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On the supersingular locus
of the GU(2,2) Shimura variety

Benjamin Howard and Georgios Pappas

We describe the supersingular locus of a GU(2, 2) Shimura variety at a prime
inert in the corresponding quadratic imaginary field.

1. Introduction

This paper contributes to the theory of integral models of Shimura varieties, and, in
particular, to the problem of explicitly describing the basic locus in the reduction
modulo p of a canonical integral model. In many cases where this integral model
is a moduli space of abelian varieties with additional structures, the basic locus
coincides with the supersingular locus, i.e., with the subset of the moduli in positive
characteristic where the corresponding abelian variety is isogenous to a product
of supersingular elliptic curves. The first investigations of a higher-dimensional
supersingular locus were for the Siegel moduli space, and are due to Koblitz, Katsura
and Oort, and Li and Oort. See the introduction of [Vollaard 2010] for these and
other references. More recently, such explicit descriptions for certain unitary and
orthogonal Shimura varieties have found applications to Kudla’s program relating
arithmetic intersection numbers of special cycles on Shimura varieties to Eisenstein
series; this motivated further study, as in [Kudla and Rapoport 2009; 1999; 2000;
2011; Vollaard and Wedhorn 2011].

In this paper, we study the supersingular locus of the special fiber of a GU(2, 2)
Shimura variety at an odd prime inert in the corresponding imaginary quadratic field.
Our methods borrow liberally from [Vollaard 2010] and [Vollaard and Wedhorn
2011], which dealt with the GU(n, 1) Shimura varieties at inert primes, and from
[Rapoport et al. 2014], which considered them at ramified primes. If one attempts
to directly imitate the arguments in those papers to study the general GU(r, s)
Shimura variety, the method breaks down at a crucial point. The key new idea
for overcoming this obstacle is to exploit the linear algebra underlying a twisted
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version of the exceptional isomorphism SU(2,2) = Spin(4, 2) corresponding to
the Dynkin diagram identity A3 = D3. As such, we do not expect our methods to
extend to unitary groups of other signatures (although we do hope that our result
will eventually help to predict the shape of the answer in the general case). The
problem of understanding the supersingular locus of the GU(3, 2) Shimura variety,
for example, remains open.

However, our methods should extend to the family of GSpin(#n,2) Shimura
varieties. Work of Kisin [2010] and Madapusi Pera [2012] (see also [Vasiu 1999])
provides us with a good theory of integral models for these Shimura varieties, and
recent work of W. Kim [2013] gives a good theory of Rapoport—Zink spaces as well.
An extension of our results in this direction would have applications to Kudla’s
program, for example by allowing one to generalize the work of Kudla and Rapoport
[1999; 2000] from GSpin(2,2) and GSpin(3, 2) Shimura varieties to the general
GSpin(n, 2) case. Using the isomorphism between GSpin(6, 2) and the similitude
group of a 4-dimensional symplectic module over the Hamiltonian quaternions
[Freitag and Hermann 2000], one could also expect to generalize Biiltel’s results
[2012] on the supersingular locus of the moduli space of polarized abelian eightfolds
with an action of a definite quaternion algebra. More ambitiously, one could hope to
exploit the connection between polarized K3 surfaces and the GSpin(19, 2) Shimura
variety in order to study the moduli space of supersingular K3 surfaces. Some of
these topics will be pursued in subsequent papers.

As this paper was being prepared, Gortz and He were conducting a general
study of basic minuscule affine Deligne—Lusztig varieties for equicharacteristic
discrete valued fields. The preprint [Goertz and He 2013] provides a list of cases
where these affine Deligne—Lusztig varieties can be expressed as a union of usual
Deligne—Lusztig varieties, and that list contains an equicharacteristic analogue of
the GU(2, 2) Rapoport-Zink space considered here. These results of Gortz and He
in the equicharacteristic case are analogous to our mixed characteristic results.

1.1. The local result. Our main result concerns the structure of the Rapoport—
Zink space parametrizing quasi-isogenies between certain p-divisible groups with
extra structure. Fix an algebraically closed field k of characteristic p > 2, let W
be the ring of Witt vectors over k, and let £/Q, be an unramified degree-two
extension. Consider the family of triples (G, ¢, A), defined over W-schemes S on
which p is locally nilpotent, consisting of a supersingular p-divisible group G
with an action ¢ : O — End(G) and a principal polarization A : G — GY. We
require that the action ¢ and the polarization A be compatible in the sense of
(2-1), and that the action of O on Lie(G) satisfy the signature-(2, 2) determinant
condition of (2-2). A choice of one such triple (G,t, 1) over k as a basepoint
determines the Rapoport—Zink space, .# , parametrizing quadruples (G, (, A, o) in
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which ¢ : G xg So = G X Sp is an Og-linear quasi-isogeny under which A pulls
back to a Q7 -multiple c(0)A. Here, So = S Xy k. The Rapoport-Zink space .# is
a formal scheme over W, and admits a decomposition into open and closed formal
subschemes .# = |4, .29, where .#® is the locus where ord,(c(0)) = .
Here and elsewhere, we use the symbol |4 to denote disjoint union. The group p?
acts on .#, where the action of p sends (G,t, A, ) — (G,t, A, po). This action
has .#© w.# (") as a fundamental domain. In fact, the action of pZ extends to a
larger group J which acts transitively on the set {.#© : £ € Z}. Define

N =pi\A.

and let .4 and .#~ be the images of .# © and .zM, respectively, under the
quotient map .4 — .A.
In Section 2, we construct a 6-dimensional (Q,-vector space

LY CEnd(G)q

of special quasi-endomorphisms of G as the ®-fixed vectors in a slope-0 isocrystal
(Lg, ®). The vector space ng is endowed with a Q-valued quadratic form Q(x) =
x o x, and we define a vertex lattice in Lg to be a Zp-lattice A C Lg such that

pA C A CA.

The rype tp € {2,4,6} of A is the dimension of A/AY. To each point (G, ¢, A, 0)
of ./, the quasi-isogeny o allows us to view A as a lattice of quasi-endomorphisms
of G. Let #/p C . be the locus of points where A C End(G) (i.e., the locus
where these quasi-endomorphisms are integral). It is a closed formal subscheme
of .4, whose underlying reduced k-scheme we denote by .43 . We show that the
underlying reduced subscheme 474 of .4 is covered by these closed subschemes:

rea =,
A
and that
N if A1 N A, is a vertex lattice,
e/VAl me/VAZ — A1NA> 1 . 2
o) otherwise,

where the left-hand side is understood to mean the reduced subscheme underlying
the scheme-theoretic intersection (we suspect that the scheme-theoretic intersection
is already reduced, but are unable to provide a proof).

Section 3 is devoted to understanding the structure of ./, Ai = My N.A*E. Setting
da =tp/2, we prove that ./ Ai is a projective, smooth, and irreducible k-scheme
of dimension dp — 1. In fact:

(1) If dp =1, then JVA:E is a single point.
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(2) If dp =2, then ¥ is isomorphic to PL.
(3) If dp = 3, then ¥ Ai is isomorphic to the Fermat hypersurface

p+1 | _p+l

1 1
p+ + X3 + x5 +x§’+ =0.

The irreducible components of .#* are precisely the closed subschemes . Ai
indexed by the type-6 vertex lattices. From this we deduce the following theorem:

Theorem A. The underlying reduced scheme 4, © g of A © is connected. Every
irreducible component of M, (¢ ) is a smooth k- scheme of dimension 2, isomorphic
to the Fermat hypersurface

p+1+xp+l+xp+1+xp+1 —0.

If two irreducible components intersect nontrivially, the reduced scheme underlying
their scheme-theoretic intersection is either a point or a projective line.

See Sections 3.5 and 3.6 for a more detailed description of .#cq.

1.2. The global result. In Section 4, we consider the global situation. Let E be a
quadratic imaginary field, and let p > 2 be inert in E. Let O C E be the integral
closure of Z(,), and let V' be a free O-module of rank 4 endowed with a perfect
O-valued Hermitian form of signature (2,2). Let G = GU(V') be the group of
unitary similitudes of V', a reductive group over Z ). Fix a compact open subgroup
UP C G(A}{7 ), which we assume is sufficiently small, and define U, = G(Z,) and
U=U,UP CG(Ay).

Using this data we define a scheme My, smooth of relative dimension 4 over Z ),
as a moduli space of abelian fourfolds, up to prime-to-p-isogeny, with additional
structure, in such a way that the complex fiber of My is the Shimura variety

My (C) = G@\D xG(Af)/U).

Here, D is the Grassmannian of negative-definite planes in V ®o C.

Let k be an algebraically closed field of characteristic p, and denote by Mp;
the reduced supersingular locus of the geometric special fiber My Xz, k. The
uniformization theorem of Rapoport and Zink expresses M} as a disjoint union of
quotients of the scheme .4 described above. As a consequence we obtain the
following result:

Theorem B. The k-scheme My; has pure dimension 2. For U? sufficiently small,
all irreducible components of M; are isomorphic to the Fermat hypersurface

p+1 p+1

p+1+x1 + x5 —|—x§’+l =0.

If two irreducible components intersect nontrivially, the reduced scheme underlying
their scheme-theoretic intersection is either a point or a projective line.
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1.3. Notation. We use the following notation throughout Sections 2 and 3. Fix
an odd prime p and an unramified quadratic extension E of the field of p-adic
numbers Q,. The nontrivial Galois automorphism of E is denoted by o +— «.
Let k be an algebraically closed field of characteristic p. Its ring of Witt vectors
W = W(k) is a complete discrete valuation ring with residue field k = W/ pW and
fraction field Wg. Label the two embeddings of O into W as

WoiOE—>W, lﬁ'liOE—>W,

and denote by o both the absolute Frobenius x — x? on k and its unique lift to a
ring automorphism of W. Denote by €, €1 € O ® W the orthogonal idempotents
characterized by

eM={xeM:(a®1)-x=(01QVy;(x))-x foralla € O}

for any O ® W-module M. For any Z-module M, we abbreviate Mg = M ®7 Q.
In particular, Mg = M @w W|[1/p] for any W-module M.

2. Moduli spaces and lattices

In this section we recall the Rapoport—Zink space of a GU(2,2) Shimura variety,
and define a stratification of the underlying reduced scheme.

2.1. The Rapoport-Zink space. Let Nilpy, be the category of W-schemes on
which p is locally nilpotent. We wish to parametrize triples (G, ¢, A) over objects
S of Nilpy, in which

e G is a supersingular p-divisible group of dimension 4,
e 1 : O — End(G) is an action of O on G,
e 1:G — GV is a principal polarization.
We further require that every o € O satisfy both the O -linearity condition
Aou(@) =t(a) o 2-1)
and the signature-(2,2) condition
det(T — 1(@); Lie(G)) = (T — Yo (@)*(T — Y1 ())? (2-2)

as sections of Og[T]. The signature-(2, 2) condition is equivalent to each of the
Os-module direct summands in Lie(G) = €g Lie(G) @ €1 Lie(G) being locally
free of rank 2.

Fix one such triple (G, t, A) over k as a base point, and let .# be the functor on
Nilpyy sending S to the set of isomorphism classes of quadruples (G, A, 1, o) over S,
where (G, t, 1) is as above and ¢ : G5, — G5, is an Og-linear quasi-isogeny
such that 0*A = ¢(g)A for some c (o) € Q. Here, So is the k-scheme S ®w k.
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The functor .# is represented by a formal scheme locally of finite type over Spf(W)
by [Rapoport and Zink 1996]. There is a decomposition .# = 4, # © into
open and closed formal subschemes, where .# © s the locus of points where
ord,(c(0)) = 1.

Let J C End(G)g, denote the subgroup of E-linear elements such that g*A =
v(g)A for some v(g) € @;. The group J acts on .# in an obvious way:

g-(G,1,1,00=(G,1,A,g00).

As usual, the group J is the Q,-points of a reductive group over Q,. In fact,
by [Vollaard 2010, Remark 1.16], this reductive group is the group of unitary
similitudes of the split Hermitian space of dimension 4 over E. In particular, the
derived subgroup J 9 is isomorphic to the special unitary group, and the similitude
character v : J — @; is surjective. Note that the action of any g € J with
ord,(v(g)) = 1 defines an isomorphism MO = gD,

As a special case of this action, the group pZ acts on .# by

P (G,t,A,0) = (G,1,A, po),

and the quotient .4 = p?\.# has .« © 1y _#M as a fundamental domain. Let
Nt = O and 4~ = .4 be the open and closed formal subschemes of .4
on which ord, (¢ (o)) is even and odd, respectively. By the previous paragraph there
is an isomorphism .# 7 2 _#~, and we will see later in Theorem 3.12 that .4
and .+ are precisely the connected components of 4.

2.2. Special endomorphisms. In this subsection we will define a Q,-subspace
L® CEnd(G)q

of special quasi-endomorphisms of G in such a way that x > x o x defines a
Qp-valued quadratic form on Lg. The subspace Lg is not quite canonical; it will
depend on the auxiliary choice of a certain tensor @ in the top exterior power of
the Dieudonné module of G.

Denote by D the covariant Dieudonné module of G, with its induced action
of O and induced alternating form A : /\%VD — W satisfying A(Fx,y) =
A(x, Vy)?. Under the covariant conventions, Lie(G) = D/ VD as k-vector spaces
with O g -actions. Abbreviate /\% D= /\ZO ~ewD. Once we fix a § € OF satisfying
6% = —4, there is a unique Hermitian form

(+,-):DxD—>0gQW
satisfying
A(x.y)=Trgq, 87 (x.y). (2-3)
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which in turn induces a Hermitian form on every exterior power /\5;5 D by

¢
(XI A AXg, YIAAYg) = Z sgn(mr) H(xi,yn(i))-

mTeSy i=1

This Hermitian form identifies each lattice A% D with its dual lattice in (/\EE D),
In order to make explicit calculations, we now put coordinates on Dg.

Lemma 2.1. There are Wg-bases

e1,e2,e3,e4 € €gDq,

f1. /2. f3, fa € e1Dq,

such that o )
€ ifi =7,
e, fjy =0 TI=T (2-4)

0  otherwise,

and the o-semilinear operator F satisfies

Feir=fi, Feyx=f,, Fesz=pfs, Fes=pfa,
Ffi =pei, Ffa=pey, Ffs=e3, Ffs=ea.

Proof. Denote by Dy, the isocrystal with Wgp-basis {er....,eq, f1..... fa} and
by F the operator defined by the above relations. Endow Db with the E-action
/(a)e; = Yo(a)e; and i/ (@) f; = ¥1(«) f; and the unique Hermitian form satisfying
(2-4). This Hermitian form determines a polarization A’(x, y) = Trg q, §7Hx, y).
As DG/;D is isoclinic of slope 1/2, there is an isomorphism of isocrystals

QZD@%D&D.

Any two embeddings of E into End(D{l) are conjugate, by the Noether—Skolem
theorem, and so o may be modified to make it E-linear. Another application of
Noether—Skolem shows that ¢ may be further modified to ensure that the polariza-
tions on Dg and Dq’1 induce the same Rosati involution on

End(Dq) = End(Dy,).

This implies that o identifies the polarizations, and hence the Hermitian forms, on
Dgq and Dg, up to scaling by an element c(0) € Q.

Finally, for every ¢ € @; one can find an E-linear isocrystal automorphism g
of D¢, such that g rescales the polarization of Dy, by the factor c. For example, if
ord,(c) is even then write ¢ = ¢ with @ € E* and take g = ¢/(«). If ¢ = p then
take g to be

€1 —es3, € ey, e3> per, e4t—> pey,

firpfz. farpfa, fae f1. far fo.
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Thus ¢ may be further modified to ensure that c(g¢) = 1. O

Lemma 2.2. Thereis an O @ W -module generator o € /\‘}5 D such that (w, @) =1
and Fo = p?w. If o’ € /\4ED is another such element, there is an a € O, such
thatatt = 1 and @’ = aw.

Proof. The W-module decomposition D = €9 D @ €; D induces a corresponding
decomposition /\%D = /\4601) @ N*eD. Fixing a basis as in Lemma 2.1, we
must have

/\460D = W~pk0e1 Aey Aes ey,

NeD=W-pX fin o n 54 fa,

for some integers ko and k;. The self-duality of /\?ED under (-,-) implies
ko 4+ k1 = 0. The signature-(2, 2) condition on

Lie(G)=D/VD =¢yD/VeirD e D1/ VegD

implies that each of the summands on the right has dimension 2 over W/pW , and
hence the cokernels of

ViNeD - NeaD, V:NeD— NeD
are each of length 2 as W-modules. Using
VieyAeaAesAes) =p> fiA oA f3A fa,
V(i fan f3A fa) = pPer nes Aes Aey,
we deduce that k1 and k, are equal, and hence both are equal to 0. It follows that
w=ejNeaNesNes+ fin fanf3N fa (2-5)

generates /\‘,‘5 D as an O ® W-module. A simple calculation shows that (@, ) =1
and Fw = p?w, proving the existence part of the lemma. The uniqueness part of
the claim is obvious. O

Definition 2.3. For any @ as in the lemma, define the Hodge star operator x + x*
on A% D by the relation y A x* = (y,x)-w forall y € Az D.

The Hodge operator satisfies (ax)* = ax* for all « € O ® W. Denote by
L={xe/\%D:x*=x}

the W-submodule of Hodge fixed vectors. The Hermitian form (-,-) on D deter-
mines an injection /\125 D — Endw (D) by

(anb)(z)={a,z)b— (b, z)a,



On the supersingular locus of the GU(2,2) Shimura variety 1667

and we obtain inclusions L C /\%D C Endw (D). Note that both the Hodge star
operator and the submodule L depend on the choice of ®.

Proposition 2.4. For any choice of w, the induced Hodge star operator has the
following properties:

(1) Every x € /\2ED satisfies (x*)* = x.
(2) Every x € L, viewed as an endomorphism of D, satisfies

{x, x)
5,

In particular, Q(x) = x o x defines a W -valued quadratic form on L.

(3) The W -quadratic space L is self-dual of rank 6, and

(2-6)

XO0X = —

L={xeLqg:xD CD}.
(4) If C(L) denotes the Clifford algebra of L, the natural map
C(L) — Endw (D)

induced by the inclusion L C Endw (D) is an isomorphism. Under this
isomorphism, the even Clifford algebra is identified with the subalgebra of
OEg-linear endomorphisms in Endy (D).

Proof. Fix a basis of Dg as in Lemma 2.1, and suppose first that @ is given by
(2-5). An easy calculation shows that

(e1nex)" = f3A fa,
(e1ne3)" = fan fa,
(e1ned)" = fan f3,
(e2ne3)* = fiA fa,
(e2ned)” = f3 A f1,
(e3neq)” = fin fa,

(f3n fa)* =e1Nea,
(fan f2) =e1Nes,
(2N f3)" =e1 Nea,
(finfa)" =exnes,
(f3n f1)" =exnea,
(fin f2)" =e3nea,

27

from which (x*)* = x is obvious. Now set @’ = e with & € O of norm 1, and
denote by x > x*’ the Hodge star operator defined by w’. It is related to the Hodge
star operator for @ by x*’ = ax*, and hence

Y = ((@x™)* =aa(x*)* = x.

This proves the first claim in full generality.
Keep @ as in (2-5). For the second claim, one first checks that all x, y € /\%;D
satisfy the relation

xoy4ytoxt=—(x.y) (2-8)
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in Endy (D). Indeed, it suffices to prove this when x and y are pure tensors of
the form e; A e; and f; A f;, and this can be done by brute force. Of course
(2-8) immediately implies (2-6) for all x € L, proving the second claim for @. The
validity of (2-8) for any other @’ follows by the reasoning of the previous paragraph.

For the third claim, note that the quadratic form Q(x) =—(x, x)/2 on L extends
to a quadratic form on /\2E D by the same formula (using the standing hypothesis
that p is odd), with associated bilinear form

[x,y] =—3Trg/q, (x.y),
and that there is an orthogonal decomposition
/\%D =L®{x e/\ZED cx* = —x}.

The self-duality of A%;D under (-, -) implies its self-duality under [-, -], which
then implies the self-duality of the orthogonal summand L. The Hodge star operator
acts on the W-module

NeD = NeoD & Ne; D

of rank 12 by interchanging the two summands on the right, and hence its submodule
of fixed points, L, has rank 6. Finally, set L’ = {x € Lg : xD C D}. Certainly
L C L', and the quadratic form Q(x) = x o x restricted to L’ takes values in
W = Wg NEndw (D). Therefore (L')Y C LY =L C L' C (L")Y, and so equality
holds throughout.

For the fourth claim, the self-duality of L implies that L/pL is the unique
nondegenerate k-quadratic space of dimension 6, and so its Clifford algebra is
isomorphic to Mg (k). This means that the induced map

C(L/pL) = C(L)®w k — Endy (D) @w k

is a homomorphism between central simple k-algebras of the same dimension, and
hence an isomorphism. It follows from Nakayama’s lemma that C (L) — Endy (D)
is an isomorphism. Every x € L satisfies x o t(a) = ¢(@) o x, and hence the
composition of any two elements of L is Og-linear. This implies that the even
Clifford algebra is contained in Endp . gw (D), and equality holds because both
are W-module direct summands of C(L) = Endy (D) of the same rank. O

The operator
®(a Ab) = p Y (Fa) A (Fb)

makes /\% Dg into a slope-0 isocrystal. In terms of the inclusion /\% Dg C
Endw (D)q, this operator is just

d(anb)=Fo(anb)oF L.
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As © commutes with the Hodge star operator, it stabilizes the subspace Lg and
makes L g into a slope-0 isocrystal. In this way, we obtain inclusions of @,-vector
spaces

L2 c (A2Dg)® CEnd(G)q. (2-9)

where the ® superscripts denote the subspaces of ®-fixed vectors. Endow Lg with
the quadratic form Q(x) = x o x and the associated bilinear form

[x,y]=xo0oy+yox =—%-TrE/@p(x,y).

Remark 2.5. The 6-dimensional E-vector space (/\% Dg)? is characterized as the
space of all Rosati-fixed x € End(G)q satisfying x ot(a) = t(@) o x forall « € E.
On the other hand, the 6-dimensional Q,-vector space Lg depends on the choice
of @, and so does not have a similar interpretation in terms of A and ¢ alone.

While the subspace Lg C End(G)q depends on the choice of @, the following
proposition shows that its isomorphism class as a quadratic space does not. Denote
by H the hyperbolic Q-quadratic space of dimension 2.

Proposition 2.6. For any choice of , the quadratic space Lg has Hasse invariant
—1 and determinant det(Lg) = —A for any nonsquare A € Z;. Furthermore,
the special orthogonal group SO(Lg) is quasi-split and splits over Q,2, and the
space Lg with the rescaled quadratic form p~'Q is isomorphic to H*> @ Qp2,
where Q> is endowed with its norm form x Norm@p2 /@, (X)-

Proof. First suppose that @ is defined by (2-5). In this case the relations (2-7) show
that the vectors

X1 =eiAex+ f3A fa, xa=e3Aes+ f1 N f2,
x3=ej1Ae3+ fanfo, xa=esner+ fiA f3,

Xs=ej1Nes+ fonfz, xe=exAne3+ f1Af4

form a basis of Lg. In this basis the operator ® takes the block-diagonal form
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and the matrix of Q is

0 —1
-1 0
0 —1
([xi, xj]) = 1 0
0 —1
-1 0

Fix any nonsquare A € Z, and let u € W* be a square root of A. The vectors

Y1 =px1+x2, y2=u(pxi—x2),
y3=x3+Xx4, Y4 =u(x3—x4),

Vs =xs5+Xx6, Y6 =1u(xs—xe)

form an orthogonal basis of Lg with

4
PA

i, yil\ _ -1
( : _)_ , (2-10)

from which one computes the determinant —A and Hasse invariant (—p, pA) = —1
of Lg. As a nondegenerate quadratic space over Q, is determined by its rank,
determinant, and Hasse invariant, the remaining claims are easily checked for this
special choice of ®.

Now suppose @’ = aw for some o € OF of norm 1. Hilbert’s Theorem 90
implies that there is some n € OF satisfying ni~! = a. Denote by x — x*' the
Hodge star operator defined by w’, by L’ C /\%; D the submodule of Hodge fixed
vectors, and by Q’ the quadratic form x o x on L’. Using the relation x*' = ax*, it
is easy to see that the function x +— nx defines an isomorphism of quadratic spaces

(L. n7Q) = (L. 0.

In particular, there is a basis of L&D such that the quadratic form Q’ is given by n7
times the matrix of (2-10). The Hasse invariant and determinant (modulo squares)
of the matrix in (2-10) are unchanged if the matrix is multiplied by any element of
Z;j, and so LS’ has the same determinant and Hasse invariant as Lg. O

From now on we fix, once and for all, any @ as in Lemma 2.2.
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2.3. An exceptional isomorphism. Define the unitary similitude group
GU(Dg) = {g € Autegw (Dq) : g*A = v(g)A for some v(g) € W'},

and set
GU°(Dg) = {g € GU(Dq) : v(g)* = det(g)}.

The action ¢ of GU(Dg) on Endy (D)g defined by gex = gox og~! leaves
invariant the subspace /\% Dq, and satisfies

ge(anb)=v(g)""(ga) A (gh). (2-11)

Using this formula one checks that the action of the subgroup GU?(Dg) commutes
with the Hodge star operator on /\2E Dg, and so preserves the subspace Lg.

The canonical involution x — x’ on the Clifford algebra C(L) is the unique
W -linear endomorphism satisfying (xy ---xx) = xg ---xq forall x1,...,x; € L,
and the spinor similitude group of Lq is

GSpin(Lg) ={g € Co(L)y : gLag ' = Lo and g'g € WZ}.

Here, Co(L) is the even Clifford algebra. From [Bass 1974] or [Shimura 2010] we
have the exact sequence

1 — W3 —> GSpin(Lg) — SO(Lq) — 1.
Proposition 2.7. There is an isomorphism
GSpin(Lg) = GU%(Dq) (2-12)

compatible with the action of both groups on Lg. In particular, the action of
GU®(Dg) on Lg determines an exact sequence

x 0 grge
1 — Wg — GU"(Dg) —— SO(Lg) — 1.

Proof. By Proposition 2.4 the inclusion of L into Endy (D) induces an isomorphism
C(L) = Endw (D), under which Co(L) = Endp . gw (D). We will prove that the
induced isomorphism

Co(L)g = Autggw (Dq)

restricts to an isomorphism (2-12). Note that every element x € L, viewed as an
endomorphism of D, satisfies (xa,b) = —(a, xb) (indeed, this already holds for
every x € /\%D). Thus (ga,b) = (a, g’'b) for every g € Co(L) and a,b € D.
One inclusion of (2-12) is obvious: if g € GU%(Dg) then, as noted above, the
conjugation action of g on C(L)g = Endw (D)qg preserves the subspace Lg. The
relation (ga, gb) = (a, g’gb) implies that v(g) = ¢g’g, and so g € GSpin(Lg).
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For the other inclusion, start with a g € GSpin(Lg). The relation (ga, gb) =
(g’g){a,b) shows that g € GU(Dg). To show that v(g)? = det(g), fix any x € L
andany y € /\%D for which (y, x) #0. As gex = gxg~! lies in Lg by assumption,
the Hodge star operator fixes g ® x. Thus

(gey)n(gex)=(gey.gex)@ = (y. X)o,

where the second equality follows from (2-11). On the other hand, the Hodge star
operator fixes x, and so

(g2y) Algex) =v(g) 2 det(g)(y A x) = v(g) > det(g)(y, X)o.
This proves that g € GU%(Dg), and completes the proof of (2-12). O

The similitude character v: GU®(Dg) — W restricts to x > x2 on the subgroup
W, and so descends to the spinor norm

7:SO(Lq) — WZ /(W2
Remark 2.8. The group J defined in Section 2.1 is characterized by
J={geGU(Dg):goF =Fog},
and we define a subgroup
JO={geGU’Dg):goF =Fogl.

The isomorphism (2-12) restricts to an isomorphism GSpin(Lg; ) = JO, and hence
there is an exact sequence

1—>®;—>J0—>SO(L3)—>1,

which identifies J 9" with Spin(L 8). See [Knus et al. 1998, Proposition IV.15.27]
for similar exceptional isomorphisms.

2.4. Dieudonné lattices and special lattices. In this subsection we show that the
k-points of .4 can be identified with the set of homothety classes of certain lattices
in Dg, which we call Dieudonné lattices. We then use the inclusion

Lo C Endw (Dg)

to construct a bijection between the set of homothety classes of Dieudonné lattices
and a set of special lattices in the slope-0 isocrystal Lg. Thus the points of .4 (k)
are parametrized by these special lattices.

In fact, the proof of Theorem 3.9 below requires that we establish such a bijection
not just over k, but over any extension field &’ O k. Let W' be the Cohen ring
of k’. Thus W' is the unique, up to isomorphism, complete discrete valuation ring
of mixed characteristic with residue field W’/ pW’ =~ k’. The inclusion k — k'
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induces an injective ring homomorphism W — W’ and we set D' = D @y W’
and L’ = L @y W’. There is a continuous ring homomorphism o : W/ — W’
reducing to the Frobenius on k’, and the o-semilinear operators F and ® on Dg
and L g have o-semilinear extensions to Dc’L:u and Lf@. Similarly the symplectic and
Hermitian forms on Dg and the quadratic form on Lg have natural extensions to
D, and L,

Note that the operators F and ® are surjective on Dg and L g, respectively,
but this need not be true of their extensions to D¢, and L. If D C Dg, is a
W'-submodule then so is its preimage F~1(D), but its image F (D) need not be.
Denote by Fy(D) the W’-submodule generated by F(D). Similarly, denote by
@, (L) the W’'-submodule generated by ®(L) for a W'-submodule L C Ly,

For any W'-lattice D C D(, set D1 = F~'(pD).

Definition 2.9. A Dieudonné lattice in D, is an Of-stable W'-lattice D C D,
such that

(1) pD C D1 C D,
(2) DY = cD for some ¢ € Qy,
(3) D = Fx(F~1(D)).

Here, the superscript Vv denotes the dual lattice with respect to the symplectic form
A, or, equivalently, with respect to the Hermitian form (-, - ).

The volume of a lattice D C Dél is the W’-submodule
Vol(D) = N* D c \*D),,

By considering the slopes of the isocrystal Dg, one can show that Vol(Fx(D)) =
p*-Vol(D). However, taking preimages of lattices may change volumes in unex-
pected ways: a lattice D C Dy, satisfies

Vol(F~Y(D)) c p=*-Vol(D),

but equality holds if and only if Fx(F~!(D)) = D. In particular, the condition
D = F.(F~1(D)) in Definition 2.9 is equivalent to Vol(D;) = p* Vol(D), and so
one could replace (3) in the definition of a Dieudonné lattice by

(3") dimy/(D1/pD) = 4.

The volume of a lattice in L&D is defined in the analogous way, but in this case
Vol(®x(L)) = Vol(L) for any lattice L C L,

Proposition 2.10. Suppose D is a Dieudonné lattice. The O -stable k'-subspace
Di1/pD C D/pD is Lagrangian with respect to the nondegenerate symplectic
form cA, and every a € OF acts on D/ Dy with characteristic polynomial

det(T —t(er); D/D1) = (T — Yo(@))*(T — Y1 (). (2-13)



1674 Benjamin Howard and Georgios Pappas

Proof. For any a,b € D we have
cA(a,b)’ = p~lcA(Fa, Fb) € pA(cD, D) = pW.

This shows that D;/pD is isotropic. It is maximal isotropic, as Di/pD has
dimension 4. Lemma 2.1 implies that

A Fi(eoM) = p*- N'e M,

as submodules of /\461D4’;D, for any lattice M C Dg,. Applying this with M = D,
shows that €1 D /€1 D1 has dimension 2. The same argument shows that €9 D /g D
has dimension 2, and (2-13) follows. O

Corollary 2.11. There is a bijection .# (k') = {Dieudonné lattices in Dg,}.

Proof. If k = k'’ then this is immediate from the equivalence of categories between
Dieudonné modules and p-divisible groups: for any point (G, (¢, A, 0) € .# (k)
we let D be the Dieudonné module of G, viewed as a lattice in Dg using the
isomorphism of isocrystals ¢ : Dg = Dg. For general k' the argument is the same,
using Zink’s theory of windows [2001] in place of Dieudonné modules. O

Theorem 2.12. Given a Dieudonné lattice D, set
L={xeLy:xD;C Dy} and L*={xeLl:xDcCD)}.

The rule D — (L, L%) defines a bijection from pP\{Dieudonné lattices in D} to
the set of all pairs of self-dual lattices (L, L%) in Ly, such that

(1) @«(L) = L,
() (L + L%)/L has length 1.
Moreover, L + L = {x € Ly :xDy C D}.
The proof of Theorem 2.12 will be given in the next subsection.

Definition 2.13. A special lattice is a self-dual W'-lattice L C L, such that
length((L + <1>*(L))/L) =1.

Obviously any pair of self-dual lattices (L, L% appearing in Theorem 2.12 is
determined by its first element, and in fact the function L — (L, (L)) establishes
a bijection between the set of special lattices and the set of pairs of self-dual lattices
(L, L*) such that ®, (L) = L* and (L+L*)/L has length 1. The only thing to check
is the self-duality of ®, (L) for a special lattice L. The inclusion ®, (L) C ®«(L)Y
is clear from the self-duality of L and the relation [®x, ®y] = [x, y]°. Equality
holds because Vol(® (L)) = Vol(L) and L is self-dual. The following corollary is
now simply a restatement of Theorem 2.12:
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Corollary 2.14. The rule D — {x € Lg, : xD1 C D1} defines a bijection
pP\{Dieudonné lattices in D¢} = {special lattices in L}

2.5. Proof of Theorem 2.12. In this subsection we prove Theorem 2.12. Say that
a W'-lattice D C Dy, is nearly self-dual if DY = ¢D for some ¢ € Q.

Lemma 2.15. The construction D — {x € L, : xD C D} establishes a bijection
pP\{nearly self-dual lattices D C D} = {self-dual lattices L% c Ly}

Proof. Start with a nearly self-dual lattice D, and set L# = {x € Ly :xD CD}. The
condition DY = ¢D implies that there is some g € GU?(D(,) such that D = gD/,
and hence L# = ge L’. As ge respects the quadratic form Q, the self-duality of L’
implies the self-duality of L*, Conversely, if we start with a self-dual L% c L,
the Clifford algebra C(L*) is a maximal order in C (Ly) = Endy/(Dg), and so
there is, up to scaling, a unique lattice D C Dq’l satisfying

C(L*) = Endw (D). (2-14)

Choose any i € SO(Ly,) such that L¥=hL’, andlift h to an element g € GUO(Db).
By rescaling ¢ we may arrange to have D = g D’, and the self-duality of D’ implies
DY =v(g)"D. O
Lemma 2.16. Suppose D C Dy, is nearly self-dual, L% c Ly, is self-dual, and L*
and D are related by L¥ = {x € Ly :xDCD}. Ifxe L*/pL*% is any nonzero
isotropic vector, viewed as an endomorphism of D/ pD using (2-14), the kernel
of x is an Og-stable Lagrangian subspace with respect to cA. Conversely, if
91 C D/ pD is an O -stable Lagrangian subspace then {x € L¥/pL* : x2, = 0}
is an isotropic line in L* / pL#. This construction establishes a bijection

{isotropic lines in L¥ | pL#} =~ {OF -stable Lagrangian subspaces in D/ pD)}.
If £, C L¥/ pL* corresponds to 9y C D/ pD under this bijection, then
St ={xelf/pLt . x-9, c 7). (2-15)

Proof. Abbreviate ¥ = L¥/pL¥ and 2 = D/ pD, so that & is the unique simple
left module over the Clifford algebra C(.£) = Mg(k’). In particular C(.¢) =~ 28
as left C(%)-modules. If x € . is any nonzero isotropic vector, the kernel and
image of left multiplication by x on C(¢) are equal, and hence the kernel and
image of x € End(2) are also equal. In particular ker(x) has dimension 4. The
relation ax = x« for all @ € Of shows that ker(x) is O -stable, and the relation
(cA)(xs,t) = (cA)(s, xt) implies that ker(x) = x & is totally isotropic.

If x,y € & are nonzero isotropic vectors with ker(x) = ker(y) then, from
the discussion above, ker(x) = y2 and ker(y) = x2. In particular [x, y] =
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xoy+yox =0. If x and y are not colinear then (after possibly extending scalars)
we can find a z € ¢ such that k’x +k’y 4+ k’z is a maximal isotropic subspace of ..
The left ideal C(¥)xyz has dimension 8 as a k-vector space, and so we must have
2 = C(ZL)xyz as left C(£)-modules. But it is easy to see by direct calculation
that the kernels of left multiplication by x and y on C(¥)xyz are different. This
contradiction shows that x and y are colinear, and so x + ker(x) establishes an
injection . — 27 from the set of isotropic lines in .Z to the set of Og-stable
Lagrangian subspaces in 2.

Endow 2 with the O ®z,, k’-valued Hermitian form induced by ¢(-, - ). Exactly
as in Proposition 2.7, there is an isomorphism of k’-groups GSpin(.%) 2 GU°(2).
This isomorphism is compatible, in the obvious sense, with the map .#; — %1, and
so the image of the map is stable under the action of GU?(2). But GU%(2) acts
transitively on the set of O -stable Lagrangian subspaces in 2, proving surjectivity.

Finally, we verify (2-15). If . corresponds to 27 under our bijection, then
21 =ker(y) = yZ for any nonzero y € %], and an elementary argument (using
k' N yC(Z) = 0 for the middle <) shows that

xly = xy4+yx=0 <= xyC(¥)CyC(¥) < xy2Cyz,. O

Proof of Theorem 2.12. Suppose first that D is a Dieudonné lattice. Using the
relations D = Fyx(F~Y(D)) and (Fv, Fw) = p(v, w)°, one can show that the near
self-duality of D implies that Dy = F~!(pD) is also nearly self-dual. Lemma 2.15
then implies that the lattices

L={xeLy:xD;c Dy} and L¥={xelLy:xDcC D} (2-16)

are self-dual. The relation ®(x)o F = Fox for all x € Ly, implies that @« (L) C L,
and equality must hold as

Vol(@4(L)) = Vol(L) = Vol(L*).

By Proposition 2.10 the k-subspace D1/ pD C D/ pD is O -stable and Lagrangian,
and so it follows from Lemma 2.16 that

Z ={xeL¥/pL*: x(D1/pD) =0}

is an isotropic line in L* / pLﬁ with orthogonal complement
#it={xeL*/pL*: x(D1/pD) C D1/pD}.

On the other hand, LN L* ={x e L¥ : xD| C D1}, and so
(L+LY/L~LY)(LOL? ~ (L% pL%) ) 2t

has length 1.
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Now suppose we start with a pair of self-dual lattices (L, L¥) such that (L) =
L% and (L+ Lﬁ) /L has length 1. By Lemma 2.15 there are unique (up to scaling)
nearly self-dual lattices D1 and D in D, satisfying (2-16). Set Lo = L N L% so
that L* /Lo has length 1, and pick any nonzero y € L# /Lo. The Clifford algebra
C(L%) satisfies

C(L¥) = C(Lo) + yC(Lo),

where C(Lg) C C(L*) is the W -subalgebra generated by Lo, and so

C(L})Dy = C(Lo) D1 + yC(Lo) Dy = Dy + yDy.
This implies C(L¥)pD, € D; € C(L*)D,. The self-duality of L¥ implies that
C(L*%) is a maximal order in C(Lg) =Endy(Dg,), and so we must have C(L%) =
Endp (D). As the lattice C(L¥) D is obviously stabilized by C(L¥), it must have

the form C(L*) Dy = p¥ D for some integer k. Thus after rescaling D1 we may
assume that C(L¥)D; = D and

pD C D1 CD.
The relation ®(x) o F = F o x implies
C(L¥)Fu(D1) = C(®w(L))Fx(D1) = Fx(C(L)D1) = Fu(Dy),
and so Fy(D1) = pF D for some k. Combining
8% Vol(D) = Vol(Fx(D1)) = p*- Vol(D1)

and
p8-Vol(D) C Vol(D;) C Vol(D)

shows that in fact Fyx (D)= pD. Therelations D1 = F~1(pD) and Fx(F~1(D)) =
D follow easily from this, proving that D is a Dieudonné lattice.

It only remains to prove that L + L# = {x € L¢, : xDy C D}. The inclusion
L+LEC {x € L(@ : xD1 C D} is obvious from (2-16). On the other hand, each
side contains L# with quotient of length 1 (for the right-hand side this follows from
Proposition 2.10 and Lemma 2.16). Thus equality holds. O

2.6. Vertex lattices and the Bruhat-Tits stratification. 1If we start with a k-point
(G,A,i,0) € # (k) and let D be the covariant Dieudonné module of G, then
o(D) C Dg is a Dieudonné lattice. This construction is simply the k" = k case of
the bijection

A (k) = {Dieudonné lattices in Dqg}

of Corollary 2.11. Combining this with Corollary 2.14 yields a bijection
A (k) = {special lattices in Lg} 2-17)
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defined by
(G.A.i,0) = {x € Lg : x¢(D1) C e(D1)},

where D1 = VD. Moreover, Theorem 2.12 implies that the special lattice
L ={x¢€Lqg:xo(D1)Co(D1)}

satisfies
®(L) ={x € Lg : xo(D) Co(D)}.

The next step is to show that the special lattices come in natural families, indexed
by certain vertex lattices in the Qp-quadratic space L%. Using this and the bijection
(2-17), we will then express the reduced scheme underlying .4 as a union of closed
subvarieties indexed by vertex lattices.

Definition 2.17. A vertex lattice is a Z,-lattice A C Lg such that
pA C A CA.

The type of A is tp = dimg (A/AY).

Lemma 2.18. The type of a vertex lattice is either 2, 4, or 6.

Proof. Let A be a vertex lattice. Proposition 2.6 implies that ord, (det(A)) is even,
from which it follows that the type of A is also even. If A has type O then A
is self-dual, and hence admits a basis such that the matrix of Q is diagonal with
diagonal entries in Z;. But this implies that Lg has Hasse invariant 1, contradicting
Proposition 2.6. O

The proof of the following proposition is identical to that of Proposition 4.1 of
[Rapoport et al. 2014]. See also Lemma 2.1 of [Vollaard 2010].

Proposition 2.19. Let L C Lq be a special lattice, and define
LO =L+ ®(L)+--+ " (L).
There is an integer d € {1, 2, 3} such that
L =1© - LM . C L@ — [ @d+1)

For each L™ - LD with 0 < r < d, the quotient LTtV /L") is annihilated
by p and satisfies dimy (LT+VD /L)Y = 1. Moreover,

Ap ={x e L@ . d(x) = x}

is a vertex lattice of type 2d and satisfies Ay = {x € L : ®(x) = x}.
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By (2-9), each vertex lattice A determines a collection of quasi-endomorphisms
A C End(G)g. Define a closed formal subscheme .# 5 C .# as the locus of points
(G,t, A, Q) such that

o0 'ANo={0'oxop:xeA}CEndG).

In other words, the locus where the quasi-endomorphisms o~ ! A o of G are actually
integral. Set .#'A = p?\.# 5, and let .#; be the reduced k-scheme underlying
A 'A. The bijection (2-17) identifies

N (k) = {special lattices L such that A C ®(L)}
= {special lattices L such that A C L}
= {special lattices L such that A; C A}. (2-18)

The same proof used in [Rapoport et al. 2014, Proposition 4.3] shows that

N if A1 N A, is a vertex lattice,
e/VAl me/VAz — A1NA> 1 . 2

%] otherwise,
where the left-hand side is understood to mean the reduced subscheme underlying

the scheme-theoretic intersection.
Proposition 2.20. Each k-scheme ¥} is projective.

Proof. Let R be the W -subalgebra of Endy (Dg) generated by AY, and let R be
a maximal order in Endy (Dg) containing R . It follows from the isomorphism
C(Lg) = Endy (Dg) of Proposition 2.4 that Ry is a W-lattice in Endy (Dq),
and hence R A /R is killed by some power of p, say pM . Up to scaling by powers
of p, there is a unique W -lattice Dc Dg such that RAD =D.

Now suppose (G, t, A, ) is a k-point of .#4 . The quasi-isogeny ¢ determines
(up to scaling) a W-lattice D C Dgq satisfying Ry D = D. It follows from
RAD = D that

MDcbDcD,

after possibly rescaling D, and so there are integers a < b, independent of the point
(G,t,A,0),suchthat pD C D C pr. It follows from this bound and [Rapoport
and Zink 1996, Corollary 2.29] that .4 is a closed subscheme of a projective
scheme, hence is projective. O

An obvious corollary of Proposition 2.19 is that every special lattice L contains
some A (take A = Ap), and hence

rea =,
A
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where the subscript red indicates the underlying reduced scheme. This union is not
disjoint, as JVAf C A Aiz whenever A1 C Aj,. Define

Ay =m\ | 4
A'CA

so that (2-17) identifies
Ny (k) = {special lattices L such that Ay, = A}.

It follows easily that A3 = |45/ 4,7, and that

Srea = H) A7 (2-19)
A

Abbreviate .4, Ai =M NAT and JVA:EO =N NAN *+. By analogy with [Rapoport
et al. 2014; Vollaard 2010; Vollaard and Wedhorn 2011], we call the decomposition
(2-19) the Bruhat-Tits stratification of #;eq. This terminology should be taken with
a grain of salt: unlike the situation in those references, the strata in (2-19) are not
in bijection with the vertices in the Bruhat—Tits building of the group J9%'. See
Sections 2.7 and 3.6 below.

Remark 2.21. One could also define an E -vertex lattice to be an O g-lattice Ag C
(/\% Dg)® such that pA g C AY, C A, where the dual lattice is taken with respect
to (-,-). The rule A — OFf - A establishes a bijection between vertex lattices
and E-vertex lattices, with inverse Ag + {x € Ag : x* = x}. The action (2-11)
of GU(Dg) on /\% D restricts to an action of J on (/\% Dg)?, and induces an
action of J on the set of all E-vertex lattices. In particular, J acts on the set of
all vertex lattices. This action is compatible with the action of J on .4 defined in
Section 2.1, in the obvious sense: g4 = A#gea. The restriction of this action to
the subgroup J© of Remark 2.8 factors through the surjection J® — SO(LEE), and
agrees with the obvious action of SO(Lg) on the set of vertex lattices.

2.7. The Bruhat-Tits building. In [Garrett 1997, § 20.3] one finds a description
of the Bruhat-Tits building of SO(L%) in terms of lattices. See also [Tits 1979,
§1.16]. We will translate this description into the language of our vertex lattices.
Consider the set V2™ of all vertex lattices A of type 2 or 6. We call such vertex
lattices admissible, and define an adjacency relation ~ in V2™ as follows: distinct
admissible vertex lattices are adjacent (A ~ A’) if either:

(1) A'CAor A’ CA.

(2) A and A’ are both type-6 and

dimg,, (A/AN A) = dimg,, (A//A NA) =1,
dim[pp (A + A,/A) = dim[pp (A + A//A/) =1.
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If A and A’ are of type 6 and are adjacent, then A N A’ is a vertex lattice of type 4
(so is not admissible). We construct an abstract simplicial complex with set of
vertices V2™ as follows: An m-simplex (0 < m < 2) of V4™ is a subset of m + 1
admissible vertex lattices Ag, A1, ..., A, which are mutually adjacent. The group
SO(Lg) acts simplicially on V3™ by g € SO(Lg) taking A to g- A.

Now consider the Bruhat-Tits building B7 of SO(LS). We will use the same
symbol BT to denote the underlying simplicial complex.

Proposition 2.22. There is an SO(L% )-equivariant simplicial bijection BT =)™,
Furthermore, every vertex lattice of type 4 is contained in precisely two vertex
lattices of type 6, and is equal to their intersection.

Proof. Define a new quadratic space (Vy, Qo) = (L g, p~10), and note that, by
Proposition 2.6, Vo = H? @ Q2. The rule A — pA defines a bijection from the
set of vertex lattices in Lg to the set of lattices L C V) satisfying

LcL*cp 'L

Here L* is the dual lattice of L with respect to the quadratic form Qg. The
isomorphism B7 = V2™ now follows from the description and properties of the
affine building of SO(Lg) =~ SO(Vp) found in [Garrett 1997, Section 20.3].

If A is a type-4 vertex lattice, the lattice L = pA in Vj satisfies dim(L*/L) = 2.
Moreover, the k-quadratic space L*/L is a hyperbolic plane (choose a basis of
L for which the bilinear form has diagonal matrix, and use the fact that V has
Hasse invariant 1), and so contains exactly two isotropic lines. Those lines have
the form Ly/L and Ly/L, and p~ 'Ly and p~' L, are the unique type-6 vertex
lattices containing A. d

We can also construct a simplicial complex ) with vertices the set of all vertex
lattices as follows (compare to [Rapoport et al. 2014, §3]). We call two distinct
vertex lattices A and A’ neighbors if A C A’ or A’ C A. An m-simplex (m < 2)
in V is formed by vertex lattices Ag, A1, ..., Ay such that any two members of
this set are neighbors. The vertex lattices of type 4 are in bijection with pairs of
adjacent type-6 vertex lattices. Hence a vertex lattice of type 4 corresponds to
an edge in the Bruhat-Tits building between type-6 vertex lattices. From basic
properties of the Bruhat-Tits building, we deduce the following:

Corollary 2.23. The group SO(Lg) acts transitively on the set of vertex lattices of
a given type, and any two vertex lattices are connected by a sequence of adjacent
vertices in V. In particular, the group J , and even the subgroup J°, act transitively
on the set of vertex lattices of a given type (under the action of Remark 2.21).
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3. Deligne-Lusztig varieties and the Bruhat-Tits strata
In this section we show that for any vertex lattice A, the varieties
My =MW ANy and AR = HT WA

of Section 2.6 can be identified with varieties over k defined purely in terms of the
linear algebra of the k-quadratic space Q = (A/AY) ®,, k.

3.1. Deligne-Lusztig varieties. Let us recall the general definition of Deligne—
Lusztig varieties. Suppose that Gy is a connected reductive group over the finite
field Fp, and set G = Go ®¢, k. We will also use the symbol G to denote the
abstract group of k-valued points of Gog. Denote by ® : G — G the Frobenius
morphism. By Lang’s theorem, G is quasi-split, and so we may choose a maximal
torus 7 C G and a Borel subgroup containing 7", both defined over [,. The Weyl
group W that corresponds to the pair (7, B) is acted upon by ®, and the group W
with its ®-action does not depend on our choices. In fact, in [Deligne and Lusztig
1976] a Weyl group W with ®-action is defined as a projective limit over all choices
of pairs (7, B), without having to assume that these pairs are ®-stable.

Let A* = {ay,...,a,} be the set of simple roots corresponding to the pair
(T, B), and consider the corresponding simple reflections s; = s4; in the Weyl
group W. For I C A*, let W; be the subgroup of W generated by {s; : i € I'}, and
consider the corresponding parabolic subgroup Py = BWj B. The quotient G/ Py
parametrizes parabolic subgroups of G of type I. Suppose J C A* is another
subset with corresponding standard parabolic Py. Since

weW \W/ Wy
we have a bijection
PI\G/Py = WiI\W/Wj.

Composing this with G/Pr x G/P; — P;\G/Py given by (g1,82) > g7 g2
defines the relative position invariant

inv:G/Py xG/Py— WiI\W/Wj.
The Frobenius ® : G — G induces ® : G/ P — G/ Py(y).

Definition 3.1. For w € Wy \W/ W1y, the Deligne—Lusztig variety X p, (w) is the
locally closed reduced subscheme of G/ Py with k-points

Xp, (w) ={gPr € G/ Py : inv(g, D(g)) = w}.

The variety Xp, (w) is actually defined over the unique extension of degree r
of [, in k, where r is the smallest positive integer for which ®" (/) = 1.
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Proposition 3.2. The Deligne—Lusztig variety X p, (w) is smooth of pure dimension
dim Xp, (w) = £(w) + dim(G/ Prne(r)) —dim(G/ Py).

If I = ®(I) then dim Xp, (w) = {1 (w) —€(wy), where wy is the longest element
in Wi and L7 (w) is the maximal length of an element in WywWj. Taking 1 = O,
the variety X p(w) is irreducible of dimension dim Xpg(w) = £(w).

Proof. This is standard. See, e.g., [Vollaard and Wedhorn 2011, Section 3.4]. [

Remark 3.3. If w = 1, then Xp, (1) can be identified with the intersection of the
image of the closed immersion G/ Prnae(r) <> G/ Pr x G/ Pg(ry with the graph of
the Frobenius ® : G/ Py — G/ Pg(r). In particular Xp, (1) is projective. If

| o) =a*

r>0

then Xp, (1) is also irreducible, by [Bonnafé and Rouquier 2006].

3.2. An even orthogonal group. We now consider the case that Gy is a nonsplit
special orthogonal group in an even number of variables. Let €29 be an [,-vector
space of dimension 2d equipped with a nondegenerate nonsplit quadratic form.
There is a basis {e1,....eq, f1...., fq} of @ = Q¢ ®g, k such that (er,...,eq)
and (f1,..., fg) are isotropic, [e;, f;] = 6;;, and the Frobenius

P=id®o

acting on €2 fixes ¢; and f; for 1 <i <d — 1, and interchanges e; with f;. Note
that 2 contains no ®-invariant Lagrangian subspaces. Abbreviate Go = SO(R2¢)
and G = SO(R).

Denote by OGr(r) the scheme whose functor of points assigns to a k-scheme S
the set of all totally isotropic local Og-module direct summands £ C Q2 ®; Og
of rank r. In particular, OGr(d) is the moduli space of Lagrangian subspaces
of . Denote by OGr(d — 1, d) the scheme whose functor of points assigns to a k-
scheme S the set of all flags of totally isotropic local Og-module direct summands
Lg_1CLs CRARQ Og of rank d — 1 and d, respectively. The following lemma
is elementary:

Lemma 3.4. For each totally isotropic local Og-module direct summand
Lg1CQROs

of rank d — 1, there are exactly two totally isotropic local Og-module direct sum-
mands of rank d containing Lg_;.

In other words, the forgetful map OGr(d —1,d) — OGr(d — 1) is a two-to-one
cover. In fact, the Grassmannian OGr(d — 1, d) has two connected components,
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which are interchanged by the action of any orthogonal transformation of determi-
nant —1. Each of the two components maps isomorphically to OGr(d — 1) under
the forgetful map. Label the two components as

OGr(d —1,d) =0Gr(d —1,d)wOGr (d —1,d)
in such a way that the flags

{e1,....eq—1) Cle1,...,eq-1,€q) (3-1
and

(e1,....eq—1) Cle1,....eq—1, fa) (3-2)

define k-points of OGr*(d — 1, d) and OGr™ (d — 1, d), respectively.
Denote by 2 C OGr(d) the reduced closed subscheme with k-points

2 ={Le0GCr(d) : dim(L + (L)) =d + 1}.
There is a closed immersion 2~ — OGr(d — 1, d) sending
L—LNOL) CL,

and the open and closed subvariety 2+ = 2N OGr* (d —1,d) of 2 is identified
with

2F ={Ly_1 C Ly €OGrT(d—1,d): Lg_1 CDP(Ly)}. (3-3)
Remark 3.5. Although we have defined OGr(d — 1, d) and 2" as k-schemes, they
both have natural [Fj,-structures. The Frobenius morphism from OGr(d — 1,d)
to itself interchanges the flags (3-1) and (3-2), and hence interchanges the two

connected components. It follows that 2°F =~ ¢*2 T, and that the individual
components .2 1 and 2"~ have natural [ p2-structures.

Our choice of basis of €2 determines a maximal ®-stable torus 7' C G. Set
.7-"l-i=(e1,...,e,~) forl <i<d-1,
Fi=(er.....ea1.eq), (3-4)
Fi=(e1,....eq—1. fa)-
This gives two “standard” isotropic flags 7, and F in Q satisfying Ff = ®(FJ).
These flags have the same stabilizer B C G, which is a ®-stable Borel subgroup
containing 7. The corresponding set of simple reflections in the Weyl group is

{S1..... 842, tT 7}
where:

e 5; interchanges e; with e;+1, f; with f; 41, and fixes the other basis elements.
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o tT interchanges e;_; with ez, fz_; with fz, and fixes the other basis ele-
ments.
e ¢~ interchanges e;_q with f;, fz_1 with ey, and fixes the other basis elements.
Notice that ®(s;) = s; and ®(t*) =¢T, and so the products
+ t:F

are Coxeter elements: products of exactly one representative from each ®-orbit in
the set of simple reflections above. More generally, define wog = 1, wft =17, and

+_ F

Wy

.Sd_z...sd_r
for 2 <r <d — 1. In particular, wZit—l = w*. Define parabolic subgroups
B=P; CPs,C---CPycCP*

of G as follows: set Py_; = Pj_, = B, and for 0 <r <d —2let P, be the parabolic

corresponding to the set {s1, ..., S4_(r+2)}. Define P * to be the maximal parabolic
corresponding to {s1,...,54_2, t*}. One can easily check that Py is the stabilizer
in G of ]-';lt_l, and so

G/ Py = OGr(d —1). (3-5)

More generally, P; is the stabilizer of the standard isotropic flag ]:j_ -1C 0 C .7:;1':.
Similarly, P is the stabilizer of the Lagrangian subspace F+, and so

G/P* =~ 0OGr(d). (3-6)

Proposition 3.6. The isomorphism (3-6) identifies 2 * with the Deligne—Lusztig
variety Xp+(1). In particular, 2% is projective, irreducible, and smooth of
dimension d — 1.

Proof. Note that Py = Pt N P~, and that the Frobenius ® interchanges Pt
and P~. The two projections G/ Py — G/P* combine to give closed immersions

it:G/Py—G/PTxG/P~ and i~ :G/Py—G/P~xG/PT,
while the Frobenius induces morphisms ® : G/P* — G/P~ and ® : G/P~ —
G/P* with graphs Ty C G/P+ xG/P~ and 'y C G/P~ x G/ P, respectively.
The isomorphisms (3-5) and (3-6) identify the intersection of F% and the image
of i * with the set of flags Ly, C Ly € OGr¥(d —1,d) such that Lg_; C ®(Ly).

By (3-3), this intersection is isomorphic to 2" . All of the claims now follow from
Remark 3.3, together with the dimension formula

dim X p+ (1) = dim(G/ Py) —dim(G/PE) =d — 1

of Proposition 3.2. O
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It is also useful to view 2T as the closure of a Deligne—Lusztig variety in the
flag variety G/ Py.
Lemma 3.7. The isomorphism OGrT(d — 1,d) =~ OGr(d — 1) = G/ Py identi-
fies 2 F with the closure in G/ Py of the Deligne—Lusztig variety

Xp(t7) ={g € G/Po : inv(g, D(g)) =17 }.
Proof. Using (3-3), we may characterize the k-points of 2°* by
2E={Ly_1CLyeCrE(d~1,d):
D(Lyg—1) =La—1 of Lg—1+P(Lg—1) = P(La)}.

Recalling the standard isotropic flags of (3-4), the rule g — g]:j_1 C g]flt defines
an isomorphism

Xpy(1) ={Lg_1 C Ly €Gri(d—1,d): Li_1 = P(Lq_1)},
while the same rule defines an isomorphism
Xp,(tT) = {Lyy C Ly CGrE(d —1.d) : La—y + P (La—r) = P(Ly)}-

Thus 2 % is the disjoint union of X po(1) and Xp,(tT). Elementary properties of
the Bruhat order (see Section 8.5 of [Springer 1998], for example) imply that

Xp,(17) = Xpy (1) & Xp,y (17),
completing the proof. O

The following proof is essentially the same as [Rapoport et al. 2014, Proposi-
tion 5.5].

Proposition 3.8. There is a stratification

d—1
2% =4 Xp, (w7)

r=0

of ZF into a disjoint union of locally closed subvarieties. The stratum X P, (wri)
is smooth of pure dimension r, and has closure

Xp, (W) = Xpy(wy) W+ & Xp, ().

The highest-dimensional stratum Xp,_, (wZit—l) = Xp(w¥) is irreducible, open,
and dense.

Proof. Suppose L is a k-point of 2'* C Gr(d), and define
LO=rneL)yn---Nd(L).
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An inductive argument, using
LONo(LD) =0 noLt=D)yne? (L),

shows that £C*1) has codimension at most 1 in £7. Denote by 2;* ¢ 2'* the
reduced closed subscheme whose k-valued points are those £ satisfying £7+2) =
L0+D_ The complement %ji \ E‘Jrjﬁl is the locally closed subvariety of 2+
consisting of those £ for which

r+2) — pr+1) C--C £ c £O — . (3-7)

Recalling that the parabolic subgroup P; is the stabilizer of the standard isotropic flag
f}_r_l Cc---C f(}t of length r 4+ 2, we obtain a morphism 5&”,:': \ 5&”;51 — G/ P,
by sending £ to the flag (3-7). By similar reasoning as [Rapoport et al. 2014,
Proposition 5.5], this defines an isomorphism 5&”,* \ 3&”,{1 =~ Xp, (w;t) with inverse
g g]-'j. All claims now follow easily. O

3.3. A few special cases. We continue to let Gog = SO(¢), where Q¢ is the
nonsplit quadratic space over [, of dimension 2d, Q = Qo ®k, and G =SO(2). In
the applications we will only need to consider d < 3, and in these cases the structure
of the k-variety 2" (with its [ ,2-structure of Remark 3.5) can be made more explicit.

(a) First suppose d = 1. In this case 2~ * is a single point, defined over [ .
pp glep D

(b) Now suppose d = 2. In this case Py = Py = B, and the stratification of
Proposition 3.8 is
2% = Xp(1)W Xp(tT),

where Xpg(1) is a 0-dimensional closed subvariety and the open stratum Xpg(¢T)
has dimension 1. The Dynkin diagram identity D, = A; x A1 corresponds to an
exceptional isomorphism Spin(£2) =~ SL, x SL,. Indeed, the even Clifford algebra
Co(f20) is isomorphic to M>(F,2), and hence Co(2) = Mz (k) x Mz (k). This
isomorphism restricts to an isomorphism of algebraic groups

GSpin(R2) = {(x, y) € GL; x GL; : det(x) = det(y)}

over k, which in turn determines an isomorphism of k-varieties G/ Py = P! x P!
in such a way that the Frobenius morphism on the left corresponds to (x, y)
(®(y), ®(x)) on the right. The subvarieties 2+ C G/ Py are identified with

2T ={(P(x),x) : x e P},
27 ={(x,®(x)) : x e P}

Therefore, both 2"+ and 2"~ are isomorphic (over sz) to P1. The closed stratum
Xp(1) corresponds to the [ ,>-rational points of PL.
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(c) Finally, suppose d = 3. In this case
2E=Xp,(HWXp(tT) W Xp(t T s1). (3-8)

The open stratum X g (¢ T s1) has dimension 2, the stratum X g (¢T) is locally closed
of dimension 1, and the closed stratum Xp,(1) has dimension 0. To continue,
we will use the Dynkin diagram isomorphism D3 = A3, corresponding to an
isomorphism between the adjoint forms of G and a unitary group in 4 variables, as
in Proposition 2.7 and Remark 2.8.

Let Vo be the 4-dimensional [sz—vector space with basis ey, e, €3, e4, endowed
with the split [ ,> /F-Hermitian form defined by (e;, es—j) = §;;. Denote by Up
the unitary group of V), an algebraic group over [, so that U = U X, k acts on
V = Vo ®r, k. Recall the isomorphism Fp2 ®r, k ~k @k defined by x ® a —
(xa, x?a), and denote by €y and €; the idempotents that correspond to (1, 0) and
(0, 1), so that

€V =V ®F k. (3-9)

The action of U on €V defines an isomorphism U = GL4. The diagonal torus and
the standard Borel subgroup of upper-triangular matrices in GL4 give a maximal
torus and a Borel subgroup of U, both defined over [,. Given r,s > 0 withr +s =4,
the pair (r, s), viewed as an ordered partition of 4, defines a parabolic subgroup
P(;.5) containing B with Levi component GL, X GLs. The parabolic subgroup
Py is defined over F > and satisfies @(P(y5)) = Ps,r)-

Let Gr(r) be the Grassmanian of r-planes in €p). The above isomorphism
U = GL4 induces an isomorphism U/ P 5) = Gr(r) defined over [F 2, and the
Frobenius morphism & : U/ P, sy — U/ P(s ) corresponds to a morphism

@ : Gr(r) — Gr(s) (3-10)

which can be described, as in [Vollaard 2010], as follows. Consider the k-valued
form ((-,-)) on (3-9) defined by

(x®a.y®b)) = (x.y) ®@ab”.

It is k-linear in the first variable but Frobenius-semilinear in the second. For a
subspace U C €gV, denote by U" the perpendicular of I/ for the form {(-,-)). If U
is [ 2-rational then U = UL If dimg (U) = r then dimy (U-) = s, and, according
to [Vollaard 2010, Lemma 2.12], the morphism (3-10) is given by ®(/) = U"- on
k-valued points. Using this description of @, the unitary Deligne-Lusztig variety
Xp,., (1) C Gr(r) is seen to be

{UC eV dimpU)=r, UCU-} ifr<s,

X 1) =
P(r.s)( ) {UC eV dimU)=r, U-CU} ifs<r.
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By Remark 3.3 these Deligne-Lusztig varieties are projective and smooth.

By inspecting the Dynkin diagram identity D3 = A3 we can see that the excep-
tional isomorphism between the adjoint forms of G and U can be chosen so that
the parabolic subgroups P*, P~ and Py of G correspond to P@,3), P3,1) and
P@1,3) N P3,1) of U = GL4 respectively. Therefore, the Deligne-Lusztig variety
2 is isomorphic to the unitary Deligne—Lusztig variety

Xpy 5 (D) ={UCk* - dime@WU) =1, U CU-}.
Similarly 2"~ is isomorphic to the unitary Deligne—Lusztig variety
Xy, (1) = U Ck* : dimy @) = 3, U= CUj.

Therefore, both 2"+ and 2"~ are isomorphic over F,2 to the smooth hypersurface
in P3 given by the homogeneous equation

xle +x2x§’ +)C3Xé) +X4xf’ =0.

In fact, since all nondegenerate Hermitian forms on Vg = [F;‘2 are isomorphic we
can also determine equations for the unitary Deligne—Lusztig varieties using the
Hermitian form given by the identity matrix /4. This gives the Fermat hypersurface

p+1 p+1

p+1
Xq + X7

+ x5 +x§pJrl =0,

which is isomorphic to the surface above.

The stratification (3-8) of 2" T now corresponds to the stratification of the unitary
Deligne-Lusztig variety Xp, 5 (1) studied in [Vollaard 2010, Theorem 2.15]. The
Frobenius o : k — k defines an operator on V which interchanges the two summands
V = €9V @ €1 V. Thus we obtain an operator T = 02 on €g). Any k-subspace
U C €V satisfies t(U) = (U")-. The open 2-dimensional stratum of Xp, 5 (1)
has k-valued points corresponding to lines ¢/ such that

dimg U + t(U)) =2,
dimg U + t(U) + T2 U)) = 3.

The 1-dimensional stratum has k-valued points corresponding to lines ¢/ such that
dimy (U + t(U)) =2 and U + T(U) is T-invariant (i.e., F,2-rational). Finally, the
0-dimensional stratum consists of k-valued points corresponding to lines I/ which
are T-invariant. In other words, the 0-dimensional stratum of 2" is just the set
of Fj2-rational points. For a k-valued point ¢/ on the 1-dimensional stratum, set
U' =UHt(U). This is an F 2 -rational plane with "~ = UL =U. The irreducible
components of the 1-dimensional stratum are parametrized by such planes. Indeed,
conversely, given an [ ,2-rational plane U’ which is isotropic (U’ = U'+), we obtain
a closed subscheme of Xp, 5 (1) with points corresponding to all lines ¢ with
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U CU'. This subscheme is isomorphic to P! and gives the Zariski closure of the
corresponding irreducible component of the 1-dimensional stratum.
We can now also determine the number of components of the strata:

o The 0-dimensional stratum consists of (p3+1)(p?+1) points. Indeed, observe
that, as in [Vollaard and Wedhorn 2011, Example 5.6], we can calculate that
the number of [ ,2-valued points of the Fermat surface above is equal to
(p3 + 1)(p? +1). (Note that there is a typographical error in [loc. cit.]: the
summation for ¥; should start at j = 0.) This is equal to the number of

F2-rational lines U C [Fj;2 such that i/ C U+, where the orthogonal is with

respect to the (standard) Hermitian form (-,-) on [F;z. Therefore, we have

(p3 + 1)(p? + 1) components of the O-dimensional stratum.

e The 1-dimensional stratum has (p3 + 1)(p + 1) components. Note that by the
above, the Zariski closure of each component is isomorphic to a projective
line P! over F,2 and the corresponding component is the complement of all
[ ,2-rational points in this line. To determine the number of irreducible compo-

nents of the 1-dimensional stratum, we start by counting the number of such

components whose closure passes a given [ ,>-rational point, i.e., the number
of copies of P! in our configuration that cross at that point: By the above, this
count is given by the number of [F>-rational planes (4 " which are isotropic and
satisfy U C U’ C UL These are given by [ p2-rational lines in U~ /U which are
isotropic for the induced hermitian form. We can easily see that there are exactly

p 1 such lines. Since there are a total of (p3+1)(p?+1) F 2-rational points,

each belonging on p+ 1 projective lines which each have p?+1 points, we con-

clude that there are exactly (p3+1)(p+1) projective lines in our configuration.

The same discussion applies to 2 ™.

3.4. Deligne—Lusztig varieties and the Bruhat-Tits stratification. Now we relate
the varieties 2~ studied above to the varieties JVX C # of Section 2.6. Fix a
vertex lattice A of type 2d € {2, 4, 6}, and endow the 2d -dimensional [,-vector
space

Qo=A/N

with the nondegenerate [Fj,-valued quadratic form g(x) = pQ(x) induced by the
quadratic form Q on Lg. Set 2 = Qo ®f, k, and let G be the special orthogonal
group of Q. Note that ¢ is nonsplit: the existence of a d-dimensional totally
isotropic subspace in $2¢ would imply the existence of a self-dual lattice in L2,
contradicting the Hasse invariant calculation of Proposition 2.6.

Recall from Section 3.2 the reduced closed subscheme 2" = 2 C OGr(d)
whose k-points are the Lagrangian subspaces £ C Q2 with

dimg (£ + ®(L)) = d + 1. (3-11)
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The Lagrangian subspaces of €2 are in bijection with the W-lattices L C Lg
satisfying L = LY and A C L, and the condition (3-11) is equivalent to L being a
special lattice. Combining this with (2-18), we obtain bijections

2a (k) = {special lattices L C Lg such that AY C L} == .4 (k).

Theorem 3.9. There is an isomorphism of k-schemes Np = 2 inducing the above
bijection on k-points. After possibly relabeling the two connected components of
In=Z I W 2\, we may assume that this isomorphism identifies ./, Ai =7 f

Proof. Let R be a reduced k-algebra of finite type. Given an R-valued point
(G,t,A,0) € #7(R), there is an induced map of Z,-modules

A — End(G)

defined by x > 07! o x 0 0. Let D be the covariant Grothendieck—Messing crystal

of G, evaluated at the trivial divided power thickening Spec(R) — Spec(R), so
that D is a locally free R-module sitting in an exact sequence

0— D; — D —>Lie(G) — 0.

The formation of the pair D1 C D is functorial in G, so there are induced morphisms
of R-modules
¥ (A/pA) ®:, R — Endg(D)
and
¥1:(N/pA') ®g, R — Endg(Dy)

with ker(y) C ker(y/1). Given x € ker(y1) and y € (AY/pA”) ®f, R, the endo-
morphism

[x,y]=xo0oy+ yox € Endgr(Dy)
is trivial. Thus the kernel of 1 is contained in the radical of the quadratic space
(A/pA’) ®¢, R, which is (pA/pA’) ¢, R. Let L ¢ K be the images of
ker(y) C ker(y1) under the obvious isomorphism

(pA/pA) ®F, R= (A/A) ®F, R = Q ®; R.

When R = k, the point (G, (, A, o) corresponds to some Dieudonné lattice D
with D; = VD, and D; C D is canonically identified with D;/pD C D/pD.
Under these identifications,

ker(y) = {x € (pA/pA')®¢, k : xD C pD},

ker(y1) = {x € (pA/pA’) ®¢, k : xDy C pD},
and so
£f={xe(A/N)®k :xD C D},

K={xe(A/JN)®k :xD; CD}.
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If we identify a subspace of (A/AY) ® k with the lattice in Lg that it generates,
then £* corresponds to the lattice L* = {x € Lg : xD C D} of Theorem 2.12,
and K corresponds to L + L¥ = {x € Lg : xD; C D}. In particular, £* is totally
isotropic of dimension d and K has dimension d + 1. Moreover, the quadratic space
IC/K is a hyperbolic plane, and so has precisely two isotropic lines. One of them
is £¥, and the other is the subspace £ corresponding to L = {x € Lg : xD1 C D1}.

For a general reduced R of finite type, it follows from the previous paragraph
(use Exercise X.16 of [Lang 2002] and the fact that R is a Jacobson ring) that Lisa
totally isotropic rank-d local direct summand of Q®y, R and K is a rank-(d +1) local
direct summand. By Lemma 3.4 there is a unique totally isotropic rank-d local direct
summand £ # £¥ of Q ® R contained in K. As .#} is itself reduced and locally
of finite type, the construction (G, t, A, ) — L defines a morphism of k-schemes

N — OGr(d)

inducing the desired bijection A} (k) =~ 2'A (k) on k-valued points. As the argu-
ments of Section 2.4 were all done over an arbitrary extension of k, the above
morphism induces a bijection A4 (k") == 2o (k') for every field extension k’/k.
The morphism A, — £ is therefore birational, quasi-finite, and proper (by
Proposition 2.20). As Z7A is smooth (and therefore normal), Zariski’s main theorem
implies A7 = 2. The claim about connected components is obvious. O

3.5. The main results. Now we state our main results about the structure of the
underlying reduced subscheme A7q = Ji/rgg U4 of 4. Recall from Section 2.6

red
that .# % is covered by the closed subschemes JVA:E as A runs over the vertex

red
lattices of type 1A = 2dp € {2, 4, 6} in the 6-dimensional Q,-quadratic space L2,
and that their intersections are given by the simple rule
EApE = L/VAjinAz if A1 N A, is a vertex lattice,
A Az 1%} otherwise,

where, as before, the left-hand side is understood to mean the reduced scheme
underlying the scheme-theoretic intersection. In other words, the combinatorics of
the intersections are controlled by the combinatorics of the simplicial complex )
of Section 2.7.

Theorem 3.10. The k-variety /¥, Ai is projective, smooth, and irreducible of dimen-
sion dp — 1. Moreover:

(1) If dp =1, then JVAi is a single point.

(2) Ifdp =2, then NE is isomorphic to PL.

(3) If dp = 3, then ¥, Ai is isomorphic to the Fermat hypersurface

1 1 1
xéH_ +x{)+ p+

+ x5 +x§’+1=0.
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Proof. Combine Theorem 3.9 with the discussion of Section 3.3. O

Theorem 3.11. Under the isomorphism £ Ai =~ Ai, the stratification of Proposi-
tion 3.8 and the stratification

M= 5

A'CA
of Section 2.6 are related by
XpwH = |4 a5° (3-12)
A'CA
dA/=r+1

forall 0 <r <dpa — 1. In particular (by taking r = dp — 1), the dense open
subvariety N, Ai° is isomorphic to the Deligne—Lusztig variety X g(w¥) associated
with a Coxeter element.

Proof. For each special lattice L, we defined in Proposition 2.19 a sequence of
lattices
L=1LOcrMc...cp@_ @+

by LO) = L+ ®(L)+---+ ®"(L), and a type-2d vertex lattice
AL ={xeL@: o(x)=x

The bijection (2-18) identifies ./ Ai (k) with the set of special lattices L with Ay, C A,
and the k-points of the right-hand side of (3-12) correspond to those L for which
A1 has type 2r + 2; in other words, those L for which

L=1LOci M c...cpc+h)_0+2)
If we instead define L") = L N ®(L)N---N®"(L), this condition is equivalent to
LU+ — e+ .M cpO 1
In the proof of Proposition 3.8, this is the same as the condition defining the strata
Xp, (wy). O
Theorem 3.12. The reduced k-scheme Nieq is equidimensional of dimension two. It

J,— —_
has two connected components, A,y and N,

isomorphic. The irreducible components of N;eq are precisely the closed subschemes
N, Ai as A varies over the type-6 vertex lattices. Furthermore:

and these connected components are

(1) For each irreducible component N}y, there are exactly (p3 + 1)(p + 1) irre-
ducible components N+ such that Ny N N = P and (p3 + 1)(p? + 1)
irreducible components Ny such that /5 N Nps consists of a single point.

(2) For each type-4 vertex lattice A\, the closed subscheme N = P! is contained
in exactly two irreducible components, and is equal to their intersection.
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Proof. The isomorphism Jﬂ{:& = ;4 follows from the isomorphism .4 T of

Section 2.1. The connectedness of Ji{ej(:i follows from Corollary 2.23. The remaining

claims are clear from the theorems above and the discussion of Section 3.3. O

3.6. Hermitian vertex lattices. As in [Rapoport et al. 2014; Vollaard 2010; Vol-
laard and Wedhorn 2011], it is possible to describe the stratification of .4” in terms
of the Bruhat-Tits building of the special unitary group J ", although in our setting
the description in these terms is slightly convoluted. Recall from Remark 2.8 the
central isogeny J %" — SO(L%). Using [Bruhat and Tits 1984, § 4.2.15], we see
that this gives an identification of the building B7 of SO(Lg), which was described
in Section 2.7, with the building of J der - Therefore, using [Vollaard 2010] and
Jdr >~ SU(T), we can see that the underlying simplicial complex of the building
BT can also be described using Of -lattices in the split Hermitian space T of
dimension 4 over E.
We say that an Ofg-lattice & C T is a Hermitian vertex lattice if

1
.

ECEYCp

The type of E is dim[Fp2 (EVY/E); the type can be 0, 2 or 4. As in [Vollaard 2010],
these Hermitian vertex lattices correspond bijectively to the vertices of the Bruhat—
Tits building of SU(T"). The action of the group SU(T') preserves the vertex type
and is transitive on the set of vertices of a given type. The simplicial structure of
the building of SU(T) is generated, as above, using a notion of adjacency, in which
E and B’ are adjacent if either E C E' or B’ C E. Consider now the identification
of the buildings given by the central isogeny SU(T) — SO(Lg). We can see by
looking at the local Dynkin diagrams that Hermitian vertex lattices E of type 0
and 4 are sent to vertex lattices A of type 6, and Hermitian vertex lattices E of
type 2 are sent to vertex lattices A of type 2. Note that SO(L% ) acts transitively on
the set of vertex lattices of type 6, but the map SU(T") — SO(L%) is not surjective
on Q,-points: its image is the kernel of the spinor norm.

Consider the set S which is defined as the disjoint union of the set of Hermitian
vertex lattices E with the set of all pairs {E, B’} consisting of adjacent Hermitian
vertex lattices of types 0 and 4. Note that there is a natural bijection between the
set S and the set of all vertex lattices A. Hermitian vertex lattices of type 0 and 4
in S correspond to vertex lattices of type 6, Hermitian vertex lattices of type 2 in S
correspond to vertex lattices of type 2, and finally the pairs {E, E’} correspond to
vertex lattices of type 4.

We define a partial order on S as follows: For two Hermitian vertex lattices we
define E < B if either

ey
2

is of type 2, " is of type 0, and E C &/,

a1

is type 2, E’ is of type 4, and E' C &

]
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(so Hermitian vertex lattices of type 0 and 4 are not comparable). Two pairs
{21, 8/} and {85, E}} in S are not compared. If E is a Hermitian vertex lattice
then E < {E1, E,}if B, E1, and E, form a simplex in the building of J 4" (which
requires that E have type 2). Finally, {E;, E,} < B if E € {E1, E2}. Under the
bijection between S and the set of vertex lattices, this partial order corresponds to
inclusion of vertex lattices. Define an adjacency relation in S by x ~g y if either
X <y ory<Xx.We also define a dimension function d : S — {0, 1,2} by d(x) =
if x is a Hermitian vertex lattice of type 2, d(x) = 2 if x is a Hermitian vertex
lattice of type 0 or 4, and d(x) = 1 if x is a pair {E, E'}.

The following theorems are simply restatements in this new language of some
results of the previous subsection:

Theorem 3.13. Writing the reduced k-scheme as a union

4
Mroa =) 4
lez

gives the decomposition of Meq into its connected components ///r(e?. These con-
nected components are all isomorphic and are of pure dimension 2.

(1) There is a stratification of .M., (0) by locally closed smooth subschemes given by

A =\t .

red
XE€S

Each stratum 4y is isomorphic to A, A+°, where A is the vertex lattice that
corresponds to x, and is therefore isomorphic to a Deligne—Lusztig variety of
dimension d(x). The closure .#x of any Ay in /// d is

eﬂx = L‘i‘J <%y .
y=x
(2) We have .4, C .#x if and only if y < x. In particular, the irreducible
components of ///r(ed) are precisely the closed subschemes Az for 2 € S a
Hermitian vertex lattice of type 0 or 4.

(3) The schemes #y are as follows:
(@) If d(x) = 0, then .#y is a single point.
(b) Ifd(x) = 1, then .#y is isomorphic to P!,
(c) If d(x) = 2, then .#x is isomorphic to the Fermat hypersurface
I SR N T )

Theorem 3.14. The irreducible components of M4, © ) are parametrized by vertices
of type 0 and 4 in the Bruhat-Tits building of J der. Two irreducible components
Mg and Mg intersect if and only if E and E' are either adjacent, or are adjacent
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to a common element of S. If they are adjacent then one is type 0, the other of type 4,
and they intersect along a P1. If they are not adjacent but have a common adjacent
point 'y €S, then y is a Hermitian vertex lattice of type 2, and Mg N\ Mz = My is
a single point.

4. Applications to Shimura varieties

We now use our explicit description of the Rapoport—Zink space .4 = p?\.# to
describe the supersingular locus of a GU(2, 2)-Shimura variety. With the results of
Section 3.5 in hand, this is exactly as in the GU(n — 1, 1) cases studied in [Rapoport
et al. 2014; Vollaard and Wedhorn 2011]. Accordingly, our discussion will be brief.

4.1. The Shimura variety. Let E C C be a quadratic imaginary field, fix a prime
p > 2inertin E, and let O C E be the integral closure of Z(,) in E. Let V be a
free O-module of rank 4 endowed with a perfect O-valued Hermitian form (-, - ) of
signature (2, 2), and denote by G = GU(V) the group of unitary similitudes of V.
It is a reductive group over Z(,). Fix a compact open subgroup U? C G(A}7 ), and
define U, = G(Zp) and U = U,UP C G(Ay).

The Grassmannian D of negative-definite planes in V ®¢ C is a smooth complex
manifold of dimension 4, with an action of G(R). Define

My (C) = G@\D xG(Af)/U).

For sufficiently small U2, this is a smooth complex manifold parametrizing prime-
to-p isogeny classes of quadruples (4, ¢, A, [?]), in which A is an abelian variety
of dimension 4, ¢ : O — End(4)(,) is a ring homomorphism such that

det(T —t(a); Lie(A)) = (T —a)*(T —a)?
for all e € O, A € Hom(A, AY)(p) is a prime-to-p-quasi-polarization satisfying
Aou(@) =t(a)Y oA

for all @ € O, and [n?] is the U?-orbit of an O ® AJ’,’ -linear isomorphism

n? :Ta” (4) A2 >V @ AL

respecting the Hermitian forms up to scaling by (A}))X (the Hermitian form on the
source is determined by A, as in (2-3)). A prime-to-p-isogeny between two such pairs
(A,1,A,[n?]) and (A",/, X', [#P’]) is an O-linear quasi-isogeny in Hom(A4, A")(p)
of degree prime to p that respects the level structures, and such that A’ pulls back
to a Zz‘p)—multiple of A.

The parametrization is similar to the constructions found in [Kudla and Rapoport
2009], and can be described as follows. For each triple (4,1, A, [n]) above, the
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existence of n? implies that H1(A4, Q) and V ® Q are isomorphic, as Hermitian
spaces, locally at all places v  p. But this implies that they are also isomorphic
at p, and hence there is a global isomorphism

B:Hi(A,Q) >V

As Tap(A) ® Qp = V @ Qp, a result of Jacobowitz, stated in [Kudla and Rapoport
2009, Proposition 2.14], shows that there is a unique Uy-orbit of isomorphisms
Ta,(A) = V ® Z, compatible with the O-actions and Hermitian forms. Thus there
is a unique way to extend n? to a U-orbit of isomorphisms

n:Ta(A) @ Ar =V @A,

compatible with the O-actions and the symplectic forms, and identifying Ta, (A)
with V' ® Z,. The composition

-1
vea, T HiA.An L VoA,

defines an element g € G(Ay)/ U, and the Hodge structure on V' ® R induced by
the isomorphism S corresponds to a point of D, as in [Kudla and Rapoport 2009,
Section 3].

4.2. The uniformization theorem. Let k be an algebraic closure of the field of p
elements.

Extending the moduli problem of the previous subsection to Z,)-schemes in the
obvious way yields a scheme My, smooth of relative dimension 4 over Z (. Denote
by M{; the reduced supersingular locus of the geometric special fiber My xz,,, k. A
choice of geometric point (4, ¢, A, [n]) € M} (k) determines a base point (G, ¢, A)
with G = A[p®], and so defines a Rapoport-Zink space .# as in Section 2.1,
endowed with an action of the subgroup J C End(G)g. Denote by /(@) C End(A4)g
the subgroup of O-linear quasi-automorphisms that preserve the @*-span of A. It
is the group of Q-points of an algebraic group / over Q satisfying /(Q,) = J,
and the orbit [#] determines a right U ?-orbit of isomorphisms / (AP ) =~ G(AP ). In
particular, /(Q) acts on both .# and on G(Ap )/UP.

Theorem 4.1 (Rapoport—Zink). There is an isomorphism of k-schemes
M = L@\ (Ares x GAD)/UP).
As in [Vollaard 2010, Corollary 6.2], combining the above uniformization theo-
rem with the results of Section 3.5 yields the following corollary:

Corollary 4.2. The k-scheme M¢; has pure dimension 2. For U? sufficiently small,
all irreducible components of My; are isomorphic to the Fermat hypersurface

p+1 p+1

+1 +1
xg T AT T X =0,
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and any two irreducible components either intersect trivially, intersect at a single
point, or their intersection is isomorphic to P1. Here “intersection” is understood
to mean the reduced scheme underlying the scheme-theoretic intersection.
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