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Lifting harmonic morphisms II:
Tropical curves and metrized complexes

Omid Amini, Matthew Baker, Erwan Brugallé and Joseph Rabinoff

We prove several lifting theorems for morphisms of tropical curves. We interpret
the obstruction to lifting a finite harmonic morphism of augmented metric graphs
to a morphism of algebraic curves as the nonvanishing of certain Hurwitz numbers,
and we give various conditions under which this obstruction does vanish. In
particular, we show that any finite harmonic morphism of (nonaugmented) metric
graphs lifts. We also give various applications of these results. For example, we
show that linear equivalence of divisors on a tropical curve C coincides with
the equivalence relation generated by declaring that the fibers of every finite
harmonic morphism from C to the tropical projective line are equivalent. We
study liftability of metrized complexes equipped with a finite group action, and
use this to classify all augmented metric graphs arising as the tropicalization of a
hyperelliptic curve. We prove that there exists a d-gonal tropical curve that does
not lift to a d-gonal algebraic curve.
This article is the second in a series of two.

Throughout this paper, unless explicitly stated otherwise, K denotes a complete
algebraically closed nonarchimedean field with nontrivial valuation val : K —
R U {oo}. Its valuation ring is denoted R, its maximal ideal is mg, and the residue
field is k = R/mpg. We denote the value group of K by A = val(K*) C R.

1. Introduction

This article is the second in a series of two. The first, entitled Lifting harmonic
morphisms I: metrized complexes and Berkovich skeleta, will be cited as [ABBRI1];
references of the form “Theorem 1.1.1” will refer to Theorem 1.1 in [ABBR1].

We are grateful to Andrew Obus for a number of useful comments based on a careful reading of the

first arXiv version of this manuscript. We thank Ye Luo for allowing us to include Example 5.13.
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1.1. The basic motivation behind the investigations in this paper is to understand
the relationship between tropical and algebraic curves. A fundamental problem
along these lines is to understand which morphisms between tropical curves arise
as tropicalizations! of morphisms of algebraic curves. More precisely, we are
interested in the following question:

(Q) Given a curve X with tropicalization C, can we classify the branched covers
of X in terms of (a suitable notion of) branched covers of C?

In addition to this lifting problem for morphisms of tropical curves, we also study
questions such as “Which tropical curves arise as tropicalizations of hyperelliptic
curves?”. This naturally leads us to study group actions on tropical curves and how
notions such as gonality change under tropicalization.

In this paper we will consider three different kinds of “tropical” objects which one
can associate to a smooth, proper, connected algebraic curve X /K, each depending
on the choice of a triangulation of X. Roughly speaking, a triangulation (X, V U D)
of X (with respect to a finite set of punctures D C X (K)) is a finite set V of points
in the Berkovich analytification X" of X whose removal partitions X*" into open
balls and finitely many open annuli (with the punctures belonging to distinct open
balls). Triangulations of (X, D) are naturally in one-to-one correspondence with
semistable models X of (X, D); see Section 1.5. The skeleton of a triangulated
curve is the dual graph of the special fiber X; of the corresponding semistable
model, with infinite rays for the punctures, equipped with its canonical metric.

To any triangulated curve, one may associate the three following “tropical”
objects, at each step adding some additional structure:

(1) a metric graph I': this is the skeleton of the triangulated curve (X, V U D);

(2) an augmented metric graph (I, g), i.e., a metric graph I" enhanced with a
genus function g : I' = Z>o which is nonzero only at finitely many points:
this is the above metric graph together with the function g satisfying g(p) =0
for p ¢ V and g(p) = genus(C),) for p € V, where C), is the (normalization
of the) irreducible component of X corresponding to p;

(3) a metrized complex of curves €, i.e., an augmented metric graph I" equipped
with a vertex set V and a punctured algebraic curve over k of genus g(p) for
each point p € V, with the punctures in bijection with the tangent directions

n the present paper tropicalization is defined via Berkovich’s theory of analytic spaces (see
also [Payne 2009; Baker et al. 2012; Chambert-Loir and Ducros 2012]). Another framework for
tropicalization has been proposed by Kontsevich and Soibelman [2001] and Mikhalkin (see for
example [Mikhalkin 2006]), where the link between tropical geometry and complex algebraic geometry
is provided by real one-parameter families of complex varieties. For some conjectural relations
between the two approaches see [Kontsevich and Soibelman 2001; 2006].
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to p in I': this is the above metric graph, together with the curves C), for p € V
and punctures given by the singular points of Xj.

An (augmented) metric graph or metrized complex of curves arising from a
triangulated curve by the above procedure is said to be liftable. If (X, V U D) and
(X, V'UD') are triangulations of the same curve X, with D’ C D and V' C V, then
the corresponding metric graphs are related by a so-called tropical modification.
Tropical modifications generate an equivalence relation on the set of (augmented)
metric graphs, and an equivalence class for this relation is called an (augmented)
tropical curve. The (augmented) fropicalization of a K-curve X is by definition the
(augmented) tropical curve C corresponding to any triangulation of X. Tropical
curves and augmented tropical curves can be thought of as “purely combinatorial”
objects, whereas metrized complexes are a mixture of combinatorial objects (which
one thinks of as living over the value group A of K) and algebrogeometric objects
over the residue field k of K.

There is a natural notion of finite harmonic morphism between metric graphs
which induces a natural notion of tropical morphism between tropical curves. There
is a corresponding notion of tropical morphism for augmented tropical curves,
where in addition to the harmonicity condition one imposes a “Riemann—Hurwitz
condition” that the ramification divisor is effective. There is also a natural notion of
finite harmonic morphism for metrized complexes of curves. Each kind of object
(metric graphs, tropical curves, augmented tropical curves, metrized complexes)
forms a category with respect to the corresponding notion of morphism. The
construction of an (augmented) tropical curve C (resp. metrized complex €) out of
a K-curve X (resp. triangulated K -curve (X, V U D)) is functorial, in the sense that
a finite morphism of curves induces in a natural way a tropical morphism C" — C
(resp. a finite harmonic morphism €’ — %6).

1.2. Our original question (Q) now breaks up into two separate questions:

(Q1) Which finite harmonic morphisms ¢’ — 6 of metrized complexes can be
lifted to finite morphisms of triangulated curves (with a prespecified lift X
of €)?

(Q2) Which tropical morphisms between augmented tropical curves can be lifted
to finite harmonic morphisms of metrized complexes?

One can also forget the augmentation function g : I' — Z- and ask the following
variant of (Q2):
(Q2") Which tropical morphisms between tropical curves can be lifted to finite
harmonic morphisms of metrized complexes?

A consequence of the results of [ABBR1] is that the answer to question (Q1) is
essentially “all”, so the situation here is rather satisfactory; there is no obstruction to
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lifting a finite harmonic morphism ¢’ — € to a branched cover of X, at least
assuming everywhere tame ramification when k has characteristic p > 0. In
particular, if char(k) = O then there are no tameness issues, and we have the
following result:

Theorem. Assume char(k) = 0 and let ¢ : ¥’ — X be a finite harmonic mor-
phism of A-metrized complexes of k-curves. Then there exists a finite morphism of
triangulated punctured curves lifting ¢.

This follows immediately from Proposition [.7.15 and Theorem 1.3.24. We stress
that the genus and degree are automatically preserved by such lifts.

Essentially by definition, (Q2) reduces to an existence problem for ramified cov-
erings ¢, : C;,, — C), of a given degree with some prescribed ramification profiles.
Hence the answer to (Q2) is intimately linked with the question of nonvanishing
of Hurwitz numbers. See Proposition 3.3. In particular, one can easily construct
tropical morphisms between augmented tropical curves which cannot be promoted
to a finite harmonic morphism of metrized complexes (and hence cannot be lifted
to a finite morphism of smooth proper curves over K). The simplest example of
such a tropical morphism is depicted in Figure 1, and corresponds to the classical
fact that, although it would not violate the Riemann—Hurwitz formula, there is no
degree-four map of smooth proper connected curves over C having ramification
profile {(2, 2), (2, 2), (3, 1)}; this is a consequence of the (easy part of the) Riemann
existence theorem (see Example 3.4 below for more details).

Understanding when Hurwitz numbers vanish remains mysterious in general,
so at present there is no satisfying “combinatorial” answer to question (Q2), in
which we require that the genus of the objects in question be preserved by our lifts.

Ay

Figure 1. A tropical morphism of degree four which cannot be
promoted to a degree-four morphism of metrized complexes of
curves. The labels on the edges are the “expansion factors” of the
harmonic morphism. See Definition 1.2.4.
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However, if we drop the latter condition, i.e., if we consider instead question (Q2’),
we will see that the answer to (Q2) is also “all” (see Theorem 3.11):

Theorem. Any finite harmonic morphism @ : I'" — T of A-metric graphs is liftable
if char(k) = 0.

1.3. Applications. We prove a number of additional results which supplement and
provide applications of the above results. Some of these results are as follows.

1.3.1. Tame group actions. Let € be a metrized complex and let H be a finite
subgroup of Aut(¢). We say the action of H on € is tame if for any vertex p
of I, the stabilizer group H), acts freely on a dense open subset of C),, and for
any point x of C), the stabilizer subgroup H, of H is cyclic of the form Z/dZ for
some integer d, with (d, p) = 1 if char(k) = p > 0 (see Remark 4.6 for further
explanation of this condition). It follows from Theorem 1.7.4 (in its strong form, i.e.,
using the calculation of the automorphism group of a lift) that we can lift € together
with a tame action of H if and only if the quotient €/ H exists in the category of
metrized complexes. We characterize when such a quotient exists in Theorem 4.9,
of which the following result is a special case:

Theorem. Suppose that the action of H is tame and has no isolated fixed points
on the underlying metric graph of €. Then there exists a smooth, proper, and
geometrically connected algebraic K -curve X lifting € which is equipped with an
action of H commuting with the tropicalization map.

In the presence of isolated fixed points, there are additional hypotheses on the
action of H to be liftable to a K-curve. As a concrete example, we prove the follow-
ing characterization of all augmented tropical curves arising as the tropicalization
of a hyperelliptic K -curve (see Corollary 4.15):

Theorem. Let I' be an augmented metric graph of genus g > 2 having no infinite
vertices or degree one vertices of genus zero. Then there is a smooth proper
hyperelliptic curve X over K of genus g having T as its minimal skeleton if and
only if (a) there exists an involution s on I" such that s fixes all the points p € T’
with g(p) > 0 and the quotient I' /s is a metric tree, and (b) for every p € I the
number of bridge edges adjacent to p is at most 2g(p) + 2.

1.3.2. Gonality of tropical curves. The tropical projective line is the augmented
tropical curve TP! represented by any tree with genus function identically zero.
See Example 2.15. An augmented tropical curve C is called d-gonal if there exists
a tropical morphism of degree d from C to TP!. By Corollary 1.4.28, the gonality
of an augmented tropical curve is always a lower bound for the gonality of any
lift to a smooth proper curve over K. (See Remark 5.3 for a discussion of the
various notions of gonality of tropical curves existing in the literature.) We prove
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in Section 5 that none of the lower bounds provided by tropical ranks and gonality
are sharp. For example:

Theorem. (1) There exists an augmented tropical curve C of gonality 4 such that
the gonality of any lifting of C is at least 5.

(2) There exists an effective divisor D on a tropical curve C such that D has
tropical rank equal to one, but any effective lifting of D has rank 0.

The construction in (1) uses the vanishing of the degree-four Hurwitz number
Hé: 0(2,2),(2,2), (3, 1)). In fact, we prove in Theorem 5.4 a much stronger
statement: we exhibit an augmented (nonmetric) graph G such that none of the
augmented tropical curves with G as underlying augmented graph can be lifted to
a 4-gonal K-curve. This means that there is a finite graph with stable gonality 4 (in
the sense of [Cornelissen et al. 2014]) which is not the (augmented) dual graph of
any 4-gonal curve X/K.

The proof of (2) is based on our lifting results and an explicit example, due to
Luo (see Example 5.13), of a degree three and rank one base-point free divisor
D on a tropical curve C which does not appear as the fiber of any degree-three
tropical morphism from C to TP!.

1.3.3. Linear equivalence of divisors. When the target curve has genus zero, we
investigate in (3.16) a variant of question (Q2’) in which the genus of the source curve
may be prescribed, at the cost of losing control over the degree of the morphism.
As an application, we show in Theorem 4.3 that linear equivalence of divisors on a
tropical curve C coincides with the equivalence relation generated by declaring that
the fibers of every tropical morphism from C to the tropical projective line TP!
are equivalent:

Theorem. Let I be a metric graph. Linear equivalence of divisors on I is the
additive equivalence relation generated by (the retraction to T of) fibers of fi-
nite harmonic morphisms from a tropical modification of " to a metric graph of
genus zero.

1.4. Organization of the paper. The paper is organized as follows. Precise defi-
nitions of tropical modifications and tropical curves are given in Section 2, along
with various kinds of morphisms between these objects. In that section we also
use results from [ABBR1] to define tropicalizations of morphisms of curves, and
provide a number of examples. Lifting results for (augmented) metric graphs and
tropical curves are proved in Section 3. Section 4 contains applications of our lifting
results. For example, lifting results for metrized complexes equipped with a finite
group action are discussed in (4.5). In (4.5) we also give a complete classification
of all hyperelliptic augmented tropical curves which can be realized as the minimal
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skeleton of a hyperelliptic curve. Finally, in Section 5 we study tropical rank and
gonality and related lifting questions.

1.5. Related work. The definition of effective harmonic morphisms of augmented
metric graphs that we use is the same as in [Bertrand et al. 2011]. The closely
related, but slightly different, notion of an “indexed harmonic morphism” between
weighted graphs was considered in [Caporaso 2014]. The indexed pseudohar-
monic (resp. harmonic) morphisms in [ibid.] are closely related to harmonic (resp.
effective harmonic) morphisms in our sense when the vertex sets are fixed (see
Definition 1.2.4), and nondegenerate morphisms in the sense of [ibid.] correspond
to finite morphisms in our sense. One notable difference is that in [ibid.] only the
combinatorial type of the metric graphs are fixed; the choice of positive indices in
an indexed pseudoharmonic morphism determines the length of the edges in the
source graph once the edge lengths in the target are fixed.

Tropical modifications and the “up-to-tropical-modification” point of view were
introduced by Mikhalkin [2006].

In (5.1) we propose a definition for the stable gonality of a graph which coincides
with the one used in the preprint [Cornelissen et al. 2014]. A slightly different
notion of gonality for graphs was introduced in [Caporaso 2014]. We also define
the gonality of an augmented tropical curve, which strikes us as a more natural and
perhaps more useful notion than the stable gonality of a graph (where the lengths of
the edges in the source and target metric graphs are not prespecified). We emphasize
the importance of considering the dual graph of the special fiber of a semistable
model of a smooth proper K-curve as an (augmented) metric graph and not just as
a (vertex-weighted) graph. Keeping track of the natural edge lengths allows us to
avoid pathological examples like Example 2.18 in [ibid.] of a 3-gonal graph which
is not divisorally 3-gonal.

The question of lifting effective harmonic morphisms of metric graphs also occurs
naturally (in a related but different archimedean framework) when one considers
degenerating families of complex algebraic dynamical systems; see for example
[DeMarco and McMullen 2008, Theorems 1.2 and 7.1], where the authors prove
a lifting theorem for polynomial-like endomorphisms of (locally finite) simplicial
trees which has applications to studying dynamical compactifications of the moduli
space of degree-d polynomial maps. Our Theorem 3.15 was inspired by the results
of DeMarco and McMullen.

2. Algebraic and tropical curves

In this section we introduce tropical curves and morphisms between them. We use
the results of [ABBR1] to define functorial “intrinsic tropicalizations” of algebraic
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curves. We will freely use the definitions and notations in Section I.2. We reproduce
some of them here for the convenience of the reader.

2.1. Metric graphs. A A-metric graph is a metric graph whose edge lengths be-
long to A. The length of an embedded segment e in a metric graph I" is denoted £ (e).
The set of tangent directions at a point p of I' is denoted T),(I'). To a harmonic
morphism ¢ : I'" — I' of metric graphs are associated its degree deg ¢, its degree
at a point dy(¢), the degree of ¢ along an edge (also called the expansion factor)
d. (¢), the directional derivative of ¢ along a tangent direction at a vertex d, (¢),
and the induced map on tangent spaces do(p’) when d,y (¢) # 0.

The group of divisors on a metric graph I' is denoted Div(I"). A harmonic
morphism of metric graphs ¢ : I'" — T gives rise to pushforward and pullback
homomorphisms ¢, : Div(I'"") — Div(I") and ¢* : Div(I") — Div(I"’) defined by

e (p)= Y dy(p)(p) and @.(p")=(p(p))
p'=p
and extended linearly. It is clear that for D € Div(I") we have deg(¢*(D)) =
deg ¢ - deg D and deg(¢. (D)) =deg D.

2.2. Augmented metric graphs. An augmented metric graph I' has a genus func-
tion g : I' — Z>¢. We say that I is fotally degenerate provided that g is identically
zero. The genus of I is

g =mh @+ gp),
pel

where /(") is the first Betti number of I'. If g(I') = O then we say that I" is
rational. The canonical divisor of an augmented metric graph I is

Kr =) (val(p) +2g(p) —2) (p).
pel

The degree of Kr is deg K =2g(I") — 2.
Let ¢ : I" — I' be a harmonic morphism of augmented metric graphs. The
ramification divisor of ¢ is the divisor R =) R,/(p’), where for p’ € I/,

Ry =dy(9)- 2=2g(p(PN) — 2=28(PN— D (du(p)—1).
VET, (I)

We have the Riemann—Hurwitz formula
Kr = ¢"(Kr) + R.

We say that ¢ is generically étale if R is supported on the set of infinite vertices
of I' and is étale if R = 0.
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2.3. Effective harmonic morphisms. The following Riemann—Hurwitz condition
will be used in formulating lifting problems for harmonic morphisms of augmented
metric graphs. Given a vertex p’ € V(I'') with d,y (¢) # 0, we define the ramification
degree of ¢ at p’ to be

Ty = Rp’ _#{U/ € Tp’(r/) dy(p) =0}

Clearly r,y < Ry, with r,y = Ry if and only if dyy(¢) > 0 for any v’ € T, (I'"),
i.e., the distinction between ramification divisors and ramification degrees only
makes sense for nonfinite harmonic morphisms. Our motivation not to restrict
ourselves to finite harmonic morphisms is that nonfinite harmonic morphisms show
up naturally in many practical situations.

Definition 2.4. A harmonic morphism of augmented A-metric graphs ¢ : T — T’
is said to be effective if r,, > 0 for every finite vertex p’ of I'" with dy (¢) # 0.

The significance of the number r is given in Remark 2.7. In particular, only
effective harmonic morphisms of augmented metric graphs have a chance to be
liftable to a harmonic morphism of metrized complexes of curves, and possibly to
a morphism of triangulated punctured K -curves. See Remark 2.10.

Note that a generically étale morphism of augmented metric graphs is effective.

Example 2.5. Consider the harmonic morphisms of graphs ¢ : I’ — T" represented
in Figure 2. We use the following conventions in our pictures: black dots represent
vertices of I'” and I'; we label an edge with its degree if and only if the degree is
different from 0 and 1; we do not specify the lengths of edges of I'" and T".

The morphisms in Figure 2(a,b,c) are effective provided that all the target graphs
are totally degenerate. Suppose that all 1-valent vertices are infinite vertices in
Figure 2(d,e), and that g(p) = 0 in Figure 2(e) and g(p) = 1 in Figure 2(e). Then
rp =2g(p") — 1 and r, = 2g(p;) — 2, so the morphism depicted in Figure 2(d)
is effective if and only if g(p’) > 1, and the morphism depicted in Figure 2(e) is
effective if and only if both vertices pj and p) have genus at least one.

The morphism in Figure 1 is effective when both graphs are totally degenerate.

2.6. Metrized complexes of curves. Metrized complexes of curves and harmonic
morphisms between them are defined in (I1.2.16). We recall some of the definitions
here. A A-metrized complex of k-curves € is the data of an underlying augmented
A-metric graph I" with a distinguished vertex set, and for each finite vertex p€I" a
smooth proper connected k-curve C), of genus g(p), called the residue curve, and an
injective reduction map red,, : 7,(I") < C, (k). A harmonic morphism ¢ : ‘¢’ — 6
is a harmonic morphism of underlying augmented metric graphs ¢ : I — T,
taking finite vertices of I'’ to finite vertices of ', along with a finite morphism
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(a) (b) (©)

(d) g(p) =0 (e)g(p)=1

Figure 2. Examples of harmonic morphisms of augmented metric graphs.

@ : Cpy = Cy(py for every finite vertex p’ of I'” such that d,, (¢) # 0, satistying the
following compatibility conditions:

(1) For every finite vertex p’ € V(I'') and every tangent direction v" € T, (I'") with
dy (¢) >0, we have ¢, (red, (v)) =redy () (de(p')(v')), and the ramification
degree of ¢, at red,/ (V') is equal to dy (¢).

(2) For every finite vertex p’ € V(I'") with d,(¢) > 0, every tangent direction
v € Ty, ('), and every point x’ € (p;,l(redw(p/)(v)) C C;, (k), there exists
v" € Ty (I'") such that red ,» (v') = x".

(3) For every finite vertex p’ € V(I'") with d,/(¢) > 0 we have d,(¢) = deg ¢, .

Let ¢ : €' — % be a finite harmonic morphism of metrized complexes of curves.
We say that ¢ is a tame harmonic morphism if ¢, is tamely ramified for all finite
vertices p’ € I''. We call ¢ a tame covering if in addition it is a generically étale
finite morphism of augmented metric graphs.

Remark 2.7. It follows from the Riemann—Hurwitz formula applied to the maps
¢p : €l = Cy(p) that a harmonic morphism of metrized complexes of curves gives
rise to an effective harmonic morphism of augmented metric graphs when each ¢,
is a separable morphism of curves; the integer r, is then the sum of ramification
indices over all ramification points of ¢, not contained in red, (7, (I'")). In
particular, tame harmonic morphisms of metrized complexes of curves give rise to
effective harmonic morphisms of augmented metric graphs.

2.8. Triangulated punctured curves and skeleta. Let X be a smooth, connected,
proper algebraic K-curve and let D C X (K) be a finite set of punctures. Recall



Lifting harmonic morphisms Il: Tropical curves and metrized complexes 277

from Definitions [.3.8 and 1.3.9 that a semistable vertex set of (X, D) is a finite set V
of type-2 points of X*" such that X"\ (V U D) is a disjoint union of open balls
and finitely many once-punctured open balls and open annuli. If V is a semistable
vertex set of (X, D), then (X, V U D) is called a triangulated punctured curve. The
semistable vertex sets of (X, D) are in bijective correspondence with the semistable
R-models of (X, D).

To a triangulated punctured curve (X, V U D) one associates a canonical A-
metrized complex of curves X (X, V U D) called its skeleton. The genus of the
underlying augmented metric graph I" is equal to the genus g(X) of X. There is a
canonical closed embedding I' < X" and a retraction map t : X*" — T,

A finite morphism of triangulated punctured K-curves ¢ : (X', V' U D’) —
(X, V U D) consists of a finite morphism ¢ : X’ — X such that ¢~ (V) = V/,
¢ (D) =D'"and ¢~ (Z(X, VUD)) = (X', V'UD’) as sets. Here we restate
Corollary 1.4.28:

Proposition. Let ¢ : (X', V' UD') — (X, V U D) be a finite morphism of triangu-
lated punctured curves. Then ¢ naturally induces a finite harmonic morphism of
A-metrized complexes of curves

(X', V'uD') — (X, VUD).

Definition 2.9. A finite harmonic morphism @ : I" — T’ of metrized complexes
of curves (resp. augmented metric graphs, metric graphs) is said to be liftable
provided that there exists a finite morphism of triangulated punctured K-curves
¢ : (X', V'UD') — (X, VUD) and an isomorphism of ¢ with the induced finite
harmonic morphism of skeleta ¥ (X', V'UD’) — (X, VU D) (resp. of augmented
metric graphs underlying the skeleta, of metric graphs underlying the skeleta).

Remark 2.10. Among all finite harmonic morphisms of augmented metric graphs,
only the effective ones have a chance to be liftable to a tame finite morphism of
triangulated punctured K -curves. Since the induced morphism of skeleta is a finite
harmonic morphism of metrized complexes of curves, this follows from Remark 2.7.

2.11. Tropical modifications and tropical curves. Here we introduce an equiv-
alence relation among metric graphs; an equivalence class for this relation will be
called a tropical curve.

Definition 2.12. An elementary tropical modification of a A-metric graph I'g is
a A-metric graph I' = [0, 4+00] U I’y obtained from I'g by attaching the segment
[0, +o0] to I'p in such a way that 0 € [0, +00] gets identified with a finite A-point
p € I'g. If I'g is augmented, then I" naturally inherits a genus function from Iy by
declaring that every point of (0, +oc] has genus zero.
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(b)

(a)

Figure 3. Two tropical modifications.

An (augmented) A-metric graph I' obtained from an (augmented) A-metric
graph I'y by a finite sequence of elementary tropical modifications is called a
tropical modification of T'y.

If I' is a tropical modification of I'g, then there is a natural retraction map
7 : ' — T’y which is the identity on Iy and contracts each connected component of
"'\ 'y to the unique point in 'y lying in the topological closure of that component.
The map t is a (nonfinite) harmonic morphism of (augmented) metric graphs.

Example 2.13. We depict an elementary tropical modification in Figure 3(a), and a
tropical modification which is a sequence of two elementary tropical modifications
in Figure 3(b).

Tropical modifications generate an equivalence relation ~ on the set of (aug-
mented) A-metric graphs.

Definition 2.14. A A-tropical curve (resp. an augmented A-tropical curve) is an
equivalence class of A-metric graphs (resp. augmented A-metric graphs) with
respect to ~.

In other words, a A-tropical curve is a A-metric graph considered up to tropical
modifications and their inverses (and similarly for augmented tropical curves). By
abuse of terminology, we will often refer to a tropical curve in terms of one of its
metric graph representatives.

Example 2.15. There exists a unique rational (augmented) tropical curve, which
we denote by TP!. Any rational (augmented) metric graph whose 1-valent vertices
are all infinite is obtained by a sequence of tropical modifications from the metric
graph consisting of a unique finite vertex (of genus zero).

Example 2.16. Let ['g be a A-metric graph, p € Iy a finite A-point, and / € A\ {0}.
We can construct a new A-metric graph I" by attaching the segment [0, /] to I'g via
the identification of O € [0, /] with p. Then I'g and I" represent the same tropical
curve, since the elementary tropical modification of I'g at p and the elementary trop-
ical modification of I' at the right-hand endpoint of [0, /] are the same metric graph.
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Definition 2.17. Let I" and '’ be representatives of A-tropical curves C and C’,
respectively, and assume we are given a harmonic morphism of A-metric graphs
¢: TV —T.

An elementary tropical modification of ¢ is a harmonic morphism ¢; : I'} — I’y
of A-metric graphs, where 7 : ['y — [" is an elementary tropical modification,
t':T| — I'" is a tropical modification, and such that p o 7" = T 0 9.

A tropical modification of ¢ is a finite sequence of elementary tropical modifica-
tions of ¢.

Two harmonic morphisms ¢; and ¢, of A-metric graphs are said to be tropically
equivalent if there exists a harmonic morphism which is a tropical modification of
both ¢; and ¢,.

A tropical morphism of tropical curves ¢ : C' — C is a harmonic morphism
of A-metric graphs between some representatives of C’ and C, considered up to
(the equivalence relation generated by) tropical equivalence, and which has a finite
representative.

One makes similar definitions for morphisms of augmented tropical curves, with
the additional condition that all harmonic morphisms should be effective.

Note that it might happen that two nonequivalent morphisms of augmented metric
graphs represent the same tropical morphisms of nonaugmented tropical curves.

Remark 2.18. The collection of A-metric graphs (resp. augmented A-metric
graphs), together with harmonic morphisms (resp. effective harmonic morphisms)
between them, forms a category. Except for the condition of having a finite
representative, one could try to think of tropical curves, together with tropical
morphisms between them, as the localization of this category with respect to
tropical modifications. However, there are some technical problems which arise
when one tries to make this rigorous (at least if we demand that the localized
category admit a calculus of fractions): as we will see in Example 2.19, tropical
equivalence is not a transitive relation between morphisms of A-metric graphs.
On the other hand, the restriction of tropical equivalence of morphisms (resp. of
augmented morphisms) to the collection of finite morphisms (resp. of generically
étale morphisms) is transitive (and hence an equivalence relation). This is one reason
why we include the condition that ¢ has a finite representative in our definition
of a morphism of tropical curves; another reason is that all morphisms of tropical
curves which arise from algebraic geometry automatically satisfy this condition.
See (2.21).

Example 2.19. The morphism of (totally degenerate augmented) metric graphs
depicted in Figure 2(b) (resp. 4(b)) is an elementary tropical modification of the
one depicted in 4(a) (resp. 2(b)).
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(d) g(p)=0,Ry =1 ) g(p)=0,R, =2

Figure 4. Figure 4(b) is an elementary tropical modification of
Figure 4(a), and Figures 4(c) and (d) are elementary tropical modi-
fications of Figure 4(e).

Figure 5. Figures 5(a) and (b) are elementary tropical modifica-
tions of Figure 5(c).

The tropical morphisms ¢; and ¢; of totally degenerate augmented tropical
curves depicted in Figure 4(c) and (d) are both elementary tropical modifications of
the morphism ¢ depicted in Figure 4(e).

The tropical morphisms ¢; and ¢, depicted in Figure 5(a) and (b) are both
elementary tropical modifications of the morphism ¢ depicted in Figure 5(c).

On the other hand, the harmonic morphism ¢ : I'" — T depicted in Figure 2(c)
with d =1 is not tropically equivalent to any finite morphism: since ¢ has degree
one, the cycle of the source graph will be contracted to a point by any harmonic
morphism of metric graphs tropically equivalent to ¢. In particular, ¢ does not give
rise to a tropical morphism.
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As mentioned above, tropical equivalence is not transitive among morphisms
of metric graphs (resp. of augmented metric graphs). For example, the two mor-
phisms ¢; and ¢, depicted in Figure 4(c) and (d) are not tropically equivalent
as augmented morphisms: since R, = 0 in Figure 4(c), any edge appearing in a
tropical modification of ¢; will have degree one.

Note that the preceding harmonic morphisms ¢ and ¢, are tropically equivalent
as morphisms of metric graphs (i.e., forgetting the genus function). However,
tropical equivalence is not transitive for tropical morphisms either, for essentially
the same reason: the two tropical morphisms ¢; and ¢, depicted in Figure 5(a)
and (b) are not tropically equivalent.

Nevertheless, the restriction of tropical equivalence of morphisms to the set of
finite morphisms (resp. generically étale morphisms) is an equivalence relation.
Hence a tropical morphism (resp. an augmented tropical morphism) can also be
thought of as an equivalence class of finite harmonic morphisms (resp. generically
étale morphisms). In particular, there exists a natural composition rule for tropical
morphisms (resp. augmented tropical morphisms), turning tropical curves (resp.
augmented tropical curves) equipped with tropical morphisms into a category.

Remark 2.20. In the definition of a tropical morphism of augmented tropical curves,
in addition to the condition of being a harmonic morphism and the “up to tropical
modifications” considerations, we imposed two rather strong conditions, namely be-
ing effective and having a finite representative. We already saw in Example 2.19 that
the finiteness condition is nontrivial. The effectiveness condition is also nontrivial:
for example, the harmonic morphism ¢ : I'" — T of totally degenerate augmented
metric graphs depicted in Figure 2(c) with d = 2 is not tropically equivalent to any
finite effective morphism of totally degenerate augmented metric graphs. Indeed,
for any tropical modification of ¢ which is effective, at most two edges adjacent
to p’ can have degree two; since I’ already has two such edges for ¢, any tropical
modification of ¢ which is finite and effective will contract the cycle of ' to a point.

We refer to [Brugallé and Mikhalkin > 2015] for a general definition of a tropical
morphism ¢ : C — X from an augmented tropical curve to a nonsingular tropical
variety, including Definition 2.17 as a particular case.

2.21. Algebraic and tropical curves. Restating Lemma [.3.15 and Remark 1.3.16,
we have:

Proposition. Let (X, VU D) be a triangulated punctured K -curve. Let D' C X (K)
be a finite set and let V' be a semistable vertex set of (X, D'), so (X, V' U D)
is another triangulated punctured K -curve with underlying curve X. Then the
augmented metric graphs underlying (X, V' U D’) and (X, V U D) represent
the same tropical curve.
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This proposition implies that one can associate a canonical (augmented) tropical
curve to any smooth proper connected K -curve X. This association is functorial by
Corollary 1.4.26:

Proposition. Let ¢ : X' — X be a finite morphism of smooth proper connected
K-curves, let D C X(K) be a finite set, and let D' = (p_l(D). Then there exist
semistable vertex sets V, V' of (X, D) and (X', D'), respectively, such that ¢
induces a finite morphism of triangulated punctured curves ¢ : (X', V' U D’) —
(X, VUD). In particular, ¢ induces a finite harmonic morphism on suitable choices
of skeleta.

Again we emphasize that a tropical morphism of tropical curves functorially
induced by a finite morphism of algebraic curves is effective and has a finite
representative.

Definition 2.22. We say that a tropical morphism of tropical curves @ : C' — C is
liftable provided that there exists a finite morphism of smooth proper connected
K -curves ¢ : X’ — X functorially inducing @ on skeleta in the above sense.

We will also make use in the text of the notion of tropical modifications of
metrized complexes of curves.

Definition 2.23. Let €, be a A-metrized complex of k-curves.

o A refinement of € is any A-metrized complex of k-curves € obtained from 6
by adding a finite set of A-points S of €\ V (%€p) to the set V (%€() of vertices
of 6o (see Definition 1.2.17), setting C), = |]3’,1c for all p € S, and defining the
map red, by choosing any two distinct closed points of C),.

o An elementary tropical modification of €y is a A-metrized complex of k-
curves 6 obtained from €y by an elementary tropical modification of the
underlying metric graph at a vertex p of 6, with the map red, extended to e by
choosing any closed point of C,, not in the image of the reduction map for 6.

e Any metrized complex of curves € obtained from a metrized complex of
curves ‘6o by a finite sequence of refinements and elementary tropical modifi-
cations is called a tropical modification of €.

3. Lifting harmonic morphisms of metric graphs
to morphisms of metrized complexes

There is an obvious forgetful functor which sends metrized complexes of curves
to (augmented) metric graphs, and harmonic morphisms of metrized complexes
to harmonic morphisms of (augmented) metric graphs. A harmonic morphism of
(augmented) metric graphs is said to be liftable to a harmonic morphism of metrized
complexes of k-curves if it lies in the image of the forgetful functor.
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We proved in Theorem 1.7.7 that every tame covering of metrized complexes of
curves can be lifted to a tame covering of algebraic curves. In this section we study
the problem of lifting harmonic morphisms of (augmented) metric graphs to finite
morphisms of metrized complexes (and thus to tame coverings of proper smooth
curves, thanks to Proposition 1.7.15).

3.1. Lifting finite augmented morphisms. Recall that £ is an algebraically closed
field of characteristic p > 0. A finite harmonic morphism ¢ of (augmented) metric
graphs is called a tame harmonic morphism if either p = 0 or all the local degrees
of ¢ along edges are prime to p. Lifting of tame harmonic morphisms of augmented
metric graphs to tame harmonic morphisms of metrized complexes of k-curves is
equivalent to the existence of tamely ramified covers of k-curves of given genus
with some given prescribed ramification profile.

3.1.1. A partition p of an integer d is a multiset of natural numbers dy, ..., d; > 1
with )", d; = d. The integer [, called the length of x, will be denoted by /(1).

Let g’, g > 0and d > 0 be integers, and let M = {i1, ..., 4y} be a collection of
s partitions of d. Assume that the integer R defined by

R:=d(2-2g)+2g' —2—sd+ ) 1(1;) (3.1.2)
i=1

is nonnegative. Denote by &dg, g(,u 1, .-, M) the set of all tame coverings ¢ : C' — C
of smooth proper curves over k, with the following properties:

(i) The curves C and C’ are irreducible of genus g and g’, respectively.
(i) The degree of ¢ is equal to d.

(iii) The branch locus of ¢ contains (at least) s distinct points xy, ..., x; € C, and
the ramification profile of ¢ at the points ¢~ (x;) is given by u;, for 1 <i <s.

As we will explain now, the lifting problem for morphisms of augmented metric
graphs to morphisms of metrized complexes over a field k reduces to the emptiness
or nonemptiness of certain sets &d;’,’ g(,u 1,.-., Ms). This latter problem is quite
subtle, and no complete satisfactory answer is yet known (see also (3.3.1)). In some
simple cases, however, one can ensure that &Qg,, g(m, ..., Wg) is nonempty. For
example, if all the partitions w; are trivial (i.e., they each consist of d 1’s), then
&1‘;,’ g(m, ..., Mg) 1s nonempty. Here is another simple example.

Example 3.2. For an integer d that is prime to the characteristic p of k, the set
&Qg’o((d), (d)) is nonempty since it contains the map z — z¢. This is in fact the
only map in &ig,o((d), (d)) up to the action of the group PGL(2, k) on the target
curve and P!-isomorphisms of coverings.
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3.2.1. Let ¢ : " — T be a finite harmonic morphism of augmented metric graphs.
Using the definition of a harmonic morphism, one can associate to any point p’
of I'" a collection w1 (p’), ..., us(p’) of s partitions of the integer d, (¢), where
s = val(p(p")), as follows: if Ty, (I") = {vy,..., vy} denotes all the tangent
directions to I'" at ¢(p’), then w; (p’) is the partition of d,(¢) which consists of the
various local degrees of ¢ in all tangent directions v" € T,/(I"") mapping to v;.

The next proposition is an immediate consequence of the various definitions
involved once we note that, by Example 3.2, there are only finitely points p’ € I/
for which the question of nonemptiness of the sets &d?’(’%)’)g( () arises. It provides
a “numerical criterion” for a tame harmonic morphism of augmented metric graphs

to be liftable to a tame harmonic morphism of metrized complexes of curves.

Proposition 3.3. Let ¢ : I'" — T be a tame harmonic morphism of augmented
metric graphs. Then ¢ can be lifted to a tame harmonic morphism of metrized
complexes over k if and only if for every point p' in I, the set

d,(9)
ﬂgzp/),g((p(p/))(ﬂl(p/L cey Mval(w(p/))(p/))

is nonempty.

3.3.1. In characteristic zero, the lifting problem for finite augmented morphisms
of metric graphs can be further reduced to a vanishing question for certain Hurwitz
numbers.

Fix an irreducible smooth proper curve C of genus g over k, and let x, ..., xg,
Y1, ..., Yr be a set of distinct points on C. The Hurwitz set %Z/,g(m, ceey M) S
the set of C-isomorphism classes of all coverings in &1;,’ g(m, ..., Wg) satisfying
(1), (i1) and (iii) in (3.1.1) for the curve C and the points xi, ..., x; that we have
fixed, and which in addition satisfy:

(iv) The integer R is given by (3.1.2), and for each 1 <i < R, ¢ has a unique
simple ramification point y; lying above y;.

Note that, by this condition, the branch locus of ¢ consists precisely of the points
x;, y;j. The Hurwitz number H;,’g(,ul, ..., Mg) is defined as

1
HY (i, )= Y

|Aute (@)’
PEHG, (1o lts) ¢

and does not depend on the choice of C and the closed points x1, ..., X5, Y1, ..., ¥R
in C.
Example 3.4. It is known (see for example [Edmonds et al. 1984]) that

Hly=3%. H}o((3)....03) >0, H((2,2),(2.2),3,1)=0.
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For the reader’s convenience, and since we will use it several times in the sequel,
we sketch a proof of the fact that HS" 0(2,2),(2,2), (3, 1)) =0. By the Riemann—
Hurwitz formula and the Riemann existence theorem, Hé 0(2,2),(2,2),3, 1) #0
if and only if there exist elements oy, 02, 03 in the symmetric group &4 having
cycle decompositions of type (2, 2), (2, 2), (3, 1), respectively, such that o003 =1
and such that the o; generate a transitive subgroup of G4. However, elementary
group theory shows that the product o0, cannot be of type (3, 1) (the transitivity
condition does not intervene here). For a proof which works in any characteristic,
see Lemma 5.10 below.

All Hurwitz numbers can be theoretically computed, for example using the
Frobenius formula (see [Lando and Zvonkin 2004, Theorem A.1.9]). Nevertheless,
the problem of understanding their vanishing is wide open. The above example
shows that Hurwitz numbers in degree at most three are all positive, which is not
the case in degree four. Some families of (non)vanishing Hurwitz numbers are
known (see Example 3.5). However, in general one has to explicitly compute
a given Hurwitz number to decide if this latter vanishes or not. We refer the
reader to [Edmonds et al. 1984; Pervova and Petronio 2006; 2008], along with the
references therein, for an account of what is known about this subject. We will
use the vanishing of H(i 0(2,2),(2,2), (3, 1)) in Section 5 to construct a 4-gonal
augmented graph (see Section 5 for the definition) which cannot be lifted to any
4-gonal proper smooth algebraic curve over K.

Example 3.5. Some partial results are known concerning the (non)vanishing of
Hurwitz numbers. For example, it is known that double Hurwitz numbers (i.e.,
when s = 2) are all positive (this can be seen for example from the presentation of
the cut-join equation given in [Cavalieri et al. 2010]), as well as all the Hurwitz
numbers Hg,g(ﬂl’ ..., s) when g > 1 and R > 0 [Husemoller 1962; Edmonds
et al. 1984]. On the other hand, it is proved in [Pervova and Petronio 2008] that

H{(d—=2,2),2,...,2),(3d+1,1,...,1)) =0 foralld >4 even.

Example 3.6. As another example of nonvanishing Hurwitz numbers, one has
Hé{/o(/,cl, ..., Mg, (d)) > 0 for all integers d’ > 1 when the integer R defined
in (3.1.2) is zero (i.e., if the combinatorial Riemann—Hurwitz formula holds);
see [Edmonds et al. 1984, Proposition 5.2] or [DeMarco and McMullen 2008,
Proposition 7.2].

The nonemptiness of &Qg/, g(m, ..., is) can be reduced to the nonemptiness of
the Hurwitz set %g/’g(,u], cey M)
Lemma 3.7. Suppose that k has characteristic zero. Then sﬁg, g(,u Ly ovvs Mg) IS

nonempty if and only ingd,’g(ul, ceey g) # 0.
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Proof. Since %g g(ul, ..., Mg) is a subset of sdg,’g(ul, ..., Ws), obviously we only

need to prove that if &Q (MI, ..., Ms) # <, then the Hurwitz set is also nonempty.
Let ¢ : C' — C be an element of &Qd (m, ..., [s), branched over x; € C with
ramification profile u; fori =1, . s and let z1, ..., z; be all the other points in
the branch locus of ¢. Denote by V; the ramification profile of ¢ above the point z;.
Fix a closed point x of C\ {xy, ..., x;, z1, ..., 2:}. The étale fundamental group
i (C\{xy1, ..., X5, 21, - .., 2}, %) is the profinite completion of the group generated
by a system of generators ay, by, ..., ag, bg, cy, ..., csy, satisfying the relation

[ai, b1]---lag, bglcy -+ - coqr =1,

where [a, b]=aba~'b~" (see [SGA 1 1971]). In addition, the data of ¢ is equivalent
to the data of a surjective morphism p from 7 (C \ {x1, ..., X5, 21, ..., 2}, %) to a
transitive subgroup of the symmetric group &, of degree d such that the partition
Wi (resp. v;) of d corresponds to the lengths of the cyclic permutations in the
decomposition of p(c;) (resp. p(cs+i)) in G4 into products of cycles, for 1 <i <
(resp. 1 <i <t). By the Riemann—-Hurwitz formula, we have R = Z;:l (d—1(vy)).

Now note that each p(cs4;) can be written as a product of d —[(v;) transpositions

T, rl.dfl(””) in Gy, ie., ples4i) =7 ... tl.dfl("”) Rename the set of R distinct
points y1, ..., yg of C\ {x1, ..., x;, *} aszl-l,...,zd 100 for 1 <i <.

The étale fundamental group 71 (C\{x1, ..., X5, zl, R zf_l(v‘), ... d Z(V’)} *)
has, as a profinite group, a system of generators ay, by, ..., ag, bg, Cly...,Cg,
ci PR cf;f(”'), el cf;tl (vr) verifying the relation

a1, bi] -+ [ag, beler -+ cye) g -l ™ e evely o™ =1,
and admits a surjective morphism to &, which coincides with p onay, by, . .., ag, bg,
and which sends cs 4 to tl.J foreach 1 <i <tand 1< j <d—I(v;). The corresponding
cover C” — C obviously belongs to sd‘;,, g(m, ..., Ms) and in addition has simple
ramification profile (2) above each y;, i.e., it verifies condition (iv) above. This
shows that %g/,g(ﬂl» ..., Ms) 1S nonempty. O

Corollary 3.8. Suppose that k has characteristic zero. Let ¢ : T" — T be a finite
morphism of augmented metric graphs, and let ‘€ be a metrized complex over k
lifting T'. There exists a lifting of ¢ to a finite harmonic morphism of metrized
complexes €' — 6 over k (and thus to a morphism of smooth proper curves over K)
if and only if

dy(9)
1_[ g(pp) g(w(p/))(ul(p/)’ oo Mval(p(pry)) # 0.
plevI)

In particular, if ¢ is effective and g(p) > 1 for all the points of valency at least
three in ', then ¢ lifts to a finite harmonic morphism of metrized complexes over k.



Lifting harmonic morphisms Il: Tropical curves and metrized complexes 287

Remark 3.9. If k£ has positive characteristic p > d, then sdg/’ g(ul, ..., M) has the
same cardinality as in characteristic zero. (This follows from [SGA 1 1971], which
provides an isomorphism between the tame fundamental group in positive charac-
teristic p and the prime-to-p part of the étale fundamental group in characteristic
zero.) In particular, Lemma 3.7 also holds under the assumption that p > d.

3.10. Lifting finite harmonic morphisms. Now we turn to the lifting problem
for finite morphisms of nonaugmented metric graphs to morphisms of metrized
complexes of k-curves. In this case there are no obstructions to the existence of
such a lift.

Theorem 3.11. Ler ¢ : I'' — T be a tame harmonic morphism of metric graphs,
and suppose that T is augmented. There exists an enrichment of T'' to an augmented
metric graph (I'', g') such that ¢ : (I, g") — (T, g) lifts to a tame harmonic
morphism of metrized complexes of curves over k (and thus to a morphism of
smooth proper curves over K).

Theorem 3.11 is an immediate consequence of Proposition 3.3 and the following
theorem. (For the statement, we say that a partition u of d is tame if either
char(k) = 0 or all the integers appearing in u are prime to p.)

Theorem 3.12. Let g > 0,d > 2, s > 1 be integers. Let i1, ..., lLs be a collection
of s tame partitions of d. Then there exists a sufficiently large nonnegative integer g’
such that &Qg,’g(m, ..., Wg) IS nonempty.

Proof. We first give a simple proof which works in characteristic zero, and more
generally, in the case of a tame monodromy group. The proof in characteristic
p > 0 is based on our lifting theorem and a deformation argument.

Suppose first that the characteristic of k is zero. By Lemma 3.7, we need to show

that for large enough g’ the set %g,, g(m, ..., Mg) 1S nonempty.

If g > 1, for any large enough g’ giving R > 0, we have %Z,,g(m, ceey M) FE
& [Husemoller 1962]. So suppose g = 0. Consider s + R 4 1 distinct points
X1y+e.y X5y 21,5 ---,2R, *1n C. The étale fundamental group

mT(R) :=m (C\{x1,...,X5,21,---, 2R}, %)
has, as a profinite group, a system of generators cy, ..., Cs, Cs+1, - - - , Cs+g Verifying
the relation
€l CrCoql - Csap = 1.
It will be enough to show that for a large enough R, there exists a surjective

morphism p from 71 (R) to &, so that p(c,4;) is a transposition forany i =1, ..., R,
and that forany i =1, ..., s, the partition of d given by the lengths of the cyclic
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permutations in the decomposition of p(c;) is equal to ;. In this case, the genus g’
of the corresponding cover C’ of C in %Zco(ﬂlv ..., Wg) will be given by

g =1 —d+%[sd+R—2S:l(Mi)]-
i=1

Consider an arbitrary map p from {ci, ..., ¢} to &, verifying the ramifica-
tion profile condition for p(cy), ..., p(cr). Choose a system of d transpositions
71, ..., Tg generating &4, and consider a set of transpositions 7441, - . . , Tg such that

plc) --ples)T1- Ta =TR"* - Td+1 -

This proves Theorem 3.12 when k has characteristic zero.

Consider now the case of a base field k of positive characteristic p > 0. Note that
since the prime-to- p part of the tame fundamental group has the same representation
as in the case of characteristic zero, the group theoretic method we used in the
previous case can be applied if the monodromy group is tame, i.e., has size prime
to p. However, in general it is impossible to impose such a condition on the
monodromy group. For example in the case when p divides d, the size of the
monodromy group is always divisible by p.

We first describe how to reduce the proof of Theorem 3.12 to the case s = 1 and
g = 0. Suppose that for each u;, 1 <i <, there exists a large enough g; such that
sﬂ?ho(,ui) is nonempty, and consider a tame cover ¢; : C; — [P’,]( in g, o(1;) such
that the ramification profile over 0 € P! is given by ;, and choose two regular
points x;, y; € P! G.e., x;, y; are outside the branch locus of ¢;). Choose also a
smooth proper curve Co of genus g which admits a tame cover ¢y : C;; = Co of
degree d from a smooth proper curve C of large enough genus g. (The existence
of such a cover can be deduced by a similar trick as that discussed at the end of the
proof below and depicted in Figure 7.) Let yp € Cy be a regular point of ¢g.

Let 6 be the metrized complex over £ whose underlying metric graph is [0, +oc],
with one finite vertex vy and one infinite vertex v.., equipped with the metric induced
by R, and with C,, = Cy and red,, ({vo, voo}) = yo. Denote by € the modification
of € obtained by taking a refinement at r distinct points 0 < v} < --- < vy < 00,
as depicted in Figure 6, and by setting C,, = P! and red,, ({vi, vi—1}) = x; and
red,, ({vi, viy1}) = yi (here vs41 = Vo), and by adding an infinite edge e; to each v;,
and defining red,, (¢;) = 0 € P'. Denote by I'" the underlying metric graph of 6.

See Figure 6.
Define now the metric graph B, as the chain of s banana graphs of size d:
By 4 has s+1 finite vertices uo, ..., us and u, . .., u, infinite vertices adjacent to u

such that u; is connected to u; 1 with d edges of length £ ({v;4+1 — v;}). We denote
by By 4 the tropical modification of B, 4 at u1, ..., uys, obtained by adding /(u;)
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!
~ uo ui uy u3 Usg I

Bs,d e é

r ’y Py r————————————o
) /1 /2 ) /US -

Figure 6. Construction of the graph §s,d used in the proof of Theorem 3.12.

infinite edges to u;. Eventually we turn Es,d into a metrized complex €, ; over k
by setting C,;, = C;, and defining red,, on the d edges between u; and u; 1 by a
bijection to the d points in ¢; ! (yi), red,; on the edges between u; and u; _; by a
bijection to the d points in ¢; ! (x;), and red,,, on the /(u;) infinite edges adjacent
to u; by a bijection to the /(x;) points in ¢, ! 0).

Obviously, there exists a degree-d tame morphism ¢ : €;; — € of curve
complexes over k which sends u; to v;, and has degrees given by integers in u;
above the infinite edge of I" adjacent to v;, fori =1,...,s, and ¢,, = ¢; (see
Figure 6). According to Proposition 1.7.15, the map ¢ lifts to a tame morphism
of smooth proper curves g : X — X’ over K the completion of the algebraic
closure of k[[#]l. The map ¢k has partial ramification profile .y, ..., us. To deduce
now the nonemptiness of &dg,’ g(u 1, ..., MUs), we note that there exists a subring R
of K, finitely presented over k, such that the map ¢x descends to a finite morphism
@r : X — X' between smooth proper curves over Spec(R). In addition, over a
nonempty open subset U of Spec(R), ¢r specializes to a tame cover with the
same ramification profile as ¢g. Since U contains a k-rational point, we infer the

existence of a large enough g’ such that &Qf‘f,,g(m, ey M) FE D
We are thus led to consider the case where s =1, g =0, u = (dy,da, ..., d))
with Zi di=d,dy,...,d, >1and d;y| = - - =d; = 1. Figure 7 shows that, just

as in the previous reduction, one can reduce to the case where s = 1 and u| = {d}
with (d, p) = 1. (Note that in Figure 7(a) the degree of the morphism at some of
the middle vertices is two; Figure 7(b) is arranged so that the degrees are all odd.)
But this is just nonemptiness of g o((d)) (see Example 3.2). O

Remark 3.13. As the above proof shows, when k has characteristic zero one can get
an explicit upper bound on the least positive integer g’ with %Z’,O(M Ly-ves Ms) D,
Indeed, the permutation p(cy) - - - p(cs)T1 - - - T4 can be written as the product of
d+ Zf: 1(d —1(u;)) transpositions. So without loss of generality we have R —d =
d+>"7_,(d—1(n;)), which means that one can take g’ tobe 1+ i, (d —I1(1;)).
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1 1
1 1
di > 1 7 dy>?2
dz > 1 dz > 2
dy > 1 dy>2
dy > 1 dy >2
(@) (b)

Figure 7. (a) Reduction in the case p # 2 (in this example, d; =4,
dy =4, ds =3 and d; = 2). (b) Reduction in the case p = 2.

For g > 1, 3, , is nonempty as soon as R is nonnegative, which means in this case
that one can take g’ tobe 1+ (g — 1)d + % >oid—1(w)).

3.14. Lifting polynomial-like harmonic morphisms of trees. There is a special
case of Theorem 3.12 in which one does not need to increase the genus of the source
curve. To state the result, we say (following [DeMarco and McMullen 2008]) that
a degree-d finite harmonic morphism @ : T’ — T of metric trees is polynomial-like
if there exists an infinite vertex of 7’ with local degree equal to d.

Theorem 3.15. Assume that the residue characteristic of K is zero or bigger than d.
Let @ : T' — T be a generically étale polynomial-like harmonic morphism of metric
trees. Then there exists a degree-d polynomial map ¢ : P — P! over K lifting .

Proof. 1t suffices to prove that ¢ can be extended to a degree-d harmonic morphism
of genus-zero metrized complexes of curves. By Theorem 1.7.7, Proposition 3.3,
and Remark 3.9, this reduces to showing that the Hurwitz numbers given by the
ramification profiles around each finite vertex of 7’ are all nonzero. Fix an infinite
vertex oo of T’ with local degree d. Then it is easy to see that, for any such vertex v’,
the local degree of @ at v’ is equal to the local degree of ¢ in the tangent direction
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corresponding to the unique path from v’ to co. (This is analogous to [DeMarco
and McMullen 2008, Lemma 2.3].) The result now follows from Example 3.6. [J

3.16. Lifting of harmonic morphisms when the base has genus zero. We now
consider the special case where I" has genus zero and present more refined lifting re-
sults in this case. As explained in (2.11), a given harmonic morphism of (augmented)
metric graphs does not necessarily have a tropical modification which is finite. We
present below a weakened notion of finiteness of a harmonic morphism, and prove
that any harmonic morphism from an (augmented) metric graph to an (augmented)
rational metric graph satisfies this weak finiteness property. We discuss in Section 4
some consequences concerning linear equivalence of divisors on metric graphs.

Definition 3.17. A harmonic morphism ¢ : I' — T from an augmented metric
graph I to a metric tree 7T is said to admit a weak resolution if there exists a tropical
modification 7 : T — I and an augmented harmonic morphism ¢ : ' — T such
that the restriction @|r is equal to ¢, and some tropical modification of ¢ is finite.

In other words, the morphism ¢ has a weak resolution if it can be extended,
up to increasing the degree of ¢ using the modification 7, to a tropical morphism
P:T>T.

Example 3.18. The harmonic morphism depicted in Figure 2(c) with d = 1 can
be weakly resolved by the harmonic morphisms depicted in Figures 4(b) and 2(b).
Another example of a weak resolution is depicted in Figure 8.

Definition 3.19. Let ¢ : ' — T be a harmonic morphism from a metric graph I" to
a metric tree 7. A point p € I" is regular if ¢ is nonconstant on all neighborhoods
of p.

The contracted set of ¢, denoted by €(¢p), is the set of all nonregular points of ¢.
A contracted component of ¢ is a connected component of €(¢).

(a) b)

Figure 8. (a) A harmonic morphism not tropically equivalent to
any finite harmonic morphism. (b) A weak resolution of the mor-
phism in Figure 8(a).
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The next proposition, together with Proposition 1.7.15, allows us to conclude
that any harmonic morphism from an augmented metric graph to a metric tree can
be realized, up to weak resolutions, as the induced morphism on skeleta of a finite
morphism of triangulated punctured curves. Recall that A = val(K *) is divisible
since K 1is algebraically closed.

Proposition 3.20 (weak resolution of contractions). Let ¢ : ' — T be a harmonic
morphism of degree d from a metric graph I to a metric tree T.

(1) There exist tropical modifications T : T'>Tandt :T — T, and a harmonic
morphism of metric graphs (of degree d > d) ¢ : T — T, such that @|r\¢(p) = ¢,
where € () is the contracted part of T.

(2) Suppose in addition that U is augmented, and if p > 0 that all the nonzero
degrees of ¢ along tangent directions at I" are prime to p. Then there exist
tropical modifications of T', T, and ¢ as above such that ¢ is tame and, in
addition, there exists a tame harmonic morphism of metrized complexes of
k-curves with ¢ as the underlying finite harmonic morphism of augmented
metric graphs.

Proof. Up to tropical modifications, we may assume that all 1-valent vertices of T
are infinite vertices.

The proof of (1) goes by giving an algorithm to exhibit a weak resolution
of ¢. Note that this algorithm does not produce the weak resolutions presented in
Example 3.18, since in these cases we could find simpler ones.

Let V(I') be any vertex set of I' with no loop edge. We denote by d the degree
of ¢, and by « the number of nonregular vertices of ¢. Given v a finite nonregular
vertex of I', we consider the tropical modification 7, : Fv — I" such that (FU\F)U{ v}
is isomorphic to T as a metric graph. Considering all those modifications for all
nonregular vertices of ¢, we obtain a modification t : I > I'. We can naturally
extend ¢ to a harmonic morphism ¢ : [>T of degree d + « such that ¢|r = ¢
and all degrees of ¢ on edges not in ' are equal to 1 (see Figure 9(a) in the case of
the harmonic morphism depicted in Figure 2(c) with d = 1).

By construction, any contracted component of ¢ is an open edge of I', and this
can be easily resolved. Indeed, if e is a finite contracted edge of ¢, we do the
following (see Figure 9(b)):

« consider the tropical modification t7 : T — Tof T at @(e); denote by e the
new end of T;

« consider the composition 7, : I'. — T of two elementary tropical modifications
of I' at the middle of the edge e; denote by e, and es the two new infinite
edges of I',, and by e4 and es the two new finite edges of [',;
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« subdivide e; into a finite edge e? of length equal to the lengths of e4 and es,
and an infinite edge e{*;

o consider the morphism of metric graphs ¢, : T, — T defined by

- (Z‘3|F\{€2y€3,e4,65} =9,
— Pe(€2) = Pele3) = e?o’ and @, (es) = @, (es5) = e(l)’
- d, (g.)=1fori =2,3,4,5;
« extend @, to a harmonic morphism of metric graphs ¥, : [ — T, where I' is
a modification of T, at regular vertices in @, ' ((e)), with all degrees of & on
edges not in T, equal to 1.

We resolve in the same way a contracted infinite end of T. By applying this process
to all contracted edges of @, we end up with a finite harmonic morphism of metric
graphs which is a tropical modification of ¢.

Note that in the proof of (1) we increased some of the local degrees by one, but
we could have increased these local degrees by any amount by inserting an arbitrary
number of copies of T in the construction of I". Based on this remark, the proof of (2)
now follows the same steps as the proof of (1), using in addition the following claim:

Claim. Let ¢’ > 0 and d, s > 0 be integers. Let w1, ..., us be a collection of s
tame partitions of d. Then there exist arbitrarily large nonnegative integers d’ such
that &ﬁ‘gl;’o(u’l, ..., iy) is nonempty, where u; is the partition of d’ obtained by
adding a sequence of d’ — d numbers 1 to each partition u;.

Figure 10, Figure 7(a), our resolution procedure, and the argument used for the
positive characteristic case of the proof of Theorem 3.12 reduce the proof of the
claim to the case s = 1 and | = {d} with (d, p) = 1. But in this case, for any
g’ >0, by the group theoretic method we used in the proof of Theorem 3.12, there
exists a (tame) covering of P! by a curve of genus g’ having (tame) monodromy
group the cyclic group Z/dZ, and with the property that the ramification profile

(a) (b)

Figure 9. The harmonic morphisms (a) ¢, and (b) ¥, in the case
of Figure 2(c) with d = 1.
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/‘

.

i

NN

Figure 10. Reduction to the case s = 1 in the proof of (2) in
Proposition 3.20. Degrees on (infinite) edges related to u; are exactly
the integers appearing in p;. All the other degrees are one. Degrees
over each infinite edge consist of a u; and precisely (s —1)d numbers 1.

above the point 1 of P! is given by u = {d}. This finishes the proof of the claim,
and the proposition follows. ([

4. Applications

4.1. Linear equivalence of divisors. A (tropical) rational function on a metric
graph I is a continuous piecewise affine function F : I' — R with integer slopes.
If F is a rational function on I', div(F’) is the divisor on I" whose coefficient at a
point x of I is given by ZUGTX d, F, where the sum is over all tangent directions
to I at x and d, F is the outgoing slope of F at x in the direction v. Two divisors
D and D’ on a metric graph I' are called linearly equivalent if there exists a rational
function F on I' such that D — D’ = div(F), in which case we write D ~ D’. For
a divisor D on I', the complete linear system of D, denoted | D], is the set of all
effective divisors E linearly equivalent to D. The rank of a divisor D € Div(I") is
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defined to be
rr(D) := Emggo degE — 1.
|D—E|=2

Let ¢ : ' — T be a finite harmonic morphism from I' to a metric tree T of
degree d. For any point x € T, the (local degree of ¢ at the points of the) fiber
¢~ !(x) defines a divisor of degree d in Div(I") that we denote by D, (¢). We have

Di(g):= > dy@)).

yep~(x)
where d, (¢) denotes the local degree of ¢ at y.

Proposition 4.2. Let ¢ : ' — T be a finite harmonic morphism of degree d from I'
to a metric tree. Then for any two points x1 and x3 in T, we have Dy, (¢) ~ Dy, (¢)
in . Moreover, for every x € T the rank of the divisor D, () is at least one.

Proof. Since T is connected, we may assume that x; and x; are sufficiently close;
more precisely, we can suppose that x, lies on the same edge as x; with respect
to some model G for I'. Removing the open segment (x1, xp) from T leaves
two connected components Ty, and 7,, which contain x; and x;, respectively.
Identifying the segment [x;, xo] with the interval [0, £] by a linear map (where
£ = £([x1, x2]) denotes the length in T of the segment [x1, x3]) gives a rational
function F : T" — [0, £] by sending (p‘l(Tx]) and go_l(Tx2) to 0 and £, respectively.
It is easy to verify that Dy, (¢) — Dy, (¢) = div(F), which establishes the first part.

The second part follows from the first, since y belongs to the support of the
divisor Dy(y)(¢) ~ D, (@) for all y € I", which shows that rr (D, (¢)) > 1. [l

By Theorem 3.11, any finite morphism ¢ : I' — T can be lifted to a morphism
¢ : X — P! of smooth proper curves, possibly with g(X) > g(I'). This shows
that any effective divisor on I' which appears as a fiber of a finite morphism to a
metric tree can be lifted to a divisor of rank at least one on a smooth proper curve
of possibly higher genus.

We are now going to show that the (additive) equivalence relation generated
by fibers of “tropicalization” of finite morphisms X — P! coincides with tropical
linear equivalence of divisors. To give a more precise statement, let I" be a metric
graph with first Betti number % (I"), and consider the family of all smooth proper
curves of genus A (I") over K which admit a semistable vertex set V and a finite
set of K-points D such that the metric graph X (X, V U D) is a modification of I.
Given such a curve X and a finite morphism ¢ : X — P!, there is a corresponding
finite harmonic morphism ¢ : (X, V U D) — T from a modification of I" to a
metric tree 7. Two effective divisors Dy and D; on I' are called strongly effectively
linearly equivalent if there exists a morphism ¢ : (X, VU D) — T as above such
that Dy = 1,(Dy,(¢)) and Dy = 1.(Dy, (¢)) for two points xp and x; in 7. Here
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7, : Div(2(X, V U D)) — Div(I") is the extension by linearity of the retraction
map 7 : £(X, VUD) — I'. The equivalence relation on the abelian group Div(I")
generated by this relation is called effective linear equivalence of divisors. In other
words, two divisors Dy and D; on I" are effectively linearly equivalent if and only
if there exists an effective divisor E on I" such that Dy + E and D; + E are strongly
effectively linearly equivalent. This can be summarized as follows: Dy and D
on I' are effectively linearly equivalent if and only if there exists a lifting of I" to a
smooth proper curve X/K of genus /1 (I"), and a finite morphism ¢ : X — P! such
that 7,(¢ ™' (0)) = Dy + E and 7, (¢~ (00)) = D + E for some effective divisor E,
where 7, is the natural retraction map from Div(X) to Div(I").

Theorem 4.3. The two notions of linear equivalence and effective linear equiva-
lence of divisors on a metric graph I coincide. As a consequence, linear equivalence
of divisors is the additive equivalence relation generated by (the retraction to I" of)
fibers of finite harmonic morphisms from a tropical modification of T to a metric
graph of genus zero.

Proof. Consider two divisors Dy and D; which are effectively linearly equivalent.
There exists an effective divisor £ and a finite harmonic morphism ¢ : r—>r,
from a tropical modification of I' to a metric tree, such that Dy + E = Dy, (@)
and D; 4+ E = Dy, (¢) for two points xg, x; € T. By Proposition 4.2 we have
Do+ E ~ D + E, which implies that Dy and D, are linearly equivalent in F, and
hence in I".

To prove the other direction, it will be enough to show that if D is linearly
equivalent to zero, then there exists an effective divisor E such that D + E and E
are fibers of a finite harmonic morphism ¢ from a modification of I to a metric
tree T, and such that ¢ can be lifted to a morphism X — P!,

By assumption, there exists a rational function f : ' — R U {300} such that
D+div(f)=0. We claim that there is a tropical modification [ ofT together with an
extension of f to a (not necessarily finite) harmonic morphism ¢ : I'>RU {00}
The tropical modification T is obtained from I’ by choosing a vertex set which
contains all the points in the support of D, adding an infinite edge to any finite
vertex in I' with ord,(f) # 0O, and extending f as an affine linear function of
slope —ord,(f) along this infinite edge. It is clear that the resulting map ¢y
is harmonic.

Consider now the retraction map 7 : r — I', and note that for the two divisors
Do (¢0), we have 1,(D+ioo(90)) = D+, where Dy and D_ denote the positive
and negative parts of D, respectively. By Proposition 3.20, there exist tropical
modifications T of T and T of RU {£00} such that ¢y extends to a finite harmonic
morphism ¢ : I' — T which can be lifted to a finite morphism X — P!. If we
denote (again) the retraction map I' — I by 7, then 7,,(D1oo(¢)) = D+ + Ey for
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Figure 11. Illustration of the distinction between effective linear
equivalence and strongly effective linear equivalence of divisors
in Example 4.4. (a) Kr = (p) + (g). (b) An effective lift of 2(¢).
(c) A noneffective lift of Kr.

some effective divisor Ey in . Setting E = D_ + E, the divisors D + E and E
are strongly effectively linearly equivalent, and the theorem follows. U

Example 4.4. Here is an example which illustrates the distinction between the
notions of (effective) linear equivalence and strongly effective linear equivalence of
divisors, as introduced above.

Let I" be the metric graph depicted in Figure 11(a), with arbitrary lengths, and
Kr = (p) + (g) the canonical divisor on I'.

We claim that K is not the specialization of any effective divisor of degree two
representing the canonical class of a smooth proper curve of genus two over K.
More precisely, we claim that for any triangulated punctured curve (X, V U D)
over K such that X (X, V U D) is a tropical modification of I, and for any effective
divisor @ in Div(X) with Kt = 7,.(9), we must have rx (%) =0. (Here 7, denotes the
specialization map from Div(X) to Div(I") and rx (D) = dimg (H%(X, 0(%))) —1.)
Indeed, otherwise there would exist a degree-two finite harmonic morphism 7 :
' — T from some tropical modification of I" to a metric tree with the property that
m(p) = n(q). Restricting such a harmonic morphism to the preimage in T of the
loop containing p would imply, by Proposition 4.2, that the divisor (p) has rank one
in a genus-one metric graph, which is impossible. On the other hand, Figure 11(b)
shows that the divisor 2(¢) ~ (p) + (g) can be lifted to an effective representative of
the canonical class K x, where ¢ is the middle point of the loop edge with vertex q.
This shows that the two linearly equivalent divisors Do = (p) + (¢) and D{ = 2(¢)
are not strongly effectively linearly equivalent.

However, Dy and D are effectively linearly equivalent. Indeed, adding £ = (p)
to Do and Dy, respectively, gives the two divisors 2(p) + (¢) and 2(¢) 4 (p) which
are retractions of fibers of a degree 3 finite harmonic morphism from a tropical
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modification of T to a tree, as shown in Figure 11(c). Consequently, Dy + (p) and
D1 + (p) can be lifted to linearly equivalent effective divisors on a smooth proper
curve X.

Note also that Figure 11(c) shows that since (p;) + (p2) + (¢) — (p3) can be
lifted to a noneffective representative of the canonical class Ky, there exists a
noneffective divisor & in the canonical class Ky of X such that 7,(9) = (p) + (¢).

4.5. Tame actions and quotients. Let € be a metrized complex of k-curves,
and denote by I' the underlying metric graph of €. An automorphism of € is a
(degree-one) finite harmonic morphism of metrized complexes % : ‘€ — € which
has an inverse. The group of automorphisms of € is denoted by Aut(‘€).

Let H be a finite subgroup of Aut(‘€). The action of H on € is generically free
if for any vertex v of I', the inertia (stabilizer) group H, acts freely on an open
subset of C,. A finite subgroup H of Aut(€) is called tame if the action of H on €
is generically free and all the inertia subgroups H, for x belonging to some C, are
cyclic of the form Z/dZ for some positive integer d, with (d, p) =1if p > 0. In
this case we say that the action of H on € is tame.

Remark 4.6. The stabilizer condition in the definition of tame actions is equivalent
to requiring the cover C, — C,/H, be tame, where H, is the stabilizer of the
vertex v. To see that this latter condition implies that all the stabilizers of points
on C, are cyclic, consider a uniformizer 7w at a point x, and consider the map
H, — k> which sends an element & € H, to h(w)/m. This is independent of the
choice of the uniformizer, and embeds H, in the subgroup of roots of unity in k*,
from which the assertion follows. The other direction is clear from the definition.
Note that, more generally, one has a filtration of H, with higher ramification groups
H,> Hy=H, 2> H| 2 H, D ---, the quotient Hy/H, is a finite cyclic group of
order prime to the characteristic p, and H;/H;1 are all p-groups. In the case of
tame actions, H; is trivial.

In this section, we characterize tame group actions H on % which lift to an action
of H on some smooth proper curve X/K lifting €. The main problem to consider
is whether there exists a refinement € of 6 and an extension of the action of H
to % such that the quotient % /H can be defined, and such that the projection map
%€ /H is a tame harmonic morphism. The lifting of the action of H to a
smooth proper curve X as above will then be a consequence of our lifting theorem.

4.7. Let H be a tame group of automorphisms of a metrized complex €. Let
Wu = Wy (€) be the set of all w € I' lying in the middle of an edge e such that
there is an element & € H having w as an isolated fixed point. Denote by H,, the
stabilizer of w € Wg. It is easy to see that H,, consists of all elements & of H
which restrict on e either to the identity or to the symmetry with center w. In
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particular, if A, # id, then 4 permutes the two vertices p and ¢ adjacent to e. For
w € Wy, the inertia group Hred, () = Hred, (e) =/7/d.Z (for some integer d,) is a
normal subgroup of index two in H,,:

0— Hred,,(e) — H, — 7/27 — 0.

We make the following assumption on the groups H,,:

Definition 4.8. A tame group of automorphisms H of a metrized complex € satisfies
the dihedral condition provided that, for all w € Wy, the stabilizer group H,, is
isomorphic to the dihedral group generated by two elements o and ¢ with the
relations

o~ =1, §d=1 and olo=¢""!

for some integer d, such that Hed, ) = (¢)-

The dihedral condition means that the above short exact sequence splits, and the
action of Z/27 = {1} on Hreq, () is given by h — h*! for h € Hreq, (c)-

We can now formulate our main theorem on lifting tame group actions:
Theorem 4.9. Let H be a finite group with a tame action on a metrized complex €.

(1) If Wy # O, then the dihedral condition and char(k) # 2 are the necessary
and sufficient conditions for the existence of a reﬁnemem‘ @ of (6 such that the
action of H on € extends to a tame action on € such that Wy ((6) 2.2

(2) If Wy = O, then the quotient €/ H exists in the category of metrized com-
plexes. In addition, the action of H on € can be lifted to an action of H on a
triangulated punctured K -curve (X, V U D) such that (X, V U Dgy) = € with
Dy C D, the action of H on X \ D is étale, and the inertia group H, for x € D
coincides with the inertia group Hy () of the point T(x) € £(X, V U Dy) =€

Proof. Suppose that Wy # &, that the dihedral condition holds, and that char (k) # 2.
Fix an orientation of the edges of I, and for an oriented edge e, denote by pg and peo
the two vertices of I" which form the tail and the head of e, respectively. Let w be a
point lying in the middle of an oriented edge e = (po, poo) of I which is an isolated
fixed point of some elements of H. Take the refinement % of 6 obtained by adding
all such points w to the vertex set of I' and by setting C,,, = [P’,i, red,({w, po}) =0
and red({w, poo}) = 00. To see that the action of H on ‘€ extends to @, first note
that one can define a generically free action of H,, on [P’,i (equivalently, one can
embed H,, in Aut([]j’}()) in a way compatible with the action of H,, on I, i.e., such
that all the elements of Heq (@) = Hied, (e) fix the two points 0 and 0o of P!, and
such that the other elements of H,, permute the two points 0, co € [P’}(. Indeed, the

2See [Raynaud 1999, §2.3] for a related discussion, including remarks on the situation in charac-
teristic 2.
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dihedral condition is the necessary and sufficient condition for the existence of such
an action. Under this condition and upon a choice of a d, = |Hredp0 (¢)|-th ToOt Of
unity ¢4, € k, and upon the choice of the point 1 € [P’,l( as a fixed point of o, the
actions of the two generators o and ¢ of H,, on P! are given by o(z) = 1/z and
£ (z) = &g,z, respectively.

Fix once and for all a d-th root of unity ¢; € k for each positive integer d
(with (d, p) = 1 in the case p > 0). Given h € H, we extend the action of &
on % to an action on % in the following way. Let w € Wy (%€) and let e be the
edge containing w, with the orientation chosen above. If h(w) # w, we define
hy : Cy = Chrw) by hy, =1idpr if A is compatible with the orientations of e and
h(e), and we set h,,(z) = z~" otherwise. If h € H,,, we define the action of & on C,,
as above. This defines a generically free action of H on %. The inertia groups of
the points 0, oo and £1 in Cy, are Z/d.Z, Z/d.Z and Z /27, respectively. Since
p # 2, this shows that the action of H on % is tame. By construction we have
Wy (@) =2.

Working backward, one recovers the necessity of the dihedral condition and
char(k) # 2. Indeed, any % satisfying the conditions of the theorem must contain
each w € Wy (%) as a vertex. Since H,, acts on I]3’,1c in the manner described above,
it must be a dihedral group; since its action on C,, has stabilizers of order +2, we
must have char(k) # 2.

Now we assume that the action of H on € is tame and that no element of H
has an isolated fixed point in the middle of an edge. We will define the quotient
metrized complex €¢/H. The metric graph underlying €/ H is the quotient graph
I'/H equipped with the following metric: given an edge e of I" of length ¢ and
stabilizer H,, we define the length of its projection in I'/H to be £ - |H,.|. The
projection map I' — I'/H is a tame finite harmonic morphism.

For any vertex p of I, the k-curve associated to its image in ‘6/H is C,/H),.
The marked points of C,/H,, are the different orbits of the marked points of C),,
and are naturally in bijection with the edges of I'/H adjacent to the projection
of p. The projection map ¢ — 6/H is a tame harmonic morphism of metrized
complexes.

To see the second part, let 6 be the (tropical) modification of 6 obtained as
follows: for any closed point x € C,, with a nontrivial inertia group and which is not
the reduction red, () of any edge e adjacent to p, consider the elementary tropical
modification of %6 at x. Extend the action of H to a tame action on ¢’ by defining
hy : ex — ep(x) to be affine with slope one for any such point. Let 7 : €' — €¢'/H
be the projection map. Let (X', V' U D’) be a triangulated punctured K -curve such
that 6(X’, V'U D") =%'/H. By Theorem 1.7.4, the tame harmonic morphism 7
lifts to a morphism of triangulated punctured K -curves (X, VUD) — (X', V'UD’).
By Remark 1.7.5, we have an injection ¢ : Auty/(X) — Autg,y(€'). By the
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construction given in the proof of Theorem 1.7.4, it is easy to see that every h € H
lies in the image of ¢, and thus H C Auty/(X). The last part follows formally
from the definition of the modification %’ and the choice of X as the lifting of
7.6 — 6/H. O
Remark 4.10. (Compare with Remark 4.6.) If the characteristic of k is positive, the
lifting of the action of a finite group on a metrized complexes cannot be guaranteed
in general without further assumptions. Indeed, even in the smooth case, i.e., where
the metrized complex consists of a single vertex v and a single curve C,, there are
obstructions to the lifting [Oort 1987; Sekiguchi et al. 1989; Green and Matignon
1998; Bertin and Mézard 2000], e.g., due to the fact that the automorphism group of
a smooth proper curve in positive characteristic does not respect the Hurwitz upper
bound 84(g — 1). However, Pop’s proof [2014] of the Oort conjecture, based on the
results of Obus and Wewer [2014], shows that in the smooth case the action can be
lifted under the assumption that the stabilizers of points are all cyclic. A natural
question is then to see whether our theorem can be extended by only requiring all
the stabilizers of points to be cyclic (without the tameness assumption).

4.11. Characterization of liftable hyperelliptic augmented metric graphs. Let
I" be an augmented metric graph and denote by r* the weighted rank function on
divisors introduced in [Amini and Caporaso 2013]. Recall that this is the rank
function on the nonaugmented metric graph I'* obtained from I" by attaching g(p)
cycles, called virtual cycles, of (arbitrary) positive lengths to each p € I' with
g(p) > 0. We say that an augmented metric graph I' is hyperelliptic if g(I') > 2
and there exists a divisor D in I" of degree two such that r# (D) =1. An augmented
metric graph is said to be minimal if it contains neither infinite vertices nor 1-valent
vertices of genus zero. Every augmented metric graph I is tropically equivalent to
a minimal augmented metric graph I'’, which is furthermore unique if g(I") > 2.
Since the tropical rank and weighted rank functions are invariant under tropical
modifications, an augmented metric graph I" is hyperelliptic if and only if T is.
Hence we restrict in this section to the case of minimal augmented metric graphs.

The following proposition is a refinement of a result from [Chan 2013] on vertex-
weighted metric graphs (itself a strengthening of results from [Baker and Norine
2009]):

Proposition 4.12. For a minimal augmented metric graph I of genus at least two,
the following assertions are equivalent:

(1) T is hyperelliptic;

(2) There exists an involution s on I such that:

(a) s fixes all the points p € I" with g(p) > 0;
(b) the quotient I' /s is a metric tree;
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(3) There exists an effective finite harmonic morphism of degree two ¢ : I' — T
from T to a metric tree T such that the local degree at any point p € I with
g(p) > 0is two.

Furthermore, if the involution s exists, then it is unique.

Proof. The implication (2) = (3) is obtained by taking 7 =I"/s and letting ¢ be
the natural quotient map.

To prove (3) = (1), we observe that a finite harmonic morphism of degree two
¢ : ' = T with local degree two at each vertex p with g(p) > 0 naturally extends to
an effective finite harmonic morphism of degree two from a tropical modification I'’
of I'* to a tropical modification T’ of T as follows: I'” is obtained by modifying I'*
once at the midpoint of each of its virtual cycles, and T’ is obtained by modifying T
precisely g(p) times at each point ¢(p) with g(p) > 0. The map ¢ extends uniquely
to an effective finite degree-two harmonic morphism ¢’ : I'" — T’, since ¢ has local
degree two at p whenever g(p) > 0. By Proposition 4.2, the linearly equivalent
degree-two divisors D, (¢’) have rank one in I'" as x varies over all points of 7',
which shows that I is hyperelliptic.

It remains to prove (1) = (2). A bridge edge of I is an edge e such that " \ e
is not connected. Let I'" be the augmented metric graph obtained by removing
all bridge edges from I'. Since I" is minimal, any connected component of I'’
has positive genus. In particular, the involution s, if it exists, has to restrict to
an involution on each such connected component. This implies that s has to fix
pointwise any bridge edge. Hence we may now assume without loss of generality
that I" has no bridge edge. In this case s has the following simple definition: for
any point p € I', since rr+(D) = 1 and I' is two-edge connected, there exists a
unique point ¢ = s(p) such that D ~ (p) + (¢). This also proves that the involution
is unique. U

From now until the end of the section we assume that char(k) # 2. An involution
on a metrized complex € is a finite harmonic morphism s : € — € with s> = id.
An involution is called tame if the action of the group generated by (s) = Z/27
on 6 is tame.

If X/K is a (smooth proper) hyperelliptic curve, then the augmented metric
graph I' associated to stable model of X is hyperelliptic. Indeed, if sx is an
involution on X, then the quotient map X — X/s tropicalizes to an effective
tropical morphism ¢ : I' — T of degree two. The condition that ¢ has local
degree 2 at each point p with g(p) > 0 comes from the fact that any nonconstant
algebraic map from a positive genus curve to P! has degree at least two. The next
theorem, combined with Proposition 4.12, provides a complete characterization of
hyperelliptic augmented metric graphs which can be realized as the skeleton of a
hyperelliptic curve over K.
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Figure 12. This graph can be lifted to a hyperelliptic curve of
genus g if and only if 2g(p) > x« — 2. See Example 4.14.

Theorem 4.13. Let I' be a minimal hyperelliptic augmented metric graph, and
let s : ' — T be the involution given by Proposition 4.12(2). Then the following
assertions are equivalent:

(1) There exists a hyperelliptic smooth proper curve X over K and an involution
sx : X = X such that U is the minimal skeleton of X, and s coincides with the
reduction of sx to I

(2) Forevery p € T" we have

2g(p) = k(p) —2,
where k (p) denotes the number of tangent directions at p which are fixed by s.

Proof. Consider the finite harmonic morphism 7 : I' — I'/s. We note that the
tangent directions at p which are fixed by s are exactly those along which 7 has local
degree two. Thus the condition 2g(p) > «(p) — 2 is equivalent to the ramification
index R, being nonnegative: see Section 2. This proves (1) = (2).

To prove (2) = (1), we use Proposition 1.7.15 and Theorem 4.9. According to
these results, it suffices to prove that the involution s : I' — I" lifts to an involution
§ : ¢ — 6 for some metrized complex ¢ with underlying augmented metric graph I
such that €/5 has genus zero. The existence of such a lift follows from the obser-
vation that Hurwitz numbers of degree two are all positive (see Example 3.4). [

Example 4.14. Let I be the augmented metric graph of genus g depicted in
Figure 12 with arbitrary positive lengths. It is clearly hyperelliptic, and since
the involution s restricts to the identity on each bridge edge, it fixes all tangent
directions at p. Then one can lift I" as a hyperelliptic curve of genus g if and only if
2g(p) = k — 2. In particular, if g(p) = 0 then this metric graph cannot be realized
as the skeleton of a hyperelliptic curve as soon as k > 3.

Since the hyperelliptic involution is unique for both curves and minimal aug-
mented metric graphs, and since the tangent directions fixed by the hyperelliptic
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involution on an augmented metric graph correspond to bridge edges, we can
reformulate Theorem 4.13 as follows, obtaining a metric strengthening of [Caporaso
2014, Theorem 4.8]:

Corollary 4.15. Let I" be a minimal augmented metric graph of genus g > 2. Then
there is a smooth proper hyperelliptic curve X over K of genus g having I as its
minimal skeleton if and only if " is hyperelliptic and for every p € I" the number of
bridge edges adjacent to p is at most 2g(p) + 2.

5. Gonality and rank

A fundamental (if vaguely formulated) question in tropical geometry is the following:
if X is an algebraic variety and T X is a tropicalization of X (whatever it means),
which properties of X can be read off from T X ? In this section, we discuss more pre-
cisely (for curves) the relation between the classical and tropical notions of gonality,
and of the rank of a divisor. It is not difficult to prove that the gonality of a tropical
curve (resp. the rank of a tropical divisor) provides a lower bound for the gonality
(resp. an upper bound for the rank) of any lift (this is a consequence, for example, of
Corollary 1.4.28). Here we address the question of sharpness for these inequalities:

(1) Can a d-gonal (augmented or nonaugmented) tropical curve C always be lifted
to a d-gonal algebraic curve?

(2) Can a divisor D on an (augmented or nonaugmented) tropical curve C always
be lifted to divisor of the same rank on an algebraic curve lifting C?

It follows immediately from Theorem 3.11 that the answer to Question (1) is
yes if C is not augmented, i.e., if we are allowed to arbitrarily increase the genus
of finitely many points in C. On the other hand, we prove in this section that
the answer to Question (1) in the case when C is augmented, and the answer to
Question (2) in both cases, is no.

We refer to [Baker and Norine 2007; Mikhalkin and Zharkov 2008; Amini and
Caporaso 2013; Amini and Baker 2014] for the basic definitions concerning ranks
of divisors on metric graphs, augmented metric graphs, and metrized complexes
of curves.

5.1. Gonality of augmented graphs versus gonality of algebraic curves. An
augmented tropical curve C is said to have an augmented (nonmetric) graph G as its
combinatorial type if C admits a representative whose underlying augmented graph
is G. Given an augmented graph G, we denote by M (G) the set of all augmented
metric graphs which define a tropical curve C with combinatorial type G. In other
words, M(G) consists of all augmented metric graphs which can be obtained by a
finite sequence of tropical modifications (and their inverses) from an augmented
metric graph I with underlying augmented graph G. When no confusion is possible,
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we identify an (augmented) tropical curve with any of its representatives as an
(augmented) metric graph: in what follows, we deliberately write C € M(G) for
a tropical curve C with combinatorial type G. Note that the spaces M (G) appear
naturally in the stratification of the moduli space of tropical curves of genus g(G);
see for example [Caporaso 2014].

Definition 5.2. An augmented tropical curve C is called d-gonal if there exists a
tropical morphism C — TP! of degree d.

An augmented graph G is called stably d-gonal if there exists a d-gonal aug-
mented tropical curve C whose combinatorial type is G.

In other words, an augmented graph G is stably d-gonal if and only if there is
an augmented metric graph I € M(G) which admits an effective finite harmonic
morphism of degree d to a metric tree.

Remark 5.3. Our definition of the stable gonality of a graph is equivalent to the one
given in [Cornelissen et al. 2014]. See Appendix A of that reference for a detailed
discussion of the relationship between stable gonality and other tropical or graph-
theoretic notions of gonality in the literature, e.g., Caporaso’s definition [2014].

In this section we prove the following theorem, which is an immediate conse-
quence of Corollary 1.4.28 and Propositions 5.5 and 5.6 below.

Theorem 5.4. There exists an augmented stably d-gonal graph G such that for any
augmented metric graph I € M(G) and any smooth proper connected K -curve X
lifting T, the gonality of X is strictly larger than d.

Let G,7 be the graph depicted in Figure 13, which we promote to a totally
degenerate augmented graph by taking the genus function to be identically zero.
Note that g(G,7) = 27, and that G,7 \ {p} has three connected components, which
we denote by Ay, A, and A3 according to Figure 13.

Given an element I" € J(G>7) and a tropical morphism ¢ : C — TP! from the
tropical curve represented by I' to TP!, we denote by ¢; the restriction of ¢ to (the
metric subgraph in I' which corresponds to) A;, and by ¢, the restriction of ¢ to a
small neighborhood of the point p.

Proposition 5.5. The graph G,y depicted in Figure 13 is stably 4-gonal.

Proof. We need to show the existence of a suitable tropical curve C with combinato-
rial type G27 which admits a tropical morphism of degree four to TP!. For a suitable
choice of edge lengths on G7, we get an element I € A (G,7) such that there exists
a harmonic morphism from I' to a star-shaped genus-zero augmented metric graph
with three infinite edges, which has restrictions ¢y, ¢2, @3, ¢, to Ay, A2, Az and
a small neighborhood of p, respectively, given as in Figure 14. We claim that ¢
induces a tropical morphism, i.e., that there exists a tropical modification of ¢ which
is finite and effective.
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Figure 13. The graph Gy7.
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Figure 14. A tropical morphism of degree four.

Note that each of the morphisms ¢; and ¢, contains a fiber of genus five, while
the morphism ¢3 has two different fibers of genus one. All the other fibers of
@1, @2 and @3 are either finite or connected of genus zero. We depict in Figure 15
a few patterns which show how to resolve contractions of ¢, turning ¢ into an
augmented tropical morphism. Figure 15(a) shows how to resolve a contracted
segment (resolving contracted fibers of genus zero). Figure 15(b) shows how to
resolve a contracted cycle (resolving the contracted cycles in ¢3 and the middle
contracted cycle in ¢; and ¢;): the idea is to reduce to the case of a contracted
segment, in which case one can use the resolution given in Figure 15(a) to finish.
And finally, Figure 15(c) shows how to resolve the two contracted double-cycles
in ¢; and ¢, by reducing to the case already treated in Figure 15(b). Note that
performing these tropical modifications imposes conditions on the length of the
contracted edges in I', e.g., in Figure 15(b), the two edges adjacent to the contracted
cycle should have the same length. Nevertheless, by appropriately choosing the
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(a)

Figure 15. Patterns to resolve contractions in the harmonic mor-
phisms ¢, ¢» and ¢3. (a) Resolution in one step. (b) Resolution in
two steps (combined with case (a)). (c) Resolution in three steps
(combined with case (b)).

edge lengths, we get the existence of a metric graph I' € M(G27) which admits a
finite morphism of degree four to a metric tree. It is easily seen that this morphism
is effective; thus we get a tropical curve C with combinatorial type G,7 and a
tropical morphism of degree four to TP!, finishing the proof of the proposition. (]

To conclude the proof of Theorem 5.4, we now show the following:

Proposition 5.6. There is no metrized complex of k-curves with underlying aug-
mented metric graph in M(G»>7) and admitting a finite morphism of degree four to a
metrized complex of k-curves of genus zero.

We emphasize that the statement holds for any (algebraically closed) field k. The
proof of Proposition 5.6 relies on some technical lemmas that we state now.

We first recall a formula given in [Amini and Baker 2014] for the rank of divisors
on a metric graph I' =1"{ VI', which is obtained as a wedge sum of two metric graphs
['; and I';. Recall that, given two metric graphs I'y and I'; and distinguished points
t1 € 'y and 1 € 'y, the wedge sum or direct sum of (I';, t;), denoted I' =T"1 v I'p,
is the metric graph obtained by identifying the points #; and 7, in the disjoint union
of I'y and I',. Denoting by ¢ € I" the image of #; and 7, in ', one refers to t € I"
as a cut-vertex and to I' = I'y v ' as the decomposition corresponding to the
cut-vertex ¢. (By abuse of notation, we will use ¢ to denote both #; in ['; and
in I['5.) There is an addition map Div(I") @ Div(I";) — Div(I") which sends a pair
of divisors D and D, in Div(I") and Div(I",) to the divisor D; 4+ D, on I" defined
by pointwise addition of the coefficients in D; and D;.

Let Dy € Div(I'1) and D, € Div(I';). For any nonnegative m, define nr, p, (m)
as the minimum integer 4 such that rr, (D; 4+ h(#1)) = m. Then

rr(D) =min{m +rr,(D2 = nr, p, () (12))} (5.6.1)
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(b)

Figure 16. (a) A metric graph I" in JM(A;) = M(A3). (b) A metric
graph I" in JL(A3).

(see [ibid.] for details).

In what follows, (5.6.1) will be applied to a metric graph I' € M (A1) = AM(A2)
(see Figure 16(a) and Lemma 5.7), to a metric graph I" € ML(A3) (see Figure 16(b) and
Lemma 5.9), and to I'y7 € M(G27) with cut-vertex p in the proof of Proposition 5.6.

Lemma5.7. Let I be a metric graph in M(A1) =M(A») as depicted in Figure 16(a).
For any nonnegative integers a < 3 and b < 1, the divisors a(p) + b(q) and
b(p) +a(q) have rank zero in T'.

Proof. By symmetry, it is enough to prove the lemma for the divisor D =3(p)+(gq).
Consider the decomposition I' =I", v I, associated to the cut-vertex 7 in I', where
'), and T'; denote the closure in I' of the two connected components of I"\ {¢}
which contain the points p and g, respectively.

We claim that nr, 4)(1) = 3. Assume for the moment that this is true. Then by
(5.6.1), we have

0<rr@B(p)+(g) =1+rr,B(p)—3()).

By Lemma 5.8 below, in I, we have rr,(3(p) —3(#)) = —1. We thus infer that
rr(3(p) +(g)) =0.

It remains to prove that nr,,(4)(1) = 3. In other words, we need to show that in I';
we have rr, (2(7) + (¢)) = 0. For this, consider the decomposition I'; = F; \Y, FZ
corresponding to the cut-vertex s in Iy, where F; and Fg denote the components
which contain ¢ and ¢, respectively. We claim that nry 2 (1) = 1. Assuming
the claim, we have 0 < rr, (2(t) + (¢)) < 1+ I ((g) — (s)) = 0 (since g and s
are not linearly equivalent in I'J; see Lemma 5.8). So it remains to prove that
nr{r],z(,)(l) = 1. This is equivalent to T (2(t)) = 0, which is obviously the case. [

Lemma 5.8. Let I' be any metric graph in M(G3), where G is the totally degen-
erate graph depicted in Figure 17(a). Then the two divisors 3(p) and 3(t) are not
linearly equivalent in T.

Proof. By symmetry we can assume that the length of the edge {u, p} is less than
or equal to the length of the edge {¢, w}. Then there exists a point ¢’ in the segment
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(a) b)

Figure 17. (a) The divisor 3(p) — 3(¢) is not rationally equivalent
to zero. (b) 3(p) —3(¢) ~3() — 3(t').

[¢, w] so that 3(p) — 3(¢) ~ 3(u) — 3(¢t') —see Figure 17(b)—and we are led to
prove that D = 3(u) — 3(¢') is not linearly equivalent to zero. Consider the unique
t'-reduced divisor Dy linearly equivalent to D in " (see, e.g., [Amini 2013; Baker
and Norine 2007] for the definition and basic properties of reduced divisors). It will
be enough to show that D, # 0. Three cases can occur, depending on the lengths
L., £, and £, in T of the edges {u, z}, {u, w} and the segment {u, t'}, respectively:

o If ¢, = min{¢,, ¢,, £;/}, then there are two points w’ and ¢” on the segments
{u, w} and {u, t'}, respectively, such that D, = (z) + (w’) + (#”) — 3(¢).

o If ¢, = min{¢,, £,, £,/}, then there are two points 7’ and ¢ on the segments
{u, z} and {u, t'}, respectively, such that D, = (z') + (w) + (t”") — 3(¢').

o If ¢,/ = min{¢,, £,, £,}, then there are two points z' and w’ on the segments
{u, z} and {u, w}, respectively, such that D, = (z') + (w") — 2(¢').

In all the three cases, we have Dy # 0, which shows that D cannot be equivalent to
zeroin I". O

Lemma 5.9. Let I' € M(A3) be a metric graph as depicted in Figure 16(b). For
any a, b <2, the divisor a(p) + b(q) has rank zero on I.

Proof. The arguments are similar to the ones used in the proof of Lemma 5.7. Con-
sider the cut-vertex ¢ in I' and denote by I', and I'; the corresponding components
containing p and g, respectively. We claim that nr, 2, (1) = 2. This obviously
implies the lemma. Indeed, rr,(2(p) —2(¢)) = —1 (which can be verified by an
analogue of Lemma 5.8 in I'},), and thus (5.6.1) implies that rr(2(p) +2(q)) <
l+rr,2(p) —2(1)) =0.

To show that nr, 2¢4) (1) = 2, it will be enough to show that rr, (2(g) + ()) =0.
This can be done in exactly the same way by considering the other cut-vertex s
adjacent to 7 in I',,. O
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Lemma 5.10. Let x|, x, and x3 be distinct points in Pl (k). Then there does not
exist a morphism f : P! — P! of degree four branched over x, x» and x3 and
having ramification profile (2, 2), (2,2) and (3, 1) at these three points.

Proof. Suppose that such a rational map f : P! — P! exists. The monodromy group
of f is a subgroup of &y, so its cardinality is of the form 2¢3”. In particular, if
the characteristic of k is neither 2 nor 3, then f has a tame monodromy group and
the nonexistence of f then comes from the fact that H& 0(2,2),(2,2),3,1))=0
(see Example 3.4).

Hence it remains to check the lemma for char(k) = 2, 3. Note that the same
technique we use in this case works in any characteristic, but the computations are
a bit more tedious in characteristic different from 2 and 3.

Up to the action of GL(2, k) on P! via automorphisms, we may assume that
x1 =0, x, =00 and x3 = 1, and that
X2(X+1)°
(X +b)?

with a # 0 and b # 0, —1. Hence the condition on the ramification profile of x3
translates as

f(X)=a

aX* X+ 1) = (X+b)?=c(X—d)’ (X —¢)

withc #0,d #0, —1,b and e #0, —1, b, d. Looking at the coefficients of the two
polynomials, we obtain the five equations

(Ey): a=c, (E): ec=-2a—3cd, (E3): a—1=3cd(d+e),
(E4): 2b=cd*(d+3e), (Es): —b*=cd’e.
If k£ has characteristic 2, then (E;) becomes ec = cd, which contradicts the fact

that e #£ d.
If k£ has characteristic 3, then these five equations become

(E)):a=c, (Ep): ec=a, (E3):a=1, (E4): —b=cd>, (Es): —b>=cd’e.

Equations (E1), (E3), (E3) imply a = ¢ = e = 1. Then (E4) and (E5) become
—b =d? = —b?; hence b = | = ¢, which contradicts our assumptions. O

We can now give the promised proof of Proposition 5.6.

Proof of Proposition 5.6. Suppose that there exists a metrized complex of k-
curves 6,7 of genus 27 with underlying augmented metric graph 27 in M(G27),
and admitting a finite harmonic morphism of metrized complexes of degree four
@ %27 — I, for I of genus zero with underlying metric tree denoted by 7. Without
loss of generality, we may assume that 7" has no infinite vertex g € Vo (7T') such
that any infinite edge ¢’ adjacent to an infinite vertex ¢’ € ¢~ !(¢) has d. (¢) = 1.
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We are going to prove below that the local degree at p is 4. Assuming that this
is the case, we show how the proposition follows. Denote by I'y, I'; and I'3 the
three components of I'y7 \ { p} which contain A, A, and Az, respectively. Since the
degree of ¢ at p is four, we have ¢~ (¢(p)) = {p}. Therefore, by the connectivity
of I';, the images of I'; under ¢ are pairwise disjoint in 7. This shows that for x
sufficiently close to ¢(p) in T, the support of the divisor D, (¢) lives entirely in
one of the I'; for i € {1, 2, 3}. Choose x; sufficiently close to ¢(p) such that the
support of Dy, (¢) is contained in I';. Applying Proposition 4.2, we see that each
divisor Dy, (¢) has rank one in I';. Now, according to Lemma 5.7, the degree-four
divisor Dy, (¢) (resp. Dy, (¢)) must be of the form 2(a) 4 2(b) for two points a and
b sufficiently close to p and lying on the two different branches of I'y (resp. I'2)
adjacent to p. Similarly, by Lemma 5.9, the divisor D,,(¢) has to be of the form
3(a) + (b) for two points a and b sufficiently close to p and lying on the two
different branches of I'; adjacent to p. This shows that the map ¢, the restriction
of ¢ to a sufficiently small neighborhood of p in I'»7, coincides with the map
depicted in Figurel4(a). The proposition now follows from Lemma 5.10.

It remains to prove that d,(¢) = 4. We first claim that ¢ maps one of the
components [';, fori =1, 2, 3, onto a connected component of 7\ {¢(p)}. Otherwise,
for the sake of contradiction, suppose that ¢ ! (¢(p)) consists of p and one point p;
in each of the components I'; for i = 1, 2, 3. Then ¢ has local degree one at each
of the points p;. By Proposition 4.2, Dy, (¢) = (p) + (p1) + (p2) + (p3) has rank
one in I'. By (5.6.1) applied to the cut-vertex p in I'»7, we infer that the divisor
(p) + (pi) has rank one in the metric graph T';, the closure of T'; in ['»7. In other
words, the metric graphs T'; are hyperelliptic, which is clearly not the case. This
gives a contradiction and the claim follows.

Summarizing, there must exist at least one I'; such that ¢ maps I'; onto one of
the connected components of 7 \ {¢(p)}. Reasoning again as in the first part of the
proof, it follows from Proposition 4.2 and Lemmas 5.7 and 5.9 that the restriction
of ¢ to I'; has degree four, which implies that d,,(¢) = 4. O

5.11. Lifting divisors of given rank. First, recall that to a smooth proper curve X
over K together with a semistable vertex set V and a subset Dy of X (K) compatible
with V, we can naturally associate a metrized complex of curves € = X (X, VU Dy)
with underlying augmented metric graph I'. As in [Amini and Baker 2014], there
are natural specialization maps on divisors, which we denote for simplicity by the
same letter 7,:

Ty : Div(X) —> Div(%) and 7, :Div(6) — Div(I").

Since this discussion is pointless in the case of rational curves, we may assume
that X (equivalently, € or the augmented metric graph I') has positive genus. We will
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also assume that I" does not have any infinite vertices, i.e., that Dy is empty, which
does not lead to any real loss of generality and which makes various statements
easier to write down and understand. We may also assume without loss of generality
that V is a strongly semistable vertex set of X.

According to the specialization inequality [Baker 2008; Amini and Caporaso
2013; Amini and Baker 2014]), for any divisor D in Div(X) one has

rx(D) < re(tu(D)) < rit(tu(D)) < rr(T.(D)), (5.11.1)

where ry, r¢ and rr denote rank of divisors on X, € and (unaugmented) I', re-
spectively, and r# denotes the weighted rank in the augmented metric graph (I", g)
(see (4.11)).

We spend the rest of this section discussing the sharpness of the inequalities
appearing in (5.11.1).

Definition 5.12. Let € be a metrized complex of curves whose underlying metric
graph I' has no infinite leaves, and let @ be a A-rational divisor in Div (6€). A
lifting of the pair (6, @) consists of a triple (X, V; Dx) where X is a smooth proper
curve over K, V is a strongly semistable vertex set for which € = X (X, V), and
Dy is a divisor in Div(X) with @ ~ 1,(Dx). We say that the inequality ry < r¢ is
sharp if for any metrized complex of curves € and any divisor % € Div(‘€), there
exists a lifting (X, V; Dyx) of (6, @) such that rx(Dyx) = r¢(D).

We can define in a similar way what it means to lift a divisor on an (augmented)
metric graph to a divisor on a metrized complex of curves or to a smooth proper
curve over K, and what it means for the corresponding specialization inequalities
to be sharp.

It is easy to see that the inequality r# < rr is not sharp (see [Amini and Baker
2014] for a precise formula relating the two rank functions).

The following example is due to Ye Luo (unpublished); we thank him for his
permission to include it here. Together with Corollary 1.4.28, it implies that the
inequality rx < rr is not sharp.

Example 5.13 (Luo). Let I' be a metric graph in M(G7), where G7 is the graph
of genus seven depicted in Figure 18(a), such that all edge lengths in I' are equal,
and let D = (p) + (¢) + (s) € Div(I"). Then rr (D) = 1, but there does not exist
any finite harmonic morphism of metric graphs ¢ : I'" — T of degree three to a
metric tree for any I'” € M(G7). In particular, this shows that the stable gonality of
an augmented graph can be greater than its divisorial gonality.

We briefly sketch a proof. Suppose that such a finite harmonic morphism ¢ :
I'" — T exists. Since I' is not hyperelliptic, one easily verifies that Dy, (¢) =3(p),
Dy ) () =3(q), and Dy s) () = 3(s). This shows the existence of a finite morphism
¢’ :T| = T’ of degree three to a metric tree 7', where I'} is depicted in Figure 18(b),
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(a) (b)

Figure 18. (a) The graph G7. (b) The metric graph I'} C I'".

so that Dy (p)(¢") = 3(p), Dy (q)(¢") =3(g) and Dy () (¢") = 3(s). But it is easy to
verify by hand that such a morphism ¢’ does not exist.

Proposition 5.14. Neither of the inequalities rx < rq¢ and r¢ < rﬁ is sharp.

Proof. To show the nonsharpness of the inequality ry < r¢, let € be a metrized
complex of curves whose underlying metric graph I" belongs to the family depicted
in Figure 12, with first Betti number «, and whose genus function is positive at
each vertex. Consider the divisor %, = d(p) @ d(x) in 6 for a closed point x in C),
and d a positive integer. If d is sufficiently large compared to the genera of the
vertices, then r¢(%y) > 1. If the pair (€, 9,) lifted to a triple (X, V; Dx) with
7.(Dx) ~ %4, then there would exist a finite harmonic morphism ¢ : € — T from
a modification of 6 to a metrized complex of curves of genus zero. But this would
imply the existence of a degree-d morphism ¢, : C, — P! such that the image of
red, (on edges adjacent to p in I') is contained in the set of critical values of ¢,.
By the Riemann—Hurwitz formula, this is impossible for « large enough compared
tod.

To show the nonsharpness of the inequality r¢ < ¥, let again (I, g) be an
augmented metric graph with underlying graph depicted in Figure 12 with k¥ > 3
and 2 <2g(p) < k —2, and let D = 2(p). One easily computes that r#(D) =1.
An algebraic curve of genus g(p) > 1 contains at most 2g(p) + 2 distinct points p
such that 2(p) is in a given linear system of degree two, which implies that (I, g)
cannot be lifted to a hyperelliptic metrized complex of curves. This shows that the

inequality r¢ < rf is not sharp. O
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Noncommutative Hilbert modular symbols

Ivan Horozov

The main goal of this paper is to construct noncommutative Hilbert modular
symbols. However, we also construct commutative Hilbert modular symbols.
Both the commutative and the noncommutative Hilbert modular symbols are
generalizations of Manin’s classical and noncommutative modular symbols. We
prove that many cases of (non)commutative Hilbert modular symbols are periods
in the Kontsevich—Zagier sense. Hecke operators act naturally on them.

Manin defined the noncommutative modular symbol in terms of iterated path
integrals. In order to define noncommutative Hilbert modular symbols, we
use a generalization of iterated path integrals to higher dimensions, which we
call iterated integrals on membranes. Manin examined similarities between
noncommutative modular symbol and multiple zeta values in terms of both
infinite series and of iterated path integrals. Here we examine similarities in the
formulas for noncommutative Hilbert modular symbol and multiple Dedekind
zeta values, recently defined by the current author, in terms of both infinite series
and iterated integrals on membranes.
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2. Manin’s noncommutative modular symbol 324
3. TIterated integrals on membranes 327
4. Hilbert modular symbols 341
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1. Introduction

Classical elliptic modular symbols were introduced by Birch [1971] and Manin
[1972] in connection with the Birch-Swinnerton-Dyer conjecture for certain con-
gruence subgroups of SL;(Z). We recall that a modular symbol {p, ¢} is associated
to a pair of cusp points p, ¢ € P!(Q) on the completed upper half-plane H' UP' (Q).
One can think of the modular symbol {p, ¢} as a homology class of the geodesic
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connecting p and ¢, in H{(Xr, {cusps}), where X is the modular curve associated
to a congruence subgroup of SL,(Z). One can pair {p, g} with a cusp form f by

q
{p,q}fo/ fdz
P

If f is a cusp form of weight 2 then f dz can be viewed as a cohomology class
in H'(Xr). This gives a pairing between homology (Betti) and cohomology (de
Rham) that leads to periods. Modular symbols are a useful tool for studying L-
functions and in the computation of cohomology groups. For a review of such
topics, one can consult [Manin 2009].

Their theory was developed in [Manin 1972; Drinfeld 1973; Shokurov 1980;
Mazur 1973]. Later the theory was extended to higher ranks in [Ash and Rudolph
1979; Ash and Borel 1990; Gunnells 2000b].

Elliptic modular symbols are important tool in the study of modular forms.
They are particularly useful in computations with modular forms. J. Cremona
[1997] designed algorithms for computations with elliptic curves, based on modular
symbols (“modular symbol algorithms”). Some of the applications include the
computation of homology and cohomology. Also, the study of special values of
L-functions became a vast area of applications of classical modular symbols; see
[Mazur and Swinnerton-Dyer 1974; Kazhdan et al. 2000].

Later, W. Stein also contributed to the difficult area of computations with mod-
ular forms. See his excellent book [Stein 2007], which contains both theory and
computational methods. For higher-rank groups, one can consult the appendix of
this book, by P. Gunnells.

Manin’s noncommutative modular symbol [2006] is a generalization of both the
classical modular symbol and of multiple zeta values in terms of Chen’s iterated
integral theory in the holomorphic setting. Manin showed that the noncommutative
modular symbol is a noncommutative 1-cocycle. He also showed that each of the
iterated integrals on Hecke eigenforms that enter in the noncommutative modular
symbol are periods.

The main goal of this paper is to construct noncommutative Hilbert modular
symbols. However, we also construct an analog of the classical modular symbol for
Hilbert modular varieties. Both symbols are generalizations of the corresponding
constructions by Manin.

We compute explicit integrals in terms of the noncommutative Hilbert modular
symbol of type b, and present similar formulas for the recently defined multiple
Dedekind zeta values (see [Horozov 2014b]). We prove that the iterated integrals
on membranes that enter in the noncommutative modular symbol of type ¢ are
periods. We also give some explicit and some categorical arguments in support of a
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conjecture that a certain type of noncommutative Hilbert modular symbol satisfies
a noncommutative 2-cocycle condition.

Before describing our results, let us recall the noncommutative modular symbol
of Manin [2006]. Let V=d — >"I" | X, fi dz be a connection on the upper half-
plane, where fi, ..., f, are cusp forms and X, ..., X,, are formal variables. One
can think of X1, ..., X, as constant square matrices of the same size.

Let J? be the parallel transport to the point b of the identity matrix 1 at the point a.
Alternatively, J;' can be written as a generating series of iterated path integrals of
the forms f1dz, ..., fi, dz, (see [Chen 1977] and [Manin 2006]), namely,

m b m b
Jab=1+ZX,-/ f,-dz+ZX,~Xj/ fidz- fidz+---
i=1 “ a

ij=1

Then J Cf’ J;, = J¢. This property leads to the 1-cocycle cliy)= Jy, fory € SLa(2),
which is the noncommutative modular symbol (see [Manin 2006] and Section 2
of this paper). If fi,..., f, are normalized cusp Hecke eigenforms, then each
iterated integral appearing in the generating series J” is a period. In this paper
we introduce both commutative and noncommutative modular symbols for Hilbert
modular surfaces. As it turned out we need some new tools, in comparison to the
classical modular symbols. In particular, for the noncommutative Hilbert modular
symbol we need iterated integrals in dimension higher than one. We introduce
them and study their properties in the special case of Hilbert modular surfaces
for the Hilbert modular group SL;(Ok). For the Hilbert modular group, one may
consult [Bruinier et al. 2008] and [Freitag 1990]. In the case of Hilbert modular
surface, it is not possible to repeat Manin’s constructions for the noncommutative
modular symbols, since the integration domain is two-dimensional over the complex
numbers. Instead, we develop a new approach (Section 3), which we call iterated
integrals on membranes. This is a higher-dimensional analogue of iterated path
integrals. In Section 4G, we explore similar relations between noncommutative
Hilbert modular symbols and multiple Dedekind zeta values (see [Horozov 2014b]).

In Section 4, we associate modular symbols for SL, (O ) to geodesic triangles and
geodesic diangles (2-cells whose boundaries have two vertices and two edges, which
are geodesics). We are going to explain how the geodesic triangles and the geodesic
diangles are constructed. Consider four cusp points in H> U P! (K). We can map
any three of them to 0, 1 and oo with a linear fractional transformation y € GL,(K).
There is a diagonal map H' — H?, whose image A contains 0, 1 and co. We can
take a pullback of A with respect to the map y in order to obtain a holomorphic
(or antiholomorphic) curve that passes through the given three points. If det y is
totally positive or totally negative then y* A is a holomorphic curve in H?. If det y
is not totally positive or totally negative (that is, in one of the real embeddings
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it is positive and in the other it is negative) then y*A is antiholomorphic. This
means that it is holomorphic in H? if we conjugate the complex structure in one of
the copies of H'. The same type of change of the complex structure is considered
in [Freitag 1990].

On each holomorphic (or antiholomorphic) curve y*A, there is a unique geodesic
triangle connecting the three given points. However, if we take two of the points, we
see that they belong to two geodesic triangles. Thus they belong to two holomorphic,
(antiholomorphic) curves. Therefore, there are two geodesic connecting the two
points —each lying on different holomorphic (antiholomorphic) curves, as faces of
the corresponding geodesic triangles defining the curves. There are two pairings
that we consider: the first is an integral of a cusp form over a geodesic triangle and
the second is an integral of a cusp form over a geodesic diangle. If we integrate a
holomorphic 2-form coming from a cusp form over a geodesic triangle, we obtain 0,
if the triangle lies on an holomorphic curve. Thus the only nonzero pairings come
from integration of a cusp form over a diangle or over a triangle lying on an
antiholomorphic curve.

Now let us look again at the four cusp points together with the geodesics that
we have just described. We obtain four geodesic triangles, corresponding to each
triple of points among the four points, and six diangles, corresponding to the six
“edges” of a tetrahedron with vertices the four given points. Thus, we obtain a
“tetrahedron” with thickened edges. We will use tetrahedrons with thickened edges
as an intuition for a noncommutative 2-cocycle relation (see Conjecture 4.15) for
the noncommutative Hilbert modular symbol, which is an analogue of Manin’s
noncommutative 1-cocycle relation for the noncommutative modular symbol.

Usually, the four vertices are treated as a tetrahedron and a 2-cocycle is functional
on the faces, considered as 2-chains. The boundary is defined as a sum of the 2-
cocycles on each of the faces (which are triangles). The boundary of the tetrahedron
gives a boundary relation of a 2-cocycle.

In our case the analogue of a 2-cocycle is a functional on diangles and on triangles.
And the boundary map is a sum over the faces of the thickened tetrahedron. Thus, the
faces of the thickened tetrahedron are four triangles and six diangles, corresponding
to the six edges of a tetrahedron.

We show that the geodesics on the boundary of a diangle or of a geodesic triangle
lie on a holomorphic curves y*A for various elements y with totally positive or
totally negative determinant. This implies that when we take the quotient by a
Hilbert modular group the holomorphic curve y*A becomes a Hirzebruch—Zagier
divisor [Hirzebruch and Zagier 1976]. Then we prove that the commutative Hilbert
modular symbols paired with a cusp forms of weight (2, 2) gives periods in the
sense of [Kontsevich and Zagier 2001].
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In order to construct a noncommutative Hilbert modular symbol, first we define a
suitable generalization of iterated path integrals, which we call iterated integrals on
membranes (see Section 3). We choose the word “membrane” since such integrals
are invariant under suitable variation of the domain of integration.

There is a topological reason for considering a noncommutative Hilbert modular
symbol as opposed to only a commutative one. Let us first make such a comparison
for the case of SL,(Z). The commutative modular symbol captures H;(Xr), while
the noncommutative symbol captures the rational homotopy type of the modu-
lar curve Xr. Now, let X be a smooth Hilbert modular surface, by which we
mean the minimal desingularization of the Borel-Baily compactification due to
Hirzebruch. Then the rational fundamental group of a Hilbert modular surface
vanishes: 7 (? )g = 0 (see [Bruinier et al. 2008]). The noncommutative Hilbert
modular symbol is an attempt to capture more from the rational homotopy type
than Hz()? ) captures.

For the convenience of the reader, we first define type a iterated integrals on
membranes (Definition 3.3). They are simpler to define and more intuitive. How-
ever, they do not have enough properties. (For example, they do not have an
integral shuffle relation.) Then we define type b iterated integrals on membranes
(Definition 3.4), which involves two permutations. Type b has integral shuffle
relation (Theorem 3.21(i)), and type a is a particular case of type b.

We are mostly interested in iterated integrals of type b. If there is no index spec-
ifying the type of iterated integral over membranes, we assume that it is of type b.

Similarly to Manin’s approach, we define a generating series of iterated integrals
over membrane of type b over U, which we denote by J(U). We also define a
shuffle product of generating series of iterated integrals over membranes of type b
(see Theorem 3.21(iii)),

o (J(Ur) xsn J(Up)) = J(U 1 UUy),

for Uy, U, disjoint 2-dimensional manifolds with corners contained in H>UPH(K)
(see [Borel and Serre 1973]). This shuffle product generalizes the composition of
generating series of iterated path integrals, namely, J(f J;, = Jj, to dimension 2.
Note that a similar definition is also possible in higher dimensions. Also, J(U) is
invariant under homotopy. This allows us to consider cocycles and coboundaries,
where the relations use homotopy invariance and values at different cells can be
composed via the shuffle product.

We define noncommutative Hilbert modular symbols, which we call ¢! and ¢?;
c! is the functional J on certain geodesic diangles and ¢ is the functional J on
geodesic triangles. Conjecturally, ¢! is a 1-cocycle such that if we change the
base point of ¢! then ¢! is modified by a coboundary. Also, conjecturally, ¢? is
a 2-cocycle up to finitely many multiples of different values of c!. Also, if we
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change the base point of ¢? then ¢? is modified by a coboundary up to a finitely
many multiples of different values of ¢'. In Section 4E we give explicit formulas
in support of the interpretation of the noncommutative symbols as cocycles.

In Section 4F, we give a categorical construction, which might help to prove that
the noncommutative symbols are cocycles.

In Section 4G, we define multiple L-values associated to cusp forms, and we
compare them to multiple Dedekind zeta values (see [Horozov 2014b]).

We also briefly recall the Riemann zeta values and multiple zeta values (MZVs).
The Riemann zeta values are defined as

(=3,

n>0

where n is an integer. MZVs are defined as

;(kl’---akm): Z /ﬂ;

K
O<ni<-<my 71 777 M
where ny, ..., n,, are integers. The above MZV is of depth m. Riemann zeta values
¢ (k) and MZV ¢ (ky, ..., k) were defined by Euler [1748] form =1, 2.

The common feature of MZVs and the noncommutative modular symbol is that
they both can be written as iterated path integrals (see [Goncharov 2001a; 2001b]).
Moreover, Manin’s noncommutative modular symbol resembles the generating
series of MZV, which is the Drinfeld associator. Let us recall that the Drinfeld
associator is a generating series of iterated integrals of the type J(f associated to

the connection

dx dx
V=d—-—A——-B
X

1—x

on Yrp) = Pl — {0, 1, co}. One can think of Yr(2) as the modular curve associated
to the congruence subgroup I"(2) of SL,(Z). Then the differential forms dx/x and
dx /(1 — x) are Eisenstein series of weight 2 on the modular curve Yr().

Relations between MZV and modular forms have been examined by many authors.
For example, Goncharov [2001b; 2001c] considered a mysterious relation between
MZV (multiple zeta values) of given weight and depth 3 and the cohomology of
GL3(Z), which is closely related to the cohomology of SL3(Z). In the pursuit of
such a relation in depth 4, Goncharov suggested and the current author computed
the group cohomology of GL4(Z) with coefficients in a family of representations
[Horozov 2014a]. Another relation between modular forms and MZV is presented
in [Gangl et al. 2006].

Similarly to Manin’s approach, we explore relations between the noncommutative
Hilbert modular symbols and multiple Dedekind zeta values (see [Horozov 2014b]).
Let us recall multiple Dedekind zeta values. Let each of Cy, ..., C,, be a suitable



Noncommutative Hilbert modular symbols 323

subset of the ring of integers Ok of a number field K. We call each of Cy, ..., Cp,
a cone. Then multiple Dedekind zeta values are defined as

1
. ki, ..., km)= .
{K;cy, ..., Cm( 1 ) ag; N(O{l)klN(Ol1+0(2)k2"‘N(a1+”'+am)k’”

The connection between noncommutative Hilbert modular symbols and multiple
Dedekind zeta values lies both in the similarities in the infinite sum formulas and in
the definition in terms of iterated integrals on membranes (see [Horozov 2014b]).

We consider a noncommutative Hilbert modular symbol of type b over one
diangle and compare it with (multiple) Dedekind zeta values with summation over
one discrete cone [Horozov 2014b]. However, in this case the two series look
very different. We obtain that the multiple L-values are noncommutative modular
symbols defined as J evaluated at an infinite union of diangles. We obtain that
such L-values are very similar to the sum of multiple Dedekind zeta values, in the
same way that the integrals in Manin’s noncommutative modular symbol are similar
to the multiple zeta values (MZV). Then the sum of the multiple Dedekind zeta
values is over an infinite union of cones. The idea of considering cones originated
in [Zagier 1976] and more generally in [Shintani 1976].

Classical or commutative modular symbols for SL3(Z) and SL4(Z) were con-
structed in [Ash and Borel 1990] and [Gunnells 2000a]. For GL,(Ok ), where K is
a real quadratic field, Gunnells and Yasaki [2008] defined a modular symbol based
on Voronoi decomposition of a fundamental domain, in order to compute the third
cohomology group of GL;,(Ok). (For the Hilbert modular group SL;(0k) one may
consult [Bruinier et al. 2008; Freitag 1990].) In contrast, here we use a geodesic
triangulation of H?/ SL, (O ). We are interested mostly in 2-cells, whose boundaries
are geodesics. One of the (commutative) symbols that we define here resembles
combinatorially the symplectic modular symbol of [Gunnells 2000b]. However, the
meanings of the two types of symbols and their approaches are different.

There are several different directions for further work on Hilbert modular symbols.
First of all, the commutative Hilbert modular symbols behave well with respect to
Hecke operators. It will be interesting to extend the Hecke operators to cases of
higher equal weights (k, k). To apply Hecke operators to Hilbert modular groups
one either assumes a trivial narrow class group or one has to work with adeles.
Another possible continuation of the current work is to extend commutative Hilbert
modular symbols to the adelic setting. Then, one may try to extend these properties —
higher equal weight cusp forms and Hecke operators in the adelic setting — to the
noncommutative Hilbert modular symbols. Hopefully, the abelian Hilbert modular
symbol would lead to computational tools for cohomology of some Hilbert modular
groups with coefficients in various representations.
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For the noncommutative Hilbert modular symbols we expect that some of the con-
tinuations would be establishing the 2-categorical framework that define nonabelian
2-cohomology sets. This work would also have applications to noncommutative reci-
procity laws on algebraic surfaces. In dimension 1, we have a noncommutative reci-
procity law as a reciprocity law for a generating series of iterated path integrals on a
complex curve [Horozov 2011]. In dimension 2 we have proven both the Parshin reci-
procity and a new reciprocity for a 4-function local symbols [Horozov 2014c] defined
by the author, which are particular cases in the generating series. A 2-categorical
second cohomology set would capture algebraically the generating series of iterated
integrals on membranes needed for the general reciprocity on algebraic surfaces.

Finally, we expect that the (non)commutative Hilbert modular symbols would
be useful for studying L-functions and multiple L-functions together with their
special values.

2. Manin’s noncommutative modular symbol

In this section we recall the definition and main properties of Manin’s [2006]
noncommutative modular symbol. In this paper, Manin uses iterated path integrals
on a modular curve and on its universal cover — the upper half-plane. Our main
constructions are parallel to some extent to Manin’s approach, and for that reason
we recall it below. However, instead of iterated path integrals we introduce a new
tool — iterated integrals on membranes (see Section 3). Only this notion is adequate
for studying noncommutative Hilbert modular symbols, by generalizing the iteration
process to higher dimensions.

2A. Iterated path integrals. Here we recall iterated path integrals (see also [Parshin
1966; Chen 1977; Goncharov 2001a; Manin 2006]). In Section 3, we generalize
them to iterated integrals over membranes.

Definition 2.1. Let w, ..., ®, be m holomorphic 1-forms on H' UP'(Q), the
upper half-plane together with the cusps. Let

g:[0,1]1 > H'UP (Q),

be a piecewise smooth path. We define an iterated integral

fwlwm:// g*wl(tl)/\"'/\g*wm(tm)-
g O<ti<tr<--<ty<l

Let X1, ..., X,, be formal variables. Consider the differential equation

dF () = F(Q)(X1o1+ - -+ Xpon) )
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with values in the associative but noncommutative ring of formal power series in the
noncommuting variables X1, ..., X,, over the ring of holomorphic functions on the
upper half-plane. There is a unique solution with initial condition F(£2)(g(0)) = 1;
that is, equal to 1 at the starting point g(0). Then at the end of the path, that is, at
the point g(1), F(€2) has the value

m m m
Fg(Q):1+ZXz/wl+ ZXin/w,-wj—i- Z X,-Xij/a)ia)ja)k+-~. )
i=1

g ij=1 8 i,j.k=1 8
Using the solution (2) to (1), we prove the following theorem:

Theorem 2.2. Let g1 and g> be two paths such that the end of g (i.e., g1(1)) is
equal to the beginning of g (i.e., g2(0)). Let g1 g2 denote the concatenation of g,
and g. Then

Fgng(Q) = Fy, (Q)ng(Q)

Proof. The left-hand side is the value of the solution of the linear first-order ordinary
differential equation at the point g>(1). From the uniqueness of the solution, we
have that the solution along g, gives the same result, when the initial condition at
82(0) is F, (€2). That result is Fg (2) F,, (£2). O

The same result can be proven via product formula for iterated integrals. We
need this alternative proof in order to generalize to higher dimensions.

Lemma 2.3 (product formula). Let wy, ..., @, be holomorphic 1-forms on C and
g1, & two paths such that the end of g is the beginning of g», that is, g1 (1) = g2(0).
As before we denote by g1 g» the concatenation of the paths g, and g,. Then

m
/ wla)m:E /wl"‘wi/wi+l"'wm-
8182 i=0 Y81 82

Proof. Let g1 :[0, 1]— Candlet g5 :[1, 2] — C. We consider the concatenation g1 g»
to be amap g1 8> : [0, 2] — C whose restriction to the interval [0, 1] gives the path g;
and whose restriction to the interval [1, 2] gives g>. From Definition 2.1, we have that

/ wrem = / | / (8182 @1 (1) A+ A (8182) @ (1n)-
8182 O<t) <<ty <2

In the domain of integration 0 < #; < - - - <t,, <2 insert the number 1. Geometrically,
we cut the simplex 0 < #; < --- <1, < 2 into a disjoint union of products of pairs
of simplices such that 7 € [0, 1] for k <i and #; € [1, 2] for k > i. Thus, the union
is over distinct values of i fori =0, ..., m. And for each fixed i the two simplices
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are0 <ty <---<ti<land 1<ty <--- <ty <2. Then we have

n
/glgz @1 Om = Z / ' '/0<t1<‘-~<ti<1 (glg2)*wl (tl) A A (gng)*a)m(tm)
i=0

I<tipi<-<ty<2

n
=Z<// gika)l(tl)/\"'/\gikwi(ti))
._ O<ty<--<ti<l
i=0
X (// g;wi+](li+])/\'"/\g;a)m(tm))
1 <ti <<ty <2
81 82

Definition 2.4. The set of all shuffles sh(i, j) is a subset of all permutations ¢ of
the set {1, 2,...,i 4+ j} such that

m

i=0

o(l)<--- <o)
and
oci+1)<---<o(@+]).
Such a permutation o is called a shuffle.

Lemma 2.5 (shuffle relation). Let wy, ..., w, be holomorphic 1-forms on C and
let g be a path. Then

/wl"'wi/wi+1"'wm= Z /a’p(l)“'wp(m)v
g g g

oesh(i,m—i)

where sh(i, j) is the set of shuffles from Definition 2.4.

2B. Manin’s noncommautative modular symbol. Now let g be a geodesic con-
necting two cusps a and b in the completed upper half-plane H' U P'(Q). Let
Q={fidz, ..., f,,dz} be a finite set of holomorphic forms with respect to a con-
gruence subgroup I" of SL,(Z) such that fi, ..., f,, are cusp forms of weight 2. Let

JP=F(Q).

As a reformulation of Theorem 2.2, we obtain:

Lemma 2.6. Jhue = e
The following is a direct consequence:

Corollary 2.7. JE=JhH™h
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Now we are ready to define Manin’s noncommutative modular symbol. Note
that there is a natural action of I on Jé’ .If y €T then )/J,f7 is defined as J;’f I
f1, ..., fm are cusp forms of weight 2, then w; = f1dz, ..., o, = f, dz are forms
of weight 0, that is, they are invariant forms with respect to the group I". Then

YIL=Fpeo1, ..., 0n) = Fo(g*o1, ..., g5 wn) = Fe(w1, ..., o) = J.

Let IT be the subgroup of invertible elements of C{(X1, ..., X,,)) with constant
term 1. We extend the action of T on J? to a trivial action of T" on TI.

Following Manin, we present the key theorem and definition for the noncommu-
tative modular symbol:

Theorem 2.8. Let
ca(y)=J,.

Then Cé represent a cohomology class in H' (T, I1), independently of the base
point a.

: 1 .
Proof. First, c, is a cocycle:

dey(B.y) = T5,(B- TSN (5, )" = Jgajg;la_]fw —1.

Second, ¢ and ¢} are homologous:
o) = T8 = JEI0IN = Ty (y - I~ O

Definition 2.9. A noncommutative modular symbol is a nonabelian cohomology
class in H'(T, IT), with representative

cay) =J5,,

3. Iterated integrals on membranes

Iterated integrals on membranes are a higher-dimensional analogue of iterated
path integrals. This technical tool was used in [Horozov 2014b] for constructing
multiple Dedekind zeta values and in [Horozov 2014c] for proving new and classical
reciprocity laws on algebraic surfaces. It appeared first in the preprint [Horozov
2006] for the purpose of noncommutative Hilbert modular symbols.

3A. Definition and properties. LetH' be the upper half-plane. Let H? be a product
of two upper half-planes. We are interested in the action of GL,(K), where K is a
real quadratic field. This group acts on H? by linear fractional transformations. It
is convenient to introduce cusp points P! (K) as boundary points of H?2.
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Let wy, ..., w, be holomorphic 2-forms on H? which are continuous at the
cusps P!(K). Let

g:10, 11> > H2UP!(K)

be a continuous map which is smooth almost everywhere. Denote by F! and F?
the following coordinatewise foliations: for any a € [0, 1], define the leaves

Fl={(t1,0) €[0,1*|ty=a} and F>={(t1,0) €[0, 1|t =a).

Definition 3.1. We call the above map g : [0, 1]> — H>UP!(K) a membrane on
H? if it is a continuous and piecewise differentiable map such that g(F, al) and g(F, az)
belong to a finite union of holomorphic curves in H> U P! (K) for all constants a.

Similarly, we define a membrane of a Hilbert modular variety. Let wy, ..., ®,, be
holomorphic 2-forms on Y = H?/ " which are continuous at the cusps P'(K)/T.
Let

g : [0, 1]2—>Xp

be a continuous map which is smooth almost everywhere, where Xr = H> UP!(K).
Let f; : Xpr — P'(C) for i =1, 2 be two algebraically independent rational func-
tions on the Hilbert modular surface Xr. Denote by F! and F? the following
coordinatewise foliations: for any a € [0, 1], define the leaves

Fl={(t1,0) €l0,11*|h=a} and F?={(t;,1n) €[0,11*| r=a}.
Let also
P! ={PeXr|fi(P)=x} and P}={PeXr|f(P)=x}.

Definition 3.2. We call the above map g : [0, 11> - X a membrane on X if it is
a continuous and piecewise differentiable map such that for each a there are x; and
x2 such that g(F)) C P! and g(F}) C P2.

We define three types of iterated integrals over membranes —type a, type b
and type ¢. Type a consists of linear iterations, while type b is more general and
involves permutations. Type a is less general, but more intuitive. The advantage of
type b is that it satisfies integral shuffle relation (Theorem 3.21). In other words
a product of two integrals of type b can be expresses as a finite sum of iterated
integrals over membranes of type b. However, one might not be able to express
a product of two integrals of type a as a sum of finitely many integrals of type a.
Both type @ and type b are defined on a product of two upper half-planes. Type ¢
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is defined on a Hilbert modular surface; that is, on a quotient of a product of upper
half-planes by an arithmetic group which is commensurable to SL,(O). Type ¢
also satisfies a shuffle product, that is, a product of two integrals of this type can be
expresses a finite sum of such integrals.

Definition 3.3 (type a, ordered iteration over membranes). Let
¢:[0,11> > H*UP'(K)

be a membrane on H?> UP!(K). Then define

/wl---me/ /\’;’Zlg*wi(tl,j,tz,j),
g D

where
D={(ti1,....00;m) [0, 1" |0<t; 1 < <ty w<1, 0<ty < - <trn<1}.
Definition 3.4 (type b, two permutations). Let

g:10,1> > H*UP'(K)

be a membrane on H? U P1(K), and let p;, p» be two permutations of the set
{1,2,...,m}. Then define

P12 o,
/ w1 O =/ Ni=18" @ (11.0,()+ 22,020
g D
where
D={(ti1,....00,) €0, 11" | <t11 < <t1y=<1, 0=t < - <t <1}.
Definition 3.5 (type ¢, two permutations). Let
g:[0,1> = Xr

be a membrane on the Hilbert modular surface Xr = (H> UP!(K))/ T, and let
01, p2 be two permutations of the set {1, 2, ..., m}. Then define

£1,P2
m
/ w1-~wm=/ Ni=18" @ (t1,0,(j)s 2,02))>
g D

where

D={(ti1,....0.) €[0, 1" |0<t; 1 <+ <t1,y<1,0<tr1 < <trm=<1}.
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Examples (iterated integrals of type b). Let «; (t1, t2) = g*w; (11, 12). Denote by (1)

lvan Horozov

the trivial permutation and by (1 2) the permutation exchanging 1 and 2.

(1) The four diagrams

o

LB

LN

ay(ti o, t2)

ai(t, 1)

111

11,2

ai(ti o, 12)

ax(ty,1, t2,1)

11

112

o

LN

LN

correspond, respectively, to the integrals

(12),(1)
/ w1 - w2,
8

(12),(12) 1),(12)
f wi - wy, / wi--w).
8 8

2).(1)
f w1 - W3,
8

(2) The diagram

3

LX)

1

as(ty,1,1,2)

ai(t 2, 1,1)

11

)

ai(t, h2)

ax(t2, 1,1)

1

ax(t 3, 1,3)

as(ty,1,1,2)

ai(ti2, 1,1)

1,1

corresponds to the integral

(12),(1)
/ w1 - Wy - W3.
g

1,2

;3

112
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Remark 3.6. Let us give more intuition for Definition 3.4. Each of the differential

forms g*wy, ..., g*w;, has two arguments. Consider the set of first arguments for
each of the differential forms g*w1, ..., g*w,,. They are ordered as
O<thi<tip<---<thpm<l 3)

(they are the coordinates of the domain D). Since g*w; depends on #1 , (), we
have that #| 4 is an argument of g*w ol (k) where kK = p;(j). Then we can order the
differential forms g*wy, ..., g*w,, according to the order of their first arguments
given by the inequalities (3), which is

* k *
8 Wy (1) 8 Wptgys e & @yt

Similarly, we can order the differential forms g*wy, ..., g*w,, with respect to the
order of their second arguments:

* * *
870,11y 8 W) )5 e 5 8 Wy -
We call the first ordering horizontal and the second ordering vertical.

Now we are going to examine the homotopy of a domain of integration and
what that reflects about the integral. Let g, : [0, 11> — H> UP!(K) be a family of
membranes such that g;(0, 0) = oo and g,(1, 1) = 0. Assume that the parameter s
is in the interval [0, 1].

Let h(s, t1, t2) = gs(¢1, ) be a homotopy between g and g;. Let

Gy : [0, 11" — (H*UP'(K)"
be the map
Gs(t1,15 -+ s t2m) = (85 (11,01(1)s 2,05(1)) s &5 (11,01 (2 12,05(2) )« - -+ 85 (E1 oy (m) s 12,0 (m))) -
Let H be the induced homotopy between G and G, defined by
H(s,t1q,....tom) =Gs(t11, ..., tam).
We define diagonals in the domain D C (0, 1)*”, where

2
D={(ti1. 001, .. tim o) €O, D[ 0<t1 1 St1p <+ <t <1

and0 <ty <thp<--<tr, <1}.
We define Dy for k =0,...,m by Dy o= Dl =0, D1x = Dlt, =1, ,,, for k =

l,...,m—1and Dy,, = Dl ,,=1. Similarly, we define D, for k=0, ..., m by
Dz’() = D|12.1=0’ Dgyk = D|,2.k:t2,kJrl for k = 1, cee, i — 1 and Dz,m = D|,2.m=1.
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For iterated integrals of types a and b, we define diagonals in V = (H>?UP!(K))™.
We denote a generic coordinate of V = (H2UPL(K))™ by (21,1, 22,15 - - +» Z1m» 22,m)
Fork=1,...,m—1,let Vi, = V|, =z, Letalso Vi g =V|; o and V} ,, =
V0 w=1. Similarly, for k =1,...,m —1,let Vo, = V|, =,,,,. Letalso Vo=
V|12_1=0 and Vz,m = V|Zz’m:1.

For iterated integrals of type ¢, we define “diagonals” as fibers product of schemes
corresponding to certain varieties (for fiber products of schemes one may look at the
book [Hartshorne 1977]). Occasionally, it will be more natural to realize multiple
fiber products as finite limits in the category of schemes of finite type over C. Let
X;j=Xrfori,j=1,...,n. Let V be the universal scheme (finite limit) that
maps to X;; for each i and j as a part of a commutative diagram. The commutative
diagram is defined as follows: X; ; and X4 ; both map to P!(C) via the morphism
fiforl <i<n-—1andall}j,and X, ; and X; ;4 both map to P!(C) via the
morphism f, for 1 < j <n —1 and all i. Define the following:

o Let Vi g be the subscheme of V defined by putting P!(C) in the place of X js
sothat fi: Xy ; — P!(C) is replaced by the identity map and the corresponding
f: X1, ; — PY(C) is deleted.

o Let V5o be the subscheme of V defined by putting P!(C) in the place of X; 1,

sothat f>: X ; — P!(C) is replaced by the identity map and the corresponding
fi:X1,; —> PY(O) is deleted.

o Let Vi, be the subscheme of V defined by putting P!(C) in the place of X, i
so that f1: X, ; — P!(C) is replaced by the identity map and the corresponding
fr: X, j — PY(C) is deleted.

e Let V;, be the subscheme of V defined by putting P!(C) in the place of X; ,,
sothat f>: X, ; — P!(C) is replaced by the identity map and the corresponding
fi: X, — PY(C) is deleted.

» Additionally, let V; ; be the subscheme of V obtained by replacing each factor
Xi,j Xpic) Xi+1,; by the corresponding diagonal for fixed i and for all ;.

e Finally, let V> ; be the subscheme of V obtained by replacing each factor
Xi,j Xp1(c) Xi,j+1 by the corresponding diagonal for fixed j and all i.

Theorem 3.7 (homotopy invariance theorem I). The iterated integrals on mem-
branes from Definition 3.4 (of type b) are homotopy-invariant with respect to
homotopies that preserve the boundary of the membrane.

Proof. Let

Q= N_i10;(21,01()> 22,0:)-
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Note that 2 is a closed form, since w; is a form of top dimension. By Stokes’

theorem, we have
s=1
= / / H*dQ (@)
s=0 D
/ GiQ / G2 ®))

s= 1m 1
<[, 2(), =], ) ©
s=0 1 \Y D1 Dy

k=
0,
s=0 DI,O Dz,o
s=1
:I:/ (/ ﬂ:f )H*Q. (8)
s=0 Dy Do

We want to show that the difference in the terms in (5) is zero. It is enough to
show that each of the terms (6), (7) and (8) are zero. If z; x = z1 x+1 for types a
and b (or on V| i for type ¢), then the wedge of the corresponding differential forms
will vanish. Thus the terms in (6) are zero. If z; = 0 then dt; = 0, defined via the
pullback H*. Then the terms (7) are equal to zero. Similarly, we obtain that the
last integral (8) vanishes. O

Let A be a 2-dimensional manifold with corners in [0, 1]?. We recall the domain

of integration
={ti1,....m) €0, 1" [0<t; < <tim<1,0<H 1< <thu=<1}.

Let us define
P={(1,....2m) €D (i, 1aj) € Afori, j=1,...,m}
Let p; and p, be two permutations of m elements. We define a function on A?

Gt - tom) = (8t py(1)s 12,00(1))s (11, py (205 12,92 (2))s - - -+ 8Ly m)s 12, p(m)) )-

Recall that
Q= N0 @1p()s 22,00

Definition 3.8. With the above notation, we define an iterated integral over a
membrane of type b restricted to a domain U = g(A) by

b P1,02
/ ww=/ G*Q.
g, U AP

Now we are going to define iterated integrals of type c:
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Definition 3.9. Let Qy = /\’Zj:] Qi,j’ where Q,’yj = a)l-S,;j on Xl",' = Xr and where
Q;j=1fori#j. Letin: X — ]_[ijl X;,; be the inclusion of the finite limit into
the product of the schemes X; ;. Let Q = in* Q.

With this definition of €2, we define iterated integrals of type ¢ restricted to a

domain U = g(A) by
01,02
c/ a)l‘--a)m:/ G*Q.
g, U AD

Let A; and A, be two manifolds with corners which are subsets of [0, 1]?, with
a common component of the boundary. Let A = A; U A,. Let s be a map of sets
with values 1 or 2:

s:{l,...,m}—> {1,2}.

We define a certain subset A of AP as follows: consider the image of the map G.
It has m coordinates. The first coordinate, g(#1,,(1), 12,p5(1)), Will be restricted to
the set Ag(1). The second coordinate, g(1 o, (2), 12, p,(2))» Will be restricted to Ay (2),
and so on, and the last m coordinate g(t1,p,(m)» 12, p,(m)) Will be restricted to Aggy).
Formally, this can be written as

ASD = {(1‘171, RN lg,m) € AD | (tl,pl(i)v tl,pz(i)) € A‘Y(,') fori = 1,..., m}
Note that the image of the map s is 1 or 2.

Definition 3.10. With the above notation, we define an iterated integral of type b
or ¢ over two domains U; and U,, where U; = g(A;) and U = U; U U,, by

P12
/ w]"'me/ G*Q. 9)
g Uss AP

For type b we have that U is in H?> UP!(K) and for type ¢ we have that U is in
Xr = H>UPY(K))/T.

Again we examine the homotopy of iterated integrals on membranes. Now we
restrict the domain of integration to a manifold with corners A that is a subset of
[0, 1]2. Assume that for the boundary of a domain A, denoted by dA, we have that
g(dA) belongs to a finite union of complex analytic curves in H? for type b and
in X for type ¢. We call the minimal union of complex analytic (holomorphic)
curves such that g(dA) belongs to a finite union of complex analytic curves in H?
for type b and in Xt for type ¢ the complex boundary of g(0A).

Theorem 3.11 (homotopy invariance theorem II). Iterated integrals over mem-
branes are homotopy invariant with respect to homotopies that change the boundary
aU of the domain of integration U so that the boundary varies on a finite union of
complex analytic curves.



Noncommutative Hilbert modular symbols 335

Proof. Assume that go(0A) and g;(0A) have the same complex boundary. Let & be
a homotopy between g( and g, such that for each value of s we have that (s, 0A)
has the same complex boundary as /(0, 0A) = go(dA). Let A C B be a strict
inclusion of disks. Identify B — A° with A x [0, 1]. Leti : B— A° — [0, 1] x 0A.
Here A° is the interior of A and 0A is the boundary of A. Let gy be a map from B
to H? such that go(a) = go(a) for a € A and go(b) € h(i(b)). Since the restriction
of the pullback (ggw;)|p—4 = 0 is mapped to a finite union of complex curves, it

vanishes. Therefore
/ggsz=/gg . (10)
A B

Let g; be a membrane from B defined by g;(a) =gi(a) fora € A and g;(b) =g1(a)
for i(b) = (s, a). (Note that i (b) € [0, 1] x 0A.) Again,

[ sie= [ g (an
A B

However, the boundary of B is mapped to the same set (pointwise) by both gp and g;.
Moreover, the homotopy between g¢ and g; extends to a homotopy between g and
g1 that respects the inclusion into the complex boundary. Thus by Theorem 3.7, we

have that
| se=[ s
B B

Using (10) and (11), we complete the proof of this theorem. O

3B. Generating series. We are going to define two types of generating series —
type a and type b, corresponding to the iterated integrals on membranes of type a
and type b.

Definition 3.12 (type a). Let A be a domain in R%. Let g be a membrane. Let
U =g(A) Cc H?. And let @i, ..., w, be holomorphic 2-forms on H>. We define a
generating series of type a by

o0
J“(U)=1+Z Z Xc(1)®“'®Xc(k)/ We(l) * Wk
g,U

k=1 c:{l,....k}—{1,...,m}
where c: {1,...,k} — {1,...,m} is a map of sets.
Consideramapofsetsc: {1, ..., k}— {1, ..., m}and two permutations p;, o, of

{1,2,..., k}. We call two triples (c’, pj, p5) and (c”, p{, p5) equivalent if they are
in the same orbit of the permutation group Sy. That is, (¢”, p{, p5) ~ (¢, p{, P5)
if for some 7 € S; we have ¢’ = ¢'t7!, pl = p{r_l and p} = ,oér_l. Then
for the equivalence class of a triple (c, p1, p2), We can associate a unique pair

(c o p1, c o py) (which are precisely the indices of the X- and Y-variables in (12)
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and (13), respectively.) The reason for using such an equivalence is that the integral
in (13) is invariant by the above action of 7 € S; on the triple (c, p1, p2).

Definition 3.13 (ring R, values of the generating series). The values of the genera-
tion series of iterated integrals on membranes will be in a ring R, which we define
as follows. Let

Ro=C{X1, Y1, ..., Xm, Yu) /1

be the quotient of the ring of formal power series modulo the two-sided ideal
generated by X;Y; —Y;X; fori, j=1,...,m. Let R C R be the subring of formal
power series whose monomials have the following property: in every monomial of
R, X; occurs as many times as Y;.

Definition 3.14 (type b). We define the generating series of type b on U by

o0

b —

W =1+ >0 Xy ® @ X i) (12)
k=1 (c,p1,02)/~

P1,02
®Yc(p2‘<1)>®"'®Yc<p2‘(k>)/U De(l) -+ Wcty, (13)
8>

where the second summation is over all maps of sets c: {1, ..., k} —> {1, ..., m}
and all permutations p;, oy of k elements, up to the above equivalence.

Let Yr be a Hilbert modular surface. Let o and 8 be two rational functions
on Yr. We denote by D the union of the divisors («)« and (8).o at infinity. Let
F :Yr — D — C? be defined as F(y) = («(y), B(¥)). Let g: (0, 1)> - Yr — D be
a membrane, so that the composition F o g respects the coordinatewise foliations.
Consider the differential forms w; from the definition of type b. They are invariant
under the action of the arithmetic group I'. Thus, we can treat them as differential
forms on the Hilbert modular variety Y.

Definition 3.15 (type c). With the new definition of a membrane g and a domain
U C Yr, we define the generating series of type ¢ by

o0

c —

FW =14+ D Xy ® - ®X (i) (14
k=1 (c,p1,p2)/~

P1,P2
®Yc<p2‘<1>>®'"®Yc<p21(k>>/U We(t) ey, (19)
8

where the second summation is over all maps of sets c: {1, ..., k} = {1,...,m}
and all permutations p;, oy of k elements, up to the above equivalence.
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Definition 3.16 (ring R’, generating series J (U, U,)). We define a generating
series of iterated integrals on two disjoint domain U, and U, (see Definition 3.10).
Let U; = g(A;). Define

J(Ul,Uz)
_1+Z Z Yo Xty © O X (o) s (16)

k=1 s:{1,....k}—>{1,2} (c, p1,02)/~
P12

®Y(p2 (1y.s()y @ ®Y, c(py" (k). s(k)/U We(ly *+* Ocky, (17)
,S

The generating series takes values in a ring R’ defined as follows. Let
Ry=C{X11, X12. Y11, Y120 s Xonts Xon 2, Yo, 1, Y 2N /1’

be a quotient of the ring of formal power series, where I’ is the two-sided ideal
generated by the Lie commutators of all the X; ; and Y ;. Let R be the subring of
R(, with the property that in every monomial of R’, X; ; occurs as many times as Y; ;.

Lemma 3.17. Let ¢ : R' — R be the homomorphism of rings defined by ¢ (X; 1) =
o Xip)=X;and p(Y;1)=¢(Yi2) =Y, fU=UUV,isin H2 U PY(K), then

¢ (J (U1, Ur) = JP(U).
IfU=UUU,isin Xr, then
¢(J (U1, Uy)) = J(U).

Proof. After applying the homomorphism ¢ the formal variables on the left-hand
side become independent of the map s. Therefore, we have to examine what
happens when we sum over all possible maps s. The value s(i) is 1 or 2. This
has the following significance: if s(i) = 1, then we restrict the form g*w, ) to A
(instead of to A). Similarly, if s(i) = 2, we restrict g*w,(; to A,. If we add both
choices (restriction to A; and restriction to A,) then we obtain the restriction of
g*wei) to A= AU Aj. Thus, we obtain the formula

P1,02 P1,02
Z / We(1) * * - We(k) =/ We(1) « - Wc(k)-
g

U

We do the same for every monomial in R. That proves the above lemma for the
generating series. ]

3C. Shuffle product of generating series. The regions of integration that we are
mostly interested in will be ideal diangles, that is, 2-cells whose boundaries have
two vertices and two edges, and ideal triangles. All other regions that we will deal
with are going to be a finite union of ideal diangles and ideal triangles. The first
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type of decomposition is based on a union of two diangles with a common vertex.
The second type of decomposition will be based on two of the cells (diangles or
triangles) with a common edge.

Let g and g, be two membranes. Let P = (0, 0) and Q = (1, 1) be the vertices of
adiangle A C R?and Q =(1, 1) and R = (2, 2) be the two points of a diangle B C R?.
Assume that A lies within the rectangle with vertices (0, 0), (0, 1), (1, 1), (1, 0).
Similarly, assume that B lies within the rectangle (1, 1), (1, 2), (2,2), (2, 1). Let
U=g(A)and V = g(B).

m
Theorem 3.18. (i) / W)Wy = Z/ w1 wJ/ Wjg1 " O
g,uuv =0 g, U g,V
(ii) The generating series of type a from Definition 3.12 satisfies

J4(g; AUB; Q) = J%(g; A; ) J(g; B; Q).

The proof of the first statement is essentially the same as the combinatorial proof for
composition of paths, when one considers iterated path integrals (see Lemma 2.3).
The proof of the second statement combines all compositions into generating series
(see Definition 3.12), resembling Manin’s approach for the noncommutative modular
symbol.

For generating series of type b, we have a similar statement:

Definition 3.19. Let p’ and p” be two permutations of the sets {1, ...,i} and
{i+1,...,i+Jj}, respectively. We define the permutation p'~'Up” 1 of {1,...,i+/},
which actson {1,...,i}as p’ ' andon {i +1,...,i+ j} as p”~!. We define the
set of shuffles of two given permutations, denoted by sh(p’, p”), as the set of all
permutations p of the set {1,2,...,i + j} such that p~! is the composition of a
shuffle of sets T € sh(i, j) (see Definition 2.4) with p’~' U p”~!. That is,

,0_] —To0 (,O/_l U,O//_]).

Definition 3.20. We define a shuffle of two monomials

P1Ps
/
M =Xc'<p;‘<1>>®“‘®Xc’<p;‘<i)>®Yc'<p;‘<1>>®'“®Yc/(p;‘<i>)/ PO
3
and
" _ y_1, . 7— n—1, .
M7= X o1y @+ @ X1y @ Yooyt (1)) @+ & Yop1(jy)
oY.p3
X/ WO (i+1) = * D" (i+j)
g U//
where p| and p) are permutations of {1, ...,i}, ¢’ is amap of sets {1, ..., i} —

{1,...,m}, p{ and pj are permutations of {i +1,...,i+ j}, and ¢” is a map of
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sets{i +1,...,i+j} — {l,...,m}. By a shuffle product of the monomials M’
and M”, we mean the sum

/ " __ .
Mixsi M= 30 X ay ® ® X st
p1€sh(p],p))
p2€sh(py,p7)
P1,02
B Yo sy @ O Yoo it sty / ey i
g, U'uu’” s
where ¢ : {1,...,i + j} — {1,...,m} is such that its restriction to the first i
elements is ¢’ and its restriction to the last j elements is ¢”. Here the maps s takes
the value 1 on the set ¢~ '{1,...,i} = ¢~ '{1,...,i} and the value 2 on the set

cMi+l, i+ =T i+, i+ )
Theorem 3.21 (shuffle product). For iterated integrals of type b and the corre-
sponding generating series, we have the following shuffle relations:

"o

105 oy.py 1,02
(1) / w1~-w,~/ Wjt1 Wy = E / wp- 0. (18)
8 g.U g.U

U
p1esh(p],p!)
p2€sh(p},0)

1P P03 P1:P2
i [ oo [ Copon= X [ Toan 9
g g

v &U” presh(pf.pf) 8 U
p2€sh(p5,p)
where s is a map from {1, ..., m} to {1, 2} such that {1, ..., j} are mapped to
1 and the remaining elements are mapped to 2.
(iii) P (U xsn P WU) = JPW' VU (20)
(iv) dJU") xsn JWU")) =T WU VU". 2D

Proof. For part (i), it is useful to consider the two orderings of differential forms,
given in Remark 3.6. Note that we need to order the forms both horizontally and
vertically in the terminology of that remark. Let us consider first the horizon-
tal order. That is the order with respect to the first variables of the differential
forms g*a)p;fl(l), el g*“)p;*'(j) and g*wpiu(jﬂ), el g*a)p;/fl(m), corresponding
to the two integrals on the left-hand side of (18). In order to arrange both of
the above orderings in one sequence of increasing first arguments, we need to
shuffle them (similarly to shuffling a deck of cards). That leads to p; € sh(p], p{
(see Definition 3.19). We proceed similarly with the second arguments and the
permutations p5, p5 and p;.

For (ii), apply the equality from part (i) with the differential forms g*wy, ..., g*w;
multiplied by the function 1,4/, defined by

1 forx e A,

1/ =
() {o for x ¢ A’,
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and the differential forms g*w;41, ..., g*w, multiplied by 15~.

For part (iii), we are going to establish similar relation among generating series
as elements of R’. Applying the homomorphism ¢ : R — R from Lemma 3.17,
we obtain the desired equality. Every monomial from J(Uy) is of the form

P1:P)

/_ .« .« / .« (s
M =X o1 @ X (11 B (11 ® ®Yc’(p§1(i)>/gU, @e'(1) * -+ Oc'(i)

and similarly every monomial from J(U,) is of the form

" _ P PPN n—1,.
M= X1y @+ @ X1y @ Yer (=11 ® - @ Vo1 )

" "

P1:P>
X/ W' (i+1) W (i+)
8

7U//
where p; and p) are permutations of {1, ...,i}, ¢’ is a map of sets {1,...,i} —
{1,...,m}, p{ and p) are permutations of {i +1,...,i 4 j}, and ¢” is a map of
sets {i+1,...,i+j}—{1,..., m}. We take the shuffle product of the monomials
M’ and M" (see Definition 3.20):
/ "_
M xsiM"= ) Xy @ ® Xy siing)
p1esh(o],p))

p2€sh(py,p7)
P1,02
®Yc<p2'<1)>,s<1>®'“®Yc<p2](i+j>),s(i+j)/U We(l) * De(i+j)»
g, ,S

where the map s takes the value 1 on the set ¢~ !{1, ..., i} and the value 2 on the
set c”'{i +1,...,i+ j}. This determines the map s uniquely.

In order to complete the proof, we have to show that every monomial in J (U7, U;)
can be obtained in exactly one way as a result (on the right-hand side) of a shuffle
product of a pair of monomials (M, M>) from J(U;) and J(U,). Every monomial
from J (U1, U,) is characterized by two permutation p;, p» and two maps of sets
c:{1,...,k} = {1,...,m}and s : {1,...,k} — {1,2}. Leti be the number
of elements in s~'(1) and j the number of elements in s~!(2). Then i + j = k.
Then i is the number of differential forms among g*w.(1), - - - , §*wcx) Which are
restricted to the set A;. The remaining j differential forms are restricted to Aj.
Also, every permutation p; can be written in an unique way as a composition of a
shuffle 7 € sh(i, j) and two disjoint permutations p] and p{’ of i and of j elements,
respectively (see Definition 3.19). Similarly, p, can be written in a unique way as
a product of a shuffle 7, € sh(i, j) and two disjoint permutation p/ and pJ. The
map of sets c; is defined as a restriction of the map c to the image of p;. Similarly,
the map c; is defined as a restriction of the map c to the image of p;'. Now we can
define the monomials M" and M” in J(U;) and J (U>) based on the triples p{, p5, ¢’



Noncommutative Hilbert modular symbols 341

and p{, p¥, ¢”, respectively. Such monomials are unique. One can show that the
shuffle product of M’ and M” contains the monomial in J(Uy, U,) that we started
with exactly once. The proof of part (iii) is complete after applying Lemma 3.17. [

4. Hilbert modular symbols

In this section, we recall the Hilbert modular group and its action on the product
of two upper half-planes. Then we define commutative Hilbert modular symbols
(Section 4A) and its pairing with the cohomology of the Hilbert modular surface
(Section 4B). In Sections 4C and 4D, we define noncommutative Hilbert modular
symbols (Definition 4.13) as generating series of iterated integrals over membranes
of type b. We also examine relations among the noncommutative Hilbert modular
symbols (Theorem 4.12), which we interpret as cocycle conditions or as a difference
by a coboundary (Conjecture 4.14). In Section 4E, we consider a two-category
C with a sheaf J on C. Then the noncommutative Hilbert modular symbol is a
sheaf on a two-category. This is done in order to give a plausible approach to
defining a suitable noncommutative cohomology set. In Section 4F, we make
explicit computations and compare them to computations for multiple Dedekind
zeta values.

4A. Commutative Hilbert modular symbols. In this subsection, we define com-
mutative Hilbert modular symbols, using geodesics, geodesic triangles and geodesic
diangles. Then, we prove certain relations among the commutative Hilbert mod-
ular symbols, which are generalized to relations among noncommutative Hilbert
modular symbols (Section 4D).

Let K = Q(+/d) be a real quadratic extension of Q. Then the ring of integers in
K is

{Z[(l +4/d)/2] ford =1 mod 4,
K=

Z[Vd] ford =2,3 mod 4.

Then I' = SL,(Ok) is called a Hilbert modular group. Let y € I'. We recall the
action of y on a product of two upper half-planes H?. Let

(a1 by
Yy =V1= o dy)

Let a3, b>, ¢, d> be the Galois conjugates of ay, by, cy, d;, respectively. Let us

define y» by
_ ay bz
7 \e ar)

Let z = (z1, 22) be any point of the product of two upper half-planes H?.
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For an element y € GL,(K), we define the following action: If det y is totally
positive, that is det ; > 0 and det y, > 0, then the action of y on z = (z1, z2) € H?
is essentially the same as for y € SL,(K), namely,

vz = (Y121, 222),
where

are linear fractional transforms. If det y is totally negative, that is, dety; < 0 and
det y, < 0, then we define

Z_<_61151+b1 _azfz-i-bz)
4 azi+di’ antd)

Similarly if one of the embeddings of det y is positive and the other is negative, for
example, dety; > 0 and dety, <0, e.g., for dety = Jd, then

= (alz1+b1 _aziz-i-bz)
4 an+di’ antd)

We add cusp points P!(K) to H?. Then the quotient SL,(0x)\ (P (K) U H?)
is compact.
We are going to carefully examine geodesics joining the cusps 0, 1 and oco.
Let zo, 21, Zoo be three distinct cusp points. There is a unique y € PGL,(K) that
sends zg, z1 and zs to 0, 1 and oo, respectively.
Let
i:H— H?, i(x)=(x,x)

be the diagonal map and A be its image. Consider the Hirzebruch—Zagier divisor
X = y*A. Itis an analytic curve that passes through the points z¢, z; and z. Then
X is a holomorphic curve in H? if det y is totally positive or totally negative. If
det y is not totally positive or totally negative, then X is a holomorphic curve in
H! x H' UP! (K); in other words, it is an antiholomorphic curve in H2, such as
71 = —272. Let Ax = y*A be the pullback of the geodesic triangle A formed by
the points 0, 1, co in the analytic curve X.

Given four points on the boundary in H> U P! (K), we are tempted to consider
them as vertices of a geodesic tetrahedron in H? UP!(K), whose faces are triangles
of the type Ax. However, there is one problem that we encounter: Two distinct
cusps could be connected by two different geodesics in H? UP!(K). In particular,
two triangles from the faces of the “tetrahedron” might not have a common edge,
but only two common vertices. Thus, we are led to consider a thickened tetrahedron
with two types of faces on the boundary: the first type is an ideal triangle that we
have just defined and the other type is an ideal diangle —a union of geodesics
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connecting two fixed points, which has the homotopy type of a disc with two
vertices and two edges. The two edges of an ideal diangle in the boundary of a
thickened tetrahedron correspond to the two geodesics connecting the same two
cusps, where two geodesics belong to the geodesic triangles that have the two cusps
in common.

Let us describe a diangle Dy .1, Whose two vertices are 0 and co and whose
two sides are geodesics that belong to each of the ideal triangles 0, 1, oo and 0, &, 00.
The geodesic [y between the points 0 and oo that lie on the geodesic triangle 0, 1, co
can be parametrized in the following way: {(it, it) |t € R, ¢t > 0} C Im(H) x Im(H).
Here by Im(H) we mean the imaginary part of the upper half-plane. The ele-
ment y € I that sends 0, , 00 t0 0, 1, 00 is y = (0‘51 9). Then (y~H*(it, it) =
(Jaeplit, |oea]it). Therefore, the geodesic [, between the points 0 and oo that lie on the
geodesic triangle 0, @, 0o can be parametrized as {(Jo1]it, |az]it) |t € R, t >0} C
Im(H) x Im(H). Then, we define the diangle Do oc:1.« as the two-dimensional
region in Im(H) x Im(H) between the lines /o and /,. We also consider the diangle
with orientation. If || > |a| then it is positively oriented. If the inequality is
reversed then the diangle is negatively oriented; if ||| = |a2| then it is a degenerate
diangle, which consists of a single geodesic. All other diangles that we will consider
are translates of Dy ~:1,, Via the action of any element y € PGL,(K).

Lemma 4.1. (i) Each geodesic triangle A lies either on a holomorphic curve or
on an antiholomorphic curve.

(ii) Each geodesic in a geodesic triangle Ax belongs both to a holomorphic curve
and to an antiholomorphic curve.

Proof. Part (i) follows from the construction of a geodesic triangle before the lemma.
For part (ii), consider the following: Let A(0, 1, c0) be the geodesic triangle in
the diagonal of H? connecting the points 0, 1 and oo. It is a holomorphic curve.
Thus, a geodesic {(it, it) € H?| ¢ > 0}, connecting the points 0 and oo as a face
of the geodesic triangle A(0, 1, 00), lies on a holomorphic curve. Now consider
the geodesic triangle D (0, v/d, o0). It lies on an antiholomorphic curve in H?,
by which we mean a complex curve in H? (where we have taken the complex
conjugate complex structure in one of the upper half-planes), since the linear
fractional transformation that sends D(0, +/d, 00) to D(0, 1, co) does not have
totally positive (or totally negative) determinant. Explicitly, the linear fractional
transformation that sends (0, Vd, oo) to (0, 1, 00) is

%)

= 5 -2)

Then
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We have y;(it) = (1/+/d)it and y»(it) = —(1/+/d)it = y;(it). Then the same
geodesic (it, it) belongs to the antiholomorphic curve given by the pullback of
the diagonal with respect to the linear fractional map y. Thus, we obtain that the
geodesic (it, it) connecting 0 and oo belongs to both a holomorphic curve and an
antiholomorphic curve. Similarly, any translate of the geodesic (iz, it) via a linear
fractional map from GL;(K) would belong to both a holomorphic curve and an
antiholomorphic curve. That proves part (ii). O

Definition 4.2. Let p;, p>, p3, ps be cusp points in H? U P! (K). To each triple of
points p1, pa, p3, we associate the geodesic triangle {p;, p», p3} with coefficient 1
as an element of the singular chain complex in C>(H*> U P(K), Q). Also, to
each quadruple of points p1, p2, p3, p4, we associate the geodesic diangle between
the two geodesic connecting p; and p; so that the first geodesic is a face of the
geodesic triangle {p1, p2, p3} and the second geodesic is a face of the geodesic
triangle {p1, p2, p4}. We denote such a diangle by {pi, p>; p3, ps}. We call the
geodesic triangle {p;, p»2, p3} and the geodesic diangle {p;, p>; p3, pa}, considered
as elements of C>(H? U P! (K), Q), commutative Hilbert modular symbols.

Theorem 4.3. The commutative Hilbert modular symbols, modulo the boundary of
singular 3-chains dC3(H> UP(K), Q), satisfy the following properties:

(1) If o is a permutation of the set {1, 2, 3} then
{Po1): Po(2): Po3)} = sign(o){p1, p2, p3}.

) If p1, p2, p3, p4 are four points on the same holomorphic (or antiholomorphic)
curve of the type y* A, then

{p1, P2, p3} +1{p2, p3, P4} ={p1, P2, P4} +{P1, P3. P4}

For every four points py, p2, p3, pa, we associate a diangle with vertices pi
and py. Let {p1, p2; p3, pa} be the corresponding symbol.

3) If p1, p2, p3, p4 are four points on the same holomorphic (or antiholomorphic)
curve of type y* A, then

0={p1, p2: p3, p4}.

(4) For every distinct four points py, pa2, p3, pa, we have the following relations,
based on the orientation of the domain:

{P2, P15 P3, Pa} =1{p1, P2; P4, P3} = —{P2, P1; P4, P3} = —{P1, P2; P3, P4}
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(5) For every five points p1, p2, p3, Pa, ps, we have

{p1, p2; p3, pa} +1{p1, P2; P4, Ps} =1{p1, p2; p3, P5}-

(6) We also have a relation between the two types of commutative Hilbert modular
symbols. For every four distinct points py, p2, p3, P4, we have

0={p1, p2, p3} +{p2, p3, p4} — {P1., P2, P4} — {P1, P3, P4}
+{p1, P2; p3, pa} +1{p2, p3; p1, pa} +{p3, P15 P2, P4}
+1{p3, pa; p1, P2} +{p1, pa; p2, p3} +1{p2, pa; p3, p1}.

Proof. Part (1) follows from the orientation of the simplex in singular homology.
Part (2) is an equality induced by two different triangulations on a holomorphic
(or antiholomorphic) curve with four vertices. In that setting the diangles are trivial,
which proves part (3). Part (4) follows from the orientation of the diangle. Part (5)
corresponds to a union of two geodesic diangles with a common face, given by
a third geodesic diangle. Part (5) will be used for a noncommutative 1-cocycle
relation for the noncommutative Hilbert modular symbol (see Conjecture 4.14).
Part (6) is a boundary relation for the boundary of a thickened tetrahedron. By a
thickened tetrahedron, we mean a union of four geodesic triangles corresponding to
each triple of points among the four points p1, p2, p3, p4 together with six geodesic
diangles that correspond to the area between the faces of the geodesic triangles.
They correspond exactly to the thickening of the six edges of a tetrahedron. [

Part 6 will be used to derive explicit formulas for the noncommutative Hilbert
modular symbol of type ¢’ resembling a noncommutative 2-cocycle relation (see
Conjecture 4.15).

4B. Pairing of the modular symbols with cohomology. In this subsection, we
consider pairings between commutative Hilbert modular symbols and cusp forms.
In some cases, we prove that such pairings give periods in the sense of [Kontsevich
and Zagier 2001].

We are interested in holomorphic cusp forms with respect to I'. Equivalently,
we can consider the holomorphic 2-forms on X, the minimal smooth algebraic
compactification of X [Hirzebruch 1973]. At this point we should distinguish
between geodesic triangles that lie on a holomorphic curve and those that lie on an
antiholomorphic curve. The reason for this distinction is that a holomorphic 2-form
restricted to a holomorphic curve vanishes. The way to distinguish the two types
of geodesic triangles is the following: Let y be a linear fractional transform that
sends the points py, pa2, p3 to 0, 1, co. If det y is totally positive or totally negative,
then the geodesic triangle py, p», p3 lies on a holomorphic curve. If det y is neither
totally positive nor totally negative, then the geodesic triangle p1, p2, p3 lies on an
antiholomorphic curve.
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Definition 4.4. Define M,(H?> UP!(K), Q) to be the span of the Hilbert modu-
lar symbols {p1, p2, p3} and {p1, p2; p3, p4} as a subspace of the singular chain
C(H* UP'(K), Q). We define the pairing

() Mo UP'(K)) x $22(I") — C

by setting

Uprs pos pabs fdzi Adza) = / Fdz ndz
{p1,p2,p3}

for geodesic triangles and
({p1, P23 P3, pa}, fdzi ANdz2) =/ fdzindzy
{p1,p2;p3,p4}

for geodesic diangles.

We are going to use that a Hilbert modular surface X (C) can be realized as the
complex points of an arithmetic surface defined over a number field F.

Theorem 4.5. The image of the above pairing is a period over a number field F
when we integrate a normalized cusp Hecke eigenform f of weight (2, 2). (For
Hecke eigenforms, see [Shimura 1978; Berger et al. 2013].)

Proof. From Lemma 3.1(ii), the boundary of the geodesic triangles of the diangles
are geodesics that lie on holomorphic curves in H? U P!(K). Therefore, in the
quotient by the congruence group I', the geodesic lies in a Hirzebruch—Zagier
divisor on the Hilbert modular surface. Thus, we integrate a closed algebraic
differential 2-form (that is, a global differential 2-form with algebraic coefficients)
on the Hilbert modular surface, with boundaries Hirzebruch—Zagier divisors. [J

Conjecture 4.6. Let f € Si «(I") be a normalized cusp Hecke eigenform of weight

(k, k). Then
f fdzindz
{p1,p2,p3}

for geodesic triangles and

f fdzindz
{p1,p2;p3,pa}

for geodesic diangles are periods.

Theorem 4.5 is a proof of Conjecture 4.6 for the case of cusp form of weight (2, 2).
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4C. Iteration — revisited. We defined iterated integrals on diangles in Definitions
3.14 and 3.15. However, these definitions have to be extended to other domains of
integration in order to consider iterated integrals on geodesic triangles.

A consequence of the results from this subsection is the following:

Theorem 4.7. Iterated integrals of type ¢ on a geodesic diangle and on a geodesic
triangle of algebraic differential 2-forms on a Hilbert modular surface are periods
in the sense of Kontsevich—Zagier.

Before giving the proof, we need definitions of several objects, as well as their
properties. In the process, we will be able to extend the definition of iterated
integrals on membranes when the domain of integration is a geodesic triangle.

For type b, in Definition 3.14, we have a map g : U — H? that sends the two
R-foliations on U into two coordinatewise C-foliations of H?. The same definition
does not work when the domain U is a geodesic triangle. The reason is that a
geodesic triangle is either a holomorphic curve or an antiholomorphic curve. In
both cases, a pullback of one leaf to the geodesic triangle is a point not a line (which
is the case for the diangles).

In order to extend Definitions 3.14 and 3.15 to the case when the domain U is a
geodesic triangle, we are going to construct a new space using the fiber products
multiple times.

Now, we are going to define a space Y, associated to an iterated integral on n
2-forms on H?. We are going to use fiber products (see [Hartshorne 1977]). Let p;
and p, be the projections of H? on the first and the second component, respectively.
Define X;; = H2forl<i<nandl< j < n. (One should think of the component
X as the complexification of the real coordinate (s;, ;).) Let C; =Hfor 1 <i <n
andC}:[H]forlfjgn. Let

Xj =X]j XC} ij Xc;_ XC} Xn]
(X corresponds to the variable 7;.) Then

XjCX]jXijX---Xan.
Let also

Pi=(p1,....,p1): X1j xXpj x--xX;j > Cy X+ xXCp.

Let Pj‘? = Pjlx; be the restriction of P; to the subset X ;. We define Y,, as the fiber
product of Xy, ..., X, with respect to the morphisms P?, ..., P, over the base
Cy x---x Cy,, namely

Yn=X1 Xc--'Xan, (22)

where C =C; x- - -xC,. Note that X ; is isomorphic to X ; ;. Let Z; be the subspace
of Y, defined by setting the j- and the (j 4 1)-components of ¥, = X| X¢c--- X X,
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to be equal. (The space Z; corresponds to a boundary components obtained by
letting ¢; = ¢;41.) Similarly, we could have defined Y, by defining first

Xl/ = Xil XC,’ Xiz XC,‘ e XCI‘ Xin’
(X l/ corresponds to s;) so that

X;CX“ X Xip X -+ X Xip.
Let

P =(p2,....p2) : X xXip X x Xjn—> Cy x---xC).

Define P/° = P/|x; to be the restriction of P/ to X;. We define ¥, as the fiber
product of X1, ..., X, with respect to the morphisms P°, ..., P,° over the base
C| x --- x C;, namely,

Yn=X/1 XC/-”XC/X;, (23)

where C’ = C} x - - - x C;,. Similarly we define Z to be the subspace of ¥, defined
by setting the i- and the (i + 1)-components of ¥,, = X| x ¢’ - - - X ¢ X, to be equal.
(The space Z; corresponds to a boundary components obtained by letting s; = s;41.)
We have given two definitions (22) and (23) of the space Y,,. In the two definitions
we have only exchanged the role of p; and p,. We will prove that both definitions
lead to the same object in the case n = 2. The general case is left to the reader.

Lemma 4.8. For n = 2, the two definitions (22) and (23) define isomorphic objects
Ys.

Proof. The space Y, can be defined as a finite limit (in a categorical sense) of a
diagram in the following way. Consider the commutative diagram

o
N

X1 X1
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For any space W such that
o
X1 X

W C> (24)

NN
N4

C / 12\
AN e

X1 X»n
NS
G

commutes, we have that the maps f;; : W — X;; factor through g;; : > — X;;, so
that f;; = g;j o h for some h : W — Y>, and Y, is part of the commutative diagram

o
N
b'e

X

/ 11\ 12\
C Y, C>
N v
X21 X2
.

C

/7
Ve

2

In order to prove this universal property of Y, we follow the first definition of Y>.
This leads to the commutative diagram

X1 =— X1 X¢; X12 — X1z

/ T AN

Ci W C

N l /

Xo1 =— Xa1 X¢; X2 — X2

G

Then we have that X; = X Xc;Xu maps to C =C x C; and also X» = X3 xCéXzz
maps to C = C; x Cp. Thus the maps from W to any element of the diagram
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factors through Y» = X x¢ X,. Similarly, W factors through X/ x ¢ X}, where
X/l =X X Xo1, X/Z =X X, X5 and C' = Ci X Cé Since both X x¢ X»
and X/ x ¢ X}, are universal objects with respect to the diagram (24), we have that
they are isomorphic. ([

Now, we return to the initial question of this subsection, namely, how to iterate
over a geodesic triangle so that it is consistent with the current definition of iteration
over a diangle.

For an n-fold iteration of 2-forms of types b or ¢, we have to specify a domain
U Cc H?, dimg U =2, and a pair of permutations p; and p; of n elements. We make
an essential assumption that the boundary of U C H?, denoted by dU, projected
onto the Hilbert modular surface Yr lies on a finite union of Hirzebruch—Zagier
divisors. We will denote the finite union of such Hirzebruch—Zagier divisors by HZ.

Let

Ppipy 1 X11 X X X = Xipi(pa(1) X ==+ X X py (n)pa ()
be a projection to n of the factors. Let U;; = U for 1 <i <mnand 1 < j <n. Let

I:2Up ()p) X -+ X Upimypa(n) = Xpi(1)pa(1) X =+ X Xy (n)pa(n)

be induced from the product of inclusion of the domains U — X. We will use the
notation

U2 =Upypay X -+ X Upimypm()
and

X = Xppa) X -+ X Xpimypatn)-

Then the map I becomes

1:U° — X*.
Let

J:Y,—> X’

be the composition of the natural inclusion Y,, — X X - - - X X},,, and the projection
Py, .p,- Then we define the domain of integration to be

Qﬁ;'n :Qp XXP Y}’Lv

which is the fiber product of the maps / and J. Since / : U” — X* is an inclusion,
we have that the induced map
U ';n - Y,
is an inclusion.
In the above constructions, we have used a parallel between type b and type ¢
iterated integrals on membranes. The following definition allows us to extend in
some sense the two types when the domain of integration is an ideal triangle:
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Definition 4.9 (iterated integrals on membranes of types b’ or ¢’). For any manifold
with corners of dimension 2 on a Hilbert modular variety, we define an iterated
integral

Zn(p1.02)
/ (fidzi Ndz2) - -+ (fudzi Nd22)
U

=/p J(fidzi Adza, ..., fodzi Adz2),  (25)
U

Yy,

where fi dz) Adzy is a form defined on X, 4)p,0) for 1 <k <n. If ¥, and U}
are constructed in the setting of type b iterated integrals on membranes, then the
above definition is of iterated integrals on membranes of type b’. Similarly, if Y,

and U ’; are constructed in the setting of type c iterated integrals on membranes,
then the above definition is of iterated integrals on membranes of type ¢'.

If U is a diangle, then the relation of the above integral to the ones defined by
iterated integrals over membranes is the following: The integral

Zn(p1,02)
/ (fidzi Ndz2) -+ - (fudzi Nd2zp)
U

is the sum of the integrals from Definitions 3.14 or 3.15, namely, the sum

(pp1,0p2)
Z/ (frdzi Adza) - - - (fudz1 Adz2)

pPEX,

over the orbit of the diagonal action of the permutation group %, on any chosen
pair of permutations (p1, p2).

Proposition 4.10 (properties of the iterated integral (25)). (1) The iterated integral
(25) is well-defined when U is an ideal triangle both for types b and c.

(2) The iterated integral (25) for type ¢ is a period if U is an ideal triangle
or an ideal diangle, when f1, ..., f, are normalized Hecke eigenforms of
weight (2, 2).

(3) The iterated integral (25), both for types b and c, is homotopy invariant with
respect to homotopies that vary within the divisors

—1 -1
J (Xpl(l)ﬂz(l) X X Py (Qt) XX Xpl(n)pz(n))s

where q; is a point of Xy, i)p, (i) for fixed i and py : X, (i)p,i) = C; or homo-
topies that vary within the divisors

—1 -1
T (X pihypay X -+ X P31 (gi) X - X X pymypa(n))

where q; is a point of X p,(i)p, (i) for fixed i and p> : X p, iy pr(i) —> C.
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Proof. (a) The integral (25) is well-defined for any two-dimensional submanifold
with corners of the Hilbert modular variety [Borel and Serre 1973].

(b) The iterated integral (25) is a period since:
(1) A Hilbert modular variety can be defined over a number field.

(2) The normalized Hecke eigenforms f1, ..., f,, of weight (2, 2) can be realized
as algebraic differential forms on the Hilbert modular variety.

(3) The boundary of the region of integration U /;n is a divisor on Y;, namely,

n
UHz.
i=1

where
HZ; = T~ (X p 1oty X -+ X HZ X+ -+ X Xy () pa(m))

is a divisor of Y,, obtained as a pullback of a divisor whose i-th component is
a Hirzebruch—Zagier divisor HZ, and the rest of the factors are X, (x)p, ) for
k#i.

(c) The proof is essentially the same as that of Theorem 3.7. U

The domain Uy, might be cut into disconnected components by the Z; and Z}.
In order to choose a connected component we need to define another region of
integration. Recall that for the case of iterated integrals on membranes of type
b, p1 : H* — C and p, : H> — C’ are projections onto the first and the second
component, with C = H and C' = H.

For the case of iterated integrals on membranes of type ¢, p; = o) o and
P2 = ap o T are compositions of

7 H> > Xr,
the map from the universal cover to the Hilbert modular surface, with
oy, @ Xp — P

two algebraically independent rational functions on the Hilbert modular surface,
and C; =P and C; =P' for l <i<nand1<j<n.
Letgo, g1, 10,71 € P! be points. Let Qo, Q1, Rp and R be connected components
of pi'(g0). Py (q1). Py (o). and py'(ry), respectively.
Let V — H? be a domain in H? with boundary on the union
QoUQ1URgURy,

but with interior disjoint from this union. We define the divisors Zy, Z,,, Z{), Z, of
Y, as follows: Zj will be the beginning of the integration of the #; variable (#; = 0),
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Z, will be the end of the integration of the #, variable (¢, = 1), 26 will be the
beginning of the integration of the s; variable (s; = 0), and Z, will be the end of
the integration of the s, variable (s, = 1). We define them as the fiber product

Zo= Qo xc X2 xc -+ Xc Xy, Zy=X1Xc- - XcXp_1 xXc Q1,
26 = Ro X X/Z X Xy X;l, Z;l = X/l Xcre X! X:z—l Xcr R;.
We will use the notation

VP =Vopm) X - X Vo  and  X? = X, 1)pp1) X =+ X Xpy () po () -

Then the map I’ becomes

I': VP — X°.
Let

J Y, — X°

be the composition of the natural inclusion Y,, — X1 X - - - X X},,, and the projection
Py, .0, Then we define the domain of integration to be

VY, =V xxo ¥y,

which is the fiber product of the maps I’ and J'. Since I’ : U” — X” is an inclusion,
we have that the induced map

Vi =Y,
is an inclusion.

Then the divisors Zo, Z, ..., Zy—1, Z, and Z, Z}, ..., Z, _,, Z, cut out from
Vy, a product of two n-simplices, which corresponds to the region where the
product {0 <s; <.-- <5, <1} x{0<1 <--- <t, <1} is embedded. Denote
by \_//;,” the connected components of \_/f,n that contains the image of the product
{0<s1<---<s,<1}x{0<t <---<t, <1} under the map g from Definition 3.5.

Proof of Theorem 4.7. We consider the type of iterated integrals defined in Definition
3.15. Using the above notation, the domain of integration is U C V. We define

Uy =Uy NVy.
Then the boundary of l7';n lies on the union of divisors

7, < (U)o (U7),
i=1 j=1

The normalized Hecke eigenforms of weight (2, 2) can be realized as algebraic
differential forms on the Hilbert modular variety. Then the iterated integrals on a
membrane of type ¢ over the domain U are periods, since:
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(1) A Hilbert modular variety can be defined over a number field.

(2) The normalized Hecke eigenforms fi, ..., f,, of weight (2, 2) can be realized
as algebraic differential forms on the Hilbert modular variety.

(3) The boundary of the region of integration U ’;ﬂ is a divisor on Y,,, namely,

n n
(U zl->u(U Z}). 0
i=1 j=1

4D. Generating series and relations. In this subsection, we examine the generat-
ing series of iterated integrals on membranes (of types b’ or ¢’), evaluated at geodesic
triangles and geodesic diangles. We prove relations among them. Most importantly,
the generating series J will be used in Section 4E to define noncommutative Hilbert
modular symbols. Moreover, the relations that we prove in this subsection will be
interpreted as cocycles or as coboundaries of the noncommutative Hilbert modular
symbols satisfy in Section 4E.

Definition 4.11. Let f1, ..., f,;, be m cusp forms with respect to a Hilbert modular
group I'. Let f1dz; Adza, ..., fudzi A dzo be the corresponding differential
forms defining the generating series. Let J(p1, p2, p3) be the generating series J
evaluated at the geodesic triangle with vertices py, p2, p3. Let J(p1, p2; p3, p4)
be the generating series J evaluated at the geodesic diangle {p1, p2; p3, pa}-

Both J(p1, p2, p3) and J (p1, p2; p3, p4) will be called noncommutative Hilbert mod-
ular symbols after the action of the arithmetic group is included (see Definition 4.13).

Theorem 4.12. The generating series J is one of the types b, ¢, b’ or ¢’. Note
that J(p1, p2; p3, p4) is defined for all types, while J(p1, p2, p3) is defined only
for types b’ or ¢'. Then the generating series J(p1, p2, p3) and J(p1, p2; p3, p4)
satisfy the following relations:

(1) If o is a permutation of the set {1, 2, 3}, then
J(Po(1)s Po@) Pa3) = IV (p1, pa, p3).

(2) If p1, p2, p3, pa are four points on the same holomorphic (or antiholomorphic)
curve of type y* A, then

1 = J(p1, p2, p3)J (P2, 3, ps)
x J(p2, p1, p)J(p1, pa, p3) -

) If p1, p2, p3, p4 are four points on the same holomorphic (or antiholomorphic)
curve of type y* A, then

1 =J(p1, p2; p3, pa)-
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(4) For every four points pi1, p2, p3, pa, we have the following relation based on
the orientation of the domain:

J(p2, p1; p3, pa) = J(p1, P2; P4, P3)
= J " (p2, P13 pas P3)
= J"Y(p1, p2; 3, pa).

(5) For every five points p1, p2, p3, pa, ps, we have

J(p1, p2; p3, pa)J(p1, p2; p4, p5) = J(p1, p2; P3, P5)-

(6) For every four points p1, p2, p3, P4, we have the following relation, based on
the boundary of a thickened tetrahedron:

1=J(p1, p2, p3)J (P2, P3, P4)
x J(p2, p1, ps)J(p1, pa, p3)
x J(p1, p2; p3, pa)J (P2, p3; p1, pa)J (p3, p1; P2, p4)
x J(p3, pa; p1, p2)J(p1, pa; p2, p3)J (p2, pa; p3, p1)-

Proof. For part (1), let o be an odd permutation. Let U be the union of two triangles
along one of their edges. Let the first triangle have vertices pi, p»>, p3 and the
second triangle have vertices ps, p2, p1 with the opposite orientation. We can glue
the two triangles along the edge p; p». (Gluing along any other edge would lead to
the same result for the corresponding generating series.) From the shuffle product
formula (Theorem 3.21(iii)), it follows that J(U) = J(p1, p2, p3)J (p3, p2, p1).
(Note that the product is not the product in the ring R. It is induced by a shuffle
product of iterated integrals on membranes.) From the second homotopy invariance
theorem (Theorem 3.11) it follows that the generating series J(U) depends on U up
to homotopy, which keeps the boundary components p; p3, p3p2, p1p3 and p3p;
on fixed unions of holomorphic curves. We can contract U to its boundaries U so
that the contracting homotopy keeps the boundary components on a fixed union of
holomorphic curves. Therefore, J(U) = J(0U) = 1.

Parts (2), (4) and (5) can be proven similarly.

For part (3), if p1, p2, p3, ps belong to the same holomorphic (or antiholomor-
phic) curve, then the corresponding diangle has no interior, since the two edges
will coincide. Recall that the edges of the diangle are defined via unique geodesic
triangles lying on a holomorphic (or antiholomorphic) curve.

The proof of part (6) is essentially the same as the one for part (1); however, we
will prove it independently, since it is a key property of the noncommutative Hilbert
modular symbol. Consider a thickened tetrahedron with vertices pi, p2, p3, pa.
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The faces of the thickened tetrahedron are precisely the ones listed in the product
of part (6). The whole product is equal to J(V'), where V is the union of all faces
of the thickened tetrahedron. From the second homotopy invariance theorem it
follows that the generating series J (V') depends on V up to homotopy, which keeps
the boundary components on a fixed union holomorphic curves. Since V bounds a
contractible 3-dimensional region (a thickened tetrahedron), from Theorem 3.11, it
follows that J (V) = J (point) = 1. [l

4E. Definition of noncommutative Hilbert modular symbols. In this subsection,
we define noncommutative Hilbert modular symbols. They are analogues of Manin’s
[2006] noncommutative modular symbol, applicable to the Hilbert modular group.
Instead of the iterated path integrals that Manin uses, we use a higher-dimensional
analogue, defined in Section 3.

Usually, a modular symbol represents a cohomology class. Manin’s noncommu-
tative modular symbol represents a noncommutative first conomology class. We
would like to say that the noncommutative Hilbert modular symbols represent non-
commutative cohomology classes; this is formulated in Conjectures 4.14 and 4.15.

After defining the noncommutative Hilbert modular symbols, we prove some
of their properties. These properties will be interpreted intuitively as cocycle or
coboundary conditions. The approach in this subsection is more geometric. The
purpose of presenting them here is to give many examples of relations and to help
establish a suitable cohomology theory that truly captures these relations in a more
structured way.

The cocycle interpretation is only for intuition; it is not precise. The formula
holds for geometric reasons. Note that the composition is not the multiplication in
the ring R; it is given by the shuffle product (see Theorem 3.21), which works for the
generating series on iterated integrals on membranes. The multiplication is written
linearly as we would multiply several elements in a group or in a ring; however,
the multiplication is two-dimensional among regions with common boundaries.

In the next subsection will give some intuition about higher categories, for the
purpose of giving more structure to the noncommutative Hilbert modular sym-
bols and for a possible approach to defining a first and second noncommutative
cohomology class.

For definitions of iterated integrals on membranes, see Definitions 3.4 and 3.5
for types b and ¢ and Definition 4.9 for types b’ and ¢'.

Definition 4.13. We define noncommutative Hilbert modular symbols as generating
series of iterated integrals on membranes of types b, ¢, b’, or ¢’ over a geodesic
diangle by

Cpr oy (V) = (D1, P2; P3, ¥ P3).
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We also define noncommutative Hilbert modular symbols as generating series of
iterated integrals on membranes of types b’ or ¢’ over a geodesic triangle by

cp(y.8) =J(p.yp.yép),
where p, p1, p2, p3 are cusp points in H>UP!'(K) and B, y, § € SLy(Ok).

We are going to define an action of Mat, (Ox )™ on the generating series J¢, where
Mat,(Og)™ is the semigroup of 2 x 2 matrices with totally positive determinant.

In order to interpret ¢! (y) and ¢%(y, 8) as cocycles, we are going to define an
action of the semigroup Mat;(Ox)™ on the whole ring R where the generating
series take values. Such an action can be given via Hecke operators.

For simplicity, we shall assume that Og has narrow class number 1. We consider
all Hecke eigenforms of weight (2, 2) with respect to Mat,(Og)™. Now, let u be a
unit such that #; > 0 and u; < 0, where u| and u, are the images of u under the
two real embeddings of K into R. It exists, since the narrow class group is trivial.
(For example, K = Q(+/2) is such a field.) We define an action of y € Matp(Og)
on the ring R (Definition 3.13) where the generating series takes values. We define

yef Ty f)
for y € Maty(Og) ™. Let fi, ..., fn be a basis of Hecke eigenforms of the space of
cusp form of weight (2, 2). Let Xy, Y1, ..., X, Y, be generators of R, and to each

fi associate X; and Y;. Then the action of y € Mat,(Ok)™ is given by T, (X;) =
c(y, fi)X; and T,, (Y;) =Y;, where c(y, f;) is the eigenvalue of the Hecke operator.

In this setting the group action, namely, the action of the Hilbert modular group,
is trivial. This trivial action extend to the action of 77 = id on the whole ring R.
In fact, for an element 8 € SL,(0Og), the trivial action on c})l’ i and clz7 can be
realized as

1 R
(Bepy prip) V) = Cppy o pps (BY)

and
(Beo) (v, 8) =, (Bp, Byp, Bydp).

The last two relations hold because for a cusp form of weight (2, 2) the differential
form f dz; A dzp is invariant under the action of the Hilbert modular group I.
Algebraically, for any geodesic diangle, we have

BJ(p1, p2; p3, pa) = J(p1, P25 p3, pa) = J(Bp1, Bp2; Bps, Bpa).

Similarly, for a geodesic triangle,

BJ(p1, p2, p3) = J(p1, p2, p3) = J(Bp1, Bp2, Bp3).
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The relations among the symbols are based on two properties: composition
via shuffle product Theorem 3.21(iii) and homotopy invariance (Theorems 3.7
and 3.11).

Conjecture 4.14. The noncommutative Hilbert modular symbol c},l’ s isa 1-

cocycle. Moreover, if we change the point p3 to g3, then the cocycle changes by a
coboundary.

Property (5) of Theorem 4.12 can be interpreted as a 1-cocycle relation. Consider
the analogy with a noncommutative 1-cocycle of a group acting on a noncommuta-

S 1
tive ring; we define the boundary of ¢ DL DDA by

Ay i BoV) = (BYBCp, ey )P s (BY)) T

The action of B on the cocycle is given in Definition 4.13. In contrast to a first
noncommutative cocycle (see for example [Brown 1982]), here we have two-
dimensional composition of symbols, that is, one can compose the symbols as
two-morphisms in a two-category.

Then

dey, oo ps(B-¥) = J(P1, P23 p3, Bp3)(BI (p1, p2; p3, ¥ )~ (p1, pa; p3, By p3)

= J(p1, p2; p3, Bp3)J (p1, p2; Bpa, Byp3)d ' (p1, p2; p3, By p3)
=1. (26)

If we change ps3 to g3 then the cocycle changes by a coboundary. Let b° =
J(p1, p2; p3» q3) be a 0-cochain. Then

Cpy prgs ) =T (P1. P23 3, ¥ P3)
= J(p1, p2; p3,93)J (p1, P2; 43, vq3)J (P1, p2; V43, YP3)
= J(p1, p2; 3. 43)J (P1, P23 43, Y @3) Y I (1, pas P3, @3) "

=0 s YD) 27)

Conjecture 4.15. The noncommutative Hilbert modular symbol cf, (B, y) satisfies
a 2-cocycle relation. Moreover, if we change the point p to ¢, then the cocycle
changes by a coboundary up to terms involving c¢!.

Recall

¢ (B.v)=J(p. Bp. Byp).
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Then c%, satisfies a 2-cocycle condition up to a multiple of the 1-cocycle c(]]1 a3

for various points g1, g2, g3. For the 2-cocycle relation, we compute dcf, B, vy, 90):
dey(B,y,8) = (B, ) (B, y8) (@ (By, 8) T (B- (v, 8) !
= J(p, Bp, Byp)J (p, Bp, By dp)
x J(p. Byp. Bydp)~"J (Bp. Byp. Bydp) ™. (28)

In order to have dc?, (B, y,8) =1, we must multiply by suitable values of cl,
corresponding to edges of a certain thickened tetrahedron. Then

dey (B, v+ 8) X [} 5 pyp (BYISBY)Y Dk 5y p BYO)Chop pepp (BIYVOBT)
X B pym:p BV p.pyop pp BYB ™)y pyspipyp (BY) D]
=[5 (B. Y)(B. ¥ (By. ) (B- (. 8) ']
X [¢h 5 pyp (BYISBYY Ve 5 BYOChy o (BIYIB™)
Xy pyopp BICp pysppp BYB™)Chp pyspipyp(BY) D]
=1J(p, Bp. Byp)J (p, B, By3p)J (p, Byp, BySp)~ T (Bp, Byp, Bydp)~']
x [J(p, Bp: Byp. BySp)J (Bp., Byp; p. Bydp)J (Byp. p; Bp, Bydp)
x J(Byp. Bydp; p. Bp)J (p. BySp; Bp. Byp)J (Bp, Bydp; Byp. )]
=1.
The first equality follows from (28). The second equality follows from the definition

of the symbols. And the last equality follows from property (6) of Theorem 4.12 with

(P1» P2, p3» p4) = (p. Bp. Byp. B. y8p). Therefore, we obtain that dc3 (B, v, 8)
is 1 up to values of the 1-cocycle c'.

Conjecture 4.16. The conjectural cocycles cf, and cé are homologous:
cr(B.y) =i (B, y)dby, (B, I | 7 (D)
i

up to a product of J(D;), where the D; are geodesic diangles.

Before we proceed, we would like to make an analogy between 1-dimensional
and 2-dimensional cocycles. For the 1-dimensional cocycle, the property that it
is a cocycle uses the geometry of a triangle, where the faces of the triangle are
essentially the 1-cocycle. We want commutativity of the triangular diagram. We
think of the commutativity of the diagram as follows: consider the interior of the
triangle as a homotopy of paths and think of the 1-cocycle as a homotopy-invariant
function. The 2-cocycle relation is represented by the faces of a tetrahedron. By
“commutativity” of the diagram, we mean a homotopy invariant 2-cocycle and a
homotopy from one of the faces to the union of the other three faces.
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The comparison that c;”’ i s and c}m iy A€ homologous is given by a square-
shaped diagram. The analogy with dimension 2 is that the cocycles cf, and cfl are
two faces of an octahedron. The vertices associated to c%, (B, y) are (p, Bp, Byp)
and the vertices associated to cé are (g, Bq, Byq). The two faces will be opposite
to each other on the octahedron Oct so that the three pairs of opposite vertices are
(p, Byq), (Bp,q) and (Byp, Bq). The remaining six faces are combined into two
triples. Each of them corresponds to a coboundary of a 1-chain.

Let
by (B)=1J(p,q, Bp)J (q, Bq, BP)ILI (4. Bp; p, BY)).

Consider the action of y € I" on b! by acting on each point in the argument of J,
denoted as before by y - b!. Then, we define

db, ,(B.y)=b, (BIB-b, , (Vb By

where 8- b}, (v) =1J(Bp. Bq. Byp)J (Bq. Byq. Byp)ILJ (Bq. Byp: ps Bya)l.
Consider the above octahedron Oct. Remove from it the tetrahedron 7 with

vertices (p, g, Bvq, Byp). Then the triangles of the remaining geometric figure
are precisely the triangles in the definitions of c% B, y), cfl (B, y) and db},’ (B Y).
Now, consider thickenings of the edges, which are common for two triangles. It
can be done in the following way. Instead of any triangle, we can take a geodesic
triangle. The two triangles that had a common edge might have only two common
vertices. Then the region between the two geodesic, one for each of the geodesic
triangles, forms the induced diangle. Take J of the induces diangles from the
octahedron Oct and J~! of the induced diangles from the tetrahedron T. Their
product gives [ [, J(D;). The equality holds because we apply J to the union of
the faces of the thickened Oct —T', which gives 1.

4F. A two-category. Why do we need a two-category? Is there an example of a
sheaf on this category/topology? How does the noncommutative Hilbert modular
symbols represents a sheaf?

The ideas presented in this subsection will be developed in a follow-up paper.
Here we present the basic constructions that give justification for the conjectures
that the noncommutative Hilbert modular symbols ¢! and ¢? are cocycles in some
categorical and sheaf-theoretic setting. For sheaves on 2-categories one may consult
[Street 1982]. Since our 2-morphisms are invertible one may also use Lurie’s
constructions [2009] of sheaves on higher categories.

We are going to construct a 2-category C and a sheaf J on C. We define p to be
an object of the 2-category C if p is a cusp point, that is p € P!(K). We define
I-morphisms in the following way. Let o be the geodesic connecting 0 and oo
that lies on the diagonal A =i(H) C H x H. There is unique such geodesic. All
geodesics y*o together with a choice of orientation are defined to be 1-morphisms,
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where y € PGL,(K). We define the 1-morphisms of C to be finite concatenations
of geodesics of type y*o or the trivial path whose image coincides with a cusp
point. Consider ideal triangles and ideal diangles as cells from which we build
manifolds with corners. A 2-morphism is a finite union of manifolds with corners,
made from finitely many ideal diangles and ideal triangles, which is path-connected
and has orientation.

The boundary of a 1-morphism is a union of two objects — the starting point
and the ending point of the directed path. The boundary of a 2-morphism (a 2-
manifold with corners) is a finite union of 1-morphisms (oriented loops), where
the orientation of the loops on the boundary is induced by the orientation of the
2-manifold with corners.

Now we are going to define a 2-sheaf J, whose values on a 2-morphism will be
in a subset of the ring R and whose values on an object and on a 1-morphism will
be a subset of a countable product of the ring R with itself.

As always, 52 2(I") denotes the space of cusp forms of weight (2, 2) with respect
to the group I". Here we will consider this space as the space of holomorphic
2-forms on H x H which vanish on the cusps and which can descend to the Hilbert
modular surface Xr = I'\(H? U P!(K)). Every n-tuple of such holomorphic
forms 2 € (5,2(I"))" defines a value of a 2-morphism f in C. Let this value
be the generating series J¢(£2). Let J be the collection of all values J¢(£2) for
Q € (522(I")". Let e be a I-morphism. We say that e is in the boundary of a
2-morphism f, denoted e C df, if the image of the loop e is in the boundary of the
image of the membrane f together with the induced orientation on e from f. We say
that an object p is in the boundary of a 1-morphism e, denoted by p € de, if pisa
source or a target of e. We define the values of J on a I-morphism e to be the product

[T7<c]]*

eCof eCof

We define the values of J on objects p to be

I[T7/<c][®

pEde pede
eCof eCof

The sheaf conditions for 1- and 2-morphisms resemble the classical conditions
for a presheaf to be a sheaf.

Let f;: A; — [0, 11? be a finite collection of disjoint 2-morphisms, whose union
is a morphism f : A — [0, 1]2. We define a finite collection fl’j of 1-morphisms
and 0-morphisms (objects) such that the union [ J, im( fl’;) =im(f;) Nim(f;) is a
disjoint union of the intersection.
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Then the equalizer

Ii= 1 =11s
i

ijk

is exact (for a definition of equalizer one may consult [Borceux 1994]).

Similarly, let e be a 1-morphism and let {e;} be a finite set of disjoint 1-
morphisms such that the union [ J; im(e;) is equal to im(e). We can write the
intersection im(e;) Nim(e;) as a finite union of 0-morphisms (_J, im(ef.‘j), for some
1-morphisms el’fj.
Then the equalizer

Jo— [TV =] T
i ijk
18 exact.
The cochain is defined as

[T %— II %= II - TII 7%

p:0-morph e: 1-morph f:2-morph g: 2-morph
08=0
The maps J, — J, and J, — J are surjective when they are defined, resembling
flabby sheaves. Thus, we should have trivial zeroth and first cohomology set.
The only nontrivial cohomology will be the second cohomology set. The cocycle
conditions for both noncommutative Hilbert modular symbols ¢! and ¢? can be
interpreted as a particular case of maps

1T - I] 7

f:2-morph g:2-morph
0g=0

For ¢!, the boundary condition is that a union of two diangles with a common
edge is a third diangle. One can think of the these three diangles as the boundary
of a degenerate 3-dimensional region. One can realize this cocycle condition as
a sheaf-theoretic one by modifying the above definition so that the 2-morphisms
consists of a finite union of ideal diangles (without using the ideal triangles). Then
the sheaf-theoretic second cocycle condition is the one for noncommutative Hilbert
modular symbol ¢'.

If we are able to quotient the 2-category described in the beginning of this
subsection by the 2-morphisms generated by diangles, then we have only two
morphisms generated by ideal triangles. The noncommutative Hilbert modular
symbol ¢? is exactly the one that considers ideal triangles. Note that its cocycle
relation for ¢? is satisfied up to 2-morphisms generated by diangles.
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4G. Explicit computations. Multiple Dedekind zeta values. In this subsection,
we make explicit computations of some ingredients in the noncommutative Hilbert
modular symbol. Manin [2006] compared explicit formulas of integrals in the
noncommutative modular symbol to multiple zeta values. The similarities are in
terms of both infinite series formulas and formulas via iterated path integrals. Here
we compare certain integrals in the noncommutative Hilbert modular symbol to
multiple Dedekind zeta values (for multiple Dedekind zeta values, see [Horozov
2014b]). Again the similarities are in terms of both infinite series formulas and
formulas via iterated integrals over membranes.

We are going to consider the Fourier expansion of two Hilbert cusp forms f and g.
Let wy = fdzi ANdza, wg = gdz1 ANdzp and wy = dzy A dzp. We are going to
associate L-values to iterated integrals of the forms w; and wg. The L-values
will be iterated integrals over an union of diangles. One can think of a diangle
connecting 0 and oo as a segment or as a real cone. The union will be a disjoint
union of all such real cones connecting 0 and oo or simply Im(H) x Im(H). We
also recall the definition of a multiple Dedekind zeta values via (discrete) cones.
Finally, we prove analogous formulas for iterated L-values associated to Hilbert
cusp forms and for multiple Dedekind zeta values.

We will be mostly interested in the modular symbol associated to a diangle. Let
us recall what we mean by a diangle.

Let p1, p2, p3, pa be four cusp points. Let y; € GL,(K) be a linear fractional
transformation that sends y;(p;) to 0, y1(p2) to 0o, and y;(p3) to 1. Let A be the
image of the diagonal embedding of H' into H?. Then 0, 1 and oo are boundary
points of A. Let A(0, co) be the unique geodesic in A that connects 0 and co. And let

A (p1, p2) = y; '20, 00)

be the pullback of the geodesic A to a geodesic connecting p; and p;.

Now consider the triple pp, p> and p4. Let y» € GL,(K) be a linear fractional
transformation that sends > (p1) to 0, y2(p2) to oo and y»(p4) to 1. Let A be the
image of the diagonal embedding of H' into H?. Then 0, 1 and oo are boundary
points of A. Let 1(0, co) be the unique geodesic in A that connects 0 and co. And let

A2 (p1, p2) = v5 ' 20, 00)

be the pullback of the geodesic A to a geodesic connecting p; and p;.

By a diangle, we mean a region in H> UP'(K) with the homotopy type of a disc,
bounded by the geodesics A1(0, 0o) and A, (0, 00).

We are going to present a computation for the diangle D, defined by the points
(0, oo, ul, u‘l), where u is a generator for the group of units modulo £1 in K.
Let (1) be the trivial permutation.
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Lemma 4.17. Let u be a totally positive unit. Then

ma 1 uz —u?
// eZ]tl(Ol]Z]-i-OlzZz) le /\dZZ — 2 1 )
D 2mi)? (ajuy + aguz)(aqun + aouy)

Proof. Let u; and u; be the two embeddings of u into R. Then (0, co, u#) can be
mapped to (0, oo, 1) by y; = (”6 : (1’) The geodesic A(0, co) can be parametrized
by (it, it) for t € R. Then the geodesic 1 (0, co) on the geodesic triangle (0, oo, u)
can be parametrized by {(iut,iuyt) |t > 0}. Similarly, the geodesic 1,(0, 00)
on the geodesic triangle (0, oo, u~!) can be parametrized by {(iuat, iuit) |t > 0}.
Then the diangle D, can be parametrized by

uz

{(Zl, 22) cH? | Re(z1) =Re(z2) =0, Im(z;) € (%t, —t), Im(zy) =1 € (0, oo)}.
2

Ui

Then we have

uy

M) O/ [m!
// e2ni(a1zl+azzz) dzi Adzo =/ (/ 2 eZni(a1Z1+azI) le> dt
D, © %’

0
— 1 / e()l]%l'ﬂ)lgl _ eal%t-i—azt dt
27Ti0(1 )

o 1< 1 1 )
2ri)? o alz—;—l—az alz—f—i-az
1 u%—u%

T @i)? () + aqu) (e g + ogur)

Therefore, one term of the Fourier expansion of a Hilbert cusp form paired with
a symbol given by one diangle does not resemble a norm of an algebraic integer.
However, if we integrate over an infinite union of diangles, then a similarity with
Dedekind zeta and multiple Dedekind zeta values occurs.

Consider the limit of D,» when n — oo. It is the product of the two imaginary
axes of the two upper half-planes. Set

Im(H?) = Im(H) x Im(H).

One can think of this region as an infinite union of diangles.
Denote by oz the sum of products o121 + opz2. Using the methods of [Horozov
2014b, Section 1], we obtain

2i)~? M '
m = f ¥ dzy Ndzy - e P dzy Adzy
Im(H2)
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and

1 1
(2mi)2 N(a)3N(a+p)?

(D) i .
:/ i e?T9 g Adza-(dzi Adz2) - (dziAdz2) -2 P2 dzy Adza - (dzi Adz2).
Im(H?)

Let f and g be two cusp forms of weights (2k, 2k) and (2/, 2[), respectively.
Consider the Fourier expansion of both of the cusp forms. Let

f= Z age”™** and g= Z b,gez’”ﬁz.

a>0 B>0

Since f is of weight (2k, 2k), we have that a,, = a,, where u is a unit. For such a
modular form the modular factor with respect to the transformation z — uz is 1.
The L-values of f are

(M) ‘
Li(n)= / age” ' dzy ANdzy - (dzy Adzp) "D
Im(H2)

1 Ay
= Qi) 2 N

aelk/ U+

a0l /UT

Here @} denotes the totally positive algebraic integers in K and U denotes the
totally positive units.

We recall some of the definitions from [Horozov 2014b]. We fix a positive cone
C in Ok, by which we mean

C=NU{a €Ok | a+be, a,beN},

where € is a generator of the group of totally positive units. By €¥C, we mean the
collection of products X, where o varies in the cone C.
The following infinite sum is an example of a multiple Dedekind zeta value:

1
Ek;cekc(m, n) = Z Z N(a)"N(a+B)""

aeC BeekC

Let Z(m,n) =) ;7 Lk.c.ckc(m, n), where C is any set representing the totally
positive algebraic integers @} modulo totally positive units U ™.

Lemma 4.18. The values Z(m, n) are finite form > n > 1.
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Proof. Let € be a generators of the group of totally positive units U™ in K. For the
two real embeddings €] and €; of €, we can assume that €; > 1 > €. Otherwise we
can take its reciprocal.

1
Z(m,n)= — . (29)
kezzwzec N(c)"N(a +€*B)
1 1 21 1
+> — + 30
<Q§CN(Q)’"<N(0¢+,3)" k;d‘(%’ﬁ;’ agﬁf)) (30)
! ! 2 N(a+ﬂ)”—N(a)">> y
<aﬁZ€CN(a)m<N(a+ﬂ)”+;e’f< N(a+ B)" Gh
=Z 1 ( 1 N 2 (N(a—i—ﬂ)"—N(a)”)) )
wgec N@"\N@+p)" e —1 N(a+ )"

! 21 2
=Q;C N@"N@+p)" e —1N@" Ny Na+pr G

=k (Cym,n) — (Ck (Csn) + Lk (Cym —n, n)). (34)

61—1

Equation (29) is the definition. Inequality (30) is based on the following: €; < 1
is replaced with 1 when k£ > 0. For £k < 0 we use 612‘ = el_k. We put 1 for e{‘ for
k < 0. The case k = 0 is treated separately. Finally we group the terms with equal
powers of €. In inequality (31) we estimate the mixed terms in the brackets. In
(32) we take the sum of the geometric series in 61_1. Then in (33) we open the
brackets. And finally, in (34), we express the sums as a finite linear combinations

of a Dedekind zeta value and multiple Dedekind zeta values. O

The following definition of an iterated L-value is a coefficient of one monomial
from the noncommutative Hilbert modular symbol of type b:

Definition 4.19. For a pair of Hilbert cusp forms f and g with Fourier expansions

f= Z age?™** and g= Z b/gezmﬂz,

a>0 B>0

we define iterated L-values
M) o 1
Lyg(m,n)= / Z (age™™'**dzy Adz2) - (dzy Adzp) ™D

Im(H2) ~
(o, $)e(0%,0%)/ U . _
KoK . (bBeZmﬁz dZ] /\de) . (a'zl /\de)'(n 1).
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Theorem 4.20. Using the above definition, we have

. i aab,g
Lramm =0, Y Nty

keZ aeC,BeekC

Proof.
(@) o .
Ly.g(m,n) :/ Z (age™™**dzy Adz2) - (dzy Adzo) ™D
I

m(H?2) + At
(a,B)e(0%,0x)/U ; _
KoK (bge™™ P dzy Adzp) - (dzy Adza) ™

3
o N(@)"N(x + B)*
(. $)e(0%.05)/U ()" N 2

. Z aabﬁ
keZ;a,BeC N(Ol)mN(Ol + ekﬂ)"

N aab'g
"L X 2 NN .

keZ, aeC BeekC

We would like to bring to the attention of the reader Definition 4.19, the definition
of the multiple L- values. More specifically, we would like to point out that the
region of integration is an infinite union of diangles (or equivalently an infinite union
of real cones; see the beginning of this section). Note also that in Theorem 4.20 the
values of the multiple L-functions are expressed as an infinite sums over different
discrete cones, namely, over €*C for k € Z. However, a single real cone D,,
as in Lemma 4.18, does not correspond to a single discrete cone. Only a good
union of real cones Im(H) x Im(H) corresponds to a good union of discrete cones
Ukez (C, €*C) as a fundamental domain of (07, @;g)/UJF.
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p-adic Hodge theory
in rigid analytic families

Rebecca Bellovin

We study the functors Dg, (V'), where B, is one of Fontaine’s period rings
and V is a family of Galois representations with coefficients in an affinoid
algebra A. We first relate them to (¢, I')-modules, showing that Dyr(V) =
PBiczDsen(V) - 1)K Dar (V) = Die(V)'K, and Deris (V) = Dy (V)[1/1]7%;
this generalizes results of Sen, Fontaine, and Berger. We then deduce that the
modules Dyr(V) and Dgr(V') are coherent sheaves on Sp(A), and Sp(A4) is
stratified by the ranks of submodules D{fT’b]( V) and D([i‘f{b] (V) of “periods with
Hodge-Tate weights in the interval [a, b]”. Finally, we construct functorial B.-
admissible loci in Sp(A), generalizing a result of Berger and Colmez to the case
where A is not necessarily reduced.
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1. Introduction

1.1. Background. In this article, we study rigid analytic families of representations
of Galg, where K is a finite extension of Q, and Galg := Gal(K/K) is its absolute
Galois group. More precisely, we consider vector bundles ¥ over a rigid analytic
space X over Q, equipped with a continuous Oy -linear action of Galg. Thus, if
we specialize 7 at any closed point of X, we get a representation of Galg on a
finite-dimensional Q,-vector space. Families of Galois representations arise, for
example, on the generic fibers of Galois deformation rings, as in [Kisin 2008]. Such
families of Galois representations also arise from families of p-adic modular forms.

MSC2010: primary 11S20; secondary 14G22.
Keywords: p-adic Hodge theory, rigid analytic geometry.
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The study of p-adic representations of p-adic Galois groups is quite technical,
so we put off precise definitions to the body of this paper and give an overview here.
Given a finite-dimensional Qp-vector space V' equipped with a continuous Q,-
linear action of Galg, one can capture the information of V' in terms of a semilinear
Frobenius ¢ and a semilinear action of a 1-dimensional p-adic Lie group, at the
expense of making the coefficients more complicated. More precisely, work of
Fontaine and many others defines equivalences of categories between the category
Rep g (Galg) of finite-dimensional E-linear representations of Galg, where E is
some finite-dimensional Qp-algebra, and various kinds of étale (¢, I')-modules
(see, e.g., [Wintenberger 1983; Cherbonnier and Colmez 1998]).

The same theory lets us sort p-adic Galois representations based on how “nice’
or arithmetically significant they are. One accomplishes this by defining certain
“period rings” B, such as By, Bgr, B, and Bis, which are equipped with Galois
actions and “linear algebra structures”, and defining Dg, (V) := (B« ®q, V)Galk
We say that V' is By-admissible (or, for the specific examples of B listed above,
“Hodge-Tate”, “de Rham”, “semistable”, or “crystalline”) if the Q,-dimension of
V is the same as the BS*'X -dimension of Dg, (V) (as part of the definition of a
period ring, BY*'X is required to be a field).

Berger and Colmez [2008] associate to a rank-d Galois representation V' with
coefficients in a Banach algebra A a family of (¢, I')-modules DT(V), under the
supplementary hypothesis that IV admits a Galois-stable integral lattice. As an
application, they show that if A is an affinoid algebra, then the locus of closed
points x € Sp(A) where the specialization V5 is B,-admissible with Hodge-Tate
weights in a fixed interval [a, b] is a closed analytic set, and if A4 is reduced and Vy
is B-admissible for every x € Sp(A), then Dg, (V) := (A ® Bx) ®4 V)UK is a
locally free 4 ®q, BS'X -module of rank d.

We make a closer study of the functors Dy, (V') for % € {HT, dR, st, cris}, where
V is a finite projective A-module of rank d equipped with a continuous A-linear
action of Galg, for some affinoid algebra A. We actually treat vector bundles over
rigid analytic spaces in Sections 4 and 5, but we state our results with affinoid
coefficients here.

The first theorem we prove relates Dg, (V) to families of (¢, I')-modules. The
modules Dsen(V), Dair(V)., D}, (V). and D (V) are defined in Section 2.2.
Theorem 1.1.1. Let A and V be as above.

€)) DII{(T(V) = @ieZ(DK (V) -tHT& as submodules of (A @ Bur) @4 V.

Sen
() DC{%(V) = (Dgf(V))FK as submodules of (A @ Bgr) ®4 V.

3) DE(V) = O], «(M[1/1DT* and DE (V) = (D] (V)[1/)T&. The first

equality is as submodules of (A ® B ) ®4 V and the second is as submodules

’

rig
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Remark 1.1.2. The first two parts of Theorem 1.1.1 are used in the proofs of
Théoremes 5.1.4 and 5.3.2 of [Berger and Colmez 2008], respectively. We are not
aware of proofs of these facts in the literature when A is not Qp-finite, so for the
convenience of the reader we provide proofs for general Qp-affinoid algebras.

We can then deduce that Dg, (V) is a finite 4 ®q, B%X _module, and that

the formation of Dyt(V) and Dgr (V) commutes with flat base change on A. In
particular, Dy(V) and Dgr(V') are coherent sheaves on the rigid analytic space
Sp(A). Together with Theorem 1.1.1, this is used in [Diao and Liu 2014] to prove
properness of the eigencurve over weight space. We further conjecture that the
formation of Dy (V') and D5(V') also commutes with flat base change.

The key to our base change theorems is that we can express Dyt (V') and Dgr(V)
as cohomology groups of a complex which has finite cohomology. We do not know
how to do the same for Dg (V') and D45(V'). However, the cohomological finiteness
theorem of [Kedlaya et al. 2014] implies that if K/Q,, is finite then, for any o € A%,
the formation of D5(V)?~% commutes with flat base change on A [Kedlaya et al.
2014, Theorem 4.4.3(2)]. Cohomological finiteness similarly underlies the results
of [Liu 2015] on interpolation of semistable periods.

We then have a pair of theorems about the B,.-admissible loci in Sp(A), generaliz-
ing the results of [Berger and Colmez 2008] to a base that is not necessarily reduced:

Theorem 1.1.3. Let A and V be as above, and let x € {HT, dR, st, cris}. Then there
is a quotient A — A%l*’b] such that for any Qp-finite algebra B, a map A— B factors
through Agl*’b] if and only if the induced Qp-finite B-linear Galois representation

Ve :=V ®4 B is Bi-admissible with Hodge—Tate weights in the interval |a, b].

Theorem 1.1.4. Let A and V be as above, and let x € {HT, dR, st, cris}. Suppose
that Vg is By-admissible with Hodge—Tate weights in the interval [a, b] for every
homomorphism A — B, where B is an Qp-finite algebra.

(1) The module D]If* (V) is a projective A ®q, BSUX module of rank d.

(2) The natural homomorphism

(A®q, Bx) ® ¢ poix DX (V) = (A®q, Bx) ®4 V

A®B
is an isomorphism.

(3) The formation of Dllf* (V') commutes with arbitrary Qp-affinoid base change
on A.

In fact, assuming part (1), parts (2) and (3) are equivalent. We do not know
whether part (1) implies (2) and (3).
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For % € {HT, dR}, we actually prove a more general pair of theorems. Namely, we
let D%l*’b] (V) be the module of “B.-admissible periods with Hodge—Tate weights in
the interval [a, b]” (this is precisely defined in Section 5), and we show that Sp(A)
is stratified by the rank of the fibral modules D%z*’b] (Vy).

Theorem 1.1.5. Let A and V' be as above, let X = Sp(A), and let x € {HT, dR}.
There is a Zariski-open subspace Xl[;i’bi 4 C X and a Zariski-closed subspace

Xl[si’,bz]d/ > X such that x : Sp(B) — X factors through

[a,b] ._ yla,b] [a,b]
Xp, d = Xp, 2o N Xy, Sar

if and only ing;Z;b] (Vx) is afree B®q, K-module of rank d', where B is a Qp-finite
Artin local ring and Vg .=V ®4 B.

The subspaces Xl[i’lg, give a stratification of X, in the sense that X [a.b]

By,<d/—1 —
[a,b] [a,b] _ ylab =
XB*,gd’\XB*,d’ and X = XB*,gd'

Theorem 1.1.6. Let X and V be as above, and let x € {HT,dR}. Suppose that
for every Qp-finite artinian point x : A — B, the B ®q, K-module D%l;b](Vx)
is free of rank d’, where 0 < d’ < d.

(1) D%z*’b](V) is a rank-d’ locally free A ®q, K-module, and the (tk -Déi’r’l(V))FK
are locally free A ®q,, K-modules.
(2) The formation of Dgl;b](V) commutes with arbitrary Qp-affinoid base change
A— A
Ifd' =d, then:

(3) Dy, (V) =D (1),

(4) The natural morphism
ay 1 (AR Bs) ®u@q, k Dh, (V) > (AR B ®4V
is an isomorphism.

To prove Theorems 1.1.5 and 1.1.6, we use Theorem 1.1.1 and Pottharst’s [2013]
theory of Galois cohomology with affinoid coefficients. This approach makes
transparent the role of boundedness of Hodge—Tate weights in the results of [Berger
and Colmez 2008]: boundedness of Hodge—Tate weights is equivalent to finiteness
of a certain Galois cohomology group, and finiteness of cohomology groups is the
essential ingredient in cohomology and base change results.
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Remark 1.1.7. Shah [2013] has obtained similar results on the behavior of Dyt (1)
and Dgr (V') when A is reduced, by studying the Galois cohomology of B;I{ directly.

The proofs of Theorems 1.1.3 and 1.1.4 when * € {st, cris} are quite different. In
the latter case, we largely follow the strategy of [Berger and Colmez 2008]; the new
ingredient that permits us to handle nonreduced coefficients is Lemma 2.1.2, which
gives a generalization of the Shilov boundary points of a reduced Berkovich space.
This permits us to prove that “de Rham implies uniformly potentially semistable”
when the coefficient ring is nonreduced; when the coefficients are reduced, this is
[Berger and Colmez 2008, Théoreme 6.3.2].

Our results about the behavior of Dis(V) and Dg (V') under base change are
quite limited, except in the case where V is crystalline or semistable, when the
formation of D¢is(V) and Dy (V') commutes with arbitrary base change. This is
because the continuous I'-cohomology of a (¢, I')-module is not finite, nor is there
an apparent subquotient which does have finite Galois cohomology. In addition,
individual de Rham periods are not necessarily potentially semistable, so we are
unable to extend our present technique.

We remark further that all of our results are limited to the case where K/Q), is a
finite extension. This is primarily because overconvergence of families of Galois
representations is only known in this case. However, our use of cohomology and
base change in the study of Dyr(V) and Dgr (V) means we would be restricted to
the case where K is discretely valued in any case. We similarly have no access to
information about the behavior of Dg, (V') under general analytic field extension
on the coefficients.

1.2. Structure of this paper. Throughout this paper, we consider representations
of Galg, where K/Q) is finite, on vector bundles over Q,-rigid analytic spaces,
where E/Q), is finite.

In Section 2.1, we review some of rigid analytic geometry that we will need.
The rigid analytic geometry is primarily standard. However, we prove that an
affinoid algebra over a discretely valued field can be embedded in a finite product
of Artin rings which are module-finite over a complete discretely valued field with
perfect residue field. This generalizes the fact that a reduced affinoid algebra can be
embedded in the product of the residue fields at the points of its Shilov boundary,
and we expect it to be of independent interest. We then briefly recall the theory of
families of (¢, I')-modules attached to families of Galois representations, and the
subsequent construction of Dgen (V') and Dg;r(V). We give a criterion for a coherent
sheaf over a quasi-Stein space to have finitely generated global sections, and we
deduce that families of (¢, I')-modules over the Robba ring have finitely generated
global sections.
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In Section 3, we review Pottharst’s results on Galois cohomology with affinoid
coefficients. We generalize some of his results to modules M which are finite flat
over A[[t]] and equipped with a continuous A[¢]-semilinear action of a profinite
group G, where the action of G on A[t] is trivial on A and preserves the ¢-adic
filtration. We then show that the inverse system {H°(G, M/t¥ )} k>0 is eventually
constant, and thus satisfies Mittag—Leffler.

In Section 4, we prove Theorem 1.1.1. This generalizes results of Sen, Fontaine,
and Berger. We deduce that each Dg_ (V) is A-finite, and that the formation of
Dyur (V) and Dgr (V') commutes with flat base change on Sp(A). We conjecture that
the formation of Dy (V') and D5(V') also commutes with flat base change on Sp(A).

In Section 5, we prove Theorems 1.1.3 and 1.1.4. We first study the behavior of
Dyr (V) and Dgr(V) under nonflat base changes. We use Pottharst’s [2013] theory
of cohomology and base change for Galois cohomology with affinoid coefficients to
prove Theorems 1.1.5 and 1.1.6, giving us functorial Hodge—Tate and de Rham loci.

We can then use the existence of a functorial de Rham locus to construct functorial
semistable and crystalline loci, following the argument of [Berger and Colmez 2008].
More precisely, we prove that “de Rham implies uniformly potentially semistable”,
using Lemma 2.1.2 to generalize a similar result of that paper when the base is
reduced. The locus of points where the Galois representation is semistable with
Hodge-Tate weights in the interval [a, b] is a union of connected components of the
locus “de Rham with Hodge—Tate weights in the interval [a, b]”. We can then cut
out the crystalline locus as the subspace where the monodromy operator NV vanishes.

The appendix contains results on sheaves of period rings. We need to work with
sheaves of various rings of p-adic Hodge theory, which requires us to be careful
about the topologies on these rings. In the Appendix, we describe some of these
rings and indicate how to sheafify them.

Notation and conventions. Throughout this paper, K is a finite extension of Q,.
The rings of p-adic Hodge theory are as defined in [Berger 2002]. We let y denote
the p-adic cyclotomic character. Our Hodge—Tate weights are normalized so that
x has Hodge-Tate weight —1. All of our p-adic Hodge-theoretic rings are as in
[Berger 2002]; in particular, we use B« instead of Bs to define the functor Dy,
and we let B} and B denote B [log([77])] and By [log([7])], respectively.

max

2. Preliminaries

We will review some of the rigid geometry we will need, before recalling the theory
of families of (¢, I')-modules attached to families of Galois representations.

2.1. Rigid geometry. We will use the language of classical rigid spaces. The
standard reference for such spaces, and the rings of restricted power series which
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underlie them, is [Bosch et al. 1984]. The goal of the theory is to provide a robust
theory of analytic spaces over nonarchimedean fields, mirroring the theory of
complex analytic spaces over C. We will also assume that the reader is familiar with
Raynaud’s theory of formal models of quasicompact quasiseparated rigid analytic
spaces, as treated in [Bosch and Liitkebohmert 1993].

2.1.1. Affinoid algebras. Let k be a field complete with respect to a nonarchimedean
valuation | - |, let R denote its valuation ring {x € k | |x| < 1}, and let m denote the
maximal ideal of R, which consists of elements with absolute value strictly less
than 1. Let T, (k) (or T, if the ground field is clear) denote the n-variable Tate
algebra over k.

If k is discretely valued, the value group of the norm on a k-affinoid algebra
is discrete, and it is often possible to reduce questions about affinoid algebras to
questions about discretely valued fields. For example, if A is reduced, we have the
following result, due to Berkovich [1990, Corollary 2.4.5; Berger and Colmez 2008,
Corollary 2.1.4]:

Proposition 2.1.1. If A is a reduced k-affinoid algebra with k discretely valued,
there exist complete discretely valued fields By, ..., By, such that there is a closed
embedding A — [/, Bi.

We will need the following strengthening of this result, in which we drop the
reducedness hypothesis:

Lemma 2.1.2. Let A be a k-affinoid algebra, where k is discretely valued. Then
there is a closed embedding A — []; R; into a product of finitely many artinian
k-Banach algebras R;, each module-finite over a complete discretely valued field
B;i over k (as valued fields) with perfect residue field (and each Artin ring R; is
topologized as a finite-dimensional vector space over B;).

Remark 2.1.3. Kedlaya and Liu [2010, Lemma 6.4] claim a similar result, but we
do not understand their argument.

Proof. First of all, we note that this is true if we take A to be a Tate algebra 7, for
then we may embed T}, into Q(T,)", the completion of its quotient field for the
multiplicative Gauss norm. This field will not have perfect residue field (unless
n = 0), but by [Matsumura 1989, Theorem 29.1] applied to R{X1,..., X">@r)’
where v is a uniformizer of R, we can find a complete discretely valued extension
B/Q(T,)" with perfect residue field and e(B|Q(T,)") = 1.

Now let A be a general k-affinoid algebra. Since A is noetherian, we can find a
minimal primary decomposition (0) = q; N --- N q,. This yields a module-finite
injective (hence closed) map A — []; A/qj, so if we can embed each A/q;, we
can embed A.
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Since each q; is a primary ideal, every zero-divisor in A/q; is nilpotent. Thus,
we may replace A with A/q; and assume that all zero-divisors are nilpotent.

By Noether normalization, we can find an integral (and finite) monomorphism
Ty — A for some n. Since A ®T, Q(T,)" is a module-finite algebra over Q(T,)",
it decomposes as the product of finitely many Artin local rings finite over Q(T,)".

We claim that the natural map A — A @1, Q(T,)" is an injection. Since the
natural map

A®T, O(Ty) — A®T, Q(Tn)/\

is injective, it is enough to show that A — A ®7, O(T}) is injective. If a nonzero
r € A dies in A ®, Q(Ty), there is some nonzero w € T, such that ro = 0 in
A. Then since all zero-divisors are nilpotent, w lands in the nilradical of A, so
some power of w is zero in A. But 7, — A is injective and T}, is reduced, so we
have a contradiction.

Moreover, we claim that the natural Banach topology on A agrees with its
subspace topology from the finite-dimensional Q(T,)”-vector space A ® Q(T,)".
To see this, we first note that the natural topology on A as an affinoid algebra is
the same as the topology on A as a T,-module. When A = T, [x]/(f(x)), for f a
monic polynomial over 7, A is free over T, and so clearly A — A @1, Q(Tp)"
is a closed embedding.

Now consider the general case. For any r € A, when viewing r in A @71, O(Ty),
its minimal polynomial over Q(7}) is a monic polynomial f(x) with coefficients in
Ty, because Ty, is integrally closed in Q(75,). Moreover, T, [r] = T, [x]/ anng, [x](r),
where annr, [)(r) is the annihilator of r. Because A is torsion-free as a T,-module
(as we saw above),

anng, 1x](r) = Tu[x] N f - Q(Tw)[x] = f - Tulx],

since f is monic. Thus, Ty,[r] = T»[x]/(f(x)). Therefore, the subring T, [r] C A
is finite free as a T,,-module, so it is a closed T}, -submodule of

(Q(T)"MIrl c A®T, O(Th)".

We will show that A — A ®7, Q(T,)" is a closed embedding by considering
the collection of 7j-submodules A’ C A which are closed in A @7, Q(Tp)". If
A’ C Ais a Ty-submodule, then A’ ®, O(Ty)" — A®T, O(Ty)" is an injection,
because T, — Q(T,)" is flat. We begin with A’ = Tj,. If A’ = A, we are done. If
not, choose s € A — A’, so T, [s] C A is a finite free T,,-submodule. We claim that
A"+ Tyls) is closed in A @7, O(T»)". Then we can replace A" with A" + T,[s]
and repeat the process. Since A is finite over 7}, this process terminates eventually
at A, so we will be done.
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Thus, it suffices to show that if we have a finite-dimensional Q(T},)"-vector
space V' (equipped with its natural topology) and two closed finite 7;-submodules
F and F’, with F' free and (F + F') ®T, Q(T,)" — V an injection, then F + F’
is also closed in V. We may assume by induction on the rank of F’ that F’ is
free of rank one. We may also replace V with (F + F') ®7, Q(T»)", since all
subspaces of a finite-dimensional vector space over a nonarchimedean field (such
as Q(T,)") are closed. If F N F’ = {0}, it is clear that F + F' <= F @ F' is
closed, because V <= (F ®r1, Q(Ty)") & (F' ®1, Q(Tx)") as Q(T,)"-vector
spaces, and the topology on the right side is the product topology (and F is closed
in F ®r, O(Ty)" due to the closedness of F in V). If the intersection is nonzero,
there is some w € Ty, — {0} such that F’ C (1/w)F,so F + F' C (1/w)F. Since
(1/w)F is closed in V, it only remains to show that F + F’ is closed in (1/w) F.
But submodules of finite modules over affinoid algebras (equipped with their natural
topologies) are always closed, by [Bosch et al. 1984, Prop. 3.7.3/1], so we are done.

The upshot of this is that we have a closed embedding A — []; R;, where
the R; are a finite collection of Q(7},)"-finite Artin rings (equipped with the
topologies of finite-dimensional Q (T}, )"-vector spaces). Finally, we replace R;
with R; Ro(T,)~ B;. O

2.1.2. Quasi-Stein spaces.

Definition 2.1.4. A rigid analytic space Y over k is said to be quasi-Stein if it admits
an admissible covering by a rising union of affinoid subdomains Yo C Y1 C --- such
that the transition maps I'(Yy+1, Oy, ) = ['(Yn, Oy, ) are flat with dense image.

In particular, Ao := I'(Y, Oy) = lim, I'(Yy, Oy,) is a Fréchet-Stein algebra.

By Kiehl’s results on coherent sheaves on rigid analytic spaces, a coherent sheaf
Z on Y is simply a compatible system of coherent sheaves {.%,} on {Y,}. Then
Foo =T, 7)= l(gln I'(Yyn, %) is a coadmissible module over Ao, in the sense
of [Schneider and Teitelbaum 2003].

Example 2.1.5. Fix s > 0, and let Y be the coordinate on the closed unit disk.
Then the half-open annulus 0 < v,(X) < 1/s is a quasi-Stein space, as it is the
rising union of the closed annuli 1/s" <v,(X) <1/s as s’ — oo.

Quasi-Stein spaces behave much as affine schemes do in algebraic geometry. In
particular, Kiehl [1967, Satz 2.4] proved the following theorem on the cohomology
of coherent sheaves on quasi-Stein spaces (which also follows from [Schneider and
Teitelbaum 2003, Theorem 3]):

Theorem 2.1.6. Let Y be a quasi-Stein space, and let F be a coherent sheaf on'Y .
(1) H' (Y, .#) =0 fori > 0.
(2) The image of 7 (Y) in F(Yy) is dense for all n.
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There is no a priori reason for Fs, to be a finite module over As. For ex-
ample, let ¥, = Sp([Ti— Qp({,)). and let .#, be the sheaf on Y, associated
to [Tr=o Qp(gp,-)@i. Then F4 is not Aso-finite, because the fiber of Fo, at
Sp(Qp(Epn)) is a Qp(Lpn)-vector space of dimension n. Happily, this is the only
thing that can go wrong:

Lemma 2.1.7. Let % be a coherent sheaf over a finite-dimensional quasi-Stein
space Y over Qp. Then HO(Y, %) is finitely generated as an HO(Y, Oy )-module if
and only if there is some integer d such that dim,(,y) .7 (y) <d forall y € Y.

Proof. Necessity is clear. To prove sufficiency, we proceed by induction on the
dimension of Y. If Y is a zero-dimensional Stein space, the result is clear.

Now suppose we have the desired result when dim Y < n, which is to say when
every irreducible component of ¥ has dimension at most n — 1 for some n > 1, and
suppose dimY = n. Choose i : Y/ < Y consisting of a point on every irreducible
component of Y. By the settled zero-dimensional case, i *.Z is finitely generated
over Oy, so by Theorem 2.1.6 there is some coherent Oy -submodule .7’ C .% on Y
such that i *.#’ — i *.#. Thus, we have an exact sequence of coherent Oy -modules

0—F —F—9%—0

such that i *¢ = 0. Then ¢ vanishes on a Zariski-open subspace of Y containing Y";
its complement is a quasi-Stein space Z with structure sheaf Oy / anng, ¢, all of
whose irreducible components have dimension at most n — 1, since Y’ intersects
each irreducible component of Y. Then we may apply our inductive hypothesis to &
(Z(y) = 9(y), so the fibral ranks of ¢ are bounded). Therefore, 4(Y) is Oy (Y)-
finite. Since .Z’ is Oy -finite by construction, .% is as well, since H (Y, .#’) =0. O

Corollary 2.1.8. Suppose that % is a flat coherent sheaf over Oy, where Y is a
finite-dimensional quasi-Stein space. Then HO(Y, .7) is projective of rank d over
HO(Y, Oy) if and only if dim,(,) Z(y) = d forally € Y.

Proof. As flat finitely presented modules are finite locally free, and hence projective,
itis enough to prove that .# is finitely presented over Oy. Lemma 2.1.7 implies that
there is a surjection ﬁ?m — %, and we will apply Lemma 2.1.7 to the kernel ¢.
To do this, we need to know that dim,.(,)%(y) is bounded over all y € Y. But if
we specialize the short exact sequence

0—9Y— ﬁ?m — 7 —0
at y € Y, we get a short exact sequence
0— 4(y) — k(»)®" — Z(y) — 0,

because .7 was assumed flat. Therefore, dim,(y)%(y) < m and we are done. [J
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2.2. Families of (¢, I')-modules. We briefly recall the construction of families
of (¢, I')-modules associated to families of Galois representations. Let A be
an FE-affinoid algebra, and let A ® Bzrr’i(g?K denote one of the rings A ® B! ,
A® B};’s, A& BZ’SK, or A ® B’ k- Similarly, let A ® ﬁT’(s) denote one of
. ol MBS Sfs He
therings AQB orA®B .
Throughout this subsection, let so = (p —1)/p and s, = p"so = p"* L(p—1).
For L a p-adic field, let L, = L({pn).

Definition 2.2.1. A ¢-module over 4 ® Bz;i(gs))K is a finitely presented projective

module D® over A & B/*®) together with a map ¢ : D® — D@ which is

1.(s) WK 4 (5s)

semilinear over ¢ : B — B such that the linearization

(rig) K (rig) K>
¢ Bzr’i(gl)”slz o @yt DO — D)

(rig) ,K
is an isomorphism. A (¢, I')-module over A is a ¢-module over A together with
a continuous A-linear action of I'x which is semilinear over the action of I'x on

Bzrn(;))K and commutes with g.

Remark 2.2.2. A ¢g-module D over A® Bzr’isg)’K is in particular a finite 4 ® B-(rr’i;),K_
module. It is therefore a finite module over either a Banach algebra or a Fréchet—
Stein algebra. It follows that D has a unique structure as a Fréchet A ® Bzr’isg)’K—
module. Thus, we may speak unambiguously of the continuity of any action of I'k.
Remark 2.2.3. Kedlaya and Lie [2010] define a family of (¢, ')-modules over
AR BE;K, for s > 0, to be a coherent locally free sheaf over the product of the half-
open annulus 0 < v,(X) < 1/s with Sp(A) in the category of rigid analytic spaces.
By Lemma 2.1.7 and Corollary 2.1.8, this is equivalent to the definition we have
given. This equivalence is also proven in [Kedlaya et al. 2014, Proposition 2.2.7],
where the authors use the ¢-module structure on a family of (¢, [')-modules to

prove finite generation of its global sections.

The main source of (¢, I')-modules is Galois representations; to any family of
p-adic Galois representations, we can functorially associate a family of (¢, I')-
modules, and this functor is fully faithful.

Definition 2.2.4. Let X be a rigid analytic space over E. A family of Galois
representations over X is a locally free &x-module ¥ of rank d together with an
Ox -linear action of Galg which acts continuously on I'(U, ¥') for every admissible
affinoid open U C X.

Remark 2.2.5. It is enough to check continuity on a single admissible affinoid
cover {U;} of X. For if U; = Sp(4;) is affinoid and Galg acts continuously on
¥ (U;), then Galg certainly acts continuously on » (W) = 7 (U;) ®4, Ox (W) for
any affinoid subdomain W C U;.
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On the other hand, suppose that {U; = Sp(A4;)} is an admissible affinoid covering
of U = Sp(A), and suppose that Galg acts continuously on ¥ (U;). Since

O—>A—>HA,~ —>1_[A,- @AAJ'
i i,j
is exact, ¥ (U) inherits its topology from its embedding in [ [; ¥ (U;) and GL(¥ (U))
inherits its topology from its embedding in [ [; GL(¥ (U;)). Therefore, Galg acts
continuously on ¥ (U).

Then we have the following theorem:

Theorem 2.2.6 [Berger and Colmez 2008]. Let o« be a formal O'g-model for A,
and let V be a free A-module of rank d equipped with a continuous A-linear action
of Galg. Suppose that V contains a free Galg -stable </ -submodule Vy of rank d.
Then for s > 0, there is a ¢- and Galg -stable A ® BJIF(’S-submodule (compatible
with change in )

5 P ~T’S
DY (V) c(4®B"")®q, V)&
which is a locally free A® B;&S-module of constant rank d such that the natural map
= ~T’S , Py ~Tas
ABB")®,551s DK'(V) > (ABB™) @4V

is an isomorphism (by “@-stable”, we mean that (p(D;(’s(V)) C D;(’ps (V). If Galg
acts trivially on Vy /12 pVy, then D};’s(V) is A® B};’S—free of rank d.

The formation of D;(’S(V) is compatible with base change in < .

The base change property is not stated in [Berger and Colmez 2008], but follows
easily from the construction.

Remark 2.2.7. The construction of families of (¢, I')-modules given in Proposi-
tion 4.2.8 and Théoréme 4.2.9 of [Berger and Colmez 2008] in fact only requires
the coefficients to be a Banach algebra, not an affinoid algebra.

If V admits a Galg-stable locally free «/-submodule Vj of rank d, we may
construct DJIr;s(V) by working on a cover {Spf .« } of Spf <7 trivializing V}. Since
we know that the formation of D;(’S(V) is functorial in maps <% — < (f{)ﬁE o,
we can glue the D;;S(VWI.[I/I,]) to get a sheaf of A ® B;(’S—modules on Sp(A4). By
[Kedlaya and Liu 2010, Proposition 3.10], there is a finite locally free A ® B}r(’s—
module D}’S(V) which induces this sheaf.

By [Chenevier 2009, Lemme 3.18], for any family of Galois representations
¥ over a quasicompact quasiseparated rigid analytic space X, there is a formal
model 2" of X such that ¥ admits a Galois-stable &4 -lattice. In fact, D;{’S(V) is
independent of the formal model «:

Proposition 2.2.8. Let A and V be as above. Then D}gs(V) is independent of <.
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Proof. 1t suffices to check independence of the integral model for an admissible
formal blowing-up .2~ — Spf <7 with center .# = (fp, ... fm). More precisely, if
V' admits both a Galois-stable .<7-lattice and a Galois-stable .7’-lattice, then Spf .o/
and Spf.«7’ have a common admissible blow-up 27, so it suffices to check that
DJI%s(V) yields the same result on the generic fibers of 2" and Spf <.

Temporarily let D;”S%(V) denote the construction using the integral structure
Z and Dks (V) denote the construction using the integral structure «7. Now 2
admits a covering by the formal schemes

i = Spfﬂ%<ﬁ,...,f—m>
fi fi
and the morphism 2; — Spf« is induced by «# — (fo/ fi,-.., fm/fi)- In

other words,

Dl DNlgyarse... ny) = A@ o ];_m> BP0V

It follows that D}°,. (V) = D’ (V). 0

Corollary 2.2.9. The formation of D;{S(V) commutes with arbitrary base change
on A.

Proof. Let A — A’ be a homomorphism of E-affinoid algebras, and let X = Sp(A)
and X’ = Sp(A’). We may choose an admissible formal ¢g-model 27 of X
such that the family of Galois representations on X extends to a family of Galois
representations Vg over £7. By [Bosch and Liitkebohmert 1993, Theorem 4.1],
we can find a formal model 23 of X’ together with an admissible formal blow-up
VY 25 — 27 and a morphism ¢ : 25 — 27 which induces f on the generic fiber.
Thus, functoriality of D}’S(V) follows from functoriality in the integral model. [

Furthermore, it is straightforward to check the following functorial properties of
: T8 17y
the assignment V' ~> D g (V):

Proposition 2.2.10. Let A be an E-affinoid algebra, and let V and V' be families
of Galg -representations over A as above. Then, for s > 0:

(1) D (V@ V) =D (V) @D (V).
@ DV e V)=DEF ) e BBl Dl (V).

(3) DY’ (Homy(V. V') = Hom, s (

DL’ (V).DE (V).
In particular, the third part implies that the assignment V' ~»> D}rés(V) is a fully
faithful functor. We omit the details; they are written out in [Bellovin 2013, §4.3].
Combined with various refinements of [Kedlaya and Liu 2010] and [Liu 2014],

we have the following corollary:
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Corollary 2.2.11. Let X be a quasicompact quasiseparated rigid analytic space
over E, and let ¥ be a rank-d family of Galg - representatlons over X. Then, for
s > 0, there is a family of (¢, ')-modules @IT{’ (Sr : )("I/ ) which has rank d over
Ox ®B K(( 9 such that the natural map

=T,(s) =T,(s)
(0x ® B(Hg) )®,, BB, 9;( ((i?g)(”f/) — (0x ® B(rlg) ) ®4V

is an isomorphism.

The formation of 7% ((Sr)g (7) is compatible with base change in X and the as-
signment ¥V ~> 9 A (( )(”I/ ) is a fully faithful functor compatible with direct sums,
duals, and tensor products.

Remark 2.2.12. We do not know whether there is an intrinsic characterization of
(V) as a submodule of (A ® B" ) ®4 V, or an intrinsic characterization

of DJr 5. (V) as a subsheaf of B ®A V.

K rig rig

We pause to briefly discuss the objects we have constructed. For simplicity, we
temporarily assume that A = Q,,. Given a Galois representation V' of dimension d,
we have constructed a module over BT oK of rank d, equipped with a semilinear
Frobenius and a semilinear action of I‘K There is some s so that these structures
descend to B K, which is (noncanonically) the ring of analytic functions on the
half-open annulus 0 < vp(X) < 1/eks; we think of p —1/exs(V) a5 the minimal
inner radius of an annulus to which everything descends.

Consider the analytic function log(1 + X) € B;E:;K. It has infinitely many zeroes,
at the points X = 1—{,n, which accumulate towards the boundary of the unit disk.
For a given s, we think of n(s) as the minimal 7 so that X = 1 —{,n lies in the
annulus 0 < v,(X) < 1/eks.

Returning to our general setup, we use (¢, [')-modules to construct modules
Dgen (V) and Dgis(V'), which we will use to study Hodge—Tate and de Rham repre-
sentations.

Recall that there is a family of injections iy, : BJ}(’S — Ky [[t] for every n > n(s),

which extend to injections iy : Bi’gsK — Ky, [[t]]. It is defined as the composition

BTSn CBTSH (D—)ET,O B(-ﬁ{’
where the last map sends ) p¥[xx] (viewed as an element of §+) to its image in

B;i, and factors through K, [[].

Definition 2.2.13. Let X be a quasicompact quasiseparated rigid analytic space and
let ¥ be a locally free &x-module of rank d equipped with a continuous & -linear
action of Gal k- Then by the preceding discussion, there is a finite extension L/K
such that @ g, L(”// ) is X -locally free.
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(1) For any n > n(s), we put
Tsan (V)= T () @71 (0% Bg, Ln).
Then 75"

sen(7) is an X -locally free Ox ® Ly-module of rank d with a linear
action of I'g .

(2) For any n > n(s), we put
2t )= 70 & (0x Bo, Lall]).

and we define @ F ()= dlf (“I/ )[1/t]. Then .@dlf ("// ) is an X -locally
free Oy ®Qp Ly [[t]] module of rank d with a continuous semilinear action
of I'z,, where L, [t] is equipped with its natural Fréchet topology (i.e., as
the inverse limit lim, L,[r]/ t* of finite-dimensional Qp-vector spaces). Here
'z, acts trivially on L,, butactson ¢ via y -t = y(y)t.

Remark 2.2.14. Both " (7) and 2, L”’ (7)) actually have semilinear actions

of all of Galg, ultlmately by Galg- stablhty of DT’SO(V) inside (4 ® gh Y @4 V.
We define 257 () .= oEn(9)Hx and 2Kmt (7)) .= gkt (),

Remark 2.2.15. If A is a general Q,-Banach algebra with valuation ring .27, Vj is
a free «7-module of rank d equipped with a continuous «7-linear action of Galg,
and V := Vy[1/p], then we may similarly define

Ln _ n S
Dy (v):= D (V)@Q@,Bz,s (48, LallD.

Remark 2.2.16. It is also possible to construct DSCH(V) directly by means of Tate—
Sen theory applied to semilinear representations of Galg on finite X -locally free
Ox ® Cg-modules. In particular there is a constant c3 (fixed at the outset such
that 1/(p—1) <c3 < 5 ordp(12p)) such that DSen(V) admits a c3-fixed basis;
i.e., there is a basis {eq, ..., ey} such that if U, is the matrix of the action of a
topological generator y of Fn, then every entry of U, —Id has p-adic valuation
greater than c3. We exploit this point of view in the proof of Theorem 4.2.5.

Proposition 2.2.17. (1) .@SLG’S () is an X -locally free Ox ® L,,-module of rank d ,
and we have a Galois-equivariant isomorphism

Ck &L, 75(7) — Ck &, V.
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2) @(ﬁf’”+(7/) is an X -locally free Ox & Ly[[t]-module of rank d , and we have a
Galois-equivariant isomorphism
~ L}’l s ~
(ﬁX ® B(—ﬂz) ®ﬁX®Ln 01 @djf +(7/) - (0x ® B&;) Qox v
which respects the filtrations on each side.

Proof. For both of these, the starting point is the isomorphism

B ® P D) = B @y V.

The composition
i
Bl 5 L[] — B
is the same as the composition

Bz,s C ﬁf!s w_) ﬁ’*‘rp_ s — B(—l"k

by definition, so extending scalars on each side from P15 10 %; &R OF Ox @Qp Ck
gives the desired result. O

3. Cohomology of procyclic groups

3.1. Overview. Let G be a profinite group with finite p-cohomological dimension e
such that H (G, T) has finite cardinality for all finite p-torsion discrete G-modules
T. Let M be a topological abelian group equipped with a continuous action
of G. We consider the continuous cochain complex C*(G, M) and its cohomology
groups H*(G, M). Specifically, we define the n-cochains C" (G, M) to be the set
of continuous functions

f:G"—> M,

and we define the differential d” : C"(G, M) — C"T1(G, M) by

d"(f)(g1.....gn+1) =81 f(g2.--- . &n+1)

n
+ Y (=D f(g1- - 8im1:8igit1: Git2r- -+ Ent1)

i=1
+(=D)" f(g1.. .., gn).

Thus, we get a complex
C*(G,M):0—M=C%G,M) — C G, M) —>---,

and we define H*(G, M) := kerd,/imd,—;. If M = lim, _, M; is the filtered
colimit of topological abelian groups equipped with continuous actions of G
(compatible with the transition maps), we define H*(G, M) :=lim, _, H*(G, M;).
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Suppose now that M is actually a Q,-Banach space and the action of G on M
is Qp-linear. Exact sequences of Q,-Banach spaces of are Q,-linearly split, so a
G-equivariant exact sequence of Qp-Banach spaces

0O— M —>M-—>M"—0

admits a continuous Q)-linear section M” — M. Therefore, there is a long exact
sequence in cohomology

0— H°(G, M) — H(G, M) —H°(G,M") —H (G, M) —>--- .

If A is an E-affinoid algebra, and M is a finite flat A-module and the action of
G is A-linear, Pottharst has shown that the cohomology groups H! (G, M) satisfy
a number of good properties. In particular, H (G, M) is a finite A-module for all
i > 0, by [Pottharst 2013, Theorem 1.2], and Hi (G, M) = 0 whenever i > ¢, by
[Pottharst 2013, Proposition 1.1].

Crucially, the finiteness of the cohomology groups H’ (G, M) makes it possible
to deduce the following “cohomology and base change” result:

Theorem 3.1.1 [Pottharst 2013, Theorem 1.4]. Let M be a finite flat A-module.
Then if A’ is an A-affinoid algebra, there is a base change spectral sequence of
A’-modules

EY = Tord;(H/ (G, M), A') = H'*/ (G, M @4 A'),

in which the edge map Eg’j =H/(G,.M)®4 A — H/ (G,M ®4 A) is the
natural map.

In particular, if A’ is flat over A, then the formation of continuous group
cohomology commutes with base change.

Remark 3.1.2. The base change spectral sequence follows from the natural iso-
morphism
C*(G,M)@4 A —C*(G,M®44)

in the bounded derived category D2 (4’) of finite A’-modules.

coh

We will be primarily concerned with the Galois cohomology of groups G of
p-cohomological dimension 1. In that case, the base change theorem takes a
particularly nice form:

Corollary 3.1.3. Suppose G has p-cohomological dimension 1.
(1) The formation of HY(T', M') commutes with affinoid base change on A.

(2) The spectral sequence degenerates at the E3 page.
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(3) There is a low-degree exact sequence

0— HYI, M) ®4 A’/ Tord (HY(I', M), A")
— HY(I, M ®4 A') — Torl(H(T", M), A") — 0.

3.2. Cohomology of semilinear G -modules. We will need to extend some of Pot-
tharst’s results. Throughout this subsection, let M be a finite flat A[[¢]]-module,
equipped with its natural Fréchet topology (i.e., as the inverse limit lim, M / 1k of
finite Banach A-modules), and suppose M is equipped with a continuous A[[¢]]-
semilinear G-action, where G acts on A[[¢]] so that the action on A is trivial and
the action preserves the f-adic filtration.

Proposition 3.2.1. Let M be as above.

(1) H(G, M) =0fori >e.

(2) If A — A’ is a quotient of affinoid algebras, the formation of H¢(G, M)
commutes with base change to A, i.e., the natural map H¢ (G, M) @4 A’ —
Hé(G, M ®4 A') is an isomorphism.

Proof. (1) For each quotient M/t¥, we have the continuous cochain complex
C*(G, M/tk), and the transition maps C*(G, M/t*T") — C*(G, M/t¥) are sur-
jective. Therefore, by [Weibel 1994, Theorem 3.5.8], for each i we have an exact
sequence

0 — lim'H~Y(G, M/1*) — H! (G, M) — limH' (G, M/1*) — 0.
% %

Then for i > e+1, we have H (G, M/t*) =0and H =1 (G, M/t¥) =0, by [Pottharst
2013, Theorem 1.1(4)]. Therefore, H (G, M) = 0. If i =e + 1, H (G, M/t*) =0,
by the same theorem. Then we use the long exact sequence associated to

0—> C*(G,t"M/**") — C*(G, M/ ") — C*(G, M/*) — 0
and the vanishing of H (G, 1" M/tk*™) to see that {H! (G, M/1*)}; has surjective
transition maps. Therefore, @}C H~1(G, M/ t%) and H' (G, M) vanish as well.
(2) Let A’ = A/J be a quotient of A. Since A’ is a finitely presented A-module,

—®4 A’ commutes with taking inverse limits with surjective transition maps. It
follows that

C*(G.M)®4 A" = lim(C*(G, M/ 1) ®4 4').
k

But the natural map C*(G, M/tk) @4 A" — C*(G,(M/t*) ®4 A’) is a quasi-

isomorphism by [Pottharst 2013, Lemma 1.5], so we obtain a quasiisomorphism

C*(G.M)®4 A - 1im(C*(G, (M/t*) @4 A")) = C*(G. M &4 A").
k
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As A’ is finitely presented as an A-module, we may find a projective resolu-
tion D®* — A’. Because the terms of C*(G, M) are A-flat, the induced map
C*(G,M)®4 D* — C*(G,M) ®4 A’ is a quasiisomorphism, and we obtain a
second-quadrant spectral sequence abutting to the homology of C*(G, M &4 A’).
Consideration of the E;-page yields the desired result. O

Proposition 3.2.2. Let the notation be as above, and suppose in addition that G
is procyclic with topological generator y and that H*(G, gr®* M) is A-finite, where
gr* M is the associated graded module to M. Then there is some N such that
HO(G, M) => H(G, M/t* M) for any k > N.

Before we prove Proposition 3.2.2, we record several useful consequences about
HY (G, M):
Corollary 3.2.3. Let the notation be as in Proposition 3.2.2.
(1) HY(G. M) =lim, H'(G, M/¥).
(2) Forany k > N, the sequence

0 — HY(G,t*M) — H'(G. M) — H'(G. M/tF) — 0

is exact.

(3) Forany k € Z and k' € N, the kernel of the natural map H (G, t*t% M) —
HY(G,t* M) is a quotient of the A-finite module HO(G,t* M /t*+K"), the
cokernel is the A-finite module H' (G, t* M/t*t%"), and for all but finitely
many k, k', it is an injection.

(4) lim, H'(G.t*M) =0.

Proof. (1) Proposition 3.2.2 implies that the projective system {H%(G, M/ ¥ ) k>0
satisfies the Mittag—Leffler condition, so iln}c H(G, M/t*) = 0. Together with
the exact sequence

0 — lim'H%(G, M/1*) — H' (G, M) — 1imH' (G, M/1*) — 0
% a
this yields the desired result.

(2) For each n > 0, the exact sequence of Banach A-modules
0—> tkM/ek+n — Mkt — Mk — 0

induces a long exact sequence in cohomology. If kK > N, then Proposition 3.2.2
implies that HO(G, M/t**") — H(G, M/¥) is a surjection. Therefore, the
connecting homomorphism 8 : H*(G, M/t¥) — H' (G, t* M/t**") is zero and

0 — HY(G,*M/t*T") — HY(G, M/ ¥+ — HY (G, M/i*) — 0
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is exact. Part (1) above (applied to H!(G, X M)) implies that H(G,*M) =
lim H! (G, tk M/tk+™), and, since the inverse system {H! (G, ¢tk M/tk*)}, has
surjective transition maps, we obtain an exact sequence

0 — HY(G,*M) — HY (G, M) — HY (G, M/i*) — 0,
as desired.
(3) For every n > 0, the exact sequence
0—>s ZkJrk’M/ZkJrk’+n N tkM/[k+k’+n . tkM/tk+k/ —0
induces an exact sequence
HO(G, tkM/thrk’) L HI(G, tk+k’M/tk+k’+n)
— HY(G, (kM) kK4 s HY(G, t* M/ KRy — 0.
If k> 0ork <0, and k’ > 0, H(G, tK M/1**t¥") = 0 and we may take the

projective limit as 7 — oo to obtain an injection H(G, t* 1 M) — HY(G, t* M).
Otherwise, let

Kikrn = ker(HY(G, (K TK My kK 5y HY(G, 1% My kTR 1)
= HO(G, t* M/t K JHO(G, tk Mk TR+,
To show that lim Ky ks, 1s A-finite, it suffices to show that the natural map

HO(G, ZkM/lk+k/) N 1<ln Kk,k’,n
n

is a surjection. But, by Proposition 3.2.2 (applied to tXM), {HY(G, tkM /t*+K'+myy
is stationary for n > 0, so {H%(G, tX M/tk+k'+m) JHO(G, tk+K Nkt +nyy
satisfies the Mittag—Leffler condition. This implies that
0 —> Lin(Ho(Gv lkM/tk+k/+n)/H0(G, [k+k/M/tk+k/+n))
n 4
— HY(G, tkM/tk+k ) —> lim Ky grp —> 0
n

is exact.

To identify the cokernel of H (G, tK+¥ M) — H!(G, t* M), we again consider
the exact sequences

0 —> Kk,k’,n N HI(G, Ik-f—k’M/lk-f—k’-i-n)
— HY(G, t* M/ kT +my s NG, t* My — 0
for n > 0. As n varies, the natural transition maps are surjections, so we see that

the cokernel coker(H' (G, t¥** M) — H'(G, t* M)) is identified with the A-finite
module H! (G, t% M/ t5+k").



p-adic Hodge theory in rigid analytic families 391

(4) By Proposition 3.2.2, there is some N such that, for k > N and any n > 0, the
sequence

0 — HY(G, (*M/t*T"y — HY(G, M/ ¥ty — HY (G, M/{F) — 0

is exact. Taking the projective limit as n — oo and applying part (1) to M and
t* M , we obtain an exact sequence

0— HY(G,/*M) — HY (G, M) — H' (G, M/¥).
Taking the projective limit as k — oo, we obtain an exact sequence

0 — limH"(G.t* M) — H' (G, M) — limH' (G, M/1%).

k k
But the map H(G, M) — lim, H!(G, M/%) is an isomorphism by part (1), so
lim, H'(G.*M) =0. O

Remark 3.2.4. If we knew that surjections of Q,-Fréchet spaces admit continuous
sections (so that short exact sequences of G-representations would yield long exact
sequences in cohomology), the proof of Corollary 3.2.3 could be simplified in a
number of places. As we are not aware of a result to that effect, we are instead
forced to use the Mittag—Leffler property proved in Proposition 3.2.2.

We now turn to the proof of Proposition 3.2.2; we will require a number of
preliminaries. We observe at the outset that the cohomology group H*(G, M) is
computed by H® of the complex

-1
a'1g:0—>My—>M—>O.

For the remainder of this section, we therefore take H*(G, M) to be the homology

of Ca'lg. It is purely algebraic, with no input from the topology of G or M.

Lemma 3.2.5. Let M and G be as above.

(1) There is some Ny such that t* M / t**t 1M has no nonzero G-invariants for any
k > No.

(2) Foranyk > Ny, (t*M)G=! = {0}.
(3) For any k > Ny, the natural maps
M/ C=1 — M/ M= and MO=T — (M1 MO
are injections.
(4) H(G, M) is finite.
Proof. (1) This follows from the finiteness of H*(G, gr* M).
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(2) Since t*M = lim, t*M/tkth M and taking G-invariants is left-exact, it
is enough to show that (tK M /15" M)YG=1 = 0 for all h > 0. But this follows from
repeated applications of the exact sequence

0_>(tk’+1M/Zk+hM)G=1 _)(tk’M/tk—i—hM)G:l _>(tk’M/tk’+1M)G=1 -0
fork <k’ <k +h.
(3) We have an exact sequence
0— (t* M/ HIM)C=T — (MR M= — (Mt MO
By the choice of k, (tkm / k1) 0=1 =, Similarly, we have an exact sequence
0— ("M)=" — (M)°=' — (M/*M)C=T.

By the choice of k, (tKM)C=1 = {0}.

(4) We have seen that HO(G, M) injects into (M /t* M)9=! for sufficiently large k.
But M/t*M is a finite A-module, so H*(G, M) is A-finite as well. |

Lemma 3.2.6. Let M and G be as above, and let
0—I—B—B —0

be a small extension of Artin local A-algebras, and let mp be the maximal ideal
of B. Let Mg, Mg/, and Mg denote M ®4 B, M ® 4 B/mp, and M ®4 B,
respectively. Suppose that the natural maps

HY(G. Mp/uny /1¥1) — HO(G. My, /1°).
HO(G, Mg/ /1Y) — HO(G, My /%)

are isomorphisms. Then H°(G, MB/tk‘H) — HO(G, MB/Zk) is an isomorphism
as well.

Remark 3.2.7. It is crucial for our application of Lemma 3.2.6 in the proof of
Proposition 3.2.2 that B and B’ are not assumed to be Q,-finite. This is why we
are working with the “algebraic” cohomology groups computed by the complex
0—M T) M — 0.

Proof. Since 0 — I —> B —> B’ —> 0 is a small extension, / is a principal
ideal killed by mp. It follows that the complex

—1
0—s IMp/t"* X TMp /ot 0
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(resp. 0 — IMB/tk IMB/tk —> 0) is isomorphic as a complex of B/mp-
vector spaces to the complex

0 —> (Mpjmp) /T L0 (Mg ) /51— 0

(resp. 0 — MB/mB/tk L (MB/mB)/tk — 0). Then the hypothesis that
HY(G. Mp/m, /" *") = H*(G. M /m /1¥)

is an isomorphism implies that H*(G, I M /t**1) — HO(G, I Mg /1¥) is an iso-
morphism as well.
Since M is A-flat, we have a commutative diagram

0 —— IMg/tht! — 5 Mp/tkt1 — 5 Mg /tkt1 — ¢

| ! l

0 —— IMg/th —— Mp/tk —— Mp/tk —— 0

where the rows are exact.
Taking G-invariants, we get a commutative diagram

0 — (IMg/t*t)0 — (Mp/t*t1)C — (Mp /t*t1)G —HY(G, IMp/tF 1)

l l ! |

0 — (IMg/t*)¢ — (Mp/t*)¢ — (Mp/t5)¢ — HYG,IMp/t*)

To show that H*(G, M /t*t1) — HO(G, M /t¥) is an isomorphism, it suf-
fices by the five lemma to show that H' (G, I Mg /tkt1) - HY (G, IMp/¥) is an
isomorphism. But /Mg /t*+1 and I Mg /t* are finite B/mpg-vector spaces, so to
show this, it is enough to show that they have the same dimension as B/mp-vector
spaces (since the map is a priori a surjection). But

dimHY(G, IMg/t*T1)
=dim IMp /¥ —dim IMp/* ! + dimHY(G, I Mp/t**1)
= dimH°(G, IMg/t*t") = dimH%(G, I Mg /t*)
= dim I Mg /t* —dim IMp/1* + dimH" (G, I Mp/t*)
= dimH"(G, IMg/1%). O
Now we are in a position to prove Proposition 3.2.2:

Proof of Proposition 3.2.2. We proceed by noetherian induction on Spec(A4). By
Lemma 3.2.5, we may first choose Ny such that, for k > Ny,

MO= s i (M/tFHNYO=1 s (M) 1K) 0= s oo s (Mt N0)O=T,



394 Rebecca Bellovin

It follows that, for any k > Np, the cokernel of (M/t*¥T1)G=1 s (M/1k)G=1
is supported on a Zariski-closed subspace of Spec(A4), namely, the support of
the cokernel of MG=1 — (M/tNo)G=1Let {q ;j + be the (finitely many) primes
corresponding to the irreducible components of this subspace. We will find some
N1 > 0 such that for k > Ny, the natural map (M/tk+1)0=1 g, (H] Aé\j) —
(M/t5)6=1 ®, (]_[] Aé\j) is an isomorphism.

Since (M/tkt1HG=1g, Ag\j =((M/t*T @y Ag\j)G=1 by flatness of 4 — Ag,
it is enough to produce some N1 ; such that

(M) @4 Aq, /aT) =" — (M/1%) @4 Ag; /)=

is an isomorphism for all k > N1 ; and for all m. But this follows from Lemma 3.2.6
and the fact that any surjection of Artin local rings can be factored into a sequence
of small extensions.

Let N; = max{Ni,;}. Then the natural map MO=1 — (M/tN1 M)C=1 is an
injection with cokernel supported on a strictly smaller Zariski-closed subspace of
Spec(A). If it is actually an isomorphism, we are done; otherwise, we repeat the
argument with primes of A corresponding to irreducible components of the support
of the cokernel of M C=1 < (M/tM M)O=1,

This process terminates in finitely many steps, so we find that, for k large
enough, the natural maps (M/tK+t1M)G=1 - (M/t* M)G=" are isomorphisms of
A-modules. It follows that HO(G, M) =H°(G, M/t M) for sufficiently large k. O

4. The functors Dy (V)

4.1. Overview. In this section, we discuss the functors Dyr(V') and Dgr(V); we
relate them to (¢, I')-modules, and we prove they are coherent sheaves on Sp(A4).
We also relate Dy (V) and D,i5(V) to (¢, I')-modules, and conjecture that they are
coherent sheaves on Sp(A).

Throughout this section, we let £ and K be finite extensions of Q,, and we let
X be a quasiseparated rigid analytic space over E.

Definition 4.1.1. A family of Galois representations over X is a locally free Oy -
module ¥ of rank d together with an Oy -linear action of Galg which acts continu-
ously on I'(U, V) for every affinoid subdomain U C X.

Definition 4.1.2. Let B, be one of the period rings Byr, Bar, Bmax, or Bg. Then
for any family of Galois representations, we define the presheaf

7K (U) := (Bx (V) ® gy ) ¥ (U)K,

where %y « is one of the sheaves of period rings defined in Section A.2. We say that
v is By-admissible (or simply Hodge—Tate, de Rham, semistable, or crystalline) if
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.@f (7) is a projective Oy ® Bfal’( -module of rank d, and the natural morphism

Galg .@f("//) — Bxx Qox V

Wy Pxx . @B

is an isomorphism.

Let {U; };er be an admissible covering of X. Then, because ¥ and %y « are
both sheaves on X, we have an exact sequence

— [T Wi Bxx @y V) — [] TWiNUj, Zx xRy ¥).
iel i,jel
Each of these terms has a continuous action of Galg by assumption, and, since the
formation of Galg-invariants is left-exact, we have an exact sequence

0— 25 NX) — [[2E W) — ] 2Eonwinup.
iel i,jel
It follows that .@f (7) is actually a sheaf of Ox ®q, Bgalk -modules. However,
we do not know at this stage that 2K (7)(U) is finite, let alone that ZX(¥) is a
coherent sheaf of Oy ®q, BS’alK -modules.

Suppose that X = Sp(A), where A4 is a Q,-finite Artin ring, and V' is a finite
projective A-module equipped with a continuous A-linear action of Galg. Then
((A®q, Bx) ®4 V)GalK = (B, ®q, V)0al& a5 BYX _vector spaces. In fact, V' is
B.-admissible as an A-linear representation in the sense above if and only if the
underlying Q,-linear representation is Bx-admissible:

Proposition 4.1.3. Let A be a Qp-finite Artin local ring with maximal ideal m, and
let V be a finite free A-module of rank d equipped with a continuous A-linear
Galg-action. Then V' is Bx-admissible as an A-representation if and only if its
underlying Qp-representation is B«-admissible.

Proof. Letn := dime A. It is clear that B,-admissibility over A implies B-
admissibility over Qp. For the converse, assume V' is Bx-admissible when viewed
as a Qp-representation, so ((4 ®q, Bx) ®4 V)Gilx = (B, ®qQ, V)G4x is an
nd-dimensional B*'X -vector space and the natural map B ® gk Dy, (V) —
B« ®q, V is an isomorphism. :

We first assume that A = E is a field. In that case, A ®q, BSY'X is a product of
fields, so D, (V) is certainly locally free and therefore projective. In addition, the
isomorphism oy : By ®Bf“l’< Dg, (V) — B« ®q, V tells us that the natural map

(A®q, Bx) ® cug Dy, (V) — (A ®q, B)®4 V

ABq,B

is an isomorphism. In particular, Dg, (V') is locally free of rank d over A ® BYUK
Since 4 ®q, BSalK is semilocal, Dg_ (V) is free over 4 ®q, BSalK.
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Now consider the general case. We will factor the extension of Qp-finite Artin
rings A — A/mV as a sequence of small extensions and proceed by induction.
So suppose we have a small extension f : A — A’, so that mker(f) = 0 and
ker(f) = (t) = A/m, and suppose the result holds for A’-representations.

We have a surjection of Qp-representations V — V ®4 A’, with kernel V. By
the formalism of admissible representations, V ®4 A’ is Bx-admissible and we
have a surjection Dg_ (V) — Dy, (V ®4 A’) with kernel Dg_ (¢V).

We claim that the kernel of this surjection is tDg, (V). Clearly, tDp, (V) C
D3, (¢V), since there is no Galois action on the coefficients. On the other hand,
suppose that mv € Dg, (¢V') for some m € ker(f), v € B« ® V. Then mv = mg(v)
for any g € Galg, sov =g(v) in B, ® (V ®4 A/I) for all g € Galg, where [ is
the ideal of elements of A killed by m. But again by the formalism of admissible
representations we have a surjection Dg, (V) — Dg_ (V/IV), so there is some
v €Dy, (V) such that v = v mod /. Since v and v differ by an element of Dg_(/ V)
and m kills Dg, (I V), mv =mv € tDg_(V), as desired.

By the assumption on A’-representations, Dg, (V ®4 A’) is a free module
of rank d over A’ ®q BGalK Furthermore, Dg, (V) ®4 A" = Dg,(V ®4 A').
If A; is a local factor of the semilocal ring 4 ®q BGalK then A := A;/t
is a local factor of A’ ®q BGalK Therefore, Nakayama s lemma 1mphes that
Dg,.(V) ®4 A; is generated by d elements for all i, so we have a surjection
(A ®q BGalK )®4 _ Dg, (V). But we also have an isomorphism of B,-modules
ay B* ® BOIK Dg, (V) — B« ®q, V., so, by comparing the BGalK -dimensions
of D, (V) and (A @ BSU€)®4  we see that Dy, (V) is a free A ® BSYX -module
of rank d. |

4.2. (¢, I')-modules and Dy, (V). When X = Sp(Q,), the overconvergence of
Galois representations is important in part because it allows us to recover the
p-adic Hodge theoretic invariants Dy (V') from the (¢, I')-module. This allows
us to convert questions about Galois groups with cohomological dimension 2 into
questions about profinite groups with cohomological dimension 1, at the cost of
making the coefficients more complicated.

Specifically, when X = Sp(Q,), we have the following results:

Theorem 4.2.1 [Sen 1973]. Let V be a finite-dimensional Qp-linear representation
of Galg. Then DE.(V) = @, ,(DE (V) -t)Tk.

Theorem 4.2.2 [Fontaine 2004]. Let V be a finite-dimensional Qp-linear represen-
tation of Galg. Then D& (V) = (DX.(v))T'k.

Theorem 4.2.3 [Berger 2002]. Let V be a finite-dimensional Qp-linear representa-

tion of Galg. Then DX (V) = (Dlog(V)[l /1'% and DK (V) = (ng(V)[l JtDTE.
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Remark 4.2.4. Sen and Fontaine used different constructions of DX (V) and
Dgf(V) than the one we have given. The equivalence of the two constructions is

shown in [Berger 2002].

We will prove analogues of these results for families of Galois representations
over an E-rigid analytic space X.

Theorem 4.2.5. Let ¥ be a family of representations of Galg of rank d. Then

750 = P28, (1) 1)K
i€Z

as subsheaves of But Qo V.

Proof. Since both @}I{(T (7) and @iez(@slgn(ﬂf/ )-t)T are subsheaves of PBurQoy ¥,
we may work locally on X. Therefore, we may assume that X = Sp(A) for some
E-affinoid algebra A and V := I'(X, ¥) admits a free Galg-stable <-lattice Vj of
rank d, where & is some formal &g -model for A.

Since DII{%(V) = K’ ®g DEL(V) for any finite extension K’/ K, we may replace
K with any finite extension. Let L/K be a finite extension such that Galy, acts
trivially on Vg /12pVp. Then DSLe’L(V) is a finite free A ®q, Ln-module of rank d,
and we have a natural Galois-equivariant isomorphism

(A® Ck) ®aoq, L, DEA(V) = (ABCk) ®4 V.
Taking Hjp -invariants, we get
(48 C{") ®asL, Dgin(V) = (A8 Cx) ®4 V)™,

since Hp acts trivially on Dée’}l(V) by construction. We need to take I'z, -invariants
of both sides.
It suffices to show that

Fi‘l

(AR Cx) R, Dein(V)) " =D (V).

To see this, we fix an (A®q, Ln)-basis (e1, ..., eq) of Dée’l'q(V) which is c3-fixed by
Iz, and choose some x € ((4® Cg) 1t ®4®q, Ln Dé‘e’r’l(V))F". Then x =) x;e;
for some x; € (A ® Cg)HL. By the semilinearity of the Galois action, this means
that Uy - y(x) = x for any y € I',, where x is the column vector of the x;. But
then we may invoke [Berger and Colmez 2008, Lemme 3.2.5] with V; = U} Land
V2 =110 getthatx € A®q, Ln.

Since Bur = Cklt,t7!], it follows that DE.(V) = @;c,(DE (V) - 11Tk,
as desired. d
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Lemma 4.2.6. Let M be a finite A-module, where A is a Banach algebra whose

value group is discrete, and let my, ..., m, generate M over A. Equip M with
the norm | - |y induced by the natural quotient A®" —> M, where A®" has the
norm |(ai,...,ar)| = max;{|a;|}. Let T : M — M be an A-linear map such that

|T (m;)| < C|m;| for all m;. Then the operator norm of T on M is at most C.

Proof. Let m € M. We wish to show that |T(m)|y < C|m|p. Because the
value group of A is discrete, we can write m = aymy + --- 4+ a,m, such that
|m|pr = max;{|a;i|}. Then

|7 (m)|pm Eml?lx{|ai|'|T(mi)|M} < Cm?X{lai|'|miIM}SCmiaX{Iaz‘I}chmL O

Lemma 4.2.7. Let V be a finite free A-module of rank d, equipped with a con-
tinuous A-linear action of Galg. Then the module generated by the I'y,, -orbit of
x € Lo ®Ln Dé“e’;l(V) is A-finite if and only if x € Un/zn Ly ®pL, Dée’;l(V).

Proof. The I'f,,-orbit of any element of L, ®p,,, Sen(V) certamly generates an A-
finite module. Conversely, suppose that the I'z, -orbit of x € LOo ® L, Sen(V) gen-
erates a finite A-module M. Let {eq,... e} be an A ®q, L,-basis of DSC’;(V),
so that the action of y € 'y, with respectto ey, ..., ey is given by a matrix (a;;)
with a;; € A®q, Ln. Write x =) _; c;e;.

By assumption, M is finite over A®¢q, Ly, so it is generated by a finite collection
fi,.... fr of elements of (A® Loo) ®4®q, Ln sLen(V) Then the coefficients (with
respect to {e; }) of elements of M are contained in the A ®q, L,-submodule of

A® LOo generated by the coefficients of f1,..., fr, which is finite. But
y(x) =Y y(c)y(e) = Z(Z aji -J/(Ci))ej-
F i

Since y is invertible, this shows that the I'z,,-orbit of the ¢; is in the 4 ®q, Ln-span
of the coefficients with respect to {e;} of I'z,,, - x

Thus, we are reduced to the rank-1 case. That is, we need to show that if the
I'g,-orbitof c € A @)Qp im generates an A ®q,, Lp-finite module M C A ®Qp im,
then ¢ € U5, L ®L, (A ®q, Ln).

Choose a finite set xp, ..., x, € M which generates M, and give M the quotlent
norm | - |37 coming from the natural surjection A®” — M. Since A4 ®Qp Loo isa
potentially orthonormalizable A-module, M is closed in A ®Q Loo by [Buzzard
2007, Lemma 2.3], and therefore also acquires a p-adic norm | - [,. All norms on a
finite Banach module are equivalent by [Bosch et al. 1984, Proposition 3.7.3/3],
so | - |a and | - |, are equivalent, meaning that there are positive constants Cy, Ca
such that Cy|x[, < |x|pm < C2|x|p forall x € M.
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Then for any & > 0 there is some m, such that |(y?" — 1)(xi)|p <elxi|p forall i
and any m > m.. We choose ¢ = %Clz/(szp‘?). This implies that

" m Cae
07" = DGl = Col" = D0y < Caslailp = 2= il

By Lemma 4.2.6, y?"' — 1 has operator norm at most Co&/C; with respect to | - |
But then
C?e

m 1 m C28
e _ < P _ —_c < 2%
|(y YX)p = C 16% )X M < c2 |x|m < 2 1x|p,

so yP"" — 1 has operator norm at most C 28/ C; 2 with respect to|-|p.
Next, we observe that for any 1nteger m>1 the kernel of y?" —1 on A ®Qp Loo is
A®qQ, Lm+n- Therefore, if (y?" —1)(M) =0 for some m > 0, we are done. Now

recall that by the third Tate-Sen axiom, for any n’ > n, there is a 'z, ,-equivariant
topological splitting

ABQ, Loo = (A®q, Ln) ® Xt n

and, forn’ >, n, y? " _1 acts invertibly on XH ,n, with the norm of (yP" =171
bounded above by the constant pes. Since yp " _1kills 4 ®Qp Ln , it follows that
(y P 1)(M) C Xg,n. But (ypn 1) (M) Cc M, so y?"* —1 has p-adic
operator norm at most Czs/C2 on (ypn " —1)(M). Then for any x € M,

07 =D, = 07" 0T P e T = D),
<2 D = DEW)],
C2 n’—n 1 n’—n
<2 0" =@, = 507" = D),
1
This forces ‘(yp" - 1)(x)}p to be 0, so (ypn/_" — 1)(x) = 0. Therefore
(y P 1)(M) = 0, and we are done. O

We can bootstrap this result to relate Zqr(¥) and Z4is(¥), just as in the case
when X = Sp(Qp):

Theorem 4.2.8. Let ¥ be a family of representations of Galg of rank d. Then
.@dllg(“i/) = (@({i{f(”//))FK as subsheaves of Bir Qo V.

Proof. As before, we reduce to the case when X = Sp(A) for some FE-affinoid
algebra A and V := T'(X, ¥) admits a free Galg-stable «/-lattice Vy of rank d,
where 7 is some formal ¢'g-model for A.
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Since DCI‘%/(V) K' ®k DX (V) for any finite extension K’/ K, we may again
replace K with any finite extension; we choose L /K such that Galy , x acts trivially
on Vy/12pVy. Then Dg‘ni" (V) is a free A ® L,[[t]-module of rank d, and we

have a Galois-equivariant isomorphism
SRB+ Lot ~ SBT) &
(A®BGR) ®@uz, 1 Pt > (A®BR)®aV

which respects the #-adic filtration on both sides.
After twisting V' by some power of the cyclotomic character, it therefore suffices
to show that

ST+ Ly,+ T'rn _ Ln, T ",
((A®LdR) QUS L, [T D if (V)) = L

where L+R = (B )HK In fact, it suffices to show that

~ Ln, r n Ln;
(A®Lge/t™) ®4®q, Lalr] Daif V)= g (V)

for all m, because taking inverse limits commutes with taking I'y, -invariants.
We will do this by showing that if x € (4 ® L;k/tm) ®4®q, L] Dfil’Z’Jr(V)

and the I'z, -orbit of x generates a finite A ®q, L[[¢]]/t™-module, then x actually
L+

lives in (s, Lu ®L, Dgi’" (V)/t™. For then if x is 'y, -fixed, it lives in
Ly ®1,D gl;”Jr(V)/tm for some n’ > n. Since (L, ®r, Dé‘if’Jr(V)/tm)rL" =

i?’ (V)/t™, we conclude that x € DL”’ Vy/e™.

We proceed by 1nduct10n onm. We ﬁrst consider m = 1. Then we considering ele-
ments of (A® Loo) ®Dyg en(V) whose I'z,, -orbits generate finite A®¢q, L,-modules.
But such elements actually live in | /5, Ln ®L, Sen(V) by Lemma 4.2.7.

Now we assume the result for m, and we consider the exact sequence

0 — ™(Lie/t™ ™) &1,y D5 T (V) — W/ &1,y DT (V)
— (L R/t )®Ln[[t]]D - (V)—>0-

If the I'z,-orbit of ¢ € (L M & ®L, 2] Ddlf (V) generates a finite A®q, Ln-
module, then its image ¢ in (LdR/ ") ® L, [[,]] D(Jllf (V) does as well. By the
inductive hypothesrs c €Upysn L ®L, (Ddlf (V)/tm) We may choose ¢ €
Unrsn L ®L,, (Ddl,’[?’ (V)/th) lifting ¢, so that the I'y,, -orbit of ¢ — ¢ still
generates a finite A ®q, L,-module. Then ¢ — ¢ is an element of

S Ly,
L/ B,y Pt (V).
which is isomorphic to ™ - (L R/1) ® L[] Ddlf (V) as a 'y, -representation.
But the m =1 case applies to this latter space, so we are done. O

We can similarly relate 2K (#) and 2, !f (7)) to the family of (¢, I')-modules

Cris

Drig, K(”I/ ), following [Berger 2002]:
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Theorem 4.2.9. Let ¥V be a family of representations of Galg. Then 9 Crls(”// ) =
( e, K(”I/)[l/l])FK and 98{(("1/) (@;Lg K(“f/)[l/t])FK. The ﬁrst equality is as
subsheaves of PBrig Oox ¥ and the second is as subsheaves of ﬁlog oy V

We will need a number of preparatory results. Throughout the proofs of these
results, we will use freely the fact that if 4 is a Qp-Banach algebra, then A is
potentially orthonormalizable in the sense of [Buzzard 2007]. This follows from
[Schneider 2002, Proposition 10.1] since Q, is discretely valued. This has the
consequence that injections of Fréchet spaces are preserved under completed tensor
products with 4 over Q,.

Lemma 4.2.10. Let A be an orthonormalizable Qp-Banach algebra, and let </ be
its unit ball. Let h be a positive integer. Then

o0 o0
M p (7 @AMP ) =/ ®AT and () p ™ (2 ®ALF ) Cc 4BBL,.
k=0 k=0
Proof. This is an A-linear analogue of [Berger 2002, Lemme 3.1]. We prove the first
assertion here; with this in place, the proof of the second carries over verbatim from
[Berger 2002] Note that the first assertion is an equality of topological Zj,-modules
inside 4 ® B , not algebras, because we do not know that there is an algebra norm
on A making it into an orthonormalizable Q-Banach space.

Choose an orthonormal basis {e; }; ey of A. Then we may compute the intersection
NS, p " (7 ® AT-P75) inside A B => ¢;(B). But if

r= Zaiei e p k(7 & KTPT9)

iel
for all k, then a; € p_thT’p_ks for all k, implying that x € o ® A ™. O

Remark 4.2.11. The completed tensor product &7 ® At appearing in the first
assertion of Corollary 4.2.12 is with respect to the weak topology on A™, not with
respect to the p-adic topology.

Corollary 4.2.12. Let A be a Qp-Banach algebra, equipped with an algebra norm

“kg
| - |, and let < be its valuation ring. Then (\g—o R (7 & Ajlgp YCA® B

Proof. By [Schneider 2002, Proposition 10.1], there is an equivalent norm | - |’
on A with respect to which A is orthonormalizable; let .7’ be the unit ball with
respect to | - |'. Then there exists a constant ¢ > 0 such that po/ C &', s

that (7= Opcp_hk(d ® AJr pts ) C A® B . But p is invertible in Bng,
N> Op_hk(,gz%@)Ang )CA®B O

As in [Berger 2002], “Frobenius regularization” follows immediately from
Corollary 4.2.12.
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Proposition 4.2.13 [Berger 2002, Proposition 3.2]. Let dy, d», and h be three
positive integers, and let M € Maty, x4, (A @Blog) be a matrix. Suppose there ex_l;:vts
P € GLg, (A®q, F) such that M = ¢™"(M)P. Then M € Matg,xq, (A ® B,).

Corollary 4.2.14. Let d be a positive integer, and let M € GL; (A ® ﬁ;rog [t]) be an
invertible matrix. SuppoJA;e there exists P € GLy(A®q, F) such that M = o(M) P.
Then M € GLy4(A® By, [1/1]).

Remark 4.2.15. Proposition 4.2.13 is stated and proved in [Berger 2002] for 7 = 1.
However, the proof carries over verbatim for 2 > 1.

Proposition 4.2.16. Let A be a discretely valued Qp-Banach field with perfect
residue field, and let V be an A-vector space of dimension d equipped with a
continuous A-linear action of Galg. Then the natural map

(ABBY) @4 V)OK > (A& B, @4 V)8

is an isomorphism.

. .. . . =T,
Proof. Recall that, for n > 0, there is an injection iy, : Brog" — B(Jﬁ{, where 5, =

p"so = p"1(p—1). Then iy yields an injection
~ =18
(A B, ®4 V)& - DK (V).
Note that 1 admits a free Galg -stable «7-submodule of rank d; under these hypothe-
ses, we will show (in a noncircular way) in Proposition 4.3.2 that D(ﬁ{(V) is a finite
A®q, K-module. Therefore, ((A ® Blo’;") ®4 V)C¥K is a finite 4 ®q, Ko-module.
Further, we claim that there is some s, such that

~ < 5 st
(AR B, ) ®4 V)K= (AR B),) ®4 V)X,

Indeed, A ®q, Ko = [1; Ai, where the A; are a finite collection of Qp,-Banach
fields which are finite extensions of A (and isomorphic to each other, because
Ko/Qp is Galois), soihast D(ﬁ(V) ~ P, (4; ®k, K)®4i for some integers d; > 0.
It follows that (A ® Blo’g") ®4 V)X is an A-vector space of dmension at most
> di[K : Ko]dimy A; for any n, so the same is true of ((A4 ® Blog) R4 V)GilK
Therefore,

A~ =T ~ =T,5n
(ABB],) ®4 V)% = | J(ABBL") ®4 V)FK
n

is a finite module over the noetherian ring A, so the conclusion follows.

Now, let D := (4 ® B} ) ®4 )Gk, let D; := D ®4 4; be the factor of D
over A;,letvy,..., v  bean A-basis of V, and et wy, ..., w,  be an A;-basis of D;.
Then vy,...,vgisan A @ﬁT—basis ofA(ﬁl ® ﬁ;rog) ®4V and w; € (A® ]~31TOg) R4V,
so there is a matrix M € Mat; /(A ® Blog) whose j-th column is the coordinates
of w; with respect to vy,...,vg4. Let P € GL;/(A;) be the matrix of (p[K‘):QP]
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with respect to wy, ..., wys. To justify this, recall that ¢ : Bl
tion, and note that ¢ cychcally permutes the D; so that (p[Kg Q] carries D; to
itself. Then MP = (p[KO'QP](M ), since ¢ acts trivially on vy,...,v4, so that
M = ¢ [Ko: QP](M )~ Ko Q1’](P) Then, by Frobenius regularlzatlon M has
coefficients in 4 ® Blog CA® Bqt , S0 we are done. g

— B;rog is a bijec-

Remark 4.2.17. The conclusion of Proposition 4.2.16 is used in the proof of
[Berger and Colmez 2008, Proposition 6.2.4]. Since the proof requires some minor
adjustments when A is not Q,-finite, we have written out the details here.

We can deduce the same result for Galois representations with affinoid coeffi-
cients, generalizing [Berger 2002]:

Corollary 4.2.18. Let A be an E-affinoid algebra, and let V be a finite free A-
module of rank d equipped with a continuous action of Galg. Then the natural map

(A8 BY)®4 V)5 — (48 B, ®4 V)0
is an isomorphism.

Proof. Let A— R = [[; R; be a closed embedding into a finite product of Artin
rings, with R; a finite-dimensional vector space over a complete discretely valued
field B; with perfect residue field; this is possible by Lemma 2.1.2. Then we have
an exact sequence of Qp-Banach spaces 0 — V — Vg — Vg /V — 0. Since
Q) is discretely valued, this exact sequence admits a continuous Qp-linear splitting,
and we have a commutative diagram of Fréchet spaces

5 &t N St 4
0 — (A®q, B,)) ®4V —> (R®q, Bjyy) ®r VR —> By, ®q, (VR/V) —> 0

| | I

o =t ~ =t ~+ A
0 — (AR, By )®4V — (R®q,By)®rVrR — By ®q, (VR/V) — 0

where the rows are exact and the vertical maps are injections. Moreover, the maps
are Galg-equivariant, so we have a commutative diagram of Banach spaces

St ST ST
0 — (Blog ®Qp V)GalK B (Blog ®Qp VR)GalK B (Blog ®Qp (VR/V))GalK

[ [ [

0 —> (B &, V)HIK — (B 8o, VRIK — (B] ®q, (Va/V)%k

where the rows are still exact and the vertical maps are still injections. For each
idempotent factor R; of R, we can view Vg, as a finite- dlmenswnal B;-vector space
and apply Proposition 4.2.16; we see that the inclusion ((R ® Bgt) ®r VR)C¥K C
(R® Blog) ® OR Vg)GK is an equahty "l;hen a diagram chase shows that the
inclusion (A ® B, ) ®4 V)% c (A& By,) ®4 V)G2x is also an equality. [
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We now define

a8
Dlog K(V) (A ® Blog K) ®A®B' s Drlg K(V) log K(V) - U Drlg K(V)

as well as
~T,s ~ =T,s
Do, x (V) :=(A® By, k) ‘X)A@,BT s Dlt,g V), Dlog xk(V):= U Dlog k().

Proposition 4.2.19. Let A be a noetherian Qp-Banach algebra with valuation
ring o, and let V be a finite free A-module of rank d equipped with a continuous
A-linear action of Galg such that V admits a free Galg-stable < -submodule of
rank d. Then the natural map

A~ .
Of, cNI/IDTE > (A& Byy)[1/1] @4 V)FIK
is an isomorphism.

Proof. 1t sufﬁces to prove this with K replaced by a finite extension, so we may
assume D1 o, x (V) is free. After twisting V' by some power of the cyclotomic char-
acter, we may assume that (Dlt o x(MI[1/ & = (Dlog K(V))FK and consider
only the map

5 =t
D] V)TE = (A& By, x) ®4 V).

log,

Furthermore, we observe that
3 Hg _ X il
(A8 Byp) ®4 V)X = (A8 By ) ® 551 Dl x (V)
og,

<t
= Dlog,K(V)~

Since (D10g K(V))FK and (Dlog K(V))FK are finite modules over the noetherian
Banach algebra A ®q, Ko, we see that (DITOg K(V))FK is a closed submodule of
(DlOg K(V))FK by [Bosch et al. 1984, }r)roposmon 3.7.3/1]. Thus, it suffices to
show that (D;rog K(V))FK is dense in (DlOg K(V))FK

We will actually do somethin slllghtly different. For s > 0 and an)]{ integer
k>0, We consider the AQ ¢~ k(Blog K) -submodule (p_k (D10g K (V)) C Dlog K(V)
Since (Dlog k(V)HIK isa ﬁnlte A-module, it follows that (¢ % (Dl e K (V)))

a closed submodule of (Dlog K(V))FK

We claim that Uk( —k (DlTongs(V))) (Dlog K(V))FK If We choose a basis
v1,...,0g of Dlog K(V) then, for any ['x-fixed element m € Dlog x(V), we may
write m=ajiv; +---+agvg. Recall that there are 'k -equivariant maps

~T’s
Rk : Brig,K —¢ k(leg, )
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t,0%sy — gTss

which are sections to the inclusions ¢ % (Brlg k) C B, k and extend to maps

~T,s _ , k
Ry : Blog,K ¢ k(BlTong)'

For each k, let my = Ry (m) = Ry (ay)vy + --- + Ri(ag)vy;. Then my is a
'k -fixed element of go_k (D;rogp Ks (V)) because Rk is 'k-equivariant. Since
limy oo R (a) = qa for any ace B10 K-, it follows that limy_, o, m = m. Thus,
Uk (9% (D}LO’gPKS(V))) is dense in (DITOg x (V)& . Equality follows, since it is
also closed in (Dlog K(V))FK (as it is a submodule of a finite module over a
noetherian Banach algebra).

Next, we note that

P e FDEPEWV))C oML (V) LTS 1),
This implies that (p=* (DL, (V)™ < (¢~ D DFZ (7)), and there-
fore that (D;rog K(V))FK = Uk( _k(DlTongs(V))) X is a rising union. Since
(D;rOg K(V))FK is A-finite, there is some k such that ((p_k(Dfo’;}s(V)))FK is
equal to (Dygs x (V))T%.
But we have A-linear isomorphisms

— .,k r , ~ ~+,pks
o (R OEPE V)™ > DEZE V)T and ¢FB (V) = Dt g (V).

~+,pKs

k
so we conclude that (DT’p S(V))Tk= (Dlog,

log, K (V)Tx | as desired. O

Now we can prove Theorem 4.2.9:

Proof of Theorem 4.2.9. We may assume that X = Sp(A4) for some FE-affinoid
algebra A, and that V := ¥ (A) is A-free of rank d and admits a Galg-stable
integral lattice. Then Ds[f(V) = (Dlog,K(V)[l/t])FK by Corollary 4.2.18 and
Proposition 4.2.19. Since

Dcris(V) = Dst(V)N:() and Drig,K(V) = Dlog,K(V)NZO’
it follows that DX (V) = (Digx (V)[1/1])T%. O

4.3. Properties of D, (V). Now we can combine Theorems 4.2.5 and 4.2.8 with
“cohomology and base change” to deduce various useful properties of the functors
Vi~ DHT(V) and V i~ DdR(V)

Theorem 4.3.1. Let X and V be as above.

(D .@}II(T(”V) and .@dlﬁ(”ﬁ) are coherent sheaves of Ox ®q, K-modules. More
generally, their formation commutes with flat base change on X .



406 Rebecca Bellovin

2) @}II{T(”I/ ) and lelg(“f/ ) take values in the categories of graded coherent sheaves
and filtered coherent sheaves, respectively. If ¥ is Byr-admissible, then
QPII(T (7) is a graded vector bundle over Ox ®q, K, and, if ¥ is Byr-admissible,
then @PIfT(“I/ ) is a filtered vector bundle over Ox ®q, K.

As before, we reduce immediately to the case when X =Sp(A) and V :=T'(X, ¥)
is a free A-linear representation of Galg which admits a free Galg -stable «7-lattice
Vo of rank d.

Proposition 4.3.2. Let A be a noetherian Qp-Banach algebra with valuation
ring o, let Vy be a free o/-module of rank d equipped with a continuous < -
linear action of Galg, and let V := Vy[1/ p]. Then DgT(V) and Dgz(V) are finite
A ®q, K-modules.

Proof. Recall that
Difr(V) = DD, (V) -1)'x.

i€Z
Now (Dé(en(V)-ti)F’( = (Dgen(V))F’(:X_l forevery i € Z, so DII_I(T(V) C Dgen(V).
But ng(v) is a finite module over the noetherian ring 4 ®q,, K, so D{I(T(V) is
A-finite as well.
Moreover, we observe that the summands of DII{(T(V) have pairwise trivial
intersection. Therefore, only finitely many of them are nonzero.

To see that Dg%(V) is finite over 4 ®q, K, we observe that
g DX (V) — (r* (A ® Bar) ®4 V)% = DX (V).

In fact, we claim that there exist integers 7g, i1 such that Fil’ D({%(V) = Fil"ODg{(V)
for all i < i and Fil' DX (V) = Fil'' DX (V) = 0 for all i > i1. Indeed,

g’ DE (V) = (e (A& Bar) ®4 V)UK = (DK (V) -17)%0x.

But the rightmost term is one of the summands of D§T(V), and only finitely many
such summands are nonzero. Therefore, gr’ D({%(V) =0fori <0andi > 0, and
DX (V) is A®q, K-finite. O

Definition 4.3.3. The Hodge—Tate weights of V are those integers i such that
(D&, (V) -1H)5!€ 0.

Remark 4.3.4. This is a slight departure from the traditional definition of Hodge—
Tate weights, which are usually only defined for representations which are Hodge—
Tate. However, we will find this abuse of terminology convenient.
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Proposition 4.3.5. Let V be a free A-module of rank d, equipped with a continuous,
A-linear action of Gg. Then H! (FK, Drez tkDSen(V)) and H' (T, Dgis(V)) are
A-finite if and only if there is a bounded interval [a, b] containing all the Hodge—Tate
weights of the fibral representations.

Proof. We first reduce to the case where I'g is procyclic. In general, I'x = A x 'y,
where A is a finite abelian group and I' is procyclic. The statement about the fibral
Hodge-Tate weights can be checked after restriction to a finite-index subgroup
of 'k, and, in particular, after restriction to F}(. On the other hand, taking A-
invariants on Q,-vector spaces is an exact functor, so H! (F}{, P kez tk DSGH(V)) =
H! Ik, Bpez ¥ Dsen(V))™ and H (T, Dgie(V)) = HI (g Dge(V)A. Tt fol-
lows that we can also check the finiteness of Hl(I‘K, Drez tkDSen(V)) and
H!(T'x, Dgir(V)) after restriction to F}(. We may therefore assume that 'y is
torsion-free, and apply the results of Section 3.

The statement is clear for H' (Tx, @z tkDSen(V)).

Suppose first that the fibral Hodge—Tate weights are contained in an interval
[a, b]. The natural map

H' Tk, DF(V)/tF 1) — H (T, D (V) /%)

is a surjection for all k > 0, and its kernel is surjected onto by H! (I'g, t¥Dgen(V)).
But the formation of H! (T'k, t¥ Dgen(V)) commutes with arbitrary base change
on A, so the hypothesis on the fibral Hodge—Tate weights implies that, if kK > b,
H! (T'k, tkDgen(V)) is trivial when reduced modulo any power of any maximal
ideal of A. Therefore, H! (T'g, t*¥Dsen(V)) is itself trivial, and H' (Tx, D(V)) =
H! (Tg, D(V) /1™ {0:03+1) "which is A-finite. This implies that, for any k > 0,

H Tk, 1 *Df (V) = H' (T, ¥ DJ (V) /1 023+

is A-finite, as well. Further, the proof of Corollary 3.2.3(3) shows that, for any
k € Z, the cokernel of the natural map

H! Tk, t7*DE(V)) — H Tk, = VDT (V)

is HY(Tg, 1~ ®+DDg., (V). But the hypothesis on the fibral Hodge-Tate weights
implies that this is 0 for k > —a, so H! (I'g, Dgis(V)) is A-finite.

Conversely, suppose that H! (I'g, Dgis(V)) is A-finite. We need to show that
H!(Tk, tk - Dgen(V)) = 0 for k > 0 and k < 0. By Corollary 3.2.3(3), there
exist integers NO,N(’) such that, for k > Ny or k < N{, the transition maps
H!'(Tk, tk‘HD;gf(V)) — H!(Tk, tkD;qf(V)) are injective. These transition maps
moreover always have A-finite kernels and cokernels. Since A is noetherian, this
implies that H! (I, szggf(V)) is finite for all k € Z.
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Let x € Sp(A) and let « (x) denote the residue field of A at x. By Proposition 3.2.1,
H' Tk, 1*D3(V)) @4 1c(x) = H' Tk . 1*D(V) @4 e (x)

for all k£ > 0; it follows that there is some Nj > 0 such that, for all £k > 0,
H!(I'k, tdelf(V)) ®4k(x)=0. Since H' (T'g, tdelf(V)) is a finite A-module for
all k, there is some Zariski-open Uy C Sp(A) such that H! (g, tdelf(V))lUx =0
for all k > Ny x. Since Spec A is quasicompact, it follows that there is some N1 >0
such that H Tk, t*DL.(V)) = 0 for all k > Ny. Thus, H!(Tk, tDgen(V)) = 0
for k > Nj.

Finally, the finiteness of H! (I'x, Dgis(V)) implies that there exists N { € Z such
that the transition map H! (I, tk'HD:gf(V)) — H(Tk, tkD;qf(V)) has vanishing
cokernel for k < N{. But this cokernel is HY(Tk, t*Dgen(V)), so it follows that
the fibral Hodge—Tate weights are bounded. O

Now we can deduce that DX (V) and D ¢ (V) are finite modules, as well:

cris

Corollary 4.3.6. DX (V) and D ¢ (V) are finite A ®q, Ko-modules.

cris

Proof. Recall that there is an injection By,x — Bgr. Since A is a Banach space over
the discretely valued field Q, (and therefore potentially orthonormalizable) this
extends to an injection A ® Biax — A @ Byr. It follows that Dfm(V) — D R(V)
and DX (V) is A-finite.

Similarly, B can be injected into Bgr (although this depends on a choice of

p-adic logarithm), so D (V) — D r(V). Thus, D . (V) is A-finite. |

Note that DX (V) and D . (V) are equipped with semilinear actlons of Frobenius

Cris

@ (over I @ ¢ on A ®q, KO) coming from the coefficients, and Dy K (V) has a mon-
odromy operator N coming from the coefficients and satisfying N op = ppo N.
We turn to base change properties of the functors Dg_(V):

Proposition 4.3.7. Let f : A — A’ be a flat morphism of E -affinoid algebras.
(1) A’ ®4Dfip(V) = DLV ®4 4)).
2) A ®4DE (V)= DKV ®44).
It follows that U +— D t(Vu) and U +— D r (Vu) are coherent sheaves on Sp(A).

Proof. (1) This follows by notlng that D2 (V) = hmh_)oo(EB r kDL (V))FL"

Sen
and the formation of (@k tk DSLB’;I(V)) fn commutes with flat base change,

by Theorem 3.1.1. We are done since D T(V) L, ®k DII{(T(V).
(2) We apply Proposition 3.2.2 to M = Ddif’ to see that

DLt vy = @it () V)=t
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for some N > 0. Similarly, Ddl{” (VeqA)= (D(Il‘n’c”Jr(V Q4 A/ tN )L =1,
Since the Dgf’ (V)/t* are finite A-modules,
Ln, (V ®AA ) _ HO(FLna (Ii:?’ (V®AA )/tmax{NN })
= HO(IL, . Dt (V) NN D @4 4’ = Dt (V) @4 4,

where the second equality again follows from Theorem 3.1.1. ([l

Conjecture 4.3.8. The formation of DX (1) and D . (V) commutes with flat base

change on A.

cris

Remark 4.3.9. Conjecture 4.3.8 does not follow automatically from Theorem 3.1.1,
because the (¢, I')-module D;rig’K(V) is not A-finite. It is also difficult, in general, to
verify this conjecture for particular examples of families of Galois representations.

However, life is considerably better when considering a trianguline family,
because one can compute with rank-1 families. Triangulation results for certain
families of Galois representations arising from eigenvarieties are proved in [Hell-
mann 2012; Kedlaya et al. 2014; Liu 2014]. In particular, Kedlaya, Pottharst, and
Xiao [Kedlaya et al. 2014, Theorem 6.3.9] show that if ¥ is the family of Galois
representations on the normalization X of the eigencurve, then away from the image
of the Gk_l—map, the associated family @;Eg(”I/ ) has a global triangulation

0— 9 —> g1

rlg(”I/) — 2 — 0.

Here the 9; = Zx(§;) ®x & are rank-1 families of (go I')-modules over X.
We have used the notation of [Kedlaya et al. 2014]: QX — I'(X, 0%) are
continuous characters, Zx (J;) is the free rank-1 (¢, g, ) module with basis e such
that p(e) = 6(p)e and y(e) = 8(x(y))e for y € g, and .#; are line bundles on
X with no action of ¢ or I'g,,.

In this case, 81|z is trivial, while 82|z is the weight-nebentypus character. As
a result, for any afﬁn01d U C X which tr1v1a11zes £, we have 2,(U)[1/1]Ter =0
and so, by Theorem 4.2.9,

Deris(V)(U) = 21 (U)[1 /1]
Moreover, by construction,
7)1/ = 1 (U)[1/ PP =t = g (1)(U) =P,

It follows from [Kedlaya et al. 2014] or [Liu 2014] that Dis (¥ )“’z‘s(l’ ) is a coherent
Ox -module, and hence so is Z.is(¥). This is a very natural example of a family ¥
of Galois representations such that Z.5(%) is a coherent sheaf.
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5. B.-admissible loci

5.1. Overview. In this section, we fix a family ¥ of rank-d representations of Galg
over an E-analytic space X, and we study the loci on X where ¥ is By-admissible
for various period rings Bsx. We have the following theorem:

Theorem 5.1.1. Let X and vV be as above, and let x € {HT, dR, st, cris}. Then there
is a closed subspace X la-b] . X such that for any E-finite Artin local ring B, a map
x:Sp(B)—> X factors through Xg [a bl if and only if the induced B-linear Galois
representation ¥y is By admtsszble wzth Hodge-Tate weights in the interval [a, b].

If the family 7 is Bx-admissible, then certainly for every morphism f : X' — X
the base change f*7 is Bx-admissible. We prove a converse theorem in two parts:

Theorem 5.1.2. Let X and ¥ be as above, and let x € {HT, dR, st, cris}. Suppose
that ¥y is Bx-admissible with Hodge—Tate weights in the interval [a, b] for every
morphism x : Sp(B) — X, where B is an E-finite Artin local ring.

(1) The sheaf @l{i (7) is a sheaf of projective Ox ®q, BSalK -modules of rank d.
(2) The formation of Qé{* () commutes with arbitrary base change on X.

In each case, we then use the base change property to finish proving that ¥ is a
B .-admissible family of Galois representations:

Theorem 5.1.3. Let X and ¥ be as above, and let x € {HT, dR, st, cris}. Suppose
that ¥y is Bx-admissible with Hodge—Tate weights in the interval [a, b] for every
morphism x : Sp(B) — X, where B is an E-finite Artin local ring. Then the natural

map PBx « ®ﬁ @BCK .@B (V) = Bx x Qoy V' is an isomorphism.

Remark 5.1.4. We do not know whether assuming that @K (7) is a sheaf of
projective Oy ®q, BS% _modules of rank d implies that the formatlon of QK (7)
commutes with base change. This is why our definition of B..- admlss1b1hty of a
family includes the condition that Xy « ® Galg @B (V) = Bx x Qoy ¥ is an
isomorphism.

If the natural base change morphism B ®, @l{i ) —> @l{i (¥ ®py B) were
injective for all morphisms Sp(B) — X, with B an E-finite Artin local ring, we
could deduce that ¥ is B.-admissible. However, the low-degree exact sequence
in Corollary 3.1.3 shows that there is an obstruction to such injectivity when
* € {HT, dR}, at least a priori.

Ox @B

When B, = Byt or B4r, we can prove finer results. Fix an interval [a, b],

and define b Gal
. alk
7P ) = ((ﬁx ®0, GBCK-t’) Doy 7/) ,

i=a

@(E‘é’b] (”V) = ((ﬁX ®Qp taBdR/tb) ®0X AI/)GalK‘
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We think of these coherent sheaves as sheaves of “periods in Hodge—Tate weight
[a,b]”. Fix an integer 0 < d’ <d.
Definition 5.1.5. A morphism f : X — X' is a Zariski-locally closed immersion if

there is a Zariski-open subspace U C X’ such that f factors through a Zariski-closed
immersion X — U.

Theorem 5.1.6. Let X and ¥ be as above, and let * € {HT, dR}. There is a Zariski-
locally closed immersion X][3 ’(}, < X such that x : Sp(B) — X factors through
B d’ if and only lfQBa ](”//x) is a free B®q, K-module ofrank d’, where B is an

E ﬁmte Artin local ring and ¥ == ¥V ®4 B. In fact, X][3 4= X][ga b<]d, N X][sa b>]d,,

where X}g <]d’ C X is Zariski-open and X][3 >]d’ — X is Zariski-closed.

In fact, the X ][3 ‘}, give a stratification of X, in the sense that X ][: b<] d—1 =
,b N/ b
Xp P ANXK and X = x50
Theorem 5.1.7. Let X and v be as above, and let x € {HT, dR}. Suppose that for
every E-finite artinian point x : A — B, the B ®q, K-module ﬁl[i’b](”f/x) is free of
rank d’, where 0 <d’ <d.

(1) @][;i’b] () is a rank-d’ locally free Ox ®@q,, K-module, and the (tk. @Slgg (v))Fx
are locally free Ox ®q, K-modules.

(2) The formation of @l[f*’b] (¥') commutes with arbitrary base change f : X' — X.

Ifd' =d, then:

3) 78, (1) = 7).

(4) The natural morphism

a“// : e%* ®ﬁx®QpK -9[1;(;(%) - f%* ®ﬁ){ /V
is an isomorphism.

Before we begin proving Theorems 5.1.1, 5.1.2, and 5.1.3 and their refinements,
we discuss some consequences.

First of all, the subspaces X ][;i’b] < X have strong functorial properties:

Corollary 5.1.8. Let X and ¥V be as above, and let [ : X' — X be a morphism of
rigid analytic spaces.

(1) f factors through X ][;i’b] ifand only if f*7V is Bx-admissible with Hodge—Tate
weights in the interval [a, b].
(2) The subspace X' E;Z;b] < X' is induced via base change from X l[f*’b] — X.

Proof. (1) By Theorems 5.1.1 and 5.1.2, f*¥ is B-admissible with Hodge—Tate
weights in the interval [a, b] if and only if x* f*¥ is B-admissible with Hodge—
Tate weights in the interval [a, b] for every E-finite Artin local point x : Sp(B) — X'.
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We may assume that X and X’ are affinoid, with X = Sp(A) and X’ = Sp(4’) for
E-affinoid algebras 4 and A’.

Suppose that Vs is B.-admissible with Hodge-Tate weights in [a, b]. Then,
for every maximal ideal m’ C A’ and every integer n > 0, the composition 4 —
A" — A’ /m" factors through Agf*’b]. In other words, if x € ker(4 — Agf;b]), then
f(x) em™ for all m" and all n. Since (), ,, m" = 0, we see that f(x) = 0.

Suppose conversely that f factors through A — Ag’*’b], and consider an E-finite
artinian point x : A’ — B’. By assumption, the composition A — A" — B’ factors
through 4 — Agtb], so the induced representation Vp/ is By-admissible with
Hodge—-Tate weights in [a, b]. Thus, V4 is Hodge-Tate.

(2) This follows from the first part, and from the universal property of fiber products
of rigid analytic spaces. |

Similarly, if * € {HT, dR}, the subspaces X [a ], are functorial for any 0 <d’ <d:

Corollary 5.1.9. Let X and ¥ be as above, and let f : X' — X be a morphism of
rigid analytic spaces.

(1) f factors through XB d’ if and only if Py [a d (f*¥)isalocally free Ox ®q, K-
module of rank d’.

(2) The subspace X' E;:bjl/ <> X' is induced via base change from X l[si,bd]/ — X.

The proof proceeds identically to the proof of Corollary 5.1.8.
We can also refine our conclusions about the structure of 91{{* ().

Corollary 5.1.10. Let ¥ be a family of Galois representations such that, for any
E-finite artinian point x : Sp(B) — X, the specialization V5 is Bx-admissible.
Then the vector bundle @é{* (7) is X -locally free.

Remark 5.1.11. The hypothesis on ¥ is phrased in terms of a pointwise condition
because this corollary is used in the proof of Theorem 5.1.3 when * € {st, cris}.

Proof. 1t suffices to show that, for any point x € X, the completed stalk @lf* )%
is a free ﬁ)’(\ « ®Q BGalK -module. Since ¥ is assumed to be B.-admissible, the
formation of _@ (”// ) commutes with arbitrary base change on X, and hence

. (N =1im I (V ®oy Ox x/mY).
n

But 925* (7 ®oy Ox,x/my) is afree Oy x /mi ®q, BS*X -module of rank d, again
by the B-admissibility of 7, and the transition maps are simply reduction modulo
m’2. Therefore, Z§ (V)3 is 0 . ®q, BS*X _free of rank d, as desired. O

If ¥ is Hodge—Tate (resp. de Rham), the graded pieces gr’ _@IfT (¥) (resp. the
submodules Fil’ 952(“/ )) need not be X-locally free as 0x ®¢, K-modules; an
example is given in [Breuil and Mézard 2002, Remarque 3.1.1.4]. However, we
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can use Theorem 5.1.1 to cut out the locus where Z4r (¥) is filtered by subbundles
and has specified Hodge polygon.

Definition 5.1.12. Let A be an E-affinoid algebra, and let D be an A-locally free
A ®q, K-module equipped with a separated exhaustive decreasing filtration Fil® D
by A-locally free subbundles. Let {ip < iy < --- < i} be the distinct i such that
gr' (D) # 0. The Hodge polygon Ap of D is the convex polygon in the plane with
leftmost endpoint (0,0) and rkyg,, k gr'/ (D) segments of horizontal distance 1
and slope i; for 0 < j < k. The Hodge number tg of D is the y-coordinate of the
rightmost point of Ap, i.e., 3, ij ‘1KA®q, K gri (D).

Corollary 5.1.13. Let ¥ be a rank-d family of Gal -representations, and let A be
a convex polygon in the plane with leftmost endpoint (0, 0) and rightmost endpoint
(d,ty) for some ty € Z. Then there is a closed immersion XBA* — X such that, for
any E-finite Artin local ring B, a map Sp(B) — X factors through XBA* if and only if
the induced B-linear Galois representatlon Vg is Bx-admissible and the Hodge
polygon of Dar (V) is A. In fact, X is a union of connected components of Xg la, b]

where a =iy and b =iy. If X = XA , then the Hodge polygon of Z4r(V) is A

Proof. We may assume that X = Xl[;l*’b]. For each i € [a, b], we have an exact
sequence of vector bundles

0 —> Fil' T'Dgr (7)) —> Fil' Dgr (¥) —> gr' Dgr (¥) —> 0.

These vector bundles have locally constant rank on X (though not necessarily
globally constant rank), and their formations commute with base change on X, by
Theorem 5.1.2, so we take the union of the connected components where gr' Dgg (¥)
has the correct dimension. O

We can also stratify the spaces X ][sa bl,, by the Hodge polygon, although we do

not get a decomposition into connected components, because we have no a priori
interpretation of the graded pieces of Z4r(?') when 7 is not de Rham.

Corollary 5.1.14. Let v be a rank-d family of Galg-representations, let d’ be
an integer 0 < d’ < d, and let A be a convex polygon in the plane with leftmost
endpoint (0,0) and rightmost endpoint (d’,ty) for some ty € Z. Then there is
a Zariski-locally closed immersion X Cﬁ{ — X such that, for any E ﬁmte Artin
local ring B, a map Sp(B)— X factors through X zf and only if Fil' D (VB) is
projective for all i and Dg‘f{b](VB) has Hodge polygon A, where a =i and b=ig.
If X = X(ﬁ{, then the Hodge polygon of @gﬁ’b](“//) is A.

Proof. Let ¢; be the x-coordinate of the right endpoint of the j-th segment of A
(where we count segments starting with 0), and, fori; <i <i;jy1,letd; = Z i=j Ce-
Then we are looking for the locus of E finite Artin points x : Sp(B) — X where for
alla <i <b,ifi; <i <ij1 thenD ](”//B) is a free B ®q, K-module of rank i.
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We use Theorem 5.1.6 to construct the desired locus. Indeed, for every i € [a, b],
Theorem 5.1.6 gives us a Zariski-open subspace X][; 0] g, and a Zariski-closed
[l,b] . . dR> =]
subspace X Bor.>d; such that the intersection

[i.,b] ._ yI[i.B] [i,b]
XBdR,di T XBdRafdi n XBdR,Zdi

represents the condition “D([fﬁb] (¥B) is free of rank d;”. Then we put

A . [i,b] [i,b]
Xir '_( ﬂ XBdRani) m( ﬂ XBdR:Zdi)'

i€la,b] i€[a,b]
The second claim follows similarly, by repeated application of Theorem 5.1.7. I

Remark 5.1.15. It is possible to define an ordering on Hodge polygons so that the
spaces X dAR yield a Zariski-stratification of X gﬁ’b]. This is done in [Shah 2013, §3].

We can also show that, when restricted to the category of B-admissible repre-
sentations, the functor @éi is well-behaved with respect to exact sequences, tensors,
and duals.

Corollary 5.1.16. (1) Let Repg* (Galg) be the category of B«-admissible families
of representations of Galg over X. Then g, : Repg* (Galg) — Proj O ®q, BEK
is exact ancé faithful, where Proj o ®q, BEK is the category of sheaves of prOJI?ective
Ox ®q, BYX _modules, and any quotient or subrepresentation of a B-admissible
family of representations is itself B-admissible.

(2) The subcategory Rep)]“)}* (Galg) is stable under formation of tensor products
and duals, and the functor ¥ +— @é{* (7)) commutes with these operations when

restricted to Repg* (Galg).

(3) If B« = Byr (resp. Bar), then the grading (resp. filtration) on @é(* (7) is also
exact and tensor compatible.

Proof. These statements all follow from the corresponding statements with artinian
coefficients, because for ¥ a B«-admissible family of representations of Galg, the
formation of .@]ﬁ (7)) commutes with arbitrary base change on X. Since @]f* (7)
is a finite Ox ®q, BSalK -module, we can check isomorphisms on thickenings of
closed points of X. O

Finally, we can use the existence of the closed subspace X ][f*’b] < X to deduce
B..-admissibility on a Zariski-open neighborhood of x € X from B,-admissibility
on infinitesimal neighborhoods of x.

Corollary 5.1.17. Let V be a continuous Ox-linear representation of Galg as
above, and suppose x € X is a point such that V ® gy, Ox x /W’ is By-admissible
with Hodge—Tate weights in [a, b] for all n > 0. Then there is a Zariski-open neigh-
borhood U of x such that V |y is B«-admissible with Hodge—Tate weights in [a, b].
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Proof. We may assume that X = Sp(A) for some FE-affinoid algebra A, so
that Xy [a’b] =S (A[a’b]) for some quotient A — A[a’b] The assumption on the
1nﬁn1te51mal nelghborhoods of x implies that the natural map A — A} factors
through A[a’ 1. This implies that the complete local rings of A and A[a bl 4

m, are the same, which in turn implies that Sp(A[ ) contains an Zarlskl -open
neighborhood of x. O

Remark 5.1.18. In fact, since Xy [a:b] i5 a closed subspace containing an admissible
open neighborhood of x, if X = Sp(A) for some E'-affinoid algebra A, then Xg [a b]
contains all irreducible components of Sp(A) passing through x.

5.2. Hodge-Tate and de Rham loci. As above, we let X be a quasiseparated E-
analytic space and we let ¥ be a finite locally free &y -module of rank d, equipped
with a continuous O -linear action of Galg.

In order to construct quotients Oy — ﬁ ta.p] and Ox —> ﬁ [a.0) for Theorem 5.1.1
for B« = Byr or Bgr, we work locally (};n X and construct a suitable coherent
ideal sheaf. Similarly, we work locally on X to construct the Zariski-locally closed
immersions XI[{aT’Z]/ <— X and X(EQR”? < X required by Theorem 5.1.6.

In order to prove Theorems 5.1.2 and 5.1.7 for B, = Byt and By« = Bgg, it
likewise suffices to work locally on X. Thus, we may reduce to the case where
X =Sp(A) for A an E-affinoid algebra and V :=TI"(X, ¥) is a finite free A-module
of rank d equipped with a continuous A-linear action of Galg which admits a free
Galg-stable <7-lattice V) for some formal 0 g-model <7 of A.

Before we begin, we prove a useful lemma.

Lemma 5.2.1. Let R be an Artin ring, let M be a free R-module of rank r equipped
with an endomorphism T : M — M, and suppose that

0—>M’—>ML>M—>M”—>O

is exact. Then M’ is free of rank d over R if and only if M is

Proof. Since R is an Artin ring, it is semilocal. The assertions “M’ is free of rank
d” and “M" is free of rank d” can each be checked by passing to local factors
of R, so we may assume that R is a local ring with maximal ideal m.

It suffices to show that for an exact sequence 0 — M’ — M —> N — 0 of
R-modules (with M free of rank r), M’ is free of rank d if and only if N is free
of rank r — d.

If N is free of rank r —d, it is projective, so the exact sequence splits and M’ is
free of rank d (as R is local).

Conversely, suppose that M is free of rank d. We will prove that M/ M’ is free
of rank r —d by induction on d. If d = 0, there is nothing to prove. So suppose
that M’ is free of rank d, and suppose we know the result for submodules of rank
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d — 1. Choose bases {e1,...,eq} and { f1,..., fr} for M’ and M, respectively,
and consider the image a; f1 + - -- + ar fr of e;. At least one of the g; is a unit in
R, because otherwise, by injectivity of M’ — M, the element ¢; € M’ would be
killed by anng(m) # 0 (which is impossible, as e; is part of a basis of M”). Thus,
without loss of generality, we assume that a; is a unit. Then {eq, f2,..., fr}is a
basis of M, and

0— M'/{e1) —> M/{e;) — N — 0

is exact, so by the inductive hypothesis N is free of rank (r —1)—(d —1)=r—d. O

5.2.1. Hodge-Tate locus. Let L /K be a finite extension such that Galy, acts trivially
on Vo /12pVy. Then for n > 0, DSLC’;(V) is finite free of rank d over A ®q, L, and
carries a linear action of I'z,, . If necessary, we increase n so that I'z,, is procyclic,
with topological generator y. Moreover, the formation of DSen(V) commutes with
arbitrary E-affinoid base change on 4 and (DL” (V)en = (Cxk @ A)®4 V)01,

Sen
As a consequence,

I'r,=1
Dlﬁ% (V) = (@t Sen(V)) :
k

Recall that we have defined DK [4b] 17y to be (DPicran DL (V)1 )

Theorem 5.2.2. Let V be as above. Then, for every 0 < d’' < d, there is a
Zariski-locally closed immersion X}[IT d]/ — X such that, for any E ﬁmte Artin
local ring B and Vg :=V ®4 B, x : Sp(B) — X factors through XI[{T & if and
only szK a, b](VB) is a free B ®q, K-module of rank d'. In fact, XIEIT%], =
X[‘fr <]d/ N XI[{Tbid,, where XI[{T]L]d, C X is Zariski-open and XI[{Tl;]d/ — X is
Zariski-closed. If d' = d, there is a quotient A —» AI[{Tb] such that an E-finite
artinian point x : A — B factors through A[a d if and only if Vp is Hodge—Tate

with Hodge—Tate weights in the interval [a, b]

Proof. First, we note that because Dﬁ%(V) L,® D (V), it is enough consider
Vp as a representation of Galy,, .
Next let M = @f’ a Dée’;(V) -t'. We note that HO(T.,, M ®4 B) is free over

B ®q, Ln of rank d’ if and only if HI(FL”, M ®4 B) is, because the continuous
I'z,,-cohomology of M ®4 B is computed by the complex

-1
O—>M®ABy—>M®AB—>O,

and we can apply Lemma 5.2.1. Further, the formation of H! commutes with
arbitrary base change on A, by Corollary 3.1.3. Since H!(I'z,, M) is a coherent
A ®q, Ln-module and

—1
M®4B->M®4B—H T, .M®4B)—0
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is a finite presentation of H! (I'z,,» M ®4 B), it follows that

T=y—1
M—"s M —HT, M)—0

is a finite presentation of H!(T',,, M).

We use the theory of Fitting ideals to cut out the locus where H! (I'z,,. M ®4 B)
is free of rank d’ over B ®q, Ln. By Proposition 20.8 of [Eisenbud 1995],
HY(T.,, M ®4 B) is projective of rank d’ over B ®q, Ln if and only if

Fitty (H'(T'L,,, M ®4 B)) = B®q, Ln and Fittyr—(H'(I'z,, M ®4 B)) =0.

The latter is a closed condition defined by the (d’ — 1) x (d’ — 1)-minors of 7. The
former is a Zariski-open condition defined by inverting the d’ x d’-minors of T .

If d’ = d, we claim the open condition can be ignored on the complement of the
zero locus of ideal generated by the (d — 1) x (d — 1)-minors of T. First, we note
that Fitt; (H'(Tz,,. M ®4 B)) = B ®q, Ly if and only if H'(T'z,,, M ®4 B) can
be generated by d elements, by [Eisenbud 1995, Proposition 20.6]. More precisely,
B ®q, Ly is a semilocal ring, while that proposition applies to modules over local
rings. But HY(I'.,, M ®4 B) can be generated by d elements over B ®q, Ln
if and only if the same is true after passing to idempotent factors of B ®q, Ly.
Similarly, since the formation of Fitting ideals commutes with base change, we can
check that Fitty (HY (T, M ®4 B)) = (1) after passing to idempotent factors of
B ®Qp L,.

Moreover, the formation of H! (I'z,,» M ®4 B) commutes with base change on B,
so by Nakayama’s lemma H!(T'z,,, M ®4 B) can be generated by lifts of generators
of HY(T'.,,, M ® 4 B/mp). But if the Fitting ideal Fitty_; (H (I'z,, M ®4 B/mp))
vanishes, then H!(T'z,,, M ® 4 B/mp) cannot be generated by d — 1 elements at any
point of B/mp ®q, Ln. Therefore, the Qp-dimension of HO(I’Ln, M ®4 B/mp)
(which is the same as the Qp,-dimension of Hl(FLn,M ®4 B/mp)) is at least
d-dimg, B-dimg, L. But then the formalism of admissible representations implies
that the Q,-dimension of H(I'z,,, M ®4 B/mp) is exactly d -dimq,, B-dimg, Ly,
and Proposition 4.1.3 implies that HO(FLH, M ®4 B/mp) is afree B/mp ®q, Ln-
module of rank d, so H(T'.,,, M ®4 B/mp) is as well, by Lemma 5.2.1. Clearly
this implies that H!(I'.,,, M ®4 B/mp) can be generated by d elements.

Thus, the condition that Vp be Hodge—Tate with Hodge—Tate weights in the
appropriate range is cut out by the (d — 1) X (d — 1)-minors of 7. Since T has
coefficients in A ®q, L, and E ®q,, Ly is finite free over £, we obtain the quotient
of A we sought. O

We turn to the converse question:



418 Rebecca Bellovin

Theorem 5.2.3. Let V be as above. Assume that, for every E-finite artinian point
x:A— B, the B®q, K-module DK a.b (Vx) is free of rank d', where 0 < d’ <d.

(1) DK :[a.b] (V) is a rank-d" locally free A®q, K-module, and the (tk. pXn (V)Fx

Sen
are locally free A-modules.

(2) the formation of DK la. b](V) commutes with arbitrary base change f : A — A’
Ifd' =d, then:

3) D (V)= (@2=a t*.D Sen(V))FK and the formation ofD (V) commutes
wzth arbitrary base change f : A — A'.

(4) The natural map ay : (A ® Byr) ®4®q, K DHT(V) (A® Bur) ®4 V is
a Galois-equivariant isomorphism of graded A ® Byr-modules, and so V. is
Hodge-Tate.

Proof. It is enough to cons1der Vasa representatlon of Galy,,, since DHT (V)
Ly, ® D (V). Since DSCH(V) = (DSCH(V))HK the decomposition of D T(V)
follows from the decomposition of DﬁT V).

We will use the base change spectral sequence of Theorem 3.1.1 for the continu-
ous I'z, -cohomology of M := @f’ Sen(V) N

By assumption, H'(T',,, M ®4 B) is a free B ®q, Ln-module of the same
rank as H*(I',,, M ®4 B). Since M is A-finite, Corollary 3.1.3 implies that the
formation of H! (I'z,,» M) commutes with base change A — B. It follows that
H! (I'z,,» M) is a projective A-module and Torfp (H! (Tr,. M), A") vanishes for
all homomorphisms f : 4 — A" and all p < 0.

But if we consider the low-degree exact sequence of Corollary 3.1.3, the vanishing
of the Tor terms shows that formation of H(T'z,, M) commutes with arbitrary
base change A — A’, and in particular with the base change x : A — B. Thus,

FLn
MTin c DER(V) = (EB DI (V)1 )

i€eZ

is a locally free A ®q, Ln-module of rank d’. This proves the first two parts.

Now we assume that d’ = d. We claim that M TZn = Dﬁ%(V) Suppose to the
contrary that there is some nonzero y € (DL" (V)-t))TLn for some i ¢ [0, h]. Then
there is some E -finite artinian point x A — B such that y is nonzero in DSLen(Vx) th.
But M, Tin Dﬁ%(Vx) because M, Tin DL” (Vx) and the L,-dimensions of the
two sides agree, contradicting the assumed I'f,-invariance of y.

Let f: A— A’ be a morphism of E-affinoid algebras. We have already seen that
the formation of H®(T'z,,, M) commutes with arbitrary affinoid base change on 4, so
HO(TL,, M®4A) = HO(FLn,M)®A A DR (V@4 A)=HOT,,, M ®4A)),
we are done. But for any E-finite artinian point x : A” — B’, the induced B’-linear
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representation (x o f)*V is Hodge-Tate with Hodge—Tate welghts in [a b]. Then
we have just seen that DL" (VesqA)= (@k —a k. Dé(e’:l(V RqA )) , as desired.

Finally, we show that (A ® Byr) QU®q, K DHT(V) (AQBur) ®4 V is a
Galois-equivariant isomorphism. Since the natural map

(A® CK) ®a@q, L, D5i(V) > (AR Ck) @4V

is a Galois-equivariant isomorphism, it suffices to show that the natural map

- Lﬂ
(A®q, Lalt.1™"]) ®aeq, L, D (V) — @D (V)1
i1€EL
is a Galois-equivariant isomorphism of graded 4 ®q, L-modules. We may further
reduce to checking that the natural map

gri ((A ®Qp L” [t’ r ]) ®A®Qp L, HT(V)) - DSCH(V) Z

is a Galois-equivariant isomorphism of 4 ®q, L,-modules for all ;.

Now we have a map of A-finite modules, so it suffices to check our desired
isomorphism modulo powers of maximal ideals of A. But when A is an E-finite
Artin ring, this follows from the formalism of admissible representations, so we
are done. O

5.2.2. de Rham locus. To treat the de Rham case, we work with D gt (V) instead
of DL” t (V). Recall that we have defined

DXLy = (A @q, 1*Bar/1?) @4 V)TK = (*DET (v) /P DE* (v))Tx.

Theorem 5.2.4. Let V be as above. Then, for every 0 < d' < d, there is a Zariski-
locally closed immersion X La, d,] < X such that, for any E -finite Artin local ring B
and Vg :=V®uB, x: Sp(B) — X factors through X(ER ¢ ifand only lfDK a. b](V)
is a free B ®q, K-module of rank d’. In fact,

la,b] _ v [a,b] [a,b]
XdR d — XdR <d XdR >d”

where X [R’ <]d, CXis Zarzskl lJ)en and X (Eﬁ”l;]d, — X is Zariski-closed. If d’ =
there is a quotient A —> A such that an E-finite artinian point x : A — B
factors through A[a’ if and only if VB is de Rham with Hodge—Tate weights in the
interval [a, b).

Proof. Because D R (V)=L,®k D({%(V), it is enough to cut out the locus where
Vp is de Rham as a representation of Galy,, (with weights in the appropriate range).
Then the proof of Theorem 5.2.2 carries over verbatim with M redefined as M =
taDi? (V)/t?, and we obtain the desired result. O

Now we treat the converse question:
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Theorem 5.2.5. Let V be as above. Assume that for every E-finite artinian point
x:A— B the B®q, K-module DK a,b (Vx) is free of rank d’, where 0 < d’ < d.

(1) DK’[a’b](V) is a locally free A ®q,, K-module of rank d’.
(2) The formation of DK [a.2] (V') commutes with arbitrary base change f:A— A’.
Ifd' =d, then:

3) D r(V) = K [a.b] , and the formation of Dgz(V) commutes with arbitrary
base change f A— A

(4) The natural map oy : (A Q Bgr) R4®q, K DdR(V) — (AQBGR) ®4 V is
a Galois-equivariant isomorphism of graded A ® Bar-modules, and so V
is de Rham.

Proof. It is enough to consider V' as a representation of Galy,,, since D an V)=
L, ®k DdR(V) Then, by the same arguments as in the proof of Theorem 5.2.3
applied with M = t“Dg‘nZ” (V)/t®, we see that ML is a locally free A ®q, Ln-
module of rank d’.

Now we assume d’ = d. We claim that M TZn = DL"’ (V) L” 2 (V). Since
V' is Hodge-Tate with Hodge-Tate weights in [0, h] (tkDSen(V))FLn = 0 for
k & [0, h]. Moreover, Hl(FLn,tk L" 2 (V ®4 B)) = 0 for any artinian point
A— B and k €[0,h], so Hl(an,rk DL (V)) = 0 for k ¢ [0,h]. Then for

any k > h, the long exact sequence associated to the short exact sequence of
I'z,,,-modules

0— F. DI (v) — Dirt () DIt (v) ik — 0

shows that (Dfif’ (V) /et (Dggf’ (V)/t*)TLn is an isomorphism. It
follows that

D5t (V)T = limD5* (V) /)T = 5t (v) /T,
k

Let f: A — A’ be a morphism of E-affinoid algebras. Then we have seen
that the formation of H®(I',, , M) commutes w1th arbitrary base change on A4, so
HO(TL,, M ®4A") —HO(FLn,M)®AA/ IfD (V@4 A)=H'TL,, M®44'),
we are done.

But, for any E-finite artinian point x : A" — B’, the induced B’-linear represen-
tation (x o f)*V is de Rham with Hodge-Tate weights in [a, b]. Then we have just
seen that

D (V@4 A) =Dyt (V@ )/ttt
as desired.

Finally, we show that V' is de Rham. Recall that the natural map
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is a Galois-equivariant isomorphism respecting the filtration on each side. Therefore,
it suffices to show that the natural map

Fi]O((A & La((1)) ®A4®q, Ln DdL}{“'"(V)) N Déf’-'_(V)

is a Galois-equivariant isomorphism respecting the filtrations. For this, it further
suffices to show that, for every k > 0, the natural map

Fil’((A® La((1) ®4gq, L, D>t (V) /1% - DIwt(v)/ik

is a Galois-equivariant isomorphism respecting the filtrations.

Now we have a morphism of A-finite modules, so it suffices to check this modulo
every power of every maximal ideal of A. But when A is an E-finite Artin ring,
this follows from the formalism of admissible representations, so we are done. []

5.3. Semistable and crystalline loci. We will produce similar quotients of A para-
metrizing the semistable and crystalline loci. However, our method of proof, which
follows the argument in [Berger and Colmez 2008], is quite different. Instead of
using cohomology and base change arguments, we will prove that “de Rham implies
uniformly potentially semistable”, and then deduce our desired results.

5.3.1. Uniform potential semistability. Suppose that A = Q, and p : Galg —
GL(V) is a de Rham representation of Galg. Then there is a finite extension L/K
such that p|ga, is a semistable representation. This is known as the p-adic local
monodromy theorem, and it follows from a theorem of Berger, combined with
Crew’s conjecture, which was proved separately by André [2002], Mebkhout [2002],
and Kedlaya [2004]. Berger [2002] then associated to any de Rham p-adic Galois
representation a p-adic differential equation and characterized semistability of the
representation in terms of unipotence of the associated differential equation. Crew’s
conjecture states that any p-adic differential equation becomes semistable over a
finite extension.

Neither Berger’s construction nor Crew’s conjecture work naively when A is an
affinoid algebra, so we cannot proceed directly. However, both pieces are known
when the coefficients are a general complete discretely valued field with perfect
residue field of characteristic p > 0.

The version of the p-adic monodromy theorem we need is the following:

Theorem 5.3.1 [Berger and Colmez 2008, Corollaire 6.2.5]. Let B be a complete
discretely valued field with perfect residue field of characteristic p > 0, and let V
be a B-representation of Galg of dimension d which is de Rham. Then there is a
finite extension L /K such that the B ® (A);r—module ((B®By) ®p V)L is free of
rank d and the map

L®L,(B&By) ®p V)t — (B&®Bg)®p V)*
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is an isomorphism.

We return to our general setup. Let A be an E-affinoid algebra, and let V be a
finite free A-module equipped with a continuous A-linear action of Galg. We will
embed A isometrically into a finite product B = [[; B; of Artin local rings B;, and
apply Theorem 5.3.1to V ®4 B.

However, we need to be able to compare the semistability of V' (an A-linear
representation of Galg) and the semistability of Vp = ]_[;=1 VB, (as a B-linear
representation of Galg).

Recall that we defined B to be B;"_[log([7])] rather than the usual semistable

max A
period ring. We further define B ! 0 be @f‘lzo B log([7])!, so that B s the
kernel of N**1 on B:{ (here N is the monodromy operator).
Further, by Remark A.1.5, there is an isomorphism of K-Fréchet spaces B;& =

Ck [[T] which defines compatible isomorphisms

B = Ck(T) and B} = Cg(T)[log(1+ T)]

max
(as well as BJ" = @@l Cx(T) log(1 4 T))).

Proposition 5.3.2. Let A be an E-affinoid algebra, and let x : A — B be a closed
embedding of Banach algebras. Then ifa € A® B(—g{ and x(a) € BR (L ®Lo B:{’h),
a is actually in A® (L ®Lo B:{’h).

This follows as in [Berger and Colmez 2008, Lemme 6.3.1].
Combined with the p-adic local monodromy theorem, we have the following:

Theorem 5.3.3. Let A be an E-affinoid algebra, V an A-linear representation of
Galg on a finite free A-module of rank d, and [a, b] an interval such that Vy is
a de Rham representation of Galg with Hodge-Tate weights in [a, b] for every
E -finite artinian point x of A. Then V is potentially semistable: there is a finite
Galois extension L /K such that the A ®q, Lo-module DSLt (V) is locally free of
rank d and

(A®q, L) ®4gq, Lo DE(V) =DEL(V).

In addition, for any homomorphism of E-affinoid algebras A — A’, the natural
map A’ ® 4 Dg;(V) — DSLt(V ®4 A) is an isomorphism.

When A is reduced, this is [Berger and Colmez 2008, Théoréme 6.3.2].

Proof. We first apply Lemma 2.1.2 to find a closed embedding A — [[; B; into
a finite product of Artin rings. Here B; is an E;-finite algebra, where E; is a
complete discretely valued field with perfect residue field of characteristic p (and
B; is topologized as a finite-dimensional E;-vector space).

Now we can apply the p-adic monodromy theorem to the representations V3, ,
because each of them can be viewed as a finite-dimensional E;-representation. In



p-adic Hodge theory in rigid analytic families 423
other words, there is a finite extension L /K such that for each i the natural map
L ®L, ((Bi ® By) ®p, VB,)' — ((Bi ® Br) ®5, Vr,)'"

is an isomorphism. Theorem 5.3.1 only produces an isomorphism of E; ®q,, L-
modules, but the natural map respects the B;-linear structure on each side, and
there is no kernel or cokernel (because it is an isomorphism of E; ®¢q,, L-modules),
so it is actually an isomorphism of underlying B; ®¢q, L-modules.

But we know by Theorem 5.1.2 applied to B« = Bgr that D r(V) is a locally
free A ®q, L-module of rank d. We have an injective map

DL (V) = (B®Bgwr) ®4 V)L

with B = [] B;, and, for y € DL (V), we can write y = Z;—l y; ® v; with
vy €A ®BdR and {v; } an A-basis for V. By the isomorphism above, each of the y;
liesin B® (L ®1,Bst). Then by Proposition 5.3.2, each lies in A ® (L®LyBst), so

DL (V) = (AB (L ®1,By) ®4 V) = Lo, DE(V),

and hence DL(V) is locally free of rank d over A ®Qp Lo.
For the last part, consider the natural map A’ ® (V) — D (V4 A). We
can extend scalars from A’ ®q, Lo to A’ ®q, L to get a map

(A, ®Qp L) ®A/®Qp Lo (A/ ®4 DsI;(V)) — (A/ ®Qp L) ®A’®Qp Lo (Dsl{(V &® 4 A/))

| !

A @4 DEV) DE(V &4 4)

Since A’ ®q, Lo — A’ ®q,, L is a faithfully flat extension and
A’ ®a D(IfR(V) = D<IfR(V ®44)
is an isomorphism, our map must have been an isomorphism to begin with. O

5.3.2. Semistability and crystallinity. We will use uniform potentlal semistability
of families of de Rham representations to define quotients A[ bl [a 51 and
A[a bl AE‘;5 ] cutting out the semistable and crystalline loci in Sp(A), respectively.

Note that if I becomes semistable over L, then we get a representation p of the in-
ertia group I,/ g CGaly /g on D DL & (V), alocally free A®q, Lo-module of rank d. If
A=Q,, pis trivial precisely When V is semistable as a representation of Gal K This
is because Lo K /K is an unramified extension, and DLOK(V) Lo ®k, Dy K.
Thus, although the Galois group Galy /g acts semilinearly on D (V) over Lo, only

the Lo-linear action of /7 ;g matters for checking sermstablhty.

— Aj



424 Rebecca Bellovin

Lemma 5.3.4. Let B be an E-finite Artin local ring, with maximal ideal m and
residue field k, so that we may view B as a k-algebra. Let V' be a free B-module of
rank d , equipped with a B-linear action of a finite group G. Then V' is isomorphic
as a representation of G to (V ®p k) ®y B. In particular, TtV =Tr(V Qp k).

Proof. This follows from the fact that H (G, m @4 ad(V ®f k)) = 0 for i > 0,
since G is finite and the coefficients are a characteristic-0 vector space. O

Proposition 5.3.5. Let A be an E-affinoid algebra such that Sp(A) is connected.
Let V be a free A-module of rank d, and let G be a finite group. Let p: G — GL(V)
be a representation of G on V. Then for any closed points x1 and x, of X, there
are finite étale extensions i1 : k(x1) < E’, iz : k(x2) < E' such that pyx, ®;i, E’
and px, ®i, E" are isomorphic as E’-valued representations of G.

Proof. Fix an algebraic closure E/E. There are only finitely many isomorphism
classes of d-dimensional representations of G over E, call them OP1s -« Pks> SO
there is some subfield F C (Tp, finite over Q,, such that they are all defined over F.

Now consider A’ := A ® g F and the representation pg’ : G — GL(Vy4/). The
conditions Tr(p) = Tr(p;) each define pairwise disjoint closed subspaces of X g
whose set-theoretic union is all of X . Therefore they are all open, as well, and
the function Tr(p) is constant on connected components of X r.

Now let X’ be any connected component of X g. It is finite étale over X, and,
in particular, the map X’ — X is surjective. This gives the desired result. O

In the situation of interest to us, Lemma 5.3.4 and Proposition 5.3.5 have the
following consequence:

Theorem 5.3.6. Let V be a de Rham representation of Galg on a projective
A-module of rank d, and let L/ K be the finite Galois extension provided by
Theorem 5.3.3. Let T : I, )k — GLg4 (E) be a representation of the inertia group of
L/K. There is a quotient A —> Agr,g such that an E-finite artinian point x : A — B
factors through Agr,g if and only if the representation of Ik on DSLt(Vx) is
equivalent to t. In particular, there is a quotient A — Ag corresponding to T being
the trivial representation.

Remark 5.3.7. Since there are only finitely many isomorphism classes of repre-
sentations 7 : I1 /g — GLg4 (E), Sp(Agr,¢) is a union of connected components
of Sp(A).

Corollary 5.3.8. Let A and V be as above. If for every E-finite artinian point

x : A — B, Vi is semistable with Hodge—Tate weights in a fixed interval [a, b], then
D§(V) is a locally free A ®q, Ko-module of rank d.

Proof. The assumptions imply that for every E-finite artinian point x : A — B, V
is de Rham with Hodge-Tate weights in the interval [a, b]. Then, by Theorem 5.1.2
applied to B, = Bggr, V is a de Rham representation.
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Let L be the finite Galois extension provided by Theorem 5.3.3. Then the
assumption on artinian points implies that A — Ay is the identity map. For every
closed point x € X and every n > 0,

DL(V @4 A/m) = Lo ®k, DX (V @4 A/m?),

and, in particular, every element v € D (V) is fixedby g € I )k modulo all m”.
But then v is actually fixed by all g € Ik, s0 Iy K acts tr1V1ally on D (V) We
can then write D (V) =(4®q, Lo) Q4®q, Ko Dyt K, so D . (V) is a locally
free A ®q, Ko- rnodule of rank d. O

Corollary 5.3.9. Let A and V be as above. If for every E-finite artinian point
x : A — B, Vy is semistable with Hodge—Tate weights in a fixed interval |a, b],
then the natural map (A ® B};g)[l/t] ®aek, Dst(V) — (4 ® Df;g)(V)[l/l] is an
isomorphism.

Proof. Since there is some s, such that Dy (V) = (D;L’;"K(V)[l/t])r, we are
reduced to showing that

(ARB)[1/1] ®agk, Du(V) — DL (V)[1/1]

is an isomorphism.

The left and right sides are each coherent modules over 4 & B;L’;”’K[l /t] =
A® B:rlgs’f( [log([7]), 1/¢], and the homomorphism respects the grading given by
powers of log([7r]). We are thus further reduced to considering homomorphisms of
coherent modules over A & Bri’gs”f([l /t], which is the ring of global sections of a
quasi-Stein space. The quasi-Stein space in question is the product of Sp(A4) with a
half-open annulus (associated to Bj iz, %) minus the divisor of #, which we denote Y.

Since every point of Sp(A) x Y sits over a point of Sp(A), to prove surjectivity
of the desired map, it suffices to check on artinian thickenings of closed points
of Sp(A4). But this holds by [Berger 2002, Proposition 3.7]. Furthermore, since
D;L;”K(V)[l /t] is finite projective, we may check injectivity on points, as well, and
this again follows from the same theorem. O
Corollary 5.3.10. Let A and V be as above. If for every E-finite artinian point
x : A — B, Vy is semistable with Hodge—Tate weights in a fixed interval [a, b],
then the natural map (A ® firog)[l/t] Raek, Dst(V) = (A® ﬁlog)[l/t] ®qV is

an isomorphism.

Proof Since (A&B,.)[1/1]® adnl,, D} (V)= (A®BL)[1/1]84V, it suffices
to show that the natural map

(A®B] )[1/1] ®aek, Du(V) > DL ((V[1/1]

is an isomorphism, and follows from Corollary 5.3.9 O
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Corollary 5.3.11. Let A and V be as above. If for every E-finite artinian point
x : A — B, Vy is semistable with Hodge—Tate weights in a fixed interval [a, b], then
the natural map (A ® By) ®40K, Dst(V) — (4 ® Bg) @4V is an isomorphism.

Proof. We first show that the natural morphism

(A®B)[1/1] ®agk, Du(V) = (AR BI)[1/1] @4V

if an isomorphism. Injectivity follows from Corollary 5.3.10, since A ® Bl'g e AR
B, is injective and Dy (V') is flat. For surjectivity, we choose bases {v;} and {w; }
of ¥V and Dg(V), respectively (since Dy (V') is A-locally free, we may assume that
both V and Dy (V) are free). Let M € Maty,4(A ® ﬁlog[l/t]) be the matrix
whose j-th column is the coordinates of w; with respect to {v;}, and let P €
GL(4 ®q, Ko) be the matrix of Frobenius on Dy (V) with respect to {w; }. As in
the proof of Proposition 4.2.16, M and P satisfy the relation M P = ¢(M), so, by
Corollary 4.2.14, M € GL4(A & By [1/1]).

Finally, since B;"

log[1 /t] C By, we may extend scalars to see that

(A ® Bst) ®A®Ko Dst(V) - (A ® Bst) ®4 Vv
is an isomorphism. |

Remark 5.3.12. A similar isomorphism is proved in [Hartl and Hellmann 2013],
using a different sheaf of semistable period rings.

Corollary 5.3.13. Suppose V is semistable with Hodge—Tate weights in the interval
[a,b],and let f : A— A’ be a homomorphism of E-affinoid algebras. Then V @4 A’
is semistable with Hodge—Tate weights in the interval [a, b].

To handle crystalline representations, we note that Dis(V) = Dst(V)N =0 Then
the results below follow easily:

Theorem 5.3.14. Let A be an E-affinoid algebra, and let V be a free A-module of
rank d equipped with a continuous A-linea[r a]ction of Galg. Let [a, b] be a finite
a,b
cris

if and only if Vi is crystalline with Hodge—Tate

interval. Then there is a quotient A —» A
x : A — B factors through AE‘:i’sb]
weights in the interval [a, b).

Theorem 5.3.15. Let A be an E-affinoid algebra, and let V be a free A-module
of rank d equipped with a continuous A-linear action of Galg. Suppose that for

such that an E-finite Artin point

every E-finite artinian point x : A — B the representation Vy is crystalline with
Hodge-Tate weights in an interval [a, b]. Then D¢is(V') is a locally free A ®q,, Ko-
module of rank d , the formation of D¢is(V) commutes with base change on A, and
the natural homomorphism

(A ® Bmax) RA®K, Dst(V) — (A ® Bmax) 4V

is an isomorphism.
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Appendix: Rings of p-adic Hodge theory

Most of the definitions and properties of the rings we use are given in [Berger 2002],
and we refer to it freely. However, we describe the construction and topologies
of the period rings Byr, Bgr, B, and B, with some care so that we can define
sheaves of period rings in Section A.2.

A.1. Period rings. Let V be a finite-dimensional Q,-vector space equipped with
a continuous Qp-linear action of Galg, for some finite extension K/Qp. Then for
any period ring B listed above, we define DK (V) := (B« Q®q, V)G3& | For every
choice of By, B(,,:’ is a field; we say that V' is B* -admissible if dim UK DB V)=
dimg, V.

Remark A.1.1. There is a general formalism of period rings developed in [Fontaine
1994, §1]. However, because of issues related to the topologies on various rings,
it is not clear to us that this formalism generalizes in any meaningful way to the
study of arithmetic families of Galois representations. Thus, we content ourselves
with giving a list of period rings of interest to us.

The ring Bur. We define Byr to be the polynomial ring Cpl[t, ¢ !]. This ring is
graded by powers of 7. For any K/Q,, the Galois group Galg acts on Byr via the
natural action on C, and via g -t = y(g)t.

The ring Bqr. The construction of Byg is more complicated. Recall the existence of
a Galois-equivariant map 6 : BJr — Cg characterized by G(Z ) > c(o)
It is continuous with respect to the weak topology on B and the p-adic topology
on Cg, and its kernel is the principal ideal generated by [p] — p. Then B J4r 18 by
definition lim BF / ker(9)".

We are grateful to Laurent Berger for providing the following definition of the
topology on B;i Since 6 is Galois-equivariant, the Galois action on B+ induces
a Galois action on B;% We want to topologize the quotients B,:=B / ker(9)"
so that this action is continuous. We could make Bh into a p-adic Banach space
with unit ball Aj, := At / ker(6)" N A, but then the action of Galois would not be
obviously continuous, so instead we try to use the weak topology, i.e., the topology
on the image of At generated by the images of the Uy . For n > h, though,

(51" = () - p)+ p)" = () - p) + P)"([B] = p) + p)" " € pAs.

In particular, this shows that p;‘h is an open ideal.

A priori, the p-adic topology on Kh has more open sets than the weak topology
does. But we have just shown that every open set of the p-adic topology is actually
open in the weak topology, so the two topologies must be the same. In particular,
the weak topology on Kh is Hausdorff and complete.
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The upshot is that B = Ul>0 p ’Ah has a natural structure of a p-adic Banach
space with unit ball Ah, so B 4r has a natural structure of a p-adic Fréchet space.

The ring Biax. We will use the ring By« to study crystalline representations, rather
than B, because the topology on By« is much nicer.

Remark A.1.2. There is a closely related ring B, defined as N, ¢" (B
(M, ©" (Beris); Bmax and Bng[l /t] define the same functor from the category of
Qp-representations to the category of filtered Ko-isocrystals. However, we prefer

T . o=t )
to work with B, because it is a Banach space, while B, is a Fréchet space.

rig® max)

The ring Bg. After we choose a value for log(p), the power series defining
log(7 @) + log([7]/7®) converges in B;%. We let By := Bpax[log[7]] and
log(p) =0.

Remark A.1.3. This is not the standard definition of By, but it is the usage of
[Berger 2002] and [Berger and Colmez 2008]. It defines the same functor on
representations of Galg as the usual By, because B.;s and Bp,,x define the same
functor. If we define ﬁlog = Erig [log[r]], then ﬁlog defines the same functor as well.

Remark A.1.4. We have defined By as a subring of Bgr in terms of a choice of a
branch of the p-adic logarithm. A different choice would lead to a different subring.
It is also possible to define By intrinsically as an abstract ring and use the choice
of a p-adic logarithm to define an embedding of By in Bgr. This approach makes
clear that By -admissibility of a representation does not depend on any choices. We
have not taken this approach here; for details about the construction of the usual
B, as an extension of B.ys; see [Brinon and Conrad 2009, §9.2].

Remark A.1.5. Let L/K be a finite extension. Then we obtain a map
L®L, B mdx - B;i

by extending the inclusion Br'rtax — BJr by L-linearity. Then Colmez [2002,
Proposition 7.14] has shown that this map is an injection. In the course of the proof,
he showed that it is possible to write down an isomorphism of K-Fréchet spaces
Bg} = Ck[t] so that L ®p,, ngax is carried isomorphically to the Banach space

Ck(T)and L ®p,, B} o 1s carried isomorphically to Cg (7T")[log(1 + T')]. Note that
these are isomorphisms as vector spaces, not as rings!

A.2. Sheaves of period rings. As we wish to study p-adic families of Galois
representations, we need to define versions of these rings with “coefficients” in
Banach algebras, rather than simply Q,.

Let (X, Ox) be a quasicompact quasiseparated rigid space over a finite extension

E/Qp.
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Definition A.2.1. Let B be a Q,-Banach algebra. Then we define the presheaf %y
on X by setting

Px(U):= 0x(U) ®q, B.
where U is an admissible affinoid open of X.

By [Kedlaya and Liu 2010, Lemma 3.3], &y is actually a sheaf on U when U
is affinoid. Therefore, it extends to a sheaf on X. We wish to extend this to Fréchet
algebras in the role of B.

We first record some basic functional analysis results, which will be useful for
checking that exactness properties are preserved under completed tensor products.

Let I be a set (not necessarily countable), and let N be a Fréchet space equipped
with a countable family of seminorms {¢g;,} (in particular, N could be a Banach
space). We define the space ¢y (N) to be the set of functions f : I — N such that
lim;ey ¢ (f(i)) = 0 for each seminorm g;. That is, for each j and each & > 0, the
set{i €1 |q;(f(i))> ¢} isfinite. We equip c¢; (V) with the seminorms ¢, defined
by ¢j,00(f) :=sup;cy q; (f(i)), making c¢;(N) into a Fréchet space. Following
[Buzzard 2007], we say that a Banach module N over a Banach algebra A is poten-
tially orthonormalizable if there is some Banach norm on N making it is isomorphic
to ¢y (A) for some index set /. For example, all Banach spaces over discretely
valued fields are potentially orthonormalizable [Schneider 2002, Proposition 10.1].

Lemma A.2.2. Let k be a nonarchimedean field, let M be a potentially orthonor-
malizable k-Banach space, and let N be a k-Fréchet space, with countable fam-
ily of seminorms {q;}. Write M = cy(k). Then the natural Qp-linear map
M & N — ¢y (N) is an isomorphism, functorially in N.

Proof. The natural map M ® N — c;(N) is induced by the bilinear map M x N —
cr(N) sending (f : I — k,b) to ) ;c; f(i)b. The sum converges because
q; (f()b) = |f(@)]-q;(b) and lim;es a; = 0.

To construct a map in the other direction, we observe that any element f € ¢;(N)
can be written as the limit of elements of the form f'|g, where S C I is a finite subset.
More precisely, the set of finite subsets S C [ is a directed set, and S + f|s is a net
converging to f. For any finite set S C I, we write (1) g € ¢ (k) for the characteristic
function of S. Now, consider D ;¢ 11y ® f(i) € cf (k) ® N. We have

0 (T 16 £0)) <maxa, (70,
ieS
so the net S — ) ;g 1y ® f(i) converges in ¢ (k) ® N. The map f ~
limg ) ;g 1¢iy ® f(i) provides an inverse to the map M Qx N = c1(N). d
Corollary A.2.3. Let k and M be as above, and let N — N’ be a continuous
injection of k-Fréchet spaces. Then the natural map M @ N — M @ N’ is injective.
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Definition A.2.4. Let B = l(gln B, be a Qp-Fréchet algebra, where the B,, are
Qp-Banach algebras. Then we define the presheaf Zx on X by setting

Zx(U) := 0x(U)®V =1im 0x (U) ®q,, Bn

n

when U is an admissible affinoid open of X.
Lemma A.2.5. Py is a sheafon X.

Proof. 1t suffices to prove this when X = Sp(A) is affinoid, for A some E-affinoid
algebra. Further, it suffices to check the sheaf property on Laurent coverings of
Sp(A). That is, we need to check that the sequence
0—>1im A R, By — lim A(f) ®q, Ba xlim A(f ") Rq, Bx
n n n . — -~
— lim A(f, ') &q, Bn

n

is exact. But
0— A— A(f)x A(f7Y) — A(£, 1) — 0

is exact, and the quotient admits a section by [Schneider 2002, Proposition 10.5],
since Qp-affinoid algebras are countable-type over Q,. It follows that

0—>A®Qan—)A<f)®Qp BnXA(f_1>®Qp Bn—)A(ﬁ f_1>®Qp Bn—>0

is exact for each n, and inverse limits are left-exact. O
~ gTs pis s s + +
Thus, taking B to be By , BK , Brig’K, Brig’K, Cg, B, or B[, we get a

sheaf of rings. Furthermore, since taking rising unions is exact, we see that if
U C X = Sp(A) is an affinoid subdomain with coordinate ring Ay,

U JAv @By
S

is a sheaf on X. Similarly, we also get sheaves associated to Byt = Ck|[t,17!],
Bir = U; t"B(‘ﬁ{, Bimax = U; 17/ B, and By = Bpa[log[7]]. Each of these
sheaves carries the additional structures, such as Galois action, Frobenius action,
grading, filtration, or monodromy action, of the absolute ring.

Proposition A.2.6. (1) Zx ur is a graded sheaf of rings over X , equipped with an

action of Galg, and %gdgT = 0x ®q, K.

(2) $x ar is a filtered sheaf of rings over X, equipped with an action of Galg, and
Gal

%X?dllg =0 ®qQ, K.

(3) PBx max is a sheaf of rings over X, equipped with an action of Galg and an

action of ¢, and B — gy ®q, Ko.

X, max
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(4) Bx st is a sheaf of rings over X, equipped with an action of Galg and an action
of p and N, and %ga;f Ox ®q, Ko.

Proof. For all of these, it suffices to consider the case when X = Sp(A) is affinoid
for some E-affinoid algebra A. Then A is countable-type over Qp, so we can
choose a Schauder basis for A with index set /. Under the resulting isomorphism
A=cr(Qp), we have A ® B =c;(B) fora Qp-Fréchet space B. The Galois action
on A® Bis g-(bj)ier = (g-bi)icr, where I is the index set for the Schauder
basis, so the assertions follow from the corresponding classical results. O

Lemma A.2.7. Let A be a reduced Qp-affinoid algebra, and let By be a period
ring. Then the natural map

ARB, — ]‘[ A/my ®q, B
x€eSp(A4)

is injective.
Proof. If B, = Byr, it suffices to show that 4 ® Cp — ]_[XGSP(A) A/my ®q, Cp is
injective. If B, = Bgg, it suffices to show that A ® Bh — ]_[xesp(A) A/my ®q, Bh
is injective for all . And, since B is a polynomlal algebra over B, it suffices
to show that A ® Bmax =l xeSp(A) A/my ®q, Bmax is injective. We are therefore
reduced to showing that for any Q,-Banach space B, the natural map 4 ® B —
[Lrespa) A/mx ®q, B is injective.

Since B is a Qp-Banach space, it is potentially orthonormalizable in the sense
of [Buzzard 2007]. That is, it admits a basis {e; };ey such that

B=ci(Qp):={f:1—->Qp||f(i)] <eforalmostalli €I, forall ¢ >0}

Then A ® B = c;(A), and the desired injectivity follows from the injectivity of the
natural map A — l_[xESp(A) A/my. O
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Semistable periods of finite slope families

Ruochuan Liu

We introduce the notion of finite slope families to encode the local properties
of the p-adic families of Galois representations appearing in the work of Harris,
Lan, Taylor and Thorne on the construction of Galois representations for (non-
self-dual) regular algebraic cuspidal automorphic representations of GL(n) over
CM fields. Our main result is to prove the analytic continuation of semistable
(and crystalline) periods for such families.
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Introduction and notation

Skinner and Urban [2006], in their ICM talk, outlined a program to connect the
order of vanishing of the L-functions of certain polarized regular motives with the
rank of the associated Bloch—Kato Selmer groups. Their strategy is to deform those
motives along certain p-adic families, the so-called eigenfamilies, to construct the
expected extensions. To this end, they introduced the notion of finite slope families
of p-adic representations to encode the local properties of the Galois representations
arising from those p-adic families. One may view the finite slope families as a
generalization of the p-adic families of Galois representations arising from the
Coleman—Mazur eigencurve. Bellaiche and Chenevier [2009] introduced the notion
of weakly refined families of p-adic representations to encode the local properties
of the latter. More precisely, a family of weakly refined p-adic representations is

MSC2010: 11F80.
Keywords: finite slope families, semistable, (¢, I')-modules.
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a family of p-adic representations! over a rigid analytic space with a Zariski-dense
subset of crystalline points which have crystalline periods of a prescribed Frobenius
eigenvalue and constant Hodge—Tate weight. Moreover, this constant weight is
the largest one? of all Hodge—Tate weights, and the difference of this constant
weight with any other weight is unbounded over the base. For example, in the
case of the eigencurve, one can take the subset of all classical eigenforms, and the
prescribed Frobenius eigenvalue and constant Hodge—Tate weight are the function
of Up-eigenvalues and 0 respectively. On the other hand, finite slope families gen-
eralize weakly refined families in the way that allows multiple prescribed Frobenius
eigenvalues and constant Hodge—Tate weights. Skinner and Urban then used the (un-
proven) analytic continuation of crystalline periods of finite slope families to deduce
that the extensions constructed by p-adic deformations lie in the Selmer groups.

Most recently, Harris, Lan, Taylor and Thorne [Harris et al. 2014] (and Scholze
independently) constructed Galois representations for (non-self-dual) regular al-
gebraic cuspidal automorphic representations of GL(n) over CM fields. It turns
out that these Galois representations emerge from certain p-adic families whose
local properties generalize Skinner and Urban’s finite slope families by allowing
prescribed semistable periods. Therefore, to show that the Galois representations
constructed by Harris, Lan, Taylor and Thorne have the expected properties at
p, one needs to show the analytic continuation of semistable periods for those
p-adic families.

In this paper, we make use of the notion of finite slope families to encode the
local properties of the p-adic families of Galois representations appearing in the
work of Harris, Lan, Taylor and Thorne; this generalizes the original definition
of Skinner and Urban. Our main result is then to prove the analytic continuation
of semistable periods for such families. This will provide a necessary ingredient
in Skinner and Urban’s ICM program. Besides, we recently learned from Taylor
that Ila Varma, as part of an ongoing project, will establish the expected properties
of those Galois representations based on the results of this paper. We also note
that recently Shah [2013] proved some results about interpolating Hodge—Tate and
de Rham periods in families of p-adic Galois representations which may be applied
to some related situations.

In the following, we state our main results precisely. We fix a finite extension K
of Q,. Let K¢ be the maximal unramified subextension of K, and let f =[Ko:Q,].
We also fix a finite extension F of @, contained in @, such that Hom(K, F) =
Hom(K, @p); here Hom denotes the set of Q ,-algebra homomorphisms.

IStrictly speaking, Bellaiche—Chenevier used pseudorepresentations rather than genuine represen-
tations in their definition of weakly refined families.

2We normalize the Hodge-Tate weight such that the p-adic cyclotomic character has Hodge—Tate
weight 1.
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Definition 0.1. Let X be a reduced rigid analytic space over F. A finite slope
Sfamily of p-adic representations of dimension d over X is a locally free coherent
Ox-module Vx of rank d equipped with a continuous G g -action, together with the
following data:

(1) Positive integers b, c.
(2) A monic polynomial Q(T) € Ox (X)[T] of degree m with unit constant term.

(3) A subset Z of X such that, for all z in Z, V; is semistable with nonpositive
Hodge-Tate weights, and, for all B € Z, the set of z in Z such that V; has
d — ¢ Hodge-Tate weights less than B is Zariski-dense in X.

(4) Forz € Z, a K¢ ®q,, k(z)-direct summand &, of D;’(VZ) which is free of
rank ¢ and stable under ¢ and N such that ¢/ has characteristic polynomial
Q(z)(T) and all Hodge-Tate weights of %, lie in [—b, 0].

We also need to extend the functors D(;'r’yg and D to families of p-adic represen-
tations over rigid analytic spaces.

Definition 0.2. Let X be a rigid analytic space over Q,, and let Vx be locally free
coherent Ox -module equipped with a continuous Gg-action. Define D}, (V) and
D (Vx) to be the presheaves

M(S) > D (Vs) = (Vs ®a, B,)¥

crys

and
M(S)+— DF(Vs) = (Vs ®a, B)CK,

respectively, where M (S) runs through all admissible affinoid subdomain of X;
here Vg is the restriction of Vx on M(S).

Now we can state our main result precisely:

Theorem 0.3. Let Vx be a finite slope family over X. Then there exists a surjec-
tive proper morphism X' — X so that (K g, D;{'(VX/))Q(“"/)=O has a rank-c
locally free coherent Ko ®q, @X’ -submodule which specializes to a rank-c free
Ko ®q,, k(x)-submodule in DSt (Vy) for any x € X'. As a consequence, for any
xeX,DF(Vy )Q(x)(‘p )=0 has a free Ky ®aq,, k(x)-submodule of rank c.

The next result follows immediately:

Corollary 0.4. Let Vx be a finite slope family over X. If V; is crystalline for
any z € Z, then there exists a surjective proper morphism X' — X so that
(K ®k, Dcrys(VX/))Q(""/)=0 has a rank-c locally free coherent Ky ®@p Ox-
submodule which specializes to a rank-c free Ko Qq Iy k(x)-submodule in crys(Vx)
forevery x € X'. As a consequence, DC J(Vx )Q(x)(‘” )=0 has a free Ko ®a, k(x)-
submodule of rank c for every x € X.
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Since the families of p-adic representations arising from the Coleman—Mazur
eigencurve are special cases of finite slope families, Theorem 0.3 generalizes the
famous result of Kisin [2003] on the analytic continuation of crystalline periods
over the eigencurve. However, even in the case that the prescribed periods are
crystalline, our method is completely different from his. In fact, in the work of
Kisin as well as our recent enhancement [Liu 2014], one crucially uses the fact that
the families of p-adic representations arising from the eigencurve have only one
constant Hodge—Tate weight. On the other hand, our strategy and techniques are
largely inspired by the work of Berger and Colmez [2008] on families of de Rham
representations with bounded Hodge—Tate weights, and Kedlaya, Pottharst and
Xiao [Kedlaya et al. 2014] on the cohomology of families of (¢, I')-modules. In
fact, for a finite slope family, we first construct a subfamily of (¢, I')-modules
interpolating the prescribed semistable periods, after making a proper and surjective
base change. This is achieved by adapting some techniques of [Kedlaya et al. 2014].
This subfamily of (¢, I')-modules is expected to be semistable and produce the
desired semistable periods. However, we are unable to prove this directly due
to some technical obstacles. Instead, we first show that this subfamily of (¢, I')-
modules is de Rham, using the fact that it is de Rham at a Zariski-dense subset of
the base. To this end, we develop a theory of families of Hodge—Tate and de Rham
(¢, I')-modules with bounded Hodge—Tate weights, which generalizes the theory
of families of Hodge-Tate and de Rham representations with bounded Hodge—
Tate weights developed in [Berger and Colmez 2008]. Then we prove the p-adic
local monodromy for the restrictions of families of de Rham (¢, I')-modules with
bounded Hodge-Tate weights on their Shilov boundaries by mimicking the proof
for families of de Rham representations with bounded Hodge—Tate weights given
in [loc. cit.]. This implies that the de Rham periods of this subfamily of (¢, I')-
modules become potentially semistable after restricting on the Shilov boundary.
Finally, we use a key lemma due to Berger and Colmez [2008] to conclude that
these de Rham periods are actually semistable.

Notation

We choose a compatible sequence of primitive p-power roots of unity (£,)x>o0,
i.e., each ¢, € @p is a primitive p"-th root of 1, and they satisfy ef 11 = &n for
all n > 0. Fix ¢ = (g9, €1, .. .), and let = log[e] be Fontaine’s p-adic 27i. For a
finite extension L of @, in Cp, let L, = L(g,) forn > 1, and let Loo = | J,,ep Lan-
Let L be the maximal unramified extension of Q@ in Loo. Let I'y = Gal(Loo/L)
and I'y,, = Gal(Loo/Ly) for n > 1. For simplicity, denote I'x and 'k, by I’
and I, respectively. Let y denote the p-adic cyclotomic character. For a p-
adic representation V of Gg and n € Z, we set V(n) = V ® x". Forn > 0, let
rn = p"~1(p—1). For s > 0, let n(s) be the maximal integer n such that r, < s.
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1. Families of (¢, I')-modules

In this section we recall the notion of families of (¢, I')-modules over rigid analytic
spaces. For the period rings involved in this paper, we follow the notation introduced
in [Berger 2002], and we refer the reader to that paper for precise definitions. Note
that this is different from the “Robba ring” type notation used in [Kedlaya et al. 2014].
A good dictionary for these two types of notation is given in [Berger 2008a, §1].

Definition 1.1. Let A be a Banach algebra over Q,. For s > 0, a ¢-module
over B J:gs K Rao , A is a finite projective B ;Egs K ®o , A-module D} equipped with
an isomorphism

xS ~ DS R .05 &
A (p-moduleTl? 4 Over Bzg, K®@ , A s the base change to B ng’ K Ra » stf a @-module
D7 over Brié’K ®@pTAs f0£ some s > 0. A (¢, I')-module over frié’K ®a, Aisa
@-module D7 over B g, K OQp A equipped with a commuting B rig g -semilinear and

A-linear continuous action of I'. A (¢, I')-module D4 over B :E o K’@’@ , A s the base

AL

change to B;gg K ®@p A of a (¢, I')-module D over BJ;;;SK ®q,, A for some s > 0.

Notation 1.2. For a morphism A — B of Banach algebras over Q0,,, we denote by
D4 and Dp the base changes of D% and D4 to BEQK ®@p B and B:Eg,K ®@p B,
respectively. When A = § is an affinoid algebra over Q, and x € M(S), we denote

D;Z(x) and Dy (y) by D3 and Dy instead.

To define (¢, I')-modules over general rigid analytic spaces, one needs to show
that p-modules over affinoid spaces satisfy the gluing property. To this end, we recall
the notion of ¢-bundles introduced in [Kedlaya et al. 2014]. Let S be an affinoid
algebra over Q. For 0 < 51 < s» which are sufficiently large, a vector bundle
over B}é' 52 ®a,, S is a finite projective module DE' 521 over BE' 52 ®a, S. By
the identification of B}g‘ 2] \ith the ring of rigid analytic functions over the closed
annulus 51 < v, (T) < s2 over K|, one may identify DE‘ 521 ith a locally free co-
herent sheaf over the product of the annulus 51 < v,(T') < 52 over K{, with M(S) in
the category of rigid analytic spaces over Q. It then follows that vector bundles over
B}gl’”] ®o , S satisfy the gluing property for the weak G-topology of M(S). For
sufficiently large s, a vector bundle over B ri’gf K Ra , S consists of one vector bundle
D[;l 2] over each ring BEI 2] ®@p S with s <s7 <5, together with isomorphisms

DEI’SZ] ®BE§1"Y2]®@DS BEI’SZ] @@p S =~ DF;”SZ]
forall s < s’1 <s51 <85 < sé satisfying the cocycle conditions. A ¢-bundle over
Br];’gs,K ®a, S is a vector bundle &Dgsl ’Sz])ssn <5, Over BJ;;K ®aq, S equipped with
isomorphisms (p*Dg"SZ] =~ pJrr 2 for all s < 51 < 52 satisfying the obvi-
ous compatibility conditions. When s is sufficiently large, by [Kedlaya et al.
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2014, Proposition 2.2.7], the natural functor from the category of ¢-modules over
B;Egs % ®o ,» S to the category of g-bundles over Bzgs e ®o , S 1s an equivalence
of categorles Note that by the gluing property of vector bundles, one can glue
@-bundles B - oK ®@ S over M(S). Therefore this equivalence of categories

enables us to glue @-modules over affinoid spaces.

Definition 1.3. Let X be arigid analytic space over Q. A family of (¢, I")-modules
Dy over X is a compatible family of (¢, I')-modules D over B;Eg, x ®a, S for
each affinoid subdomain M (S) of X. By the gluing property of ¢-modules over
affinoid spaces, one may view Dy as a sheaf over X for the weak G-topology
(which hence extends uniquely to the strong G-topology).

Theorem 1.4. Let A be a Banach algebra over Qp, and let V4 be a finite locally
free A-linear representation of Gg. Then there is a (¢, I')- module DJr (VA) over
B;Eg % ®o » A functorially associated to V4. The rule V4 — Dng(VA) is fully faithful
and exact, and it commutes with base change in A.

Proof. See [Kedlaya and Liu 2010, Theorem 3.11], which generalizes [Berger and
Colmez 2008, Théoreme 4.2.9]. Note that both the results do not really verify the
¢-module condition. This gap is fixed by [Liu 2014, Theorem 1.1.4]. |

Let A be a Banach algebra over K. Recall that one has a canonical decomposition

A®a,Ko= ] Ao
oeGal(Ko/Qp)

where each Ay is the base change of A by the automorphism o. Furthermore, the
Gal(Ko/Qp)-action permutes all the A, such that t1(Ay) = As. For any a € A,
we equip A ®q, Ko with a 1 ® g-semilinear action ¢ by setting

P((X1, Xgs -+ X r—1)) = (AXpr—1, X1, ..., Xy r—2),

where ¢ is the geometric Frobenius and x,; € A, foreach 0 <i < f —1; we denote
this p-module by D,. It is clear that the ©- actlon on D, satisfies (pf =1®a.
We fix a uniformizer wg of K.

Definition 1.5. For any continuous character § : K* — A*, we define a rank-1

(¢, I')-module (B:Cg K®@p A)(8) over B:ﬂg K@@pA as follows. If8|@lx( =1, we set

(Brlg K ®@p A)(S) (Brlg K ®@p A) ®A®@p Ko D3(7TK)’
where we equip Dg(r,) With the trivial I'-action. For general §, we write § = 56"
such that §'(rg) = 1 and §” lox, = id. We view 8’ as an A-valued character of

Wk via the local reciprocity map, and extend it to a character of Gg continuously.
We then set

(B!, x ®a, A)() =D (5)®, 8oy (B}, x ®a, A)(").
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For any (¢, I')-module D4 over B:Eg K ®a, 4, put

D4(8) = D4 ®B+ B, A (Brlg x ®a, A)(6).

Let X be a rigid analytic space over Q,. For a continuous character § : K* —
O(X)* and a famlly of (¢, I')-module Dy over X, we deﬁne the families of (¢, I')-
modules (Brlg K ®a, Ox)(8) and Dy (§) by gluing (Bng K ®a, $)(8) and Dg(5)
for all affinoid subdomains M (), respectively.

2. Cohomology of families of (¢, I')-modules

Let Ak be the p-torsion subgroup of I'. Choose yx in I'x whose image in I'/Ag
is a topological generator.

Definition 2.1. For a (¢, I')-module Dg over BJr oK ®o » S, we define the Herr

complex C; ., (Dg) of Dg concentrated in degree [0,2] as

(PVK
Ax @ A Ax 4 A
Coyx(Ds) =[Dg* "1"DSK@DSK“—’2 Dg*],

with dy(x) = ((yg — Dx. (¢ — Dx) and dz(x,y) = (¢ — Dx — (yx —1)y. One
shows that this complex is independent of the choice of yx up to canonical S-
linear isomorphisms: the isomorphism Cj , (Dg) = C (DS) is given by
[1 1® (yg —1)/(vk = 1). (yxg — D/ (yx — D)]. We will denote the cohomology of

Co .y (Ds) by H*(Dg).

By the main result of [Kedlaya et al. 2014], one knows that H'(Dg) is a
finitely generated S-module. It therefore follows that H'(Dg) commutes with
flat base change in S. That is, if S — S’ is flat, then H'(Dg) ®s S’ =~ H' (Dg).
This enables a cohomology theory for families of (¢, I')-modules over general
rigid analytic spaces.

Definition 2.2. Let X be a rigid analytic space over Q,, and let Dy be a family of
(¢, I')-modules over X. We define H*(Dy) to be the cohomology of the complex
of sheaves
Cy, (Dx) = [DEK L 2K g plx L, plx]
K X X X

in the category of presheaves over X, with di(x) = ((yx — )x, (¢ — 1)x) and
dy(x,y) = (¢ — 1)x — (yx — 1)y. For each affinoid subdomain M (S) of X and
0 <i < 2, the module of sections of H(Dx) on M(S) is canonically isomorphic
to H (Ds). Hence H'(Dy) forms a coherent Oy -module by the flat base change
property of H(Dg).
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As a consequence of finiteness of the cohomology of families of (¢, I')-modules,
by a standard argument we see that, locally on X, the complex Cg . (Dx) is quasi-
isomorphic to a complex of locally free coherent sheaves concentrated in degree
[0, 2]. This enables us to flatten the cohomology of families of (¢, I')-modules by
blowing up the base X . The following lemma is a rearrangement of some arguments
in [Kedlaya et al. 2014, §6.3]:

Lemma 2.3. Let X be a reduced and irreducible rigid analytic space over F,
and let Dy be a family of (¢, I')-modules of rank d over X. Then the following
statements are true:

(1) There exists a proper birational morphism 7 : X' — X of reduced rigid analytic
spaces over F so that H®(Dx) is flat and H' (Dx) has Tor-dimension < 1
foreachi =1,2.

(2) Suppose that DY is a family of (¢, T")-modules over X of rank d’, and that
A : Dy — Dx is a morphism between them so that for any x € X the image
of Ay is a (¢, ')-submodule of rank d of Dy. Then there exists a proper
birational morphism w : X' — X of reduced rigid analytic spaces over F so
that the cokernel of w* A has Tor-dimension < 1.

Proof. The upshot is that for a bounded complex (C*, d*) of locally free coherent
sheaves on X, there exists a blow-up 7 : X’ — X, which depends only on the quasi-
isomorphism class of (C*, d*), so that 7*d' has flat image for each i. Furthermore,
the construction of X’ commutes with dominant base change in X (see [Kedlaya
et al. 2014, Corollary 6.3.6] for more details). Thus for (1), we can construct
X’ locally and then glue. For (2), let Qx denote the cokernel of A. For any
X € X, since the image of A, is a (¢, I')-submodule of rank d, by [Liu 2014,
Lemma 5.3.1], we get that Q is killed by a power of . Now let M(S) be an
affinoid subdomain of X, and suppose that D and D' are defined for some suitable
s > 0. For r > s, set QS ] to be D[S r]/)L(D'[S r]) Since for any x € M(S) the
fiber of O Sf 1 at x is killed by a power of ¢, we get that Q[ is killed by 1k for
some k > 0. This yields that Q[S "1 is a finite S-module. Now we apply [Kedlaya
et al. 2014, Corollary 6.3.6] to a ﬁmte presentatlon of Q $:Ps] 4 get a blow-up Y
of M(S) so that the pullback of Q $:P5] has Tor-dimension < 1. Using the fact
that (¢™)* Q[S P Q[p s:p" 5] , we see that Y is also the blow-up obtained by
applying [Kedlaya et al. 2014, Corollary 6.3.6] to a finite presentation of Q ¢ Ls.p" s
for any positive integer n. It therefore follows that for any r > s the pullback of
QF; "I has Tor-dimension < 1; hence the pullback of Qg has Tor-dimension < 1.
Furthermore, the blow-ups for all affinoid subdomains M (SS) glue to form a blow-up
X’ of X which satisfies the desired condition. |
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Lemma 2.4. Let X be a reduced and irreducible rigid analytic space over F. Let
DY and Dy be families of (¢, T')-modules over X of ranks d' and d respectively,
and let A : Dy — Dx be a morphism between them. Suppose that for any x € X
the image of A is a (¢, I')-submodule of rank d of D+. Then there exists a proper
birational morphism 7 : X' — X of reduced rigid analytic spaces over F such that
the kernel of w* A is a family of (¢, I')-modules of rank d’ — d over X', and there
exists a Zariski-open dense subset U C X’ such that (ker(w*1)), = ker((m*A)y)
forany x € U.

Proof. Let Qx be the cokernel of A. By Lemma 2.3, we may suppose that Oy
has Tor-dimension < 1 after adapting X. Now let Px denote the kernel of A. For
any x € X, the Tor spectral sequence computing the cohomology of the complex
[Dx T) Dy] ®é‘x k(x) gives rise to a short exact sequence

0 — Py — ker(Ay) —> Tor1(Qx, k(x)) — 0.

Since the image of Ay is a (¢, I')-module of rank d, ker(1) is a (¢, I')-module of
rank d’ —d. Since Qy is killed by a power of ¢ locally on X, we get that the last
term of the exact sequence is killed by a power of ¢. This yields that Py is a (¢, I')-
module of rank d’—d. We therefore conclude that Py is a family of (¢, I')-modules
of rank d” —d over X by [Kedlaya et al. 2014, Corollary 2.1.9]. Furthermore, since
QOx has Tor-dimension < 1, by [Kedlaya et al. 2014, Lemma 6.3.7] we get that the
set of x € X for which Tor; (Qx, k(x)) # 0 forms a nowhere-dense Zariski-closed
subset of X; this yields the rest of the lemma. O

The following proposition modifies part of [Kedlaya et al. 2014, Theorem 6.3.9]:

Proposition 2.5. Let X be a reduced and irreducible rigid analytic space over F.
Let Dx be a family of (¢, I')-modules of rank d over X, and let § : K* — 0(X)*
be a continuous character. Suppose that there exists a Zariski-dense subset Z
of closed points of X and a positive integer ¢ < d such that, for every z € Z,
H%(DY (8;)) is a c-dimensional k(z)-vector space. Then there exists a proper
birational morphism 7 : X' — X of reduced rigid analytic spaces over F and
a morphism A : Dxr — My = (B:Eg,K ®@p 0x/)(8) ®a,, L of (¢, I')-modules,
where L is a locally free coherent Ox/-module of rank ¢ equipped with trivial
(¢, I')-actions, such that:

(1) Forany x € X', the image of Ax is a (¢, I')-submodule of rank c.

(2) The kernel of A is a family of (¢, I')-modules of rank d — ¢ over X', and there
exists a Zariski-open dense subset U C X' such that (ker A)x = ker(Ay) for
any x € U.
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Proof. Using Lemma 2.3, we first choose a proper birational morphism 7 : X’ — X
with X' reduced such that Nx» = 7 *(Dy/(8)) satisfies the conditions that H®(Nx-)
is flat and H'(Nx-) has Tor-dimension < 1 for each i = 1,2. Then, for any x € X’,
the base change spectral sequence E;’ = Tor—; (H’/ (Nx/),k(x)) = H'*/(Ny)
gives a short exact sequence (using that H!(Ny/) has Tor-dimension < 1 and Ny~
is flat)

0 — H®(Nx’) ®q,, k(x) — H®(Ny) —> Tor; (H'(Nx/), k(x)) — 0.

Since H!(Ny) has Tor-dimension < 1, by [Kedlaya et al. 2014, Lemma 6.3.7]
the set of x € X’ for which the last term of the above exact sequence does not
vanish forms a nowhere-dense Zariski-closed subset V. For any z € 7~ 1(Z)\ V,
we deduce that H%(Ny/) ®o,, k(2) is a c-dimensional k(z)-vector space. Since
HO(Ny) is flat and 7~1(Z) \ V is a Zariski-dense subset of X', we get that
H°(Ny) is locally free of constant rank c. Let L be its dual coherent Oy -module.
Then the natural map (B:Eg,K ®@p Ox/)H°(Nx/) — Nx- gives rise to a map

X:Dxs— My = (B, x ®a, 0x)(8) ®cy, L.

For any x € X', since the map H°(Ny-) R0y, k(x) = HO(N,) is injective, we get
that the image of A is a rank-c (¢, I')-submodule of M,. We thus conclude the
proposition using Lemma 2.4. O

3. Families of Hodge-Tate (¢, I' )-modules

From now on, let S be an affinoid algebra over F. Recall that for any n > n(s)
there is a continuous I'-equivariant injective map

In: B::’;’K — Ku[lt].
It is defined as the composite
BIT(’S C ET;S __(';__) ETaP_"S C E+ C B;}'{’
and it factors through K, [[¢]] (see [Berger 2002, §2] for more details about ¢,). In par-
ticular, we have (41 0@ = 1. The map ¢, induces a continuous I"-equivariant map
i Bl ®a, S = Kult] ®a, S.

Definition 3.1. Let Dg be a (¢, I')-module of rank d over Bzg K ®o , S. For any
positive integer n, if Dg” is defined, then for any 0 < s < r,, we set
+,Kn S
Dy "(Ds) = Dy ®B,7;g’5,<®@,,S,Ln (Knlt] ®a, S)
and
Ky +,K;,
Dygif (Ds) =Dgi " (Ds)[1/1].
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We also denote the natural map

,Kn
DY — D" (Dy)

by tn, and call it the localization map. Define Dg n(D s) = DLK” (Ds)/(t). For

Dg= T (VS) comlng from a ﬁmte locally free S- hnear representation Vg, we write
If " (VS) and DSen(VS) for D Kn (Dg) and Dscn (Dg) respectively. When the

base field is clear frorn the context we write Dd ¢ "(Ds) and D? (Dg) instead of
LK" (Dgs) and DSen (Dyg) for simplicity.

Definition 3.2. We call Dg Hodge-Tate with Hodge—Tate weights in [a, b] if there
exists a positive integer n such that the natural map

Sen

( @ DSen(DS(_i))) ®K®@DS(K ®@p S, — @DSen(DS(_i))

a<i<b i€z
(3.2.1)
is an isomorphism. We denote by hyr(Dyg) the smallest n which satlsﬁes this
condition, and we define Dyr(Dg) = (@a<z<b Dh“T(DS)(D (— l)))

Sen

Lemma 3.3. Let Ds be a Hodge-Tate (¢, I')-module over Bzg K ®@p S with

weights in [a,b). Then for any n > hyr(Dgs) (3.2.1) is an isomorphism and
D! (Ds(-i))f =D HT(DS)(DS(—I'))Ffor any i € [a,b]. As a consequence, we

Sen

r
have (B <i <b Diey(Ds (=) = Dyn(Ds).
Proof. Tensoring with K, ®q,, S[t, 1/t] on both sides of the map

r
hur(D . _
(@ g s>(DS(_,))) ®Kk®a,S (Knn(ps) ®a, S)It.17"]

a<i<b
== hut (D .
— PP (Dg(-i)),
ieZ

we get that the natural map

r
( %) D’é:#””ms(—i))) ®k®o,s (Kn ®a, S)t.17']
a<i<b .
— P DL (Ds (1))
[X<VA

is an isomorphism. Taking I'-invariants on both sides, we get

r
hur(D . .
(@ I S)(DS(—I))) (ED D&m(Ds(—z))) . O
a<i<b a<i<b
Remark 3.4. If Dg is Hodge-Tate with weights in [a, b], then, by taking I'-
invariants on both sides of (3.2.1), we see that D¢, (Ds(—i NI = 0 for any
n>hyr(Dg) and i ¢ [a, b].
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Lemma 3.5. If Dg is a Hodge-Tate (¢, I")-module over B:ig K ®@p S with weights
in [a, b], then for any morphism S — R of affinoid algebras over K, D g is Hodge—
Tate with weights in [a, b] and hur(DR) < hur(Ds). Furthermore, the natural map

Dien(Ds ()" ®5 R — Doy (DR(I))"
is an isomorphism for any i € Z and n > hyr(Dgs). As a consequence, the natural
map Dyr(Ds) ®s R — Dyr(DR) is an isomorphism.

Proof. Let n > hyr(Dg). Tensoring with R over S on both sides of (3.2.1), we get
that the natural map

( @ D2..(Ds(—i)! ®s R) ®k®q, R (Kn ®a, R)[t. 11

a<i<b .
— P DL (Dr(=i))
i€z
is an isomorphism. Comparing I'-invariants on both sides, we get that the natural
map
Dien(Ds (=)' ®s R = Do, (DR(=)"

is an isomorphism for any a <i < b. This implies that the natural map

( @ DSen(DR(_i))r) ®K®@p R (Kn ®a, R)[t. | — @DSen(DR(_i))-

a<i<b ieZ
is an isomorphism. O

Corollary 3.6. If Dg is a Hodge-Tate (¢, I')-module of rank d over B T

rig, K ®@p S,
then Dyr(Dys) is a locally free coherent K ®q,, S-module of rank d.

Proof. By the previous lemma, it suffices to treat the case that S is a finite extension
of K; this is clear from the isomorphism (3.2.1). O

Definition 3.7. Let X be a rigid analytic space over F, and let Dy be a family of
(¢, T')-modules of rank d over X. We call Dy Hodge—Tate with weights in [a, b]
if for some (hence any) admissible cover {M(S;)};er of X, Dgs, is Hodge-Tate
with weights in [a, b] for any i € I. We define Dyr(Dyx) to be the gluing of all
the DHT(DSi)-

Lemma 3.8. Let Dg be a (¢, I')-module over B! K ®@p S. Then (3.2.1) is an

rig,
isomorphism if and only if the natural map
P Di.(Ds)™ * — DL, (Ds) (3.8.1)
a<i<b

is an isomorphism. Furthermore, if this is the case, then (3.2.1) holds for n.
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Proof. For the “=>" part, since (3.2.1) is an isomorphism, we deduce that

Di(Ds)= P 1" Di(Ds(-i)' ®k@y,s (Kn®a, ). (382

a<i<b

Sen Sen(DS)F'lz)(i. Hence (3.8.2) implies that (3.8.1)
is surjective. On the other hand, it is clear that (3.2.1) is injective; hence it is an
isomorphism. Conversely, suppose that (3.8.1) is an isomorphism. Note that

Note that ' -D? _(Dg(—i))' <D~

D2 (Ds) " =x =1 . D (Dg (i)'
:(t Sen(DS( l)) )®K®@[, (Kn ®@p S)

where the latter equality follows from [Berger and Colmez 2008, Proposition 2.2.1].
This implies that D g satisfies (3.8.2), yielding that Dg satisfies (3.2.1). O

Proposition 3.9. Let S be reduced, and let Dg be a (¢, I')-module over Brl K ®S.
Suppose that there exists a Zariski-dense subset Z C M(S) such that D is Hodge—
Tate with weights in [a, b] for any z € Z and sup,¢c z{hut(Dz)} < 00. Then Dg is
Hodge—Tate with weights in [a, b].

Proof. Letn > sup, ¢z {hur(D2)} such that D is defined, and let y be a topological
generator of [',,. For any a <i < b, let p; denote the operator

I v= x’ ()

azjepjui X =217 0)
and let M; = p; (DSen(DS)) It is clear that p; is the identity on Dg_ (Dg)Fn=x";
hence Dg’en(DS)F" X' C M;. On the other hand, for any z € Z, since D is Hodge—
Tate with weights in [a, b] and hHT(D z) < n, we deduce from Lemma 3.8 that
pi(Dg,,(Dz)) =D, (D )Tn=x"_ This implies that M; maps onto Dg,,(D; yn=x'
under the specialization D¢, (Dg) — DSen(DZ) Since § is reduced and Z is
Zariski-dense, we obtain M, - Dg‘en(D)F” X': hence M; = Sen(D)F” X Let
M = @,<;i<p Mi. We claim that the natural inclusion M C Dg_ (Ds) is an
isomorphism. In fact, for any z € Z, since Dg (D;) = D <;<p DSGH(DZ)F":Xl,
we have that M maps onto Dg,, (Dz). Thus D5, (Ds)/M vanishes at z. We
therefore conclude that D (Ds)/M = 0 because S is reduced and Z is Zariski-

dense. By Lemma 3.8 and the claim, we conclude that Dg is Hodge—Tate with
weights in [a, b]. O

4. Families of de Rham (¢, I')-modules

Definition 4.1. Let Dg be a (¢, I')-module of rank d over BJr oK ®aq,, S. For any
positive integer n, if D' g is defined, then we equip Ddlf(DS) with the filtration
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Fil’ Di(Ds) = tiDIg"(DS). We call Dg de Rham with weights in [a, b] if there
exists a positive integer n such that:

(1) The natural map

Dl(Ds)" ®K®a,s (Kn ®a, S)[t][1/t] — Dgie(Ds) 4.1.1)
is an isomorphism.

(2) Fil™®(D%(Ds)")=Dg and Fil~**! (Ddlf(DS)F) =0, where Fil'(D%(Ds)T)
is the induced filtration on D/..(D L.

We denote thehsmallest n satisfying these conditions by hqr(Dyg), and we set
D
Dar(Ds) = Dy P (Dg)T.

Lemma 4.2. Let D be a de Rham (¢, I')-module over BrTg X ®@p S. Then, for any
n = har(Ds), D§(Ds)" = Dar(Dy).

Proof. We tensor with K +1 ®q,, S[][1/¢] on both sides of the map

har(D har(D
DS (D5)" ®k 00,5 (Knu(ps) ®a, SI/1] — D> (Ds).
yielding that the map
har (D
Dyt P (Ds)" ®k@a,s (Kn ®a, H)N[1/1] — Dj(Ds)
is an isomorphism. Comparing I'-invariants on both sides, we get the desired
result. O

Lemma 4.3. If D is a de Rham (¢, I')-module of rank d over B:;g,K ®@p S with
weights in [a, b], then D is Hodge—Tate with weights in [a,b] and hyr(Dg) <
har(Ds). Furthermore, we have Gr' Dgr(Dg) = Sen(DS(l))F under the identifi-
cation GriD('ilif(DS) =Dg,,(Ds(i)) foranyn > har(Dy).

Proof. Let n > hqr(Dg). Since (4.1.1) is an isomorphism, we deduce that the
natural map of graded modules

P Gr' Dar(Ds) ®k 04,5 (Kn ®a, S, 17— P DL (Ds (i) (4.3.1)
ieZ ieZ

is surjective. On the other hand, since ¢ -Gr~ Dgr(Dg) C D?
the natural map

(Dgs), we have that

Sen

@ t -Gr— DdR(DS)_>DSen(DS)

a<i<b
is injective. This implies that (4.3.1) is injective; hence it is an isomorphism.
Comparing ['-invariants on both sides, we get Gr' Dgr(Dg) = Sen(Ds(l))F
for each i € Z. O
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Lemma 4.4. If Ds is a de Rham (¢, I')-module over Bl:'i-g,K ®@p S, then, for any
morphism S — R of affinoid algebras over K, D g is de Rham with weights in [a, b]
and haqr(DR) < har(Ds). Furthermore, the natural maps Fil’ Dgr(Ds) ®s R —
Fil' Dar(DR) are isomorphisms for all i € 7.

Proof. Let n > hgr(Dys). Tensoring with (K ®q, R)[[t][[1/¢] on both sides of
(4.1.1), we get that the natural map

(D%(Ds)" ®s R) ®K®a, R (Kn ®a, R[t][1/t] — Dge¢(Dr).  (44.1)

is an isomorphism. Comparing I'-invariants on both sides of (4.4.1), we get that
the natural map Dgif(Ds)F ®s R — D (D ®)T is an isomorphism; hence Dg
is de Rham. Then, by Lemmas 3.5 and 4.3, we deduce that the natural map
Gr' (Dgr(Ds)) ®s R — Gr' (Dgr(DR)) is an isomorphism. This implies the rest
of the lemma. 0

Corollary 4.5. If Dg is a de Rham (¢, I')-module of rank d over Bg;g K ®@p S,

then Dgr(Dys) is a locally free coherent K ®q,, S-module of rank d.

Proof. We first note that, for each i € Z, Gr' (Dgr(Ds)), which is isomorphic to
D¢., (Ds(i))T by Lemma 4.3, is a coherent K ®q , S-module. We then deduce
that Dyr(Dy) is a coherent K ®q,, S-module. Using Lemma 4.4, it then suffices
to treat the case that S is a finite extension of K; this follows easily from the
isomorphism (4.1.1). O

Definition 4.6. Let X be a rigid analytic space over F, and let Dy be a family of
(¢, I')-modules of rank d over X. We call Dy de Rham if for some (hence any)
admissible cover {M(S;)}ies of X, Dg, is de Rham with weights in [a, b] for any
i € I. We define D4r(Dy) to be the gluing of all the Dgr(Ds; ).

Lemma 4.7. If Dg is a de Rham (¢, I')-module over B;g K ®@p S of rank d with
weights in [a, b], then

17*D§" (Ds) C Dar(Ds) ®k@q,s (Kn ®a, 1] C17°DE" (Ds)
forany n > hqr(Dg).

Proof. Since Gr® Dgr (Ds) = Dar(Dss), we get Dar(Ds) Ct D" (Dss); hence
Dar(Ds) ®kaq,s (Kn ®a, S)[t] C t7°DF{" (Ds). By the proof of Lemma 4.3,
we know that the natural map (4.3.1) is an isomorphism of graded modules. By the
facts that Gr’ Dgr (D) = 0 for i > —a + 1 and Fil’ D¢(Ds) is t-adically complete,
we thus deduce that t_“D;;én (Ds) C Dar(Ds) ®k®q,s (Kn ®a, S)[]. O

Lemma 4.8. Let Ds be a Hodge-Tate (¢, I')-module over B:;g K @@p S with
weights in [a, b]. Then, foranyk >b—a+1,i €[a,b],n > hyr(Ds) and y € Ty,

the map y — y' (y) : tkD;;f’" (Ds) — szgirf’n(DS) is bijective.
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Proof. Since DIf’"(D s) is t-adically complete, it suffices to show that
y = 1D (Ds)/ 1 IDG" (Ds) — "Dy (Ds)/1* D" (Ds)

is bijective for any k > b —a + 1. Note that tkD (D )/1,"‘4'1Ddlf (Dg) is
isomorphic to DS (D s (k)z as a ['-module. Furtherrnore note that DG, (Ds(k)) =
@a<]<b(DSen(DS))Fn x by Lemma 3.8. Since j +k >b+1forall j €[a,b],
we deduce that y — x'(y) is bijective on D¢, (Ds (k)). |

Lemma 4.9. Let Ds be a Hodge-Tate (¢, I')-module over Brlg K ®@p S with
weights in [a,b]. Then Dg is de Rham if and only if there exists a positive inte-
ger n > hyr(Ds) such that [[227%(y — x(y)))DE"(Ds) C t2=4+1DF"(Dy).
Furthermore, if this is the case, then (4.1.1) holds for n.

Proof. Suppose that Dg is de Rham. Let n > hgr(Dys), and put
N = Dar(Ds) ®k®q, s (Kn ®a, S)[].

Since D has weights in [a, b], by Lemma 4.7 we have t_"DJr M(Ds) C N C
_bD;:f" (Ds). On the other hand, by the construction of N it is clear that
(y —=1)N C tN. It therefore follows that

2b—a 2b—a
H (v —xWHDE"(Ds)  [] v —x(»)H(*N)

Now suppose [[22.%(y — x(y)’ DI (Ds) €t DL (D) for some n >
hut(Ds). We clalm that for any j € [a bl and a € (DSBH(DS))F"_X we can lift
a to an element in (Ddlt (Dg))™=X" In fact, let @ be any lift of a in D (DS)
and let .
= 1 y—xw .
J — i ’
a<izapa X=X @)
i#]
where y is a topological generator of I'; it is clear that b is also a lift of a. Further-

more, by assumption, we have (y — y/ ()/))(15) € ]_[122;" (y—x(y) )Ddlf (Ds) C
tb_“+1D+ n(DS) By the previous lemma, we choose some ¢ € ¢ _“'HDL" (Ds)
satlsfymg (y — x/ (y))(b) = (y — x/(y))(¢). It is then clear that b — ¢ is a
desired lift of a. Since D¢, (Ds) = EBa<l<b(DSen(DS))F”_XZ, we have that
(DSen(DS))F” s locally free for each i € [a, b]. By shrinking M(S), we may
further suppose that each (D¢, (Ds))T»=x" is free. We then deduce from the
claim that there exists a free K, ®q, S-module M C (Dgif(DS))F" such that the

natural map

M ®k,®q,s (Kn ®a, S)[1][1/1] — Dji(Ds)
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is an isomorphism. It follows that the natural map
M' ®kgq,s (Kn ®a, $)[][1/1] — Dgi(Ds)

is an isomorphism because M = MT ®K®q,s (Kn ®a, S) by [Berger and
Colmez 2008, Proposition 2.2.1]. Taking I'-invariants on both sides, we get
MT = (D%(Dg))'. This implies that D is de Rham. O

Proposition 4.10. Let S be reduced, and let D g be a (¢, I')-module over B:i.g,K®S'
Suppose that there exists a Zariski-dense subset Z C M(S) such that D, is de Rham
with weights in [a,b] for any z € Z and sup,cz{haqr(Dz)} < 0o. Then Dg is
de Rham with weights in [a, b].

Proof. By Proposition 3.9, we first have that Dg is Hodge—Tate with weights in
[a,b]. Let n > max{hur(Dys), sup,cz{har(Dz)}}. By Lemma 4.9, we have

2b—a
[T - x»HDg"(D2) c b= D" (D)

i=a

for any z € Z. This implies ]—[l-zi;a(y — X()/)i)D(;Fif’n(DS) C tb_“HD;i'f’" (Ds)
because S is reduced and Z is Zariski-dense. Hence Dg is de Rham by Lemma 4.9

again. O

Remark 4.11. The work presented in this paper was finished in the summer of
2012 and made public at the beginning of 2013. Later that year came the preprint
of [Bellovin 2015], in which the author built up a more robust theory of families
of Hodge—Tate and de Rham representations over rigid analytic spaces. First of
all, she generalized Berger’s dictionary, which relates Fontaine’s functors to (¢, I')-
modules, to families of p-adic representations [Bellovin 2015, Theorem 1.1.1].
This result implies that our theory of families of Hodge-Tate and de Rham (¢, I')-
modules with bounded Hodge-Tate weights developed in §3 and §4 can be viewed
as a generalization of Berger and Colmez’s theory of families of Hodge—Tate
and de Rham representations with bounded Hodge—Tate weights. Moreover, she
developed a theory of families of “partial” Hodge—Tate and de Rham representations
with bounded Hodge—Tate weights. That is, the periods of the fibers are assumed to
be of some constant rank which is not necessarily equal to the rank of the family.
In addition, she removes the “reduced” assumption on the base by considering all
artinian points. We refer the reader to [Bellovin 2015] for more results and details.

5. p-adic local monodromy for families of de Rham (¢, I')-modules

The main goal of this section is to prove the p-adic local monodromy for the
restrictions of families of de Rham (¢, I')-modules with bounded Hodge-Tate
weights on their Shilov boundary. The proof is modeled on Berger and Colmez’s
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proof of the p-adic local monodromy for families of de Rham representations
with bounded Hodge—Tate weights [Berger and Colmez 2008, §6]. Recall that

= log(y)/log(x(y)), which is independent of the choice of y € I". This gives
rise to an action of the Lie algebra of I" on (¢, I')-modules and their localizations.
In the following, we fix E to be a finite extension of the products of the complete
residue fields of the Shilov boundary of M(S).

Proposition 5.1. Let Dg be a de Rham (¢, I')-module of rank d over B Tg e ®o »S
with weights in [a, b]. For any s > 0 such that n(s) > hqr(Dyg), let

Ny(Dg)={y € 7" DY such that 1,(y) € Dar(Ds) ®K@q,s (Kn ®a, E)[1]
for each n = n(s)}.
Then the following are true:

(1) The ng K ®@p E-module Ng(DE) is free of rank d and stable under T.

(2) For each n > n(s), we have

Ns(DE) BB By Eotn (Kn ®a, E)[1] = Dar(Ds) ®k®q,s (Kn ®a, E)[t].

Furthermore, if we put Nqr(DEg) = Ng(DE) ®BT s
following are true:

(3) The Brlg K ®@p E-module Ngqr(DE) is free of rank d, stable under I, and
independent of the choice of s.
(4) We have ¢*(Ngr(DE)) = Nar(DE) and V(Ngr(DE)) Ct- Nar(DE).
Proof. First, note that the sequence of K, ®q, E[[t]l-modules

{Dar(Ds) ®Kk®q,s (Kn ®a, E)[t1}n=n(s)

is ¢-compatible in the sense of [Berger 2008b, Définition II.1.1]. Then by the proof
of [Berger 2008b, Théoreme II.1.2] (using the fact that E is a finite product of p-
adic local fields which are endowed with discrete valuations extending the standard
one on Qp), we see that Ngr(D g ) is the unique (¢, I')-module Mg contained in
E[1/t] such that
ME ®BT s é E . (K ®@p E)[[Z]] = DdR(DS) ®K®@p5 (K ®@p E)[[t]]

rig, K

o, E ngK®@pE then the

for any n > n(s). Furthermore, the proof of [Berger 2008b, Théoreme I1.1.2] implies
all of the proposition except the second half of (4). To see that part, note that

tn(V(Ns(DE))) = V(in(Ns(DE))) CtDar(Ds) ®k®q,s (Kn ®a, E)[].

This yields that V(Ng(DE)) CtNg(DEg) forall s. Thus V(Ngr(DEg)) CtNar(DE),
as Ngqr(DE) is equal to the union of all Ng(DEg). O
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Proposition 5.2. Keep the notation of Proposition 5.1. Then there exists a finite
extension L over K such that

- s Ip
is a free Ly ®q,, E-module of rank d and the natural map

M R0, E Blzg . ®a, E— Nir(DE) ® g+

T A
rig, K ®@pE BlogaL ®@p E

is an isomorphism.

Proof. Let f’ = [K : Qp]. Note that there is a canonical decomposition

f=1
t o n E M)
Bl x®a, Ex= [] ®%,
i=0

where each %SE) is 1s0m0rphlc to R g and stable under 'k, and satisfies (p(@]i(l)) C
AU (define YY) =R D). Let

Nd(llz)(DE) = NdR(DE) ®Br-}i-o Ké)@pE Q{(El,)

It follows that each N d(l?(D £) is stable under = V/¢ and ¢/ " hence it is a p-adic
differential equation with a Frobenius structure. By the versions of the p-adic local
monodromy theorem proved by André [2002] or Mebkhout [2002], we conclude
that each N{ IR (D g ) is potentially unipotent. This yields the proposition using the
argument of Proposition 6.2.2 and Corollaire 6.2.3 of [Berger and Colmez 2008].

O
Lemma 5.3. Keep notation as in Proposition 5.2, and let
(Ns(DE) ®B:[j ®a, E Blf)’gs,K ®@p E)IL
for sufficiently large s. Then, for any n > n(s), we have
L ®otn(M) = (Du(DE ®pr 5, p B , ®a, E))™". (5.3.1)

Proof. By the previous proposition, the left side of (5.3.1)is a free L®7, L, ®a, E
module of rank d. On the other hand, since (L, ®q, E) [eQ/ehie = L ®Lo
L6 ®q, E, we deduce that the right side of (5.3.1), which obviously contains the
left side, is an L ®r, L ®q@,, E-module generated by at most d elements. Using the
fact that L ®1,, L ®q,, E is a product of fields, we deduce the desired identity. [
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6. Proof of the main theorem

Now let Vy be a finite slope family of dimension d over a reduced rigid analytic
space X over F. We start by making some preliminary reductions. After a finite
surjective base change of X, we may assume that Q(7') factors as [ [/, (T — F;).
By reordering the F; and throwing away some points of Z, we may further assume
that, for all z € Z, v, (Fi(2)) > vp(Fj(2)) ifi > j and F;(z) # Fj(z) if F; # F;.
We then set F; ; = D:{(Vz)(‘”f —F1(2)-(¢/ =Fi(2)=0 g1 411 7 € Z and 1 <i<m.
Using Definition 0.1(3), we may suppose that F; ; C %, forallze Zand 1 <i <m
by shrinking Z. Furthermore, by the fact that No = ppN and the condition
that v, (F;(z)) > vp(Fj(z)) if i > j, we see that N = 0 on each graded piece
Fiz/Fi—1,z. Let ¢; ; be the rank of %; ; /%;_1 ; over Ko ® k(z), and partition Z
into finitely many subsets according to the sequence c; .. Note that at least one
of these subsets of Z has to be Zariski-dense. Replace Z by this subset, and set
ci=cjzforzeZ.

For z € Z, we will inductively define (¢, I')-submodules Fil; ; C D:rig(VZ) for
1 <i < m such that D:{(Fili,z) = %; . Fori =1, since V; has nonpositive
Hodge-Tate weights and N(%; ;) = 0, we have

/= = f= =10/ =
Fl,z = D:{(Vz)‘/’ F1(z),N=0 _ Dctys(Vz)"’ Fi(2) =Djig(VZ)F Lo/ =F:(2),

using Berger’s dictionary [2002, Théoreme 3.6]. Let Fil; , be the saturation of the
(¢, I')-submodule of D;rig(Vz) generated by &1 ;. Itis then clear that DST (Fil1 ) =
D(jr_ys (Fily,z) = %1,z. Now suppose we have defined Fil,_; ; for some i > 2 such

that D:t_(Fili—l,z) = F;_1,z. It follows that
DF O, (V2)/ Fili_1.2) = DI (V2)/Fi—1 .
Note that
f=F: _
Fiz/Fir,2 = (DS (V) /Fimr )? =FEN=0,

Hence

. S =F. .
Fi./Fi_1.. = DY (DL (V,)/Fil; ;)" =F® c (Df (V,)/Fili_1.,)F.

crys\rig ng

We set Fil; ; to be the preimage of the saturation of the (¢, I')-submodule of
Djig(VZ)/Fili_LZ generated by F; ,/%F;_1,-. Now, for each 1 <i <m, we define
the charz%cter 8i : K* — 0(X)* by setting §;(p) = F, ! and §;(0%) = 1. Let
Dx = Drig(Vx)V.

Lemma 6.1. Suppose that X is irreducible. Then, for each 0 <i < m, there exists
a proper birational morphism 7w : X' — X and a subfamily of (¢,T')-modules
D}((l,) C Dxr over X' of rank d — ¢y — - - - — ¢; such that:

(1) Forany x € X', the natural map D,(Ci) — Dy is injective.
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(2) There exists a Zariski-open dense subset U of X' such that for any z € Z' =
7 Y(Z) N U, the natural map DS) — Dy is the dual of the projection

D;rig(Vn(z)) g D;rig(Vn(z))/Fili,n’(z)-

Proof. We proceed by induction on i. The initial case is trivial. Suppose that, for
some 1 <i < m, the lemma is true for i — 1. Note that F; ;/%;_1 ; maps into
f=
D;rlg(Vz)/ Fil; ; forany z € Z. Since &; ; /Fi—1,; = (DCWS(VZ)/JP, 12)? =@,
we get that (D(l))v(n*((? )(z)) has k(z)-dimension ¢; for any z € Z’. Since Z’ is
Zariski-dense in X', by Proposition 2.5 after adapting X" and U, we may find a

subfamily of (¢, I')-modules D(l,) of D)((i,_l) with rank d —¢1 —---—¢; such that:

(1) D,(f) — D,(f_l) is injective for any x € X’.
(2’) Forany z e =Y (Z)N U, Dg) is the kernel of the dual of the map

(Bl x ®0, k() (Finz)/Fi-1.2z) = Dy (Vae))/ Fill iz -

It is clear that (1’) and (2°) imply (1) and (2), respectively; this finishes the inductive
step. O

To prove Theorem 0.3, we also need the following lemma.

Lemma 6.2. Let Vg be a free S-linear representation of Gg of rank d. Then there
exists a positive integer m(Vs) such that for any x € M(S) and a € Ddlf(Vx) if

a is T-invariant, then a € D;:fm V) (v).

Proof. This is a consequence of the Tate—Sen method. Using [Berger and Colmez
2008, Théoreme 4.2.9], we first choose a finite extension L over K and some
positive integer m so that DTI’ (Vs) is a free B;E;;Z ®o , S-module with a basis
e =(er,...,ez). Let y be a topologlcal generator of I'7,,, and write y(e) = eG
for some G € GL; (B ng’z ®o » S). Recall that by the classical work [Tate 1967]
we know that there exists a constant ¢ > 0 such that v, ((y —1)x) < v,(x) + ¢ for
any nonzero x € (1 — R m)Loo, where Ry, m LC>o — L, is Tate’s normalized
trace map. Since the localization map ty, : B;Zgr’]’j — Lu[[t]] is continuous, by
enlarging m we may suppose that the constant term of ¢,,(G) — 1 has norm less
than p~¢. We fix some mg € N such that Koo N Ly = Ky N L.

Now let a € D+ K”(Vx)r for some x € X and n > m. We will show that

Kmg

ace Ddlf (Vx)F Since (,, (e) forms a basis of Ddlf ”(VS), we may write a =
tm(e)(x)A for some

AeMygy1((Ly a0, k(x)[e])-

The I'-invariance of a implies ¢, (G(x))y(A) = A; thus

(I—- RL,m)Lm(G(x))V(A) =(1- RL,m)A~
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Note that t, (G(x)) has entries in (L, ®q,, k(x))[[Z]. It follows that (G(x)—1)B =
(1—y~ Y B, where B = (1— Ry, ;u)A. Let By be the constant term of B. If By # 0,
then the constant term of (¢, (G(x)) — 1) B has valuation

> v(tm(G(x)) — 1) +v(Bo) > v(Bo) +c,

whereas the constant term (1—y 1) By of (1—y 1) B has valuation < v(Bg)+c; this
yields a contradiction. Hence Bg = J(r) Iterating this argument, we get B = 0. Hence
ae D$;Lm (V)N D;;K” (Vx) C Dy " (Vx). Thus we may choose m(Vs) = my.

|

Remark 6.3. Although we do not need it in this paper, it is worthwhile to point
out that the argument of Lemma 6.2 works equally well for families of (¢, I')-
modules and even a sequence of g-compatible K, [[/] ®q , S-modules {Mp}, in
the vein of [Berger 2008b, Définition II.1.1]. That is, each My, is a finite projective
Kn[[t] ®a,, S-module equipped with a continuous K, [[¢]-semilinear and S-linear
I"-action, and satisfies M}, ®Kn[[t]]®@,,s Kn+1[]1 ®a, S = Mp+1.

Proof of Theorem 0.3. We retain the notation above. By passing to irreducible
components, we may suppose that X is irreducible. We then apply Lemma 6.1
to Vx. Note that Vx- is again a finite slope family over X’ with the Zariski-
dense set of semistable points 7~ 1(Z). We may suppose that X’ = X. Let
2 :DL,(Vy) = Dy — (DY”)" be the dual of DY — Dy, and let Py = ker(A).
For any x € X, since D,(Cm) — Dy is injective, we get that the image of A is a
(¢, I')-submodule of rank d —cj —- - - — ¢y,. Thus, by Lemma 2.4, after adapting
X we may assume that Py is a family of (¢, I')-modules of rank ¢y + - -+ + ¢,
and there exists a Zariski-open dense subset U C X such that P, = ker(A,) for
any x € U. Note that ker(A;) = Fil; ; for any z € Z. Thus, by replacing Z
with Z N U, we may assume that P, = Fil; ; for any z € Z. We claim that Py
is de Rham with weights in [—b, 0]. To do so, we set ¥ to be the set of x € X
for which Py is de Rham with weights in [a, b]. By the previous lemma, we see
that for any affinoid subdomain M(S) C X, there exists an integer m(Vyg) such
that if Py is de Rham for some x € M(S), then hgr(Px) < m(Vs). We then
deduce from Proposition 4.10 that Y N M (S) is a Zariski-closed subset of M(S).
Hence Y is a Zariski-closed subset of X. On the other hand, since P, is de Rham
with weights in [—b, 0], we get Z C Y; thus Y = X by the Zariski density of Z.
Furthermore, using Proposition 4.10 and the previous lemma again, we deduce that
Py is de Rham with weights in [—b, 0]. As a consequence, we obtain a locally free
coherent Ox ®q, K-module Dyr(Px) of rank ¢ + -+ + Cp.

The next step is to show that Dyr(Py) is contained in DS}L (Vx) ®k, K for any
x € X. Let Y be the set of x € X satisfying this condition. We first show that Y is a
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Zariski-closed subset of X. For this, it suffices to show that Y N M(S) is a Zariski-
closed subset of M(S) for any affinoid subdomain M(S) of X. To show this, we
employ the p-adic local monodromy for families of de Rham (¢, I')-modules. As
in §5, let E be the product of the complete residue fields of the Shilov boundary of
M(S). Since Pg is a family of de Rham (¢, I')-modules with weights in [—b, 0],
by Lemma 5.3 there exists a finite extension L of K such that for sufficiently large
s and n > n(s), we have

~ I
L ®L,tn(M) = (Dait( PE ®B:ig,1<‘§’@pE Bzg,L ®a, E))"

for M = (Ns(Pg) ® g.s
rig

80 E BIZ’gK Ra, E)IL; furthermore, Ns(Pg) C Py.
K 4 ?
Thus '

A~

I

- Ln(Djig(VE) ®B;irg'f'Kr§>@pE BIJ[)’gS,K ®@p E) C Bs—l_ ®@p VE'

Note that Dgr(Pg) C D} (Pg) C DE(VE) C BJ, ®q, VE. This yields
Dar(PE) C (BY ®a, VE) ®L, L N B3 ®a, VE = (By ®a, VE) ®L, L.
We therefore deduce from [Berger and Colmez 2008, Lemme 6.3.1] that
Dgr(Ps) C (B ®q, VE)®1, LN B &®a, Vs = (B ®q, Vs) ®L, L.
It follows that ¥ N M(S), which is the set of x € M(S) such that Dgr(Pyx) C
(B ®a, Vi) ®k, K, is Zariski-closed in M(S).
To conclude the proof of the theorem, it then suffices to show that, for any x € X,
Dar(Py)C(DF (Vy)®k, K)Q(‘pf ))=0. here, we K-linearly extend the ¢/ -action
to DST(Vx) ®k, K. Note that Fily, , is semistable with D (Fil,;, ;) = %, .. This

implies that Q(¢/)(Dar(Px)) vanishes at z, yielding that Q(¢/)(Dar(Px)) = 0
by the Zariski density of Z. O
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The Picard rank conjecture for the
Hurwitz spaces of degree up to five

Anand Deopurkar and Anand Patel

We prove that the rational Picard group of the simple Hurwitz space Hg ¢ is
trivial for d up to five. We also relate the rational Picard groups of the Hurwitz
spaces to the rational Picard groups of the Severi varieties of nodal curves on
Hirzebruch surfaces.

Introduction

Let Hg4,o be the simple Hurwitz space which parametrizes isomorphism classes of
simply branched degree-d covers of genus-zero curves by genus-g curves. Although
Ha,g has been studied classically, many fundamental questions about its geometry
are still unanswered. The goal of this paper is to address one such question: the
question of its Picard group. It is conjectured (for example, [Diaz and Edidin 1996])
that the rational Picard group Picq(H4,¢) is trivial. We call this the Picard rank
conjecture for Hy4 . Our main result is a proof of this conjecture for d < 5.

Theorem A. The rational Picard group of Hg ¢ is trivial for d < 5.

In the main text, Theorem A is divided into the case of degree 3 (Proposition 3.3),
degree 4 (Proposition 4.10), and degree 5 (Proposition 5.4).

The Picard rank conjecture was known for d = 2 and 3. For d = 2, it was proved
by Cornalba and Harris [1988, Lemma 4.5], and for d = 3 by Stankova-Frenkel
[Stankova-Frenkel 2000, §12.2]. In these cases, there are now more refined results
about the moduli stacks; see [Cornalba 2007] for d = 2 and [Bolognesi and Vistoli
2012; Bolognesi and Lonne 2014] for d = 3.

The conjecture is also known for d > 2g —2. In this range, the map Hg o — Mg
is a fibration, where M is the moduli space of smooth curves of genus g. An
analysis of this fibration shows that Picg(Hg4,¢) = 0 if and only if Picg(Mg) = Q
(see, for example, [Mochizuki 1995] or [Diaz and Edidin 1996, §3]). Thus, the
conjecture for d > 2g — 2 follows from Harer’s theorem [1983].

MSC2010: primary 14H10; secondary 14C22.
Keywords: Hurwitz space, Picard group.
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We briefly explain the rationale behind the conjecture. Let us blur the distinction
between the coarse moduli spaces and the fine moduli stacks. This is harmless,
since we are concerned with the rational Picard group. Let us also take d > 4
(the discussion holds for d = 2,3 with minor modifications). Denote by ﬂd, ¢ the
partial compactification of H 4 , that parametrizes covers [o : C — P1] where C is
allowed to be nodal, but still irreducible, and o need not be simply branched. Let
o : C — P be the universal family over ﬁd,g, where p: C — j-v{d’ ¢ 1s a family of
irreducible, at worst nodal curves of arithmetic genus g, and 7w : P — Hy4 o a family
of smooth curves of genus 0. From this data, we can construct three “tautological”
divisor classes on ﬂd, ¢ given by

ps(c1(@p)®),  prlcr(wp)a™ci(@x)), and  p«([8p)).

Here w stands for the relative dualizing sheaf and § for the singular locus. It is
easy to check that the three tautological classes are Q-linearly independent. On the
other hand, ﬂd, g \Hd’ ¢ 18 a union of three irreducible divisors, namely, the locus
A where C is singular, the locus 7" where « has a higher order ramification point,
and the locus D where o has two ramification points over a branch point. It is also
easy to check that the classes of A, T, and D are Q-linearly independent. Thus,
Picg(Hga,¢) = 0 is equivalent to PiC@(/;':[d’ ¢) being generated by the tautological
classes. The Picard rank conjecture thus expresses the often-satisfied expectation
that there are no other divisor classes than the tautological ones.

We now outline our strategy for proving Theorem A. Let & : C — P! be a degree-
d cover. Then C embeds in a P4 ~2-bundle over P!, which we denote by PE — PL.
Thanks to the work of Casnati and Ekedahl, the resolution of the ideal of C in PE can
be described explicitly. The terms in this resolution involve (twists of) vector bundles
on P! [Casnati and Ekedahl 1996]. Let U C ?Ld,g be the open locus where these
vector bundles are the most generic. The key steps in our proof are the following:

(1) Identify the divisorial components of ﬂd, ¢ \U.

(2) Express U as a (successive) quotient of an open subset of an affine space by
actions of linear algebraic groups.

(3) Use the previous two steps to get a bound on the Picard rank of ﬂd, g»and in
turn, the Picard rank of Hg .

Needless to say, we are able to carry out all three steps only for d < 5. However, we
can carry out parts of step (1) in general. For step (2), we highlight that it remains
unknown in general whether one can dominate H, g ! by an affine space for d > 6.

To analyze Hy .¢ \ U, we must analyze the loci in Hy ,¢ Where the bundle E and
the vector bundles appearing in the resolution of C are unbalanced. We call these
loci the Maroni loci and the Casnati—Ekedahl loci, respectively. We spend significant
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effort on understanding the decomposition of ﬂd, ¢ into these loci. Contained in
Section 2, the results of this analysis may be of independent interest.

A key tool in our analysis is a construction that relates the Maroni loci to the
Severi varieties of Hirzebruch surfaces. Originally due to Ohbuchi [1997], this
“associated scroll construction” allows us to get the required dimension estimates.
The key input here is a theorem of Tyomkin [2007] that guarantees that the Severi
varieties of Hirzebruch surfaces are irreducible of the expected dimension.

The associated scroll construction also lets us relate the Picard ranks of the
Hurwitz spaces to the Picard ranks of the Severi varieties. To state our result, let us
denote by Ug (F., dt) the space of irreducible nodal curves of geometric genus g
in the linear system |dt| on the Hirzebruch surface F,,, where 7 is the section with
self-intersection m.

Theorem B. Letm > |(g +d —1)/(d —1)]. Then PicqUg (F,, dt) = 0 implies
Picg Ha,e = 0.

Letm > [2(g +d — 1)/(d —1)]. Then PicqUq (F1n,dt) = 0 if and only if
Picog Hg,e = 0.

In the main text, Theorem B is Theorem 6.7.

Notation. We work with a few different versions of the Hurwitz spaces. We assem-
ble their definitions here. We work over the field C of complex numbers. By a curve,
we mean a connected, proper, reduced scheme of finite type over C. Throughout,
assume that g > 3.

Ha,g: This is the coarse moduli space of [ : C — P1], where C is a smooth curve
of genus g and « a finite map of degree d with simple branching (that is, the
branch divisor of « is supported at 2g + 2d — 2 distinct points). Two such
covers [o1 : C; — P!] and [a3 : C; — P!] are considered isomorphic if there
are isomorphisms ¢ : C; — C, and ¥ : P! — P! such that ap 0 = Y o y.

ﬂd,g: This is the coarse moduli space of o : C — P!], where C is an irreducible,
at worst nodal curve of arithmetic genus g, and « a finite map of degree d.
The isomorphism condition is the same as that for Hg .

H:g, g This is like H 4, ¢, but with “framed” target P!. The objects it parametrizes
are [a : C — P!] as in the description of Ha,g» but [y : Cp — P!] and
[0z : Cy — P1] are considered isomorphic if there is an isomorphism ¢ :
C1 — Cy such that ¢y 0 p = 7.

ﬂji,g: This is like ﬂd,g, but with framed target P!,
All four are irreducible quasiprojective varieties with at worst quotient singulari-

ties. In particular, they are normal and Q-factorial. The group Aut P! = PGL, acts
on the framed versions. The unframed versions are the quotients by this action in
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the sense that the fibers of the morphism from the framed space to the unframed
space are precisely the PGL, orbits. We have

dimHg o =dimHg o =2g+2d -5,
and
dim#) = dim 7  =2g+2d-2.

In addition, we work with the following Severi varieties:

Ug (Fin, dt): This is the locus of irreducible nodal curves of geometric genus g in
the linear series |dt| in the Hirzebruch surface [F,,. Here T C [y, is
the section of self-intersection m1.

Ve (Fm., d7): This is the closure of Ug (F,, d7) in the projective space |dt|.

V;”([Fm, drt): This is the open subset of reduced irreducible curves in V; (Fy,, d7).

We do not distinguish between a vector bundle and the corresponding locally
free sheaf. Note that the vector bundle associated to the locally free sheaf F is the
relative Spec of the symmetric algebra on FV.

1. Preliminaries

In this expository section, we recall two key results. The first describes the Picard
group of the quotient of a variety by a group action. The second is a structure
theorem for finite covers which enables us to describe a large open subset of the
Hurwitz space as such a quotient.

1A. Picard groups of quotients. Let G be a linear algebraic group acting on a va-
riety X. Denote by Picg X the group of G-linearized line bundles on X. Forgetting
the G-linearization gives a homomorphism Picg X — Pic X.

Proposition 1.1 [Knop et al. 1989, Lemma 2.2, Proposition 2.3]. For a connected
linear algebraic group G acting on an irreducible variety X, we have an exact
sequence

x(G) — Picg X — Pic X,

where x(G) is the group of (algebraic) characters of G. Furthermore, if X is
normal, then the sequence has an extension by a homomorphism Pic X — Pic G.

Let 7 : X — Y be a morphism that is equivariant with the trivial G action on Y.
Let L be a line bundle on Y. The pullback 7 * L carries a natural G-linearization.
We thus have a homomorphism Pic Y — Picg X.
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Proposition 1.2. Let X and Y be irreducible normal varieties, G a linear algebraic
group acting on X, and w : X — Y a surjective morphism, equivariant with the
trivial action on Y. Suppose the fibers of w consist of single G-orbits. Then the
map PicY — Picg X is injective and we have

rkPicY <rk y(G) + rkPic X.

Furthermore, if G is reductive and the stabilizers G are finite, then we have an
isomorphism

PicY ® Q@ = Picg X ® Q.

Proof. Suppose L is a line bundle on Y such that 7* L is trivial as a G-linearized
line bundle. Then 7*L has a G-invariant nowhere-vanishing section. We claim
that such a section descends to a nowhere-vanishing section of L on Y. The crucial
point is that in our setup, Y is a geometric quotient of X [Mumford et al. 1994,
Proposition 0.2]. That is, for every open U C Y, the preimage 7~ 'U is open and
the functions on U are the invariant functions on 7~ 1U:

LU, 0y)=T(x"'U,0x)°.
It follows that the sections of L on U are the invariant sections of 7*L on 7~ 1(U):
LU, L)=T("'U,7*L)°.

Thus, a G-invariant section o of 7*L on X gives a section & of L on Y. It is easy
to check that if o is nowhere-vanishing, so is 0.

The bound on rk Pic Y follows from injectivity and Proposition 1.1. For the last
statement, we use the characterization of the image of Pic Y — Picg X from [Knop
et al. 1989, Proposition 4.2]: a G-linearized line bundle L is in the image if and only
if for every x € X, the stabilizer group G acts trivially on the fiber L. Since the
stabilizers are finite, we can arrange this by passing to a large enough power of L. [

We end with a simple application:

Proposition 1.3. Let U C ’;qd, ¢ be any open subset and U T its preimage under
H:ri,g — Hg,g. Then
rk Pic U = rkPic U,

Proof. Apply Propositions 1.1 and 1.2 with G =PGL,, X =UT,and Y = U. O

1B. The Casnati-Ekedahl structure theorem. Let X and Y be integral schemes
and o : X — Y a finite flat Gorenstein morphism of degree d > 3. The map « gives
an exact sequence

0— Oy —> axOy — Eo¥ —> 0, (1-1)
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where E = E, is a vector bundle of rank d — 1 on Y, called the Tschirnhausen
bundle of «. Denote by wq the dualizing sheaf of «. Applying Homy (—, Oy) to
(1-1), we get

0— F — axwqg — Oy — 0. (1-2)
The map E — axwy induces a map o* E — wy.

Theorem 1.4 [Casnati and Ekedahl 1996, Theorem 2.1]. In the above setup, o™ E —
wq gives an embedding 1 : X — PE with o = w o, where m : PE — Y is the
projection. Moreover, the subscheme X C PE can be described as follows:

(1) The resolution of Ox as an OpEg-module has the form

0— 7*Ny_o(—d) —> n*Ng_3(—d +2) —> 7*Nj_4(—d + 3)

—> oo — 1*Ny(-3) — 7*N1(=2) — Opg — Ox — 0, (1-3)

where the N; are vector bundles on Y . Restricted to a point y € Y , this sequence
is the minimal free resolution of X, C PE),.

(2) The ranks of the N; are given by

AN i(d—2—i)( d )

d—1 i+1
(3) We have Ny_, =~ n* det E. Furthermore, the resolution is symmetric, that is,
isomorphic to the resolution obtained by applying Homo, . (—, Ng_»(—d)).

The branch divisor of a : X — Y is given by a section of (det £)®2. In particular,
if X is a curve of (arithmetic) genus g, o has degree d, and ¥ = P!, then

tkE=d—1land degFE =g+d—1. (1-4)

2. The Maroni and Casnati-Ekedahl loci

Consider a cover « : C — P! and the relative canonical embedding C C PE,. Since
vector bundles on P! split as direct sums of line bundles, the vector bundle E,
and the higher syzygy bundles N; appearing in Theorem 1.4, are discrete invariants
of o. We thus get a decomposition of the Hurwitz space into locally closed subsets
where the isomorphism type of the bundles £, and N; are constant. This section
is devoted to the analysis of some of these locally closed subvarieties, particularly
their dimensions. We only consider the bundle E, and F, := N;. Note that

Eq =ker(axwyg — Oy) and Fy = axlc(2),

where Ic C Opg, is the ideal sheaf of C.
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Definition 2.1. For vector bundles E and F on P!, define closed subvarieties of
T

H
d.g

M(E,F):=1{[a:C — Pl | Eg = E and Fq = F},
M(E):={ja:C > Pl |Ey~E},
C(F)={[a:C - Pl | Fy=F}.

Call M(E) the Maroni loci and C(F') the Casnati—Ekedahl loci. Define subvarieties
M(E.F), M(E), and C (F) of ], , analogously.

Abusing notation, we denote the images of these loci in the unframed versions
Ha,g and 7Tld, ¢ by the same letters. The framed versus unframed setting is usually
clear by context, and sometimes irrelevant, for example in discussing the codi-
mensions. We caution the reader that these loci are not necessarily irreducible or
of expected dimension (Examples 4.3, 4.4). Even determining whether they are
nonempty remains a challenge in full generality.

2A. The associated scroll construction. To analyze the Maroni loci M(E), we
associate to a cover of P! a curve on a Hirzebruch surface. The construction is
originally due to Ohbuchi [1997]. Let C be an irreducible curve of arithmetic
genus g and o : C — P! a finite cover of degree d. Let ¢ be a global section of
Oc¢ (m) = a*Op1(m) that projects to a nonzero section of E (m). In other words,
let £ € HO(C, O¢(m)) be an element not contained in a* H?(P!, Op1(m)). The
section ¢ gives a map from C to the total space of the line bundle O(m) over P!.
Let F;,;, = Proj(O @ O(—m)) be the Hirzebruch surface that compactifies this total
space. We thus get the diagram

c —YF,

RN

[p)l

Let 0 C F,, be the directrix (the unique section of F,, — P! of negative self-
intersection) and t C [, the section disjoint from o (so that 0% =—m and 72 = m).
By construction, v(C) C [Fj, avoids the directrix 0. Suppose C is smooth and
o : C — P! does not factor nontrivially. Then v is birational onto its image, and
therefore v(C) is a reduced and irreducible element of the linear system |dt|. By
the following proposition, v(C) is a point in the Severi variety V; (F.,, d7).

Proposition 2.2. A reduced and irreducible curve on |, of geometric genus g in
the linear system |dz| is a flat limit of irreducible nodal curves of geometric genus

g.
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Proof. Let C C [F,, be such a reduced and irreducible curve. Let C — C be the
normalization map. Denote by v the composite map v : C — [F,,. Let M be a
component of the Kontsevich space of maps Mg (F;,, d7) containing v. Let N, be
the normal sheaf of v; this is the cokernel of T¢ — v*T,,. Then, we have a lower
bound dim M > y(N,). Since

X(Ny) = x(v*Ty,,) — x(Tc) = g — deg(K,, - C) — 1,
we get
dim M > g —deg(K¢,, -C)— 1.

By [Harris 1986, Proposition 2.2], a general vge, : Cgen — Fpy in M is birational
onto its image and the image has only nodes as singularities. O

We can make the construction in a family. Let M be areduced scheme, p: C — M
a generically smooth family of reduced and irreducible curves of genus g, and « :
C — P!'x M a finite flat M -morphism of degree d. Set Oc (m) =a*O(m). Assume
that none of the fibers o, : C; — P! factor nontrivially and that H°(C;, Oc, (m))
has constant rank. Then p«Oc (m) is a vector bundle on M. The trivial subbundle
HO%(P!, O(m)) ® Op maps injectively to p«Oc (m). Let U be the complement of
the image of this map in the total space of p«Oc¢ (m). Fiberwise, the sections of
U correspond to the sections ¢ which project nontrivially onto E, (). Then the
associated scroll construction gives a morphism

U=V, (Fm, dr).

We will use this construction where M is a Maroni locus. As described, the
construction depends on the existence of a universal family, and thus gives a
morphism from the fine moduli stack. But since V; (F;,, d7) is a scheme, we get a
canonical induced map from the coarse space.

The following crucial result makes the above construction useful:

Theorem 2.3 [Tyomkin 2007]. All Severi varieties parametrizing irreducible curves
on Hirzebruch surfaces are irreducible and of expected dimension. In particular,
the variety Vg (F ., dt) is irreducible of dimension dm +2d + g — 1.

We also need the following result, which we prove for lack of a reference:

Proposition 2.4. Let C C F,, be a general point of Ve (Fm,dt) and C — C the
normalization. Then the composite C — P! is simply branched.

Proof. In light of Theorem 2.3, it suffices to exhibit a particular C of geometric
genus g in V; (Fy,, dt) whose normalization is simply branched over P!. One way
is to start with X = P! and o : X — P! a simply branched cover of degree d. Then
Eq = 0(1)®@-1), Choosing a general section of E, (m) gives v : X — [Fp, such
that v(X) is nodal. Itis easy to see that v(X) is in the closure of V; (F;,, d7). Indeed,
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since the set of nodes of v(X) impose independent conditions on | Ky, + dt|, they
automatically impose independent conditions on |dt| as well, and hence we may
smooth out the required number of nodes of v(X) to deform to a curve of geometric
genus g. A general fiber of such a smoothing is the required C. O

Remark 2.5. We can realize the associated scroll construction geometrically as
follows. The choice of a general global section ¢ of O¢ (m) can be thought of as a
choice of a geometric section o : P! — PE. In the P4=2 fibers of 7w : PE — P!,
we now have d + 1 points: d points coming from the fibers of the map a : C — P1,
and one more point provided by the section o. For general t € P!, these d + 1
points will be in general position, and so will define a unique rational normal curve
R; C PE. Consider the birationally ruled surface S C PE defined as the closure of
the union of the R;. S contains both o and C, and is fibered over P!. We contract
all components of the fibers of the projection 7 : § — P! which do not meet the
directrix o. The resulting surface is [, with o being the directrix. The image of
C under the contraction S — [, is the associated scroll construction.

For a vector bundle £ = O(a1) ®---® O(ay) on P!, set
|E| =min{a;} and [E| = max{a;}.

Given a cover « : C — P1, the associated scroll construction v : C — [F,, can be
made for m > | E4 |. Conversely, given a point C € V;"([Fm, dr),let C — C be the
normalization. Then the induced cover « : C — P! has | Ey | < m.

Proposition 2.6. If M (E) is nonempty, then

2¢+2d -2

[E] < =

(2-1
Furthermore, if Ey comes from a cover [a : C — P, with C irreducible, and
where « does not factor nontrivially, then

(2-2)

Proof. The resolution of O¢ in Theorem 1.4 tells us that C C P E, is not contained
in any hyperplane divisor. Let & denote the hyperplane divisor class associated to
OpE, (1), and let f denote the class of the fiber of 7 : PE — PL. Set N := [E,].
Then the divisor class & — N f is effective. Since C is irreducible and does not lie
in (h— Nf), it intersects (A — N f) nonnegatively. Since i -[C] =2g +2d —2 and
f-[C] =d, we conclude that N < (2d +2g—2)/d.

For the second inequality, we appeal to the associated scroll construction. Let
n:= | Ey]. Since @ does not factor, v : C — [, must be birational onto its image.



468 Anand Deopurkar and Anand Patel

Adjunction on [, gives

d
Pa(C) = (5 )n=(@~1).
The second statement now follows from the inequality g < p,(v(C)). |

The following result places a strong restriction on a large class of Tschirnhausen
bundles E.

Proposition 2.7 [Ohbuchi 1997]. Let a : C — P! be a cover of degree d, with C
irreducible, and where o does not factor nontrivially. Write Eq = O(a1) & --- &
O(ag_q1), where |Ey ] = a1 <az <---<ag_q1 = [Eq]|. Then

aiv+1—a; < |Eq| for 1<i<d-2. (2-3)
Remark 2.8. Proposition 2.7 implies the second inequality in Proposition 2.6.

Definition 2.9. We call a vector bundle £ on P! of rank d — 1 and degree g +d — 1
tame if it satisfies inequalities (2-1), (2-2), and (2-3).

Notice that Proposition 2.6 and Proposition 2.7 imply that E, is tame in the
following two cases: « is simply branched, or d is prime. Indeed, in either case,
the cover cannot factor nontrivially.

Denote by ~> the partial order on isomorphism classes of vector bundles on P!
givenby E ~ E’ if E specializes to E’ in a flat family. Note that isomorphism classes
of vector bundles of rank r and degree n on P! can be identified with unordered
partitions of n with r parts. Then the order ~> is the usual dominance order of
partitions. For example, we have (2, 3,4) ~ (2,2,5) and (2, 3,4) ~ (1,4, 4), but
(2,2,5) and (1, 4, 4) are incomparable.

Define the finite set 7 [m] by

Tm]:= {Isomorphism classes of tame bundles E of rank d — 1,
degree g+d —1,and |E| = m}

Observe that 7 [m] contains an element E[m] such that E[m]~> E for all E € T[m].
In other words, E[m] is the most generic among all the bundles in 7 [m].

Theorem 2.10. Let m € 7 satisfy (g +d — 1)/(‘2’) <m<(g+d-1)/d-1).

(1) If M(E) is nonempty, then E is a tame bundle.

2) If L[E| <m then M(E) C M(E[m]).

(3) M(E[m]) C M(E[m + 1]) for all m.

(4) M(E[m)]) is an irreducible subvariety of”H:ri,g of codimension g—(d —1)m+1
unlessm = [(g+d —1)/(d —1)], in which case M(E[m]) = HIl,g'
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(5) If d is prime, then all the statements above hold with M (—) replaced by M (-)
and HZZ g replaced by ’HZ g

In the proof, we use the following result (restated here for our setup):

Theorem 2.11 [Coppens 1999]. For all m satisfying (g +d —1)/(2) < m <
(g +d—1)/(d —1), there is a genus-g and degree-d cover C — P with Tschirn-
hausen bundle E[m]. Moreover, C is birational onto its image under the associated
scroll construction C — Fy,.

Proof of Theorem 2.10. The first statement follows from Propositions 2.6 and 2.7.

Before we proceed, we make two observation about the normalization C of
a general point [C] of V (F, dt). First, C — P! is simply branched. Second,
C — P! has Tschirnhausen bundle E[m]. Indeed, both are open conditions on
Ve (Fm. dt). By Proposition 2.4, there is a point satisfying the first condition. By
Theorem 2.11, there is a point satisfying the second condition. By the irreducibility
of V; (Fsn, dt), a generic point satisfies both conditions.

For the second statement, suppose | E| < m and let [« : C — P!] be a point
of M(E). The associated scroll construction gives v : C — Fy,; let C C F, be
the image. Since « is simply branched, v : C — C is birational. By the previous
paragraph, we know that [C] € Vj (Fy, d7) is the limit of an arc in Vg (Fp,, d7)
whose general point corresponds to a curve with Tschirnhausen bundle E[m]. More
precisely, we know that over a germ of a smooth curve (or the spectrum of a DVR) A
there exists C C F,,, x A such that:

e C — A is a family of reduced and irreducible curves of geometric genus g.
e The fibers C; C [, are in the linear system |dz|.
o The special fiber Cg is C.

e The general fiber C; has the property that (C;)” — P! has Tschirnhausen
bundle E[m], where the superscript v denotes normalization.

Let C — C be the normalization of the total space of this family. The main theorem
of [Teissier 1980] says that the fibers of C — A are the normalizations of the
corresponding fibers of C — A. Considering the composition C — P! of the
sequence of maps C — C — F,, — P!, we see that o : C — P! is the limit of covers
C; — P! which have Tschirnhausen bundle E[m]. The second statement follows.

The third statement is a corollary of the second statement.

For the fourth statement, suppose m=|(g+d—1)/(d—1)]. Then E[m]
is balanced, so M(E[m]) = Hd . Suppose m < |[(g +d —1)/(d —1)]. Let
U C YV, (Fm.dr) be the locus of nodal curves of geometric genus g whose normal-
ization is simply branched over P!. Then U is a smooth open subset of Ve (Frm, d7).
Normalization of the universal family of curves in [, of geometric genus g gives a
family of smooth curves of genus g with a simply branched map of degree d to P!
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(induced from F,, — P1). By definition, the image is in M(E[m]). We thus get a
dominant map
q:U — M(E[m]).

The fiber of ¢ over [ : C — P!] corresponds to the global sections of O¢ (m) that
project nontrivially onto EY (m). For general « € M(E[m]), we have E, = E[m].
Also, since m < |(g +d —1)/(d — 1)], the bundle E[m] has a unique O(m)
summand and all other summands have degree greater than m. Therefore, the
general fiber of ¢ has dimension m 4 2. From the dimension of V; (F.,, dt), we get

dim M(E[m]) = dimV, (Fpn,dt) —(m+2) =(d —1)m + g +2d —3.

Since dim H:ri g = 2g + 2d — 2, the fourth statement follows.

For the last statement, all the arguments hold for M (E) if d is prime, since the as-
sociated scroll construction v : C — [, is automatically birational onto its image. [

Theorem 2.10 gives us good control on the dimensions of the Maroni loci for
E based on the minimal summand of E. We must now consider those £ which
are nongeneric, but nonetheless have the same minimal summand as the generic
Tschirnhausen bundle. Set k = |[(g +d —1)/(d —1)]|. Then

E[k]=O0k)® @ O(k +1)®471,

where 0 <r <d—1. A general cover« € HL has E[k] as its Tschirnhausen bundle.
Let E’ be any tame bundle, and set s := hO(E "V (k)). Upper-semicontinuity implies
s > r. Suppose s > r. Define

M°(E'y={a e H} , | Ea = E'}.

Then M°(E’) is locally closed, and M°(E’) = M(E’).
Lemma 2.12. Under the assumptions above, let Z C M °(E’) be any irreducible
component. Then the codimension of Z in H d.g is at least (s —r) + 1.

Proof. Let z = dim Z. We use the associated scroll construction over Z. We have

an open subset U of a vector bundle of rank s 4+ k + 1 over Z and a morphism

U — V,(Fg,dr). Since E’ # E[k], the closure of the image of U is a proper

subvariety of V; (Fg, 7). In particular, we have dim U <dim V, (Fg,dtv) =dk+2d +

g — 1. The lemma follows from this inequality. O
We now have the tools to determine all the Maroni divisors.

Proposition 2.13. The Maroni locus M(E) C Hq g is a divisor if and only if
= (k —1)(d — 1) for some integer k > 1, and

E=Ek—-1]=0k-1)®0k) P30k +1).

Furthermore, in this situation, M(E [k — 1)) is irreducible.
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Proof. If |[E| =k = |(g+d —1)/(d —1)], then the statement follows by applying
Lemma 2.12. If, on the other hand, | E | < |(g+d —1)/(d —1)], then the statement
follows from statement (4) of Theorem 2.10. O

We record a particularly interesting case of the irreducibility of the Maroni divisor:

Corollary 2.14. Let g = 2(d — 1). Then M(E[2]) C Mg, is irreducible, and
it is the ramification locus of the generically finite and dominant forgetful map
Proof. The irreducibility statement follows from Theorem 2.10. To show that

M(E[2)) is the ramification locus of j, consider [ : C — P!l € H,, ¢ and the map
of sheaves

0 — a*(Tp1) — T¢ —> Ny —> 0.

The tangent space to Hy o at o is H%(C, Ny)/a* HO(P!, Tp1) and the tangent
space to Mg at C is H'(C, T¢). The map

du: HO(C, Ny)/a*HO (P, Tp1) — HY(C. T¢)
fails to be surjective precisely when H!(C,a*Tp1) #0, i.e., whena € M(E[2]). O

2B. Linear independence of T, D, and A. In this section, we prove that the
divisorial components of the boundary of H, ¢ are linearly independent. Define
the closed loci T, D, A in Hy , by

T={la:C—P|a1(q) =3p1+pr+-+pqg_> for some ¢ and distinct p;.}

={la:C—>P|a"q) =2p1+2p2+p3+-+ pa—

for some ¢ and distinct p; }

A ={[a:C — P1]|C is singular. }

These three loci correspond to the three possibilities of the limit when two branch
points of a branched cover come together. Note that 7', D, and A are irreducible
and their union is the complement of Hy ¢ in Hy 4.

Proposition 2.15. For d > 4, the classes of T, D, and A are linearly independent
in Pica(Hg,g). For d > 3, the same is true for the classes of T and A.

Proof. We construct curves with nonsingular intersection matrix with our divisors.
For this, a slight enlargement of Hy ,¢ 18 more convenient. Define H’” dg 3 the
moduli space of [ : C — P!], where C is an at worst nodal curve of arithmetic
genus g, not necessarily irreducible, but without any separating nodes, and « is a
map of degree d. The target P! is taken to be unframed. It is easy to see that Hy .
is a dense open subset of ’H’:lfg with codimension-2 complement. Abusing notation,
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Pb qb

Xp
r q’ E
o N 1
0 o0 P

Figure 1. We construct families of covers parametrized by b € B
by attaching a variable family of covers ay, : X; — P! to a fixed
cover B : E — PL.

we denote the closures of 7', D, and A in 7-{,’” by the same letters. It suffices to
prove the proposition for H"s dg

We now construct test curves in H”sg Pick nonnegative integers g and g, with
g1+ g2 = g — 1 and positive integers dq and d, with dy + d> = d. Take a family
ap : Xp —> [P’1 of covers of degree dy and genus g1, where b denotes a parameter
on a smooth complete curve B. Assume that we have two sections p,qg: B — X
with o (pp) = 0 and ap(gp) = oo for all b € B. Take B : E — P! to be a fixed
simply branched cover of degree d, and genus g5, unramified over 0 and co, and
let p’, ¢’ € E be two points over 0 and oo respectively. Our test curve in H”Sg
given by the family y;, : Cp, — P!, where C}, is obtained by gluing (Xp, pp.qp)
to the constant family (E, p’,¢’), and y}, : Cp, — P! is induced from « : X}, — P!
and B : E — P!. The construction is depicted in Figure 1.

Let 7T, Dy, and Ay denote the pullbacks of the divisor classes 7', D, and A
along the map from B to 7Tld1 g given by oy, Define Ty, Dy, and A, likewise. Let
e be the intersection number of Br(c) with a horizontal section of P! x B. Denote
by [p] and [¢] respectively the classes of p(B) and g(B) on X.

Claim. With the notation above, we have

deg Ty = deg Ty + 3([p] + [¢]) - Ram(a),
deg Dy =deg Dy + (282 + 2d> —2)e + 4e — 4([p] + [¢q]) - Ram(«), and
deg A, = deg Ag + [p]* + [¢]*.

Proof of the claim. The pullback of the line bundle O(A) from ﬂ’éfg to B is given by

(Np/X ® Np’/E) ® (Nq/E ® Nq’/E) ® Op(Aq),
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where N, x denotes the normal bundle of p in X, and so on. The third equation
follows.

For a generic b € B, the point of Hgfg given by yp, : Cp, — P! does not lie in
T or D. We have the following specializations:

(1) @p : Xp — P! has a fiber of the form 3p; + ps + ---. Such b are precisely the
points of Ty, each contributing 1 to deg 7.

(2) ap : X, — P! has a fiber of the form 2p1 +2ps + p3+---. Such b are precisely
the points of Dy, each contributing 1 to deg D,

(3) A branch point of o, : X — P! coincides with a branch point of 8 : E — PL.
There are (2g2 + 2d> — 2)e such b, each contributing 1 to deg D,,.

(4) pp (resp. gp) is a ramification point of o5, We compute the intersection multi-
plicity of B with T" and D at such a point by looking at a versal deformation space
of v,. We may restrict y; over an analytic neighborhood U of 0 (resp. 0o). Let x
be a coordinate on U. Then y,~ 1(U) — U has the form

Ulyl/?=xy)uUu---uU — U.
A versal deformation of this cover is given over Spec C[s, ¢] by
Ulyl/(y>=xy—sx—n)uUuU---uU - U.

In Spec C[s, t], the divisor D does not contain the origin, and hence the intersection
number of B with D at b is 0. The divisor 7 C Spec C[s, ] is defined by # = 0. The
curve B approaches the origin along the locus where U [y]/(y3—xy—sx—t) is singu-
lar, namely along s3+¢ = 0. We deduce that the intersection number of B with T at b
is 3. There are [p]-Ram(w) (resp. [g]-Ram(«)) such b, each contributing 3 to deg T, .

(5) pp (resp. gp) is not a ramification point of ¢y, but lies over a branch point. Again,
we look at a versal deformation of yp. In this case, y,° 1(U) — U has the form

Ulyl/(*=x)uUz)/(z>=x*>)uUu---uU — U.
A versal deformation of this cover is given over Spec CJ[s, ¢] by
Uly]/?—x)uU|z]/(z2=x2—sx—t)uUU---LuU — U.

In Spec C[s, t], the divisor 7" does not contain the origin, and hence the intersection
number of B with T at b is 0. The divisor D C Spec C|[s, t] is defined by ¢ = 0.
The curve B approaches the origin along the locus where U[z]/(z% — x? —sx —1)
is singular, namely along s —4¢ = 0. We deduce that the intersection number of B
with D at b is 2. Let us count the number of such points, first for p,, and analogously
for gp. The points b for which pj, is not a ramification point but lies over a branch
point correspond to the intersection points of Br(«) N {0} x B which are not the
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images of the points of Ram(«) N p(B). Note, however, that the image of a point of
Ram(a) N p(B) is actually a point of tangency of Br(«) with {0} x B, and hence con-
tributes 2 to the intersection number e = Br(«)-{0} x B. The remaining count, which
we want, is therefore e—2[ p]-Ram(c). Similarly, the count for g is e—2[¢]-Ram(c).

The expressions for 7}, and D, follow from combining the above contributions. [

Returning to the proof of the proposition, consider the following three particular
test curves for d > 4.

B1: Take oy : Xp — P! to be a family of hyperelliptic curves of genus g — 1
obtained by taking a double cover X — P! x P! branched along a curve of
type (2g,2). To have sections p and ¢ of X over {0} x P! and {oo} x P!,
let the branch divisor be tangent to {0} x P! and {oo} x P1. Take E to be a
smooth rational curve and y : E — P! a generic cover of degree d — 2.

Bs: Take o, : Xj — P! to be a family of trigonal curves of genus g — 1 obtained by
taking a general pencil on [Fg in the linear system |((g + 1)/2, 3)| if g is odd,
or on [y in the linear system |3 - directrix 4+ (g /2 + 2) - fiber| if g is even. Two
base-points give pp and gj. Take E to be a rational curve and y : E — Pl a
general cover of degree d — 3.

Bj3: Take ap : Xp — P! to be a family of hyperelliptic curves of genus g —2 as in
Bj. Take E to be a smooth genus-1 curve and y : E — P! a generic cover of
degree d — 2. This curve exists only for d > 4.

Using the claim, we get the following nonsingular intersection matrix:

T D A
B 6 4d—12 8g—6
B> | 3g4+49 84-24 7g-3
Bs 6 4d—-8 8g—14

For d = 3, we take a pencil in Fg or Fy as in By, but of trigonal curves of genus g,
without any E. Then the middle column vanishes, and the second row becomes
(3g +6,0,7g + 6), which is linearly independent from the first row. |

3. Degree 3

Let C be a curve of genus g and « : C — P! a map of degree 3. The relative
canonical map embeds C as a divisor in a Pl bundle PE over P!, where E is a
vector bundle of rank 2 and degree g + 2.

Let Egen=o(LgTHJ)@0({gTHD
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be the most generic vector bundle on P! of rank 2 and degree g + 2. Set
Upen :={a € H3 ¢ | Eq = E&M}.
Note that Ugeen is an open subset of 77[3, g

Proposition 3.1. The complement of Ugen in 7:13, g is a divisor if and only if g is
even, in which case it is irreducible.

Proof. This is the degree-3 case of Proposition 2.13. O

Let w : PE2™ — P! be the projection. Set
V = HO(P!, Sym3 E&" ® det E&™Y).

Elements of Py, V' correspond to divisors in the linear series of the line bundle
Opgeen (3)Q@m* (det E&M)Y on PEE™. Let Cyy C P E" be the divisor corresponding
tov e V. Let V° C Py V be the open locus consisting of v € V° for which Cy, is
irreducible and at worst nodal. Let G := Aut(sr) be the group of automorphisms of
PE" over P1. Then G acts on V°. The assignment
v [ Cy — P
gives a map
q:V°— 7':[; g

Denote by U ggen the preimage of Ugen under ”;LJ; P ”;7:[3, g
Proposition 3.2. The image of q is U ];gen. The fibers of q consist of single G-orbits.
Proof. For brevity, set £ = E&", For v € V°, consider the sequence
0—> Opg(-3)®@n*det E—> Opg —> O¢, —> 0.
Applying Rm,, we get
0 —> Op1 —> 1:O¢,, — EY — 0, 3-1

which says that the Tschirnhausen bundle of C,;, — Plis E. Conversely, from the
Casnati—Ekedahl resolution, it follows that every point of U ];[ «n 15 1 the image of g.

Letu,ve U ];[ge,, be in a fiber of g. Then there is an isomorphism C, — C,
over the identity of P!. The sequence (3-1) for C, and C, shows that such an
isomorphism induces an isomorphism £ — E. The induced automorphism of PE
over P! takes C,, to C, and hence u to v. O

Proposition 3.3 (Picard rank conjecture for degree 3). We have Picg H3,g = 0.
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Proof. Retain the notation introduced above. For brevity, set U = Ugen and
Ut = U;ggen. Then V° — UT is a quotient by G and UT — U is a quotient by
PGL,. By Proposition 1.2 and Proposition 3.2, we have
rk Picg U < rk Picg U + rk y(PGL5) = rk Picq U T
<rkPicg V° +1k y(G) <1 +1k x(G).

The final inequality follows because V' ° is an open subset of a projective space. Let
e be the number of divisorial components of H3 ¢ \ U. We then get the bound

rk Picg ﬂ3,g <1kPicgU +e <141k y(G) +e.
If g is even, then
G =PGL,,
ik x(G) =0,
e =1 by Proposition 3.1.
If g is odd, then
a l 0 1
G = {(0 b) (a,beq:*, e HO(P', 0(1){ / C*,
k y(G) =1,
e =0 by Proposition 3.1.

In either case, we have
rk Picqg H3 ¢ < 2.

By Proposition 2.15, the classes in Pic@(’ﬁg,, ¢) of the two components of 7TL3, g\H3 g
are linearly independent. Therefore, we get Picg H3,¢ = 0 as desired. O

4. Degree 4

Let C be a curve of genus g and @ : C — P! a map of degree 4. The relative
canonical map embeds C into a P?-bundle PE over P!, where E is a vector bundle
of rank 3 and degree g + 3. The Casnati—Ekedahl structure theorem provides the
following resolution of Oc:

0— n*det E(—4) — n*F(-2) — Opg — O¢c — 0,

where F is a vector bundle of rank 2 and degree g + 3.

Explicitly, we can describe C C PE as follows. Write F = O(a) @ O(b), where
a+b=g+3anda <b. Let h denote the divisor class associated to Opg (1) on
PE and f the class of the fiber of the projection 77 : PE — P!. Then the curve C
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is the complete intersection of two divisors:

C=0aN0p.

where [Qy] =2h —af and [Qp] =2k —bf.

We can describe the equations of O, and Qp even more explicitly as follows.
Write E = O(m1) ® O(m2) ® O(m3). Over an open set U C P!, let X, Y, and Z
denote the relative coordinates on P E |7 corresponding to the three summands of E.
Assume that m < mp < ms3. Over U, the divisor Q, is the zero locus of a form

P1IAX2 4 p1oXY + p13XZ + paaY? + pasYZ + p3nZ2, 4-1)

where p; ; is the restriction to U of a global section of O(m; +m; —a). Similarly,
over U, the divisor Qy, is the zero locus of a form

G aX*+q12XY +q13XZ +q22Y?* + 2 3YZ +q33Z2, (4-2)

where g;; is the restriction to U of a global section of O(m; + m; —b).

The irreducibility of C puts some restrictions on the possible (E, F). Indeed,
if p1,1 =q1,1 =0, then the section [X : Y : Z] =[1:0:0] of PE is contained in
both Q, and Qp, making C = Q, N Qp reducible. An irreducible C thus forces

2mi >a. (4-3)

Proposition 4.1. Let E be a vector bundle of rank 3 and degree g + 3 and F a
vector bundle of rank 2 and degree g + 3. If the locus M(E, F) is nonempty, then
it is irreducible and unirational.

Proof. Consider the dense open subset M°(E, F) C M(E, F) corresponding to
those o € H4 ¢ that have Ey = E and Fy = F. It suffices to prove the statement
for M°(E, F). Consider the vector space

V:=H%P!, FV @ Sym? E).

Elements of V correspond to maps 7* F(—2) — Opg. Let V° C V be the open
subset where the ideal generated by the image of 7* F(—2) defines a smooth curve,
simply branched over P!. Then V° surjects onto M°(E, F). O

Remark 4.2. From the dominant map V° — M(E, F) in the proof of Proposition
4.1, it is easy to compute the codimension of M(E, F) in H4 ¢, which is

codim M(E, F) = dimExt! (E, E) 4+ dim Ext! (F, F) — dim Ext! (F, Sym® F).

We may think of dim Ext! (E, E) +dim Ext! (F, F) as the “expected codimension”.
The next example shows that the actual codimension is not always the expected
codimension.
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Example 4.3. Let E = O(m) ® O(2m) ® O(g + 3 —3m), where [(g + 3)/6] <
m < (g + 3)/5. To get an irreducible curve C, the only possibility for F' is
F =002m)® O(g +3—2m), by (4-3). The resulting locus M(E, F) is not of
expected codimension because dim Ext! (F, Sym? E) is nonzero.

Example 4.4. The Maroni locus M (E) may be reducible. Let g = 12, and consider
the bundle £ = O(3) & O(5) & O(7). Then the reader can easily check (using
Bertini’s theorem) that M(E, F) and M(E, F’) are nonempty and of equal codi-
mension dim Ext! (E, E) for the bundles F = O(6)®O(9) and F' = O(5) @ O(10).
Therefore M(E, F) and M(E, F’) are two components of M(E). It is easy to see
by analyzing the explicit equations that these are the only components of M (E).

Let E&" (resp. F'£") be the most generic vector bundle on P! of rank 3 (resp.
2) and degree g + 3. Define

Ugen :={a € Ha g | Eq = E&},
Upen :={a € Ha g | Fy = F&"},

UEgen’Fgen = UEgen N UFgen,

It is easy to see that these are open subsets of ﬂd, ¢+ Our next task is to identify the
divisorial components of their complements.

Proposition 4.5. The subvariety M = 7714, ¢ \ Ugzen is a divisor if and only if g is
divisible by 3, in which case it is irreducible.

Proof. This is the degree-4 case of Proposition 2.13. O

For the complement of Ufgen, we could do a careful analysis of the defining
equations of C in PE, as we will have to do for the next case of d = 5. But
we can take a more geometric approach using the resolvent cubic construction.
Originally due to Recillas [1973], the construction can be described as follows. For
simplicity, we give an informal description, restricting to simply branched covers.
See [Casnati 1998] for a detailed account. Consider a point [o : C — P1] of Ha,g.
The resolution of O¢ as an Opg,-module shows that C C PE, is the complete
intersection of two relative quadrics. A fiber of P F,, — P! naturally corresponds
to the pencil of conics in the corresponding fiber of PE, — P! containing the
corresponding fiber of C — P!. Each such pencil contains three singular conics,
counted with multiplicity. The total locus of these singular conics forms a trigonal
curve R(C) C PF,. Let R(x) : R(C) — P! be the projection. We call R(«) the
resolvent cubic of a. Using that C — P! is simply branched, it is easy to check that
R(C) is smooth and the branch divisor of R(«) coincides with the branch divisor
of «. In particular, R(C) has genus g + 1. The association « — R(«) defines a
map

R:Hag — H3zgt1,
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which we call the resolvent cubic map. The fiber of R over a point [D — P!]
in H3,g+1 corresponds bijectively to the set of étale double covers D’ — D (see
[Recillas 1973], [Casnati 1998, Theorem 6.5], or [Donagi 1981]). In particular, R
is a finite morphism.

Proposition 4.6. Let F be a vector bundle of rank 2 and degree g + 3 on PL. The
Casnati—Ekedahl locus C(F) C Ha,g is nonempty if and only if | F | > [(g+3)/3].
In this case, it is of the expected codimension dim Ext! (F, F).

Proof. Consider a point [« : C — P!] of H4_¢ and its resolvent cubic R(«) : R(C) —
P!. Since R(C) CPFy, and Fy, is a vector bundle of rank 2 and degree (g + 1) +2,
it must be the Tschirnhausen bundle of R(C). That is, we have Eg(y) = Fy. By
[Recillas 1973], the map R is finite, and hence C(F) = R™1(M(F)). Both state-
ments about C(F') now follow from the corresponding statements about M (F). O

Proposition 4.7. Let g > 4. The subvariety CE :=H4 g \ Upen has codimension
at least 2 if g is even and is an irreducible divisor if g is odd.

Proof. The image R(UFpeen) C H3,¢+1 is the open locus of trigonal covers having
F#" as their Tschirnhausen bundle. The complement Z := H3z g4 1 \ R(UFzen)
has codimension at least 2 if g + 1 is odd, and it is the Maroni divisor if g + 1 is
even (Proposition 3.1). The complement H4 ¢ \ UFpen is the preimage RY(2).
Therefore, the statements about the codimension follow from the finiteness of R.

For the question of reducibility, let F =O(k—1)®O(k+1) withk =(g+3)/2>
3. The claim is that C(F) is irreducible when g > 3, and has two components when
g = 3. We have

C(F)=|JM(E.F).
E

By Proposition 4.1, the varieties M (E, F) are irreducible. Therefore, every compo-
nent of C(F) must be of the form M(E, F) for some E.

Let g > 3 and suppose E # E&". The inclusion M(E, F) C M(E) and
Proposition 2.13 imply that M (E, F) is a divisor if and only if M(E, F) = M(E)
and E = O(m—1) & O(m) & O(m + 1). By choosing two generic quadrics as
in (4-1) and (4-2), we can explicitly construct a curve in M(E, F&"), showing
that M(E, F) # M(E). Thus, it follows that the only component of C(F) is
M(E®", F). O

Example 4.8. The divisor H4,¢ \ Uz is not irreducible for g = 3. Indeed, take
F =0(2)® O(4). Then M(E®™", F) is an irreducible component. Now consider
the only other possibility for £, namely £ = O(1) ®O(2) ® O(3). By (4-3), a cover
in M(E) must have F = O(2) & O(4). Furthermore, for this £ and F, we can
choose the two quadrics generically and see that M (E, F) is nonempty. Therefore,
M(E) = M(E, F) is another component of Hy g \ Upeen.
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Our next goal is to exhibit Ugzen peen as a quotient. Let 7w : PE&" — P! be the
projection. For brevity, set £ = E&" and F = F&", Set

V:=H%P!, FV @ Sym? E).

An element v € Py, V' corresponds to a map 7* F(—2) — Opg. Let C, be the zero
locus of the image of this map. Let V° C Py, V be the open locus consisting of
v € Py V for which Cy, is irreducible and at worst nodal. Let G := Aut(PF/ Pl
and G := Aut(PE/P'). Then Gr x G acts on V°. The assignment

v [ Cy — P
defines a map

q:V°— 77[1’&,.
Denote by U}; F the preimage of Ug F under ’;fti’ g ™ 7':[4,g.

Proposition 4.9. The image of q is U ;;gen Fen- The fibers of q consist of single
G-orbits.

Proof. The proof is exactly analogous to the proof of Proposition 3.2. O
Proposition 4.10 (Picard rank conjecture for degree 4). We have Picg Ha,g = 0.

Proof. Retain the notation introduced above. For brevity, set U = Ugeen peen and
Ut =u ggcn Fen- By Proposition 1.2 and Proposition 4.9, we have

rk Picg U <tk Picg U™ + rk y(PGL,) = rk Picq U T
<rkPicg V° +1k y(G) <1 +1k x(G).

The final inequality follows because V' ° is an open subset of a projective space. Let
e be the number of divisorial components of H3 ¢ \ U. We then get the bound

rk Picg ”;'-v{4,g <t1kPicgU +e <141k y(G) +e.

Recall that G = G peen X G geen.
If g is an odd multiple of 3, then
G = PGL, x PGL3,
k x(G) =0,
e =2 corresponding to M in Proposition 4.5 and CE in Proposition 4.7.
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If g is odd, but not divisible by 3, then

GZPGszGE
ab 11
Gg={|cd L (a,b,c,d,eeq:,e(ad—bc)e@*,zieHO(Pl,O(l)) / C*,
00 e
k x(G) =1,

e =1 corresponding to CE in Proposition 4.7.
If g is even and divisible by 3, then
G = Gfr xPGL,,
Gp = {(‘0’ 2) la,beC* 1€ H'P',0(1)} /C*,
ik x(G) =1,
e =1 corresponding to M in Proposition 4.5.
If g is even and not divisible by 3, then

G = Gf xGg, where G and Gg are as in the previous two cases,
ik x(G) =2,
e=0.
In all cases, we get

rk Picq Ha,¢ < 3.

By Proposition 2.15, the classes in Picg 77l4, ¢ of the three components of 7714, ¢\Hag
are linearly independent. Therefore, we get Picg H4,g = 0, as desired. O

5. Degree 5

Let C be a curve of genus g and « : C — P! a map of degree 5. The relative
canonical map embeds C into a 3 bundle PE over P!, where E is a vector bundle
of rank 4 and degree g + 4. The Casnati—Ekedahl structure theorem provides the
following resolution of O¢:

0—> *det E(—5)— n*(FY(det E))(—3) — 7 *F(=2) — Opg —> O¢c — 0,

where F is a vector bundle of rank 3 and degree 2g + 8.
Explicitly, we can describe C C PE as follows. The resolution is determined
completely by the middle map

w:a*(FY(det E))(=3) —» n* F(=2).
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We can view this map as an element of the vector space H?(P!, FQ F® E(— det E)).
Due to a theorem of [Casnati 1996], w can be taken to be antisymmetric, that is, in
the subspace

Vi=H'(P, NFQE®detEY).

Even more explicitly, we can describe the defining equations of C as follows. Let
F=0n)®---®0(ns), wheren; <---<ns, and
E=0m)®---®O(@mng), where mj <--- <my.

We represent an element w € V' by a skew symmetric matrix of forms

0 Lip, Lis3 Lia Lijs

—Lip O L3 Ly Lo
My=|—-Li3 —L23 O L34 L3s |, (5-1)

—Ly4 —Lz4 —L3za 0 Las

—Lis —Las —L3s —Las O

where L; ; € HOP! E®detEY ® O(n; + n;j)). In PE, the curve Cy, is cut out
by the 4 x 4 sub-Pfaffians of the matrix My,.
The irreducibility of C puts some restrictions on the possible matrices. Indeed,
suppose
Lip=L13=0.

Then the Pfaffian Q5 of the submatrix obtained by eliminating the fifth row and
column is

Os=Liplzs—Li3loa+Loslia=L>3L14.

Since Q5 is reducible, Cy, is forced to be reducible.

Suppose further that £ = O(k)” @ O(k + 1)*~", where 0 < r < 3. Then the
observation above implies that the maximum of the degrees of the summands of
E ® (det EY) ® O(n1 + n3) must be nonnegative, meaning

ni+ns+k—(g+4)>-1.
Since the n; are increasing, we get the inequalities
ni+nj+k+1)—(g+4)>0
for every (i, j) with i # j except (i, j) = (1,2). (5-2)
Let £ (resp. F&") be the most generic vector bundle on P! of rank 4 (resp. 5)
and degree g + 4 (resp. 2g + 8). Define Ugeen, Upeen, and Ugeen peen as before.

These are the open subsets of Hs ¢ consisting of covers « for which Ey, Fy, and
both E, and Fy are the most generic.
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Proposition 5.1. The subvariety M := ﬂs,g \ Ugeen has codimension at least 2 if
g is not divisible by 4, and has a unique divisorial component if g is divisible by 4.

Proof. This is the degree-5 case of Proposition 2.13. O
For the complement of U gen, we must analyze the defining equations of C in PE.

Proposition 5.2. The subvariety CE := Hs g \ Upen has codimension at least
2 if g + 4 is not a multiple of 5 (with the exception of g = 3, in which case the
complement parametrizes hyperelliptic curves), and contains a unique divisorial
component if g + 4 is a multiple of 5.

Proof. We must characterize the Casnati—Ekedahl loci C(F') which are divisorial.
We have

C(F)=|JM(E.F).
E

The loci M(E, F) are irreducible by the same argument as in Proposition 4.1 —in
the proof, just take V = H O(IPI, NF®E ®det E V). Therefore, any component
of C(F) must be of the form M(E, F). From the explicit description of degree-5
covers above, it is straightforward to compute that

codim M(E, F) = dimExt!(E, E) + dimExt' (F, F) —h' (\°F ® E ® det EY).

Suppose E # E£", Then M(E, F) C M(E). By Proposition 2.13, M(FE) has
codimension at least 2 unless E = O(k) ® O(k +1)®473 & O(k + 2). In this case,
using the explicit description of degree-5 covers, it is easy to construct covers o with
Ey =FE and F, = F&", Thus, M(E, F) # M(E), and, since M (FE) is irreducible,
M(E, F) C M(E) has codimension at least 1. Therefore, M(E, F) C Ha g has
codimension at least 2. Therefore, for M(E, F) to be divisorial, we must have
E = E&°" In this case, we have

codim M(E, F) = dimExt!(F, F) = h' (\°F ® E @ det EV).
Suppose 1! (A\*F ® E ®@det EV) = 0. Note that dim Ext! (F, F) = 1 if and only if
F=0m-1)@0n)®0Mn)®0n)dO0n+1).

In this case 5n = 2(g + 4), and hence 5 divides g + 4.
We are thus reduced to showing that M (E, F) is not a divisor when £ = E#°" and

W (NF ® E(~det E)) > 0,
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with the exception of g = 3. Write

E=0()® @0k +1)®*7, where 0<r <3,

and
F=0(m1)® 00y ®&0n3)® O(ng) ® O(ns), wheren; <---<ns.
Consider an antisymmetric matrix
My =(Lij), 1=i,j <5,

as in (5-1), representing an element of H 0(/\2F QR E®detE V). Inequality (5-2)
implies that any contribution to /! ( NFQE®detE V) must come from the L1 »
entry. In other words, we have

W (N'F ® E(—det E)) = h' (E @ det EY ® O(n} 4 n2)).
Since E = E2", we have h! (E ® det EY ® O(n1 + n5)) > 0 if and only if

ni+ny+k+1)—(g+4) <0.

Hence, we get

WY(E®detEY @ O(ny +n2)) =4(—(n1 +na+k—(g+4)—1)—@4—r)
=4g—4(n1+n2+k)+r+8.

Equation (5-2) tells us that n; +n3 + (kK + 1) — (g +4) > 0, which implies n, < n3.
Therefore,

dimExt!(F, F) > (2ns + 2n4 + 2n3) —3(n1 +nz) — 6.
Combining the two, we get

dimExt!(F, F) —h'(E @ det EY ® O(n1 + n2))
>2ns+2n4+2n3+ny +ny—3(g +4)—2.

Using ny +---+ns = 2(g + 4), the above inequality becomes

dimExt! (F, F) —h'(E @ det EY @ O(n1 4+ n2)) > (g +4) — (n1 +n) — 2.
Finally, by using the assumption n1 +n, + (kK + 1) — (g +4) <0, we conclude that
codim M(E&", F) = dimExt' (F, F) —h'(E @ det EY @ O(n1 +n2)) > k — 1.

If k > 1, then we get codim M(E®®", F) > 1 as desired. We consider the cases
where k = 1 on an individual basis. These cases correspond to 0 < g < 4.
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Case g = 4. Then E&" = 0(2)®* and F&" = 0(3)®* @ O(4). The relative
canonical map embeds C in PE2" ~ P3 x P!, The projection to P3 restricts to
the canonical map on C. Therefore, if C is nonhyperelliptic, then there is only one
quadric in P containing the canonical model of C. This means that the bundle F has
exactly one O(4) summand, and hence F =~ F'#". The locus where C is hyperelliptic
is easily seen to be codimension-2 in Hs 4. This exhausts all possibilities in this case.

Case g = 3. Then E€" = O(1) ® O(2)®3 and F&" = O(2) & O(3)®*. Consider
the special bundle F = O(2) @ O(2) ® O(3)®2 @ O(4). Then

dimExt!(F, F) —h' (N F ® E®det EV) = 1.

Now consider a general [@ : C — P'] € M(E,F) C Hsj3. Let [X : Y : Z : W]
denote the homogeneous coordinates (locally over P!) on PE corresponding to
the summands of E. As usual, denote by 4 the class of Opg (1) and by f the class
of the fiber of PE — P!. Since O(4) is a summand of F, there exists a unique
effective divisor Q of class 22 —4f on PE which contains C. The quadric Q may
be written as the zero locus of a form

coY?+c1YZ +---+csW2,

where the ¢; are constants. Let p : PE ——> P? x P! be the projection from the
section [1:0:0:0], and g : PE —-> P2 x P — P? the composition with the
projection onto the first factor. Then the rational map g is given by the linear system
|h—2f| on PE, which restricts to the canonical series on C. However, the fact that
C lies on the relative quadric Q means that the image g(C) is exactly the conic
defined by the equation for Q. Thus, C is hyperelliptic.

Given the above geometric understanding of the O(4) summand of F, it is easy to
show that if we begin with a hyperelliptic curve C, and a degree-5 map « : C — P!,
then Fy, must contain a unique O(4) summand. By the inequalities in (5-2), there
are no other choices for F.

Case g = 1,2. In these cases, we leave it to the reader to see that there are no
nontrivial Casnati—-Ekedahl or Maroni loci. O

As before, we now exhibit Ugeen peen as a quotient. For brevity, set £ = E&"
and F = F&", Set

Vi=H (P, N’F ® E ®det E).

An element v € Py, V defines an antisymmetric matrix as in (5-1). Let C, be
the zero locus of the 4 x 4 sub-Pfaffians of this matrix. Let V° C PgV be the
open locus consisting of v for which Cj, is irreducible and at worst nodal. Let
Gr :=Aut(PF/P!) and Gg := Aut(PE/P!). Then G := G x Gg acts on V°.
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The assignment v — [ : C, — P1] defines a map
q:V°— ﬂl,g.
Let U;Ew r be the preimage of Ugeen peen under j:[;g — Hs,q.

Proposition 5.3. The image of q is U ;ggen pen- The fibers of q consist of single
G-orbits.

Proof. The proof is exactly analogous to that of Proposition 3.2. O
Proposition 5.4 (Picard rank conjecture for degree 5). We have Picg Hs g = 0.

Proof. The proof is entirely analogous to the proof of Proposition 4.10. We
indicate only the major steps. Set U = Ugeen peen, and U T=U ;gen Feen- Applying
Proposition 1.2 to V° — Ut and U — U, we get

rkPicg U <1 +1k y(G).
Let e be the number of divisorial components of ﬂs, ¢ \U. We then get
rk Picg ﬂs,g <1+r1ky(G)+e.

Both G and e depend on g modulo 4 and 5. Using Propositions 5.1 and 5.2, we get
the following possibilities:

tk x(G) =1k x(Gg) +1k x(GF) e
4|g, 5|g+4 0=0+0 2 (M and CE)
41g, 54+g+4 1=0+1 1 (M)
4tg, 5(g+4 1=1+40 1 (CE)
dtg, Stg+4 2=1+1 0

In all the cases, we have Picg ﬂs,g < 3. Combined with Proposition 2.15, this
gives Picg Hs g = 0. |

6. From Hurwitz spaces to Severi varieties

The associated scroll construction in Section 2A lets us relate the Picard rank of a
Hurwitz space to the Picard rank of a Severi variety. In this section, we work out
this relation.

Recall the notation Ug (F1,, d7), Vy (F, d7), and V;”([Fm, q’t) from page 462.
When confusion is unlikely, we abbreviate them by &/, V, and V'""'. Following [Diaz
and Harris 1988a], we enlarge U/ by including the irreducible curves of geometric
genus g having a cusp, a tacnode, a triple point, and irreducible nodal curves of
geometric genus (g — 1) (that is, curves having an “additional” node). Note that the
resulting enlargement of I/ is a partial compactification of I/ in the linear system
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|dt|. Although it does not include extremely singular degenerations of nodal curves,
it does include all codimension-1 degenerations (Proposition 6.3). Denote by U the
normalization of this partial compactification. The local analysis from [Diaz and
Harris 1988a, §1] of the Severi variety at points corresponding to cusps, tacnodes,
triple points, and an additional node shows that U is smooth. Since I/ maps to the
linear series |dt|, it carries over it a family of (singular) curves. The normalization
of the total space of this family gives a family C — U of curves of arithmetic genus g.
A generic fiber of C — U is the normalization the corresponding curve on [Fy,.

Using the universal family, we can construct tautological divisor classes on U as
follows. Consider the diagram

/|
u
Define five tautological divisor classes on U (The subscript s stands for “Severi”):

(1) As :=c1(pxwp).

2) kg := p*(cl(a)p)z).

(3) & 1= p«(v*(f) - c1(wp)).
(4) b5 1= p«(v*(0) - c1(wp)).
(5) Vs := px(v*[point]).

Since the irreducible curves in the linear system |dt| avoid the directrix o, we get
0s = ¥ = 0. Therefore, it is natural to conjecture:

Conjecture 6.1. The rational Picard group of I/ is tautological, that is,
Pico U = Q(As, ks, &).

Denote by CU, TN, TP, and A the closures in VI of the locus curves with a
cusp, tacnode, triple point, or an additional node, respectively. Abusing notation,
denote their preimages in I/ by the same letters.

Remark 6.2. It is not hard to check that the classes in Picg U of CU, TN, TP, and
A can be expressed as Q-linear combinations of Ay, k5, and & and vice versa.
Conjecture 6.1 is therefore equivalent to

Picgod = 0.

Proposition 6.3. The only divisorial components of V'™ \U are CU, TN, TP, and A.
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Proof. Tt suffices to show that the codimension-1 components of V \ U are the loci
of curves with cusps, tacnodes, triple points or an additional node. This follows
by the same proof as for Theorem 1.4 in [Diaz and Harris 1988b]. The critical
ingredient of the argument is provided by Lemma 6.4. O

Lemma 6.4. Let D € |dt| be a reduced irreducible curve on the Hirzebruch surface
Fm. Denote by A the conductor ideal of the singularities of D. Then A imposes
independent conditions on HO(Fp,, O(dr)).

Proof. Let K = KF,, be the canonical class. The anticanonical class —K is effective.
Furthermore, the fixed component of —K is the directrix o, and —K separates points
away from o. It is classical that A imposes independent conditions on the adjoint
linear system |K + D|. Let Z = V(A) be the zero-dimensional scheme defined by
the ideal sheaf A. Then the restriction map

H°(O(K + D)) — H°(Oz(K + D))
is surjective. Therefore, we can conclude the same for
H°(O(D)) - H%(0z(D))
by multiplying the previous restriction map by a general section of O(—K). [

We now rephrase the Picard rank conjecture for Hurwitz spaces in a manner
similar to Conjecture 6.1. Consider the diagram

¢ pt
/]

il
Hd,g

Define the following tautological divisor classes on ’;[2 g (The subscript “h” stands
for “Hurwitz”):

(1) Ay = c1(fawr).
(2) kp = falc1(wp)?).
(3) & := fu(a™[point] - c1(wy)).

Conjecture 6.5. The rational Picard group of ’;7-22 < is tautological, that is,

Picg ﬂz’g = Q(Ap, kn, En).
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Remark 6.6. It is easy to see that the classes of 7', D, and A can be expressed as Q-
linear combinations of Ay, k, and &, and vice versa. Also, by Proposition 1.3, the
framed/unframed distinction is irrelevant. Therefore, Conjecture 6.5 is equivalent
to the Picard rank conjecture stated in the introduction, namely, that

Picg Hg,g = 0.
We now state the main theorem of this section:

Theorem 6.7. Ifm > |(g+d —1)/(d —1)], then Conjecture 6.1 for Zjlg([Fm, dr)
implies Conjecture 6.5 for 7—[2 Afm > [2(g+d—1)/d], then Conjecture 6.1 for

L{g (Fi, dt) is equivalent to Conjecture 6.5 for Hd

Proof. Let m > |(g +d —1)/(d — 1)]. Retain the notation introduced in this
section. In particular, abbreviate Ug (F,,, d7) by U, and so on. Let 7 : F,, — P!
be the projection and o C [, the directrix. Fix a section { € HO(F,,, 7*O(m))
corresponding to a smooth element of the linear series |t]|. We view [Fp, \ o as
the total space of the line bundle O(m) on P! and ¢ as the tautological section of
7*O(m) on this total space.

Let ¢ : C — P! be the composition ¢ = wov. Let Z C U be the open subset
consisting of the u where h°(Cy, ¢*O(m)) is minimal. Likewise, let W C ’HZ,
be the subset consisting of [o : C — P!] where h°(C, a*©O(m)) is minimal. By
Proposition 2.13, the complement of W in ’H, has codimension at least 2. Let V'
be the total space of the vector bundle fia™ (’)(m)|W over W.

We have a birational morphism ¢ : Z — V defined as follows. A point u € U is
mapped to [¢y, : Cyy — P, v], where v € H(Cy,, ;¥ O(m)) is the restriction of ¢. To
define the inverse, we must restrict to an open subset of V. Let X C V be the open
subset consisting of ([a : C — P1],v), where v € H%(C,a*O(m)) is such that
the lift of C — P! to C — [F,, defined by v is birational onto its image. We then
get a morphism p : X — V' which is quasifinite and generically one-to-one. Let
Y C X be the open subset consisting of points whose associated element in V'™ has
at worst a cusp, a tacnode, a triple point, or an additional node. By Proposition 6.3
and the quasifiniteness of p, the complement of ¥ in X has codimension at least 2.
Since Y is normal, we get a morphism p:Y — Z C U, inverse to ¢. We summarize
the spaces we have defined and their relationships in the following diagram:

~

P
*
> X S Sl
q

Z
* l (6-1)
u

Hd,g<—)W
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The inclusions are open inclusions. Y and Z are isomorphic via p and g. The
maps marked by = induce isomorphisms on Picard groups. For the open inclusions,
this is because the complements have codimension at least 2. For V' — W, this is
because it is a vector bundle.

Denote the pullbacks of Aj, kp, and &, to W, V, X, and Y by the same letters.
Then, we have

P*As = Ap, P*Ks: Kn, P*gs = &y,
g A =2As.  qkp=ks.  qE =E&;.

We may thus drop the subscripts and use A, x, and & to denote the corresponding
divisors on any of the spaces in (6-1).

Before we proceed, we must comment on the inclusion X < V. The complement
consists of ([ : C — P1],v), where v e H%(C, a*O(m)) does not give a birational
map to F,,. Let us disregard the « that factor nontrivially (such « form a set of
codimension at least 2). Then the only such v are the pullbacks of the sections
in H°(P', O(m)). The locus ([« : C — P],v) where v € «* HO(P!, O(m))
has codimension at least 2 except in the case g = —1 (mod (d — 1)) and m =
(g +d—1)/(d —1)], that is, when the generic splitting of axOc¢ is

axO0c =00 0(-m)dO0(-m—1)®d---dO(—m —1).

In this case, the complement of X in V' has a divisorial component given by the
image of the constant vector bundle H°(P!, O(m)) ® Ow . However, the class of
this divisor in Picg V = Picg W is in the span of A, «, and &. Therefore, in any
case, Picg V is spanned by A, «, and £ if and only if Picg X is.

Assume that Conjecture 6.1 holds. From diagram (6-1), we see that Picg X
is spanned by A, k, and £. By the comment about X — V above, this im-
plies that Picg V, and in turn Picg #H d.g’ is spanned by A, k, and £&. Hence
Conjecture 6.5 holds.

Assume that m > [2(g +d — 1)/(d — 1)] and Conjecture 6.5 holds. Then, by
Proposition 2.6 the inclusion Z — U is in fact an isomorphism. Again, diagram
(6-1) shows that Picg f is spanned by A, k, and &. Hence Conjecture 6.1 holds. [

Acknowledgments

We are grateful to our advisor Joe Harris for suggesting this problem and for
providing constant support and encouragement. We also thank Gabriel Bujokas,
Dawei Chen, Maksym Fedorchuk, and Ravi Vakil for helpful comments and
conversations.



The Picard rank conjecture for the Hurwitz spaces of degree up to five 491

References

[Bolognesi and Lonne 2014] M. Bolognesi and M. Lonne, “Mapping Class Groups of Trigonal Loci”,
preprint, 2014. arXiv 1403.7399

[Bolognesi and Vistoli 2012] M. Bolognesi and A. Vistoli, “Stacks of trigonal curves”, Trans. Amer.
Math. Soc. 364:7 (2012), 3365-3393. MR 2901217 Zbl 06188646

[Casnati 1996] G. Casnati, “Covers of algebraic varieties, II: Covers of degree 5 and construction of
surfaces”, J. Algebraic Geom. 5:3 (1996), 461-477. MR 97¢:14015 Zbl 0921.14006

[Casnati 1998] G. Casnati, “Covers of algebraic varieties, III: The discriminant of a cover of degree 4
and the trigonal construction”, Trans. Amer. Math. Soc. 350:4 (1998), 1359-1378. MR 98i:14021

[Casnati and Ekedahl 1996] G. Casnati and T. Ekedahl, “Covers of algebraic varieties, I: A general
structure theorem, covers of degree 3,4 and Enriques surfaces”, J. Algebraic Geom. 5:3 (1996),
439-460. MR 97c:14014 Zbl 0866.14009

[Coppens 1999] M. Coppens, “Existence of pencils with prescribed scrollar invariants of some general
type”, Osaka J. Math. 36:4 (1999), 1049-1057. MR 2001g:14006 Zbl 1047.14500

[Cornalba 2007] M. Cornalba, “The Picard group of the moduli stack of stable hyperelliptic curves”,
Atti Accad. Naz. Lincei CL. Sci. Fis. Mat. Natur. Rend. Lincei (9) Mat. Appl. 18:1 (2007), 109-115.
MR 2008b:14017 Zbl 1222.14054

[Cornalba and Harris 1988] M. Cornalba and J. Harris, “Divisor classes associated to families of
stable varieties, with applications to the moduli space of curves”, Ann. Sci. Ecole Norm. Sup. (4)
21:3 (1988), 455-475. MR 89j:14019 Zbl 0674.14006

[Diaz and Edidin 1996] S. Diaz and D. Edidin, “Towards the homology of Hurwitz spaces”, J.
Differential Geom. 43:1 (1996), 66-98. MR 98e:14028 Zbl 0848.14005

[Diaz and Harris 1988a] S. Diaz and J. Harris, “Geometry of the Severi variety”, Trans. Amer. Math.
Soc. 309:1 (1988), 1-34. MR 89i:14018 Zbl 0677.14003

[Diaz and Harris 1988b] S. Diaz and J. Harris, “Ideals associated to deformations of singular plane
curves”, Trans. Amer. Math. Soc. 309:2 (1988), 433-468. MR 89m:14003 Zbl 0707.14022

[Donagi 1981] R. Donagi, “The tetragonal construction”, Bull. Amer. Math. Soc. (N.S.) 4:2 (1981),
181-185. MR 82a:14009 Zbl 0491.14016

[Harer 1983] J. Harer, “The second homology group of the mapping class group of an orientable
surface”, Invent. Math. 72:2 (1983), 221-239. MR 84g:57006 Zbl 0533.57003

[Harris 1986] J. Harris, “On the Severi problem”, Invent. Math. 84:3 (1986), 445-461. MR 87f:14012
Zbl 0596.14017

[Knop et al. 1989] F. Knop, H. Kraft, and T. Vust, “The Picard group of a G-variety”, pp. 77-87 in
Algebraische Transformationsgruppen und Invariantentheorie, edited by H. Kraft et al., DMV Sem.
13, Birkhduser, Basel, 1989. MR 1044586 Zbl 0705.14005

[Mochizuki 1995] S. Mochizuki, “The geometry of the compactification of the Hurwitz scheme”,
Publ. Res. Inst. Math. Sci. 31:3 (1995), 355-441. MR 96j:14017 Zbl 0866.14013

[Mumford et al. 1994] D. Mumford, J. Fogarty, and E. Kirwan, Geometric invariant theory, 3rd ed.,
Ergebnisse der Mathematik und ihrer Grenzgebiete (2) [Results in Mathematics and Related Areas
(2)] 34, Springer, Berlin, 1994. MR 95m:14012 Zbl 0797.14004

[Ohbuchi 1997] A. Ohbuchi, “On some numerical relations of d-gonal linear systems”, J. Math.
Tokushima Univ. 31 (1997), 7-10. MR 99b:14005 Zbl 0938.14011

[Recillas 1973] S. Recillas, “Maps between Hurwitz spaces”, Bol. Soc. Mat. Mexicana (2) 18 (1973),
59-63. MR 50 #13050 Zbl 0313.14003


http://msp.org/idx/arx/1403.7399
http://dx.doi.org/10.1090/S0002-9947-2012-05370-0
http://msp.org/idx/mr/2901217
http://msp.org/idx/zbl/06188646
http://msp.org/idx/mr/97c:14015
http://msp.org/idx/zbl/0921.14006
http://dx.doi.org/10.1090/S0002-9947-98-02136-9
http://dx.doi.org/10.1090/S0002-9947-98-02136-9
http://msp.org/idx/mr/98i:14021
http://msp.org/idx/mr/97c:14014
http://msp.org/idx/zbl/0866.14009
http://projecteuclid.org/euclid.ojm/1200788879
http://projecteuclid.org/euclid.ojm/1200788879
http://msp.org/idx/mr/2001g:14006
http://msp.org/idx/zbl/1047.14500
http://dx.doi.org/10.4171/RLM/483
http://msp.org/idx/mr/2008b:14017
http://msp.org/idx/zbl/1222.14054
http://www.numdam.org/item?id=ASENS_1988_4_21_3_455_0
http://www.numdam.org/item?id=ASENS_1988_4_21_3_455_0
http://msp.org/idx/mr/89j:14019
http://msp.org/idx/zbl/0674.14006
http://projecteuclid.org/euclid.jdg/1214457898
http://msp.org/idx/mr/98e:14028
http://msp.org/idx/zbl/0848.14005
http://dx.doi.org/10.2307/2001156
http://msp.org/idx/mr/89i:14018
http://msp.org/idx/zbl/0677.14003
http://dx.doi.org/10.2307/2000919
http://dx.doi.org/10.2307/2000919
http://msp.org/idx/mr/89m:14003
http://msp.org/idx/zbl/0707.14022
http://dx.doi.org/10.1090/S0273-0979-1981-14875-8
http://msp.org/idx/mr/82a:14009
http://msp.org/idx/zbl/0491.14016
http://dx.doi.org/10.1007/BF01389321
http://dx.doi.org/10.1007/BF01389321
http://msp.org/idx/mr/84g:57006
http://msp.org/idx/zbl/0533.57003
http://dx.doi.org/10.1007/BF01388741
http://msp.org/idx/mr/87f:14012
http://msp.org/idx/zbl/0596.14017
http://msp.org/idx/mr/1044586
http://msp.org/idx/zbl/0705.14005
http://dx.doi.org/10.2977/prims/1195164048
http://msp.org/idx/mr/96j:14017
http://msp.org/idx/zbl/0866.14013
http://dx.doi.org/10.1007/978-3-642-57916-5
http://msp.org/idx/mr/95m:14012
http://msp.org/idx/zbl/0797.14004
http://msp.org/idx/mr/99b:14005
http://msp.org/idx/zbl/0938.14011
http://msp.org/idx/mr/50:13050
http://msp.org/idx/zbl/0313.14003

492 Anand Deopurkar and Anand Patel

[Stankova-Frenkel 2000] Z. E. Stankova-Frenkel, “Moduli of trigonal curves”, J. Algebraic Geom.
9:4 (2000), 607-662. MR 2001h:14031 Zbl 1001.14007

[Teissier 1980] B. Teissier, “Résolution simultanée, I: Familles de courbes”, pp. viii+339 in Séminaire
sur les singularités des surfaces (Palaiseau, 1976-1977), edited by M. Demazure et al., Lecture
Notes in Mathematics 777, Springer, Berlin, 1980. MR 82d:14021 Zbl 0464.14005

[Tyomkin 2007] I. Tyomkin, “On Severi varieties on Hirzebruch surfaces”, Int. Math. Res. Not.
2007:23 (2007), 31. MR 2008m:14048 Zbl 1135.14026

Communicated by Ravi Vakil
Received 2014-07-27 Revised 2014-11-04 Accepted 2014-12-11

anandrd@math.columbia.edu Department of Mathematics, Columbia University,
2990 Broadway, New York, NY 10027, United States

anand.patel@bc.edu Mathematics Department, Boston College, Carney Hall,
Chestnut Hill, MA 02467, United States

mathematical sciences publishers :'msp


http://msp.org/idx/mr/2001h:14031
http://msp.org/idx/zbl/1001.14007
http://dx.doi.org/10.1007/BFb0085880
http://msp.org/idx/mr/82d:14021
http://msp.org/idx/zbl/0464.14005
http://dx.doi.org/10.1093/imrn/rnm109
http://msp.org/idx/mr/2008m:14048
http://msp.org/idx/zbl/1135.14026
mailto:anandrd@math.columbia.edu
mailto:anand.patel@bc.edu
http://msp.org

ALGEBRA AND NUMBER THEORY 9:2(2015)
dx.doi.org/10.2140/ant.2015.9.493

Finite-dimensional quotients
of Hecke algebras

Ivan Losev

Let W be a complex reflection group. We prove that there is a maximal finite-
dimensional quotient of the Hecke algebra %, (W) of W, and that the dimension
of this quotient coincides with |W|. This is a weak version of a 1998 Broué—
Malle—Rouquier conjecture. The proof is based on the categories O for rational
Cherednik algebras.

1. Introduction

Let W be a complex reflection group. Recall that such groups are fully classified;
see [Shephard and Todd 1954]. In this context, one can also define the braid
group Byy. Namely, let h denote the reflection representation of W. Inside b, one
considers the open subset of regular points h™8 := {x € h | Wy = {1}}, so that W is
the Galois group of the cover h™€ — h™&/ W . By definition, the braid group By
is the fundamental group 71 (h™8/ W).

If W is a Coxeter group, one considers a flat deformation of CW, called a Hecke
algebra. These algebras are of importance in representation theory (e.g., that of
finite groups of Lie type) and beyond (e.g., in knot theory). One can define Hecke
algebras for complex reflection groups as well. In the general case, this was done
in [Broué et al. 1998, Section 4C]. To recall the definition, we need some more
notation. Namely, let §) denote the set of reflection hyperplanes for W. For I' € £,
let Wr denote the pointwise stabilizer of I'; this is a cyclic group. Set {1 := |Wr|.
The group By is generated by elements 7T, I" € ), where, roughly speaking, Tt is
the rotation around I" by 27/£; see [loc. cit., Section 2]. Now, pick independent
variables ur;,i =0,1,...,fpr — 1 with ur; = urs; for W-conjugate I', T"". Set
u := (ur,). By definition ([loc. cit., Definition 4.21]), the Hecke algebra 3¢, (W)
is the quotient of Z[u*!] By by the relations

Ir—1

[ (T —urs) =o0.

i=0

MSC2010: primary 20C08; secondary 20F55, 16G99.
Keywords: Hecke algebras, rational Cherednik algebras, categories O, KZ functor.
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Broué, Malle and Rouquier [Broué et al. 1998, Section 4C] conjectured that 3¢, (W)
is a free Z[u*!]-module generated by |W | elements. Currently, the proof is missing
in the case of several exceptional complex reflection groups. In this paper, we are
going to prove a weaker version of this conjecture.

First of all, we are dealing with specializations to C. For a collection of nonzero
complex numbers (gr,;), where I' € $§/W and i € {0,1,...,{r — 1}, consider
the C-algebra 3, (W), the specialization of 3, (W) with ur; — gr ;. Note that
replacing the collection gr; with (argr,;) for ar € C*, we get isomorphic algebras;
see, e.g., [Rouquier 2008, Section 3.3.3]. So the number of parameters actually
equals |S/W|, where S denotes the set of complex reflections in W. Note that
if gr.; = exp(2m~/—1j/Lr) for all T and j, we just have ¥,(W) = CW. In
general, however, it is even unclear whether the algebra 3, (W) is finite-dimensional
or not. In a way, the infinite dimension is the only obstruction to the equality
dim %, (W) = |W|. More precisely, we have the following theorem, which is the
main result of this paper:

Theorem 1.1. There is a minimal two-sided ideal I C #y(W') such that #4(W)/1
is finite-dimensional. Moreover, we have dim ¥, (W) /I = |W|.

Other results towards the Broué—Malle—Rouquier conjecture were known before;
see [Marin 2014] for a review. One advantage of our approach is that it is fully
conceptual and does not involve any case-by-case arguments.

The key idea of the proof is to use categories O for rational Cherednik algebras
H. (W), introduced in [Ginzburg et al. 2003]. By definition, the algebra H.(W) is
the subalgebra in the skew-group algebra D (hH™8)#W generated by C[h], CW and
the so-called Dunkl operators D,, a € h). These are differential operators with first-
order poles along the reflection hyperplanes I'. We have a triangular decomposition
H. (W) = Clh] ® CW ® S(h) that allows to define the category 0. This is the
category of all H.(W)-modules that are finitely generated over C[h] and have a
locally nilpotent action of b C S(h).

Let us pick M € O. Its restriction to h™2 is a W -equivariant local system on §h™e.
So the fiber My carries a monodromy representation of By . It was shown in
[Ginzburg et al. 2003] that the C By -action on M, factors though a certain quotient
of #4(W) that has dimension |W|. We will show that every finite-dimensional
#4(W)-module can be represented in the form M for some M € O.

The assumption dim ¥, (W) = |W| is actually important for the representation
theory of H.(W). Theorem 1.1 should make it possible to remove this assumption,
but we are not going to elaborate on that.

The paper is organized as follows: In Section 2 we gather various generalities
on the rational Cherednik algebras and their categories 0. Then in Section 3 we
prove the main theorem.
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2. Generalities

2A. Rational Cherednik algebras. Rational Cherednik algebras were introduced
by Etingof and Ginzburg [2002]. In this subsection we recall their definition.

Let W be a complex reflection group and f be its reflection representation. We
denote the subset of W consisting of complex reflections by S. For s € S, pick an
eigenvector o5 € h* for s with eigenvalue Ay # 1. We fix a W-invariant function
¢ : § — C. Using this function, for a € h, we can define the Dunkl operator
D, € D(h™8)#W by

D, =, "‘Z 2c(s)

seS

The rational Cherednik algebra H. (W) is the subalgebra in D(h™)#W generated
by C[h], CW and the Dunkl operators D,,a € h. Alternatively, one can present
H. (W) by generators and relations: H.(W) is the quotient of T'(h & h™)#W by
the relations

be, 1=y, 1= 0, [y, x] = (y.x) =) c(s)(as. y) (@), x)s,  x,x"€b*, y,y"€b.

seS

Here, we write oy for the eigenvector of s in h with eigenvalue A ! and (), ats) =2.
To get from the second definition to the first one, we use the homomorphism
H.(W) — D(h™)#W given by x > x,w > w,y > D,. Set § := [[;cg ozfs,
where £ stands for the order of s (note that this is slightly different from the usual
definition). This is a W -invariant element, and the operator ad § : H. (W) — H (W)
is locally nilpotent, so the localization H.(W)[§~!] is defined. The homomorphism
H.(W) — D(h™2)#W extends to an isomorphism H.(W)[§71] = D(h™)#W .

The algebra H. (W) admits a triangular decomposition: a natural map S(h*) ®
CW ® S(h) — H (W) is an isomorphism. Also H.(W) is graded with deg x = 1,
degw =0,degy =—1,x €bh*, we W, and y € h. We call this grading the Euler
grading. It is inner: it is given by the eigenvalues of ad &, where

hzzyciyi—i-%—z 2¢(9) s. (2-1)

i=1 seS l_ks

Now let us discuss base change for H.(W). Let U be an affine algebraic
variety equipped with an €tale map U — b/ W. Then C[U] ®¢[pjw Hc(W) has
a natural algebra structure; it is a subalgebra in D(U xy,,y h™8)#W generated
by C[U] ®c[y; w7 C[b]. CW and the Dunkl operators. Similarly, if U is a Stein
complex analytic manifold (again equipped with an étale map U — b/ W), then
CanlU] ®cpyy w1 He (W) is an algebra. Here and below C,,[U] denotes the algebra
of analytic functions on U.
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2B. Category O and KZ functor. The category O for H.(W) was defined in
[Ginzburg et al. 2003]. By definition, it consists of all H,(W)-modules M that are
finitely generated over S(hH*) = C[h] and where the action of b is locally nilpotent.
Equivalently, O consists of all H.(W)-modules M that are finitely generated over
C[h] and that can be graded. This category O will be denoted by O, (W).

Let us proceed to the KZ functor introduced in [loc. cit., Section 5]. Pick
M € 0.(W). Then M[§~!] is a W-equivariant local system on D(h™8) with
regular singularities. The category of such local systems is equivalent to the
category By -modg, of finite-dimensional By -modules; to a local system M’ one
assigns its fiber (or, more precisely, the fiber of its descent to ™/ W) equipped
with the monodromy representation. It turns out that the monodromy representation
associated to M [§71] factors through %, (W) [loc. cit., Section 5.3], where the
parameter ¢ is computed as follows: For a reflection hyperplane I', set

1 2¢(s) . _;

hr = — (_)1/\5’, (2-2)
U sewr\t13 ™5

qr,i = expa~—=1(hr,; + j/tH)). (2-3)

So we get an exact functor KZ : Oc (W) — 4 (W )-modg,. This functor is given by
Homg,_ w)(Pkz,®), where Pkz is a projective object such that dim Endg, (w) (Pkz)
is equal to |W|, equipped with a homomorphism J(; (W) — Endg,w)(Pkz)°PP.
The proof of [loc. cit., Theorem 5.15] shows that this homomorphism is surjective.

Theorem 1.1 will follow if we show that the functor KZ is essentially surjective.

2C. Isomorphisms of étale lifts. Here we are going to recall some results of
[Bezrukavnikov and Etingof 2009] regarding isomorphisms of completions.

Let W' C W be a parabolic subgroup, i.e., the stabilizer of a point in h. Set
hree=W' .= {h e h | W, C W'}. The complement of h€~ %" in  is the union of the
hyperplanes ker s for s € W'. So hree=W' isa principal open subset of ). Note that
the natural morphism h¢=W' /W’ — 1/ W is étale (and h&=W' /W’ is precisely
the unramified locus of h/ W' — b/ W).

Consider the space He (W )reg—w := Clyree=WW’ Rcryyw He(W). As was men-
tioned in the end of Section 2A, H¢ (W )eg—w is actually an algebra. Bezrukavnikov
and Etingof [2009, Section 3.3] essentially found an alternative description of this
algebra. Namely, consider the Cherednik algebra H.(W',§) defined for the pair
W', b; it decomposes into the tensor product H. (W', h) = D(6"') @ H (W)
(here we abuse notation and write ¢ for the restriction of ¢ to S N W', D([)W/)
stands for the algebra of differential operators on hW/). Then consider its localization
He(W' D)seg—w := C[6°e W'V @ 1wr He(W'.b). Then, following [loc. cit.,
Section 3.2], we can form the centralizer algebra Z(W, W', H.(W', b)ieq—w’). Re-
call that, by definition, for an algebra A equipped with a homomorphism CW’ — A4,
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one defines the centralizer algebra Z(W, W', A) as the endomorphism algebra of
the right A-module Mapy, (W, A) ={f W — A| f(w'w) =w’ f(w)}. Choosing
representatives of the left W’/-cosets in W, we get an identification Z(W, W', A) =
Mat|y w|(A). The algebra A can be recovered from Z(W, W', A) as follows:
Consider the element e(W') € Z(W, W', A) givenby e(W') f(u) = f(u) ifu e W’
and 0 otherwise. Then e(W")Z(W, W', A)e(W’) is naturally identified with A.
The following is essentially [loc. cit., Theorem 3.2] (there, the authors considered
completions instead of étale lifts, but the proof works in our situation as well).

Lemma 2.1. There is a unique isomorphism
0: HC(W)reg—W’ - Z(W, W/, Hc(W,, b)reg—W’) (2-4)
such that the following hold for any f € Mapy, (W, A) and any u € W

[0(2) f1w) = gf (), g eChee" ",
[0(e) f1() = (ua) f(u), «€b*,

[0w) 1) = fuw), weW,
[0(@) 1) = (ua) fu) + Y

seS\W’

2¢(s) (a5, ua)
l_ks as

(f(su)—f(u), ach.

Note that the algebras in (2-4) come equipped with C*-actions by algebra
automorphisms. For example, the action of H¢(W )ee—w comes from the action
on H. (W) induced from the Euler grading and the action on pree=W’ /W’ induced
from the scaling action (¢.x = ¢ ~!x) on h. The isomorphism 6 is C*-equivariant.

We can further restrict 6 to some analytic submanifolds or formal subschemes of
free=W’ / W’. Choose a little disk Y C hree=W N pW" and also a little disk D around
0in by /W', where by denotes the unique W’-stable complement to hW/ inh. We
set Y :=Y x D; this is an open submanifold in hreg_W// W', in (5 W' Np"") x
b/ W’ orin h/ W (under the natural morphism h&=W' /W’ -/ W).

So we get an isomorphism

Oy : Can[Y] ®cpyyw) He (W) = Z(W, W', Cou[Y] ®cpyywr) He(W', ). (2-5)

Note that this isomorphism is compatible with the Euler derivations.

We can restrict even further. Pick a point b € Y, and consider the completion
Clh/ W]" of C[h/ W] with respect to the maximal ideal defined by b. Then 6y
induces
Op : Clh/ W1 @cpyyw) He(W)

- Z(W7 W/’ C[h/W,]Ab ®C[h/W’] HC(W,’ b)) (2'6)

This isomorphism was originally constructed in [Bezrukavnikov and Etingof 2009].



498 Ivan Losev

3. Proof of the main theorem

3A. Scheme of the proof. Let V be a finite-dimensional 3, (W )-module and let
N denote the corresponding W -equivariant D-module on h™E. Our goal is to show
that there is an M € O.(W) such that M [§~'] = N. This consists of two steps:

(I) Set bh* :={b e W |dim h"» = dim h—1}. This is an open subset that coincides
with (Jpeg b8 Wr . the codimension of its complement is bigger than 1. We
will see that there is an Ops/y-coherent Oyse/w ®cpw He (W )-module N
whose restriction to §™/ W is isomorphic to N and that carries a locally finite
derivation compatible with the Euler derivation of H.(W).

(II) We will see that N is a vector bundle. From here we will deduce that the
global sections of N are finitely generated and hence lie in O, (W'). Then we
take M :=T'(N).

Let us elaborate on how we are going to achieve (I). First, in Section 3B we will
check that the Euler vector field acts on N locally finitely. This will eventually
prove that N comes equipped with a locally finite derivation that is compatible with
the Euler one on H.(W).

Now let us explain how we produce N ; this is done in Section 3C. Take W’ = Wy
and let ¥ have the same meaning as in Section 2C. Set Y¥:= Y\Y. Consider Nr :=
e(W) (Can[f’x] ®c[yee/ w1 V). This is a vector bundle on Y with a meromorphic
connection that has pole of order 1 on Y (since Nr is obtained by restricting an
algebraic vector bundle e(W')n{. N, where nr is a natural morphism b/ Wr — b/ W,
it makes sense to speak about sections of Nt with poles on Y'; here and below
nr denotes the projection h/ Wr — [) /W). Our first step will be to see that
Nr is obtained by restricting a Cyy[Y ] ®cy/w] He(W)-module Mr. Then we
will see that [e(W’')n[-N] N Mr (the intersection of subspaces in NT) is finitely
generated over C[h™¢~"'/W’]. We will get N, roughly speaking, by taking the
intersection of N and nj-N N Mr over all possible r.!

3B. Locally finite derivation. Our goal here is to show that the Euler vector field
acts on N locally finitely. Recall that N is a local system on b/ W with regular
singularities. Our claim is a consequence of the following general result.

Lemma 3.1. Let X be the complement to a C*-stable divisor in C¢, and let N be a
local system with regular singularities on X. Then the Euler vector field eu acts on
N locally finitely, meaning that every n € N is included into a finite-dimensional
eu-stable subspace.

L After this paper was written, I learned from Etingof that most of the proof is already contained in
some form in [Wilcox 2011]. Lemmas 5.7 and 5.8 there are similar to what is done in Section 3C,
while the main result of Section 3D has a somewhat easier proof in [Wilcox 2011, Lemma 3.6].
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This claim should be standard, but we provide the proof for the sake of com-
pleteness. For a different proof, see [Wilcox 2011, Lemma 3.2].

Proof. If N C N is a D(X)-submodule and eu acts locally finitely on N/N’ and
N’, then the same is true for N. So it is enough to assume that N (and hence V) is
irreducible. Consider the element 7 € 71 (X) given by the loop exp(27 +/—1¢)xo,
t € [0, 1], where xo denotes the base point. The element 7 is central and hence
has to act on V' by a scalar. Under the Riemann—Hilbert correspondence, this
translates to the claim that N is twisted equivariant with respect to the C*-action.
This implies our claim. O

3C. Extension to codimension 1. We start by constructing Mr.

Set Y*:=Y x DX =Y \ Y. Consider the category Locys(Y , Y) of meromorphic
local system on Y with regular singularities on Y (so an object in Locrs(? ,Y)
comes equipped with a lattice over the ring of meromorphic differential operators
on Y*, and a morphism in the category is supposed to preserve such lattices).
The category Locrs()?, Y) is equivalent to the category C[7*!]-mod of finite-
dimensional C[T *']-modules via taking the monodromy representation, because
m(fx) = m1(D*) = Z (here we use the regular singularities condition). Under
the equivalence C[7 *1]-mod = Locrs(?, Y), the KZ functor becomes

Oc(W') = Locs (Y. Y), M > Can[Y X1 ®cyn,y /w1 M

(with meromorphic lattice Cy, [)7] 1] ®cly, /w1 M, where v denotes a coordinate
on hyy/ W'). The right adjoint KZ* sends N’ € Locys(Y, Y) to the subspace of N’
of all meromorphic elements annihilated by the vector fields on Y and lying in the
generalized eigenspace for hW/ C H.(W') with eigenvalue 0.

Now we can produce a C[Y] Qcry/w] He(W', b)-module Mt € @C(W Y) Set

Nr =e(W') (Can[Y ] Qcyez /W] N). This is an object in Loc,(Y, Y). Note that,
under the equivalence Locrg(Y Y) = C[T*']-mod, we have Nr € #q(W')-mod.
Now set

Mr = Can[?] ®C[bw//W/] KZ* (NI‘) (3-D

Note that the description of KZ*(Nr) C Nr implies that it is stable under the
Euler vector field on Nt. So M1t C Nr is also stable under the Euler vector field.

Let Ny := Mpr Ne(W’ )nFN (the intersection is taken inside Nr). This is a
submodule in the C[pee~"W W Qcty/w] He(W')-module e(W')n.N which is
stable under the Euler vector field.

Lemma 3.2. The module Ny is finitely generated over C[f)reg_W/]W/ and satisfies
Nr[v™' =e(W')nEN, where v is a coordinate on by /W' = C.
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Proof. Note that the epimorphism ¥, (W’) — Endg, (w ) (Pkz)°P is an isomorphism.
Let Nf*' C Nr denote the meromorphic lattice. Then Mr is contained in N3
and is a Can[Y] lattice there. Indeed, it is enough to show this fiberwise (1 e.,
at any point of Y'), where this is clear (to prove that Mt is a lattice we use the
observation that N is the image of M under the KZ functor). For any other lattice
M’, we have v¢ M’ C Mp C v=4 M’ for some d > 0. So it is enough to show
that e(W')nf-N N M’ is finitely generated for some lattice M’. Let us construct
such an M’.

As a C[h™&/ W]-module, N is projective and hence is a direct summand in a free
module, say C[h™¢/ W]®". So NI is a direct summand in Can[Y][v"1]®". The
intersection M’ := N N Cyn[Y ]GB’ (inside Can[Y][v"1]®") is clearly a lattice in
NP, Further, the intersection M’ Ne(W')niN coincides with

e(W/)nFN N C[breg—W// W/]@F
and hence is finitely generated (and clearly is a lattice in e(W')n . N). O

Now we are ready to define a module N over Ops:/w ®cly/w) He(W). Abus-
ing notation, we will write Nr for the corresponding (under the equivalence)
C[hree="T /Wr] ®cry/w] He(W)-module. The restriction of Nr to n;l (h™e/ W)
coincides with nJ-N by construction. Let (r : hree=Wr < ) be the inclusion and
ar : e Wr s pree=Wr /i be the quotient morphism. Also let 77 : h — b/ W
denote the quotient morphism and ¢ : h™8 < bh* the inclusion. Note that, by the
construction, D% T Nr C L*T[*N (recall that we view N as a coherent sheaf on
h'®e/W). The intersection N = (r trsmy *Nr is a coherent sheaf on b because
of Lemma 3.2 and the equality h* = (Jp h™e~ Wr_ The intersection is stable
under the Euler vector field because all the ﬁp are. Also N is W -stable; this is
because wnFNr = Fpr Now set N := n*(N) = 7.N N U, N (where

: b/ W — b/ W denotes the inclusion). This is a coherent sheaf on h¥ /W,
stable under the Euler vector field on ¢, N. It remains to show that N c UN is
stable under H.(W). But this follows from the equality

N =N n(\nr«Nr, (3-2)
r

where now we view 7r as a morphism pree—W’ /W' — b¥/W. Equation (3-2)
follows from the observation that Np = 7'[1"*(7TF NI*)WF and w = nr owr. Since
all sheaves in the right-hand side of (3-2) are stable under H. (W), we see that N
is stable as well. It follows from the construction that N lgree/wr = N.

3D. Global sections.
Lemma 3.3. The sheaf N is a vector bundle on hs /W,
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Proof. The proof is inspired by [Etingof et al. 2013, Section 3.2]. We need to show
that N is maximal Cohen—Macaulay when viewed as a coherent sheaf on h¥ /W
Let Z denote the non-CM locus of N in b/ W and let d be the codimension of
Z in b¥/W. Pick an open C*-stable affine subvariety U of h*/ W that intersects
Z (or, more precisely, an irreducible component of maximal dimension in Z).
Consider H(i]mZ(U, ]V) for i < d. As in [Etingof et al. 2013, Section 3.2], all
these groups are C[U] ®c[y/ w1 He (W)-modules, finitely generated over C[U] (this
follows from [SGA 2 1968, Exposé VIII, Corollary 2.3] using equivalence of (ii)
and (iii) there; note that the depth used in (ii) coincides with the codimension
thanks to the choice of Z). Moreover, by the choice of Z, one of these modules is
nonzero, as in [Etingof et al. 2013, Section 3.2]. The support of R := H{m #(U, N )
is contained in Z NU.

Pick b € b lying over the support of R. Recall the isomorphism 6y, : H, (W)"? ~
ZW, W' H. (W', h)"r), where we take W’ to be Wj. So we get a nonzero
H:.(W’, h)"t-module e(W’")0p(R"?). This module is finitely generated over
C[h]*>. So it is of the form C[hy/]"* ® Ry® for Ry € Oc(W'). It follows that
d =1 and that R = T'zny (U, ]V). But, by construction, I'(U, ]V) is embedded
into T(U N§™¢ /W, N) and so I'(U, N) has no torsion C[U]-submodules. We get
a contradiction, showing that N is Cohen—Macaulay. Since N is torsion-free, we
see that it is maximal Cohen—Macaulay, and hence is a vector bundle. O

Now we can use [SGA 2 1968, Exposé VIII, Corollary 2.3(iv)] (applied to an
extension of N to a coherent sheaf on /W) to see that M := ['(5/ W, N) is
finitely generated over C[h]". Let us show that the H.(W)-module M lies in
O.(W). By construction, M carries a locally finite derivation compatible with the
derivation ad i of H.(W). It follows that M is gradable and hence lies in 0. Also,
by construction, M[§~!] = N. This completes the proof.

Acknowledgements

This project was sparked by a discussion with Raphael Rouquier in April 2014.
I would like to thank him and Roman Bezrukavnikov, Pavel Etingof and Dennis
Gaitsgory for stimulating discussions. Furthermore, I am grateful to Pavel Etingof
for his comments on a preliminary version of this paper and for pointing out the
reference [Wilcox 2011], and Daniel Thompson for his careful reading of the paper.
My work was supported by the NSF under grant DMS-1161584.

References

[Bezrukavnikov and Etingof 2009] R. Bezrukavnikov and P. Etingof, “Parabolic induction and
restriction functors for rational Cherednik algebras”, Selecta Math. (N.S.) 14:3-4 (2009), 397-425.
MR 2010e:20007 Zbl 1226.20002


http://dx.doi.org/10.1007/s00029-009-0507-z
http://dx.doi.org/10.1007/s00029-009-0507-z
http://msp.org/idx/mr/2010e:20007
http://msp.org/idx/zbl/1226.20002

502 Ivan Losev

[Broué et al. 1998] M. Broué, G. Malle, and R. Rouquier, “Complex reflection groups, braid groups,
Hecke algebras”, J. Reine Angew. Math. 500 (1998), 127-190. MR 99m:20088 Zbl 0921.20046

[Etingof and Ginzburg 2002] P. Etingof and V. Ginzburg, “Symplectic reflection algebras, Calogero—
Moser space, and deformed Harish-Chandra homomorphism”, Invent. Math. 147:2 (2002), 243-348.
MR 2003b:16021 Zbl 1061.16032

[Etingof et al. 2013] P. Etingof, E. Gorsky, and I. Losev, “Representations of rational Cherednik
algebras with minimal support and torus knots”, preprint, 2013. arXiv 1304.3412

[Ginzburg et al. 2003] V. Ginzburg, N. Guay, E. Opdam, and R. Rouquier, “On the category O for ra-
tional Cherednik algebras”, Invent. Math. 154:3 (2003), 617-651. MR 2005£:20010 Zbl 1071.20005

[Marin 2014] I. Marin, “The freeness conjecture for Hecke algebras of complex reflection groups,
and the case of the Hessian group Ga¢”, J. Pure Appl. Algebra 218:4 (2014), 704-720. MR 3133700
Zbl 1291.20042

[Rouquier 2008] R. Rouquier, “g-Schur algebras and complex reflection groups”, Mosc. Math. J. 8:1
(2008), 119-158. MR 2010b:20081 Zbl 1213.20007

[SGA 2 1968] A. Grothendieck, Cohomologie locale des faisceaux cohérents et théorémes de Lef-
schetz locaux et globaux (Séminaire de Géométrie Algébrique du Bois Marie 1962 = SGA 2),
Advanced Stud. in Pure Math. 2, North-Holland, Amsterdam, 1968. MR 57 #16294 Zbl 0197.47202

[Shephard and Todd 1954] G. C. Shephard and J. A. Todd, “Finite unitary reflection groups”,
Canadian J. Math. 6 (1954), 274-304. MR 15,600b Zbl 0055.14305

[Wilcox 2011] S. Wilcox, “Supports of representations of the rational Cherednik algebra of type A”,
preprint, 2011. arXiv 1012.2585

Communicated by J. Toby Stafford
Received 2014-08-13 Accepted 2015-02-18

i.loseu@neu.edu Department of Mathematics, Northeastern University,
Boston, MA 02115, United States

:'msp

mathematical sciences publishers


http://msp.org/idx/mr/99m:20088
http://msp.org/idx/zbl/0921.20046
http://dx.doi.org/10.1007/s002220100171
http://dx.doi.org/10.1007/s002220100171
http://msp.org/idx/mr/2003b:16021
http://msp.org/idx/zbl/1061.16032
http://msp.org/idx/arx/1304.3412
http://dx.doi.org/10.1007/s00222-003-0313-8
http://dx.doi.org/10.1007/s00222-003-0313-8
http://msp.org/idx/mr/2005f:20010
http://msp.org/idx/zbl/1071.20005
http://dx.doi.org/10.1016/j.jpaa.2013.08.009
http://dx.doi.org/10.1016/j.jpaa.2013.08.009
http://msp.org/idx/mr/3133700
http://msp.org/idx/zbl/1291.20042
http://msp.org/idx/mr/2010b:20081
http://msp.org/idx/zbl/1213.20007
http://www.msri.org/publications/books/sga/sga/pdf/sga2.pdf
http://www.msri.org/publications/books/sga/sga/pdf/sga2.pdf
http://msp.org/idx/mr/57:16294
http://msp.org/idx/zbl/0197.47202
http://dx.doi.org/10.4153/CJM-1954-028-3
http://msp.org/idx/mr/15,600b
http://msp.org/idx/zbl/0055.14305
http://msp.org/idx/arx/1012.2585
mailto:i.loseu@neu.edu
http://msp.org

ALGEBRA AND NUMBER THEORY 9:2(2015)
dx.doi.org/10.2140/ant.2015.9.503

Semiample invertible sheaves with
semipositive continuous hermitian metrics

Atsushi Moriwaki

Let (L, k) be a pair of a semiample invertible sheaf and a semipositive continuous
hermitian metric on a proper algebraic variety over C. In this paper, we prove
that (L, k) is semiample metrized, answering a generalization of a question of
S. Zhang.

Introduction

Let X be a proper algebraic variety over C. Let L be an invertible sheaf on X,
and let 2 be a continuous hermitian metric of L. We say that (L, h) is semiample
metrized if, for any € > 0, there is n > 0 such that, for any x € X (C), we can find
1 e HO(X, L®)\ {0} with

sup{h®" (I, 1)(w) | w € X(C)} < e h®"(I,1)(x).

Shouwu Zhang proposed the following question:

Question 0.1 [Zhang 1995, Question 3.6]. If L is ample and % is smooth and
semipositive, does it follow that (L, &) is semiample metrized?

Theorem 3.5 of the same reference gives an affirmative answer in the case
where X is smooth over C. The purpose of this paper is to give an answer for a
generalization of the above question. First of all, we fix some notation: We say that
L is semiample if there is a positive integer ng such that L®" is generated by global
sections. Moreover, £ is said to be semipositive (or we say that (L, &) is semipositive)
if, for any point x € X(C) and a local basis s of L on a neighborhood of x,
—log h(s, s) is plurisubharmonic around x (for the definition of plurisubharmonicity
on a singular variety, see Section 1). Note that / is not necessarily smooth. By
using the recent work of Coman, Guedj and Zeriahi [Coman et al. 2013], we have
the following answer:

Theorem 0.2. If L is semiample and h is continuous and semipositive, then (L, h)
is semiample metrized.

MSC2010: primary 14C20; secondary 32U05, 14G40.
Keywords: semiample metrized, semipositive.
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1. Plurisubharmonic functions on singular complex analytic spaces
Let T be a reduced complex analytic space. An upper-semicontinuous function
¢o: T - RU{—0o0}

is said to be plurisubharmonic if ¢ #% —oo and, for each x € T, there is an analytic
closed embedding ¢, : U, < W, of an open neighborhood U, of x into an open
set W, of C™ together with a plurisubharmonic function ®, on W, such that
¢ly, = (5(®y). For an analytic map f : T’ — T of reduced complex analytic
spaces and a plurisubharmonic function ¢ on T, it is easy to see that ¢ o f is
either identically —oo or plurisubharmonic on 7’. By [Fornass and Narasimhan
1980, Theorem 5.3.1], an upper-semicontinuous function ¢ : T — R U {—o0} is
plurisubharmonic if and only if, for any analytic map o : D — T, ¢ o o is either
identically —oo or subharmonic on D, where D := {z € C | |z| < 1}. Moreover, if
T is compact and ¢ is plurisubharmonic on 7, then ¢ is locally constant.

Let @ be a smooth (1, 1)-form on T, that is, in the same way as in the definition
of plurisubharmonic functions, w is a smooth (1, 1)-form on the regular part of T
and, for each x € T, there is an analytic closed embedding ¢, : Uy — W, of an
open neighborhood U, of x into an open set W, of C"* together with a smooth
(1, 1)-form €, on W, such that |y, = (}(2,). We assume that  is locally
given by dd°(u) for some smooth function u# on a neighborhood of x. Let ¢ be
a quasiplurisubharmonic function on T; that is, for each x € T, ¢ can be locally
written as the sum of a smooth function and a plurisubharmonic function around x.
We say that ¢ is w-plurisubharmonic if there is an open covering T = | J, U;,
together with a smooth function u; on U, for each A, such that w|y, = dd“(u,)
and ¢|y, +u, is plurisubharmonic on U,. The condition for w-plurisubharmonicity
is often denoted by dd([¢]) + w > 0.

Here we consider the following lemma:

Lemma 1.1. Let f : X — Y be a surjective and proper morphism of algebraic
varieties over C. Let ¢ be a real-valued function on Y (C).

(1) ¢ is continuous if and only if ¢ o f is continuous.

(2) Assume that ¢ is continuous. Then ¢ is plurisubharmonic if and only if ¢ o f
is plurisubharmonic.

Proof. (1) It is sufficient to see that if ¢ o f is continuous, then ¢ is continuous.
Otherwise, there are y € Y (C), ¢p > 0 and a sequence {y,} on Y (C) such that
lim,— o ¥, =y and |@(y,) — @(y)| > €o for all n. We choose x,, € X (C) such that
f(xy) =ys. As f: X — Y is proper, we can find a subsequence {x,,} of {x,} such
that x := lim;_, o X, exists in X (C). Note that

f(x)=1m f(x,)= lim y, =y,
1—> 00 1—> 0
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so that, as ¢ o f is continuous,
p(y) =(po f)x) = lim (g o f)(xy,) = lim @(f(xy,)) = lim @(yn,),
1—> 00 1—> 00 1—>00

which is a contradiction, so that ¢ is continuous.

(2) We need to check that if ¢ o f is plurisubharmonic, then ¢ is plurisubharmonic.
By using Chow’s lemma, we may assume that f : X — Y is projective. Moreover,
since the assertion is local with respect to Y, we may further assume that there is a
closed embedding ¢ : X < ¥ x PY such that pot= f, where p: Y xP" — Y is the
projection to the first factor. The remaining proof is same as the last part of the proof
of [Demailly 1985, Theorem 1.7]. Let g : (D, 0) — (Y, y) be a germ of an analytic
map. By the theorem of Fornass and Narasimhan, it is sufficient to show that ¢ o g
is subharmonic. Clearly we may assume that g is given by the normalization of a
1-dimensional irreducible germ (C, y) in (Y, y). Using hyperplanes in PV, we can
find x € X and a 1-dimensional irreducible germ (C’, x) in (X, x) such that (C’, x)
lies over (C, y). Let g’ : (D, 0) — (X, x) be the germ of an analytic map given by
the normalization of (C’, x). Then we have an analytic map o : (D, 0) — (D, 0)
with goo = fog

0.0) —— (X.x)

d L
(D,0) — (¥,y)

Changing a variable of (DD, 0), we may assume that o is given by o (z) =z for some
positive integer m. Then ¢ o g oo is subharmonic because ¢ o f is plurisubharmonic.
Therefore, as o is étale over the outside of 0, ¢ o g is subharmonic on the outside
of 0, and hence ¢ o g is subharmonic on (D), 0) by the removability of singularities
of subharmonic functions. (Il

2. Descent of a semipositive continuous hermitian metric

Here, we consider a descent problem of a semipositive continuous hermitian metric.

Theorem 2.1. Let f : X — Y be a surjective and proper morphism of algebraic
varieties over C with f,0x = Oy. Let L be an invertible sheaf on Y. If ' is a
semipositive continuous hermitian metric of f*(L), then there is a semipositive
continuous hermitian metric h of L such that h' = f*(h).

Proof. Let hg be a continuous hermitian metric of L on Y. There is a continuous
function ¢ on X (C) such that A’ = exp(¢) f*(ho). Let F be a subvariety of X such
that F is an irreducible component of a fiber of f : X — Y. Then, as

(f*(L), W)F = (OF, exp(@|F)),
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we can see that —¢|f is plurisubharmonic, so that ¢|f is constant. Therefore,
for any point y € Y(C), ¢|,-1(,) i constant because w=1(y) is connected, and
hence there is a function ¥ on Y (C) such that ¥ o f = ¢. By Lemma 1.1(1), v is
continuous, so that, if we set & := exp(y¥/)hg, then & is continuous on Y (C) and
h = f*(h).

Finally, let us see that /4 is semipositive. As this is a local question on Y, we may

assume that there is a local basis s of L over Y. If we set ¢ = —logh(s, s), then
@ o f is plurisubharmonic because 4’ is semipositive. Therefore, by Lemma 1.1(2),
@ is plurisubharmonic, as required U

3. The proof of Theorem 0.2

In the case where X is smooth over C, L is ample and /4 is smooth, this theorem
was proved by Zhang [1995, Theorem 3.5]. First we assume that L is ample.
Then there are a positive integer no and a closed embedding X < PV such
that Opy (1)|x =~ L®". Let hgs be the Fubini-Study metric of Opx(1). Let ¢
be the continuous function on X (C) given by h®" = exp(—¢)hrs|x. We set
® = c1(Op~ (1), hps). Then ¢ is (w|x)-plurisubharmonic. Therefore, by [Coman
et al. 2013, Corollary C], there is a sequence {¢;} of smooth functions on PV (C)
with the following properties:

(1) ¢; is w-plurisubharmonic for all ;.

(2) @i > @iy forall i.

(3) For x € X(C), lim; o0 ¢; (x) = ¢ (x).

Since X is compact and ¢ is continuous, (3) implies that the sequence {¢; } converges
to ¢ uniformly on X (C). We choose i such that |¢(x) — ¢; (x)| < eng/2 for all
x € X. We set h; = exp(—¢;)hgs. Then h; is a semipositive smooth hermitian

metric of Opn (1). Therefore, there is a positive integer n; such that, for x € PN (C),
we can find [ € HO(PV, Opn~(n1)) \ {0} with

sup(h"' (1, D(w) | w € PN (C)) < " PR (1, 1)(x).
In particular, if x € X (C), then I(x) # 0 (so that [|x 7~ 0) and

sup(h" (1, D) (w) | w € X(©)} < ™" ZhF" (1, 1)(x).
Note that
h®noe—€no/2 < hi < h®no (3_1)

on X (C), because h; = h®"exp(¢p — ¢;) and —enp/2 < ¢ — ¢; < 0 on X (C).
Therefore,

sup{A®"" (1, 1) (w) | w € X (C)}e ™"/ < sup{h®"' (I, I)(w) | w € X (C)}
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and
RE" (1, 1) (x) < h®"™ (1 D (x),

and hence
sup{h®"" (1, )(w) | w € X(C)} < ™" h®"0" (1, [)(x),

as required.

In general, as L is semiample, there are a positive integer n;, a projective algebraic
variety Y over C, a morphism f : X — Y and an ample invertible sheaf A on Y
such that f,0x =0y and f*(A) =~ L®"2, Thus, by Theorem 2.1, there is a semipos-
itive continuous hermitian metric k of A such that (f*(A), f*(k)) >~ (L®"2, h®™),
Therefore, the assertion of the theorem follows from the previous observation.

4. A variant of Theorem 0.2

The following theorem is a consequence of Theorem 0.2 together with the arguments
in [Zhang 1995, Theorem 3.3]. However, we can give a direct proof using ideas in
the proof of Theorem 0.2.

Theorem 4.1. Let X be a projective algebraic variety over C. Let L be an ample
invertible sheaf on X and let h be a semipositive continuous hermitian metric of
L. Let us fix a reduced subscheme Y of X,1 € H*(Y, L|y) and a positive number €.
Then, for the given X, L, h, Y, [ and €, there is a positive integer n| such that, for
alln > ny, we can findl' € H(X, L®") with l'|y =1®" and

sup{h®"(I', I")(w) | w € X (C)} < " sup{h(l, )(w) | w € Y(C)}".

Proof. In the case where X is smooth over C and % is smooth and positive, the
assertion of the theorem follows from [Zhang 1995, Theorem 2.2], in which Y is
actually assumed to be a subvariety of X. However, the proof works well under
the assumption that Y is a reduced subscheme. First of all, let us see the theorem
in the case where X is smooth over C and 4 is smooth and semipositive. As L
is ample, there is a positive smooth hermitian metric ¢ of L with ¢+ < h. Let us
choose a positive integer m such that e~/ < (t/h)!/" < 1 on X(C). If we set
tw = h'=1/ml/m then t,, is smooth and positive, so that, for a sufficiently large
integer n, there is I’ € H*(X, L®") such that /|y =I®" and

sup{t2" (', I')(w) | w € X (C)} < "/ sup{t,, (1, [)(w) | w € Y (C)}",

and hence the assertion follows because e~</2h <t,, < h on X (C).

For a general case, we use the same symbols ng, X — PN, hgs, ¢, w and {@;}
as in the proof of Theorem 0.2. Clearly we may assume that / #= 0. Since L is
ample, if ag is a sufficiently large integer, then, for each j =0, ..., no — 1, there is
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1; € HO(X, L®"0%F]y with [;|y =[®"%+/ Let us fix a positive number A such that
sup{h®"0%t (1, 1;)(w) | w € X(C)} < e sup{h(l, D)(w) | w € Y (C)}" 0 (4-1)

for j =0, ...,n9—1. We choose i with |¢ (x) —¢; (x)| <eng/2 for all x € X, and we
set h; = exp(—¢;)hgs. As h; is smooth and semipositive, for the given PV, Opw (1),
hi, Y, 1®" (as an element of H(Y, Opn~ (1)|y)) and nge /4, there is a positive integer
a; such that the assertion of the theorem holds for all a > a;. We put

4A
ny:=nomaxia; +ap+1, — —3ap+1;.
noe
Let n be an integer with n > n;. If we set n =ng(a+ag)+j (0 <j <ng—1), then

a>a; and a>— —4ag,
noe

so that we can find I € HO(PY, Opy (a)) with Iy = [®"0% and

sup{2 (1", 1")(w) | w € P¥(©)} < "0/ sup{h,; (197, 1%"0) (w) | w € Y (C)}*,
which implies that

sup{h®"0 (1" 1"y (w) |w € X (C)} < e/ sup(h(l, ) (w) |w € Y (C)}"4, (4-2)

because of (3-1). Here we set !’ =1” ®1;. Then, I'|ly =[®" and, using (4-1) and
(4-2), we have

sup{h®" (I, I")(w) | w € X(C)}
< sup{h®"(", I")(w) | w € X (C)} sup{h®" M (1;,1;)(w) | w € X(C)}
< eB/moact A qunth(l, 1) (w) | w € Y (C))",

which implies the assertion because (3/4)ngae + A < en. |

5. Arithmetic application

As an application of Theorem 0.2, we have the following generalization of the
arithmetic Nakai—Moishezon criterion (see [Zhang 1995, Corollary 4.8]).

Corollary 5.1. Let 2 be a projective and flat integral scheme over Z. Let ¥ be
an invertible sheaf on X" such that £ is nef on every fiber of 2" — Z. Let h be
an Feo-invariant semipositive continuous hermitian metric of £, where F, is the
complex conjugation map 2 (C) — 2 (C). Ifd/e\g(él((f, h)|2)4™ ) > 0 for all
horizontal integral subschemes % of %, then, for an F-invariant continuous
hermitian invertible sheaf (A, k) on Z, HY(Z , £®" ® .#) has a basis consisting
of strictly small sections for a sufficiently large integer n.
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Proof. Let X be the generic fiber of 2° — Spec(Z) and let Y be a subvariety of X.
Let # be the Zariski closure of Y in 2. As

deg(é1((Z, h)|2)4™?) > 0,

(&, h)|#» is big by [Moriwaki 2012, Theorem 6.6.1], so that HO(%, £®M1y) \ {0}
has a strictly small section for a sufficiently large integer ng. Moreover, if we
set L = Z|x, then L|y is big, and hence deg(Ldim YY) > 0 because L is nef.
Therefore, L is ample by the Nakai—Moishezon criterion for ampleness. In particular,
by Theorem 0.2, & is semiample metrized. Thus the assertion follows from the
arguments in [Zhang 1995, Theorem 4.2]. (I
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