valued on Per A x Per A.
The dual map f (corresponding to R(w, z)) is also in ¥, and we can identify the
Néron—Severi group N'=NS(A) with the subgroup of all such f satisfying f = f.
These correspond to Hermitian R. We shall also be interested in the complementary
group ¥ = SN(A) of all f with f = — f. For example, the sum of NS(A) and
SN(A) is direct, lying between 23¢ and €.

Interchanging A and A, we obtain in a similar way the groups

% =Hom(A, A), N =NS(A), ¥ =SN(A).

For f in # and f’ in %’ we denote by f’ f the composition in the ring End A of
endomorphisms of A.

Next let I', I'” be additive subgroups of ¥, #’, respectively, with the same rank,
say r. We define the cross-discriminant ¢(I'”, '), as in [Masser and Wiistholz
1995a, p. 15], as the square of the determinant of the matrix with entries T; (y/y;)
(1 <i,j<r),whereyi, ...,y and y/, ..., y/ are elements of Z-bases of I', I"’,
respectively, and 77 is the trace from @ ® End A to Q obtained through regular
representations.

From now on (except briefly in Section 7) we shall assume that A is absolutely
simple. The next lemma can be regarded as an analogue of Lemma 3.2.

Lemma 4.1. Suppose that End A has Z-rank €. Then:
(@) 1 <c(WN', N) <2%c(H, %).
(b) 1 <c(¥,9) <2%c(H, %).

Proof. Since # contains surjective homomorphisms (for example coming from
polarizations as in the discussion below), it is easy to see that both % and % have
Z-rank £. Further

2HCNDYLCH, 2% CN Y CH,
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and taking cross-discriminants gives
2%, 90 = cW @S NOF) =c(W e, ) z e, %) @-1)

provided we check that N and & (as well as N’ and &) are perpendicular with
respect to 77. But this trace is proportional (see [Masser and Wiistholz 1995a,
Equation (4.1), p. 14]) to the rational representation trace coming from homology,
which is itself proportional to the real part of the analytic representation trace Tr
(see, for example, [Lange and Birkenhake 1992, Proposition 2.3, p. 10]). Now pick
basis elements of Lie A and then basis elements of Lie A dual with respect to the
standard pairing. Then f in N corresponds to a Hermitian matrix F, and f’ in &’
corresponds to an antihermitian matrix F’. With the transposes F’, F"' we have

Te(F'F) =Tr(FF') =Tr(F"F') = — Te(F'F)

and so the real part of Tr(F'F) is zero. Hence N, ¥ are indeed perpendicular;
and similarly for N’, ¥. Now [Masser and Wiistholz 1995a, Lemma 5.1(b), p. 17]
and the nonvanishing of discriminants implies that c(%’, #) # 0. Since all the
cross-discriminants in (4-1) are rational integers, the inequalities of the present
lemma follow at once, and this completes the proof. ]

The next result generalizes [Masser and Wiistholz 1995a, Lemma 4.2, p. 16], at
least when B = A. Note that through composition # and ¢’ have natural structures
of right and left modules, respectively, over End A. We write deg é for the degree
of 6 in End A when it is an isogeny. As in Section 1 let n be the dimension of A.

Lemma 4.2. Let O in End A be an order of a division subalgebra of Q) ® End A.
Suppose that T in ¥ is a right O-module of rank 1 and that T in %' is a left O-module
of rank 1. Suppose further that c(I',T') #0and f' f is in O for every f in T and
f"inT'. Then there are f in T and f’ in T’ such that f'f is an isogeny with

deg f' f <c(I',I)".

Proof. There exists f in I with
[[:fO]1=1"<i'(0)

the right class index of O (see [ibid., p. 13]). And there exists f’ in I with
[I:0f1=1<i(0)

the left class index. The class index lemma of [ibid., p. 8], together with [ibid.,
Equation (3.11), p. 14], provides estimates for these class indices in terms of the
discriminant of O, which divides the discriminant d; (0) defined using the present
trace 71 (compare (3-5) above). We get

c(OFf', fO) = I*1%c(I,T) < dy(0)2c(I', T). (4-2)
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On the other hand the left side is the square of the determinant of the matrix with
entries 71(§;6¢;) (1 <i, j <r)for 6 = f'f and elements &, ..., &, of a Z-basis
of 0. Using the left (or right) regular representation of é in 0, we find (much as in
the proof of Lemma 3.1) that this determinant is Nd;(0), where N is the norm of §
from Q ® O to Q. In particular N # 0 so § is an isogeny. Finally comparison of
norms (see [Masser and Wiistholz 1995a, Equation (4.2), p. 14]) yields

N?" = (deg8)” > deg$,

and the present lemma follows from (4-2) after cancellation. This completes the
proof. U

The ultimate goal of this paper is to obtain information about the polarizations
on A. These may be identified with the subset Pol A of NS(A) corresponding to
positive definite Hermitian forms. Recall that every such polarization f gives rise
to its Rosati involution p on Q ® End A by the equation

p@®) = f78f. (4-3)

It is well known (see, for example, [Lange and Birkenhake 1992, Theorem 1.8,
p.- 120] or [Mumford 1974, Theorem 1, p. 192]) that p is a positive involution in
the sense that 7 (6p(8)) > O for all nonzero § in @ ® End A.

The existence of p provides a quick method for calculating NS(A). For multipli-
cation on the left by f~! gives a (noncanonical) identification of Q ® Hom(A, A)
with @ ® End A, and @ ® NS(A) corresponds to the fixed space of p (see [Lange
and Birkenhake 1992, Proposition 2.1(a), p. 122] or [Mumford 1974, p. 190]).
Similarly SN(A) corresponds to the antifixed space. Further, multiplication on the
right by f gives an identification of @ ® Hom(A, A) with @ ® End A; and now it
is @ ® NS (A) and Q ® SN(A) that correspond to the fixed and antifixed spaces,
respectively, of p.

Recall that A is absolutely simple. Then D =Q&®End A is a division algebra, and
we have the following fundamental classification due to Albert (see, for example,
the summaries in [Lange and Birkenhake 1992], [Mumford 1974], [Shimura 1963]
or the original papers [Albert 1934a; 1935a; 1934b; 1935b]).

Type I: D is a totally real number field.

Type II: D is a totally indefinite quaternion algebra over a totally real number
field.

Type III: D is a totally definite quaternion algebra over a totally real number
field.

Type IV: D is a division algebra, of dimension 2 say, over its center, which is a
CM-field.
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For each type the underlying totally real number field will be denoted by K,
and its degree by m. Let ¢y, ..., ¢, be the different real embeddings of K as in
Section 2. For a field F we denote by Jl.(F) the ring of square matrices of order
e over F, and we write U for the subring of ., (C) consisting of all ( _xy ;) The
operation of complex conjugate transposition defines an involution * on Jl.(R),
M, (C) and U, which we extend to m-fold products in the obvious way. We need
the following isomorphisms.

Lemma 4.3. Fix f in Pol A with Rosati involution p. Then the above real embed-
dings induce an isomorphism ¢ = (¢, ..., ¢n) from R® D to one of the following
rings (corresponding to the above types):

D R™ = (R)™,

1D Mo (R)™,
dam v,
V) M (C)™.
Further we have

P (p(8) = (8" (4-4)

for every § in R® D; and for every o in K, the matrix ¢; (o) is the identity multiplied
byo? (1 <i <m).

Proof. All except the last clause is contained in the discussions in [Lange and
Birkenhake 1992, pp. 133-141], [Mumford 1974, pp. 201, 202] or [Shimura 1963,
pp. 150-153, 155]. As for ¢(0), ..., ¢ (o), they must be in the centers of the
appropriate rings and therefore multiples of the identity matrix by some scalars.

Further these scalars must have the form o % e o9 for ¢i, ..., ¢, chosen from
1, ..., Pn. But since ¢ is surjective, qb{, ..., ¢, must be all different, and after a
permutation we can assume them to be ¢y, ..., ¢,. This completes the proof. [

We next extend ¢ to an analytic representation of R ® D on the tangent space
Lie A. Let ¢1, ..., ¢,, be the complex conjugates of the coordinates of ¢. For
matrices X in Jl.(C) with entries x;; (1 <1i, j <e), and Y in M, (C), define the
Kronecker product X ® Y in JM,;(C) as in [Shimura 1963, p. 156] or [Lange
and Birkenhake 1992, p. 249] to consist of blocks x;;Y (1 <1i, j < e). Also for
matrices X1, ..., X, define diag(X1, ..., Xx) as in this last reference, with blocks
X1, ..., X; “down the main diagonal”. Finally write [ (¢) for the identity in Jil,(C).

Lemma 4.4. Fix f in Pol A. There is a basis of Lie A such that the corresponding
analytic representation ® sends 6 in R® D to ®(§) = diag(D((6), ..., D, (5)),
with

@D @i(d) =¢i(6) @I (n/m) (1=i=<m),
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D) ®;(§) =¢i(6) @I (n/2m) (1 =i=<m),
D) ®;(6) =¢i() @I (n/2m) (1 <i=<m),
(IV) @;(8) = diag(¢i () @ 1 (ri), p:i(®) ® I(s;)) (1 <i <m)
for nonnegative integers r;, s; withr; +s; =n/em (1 <i <m).
Proof. See [Shimura 1963, pp. 156, 157]; of course if r; = 0 or s; = O then the
corresponding block in case (IV) should be omitted. O

The above result leads to the following for the Riemann form R(z, w) associated
with the polarization f, where now z=(z1, ..., z,)", w=(wy, ..., w,)" are column
vectors of C" identified with Lie A by means of the above basis.

Lemma 4.5. Fix f in Pol A; then with the basis of Lie A constructed above, the
Riemann form R(z, w) associated with f has the shape 7' Fw for

F =diag(Fy, ..., Fp)

with

(D) F;j ofordern/m (1 <i<m),

() F; =1Q2)Q F/ for F! of order n/2m (1 <i <m),
() F; =1(2)® F/ for F/ of order n/2m (1 <i <m),
(V) F; = diag(I(e) ® G;, I1(e) ® H;) for G;, H; of orders r;, s;, respectively

(1<i<m).
Proof. The equation (4-3) of p leads to
R(z, ®(§)w) = R(P(p(8))z, w)

for every § in End A. With r(z, w) = z’' Fw it follows from (4-4) that F d(8) =
®(8) F for every such 8, and so also for every § in R® D. Therefore F commutes
with every element of ®(R® D) = ®(R® D). The required forms are now easy
to work out; see, for example, [Shimura 1963, Formulae (32), (33), pp. 161, 162].
This completes the proof. (]

5. Preliminary estimates (i)

In this section we establish preliminary estimates for polarizations on simple abelian
varieties with endomorphism algebras of types I, III and the commutative case
e = 1 of type IV. These cases are especially easy to handle because there is only
one positive involution on D = Q@ ® End A (see [Lange and Birkenhake 1992,
Theorem 5.3, p. 135 and Theorem 5.6, p. 139] or [Mumford 1974, Theorem 2,
p- 201]). For type I it is the identity; for type III it is the canonical involution of
Section 3; and for type IV it induces complex conjugation on the center, so in
the commutative case it is also the canonical involution considered in Section 3.
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Therefore the totally real number field K is always the fixed space. For the rest of
this section we assume that A is simple corresponding to one of the above cases.
We write

0, =EndA, 0=KnNOj. (5-1)

Lemma 5.1. Suppose that f is in Pol A and ¢ is totally positive in 0. Then f¢ is
in Pol A.

Proof. Shimura [1963, Proposition 21, p. 185] gives a short elegant proof of
this based on Siegel’s theorem that ¢ is a sum of squares in K. The following
demonstration is more elementary.

By Lemma 4.5 the polarization f corresponds to the form z' Fw with

F =diag(Fy, ..., Fy)

(with respect to a suitable basis). So f¢ corresponds to the form z' F;w with
F; = ®(¢)'F. Now it follows easily from Lemmas 4.3 and 4.4 that

D) =) =diagt?I, ..., 1)
for I = I (n/m), and so
Fr =diag(¢?" Fi, ..., ¢ Fy).

Since f is a polarization, F is positive definite Hermitian. Therefore F1, ..., Fy,
are positive definite Hermitian. Since ¢ is totally positive, it follows that £?' Fy, ...,
¢%n F,, are also positive definite Hermitian. Hence F; is positive definite Hermitian,
and so f¢ is indeed a polarization. This completes the proof, which works even for
the noncommutative case of type IV. O

Lemma 5.2. The group N = NS(A) is a right O-module of rank 1; the group
N’ =NS(A) is a left O-module of rank 1; and ' f is in O for every f in N and f’
in N
Proof. The claims for N can be checked by noncanonically identifying Q ® ¥ with
D =Q®0; as described in Section 4; this identification respects the right D-module
structure. For type I every Rosati involution is the identity; so N' = #, ¥ = {0} and
everything is clear. For type III every Rosati involution p is canonical, so ¥, N,
& have Z-ranks 4m, m, 3m, respectively. So the asserted O-module structure of N
is obvious because p fixes 0. For the commutative case of type IV, every Rosati
involution is again canonical, so #, N', ¥ have Z-ranks 2m, m, m, respectively, and
again p fixes O.

The claims about N can be verified similarly by identifying Q ® #’ with D.
Finally let f be in N and f’ in N’. It is easy to see that @ ® N is generated by
polarizations. So in proving that § = f’f is in O we may assume that f is a
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polarization. Now using f = f and a similar equation for f" we find at once that
f~18f =6, so § is fixed by the Rosati involution. So it lies in K and therefore in
O as desired. This completes the proof. ([

We can now give our first preliminary estimate for polarizations. We write deg f
for the degree of f in # = Hom(A, A) when it is an isogeny (that is, when f # 0).

Proposition 5.3. Suppose that A is simple and its endomorphism algebra is either
commutative or a totally definite quaternion algebra over a totally real number field.
Then A has a polarization of degree at most 2'3™ ¢ (%', %)"d, (01)]".

Proof. From Lemma 4.1(a) we have c(N’, N') #£ 0. Now Lemma 5.2 above allows
us to apply Lemma 4.2 with I' = N, T" = N’ to find an isogeny f in N with
deg f < ¢(N’, N)". Again using Lemma 4.1(a) and the fact that £ < 4m in our
situation, we get

deg f < 2'mnc (¢, 9)". (5-2)

Now there is certainly some polarization f; so we deduce f = fo for some nonzero
o in K. By Lemma 2.1 there is a £ in O with £o totally positive and | N (£)| <d(0)'/2.
Also Lemma 3.2(a) together with (3-5) gives d(0) < 2%7"|d;(01)], and so we get

degé = |N (&)™ < N (&)™ < 2%™|dy (O)". (5-3)

It is clear from this and (5-2) that our proposition is established as soon as we verify
that f& is a polarization. But there is a positive integer s such that = so'& is in 0;
and now it follows from Lemma 5.1 that s f & = f¢ is a polarization. So f & is too;
and this completes the proof. (]

6. Preliminary estimates (ii)

We now deal with type II. This is harder because there are now many positive
involutions on D = @ ® End A; even worse, the canonical involution pg is not
among them. It is here that we need the considerations of Section 2 on quadratic
forms.

But first we recall the isomorphism ¢ from R ® D to Jl,(R)™ constructed in
Lemma 4.3 from a given polarization on A. We already have Equation (4-4), where
* denotes complex conjugate transposition extended to the m-fold product. We also
need the following remarks.

Lemma 6.1. For any § in R® D we have

¢ (po(8)) = (8)“,

where (—)“ denotes the adjoint involution extended to the m-fold product.
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Proof. The involution pg on R ® D induces via ¢ an involution i on M = M (R)™.
Since & + pg(8), p0(8) are both fixed by pp, they are in the center for every § in
R® D. It follows that X +i(X), X i (X) are both in the center of /M for every X in
JA. From this we conclude with a simple calculation that i (X) = X¢ for every X,
which is the assertion of the present lemma. (Il

For the next remark we recall the decomposition D = K & E of Section 3.

Lemma 6.2. Forany «, B, y in E linearly independent over K, the quadratic form

Q(x,y,2) = —(xa+yB+zy)’
has total signature (+ — —).

Proof. Fix rational numbers x, y, z; then

q=Q(x,y,2) =mpo(m)

for m = xa + yB + zy, so calculating ¢;(¢g) from both Lemma 4.3 and 6.1 using
MM* = (det M)I(2) on JM;,(R) shows that

Q% (x, y,z) = det¢; () = det(xg; (@) + ydi (B) + 2i(y)) (1 <i <m).

Since «, B, y are linearly independent over K, their images in R ® D are linearly
independent over R ® K and so their images by each ¢; in J>(R) are linearly
independent over R. Further their traces are zero, again by Lemma 6.1. But it is
easy to check that the determinant function evaluated on the zero trace subspace of
M7 (R) has signature (+ — —). The assertion of the present lemma is now evident,
and this completes the proof. O

Although py itself is not positive, it is known that every positive involution p on
D is defined by

p@8) =w ' po(8)o, (6-1)

where w is a nonzero element of D with w? in K and totally negative (see, for
example, [Lange and Birkenhake 1992, Theorem 5.3, p. 135], [Mumford 1974,
Theorem 2, p. 201] or [Shimura 1963, Proposition 2, p. 153]). A simple calculation
shows that w lies in E (not K). Let 2 C E be the set of such elements w. Our first
task is to find a small element of €2 in the order 0;. We keep the notation (5-1).

Lemma 6.3. There exists @ in 2N O with
IN(@)] <2"1d1(OD)].
Proof. Write M| = ENQO;. By Lemma 3.2(b) we have

|di(M)| < 2*"d1 (0y)]. (6-2)
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Now M is an 0-module of rank 3, so by the definition of the generalized class index
in [Masser and Wiistholz 1995a, p. 8] it contains a free O-module M =0axBOSHOy
with index [M; : M] < i3(0). By the class index lemma we have i3(0) <d (0)3/2,
and it follows using (3-5) and (6-2) that

|d\ (M)] = [M, : MP|dy(M))| <27%"d1(0)|dy (0))].
So by Lemma 3.1 the quadratic form

0(x,y,2) = —(xa+yp+zy)*
satisfies
IN(d(Q))| <27%"|dy(01)]. (6-3)

And by Lemma 6.2 it has total signature (+ — —). So Lemma 2.6 provides &, n, ¢
in O such that g = —@®? is totally positive for @ = £a +np + ¢y in Oy; and by (6-3)
N(g) <2*"d(0)°|di(01)]'.

Finally the desired estimate for | N (&)| = N(g)'/?, even with exponent % follows
from this together with (3-5) and Lemma 3.2(a); the proof is thereby complete. [J

We next give an analogue of Lemma 5.1; recall from Section 3 that tr is the
reduced trace from D to K.

Lemma 6.4. Suppose that f in Pol A has Rosati involution p given by (6-1) for
some w in 2.

(@) Then fo= fo~lisin Q® ¥, and we have
fo '8 fo = po(®) (6-4)
forevery § in D.

(b) Suppose further that o' is in Q. Thentre # 0 fore = w™'w'.

(c) Suppose in addition that € is in Oy with tre totally positive. Then fe€ is in
Pol A.

Proof. By the definition (4-3) of p we have
f8f =0 po®a (6-5)

for every 8 in D. Put § = w; we get f~'® f = —w, and using f = f we see easily
that the dual of fj satisfies ﬁ) = —fo. So fpis in Q ® ¥ as desired. Also the
formula (6-4) is immediate from (6-5). This establishes (a).

As for (b), we fix ¢ = (¢, ..., ¢n) corresponding to f as in Lemma 4.3, and
we start by proving that the matrices

Ei=¢i(e) (I1=i=m)
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in JM,(R) are symmetric. For (4-4) gives the relations
¢i (0™ po(€)w) = ¢i(e) (1 <i<m).

Also po(€) = w'w™!, and we end up with the desired symmetry properties.
Next by Lemma 6.1 we have

(det ENI = ¢;(€)¢i (po(€)) = pi (0 'w'0'0™") (1 <i<m)

for I = I(2). But > = ¢ and w? = ¢’ are both totally negative in K; thus
o 'o'w'w™! = o710’ is totally positive in K, and the above matrix is (o ~lo")% 1.

We deduce that
detE; >0 (1<i<m). (6-6)

If #; is the trace of E;, then we also have
t:1 = ¢;(€) +¢i (po(€)) =2¢; (1) =27%1 (1 <i <m) (6-7)

with 7 = tr e the reduced trace. Now t =0 would imply t;, =0 (1 <i <m), but the
trace of a symmetric matrix in Jl,(R) cannot vanish if its determinant is positive as
in (6-6). So indeed t # 0, and this establishes (b).

Lastly, suppose 7 is totally positive. We prove that Ey, ..., E,, are positive
definite. For (6-7) now implies that #; > 0 (1 <i <m), and it is easy to check that a
symmetric matrix in JM;(R) is positive definite if (and only if) its determinant and
trace are both positive. Thus E1, ..., E,, are indeed positive definite.

Finally from Lemma 4.5 we know that the polarization f corresponds to the
form z' Fw with

F =diag(Fy, ..., Fy),

where F; = I ® F/ for F/ of order n/2m (1 <i <m). As in the proof of Lemma 5.1,
the map fe corresponds to 7' Few with F, = ®(¢)' F, and we have

®(e) = diag(®y(e), ..., Pple))
with ®;(¢) = E; ® I' (1 <i <m) for I’ = I(n/2m). By symmetry we get

() Fi=(Ei®INIQF)=E®F (1<i<m),

so that

Fe=diag(E;®F{,...,E, ®F)).
Since F is positive definite Hermitian, so are Fi, ..., F,, and also F’ 1/ ..., Fl. We
have just seen that E1, ..., E,, are positive definite Hermitian (and even symmetric).

Now it is well known (and almost trivial) that the Kronecker product of two positive
definite Hermitian matrices is also positive definite Hermitian. It follows that F is



1066 David Masser and Gisbert Wiistholz
positive definite Hermitian, and so f¢ is a polarization. This establishes (c), and so
completes the proof of the present lemma. U

The next result is the analogue of Lemma 5.2, but with the Néron—Severi group
replaced by the Severi—Néron group.

Lemma 6.5. The group ¥ = SN(A) is a right O-module of rank 1; the group ¥ =
SN(A) is a left O-module of rank 1; and ' f is in O for every f in¥ and f'in ¥'.

Proof. The claims for & can be checked by noncanonical identification, as in the
proof of Lemma 5.2. In fact a Rosati involution of the form (6-1) has antifixed

space K w, since the equation p (§w) = —§w turns out to be equivalent to po(8) = 4.
So %, N', & have Z-ranks 4m, 3m, m, respectively. The claims for ¥’ can be verified
similarly.

Finally let f be in ¥ and f’ in &’. In showing that f’ f is in O we can assume
f #0. By Lemma 6.4(a) applied to some polarization (of course not the present f)
there is some fj in Q@ ® & with f0_1§f0 = po(4) for every 6 in D. Since fy = fo
for some o in K, we deduce also

18 F = po(8) (6-8)

for every § in D. With § = f’ f using f = — f and a similar equation for f’ leads
immediately to ' f = po(f'f), so f'f is in K and therefore in O as desired. This
completes the proof. U

It is perhaps interesting to note that (6-8) above says that any nonzero f in & (for
type II) determines the canonical involution on D in the same way as a polarization
determines its Rosati involution (compare (4-3)).

We now establish our second preliminary estimate for polarizations.

Proposition 6.6. Suppose that A is simple and its endomorphism algebra is a
totally indefinite quaternion algebra over a totally real number field. Then A has a
polarization of degree at most

230mnC(%/, %)n|dl (@1)|7n'

Proof. From Lemma 4.1(b) we have ¢(¥', ¥) # 0. Lemma 6.5 allows us to apply
Lemma 4.2 with ' =%, I'" = ¥’ to find an isogeny f in & with deg f < c(¥', )".
Again using Lemma 4.1(b) and ¢ = 4m, we get

deg f < 2'"mc(9¢, 90)". (6-9)

Next by Lemma 6.3 there is & in 2N 0; with [N (@)| <2°"|d;(0;)]3, and therefore

degd = |N(@)*"™ < [N(@)*" < 2"2™"|d,(01)|". (6-10)
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Now there is certainly some polarization f, and the Rosati involution for f has
the form (6-1) for some w in 2. By Lemma 6.4(a), fo = faf1 lies in Q ® ¥, and
therefore f = fyo for some nonzero ¢ in K. By Lemma 6.4(b), T = tr(w™'®)
is nonzero and so we can use Lemma 2.1 to find & in O such that o & is totally
positive and |N(§)| <d (0)1/2, Exactly as in (5-3) above we find

deg& < 2%"|d (0y)|".

Now it is clear from this and (6-9), (6-10) that the proposition is established as soon
as we verify that f&& is a polarization. But there is a positive integer s such that
o' is in O] for ' = s(@0 &), and by construction tre = s(o 7€) is totally
positive. So from Lemma 6.4(c) we see that fe = s( f &) is a polarization. So
f@E is too; and this completes the proof. U

€E=w

7. Conclusion

We prove the theorem first. Thus let A be a simple abelian variety of dimension n
whose endomorphism algebra is commutative or has the property that its center is
totally real of degree m. Then we are in the situation of Section 5 or 6, and the
appropriate proposition shows that A has a polarization of degree at most

230mn e (e, 90" |dy (01)]", (7-1)

where % = Hom(A, A), %' = Hom(A, A) and 0; = End A.

Now suppose that A is defined over a number field of degree d. We use positive
constants Ci, Ca, ... depending only on n and d, and we estimate the quantities
in (7-1) in terms of 7 = max{1, h(A)} using Lemma 6.1 of [Masser and Wiistholz
1995a, p. 19]; this says that

max{c(%', %), |1 (01)[} < C1h*,

where A = A(8n) for a certain monotonically increasing function. The inequality of
our theorem follows immediately, with exponent 8nA(8n).

To prove the first corollary, we note that if A is simple of squarefree dimension n
then its endomorphism algebra D is necessarily of the form considered in the
theorem. For we only have to rule out the noncommutative case of type IV. In this
case D has dimension e > 4 over its center, which is a CM-field of degree 2m.
Now it is well known that the @-dimension 2me? of D must divide 27 (see [Lange
and Birkenhake 1992, Proposition 5.7, p. 141] or [Mumford 1974, p. 182]). This is
here impossible and so the first corollary is proved.

Similarly, as preparation for the proof of the second corollary, we note that if
A is simple of dimension n < 7 then D is also as in the theorem. Here the only
possibility is e> =4 and then m = 1, n = 4.
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Now it is a fact that such a case is impossible for simple A, but we could not
find a completely satisfactory explicit reference in the literature. Without using this
fact, the second corollary would follow only for dimension » at most 3. So we feel
obliged to add some remarks about the impossible case.

Everything can be found in Albert’s papers [1934a; 1935a], but the reader may
well appreciate a more modern exposition. There are two subcases characterized by
r1s1 =0 and rys; # 0. The first of these is covered by [Albert 1934a, Theorem 3,
p- 13]. A modern treatment (which also implies that A is isogenous to the fourth
power of a CM elliptic curve) is given in Shimura [1963, Proposition 14, p. 176].
See [Lange and Birkenhake 1992, Exercise 3, p. 286].

Nextif r1s; 0 then r; =s; = 1 by virtue of r; +s; =2. So this subcase is covered
by [Albert 1935a, Theorem 20, p. 391] and also [Shimura 1963, Proposition 19,
p. 184]. However Shimura’s conclusion that A is isogenous to the square of an
abelian surface (of endomorphism type II with m = 1) is valid only for what he
calls “generic” Aj; his arguments are definitely moduli-space-theoretic in nature.
Our own A is defined over a number field and so unlikely to be generic; on the
other hand it is known that specialization only increases the endomorphism ring.
Now the generic ring already has rank 16 over Z, whereas the maximum rank for
simple A of dimension 4 is only 8 (see above). A general result independent of
such considerations is given in [Lange and Birkenhake 1992, Exercise 5, p. 286].

This last subcase r; = s; = 1 can also be treated using only a very elementary
specialization argument, paying due attention to the discrepancy between Shimura’s
analytic concept of generic and the more usual algebraic concept. We omit the
details.

We now prove the second corollary. Suppose first that A is an abelian variety
of dimension #n, not necessarily simple, defined over a number field & of degree d.
By [Masser and Wiistholz 1995a, Theorem I, p. 5] there are abelian subvarieties
A1, ..., A, of A, simple over the algebraic closure k, together with an isogeny g
from Ato A=Ay x --- x A, of degree

deg g < Coh" (7-2)
for k = k(n) depending only on n. Also, as in [Masser and Wiistholz 1995a, p. 6],
A1, ..., A, are necessarily defined over an extension of k of relative degree at most
C3. Assume that the endomorphism algebras of Ay, ..., A, are all of the type

considered in our theorem. As we have observed, this is automatically true if n < 7.
Then A; has a polarization f; of degree at most C4 max{1, h(A;)}¥*, where A is
as above and n; is the dimension of A; (1 <i <r). As in [Masser and Wiistholz
1995a, p. 6] we have h(A) < Csh (1 <i <r), and so

deg fi < Ceh®™* (1 <i<r).
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Therefore A" =[] A; has a polarization f with
deg f =] [(deg fi) < C7h*". (7-3)

Finally the “pullback” g fg is a polarization on A whose degree is (deg g)*(deg f).
So by (7-2) and (7-3) this completes the proof of the second corollary, with exponent
8nA(8n) + 2k (n).
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Compatibility between Satake
and Bernstein isomorphisms
in characteristic p

Rachel Ollivier

We study the center of the pro-p Iwahori—Hecke ring Hy of a connected split
p-adic reductive group G. For k an algebraically closed field of characteristic p,
we prove that the center of the k-algebra Hy ®7 k contains an affine semi group
algebra which is naturally isomorphic to the Hecke k-algebra #(G, p) attached
to an irreducible smooth k-representation p of a given hyperspecial maximal
compact subgroup of G. This isomorphism is obtained using the inverse Satake
isomorphism defined in our previous work.

We apply this to classify the simple supersingular H; ®7 k-modules, study the
supersingular block in the category of finite-length Hy ®7 k-modules, and relate
the latter to supersingular representations of G.
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3. The central Bernstein functions in the pro-p Iwahori-Hecke ring 1090
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5. Supersingularity 1096
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1. Introduction

The Iwahori—Hecke ring of a split p-adic reductive group G is the convolution
ring of Z-valued functions with compact support in I\G/I, where I denotes an
Iwahori subgroup of G. It is isomorphic to the quotient of the extended braid
group ring associated to G by quadratic relations in the standard generators. If
one replaces I by its pro-p Sylow subgroup I, then one obtains the pro-p Iwahori—
Hecke ring Hy. In this article we study the center of Hz. We are motivated by
the smooth representation theory of G over an algebraically closed field & with
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characteristic p and subsequently will be interested in the k-algebra ﬁk =Hy®7k.
We construct an isomorphism of k-algebras between a subring of the center of ﬁk
and (generalizations of) spherical Hecke k-algebras by means of the inverse mod p
Satake isomorphism defined in [Ollivier 2012]. This result is the compatibility
between Bernstein and Satake isomorphisms referred to in the title of this article.
We then explore some consequences of this compatibility. In particular, we study
and relate the notions of supersingularity for Hecke modules and k-representations
of G.

1A. Framework and results. Let § be a nonarchimedean locally compact field
with residue characteristic p and k an algebraic closure of the residue field. We
choose a uniformizer @w. Let G := G(§) be the group of §-rational points of
a connected reductive group G over §, which we assume to be F-split. In the
semisimple building ¥ of G, we choose and fix a chamber C, which amounts to
choosing an Iwahori subgroup I in G, and we denote by I the pro-p Sylow subgroup
of I. The choice of C is unique up to conjugacy by an element of G. We consider
the associated pro-p Iwahori—-Hecke ring Hz := Z[I\G/I] of Z-valued functions
with compact support in \G/T under convolution.

Since G is split, C has at least one hyperspecial vertex xg, and we denote by
K the associated maximal compact subgroup of G. Fix a maximal §-split torus T
in G such that the corresponding apartment s in ¥ contains C. The set X« (T) of
cocharacters of T is naturally equipped with an action of the finite Weyl group 2.
The choice of xo and C induces a natural choice of a positive Weyl chamber of ,
that is to say, of a semigroup X; (T) of dominant cocharacters of T.

1A1. The complex case. The structure of the spherical algebra C[K\G/K] of com-
plex functions compactly supported on K\G/K is understood thanks to the classical
Satake isomorphism [1963] (see also [Gross 1998; Haines 2001])

s : C[K\G/K] = (C[Xx(D))Z.

On the other hand, the complex Iwahori—Hecke algebra He := C[I\G/I] of complex
functions compactly supported on I\G/I contains a large commutative subalgebra
Ac defined as the image of the Bernstein map 6 : C[X«(T)] — Hg¢, which depends
on the choice of the dominant Weyl chamber (see [Lusztig 1989, Section 3.2]). The
algebra Hc is free of finite rank over A¢ and its center %(Hg) is contained in Ag.
Furthermore, the map 6 yields an isomorphism

b (C[X«(TD¥ => %(He).

This was proved by Bernstein ([Lusztig 1989, Section 3.5]; see also [Haines 2001,
Theorem 2.3]). By [Dat 1999, Corollary 3.1] and [Haines 2001, Proposition 10.1],
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the Bernstein isomorphism b is compatible with s, in the sense that the composi-
tion (ex - )b is an inverse for s, where (e * -) denotes the convolution by the
characteristic function of K.

1A2. Bernstein and Satake isomorphisms in characteristic p. After defining an
integral version of the complex Bernstein map, Vignéras [2005] gave a basis for
the center of Hz and proved that Hy is noetherian and finitely generated over its
center. In the first section of this article, we define a subring %#° (ﬁz) of the center
of Hyz over which Hy is still finitely generated. In Proposition 2.8 we prove that
o° (ﬁz) is not affected by the choice of another apartment containing C and of
another hyperspecial vertex of C, as long as it is conjugate to xg. In particular, if
G is of adjoint type or G = GL,, then #° (ﬁz) depends only on the choice of the
uniformizer @ .

The natural image of %° (Hy) in Hy = Hz ®7 k is denoted by %° (Hg), and we
prove that it has an affine semigroup algebra structure. More precisely, we have an
isomorphism of k-algebras (Proposition 2.10)

kX (T)] = %°(Hy) € Hy. (1-1)

By the main theorem in [Herzig 2011b] (and in [Ollivier 2012]), this makes
9%° (Hy) isomorphic to the algebra #(G, p) of any irreducible smooth k-represen-
tation p of K. Note that when p is the k-valued trivial representation 1k of K, one
retrieves the convolution algebra k[K\G/K] = #(G, 1k).

In [Ollivier 2012], we constructed an isomorphism

T k[X{(T)] = %(G, p). (1-2)
Here we prove the following theorem:

Theorem 4.3. We have a commutative diagram of isomorphisms of k-algebras

KIXF(T)] ——5 2oy

o

KX (T)] —— %(G. p)

where the vertical arrow on the right-hand side is the natural morphism of k-
algebras (4-3) described in Section 4.

The isomorphism T was constructed in [Ollivier 2012] by means of generalized
integral Bernstein maps, as are the subring %° (ﬁk) and the map (1-1) in the current
article. By analogy with the complex case, we can see the map (1-1) as an iso-
morphism a la Bernstein in characteristic p. The above commutative diagram can
then be interpreted as a statement of compatibility between Satake and Bernstein
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isomorphisms in characteristic p. Note that under the hypothesis that the derived
subgroup of G is simply connected, it is proved in [Ollivier 2012] that T is the
inverse of the mod p Satake isomorphism defined in [Herzig 2011b]. (The extra
hypothesis on G is probably not necessary).

If we worked with the Iwahori—-Hecke algebra k [I\G/I], the analog of %° (Hy)
would actually be the whole center of k[I\G/I]. We prove:

Theorem 2.14. The center of the Iwahori—Hecke k-algebra k[I\G/I] is isomorphic
to k[X; (T)].

1A3. Generalized integral Bernstein maps. One ingredient of the construction of J
in [Ollivier 2012] and of the proof of Theorem 4.3 is the definition of Z-linear
injective maps

F Z[i* (D] — Hz

defined on the group ring of the (extended) cocharacters X+ (T), which are mul-
tiplicative when restricted to the semigroup ring of any chosen Weyl chamber of
X+ (T) (see Section 1B5 for the definition of X4(T)). The image of B% happens
to be a commutative subring of ﬁz, which we denote by A‘I’,. The parameter o is
a sign and F is a standard facet (a facet of C containing xg in its closure). The
choice of F corresponds to the choice of a Weyl chamber in &{: for example, if
F = C (resp. xg), then the corresponding Weyl chamber is the dominant (resp.
antidominant) one.

The maps B are called integral Bernstein maps because they are generalizations
of the Bernstein map 6 mentioned in Section 1A1. In the complex case, it is
customary to consider either 6 which is constructed using the dominant chamber,
or 6~ which is constructed using the antidominant chamber (see the discussion in
the introduction of [Haines and Pettet 2002] for example). By a result by Bernstein
[Lusztig 1983], a basis for the center of H¢ is given by the central Bernstein

functions
> o).
A€0

where O ranges over the 2J-orbits in X« (T). We refer to [Haines 2001] for the
geometric interpretation of these functions. It is natural to ask whether using 6~
instead of 6 in the previous formula yields the same central element in Hg. The
answer is yes (see [Haines and Pettet 2002, Section 2.2.2]). The proof is based
on [Lusztig 1983, Corollary 8.8] and relies on the combinatorics of the Kazhdan—
Lusztig polynomials. Note that there is no theory of Kazhdan—Lusztig polynomials
for the complex pro-p Iwahori—-Hecke algebra.

Integral (and pro-p) versions of # and 6~ for the ring Hy were defined in

[Vignéras 2005]. In our language they correspond respectively to BJCF = B}, and
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TB;'C’O = B Itis also proved there that a Z-basis for the center of Hy is given by

> BEQ). (1-4)

A€

where O ranges over the 2-orbits in X« (T). It is now natural to ask whether the
element (1-4) is the same if (a) we use — instead of 4+, and if, more generally, (b)
we use any standard facet F instead of C, and any sign o. We prove:

Lemma 3.4. The element

Y BEA)

=l
in Hy does not depend on the choice of the standard facet F' and of the sign o.

To prove the lemma, we first answer positively question (a) above; we then study
and exploit the behavior of the integral Bernstein maps upon a process of parabolic
induction. In passing we also consider question (a) in the k-algebra ﬁk in the
case when G is semisimple, and we suggest a link between such questions and the
duality for finite-length Hy-modules defined in [Ollivier and Schneider 2012] (see
Proposition 3.3).

1A4. In Section 5, we define and study a natural topology on ﬁk which depends
only on the conjugacy class of xg. It is the J-adic topology, where J is a natural
monomial ideal of the affine semigroup algebra %° (ﬁk).

We define the supersingular block of the category of finite length ﬁk—modules to
be the full subcategory of the modules that are continuous for the J-adic topology
on Hy, (Proposition-Definition 5.10). A finite length ﬁk-module then turns out
to be in the supersingular block if and only if all its irreducible constituents are
supersingular in the sense of [Vignéras 2005].

In the case when the root system of G is irreducible, we establish the following
results. We classify the simple supersingular ﬁk—modules (Theorem 5.14 and
subsequent corollary). (For example, when G is semisimple simply connected, the
simple supersingular modules all have dimension 1.) We prove in passing that
even if the ideal J does depend on the choices made, the supersingular block is
independent of all the choices.

Theorem 5.14 extends Theorem 5 of [Vignéras 2005] and Theorem 7.3 of [Ollivier
2010], which dealt with the case of GL, and relied on explicit minimal expressions
for certain Bernstein functions associated to the minuscule coweights. The results
of those two papers together proved a “numerical Langlands correspondence for
Hecke modules” of GL, (F): there is a bijection between the finite set of all simple
n-dimensional supersingular ﬁk—modules and the finite set of all irreducible n-
dimensional smooth k-representations of the absolute Galois group of §, where
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the action of the uniformizer w on the Hecke modules and the determinant of
the Frobenius on the Galois representations are fixed. Recently, GroBe-Klonne
constructed a functor from the category of finite-length ﬁk-modules for GL,(Qp)
to the category of étale (¢, I')-modules. This functor induces a bijection between
the two finite sets above, turning the “numerical” correspondence into a natural and
explicit correspondence in the case of GL, (Qp). In fact, GroBe-Klonne [2013a]
has constructed such a functor (with values in a category of modified étale (¢, I')-
modules) in the case of a general split group over Q. In the case of SL, (), Koziol
[2013] has defined packets of simple supersingular ﬁk -modules and built a bijection
between the set of packets and a certain set of projective k-representations of the
absolute Galois group of §; if § = Q, this bijection is proved to be compatible
with GroBle-Klonne’s functor and therefore with the explicit Langlands-type cor-
respondence for Hecke modules of GL, (Q). This result is a first step towards a
mod p principle of functoriality for Hecke modules.

The current article provides, in the case of a general split group, a classification of
the objects that one wants to apply GroBe-Klonne’s functor to, in order to investigate
the possibility of a Langlands-type correspondence for Hecke modules in general.

1AS5. In Section 5F we consider an admissible irreducible smooth k-representation
7t of G. In the case where the derived subgroup of G is simply connected, we use
the fact that (1-2) is the inverse of the mod p Satake isomorphism to prove that if
T is supersingular, then

7 is a quotient of ind¥ 1 /JindF 1. (1-5)

The condition (1-5) is equivalent to saying that ! contains an irreducible supersin-
gular ﬁk—module.

When G = GL, (%) and § is a finite extension of Q,, we use the classification
of the nonsupersingular representations obtained in [Herzig 2011a], the work on
generalized special representations in [Grofle-Klonne 2013b], and our Lemma 3.4
to prove that the condition (1-5) is in fact a characterization of the supersingular
representations (Theorem 5.27).

Finally, we comment in Section 5F on the generalization of this characterization
to the case of a split group (with simply connected derived subgroup), and on the
independence of the characterization of the choices made.

We raise the question of the possibility of a direct proof of this characterization
that does not use the classification of the nonsupersingular representations.

1B. Notation and preliminaries. We choose the valuation valgz on § normalized
by valz(w) = 1, where @ is the chosen uniformizer. The ring of integers of
§ is denoted by ©O and its residue field by F,, where ¢ is a power of the prime
number p. Recall that k denotes an algebraic closure of F4. Let Gy, and G¢



Satake and Bernstein isomorphisms in characteristic p 1077

denote the Bruhat-Tits group schemes over ) whose $-valued points are K and I
respectively. Their reductions over the residue field F, are denoted by Gy, and
Gc. Note that G = Gy, (§) = G¢ (). By [Tits 1979, 3.4.2, 3.7 and 3.8], Gy, is
connected reductive and F4-split. Therefore we have G- (9) = G¢(9) =1 and
G5, (D) = Gy, (D) =K. Denote by K; the prounipotent radical of K. The quotient
K/K; is isomorphic to Gy, (F4). The Iwahori subgroup I is the preimage in K of
the [F4-rational points of a Borel subgroup B with Levi decomposition B = TN. The
pro-p Iwahori subgroup 1 is the preimage in I of N(F,). The preimage of T(F,) is
the maximal compact subgroup T of T. Note that T®/T! =1/I = T(F,), where
T :=TNI.

1B1. Affine root datum. To the choice of T is attached the root datum
(@, X*(T), b, X« (T)).

This root system is reduced because the group G is §-split. We denote by 2 the
finite Weyl group Ng(T)/T, the quotient by T of the normalizer of T. Recall that
A denotes the apartment of the semisimple building attached to T (see [Tits 1979;
Schneider and Stuhler 1997, Section 1.1], and we follow the notation of [Ollivier
2012, Section 2.2]). We denote by (-, -) the perfect pairing X«(T) x X*(T) — Z.
The elements in X« (T) will be called coweights. We identify X.(T) with the
subgroup T/T? of the extended Weyl group W = Ng(T)/T? as in [Tits 1979, 1.1]
and [Schneider and Stuhler 1997, Section I.1]: to an element g € T corresponds the
vector v(g) € R ®z X«(T) defined by

(v(g). x) = —valg(x(g)) forany y € X*(T), (1-6)

and v induces the required isomorphism T/T? 2 X,(T). The group T/T? acts by
translation on s{ via v. The actions of 20 and T/T° combine into an action of W on
oA as recalled in [Schneider and Stuhler 1997, p. 102]. Since x¢ is a special vertex
of the building, W is isomorphic to the semidirect product 2 x X, (T), where we
see 2 as the fixator in W of any lift of x¢ in the extended apartment [Tits 1979,
1.9]. A coweight A will sometimes be denoted by e* to underline that we see it as
an element in W, meaning as a translation on .

Denote by @, the set of affine roots. The choice of the chamber C implies in
particular the choice of the positive affine roots CID;f taking nonnegative values on
C. The choice of x¢ as an origin of A implies that we identify the affine roots
taking value zero at xo with ®. We set ®+ := CID;fﬂ ® and @~ = —®*. The affine
roots can be described the following way: @y = P x Z = @;f U @, where

¢jﬁ:={(a,r):aGCD,r>O}U{(a,O):ozed>+}.

Let IT be the basis for @ consisting of the set of simple roots. The finite Weyl
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group 20 is a Coxeter system with generating set S := {sy : o € I1}, where sy
denotes the (simple) reflection at the hyperplane (-,«) = 0. Denote by < the
partial ordering on X (T) associated to I1. Let IT,, be the set of roots in ® that are
minimal elements for <. Define the set of simple affine roots by I, := {(c, 0) :
a el U{(a,1):a eI} Identifying o with («, 0), we consider IT a subset of
IMagr. For A € I, denote by s4 the following associated reflection: s4 = 54 if
A= («,0) and s4 = sqe® if A = (o, 1). The action of W on the coweights induces
an action on the set of affine roots: W acts on @y by we? : (a, r) > (wer, r— (A, ),
where we denote by (w, &) — wa the natural action of 2J on ®. The length on
the Coxeter system (27, S) extends to W in such a way that the length £(w) of
w € W is the number of affine roots A € @;’;f such that w(A4) € ®_. It satisfies the
following formula, for A € I, and w € W:

Lw)+1 ifw(d)edf,

Lwsy) = Lw)—1 if w(A) € D

(1-7)

The affine Weyl group is defined as the subgroup W, of W generated by Sy 1=
{s4 : A € Tg}. The length function £ restricted to W coincides with the length
function of the Coxeter system (W, Syer) [Bourbaki 1968, V.3.2, Théoréeme 1(i)].
Recall from [Lusztig 1989, Section 1.5] that W is a normal subgroup of W: the set
2 of elements with length zero is an abelian subgroup of W and W is the semidirect
product W = 2 x W, The length £ is constant on the double cosets of W mod 2.
In particular, 2 normalizes Sqg.

The extended Weyl group W is equipped with a partial order < that extends the
Bruhat order on Wy By definition, given w = wwagr, w = o' w]y; € 2 X Wysr, we
have w < w’ if @ = " and wysr < w}; in the Bruhat order on W, (see for example
[Haines 2001, Section 2.1]).

We fix a lift W € Ng(T) for any w € W. By Bruhat decomposition, G is the
disjoint union of all IwI for w € W.

1B2. Orientation character. The stabilizer of the chamber C in W is €. We
define as in [Ollivier and Schneider 2012, Section 3.1] the orientation character
€c 2 —{£1} of C by setting € ~ (w) = +1 (resp. —1) if w preserves (resp. reverses)
a given orientation of C. Since W/ W = 2, we can see €casa character of W
trivial on Wygr. By definition of the Bruhat order on W, we have € (w) = € (w’)
for w, w’ € W satisfying w < w'.

On the other hand, the extended Weyl group acts by affine isometries on the
Euclidean space #{. We therefore have a determinant map det : W — {1} which
is trivial on X, (T). An orientation of C is a choice of a cyclic ordering of its set of
vertices (in the geometric realization of &f). Therefore, det(w) is the signature of
the permutation of the vertices of C induced by w € €2, and det(w) = € (w).
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Lemma 1.4. (i) For w € Wy, we have det(w) = (—1)¢®).
(i) For A € X«(T), we have € (w) = (—l)e(e/\)for any w € W such that w < e”.

Proof. Part (i) comes from the fact that dets = —1 for s € Sy¢. For (ii), by definition
of the Bruhat order it is enough to prove that €, (e*) = (—l)é(‘?l) for A € X« (T).
Decompose et = WWyer With w € Wy and w € 2. Recall that @ has length zero.
Since € is trivial on Wy, we have € (et) = €c(w) = detw. Since e has unit
determinant, we get det® = det wyg = (—1)¢War) = (—l)z(ek). O

1B3. Distinguished cosets representatives.

Proposition 1.5. (i) The set D of all elements d € W satisfying d 1 (®1) C @:;f
is a system of representatives of the right cosets Q0\W. It satisfies

L(wd) =L(w)+4L(d) foranyw € QWandd € D. (1-8)

In particular, d is the unique element with minimal length in 20d.

(i) An element d € D can be written uniquely as d = e*w, with A € X (T) and
w € 0. We then have L(e*) = £(d) + L(w™) = £(d) + L(w).
(iii) For s € Sar and d € D, we are in one of the following situations:

e {(ds) =4L(d)—1, in which case ds € D.
e {(ds) =4L(d) + 1, in which case either ds € D or ds € 20d.

Proof. This proposition is proved in [Ollivier 2010, Lemma 2.6, Proposition 2.7] in
the case of G = GL,(§). It is checked in [Ollivier and Schneider 2012, Proposi-
tion 4.6] that it remains valid for a general split reductive group (see also [Ollivier
2012, Proposition 2.2] for (ii)), except for point (iii) when s € Sy—.S. We check here
that the argument goes through. Let s € Sy and A be the corresponding affine root.
Let d € D and suppose that ds & D; then there is B € IT such that (ds)™!8 e 0N
while d 718 € @;f. This implies that d ~18 = A, which in particular ensures that
dA e @;f and therefore £(ds) = £(d) + 1. Furthermore, dsd ! =554 = sg €.

d

There is an action of the group G on the semisimple building ¥ recalled in
[Schneider and Stuhler 1997, p. 104] that extends the action of Ng(T) on the
standard apartment. For F a standard facet, we denote by iPJIr, the stabilizer of F
in G.

Proposition 1.6. (i) The Iwahori subgroup 1 acts transitively on the apartments
of ¥ containing C.

(ii) The stabilizer ‘.P}:O of xo acts transitively on the chambers of ¥ containing xo
in their closure.

(iii)) A G-conjugate of xq in the closure of C is a ?2 -conjugate of xo.
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Proof. Part (i) is [Bruhat and Tits 1984, 4.6.28]. For (ii), we first consider C’ a
chamber of & containing x¢ in its closure. Since the group W acts transitively
on the chambers of s, there is d € D and wo € 2 such that C' = wodC and C
contains d ~!x in its closure. By [Ollivier and Schneider 2012, Proposition 4.13i.],
this implies that d —1C = C, and therefore C’ = wyC or, when considering the
action of G on the building, C’ = wC, where Wy € KN Ng(T) denotes a lift for
wo. Now, let C” be a chamber of ¥ containing x in its closure. By [Bruhat and
Tits 1972, Corollaire 2.2.6], there is k € ﬂ’io such that kC” is in s{. Applying the
previous observation, C” is a iP;O -conjugate of C. Lastly, let gxo (with g € G) be
a conjugate of x¢ in the closure of C. By (ii), the chamber g~ C is of the form
kC fork € ZP;EO, which implies that gk € TTC and gxg is a ?TC -conjugate of xg. O

Remark 1.7. By [Ollivier and Schneider 2012, Lemma 4.9], TTC is the disjoint
union of all I®o1 = &1 for w € Q. Therefore, a G-conjugate of x¢ in the closure of
Cisa ‘PTC N Ng(T)-conjugate of xo.

1B4. Weyl chambers. The set of dominant coweights X (T) is the set of all A €
X4 (T) such that (1, a) >0 for all @ € ®*. It is called the dominant chamber. Its
opposite is the antidominant chamber. A coweight A such that (A, «) > 0 for all
a € ®T is called strongly dominant. By [Bushnell and Kutzko 1998, Lemma 6.14],
strongly dominant elements do exist.

We call a facet F of o standard if it is a facet of C containing xg in its closure.
Attached to a standard facet F is the subset @ of all roots in ® taking value zero
on F and the subgroup 20 g of 2J generated by the simple reflections stabilizing F.
Let @} := @ N ®p and ®F := ®~ N @ . Define the following Weyl chambers
in X4(T) as in [Ollivier 2012, Section 4.1.1]:

6T (F)={A € X«(T) such that (A, ) > 0 for all &« € (®T — dL) U D7}

and its opposite €7 (F) = —€T(F). They are respectively the images of the
dominant and antidominant chambers under the longest element wy in Wg.

By Gordan’s lemma [Kempf et al. 1973, p. 7], a Weyl chamber is finitely generated
as a semigroup.

1B5. We follow the notations of [Ollivier 2012, Sections 2.2.2, 2.2.3]. Recall that
T! is the pro-p Sylow subgroup of T?. We denote by W the quotient of Ng(T) by
T!, and obtain the exact sequence

0—T%/T — W — W —0.

The group w parametrlzes the double cosets of G modulo I. We fix a lift 1) € Ng (T)
for any w € W and denote by 1y the characteristic function of the double coset Il
The set of all (ty),, 5 is a Z-basis for Hy, which was defined in the introduction
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to be the convolution ring of Z-valued functions with compact support in I\G/I.
For g € G, we will also use the notation 7 for the characteristic function of the
double coset IgI.

For Y a subset of W, we denote by Y its preimage in W. In particular, we have
the preimage X« (T) of X4(T). Similarly to those of X, (T), its elements will be
denoted by A or e* and called coweights. For « € ®, we inflate the function (-, )
defined on X« (T) to X (T). We still call the elements in the preimage )2;1‘ (T) of
X (T) dominant coweights. For o a sign and F a standard facet, we consider the
preimage of €% (F) in X« (T), and we still denote it by €° (F).

The length function £ on W pulls back to a length function £ on W [Vignéras
2005, Proposition 1]. For u, v € W we write u < v (resp. u < v) if their projections
u and v in W satisfy u < v (resp. u < v).

1B6. We emphasize the following remark which will be important for the definition
of the subring %° (ﬁz) of the center of Hz in Section 2B.

For A € X (T), the element A(w ') € Ng(T) is a lift for e, viewed in W by
our convention (1-6). The map

A € X4(T) = [Mw 1) mod T'] € X4 (T) (1-9)
is a Q-equivariant splitting for the exact sequence of abelian groups
0—> T%/T! — X4 (T) —> X4«(T) —> 0. (1-10)

We will identify X, (T) with its image in X+ (T) via (1-9). Note that this identification
depends on the choice of the uniformizer w.

Remark 1.8. We have the decomposition of W as the semidirect product W=
20 x X« (T), where 20 denotes the preimage of 20 in W.

1B7. Pro-p Hecke rings. The product in the generic pro-p Iwahori—-Hecke ring Hy
is described in [Vignéras 2005, Theorem 1]. It is given by quadratic relations and
braid relations. Stating the quadratic relations in Hy requires some more notation.
We are only going to use them in ﬁk where they have a simpler form, and we
postpone their description to Section 1B8. We recall here the braid relations

Tww’ = Tw Tw for w, w’ € W satisfying L(ww’) = L(w) + £L(w’). (1-11)

The functions in Hz with support in the subgroup of G generated by all parahoric
subgroups form a subring ﬁasz called the affine subring. It has Z-basis the set of
all 7y, for w in the preimage Waff of W in w (see for example [Ollivier and
Schneider 2012, Section 4.5]). It is generated by all 7, for s in the preimage Sair of
Sai and all 7, for t € TO/T1.
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There is an involutive automorphism defined on Hy ®7 Z[g*?] by
Uity b (—q) ™)L (1-12)

[Vignéras 2005, Corollary 2], and it actually yields an involution on Hy. Inflating
the character €~ : W — {£1} defined in Section 1B2 to a character of W, we define
a Z-linear involution v, of Hy by

Ve (tw) = €c(w)ty  forany w € W.

It is the identity on the affine subring ﬁ%ff. We will consider the following Z-linear
involution on ﬁzz
lc =1oVc. (1-13)

Remark 1.9. The involution t fixes all 7, for w € W with length zero. The
involution (¢ fixes all 7,1 for A € X, (T) with length zero.

1B8. Let R be aring with unit 1g, containing an inverse for (g1gr—1) and a primitive
(g — 1)-th root of 1g. The group of characters of T?/T! = T(I]:q) with values in
R* is 1som0rphlc to the group of characters of T(I]:q) with values in F*, which we
denote by T([Fq) To & € T([Fq) we attach the idempotent element € € Hg as in
[Vignéras 2005] (definition recalled in [Ollivier 2012, Section 2 4.3]). Fort € T°
we have €T = Tr€p = %-(l)é The 1dempotent elements ¢ £ £ e T([F ) are pairwise
orthogonal and their sum is the identity in H; ®7R

For A € I, choose the lift n4 € G for s4 deﬁned after fixing an épinglage for
G as in [Vignéras 2005, Section 1.2]. We refer to [Ollivier 2012, Section 2.2.5]
for the definition of the associated subgroup T4 of T°, which is identified with a
subgroup of TO/T!.

For ¢ € T(I]:q) we have in H7 ®7 R

) GE((qu_ D)tn, +qglr) if & is trivial on Ty,
€Ty, = « . (1-14)
an element of gR”¢ ¢ otherwise.
The field k is an example of ring R as above. In ﬁk we have
—€.T if &€ is trivial on Ty4,
€T, ={ gina HEIs0 4 (1-15)
0 otherwise.

Remark 1.10. In ﬁk we have 1,,1(t,,) = 0 for all A € Syr. Furthermore,
U(Tn,) + Ta, lies in the subalgebra of Hy generated by all 7, t € T°/T!, or
equivalently by all €gs S 'f‘([Fq). This can be seen using for example [Ollivier
2012, Remark 2.10], which also implies the following:

e If £ is trivial on T4, then L(ésan) = egt(rnA) = —eg(rnA +1).
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e If £ is not trivial on T4, then L(E Tny) = —€Tny-

1B9. Parametrization of the weights. The functions in Hy with support in K form a
subring $7. It has Z-basis the set of all 7, for w € 20. Denote by 9 k the k-algebra
ﬁz ®z k. The simple modules of ﬁk are one-dimensional [Sawada 1977, (2.11)].

An irreducible smooth k-representation p of K will be called a weight. By [Carter
and Lusztig 1976, Corollary 7.5], the weights are in one-to-one correspondence
with the characters of x via p — pl. To a character y : .ﬁk — k is attached the
morphism j : T®/T! — k> such that j(¢) = y(t;) for all t € T?/T! and the set
ITj of all simple roots & € IT such that y is trivial on T,. We then have x(z5,) =0
for all @ € T1 — I14, where 54 € W is any lift for s € W. We denote by I1, the
subset of all o € ITj such that y(t5,) = 0. The character x is determined by the
data of y and IT, (see also [Ollivier 2012, Section 3.4]).

Remark 1.11. Choosing a standard facet F' is equivalent to choosing the subset 1z
of IT of the simple roots taking value zero on F'. The standard facet corresponding
to IT, in the previous discussion will be denoted by F),.

2. On the center of the pro-p Iwahori-Hecke algebra in characteristic p

2A. Commutative subrings of the pro-p Iwahori-Hecke ring. Let o be a sign
and F a standard facet.

2A1. Asin [Ollivier 2012, Section 4.1.1], we introduce the multiplicative injective
map
0% : X4(T) — Hz ®7 Z[¢*/?]

and the elements BE (1) := qe(el)ﬂ@‘}, (A) for all A € X4 (T). Recall that BT (V)=
T if A € €9 (F).

The map B% does not respect the product in general, but it is multiplicative
when restricted to any Weyl chamber (see [ibid., Remark 4.3]). For any coweight
A € X4(T), the element B%(4) lies in Hy (see Lemma 2.3 below). Furthermore,
combining Lemmas 1.4(ii), 2.3 and [ibid., Lemma 4.4],

le(BE() =BF (). @2-1)

:|:1/2]

Extend ©% linearly to an injective morphism of Z[g -algebras

Zlg*V2[X(T)] — Hz ®7 Z[¢*"/?).

We consider the commutative subring A% := H, N Im(®%). By [ibid., Proposi-
tion 4.5], it is a free Z-module with basis the set of all BE (1) for A € X (T). Since
the Weyl chambers (in X« (T)) are finitely generated semigroups, A% is finitely
generated as a ring.
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Remark 2.1. Note that B = B, (tesp. Be = B ) coincides with the integral
Bernstein map E* (resp. E) introduced in [Vlgneras 2005] and A+ (resp. .AC)
with the commutative ring denoted by A1) (resp. AD) in Theorem 2 of the
same paper.

Identify X (T) with its image in X4 (T) via (1-9). We denote by (A%)° the
intersection
(A%)° := i N OF @[X. (D)) € AF.

A Z-basis for (A%)° is given by all BE (1) for A € X, (T). Itis finitely generated
as a ring.

Proposition 2.2. The commutative Z-algebra A% is isomorphic to the tensor prod-
uct of the Z-algebras Z[T°/T'] and (A%)°. In particular, (A%)° is a direct
summand of A% as a Z-module.

Proof. Since the exact sequence (1-10) splits, A% is a free (A%)°-module with
basis the set of all 7, for t € T?/T!. Indeed, recall that

Br(A+1) =Bt =:BE (L)
for all A € X4 (T) and t € TO/T!, |

2A2. The following is a direct consequence of the lemma proved in [Haines 2001,
§5] and adapted to the pro-p Iwahori—-Hecke algebra in [Vignéras 2005, Lemma 13]
(see also [Vignéras 2006, Sections 1.2 and 1.5]).

Lemma 2.3. Let F be a standard facet and o a sign. For any A € X« (T), we have

BEN) =T+ Y dww.

w<et

where (aw)w is a family of elements in Z (depending on o, F and L) indexed by the
set of w € W such that w < e*. For those w, we have in particular L(w) < £(e?).

2A3. In this subsection, we suppose that the root system of G is irreducible. This
implies in particular that there is a unique element in I1,,. It can be written —«y,
where ag € 7 is the highest root; we have 8 < «q for all § € ® [Bourbaki 1968,
VI.1.8]. For any standard facet F # x¢, we have ag & ® . Denote by sg € Sy the
simple reflection associated to (—ag, 1) € I and ng := n(_g,,1) € G the lift for
so as chosen in Section 1BS.

Lemma 2.4. Suppose that F # x¢ and let A € )ZI (T) be such that £(e*) # 0. We
have

BE(A) € taoHz.
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Proof. Tt suffices to check the claim for A € X (T). Let i, v € X«(T), such that
A=p—vand wgu, Wpv € X (T), where wy denotes the longest element in W .
Note that wyao € ®T because F # x¢. Furthermore, (A, og) > 1 because there is
B €Il such that (A, B) > 1 and 8 < .

We have e’ (—ap, 1) = (—ap. 1 + (v, ap)) = (—ao, 1 + (wpv, wpao)) € CID;f.
Therefore £(e¥ng) = £(e”) + 1 and v 7y, = Tevp, in Hy. On the other hand,

e~ (=, 1) = (=g, 1 — (A, ) € D o> and therefore L(nge?) = L(e*) — 1.

We perform the computatlons in Hy ®7Z[¢g*1/2], where, by definition, BF: FA) =
q G CoR G L™ 2 .. By the previous remarks,

Bm) g HEOON )t

which, by the lemma evoked in Section 2A2, lies in rnOHZ. O

2B. On the center of the pro-p Iwahori—-Hecke ring.

2B1. The ring H is finitely generated as a module over its center %(Hyz) = (.Azf)m,
and the latter has Z-basis the set of all

D OBEQA). (2-2)
Ae0

where O ranges over the 2J-orbits in X« (T). Moreover, EX(I?IZ) is a finitely generated
Z-algebra. Those results are proved in [Vignéras 2005, Theorem 4] (the hypothesis
of irreducibility of the root system of G made there is not necessary for the statements
about the center). One can also find a proof in [Schmidt 2009].

2B2. We denote by %°(Hyz) the intersection of (AZC)° with %(Hz). We have
%°(Hy) = ((Ag)°)m]. It has Z-basis the set of all

= ) BEQ) for e XI(T), (2-3)
Aeb(A)
where we denote by O(A) the 20-orbit of A.
Proposition 2.5. (i) The left and right (.Ag)o-modules Hy are finitely generated.
(i) As a %°(Hz)-module, Hy is finitely generated.
(iii) %°(Hy) is a finitely generated Z-algebra.
(iv) As Z-modules, %(Hy), Ag, %°(Hy) and (.Ag)O are direct summands of Hy.

Proof. Using Proposition 2.2 and [Vignéras 2005, Theorems 3 and 4], which
state that Hy is finitely generated over .,425 (see Remark 2.1), we see that Hy is
finitely generated over (.Ag)°. Statements (ii) and (iii) follow from [Bourbaki 1964,
V.1.9, Théoreme 2] because %° (ﬁz) is the ring of Q-invariants of (Ag)° and Z is
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noetherian. For (iv), we first remark that the Z-module %(Hy) (resp. %°(Hz)) is
a direct summand of AZC (resp. (Aér)") since %(Hz) = (AZ.F)‘m (resp. %#°(Hyz) =
((Aér)°)m). The Z-module (.AZC)° is a direct summand of Ag by Proposition 2.2.
It remains to show that AJCr is a direct summand of Hz, which can be done by
considering the integral Bernstein basis for the whole Hecke ring Hy introduced
in [Vignéras 2005]. We recall it later in Section SA and finish the proof of (iv) in
Remark 5.1. O

2B3. Given a ring R with unit 1g, we denote by ﬁR the R-algebra ﬁz ®z7 R; we
identify g with its image in R. By Proposition 2.5(iv), the R-algebras %(Hz) ®7R,
.AJCr ®7R, (.AJCF)° ®z R and #° (ﬁz) ®z R are identified with subalgebras of Hg,
which we denote by %(Hg) (AZT) R> (.AZC)‘;e and %° (Hg), respectively. By [Schmidt
20091, Sf(ﬁR) is not only contained in but is equal to the center of ﬁR.

Remark 2.6. Proposition 2.5 remains valid with x¢ instead of C (use the involution
tc and (2-1)). We introduce the subalgebras (A;C"O) Rr and (A;l'o);’e of Hg with the
obvious definitions.

For A € X4 (T) (resp. w € W), we still denote by B% (A) (resp. ty) its natural
image B%(A) ® 1 (resp. 7y ® 1) in Hg. An R-basis for %°(Hg) is given by the set
of all z; for A € X} (T), where again we identify the element z; with its image in
Hg.

From Proposition 2.5 we deduce:

Proposition 2.7. Let R be a field. A morphism of R-algebras %° (}~IR) — R can be
extended to a morphism of R-algebras %(ﬁR) — R

2B4. In the process of constructing %° (ﬁz), we first fixed a hyperspecial vertex
xo of C and then an apartment & containing C.

Proposition 2.8. The ring %°(Hy) is not affected by
e the choice of another apartment s’ containing C,

o the choice of another vertex x; of C, provided it is G-conjugate to Xg.

Proof. Let g be in the stabilizer iPTC of CinG. Let T :=gTg ! and x{; = gxog ™.
The apartment 54’ corresponding to T’ contains C and x;, is a hyperspecial vertex
of C. Starting from T’ and x;, we proceed to the construction of the corresponding
commutative subring %° (Hz)' of the center of Hyz. Since g € ‘PE, we have Igl =
161 = 1o for some w € Q. Since this element @ has length zero, for A € X, (T)
the characteristic function of ig/\ (w)g_li is equal to the product Tg 7 (x)T4 1

Therefore, the restriction to X«(T) of the new map (33)’ corresponding to the
choice of x;, and T’ is defined by

X«(T) — Hz, A+> rgBé”(g_lkg)rgl.
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The element Zi €%°(Hyz)’ corresponding to the choice of A € X (T)=gX(T)g™!
is therefore tgz,-1,4 ‘L'g_l = z,. We have proved that ¥° (Hz)' = %°(Hy).

By Proposition 1.6(i) and Remark 1.7

e changing s into another apartment «{’ containing C, and

e changing xg into another vertex x;, of C which is G-conjugate to xo
can be done independently of each other by conjugating by an element of I and
of ?E N Ng(T) respectively. We have checked that these changes do not affect
%° (Hy). O

If G is of adjoint type or G = GL,, then all hyperspecial vertices are conjugate:

Corollary 2.9 [Tits 1979, Section 2.5]. If G is of adjoint type or G = GL,,, then
%°(Hz) depends only on the choice of the uniformizer w.

2C. An affine semigroup algebra in the center of the pro-p Iwahori-Hecke
algebra in characteristic p. We will use the following observation several times
in this subsection: Let F be a standard facet and o a sign. For w1, ua € X« (T), we
have in ﬁk

BE (1) BE (12)
BE (1 + p2) if 1 and pp lie in a common Weyl chamber, (2.4
0 otherwise.

In Hy ®7 Z[g*=1/2] we have indeed
B%(MI)B%(M2) — q(e(eul)+€(e“2)—f(eul+ﬂz))/230F (,ul +,bL2)

If 1 and 14 lie in a common Weyl chamber, then £(e/1) 4 £(e#2) — £(e#1 TH2)
is zero; otherwise, there is o € IT satisfying (1, @) {2, @) < 0, which implies that

this quantity is > 2. This gives the required equality in Hg.
2C1. The structure of %° (Hy).
Proposition 2.10. The map

K[XF(T)] —> %°(Hy), A+ 23, (2-5)
is an isomorphism of k-algebras.

Proof. We already know that (2-5) maps a k-basis for k[X;} (T)] onto a k-basis for
%°(Hy). We have to check that it respects the product. Let A1, A, € X (T), with
respective 20-orbits O(41) and O(A;). We consider the product

= Y. BE(u)BF(u2) € Hy.

H1€0(Ay),
12€0(A2)
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A Weyl chamber in X, (T) is a 2J-conjugate of X; (T). Given a Weyl chamber
and a coweight (in X (T)), there is a unique 20-conjugate of the coweight in the
chosen Weyl chamber. The map (w1, 42) — (1 + w2 yields a bijection between
the set of all (1, u2) € O(A1) x O(A2) such that wq and 5 lie in the same Weyl
chamber and the 2J-orbit O(A1 4+ A2) of A1 + A5: it is indeed surjective, and one
checks that the two sets in question have the same size because, A and A, being
both dominant, the stabilizer in 20 of A1 + A, is the intersection of the stabilizers
of A1 and of A,. Together with (2-4), this proves that z, 11, = Zx,Z2,- |

For a different proof of this proposition, see the remark after Theorem 4.3.

2C2. Since X«(T) is a free abelian group (of rank dim(T)), the k-algebra k[X(T)]

is isomorphic to an algebra of Laurent polynomials and has a trivial nilradical. By

Gordan’s lemma, X} (T) is finitely generated as a semigroup. So, k[X] (T)] is a

finitely generated k-algebra and its Jacobson radical coincides with its nilradical.
The Jacobson radical of %° (ﬁk) is therefore trivial.

Proposition 2.11. The Jacobson radical of %(Hy) is trivial.

Proof. Since %(Hyg) is a finitely generated k-algebra contained in (Ag)k, it is
enough to prove that the nilradical of (A )i is trivial. Using the notation of
Section 1B8, it is enough to prove that, for any £ € T([Fq), the nilradical of the
k-algebra € (AZC) x With unit €t is trivial. By Proposition 2.2, the latter algebra is
isomorphic to (AZC)Z It is therefore enough to prove that the nilradical of (.AZC);;
is trivial.

By definition (see the convention in Section 2B3), the image of the k-linear
injective map

BE  k[Xa(T)] — Hy

coincides with (AEL)Z.

Fact i. Let Ao € X (T) be a strongly dominant coweight. The ideal of (Ag)z
generated by BJCF (Ao) does not contain any nontrivial nilpotent element.

An element a € (AC) % 1s a k-linear combination of elements BL c(A) for A €
X«(T), and we say that A € X (T) is in the support of a if the coefﬁcwnt of B+()L)
is nonzero. Suppose that @ is nilpotent and nontrivial. After conjugating by an
element of 20, we can suppose that there is an element of X; (T) in the support of a.
Then, let 1o € X (T) be strongly dominant. The element aBJCr(ko) is nilpotent
and by (2-4) it is nontrivial. By Fact i, we have a contradiction. O

Proof of the fact. The restriction of fBé to k[X; (T)] induces an isomorphism of
k- algebras k[XH(T)] = Bg(k X (D). By (2-4), the ideal 2 of (A )° generated
by B ¢ (Ao) coincides with the ideal of BL ck [X;(T)]) generated by B, ¢ (Ao). Since
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the k-algebra k[X; (T)] does not contain any nontrivial nilpotent element, neither
does 2. O

Since k is algebraically closed, we have:

Corollary 2.12. Let z € %(Hy). If ¢ (z) = O for all characters ¢ : %(Hy) — k, then
z=0.

2C3. The center of the Iwahori-Hecke algebra in characteristic p. Let R be a ring
containing an inverse for (g1g — 1) and a primitive (g — 1)-th root of 1g. We can
apply the observations of Section 1B8 and consider the algebra

Hg (€) := € Hge;.

It can be seen as the algebra #(G, I, £~1) of G-endomorphisms of the representation
€ ind? 1R, which is isomorphi~c to the compact induction indlG g£71 of £71 seen as
an R-character of I trivial on I: denote by 1y g1 € ind? £71 the unique function
with support in I and value 1 at 1g, and then the map

Hr(E) > #(G.LETY), he> [l g1 > 1 e1h] (2-6)

gives the identification. In particular, when ¢ = 1 is the trivial character, then the
algebra Hgr (1) identifies with the usual Iwahori—-Hecke algebra Hgr = R[I\G/I] with
coefficients in R.

Remark 2.13. Let £ € ’T“([Fq). We have inclusions
€, %°(Hr) C €,%(Hg) € Z(Hr(£)),

where the latter space is the center of Hg (¢). The inclusion e EQ{° (Hg) € %(Hg (e E))
is strict in general. For example if G = GL;,(§), R = k, and £ is not fixed by
the nontrivial element of 27, then ﬁk (&) is commutative with a k-basis indexed
by the elements in X4 (T) and contains zero divisors [Barthel and Livné 1994,
Proposition 13] while the k-algebra eg%° (Hy) is isomorphic to k[X] (T)].

If £ = 1 however, these inclusions are equalities: one easily checks by direct
comparison of the basis elements (2-2) and (2-3) that the first inclusion is an
equality. The second one comes from the fact that €, is a central idempotent in Hg.
In particular we have:

Theorem 2.14. The center of the Iwahori—Hecke k-algebra k[I\G/I] is isomorphic
to k[XF (D).
Proof. The map

kIXH(T)] — e, Z(Hp)., A—> €2,

is surjective by the previous discussion. It is easily checked to be injective using
Lemma 2.3 (compare with [Vignéras 2006, (1.6.5)]). O
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3. The central Bernstein functions in the pro-p Iwahori-Hecke ring

Let O be a 20-orbit in X4 (T). We call the central element of Hyz

zo:= Y BEQ) (2-2)

Aeo

the associated central Bernstein function.

3A. The support of the central Bernstein functions. For h € Hy, the set of all
w € W such that (W) # 0 is called the support of h. For O a 20-orbit in X« (T),
we denote by £¢ the common length of all the coweights in O.

Lemma 3.1. Let O be a 20-orbit in X«(T). The support of z¢ contains the set of all
e for u € O: more precisely, the coefficient of ten in the decomposition of zg is
equal to 1. Any other element in the support of zo has length < £g. The same is true
with \c (ze) instead of ze.

Proof. This is a consequence of Lemma 2.3 (and of (2-1)). O

Proposition 3.2. The involution \c fixes the elements in the center ii(ﬁz) of Hy.
In particular, for O a 20-orbit in X«(T), the element )" BE(A') € Hz does not
depend on the sign o. A'€0

Proof. We prove that ¢ fixes zg by induction on £g.

If £o = 0, we conclude using Remark 1.9. Let O be a 20-orbit in X, (T) such
that £g > 0. The element ¢ (zo) is central in Hz. Recall that a Z-basis for %(Hz)
is given by the central Bernstein functions zg, where O ranges over the 20-orbits in
X+ (T). Lemma 3.1 implies that ¢ (zg) decomposes as a sum

wc(zo) = zo + Z ag Ze,
@/

where 0’ ranges over a finite set of 20-orbits in X (T) such that £¢» < g and aer € Z.
By induction and applying the involution ¢, we get

20 =c(20) + Y aozo
@/
and 2(1(z¢) — zo) = 0. Since Hyz has no Z-torsion, 1(z¢) = zo. The second statement

follows from (2-1). O

If G is semisimple, the projection in ﬁk of the equality proved in Proposition 3.2
can be obtained independently, using the duality for finite-length Hz-modules
defined in [Ollivier and Schneider 2012]:

Proposition 3.3. Suppose that G is semisimple. The element ) _;,cc BEL(A') € Hy
is fixed by the involution \c and therefore does not depend on the sign o.
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Proof. Suppose that G is semisimple. Let O be a 20-orbit in )~(*(T) We want to
prove, without using Proposition 3.2, that in Hk we have zg = ¢ (20).

Let ¢ : %(Hy) — k be a character and M = Hy, R (7 ) ¢ the induced Hg-module.
It is finite dimensional over k and therefore by [Ollivier and Schneider 2012,
Corollary 6.12] we have an isomorphism of right ﬁk -modules

Extgk (M, Hy) = Homy (U5 M, k),

where d is the semisimple rank of G and 1, M denotes the left f:Ik module M with
action twisted by the involution \c defined by (1-13). The category of left Hk—
modules is naturally a ZZ(Hk) linear category, and therefore, for X and Y two left Hk-
modules, Extd (X Y) inherits the structure of a central %(Hy )-bimodule. Hence,
the right Hy - module Ext~k (M, Hy) has a central character equal to {. On the other
hand, Homy (- M, k) has {ovc as a central character. Therefore, {(z¢) = {oLc (20).
By Corollary 2.12, we have the required equality zg = ¢ (2¢). d

3B. Independence lemma. The following lemma will be proved in Section 3C3.

Lemma 3.4. For O a 20-orbit in X+ (T), the element

> B

A€0
in Hy does not depend on the choice of the standard facet F and of the sign o.

Corollary 3.5. The center of Hy is contained in the intersection of all the commu-
tative rings A% for F a standard facet and o a sign.

3C. Inducing the generalized integral Bernstein functions. We study the behav-
ior of the integral Bernstein maps upon parabolic induction and subsequently prove
Lemma 3.4.

3C1. Let F be a standard facet, [1f the associated set of simple roots and Pr
the corresponding standard parabolic subgroup, with Levi decomposition Pr =
MEgNF. The root datum attached to the choice of the split torus T in Mg is
(®F, X*(T), b r, X (T)) (notation in Section 1B4). The extended Weyl group
of Mf is Wg = (Ng(T) NMf)/T?. It is isomorphic to the semidirect product
W x X«(T), where 2 is the finite Weyl group (Ng(T) NMp)/T (also defined
in Section 1B4). We denote by £ its length function and by < the Bruhat order
onWpg.

Set Wr = (Ng(T) N1 MFp) /T Itisa - subgroup of W. The double cosets of
MF modulo its pro-p Iwahori subgroup INMp are indexed by the elements in
W F. For w € Wpg, we denote by r the characteristic function of the double
coset containing the lift w for w (which lies in Ng(T) N Mp). The set of all rw
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for w € Wp is a basis for the pro-p Iwahori—-Hecke ring ﬁZ(M F) of Z-valued
functions with compact support in 1N Mg)\Mg/(INMg). The ring Hz(MFp)
does not inject in Hz in general.

An element in w € W is called F-positive if w1 (d+ — @;) C CD;f For
example, for A € X,(T), the element e* is F-positive if and only if (1, ) > 0 for
alla € dF — QD;C. In this case, we will say that the coweight A itself is F-positive.
If furthermore (A, ) > 0 for o € ot — @; and (A,a) =0fora € @;, then it is
called strongly F-positive. The F-positive coweights are the 2J r -conjugates of
the dominant coweights. The C-positive (resp. strongly C-positive) coweights are
the dominant (resp. strongly dominant) coweights. An element in W g is F-positive
if and only if it belongs to e*20 f for some F-positive coweight A € X, (T). If
and v € X (T) are F-positive coweights such that y — v is also F-positive, then
we have the equality (see [Ollivier 2012, Section 1.2] for example)

L)+ L") —L(e") = Lp (") +Lr(e”) —Lr(e"). (1)

An element in W will be called F- -positive if its projection in W is F- posmve.
The subspace of Hyz (MF) generated over Z by all ‘CF for F-positive w € WE is
denoted by Hy (Mp)™. Itis in fact a ring, and there is an injection of rings

jl}" :ﬁZ(MF)+ —>ﬁz, T£ — Tw
which extends to an injection of Z[g*'/2]-algebras
JF :H;(Mp) ®7 Z[g*"?] - Hz @7 Z[q*"7).

This is a classical result for complex Hecke algebras [Bushnell and Kutzko 1998,
(6.12)]. The argument is valid over Z[gT1/2].

Remark 3.6. Aneclement w € W is called F- -negative (resp. strongly F-negative)
if w™! is F-positive (resp. strongly F-positive), and, as before Hz(MF) contains as
a subring the space Hy Mp)~ generated over Z by all r for F-negative w € Wr.
There is an injection of rings j : HZ(M F) — HZ, Fy o Tw.-

Fact ii. Let v € Wr, such that v <p e* for A € X«(T) an F-positive coweight.
Then v is F-positive.

Proof. Suppose first that A is dominant. Then the claim is Lemma 2.9(ii) of
[Ollivier 2012]. In general, A is a 20 p-conjugate of a dominant coweight A¢: there
is u € QW such that e* = ue*ou~!. We argue by induction on £ (1). Let s be a
simple reflection in 20 such that £ g (su) = £ g (u) — 1. By the properties of the
Bruhat order (see [Haines 2001, Lemma 4.3] for example), one of v, vs, sv, svs

A

is <f se’s, and by induction this element is F-positive, which implies that v is

F-positive. |
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3C2. Let F’ C C be another facet containing xp in its closure, such that F' C F'.
This implies that &z € & and ot, C CD;. Let pOF, be the map constructed as
in Section 2A with respect to the root data attached to Mg :

FOL, : Z[gF?|[Xu(T)] — Hz(MF) ®2 Z[¢*1/?].

The corresponding Z-linear integral map is denoted by BT, : Z[)Z* (T)] —
f7(MF) and defined by rBF, (1) = ¢t7€D/2 p@F, (1) for all A € X (T). It
satisfies p B, (1) = ‘ES if (\,a) >0forallx € (CI>;C —®dt,)U D%,

Remark 3.7. If F = xg then x, B}, = B,

Lemma 3.8. Let A € X«(T) be an F-positive coweight. Then B+, (1) lies in
HzMp)t and

JE(FBL(A) = BE, (). (3-2)
Proof. Decompose)t pw—v with 1, v €61 (F’). Thenin Hz (M )®7Z[¢E!/?] we
have FB ,(A) = q(eF(eA)"'ZF(eU) tr(e®)/2¢ F (r )~ 1. By Lemma 2.3 apphed
to the pro-p Iwahori—Hecke algebra Hz(MF), th1s element decomposes in Hz(MF)
into a linear combination of ¢ 5 for 1 € W, where the projection w of w in Wg

satisfies w <p e*. Fact ii ensures that these w (and W) are F-positive. Now, jr
respects the product and

. A vy _ —
JFFBE Q) = jr(rBE,R) = g Cre)Tr e treO 2y, (r) ™!
because p and v are in particular F-positive. Apply (3-1) to finish the proof. [

3C3. We prove Lemma 3.4. Let O be a 20-orbit in X4 (T). Since B;C"O = B, and
using (2-1), it is enough to prove

D BEG) =) BEM) (3-3)
A€0 A€0

for any standard facet F. If F' = x¢ then the result is given by Proposition 3.2. Let
F be a standard facet, such that F # xy.

(1) Let p € Xu (T) be an F-positive coweight with 20 r-orbit Or. We have the
following identity:

Y BrwH)= D JFEBEW) = Y JEEBEW) = Y BEW),
Weor uweor WeoR Weor

where the first and third equalities come from (3-2) and the second one from
Proposition 3.2 applied to Mp.

(2) Choose v a strongly F-positive coweight such that A + v is F-positive for
all A € 0. Decompose the 2J-orbit O into the disjoint union of 2 g-orbits O },
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fori € {1,...,r}. Since v lies in both X"’(T) and €1 (F), we have B Fp=v) =
BE(-) = e (o). | i
Leti €{l,...,r}and A € 0. We have in Hz ®z Z[q*'/?] that

BEQ) = g2 WU~ () 4 1)BE (—v).

Note that £(e*) —£(e*V) —£(e") does not depend on A € @;,: since (v, a) = 0 for
allx € CD;, this quantity is equal to Zaeqﬁ_@; [{A, o) — (A +v,a)| — (v, a)],

which does not depend on the choice of A € O }, because &+ — CD;; is invariant
under the action of 20 . Therefore, if we pick a representative A; € O, we have

Y BEQ) = g2 UMD S B (4 1) BE ().

Ae@l AE@I
= UMD N BEG 4 )BE(—v) = Y BER)
A€0L, A€o}

(where the second equality follows from (1) applied to the 20 g-orbit of A + v),
which proves that 3", BF (1) = X3¢0 BEQ).

4. Compatibility between Satake and Bernstein isomorphisms
in characteristic p

In this section all the algebras have coefficients in k.

Let (p, V) be a weight and v a chosen nonzero I-fixed vector. Let y : Ek — k be
the associated character and F), the corresponding standard facet (Remark 1.11).
We consider the compact induction ind$ g p and its k-algebra of G- endomorphlsms
%(G, p). The I-invariant subspace (md /o)l is naturally a right Hy-module. Let
Ik € 1ndK p be the (I invariant) function with support K and value v at 1.

The map

% (Hy) —> Homg, ((md p)I (1nd p)) z—[f+ fz], 4-1)

defines a morphism of k-algebras. On the other hand, by [Ollivier 2012, Corol-
lary 3.14], passing to I-invariants yields an isomorphism of k-algebras

#(G, p) = Homc,(inch} p,indg 0) = Homg; ((md ,o)I (1nd p)) 4-2)

Composing (4-1) with the inverse of (4-2) therefore gives a morphism of k-algebras
%(Hy) — %(G, p), and we consider its restriction to %°(Hy,):

%#°(Hy) — H(G.p), z+> [Igy— g 2] (4-3)
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For A € X (T), we denote by ‘J'i € #(G, p) the image under (4-3) of the central
Bernstein function z) defined by (2-3).
On the other hand, recall that we have the isomorphism of k-algebras [Ollivier
2012, Theorem 4.11]
T k[XE(T)] = %(G, p), (4-4)

where T for A € X (T) is defined by
Ty 1k = IK,UB;CX A). (4-5)

Proposition 4.1. We have T, = T forall A € X (T).

Proof. 1t is enough to check that these operators coincide on 1k ,. If A has length
zero, then B;CX (A) = z; = 7,2 and the claim is true. Otherwise A has length > 0;
recall that O(A) denotes the 25-orbit of A.

(a) Let A’ € O(1) and suppose that A" # A. By (2-4), we have BJISX (/V)B;CX 1) =
BJI,CX (A)BJIQX (') = 0 in Hy. This implies that ‘J'A(IK,UBJ}X (1)) = 0 and therefore
that IK’UBJIQX (") = 0 by [Herzig 2011a, Corollary 6.5], which claims that indg o
is a torsion-free #(G, p)-module.

(b) By Lemma 3.4, we have

T (k) = IwBE M+ Y IwBh ) =Tk + Y kwBh Q)

A'e0(R), A'e0(R),
y=y) A #EN
= (‘TA (IK,U)7
where the last equality follows from (a). O

Remark 4.2. By [Ollivier 2012, Lemma 3.6], the map
1 ®z, Hr = (ndd 0, 1® 10> 1k, (4-6)

induces an ﬁk—equivariant isomorphism. Proposition 4.1, combined with (4-6),
proves that for A € X (T), the right actions of z; and of B;X AMonl®le
X ®3, ﬁk coincide. Ihis remark will be important for the classification of the
simple supersingular Hz -modules in Section 5D.

Proposition 4.1 implies:

Theorem 4.3. The diagram
@5 o~
k[X$(T)] —— 2°(Hy)
| 1(4-3) 4-7)

KIXF(T)] —— %(G. p)
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is a commutative diagram of isomorphisms of k-algebras.

We remark that we have not used the fact that (2-5) is multiplicative. We proved
this fact beforehand in Proposition 2.10, but it can also be seen as a consequence of
the commutativity of the diagram.

5. Supersingularity

We turn to the study of the ﬁk—modules with finite length. We consider right
modules unless otherwise specified. Recall that k is algebraically closed with
characteristic p.

5A. A basis for the pro-p Iwahori-Hecke ring. We recall the Z-basis for Hyz
defined in [Vignéras 2005]. Itis indexed by w € W and is denoted by (Ey, ). . there.

weW
We will call it (Bjo (w)),, . because it coincides on X« (T) with the definition

weWwW
introduced in Section 2A (see also Remark 2.1). Recall that we have a decomposition

of W as the semidirect product
W = X4 (T) x 20.

For wg € 20, set Bjo (wo) = Tw, and for w = e*wg € X4(T) % 20, define in
H, ®; Z[qzl:l/z]

_ —f(e} _
fBjc_o(w) — q(f(w) L(wo)—L(e ))/23;-0(/\)310(100) — q(e(w) e(wo))/2®;0(/\).[wo‘

By [Vignéras 2005, Theorem 2 and Proposition 8], this element lies in Hyz and the
set of all (‘Bj{o (w)) et 18 a Z-basis for Hz.

Remark 5.1. As a Z-module, Hy is the direct sum of Ajo and of the Z-module with
basis (B;‘O (e*wp)), where A ranges over X, (T) and wg over the set of elements in
0 the projection of which in 20 is nontrivial. Applying (2-1), we obtain that the
Z-module Ag is a direct summand of ﬁz as well.

Remark 5.2. Let d € D and d € W be a lift for d. Write d = e* wo with wq € Qhﬁ,

A € X}(T) and £(e*) = £(d) + £(wo) (Proposition 1.5).
Then in Hz ®7 Z[g*!/?], we have

~ it _ A _ 3 _
B (d) = gUD-CWOHED2 1 g lD ot ()ED () (51

5B. Topology on the pro-p Iwahori-Hecke algebra in characteristic p. We con-
sider the (finitely generated) ideal J of %#° (Hy) generated by all z; for A € X (T)
such that £(e*) > 0, and the associated ring filtration of %°(Hy). A %°(Hj )-module
M can be endowed with the J-adic topology induced by the filtration

MDOMIDOMI?D--..
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An example of such a module is ﬁk itself. We define on ﬁk another decreasing
filtration (F,Hy)nen by k-vector spaces, where

F,H;, := the k-vector space generated by ’B;ro (w), w € W with £(w) > n. (5-2)

Lemma 5.3. The filtration (5-2) is a filtration of ﬁk as a left .A;C"O -module. In par-

ticular, it is a filtration of ﬁk as a (left and right) %° (ﬁk)-module. It is compatible
with the J-filtration: for all n € N, we have

(FyHy)J =3 (FyHg) S Fog1Hg.

Proof. Let A € X«(T) and w € W. From the definition of B} , we see that
CieM)+L(w)—L(er A
B (VB (w) = g U HWI—LA w251 (ohy)

and therefore in H; we have B;"O (/\)B;C"O(w) =0 if £(e*) 4+ £(w) > L(e*w) and
By (MBI (w) =B} (e*w) if £(w)+L(e*) = L(e*w). This proves the claims. O

Proposition 5.4. The J-adic topology on ﬁk is equivalent to the topology on I~{k
induced by the filtration (FyHy),en. In particular, it is independent of the choice
of the uniformizer w.

Proof. We have to prove that given m € N, m > 1, there is n € N such that
F,H; C "H.

Fact iii. For A € X« (T) such that £(e*) > 0 and m > 1, we have B;C"O (m+1DA) e
J™Hy,.

Proof. We check that for m € N we have Bjo((m +1DA) =z} B;‘O (A). Notice that
BE (24) = B (M)BF (A) = 2, B3 (1) by (2-4) and Lemma 3.4. Now let m > 2.
We have B;C"O((m + D) = Bjo (m)t)fB;c"O A = ZTB;_O (A) by induction. O

Factiv. Let m > 1. There is A,y € N such that for any A € Xy (T), if £(e*) > A,
then B;‘O () € 3"Hy,.

Proof. Let{z,,...,z,} be a system of generators of J with A1,..., 4, € X (T).
Let Ap:=m> i_; £(eti). Let A € X4 (T) such that £(e*) > 0. This is 20-conjugate
to an element A9 € X (T), and one can write A = wg.Ao With wp € 2U and
Ao = Z;=1 a;A; with a; € N (not all equal to zero). If E(e’l) = E(eko) > A, then
there is ip € {1, ..., r} such that a;, > m and B;‘O(A) =11/, Bjo(ai(wo.ki)) €
B ((m + 1)(wo.Aj))Hy S 3™ Hy by Fact iii. O

We now turn to the proof of the proposition. Let m > 1. To any wo € 20
corresponds, by [Vignéras 2006, (1.6.3)], a finite set X(wq) of elements in X (T)
such that

for all A € X (T) there is i € X(wp) such that E(e’lwo) = (e*H) + £(e*wp).
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Let » € W with image wq under the projection W — 20. Its image w under
W — W has the form w = e?wq € X4 (T) x 2, and there is € X(wp) such that
L(w) = L(e* M) + £(etwp). Choose lifts @4 wq and e * in W for efwg and
e*~H_The product &*~#&"wj differs from 1 by an element in T°/T! (which has
length zero). Therefore, B;C"O (w) € ‘B;‘O (A= ;,L)ﬁk (see the proof of Lemma 5.3,
for example). If £(0) > Am(wo) 1= Am + max{l(e® wp), u' € X(wo)} then
L(e*H) > Ay and BY, (W) € I™Hy by Fact iv.

We have proved that n > max{A4,(wy), wo € W} implies F,Hy € 3"H,. O

5C. The category of modules of finite length over the pro-p Iwahori-Hecke
algebra in characteristic p. We consider the abelian category Mody, (Hy) of all
Hy-modules with finite length.

For an ﬁk -module, having finite length is equivalent to being finite-dimensional
as a k-vector space (see [Vignéras 2007, Section 5.3] or [Ollivier and Schneider
2012, Lemma 6.9]). Therefore, any irreducible ﬁk—module is finite dimensional
and has a central character, and any module in Mod, (ﬁk) decomposes uniquely
into a direct sum of indecomposable modules.

5C1. The category of finite-dimensional %° (Hy )-modules. Let Mod g (%° (Hp))
denote the category of finite-dimensional %° (ﬁk)-modules. For 91 a maximal ideal
of %#°(Hg), we consider the full subcategory

M- Mody4 (%° (Hy))

of modules M of 9M-torsion, that is, such that there is e € N satisfying M 91¢ = 0.
The category Mod 4 (%°(Hy)) decomposes into the direct sum

% M- Mod 4 (%° (Hy)),

where 9 ranges over the maximal ideals of %° (Hg ).

5C2. Blocks of Hx-modules with finite length. For 9 a maximal ideal of %° (Hy),
we say that an Hi-module with finite length is an 9)I-torsion module if its restriction
to a Z°(Hy )-module lies in the subcategory 9- Mod s, (%°(Hg)). We denote by

M- Mody, (Hy) (5-3)

the full subcategory of Mod (ﬁk) whose objects are the 9J1-torsion modules.

Lemma 5.5. Let 90 and N be two maximal ideals of %° (ﬁk) If there is a nonzero
IMN-torsion module M and a nonzero N-torsion module N such that Ext%k (M, N)+#
0 for some r > 0, then M = M.

Proof. For any ﬁk -modules X and Y, the natural morphisms of algebras %° (ﬁk) —
Endg, (X) and Z°(Hy) — Endg, (Y) equip Homg (X, Y) with the structure of a
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central %° (Hy )-bimodule. The space Extr (M, N) is therefore naturally a central
%° (Hk) -bimodule. It is an 91-torsion module and an 91-torsion module; it is zero
unless 91 = . O

Since %° (ﬁk) is a central finitely generated subalgebra of ﬁk, an indecomposable
Hj.-module with finite length is an 91-torsion module for some maximal ideal 971
of #°(Hy,).

Remark 5.6. An Hy-module with finite length M lies in the block corresponding

to some maximal ideal 901 if and only if all the characters of %°(Hy) contained in
M have kernel 0.

Remark 5.7. The blocks (5-3) are not indecomposable. They can for example be
further decomposed via the idempotents introduced in Section 1B8.

5C3. The supersingular block.

Definition 5.8. We call a maximal ideal 9t of %° (Hy) supersingular if it contains
the ideal J defined in Section 5B. A character of ¥°(Hy,) is called supersingular if
its kernel is a supersingular maximal ideal of %°(Hy,).

Given a character w of the connected center Z of G, there is a unique supersingu-
lar character &, of %°(Hy) satisfying £, (z;) = w(A(w)) for any A € X (T) with
length zero. A character of the center of ﬁk is called “null” in [Vignéras 2005] if it
takes value zero at all central elements (2-2) for all 20-orbits 0 in Xy (T) containing
a coweight with nonzero length.

Lemma 5.9. A character %(Hy) — k is null if and only if its restriction to %° (Hy)
is a supersingular character in the sense of Definition 5.8.

Proof. Consider a character ¢ : %(Hg) — k whose restriction to %° (ﬁk) is super-
singular. We want to prove that ¢ is null. Since the Hk -module Hk o (i, )§ is
finite dimensional, it contains a character C for the commutative finitely generated
k-algebra (A;C"O) x and the restriction of §‘ to Zi(Hk) coincides with .

Let A € X (T) with £(e*) # 0; by (2-4), there is at most one 2U-conjugate A’ of
A such that E(Bjo (1)) # 0, and if there exists such a A/, then {(z3) = {(z;) # 0,
which is a contradiction; we have proved that E (B;‘O (M) =0forall A" € X (T) with
(Z(e”) # 0, which implies that this is also the case for A’ € X, (T) with K(e”) #0.
Therefore, ¢ is null. O

A finite-dimensional ﬁk -module M with central character is called supersingular
in [Vignéras 2005] if this central character is null. We extend this definition:

Proposition-Definition 5.10. A finite-length ﬁk-module is in the supersingular
block and is called supersingular if and only if, equipped with the discrete topology,
it is a continuous module for the J-adic topology on ﬁk or, equivalently, for the
topology induced by the filtration (5-2).
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Proof. An indecomposable ﬁk -module M with finite length is in the supersingular
block if and only if there is m > 1 such that M 3™ = {0}. Then use Proposition 5.4.
|

5D. Classification of the simple supersingular modules over the pro-p Iwahori-
Hecke algebra in characteristic p. We establish this classification in the case
where the root system of G is irreducible, which we will suppose in Section 5D4.
Until then the results are valid without further assumption on the root system.

5D1. Denote by 1712ff the natural image in ﬁk of the affine Hecke subring ﬁasz of
ﬁz defined in Section 1B7. We generalize [Ollivier 2010, Theorem 7.3]:

Proposition 5.11. A finite-length ﬁk—module in the supersingular block contains a
character for the affine Hecke subalgebra Hiff.

Proof. Let M be an ﬁk module with finite length in the supersingular block. By
Proposition-Definition 5.10, there is n € N such that for any w € W, if L(w) >n
then M B"’ (w) = 0. Let x € M, and suppose that it supports a character for ﬁk
(see Sectlon 1B9) and let d € D with maximal length such that xB+ (d) # 0, where
d € W denotes a lift for d (the property xB} (d ) # 0 does not depend on the choice
of the lift d ). As in the proof of [Ollivier 2010, Theorem 7.3], we prove that x’ :
xBjC'O (J ) supports a character for ﬁiff which is the k-algebra generated by all 7; and
all 73 for € T/T! and s € Sy with chosen lift § € W (see paragraph Section 1B7)
From the relations (1-11) we get that x't; = x7g,4-1 B (d ) is proportional to x’.
Now let s € Sus. If £(ds) =£(d)—1, then ds € D by Proposmon 1.5 and, by (5-1),
the element x’ is equal to x1(t j3)t(t5) (up to an invertible element in k), so x'5=0
by Remark 1.10. If £(ds) =£(d)+1 and ds € D, then xBjo (ci§) is equal to zero on
one side and, by (5-1), to x’t(zz) (up to an invertible element in k) on the other side.
This proves that x’zz is proportional to x” by Remark 1.10. If £(ds) = £(d) + 1 and
ds ¢ D then there is s’ € S such that ds = s'd by Proposition 1.5, and x'i(t3) is
proportlonal to xu(t5)BF (d ) and therefore to x’ because 1(t5/) € 9 k. We conclude
that x’z5 is proportional to x" by Remark 1.10. O

5D2. Characters of ﬁaff We call a morphism of k-algebras ﬁiff — k a character
of H‘jIff A character X of H“ff is completely determined by:

e The unique £ € T(I]:q) such that X (65) =1 (see notation in Section 1B8). This
£ is defined by £(t) = X (t;), where t € TO/T! = T([Fq), and we call € the
restriction of X to k[T?/T1].

e The values X' (1, ,) for all A € Sy, which, by the quadratic relations (1-15)
satisfy X'(t,,) € {0, —1}, if £ is trivial on T4, and X (7, ,) = 0 otherwise.
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Conversely, one checks that any such datum of & € 'f‘([Fq) and values X'(t, ) for
all A € S,y satisfying the above conditions defines a character X’ of Hiff.

Example. The pro-p Iwahori—-Hecke ring Hy is endowed with two natural mor-
phisms of rings H7 — Z defined by

tw > ¢" ™ and 1y > (=1)F®),

We denote by Xy and Xjign the characters of ﬁk that they respectively induce, as
well as their restrictions to characters of ﬁ}ff. The former can be described by £ =1
and Ay (75, ) = 0 for all A € Sy, the latter by £ = 1 and Xjign(7p,) = —1 for all
Ae Saff.

Let X be a character of ﬁiﬁc and & the corresponding element in ’f‘([Fq).

e Let&y e rT‘([Fq), and suppose that & is trivial on Ty for all o € I1. Then one
can consider the twist (§9) X of X by & in the obvious way. The restriction
of (£9)X to k[T®/T!] is the product &y, and (£0)X coincides with X on the
elements of type 1, for A € Susr. By a twist of the character X, we mean from
now on a twist of X’ by an element in ’f‘([Fq) that is trivial on Ty for all o € IT.

¢ The involution L¢ extends to an involution of the k-algebra ﬁk. The compo-
sition X o ¢ is then also a character for I?I}ff Note that X’ and X o ¢ have
the same restriction to k[T%/T!] (Remark 1.9). Furthermore, if X' (z,,) = —1
for some A € Sy, then X o ¢ (ts,) = 0 (use Remark 1.10). For example,
Xy = Xsign olLcC.

e There is an action of by conjugacy on Wasr. Since the elements in € have
length zero, this yields an action of Q on ﬁff and its characters. For w € €,
we denote by w.X the character X' (7,-1 . 7).

Lemma 5.12. A simple ﬁk -module containing a twist of the character Xy or of
the character Xsign of Hiff is not supersingular.

Proof. Let M be a simple ﬁk—module. Suppose that it contains a twist of the
character Xjgn supported by the nonzero vector m € M. In particular, m supports

the character of § x parametrized by (a twist of) the trivial character of 'T‘([Fq) and
by the facet C (see Section 1B9). By Remark 4.2, we have

mz) =mBEQA)

for all A € X} (T). There are w € Q and w € W such that A(w~!) mod T!
corresponds to ww € W. Since B’CL()L) = T (1) the element mBé(k) is equal
to (—1)*®m<, (up to multiplication by an element in k™), and we recall that t,,
is invertible in Hy. We have proved that m.z) # 0 and M is not supersingular.
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Now if M contains a twist of the character Xy, then LZM contains a twist of
the character Xj;q, and is not supersingular (notation in the proof of Proposition 3.3).
By Proposition 3.2, this implies that M is not supersingular either. |

5D3. Consider the image of Q in ﬁk via w — T,. For X a character of ﬁ,’ff,
denote by Q y its fixator under the action of Q; obviously Q v contains T° / Tl
as a subgroup. We consider the set P of pairs (X, g) where X is a character of
ﬁ;‘ff and (o, Vo) an irreducible finite-dimensional k-representation of Qx (up to
isomorphism) whose restriction to T? /T! coincides with the inverse of the restriction
of X; for any t € T°/T! and v € V,, we have a(t)v = X(t;—1)v.

The set P is naturally endowed with an action of Q: for (X,0)ePand w € Q,
denote by w.o the representation of Qox = 0Qyw™ ! naturally obtained by
conjugating ¢; then w.(X,0) := (w.X,w.0) € P.

Let (X, 0) € P. Consider the subalgebra Hy (X) of Hy generated by k[ﬁ x] and
ﬁff. It is isomorphic to the twisted tensor product of algebras

Hi (X) ~ k[Qux] ®ppro/71) HE

where the product is given by (0w ® h)(0' @ h') = ww' ® T, htyh'. As a left
Hk (X)-module, Hk is free with basis the set of all 7,,, where w ranges over a set of
representatives of the right cosets Q X\ﬁ The tensor product 0 ® X is naturally a
right Hy (X )-module: the right action of @ ® on v € V4 is given by X (h)o (0™ 1)v.
The right Hk (X)-module 0 ® X is irreducible. As an Haff-module it is isomorphic
to a direct sum of copies of &.

Lemma 5.13. The isomorphism classes of the simple ﬁk-modules containing a
character for Hff are represented by the induced modules

m(X,0) = (0 ® X) ®f, (x) Hy.

where (X, 0) ranges over the set of orbits in P under the action of Q.

Proof. First note that for any w € Q, the (ﬁaﬁ, w.X)-isotypic component of m(X, o)
is isomorphic to w.0 ® w X as a right Hy (w.X)-module.

(1) We check that an ﬁk -module of the form m(X, o) is irreducible. Restricted to
H;“cff, it is semisimple and isomorphic to a direct sum of X" and of its conjugates.
Therefore, a submodule m of m(X, o) contains a nonzero (ﬁaff, w.X)-isotypic
vector for some w € Q, and, after translating by 7,1, we see that m contains a
nonzero (Hff, X)-isotypic vector. But the (Hiff,:'\.’ )-isotypic component in m(X, o)
supports the irreducible representation o of k[2 x]. Therefore m = m(X, o).

(2) Let m be a simple ﬁk—module containing the character X’ of ﬁff Its (ﬁaff, X)-
isotypic component contains an irreducible (finite-dimensional) representation o of
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k[€2 x] which coincides with the inverse of X on k[T°/T!]. Therefore, using (1),

(3) Let w € Q and (X,0) €P. The (ﬁsz, X)-isotypic component of m(w.(X, 0))
contains the representation ¢ of k[fz x]- The simple H-module m(w.(X, 0)) is
therefore isomorphic to m(X, o) by (2).

(4) Let (X,0) and (X', 0”) be in P and suppose that they induce isomorphic ﬁk—
modules. Looking at the restriction of the latter to I:iiff, we see that there is @ €
such that X/ = w.X.

Therefore, by (3), m(X,®~'0”’) and m(X, o) are isomorphic, and looking at the
restriction to the (H2, X)-isotypic component shows that 6’ ~ w.o. Therefore,
(X’,0’) and (X, 0) are conjugate. O

5D4. Classification of the simple supersingular ﬁk -modules when the root system
of G is irreducible. We generalize [Vignéras 2005, Theorem 5(1)] and [Ollivier
2010, Theorem 7.3].

Theorem 5.14. Suppose that the root system of G is irreducible. A simple ﬁk-
module is supersingular if and only if it contains a character for Hiff that is different
from a twist of Xyiv or Xiign.

Remark 5.15. This proves in particular (if the root system of G is irreducible) that
the notion of supersingularity for Hecke modules does not depend on any of the
choices made.

Proof of Theorem 5.14. We already proved in Proposition 5.11 (without restriction
on the root system of G) that a simple supersingular module contains a character
for ﬁ}‘cff, and by Lemma 5.12 we know that this character is not a twist of X, or
Xsigm

Conversely, let m be a simple Hy-module containing the character X’ for i
and suppose that A" is not a twist of Xy or &fign. We want to prove that m is
supersingular. Since, by Proposition 3.2, this is equivalent to showing that 17, m
is supersingular (notation in the proof of Proposition 3.3), we can suppose (see
the discussion before Lemma 5.12) that X'(z,,,) = 0, where no was introduced in
Section 2A3.

Let m € m be a nonzero vector supporting X’. Let y be the restriction of X to ) k
and F the associated standard facet. Suppose that Fy = xo; then I13 = IT, = IT
(notation in Section 1B9) and X'(z,,) = O for all @ € I1. Since, by hypothesis,
we also have X'(t,,) = 0, the character X is equal to Ajsy up to twist. Therefore,
Fy # Xo. Let A € X{ (T) with £(e*) > 0. By Remark 4.2,

m.zy = m.B;;X L),
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and, since Fy # X, we have m.z; =0 by Lemma 2.4. We have proved that %° (Hy)
acts on m and therefore on m by a supersingular character. |

Let P* denote the subsets of pairs (X, ') in P such that X is different from a twist
of Xyiy or Xign. It is stable under the action of €2. Lemma 5.13 and Theorem 5.14
together give the following:

Corollary 5.16. Suppose that the root system of G is irreducible. The map
(X,0) > m(X,0)

induces a bijection between the Q-orbits of pairs (X,0) € P* and a system of
representatives of the isomorphism classes of the simple supersingular Hy.-modules.

5E. Pro-p Iwahori invariants of parabolic inductions and of special representa-
tions.

5E1. In this section, Kk is an arbitrary field. Let F be a standard facet, [1f the
associated set of simple roots and P the group of §-points of the corresponding
standard parabolic subgroup, with Levi decomposition Pr = MpNFg. We use the
same notation as in Section 3C1. The unipotent subgroup N is generated by all
the root subgroups Uy for o € ®+ — CIDIJ,C. Let N denote the opposite unipotent
subgroup of G. The pro-p Iwahori subgroup I has the decomposition
I=TL1%15,
where
It=inNp., 1%:=inMp. I5:=InN7.

By Remark 3.6, the subspace Hi (M)~ of Hx(Mf) generated over k by ‘L’£ for
F-negative w € Wp is identified with a sub-k-algebra of Hy via the injection

JF :ﬁk(MF)_ — ﬁk, ruI; — Ty
This endows Hy with the structure of left module over Hy(Mz)~.

Proposition 5.17. Let (0, Vo) be a smooth k-representation of M. Consider the
parabolic induction IndgF o and its T-invariant subspace (IndgF o). There is a
surjective morphism of right Hy-modules

- _ -

olF ®fi, (M)~ Hk — (IndgF o)! (5-4)
sending v ® 1 to the unique L-invariant Sfunction with support in P r1 and value v
at 1g.

Remark 5.18. In the cases G = PGL, or GL,, Proposition 5.2 in [Ollivier 2010]
implies that (5-4) is an isomorphism. This result should be true for a general (split)
G, but we will only use the surjectivity here.
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The proposition follows from the discussion below. All the lemmas are proved
in the next section.

Lemma5.19. Let Dp ={d € W:d1d} C o},
(i) Ford € D, we have PFiaAVi= Ppc?i.

(ii) The set of all deG ford € DF is a system of representatives of the double
cosets Pp\G/1.

(iii) Ford € D, let idi= |_|y id y be a decomposition into right cosets. Then
A~::LJPFiﬁy
y

(iv) Let d € DF. Under the projection Pp —> MF, the image of P N did!
is 19..
F

An element m € Mf contracts I and dilates I F if it satisfies the conditions
migm™' cIf, m™'Izmcly (5-5)
(see [Bushnell and Kutzko 1998, (6.5)]).

Remark 5.20. This property of an element m € M only depends on the double
coset I(I),ml(},. Furthermore, if m € KNMF then mIJI,‘Cm_1 = IJIE and m_III_,m =Ir.
Lemma 5.21. Let w € Wg. The element ¥ satisfies (5-5) if and only if w is
F -negative.
70
Let (0, V4) be as in the proposition. Let v € VE,F and d € Dp. By (ii) and (iv)
of Lemma 5.19, the I-invariant function

fan € (ndS_o)!

with support in P #d 1and value v at d is well defined, and the set of all fd » form

a basis of (Indp O')I where d ranges over D and v over a basis of V{/ F

Lemma 5.22. (i) If w is an F-negative element in W, then SivTw = fl,v.r£'
(i) We have fiv.T5 = fa,v-

SE2. Proof of the lemmas. Recall that given o € @, the root subgroup Uy is
endowed with a filtration U k) for k € Z (see for example [Schneider and Stuhler
1997, Section I.1] or [Ollivier and Schneider 2012, Section 4.2]) and that the product
map
[] U@n>xT x [] U@o =1 (5-6)
aed— acedt

induces a bijection, where the products on the left side are ordered in some arbitrary
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chosen way [Schneider and Stuhler 1997, Proposition 1.2.2]. The subgroup i}: of T
is generated by the image of naeqyk_q); U(w,0y> While I is generated by that of
naeé——cbg U(a,1)- The subgroup T(I), is generated by the image of

1_[ u(a,l) x T x 1_[ u(a,0)~

€ed +
by acdy

Proof of Lemma 5.19. (i) We have PFicﬁ = PFi}cﬁ. But for @ € ®T, we have
ai—lu(_aJﬂ =Ug-10,1) S I,so i;-c? CdlandPrldi=Prdl. Point (i1) follows
by Bruhat decomposition for K and Iwasawa decomposition for G. For (iii), we
first recall that the image of Pr M K under the reduction red K — (_}xo (F4) modulo
K is a parabolic subgroup P (F,) containing B(F,) (notation in Section 1B).

Recall that the Weyl group of (_}xo (Fg) is 20; for w € 20U we will still denote
by w a chosen lift in (_}x0 (F4). The set D is a system of representatives of
Pr ([Fq)\(_}xo([Fq)/N([Fq). For d € Dr we have, using [Carter 1985, 2.5.12],

Pr(F,) NdN(F,)d ! c N(F,).

We deduce that the image of P N f; did—! by red is contained in N([Fq) and
therefore Pr N il_, d1d ! is contained in T.

Now let d € D and y €. By the previous observations, deP Fia? y=P Fi; d y
implies deld y. This proves (iii). In passing we proved that Pr N did='is
contained in Pz N1 = i% f;. Since i(}, is contained in Pg N did—! by definition
of DF, this proves (iv). O

A

Proof of Lemma 5.21. By Remark 5.20, it is enough to prove the result for w = e” €

X«(T). A lift for e* is given by A(w~!). The element A(w ') satisfies (5-5) if
for all & € T — CIDF we have A(w 1) U,0)A (@) < iJIS

L (5-7)
and A(w)U—g,nA( ™) C1F.

By [Ollivier and Schneider 2012, Remark 4.1(1)] for example,
Mo YU @,0M@) =U@g,~(@2) and  A(@)Ue,nA (@) =Ug,1—(@1))-

Condition (5-7) is satisfied if and only if A is F-negative (definition in Section 3C1).
O

Proof of Lemma 5.22. (i) Let w be an F-negative element in W . The function
f1,0.Tw has support in Ppi},_7 Wl Since W satisfies (5-5), we have PFLT7 Wl =
Pr Wl =P pi. It remains to compute the value of f1 ,.7y at 1g (we choose the
unit element 1g of G as a lift for 1 € D). The proof goes through exactly as in
[Ollivier 2010, Section 6A.3], where it is written up in the case of G = GL,,.
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(ii) Let d € Df. By Lemma 5.19(i), the I-invariant function f1,v - 74 has support
in Pr d I and it follows from Lemma 5.19(iii) that it takes value v at d. O

SE3. Here we consider again representations with coefficients in an algebraically
closed field k with characteristic p. We draw corollaries from Proposition 5.17.

Corollary 5.23. Let F # x¢ be a standard facet. If ¢ is an admissible k-represen-
tation of M with a central character, then (Indg’F o) is a finite-dimensional

ﬁk -module whose irreducible subquotients are not supersingular.

Proof. That (Ind 0)I is finite-dimensional is a consequence of the admissibility
of 0. Let A € X*(T) be a strongly F-negative coweight (see Remark 3.6) and
Ao € X;(T) the unique dominant coweight in its 25-orbit O(1). By Lemma 3.4,

> BEQ).

Ae0(A)

We compute the action of z;, on an element of the form v® 1 € olF O, Mp)— ﬁk.
We have B (1) = 7,2 and therefore

WANBFrAM) =v®1,2 =v® jp (1, A)—(UTA)‘X’I

Recall that rg = rf(w,l and that A(w 1) is a central element in M. Therefore,
vrI; = w(A(@))v, where @ denotes the central character of o. By (2-4), this
1mp11es in particular that (v ® 1)B%(1") = 0 for 1’ € O(4) dlstmct from A. We
have proved that z, , acts by multiplication by w(A(w)) # 0 on o T R, (Mp)- Hy,

and therefore on (Ind 0)I by Proposition 5.17. This proves the claim. O

Corollary 5.24. Let F be a standard facet. Let Spr be the generalized special
k-representation of G
Ind§, 1

G 9
Y Ind§ 1
F'#FCF

Spr =

where F' ranges over the set of standard facets # F contained in the closure
of F. The l-invariant subspace of Spf is a finite-dimensional Hy-module whose
irreducible subquotients are not supersingular.

Proof. Suppose first that F # xo. By [GroBe-Klonne 2013b, (18)] (which is valid
with no restriction on the split group G), (Sp F)T is a quotient of (IndgF DL Apply
Corollary 5.23. If F = xy, then the special representation in question is the trivial
character of G, whose I-invariant subspace is isomorphic to the trivial character of
Hy and is not supersingular (see the example in Section 5D2 and Lemma 5.12). [
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5F. On supersingular representations. Let p be a weight of K. By (4-7), there
is a correspondence between the k-characters of #(G, p) and the k-characters of
9%°(Hg), and we will use the letter ¢ for each of the two characters paired up by
(4-7). With this notation, by the work in Section 4 we have a surjective morphism
of representations of G:

£ @y iy ind} | — £ @3(g,p) indi p- (5-8)

For w a character of the connected center of G, let ,, the supersingular character
of %° (ﬁk) as in Section 5C3. We remark that the representation ¢, Qo (fi,) ind?l
of G has central character w.

From now on we suppose that the derived group of G is simply connected and
that § is a finite extension of Q.

Lemma 5.25. A character #(G, p) — k is parametrized by the pair (G, w) in
the sense of [Herzig 2011a, Proposition 4.1] if and only if it corresponds to the
supersingular character Cq, of 2°(Hy) via (4-7).

Proof. In this proof we denote by v : #(G, p) — k and ¢ : #° (Hy) >k a pair of
characters corresponding to each other by (4-7). Recall that T denotes the inverse
Satake isomorphism (4-4). By [ibid., Corollary 4.2] (see also Corollary 2.19 there),
the character ¥ : #(G, p) — k is parametrized by the pair (G, w) if and only if
¥ o T(A) =0 for all A € X (T) such that £(e*) # 0 and if ¥ ®%(G,p) indﬁ' p has
central character equal to @ (see Lemma 4.4 and its proof there). Since for all
A € X} (T) we have ¢(z;) = ¥ o T(A) and since ¥ ®%(G,p) indg p is a quotient of
Qoo (i) indiG 1, we have proved (using the remark before the statement of this
lemma) that v is parametrized by the pair (G, w) if and only if { = . |

A smooth irreducible admissible k-representation of G has a central character. A
smooth irreducible admissible k-representation 1t with central character w : Z — k>
is called supersingular with respect to (K, T, B) [ibid., Definition 4.7] if for all
weights p of K, any map indg p — w factors through

$w ®%(G,p) indgl p—> T.

Note that if the first map is zero, then the condition is trivial. By (5-8), a supersin-
gular representation with central character @ : Z — k™ is therefore a quotient of
Lo o (fi,) ind%’l and, by Definition 5.8, of

ind{'1/Jind{ 1.

Remark 5.26. (i) The representation ind%} 1/3 ind?l depends only on the con-
jugacy class of xg. It is independent of any choices if G is of adjoint type or
G =GL,.



Satake and Bernstein isomorphisms in characteristic p 1109

(i1) Anirreducible admissible representation 7t of G is a quotient of ind?I 1/3 ind% 1
if and only if 7! contains a supersingular Hy-module. Recall that when the root
system of G is irreducible, we have proved that the notion of supersingularity
for ﬁk -modules is independent of all the choices made.

Theorem 5.27. If G = GL,(3) or PGL,(S), a smooth irreducible admissible
k-representation w is supersingular if and only if ©' contains a supersingular
Hy.-module; that is to say, if and only if 7t is a quotient of

ind?1/3ind{ 1. (5-9)

Proof. Let m be a smooth irreducible admissible k-representation of G with
central character w. If it is a quotient of indg’ 1/ ﬁind? 1, then it is a quotient
of ¢, ®cpo (i, ) indiGl, and 7! contains the supersingular character ¢, of %° (ﬁk).
Therefore it contains a supersingular Hy-module. By Corollaries 5.23 and 5.24, this
implies that Tt is neither a representation induced from a strict parabolic subgroup
of G nor (a twist by a character of G of) a generalized special representation. By
[Herzig 2011a, Theorem 1.1], which classifies all smooth irreducible admissible
k-representation of G, we conclude by elimination that the representation T is
supersingular. O

The results of [Herzig 2011a] have been generalized to the case of an §-split
connected reductive group G in [Abe 2013]: the classification of the smooth
irreducible admissible representations of G is quite similar to the case of GL, ()
(expect for a certain subtlety when the root system of G is not irreducible). Based
on this classification and on Corollaries 5.23 and 5.24, N. Abe confirmed that the
space of I-invariant vectors of a nonsupersingular representation does not contain
any supersingular ﬁk—module. Therefore, Theorem 5.27 is true for a general split
group with simply connected derived subgroup.
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The final log canonical model of g
Fabian Miiller

We describe the birational model of .ils given by quadric hyperplane sections
of the degree-5 del Pezzo surface. In the spirit of the genus-4 case treated by
Fedorchuk, we show that it is the last nontrivial space in the log minimal model
program for .Ils. We also obtain a new upper bound for the moving slope of the
moduli space.

1. Introduction

A general smooth curve C of genus 6 has five planar sextic models with four
nodes in general linear position. Blowing up these four points and embedding the
resulting surface in P> via its complete anticanonical linear series, one finds that
the canonical model of C is a quadric hyperplane section of a degree-5 del Pezzo
surface S. As any four general points in [P? are projectively equivalent, this surface
is unique up to isomorphism. Its automorphism group is finite and isomorphic
to the symmetric group Ss (see, e.g., [Shepherd-Barron 1989]). The surface S
contains ten (—1)-curves, which are the four exceptional divisors of the blowup,
together with the proper transforms of the six lines through pairs of the points.
There are five ways of choosing four nonintersecting (—1)-curves on §, inducing
five blowdown maps S — P2, and restricting to the five gg’s on C. Residual to
the latter are five g,’s, which can be seen in each planar model as the projection
maps from the four nodes, together with the map that is induced on C by the linear
system of conics passing through the nodes.
This description gives rise to a birational map

@ Mg --> X :=|—2Ks|/Aut(S),

which is well defined and injective on the sublocus (Mg U Agr) \ 4%P¢. Here Agr
denotes the locus of irreducible singular stable curves, and §%g is the closure of
the Gieseker—Petri divisor of curves having fewer than five g,’s (or residually, gg’s).
These have planar sextic models in which the nodes fail to be in general linear
position, which forces the anticanonical image of the blown-up P? to become

MSC2010: primary 14H10; secondary 14E30, 14H45.
Keywords: moduli space of curves, genus 6, log canonical model, moving slope.
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singular. In the generic case, exactly three of the nodes become collinear, and the
line through them is a (—2)-curve that gets contracted to an A; singularity. The
class of the Gieseker—Petri divisor is computed in [Eisenbud and Harris 1987b] as

[9%6] = 94A — 1289 — 5081 — 788, — 8853.

It is an extremal effective divisor of minimal slope on Mg [Chang and Ran 1991].

The aim of this article is to study the birational model X¢, determine its place
within the log minimal model program of .ils, and use it to derive an upper bound
on the moving slope of this space. In order to do so, we will start in Section 2
by determining explicitly the way in which ¢ extends to the generic points of the
divisors A; for i = 1, 2,3 and of @6. The divisors A; and A, are shown to
be contracted by 1 and 4 dimensions as the low-genus components are replaced
by a cusp and an As singularity, respectively. The image of A3 is at most one-
dimensional, and % turns out to be contracted to a point. The curves parametrized
by the latter two are shown to be mapped to the classes of certain nonreduced degree-
10 curves on S.

In Section 3, we will then construct test families along which ¢ is defined and
determine their intersection numbers with the standard generators of Pic(lg) as
well as with ¢*Ox,(1). Having enough of those enables us in Section 4 to finally
compute the class of the latter. This computation is then used to establish the upper
bound s'(Mg) < % for the moving slope of Mg as well as to show that the log
canonical model Mg (@) is isomorphic to X for % <o < % and becomes trivial
below this point.

2. Defining ¢ in codimension 1

In this section, we will see how ¢ is defined on the generic points of the codimension-
one subloci of g parametrizing curves whose canonical image does not lie on
S. As mentioned in the introduction, these are the divisors A;, i =1, 2, 3, as well
as 4P, and they will turn out to constitute exactly the exceptional locus of ¢.

Proposition 2.1. A curve C = C{ U, C, € Ay with p not a Weierstraf3 point
on Cy € Ms is mapped to the class of a cuspidal curve whose pointed normalization
is (Ca, p). In particular, the map ¢ contracts Ay by one dimension.

Proof. This follows readily from the existence of a moduli space for pseudostable
curves [Schubert 1991]. More concretely, let  : € — B be a flat family of genus-6
curves whose general fiber is smooth and Gieseker—Petri general and with special
fiber C. Then the twisted linear system |w, (C1)| maps % to a flat family of curves
in |—2Kg|. It restricts to O¢, on C; and to w¢,(2p) on C», so it contracts C; and
maps C5 to a cuspidal curve of arithmetic genus 6, which lies on a smooth del Pezzo
surface. (]
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Proposition 2.2. Let C = C; U, C; € Aj be a curve such that

o the component Cy € My is Gieseker—Petri general and

o p is not a Weierstraf3 point on either component.

Then C is mapped to the class of a curve consisting of C, together with a line that
is 3-tangent to it at p. In particular, the map ¢ restricted to A, has 4-dimensional
fibers.

Proof. Let € — B be a flat family of genus-6 curves whose general fiber is smooth
and Gieseker—Petri general and with special fiber C. Blow up the hyperelliptic
conjugate p € C; of p, and let 7 : €' — B be the resulting family with central
fiber C’ and exceptional divisor R. Then the twisted line bundle & := w, (2C1)
restricts to wc,(3p), O¢,, and Og(1) on the respective components of C’. By a
detailed analysis, one can see that the family of linear systems (&, 7., ) restricts
to |wc,(3p)| on C2 and maps R to the 3-tangent line at p while contracting C;. A
similar but harder analysis of this kind is carried out in Lemma 2.5 for the case
of Aj, to which we refer.

In order to see that the central fiber lies on S as a section of —2K, it suffices to
observe that a generic pointed curve (C5, p) € 4 1 has three quintic planar models
with a flex at p. Each such model has two nodes, projecting from which gives the
two g5’s. The 3-tangent line R at p meets C; at two other points, so C; U R is a
plane curve of degree 6 with four nodes (and an As singularity). Blowing up the four
nodes, which for generic (C,, p) will be in general linear position, gives the claim.

For showing that the flat limit is unique, it suffices by [Fedorchuk 2012, Lemma
3.10] to show that, if C’ is any curve in a small punctured neighborhood of RU,, C,
inside |—2K|, then C is not the stable reduction of C’ in any family in which it
occurs as the central fiber. If C’ is smooth, this is obviously satisfied, so assume
it is still singular. If C’ retains an As singularity, then its genus-4 component must
be different from (C;, p) since C, has only a finite number of g%’s with a flex at p.
Thus, its stable reduction cannot be isomorphic to C. If on the other hand the type
of singularity changes, it can only become an A singularity with 1 <k <4. In
case k < 3, any irreducible component arising in the stable reduction has genus
at most 1 while for k = 4 the stable tail is always a genus-2 curve attached at a
Weierstral3 point [Hassett 2000, Section 6]. Thus, the stable reduction cannot be
isomorphic to C in these cases either. ]

Proposition 2.3. Let C = C U, C; € A3 be a curve such that, on both components,

e p is not a Weierstraf3 point and

e p is not in the support of any odd theta characteristic (in particular, neither
component is hyperelliptic).
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Figure 1. The central curve C’.

Then C is mapped to the class of two times a twisted cubic on S together with two
(possibly reducible) conics meeting it tangentially. In particular, the image of A3
under @ is at most 1-dimensional.

Proof. Let € — B be a flat family of genus-6 curves whose general fiber is smooth
and Gieseker—Petri general and with special fiber C. By assumption, the two base
points of |wc,(—2p)| are distinct from each other and from p for i =1, 2. Blow
up the total space ¢ at p and at these four base points. Let 7 : ¢’ — B denote the
resulting family with central fiber C' = Cy + C2+ R+ ) _ R;j, where C; are the
proper transforms of the genus-3 components and R and R;; are the exceptional
divisors over p and the base points, respectively. For i, j = 1, 2, denote by p; ; the
point of intersection of C; with R;; and by p; the point of intersection of C; with R
(see Figure 1).

Consider the twisted sheaf £ := w, (3(C; + C2) + >_ R;j) on ¢’. On the various
components of C’, it restricts to O¢,, Og(6), and O r; (1), respectively. The push-
forward 7, is not locally free (the central fiber has dimension 7 instead of 6),
but it contains m.w, as a locally free rank-6 subsheaf. The central fiber V of the
image of this sheaf in 7, is described in Lemma 2.5. The induced linear system
(%|¢r, V) maps C’ to the curve C” = R + 2R + 2R, C P°, which consists of the
middle rational component R embedded as a degree-6 curve together with twice the
tangent lines Ry and R, at p; and p,. The genus-3 components C; are contracted
to the points p;. If one introduces coordinates [xo : - - - : x5] in P> corresponding to
the basis of V given in Lemma 2.5, the image curve lies on the variety

$20= |J e uDea@: b,
[A:p]eP!



The final log canonical model of .ilg 1117

where
Qi) =7 :0: 2% ap?:0: 1],
(A :p]):=[0:22:0:0:u2:0],

which is a projection of the rational normal scroll S» 3 € P% from a point in the
plane of the directrix. This surface is among the possible degenerations of the
degree-5 del Pezzo surface investigated in [Coskun 2006, Proposition 3.2] and has
the same Betti diagram. In equations, it is given by

S0s = {rk (xo I "2) < 1}m{rk <"° x2 “) < 1},
X3 X4 X5 X2 X3 X5

and C” is a quadric section cut out for example by x;x4 — xoxs. When restricted to
the directrix, the image of the projection is the line L= {xg =x2 = x3 =x5 =0},
which is the singular locus of §2,3. The two branch points g; of this restriction are
the intersection points of the double lines R; with L.

The image of ¢’ under the family of linear systems (&, m.w,) lies on a flat
family of surfaces ¥ C P> x B with general fiber S and special fiber §2,3. We
will construct a birational modification of ¥ whose central fiber is isomorphic
to S. Let 7’ : 9 — B be the family obtained by blowing up L and S’ € ¥’ the
exceptional divisor. The proper transform of §2,3 in &’ is S 3, and the intersection
curve L = S5 3N S’ is its directrix.

We want to show that S = §. The ten (—1)-curves of the generic fiber cannot
all specialize to points in the central limit since then the whole surface S would
be contracted, contradicting flatness. Any exceptlonal curve that is not contracted
must go to L in the limit since it is the only curve on Sz 3 having a normal sheaf of
negative degree. By a chase around the intersection graph of the (—1)-curves on S,
one can see that, if one of them is mapped dominantly to L, then at least four of
them are. Since the graph is connected, the rest of them get mapped to points that
lie on L. Using a base change ramified over 0 if necessary, we may assume that
limits of noncontracted curves get separated in ¥’ while the contracted ones are
blown up to lines. Thus, there are ten distinct (—1)-curves on S’, which by the list
of possible limits in [Coskun 2006] forces it to be isomorphic to S (note that there
are at most seven (—1)-curves on a singular degree-5 del Pezzo surface [Coray and
Tsfasman 1988, Proposition 8.5]).

It remains to see what happens to the curve C” in the process. Denote by
v — P5 x B the map induced by the family of linear systems (w;,(Sz,g), n;w;,).
This restricts to —Kg on S’ and to a subsystem of |[3F| on S, 3. Thus, the map
contracts the latter and has degree 3 on L. This implies that Og (L) = p*Op2(1)
for one of the five maps p : S’ — P2, and there are exactly four exceptional
curves Eq, ..., E4 C § that do not meet L. The blowdown fibration on S’ is given
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Figure 2. Two possibilities for the image of C under ¢ and the
proper transform of the latter after blowing up the nodes.

by |2L — Y E;|, and it contains exactly 3 reducible conics. The flat pullback of C”
to ¥’ contains the two conics in the fibration that meet L at the ramification points
of the map L — L, and the map v restricted to C” contracts the two double lines R;
to the points ¢; and maps R doubly onto L. Thus, the flat limit of C” consists of
twice the line L together with the two conics in the fibration which are tangent to L
at the points ¢;. Up to automorphisms, such a configuration has a 1-dimensional

family of moduli, so the image of Az under ¢ is at most 1-dimensional. (]

Remark 2.4. The image curve ¢(C) has two possible kinds of nonreduced planar
singularities shown in Figure 2. The one on the left with local equation y*(y—x2) =0
appears in the proof of Proposition 2.3 in the curve C”. For the second one with
equation y*(y> — x2) = 0, one can see directly using an appropriate family that it
has the generic smooth genus 3 curve in its variety of stable tails. We will use this
construction in the proof of Lemma 3.5.

Lemma 2.5. Let €' and & be constructed as in the proof of Proposition 2.3, and
let V be the central fiber of the image of mewy; — .. Choose coordinates [s : t]
on each rational component such that on Ry; the coordinate t is centered at p, j
on Ryj the coordinate s is centered at Paj (j =1,2), and on R the coordinate s is
centered at p, and t at p,. Then V is spanned by the following sections (on C; the
sections are constants and not listed in the table).

L . O O O O
L - O O O
[
~
N
OO OO«
SO OO U~
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Proof. Let £gp = (LR, Vg) be the R-aspect of the unique limit canonical series on
the central fiber of 6’. By [Eisenbud and Harris 1987a, Theorem 2.2], we have that

Pr=wr(5(C1+C2)+4 Y Rij)|, =O0r(10)

and ¢y has vanishing sequence afe (p;)) =2,3,4,6,7,8) at both p;, so

Vg = s2t2(s6, s5t, s4t2, s2t4, st5, t6).
Since on R the inclusion £|g < £ restricts to O(6) — Ox(10), o — s’t%o,
we have that s2t2V |z C V. Since the dimensions match, the claim for the central
column follows. By dimension considerations, it is clear that &£ must restrict to the
complete linear series |Og,; (1) on R;;.

It remains to show that, if a section o € V fulfills ord,,l, (o|gr) =2, then o R; =0
for j = 1,2. For this, let oc, € HO(C, 04/(C))|c) be the restriction of a gener-
ating section, and let ¢; : H(C, £(—C;)|c) — H°(C, %|¢) be the map given
by o + o¢, - 0. For a divisor D on €’ and k € N, introduce the subspaces

Vik(D) :={o € H'(C,£®0¢(D)|c) | ord, (c|r) > k},
Vik := Vik(0).
Since £|¢; = Oc¢,, we have that im(¢;) = V; 1. Moreover, we certainly have the
inclusion ¢; (V; 1(—C;)) € V; > and
codim(g; (Vi1 (—C;)), Vi.1) < codim(V; 1(=C;), H'(C, £(—Ci)|c))
<1.
From the description of the sections on R, it is apparent that V; » C V; 1, so we have
in fact ¢; (V;.1(—C;)) = Vi . Thus, we get
Vio=¢i(Vi1(=C))
=¢i({o € HY(C,2(=C)lc) | olr,; =0 for j =1,2})
c{o e HY(C. %Ic) |olg, =0for j =1,2}. O
Proposition 2.6. Let C be a smooth Gieseker—Petri special curve whose canonical
image lies on a singular del Pezzo surface with a unique A, singularity but not
passing through that singularity. Then ¢ maps C to a nonreduced degree-10 curve

on S consisting of four times a line together with two times each of the three lines
meeting it. In particular, ¢ contracts §%P¢ to a point.

Proof. This can be done by a geometric construction similar to [Fedorchuk 2012,
Theorem 3.13]. Here we follow a simpler approach from [Jensen 2013]. A curve C
as above has a planar sextic model with three collinear nodes, so the map ‘Qi — Mg
is simply ramified over C. Thus, a neighborhood of the ramification point will map
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a (double cover of a) neighborhood of C to a family of (4, 4)-curves on P! x P!.
The image of the general fiber will be an irreducible curve with three nodes while
the special fiber goes to four times the diagonal. Blowing up the nodes gives a flat
family on S with central fiber as described. ([

Remark 2.7. A pencil of antibicanonical curves on a singular del Pezzo surface as
above has slope %7 like in the smooth case (for which see Lemma 3.1). This would
seem to contradict the fact that ¢ contracts the Gieseker—Petri divisor, which has
the same slope, to a point. However, any such pencil will contain a curve C having
a node at the singular point. The normalization of such a curve is a trigonal curve of
genus 5 since blowing up the node and blowing down four disjoint (—1)-curves gives
a planar quintic model of C together with a line. Using this model, one can show
that ¢ maps C to a configuration consisting of three times a line on S together with
three lines and two conics meeting it. This arrangement obviously has moduli, so we
deduce that ¢ is not defined on Aglg :={C € Ag | C has a trigonal normalization},
which is a component of Ay N GPpg.

3. Test families

In order to compute the class of ¢*Oy, (1), we now construct some test families
and record their intersection numbers with the standard generators of Pic(lg) and
with ¢*Ox, (1). Those numbers not mentioned in the statements of the lemmas are
implied to be O.

Lemma 3.1. A generic pencil T\ of quadric hyperplane sections of S has intersection
numbers
Tl-)n=6, T1-50=47, Tl"P*@X(,(l):l-

Proof. Since all members of T are irreducible, it suffices to show that A = Oy (6)
and ¢,8 = Oy(47) on V := |-2Ks| = P, This is completely parallel to the
computation in [Fedorchuk 2012, Proposition 3.2]. If Y ;=S x V and € C Y
denotes the universal curve, we have Oy (€) = Oy(—2Kgy, 1), so by adjunction,
w¢v = 0¢(—Kgs, 1). Applying m, to the exact sequence

0— Oy(Ks,0) —» Oy(=Ks, 1) = w¢/v — 0,
we find that
Ty = 12,0y (—Ks, 1) = HY(S, —K5) ® Oy (1)

since 1, Oy (K, 0) = R'7,,0y(Ks,0) =0 by Kodaira vanishing. Therefore, we
obtain that g,A = detmo.wq v = Oy (6).
We also find that

Puk =T (07,y) = T2 ((—2Ks, 1) - (=K, 1)) = Oy (25),
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and from x = 121 — §, we deduce that ¢, = Oy (47). O

Lemma 3.2. Let T, be the family obtained by attaching a fixed genus-5 curve to a
base point of a general pencil of plane cubics. Then T, has intersection numbers

TZ')\.II, T2'50=12, T2~51=—1, Tz-g{)*@xﬁ(l)zo

Proof. The first three intersection numbers are standard. By Proposition 2.1, ¢ is
defined on 75 and contracts it to a point. O

Lemma 3.3. There is a family Tz of stable genus-6 curves having intersection
numbers

)»=3, T3'50=30, T3-52=—1, T3'§0*©X6(1)=0

Proof. In [Alper et al. 2011, Example 6.1], the authors construct for all k£ > 2
a complete family By of stable hyperelliptic curves of genus k£ with two marked
points that are conjugate under the hyperelliptic involution. It is obtained by taking
a double cover of the Hirzebruch surface F; (considered as a P!'-bundle over P'),
branched along 2k + 2 general sections of self-intersection 1. The markings are
given as the preimage of the unique (—1)-curve, which does not meet the branch
locus. The covering map to [ restricts to the hyperelliptic g; on every fiber, and
since the two markings are always distinct, they are never Weierstral3 points.
From the family B,, we construct our family 73 by forgetting one marking and
attaching at the other a fixed 1-pointed curve of genus 4. Then the first three
intersection numbers directly carry over from the computation in [Alper et al. 2011,
Example 6.1] (note that 75 - § = — B; - ¥1). The last one follows by Proposition 2.2
since ¢ is defined on 73 and contracts it to a point. O

The following computation is used in the proof of Lemma 3.5:

Lemma 3.4. Let X be a smooth threefold, € C X a surface with an ordinary k-fold
point p, - X — X the blowup at p, and @ the proper transform of €. Then

X(0%) = x (0¢) — (5)-
Proof. Let E C X be the exceptional divisor and C = EN . By adjunction,
Kz =(Kz+Dly
=(m"Kx+2E+n*€—kE)|g
=n7"K¢— (k—2)C,
so Riemann—Roch for surfaces gives
X (0) = x (07 (=kC)) — kC?
= x(0z(—kC)) +k*.
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From the exact sequence
0— Ox(=€) —» Ox(—kE) — Oz(—kC) — 0,

we get that
x (07 (=kC)) = x (Ox(=kE)) — x (Ox) + x (Oc).

Finally, using induction on the exact sequence

0— O03(—(@i + DE) > Ox(—i E) = Op2(i) —> 0

fori =0, ...,k —1, we conclude that
k=1 .o . 3 2
i“+3i4+2 k> +3k” 42k
X O (—KE) = x(Ox) =) ———— = x(0x) - ————.
i=0
Putting these three equations together gives the result. U

Lemma 3.5. There is a family Ty of stable genus-6 curves having intersection
numbers

Ty-x=16, Ty-80=118, Ty-83=1, Ty -¢*0x, (1) =4.

Proof. Let X be the blowup of P? x P! at four constant sections of the second
projection, and let 6, ¢’ C X denote the proper transforms of degree-4 families
of plane sextic curves with assigned nodes at the blown-up points. Suppose € is
chosen in such a way that it contains the curve pictured in Figure 2 on the right as
a member and that the fourfold points of this fiber are also ordinary fourfold points
of the total space while away from this special fiber the family is smooth and all
singular fibers are irreducible nodal. The stable reduction of the special fiber is then
a As-curve, which we furthermore assume to lie in the locus where the map ¢ is
defined. The family %6’ is chosen generically so that all its members are irreducible
stable curves.

Let 7 : X — X be the blowup of X at the two fourfold points of €; denote by %
the proper transform of € and by E;, E;, C X the exceptional divisors of 7. Then
@=71*¢—4E, —4E; and Ky = 7*Kx 4+ 2E 4+ 2E;, s0

K2 = (K3 +©)%é
= (*(Kx +) — 2(E| + E2)*(m*€ — 4(E) + E2))
= (Kx +%')*6 — 16(E; + E3) = K7, — 32.
By Lemma 3.4, we find that

Xx(07) = x(O¢) —2(3) = x (O¢) — 8,
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SO ) (%) = c»(¢") — 64 by Noether’s formula. If 74 and 7, denote the families in Mg
induced by % and ', respectively, we find that Ty - A = T,-2—8=4-6-8=16
(note that 7, is numerically equivalent to 47, where 7} is the pencil described in
Lemma 3.1). Moreover, the difference in topological Euler characteristics between
a general (smooth) fiber and the special (blown-up) fiber of @ is 6; thus, we find
Ty 60 = T4/ -6 —64 —6=4-47—70=118. Finally, T4 is constructed in such a
way that 74 - 63 = 1 and Ty - ¢*Ox, (1) = 4. O

Lemma 3.6. There is a family Ts of stable genus-6 curves having intersection
numbers

T5-)\,=21, T5-50=164, T5-(p*@x6(1)=10.

Proof. In order to construct 75, we take a family of quadric hyperplane sections
of a family of generically smooth anticanonically embedded del Pezzo surfaces
with special fibers having A; singularities. More concretely, let 7 be the blowup
of P? x P! along the four sections

X=(1:0:01[x:ub,
Yo =(0:1:0][x:ul,
Y3=(0:0:1] [A:uD,
Ya=(A+piapul [Aul),

where [A : u] € P! is the base parameter. We map Z into P7 x P! by taking a
system of eight (3, 1)-forms that span the space of anticanonical forms in every
fiber as given for example by

fxo s x1: x2]) = [xox1 Oxo = o+ p)x1) © x5 (i) — Axa)
s xpx2(pxo — (A + p)xz) : xox2(puxy — Axz)
L xox1 (X1 — Ax2) s x3 (uxo — (h + 1) x2)
X1 x2(pxn — Axa) 123 (hxo — O+ p)x1)]-

This maps every fiber anticanonically into a 5-dimensional subspace of P’ that
depends on [ : ] € P'. The image of the blown-up P? is isomorphic to S except
for the parameter values [A : u] =[1:0], [0: 1], and [1 : —1], where three base
points lie on a line that gets contracted to an A; singularity under the anticanonical
embedding.

Denote the image of f by ¥; let H; and H be the generators of Pic(P7 x P!)
and Hy, H,, E1, ..., E4 those of Pic(§>). Note that f*H; = 3H, — > E; + H, and
f*Hy = ﬁz. We claim that

S =5H; +9H}H, € A*(P" x P').
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Indeed, the first coefficient is just the degree in a fiber while the second one is
computed as

4 3 4
$-H =(3H -y Ei+H )| =27TH*H,+3Y H,E?—E>+9H,E?
1 1 i 4 4
i=l1 i=l1
=27-1243-9=09.

Here we have used that 1-12 El2 =—1fori=1,...,4asitis just the self-intersection
of the exceptional P! in a fiber. Moreover, by the normal bundle exact sequence,

E} = Kpoypi - 5 —deg Ks, = (—3H, —2Hy)H} +2 =0
fori =1, 2, 3, and similarly,
E; = (—3H, —2Hy)(H} + H Hy) + 2 = 3.

Finally, H 1 and ﬁg both restrict to the same thing on E4 (namely the class of a fiber
of the fibration E4 — X4), so ﬁl EZ= ﬁzEz =—1.

Let € be the family cut out on & by a generic hypersurface of bldegree 2,2)
so that ¢ = 10H? + 28 HY H. Since K5 = 05(—3H, + Y. E; — 2H,), we find that
Ky = 0y(—H) — Hy). Thus, wg/p1 = Oy(—H, + H>), and by adjunction, wq/p1 =
O¢(H, 4+ 3H,). If Ts5 denotes the family induced in Mg by %, we then find that

Ts -1 = Wiy = (Hy +3H2) - (10HY + 28 H} Hy) = 88.

Next we note that O¢(—%€) = 2K<, so applying the Riemann—Roch theorem for
threefolds to the short exact sequence 0 — 2Ky — Oy — O¢ — 0, we get

x(O¢) = x(Og) — x (2Kg)

—1K3 +4x(0g)
= —L(=Hi — H,)*GH} + 9H} H)) + 4
=16,

where we used that x (Oy) = 1 because & is rational. Hence, if C denotes a generic
fiber of €, we get that 75 - L = x (O¢) — (g([lj’l) —1)(g(C) — 1) =21. Finally, by
Mumford’s relation, we obtain 75 - 5o = 12-21 — 88 = 164.

For computing 75 - ¢*Oy, (1), we note that we can also construct & as follows:
blow up P2xP!at[1:0:0],[0:1:0],[0:0:1],and [1:1:1], embed it into P’ x P! via

£/ ([xg 2 x1 2 x2]) = [xox1 (xo — x1) 2 x5 (1 — X2) : X0x2 (X0 — X2) : Xox2(X] — X2)

. .2 . 2
D x0x1 (1 — Xx2) 1 X7 (X0 — x2) 1 X102 (X1 — x2) 1 x5 (x0 — x1)],
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and take the proper transform of this constant family under the birational map

¥ 1 P7 x P! ——5 P7 x P! given by

Ylyo:- 7)) = [A2+10)2y0 At ?y1 s W b ) ?y2 s A (A410) 3
RO ye ROt wys 0Py AP Gy

Denoting by 9" = S x P! the image of f’, the intersection number 75 - ¢*0(1) is

given by the number of curves in 75 passing through a general fixed point of S. Since
two general hyperplane sections cut out five general points on S, we compute that

Ts - ¢*Ox, (1) = 50y (H1)? - ¥ *05(6) = SH} - Hf - 2H; + 10H3) = 10. O

4. The moving slope of .llg

Proposition 4.1. The moving slope of Mg Sulfills 37 < 5" (Mg) < 102

Proof. The lower bound is the slope of the effective cone of .Ilg and was known
before [Farkas 2010]. Using the test families 7' through 75 described in Section 3,
we get that

@ 0x, (1) = 1021 — 1389 — 548, — 848, — 9433.

Since Oy, (1) is ample on X and ¢ is a rational contraction, this is a moving divisor
on Jlg, which gives the upper bound on the moving slope. (I

Remark 4.2. Note that 1102 ~ 7.846 is strictly smaller than = 8.125, which was
the upper bound previously obtained in [Farkas 2010]. However since our families
T, and T5 are not covering families for divisors contracted by ¢, we cannot argue
as in [Fedorchuk 2012, Corollary 3.7]. In particular, the actual moving slope may
be lower than the upper bound given here.

Proposition 4.3. The log canonical model Mg(cx) is isomorphic to X¢ whenever

16 16
7 <%=7i3 102 It is a point for o = 47, and empty for o < 7.

Proof. This is completely analogous to [Fedorchuk 2012, Corollary 3.6]. Since
(Ko, +8) — 9" pu (K, +d)

=131 -2 —a)8) — ¢ (131 — (2 —)d)

= (£ —51a)[9Ps] + (9 — 11a)8; + (19 — 2900)8; + (34 — 960)53

is an effective exceptional divisor for ¢ as long as o < == 102, the upper bound follows.
Moreover, @, (131 — (2 —a)d) = Ox, (470 — 16), which gives the lower bound. [
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Poisson structures and star products
on quasimodular forms

Francois Dumas and Emmanuel Royer

We construct and classify all Poisson structures on quasimodular forms that extend
the one coming from the first Rankin—Cohen bracket on the modular forms. We
use them to build formal deformations on the algebra of quasimodular forms.

1. Introduction

Henri Cohen [1975, Theorem 7.1] defined a collection of bidifferential operators
on modular forms. Let n be a positive integer, f a modular form of weight &, and
g a modular form of weight €. The n-th Rankin—Cohen bracket of f and g is the
modular form of weight k£ + ¢ + 2n defined by

IR VPN ST AT AT R AN
ch<f,g>—§;< b ( ) ) DD (D )

n—r r T 2midz

The algebraic structure of these brackets has been studied in the seminal [Zagier
1994]. That Rankin—Cohen brackets define a formal deformation of the algebra of
modular forms has been widely studied. Important contributions are [Unterberger
and Unterberger 1996; Cohen et al. 1997; Yao 2007; Bieliavsky et al. 2007; Pevzner
2012; Kobayashi and Pevzner 2013].

In this paper, we construct formal deformations of the algebra M= of quasi-
modular forms. This algebra is generated over C by the three Eisenstein series
E,, E4 and Eg. The algebra M, of modular forms is the subalgebra generated by
E4 and Eg. As a first step, we classify the admissible Poisson structures of J=>.
A Poisson bracket {, } on M=% is admissible if

(1) the restriction of {, } to the algebra ., of modular forms is the first Rankin—
Cohen bracket RC; and

We thank Frangois Martin and Anne Pichereau for many fruitful discussions.

MSC2010: primary 17B63; secondary 11F25, 11F11, 16W25.

Keywords: quasimodular forms, Poisson brackets, Rankin—Cohen brackets, formal deformation,
Eholzer product, star product.
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(ii) it satisfies {M7", M7’} C ME ", for any even integers k, € and any integers s
and ¢,

where J(/L,fs is the vector space of quasimodular forms of weight k& and depth less
than s. The vector space of parabolic modular forms of weight 12 is one-dimensional.
We choose A = Ei — E% a generator.

Proposition A (first family of Poisson brackets). For any A € C*, there exists an
admissible Poisson bracket {, }, on the algebra of quasimodular forms defined by
the following values on the generators:

{E4, Bg}y = —2A,

{E2, Ea}, = —3(2E6E — AED),

{E2, B¢}y = —3 RE{E> — AE4Eq).
Moreover:

(i) For any ) € C*, the Poisson bracket {, }, is not unimodular.
(ii) The Poisson algebras (M, {, },) and (M, {, }»') are Poisson modular
isomorphic for all . and )\ in C*.
(iii) For any A € C*, the Poisson centre of (M, {, },) is C.
Remark. A Poisson isomorphism ¢ on M3 is modular if ¢ (M) C JA,.

Thanks to (ii) in Proposition A, we restrict to the bracket {, };. Following [Zagier
1994, Equation (38)], we consider the derivation w on M=% defined by
{A, fh
wif) ="
A derivation § on MZ* is complex-like if B(Jl/tlfs) C Jl/kai;r] for any k and s. The

set of complex-like derivations § such that kf6(g) — €g5(f) =0 for any f € Jl/t,fs
and g € Jl/teft, for any k, £, s, t, is a one-dimensional vector space over C. Let = be

a generator. The following theorem provides a first family of formal deformations
of the algebra MZ>°.

Theorem B. Forany a € C, let d, be the derivation on MZ*° defined by d, = am +w.

(1) For all quasimodular forms f and g of respective weights k and £, we have

{f. gl =kfda(g) —Lgda(f).
(i) More generally, for any a € C, the brackets defined for any integer n > 0 by

7 glan = S (P (T D ana @
= (f € ME, g € ME™)
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satisfy
= <00 <00
[ Mg Jdgn C My,
and define a formal deformation of M.

(iii) Moreover, [MZ*, MF 14, » C ./I/L,ffrzrfr% foralln,s,t,k, £ ifand only ifa = 0.

Remark. A generator 7 is defined by linear extension of 7 (f) = kfE; for f any
quasimodular form of weight k. For this choice, the derivation d, is defined on the
generators by

dEr = 2aB5 — 5E4,  d,Es =4aB4E; — 1Bg,  d,E¢ = 6aB¢E, — 1Ej.

Proposition C (second family of Poisson brackets). For any a € C, there exists an
admissible Poisson bracket (, )y on the algebra of quasimodular forms defined by
the following values on the generators:

(E4,Bg)o = —2A, (Ez,E4)q =aEgE>, (B2, Eg)o = %O!EiEz-
Moreover:

(1) For any a € C\ {4}, the Poisson bracket (, ), is not unimodular. For o« =4,
the Poisson bracket ()4 is Jacobian (and hence unimodular) of potential
ko = —2AE,.

(ii) The Poisson algebras (M=, (,)y) and (MZ°, (,)q) are Poisson modular

isomorphic if and only if « = o’
(iii) Forany a € C,
(@) ifa ¢ Q, the Poisson centre of (MZ°, (,)g) is C;
(b) if @ =0, the Poisson centre of (MZ>°, (,)q) is C[Ez];
() ifa=p/q with p € Z* and q € N*, p and q coprimes, the Poisson centre
of (M, (,)a) is
C ifp<0,
CIAPEY] if p>1isodd,
C[A“Eéq] if p="2u foroddu>1,
CIAVE]]  if p=4vwithv > 1.
Remark. The bracket (, )q is the trivial bracket.

This second family provides a new set of formal deformations of the algebra
of quasimodular forms. Following [Zagier 1994, Equation (38)], we consider the
derivation v defined on M=% by

(A e
V="
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Let us define ¥, : M= — C by setting H,(f) =k — (B + 2)s if f has weight k
and depth s. The set of complex-like derivations § such that

Ha(f)f8(8) —Ha(g)gd(f) =0

forany f € Jl/L,fs and g € Jl/tft, for any k, ¢, s, t, is a one-dimensional vector space
over C. Let m, be a generator. We define

M = My B3

Theorem D. Ler o € C. For any b € C, let 84 be the derivation on M defined
by 8g.p = by +v.

() Forall f € M} and g € M}, we have

(f, 8)a = (k — Bt +2)s) f8a,5(8) — (€ — B +2)1) 880, (f)
forany f € Mj and g € M,
(i) Moreover, the brackets defined for any integer n > 0 by
Ko
Lf: 815, n

_ Z(_l)r(k—(3a+2)s+n—1><£—(3a+2)t+n—1)6;’b(f)627(g)
r=0

n—r r
forany f € M} and g € M}, define a formal deformation of M3 satisfying
<s <tqHy <s+t
[, M 157, 0 C Moy

forallk, ¢in2Nands,t in N if and only if b = 0.

Remark. A generator 7, is defined by linear extension of
o (f) =k —GBa+2)s]fEx (f € Mp).
For this choice, the derivation d, j is defined on the generators by
Sa,sB2 = —3baE3, 84 pE4 = 4bE4E; — 1B,  8a,,E6 = 6bEGE; — 3Ej.

To complete the classification of Poisson structures, we introduce a third family
of Poisson brackets. We note, however, that when p 7 O this third family does not
lead to a formal deformation of M3 with the shape of Rankin—Cohen brackets
(see Section 4.3).

Proposition E (third family of Poisson brackets). For any u € C, there exists an
admissible Poisson bracket (, ), on the algebra of quasimodular forms defined by
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the following values on the generators:
(E4, Eg)p = —2A,
(Ea, Ba) = 4B6Ex + pE],

(Ez, Eg) . = 6E3E, — 2uE4Es.
Moreover:

(1) This Poisson bracket is Jacobian with potential
k, = —2AE; + nE3Es.

(i) The Poisson algebras (M, (,),) and (M, (,),) are Poisson modular

isomorphic for all ; and (' in C*.

(iii) For any p € C, the Poisson centre of (M3, (. ),,) is the polynomial algebra
Clkyl.

Remark. We note that (, )og = (, )4.
Finally, the following result implies that our classification is complete.

Theorem F. Up to Poisson modular isomorphism, the only distinct admissible
Poisson brackets on the algebra of quasimodular forms are {, }1, (,)1 and the
family (, )y for any o € C.

Remark. We could endow the algebra of modular forms with another Poisson
structure b. If we require b(JMy, AM¢) C Mg4o42, then b is necessarily defined by
b(E4, Eg) = ozEZ + ,BE% for some complex numbers o and S. If of # 0, then (M., b)
is Poisson isomorphic to (M., RCy) and is indeed studied by this work. If ¢ =0,
the Poisson algebras are no longer Poisson isomorphic (they do not have the same
group of automorphisms). This degenerate case deserves another study.

Remark. From an algebraic point of view, classifications of Poisson structures
and associated (co)homology for polynomial algebras in two variables appear in
[Monnier 2002; Pichereau 2006a; Roger and Vanhaecke 2002] for a Poisson bracket
on Cl[x, y] defined by {x, y} = ¢(x, y) with ¢ a homogeneous or square-free weight-
homogeneous polynomial in C[x, y]. The algebra of modular forms M, = C[E4, Eg]
with the Poisson bracket defined by RC; is the case A, in the classification theorem
3.8 in [Monnier 2002]. Applying Propositions 4.10 and 4.11 of [Pichereau 2006a],
or Theorems 4.6 and 4.11 of [Monnier 2002], we can deduce that the Poisson
cohomology spaces HP' (L) and HP? (L) are of respective dimensions 1 and 2.
In three variables, the Poisson structures on the algebra M3 = C[E,, Eq4, E¢] of
quasimodular forms arising from Theorem F do not fall under the classification of
[Dufour and Haraki 1991] since they are not quadratic. The (co)homological study
of Pichereau [2006a; 2006b] does not apply to the brackets {, }; and (, )4, since
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they are not Jacobian, or to the Jacobian bracket (, )1, because its potential k; does
not admit an isolated singularity at the origin.

2. Number theoretic and algebraic background

2.1. Quasimodular forms. The aim of this section is to provide the necessary
background on quasimodular forms. For details, the reader is advised to refer
to [Zagier 2008] or [Martin and Royer 2005]. On SL(2, Z), a modular form of
weight k € 2N, k # 2, is a holomorphic function on the Poincaré upper half-plane
3 ={z € C: Iz > 0} satisfying

az+b
cz+d

(cz+d)"‘f< ) = f(2)

for any (‘; Z) € SL(2, Z) and having Fourier expansion
f@ =) e,
n>0

We denote by .l the finite-dimensional space of modular forms of weight k. The
algebra of modular forms is defined as the graded algebra

M, = @ My
ke2N
k#2

Let k > 2 be even. We define the Eisenstein series of weight k by
2% .
Bu@)=1-3 2; o1 (n)e”™ .
n=

Here the rational numbers By are defined by their exponential generating series

+00

B "ot
Z ”E_e’—l

n=0

and oy_ is the divisor function defined by

or_1(n) = de—l (n € N¥).

d|n
d>0

If k > 4, the Eisenstein series E; is a modular form of weight k and JL, is the
polynomial algebra in the two algebraically independent Eisenstein series E4 and Eg.
In other words,

M, = C[Es, B], Mc= P CELE].

(i, j)eN?
4i+6j=k
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However, the Eisenstein series E, is not a modular form. It satisfies

az+>b 6 ¢
d)"’E =E - %
(cz+d) 2(cz+d> Z(Z)+7TiCZ+d (z €30

for any ( a Z) € SL(2, Z). Moreover, the algebra of modular forms is not stable by
the normalised complex derivation

1 d

 2midz’

For example, we have the Ramanujan differential equations
DE; = 1;(E; —E4), DEs=3(E4Es—Eg), DEg= ;(EsE» —E).

To account for these observations, and using the fact that E;, E4 and E¢ are al-
gebraically independent, we introduce the algebra M= of quasimodular forms
defined as the polynomial algebra

% = C[Ey, E4, Eg] = M[E2].

More intrinsically, if for y = (‘; Z) € SL(2, Z) we define

c
X = _
)=z~ cz+d

and

B _x faz+b
flky =z (cz+d) f(CZde)’

then a quasimodular form of weight k € 2N and depth s € N is a holomorphic
function f on ¥ such that there exist holomorphic functions fy, ..., fi (fs #0)
satisfying

)
fley =Y fiX(y)
j=0
for any y € SL(2, Z). Moreover, it is required that any f; have a Fourier expansion
fi@ =) Fime™™  (ze).
n>0

The zero function is supposed to have arbitrary weight and depth 0. We write

Jl/L,foo for the space of quasimodular forms of weight k and JI/LES for the space

of quasimodular forms of weight k£ and depth less than or equal to s. We have
<0

Mz = My and

N
j k/2
M =P MjBS,  MEZ = P M.
j=0 ke2N
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Moreover, DJ‘/L ' C JI/LZ:ZH Since the depth of a quasimodular form is nothing but
its degree as a polynomlal in E, with modular coefficients, we note that

k/2
M,fszé.ﬂ/t’, M:* = p .
t=0 ke2N t=0

where _
My =Me2Ey= @D CE[EE).
(i, j)eN?
4i+6j=k—21

An important element in our study will be the discriminant function A = Ei — Eg.
We note that DA = AE,.

Let n be a nonnegative integer, f a modular form of weight k, and g a modular
form of weight £. The n-th Rankin—Cohen bracket of f and g is

RC,(/,9) = Z(  (EH (T oo

r

This is a modular form of weight k 4+ £ 4 2n. If f and g are quasimodular forms of
respective weights k and ¢ and respective depths s and ¢, their n-th Rankin—Cohen
bracket is defined in [Martin and Royer 2009] by

RCu(fo) = Y- (FE T (T ey,
r=0

n—r
This is a quasimodular form of weight k + ¢ 4+ 2n and minimal depth (that is s 4 7).

2.2. Poisson algebra. The aim of this section is to give a brief account of what
is needed about Poisson algebra. For more details, the reader is advised to refer
to [Laurent-Gengoux et al. 2013]. A commutative C-algebra A is a Poisson algebra
if there exists a bilinear skew-symmetric map b: A x A — A satisfying the two
conditions

o (Leibniz rule) b(fg, h) = fb(g, h) +b(f, h)g and
 (Jacobi identity) b(f, b(g, h)) +b(g, b(h, f)) +b(h,b(f, g)) =0

for all f, g and /& in A. The bilinear map b is given the name of Poisson bracket.
If A is a finitely generated algebra with generators x, ..., xy, a Poisson bracket
b is entirely determined by its values b(x;, x;) for i < j, where A is generated by
X1, ..., xy. More precisely, we have

af o dg 0
b(fg)= Y. (—f—g——g f)b(xl,xn 0

— ox; 0x;  0x; 0x
0<i<j<N . J

for f and g expressed as polynomials in xp, ..., xy.
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If A=Clx, y], any p € A determines a Poisson bracket satisfying b(x, y) = p.
However, if A =C[x, y, z], for any p, g and r in A, there exists a Poisson bracket
on A defined by

b(x,y)=r, b(y,z)=p and b(z,x)=gq
if and only if
curl(p,q,r)-(p,q,r) =0, (3)

where

or dq dp Or dqg Op

g =\ =5 5, "ar ax 37 )
curl(p, ¢, ) <8y 9z’ 9z 0x ox 8y)

If condition (3) is satisfied, then (p, ¢, r) is called a Poissonian triple. A par-
ticular case is obtained if there exists k € Cl[x, y, z] such that curl(p, ¢q,r) =
(p,q,r) Agrad k. The bracket b is said then to be unimodular. Among unimodular
brackets are the Jacobian brackets. A bracket b is Jacobian if (p, g, r) = grad k for
some polynomial k. The bracket b then satisfies

b(f, g) =jac(f, g, k) (f,g€A).

In this case, C[x, y, z] is said to have a Jacobian Poisson structure of potential (or
Casimir function) k. The Poissonian triple (p, g, r) is said then to be exact.

The Poisson centre (or zeroth Poisson cohomology group) of a Poisson algebra
A is the Poisson subalgebra

HPY(A) ={g € A:b(f, g) =0, Vf € A}.

The Poisson centre is contained in the Poisson centraliser of any element in the
algebra: let f € A; its Poisson centraliser is {g € A : b(f, g) = 0}. The following
lemma computes the Poisson centre of polynomial algebras in three variables
equipped with a Jacobian Poisson structure. It allows one to recover, for example,
Proposition 4.2 of [Pichereau 2006b] in the particular case where the potential
is a weight-homogeneous polynomial with an isolated singularity. A polynomial
h € Clx, y, z] is indecomposable if there is no polynomial p € C[x] with deg p >2
such that h = p o £ for some ¢ € C[x, y, z].

Lemma 1. Let Clx, y, z] be endowed with a Jacobian Poisson structure of noncon-
stant potential k. Its Poisson centre is C[k] if and only if k is indecomposable.

Proof. Assume that k is not indecomposable: k = p o £ with p € C[x], deg p = 2.
Then jac(¢, g, k) = (p' o £)jac(¥, g, £), and hence ¢ is in the Poisson centre, but
not in C[k]. Assume conversely that k is indecomposable. Let f be in the Poisson
centre; then the rank of the Jacobian matrix of (f, g, k) is at most 2 for any g. If
it is 1 for any g then grad f and grad k are zero, which contradicts the fact that
k is not constant. Hence, for some g, the rank is 2. It follows (see, for example,
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[Gutierrez and Sevilla 2006, Theorem 6]) that there exist g € C[x, y, z], F € C[x]
and K € C[x] such that f = F og and k = K ogq. Since k is indecomposable and
nonconstant, we have deg K = 1, and hence ¢ and f are polynomials in k. (]

If A and B are two Poisson algebras with respective Poisson brackets b4 and bg,
amap ¢ : A — B is a morphism of Poisson algebras when it is a morphism of
algebras that satisfies

p(ba(f, 8) =bp@(f), ¢(g)

for any f and g in A. Two Poisson-isomorphic Poisson algebras have isomorphic
Poisson centres.

We detail now a canonical way to extend a Poisson structure from an algebra A
to a polynomial algebra A[x]. This construction is due to Sei-Qwon Oh [2006]. A
Poisson derivation of A is a derivation o of A satisfying

o (b(f,8)) =b(a(f).8) +b(f, 0(g)

for all f and g in A. If ¢ is a Poisson derivation of A, a Poisson o -derivation is a
derivation § of A such that

8(b(f, 8)) =b(8(f), &) +b(f,8(8))+0(f)s(g) —8(f)o(g)
for all f and g in A.

Theorem 2 [Oh 2006]. Let (A, bys) be a Poisson algebra. Let o and § be linear
maps on A. The polynomial ring Alx] becomes a Poisson algebra with Poisson
brackets b defined by

b(f,8) =ba(f.g), blx, f)=0a(f)x+35(f)

for all f and g in A if and only if o is a Poisson derivation and § is a Poisson
o -derivation. In this case, the Poisson algebra A[x] is said to be a Poisson—Ore
extension of A. It is denoted by A[x]s 5.

We describe also a general process to obtain Poisson brackets from a pair of
derivations. A pair (8, d) of two derivations of A is solvable if there exists some
scalar « such that § od —d o 6 = «d. In particular, a solvable pair (8, d) is abelian
when « = 0.

Proposition 3. Let A be a commutative algebra, and d and § two derivations of A.
Letb: A x A — A be defined by

b(f, g) =48(f)d(g) —d(f)d(g) (f, g€ A).
Then:

(i) The map b is bilinear skew-symmetric and satisfies the Leibniz rule.
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(i) If (8, d) is solvable, then b satisfies the Jacobi identity and so becomes a
Poisson bracket.

(iii) If (8, d) is solvable, then d is a Poisson derivation for b.

Proof. Point (i) is immediate. Point (ii) is a consequence of the following computa-
tion. If (8, d) is solvable with §d —d§ =adandif B: AQ A ® A — A is defined

by B(f, g, h) =b(f,b(g, h)), then

B=a¢(d®d®§—d®si®d) + (®(dod) ®d—dR5R (do?))
+(d®(do8)®—8®d®(d0d)) +(8®IRA*—8®d*®8) + (d®I®S* —d®s*®d).

Point (iii) is obtained by direct computation. O

A direct consequence of this proposition is the following corollary. If A =
D,>0 An is a commutative graded algebra, a map « : A — C is graded-additive if
for any f € Ay and g € A, (for any k and £) we have «(fg) =k (f) +k(g).

Corollary 4. Let A =P, Ay be a commutative graded algebra. Let k : A — C
be a graded-additive map.iLet d be a homogeneous derivation of A (there exists
e > 0 such that dA,, C A4 for any e > 0). Then the bracket defined on A by the
bilinear extension of

b(f, 8) =k () fd(g) —k(g)gd(f) (f € Ak, 8 € Ap)
is a Poisson bracket for which d is a Poisson derivation.

We turn to formal deformations of a commutative C-algebra A. Assume we have
a family u = (u;)ien of bilinear maps p; : A x A — A such that p is the product.
Let A[[A]] be the commutative algebra of formal power series in one variable & with
coefficients in A. The family u is a formal deformation of A if the noncommutative
product on A[[~]] defined by extension of

fre=) uwi(f, Ol (f,geA)
Jj=0

is associative. This condition is equivalent to

Yt () ) =D s (fi e (g, ) (forall f,g,he A)  (4)

r=0 r=0

for all n > 0. In this case, the product * is called a star product. If  is a formal
deformation and if moreover w; is skew-symmetric and p, is symmetric, then
(A, pp) is a Poisson algebra.
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2.3. Problems at issue. The first Rankin—Cohen bracket

RCi(f, &) =kfD(g) —=D(f)lg (f €My, g € M)

gives L, a structure of Poisson algebra. This is a consequence of Corollary 4.
Cohen, Manin and Zagier [Cohen et al. 1997] and Yao [2007] (see also Rochberg,
Tang and Yao [Rochberg et al. 2011]) proved that the family of Rankin—Cohen
brackets is a formal deformation of Jl,. In this case, the star product is called the
Eholzer product. This subject has been widely studied. See for example [Olver and
Sanders 2000; Pevzner 2008].

Can we construct formal deformations of M=°°? In other words, can we construct
suitable families (u,),en of bilinear maps on S that increase the weight by 2n,
preserve the depth and define an analogue of the Eholzer product? The brackets
defined in (1) do not lead to a solution since RC; does not even provide M= with
a Poisson structure. Our first step is to obtain admissible Poisson brackets on (3
with the following definition.

Definition 5. A Poisson bracket b on M= is admissible if

(1) b(f, g) =RC ([, g) if f and g are in Jl,;

(2) it satisfies b(MZ’, MF") C METS, forall &, €, s, 1.

Remark. We could have replaced condition (2) by the following one: there exists
e > 0 such that b(./l/LkSS, Jl/tf’) - ./(/L,fjjfre for all k, £, s, t. However, condition (1)
implies that necessarily e = 2.

Equivalently, a Poisson bracket b on = is admissible if and only if
b(E4, Eg) = —2A,

b(Ea, E4) € M5™,  b(Ea, Eg) €757,
b(E,, M) C MLEp + M.

In order to classify the admissible Poisson brackets, we introduce the notion of
Poisson modular isomorphism.

Definition 6. A Poisson isomorphism ¢ : (M=*°,b;) — (M=, by) is called a
Poisson modular isomorphism if ¢ (M) C M.

Indeed, if ¢ is a Poisson modular isomorphism, then its restriction to the subal-
gebra JL, is the identity. This is a consequence of the following proposition.

Proposition 7. The group of Poisson automorphisms of Poisson algebra (M, RCy)
is trivial.
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Proof. Let ¢ be a Poisson automorphism of JL,. There exist two polynomials s and
t in Clx, y] such that p(E4) = s(E4, E¢) and ¢(Eg) =t (E4, E¢). By (2), we have

RC(¢(E4), ¢(Ee)) = jac(s, t)(E4, E¢) - RC; (Ea4, E¢).
Since ¢ is an automorphism, jac(s, ¢) is a nonzero scalar, say A. We get

@(RC(Es, Eg)) = ARC|(E4, E¢) andhence s°—t>=xr(x>—y?) inC[x,y].
)

We develop s and ¢ into homogeneous components with respect to the weight:

m n
S:Zs2i and t:Zl‘zl',
i=0 i=0
i#1 i#1
where

b b
su= Y oapx’y’ and = Y 7,px°)" (0up: Tap€C)

(a,b)eN? (a,b)eN?
2a+3b=i 2a+3b=i

for all i (where m =0 orm > 2 and n = 0 or n > 2). Equation (5) implies that
t(E4, E¢)? — s(E4, Eg)> has weight 12. Then only three cases are possible.

(1) If 3m > 2n then m =2 and so n € {0, 2}. This implies that s = o9 + 010X and
t = 1o0 + T10X. This contradicts jac(s, t) # 0.

(2) If 3m < 2n then n = 3 and m = 0. This contradicts jac(s, t) # 0.
(3) If 3m = 2n, we differentiate (5) with respect to x and y and get
508 at 2

35— —2t— =3Ax", 35— —2t— = =2\y.
ox ox ay ay
This implies
d ad ot ot
2 =3x228 40y 2 32 =322 L0 X (6)
ay ox ay ox

From the first differential equation of (6) we have
508 as
2t (B4, E¢) = 3E; — (E4, Eg) + 2E¢ — (E4, Es).
ay dx

The highest weight of the right-hand side is less than or equal to 2m + 2. This
implies n < m + 1. From the second differential equation of (6), we have

at dt
35 (4, Bg) = 3B}~ (E4, Ee) +2Bq - (Ea, Eo);
y ox

hence 2m <n+1. We deduce (m, n) € {(0, 0), (2, 3)}. Since n =m =0 would imply
jac(s,t) =0, we have n =3 and m =2. Then s = ogp+019x and t = 190+ T10X +T01 Y-
The first differential equation in (6) implies that tgo = 719 = 0 and 79; = 019, Whereas
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the second one implies that o9 = 0 and o9 = 1. Finally, ¢(E4) = s(E4, E¢) = E4
and ¢(E¢) = s(E4, E¢) = Eg. U

Since RC{ (A, f) = (12D(f) — kfE)A for any f € Jlg, the first Rankin—Cohen
bracket defines a derivation on ., called Serre’s derivative by linear extension of

_RCi(A, /)

k
Of =—a =D -z /E (f el (M

This derivation is characterised by its values on the generators
9Es = —1Es, 0E¢=—1Ej.
We shall need the following result.

Proposition 8. The kernel of Serre’s derivative is the Poisson centraliser of A for
the first Rankin—Cohen bracket. This is C[A].

Proof. If f € My is in ker ¢ then kfD(A) = 12AD(f). Solving the differential
equation, we find that 12 divides k and that f € CA*/12, (]

We note that for any g € Jl, we have
RC;(A™, g) =mA™(12D(g) — £gE>)
and deduce that for any f € C[A] and g € M, we have

RCi(f. &) =125(f)V (), ®)

0
where £ is the Eulerian derivative on C[A] defined by & = Aa—A.

3. Poisson structures on quasimodular forms

3.1. First family. This section is devoted to the proof of Proposition A.
We fix A € C* and introduce in C[x, y, z] the three polynomials

r(x,y,z)= %(Ay2 —2x7),
p(x,y.2) ==2(y° =22,
qx,y,2) = —%()»yz —2xy?).
Since (p, g, r) -curl(p, g, r) =0, we define a Poisson bracket on M=% if we set
{E4, B¢} = p(Es, E4, Ee¢),
{E2, E4}x = r(Ez, E4, Eo),
{Ee, E2},. = q(Ez, E4, E¢).
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Let us prove that {, }, is not unimodular. If it were, we would have k € C[x, y, z]
such that curl(p, ¢, r) = (p, q, r) A grad k. Identifying the first components would
lead to

LAV PEPNPIN /S PRSI
Ay ==(— X)——~= —2zx)—,
o) T g TG TV e

which has no solution in C[x, y, z].
A Poisson modular isomorphism ¢; between (M=, {, },) and (M, {, }1) is
determined by

or(B2) =AE>, ¢ (E4) =E4, @a(Ee) =Es.

Finally, we determine the Poisson centre of the Poisson algebra (M=, {, }1).
Let us define a derivation on Jl, by o = 29 (see (7)) and a derivation on Jl, by
linear extension of

k
8(f) =15 /B (f €M)

We note that (M, {, };) is the Poisson—Ore extension C[E4, E¢][Ez]s 5. Now
consider any f € MZ>° written as

N
f=)_FEB (fi e dy).
i=0
We compute

(Ea, fhi=8(fo)+ Y _(a(fii) +8(fi)Es + o (fOES.

i=1

If {E;, f}1 = 0 then 6(fy) = 0, and hence fy € C and o(fy) = 0. We obtain
inductively that f; € C for all 0 <i <'s, so the Poisson centraliser of E; is C[E;].
Suppose that the Poisson centre contains a nonscalar element. Then it is in the
Poisson centraliser of E, and can be written

14
f=Y aE (p=1 a;€C, a,#0).
j=0

We compute

P
. i—1
{E4,f}1=E jo By {E4, Eo}y
j=0

and find that the coefficient of Eg is nonzero. It follows that f is not in the Poisson
centre.
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3.2. Second family. This section is devoted to the proof of Proposition C. We fix
o € C and introduce in C[x, y, z] the three polynomials

r(x,y,z) =axz,
p(x9 Y, Z) = _2()’3 _22)7
Q(x9 Y, Z) = _%axyz'

Since (p, g, r) -curl(p, g, r) =0, we define a Poisson bracket on Jl/tfoo if we set

(E4, E¢)o = p(E2, E4, Eg),
(Ez, E4)q =r(Eo, E4, Eg),
(Ee, E2)o = q(E2, E4, Eg).

Assume o # 4. Let us prove that (, ), is not unimodular. If it were, we would
have k € Cl[x, y, z] such that curl(p, g, r) = (p, q,r) A gradk. Identifying the
second components would lead to

-z =axz ok 427~ AL,
ax 0z
which has no solution in Clx, y, z].

If « =4, then (p, q, r) = grad kg, where kg = —2(y3 —z5)x. Asa consequence,
the bracket (, )4 provides 5> with a Jacobian Poisson structure of potential
ko = —2AE; = —2D(A).

If @ : (M, (,)g) = (ME°, (,)y) is a Poisson modular isomorphism, let us
prove that @« = o’. By Proposition 7, we have ¢(E4) = E4 and ¢(Eg) = E¢. By
surjectivity, it follows that ¢ (E;) = nE; + F for some n € C* and F € Jl,. We
compute

9((Ez, E4)o) = anE¢Es + aEgF
and

(9(E2), 9(E4))o = &'nE¢Es + (F, E4) .

Since (F, Eg)y € A, we get o’ = a.

Finally, we determine the Poisson centre of the Poisson algebra (MZ>°, (, )q).
We note that (M, (, ),) is the Poisson—-Ore extension C[E4, E¢][E2],.5, where
o = —3ad (see (7)) and 6 = 0. Let

F=Y_FE (f € dy).
j=0
We have
(Ez. fla= Y o (fHES",

j=0
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and hence f is in the Poisson centraliser of E; if and only if each f; is in the
Poisson centraliser of A for RC;. By Proposition 8, we deduce that the centraliser
of By is C[A, E]. Let

f=Y_ fi(ME] eCIA, Esl.
j=0
We use (8) to compute

(f Ea)a = Y (—4E(f}) + jouf/)BeE],

j=0

(f,Eoda =3 Y _(—4&(f)) + jaf/)EFE].

j=0

We deduce that f is in the Poisson centre of (, )y if and only if

=201,

for all j, that is, if and only if any f; is of the form f; = A; A™/ for some A; € C
and m; € N such that jo =4m;. If a ¢ Qorif « <0 then j =0and m; =0, and
hence f = fy € C. If « = p/q with p > 1, g > 1 and (p, g) = 1, then )»A’"-/Eé
is in the Poisson centre if and only if pj = 4gm ;. The result follows by obvious
arithmetical consideration. Finally, if @ = 0, then (, )¢ is the trivial bracket and its
Poisson centre is C[E>].

3.3. Third family. In this section, we study the third family, that is, we prove
Proposition E.
For any p € C, let us introduce

k, = —2AE, + nE3Es.

Then o
jac(Ey, Eg, k) = —& = —2E] + 2EZ,
9E,

: akﬂ 2
JaC(EZ, E4, kﬂ) = ﬁ = 4E6E2 + ,U,E4,
6

ok
jac(Ey, Eg, k) = ——% = 6E3E; — 2uE4Es.
0E4
The third family of Poisson brackets is then defined by (f, g), = jac(f, g, k).
With the notation of Proposition C, we have in particular (f, g)o = (f, g)a-
For any u € C*, define a Poisson modular isomorphism ¢, between (M5, (,),)

and (MUZ*, (,)1) by setting ¢, (E2) = uEs, ¢, (E4) = E4 and ¢, (Ee) = Ee.
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Since the degree in E; of k;, as a polynomial in E, E4, Eg is 1, Lemma 1 implies
that the Poisson centre of (M, (,),) is Clk,].

3.4. Classification. This section is devoted to the proof of Theorem F.
Let {, } be an admissible bracket on .M=°°. By Definition 5 and Theorem 2, there
exist a Poisson derivation o of Jl, and a Poisson o-derivation & of Jl, such that

{E2, fl=0(HE2+8(f) (f €My).

By definition, o (My) C My42 and & (M) C M4 for any k. The admissible bracket
{, } is then defined by the four scalars «, 8, ¥ and ¢ such that

o(Ey) =aBs, 8(Ey)=pBE], o(Es)=yE] and &(Es) = ¢E4Es.
The condition that o is a Poisson derivation imposes the condition
{0 (Eq), E¢} + (Es, 0 (Ee)} = —20 (E} — EJ),
or equivalently, 3« = 2y. The condition that § is a Poisson o -derivation imposes
8({Ea, Ec}) = (2B + £)E4{E4, Ee} + acE4Eg — By Ey,
or equivalently,

{4,8 + (@ —2)e =0,
(o —4)B +4e = 0.

. . . ) 4
Either 8 = & = 0 is the only solution, or « € {—3%,4} and & = mﬂ.
o The case B = ¢ =0 leads to the second family: {, } = (, )q.
e The case o = —% and ¢ = 38/2 # 0 leads to the first family: {, } ={, }3p.
e The case o =4 and ¢ = —28 # 0 leads to the third family: {, } = (, ).

Using Propositions C and E, we conclude that the only admissible Poisson brackets,
up to Poisson modular isomorphisms, are {, };, (,); and (, ), for any @ € C.
Looking at the centres, it is clear that the Poisson algebras (M, (,);) and
(MZ°°, {, }1) are not Poisson modular isomorphic. Suppose that there exists a
Poisson modular isomorphism ¢ from (MZ°, (,)s) to (MZ>°, {, }1). We know
(see Section 3.2) that

9([Eq) =E4, ¢Es) =Es and ¢(Ex)=nE;+F

for some n € C* and F € Jl,. From ¢ ((Ez, E4)o) = {¢(E>), ¢(E4)}1 we obtain

2 1
anE¢Ey + « FEg = —ZnEE; + 3

3 77E421+{F,E4}1s

and hence
2 1 2

_ 2 1 . 2 . _ 2 3 g2y OF
o=-3 377E4— 3FE6 {F,Esh = 3FE6+2(E4 E6)8E6
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by (2). We get a contradiction. Replacing {, }; by (, )1, we get
«=4, nE2=4FEg—2(E— E%)(,?FF,
and again we get a contradiction.

4. Star products on quasimodular forms

4.1. Extension of the first family. This section is devoted to proving Theorem B.
We will use the following result of Zagier [1994, Example 1]. Let A = P Ay be a
commutative graded algebra with a derivation d homogeneous of degree 2 (that is,
d(Ag) C Aky2). Let us define, forany f € Ay, g € Ag, v > 0:

L gdr—D (DTN e @ € A ©)

Then A equipped with these brackets is a Rankin—Cohen algebra, which means that
all algebraic identities satisfied by the usual Rankin—Cohen brackets on modular
forms are also satisfied, in particular those expressing the associativity of the
corresponding star product. We obtain the following result.

Theorem 9. The star product defined by
fHg=Y_If glanl"

n>0
defines a formal deformation on A.

In particular, we recover the fact, given by Corollary 4, that [, ]41 is a Poisson
bracket. Note also that this theorem can be obtained from Connes and Moscovici’s
result cited below (see Section 4.2).

Let a € C and d, be the homogeneous derivation of degree 2 on M= defined by

dq(B) = 2aE3 — SE4,  dy(Bs) =4aE4B, — 1Ee,  d,(Eg) = 6eEE, — 1Ej.

A direct computation proves that the two Poisson brackets [, ]g,.1 and {, }; coincide
on generators and hence are equal on M

Remark. A derivation d on S is complex-like if dJl/L C J(/Lki;rl for all k and s.
Let r be the derivation on A/L:OO defined by linear extension of 7w () = kfE; for all
fe ./l/t,foo. The set of complex-like derivations d such that [, ]Jq,; = O is the vector
space of dimension 1 over C generated by . Let us define w on JMZ> by

{A’f}l'

w(f) =7«

Then
d, =w+asd.
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This implies in particular that if a complex-like derivation d satisfies [, ]a.1 = {, }1,
then d = d, for some a € C.

Point (ii) of Theorem B is obtained by a direct application of Theorem 9. We
prove now (iii). The term of highest degree with respect to E; in [Es, E4]q, 2 is
8a’E4E3. This forces a = 0. Conversely, if a = 0, then dpM=> C .. For any
f = fE, with f; € M, we have

do(f) = do(f)E) — i fiE4E; ",

and hence degg, do(f) < degg, f and degg, dé (f) <degg, f forany f € M and
j = 0. This implies that

<s <t <s+t
(M MG Jagn C Miipyo,

4.2. Extension of the second family. The aim of this section is to prove Theorem D.
The proof of (i) is similar to the proof of (i) in Theorem B. Let ¥ : M=*° — C be a
graded-additive map. For any integer n > 0, we define a bilinear application [, ]Z{n
by bilinear extension of

n

Lf gl = Z(_l)r(ﬂf(f)—i-n—l)(?{(g)—i-n—l) &fdTg.

n—r r
r=0
By Corollary 4, we know that [ f, g]Z{J is a Poisson bracket.
Let us fix K, to be the linear extension on M;* = P, P, M, of
Ho(f) = (k= CBa+2)s) (f €.dly). (10)

Let 7, be the derivation on M3 defined by 74 (f) = Ho(f) fEa for all f € M.
The set of complex-like derivations such that [, ]Z{Ci = 0 is the vector space of
dimension 1 over C generated by 7. Define derivations v and 84, on US> by

(A
v(f) = A
and
8o p =V+bm,.

Note that v does not depend on «. By comparing the values on the generators, it is
. . Ko
immediate that (, ), = [, ]éab 1

Remark. Direct computations show that if d is a homogeneous derivation of degree
2 and ¥ is such that (, ), =, ]Z{,w then we necessarily have J{ =3, and d = 4,5
for some b € C.

The condition that [Eg4, E6]zi,h,2 has to be a modular form implies b = 0 or

o= —%. For « = —1, condition 4) for u, =1, ]221”, and n = 3 is not satisfied

3
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(this can be shown with computer assistance, for example with Sage [Stein et al.
2013]). We assume then that » = 0.

Connes and Moscovici [2004, Remark 14] (see also [Yao 2007, §I1.2] for a nice
presentation of this result) proved that if £ and H are two derivations of an algebra
R such that HE — EH = E, then the applications i, : R X R — R defined by

n

un(f.8)= ZO %[E’o(ww)“’><f)]-[E"’o<2H+n—r)<'>(g>] (11
define a formal deformation on R with the notation
F™ = Fo(F+1)o(F+2)o---o(F4+m—1).
Let @ be the derivation defined on MZ*° by @ (f) = H(f) f. Then we have
@ 000,0 — 84,00 = 284.0.

We use Connes and Moscovici’s result with E = §, o and H = @ /2 to obtain

mn(f, 8)
Z” (k—@Ba+2)s+n—1\ L—Ba+2)i+n—1

n—r r

)84.00N8L5 (8).

This implies Theorem D.

Remark. We could have applied Connes and Moscovici’s result to extend the first
family. Indeed Zagier’s result is a consequence of Connes and Moscovici’s. Let
d be a derivation homogeneous of degree 2 of the commutative graded algebra
A =P A;. Itis obvious that the linear map defined on each A by H (f) = (k/2) f
is a derivation of A. It is also clear that it satisfies H od —d o H = d. In particular,
forany f € Ay and g € A, we calculate

_ (k+n—1)!

(n—r) _

CH AN = G =)
+n-—1)!

—_ ) _
CH+0 =" ) = = =

Hence a direct application of formula (11) gives formula (9).

4.3. Extension of the third family. We do not extend the third family, since for
wu # 0, the bracket (, ),, does not have the shape of a Rankin—Cohen bracket. More
precisely, if there exist a function « : MZ> — C and a complex-like derivation § of
MZ° such that

(f: &) =x(f)fo(g) —K(g)gd(f)
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for all f and g in MZ*°, then p = 0. Indeed, assume « and § exist; then

8(E») = AE2 + BE,,
8(E4) = CE4E; + DEg,
8(E¢) = EEGE, + FE]

for some complex numbers A, B, C, D, E and F. Since we know the values of
(, ). on the generators, we get a system dependingon A, B, C, D, E, F, k(E»),
k (E4) and x (Eg). It is not difficult to prove that this system has a solution if and
only if © =0.
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We give sufficient conditions for the affinity of Etingof’s sheaves of Cherednik
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1. Introduction

1.1. In a seminal paper, Etingof and Ginzburg [2002] introduced the family of
rational Cherednik algebras associated to a complex reflection group. Since their
introduction, rational Cherednik algebras have been intensively studied, and found
to be related to several other areas of mathematics. Their definition was vastly
generalized in [Etingof 2004]. Given any smooth variety X and finite group W
acting on X, Etingof defines a family of sheaves' of algebras %, (X, W) on X
which are flat deformations of the skew group ring @x x W. Being sheaves of
algebras, one would like to be able to use standard geometric techniques such as
pullback and pushforward to study their representation theory. This paper is a small
first step in developing these techniques. As motivation, we consider the question
of affinity for these algebras when X = P(V).

MSC2010: primary 20C08; secondary 16S80.
Keywords: rational Cherednik algebras, localization theory.
Here, one must take the W -equivariant Zariski topology on X. See Section 2.1.
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1.2. If V is a finite-dimensional vector space and W acts linearly on V, then there
is an induced action of W on P(V). Thus, Etingof’s construction gives us a sheaf
of algebras ¥, (P(V), W) on P(V). In trying to understand the representation
theory of these algebras, one would like to know when they are affine, i.e., for
which w and ¢ does the global sections functor give us an equivalence between the
category of modules for ¥, (P(V), W) and the category of modules for its global
sections H,, ¢(P(V), W). Our main result is an explicit combinatorial criterion on
o and ¢ which guarantees that the corresponding Cherednik algebra is affine. We
associate to w, ¢ and A € Irr W a pair of scalars a,, b,; see Section 5.5.

Theorem 1.2.1. The sheaf of algebras ¥, (P(V), W) is affine provided a; ¢ Z>¢
and by ¢ Z-q forall . € Itt W.

In order to prove this result, we introduce two key pieces of machinery. The first
is the notion of pullback of €, .-modules under certain well-behaved maps (which
we call melys). The second is to establish an equivalence between the category
of (twisted) T-equivariant #.-modules on a principal 7-bundle ¥ — X and the
category of modules for a Cherednik algebra ¥, . on the base X of the bundle.
With this machinery in place, the proof of the main result is essentially the same
as for sheaves of twisted differential operators on P(V); see [Hotta et al. 2008,
Theorem 1.6.5].

1.3. Being able to pull back D-modules is an extremely useful tool in studying the
representation theory of sheaves of differential operators. Therefore, one would
like to be able to do the same for Cherednik algebras. We show that this is possible,
at least for some morphisms. A W-equivariant map ¢ : ¥ — X between smooth
varieties is said to be melys if it is flat and, for all reflections (w, Z) in X, ¢~ '(Z)
is contained in the fixed point set Y of w.

Theorem 1.3.1. If ¢ : Y — X is melys, then pullback is an exact functor
" Hp,o(X, W)-Mod —> Hyr o+ (Y, W)-Mod.

The pullback functor is particularly well behaved when ¢ is étale. We define
the melys site over X, a certain modification of the usual étale site over X. Using
Theorem 1.3.1, we show that the Cherednik algebra forms a sheaf on this site.

One particularly rich source of melys morphisms is when 7 : ¥ — X is a
principal T-bundle, where T is a torus acting on Y with the action commuting
with the action of W. In this situation, one can perform quantum Hamiltonian
reduction of the Cherednik algebra #.(Y, W) on Y to get a sheaf 3g(,) (X, W) of
Cherednik algebras on X. As a consequence, one gets an equivalence between the
category of (x-twisted) T-equivariant #(Y, W)-modules on Y and the category of
#Hp(x),e(X, W)-modules on X.
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Theorem 1.3.2. Let x € t*. We have an isomorphism of sheaves of algebras on X
Hpo.e(X, W) = (.9e(Y, W)/ ({t = x () | 1 € 1)),
and the functor
(#He(X, W), T, x)-Mod — Fp(y),c(Y, W)-Mod
given by M (. M)T is an equivalence of categories, with quasi-inverse N +— mw* .

1.4. We also study a natural generalization of the Knizhnik—Zamolodchikov con-
nection. The question of whether the Knizhnik—Zamolodchikov connection is flat is
closely related to the issue of presenting the Cherednik algebra. In the appendix, we
summarize for the reader unfamiliar with sheaves of twisted differential operators
(TDOs) those basic properties that we require.

2. Sheaves of Cherednik algebras

In this section we introduce sheaves of Cherednik algebras on a smooth variety.

2.1. Conventions. Throughout, all our spaces will be equipped with the action of
a finite group W. We do not assume that this action is effective. The morphisms
¢ : Y — X that we will consider will always be assumed to be W-equivariant.
Since we wish to deal with objects such as Ox x W, we work throughout with the
W -equivariant Zariski topology: a subset U C X is an open subset in this topology
if and only if it is open in the Zariski topology and W-stable. Then, Ox x W
becomes a sheaf on X. If w € W, then X" denotes the set of all points fixed under
the automorphism w. The sheaf of vector fields (resp. one-forms) on a smooth
variety X is denoted by @y (resp. Q}().

2.2. Let X be a smooth, connected, quasiprojective variety over C. Let Z be
a smooth subvariety of X of codimension one. Locally, the ideal defining Z is
principal, generated by one section, f7 say. Then, the element

d
dlog fz := %

is a section of Q;(Z) = Qi( ® Ox(Z). Contraction defines a pairing
Ox ® QY (Z) > 0x(Z), (v, w) > iy(®).

Let Q;(’z be the two-term subcomplex Q;( 4, (Q%)Cl, concentrated in degrees 1
and 2, of the algebraic de Rham complex of X, where (ng)"1 denotes the subsheaf
of closed forms in Q§( As noted in the appendix, sheaves of twisted differential op-
erators on X are parametrized, up to isomorphism, by the second hypercohomology
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group H?(X, Q}(’z). Given w € H*(X, Q}(’z), the corresponding sheaf of differential
operators is denoted by %%.

2.3. Dunkl-Opdam operators. Let W be a finite group acting on X. Let ¥(X) be
the set of pairs (w, Z) where w € W and Z is a connected component of X* of
codimension one. Any such Z is smooth. A pair (w, Z) in ¥(X) will be referred
to as a reflection of (X, W). The group W acts on ¥(X), and we fixc: ¥(X) - C
to be a W-equivariant function, where W acts trivially on C. A Picard algebroid %
on X is said to be W-equivariant if there are isomorphisms v, : w*(%) = % of
algebroids satisfying the usual cocycle condition such that the inclusion Oy — %
and anchor map o : # — Oy are W-equivariant. Since W acts rationally on
H2(X, Qy%), each class [@] € H*(X, 24%)" can be represented by an invariant
2-cocycle w. The corresponding Picard algebroid % is W-equivariant. We fix
one such W-equivariant Picard algebroid #®. Fix also an open affine, W-stable
covering {U;} of X such that Pic(U;) = 0 for all i. Then, we can choose functions
fz.i defining U; N Z. The union of all the Z is denoted by D. If j : X — D < X is
the inclusion, then write P (D) for the sheaf j. (P*|x_p).

Definition 2.3.1. For each v € ['(U;, %), the associated Dunkl-Opdam operator is

2¢(w, Z) .
D,=v+ Z Tlg(v)(d log fz.i))(w—1), (2.3.2)
(w,Z)e(X) w,Z

where A, 7 is the eigenvalue of w on each fiber of the conormal bundle of Z in X.

The operator D, is a section of P“(D) x W over U;. The I'(U;, Ox x W)-
submodule of #“(D) x W generated by I'(U;, Ox x W) and all the Dunkl-Opdam
operators {D, | v € I'(U;, )} is denoted by I'(U;, @L’C(X, W)). Though the
definition of the Dunkl-Opdam operator D, depends on the choice of functions
fz.i, it is easy to see that the submodule I" (U}, %}U’C(X, W) of I'(U;, P®(D) x W)
is independent of any choices. The modules I (U;, @L (X, W)) glue to form a sheaf
@;,C(X , W) in the W-equivariant Zariski topology on X. As noted in the remark
after Theorem 2.11 of [Etingof 2004], a calculation in each formal neighborhood of
x € X shows that [D,,, D,,] € %L’C(X, W) for all vy, v, € P®. However, there is no
natural bracket on Qf*gu’c(X, W). The anchor map o : P°(D)Q W — Ox (D) W
restricts to a map @}U’C(X , W) = ©x ® W which fits into a short exact sequence

0— Ox x W — FL (X, W) > Ox@W —> 0. (2.3.3)

Definition 2.3.4. We call the subsheaf of algebras of j. (2% _,, X W) generated by
chlo’c(X , W) the sheaf of Cherednik algebras associated to W, w and c. It is denoted
Her,e(X, W).

The global sections of #,, (X, W) are denoted H,, (X, W).
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2.4. There is a natural order filtration F;, .(X, W) on #,, (X, W), defined in one
of two ways. Either one defines F;, .(X, W) to be the restriction to 3, (X, W)
of the order filtration on j.(2%_,, ¥ W), or, equivalently, one gives elements
in ¥, (X, W) degree at most one, with D € %L’C(X, W) having degree one
if and only if o (D) # 0, and then defines the filtration inductively by setting
F, (X, W) =F (X, W)F1(X, W). By definition, the filtration is exhaustive.
Let w : T*X — X be the projection map. Etingof [2004, Theorem 2.11] has shown
that the algebras ¥, (X, W) are a flat deformation of @y x W. Equivalently, the
PBW property holds for Cherednik algebras:

Theorem 2.4.1. We have grg ¥, (X, W) =~ 7.07+x X W.

We note for later use that Theorem 2.4.1 implies that for any affine W-stable
open set U C X, the algebra I'(U, %, (X, W)) has finite global dimension; its
global dimension is bounded by 2 dim X.

2.5. Throughout, an %, (X, W)-module will always mean an #,, (X, W)-module
that is quasicoherent over Ox. The category of all %, (X, W)-modules is de-
noted by %, (X, W)-Mod and the full subcategory of all modules coherent over
#, (X, W) is denoted by #,, (X, W)-mod. A module /M € ¥, (X, W)-Mod is
called lisse if it is coherent over Oy.

3. Pullback of sheaves

In this section we show that modules for sheaves of Cherednik algebras can be
pulled back under morphisms that are “melys” for the parameter c.

3.1. Let ¢ : Y — X be a W-equivariant morphism between smooth, connected,
quasiprojective varieties. As explained in the appendix, given a Picard algebroid
P on X, there is a ¢-morphism PYC — @*®%. This implies that the sheaf
©*DY is a left Qb‘f; “_module. We give conditions on the map ¢ so that there

exist a sheaf of Dunkl operators %;*wvw*c(Y , W) on Y and morphism of Oy x W-
modules @;*w,wc(Y, W) — w*@;’c(x, W). As a consequence ¢*¥,, (X, W) be-

comes a left #y+4) o+ (Y, W)-module and we can pullback #,, (X, W)-modules to
Hprw,p+e(Y, W)-modules.

3.2. If the morphism ¢ is flat of relative dimension r, then there is a good notion
of pullback of algebraic cycles, namely, ¢* : Cy(X) — Ci4r(Y), where Ci(X)
is the abelian group of k-dimensional algebraic cycles on X. See [Fulton 1998,
Section 1.7]. The class in C;(X) of a k-dimensional subscheme Z of X is denoted
by [Z].

Lemma 3.2.1. Let ¢ : Y — X be flat and (w, Z) € ¥(X). Write p*[Z]1 =), ni[Z;],
where each Z; is an irreducible subvariety of Y. Then, w permutes the [Z;].
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Moreover, if (p‘l(Z) is set-theoretically contained in YV, then each irreducible
component of ¢~ (Z) is a connected component of Y of codimension one.

Proof. The first claim follows from the fact that, set-theoretically, ¢~ !(Z) =
Un,- £0 Z;. Since ¢~'(Z) is a union of closed subvarieties of ¥ of codimension one
and Y is assumed to be irreducible, it suffices for the second claim to show that
Y¥ # Y. Assume otherwise. Then, since ¢ is flat, p(Y'") = ¢(Y) is open in X, but
is also contained in the closed subvariety X". Hence X" = X. This contradicts the
fact that Z is an irreducible component of X™. ([

3.3. Let $.(X) denote the set of all pairs (w, Z) € (X) such that c(w, Z) # 0.
Definition 3.3.1. The morphism ¢ : Y — X is melys with respect to c if:

(1) ¢ is flat.
(2) For all (w, Z) € ¥(X), set-theoretically e '(Z)cryv.

If ¢ is melys with respect to ¢ then we define p*c on ¥(Y) by

@' oOw, z)= Y nzzew, 2),

(w,2)ed(X)

where ¢*[Z] = 3, nz 2[Z']. Let E = Uy 7920 Z and D = ¢ (E). Since
@ is flat, each irreducible component of D has codimension one in X. Let j :
U=X—-D< Xandk:V =Y — E < Y; these are affine morphisms. For any
quasicoherent sheaf & on X (resp. on Y), we denote by F(D) the sheaf j.(%|y)
(resp. by F(E) the sheaf k. (F|y)).

Lemma 3.3.2. The sheaf o* 9 (E)x W on X isa Qb;’;w(D) X W-module, and there
exists a morphism

y : D% (D) x W —> ¢*TU(E) x W
of@;p;w(D) x W-modules.

Proof. The map ¢ restricts to a flat morphism ® : U — V. By Lemma A.2.2, we
have

This induces a morphism y : qu’*‘” O*97) of qu’*“’—modules Since w was

chosen to be W-invariant, this extends toa morphlsm Y qu’ CHW — O*DY 1 W
of 5" x W-modules. Since j Py @;’}w(D) we have J (@ W) =
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QD;’?”(D) x W. The diagram
J
UC—— X

|

k
Ve——Y

is Cartesian. Therefore, by flat base change, j. ®*P{ x W = ¢*PP(E) x W and
hence j.(®*DY 3 W) = @ DY (E) x W. O

3.4. By analogy with ¢-morphisms (see Lemma A.2.2) we have:

Proposition 3.4.1. There is a morphism
Y %(p*w’(p*c(Y, W) —> (/)*%a),c(X, W)
of Hypw,p+e(Y, W)-modules that induces an isomorphism of Oy x W-modules

T %*w,w*c(Y W) => ¢*F, (X, W) x soyew Or O W.

Proof. The algebra ¥ «, +c(Y, W) is a subalgebra of QD?”(E) x W, whereas
@ ¥y, (X, W) is a subalgebra of ¢*@G(D) x W. Let y : Hysg pre(Y, W) —
@* D% (D) x W be the restriction of the morphism y :ng'i*w(E) XW — @*BG (D)< W
of Lemma 3.3.2. We claim that it suffices to show that the image of y is contained in
@*H (X, W). Assuming this, the action of Hy«, y+c(Y, W) on ™9, (X, W) will
just be the restriction of the action of Qb(f;*w(E) X W on ¢*%% (D) x W. Therefore,
it is given by

a-(g®p)=y(a,g)-1®p)+gly(a)- (1 p)),

where a € #H ), p+c(Y, W), g €0y and p € go_l%w,c(X, W). Here [a, g] is thought
of as an element of ¥+, o+ (Y, W). If y(a) is contained in ¢* 9, (X, W) and
pE wil%w,c(X, W), then y (a)- (1® p) belongs to ¢*¥,, (X, W). Thus, it suffices
to show that the image of y is contained in ¢*¥,, (X, W) as claimed.

Since Iy, pre (Y, W) is generated as an algebra by & w . w*c(Y , W), it will suffice
to show that the image of & (p w (p*c(Y, W) is contained in <p*@i),c(X, W). This is
a local calculation. Therefore, we may assume that both X and Y are affine and
that the subvarieties Z of X with (w, Z) € ¥.(X) are defined by the vanishing
of functions fz. Let p € 9"5‘”, and denote by D, the associated Dunkl-Opdam
operator given by (2.3.2). Let y(p) = Y_; &' ® ¢' in ¢*P%. Then,

2 A
ron=Y o4+ 3 wow, )loy(p>(d10gf2/)®(w—1)
(w,Z")
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If o~ '(2) = Z\U-.-UZ set-theoretically and ¢*[Z] = 2521 ni[Z!], then ¢* f7 =
ull; f;f for some unit u, and scheme-theoretically ¢ ~'(Z) is defined by the
vanishing of the function [1; /i Therefore, by definition of the parameter ¢*c,

2¢(w, Z)

X 2(¢p*e)(w, Z")
Y dlogfz= Y ———""=dlog fy+h, (3.4.2)

1=y z
2ce\(2) vz
where h € Oy x W. Hence, up to a term in ¢*Ox x W,

3 M oy () (d 108 f2) @ (= 1)

wzy 1T ,
z
=2 fEL)loup)(dlogso f2)®w-—1)
(w,2) A,z
_ Z ZIC(u;: Z) oy(p)*(fp*fz) ® (w— 1)
w,z) = wZ »*fz
2¢(w,Z) 1 _
= [ — i _]
DI (Zg "ox(a )2 ) ® w1
2c(w, Z) Ux(q )(fz)
=292 1) w—1)
(w, Z) fZ
2¢(w, Z
—Zg ®<Z C(uj\ : nx<q)(d10gfz)(w—1)>
(w,2) w,

Thus, y (D,) = Y_; ' ® D,i, which lies in ¢*F], (X, W).
Finally, we show that the morphism y induces the isomorphism v, as stated.
Since ¢ is flat, pulling back the sequence (2.3.3) gives a short exact sequence

0— Oy x W — ¢*F, (X, W) — ¢*"Ox @ W —> 0.

Using the fact that Oy x W X g0y @W OyQW =0y xW,where Oy xW — ¢*Ox QW
is the zero map, and the fact that p*@x @ W X yr @y @W OyW =0y W, we
have a commutative diagram

g

F e gre(Ys W) Oy@W —=0

| |

00— 0y X W —¢*F}, (X, W) X g, o Or@W —= Oy @W —0

Oﬁ-@yNW

By the five lemma, v is an isomorphism. U
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3.5. The morphism y allows us to define an action of #«, 4+c(Y, W) on ¢*.l for
any ¥, (X, W)-module .

Corollary 3.5.1. Assume that ¢ is melys with respect to ¢. Then pullback is an
exact functor

0 - K (X, W)-Mod —> ¥, prc (Y, W)-Mod

extending the usual pullback ¢* : QCoh(X) —> QCoh(Y).
Proof. Proposition 3.4.1 implies that

(p*JM, = (p*%wx(X, W) ®¢—l%wvc(x’w) QD_I../M,

is naturally an 3y, o+ (Y, W)-module. Since ¢ is flat, pullback of quasicoherent
Ox-modules is an exact functor. |

It is clear by definition that ¢* maps ¥, (X, W)-mod to e, p+c (¥, W)-mod
and lisse ¥, (X, W)-modules to lisse Hy+y 4+c (Y, W)-modules.

3.6. Etale morphisms. In this section we consider étale morphisms. Fix X, o, W
and ¢ as above. Let (X, ¢)me be the full subcategory of Sch / X (schemes over X)
consisting of all morphisms ¥ — X that are étale and melys with respect to c.
Then, one can easily check that (X, ¢)ne 1S a site over X; see, e.g., [Milne 1980,
Section II.1] for details on sites. We call (X, ¢)ye the melys site over X. The
following result is closely related to [Wilcox 2011, Proposition 2.3].

Proposition 3.6.1. The sheaf ¥, (X, W) is a sheaf of algebras on the melys site
(X ’ c)mel-

Proof. Let ¢ : Y — X be an étale map, melys with respect to ¢. We begin by showing
that p*%, (X, W) is a sheaf of algebras and the morphism y of Proposition 3.4.1
is an isomorphism of algebras.

Asin Section3.3,let D=|JZ, E = go_l (D),U=X—Dand V=Y —E. Since
®:V — U is étale, it is flat, and hence dJ_léb‘ﬁ X W is a subsheaf of ®*%7 x W. As
noted in Remark A.2.4, the natural map y : Qbil,’*“’ X W — &*%@y; x W is an algebra
isomorphism such that the restriction of y ! to @‘19232 x W is an algebra morphism
CD_IQB‘L‘j W — Qb‘\l/)*‘“ x W. Therefore, using flat base change as in the proof of
Lemma 3.3.2, we get an algebra morphism y ~! : ¢_19D§(D) XW — ng‘;*w(E) X W.
This morphism induces an algebra isomorphism

y ' " BY(D) x W => 9% (E) x W,
where the multiplication in ¢*%% (D) x W is given by
(81 ®q1) - (82®@492) = (81 ® Du(q1, £2)(1 Q@ ¢2),
withu(q, g):=y (¥~ (q), g]) € D*DL(D)x W, forall q, g1, g2 € o' DL (D) x W
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and all g, g1, g2 € Oy. By Proposition 3.4.1, y~! restricts to an algebra morphism

(pfl%w,c(X, W) — Hyrw,p (Y, W), inducing an isomorphism ¢* 9, (X, W) =
Horw,pre(Y, W). Let

be a morphism in (X, ¢)ne. Then, Y| and Y, are smooth varieties and, by [Milne
1980, I, Corollary 3.6], ¥ is an étale morphism. Lemma 3.2.1 implies that it is also
melys. Thus, the above computations show that 3, (X, W) forms a presheaf on
(X ’ c)mel-

To check that it is in fact a sheaf, it suffices to do so locally; see the proof of
[Borho and Brylinski 1989, Proposition 0]. Therefore, we assume that X is affine
and that we are given an étale, W-equivariant, affine covering (i, : Yo — X) of X;;
i.e., each Y, is affine and the union of the images of the maps i, cover X. Then we
must prove that the sequence

0 —> Hy (X, W) — @D Hizwize Vo, W) —> ED Hiz jwiz e (Yo X x Y, W)
o o, B

is exact. Let U, V,, ... be the usual open subsets of X, Y,, .... Then, we have a
commutative diagram

J k
0 ——=Hy (X, W) —— D Hi(’;w,i(’;C(Y(x, W) — @D Hi;ﬂa),i;‘ ﬁc(Ya Xy Yg, W)
o o, B ' '

| | [

0—T(U, B x W) — DT (Vie, @5 x W) — e% (Vi xpy Vg, B8 0 W)
o o,
The bottom row is exact because 9, X W is a sheaf on the melys site. Since the
diagram commutes, j is injective and the image of j is contained in the kernel of k.
Therefore, we just need to show that the image of j is exactly the kernel of k. The
sequence on the bottom row is strictly filtered with respect to the order filtration
and, as noted in Section 2.4, the Cherednik algebra inherits its natural filtration by
restriction of the order filtration on 97, x W. Therefore, the top row will be exact
if and only if the corresponding sequence of associated graded objects is exact. But
this sequence is also the associated graded of the analogous sequence for @y x W,
which we know is exact. (]

3.7. The KZ-functor. Assume that W acts freely on the open sets V C Y and
U C X, and let w = 0. The proof of Proposition 3.4.1 makes it clear that pullback of
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(X, W)-modules is compatible with the KZ-functor. Denote by #.(X, W)-Reg
the full subcategory of #.(X, W)-mod consisting of all lisse #(X, W)-modules
whose restriction to U is an integrable connection with regular singularities. Let DR
be the de Rham functor that maps integrable connections with regular singularities
on U/ W to representations of the fundamental group 71 (U/W). The KZ-functor
is defined by

KZx (M) = DR([p. (M])]").

Then ¢* maps (X, W)-Reg into #,«c(Y, W)-Reg. Therefore, since the de Rham
functor behaves well with respect to pullback [Hotta et al. 2008, Theorem 7.1.1],
the following diagram commutes

He(X, W)-Reg Hpee(Y, W)-Reg

szl lKZy

(U ) W)-mod —= = 72, (V/ W)-mod

The image of the KZ-functor is contained in the full subcategory of ;1 (U/ W)-mod
consisting of all modules for a certain “Hecke” quotient of Crr (U/ W); see [Etingof
2004, Proposition 3.4].

3.8. Pushforward. It is also possible to define (derived) pushforward of modules
under melys maps. Let ¢ : ¥ — X be melys with respect to ¢, and denote by
Mod-%,, (Y, W) the category of right ¥, (Y, W)-modules. Then, the derived
pushforward functor

R, : D®(Mod-%,, (Y, W)) — D’(Mod-%,, (X, W))

is given by
R, (M) = Re. (JVL ®%€w,c(va) (p*%w,c(X» W))

Let us justify the fact that the image of Ry, is contained in D (Mod-3€, (X, W)).
First, as noted in Section 2.4, the PBW theorem implies that the sheaf ¥, (Y, W)
has good homological properties. Since we have assumed that Y is quasiprojective,
this implies that each M € Mod-%, (Y, W) has a finite resolution by locally
projective ¥, (Y, W)-modules; see [Hotta et al. 2008, Section 1.4]. Hence, for
M € D*(Mod-%,, (Y, W)), the complex J ®%€w.c(Y,W) ©*Hy (X, W) belongs to
D’(Mod-¢ 1%, (Y, W)). That Re, (M) belongs to D”(Mod-%#,, (X, W)) then
follows, for instance, from [Hotta et al. 2008, Proposition 1.5.4].

We will also require pushforwards of left ¥, (¥, W)-modules under open em-
beddings j : ¥ — X. The following is standard; see, e.g., [Hotta et al. 2008,
Proposition 1.5.4].
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Lemma 3.8.1. For Ml € ¥, (Y, W)-Mod, the sheaves R j. (L), i > 0, belong to
#He.o(X, W)-Mod.

It would be interesting to develop a notion of duality for Cherednik algebras,
which would allow one to define pushforwards of left ¥, ¢(¥, W)-modules along
arbitrary melys morphisms.

4. Twisted equivariant modules
In this section we define (twisted) G-equivariant ¥, ¢(X, W)-modules.

4.1. Let X be a smooth W-variety, and ¥, (X, W) a sheaf of Cherednik algebras
on X. Assume that a connected algebraic group G also acts on X such that
this action commutes with the action of W. Write p,a : G x X — X for the
projection and action maps. Let Jil be an ¥, (X, W)-module. Clearly, p*.l is an
Heoo(Gx X, W)=%5XH, (X, W)-module.

Lemma 4.1.1. The action map a is melys for any ¢, and therefore a*M is an
#Hep.o(G x X, W)-module.

Proof. The action map a is smooth and hence flat. Let (w, Z) € ¥(X). Since the
action of G commutes with the action of W, X% is G-stable. Moreover, the fact that
G and Z are connected implies that Z itself is G-stable. Thus, a='(Z) = G x Z is
contained in (G x X)¥ =G x X%, O

4.2. The Lie algebra of G is denoted by g. Let m : G x G — G the multiplication
map and s : X — G x X be defined by s(x) = (e, x). Choose x € (g/[g, g])*, and
let @é be the Dg-module D /Dg{v — x(v) | v € g}, where we have identified g
with right-invariant vector fields on G. It is an irreducible integrable connection
on G.

Definition 4.2.1. The module M € ¥, (X, W)-Mod is called (G, x)-monodromic
if there exists an isomorphism 0 : @é XM = a*M of ¥, (G x X, W)-modules
such that s*0 = id and the diagram

idg <6

0% RO K 0% Ra*a
(m x id)*(OF, K.t) (idg x a)*(0F KAL)
4.2.2)
(mxidy)*0 f
(idg xa)*6

(m x idy)*a* M ——— (idg x a)*a*M
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is commutative: .l satisfies the cocycle condition.

We will denote the category of (G, x)-monodromic ¥, (X, W)-modules by
(Ho.e(X, W), G, x)-Mod.

4.3. T-monodromic modules. Let T be a torus, i.e., a product of copies of the
multiplicative group C*. The Lie algebra of T is denoted by t. Let 7 : Y — X be a
principal T-bundle, with X smooth. We assume that the finite group W acts on Y, the
action commuting with the action of 7. This implies that W also acts on X and that
the map 7 is T-equivariant. Let % (Y, W) be a sheaf of Cherednik? algebras on Y.

Lemma 4.3.1. There is a morphism of Lie algebras [t : t — Q?i(Y , W) such that
the composite o o |L. equals the usual moment map u:t— Oy Q W.

Proof. Since the action of 7 commutes with the action of W, the openset V=Y — E
is T-stable. Differentiating the action of T on U, there isamap ' :t— Dy (E) x W.
It is clear that o o &’ = . Therefore, we just need to show that the image of u’ is
contained in the subsheaf %. (Y, W). This is a local computation. Hence we may
assume that Y = X x T, in which case #.(Y, W) = #.(X, W) KX %7. Now the
claim is clear. O

The group T acts on # (Y, W) and the map p. is T-equivariant. Moreover, a
local computation (using the fact that the bundle ¥ — X is locally trivial) shows that
the image of t is central in (7. %.(Y, W))T, and hence we may perform quantum
Hamiltonian reduction. Recall that we define the map g : t* — H?(X, Q;z)
in (A.3.2).

Proposition 4.3.2. Let x € t*. We have an isomorphism of sheaves of algebras
on X

Hp.c (X, W) 2= (¥ (Y, W)/ ({ne®) — x @) | £ € t)).

Proof. As in the proof of Proposition 3.4.1, let D = Uc(w’z)#o Z,U=X-0D,
E=n""(D)and V =Y — E. Then the restriction of 7 to V is a principal T-bundle
[T:V — U and we have a Cartesian diagram

Y

17,

|

vt _x

o J

Proposition A.3.3 implies that there is an isomorphism
(MLDy x W)T/ ({1 (1) — x () | 1 € 4) => DEX s W (4.3.3)

2We assume, for simplicity, that the twist w is zero. Presumably one can also deal with nontrivial
twists.
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Recall that @5 (D) x W = k.(@F™ x W). Since
k.(IL.9y x W)T = (k.(TL.9y x WHT = (7. (j.Dy x W))T

and (. %.(Y, W))T is a subalgebra of (. j. %y x W)T, we have a morphism of
sheaves 7 : (m. % (Y, W) — Qb/;(X)(D) »x W. The isomorphism (4.3.3) implies
that ({uc(2) — x(¢) | t € t}) is contained in the kernel of 7. Therefore it suffices to
show that ({uc(t) — x(¢) | t € t}) is precisely the kernel of t and that the image
of T is #pg(y),c(X, W). Both of these statements are local. Thus, we may assume
without loss of generality that Y = X x T'. In this case, both statements reduce to
the statement @(T)7 /({t — x(¢) | t € t}) ~ C, which is clear. O

4.4. As for differential operators on principal 7-bundles —see Section 2.5 of
[Beilinson and Bernstein 1993]) — Proposition 4.3.2 implies an equivalence of
categories:

Theorem 4.4.1. The functor
(He(X, W), T, x)-Mod — Hg(x).c(Y, W)-Mod, M ()"

is an equivalence of categories with quasi-inverse N +— w*N.

The above theorem can be extended in the obvious way to the category of weakly
T -equivariant €. (X, W)-modules with generalized central character x € t*/X(T),
as in [Beilinson and Bernstein 1993]. We leave the details to the interested reader.

5. Affinity of Cherednik algebras on projective space

In this section we prove the main result, which is a criterion for the affinity of
Cherednik algebras on P(V).

5.1. Let V be a vector space and W C GL(V) a finite group. For each (s, H) e (V)
and (s, H*) € $(V*), we fix ay; € V* and «; € V such that H = Kero, and
H*=XKeray,, normalized so that ot (ot };) =2. Let V’=V —{0} and 7 : V’ — P(V)
be the quotient map. The map = is a principal T-bundle, where T = C* acts on
V by dilations; i.e., - v = t~'wforteT and v e V. Since W acts on V it also
acts on P(V). For each s € W, codimP(V)* =1 if and only if s is a reflection, in
which case P(V)' =P(H)UC - a},.

Lemma 5.1.1. We have H2(P(V), Q[lpjz) =~ C, and the morphism B of (A.3.2) is an
isomorphism.

Proof. For each n € Z, let A, be the character of C* given by ¢ — ¢". Then,
(r.0y0)*" ~ O(n). This implies that 8 is injective. Therefore, it suffices to show

that dim H?(P(V), 9"13;2) = 1. Since P(V) can be covered by open sets isomorphic
to A1 and HBR(N’_l) =0 for i # 0, the algebraic de Rham complex is acyclic.
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This implies that the map dOp[—1] — Q[}D’z is a quasi-isomorphism. Therefore, the
map H'(P(V), dOp) = H2(P(V), dOp[—1]) = HX(P(V), 2%7) is an isomorphism.
The long exact sequence associated to the short exact sequence

0—Cp—0p—dOp—0
shows that H!(P(V), dOp) ~ H2(P(V), Cp) is one-dimensional. O

Lemma 5.1.1 implies the well-known fact that twisted differential operators
on projective space are locally isomorphic, in the Zariski topology, to the usual
differential operators. We identify H2(P(V), 9"11;2) with C so that if w = n € Z,
then Qbﬁ(v) acts on O(n). The action of W on H?(P(V), Q[fj;z) is trivial; therefore
the sheaf @ﬁg(‘/) is W-equivariant for all w.

5.2. When X =V, the rational Cherednik algebra H¢(V, W), as introduced by
Etingof and Ginzburg, can be described as an algebra given by generators and
relations. Namely, it is the quotient of the skew group algebra T(V & V*) x W by
the ideal generated by the relations

[x, x1=0, [y,)1=0, [y, xI=x() =) e@ay(Mx@y)s (52.1)
sed

forallx,x’e V*and y,y € V. Letxq, ..., x, beabasisof V*and y;,...,y, €V
the dual basis. The Euler element is

. 2¢(s) . 1
h:inyi_Zl—A s:Zyixi—n+Z2c(s)<l ~1a )s.
i=1 S i=1 s

sed sed

One can easily check that [h, x] = x, [h, y] = —y and [h, w] =0 for all x € V*,
y € V and w € W. The element h defines an internal grading on H¢e(V, W), where
deg(x) =1, deg(y) = —1 and deg(w) = 0. The m-th graded piece of Hc(V, W) is
denoted by He(V, W),,.

5.3. Dunkl embedding. The open subset U =V — D of V is the complement to the
zero locus of [ [ .y &,. For y € V, thought of as a constant coefficient differential
operator, the corresponding Dunkl operator D, equals

2
g+ 3 2 1Y) (1) e T, By x W),
se¥ I_A"Y H

The presentation of He(V, W) given above is identified with the Cherednik algebra,
defined in terms of Dunkl operators, via the injective algebra homomorphism

H(V, W)= TWU, 2y xW), wtw, x+x, y— D,
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forallw e W, x € V* and y € V. The image of h under the Dunkl embedding is

" 9 2¢(s)
h= — . 5.3.1
; Yo, 2 1=, (5-3.1)

seS

5.4. The sheaf of Cherednik algebras on P(V). Set pc =) .4 2¢(s)/(1 — As).
As noted in Example 2.20 of [Etingof 2004], the global sections of ¥, (P(V), W)
are related to He(V, W) as follows:

Lemma 5.4.1. The space H,, (P(V), W) of global sections equals
He(V, W)o/(h+ pe — ).
Proof. By Proposition 4.3.2, we have a morphism
He(V, W)o = He(V, W)T — He (VO W)T — H,, (P(V), W).

Equation (5.3.1) implies that the operator h + p. — w is in the kernel of this map
because it is in the kernel of the composite

He(V, W)o = Hy o (P(V), W) = 3y (P(V), W) < D, (D) x W.

To prove that He(V, W)o/(h+ p. — w) = Hy, (PP(V), W) is an isomorphism, we
consider the associated graded morphism. We have

grg He(V, W)o =Clx;yj i, j=1,...,n] x W.
We claim that
grg Hy o (P(V), W) =T (P(V), 7.07+p) X W)

= <C[x,~yj i, j=1,...,n1/ (inyi)> x W.
i=1

The second equality just follows from the usual description of T*P(V) as the
Hamiltonian reduction of 7*V? = V? x V* with respect to the induced action of T'.
The first equality follows from Theorem 2.4.1, once one takes into account that the
short exact sequences

0— F" L (PV), W) — F (P(V), W) —> (Sym” Op)) @ W —> 0

imply by induction that [R{"F(%Z’C(IP(V), W)) = 0 for i > 0. Therefore, the fil-
tered morphism Hc(V, W)g — H,, (P(V), W) is surjective, and hence so too is
He(V, W)o/(h+ pe — w) = Hg (P(V), W). On the other hand, the associated
graded algebra of Ho(V, W)o/(h+ p. — w) is a quotient of the algebra

(C[x[yj|i,j:l,...,n]/(Zx,-y,-))N w. O
i=1
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5.5. Let Irr W be the set of all isomorphism classes of irreducible W-modules. The

element
1

VA Z ZC(S)(I —1C )&S)s =—z0+ Z 2¢(s)s

seS seS

belongs to the center of CW. For each A € Irr W, let ¢, be the scalar by which z
acts on A and d, the scalar by which zj acts on A. Set

ay =pctce—n—w, by :=p.—d,—w.

The sheaf of algebras ¥, (P(V), W) is said to be affine if the global sections
functor I" induces an equivalence of categories

[:Hy.e(P(V), W)-Mod = H,, (P(V), W)-Mod.
Theorem 5.5.1. Let a) and b)_ be as above.

(1) The functor I is exact, provided a) ¢ Z> for all A € Irr W.
(2) The functor I is conservative, provided b ¢ Z~q for all A € Irr W.

Hence, the sheaf of algebras ¥, (P(V), W) is affine, provided a; ¢ Z-¢ and
by, ¢ Z~o forall . € Irr W.

Our proof of Theorem 5.5.1 follows that of Theorem 1.6.5 in [Hotta et al. 2008].

Proof. The category of finitely generated H.(V, W)-modules supported on {0} C V
is denoted by O_. It is the category O for the rational Cherednik algebra as studied
in [Ginzburg et al. 2003]. We use basic results from this article without reference.
The element h acts locally finitely on modules in O_. The generalized eigenvalues
of hon M € O_ are the weights of M. Let A(L), for A € Irr W, denote the Verma
modules in O_. It is isomorphic to (Sym V) ®AX as a Sym V x (CW ® C[h])-module.
The weights of A(L) are ¢, —n —Zso. If M € O_, then there exist a projective
module P € O_ and a surjection P — M. The fact that the module P has a
Verma flag implies that the weights of M are contained in | J, i, w €2 — 1 — Z>0.
Therefore, zero is not a generalized eigenvalue of h + p. — w on M, provided
.+ pc—r—w—n#0forall r € Zp, i.e., provided a; ¢ Z>o.

Let 0 — J; — My — M3 — 0 be a short exact sequence in ¥, (P(V), W)-mod.
By Theorem 4.4.1, the terms of the sequence 0 — 7 *M| — 7*My — w*M3 — 0
belong to (#.(V?, W), T, w)-mod. Moreover, the sequence is exact because 7 is
smooth. Let j : V° < V. As noted in Lemma 3.8.1, the sheaves R j. (7 *.l;)
fori >0and k =1, 2, 3 are H,, (V, W)-modules. The modules R’ j. (w*My) are
supported on {0} for all i > 0. Therefore, they belong to the ind-category Ind O_.
The global sections I'(P(V), ;) are the element of the I'(V, j.w*My)” . Therefore
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the long exact sequence

0— [(V, ja*My) — T(V, jr*Myp)
— T(V, jr*Mz) — T(V, R . (¥ dy)) —> - -

gives rise to

0 —> [(P(V), M) —> T(P(V), )
— T(P(V), M3) — T(V, R, (M )T — - -

The space I'(V, R'j. (w*M;))T can be identified with the space of generalized
h-eigenvectors in I'(V, R! j. (7w */,)) with eigenvalue @ — p.. But if a; ¢ 2> for
all A, then this space is necessarily zero. Hence the sequence 0 — I'(P(V), Jl;) —
C(P(V), My) — T(P(V), M3) — 0 is exact.

Next we need to show if b ¢ Z-¢ for all A € Irr W, then I" is conservative;
ie., '(P(V), M) =0 implies that M = 0. Assume that A 7~ 0. Since 7 is smooth and
surjective, it is faithfully flat and 77 * M =0 implies that .M =0. Hence 7 *./M # 0. Since
7*M is (T, w)-monodromic, the Euler element h acts semisimply on I'(V, j.7*AM),
hence it decomposes as

LV, jor*al) = @ TV, jot* Mgt pe-
aeZ
There is some o € Z for which I'(V, j.w*/M)q 40— p, 7 0. We first assume that o > 0.
Choose 0 #m € I'(V, jom*M)g+w—p.. Since the space I'(V, j.w*M)q+w—p, 15 @
W-module, we may assume that m lies in some irreducible W-isotypic component
(of type A say) of I'(V, j.w*M)g4w—p.. We claim that there is some y such that
y-m # 0. Assume not; then h-m = —dym. Hence —d; = o + w — p¢; i.e.,
b), = pe —d,, — w = a € Z-, contradicting our assumption on b,. Thus y -m #
0. Buty-m e I'(V, jor*M)q—14+w—p.» SO eventually we get a nonzero vector in
L(V, jor*M)y—p, as required. Now, assume that o < 0. If m e I'(V?, 7% M) g 40—,
is a nonzero section, then the support of m is not contained in {0}. On the other
hand, if x -m = 0 for all x € V*, then Supp(m) C {0} and hence m = 0. Hence
m # 0 implies that there exists some x € V* such that x - m # 0. Repeating this
argument, we eventually conclude that I"(V?, w*/),,—,, # 0. U

When W is trivial, Theorem 5.5.1 says that P(V) is 9“-affine provided o ¢
{—n,—n—1, ...}, which equals the set of all w € s{ U€ of [Van den Bergh 1991,
Theorem 6.1.3].

Remark 5.5.2. The action of W on V induces an action of W on all the partial
flag manifolds GL(V)/P, where P is a parabolic of GL(V). However, one can
check that there are reflections in (GL(V)/P, W) if and only if GL(V)/P =P(V)
or GL(V)/P is the Grassmannian of codimension-one subspaces in V.
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5.6. Abelianization of W. In this section we assume that (V, W) is a complex
reflection group. Pullback of melys morphisms can be used to relate the represen-
tation theory of H¢(V, W) with that of Ho(I'), where I is a cyclic quotient of W.
Let o denote the set of reflecting hyperplanes in V and, for each H € A, fix sy a
generator of the cyclic group Wy ={w e W | w(H) = H}. Let W, = W/[W, W],
and let xo, ..., xx—1 denote the linear characters of W, where k = |W,,|. For each i
and H € o we let a; i be the least positive integer such that x; (sg) = (det sy ).
We write N(Wy) for the free semigroup generated by xo, ..., xx—1. Then there
is an evaluation map N(Wy) — {xo0, ..., xx—1} which sends X = Zf-‘;ol n;x to
ev(y) = ]_[f.:& x;"". For each X = Zf:& n; xi, define

k—1
my = Zniai,y and fL: 1_[ Ole € C[V]
i=0 Hed

Then it follows from Stanley’s results [1977] on W-semi-invariants that
w- fy=ev(x)(w)fy forallweW.

Fix x € N(Wy,). The one-dimensional space spanned by f, in C[V] is denoted
by t*. Inclusion t* <> C[V] defines a W -equivariant morphism ¢ : V — t. It
is melys for any parameter ¢ associated to (t, W). Define ¢’ : $(V) — C by
c(s, H) =mpy c(s, {0}) for all (s, H) such that (s, {0}) € P(t), and ¢'(s, H) =0
otherwise. Corollary 3.5.1 implies:

Proposition 5.6.1. Pullback by ¢ defines an exact functor
He(t, W)-Mod — He (V, W)-Mod.

One can check that (3.4.2) implies that ¢* maps a module M € O¢(t, W) to
©*M €0 (V, W), since the term h of (3.4.2) will be zero in this case. Moreover, for
any such M, we have GK-dim(¢*M) =GK-dim(M)+dim V —1. Let " be the cyclic
group W/ Kerev(y). Representations of the rational Cherednik algebra H(t, W)
can be viewed as W—equivariant representations of Hc(t, I'); see [Chmutova 2005].

Remark 5.6.2. More generally, if t* C C[V] is an irreducible W-module, then we
get a morphism ¢ : V — {. It seems likely that one can use the theory developed
in [Bessis et al. 2002] to classify all t such that ¢ is melys. However, there do not
seem to be many examples where dim t > 1.

6. A local presentation of the Cherednik algebra

In this section we give a local presentation of the sheaf of Cherednik algebras.
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6.1. In this section only, we make the following assumptions:

 For each (w, Z) € ¥(X), there exists a globally defined function f such that
Z=V(f2).
o All Picard algebroids considered can be trivialized in the Zariski topology.

We fix a choice of functions f;.

6.2. The KZ-connection. Recall that U = X —(J,,, 7, Z, where the union is over
all (w, Z) in $(X). Since we have fixed a choice of defining equations of the
hypersurfaces Z, it is possible to write down a KZ-connection on U.

Definition 6.2.1. The Knizhnik—Zamolodchikov connection on U, with values in
Oy ® CW, is defined to be

2¢(w, Z)
oxe= Y T (dlog f7) ®s.

w.Z)er(x) Wz
The KZ-connection behaves well under melys morphisms:
Lemma 6.2.2. Let ¢ : Y — X be a surjective morphism, melys for ¢. Then,
P wyc = WX gre-
Proof. The fact that ¢ is surjective implies that ¢* f is not a unit for all (w, Z) €

F(X). Then, the lemma follows from (3.4.2), since the term / there can be chosen
to be zero. U

6.3. Fix w e H*(X, Q)Y trivializable in the Zariski topology. For (w, Z) € #(X)
and vy, v, € P?, define

E7(v1, 12) =gy (dlog f7)(w(v2) — v2) — i) (dlog f2)(w(vi) —vi)
in #°(D).
Lemma 6.3.1. Let (w, Z) € ¥(X), g € Ox and vy, vy € P®. Then,
igw(dlog fz)(w(g) —g) € 0x and EZ(vi, 1) € P,

Proof. If g €Ox and v € P?, then iy (1) (d log f7)(w(g)—g) € Ox because w(g)—g €
1(Z). The second claim is that
o) (fz) _o(n)(f2)

7 (w(v2) —12) 7

The statement is local and is clearly true in a neighborhood of any point of X — Z.
Therefore, we may assume that we have fixed a point x € Z. Choose a small,
affine w-stable open subset U of X with coordinate system xi, ..., x, such that
w(xy) = ¢x; and w(x;) = x; for i # 1. Moreover, since we have assumed that
the Picard algebroid % trivializes in the Zariski topology, we may assume that

(w(vy) —vy) € P,
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Py = 0y @ Op. There exists some unit u € ['(U, Ox) such that fz = ux;. The
statement is clear if either vy or v, is in ['(U, Oy). Thus, without loss of generality,
v, vy € I'(U, Oy). Expanding,

vi(x1) (W) — vy) — va(x1)

E%(Vl,VQ)I (w(vy) —vy) +h

X1

for some h e I'(U, ®y). There are f;, g; € I'(U, Ox) such that v; =Z?:l fi(9/0x;)
and v, =) !, g:/(d/dx;). We have

vl(xl) - _18x1 9
(w (vz)—V2)—lJZIft ( <J>aw(x)—gjaxj)

9 9
—Zflxl (w(gj)a G )_gjgj)

=1

) y NN (8 3

= Zflxl ((w(gj) _gj)aw(xj) t8; <8w(xj) B ax; >)
j=1

e @ - D=+ 3 i (e — g)—
= figix; (& 1)8x1+;f1x1 ((w(gj) gj)aw(xj))

Thus, if we define
- 0
h= —1 N—o- ’ ho —
1 ]Z:;fm ((w(gj) gj)—aw(xj)> 2= Zglxl ((w(fj) My G ))
which belong to I'(U, %), we have

v1(x1) (W (v2) — vy) — Uz(xl)

(w(vi) —vi)
-1 -1 9
= figix; (& — 1)—+h1 = figix; (C—1)——ha=hy—hy,
0x1 0x1
which belongs to I'(U, Ox). O

6.4. We define the sheaf of algebras U, (X, W) to be the quotient of TP“ x W
by the relations

w, 7).
VRE—gRV=0()(@)+ ) 1_—zg(u)<dlogfz)<w<g>—g>w, (6.4.1)
(w,2)
2 z
Vi @y — v @ vy = [vy, va] + Z c(w ) g EZ (v, v)w (6.4.2)

(w, Z)
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for all v, vy, v, € P and g € Oy, and the relation® 15 = 1.

Remark 6.4.3. When X =V is a vector space and vy, v, € V are constant coefficient
vector fields, the right-hand side of (6.4.2) is zero and we get the usual relations of
the rational Cherednik algebra.

Proposition 6.4.4. The map v +— D, w +— w for v € P” and w € W defines an
isomorphism Wy, (X, W) = ¥, (X, W) if and only if the KZ-connection is flat.

Proof. The proof is a direct calculation. It is straightforward to see that relation
(6.4.1) always holds in #,, (X, W). Therefore, we just need to check that relation
(6.4.2) holds for Dunkl operators in 3¢, (X, W) if and only if the KZ-connection
is flat. Let vy, vy € ), and D,,, D,, the corresponding Dunkl operators. We need
to calculate the right-hand side of

[D,,, D,,]
2¢(w, Z) U(Vl)(fz) 2¢(w, Z) U(Vz)(fz) ]
v+ =1, v+ w=1)|.
|: (é) — Aw,Z fz (wXZ:) fz
We have
U(Vl)(fz)
V2T = 1),
[ fz ) V2:|
_o(n)oo()(fz) G(Vl)(fz)G(Vz)(fz)
= (w—1)— -1
fz 1z
+ 2OUD Gy vy,
fz
and hence
2¢(w, Z) ([ vi(f2) v2(f2z)
(gz:) 1 =2uz ([ fz (=0 vz} - [Vl’ Iz (= D])
equals
Z 2¢(w, Z) ([Vl, 12](f2) (w— 1)+ v1(fz) (W) — v)w
o2 1 —2uz fz fz
”z;fZ)( (m)—vl)w).
Also,
[_Vl(fz) w Uz(fz')i| n |:V1(fz) _Vz(fz’)w ]+ [Vl(fz) w Vz(fz')w i|
z 0 fz fz fz fz 0 fr

3Recall from Definition A.1.1 that 1g is defined to be the image of 1 € Oy under the map
i:0x — .
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equals

_Vl(fZ) wi <U2(fzf)>(wl . 1) n VZ(fZ’) wz(Vl(fZ)>(w2 _ 1)

fz fz fz Sz
+v1(fz)w <V2(fZ/)>w - VZ(fZ/)w (Vl(fZ))w "
fz : fz e fz 2 fz 2

Combining the above equations, one sees that relation (6.4.2) holds for Dunkl
operators in ¢, (X, W) if and only if

Z de(wi, Z)e(wy, Z') (Uz(fz) vi(fz)  vi(fz) Vz(fZ’))ww _0
S T e A N A 2 fr )T

(w1,2)
(w2,Z")

Since the left-hand side equals

< Z 4c(w1, Z)C(wz, Z/)
(1= 2Aw,.2) (A — A, z7)

(dlog fz ndlog f7) ® w1w2>(v2, V1),

(wy,2)
(w2,2")

it will be zero for all vy, v, if and only if the meromorphic two-form inside the
bracket is zero. But this two-form is the curvature wy ¢ Awy ¢ of the KZ-connection.
O

Proposition 6.4.4 implies that when the KZ-connection is flat, the algebra
WUep.c(X, W) is, up to isomorphism, independent of the choice of functions f.

Appendix: TDOs

In the appendix we summarize the facts we need about twisted differential operators,
following [Beilinson and Bernstein 1993] and [Kashiwara 1989].

A.1. Twisted differential operators. 1t is most natural to realize a sheaf of algebras
of twisted differential operators as a quotient of the enveloping algebra of a Picard
algebroid.

Definition A.1.1. An Ox-module ¥ is called a Lie algebroid if there exists a bracket
[—,—]: £ ®cy £ — & and morphism of Oy-modules 0 : £ — Oy (the anchor
map) such that (£, [—, —]) is a sheaf of Lie algebras with the anchor map being a
morphism of Lie algebras, and, for [}, l, € &£ and f € Oy,

U1, flol = flh, LI+ o) (.
If, moreover, there exists a map i : Ox — £ of Ox-modules such that the sequence
0—0x—>%—0x—0

is exact and i (1) := 1 is central in &, then & is called a Picard algebroid.
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As in [Beilinson and Bernstein 1993], we denote by Q;’z the two-term subcom-

plex Q}( N (SZ%)CI, concentrated in degrees 1 and 2, of the algebraic de Rham
complex of X.

Proposition A.1.2. The Picard algebroids on X are parametrized up to isomor-
phism by H*(X, Q;Z).

Given w € H?(X, Q}(’z), the corresponding Picard algebroid is denoted by .
Associated to P% is 9, the sheaf of differential operators on X with twist w. It
is the quotient of the enveloping algebra WU(P}) of P by the ideal generated by
lgpo — 1.

Definition A.1.3. A module for the Picard algebroid % is a quasicoherent Ox-
module Jl together with a map —- — : % ®c, M — M such that i (f) -m = fm and
[p,gl- m=p-(qg-m)—q-(p-m)forall p,ge P, meMand f € Oy.

There is a natural equivalence between the category of P“-modules and the
category of 9“-modules.

A.2. Functoriality. We recall from Section 2.2 of [Beilinson and Bernstein 1993]
the functoriality properties of Picard algebroids and twisted differential operators.
Fix a morphism ¢ : ¥ — X. Let Py be a Picard algebroid on X and Py a Picard
algebroid on Y.

Definition A.2.1. A g-morphism y : Py — Py is an Oy-linear map y : Py — ¢*Px
such that for any section p € Py and y (p) =), '®q’ with g; €Oy and g; €9~ Py,
we have

y(pi.pa) =) &gl ®lgl. a1+ Y o(p(e) @i — > o(p)(g)) ®di
i,j j i

and o (n)(f*g) =Y, 8'¢*(9(q')(g)) forall g € p~'Ox.

The first fundamental theorem on differential forms [Matsumura 1989, The-
orem 25.1] implies that there is a morphism of sheaves ¢_IQ§( — Q%, This
extends to a morphism of complexes <p_1§23( — 2} and <p_1Q;(’2 — Q;’z. By
functoriality of hypercohomology, we get a map ¢* : H>(X, 52;2) — H2(Y, Q;’Z).
For w € H?(X, Q;Z), let ¢ be the corresponding Picard algebroid and Py the
fiber product ¢*%§ X 0, Ov, where ©*PY — @*Oy is the anchor map and
Oy — ¢*Oy is do.

Lemma A.2.2. The sheaf Py is a Picard algebroid,  : Py — ¢*Px is a ¢-
morphism and we have an isomorphism of Picard algebroids Py =~ QP(I/; ,
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Thus, by definition, the diagram

oy

0 Oy Py Oy 0

|

Oy = ¢*0x ©*PY s p*Ox

commutes. The projection 9]"5*‘” — @*P§ extends to a morphism Qb;’i*w — @ DY,
making ¢*%% a left Qb?i*w—module. Let AL be a left 9-module. Since ¢*M =
*DY 199 ¢~ M, we have:

Proposition A.2.3. For any M € 9%-Mod, the sheaf ¢* M is a @(é*w—module.

Remark A.2.4. If ¢ is étale, then dg : Oy — ¢@*®x is an isomorphism. Therefore,
the projection 9}’({;*“’ — @*Pq is also an isomorphism and, in this case, the isomor-
phism y : Qb;’i*w — DG of left Qb;’i*w—modules is actually an algebra isomorphism
(in particular, ¢*%¢% is a sheaf of algebras).

A.3. Monodromic %-modules. Let T be a torus, i.e., a product of copies of the
multiplicative group C*. The Lie algebra of T is denoted by t. Letw : ¥ — X
be a principal T-bundle, with X smooth. A common way of constructing sheaves
of twisted differential operators on X is by quantum Hamiltonian reduction. Let
u:t— Dy be the differential of the action of 7" on Y. Since @y is a T-equivariant
sheaf, there is a stalkwise action of T on 7.%y. The map u is T-equivariant and,
since T acts trivially on t, ;1 descends to a map t — (7.%y)”. The image of u is
central. Given a character x : t — C, let

Dx = D)/ ({p@) = x @) | 1 €8)). (A3.1)

Let X(T') be the lattice of characters of 7. By differentiation, we may identify
X(T) with a lattice in t* such that X(7') ®7 C = t*. Given A € X(T), the sheaf
of A-semi-invariant sections (.0y)” is a line bundle on X. Thus, we have a map

dl
X(T) — H'(X, 0%). Composing this with the map O % Ker(d: Q- Q% c
Q;’z gives a map

Bz X(T) — H'(X,03) L% 12 (x, @)

of Z-modules. Extending scalars, we get a map
Bt — HX(X, Q). (A3.2)

Proposition A.3.3. The sheaf of algebras D , is a sheaf of twisted differential
operators, isomorphic to Qb’;(x ),
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Sketch of proof. Let A € X(T) and & := (7.0y)* be the corresponding line bundle
on X. If x is the differential of A, then (A.3.1) implies that 9y , acts on £.
As explained in [Beilinson and Bernstein 1993, Section 2.1.12], this implies that
Dy, QZD’;Z(X ). The fact that this extends to an isomorphism @y , >~ QBQ(X) for all
x € t* follows from the Baer sum construction, as explained in [ibid., Section 2.1.3].

O

Acknowledgments

The authors would like to thank Colin Ingalls, Anne Shepler and Cédric Bonnafé for
fruitful discussions. The first author is supported by the EPSRC grant EP-H028153.

References

[Beilinson and Bernstein 1993] A. Beilinson and J. Bernstein, “A proof of Jantzen conjectures”, pp.
1-50 in I. M. Gel’fand Seminar, edited by S. Gel’fand and S. Gindikin, Adv. Soviet Math. 16, Amer.
Math. Soc., Providence, RI, 1993. MR 95a:22022 Zbl 0790.22007

[Van den Bergh 1991] M. Van den Bergh, “Differential operators on semi-invariants for tori and
weighted projective spaces”, pp. 255-272 in Topics in invariant theory (Paris, 1989—-1990), edited by
M.-P. Malliavin, Lecture Notes in Math. 1478, Springer, Berlin, 1991. MR 93h:16046 Zbl 0802.
13005

[Bessis et al. 2002] D. Bessis, C. Bonnafé, and R. Rouquier, “Quotients et extensions de groupes de
réflexion”, Math. Ann. 323:3 (2002), 405-436. MR 2003g:20066 Zbl 1053.20037

[Borho and Brylinski 1989] W. Borho and J.-L. Brylinski, “Differential operators on homoge-
neous spaces, II: Relative enveloping algebras”, Bull. Soc. Math. France 117:2 (1989), 167-210.
MR 90j:17023 Zbl 0702.22019

[Chmutova 2005] T. Chmutova, “Twisted symplectic reflection algebras”, preprint, 2005. arXiv math/
0505653

[Etingof 2004] P. Etingof, “Cherednik and Hecke algebras of varieties with a finite group action”,
preprint, 2004. arXiv math/0406499v3

[Etingof and Ginzburg 2002] P. Etingof and V. Ginzburg, “Symplectic reflection algebras, Calogero—
Moser space, and deformed Harish-Chandra homomorphism”, Invent. Math. 147:2 (2002), 243-348.
MR 2003b:16021 Zbl 1061.16032

[Fulton 1998] W. Fulton, Intersection theory, 2nd ed., Ergebnisse der Mathematik und ihrer Grenzge-
biete. 3. Folge. A Series of Modern Surveys in Mathematics 2, Springer, Berlin, 1998. MR 99d:14003
Zbl 0885.14002

[Ginzburg et al. 2003] V. Ginzburg, N. Guay, E. Opdam, and R. Rouquier, “On the category O for ra-
tional Cherednik algebras”, Invent. Math. 154:3 (2003), 617-651. MR 2005f:20010 Zbl 1071.20005

[Hotta et al. 2008] R. Hotta, K. Takeuchi, and T. Tanisaki, D-modules, perverse sheaves, and
representation theory, Progress in Mathematics 236, Birkhéduser, Boston, 2008. MR 2008k:32022
7Zbl 1136.14009

[Kashiwara 1989] M. Kashiwara, “Representation theory and D-modules on flag varieties”, pp. 55—
109 in Orbites unipotentes et représentations, III: Orbites et faisceaux pervers, Astérisque 173-174,
Soc. Math. France, Paris, 1989. MR 90k:17029 Zbl 0705.22010


http://www.math.harvard.edu/~gaitsgde/grad_2009/BB%20-%20Jantzen.pdf
http://msp.org/idx/mr/95a:22022
http://msp.org/idx/zbl/0790.22007
http://dx.doi.org/10.1007/BFb0083507
http://dx.doi.org/10.1007/BFb0083507
http://msp.org/idx/mr/93h:16046
http://msp.org/idx/zbl/0802.13005
http://msp.org/idx/zbl/0802.13005
http://dx.doi.org/10.1007/s002080100284
http://dx.doi.org/10.1007/s002080100284
http://msp.org/idx/mr/2003g:20066
http://msp.org/idx/zbl/1053.20037
http://www.numdam.org/item?id=BSMF_1989__117_2_167_0
http://www.numdam.org/item?id=BSMF_1989__117_2_167_0
http://msp.org/idx/mr/90j:17023
http://msp.org/idx/zbl/0702.22019
http://www.arxiv.org/abs/math/0505653
http://www.arxiv.org/abs/math/0505653
http://msp.org/idx/arx/math/0406499v3
http://dx.doi.org/10.1007/s002220100171
http://dx.doi.org/10.1007/s002220100171
http://msp.org/idx/mr/2003b:16021
http://msp.org/idx/zbl/1061.16032
http://dx.doi.org/10.1007/978-1-4612-1700-8
http://msp.org/idx/mr/99d:14003
http://msp.org/idx/zbl/0885.14002
http://dx.doi.org/10.1007/s00222-003-0313-8
http://dx.doi.org/10.1007/s00222-003-0313-8
http://msp.org/idx/mr/2005f:20010
http://msp.org/idx/zbl/1071.20005
http://dx.doi.org/10.1007/978-0-8176-4523-6
http://dx.doi.org/10.1007/978-0-8176-4523-6
http://msp.org/idx/mr/2008k:32022
http://msp.org/idx/zbl/1136.14009
http://msp.org/idx/mr/90k:17029
http://msp.org/idx/zbl/0705.22010

Affinity of Cherednik algebras on projective space 1177

[Matsumura 1989] H. Matsumura, Commutative ring theory, 2nd ed., Cambridge Studies in Advanced
Mathematics 8, Cambridge University Press, 1989. MR 90i:13001 Zbl 0666.13002

[Milne 1980] J. S. Milne, Etale cohomology, Princeton Mathematical Series 33, Princeton University
Press, 1980. MR 81j:14002 Zbl 0433.14012

[Stanley 1977] R. P. Stanley, “Relative invariants of finite groups generated by pseudoreflections”, J.
Algebra 49:1 (1977), 134-148. MR 57 #477 Zbl 0383.20029

[Wilcox 2011] S. J. Wilcox, Representations of the rational Cherednik algebra, thesis, Harvard
University, Cambridge, MA, 2011, http://search.proquest.com/docview/878131539. MR 2941903
arXiv 1012.2585v2

Communicated by J. Toby Stafford
Received 2013-07-29 Revised 2014-02-17 Accepted 2014-03-31

gwyn.bellamy@glasgow.ac.uk  School of Mathematics and Statistics, University of Glasgow,
15 University Gardens, Glasgow, G12 8QW, United Kingdom

ohmymo®@googlemail.com

mathematical sciences publishers :'msp


http://dx.doi.org/10.1017/CBO9781139171762
http://msp.org/idx/mr/90i:13001
http://msp.org/idx/zbl/0666.13002
http://msp.org/idx/mr/81j:14002
http://msp.org/idx/zbl/0433.14012
http://dx.doi.org/10.1016/0021-8693(77)90273-3
http://msp.org/idx/mr/57:477
http://msp.org/idx/zbl/0383.20029
http://search.proquest.com/docview/878131539
http://msp.org/idx/mr/2941903
http://msp.org/idx/arx/1012.2585v2
mailto:gwyn.bellamy@glasgow.ac.uk
mailto:ohmymo@googlemail.com
http://msp.org




ALGEBRA AND NUMBER THEORY 8:5(2014)
dx.doi.org/10.2140/ant.2014.8.1179

Cosemisimple Hopf algebras are
faithfully flat over Hopf subalgebras

Alexandru Chirvasitu

The question of whether or not a Hopf algebra H is faithfully flat over a Hopf
subalgebra A has received positive answers in several particular cases: when
H (or more generally, just A) is commutative, cocommutative, or pointed, or
when K contains the coradical of H. We prove the statement in the title, adding
the class of cosemisimple Hopf algebras to those known to be faithfully flat
over all Hopf subalgebras. We also show that the third term of the resulting
“exact sequence” A — H — C is always a cosemisimple coalgebra, and that the
expectation H — A is positive when H is a CQG algebra.
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Introduction

The issue of faithful flatness of a Hopf algebra (always over a field) over its Hopf
subalgebras arises quite naturally in several ways. One direction is via the so-called
Kaplansky conjecture [1975], which initially asked whether or not Hopf algebras
are free over Hopf subalgebras (as an analogue to the Lagrange theorem for finite
groups). The answer was known to be negative, with a counterexample appearing
in [Oberst and Schneider 1974], but it is true in certain particular cases: using the
notation in the abstract, H is free over A whenever H is finite-dimensional (the
Nichols—Zoeller theorem [Montgomery 1993, Theorem 3.1.5]), or pointed [Radford
1977b], or A contains the coradical of H [Radford 1977a, Corollary 2.3].
Montgomery then naturally asks whether one can get a positive result by requiring
only faithful flatness of a Hopf algebra over an arbitrary Hopf subalgebra [1993,
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Keywords: cosemisimple Hopf algebra, CQG algebra, faithfully flat, right coideal subalgebra,
quotient left module coalgebra, expectation.
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Question 3.5.4]. Again, this turns out not to work in general (see [Schauenburg
2000] and also [Chirvasitu 2010], where the same problem is considered in the
context of whether or not epimorphisms of Hopf algebras are surjective), but one
has positive results in several important cases, such as when A is commutative
[Arkhipov and Gaitsgory 2003, Proposition 3.12] or H is cocommutative ([ Takeuchi
1972, Theorem 3.2], which also takes care of the case when H is commutative).
The most recent version of the question, asked in [Schauenburg 2000], seems to be
whether or not a Hopf algebra with bijective antipode is faithfully flat over Hopf
subalgebras with bijective antipode.

Another way to get to the faithful flatness issue is via the problem of constructing
quotients of affine group schemes. We recall briefly how this goes.

Let A — H be an inclusion of commutative Hopf algebras; in scheme language,
A and H are affine groups, and the inclusion means that spec(A) is a quotient group
scheme of spec(H). The Hopf-algebraic analogue of the kernel of this epimorphism
is the quotient Hopf algebra 7w : H — C = H/H A™, where A™ stands for the kernel
of the counit of A. The map = is then normal, in the sense of [Andruskiewitsch
and Devoto 1995, Definition 1.1.5]:

LKER(m) ={ac A | (m ®id)o A(a) =1¢ ®a}
equals its counterpart
RKER(m)={ac A | ((d®m)oA(a) =a® 1¢}.

This means precisely that spec(C) is a normal affine subgroup scheme of spec(A)
[Takeuchi 1972, Lemma 5.1]. This gives a map A — C from quotient affine group
schemes of H to normal subgroup schemes. One naturally suspects that this is
probably a bijective correspondence, and this is indeed true (see [Takeuchi 1972,
Theorem 4.3] and also [Demazure and Gabriel 1970, III §3, 7.2]). In Takeuchi’s
paper, faithful flatness is crucial in proving half of this result, namely, the injectivity
of the map A — C': one recovers A as LKER(r).

Many of the technical arguments and constructions appearing in this context go
through in the noncommutative setting, so one might naturally be led to the faithful
flatness issue by trying to mimic the algebraic group theory in a more general
setting, where Hopf algebras are viewed as function algebras on a “quantum” group.
This is, for example, the point of view taken in the by now very rich and fruitful
theory of compact quantum groups, first introduced and studied by Woronowicz:
the main characters are certain C* algebras A with a comultiplication A — A® A
(the minimal C* tensor product), imitating the algebras of continuous functions on
compact groups (we refer the reader to [Klimyk and Schmiidgen 1997, Chapter 11]
or Woronowicz’s landmark papers [1987; 1988] for details).
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These objects are not quite Hopf algebras, but for any compact quantum group
A as above, one can introduce a genuine Hopf algebra &, imitating the algebra
of representative functions on a compact group (i.e., the linear span of matrix
coefficients of finite-dimensional unitary representations), and which contains all
the relevant information on the representation theory of the quantum group in
question. The abstract properties of such Hopf («)-algebras have been axiomatized,
and they are usually referred to as compact quantum group (CQG) algebras (see
[Klimyk and Schmiidgen 1997, Section 11.3] or the original paper [Dijkhuizen and
Koornwinder 1994], where the term was coined). They are always cosemisimple (as
an analogue of Peter—Weyl theory for representations of compact groups), which is
why we hope that despite the seemingly restrictive hypothesis of cosemisimplicity,
the results in the present paper might be useful apart from any intrinsic interest,
at least in dealing with Hopf-algebraic issues arising in the context of compact
quantum groups.

We now describe the contents of the paper.

In the first section we introduce the conventions and notation to be used through-
out the rest of the paper, and also develop the tools needed to prove the main results.
In Section 1A we set up a Galois correspondence between the set of right coideal
subalgebras of a Hopf algebra H and the set of quotient left module coalgebras of
H . We then recall basic results on categories of objects imitating Sweedler’s Hopf
modules: These have both a module and a comodule structure, one of them over a
Hopf algebra H, and the other one over a right coideal subalgebra or a quotient left
module coalgebra of H. These categories are used extensively in the subsequent
discussion.

Section 2 is devoted to the main results. We provide sufficient conditions for
faithful flatness over Hopf subalgebras in Theorem 2.1 and Corollary 2.4. We also
investigate the case of cosemisimple H further, proving in Theorem 2.5 that for any
Hopf subalgebra A, the quotient left H-module coalgebra C = H/H A™ is always
cosemisimple. This quotient is the third term of the “exact sequence” which com-
pletes the inclusion A — H, and the question of whether or not C is cosemisimple
arises naturally in the course of the proof of Theorem 2.1, which shows immediately
that the answer is affirmative when H A™ happens to be an ideal (both left and right).

Finally, in Section 3 we show that when the ambient Hopf algebra H is CQG, the
“expectation” H — A that plays a crucial role in the preceding section is positive.
In the course of the proof we use a sort of “A-relative” Fourier transform from H to
C* (whereas ordinary Fourier transforms, as in, say, [Podles and Woronowicz 1990],
are roughly speaking more like maps from H to the dual H*). This construction has
some of the familiar properties from harmonic analysis, such as intertwining prod-
ucts and “convolution products” (Proposition 3.11(1)), playing well with * structures
(Proposition 3.11(2)), and satisfying a Plancherel-type condition Remark 3.12.
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1. Preliminaries

In this section we make the preparations necessary to prove the main results.
Throughout, we work over a fixed field k, so all algebras and coalgebras are to be
taken over k. The reader should feel free to assume k to be algebraically closed
whenever convenient, as most results are invariant under scalar extension. In
Section 3 we specialize to characteristic zero.

We assume basic familiarity with coalgebra and Hopf algebra theory, for example
as presented in [Montgomery 1993]. We will make brief use of the notion of
coring over a (not necessarily commutative) k-algebra; we refer to [Brzezinski and
Wisbauer 2003] for basic properties and results.

The notation is standard: A¢ and e¢ stand for comultiplication and the counit
of the coalgebra C respectively, and we will allow ourselves to drop the subscript
when it is clear which coalgebra is being discussed. Similarly, Sy or S stands for
the antipode of the Hopf algebra H, 14 (or just 1) will be the unit of the algebra
A, etc. Sweedler notation for comultiplication is used throughout: A(h) = h| ® h»,
as well as for left or right coactions: if p : N > NQC (p: N > C®N)isa
right (left) C-comodule structure, we write no @ ny (n(—1) @ n(y) for p(n). We
sometimes adorn the indices with parentheses, as in A(c) = c(1) @ ¢(2).

We will also be working extensively with categories of (co)modules over (co)alge-
bras, as well as categories of objects admitting both a module and a comodule
structure, compatible in some sense that will be made precise below (see Section 1A).
These categories are always denoted by the letter Jl, with left (right) module
structures appearing as left (right) subscripts, and left (right) comodule structures
appearing as left (right) superscripts. All such categories are abelian (and in fact
Grothendieck), and the forgetful functor from each of them to vector spaces is
exact. The one exception from this notational convention is the category of k-vector
spaces, which we simply call VEC.

Recall that the category Jl/L]IZI of finite-dimensional right comodules over a Hopf
algebra is monoidal left rigid: every object V has a left dual V* (at the level
of vector spaces it is just the usual dual vector space), and one has adjunctions
(®V,®V*) and (V*®, V®) (the left-hand member of the pair is the left adjoint)
on A/LJ’Z' .

We also use the correspondence between subcoalgebras of a Hopf algebra H
and finite-dimensional (right) comodules over H: for such a comodule V, there is a
smallest subcoalgebra D = COALG(V') < H such that the structure map V — VQ H
factors through V. — V & D. Conversely, if D < H is a simple subcoalgebra, then
we denote by Vp the simple right D-comodule, viewed as a right H-comodule.
Then, for simple subcoalgebras D, E < H, the product ED will be precisely
COALG(Vg ® Vp), while S(D) is COALG(V™).
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For a coalgebra C, the symbol C denotes the set of isomorphism classes of
simple (right, unless specified otherwise) C-comodules.

1A. Descent data and adjunctions. We will be dealing with the kind of situation
studied extensively in [Takeuchi 1979]: H will be a Hopf algebra, and for most of
this section (and in fact the paper), ¢ : A — H will be a right coideal subalgebra,
while m : H — C will be a quotient left H-module coalgebra. Recall that this
means that A is a right coideal of H (Ap(A) < A® H) as well as a subalgebra,
and so the induced map A — A ® H is an algebra map; similarly, C is the quotient
of H by a left ideal as well as a coalgebra, and the induced map H ® C — C is
supposed to be a coalgebra map.

Given a coalgebra map 7 : H — C, we write & for 7w (h), h € H. In this situation,
H will naturally be both a left and a right C-comodule (via the structure maps
(mr ®id)o Ay and (id ®) o Ay respectively), while C has a distinguished grouplike
element 1, where 1 € H is the unit. Write

"TH=°HheH|h®h=1®h}, H =H ={heH|h Qh=hQ1}.

These are what were called LKER(r) and RKER(7r) back in the introduction,
following the notation in [Andruskiewitsch and Devoto 1995]. They are the spaces
of 1-coinvariants under the left and right coaction of C on H respectively, in the
sense of [Brzezinski and Wisbauer 2003, Section 28.4].

Dually, let ¢ : A — H be an algebra map, and set AT = 1~ (kerey). Write
H, = H 4 for the left H-module H/H((A™"), and similarly, H = sH = H/((AT)H.

It is now an easy exercise to check thatif ¢ : A — H is a right coideal subalgebra,
then H, is a quotient left module coalgebra, and, vice versa, if 7 : H — C is the
projection on a quotient left module coalgebra, then “H is a right coideal subalgebra
of H.

A— H A
set of right coideal set of quotient left module

subalgebras of H coalgebras of H
\—/
‘H < C

In the above diagram, the maps are order-reversing with respect to the obvious
poset structures on the two sets (whose partial orders we write as <)

Remark 1.1. Note that the two order-reversing maps form a Galois connection
in the sense of [Mac Lane 1998, Section IV.5] between the poset of right coideal
subalgebras and the poset of left module quotient coalgebras.



1184 Alexandru Chirvasitu

Definition 1.2. Let:: A — H be a right coideal subalgebra and 7 : H — C a
quotient left module coalgebra. We call w : H — H, (or Hy itself) the right
reflection of 1 : A — H or of A, and : “°H — H (or “H itself) the left reflection of
7 : H— C. We also write r(A) and r(C) for Hy and H.

Using this language, recall from [Andruskiewitsch and Devoto 1995, Proposi-
tion 1.2.3]:

Definition 1.3. Let H be a Hopf algebra. For a right coideal subalgebra A — H
and a quotient left module coalgebra H — C, we say thatk > A - H - C — k
is exact if A and C are each other’s reflections.

We usually drop the k and talk just about exact sequences A - H — C.

If H is a Hopf algebra and C is a left H-module coalgebra, then %./l/t will be the
category of left H-modules endowed with a left C-comodule structure which is a left
H-module map from M to C ® M (where the latter has the left H-module structure
induced by the comultiplication on H). Similarly, if A is a right H-comodule
algebra, then ,/(Af is the category of right H-comodules with a right A-module
structure such that M ® A — M is a map of right H-comodules. The morphisms
in each of these categories are required to preserve both structures.

Let:: A — H be a right coideal subalgebra and 7 : H — C a quotient left
module coalgebra such that & o factors through A > a — e(a)l € C (this is
equivalent to saying that A < r(C), or C <r(A), in the two posets discussed before
Definition 1.2). Then, there is an adjunction between the categories 4./t and %/l/t,
and dually, an adjunction between M4 and MC. We will recall briefly how these
are defined, omitting most of the proofs, which are routine.

Let M € 4M. The vector space H ® 4 M then has a left H-module structure,
as well as a left C-comodule structure inherited from the left C-coaction on H
(checking this is where the condition A < r(C) is needed). This defines a functor
LMl — gjl/t. To go in the other direction, for N € %J(/L, let

R(N)={neN |n_®ny =1®n}. 1)

This defines a functor, and, as the notation suggests, L is a left adjoint to R.

For the other adjunction, given M € %, define L'(M) = M/MA™. This is
a functor (with the obvious definition on morphisms), and it is left adjoint to
R : MC¢ — A/Lf defined by R’(N) = N O¢ H; the latter has a right H-comodule
structure obtained by making H coact on itself, as well as a right A-module structure
obtained from the right A-action on H.

Let us now focus on the adjunction 4/M <— %A/L. In [Takeuchi 1979], the same
discussion is carried out in a slightly less general situation: the adjunction described
above is considered in the case A = r(C). On the other hand, we remark that
when C = r(A), the category gﬂ/t introduced above is nothing but the category of
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descent data for the ring extension A — H. Recall from [Brzezinski and Wisbauer
2003, Proposition 25.4] that in our case this would be the category 7®4H {(, of left
comodules over the canonical H-coring H ® 4 H associated to the algebra extension
A — H. This means left H-modules M with an appropriately coassociative and
counital left H-module map p: M +— (H®4 H)Qy M = H Q4 M.

The usual bijection

HOIH=H®H, hQ®kr— hi Qhk

is easily seen to descend to a bijection H ® 4 H = r(A) ® H. Hence, we see
that a map p as above is the same thing as a map ¥ : M — r(A) ® M. The
other properties of p, namely, being a coassociative, counital, left H-module map,
precisely translate to i being coassociative, counital, and a left H-module map,
respectively. Taking into account this equivalence ;J(A)JI/L ~ H®aH j( the adjunction
(L, R): gl <— ;{(A)/l/t is an equivalence as soon as H is right faithfully flat over
A (this is the faithfully flat descent theorem; see [Nuss 1997, Theorem 3.8]).

Apart from faithful flatness, other criteria are known to ensure (L, R) is an
equivalence. To state one such, we recall some notation from [Mesablishvili 2006].

For a ring A, consider the contravariant endofunctor 4C,4 on the category of
A-bimodules defined by

ACA(M) =Hom(M, Q/Z);

these are homomorphisms of abelian groups, with the usual A-bimodule structure
induced from that on M. Then, [ibid., Theorem 8.1] (very slightly rephrased) reads:

Theorem. Ifi: A — H is a map of rings such that AC4(t) : ACa(H) = 4Ca(A)
is a split epimorphism, then H® 4 is an equivalence between 4.M and #®41 (.

Since we have just observed that in our case the functor H® 4 from the statement
of the theorem can be identified with L : 4/ — ;;A)Jl/t, we get the following result
as a consequence:

Proposition 1.4. With the previous notation, (L, R) : 4 M <— ;}A)A/L is an equiva-
lence if the inclusion 1 : A — H splits as an A-bimodule map. (]

Remark 1.5. The paper [Mesablishvili 2006] deals with rings rather than Hopf al-
gebras. To deduce Proposition 1.4 one uses the noted identification gA)Jl/L ~ HOAH

to turn the problem into the usual formulation of descent for arbitrary rings. Sections
7 and 8 of [ibid.] spell this out.

As a kind of converse to the faithfully flat descent theorem, (L, R) being an
equivalence implies that H is right A-faithfully flat. Indeed, H®4 is then exact
on 4J. Note that we are using the fact that ;;A)JI/L is abelian, with the same exact
sequences as VEC. All in all, this proves:
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Proposition 1.6. Lett: A — H be a right coideal subalgebra. The adjunction
(L, R): all <Mt
is an equivalence if and only if H is right A-faithfully flat. O

Remark 1.7. This result is very similar in spirit to the equivalence (5) <= (3) in
[Schneider 1990, Theorem I, or to (1) <= (2) in [Schauenburg and Schneider
2005, Lemma 1.7]. These can all be deduced from much more general, coring-
flavored descent theorems that are now available, such as, say, [Caenepeel et al.
2007, Theorem 2.7].

1B. CQG algebras. For background, we rely mainly on [Klimyk and Schmiidgen
1997, 11.3-11.4] or the paper [Dijkhuizen and Koornwinder 1994], where these
objects were originally introduced. Recall briefly that these Hopf algebras are
meant to have just enough structure to imitate algebras of representative functions
on compact groups. This means they are complex *x-algebras (they possess conjugate-
linear involutive multiplication-reversing automorphisms ) as well as Hopf algebras,
and the two structures are compatible in the sense that the comultiplication and the
counit are both x-algebra homomorphisms.

In addition, CQG algebras are required to have unitarizable comodules. This
is a condition we will not spell out in any detail, but it says essentially that every
finite-dimensional comodule has an inner product compatible with the coaction in
some sense (once more imitating the familiar situation for compact groups, where
invariant inner products on representations can be constructed by averaging against
the Haar measure). In particular, CQG algebras are automatically cosemisimple,
and hence fit comfortably into the setting of Section 2.

Not all x-algebras have enveloping C*-algebras, but CQG algebras do. See, e.g.,
[Klimyk and Schmiidgen 1997, Section 11.3.3]. Such a completion is a so-called full,
or universal, C*-algebraic compact quantum group, in the sense that it is a (unital)
C*-algebra A endowed with coassociative C*-algebra homomorphism A — A ® A
(minimal C* tensor product) with additional conditions ([Klimyk and Schmiidgen
1997, Section 11.3.3, Proposition 32] or [Dijkhuizen and Koornwinder 1994, §4-5]).

On the very few occasions when tensor product C*-algebras come up, ® always
denotes the smallest C* tensor product (as treated in [Wegge-Olsen 1993, T.5], for
instance). The term completely positive map between C*-algebras will also make
brief appearances. Recall that a linear map 7 : A — B between C*-algebras is
said to be positive if for each x € A we have T (x*x) = y*y for some y € B, and
completely positive [Takesaki 2002, Section IV.3] if the maps

dT M, A— M, B

between matrix algebras are all positive.
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2. Main results

We now prove the statement from the title of the paper:

Theorem 2.1. A cosemisimple Hopf algebra is faithfully flat over all its Hopf
subalgebras.

Proof. Let H be cosemisimple, and ¢ : A — H an inclusion of a Hopf subalgebra.
Combining Propositions 1.6 and 1.4, it suffices to show that ¢ splits as an A-
bimodule map. In fact, one can even find a subcoalgebra B < H with H =A® B
as A-bimodules.

Let I be the set of simple subcoalgebras of H, and J the subset of / consisting
of subcoalgebras contained in A. One then has H =@, D and A=, D. Define
B=0& s D; in other words, B is the direct sum of those simple subcoalgebras
of H which are not in A. Clearly, B is a subcoalgebra and H = A @ B, and we
now only need to check that B is invariant under (either left or right) multiplication
by A.

Let D € J and E € I\ J be simple subcoalgebras of A and B respectively.
The product ED inside H is then COALG(VE ® Vp) (see last paragraph above
Section 1A). Now assume F € J is a summand of ED. This means Vg < Vg ® Vp,
so Vi < Vp ® Vi. This is absurd: Vj is a B-comodule, while Vp ® V; is an
A-comodule. U

Remark 2.2. This proves the first part of [Wang 2009, Conjecture 1]; the second
part, stating the faithful coflatness of a CQG algebra over quotient CQG algebras,
follows immediately from the cosemisimplicity of CQG algebras.

Remark 2.3. Examples of cosemisimple Hopf algebras which are not faithfully
coflat over quotient Hopf algebras abound, at least in characteristic zero.

Indeed, let G be a reductive complex algebraic group and B a Borel subgroup.
Denoting by O( ) “regular functions on the variety ”, the Hopf algebra H = 0(G)
is cosemisimple (e.g., [Fogarty 1969, p. 178]), and it surjects onto C = O(B).

If the surjection H — C were to be faithfully coflat, then, by [Takeuchi 1979,
Theorem 2], we could reconstruct C as H/HA™ for A = r(C). But A is simply
the algebra of global regular functions on the projective variety G/B, and hence
consists only of constants; this provides the contradiction.

In fact, the result can be strengthened slightly. Recall that the coradical Cy of a
coalgebra C is the sum of all its simple subcoalgebras.

Corollary 2.4. A Hopf algebra H whose coradical Hy is a Hopf subalgebra is
faithfully flat over its cosemisimple Hopf subalgebras.

Proof. Any cosemisimple Hopf subalgebra A < H will automatically be contained
in the coradical Hy. By the previous corollary, Hy is faithfully flat over A. On the
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other hand, Hopf algebras are faithfully flat (and indeed free) over sub-bialgebras
which contain the coradical [Radford 1977b, Corollary 1]; in particular, in this case,
H is faithfully flat over Hy. The conclusion follows. (]

Now let us place ourselves in the setting of Theorem 2.1, assuming in addition
that the Hopf subalgebra A — H is conormal in the language of [Andruskiewitsch
and Devoto 1995]. This simply means that HA™ = AT H, and is equivalent to
C =r(A) being a quotient Hopf algebra of H rather than just a quotient coalgebra
[Andruskiewitsch and Devoto 1995, Definition 1.1.9]. Recalling the decomposition
H = A @ B as a direct sum of subcoalgebras, C breaks up as the direct sum of
the coalgebras k = k1 and B/BA*. In other words, the coalgebra spanned by the
unit of the Hopf algebra C has a coalgebra complement in C. It follows from
the equivalence of (c) and (f) in [Sweedler 1969, Theorem 14.0.3] that C is a
cosemisimple Hopf algebra. Our aim in the rest of this section is to extend this
result to the general case covered by Theorem 2.1:

Theorem 2.5. Ifi1: A — H is a Hopf subalgebra of a cosemisimple Hopf algebra
H, then the coalgebra C =r(A) is cosemisimple.

Proof. We know from Theorem 2.1 that H is right A-faithfully flat, and hence also
left faithfully flat (just flip everything by means of the bijective antipode). This then
implies, for example by [Takeuchi 1979, Theorem 1], that the second adjunction
we introduced above, (L', R') : ./l/tg <« ME, is an equivalence. It is then enough to
show that all objects of the category J(/LZI are projective, and this is precisely what
the next two results do. U

Definition 2.6. An object of Jl/tg is said to be A-projective if it is projective as an
A-module.

Proposition 2.7. Under the hypotheses of Theorem 2.5, every object of Jl/tf is
A-projective.

Proof. Let M € Jl/tg be an arbitrary object. Endow M ® H with a right H-comodule
structure by making H coact on itself, and also a right A-module structure by the
diagonal right action (i.e., M ® H is the tensor product in the monoidal category Jl4).
It is easy to check that these are compatible in the sense that they make M ® H into
an object of M4, and the map p : m > m ®m ) € M ® H giving M its right H-
comodule structure is actually a morphism in Jl/Lf . Similarly, id Qe - MQH — M
is a morphism in Jl 4, and it splits the inclusion p. It follows that it is enough to
show that the object M @ H € A/Lf{ described above is A-projective.

Theorem 2.1 says that H is A-faithfully flat, and it follows from [Masuoka and
Wigner 1994, Corollary 2.9] that it is then (left and right) A-projective. This means
that M ® H can be split embedded (in the category .l 4) into a direct sum of copies
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of M ® A with the diagonal right action of A. But
MRA—->MRSA, mPar>maQar

exhibits an isomorphism from M ® A with the right A-action on the right tensorand
to M ® A with the diagonal A-action (its inverse is m @ a — mS(a;) ® az). This
means that in M4, M ® H is a direct summand of a direct sum of copies of A, thus
projective. U

Proposition 2.8. Under the hypotheses of Theorem 2.5, A-projective objects of Jl/Lf
are projective.

Before going into the proof, we need some preparation, including additional
notation to keep track of the several A-module or H-comodule structures that might
exist on the same object.

As in the proof of Theorem 2.1, denote by / and J C J the sets of simple right
comodules over H and A, respectively. Recall that these are also in one-to-one
correspondence with the simple subcoalgebras of H and A, respectively. We will
henceforth denote by ¢ : H — A the map which is the identity on A and sends
every simple subcoalgebra D € I\ J to 0.

Notice now that A acts on H (as well as on itself) not just by the usual right
regular action, but also by the right adjoint action: h<a = S(ay)ha, (he€ H, a € A).
This gives H and A a second structure as objects in Jl/tf . When working with this
structure rather than the obvious one, we denote these objects by H,g and A,q.

Lemma 2.9. (a) For any object M € MY, M ® H,q becomes an object of ./l/tg
when endowed with the diagonal A-action (where A acts on M € L/l/tg and on
H by the right adjoint action) and the diagonal H -coaction.

(b) Similarly, M @ Ayq € M.

(©) 1d®p : M @ Hyg —> M ® A,q respects the structures from (a) and (b), and
hence is a morphism in Jl/tf{ .

Proof. We will only prove (a); (b) is entirely analogous, while (c) follows im-
mediately, since ¢ clearly preserves both the right H-coaction and the adjoint
A-action.

Proving (a) amounts to checking that the diagram

M®Had®A M ® Hyq

MQ@H4Q@H®A

M®Had®H
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is commutative. The path passing through the upper horizontal line is

m®h®a+— ma; ® S(ax)haz —> moa; @ S(as)hias @ myaxS(az)haag,
while the other composition is

mhQ@ar— moQ@h; @mihy ® a —> moa; @ S(ax)hiaz @ mihsay.

Using the properties of the antipode and counit in a Hopf algebra, we have

moa; @ S(ag)hias @ miaxS(az)haas = moa) @ S(e(az)az)hias @ mihsas

= moa; @ S(az)hiaz3 @ mihsaa,

concluding the proof. U

Now denote by (M ® H)" € Jl/Lg the object from the proof of Proposition 2.7:
the A-action is diagonal, while H coacts on the right tensorand alone. The upper r
is meant to remind the reader of this.

Lemma 2.10. For M € Jl/tf, the map ¥y - M @ H— M Q H defined by
mhr— my® S(m)h
is a morphism in J(/Lf from (M @ H) to M @ Hyg.

Proof. We only check compatibility with the A-actions, leaving H-coactions to the
reader. The composition (M @ H) @ A — (M @ H)" —> M @ Hyq is

mhQar— ma;  ha & moa; ® S(myaz)has,
while the other relevant composition is
mehQa m mo®@ S(mi)h a+— moa; @ S(ax)S(my)has.
Since S is an algebra antimorphism, they are equal. U

Finally, we have:

Lemma 2.11. Let M € A/Lg. The map M @ A — M giving M its A-module structure
is a morphism M ® Ay — M in A/Lg.

Proof. Compatibility with the H-coactions is built into the definition of the category
Jl/Lf , so one only needs to check that the map is a morphism of A-modules. In other
words, we must show that the diagram

MRAIQA M Aug

M®A M



Cosemisimple Hopf algebras are faithfully flat over Hopf subalgebras 1191

is commutative. The right-down composition is
m®a®br— mby Q® S(by)ab; —> mbS(by)abs,
while the other composition is
m®aQbr+— ma®b+— mab;

they are thus equal. (Il
Lemma 2.12. For M € A/LZ , the composition

v id @¢
ty:(M@H) — > MQHyy — M® Ay —— M,

where the last arrow gives M its A-module structure, is a natural transformation
from the /l/tf -endofunctor (¢ @ H)" to the identity functor, and it exhibits the latter
as a direct summand of the former.

Proof. The fact that ¢, is a map in Jl/Lf follows from Lemmas 2.9, 2.10 and 2.11.
Naturality is immediate (one simply checks that it holds for each of the three maps),
as is the fact that ), is a left inverse of the map M — (M ® H)" giving M its
H-comodule structure. U

We are now ready to prove the result we were after:

Proof of Proposition 2.8. Let P € Jl/Lf be an A-projective object. We must show that
A/Lf{ (P, ) is an exact functor. Embedding the identity functor as a direct summand
into (¢ ® H)" (Lemma 2.12), it suffices to show that Jl/tg(P, (e ® H)") is exact.
The functor (e @ H)" : My — A/Lf is right adjoint to forget : Jl/tf — M4 (as
./l/tfz is the category of coalgebras for the comonad « @ H on Jl,4; see [Mac Lane
1998, Theorem VI.2.1]), so A/LX(P, (e ® H)") is naturally isomorphic to M4 (P, ),
which is exact by our assumption that P is A-projective. (I

Remark 2.13. In the above proof, the forgetful functor forget : Jl/tf{ — M4 has
been suppressed in several places, in order to streamline the notation; we trust that
this has not caused any confusion.

Remark 2.14. The proof of Proposition 2.7 is essentially a rephrasing of the
usual proof that Hopf algebras H with a (right, say) integral sending 1y to 1 are
cosemisimple [Sweedler 1969, §14.0]; we will call such integrals unital. The map
¢ : H — A introduced in Lemma 2.9 might be referred to as an A-valued right
integral (by which we mean a map preserving both the right H-comodule structure
and the right adjoint action of A), and specializes to a unital integral when A = k.
In conclusion, one way of stating Proposition 2.8 would be:

If the inclusion 1 : A — H of a right coideal subalgebra is split by an A-valued
right integral, then the forgetful functor JI/LQ’ — M4 reflects projectives.
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Remark 2.15. Propositions 2.7 and 2.8 can both be traced back to work by Y. Di,
but we have included proofs for completeness. Proposition 2.7, for instance, is a
consequence of [Doi 1983, Theorem 4]. Similarly, Proposition 2.8 follows from
[Doi 1990, Theorem 1]. I thank the referee for pointing this out.

3. Expectations on CQG subalgebras are positive

We now move the entire A — H — C setting over to the case when H is a CQG
algebra. We take for granted the preceding sections, and in particular the fact
that C is cosemisimple (Theorem 2.5). The inclusion ¢ : A — H is now one of
x-algebras, and we follow the operator-algebraists’ convention of referring to its
left inverse p : H — A from the proof of Theorem 2.1 as the expectation of H on
A (in accordance with a view of A and H as consisting of random variables on
noncommutative measure spaces). Positivity here means the following:

Think of H as embedded in its universal C* completion H, (Section 1B), and
complete A to A, with the subspace norm. Then, p extends to a completely positive
map H, — A,. Equivalently, the self-map to p : H — H lifts to a completely
positive self-map of H,.

Note that a functional ¥ € H* with (1) = 1 extends to a state on the C*
completion H, if and only if it is positive in the usual sense; i.e., ¥ (x*x) > 0 for
every x € H.

The main result of the section is this:

Theorem 3.1. Lett: A — H be an inclusion of CQG algebras. Then, the expecta-
tion p : H — A is positive in the above sense.

Remark 3.2. So-called expected C*-subalgebras of (locally) compact quantum
groups have featured prominently in the literature (see [Tomatsu 2007; Salmi
and Skalski 2012] and references therein). The techniques used in the proof of
Theorem 3.1 will be applied elsewhere to characterize all right coideal *-subalgebras
A of a CQG algebra H which are expected in the sense of admitting a positive
splitting of the inclusion as an A-bimodule, right H-comodule map, where positivity
is understood as in Theorem 3.1.

Let us first reformulate the theorem slightly. Denote the unique unital (left and
right) integral of C by A¢, and the composition hc o by ¢ (where w : H — C
is the surjection we start out with). The expectation decomposes as (¢ Q id) o A :
H — A. This follows easily from the decomposition H = A @ B as a direct sum
of subcoalgebras used in the proof of Theorem 2.1, and the fact that ¢|4 equals €4
and ¢|p is the zero map.

Remark 3.3. Let us note in passing that ¢ is self-adjoint as a functional, in the
sense that ¢(x*) is the complex conjugate of ¢(x) for any x € H. This follows
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immediately from ¢|4 = €4 and ¢|p = 0, the fact that A and B are closed under *,
and the fact that ¢ is a x-homomorphism.

This observation is needed in the proof of item (2) in Proposition 3.11, for
instance.

Lemma 3.4. The conclusion of Theorem 3.1 holds if and only if the functional
¢ € H* is positive.

Proof. Note that ¢ equals € o p (more pedantically, in this expression ¢ is the
restriction of ey to A). If p is positive then so is ¢, given that ¢ is a x-algebra map
A — C which lifts to A,.

Conversely, if ¢ is positive (and hence lifts to a state on H,), then both maps
in the composition (¢ ® id) o A : H — H lift to completely positive maps on the
appropriate C* completions (A lifts to a C*-algebra map H, — H, ® H,, while
¢®id: H, ® H, — H, will also be completely positive). But that composition is
precisely ¢ o p, as noted above. ]

Remark 3.5. The identity ¢ = € o p, in particular, shows that ¢ o S = . This is
needed below.

We are going to take what looks like a detour to make the necessary preparations.

For a cosemisimple coalgebra D over an algebraically closed field, denote by
D* its restricted dual: the direct sum of the matrix algebras dual to the matrix
subcoalgebras of D. In general, D*® is a nonunital algebra. In our case, the full dual
H* is in addition a (unital) x-algebra, with * operation defined by

f*(x) = f((Sx)*)* forall x € H, 2)

where the outer * means complex conjugation of a number (see, e.g., [Van Daele
1998, Proposition 4.3]). Furthermore, C®* < H* is a x-subalgebra.

Finally, again for a cosemisimple coalgebra D, we will talk about its completion
D:; this is by definition the direct product of the matrix subcoalgebras comprising D.
Equivalently, D is the (ordinary, vector space) dual of D®. The module structure
H ® C — C extends to an action of H on C.

Remark 3.6. This extension of the H-module structure to C is a simple enough
observation, but there is some content to it. The claim is that for x € H and some
simple subcoalgebra C, < C (for « € 6), there are only finitely many simple
comodules 8 € C such that xC g intersects C, nontrivially.

Although L€ is not monoidal, V ® W can be made sense of as a C-comodule for
any H-comodule V and C-comodule W. This makes M€ into a module category
over the monoidal category Jitf'. Upon rephrasing the claim using the correspon-
dence W — COALG(W) between comodules and subcoalgebras, it reads: for each
finite-dimensional H-comodule V and each « € C, there are only finitely many g € C
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such that (identifying o, 8 with the corresponding comodules) Hom yc (o, V ® B) is
nonzero. But just as in a rigid monoidal category, V® : MC — M is right adjoint
to V*®, and hence we’re saying only finitely many 8 satisfy Hom(V* ® «, 8) # 0.
This is clear simply because V* ® « is some finite direct sum of irreducibles.

First, a preliminary result:

Lemma 3.7. The squared antipode S* of H descends to an automorphism of every
simple subcoalgebra C,, of C. Moreover, the resulting automorphism on the C*-
algebra C} is conjugation by an invertible positive operator.

Proof. That §? descends to C = H/H A" is clear from the fact that it acts on A.
We move the action over to duals by precomposition: S f = f(S?-) for f € H*.

Now let D < H be a simple subcoalgebra, and &, ; Cqy, I C C the image of
D through H — C. The squared antipode acts on D* as conjugation by a positive
operator F' [Klimyk and Schmiidgen 1997, Chapter 11, Lemma 30 and Proposition
34], and, by the previous paragraph, preserves the subalgebra B =&, ., Cx. In
particular, conjugation by F permutes the |/| minimal nonzero projections p,,
o € I in the center of B. I claim that this permutation action is in fact trivial, which
would finish the proof.

To check the claim, consider the unique (up to isomorphism) simple *-represen-
tation of D* on a Hilbert space ¥. If Fp, F~! were equal to some ppwithB#ael,
then F' would map the range of p, onto the range of pg. Denoting by ( , ) the
inner product on #, this implies that (Fx, x) vanishes for any x in the range of p,.
This cannot happen for nonzero x, as F' is both positive and invertible. U

We now establish the existence of a kind of “relative Haar measure” on C*.
Proposition 3.8. There is an element 6 € C satisfying the following conditions:

(a) Writing 0 as a formal sum of elements in the simple subcoalgebras of C, its
component in C1 < C is 1.

(b) It is H-invariant, in the sense that x0 = ¢(x)0 for x € H.

(¢c) It is positive as a functional on the x-algebra C*.
Sketch of proof. Let e;, ', i € I be dual bases in C and C* respectively, compatible
with the decomposition of C into simple subcoalgebras. We distinguish an element

0 € I such that eg = 1. Since the automorphism S of H descends to C = H/HA™,
the definition

0= Zei (S%ei2))ei(n)

iel

makes sense as an element of C, and clearly satisfies (a). Moreover, the definition
does not depend on the choice of bases.
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The calculation proving H-invariance can simply be lifted, e.g., from [Van Daele
1997, Proposition 1.1]. Even though that result is about finite-dimensional Hopf
algebras, it works verbatim in the present setting.

Finally, let us prove positivity, this time imitating [Van Daele 1996]. Let o € C,
and u € C; < C*® an element. We can assume harmlessly that the bases e;, el are
organized as matrix (co)units; i.e., those e; in the matrix coalgebra C, form a matrix
counit e,, and ' will then be the dual matrix unit e”? € C}.

Now note that e, regarded as a functional on Cj, can be written as try (- e9?),
where tr, is the trace on the matrix algebra C; = M, so that tr, (1) = n. In
conclusion, the component of 6 in Cy, regarded as a functional on C}, is

O =) ta(- S*(eP)e ). (3)

p.q

If Q0 € C} is a positive operator such that conjugation by Q equals 52 on c:
(Lemma 3.7), then, suppressing summation over p,g =1, ..., n,

$3eP)et? = Qe Q7 et =11y (Q71) Q.
This is a positive operator, and the conclusion follows. U

Remark 3.9. The expression (3), the invariance of 6 with respect to bases, and the
fact that S2(eP9) are again matrix units make it clear that 0 o S2=0. In fact 0 is
unique, but we do not need this stronger fact.

Definition 3.10. Keeping the previous notation, the ¢-relative Fourier transform
% : H — C* is defined as
H>xH ¢o(Sx-).

There is a slight abuse of notation in the definition: although a priori ¢ is a
functional on H, it descends to one on C = H/HA™. The map ¥ is a relative
analogue to the usual Fourier transform [Podles and Woronowicz 1990, §2], and
enjoys similar properties. Let us record some of them:

Proposition 3.11. The map & : H — C* introduced above satisfies the following
relations:
(1) F(x<«Fy) =FxFy forall x,y € H, where the right action < of H* on H is
defined by x < f = f(x1)x».
(2) F(x)* = S2F((Sx)*), where the  structure on C*® is defined in (2), and S*
acts on H* by precomposition, as in the proof of Lemma 3.7.
(3) e(xaFy) = @(Sy x).
(4) 0F = g, where 0 is the functional on C* from Proposition 3.8.
(5) F§*=S7%F.
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Proof. Most of this consists of simple computations, so let us only prove the first
and fourth items.
Applying both sides of (1) to z € H, we have to prove

@Sy x1)e(Sx22) = p(Sx z21)@(Sy 22).

Substituting y for Sy, z for Sz, and using ¢ o § = ¢ (Remark 3.5), this turns into

p(yxDe(zx2) = @(22x)p(ySz1).

Now make the substitution yx; ®x; =a®b, which in turn means yQ@x =aSb| Qb,.
The target identity turns into

@(a)p(zb) = ¢(aShb1Sz1)¢(22b2).

Writing zb = c, it transforms further into

p(a)p(c) = p(aSc)p(c).

Finally, the substitution of ¢ for S~'c and again ¢ o S = ¢ turn this into

p(a)p(c) = plac)p(cy).

To prove this last equality, it suffices to split into two cases, according to whether ¢
is in A or the complementary A-bimodule, right H-comodule ker(p).

In the latter case, both ¢(c) and ¢(c;) vanish. In the former, the left-hand side
is ¢(a)e(c), while the right-hand side is ¢ (ac) (since ¢(c;) = e(cy)). These two
expressions are equal because ¢ = e¢p and p is an A-bimodule map.

We now check (4). Applying its left-hand side to x € H, we get 0(¢(Sx -)) =
©(Sx 0), where this time 0 is thought of as an element of C, Sx 6 is the action
of Sx on it (Remark 3.6), and ¢ is regarded naturally as a functional on C. By
the H-invariance of 6 (Proposition 3.8(b)), the expression is e(x)@(f) = €(x) by
Proposition 3.8(a). (]

All of the ingredients are now in place.

Proof of Theorem 3.1. According to Lemma 3.4, it suffices to show that ¢ (x*x) >0
for all x € H. We do this through a string of equalities based on the preliminary
results of this section.

Let x, y € H. Then, we have

0(Fy) Fx) 2 0(S2F((Sy)")Fx) = 0(S2F((Sy)")F(S2x))
D oF((Sy)* « F(52x)) L e((Sy)* « F(5%x))

D o(S3x(Sy)*) = o(S3xS(5%y)*) = p((5%y)*§2x),
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where the numbers above the equal signs refer to the items in Proposition 3.11,
the second equality follows from (5) and the fact that 6S% = 0 (Remark 3.9), the
next-to-last one is a simple manipulation valid in any Hopf *-algebra, and the last
equality is based on ¢S = ¢ (Remark 3.5). Since the left-hand side is nonnegative
when x =y, so is the right-hand side. This concludes the proof of the theorem. [

Remark 3.12. The equality obtained in the course of the proof should be thought
of as a Plancherel theorem [Rudin 1991, 7.9, p. 188], to the effect that the relative
Fourier transform is an isometry with respect to the “inner products” induced by ¢
and 6.
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Tetrahedral elliptic curves and the
local-global principle for isogenies

Barinder S. Banwait and John E. Cremona

We study the failure of a local-global principle for the existence of /-isogenies
for elliptic curves over number fields K. Sutherland has shown that over Q there
is just one failure, which occurs for / = 7 and a unique j-invariant, and has
given a classification of such failures when K does not contain the quadratic
subfield of the /-th cyclotomic field. In this paper we provide a classification of
failures for number fields which do contain this quadratic field, and we find a new
“exceptional” source of such failures arising from the exceptional subgroups of
PGL;(F;). By constructing models of two modular curves, X(5) and X, (13),
we find two new families of elliptic curves for which the principle fails, and we
show that, for quadratic fields, there can be no other exceptional failures.

1. Introduction

Let E be an elliptic curve defined over a number field K, and / a prime. It is
easy to show that if E possesses a K -rational /-isogeny, then the reduction Ep /Fp,
for all primes p of K of good reduction and not dividing /, likewise possesses an
[p-rational /-isogeny.

Andrew Sutherland [2012] asked a converse question: if Ep /F, admits an
Fp-rational /-isogeny for a density-one set of primes p, then does E/K admit
a K-rational [-isogeny? Sutherland showed that while the answer to this question is
usually “yes”, there nevertheless exist pairs (E/ K, [) for which the answer is “no”.

Whether an elliptic curve over a field possesses a rational /-isogeny or not
depends only on its j-invariant, provided that the j-invariant is neither O nor 1728;
thus, if the answer is “no” for one elliptic curve E/K for the prime /, it is also
“no” for every elliptic curve over K with the same j-invariant j(E) (with the same
exceptions). Following Sutherland, we thus define a pair (/, jo), consisting of a
prime / and an element jo # 0, 1728 of a number field K, to be exceptional for K
if there exists an elliptic curve E over K, with j(E) = jo, such that the answer to
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the above question at / is “no”. We will refer to the prime in the exceptional pair as
an exceptional prime for K, and any elliptic curve E over K with j(E) = jo asa
Hasse at | curve over K.

Sutherland gives a necessary condition for the existence of an exceptional pair,
under a certain assumption. To state Sutherland’s result, recall that the absolute
Galois group Gg := Gal(K/K) acts on the [-torsion subgroup E (K)[!], yielding
the mod-/ representation

pE.1 - Gk — GLa (),

whose image Gg ; := Im pg ; is well-defined up to conjugacy; we refer to G ;
as the mod-1 image of E. We let Hg ; := G g,; modulo scalars, and observe that
HE ; depends only upon j(E), provided that j(E) # 0 or 1728; we refer to Hg ;
as the projective mod-l image of E.

It is easy to show that / = 2 is not an exceptional prime for any number field, so
henceforth we assume that / is odd. We now define /* := £/, where the plus sign
is taken if / = 1 (mod 4), and the minus sign otherwise.

Sutherland’s result may now be stated as follows; by D, we mean the dihedral
group of order 2n:

Proposition 1.1 (Sutherland). Assume ~/1* ¢ K. If (I, jo) is exceptional for K,
then for all elliptic curves E /K with j(E) = jo:

(1) The projective mod-1 image of E is isomorphic to Dy, where n > 1 is an odd
divisor of (I —1)/2.

(2) I =3 (mod 4).

(3) The mod-1l image of E is contained in the normaliser of a split Cartan subgroup
of GLa(F;).

(4) E obtains a rational l-isogeny over K(~/1%).

(In fact, the converse is also true, as may be shown by applying the proof of the
converse part of Proposition 1.3 below; see Section 7.)

Sutherland used this result for K = Q) to determine the exceptional pairs for
Q (where the assumption ~//* ¢ Q is trivially satisfied for all ). If (I, j(E)) is
exceptional for @, then (3) above says that E corresponds to a Q-point on the
modular curve X(/). By the recent work of Bilu, Parent and Rebolledo [Bilu et al.
2013], it follows that / must be 2, 3, 5, 7 or 13. Of these, only 3 and 7 are 3 (mod 4),
and 3 can easily be ruled out as a possible exceptional prime (for all number fields).
Thus, 7 is the only possible exceptional prime for @, and (1) above tells us that
the projective mod-7 image of a Hasse at 7 curve over () must be isomorphic to
Deg, the dihedral group of order 6. The modular curve parametrising elliptic curves
with this specific level-7 structure turns out to be the rational elliptic curve with
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label 49a3 in [Cremona 1997], which has precisely two noncuspidal rational points.
Evaluating j at these points yields the same value, and hence gives Sutherland’s
second result.

Theorem 1.2 [Sutherland 2012, Theorem 2]. The only exceptional pair for Q is

(. 2453%)

In this paper we would like to investigate what happens in the case where
V1* € K. In Section 7 we will prove the following using Sutherland’s methods:

Proposition 1.3. Assume ~/1* € K. Then (1, jo) is exceptional for K if and only if
one of the following holds for elliptic curves E /K with j(E) = jo:

e Hp = Agandl =1 (mod 12).

* Hg ;= S4and ! =1 (mod 24).

e Hp = Asand! =1 (mod 60).

* Hg | = Dy, and | = 1 (mod 4), where n > 1 is a divisor of (I —1)/2, and
G, lies in the normaliser of a split Cartan subgroup.

Thus, in the case ~/I* € K, there are two sorts of exceptional pairs: the dihedral
ones and the nondihedral ones.

Let us now consider each of these two cases over K = @(\/l_*), the smallest field
containing NIED Regarding the dihedral pairs, we may ask the following question:

Question 1.4. For which / = 1 (mod 4) is there an elliptic curve E over Q(~/])
such that Hg ; = D>y, for n > 1 a divisor of (I —1)/2?

A positive answer to the Serre uniformity problem for number fields would imply
that there should be only finitely many such /, but we are unable to prove this.
Instead, we show that the set of / asked for by the above question is not empty;
[ =5 gives a positive answer.

Theorem 1.5. An elliptic curve E over Q(~/5) has HE 5 = Dy if and only if its

Jj -invariant is given by the formula

(s +5)(s2 = 5)(s2 + 55 + 10))
(s2+ 55 +5)°

J(E) = (1-1)

for some s € Q(V/5), together with the condition that s> — 20 is not a square in
Q(/5) for all s € Q(V/5) satisfying (1-1).

Thus, the exceptional pairs at 5 over Q(v/5) are given by (5, j(E)) for j(E)
as above, and, in particular, there are infinitely many exceptional pairs at 5 over

Q(V5).



1204 Barinder S. Banwait and John E. Cremona

The proof of this theorem considers the modular curve X (5) corresponding to
the normaliser of a split Cartan subgroup, whose Q(+/5)-points (as we will see)
correspond to elliptic curves E over Q(+/5) with H E,5 € Dg4. This curve is defined
over (Q and has genus 0; writing the j-map

X.(5) -1 x(1)

as a rational function yields the parametrisation (1-1); the further condition stated in
the theorem is needed to force the corresponding elliptic curve to have Hg 5 = Dy
(and not merely a subgroup of Dy); see Section 3 for the full proof.

Regarding the nondihedral pairs, we prove the following in Section 8:

Proposition 1.6. The only nondihedral exceptional prime [ over any quadratic field
is 13 over Q(/13), where the projective mod-13 image is isomorphic to Aa.

This leads to the following question:

Question 1.7. Find all elliptic curves E over @(\/ﬁ) such that Hg 13 = Ag4.

By Proposition 1.6, such elliptic curves are the only nondihedral Hasse curves
over quadratic fields.

We take a similar approach to this question as we did for Theorem 1.5, by studying
the relevant modular curve X g, (13); this is the modular curve over Q corresponding
to the pullback to GL,(F13) of S4 C PGL,(F13); the earliest reference to this curve
we are aware of is in [Mazur 1977b]. This modular curve is geometrically connected,
and over the complex numbers has the description I'q, (13)\%™*, where I'4,(13) is
the pullback to PSL>(Z) of A4 C PSL2(F13). A Q-point on X, (13) corresponds
to an elliptic curve E£/Q such that Hg 13 € S4. A Q(~/13)-point corresponds to
an elliptic curve E/Q(~/13) such that H E,13 € A4. Thus, the elliptic curves we
seek in Question 1.7 correspond to certain Q(+/13)-points on the modular curve
Xs, (13).

Theorem 1.8. The modular curve Xg,(13) is a genus-3 curve, whose canonical
embedding in [P’é has the model

G:4X3Y —3X%2Y2+3XY3-X3Z +16X%YZ —11XY?*Z
+5Y3Z +3X2%27224+9XYZ2+Y%2Z?+ XZ3+2YZ3 =0.

On this model, the j-map Xg,(13) NN X(1) is given by

n(X,Y,Z)

i(X,Y,2)= ———
J(X. Y. Z) XY 25

where
d(X,Y,Z)=5X>-19X%Y —6XY2 +9Y>+ X?Z7
—23XYZ—16Y*Z +8XZ?>-22YZ* 43273
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and n(X,Y, Z) is an explicit degree-39 polynomial.

The proof of this theorem will occupy Sections 4 and 5 of the paper.

We have not been able to provably determine the Q(+/13)-points on the curve.
The method of Chabauty does not apply in this case, and this is likely to be a
difficult problem; see Section 9 for more about the Jacobian of 6 and the difficulty
of determining the @ and @(~/13)-rational points.

We have, however, the following six points! in €(Q(+/13)), four of which are
in 6(Q):

{(1:3:-2),(0:0:1), (0:1:0), (1:0:0), 3+ ~/13:0:2)}.
By evaluating the j-map at these points, we obtain the j-invariants of elliptic
curves over (2(+/13) whose projective mod-13 image is contained in A4; in fact,

apart from (0 : O : 1), whose corresponding j-invariant is O, these points have
projective mod-13 image isomorphic to A4.

Corollary 1.9. Elliptic curves over Q with j-invariants

11225615440  2%.5-13*.17°

1594323 313 ’
160855552000  2'2.53.11.13*
1594323 313 ’

90616364985637924505590372621162077487104
197650497353702094308570556640625
218.33.134.1273.1393 15732833 .929
= 513.6113
have projective mod-13 images isomorphic to S4. Elliptic curves over Q(~/13) with
these j-invariants have projective mod-13 images isomorphic to Ay, as do elliptic
curves over Q(+/13) with j-invariant
. 4096000
/= 1594323

(15996230 £ 4436419+/13).

Thus, elliptic curves over Q(~/13) with these j -invariants are Hasse at 13 curves

over Q(v/13).

Remark 1.10. It is known that, for / > 13, there are no elliptic curves E over
Q with Hg ; = S4; in fact, Serre proved that Xg,(/)(Q) is empty for / > 13.
Mazur [1977a, p. 36] reports that Serre has constructed a Q-point on Xg,(13)
corresponding to elliptic curves with complex multiplication by ~/—3; this point
that Serre found corresponds to the point (0: 0 : 1) on the curve € above.

I These are all the points in ¢(Q(+/13)) of logarithmic height less than 5.24, according to [Turner
2013].



1206 Barinder S. Banwait and John E. Cremona

Remark 1.11. The rational points on Xg, (/) for / < 11 have already been deter-
mined. The most interesting case is [ = 11, where Ligozat [1977] proved that the
curve Xg,(11) is the elliptic curve with Cremona label 121cl.

We conclude this introduction by considering the following problem, which we
would like to solve at least for every quadratic field. This may be viewed as a
generalisation of Sutherland’s theorem 2 (see 1.2).

Problem 1.12. Fix a number field K. Find all exceptional pairs over K.

Samuele Anni [2014] has proved that there can be only finitely many exceptional
primes for a given number field K. In the quadratic case, his result gives the
following:

Proposition 1.13 (Anni). A quadratic field K admits at most 3 exceptional primes.
If K = QY1) forl aprime =1 (mod 4), then the only possible exceptional primes
are 7, 11,and!. If K # @(\/7 ), then only 7 and 11 are possible exceptional primes.

It is straightforward to determine, for a given quadratic field K, the exceptional
pairs of the form (7, jo); in principle all one needs to do is determine the j -invariants
of the K-points on the elliptic curve 49a3.

In the case where K = @(~/]) and the prime is /, Problem 1.12 reduces to
Question 1.4 above, which essentially asks for quadratic points on the modular
curves X(/); this is known to be a difficult problem.

Regarding 11 as a possible exceptional prime, we make the following conjecture:

Conjecture 1.14. 11 is not an exceptional prime for any quadratic field.

In Section 10, we will explain our evidence for this conjecture.

2. Preliminaries

Let [ be an odd prime. We define PSL,([F;) to be the kernel of the map det :
PGL, (F;) — [F}“/([F}k)2 =~ {£1}. It is isomorphic to SL,(F;)/{£!}. By GL;([FI)
we mean the subgroup of matrices with square determinant.

Lemma 2.1. Let E/K be an elliptic curve. The following are equivalent:
(1) Hg,; S PSL(F;).

) VI* e K.

(3) Gg,1 SGL] (F).

Proof. The equivalence of (1) and (3) is clear. The equivalent of (2) and (3) follows
from standard Galois theory upon observing that the determinant of pg ; is equal
to the mod-/ cyclotomic character over K. O
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In particular, if E£/Q is an elliptic curve with Hg 13 = S4, then after base-
changing to @(+/13) the projective image is intersected with PSL(F;3), and
becomes isomorphic to A4. This argument uses the fact that 13 =5 (mod 8).

We would like to briefly mention the Cartan subgroups of GL; (F;); for a complete
treatment see [Lang 2002, Chapter XVIII, §12]. There are two sorts of Cartan
subgroup, split and nonsplit. A split Cartan subgroup is conjugate to the group
of diagonal matrices, and hence is isomorphic to [F;k X [F?‘. Its normaliser is then
conjugate to the group C;" of diagonal and antidiagonal matrices. A nonsplit Cartan
subgroup is isomorphic to [F;‘z, and is conjugate to the group Cy4 defined as follows:

Coo={(5 ) s vy e (r) 2 0.0,
where § is any fixed quadratic nonresidue in ;. It also has index two in its
normaliser Ct.

Associated to the groups C;" and C; are modular curves X (/) and Xs(/)
respectively; these serve as coarse moduli spaces for elliptic curves £ whose mod-/
Galois image G g; is contained in (a conjugate of) C;t and C;f respectively. Both
curves are geometrically connected and defined over Q. Over the complex numbers
each curve has the description of being the quotient of the extended upper half-plane
%* by an appropriate congruence subgroup. The curve X (/) is Q-isomorphic to
the quotient X (;r (I?) of the modular curve X¢(/?) by the Fricke involution. Over C,
this isomorphism is established by mapping 7 on X(f (1) to [t on X(]).

One of Sutherland’s insights was that the notion of Hasse at [ curve E over
K depends only on the projective mod-/ image Hg ;. Given a subgroup H of
PGL,(F;), we say that H is Hasse if its natural action on P!([F;) satisfies the
following two properties:

e Every element & € H fixes a point in P! (F;).
e There is no point in P! (F;) fixed by the whole of H.

Proposition 2.2 (Sutherland). An elliptic curve E/K is Hasse at | if and only if
Hpg ; is Hasse.

This allows us to reduce the study of exceptional pairs largely to group theory.

3. Proof of Theorem 1.5

Throughout this proof, K = Q(~/5).

Let E/K have Hg 5 = Dg4. It follows from Dickson’s classification of subgroups
of GL2([F;) [1901] that G s is contained in the normaliser of a Cartan subgroup. If
this Cartan subgroup were nonsplit, then G g_s would be contained in C,f ﬁGL;r (Fs)
(we take the intersection by Lemma 2.1), and so Hg s would be contained in
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(c;tn GL;r (F5))/scalars, which is a group of size 6, and hence cannot contain
a subgroup isomorphic to Dg4; thus Gg s € C;, and so E/K corresponds to a
K-point on X(5). The converse is not quite true; a K-point on X(5) corresponds
to an elliptic curve E’ over K with Hg’ 5 C Dy, but not necessarily equal to Dy.

We now give an expression for the j-map X (5) L)X(l). Since X(;r (25) is
isomorphic to X(5) under the map t +— 57, it suffices to write down the function
j(57) in terms of a Hauptmodul s for X(;r (25).

Let ¢ be a Hauptmodul for Xo(N). Klein found the following formula in 1879:

, (t2 42505 4 3125)3
j(51) = =2 3 .
5

We can look up an expression for 75 in terms of 7,5 from [Maier 2009]:
ts = tps(t5s + 5t35 + 15125 + 25125 + 25).

We also know that the Fricke involution w5 maps 35 to 5/ t25. Hence a Hauptmodul
for X(;r (25) is s :=ta5 + 5/t25. It follows that

((s +5)(s%2 = 5)(s> + 55 + 10))3
(s2 455 +5)° '

Inserting a K-value for s in this expression yields the j-invariant of an elliptic
curve E over K with Hg s € Dy4. The condition on s%2 — 20 in the statement
of the theorem ensures that we have equality here, by ensuring that the image
is not contained in any one of the three subgroups of order 2 in D4, as we now
demonstrate.

Let E be a curve in X (5)(K) corresponding to a choice of s in K, so that
HE 5 € D4. The following statements are readily seen to be equivalent to Hg 5 #
D4I

JjGr) =

* Hg s is cyclic.

e GE s is contained in (a conjugate of) Cs(Fs).

e E has a pair of independent K -rational 5-isogenies.

e E pulls back to a K-point on X (25).

e ths5€ K.
Since 55 is a root of the polynomial x2 — sx + 5 of discriminant s? — 20, we have
t2s € K if and only if s2 — 20 is a square in K. Thus the statement that 52 — 20 is
not a square in K is equivalent to Hg s not being cyclic, and hence Hg 5 = Dy4.

We have, however, overlooked an issue above. For a given j = j(E) € K

satisfying (1-1), there are two other values of s € K also satisfying (1-1). This is
because the field extension K(s)/K(j), which has degree 15 and is not Galois, has
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automorphism group of order 3, generated by s — ((+/5—5)s —20)/(2s + 54 /3).
We must ensure that for none of the Galois conjugate values is s2 — 20 square in K,
so that HEg 5 is not contained in any of the three cyclic subgroups of D4. This
explains the final condition in the statement of the theorem.

Example 3.1. To illustrate this theorem, we input s = 3+/5 + 1 to obtain

 337876318862280+/5 + 741305345279328
/= 41615795893 ’

we check that s2 — 20 is not a square for the other two values of s € K, namely

(v/5—15)/7 and (—22+/5—30)/19, and hence any elliptic curve over @(~+/5) with

this j has Hg 5 = D4. Equivalently, the pair (5, j) is exceptional for Q(V5).
However, if we input s = (3+/5 — 80)/41, we get

. 277374956280053760+/5 4 622630488102469632
/= 18658757027251 ’

and whilst (3+/5 — 80)/41 does satisfy s2 — 20 not being a square, this is not the
case for s = 3+/5 + 2, which yields the same j-value. One therefore has to be
careful of these “pretenders”, hence the last paragraph of the above proof.

We can even insert rational values of s, such as s = 1, to obtain elliptic curves
over @ whose base-change to Q(+/5) are Hasse at 5, e.g.,

56623104
/= 161051

4. Proof of Theorem 1.8: the model

Let G be a subgroup of GL,(Z/N Z) for some N, and consider the modular curve
XG(N) over Q; let us assume det G = (Z/ N Z)*, so that this curve is geometrically
connected. As a curve over C, the curve depends only on the intersection of G
with SL,(Z/N7Z). Therefore, if N = 13, and G is the pullback to GL,([F13) of
S4 C PGL(F13), then the modular curve Xg,(13) := X (13), when considered
over C, depends only on G N SL,(F;3), which modulo scalar matrices becomes
A4 C PSLy(F;3), and has the description I'q,(13)\%*, where I'4,(13) is the
pullback of A4 C PSL,(F;3) to PSLy(Z), and 9¢* is the extended upper half-plane.

Steven Galbraith [1996, Chapter 3] has described a method to compute the
canonical model of any modular curve X(I"), provided one can compute explicitly
and to some precision the g-expansions of a basis of S, (I"), the weight-2 cuspforms
of level I" (a congruence subgroup). Hence, to compute the desired equation, we
are reduced to computing explicitly a basis of the finite-dimensional C-vector space
S2(I'4,(13)). A standard application of the Riemann-Hurwitz genus formula gives
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that the genus of the desired curve is 3; this is also the dimension of S>(I'4,(13)).
We will proceed with the exposition in a series of steps.

Step 1. Identifying our desired space as the set of invariant vectors of a representa-
tion. Since I'(13) C I'4,(13), we obtain

S$2(F4,(13)) C $2(I'(13)),

a 3-dimensional subspace of a 50-dimensional space. On this latter 50-dimensional
space there is a right action — the “weight 2 slash operator” — of PSL,(Z) (since
I'(13) is normal in PSL,(Z)) which, by definition of S»(I"(13)), factors through
the quotient PSL;([F13), which we recall contains a unique (up to conjugacy)
subgroup isomorphic to A4. Our desired 3-dimensional space is then the subspace
of S>(I'(13)) fixed by Ag4:

S5(Ta,(13)) = So(I'(13))44,

that is, the A4-invariant subspace of the PSL, ([F13)-representation S, (I"(13)).
When we carry out the computation, we will work with an explicit subgroup
of PSL;([F;3) isomorphic to A4, namely that generated by the two matrices

-50 -2 =2
A_(OS) and B—(_3 3).

A different choice of A4 will yield an isomorphic space of cuspforms, which
for our application (in computing an equation for Xg,(13)) makes no difference.

However, the present choice of A4 is favourable for computational reasons, since it

is normalised by the matrix (_(1) (1)); the congruence subgroup is then said to be of

real type (see [Cremona 1997, Section 2.1.3]).

Step 2. The conjugate representation. Given a congruence subgroup I" of level 13,
denote by I the conjugate subgroup of level 132:

-1
~ 13 0 13 0 )
= D)
r: (0 1) F(O 1) D To(13%) NIy (13).

In general, [ has level 132; in particular we have
I'(13) = To(13%) N T (13).
Then we have the important isomorphism

S2(T) = S»(D),
f(@) e f(132),
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which on g-expansions takes ¢ := e2"'% to ¢'3. The point is that we may work
with Sz(f‘) instead of S, (I") if we like, as we can easily pass between the two; the
two spaces are only superficially different.

This is exactly our plan for I'(13) C T4, (13). We have S2(I'4,(13)) C S2 (l"/(\1/3)).
This latter space is also a representation of PSL,(F3); for g € PSL,(F13), we let
y be a pullback to PSL,(Z) of g, and define, for F € S» (I"(TS)),

-1
- 13 0 13 0

S5(Ta, (13)) = So(T'(13))44.

We then obtain

Working inside the conjugated space SZ(I‘/(TS)) is better, since its alternative
description as S»>(I'g(169) NI'1(13)) is more amenable to the explicit computations
we wish to carry out using the computer algebra systems Sage and Magma.

Step 3. The three relevant subrepresentations. Inside S»(I'g(169) N T'1(13)), we
have S, (FJ(169)), the subspace of wjgg-invariants of S, (I'9(169)). We can com-
pute this space explicitly in Sage. Let g := €277, {7 :=e?™/7 ¢F =74+,
and o a nontrivial Galois automorphism of the field @(é‘;r ) = Q(¢7)T. Then an
explicit Sage computation yields

2
SZ(FJ(169)) = (g’gg’gg >’
where

gD =qg— &+ D@+ (=P + 228 gt +---

These three forms are Galois-conjugate newforms. We will denote by a;, the Fourier
coefficients of g.
For each r € F}5, define the isotypical component g, of g as

gri= ) aq’.
Jj=rmod13

and consider the C-span Vj of these components. Similarly define V; and V; by
replacing g with g9 and g respectively. We will show in the coming sections that
each V; is a 12-dimensional subrepresentation of S, (I"(13)) which is irreducible as
Q[PSL;(F;3)]-module. We may focus on these three subrepresentations, because, as
we compute later, each one contains a unique (up to scaling) A4-invariant cuspform.

Since we already know that we are looking for three forms, we need not concern
ourselves with the other irreducible components of S,(I"(13)). In fact, the sum
Vo @ V1 @ V>, of dimension 36, is the subspace of S>(I'g(169) N I'1(13)) spanned
by the Galois conjugates of the newform g together with their twists by characters
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of conductor 13. The complementary subspace of dimension 14 is spanned by
oldforms from level 13 and their twists. Each of these two subspaces is the base-
change of a vector space over Q which is irreducible as a Q[PSL>(F;3)]-module,
while the 36-dimensional piece splits as a @(é‘;r )[PSL;(F;3)]-module into three
irreducible 12-dimensional subspaces.

Although we discovered these facts computationally, there is an alternative
representation-theoretic explanation of these spaces in [Baran 2013], whose Propo-
sitions 3.6 and 5.2 show that the spaces V; are irreducible cuspidal representations
of PSL;(F13).

Step 4. Computing the action of PSL,(F13) on each subrepresentation. PSL;(F13)
is generated by the two matrices

0 —1 11
S ( ) O) and ( 0 1)
However, since we have conjugated the congruence subgroup, the action we need
to consider must also be conjugated by the matrix (103 (1)) Hence, PSL;(F13) acts

on Sz(f(\1/3)) via the matrices S and T':

- 1[0 -1 ~ (11/13
S‘E(169 o) and T_(o 1)‘

Observe that the action of S is, up to a scaling that we may ignore, the same as the
Fricke involution wigg.

Thus, to describe the action of PSL,(F13) on each V;, we will express the action
of § and T on each V;, explicitly as 12 x 12 matrices.

Step 5. Computing the action of S and T. We fix i = 0; the other two cases are
completely analogous and can be obtained by Galois conjugation (see Lemma 4.4
below).

To compute the action of T on Vj, we use the definition directly:

(¢ (5 ")) @ =2+ ).

Recall that a; is the i-th coefficient of g. We then get
gz +15) =3 — ¢ + DEHg* + -+,
which we can rearrange as

Gia(arg +araq'* +az1g®” + ) + {5(a2q* +arsq + ) o
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Thus, in the isotypical basis for Vp, the action of Tis given simply by the 12x 12
diagonal matrix

4
{2

. ;12

where we write ¢ for ¢13. In particular, this shows that V4 is indeed invariant under
the action of 7.

Computing S directly on the isotypical basis is not so easy, so what we do is
change to a basis upon which we can compute it. Instead of the isotypical basis,
we take the twist basis

(g@y/:0<j<11),

where y : 2 + {5 is a fixed generator of the group of Dirichlet characters of
conductor 13, and g ® y denotes the usual twist of g by y. Note that this twist
basis consists entirely of newforms (see [Atkin and Li 1978]). Since twisting
by x preserves Vp and the change of basis matrix is (x/ (i)) (for 0 < j < 11 and
1 <i < 12), which has nonzero determinant, we have shown the following:

Lemma 4.1. Both the isotypical and twist bases are C-bases for the 12-dimensional
subspace Vy of S2(I'(13)):

(g@y/:0=<j<1l)=(g:1<j=<12).

Recall that the action of S is the same as the Fricke involution Wieo. It is known
(see [loc. cit.]) that wp acts on newforms F of level N as

Flowy =AN(F)-F,

where F is the newform obtained from the Fourier expansion of F by complex con-
jugation, and A n (F') is the Atkin—Lehner pseudoeigenvalue, an algebraic number
of absolute value 1 [loc. cit., Theorem 1.1]. In our twist basis, we have

g®x =g® ',

so we only need to compute the pseudoeigenvalues associated to g® x/ for 0< j <6;
the others may be obtained from these by complex conjugation. Also, the pseu-
doeigenvalues for j = 0 and j = 6 are actually eigenvalues, and may be computed
directly (for example in Sage); we find that the eigenvalue for j = 0 is 41, and for
Jj =6is—1.
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Step 6. Computing the Atkin—Lehner pseudoeigenvalues. In order to stay consistent
with the notation of [Atkin and Li 1978], we relabel g to F, and we let ¢ = 13. By
a(q) we mean the g-th Fourier coefficient of F', which we may check is 0. We may
also check that F' is not a twist of an oldform of S2(f€f3)); thus, in the language
of [loc. cit.], F is I13-primitive. We let y¢ be the trivial character modulo 13, so
xo = x°, and we write A(y) for the Atkin—Lehner pseudoeigenvalue of F ® y,
for y any character. We let g(y) be the Gauss sum of the character y, with the
convention that g(yo) = —1.
The main tool to compute A(y/), for 0 < j < 11, is this:

Theorem 4.2 (special case of Theorem 4.5 of [Atkin and Li 1978]). With the above

notation and assumptions, we have, for 0 < j <11,
11

(D7 12¢( DA = Y e (Mg TOHAGR).
k=0

This theorem gives us, for each 0 < j < 11, a linear relation among the A( )(k ).
Although there are twelve A( )(k), we have in the previous paragraph computed two
of them, leaving us with ten. But actually, we have A(y/) = A(y12~/) for0< j <5,
so we really only have five independent unknowns. However, our strategy is, at
first, to consider that we indeed have ten unknowns (namely, A ( )(j Yforl1 <j <5
and 7 < j <11) and use the theorem to derive as many linear relations between
these ten unknowns as we can.

Doing this yields six independent equations, whose coefficients lie in Q(&15¢)
(the field over which the Gauss sums are defined). One is, however, able to obtain
two more independent equations, by applying Theorem 4.5 of Atkin and Li starting
not with F = g (as we did previously), but rather with F = g ® y°. Thus we get:

Theorem 4.3 (another special case of Theorem 4.5 of [Atkin and Li 1978]). For

0<j <11, we have
11

(DT 128 (2 HAGET) =D g (X g (I TIAGEHH).
k=0

As previously stated, this yields two more independent equations, giving us a
linear system of eight independent equations in ten unknowns.

Let x = A(y) and y = A(x?). We obtain the following two linear equations in
the unknowns x, x, y, y:

c1y +C2y + C3X + X = c5, 4-1)
c6y + c7x + cgX = co; 4-2)

here the ¢; are explicit elements of (2({15¢). We now use the relations xx = yy = 1.
We use (4-2) to eliminate y and y from (4-1) to obtain a linear relation between
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x and X; now, using xx = 1, we obtain a quadratic in x. This quadratic has no
root in (¢156); we need to adjoin /=7, so in fact we work in the field Q(¢1092);
this might seem excessive, but the coefficients of g are anyway in @(¢7)". This
quadratic in x tells us that x is one of two values, and x determines all other A(x/).

In order to determine which of the two values x really is, we computed two
competing S matrices, and took the one which satisfied the correct relations with
T to be the generators of PSL,([F13), namely,

§2=TB=(ST)}=1.

Step 7. The cuspforms. We now have matrices giving the action of S on the twist
basis, and the action of 7' on the isotypical basis; a change of basis matrix applied
to either of these gives the action of both matrices in terms of the same basis. Write
o(S) and p(T) for the 12 x 12 matrices giving the action of Sand T respectively
with respect to the twist basis.

We now compute the A4-invariant subspace of V. Recall that our generators of
Ag C PSLz([Flg,) are

-50 -2 =2
A_(OS) and B—(_3 3).

Writing each generator as a word in S and 7,
A=T>ST>ST?>ST>ST >,
B=T*ST?STS,

the action of A4 on S; (F/(\1/3)) is given by the same words in the matrices S.T:

2§~2

Ly !

S am
“ST3ST38.

S o
~Nt

The action of A and B on our vector space Vj is given by taking the same words
as above, but in p(S) and p(T); we call the resulting matrices p(A4) and p(B).

The intersection of the kernels of p(A4) — I and p(B) — I is one-dimensional,
spanned by a vector of the coefficients, in the twist basis, of an A4-invariant
cuspform in V. These coefficients lie in the degree-9 field @((;r e fL3+), where by
Q¢ 1+3+) we denote the unique cubic subfield of Q({13). We call this A4-invariant
form f.

We do not have to repeat the calculation for V7 and V>, because of the following

fact. Here we regard V; as @[PSLZ([FB)]—modules.
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Lemma 4.4. Let y be an element of PSLy (F13). The following diagram commutes:

Proof. Each V; admits a twist basis, corresponding to g and its twists under
powers of y. Fixing this twist basis for each V;, we find that the actions of Sand T
are exactly the same; this is because the coefficients in S and T we found for Vj
are invariant under the action of o. O

The lemma allows us to conclude that for i =0, 1, 2, the conjugate f o! spans the

4-invariant subspace of V;, and hence that { f, f°, is a basis of S»(I'4 .
Ag-i i bsp f Vi, and h h ""z‘b'fSF413

Next we replace this basis with one defined over a smaller field, namely Q(¢ 1+3+).

Write f as
f=F+{G+%H,

where F, G, H have coefficients in Q(¢ 1+3+). The forms F, G, H form a basis for
the same space, with coefficients in the smaller field:

Lemma 4.5. The following two C-spans are the same:

(f.f°.f%°)=(F,G,H).
Proof. We have

f 1o 72 F
7] =11 o) o7 || 6,
fe 1 02(5F) 02(¢5%)) \H
where the matrix has nonzero determinant. O

As a final flourish, we apply the nonsingular transformation

1 43
—4 -3 1
625

to obtain the following cuspforms (where again ¢ = {13), which are a basis for
S2(T4,(13)):

/= —q
+ (_§11_§10_§3_§2)q2
+ (OO O )



Tetrahedral elliptic curves and the local-global principle for isogenies 1217
11_510_$9 o7 6 s4 3 52
g= (¢ =700 -"=0"=1)q

+ (_é-ll_CIO_€-9_;7_;6_;4_@-3_;—2_2)q2
F g

h= CH 0+ + 82 +3)g
+ (_é-ll_§10_§-9_§7_é-6_é-4_€-3_§2_3)q2
+q3 + e,

The final transformation was chosen retrospectively, solely for cosmetic reasons; it
moves three of the rational points on the curve to [1:0:0],[0:1:0],[0:0:1].

Having obtained the g-expansions, we may proceed with the canonical embedding
algorithm of Galbraith, to obtain the smooth quartic equation for the model ‘6 given
in the introduction. In practice this simply amounts to finding a linear relation
between the g-expansions of the fifteen monomials of degree 4 in f, g, . Although
these g-expansions have coefficients defined over a cubic field (and there is no basis
with rational g-expansions), the relation we find has rational coefficients.

Remark 4.6. Burcu Baran [2013] uses a different method to compute the equation
of the modular curve X5(13); her method would also work for the present curve
X5, (13); one would need an analogue of her Proposition 6.1 for the subgroup at
hand, which can be proved using her formulae in §3.

Remark 4.7. We also implemented a variation of the approach detailed here, using
a modular symbol space of level 169, dual to the spaces V; above. This second
approach saved us from having to find the pseudoeigenvalues, since the matrices of
both S and T" on modular symbols are easily computed. This variation is also easy
to adapt to find models for the curves X(13) and X,5(13). Full details (including
the cases Xs(13) and Xp5(13)) may be found in the annotated Sage code [Banwait
and Cremona 2013] and Sage worksheet [Cremona 2014].

5. Proof of Theorem 1.8: the j-map

In this section we explicitly determine the j-map
Xs,(13)-5X(1) = P},

as a rational function on Xg, (13). This is a function of degree 91, which we seek
to express in the form
n(X,Y,72)

do(X,Y,Z2)’
where n and d are polynomials of the same degree over Q. We first find a suitable

denominator do(X, Y, Z). The poles of j are all of order 13 and are at the seven
cusps of Xg,(13), so we will find these, as Q-rational points on Xg,(13). Then

Jj(X, Y, Z)=
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we find a cubic d in Q[X, Y, Z] which passes through these seven points (there is
no quadratic which does), and set dg = d 3. Having found dy we determine the
numerator n using linear algebra on g-expansions.

Remark 5.1. It would also be possible, in principal, to follow [Baran 2013] by
computing the zeros of j numerically to sufficient precision to be able to recognise
them as algebraic points, as then we would have the full divisor of the function j
from which j itself could be recovered using an explicit Riemann—Roch space
computation. Our method has the advantage of not requiring any numerical approx-
imations.

We first need to find which points on our model ¢ for Xg,(13) are the seven
cusps. It turns out that there are three which are defined and conjugate over the
degree-3 subfield Q(a) of Q(¢), where ¢ = {13 and a = & + &> 4+ 8 +¢12, and
the other four are defined and conjugate over the degree-4 subfield Q(B) of Q(¢),
where B = ¢+ 3 +¢°.

Proposition 5.2. On the model € for Xs,(13), the seven cusps are given by the
three Galois conjugates of

[<302 —Ta+1:4a® + 11la—3:5]
and the four conjugates of
B3B3 +6B%+68—15:p3+p2—4p—4:9],

where a and B have minimal polynomials x> 4+x2—4x+1 and x*+x34-2x%—4x+3
respectively.

The degree-3 cusps are easy to obtain; the cusp corresponding to the point i co on
the extended upper half-plane #* has coordinates given by the leading coefficients
of the three basis cuspforms f, g, &; denoting by ¢ the map

¢ Ty, (I3\H* —> Xg,(13),
4, (13)-z+—[f(2) : g(2) : h(2)],

we see that ¢(ioo) = [a1(f) :a1(g) : a1 (h)]. Expressing these coordinates in terms
of o gives the degree-3 cusp given in the proposition.

It is possible to determine in advance the Galois action on the cusps, as in the
following lemma. However, note that in practice our method to compute the cusps
algebraically, given below, does not require this knowledge.

Lemma 5.3. The absolute Galois group of Q acts on the seven cusps with two
orbits, of sizes 3 and 4.
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Proof. We know a priori that the cusps are all defined over Q({;3). Theorem 1.3.1 in
[Stevens 1982] explains how to compute the action of Gal(Q(¢{y)/Q) = (Z/NZ)*
on the cusps of a modular curve X of level N, provided that the field of rational
functions on X is generated by rational functions whose g-expansions have rational
coefficients. This does not apply here, since the field of modular functions for
I'4,(13) is not generated by functions with rational g-expansions, but rather by
functions with g-expansions in the cubic field Q(«). But following Stevens’ method
we can compute the action of the absolute Galois group of Q(«), which acts through
the cyclic subgroup of order 4 of (Z/13Z)* fixing «. We find that it fixes three cusps
(which we already know from above, as they are defined over Q(«)), and permutes
the remaining four cyclically. It follows that the other four cusps are also permuted
cyclically by the full Galois group, and hence have degree 4 as claimed. O

It remains to find the coordinates of one cusp of degree 4.
Let ¢ € T4, (13)\P!(Q) be any cusp. Then there exists y € PSLy(Z)\I'4,(13)
such that y(c) = oo, and hence,

a(c) =la1(fly) :a1(gly) :ai(h|y)].

Since we already computed in the previous section the action of PSL>(Z) on the
cuspforms f, g, h, we can compute the right-hand side of this equation for any y.
With some work one can show that the cubic cusps are obtained using ¢ = oo, 1
and 7/6, while the quartic cusps are obtained from ¢ = 2,3, 6 and 9; or we can
simply choose random y € PSL»(Z) until we find a point which is not one of the
three conjugates we already have. This proves Proposition 5.2.

Next we find a cubic curve passing through these seven points.

Proposition 5.4. The following cubic passes through the seven cusps:
5X3-19X2Y —6XY24+9Y3+X2Z-23XYZ—-16Y?Z+8XZ*-22YZ*+3Z>.

Proof. The full linear system of degree 3 associated to Op2(1) has dimension 10,
and the subsystem passing though the seven cusps has dimension 3 with a basis in
Q[X, Y, Z]. Using LLL-reduction we found a short element which does not pass
through any rational points on € (to simplify the evaluation of the j-map at these
points later). O

Since all cusps have ramification degree 13 under the j-map, a possible choice for
the denominator of the j-map is to take the thirteenth power dg = d '3 of this cubic.

Next we turn to the numerator n(X, Y, Z), which is a polynomial of degree 39.
The idea is to consider an arbitrary degree-39 polynomial in the g-expansions of the
cusp forms f, g, h, and compare it with the known g-expansion of j -d(f. g, h)!3.
This gives a system of linear equations which can be solved.
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The full linear system of degree 39 has dimension 820, but modulo the defining
quartic polynomial for ¢ we can reduce the number of monomials needing to be
considered to only 154. We chose those monomials in which either X does not
occur, or else Y does not occur and X has exponent 1 or 2, but this is arbitrary.

Now we consider the equation

n(X,Y,2)—j(X.Y,Z)-d(X,Y,Z)'* =0

as a g-expansion identity after substituting f, g, h for X, Y, Z. Using 250 terms
in the g-expansions (giving a margin to safeguard against error) and comparing
coefficients gives 250 equations for the unknown coefficients of n(X, Y, Z). There
is a unique solution, which has rational coefficients. Although we have apparently
only shown that the equation holds modulo ¢2°°, it must hold identically, since we
know that there is exactly one solution.

The expression for n(X, Y, Z) we obtain this way is too large to display here (it
has 151 nonzero integral coefficients of between 46 and 75 digits), but can easily
be used to evaluate the j-map at any given point on the curve €. For the sake of
completeness, however, we give here explicitly the zeros of the j-map from which
(together with the poles) it may be recovered; the complete expression may be seen
in [Cremona 2014].

The 91 zeros of j consist of 29 points with multiplicity 3 and four with mul-
tiplicity 1, all defined over the number field M = Q(§), where § has minimal
polynomial

x8—0x6 4+ 32x* —9x2 41,
which is Galois with group Dg. This field is the splitting field of the polynomial P (¢)
defined in the next section, so is also the field of definition of the points in the
fibre over j = 0 of the covering map Xo(13) — X(1). Some of the 33 zeros are
defined over the quartic subfields @(«) and Q(B), where o and 8 have minimal

polynomials x# + 13x2 — 39 and x* — 13x2 + 52 respectively. Their coordinates
are as follows (together with all Galois conjugates): with multiplicity 1 we have

383 +2B%— 158 —14: 38> + 482 +298 —22 : —3B3 — 482 4258 + 46],
and with multiplicity 3 we have the rational point [1 : O : 0], the degree-4 points

2(—a? +5a—4) : —a® —a?> +a+6: o + 140 —35],
[B3—2B82—-98+14:2(B2—B—2) : 2(—B>—2B%+ 7B + 16)],
[4(B—1): B>=T78—10:2(B> +2B%> -7 —12)],
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and the degree-8 points

[87 +285—88° —88% 4+ 366> + 12862 —56 —2 : 8(8> +62) :
—87 —28% 4 46° —285% —86% 458 + 2]

and

[2(—8°+48°—1083+48—1) : —387 +28° +285> —328% — 5283 + 1682 +76—2 :
§7—285—48° +48% 4483 + 852 — 95+ 2].

6. Proof of Corollary 1.9

Evaluating the j-map at the six points in €(Q(~/13)) exhibited in the introduction
yields the five j-invariants listed in the statement of Corollary 1.9, together with
Jj =0, which is the image of [1 : 0 : 0]. We know that any elliptic curve E over
Q(+/13) with one of these six j-invariants has H E,13 € As. Any elliptic curve
with j = 0 has complex multiplication, with mod-13 image contained in a split
Cartan subgroup (split since 13 = 1 (mod 3)). Hence what remains to prove in this
section is that Hg 13 = A4 for the five nonzero j-invariants listed.

Lemma 6.1. Let [ be a prime for which Xo(l) has genus O (that is, | =2,3,5,7,13).
There is an explicit polynomial Fi(X,Y) € Z[X, Y] such that, if E/K is an elliptic
curve over a number field, then

Hg, = Gal(F;(X. j(E))).

Proof. The function field of X (/) is generated by a single modular function # (the
so-called “Hauptmodul”), and classically there is a canonical choice of such, for
each [. The j-function is a rational function of ¢ of degree / + 1 of the form P(¢)/t,
where P is an explicit integral polynomial of degree / + 1.

Define F;(X,Y) = P(X)—YX € Z[X,Y]. Let E/K be an elliptic curve over
a number field, and consider the set of roots of F;(X, j(E)) € K[X] over Q. As
a set, this is in bijection with the set of preimages ¢ of j(E) under the j-map
Xo(/) = X (1) (which is unramified away from j =0 and j = 1728), and hence is
in Galois-equivariant bijection with the /-isogenies on E. Hence the Galois action
on the set of / + 1 isogenies is isomorphic to the Galois action on the roots of
Fi(X. j(E)). O

For [ = 13, we have
P(t)= (1> +5t +13)- (t* + 76> + 201> + 19t + 1)°,
and hence

Fi3(X,Y) = (X2 45X +13)- (X* +7X% +20X% + 19X + 1)> - X Y.
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For each j -invariant listed in Corollary 1.9 we may verify that F13(X, j) has Ga-
lois group isomorphic to A4 over Q(+/13), and for the rational j -values, isomorphic
to S4 over Q.

7. Proof of Proposition 1.3

By Proposition 2.2 and Lemma 2.1, Proposition 1.3 is equivalent to the following
purely group-theoretic statement.

Proposition 7.1. Let H C PSL,(F;). Then H is Hasse if and only if one of the
following holds:

(1) H= Agand! =1 (mod 12).

(2) H=S4andl =1 (mod 24).

(3) H = A5 and | = 1 (mod 60).

4) H = Dy, and! =1 (mod 4), where n > 1 is a divisor of (I —1)/2, and the
pullback of H to GL,(F;) is contained in the normaliser of a split Cartan
subgroup.

We begin the forward implication of this Proposition by quoting the following
lemma of Sutherland, which is a small piece of his Lemma 1.

Lemma 7.2 (Sutherland). If H C PSL,(F;) is Hasse, then [ } |H |.

We may now invoke the following classical result (see [Lang 1976, Theorem
X1.2.3)).

Fact 7.3. Let H be a subgroup of PGL,(F;) with | } |H|, and let G denote its
pullback to GL,(F;). Then one of the following occurs:

e H is cyclic, and G is contained in a Cartan subgroup.

e H is dihedral, and G is contained in the normaliser of a Cartan subgroup.

e H is isomorphic to A4, Sq or As.

Clearly H being cyclic is incompatible with H being Hasse, so either H = D,,
forn > 1, or H is one of A4, S4 or As.

Lemma 7.4. Let H C PSL,(F;) be Hasse, and let h € H. Then the order of h must
divide (I —1)/2.

Proof. Write H' := (h), a cyclic group of order r say, prime to /. By Fact 7.3, the
pullback G’ of H' to GL;([F;) is contained in a Cartan subgroup. If this Cartan
subgroup were nonsplit, then the elements of G’ would not be diagonalisable, and
hence 4 would not fix an element of P!(F;), contradicting the Hasse assumption.
Thus the Cartan subgroup must be split, so the elements of G’ are diagonalisable,
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and thus / has two fixed points; the same is true for every nonidentity element of
H’. We now apply the orbit counting lemma to H’:

-1
s:=|PY(F))/H| =24+ —. (7-1)
Note that this formula says that there are (/ — 1)/r nontrivial orbits of P! ([F;)
under /4 (a trivial orbit being a fixed point). The sizes of these (/ — 1)/r nontrivial
orbits all divide r and sum to / — 1, and hence they are all equal to r.
We claim that s must be even. This is clear if r is odd, by (7-1). If r is even, then

sign(h) = (=1)°% = (=1)°,

where sign means the sign as a permutation. The key observation, which proves the
claim, is that sign(%) must be 1, because it coincides with det /.

As s must be even, we look finally at (7-1) to conclude that » must divide / — 1
with even quotient, and the lemma is proved. O

A part of the previous proof is worth framing, for it explains why the pullback of
the dihedral group D, is contained in the normaliser of a split Cartan subgroup.

Lemma 7.5. Let H C PSL,(F;) be Hasse, and let h € H. Let H' := (h), and
let G’ be the pullback of H' to GLy(F;). Then G’ is contained in a split Cartan
subgroup.

Lemma 7.4 implies that the n in D5, divides (I —1)/2, and also the congruence
restrictions for A4, S4 and As; indeed, since A4 contains elements of order 1, 2
and 3, we must have that 2 and 3 divide (/ — 1)/2, or equivalently, / = 1 (mod 12);
the same argument works for S4 and As. This proves the forward implication of
the group-theoretic proposition above.

We now prove the converse; that is, if H is isomorphic to one of the four
subgroups listed above, then it satisfies the Hasse condition.

The easier thing to prove is that every element 4 in H fixes a point of P!([F;),
so we address this first. Suppose, for a contradiction, that we have 7 € H which
fixes no point of P1([F;), let r be the order of this /, and let s := |P1(F;)/ k| be the
number of orbits. Proposition 2 of [Sutherland 2012] says that sign(h) = (—1)®; in
particular, s must be even. Applying the orbit counting lemma to the action of (/)
on P (F;) yields the formula s = (/ + 1)/r, and hence r must divide (/ + 1)/2.
We now do a case-by-case elimination. Suppose first that H =~ D,, with all the
other conditions expressed above. The order of any element of this group must
divide (/ —1)/2. Since (I —1)/2 and (/ + 1)/2 are coprime, we obtain the desired
contradiction. The argument in the other cases is similar.
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We are left with proving that, in the four cases, no point of P!(F;) is fixed by the
whole of H. This follows from the following well-known fact from group theory;
see for example Theorem 80.27 in [Curtis and Reiner 1987].

Lemma 7.6. Let G be a group, S a transitive left G-set, and H a subgroup of G.
Denote by H\S the set of orbits of S under H. Let B denote the G-stabiliser of
any point of S. Then we have an isomorphism of H -sets

S| |H/(H N BS),
g
where g runs over a set of double coset representatives for H\ G/ B; here we regard
the S on the left as an H -set.

This allows us to prove that, in the four cases, there is no point of P! ([F;) fixed by
all of H. We apply the lemma with G = PSL;(F;), S = P! (F;), and B the stabiliser
of oo, that is, the Borel subgroup. By the lemma, an orbit of size 1 corresponds to a
double coset representative g for which H C B$. But this inclusion is impossible,
since each H contains D4 and B does not. This finishes the proof.

8. Proof of Proposition 1.6

Let E/Q(~/1) be a nondihedral Hasse at / curve. Then / = 1 (mod 12), (mod 24)
or (mod 60), according as the projective image of pg; is A4, S4 or As, by
Proposition 7.1. However, there is the following general result of David regarding
the projective mod- p image, which we are grateful to Nicolas Billerey for bringing
to our attention. For F' a number field, and p a prime, let

ep = mglx{ep},
where e, denotes the ramification index of the prime p | p.

Fact 8.1 [David 2011, Lemme 2.4]. For an elliptic curve defined over a number field
F, the projective mod- p image contains an element of order at least (p — 1)/ (4ep).

Applying this with F = Q(«/1) and p = I, we see that:

e A4 can occur only when / <25 and / =1 (mod 12), so only for [ = 13.
e S4 can occur only when / <33 and / =1 (mod 24), so cannot occur.

e As can occur only when / <41 and / = 1 (mod 60), so cannot occur.

Thus only Ay4 is possible, for the prime [ = 13.

9. The Jacobian of X, (13)

Over the complex numbers, there are precisely three modular curves of level 13
and genus 3; they are X(13), X,s(13), and X, (13); see for example the table of
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[Cummins and Pauli 2003]. Observe that all of these curves are defined over Q and
are geometrically connected.

Baran [2013; 2012] proved in two different ways that the curves X (13) and
Xns(13) are in fact Q-isomorphic. Her first proof [2013] was computational; she
computed models of both curves and showed that they give isomorphic curves.
Her second proof was more conceptual, establishing that the Jacobians Jg(13) and
Jus(13) are isomorphic, with an isomorphism preserving the canonical polarisation
of both Jacobians; the Torelli theorem then gives the result.

The Q-points on X(13) have not yet been determined; in fact, as discussed
in the final section of [Bilu et al. 2013], p = 13 is the only prime p for which
the Q-points on X(p) have not yet been determined, and Baran’s result, linking
Xs(13) and Xp5(13), may give some reason for why this p = 13 case is so difficult:
the determination of Q-points on Xs(p) is known to be a difficult problem.

Another reason for this difficulty is that J5(13)(Q) is likely to have Mordell-
Weil rank 3, which equals the genus, so the method of Chabauty to determine the
rational points does not apply. By likely, we mean that the analytic rank of this
Jacobian is 3, so under the Birch—-Swinnerton-Dyer conjecture, we would have that
the Mordell-Weil rank is also 3.

The curves X(13) and Xg,(13) are not isomorphic, even over C; this may be
verified using the explicit models of both curves, by computing certain invariants
of genus-3 curves and observing that they are different— we are grateful to Jeroen
Sijsling for carrying out this computation.

Nevertheless, their Jacobians are isogenous:

Proposition 9.1. The Jacobians Js(13) and Js,(13) of the modular curves X(13)
and Xs,(13) are Q-isogenous.

Proof. Let G = GL;(F;3), B the Borel subgroup of G, and for K any subgroup
of PGL,(F13), denote by 7~ (K) the pullback of K to G. One first verifies (for
example in Magma) that there is a @[G]-module isomorphism as follows:

20[G/CH @ Q[G/7 7 (C13x C3)| @ Q[G/7 ™' (C13 % Cy)]
=~ 20[G/7 " (S4)] ® Q[G/7 " (D26)] ® Q[G/B]. (9-1)
For R any Q-algebra, apply the contravariant functor Homg[gj(—. J(13)(R)) to
this formula; this yields, by a well-known method of Kani and Rosen ([1989], but
see also [de Smit and Edixhoven 2000]), the following Q-isogeny between Jacobians
of modular curves of level 13:
I, ® Va1 @ I8 —  JI®Timiciaxes) @ Jamicieyt (9°2)

here we have, for simplicity, denoted the Jacobian of the modular curve Xg (13)
simply as Jg.
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However, as may be checked by computing genera of these curves, most of these
terms are zero, leaving us with a Q-isogeny J 5%4 — Jsz. Restricting this isogeny to
the first component yields an isogeny between Jg, and its image in JSZ. This image
must have dimension 3, and since Js is simple over Q0 (as shown in Section 2 of
[Baran 2012]), the image is isogenous to Js. O

Remark 9.2. One may still wonder whether J; is isomorphic to Jg, or not. They
are indeed not isomorphic; for if they were, then the arguments in Section 3 of
[Baran 2012] would apply, and we would conclude that the curves X and Xg,
were isomorphic, which we know is not true.

Remark 9.3. With additional work one may show that there is a Q-isogeny between
Js and Jg, of degree a power of 13, and furthermore that 13 must divide the degree
of any isogeny.

10. The evidence for Conjecture 1.14

There can be no Hasse at 11 curve over Q(v/—11), because 11 is not congruent
to 1 (mod 4) (see Proposition 1.3). Thus, we let K be any other quadratic field.
Sutherland’s result (Proposition 1.1) tells us that, if E/K is a Hasse at 11 curve
over K, then it corresponds to a K-point on the modular curve X (11). A model
for this curve, as well as an expression for the j-map X(11) — X(1), may be
computed along the lines of that for X g, (13); we obtain a singular projective model

Xo(11):y? =4X° —ax*—2Xx3 +2X2 4+ 3X + L.

We used Magma to search for K-points on this curve, for every quadratic field with
absolute discriminant up to 107, and evaluated the j-map at these points, giving
many potential j-invariants of Hasse at 11 curves over quadratic fields.

Given such a j-invariant jo € K, we considered the polynomial @1 (X, jo) €
K[X], that is, the classical modular polynomial at 11, evaluated at ¥ = jj.

Proposition 10.1. The pair (11, jo) is exceptional for K if and only if the polyno-
mial ®11(X, jo) € K[X]

e has no linear factor over K, and

e modulo every prime p in a density-one set, it has a linear factor.
Proof. This is a direct consequence of the fact, proved in [Igusa 1959], that, for an
elliptic curve E over any field F', and an integer N with char F } N, the existence of
a cyclic F-rational N-isogeny on E is equivalent to ®n (X, j(E)) € F[X] having
a linear factor. |

We found that, for all of our potential j-invariants, ®11 (X, jo) had many reduc-

tions with no linear factor — too many to be of density zero. This suggested to us
that Conjecture 1.14 should be true.
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The results of [Serre 1972] imply the following.

Proposition 10.2. Let K be a quadratic field. If E/K is Hasse at 11, then either
11 ramifies in K, or E has additive reduction at all places v of K dividing 11.

Proof. 1f 11 is unramified in K and E has a place v of good or multiplicative
reduction above 11, then the results of [Serre 1972] (see in particular Section 4)
give the image of the inertia subgroup at v of Gk under pg 11, which in all cases
is incompatible with the projective image being isomorphic with Dg. O

We can also say, by part (a) of Proposition 1.1, that £/ K is Hasse at 11 if and only
if Hg 11 = D10, and so corresponds to a K-point on the modular curve Xp,,(11)
parametrising such elliptic curves. This modular curve is the @(+/—11)-twist of
the more usual modular curve X¢(121), which, by Theorem 4.9 of [Bars 2012], has
only finitely many quadratic points. Thus, we can say that there are only finitely
many quadratic fields over which a Hasse at 11 curve might exist. If we could
determine exactly which quadratic fields K arise for the twist Xp,,(11) of Xo(121),
we could prove the conjecture by determining the K-points on X(11), find the finite
list of potential j-invariants, and show that none of them yield Hg 5 = D1 (this
last step can be established by recent work of Sutherland, who has implemented
an algorithm to determine the mod-p Galois image of any elliptic curve over any
number field). The methods of Freitas, Le Hung and Siksek [Freitas et al. 2013]
for determining the quadratic points on X¢(/N) for certain N may be of use here.
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Local cohomology with support
in generic determinantal ideals

Claudiu Raicu and Jerzy Weyman

To the memory of Andrei Zelevinsky

For positive integers m > n > p, we compute the GL,, x GL,-equivariant descrip-
tion of the local cohomology modules of the polynomial ring S = Sym(C" ® C")
with support in the ideal of p x p minors of the generic m x n matrix. Our
techniques allow us to explicitly compute all the modules Ext§(S/1,, S), for x
a partition and I, the ideal generated by the irreducible subrepresentation of §
indexed by x. In particular we determine the regularity of the ideals /., and we
deduce that the only ones admitting a linear free resolution are the powers of the
ideal of maximal minors of the generic matrix, as well as the products between
such powers and the maximal ideal of S.

1. Introduction

Given positive integers m > n and a field K of characteristic zero, we consider the
space IK"*" of m x n matrices and the ring S of polynomial functions on this space.
For each p =1, ..., n we define the ideal I, C S generated by the polynomial
functions in S that compute the p x p minors of the matrices in i *". The goal of
this paper is to describe for each p the local cohomology modules HI.,, (S) of S with
support in the ideal 1,. The case p = n was previously analyzed by the authors
in joint work with Emily Witt [Raicu et al. 2014]. There is a natural action of the
group GL,, x GL, on IKK"*" and hence on S, and this action preserves each of the
ideals /,. This makes the H I.,, (S) into GL,,, x GL,,-representations, and our results
describe the characters of these representations explicitly. Our methods also allow
us to determine explicitly the characters of all the modules Ext5(S/1, S), where 1
is an ideal of S generated by an irreducible GL,, x GL,-subrepresentation of S, and
in particular to determine the regularity of such ideals. It is an interesting problem
to determine the minimal free resolutions of such ideals /, which unfortunately has
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only been answered in a small number of cases. We hope that our results will help
shed some light on this problem in the future.

We will adopt a basis-independent notation throughout the paper, writing F
(resp. G) for a [K-vector space of dimension m (resp. n), and thinking of F*® G* as
the space K" " of m x n matrices and of § = Sym(F ® G) as the ring of polynomial
functions on this space. S is graded by degree, with the space of linear forms FF ® G
sitting in degree 1. The Cauchy formula [Weyman 2003, Corollary 2.3.3]

S= P  SFeSG (1-1)

x=(x12>>x,>0)

describes the decomposition of § into a sum of irreducible GL(F) x GL(G)-
representations, indexed by partitions x with at most n parts (S, denotes the
Schur functor associated to x). This decomposition respects the grading, the
term corresponding to x being of degree [x| = x; +--- + x,. We denote by I,
the ideal generated by S, F ® S,G. If we write (17) for the partition x with
xy=---=xp=1and x; =0fori > p, then I(;r) is just another notation for the
ideal I, of p x p minors. Our first result gives an explicit formula for the regularity
of the ideals I,:

Theorem 5.1 (regularity of equivariant ideals). For a partition x with at most n

parts, letting x,,1 = —1, we have the following formula for the regularity of the
ideal I:
reg(ly) = n}ax (n-xp+(p—2)-(n—p)).
=1,...n
)Igp>xp+l

In particular, the only ideals I, which have a linear resolution are those for which
X1 =+ =x, (ie., powers 1" of the ideal I, of maximal minors) or x; — 1 =
Xp=---=2x, (ie., I,f‘_l -1).

The minimal free resolutions of the powers of I, have been computed in [Akin
et al. 1981, Theorem 5.4]. Together with the fact that / - m has a linear resolution
whenever I has a linear resolution and m is the maximal homogeneous ideal, this
implies that the ideals I, have a linear resolution when x = - - - =x,, = x1 (or x; —1).
The fact that no other I, has a linear resolution is, to the best of our knowledge,
new.

The theorem on the regularity of equivariant ideals is a consequence of the
explicit description of the modules Ext$(S/1, S) that we obtain in Theorem 4.3.
This description is somewhat involved, so we avoid stating it for the moment. A
key point is that the modules Ext5(S/1,, S) grow as we append new columns to
the end of the partition x. More precisely, we can identify a partition x with its
pictorial realization as a Young diagram consisting of left-justified rows of boxes,
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with x; boxes in the i-th row; for example, x = (5, 5, 5, 3) corresponds to

and adding two columns of size 2 and three columns of size 1 to the end of x yields
y=(0,7,5,3).

Theorem 4.2 (the growth of Ext modules). Let d > 0 and consider partitions x, y,
where x consists of the first d columns of y; i.e., x; =min(y;, d) foralli =1, ..., n.
The natural quotient map S/Iy, — S/Iy induces injective maps

Ext(S/1y, §) — Ext§(S/1y, S)

foralli=0,1,...,m-n.

We warn the reader that the naive generalization of the statement above fails: if
y is a partition containing x (i.e., y; > x; for all /), then it is not always the case that
the induced maps ExtiS(S /1L, S) — Extg(S /1y, S) are injective. In fact, a general
partition x has the property that most modules ExtiS(S /Iy, S) are nonzero, but it is
always contained in some partition y with y; = --- = y,; for such a y, all but n of
the modules Extg(S /1y, §) will vanish.

We next give the explicit description of Ext5(S/ 1y, S), which requires some
notation. We write ‘R for the representation ring of the group GL(F) x GL(G).
Given a Z-graded S-module M = D, _; M; admitting an action of GL(F) x GL(G)
compatible with the natural one on S, we define its character xp(z) to be the
element in the Laurent power series ring $R((z)) given by

Xu(@) =Y [Mi]-2,
ieZ
where [M;] denotes the class in R of the GL(F) x GL(G)-representation M;. We
will often work with doubly graded modules Mi] , where the second grading (in j)
is a cohomological one and M # 0 for only finitely many values of j; for us they
will be either Ext modules or local cohomology modules. We define the character
of such an M to be the element x/(z, w) € R((2)[wt'] given by

xm(z, w) = Z (M/]-2 - w.
i,jeZ
We will refer to an r-tuple A = (Ay, ..., A;) € Z" (for r =m or n) as a weight.
We say that A is dominant if A; > A > --- > A,, and denote by Z}; _ the set of

dominant weights. Note that a partition is just a dominant weight with nonnegative
entries. We will usually use the notation x, y, z, etc. to refer to partitions indexing
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the subrepresentations of S, and A, i, etc. to denote the weights describing the
characters of other equivariant modules (Ext modules or local cohomology modules).

For A € Z}j ,, and 0 < s < n, we define
Als) = (kl,...,ks,s—n,...,s—n,)\s_H +(m—n),.... A, +(m—n)) eZ™. (1-2)
%/_J

m-—n
(Note that in [Raicu et al. 2014] this was called A(n — s).)

Theorem 4.3 (the characters of Ext Modules). With the above notation, the char-
acter of the doubly graded module Ext5(S/1I,, S) is given by

XExtE(S/I{,S)(Z’ w)

= Y [SunF®S8,Gl- Myt e e =2 ),
I<p=zn
Oss<f=<--=ty_p=<p—1
reW'(x,p;t,s)

where W'(x, p; t, s) is the set of dominant weights . € 7" satisfying

Ap = p—Xp,—m,
Miyj <tj—Xpy1-j—m forj=1,....,n—p,
As =s—nand hgy) <s—m.

Our proof of this theorem starts with the observation in [de Concini et al. 1980]
that even though the algebraic set defined by 7, is somewhat simple (it is the set of
matrices of rank smaller than the number of nonzero parts of x), its scheme-theoretic
structure is more complicated: it is generally nonreduced, and has embedded
components supported on I, for each size p of some column of x. Our approach is
then to filter S/, with subquotients J; , (defined in Section 2B) whose scheme-
theoretic support is the (reduced) space of matrices of rank at most p, which
are therefore less singular and easier to resolve. In fact, each J; , is the push-
forward of a locally free sheaf on some product of flag varieties, which allows us to
compute Ext%(J;,p, S) via duality theory. Solving the extension problem to deduce
the formulas for Ext$(S/1,, S) turns out to be then trivial, due to the restrictions
imposed by the equivariant structure of the modules.

We end this introduction with our main theorem on local cohomology modules,
whose statement needs some more notation. For 0 < s < n, we define (with the
convention Ag = 00, A, = —00)

h@= ) [SunF®8G]-M, (1-3)
reZ

dom
As>s—n
As41<s—m
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so that h,(z) is just the character of S. The other /;(z)’s are characters of local
cohomology modules with support in I, (in the case when m > n). More precisely,
for p=1,...,n we write H,(z, w) for the character of the doubly graded module
H,’p (S). In [Raicu et al. 2014] we proved that for m > n

n—1
H,(z, w) = Z hy(2) - w(nfs).(mfn)Jrl’
s=0
and it is easy to see that the same formula holds for m = n (in this case, the
only nonzero local cohomology module is H Iln (S) = Sqet/ S, where det denotes the
determinant of the generic n x n matrix, and Sge; is the localization of S at det).
We write p(a, b; ¢) for the number of partitions of ¢ contained in an a X b
rectangle, and define the Gauss polynomial (“Zb)(w) to be the generating function

for the sequence p(a, b; ¢)c>0:

<a+b)(w)=2p(a,b; ) we = Z wht e (1-4)

a
>0 b>t; >t >>1,>0

Gauss polynomials have previously appeared in [Akin and Weyman 2007] in con-
nection to the closely related problem of understanding the minimal free resolutions
of the ideals /(q).

Theorem 6.1 (local cohomology with support in generic determinantal ideals).
With the above notation, we have, for each p =1, ..., n,

p—1

= =) (—s)-m—n) (1851 2

Hp(z, w)—X(:)hs(z) w (521w,
5=

The theorem implies that the maximal cohomological index for which H ,‘p (8) is
nonzero (the cohomological dimension of the ideal 1)) is obtained for s = 0 and is
equal to

m—p+1>4n-m—n)+(p—1D-n—p)=m-n—p>+1.

This was first observed in [Bruns and Schwinzl 1990]. Using the fact that once we
invert one of the entries of a generic m X n matrix, I, becomes /,_; for a generic
(m — 1) x (n — 1) matrix, it follows easily from the above that

HIjP(S);éO forj=(m—s)-(n—s)—(p—s)2+1, s=0,1,...,p—1. (1-5)

For maximal minors (p = n) this nonvanishing result is sharp, as explained in [Witt
2012]. Our next result, which is a direct consequence of Theorem 6.1, says that
many more of the local cohomology modules H ,JP(S) are nonzero when p < n,
namely:
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Theorem (nonvanishing of local cohomology with determinantal support). If p <
n <m then HIJP (S) # 0 precisely when

j=0—p+1)’+(n—s)-(m—n)+2:k for 0<s<p—1, 0<k<(p—s—1)-(n—p).
The nonvanishing statement (1-5) is obtained fork = (p —s — 1) - (n — p).

This result contrasts with the positive characteristic situation, where the only
nonvanishing local cohomology module appears in degree j = (m — p + 1) -
(n— p+1) (see [Hochster and Eagon 1971, Corollary 4] or [Bruns and Vetter 1988,
Corollary 5.18], where it is shown that /I, is perfect, and [Peskine and Szpiro 1973,
Proposition 4.1], where a local cohomology vanishing result for perfect ideals in
positive characteristic is proved). For determinantal ideals over arbitrary rings one
can’t expect such explicit results as Theorem 6.1; for the latest advances in this
general context, the reader should consult [Lyubeznik et al. 2013] and the references
therein.

Our paper is organized as follows: In Section 2 we give some representation-
theoretic preliminaries: in Section 2A we fix some notation for Schur functors,
weights and partitions; in Section 2B we recall from [de Concini et al. 1980] some
properties of the ideals I, and introduce certain associated subquotients J, , that
will play an important role in the sequel; in Section 2C we recall the definition of
flag varieties and formulate some consequences of Bott’s theorem in a form that
will be useful to us; we also recall in Section 2D a method described in [Raicu
et al. 2014] for computing extension groups for certain modules that arise as push-
forwards of vector bundles with vanishing higher cohomology. In Section 3 we
compute explicitly the characters of the modules Ext§(Jx ., S), and in Section 4 we
use this calculation to deduce the main result about the characters of the modules
Ext5(S/1,, S) for all partitions x. In Section 5 we derive the formulas for the
regularity of the ideals /., while in Section 6 we describe the characters of the local
cohomology modules with support in determinantal varieties.

2. Preliminaries

2A. Representation theory [Fulton and Harris 1991; Weyman 2003, Chapter 2].
Throughout the paper, IK will denote a field of characteristic 0. If W is a [K-vector
space of dimension dim(W) = N, a choice of basis determines an isomorphism
between GL(W) and GLy (IK). We will refer to N-tuples A = (A1, ..., Ay) € ZV
as weights of the corresponding maximal torus of diagonal matrices. We say that A
is a dominant weight if A1 > Ap > - .- > Ay. Irreducible (rational) representations
of GL(W) are in one-to-one correspondence with dominant weights L. We denote
by S, W the irreducible representation associated to A, often referred to as the
Schur functor. We write (a) for the weight with all parts equal to a, and define
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the determinant of W by det(W) = S v)W = AYW. We have S, W ® det(W) =
Sy+amyWand S, W* =8, —x)W. We write || for the total size Aj+-- -+ Ay
of A.

When x is a dominant weight with xy > 0, we say that x is a partition of r = |x|.
Note that when we’re dealing with partitions we often omit the trailing zeros, so
x =(5,2,1) is the same as x = (5, 2, 1,0, 0, 0). If y is another partition, we write
x C y to indicate that x; < y; for all i. -

.....

2B. The ideals I, and the subquotients Jy p. Recall the Cauchy formula (1-1)
and the definition of the ideals I, C § = Sym(F ® G) as the ideals generated by
subrepresentations S, F' ® S, G of S. It is shown in [de Concini et al. 1980] that

L= S,F®S5,G, -1

xCy

and in particular 7, C I, if and only if x C y. More generally, for arbitrary partitions
X, y, we let z = max(x, 2) be defined by z; = max(x;, y;) for all i, and get

LNl =1I. (2-2)

Even more generally, for any set 7' of partitions we let

Ir=>"1, (2-3)
XGT
and have
LN I7 = Inaxr.y)- (2-4)
XET
For p €{0, 1, ..., n} and x a partition, we write
Succ(x, p) = {X txCy, and y; > x; for some i > p}. (2-5)

By the discussion above, I, C I for all y € Succ(x, p). We define

Jxp= Iz/ISUCC(z,p) (2-6)
It follows from (2-1) that
L,= @ S$FeSsGC. (2-7)
xCy - -

Vi=X; forall i> P

If p =n then J; , = I, while if p = 0 then J, o = S, F ® S;G, which as an
S-module is annihilated by the maximal ideal of S. We have:
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Lemma 2.1. Fix an index p € {0, 1, ..., n — 1}, and consider a partition x with
Xy =---=Xxpq1. Let
Z={z:z1==zpp =x1). (2-8)
We have
ISucc(g,p) = < Z IZ) + Imax(g,(x1+1)l’+1)~ (2-9)
2€Z, xCz

Proof. “27: Consider z € Z, x C z. We have z; > x; for some 7, and since x; = z; for
i < p+1, we conclude that z; > x; for some i > p+1; thus, z € Succ(x, p). Writing
y =max(x, (x; + 1)?*1), we have that Yp+1 > Xpy1 and y D x, so y € Succ(x, p),
Eroving that the right side of (2-9) is contained in the left. -

“C”: Consider a partition y € Succ(x, p). If y,41 > x,41 = x; then y contains
max(x, (x; + HPY), so I; is contained in the right side of (2-9). Otherwise
Yp+1 = Xp41, SO by possibly shrinking some of the first p rows of y (which would
enlarge /,), we may assume that y € Z. Clearly y 2 x, since y,-_> x; for some
i > p+1, so it follows again that 7y is contained in the right side of (2-9). U

The following result will be used in Section 4:

Lemma 2.2. Fixanindex p€{0, 1, ..., n—1}, and consider a partition x with x; =
-+- = Xpy1. For a nonnegative integer d > 0, let y be the partition defined by y; =
xi+d+1fori=1,..., p+1landy;=x; fori > p+1 (y =max(x, (x;+d+1)P*1)).
The quotient I, /1, admits a filtration with successive_quotients Jo, p» where z runs
over all partitions with

X1 <21 =-=2p41 < X1 +d,
zi >x; fori>p+1.

Proof. By induction, it suffices to prove the result when d = 0. We consider Z as
in (2-8) and define

$(Z)={Ir:T C Z).

For I € $(Z), we write
ZU)={zeZ:I;CI}.

Note that if go € Z(I) then
if z€ Z and z° C z then z € Z(I). (2-10)

We let Ip = Iy, +1)r+1y and prove by induction on |Z(I)| that for I € $(Z), the
quotient (I + Ip)/Ip has a filtration with successive quotients J; ,, where z varies
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over the set of elements of Z (/). Once we do this, we can take I = I, and observe
that I, N1y = IX (by (2-2)), which yields

(I +1o)/Io=1/(INIy) = I/,

concluding the proof of the lemma.
For the induction, assume first that |Z(I)| =1, so that [ = I; withz; =--- =
zn = x1. We have (I + Ip)/lo = J;,, so the base case for the induction follows.
Suppose now that |Z (/)| > 1 and consider a maximal element go in Z(l),ie., a
partition z° with the property that I,o ¢ I . forany z € Z(1) \ {z"}. Define
I' = Iy

and note that [Z(I")|=|Z()| -1, I = I/—I-Igo, and
(I +10)/(I"+ 1o) = T, (2-11)
which is proved as follows. The equality I = I’ + [0 implies that the natural map
Lo— (I +1o)/(I"+ Io)
is surjective. Its kernel is

(2-4)
Iéo NI+ 1) = ( Z Imax(zo,z)) + Imax(go,(x|+1)1’“)
z2€Z(DH\ (%)

(2-10) (2-9)
= ( > Iz>+1max(z°,(x1+1)ﬁ+l) = Isuce(z0.p)

2€Z,7°Cz

from which (2-11) follows. Since by induction (I’ + Iy)/I has a filtration with
successive quotients J; , for z € Z(I'), we get the corresponding statement for
(I + Iy)/ o, finishing the induction step. ([l

2C. Partial flag varieties and Bott’s theorem [Weyman 2003, Chapter 4]. Consider
a [K-vector space V with dim(V) = d and positive integers g <n < d. We denote
by Flag([g, n]; V) the variety of partial flags

Vo VoVi= Vi g—»- =V, =0,

where V), is a p-dimensional quotient of V for each p=¢,q+1,...,n. For p in
[g, n] we write 2, (V) for the tautological rank- p quotient bundle on Flag([q, n]; V)
whose fiber over a point V, € Flag([g, n]; V) is V,,. For each p there is a natural
surjection of vector bundles

V ® ©Flag([q,n];V) —» SZP(V) (2-12)
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Note that for g =n, Flag(lg, n]; V) =G(n, V) is the Grassmannian of n-dimensional
quotients of V.
We consider the natural projection maps

7D : Flag([g, n]; V) — Flag([q + 1, n]; V), (2-13)

defined by forgetting V, from the flag V,. For ¢ < n — 1, this map identifies
Flag([g, n]; V) with the projective bundle Priag(g+1,11;v)(2p+1(V)), which comes
with a tautological surjection

941 (V) = (V).

For ¢ = n we make the convention Flag([g + 1,n]; V) = Spec(K), so 7 is
just the structure map of G(n, V). With the usual notation R‘rriq) for the derived
push-forward, we obtain using [Weyman 2003, Corollary 4.1.9] the following:

Theorem 2.3. (a) Suppose that g < n — 1, and consider a dominant weight . € 79.
Forqg < p <n,
j Su2p (V) if j =0,
RIg@(S,2,(V)={"""
o SuZp (V) {0 otherwise.

If ug—i +t=—1forsomet=0,...,q—1, then
Rzl (S,2,(V)) =0 forall j.

Otherwise (with the convention j1) = 00O, [Lg4+1 = —00), consider the unique index
0 <t < q such that

Mg—i+1+t+1=<0=<py_+1.
Letting
L= (U1 ooy g—ts = Pg—t+1+ 1, ooy g + 1),
we have
mﬂmx%wnzﬁﬂ“mnémzh

otherwise.

(b) Consider a dominant weight u € 7". If n —d < pu,—s +s < —1 for some
s=0,...,n—1, then

RIz((8,9,(V))=0 forall j.

Otherwise (with the convention Ly = 00, ly+] = —00), consider the unique index
0 <s < n such that

Un—s > —S and Hp—s11 <—5—d+n.
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Letting

M:(Mla--wﬂnfs, _sv""_S7M117S+1+(d_n)7"'7I’Ln+(d_n)) eZd’
—_———
d—n

(compare to (1-2)), we have

SV o ifj=s-(d—n),

0 otherwise.

Rz (8,92,(V)) = {

2D. Computing Ext modules via duality. In this section we recall [Raicu et al.
2014, Theorem 3.1] as a tool to compute Ext§(M, §) when M comes as the push-
forward of certain vector bundles with vanishing higher cohomology. More precisely,
we have:

Theorem 2.4. Let X be a projective variety, and let W be a finite-dimensional
K-vector space. Suppose

W®0x —»n

is a surjective map, where 1 is locally free, and let k = dim(W) —rank(n). Consider
a locally free sheaf V' on X, and define

M)y =V @ Sym(n), M*(V) =V ®det(W) ® det(n*) ® Sym(n™).

Giving V internal degree v, and n and W degree 1, we think of M(V') and J* (V)
as graded sheaves, with

Mgy =V ®@Sym' (), M*(V)j4p =V ® det(W) @ det(n*) ® Sym ™ ().
Suppose that H/ (X, M(V)) =0 for j > 0, and let
M) = H(X, M(V)).
We have for each j > 0 a graded isomorphism
Exté(M(V), S) = H* =/ (X, M*(V))*¥, (2-14)

where (—)* stands for the graded dual.

3. Ext modules for the subquotients J, ,

The goal of this section is to compute explicitly the character of Ext$(Jy ,, S) for
all p and all partitions x with x; = --- = x,,, where J, , is defined as in (2-6). We
will achieve this by realizing J, , as the global sections of a vector bundle with
vanishing higher cohomology on a certain product of flag varieties, and then using
duality (Theorem 2.4) and Bott’s theorem (Theorem 2.3).
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Consider as before vector spaces F, G, with dim(F) = m, dim(G) = n, m > n.
Forg =1, ..., n, we consider the projective varieties

X@ =Flag([g, n]; F) x Flag([g. n]; G), X =X =Spec,
and the locally free sheaves (see Section 2C)
n'® =92,(F)®2,(G), p=1,...,n, n=n"=FQ®G.

Note that (P’ can be thought of as a sheaf on X?) whenever p > ¢g. We consider for
g <n—1 (resp. ¢ =n) the natural maps 7? : X'© — X@+D (resp. 7 : X — X)
induced from (2-13). We define

S@ — Sym n(q)

as relative versions of the polynomial ring § = S = Sym(F ® G). We will
always work implicitly with quasicoherent sheaves on the affine bundles

Y@ — Ay (n(q)) = Spec S(Q)),

—r "x@ (

which we identify with S -modules on X? as in [Hartshorne 1977, Exercise
I1.5.17]. The Cauchy formula (1-1) becomes in the relative setting

§@ = @ 8:9,(F) ® S:2,4(G), (3-1)

x=(x1=-2x4>0)

and we can define the ideals 1,5‘” C S@ and subquotients Jx(f’; for 0 < p <gq

analogously to (2-1) and (2-6). For 1 < p <gq, we write | l(,q) for I((lqp)), the ideal of
p x p minors in §©. We define the line bundle

det) = det(2, (F)) ® det(2,(G)), (3-2)

and note that the ideal Iq(q) is generated by det'?). It follows easily from (3-1) and
Theorem 2.3 that

D g
Rin@(5@) = {S(q“)/ L5 ifj =0, (3-3a)
0 otherwise,
and, for p > ¢,
. S if = 0,
Rjniq)(s(p)) — 1y . (3-3b)
0 otherwise.

Lemma 3.1. (a) For a partition x = (x1 > - - - > x,), there exist natural identifica-
tions

et @1 =19, (3-4)
and
det @9 =y, = for0<p=<gq. (3-5)
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(b) For a partition x = (x; > --- > x4), we have

(g+1) (g+1) g+1) ..
(Ix + Iq+1 )/Iq_H if j=0, (3-6)

Rl iq) I)Eq) — :
= 0 otherwise.

(c) For a partition x = (x1 > --- > x4) and 0 < p < g, we have

1 P
I i j=o,

Rig@ @ _
*OEP 0 otherwise.

(3-7)
Proof. (a) The multiplication map det) 5@ — S@ is injective: if we think of
S@ as locally the ring of polynomial functions on g x g matrices, then det? is the
determinant of the generic g x g matrix. It follows that det' ®1 éq) =det? .1 ,j(q)
is in fact an ideal in S¢). Equation (3-4) then follows from the fact that multiplying
by the determinant corresponds to adding a column of maximal size to the Young
diagram (a special case of Pieri’s rule). In fact, the same argument shows that for
any set of partitions Z

_ (@)
det@ ®< Z Iz(q>> — Z L 00)-

z€Z z€Z

Given the definition of J;?}, as the analogue of (2-6), (3-5) follows by taking
Z = Succ(")()_c, p) (the analogue of (2-5)) in the formula above, and using (3-4)
and the exactness of tensoring with det?).

Part (b) follows from (3-3), while (c) follows from the fact thatif x = (x1, ..., x4)
and 0 < p < g, then

Succ "V (x, p) = Succ(x, p)Ufz:2Dx, zpp1 = 1}. O

For each partition x = (x; =+ =X, > Xp41 = -+ > X, > X,41 =0), we define
the locally free sheaf L, , on XP) by

n
My b= (®(det(4))®(xq—xq+l)> ® s (3-8)
q=p
Lemma 3.2. With the notation above, we have
HI X(p), M —_]7xr
( x.p) {0 otherwise.

Proof. Note that SP) = J(;f’p) , so using (3-4) we get

n
_ (@\® (g —Tg11) »
My, p = ( Q) (det®)®Crax )®J(<x,,xp+1>"),p'
g=p+1
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It follows that

n
R My p = ”ip)*/‘/tx,p(g( ® (det("))®(x"_x"+')> ® JPTY

((xp_xp+l)p):p
g=p+1

n
34 (@))® (g —Xg41) (p+1)
- ( ® (det ) v ®J((x,,—xp_,.z)P,po—xp+2),p'
q=p+2

p+D ngp-ﬂ)

Applying Rn,g cees RJT,,EH) iteratively, and using (3-7) and (3-4) as

above, we obtain

Rty ) = mully , = J ==,
M, p = Ty p = Jd xpitix)p = x.p

where 7 =71 o ... o7P) is the structure map X”» — Spec K, concluding the
proof of the lemma. 0

We are now ready to prove the main result of this section:
Theorem 3.3. The character of the doubly graded module Ext$(Jx p, S) is given by

XExt}(Jxp,S) (z, w)

— Z [S)\(S)F ® S}LG] . ZlM . wm-n—pz—s-(m—n)—Z-(Z.’;;f t.,')’ (3_9)

0<s=<t < =th—p=Pp
AeW (x,p;t,s)

where W (x, p; t, s) is the set of dominant weights A € 7" with the properties

Ap > p—Xp—m, (3-10a)
Ajrj=1tj —Xpp1—j—m for j=1,...,n—p, (3-10b)
As>s—n and Algp <s—m. (3-10c¢)
Remark 3.4. If we take p =n and x; = --- = x,, = d in the above theorem, we

recover [Raicu et al. 2014, Theorem 4.3]. The character of J, , = I, = I¢ is

XEX%UN’S)(Z, w) = E [Sis) F ® $,.G]- 7L a=9)-(m=n)
0<s<n
Ap>n—d—m
As>Ss—n
As+1s—m

When p =0, since Jy 0 = Sy F ® S, G is just a vector space the only nonvanishing
Ext module is

Ext" (Jx0, S) = (S: F ® S, G ® det(F ® G))".
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Proof of Theorem 3.3. We apply Theorem 2.4 with

n
X =Xx0, n= n(P)’ W=F®G, V= ®(det(q))®(xq—xq+1)’
q=p
so that M(V") = M, , (see (3-8)). Lemma 3.2 ensures that the hypotheses of the
duality theorem hold, and M (V') = J, ,. We have rank(nP) = p?, dim(W) =m n,
so k =m-n— p*. We give ¥ internal degree v = |x|, and get

EXté(Jz,p» S)r—x|

n
- i <X‘P>, X)(det )%+ @ det(F ® G)
q=p s *
® det(n*) ® Sym" " ~P (n*)> . (3-1D)

Formula (3-9) now follows from a direct application of Theorem 2.3, which we
sketch below.
Using Cauchy’s formula and that det(n*) = det(2,(F))™” @ det(2,(G)) 7, we
get
det(n®) ® Sym’*m'”’pz(n*) = @ S$.2,(F)®S8,2,(G).

4
I EZdum

|ul=r+m-n
n1==p

For each p in the formula above, we have to first compute

R, ( Q) (det )%+ @ 5,0 ,(F) @ SMQP(G)), (3-12)

q=p

where 7 = 7™ o ... o : X — SpeclK is the structure map, then tensor
with det(F ® G) and dualize, in order to get the corresponding contribution to
(3-11). If (3-12) is nonzero, then there exist uniquely determined dominant weights
p@, 8@ e 79 for g = p, ..., n, and nonnegative integers t,_, ¢ = p, ..., n— 1,
and s, such that P’ = y, and if for g = p, ..., n we write

MD = 8,02 (F) ® S,02(G), NP = S502,(F) ® S5024(G),

then
N@ = D ® (det?)®a=%+1) forg =p,..., n, (3-13)

2 -t,—4 is the unique integer j for which R/ nim(J\f @Yy £ 0, and
R¥mag DNy = 9D forg=p,...,n—1, (3-14)

and finally, s - (im — n) is the unique integer j for which R/ m&") (N £0.
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The dominant weight §@ is easy to determine; namely, we get from (3-13) that
8@ = p' P+ ((xg — xg41)%). (3-15)

Assuming we know 8¢, (3-14) determines t,_, and u? according to (a) of
Theorem 2.3: #,_, is the unique integer ¢ with the property

(9) (@)
5qq_,+1+t+1§0§6j,,+t, (3-16)
and
(g+1) _ (8(‘1) 5(4) —t 5(‘]) +1 8(4) + 1) (3_17)
/"L - 1 »>°+°> q—[n_qv n—q-» (J*tn—qul [ e .

It follows from (3-17) and (3-15) that

(g+1) _
g1ty y = ~In—q T Xg+1 = Xg42 2 ~ln—g;

S0 t = t,_, satisfies the right-hand inequality in (3-16) with g replaced by (g + 1),
which forces 1,41y < t,—4. It follows easily that

@

8q+l—t,,_q =—lyg+Xq41—Xiy1 fori=q+1,...,n. (3-18)
We have seen so far how to calculate 1@, 8@ for ¢ = p,...,n, and t,_, for
qg=p,...,n—1, so we’re left with determining s. By Theorem 2.3(b), s is
uniquely determined by the inequalities
5 > —s and 8", <-—s—m+n, (3-19)
and moreover
REM g M (NMy = S F ® S5G, (3-20)

where § = 8™ and
8= (81, 8ness (=) Sy + (m—n), ..., 8, + (m—n)).

Since 8,(,",),1 = —1t1+x, > —t1, it follows as before that s < t;. Tensoring (3-20) with

det(F ® G) = det(F)®" ®det(G)®™ and dualizing, we obtain by putting everything
together that there exist integers 0 <s <t; <--- <1,_, < p such that

n k
Rs-(m—n)+2-2j={ tjj-[* < ®(det(4))®(xq —Xq+1) ®d€t(F®G)®SM§ZP(F)®SMQP(G)>
q=p
=S5 F ® 5.0,
where A(s) is defined as in (1-2) and

)»i :—m—5n7i+1 forall i = 1,...,n. (3-21)
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We next check that A € W(x, p; ¢, s). Since y; < —p, it follows from (3-15) and
(3-17) that § < —p+xp,80 A, = =61 —m > p—x, —m;i.e., (3-10a) holds. Letting
i =nin (3-18) we get 8y41-1,_, = —lIn—q + Xg+1, 80 An—gtt,_, = In—q — Xg+1 — M;
i.e., (3-10b) holds. Finally, (3-10c) follows from (3-19).

We conclude from the discussion above that (3-9) holds, after possibly replacing
W(x, p;t,s) by a smaller set. To see that all weights A € W(x, p;t,s) in fact
appear, one has to reverse the steps above in order to show that each A can be reached
from a certain weight . We give the formula for u, and leave the details to the

interested reader. We first define § € Zj = by reversing (3-21): §; = —m — A,41-;.
Letting #,_ 41 =pand 1o =0, foreachi =0,...,n—pand j=1,..., ;41 — 1
we let

Mp—tipi+j = On—i—tipr+j + Xn—i + (1 = p —1i). O

Corollary 3.5. Fixanindex p €{0, 1, ..., n}. Suppose that M is an S-module with
a compatible GL(F) x GL(G) action, admitting a finite filtration with successive

quotients isomorphic to J; , for j=1, ..., r, where each x/ is a partition satisfying
x{ = xé == x[J,. We have a decomposition as GL(F) x GL(G)-representations
r
Exti(M, S) = @ Exti(Jys s ) (3-22)
j=1

foreachi =0,1,...,m-n. Equivalently, if
0—A—B—C—0 (3-23)

is a GL(F) x GL(G)-equivariant short exact sequence of S-modules admitting
filtrations as above, then for eachi =0, 1, ..., m -n, the induced sequence

0 —> Extl(C, §) —> Exti(B, §) —> Ext((A, §) —> 0 (3-24)
is exact.

Proof. Suppose that the conclusion of the corollary fails, and consider modules
A, B, C sitting in an exact sequence (3-23) such that (3-22) holds for A and C but
fails for B. In particular, not all sequences (3-24) are exact, so there exist an index i
and a nontrivial connecting homomorphism

Exti(A, §) —> Bxti(C, S).

It follows that some irreducible representation of GL(F) x GL(G) appears in both
Extis (A, S)and Ext’s+1 (C, S). This is clearly impossible when m = n, because from

(3-22) and (3-9) it follows that the cohomological degrees j for which Exté (A, S)



1248 Claudiu Raicu and Jerzy Weyman

and Exté(C, S) are nonzero satisfy
j=m-n—p* (mod2).

When m > n, a similar argument applies: if [Sy ) F @ S,Gl =[S, F ® S, G] (with
A, i, A(s) and w(¢) dominant), then it follows from (1-2) that A = y and s = ¢;
moreover, we get from (3-22) and (3-9) that the cohomological degrees j for which
Siis) F @ S, G appears in Exté(A, S) and Exté(C, S) satisfy

jzm-n—pz—s-(m—n) (mod 2). U

4. Ext modules for S/I,

In this section we will use the explicit calculation of Ext$(Jy ,, S) from the previous
section in order to deduce a formula for the characters of Ext5(S/1,, S) for all
ideals I,. We begin with an important consequence of the results in the preceding
section:

Corollary 4.1. Fix an index p € {0, 1, ..., n — 1} and positive integers b > ¢ > (.
If we let x = (cP*h), y = (bP*"), then the natural quotient map S/1y — S/Iy
induces injective maps

Ext§(S/Iy, §) <> Ext§(S/Iy, S)

foralli =0,1,...,m-n. More generally, if z is any partition with z; = - - - = Z 41
and x =z + (cPT), y=z+ (bPT), then the quotient map 1./1, — I, /1, induces
injective maps

Exty(I./ Iy, S) —> Exty(I /1. S)

foralli=0,1,...,m-n.

Proof. Note that the former statement follows from the latter by taking z = 0
and noting that § = Iy. By Lemma 2.2, the modules A = I,/I,, B = I;/I,,
and C = I /I, have finite filtrations with quotients isomorphic to J; p for various
partitions ¢ satisfying ¢t = --- = 1,. Apply Corollary 3.5 to yield the desired
conclusion. U

Theorem 4.2. Let d > 0 and consider partitions x, y, where x consists of the first d
columns of y; i.e., x; = min(y;, d) foralli =1, ..., n. The natural quotient map
S/1, — §/1, induces injective maps

Exti(S/IL, S)f—)Ext"S(S/IX,S) (4-1)

foralli =0,1,...,m-n.
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Proof. Arguing inductively, it suffices to prove the result when all the columns of y
outside x have the same size (say p+1,for pe{0, 1, ..., n—1});ie., y=x+(a?*h)
for some positive integer a. Note that this forces x; =x; =---=x,4; =d. We prove
by descending induction on p that the induced map (4-1) is injective. When p=n—1,
we have x = (d") and y = ((d + a)"), so the conclusion follows from Corollary 4.1
(or from the results in_[Raicu et al. 2014]).

Suppose now that p <n—1and y =x+ (@, x;=--- =xp+1=d. Let z be
the partition consisting of the columns of x of size strictly larger than p+1;i.e., z; =
min(x;, xp42) foralli =1, ..., n. Consider the partitions x (resp. y), defined by

letting X; = x; (resp. y; = y;) fori # p+2,and X2 = xp41 (1€SP. Yp12 = Yp41).
Alternatively, X =z 4 ((d — xp+2)P+2), i; =z+((d+a- xp+2)p+2). By induction,
foralli =0,1,...,m-n, we obtain inclusions

Exty(S/I, S) —> Exty(S/Iz, S) and Exty(S/I., S) —> Ext4(S/I5., S). (4-2)

The natural commutative diagrams

S/l; —— S/1; S/Ig—>S/I§
[ w0 ]
S/l — S/I; S/Iz—“g/lz

induce commutative diagrams

Exty(S/I,, §) — Exti(S/I;, S) Ext(S/1I;, §) — Exty(S/I5, S)
| | oma T
Ext(S/1;, §) — Exts(S/1L, S) Ext(S/1I;, §) — Exty(S/1,, S)

Since the top maps are injective by (4-2), the bottom ones must be injective as well.
Foralli =0,1,...,m-n, we get commutative diagrams

0 —— Bxt(S/1,, §) — Ext(S/Iy, §) — Bxtg(Iy /1., S)

N

0 —— Exty(S/1;, §) —— Bxts(S/1,, §) —— Bxts(Iy/1,, S)

where the rows are exact. The maps §; are injective by Corollary 4.1, forcing the
maps «; to be injective as well. We conclude that the inclusion (4-1) holds, finishing
the proof of the theorem. U
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Theorem 4.3. The character of the doubly graded module Ext$(S/ Iy, S) is given by

XExt§(S/1,,5) (z, w)

= Y [SF®SG] a2 g3

I<p=n
O<s<ti<=tp—p<p—1
reW'(x,p;t,s)

where W'(x, p; t, s) is the set of dominant weights . € 7" satisfying

)Lan—xp—m, (4_43)
Mjpj Stj—Xpp1—j—m forj=1,....,n—p, (4-4b)
As=s—n and lgp <s—m. (4-4¢)

Remark 4.4. The condition 7, , < p — 1 in (4-3), combined with the inequalities
In—p —Xpt1 —m = )Vt,,,p-i-n—p >A=p —Xp—m

obtained from (4-4b) by letting j =n — p, shows that the only values of p for which
there may be a nontrivial contribution to (4-3) are the ones for which x, > x4 or
p = n. It follows that for x; = - - - = x,,, the only interesting value of p is p = n,
in which case I, = J, ,, and (4-3) follows from (3-9) and the standard long exact
sequence relating Ext$(S/1,, S) to Ext§(/y, S).

Proof of Theorem 4.3. We induct on the number of columns of x. When x =0,
S/, =0, so Ext$(S/I,, S) = 0. It follows that (4-3) is verified in this case, since
W'(0, p; t, s) is empty whenever 0 < s < p — 1: to see this, note that

(4-4c) (4-4a)
s—m = )Vs+1z)\n = p—m

implies s > p, which is incompatible with the condition s < p — 1.

Suppose now that y is obtained from x by appending a column of size (g + 1)
for some g =0, ..., n — 1. This implies that x; =--- = x4 and y; = x; + 1 for
1 <i <qg+1. It follows from Theorem 4.2 that

XExt§(S/1y.5) (z, w) = XExt§(S/I,S) (z, w)+ XExt§(I,/1y.5) (z, w), (4-5)

and from Lemma 2.2 and Corollary 3.5 that

XEXtE(IE/Iy,S) (Z, w) = Z XExtg(Jg,q,S) (z, w). (4-6)
- z=(212>2,20)
21=""=2g+1=X]

Zi =X, i>q+1
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By Remark 4.4, since x; = --- = x441 and y; = --- = y, 41, the only relevant
terms in (4-3) (for both x and y) are those for which p > ¢ + 1. For such p,
Xp41—j = Ynt1—j Whenever 1 < ff n — p, so condition (4-4b) is the same for x as
it is for y. Equation (4-4c¢) is clearly the same for both x and y, and the same is
true for (4-4a) when p > g + 2. We conclude that W’ (x, p; t,s) = W'(y, p; t, s)
for p # g + 1, from which it follows using (4-5) and the induction hypot_hesis that
in order to prove (4-3) for y, it suffices to show that

XExt§(1,/1,.5) (z, w)

. 2 g m—n)—=2- (3P ¢,
= Y [SeFeSGl e 2 )
p=q+1
0<s<ti<--<t,_p<p—1
rAeW'(y, pst H)\W'(x, pst,s)

= Z [Sii) F ®85,G]-z*
0<s<f|<-<ty_q-1=q G2 —Deg—s-(m—1)—2- (59 .
AW (r.g 1 NW (x.g +158.5) S N o)

Note that since (4-4b) and (4-4¢) are the same for x and y when p =¢ + 1, 1t
follows that

AeW (. g+ 16, )\Wx,qg+1:1,5)
A=q+1—yjp1—m=q—x1—m,
= YA+ St = Xppi—j—m forj=1,...,n—q—1, (4-8)
As=>s—n and Ay <s—m.

Consider now a partition z appearing in (4-6). We claim that W(z, g; ¢, s) is
empty unless #,_, = q. Furthermore, if A € W(z, q; 1, s), then A, =g —x1 —m. To
see this, note that

(3-10b) (3-10a)
An < )\t,,,q-‘rn—q = In—q— g+l —M=1Ilg—2g—M=q—24—Mm = Ans

which forces equalities throughout, and in particular
Iheqg=q and A, =1, 4g—Zgy1—Mm=¢qg—X —m.
We get from (3-9) that

XExty (/.5 (& W)

= ) (S, F®8,, G- g M wm =7 =2=s-tm=m=2(Zi2 1) - (4.9)

0<s<t|<-=<th—g-1<th—g=¢q
reW(x,q:t,s)
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Combining (4-6), (4-7) and (4-9), it remains to show that

Wea+Leo\Wa, g+ L= |J W& gL,
§=(ZIZ"'ZZHZO)
L= =g =X

Zi =X, i>q+1

This follows immediately from (4-8) and the fact that the condition

)\.[j_'_j St —Xpp1—j—m forj=1,...,n—qg—1
in (4-8) is equivalent to the existence of a partition z satisfying z1 =- - - =z441 = X1
and z,41-j > Xp41—j for j=1,...,n—q—1 (or equivalently z; > x; fori > g+1),
such that

)»,j+j:tj—zn+1_j—m forjzl,...,n—q—l. O

5. Regularity of the ideals I,

The explicit description of the character of Ext5(/,, S) obtained in Theorem 4.3
allows us to obtain the following result on the regularity of every ideal I, whose
proof will be the focus of the current section.

Theorem 5.1. For a partition x with at most n parts, letting x,+1 = —1 we have
the following formula for the regularity of the ideal I,:

reg(1y) =p£}axn(n-xp+(p—2)-(n—p)). (5-1)

.....

In particular, the only ideals I, which have a linear resolution are those for which
X1 =+ =x, (ie, powers I of the ideal I, of maximal minors) or x; — 1 =
Xp=---=2Xx, (Le., I,f‘fl -1).

By [Eisenbud 1995, Proposition 20.16], one can compute the regularity of a
finitely generated S-module M by the formula

reg(M) = max{—r — j : Extj(M, S), # 0}. (5-2)

Since reg(/,) =reg(S/1,) + 1, we get by combining (5-2) and (4-3) that

n—p
reg(ly) = max <—|A|—mn+p2+s-(m—n)+2-(Zq)). (5-3)
I<p<n ,
0<s<t;<-=<ty_p<p—1 Jj=1

AEW'(x,p;t,s)

It is then important to decide when W' (x, p; ¢, s) is nonempty, which we do in
the following lemma:
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Lemma 5.2. Fix pe{l,...,n}and 0 <s <t; <--- <t,_p, < p— 1. The set
W'(x, p; t, s) is nonempty if and only if

{xp—xn+1_j2p—tj forj=1,...,(n—p), (5-4)

§>p—Xp.

Moreover, the weight . € W' (x, p; t, s) of minimal size (i.e., for which the quantity
—|A| is maximal) is given by

{Mz---zksz(s—n), (5-5)

As1 ="+ =Ay=(p—xp—m).
Proof. If W/(x, p; t,s) is nonempty, then for any A € W'(x, p; ¢, s) we have

(4-4b) (4-4a)
lj—Xngl—j—Mm = dypj=Ap = p—Xp—m

forj=1,...,(n— p) and

(4-4c¢) (4-4a)
§—m = Agp1=Ay = p—Xp—m,

so (5-4) holds.

Conversely, assume that (5-4) holds, and define X via (5-5). It is immediate to
check that A satisfies (4-4a)—(4-4c), so A € W/(x, p; t, s) and the set is nonempty.
The fact that this A has minimal size follows from the fact that any other A €
W’(x, p; t, s) is dominant and thus satisfies A >---> Ay > (s—n) and Ag4 >+ - >
An = (p —Xxp —m), SO

Al =s-(s—n)+m—s)-(p—xp—m)=@m—s)-(p—xp,—s—m). U
Lemma 5.2 allows us to rewrite (5-3) in the form

reg(l,) = max (—(n—s)-(p—xp—s—m)—mn
B I<p=zn n
Oss<ti<-<tp—p<p-1

p

S=Zp—Xp
g )>
J

S <
!
N =

= max (s-(p—xp—S)+n-(xp—p)+p2+2-(
I<p=zn
Oss<ti<-=<tp—p=<p-1
Xp—Xnt1—j=P—tj
S>p—Xp

= max (s-(p—xp—s)+n-xp+(p—2)-(n—p)). (5-6)
0<sepmi
Xp—Xpyr1>1
S=Zp—Xp

J
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Since s > p—x,, we have s-(p—x, —s) <0, with equality if s =0 or s = p—x,,.
For 1 < p <n —1, the condition x,, —x,41 > 1 forces x, > 1,s0 p—x, < p—1.
It follows that we can take s = max(0, p —x) in order to maximize the expression
above. Likewise, if p = n and x, > 1, we take s = max(0, n — x,,). It follows
that when x, > 1, (5-6) reduces to (5-1). However, if x, = 0 then for p = n the

conditions s < p — 1 and s > p — x, are incompatible, so (5-6) reduces to

reg(ly) = :{na);—l(n xp+(p—2)-(n—p)).

Xp>Xpi
To see that this is the same as (5-1) it suffices to observe that reg(/,) > nx, =0
(which is the term corresponding to p = n).
To finish the proof of the theorem, we need to verify the last assertion. Note that
I is generated in degree x1 + - - - 4+ x,, so it has a linear resolution if and only if

reg(ly) =x1+ -+ x,. (5-7)
When x; = - - - = x,, (5-1) reduces to the term with p = n, whose value is nx, =
X1 4+---+x,. Forx; —1 =xp =--- = x,, the only surviving terms in (5-1) are

those with p =1 and p = n, so we get
reg(ly) =max(n-(x;— D+ 1L, nx,)=n-(x;i—D+1=x1+---+x,.

Conversely, assume that (5-7) holds, and that the x; aren’t all equal. Take p minimal
with the property that x, > x,41, 8o that p <n,x; =---=xp, and x; <x, — 1 for
i > p. We have

reg(ly) >n-(x,—p)+p*+2-(p—1)-(n—p)
=pxp+m—p)-xp—D+m—p)-(p—D=x1+-+xn,

with equality when x; = x, — 1 fori > p and (n — p) - (p — 1) = 0. This forces
p=1and x; —1=xp =---=x,, concluding the proof of the theorem.

6. Local cohomology with support in determinantal ideals

In this section, we prove our main theorem on local cohomology with support in
determinantal ideals. Recall that S = Sym(C™ @ C") denotes the polynomial ring
of functions on the space of m x n matrices, I, C § is the ideal of p x p minors
of the generic m x n matrix, and H,(z, w) is the character of the doubly graded
module H ,‘p(S). Recall also the definition (1-3) of A,(z) and the notation (1-4) for
Gauss polynomials.
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Theorem 6.1. Foreach p=1,...,n, we have
p—1 1
_ (= p D)2 (n—s)-(m—n) (TS~ ) 2
Hy(, w)—X(;hx(m w (o 1) @d.
§=

To prove the theorem, note that since the system of ideals {I4z») : d > 0} is
cofinal with the one consisting of powers of the ideal of p x p minors, we ob-
tain from [Eisenbud 2005, Exercise A1D.1] that foreachi =0,1,...,m-n we
have

H}p(S) = li_}n Ext(S/Iary, S),
where the successive maps in the directed system are induced from the natural
quotient maps

S/ a+nyry = S/ lar).

By Theorem 4.2 all these maps are injective, so the description of the character
of H }p (S) can be deduced from Theorem 4.3. Note that the partitions x to which

we apply Theorem 4.3 have the property that x; =--- =x, =d and x; = 0 for
i > p. Since we are interested in the limit as d — 0o, we might as well assume
that x; = - - - = x,, = 00, in which case (4-4a) becomes vacuous. In what follows,
A will always be assumed to be a dominant weight.
Ifs <tjthens+1<t;+ jforevery j=1,...,n— p, sowe get
(reZj..) (4-4c) (s=ty)

Aitj = Ayl S s—m =< tj—m;

i.e., (4-4¢) implies (4-4b) (note that x,1—; = 0 for j < n — p). We conclude
that

2 el (S
H,(z,w) = Z [S5.6) F® S,G1- 2 - 1= pr=s:tn=m =2y 1)
0<s<t;<--<ty_p=<p-—1
As>s—n
As+1s—m
= > hy(2) - WP e =2 )

O<s<tj<-<t,—p<p-—1

which yields, upon setting t} =p—1-1,

p—1
n=p .
Hy(z,w) = Zhs(z) =P D —s)-(m—n) Z w2 =)
s=0 p—1—s=t{>>t;_,>0

n—p=

p—1
. —s—1
(= E hy(z) - wn—P D H0=s)-(n=n) (Z_i_l)(wz).
s=0
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Affine congruences and rational points
on a certain cubic surface

Pierre Le Boudec

We establish estimates for the number of solutions of certain affine congruences.
These estimates are then used to prove Manin’s conjecture for a cubic surface
split over @ whose singularity type is D4. This improves on a result of Browning
and answers a problem posed by Tschinkel.
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1. Introduction

The aim of this paper is to study the asymptotic behavior of the number of rational
points of bounded height on the cubic surface V C P defined over Q by

2
xo(x1 +x2+x3)" — x1x0x3 = 0.

Manin’s conjecture [Franke et al. 1989], and the refinements concerning the value
of the constant due to Peyre [1995] and to Batyrev and Tschinkel [1998b], describe
precisely what should be the solution of this problem.

The variety V has a unique singularity at the point (1 : 0 : 0 : 0), of type Dj.
In addition, it contains precisely six lines, which are defined by xo = x; =0 and
x1+x2+x3 =x; =0 fori €{l, 2, 3}. Rational points accumulate on these six
lines, hiding the interesting behavior of the number of rational points lying outside
the lines. We thus let U be the open subset formed by removing the six lines

MSC2010: primary 11D45; secondary 14GO05.
Keywords: affine congruences, rational points, Manin’s conjecture, cubic surfaces, universal torsors.
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from V. We also let H : P3(Q) — R- be the exponential height, defined for a
vector (xo, X1, X2, x3) € Z* satisfying ged(xg, x1, x2, x3) = 1 by

H (xo @ x1 2 x2 1 x3) = max{|xol, |x1], [x2], [x3]}.
The quantity in which we are interested is then defined by
Nu.u(B)=#{x e U(@) | H(x) < B}.
In this specific context, Manin’s conjecture states that
Nu.n(B) =cy B (log B)°(1+0(1)),

where ¢y, ;; is a constant which is expected to agree with Peyre’s prediction. In
a more general setting, the exponent of the logarithm is expected to be equal to
the rank of the Picard group of the minimal desingularization of V minus one. In
comparison, the number Np: ;4 (B) of rational points of bounded height lying on a
line satisfies Npi g (B) = CP,’HBZ(I +o0(1)), where Cpi gy > 0.

Manin’s conjecture for singular cubic surfaces has received an increasing amount
of attention over the last years (see, for instance, [de la Breteche and Swinnerton-
Dyer 2007; de la Breteche et al. 2007; Le Boudec 2012a]). The interested reader is
invited to refer to [Le Boudec 2012a, Section 1] for a comprehensive overview of
what is currently known concerning singular cubic surfaces defined over Q.

Any cubic surface in P? defined over C which has only isolated singularities and
which is not a cone over an elliptic curve can only have ADE singularities (see [Coray
and Tsfasman 1988, Proposition 0.2]). In Table 1 below, we recall the classification
over @ of cubic surfaces with ADE singularities, and we give the number of lines
contained by the surfaces. Moreover, we indicate if Manin’s conjecture is known
for at least one example of the surface of the specified singularity type by giving
the corresponding reference. Note that the difficulty of proving Manin’s conjecture
increases as we go higher in Table 1.

At the American Institute of Mathematics workshop Rational and integral points
on higher-dimensional varieties in 2002, Tschinkel posed the problem of study-
ing the quantity Ny, g (B). Motivated by [Heath-Brown 2003], which deals with
Cayley’s cubic surface, Browning [2006] gave a first answer to this question by
proving that

Nu.n(B) < B(log B)®,

where < means that the ratio of these two quantities is between two positive
constants. To do so, he made use of the universal torsor calculated in [Hassett and
Tschinkel 2004], which is an open subset of the affine hypersurface embedded in
A0 ~ Spec(Q[n,, ..., 1)) and defined by

20318 + N30eTe + 4310 — MMaN3N4NsNeT7 = 0.
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Singularity type Number of lines Result
Ay 21
2A, 16
Aj 15
3A, 12
Ar+ Ay 11
Aj 10
4A,4 9
2A1+ Ay 8
Az + A 7
2A, 7
Ay 6
Dy 6 [this paper]
2A 1+ Aj 5
2A; + A 5 [Le Boudec 2012a]
As+ A4 4
As 3
D5 3 [Browning and Derenthal 2009]
3A, 3 [Batyrev and Tschinkel 1998a]
As + Ay 2 [Baier and Derenthal 2012]
E¢ 1 [de la Breteche et al. 2007]

Table 1. Cubic surfaces with ADE singularities.

In this paper, we also make use of this auxiliary variety to establish Manin’s
conjecture for V.

Universal torsors were originally introduced by Colliot-Théléne and Sansuc in
order to study the Hasse principle and weak approximation for rational varieties
(see [Colliot-Thélene and Sansuc 1976; 1980; 1987]). These descent methods have
turned out to be a very pertinent tool for counting problems. The parametrizations
of rational points provided by universal torsors have been used in the context of
Manin’s conjecture for the first time by Peyre [1998] and Salberger [1998].

It is a well-established heuristic that counting rational points on cubic surfaces
becomes harder as the number N of (—2)-curves on the minimal desingularizations
decreases (which means as we go higher in Table 1). As a consequence, our result
can be seen as a new record, since V is the first example of cubic surface with
N =4 for which Manin’s conjecture is proved. By way of comparison, we record
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here that N is also equal to 4 for Cayley’s cubic. Previously, Manin’s conjecture
was known for only two nontoric cubic surfaces with N = 6 (see [de la Breteche
et al. 2007; Baier and Derenthal 2012]) and two cubic surfaces with N =5 (see
[Browning and Derenthal 2009; Le Boudec 2012a]).

Since the parametrizations of the rational points resorting to universal torsors
become extremely complicated as N decreases, it seems to the author that establish-
ing Manin’s conjecture for a cubic surface with 1 < N < 3, and even for another
cubic surface with N =4, is an extremely difficult problem. In particular, all such
surfaces have universal torsors which are not hypersurfaces. Actually, it is not
even clear if sharp upper bounds for Ny g (B) can be obtained for surfaces with
1 < N < 3. As a reminder, the best result known for nonsingular cubic surfaces
(that is, with N = 0) is the upper bound

for any fixed ¢ > 0, which holds if the surface contains three coplanar lines defined
over @ (see [Heath-Brown 1997]).

To prove Manin’s conjecture for V, we start by establishing estimates for the
number of (u, v) € Z* lying in a prescribed region and satisfying the congruence

aiu+av=>b (mod q) (1-1)

and the condition gcd(uv, g) = 1, where ay, ay € Z, q € Z>; are such that aja;
is coprime to g and b € Z is divisible by each prime number dividing g. Then, the
first step of the proof consists in summing over three variables, viewing the torsor
equation as an affine congruence to which these estimates are applied.

At this stage of the proof, a very interesting phenomenon stands out. The error
term showing up in these estimates gives birth to a new congruence where the
coefficients a; and a, appear. However, it is not possible to give a good bound
for this quantity for any fixed a; and a; coprime to g. As a consequence, this
quantity has to be estimated on average over certain variables dividing a; and a,.
More precisely, this error term is nontrivially summed over two other variables
whose squares respectively divide a; and a,, using a result due to Heath-Brown
and coming from the geometry of numbers.

The step which makes this new congruence appear is definitely the key step of
our proof (see Lemma 2). Our method is believed to be quite new and will certainly
be useful in dealing with other diophantine problems. For instance, the methods
of Lemmas 2 and 9 are used in forthcoming work of la Breteche and Browning
[2014], in which they study in a quantitative way the failure of the Hasse principle
for a certain family of Chéatelet surfaces.

It is worth pointing out that it is very likely that our work can be adapted to yield
a proof of Manin’s conjecture for another cubic surface with a single singularity
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of type D4 but lying in the other isomorphism class over @ (there are exactly two
isomorphism classes of cubic surfaces with D4 singularity type over Q). This cubic
surface is defined over Q by

xo(x1 + x2 +x3)2 +x1(x1 +x3) =0,

and the universal torsor corresponding to this problem is an open subset of the
affine hypersurface embedded in A0 ~ Spec(Q[n,, ..., n,]) and defined by

nam3ng + N3Mgho + n4minye = 0.

The study of the congruence (1-1) in the particular case b = 0 is expected to solve
the problem of proving Manin’s conjecture for this surface in a similar fashion.
Our main result is the following:

Theorem 1. As B tends to +00, we have the estimate

1
Nu.u(B) =cy yBlog B)°(1+ 0 ———— ).
v.H(B) = cy yB(log B) ( + <(log10g3)1/6)>

where cy, 1 agrees with Peyre’s prediction.

It has been checked that V is not an equivariant compactification of G2, or
Gg (see [Derenthal 2014, Proposition 13] and [Derenthal and Loughran 2010]).
Furthermore, let

Gy = G’a Xd Gm,

where d € Z and the action of g € G,, on x € G, is given by g -x = g%x. It can
be checked that if V were an equivariant compactification of G4, then the number
of negative curves on its minimal desingularization would be less than or equal
to 8, which is not the case since this number is equal to 10. As a result, Theorem 1
does not follow from the general results concerning equivariant compactifications
of algebraic groups [Batyrev and Tschinkel 1998a; Chambert-Loir and Tschinkel
2002; Tanimoto and Tschinkel 2012].

The next section is dedicated to the proofs of several preliminary results. The
two following sections are devoted to the descriptions of the universal torsor and
Peyre’s constant respectively. Finally, in the remaining section we prove Theorem 1.

Throughout the proof, ¢ is an arbitrarily small positive number. As a convention,
the implicit constants involved in the notation O and < are always allowed to
depend on ¢.

2. Preliminaries

2.1. Affine congruences. Let ay, ay € Z4 be two integers, and set a = (aj, a2).
Let also g € Z>; and b € Z. We assume that aja; is coprime to g. Moreover, if we
let rad(n) denote the radical of an integer n > 1; that is,
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rad(m) =] p.
pln

then we also assume that
rad(q) |b. (2-1)

Let $ and $ be two bounded intervals. We introduce the quantities
N($, $:q,a,b)
=#{(u,v) € IxFNZ* | ayu+arv =b (mod q), ged(uv, q) =1}, (2-2)

and

N*($, $;q) = L#{(u, v) € IxFNZ* | ged(uv, q) = 1}. (2-3)
v(q)

It is immediate to check that one of the two conditions among gcd(u, g) = 1 and
gcd(v, g) =1 can be omitted in the definition of N (¥, $; ¢, a, b). Indeed, if we omit
the condition ged(u, ¢) = 1, then the conditions gcd(az, ¢g) = 1 and ged(v, g) =1
together imply that we have gcd(aju — b, g) = 1. This last condition is seen to be
equivalent to gcd(u, g) = 1, thanks to the conditions (2-1) and ged(ay, g¢) = 1.

Note that N*($, $; q) is the average of N($, $; ¢, a, b) over aj or a; coprime to g.
In Lemma 2, we show how we can approximate N (¥, $; g, a, b) by N*($, $; q).
We start by studying some exponential sums which will naturally appear in the proof
of Lemma 2. For ¢ € Z-1, we let e, be the function defined by e, (x) = %™*/4,
and we set forr,s € Z

q

Sy(ros,aby= Y egra+sp).
o,f=1
ged(@p,q)=1
aja+a=b (mod q)
Furthermore, we need to introduce the classical Ramanujan sum. For ¢ € 7> and

neZ,we set .

cq(n) = Z eq(na)

a=1
ged(a,q)=1

cqg(n) = Z ,u(%)d (2-4)

d| ged(g,n)

and we recall that

Lemma 1. Foranyr,s € Z, we have
Sy(r,s,a,b) =¢, (ral_lb)cq (a1s — asr)
and, symmetrically,

Sq(r,s,a,b) = eq(saz_lb)cq (apr —ays),
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where a; Vand a, ! denote respectively the inverses of a; and a, modulo q.
As a result, we have S,(q, s, a, b) = c,(s) and S,(r, q, a, b) = c,(r), and thus
these two quantities are independent of a and b.

Proof. The symmetry given by the map (r, s, a;, a) — (s, r, az, a;) implies that
we only need to prove one of the two equalities. Let us prove the second one. Just
as we can omit the condition gcd(v, g) = 1 in the definition of N (%, $; ¢, a, b),
we can also omit the condition ged(B, g) = 1 in the definition of S,(r, s, a, b).
Therefore, we get

q q
Sgroscaby= > e ra) Y eg(sP)
a=1 B=1
ged(er,q)=1 aja+ayB=b (mod q)
q

= Z eq(roz)eq(s(az_lb—az_lalol))

a=1
ged(a,g)=1
q
-1 -1
=e4(sa, b) Z e,((r—a, ais)a)

a=1
ged(a,q)=1
-1 -1 -1
=ey(sa, b)cy(r —a, ais) = ey(sa, b)c,(arr —ays),

as wished. |

From now on, for A > 0 we define the arithmetic function o_; by

o_s(n) = Z k.

k|n

Lemma 2. Let aj,ay € Z40, q € Z>1 and b € Z, satisfying the assumptions
gcd(aiaz, g) = 1 and rad(q) |b. We have the estimate

N($,%:q9.a,b)—N*(9, $:q) < E(q, a),

where E(q, a) = Eo(q, a) + E|(g) with

Eog.y=Y_|u(%)[a > sl

0<|rl,|s|<q/2
ays—ayr=0 (mod d)

and

3
Ei(q) = (L) (log q)*.
v(q)
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Proof. We detect the congruence using sums of exponentials; we get

q
N($,9:q,a,b)= > #(u,v) € IxINZ | gla—u, f— v}

o, B=1
ged(aB,q)=1
ajoe+azB=b (mod q)

q

q q
= Z LZ(Z Zeq(roz—ru)) (Z Zeq(sﬂ—sv))
a,B=1 q ued r=1 ved s=1

ged(aB,q)=1
aja+azB=b (mod q)

1 q
=2 > S, s.a.bYFy(r,5),

r,s=1

Fy(r,s) = (Z eq(—ru)> (Z eq(—sv)>.

uey veg

where

Using Lemma 1, we get

1 & 4
N3, $;:q,a,b)= — Z eq(ray b)cy(ars —axr)Fy(r, s).

r,s=1

Let ||x|| denote the distance from x to the set of integers. If r, s # g, then F,(r, 5)
is the product of two geometric sums, and we therefore have

<[22I

Let N($, $; q) be the sum of the terms corresponding to r = g or s = g. As stated
in Lemma 1, N($, $; q) is independent of a;, a; and b. Using (2-4), we get

14
N©&.$:q.a.) - NS F9)= 5 Y egray ' b)cylars —ar) Fy(r, 5)
r,s=1
1 g g-1 Al s
< — M(—)‘d 1=
q? % d ”Z::I al llq
ajs—axr=0 (mod d)
1 q 9 9
<L — u(—)'d ——
q? 2 d 2 Ir| Is|

dlq 0<|r|,ls|<q/2

ajs—axr=0 (mod d)

Recall that the right-hand side is equal to Eg(g, a). We have thus obtained

N($,%:q,a,b) — N3, $;q9) < Ey(q, a). (2-5)
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Since N (%, $; q) is independent of ay and since N*(¥, $; ¢q) is the average of
N(9$, $; q, a, b) over ap coprime to g, averaging this estimate over a, coprime to g
shows that

N*(9,%:9) — N9, $;9) < E|(q),

where

1 q
Eiq) =50 d Do st Y

dlg 0<]rl,|s|<q/2 ar=1
ged(az,q)=1
ajs—azr=0 (mod d)

& — Zd Z ged(r, s, d)|r|"ts| ™!

dlqg  0<lrl.Is|=q/2

<<WZ Yodo Y s

dlg d'|d 0<]|rl,|s|<q/2
d'|r,d |s

< T<logq> > _do_i(d).
dlq

Furthermore, we can check that the right-hand side is bounded by E;(q). Thus
N*(9,$:9) — N9, $; q) < E1(q), (2-6)
and therefore, combining the estimates (2-5) and (2-6), we obtain
N(9,%:q.a,b) = N*(9,%;9) < E(q, a),
which completes the proof. ]

Note that an immediate consequence of Lemma 2 is the bound

1
N, 9:q,a,b) K —#(IxFNT) + E(q, a). 2-7)
¢(q)
We now introduce a certain domain & C R? where the couple (u, v) is restricted
tolie. Let X, 7, A1, Ay > 1. Welet ¥ = P(X, T, Ay, A») be the set of (x, y) € R?
such that

Ay x| Aslyl|A1x + Ary — T| < T?X, (2-8)
|Aix+ Ary —T| < X, (2-9)

Arlx] < X, (2-10)

Aslyl < X. (2-11)

Note that the last three conditions imply that we also have

T <3X.
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Finally, we set
D(¥:q,a,b) =#{(u,v) € smzio | aju+av=b (mod q), ged(uv, q) =1}

and

1
D*(¥; q) = (p(—q)#{(u, v) € FNZ% | ged(uv, q) = 1}.

We now aim to prove the following lemma.

Lemma 3. Let L > 1. We have the estimate

3

1 X
D(¥;q,a,b)— D" (¥:q) €« —————— + L*10g(2X)*E(q, a).
1 DS TTA Aw(Q) s 1

Proving this requires a technical result similar to [Le Boudec 2012b, Lemma 4].

Lemmad. Let0 <v <1and My € Rog. LetY € Rog and Y' € R be such that
0<Y-Y K ng. Let also A € R and set M =max(|A|, Y'/?). Let R C R be the
set of real numbers y satisfying

Y < |y’ 424y <7Y.

If Mo > M then we have the bound

M2
#HRNZ) < v”zﬁo +1.

Proof. Without using the assumption My > M, the proof of [Le Boudec 2012b,
Lemma 4] shows that we have

MZ
#RNZ) < UVO +v'2 My +1.

Therefore, under the assumption My > M, we clearly have the claimed upper
bound. (|

Proof of Lemma 3. If ¥ N Zio = & then the result is obvious. We therefore assume
from now on that ¥ N Zio # . Welet0 < 8, 8’ <1 be two parameters to be
selected in due course, and we set £ =1+ 6§ and ¢’ = 1+ &'. In addition, we let U
and V be variables running over the sets {+¢" |n € Z>_;} and {£¢" |n € Z>_1},
respectively. We define $ = U, (U] if U >0and $ =[¢U, U[ if U <0, and define
the interval § the same way using the variable V and the parameter ¢’. We have

D(#;q.a.b)— Y  NU@.Figab)< > N $iq.ab).
IxgNZ2CY IxIN7* LS
IxINTPLRINS
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We define the quantity
DFiq)= Y. N 9.
IXINZECY

We note here that since N*($, $; ¢) is independent of a;, a; and b, D(¥; q) is also
independent of a;, ay and b. Moreover, we have

log(2X)?

86’
IxINZ2CS

where we have used Lemma 2 and noted that the number of rectangles ¥ x $ such
that $x $NZ% C & is at most

log X log X log(2X)?
41 1+ o 1+ S >
g log¢ 86

since 8, 8 < 1. We have proved that

log(2X)?
D(#;q.a,b) = DS ) < Y N(ﬁ,%q,a,b)ikME(q,a).

86’
IxINI* ¢S
IxINPLRNS

Using the bound (2-7) for N(9$, $; q, a, b), we conclude that

1 log(2X)?
D(¥;q,a,b) = D(F; )< — ) #(9XEHZZ)+%,)E(Q,¢I),
IxIN2LS
IXINTPERN\S

since the number of rectangles $ x ¢ satisfying $ x $NZ> € ¥ and $ x $NZ> L R*\ S
is also < log(2X)28~18'~!. The sum of the right-hand side is over all the rectangles
Ix§ for which (51U, ¢"2V) e $NZ% and (¢"U, "2 V) € 7>\ ¥ for some (s1, 52) €
10, 117 and (11, 12) € 10, 1]>. This means that one of the inequalities defining & is
not satisfied by (¢"'U, ¢2V), and we need to estimate the contribution coming
from each of the conditions (2-8)—(2-11). Note that we always have the conditions

AUl = X, (2-12)
AV < X. (2-13)

In what follows, we could sometimes write strict inequalities instead of nonstrict
ones, but this would not change anything in our reasoning. Let us first deal with
condition (2-8). For the rectangles % x ¢ described above, for some (s, s2) € ]0, 11
and (11, 1) € ]0, 1]* we have
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CERANUA VI AU 4+ AV =T < T°X, (2-14)
"¢ ANUI ALV [E" AU + ¢ AV —T| > T?X. (2-15)

These two conditions imply respectively

T°X
|A1U + AV —T| < ———— +8A1|U|+ 8 Ay| V],
AUl A2|V|

and
|AiU + AV —T| > g—‘g/—‘Tz—X —8A|U| =8 As|V|
AU A2| V]
Setting A = § + &', we thus get
T2X T2X

—1,7—1
—AX AWU+AV-TI<—+AX. (2-16
¢ <|A4 2 l_A1|U|A2|V| ( )

AU A2|V|

Going back to the variables u and v, it is immediate to check that
|[|Aju+ Asv — T| = |A\U 4+ AV — T|| <8A|U|+ 8 A|V| < AX.

Therefore, the inequality (2-16) gives

g*‘;’*‘TZ—X —2AX < |Aju+Aw—T| < ;;’TZ—X +2AX.
AjlulAz|v| 77 AylulAzlv|
Finally, we obtain the condition
g*lg’*sz—X—MXz <tullut 22 <t "X +4AX—2. (2-17)
A2 A5 vl A2 Ay A2 A5yl A?

Since T < 3X, we can apply Lemma 4 with
X3/2

My= —————
A]Aé/2|l)|l/2

and v = A. We see that the error we want to estimate is bounded by

D H#HIxINTY) <#{(u,v) € Zay | 2-17), Jul K X/Aj, [v] < X/As}
(2-12),(2-13)
(2-16) X5/2 X

x3
< (Al/z +1) < AP L2
IUI;X/Az TALAY?v|'2 TAlAy A

Using the symmetry between the variables u and v, we see that we also have

X

#IXINZ) < AP ——— 4 —
2 HIxgNTH <A+

(2-12),(2-13)
(2-16)
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and thus
X

+ .
TA1A2  Al2A)?

Y #UxINTH) < A
(2-12),(2-13)
(2-16)

We now reason in a similar way to treat the cases of the other conditions. Let us
estimate the contribution coming from condition (2-9). We see that the condition
which plays the role of (2-16) in the previous case is here

X—-AX <|A/U+ AV -T| <X+ AX. (2-18)
Furthermore, going back to the variables # and v, we obtain

X -2AX <|Aju+Aw—T| < X+2AX. (2-19)
We therefore find that the error in this case is bounded by

Z #IXINZY) < #{(u,v) € 22y | (2-19), [u] < X/A1, [v| < X/Az}
(2-12),(2-13)

(2-18) X X2 X
A1 A +—.
< E (A1+)<< an L

| <X /As

Once again using the symmetry between the variables u and v, we obtain

Y #IXINTH) LA X X
12 ,1/2°
(2-12),(2-13) A1Ay ATA,
(2-18)

Finally, if X/A; < 2 then it is clear that we do not have to consider the case of

condition (2-10), and if X/A| > 2 then we are going to choose § such that X/A;

is an integer power of ¢ and, as a result, we do not have to consider the case of this

condition, here either. The same reasoning holds for the choice of the parameter §’

depending on the size of the quantity X/A;. As a consequence, we have obtained
X3 log(2X)? X

D(¥; q,a,b)—D(¥; ) < A2 + E(q, @)+ —5—5—
9 a4 TA Arxp(q) 88 A2 AV 0(q)

Note that if ¢ =1 then the result of Lemma 3 is clear since D(¥; 1, a, b) = D*(¥; 1)
and if ¢ > 1 then the third term of the right-hand side is dominated by one of the
other two. We can always choose § and 8" such that ¢ and ¢’ are integer powers
of X/A and X /A, respectively if these quantities are greater than or equal to 2;
and we can require that, given L > 1,

1

[
8,6 =17
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These choices of § and §’ give
3

1 X
D q,a,b)—D(¥;q) €« ———— + L*10g(2X)*E(q, a).
LTA A(q)

Since D(¥; q) does not depend on a; and D*(¥; g) is the average of D(¥; g, a, b)
over ap coprime to g, averaging the last estimate over a, coprime to g yields
D) - DF ) < LK g Erg)
1 q) — D(¥; T 0 1(g)-
1 VST T A1 A20(q) s 1
Putting these two estimates together completes the proof. (]

Our next aim is to approximate the cardinality which appears in D*(¥; ¢) by
its corresponding two-dimensional volume. For this, we define the real-valued
function

h:(x,y, t) > max{|xy||lx +y—t], x|, £2|y|, £*|x +y — ¢t} (2-20)

It is immediate to check that

1/3
yz{cny)eRﬂh( A Ay T )51}. (2-21)

X13T2/3 X1/3T2/3° X1/3

We also introduce the real-valued functions

gr:(y,t)— dx, gz:tr—>/g1(y,t)dy.
h(x,y,t)<1

Lemma 5. For (y,t) € R x R., we have the bounds
g1y, ) <t™? and g (1) < 1.

Proof. The bound for g; is clear since #?|x| < 1. To prove the bound for g, we use
the elementary result [Derenthal 2009, Lemma 5.1]. We obtain

1 1
dx « min{ , }
/Ixy||x+y—t<1 IyIV/27 |yl ly —t]

Therefore, we have

dy dy dy
8g2(1) <</ —+f —+/ -
i<t Y20 Jny—es1 Hy =21 st y—n<t 19134y —1]1/2

The three terms of the right-hand side are easily seen to be bounded by an absolute
constant, which completes the proof. U

We now prove that the following result holds:
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Lemma 6. We have the estimate

o(q) X2/3T4/3 T1/3 x2 A}/Z A1/2
* . _
D) == T gz(x1/3) S (xwz + Xl/z)Ez(CI)
where
Ex(q) = ?U—I/Z(Q)U—I(Q)-

Proof. We start by removing the two coprimality conditions ged(u, g) = 1 and
gcd(v, g) = 1 using Mdbius inversions. We get

D*(¥: q) ( T2 KD Y mECE, 2. 9, (2-22)
£ £
where ! !

Cly, o, ) =#{(u' V) € Z% | (L1i, £0)) € F}.
To count the number of u’ to be considered, we use the estimate
#n € ZpoN (1, 1]} =1 — 11+ O(max(|n ], 1)) '/?), (2-23)

which is valid for any ¢1, £, € R such that #; <. We obtain

Z X1372/3 Astoy) T3 X172
Clly, b, ) = ( g1< , )+ 0(—))
AIEI X1/3712/3° x1/3 A}/ZE}/Z

U/EZ#()
Arbo|v'|<X
X1/3T2/3 AZEZU/ T1/3 X3/2
=T A0 > gl<X1/3T2/3’X1/3)+0< 172,172 )
1t1 v'eZ s Al 51 Arly
Arbo|v'|<X

The first bound of Lemma 5 implies that
T1/3 x2/3
sup g\ Y oz | K 733
ly|<X2/3/T2/3 < X1/3> T2/3"

Since g; is easily seen to have a piecewise continuous derivative, this bound, an
application of partial summation and a further use of the estimate (2-23) yield

Azﬁzl}/ T1/3 X1/3T2/3 T1/3 X7/6
Z gl(Xl/%Tz/y X1/3) T A0 g2< 1/3)+0( 172 1/2)'
: 282 X T?3A5)7¢,

U’EZ#O
Arbov'|<X

We have finally proved that

| X23T4/3 T1/3 X3/2 X3/2
Clr, 6, %) = gz( )+0< n )
Gl AAy OP\XT A AR T A0 e,
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Putting together this estimate and the equality (2-22) completes the proof. U

One of the immediate consequences of Lemmas 3 and 6 is the following result,
which corresponds exactly to the setting of the proof of Theorem 1:

Lemma?7. Let L >1and £ > 1. If

=T,

SRS

then we have the estimate

(p(q) X2/3T4/3 T1/3
D(¥;q,a,b) — E,
(43 q.a,b) 2 AA S\ <

where E=E(X,T, A, Ay, L, &, q, a) is given by

X2/3T4/3 P A1/2 A1/2
T+ T+ 2 ) Ea().
A1Arg

E = L*log(2X)*E(q, a) + Tttty
2.2. The error term. We now turn to the investigation of the error term E (g, a@’) in
the particular case where a’ = (blc%, bgcg) for by, by, c1, c2 € Z>1. Recall that we
have ged(bbacica, ¢) = 1. We aim to give an upper bound for the sums of E (g, a’)
over c¢; and ¢; in some dyadic ranges. For this, we make use of the following result,
which comes from the geometry of numbers and is due to Heath-Brown (see [1984,
Lemma 3]). Note that this result had already been used by Browning [2006] to
prove that Ny g (B) has the expected order of magnitude.

Lemma 8. Let (vy, va, v3) € Z> be a primitive vector, and let Wi, Wy, W3 > 1. The
number of primitive vectors (Wi, wa, w3) € 73 satisfying the conditions |w;| < W;
fori=1,2,3 and the equation

viwy +vwr +v3w3 =0

is at most
Wi W, Ws

max{|v;| W;}
where the maximum is taken overi =1, 2, 3.

From now on, we let T be the usual divisor function. Recall the definitions of
E(g,a’) and E|(g) given in Lemma 2. We now prove the following lemma:

Lemma9. Let Cy, Cy > % We have the bound

S Eg.a) < (€16t (@) +9) 2"V Ey (@),

Ci<c¢; <2C;
ng(C| ,C2)=1

where the notation Y " means that the summation is restricted to integers which are
coprime to q and where i implicitly runs over the set {1, 2}.
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Proof. We have

Y7 E@ay< Y Eolg.a)+CiCE ().

C;<c;<2C; Ci<c;<2C;
ged(cr,e2)=1 ged(er.c2)=1

The first term of the right-hand side is at most

*

)LD DN e D DA
dlg 0<]rl,|s|<q/2 Ci<c;<2C;
ng(C] ,Cz):]

bicts—bycr=0 (mod d)

Let us set g = gcd(r, s,d) and 5" =s/g,r' =r/g and d' = d/g. We have

* *
> =X > |
Ci<c¢;<2C; 1<p=<d Ci<c;<2C;
ged(cy,c2)=1 ged(p,d)=1 ged(cy,c2)=1

hlc%s—bzcgrEO (mod d) bisp2—brr=0 (mod d) pc2=ci (mod d)

*

= > !
l<p=<d Ci<c; <2C;
ged(p,d)=1 ged(cy,c2)=1

bis' p2—byr’=0(mod d’) pc2=ci (mod d)

- ¥ >

I<p<d Ci<ci <2C;
ged(p,d)=1 ged(cy,e2)=1
p2—(b1s") "' byr'=0 (mod d’) Pc2=ci (mod d)

since ged(b1by, d’) = 1 and ged(r/, s’,d’) = 1, and where (b;s’)~! denotes the
inverse of b1s’ modulo d’. Using Lemma 8, we get

* i1,
Yk +1.
d
Ci<ci <2C;
ged(er,e2)=1
pcr=cy (mod d)

As a consequence, we have proved that

CiC
Y 1 <ged(r s, d)20@ (% + 1).

Ci<ci<2C;
ged(cp,e2)=1
blc%sszc%rzo (mod d)

Finally, we easily get



1276 Pierre Le Boudec

Zd Z |r|_1|s|_1 ng(l’, S(,Jd)zw(d) < Zzw(d) Ze Z |r|_1|S|_l

dlg 0<]r|,|s|<q/2 d|g eld 0<|r|,|s|<q/2

elr,el|s
L 2Dz (g)o_1(q)(log q)?
L 2°D1(q)E(q),

and, as in the proof of Lemma 2, we obtain
dYod o DY sl ged(r s, )27 < q2° P Eq(q).
dlg  0<|rl,Is|=q/2

As a result, we have proved that

37 Eo(g.d) < (CiCat(g) +9)2° @V E (),

Ci<c;<2C;
ged(cer,c2)=1

which completes the proof. U

2.3. Arithmetic functions. We now introduce several arithmetic functions which
will appear along the proof of Theorem 1. We set

¢*(n) = ]_[(1 — %) (2-24)
pln
o' (n) = 117_[(1 - %)_2(1 + %)_l, (2-25)

and also, fora, b € 7>,

wn=T1(1-1) (1--1). (2-26)

pln
pla
and
«(n) if ged(n, b) =1,
Vap(n) = Ya(n) g (. )
0 otherwise.

Following the straightforward reasoning of the proofs of [Le Boudec 2012b,
Lemmas 5, 6], we easily obtain the following result:

Lemma 10. Let O < y < 1 be fixed. Let 0 < t] < tp, and set I = [t1,1;]. Let
g :Roo — R be a function with a piecewise continuous derivative on I whose sign
changes at most Ry (1) times on 1. We have

Vap(n)g(n) =TW(a,b) | gt)dt + 0, (0, 2(ab)1] M;(g)),
1

nelNZ-o



Affine congruences and rational points on a certain cubic surface 1277

where
T=[]e'(»"'. W b)=¢*b)e (ab), (2-27)
p

and

M;(g) = (1+ Ry(I)) sup [g(1)].
telNR~g

3. The universal torsor

In this section we define a bijection between the set of rational points of bounded
height on U and a certain set of integral points on the hypersurface defined in
the introduction. The universal torsor corresponding to our present problem was
first determined by Hassett and Tschinkel [2004] and then used by Browning
[2006] to prove the lower and upper bounds of the expected order of magnitude
for Ny p(B). We employ the notation used in [Derenthal 2014]. Let I (B) be the
setof (1, ...,1,9) € Z 5 x Zio satisfying the equation

NaN31g + N3Meto + 4310 — My MaM3N4NsNel7 = O, (3-1

the coprimality conditions

ged (19, mMaN3n4M506) = 1, (3-2)
ged(ng, mmym3nansng) = 1, (3-3)
ged(ng, 111,03M4M677) = 1, (3-4)
ged(ny, nsneny) =1, (3-5)
ged(nyns, 13141617) = 1, (3-6)
ged(n3ng, mang) = 1, (3-7)
and the height conditions

Ingnomiol < B, (3-8)
nimnsnamiingl < B, (3-9)
ninan3naneingl < B, (3-10)
i3 ningIngl < B (3-11)

Lemma 11. Ny u(B) =#J(B).

Proof. It is sufficient to show that the counting problem defined by the set J(B) is
equivalent to the one described in [Browning 2006, Section 4], which we call 7' (B)
and which is defined exactly as J(B) except that the condition (3-5) is replaced by
the condition | (n,n31,)| = 1.
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Fori =2, 3, 4, there is only one way to write 7, = 1/n/? in such a way that )/ is

squarefree. Setting 1, ; =1, 3n; and n} = n,n,n3n,, we claim that the translation

between the two counting problems is achieved via the map

S . (771» 772» 773, 7745 7755 776’ 777) = (77/1, 77/2, 77/3’ 7721.7 771/3» nlﬁv 77/7)

Indeed, (3-1) and the height conditions (3-8)—(3-11) are invariant under S. Also, the
coprimality conditions (3-2), (3-3), (3-4), (3-6) and (3-7) are preserved under S, and
the condition (3-5) is replaced by the condition | (n5n5n,)| = 1, which completes
the proof. U

4. Calculation of Peyre’s constant

Peyre [1995] gives an interpretation for the constant ¢, ;;, appearing in the main
term of Ny, gy (B) in Theorem 1. In our specific case, we have

ey =aWVBWVog(V),

where V denotes the minimal desingularization of V. The definitions of these three
quantities are omitted (the reader should refer to [Peyre 1995] or to Section 4 of
[Le Boudec 2012a] for some more details in an identical setting). Using the work
of Derenthal, Joyce and Teitler [Derenthal et al. 2008, Theorem 1.3], it is easy to
compute the constant a(V). We find

1 1 1

V = — = s
V)= 120" #W Dy ~ 23040

where W (D4) stands for the Weyl group associated to the Dynkin diagram of the
singularity D4. Here, we have used #W (D,,) = 2"~ !n! for any n > 4. In addition,
B(V) =1 since V is split over Q. Finally, wgy (V) is given by

a)H(\7) = Woo 1_[(1 — %)7%,,
p

where o and w), are the archimedean and p-adic densities respectively. Loughran
[2010, Lemma 2.3] has shown that we have
1+ ! + 1
Wy = -+ —.
P p P
Let us calculate ws. Let x = (xg, X1, X2, x3) and f(x) = xo(x1+x2 +x3)% — X1 X2x3.
We parametrize the points of V with x1, x and x3. We have
af

() = (x1 +x2 +x3)%,
3)60
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and since x = —x € P3, we obtain

. l dxl de dX3
) 2 (x1 +x2+x3)%
[x1x2x3|/ (X1 +x2+x3)%, [x1 ], X2, [x3]<1 1 2 3

Recall the definition (2-20) of the function /. The change of variables defined by
x| =1%x, xp = tzy and x3 = —12(x + y —1t) yields

wOOZQ/// dxdydt:3f/f dedydr. (41
2 JJ Jhxyn<t 1>0,h(x,y.N<I

5. Proof of the main theorem

5.1. Restriction of the domain. Note that in the torsor equation (3-1) the first three
terms are at most B/ 77%772773 n, (by the height conditions (3-9)—(3-11)), and thus we
have

3.2.2.2
niNaN3NANsNeN; < 3B.

From now on, for n € Z-| we denote by sq(n) the unique positive integer such
that sq(n)zln and n/ sq(n)2 is squarefree. Note that for two coprime integers
m, n € Z>1, we have sq(mn) = sq(m) sq(n).

We now need to show that we can assume along the proof that

N, 8q(nynsn,) > B/ 1oglog B (5-1)
and, in addition, that
TR s > (5-2)
~ loglog B

The proof of Lemma 11 shows that we can make use of the estimates in [Browning
2006, Section 6] to prove that the contributions to Ny g (B) coming from those
(My» ... ny9) € T(B) which do not satisfy one of the two inequalities (5-1) and
(5-2) are actually negligible.

We start by proving a lemma:

Lemma 12. Let M(B) be the overall contribution to Ny, g (B) coming from those
(Mys -+ My0) € T(B) such that n, sq(n,n3n,) < B13/10g10¢ B We haye

B(log B)®

M(B —_—.
(B) < loglog B

Proof. Recall the notation introduced in the proof of Lemma 11. We note that the
condition 7, sq(1,131n,) < B!3/loglog B jq equivalent to n < B!3/loglog B
Fori=1,...,10 we let Y; be variables running over the set {2" |n > —1}. By
counting the number of (1}, ..., n},) € 7'(B) which satisty ¥, < [n;| < 2, for
i=1,...,10, we claim that [Browning 2006, Sections 6.1, 6.2] gives
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M(B) <« B(log B)® + leﬂ 1/6X1/6X1/6
Y,

i

Y, Y, Y5V, YsY Y, Y VoY,
+2 . max . . (53)
v (i, k)=2.3.41 | Vg max{Y; Y2, Y, Y. Y 5Y 6 Zi}
where the two sums are over the ¥;, i =1, ..., 10, subject to the inequalities
Yg¥oY,o = B, (5-4)
YEY3Y,Y, Y2V < B, (5-5)
YEY,YiY,YEY, < B, (5-6)
Y2Y,Y Y2Y3Y,, < B, (5-7)
and also
Yl S BlS/IOgIOgB’ (5_8)

and where Xy, X1, X», X3 denote the left-hand sides of the inequalities (5-4), (5-5),
(5-6) and (5-7) respectively, and finally, for k € {2, 3, 4}, Z; is defined by

PR LA IR S AR AES A A AR AL
k= 1 otherwise.

Let us explain briefly how the upper bound (5-3) can be deduced from Browning’s
work without making use of the condition (5-8). It is useful to note that our variables
Y,i=1,...,10,and X;, j =0, ..., 3, correspond respectively to Browning’s
variables Sy, U, Ua, Us, Si, S2, S3, Yl’ Y2’ Y3 and X4, X1, X2, X3. First, the
second term of the right-hand side of [ibid., (6.26)] is equal to

(XoX1X2X3)!/* (1 log B 1/16)

Y
y]1/2 (YoYoY )1/10 ke oy kH

in our notation, and is easily seen to have overall contribution B(log B)>. As a
result, the right side of [ibid., (6.29)] can actually be replaced by (in our notation)

B(log B)® + Z X,

l

12y 1/6 1/6

x)/°xy°. (5-9)

Taking into account [ibid., (6.31)], we see that the right-hand side of the upper
bound in [ibid., Proposition 4] can also be replaced by (5-9). Then, we note that
the first term of the right-hand side of the upper bound in [ibid., Lemma 13] has
overall contribution B(log B)*. This implies that the right-hand side of the upper
bound in [ibid., Proposition 5] can be replaced by, in our notation,

Y, Y, VY, Y Y Y Y Y, Y, }
Zi)

(i.jk) ”i“{Yp6”mﬂY’h3K+@’}%+ﬁﬂwa

B@gB)+Z:
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This concludes the proof of the upper bound (5-3).

Let us denote by N'; (B) and N (B) the respective contributions of the two sums in
(5-3). In the following estimations, the notation Z;j indicates that the summation is
over all the ¥; with i # j. We start by investigating the quantity Ny (B) by summing
over Y5, Y and Y, using, respectively, the conditions (5-5), (5-6) and (5-7). We get

N1(B) = Z Y, Y2/3 2/3 Y2/3 Y1/3 Y1/3 Y1/3 Y2/3 Y2/3 Y2/3

l

B(log B)®
12 1/2,1/2,1/2
<B Z Yy Yy Y i < B ZA < oglog B

Vs, Y, Y5 Ys,Ye.Y7,Y3

where we have used the condition (5-4) to sum over Y; and the condition (5-8) to
sum over Y,. We now deal with the quantity N>(B). We only treat the case where
(i, j, k)= (2, 3,4), since the others are all identical. Note thatif Z4 =Y, Y72 Y, then
No(B) <N (B). Thus, we only need to deal with the case where Z4 = 1. In addition,
we proceed without loss of generality under the assumption that Y, Y52 Ys <Y, Y62 Y.
We first use this condition to sum over Y5, and then we sum over ¥, and Y using
the conditions (5-7) and (5-4) respectively. We get

Na(B) < Y VLY, Yy Y, < 3 v Y Py, v, vy Py,
1£254%5 778 1 4+7
yz YS
_ B(log B)®
< B Z v 2y 2y 2 « B Z o 10( Oli ))3
Y5 Y7 YS Y7 YS g g
which completes the proof of Lemma 12. (Il

The following lemma proves that the contribution to Ny g (B) coming from
those (1, ..., n,,) € IJ(B) which are subject to the stronger condition

3.2.2. 2 <
M MaN3N4NsNel7 = —log logB’
is negligible.

Lemma 13. Let M’ (B) be the overall contribution to Ny, g (B) coming from those
(nlv e nlO) S g(B) such that

3.2.2 2

NMNanN3NgNsNeny = m-
We have
B(log B)®

M (B _—.
(B) « (loglog B)1/6
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Proof. We proceed as in the proof of Lemma 12, with the same notation. We have

M'(B) < B(log B)* + > Xo/2x,"°x,/°x;/°
Yi
Y.y, V.Y, Y.Y. Y. Y. Y. Y
+Z.‘max { 1 2324567829 10 }’ (5-10)
Y {i,j.k}={2,3,4} Yk+6 max{)’iYi+3Yi+6, Yij+3Yj+6, Zi}
where the two sums are over the dyadic variables Y, i =1, ..., 10, subject to the
inequalities (5-4)—(5-7) and
YPYFYIY]YSY (5-11)

Y7 S - . .
loglog B

Let us denote by N’ (B) and N%(B) the respective contributions of the two sums in
(5-10). Combining conditions (5-4) and (5-5), we get

I A AN A AN A A AEY 3 (5-12)

We start by bounding the contribution of the quantity N (B) by summing succes-
sively over Y, Y, and Y, using the conditions (5-12), (5-6) and (5-7) respectively.
We deduce that

2/3 2/3 v2/3 173 1/3 173 ,2/3 ,2/3 ,2/3
E(B)Zzylyz/ Y3/ Y4/ Ys/ Y6/ Y7/ Ys/ Y9/ YIO/
Y[

« B3 Z Y15/6 Y21/2 Y37/12 YZ/12 Y51/6 Y61/3 Y71/3 Y91/12 Y110/12

Yy
LD DS A A A IS A A A
¥s.Yo. 10
< B Z . B(log B)® |
(loglog B)1/6 &~ _ (loglog B)1/6

Y7,Y8,Y9,Y10

where we have summed over Y, using the condition (5-11). We now turn to the
case of the quantity N, (B). As in the proof of Lemma 12, we only treat the case
where (i, j, k) = (2, 3, 4) and we work under the assumptions that Z4 = 1 and thus

Y, Y3Y,0 <Y, V,Y3Y,YsYY, (5-13)

and Y2Y52Y8 =r Y62Y9. Combining conditions (5-11) and (5-13), we get

YEY, Y, Y7V} (5-14)

Yjp< ———.
10 = loglog B
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We first use the condition Y, Y52 Ys <Y, Y62 Y, to sum over Y5, and then we sum over
Y; and Y, using the conditions (5-4) and (5-14) respectively. We deduce
NYB) <Y VY YsY vy <Y vy, Py Py vy Py
Y, Vs
1/2 1/2 1,1/2 —-1/2
< BY Z Ny, Yy,
Ys. Yy
B _ B(log B)°
- - YVl —25 7
< loglog B 2 110 < iogtog 572
Ys,Y7,Yg

which completes the proof of Lemma 13. ]
5.2. Setting up. First, we recall that we have the following condition (given at the
beginning of Section 5.1):

M3 mANgNs ey < 3B. (5-15)

It is easy to check that the symmetry between the three quantities r)zng, n3né and
r;w% is demonstrated by the action of &3 on {(n,, 15, 1g), (N3, N6, Mg)s (My4s N7, M1)}-

Throughout the proof, we will assume that
Nany < M3, M35

The following lemma proves that we just need to multiply our future main term by
a factor of 3 to take this new assumption into account.

Lemma 14. Let No(B) be the total number of (n,,...,n,,) € T(B) such that
77217§ = n417% or 77377% = 77417%. We have the upper bound
No(B) < B(log B)®.

Proof. By symmetry, we only need to treat the case of the condition 773172 = 417%.
This equality and the condition gcd (1374, n41,) =1 imply that ny =n, =n,=n,=1.
In this situation, the torsor equation is simply

2
MaN5Ng + Mg + Mg — Ny NaMs = 0.

Thus, No(B) is bounded by the number of (1, 1,, 15, g, Ng) € Z3>0 X Zio satisfying

8119 2%8 9 — I'2list = %%§8—'
[ngnol [Mmansmg +ng —mymyns| < B and  ninynsingl < B

Using [Le Boudec 2012a, Lemma 1] to count the number of 7 satisfying the first
of these two inequalities, we obtain

Bl/2
No(B)< Y (=5 +1)<B(ogB),
Ingl1/?

N1:My:M5,Mg 8
ninind|ng|<B
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as wished. U
Let N(B) be the overall contribution of those (1, ..., n,,) € J(B) subject to
the conditions
N4y < 103, 13705, (5-16)
B/lgloe B < sq(nymsny). (5-17)
@ < mn3n3minsnen;- (5-18)
Lemmas 11-14 give us the following result:
Lemma 15. Ny g(B)=3N(B)+ O<Lg3)6).
’ (loglog B)!/6

The end of the proof is devoted to the estimation of N (B).

5.3. Application of Lemma 7. The idea of the proof is to view the equation (3-1)
as a congruence modulo 7 417%. For this, we replace n,,, by its value given by the
equation (3-1) in the height conditions (3-8) and (3-11). These conditions become
ngnol IMan3ng + n3mane — Mimansnansnns| < Bugns,
MiMyT1314 112031 + 113 No = My MaM3ManlsNey| < B,

and we still denote them respectively by (3-8) and (3-11). From now on, we use
the notation n = (n,, 15, 14, s, Ng» 7). and we set

77(rz,r3,r4,r5,re,r7):nrz 3 T4 Ts 16 17

2 N3 74 75 Mg N7
for (ry, r3, 14, 15,76, 17) € Q°. We set

B B'/3
Z = ”(2/3,2/3,2/3,1/3,1/3,1/3) ’

Y_

= , (5-19)
UBXRUN

and, for brevity, gg = 772772, q9 =15 Ug, qi0 = nm%. It is immediate to check that »
is restricted to lie in the region V" defined by

V={nezl,|Y(oglog B)** > q3Z7, Y (loglog B)** > g9 Z7,

Z1 2377, g5 > q10. g0 = q10}.  (5-20)
We fix n; € Z.¢ and 5 € V', subject to the conditions (5-15), (5-17) and (5-18)
and to the coprimality conditions (3-5)—(3-7). Let N(n,, n, B) be the number of
(ngs Mg» Myp) € Z;O satisfying the equation (3-1), the height conditions (3-8)—(3-11),

and finally the coprimality conditions (3-2)—(3-4). The goal of this section is to
prove the following lemma:
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Lemma 16. We have the estimate

32/3 mn
N(’h» ”’ B) = T,(l/3’1/3’1/3’2/3’2/3’2/3) gQ(Z_1>01(771’ 77)92(77) + R(’?]» "’ B)»

where 01(n,, n) and 0,(n) are arithmetic functions defined in (5-28) and (5-29)
respectively and

> "R(ny.n. B) < B(log B)’(loglog B)"/>.
NN

First, we see that since gcd(n,n5, 13119) = 1 and ged(n;ne, nynsng) = 1, the
equation (3-1) proves that the coprimality condition (3-2) can be replaced by
gcd(n,g, mn4) = 1. Let us remove the coprimality conditions ged(ng, ny) = 1 and
gcd(ng, n5) = 1 using Mobius inversions; we obtain

N By= > uke) Y ko) Sk (ny m, B),
ks | ng ko [ns
ng(ks,mﬂz%mm):l ng(k9,7I1772773774777)=1

where Sg, 1, (1, 1, B) is the cardinality of

{(g: M. M) € Zisg | mum3ksng + nangkong +nynanig = b, ged(nye. nyny) = 1,
(3-8), (3-9), (3-10), (3-11), ged(ngng, 1y02M3M417) = 1},

and where we use the notation g = kgng, 19 = kong and b = 1,1,10310,1057077-
From now on, we set
of — Bl/loglogB

To take care of the error terms showing up in the application of Lemma 7, we need
to show that the summations over kg and k9 can be restricted to kg, ko < %3. To
do so, let N'(n,, n, B) be the contribution of N (5, 5, B) under the assumption
kg > %3; that is,

NG.nB= Y > Skk®in, B).

kg |ng, ks>23 ko |15
ged(kg,nynyn3ngny)=1 gcd(ko,n,myn31,717)=1

Let us write 1, = kg1, and n5 = kong. We notice that the equation in the definition
of Sis.k (11, M, B) implies that kgkg |7, and thus we also write n,, = kgko&10. With
this notation, we get

NG.nB= Y > Sk B),

%3 <kg<B!/? ko<B'/2
ged(ks,nymym3ngny)=1 ged(ko,n n,n3n4m;)=1

where S;_, (n,, 7, B) is the cardinality of
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{ (1. m6. £10) € Zg | mynSkong + n3ngksng + ngmz€ro = b', ged(Ero, mymy) =1,
(3_8), (3_9)9 (3_10), (3_11)’ ng(n/Snés n1n2n3n4n7) = 1},

where we have set b' = n,1,n31,15171,. Let us split the summations over kg and
ko into dyadic ranges. Let us assume that Kg, K9 > % and that Kg < kg <2Kg and
K9 < kg <2Ky. Let us set & = kong and & = kgn;g. The height conditions (3-8),
(3-9), (3-10) and (3-11) imply respectively

B

< 5-21
|Eg&o&10] < KsKs ( )
nimansngns &l < 5 (5-22)
~ KKy
ninan3nane &l < 5 (5-23)
~ KsKo
B
2 Zp2 < . 5-24
nimn3nangléiol < KeKo ( )

We thus have, for Kg < kg <2Kg and K9 < kg < 2K,

Szﬁs,kg(nl,n, B)
K #{ (&, 80, £10) € 72y | ks | €0, ko &g, nonSEs + n31G €0 +nymzro =1,
(5-21),(5-22), (5-23), (5-24), ged (€10, myny) =1, ged (o, mynynsngny) =1}

Therefore, using the standard bound for the divisor function,
T(n) < nl/loglog(Sn)’

forn > 1, we get

> Sk (1 B) %Sk k.,
Kg<kg<2Kg
Ko<k9<2Kg
where Sk ky = Sky.ko (M1, M55 135 Ng» Ns» Mg 17, B) is the cardinality of
{(&s, &0, £10) € 22 | mnF Estn3ng EotnymiElo =0, (5-21), (5-22), (5-23), (5-24),
ged(§10, myng) =1, ged(Eséo, mympm3ngn,) = 1}-

Setting &3 = gcd(ng, &) and &5 9 = ged(ns, &9), we see that &6 8€5.9|£10, and we
thus obtain

Z Sks. Ky K Z Ny.n L
’ "\ KgKo6 8859

10127195 3:114515, Mg 5717 &6,8.£59<B
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Therefore, we can apply [Browning 2006]. We get

SN <z Y Y _BlogB)® poinn

N1 93 <Ky<B'/2 &6.8.650<B K3 956 8559

Ko<B1/2

which is satisfactory. Therefore, we can restrict from now on the summations over
kg and k9 as we wished.

We note that if we allow 1,, =0 in the definition of the cardinality Sy, 1, (17,, 7, B)
then the coprimality condition ged(n,,, n,n,) = 1 implies n, = n, = 1. Moreover,
the equation 77277ng77§; + 1, n%kgné = 1,13N5NeN; also implies n, = n; = 1. These
restrictions are in contradiction with the condition (5-17), so from now on, we
allow n,, to vanish in the definition of Sk, (7,, %, B). Let us now remove the
coprimality condition gcd(#,,, n,n,) = 1 using a Mdbius inversion. We get that the
main term of N(n,, 5, B) is equal to

> m(kg) > ko) >~ (ko) Sky ko ko (M- 1. B),

kg | ng, kg <% ko115, ko<%3 kioln,m,
ng(ks,n1n2U3ﬂ4n7)=1 ng(stn1n2n3774777):1

where Sk ko.k10(1,, 1, B) denotes the cardinality of

{1515, m\0) € Z2y X Z | nyn3ksng + nzngkong + nynykionio = b.
(3-8),(3-9), (3-10), (3-11), ged(ngno, nym,n3m4m7) = 1}.

Since ged(n,ny, kgkonsnengng) = 1, we have ged(ko, kskonsngngng) = 1. Also,
the two conditions ged(n,nskgng, n;) = 1 and ged(n;nckong, n,) = 1 imply that
we also have ged(kyo, n,m7;) = 1. We now remove the coprimality conditions
ged(ngng, nym,n;) = 1 using Mobius inversions. Setting ng = £3ng and ng = Loy,
we obtain that the main term of N(n,, n, B) is equal to

Yoo ke Y ko)

kg ng., ks <> kol ns, ko<
ged(ks,nnyn3nyny)=1 ged(ko,nymyn3nyny)=1
X > pkio) Y p)ute)SGy, 1. B,
k10|7]1’74 Lg,89 [N nyn3
ng(k107k8k9n2n37]57)6):1 ng(€8@9,k|0ﬂ4ﬂ7)=1

where S(n,, , B) denotes the cardinality of

{(778’ 779) € Z;&O | 772775]‘868778 + 773776]‘959779 = b (mod k10774777)
(3-8), (3-9), (3-10), (3-11), ged(ngng. kiongn,) = 1}.



1288 Pierre Le Boudec

Note that we have replaced the equation nzngkgﬁg ng+1s nékgﬂg ng+ n4177k10n]0 =b
by a congruence.
Setting

B
_ _ (1,1,1,1,1,1)
X= (1,1,1,0,0,0)’ T'=mn ’

77 ]

and A = kglg nzng, Ay =kolon, n% and recalling the equality (2-21), it is immediate
to check that (178 779) € 72 #0 is subject to the height conditions (3-8)—(3-11) if and
only if (ng, ng) € ¥N Z o- Setting £ = loglog B, we see that the condition (5-18)
can be rewritten X/% 5 T We can therefore apply Lemma 7 with L = log B,
q= k10n417% and a = (kgﬁgnzng, kolons, n%). Recall the definitions (2-24) of ¢* and
(5-19) of Z; and also the definitions of E(q, a) and E;(gq), given in Lemmas 2
and 6 respectively . We obtain

@* (k1ongny) B*3 ,
S@ny.m, B) — kglgkolokyio m(1/3:1/3:1/3.2/3.2/3.2/3) 82 CELE

where
€ = (log B)°E(q, a)

and

B2/3

= ks Lsko ok on(1/3:1/3.1/3.2/3.2/3.2/3)

172,12 172 172 12,172 172 1)2
( £ kg™ Lg' “nymyns' Tny s kg Ly Tmymy T many 776)E2(q)

log B B2 B2

/

Pp4/3

Let us estimate the contribution of these error terms. Let us start by bounding
the overall contribution of €. For this, we write 15 = kons and 1, = kgng, and
we let Y5, Y, and Y, be variables running over the set {2" |n > —1}. We define
N=N(Ys, Y, Y;) as the sum over 15, 1g, 1, € Z> satisfying Y5 <kons <2Ys, Y, <
kgng < 2Y, and Y, < n, <2V, and the coprimality conditions ged(n5ng, n,n7) =1
and ged(ns, ng) = 1, of the quantity

2 > S (ogB)E(g,d),

kg,k9§%3 kiolnyny £8s€9|771’72'73
ged(ksko,nymynsngny)=1  ged(kio,kskon,nynsng)=1 ged(€slo.kionyn,)=1

where a’ = (kolg 77277/52» kglo 77377%2). We now aim to bound the contribution of the
error term ‘€ by first estimating the quantity N and then by summing N over n,, n,,
n; and n, and over all the possible values for Y, ¥, and Y. Note that the variables
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Y5, Y, and Y, satisfy the inequalities

mnan3n3YsYeY, < 3B, (5-25)
Ny Y3 < dn,Y2, (5-26)
nyY7 <4n,Y¢. (5-27)

Applying Lemma 9 to sum over 75 and 7, and recalling that g = ko7 4n%, we see
that

N<@ogB)® > Y > ) ( +k10774777)T(Q) Ei(q)

Y. <777<2Y kg, ko<%3 kiolnn, £s, €9|771'72’73

< Y wn)Tnmany) T (nming)* (Ys¥s +nnang)
Y7<177§2Y7

L LR (Y5YeY, 4+ nmYs).
Using the two conditions (5-26) and (5-27), we finally obtain
N <2,y n, Ys Y,

We now aim to sum this quantity over all the possible values for Y5, ¥, and Y. Let
us start by summing over Y, using the condition (5-25) and then over n, using the
condition (5-17); we obtain

ZN < %12 Z 771772/ ’73/ N4YsYeY7
Y; N15M0M3514: Y5, Y, Yq

1 _ $q(1,1m374)
13 2 21374
< BZ Z 2 3/2 3/2 < B% Z 3/2 32

NsMp5M35 n4n1n2 173 n4 NasM35My 772 )73 n4
< B¥,
which is satisfactory. In addition, the overall contributions of the three terms of the
error term €’ are easily seen to be bounded by B(log B)’(loglog B)”/3, which is

also satisfactory.
Therefore, the main term of N (n,, 5, B) is equal to

w(kg) (ko) (ko)
2. p 2. 2. ™

ko
k8|7767 k8§££3 k9|775, k9§££‘ k10|7717]4
ng(ks,nmzny?uh):l ng(k9s7717727)3’74'77):1 ng(klo’]q;k‘)nz'73775né):1
2/3
y Z pn(ls) n(€y) o (k ) B n
s Lo 107477 (/3.1/3.173.2/3.2/3.2]%) 82 Z
68,£9|77|772'73

ged(Lglo,kion,ny)=1
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Using the bound of Lemma 5 for g, we see that this quantity is

11 ) B?/3
< Z k_k_go—l(’h’h)(f—l(’hﬁzm) p(1/3.1/3,1/3.2/3.2/3.2/3)°
k8|'7(,vk9|7/5
kg ko <3

As a result, we see that if we remove the conditions kg, kg < %3 from the sums over
kg and k9, we create an error term whose overall contribution is, for instance, seen
to be bounded by B%~!. Thus, we have proved that we can write

N(’h» 77’ B) = M(nlv 77» B)+R(771’ n’ B)’

where
> R(n,, 1, B) < B(log B)>(loglog B)"?,
77177,
and
B2/3 n
M(nl’ n, B) = 7](1/3’1/3’1/3’2/3’2/3’2/3) g2<Z_1)9(nls ”)7
where
w(kg) (ko)
0(ny. ) = > p > p
ks Ing 8 ko |ns ?
ged(ks,nymyn3nyny)=1 ged(ko,nymyn3mym;)=1
(ko) u(lg) m(Lo)
x > > ——¢" (kion4n7)
k1o s 4o
kl0|771774 e8129|'71772773
ng(kIOsk8k9772773775'75):1 ng(€869sk10774777):1
©*(n3ne) @*(Myns) ) (ko)
= © (M MaN3n4M7) —.
e*(ny)  @*(1,) T 2 kio@* (1,17k10)

k10|771774
ged(ki0,1m,13m5M6)=1

It is easy to check that for a, b, ¢ > 1, we have

3 k) _ ¢*(geda, b)) I (1 1 )
la ke*(kb)  ¢*(D)p*(ged(a, b, ¢)) ola p—1/
ng(k,C):l pfbc

Using this equality and the remaining coprimality conditions (3-5), (3-6) and (3-7)
and recalling the definition (2-26) of ¥/, we see that we can write

Oy, m) =01(ny, MO2(n),
where

011 1) = Yyen, (1), (5-28)
and
6>(n) = @™ (M1310) 9" (MaN314M5M617)- (5-29)
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5.4. Summation over n,. We now need to sum the main term of N(n,, 5, B) over
n, € Z-o, where n, is subject to the conditions (5-17) and (5-18) (the condition
(5-15) is implied by the definition of g;) and to the coprimality condition (3-5). We
start by proving that we can remove the restrictions that 7, satisfies the conditions
(5-17) and (5-18). Indeed, let us first assume that we have the condition

1y 5q(nyn3ny) < B1Y/1gloe B, (5-30)

The bound of Lemma 5 for g implies that the main term M (5, 9, B) of N(,, 5, B)

satisfies
B2/3

My, B) € p(1/3.1/3.1/32/3.2/3.2/3)"

Let us now sum this quantity over 7, using the condition (5-15) and then over n,
using the condition (5-30); we obtain

B
ZM(UV’?’B) < Z 7L LLLO)

N1 N15M25M3:M45M55Mg

Z B(log B) B(log B)®

(1,1,1,1,1,0) .
1257351455576 U loglog B loglog B

<

This error term is satisfactory. Let us now assume that we have the condition

B
3222
Mn2nm3N4MsMe"7 < loglog B
Let us sum over 1, using this condition; we get
B B(log B)®
M ’ 9 B .
Z (1.1, B) < Z p(LLLLLD (Joglog B)!/3 ~ (loglog B)!/3

M n

This error term is also satisfactory. We can thus remove the restrictions that 7,
satisfies the conditions (5-17) and (5-18), and we proceed to sum over n,. Recall
the definition (5-20) of V. For fixed 5 € V" satisfying the coprimality conditions
(3-6) and (3-7), let N(n, B) be the sum of the main term of N(#n,, n, B) over n,,
where 7, is subject to the coprimality condition (3-5). Recall the definition (2-27)
of Y. We now prove the following lemma.

Lemma 17. We have the estimate

Woo

N, B) =712

3 gty O+ RO B).

where © (1) is a certain arithmetic function defined in (5-31) and where

Y R(n. B) < B(log B)".
n
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Proof. Let us use Lemma 10 to sum over n,. For any fixed 0 < y < I, we obtain

B
N(U,B)=Tm®(ﬂ) g (r)dr

t>0

t>0

32/3
where

OM) = ¢*(Mn314) ©* Mam304M50617) ©* (NsMeN7) @ (Man3nansngn;).  (5-31)

Let us set y = 1/2. Using the bound of Lemma 5 for g, we deduce that the overall
contribution of this error term is

B5/6

5
n

where we have summed over » using the condition Z; > 37!/3. Recalling the
definition of g, and the equality (4-1), we see that
f e dr =22,
t>0 3
which completes the proof. U

5.5. Conclusion. It remains to sum the main term of N (5, B) over the n € V
satisfying the coprimality conditions (3-6) and (3-7). It is easy to see that replacing
V' by the region

V' = {77 € Zio ‘ Y >qsZ3, Y > qoZ%, Z1 > 1, g3 > qi0, q9 > 6110}

produces an error term whose overall contribution is <« B(log B)’ logloglog B.
Let us redefine the arithmetic function ® as being equal to zero if the remaining
coprimality conditions (3-6) and (3-7) are not satisfied. Recalling Lemma 15, we
see that we have proved the following lemma:

Lemma 18. We have the estimate

B O (n) B(log B)®
Nu.u(B) = TwsB %ZV: MIRRRRRTRG 0((10g10g B )

The end of the paper is dedicated to the completion of the proof of Theorem 1.
Let us introduce the generalized Mobius function g defined for (ny, ..., ne) € Z6>0
by u(ny,...,ne) = u(ny)---ung). We set k = (ka, k3, k4, ks, ke, k7) and we
define for s € C, such that N(s) > 1,
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Foy= Y [(© % ) ()] > [(© % p)(ph2, phs, ps, phs, phs, phn))
- ningning 77%’7% - pkzs pk3s pk4s pk5spk65 pk7s ’

6 6
nez?, p kez?,

It is easy to check that if k ¢ {0, 1}% then (®xu)(p*2, p*3, pke, p*s, pks, p¥) =0and
if exactly one of the k; is equal to 1, then (@) (p*2, p*s, p*, p*s, pke, p*1)y < 1/ p,
so the local factors F), of F satisfy

1
Fp(s)=14+0 (pmin(.‘)i(s)+l,2.‘)t(s)))'

This proves that the function F converges in the half-plane %(s) > 1/2, which
implies that ® satisfies the assumption of [Le Boudec 2012b, Lemma 8]. The
application of this lemma provides

C C
> i —a( X Sy Jtoe e+ 0wog . 532

nev’ nezs,
where « is the volume of the polytope defined in RO by , 13, t4, t5, ts, t7 > 0 and

2t —t3 —t4 + 415 — 2t — 217 < 1,
—t) +2t3 —ty — 2t5 +4tg —2t7 < 1,
20 +263 42t + 15+t +17 < 1,
—ty +14 —2t5+ 217 <0,
—t3+1t4 —2tg + 217 < 0.

It is easy to compute o using Franz’s additional Maple package Convex [2009].
We find o = 1/23040; that is,

a=aV). (5-33)

Furthermore, we have

3 (O p)(n) _l—[( 3 (®*u)(p"2,p"3,p"4,p"5,p""’,p'”))

o= pLLLLLD - o\ = pk2 pks pka pks pke pki
>0 >0
6
_n<1_l> < 3 ®(p"2,p"~‘,p"“,p"5,p"6,p"7))
- ko k3 pka pks ke k7 ’
» p kezt, ppepeprpttp

The calculation of these local factors is straightforward, and we find

3o O ph Pt ph e P goV(p)(l - l) (1 - i>
o pke pks pka phs pke pka p p
>0
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We finally obtain

(©xp)(n)
Z pLLLLD =T 11—[(1 - _) Wp. (5-34)

nezt,

Putting together the equalities (5-32)—(5-34) and Lemma 18 completes the proof of
Theorem 1.
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