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We strengthen the compatibility between local and global Langlands correspon-
dences for GL, when 7 is even and [ = p. Let L be a CM field and IT a
cuspidal automorphic representation of GL, (A7) which is conjugate self-dual
and regular algebraic. In this case, there is an /-adic Galois representation
associated to IT, which is known to be compatible with local Langlands in almost
all cases when / = p by recent work of Barnet-Lamb, Gee, Geraghty and Taylor.
The compatibility was proved only up to semisimplification unless IT has Shin-
regular weight. We extend the compatibility to Frobenius semisimplification in
all cases by identifying the monodromy operator on the global side. To achieve
this, we derive a generalization of Mokrane’s weight spectral sequence for log
crystalline cohomology.
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1. Introduction

This paper is a continuation of [Caraiani 2012]. Here we extend our local-global
compatibility result to the case [ = p.

Theorem 1.1. Let n € Z=, be an integer and L be a CM field with complex
conjugation c. Let | be a prime of Q and t; : Q; — C be an isomorphism. Let T1 be
a cuspidal automorphic representation of GL, (Ar) satisfying

e [IV~Tloc,
Partially supported by NSF Postdoctoral Fellowship DMS-1204465.
MSC2010: primary 11F80; secondary 11G18, 11R39.

Keywords: Galois representations, automorphic forms, local-global compatibility, monodromy
operator, crystalline cohomology.

1597


http://msp.org
http://msp.org/ant/
http://dx.doi.org/10.2140/ant.2014.8-7

1598 Ana Caraiani

e IT is cohomological for some irreducible algebraic representation E of

GLn(L ®¢ C).

Let
R;(IT) : Gal(L/L) — GL,(Q;)

be the Galois representation associated to I1 by [Shin 2011; Chenevier and Harris
2013]). Let y be a place of L above l. Then we have the isomorphism of Weil—
Deligne representations

WD(R,(T1) |c,a](1jy/Ly))F_SS = ll_lgn,Ly (ITy).

Here &y, 1, (I1y) is the image of IT, under the local Langlands correspondence,
using the geometric normalization; i.e., £y, 1, (I1y) := rec(H;,’ ® | det |l%n), where
rec is the local Langlands correspondence compatible with L- and e-factors (see
the introduction to [Harris and Taylor 2001] for more details). WD(r) is the Weil—
Deligne representation attached to a de Rham /-adic representation r of the absolute
Galois group of an /-adic field; F-ss denotes Frobenius semisimplification. Note
that we are assuming throughout that n > 2. The local-global compatibility of
Langlands correspondences for GL; follows from the compatibility between local
and global class field theory.

This theorem is proved in [Barnet-Lamb et al. 2012; Barnet-Lamb et al. 2011]
in the case when IT has Shin-regular weight (either n is odd or if 7 is even then IT
satisfies an additional regularity condition) and in general up to semisimplification.
The strategy for obtaining the local-global compatibility of monodromy operators
in these cases is to make use of the fact that the /-adic Galois representation
associated to IT occurs in the cohomology of certain very special unitary Shimura
varieties. These are associated to unitary similitude groups with signature (1,7 —1)
(respectively, (1,n) if n is even) at exactly one infinite place and signature (0, n)
(respectively, (0,7 + 1)) at all the other infinite places. The problem can be
reduced to the case when ITy, has an Iwahori-fixed vector, in which case one has
to compute the crystalline cohomology of a compact Shimura variety which is
strictly semistable. This computation makes use of the weight spectral sequence
for crystalline cohomology due to Mokrane [1993], which is shown to degenerate
at the first page. We remark that the /-adic Galois representation associated to IT
is only known to occur in the cohomology of a proper, smooth variety in the case
when IT has Shin-regular weight.

Our goal in this paper is to match up the monodromy operators in the case when
n is even and I1 does not necessarily have Shin-regular weight. Following the
conventions of [Taylor and Yoshida 2007], we call a Weil-Deligne representation
pure of weight k if it admits a weight filtration, with all the weights in k + Z, such
that the (iterated) monodromy operator induces an isomorphism of the (k +i)-th
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and (k —1i)-th graded pieces for all positive integers i. By Lemma 1.4 (4) of [Taylor
and Yoshida 2007], given a semisimple representation of the Weil group of some
[-adic field, there is at most one way to choose the monodromy operator such that
the resulting Weil-Deligne representation is pure of some weight. By Theorem 1.2
of [Caraiani 2012], ITy is tempered, so we know that Ll_lfli,,,Ly (ITy) is pure of
some weight.

By Theorem A of [Barnet-Lamb et al. 2011], we also know that we have an
isomorphism up to semisimplification:

WD(R, (1_1)|Gal(1jy/Ly))SS = ll_lecgn,Ly (Hy)ss-

We note that Theorem A of [Barnet-Lamb et al. 2011] is stated for an imaginary
CM field F. For our CM field L we proceed as on pages 230-231 of [Harris and
Taylor 2001] to find a quadratic extension F/ L which is an imaginary CM field, in
which y = y’y” splits, such that

[Ri (D)l gz )] = (R (BCry (D).

This together with Theorem A of [Barnet-Lamb et al. 2011] gives the compatibility
up to semisimplification for the place y of L. Therefore, in order to complete the
proof of Theorem 1.1, it suffices to show that W := WD(RI(I'I)Gal(zy/Ly))F'SS is
pure of some weight when n is even. From now on we will let n € Z-, be an even
integer.

Our argument will follow the same general lines as that of [Taylor and Yoshida
2007], which is also the strategy followed by [Barnet-Lamb et al. 2012; Barnet-
Lamb et al. 2011]. We reduce the problem to the case when IT, has an Iwahori-fixed
vector. In this case, we find not W itself, but rather the tensor square of W in
the log crystalline cohomology of a compact Shimura variety with Iwahori-level
structure, and finally compute a part of this cohomology explicitly. For the last
step, however, we can not make use of the Mokrane spectral sequence, since our
Iwahori-level Shimura variety is no longer semistable, but rather Zariski-locally
étale over a product of strictly semistable schemes. Therefore, we need to derive
a formula for the log crystalline cohomology of the special fiber of this Shimura
variety in terms of the crystalline cohomology of closed Newton polygon strata
in the special fiber. Deriving this formula constitutes the heart of this paper; we
obtain it in the form of a generalization of the Mokrane spectral sequence or as a
crystalline analogue of Corollary 4.28 of [Caraiani 2012].

We briefly outline the structure of our paper. In Section 2 we reduce to the
case where IT has an Iwahori-fixed vector, we define an inverse system of compact
Shimura varieties associated to a unitary group and we show that the crystalline
cohomology of the Iwahori-level Shimura variety realizes the tensor square of W'.
The Shimura varieties we work with are the same as those studied in [Caraiani 2012],
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so in Section 2 we also recall the main results from [Caraiani 2012] concerning
them. In Section 3 we recall and adapt to our situation some standard results from
the theory of log crystalline cohomology and the de Rham—Witt complex; we define
and study some slight generalizations of the logarithmic de Rham—Witt complex.
In Section 4 we generalize the Mokrane spectral sequence to our geometric setting.
The main technical result is Theorem 4.6. In Section 5 we prove Theorem 1.1.

2. Shimura varieties

Let L, IT, R;(IT) and y be as described in the introduction. Below, we show that we
can understand the Weil-Deligne representation W = WD(R; (H)Gal( L,/ Ly))F'SS
by computing a part of the crystalline cohomology of an inverse system of Shimura
varieties. In the first part we closely follow Sections 2 and 7 of [Caraiani 2012] and
afterwards we use some results from Section 5 of the same work.

We claim first that we can reduce the problem to the case when IT has Iwahori-
fixed vectors at y, and we can also put ourselves in a situation where the base change
from unitary groups to GL;, is well understood. This means that we can reduce the
problem to understanding the cohomology of certain Iwahori-level unitary Shimura
varieties. More precisely, we can find a CM field extension F’ of L such that:

e F' = EF;, where E is an imaginary quadratic field in which [ splits and
Fy = (F')°=! has [F; : Q] > 2;
e F’is soluble and Galois over L;
. H(I),, :=BCp//(IT) is a cuspidal automorphic representation of GL, (Ag-);
and
e there is a place p above the place y of L such that H(},, i has a nonzero
Iwahori-fixed vector;
and a CM field F which is a quadratic extension of F’, such that:
* p=p1py splitsin F;
» Ramp/q URamq(IT) C Splg,F, o, Where F 1= (F)=1; and
e 1% = BCp/Fp/(11%,) is a cuspidal automorphic representation of GL (Af).
We can find F and F’ as in the proof of Corollary 5.9 of [Caraiani 2012]. Since

purity is preserved under finite extensions by Lemma 1.4 of [Taylor and Yoshida
2007], to show that W is pure it suffices to show that

L 0 . F-ss
WF’ e WD(R] (HF/)|Gal(F//F/))
is pure. Note that in this new situation IT19 Fop has a nonzero Iwahori-fixed vector.
We can define an algebraic group G over QQ and an inverse system of Shimura

varieties over F’ corresponding to a PEL Shimura datum (F, %, V, (-,-), h). Here
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F is the CM field defined above and * = c¢ is the involution corresponding to
complex conjugation. We take V' to be the F-vector space F”. The pairing

(+,-):VxV—->0Q

is a nondegenerate Hermitian pairing such that ( fvy,v2) = (v1, f*v,) for all
f € F and v, vy € V. The last element we need is an R-algebra homomorphism
h:C — Endfr (V) ®qg R such that the bilinear pairing

(v1,v2) = (v1, h(i)v2)
is symmetric and positive definite. We define the algebraic group G over Q by
G(R) = {(g. 1) € Endre.r(V ®a R)™ x R* | (gv1,gv2) = A(v1, v2)

for any QQ-algebra R.

We choose embeddings t; : F < C such that 1, = 7] o0, where ¢ is an element
of Gal(F/F’) which takes p; to p2. For 0 € Homg ., (F,C) we let (ps, o) be
the signature at o of the pairing (-,-) on V ®qR. In particular, 7g :=11|g = 2| E
is well-defined. We claim that it is possible to choose a PEL datum as above such
that (p;,q:) = (1,n—1) for Tt = 11 or 15 and (p¢, ¢z) = (0, n) otherwise and such
that Gq, is quasisplit at every finite place v of Q. This follows from Lemma 2.1 of
[Caraiani 2012] and the discussion following it, and it depends crucially on the fact
that n is even. We choose such a PEL datum and we let G be the corresponding
algebraic group over @ with the prescribed signature at infinity and quasisplit at all
the finite places.

Let 2% := BCp/(E) and F, = F¢=!. Lemma 7.2 of [Shin 2011] says that
we can find a character ¥ : A% / E* — C* and an algebraic representation £¢ of G
over C satistying the following conditions:

* Yo =VE/Y.

. E(}, is isomorphic to the restriction of E’ to Res p/q(GLy) X C, where B’ is
obtained from £¢ by base change from G to G, := Resg (G xq E).

* felzk = Vs

* Ramgq(y) C Splgp/F, o-

* ‘/’|©E§ = 1, where u is the place above [/ induced by tl_l‘[E.

Define £ := (;&c, and define IT' := ¢ ® I1%, which is a cuspidal automorphic
representation of GL1 (Ag) x GL, (AF).

Corresponding to the PEL datum (F, *, V, (-,-), h), we have a PEL-type moduli
problem of abelian varieties. This moduli problem is defined in Section 2.1 of
[Caraiani 2012], and here we recall some facts about it. Since the reflex field of the
PEL datum is F’, the moduli problem for an open compact subgroup U C G(A) is
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representable by a Shimura variety Xy / F’, which is a smooth and quasiprojective
scheme of dimension 2n — 2. The inverse system of Shimura varieties Xy as U
varies has an action of G(A®°). As in Section III.2 of [Harris and Taylor 2001],
starting with £, which is an irreducible algebraic representation of G over Q;, we
can define a lisse @;-sheaf £¢ over each Xy, and the action of G(A) extends to
the inverse system of sheaves. The direct limit

H'(X.%g) :=1lim H' (Xy xp' F', Z¢)

is a semisimple admissible representation of G(A°°) with a continuous action of
Gal(F’/F’). It can be decomposed as

H'(X. %) =P @ RL (7).
T

where the sum runs over irreducible admissible representations = of G(A*°) over
Q;. The Rg ; (7r)are finite-dimensional continuous representations of Gal(F'/F")
over Q. Let sl be the universal abelian variety over Xy, to the inverse system of
which the action of G(A™) extends. To the irreducible representation £ of G we
can associate as in Section III.2 of [Harris and Taylor 2001] nonnegative integers
mg and f¢ as well as an idempotent ag of H *(‘szdgE xp F',Q (tg)). (Here sdzé
denotes the mg-fold product of sl with itself over Xy and Q (fg) is a Tate twist.)
We have an isomorphism

H'(Xy xpr F',%¢) >~ ag H' e (A xpr F/,Q(te)),

which commutes with the G (A®°)-action.

For every finite place v of Q we can define a base-change morphism taking
certain admissible G(Q,)-representations to admissible G(Q, )-representations, as
in Section 4.2 of [Shin 2011]. Recall that Ram ;g U Ramg nt c Splg/py - If
v € Splf/ F, g then we can define the morphism

BC: Treff) (G(Qy) — Trrgy ™ (G(@y)).

taking unramified representations of G((Q,) to unramified, 6-stable representations
of G(Qy). If v € Splg,F, o then the morphism

BC : Irr( (G(Qy)) — IIT?I_)St(G(@U))

can be defined explicitly since G(Qy) is split. Putting these maps together, we get,
for any finite set of primes Gg, such that

Ramp;g U Ramg(IT) C &4in C Splg/F, g
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a base-change morphism
BC : Trrj) (G(ASYh)) @ Trr () (G (A, )
ur,0-s -
— II’I‘(I) t(G(AGﬁnU{OO})) ® Irr?l)st (G(Agﬁn)) )

Let p be a prime of @ which splits in E and such that there is a place of F’
above p which splits in F'. Let Gy, be a finite set of primes such that

Ram /g URamg(IT) U {p} C Ggn C Splg/F, a-

and set G := Gg, U {oo}. For any R € Groth(G(A®) x G(Ag,, ) x Gal(F'/F’))
(over @;) and 7€ € Irr" (G(A®)) define the 7 S-isotypic part of R to be

R{z®} =) n(x® @ p)[x®]lpl,

0
where p runs over Irr; (G (Ag) x Gal(F’/ F')). Also define

R[I1%9] ZR[n

where each sum runs over 7 € Irr‘l”(G(AG)) such that BC(y;7®) ~ T11-S.

Proposition 2.1. Let & = Gg, U {00} be as above. We have the equality
BC(H?" (X, #g)[IT")) = Cg [y ' TR (M) ®? @ recy,,, (V)]

of elements of Groth(G(A®) x Gal(F’/F)). Here Cg is a positive integer and
rec; ., () is the continuous [-adic character Gal(E/E) — @;( associated to by
global class field theory, normalized so that it matches uniformizers with geometric
Frobenius elements.

Remark. Unlike in the classical situation of modular forms or in the case of Harris—
Taylor-type Shimura varieties [Harris and Taylor 2001; Shin 2011], the cohomology
of our inverse system of Shimura varieties realizes a twist of the tensor square of the
[-adic Galois representation associated to IT, because we have chosen our unitary
similitude groups to have signature (1,7 — 1) two infinite places. One could use
Matsushima’s formula and (g, K)-cohomology to check that the dimension of the
Galois representation seen by this cohomology is 12, as predicted by the statement.

Proof. Let p € G, be a prime which splits in £ such that there is a place w of F’
above the place induced by tg over p which splits in F, w = w;w,. We start by
recalling some constructions and results from Sections 2 and 5 of [Caraiani 2012].
It is possible to define an integral model of each Xy over the ring of integers Ok
in K := Fy,, >~ Fy,, which itself represents a moduli problem of abelian varieties
and to which the sheaf £¢ extends. The special fiber Yy of this integral model
has a stratification by open Newton polygon strata Yl?, S.T" according to the formal
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(or étale) height of the p-divisible group of the abelian variety at w; and w,. Each
(h1,h2)
ur.m ’
where 0 < &1, hp <n — 1 represent the étale heights of the p-divisible groups at
w1 and wy, and 7 is a tuple of positive integers describing the level structure at p.

Define

open Newton polygon stratum is covered by a tower of Igusa varieties Ig

J ) (@) := QX x D, xGLy (K)X D, XGLp, (K)x [ [ GLa (Fu),
w

where Dg ,_j, is the division algebra over K of invariant 1/(n —h) and w runs
over places of F above tg other than w; and wy. The group J (7 ’hZ)(@p) acts on
the directed system of HZ (Ig(h1 h2) Fe), as UP and m vary. Let

urm’
H,(1g"17) .)€ Groth(G(A%P) x J 1-h2))

be the alternating sum of the direct limit of H(f (Igg'},’},%z), Fe) as in Section 5.1 of

[Caraiani 2012]. Let 7, € Irr; (G(Q))) be a representation such that BC(rmp) =~
Ll_l II 11, (such a mp is unique up to isomorphism since p splits in £). Theorem 5.6 of

[Caraiani 2012] gives a formula for computing the cohomology of Igusa varieties,
as elements of Groth(G(AG) X G(Ag,,\{p}) X J(hl’hZ)(@p)):

BC? (He(1g"1 "), ) [119))

= eo(—=1)" 2 Ca i ' O] [ T (] [Red 2 ()] (2.1)
Here eo = +1 independently of /11, 7> and Red"*"?) is a group morphism from
Groth(G(Qp)) to Groth(J ( ’hz)(@p)), defined explicitly above Theorem 5.6 of
[Caraiani 2012].
We can combine the above formula with Mantovan’s formula for the cohomology
of Shimura varieties. This is the equality

HX. %)= > (D" Mantg, pyy (Ho(1g®82) £e))  (2.2)

0<hi,hr<n—1

of elements of Groth(G(A*°) x Wk). Here H(X, %) is the alternating sum of the
direct limit of the cohomology of the Shimura fibers (generic fibers) and

Mant,, 1,y : Groth(J #1:72)(Q,)) — Groth(G(@,) x Wk)

is the functor defined in [Mantovan 2005]. The formula (2.2) is what Theorem 22 of
[Mantovan 2005] amounts to in our situation, where 21 and /5 are the parameters
for the Newton stratification. The extra term (—1)"17%2 occurs on the right-hand
side because we use the same convention for the alternating sum of cohomology as
in [Caraiani 2012], which differs by a sign from the conventions used in [Mantovan
2005] and [Shin 2011].
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By combining formulas (2.1) and (2.2) we get
BCP(H(X, £¢)[1"°))
= ¢oCq i 1 T11o07] > [Mant(,,l,hz)(Redghlshz)(n,,))])
0<hi,hr<n—1
in Groth(G(A®?) x G(Qp) x Wk). We claim that
> Mantg, gy Red 112 ()]

0<hy,hr<n—1

= [mpl[(p.0 0 Artg ) Iy ® ' Lx n (M )] (2.3)

By its definition above Theorem 5.6 of [Caraiani 2012], the morphism Redﬁlhl’hz) (7p)
breaks down as a product

(=1 +h2np’0 ® Red"h1-h (Tw,) ® Red"2:m2 (Tw,) ® ® Tw,
wWFEW,W2
where w runs over places above the place of p induced by tg other than w; and
w7. The morphism

Red” " : Groth(GL, (K)) — Groth(D§ ,_j, X GLy(K))

is also defined above Theorem 5.6 of [Caraiani 2012]. On the other hand, the functor
Mant, p,) also decomposes as a product (see [Shin 2011, Formula 5.6]), into
Mant, 5,)(0)

= Manty,(00) ®Mant, —p, p, (Pw,) ®Mant,—p, p, (Pw,) ® @ Mantg,, (0w ).

wFw,wa

where w again runs over places above the place of p induced by tg other than w;
and wy. So

Y Mantg, sy Red ) (my))]

0<hi,hr<n—1
n—1
= [Mant; o(mp,0)] ® Y _ (=)' [Mant,_j, 5, (Red” """ (1r,,,))]
h1=0
n—1
® (=) [Mant,_j, s, Red” "> ()] @ X)  [mw).
ho=0 wFEW,W2

Now by applying Propositions 2.2(i) and 2.3 of [Shin 2011] we get the desired
result (note that the normalization used in their statements is slightly different than
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ours, but the relation between the two different normalizations is explained above
the statement of Proposition 2.3).
Applying Equation (2.3), we first see that

BC(H(X, %¢)[1"9))
= eoCq iy ' T [ (mp,0 0 Artg D lwy ® (' Li n (M )] (2.4)
in Groth(G(A*°) x Wk), which means that
BC(H(X, %)[TTV9]) = el T [R(TT)],
for some [R’(IT')] € Groth(Gal(F'/ F)). We show now that
[R'(TY] = Co[RME)®* ®recy, ()]

in Groth(Gal(F /F")), using the Cebotarev density theorem. Note first that R’(TT!)
is simply the sum of (the alternating sum of) ng (%), where 7°° runs over
Irr; (G(A®)) such that

o BC(yy7®) ~ 118,
b BC(L]]Tgﬂn) ~ Hgﬁn,
. ng,l (°°) # 0 for some k.

The set of such & doesn’t depend on & if & is chosen as described above this
proposition, so the Galois representation R/(Hl) is also independent of &. There-
fore, for any prime w; of F where IT! is unramified and which is above a prime w
of F’ which splits in F and above a prime p # [ of @ which splits in E, we can
choose a finite set of places G containing p such that we get from Equation (2.4)

[R/(HI)IWle] = Co[(R(M%)®? @recy, W)we,, ].

By the Cebotarev density theorem (which tells us the Frobenius elements of primes
w; are dense in Gal(F’/ F)) we conclude that

[R'(T1")] = C6[R(T1%)®? ®recy ,, (V)]

in Groth(Gal(F / F")).

It remains to see that eg = 1 and that H* (X, 5.85)[1'[1’6] =0 unless k =2n—2.
In fact, it suffices to show the latter, since then H (X, §£g)[l'[1’6] will have to be an
actual representation, so that would force eg = 1. The fact that H k (X, SBS)[HLG] =
0 for k # 2n — 2 can be seen, as in the proof of Corollary 7.3 of [Caraiani 2012],
by choosing a prime p # [ to work with and applying the spectral sequences in
Proposition 7.2 of [ibid.], and noting that the terms of those spectral sequence are 0
outside the diagonal corresponding to k = 2n — 2. O
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Corollary 2.2. By Lemmas 1.4 and 1.7 of [Taylor and Yoshida 2007] and by the
same argument as in the proof of Theorem 1.4 of [Caraiani 2012], in order to show
that

0 F-ss
WD(RI(HF')|Ga1(7,;/F.§))

is pure, it suffices to show that

_ F-ss
WD(BC(H?" 2(X,5135)[116])|Gal(?p,/Fp,)) ;

is pure, where S is chosen such that it contains [.

At this point, we’ve reduced the question of proving the local-global compatibility
of monodromy operators when [/ = p to proving that the IT®-part of the cohomology
of a system of proper, smooth Shimura varieties over F’ gives rise to a pure Weil—
Deligne representation. In the rest of this section, we shall describe integral models
of these Shimura varieties which are no longer smooth but are log smooth and of
Cartier type. We shall relate their log crystalline cohomology to the Weil-Deligne
representation we are interested in. The upshot is that we reduce the question of
local-global compatibility to proving the purity of (the IT®-part of) certain log
crystalline cohomology groups. This statement is made precise in Corollary 2.3
below.

Recall that p is a place of F’ above [ such that p = p;p>. From now on, set
K := F,, ~ F,,, where the isomorphism is via 0. Let Ok be the ring of integers in
K with uniformizer @ and residue field k. For i = 1,2 let Iwy p, be the subgroup
of matrices in GL, (Og) which reduce modulo p; to the Borel subgroup By (k).
Now we set

Upw = Ul x Ulm,pz(m) X Iwp p, X Iwy p, C G(A™),

for some U! € G(A™) compact open and U lp"pz a congruence subgroup at / away
from p; and p,. In Section 2.2 of [Caraiani 2012], an integral model for Xy, /O
is defined. This is a proper scheme of dimension 27 — 1 with smooth generic fiber.
The special fiber Yy, has a stratification by closed Newton polygon strata Yy, 5.1
with S, T C {1,...,n} nonempty subsets. These strata are proper, smooth schemes
over k of dimension 2n —#S — #7T . In fact,

Yu,,.s.,T = (ﬂ Yl,i) N (ﬂ Yz,j),

ieS jeT
where each ¥; ; fori =1,2and j = 1,...,n is cut out by one local equation. We
can also define
(l1,12) _
YUIW - |_| YUIW:SaT'
S, Tc{1,...,n}
#S=I

#T =l
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By Proposition 2.8 of [Caraiani 2012], the completed local rings of Xy, at closed
geometric points s of Xy, are isomorphic to

@5} >~ W(K)[[Xl,...,Xn,Y1,...,Yn]]/(Xl'l ~-Xl'r—ZD',le Yj

s

Uty »S - w)’

where {i1,....ir} S{1,....n}, {j1,.... jr} ©{1,...,n} and Wk, is the ring of
integers in the completion of the maximal unramified extension of K. The closed
subscheme Y ;, is cut out in @’\ - s by Xi; =0and Y3 j, is cut out by Y, = 0.

The action of G(A°?) extends to the inverse system Xy, /Ok. There is a
universal abelian variety s4y,, /O and the actions of G(A®) and a¢ extend to it.
We can define a stratification of the special fiber of Ay, by

Au,,s,1 = Av,, Xxy,, XU,,S,T-

Moreover, dy,, satisfies the same geometric properties as Xy, with respect to the
above stratification of its special fiber and the analogous statement holds for &i’{}i.
In particular, we shall see in the next section (or it follows from Section 3 of
[Caraiani 2012]) that &d'gli can be endowed with a vertical logarithmic structure M
such that

(sdy;E . M) — (Spec O, N)

is log smooth, where (Spec Og,N) is the canonical log structure associated to
the closed point. Also, we will see that its special fiber is of Cartier type. This
means that we can define the log crystalline cohomology of (ﬂm[i, M). Indeed, if
W = W(k) is the ring of Witt vectors of k, then we let

s (SAp /W)

cr1s

be the log crystalline cohomology of (5& | Xog k, M) (here we suppress M from
the notation). This also has an action of ag as an idempotent and of G(A®).
From the isomorphism

H2n—2 (X, EBS) ~ aEHZn—Z-i-mg (&qmg , @l (IE))
and Corollary 2.2, we see that it is enough to show that

aEWD(Hzn_2+mS (5&’"8 s @l (t’g’) |G31(E/K))[H 1’6])

is pure. Let 79 : W < @; be an embedding over Z;. By the semistable comparison
theorem of [Niziot 2008], we have

limag (Hyy " (A Xox K/ W) ®w,z Qulte)) 1]
UIw
~ limag WD(H "~ (™ o, K, Qi (1) gac ) [TC))
UIW
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where the crystalline cohomology on the left-hand side as constructed in [Hyodo
and Kato 1994] has a priori the structure of a (¢, N)-module over W, but which
gives rise to a Weil-Deligne representation (r, N) of Wk by setting r (o) := ¢"[k:Fr]
whenever o € Wk is a lift of Frobj . Therefore, it suffices to understand the (direct
limit of the) log crystalline cohomology of the special fiber of <, E . Note that
the semistable comparison theorem was first proved by Kato [1994a] and Tsuji
[1999] for proper, vertical log schemes with semistable reduction; the reason for
citing Niziol’s work is that her main theorem applies to a general fine and saturated,
log-smooth, proper, vertical (Spec Ok, N)-scheme with special fiber of Cartier type.
The fact that (&dmli, M) satisfies all these properties follows immediately from the
explicit description of the log structure M in Section 3.
We summarize the above discussion in the following corollary:

Corollary 2.3. The Weil-Deligne representation
0 o F-ss
WD(RI(H ’)|Gal(Fg/FFf))
is pure if

limag (Hyy * " (A Xox k)W) @w,a Q1)) 1]

Cris
UIW

is pure, where S is chosen such that it contains [.

3. Log crystalline cohomology

3A. Log structures. Let Ok be the ring of integers in a finite extension K of Q,,
with uniformizer w and residue field k. (Here, p is some prime number, which
will be taken to equal / for our applications to local-global compatibility.) Let
W = W(k) be the ring of Witt vectors of k, with W;,, = W}, (k) referring to the Witt
vectors of length n over k. Let W) be the ring of integers in the completion of
the maximal unramified extension of K.

Let X/Og be a scheme locally of finite type such that the completions of the
strict henselizations @;}, ¢ at closed geometric points s of X are isomorphic to

Wl X1, . Xn Y1 Y, Z, oo 2]/ (X - X, — @0, Yy -+ Y

s_w)

for some indices iy,...,ir, j1,...,js €{l,...,n} and some 1 < r,s <n. Also
assume that the special fiber Y is a union of closed subschemes Y1 ; with j €
{1, ...,n} which are cut out by one local equation in Oy, such that if s is a closed
geometric point of Y ;, then j € {i1,...,i;} and Y1 ; is cut out in @f(’s by the
equation X; = 0. Similarly, assume that Y is a union of closed subschemes Y, ;
with j € {1, ..., n}, which are cut out by one local equation in Oy such that if s is a
closed geometric point of Y5 _; then j € {j1,..., jr} and Y5 ; is cut out in @A,’s by
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the equation Y; = 0. Then, by Lemma 2.9 of [Caraiani 2012], X is Zariski-locally
étale over

Xr,s,m=Spec@K[X1,...,Xn,Y1,...,Yn,Zl,...,Zm]/(Xl---w,Yl--~Ys—w).

The closed subschemes Y; ; fori = 1,2 and j = 1,...,n are Cartier divisors,
which in the local model X, s, correspond to the divisors X; =0 or ¥; =0.

Let Y/ k be the special fiber of X. For 1 <i, j <n we define Y ©-/) to be the
disjoint union of the closed subschemes of Y

Y, NN Y1) (\F2imy NN Yo,

as{ly,...,l;} (resp. {my,...,m;}) range over subsets of {1, ..., n} of cardinality i
(resp. j). Each Y @-J )isa proper smooth scheme over k of dimension 2n —i — ;.

Remark 3.1. Even though this section is general, we will only apply the results
of this section in the case when X is sy, for some compact open subgroup
Urw C G(A®®) with Iwahori-level structure at p; and p,. Xy, (and therefore sy,
as well) satisfies the above conditions by Proposition 2.8 of [Caraiani 2012]. The
prime p is meant to be identified with /.

Let (Spec Ok, N) be the log scheme corresponding to Spec O endowed with
the canonical log structure associated to the special fiber. This is given by the map
1 e N+ w € Og. We endow X with the log structure M associated to the special
fiber Y. Let j : Xy — X be the open immersion and i : ¥ — X be the closed
immersion. This log structure is defined by

M = j«(0},)NOx — Ox.

We have a map of log schemes (X, M) — (Spec Ok, N), given by sending 1 € N
to w € M. Locally, we have a chart for this map, given by

N—N &N /1,...,1,0,...,0)=(0,...,0,1,....,1),
1~>(,....,1,0,...,0)=(0,...,0,1,....1).

It is easy to see from this that (X, M)/(Spec Ok, N) is log smooth and that the
log structure M on X is fine, saturated and vertical. We can pull back M to a log
structure on Y, which we still denote M and then we get a log-smooth map of log
schemes

(Y, M) — (Speck,N).

(Here we have the canonical log structure on k associated to 1 € N+ 0 € k, which
is the same as the pullback of the canonical log structure on Spec Og.) Note that,
since (X, M) is saturated over (Spec Ok, N), its special fiber is of Cartier type
(see [Tsuji 1997]).
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We can also endow X with log structures 1\21, 1\22 and M. Let Ui,j be the
complement of ¥; ; in X fori =1,2and j =1,...,n. Let

Jij 2 Uij > X

denote the open immersion. We define M 1, ]\22 and M as follows

n

o= (@05,

j=1

it = (@15, ) n0x)) / ~
j=1

M= (@(jl,j*(@a!j) ﬂ@x) 69@(].25/'*(662,/) ﬂ@X))/ ~,
Jj=1 j=1

where ~ signifies that we have identified the image of Oy in all the terms of the
direct sums (in other words, we are taking an amalgamated sum of the log structures
associated to each of the Y; ;). We have a map M — M given by inclusion on each

X
Ui ;-
Lemma 3.2. Locally on X, we have a chart for M given by
X — SpecOr[X1,....Xn. Y1,.... Y0, Z1,.... Zp]/ (X1 - Xp—w, Y1+ Y, —0)
— Spec Z|[N" ®N?],
where (0,...,0,1,0,...,0) — X; if the 1 is in the i-th position and 1 <i <r and
0,...,0,1,0,...,0) = Y;_, ifthe 1 is in the i -th position andr +1 <i <r +s.

Proof. We shall make use of Kato and Niziol’s results on log smoothness and log
regularity, namely:

e If f:T — § is alog smooth morphism of fs log schemes with S log regular
then T is log regular (see 8.2 of [Kato 1994b]).

o If T is log regular, then M7 = j.0p; NOx, where j : U < T is the inclusion
of the open subset of triviality of T (see 8.6 of [Niziot 2006]).

Let us define the following log schemes over (Spec Ok, triv):

U:= Spec Ok [X1, ..., Xpn,0]/(X1--- Xy —0),
V :=SpecOk[Y1,..., Yy, 7]/ (Y1 -+ Y5 — 1),

W :=SpecOk[Z1,..., Zm],
VA

=U X(Spec O ,triv) 4 X (Spec O ,triv) w.
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Then Z, equipped with the product log structure L, is smooth over Og and
log smooth over (Spec Ok [o, t], triv). Therefore, Z is regular. The log structure L
is given by the simple normal crossings divisor

D= (U(X, —o0)u (Q(Y,- ~0).

Since Z is regular, the log structure L is the same as the amalgamation of the log
structures defined by the smooth divisors (X; = 0), (¥; = 0). Locally on X, we
have a commutative diagram of schemes with a cartesian square

X — Xrsom Z

T e

SpecOg —— Spec Ok|[t, 0]

where the inverse image of (X; = 0) in X is Y1 and the inverse image of (¥; = 0)
in X is Y2 Therefore, the log structure on X 1nduced by that of Z coincides with
the log structure M defined as the amalgamated sum of the log structures induced
by the Y' and Y?. O

If we endow Spec Og with the log structure N? associated to (a,b) € N?
7%tP € Ok, then we claim that we have a log-smooth map of log schemes

(X, M) — (Spec Og, N?) (3A.2)
whose chart is given locally by
(a.b) eN?* > (a,...,a,b,...b) e N" @N°.

By definition, M is the amalgamated sum of M 1 and Mz as log structures on
X (or, in other words, M is the log structure associated to the prelog structure
M, & M, — Oy). Therefore, it suffices to prove the following lemma:

Lemma 3.3. We can define a global map of log schemes (X, M1) — (Spec O, N)
which locally admits the chart given by the diagonal embedding N — N,

Proof. 1t suffices to show that w is a global section of My, since then we can simply
map 1 eNto w € Mj. For this, note that we have a natural map of log structures
on X

M 1 —> M ,

since the open subset of triviality of M; is the generic fiber of X and M is the
log structure defined by the inclusion of the generic fiber. Moreover, we can
check locally that this map is injective, since it can be described by the chart
N — N &N — (N @& N%)/N for r,s > 1, where the first map is the identity on
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the first factor. Now, locally on X we have the equation X --- X, = @w, where X;
are local equations deﬁmng the closed subschemes Y; 1 of X. By definition, the X;
are local sections of M 1, SO w 1is a local section of M 1. But @ is also a global
section of M and M 1 <> M, so w is a global section of M 1. O

Lemma 3.4. We have a cartesian diagram of maps of log schemes

(X, M) (X, M)

| |

(Spec @K’ N) - (Spec @K’ Nz)

where the bottom horizontal arrow is the identity on the underlying schemes and
maps (a,b) eN?> toa +b e N.
Proof. We go back to the notation used in the proof of Lemma 3.2. Locally on X,

we have the following commutative diagram of log schemes

(X, M) A

U XSpec 0 [u] I7 x W

|

(Spec Ok, N) —— (Spec O g [u], N) —— (Spec Og|[z, o], N?)

where in the bottom row both t and o are mapped to u, which is in turn mapped
to 0. The second square is cartesian and the horizontal maps in it are closed, but
not exact, immersions. The first bottom map is an exact closed immersion, while
the first top map is the composition of an étale morphism with an exact closed
immersion. The lemma follows from the commutative diagram (3A.1) and the
above diagram. O

3B. Variations on the logarithmic de Rham—Witt complex. Define the prelog
structure N2 — W, [, o] given by (a, b) — t%c?. By abuse of notation, we write
(Spec Wy [t, o], N?) for the log scheme endowed with the associated log structure.
We have the composite map of log schemes

(Y, M) — (Spec k, N?) — (Spec Wy [z, 0], N?),

where N2 — N2 is the obvious isomorphism. We shall call (Z, N) a lifting
for this morphism if (Z, N ) is a fine log scheme such that the composite map
(Y, M) — (Spec Wy [t, o], N?) factors through f : (Y, M) — (Z, f\7) which is a
closed immersion, and a map (Z, N ) = (Spec Wy, [, o], N?) which is log smooth.
Such liftings always exists locally on Y and give rise to embedding systems as de-
fined in Paragraph 2.18 of [Hyodo and Kato 1994]. If (U, My)— (Y, M) is a cover-
ingand (Z, N)isa lifting for (U, My)— (Spec Wy [t, 0]),N?), then we may define



1614 Ana Caraiani

an embedding system (U’ 1\2(’]), (Z', N')) for (Y, M) — (Spec W, [t, o], N?) by
taking the fiber product of i + 1 copies of U over Y and of i + 1 copies of (Z, N)
over (Spec Wy, [z, o], N?). Since (Y, M) is an fs log scheme, we may assume the
same for the local lifting (Z, N ).

Let C(.Y,JVI) J (W) be the crystalline~complex associated to the embedding
system obtained from local liftings (Z°, N°®), and define

Cy = Cly.irys )W, uiv) EWalz,0) Wa.

Let Spec W, [u] be endowed with the log structure associated to 1 e N+ u €
W, [u]. Consider the map of log schemes G : (Spec Wy, [u],N) — (Spec Wy, [, 0], N?)
given by 7,0 > u and (a,b) € N? — a +b € N. The pullback of (Y, M) along G is
just (Y, M). Let (Z', N') be the pullback of (Z, N) along G, equipped with a map
f':(Y',M")— (Z', N') which is the pullback of f. Then (Z’, N’) is a (local)
lifting for (Y, M') — (Spec Wy [u], N), and gives rise to an embedding system for
this morphism. Indeed, what we need to check is that (Z’, N’) — (Spec W, [u], N)
is log smooth and that f’ is a closed immersion of log schemes. For the first we
note that log-smoothness is preserved under base change in the category of log
schemes, and that

sat

(Z',N') = ((Z, N) xg (Spec Wy [u], N))™)™ — (Z, N) xg (Spec W [u], N)

is log smooth. We also note that g : ¥ — (Z Xgpec W, [z,0] SPEC Wi [u]) is a closed
immersion, since ¥ — Z is a closed immersion. The morphism of schemes
Z' = (Z Xspec Wy 1,01 SPec Wy [u]) is a composition of a finite morpklism with a
closed immersion, so ¥ — Z’ is a closed immersion as well. Also, g*(N @y2N) —
M is surjective and factors through (f/)*(N’) — M, so (f)*(N') — M is
surjective as well.

We now follow the constructions in Section 3.6 of [Hyodo and Kato 1994] using
the embedding system obtained from the liftings (Z’, N’). Let C Y. M)/ (W, ariv) D€
the crystalline complex associated to the composite (Z’, N') — (W, triv). Define

Cy = C.an) /W, ariv) ®Wolu) Wa-

On the other hand, let Z” = Z’ Xgpec w;, [u] Spec Wy (1) be endowed with N the
inverse image of the log structure N'. Let & be the log structure on Spec W, (u)
obtained by taking the inverse image of (the log structure associated to) N on
Spec Wy, [u]. Then (Z”, N"') gives rise to an embedding system for

(Y, M) — (Spec Wy, (u), &),

with crystalline complex C (.Y, M)/ (Spec Wy ( Define

C;’ = C(.Y,M)/(Spec W, (u),%) ®Wn(“) Wh.



Monodromy and local-global compatibility for / = p 1615

Note that Cy is the crystalline complex C (.Y, MY/ (W N) with respect to the embed-
ding system obtained from (Z’ Xgpec w;,[u] Spec Wy, N'”). As in Section 3.6 of
[Hyodo and Kato 1994], we have an exact sequence of complexes

0— Cp[-1]— Cy — Cy =0, (3B.1)

where the second arrow is A (du/u) and the third arrow is the canonical projection.
The monodromy operator on the crystalline cohomology of (Y, M) is induced by
the connecting homomorphism of this exact sequence.

Lemma 3.5. Let C be one of the complexes ¢ ;, 5{, or Cy obtained with respect
to a lifting (Z, N ) of some cover U — Y. In the derived category, C is independent
of the choice of lifting (Z, ]V)

Proof. We may work étale locally on Y, in which case we have to show that for
any two liftings (Z, N 1) and (Z», ﬁz) we have a canonical quasi-isomorphism
between the corresponding complexes and moreover, that these quasi-isomorphisms
satisfy the obvious cocycle condition for three different liftings

First, we show that the complexes corresponding to (Z4, N1) and (Z,, Nz) are
quasi-isomorphic. We may assume that i; : (¥, M ) — (Z;, Nl) is an exact closed
immersion for i = 1,2. Let i1 : (Y, 1\7}) — (Z1 xw, Zz, lez) be the diagonal
immersion of (Y, M) into the fiber product of (Z1, Nl) and (Z,, N2) as fs log
schemes over (W, triv). Let (Z 12,N12) be a log scheme such that étale locally on

Y we have a factorization of i1,

~ f ~ g ~
(Y, M) — (Z12,N12) = (Z1 x Z3, N1x2),

with g log étale and f an exact closed immersion. This factorization is possible
by Lemma 4.10 of [Kato 1989]. Let D; be the PD-envelope of Y in Z; (again,
fori = 1,2 or 12). (Since we have exact closed immersions, the logarithmic PD-
envelope coincides with the usual PD-envelope in these cases.) It suffices to show
that the canonical map

~ - N
w(Zl,N1)/ W, ,triv ®CZ] ©D1 o

(.212,1712)/ Wy triv ®oz,, Op1» (3B.2)
is a quasi-isomorphism. This follows from Paragraph 2.21 of [Hyodo and Kato
1994]. For completeness, we sketch the proof here. Let p1 : (Z12, N12) — (Z1, N1)
be the log-smooth map induced by projection onto the first factor. For any geo-
metric point y of Y, the stalks at y of Ni2 and p} N coincide, so by replac-
ing (Z12, N12) with an étale neighborhood of y — Z;,, we may assume that
Nip = prl. Then the map p; : Z12 — Z; is smooth in the usual sense. Since
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the problem is étale local on Y, we may assume that Z1, >~ Z1 ®@w, Wylt1,....t]
for some positive integer r such that Y is contained in the closed subscheme
of Z1, defined by t; = --- = ¢, = 0. As in Proposition 6.5 of [Kato 1989],
we also have Op,, >~ Op,(f1,....t ), the PD-polynomial ring over Op, in r
variables. The quasi-isomorphism (3B.2) is reduced then to the standard quasi-
isomorphism

Wa = Qw,t1,0t0] @Waltrseontr] Walt1, - 1),

The quasi-isomorphism (3B.2) commutes with ®yy,, (r,5) Wy, so it induces a
quasi-isomorphism

Now consider the morphism Z], — Z obtained by pulling back Zi, — Z;
along G. We claim that the canonical morphisms 5 > Zn C 2 and CZ, > =
C 2 are qua81 isomorphisms as well. This is proved in the same way as 1n the
case of C (for C; L C7 . this amounts to proving that the logarithmic de
Rham—Witt complex is 1ndependent of the choice of embedding system) The
quasi-isomorphisms are also compatible with the canonical maps C 7z = C —
C.

Note that the above result also implies that in the derived category, C* commutes
with étale base change. Indeed, if Y»/Y; is étale and (Z1, ]Vl) is a lifting for
(Y1, M) — (Spec Wy, [z, ], N?), then by [Grothendieck 1967, 18.1.1] we can find,
Zariski locally on Y5, an étale morphism Z, — Z; such that the following diagram
is cartesian

Yo — 27>

]

Yi—= 74

We take ]Vz on Z, to be the inverse image of N 1. Then (Z,, ]Vz) is a lifting for
(Yo, M) — (Spec Wy [z, 0],N2) and, since log differentials commute with étale
base change [Kato 1989, Proposition 3.12], C(Z ) on Y5 is just the pullback of
C(Zz) on Yj.

We are left with verifying the cocycle condition. The canonical quasi-isomor-
phism y12 : C 21 =5 Ce¢Z>"* factors through C élx Zy since by construction Z1,
is log étale over Z; x Z, and so we have a quasi-isomorphism Cél XZ> =~ Célz

Let (Z3, N3) be another lifting. Then we have the following commutative diagram
of complexes:
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°
CZ] XZzXZ3

P N

. . °
CZ]XZZ CZI><Z3 CZzXZ3

BN

. Y12 . ¥23 .
Cz, Cz, C7,

where all the maps are quasi-isomorphisms. This proves the cocycle condition.
O

Corollary 3.6. The following sheaves on Y are well-defined and commute with
étale base change:

Wadh = 9(Cy). Wads§ :=9(C}) and Wao§ :=959(C}).

The sheaves Wna)lq, make up the q-th terms of the log de Rham—Witt complex
associated to (Y, M'). We have canonical morphisms of sheaves on Y :

Waoy — Wpa} — Whoi.

In order to understand the monodromy N, we will study the short exact sequence

of complexes
0 — Whoy 1] = Wpdy — Wyoy — 0,

which we obtain below from the short exact sequence (3B.1). In Section 4 we will
construct a resolution of this short exact sequence in terms of some subquotients of
Wn(l:);f. For now, since these complexes are independent of the choice of lifting, we
will fix some specific kinds of liftings of (Y, M) over (W |z, o], N?), which we call

admissible liftings, following the terminology used in [Hyodo 1991] and [Mokrane
1993]. Since Y is locally étale over

Yr’s’m :SpeCk[Xl,...,Xn,Yl,...,Yn,Zl,...Zm]/(Xl"'Xr,Yl"'Ys),
we consider the lifting

Zr,s,m

= SpeCW[Xl,...,Xn,Yl,...,Yn,Zl,...Zm,‘L',O']/(Xl-HX,«—‘L',Yl-'-YS—U)

of (Yr.s.ms N @ N%)/(W(t,0],N?). The log structure on Z, s, is also induced
from N” @ N* (with the obvious structure map sending N to products of the X;
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and N* to products of the Y;). We let Z/Z, ; » be étale and such that the diagram

(Y, M) (Z,N)

| |

(Yrsms NT ONS) —— (Zp 5.m, NT & N)

is cartesian, with the log structures on top obtained by pullback from the ones
on the bottom. Then, locally on Y, the complexes W,,Z)}, Wnd); and Wna); are
just pullbacks of the corresponding complexes on Y; s ;, with respect to the lifting
(Zr,s,m,N" @ N*). Note that admissible liftings exist locally onY.

Now we will explain the relationships between Cy, C and Cy. First, note
that we have the functoriality map G* D28y Wy i) — QZ' N/ (W tiv) which
induces a canonical map

C(.Y M)/ (W triv) W, (z,0) Wn{ut) — C(.Y M) /(W triv)
which i in turn induces a canonical map C y — C >. By cornpos1t10n we also get a
map CY — Cy. We claim that We can identify C' with CY/(dt/r —do/o)A CY
and Cy with Cy/((d‘[/f) A CY + (do/o) A CY). We explain this in the case of
Cy:

Lemma 3.7. We have an isomorphism

AN

Proof. Let (Z, N) be an admissible lifting of (Y, M) over (Spec W[z, 0], N?). Let
(D, Mp) be the divided power envelope of (Y, M) in (Z, N). Note that the kernel
of the map Op — Oy is generated by t["] and o] The divided power envelope
(D', Mp,) of (Y, M) in (Z', N') satisfies the property

Op’ >~ Op Qw,, (z,0) Wn(u),

where the map Wy (t, o) — W, (u) is given by ™, ¢["] > u["]. The complexes
&, y and C are defined by

Cy =0 Ry my iy B2 09) By 01 Walt) @, W

(07 50 OVt o) B0, O S W
and

Cy = (@% n1ywy i) ®02 0D ®w, () W

Note that since we have chosen an admissible lifting, (Z’, N') has Z X, (1,51 Wa 1]
as its underlying scheme because N @2 N is already fine and saturated. It is enough
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to show that the sequence

0—1

.0/ W) D Wale Wnll] = O 5y, iy EWateo W]
= Oz Ny Wy iv) 0 (3B.3)

is exact, where the first map is A(dt/t —do /o) and the second map is induced by
functoriality. We denote by G* the pullback along Spec W, [u] — Spec Wy, [, o] or
along Z’ — Z. By Proposition 3.12 of [Kato 1989], we have the following diagram
of (vertical) exact sequences of sheaves on Z:

1 1
G*”(Spec W [r.0 T N2) ) (W tsiv) Wil OZ —— Ospec 1] ) / (W i) @ Wa 11 027

* 1 1

G w(z,ﬁ)/(Wn,mv) O(Z' \N") | (W triv)
G*ol - wl

(Z,N)/(Spec Wy [7,6]1,N2) (Z7,N")/(Spec W [u].N)

0 0

The bottom horizontal arrow is an isomorphism, since (Z’, N') was obtained by
pullback from (Z, N ). In order to show that the middle horizontal arrow is a
surjection, it is enough to check that du /u is in its image, but both do/o and dt/t
map to du/u. We also see similarly that the kernel of the middle horizontal arrow
is generated by dt/t — do/o. The exactness of (3B.3) follows. d

Corollary 3.8. We have an isomorphism

SN T3

Cy / (— ACy + = AnCy
Proof. This follows from the exact sequence (3B.1) and Lemma 3.7. O

Lemma 3.9. The sections dt/t,do/o € Wy ; are global sections, independent
of the choice of admissible lifting. The same holds for du/u € Wn(Z)II,

Proof. We will explain the proof only for d t/t since the same proof also works for
do/o and du/u. We use basically the same argument as for part 3 of Lemma 3.4
of [Mokrane 1993]. We consider two admissible liftings of (Y, M), (Z1, N1) and
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(Z, Nz), and we let (Z12, ]Vlz) be defined as in Lemma 3.5. It is enough to show
that locally on Y

dt 1

T < w(Zlaﬁl)/(WnstriV) Boz, Op,
and /

dl’ 1

7 € P2y o)) Wi iv) B072 OD2
have the same image in #!(w® ®0,,, Opis)-

(Z12, le)/(Wn ,riv) _
Note that dt/7 € Ny and d7’/d7’ € N, have the same image in M. This is
because locally on Y we have commutative diagrams

(Y, M) (Zi, Ni)

| |

(k’ N2) I (Wn [T’ O]’ NZ)

fori = 1,2, soboth d /7 and dt’/7’ map to the image of (1,0) € N2 in M. By the
construction of (Z15, N 12) (see the proof of Proposition 4.10 of [Kato 1989]), we
know that dt/t —dt'/t' =m € N1s. Moreover, if CIvR Ni2 — Oz, is the map
defining the log structure of Z15 then m maps to 0 € M sov =aja(m) € @le
maps to 1 € Oy. Therefore,

dt dtv _dv

T T/ v

for some v € Op,, for which W, (v —1) € Op,,. But then we see that dv/v €
d(W,{v —1)), using the fact that the power series expansion of log(v) around 1
belongs to Wy, (v—1). Therefore, dt/t—d 1’ /7’ is exact and the lemma follows. [

As in the classical case [Illusie and Raynaud 1983; Hyodo and Kato 1994],
we can define operators F : Wy, 1107 — W,0%, V : Wp&d? — W, 1167 and the
differential d : W,&7 — W, 71", which satisfy

d>=0, FV=VF=p, dF=pFd, Vd=pdV and FdV =d.

Indeed, fix local hftmgs (Zy, Nn) of (Y, M) — (Spec W, [t, 0], N?) and denote the

crystalline complex &’ z, by C . We can see that C is flat over W, in the same
way as in Lemma 2.22 of [Hyodo and Kato 1994] (usmg an admissible lifting), and
we have

6n ®Z/p"l Z/me = ém

form <n. Welet F : Wy, 116" — W,®" be the map induced by 5;“ — 5; and
V : Wyd® — Wy410° be the map induced by p : 5; — 5;+1. We define d to
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be the connecting homomorphism in the exact sequence of cohomology sheaves
associated to the exact sequence of crystalline complexes

0—>5.———>6;n—>C — 0.

The same operators can be defined for We@y and Wewy,.

Lemma 3.10. Let n = 1. Locally, fix an admissible lifting (Z, N ) as above. Let Fr
be the relative Frobenius of Y | k. We have Cartier isomorphisms

c! i = 964 (Fry wy),
~—1. 4 ~ .
C™ 0z Nk riv) BkTul K = HT (Fra(@(z: vy ke guiv Okl K))

~—1

.4 ~ q .
¢ PO W) vy Dklts] k=3 (Fr*(w(z,ﬁ)/k,triv ®klr.s51K))-

Proof. Note that (Y, M)/(Speck,N) is log smooth of Cartier type. The Cartier
isomorphism for Wla)Y is then defined in Section 2.12 of [Hyodo and Kato 1994].
Similarly, (Z’, N)/(Spec k, triv) and (Z N) / (ISpeck triv) areqlog smooth and of
Cartier type. Thus, the morphisms ClandC for C and Cy are induced from
the Cartier isomorphisms for these schemes.

Since we are working locally on Y, we may assume that Y = Y7 X Y» and that
the lifting Z = Z1 x Z,, where Z1, Z, are smooth over k and Y; is a reduced
normal crossings divisor in Z;. Let $; be the ideal defining ¥; X Z3—; in Z for

i =1, 2. Define “)1,2 (Z,N)/k QX9 D a)(Z Mk ® $, To check that C is an
isomorphism, we use the following commutative diagram of exact sequences:
w0l - 919, a)i{2 wl 5?; 0

(Z,N)/k (Z,N)/k

| . |

%4 (Fry * ®9192) — 0l , — ¥4(Fry 0° ) — %4 (FyCy) — 0

(Z,N)/k (Z,N)/k

The complex w? is the same as QZ /k(log Y1) ® Q2% /k(log Y5), so it

(Z,M)] k,triv
does satisfy a Cartier 1s0m0rphlsm by [Deligne and Illusie 1987, 4.2.1.1]. Sim-
ilarly, the complexes on its left are (sums of) products of complexes of the form
Q.Z,- Jk (£1logY;) fori =1, 2, which also satisfy a Cartier isomorphism, by [Deligne
and Illusie 1987, 4.2.1.3]. Therefore, the first three vertical arrows are isomorphisms.
Once we know the exactness of the top and bottom sequence we can also deduce
that the rightmost vertical arrow is an isomorphism. The exactness of the top row
follows from the definition of ¢ ;]/.

The exactness of the bottom row follows from the cohomology long exact
sequence associated to the short exact sequences obtained from the top row combined
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with the Cartier isomorphisms for the first three vertical arrows, which tell us that
the coboundary morphisms of these long exact sequences are all 0. Indeed, if we

let J)(’Z M be the complex obtained by completing the inclusion of complexes
Oz ik ®I192 =0 5 ®I180G 5y © 92

to a distinguished triangle, then we get a long exact sequence
. d(w® -~ d(n® -~ d(n®
— % (w(Z,N)/k ® $192) = K (w(Z,N)/k ® %) B K (w(Z,N)/k ® $7)

9 (n®
— 9 (w(z’ﬁ))—> .

From the Cartier isomorphisms for @ (Z.F)/k ® 919, and w7 5, We deduce that

q . q ° q °

so the coboundaries of the long exact sequence are all 0. By continuing this
zggl%ment, we deduce the exactness of the entire bottom row, and this proves that
C  is an isomorphism.

Now we prove that C~'isan isomorphism. We will show that C~'isan
isomorphism in degree g as well. From the short exact sequence (3B.1), we get the
following commutative diagram with exact rows:

cy! Ce c 0

| |

0 — %9~ (Fry Cp) — %4 (Fry Cy) — %4 (Fr, Cy) — 0

0

To see that the bottom row is exact, we have to check that in the long exact
cohomology sequence associated to the top row the coboundaries are all 0, which
is equivalent to showing surjectivity of #7 (Frs 5;,) — #4(Fr« Cy). However, by
the top row and the Cartier isomorphism C ™!, the composite

(,N*IZ — Cy — %1 (Fry Cy)

is surjective, so the desired map is surjective as well. Now we have a map of short
exact sequences, where the left and right vertical maps are isomorphisms, so the
middle one must be as well. O

We can define canonical projections 7 : Wy, 110y — W,®} using the Cartier
isomorphisms. The construction works in the same way for W, @y, . The definition
of r for Wna); can be found in Section 1 of [Hyodo 1991] in the semistable case
and in Section 4 of [Hyodo and Kato 1994] in general. The constructions in [Hyodo
1991] and in [Hyodo and Kato 1994] are the same, although they are formulated
slightly differently. Our construction follows that in Section 1 of [Hyodo 1991],
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by first defining a map p : Wna:)} — Wn+15);, and then showing that p is injective
and its image coincides with the image of multiplication by p on Wj,+1®}. The
projection & will then be the unique map which makes the following diagram
commute:

=~ @
Wht10y

=@
WnC()Y

~ @
Wn-i—le

The map p : W&y — W18 is induced from p~i+! Fr* : 5; — 5;, where
Fr:(Z,N)— (Z,N) is a lifting of the Frobenius endomorphism of (Z, N) xw k
such that Fr* (W [z, o]) C W|z, o]. The injectivity of p and the fact that its image
coincides with that of multiplication by p are deduced as in Section 2 of [Hyodo
1991] (or as in Lemma 6.8 of [Nakkajima 2005]) from the Cartler isomorphism and
from the fact that C'y y is W-torsion-free (when we take o y to be the crystalline
complex associated to an embedding system for (Y, M) over W).

Now we will consider a different interpretation of the monodromy operator N .
Taking the cohomology sheaves of the short exact sequence

0— Cy[—1] —>5} —Cy =0,
we get a long exact sequence of sheaves on Y
o Waol T Wedl - Wyol —

whose coboundaries are actually all 0. This can be checked as in Lemma 1.4.3 of
[Hyodo 1991], since it suffices to see that the induced map on cocycles Z4¢ (éy) —
Z49(Cy) modulo p" is surjective, and we can use the Cartier isomorphisms in
Lemma 3.10 to give an explicit formula for cocycles modulo p". So we have a
short exact sequence of sheaves on Y

0= Wpol ™' = Wpdl — Wyl —0, (3B.4)

which is compatible with operators 7, F, V' and d. We have a morphism of distin-
guished triangles in the derived category D(Yg, W) of sheaves of W-modules on

Cyl-1] Cy Cy Cy
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The left and right vertical maps are defined in the proof of Theorem 4.19 of [Hyodo
and Kato 1994], and the middle one can be defined in exactly the same way. Note
that the definition of the maps in Theorem 4.19 has a gap which is corrected in
Lemma 7.18 of [Nakkajima 2005], namely, checking that they commute with
the transition morphisms 7 : Wn+1a))‘, — an;. The fact that the middle map
commutes with the transition morphisms 7 : Wy, +1&y — W, @y, can be checked
in the same way as in Lemma 7.18 of [Nakkajima 2005], using the corresponding
Cartier isomorphism to check that the complexes W,y give rise to formal de Rham—
Witt complexes as in Definition 6.1 of [ibid.] and thus applying Corollary 6.28(8).
We also need to check that l(ln Wnd))l, is torsion-free, but we can use the fact that this
is known for 1(21 anil, and the exact sequence (3B.4). The first and third vertical
maps are quasi-isomorphisms by Theorem 4.19 of [Hyodo and Kato 1994], so we
get an isomorphism of distinguished triangles. Thus, the exact sequence (3B.4)
induces the monodromy operator N on cohomology.

Assume that Y has an admissible lifting Z over (W{t,s],N?), and set Z =
Z Qw k. We consider a few more variations on the de Rham-Witt complex, which
we will only define locally on Z. Let W, 2%, be the de Rham-Witt complex of Z.
Let

Y!=Speck[X1,....Xn. Y1, .. Yu. Z1, ... Zm]/ X1+ X
and
Y2 =Speck[X1,....Xn. Y1, .. Yn.Z1,.... Zm]/ Y1+ Ys.

Each Y/ is a normal crossings divisor in Z, s xw k. Let @ be the structure
sheaf of the divided power envelope of Y in Z, s, and 9@2 = ker(@!, — Oyi).
Fori =1,2, let W, Q% (—log Y?) be the (pullback to Z) of the “compact support”
version of the de Rham-Witt complex of Z; s , with respect to Y?. This complex
was introduced by Hyodo [1991, Section 1] and is defined by

a2l (—log¥') = HI(R,y, (og¥') 0, 99)).

Let W, Q% (—logY! —log Y?) be the pullback from Z, s to Z of the complex
defined by

WaQY  (~log¥!—log¥?) =910} e/, ®os ID19D2).

This third complex is meant to approximate a product of complexes of the form
W,z (—logY). Whenn =1, consider Z! =Speck[X1,...,Xn.t]/ (X1 Xr—1),
Z? =Speck[Y1,..., Yy, u]/(Y1---Ys—u) and Z3 = Speck[Z1, ..., Zn]. Then

Wiy (—logY'—log¥?)
~ QY (~log YhH e Q%5 ), (—log Y?) ®p Q%5 (3B.S)
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All these also are endowed with operators F, V, differential d and projection 7,
and they also satisfy a Cartier isomorphism.

Let R be Raynaud’s ring, introduced in [Illusie and Raynaud 1983], i.e., the
graded W -algebra generated by F, V in degree 0 and d in degree 1, subject to the
usual relations

d>=0, FV=VF=p, dF=pFd, Vd=pdV and FdV =d.
Let R, be the right R-module R/(V"R 4+ d V" R).

Lemma 3.11. Let W, 2° be one of the complexes Wy, 25, W, 2%, (—log YY) for
i =1,20r WyQ2%(—logY! —logY?). Let

WQ* =1im W, Q°.
<—
Then W Q* Q& R, = W,Q°.
Proof. For n =1, and W, Q2%, and W, Q% (—log Y'?), we have Cartier isomorphisms
WiQ' = % (FL W Q°),
by [Deligne and Illusie 1987, Result 4.2.1.3]. For W, Q2°%,(—log Y! —logY?) the
Cartier isomorphism follows from the product formula (3B.5) and from the Cartier

isomorphisms above. Let %, = Z xw W,. By abuse of notation, we write Q’Zn
for the complex of sheaves of W,,-modules such that

W Q' =% (Q5, ).

In fact, we have complexes Q:, Q’Z(— log Y) or Q.Z(_ log Y! —log Y ?) which
give the corresponding complexes 5 , 25 (—log¥’) or Q5 (—log¥!—log¥?)
when reduced modulo p”. We also denote any of the initial complexes over W as
Q% . Then there is an explicit description of cocycles modulo p” given by

n n—1
d_l(aniZ+1) — Z pkfn—leZ + Z fdei_l,
k=0 k=0
where f : Q’Z — Q’Z is defined by f = Fr/p’. This is the same as Formula A
from Editorial Comment 11 in [Hyodo 1991] and is proven in the same way as in
that paper and in the same way as in the classical crystalline cohomology case (see
[Mlusie 1979, 0.2.3.13]).

As in the case of W,wy, We2® (and W 2°) is endowed with a differential d, oper-
ators F, V satisfying the usual relations and a canonical projection 7, : W, 4+1Q2°® —
W, Q2® such that p o 7, coincides with multiplication by p on W, 1Q°.

We claim that the lemma follows from the Cartier isomorphism, from the descrip-
tion of cocycles modulo p” in 2%, and from the formal properties of W, 2°. The
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proof is the same as for Lemma 1.3.3 of [Mokrane 1993]. We outline the argument
in order to show that it applies to our case as well. To prove the desired result, we
use the flat resolution of R, as an R-module given by

Fn —Fnd dvn4yn
0—R- L ReR- T R SR, 0.

and it suffices by Corollary 1.3.3 of [Illusie and Raynaud 1983] to prove that the
sequence

—F"d)

o, AV +yn
0—»>wQi! (—> Al AN

W lewq! W — W,QF -0

is exact. The last map is the canonical projection 7 : WQ' — W, Q'.

Exactness at the first term follows from the fact that multiplication by p (and
hence also F') is injective on W Q*®. Indeed, multiplication by p on W,,Q*® factors
as p o, and p is injective by definition, so if p(x,) = 0 for all n then m, (x,) =
Xn—1 =0 forall n, so x = (x,) =0.

Exactness at the last term is the statement that 7 is surjective, which follows by
construction, since p = pom, p is injective and the image of p: W,,Q* — W, 1, Q°
coincides with the image of multiplication by p.

Now we check thatkerm =d V"W Q*+ V"W Q*. Recall that 7, : Wy, 1 — Wy, is
the canonical projection. It is enough to show that kerw, =d V"W Q*+ V"W Q°.
First, if x = V"a + dV"b € W, +12, it suffices to check that px = 0 and indeed
px=FV" a4+ dFV*T1p =0. Now, let [x],+1 € ker 7, where x is an element
of 2% modulo p"*1. Then [px]n+1 = plx]n+1 = 0, so it must be the case that
px=p"tla4+db. Wegetdb=0 mod p, so by the description of cocycles mod p
we have b = pb’ + Fb" + db”, so that db = pdb’ + pFdb". Thus,

[Xlnt1 = [P alnt1 + [dD)ns1 + [FdD |nt1
= Valpss + d[p" FB st = V"[a] + dV"[FB"].

Now we check exactness at the second term. First, note that the sequence
1 F7" 1 d
Wan Q4! — W, Q471 — W, Q1

is exact, which is proved in the same way as Lemma 1.3.4 of [Mokrane 1993], by
taking the long exact sequence of cohomology sheaves of the short exact sequence

0— QY /p"Qy L QY /p¥"QYy — QY /p"QY — 0.

We note that the proof of the analogous statement in the classical case in [I1lusie 1979,
1(3.21)] is wrong and corrected in [Illusie and Raynaud 1983, 1I(1.3)]. Nakkajima
[2005, 6.28(6)] proves this statement for formal de Rham—Witt complexes, using
the same argument as Lemma 1.3.4 of [Mokrane 1993].
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We now claim that the projection
Wt/ p"WQ* - W, Q°
is a quasi-isomorphism. This implies that
d~Y(p"wQi) = FrwQit,

soif dV™x +V"y =0, then dx + p"y = 0, which in turn implies x = F"z and
y = —F"dz for some z € WQY~!. This checks exactness at the second term.
Moreover, the fact that

wQ*/p"WQ* - W,Q°

is a quasi-isomorphism follows in the same way as Corollary 3.17 of [Illusie
1979], boiling down to the Cartier isomorphism and to the description of ker 7 as
dvh+Vvn. O

Remark 3.12. One can use the Cartier isomorphisms to check Properties 6.0.1—
6.0.5 of [Nakkajima 2005] for 2%, 2% (—logY" ') and Q% (—logY! —logY?),
thus proving the analogue of Proposition 6.27 there for all three complexes. Then
Theorem 6.24 of [Nakkajima 2005] also implies Lemma 3.11.

3C. The weight filtration. The goal of this section is to define a double filtration
Py jon W &3, which will be an analogue of the weight filtration defined by Mokrane
on Wnd); in the semistable case (see [1993, Section 3]).

Let (Z, ]V) be an admissible lifting of (Y, M) over (W [z, o], N?). We know that
such liftings exist étale locally. Let %, = Z xw W,,. Let ]Vl be the log structure
on Z (or #,) obtained by pulling back the log structure on Z; 5 ,, associated to

Nr—>W[Xl,...,Xn,Yl,...,Yn,Zl,...,Zm],
,...,0,1,0,...,0) > X;,

where 1 is in the i-th position. Define N, analogously. The pullback of NitoY is
the same as M, Fori =1, 2, we have maps of sheaves of monoids N, — N.

We define the following filtration on w?
(%n 7N)/(WI’I :tﬂV)

a)q ~
b )/ (Wi i)

J q—i—j q
Im( (?n,Nl)/(Wn,mv) ® w(gn N2)/ (W triv) ® Q% [k w(zzin ﬁ)/(Wn,mv))

fori,j >0 and i+ ] < g. This filtration respects the differential and induces a
filtration P; ; &5 y on s y (which can be thought of as a quotient of w?

(g}’l sM)/(WI’l ,tl‘lV)
as in the proof of Lemma 3.10). Note that if we let

q _ k q—k q
Pr © N W iriv) (w(%n,ﬁ)/(Wn,triv) ®Qy, 1k w(iin,ﬁ)/(Wn,triv))’
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then Py is the weight filtration defined in [Mokrane 1993, 1.1.1], and

Fii®, 5y )iy © F147 P, ) Wi

Fori =1,...,r,let Dy, be the pullback to Z of the divisor of Z, s ;; obtained
by setting X; = 0. Similarly, fori =1,...,s, let Dy ; be the pullback to Z of the
divisor of Z, s », obtained by setting ¥; = 0. For 7, j > 0 let D7) be the disjoint
union of

Digy Xz "Xz Dyg; Xz Dajy Xz Xz Dy ;.

overallky,....k;e{l,...,r}andly,....[; €{l,... s} Andletri,j:D(i’j)—>Z
be the obvious morphism, with QDS,I’] ), 7;,; the pullbacks to %, Let

Gr; i w? -
BT @y N ) | (W triv)
q

Pij—10 5y, ,mv))'

. p. .4 4
R T U N
For i, j > 1, we will define a morphism of sheaves

q—i—j

Res: Gr; j w o ,
s QD;[Z-./)/VVH

a .
@ N Wy i) (7 j )2

which extends to a morphism of complexes. If

Xy, . dX
X, Xy,

1

an, - dY
Y, Y,

J

w =N

1

is a local section of P; j withky <---<k; and [} <--- <}, then

q
(%n,N)/(Wy,triv)
ReS(C()) = a|Dl,k1 XZ"'XZDl,ki XZD2,11 XZ"'XZD2![j .

This factors through P;—q ; + P; ;—1 and extends to a global map of sheaves.

Alternatively, we can follow the construction in Section 3 of Chapter II of
[Deligne 1970]. Let le,j be the disjoint union of intersections of k divisors D . with
j=1,2and k; €{1,...,n}. These intersections are in one-to-one correspondence
with images of injections

AL k= {1, UL, L n,

and so we denote one of these k intersections by QD,{ (even though it only really
depends on Im f). We have

k L _
ak= || 2/ =|]9].
i+j=k Im f

i,j=0
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Let 7y : QD,{ — %, be the closed immersion. In [Deligne 1970, 3.5.2], a morphism

. q—k
P = Pl 5w, i P
(and then a morphism p5, which depends on an ordering of {1, ..., n}U{l,...,n})is
associated to each such injection, and the sum of p, over all injections f determines
an isomorphism

. . ]~ q
p'(rk)*Q@f%/Wn[ k] = Pkw(gn,ﬁ)/(wn,triv)/Pk—l

by Proposition 3.6 of Chapter II of [Deligne 1970].

We are only interested in injections ¢; ; :{1,...,i+j}—{1,...,n}U{l,... n}
with image of cardinality 7 in the first {1, ..., n} term and cardinality j in the second
{1,...,n} term. We let Res™! be the sum of the morphisms p, over all injections
qi,j- When we have an injection of type ¢;, j, the image of the morphism p> defined
by Deligne falls in

P;

PN
”’w(ffn,ﬁ)/(wn,mv)/( i—1,j + Pi,j—1) C P;

+] (% N)/(Wn tnv)/Pi+j_1.

For k > 1, we have the direct sum decompositions

Pty 5y /W iy =1 = D or, D N/ W triv)’

i+j=k
.’j >0

—k
(Tr) %2 @m/W = EB (Tw)* @(z ])/W
i+j=k
i,j=0
It is easy to check that the isomorphism p matches up the (i, j) terms in each
decomposition. Putting this discussion together, we get the following:

Lemma 3.13. Fori, j > 1, the map

Res ! : (1, )«Q9 7 S Gr ol -
( l,])* g.b,(ql"/)/Wn L] (%, N)/ (W, triv)

is an isomorphism.
We also have the following analogue of Lemma 1.2 of [Mokrane 1993].

Lemma 3.14. We have an exact sequence of complexes

0— P 1,j— lw(g{n N)/(I/Vn,ter)

= Pi-1 fw(gn N) /(W triv) ® Pij- 1w(2‘£n N/ (W riv)

— P o — Grjj 0}

Fn,N) /(W triv) Fn,N)/ (W, ,tr1V)
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The long exact cohomology sequence(s) associated to this have all coboundaries 0,
so we get the exact sequence

0= I (Piz1,j=190, 5y Wp aiv))

— ¥ (Pi- 1’1“)(9’ Y/ (W triv)
— %4 (P,Jw

) ®HI(Prj-106, 5 1w wiv))

— 9 (Q° —jh —0.

(Ez N)/(Wn,trlv)) @(1 /)/W [

Proof. The first assertion is clear. In order to show that the second sequence is
exact, it suffices to show the following two statements about cocycles:

q—i—j
(1) ZPi,; “’(a’n N)/ (W, triv) > 7 Q@S’”/Wn'
. q
(2) ZPi- (%H,N)/(Wn aiv) @ EPLIS1D 0 S i)

oy o
= 2P0, By iy T DI, 5100, i)

The first statement is proved in the same way as the main step in Lemma 1.1.2 of
[Mokrane 1993]. If « is a local section of Z Qq(ll 1); W, assume that « is supported
on some

Dijy Xz Xz Dy g; Xz Dagy Xz -+ Xz D3y,

for some k1,....k;, I1,...,l; €{l,...,n}. Let
p:%p —> Dygy Xz Xz Dig; Xz Dajy Xz Xz Dy,
be the retraction associated to the immersion
Digy Xz Xz Dig; Xz Doy Xz -+ Xz Dy 1, > %p.
Then p*« lifts « to a section of Z Qq /W ' and the section

d Xk, dXy dY, all
X /\.../\X—/\Y_/\"'/\ Y EP’J (g{ N)/(W tI‘lV)
ki ki ! Lj " "

1 J

satisfies dw = 0 and Res(w) = «. From this, we know that the coboundaries of the
long exact sequence associated to

0— Pi_y,jo! + Pi i,

Zn sN)/(Wn ,triv)
— P,,Ja)

&, N)/(Wn Jtriv)

— Gr;,j 0

(gzn 7N)/(Wn ,ter) (gzn 7N)/(Wn ,ter)

are 0, so we also know that

q
W (Pim1,7O0, §y W vy I =190, 5y W siny) ™ O Pid O 5y 1o i)

foreveryi,j > 1.
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For the second statement, we have to prove that if o € P;_; ja)q ~ )
’ (gzl’l ’N)/(er ,tI‘lV)

q : _ ’
@ N (W i) satisfy d(« ;— B) = 0, then we can find o’ €
/ .. / !
and B’ € ZP”/_lw(zz,,,ﬁ)/(Wn,triv) such that o’ 4+ B’ =
then we are done, since we can just take

and B € P 1o

. .4
ZPi-1,79 0 Ry Woaiv)

R q
a+B. Ifae Pl—lgl—la)(gxn’]v)/(Wn,triV)’

o' =0, ' =a+ . The same holds for B. Otherwise, we have da € P;_;,j_1, so by
the injectivity proved in statement (1) for (i — 1, j), we know that do = da| + do,
for some a1 € Pj—1,j—1 and ap € P;—» ;. Thus, we’ve reduced our problem from
(i—1,j)to (i —2, ). Proceeding by induction, we may assume that i = 0. In that
case day; € Po j—1. By (the same argument as in the proof of) Lemma 1.1.2 of
[Mokrane 1993], we have an injection

%q(Po,j_la) —> %q(Po,ja).

(gjn 5[\7)/(W)’l ,triv)) (gjn ’ﬁ)/(Wn ,tl'iV)),
which implies day; = dazi41 for some a2 1 € Po,j—1. Then

i

i
o =a— Z g1 €ZPi—1,;, Bi=p+ Z azi'+1 € ZPij—1

i’=0 i’=0
satisfy the desired relations. O
The double filtration P; ; on w? induces a double filtration P; ;

- @n,N) /(W tiv)
on Cy,, and, for i, j > 1, the residue morphism Res : P; ;o
q—i—j
ag | W

7 —
~ &n,N)/ Wy, triv)
factors through P; ;C,,.

Lemma 3.15. For any two admissible liftings (Z1, ]V) and (Z», N) of (Y, M), we
have a canonical isomorphism

@z, z, (P jCoyy ) = HI(P1jCo, )

satisfying the cocycle condition for any three admissible liftings.
Moreover, the residue morphism

Resz : %q(Pi’ijg,gn) — HI/ (Q;bg,i"i)/Wn) = WnQ%u’,n

induced on cohomology satisfies the compatibility
Resz, =Resz, oaz, z,.

Proof. The proof of the first part is basically the same as the proof of Lemma 3.5.
We take admissible lifts (Z1, N) and (Z,, N) (we denote the log structures on both
simply by N, as it will be understood from the context which is the underlying
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scheme). As in the proof of Lemma 3.5, we form (Z15, N ), which is smooth over
(Zi, N), even though it is not quite an admissible lift. However, Z1, is étale over

SpecWI[X1.....Xn Y1, .Y, X1, X0 Y] Y oo uE L uE
/(Xivi — X[.Yjv; = Y)).

So we can endow 5;{ 12, With a filtration P; ; C ; 1,.n defined as above, in terms of
log structures N1 and N5 (which come from formally “inverting” the X; and X/ or
the Y; and Yl.’ ). Then the same argument used in the proof of Lemma 3.5 gives us
quasi-isomorphisms

P; jCy;,, — Pi,jCays ,

for i = 1, 2, which satisfy the right compatibility condition for three admissible
lifts.

For the second part, we follow the argument in Lemma 3.4(2) of [Mokrane 1993].
We let

dX, dXy, dY, dy;,

W=aAN—L A A—L A Acer A ——

Xk] Xk,' Yll Yli

; -l
be a section of P; ; Dy /W) and

X}, dx; —dv/ dY;
o' =o' A LA A —E A A A

X; X, Y/ Y/

k1 ki I I

be a section of P; ;jw such that w = 0’ in P; jw

q q
(&2.1,N)/ (W triv) &12,0,N) ] (W riv)”

We have to check that ..y = o'|. ¢.j). But
gDlZ,n gZlZ.n

dXe . X dY, 4y,
Xz, X, Y

w—o' =(@—a)A
1

where ¥ € P; j_j0? + Py, jo This means that

(F2.10,N) /Wy triv)

Xy, . dXi
X, Xy,

7

q
F2.10,N) /(W riv)’

dy;, dy,,
AN — Aees A —-
Y, Y,

(a—a')A

is also a section of P; j_1w Pi,jo and so

q q
(#2.10,N) /(W triv) * F2.10,N) /Wy triv)’
(@ =g =0. O

Corollary 3.16. We can define the sheaves

Pl',j an)‘{/ = %q(Pi,jéy).
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The complexes P; j Wy, (7)} form an increasing double filtration of Wy, 5)} such that
the graded pieces fori, j > 1

Gr;,; Wn;);} =P an)}/Pi,j_l + P,

are canonically isomorphic to the de Rham—Witt complexes of the smooth sub-
schemes Y -7

Res : Gri j Wpdy <> WuQ5 ) [—i — j1(=i — ).

Lemma 3.17. The constructions in Section 3C are compatible with the transition
morphisms 1, in the following way:

(1) The following diagrams are commutative:

= 4 = ~ b =
Wn+1a)Y e Wna);l, Wn+1a)§1/ I Wna);],
dt dt do do
ATL l/\? and A?L lA?
~q T ~q =q T ~q

(2) The projection 1 : Wn+1c7)(1], — Wnﬁ)(f, preserves the weight filtration P; j on
Win@% form =n,n+ 1.

(3) The morphism 7 : P; ; Wn+1(7)31, — P Wncf)(f, is surjective.

Proof. The first part follows in the same way as Proposition 8.1 of [Nakkajima
2005], by using a local admissible lifting (Z, N) of (Y, M) together with a lift of
the Frobenius ®. Then ®*(7) = t?(1 + pu) for some

uely ®W[r,o] Wn(‘E,U)

and so ®*(d log 1) is equivalent to pd log T modulo an exact form. The same holds
foro.

The second part follows in the same way as Proposition 8.4 of [Nakkajima
2005]. The question is local, so we may assume that the admissible lift (Z, N )
is étale over Spec W[X1,..., Xu, Y1,...,Yu], N" & N*. First we see that, for a
lift @ of Frobenius we have that ®*(d log X;) is equivalent modulo an exact form
to pdlog X; for 1 <i <r and that ®*(d log Y;) is equivalent modulo an exact
form to pd log Y; for 1 < j <s. This implies that the map p : Wpo% — Wy110%
preserves the weight filtration P; ;.

In order to see that v : Wy, 4+ 5)‘11, — Wncf)gl, also preserves P; ; we use a descending
induction on (i, j) in lexicographic order. Note that P s Wncf);]/ = Wncf)‘f,, so there
is nothing to prove in this case. We can prove the result for (r, s — 1) in the same
way as Proposition 8.4(2) of [Nakkajima 2005], using the commutative diagrams
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P; jWn+1wY _> Wn+IQY(l )

~q Res q—i
P, jWhoy S-2)/(1 /)j
for (i, j) successively equal to (r,s), (r — 1,5),...,(1,s). At the last step we get a

commutative diagram of (vertical) exact sequences

0 0
Pr,s—l Wn+15)§lf + PO,sWn+15)(II/ Pr,s—IWnCT)C)II + PO,S an)gf

~d ~d ~d ~d
Pr,s—an-‘rla)Y + Pl,sWn—Ha)Y — Pr,s—ana)Y + Pl,sWna)Y

g—s—1 qg—s—1
Wn—HQYU,s) P WnQy(l,s)
0 0

which means there is an induced morphism 7 : Py 5 Wn+15)‘{, + Pog Wn+15)§, —
Prs 1 Wad% + PosWnid?.
At this stage, we note that we can define

y ) — |_| (ﬂyﬁ).

TcA1,.. ieT
#T = s

This will be a simple reduced normal crossings divisor over k, and we can endow it
with the pullback of the log structure M; so that (Y, M ) is a (k, N)-semistable log
scheme, in the terminology of Section 2.4 of [Mokrane 1993]. There is a surjective
residue morphism obtained via the restriction

Res

which respects the weight filtrations. Just as the commutative diagram 8.4.3 of

[Nakkajima 2005] is obtained, we can use the injectivity of p : W,®2 —

Y ©.5)

Wn+1a)Y(0,S) for Y (0:5) / k [Nakkajima 2005, Corollary 6.28(2)] to see that there is
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a commutative diagram
PosWni16% LN PoWn110Y

nl ln

Po s Wy, PoW,éd

Y(O s)

Y<0 5)
We therefore get a commutative diagram of (vertical) exact sequences:

0 0

~q ~dq
Pr,s—IWn-i-lC‘)Y Pr,s—IanY

Pr,s—IWn—i—le);]/ + PO,sWn—H(D‘)I/ Pr,s—IWn;)gf + PO,sWn(D%

~q—S ~q—S
P() WIH- Y(O ) p P() anY(OJ)

0 0

so there is an induced morphism 7 : Py 1 Wn+1c7)§1, — Prs—1 Wnﬁ)‘{,.

Finally, the third part follows in the same way as Corollary 8.6.4 of [Nakkajima
2005]. For an admissible lift (Z, N), let Z1 := Z xw k. We have surjective mor-
phisms W,,qu1 — Poo Wni)‘{,, which commute with the transition morphisms 7.
So 7 is surjective for Py . Using the exact sequences of the form

0— Po,j— 1Wna)Y—>PojanY—>PoWna) —0

Y(O J)
and the surjectivity of & on the third term, we prove by induction on j that r is
surjective for Py ;. The same statement holds for P; o. Then, we prove that 7 is
surjective for a general P; ; by induction on i + j, using the exact sequences of
the form

= = =~ q i
00— P,-_l,jWna);I, + P,-,j_ana)?, — P,-,jWna)‘{, — W”QYO /)J — 0. ]

4. Generalizing the Mokrane spectral sequence

In this section, we derive a generalization of the Mokrane spectral sequence which
will allow us to compute the log crystalline cohomology of the Shimura varieties
we are interested in terms of the crystalline cohomology of certain proper smooth
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Newton polygon strata in the special fiber. Mokrane’s spectral sequence applies
to the case of semistable reduction. Here we treat the case of a scheme whose
singularities are locally those of a product of semistable schemes which is no longer
semistable.

We define a double complex W, A*® as follows. Its terms are

Wy AV —G}W,,N’MJr [(Pritjv2+ Piyjsa,j-k) fori,j=0,
k=0

and W, AY := 0 otherwise. The operators d, =, F, V of We®" induce oper-
ators d’, w, F, V of the procomplexes WeA®*/. For x in the direct summand
Wn~l+1+2/(Pkl+J+2 4+ Pitjta,j—k) of WyAY, d’x is the class of (—1)/d %,
where X is a lift of x in W, @ ”J” *2 We also have a differential d” : c W, A —
W, AU+ given by

x=(=1) (—/\ +0’270Ax)

where d /1 and do /o are the global sections of Wn(f); defined in Lemma 3.9. We
have d'd” = d"d’, so we indeed get a double procomplex (WeA®®,d’,d"). As
in Lemma 3.9 of [Mokrane 1993], we can use dévissage by weights to see that
the components of this procomplex are p-torsion-free. Let We A® be the simple
procomplex associated to the double procomplex We A®°.

We define now an endomorphism v of bidegree (—1, 1) of W, A*® which will
induce the monodromy operator on cohomology. For each k € {0, ..., j} we have
natural maps

- + +2
W't [(Prjivj+2+ Pitjt2,j—k)

Bori+2
— WodH [(Priyj42+ Pigjto,jr1-k)
= +
SWady T2 (Prsrivjvz+ Pisjaaj—k)-
which are sums of (—1)?*/%1 proj on each factor. Summing over k we get maps

v WyAY — W, A"=U+1 which induce an endomorphism v of bidegree (—1, 1).
The morphism of complexes Wncf)} — W, A*? given by

dt do
X —A—=AX
T o

factors through W,y . We get a morphism of complexes

O : Wyoy — W, A®.



Monodromy and local-global compatibility for / = p 1637

The following lemma is analogous to Theorem 9.9 of [Nakkajima 2005]. It
ensures that the resulting spectral sequence will be compatible with the Frobe-
nius endomorphism (defined as an endomorphism of W,-modules). We let &, :
Wywy — W, oy be the Frobenius endomorphism induced by the absolute Frobenius
endomorphism of (Y, M).

Lemma 4.1. Let n be a positive integer. Then the following hold:

(1) There exists a unique endomorphism 5;. of W, A®® of double complexes,
making the following diagram commutative:

qu\ lgzm

w,A9m 4y qam

(2) The endomorphism (%n induces an endomorphism (%n of the complex W, A®,
fitting in a commutative diagram

D,

@[ t@
3,

WnA. . WnA.

(3) Finally, the Poincaré residue isomorphism Res fits in the following commutative
diagrams fori, j > 1:

o =~ q Res q—i—j

\I/n‘ ‘pi-i-.iq)n

o ~q Res q—i—j
Gri,jWaoy WnQy(i,j)

where \V,, is an endomorphism of an)} which respects the weight filtration
P; j and which induces ®, on Wy, A®®.

Proof. The proof is essentially the same as that of Theorem 9.9 of [Nakkajima
2005]. We emphasize only the key points. We can define a morphism

q .y 24 ~q
U Wyoy — Whoy

via the composition
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j—1
Wn;);], i) Wn+1(xz);1, —ﬁ——> Wn+167)§1/ i) W”Z)(II/
The fact that these morphisms commute with the maps (dt/7)A and (do/o)A
follows from the proof of the first part of Lemma 3.17. This implies that the second
diagram is commutative. The fact that the W;*® respect the weight filtration follows
from the analogous statement for p, which is proved in Lemma 3.17 as well. This
" ot W, A74, at least
for j > 1. For j =0 we use the Frobenius endomorphism ®,, of Wy, (Oy (x+1./—k+1))

means that we can use \IJ] JH4F2 4 define endomorphisms

. . . . =0q .
together with the residue isomorphisms to define ®, . The commutativity of the
first diagram now follows from the definitions, from the commutative diagram

=gm kO

id

(which is deduced from pd = dp and dF = pFd) and from Diagram 9.2.2 of
[Nakkajima 2005] in the case of a smooth morphism. The fact that the first diagram
is commutative ensures the uniqueness of @Z’m. Finally, the third commutative dia-
gram follows from the surjectivity of & proved in Lemma 3.17, from Diagram 9.2.2
of [Nakkajima 2005] in the case of a smooth morphism and from the commutative
diagrams

—l—

Pi jWay10% —Re Wn-HQYu 7

o ~q Res q—i—j
Pi i Whoy WnQy(z P

fori,j > 1. O
Proposition 4.2. The sequence

R ® 0 d’ ol d’
0— Whoy — WA — W A" —

is exact.

Proof.  We follow the proof of Proposition 3.15 of [Mokrane 1993]. Let 6 :

Wt @ Wdh ' — W, be defined by

(x, y)r—)ﬂ/\x—l—d—o/\y
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It suffices to check that the sequence

cica (FALEN ~ie1 ~i—1 0 xi
Whoy = ———— Whoy ~ @ Whoy  — Wyoy
dt ,do
dr ,do

s WhdT?/(Poiga + Pit2,0)

d’ o o
— anllf+3/(P1,i+3 + Piy30) @ anl1/+3/(P0,i+3 + Piy31)

d//

A, ... 4.1)

is exact. We do this by using first a dévissage by weights, reducing to the case n =1
and then using the fact that the scheme Y is Zariski-locally étale over a product of
(the special fibers of) strictly semistable schemes.

We let
K_4=Wpdy 2,
K_3=W,dy '@ W,
K 5 =Wydy.

J
~ [ +2 .
Kj =@ Wady ' 2/ (Prigjua+ Piyjsaji) J=0.
k=0

For j > —4, j # —1 we define a double filtration of K; as follows:

~i—2
Pl,mK—4 = Pl—2,m—2anY s

Pl,mK—S = Pl—2,m—1 WnU)Y ® Pl—l,m—ZWnCUY s

=1
PrmK—:= Py m—1Whoy,

J
_ =itj+2 .
P K= @ Prikm+ j—kWaoy "7/ (Pritj+2+ Piyjya,j—k). J =0.
k=0

Here we set the convention Pj W,&' = 0 if either [ < 0 or m < 0. The sequence
(4.1) is a filtered sequence and to prove exactness it suffices to prove exactness for
each graded piece

Grym Kj := P Kj /(P -1 Kj + Pl_1 mKj).

For [, m > 0 we can rewrite the sequences of graded pieces as:

~[—2 ~i—1 ~i—1
Gri—2.m—2 Whoy = = Gr1—3 m—1 Waoy = @ Grj—y 1y Wahoy

— Gry_y 1 W@y — Grpp Wndy?

=i+3 ~i+3
_>Grl+1,mWn0)Y EBGrl,m—HWnCUY e,
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For [ < 0 or m < 0 the sequence is trivial.
It suffices to show that the sequence of complexes
Grl—z,m—z an);[_z] - Grl—z,m—l an);/[_l] S Grl—l,m—z anf);/[_l]
~ @ L ~ @
= Grj_y 1 Wy — Gry, Wyoy[2]
= Gr1p1,m Wa®y B]@ Grp iy Wady 3] — - (4.2)

is exact. Note that we can check this locally. When /,m > 1, we know by
Corollary 3.16 that

Grym Wady =~ Wn 25, .y [—1 — m] (=1 —m).

For [ =0 and m > 1 let Ypo.m be the normal crossing divisor of D%™ corresponding
to s = 0. In this case we have

Gty Wn@y = [WuQpom (—log Ypon) — Wy Qpom],
and for / = 0, m = 0 we have the quasi-isomorphism
Gty Waby = Wy Q% (—log Y —logY?)
— W Q% (—logY!) @ W, Q% (—log Y?) — W, Q%].
where Z = Z ®w k. In any case, Gr; , W,&° satisfies the property
(lim Gry,,, Wp®®) ®F Ry = Gry py Wyo®

by Lemma 1.3.3 of [Mokrane 1993] and Lemma 3.11. By Proposition 2.3.7 of
[[lusie 1983], it suffices to check exactness of the sequence (4.2) for n = 1.

For n = 1 and working locally with our admissible lifts, we know that the exact
sequence (4.2) is the pullback to Y of the corresponding exact sequence on Y7 Xy Y.
We can assume that Y =Y xi Yo and Z = Z1 x;. Z5. Each Y; fori =1,2is a
reduced normal crossings divisor in Z;, for which we know that

GI‘]I._Z Wld)}.'i [—1] — Grll._l W1a~)Yi — GI‘] Wld);i [1] — Grl+1 Wld);;i [2] —> e

is exact, by the proof of Proposition 3.15 of [Mokrane 1993]. In other words,
for i = 1,2 we have quasi-isomorphisms between the top row and the bottom
row. Multiplying the quasi-isomorphisms for i = 1, 2 gives us exactly the quasi-
isomorphism ¢ needed to prove the exactness of (4.2) in the case n = 1. Here, we
use the Cartier isomorphisms for W@y, and for W1&y and the fact that

@z, iy B0z 1) Bk (@7, 7)1 B0z, O02) = 07 ) B0z O

where the two complexes on the left determine W d);,i fori = 1,2 and the one on
the right determines W1®} . O
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Corollary 4.3. The morphism of complexes © : Wywy — Wy A® is a quasi-isomor-
phism. It induces a quasi-isomorphism © : Wy => WA®.

Proposition 4.4. The endomorphism v of We A*® induces the monodromy operator
N over H*. (Y,M)/(W,N)).

cris

Proof. We define the double complex B;*® as follows:
By =W, A"V @ WAV, i j >0,
d'(x1,x2) = (d'x1.d"x2),
d"(x1,x2) = (d"x1 +v(x2),d"x3).
We have a morphism of complexes ¥ : W,@y — B, defined as follows: for
x € Wyoy,
W(x)

do d dt d
= ((70—%>Ax (mod Po,i+1+ Pi+1,0), TT/\?U/\X (mod PO,i+2+Pi—I—2,0)>-

Thus we have a commutative diagram of exact sequences of complexes:

0 Whoy [—1] W@y Whoy 0
l@[—l] l\IJ l@
0 Wy A*[—1] B: W, A® 0

where the left and right downward arrows are quasi-isomorphisms. Thus, W is
also a quasi-isomorphism and the commutative diagram defines an isomorphism of
distinguished triangles. Thus the monodromy operator N on cohomology is induced
by the coboundary operator of the bottom exact sequence, which by construction
is v. O

We can compute the monodromy filtration of the nilpotent operator N on coho-
mology from the monodromy filtration of v on W, A®*. We will exhibit a filtration
Pr(WnA®) =D >0 P (W, AY)) which satisfies the following:

(1) v(Pr(WeA®)) C Pro(WeA*)(—1).
(2) For k > 0, the induced map v¥ : Gry(WeA®) — Gr_i(WaA®)(—k) is an
isomorphism.
A filtration satisfying these two properties must be the monodromy filtration of v.

Note 4.5. From now on, we will not work in the category € of complexes of sheaves
of W-modules but rather in Q ® &, which is the category with the same set of
objects as €, but with morphisms @ ® Homg (A, B). We will in fact identify the
monodromy filtration of v on @ ® W, A®, but for simplicity of notation we still
denote an object A of € as A when we regard it as an object of Q ® €.
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Define P;(W,A®®) := @ P;(W,AY) for [ > 0, where P;(W,A"Y) is 0 if
[ <2n—2—j and £,j20

J [—2n+24j

Giti+?
@( E Prymi1,2j—kti—2n—m+3Wahoy /(Pk,i+j+2+Pj—k,i+j+2))
k=0 m=0

if | >2n—2—j. Itis easy to check that v(P; (W, AY)) C Pj_, W, A1t/ =1 More-
over, we can also compute the graded pieces Gr; (W, A°*®) = EB;‘, >0 Gry (W, AY),
where

Gr; (WnAY)
0 ifl <2n—2—j,
@k -0 D 20 Gripmer1 2j—kti—an—mis Waly /T2 if 1 = 2n-2—.
For [ =2n—2+h, with h > 0, we claim that v induces an injection Gr; (W, A”) —

Gr;_1 (W, A7), This can be verified through a standard combinatorial argument.
We have

Jjoohtj
x 2
Gr;(WoA”) = D @B Grktm)+1.2)+h+1-k+m) Wad el
k=0 m=0
and
JH1h+j—1
+j+2
Gr;— 1(WnAJ)_@ @ G (k+m)+1,2) +h+1—(k+m) W@y
k=0 m=0

The map v sends the term corresponding to a pair (k,m) to the direct sum of
terms corresponding to (k,m) and to (k + 1,m — 1). Therefore, it is easy to
see that v restricted to the direct sum of terms for which k + m is constant is
injective, so v is injective. Moreover, we see that v induces an isomorphism
Gan_2+h(WnAij) ~ Gr2n_2_h(WnAi_h’j +h)_ since the terms on the right-hand
side are of the form
J o htj
P D Graxrmy 1.2 +h+1-c+m) Wad oyt
k=0 m=0
and the terms on the left-hand side are of the form
Joohtj

~z+/+2
P DB Graucrmy+1.2j+hr1-tctm) Wad :
m=0 k=0

so on either side we have the same number of terms corresponding to k + m.
Since the filtration P;(W, A®®) satisfies the two properties above, it must be the
monodromy filtration of v.
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Note that the differentials d” on Gr; (W, A®®) are always 0. Using the isomor-
phisms in Corollary 3.16 we can rewrite

Grap—a4n(WeA®)
J jth
= @ @ @(W'Q.Y(k-i-m-i-l.2_i+h+1—(k+m)))[_2j —hl(=j —h).

Jj>0,j>—h k=0 m=0

This leads to the main geometric result of the paper. Recall from Section 3.1
that Y/ k is the special fiber of X /Og, which is Zariski-locally étale over a product
of strictly semistable schemes. Recall also that Y is globally the union of certain
proper, smooth (2n — 2)-dimensional subschemes Y; ; withi =1,2, j =1,...,n.
Taking disjoint unions of intersections of these subschemes gives rise to schemes
Y& JZ)/k for 1 <1y, 1, <n, which cover closed strata in Y. Each Y (1:/2) ig proper,
smooth and has dimension 2n —[1 — /5.

Theorem 4.6. There is a spectral sequence
hl+h @ é él Hl 2j h(y(k+m+1,2j+h+l—(k+m))/W)(_j_h)
cris
j=0,j>—h k=0 m=0 iHl (Y/W)

cris

Remark 4.7. Note that the schemes Y (1-/2) are proper and smooth so the E —h.i+h
terms of the spectral sequence are strictly pure of weight i + /. If the above spectral
sequence degenerates at the first page, then H!. (Y/W) is pure of weight i.

cris

5. Proof of the main theorem

In this section we prove the main theorem. By Corollary 2.3, its proof reduces to
the following proposition.

Proposition 5.1. Let &ﬂrgfw be the universal abelian variety over X g’l i The direct
limit of log crystalline cohomologies

. 2n—2+ =
limag(Hyfy " (A7 o k/ W) ®w Q1)) [TT€]
UIW

is pure of a certain weight.

Proof. Recall that we have chosen
Uw = U x U"P2 (m) x Twp p, X Iwg p, C G(A).

. p1-p2 .
Pick m large enough such that (m)Ul 0m)xIWn.py XWnpy ig nonzero, where

m; € Irrp (G(Qy)) is such that BC(mr;) = LI_IH]. The results of Sections 3 and 4
apply to &ﬁZ{i. We have a stratification of its special fiber by closed Newton polygon
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strata sd’gfw g With S, T C {1,...,n} nonempty. For brevity, let K1 :=k +m + 1
and K, :=2j +h+1—(k +m). By Theorem 4.6, we have a spectral sequence

j j+h

EfM =D PP P H A s/ W) —h)

j=0 k=0m=0#S=K;
j>—h #T=K»
= H!.

cris

(&Q - Xog k/W).

We replace the cohomology degree i by i +mg, tensor with Q (t¢), apply ag (which

is obtained from a linear combination of étale morphisms); passing to a direct limit

over U! and taking the TT"®-isotypic components we get a spectral sequence

El—h,i+h
IS i +mg—2j—h

_ . i+mg—2j— .

- @ @ @ @ h_r)n(achris (( UIWST/W)(_] _h)

Jj=0 k=0m=0#S=K; U’ = 1,6
j>—h #T=K, ®W,ro@l(t§))[n ’ ])

= lim (a¢ H, A xog k)W) g, Q1)) O],

Cris
Ul

For any compact open subgroup U! € G(A!) and any prime p # [ with isomor-
phism ¢, : @, => C, set & := (1) 1€ and I := (1) 1IN
We have

dimg, (limag Hyt " 2 7 (A3 g 7/ W)(=) —h) @wz, Q) [0V
Ul
= dimg_ (limag H'*" =2/ o 0 @) (T )S1Y’
Ul
= dimg (lim H'~% 7" (Xy,, 5.7, 2 ) [(T1)S]V"
U/
The first equality is a consequence of the main theorem of [Gillet and Messing
1987] and of Theorem 2(2) of [Katz and Messing 1974]. The former proves that
crystalline cohomology is a Weil cohomology theory in the strong sense. The
latter is the statement that the characteristic polynomial on H'(X) of an integrally
algebraic cycle on X x X of codimension 7, for a projective smooth variety X/k
of dimension #, is independent of the Weil cohomology theory H.

The dimension in the third row is equal to O unless i = 2n —2 by Proposition 5.10
of [Caraiani 2012]. Therefore, E —hith _ =Ounless i =2n—2, so the £ page of the
spectral sequence is concentrated on a diagonal. The spectral sequence degenerates
at the £y page and the term corresponding to £” h2n=2+h i strictly pure of weight
h+2n —2+ mg — 2t¢, which shows that the abutment is pure. O
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