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p-adic Hodge theory
in rigid analytic families

Rebecca Bellovin

We study the functors Dg, (V'), where B, is one of Fontaine’s period rings
and V is a family of Galois representations with coefficients in an affinoid
algebra A. We first relate them to (¢, I')-modules, showing that Dyr(V) =
PBiczDsen(V) - 1)K, Dar (V) = Dgie(V)'K, and Deris (V) = Dyig (V)[1/1]7K;
this generalizes results of Sen, Fontaine, and Berger. We then deduce that the
modules Dyr(V) and Dgr(V') are coherent sheaves on Sp(A), and Sp(A4) is
stratified by the ranks of submodules DET’b](V) and Dg’f{b] (V) of “periods with
Hodge—Tate weights in the interval [a, b]”. Finally, we construct functorial B.-
admissible loci in Sp(A), generalizing a result of Berger and Colmez to the case
where A is not necessarily reduced.
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1. Introduction

1.1. Background. In this article, we study rigid analytic families of representations
of Galg, where K is a finite extension of Q, and Galg := Gal(K/K) is its absolute
Galois group. More precisely, we consider vector bundles ¥ over a rigid analytic
space X over Q, equipped with a continuous Oy -linear action of Galg. Thus, if
we specialize 7 at any closed point of X, we get a representation of Galg on a
finite-dimensional Qp-vector space. Families of Galois representations arise, for
example, on the generic fibers of Galois deformation rings, as in [Kisin 2008]. Such
families of Galois representations also arise from families of p-adic modular forms.

MSC2010: primary 11S20; secondary 14G22.
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372 Rebecca Bellovin

The study of p-adic representations of p-adic Galois groups is quite technical,
so we put off precise definitions to the body of this paper and give an overview here.
Given a finite-dimensional Qp-vector space V' equipped with a continuous Q,-
linear action of Galg, one can capture the information of V' in terms of a semilinear
Frobenius ¢ and a semilinear action of a 1-dimensional p-adic Lie group, at the
expense of making the coefficients more complicated. More precisely, work of
Fontaine and many others defines equivalences of categories between the category
Repf (Galg) of finite-dimensional E-linear representations of Galg, where E is
some finite-dimensional Qp-algebra, and various kinds of étale (¢, I')-modules
(see, e.g., [Wintenberger 1983; Cherbonnier and Colmez 1998]).

The same theory lets us sort p-adic Galois representations based on how “nice’
or arithmetically significant they are. One accomplishes this by defining certain
“period rings” B, such as By, Bgr, B, and Bjs, which are equipped with Galois
actions and “linear algebra structures”, and defining Dg, (V) := (B« ®q, V)Galk
We say that V' is By-admissible (or, for the specific examples of B listed above,
“Hodge-Tate”, “de Rham”, “semistable”, or “crystalline”) if the Q,-dimension of
V is the same as the BS*'X -dimension of D3, (V) (as part of the definition of a
period ring, BS*'X s required to be a field).

Berger and Colmez [2008] associate to a rank-d Galois representation V' with
coefficients in a Banach algebra A a family of (¢, I')-modules DT(V), under the
supplementary hypothesis that IV admits a Galois-stable integral lattice. As an
application, they show that if A is an affinoid algebra, then the locus of closed
points x € Sp(A) where the specialization V5 is By-admissible with Hodge-Tate
weights in a fixed interval [a, b] is a closed analytic set, and if A4 is reduced and Vy
is B-admissible for every x € Sp(A), then Dg, (V) := (A ® Bx) ®4 V)X is a
locally free 4 ®q, BS'X -module of rank d.

We make a closer study of the functors Dg_ (V') for x € {HT, dR, st, cris}, where
V is a finite projective A-module of rank d equipped with a continuous A-linear
action of Galg, for some affinoid algebra A. We actually treat vector bundles over
rigid analytic spaces in Sections 4 and 5, but we state our results with affinoid
coefficients here.

The first theorem we prove relates Dg, (V') to families of (¢, I')-modules. The
modules Dsen(V), Dair(V), D}, (V). and D (V) are defined in Section 2.2.
Theorem 1.1.1. Let A and V be as above.

€)) DII{{T(V) = @ieZ(DK (V) -tHT& as submodules of (A @ Bur) @4 V.

Sen
() D({%(V) = (Dgf(V))FK as submodules of (A @ Bar) ®4 V.

3) DE(V) = D, «(M[1/1DT* and DE (V) = (D] ( (V)[1/)T&. The first

equality is as submodules of (A ® B )®4 V and the second is as submodules

’

rig



p-adic Hodge theory in rigid analytic families 373

Remark 1.1.2. The first two parts of Theorem 1.1.1 are used in the proofs of
Théoremes 5.1.4 and 5.3.2 of [Berger and Colmez 2008], respectively. We are not
aware of proofs of these facts in the literature when A is not Qp-finite, so for the
convenience of the reader we provide proofs for general Q,-affinoid algebras.

We can then deduce that Dg, (V) is a finite 4 ®q, Bg“lK -module, and that

the formation of Dyt(V') and Dgr (V) commutes with flat base change on A. In
particular, Dy(V) and Dgr(V') are coherent sheaves on the rigid analytic space
Sp(A). Together with Theorem 1.1.1, this is used in [Diao and Liu 2014] to prove
properness of the eigencurve over weight space. We further conjecture that the
formation of Dy (V') and D5(V') also commutes with flat base change.

The key to our base change theorems is that we can express Dyt (1) and Dgr(V)
as cohomology groups of a complex which has finite cohomology. We do not know
how to do the same for Dg (V') and D.5(V). However, the cohomological finiteness
theorem of [Kedlaya et al. 2014] implies that if K/Q,, is finite then, for any o € A%,
the formation of D5(V)?~% commutes with flat base change on A [Kedlaya et al.
2014, Theorem 4.4.3(2)]. Cohomological finiteness similarly underlies the results
of [Liu 2015] on interpolation of semistable periods.

We then have a pair of theorems about the B,-admissible loci in Sp(A), generaliz-
ing the results of [Berger and Colmez 2008] to a base that is not necessarily reduced:

Theorem 1.1.3. Let A and V be as above, and let x € {HT, dR, st, cris}. Then there
is a quotient A — Agl*’b] such that for any Qp-finite algebra B, a map A— B factors
through Ag:b] if and only if the induced Qp-finite B-linear Galois representation
Ve :=V ®4 B is Bi-admissible with Hodge—Tate weights in the interval |a, b].

Theorem 1.1.4. Let A and V be as above, and let * € {HT, dR, st, cris}. Suppose
that Vg is B«-admissible with Hodge—Tate weights in the interval [a, b] for every
homomorphism A — B, where B is an Qp-finite algebra.

(1) The module D§* (V) is a projective A ®q, BSUX module of rank d.

(2) The natural homomorphism

(A®q, B+) & gp

G DX (V) > (A®q, B+) ®4 V
is an isomorphism.

(3) The formation of D]If* (V') commutes with arbitrary Qp-affinoid base change
on A.

In fact, assuming part (1), parts (2) and (3) are equivalent. We do not know
whether part (1) implies (2) and (3).
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For x € {HT, dR}, we actually prove a more general pair of theorems. Namely, we
let D%l*’b] (V) be the module of “B.-admissible periods with Hodge—Tate weights in
the interval [a, b]” (this is precisely defined in Section 5), and we show that Sp(A)
is stratified by the rank of the fibral modules D%Z’b](Vx).

Theorem 1.1.5. Let A and V' be as above, let X = Sp(A), and let x € {HT, dR}.
There is a Zariski-open subspace X 1[;1’};] 4 C X and a Zariski-closed subspace

Xl[i:bz]d/ > X such that x : Sp(B) — X factors through

la,b] ._ yla.b] [a,b]
Xpod =X, <ar " Xp, >0
if and only ing{;b] (Vx) is afree B®q, K-module of rank d', where B is a Qp-finite
Artin local ring and Vg .=V ®4 B.

The subspaces X ]gi,lg/ give a stratification of X, in the sense that X [a.]

Bu,<d’'—1
[a,b] [a,b] _ ylab =
XB*,Sd’\XB*,d’ and X = XB*,gd'

Theorem 1.1.6. Let X and V be as above, and let x € {HT,dR}. Suppose that
for every Qp-finite artinian point x : A — B, the B ®q, K-module D%’;b](Vx)
is free of rank d’, where 0 < d’' < d.

(1) D%z*’b] (V) is a rank-d’ locally free A @q,, K-module, and the (t% .D;i’r’l(V))FK
are locally free A ®q, K-modules.
(2) The formation of D%l*’b] (V') commutes with arbitrary Qp-affinoid base change
A— A
Ifd' =d, then:

(3) Dg, (V) = D (1),

(4) The natural morphism
ay : (AR By) ®uwq, k Dh, (V) > (AR B ®4V
is an isomorphism.

To prove Theorems 1.1.5 and 1.1.6, we use Theorem 1.1.1 and Pottharst’s [2013]
theory of Galois cohomology with affinoid coefficients. This approach makes
transparent the role of boundedness of Hodge—Tate weights in the results of [Berger
and Colmez 2008]: boundedness of Hodge—Tate weights is equivalent to finiteness
of a certain Galois cohomology group, and finiteness of cohomology groups is the
essential ingredient in cohomology and base change results.
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Remark 1.1.7. Shah [2013] has obtained similar results on the behavior of Dyr (V)
and Dgr (V') when A is reduced, by studying the Galois cohomology of B(‘ﬁ{ directly.

The proofs of Theorems 1.1.3 and 1.1.4 when * € {st, cris} are quite different. In
the latter case, we largely follow the strategy of [Berger and Colmez 2008]; the new
ingredient that permits us to handle nonreduced coefficients is Lemma 2.1.2, which
gives a generalization of the Shilov boundary points of a reduced Berkovich space.
This permits us to prove that “de Rham implies uniformly potentially semistable”
when the coefficient ring is nonreduced; when the coefficients are reduced, this is
[Berger and Colmez 2008, Théoreme 6.3.2].

Our results about the behavior of Dis(V) and Dg (V') under base change are
quite limited, except in the case where V is crystalline or semistable, when the
formation of Ds(V) and Dy (V') commutes with arbitrary base change. This is
because the continuous I'-cohomology of a (¢, I')-module is not finite, nor is there
an apparent subquotient which does have finite Galois cohomology. In addition,
individual de Rham periods are not necessarily potentially semistable, so we are
unable to extend our present technique.

We remark further that all of our results are limited to the case where K/Q), is a
finite extension. This is primarily because overconvergence of families of Galois
representations is only known in this case. However, our use of cohomology and
base change in the study of Dyr(V) and Dgr (V') means we would be restricted to
the case where K is discretely valued in any case. We similarly have no access to
information about the behavior of Dg, (V') under general analytic field extension
on the coefficients.

1.2. Structure of this paper. Throughout this paper, we consider representations
of Galg, where K/Q) is finite, on vector bundles over Q,-rigid analytic spaces,
where E/Q), is finite.

In Section 2.1, we review some of rigid analytic geometry that we will need.
The rigid analytic geometry is primarily standard. However, we prove that an
affinoid algebra over a discretely valued field can be embedded in a finite product
of Artin rings which are module-finite over a complete discretely valued field with
perfect residue field. This generalizes the fact that a reduced affinoid algebra can be
embedded in the product of the residue fields at the points of its Shilov boundary,
and we expect it to be of independent interest. We then briefly recall the theory of
families of (¢, I')-modules attached to families of Galois representations, and the
subsequent construction of Dgen (V') and Dgir(V'). We give a criterion for a coherent
sheaf over a quasi-Stein space to have finitely generated global sections, and we
deduce that families of (¢, I')-modules over the Robba ring have finitely generated
global sections.
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In Section 3, we review Pottharst’s results on Galois cohomology with affinoid
coefficients. We generalize some of his results to modules M which are finite flat
over A[[t]] and equipped with a continuous A[[¢]-semilinear action of a profinite
group G, where the action of G on A[[t] is trivial on A and preserves the ¢-adic
filtration. We then show that the inverse system {H°(G, M/t¥ )} k>0 is eventually
constant, and thus satisfies Mittag—Leffler.

In Section 4, we prove Theorem 1.1.1. This generalizes results of Sen, Fontaine,
and Berger. We deduce that each Dg_ (V') is A-finite, and that the formation of
Dur (V) and Dgr (V') commutes with flat base change on Sp(A). We conjecture that
the formation of D (V') and D5(V') also commutes with flat base change on Sp(A).

In Section 5, we prove Theorems 1.1.3 and 1.1.4. We first study the behavior of
Dyr (V) and Dgr(V) under nonflat base changes. We use Pottharst’s [2013] theory
of cohomology and base change for Galois cohomology with affinoid coefficients to
prove Theorems 1.1.5 and 1.1.6, giving us functorial Hodge—Tate and de Rham loci.

We can then use the existence of a functorial de Rham locus to construct functorial
semistable and crystalline loci, following the argument of [Berger and Colmez 2008].
More precisely, we prove that “de Rham implies uniformly potentially semistable”,
using Lemma 2.1.2 to generalize a similar result of that paper when the base is
reduced. The locus of points where the Galois representation is semistable with
Hodge-Tate weights in the interval [a, b] is a union of connected components of the
locus “de Rham with Hodge—Tate weights in the interval [a, b]”. We can then cut
out the crystalline locus as the subspace where the monodromy operator N vanishes.

The appendix contains results on sheaves of period rings. We need to work with
sheaves of various rings of p-adic Hodge theory, which requires us to be careful
about the topologies on these rings. In the Appendix, we describe some of these
rings and indicate how to sheafify them.

Notation and conventions. Throughout this paper, K is a finite extension of Q,.
The rings of p-adic Hodge theory are as defined in [Berger 2002]. We let y denote
the p-adic cyclotomic character. Our Hodge—Tate weights are normalized so that
x has Hodge-Tate weight —1. All of our p-adic Hodge-theoretic rings are as in
[Berger 2002]; in particular, we use B,.x instead of Bs to define the functor D,
and we let B and By denote B;F [log([7])] and Bpnay[log([7])], respectively.

max

2. Preliminaries

We will review some of the rigid geometry we will need, before recalling the theory
of families of (¢, I')-modules attached to families of Galois representations.

2.1. Rigid geometry. We will use the language of classical rigid spaces. The
standard reference for such spaces, and the rings of restricted power series which
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underlie them, is [Bosch et al. 1984]. The goal of the theory is to provide a robust
theory of analytic spaces over nonarchimedean fields, mirroring the theory of
complex analytic spaces over C. We will also assume that the reader is familiar with
Raynaud’s theory of formal models of quasicompact quasiseparated rigid analytic
spaces, as treated in [Bosch and Liitkebohmert 1993].

2.1.1. Affinoid algebras. Let k be a field complete with respect to a nonarchimedean
valuation | - |, let R denote its valuation ring {x € k | |x| < 1}, and let m denote the
maximal ideal of R, which consists of elements with absolute value strictly less
than 1. Let T, (k) (or Ty, if the ground field is clear) denote the n-variable Tate
algebra over k.

If k is discretely valued, the value group of the norm on a k-affinoid algebra
is discrete, and it is often possible to reduce questions about affinoid algebras to
questions about discretely valued fields. For example, if A is reduced, we have the
following result, due to Berkovich [1990, Corollary 2.4.5; Berger and Colmez 2008,
Corollary 2.1.4]:

Proposition 2.1.1. If A is a reduced k-affinoid algebra with k discretely valued,
there exist complete discretely valued fields By, ..., By, such that there is a closed
embedding A — [/, Bi.

We will need the following strengthening of this result, in which we drop the
reducedness hypothesis:

Lemma 2.1.2. Let A be a k-affinoid algebra, where k is discretely valued. Then
there is a closed embedding A — [[; R; into a product of finitely many artinian
k-Banach algebras R;, each module-finite over a complete discretely valued field
B;i over k (as valued fields) with perfect residue field (and each Artin ring R; is
topologized as a finite-dimensional vector space over B;).

Remark 2.1.3. Kedlaya and Liu [2010, Lemma 6.4] claim a similar result, but we
do not understand their argument.

Proof. First of all, we note that this is true if we take A to be a Tate algebra T}, for
then we may embed T}, into Q(T,)", the completion of its quotient field for the
multiplicative Gauss norm. This field will not have perfect residue field (unless
n = 0), but by [Matsumura 1989, Theorem 29.1] applied to R{Xq,..., X”‘)é\n)’
where 7 is a uniformizer of R, we can find a complete discretely valued extension
B/Q(Ty)" with perfect residue field and e(B|Q(T,)") = 1.

Now let A be a general k-affinoid algebra. Since A is noetherian, we can find a
minimal primary decomposition (0) = q; N --- N q,. This yields a module-finite
injective (hence closed) map A — []; A/qj, so if we can embed each A/q;, we
can embed A.
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Since each q; is a primary ideal, every zero-divisor in A/q; is nilpotent. Thus,
we may replace A with A/q; and assume that all zero-divisors are nilpotent.

By Noether normalization, we can find an integral (and finite) monomorphism
Ty — A for some n. Since A ®T, Q(T,)" is a module-finite algebra over Q(Ty)",
it decomposes as the product of finitely many Artin local rings finite over Q(7},)".

We claim that the natural map A — A ®1, Q(T,)" is an injection. Since the
natural map

A T, o(T,)— A RrT, Q(Tn)/\

is injective, it is enough to show that A — A ®7, O(T}) is injective. If a nonzero
r € A dies in A ®, Q(Ty), there is some nonzero w € T such that r& = 0 in
A. Then since all zero-divisors are nilpotent, w lands in the nilradical of A, so
some power of w is zero in A. But 7, — A is injective and T}, is reduced, so we
have a contradiction.

Moreover, we claim that the natural Banach topology on A agrees with its
subspace topology from the finite-dimensional Q(T},)”-vector space A ® Q(T,)".
To see this, we first note that the natural topology on A as an affinoid algebra is
the same as the topology on A as a T,-module. When 4 = Ty [x]/(f(x)), for f a
monic polynomial over 7, A is free over T, and so clearly A — A @1, Q(Tp)"
is a closed embedding.

Now consider the general case. For any r € A, when viewing r in A @71, O(Ty),
its minimal polynomial over Q(T}) is a monic polynomial f(x) with coefficients in
Ty, because Ty, is integrally closed in Q (7). Moreover, Ty [r] = T, [x]/ anng, ] (7),
where ann7, [(r) is the annihilator of r. Because A is torsion-free as a T,-module
(as we saw above),

anng, 1x](r) = Tu[x] N f - Q(Tw)[x] = f - Tulx],

since f is monic. Thus, T, [r] = T, [x]/(f(x)). Therefore, the subring Ty, [r] C A
is finite free as a T,,-module, so it is a closed T}, -submodule of

(Q(T)"MIrl Cc A®T, O(Tn)".

We will show that A — A @7, Q(T,)" is a closed embedding by considering
the collection of Tj-submodules A’ C A which are closed in A @1, Q(T,)". If
A’ C Ais a Ty-submodule, then A’ ®7, O(Ty)" — A®T, O(Ty)" is an injection,
because T, — Q(T,)" is flat. We begin with A’ = Tj,. If A’ = A, we are done. If
not, choose s € A — A’, so T,[s] C A is a finite free T,,-submodule. We claim that
A"+ Ty[s] is closed in A @7, O(T,)”. Then we can replace A" with A" + Ty, [s]
and repeat the process. Since A is finite over 7}, this process terminates eventually
at A, so we will be done.
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Thus, it suffices to show that if we have a finite-dimensional Q(T},)"-vector
space V' (equipped with its natural topology) and two closed finite 7;-submodules
F and F’, with F' free and (F + F') ®r, Q(T»)" — V an injection, then F + F’
is also closed in V. We may assume by induction on the rank of F’ that F’ is
free of rank one. We may also replace V with (F + F') ®7, Q(T»)", since all
subspaces of a finite-dimensional vector space over a nonarchimedean field (such
as Q(T,)") are closed. If F N F’ = {0}, it is clear that F + F' <=~ F @ F' is
closed, because V <= (F ®1, Q(Ty)") & (F' ®1, Q(Tx)") as Q(T,)"-vector
spaces, and the topology on the right side is the product topology (and F is closed
in F ®r, O(Ty)" due to the closedness of F in V). If the intersection is nonzero,
there is some w € Ty, — {0} such that F’ C (1/w)F,so F + F' C (1/w)F. Since
(1/w)F is closed in V, it only remains to show that F + F’ is closed in (1/w) F.
But submodules of finite modules over affinoid algebras (equipped with their natural
topologies) are always closed, by [Bosch et al. 1984, Prop. 3.7.3/1], so we are done.

The upshot of this is that we have a closed embedding A — []; R;, where
the R; are a finite collection of Q(7,,)"-finite Artin rings (equipped with the
topologies of finite-dimensional Q (7}, )" -vector spaces). Finally, we replace R;
with R; ® o(1,)~ Bi- O

2.1.2. Quasi-Stein spaces.

Definition 2.1.4. A rigid analytic space Y over k is said to be quasi-Stein if it admits
an admissible covering by a rising union of affinoid subdomains Yo C Y1 C -+ such
that the transition maps I'(Y,+1, Oy, ;) — ['(Yy, Oy, ) are flat with dense image.

In particular, Ao := I'(Y, Oy) = lim, I'(Yy, Oy, ) is a Fréchet-Stein algebra.

By Kiehl’s results on coherent sheaves on rigid analytic spaces, a coherent sheaf
Z on Y is simply a compatible system of coherent sheaves {.%,} on {Y,}. Then
Foo :=T(Y,7) =1lim I'(Yp, #y) is a coadmissible module over A, in the sense
of [Schneider and Teitelbaum 2003].

Example 2.1.5. Fix s > 0, and let Y be the coordinate on the closed unit disk.
Then the half-open annulus 0 < v,(X) < 1/s is a quasi-Stein space, as it is the
rising union of the closed annuli 1/s" <v,(X) <1/s as s’ — oo.

Quasi-Stein spaces behave much as affine schemes do in algebraic geometry. In
particular, Kiehl [1967, Satz 2.4] proved the following theorem on the cohomology
of coherent sheaves on quasi-Stein spaces (which also follows from [Schneider and
Teitelbaum 2003, Theorem 3]):

Theorem 2.1.6. Let Y be a quasi-Stein space, and let F be a coherent sheaf on' Y .
(1) H'(Y,.#) =0 fori > 0.
(2) The image of 7 (Y) in F (Yy) is dense for all n.



380 Rebecca Bellovin

There is no a priori reason for Fs, to be a finite module over As. For ex-
ample, let ¥, = Sp([Ti— Qp({,)). and let .#, be the sheaf on Y, associated
to [Tr=o Qp(fpi)@i. Then F is not Aso-finite, because the fiber of Fo, at
Sp(Qp(&pn)) is a Qp(Lpn)-vector space of dimension n. Happily, this is the only
thing that can go wrong:

Lemma 2.1.7. Let % be a coherent sheaf over a finite-dimensional quasi-Stein
space Y over Qp. Then HO(Y, %) is finitely generated as an H*(Y, Oy )-module if
and only if there is some integer d such that dim,(,y .7 (y) <d forally € Y.

Proof. Necessity is clear. To prove sufficiency, we proceed by induction on the
dimension of Y. If Y is a zero-dimensional Stein space, the result is clear.

Now suppose we have the desired result when dim Y < n, which is to say when
every irreducible component of ¥ has dimension at most n — 1 for some n > 1, and
suppose dimY = n. Choose i : Y/ < Y consisting of a point on every irreducible
component of Y. By the settled zero-dimensional case, i *.7 is finitely generated
over Oy, so by Theorem 2.1.6 there is some coherent Oy -submodule .7’ C .% on Y
such that i *.#’ — i *.%. Thus, we have an exact sequence of coherent Oy -modules

0—F —F—9—0

such that i *¢ = 0. Then ¢ vanishes on a Zariski-open subspace of Y containing Y”;
its complement is a quasi-Stein space Z with structure sheaf 0y / anng, ¢, all of
whose irreducible components have dimension at most n — 1, since Y’ intersects
each irreducible component of Y. Then we may apply our inductive hypothesis to &4
(Z(y) > 9(»), so the fibral ranks of ¢ are bounded). Therefore, 4(Y) is Oy (Y)-
finite. Since .%’ is Oy -finite by construction, . is as well, since H! (Y, .#') =0. O

Corollary 2.1.8. Suppose that % is a flat coherent sheaf over Oy, where Y is a
finite-dimensional quasi-Stein space. Then HO(Y, .7) is projective of rank d over
HO(Y, Oy) if and only if dim,(,) Z(y) = d forally € Y.

Proof. As flat finitely presented modules are finite locally free, and hence projective,
it is enough to prove that .# is finitely presented over Oy. Lemma 2.1.7 implies that
there is a surjection ﬁ;‘? ™ — Z, and we will apply Lemma 2.1.7 to the kernel 4.
To do this, we need to know that dim,.(,) % (y) is bounded over all y € Y. But if
we specialize the short exact sequence

0—9Y— ﬁ?m — 7 —0
at y € Y, we get a short exact sequence
0— 4(y) — k(»)®" — Z(y) — 0,

because .7 was assumed flat. Therefore, dim,(,) %(y) < m and we are done. [
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2.2. Families of (¢, I')-modules. We briefly recall the construction of families
of (¢, I')-modules associated to families of Galois representations. Let A be
an E-affinoid algebra, and let A ® Bzrn(;))K denote one of the rings A4 ® B! ,
A® B;(’s, 1‘1 @fBjigK’Ao{.fS@’ B;rig’K. Similarly, let 4 ® ]~3Jr’(s) denote one of
the rings AQB or AQB ™.
Throughout this subsection, let so = (p —1)/p and s, = p"so = p"* (p—1).
For L a p-adic field, let L, = L({pn).
Definition 2.2.1. A ¢-module over 4 ® BEifg?K is a finitely presented projective
module D® over A & B"**®) together with a map ¢ : D® — D@9 which is

(rig) K’
semilinear over ¢ : BP® " BIP) guch that the linearization

(rig) K (rig) ,K*
¢ B @ DO - D

(rig) ,K
is an isomorphism. A (¢, I')-module over A is a ¢-module over A together with
a continuous A-linear action of I'x which is semilinear over the action of I'x on

Bzrn(gs))K and commutes with .
Remark 2.2.2. A ¢-module D over A® Bzrr’isg)’K is in particular a finite 4 ® Bzr;i;),K_

module. It is therefore a finite module over either a Banach algebra or a Fréchet—
Stein algebra. It follows that D has a unique structure as a Fréchet A ® Bzr’isg)’K-
module. Thus, we may speak unambiguously of the continuity of any action of k.
Remark 2.2.3. Kedlaya and Lie [2010] define a family of (¢, I')-modules over
AR B;ri:;K, for s > 0, to be a coherent locally free sheaf over the product of the half-
open annulus 0 < v,(X) < 1/s with Sp(A) in the category of rigid analytic spaces.
By Lemma 2.1.7 and Corollary 2.1.8, this is equivalent to the definition we have
given. This equivalence is also proven in [Kedlaya et al. 2014, Proposition 2.2.7],
where the authors use the ¢-module structure on a family of (¢, [')-modules to

prove finite generation of its global sections.

The main source of (¢, I')-modules is Galois representations; to any family of
p-adic Galois representations, we can functorially associate a family of (¢, I')-
modules, and this functor is fully faithful.

Definition 2.2.4. Let X be a rigid analytic space over E. A family of Galois
representations over X is a locally free &x-module ¥ of rank d together with an
Ox -linear action of Galg which acts continuously on I'(U, ¥') for every admissible
affinoid open U C X.

Remark 2.2.5. It is enough to check continuity on a single admissible affinoid
cover {U;} of X. For if U; = Sp(4;) is affinoid and Galg acts continuously on
¥ (U;), then Galg certainly acts continuously on ¥ (W) = 7 (U;) ®4; Ox (W) for
any affinoid subdomain W C U;.
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On the other hand, suppose that {U; = Sp(A4;)} is an admissible affinoid covering
of U = Sp(A), and suppose that Galg acts continuously on ¥ (U;). Since

0—>A—>1_[A,~ —>1_[A,~ @AAJ
i i,j
is exact, ¥ (U) inherits its topology from its embedding in [ [; ¥ (U;) and GL(¥ (U))
inherits its topology from its embedding in [ [; GL(¥ (U;)). Therefore, Galg acts
continuously on ¥ (U).

Then we have the following theorem:

Theorem 2.2.6 [Berger and Colmez 2008]. Let <« be a formal O'g-model for A,
and let V be a free A-module of rank d equipped with a continuous A-linear action
of Galg. Suppose that V contains a free Galg -stable </ -submodule Vy of rank d.
Then for s > 0, there is a ¢- and Galg -stable A ® Bj(’s-submodule (compatible
with change in )

A~ ~t,s
DY (V) c(A®B"")®q, V)&
which is a locally free A® B;(’s-module of constant rank d such that the natural map
= ~T,S , ay ~Tas
ABB")®,551s DK'(V) > (ABB™) @4V

is an isomorphism (by “@-stable”, we mean that <p(D;(’s(V)) C DEPS(V)). If Galg
acts trivially on Vy /12 pVy, then D};’s(V) isA® B}és—free of rank d.

The formation of D;{’S(V) is compatible with base change in < .

The base change property is not stated in [Berger and Colmez 2008], but follows
easily from the construction.

Remark 2.2.7. The construction of families of (¢, I')-modules given in Proposi-
tion 4.2.8 and Théoréme 4.2.9 of [Berger and Colmez 2008] in fact only requires
the coefficients to be a Banach algebra, not an affinoid algebra.

If V admits a Galg-stable locally free «/-submodule Vj of rank d, we may
construct D};’S(V) by working on a cover {Spf <% } of Spf <7 trivializing V. Since
we know that the formation of DI{’S(V) is functorial in maps & — &/ ®ﬁE o,
we can glue the D%S(Vw[l/p]) to get a sheaf of A ® B;(’S—modules on Sp(A4). By
[Kedlaya and Liu 2010, Proposition 3.10], there is a finite locally free A ® B}r(’s—
module D}(’S(V) which induces this sheaf.

By [Chenevier 2009, Lemme 3.18], for any family of Galois representations
¥ over a quasicompact quasiseparated rigid analytic space X, there is a formal
model 2" of X such that ¥ admits a Galois-stable &4 -lattice. In fact, D;;S(V) is
independent of the formal model «:

Proposition 2.2.8. Let A and V be as above. Then DJIE’S( V) is independent of o .
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Proof. 1t suffices to check independence of the integral model for an admissible
formal blowing-up .2~ — Spf .« with center .# = (fp, ... fm). More precisely, if
V' admits both a Galois-stable .«7-lattice and a Galois-stable .’-lattice, then Spf .o/
and Spf.<7’ have a common admissible blow-up .2, so it suffices to check that
D;(’S(V) yields the same result on the generic fibers of 2" and Spf <.

Temporarily let DJILSJ(V) denote the construction using the integral structure
Z and D%S »(V) denote the construction using the integral structure .«7. Now 2~
admits a covering by the formal schemes

i = Spfﬂ<ﬁ,...,f—m>
fi fi
and the morphism 2; — Spf.« is induced by &/ — & (fo/ fi,---» fm/ fi). In

other words,

It follows that D*, (V) = D’ (V). 0

Corollary 2.2.9. The formation of D;{S(V) commutes with arbitrary base change
on A.

Proof. Let A — A’ be a homomorphism of E-affinoid algebras, and let X = Sp(A)
and X’ = Sp(A’). We may choose an admissible formal ¢g-model 27 of X
such that the family of Galois representations on X extends to a family of Galois
representations Vg over £7. By [Bosch and Liitkebohmert 1993, Theorem 4.1],
we can find a formal model 23 of X’ together with an admissible formal blow-up
Y 25 — 27 and a morphism ¥ : 25 — 27 which induces f on the generic fiber.
Thus, functoriality of D;&S(V) follows from functoriality in the integral model. [

Furthermore, it is straightforward to check the following functorial properties of
: T8 (17
the assignment V' ~> D g~ (V):

Proposition 2.2.10. Let A be an E-affinoid algebra, and let V and V' be families
of Galg -representations over A as above. Then, for s > 0:

(1) DV e V)=Dg (V) @D (V).
@ D (Ve V) =DV ®, sl Dl ().

(3) DL’ (Homy(V. V")) = Hom, DL (V), D (V).

anj
In particular, the third part implies that the assignment V' ~»> DJIrés(V) is a fully
faithful functor. We omit the details; they are written out in [Bellovin 2013, §4.3].
Combined with various refinements of [Kedlaya and Liu 2010] and [Liu 2014],
we have the following corollary:
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Corollary 2.2.11. Let X be a quasicompact quasiseparated rigid analytic space
over E, and let ¥ be a rank-d family of Galg - representatlons over X. Then, for
s > 0, there is a family of (¢, ')-modules @IT(’ i g)(”// ) which has rank d over
Ox ®B K(( 9 such that the natural map

=T,(s) , =T,(s)
(O0x ® B(rlg) )®,. 8L, @};((sr?g)(V) — (0x ® B(rlg) )®4 YV

is an isomorphism.

The formation of 7% ((Szg) () is compatible with base change in X and the as-
signment ¥V ~> 9 A ((ng) () is a fully faithful functor compatible with direct sums,
duals, and tensor products.

Remark 2.2.12. We do not know whether there is an intrinsic characterization of
(V) as a submodule of (A ® B" ) ®4 V, or an intrinsic characterization

of D}zsng(V) as a subsheaf of Bng ®a V.

We pause to briefly discuss the objects we have constructed. For simplicity, we
temporarily assume that A = Q,. Given a Galois representation V' of dimension d,
we have constructed a module over BT oK of rank d, equipped with a semilinear
Frobenius and a semilinear action of FK There is some s so that these structures
descend to B K, which is (noncanonically) the ring of analytic functions on the
half-open annulus 0 < vp(X) < 1/eks; we think of p —1/exs(V) a5 the minimal
inner radius of an annulus to which everything descends.

Consider the analytic function log(1 + X) € Bzg k- 1t has infinitely many zeroes,
at the points X = 1 — {,n, which accumulate towards the boundary of the unit disk.
For a given s, we think of n(s) as the minimal 7 so that X = 1 —{,n lies in the
annulus 0 < v, (X) < 1/eks.

Returning to our general setup, we use (¢, [')-modules to construct modules
Dgen (V) and Dgis(V'), which we will use to study Hodge—Tate and de Rham repre-
sentations.

Recall that there is a family of injections iy : B}r(’s — Ky [[t] for every n > n(s),

which extend to injections iy : legK — Ky[[t]]. It is defined as the composition

Bl c B L BT Bl
where the last map sends ) p¥[xx] (viewed as an element of ]§+) to its image in

B;i, and factors through K, [[¢].

Definition 2.2.13. Let X be a quasicompact quasiseparated rigid analytic space and
let ¥ be a locally free &x-module of rank d equipped with a continuous & -linear
action of Gal k- Then by the preceding discussion, there is a finite extension L/K
such that @ g, L("// ) is X -locally free.
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(1) For any n > n(s), we put
L}’l . > .ﬂ

Then 2L» (7)) is an X-locally free Oy ® L,-module of rank d with a linear

Sen
action of I'g .

(2) For any n > n(s), we put
T )= 70 @ (0x Bo, Lall]).
and we define @ F ()= (ﬁf (7)[1/t]. Then 2 dlf ("i/) is an X -locally
free Oy ®Qp Ly [[t]] module of rank d with a continuous semilinear action
of I'z,, where L, [t] is equipped with its natural Fréchet topology (i.e., as

the inverse limit lim, L[r]/ t* of finite-dimensional Qp-vector spaces). Here
'z, acts trivially on L,, butactson ¢ via y -t = x(y)t.

Remark 2.2.14. Both @Sen (7) and 2, L”’ (7)) actually have semilinear actions

of all of Galg, ultimately by Galg - stablhty of DT’SO(V) 1n31de (A® gh Y @4 V.
We define 257 (v) .= okn(9)Hx and 2Kmt (v) .= gkt () Bk,

Remark 2.2.15. If A is a general Q,-Banach algebra with valuation ring .27, Vj is
a free «7-module of rank d equipped with a continuous «7-linear action of Galg,
and V := Vp[1/p], then we may similarly define

Dg(V) =D (V) &"

Sen

A®B’L s (A ®Qp Ln),

D (V) =D} (V) ®Z®BF (A ®q, Lallt]).

Remark 2.2.16. It is also possible to construct Dg en(V) directly by means of Tate—
Sen theory applied to semilinear representations of Galg on finite X -locally free
Ox ® Cg-modules. In particular there is a constant c3 (fixed at the outset such
that 1/(p—1) <c3 <5 ordp(12p)) such that DSen(V) admits a c3-fixed basis;
i.e., there is a basis {eq, ..., ey} such that if U, is the matrix of the action of a
topological generator y of Fn, then every entry of U, —Id has p-adic valuation
greater than c3. We exploit this point of view in the proof of Theorem 4.2.5.

Proposition 2.2.17. (1) .@S{‘e’; (7) is an X -locally free Ox ® Ly-module of rank d,
and we have a Galois-equivariant isomorphism

Ck &L, 75(7) — Ck &, V.
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2) @(ﬁf”+(7/) is an X -locally free Ox & Ly[[t]-module of rank d , and we have a
Galois-equivariant isomorphism
~ Ln s ~
(Ox ® B(—Ez) ®ﬁX®Ln M1 Dit +(7/) —> (0x ® B(—ﬂz) Qoy V
which respects the filtrations on each side.

Proof. For both of these, the starting point is the isomorphism

B ® @}:’s(“f/) - B Rp, V.

2
The composition
fos In +
B;” — Lat] - By
is the same as the composition

Bz,s C ﬁT’S w_) ET!p_ s — B:ﬁ(

by definition, so extending scalars on each side from P15 10 %; &R OF Ox @)Qp Ck
gives the desired result. O

3. Cohomology of procyclic groups

3.1. Overview. Let G be a profinite group with finite p-cohomological dimension e
such that H (G, T) has finite cardinality for all finite p-torsion discrete G-modules
T. Let M be a topological abelian group equipped with a continuous action
of G. We consider the continuous cochain complex C*(G, M) and its cohomology
groups H*(G, M). Specifically, we define the n-cochains C"* (G, M) to be the set
of continuous functions

f:G"—> M,

and we define the differential 4" : C*(G, M) — C" (G, M) by

d"(f)(g1.....gn+1) =81 f(g2.---.&n+1)

n
+ Y (=D f(g1.- 8im1-8igit1: Git2e -+ Ent1)

i=1
+(=D" ! f(g1.. .., gn).

Thus, we get a complex
C*(G,M):0— M =C°G, M) — C"(G,M) —>---,

and we define H"(G, M) := kerd,/imd,—1. f M = lim; , M; is the filtered
colimit of topological abelian groups equipped with continuous actions of G
(compatible with the transition maps), we define H*(G, M) :=lim, _, H*(G, M;).
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Suppose now that M is actually a Q,-Banach space and the action of G on M
is Qp-linear. Exact sequences of Q,-Banach spaces of are Q,-linearly split, so a
G-equivariant exact sequence of Qp-Banach spaces

0O—M —M-—M'—0

admits a continuous Q)-linear section M"” — M. Therefore, there is a long exact
sequence in cohomology

0— H%G, M) — H*(G, M) — H°(G,M") —H (G, M') —> --- .

If A is an E-affinoid algebra, and M is a finite flat A-module and the action of
G is A-linear, Pottharst has shown that the cohomology groups H! (G, M) satisfy
a number of good properties. In particular, H (G, M) is a finite A-module for all
i > 0, by [Pottharst 2013, Theorem 1.2], and H! (G, M) =0 whenever i > ¢, by
[Pottharst 2013, Proposition 1.1].

Crucially, the finiteness of the cohomology groups H (G, M) makes it possible
to deduce the following “cohomology and base change” result:

Theorem 3.1.1 [Pottharst 2013, Theorem 1.4]. Let M be a finite flat A-module.
Then if A’ is an A-affinoid algebra, there is a base change spectral sequence of
A’-modules

Ej =Tor’,(H/ (G, M), A') = H'*/(G.M @4 A,

in which the edge map Eg’j =H/(G,M)®4 A — H/ (G,M ®4 A) is the
natural map.

In particular, if A’ is flat over A, then the formation of continuous group
cohomology commutes with base change.

Remark 3.1.2. The base change spectral sequence follows from the natural iso-
morphism
C*'(G,M)@Y A —C* (G, M ®44)

in the bounded derived category D2 (A4’) of finite A’-modules.

coh

We will be primarily concerned with the Galois cohomology of groups G of
p-cohomological dimension 1. In that case, the base change theorem takes a
particularly nice form:

Corollary 3.1.3. Suppose G has p-cohomological dimension 1.

(1) The formation of HY(T', M) commutes with affinoid base change on A.
(2) The spectral sequence degenerates at the E3 page.
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(3) There is a low-degree exact sequence

0— HYI M) ®4 A’/ Tord (HY(I', M), A"
— H(I\M ®4 A') — Torl(H(T", M), A") — 0.

3.2. Cohomology of semilinear G -modules. We will need to extend some of Pot-
tharst’s results. Throughout this subsection, let M be a finite flat A[[¢]]-module,
equipped with its natural Fréchet topology (i.e., as the inverse limit lim, M / 1k of
finite Banach A-modules), and suppose M is equipped with a continuous A[[¢]-
semilinear G-action, where G acts on A[[¢]] so that the action on A is trivial and
the action preserves the ¢-adic filtration.

Proposition 3.2.1. Let M be as above.

(1) H(G, M) =0fori > e.

(2) If A — A’ is a quotient of affinoid algebras, the formation of H*(G, M)
commutes with base change to A, i.e., the natural map H¢ (G, M) @4 A’ —
H¢(G, M ®4 A') is an isomorphism.

Proof. (1) For each quotient M/t¥, we have the continuous cochain complex
C*(G, M/t*), and the transition maps C*(G, M/t**T") — C*(G, M/t¥) are sur-
jective. Therefore, by [Weibel 1994, Theorem 3.5.8], for each i we have an exact
sequence
0 — lim'H' (G, M/t*) — H (G, M) — limH' (G, M/t*) — 0.
k k

Then for i > e+1, we have H (G, M/t*) =0and H' =1 (G, M/t¥) =0, by [Pottharst
2013, Theorem 1.1(4)). Therefore, H' (G, M) = 0. If i =e + 1, H/(G, M/t*) =0,
by the same theorem. Then we use the long exact sequence associated to

0—> C*(G,t"M/**") — C*(G, M/ — C*(G, M/i*) — 0
and the vanishing of H' (G, 1" M/t**™) to see that {H! (G, M/t¥)}; has surjective
transition maps. Therefore, Lin}c H~Y(G, M/ t%) and H' (G, M) vanish as well.

(2) Let A’ = A/J be a quotient of A. Since A’ is a finitely presented A-module,
—®4 A’ commutes with taking inverse limits with surjective transition maps. It
follows that

C*(G.M)®4 A' = lim(C*(G, M/1*) ®4 A').
k

But the natural map C*(G, M/tk) @4 A" — C*(G,(M/t*) ®4 A’) is a quasi-

isomorphism by [Pottharst 2013, Lemma 1.5], so we obtain a quasiisomorphism

C*(G.M)®4 A —1im(C*(G, (M/t*) @4 A") = C*(G,. M &4 A').
k
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As A’ is finitely presented as an A-module, we may find a projective resolu-
tion D®* — A’. Because the terms of C*(G, M) are A-flat, the induced map
C*(G,M)®4 D* — C*(G,M) ®4 A’ is a quasiisomorphism, and we obtain a
second-quadrant spectral sequence abutting to the homology of C*(G, M &4 A’).
Consideration of the E;-page yields the desired result. O

Proposition 3.2.2. Let the notation be as above, and suppose in addition that G
is procyclic with topological generator y and that HO(G, gr®* M) is A-finite, where
gr* M is the associated graded module to M. Then there is some N such that
HO(G, M) => H(G, M/t* M) for any k > N.

Before we prove Proposition 3.2.2, we record several useful consequences about
HY (G, M):
Corollary 3.2.3. Let the notation be as in Proposition 3.2.2.
(1) HY(G. M) =lim, H'(G, M/¥).
(2) For any k > N, the sequence

0 — HY(G.t*M) — H'(G. M) — H (G, M/tF) — 0

is exact.

(3) Forany k € Z and k' € N, the kernel of the natural map H (G, t*t% M) —
HY(G,t* M) is a quotient of the A-finite module HO(G,t* M /t*+K"), the
cokernel is the A-finite module H' (G, t* M/t*t%"), and for all but finitely
many k, k', it is an injection.

(4) lim, H'(G.t*M) =0.

Proof. (1) Proposition 3.2.2 implies that the projective system {H°(G, M/ ¥ ) k>0
satisfies the Mittag—Leffler condition, so Lln}c H(G, M/t¥) = 0. Together with
the exact sequence

0 — lim'H%(G, M/1*) — H'(G, M) — 1imH' (G, M/1*) — 0
% %
this yields the desired result.

(2) For each n > 0, the exact sequence of Banach A-modules
0—> tkM/ek+n — My — Mk — 0

induces a long exact sequence in cohomology. If kK > N, then Proposition 3.2.2
implies that HO(G, M/t**") — H(G, M/t¥) is a surjection. Therefore, the
connecting homomorphism § : HO(G, M/t¥) — H' (G, t* M/ tk+") is zero and

0 — HY(G,*M/t*T") — HY(G, M/ ¥y — HY (G, M/*) — 0
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is exact. Part (1) above (applied to H! (G, tK M)) implies that H} (G, *M) =
lim HY (G, tk M/tk+™), and, since the inverse system {H! (G, ¢k M/tk+7)}, has
surjective transition maps, we obtain an exact sequence

0 — HY(G,*M)— HY (G, M) — HY (G, M/i*) — 0,
as desired.
(3) For every n > 0, the exact sequence
0—s [k+k’M/[k+k’+n . tkM/tk+k’+n . tkM/tk’Lk/ —0
induces an exact sequence
HO(G, tkM/tk+k/) L HI(G, tk+k’M/tk+k’+n)
— HYG, t* M/ FHE+my S HY(G, t* My — 0.
If k> 0ork <0, and k’ > 0, HY(G, tk M/1t**t¥") = 0 and we may take the

projective limit as 7 — oo to obtain an injection H (G, t* 1 M) — HY(G, t* M).
Otherwise, let

Ki ko n = ker(HY(G, (KK My KK+ HY(G, 1% My k- )
= HO(G, t* M/ 5K JHO(G, tk My kTR ),
To show that lim Ky ks, is A-finite, it suffices to show that the natural map

HO(G, [kM/lk+k/) N l<ln Kk,k’,n
n

is a surjection. But, by Proposition 3.2.2 (applied to tXM), {HY(G, tkM /t*+K'+myy
is stationary for n > 0, so {H%(G, tX M/tk+k'+m) JHO(G, tk+K Nkt +nyy
satisfies the Mittag—Leffler condition. This implies that
0 —> m(HO(G, tkM/tk-f-k/-‘rn)/HO(G’ tk+k/M/[k+k/+n))
n 4
— HY(G, ZkM/tk+k ) —> lim K grp —> 0
n

is exact.

To identify the cokernel of H (G, tK+¥ M) — H!(G, t* M), we again consider
the exact sequences

0 —s Kk,k’,n _ HI(G, tk+k’M/tk+k’+n)
— HY(G, t* M/ kT +mny s UG, t* My — 0
for n > 0. As n varies, the natural transition maps are surjections, so we see that

the cokernel coker(H1 (G, ¥ K m ) > HY(G,tkM )) is identified with the A-finite
module H! (G, tX M/ %+,
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(4) By Proposition 3.2.2, there is some N such that, for k > N and any n > 0, the
sequence

0 — HY(G,*M/tkTy — HY(G, M/ ¥ty — HY (G, M/{F) — 0

is exact. Taking the projective limit as n — oo and applying part (1) to M and
t* M , we obtain an exact sequence

0 — HY(G,* M) — H' (G, M) — H' (G, M/¥).
Taking the projective limit as k — oo, we obtain an exact sequence

0 — limH"(G.t* M) — H'(G, M) — limH" (G, M/1%).

k k
But the map H(G, M) — lim, H!(G, M/t¥) is an isomorphism by part (1), so
lim, H'(G./*M) =0. O

Remark 3.2.4. If we knew that surjections of Q,-Fréchet spaces admit continuous
sections (so that short exact sequences of G-representations would yield long exact
sequences in cohomology), the proof of Corollary 3.2.3 could be simplified in a
number of places. As we are not aware of a result to that effect, we are instead
forced to use the Mittag—Leffler property proved in Proposition 3.2.2.

We now turn to the proof of Proposition 3.2.2; we will require a number of
preliminaries. We observe at the outset that the cohomology group H*(G, M) is
computed by H® of the complex

-1
a°lg:0—>My—>M—>0.

For the remainder of this section, we therefore take H*(G, M) to be the homology

of Ca°lg. It is purely algebraic, with no input from the topology of G or M.

Lemma 3.2.5. Let M and G be as above.

(1) There is some Ny such that t* M / t**Y M has no nonzero G-invariants for any
k > Ny.

(2) Forany k > Ny, (t*M)G=! = {0}.
(3) For any k > Ny, the natural maps
(M/*FIM)T=Y — (M) M= and MO=T — (M)t M)O=!
are injections.
(4) H(G, M) is finite.
Proof. (1) This follows from the finiteness of H?(G, gr* M).
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(2) Since t*M = lim, t*"M/tkth M and taking G-invariants is left-exact, it
is enough to show that (tK M /15t M)YG=1 = 0 for all h > 0. But this follows from
repeated applications of the exact sequence

0—> (tk’+1M/tk+hM)G=1 _)(tk’M/tk—i—hM)G:l — (Zk’M/tk’+1M)G=1 -0
fork <k’ <k +h.
(3) We have an exact sequence
0— "M/ TIM)C=T — (MM — (MR M) O
By the choice of k, (tK M/t*+t1M)P=1 = 0. Similarly, we have an exact sequence
0— ("M)=" — (M)°=' — (M/*M)C=T.

By the choice of k, (tK M)C=1 = {0}.

(4) We have seen that H*(G, M) injects into (M /tK M)C=! for sufficiently large k.
But M/t*M is a finite A-module, so H*(G, M) is A-finite as well. O
Lemma 3.2.6. Let M and G be as above, and let

0—I—>B—B —0

be a small extension of Artin local A-algebras, and let mp be the maximal ideal
of B. Let Mg, Mg/, and Mp: denote M ®4 B, M ® 4 B/mp, and M ®4 B,
respectively. Suppose that the natural maps

HY(G. Mp/uy /1¥1) — HO(G. My, /1°).
H(G, Mg/ /1Y) — HO(G, My /1%)

are isomorphisms. Then H°(G, MB/tk‘H) — HO(G, MB/Zk) is an isomorphism
as well.

Remark 3.2.7. It is crucial for our application of Lemma 3.2.6 in the proof of
Proposition 3.2.2 that B and B’ are not assumed to be Q,-finite. This is why we
are working with the “algebraic” cohomology groups computed by the complex
0—M T) M — 0.

Proof. Since 0 —> I —> B —> B’ —> 0 is a small extension, [ is a principal
ideal killed by mp. It follows that the complex

—1
0—s IMp/t"* 2 TMp /¥t 0
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-1
(resp. 0 —> I Mp /¥ AN IMp/tk —s 0) is isomorphic as a complex of B/mp-
vector spaces to the complex

y—1
0 —> (Mpju)/ 1T —— (Mpn) /1T — 0

-1
(resp. 0 — MB/mB/tk AN (MB/mB)/tk — 0). Then the hypothesis that
HY(G. Mp/m, /**") = H*(G. M /m /1¥)

is an isomorphism implies that H*(G, I Mg /t**1) — HO(G, I Mg /1¥) is an iso-
morphism as well.
Since M is A-flat, we have a commutative diagram

0 —— IMB/tk+1 —_— MB/tk+1 —_— MB//tk+l — 0

| ! l

0 ——> IMg/th —— Mp/tk —— Mp/tk —— 0

where the rows are exact.
Taking G-invariants, we get a commutative diagram

0 — (IMg/t*tH)O — (Mg /t*t1)0 — (Mp /t*t1)G —HY(G, IMp/tF+1)

l | ! |

0 — (IMg/t*)¢ — (Mp/t*)¢ — (Mp/t5)¢ — HYG,IMg/t*)

To show that HO(G, M /t**1) — HO(G, M /t¥) is an isomorphism, it suf-
fices by the five lemma to show that H (G, IMp/tk+1) - HY(G, IMp/1¥) is an
isomorphism. But /Mg /t**+1 and I Mg /t* are finite B/mpg-vector spaces, so to
show this, it is enough to show that they have the same dimension as B /mp-vector
spaces (since the map is a priori a surjection). But

dimHY(G, IMg/t*kT1)
=dim IMp/t* ' —dim IMp/t*T! + dimH®(G, IMp /¥ 1)
= dimH°(G, IMg/t**t") = dimH%(G, I Mg /t*)
= dim I Mg /t* —dim IMp/1* + dimH" (G, I Mp/t*)
= dimHY(G, IMg/t%). O
Now we are in a position to prove Proposition 3.2.2:

Proof of Proposition 3.2.2. We proceed by noetherian induction on Spec(A4). By
Lemma 3.2.5, we may first choose Ny such that, for k > Ny,

MG=1 NN (M/Zk+1)G=1 SN (M/tk)Gzl NN (M/ZNO)Gzl.
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It follows that, for any k > Np, the cokernel of (M/t*¥T1)G=1 _ (M /1k)G=1
is supported on a Zariski-closed subspace of Spec(A4), namely, the support of
the cokernel of MG=1 s (M/tNo)G=1Let {q j} be the (finitely many) primes
corresponding to the irreducible components of this subspace. We will find some
N1 > 0 such that for k > Ny, the natural map (M/tk+1)0=1 g, (]_[] Aé‘/) —
(M/t5)6=1 ®, (]_[j Aé\j) is an isomorphism.

Since (M/tkt1)G=1g, Aé\j =((M/t*T @y A‘;\j)G=1 by flatness of A — A7,
it is enough to produce some N1 ; such that

(Mt @4 Aq, /aT) =" — (M/1%) @4 Ag; /)=

is an isomorphism for all k > N1 ; and for all m. But this follows from Lemma 3.2.6
and the fact that any surjection of Artin local rings can be factored into a sequence
of small extensions.

Let N; = max{Ni,;}. Then the natural map MO=1 5 (M/tN1M)C=1 is an
injection with cokernel supported on a strictly smaller Zariski-closed subspace of
Spec(A). If it is actually an isomorphism, we are done; otherwise, we repeat the
argument with primes of A corresponding to irreducible components of the support
of the cokernel of M C=1 < (M/tM M)O=1,

This process terminates in finitely many steps, so we find that, for k large
enough, the natural maps (M/tKt1M)G=1 — (M/t* M)S=1 are isomorphisms of
A-modules. It follows that H*(G, M) =H°(G, M/ t* M) for sufficiently large k. O

4. The functors Dg_ (V)

4.1. Overview. In this section, we discuss the functors Dyr(V') and Dgr(V); we
relate them to (¢, I')-modules, and we prove they are coherent sheaves on Sp(A).
We also relate Dy (V) and D,i5(V) to (¢, I')-modules, and conjecture that they are
coherent sheaves on Sp(A).

Throughout this section, we let £ and K be finite extensions of Q,, and we let
X be a quasiseparated rigid analytic space over E.

Definition 4.1.1. A family of Galois representations over X is a locally free Oy -
module ¥ of rank d together with an Oy -linear action of Galg which acts continu-
ously on I'(U, V) for every affinoid subdomain U C X.

Definition 4.1.2. Let B be one of the period rings Byr, Bar, Bmax, or Bg. Then
for any family of Galois representations, we define the presheaf

K)(U) == (Bx (U) @y ) ¥ (U)K,

where %y « is one of the sheaves of period rings defined in Section A.2. We say that
¥ is By-admissible (or simply Hodge—Tate, de Rham, semistable, or crystalline) if
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@f (7) is a projective Oy ® BSalK -module of rank d, and the natural morphism

Galg 95(7/) — Bxx Qox V

Uy . %X’* ®0X®B*

is an isomorphism.

Let {U; };er be an admissible covering of X. Then, because ¥ and %y « are
both sheaves on X, we have an exact sequence

— [T Wi Bxx @y V) — [] TWiNUj. Zx . Ry ¥).
iel i,jel
Each of these terms has a continuous action of Galg by assumption, and, since the
formation of Galg-invariants is left-exact, we have an exact sequence

0— 25 (NX) — [[2E W) — [] 2Eonwinup.
iel i,jel
It follows that .@f (7) is actually a sheaf of Ox ®q, Bgalk -modules. However,
we do not know at this stage that X (¥)(U) is finite, let alone that X () is a
coherent sheaf of Oy ®q, BS’“K -modules.

Suppose that X = Sp(A), where A is a Q,-finite Artin ring, and V' is a finite
projective A-module equipped with a continuous A-linear action of Galg. Then
((A®q, Bx) ®4 V)Galk = (B, ®q, V)Galk a5 BYX _vector spaces. In fact, V' is
B.-admissible as an A-linear representation in the sense above if and only if the
underlying Q,-linear representation is Bx-admissible:

Proposition 4.1.3. Let A be a Qp-finite Artin local ring with maximal ideal m, and
let V be a finite free A-module of rank d equipped with a continuous A-linear
Galg-action. Then V' is By-admissible as an A-representation if and only if its
underlying Qp-representation is B«-admissible.

Proof. Let n := dimg, A. It is clear that B,-admissibility over A implies B.-
admissibility over Qp. For the converse, assume V' is Bx-admissible when viewed
as a Qp-representation, so ((4 ®q, Bx) ®4 V)Galx = (B, ®qQ, V)Gax is an
nd-dimensional B$*'X -vector space and the natural map B ® gk Dy, (V) —
B« ®q, V is an isomorphism. "

We first assume that A = E is a field. In that case, A ®q, BSY'X is a product of
fields, so Dp,, (V) is certainly locally free and therefore projective. In addition, the
isomorphism ay : By ®Bf‘“K Dg, (V) — B« ®q, V tells us that the natural map

(A®q, Bx) ® aug Dy, (V) — (A ®q, B)®4 V

ABq,B

is an isomorphism. In particular, Dg, (V) is locally free of rank d over A ® BYUK
Since A ®q, BYUX is semilocal, Dg, (V) is free over A ®q, BYUK
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Now consider the general case. We will factor the extension of Qp-finite Artin
rings A — A/mV as a sequence of small extensions and proceed by induction.
So suppose we have a small extension f : A — A’, so that mker(f) = 0 and
ker(f) = (t) = A/m, and suppose the result holds for A’-representations.

We have a surjection of Qp-representations V — V ®4 A’, with kernel V. By
the formalism of admissible representations, V ®4 A’ is Bx-admissible and we
have a surjection Dg_ (V) — Dy, (V ®4 A’) with kernel Dg_ (V).

We claim that the kernel of this surjection is tDg, (V). Clearly, tDg, (V) C
D3, (¢V), since there is no Galois action on the coefficients. On the other hand,
suppose that mv € Dg_ (V) for some m € ker(f), v € B« ® V. Then mv =mg(v)
for any g € Galg, sov =g(v) in Bx ® (V ®4 A/I) for all g € Galg, where [ is
the ideal of elements of A killed by m. But again by the formalism of admissible
representations we have a surjection D, (V) — Dg, (V/IV), so there is some
v €Dy, (V) such that v = v mod /. Since v and v differ by an element of D, (/ V)
and m kills Dy, (I V), mv =mv € tDyg,(V), as desired.

By the assumption on A’-representations, Dy, (V ®4 A’) is a free module
of rank d over A’ ®q BGalK Furthermore, Dg, (V) ®4 A" = Dg,(V ®4 A').
If A; is a local factor of the semilocal ring 4 ®q BGalK then A} := A;/t
is a local factor of A’ ®q BGa]K . Therefore, Nakayama s lemma 1mphes that
Dg,. (V) ®4 A; is generated by d elements for all i, so we have a surjection
(A ®q BGalK)‘X’d —> Dg, (V). But we also have an isomorphism of B,-modules
oy B* ® UK D, (V) — B« ®q, V, so, by comparing the BG‘ﬂK -dimensions
of D, (V) and (A @ BSYX)®4  we see that Dg, (V) is a free A ® BS*X -module
of rank d. O

4.2. (¢, I')-modules and Dy, (V). When X = Sp(Q,), the overconvergence of
Galois representations is important in part because it allows us to recover the
p-adic Hodge theoretic invariants Dy (V') from the (¢, I')-module. This allows
us to convert questions about Galois groups with cohomological dimension 2 into
questions about profinite groups with cohomological dimension 1, at the cost of
making the coefficients more complicated.

Specifically, when X = Sp(Q,), we have the following results:

Theorem 4.2.1 [Sen 1973]. Let V be a finite-dimensional Qp-linear representation
of Galg. Then DE.(V) = @, ,(DE (V) -t)Tk.

Theorem 4.2.2 [Fontaine 2004]. Let V be a finite-dimensional Qp-linear represen-
tation of Galg. Then DX (V) = (DX.(v))T'x.

Theorem 4.2.3 [Berger 2002]. Let V' be a finite-dimensional Qp-linear representa-

tion of Galg. Then DX(V) = (Dlog(V)[l /t)T& and DK (V) = (Djlg(V)[l JtDHTE.
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Remark 4.2.4. Sen and Fontaine used different constructions of DX (V) and
Ddlff(V) than the one we have given. The equivalence of the two constructions is

shown in [Berger 2002].

We will prove analogues of these results for families of Galois representations
over an E-rigid analytic space X.

Theorem 4.2.5. Let ¥ be a family of representations of Galg of rank d. Then

750 = P28, (1) 1)K
i€Z

as subsheaves of Bur ey V.

Proof. Since both _@}IfT (7) and @iez(@S{gn(“I/)-ti)FK are subsheaves of Zut® ey 7,
we may work locally on X. Therefore, we may assume that X = Sp(A) for some
E-affinoid algebra A and V := I'(X, ¥) admits a free Galg-stable <-lattice V} of
rank d, where & is some formal &g -model for A.

Since DllfT/( V) = K'®x DE.(V) for any finite extension K’/ K, we may replace
K with any finite extension. Let L/K be a finite extension such that Galy, acts
trivially on V4 /12pVy. Then DSLe’L(V) is a finite free A ®q, Lx-module of rank d,
and we have a natural Galois-equivariant isomorphism

(A® Ck) ®apq, L, DE4(V) = (AB Ck) ®4 V.
Taking Hjp -invariants, we get
(48 C{*) ®asL, Dgn(V) = (A® Cx) ®4 V)™,

since Hp acts trivially on Dée’}l(V) by construction. We need to take I'z,, -invariants
of both sides.
It suffices to show that

~ Fn n n
(48 Cx)™ ®aor, Diy(V)) " =D ()™,

To see this, we fix an (A®q, Ln)-basis (e1, ..., eq) of Dée’;(V) which is c3-fixed by
Iz, and choose some x € ((4® Cg) - ®4®q, Ln Dé‘e’;(V))F". Then x =) x;e;
for some x; € (A ® Cx)L. By the semilinearity of the Galois action, this means
that Uy - y(x) = x for any y € I',;, where x is the column vector of the x;. But
then we may invoke [Berger and Colmez 2008, Lemme 3.2.5] with V1 = U~ Land
V2 =1to getthatx € A®q, Ln.

Since Bur = Cklt, 1], it follows that DE.(V) = @;c, (DX (V) - 11Tk,
as desired. d
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Lemma 4.2.6. Let M be a finite A-module, where A is a Banach algebra whose

value group is discrete, and let my, ..., m, generate M over A. Equip M with
the norm | - |y induced by the natural quotient A®" —> M, where A®" has the
norm |(ai,...,a;)| = max;{|a;|}. Let T : M — M be an A-linear map such that

|T (m;)| < C|m;| for all m;. Then the operator norm of T on M is at most C.

Proof. Let m € M. We wish to show that |T(m)|y < C|m|p. Because the
value group of A is discrete, we can write m = aymy + --- 4+ a,m, such that
|m|ar = max;{|a;i|}. Then

|T(m)|pm Smle{lail-lT(mi)lM}s Cmflx{lail-lmiIM}Sle:aX{Iai I}=Clm|. O

Lemma 4.2.7. Let V be a finite free A-module of rank d, equipped with a con-
tinuous A-linear action of Galg. Then the module generated by the I'y,, -orbit of
x € Lo ®Ln Dé“e’;(V) is A-finite if and only if x € Un’zn n ®L, Dé‘;(V).

Proof. The I'r,-orbit of any element of L,» ®p,,, Sen(V) certamly generates an A-
finite module. Conversely, suppose that the I'z,, -orbit of x € LOo ® L, Sen(V) gen-
erates a finite A-module M. Let {ey,... e} be an A ®q, L,-basis of DSe’;l(V),
so that the action of y € 'y, with respectto ey, ..., e, is given by a matrix (a;;)
with a;; € A®q, Ln. Write x =) _; c;e;.

By assumption, M is finite over A®gq, Lx, so itis generated by a finite collection
fi,.... fr of elements of (A® Loo) ®4®q, Ln sLen(V) Then the coefficients (with
respect to {e; }) of elements of M are contained in the A ®q, L,-submodule of

A® Lo generated by the coefficients of f1,..., fr, which is finite. But
y(x) =Y y(ci)y(e) = Z(Z aji -y(cl-))ej-
i

Since y is invertible, this shows that the I'z,-orbit of the ¢; is in the A ®¢,, L,-span
of the coefficients with respect to {e;} of I'z,,, - x.

Thus, we are reduced to the rank-1 case. That is, we need to show that if the
I'y,-orbitof c € A @Qp Lo generates an A ®q,, Ln-finite module M C A ®Qp Loo.
then ¢ € Un/zn Ly ®L, (A®q, Ln).

Choose a finite set x1, ..., x, € M which generates M, and give M the quotlent
norm | - |ps coming from the natural surjection A®” — M. Since A4 ®Qp Loo isa
potentially orthonormalizable A-module, M is closed in A ®Q Loo by [Buzzard
2007, Lemma 2.3], and therefore also acquires a p-adic norm | - [,. All norms on a
finite Banach module are equivalent by [Bosch et al. 1984, Proposition 3.7.3/3],
so | - |a and | - |, are equivalent, meaning that there are positive constants Cy, Ca
such that Cy|x[, < |x|pm < C2|x|p forall x € M.
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Then for any & > 0 there is some m, such that |(y?" — 1)(x;)|p <elxi|p forall i
and any m > m.. We choose ¢ = %Clz/(szp“). This implies that

m m Cre
07" =Dl = Cl(r?" = D0y < Carlailp = 2= il

By Lemma 4.2.6, y?"' — 1 has operator norm at most Co¢/C; with respect to | - |
But then

07" = D@y = 107" = D@l < ZElelar = LEpy
dae czrr Tt
so yP"" —1 has operator norm at most C 28/ C; 2 with respect to|-p.

Next, we observe that for any 1nteger m>1 the kernel of y?" —1 on A ®Q » Loo is
A®qQ, Lm+n- Therefore, if (y?" —1)(M) = 0 for some m > 0, we are done. Now
recall that by the third Tate—-Sen axiom, for any n’ > n, there is a Iz, -equivariant
topological splitting

ABq, Loo = (A®q, Ln) ® Xpn,

and, forn’ >, n, y? " _1 acts invertibly on XH ,n, with the norm of (yP" =171
bounded above by the constant pes. Since yp " —1kills A®Qp Ln/ it follows that
(y P 1)(M) C Xg . But ()/Pn 1) (M) C M, so y?"* —1 has p-adic
operator norm at most C2$/C2 on (ypn " —1)(M). Then for any x € M,

7" =D, = 0?7 P e T - D),

< 2P DO D)W,

n’—n

€ . 1 n’—n
= C—%‘(Vp —1)(x)|p—§|()/p —1)(?6)}1,-
This forces ‘(yp - 1)(x)}p to be 0, so (ypn/_" — 1)(x) = 0. Therefore
()/pn " —1)(M) = 0, and we are done. d

We can bootstrap this result to relate Zqr(¥) and Z4is(¥), just as in the case
when X = Sp(Qp):

Theorem 4.2.8. Let ¥ be a family of representations of Galg of rank d. Then
.@dKR(“I/) = (.@dlff(“I/))FK as subsheaves of Bir Qo V.

Proof. As before, we reduce to the case when X = Sp(A) for some E-affinoid
algebra A and V := I'(X, ¥) admits a free Galg-stable «/-lattice Vy of rank d,
where .o/ is some formal ¢'g-model for A.
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Since DCII%/(V) K’ ®k DX (V) for any finite extension K’/ K, we may again
replace K with any finite extension; we choose L /K such that Galy , x acts trivially
on Vy/12pVy. Then Dgn’f’ (V) is a free A ® L,[[t]-module of rank d, and we
have a Galois-equivariant isomorphism

S Li‘l!
(A®B) ®ua 1,1 Pat > (4 ®Bl) ®4V

which respects the #-adic filtration on both sides.
After twisting V' by some power of the cyclotomic character, it therefore suffices
to show that

ST+ Ly,+ Trep _ Lﬂa T n,
((A ® Lgg) RUS L[] D if (V)) = L
where LCTR : (B )HK In fact, it suffices to show that

~ Ln, F n Lna
(ABLL/1™) ®agq, L1 Pt (V) 7 = Mg (V) /1™ en

for all m, because taking inverse limits commutes with taking I'y,, -invariants.
We will do this by showing that if x € (4 ® LIR/I’”) ®4®q, Lall] Dgh’c”Jr(V)
and the 'z, -orbit of x generates a finite A ®q, L [[]/t™-module, then x actually

lives in (s, Ln ®L, Dé?’Jr(V)/tm. For then if x is I'z, -fixed, it lives in
Ly ®L,D (Il‘l;”Jr(V)/tm for some n’ > n. Since (L, ®L, D(];i?’Jr(V)/tm)an =

i?’ (V)/t™, we conclude that x € DL”’ Vy/e™.

We proceed by 1nduct10n onm. We ﬁrst consider m = 1. Then we considering ele-
ments of (A® Loo) ®Dy en(V) whose I'z,, -orbits generate finite A®¢q, L,-modules.
But such elements actually live in | /5, Ln’ ®L, Sen(V) by Lemma 4.2.7.

Now we assume the result for m, and we consider the exact sequence

ns S Ly,
0—> ML/t &L,y P T (V) — W/t Y &1,y DT (V)

S Ly,
— L/t &, Da T (V) — 0.

If the I'z,,-orbit of ¢ € (L M & ®L, 2] Ddlf (V) generates a finite A®q, Ln-
module, then its image ¢ in (LdR/ ") ® L, [[,]] DCllf (V) does as well. By the
inductive hypothesrs c €Uysn L ®L, (Ddlf (V)/tm) We may choose ¢ €
Unrsn L ®L,, (DGllf (V)/t’"“) lifting ¢, so that the Iy, -orbit of ¢ — ¢ still
generates a finite A ®q, L,-module. Then ¢ — ¢ is an element of

"L/t S, 1 Dt (V).
which is isomorphic to ¢ - (L:ﬁ{ /1) ® Lole] Ddl’f’ Jr(V) as a I'y, -representation.
But the m =1 case applies to this latter space, so we are done. O

We can similarly relate 2K (¥) and 2, th< (7) to the family of (¢, I')-modules

Cris

Drig, K(”i/ ), following [Berger 2002]:
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Theorem 4.2.9. Let ¥V be a family of representations of Galg. Then 9 Crls(”// ) =
( hig, K(”I/)[l/t])FK and .@SIE(”V) (@;Lg K(“//)[l/t])FK. The ﬁrst equality is as
subsheaves of PBrig Oox ¥ and the second is as subsheaves of gé’log oy V

We will need a number of preparatory results. Throughout the proofs of these
results, we will use freely the fact that if 4 is a Qp-Banach algebra, then A is
potentially orthonormalizable in the sense of [Buzzard 2007]. This follows from
[Schneider 2002, Proposition 10.1] since Q, is discretely valued. This has the
consequence that injections of Fréchet spaces are preserved under completed tensor
products with A over Q,.

Lemma 4.2.10. Let A be an orthonormalizable Qp-Banach algebra, and let </ be
its unit ball. Let h be a positive integer. Then

o0 o0
M p (@ @AMP ") = /@A"Y and () p "™ (®ALP ") C 4B B,
k=0 k=0
Proof. This is an A-linear analogue of [Berger 2002, Lemme 3.1]. We prove the first
assertion here; with this in place, the proof of the second carries over verbatim from
[Berger 2002]. Note that the first assertion is an equality of topological Z,-modules
inside AQ B, not algebras, because we do not know that there is an algebra norm
on A making it into an orthonormalizable Q-Banach space.

Choose an orthonormal basis {e; }; ey of A. Then we may compute the intersection
NS, p " (7 ® ATP75) inside A ® B => ¢;(B). But if

X = Zaiei S p_hk(eﬁfég—hp_ks)

iel
for all k, then a; € p_thT’p_ks for all k, implying that x € o ® A ™. O

Remark 4.2.11. The completed tensor product & &® At appearing in the first
assertion of Corollary 4.2.12 is with respect to the weak topology on A, not with
respect to the p-adic topology.

Corollary 4.2.12. Let A be a Qp-Banach algebra, equipped with an algebra norm

“kg
| - |, and let </ be its valuation ring. Then (\g—o MR (7 ® Aigp YCA® B

Proof. By [Schneider 2002, Proposition 10.1], there is an equivalent norm | - |’
on A with respect to which A is orthonormalizable; let .7’ be the unit ball with
respect to | - |'. Then there ex1ksts a constant ¢ > 0 such that p¢«/ C &/, s
that (g—o PSP hk(% ® ATp ) C A® B . But p is invertible in Brlg,

Nizo Pk (e ALY )cA@B m

As in [Berger 2002], “Frobenius regularization” follows immediately from
Corollary 4.2.12.
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Proposition 4.2.13 [Berger 2002, Proposition 3.2]. Let di, d», and h be three
positive integers, and let M € Maty, x4, (A ® Blog) be a matrix. Suppose there ex_z;:vts
P € GLg, (A®q, F) suchthat M = ¢™"(M)P. Then M € Matg,xq, (A ® B,).

Corollary 4.2.14. Let d be a positive integer, and let M € GL; (A ® ﬁ;rog [2]) be an
invertible matrix. Suppoie there exists P € GLy(A®q, F) such that M = o(M) P.
Then M € GL4(A® By, [1/1]).

Remark 4.2.15. Proposition 4.2.13 is stated and proved in [Berger 2002] for & = 1.
However, the proof carries over verbatim for 2 > 1.

Proposition 4.2.16. Let A be a discretely valued Qp-Banach field with perfect
residue field, and let V be an A-vector space of dimension d equipped with a
continuous A-linear action of Galg. Then the natural map

(ABBY) @4 V)HK > (AR B @4 V)FK

is an isomorphism.

. .. . . =T,
Proof. Recall that, for n >> 0, there is an injection iy, : B;rog” — Bg}, where s, =

p"so = p"1(p—1). Then iy yields an injection
~ =18
(A®B,,,") ®4 V)5 > DE (V).
Note that 1 admits a free Galg -stable «7-submodule of rank d; under these hypothe-
ses, we will show (in a noncircular way) in Proposition 4.3.2 that Dtﬁ{(V) is a finite
»Sn

A®q, K-module. Therefore, ((A @ﬁlog Y®4 V)GUK is a finite A ®q, Ko-module.
Further, we claim that there is some s, such that

~ =T,5, ~ =t
(A® By, ) ®4 V)¥K = (48 Byop) @4 V)%

Indeed, A ®q, Ko = [1; Ai, where the A; are a finite collection of Qp,-Banach
fields which are finite extensions of A (and isomorphic to each other, because
Ko/Qp is Galois), soihast D(ﬁz(V) ~ P, (4; ®k, K)®4i for some integers d; > 0.
It follows that (A ® Blo’g") ®4 V)94K is an A-vector space of diir%Lension at most
> di[K : Ko]dimy A; for any n, so the same is true of ((A4 ® Blog) R4 V)GeK
Therefore,

~ =7 ~ =T,5n
(A@ By @4 V)% = | J(A & By,,") @4 V)X
n

is a finite module over the noetherian ring A, so the conclusion follows.

Now, let D := (4 ® B} ) ®4 )Gk, let D; := D ®4 4; be the factor of D
over A;,letvy,..., v  bean A-basis of V, and let wy, ..., w,  be an A;-basis of D;.
Then vy,...,vg is an A@ﬁT—basis of\(ﬁl @ﬁ;rog) ®4V and w; € (4 @)filg) ®qV,
so there is a matrix M € Mat; /(A ® Blog) whose j-th column is the coordinates
of w; with respect to vy,...,vg4. Let P € GL;/(A;) be the matrix of (p[K‘):QP]
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with respect to wy, ..., wys. To justify this, recall that ¢ : Bl — B;rog is a bijec-
tion, and note that ¢ cychcally permutes the D; so that go[Kg Q] carries D; to
itself. Then MP = (p[KonP](M), since ¢ acts trivially on vy,...,vq, so that
M = ¢ Ko Ql(p1)p~1Ko:Ql(P). Then, by Frobenius regularization, M has
coefficients in 4 ® filog CA® ]~3St , so we are done. d

Remark 4.2.17. The conclusion of Proposition 4.2.16 is used in the proof of
[Berger and Colmez 2008, Proposition 6.2.4]. Since the proof requires some minor
adjustments when A is not Q,-finite, we have written out the details here.

We can deduce the same result for Galois representations with affinoid coeffi-
cients, generalizing [Berger 2002]:

Corollary 4.2.18. Let A be an E-affinoid algebra, and let V be a finite free A-
module of rank d equipped with a continuous action of Galg. Then the natural map

(A8 BY) ®4 V)5 — (48 Bl,) ©4 V)
is an isomorphism.

Proof. Let A— R =[; R; be a closed embedding into a finite product of Artin
rings, with R; a finite-dimensional vector space over a complete discretely valued
field B; with perfect residue field; this is possible by Lemma 2.1.2. Then we have
an exact sequence of Qp-Banach spaces 0 — V — Vg — Vg /V — 0. Since
Q) is discretely valued, this exact sequence admits a continuous Qp-linear splitting,
and we have a commutative diagram of Fréchet spaces

5 &t 5 =t A
0 — (A®q, Bj,y) ®4V —> (R®q, Bjoy) ®r VR —> By, ®q, (VR/V) —> 0

| [ I

o =t A =t ~+ A
0 — (AR, By)®4V — (R®q,By)®rVr — By ®q, (VR/V) — 0

where the rows are exact and the vertical maps are injections. Moreover, the maps
are Galg-equivariant, so we have a commutative diagram of Banach spaces

St~ . St~ St~
0 — (Blog ®Qp V)GdlK B (Blog ®Qp VR)GalK B (Blog ®Qp (VR/V))GalK

I I [

0 —> (B &, V)HK — (B 8o, VRI“K — (B] &, (Va/V)%k

where the rows are still exact and the vertical maps are still injections. For each
idempotent factor R; of R, we can view Vg, as a finite- d1mens1onal B;-vector space
and apply Proposition 4.2.16; we see that the inclusion ((R & Bgt) ®r VR)C¥K C
(R ® Blog) ® OR Vg)GK is an equahty "l;hen a diagram chase shows that the
inclusion ((A ® Bqt) QR4 V0K C ((A® Blog) ®4 V)UK is also an equality. [
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We now define

T
Dl x (V)= (AR B ¢) D488l DLk(V).  Di (V)= U DLk (V).

as well as
~T,s ~ =T,s
Do, x (V) :=(A® By, k) ®A@,BT s DlTog V), Dlog xk(V):= U Dlog k().

Proposition 4.2.19. Let A be a noetherian Qp-Banach algebra with valuation
ring o, and let V be a finite free A-module of rank d equipped with a continuous
A-linear action of Galg such that V admits a free Galg-stable < -submodule of
rank d. Then the natural map

A~ .
Of, cNI/IDTE > (A& Byy)[1/1] @4 V)FIK
is an isomorphism.

Proof. 1t sufﬁces to prove this with K replaced by a finite extension, so we may
assume D1 0, x (V) is free. After twisting V' by some power of the cyclotomic char-
acter, we may assume that (D;rO ‘. x M1/ s = (Dlog K(V))FK and consider
only the map

5 =t
D] V)TE = (A& By, x) ®4 V) K.

log,

Furthermore, we observe that
31 Hg _ X T
((A ® Blog) X4 V) - (A & Blog,K) (814@,1;1'r X Dlog,K(V)
og,

<t
= Dlog,K(V)~

Since (D10g K(V))FK and (Dlog K(V))FK are finite modules over the noetherian
Banach algebra A ®q, Ko, we see that (D;rOg K(V))FK is a closed submodule of
(DlOg K(V))FK by [Bosch et al. 1984, }r)roposmon 3.7.3/1]. Thus, it suffices to
show that (DJr K(V))FK is dense in (DlOg K(V))FK

We will actually do somethin slllghtly different. For s > 0 and an}% integer
k>0, We consider the A® ¢~ k(BlOg K 7)-submodule <p_k (Dlog K (V)) C Dlog K(V)
Since (D10g k(V)HIK isa ﬁnlte A-module, it follows that (¢ =% (Dlog % (V)))

a closed submodule of (D10g K(V))FK

We claim that Uk( —k (DlTogPKs(V))) (D;:)’év K(V))FK If we choose a basis
v1,...,0g of Dlog K(V) then, for any ['x-fixed element m € Dlog x(V), we may

write m=aiv; +---+agzvyg. Recall that there are I"x-equivariant maps

~T’s _
Rk : Brig,K —¢ k(Blg, )
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Tapks ~T’S

which are sections to the inclusions ¢ % (Bigx ) C By x and extend to maps

~T,s _ , k
Ry : Blog,K - ¢ k(BlToéKs)'

For each k, let my = Rk(m) ; Ry (ay)vy + --- + Ri(ag)vy;. Then my is a
'k -fixed element of ¢ —k (Dlog K (V)) because Rk is 'k-equivariant. Since
limy oo Ry (a) = q for any ac Blo K-, it follows that limy_, o, mg = m. Thus,
Uk (97* (Djongs(V))) is dense in (Drog x (V)& . Equality follows, since it is
also closed in (Dlog x(V)TX (as it is a submodule of a finite module over a
noetherian Banach algebra).

Next, we note that

_ k
P e FDEPEWV))C oML (V) DL 1),

This implis that (¢ eFEPEW)) ™ C (o ~+D (DL (7)) and there-
fore that (Dlog K(V))FK = Uk( _k(DlTO;KS(V))) X is a rising union. Since
(D;rOg K(V))FK is A-finite, there is some k such that ((p_k(D]TO’;;S(V)))FK is
equal to (D x (V))TX.

But we have A-linear isomorphisms

- ,p r , ~,pks
o (R OEPE V)™ > DEZE V)T and F:B) (V) = Dt £ (V)

~+,pKs

so we conclude that (D;ro’é’ KS (V)&= (D10g K (V)T as desired. O

Now we can prove Theorem 4.2.9:

Proof of Theorem 4.2.9. We may assume that X = Sp(A4) for some E-affinoid
algebra A, and that V := ¥ (A) is A-free of rank d and admits a Galg-stable
integral lattice. Then D§(V) = (Dlog,K(V)[l/t])FK by Corollary 4.2.18 and
Proposition 4.2.19. Since

Dcris(V) = Dst(V)N:() and Drig,K(V) = D]og,K(V)NZO,
it follows that DX (V) = (Dig x (V)[1/1])T%. O

4.3. Properties of D, (V). Now we can combine Theorems 4.2.5 and 4.2.8 with
“cohomology and base change” to deduce various useful properties of the functors
Vi~ DHT(V) and V i~ DdR(V)

Theorem 4.3.1. Let X and V be as above.

€)) .@}II(T(”//) and .@dlf;(”//) are coherent sheaves of Ox ®q, K-modules. More
generally, their formation commutes with flat base change on X .
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2) 9}11<T(7/ ) and @dllg(“f/ ) take values in the categories of graded coherent sheaves
and filtered coherent sheaves, respectively. If ¥ is Byr-admissible, then
%{T (7) is a graded vector bundle over Ox ®q, K, and, if 7 is Byr-admissible,
then @]_IfT(“// ) is a filtered vector bundle over Ox ®q, K.

As before, we reduce immediately to the case when X =Sp(A4) and V :=T'(X, ¥)
is a free A-linear representation of Galg which admits a free Galg -stable «7-lattice
Vo of rank d.

Proposition 4.3.2. Let A be a noetherian Qp-Banach algebra with valuation
ring o, let Vy be a free o/-module of rank d equipped with a continuous < -
linear action of Galg, and let V := Vy[1/ p]. Then D}II{T(V) and Dgz(V) are finite
A ®q, K-modules.

Proof. Recall that
D (V) = DD, (V) -1)'x.

i€Z
Now (Dg{en(V)-ti)FK = (Dé(en(V))FK:X_i forevery i € Z, so D]I_I(T(V) C Dgen(V).
But Dé(en(V) is a finite module over the noetherian ring 4 ®q, K, so DII_I(T(V) is

A-finite as well.

Moreover, we observe that the summands of DII{{T(V) have pairwise trivial
intersection. Therefore, only finitely many of them are nonzero.

To see that Dé%(V) is finite over 4 ®q, K, we observe that

g DE (V) > (2r* (A ® Bar) ®4 V)% = DE (V).

In fact, we claim that there exist integers 7g, i1 such that Fil’ Dgz(V) = Fil"ODgz(V)
for all i < i and Fil' DX (V) = Fil'' DX (V) = 0 for all i > i. Indeed,

gl DE (V) = (' (A @ Bar) ®4 V))%¥k = (DX (V). 1)k,

But the rightmost term is one of the summands of D{]{T(V), and only finitely many
such summands are nonzero. Therefore, gr’ DC{%(V) =0fori <0andi > 0, and
DX (V) is A®q, K-finite. O

Definition 4.3.3. The Hodge—Tate weights of V are those integers i such that
(D&, (V) -1H)Fx £ 0.

Remark 4.3.4. This is a slight departure from the traditional definition of Hodge—
Tate weights, which are usually only defined for representations which are Hodge—
Tate. However, we will find this abuse of terminology convenient.
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Proposition 4.3.5. Let V be a free A-module of rank d, equipped with a continuous,
A-linear action of Gg. Then H! (FK, Drez tszfm(V)) and H! Tk, Dqis(V)) are
A-finite if and only if there is a bounded interval [a, b] containing all the Hodge—Tate
weights of the fibral representations.

Proof. We first reduce to the case where I'g is procyclic. In general, I'x = A x 'y,
where A is a finite abelian group and I'y is procyclic. The statement about the ﬁbral
Hodge-Tate weights can be checked after restriction to a finite-index subgroup
of 'k, and, in particular, after restriction to I'y.. On the other hand, taking A-
invariants on Qp-vector spaces is an exact functor so H! (F . Drez tszP,n(V))
H!(Tk. Bz ¥ DSen(V)) and H' (T, Dgis(V)) = H'(T'k. Dgie(V))2. 1t fol-
lows that we can also check the finiteness of Hl(I‘K, Drez tszCn(V)) and
H!(Tx, Dgir(V)) after restriction to F}(. We may therefore assume that 'y is
torsion-free, and apply the results of Section 3.

The statement is clear for H' (Tx, @z tkDSen(V)).

Suppose first that the fibral Hodge—Tate weights are contained in an interval
[a, b]. The natural map

H! Tk, DF(V)/F 1) — H (T, D (V) /%)

is a surjection for all k > 0, and its kernel is surjected onto by H! (Ix, t¥Dgen(V)).
But the formation of H! (T'k, t¥Dgen(V)) commutes with arbitrary base change
on A, so the hypothesis on the fibral Hodge—Tate weights implies that, if kK > b,
H!(Tk, t*Dgen (V) is trivial when reduced modulo any power of any maximal
ideal of A. Therefore, H (T, tXDgen(V)) is itself trivial, and H (Tk, D;}(V)) o~
H!'(Tk, dlf(V)/tmaX{O b}+1) which is A-finite. This implies that, for any k > 0,

H' (k. 1 *DE(V)) = H' (Tg, 1 %D (V) /1™ (0031

is A-finite, as well. Further, the proof of Corollary 3.2.3(3) shows that, for any
k € Z, the cokernel of the natural map

H!(Tg,t*D(V)) —» H (T, = VDL (v))

is HY(Tg, 1~ ®+DDg., (V). But the hypothesis on the fibral Hodge-Tate weights
implies that this is 0 for k > —a, so H! (I'g, Dgis(V)) is A-finite.

Conversely, suppose that H! (I'g, Dgis(V)) is A-finite. We need to show that
H!(T'k, 1% - Dgen(V)) = 0 for k > 0 and k < 0. By Corollary 3.2.3(3), there
exist integers NO,N(; such that, for k > Ny or k < N{, the transition maps
H!'(Tk, tk"'lD;qf(V)) — H!(I'k, tkD;:f(V)) are injective. These transition maps
moreover always have A-finite kernels and cokernels. Since A is noetherian, this
implies that H! (I, tkD('itf(V)) is finite for all k € Z.
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Let x € Sp(A) and let « (x) denote the residue field of A at x. By Proposition 3.2.1,
H' Tk, 1*D (V) @4k (x) = H' Tk, 1" D(V) @4 e (x)

for all k > 0; it follows that there is some Nj > 0 such that, for all k¥ > 0,
H!(I'k, tdelf(V)) ®4k(x)=0. Since H! (T'g, tdelf(V)) is a finite A-module for
all k, there is some Zariski-open Uy C Sp(A4) such that H! (I'k, tkD +(VDlu, =0
for all k > Ny x. Since Spec A is quasicompact, it follows that there is some N1 >0
such that H!(T'g, t*DF.(V)) = 0 for all k > Ny. Thus, H!(Tk, tDgen(V)) = 0
for k > N;.

Finally, the finiteness of H! (I'x, Dgis(V)) implies that there exists N { € Z such
that the transition map H! (I, tk"'lD;qf(V)) — H!(T'k, tkD;qf(V)) has vanishing
cokernel for k < N{. But this cokernel is HY(Tk, t*Dgen(V)), so it follows that
the fibral Hodge—Tate weights are bounded. O

Now we can deduce that DX (V) and D . (V) are finite modules, as well:

cris

Corollary 4.3.6. DX (V) and D ¢ (V) are finite A ®q, Ko-modules.

cris

Proof. Recall that there is an injection By,x — Bgr. Since A is a Banach space over
the discretely valued field Q, (and therefore potentially orthonormalizable) this
extends to an injection A ® Bax — A ® Bgr. It follows that DCKm(V) — D r(V)
and DX (V) is A-finite.

Similarly, By can be injected into Bgr (although this depends on a choice of

p-adic logarithm), so D (V) — D r(V). Thus, D . (V) is A-finite. O

Note that DX (V) and D ¢ (V) are equipped with semilinear actlons of Frobenius

Cris

@ (over I @ ¢ on A ®q, KO) coming from the coefficients, and D, K (V) has a mon-
odromy operator N coming from the coefficients and satisfying N o = ppo N.
We turn to base change properties of the functors Dg_ (V):

Proposition 4.3.7. Let  : A — A’ be a flat morphism of E-affinoid algebras.
(1) A ®4DEL(V) = DE(V ®4 4)).
2) A ® (V) = D R(V @4 A).
It follows that U +— D t(Vu) and U +— D r (Vu) are coherent sheaves on Sp(A).

Proof. (1) This follows by notlng that D2 (V) = hmh%o(@ re_ptk DSen(V))FL"
and the formation of (@k tk DL” (V)) fn commutes with flat base change,

Sen

by Theorem 3.1.1. We are done since D T(V) L, ®k DII{(T(V).
(2) We apply Proposition 3.2.2 to M = Ddif’ to see that

DLt vy = Lt vy V)=t
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for some N > 0. Similarly, Ddl{” (Vg A)= (D(Ii‘l;”Jr(V Q4 A')/tN )L =1,
Since the Dgf’ (V)/tk are finite A-modules,

Dt (V@4 A') = HO(TL, . D (V @4 4) /1"
= HO(Ty,, Dt (V) /im0 @ A = Dt (V) @4 4
where the second equality again follows from Theorem 3.1.1. O

Conjecture 4.3.8. The formation of DX (1) and D ¢ (V) commutes with flat base

change on A.

cris

Remark 4.3.9. Conjecture 4.3.8 does not follow automatically from Theorem 3.1.1,
because the (¢, I')-module D;rig,K(V) is not A-finite. It is also difficult, in general, to
verify this conjecture for particular examples of families of Galois representations.

However, life is considerably better when considering a trianguline family,
because one can compute with rank-1 families. Triangulation results for certain
families of Galois representations arising from eigenvarieties are proved in [Hell-
mann 2012; Kedlaya et al. 2014; Liu 2014]. In particular, Kedlaya, Pottharst, and
Xiao [Kedlaya et al. 2014, Theorem 6.3.9] show that if ¥ is the family of Galois
representations on the normalization X of the eigencurve, then away from the image
of the Gk_l—map, the associated family @;Eg (7) has a global triangulation

0—>91—>QJr

rlg(”1/) — 2» — 0.

Here the 9; = Zx(§;) ®x & are rank-1 families of (go I')-modules over X.
We have used the notation of [Kedlaya et al. 2014]: QX — I'(X, 0%) are
continuous characters, Zx (J;) is the free rank-1 (¢, g, ) module with basis e such
that p(e) = 6(p)e and y(e) = 8(x(y))e for y € g, and .%; are line bundles on
X with no action of ¢ or I'g,,.

In this case, 81|z is trivial, while §>|7x is the weight-nebentypus character. As
a result, for any afﬁnmd U C X which tr1v1ahzes %, we have 2,(U)[1/1]Y e =0
and so, by Theorem 4.2.9,

Deris (V) (U) = 21 (U)[1 /1]
Moreover, by construction,
7(U)1/1]7 = 71 (U)[1/ P PMTer =t = g (1) (U) =P,

It follows from [Kedlaya et al. 2014] or [Liu 2014] that Zis(?¥ )“’z‘s(l’ ) is a coherent
Ox -module, and hence so is Zis(¥). This is a very natural example of a family ¥
of Galois representations such that Z.5(%) is a coherent sheaf.
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5. B.-admissible loci

5.1. Overview. In this section, we fix a family ¥ of rank-d representations of Galg
over an E-analytic space X, and we study the loci on X where ¥ is By-admissible
for various period rings B.. We have the following theorem:

Theorem 5.1.1. Let X and ¥V be as above, and let x € {HT, dR, st, cris}. Then there
is a closed subspace X [a-b] . X such that for any E-finite Artin local ring B, a map
x:Sp(B)—> X factors through Xg [a bl if and only if the induced B-linear Galois
representation Vs is By admzsszble wzth Hodge-Tate weights in the interval [a, b].

If the family 7 is Bx-admissible, then certainly for every morphism f : X' — X
the base change f*7 is Bx-admissible. We prove a converse theorem in two parts:

Theorem 5.1.2. Let X and ¥ be as above, and let x € {HT, dR, st, cris}. Suppose
that ¥ is Bx-admissible with Hodge—Tate weights in the interval [a, b] for every
morphism x : Sp(B) — X, where B is an E-finite Artin local ring.

(1) The sheaf @l’;(* (7) is a sheaf of projective Ox ®q, BSalK -modules of rank d.
(2) The formation of @é{* (7)) commutes with arbitrary base change on X.

In each case, we then use the base change property to finish proving that ¥ is a
B .-admissible family of Galois representations:

Theorem 5.1.3. Let X and ¥ be as above, and let x € {HT, dR, st, cris}. Suppose
that ¥y is Bx-admissible with Hodge—Tate weights in the interval [a, b] for every
morphism x : Sp(B) — X, where B is an E-finite Artin local ring. Then the natural

map PBx « ®ﬁ @BCK .@B (V) = Bx x Qoy V is an isomorphism.

Remark 5.1.4. We do not know whether assuming that QK (7)) is a sheaf of
projective Oy ®q, BY% _modules of rank d implies that the formatlon of QK ()
commutes with base change. This is why our definition of B.- adm1551b111ty of a
family includes the condition that Xy « ® Galg @B (V) = Bx,x Qoy ¥ is an
isomorphism.

If the natural base change morphism B ®, @é(* V) —> @é(* (¥ ®py B) were
injective for all morphisms Sp(B) — X, with B an E-finite Artin local ring, we
could deduce that ¥ is B«-admissible. However, the low-degree exact sequence
in Corollary 3.1.3 shows that there is an obstruction to such injectivity when
x € {HT, dR}, at least a priori.

Ox @B

When B, = Byt or B4r, we can prove finer results. Fix an interval [a, b],

and define b Gal
. alk
7P ) = ((ﬁx ®0, EBCK-r’) Doy "V) ,

i=a

7P ) 1= ((6x ®q, 19Bar/1?) @0y 7) K.
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We think of these coherent sheaves as sheaves of “periods in Hodge—Tate weight
[a,b]”. Fix an integer 0 < d’ <d.

Definition 5.1.5. A morphism f : X — X' is a Zariski-locally closed immersion if
there is a Zariski-open subspace U C X’ such that f factors through a Zariski-closed
immersion X — U.

Theorem 5.1.6. Let X and ¥ be as above, and let * € {HT, dR}. There is a Zariski-
locally closed i lmmersmn X[ ] , <> X such that x : Sp(B) — X factors through
Xgl’ d’ if and only zf@Ba’ (”//x) is a free B ®q, K-module ofrank d’', where B is an
E ﬁmte Artm local ring and Vg := ¥ Q4 B. Infact X][3 4= X][sa b<]d/ N X]ga b>]d,,
where X][3 <d’ C X is Zariski-open and X]g sa X is Zariski-closed.

X[a b] —

In fact, the X* [a.5] give a stratification of X, in the sense that Bo.<d'—1 =

B..d’
Xp P ANXE and X = x50
Theorem 5.1.7. Let X and v be as above, and let x € {HT, dR}. Suppose that for
every E-finite artinian point x : A — B, the B ®q, K-module @l[ﬁ’b] (%) is free of
rank d’, where 0 < d’ <d.
(1) @l[;i’b] () is a rank-d’ locally free Ox ®@q,, K -module, and the (t*.9 Dyen (”V))FK
are locally free Ox ®q,, K-modules.

(2) The formation of @][;:b] (7') commutes with arbitrary base change f : X' — X.
Ifd' =d, then:
3) 7w = 7).
(4) The natural morphism
oy B oy @o, K 7, (V) = Bx Qoy V
is an isomorphism.

Before we begin proving Theorems 5.1.1, 5.1.2, and 5.1.3 and their refinements,
we discuss some consequences.

First of all, the subspaces X ][;i’b] <> X have strong functorial properties:
Corollary 5.1.8. Let X and Vv be as above, and let  : X' — X be a morphism of
rigid analytic spaces.

(1) f factors through X ][;i’b] ifand only if f*7V is Bx-admissible with Hodge—Tate
weights in the interval [a, b].
i

(2) The subspace X' E;I*’b] <> X' is induced via base change from — X.

Proof. (1) By Theorems 5.1.1 and 5.1.2, f*¥ is By-admissible with Hodge—Tate
weights in the interval [a, b] if and only if x* f*7 is B.-admissible with Hodge—
Tate weights in the interval [a, b] for every E-finite Artin local point x : Sp(B) — X'.
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We may assume that X and X’ are affinoid, with X = Sp(A) and X’ = Sp(4’) for
E-affinoid algebras 4 and A’.

Suppose that Vs is B.-admissible with Hodge-Tate weights in [a, b]. Then,
for every maximal ideal m’ C A’ and every integer n > 0, the composition 4 —
A" — A’ /m" factors through A%z*’b]. In other words, if x € ker(4 — Agf;b]), then
f(x) em™ for all m" and all n. Since (), ,, m" = 0, we see that f(x) = 0.

Suppose conversely that f factors through A — Ag’*’b], and consider an E-finite
artinian point x : A" — B’. By assumption, the composition A — A’ — B’ factors
through 4 — A%Z;b], so the induced representation Vp/ is Bs-admissible with
Hodge—-Tate weights in [a, b]. Thus, V4 is Hodge-Tate.

(2) This follows from the first part, and from the universal property of fiber products
of rigid analytic spaces. O

Similarly, if * € {HT, dR}, the subspaces X ][i’lg, are functorial forany 0 <d’ <d:

Corollary 5.1.9. Let X and v be as above, and let | : X' — X be a morphism of
rigid analytic spaces.

(1) f factors through Xl[i’lg, if and only #@]gi’b] (f*¥)isalocally free Ox ®q, K-

module of rank d’.

[a,b]
(2) The subspace X' B..d’

The proof proceeds identically to the proof of Corollary 5.1.8.
We can also refine our conclusions about the structure of @lf* (7).

[a.b]

B*,d/;)X'

<> X' is induced via base change from X

Corollary 5.1.10. Let ¥ be a family of Galois representations such that, for any
E-finite artinian point x : Sp(B) — X, the specialization V5 is Bx-admissible.
Then the vector bundle .@é{* (7) is X -locally free.

Remark 5.1.11. The hypothesis on ¥ is phrased in terms of a pointwise condition
because this corollary is used in the proof of Theorem 5.1.3 when * € {st, cris}.

Proof. 1t suffices to show that, for any point x € X, the completed stalk @é(* )%
is a free ﬁ)/(‘ « ®Q, BSalK -module. Since ¥ is assumed to be B.-admissible, the

formation of @]f* (7)) commutes with arbitrary base change on X, and hence

Zg.(NF =lim ZK (¥ @0y Ox x/m}).
n

But 95* (7 ®oy Ox,x/my) is afree Oy x /mY Rq, BS*X -module of rank d, again
by the B-admissibility of 7, and the transition maps are simply reduction modulo
m’. Therefore, Z (V)3 is 0 . ®q, BS"X _free of rank d, as desired. O

If ¥ is HodgeTate (resp. de Rham), the graded pieces gr’ @HKT(”// ) (resp. the
submodules Fil’ @dllg(“f/ )) need not be X-locally free as 0x ®q, K-modules; an
example is given in [Breuil and Mézard 2002, Remarque 3.1.1.4]. However, we
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can use Theorem 5.1.1 to cut out the locus where Z4r (¥) is filtered by subbundles
and has specified Hodge polygon.

Definition 5.1.12. Let A be an E-affinoid algebra, and let D be an A-locally free
A ®q, K-module equipped with a separated exhaustive decreasing filtration Fil® D
by A-locally free subbundles. Let {ip < iy < --- < i} be the distinct i such that
gr' (D) # 0. The Hodge polygon Ap of D is the convex polygon in the plane with
leftmost endpoint (0,0) and rk4g,, k gr'/ (D) segments of horizontal distance 1
and slope i; for 0 < j < k. The Hodge number tg of D is the y-coordinate of the
rightmost point of Ap, i.e., Zj Ij - 1KA®q, K gri (D).

Corollary 5.1.13. Let ¥ be a rank-d family of Gal -representations, and let A be
a convex polygon in the plane with leftmost endpoint (0, 0) and rightmost endpoint
(d,ty) for some ty € L. Then there is a closed immersion X ﬁ* — X such that, for
any E-finite Artin local ring B, a map Sp(B) — X factors through XBA* if and only if
the induced B-linear Galois representatlon Vg is Bx-admissible and the Hodge
polygon of Dar (V) is A. In fact, X is a union of connected components of Xg la b]

where a =iy and b =iy. If X = XA , then the Hodge polygon of Z4r (V) is A

Proof. We may assume that X = X l[f*’b]. For each i € [a, b], we have an exact
sequence of vector bundles

0 —> Fil' T'Dgr (7)) —> Fil' Dgr(¥) —> gr' Dgr (¥) —> 0.

These vector bundles have locally constant rank on X (though not necessarily
globally constant rank), and their formations commute with base change on X, by
Theorem 5.1.2, so we take the union of the connected components where gr' Dgg (¥)
has the correct dimension. O

We can also stratify the spaces X ][sa bl,, by the Hodge polygon, although we do

not get a decomposition into connected components, because we have no a priori
interpretation of the graded pieces of Z4r(?#') when 7 is not de Rham.

Corollary 5.1.14. Let v be a rank-d family of Galg-representations, let d’ be
an integer 0 < d’ < d, and let A be a convex polygon in the plane with leftmost
endpoint (0,0) and rightmost endpoint (d',ty) for some ty € Z. Then there is
a Zariski-locally closed immersion X (ﬁ{ — X such that, for any E ﬁmte Artin
local ring B, a map Sp(B)— X factors through X lf and only if Fil' D (VB) is
projective for all i and D([i%’b](VB) has Hodge polygon A, where a = iy and b=ig.
IfX=X dAR, then the Hodge polygon of @gﬁ’b]("i/ ) is A.

Proof. Let ¢ be the x-coordinate of the right endpoint of the j-th segment of A
(where we count segments starting with 0), and, fori; <i <i;y1,letd; = Z i=j Ce-
Then we are looking for the locus of E finite Artin points x : Sp(B) — X where for
alla <i <b,ifi; <i <ijy then D ](”I/B) is a free B ®q, K-module of rank i.
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We use Theorem 5.1.6 to construct the desired locus. Indeed, for every i € [a, b],
Theorem 5.1.6 gives us a Zariski-open subspace X L ] <d; and a Zariski-closed
subspace Xy L ]> d; such that the intersection

[i.b] . [i,b] [i,6]
XBdR,dz XBdRa<dt n XBdR»Zdi

represents the condition “D([fﬁb] (¥B) is free of rank d;”. Then we put

AL [l b] [1 b]
Xig = ( ﬂ Bur,<d; ) n ( ﬂ Bur,>d; )

i€la,b] i€la,b]
The second claim follows similarly, by repeated application of Theorem 5.1.7. [

Remark 5.1.15. It is possible to define an ordering on Hodge polygons so that the
spaces X Jr Yield a Zariski-stratification of X gﬁ’b]. This is done in [Shah 2013, §3].

We can also show that, when restricted to the category of B.-admissible repre-
sentations, the functor @é(* is well-behaved with respect to exact sequences, tensors,
and duals.

Corollary 5.1.16. (1) Let Repg* (Galg) be the category of By-admissible families
of representations of Galg over X. Then Iy, : Repg* (Galg) — Proj Ox B, BEK
is exact and faithful, where PI‘O] ¥ ®q, BSK is the category of sheaves of prOJectlve

Ox ®q, BYX _modules, and any quonent or subrepresentation of a B-admissible
family of representations is itself B-admissible.

(2) The subcategory Rep)]?* (Galk) is stable under formation of tensor products
and duals, and the functor ¥ @]f* (7)) commutes with these operations when

restricted to Repg* (Galg).

(3) If B« = Byt (resp. Bgr), then the grading (resp. filtration) on 9]{(* () is also
exact and tensor compatible.

Proof. These statements all follow from the corresponding statements with artinian
coefficients, because for ¥ a B«-admissible family of representations of Galg, the
formation of ¢ QK (7)) commutes with arbitrary base change on X. Since @K ()
is a finite Oy ®Q BS¥% _module, we can check isomorphisms on thlckenmgs of
closed points of X. O

Finally, we can use the existence of the closed subspace X ][;i’b] < X to deduce
B..-admissibility on a Zariski-open neighborhood of x € X from B.-admissibility
on infinitesimal neighborhoods of x.

Corollary 5.1.17. Let V be a continuous Ox-linear representation of Galg as
above, and suppose x € X is a point such that V ® g Ox x /W is Bx-admissible
with Hodge—Tate weights in [a, b] for all n > 0. Then there is a Zariski-open neigh-
borhood U of x such that V |y is B«-admissible with Hodge—Tate weights in [a, b].



p-adic Hodge theory in rigid analytic families 415

Proof. We may assume that X = Sp(A) for some FE-affinoid algebra A, so
that Xp [a’b] =S (A[a’b]) for some quotient A — A[a’b] The assumption on the
1nﬁn1te51mal nelghborhoods of x implies that the natural map A — A} factors
through A[a’ 1. This implies that the complete local rings of A and A[a b1y

m, are the same, which in turn implies that Sp(A[ ) contains an Zarlskl -open
neighborhood of x. O

Remark 5.1.18. In fact, since Xy [a:] i5 a closed subspace containing an admissible
open neighborhood of x, if X = Sp(A) for some E'-affinoid algebra A, then Xg [a b]
contains all irreducible components of Sp(A) passing through x.

5.2. Hodge-Tate and de Rham loci. As above, we let X be a quasiseparated E-
analytic space and we let ¥ be a finite locally free &x-module of rank d, equipped
with a continuous O -linear action of Galg.

In order to construct quotients Oy —> ﬁ ta.p] and Ox —> ﬁ’ [a.0) for Theorem 5.1.1
for B« = Byr or Bgr, we work locally (};n X and construct a suitable coherent
ideal sheaf. Similarly, we work locally on X to construct the Zariski-locally closed
immersions XI[{‘ZF’Z], <— X and X(EaR”gJ — X required by Theorem 5.1.6.

In order to prove Theorems 5.1.2 and 5.1.7 for B, = Byt and By« = Bgg, it
likewise suffices to work locally on X. Thus, we may reduce to the case where
X =Sp(A) for A an E-affinoid algebra and V :=I'(X, ¥) is a finite free A-module
of rank d equipped with a continuous A-linear action of Galg which admits a free
Galg-stable <7-lattice V) for some formal &g -model <« of A.

Before we begin, we prove a useful lemma.

Lemma 5.2.1. Let R be an Artin ring, let M be a free R-module of rank r equipped
with an endomorphism T : M — M , and suppose that

O—>M’—>ML>M—>M”—>O

is exact. Then M’ is free of rank d over R if and only if M" is

Proof. Since R is an Artin ring, it is semilocal. The assertions “M’ is free of rank
d” and “M" is free of rank d” can each be checked by passing to local factors
of R, so we may assume that R is a local ring with maximal ideal m.

It suffices to show that for an exact sequence 0 — M’ —> M —> N — 0 of
R-modules (with M free of rank r), M’ is free of rank d if and only if N is free
of rank r — d.

If N is free of rank r —d, it is projective, so the exact sequence splits and M’ is
free of rank d (as R is local).

Conversely, suppose that M is free of rank d. We will prove that M/ M’ is free
of rank r —d by induction on d. If d = 0, there is nothing to prove. So suppose
that M’ is free of rank d, and suppose we know the result for submodules of rank
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d — 1. Choose bases {e1,...,eq} and { f1...., fr} for M’ and M, respectively,
and consider the image a1 f1 +--- + a, fr of e1. At least one of the a; is a unit in
R, because otherwise, by injectivity of M’ — M, the element e; € M’ would be
killed by anng(m) # 0 (which is impossible, as e; is part of a basis of M’). Thus,
without loss of generality, we assume that a; is a unit. Then {eq, f2,..., fr}is a
basis of M, and

0— M'/{e1) —> M/{e;) — N — 0

is exact, so by the inductive hypothesis N is free of rank (r—1)—(d —1) =r—d. O

5.2.1. Hodge-Tate locus. Let L/K be a finite extension such that Galy, acts trivially
on Vy/12pVy. Then for n > 0, DSLC’;(V) is finite free of rank d over A ®q, L, and
carries a linear action of I'z,, . If necessary, we increase n so that I'z,, is procyclic,
with topological generator y. Moreover, the formatlon of DSen(V) commutes with
arbitrary E-affinoid base change on A and (D P(V)n = ((Cxk @ A) @4 V)L

Asa consequence,

Sen

I'r,=1
Dﬁ"’ll(v) = (@t Sen(V)) :
k

Recall that we have defined DK la. b](V) to be (@le [a.5] DSen(V) . ti)FK

Theorem 5.2.2. Let V be as above. Then, for every 0 < d’' < d, there is a
Zariski-locally closed immersion X}[IT d]/ — X such that, for any E ﬁmte Artin
local ring B and Vg :=V ®4 B, x : Sp(B) — X factors through XI[{T & if and
only lfDK la. b](VB) is a free B ®q, K-module of rank d'. In fact, X][IaT d], =
X}[I‘fr <]d/ N XI[{T > Where X}[ITb<]d, C X is Zariski-open and XI[{Tb>]d/ — X is
Zariski-closed. If d' = d, there is a quottem‘ A —> AI[{Tb] such that an E-finite
artinian point x : A — B factors through A zf and only if Vp is Hodge—Tate

with Hodge—Tate weights in the interval [a, b]

Proof. First, we note that because Dﬁ%(V) L,® D (V), it is enough consider
VB as a representation of Galy,,, .
Next let M = EB? a Dé“e’;(V) -t!. We note that HO(TL,, M ®4 B) is free over

B ®q, Ln of rank d’ if and only if Hl(I‘Ln, M ®4 B) is, because the continuous
I'z,,,-cohomology of M ®4 B is computed by the complex

-1
O—>M®ABV—>M®AB—>O,

and we can apply Lemma 5.2.1. Further, the formation of H! commutes with
arbitrary base change on A, by Corollary 3.1.3. Since H!(T'.,, M) is a coherent
A ®q, Ln-module and

-1
M®4B>M®4B—H T, .M®4B)—0
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is a finite presentation of H! (I'z,,» M ®4 B), it follows that

T=y—1
M—"s M —H(T,, M)—0

is a finite presentation of H! Iz, .M).

We use the theory of Fitting ideals to cut out the locus where H! (I'z,,. M ®4 B)
is free of rank d’ over B ®q, Ln. By Proposition 20.8 of [Eisenbud 1995],
HY(T.,, M ®4 B) is projective of rank d’ over B ®q, Ln if and only if

Fitty (H' (T, M ®4 B)) = B®q, L» and Fittyr—; (H' (T, M ®4 B)) =0.

The latter is a closed condition defined by the (d” — 1) x (d’ — 1)-minors of 7. The
former is a Zariski-open condition defined by inverting the d’ x d’-minors of T .

If d’ = d, we claim the open condition can be ignored on the complement of the
zero locus of ideal generated by the (d — 1) x (d — 1)-minors of T. First, we note
that Fitt; (H'(Tz,,. M ®4 B)) = B ®q, Ly if and only if H'(T'z,,. M ®4 B) can
be generated by d elements, by [Eisenbud 1995, Proposition 20.6]. More precisely,
B ®q, Ly is a semilocal ring, while that proposition applies to modules over local
rings. But HY(I',,, M ®4 B) can be generated by d elements over B ®q, Ln
if and only if the same is true after passing to idempotent factors of B ®q, Ly.
Similarly, since the formation of Fitting ideals commutes with base change, we can
check that Fitty (HY (T, , M ®4 B)) = (1) after passing to idempotent factors of
B ®Qp L,.

Moreover, the formation of H! (I'z,. M ®4 B) commutes with base change on B,
so by Nakayama’s lemma H! (I'z,,» M ®4 B) can be generated by lifts of generators
of HY(T'.,, M ® 4 B/mp). But if the Fitting ideal Fitty_; (H(T'z,, M ®4 B/mp))
vanishes, then H!(T'z,,, M ® 4 B/mp) cannot be generated by d — 1 elements at any
point of B/mp ®q, Ln. Therefore, the Qp-dimension of HO(FLn ,M ®4 B/mp)
(which is the same as the Qp,-dimension of Hl(FLn, M ®4 B/mp)) is at least
d-dimg, B-dimg, L. But then the formalism of admissible representations implies
that the Q,-dimension of H(I'z,,,, M ® 4 B/mp) is exactly d -dimq,, B-dimg, Ly,
and Proposition 4.1.3 implies that HO(FLn .M ®4 B/mp)isafree B/mp ®q, Ln-
module of rank d, so H(T',,, M ®4 B/mp) is as well, by Lemma 5.2.1. Clearly
this implies that HY(T'z,,, M ®4 B/mp) can be generated by d elements.

Thus, the condition that Vp be Hodge—Tate with Hodge—Tate weights in the
appropriate range is cut out by the (d — 1) x (d — 1)-minors of 7. Since T has
coefficients in A®q, L, and E ®q, Ly is finite free over E, we obtain the quotient
of A we sought. O

We turn to the converse question:
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Theorem 5.2.3. Let V be as above. Assume that, for every E-finite artinian point
x:A— B, the B®q, K-module DK a,b (Vx) is free of rank d', where 0 < d’ <d.

(1) DK la, b](V) is a rank-d" locally free A®q, K-module, and the (tk. pXn (V))Fx

Sen
are locally free A-modules.

(2) the formation of DK [a.b] (V') commutes with arbitrary base change f : A — A’
Ifd' =d, then:

3) D (V) = (@2=a t*.D Sen(V))FK and the formation ofD (V) commutes
wzth arbitrary base change f : A — A'.

(4) The natural map ay : (A ® Byr) ®4®q, K DHT(V) (AR Bur) ®4 V is
a Galois-equivariant isomorphism of graded A ® Byr-modules, and so V. is
Hodge-Tate.

Proof. 1t is enough to con81der Vasa representatlon of Galg,,, since DHT (V)
L, ® D (V). Since DSCH(V) = (DSen(V))HK the decomposition of D T(V)
follows from the decomposition of DﬁT V).

We will use the base change spectral sequence of Theorem 3.1.1 for the continu-
ous I'z, -cohomology of M := @f’ Sen(V) N

By assumption, H! 'L, M ®4 B) is a free B ®q, Ln-module of the same
rank as H(I',, , M ®4 B). Since M is A-finite, Corollary 3.1.3 implies that the
formation of HI(FLn, M) commutes with base change A — B. It follows that
H! (I'z,,» M) is a projective A-module and Torfp (H! (Tr,. M), A") vanishes for
all homomorphisms f : 4 — A" and all p < 0.

But if we consider the low-degree exact sequence of Corollary 3.1.3, the vanishing
of the Tor terms shows that formation of H*(T'z,, M) commutes with arbitrary
base change A — A’, and in particular with the base change x : A — B. Thus,

FLn
MTin c DER(V) = (EB DI (V)1 )

i€Z

is a locally free A ®q, Ln-module of rank d’. This proves the first two parts.

Now we assume that d’ = d. We clalm that MTLn = DIIﬁ(V) Suppose to the
contrary that there is some nonzero y € (DSen( V)-t")I'en for some i &[0, h]. Then
there is some E ﬁmte artinian point x A— B such that y is nonzero in DSLen(Vx) th.
But M, Tin (Vx) because M Tin D 7 (Vx) and the L,-dimensions of the
two sides agree, contradlctmg the assumed FLn -invariance of y.

Let f: A— A’ be a morphism of E-affinoid algebras. We have already seen that
the formation of H?(T'z,,, M) commutes with arbitrary affinoid base change on 4, so
HO(TL,, M ®4A") =HO(TL,, M)@4 A" IfDE(V @4 A) =HO(Tp,, M®4A),
we are done. But for any E-finite artinian point x : A” — B’, the induced B’-linear
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representation (x o f)* V is Hodge—Tate with Hodge—Tate welghts in [a b]. Then
we have just seen that D52 (V @4 A') = (@k LS Déi’;(V ®4A )) , as desired.

Finally, we show that (A4 ® Byr) QU®q, K DHT(V) (AQBur) ®4 V is a
Galois-equivariant isomorphism. Since the natural map

(A® Ck) ®4®q, Ly D (V) = (AR Ck)®4V

is a Galois-equivariant isomorphism, it suffices to show that the natural map

— L,
(A®q, Lalt.1™)) ®40q, L, Difp(V) — EP DL (V) -1
1€Z

is a Galois-equivariant isomorphism of graded 4 ®q, L-modules. We may further
reduce to checking that the natural map

g (A®q, Lnlt. ™)) ®4oq, L, Pt (V) = DEL(V) -1

is a Galois-equivariant isomorphism of A ®q, L,-modules for all i.

Now we have a map of A-finite modules, so it suffices to check our desired
isomorphism modulo powers of maximal ideals of A. But when A is an E-finite
Artin ring, this follows from the formalism of admissible representations, so we
are done. O

5.2.2. de Rham locus. To treat the de Rham case, we work with D { (V) instead
of DL” t (V). Recall that we have defined

Dbl (1) — (A ®q, 19Bar/1?) ®4 V)TK = (*DEF (1) /i DEA (v))Tx

Theorem 5.2.4. Let V be as above. Then, for every 0 < d' < d, there is a Zariski-
locally closed immersion X | La, d,] < X such that, for any E -finite Artin local ring B
and Vg .=V 4B, x: Sp(B) — X factors through X(ER ¢ ifand only lfDK o[a.b] V)
is a free B ®q, K-module of rank d'. In fact,

la,b] _ +[a,b] [a,b]
XdR d — XdR <d XdR >d”

where X [‘1; <] <o CXis Zarzsk[z ol]aen and X [‘1; l;] v = X is Zariski-closed. If d’ =
there is a quotient A — A4 ar_ Such that an E-finite artinian point x : A — B
factors through A[ zf and only if Vg is de Rham with Hodge—Tate weights in the

interval [a, b).

Proof. Because D R (V)=L,®k Dgz(V), it is enough to cut out the locus where
Vp is de Rham as a representation of Galy,, (with weights in the appropriate range).
Then the proof of Theorem 5.2.2 carries over verbatim with M redefined as M =
taD(II‘I;’ (V)/t?, and we obtain the desired result. O

Now we treat the converse question:
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Theorem 5.2.5. Let V be as above. Assume that for every E-finite artinian point
x:A— Bthe B®q, K-module DK a,b (Vx) is free of rank d’, where 0 < d' < d.

(1) DK’[a’b](V) is a locally free A ®q,, K-module of rank d’.
(2) The formation of DK [a.] (V') commutes with arbitrary base change f:A— A’.
Ifd' =d, then:

3) D r(V) = K [a.5] , and the formation of D r (V) commutes with arbitrary
base change f A— A

(4) The natural map ay : (A ® Bar) R4®q, K DdR(V) (A ® Bir) @4V is
a Galois-equivariant isomorphism of graded A ® Bar-modules, and so V
is de Rham.

Proof It is enough to consider V' as a representation of Galy,,, since Dglf V)=

L, ®k D r(V). Then, by the same arguments as in the proof of Theorem 5.2.3
applied Wlth M = t“D(Il‘n’J’ (V)/1®, we see that ML is a locally free A ®q, Ln-
module of rank d’.

Now we assume d’ = d. We claim that M TZn = DL”’ (V) (V) Since
V' is Hodge-Tate with Hodge—Tate weights in [0, h] (tkDSen(V))FLn = 0 for
k & [0, h]. Moreover, Hl(FLn,tk L” 2 (V ®4 B)) = 0 for any artinian point
A — B and k € [0, h], so Hl(an,zk DL (V)) = 0 for k ¢ [0,h]. Then for

any k > h, the long exact sequence associated to the short exact sequence of
I'z,,,-modules

0— F. DI (V) — Dint (1) F DIt (v) ik — 0

shows that (D(I;i;?’ (V) /et (Dg‘i?’ (V)/tk)TLn is an isomorphism. It
follows that

D (V)T = GmD g™ (V) /i) = gt (v) /T,
k

Let f: A — A’ be a morphism of E-affinoid algebras. Then we have seen
that the formation of H®(I',, , M) commutes w1th arbitrary base change on A4, so
HO(TL, M ®4A") = HO(FLn?M)®AA/ D (V@4A') =HO(TL,. M®4A4"),
we are done.

But, for any E-finite artinian point x : A" — B’, the induced B’-linear represen-
tation (x o f)*V is de Rham with Hodge-Tate weights in [a, b]. Then we have just
seen that

DR (V @4 A) = (“ Dy (V @4 4) /"),
as desired.

Finally, we show that V' is de Rham. Recall that the natural map

(A®Bg) B AR L[] d1f V) > (48 Bjr) ®4V
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is a Galois-equivariant isomorphism respecting the filtration on each side. Therefore,
it suffices to show that the natural map

Fil’((A® L (1)) ®4gq, Ly D Ln V) > Dif )

is a Galois-equivariant isomorphism respecting the filtrations. For this, it further
suffices to show that, for every k > 0, the natural map

Fil’((A® La((1) ®4gq, L, Dozt (V) /tk = Dt (v)/iF

is a Galois-equivariant isomorphism respecting the filtrations.

Now we have a morphism of A-finite modules, so it suffices to check this modulo
every power of every maximal ideal of A. But when A is an E-finite Artin ring,
this follows from the formalism of admissible representations, so we are done. [

5.3. Semistable and crystalline loci. We will produce similar quotients of A para-
metrizing the semistable and crystalline loci. However, our method of proof, which
follows the argument in [Berger and Colmez 2008], is quite different. Instead of
using cohomology and base change arguments, we will prove that “de Rham implies
uniformly potentially semistable”, and then deduce our desired results.

5.3.1. Uniform potential semistability. Suppose that A = Q,, and p : Galg —
GL(V) is a de Rham representation of Galg. Then there is a finite extension L/K
such that p|ga, is a semistable representation. This is known as the p-adic local
monodromy theorem, and it follows from a theorem of Berger, combined with
Crew’s conjecture, which was proved separately by André [2002], Mebkhout [2002],
and Kedlaya [2004]. Berger [2002] then associated to any de Rham p-adic Galois
representation a p-adic differential equation and characterized semistability of the
representation in terms of unipotence of the associated differential equation. Crew’s
conjecture states that any p-adic differential equation becomes semistable over a
finite extension.

Neither Berger’s construction nor Crew’s conjecture work naively when A is an
affinoid algebra, so we cannot proceed directly. However, both pieces are known
when the coefficients are a general complete discretely valued field with perfect
residue field of characteristic p > 0.

The version of the p-adic monodromy theorem we need is the following:

Theorem 5.3.1 [Berger and Colmez 2008, Corollaire 6.2.5]. Let B be a complete
discretely valued field with perfect residue field of characteristic p > 0, and let V
be a B-representation of Galg of dimension d which is de Rham. Then there is a
finite extension L /K such that the B ® (A);r—module ((B®By) ®p V)L is free of
rank d and the map

L®L,(B&By)®p V)t — (B&Bg)®p V)
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is an isomorphism.

We return to our general setup. Let A be an E-affinoid algebra, and let V be a
finite free A-module equipped with a continuous A-linear action of Galg. We will
embed A isometrically into a finite product B = [[; B; of Artin local rings B;, and
apply Theorem 5.3.1to V ®4 B.

However, we need to be able to compare the semistability of V' (an A-linear
representation of Galg) and the semistability of Vp = ]_H=1 VB, (as a B-linear
representation of Galg).

Recall that we defined B to be B [log([7])] rather than the usual semistable
period ring. We further define B} B 10 be @lh o Bf log([7])?, so that B} M is the
kernel of N**1 on Bj{ (here N is the monodromy operator).

Further, by Remark A.1.5, there is an isomorphism of K-Fréchet spaces Bgiz =
Ck [T] which defines compatible isomorphisms

B = Ck(T) and B} = Cg(T)[log(1+ T)]

max
(as well as BJr UESN @l —0 Ck(T) log(1+ T)H).

Proposition 5.3.2. Let A be an E-affinoid algebra and let x : A — B be a closed
embedding ofBanach algebras. Then ifac AQBT arand x(a) € B (L ®Lo B:{’h),
a is actually in A® (L ®Lo B:t_ ).

This follows as in [Berger and Colmez 2008, Lemme 6.3.1].
Combined with the p-adic local monodromy theorem, we have the following:

Theorem 5.3.3. Let A be an E-affinoid algebra, V an A-linear representation of
Galg on a finite free A-module of rank d, and [a, b] an interval such that Vy is
a de Rham representation of Galg with Hodge—Tate weights in [a, b] for every
E -finite artinian point x of A. Then V is potentially semistable: there is a finite
Galois extension L /K such that the A ®q, Lo-module DSLt(V) is locally free of
rank d and

(A®q, L) ®4gq, Lo DE(V) =DL(V).

In addition, for any homomorphism of E-affinoid algebras A — A’, the natural
map A’ ® 4D (V) — D {(V ®4 A') is an isomorphism.

When A4 is reduced, this is [Berger and Colmez 2008, Théoréme 6.3.2].

Proof. We first apply Lemma 2.1.2 to find a closed embedding A — [[; B; into
a finite product of Artin rings. Here B; is an E;-finite algebra, where E; is a
complete discretely valued field with perfect residue field of characteristic p (and
B; is topologized as a finite-dimensional E;-vector space).

Now we can apply the p-adic monodromy theorem to the representations V3, ,
because each of them can be viewed as a finite-dimensional E;-representation. In
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other words, there is a finite extension L /K such that for each i the natural map
L®r, ((Bi ®By) ®p, Vg,)'t — ((Bi ® Bir) ®5, Vg,

is an isomorphism. Theorem 5.3.1 only produces an isomorphism of E; ®q, L-
modules, but the natural map respects the B;-linear structure on each side, and
there is no kernel or cokernel (because it is an isomorphism of E; ®¢, L-modules),
so it is actually an isomorphism of underlying B; ®q, L-modules.

But we know by Theorem 5.1.2 applied to B« = Bgr that D(fR(V) is a locally
free A ®q, L-module of rank d. We have an injective map

DL (V) = (B®Bgr) ®4 V)L

with BA= [1B:, and, for y € D& (V), we can write y = Z;Ll y; ® v; with
y; € A®Bgr and {v; } an A-basis for V. By the isomorphism above, each of the y;
liesin B® (L ® L, Bst). Then by Proposition 5.3.2, each lies in A (L ® L Bst), s0

DL(V) = (A& (L ®L, Bs) ®4 V)L = L@, DL(V),

and hence DSI;(V) is locally free of rank d over A ®q, Lo.

For the last part, consider the natural map 4’ ®4 DX (V) — DL (V @4 A’). We
can extend scalars from A’ ®q, Lo to A’ ®q,, L to get a map

(A'®q, L) ®aeq,Lo (A ®4DE(V)) — (A’ ®q, L) ®uagq, Lo DLV @4 A)

| !

A @4 DE(V) DL (V&4 4)

Since A’ ®q, Lo — A’ ®q,, L is a faithfully flat extension and
A’ ®a D(%R(V) = D<]fR(V ®4 4
is an isomorphism, our map must have been an isomorphism to begin with. O

5.3.2. Semistability and crystallinity. We will use uniform potential semistability
of families of de Rham representations to define quotients A([ff{’b] — Al4b] and
Ag‘é’b] —> AE‘r’i’Sb] cutting out the semistable and crystalline loci in Sp(A), respectively.

Note that if V' becomes semistable over L, then we get a representation p of the in-
ertia group I,/ g C Galg /g on DSLt (V). alocally free A®q, Lo-module of rank d .. If
A=Q,, pis trivial precisely when V' is semistable as a representation of Galg. This
is because Lo K /K is an unramified extension, and Di{OK(V) = Lo ®k, DSIf(V).
Thus, although the Galois group Galy /g acts semilinearly on Dﬁ (V) over Ly, only

the Lo-linear action of /7 ;g matters for checking semistability.
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Lemma 5.3.4. Let B be an E-finite Artin local ring, with maximal ideal m and
residue field k, so that we may view B as a k-algebra. Let V' be a free B-module of
rank d , equipped with a B-linear action of a finite group G. Then V' is isomorphic
as a representation of G to (V @p k) ®p B. In particular, TtV =Tr(V ®p k).

Proof. This follows from the fact that H (G, m @ ad(V ®f k)) = 0 for i > 0,
since G is finite and the coefficients are a characteristic-0 vector space. O

Proposition 5.3.5. Let A be an E-affinoid algebra such that Sp(A) is connected.
Let V be a free A-module of rank d, and let G be a finite group. Let p: G — GL(V)
be a representation of G on V. Then for any closed points x1 and x, of X, there
are finite étale extensions iy : k(x1) < E’, i : k(x3) <> E’ such that px, ®;, E’
and px, ®i, E' are isomorphic as E’-valued representations of G.

Proof. Fix an algebraic closure E/E. There are only finitely many isomorphism
classes of d-dimensional representations of G over E, call them OP1s -« Pk> SO
there is some subfield F C (Tp, finite over Q,, such that they are all defined over F.

Now consider A’ := A ® g F and the representation pg’ : G — GL(Vy4/). The
conditions Tr(p) = Tr(p;) each define pairwise disjoint closed subspaces of X g
whose set-theoretic union is all of X g. Therefore they are all open, as well, and
the function Tr(p) is constant on connected components of X r.

Now let X’ be any connected component of X g. It is finite étale over X, and,
in particular, the map X’ — X is surjective. This gives the desired result. O

In the situation of interest to us, Lemma 5.3.4 and Proposition 5.3.5 have the
following consequence:

Theorem 5.3.6. Let V be a de Rham representation of Galg on a projective
A-module of rank d, and let L/ K be the finite Galois extension provided by
Theorem 5.3.3. Let T : I,/ x — GLg4 (E) be a representation of the inertia group of
L/K. There is a quotient A —> Agr,g such that an E-finite artinian point x : A — B
factors through Agrg if and only if the representation of I/ on Dg;(Vx) is
equivalent to t. In particular, there is a quotient A — Ag corresponding to T being
the trivial representation.

Remark 5.3.7. Since there are only finitely many isomorphism classes of repre-
sentations t : I/ x — GLg4 (E), Sp(Agr,¢) is a union of connected components
of Sp(A).

Corollary 5.3.8. Let A and V be as above. If for every E-finite artinian point

x : A — B, Vi is semistable with Hodge—Tate weights in a fixed interval [a, b], then
DSIS(V) is a locally free A ®q, Ko-module of rank d.

Proof. The assumptions imply that for every E-finite artinian point x : A — B, V
is de Rham with Hodge-Tate weights in the interval [a, b]. Then, by Theorem 5.1.2
applied to Bx = Bgr, V is a de Rham representation.
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Let L be the finite Galois extension provided by Theorem 5.3.3. Then the
assumption on artinian points implies that A — Ay is the identity map. For every
closed point x € X and every n > 0,

DL (V @4 A/m") = Lo @k, DE(V @4 A/m™),

and, in particular, every element v € DSLt (V) is fixed by g € Ik modulo all m%.
But then v is actually fixed by all g € I g, s0 I, / K acts trivially on D L(V) We
can then write D (V) =(4®q, Lo) ®4®q, Ko Dt K, so D . (1) is a locally
free A ®q, Ko- module of rank d. O

Corollary 5.3.9. Let A and V be as above. If for every E-finite artinian point
x : A — B, Vi is semistable with Hodge—Tate weights in a fixed interval |a, b],
then the natural map (A ® B};g)[l/t] R4k, Dst(V) — (4 ® DlTog)(V)[l/t] is an
isomorphism.

Proof. Since there is some s, such that Dy (V) = (D;ro’g”K(V)[l/t])F, we are
reduced to showing that

(ARB)[1/1] ®agk, Du(V) — DL (V)[1/1]

is an isomorphism.

The left and right sides are each coherent modules over 4 & BTO’;’”K[I /t] =
A® B:rlgs «llog([x]), 1/t], and the homomorphism respects the grading given by
powers of log([7r]). We are thus further reduced to considering homomorphisms of
coherent modules over A & B;rlg %[1/1], which is the ring of global sections of a
quasi-Stein space. The quasi-Stein space in question is the product of Sp(A4) with a
half-open annulus (associated to Bj iz, ) minus the divisor of #, which we denote Y.

Since every point of Sp(A) x Y sits over a point of Sp(A4), to prove surjectivity
of the desired map, it suffices to check on artinian thickenings of closed points
of Sp(A4). But this holds by [Berger 2002, Proposition 3.7]. Furthermore, since
DFLO;”K(V)[l /t] is finite projective, we may check injectivity on points, as well, and
this again follows from the same theorem. O
Corollary 5.3.10. Let A and V be as above. If for every E-finite artinian point
x:A— B, Vyis semlstable with Hodge—Tate weights in a ﬁxed interval [a, b],
then the natural map (A ® Blog)[l/t] ®aek, Dst(V) = (A® Blog)[l/t] ®aV is

an isomorphism.

Proof Since (A& B, )[1/1]®, onl, Dl (V)= (A®B])[1/1]24V, it suffices
to show that the natural map

(A®B] )[1/1] ®ask, Du(V) = DL (V)[1/1]

is an isomorphism, and follows from Corollary 5.3.9 O
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Corollary 5.3.11. Let A and V be as above. If for every E-finite artinian point
x : A — B, Vi is semistable with Hodge—Tate weights in a fixed interval [a, b], then
the natural map (A ® By) @4 Ko Dst(V) — (4 ® Bg) ®4 V is an isomorphism.

Proof. We first show that the natural morphism

(AR B )[1/1]®agk, Du(V) = (AR B )[1/1] @4V

if an isomorphism. Injectivity follows from Corollary 5.3.10, since A ® Bl'g e AR
B, is injective and Dy (V') is flat. For surjectivity, we choose bases {v;} and {w; }
of ¥V and Dg(V), respectively (since Dy (V') is A-locally free, we may assume that
both V and Dg(V) are free). Let M € Maty,4(4A ® Elog[l/t]) be the matrix
whose j-th column is the coordinates of w; with respect to {v;}, and let P €
GL(A4 ®q, Ko) be the matrix of Frobenius on Dy (V) with respect to {w; }. As in
the proof of Proposition 4.2.16, M and P satisfy the relation M P = ¢(M), so, by
Corollary 4.2.14, M € GL4(A & B [1/1]).

Finally, since B;"

log[l /t] C By, we may extend scalars to see that

(A @ Bst) ®A®K0 Dst(V) - (A ® Bst) &®4 Vv
is an isomorphism. O

Remark 5.3.12. A similar isomorphism is proved in [Hartl and Hellmann 2013],
using a different sheaf of semistable period rings.

Corollary 5.3.13. Suppose V is semistable with Hodge—Tate weights in the interval
[a,b],and let f : A— A’ be a homomorphism of E-affinoid algebras. Then V @4 A’
is semistable with Hodge—Tate weights in the interval [a, b].

To handle crystalline representations, we note that Ds(V) = Dst(V)N =0 Then
the results below follow easily:

Theorem 5.3.14. Let A be an E-affinoid algebra, and let V be a free A-module of
rank d equipped with a continuous A-linea[r a]ction of Galg. Let [a, b] be a finite
a,b
cris

if and only if Vi is crystalline with Hodge—Tate

interval. Then there is a quotient A — A
x : A — B factors through AE‘:i’sb]
weights in the interval [a, b).

Theorem 5.3.15. Let A be an E-affinoid algebra, and let V be a free A-module
of rank d equipped with a continuous A-linear action of Galg. Suppose that for
every E-finite artinian point x : A — B the representation Vy is crystalline with
Hodge-Tate weights in an interval [a, b]. Then D¢is(V') is a locally free A ®q,, Ko-
module of rank d , the formation of D¢is(V) commutes with base change on A, and
the natural homomorphism

such that an E-finite Artin point

(A ® Bmax) ®A®K0 Dst(V) g (A ® Bmax) ®4 Vv

is an isomorphism.
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Appendix: Rings of p-adic Hodge theory

Most of the definitions and properties of the rings we use are given in [Berger 2002],
and we refer to it freely. However, we describe the construction and topologies
of the period rings Byr, Bgr, B, and B« with some care so that we can define
sheaves of period rings in Section A.2.

A.1. Period rings. Let V be a finite-dimensional Q,-vector space equipped with
a continuous Qp-linear action of Galg, for some finite extension K/Qp. Then for
any period ring B listed above, we define DK (V) :=(BxQ®q, V)Gal& | For every
choice of B4, Bg’ is a field; we say that V' is B* admissible if dim O DB V)=
dimg, V.

Remark A.1.1. There is a general formalism of period rings developed in [Fontaine
1994, §1]. However, because of issues related to the topologies on various rings,
it is not clear to us that this formalism generalizes in any meaningful way to the
study of arithmetic families of Galois representations. Thus, we content ourselves
with giving a list of period rings of interest to us.

The ring Bur. We define Byr to be the polynomial ring Cp[t, ¢ !]. This ring is
graded by powers of 7. For any K/Q,, the Galois group Galg acts on Byr via the
natural action on C, and via g -t = y(g)t.

The ring Bqr. The construction of Bgr is more complicated. Recall the existence of
a Galois-equivariant map 6 : BJr — Cg characterized by 0 (Z ) > c(o)
It is continuous with respect to the weak topology on B and the p-adic topology
on Cg, and its kernel is the principal ideal generated by [p] — p. Then B J4r 18 by
definition lim BF / ker(9)".

We are grateful to Laurent Berger for providing the following definition of the
topology on B;% Since 6 is Galois-equivariant, the Galois action on BJr induces
a Galois action on B;E2 We want to topologize the quotients B,:=B / ker(9)"
so that this action is continuous. We could make B  into a p-adic Banach space
with unit ball Aj, := At / ker(6)" N A, but then the action of Galois would not be
obviously continuous, so instead we try to use the weak topology, i.e., the topology
on the image of At generated by the images of the Uy . For n > h, though,

(51" = () - p)+ p)" = ((B) - p) + P)"([B] = p) + )" " € pAs.

In particular, this shows that pgh is an open ideal.

A priori, the p-adic topology on Kh has more open sets than the weak topology
does. But we have just shown that every open set of the p-adic topology is actually
open in the weak topology, so the two topologies must be the same. In particular,
the weak topology on Kh is Hausdorff and complete.
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The upshot is that B h=UisoP ’Ah has a natural structure of a p-adic Banach
space with unit ball Ah, SO B;i has a natural structure of a p-adic Fréchet space.

The ring Biax. We will use the ring B« to study crystalline representations, rather
than B, because the topology on B, is much nicer.

Remark A.1.2. There is a closely related ring B, defined as N, ¢" (B
(M, ©" (Beris); Bmax and Brlg[ /t] define the same functor from the category of
Qp-representations to the category of filtered Ko-isocrystals. However, we prefer

¥ . o=t )
to work with B, because it is a Banach space, while B, is a Fréchet space.

rig® max)

The ring Bg. After we choose a value for log(p), the power series defining
log(7 @) + log([7]/7®) converges in B;%. We let By := Bpax[log[7]] and
log(p) =

Remark A.1.3. This is not the standard definition of By, but it is the usage of
[Berger 2002] and [Berger and Colmez 2008]. It defines the same functor on
representations of Galg as the usual By, because B.;is and Bp,,x define the same
functor. If we define ﬁlog = ﬁrig [log[r]], then ﬁlog defines the same functor as well.

Remark A.1.4. We have defined By as a subring of Bgr in terms of a choice of a
branch of the p-adic logarithm. A different choice would lead to a different subring.
It is also possible to define By intrinsically as an abstract ring and use the choice
of a p-adic logarithm to define an embedding of B in Bgr. This approach makes
clear that By -admissibility of a representation does not depend on any choices. We
have not taken this approach here; for details about the construction of the usual
B, as an extension of B.ys; see [Brinon and Conrad 2009, §9.2].

Remark A.1.5. Let L/K be a finite extension. Then we obtain a map
L®L, B mdx - Bf—liii

by extending the inclusion Bmax — B(Jﬁz by L-linearity. Then Colmez [2002,
Proposition 7.14] has shown that this map is an injection. In the course of the proof,
he showed that it is possible to write down an isomorphism of K-Fréchet spaces
BS} = Ck[t] so that L ®p,, ngax is carried isomorphically to the Banach space

Ck(T)and L ®p,, B} o 1s carried isomorphically to Cg (T")[log(1 + T')]. Note that
these are isomorphisms as vector spaces, not as rings!

A.2. Sheaves of period rings. As we wish to study p-adic families of Galois
representations, we need to define versions of these rings with “coefficients” in
Banach algebras, rather than simply Q,.

Let (X, Ox) be a quasicompact quasiseparated rigid space over a finite extension

E/Qp.
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Definition A.2.1. Let B be a Q,-Banach algebra. Then we define the presheaf %y
on X by setting

#x(U) := 0x(U) ®q, B.
where U is an admissible affinoid open of X.

By [Kedlaya and Liu 2010, Lemma 3.3], %y is actually a sheaf on U when U
is affinoid. Therefore, it extends to a sheaf on X. We wish to extend this to Fréchet
algebras in the role of B.

We first record some basic functional analysis results, which will be useful for
checking that exactness properties are preserved under completed tensor products.

Let I be a set (not necessarily countable), and let N be a Fréchet space equipped
with a countable family of seminorms {¢g;} (in particular, N could be a Banach
space). We define the space ¢y (N) to be the set of functions f : I — N such that
lim;es g (f(i)) = 0 for each seminorm g;. That is, for each j and each & > 0, the
set{i €1 |q;(f(i))> ¢} isfinite. We equip c¢; (V) with the seminorms ¢, defined
by gj,00(f) :=sup;cy q;(f(i)), making c¢;(N) into a Fréchet space. Following
[Buzzard 2007], we say that a Banach module N over a Banach algebra A is poten-
tially orthonormalizable if there is some Banach norm on N making it is isomorphic
to ¢y (A) for some index set /. For example, all Banach spaces over discretely
valued fields are potentially orthonormalizable [Schneider 2002, Proposition 10.1].

Lemma A.2.2. Let k be a nonarchimedean field, let M be a potentially orthonor-
malizable k-Banach space, and let N be a k-Fréchet space, with countable fam-
ily of seminorms {q;}. Write M = cy(k). Then the natural Qp-linear map
M & N — ¢y (N) is an isomorphism, functorially in N.

Proof. The natural map M ® N — c;(N) is induced by the bilinear map M x N —
cr(N) sending (f : I — k,b) to Y ;c; f(i)b. The sum converges because
q; (f()b) =|f(@)]-q;(b) and lim;er a; = 0.

To construct a map in the other direction, we observe that any element f € ¢y (N)
can be written as the limit of elements of the form f'|g, where S C I is a finite subset.
More precisely, the set of finite subsets S C [ is a directed set, and S — f|s is a net
converging to f. For any finite set S C I, we write (1) g € ¢ (k) for the characteristic
function of S. Now, consider ) ;g 153 ® f(i) € ¢y (k) ® N. We have

qj (Z iy ® f(l')) = maxgq; (f(i)).
ieS
so the net S — ) ;g 1y ® f(i) converges in ¢ (k) ® N. The map f ~
limg ) ;g 1¢iy ® f(i) provides an inverse to the map M Qx N — cr(N). O
Corollary A.2.3. Let k and M be as above, and let N — N’ be a continuous
injection of k-Fréchet spaces. Then the natural map M @ N — M @ N’ is injective.
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Definition A.2.4. Let B = linn B, be a Qp-Fréchet algebra, where the B, are
Qp-Banach algebras. Then we define the presheaf Zx on X by setting

Zx (U) = 0x(U)® V =1im 6x (U) &q, Bn

n

when U is an admissible affinoid open of X.
Lemma A.2.5. Py is a sheaf on X.
Proof. 1t suffices to prove this when X = Sp(A) is affinoid, for A some E-affinoid

algebra. Further, it suffices to check the sheaf property on Laurent coverings of
Sp(A). That is, we need to check that the sequence
0—>1im A R, By — lim A(f) ®q, Ba xlim A(f ") &q, Bx
n n n . — -~
— lim A(f, ') ®q, Bn

n

is exact. But
0—A— A(f)XA(fHY— A(f, fHYy—0

is exact, and the quotient admits a section by [Schneider 2002, Proposition 10.5],
since Q-affinoid algebras are countable-type over Q,. It follows that

0—>A®Qp Bn—)A(f>®Qp BnXA(f_1)®Qp Bn—)A<ﬁ f_l)®Qp Bn—>0

18 exact for each n, and inverse limits are left-exact. O
‘ gTs pts mhs o + +
Thus, taking B to be By , BK , Brig’K, Brig,K, Ck, B, or B[, we get a

sheaf of rings. Furthermore, since taking rising unions is exact, we see that if
U C X = Sp(A) is an affinoid subdomain with coordinate ring Ay,

U Jav @Bl
S

is a sheaf on X. Similarly, we also get sheaves associated to Byt = Ck|[t,171],
B = U; t_’B(;E, Buax = Ut B;gax, and By = Bux[log[7]]. Each of these
sheaves carries the additional structures, such as Galois action, Frobenius action,
grading, filtration, or monodromy action, of the absolute ring.

Proposition A.2.6. (1) Bx ur is a graded sheaf of rings over X, equipped with an

action of Galg, and %;“Z;T = 0x ®q, K.

(2) Bx ar is a filtered sheaf of rings over X, equipped with an action of Galg, and
Gal

%X?dllg = 0O ®qQ, K.

(3) Bx max is a sheaf of rings over X, equipped with an action of Galg and an

action of ¢, and B — gy ®q, Ko.

X ,max
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(4) Bx st is a sheaf of rings over X, equipped with an action of Galg and an action
of p and N, and %’gaslf = 0x ®q, Ko.

Proof. For all of these, it suffices to consider the case when X = Sp(A) is affinoid
for some E-affinoid algebra A. Then A is countable-type over Qp, so we can
choose a Schauder basis for A with index set 7. Under the resulting isomorphism
A=cr(Qp), wehave A ® B =c(B) fora Qp-Fréchet space B. The Galois action
on A® Bis g-(b;j)ier = (g-bi)icr, where I is the index set for the Schauder
basis, so the assertions follow from the corresponding classical results. O

Lemma A.2.7. Let A be a reduced Qp-affinoid algebra, and let B« be a period
ring. Then the natural map

A®B, — ]‘[ A/my ®q, B
x€Sp(A4)

is injective.
Proof. If B, = Byr, it suffices to show that 4 ® Cp — erSp(A) A/my ®q, Cp is
injective. If B, = Bgg, it suffices to show that A ® Bh — anSP(A) A/my ®q, Bh
is injective for all . And, since By is a polynomlal algebra over B, it suffices
to show that A ® Bmax -1 xeSp(4) A/my ®q, BmaX is injective. We are therefore
reduced to showing that for any Q,-Banach space B, the natural map 4 ® B —
[Lxespa) A4/mx ®q, B is injective.

Since B is a Qp-Banach space, it is potentially orthonormalizable in the sense
of [Buzzard 2007]. That is, it admits a basis {e; };ey such that

B=ci(Qp):={f:1—-Qp||f(i)] <eforalmostalli €/, forall e > 0}

Then A ® B = c;(A), and the desired injectivity follows from the injectivity of the
natural map A — ]_[xesp(A) Ajmy. O
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