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Affine congruences and rational points
on a certain cubic surface

Pierre Le Boudec

We establish estimates for the number of solutions of certain affine congruences.
These estimates are then used to prove Manin’s conjecture for a cubic surface
split over Q whose singularity type is D4. This improves on a result of Browning
and answers a problem posed by Tschinkel.
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1. Introduction

The aim of this paper is to study the asymptotic behavior of the number of rational
points of bounded height on the cubic surface V C P? defined over @ by

2
xo(x1 +x2 4+ x3)° — x1x0x3 = 0.

Manin’s conjecture [Franke et al. 1989], and the refinements concerning the value
of the constant due to Peyre [1995] and to Batyrev and Tschinkel [1998b], describe
precisely what should be the solution of this problem.

The variety V has a unique singularity at the point (1 : 0: 0 : 0), of type Dj.
In addition, it contains precisely six lines, which are defined by xo = x; = 0 and
x1+x2+x3 =x; =0 fori €{l, 2, 3}. Rational points accumulate on these six
lines, hiding the interesting behavior of the number of rational points lying outside
the lines. We thus let U be the open subset formed by removing the six lines
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from V. We also let H : P3(Q) — R- be the exponential height, defined for a
vector (xo, X1, X2, x3) € Z* satisfying gcd(xg, x1, x2, x3) = 1 by

H (xo @ x1 @ x2 1 x3) = max{|xol, |x1], |x2], |x3]}.
The quantity in which we are interested is then defined by
Nu.u(B)=#{x e U(Q) | H(x) < B}.
In this specific context, Manin’s conjecture states that
Nu.u(B) =cy B (log B)°(1+0(1)),

where ¢y, ;; is a constant which is expected to agree with Peyre’s prediction. In
a more general setting, the exponent of the logarithm is expected to be equal to
the rank of the Picard group of the minimal desingularization of V minus one. In
comparison, the number Np: ; (B) of rational points of bounded height lying on a
line satisfies Npi g (B) = CP,’HBZ(I +o0(1)), where Cpi gy > 0.

Manin’s conjecture for singular cubic surfaces has received an increasing amount
of attention over the last years (see, for instance, [de la Breteche and Swinnerton-
Dyer 2007; de la Breteche et al. 2007; Le Boudec 2012a]). The interested reader is
invited to refer to [Le Boudec 2012a, Section 1] for a comprehensive overview of
what is currently known concerning singular cubic surfaces defined over Q.

Any cubic surface in P? defined over C which has only isolated singularities and
which is not a cone over an elliptic curve can only have ADE singularities (see [Coray
and Tsfasman 1988, Proposition 0.2]). In Table 1 below, we recall the classification
over @ of cubic surfaces with ADE singularities, and we give the number of lines
contained by the surfaces. Moreover, we indicate if Manin’s conjecture is known
for at least one example of the surface of the specified singularity type by giving
the corresponding reference. Note that the difficulty of proving Manin’s conjecture
increases as we go higher in Table 1.

At the American Institute of Mathematics workshop Rational and integral points
on higher-dimensional varieties in 2002, Tschinkel posed the problem of study-
ing the quantity Ny, g (B). Motivated by [Heath-Brown 2003], which deals with
Cayley’s cubic surface, Browning [2006] gave a first answer to this question by
proving that

Nu,1(B) < B(log B)®,

where < means that the ratio of these two quantities is between two positive
constants. To do so, he made use of the universal torsor calculated in [Hassett and
Tschinkel 2004], which is an open subset of the affine hypersurface embedded in
A0 ~ Spec(Q[n,, ..., n,]) and defined by

20318 + N3MeTo + N4M3M10 — MMaN3NaNsNeTy = 0.
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Singularity type Number of lines Result
Ay 21
2A4 16
As 15
3A4 12
Ar+ Ay 11
Aj 10
4A4 9
2A1 + Ay 8
Az + A 7
2A, 7
Ay 6
Dy 6 [this paper]
2A1 4 Aj 5
2A; + A 5 [Le Boudec 2012a]
As+ A4 4
As 3
D5 3 [Browning and Derenthal 2009]
3A, 3 [Batyrev and Tschinkel 1998a]
As + Ay 2 [Baier and Derenthal 2012]
E¢ 1 [de la Breteche et al. 2007]

Table 1. Cubic surfaces with ADE singularities.

In this paper, we also make use of this auxiliary variety to establish Manin’s
conjecture for V.

Universal torsors were originally introduced by Colliot-Théléne and Sansuc in
order to study the Hasse principle and weak approximation for rational varieties
(see [Colliot-Thélene and Sansuc 1976; 1980; 1987]). These descent methods have
turned out to be a very pertinent tool for counting problems. The parametrizations
of rational points provided by universal torsors have been used in the context of
Manin’s conjecture for the first time by Peyre [1998] and Salberger [1998].

It is a well-established heuristic that counting rational points on cubic surfaces
becomes harder as the number N of (—2)-curves on the minimal desingularizations
decreases (which means as we go higher in Table 1). As a consequence, our result
can be seen as a new record, since V is the first example of cubic surface with
N =4 for which Manin’s conjecture is proved. By way of comparison, we record
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here that N is also equal to 4 for Cayley’s cubic. Previously, Manin’s conjecture
was known for only two nontoric cubic surfaces with N = 6 (see [de la Breteche
et al. 2007; Baier and Derenthal 2012]) and two cubic surfaces with N =5 (see
[Browning and Derenthal 2009; Le Boudec 2012a]).

Since the parametrizations of the rational points resorting to universal torsors
become extremely complicated as N decreases, it seems to the author that establish-
ing Manin’s conjecture for a cubic surface with 1 < N < 3, and even for another
cubic surface with N =4, is an extremely difficult problem. In particular, all such
surfaces have universal torsors which are not hypersurfaces. Actually, it is not
even clear if sharp upper bounds for Ny g (B) can be obtained for surfaces with
1 < N < 3. As a reminder, the best result known for nonsingular cubic surfaces
(that is, with N = 0) is the upper bound

for any fixed ¢ > 0, which holds if the surface contains three coplanar lines defined
over Q) (see [Heath-Brown 1997]).

To prove Manin’s conjecture for V, we start by establishing estimates for the
number of (u, v) € Z* lying in a prescribed region and satisfying the congruence

aiu+av=>b (mod q) (1-1)

and the condition gcd(uv, g) = 1, where ay, ax € 740, q € Z>; are such that a;a
is coprime to ¢ and b € Z is divisible by each prime number dividing ¢g. Then, the
first step of the proof consists in summing over three variables, viewing the torsor
equation as an affine congruence to which these estimates are applied.

At this stage of the proof, a very interesting phenomenon stands out. The error
term showing up in these estimates gives birth to a new congruence where the
coefficients a; and a, appear. However, it is not possible to give a good bound
for this quantity for any fixed a; and a; coprime to g. As a consequence, this
quantity has to be estimated on average over certain variables dividing a; and a,.
More precisely, this error term is nontrivially summed over two other variables
whose squares respectively divide a; and a, using a result due to Heath-Brown
and coming from the geometry of numbers.

The step which makes this new congruence appear is definitely the key step of
our proof (see Lemma 2). Our method is believed to be quite new and will certainly
be useful in dealing with other diophantine problems. For instance, the methods
of Lemmas 2 and 9 are used in forthcoming work of la Breteche and Browning
[2014], in which they study in a quantitative way the failure of the Hasse principle
for a certain family of Chéatelet surfaces.

It is worth pointing out that it is very likely that our work can be adapted to yield
a proof of Manin’s conjecture for another cubic surface with a single singularity
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of type D4 but lying in the other isomorphism class over @ (there are exactly two
isomorphism classes of cubic surfaces with D4 singularity type over Q). This cubic
surface is defined over Q by

xo(x1 4+ x2 +X3)2 +x1(x1 +x3) =0,

and the universal torsor corresponding to this problem is an open subset of the
affine hypersurface embedded in A0 ~ Spec(Q[n;, ..., n,]) and defined by

2 2 2
MaN5Ng + M3NenNg + Man7nig = 0.

The study of the congruence (1-1) in the particular case b = 0 is expected to solve
the problem of proving Manin’s conjecture for this surface in a similar fashion.
Our main result is the following:

Theorem 1. As B tends to +00, we have the estimate

1
Ny.u(B)=cy yBlogB)°(1+ 0 ———— ),
v.H(B) = cy yB(log B) ( + ((loglOgB)l/ﬁ))

where cy, 1 agrees with Peyre’s prediction.

It has been checked that V is not an equivariant compactification of G2, or
Gﬁ (see [Derenthal 2014, Proposition 13] and [Derenthal and Loughran 2010]).
Furthermore, let

Gy= G’a Ad Gm,

where d € Z and the action of g € G,, on x € G, is given by g - x = g%x. It can
be checked that if V were an equivariant compactification of G4, then the number
of negative curves on its minimal desingularization would be less than or equal
to 8, which is not the case since this number is equal to 10. As a result, Theorem 1
does not follow from the general results concerning equivariant compactifications
of algebraic groups [Batyrev and Tschinkel 1998a; Chambert-Loir and Tschinkel
2002; Tanimoto and Tschinkel 2012].

The next section is dedicated to the proofs of several preliminary results. The
two following sections are devoted to the descriptions of the universal torsor and
Peyre’s constant respectively. Finally, in the remaining section we prove Theorem 1.

Throughout the proof, ¢ is an arbitrarily small positive number. As a convention,
the implicit constants involved in the notation O and < are always allowed to
depend on ¢.

2. Preliminaries

2.1. Affine congruences. Let ay, a € Z4( be two integers, and set a = (ay, a2).
Let also g € Z>; and b € Z. We assume that aja; is coprime to g. Moreover, if we
let rad(n) denote the radical of an integer n > 1; that is,
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rad(n) =[ [ p.
pln
then we also assume that
rad(q)|b. (2-1)

Let $ and ¢ be two bounded intervals. We introduce the quantities
N(9,%:q.a,b)
=#{(u,v) € IxFNZ* | ayu+arv =b (mod q), ged(uv, q) =1}, (2-2)

and

N*($, $;q) = L#{(u, v) € Ix$NZ* | ged(uv, q) = 1}. (2-3)
@(q)

It is immediate to check that one of the two conditions among gcd(u, g) = 1 and
gcd(v, g) =1 can be omitted in the definition of N (¥, $; ¢, a, b). Indeed, if we omit
the condition gcd(u, g) = 1, then the conditions gcd(as, g) =1 and ged(v, g) = 1
together imply that we have gcd(aju — b, g) = 1. This last condition is seen to be
equivalent to gcd(u, g) = 1, thanks to the conditions (2-1) and ged(ay, ¢) = 1.

Note that N*($, $; q) is the average of N($, $; ¢, a, b) over aj or a; coprime to g.
In Lemma 2, we show how we can approximate N (¥, $; g, a, b) by N*($, $; q).
We start by studying some exponential sums which will naturally appear in the proof
of Lemma 2. For g € Z-1, we let e, be the function defined by e, (x) = %™*/4,

and we set forr,s € Z
q

Sy(ros.a.by= Y egra+sp).
o, =1
ged(ap.q)=1
aja+a=b (mod q)
Furthermore, we need to introduce the classical Ramanujan sum. For ¢ € 7> and

n ez, we set ‘

cq(n) = Z eq(na)

a=1
ged(a,q)=1

cq(n) = Z ,u(%)d (2-4)

d| ged(g,n)

and we recall that

Lemma 1. Foranyr,s € Z, we have
Sy(r,s,a,b)=¢, (ral_lb)cq (a1s — ayr)
and, symmetrically,

Sy(r,s,a,b) = eq(saz_lb)cq (apr —ays),
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where a; Vand a, ! denote respectively the inverses of a; and a, modulo q.
As a result, we have S,(q, s, a, b) = c,(s) and S,(r, q, a, b) = c,(r), and thus
these two quantities are independent of a and b.

Proof. The symmetry given by the map (r, s, a;, a) — (s, r, az, a;) implies that
we only need to prove one of the two equalities. Let us prove the second one. Just
as we can omit the condition gcd(v, ¢) = 1 in the definition of N(¥, $; q, a, b),
we can also omit the condition ged(B, g) = 1 in the definition of S, (r, s, a, b).
Therefore, we get

q q
Sgroscaby= > egra) Y eg(sP)
a=1 B=1
ged(a,q)=1 aja+ayB=b (mod q)
q

= Z eq(raey(s(ay'b—ay'aja))

a=1
ged(a,q)=1
q

=e, (saz_lb) Z e, ((r— az_lals)a)

a=1
ged(a,q)=1
-1 -1 -1
=ey(sa, b)cy(r —a, ais) = ey (sa, b)cy(arr —ays),

as wished. O

From now on, for A > 0 we define the arithmetic function o_; by

o_s(n) = Zk‘*.

k|n

Lemma 2. Let aj,ay € Z49, q € Z>1 and b € Z, satisfying the assumptions
gcd(aiaz, g) = 1 and rad(q) |b. We have the estimate

N($,%:q9.a,b)—N*(9, $:q) < E(q, a),

where E(q, a) = Ey(q, a) + E(g) with

Eog. =Y |u(%)[a > sl
dlg

0<|rl,ls|=q/2
ays—ayr=0 (mod d)

and

3
Ei(q) = (L) (log q)*.
v(q)
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Proof. We detect the congruence using sums of exponentials; we get

q
N9, $:q,a,b) = > #(u,v) € IxINT | gla—u, f—v)
o, =1

ged(aB,q)=1
aja+axB=b (mod q)

q

= > %(Z ieﬂra—ru)) (Z ieq(sﬁ—sv))

a,f=1 ued r=1 ved s=1
ged(ap.g)=1
ajoe+azB=b (mod q)

1 q
- Z Sy (r,s,a,b)F,(r, s),

r,s=1

Fy(r,s) = (Z ey (—ru)) (Z eq(—sv)).

uey veg

where

Using Lemma 1, we get

1 < .
N($,$%;:q,a,b)= — Z eq(ray b)cy(ays —axr)Fy(r, s).

r,s=1

Let ||x]| denote the distance from x to the set of integers. If r, s # g, then F,(r, s)
is the product of two geometric sums, and we therefore have

o< fe] 2]

Let N($, $; q) be the sum of the terms corresponding to r = g or s = g. As stated
in Lemma 1, N($, $; ¢q) is independent of a;, a; and b. Using (2-4), we get

-1
1 4 B
N 9:q.0.0) =N Fi9) = Y eq(ray ' byeq(as —ar) Fy(r, )
r,s=1
- ,u(—)‘d - -
2
q d|q d r,s=1 q q
ajs—axr=0 (mod d)
1 q q q
< (e T
9° 414 0<Irl,Is|<q/2

ays—axr=0 (mod d)

Recall that the right-hand side is equal to Eg(g, a). We have thus obtained

N($,%:q,a,b) — N(3, $;q9) < Ey(q, a). (2-5)



Affine congruences and rational points on a certain cubic surface 1267

Since N (%, $; q) is independent of a, and since N*($, $; ¢q) is the average of
N($, $; q, a, b) over ap coprime to g, averaging this estimate over a, coprime to g
shows that

N*(9,%:9) — N, $;9) < E|(q),

where
q
Ei(q) = () d Yo st >0
dlg 0<]rl,|s|<q/2 ar)=1
ged(az,q)=1

ajs—axr=0 (mod d)

<<—Z > ecd(rs, d)lr 7 s| !

dlg  0<lrl.Is|=q/2

<<?Z Zd/ Z |r|_1|s|_1
DG @t o<irlisl<q2
d|r,d |s

< ?aogq) > _do_i(d).
dlq

Furthermore, we can check that the right-hand side is bounded by E;(q). Thus
N*(9,%:9) — N9, % q) < Ei(q), (2-6)
and therefore, combining the estimates (2-5) and (2-6), we obtain
N(9,%:q.a,b)—N*(9,%;9) < E(q, a),
which completes the proof. ]

Note that an immediate consequence of Lemma 2 is the bound
1
N9, $:q,a,b) <<¢(—q)#<9x;mzz>+E<q,a>. -7

We now introduce a certain domain ¥ C R? where the couple (u, v) is restricted
tolie. Let X, T, A, Ay > 1. We let ¥ = P(X, T, A;, A,) be the set of (x, y) € R?
such that

Aylx| Asly||A1x + Ary — T| < T?X, (2-8)
|Aix+ Ay —T| < X, (2-9)

Arlx] < X, (2-10)

Aslyl < X. (2-11)

Note that the last three conditions imply that we also have

T <3X.
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Finally, we set
D(¥:q,a,b) =#{(u,v) € smzio | aju+av=b (mod q), ged(uv, q) =1}

and

1
D*(¥; q) = (p(—q)#{(u, v) € SNZ% | ged(uv, q) = 1}.

We now aim to prove the following lemma.

Lemma 3. Let L > 1. We have the estimate

3

1 X
D(¥;q,a,b)— D" (¥:q) €« ———— + L*108(2X)*E(q, a).
1 DS TTA Aw(q) ¢ 1

Proving this requires a technical result similar to [Le Boudec 2012b, Lemma 4].

Lemmad. Let0 <v <1and My € R.g. LetY € Rog and Y' € R be such that
0<Y-Y K ng. Let also A € R and set M =max(|A|, Y'/?). Let R C R be the
set of real numbers y satisfying

Y < |y*+24y|<7Y.

If Mo > M then we have the bound

M2
#HRNZ) < vl/zﬁo +1.

Proof. Without using the assumption My > M, the proof of [Le Boudec 2012b,
Lemma 4] shows that we have

M2
HRNZ) < vﬁo +v'2 My +1.

Therefore, under the assumption My > M, we clearly have the claimed upper
bound. O

Proof of Lemma 3. If ¥ N Zio = & then the result is obvious. We therefore assume
from now on that ¥ N Zio # . Welet 0 < 8, 8’ <1 be two parameters to be
selected in due course, and we set £ =1+ 6§ and ¢’ = 1+ &'. In addition, we let U
and V be variables running over the sets {£¢" |n € Z>_1} and {£¢" |n € Z>_1},
respectively. We define $ = U, (U] if U >0and $ =[¢U, U[ if U <0, and define
the interval § the same way using the variable V and the parameter ¢’. We have

D q.a.b)— Y  NU@.Figab)< > NS $iq.ab).
IxgNZ2CY IxIN7* LS
IxINTPERNS
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We define the quantity
DF;q)= Y. NI %:q.
IXINZECY

We note here that since N*($, $; ¢) is independent of a;, ay and b, D(¥; q) is also
independent of a;, ay and b. Moreover, we have

log(2X)?
> N(ﬁ,i;q,a,b)—D(ﬂ’:q)<<ME(q,a),

8¢’
IxINZ2CS

where we have used Lemma 2 and noted that the number of rectangles ¥ x $ such
that $x $NZ% C & is at most

log X log X log(2X)?
41 1+ o 1+ 7l S >
g log¢ 86

since 8, 8" < 1. We have proved that

log(2X)?
D(#;q.a,b) = D(F: ) < Y N(Sb,ﬁ;q,a,b)+ME(q,a).

86’
IxINZ* ¢S
IXINPLRNS

Using the bound (2-7) for N($, $; q, a, b), we conclude that

1 log(2X)?
D:q.a.b) = D(F: )< s > #<9x§mzz)+%E<q,a>,

4 IxINZ2LS

IxINZ2ZRNS

since the number of rectangles $ x ¢ satisfying $ x $NZ> € ¥ and $ x $NZ> L R*\ S
is also <« log(2X)28~18'~!. The sum of the right-hand side is over all the rectangles
Ix§ for which (51U, ¢2V) e $NZ% and (¢"'U, "2 V) € 7>\ for some (s1, 52) €
10, 11% and (¢, 12) € 10, 1]%. This means that one of the inequalities defining & is
not satisfied by (¢"'U, ¢2V), and we need to estimate the contribution coming
from each of the conditions (2-8)—(2-11). Note that we always have the conditions

AlUI = X, (2-12)
AV < X. (2-13)

In what follows, we could sometimes write strict inequalities instead of nonstrict
ones, but this would not change anything in our reasoning. Let us first deal with
condition (2-8). For the rectangles ¥ x ¢ described above, for some (s1, s2) € ]0, 17
and (71, 1) € ]0, 1]* we have
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AU A VI AU 4+ AV =T < T°X, (2-14)
"¢ ANUI ALV [C" AU + ¢ AV —T| > T?X. (2-15)

These two conditions imply respectively

T2X
AU + AV —T| < ———— 1 5A,|U|+ 8 A1|V],
: AU Ay | V]

and
|A/U+ AV —T| > ;—lg/—‘TZ—X —8A|U| -8 As2|V].
AU A2 V]
Setting A = § + &', we thus get
g*lg’*sz—X —AX <|A\U+AV—T| < TZ—X—i—AX. (2-16)
AU A2V T AUIAL|V|

Going back to the variables u and v, it is immediate to check that
|[|Aju+ Ao — T| = |A\U 4+ AV — T|| <8A|U|+ 8 A|V| < AX.

Therefore, the inequality (2-16) gives

;*%HTZ—X —2AX < |Aju+Aw—T| < ;;’TZ—X +2AX.
Ajlu|Az|v] Ailu|Az|v|
Finally, we obtain the condition
;*1;’*1—T2X —4AX2 <ul|ut 22 <! LR SIS
A3 A5yl A3 Ay A2 Az vl A?

Since T < 3X, we can apply Lemma 4 with
X3/2

My= —————
/11/4;/2|U|1/2

and v = A. We see that the error we want to estimate is bounded by

Z #IxFNZ?) < #{(u, v) € Z% | (2-17), |ul < X/Ay, |v] < X/ Az}
(2-12),(2-13)
(2-16) X5/2 X

x3
< (Al/z +1) < AP 2
|v|<<X:X/A2 TA Ay v|12 TAAy A

Using the symmetry between the variables u# and v, we see that we also have

2 #(9)(}022) < A]/ZX_3+£
TA1Ay Ay’
(2-12),(2-13)

(2-16)
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and thus
X

+ .
TAA2  Al2A)?

Y #UxINT) < A
(2-12),(2-13)
(2-16)

We now reason in a similar way to treat the cases of the other conditions. Let us
estimate the contribution coming from condition (2-9). We see that the condition
which plays the role of (2-16) in the previous case is here

X—-AX <|AIU+ AV -T| <X+ AX. (2-18)
Furthermore, going back to the variables u and v, we obtain

X -2AX <|Aju+Aw—T| < X+2AX. (2-19)
We therefore find that the error in this case is bounded by

Z #IXINLY) < #{(u,v) € 22 | (2-19), Ju] < X/A;, [v] < X/As}
(2-12),(2-13)

(2-18) X X2 X
A1 A iy
< E (A1+)<< A1A2+A2

|« X/As

Once again using the symmetry between the variables u and v, we obtain

Y #exgnz) < st X
12 ,1/2°
(2-12),(2-13) A1Ay ATA,
(2-18)

Finally, if X/A; < 2 then it is clear that we do not have to consider the case of

condition (2-10), and if X/A| > 2 then we are going to choose § such that X/A;

is an integer power of ¢ and, as a result, we do not have to consider the case of this

condition, here either. The same reasoning holds for the choice of the parameter &’

depending on the size of the quantity X/A;. As a consequence, we have obtained
X3 log(2X)? X

D(¥; q,a,b)—D(¥; q) K A2 + E(q,a)+——m7—.
TAAw(q) 8¢ AY?AY%0(q)

Note that if ¢ =1 then the result of Lemma 3 is clear since D(¥; 1, a, b) = D*(¥; 1)
and if ¢ > 1 then the third term of the right-hand side is dominated by one of the
other two. We can always choose § and 8’ such that ¢ and ¢’ are integer powers

of X/A and X /A, respectively if these quantities are greater than or equal to 2;
and we can require that, given L > 1,

5,8 = —
’ ’\Lz'
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These choices of § and §" give
3

1 X
D(¥;q,a,b)—D(¥;q) €« ———— + L*10g(2X)*E(q, a).
LTA A(q)

Since D(¥; g) does not depend on a; and D*(¥; g) is the average of D(¥; g, a, b)
over ap coprime to g, averaging the last estimate over a, coprime to g yields
DD < K 00X B )
3q) — 1 q T A AT 0g 1q).
LTAA2(q)
Putting these two estimates together completes the proof. O

Our next aim is to approximate the cardinality which appears in D*(¥; ¢) by
its corresponding two-dimensional volume. For this, we define the real-valued
function

h:(x,y, t) > max{|xy||lx +y —t], £%|x|, 2|y, £*|x +y — t]}. (2-20)

It is immediate to check that

1/3
9:{(x,y)eR2’h( Arx Ay T )51}. (2-21)

X13T2/3 X1/3T2/3° X1/3

We also introduce the real-valued functions

g1:(y, 1)~ dx, gzztr—>/g1(y,t)dy.
h(x,y,t)<1
Lemma 5. For (y,t) € R x R., we have the bounds

2

g1y, ) Kt™ and g (1) K 1.

Proof. The bound for g; is clear since #?|x| < 1. To prove the bound for g, we use
the elementary result [Derenthal 2009, Lemma 5.1]. We obtain

1 1
dr < min{ , }
/Ixyx+y—t|<1 1727 |yl |y — 1]

Therefore, we have

(1) <</ dy +/ dy +/ dy
1% — — —_—.
i<t Y20 =1 Wy =21 st =<1 191374y —1]1/2

The three terms of the right-hand side are easily seen to be bounded by an absolute
constant, which completes the proof. U

We now prove that the following result holds:
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Lemma 6. We have the estimate

D5 0(q) X2/3T4/3 T1/3 X2 A}/2 AI/Z .
where
Ex(q) = TU—I/Z(Q)U—I(Q)-

Proof. We start by removing the two coprimality conditions ged(u, g) = 1 and
gcd(v, g) = 1 using Mbius inversions. We get

D*(¢: q) ( S 2 E) Y pEC (6, 9), (2-22)
£y 121
where ! !

Cly, o, &) =#{(u' V) € Z% | (1i, £0)) € F}.
To count the number of u’ to be considered, we use the estimate
#{n € ZoN [, 6]} =1 — 1 + O(max(n], |2)'/?), (2-23)

which is valid for any ¢#{, £, € R such that #; < r,. We obtain

Z X1372/3 Astoy' T3 x1/2
Cllr, b, ) = ( g1< , )+ o(—>)
Alﬂl X1/3T172/3° x1/3 A}/ZE}/Z

U’EZ?':()
Ao |v'|<X
X1/3T2/3 AZZZU/ T1/3 X3/2
=T Al > gl<X1/3T2/3’ X1/3)+O( 172,172 )
1t1 v'eZ s Al El Arly
Arbo|v'|<X

The first bound of Lemma 5 implies that
T1/3 x2/3
sup 1|\ Vs o3 ) K 73
ly|<X2/3,T2/3 < X1/3> 123"

Since g; is easily seen to have a piecewise continuous derivative, this bound, an
application of partial summation and a further use of the estimate (2-23) yield

Arlyy’ T3 x1/372/3 T1/3 x7/6
Z gl(X1/3T2/3’ X1/3) T Al gz( 1/3)+0< 172 1/2)'
282 X T?3A5 ¢,

U/EZ#)
Arbo|v'|<X

We have finally proved that

1 X23T4/3 T1/3 X3/2 X3/2
Cly, 6, %) = gz( )+o( n )
Gl AAy OP\XT1 A AR T AR g,
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Putting together this estimate and the equality (2-22) completes the proof. U

One of the immediate consequences of Lemmas 3 and 6 is the following result,
which corresponds exactly to the setting of the proof of Theorem 1:

Lemma?7. LetL>1and £ > 1. If

=T,

Bl >

then we have the estimate

(p(q) X2/3T4/3 T1/3 <E
2 AlA 2\ x1/3 ’

where E=E(X,T, A, Ay, L, &, q, a) is given by

X2/3T4/3 P A1/2 A1/2
T+ T+ 2 ) Ea().
A1Axg

D(¥;q,a,b)

E = L*log(2X)’E(q, a) + Tttty
2.2. The error term. We now turn to the investigation of the error term E (g, @’) in
the particular case where a’ = (blc%, bzcg) for by, by, c1, c2 € Z>1. Recall that we
have ged(bbacicz, ¢) = 1. We aim to give an upper bound for the sums of E (g, a’)
over c¢; and ¢; in some dyadic ranges. For this, we make use of the following result,
which comes from the geometry of numbers and is due to Heath-Brown (see [1984,
Lemma 3]). Note that this result had already been used by Browning [2006] to
prove that Ny g (B) has the expected order of magnitude.

Lemma 8. Let (vy, v, v3) € Z° be a primitive vector, and let Wi, Wy, W3 > 1. The
number of primitive vectors (Wi, wa, wW3) € 73 satisfying the conditions |w;| < W;
fori=1,2,3 and the equation

viwy + w2 +v3w3 =0

is at most
Wi W, Ws

max{|v;| W;}
where the maximum is taken overi =1, 2, 3.

From now on, we let T be the usual divisor function. Recall the definitions of
E(g,a’) and E|(g) given in Lemma 2. We now prove the following lemma:

Lemma9. Let Cy, Cy > % We have the bound

S Eg.a) < (€16t (@) +9) 2"V E (@),

Ci<c¢;<2C;
ng(Cl ,6‘2)21

where the notation Y " means that the summation is restricted to integers which are
coprime to q and where i implicitly runs over the set {1, 2}.
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Proof. We have

Y E@ah< Y Eoq.a)+CiCEN(Q).

C;<c;<2C; Ci<c;<2C;
ged(er,e2)=1 ged(cy,c)=1

The first term of the right-hand side is at most

*

)LD DN e D DA
dlg 0<]rl,|s|<q/2 Ci<c;<2C;
ged(cer,e2)=1

bicts—byc3r=0 (mod d)

Let us set g = gcd(r, s,d) and s’ =s/g,r' =r/g and d' = d/g. We have

* *
> =X > !
Ci<c;<2C; 1<p=<d Ci<c;<2C;
ged(cy,c2)=1 ged(p,d)=1 ged(cy,c2)=1

bic?s—byc2r=0(mod d) bisp2—brr=0 (mod d) pc2=ci (mod d)

*

= > > !
1<p=d Ci<c; <2C;
ged(p,d)=1 ged(cr,c2)=1

bis' p?—byr’=0(mod d’) pc2=ci (mod d)

D> !

I1<p<d Ci<c; <2C;
ged(p,d)=1 ged(cy,e2)=1
p2—(b1s")"'byr'=0 (mod d’) Pc2=ci (mod d)

since ged(b1by, d’) = 1 and ged(r/, s’,d’) = 1, and where (b;s’)~! denotes the
inverse of b1s’ modulo d’. Using Lemma 8, we get

* i1,
Yok +1.
d
Ci<c;<2C;
ged(er,e2)=1
pcr=cy (mod d)

As a consequence, we have proved that

CiC
Y 1 <ged(r s, d)20@ (% + 1).

Ci<ci<2C;
ged(cr,c2)=1
by c%sszc%rso (mod d)

Finally, we easily get
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Zd Z |r|_1|s|_1 ng(r,sc,id)Zw(d) <<22w(d)ze Z |r|_1|S|_l

dlg 0<]|r|,|s|<q/2 dlgq eld 0<|r|,|s|<q/2
elr,els

L 2Dz (q)o_1(q)(log q)*
L 2°D1(q)E(q),

and, as in the proof of Lemma 2, we obtain
dd DT s ged(r s, )27 < q2° P E(g).
dlg  0<|rl,Is|=q/2

As a result, we have proved that

37 Eolg.a) < (C1Cat(q) +)2°VEq (),

Ci<c;<2C;
ged(er,e2)=1

which completes the proof. U

2.3. Arithmetic functions. We now introduce several arithmetic functions which
will appear along the proof of Theorem 1. We set

0*(n) = ]_[(1 — %) (2-24)

pln

o' =[](1- %)_2(1 + %)_1, (2-25)

pln

and also, fora, b € 7>,

Ya(n) = ]_[<1 - %)2(1 - ﬁ) (2-26)

pln
pla
and
«(n) if ged(n, b) =1,
Vo p(n) = Va(n) g (. )
0 otherwise.

Following the straightforward reasoning of the proofs of [Le Boudec 2012b,
Lemmas 5, 6], we easily obtain the following result:

Lemma 10. Let 0 < y < 1 be fixed. Let 0 < t] < tp, and set I = [t1,1;]. Let
g : Roo — R be a function with a piecewise continuous derivative on I whose sign
changes at most R, (1) times on 1. We have

> Vs =19, b) [ 0)dr+0, (o p(@h) My @),

nelNZ-o
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where
T=[]e' "' Wab)=¢*b)e (ab), (2-27)
p

and

M;(g) = (1+ Ry(1)) sup [g(1)].
telNR~

3. The universal torsor

In this section we define a bijection between the set of rational points of bounded
height on U and a certain set of integral points on the hypersurface defined in
the introduction. The universal torsor corresponding to our present problem was
first determined by Hassett and Tschinkel [2004] and then used by Browning
[2006] to prove the lower and upper bounds of the expected order of magnitude
for Ny u(B). We employ the notation used in [Derenthal 2014]. Let 7 (B) be the
setof (n;,...,m) € Z7>0 X Zio satisfying the equation

NaN3g + N3Meto + M43m0 — My MaM3N4Ns N7 = O, (3-1

the coprimality conditions

ged(myg, 11MaN3N4MsNe) = 1, (3-2)
ged(g, mymanangnsng) =1, (3-3)
ged(ng, my1mym3n4M677) = 1, -4

ged(ny, nsneng) =1, (3-5)
ged(mans, m3nunen;) = 1, (3-6)
ged(n3ng, mam7) =1, (3-7)

and the height conditions

[ngnonyol < B, (3-8)
nin3nsngnilngl < B, (3-9)
ninan3nanglnel < B, (3-10)
mnnsman3lngel < B. (3-11)
Lemma 11. Ny u(B) =#J(B).

Proof. It is sufficient to show that the counting problem defined by the set J(B) is
equivalent to the one described in [Browning 2006, Section 4], which we call 7' (B)
and which is defined exactly as J(B) except that the condition (3-5) is replaced by
the condition |u(n,n3m,)| = 1.
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Fori =2, 3, 4, there is only one way to write 7, = 1/n/? in such a way that ! is

squarefree. Setting 1, ; =1, 37; and n} = n,nyn3n,, we claim that the translation

between the two counting problems is achieved via the map

S : (771» 7725 7735 7745 775’ 776’ 777) = (77/17 77/27 Ug» n:p 77;/3» n/69 77/7)

Indeed, (3-1) and the height conditions (3-8)—(3-11) are invariant under S. Also, the
coprimality conditions (3-2), (3-3), (3-4), (3-6) and (3-7) are preserved under S, and
the condition (3-5) is replaced by the condition | (n,n5n,)| = 1, which completes
the proof. ([

4. Calculation of Peyre’s constant

Peyre [1995] gives an interpretation for the constant ¢, ,;, appearing in the main
term of Ny p(B) in Theorem 1. In our specific case, we have

ey =a(WV)BV)op((V),

where V denotes the minimal desingularization of V. The definitions of these three
quantities are omitted (the reader should refer to [Peyre 1995] or to Section 4 of
[Le Boudec 2012a] for some more details in an identical setting). Using the work
of Derenthal, Joyce and Teitler [Derenthal et al. 2008, Theorem 1.3], it is easy to
compute the constant oz(\7). We find

1 1 1

v = — = s
V)= 120" #W Dy ~ 23040

where W (D) stands for the Weyl group associated to the Dynkin diagram of the
singularity D4. Here, we have used #W (D,,) = 2"~ !n! for any n > 4. In addition,
B(V) =1 since V is split over Q. Finally, wgy (V) is given by

wH(V) = Woo 1_[(1 — %)7601,,
p

where o and w), are the archimedean and p-adic densities respectively. Loughran
[2010, Lemma 2.3] has shown that we have
1+ ! + 1
W, = -+ —.
! p P
Let us calculate ws. Let x = (xg, x1, X2, x3) and f(x) = xo(x1+x2 +x3)% — X1 X2x3.
We parametrize the points of V with x1, x and x3. We have
of

() = (x1 +x2 +x3)%,
3)60
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and since x = —x € P3, we obtain

. l dxl dX2 dX3
) 2 (x1 +x2+x3)%
[x1x2x3]/ (X1 +x2+x3)%, |21, |x2l, [x3]<1 1 2 3

Recall the definition (2-20) of the function /. The change of variables defined by
x| =13x, xp = tzy and x3 = —12(x + y —t) yields

wOOZQ/// dxdydt:3/// dedydr. (41
2 h(x.y.0)<1 1>0,h(x,y.N<I

5. Proof of the main theorem

5.1. Restriction of the domain. Note that in the torsor equation (3-1) the first three
terms are at most B/ n%n2n3 n, (by the height conditions (3-9)—(3-11)), and thus we
have

3.2.2.2
N NaN3NiNsNeny < 3B.

From now on, for n € Z-| we denote by sq(n) the unique positive integer such
that sq(n)zln and n/ sq(n)2 is squarefree. Note that for two coprime integers
m,n € Z1, we have sq(mn) = sq(m) sq(n).

We now need to show that we can assume along the proof that

Ny sq(nynzny) = B/ ogloe B, (5-1)
and, in addition, that
PRRnsen > — . (5-2)
~ loglog B

The proof of Lemma 11 shows that we can make use of the estimates in [Browning
2006, Section 6] to prove that the contributions to Ny g (B) coming from those
My» ..., ny9) € T(B) which do not satisfy one of the two inequalities (5-1) and
(5-2) are actually negligible.

We start by proving a lemma:

Lemma 12. Let M(B) be the overall contribution to Ny, g (B) coming from those
(Mys -+ M) € T(B) such that n, sq(n,n3n,) < B13/10g10¢ B We haye

B(log B)®

M(B —_—.
(B) < loglog B

Proof. Recall the notation introduced in the proof of Lemma 11. We note that the
condition 7, sq(n,131,) < B!3/loglog B iq equivalent to n < B13/loglog B
Fori=1,...,10 we let Y; be variables running over the set {2" |n > —1}. By
counting the number of (1}, ..., n},) € I'(B) which satisty ¥; < |n;| < 2, for
i=1,...,10, we claim that [Browning 2006, Sections 6.1, 6.2] gives
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M(B) < B(log B)® + X:XI/2 1/6X1/6X;/6

Yi
Y, Y, YV, VY Y, Y YoY
> max . (5-3)
~ (1. 0=234 | Y o max{V, Y23V, 6. Y, Y25V, . Zi)

where the two sums are over the ¥;, i =1, ..., 10, subject to the inequalities
Yg¥oY) < B, (5-4)
YEY3Y,Y,YZYs < B, (5-5)
YEY,YiY,YEY, < B, (5-6)
Y2Y, Y Y2Y3Y,, < B, (5-7)

and also

Yl < BlS/lOglOgB’ (5-8)

and where X, X1, X2, X3 denote the left-hand sides of the inequalities (5-4), (5-5),
(5-6) and (5-7) respectively, and finally, for k € {2, 3, 4}, Z; is defined by

SR LA IR S AR RS A A NS AL
k= 1 otherwise.

Let us explain briefly how the upper bound (5-3) can be deduced from Browning’s
work without making use of the condition (5-8). It is useful to note that our variables
Y,i=1,...,10,and X;, j =0, ..., 3, correspond respectively to Browning’s
variables Sy, U, Ua, Us, Si, S2, S3, Yl’ Y2, Y3 and X4, X1, X2, X3. First, the
second term of the right-hand side of [ibid., (6.26)] is equal to

(XoX1X2X3)!/4 (1 log B 1/16)

Y
Y]I/Z (YoYoY,)1/10 kelr oy K+

in our notation, and is easily seen to have overall contribution B(log B)>. As a
result, the right side of [ibid., (6.29)] can actually be replaced by (in our notation)

B(log B)5+ZX1/2 x/°x)°xy°. (5-9)

l

Taking into account [ibid., (6.31)], we see that the right-hand side of the upper
bound in [ibid., Proposition 4] can also be replaced by (5-9). Then, we note that
the first term of the right-hand side of the upper bound in [ibid., Lemma 13] has
overall contribution B(log B)*. This implies that the right-hand side of the upper
bound in [ibid., Proposition 5] can be replaced by, in our notation,

YIYYYYYYYYY }
Zi)

(7 k12 3,4}{ Yipomax{Y, Y2 Y, o VY20, .

B(log B)* + Z
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This concludes the proof of the upper bound (5-3).

Let us denote by N'; (B) and N (B) the respective contributions of the two sums in
(5-3). In the following estimations, the notation Zyj indicates that the summation is
over all the ¥; with i # j. We start by investigating the quantity Ny (B) by summing
over Y5, Y and Y, using, respectively, the conditions (5-5), (5-6) and (5-7). We get

N1(B) = Z Y1Y2/3 2/3 Y2/3 Y1/3 v, Y1/3 Y2/3 Y2/3 Y2/3

l

B(log B)®
12 1/24,1/2+,1/2 B(log B)”
<B ZY Y'Y\t < B ZA < oglog B

Vs, Y, Y5 Vs, Y, Y7,y

where we have used the condition (5-4) to sum over Y and the condition (5-8) to
sum over Y,. We now deal with the quantity N>(B). We only treat the case where
(i, j, k)= (2, 3, 4), since the others are all identical. Note thatif Z4 =Y, Y72 Y, then
No(B) <N (B). Thus, we only need to deal with the case where Z4 = 1. In addition,
we proceed without loss of generality under the assumption that Y, Y52 Ys <Y, Y62 Y.
We first use this condition to sum over Y5, and then we sum over Y, and Y using
the conditions (5-7) and (5-4) respectively. We get

Na(B) < Y VLYYV Y Y < Z Y,Y, Py, vy Py,

yz YS
_ B(log B)S
Bl/2 Y1/2Y1/2Y 12 . g o
< Z < Z log logB’
¥5,Y; Y5, ¥, Vs
which completes the proof of Lemma 12. U

The following lemma proves that the contribution to Ny g (B) coming from
those (17, ..., 1;9) € T(B) which are subject to the stronger condition

B
3.2.2. 2 <
M MaN3N4NsNel7 = —log log B ,
is negligible.

Lemma 13. Let M'(B) be the overall contribution to Ny _p (B) coming from those
(Mys -+ My9) € T(B) such that

B
3.2.2 2
MNanN3NgNsNen; = m-
We have
B(log B)®

M (B e —y
(B) < (loglog B)1/6
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Proof. We proceed as in the proof of Lemma 12, with the same notation. We have

M'(B) < B(log B)* + > Xo/2x,/°x,/°x;/°
Yi
Y.V, Y.Y,Y.Y. Y. Y. Y. Y
+Z..max { 1 2324567829 10 }’ (5-10)
Y li.jk=23.4 1 Y, ¢max{Y; Y .Y, . Yij+3Yj+6, Zi}
where the two sums are over the dyadic variables ¥, i =1, ..., 10, subject to the
inequalities (5-4)—(5-7) and
YYIYIVEYSY, (5-11)

Y7 S . .
loglog B

Let us denote by N (B) and N’ (B) the respective contributions of the two sums in
(5-10). Combining conditions (5-4) and (5-5), we get

I A NAN A AN A A ARy 3 (5-12)

We start by bounding the contribution of the quantity N (B) by summing succes-
sively over Y, Y, and Y, using the conditions (5-12), (5-6) and (5-7) respectively.
We deduce that

2/3 ,2/3 2/3 173 173 L 1/3 ,2/3 ,2/3 +,2/3
E(B)Zzylyz/ Y3/ Y4/ Y5/ Y6/ Y7/ Ys/ Y9/ Yl({
Y[

« B3 Z Y15/6 Y21/2 Y37/12 YZ/IZ Y51/6 Y61/3 Y71/3 Y91/12 Y110/12

Yy
< B ) y2v,PyiPyPyleyloy) /e
¥5.%. 710
< B Z | B(log B)® |
(loglog B)!/6_ ~ _ (loglog B)!/¢

Y7,Y8,Y9,Y10

where we have summed over Y, using the condition (5-11). We now turn to the
case of the quantity N, (B). As in the proof of Lemma 12, we only treat the case
where (i, j, k) = (2, 3, 4) and we work under the assumptions that Z4 = 1 and thus

Y, Y3Y,0 <Y, V,Y3Y, YV Y, (5-13)

and Y2Y52Y8 = Y62Y9. Combining conditions (5-11) and (5-13), we get

YEY,Y, Y7V} (5-14)

Yjp< ———.
10 = loglog B
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We first use the condition Y, Y52 Ys <Y, Y62 Y, to sum over Y5, and then we sum over
Y; and Y, using the conditions (5-4) and (5-14) respectively. We deduce
NYB) <Y NN Yy VY <Y vy, Py Ry vy Py
Y, Ys
172 1/2 1,1/2 —-1/2
< BY Z Ny YLy,
Ys.Ys
B _ B(log B)®
- - Yl ——2 7
< loglog B 2 110 < iogtog By
Ys,Y7,Yg

which completes the proof of Lemma 13. ([
5.2. Setting up. First, we recall that we have the following condition (given at the
beginning of Section 5.1):

inanzninshgy < 3B. (5-15)

It is easy to check that the symmetry between the three quantities 77217%, n3né and
nw% is demonstrated by the action of &3 on {(n,, 15, 1g), (N3, N6, Mg)> (My4s N7, M1)}-

Throughout the proof, we will assume that
Na1y < M3, M35

The following lemma proves that we just need to multiply our future main term by
a factor of 3 to take this new assumption into account.

Lemma 14. Let No(B) be the total number of (n,,...,n,,) € I(B) such that
772’7% = 17417% or 77377g = nm%. We have the upper bound
No(B) < B(log B)®.

Proof. By symmetry, we only need to treat the case of the condition n3n§ =1y 77%.
This equality and the condition gcd(n3n4, n41,) =1 imply that ny =n, =n,=n,=1.
In this situation, the torsor equation is simply

2
MaN5Ng + Mg + Mg — N NaMs = 0.

Thus, No(B) is bounded by the number of (1, 1,, 15, 115, Ng) € Z3>0 X Zio satisfying

Ingnel IMan3ng +ne —mmonsl < B and  nin3n3|ngl < B.

Using [Le Boudec 2012a, Lemma 1] to count the number of 7 satisfying the first
of these two inequalities, we obtain

Bl/2
No(B)< > |——5+1)<B(logB),
Ingl1/2
N1:M5:M5,Mg 8

nindn2ing|<B
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as wished. U
Let N(B) be the overall contribution of those (1, ..., n,,) € J(B) subject to
the conditions
N4 < MmN, 130G, (5-16)
BP/0ElEE < 3 sq(mynsmy), (5-17)
@ < mn3n3minsnen;- (5-18)
Lemmas 11-14 give us the following result:
Lemma 15. Ny g(B)=3N(B)+ O <M).
’ (loglog B)!/6

The end of the proof is devoted to the estimation of N (B).

5.3. Application of Lemma 7. The idea of the proof is to view the equation (3-1)
as a congruence modulo 7, 477%. For this, we replace n,,, by its value given by the
equation (3-1) in the height conditions (3-8) and (3-11). These conditions become
Ingnol Iman3ng + n3mang — imansnansens| < Bugns,
MiMy11314 112031 + 113 Mo — My MaM3ManlsN6My | < B,

and we still denote them respectively by (3-8) and (3-11). From now on, we use
the notation n = (n,, 15, 14, s, Ng» 7). and we set

Y2, F3,r4,r5,r6,F7) __ V2. F3 Fr4 15 16 I7
’7(2 3,74,15,T6 7)—772773774775776777

for (ry, 13, 14, 15,76, 17) € Q°. We set

B B'/3
Y_

= . Ly = ; (5-19)
Naa 32/3.231/3.1/3,1/3)

and, for brevity, gg = nzng, qo =15 Ué, q10 = 77477%. It is immediate to check that »
is restricted to lie in the region V' defined by

V={nezl,|Y(oglog B)** > q3Z7, Y (loglog B)** > g9 Z7,

Z1 2377, g5 > q10. g0 = q10}.  (5-20)
We fix n, € Z.¢ and 5 € V', subject to the conditions (5-15), (5-17) and (5-18)
and to the coprimality conditions (3-5)—(3-7). Let N(n,, 5, B) be the number of
(ng> Mg» Myp) € Zio satisfying the equation (3-1), the height conditions (3-8)-(3-11),

and finally the coprimality conditions (3-2)—(3-4). The goal of this section is to
prove the following lemma:
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Lemma 16. We have the estimate

B2/3 m
N(nlv ”a B) = ”(1/3’1/3’1/3’2/3’2/3’2/3) gZ(Z_l)el(nla 77)92(77) + R(’h» ”’ B)»

where 01(n,, ) and 0,(n) are arithmetic functions defined in (5-28) and (5-29)
respectively and

> R(ny.n. B) < B(log B)’(loglog B)"/>.
SR

First, we see that since gcd(n,15, 13119) = 1 and ged(n;n,, nyn5ng) = 1, the
equation (3-1) proves that the coprimality condition (3-2) can be replaced by
gcd(n,, m;n4) = 1. Let us remove the coprimality conditions ged(ng, ny) = 1 and
gcd(ng, ns) = 1 using Mobius inversions; we obtain

NapmBy= > uke) Y ko) Sk (ny m, B),
ks |ng ko [ns
ng(kSan1n2n3n4n7):1 ng(k9J71772?73774?77)=1

where Sg 1, (1, 1, B) is the cardinality of

{(g: M. M) € Zosg | mym3ksng + n3ngkony +nynanig = b, ged(nyg. nyny) = 1,
(3-8), (3-9), (3-10), (3-11), ged(ngng. nm,13m4m7) = 1},

and where we use the notation ng = kgng, ng = kong and b = 1,1,1;1,1sNN-
From now on, we set
of — Bl/loglogB

To take care of the error terms showing up in the application of Lemma 7, we need
to show that the summations over kg and kg can be restricted to kg, ko < %3. To
do so, let N'(n,, n, B) be the contribution of N(n,, 5, B) under the assumption
kg > %3: that is,

!/
N'@.n.B)= > > Sk n, B).
kg |ng, ks>%3 ko |15
ged(kg,ny nyn3nmy)=1  gcdko,ny1y13m4717)=1

Let us write 1, = kg1, and ny5 = kong. We notice that the equation in the definition
of Sis.k (11, M, B) implies that kgkg [, and thus we also write n,, = kgko&10. With
this notation, we get

N'@.n.B)= > > Sk B),

%3 <kg<B!/? ko<B!/2
ged(ks,nymym3ngmy)=1ged(ke,n n,n3n4m7)=1

where S;_, (n,, 7, B) is the cardinality of
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{1 6. £10) € Zg | mynSkong + n3ngksng + ngmz€io = b', ged(Ero, mymy) =1,
(3_8)’ (3_9)s (3_10)7 (3_11)’ ng(n/Sn/Qs n1n2n3n4n7) = 1},

where we have set b' = n,1,n31,m5171,. Let us split the summations over kg and
ko into dyadic ranges. Let us assume that Kg, K9 > % and that Kg < kg <2Kg and
K9 < kg <2Ky. Let us set & = kong and & = kgn;. The height conditions (3-8),
(3-9), (3-10) and (3-11) imply respectively

B
<, 5-21
|Eg€o&10] < KsKs (5-21)
2.2 2

NNz &8l < KoKy (5-22)
2 2 /2 < 5_23
NiM2n304Mg 160l < KiKs' (5-23)
nynsnindlE] < ——. (5-24)

~ KsKo

We thus have, for Kg < kg <2Kg and K9 < kg < 2Ky,

S/is,kg(ﬁlaﬂ, B)
L #{ (&3, E0, €10) € 72 | ks &9, kol Es, 05 Es + 3G o + numiéro = b/,
(5-21),(5-22), (5-23), (5-24), ged(&10, nyng) =1, ged (o, nymynsnang) =1}

Therefore, using the standard bound for the divisor function,
T(n) &< nl/log log(Sn)’

forn > 1, we get

> Stk (1 B) K E2 Sk, ko,
Kg<kg<2Kg
Ko<kg<2Ky
where Sk, k, = Sky. ko (M1, M55 135 Ng» Ns» Ngs 17, B) is the cardinality of
{(&s, &0, £10) € 22 | mnF &stnang EotnymiEro =0, (5-21), (5-22), (5-23), (5-24),
ged(§10, myng) =1, ged(Eséo, mympm3ngn,) = 1}-

Setting &3 = gcd(ng, &s) and £s.9 = ged(ns, &9), we see that &6 8€5.9|£10, and we
thus obtain

Z Sks. Ky K Z Ny u __5 .
s "\ K K96 885,9

10121195103:145115, Mg 5717 &6,8.£59<B
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Therefore, we can apply [Browning 2006]. We get

B(log B
S D S S T
nn %3 <Kg<B'/? &6.8,659<B KsKo56,855.9

Ko<B!/2

which is satisfactory. Therefore, we can restrict from now on the summations over
kg and k9 as we wished.

We note that if we allow 1,, =0 in the definition of the cardinality Sy 1, (17,, 7, B)
then the coprimality condition ged(n,,, n,n,) = 1 implies n, = n, = 1. Moreover,
the equation ?727]%/(87];3 + 1, n%kgn{) = 1),1375M¢N; also implies 1, = n; = 1. These
restrictions are in contradiction with the condition (5-17), so from now on, we
allow n,, to vanish in the definition of Sk, 4 (7,, %, B). Let us now remove the
coprimality condition gcd(#,,, n,n,) = 1 using a Mdbius inversion. We get that the
main term of N(n,, 5, B) is equal to

Yoo ke Y ko) Y p(kio) Sk ko k(0 W, B),

kg ng, ks <> ko ns, ko <23 kiolnmy
ng(ks,Tlmz%m%)Il ng(k9s7717]2n3774777):1

where Sk k9,410 (1, 7, B) denotes the cardinality of

{115, mM0) € Z2y X Z | nym3ksng + nzngkon + nynzkionio = b.
(3-8),(3-9), (3-10), (3-11), ged(ngno, nym,m3m4m7) = 1}.

Since ged(n,ny, kgkonsnengng) = 1, we have ged(ko, kskonsngngng) = 1. Also,
the two conditions ged(n,nskgng, n;) = 1 and ged(n;nckong, n,) = 1 imply that
we also have ged(kyo, n,m7;) = 1. We now remove the coprimality conditions
ged(ngng, nym,m;) = 1 using Mobius inversions. Setting ng = £gng and ng = Loy,
we obtain that the main term of N(n,, 9, B) is equal to

Yoo ke Y ko)

kg ng, ks <% kol ng, ko <23
ged(ks,nymyn3nyny)=1 ged(ko,nymyn3nyny)=1
X > pkio) Y. ple)u(te)Say, 1. B),
k10|771774 L3l | nyn5
ng(kIOak8k97727737757)6):1 ng(@s@,klonﬂh):l

where S(n,, , B) denotes the cardinality of

{15, n§) € Z2 | nymdkslsng + nangkolong = b (mod kionum?).
(3-8), (3-9), (3-10), (3-11), ged(ngng., kionyn,) = 1}.
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Note that we have replaced the equation nzngkgﬂg ng+15 n6k9£9 ng+ n4n7k10n10 =b
by a congruence.
Setting

B
_ _ (1,1,1,1,1,1)
X= (1,1,1,0,0,0) T'=mn ’

77 ]

and A = kglg )72175, Ar =kolon, 776 and recalling the equality (2-21), it is immediate
to check that (178, 779) €72 20 is subject to the height conditions (3-8)—(3-11) if and
only if (ng, ng) € ¥N Z o- Setting &£ = loglog B, we see that the condition (5-18)
can be rewritten X/$ 5 T We can therefore apply Lemma 7 with L = log B,
qg= k10n4n% and a = (kgﬁgnzng, k9€9n317§). Recall the definitions (2-24) of ¢* and
(5-19) of Z; and also the definitions of E(q, a) and E>(q), given in Lemmas 2
and 6 respectively . We obtain

@* (k1ongns) B*3 ,
S(y.m, B) - kglgkolokyo m(1/3:1/3:1/3.2/3.2/3.2/3) 82 CEHE

where
€ = (log BY°E(q, a)
and
B2/3
= kglgkolokion(1/3-1/3.1/3.2/3.2/3.2/3)

172 ,1/2 12 1/2 12,12 12 172
% £ ks/ Z8/ ’71’72’73/ ’74/ s 4 k9/ 59/ ’71’72/ ’73’74/ U5 Ex(q)
log B B2 BI1/2 24

Pp4/3

Let us estimate the contribution of these error terms. Let us start by bounding
the overall contribution of €. For this, we write n5 = kons and n, = kgng, and
we let Y, Y, and Y, be variables running over the set {2" |n > —1}. We define
N=N(Ys, Y, Y;) as the sum over 15, ng, 1, € Z> satisfying Y5 <kons <2Ys, Y, <
kgng < 2Y, and Y, < n, <2, and the coprimality conditions ged(n5ng, n,17) =1
and ged(n5, ng) = 1, of the quantity

> > S (ogB)E(g,d),

kg,k9§3{3 kiolnyny 58s€9|ﬂ1'72’73
ged(ksko,n mym3m4m7)=1 ng(kIOsk8k9'7277377§77/6):1 ged(€gly kionyn,)=1

where a’ = (kolg 772”/52’ kglo 773772,2)- We now aim to bound the contribution of the
error term ‘€ by first estimating the quantity N and then by summing N over n,, 1,,
n; and n, and over all the possible values for Y, ¥, and Y. Note that the variables
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Ys, Y, and Y satisfy the inequalities

mn3nan3YsYsY, < 3B, (5-25)
ny Y3 < dn,YZ, (5-26)
nyY7 <4n,Ye. (5-27)

Applying Lemma 9 to sum over 75 and 7, and recalling that g = k10n4n%, we see
that

N<@ogB)® > Y > ( +klon4n7)r<q) E(q)
Y, <n;=2Y; kg ko<%3 kiolnn, £s,€o|n;n,yn;3

<% Y T nn)Tnmany) T (nnind)*(YsYs +nynin?)
Y7<n7§2Y7

L LR (Y5YeY, 4+ nmYs).
Using the two conditions (5-26) and (5-27), we finally obtain
N <22,y n3 0, Ys¥e ;.

We now aim to sum this quantity over all the possible values for Y5, ¥, and Y. Let
us start by summing over Y, using the condition (5-25) and then over n, using the
condition (5-17); we obtain

ZN<< o 12 Z 771772/ ’73/ N4YsYeY;

Y; N1>M0M3514: Y5, Y, ¥q

1 - $q(1m,71314)
13 2 2°13°14
< BX Z 2. 3/2 3/2 < BX Z 3/2 3/2
NysMp5M35 774771772 n3 n4 NasM35My n2 n3 n4
< B%™! )

which is satisfactory. In addition, the overall contributions of the three terms of the
error term €’ are easily seen to be bounded by B(log B)’(loglog B)’/3, which is
also satisfactory.

Therefore, the main term of N (n,, 5, B) is equal to

w(kg) (ko) (ko)
) o ) 2. ™

ko
k8|776s k8§££3 k9|7]5, ICQSEZx k10|771774
ng(kSvU1n2n3'74'77):1 ng(k9s7717727)3774'77):1 ng(klo"l{gkgnZ773775nﬁ):1
2/3
y Z pn(€s) (€y) o (k ) B? N
s lo 107477 (/31/3.1/3.2/3.2/3.2]3) 82 Z
Z8,(9|77|772'73

ged(Lglo,kion,n,)=1
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Using the bound of Lemma 5 for g,, we see that this quantity is

2/3
11 2 B
< Z k—k—90—1(771774)0—1(n1n2n3) p(1/3.1/3,1/3.2/3.2/3.2/3)°
k8|n6yk9|r/5
kg ko <23

As a result, we see that if we remove the conditions kg, kg < %3 from the sums over
kg and kg, we create an error term whose overall contribution is, for instance, seen
to be bounded by B%~!. Thus, we have proved that we can write

N(’?]» "’ B) = M(nlv "9 B)+R(7717 nv B)v

where
> R(y.n. B) < B(log B)’(loglog B)"/?,
nysn
and
B2/3 n
M(7717 n, B) = 7](1/3’1/3’1/3’2/3’2/3’2/3) g2<Z_1)9(771, ﬂ),
where
wu(ks) (ko)
0(n,. 1) = > p > p
ks Ing 8 ko Ins ?
ged(ks,nymyn3nyny)=1 ged(kg,nymyns3nym;)=1
(ko) n(€g) m(lo)
x > Y =g (kongny)
klO £ Z9
kl0|771774 6819“71772773
ng(kl(JskSk97727)3775’76):1 ng(28€9vk10774777):1
™ (M3ng) 9™ (Myns) ) (ki)
= " (1M2M3M4M7) — .
erny) gy Y kl%m kro@* (mgmzki0)

ged(ki0,m,m3m5M6)=1
It is easy to check that for a, b, ¢ > 1, we have
) k) _ ¢*(ged(a, b)) I (1 1 )
la ko*(kb)  ¢*(D)p*(ged(a, b, ¢)) ola p—1/
ng(k,C):l pfbc

Using this equality and the remaining coprimality conditions (3-5), (3-6) and (3-7)
and recalling the definition (2-26) of ¥, we see that we can write

Oy, m) =01(ny, MO2(n),
where

01y m) = Y,nen, (), (5-28)
and

6r(n) = @™ (N131m) 9" (MaN314M5M617)- (5-29)
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5.4. Summation over n,. We now need to sum the main term of N(n,, 5, B) over
n, € Z~o, where 1, is subject to the conditions (5-17) and (5-18) (the condition
(5-15) is implied by the definition of g;) and to the coprimality condition (3-5). We
start by proving that we can remove the restrictions that 7, satisfies the conditions
(5-17) and (5-18). Indeed, let us first assume that we have the condition

1y 5q(yn3ny) < B1/1gloe B, (5-30)

The bound of Lemma 5 for g, implies that the main term M (5, 9, B) of N(n,, 5, B)

satisfies
B2/3

My, 1, B) € p(/3.1/3.1/32/3.2/3.2/3)"

Let us now sum this quantity over 1, using the condition (5-15) and then over n,
using the condition (5-30); we obtain

B
ZM(ﬂlaﬂ’B) < Z 7 (LT

nysM N15M25M3:M45N55Mg

Z B(log B) B(log B)®

1,1,1,1,1,0) .
15735145 N5:76 n loglog B loglog B

<

This error term is satisfactory. Let us now assume that we have the condition

B
3222
mn2n3N4MsMe"7 < w-
Let us sum over 7, using this condition; we get
B B(log B)®
M ’ b B .
Z (11,1, B) < Z p(LLLLLD (Joglog B)!/3  (loglog B)!/3

M n

This error term is also satisfactory. We can thus remove the restrictions that n,
satisfies the conditions (5-17) and (5-18), and we proceed to sum over n,. Recall
the definition (5-20) of V. For fixed 5 € V" satisfying the coprimality conditions
(3-6) and (3-7), let N(, B) be the sum of the main term of N(#n,, n, B) over n,,
where 7, is subject to the coprimality condition (3-5). Recall the definition (2-27)
of Y. We now prove the following lemma.

Lemma 17. We have the estimate

Woo

N@. B) =712

3 me)(ﬂ) + Ry, B),

where © (1) is a certain arithmetic function defined in (5-31) and where

> R(n. B) < B(log B)’.
n
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Proof. Let us use Lemma 10 to sum over n,. For any fixed 0 < y < I, we obtain

B
N('I,B)=Tm®(ﬂ) g (r)dr

t>0

t>0

BZ/3
+0 (”(1/3’1/3’1/3’2/3’2/3,2/3) Zi/a—y/z(ﬂzn3774775776777) sup g2(t)> )
where

OM) = @*(n314) ©* Ma1304M5M617) ©* (NsM67) @ (Man3nansngn;).  (5-31)

Let us set y = 1/2. Using the bound of Lemma 5 for g, we deduce that the overall
contribution of this error term is
B3/6

5
n

where we have summed over 5 using the condition Z; > 37173

definition of g, and the equality (4-1), we see that

Woo
&) dt = —,
/t>0 3

which completes the proof. ([

. Recalling the

5.5. Conclusion. It remains to sum the main term of N (5, B) over the n € V
satisfying the coprimality conditions (3-6) and (3-7). It is easy to see that replacing
V' by the region

V' = {ﬂ ngo ‘ Y >qsZ3, Y > qoZ7, Z1 > 1, g8 > q10, 9 Zcho}

produces an error term whose overall contribution is <« B(log B)’ logloglog B.
Let us redefine the arithmetic function ® as being equal to zero if the remaining
coprimality conditions (3-6) and (3-7) are not satisfied. Recalling Lemma 15, we
see that we have proved the following lemma:

Lemma 18. We have the estimate

B O (n) B(log B)®
Ny.u(B) = YTwsB ,,EZV: NIRRRRRTRG 0((loglog B )

The end of the paper is dedicated to the completion of the proof of Theorem 1.
Let us introduce the generalized Mobius function g defined for (ny, ..., ne) € Z6>O
by u(ny,...,ne) = u(ny)---u(ng). We set k = (ka, k3, ka4, ks, ke, k7) and we
define for s € C, such that RN(s) > 1,
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Feo)= Y (@ % w) ()| (¥ (@ m)(ph2, p, ph, pbs, p*s, ph)|
B mniminingns ples pkss phis pkss pkss plas '

6 6
nez?, p kez:,

It is easy to check that if k ¢ {0, 1}% then (@xu)(p*2, p*3, pke, p*s, pke, p¥) =0and
if exactly one of the k; is equal to 1, then (@) (p*2, p*s, p*, p*s, pke, p*1y < 1/p,
so the local factors F), of F satisfy

1
Fy(s)=1+0 (pmin(»t(s)ﬂ,zm(s)))'

This proves that the function F converges in the half-plane N(s) > 1/2, which
implies that ® satisfies the assumption of [Le Boudec 2012b, Lemma 8]. The
application of this lemma provides

® ®
Z n(1,1,f,nl?1,1) :O‘< Z ;(1,T,f1),5?1))>(10g B)°+ O((log B)"), (5-32)

nev’ nezs,,
where « is the volume of the polytope defined in RO by , 13, t4, t5, ts, t7 > 0 and

2t —t3 —t4 + 415 — 2t — 217 < 1,
—t) +2t3 —ty — 2t5 +4tg —2t7 < 1,
20 +263 42t + 15+t +17 < 1,
—ty +14 —2t5+ 217 <0,

—t3 414 —2ts +2t7 < 0.

It is easy to compute o using Franz’s additional Maple package Convex [2009].
We find o = 1/23040; that is,

a=a(V). (5-33)

Furthermore, we have

3 (© % pw)(n) _1—[< ¥ (®*u)(p"2,p"3,p"4,p"5,pkﬁ,p’”))

o= pLLLLLD - o\ = pk2 pks pka pks pke pki
>0 >0
6
_H<1_l> ( 3 ®(Pk2,Pk3,l?k4,pk5,pk6,pk7))
- k2 k3 nka ks ke k7 :
» p kezs, peEpepeppop

The calculation of these local factors is straightforward, and we find

3o O ph Pt pB e P Y(m(l - l) (1 o i>
o pRpRpRph pleph VAN &
>0
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We finally obtain

(©@xp)(m)
Z pLLLLD =T 11—[(1 - _) Wp. (5-34)

nez8,

Putting together the equalities (5-32)—(5-34) and Lemma 18 completes the proof of
Theorem 1.
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