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Relative cohomology of cuspidal forms
on PEL-type Shimura varieties

Kai-Wen Lan and Benoit Stroh

We present a short proof that, for PEL-type Shimura varieties, subcanonical
extensions of automorphic bundles, whose global sections over toroidal compact-
ifications of Shimura varieties are represented by cuspidal automorphic forms,
have no higher direct images under the canonical morphism to the minimal
compactification, in characteristic zero or in positive characteristics greater than
an explicitly computable bound.
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1. Introduction

The main goal of this article is to present a short proof of Theorem 1.1 below, as
an application of a certain vanishing theorem of automorphic bundles in mixed
characteristics. (We refer to [Lan 2013; Lan and Suh 2012; 2013] for the precise
definitions and descriptions of smooth integral models of PEL-type Shimura varieties
and their various compactifications, and of the automorphic bundles and their
canonical and subcanonical extensions.)

Letm: M;‘f’z — M%i“ denote the canonical proper morphism from any projective
smooth toroidal compactification to the minimal compactification of a p-integral
model My, of a PEL-type Shimura variety at a neat level H C G(Z"), where p
is good for the integral PEL datum (O, , L, (-, -), ho) defining My, as in [Lan
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and Suh 2013, §4.1] (and the references there). Let W,, g := W,, 7 ®z R be a
representation of M; of weight vy € X;jll over a coefficient ring R, where W, 7
denotes a Weyl module of weight vy of a split model Mgpjic of M over Z, as in [Lan
and Suh 2012, §2.6]. Let W, g := &Em, g (W, r) be the corresponding automorphic
bundle over My, as in [Lan and Suh 2012, Definition 1.16 and §6.3], and let
W?Jl(jt,)R = Eﬁ‘k 2 (Wy,,g) be its subcanonical extension over M;Zr z» as in [Lan and

Suh 2013, Definition 4.12 and §7]. (We similarly define W, r, W, g, and stt‘% for
all v e Xy )

Theorem 1.1. With the setting as above, there exists a bound C (vy) depending only
on the integral PEL datum (O, %, L, (-, -), hg) and the weight vq, such that

R Wity = (1.2)

for alli > 0 when the residue characteristics of R are zero or p greater than C (vy).
(See Lemma 3.3 below for an explicit choice of C(vy).)

To help the reader understand the restriction imposed by C (1), let us spell out
the bound in some simple special cases. If vy = 0, then we can take C(1p) to be
the relative dimension d of My over the base scheme Sg (see Example 3.9 below).
If My is a p-integral model of the Siegel modular variety of genus three, then the
weight vy is of the form (k1, k2, k3; ko) for some integers kg and k; > kp > k3, and
we can take C(vp) to be 6 4 (k; — k3) + (ko — k3) (see Example 3.10 below with
r = 3 there). If My is a p-integral model of a Picard modular surface, then the
weight vg is of the form (ky, k2, k3; ko) for some integers kg, k1, and kp > k3, and we
can take C(vp) to be 2+ (ky —k3) (see Example 3.12 below with (r — g, g) = (2, 1)
there). (In all cases, C(vp) is insensitive to shifting the weight vy by a “parallel
weight”. See Section 3C below for more examples.)

We note that, when R =C, global sections of Wi‘éf’R over M;‘_’iz can be represented
by holomorphic cuspidal automorphic forms. (See, e.g., [Harris 1990b, Proposition
5.4.2]; see also [Harris 1990a] for a survey on how the higher cohomology of W?};E’R
can be represented by nonholomorphic automorphic forms. See [Lan 2012] for
the comparison between algebraic and analytic constructions hidden behind this.)
Combined with the Leray spectral sequence, Theorem 1.1 allows one to identify
the cohomology of Wf;?R over Mg‘_’iz with the cohomology of 7, WSV;‘PR over M%i“.
Although the coherent sheaf V_VIS);"?R is not locally free in general, there are reasons
for I\/I%in to be useful for the construction of p-adic modular forms and p-adic
Galois representations.

Special cases of Theorem 1.1 have been independently proved in [Andreatta et al.
2013a; 2013b] (in the Siegel and Hilbert cases, for trivial weight vp) and in [Harris
et al. 2013] (in the unitary case, for all weights vp), without any assumption on the
residue characteristic p. The idea in [Harris et al. 2013] has also been carried out for
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all PEL-type cases in [Lan 2014]. Such results have played crucial roles in positive
characteristics in [Andreatta et al. 2013a; 2013b; Emerton et al. 2013; Pilloni
and Stroh 2013], and in characteristic zero in [Harris et al. 2013; Tian and Xiao
2013]. The proofs in [Andreatta et al. 2013a; 2013b] and [Harris et al. 2013; Lan
2014] directly used the toroidal and minimal boundary structures, and hence can be
considered more elementary, which is why they work for all residue characteristics p;
but they are lengthier and arguably more complicated. It is not easy to see from their
proofs why Theorem 1.1 should be true. (It is not even clear how the two strategies in
[Andreatta et al. 2013a; 2013b] and [Harris et al. 2013; Lan 2014] are related to each
other.) Thus it is desirable to find a proof more closely related to other vanishing
statements, at least when the residue characteristics are zero or sufficiently large.

It was first observed by the second author that this is indeed possible—in
characteristic zero, the trivial weight case can be deduced from Grauert and Riemen-
schneider’s vanishing theorem [1970]; in positive characteristics, under suitable
assumptions (involving choices of projective but generally nonsmooth cone decom-
positions X for the toroidal compactification Mg‘_’[r,z, whose existence is not very
clearly documented in the literature), it is also possible to deduce the statement
from Deligne and Illusie’s [1987] and Kato’s [1989] vanishing theorems. Then the
first author made the observations that the assumption on cone decompositions can
be relaxed by using Esnault and Viehweg’s [1992] vanishing theorem as in [Lan
and Suh 2011], and that (along similar lines) cases of nontrivial weights can be
treated using stronger vanishing theorems in [Lan and Suh 2013]. (In the Siegel
case, one can also use [Stroh 2010; 2013].)

In Section 2, we will present the proof of Theorem 1.1 and highlight the main
inputs. In Section 3, we will carry out some elementary computations needed in
the proof of Theorem 1.1, and find an explicit choice of C(vp). In Section 4, we
sketch a logically simpler proof for the trivial weight case.

2. Proof of the theorem

Let 7 : M;?ZE — M%i“, Vo € X+1’ and W‘S)‘;PR be as in Section 1. Since Mtﬁr’z’l
and M%‘f‘l are proper over S| = Spec(R;) (see [Lan and Suh 2013, §4.1] and the
references there for the notation), which are in particular separated and of finite type,
for the purpose of proving Theorem 1.1 we may write R as an inductive limit over
its sub- R -algebras and assume that R is of finite type over R, which is in particular
noetherian. Then we may base change to R and abusively denote M/ 5,  — M%{“R
by the same notation . Our goal is to show that R"n*Wf)‘;f’R =0 foralli > 0.

As in [Lan and Suh 2012, §2.6], we shall denote by Xﬁfp the subset of X;j[l con-
sisting of p-small weights, namely the weights v € Xf\’,[l such that (v + pm,, @) < p
for all roots o € Py, where py, is the usual half sum of positive roots.
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2A. Application of Serre’s fundamental theorem. By [Lan and Suh 2013, Propo-
sition 7.13], there exists some weight v € X;\r,[’fp such that W, g is free of rank
one as an R-module, and such that there exists an ample line bundle w,, over M%f}e
such that

oy, = Wi, 2.1

the canonical extension Wi, of W, . Since (by definition)
sub ~ yx7sub can \QN
Wvo-‘val,R - WUQ,R ®('j|\,|t;_>tr2 R(Wvl,R) (22)

for all integers N, by the projection formula [EGA 1960, 0y, (5.4.10.1), p. 52] we
have

i sub ~ i sub N
R n*WVQ"I‘NU],R - (R n*WUO,R)®@Mn#uva| . (23)

Then we have the following:

Lemma 2.4. There exists some integer N1 > 0 such that, for all integers N > N
and all i > 0, the sheaves R, Wf)';li Nv.R Over M%{‘}e are generated by their global
sections and satisfy Hf(M%if}e, Rim, W?}EZNW,R) =0forall j > 0.

Proof. Since m is proper and M%if}e is noetherian, by the theorem of finiteness
[EGA 1961, 111, Théoréme (3.2.1), p. 116], the sheaves Rin*Wig?R are coherent
over My for all i > 0, and are nonzero only for finitely many i. Since w,, is
ample over M%"“R, the lemma follows from (2.3) and Serre’s fundamental theorem
for projective schemes [EGA 1961, III, Théoréme (2.2.1), p. 100]. U

2B. Shifting weights into the holomorphic chamber. Let wy (resp. w;) be the

longest Weyl element in Wy, (resp. WM1) (see [Lan and Suh 2012, §2.4]), so that
(—wo) Dy =Dy and W, =W, forallveXy; " and/(wy) =d =dims,(My1).

—wo(v)
Remark 2.5. When R =C, forany u € Xa, sections in HO(M;‘_’[’E’R, (W, .M,R)Sub)
are represented by holomorphic cusp forms of weight (—wo) (w1 - u) € Xy, ,» Which
contribute via the dual BGG spectral sequence to

Hil, g s (V7 ™) = Hig ((Mag g, Vo 2)

(compactly supported of middle degree), compatible with their contribution to the
better-understood L? cohomology of My, g. (For more explanations see [Faltings
1983, Theorem 9; Harris 1990a, §2; 1990b, Proposition 5.4.2]; see also the compar-
isons with transcendental results in [Lan and Suh 2012; 2013] and the references
there.) Thus we consider weights of the form

(—wo)(wy - u) = (—wowy) (1) + (—wp)(wy - 0)

holomorphic; these holomorphic weights form a translation of the dominant chamber
Xa because (—wow) preserves Xgl.
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Proposition 2.6. There exists an integer N3, a positive parallel weight v, € Xf{,[l,
and a weight g € X+1’ all of which can be explicitly determined, such that

vo + Navi — vy = —wo(wy - o) 2.7)

This proposition is elementary in nature. One can prove Proposition 2.6 using
general principles that also work for all reductive groups defining Shimura varieties.
However, we shall spell out a (less elegant) case-by-case argument, which has the
advantage of giving explicit choices of Ny, 1o, and g of small sizes.

We will assume Proposition 2.6 in the remainder of this section, and post-
pone its proof until Section 3A. In Lemma 3.3, we will give an explicit choice
of C(uo), depending only on (O, %, L, (-, -), ho) and the weight vy, such that
C(vg) > |olre (see [Lan and Suh 2012, Definition 3.9]) for some triple (N2, v, o)
as in Proposition 2.6.

2C. Application of automorphic vanishing.

Corollary 2.8. Let (N>, va, to) be any triple as in Proposition 2.6. Suppose that
p > |polre and that N is any integer satisfying N > N,. Then we have

Hi(Mtﬁr,z,R’ W?};ELNV“R) =0 foreveryi>DO.

Proof. By definition, the subset X;r,[’fp of X;jll is preserved by translations by parallel
weights. Moreover, by [Lan and Suh 2012, Remark 2.30], and by the same argument
as in the proof of [Lan and Suh 2012, Lemma 7.20], we have vy € Xf\z’f” under
the assumption that p > |uol. Then the assertion H"(l\/lg‘_’[’E’R, [Vi‘(‘)lervl’R) =0
follows from [Lan and Suh 2013, Theorem 8.13(2)], because v := vy + Nv; and
V4 = (N — Ny)v; + v, satisfy the condition there, with (v —vy) =g € Xgi'ﬁp
and w(v) = w; (so that d —l(w(v)) =d — [(w;) = 0). ([l

Remark 2.9 (erratum). There are typos in [Lan and Suh 2013, Theorem 8.13]:
both instances of Xg;<wp there should be Xéf“’p , which is what was used in [Lan
and Suh 2013, Corollary 7.24], on which the theorem depends.

2D. End of the proof of Theorem 1.1. Let N| be as in Lemma 2.4, and let
(N3, v2, (o) be any triple as in Proposition 2.6 satisfying C(vg) > |l for some
C(vp) (which will be given in Lemma 3.3 below). Suppose that p > C(vg) and that
N is any integer satisfying N > Ny and N > N;. By Lemma 2.4 and by the Leray
spectral sequence, and by Corollary 2.8, we have

HO M3 R Wil vy ) = H (M5 s Wil vy ) =0 (210)
foralli > 0. Since R’ JT*WISJ‘;& N, g 18 generated by its global sections (by Lemma 2.4)

it follows that
R Wi v g =0 (2.11)
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for all i > 0. By combining (2.3) and (2.11), we obtain the desired vanishing (1.2)
for all i > 0 (under the assumption that p > C(vg) > |olre)-

Suppose that the residue characteristics of R are all zero. By shrinking R and
enlarging R by flat descent, we may replace the setup with a different one in which
p > C(vo) > |tolre, and obtain the desired vanishing from the above.

Thus, Theorem 1.1 follows. O

3. Elementary computations

We shall freely use the notation in [Lan and Suh 2012, §2 and §7]. The material in
this section can be read without any knowledge of algebraic geometry or Shimura
varieties.

3A. Proof of Proposition 2.6. We can rewrite (2.7) as
Vo + Navi — va = —wo(wi o + wip — p) = iy + (—wo) (wy - 0),

where u6 =—(wowi) (o) € Xa satisfies V[%] = V[;vm]’ because wow; is the longest

Weyl element in Wg,. Hence it suffices to find N, and v, such that
14 = vo+ Navi —v2 — (—wo)(w; - 0) € X§; . 3.1

Let us write v; = ((vj,0)rer/e: .0) = (((Vjri)1<i;<r)rer/e: Vjo) € Xy, for
Jj =0, 1,2. We shall also denote by p; (resp. wg ;, wi ;) the corresponding factors
of p (resp. wp, wy). Then we need

10,0 = Vo.r + Novir — Va0 — (—wo,o)(wi ¢ -0) € X§ (3.2)

for each factor G; of G;. There are two cases:

(1) Ift=toc, then G, = Spy,.. ®z Ry or G, =0y, ®7R1, and M; =GL,, @7R;.
If G; = Sp,,. ®zR;, setd; = %r,(r, +1)andr, =r. + 1. If G; = Oy, ®zR|, set
de=5r:(re—1)andr, =r.. Sete; = (1, 1,..., 1). f diryg =Y gr, do =0, then
we must have G; = O,,, ®7R; and rr < 1, in which case (3.2) is trivially true if we
take /L{)’r =Vy,r, any Np € Z, and vy ; = Navy  — (—wp,) (w; ¢ -0). Hence we may
assume that dj;), > 0. By assumption, we know that vo ;1 >vo r2>--->Vo ¢ r,,and
that vy ; = k1 re;, where k; ; > 0 depends only on the equivalence class [t]g of T
(see [Lan and Suh 2012, Definition 7.12]). Also, we have p, =(r,,r.—1,...,r.—r¢)
and (—wo,¢)(wy,7 - 0) =rle;. Thus, in order for (3.2) to hold, we need

Vo,r, +Nk1,f_k2,rzrr+1:r; if Gfgspzrr ®zR1,

or
Vo,r,—1 + Nkl,r _k2,r —rr = |V0,rr +Nk1,r _k2,r _rrl if G = OZrr ®zR;.

We may take:
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(a) u{)’r =0,z — V0,[r]o€r> Where Vo [r]o 1= Milye[rg (Vo,7/ r, )
(b) wo.r :=—(worwi,0)(g ) = Ko 5 and
(c) N to be any integer satisfying v [¢), + Ncki r > r., so that
Vo,r + NUl,r - Mé)vt - (_wO,r)(wl,r -0) = (UO,[‘E]@ + Nkl,r - ré) €r,
with a positive coefficient vg [, + Nk, —r, > 0 for every N > N-.
(2) If t #1o0c, then G, =GL, ®zR; and M; = (GL,;, xGL,,) ®z R;. Set
dy = peqr,
ex=(1,1,...,1,0,0,...,0), and e, =(0,0,...,0,—1,—1,...,—1).
[N —— [ S —
q- Pt

If diryy, = Zr,em@/c dy = 0, then we must have p,q; = 0 for all T € [7]g,
in which case (3.2) is trivially true if we take ,u(m = Vo7, any N, € Z, and
v = Novir — (—wp,)(wi,r - 0). Hence we may assume that dj;}, > 0. By
assumption, we know that

Vo701 2 V0,02 > 2 Vo,rg,  and Vo g g1 = V0,0,g.42 = 0 = V0,1,

and that vy ; = kj ce; + ki roc€), Where [ki]; = ki ¢ + ki zoc > 0 depends only on
the equivalence class [t]g of T (see [Lan and Suh 2012, Proposition 7.15]). Also,
we have p, = %(r, —1,r;=3,...,—r:+1) and (—wo ) (w1, -0) = pre; +q-e’.
Thus, in order for (3.2) to hold, we need

Vo,q. + Nki,r —ka,r — pr =2 v0,g,+1 — Nki zoc +k2,70c + g,
or equivalently
(vo.g, = V0,g.+1) + Nlkilr — [k2le = pr + g =17
We may take:

(a) /1'6’1- =Vo,r —V0,[t]glr — (v(/),r,l - VO,[I]@)(er - e/f)s where

Vo, = min (Vo — V0.r'.q+1)
[tla el £0 T.qy g +17
. {VO,r,l if ¢; >0,
0,t,1 *— .
V0,71 + Vo,[7]lo if qr = 0.

(b) po,r == —(wo,rw1,¢) (1 ,), Which ends with pg -, = 0 because u, , starts
with g ., =0; and

(¢) N: to be any integer satisfying vo (7] + N[k1]: > 17, so that

Vo,r + NVl,t - /'Lé),t - (_wO,t)(wl,r -0)
= (VO,t,l + Nkl,r - pr) e + (UO,[‘[]@ —Vo,r,1+ Nkl,foc - QI) €
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with sum of coefficients, for every N > N,
(UO,I,1+Nk1,f _pr)+(V0,[r]@_VO,r,l+Nkl,foc_Qt) = VO,[r]@+N[kl]r_rr >0.

Now set:

N; := max (N;);

teY/c

o = ((o,0)rer/c; Mo,0) With any value of fuo,0;

o = (—wow1) (o);

vy 1= vy + Navi — pg — (—wo) (wy - 0).
Then the triple (N3, va, pg) satisfies (3.1) and hence also (2.7), as desired, because
each of its factors (Ny, va. 1, (to,7) satisfies (3.2) by the above. O
3B. Explicit choice of C(vy).

Lemma 3.3. The minimal size |jtolre (see [Lan and Suh 2012, Definition 3.9])
among all g appearing in some (N3, va, W) satisfying (2.7) in Proposition 2.6 is
smaller than or equal to

Cv) = Y Cr(v), (3.4)

teY/c
where each C;(vg, ;) is defined as follows:
(D) If T = t oc, then we set d, = %r,(rr + 1) (resp. d; = %r,(r, - 1)) if
G, = szrr ®zR (resp. G = O2rr ®zRy), Vo,[t]g = minr/e[r]@ (UO,‘[/,F-[)’ and

Cr(voc) :==dr 4+ D (Wori; — V0.[l0)- (3.5)

1<i;<r;

(2) If t #toc, then we set d; := p.q,

v ‘= min Vot g, — Vo.1' 1
0,[t]la r’e[r]@,d,/;éo( 0,7/,q, 0,7/,q,+ )s
e {vo,r,l if g >0,
0,7,1 = .
i Vo,7,1 + Vo,[z]g if - =0,
and
Cewo,) i=de+ ) (Vo =v0ri)+ D (Vo1 = Wirla = Vo) (3.6)

lgiTSqr qr <i;<r¢

Proof. These follow from the definition of |polre = d + ey, (Zlfirfrr 10,7, )
and the explicit choices of 1 ; in the proof of Proposition 2.6. ([

Remark 3.7. By using [Lan and Suh 2013, (7.9) and (7.11)], it is possible to reduce
the proof of Theorem 1.1 to the case where the integral PEL datum is (-simple,
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and replace (3.4) with

C'(vo) = I[I}?é(c[r]@(vo,[r]@)), (3.8)
where:

(D) Crrip(o,r10) = 0if dizig = D refrjgre de < s
(2) Cir1gWo,1e10) = Zf,e[ﬂ@/c C:(vo.r), where C;(vp ;) are as in (3.5) and (3.6),
otherwise.

We leave the details to the interested readers.

3C. Some examples. To help the reader understand the notation and formulas, we
include some examples of familiar special cases.

Example 3.9 (trivial weight). If vy = 0, then (2.7) holds for yy = 0 and any
sufficiently large N,, and we have C(vg) = ZfeT/C C:(vor) = ZreT/C d: =d
in (3.4).

Example 3.10 (Siegel case). Suppose (O, x, L, (-, -}, ho) is given with O =Z with
trivial , with (L, (-, -)) given by Z®?" with some standard self-dual symplectic
pairing, and with any conventional choice of 4. Then we are in the so-called Siege!
case. There is a unique 7 € Y with T = 7 o ¢, which we can suppress in our notation,
and each v € Xf(,[l can be represented by a tuple ((vo.1, vo 2, - .-, Vo.r); V0,0), Where
Vo1 > Vo2 > -+ > v, are integers. Then g can be chosen to be

vo—vo,((1,1,...,1,1);0) = ((vo,1 —Vo,rs -5 Vo,r—1 — Vo,r, 0); vo,0)

(where the last entry is irrelevant), and then C(vp) = %r r+D+ Zlikr (vo.i —Vvo.r)
(see (3.5)).

Example 3.11 (“Q-similitude Hilbert case”). Suppose (O, %, L, (-, ), hg) is given
with O = OpF with trivial x, where F is a totally real number field, with (L, (-, -))
given by O;‘?Z with some standard symplectic pairing defined by trace, and with any
conventional choice of h¢; and suppose p is any prime number unramified in OF.
Then we are essentially in the so-called Hilbert case, although we only consider
elements in Resy g GL, with similitudes in Gy, (rather than Resr/q Gy). There
are d elements t € Y corresponding to the d = [F : Q] homomorphisms from Op
to an algebraic closure of Q,,, which all satisfy T = 7 o ¢ and determine a unique
equivalence class [7]g (of Galois orbits of 7), and our coefficient ring R is chosen
to contain the images of all these homomorphisms, over which all linear algebraic
data are split. Each vg € XIJ{,II can be represented by a tuple ((vo ¢)zex; vo,0), Where
each vo ; = (vo,7,1) consists of just one integer vo ;1. Then vy |71, =min;ey (Vo 7,1),
and po can be chosen to be vo — vo, [z1o ((1)zex; 0) = ((Vo,2,1 — Vo,[r]1g)zeYs V0,0)>
and we have C(vo) =d + Y .+ (Vo,r,1 — Vo [r]g) (see (3.5)).



1796 Kai-Wen Lan and Benoit Stroh

Example 3.12 (simplest unitary case). Suppose (O, x, L, (-, -), ho) is given with
O = Op, where F is an imaginary quadratic extension of @ with an embedding
F — C, with » given by complex conjugation, with (L, (-, -}) given by a Hermitian
module over O?r with signature (r — ¢, q) at oo (using the given F — C), and
with any conventional choice of & (respecting the signature); and suppose p is any
prime number unramified in Of. Then we obtain the simplest (nontrivial) unitary
case. There is a unique representative t of orbits in Y /c such that 7 # t oc and
(p+»q:) = (r —q, q), matching the signatures at oo and at p; hence we shall always
choose this T and suppress t from the notation. Each vy € Xf{,h can be represented by

a tuple ((vo,1, V0,2, - - -5 V0,g> V0,g+15 - - - » Y0,/); V0,0), Where vo 1 > vg2 > ... > vp 4
and vo 441 > ... > 1o, are integers. If g > 0, then o can be chosen to be
(Vo,1 —V0,qg +V0,g+1 = V0,75 - - -» V0,1 = V0,45 V0,1 — V0,45 - - - » V0,1 — V0,2, 0; v,0) (note

the reversed order and the repeated term vy | — vp 4), and we have

Cwo) = —q)g+ Z (vo,1 —vo,i) + Z (Vo,1 = Vo,g +Vo,g+1 = V0.i)-

1<i<q q<i=<r

If ¢ =0, then pp can be chosen to be (Vo1 —vo s, ..., Vo,1 — V0,2, 0; vo,0) and we
have C(vg) = Zlfigr (vo,z.1 —Vo,i); but d =0 and the map 7 is trivial — C(vp) =0
suffices. (See (3.6) and Remark 3.7.)

4. Simpler proof for the trivial weight case

In this final section, we sketch a logically simpler proof for the trivial weight case
vo = 0, which does not require the various advanced technical inputs in [Lan and
Suh 2013, §§1-3] (such as the theory of F-spans in [Ogus 1994]). The key is to
give a simpler proof of the vanishing statement in Corollary 2.8 when vy = 0 (with
a suitable choice of (N3, 2, tp)). By standard arguments, as in the proof of [Lan
and Suh 2013, Theorem 8.2], we may and we shall assume that R is a perfect field
extension of the residue field of R;.

Using the extended Kodaira—Spencer isomorphism —see [Lan 2013, Theo-
rem 6.4.1.1(4)] — and the very construction of canonical extensions of automorphic
bundles using the relative Lie algebra of the universal abelian scheme, one can
show that

d
~ \ ~ d pp— 1
W w0 = (W)™ = Qe g, (log 00) 1= /\(QM‘&‘,Z,./SI (log 00))

as line bundles over M;‘_’f 5.1 (ignoring Tate twists). (The proof is left to the interested
readers.) Moreover, the proof of Proposition 2.6 in Section 3A shows that we
can take po = 0 in Proposition 2.6, with some integer N, such that the weight
vy = Novp — (—wp) (wy - 0) is positive and parallel. Then we have

sub ~ yyssub can ~ yr7sub d
WNI)] = sz ®M‘;_’Z2.l 2 (—wo)(wy-0) = sz ®M‘,‘_’Z2’l QM[’HW,Z.I/SI (log D),
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where D is the boundary divisor M3} . | — My, 1 (with reduced subscheme structure).

By [Lan and Suh 2013, Proposition 4.2(5) and Corollary 7.14], there exists a
(usually nonreduced) divisor D" with D;ed = D, and some r(y > 0, such that the line
bundle (Wi‘;“)‘gr (—D’) is ample for all integers r > ry. (This follows from [Lan
2013, Theorem 7.3.3.4], which implies that there exists some D’ as above such that
@M%.Z,l (—D’) is relatively ample over M%iﬁ.) By base change from R; to R, this is
exactly the condition (x) needed in [Esnault and Viehweg 1992, Theorem 11.5].
Then, by [Esnault and Viehweg 1992, Theorem 11.5] and by Serre duality, we
obtain

it b it b d _
H (M3 5.0 Wivn 0) = H Mig 5 g Wik @0, Qe s, (log D)) =0

for all i > 0. (This is the same approach taken in [Lan and Suh 2011].) This
gives the desired vanishing statement in Corollary 2.8 when vy = 0, and we can
conclude as in Section 2D. This argument does not depend on [Lan and Suh 2013,
Theorem 8.13(2)], and hence not on the various advanced technical inputs in [Lan
and Suh 2013, §§1-3].
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