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The final log canonical model of M6

Fabian Müller

We describe the birational model of M6 given by quadric hyperplane sections
of the degree-5 del Pezzo surface. In the spirit of the genus-4 case treated by
Fedorchuk, we show that it is the last nontrivial space in the log minimal model
program for M6. We also obtain a new upper bound for the moving slope of the
moduli space.

1. Introduction

A general smooth curve C of genus 6 has five planar sextic models with four
nodes in general linear position. Blowing up these four points and embedding the
resulting surface in P5 via its complete anticanonical linear series, one finds that
the canonical model of C is a quadric hyperplane section of a degree-5 del Pezzo
surface S. As any four general points in P2 are projectively equivalent, this surface
is unique up to isomorphism. Its automorphism group is finite and isomorphic
to the symmetric group S5 (see, e.g., [Shepherd-Barron 1989]). The surface S
contains ten (−1)-curves, which are the four exceptional divisors of the blowup,
together with the proper transforms of the six lines through pairs of the points.
There are five ways of choosing four nonintersecting (−1)-curves on S, inducing
five blowdown maps S→ P2, and restricting to the five g2

6’s on C . Residual to
the latter are five g1

4’s, which can be seen in each planar model as the projection
maps from the four nodes, together with the map that is induced on C by the linear
system of conics passing through the nodes.

This description gives rise to a birational map

ϕ :M6 99K X6 := |−2KS|/Aut(S),

which is well defined and injective on the sublocus (M6 ∪1
irr
0 ) \GP6. Here 1irr

0
denotes the locus of irreducible singular stable curves, and GP6 is the closure of
the Gieseker–Petri divisor of curves having fewer than five g1

4’s (or residually, g2
6’s).

These have planar sextic models in which the nodes fail to be in general linear
position, which forces the anticanonical image of the blown-up P2 to become
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singular. In the generic case, exactly three of the nodes become collinear, and the
line through them is a (−2)-curve that gets contracted to an A1 singularity. The
class of the Gieseker–Petri divisor is computed in [Eisenbud and Harris 1987b] as[

GP6
]
= 94λ− 12δ0− 50δ1− 78δ2− 88δ3.

It is an extremal effective divisor of minimal slope on M6 [Chang and Ran 1991].
The aim of this article is to study the birational model X6, determine its place

within the log minimal model program of M6, and use it to derive an upper bound
on the moving slope of this space. In order to do so, we will start in Section 2
by determining explicitly the way in which ϕ extends to the generic points of the
divisors 1i for i = 1, 2, 3 and of GP6. The divisors 11 and 12 are shown to
be contracted by 1 and 4 dimensions as the low-genus components are replaced
by a cusp and an A5 singularity, respectively. The image of 13 is at most one-
dimensional, and GP6 turns out to be contracted to a point. The curves parametrized
by the latter two are shown to be mapped to the classes of certain nonreduced degree-
10 curves on S.

In Section 3, we will then construct test families along which ϕ is defined and
determine their intersection numbers with the standard generators of Pic(M6) as
well as with ϕ∗OX6(1). Having enough of those enables us in Section 4 to finally
compute the class of the latter. This computation is then used to establish the upper
bound s ′(M6) ≤

102
13 for the moving slope of M6 as well as to show that the log

canonical model M6(α) is isomorphic to X6 for 16
47 < α ≤

35
102 and becomes trivial

below this point.

2. Defining ϕ in codimension 1

In this section, we will see how ϕ is defined on the generic points of the codimension-
one subloci of M6 parametrizing curves whose canonical image does not lie on
S. As mentioned in the introduction, these are the divisors 1i , i = 1, 2, 3, as well
as GP6, and they will turn out to constitute exactly the exceptional locus of ϕ.

Proposition 2.1. A curve C = C1 ∪p C2 ∈ 11 with p not a Weierstraß point
on C2 ∈M5 is mapped to the class of a cuspidal curve whose pointed normalization
is (C2, p). In particular, the map ϕ contracts 11 by one dimension.

Proof. This follows readily from the existence of a moduli space for pseudostable
curves [Schubert 1991]. More concretely, let π : C→ B be a flat family of genus-6
curves whose general fiber is smooth and Gieseker–Petri general and with special
fiber C . Then the twisted linear system |ωπ (C1)| maps C to a flat family of curves
in |−2KS|. It restricts to OC1 on C1 and to ωC2(2p) on C2, so it contracts C1 and
maps C2 to a cuspidal curve of arithmetic genus 6, which lies on a smooth del Pezzo
surface. �
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Proposition 2.2. Let C = C1 ∪p C2 ∈12 be a curve such that

• the component C2 ∈M4 is Gieseker–Petri general and

• p is not a Weierstraß point on either component.

Then C is mapped to the class of a curve consisting of C2 together with a line that
is 3-tangent to it at p. In particular, the map ϕ restricted to 12 has 4-dimensional
fibers.

Proof. Let C→ B be a flat family of genus-6 curves whose general fiber is smooth
and Gieseker–Petri general and with special fiber C . Blow up the hyperelliptic
conjugate p̃ ∈ C1 of p, and let π : C′→ B be the resulting family with central
fiber C ′ and exceptional divisor R. Then the twisted line bundle L := ωπ (2C1)

restricts to ωC2(3p), OC1 , and OR(1) on the respective components of C ′. By a
detailed analysis, one can see that the family of linear systems (L, π∗ωπ ) restricts
to |ωC2(3p)| on C2 and maps R to the 3-tangent line at p while contracting C1. A
similar but harder analysis of this kind is carried out in Lemma 2.5 for the case
of 13, to which we refer.

In order to see that the central fiber lies on S as a section of −2KS , it suffices to
observe that a generic pointed curve (C2, p) ∈M4,1 has three quintic planar models
with a flex at p. Each such model has two nodes, projecting from which gives the
two g1

3’s. The 3-tangent line R at p meets C2 at two other points, so C2 ∪ R is a
plane curve of degree 6 with four nodes (and an A5 singularity). Blowing up the four
nodes, which for generic (C2, p) will be in general linear position, gives the claim.

For showing that the flat limit is unique, it suffices by [Fedorchuk 2012, Lemma
3.10] to show that, if C ′ is any curve in a small punctured neighborhood of R∪p C2

inside |−2KS|, then C is not the stable reduction of C ′ in any family in which it
occurs as the central fiber. If C ′ is smooth, this is obviously satisfied, so assume
it is still singular. If C ′ retains an A5 singularity, then its genus-4 component must
be different from (C2, p) since C2 has only a finite number of g2

5’s with a flex at p.
Thus, its stable reduction cannot be isomorphic to C . If on the other hand the type
of singularity changes, it can only become an Ak singularity with 1 ≤ k ≤ 4. In
case k ≤ 3, any irreducible component arising in the stable reduction has genus
at most 1 while for k = 4 the stable tail is always a genus-2 curve attached at a
Weierstraß point [Hassett 2000, Section 6]. Thus, the stable reduction cannot be
isomorphic to C in these cases either. �

Proposition 2.3. Let C =C1∪p C2 ∈13 be a curve such that, on both components,

• p is not a Weierstraß point and

• p is not in the support of any odd theta characteristic (in particular, neither
component is hyperelliptic).
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Figure 1. The central curve C ′.

Then C is mapped to the class of two times a twisted cubic on S together with two
(possibly reducible) conics meeting it tangentially. In particular, the image of 13

under ϕ is at most 1-dimensional.

Proof. Let C→ B be a flat family of genus-6 curves whose general fiber is smooth
and Gieseker–Petri general and with special fiber C . By assumption, the two base
points of |ωCi (−2p)| are distinct from each other and from p for i = 1, 2. Blow
up the total space C at p and at these four base points. Let π : C′→ B denote the
resulting family with central fiber C ′ = C1+C2+ R +

∑
Ri j , where Ci are the

proper transforms of the genus-3 components and R and Ri j are the exceptional
divisors over p and the base points, respectively. For i, j = 1, 2, denote by pi j the
point of intersection of Ci with Ri j and by pi the point of intersection of Ci with R
(see Figure 1).

Consider the twisted sheaf L := ωπ
(
3(C1+C2)+

∑
Ri j
)

on C′. On the various
components of C ′, it restricts to OCi , OR(6), and ORi j (1), respectively. The push-
forward π∗L is not locally free (the central fiber has dimension 7 instead of 6),
but it contains π∗ωπ as a locally free rank-6 subsheaf. The central fiber V of the
image of this sheaf in π∗L is described in Lemma 2.5. The induced linear system
(L|C ′, V ) maps C ′ to the curve C ′′ = R+ 2R1+ 2R2 ⊆ P5, which consists of the
middle rational component R embedded as a degree-6 curve together with twice the
tangent lines R1 and R2 at p1 and p2. The genus-3 components Ci are contracted
to the points pi . If one introduces coordinates [x0 : · · · : x5] in P5 corresponding to
the basis of V given in Lemma 2.5, the image curve lies on the variety

S̃2,3 =
⋃

[λ:µ]∈P1

ϕ1([λ : µ])ϕ2([λ : µ]),
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where
ϕ1([λ : µ]) := [λ

3
: 0 : λ2µ : λµ2

: 0 : µ3
],

ϕ2([λ : µ]) := [0 : λ2
: 0 : 0 : µ2

: 0],

which is a projection of the rational normal scroll S2,3 ⊆ P6 from a point in the
plane of the directrix. This surface is among the possible degenerations of the
degree-5 del Pezzo surface investigated in [Coskun 2006, Proposition 3.2] and has
the same Betti diagram. In equations, it is given by

S̃2,3 =

{
rk
(

x0 x1 x2

x3 x4 x5

)
≤ 1

}
∩

{
rk
(

x0 x2 x3

x2 x3 x5

)
≤ 1

}
,

and C ′′ is a quadric section cut out for example by x1x4− x0x5. When restricted to
the directrix, the image of the projection is the line L̃ = {x0 = x2 = x3 = x5 = 0},
which is the singular locus of S̃2,3. The two branch points qi of this restriction are
the intersection points of the double lines Ri with L̃ .

The image of C′ under the family of linear systems (L, π∗ωπ ) lies on a flat
family of surfaces S ⊆ P5

× B with general fiber S and special fiber S̃2,3. We
will construct a birational modification of S whose central fiber is isomorphic
to S. Let π ′ : S′→ B be the family obtained by blowing up L̃ and S′ ⊆ S′ the
exceptional divisor. The proper transform of S̃2,3 in S′ is S2,3, and the intersection
curve L = S2,3 ∩ S′ is its directrix.

We want to show that S′ ∼= S. The ten (−1)-curves of the generic fiber cannot
all specialize to points in the central limit since then the whole surface S would
be contracted, contradicting flatness. Any exceptional curve that is not contracted
must go to L̃ in the limit since it is the only curve on S̃2,3 having a normal sheaf of
negative degree. By a chase around the intersection graph of the (−1)-curves on S,
one can see that, if one of them is mapped dominantly to L̃ , then at least four of
them are. Since the graph is connected, the rest of them get mapped to points that
lie on L̃ . Using a base change ramified over 0 if necessary, we may assume that
limits of noncontracted curves get separated in S′ while the contracted ones are
blown up to lines. Thus, there are ten distinct (−1)-curves on S′, which by the list
of possible limits in [Coskun 2006] forces it to be isomorphic to S (note that there
are at most seven (−1)-curves on a singular degree-5 del Pezzo surface [Coray and
Tsfasman 1988, Proposition 8.5]).

It remains to see what happens to the curve C ′′ in the process. Denote by
ψ :S′→P5

×B the map induced by the family of linear systems (ω∨π ′(S2,3), π
′
∗
ω∨π ′).

This restricts to −KS′ on S′ and to a subsystem of |3F | on S2,3. Thus, the map ψ
contracts the latter and has degree 3 on L . This implies that OS′(L) = ρ∗OP2(1)
for one of the five maps ρ : S′ → P2, and there are exactly four exceptional
curves E1, . . . , E4 ⊆ S′ that do not meet L . The blowdown fibration on S′ is given
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Figure 2. Two possibilities for the image of C under ϕ and the
proper transform of the latter after blowing up the nodes.

by
∣∣2L−

∑
Ei
∣∣, and it contains exactly 3 reducible conics. The flat pullback of C ′′

to S′ contains the two conics in the fibration that meet L at the ramification points
of the map L→ L̃ , and the map ψ restricted to C ′′ contracts the two double lines Ri

to the points qi and maps R doubly onto L . Thus, the flat limit of C ′′ consists of
twice the line L together with the two conics in the fibration which are tangent to L
at the points qi . Up to automorphisms, such a configuration has a 1-dimensional
family of moduli, so the image of 13 under ϕ is at most 1-dimensional. �

Remark 2.4. The image curve ϕ(C) has two possible kinds of nonreduced planar
singularities shown in Figure 2. The one on the left with local equation y2(y−x2)=0
appears in the proof of Proposition 2.3 in the curve C ′′. For the second one with
equation y2(y2

− x2)= 0, one can see directly using an appropriate family that it
has the generic smooth genus 3 curve in its variety of stable tails. We will use this
construction in the proof of Lemma 3.5.

Lemma 2.5. Let C′ and L be constructed as in the proof of Proposition 2.3, and
let V be the central fiber of the image of π∗ωπ ↪→ π∗L. Choose coordinates [s : t]
on each rational component such that on R1 j the coordinate t is centered at p1 j ,
on R2 j the coordinate s is centered at p2 j ( j = 1, 2), and on R the coordinate s is
centered at p1 and t at p2. Then V is spanned by the following sections (on Ci the
sections are constants and not listed in the table):

R11 R12 R R21 R22

0 0 s6 t t
0 0 s5t s s
0 0 s4t2 0 0
0 0 s2t4 0 0
t t st5 0 0
s s t6 0 0
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Proof. Let `R = (LR, VR) be the R-aspect of the unique limit canonical series on
the central fiber of C′. By [Eisenbud and Harris 1987a, Theorem 2.2], we have that

LR = ωπ
(
5(C1+C2)+ 4

∑
Ri j
)∣∣

R = OR(10)

and `R has vanishing sequence a`R(pi )= (2, 3, 4, 6, 7, 8) at both pi , so

VR = s2t2
〈s6, s5t, s4t2, s2t4, st5, t6

〉.

Since on R the inclusion L|R ↪→ LR restricts to OR(6) ↪→ OR(10), σ 7→ s2t2σ ,
we have that s2t2V |R ⊆ VR . Since the dimensions match, the claim for the central
column follows. By dimension considerations, it is clear that L must restrict to the
complete linear series |ORi j (1)| on Ri j .

It remains to show that, if a section σ ∈ V fulfills ordpi
(σ |R)≥ 2, then σ |Ri j = 0

for j = 1, 2. For this, let σCi ∈ H 0(C,OC′(Ci )|C) be the restriction of a gener-
ating section, and let ϕi : H 0(C,L(−Ci )|C) → H 0(C,L|C) be the map given
by σ 7→ σCi · σ . For a divisor D on C′ and k ∈ N, introduce the subspaces

Vi,k(D) :=
{
σ ∈ H 0(C,L⊗OC′(D)|C)

∣∣ ordpi
(σ |R)≥ k

}
,

Vi,k := Vi,k(0).

Since L|Ci = OCi , we have that im(ϕi ) = Vi,1. Moreover, we certainly have the
inclusion ϕi (Vi,1(−Ci ))⊆ Vi,2 and

codim(ϕi (Vi,1(−Ci )), Vi,1)≤ codim(Vi,1(−Ci ), H 0(C,L(−Ci )|C))

≤ 1.

From the description of the sections on R, it is apparent that Vi,2 ( Vi,1, so we have
in fact ϕi (Vi,1(−Ci ))= Vi,2. Thus, we get

Vi,2 = ϕi (Vi,1(−Ci ))

= ϕi
({
σ ∈ H 0(C,L(−Ci )|C)

∣∣ σ |Ri j = 0 for j = 1, 2
})

⊆
{
σ ∈ H 0(C,L|C)

∣∣ σ |Ri j = 0 for j = 1, 2
}
. �

Proposition 2.6. Let C be a smooth Gieseker–Petri special curve whose canonical
image lies on a singular del Pezzo surface with a unique A1 singularity but not
passing through that singularity. Then ϕ maps C to a nonreduced degree-10 curve
on S consisting of four times a line together with two times each of the three lines
meeting it. In particular, ϕ contracts GP6 to a point.

Proof. This can be done by a geometric construction similar to [Fedorchuk 2012,
Theorem 3.13]. Here we follow a simpler approach from [Jensen 2013]. A curve C
as above has a planar sextic model with three collinear nodes, so the map G1

4→M6

is simply ramified over C . Thus, a neighborhood of the ramification point will map
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a (double cover of a) neighborhood of C to a family of (4, 4)-curves on P1
×P1.

The image of the general fiber will be an irreducible curve with three nodes while
the special fiber goes to four times the diagonal. Blowing up the nodes gives a flat
family on S with central fiber as described. �

Remark 2.7. A pencil of antibicanonical curves on a singular del Pezzo surface as
above has slope 47

6 like in the smooth case (for which see Lemma 3.1). This would
seem to contradict the fact that ϕ contracts the Gieseker–Petri divisor, which has
the same slope, to a point. However, any such pencil will contain a curve C having
a node at the singular point. The normalization of such a curve is a trigonal curve of
genus 5 since blowing up the node and blowing down four disjoint (−1)-curves gives
a planar quintic model of C together with a line. Using this model, one can show
that ϕ maps C to a configuration consisting of three times a line on S together with
three lines and two conics meeting it. This arrangement obviously has moduli, so we
deduce that ϕ is not defined on 1trig

0 := {C ∈10 | C has a trigonal normalization},
which is a component of 10 ∩GP6.

3. Test families

In order to compute the class of ϕ∗OX6(1), we now construct some test families
and record their intersection numbers with the standard generators of Pic(M6) and
with ϕ∗OX6(1). Those numbers not mentioned in the statements of the lemmas are
implied to be 0.

Lemma 3.1. A generic pencil T1 of quadric hyperplane sections of S has intersection
numbers

T1 · λ= 6, T1 · δ0 = 47, T1 ·ϕ
∗OX6(1)= 1.

Proof. Since all members of T1 are irreducible, it suffices to show that ϕ∗λ= OV (6)
and ϕ∗δ = OV (47) on V := |−2KS| ∼= P15. This is completely parallel to the
computation in [Fedorchuk 2012, Proposition 3.2]. If Y := S × V and C ⊆ Y
denotes the universal curve, we have OY (C) = OY (−2KS, 1), so by adjunction,
ωC/V = OC(−KS, 1). Applying π2∗ to the exact sequence

0→ OY (KS, 0)→ OY (−KS, 1)→ ωC/V → 0,

we find that

π2∗ωC/V ∼= π2∗OY (−KS, 1)∼= H 0(S,−KS)⊗OV (1)

since π2∗OY (KS, 0)= R1π2∗OY (KS, 0)= 0 by Kodaira vanishing. Therefore, we
obtain that ϕ∗λ= detπ2∗ωC/V = OV (6).

We also find that

ϕ∗κ = π2∗(ω
2
C/V )= π2∗((−2KS, 1) · (−KS, 1)2)= OV (25),
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and from κ = 12λ− δ, we deduce that ϕ∗δ = OV (47). �

Lemma 3.2. Let T2 be the family obtained by attaching a fixed genus-5 curve to a
base point of a general pencil of plane cubics. Then T2 has intersection numbers

T2 · λ= 1, T2 · δ0 = 12, T2 · δ1 =−1, T2 ·ϕ
∗OX6(1)= 0.

Proof. The first three intersection numbers are standard. By Proposition 2.1, ϕ is
defined on T2 and contracts it to a point. �

Lemma 3.3. There is a family T3 of stable genus-6 curves having intersection
numbers

T3 · λ= 3, T3 · δ0 = 30, T3 · δ2 =−1, T3 ·ϕ
∗OX6(1)= 0.

Proof. In [Alper et al. 2011, Example 6.1], the authors construct for all k ≥ 2
a complete family Bk of stable hyperelliptic curves of genus k with two marked
points that are conjugate under the hyperelliptic involution. It is obtained by taking
a double cover of the Hirzebruch surface F1 (considered as a P1-bundle over P1),
branched along 2k + 2 general sections of self-intersection 1. The markings are
given as the preimage of the unique (−1)-curve, which does not meet the branch
locus. The covering map to F1 restricts to the hyperelliptic g1

2 on every fiber, and
since the two markings are always distinct, they are never Weierstraß points.

From the family B2, we construct our family T3 by forgetting one marking and
attaching at the other a fixed 1-pointed curve of genus 4. Then the first three
intersection numbers directly carry over from the computation in [Alper et al. 2011,
Example 6.1] (note that T3 ·δ2 =−B2 ·ψ1). The last one follows by Proposition 2.2
since ϕ is defined on T3 and contracts it to a point. �

The following computation is used in the proof of Lemma 3.5:

Lemma 3.4. Let X be a smooth threefold, C⊆ X a surface with an ordinary k-fold
point p, π : X̃ → X the blowup at p, and C̃ the proper transform of C. Then
χ(OC̃)= χ(OC)−

(k
3

)
.

Proof. Let E ⊆ X̃ be the exceptional divisor and C = E ∩ C̃. By adjunction,

KC̃ = (K X̃ + C̃)|C̃

= (π∗K X + 2E +π∗C− k E)|C̃
= π∗KC− (k− 2)C,

so Riemann–Roch for surfaces gives

χ(OC̃)= χ(OC̃(−kC))− kC2

= χ(OC̃(−kC))+ k2.
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From the exact sequence

0→ OX (−C)→ OX̃ (−k E)→ OC̃(−kC)→ 0,

we get that
χ(OC̃(−kC))= χ(OX̃ (−k E))−χ(OX )+χ(OC).

Finally, using induction on the exact sequence

0→ OX̃ (−(i + 1)E)→ OX̃ (−i E)→ OP2(i)→ 0

for i = 0, . . . , k− 1, we conclude that

χ(OX̃ (−k E))= χ(OX )−

k−1∑
i=0

i2
+ 3i + 2

2
= χ(OX )−

k3
+ 3k2

+ 2k
6

.

Putting these three equations together gives the result. �

Lemma 3.5. There is a family T4 of stable genus-6 curves having intersection
numbers

T4 · λ= 16, T4 · δ0 = 118, T4 · δ3 = 1, T4 ·ϕ
∗OX6(1)= 4.

Proof. Let X be the blowup of P2
× P1 at four constant sections of the second

projection, and let C,C′ ⊆ X denote the proper transforms of degree-4 families
of plane sextic curves with assigned nodes at the blown-up points. Suppose C is
chosen in such a way that it contains the curve pictured in Figure 2 on the right as
a member and that the fourfold points of this fiber are also ordinary fourfold points
of the total space while away from this special fiber the family is smooth and all
singular fibers are irreducible nodal. The stable reduction of the special fiber is then
a 13-curve, which we furthermore assume to lie in the locus where the map ϕ is
defined. The family C′ is chosen generically so that all its members are irreducible
stable curves.

Let π : X̃→ X be the blowup of X at the two fourfold points of C; denote by C̃

the proper transform of C and by E1, E2 ⊆ X̃ the exceptional divisors of π . Then
C̃= π∗C− 4E1− 4E2 and K X̃ = π

∗K X + 2E1+ 2E2, so

K 2
C̃
= (K X̃ + C̃)2C̃

= (π∗(K X +C)− 2(E1+ E2))
2(π∗C− 4(E1+ E2))

= (K X +C′)2C′− 16(E3
1 + E3

2)= K 2
C′ − 32.

By Lemma 3.4, we find that

χ(OC̃)= χ(OC)− 2
(4

3

)
= χ(OC′)− 8,
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so c2(C̃)= c2(C
′)−64 by Noether’s formula. If T4 and T ′4 denote the families in M6

induced by C̃ and C′, respectively, we find that T4 · λ= T ′4 · λ− 8= 4 · 6− 8= 16
(note that T ′4 is numerically equivalent to 4T1, where T1 is the pencil described in
Lemma 3.1). Moreover, the difference in topological Euler characteristics between
a general (smooth) fiber and the special (blown-up) fiber of C̃ is 6; thus, we find
T4 · δ0 = T ′4 · δ0− 64− 6= 4 · 47− 70= 118. Finally, T4 is constructed in such a
way that T4 · δ3 = 1 and T4 ·ϕ

∗OX6(1)= 4. �

Lemma 3.6. There is a family T5 of stable genus-6 curves having intersection
numbers

T5 · λ= 21, T5 · δ0 = 164, T5 ·ϕ
∗OX6(1)= 10.

Proof. In order to construct T5, we take a family of quadric hyperplane sections
of a family of generically smooth anticanonically embedded del Pezzo surfaces
with special fibers having A1 singularities. More concretely, let S̃ be the blowup
of P2

×P1 along the four sections

61 = ([1 : 0 : 0], [λ : µ]),

62 = ([0 : 1 : 0], [λ : µ]),

63 = ([0 : 0 : 1], [λ : µ]),

64 = ([λ+µ : λ : µ], [λ : µ]),

where [λ : µ] ∈ P1 is the base parameter. We map S̃ into P7
× P1 by taking a

system of eight (3, 1)-forms that span the space of anticanonical forms in every
fiber as given for example by

f ([x0 : x1 : x2])=
[
x0x1(λx0− (λ+µ)x1) : x2

0(µx1− λx2)

: x0x2(µx0− (λ+µ)x2) : x0x2(µx1− λx2)

: x0x1(µx1− λx2) : x2
1(µx0− (λ+µ)x2)

: x1x2(µx1− λx2) : x2
2(λx0− (λ+µ)x1)

]
.

This maps every fiber anticanonically into a 5-dimensional subspace of P7 that
depends on [λ : µ] ∈ P1. The image of the blown-up P2 is isomorphic to S except
for the parameter values [λ : µ] = [1 : 0], [0 : 1], and [1 : −1], where three base
points lie on a line that gets contracted to an A1 singularity under the anticanonical
embedding.

Denote the image of f by S; let H1 and H2 be the generators of Pic(P7
×P1)

and H̃1, H̃2, E1, . . . , E4 those of Pic(S̃). Note that f ∗H1 = 3H̃1−
∑

Ei + H̃2 and
f ∗H2 = H̃2. We claim that

S≡ 5H 5
1 + 9H 4

1 H2 ∈ A∗(P7
×P1).
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Indeed, the first coefficient is just the degree in a fiber while the second one is
computed as

S · H 3
1 =

(
3H̃1−

4∑
i=1

Ei + H̃2

)3

= 27H̃ 2
1 H̃2+ 3

4∑
i=1

H̃2 E2
i − E3

4 + 9H̃1 E2
4

= 27− 12+ 3− 9= 9.

Here we have used that H̃2 E2
i =−1 for i = 1, . . . , 4 as it is just the self-intersection

of the exceptional P1 in a fiber. Moreover, by the normal bundle exact sequence,

E3
i = KP2×P1 ·6i − deg K6i = (−3H̃1− 2H̃2)H̃ 2

1 + 2= 0

for i = 1, 2, 3, and similarly,

E3
4 = (−3H̃1− 2H̃2)(H̃ 2

1 + H̃1 H̃2)+ 2=−3.

Finally, H̃1 and H̃2 both restrict to the same thing on E4 (namely the class of a fiber
of the fibration E4→64), so H̃1 E2

4 = H̃2 E2
4 =−1.

Let C be the family cut out on S by a generic hypersurface of bidegree (2, 2)
so that C≡ 10H 6

1 + 28H 5
1 H2. Since KS̃ = OS̃(−3H̃1+

∑
Ei − 2H̃2), we find that

KS = OS(−H1− H2). Thus, ωS/P1 = OS(−H1+ H2), and by adjunction, ωC/P1 =

OC(H1+ 3H2). If T5 denotes the family induced in M6 by C, we then find that

T5 · κ = ω
2
C/P1 = (H1+ 3H2)

2
· (10H 6

1 + 28H 5
1 H2)= 88.

Next we note that OS(−C)= 2KS, so applying the Riemann–Roch theorem for
threefolds to the short exact sequence 0→ 2KS→ OS→ OC→ 0, we get

χ(OC)= χ(OS)−χ(2KS)

=−
1
2 K 3

S+ 4χ(OS)

=−
1
2(−H1− H2)

3(5H 5
1 + 9H 4

1 H2)+ 4

= 16,

where we used that χ(OS)= 1 because S is rational. Hence, if C denotes a generic
fiber of C, we get that T5 · λ = χ(OC)− (g(P1)− 1)(g(C)− 1) = 21. Finally, by
Mumford’s relation, we obtain T5 · δ0 = 12 · 21− 88= 164.

For computing T5 ·ϕ
∗OX6(1), we note that we can also construct S as follows:

blow up P2
×P1 at [1 :0 :0], [0 :1 :0], [0 :0 :1], and [1 :1 :1], embed it into P7

×P1 via

f ′([x0 : x1 : x2])=
[
x0x1(x0− x1) : x2

0(x1− x2) : x0x2(x0− x2) : x0x2(x1− x2)

: x0x1(x1− x2) : x2
1(x0− x2) : x1x2(x1− x2) : x2

2(x0− x1)
]
,
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and take the proper transform of this constant family under the birational map
ψ : P7

×P1 99K P7
×P1 given by

ψ([y0 : · · · : y7])=
[
λ2(λ+µ)2 y0 : λµ(λ+µ)

2 y1 : µ
2(λ+µ)2 y2 : λµ

2(λ+µ)y3

: λ2µ(λ+µ)y4 : λ
2µ(λ+µ)y5 : λ

2µ2 y6 : λµ2(λ+µ)y7
]
.

Denoting by S′ ∼= S×P1 the image of f ′, the intersection number T5 · ϕ
∗O(1) is

given by the number of curves in T5 passing through a general fixed point of S. Since
two general hyperplane sections cut out five general points on S, we compute that

T5 ·ϕ
∗OX6(1)=

1
5 OS′(H1)

2
·ψ∗OS(C)=

1
5 H 5

1 · H
2
1 · (2H1+ 10H2)= 10. �

4. The moving slope of M6

Proposition 4.1. The moving slope of M6 fulfills 47
6 ≤ s ′(M6)≤

102
13 .

Proof. The lower bound is the slope of the effective cone of M6 and was known
before [Farkas 2010]. Using the test families T1 through T5 described in Section 3,
we get that

ϕ∗OX6(1)= 102λ− 13δ0− 54δ1− 84δ2− 94δ3.

Since OX6(1) is ample on X6 and ϕ is a rational contraction, this is a moving divisor
on M6, which gives the upper bound on the moving slope. �

Remark 4.2. Note that 102
13 ≈ 7.846 is strictly smaller than 65

8 = 8.125, which was
the upper bound previously obtained in [Farkas 2010]. However, since our families
T4 and T5 are not covering families for divisors contracted by ϕ, we cannot argue
as in [Fedorchuk 2012, Corollary 3.7]. In particular, the actual moving slope may
be lower than the upper bound given here.

Proposition 4.3. The log canonical model M6(α) is isomorphic to X6 whenever
16
47 < α ≤

35
102 . It is a point for α = 16

47 , and empty for α < 16
47 .

Proof. This is completely analogous to [Fedorchuk 2012, Corollary 3.6]. Since

(KM6
+αδ)−ϕ∗ϕ∗(KM6

+αδ)

= (13λ− (2−α)δ)−ϕ∗ϕ∗(13λ− (2−α)δ)

=
( 35

2 − 51α
)[

GP6
]
+ (9− 11α)δ1+ (19− 29α)δ2+ (34− 96α)δ3

is an effective exceptional divisor for ϕ as long as α ≤ 35
102 , the upper bound follows.

Moreover, ϕ∗(13λ− (2−α)δ)= OX6(47α− 16), which gives the lower bound. �



1126 Fabian Müller

Acknowledgements

This work is part of my PhD thesis. I am very grateful to my advisor Gavril Farkas
for suggesting the problem and providing many helpful insights. I would also like
to thank Florian Geiß for several enlightening discussions as well as an anonymous
referee for some constructive criticism. I am supported by the DFG Priority Project
SPP 1489.

References

[Alper et al. 2011] J. Alper, M. Fedorchuk, and D. Smyth, “Singularities with Gm -action and the log
minimal model program for Mg”, preprint, 2011. arXiv 1010.3751v2

[Chang and Ran 1991] M.-C. Chang and Z. Ran, “On the slope and Kodaira dimension of Mg for
small g”, J. Differential Geom. 34:1 (1991), 267–274. MR 92h:14015 Zbl 0780.14014

[Coray and Tsfasman 1988] D. F. Coray and M. A. Tsfasman, “Arithmetic on singular Del Pezzo
surfaces”, Proc. London Math. Soc. (3) 57:1 (1988), 25–87. MR 89f:11083 Zbl 0653.14018

[Coskun 2006] I. Coskun, “The enumerative geometry of Del Pezzo surfaces via degenerations”,
Amer. J. Math. 128:3 (2006), 751–786. MR 2007i:14053 Zbl 1099.14029

[Eisenbud and Harris 1987a] D. Eisenbud and J. Harris, “Existence, decomposition, and limits of
certain Weierstrass points”, Invent. Math. 87:3 (1987), 495–515. MR 88a:14028b Zbl 0606.14014

[Eisenbud and Harris 1987b] D. Eisenbud and J. Harris, “The Kodaira dimension of the moduli space
of curves of genus ≥ 23”, Invent. Math. 90:2 (1987), 359–387. MR 88g:14027 Zbl 0631.14023

[Farkas 2010] G. Farkas, “Rational maps between moduli spaces of curves and Gieseker–Petri
divisors”, J. Algebraic Geom. 19:2 (2010), 243–284. MR 2011b:14060 Zbl 1210.14029

[Fedorchuk 2012] M. Fedorchuk, “The final log canonical model of the moduli space of stable curves
of genus 4”, Int. Math. Res. Not. 2012:24 (2012), 5650–5672. MR 3006172 Zbl 1258.14032

[Hassett 2000] B. Hassett, “Local stable reduction of plane curve singularities”, J. Reine Angew.
Math. 520 (2000), 169–194. MR 2001d:14029 Zbl 0962.14019

[Jensen 2013] D. Jensen, “Birational contractions of M3,1 and M4,1”, Trans. Amer. Math. Soc. 365:6
(2013), 2863–2879. MR 3034451 Zbl 06185190

[Schubert 1991] D. Schubert, “A new compactification of the moduli space of curves”, Compositio
Math. 78:3 (1991), 297–313. MR 92d:14018 Zbl 0735.14022

[Shepherd-Barron 1989] N. I. Shepherd-Barron, “Invariant theory for S5 and the rationality of M6”,
Compositio Math. 70:1 (1989), 13–25. MR 90b:14058 Zbl 0704.14044

Communicated by Ravi Vakil
Received 2013-06-17 Revised 2014-04-06 Accepted 2014-05-19

muellerf@math.hu-berlin.de Humboldt-Universität zu Berlin, Unter den Linden 6,
D-10099 Berlin, Germany

mathematical sciences publishers msp

http://msp.org/idx/arx/1010.3751v2
http://projecteuclid.org/euclid.jdg/1214447001
http://projecteuclid.org/euclid.jdg/1214447001
http://msp.org/idx/mr/92h:14015
http://msp.org/idx/zbl/0780.14014
http://dx.doi.org/10.1112/plms/s3-57.1.25
http://dx.doi.org/10.1112/plms/s3-57.1.25
http://msp.org/idx/mr/89f:11083
http://msp.org/idx/zbl/0653.14018
http://dx.doi.org/10.1353/ajm.2006.0020
http://msp.org/idx/mr/2007i:14053
http://msp.org/idx/zbl/1099.14029
http://dx.doi.org/10.1007/BF01389240
http://dx.doi.org/10.1007/BF01389240
http://msp.org/idx/mr/88a:14028b
http://msp.org/idx/zbl/0606.14014
http://dx.doi.org/10.1007/BF01388710
http://dx.doi.org/10.1007/BF01388710
http://msp.org/idx/mr/88g:14027
http://msp.org/idx/zbl/0631.14023
http://dx.doi.org/10.1090/S1056-3911-09-00510-4
http://dx.doi.org/10.1090/S1056-3911-09-00510-4
http://msp.org/idx/mr/2011b:14060
http://msp.org/idx/zbl/1210.14029
http://dx.doi.org/10.1093/imrn/rnr242
http://dx.doi.org/10.1093/imrn/rnr242
http://msp.org/idx/mr/3006172
http://msp.org/idx/zbl/1258.14032
http://dx.doi.org/10.1515/crll.2000.020
http://msp.org/idx/mr/2001d:14029
http://msp.org/idx/zbl/0962.14019
http://dx.doi.org/10.1090/S0002-9947-2012-05581-4
http://msp.org/idx/mr/3034451
http://msp.org/idx/zbl/06185190
http://www.numdam.org/item?id=CM_1991__78_3_297_0
http://msp.org/idx/mr/92d:14018
http://msp.org/idx/zbl/0735.14022
http://www.numdam.org/item?id=CM_1989__70_1_13_0
http://msp.org/idx/mr/90b:14058
http://msp.org/idx/zbl/0704.14044
mailto:muellerf@math.hu-berlin.de
http://msp.org


Algebra & Number Theory
msp.org/ant

EDITORS

MANAGING EDITOR

Bjorn Poonen
Massachusetts Institute of Technology

Cambridge, USA

EDITORIAL BOARD CHAIR

David Eisenbud
University of California

Berkeley, USA

BOARD OF EDITORS

Georgia Benkart University of Wisconsin, Madison, USA

Dave Benson University of Aberdeen, Scotland

Richard E. Borcherds University of California, Berkeley, USA

John H. Coates University of Cambridge, UK

J-L. Colliot-Thélène CNRS, Université Paris-Sud, France

Brian D. Conrad University of Michigan, USA

Hélène Esnault Freie Universität Berlin, Germany

Hubert Flenner Ruhr-Universität, Germany

Edward Frenkel University of California, Berkeley, USA

Andrew Granville Université de Montréal, Canada

Joseph Gubeladze San Francisco State University, USA

Roger Heath-Brown Oxford University, UK

Craig Huneke University of Virginia, USA

Yujiro Kawamata University of Tokyo, Japan

János Kollár Princeton University, USA

Yuri Manin Northwestern University, USA

Barry Mazur Harvard University, USA

Philippe Michel École Polytechnique Fédérale de Lausanne

Susan Montgomery University of Southern California, USA

Shigefumi Mori RIMS, Kyoto University, Japan

Raman Parimala Emory University, USA

Jonathan Pila University of Oxford, UK

Anand Pillay University of Notre Dame, USA

Victor Reiner University of Minnesota, USA

Peter Sarnak Princeton University, USA

Joseph H. Silverman Brown University, USA

Michael Singer North Carolina State University, USA

Vasudevan Srinivas Tata Inst. of Fund. Research, India

J. Toby Stafford University of Michigan, USA

Bernd Sturmfels University of California, Berkeley, USA

Richard Taylor Harvard University, USA

Ravi Vakil Stanford University, USA

Michel van den Bergh Hasselt University, Belgium

Marie-France Vignéras Université Paris VII, France

Kei-Ichi Watanabe Nihon University, Japan

Efim Zelmanov University of California, San Diego, USA

Shou-Wu Zhang Princeton University, USA

PRODUCTION
production@msp.org

Silvio Levy, Scientific Editor

See inside back cover or msp.org/ant for submission instructions.

The subscription price for 2014 is US $225/year for the electronic version, and $400/year (+$55, if shipping outside the US)
for print and electronic. Subscriptions, requests for back issues and changes of subscribers address should be sent to MSP.

Algebra & Number Theory (ISSN 1944-7833 electronic, 1937-0652 printed) at Mathematical Sciences Publishers, 798 Evans
Hall #3840, c/o University of California, Berkeley, CA 94720-3840 is published continuously online. Periodical rate postage
paid at Berkeley, CA 94704, and additional mailing offices.

ANT peer review and production are managed by EditFLOW® from Mathematical Sciences Publishers.

PUBLISHED BY

mathematical sciences publishers
nonprofit scientific publishing

http://msp.org/
© 2014 Mathematical Sciences Publishers

http://dx.doi.org/10.2140/ant
mailto:production@msp.org
http://dx.doi.org/10.2140/ant
http://msp.org/
http://msp.org/


Algebra & Number Theory
Volume 8 No. 5 2014

1045Polarization estimates for abelian varieties
DAVID MASSER and GISBERT WÜSTHOLZ

1071Compatibility between Satake and Bernstein isomorphisms in characteristic p
RACHEL OLLIVIER

1113The final log canonical model of M6
FABIAN MÜLLER

1127Poisson structures and star products on quasimodular forms
FRANÇOIS DUMAS and EMMANUEL ROYER

1151Affinity of Cherednik algebras on projective space
GWYN BELLAMY and MAURIZIO MARTINO

1179Cosemisimple Hopf algebras are faithfully flat over Hopf subalgebras
ALEXANDRU CHIRVASITU

1201Tetrahedral elliptic curves and the local-global principle for isogenies
BARINDER S. BANWAIT and JOHN E. CREMONA

1231Local cohomology with support in generic determinantal ideals
CLAUDIU RAICU and JERZY WEYMAN

1259Affine congruences and rational points on a certain cubic surface
PIERRE LE BOUDEC

1937-0652(2014)8:5;1-6

A
lgebra

&
N

um
ber

Theory
2014

Vol.8,
N

o.5


	1. Introduction
	2. Defining  in codimension 1
	3. Test families
	4. The moving slope of 3mu-3mu M-1mu1mu6
	Acknowledgements
	References
	
	

