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Quantum matrices by paths

Karel Casteels

We study, from a combinatorial viewpoint, the quantized coordinate ring of m xn
matrices Oy (M, (KK)) over an infinite field K (often simply called quantum ma-
trices).The first part of this paper shows that Oy (M, , (I)), which is traditionally
defined by generators and relations, can be seen as a subalgebra of a quantum
torus by using paths in a certain directed graph. Roughly speaking, we view each
generator of Oy (M, (IK)) as a sum over paths in the graph, each path being
assigned an element of the quantum torus. The O, (M, , (IK)) relations then arise
naturally by considering intersecting paths. This viewpoint is closely related to
Cauchon’s deleting derivations algorithm.

The second part of this paper applies the above to the theory of torus-invariant
prime ideals of Oy (M, , (IK)). We prove a conjecture of Goodearl and Lenagan
that all such prime ideals, when the quantum parameter ¢ is a non-root of unity,
have generating sets consisting of quantum minors. Previously, this result was
known to hold only when char(l) = 0 and with ¢ transcendental over Q. Our
strategy is to prove the stronger result that the quantum minors in a given torus-
invariant ideal form a Grobner basis.
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1. Introduction

The purpose of this paper is to introduce a “combinatorial model” of Oy (M, (I£)),
the quantized coordinate ring of m x n matrices over a field K (simply called
quantum matrices). We demonstrate the utility of this model by using it to study
the prime spectrum of Oy (M, (IK)).
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Quantum matrices have generated a good deal of interest since their discovery
during the initial development of quantum group theory in the 1980s. This is
because not only do quantum matrices underlie many of the traditional quantum
groups such as the quantum special and general linear groups, but there are also
interesting connections with topics such as braided tensor categories and knot
theory. See [Takeuchi 2002] for a brief survey. More recently, it has been observed
[Goodearl et al. 2011a; 2011b; Launois and Lenagan 2009] that the prime spectrum
of quantum matrices is deeply related to the theory of totally nonnegative matrices
and the fotally nonnegative grassmannian in the sense of [Postnikov 2006].

Since the late 1990s, much effort has been expended toward understanding the
structure of the prime and primitive spectra of various quantum algebras. Quantum
matrices have received particular attention since, while this algebra has a seemingly
simple structure (for example, it is an iterated Ore extension over the field [), many
problems have proven difficult to resolve. In particular, the machinery employed
to analyze Spec(Oy (M, (IK))) has tended to use fairly sophisticated viewpoints
from noncommutative ring theory and representation theory, and even then often
requires extra restrictions on the base field K and choice of quantum parameter g.

The #-stratification theory of [Goodearl and Letzter 2000] (see also [Brown
and Goodearl 2002]) is an important advancement toward understanding the prime
and primitive spectra of some quantum algebras. Briefly, many noncommutative
rings support a rational action of a torus % which allows one to partition the
prime spectrum of the ring into finitely many #-strata, each #-stratum being
homeomorphic (with respect to the usual Zariski topology) to the prime spectrum
of a Laurent polynomial ring in finitely many commuting indeterminates, and each
containing a unique #-invariant prime ideal. Moreover, the primitive ideals of
the algebra are precisely those that are maximal within their #-stratum. For these
reasons, an important first step towards understanding the prime and primitive
spectra is to first study the F¢-invariant prime ideals, called #-primes.

The deleting derivations algorithm of [Cauchon 2003a; 2003b] has also proven
quite useful. Roughly speaking, this procedure shows that when the #-stratification
theory applies to a given quantum algebra, one can often embed the set of #-primes
into the set of #-primes of a quantum affine space. This is convenient since quantum
affine spaces are typically easy to handle thanks to results of Goodearl and Letzter
[1998]. The strategy then is to reverse the deleting derivations procedure in order
to transfer (more easily obtained) information about the quantum affine space back
to information about the quantum algebra.

The ¥-stratification and the deleting derivations theories both apply to quantum
matrices in the generic case, i.e., when the parameter ¢ is a non-root of unity, and
so a natural problem is to find generating sets for the #-primes. For 2 x 2 quantum
matrices, this problem is fairly straightforward, yet even the 3 x 3 case required a
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significant amount of work by Goodearl and Lenagan [2002; 2003]. However, in all
cases their generating sets consisted of quantum minors, and so it was conjectured
that this held true in general. Launois [2004a; 2004b] was the first to prove this
conjecture under the constraints K = C and ¢ transcendental over (Q. This was later
extended to any K of characteristic zero [Goodearl et al. 2011a].

An important part of Cauchon’s results is a parametrization of the -primes of
quantum matrices using what are now known in the quantum algebra community
as Cauchon diagrams. It turns out that a Cauchon diagram encodes fundamental
information about the corresponding #(-stratum. For example, the Krull dimension
can be easily calculated from the Cauchon diagram using the main result of [Bell
et al. 2012]. Launois also described an algorithm to find the generators of a given
d-prime from its Cauchon diagram, but the calculations involved very quickly
become unwieldy. A graph-theoretic interpretation of Launois’ algorithm provided
in [Casteels 2011] forms the starting point for some of the results presented below.
In fact, much of Section 3.1 may be seen as a combinatorial interpretation of the
deleting derivations algorithm.

It is notable that Cauchon diagrams arose independently in work of Postnikov
[2006] in his investigations of the totally nonnegative Grassmannian. In this con-
text, Cauchon diagrams are called I-diagrams (also Le-diagrams) and have been
investigated by several authors (see [Lam and Williams 2008] and [Talaska 2011]
in particular). The connections between these two areas and Poisson geometry have
been explored by Goodearl, Launois and Lenagan [Goodearl et al. 2011b; 2011a].

Finally, let us also mention that Yakimov [2010; 2013] has developed represen-
tation-theoretic methods with great success. In particular, he independently verified
(and generalized) Goodearl and Lenagan’s conjecture, but again, only under the
constraint that char(l{) = 0 and ¢ transcendental over Q. Furthermore, the generat-
ing sets obtained are actually smaller than Launois’ in general. It is unclear how
Yakimov’s work relates to the viewpoint presented in this paper; however, recent
work of Geiger and Yakimov [2014] explores the connections between Yakimov’s
work and Cauchon’s, and so there is quite possibly a close relationship.

As will be reviewed in Section 2, the usual description of Oy (M, » (IK)) is by
generators and relations. Our approach to Oy (M, (IK)) is the focus of Section 3,
where we begin by giving a directed graph and then assign elements (“weights”)
of a quantum torus to directed paths. We then discuss various subalgebras of the
quantum torus generated by sums over path weights. In particular, Corollary 3.2.5
shows that quantum matrices can be so obtained. One nice aspect of this is that the
quantum matrix relations naturally arise by considering intersecting paths (see the
proofs of Theorem 3.1.12 and Theorem 3.2.3).

While at first it may appear that the description of quantum matrices “by paths” is
a mere curiosity, it is in fact an indispensable tool in the bulk of this paper, Section 4.
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Here, the Goodearl-Lenagan conjecture is an immediate corollary to a stronger
result, Theorem 4.4.1, which states that for any infinite field I and non-root of
unity ¢ € K*, the quantum minors in a given ¥-prime form a Grobner basis with
respect to a certain term ordering. The difficulty with this approach is that for a
given #-prime of Oy (M, (IK)), a priori we do not know any generating sets at all
to which we can apply Buchberger’s algorithm, so we must check that the minors
form a Grobner basis by direct verification of the definition. The way we do this is
by using the strategy noted above for the deleting derivations algorithm. That is,
we transfer an (easily obtained) Grobner basis for an #-prime in a quantum affine
space to a Grobner basis for an #-prime in quantum matrices.

Finally, many nonstandard terms and notation have been invented for use in this
paper. A combined index and glossary is provided in a List of terms and notation
to assist the reader in more easily locating the definitions, should the need arise.

2. Quantum matrices

Let us first set some data, notation and conventions that are to be used throughout
this paper:

e Fix an infinite field K, integers m,n > 2, and a nonzero, non-root of unity
qg K.

e For a positive integer k, we set [k] = {1,2,...,k}.

* The set of m x n matrices with integer entries is denoted by M, ,(Z). The set
of m x n matrices with nonnegative integer entries is denoted by Jy; » (Z>0).

e The (i, j)-entry of N € My, »(Z) is denoted by (N );, j, and (i, ;) is called the
coordinate of this entry. In view of this, the elements of [m] x [n] are called
coordinates.

e We often describe relative positions of coordinates using the usual meaning of
terms such as north, northwest, etc. For example, (i, j) is northwest of (r, s)
ifi <randj <s,and northifi <r and j =s.

The restriction m, n > 2 is made simply to avoid some inconveniences in various
definitions that would occur if m = 1 or n = 1. Fortunately, it is already known
that all results presented in this paper hold when m =1 or n = 1, since in these
cases all algebras in this paper reduce to quantum affine spaces, and such algebras
can be dealt with using results of [Goodearl and Letzter 1998].

2.1. The algebras R®.
Definition 2.1.1. The lexicographic order on [m] x [n] is the total order < obtained
by setting

G, j)<k )<= i<k,ori=kandj </
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If (i, j) € [m] x [n], then (i, j)~ denotes the largest element less than (i, j) with
respect to the lexicographic order.

Note 2.1.2. Any reference in this paper relating to an ordering of the coordinates
[m] x [n] is with respect to the lexicographic order.

The algebras in the next definition each have a set of generators indexed by
[m] x [n]. Tt is natural to place these generators as the entries of an m x n matrix
that we call the matrix of generators.

Definition 2.1.3. Let ¢ € [mn] and set (7, s) to be the ¢-th smallest coordinate.
Define R to be the [<-algebra with the m x n matrix of generators X = [x; ;]
subject to the following relations. If

ab

cd

is any 2 x 2 submatrix of X, then:

(1) ab =gba, cd = qdc;

(2) ac =qca, bd = qdb;

(3) bc =cb;

da if d = xg ¢ and (k,£) > (r,5);

da+(q—q Ybe ifd =xiqand (k,£) < (r,s).

Example 2.1.4. If m =2,n =3 and ¢t =5, then (r,s) = (2,2) and R®) has matrix

of generators
X1,1 X1,2 X1,3
X2,1 X2,2 X2.3

The relations corresponding to Part (4) of Definition 2.1.3 are

4) ad =

X1,1%2,2 = X22X1,1 + (¢ — ¢~ )x12%2,1,
X1,1X2,3 = X2,3X1,1,
X1,2X2,3 = X2,3X1,2.
The two extremities in the collection of R® are of the most interest to us.
Notation 2.1.5. With respect to the notation in Definition 2.1.3:
(1) If t =1, then in Definition 2.1.3(4) we always have

ad =da.

We call this algebra m x n quantum affine space, denoted Oy (IK"*"). The
entries of the matrix of generators of Oy (IK"*") will often be labeled by ¢; ;
for (i, j) € [m] x [n].
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(2) If t = mn, then in Definition 2.1.3(4) we always have
ad =da+ (q—q Ybe.

This algebra is the quantized coordinate ring of m xn matrices over K, denoted
by Oy (M, (IK)) and simply referred to as the (m x n) quantum matrices.

(3) The localization of R = 04 (IK™*") with respect to the multiplicative set
generated by the standard generators ¢; ; is called the (m x n) quantum torus
@q ((KX)an)

(4) Two elements y, z € R® will be said to ¢*-commute if there is an integer r
such that yz = ¢”"zy. Note that commuting elements g*-commute.

In later sections, we work intimately with monomials in the generators of RO,
so we here set some notation in this area. For the remainder of this section, fix
t € [mn], and let [x; ;] be the matrix of generators for RW.

Notation 2.1.6. If N € J,, ,(Z>0), then we write

N = xi{\i)],lxgg)lﬁ x'(nA’”zmn e R®,
written so that the indices obey the lexicographic order from smallest to largest
as one goes from left to right. We call such a monomial a lexicographic term.
Similar notation will be used both for the quantum torus (where N € My, ,(2)),
and, if (r, s) is the ¢-th smallest coordinate, for R(t)[x; 1] (where all entries of N
are nonnegative except possibly the (7, s)-entry).

It is not difficult to check that each R® may be written as an iterated Ore
extension, which immediately yields the following:

Theorem 2.1.7. The following properties hold for every t € [mn]:

(1) R is a Noetherian domain.

(2) As a K-vector space, R has a basis consisting of the lexicographic terms x ™V

with N € My, n(Z>0). The same properties also hold for the m x n quantum
torus (but with N € My, n(2)). O

Definition 2.1.8. The lexicographic expression of a € R® is the unique linear
combinationa =) _ Ellon n(Z=0) X ~x ™ of distinct lexicographic terms with oy #
0. A lexicographic term in this expression will be called a lex term of a.

For RM = 0,(K™"), we will require a slight extension of Theorem 2.1.7.
Observe that any monomial ¢ = #;, j, ti,,j, - * li,,j, in the standard generators of
RM may be written as ¢ = g“t™™ for some integer £ and lexicographic term t M -
Since ¢* = 0, the next result follows easily.



Quantum matrices by paths 1863

Proposition 2.1.9. For any coordinate (r,s), the set of lexicographic monomials
of Og4(K™*™) involving only t; ; with (i, j) > (r,s) is linearly independent over
the subalgebra generated by the t; ; with (i, j) < (r,s). Moreover, for a set
{t1,t2. ..., t;} of monomials in the standard generators of Og (IK™*™), the following
are equivalent:

(1) The set {t1,ta,...,t;} is linearly independent over IK.

Mlex Mlex Mlex . . .
(2) Theset{t;"' ,t, * ,....t, © }islinearly independent over K.
(3) The matrices M**,.... M éex are distinct.
A similar set of statements hold for the m x n quantum torus. O

We conclude this section by noting that R () has a natural Z’;gr "_grading that
will be very much exploited in the proof of Theorem 4.4.1. If

s = (rl,rz,...,rm,cl,cz,...,cn) € (Zzo)m+n,

then the homogeneous component of degree s is the subspace of RW spanned by
the lexicographic monomials of the form x?, where N satisfies

n
Z(N)i,j =r; foralli e [m],
j=1

m

Z(N),-,J- =c; forall je[n].

i=1
In other words, the sum of all entries in row i of N equals r;, and the sum of all
entries in column j of N equals ¢;. All references in this paper to a grading on
R will be with respect to this grading.

2.2. The deleting derivations algorithm. The relation between R® and R¢—D
has been studied by Cauchon [2003b] as a special case of the more general theory
developed in [Cauchon 2003a]. Here, we review his results as they apply to these
algebras. For each result in this section, we fix ¢ € [mn] with ¢ # 1, let (r, s) denote
the z-th smallest coordinate, and let [x; ;] be the matrix of generators of R® and
[vi,;] the matrix of generators for R,

Theorem 2.2.1 [Cauchon 2003a, Lemme 2.1 and Théoreme 3.2.1].

(1) The multiplicative set generated by x, s is a left and right Ore set for R and
the multiplicative set generated by y, s is a left and right Ore set for R,

(2) There is an injective homomorphism

T RETD o RO
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defined on the standard generators by
— Xi,j— x,sxrsxr] ifi <randj <s;
Xi,j otherwise.

(3) There is an injective homomorphism
HRW - RV
defined on the standard generators by

S yl,+ylsyrsyrj ifi <randj <s;
b Vi, j otherwise.

@) RO 1= RU-D[y . O

The homomorphism in Theorem 2.2.1(2) is called the deleting derivations map.
We call the homomorphism in Theorem 2.2.1(3) the adding derivations map. (This
map is called the “reverse deleting derivations map” in [Launois 2004a], and a step
of the “restoration” algorithm in [Goodearl et al. 2011b].)

The strategy of Cauchon’s theory is to use these maps to iteratively transfer
information between R(Y) = 04 (KK™>") and RUmn) — Oy (My, 5 (IK)). For example,
to embed the prime spectrum of the latter algebra into the prime spectrum of the
former.

As usual, for an algebra A, denote by Spec(A4) the set of prime ideals, equipped
with the Zariski topology. We may partition Spec(R®)) as

Spec(R(t)) = Spec¢(R(t)) U Spece(R(t)),
where
Spec(R®) = {P € Spec(RY) | x5 & P},
and
Spece(R(’)) ={P ¢ Spec(R(’)) | Xrs € P}.

Theorem 2.2.2 [Cauchon 2003b, Section 3.1]. There exists an injective map
o Spec(R(t)) — Spec(R(t_l))

satisfying the following properties:

(1) Restricted to Spec®(R®), ¢; is bijective, sending P € Spec® (R®) to

$:(P) = Py 1N RCD,
If O € Spec® (RC~D), then

$71(0) = O[x; 1N R®.
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(2) Restricted to Spec€(R®), ¢; is injective, sending P € Spec€(R®) 1o
¢t (P) = g_l(P/<xr,s>)’

where g : R&=1 — R(t)/(xr,s) is the unique homomorphism that maps the
standard generators as y; j = X j + (Xrs). O

2.3. ¥-stratification. For many quantum algebras, including the R®), the struc-
ture of the prime spectrum may be understood by first understanding the prime
ideals that are invariant under a rational action of an algebraic torus #. For
R with matrix of generators [xi.;], let 3¢ = (IK*)™*" and note that every
h=(p1,....Pm:V1.---.¥n) € ¥ induces an automorphism of R® by

h-xi,j = piyjXi,j-

Definition 2.3.1. An J-prime is a prime ideal K € Spec(R®) such that h- K = K
for all h € . The set of all #¥-primes of R® is denoted %-Spec(R®). The
dC-stratum associated to an ¥-prime K is the set

Specg (R®) = %P e Spec(R®) ‘ ﬂ h-P= K}.
heyt

Theorem 2.3.2 [Goodearl and Letzter 2000; Brown and Goodearl 2002, Part II].
For every t € [mn], there are finitely many #-primes in ¥ - Spec(R(t)), and

Spec(R(t)) = |_| SpecK(R(t)). O
Ke¥-Spec(R®)

Remark 2.3.3. Theorem 2.2.1 and Theorem 2.3.2 are where it is necessary to
require g to be a nonzero, non-root of unity. We also note here that the #-primes
are well known to be homogeneous ideals.

The %-primes of R = 04 (IK™*™) have generating sets of a simple form.

Theorem 2.3.4 [Goodearl and Letzter 1998, Section 2.1(ii)]. A prime ideal K €
Spec(RW) is an H-prime if and only if there exists a B C [m] x [n] such that

K={t;l|(@j)eB). ]
It is convenient to describe these ¥-primes by using diagrams.

Definition 2.3.5. Anm xn diagram is an m x n grid of squares, each square colored
either black or white.

We index the squares of a diagram as one would the entries of an m x n matrix. If

K ={(ti;| (G j)e B)e¥-Spec(RV)
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Figure 1. Two 3 x 4 diagrams.

for some B C [m] x [n], then the diagram corresponding to K is that in which the
black squares are precisely those (i, j) € B. Conversely, any diagram defines a
subset B C [m] x [n] corresponding to the indices of the black squares, and therefore
a corresponding K € %—Spec(R(l)). We henceforth identify a diagram with the
corresponding subset B C [m] x [n]. Figure 1 presents two diagrams, the left one
corresponding to the JC-prime (1,1, 12,1, 12,3) € ¥-Spec(0y (K3X4)).

The deleting derivations map behaves nicely with respect to #-primes.

Theorem 2.3.6 [Cauchon 2003b, Section 3.1]. Foreveryt € [mn], t # 1, the map ¢
injects %-Spec(R®) into % - Spec(R* V). Consequently, the composition

d=¢r00Pmn
is an injection of ¥ - Spec(Og (M 1 (I))) into I - Spec(Og (K*™)). O

In view of the strategy mentioned in Section 2.2, a natural problem is to identify
the diagrams of those #-primes in # - Spec(R(l)) that are the image of an #-prime
in 9¢- Spec(R"™) under ¢. We call these Cauchon diagrams

Definition 2.3.7. A diagram is a Cauchon diagram if, for any given black square,
either every square to the left or every square above is also black.

The right diagram in Figure 1 is an example of a Cauchon diagram, while the
left is not a Cauchon diagram since the black square in position (2, 3) has a white
square both above and to its left.

Theorem 2.3.8 [Cauchon 2003b, Théoreme 3.2.2]. A diagram is a Cauchon dia-
gram if and only if the corresponding ¥-prime in - Spec(R™V) is the image under
& of an ¥-prime in ¥-Spec(R™M), O

3. Quantum matrices by paths

3.1. Graphs and paths. Let B be a Cauchon diagram and, by Theorem 2.3.8,
consider the corresponding #-prime K of Oy (M, (I)). With the notation of
Section 2.3, the image of K under the composition ¢;41 0+ -+ 0 Py, 5 is an FH-prime
K; of R®). The goal of this section is to explain how R® /K is isomorphic to a
subalgebra Ag) of the quantum torus Oy ((I<*)™*") defined by considering paths
in a directed graph that is defined using B. In particular, when B = &, we obtain a
combinatorial description of Oy (A, (IK)).
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Definition 3.1.1. For a Cauchon diagram B, construct a directed graph Gg™",
called the Cauchon graph,' as follows. The vertex set consists of white vertices

W = ([m] x[n])\ B,

together with row vertices R = [m] and column vertices> C = [n]. The set of
directed edges E consists precisely of those in the following list:

(1) If (i, j). (i, j') € W are distinct white vertices with j > j’ such that there is
no white vertex (i, j”) forany j’ < j” < j, then we make an edge from (i, j)
to (i, j').

(2) If (i, j), (', j) € W are distinct white vertices with i < i’ such that there is
no white vertex (i”, j) for any i <i” <i’, then we make an edge from (i, ;)
to (i’, j).

(3) Fori € R, we make an edge from i to (i, j), where j is the largest integer
such that (i, j) € W (if such a j exists).

(4) For j € C, we make an edge from (i, j) to j where i is the largest integer
such that (i, j) € W (if such an i exists).

Note 3.1.2. There is a natural way to embed a Cauchon graph in the plane by placing
it “on top” of the Cauchon diagram B as follows. The white vertices are placed
at the center of the corresponding white squares, the row vertices to the right of the
corresponding diagram row, and the column vertices underneath the corresponding
diagram column. An example is illustrated in Figure 2. We call this the standard
embedding and always assume a given Cauchon graph is equipped with it. Hence,
without confusion we can refer to aspects of a Cauchon graph using common
directional or geometric terms.? That a diagram is a Cauchon diagram easily
implies that the corresponding Cauchon graph has the following important property.

Proposition 3.1.3. The standard embedding of a Cauchon graph is planar. O

Definition 3.1.4. A path in GF*" is a sequence P = (vo, V1, ..., V) of distinct
vertices such that* for all i € [k], there exists an edge in G'g™" directed from v; 1
to v;. Naturally, we say that P starts at vg and ends at vy and write P : vg — v.

We consider a directed edge e from v to w to be a path and write e : v — w. If
e is the edge between two consecutive vertices in a path P, then we abuse notation

1Cauchon graphs already appear in [Postnikov 2006], where they are called I'-graphs. We call
them Cauchon graphs here to be consistent with the Cauchon diagrams from which they derive.

2There is ambiguity between labels of the row and column vertices, but the type of vertex we mean
will always be explicitly stated.

3For example, horizontal, vertical, above, below, northwest, etc.

4Strictly speaking, we are defining a directed path, but we will never have use for nondirected
paths in this paper.
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(3. 1) 1(3.2)] (3.3)
) °

o3

o“——e

o1 o2 3

Figure 2. The graph Gg“ , embedded on top of the 3 x 3 Cauchon
diagram B = {(1, 1), (1, 3), (2, 3)}.

by writing e € P. Finally, if P :u — v, Q : v — w, then we write P U Q to denote
the concatenation of P and Q. To a path in a Cauchon graph we will assign an
element of the quantum torus as follows:

Definition 3.1.5. Let G7*" be a Cauchon graph. Define the function
w: E — Og (1))

as follows, where the numbering and notation correspond to the edge types of
Definition 3.1.1:

(D) wle: @, j)— G j")) =t 10

@ wle:@ /)~ 0" ))=1

@) wle:i—(@@.))=ti;;

@ we:G,j)—j)=1

The image w(e) of an edge e is called the weight of e.

If P = (vg,v1,...v;) is a path, and e; : v;—; — v;, then the weight of P is
defined to be

w(P) =w(e)w(ez) - wlek).

Example 3.1.6. Figure 3 illustrates the graph of Figure 2 with edges labeled by
their weights. The weight of the path

P=(1,(1,2),(12,2),2,1),3.,1),1)
is
w(P) = (t1,2) (D (t5 302, (D(1) = 11,285 3121
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11,2
° o]
1
15301 o
2 ° o2
1 1
-1 -1
[3 2[3,1 t3 3l3,2 133
d ° J ° o3
1 1 1 ‘
ol o2 ®3

Figure 3. The graph G3*3, with B = {(1,1),(1,3),(2,3)}, and
edges labeled by their weights. (Labels of white vertices omitted.)

It is convenient to observe that for a row vertex i and a column vertex j, the
weight of a path P :i — j can be computed by looking at the sequence of “turns”.

Definition 3.1.7. Let P = (vo,v1,...,Vr_1, V%) be a path in a Cauchon graph
starting from row vertex i = vy and ending at column vertex j = vy.

e A I'-turn in P is a white vertex v; € P such that the edge from v;_; to v; is
horizontal, and the edge from v; to v; 41 is vertical.

e A I-turn in P is a white vertex v; € P such that the edge from v;_; to v; is
vertical and the edge from v; to v; 41 is horizontal.

The next proposition follows easily using the definitions of edge and path weights.

Proposition 3.1.8. Let P : i — j be a path in a Cauchon graph, where i is a
row vertex and j is a column vertex. If (v;,, Vi,,...,v;,) C P is the subsequence
consisting of all I'-turns and I-turns, then

—1
Vig_y

w(P) = tvflfz)_izl’vi3 REY

Example 3.1.9. For the path P in Example 3.1.6, the vertex (1,2) is a ['-turn,
(2,2) is a I-turn, and (2, 1) is a I"-turn, so that w(P) = (tl,z)(tz_é)(tz,l). This, of
course, agrees with Example 3.1.6.

Parts (1) and (2) of the next result are Lemmas 3.5 and 3.6 respectively in
[Casteels 2011]. Part (3) is proven similarly.
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Figure 4. The shaded area represents all white vertices greater
than the #-th smallest coordinate (r, s). (This convention will be
repeated in later illustrations.) In this example, P; € Fg)(i 1, J1)
and Pz € Fg)(i3, j3) but Py ¢Fg)(l'2, j2).

Lemma 3.1.10. In a Cauchon graph Gg*", let (a,b) be a white vertex, i and k

row vertices with i <k, and j and £ column vertices with j < £.

() IfP:i — (a.,b)and Q : (a,b) — L are paths in GF*" with only (a,b)
in common, then

w(Q)w(P) ifb=21{,ie., Q has only vertical edges,

g 'w(Q)w(P) otherwise.

(2 If P :(a,b) — j and Q : (a,b) — L are paths in G'g*" with only (a,b)
in common, then

w(P)w(Q) = {

w(Q)w(P) ifb=1{,i.e., Q has only vertical edges,
qw(Q)w(P) otherwise.

B)IfP:i— (a,b)and Q : k — (a,b) are paths in Gl§*" with only (a,b)
in common, then

w(PYw(Q) = {

w(P)w(Q) = quw(Q)w(P).

For the remainder of this section, fix ¢ € [mn] and let (r, s) be the z-th smallest
coordinate.

Notation 3.1.11. For a row vertex i and a column vertex j of GZ*", let Fg)(i, J)
denote the set of all paths P :i — j in Gig*" for which no vertex larger than (7, s)
is a J-turn.

Figure 4 is meant to clarify Notation 3.1.11, and while we have drawn a vertex
(7, s) in this figure, it will not exist if (7, s) € B. The main theorem of this section
is the following:
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Theorem 3.1.12. Let G?X" be a Cauchon graph, let i, k be row vertices withi <k,
and let j,{ be column vertices.

(1) If j < £, then there exists a permutation of Fg)(i, j) X Fg)(i,ﬁ) sending
(P, Q) (P, Q), where

w(P)w(Q) = qw(Q)w(P).

(2) If j = £, then there exists a permutation of F(t)(z Jj)x I’(t)(k J) sending
(P,Q)—~ (P Q) where

w(P)w(Q) = quw(Q)w(P).
(3) If j > L, then there exists a permutation of TP(i, j) x T¥(k, €) sending
(P.Q)+> (P. D), where
w(P)w(Q) = w(Q)w(P).
@) If j <4, then:
@ IfPeTP, j), Qe Tk, £) and PN Q = 2, then

w(P)w(Q) = w(Q)w(P).

(b) There exists a bijection from the subset of F(t)(z J) X I‘(t) (k, £) consisting
of those | (P,Q)with PNQ # D to F (l £) x F (k ]) sending (P, Q)
to (P Q) where

w(P)w(Q) = qw(Q)w(P).

Proof. Part (1): Let (P, Q) € TP (i, j) x TP, £). Since j <€, P and Q have a
last (white) vertex in common, say (a, b). See Figure 5. Therefore, we may write
P = PyUP,, where Py:i — (a,b) and P, : (a b)— j,and Q = Q1 U Q,, where
01: k—)(a b) and 0s:(a,b) > L. Define P = 01U Pz and Q P1U Q5. We
have (P Q) € F (z Jj)x I‘(t)(z £) and that P =P and Q 0, i.e., the map
(P,Q)—~ (P Q) is an involution and so a permutation.

Finally, we apply Lemma 3.1.10 to make our final conclusion as follows. If O,
has only vertical edges, then (using the cited part of the lemma at each line)

w(PYw(Q) = w(Pr)w(P)w(Q1)w(Q2)
L gw(Pw(Q1w(Ps)w(02)
Wgw(Prw(02)w(Q1)w(P2)
— qu(Q)w(P).
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Figure 5. Illustration of Part (1) in the proof of Theorem 3.1.12.
The left figure shows paths P (solid) and Q (dashed). The right
figure shows paths P (solid) and Q (dashed).

°*j ot *J

If Q5 has a horizontal edge, then

w(P)w(Q) = w(Pw(P)w(Q1)w(Q2)

@ q_lqw(Pl)w(Qz)w(Pz)w(Ql)

(lﬁs)qw(Pl)w(Qz)w(Ql)w(PZ)
= qw(Q)w(P).

Part (2): Let (P,Q) € l"g)(i,j) X Fg)(k,j). In this case, P and Q have a
first common vertex, say (a, ). Therefore, we may write P = P; U P, where
P1:i — (a,b)and P, :(a,b) — j,and Q = Q1 U Q», where Q1 : k — (a,b)
and Q5 : (a,b) — £. Define P = Py U Q5 and Q = Q; U P,. We again have
(f;, Q) € I‘g)(z’, j)xl"g)(k, j) and that the map (P, Q) — (P, Q) is a permutation.
The remainder of the proof for Part (2) proceeds as in Part (1) and by using (1) and
(2) of Lemma 3.1.10.

Part (3): Let (P, Q) € Fg)(i, Jj) X F}(;)(k, £), where i <k and j > £. In this case,
P and Q have a first common vertex (a,b) and a last common vertex (a’, b’).
We can write P = Py U P, U P3, where Py :i — (a,b), P : (a,b) — (d’,})
and Pz : (a’,b’) — j. Similarly Q = Q1 U Q2 U Q3, where Q1 : k — (a,b),
0> : (a.b) — (a’,b') and Q3 : (a’,b') — L. Define P = P; U Q5 U P3 and
Q0 =01UPUQs.

We again have (15, Q) € Fg)(i, j)ng)(k, £) and that the map (P, Q) — (P, Q)
is a permutation. To prove the final conclusion concerning the weights relation, we
must consider several possibilities, according to whether or not any of P,, P3 and
Q> consists only of vertical edges, or no edges at all (the other paths here always
have a horizontal edge). Here, we discuss only the case that P», P3 and 05 each
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have a horizontal edge, the other possibilities being dealt with similarly. Before we
begin, we should mention that, strictly speaking, P> and O, do not begin nor end
at a row or column vertex, and so Lemma 3.1.10 does not directly apply. In order
to use the lemma, we identify P, and Q, respectively with the paths obtained by
adding the vertical path from (a’, b’) to b’ and the horizontal path from a to (a, b).
We can do this since in either case these latter paths have the same weight as w(P>)
or w( P3) respectively, by Proposition 3.1.8.
We have

w(P)w(Q) = w(Pw(P2)w(P3)w(Q1)w(Q2)w(Q3)

L qw(P)w(P)w(Q)w(Q2)w(Ps)w(Q3)

D L (PHW(P)W(01)w(02)w(03)w(P3)

L 4 w(PHw(PYW(Q1)w(Q3)w(Q2)w(Ps)

D w(PHw(Q1w(P)w(Q3)w(Q2)w(Ps)

Q1w (Pa)w(PW(Q3)w(Q2)w(Ps),

where each line again uses the respective part of Lemma 3.1.10 and the third line is
applying the cited part to P, and Q1 U Q». That the last line is equal to w(Q)w(P)
is now implied by the fact that w(P;) and w(Q3) commute. Indeed, we have

w(Pw(Q3) = w(P)w(Q2) 'w(Q2)w(Q3)

W qu(Q2) ' w(P)w(Q2)w(Q3)

D w(02) ' w(Q2)w(Q3)w(Pr)

= w(Q3)w(Pr),
where the third line is applying the cited lemma to P3 and Q> U Q3.

Part (4a): Lemma 3.4 in [Casteels 2011] shows that the weight of any edge not
sharing a vertex with QO commutes with w(Q). Since this is the case for all edges
of P we immediately have w(P)w(Q) = w(Q)w(P).

Part (4b): As in Part (1), we let (a, b) be the last common vertex in a nondisjoint
pair of paths (P, Q) € Fgl(i, Jj) x Fg)(k,f). We then “switch” the tails of P
and Q at (a,b) toobtaina P :i — £ and a Q : k — j. The remainder of the proof
is as in Part (1). O

3.2. Thealgebras A g). In this section we introduce for each ¢ € [mn] and Cauchon
diagram B a subalgebra Ag) of Oy ((KK*)™*™). When B = @, we will see that
Ag) ~ R®. Throughout this section we fix ¢ € [mn] and let (r,s) be the ¢-th
smallest coordinate.
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0 0 I = T
BN WG

Figure 6. Two copies of the graph G{2(>i31)} of Example 3.2.2. The

left picture is shaded to assist the definition of A( ) , the right picture
shaded to assist that of A(S)

Definition 3.2.1. We define 4% to be the subalgebra of O, ((I)™*") with the
m X n matrix of generators [x; ;] where, for each coordinate (i, ),

Xi,j = Z w(P).

Pery.j)
When B = @ we write A®) = A9

Example 3.2.2. Consider the 2x3 Cauchon diagram B ={(1, 1)}. Figure 6 presents
two copies of the corresponding Cauchon graph, where we continue our illustrative
convention that no path may contain a J-turn in the shaded region. For each ¢ € [6],
we denote by [x ] the matrix of generators for A( )

The left graph of Figure 6 corresponds to t = 1 In this case, any path from
row vertex 1 to column vertex 1 necessarily contains a JI-turn in the shaded region.
Therefore, Ag) has matrix of generators

(1) @G @
X101 *12 %13 [ 0 1, 11,3]
U] P

One may check that A(l) Ag) = Ag’) = Ag'). For t = 5, the Cauchon graph
is illustrated on the rlght in Figure 6. In this case, there exists a unique path in
Fés)(l, 1), so that the matrix of generators for Ag) is

3 .6 5 _
|: 1,1 *1,2 x1,3i| . [Il,zlzéfz,l 1,2 11,3i|
G .6 G| )
X2,1 %22 X23 12,1 2 123

Finally, one may check that Ag) has matrix of generators

6) _(6) _(6) _ _ _
|: 1,1 *1,2 X1, 3i| |:f1,2f2,ét2,1+11,3lz,§lz,1 I1,2+f1,3I2,§I2,2 t1,3i|

6 (6 (6 t 4 5
X310 Xpn Xp3 2,1 2,2 2,3
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Theorem 3.1.12 implies some commutation relations between the generators of
Ag). Compare the following result with Definition 2.1.3:

Theorem 3.2.3. If X = [x; ;] is the matrix of generators for A(t), and
ab
c d

is any 2 x 2 submatrix of X, then:

(1) ab =gba, cd = qdc,
(2) ac =qca, bd = qdb;

(3) bc =cb;

da if d = x; ¢ and (k,£) > (r,s);
@) ad = g ’

da+(q—q " )bc ifd =xiyand (k,£) < (r,s).

Proof. First note that for any coordinates (i, j) and (i’, j'),

xXijxinj =y, w(P)w(Q)
Pery(i,))
Qery’(i',j")

= > wPw@)+ Y wPwQ). G-1)
P,0 P.0
PNO=o PNO#o

Let
a b . xl-,j xi,g
c d o Xk,j Xkt
be a 2 x 2 submatrix of X.

First, consider x; ; and x; ¢. In this case the first sum in (3-1) is necessarily
empty, since any pair (P, Q) € F](;) (i,j)x Fg)(i , ) has row vertex i in common.
Part (1) of Theorem 3.1.12 shows that for any such pair, there is a unique pair
(P,0)e Fg)(i, j)ng)(i, ¢) such that w(P)w(Q) = gqw(Q)w(P). Hence, (3-1)
implies x; jx; ¢ = qx; ¢x;,; The relations between xi ; and xg ¢; x; j and xg ;;
x;¢ and xg ¢; and x; ; and xi ; are all obtained similarly.

Now consider x; ; and xi ¢. If (r,5) < (k,{), then

r k0 =10 = (k. (k. 0,0},

and any P € Fl(;)(i , j) is disjoint from Q by definition of Fg)(i ,J). Hence
Xi,j Xk ¢ = Xk ¢Xi,j by Part (4a) of Theorem 3.1.12. If (k, ) < (r,s), then by (3-1)
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and Part (4b) of Theorem 3.1.12, we obtain

XijXke=qxiexe;+ Y. w(P)w(Q).
Pery (i, ))
Qery(i.))
PNO=w
Since the weights of disjoint paths commute by Part (4a) of Theorem 3.1.12, it
follows that x; ;xx ¢ — Xk ¢Xi,j = (9 — q_l)xl-’gxk’j. O

The intuition behind these algebras is that one obtains A(t) from A(l_l) by
“allowing more paths”. To be more precise, let [x;, ;] be the matrix of generators for
A(t) and [y;, ;] that for A(t D We have

Xij=yij+ Yy w(P) (3-2)

as elements of O ((I<*)™*"), where the sum is over all paths P :i — j for which
(r,s)isa d-turnin P. Ifi > r, j > s, or (r,s) € B, then no such P exists and

Xij = Vij-

On the other hand, if (r,s) ¢ B and both i <r and j <s, suppose P :i — j is
a path with a I-turn at (r, s). Consider w(P)w(Q), where Q = (r, (r,s),s). As
in the proof of Theorem 3.1.12, we may form paths P:i—sand Q r—
by “switching tails” at (r, s). Since w(P)w(Q) = qw(Q)w(P), multiplying (3-2)
through by y, s = x, s = w(Q) gives

XijXrs = Vi,jVrs + Z W(P)Yr,s = Yi,jVr,s +4VisVr,j-

One may easily check that 7, y = x, ; = y, s generates a left and right Ore set for
A(t) nd A(t D (For x5, this follows from the observation that x;_;x m‘H =xa
for some a € A( ) when xi,j 7 0 and (i, j) is northwest of (r, s).) Hence we have
just proved Parts (1) and (2) of the following result. Part (3) follows from these,
and Part (4) is trivial.

Compare the following theorem with [Cauchon 2003a, Proposition 5.4.2]:

Theorem 3.2.4. (1) If (r,s) & B, then AL™V is a subalgebra of

A(l)[ —1]

rs

where

Xi,j — Xzs(er) xp; ifi<randj <s;
Xi,j otherwise.
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) If (r,5) € B, then Ag) is a subalgebra of

-1 _
AUl

r,s

where

U Vi, j +J7i,s(yr,s)_l)’r,j ifi <randj <s;
b Vi,j otherwise.

3) If (r,5) & B, then A9 [x; 1] = A4~V y; 1.

@) If (r,s) € B, then A% = 447D, O
In view of Theorem 2.2.1, we conclude the following when B = &.

Corollary 3.2.5. For everyt € [mn] we have R® ~ A® where R® are the alge-

bras of Definition 2.1.3, and where the standard generator of R ) with coordinate
(i, j) maps to the generator of AD with coordinate (i, J)

Hence, A ~ Og (™M), Almn) ~ Og (M, (I€)) and both the deleting deriva-
tions and J-stratification theories apply to A® Moreover, we follow the arrow no-
tation introduced in Section 2.2 to distinguish a generator x;_; of Ag) from its image
«— . 4(-1) =1 —1 e — . 4O -1
X;,jin Ap ", and a generator y; ; of Ap~ [y, | fromits image y; j in Ap"[x; ¢].

3.3. H-primes as kernels. Fix t € [mn] and a Cauchon diagram B. Denote the
matrix of generators for A®) by [xi, ;] and the matrix of generators for Ag) by [xiB il

Definition 3.3.1. For ¢ € [mn] and a Cauchon diagram B, let al(; ). 4® Ag) be
defined on the standard generators by

B

Ug)(xi,j) =Xj ;-

Section 3.1 of [Cauchon 2003b] implies the following two results:

Proposition 3.3.2. The map Ug) extends to a well-defined surjective homomorphism.

Theorem 3.3.3. One has
ker(al(;)) € %-Spec(AD).
Moreover, if t > 1,
ker(ag_l ) = ¢ (ker(og))),
where ¢; is as in Theorem 2.2.2.
We conclude this short section with a technical lemma. For M € M, »,(Z>0),

write M = My + M7, where

(M)i;  if G, j) = (. 9);

(Mo)i,; = 0 it (i, j) > (r,s);
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and My = M — My. Now, let Ky =a € ker(og)). Let Jl denote the set of M €
Mo 0 (Z0) for which xM is a lex term of a. Hence, for some apy € K*, we have

0= Y aux¥ = Y axMoxti = (O et )a

Meu Meu Neu 7 Meu
m,n( ) M]=N1

Consider

Gl(;)(a)= Z ( Z aMag)(xMO))ag)(le)=O (3-3)

Neu, VA Me
ma@ " Mt

Let N € My »n(Z). If there is a coordinate (i, j) > (r,s) with both (i, j) € B and
(N)i,j > 1, then xNt e K, since Xi,j =t ;jand ol(;)(x,-,j) =0. Otherwise, x V1 #0,
and the coefficient of Gg)(x N1y must be 0 by Proposition 2.1.9; i.e., we have that

Lemma 3.3.4. With the notation of the preceding two paragraphs, we have that if

a € Ky, then
a=a + Z ayx™M,
N el n(2)

le ¢K[
where in the second summand each ay is in K;, and a’ € K; has the property that
every lex term x* of a’ satisfies xL1 € K, i.e., (L)i,j = 1 for some (i, j) > (r,s)
and (i, j) € B.

4. Generators of (-primes

The goal of this section is the proof of Theorem 4.4.1, where we show that an
#-prime in ¥ - Spec(Oy (M » (IK))) has, as a right ideal, a Grobner basis consisting
of the quantum minors it contains. That these elements also form a Grébner basis
as a left ideal can be shown similarly.

We begin by defining quantum minors in Section 4.1 and recalling Theorem 4.4
in [Casteels 2011], which shows that a g-analogue of Lindstrom’s classic lemma
[1973] holds in the context of Cauchon graphs. We follow this by reviewing the
notions of Grébner bases as applied to the algebras A®), and finally prove the main
result in Section 4.4.

4.1. Quantum minors. Throughout this section, we fix a Cauchon diagram B and
at € [mn]. Set (r,s) to be the -th smallest coordinate and [x; ;] to be the matrix
of generators for A I; .
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Definition 4.1.1. Let / ={i; <ip <---<ig}C[mland J ={j1 < ja <--- < Ji} C
[7] be nonempty subsets of the same cardinality. The quantum minor associated to
I and J is the element of Ag) defined by

[1 | .] 0 _ Z( CI)Z( Xit, oy~ Xiksjok)

oESK

where Sy is the set of permutations of [k] and £(o) is the number of inversions of
o € S, i.e., the number of pairs i,i’ € [k] withi < i’ but o (i) > o (i’).

Remark 4.1.2. The defining expression for [/ | J ]g) is its lexicographic expression.
More precisely, for o € Sg, let Py be the m x n matrix whose submatrix indexed
by (I, J) equals the standard k x k permutation matrix corresponding to o, and
where all other entries of P, are zero. We can then write

[I | J (t) Z( q)e(o) P<T

gESK

We will often write [ | J]® for [I | J ]g). However, for the remainder of this

section, we write [I | J] =[[|J ]g). For the remainder of this paper we shorten
“quantum minor” to just “minor”.

Definition 4.1.3. For I ={i; <ip <---<ip}C[mland J ={j1 < jo <--- < ji} C
[1], each (ig, jg) is called a diagonal coordinate of [I | J]. Moreover, (i, ji) is
the maximum coordinate of [I | J].

As elements of O ((IK*)™*™), each minor whose maximum coordinate is at most
(r, s) reduces to a particularly nice form via a g-analogue of Lindstrém’s lemma.
To explain, we first need to set some notation. At this point, the reader may wish to
recall some of the notation defined in Section 3.1.

Definition 4.1.4. Let I = {iy,...,i} S [m]and J = {j1...., jr} C [n] be such
that |7|=|J| =

(1) A vertex-disjoint path system from the row vertices I to the column ver-
tices J in G§*" is a set of k mutually disjoint paths (Py,..., Px) where
P, e F(t)(zr, Jjr) for each r € [k]. We write

Fl(;)(l | J) = {all vertex-disjoint path systems from 7 to J in G§*"}.
Q) P =(Py,..., P) e TP(1 | J), then the weight of P is the product

w(®@) = w(PYw(P2) -+ w(Px) € Og ((KK)™).
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Figure 7. A Cauchon graph.

1 2 3 4

Notation 4.1.5. If we wish to explicitly write out the elements of 7 and J in either
[1]J]or I‘g)(l | J), we will omit the braces. For example, we write
U= i e =i L il

Example 4.1.6. For the Cauchon graph shown in Figure 7, the path system % =
(P1, P2, P3), where

Py =(1.(1,3).(1,2),(2,2). (4.2), (4, 1), 1),

P> =1(2,(2.3),(3,3),(4,3),3),

Py =(4,(4.4).4),
is a vertex-disjoint path system in I‘ém)(l, 2,3]1,3,4). In fact, it is the unique
such vertex-disjoint path system, and

w(P) = (11,24 314,1)(12,3)(3,4).-

The reader may verify that the set Fl(;w)(l ,211,2) is empty.
The following is the g-analogue of a special case of Lindstrom’s lemma:

Theorem 4.1.7 [Casteels 2011, Theorem 4.4]. If[I | J]| has maximum coordinate
at most (r, s), then, as an element of Oy ((IKK*)™*"),

1= > w®). O
PeTP(11J)

The proof in [Casteels 2011] deals with the case ¢ = mn and uses a technique sim-
ilar to the “tail-switching” method of Theorem 3.1.12. The same proof is valid here
due to the assumption that the maximum coordinate of the minor is at most (7, s).
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Example 4.1.8. In the Cauchon graph of Figure 7, say with + = 16, there is
no vertex-disjoint path system from {1, 2} to {1,2}. Theorem 4.1.7 tells us that
[1,2]1,2] = 0. This may be verified directly:
[1,2]1,2] = x1,1X2,2 —qX1,2%2,1
= (204 5041 + 11,305 302 204 3141 + 11,305 314,1) (12,2 + 12,314 314.2)
—q(t12 + 11,385 311,315 314.2) (12,204 btay + 12,315 314,1)
=0.
Similarly, it may be checked that

[1.2,3]1,3,4] = x1,1X2,3X3,4 — gX1,1X2,4X3,3 — §X1,3X2,1X3,4 — ¢~ X1,4X2,3X3,1
+ 612X1,3X2,4X3,1 + 6]2X1,4X2,1X3,3
= w(P)w(P2)w(P3)
= (1,204 514,1)(12,3) (13,4).

where Pp, P, and Pj are as in Example 4.1.6.

Before moving on, a quick application of Theorem 4.1.7 is worth mentioning:
the well-known fact that in Oy (M, (IK)) the quantum determinant

Dy=[1,2....n|1,2,...,n]

is central. Indeed, it is easy to see that there is exactly one vertex-disjoint path
system from [n] to [1#] in GL*", namely ? = (Py, ..., Py), where P; = (i, (i,7),1i)
for each i € [n]. Hence,

Dg=t12p thn.

Centrality of Dy follows from the observation that the right-hand side commutes
with every generator tl.ﬂfjl of Og ((IX)™*™).

The next result was given as Theorem 4.5 in [Casteels 2011], but under the
additional assumption that ¢ is transcendental over (2. We here provide a proof for
when ¢ is a nonzero non-root of unity.

Theorem 4.1.9. A quantum minor [I | J] with maximum coordinate at most (r, s)
equals zero if and only if there does not exist a vertex-disjoint path system from
LioJ;ie.,ifandonly if TY(11J) = @.

Proof. 1t TP (1 | J) = @, then Theorem 4.1.7 implies that [7 | J] = 0.
Now suppose Fl(;)(l | J) # @, i.e., there is at least one vertex-disjoint path
system from I to J. The weight of a vertex-disjoint path system % is equal to
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q%tMo ¢ 04 ((I*)™*™) for some integer o, where

1  if there is a path in % with a ["-turn at (i, j);
(Mgp)i,; = y—1 if there is a path in % with a I-turn at (i, j);
0 otherwise.

Therefore, if for any distinct #,2 € l"g)(l | J) one has My # M, then, by
Theorem 4.1.7 and Proposition 2.1.9, we may conclude that [/ | J] # 0.

Suppose ? = (Py,..., Pr)and 9 = (Q1,..., Q) are two vertex-disjoint path
systems from [ to J and that My = My, i.e., a path in % has a I'-turn or a -turn
at (i, j) if and only if a path in Q does. We aim to show that % = 9. First, consider
the paths Py and Q. Let (i, {) be the first vertex where Py turns and (i, ¢’)
the first vertex where Qy turns. If £ > £/, then Qy goes straight through (ix, ).
However, since 2 contains some path Q that turns at (7, £), this implies (since B
is a Cauchon diagram) that Q and Q} intersect, contradicting the choice of 2 as
a vertex-disjoint path system. The symmetric case shows that £ £ £ and hence
¢ ={'. A similar argument can then be applied to the remainder of the turning
vertices (if any) in Py and Qj, from which we conclude that Py = Q. Repeating
the argument with Pr_; and Qj_1, etc., we see that P = 9, as desired. O

Recall the map og) (AW Ag) of Section 3.3.

Corollary 4.1.10. A quantum minor [I | J]® € A® with maximum coordinate at
most (r, s) is in ker(ol(;)) if and only if there does not exist a vertex-disjoint path
system from I to J in Glg™", i.e., Fg)(l |J)=@. O

We conclude this section by showing how one may construct new vertex-disjoint
path systems from / to J from old ones. First, suppose i is a row vertex and j
is a column vertex in G%*", and consider two paths P :i — j and Q :i — j.
Let (i = vg,...,vx = j) be the subsequence of all vertices that P and Q have
in common. For each a € [k], let P, and Q, denote the subpaths of P and Q,
respectively, starting at v,—; and ending at vg. If P, # Qg, then the first edge of
P, is perpendicular to the first edge of Q. If the first edge of P, is horizontal, let
us say that P, is above Q,, otherwise P, is below Q,. Now consider the paths

P, if Py = Qg;
U, =4 P,; if P,isabove Qg;
Q. if Qg is above Pg;
and
Pq if Py = Qa;
L,=4P, if P,isbelow Qg;
Q, if Q4 is below P,.
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o Vg =]

Figure 8. P is the solid path; Q is the dashed path; U(P, Q) is
the shadowed path.

Definition 4.1.11. With notation as in the preceding paragraph, we let U(P, Q) :
i — j be the path
UP,Q)=U,UlUU---UUy

and L(P, Q):i — j the path
L(P,Q)=L1ULyU---ULy.

Example 4.1.12. With respect to Figure 8, U is the solid path from i = vg to vy,
U, is the dashed path from v; to vy, Us is the solid path from v, to v3, etc. On
the other hand, L is the solid path from i = vg to vy, L, is the solid path from
v1 to vp, L3 is the solid path from v, to vs, etc.

The following lemma states the key property of U(P, Q) that we require:

Lemma 4.1.13. For a row vertex i and column vertex j in Gi§™", consider two
paths P i — j and Q :i — j. Suppose that R : i’ — j' is a path withi’ > i. If R
is disjoint from either P or Q, then R is disjoint from U(P, Q).

Proof. With respect to P and Q, we use the notation of the paragraph just prior to
Example 4.1.12. Without loss of generality, suppose P and R are disjoint.

If R and U(P, Q) have a vertex w in common, then w € Q and there exists an a
such that w is in the subpath Q, of Q. Since w € U(P, Q), we have U, = Q, for
this a and so Q, is above P,. On the other hand, since i’ > i, R must intersect the
Jordan curve formed by P, and Q. Since G’#*" is planar, the intersection occurs

at a vertex of P, a contradiction. O
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Corollary 4.1.14. Leti < i’ be two row vertices and j < j' two column vertices in
GE*". Suppose P :i — j and P’ :i' — j' are disjoint paths and Q :i — j and
Q' i’ — j’' are disjoint paths. Then U(P, Q) and U(P’, Q') are disjoint.

Proof. By two applications of Lemma 4.1.13, U(P, Q) is disjoint from both P’
and Q’. Since U(P’, Q') consists only of subpaths coming from either P’ or Q’,
we have that U(P, Q) and U(P’, Q') are disjoint as well. O

Repeated application of Corollary 4.1.14 immediately gives the following result.
Corollary 4.1.15. Let P = (Py,..., Py) and 2 =(Q1,..., Q) be vertex-disjoint
path systems from I to J. Then

U#.2) = (U(P1, Q1) ... U(Pg, Qk))

is a vertex-disjoint path system from I to J. O

Now, if F( )(1 | J) is nonempty, then repeated application of Corollary 4.1.15
to the ﬁnltely many path systems in F( (I | J) shows that the next definition
is sensible.

Definition 4.1.16. If Fl(;)(l | J) # @, then the supremum of Fg)(l | J) is the

(unique) vertex-disjoint path system (Q1,..., Q) € I‘g)(l | J) such that for any
P=(P1,...,Pr) € Fg)(l | J) one has, for each i € [k],
U(Qi, Pi) = Qi.

For L(P, Q), itis clear that results similar to Lemma 4.1.13, Corollary 4.1.14
and Corollary 4.1.15 hold. We omit their explicit statements here, but note that the
next definition is also sensible.

Definition 4.1.17. If T (1 | J) # @, then the infimum of TS(I | J) is the
(unique) vertex-disjoint path system (Q1,..., Q) € I‘(t)(l | J) such that for any
P=(P1,...,Pr) € F(t)(l | J) one has, for each i € [k],

L(Q;,Pi) = 0;.

Example 4.1.18. Once again, consider the Cauchon graph shown in Figure 7. The
supremum of Fl(;G)(l, 3|1, 3) is the path system (Ql, Qz), where

01 =(1.(1,3),(1,2). (2,2). (4,2). (4, 1), 1),
02 =(3.(3.4).(3.3).(4.3).3),
while the infimum of Fém)(l, 3|1, 3) is the path system (Q1, Q2), where

01=(1.(1,3),(2,3),(2,2),(4,2),(4,1),1),
02=1(3.(3.4).(4,4),(4.3).3).
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4.2. Grobner bases. Grobner basis theory is well known in commutative algebra,
and fortunately many of its key aspects transfer easily to quantum matrices and the
algebras R®W ~ A®_ For a more general and detailed account of Grobner basis
theory for noncommutative algebras, we refer the reader to the book of Bueso,
Gomez-Torrecillas and Verschoren [Bueso et al. 2003].

Throughout this section, we fix ¢ € [mn], let (r, s) be the ¢-th smallest coordinate,
and denote the matrix of generators of A® by [xi,;]. We now define a total order
of the lexicographic monomials in AD,

Definition 4.2.1. The matrix lexicographic order < on My, ,(Z) is defined as
follows. If M # N € My n(Z), let (k,£) be the least coordinate in which M and
N differ. Then we set

M <N (M)k,g < (N)k,g

and say that “M < N at (k,£)”.
If M < N are both in /M, , (Z>0), then the matrix lexicographic order induces a
total order (that we also call matrix lexicographic) on the lexicographic monomials

of A®, by setting

M o xN — M <N.

By allowing the (r, s)-entry in M and N to be negative, this terminology extends
to a total order on the lexicographic monomials of A¢ )[xr_’ 1.

For example, under the matrix lexicographic order, we have
Xi,j < Xi = (i, ]) > (k. 0).
If (i, j), (k,£) <(r,s),and (i, j) is northwest of (k, £), then we have the relation
XpeXij = Xij Xk — (4 —q 7 )xiexe, ;-
On the other hand, we also have
Xj 0 Xk, j < Xi,j Xk

Essentially by repeated application of these facts and the other relations amongst
the standard generators, we obtain the following, which is a special case of the
more general Proposition 2.4 in [Bueso et al. 2003]:

Proposition 4.2.2. For M, N € My n(Z>0), the lexicographic expression of x My N
is
AMN = qag AN 3™ g oL

LeMm n(Z=0)

for some integer a and where for every oy, # 0 one has L < M + N. O
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Definition 4.2.3. Let M, N € My, (Z>0). We say that x™ divides xV if
(M);,j <(N);,j forall (i,)) € [m]x][n].

Using this terminology, we will use Proposition 4.2.2 in the following way:

Corollary 4.2.4. Let M, N € My n(Zso). If x™ divides xN , then there exists an
integer o, matrices L < N, and scalars oy, € IK* such that

xN=q“xMxN_M+Zo¢LxL. a

Remark 4.2.5. Proposition 4.2.2, Definition 4.2.3 and Corollary 4.2.4 extend to
Al )[xr_’ 11 by allowing the (r, s)-entry in each matrix to be negative.

Definition 4.2.6. Let a € A®) with lexicographic expression
a= Z arxt.
L

The leading term of a is the maximum lex term of a with respect to the matrix
lexicographic order. We denote the leading term of a by £ (a).

We are now ready to give the definition of a Grobner basis for a right ideal.

Definition 4.2.7. Let J be a right ideal of A®, and let

G={g1.82,.... 8k} C J.

We say that G is a Grobner basis for J if for every a € J there existsa g; € G
such that £¢(g;) divides £¢(a).

If one has a Grobner basis {g1, g2, ..., gk} for a right ideal J, then one may
find an expression for any ¢ € J as a combination of the g; recursively. If £¢(a) is
divided by £¢(g;), then by Corollary 4.2.4 we may write

a=gia +b,

where £¢(b) < £t(a). Since b € J, we can repeat the process if b # 0. As there
are only finitely many lexicographic terms smaller than £¢(a), this will end after
finitely many steps. Thus, the elements of the Grobner basis generate J .

We will eventually deal with quantum minors, and in this context require the
following, more refined version of Corollary 4.2.4.

Lemma 4.2.8. Let [I | J]® € AD be a minor with maximum coordinate (ix, ji).
Recalling Remark 4.1.2, if we write

(11710 = 3" (=" x",

g€eSk
then:
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(1) One has £t([I | J]®) = x P4, where id is the identity permutation.
Q) If xPis divides x™ for some M € My n(Z0), then

xM = g1 | J)OxM Py 4-1)

for some integer o and w € AD, where if £t(w) = xX, then K < M at a
coordinate northwest of (i, ji)-

The first part of Lemma 4.2.8 is a trivial observation. The justification for the
second part is fairly technical, but its heart is the following auxiliary lemma. For this
lemma we set Ej ¢ to be the m xn matrix with 1 in coordinate (k, £) and 0 elsewhere.

Lemma 4.2.9. If (i, j) € [m] x [n] and x™ € A® is such that all entries of M in
coordinates larger than (a, b) are zero, then we may write

xMxi,j = q“x,-,ij +w,

where o € Z and if w # 0 and xX is a lex term of w, then M and K are equal in
all entries northeast of (i, j). Moreover, if {t(w) = xL, then L < M + Eijata
coordinate northwest of (i, j)

Proof. We proceed by induction on j, starting with the easy observation that for
Jj =1, x;;and xM 4*_commute.

Now, fix j > 1. Consider the process of commuting x; ; to the left of xM and
define step (a, b) to be the point in this process just before we commute x; ; past
xt(zjz)“’b. For a given (a, b), let My € My, »(Z>0) be equal to M in all entries with
coordinate less than (a, b), and let My = M — My. Suppose we are at step (a, b)
and we have an expression of the form

M
My = q“xMOxtg b)“"’x,-,‘,-xM1 +w,
where o € Z and w € A is such that £¢(w) < M + E; ;,and if w # 0 and xKis
a lex term of w, then M and K are equal in all entries northeast of (i, j). We claim
that there is such an expression for step (a, b)~. Note that, once proven, repeated
applications of this claim proves the inductive step, and hence the lemma.
If x, 5 and x; ; ¢*-commute, then the claim is trivial, so suppose x, pX;,; =
Xi,jXqp+(q— q_l)x,-,bxa,j. Thus b < j and, as is easily shown by induction on
(M), p, there is a ¢ € [ such that

x(M)a,b (M)a,b X(M)a,b_lx

ab | Xij =XijXg T XX, a,j-
From this, we obtain
o.My (M)a.b WM _ a My . . (M)a,b M,
g XTUX, XX W =T XX X X

M)qp—1
+cq°‘xM°x,~’bx[(l b)”'b xg, jx M L.
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Notice that the claim is established if we can show that any lex term xX of
xMoxi,bx‘(l{Z)“‘b_lxa,ijl is such that K equals M northeast of (i, j).

As Mj is zero in all entries with coordinates less than (a, b), thereisa f € Z
with x{¥a.r=1, ;M = qPxMi, where M| = My + ((M)ap—1)Eqp + Ea, ;.
Since b < j, we apply the induction hypothesis for b to obtain

xi,be{ = qyxM{JrEi‘b —w',
for some integer y and w’ € A®, where any lex term xK of w’ is such that
K’ < M{ and K’ equals M/ in all entries northeast of (i, b), and so in particular
northeast of (i, j). Moreover, since K’ < M7, we know that K’ can only be zero
in all entries with coordinate less than (a, b). For this reason, x Mox K" = yMo+K’
where Mo + K’ is equal to M in all entries northeast of (i, j). As M{ + E;
also equals M in all entries northeast of (i, j), we have established the claimed
expression at step (a,b)”.

Finally, from the above procedure we also get L < M + E; ;, where £t (w) = xL.
Furthermore, since the commutation relations are homogeneous with respect to the
grading introduced at the end of Section 2.1, we in fact have that L < M + E; ; at

a coordinate northwest of (i, j). O

Lemma 4.2.9 roughly says that as we commute x;_; to the left of xM and find the
lexicographic expression of any new terms, one never needs to “create or destroy”
any generator with coordinate northeast of (i, j).

Proof of Lemma 4.2.8, Part (2). By applying Lemma 4.2.9 to the generators corre-
sponding to x P4 in x™ | we find that there is an integer & and a w € A®) such that
xM — quxPidxM—Pid + w/’
where w’ € A® and if £¢(w’) = xX, then K < M at a coordinate northwest of

(ix.» Jx). On the other hand, notice that if o € S with ¢ # id, then

ngM—Pi M_Pid+PU +w//

X d=x

where x M —PiatPo is the leading term of the right side and M — Py + Py < M at
a coordinate northwest of (ix, ji). Our desired equation

M =g | J)OxM—Pa gy,

follows for some integer & and w € A®, where, if £1(w) = xX, then K < M at
a coordinate northwest of (ix, ji). O

4.3. Adding derivations and lexicographic expressions. Throughout this section,
we fix t € [mn],t # 1 and let (r, 5) be the ¢-th smallest coordinate. Let [x; ;] be
the matrix of generators for A® and [vi,;] the matrix of generators for A=,
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The proof of the main theorem requires a somewhat detailed understanding of
the effect of the adding derivations map on the lexicographic expressions of an
element a € A® and its image @ e AW . sl] This short section provides this

information.

Recall from Section 2.2 that the adding derivations map is the homomorphism

<. 40 _)A(t—l)[yr—’sl]
defined on the standard generators by

o %yi,j + Yi,sVrs Vr,j if (i, ) is northwest of (r, 5);
l’.] -

Vi,j otherwise;
or, equivalently, by

— {yi,j —I—qyi,syr,jyr_ysl if (i, j) is northwest of (r, 5);
1] —

Vi,j otherwise.

Let x™ € A® and write

M _ L.
X =X, 1 Xin, ot Xip,jps

where for each k € [p — 1], (ix, jx) < (ix+1, jx+1)- Let D be the set of all k such

that (i, jz) is northwest of (r,s). Then we may write

< C C C
M _ ICl $——% — —
X = E q4  Xiy,j1Xiz,jo " Xip,jp>

Cc9

where, for C C 9%,

-1 .
<L Yie,sVrjxVrs ik €C;
ik jx =

Yik, ji ifkgC.

Lemma 4.3.1. With notation as in the preceding discussion, let z € AT D[y

a summand on the right side of (4-2), so that for some C C D,

C C C
zZ= xilajlxiZ’jz e xlp

5jp *
Then in the lexicographic expression of z, written as
L
2= )L ey
LceMm n(2)
where ar . € K*, the following hold:

(1) Foreach Lc,
(LC)r,s = (M)r,s - |C|

(4-2)

rsl be
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(2) If C # @, then for every Lc, we have Lc < M at the least (iy, ji) for which
keC.

(3) Foreach L¢ and for eachi € [m]\r,
(Lc)is=M)is+ ke C|ix=i}]
@) If (i, j) is northwest of (r, s) and if
(Le)ij > (M)ij — Itk € C | (ik. ji) = (. j)},
then there is a coordinate (i, j') with 1 < j' < j such that
(Lc)iyjr < (M)ijr— Itk € C | Gk, jx) = (i, j)}.

(5) For each L, the entries in coordinates not north, west or northwest of (r, s)
are equal to the corresponding entries in M.

Proof. First, let us split the summand z by row indices, i.e., write

C C C C C C
zZ= ('xl’jl.lxlaj].z ..'xlajl.ﬁl)..'(xm’jm.l'xm’jl,z “.xmajLI)m)’
where, for each i € [m], the generators appearing in the monomial

C C C
xi!ji,l xiyji,Z Tt xi:ji,ﬁl'

have indices
(a,b) e, j)|j €myUirj)|Jj €lsl}

Moreover, if y, ; appears with j # s, then y, ; is to the right of any y; ;» with
J' < j. In other words, such a y, ; ¢*-commutes with every generator appearing
to its right. Also, in A¢~1, we have that Vr,s actually g*-commutes with every
generator of A= Thus Yr. Sl q*-commutes with every generator in AC-D r. sl]
and we may write

C C C
_ o M; R;. —
xi,ji,l'xi?ji,Z ..'xiaji.pl =qy ly lyrssﬂ’

where o € Z, B is the number of occurrences of y, sl in the left monomial, M; €
My n(Z>0) is the matrix defined by

0 ifa #1i;
(M) p = (M)ip—Rk € C| (g, jx) =0, D)}| ifa=iandl=<b<s;
Pab = Y (Mg + [k eC g =i}l ifa=iandb=s;
(M)i,b if s <b <n,

and R; is a matrix whose nonzero entries appear only in coordinates between (r, 1)
and (r,s —1).
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It follows that we may write

M, erfl ery;;lvclyL (4-3)

z=g¥yMyRiyMyRo ..y
for some a’ € Z, where the entries of R, equal those of M at coordinates between
(r,1) and (r, s — 1) and are zero elsewhere, and where entries of L equal those of
M at all coordinates greater than (r, s).
Next, let y, ; be a generator with 1 < j <, and consider y; ; yMi for some
1 <i <r. Recall that, for j/ < j, we have the relation

Vi Yisj = Vi Vrj —(@—q )i jyrj-

Repeated application of this relation implies that

. . 4 14
yr,ijl — yszr’j +Za£yM, yR ,
L

for nonzero scalars oy and where:

(1) Every Mf € My 0 (Z>0) satisfies Ml-e < M, and the entries of each Mf differ
from those in M; only between coordinates (i, 1) and (i, s — 1);

(2) Each Rt € M n(Z>0) has nonzero entries only between coordinates (r, 1)
and (r,s — 1).

In particular, when finding the lexicographic expression of the monomial z written in
the form of (4-3), we never create or destroy any of the generators y; , yrffsl, nor any
generator with coordinates not north, west or northwest. Parts (1), (3) and (5) of the
lemma follow. It also follows that for every L¢ and i € [r — 1], if the entries in L¢

and M with coordinates between (7, 1) and (i, s — 1) differ, then the first different en-
try is smaller in L. This implies Part (4). Finally, Part (2) comes from the fact that
each term in the lexicographic expression of z must start with y;, ==+ Vi, |, jey

since no subsequent relation produces a generator y, , with (a,b) < (ig, jx). O

Corollary 4.3.2. Ifa € AD and Lt(a) = x™ , then £t (@) = yM.

Proof. If C # @, then each term y ¢ in the resulting lexicographic expression
satisfies y£C < yM by Part (2) of Lemma 4.3.1. On the other hand,

M %) j% %)
YU = Xi i Xin, g Xip,jp - O

4.4. Generators of ¥-primes. We come to the main theorem of this paper. It is
fairly straightforward to modify the proof and some of the above definitions to
obtain the analogous result for left ideals. We remind the reader that the terms and
notation used in the following proof can be found in the List of terms and notation.
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Theorem 4.4.1. Fix the following data: a Cauchon diagram B;t € [mn]; (r, s) the
t-th smallest coordinate; [x; ;] the matrix of generators for AD: and the sequence
of #-primes (K1, ..., Kyn) where

K; = ker(ag)).

Let G¢ be the set of all x; j with (i, j) > (r,s) and (i, j) € B, together with all
quantum minors in K; whose maximum coordinate is at most (r,s). Then G; is a
Grobner basis for K; as a right ideal.

Proof. First, note that B = & if and only if K1 = (0). On the other hand, in view
of Theorem 2.2.1, we have K; = (0) for some ¢ € [mn] if and only if K; = (0) for
every ¢ € [mn]. Since the empty set generates (0), we are done in the case B = @.
From now on, we suppose B # & and proceed by induction on 7.
If t = 1, then the only minor in A = Og4 (K™*") whose maximum coordinate
is (1,1) is
[ =y

Since #1,1 € Kj if and only if (1,1) € B, we see that G is precisely the set
of generators #; ; with (i, j) € B. On the other hand, these #; ; generate K1 by
Theorem 2.3.4 and so Proposition 2.1.9 implies G is indeed a Grobner basis.

So now suppose ¢ # 1 and that G;_; is a Grobner basis for K;_. Let [y;, ;] be
the matrix of generators for A= There are two cases to consider, according to
whether or not (r, s) € B.

If (r,s) € B, then, as elements of Oy ((I<*)™>™), we have for each coordinate
(i, j) that

op (xij) =og i),
Therefore,

a= ZozLxL e K;
L

if and only if
a = ZaLyL € K.
L

Hence, if y™ divides £ (a’), then x™ divides £1(a).

Now, the previous paragraph also implies that if [ | J]¢~D e K;_; with max-
imum coordinate at most (r, )™, then [/ | J]®) € K; with maximum coordinate
strictly less than (r, s), so that [I | J]®) € G;. Also, if (i, j) > (r,s) is such that
(i,]) € B, then x; ; € K,. Finally, since (r, s) € B,

[r |s](t) = X5 € K;.
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It now follows that since G;—_1 is a Grobner basis for K;_;, G; is a Grobner basis®
for K;.

Now assume (r,s) € B, i.e., X,y ¢ K;, and that G, is a Grobner basis for
K;_1. In the following we aim to verify that G, satisfies Definition 4.2.7 for K;,
but this requires some effort. The strategy we employ is as follows. Suppose a
nonzero a € K, is chosen such that £7(a) = x™ is not divisible by the leading
term of a member of G;. Using the full power of the paths viewpoint developed
above, we deduce in Claims 1 and 2 some structural properties of M. Using the
information so obtained, we then find a term y V¢ € A®=1 that is not divisible by
the leading term of any member of G;—; (Claim 3) yet is the leading term of an
element of K;_1 (Claims 4 and 5). Of course, these opposing properties contradict
the induction hypothesis.

Fix a nonzero, monic a € K; with lexicographic expression

a=xM —i—ZaLxL,
L

where £t(a) = x™ . Furthermore, we may assume that a is homogeneous with
respect to the grading introduced at the end of Section 2.1, i.e., that for each i € [m],
the i-th row sum of every L and M are equal, and for every j € [n], the j-th
column sum of M and every L are equal.

If there exists an (i, j) € B with (i, j) > (r,s) and (M); ; > 1, then x; ; € G,
divides £t (a), and we are done. So we may assume no such (i, j) exists. In fact by
Lemma 3.3.4 we may further assume that M and every L have the same values in
each coordinate (i, j) > (7, s), and, without loss of generality, that these entries are
all zero, i.e., (M); ; =0=(L);,; forall (i, j) > (r,s).

Since (r, s) € B, we have

% _
Ki = Ki—1[x;31n 4D,
and so there exists a b € K;_1 and a nonnegative integer & with

—_ _h
a=bx.g.

Then b = <a_y£”s, and, by Corollary 4.3.2,
t)=yMyls.

We henceforth call a minor in G;—; whose leading term divides £¢(b) critical.
Note that since the maximum coordinate of a critical minor is at most (r, s), its
leading term actually divides y™ . By induction, there exists at least one critical

51n general we have actually shown that a subset of G; is a Grobner basis for K, but nothing is
lost by adding the extra minors in K; with maximum coordinates equal to (r, s).
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minor. Now, if [/ | J]¢~V is critical and [I | J]®) € K, then, since the maximum
coordinate of [I | J]® is strictly less than (r,s), we have found an element of G,
whose leading term divides £¢(a), and we are done. From now on, we assume that
if [ J1%=Y is critical, then [I | J]® & K;.

Claim 1. If [T | J]™Y is critical, where I = (i1 < iy < --- < ig) and J =
(J1 < j2 <-+- < Jr), then we may assume the following:

(1) The set Fg)(l | J) is nonempty and every vertex-disjoint path system in it
contains a path with a I-turn at (r, s).

(2) If (igs, jx’) is the largest diagonal coordinate northwest of (r, s), then

[i1seeoir | J1aeens jir]€0

is critical.

(3) If (ig, jr) is northwest of (r,s), then for every (i, j) with i, <i <r and
Jk <Jj =s,onehas (M);; =0.

Proof of Claim 1. Part (1): This is simply restating the assumption preceding the
. . . . e . (t—1) .
claim, since otherwise there is a vertex-disjoint path system in 'y~ ' (1 | J), i.e.,

111D ¢ K,y

Part (2): By Part (1), there exists a J-turn at (r,s) in any vertex-disjoint path
system in Fg)(l | J). Hence r & I (in particular, i <r), s € J and at least (i1, j1)
is northwest of (r, s). Therefore (ix, ji) is either northwest or northeast of (7, s).

If (i, jr) is northwest of (r, 5), then there is nothing to prove, so suppose (ix, ji)
is northeast of (r,s). If [I \ i | J \ jx]®V € K;_1, then replace [1 | J]¢~V with
[T \ig|J\ jx]® D and restart this argument. So assume that (i, ji) is northeast
of (r,s) and [I \ix | J \ jx]®V & K,_1, i.e, there exists a vertex-disjoint path
system

P =(Pr,.... ) € Ty V(Ui [T\ o)
Let
9=(Q1,...,00) TP | ).

From Part (1), there exists a Qg : iy, — jo containing (r, s) as a JI-turn. Clearly,
we must have o = k', and k" # k since (ig, ji) is northeast of (r,s). Recalling
Corollary 4.1.15, consider the vertex-disjoint path system

G=U@,9\ 0r) e TS ™VUN\ir | I\ ja)-

See Figure 9. Since P/ does not contain a J-turn at (7, s), the path U(Py/, Q)
does not contain a I-turn at (7, s). Moreover, by Corollary 4.1.14, 9 is disjoint from
Q. Hence, R U Qy is a vertex-disjoint path system in the empty set Fg_l)(l | J),
an impossibility.
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|- @ lk

: —--4
| r &)
i' . : -/

i e e J—1 % ik

Figure 9. Illustration of the idea used to prove Part (2) of Claim 1.
The dashed paths represent 9 € F(t)(l | J). The solid paths rep-
resent P € F(t 1)(I \ix | J \ jr). The shaded paths represent

U@,2\ Qk)

Part(3): If (i, j) = (r s)and (M), s>1,then [/ Ur | J Us]® is a minor whose lead-
ing term divides x™ with maximum coordinate (r, s). The only path in F( )(r s)
is (r, (1, ), s). Hence, if I’(t)(l Ur|J Us) is nonempty, then any path system in
this set would have a subpath system from / to J not using (r, s). But this is a
vertex-disjoint path system in the empty set Fg_l)(l | J), an impossibility. Thus,
[IUr]|JUs]® e G; with leading term dividing x™ = £1(a), and there is nothing
left to prove. So we may assume (M), = 0.

If (i, j) # (r,s) but (M);,; > 1, then the leading term of [/ Ui |J U j]¢—D
diVides M Since [I|J]%~V e K,_1, there is no vertex- dlSJOlnt ;))ath system in
1"( ({1 | J) and so certainly no vertex-disjoint path system in F (Ui |JUj).
Thus [7Ui|JU;j]®D is critical and so there exists a & € F( (I Ui|JUj). By
Part (1) and vertex-disjointness, the path P :i — j € P is necessarlly the path with
a J- turn at (r,s). But then @ \ { P} is a vertex-disjoint path system in the empty
set F (I | J), an impossibility. This completes the proof of Claim 1. d

We now say that a coordinate (i, j) is critical if (i, j) is northwest of (r, s) and
there exists a critical minor with (7, j) as its maximum coordinate.

Claim 2. If (i, j) is critical, then every (i, j') for j < j' <s with (M); j» > 1is
critical, and every (i', j) fori <i’ <r with (M), ; > 1 is critical.



1896 Karel Casteels

Figure 10. Illustration of the idea used in proving Claim 2. In the
notation of that proof, the dashed line represents Q and the solid
line represents P. The other vertices and partial paths represent

P\ P =9\0.

Proof of Claim 2 . Suppose [I | J]¥~1 is a critical minor whose maximum coordi-
nate is (i, j). Notice that the leading term of

[7]J\ju,;¢D

divides y™ and its maximum coordinate is (i, j’), so it remains to show that this
minor is in K;_1.

Since [1 | J]¥~V) is critical, we may consider the supremum % € Fl(;)(l | J) # 2,
which, by Part (1) of Claim 1, contains a path P :i — j with a d-turn at (7, s).
Notice that P must have a horizontal subpath from (7, s) to (r, j), followed by a
['-turn at (7, j), and then vertically down to the column vertex j. In particular,
(r, j) is a white vertex. See Figure 10.

Suppose that [I | J \ j U j'1%~D & K,_1, i.e., there exists a vertex-disjoint path
system 2 from 7 to J\ j U’ in Fg_l)(l | J\jUJ’). Therefore, the path Q :i — j’
in 9 does not use vertex (r, s). By considering the appropriate supremums, we may
assume without loss of generality that 2\ Q = P\ P. Now, since j' > j, O must
intersect P in order to end at j'. Since Q cannot have a I-turn at a (r, s) or any larger
vertex, the Cauchon condition implies that (r, j’) is a white vertex. On the other
hand, %\ P is disjoint from both Q and P. If we let R be the path starting at i, equal
to Q up to (r, j'), and then equal to P until the column vertex j, then R is a path
from i to j that does not contain (r, s). Now (?\ P)UR is a vertex-disjoint path sys-
tem in Fl(;_l)(l | J), a contradiction. That a coordinate (i’, j) with i <i’ < r with
(M);r,j > 1is critical is proven similarly. This completes the proof of Claim 2. [
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Figure 11. Structure of M : The bullet represents coordinate (7, 5).
All critical coordinates lie in the striped region. All entries in the
two regions shaded solid gray are 0.

To summarize the discussion so far, we have shown that it suffices to assume the
following:

o If[7 | J]¥~V is a critical minor, then Fg)(l | J) # @ and every vertex-disjoint
path system contains a path with a J-turn at (7, s) (by Part (1) of Claim 1).
¢ Every critical minor contains a critical coordinate (by Part (2) of Claim 1).

e For each critical coordinate (i, j), there is a critical minor whose maximum
coordinate is (i, j) (by definition).

* For each critical coordinate (i, j) (of which there exists at least one), (M ) ¢ =
Oforalli <k <rand j <{ <s (by Part (3) of Claim 1). In particular, no
critical coordinate is northwest of another critical coordinate and so any critical
minor contains a unique critical coordinate. See Figure 11.

e If (i, j) is northwest of (r,s) and (i, j) is not a critical coordinate, then no

coordinate above or to its left is critical (by Claim 2).

The remainder of this proof will show that the above list of assumptions leads to
a contradiction to the induction hypothesis.
Recalling the notation in Section 4.3, let

_ M _ ..
Ci(a) =x™ = Xiy,j1 Xis,jo " Xip,jips

and set

C ={k € [p]| (g, jr) is critical},
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where C is nonempty (since, by induction, there exists at least one critical minor,
which in turn contains a critical coordinate). Consider the monomial

C C C
Xiy,j1 Xz, g2 " Xip,jp Vros

By the assumptions just established, Lemma 4.3.1 and Proposition 4.2.2, the lexi-
cographic expression of this monomial equals

@*yNe+ D areyte. (4-4)
LCeMm,n(Z)

for some integer o and with every Lc < N¢, where
0 if (i, j) is critical;
(M);,; ifi #£r, j#sand (i, j) not critical;
(Ne)ij = M)is+2 (M) s ifi#randj=s;
M) j+> ;/(M)p; ifi=randj#s;
h—|C| ifi=rand j =s;

and where the sum in the case that i # r and j = s is over all j/ with (i, j') critical,
and the sum in the case that i = r and j # s is over all i’ with (i’, j) critical. With
respect to Figure 11, the entries in the striped region are 0 in N¢, while entries
above (r, s) (respectively to the left of (r,s)) may become nonzero if there is a
critical coordinate to the left (respectively above).

Claim 3. The term y™NC is not divisible by the leading term of any element of G¢_1.
Consequently, yNC is not the leading term of any element of K;_.

Proof of Claim 3. To the contrary, suppose that y ¥ is divisible by the leading term
of some element in G,—1. Since (N¢);,; = (M);,; = 0 for every (i, j) > (r,s),
this element is a minor
717170,
where, say,
I=(G1<--<iz) and J=(j1<---<]z).

Now, [1 | /]~ does not contain a critical coordinate, since (N¢) i,j =0 for all
critical coordinates (i, j ). Moreover, we may in this way conclude that y™ is not
divisible by the leading term of [/ | J]¢~V. By the structure of the entries of N¢
compared to M, we then must have that [I | J]~ contains a coordinate (ix, ji)
in which (N¢ )i, . > 0 while (M); ; = 0, and so there are only two possibilities:
either (ix, jx) = (ik.s), where (i, j,) is critical for some j; , or (i, jx) = (7 j)s
where (i ]’C, Jx) is critical for some i ]’c We here show that the former possibility leads
to a contradiction. The latter case is dealt with similarly.
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Before we begin, we simplify our presentation slightly by further assuming that
(ik. jx) = (ix. s) is the maximum coordinate of [I | J]¢~V, i.e., that z = k. The
general case is obtained by simply adding in ig4q,...,iz and jg41,..., jz to the
respective index sets of every minor we consider below.

As yM is divisible by the leading term of [I \ ix | J \ 5]~V (a minor with no
critical coordinate), we have [1 \ ig | J \ 5]~ & K;_1. So it is well-defined to set

52 (leéZ?”’?Qk—l)

to be the supremum and

92=(01,02,...,Qk-1)

to be the infimum of Fg_l)(l \ig | J\s).
Because (ig,j,) is critical for some j, there exists, by Claim 1, a critical
quantum minor [I” | J']¢=1) where, for a (possibly nonpositive) integer a, we write

/ ./ -/ ./ . / ./ ./ ./
I'=(iy <igyq <--<ip=1i) and J = (jo <jgs1 <-<Jjp)

Set
Q])Z(Pa,...,Pk)
to be the supremum and

P = Py, ..., Py)

to be the infimum of Fg)(l/ | J'). By Claim 1, Py is a path from i; to j; in which
(r,s) is a d-turn.

The constructions to follow will show that if @ < 1, then we can construct a
vertex-disjoint path system

R e T,
or, if o > 1, a vertex-disjoint path system
ql, e TV 7).

As both Fg_l)(l | J) and I‘g_l)(l/ | J') were assumed to be empty sets, either
case will establish a contradiction and so complete the proof of Claim 3. The
construction is fairly intricate, so we first give an indication on how we plan to
proceed. For £ € [k],let Iy = (iy <--- < i) and Jy = (g < --- jr). Define Ié
and J, for « < £ < k similarly. The first step is to build a vertex-disjoint path system
Ry € Fg_l)(lk | J&) using 9. If k = 1, then we are done. Otherwise, we use Ry
to build %) € FBt_l (I | J;). Again, if o = k, then we are done. Now suppose we
have found %1 € Ty " (Ig41 | Jesr) and %) € Ty P (Igy1 | Jgpr) and that
£+ 1> max(1, ). We will show how to construct Ry € Fg_l)(le | J¢) using Ry q

and R ;. If £ = 1 we are done. Otherwise, we construct %), € Fg_l)(lé [ J0)
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EEEE— - i =i, = v,?
#(r.5) =v]
°Ji o5 =
Figure 12. Construction of Qj (dashed) from Py (solid) in the
proof of Claim 3.
using %’e 41 and the just-constructed Ry. If £ = a we are then done; otherwise we

repeat the above, eventually ending with the desired vertex-disjoint path systems.

Now we give the promised details of the previous paragraph, beginning with the
construction Ry . Recall that P € P has a subpath starting at row vertex i ]’C =iy and
ending at vertex (7, s). Define Q to be this subpath followed by the vertical path
from (r, 5) to column vertex s. For the purposes of the construction, set v,‘g = iy,
v,i = (r,s), and note that vg is the first vertex that P, and Qj have in common,
while v ,i is the last vertex they have in common. If one sets Ry = Qp, then note
that we (trivially) have Ry = Qy from i to v,g, Ri = U(Py, Q) from v,? to v,i,
and Ry = Qy from v]i to jr = s. See Figure 12.

Set R = (Ry). Of course, Ry, is a vertex-disjoint path system from ij to ji in
Fg_l (Ir | Jr). If k = 1, then we are done, so we may assume k > 1.

In order to construct Q‘t;{, we first need to prove that ji_; > j ,2 To the contrary,
suppose jr—1 < j,é, and consider

[1]J\sUj;]¢D,

If[7]|J\sU j,é](’_l) € K;—1, then it is critical and so there exists a vertex-disjoint
path system from 7 to J \ s U j, with the path from iy to j, containing a I-turn
at (r, s). But just as in the construction of Qj above, we may replace this path with a
path from iy, to s, thereby producing a vertex-disjoint path system from [ to J in the
empty set Fg_l)(l | J), which is absurd. Next, suppose [/ | J\sUj];](’_l) K1,
so that there does exist a vertex-disjoint path system from 7/ to J \ s U j Ié’ where
the path Q' : i — j]g does not contain a I-turn at (r, s). We may take this path
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1
I__l
1
1
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! " ® iy =i, = v/
1 w
1 k
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= & (r,5) =0}
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1
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hd
. -/
*Jr *Jka

Figure 13. Qy_ is the dashed path, Py is the solid path, R;{ is
the shadowed path.

system to be

(O1..... Ok—1. Q).

Now Q_ is disjoint from Q’, and so disjoint from L(Q’, P;) by the lemma
that is analogous to Corollary 4.1.14. But this latter path contains (r, s) (since Py
does) and so we may replace Q' with a path from iy to s, thereby again impossibly
producing a vertex-disjoint path system in the empty set Fg_l) (I]J). We can
therefore conclude that j,_; > j]é.

As k > 1, consider Qf_1, which, in particular, does not contain (r,s). Now,
Q1 must intersect Qj at a vertex coming before (r,s) on Qf, as otherwise
QU Qp € Fg_l)(l | J). Let wg be the first such common vertex. On the other
hand, since jir_; > j,é and Q. _1 goes above (7, 5), Q}_1 must also share with Py
at least one vertex after (r, s). Let w,i be the last vertex that Q;_; and P} share.
See Figure 13.

Define R;c to be the path that equals Py from i ]’c to wg, then equals U(Qx_1, Px)
from wg to w,i, and then equals Py from w,i to jlé. Observe that R;C does not
contain (r, s), so that

e = (R})

is a vertex-disjoint path system in Fg_l)(llé | J0). If k = «, then again we have
obtained the desired contradiction, and so we may assume o < k.

Now let £ be an integer with max(c«, 1) < £ < k. Assume that iy < ié+1’
Je=>J é 4 and that we have the following data:
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Ty ¢
[ ] [ ]
Jé_H jZ jf—l—l ]é+1 j( j@-l—l
Figure 14. R, is the shaded path on the left diagram; R
the shaded path on the right diagram.

Z—H

e Wehave aRpy 1 = (Rg4q,..., Rg) € Fl(;_l)(le+1 | Je+1). Moreover, there
exists a vertex v? 41 which is the first vertex that Py, and Q¢4+ have in
common, a vertex v t} t1 which is the last vertex that Py, and Q¢4 have in
common, and RgH equals Q¢4 fromigsq to le, equals U(Py+1, Qp+1)
from UZ_H to ”e+1’ and equals Q¢ from le to jo41.

(t—1)
* Wehavea R, = (Ry,,,....,R) €'y (I, | J;, ). Moreover, there
exists a vertex wg 1, which is the first vertex that Py;; and @, have in
common, a vertex w} ¢+1 Which is the last vertex that Py4q1 and Qg have in
common and R’e+1 equals Py, from l£+1 to le, equals U(Py+1, Qy)

from weJrl to wé+1’ and equals Py from wele to J€+1

We will construct a path Ry : iy — j¢ disjoint from Ry 1, but first we need to show
that iy <i,. Suppose that i, >i,. Since j¢ > j;, | > j;, we may consider the minor

[I//|J//](t—1) [a,...,ié,ig,...,ik_l |j0/l’""jé’jﬁ’---,jk_l](t_l)_

Note that this minor does not contain a critical coordinate since [/ | J ](t D doesn’t
and (ig, jx) is the unique critical coordinate in [I’| J/]¢~1. But as yM is divisible
by the leading term of [1” | J”]*~V, we know that [/” | J”]%~V is not in K,_1,
ie., F(t 1)(I” | J”) is s nonempty.

Indeed (Pl, P04 Ok) € I‘(t 1)(I” | J”), since for any path

system in Fé )(I” | J") we choose the subpath system from {i{,...,i,} to
{J{:- ... J;} may be replaced with the supremum of
—1),. g .
Fg )(li,...,lé|]1/,...,]é),
and the subpath system from {iy,...,ix_1} to {j¢. ..., jx—1} with the infimum of

—1),. . . .
Fg Wit vik—1 1o Jeo1)-
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. . . .
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Figure 15. Constructing R, (upper shaded path). Note that it is
disjoint from Ry (lower shaded path).

These two sets are, of course, (I3 Lse-- ﬁg) and (Qy, ..., Qr_1) respectively. In par-
ticular, this implies P is disjoint from both Q,. But Py is also disjoint from Py ;.

By the construction of R% 41 it follows that Py and R% 41 are also disjoint, so that

{(Pr.....PlUR,

forms a vertex-disjoint path system in the empty set Fg_l)(l | J). Since this is an
impossibility, it must be the case that iy <i é

Next, we construct . Recall that Rz 41 has afirst vertex w? 1 thatis common to
Py41 and Qy. On the other hand, since Py and Py are disjoint and iy <i, <iy_ ,,
it must be the case that Py intersects Q. Let v? be the first vertex they have in
common and note that v? comes before w? 1 Oon Q. See Figure 15 for an example.

Next, observe that P, must also intersect Jy at a vertex coming after w? 1
This is the case since otherwise Py is disjoint from Rz 4 after w? - But by the
construction of Ry ,, we would then have (Py,..., Pp) UR), a vertex-disjoint
path system in the empty set Fg_l)(l " J7). So, let v be the last vertex that Q
and Py have in common. Define Ry as the path equal to Q, from iy to v?, equal to
U(Py, Qy) from v? to Uz}’ and then equal to Qy from vl} to jg. Since Qy is disjoint
from Qg4 up to v? and after vl}, and U(Py, Qy) is disjoint from U(Py41, Qp41),
we see that Ry is disjoint from Ry, 1, and so
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—-1),. . . .
%g=%e+1URg€Fg )(le,...,lk|]g,...,]k).

If £ = 1, then we have obtained the required path system, completing the proof of
this claim.

Assume ¢ > 1. To construct %’g, we first must show that j,_; > j é. To the
contrary, suppose that j,_; < j é . Now, iy <iy <i é, so we may consider the minor

71 T"MCD = (i, gy iy | s ees 1o Jgs - ).

Since yM is divisible by the leading term of [I”” | J"’]%~V, there are two possi-
bilities. If [I”| J”"]%~V is in K,_;, then it is a critical minor, and so there is a
vertex-disjoint path system in

(l) . . ./ ./ . . ./ .
Cp’ny oo ovig—1yipeeeosdp | 1o Jom1s Jgo oo s i)

which we may take to be

(Ql,...,ég_l,Pe,...,P ).

Therefore, Q ¢—1 1s disjoint from both P; and Qy, and so disjoint from R, by the
latter path’s construction. Hence, (Ql, .. Q ¢—1) U Ry is a vertex-disjoint path
system in the empty set F](; b (I|J),an 1mp0ssibility. The other possibility is that
[1”|J"1¢D is not in K;_1. This possibility is dealt with in a manner similar to
the above, where we justified the inequality jr_; > j]é. It follows that j,_ > jé .

We now describe the construction of R%. Since £ > 1, consider Qy_. This path
is disjoint from Qy. If Q1 does not intersect Py at a vertex between v? and vzl,
then Q,_; is disjoint from Ry, so that (Q1,..., Q¢_1) U%Ry is a vertex-disjoint
path system in the empty set Fg_l)(l | J), an impossibility. So we may let w? be
the first vertex that Qy_; shares with Py. Now, since j é < joe—1 < je, and the two
subpaths of P, and Q/ starting at v l} together with the line from j é to jp form a
closed curve in the plane, Qy_; must intersect Py at a vertex after v 2 Let w t} be
their last common vertex after v Zl We now take RZ to be the path equal to Py from
i to w?, equal to U(Py, Q¢_1) from w? to wé, and equal to Py from wé to j,.
See Figure 16 for an example. That R’ is disjoint from R/, , . is seen similarly to
when we showed that Ry and Ry are disjoint.

Of course, we now take

{+1

t] . . .

If £ = «, then we are done. Otherwise continue as above. As this process ends
when £ = max(a 1) we eventually construct a Vertex disjoint path system in either
the empty set F (I | J) or the empty set F (I | J/). This contradiction
completes the proof of Claim 3. O

Claim 4. The term yN¢ from Expression (4-4) is a lex term of b = (Eyf, 5
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Figure 16. Constructing R% (upper shaded path). Note that it is
disjoint from R% 41 (ower shaded path).

Proof of Claim 4. Recall that a lexicographic term is said to be a lex term of
an element of A~ or A® if it has a nonzero coefficient in the lexicographic
expression of that element.

We have already seen that y V¢ is a lex term of

C C C
Xip, i Xin,j2 " Xip,jp Yrse

We will show that this is, in fact, the unique appearance of y V¢ in (the lexicographic
expression of) any summand of

b Gyh Mo Lok
=aYrg =X yr,s+ZaLx Yrs>
L

and so is a lex term of b.
H
To start, consider in x ™ yf” s the lexicographic expression of some
c . c’

. . . . . . h — LC/
Xiy, 1 X,z " Xip,jp Vrs = Z AL/ Y
LC/EMm!n(Z)

where C’ # C. Suppose C’ is chosen so that there is an L~ equal to N¢.
Now, by Lemma 4.3.1, each term yLc’ satisfies (Lc7)rs = h—|C’|. Since
(Nc)r,s = h—|C|, we must have if |C’| = |C| > 0. But, since C # C’, there
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must exist k € C’ such that (ig, ji) is not a critical coordinate. Since (i, ji) is
not critical, we should have

(Lc)i,jx = (NCigjx = (M)igjie > (Mg ji =ik € C7 | Giger, jikr) = (ks i) -
By Part (4) of Lemma 4.3.1, there is a coordinate (ix, j) with j < ji and

(LC’)ik,j < (M)ik,j = (NC)ik,j’

where the equality follows from the fact that since (ig, ji) is not critical, neither is
(i, j) by Claim 2. Hence, L ¢ cannot be equal to N¢ since their entries differ in
coordinz}ti (ix. j). This is a contradiction and so we conclude that y V¢ is a lex
term of xMyf’,s.

Next, suppose

xb = Xai,by """ Xa;s by

appears in a, where (ay, bx) < (ag+1,bg+1) foreach k € [t —1] and where L < M
at coordinate (i, j). With the notation of Section 4.3, consider

< D D
L_h h
X" Vs = § C] xal bi1Xaz,by * Xag by Vrse

Suppose that y V¢ appears in

D D
Xai,b1raz,by xat,bz yrs ZaLDy

By Lemma 4.3.1(5), every entry in an Lp with coordinates not northwest, north
or west of (r, s) must equal the corresponding entry in L. Since we also require
Lp = Nc¢ for some D, this implies that those entries are equal to the corresponding
entry in M as well. Thus, (i, j) can only be north, west or northwest of (7, s). On
the other hand, if j = s, then all entries in L and M in row i except coordinate (i, j)
are equal. By homogeneity, this means that we must also have (L); ; = (M);,;,
a contradiction. Hence (i, j) is not north of (r, s), and by similar reasoning (i, j)
is not west of (7, s). Therefore, we may assume that L. < M at a coordinate (7, j)
northwest of (7, s).

There are two cases to consider. First, suppose (i, j) is not a critical coordinate.
In this case,

(Nc)i,j = (M);j > (L),

and so we may proceed as above by applying Part (4) of Lemma 4.3.1 to see that
in order to have (Lp);,; = (N¢)i,;j, we would require an entry with coordinate
(i, j) with j’ < j to satisfy

(Lp)i,jr < (L)i,jr = (M); j» = (Nc)i,jr-
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Hence we cannot have Nc = L p in this case.

Next, suppose (i, j) is critical. Let (i, jo) be the least critical coordinate in row i.
Notice that no (i, j') = (ag, bx) with j’ < jo has k € D, for reasons similar to the
previous paragraph. Now, consider j’ with jo < j’ <s. By Part (3) of Claim 1
applied to (i, jo), we know that every entry of M south of (i, ;') is equal to zero.
Hence, the sum of the entries in column j’ of M is equal to ) ;,_,;(M);s j». By
homogeneity, this is equal to the sum of the entries in column j’ of L. On the other
hand, the entries north of (i, j) in L are equal to the corresponding entries in M.
Since all entries of L are nonnegative, we see that

(L)i,jr < (M); jr

for every jo < j’ < s. Also, since the entries of L and M are equal prior to
(i, jo) and L < M, we must also have (L); j, < (M);,j,. But, since we know that
(L)i,j <(M);,;, applying Part (3) of Lemma 4.3.1 gives

(Lp)is=(L)is+ [k €D |ix =i}l

s s
<@is+ Y Lijr<(M)is+ > (M) jr=(Nc)is.
J'=jo J'=Jjo
Hence, we cannot have Lp = N in this case either, and so this completes the
proof of Claim 4. U

Claim 5. There exists an element of K;_1 for which yN¢ is the leading term.

Note that Claims 3 and 5 are incompatible, thus providing the required con-
tradiction to the assumptions on the entries of M and completing the proof of
Theorem 4.4.1.

Proof of Claim 5. By Lemma 3.3.4, we may write

e .
b= Zbiy;‘,s’
i=0

where finitely many b; # 0 and each b; € K;_; with lexicographic expression using
only generators with coordinates less than (r, ).

By Claim 4, yV¢ is a lex term of b and so, since (N¢)ys = h —|C|, it is a lex
term of

h—|C
20 = by_ic i€

Suppose for a positive integer k that we have constructed an element zj_; € K;—;
in which yN¢ is a lex term. Moreover, suppose any lex term of z;_; that is greater
than yN¢ also is a lex term of zo. If £¢(zx_;) = y™NC, then we have found the
required element of K;_1. Otherwise, we construct in the following an element
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zy € Ky—1 with the same properties as z;_1, but in which there are fewer lex terms
greater than yVC . Since there are only finitely many lex terms of zq that are greater
than yV¢, this process must end after finitely many steps, resulting in an element
of K;_1 whose leading term is y V¢, as required.

Let

Lt (zg—y) = y& = yNe

so that for some yr, yn. € K* we may write

Zk—1 = VLyL + VNcyNC +le¢—1-

In particular, observe that in Zk there are fewer lex terms greater than y V¢ than
in zk 1- Also y <y yr ¢ since the latter term is the leading term of b but
yLeb,_ |C|yrs cl #* bhyrs since |C| > 0. Finally, for i € [r — 1], let C; denote
the critical coordinates in row i.

Let ip be the least index such that C; = C;, is nonempty. Let (co, dp) be the
least coordinate in C;,. Since yNe < yb < yM yﬁ ¢ and the entries of N¢ and M
at coordinates prior to (cg, do) are equal, we have that the entries of L, M and N¢
are equal prior to (co, do) as well.

Suppose (co, d) € Cj, is such that (L), 4 > 0. In this case, we proceed as follows.
Since (co,d) is a critical coordinate, there is a critical minor [ | J]¢~V € K;_;
with maximum coordinate (co, d) whose leading term divides y ™, and so divides
yL by the previous paragraph. By Lemma 4.2.8, we have

yE =g | 7] ylmPa oy,

where w € AC~D has the property that if £¢(w) = yX, then K < L at an entry
northwest of (co, d). Since all entries of L northwest of (cg, d) are equal to those
of Nc and M, we have that £¢(w) < yV¢ as well.

Hence,

k1 =7yt +yne Ve + 24,
=y @ |10y )+ yne y N 2

so that if we define
2 = zp—1 —yLq®I | 1OV y ™ Po= yy o yNC L ypw + 24,

then we have zj € K;_; satisfying the desired properties described above.

Now, suppose each coordinate (co,d) € C;, is such that (L)C0 4 = 0. Thus,
L and N¢ are equal in all entrles prior to (co, s). Also, since L 1s a lex term of b,
there must be a lex term x =’ of a so that y L is a lex term of x© yr 5+ We also have
L <xM and it follows by Part (2) of Lemma 4.3.1 that the entries in L’ and M
are equal prior to (co, do).
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Now, as in the proof of Claim 4, we may apply homogeneity to conclude that
(L") eo.d < (M), .a for each (co, d) € Cjy, and if any of these inequalities are strict,
then (L)j,,s < (N¢)iy,s» contradicting the assumption that Nc < L. Hence, L’
and M have equal entries prior to (co, $).

Now, let i; be the second least index such that C;, is nonempty, and consider
coordinates from (cg, s) to (¢1,d1)”, where (c1, d1) is the least coordinate in C;_j.
Since yN¢ < yL_ we know that if any entry in L and N¢ in these coordinates
differ, then the first differing entry is larger in L than in N¢. On the other hand,
the entries of N¢ and M are equal in this range of coordinates. Thus, if the first
differing entry is larger in L than in N¢, then this entry in L’ is larger than in
M, yet every entry prior in L’ is equal to that in M, implying that y™ < yL/, a
contradiction. Hence, the entries in this range of coordinates are equal in N¢, M, L
and L.

Since all entries northwest of a critical coordinate are equal in M, N¢, L and L’,
we may now repeat the above arguments with the coordinates in C;,, and subsequent
C; if necessary. Eventually we must find a critical coordinate with a positive entry
in L, as otherwise we would find that N¢ = L, contradicting the assumption that
yNe < yL Hence, we can always construct the required z; and, eventually, an
element of K;_; with leading term yV¢ . This completes the proof of Claim 5 and
the theorem. O

4.5. Conclusions. The motivating goal of this work was to demonstrate the conjec-
ture of Goodearl and Lenagan that when ¢ € IK* is a non-root of unity, an ¥-prime of
Oy (M 5 (IK)) is generated by the set of quantum minors it contains. That this is true
is already immediate corollary of the t = mn case of our Theorem 4.4.1. However,
the theorem actually implies a sharper result, since we may consider a minimal
Grobner basis for the #-prime. The idea here is simple: if G is a Grobner basis for
an ideal and if g1, g» € G are such that £7(g1) is divisible by £7(g>), then G \ g1
remains a Grobner basis for the ideal. With respect to Oy (A, (I€)), this means the
following. Suppose [1 | J]") =[I | J]is a minor with [ = {i; <ip <---<i}}and
J={j1<ja<-jip- MLk, I"=1N{ig|€€L}and J'=JN{j; | L€ L}, then
call [I”| J'] a diagonal subminor of [I | J]. From the ¢ = mn case of Theorem 4.4.1
we find the following:

Corollary 4.5.1. If ¢ € IK* is a non-root of unity, then every ¥-prime K of
Og (My 0 (KK)), is generated, as a right ideal, by those quantum minors in K with
no diagonal subminor in K. These quantum minors form a minimal Grobner basis
for K with respect to the matrix lexicographic order.

In the statement of Corollary 4.5.1, “right ideal” can be replaced by “left ideal”
after proving the left ideal version of Theorem 4.4.1.
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Figure 17. The Cauchon diagram corresponding to K.

Example 4.5.2. Let K be the (-prime of O (3,4 (I)) corresponding to the Cau-
chon diagram in Figure 17. By using Corollary 4.1.10, we find that the quantum
minors in K are

{[123|123], [123]124], [12]12], [13|12], [23]12], [23]13], [23]23] .

Theorem 4.4.1 says that these form a Grébner basis for K. However, [12]12] is a
diagonal subminor of [123|123] and [123|124]. Therefore,

{[12]12], [13]12], [23]12], [23]13], [23|23]}

is a minimal (in fact reduced) Grobner basis for K.

List of terms and notation

To assist in the reading of this paper, in particular the proof of Theorem 4.4.1, we
below provide an index of some terms and notation used throughout this paper.

Coordinates Beginning of Section 2.
Lexicographic order Definition 2.1.1.
(r,s)” Definition 2.1.1.
Cauchon Diagram Definitions 2.3.5 and 2.3.7.
G%*"  (Cauchon graph) Definition 3.1.1.
rY(1|J) Definition 4.1.4.
U(P, Q) Definition 4.1.11.
L(P,Q) Definition 4.1.11.
U(P,2) (Supremum) Definition 4.1.16.
L(%?,2) (Infimum) Definition 4.1.17.
A® 4D Definition 3.2.1.
x™ Notation 2.1.6.
Lexicographic expression Definition 2.1.8.
Lex term of Definition 2.1.8.
ag) Definition 3.3.1.

@ Theorem 2.2.1.

@ Theorem 2.2.1.
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C

fﬂ Lemma 4.3.1 and preceding paragraph.

(Quantum) Minor [I | J19,[I | J]®,[I|J] Definition 4.1.1.
Diagonal coordinate (of a minor) Definition 4.1.3.
Maximum coordinate (of a minor) Definition 4.1.3.

< Definition 4.2.1.

01(a) (leading term of a € A®)) Definition 4.2.6.

Grobner Basis  Definition 4.2.7.

Nc See Expression (4-4) just prior to Claim 3
in proof of Theorem 4.4.1.
Critical Minor A minor in K;_; whose leading term di-
vides £1(b) = L1 (T yly).
Critical Coordinate A coordinate (7, j) that is northwest of

(r, s) such that there exists a critical minor
with (7, j) as its maximum coordinate.

Acknowledgements

Most of this work was completed while the author was a visiting assistant professor at
the University of California, Santa Barbara. He remains grateful for the hospitality he
received there. The author also thanks Ken Goodearl for many helpful discussions, and
Stéphane Launois and Milen Yakimov for thoughtful comments. The anonymous referee
made a careful, and very much appreciated, reading of this manuscript, and their suggestions
resulted in a highly improved paper. A portion of this work was performed with the support
of a Marie Sktodowska-Curie International Incoming Fellowship.

References

[Bell et al. 2012] J. Bell, K. Casteels, and S. Launois, “Enumeration of -strata in quantum matrices
with respect to dimension”, J. Combin. Theory Ser. A 119:1 (2012), 83-98. MR 2012j:20150
7Zbl 1232.05238

[Brown and Goodearl 2002] K. A. Brown and K. R. Goodearl, Lectures on algebraic quantum groups,
Birkhiuser, Basel, 2002. MR 2003f:16067 Zbl 1027.17010

[Bueso et al. 2003] J. L. Bueso, J. Gémez-Torrecillas, and A. Verschoren, Algorithmic methods in
non-commutative algebra: applications to quantum groups, Mathematical Modelling: Theory and
Applications 17, Kluwer, Dordrecht, 2003. MR 2005¢:16069 Zbl 1063.16054

[Casteels 2011] K. Casteels, “A graph theoretic method for determining generating sets of prime
ideals in quantum matrices”, J. Algebra 330 (2011), 188-205. MR 2012¢:20137 Zbl 1273.17016

[Cauchon 2003a] G. Cauchon, “Effacement des dérivations et spectres premiers des algébres quan-
tiques”, J. Algebra 260:2 (2003), 476-518. MR 2004g:16044 Zbl 1017.16017

[Cauchon 2003b] G. Cauchon, “Spectre premier de O4(Mj (k)): image canonique et séparation
normale”, J. Algebra 260:2 (2003), 519-569. MR 2004g:16045 Zbl 1024.16001


http://dx.doi.org/10.1016/j.jcta.2011.07.007
http://dx.doi.org/10.1016/j.jcta.2011.07.007
http://msp.org/idx/mr/2012j:20150
http://msp.org/idx/zbl/1232.05238
http://dx.doi.org/10.1007/978-3-0348-8205-7
http://msp.org/idx/mr/2003f:16067
http://msp.org/idx/zbl/1027.17010
http://dx.doi.org/10.1007/978-94-017-0285-0
http://dx.doi.org/10.1007/978-94-017-0285-0
http://msp.org/idx/mr/2005c:16069
http://msp.org/idx/zbl/1063.16054
http://dx.doi.org/10.1016/j.jalgebra.2010.12.032
http://dx.doi.org/10.1016/j.jalgebra.2010.12.032
http://msp.org/idx/mr/2012c:20137
http://msp.org/idx/zbl/1273.17016
http://dx.doi.org/10.1016/S0021-8693(02)00542-2
http://dx.doi.org/10.1016/S0021-8693(02)00542-2
http://msp.org/idx/mr/2004g:16044
http://msp.org/idx/zbl/1017.16017
http://dx.doi.org/10.1016/S0021-8693(02)00543-4
http://dx.doi.org/10.1016/S0021-8693(02)00543-4
http://msp.org/idx/mr/2004g:16045
http://msp.org/idx/zbl/1024.16001

1912 Karel Casteels

[Geiger and Yakimov 2014] J. Geiger and M. Yakimov, “Quantum Schubert cells via representation
theory and ring theory”, Michigan Math. J. 63:1 (2014), 125-157. MR 3189471 Zbl 06293416

[Goodearl and Lenagan 2002] K. R. Goodearl and T. H. Lenagan, ‘“Prime ideals invariant under
winding automorphisms in quantum matrices”, Int. J. Math. 13:5 (2002), 497-532. MR 2003h:20091
Zbl 1054.16030

[Goodearl and Lenagan 2003] K. R. Goodearl and T. H. Lenagan, “Winding-invariant prime ideals in
quantum 3 x 3 matrices”, J. Algebra 260:2 (2003), 657-687. MR 2004g:20069 Zbl 1059.16035

[Goodearl and Letzter 1998] K. R. Goodearl and E. S. Letzter, “Prime and primitive spectra of
multiparameter quantum affine spaces”, pp. 39-58 in Trends in ring theory (Miskolc, 1996), edited
by V. Dlab and L. Marki, CMS Conf. Proc. 22, American Mathematical Society, Providence, RI,
1998. MR 99h:16045 Zbl 0904.16001

[Goodearl and Letzter 2000] K. R. Goodearl and E. S. Letzter, “The Dixmier—Moeglin equivalence
in quantum coordinate rings and quantized Weyl algebras”, Trans. Amer. Math. Soc. 352:3 (2000),
1381-1403. MR 2000j:16040 Zbl 0978.16040

[Goodearl et al. 2011a] K. R. Goodearl, S. Launois, and T. H. Lenagan, “Torus-invariant prime ideals
in quantum matrices, totally nonnegative cells and symplectic leaves”, Math. Z. 269:1-2 (2011),
29-45. MR 2012h:16071 Zbl 1234.16018

[Goodearl et al. 2011b] K. R. Goodearl, S. Launois, and T. H. Lenagan, “Totally nonnegative cells and
matrix Poisson varieties”, Adv. Math. 226:1 (2011), 779-826. MR 2012¢:53162 Zbl 1210.14055

[Lam and Williams 2008] T. Lam and L. Williams, “Total positivity for cominuscule Grassmannians”,
New York J. Math. 14 (2008), 53-99. MR 2008m:05307 Zbl 1144.20029

[Launois 2004a] S. Launois, “Generators for J(-invariant prime ideals in Og (M, (C))”, Proc.
Edinb. Math. Soc. (2) 47:1 (2004), 163-190. MR 2005¢:20083 Zbl 1072.16036

[Launois 2004b] S. Launois, “Les idéaux premiers invariants de Og (M, 5 (C))”, J. Algebra 272:1
(2004), 191-246. MR 20052:20074 Zbl 1042.16033

[Launois and Lenagan 2009] S. Launois and T. H. Lenagan, “From totally nonnegative matrices to
quantum matrices and back, via Poisson geometry”, preprint, 2009. To appear in the Proceedings of
the Belfast Workshop on Algebra, Combinatorics and Dynamics. arXiv 0911.2990

[Lindstrom 1973] B. Lindstrom, “On the vector representations of induced matroids”, Bull. London
Math. Soc. 5 (1973), 85-90. MR 49 #95 Zbl 0262.05018

[Postnikov 2006] A. Postnikov, “Total positivity, Grassmannians, and networks”, preprint, 2006.
arXiv math/0609764

[Takeuchi 2002] M. Takeuchi, “A short course on quantum matrices”, pp. 383—435 in New directions
in Hopf algebras, edited by S. Montgomery and H.-J. Schneider, Math. Sci. Res. Inst. Publ. 43,
Cambridge University Press, 2002. MR 2003i:16059 Zbl 1014.17015

[Talaska 2011] K. Talaska, “Combinatorial formulas for I"-coordinates in a totally nonnegative
Grassmannian”, J. Combin. Theory Ser. A 118:1 (2011), 58-66. MR 2012b:05070 Zbl 1232.05047

[Yakimov 2010] M. Yakimov, “Invariant prime ideals in quantizations of nilpotent Lie algebras”,
Proc. Lond. Math. Soc. (3) 101:2 (2010), 454—476. MR 2011f:20109 Zbl 1229.17020

[Yakimov 2013] M. Yakimov, “A proof of the Goodearl-Lenagan polynormality conjecture”, Int.
Math. Res. Not. 2013:9 (2013), 2097-2132. MR 3053415

Communicated by J. Toby Stafford
Received 2014-02-12 Revised 2014-08-06 Accepted 2014-09-12

K.L.Casteels@kent.ac.uk School of Mathematics, Statistics and Actuarial Science, Uni-
versity of Kent, Canterbury, Kent, CT2 7NF, United Kingdom

mathematical sciences publishers :.msp


http://dx.doi.org/10.1307/mmj/1395234362
http://dx.doi.org/10.1307/mmj/1395234362
http://msp.org/idx/mr/3189471
http://msp.org/idx/zbl/06293416
http://dx.doi.org/10.1142/S0129167X02001393
http://dx.doi.org/10.1142/S0129167X02001393
http://msp.org/idx/mr/2003h:20091
http://msp.org/idx/zbl/1054.16030
http://dx.doi.org/10.1016/S0021-8693(02)00566-5
http://dx.doi.org/10.1016/S0021-8693(02)00566-5
http://msp.org/idx/mr/2004g:20069
http://msp.org/idx/zbl/1059.16035
http://msp.org/idx/mr/99h:16045
http://msp.org/idx/zbl/0904.16001
http://dx.doi.org/10.1090/S0002-9947-99-02345-4
http://dx.doi.org/10.1090/S0002-9947-99-02345-4
http://msp.org/idx/mr/2000j:16040
http://msp.org/idx/zbl/0978.16040
http://dx.doi.org/10.1007/s00209-010-0714-5
http://dx.doi.org/10.1007/s00209-010-0714-5
http://msp.org/idx/mr/2012h:16071
http://msp.org/idx/zbl/1234.16018
http://dx.doi.org/10.1016/j.aim.2010.07.010
http://dx.doi.org/10.1016/j.aim.2010.07.010
http://msp.org/idx/mr/2012e:53162
http://msp.org/idx/zbl/1210.14055
http://nyjm.albany.edu:8000/j/2008/14_53.html
http://msp.org/idx/mr/2008m:05307
http://msp.org/idx/zbl/1144.20029
http://dx.doi.org/10.1017/S0013091502000718
http://msp.org/idx/mr/2005c:20083
http://msp.org/idx/zbl/1072.16036
http://dx.doi.org/10.1016/j.jalgebra.2003.05.005
http://msp.org/idx/mr/2005a:20074
http://msp.org/idx/zbl/1042.16033
http://msp.org/idx/arx/0911.2990
http://dx.doi.org/10.1112/blms/5.1.85
http://msp.org/idx/mr/49:95
http://msp.org/idx/zbl/0262.05018
http://msp.org/idx/arx/math/0609764
http://library.msri.org/books/Book43/files/takeuchi.pdf
http://msp.org/idx/mr/2003i:16059
http://msp.org/idx/zbl/1014.17015
http://dx.doi.org/10.1016/j.jcta.2009.10.006
http://dx.doi.org/10.1016/j.jcta.2009.10.006
http://msp.org/idx/mr/2012b:05070
http://msp.org/idx/zbl/1232.05047
http://dx.doi.org/10.1112/plms/pdq006
http://msp.org/idx/mr/2011f:20109
http://msp.org/idx/zbl/1229.17020
http://dx.doi.org/10.1093/imrn/rns111
http://msp.org/idx/mr/3053415
mailto:K.L.Casteels@kent.ac.uk
http://msp.org

Algebra & Number Theory

msp.org/ant

EDITORS

MANAGING EDITOR

Bjorn Poonen

Massachusetts Institute of Technology

Georgia Benkart
Dave Benson
Richard E. Borcherds
John H. Coates

J-L. Colliot-Thélene
Brian D. Conrad
Hélene Esnault
Hubert Flenner
Edward Frenkel
Andrew Granville
Joseph Gubeladze
Roger Heath-Brown
Craig Huneke

Janos Kollar

Yuri Manin

Barry Mazur
Philippe Michel

Susan Montgomery

Cambridge, USA

EDITORIAL BOARD CHAIR

David Eisenbud

University of California
Berkeley, USA

BOARD OF EDITORS

University of Wisconsin, Madison, USA
University of Aberdeen, Scotland
University of California, Berkeley, USA
University of Cambridge, UK

CNRS, Université Paris-Sud, France
University of Michigan, USA

Freie Universitit Berlin, Germany
Ruhr-Universitit, Germany

University of California, Berkeley, USA
Université de Montréal, Canada

San Francisco State University, USA
Oxford University, UK

University of Virginia, USA

Princeton University, USA
Northwestern University, USA

Harvard University, USA

Ecole Polytechnique Fédérale de Lausanne

University of Southern California, USA

Shigefumi Mori
Raman Parimala
Jonathan Pila

Anand Pillay

Victor Reiner

Peter Sarnak

Joseph H. Silverman
Michael Singer
Vasudevan Srinivas
J. Toby Stafford
Bernd Sturmfels
Richard Taylor

Ravi Vakil

Michel van den Bergh

Marie-France Vignéras

Kei-Ichi Watanabe
Efim Zelmanov

Shou-Wu Zhang

RIMS, Kyoto University, Japan

Emory University, USA

University of Oxford, UK

University of Notre Dame, USA
University of Minnesota, USA
Princeton University, USA

Brown University, USA

North Carolina State University, USA
Tata Inst. of Fund. Research, India
University of Michigan, USA
University of California, Berkeley, USA
Harvard University, USA

Stanford University, USA

Hasselt University, Belgium

Université Paris VII, France

Nihon University, Japan

University of California, San Diego, USA
Princeton University, USA

PRODUCTION
production@msp.org
Silvio Levy, Scientific Editor

See inside back cover or msp.org/ant for submission instructions.

The subscription price for 2014 is US $225/year for the electronic version, and $400/year (+$55, if shipping outside the US)
for print and electronic. Subscriptions, requests for back issues and changes of subscribers address should be sent to MSP.

Algebra & Number Theory (ISSN 1944-7833 electronic, 1937-0652 printed) at Mathematical Sciences Publishers, 798 Evans
Hall #3840, c/o University of California, Berkeley, CA 94720-3840 is published continuously online. Periodical rate postage
paid at Berkeley, CA 94704, and additional mailing offices.

ANT peer review and production are managed by EditFLOoW® from MSP.

PUBLISHED BY
:I mathematical sciences publishers
nonprofit scientific publishing
http://msp.org/
© 2014 Mathematical Sciences Publishers


http://dx.doi.org/10.2140/ant
mailto:production@msp.org
http://dx.doi.org/10.2140/ant
http://msp.org/
http://msp.org/

Algebra & Number Theory

Volume 8 No. 8 2014

Relative cohomology of cuspidal forms on PEL-type Shimura varieties 1787
KAI-WEN LAN and BENOIT STROH

£-modular representations of unramified p-adic U(2,1) 1801
ROBERT JAMES KURINCZUK

McKay natural correspondences on characters 1839
GABRIEL NAVARRO, PHAM HUU TIEP and CAROLINA VALLEJO

Quantum matrices by paths 1857
KAREL CASTEELS

Twisted Bhargava cubes 1913

WEE TECK GAN and GORDAN SAVIN

Proper triangular G,-actions on A* are translations 1959
ADRIEN DUBOULOZ, DAVID R. FINSTON and IMAD JARADAT

Multivariate Apéry numbers and supercongruences of rational functions 1985
ARMIN STRAUB

The image of Carmichael’s A-function 2009
KEVIN FORD, FLORIAN LUCA and CARL POMERANCE


http://dx.doi.org/10.2140/ant.2014.8.1787
http://dx.doi.org/10.2140/ant.2014.8.1801
http://dx.doi.org/10.2140/ant.2014.8.1839
http://dx.doi.org/10.2140/ant.2014.8.1913
http://dx.doi.org/10.2140/ant.2014.8.1959
http://dx.doi.org/10.2140/ant.2014.8.1985
http://dx.doi.org/10.2140/ant.2014.8.2009

	1. Introduction
	2. Quantum matrices
	2.1. The algebras R(t)
	2.2. The deleting derivations algorithm
	2.3. H-stratification

	3. Quantum matrices by paths
	3.1. Graphs and paths
	3.2. The algebras AB(t)
	3.3. H-primes as kernels

	4. Generators of H-primes
	4.1. Quantum minors
	4.2. Gröbner bases
	4.3. Adding derivations and lexicographic expressions
	4.4. Generators of H-primes
	4.5. Conclusions

	List of terms and notation
	Acknowledgements
	References
	
	

