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Motivic Donaldson—Thomas invariants
of small crepant resolutions
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We compute the motivic Donaldson—Thomas theory of a small crepant resolution
of a toric Calabi—Yau 3-fold.
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Introduction

This paper is a continuation of [Morrison et al. 2012]. We study the motivic
Donaldson—Thomas invariants of noncommutative and commutative crepant reso-
lutions of the affine toric Calabi—Yau 3-fold {XY — ZNow N1} c ¢4,

A Donaldson—Thomas (DT) invariant of a Calabi—Yau 3-fold Y is a counting
invariant of coherent sheaves on Y, introduced in [Thomas 2000] as a holomorphic
analogue of the Casson invariant of a real 3-manifold. A component of the moduli
space of stable coherent sheaves on Y carries a symmetric obstruction theory and a
virtual fundamental cycle [Behrend and Fantechi 1997; 2008]. A DT invariant of a
compact Y is then defined as the integral of the constant function 1 over the virtual
fundamental cycle of the moduli space.

MSC2010: 14N35.
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Figure 1. Polygons for Xy, v, and X(z/57)2.

It is known that the moduli space of coherent sheaves on Y can be locally
described as the critical locus of a function, the holomorphic Chern—Simons (CS)
Junctional (see [Joyce and Song 2012]). Behrend [2009] provided a description
of DT invariants in terms of the Euler characteristic of the Milnor fiber of the CS
functional. Inspired by this result, the proposal of [Kontsevich and Soibelman 2008;
Behrend et al. 2013] was to study the motivic Milnor fiber of the CS functional as a
motivic refinement of the DT invariant. Such a refinement had been expected in
string theory [Igbal et al. 2009; Dimofte and Gukov 2010].

On the other hand, in [Szendr6i 2008] it was proposed to study counting invariants
for the noncommutative crepant resolution (NCCR) of the conifold, which are called
noncommutative Donaldson—-Thomas (NCDT) invariants. It was also conjectured
there that NCDT and DT invariants are related by wall-crossing. The paper [Nagao
and Nakajima 2011] realized this, by:

e Describing the chamber structure on the space of stability parameters for
the NCCR.

¢ Finding chambers which correspond to geometric DT and stable pair (PT)
invariants, as well as NCDT invariants.

e Computing the generating function of DT-type invariants for each chamber.

For the conifold, the dimension of the fiber of the crepant resolution is less than 2
(we say that the resolution is small). This condition plays an important role in
many places of the paper. Affine toric Calabi—Yau 3-folds which have small crepant
resolutions are classified as follows:

(1) X = Xny.n, :={XY — ZNow N} for Ng > 0 and N; > 0.

(2) X=Xg/op)2 = C3/(Z/27)?, where (Z/27)? acts on C? with weights (1, 0),
(0,1) and (1, 1).

In [Nagao 2012], counting invariants for noncommutative and commutative
crepant resolutions of {XY — ZNoWw N1} were studied. First, we provided descrip-
tions of NCCRs of {XY — ZNow M} in terms of a quiver with potential. Given
Np and N, the quivers with potential are not unique. However it was also shown
that any such quivers with potential are related by a sequence of mutations. Finally,
generalizations of the results in [Nagao and Nakajima 2011] are given.
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In [Morrison et al. 2012], we provided motivic refinements of formulae in
[Nagao and Nakajima 2011]. For the proof, we needed one explicit evaluation
of the “universal” series [Morrison et al. 2012, §2] and a wall-crossing argument
[Morrison et al. 2012, §3].

In this paper, we will show similar formulae for {XY — ZNoWw N1}, that is,
motivic refinements of the formulae in [Nagao 2012]. The wall-crossing argument
works without modifications (Section 6), while the evaluation part is more involved
(Theorem 0.1). Our strategy is as follows:

e First, in Section 4, we evaluate the universal series for a specific NCCR using
a generalization of the calculation of [Morrison et al. 2012, §2.2].

e Then, in Section 5, we evaluate the universal series for a general NCCR. Nagao
[2011c] provided a formula which describes how the universal series changes
under mutation. Although it is assumed that the quiver has no loops and 2-
cycles in [Nagao 2011c], we can apply a parallel argument in our setting as well.

Since any two NCCRs are related by a sequence of mutations, the evaluation is done.

Main result

Let I" be a quadrilateral (or a triangle in the case N1 = 0) as in Figure 1 and 0 a
partition of T, that is, a division of I" into an N -tuple of triangles with area 1/2,
as in Figure 2. We will associate o to a quiver with superpotential (O, wg) (see
Section 2A). The set of vertices of the quiver Qg is [:=7 /N Z, which is identified
with {0,..., N —1}. A vertex has a loop if and only if it is in the subset I,cl
(see (2-1) for the definition). It is shown in [Nagao 2012, §1] that the Jacobian
algebra J; := J(Qq, ws) is an NCCR of

X :=Spec(C[X.Y, Z, W]/(XY — zNowNry),

Let A be the set of roots of type Ay and let Ag,+ Aj 4, and Ag"l ' denote the

set of positive, positive real, and positive imaginary roots, respectively.!
For o € N/ | let M (J,, «) be the moduli stack of J,-modules V with dim V = «.
We define the generating series of the motivic DT invariants of (Q4, Wy) by

AG) =AG G0 yv-D) = Y Mo, )i y® € Mo, yv-1].2
aeNQo

IFrom the view point of the root system, a choice of a partition ¢ corresponds to a choice of a set
of simple roots.

2For the wall-crossing of motivic DT theory, a twisted product on the yq twisted by the Euler form
plays a crucial role. In this case, the twisted product coincides with the usual commutative product
since the Euler form is trivial.
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Here y* := [[(y;)% and [e],i; denotes the virfual motive (see Section 3A), an
element of a suitable ring of motives Mg¢. The subscript refers to the fact that we
think of this series as the universal series.

To each root o« € Ay, + we associate an infinite product as follows:

e For areal root @ € Ay, such that Zk¢l oy is odd, put

D=

L~ i1
A%(y) = Exp(1 — [ y“) = l_[(l —L7/72y9),

Jj=0

e M
e For areal root @ € Ay | such that ok ¢7, @k 1s even, put

1 .
A%(y) = Exp(my“) =[Ja-17ynH™

Jj=0
e For an imaginary root & € AI™ o+ put
N-1+L _; _ y _
A"‘(y):=EXp(—1_[L_1 y“) =[la-t7yo=N.a-7*tyn

E
The main result of this paper is the following formula:
Theorem 0.1. () = l_[ A%(y).
O!GAU,Jr

This is proved in Section 4 and Section 5B.

Corollaries

Let Jo = J (Qg, W5) be the framed algebra given by adding the new vertex oo
and the new arrow from oo to O to the qulver of Js. Nagao and Nakajlma [2011]
introduced a notion of {-(semi)stability of J-modules V with dim VOo <1 fora
stability parameter { € R,

For a € N/, Jet E)ﬁ;(f ,a) be the moduli space of {-stable J-modules V with
dim V= (o, 1). We want to compute the motivic generating series

Ze(y)=Zc(yo,...,yN-1) = Z [ (T, @)]vie - ¥ € Mcyo, - - ., yn—1].
aeNi

For each root o € Ay 1, we put

1
A*(=L2yo,y1,....YN-1)

_1 :
A*(=L"2y0,y1,.... YN—-1)

Zoc()’O,---,YN—l) =

These are given as follows:
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e For areal root @ € Ay, such that Zk¢fr oy is odd, we have

ap—1

%0 414
Zo(=yo.....,yn-1) = [[ A—L72F2H ),
=0

re ~ :
e For areal root @ € A7, such that e ¢7, @k is even, we have

ap—1

_% i _
Za(=yo.....yn—1) = [[ A —L7ZFHHyo~L
i=0

e For an imaginary root @ € A", , we have

ap—1

_% i _ _% i _
Za(=yo,-. ., yv—1) = [[ Q=172 HH y) oV (224 yoy =L,
i=0

Applying the same argument as [Morrison et al. 2012, §3], we get the following
formula (Section 6A):

Corollary 0.2. For ¢ € R not orthogonal to any root, we have

Ze = [ ZaWo.....yn-1).
a€As ¢
C-a<0

By [Behrend 2009; Behrend et al. 2013], the specialization Z; (y)|[L 1 is the
DT-type series at the generic stability parameter {, computed in [Nagao 2012].

Let Yy — X be the crepant resolution corresponding to 0. The noncommutative
crepant resolution J is derived equivalent to ). In [Nagao and Nakajima 2011,
§3], we found a stability parameter {pr (resp. {pr) such that the moduli space
coincides with the Hilbert scheme (resp. the stable pair moduli space) for ).

Let Z2(s.T1,...,Tn—1) and ZZ (s, T1,...,Tny—1) be the generating func-
tions of DT and PT invariants of ), respectively. Here s is the variable for the
homology class of a point and 7; is the variable for the homology class of the i-th
component C; of the exceptional curve. The variable change induced by the derived
equivalence is given by

s:=Yyo-y1--yn-1. Ti=yi.
Forl <a<b <N —1, we put
Clap) = [Cal + -+ [Cp] € H2 (V5. 2),
where C; is a component of the exceptional curve, and let

Tup)=Ta-Tp



772 Andrew Morrison and Kentaro Nagao

be the corresponding monomial. Let ¢(a, b) denote the number of (—1, —1)-curves
in {C; | a <i < b}. We define infinite products as follows:

e If c(a, b) is odd, we put

oo ,n—1
_n 1.5
Ziap) = Ziap) (5. Tiap) = [ | (H (1 —L2 ()" 'T[a,b]))-
n=1 “i=0

e If c(a, b) is even, we put
oo ,n—1 _ -1
Ziap) = Zlap) 8. Tiap) = [ | (l_[ (1 —L L (o) T[a,b]) )
n=1 “i=0
¢ For imaginary roots, we put
oo ,n—1 ) 1-N ) -1
Zim=Zim(s) = [ | (]‘[ (1 —Lm2 (—s)”) (1 — 22 (—s)") )
n=1 “i=0

Corollary 0.3. (1) The refined DT and PT series of Yo are given by the formulae

Zpr(s,.T1,....TN=1) = Zim(s) - l—[ Z1a.p1(5, Tia b))
1<a<b<N-1

Zer(s, Th,....,Tn—1) = l_[ Z1a.p1(8, Tja,p))-
1<a<b<N-1

(2) The generating function of virtual motives of the Hilbert scheme of points on
Yy is given by the formula

Zoaim($) = Y _[(Vo)"vie - 5" = Zim.

n=0

(3) The refined version of the DT-PT correspondence for Vg holds:

Zpr(s, Th,....Tn=1) = Zo-dim(8) X Zpr(s, T1, ..., Tny—1).

Remark. The formula in (2) is a direct consequence of the formula for Zpr in (1),
since the polynomial in the T, p) variables does not contribute.
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1. Root system of type A N
Let No > 0 and N; > 0 be integers such that No > N1, and set N = No+ N1. We set

I={1,...,N—1},
I={01,....N—1},

F=(3.3...v -1},

Z={n+1i|nez}.

Forl € Z and j €Zletl € fandj e I be the elements such that  —[ =j—j=0
modulo N. B B

Let Z! be the free abelian group with basis {c; | i € 7 }; we call ; a simple root.
We put

={a[ab] =g+t |1<a<b<N-1},

AT (g p) +1-8 g p) € AL, n € Z50},
A:c—’ = {_a[a,b] +n-d| U[g,p] € A+ , N €0},

and
AT = ATTUATT, AMi={n-§|neZs},

where § := ag + --- + ay—1 is the (positive minimal) imaginary root.
For k € I, the simple reflection at k is the group homomorphism given by

7t - 7!,
aj > o — Cig - g,

where C is the Cartan matrix of type Ay . This gives a self-bijection of Ar_i’+\{ak}.

2. Noncommutative crepant resolutions

2A. Quivers with potential. We denote by I" the quadrilateral (or the triangle in
case N1 = 0) with vertices (0, 0), (0, 1), (Ng, 0) and (N1, 1). Note that the affine
toric Calabi—Yau 3-fold corresponding to I' is X' = {X Y — zNow Ny,

A partition o of T is a pair of functions oy : I — Z and oy : T — {0, 1} such
that:

* 0(i) := (0x(i),0y(i)) gives a bijection between T and

{(3:0.(3.0) . (No=3.0). (3. 1). 3. 1)s oo (N1 = 3. 1)}

e Ifi < jand oy (i) = 0y(j) then ox (i) > ox(j).
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Figure 2. I';.

Figure 3. S.

Figure4. H.

Giving a partition o of I' is equivalent to dividing I" into an N -tuple of triangles
{Ti}, ey with area 1/2 so that T; has (ox (i) & 1/2,0y(i)) as its vertices. Let I'y
be the corresponding diagram, A the fan and fs : Vo — X the crepant resolution
of X. We put

Li=tkel|oy(k—1)=0y(k+1)} @2-1)

Example 1. Let us consider as an example the case No =4, N; =2 and

©@);er = ((5:0):(5:1).(3.0). (3.0 (5. 1). (3. 0))-
We show the corresponding diagram I'; in Figure 2.

Let S be the union of an infinite number of rhombi with edge length 1, as in
Figure 3, located so that the centers of the rhombi are on a line parallel to the x-axis
in R?, and let H be the union of an infinite number of hexagons with edge length 1,
as in Figure 4 located so that the centers of the hexagons are in a line parallel to
the x-axis in R2.

We form the sequence t = 15 : Z — {S, H} which maps [ to S (resp. H) if /
modulo N is not in I, (resp. is in fr), and cover the whole plane R? by arranging
S’s and H’s according to this sequence (see Figure 5). We regard this as a graph



Motivic Donaldson—Thomas invariants of small crepant resolutions 775

Figure 5. P; in the case of Example 1.

on the 2-dimensional torus R2/A, where A is the lattice generated by (+/3,0) and
(No — N1, (No — N1)~/3 + Ny).

We can color the vertices of this graph black or white so that each edge connects
a black vertex and a white one. Let P, denote this bipartite graph on the torus. For
each edge 1V in Py, we make its dual edge & directed so that we see the black end
of 4" on our right-hand side when we cross /" along 4 in the given direction. Let
Q. denote the resulting quiver. The set of vertices of the quiver Qg is I, which is
identified with Z/ N Z. The set of edges of the quiver Q4 is given by

H = (LE h;r) ! (LE h;) ! (k]_l[ rk).

Here h;" (resp. ;) is an edge from i —% toi + % (resp. from i + % toi — %), and
i is an edge from k to itself.

For each vertex g of Py, let wg be the potential® which is the composition of all
arrows in Q4 corresponding to edges in P, with g as their ends. We define

q black g white
The relations of the Jacobian algebra are as follows:
3 A potential of a quiver Q is an element in CQ /[CQ, CQ], i.e., a linear combination of equiv-

alence classes of cyclic paths in Q, where two paths are equivalent if they coincide after a cyclic
rotation.
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e Fori Efsuchthati—%,i+%efr,

htor

_ + - _ -
; z—%_ri+%°hi and r_%ohl- =h; or,, 1.

i i i+3

-Foriefsuchthati—%efrandi—l—%géfr,

+ - +
h; ori—%_hi—i-lohi—klohi and r;

— ol +
o Foriefsuchthati—%géfrandi—l—%efr,

Fopt o — + + on - -
h; Ohi—lohi—l_ri+%°hi and h;” oh;_joh; =h; OFit1
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e Fork € I:,

+ — - +
o = o .
hE ol =k ohf

NI

2B. NCCR and derived equivalence. Let w : Y, — X be the crepant resolution
corresponding to o.

Theorem 2.1 [Nagao 2012, Theorems 1.15 and 1.20].
DP(mod Jy) ~ DP(Coh Yy).

The equivalence is given by an explicit tilting vector bundle which is a direct
sum of line bundles [Nagao 2012, Theorem 1.10]. In particular, the following map
is compatible with the derived equivalence

H°(Yy,2)® H*(Y,,7) — 77,
[pt] — 4,
[Ci] = a;,

where «; is the i -th fundamental vector and § := g + a1 +---+ Ny _1.

2C. Mutation and derived equivalence. The Derksen—Weyman—Zelevinsky muta-
tion [Derksen et al. 2010] of a quiver with a potential induces a derived equivalence
of the derived categories of Ginzburg’s differential graded algebras [Keller and
Yang 2011]. Moreover, the relation between the module categories of Jacobian
algebras has a description in terms of torsion pair and tilting, which plays a crucial
role for the wall-crossing formulae [Kontsevich and Soibelman 2008; Nagao 2013].
In this paper, we cannot apply [Derksen et al. 2010; Keller and Yang 2011] since
we have loops and oriented 2-cycles in the quiver. In this subsection, we see derived
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equivalences and descriptions of module categories using the explicit computations
given in [Nagao 2012, §3].

Let k be an edge of the partition o which is a diagonal of a parallelogram. Note
that such a k corresponds to a vertex without loops. Let ¢’ denote the partition
which is obtained by a “flip” of the edge k.

Let P; be the indecomposable projective J,-module associated to a vertex i.
Note that, as a vector space, P; is the space of linear combinations of paths ending
at the vertex i. We define

P} := coker(Py — Pr_1 ® Pry1),

and put P/ = P; for i # k. Here the map Py — Py above is induced by the
arrow from k to k & 1.

Theorem 2.2 [Nagao 2012, Proposition 3.1].

(D) End( P/)® ~ Jo.
(2) The map

@y := RHom(@ P/, *) : D?(mod J,) — D®(mod J,4)
is an equivalence.

For a Jo-module V = P, _7 Vi, we have

Vi i#k,j=0,
ker(Vi—1 @ Vi1 — Vi) i=k,j=0,
coker(Vi—1 ® Vi1 = Vi) i=k,j=1,
0 otherwise.

(Hri;od Jy (P (V)))i =

The simple reflection is compatible with the derived equivalence for dimension
vectors.
By the description above, we have

mod J; N CI>,:1(mod Jor) ={V emod Js | coker(Vi—1 @ Vi1 — Vi) =0}
={V €mod J,; | Hom(V, s;,) = 0}
=: (mod Jg)k,
mod J5 N @ 1 (mod Jo)[1] = {V emod J, | V; =0 (i #k)}
=: 5.
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In other words, ((mod J)¥, Sx) is a torsion pair of mod J,, and QDI:I (mod Jy) is
obtained from mod J; by tilting with respect to this torsion pair (see [Nagao 2013,
§3.1]). Then we have

mod J N @ (mod J5) = {V € mod Jo’ | Hom(s,, V) = 0}
=: (mod Js ).
In summary, we have the following:

Proposition 2.3. The equivalence ®y induces an equivalence of (mod Ja‘)k and
(mod Jo') .

Nagao [2012, proof of Proposition 3.1] gave the isomorphism in Theorem 2.2(1)
explicitly. For V € mod J; N @;1 (mod J,), the map

(Hr(r)lod Jor (qu(V)))k—l - (ngod Jor (ch (V)))k
is induced by the morphism

Ri—1® Ri—1 k41 Viee1 = Viee1 © Vg,

where ~
R Tk—1 k—le]r,
=1t ok, k—1¢ 1,
k=3 -3
and

— + +
Rk—l,k+1 = hk-i—% Ohk-i—% oh _%.
2D. Cut and mutation. Let (Q, W) be a quiver with potential. To each subset
C C @01, we associate a grading gc on Q by

1 aeC,

gcla) = 0 aeC.

A subset C C Q; is called a cut if W is homogeneous of degree 1 with respect
to gc. Denote by Q¢ the subquiver of Q with vertex set Q¢ and arrow set Q1\C.
We define the truncated Jacobian algebra by

J(Q.W)c = J(Q.W)/{C).

Let k be a vertex of Q4 without loops and C be a cut of (Qg, wy) such that

gc (h]:r 1) = 1*. We define a cut C’ of (Q4, we’) by the following conditions:
2

4We can construct a cut of (Qg, we) as follows: First, by coupling h;" and h; for each i, we
group the arrows in Qs into N + |fr| groups. Note that N + |f | is even. These groups have the
natural cyclic order and we label each of them as odd or even. Choose (any) one arrow from each odd
(or even) labeled group; then we get a cut.
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. gc/(h]—:_l)ZI.
)
« gor(hf) =gc(hF)ifi #k—3.k + 5.

Proposition 2.4 [Nagao 2011c, Proposition 4.12]. The equivalence @y, induces an
equivalence of (mod Jo ¢ )i and (mod Jo.c/)K.

Proof. 1t is enough to show that if h’:r | vanishes on V, then h:_ , Vvanished
on O (V). : :
Since g¢ (h;f_;) =0, we have
2

e gc(r—1) =1lifk—1€T,, and
. gc(h;:_z) =1 orgc(h]:_g) =1ifk—1¢1,,
2 2

and so Ry _; vanishes. Since g¢ (h]'c'rjL 1) =1, we see that Ry_; x4 vanishes. []
2

3. Motivic Donaldson-Thomas invariants

3A. Motives. We are working in a version of the ring of motivic weights: let M¢
denote1 the K-group of the category of effective Chow motives over C, extended
by .72, where L is the Lefschetz motive. It has a natural structure of a A-ring
[Getzler 1996; Heinloth 2007], with o-operations defined by o, ([X]) = [X"/Sy]
and Un(ﬂ_%) =1%. We put

Me = ML,

which is also a A-ring. Note that in this latter ring the elements (1 — L"), and
therefore the motives of general linear groups, are invertible. The rings M¢ C Mc
sit in larger rings /\/lg C f\;lg of equivariant motives, where [ is the group of all
roots of unity [Looijenga 2002].

Let f : X — C be a regular function on a smooth variety X. Using arc spaces,
Denef and Loeser [2001; Looijenga 2002] defined the motivic nearby cycle [y¢] €
Mé and the motivic vanishing cycle

lof] =[] — [f 1 (0)]) € ME
of f. Note that if f =0, then [po] = —[X].

Theorem 3.1 [Behrend et al. 2013, Proposition 1.11]. Let f : X — C be a regular
function on a smooth variety X. Assume that X admits a C*-action such that f is
C*-equivariant, i.e., f(tx) = tf(x) fort € C*, x € X, and such that there exist
limits lim; o tx for all x € X. Then

lor] =1/~ W] =1f 1 (©0)] € Mc € ME.
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Following [Behrend et al. 2013], we define the virtual motive of crit( ) to be
ferit(f)ir 1= —(~L2) ™" ¥ [, ] € ML
For a smooth variety X, we put
[X e 1= [erit(0x) e = (—12)" " ¥ . [x].

3B. Quivers and moduli spaces. Let Q be a quiver, with vertex set Q¢ and edge
set Q1. For an arrow a € 0, we denote by s(a) € Q¢ and f(a) € Qo the vertices
at which a starts and ends, respectively. We define the Euler—Ringel form y on
720 by the rule

A B)= Y aifi— Y aabBi@. o pecz.
i€Qo acQ;

Given a Q-representation M, we define its dimension vector dim M € N0 by
dim M = (dim M;);eg,- Leta € N0 be a dimension vector and let V; = C% for
i € Qp. We define

R(Q.a) := ) Hom(Vy(a). Vi(a))
(lGQl

and
Go:= [] GL(V).
i€Qo

Note that G4 naturally acts on R(Q, «), and the quotient stack

M(Q.a) :=[R(Q. )/ Ga]

gives the moduli stack of representations of Q with dimension vector «.

Let W be a potential on Q, i.e., a finite linear combination of cyclic paths in Q.
Denote by J = Jg w the Jacobian algebra, i.e., the quotient of the path algebra CQ
by the two-sided ideal generated by formal partial derivatives of the potential W.
Let

fo:R(Q,a) > C

be the G-invariant function defined by taking the trace of the map associated to
the potential . As it is now well-known [Segal 2008, Proposition 3.8], a point in
the critical locus crit( f) corresponds to a J-module. The quotient stack

M(J, @) := [erit(fa)/ Gl

gives the moduli stack of J-modules with dimension vector «.
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Definition 3.2. A central charge is a group homomorphism Z : Z20 — C such that
Z@)eHy ={re'™ |r>00<gp<1}

for any o € N20\{0}. Given e € N20\ {0}, the number ¢(ar) = ¢ € (0, 1] such that
Z (o) = re!™, for some r > 0, is called the phase of a.

Definition 3.3. For any nonzero Q-representation or J-module V', we define
o(V)=¢(dim V). A Q-representation (resp. J-module) V is said to be Z-stable if
for any proper nonzero Q-subrepresentation (resp. J-submodule) U C V' we have

p(U) <o(V),

and Z-semistable if for all such proper subrepresentations (resp. submodules) we
have the weaker condition

p(U) <o(V).
Definition 3.4. Given ¢ € R20, define the central charge Z : Z20 — C by the rule
Z(@)=—C-a+ilxf,

where |a| =) ;¢ 0, @i~ We call a Q-representation or J-module {-(semi)stable if
it is Z-(semi)stable.

Remark 3.5. Let the central charge Z be as in Definition 3.4. Define the slope
function 1 : N0\ {0} — R by pu(ar) = ¢-o/|a|. If ] € H = H U {0} is a ray such
that Z(«) € [, then | = R>o(—p (), 1). This implies that ¢(o) < ¢(B) if and only
if u(a) < p(B).

We say that ¢ € R20 is a-generic if for any 0 < < o we have ¢(B) # ¢(a).
This condition implies that any ¢-semistable Q-representation or J-module is
automatically ¢-stable.

Let R¢(Q, ) denote the open subset of R(Q, ) consisting of {-semistable rep-
resentations. Let fz o denote the restriction of f to R¢(Q, ). The quotient stacks

Me(Q. ) :=[Re(Q.@)/Go] and M (J, &) := [crit(fr0)/Ga]  (3-1)

give the moduli stacks of {-semistable Q-representations and J-modules with
dimension vector «.

3C. Motivic DT invariants. Let (Q, W) be a quiver with a potential and let J =
Jo,w be its Jacobian algebra. Recall that the degeneracy locus of the function
fo i R(Q,a) — C defines the locus of J-modules, so that the quotient stack

MJ,a) = [Crit(fa)/Ga]
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is the stack of J-modules with dimension vector «. We define motivic Donaldson—
Thomas invariants by

[Crit(fot)]vir
M, )]vir 1= ————F.
[ ( )] [Ga]vir
For a stability parameter ¢, we define
[erit( £z o)]vir
[0 (. 0) e = —— (3-2)
[Ga]vir

where, as before, f; , denotes the restriction of fy : R(Q, ) — Cto R¢(Q, ).

3D. Generating series of motivic DT invariants. Let (Q, W) be a quiver with a
potential admitting a cut, and let J = Jg w be its Jacobian algebra.

Definition 3.6. We define the generating series of the motivic Donaldson-Thomas
invariants of (Q, W) by

ferit(fo) v

Ay(y) = Z [N, a)]vir - y* = Z [Galvi

aeNQo aeNQo

y* eTo,

where the subscript refers to the fact that we think of this series as the universal series.

Given a cut C of (Q, W), we define a new quiver Q¢ = (Qo, 01\C). Let J¢
be the quotient of CQ ¢ by the ideal

(dcW) = (IW/da,a € C).

Proposition 3.7 [Morrison et al. 2012, Proposition 1.14]. If (Q, W) admits a cut
C, then
Ar = Y (Lhyreazae@RUc.O] .

aeNQo [Ga]

where dc (@) = Z(a:l-_)j)ec a;a; forany o € 790,

The quiver with potential (Q4, ws) introduced in Section 2 admits a cut (see
Section 2D), and Proposition 3.7 can be applied. In the next section we use this to
compute the universal series in a specific case.

4. The universal DT series: special case
Throughout this section we fix o to be the unique partition defined such that
I, =1{0,1,2,3,....,N' — 1},

in other words, the partition such that the quiver with potential (Q4, ws) has loops
at the first N/ vertices only.
The aim of this section is to prove Theorem 0.1 for this quiver with potential.
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Figure 6. The case N =6 and N’ = 2.

We define three fixed subsets of the vertices:
Iy:={0,1,...,N' =1} CZ/N,
Ip:={N' N +2,N' +4,...,.N -2} CZ/N,
I3y:={N +1,N' +3, N +5,...,N—1}CZ/N.

Then there exists a cut C given by the collection of arrows
C={hi|i—%¢0)}.

By Proposition 3.7, the universal DT series A7, (y) =) _,ene Aay® has coefficients

given by

Ay = (—L3yea+2dc@RUoc ] o
[Ga]

where d¢ (@) = Z(a:i_)j)ec a;o;. To begin, we find a simple expression for the
term y(«, ) 4+ 2dc (o) in the exponent. We know by definition that

2 2
x(o, ) = Z ai—Zai— Z Qili+1 — Z O +10,

ie1UILUI;3 iel ie1UILUI;3 ie1UILUI3
dr(@) =) eiaiti+ Y @iy1a,
iel; iels

so it follows that

rloe) +2de(@) = Y of =2-) it =) (@i o)’

iel,UI3 ielr ielr

Our next goal is to factorize A, () into two simpler series. We proceed by analyzing
the motivic classes [R(Jq,c,@)].
Given a dimension vector & € N20 and a representation of a J, c-module

v= & .

ie1UILUI3
we focus on the specific element

H:=hi_+h§+"'+h;_le @ Hom(V;, Vi41).
2 2 ielUlLUI3
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This map H acts as an endomorphism of the vector space V. Given any such
linear map

H:V >V,
there exists a unique splitting V = V! @ V¥ with maps
HT:vI - vT invertible,
HN . yN N nilpotent,
so that
H=H'aHV.

Moreover, in our case the above splitting respects the grading by i € 11 U I, U I5.
To be explicit, we have that

vl — @ Vil’

iel1UILUI3
where V! :=V; NV (similarly VN = @, ¢ 0p,0r, VY with VA :=Vin V),
One immediate consequence of this is that

dim(V;") = dim(V,Z,,) forall i € I{ Ul U I3;

indeed, this is clear since the block form of H! demands that it map Vl.I to V11+1
via an isomorphism. We are now ready to decompose the computation of A7, (y)

into two simpler subproblems.

Definition 4.1 (invertible series). We define
Rl (a):= {r €e R(Js,c.@) | H is invertible, o; = a for all i }

and the series

[R' (a)]
1°(x) = —x
2 oL

Definition 4.2 (nilpotent series). We define
RN (@) :={re R(Js,c.a) | H is nilpotent}
and the series
a2 [RY
No()i= Y (~L3)Zien@ni—a)’ R> @] : G(‘T)]y“
aeNCo *

The following lemma shows that the series A, (y) factorizes into the product of
the two series just defined:
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Lemma 4.3. Let x = yqg -+ YN—1; then, in the notation above, we have

AG () = 1°(x)- N ().

Proof. This formula follows directly from a stratification of the variety R(Jy,c, o)
by the dimension of Vil .
Fix a € N29; we stratify R(Js,c,a) by dim(Vl.I) =a. Let

a:=(a,a,...,a)€ NQO,
and let
o be such that @ = a + o’ € N0,

There is a Zariski locally trivial fibration

RI(a)x RN (&') —— {r € R(Js,c.a) |dim(V]) =a for H € r}

!

M(a,a)

Here M(a, «) is the space parametrizing splittings V; = Vl.I @ Vl.N . To see this,

one checks that the arrows r;, hi_+ , in the representation also preserve the splitting,
2
so the entire representation splits into V! @ V™. This follows easily from the

relations and some basic linear algebra.
Splittings of the vector space V; = Vl.I @ ViN are parametrized by

GL(w;)/(GL(a) x GL(ocl{)),
and hence the motivic class of the base is

[Ge
[GL@)]" - [Gar]

M(a,a)] =

Summing over each stratum with dim(Vl.I ) =a, we get

min; {¢; } I N,/
[R™(a)] [R7 ()]
[R(Jo,c. )] = [Ga] - .
? ¢ ;, [GL@]Y  [Go]
Multiplying both sides of this expression by (—[L%)Zfelz (@i1—0;)? y% and summing
gives
Ay (y) N
_ ( RN @) ya) ( T (T’ [RN(a/ﬂya/)
N l b
Z L@V L4 = [Ga]

proving the result. U
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In the next two sections we compute formulae for 7°(x) and N (y).

4A. Step I: the invertible case 1° (x).

Proposition 4.4. We have

I°(x) = Exp(ﬂ_i).
1—x

Proof. A Js,c-module r € R(Js,c, o) is given by a vector space

V=€BV,-

iel1UILUI3

of dimension o € N20 and a collection of linear maps

ri:Vi—=>V; fori € I,
h._1ZVi+I—>V[ fOI‘iEIz,
l+§
ht | Vi—>Vigr forielL UL U I,

i+
satisfying the relations coming from cyclic differentiation of the potential
rl-hj_l=h.+_lr,~_1 fori e[I,N'—1]N1y,
+ gt ot -
roh - hN—th—th—%’
hy, 1h+ ht  =ht Ny TN,

N+L N
T oot b ot e N _
h+;hl+2h i+ h+2hl_ih fori =[N"+1,N=3]NIs.

Assuming moreover that r € R (a), we have

h+ :V; — Viqq is invertible for all i € I; U I, U I3.

This allows us to express R (a) as a ]—[l — 11 GL(V;)-torsor over a commuting variety

7 : R (a) > C(a),

(r,,hJr h__+%)»—>(ro,h+ hT

, ~htht),
+) -3 i)

where

C(a) = {(A, B) € End(Vp) x GL(Vo) | AB = BAL.
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The free action of ]_[1N=_11 GL(V;) on R!(a) is given by
(1. gN—1) 11i P> giTig; " fori e[1,N'—1],
hi v~ g1h7,
2 2
- + -l
hN_% HhN_%gN_l,
+ + ol :
hi+%r—>g,~+1hi+%gi fori e [1,N —2],
hi_+% — gihl.—Jr%gl-_J:l fori e I5.

As GL(a) is a special group [Chevalley et al. 1958], the torsor splits in the Zariski
topology, so motivically we have

[RT(a)] = [GL@)]V - [C(a)].
Thus

D @]
0= 2 oL@

The generating series for the commuting variety is obtained in [Bryan and Morrison
2015], giving the result. O

4B. Step II: the nilpotent case N° (y). This section is the final step in the calcu-
lation. Here we compute N?(y) and obtain the formula of AZ, (y).
We fix a dimension vector @ € N20. As before, a Jo,c-module is given by a

vector space
- @
iel1UILUI3

of dimension « and a collection of linear maps

ri:Vi—=V; fori € I,

/’l.—11Vj+1—>Vi fOI'iEIz,

l+§

hiyy Vi Vigr forie1UL UL,
2

satisfying the relations of the potential (see Proposition 4.4). Throughout this
section we insist that the map

H=h{+hi+-+hl_ e @ Hom(Vi Vit1)
2 iel ULLUI3
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is nilpotent. In fact, RY (&) is exactly the collection of all such representations
(see Definition 4.2). In particular, if we let |«| := dim(}') then we know that
H'®l = 0. This gives a filtration of the vector space

y=vlloyl-t5 5yl 5p0=Jo},
where
V/ ={veV|H (v)=0}.

Moreover, the filtration respects the grading by i € I; U I, U I3, by which we
mean that
vi= @ vinn,

ie[1UI,UI3

where V; is the summand at the i-th vertex of the quiver. By considering the vector
space V as a representation of the nilpotent matrix H, we can identify V with a
C[x]-module supported at the origin. Modules for a principal ideal domain have a
simple structure. In particular, we have

d
V = P(Clx]/(x/))®

Jj=1

as a C[x]-module. The next proposition provides a more refined version of this
statement, where each factor in this decomposition is generated by a vector from a
vector space V;:

Proposition 4.5. Foreachi € I1 U I, U I3, there exists a collection of integers bji.
such that

d A
ve D D/,

ieUlLUIzi=1

. i
where the factor (C[x]/(x’ ))EBbJ' is generated as a C[x]-module by vectors in V;.
Moreover, the numbers b]’. are uniquely determined by the above conditions.

Proof. We will argue by induction on d, the largest integer such that by # 0. As
such, we can assume that for each j < d — 1 the factor C[x]/(x”) is generated

by a vector in some V;. Now let eq,...,ep, be a generating set for the factor
(C[x]/(x?))®b4  and define W := span{e;, . .. ,ep, - We consider the projection
operators

pi V=V V;nviTl
and set W; := p; (W) and bé = dim W;. We claim that

Po®--BpN-1 W —>WoD---®Wn_
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is an isomorphism. The map is clearly onto and an injection since any vector
in the kernel must lie in V¢~!. Now, considering a lifting of the vector space
Vi D W/ — W; C V;/V; N V=1, we have that

m/®Hm/®"'®Hd_1W'/C V

is a submodule of V' isomorphic to (C[x]/ (xd))eabd Summing over all i, we have
that (C[x]/ (x4 ))Zl b4 is a submodule of V, and hence it follows that Y i dimW; =
Y b’ < by =dim W, and so for dimension reasons we get

N—1 i d—1 |
'E (@(C[Xl/(xd))@bd) @(@(C[x]/(x/))eabj)_
i=0 =1

Here each factor (C[x]/ (xd))@bél is generated by vectors in V;, so by our inductive
hypothesis the entire module is generated by vectors in V;.

Finally we prove the uniqueness statement. Assume we have two distinct such
decompositions

N-1 d

N-1 d
Vo @ @ 1/ )P = @ @(Clxl/ (x7) .
i=0 j=1

i=0 j=1

By restricting to subrepresentations if necessary, we can assume that bfl # cél for
some i. However in this case

by = dim(ker(H? : Vi — Vipq)/Vin V™) = ¢,
is a contradiction. This proves the last part of the lemma. O

Next we organize this data in the way most helpful to our cause:
Definition 4.6. Let 0 <a,b < N — 1. We define
|b —a| =min{r € {0,1,...,N —1} |b=a +rmod N}.
Intuitively, this is the distance from a to b in the cyclic direction i — i + 1
corresponding to the map H.

Definition 4.7. Suppose we have a decomposition of V' as a C[x]-module as in
Proposition 4.5. Define V4b to be the vector subspace corresponding to the
summand

@(C[x]/(xN(l—l)-Hb—al—F1))bj’v(171)Hhialﬂ7
=1

and relabel the integers

a,b
by = b1yt b—a|+1
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to define partitions
labl.— (1b1a’b b5 35" ).

Notice that the above definition depends on the choice of the decomposition
in Proposition 4.5. However, all such vector spaces are isomorphic abstractly as
C[x]-modules. We can think of these vector spaces as being generated by the
nilpotent vectors that start at the a-th vertex and are annihilated at the (b + 1)-st
vertex under the action of the map H.

The next lemma makes explicit how to recover the dimension vector of a repre-
sentation from the datum of the N2 partitions {7®?1 |0 <a,b < N —1}.

Lemma 4.8. Given a representation r € RN («) so that the endomorphism H has
type {n[a’b]}, the dimension vector of the representation r is given by

051 = Z'n[a’b]l_ Z l(n[a:b])’
a,b a,b
i¢la,b]

where |42 and 1(71%-PY) are the size and length of the partition '],

v=gve
a,b

L0 if i €a,b],
|71[a’b]| _l(”[d,b]) ifi ¢ [a,b].

We can use this to give a simple reformulation of the term y(«, o) 4+ 2dc (o)
appearing in the series N?:

Corollary 4.9. We have

Proof. This is clear since

and

mmowﬁmn)z{ O

2
Zl(ﬂ[i+1’b])— Z l(ﬂ[c’i])) )

b#i c#i+1

e +2de(@) = 3

iel

Proof. In our initial analysis of these terms we saw that

2@ @) +2dc(@) = ) (@iv1—a),

iel,
and now by Lemma 4.8 we have
gy —op =Y (@l TEPh - N gled), O
b#i cF#i+1

The above classification has been for the purpose of breaking the variety RY ()
down into simpler pieces.



Motivic Donaldson—Thomas invariants of small crepant resolutions 791

Definition 4.10. Given N2 partitions {7[%?! |0 <a,b < N —1} and a dimension
vector « as in Lemma 4.8, we define

R({m[*P1y = {r € RN () | H has type {z[¢P1}}.

This provides a stratification of RN («) into strata where the normal form of H has
a fixed type. We will proceed to compute the motivic classes of each of these strata.

A representation in R({7!®?1}) is given explicitly by a vector space V =
D;c 1,ul,ur; Vi and a collection of linear maps corresponding to the arrows r;
withi € I, hi_+‘ with i € I and h++1 with i € 11 U I, U I3. In addition, the linear
maps satisfy relations

il =ht i fori e [I,N'—1]N 14,
_i _5
+ g+ + -
roh _%_hN hN_ih
h~ +1h;/ h;/ 1 _h;/_%VN/—I,
+ + + g+ - N _
hiysh; +2h hi%hi_%hi_% fori =[N'+1,N —3]NIs.

and we require that the map
H=h{+hi+-+h} € P Hom(¥i. Vit
>z iel;ULUI3

has a type given by the partitions {7[%?1 |0 <a,b < N —1}. The linear map H
contains all the information of the maps WL . For brevity, we make the following
definition, packaging all the remaining hnear maps into one.

Definition 4.11. Given a representation as above, we define the linear map

L:= ro—i-rl+"'+”N’—1+h;’+%+m+h;—%

€ P Hom(Vi. V) €D Hom(Vi 1. V7).

iel i€l

From now on, in order to compute the motivic class of R({7[*?1}) we will work
with a choice of coordinates. Let

v (k) € Va

be such that v;l’b (k) generates the k-th summand of C[x]/(xN(l_1)+|b_“|+1)®b7'b
in the decomposition of Proposition 4.5. Then we have that

B:={HPv* (k)| 1<k <b® 0<a,b<N—-1,0<p<N(I—1)+|b—a|+1}

forms a basis of V.
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Definition 4.12. We define H(7[%?]) to be the matrix representation of the map
H with respect to the basis B. Also define

F({nl®2hyy := (L | (L, H(z*?])) e R({x1*P1y)},
N({x@P1) .= {H | H has type {x[¢?]}.

Then R({z!#-?1}) has a decomposition as a vector bundle:

Lemma 4.13. R({7%P1Y) has the structure of a vector bundle

F({xl@bl))y —— R({xl®t]})

!

N (el
In particular, we have that
(RG] = [F(r@PI] - [N ()
in the Grothendieck ring of varieties.
Proof. The projection map
p i RO P) — N7t
(L,H)— H

defines the bundle structure with zero section H +— (0, H). The fiber is the linear
space of all such L. O

Here the base of the vector bundle is the space of all matrices of type {rla-b]y,
these are all conjugate to H (71%-2]), and therefore we have a torsor

7 : Gy — N(l®bl),
P+ PH(zl®blyp—1,

This is a torsor for the group S’ ({z[4-21}) := Stabg,, (H (7%")). This group is given
as the group of units in an algebra:

Definition 4.14. We identify S’({[%-?1}) with the group of multiplicative units in
the algebra
N—-1
S{xl@Phy = {N e T End(ey) | NH(x?) = H(xPH N
i=0

Since S’({x[¢?1}) is the group of units of an algebra it is a special group
[Chevalley et al. 1958], and so the above torsor splits in the Zariski topology. For
completeness we include a short proof of this fact.
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Lemma 4.15. The group S’ ({x[4®1Y) is a special algebraic group.

Proof. The ring of units is defined by a single polynomial equation and is open in
A. Consequently the units S’ ({7 [¢1}) act generically freely on the vector space
S({x1@-21Y), so by Proposition 3.13 of [Merkurjev 2013] the group has essential
dimension zero. Then by Proposition 3.16 of [Merkurjev 2013] it is a special
algebraic group. O

The next lemma gives a formula of the motivic class of the group S’ ({x[®-2-1}),
and via the splitting of the above torsor we deduce a formula for the class of
N({z%-51}). Before stating the lemma we create some notation:

Definition 4.16. We denote the dimensions of the linear spaces F({x[¢?1}) and
S({xl@1) by
T(r?1}) 1= dim F({r@]y),

B({x[Ph) .= dim S ({x[¢P1y).

Lemma 4.17. We have

1
[S/({T[[a,b]})] — [S({n[a,b]})] ) o
05a,!;[N_1 f(rla:bly
where b
f(r[[“ab]) - l_[ [End(b;l: N

. bh.
i=1 [GL(b;"")]
As a consequence,
[R({]Ta’b})] _ [Ga] . H_T({n[a,b]})—B({n[a.b]}) . l_[ f(]'[[a’b])_
0<a,b<N-1

Proof. Let
WP = spanc (v (k) | 1 <k < b}

be the span of the basis elements vf’b (k) for1 <k < b?’b. We have both inclusion
and projection

I/Vla’b SV —» VVla’b.
This gives a map of algebras

T S({n[“’b]}) — l—[ End(Wla’b),
a,b,l

N — @ N|VV/a’b'
a,b,l
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This splits as a trivial vector bundle, whose rank is the dimension of the total space
minus the dimension of the base. Since we have that the group S’({7[%?1}) is the
group of units in S({7[®?1}), we can identify S’ ({7[¢?]1}) as the inverse image of
the units on the right-hand side. This is a trivial vector bundle of rank equal to
dim S ({z[#-21}) — dim [a.s End(Wla’b). We have an isomorphism of varieties

EESE

(6Ll
({ﬂ })a 5 % l_[ GL(I/I/la,b)’
[lap End(W;0) )

so motivically we have

[s' (@) = sy T 1

0<a,b<N-1 f(n[a’b]).
In Lemma 4.13 we saw that
[RU{P)] = [F({nl®P)] - [N ({11,

Now we know that N ({z%#1}) is a torsor for the group S’({r[#?1}). We have just
computed the motive of this group. So we can deduce that

[a.b] _ [a,b] ,L
[R({w@P1))] = [F({z@PT)] [S/({x@T})]
= Fre ) s T e

[S({rla-b1})] .Ofa,bsN—l

— [Goc] . [LT({n[u.b]})—B({n[a.b]}) . l_[ f(JT[a’b]). O
0<a,b<N-1

The next proposition computes the difference 7' ({7[¢?1}) — B({x[@P1}). 1ts
proof is found in the Appendix:

Proposition 4.18. We have that T ({x1%-*1}) — B({z1¢-1}) is equal to

2
_% (Zl(ﬂ[i+l’b])— Z l(ﬂ[c’i]))

i€l “b#i c#i+1
1 b 1 b
S DIDI UL DIV IR
aclz i>1 a¢l; i>1
belr belr
Proof. The proof is a linear algebra calculation. See the Appendix. O

As a corollary, we deduce the formula for N9 (y):
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Proposition 4.19. Let

S={la,b)|acls,bdloradlsbec I},
Yia,pl = Ya " Ya+1-""" Vb,
Y =yo-yi-yN-1,
then we have

L 1 _1
N‘T(J’)—Exp(l T7C ( > Vam-L72 ) y[a,b]))-

Y [a,b]¢S [a,bleS

Proof. Recall our initial definition of N%(y):

N
N°(y) = Z (_[L%)X(a,oc)Jerc(a) [R[G(O]f)]ya

aeNo

In Proposition 4.5 we saw that it was possible to stratify each of the varieties RN («)
by the type {7[@?1} of the cycle H. This gives

N = ¥ (rhpesrde@g, (Y [R({n[“’b]})])y“

aeN@o {mla.bl}q

The motivic class of R({z#-?1}) was computed in Lemma 4.17. Now substituting
this class into the above formula gives

Z (—12)x@@)+2dc (@)

aeNo
. ( Z [LT({n[a,b]})—B({n[a.b]}) ) l_[ f(n[a,b]))ya

{rla.bl}- 0<a,b<N-1

Lemma 4.8 showed how the dimension vector depended on the partitions: we had

o = Z [a b]| Z l(ﬂ[a b])

0<a,b<N-1 [a,b]Fi

and an immediate corollary was that

2
o)+ 2dc@ = 3 (L) = 3 16aleh).

iel, “bi c#i+1
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Combining this with the formula for the difference T ({x[®-?1}) — B({x#-21})
(Proposition 4.18) gives

N7 = ) ( [ f(n[“”’]))-( [1 f(n[“’b])]_[(—[L%)—(b,“"”)z)
{rla.b]y Ma,b]¢S [a,b]eS I>1

N-1
Yo<ap<n—1 1TEPN=3 1, 1z [(wla-bD)
’ Vi .
i=0

To simplify notation, set
g(m) = J((7T)'1_[(—[|_%)_bl2 for =(1b1 b2 3”3...);
I>1

then rearranging the products and summations gives

[a.b]|_ [a.b] 1(rla.b]
Ny = J] X0 sty yiate izt et

[a,b]¢S rla.b]
. 1_[ Z g(n[a,b]).y/ln[a.b]|—l(n[a,b])_yl(,,[a.h])
[a,b] .

[a,b]eS rla.b]

Both of these series are know to have product expansions [Macdonald 1995]

1 a
— U(m) 4| —1(m) R
f(t.0)= 3 fama @l —Exp( 1 l_t),

(L)~ 4 )

gt,a) =} g(m)a! = :EXP( (-
s

Now N9 is a product of such series, and multiplying together the corresponding
exponential generating series gives the desired result

L 1 -1
NU()’)IEXP(El_y,( Y VL7 Y J’[a,b]))- O

la.b]¢S [a,b]leS

Now we have computed /% and N7, and so by Lemma 4.3

o _ y' L 1 _1
AU(y)_EXp([Ll—y’+[L—11—y’ Y Va1 =12 ) yaa ) )

[a,b]¢S [a,b]leS

Or, reformulating this as a product over the set of roots, we get

1 _1
oo (G0 X B et 3 ),
aeAin;Z_i_ aGA?‘e._i_ aeAii_i_
21,015 @i even 21,015 @i odd
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thus proving Theorem 0.1 for the special case of the partition o:

Az =[] 4*o.

(XEAGA_

5. The universal DT series: general case

In this section we will prove Theorem 0.1 for any partition o.

5A. Mutation and the root system. Recall that the simple reflection provides a
bijection between Ag, 4 \{ag} and Ay 1 \{a; } (see Section 2C). The simple root
o maps to —a .

For a € AT, let x4 be a simple module of dima. By [Nagao 2012, Proposi-
tion 2.14], Zi¢fr a; is odd (resp. even) if and only if ext!(x,x) =0 (resp. = 1).
In particular, the parity of Zi ¢f, %i is preserved by the simple reflection.

5B. Wall-crossing formula.
Theorem 5.1 [Nagao 2011c, Theorem 4.9].

/ A7,
A7 (y) = E‘(’y(:)) <E(h).

Proof. Step I: By the observation in Section 2C, we have the factorization

U =Ei) x AZ,

where

E(y) := X(:) [GE,f]]vir Y Yk = Yy

and Ag is the generating series of virtual motives of moduli stacks of objects in
(mod Js ). We also have

/ /,k -1
A7 = A% X E(y ).
where A%k is the generating series of virtual motives of moduli stacks of objects
in (mod Jy/)¥.

Step 2: By Proposition 2.4, we have A7 = A"k (see [Nagao 2011c, Theorem 4.7]).
O

Now Theorem 0.1 follows for any o from the result in Section 4 combined with
Theorem 5.1 and the remark in Section SA.
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5C. Factorization of the universal series. We will say that a stability parameter
¢ is generic, if for any stable Jy-module V, we have ¢ -dim V' # 0. For generic
stability parameter ¢, let szr(JU, a) (resp. S)JTE(JU, «)) denote the moduli stacks
of Jy-modules V' such that dim V' = « and such that all the HN factors F of V'
with respect to the stability parameter ¢ satisfy ¢ - dim F > 0 (resp. < 0). Let
[EITZE'E(JU, o)]vir denote the virtual motive of the moduli stack defined in the same
way as (3-2). We put

AFO) = Y I @)l y™.
aeN?

Lemma 5.2 [Morrison et al. 2012, Lemma 2.6]. The generating series Agﬁ are
given by
AFmn =[] 4.

a€As 4+
+¢a<0

6. Motivic DT with framing and DT/PT series

6A. Motivic DT invariants with framing. We denote by QU the new quiver ob-
tained from Qs by adding a new vertex oo and a single new arrow co — 0. Let
.7(1 =J Oo o be the Jacobian algebra corresponc~ling to the quiver with potential
(Qo,wg), where we view wg as a potential for Q4 in the obvious way.

Let ¢ € R? be a vector, which we will refer to as the stability parameter. A Jo-
representation V with dim Voo =1 is said to be {-(semi)stable, if it is (semi)stable
with respect to (¢, (o) € R7u{oo} (see Definition 3.3), where (oo = —(-dim V. As
in Section 3B, a stability parameter ¢ € R20 is said to be generic if for any stable
J-module V we have ¢ -dim V' # 0.

For a stability parameter { € R20 and a dimension vector o € (Z>0)
9)?;(]0, «) denote the moduli stack of ¢-semistable Jo- -representations with dlmen-
sion vector (&, 1). As in the introduction, we define the generating function

Ze(o,- o yN-D) = Ze ()= Y MU @i ¥
a€(Z=0)"
Theorem 6.1 [Morrison et al. 2012, Proposition 4.6]. For a generic stability para-

meter £, we have

1
Ay (=L2yo. y1..... YN-1)
Zé'(y): _ 1 ) (6_1)
A (=L72y0. y1..... yN-1)

where AE was defined in Section 5C.

Combined with Lemma 5.2, we get the formula in Corollary 0.2.
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Remark 6.2. If we cross the wall W,, we get (or lose) a factor Z4(y) in the
generating function. This is compatible with the result in [Nagao 2011b].

6B. Chambers in the moduli spaces. For aroot a € A, let W, denote the hyper-
plane in the space R’ of stability parameters which is orthogonal to z. We put

w=wsu () Wa.

aeA?A_

A connected component of the complement of W in RY is called a chamber.

Theorem 6.3 [Nagao 2012, Proposition 2.10; Nagao and Nakajima 2011, Proposi-
tions 3.10, 3.11]. The set of generic parameters in R! is the compliment of W.

(1) For ¢ with &; <0 for all i, the moduli spaces 97(;(.7, «) are the NCDT moduli
spaces, the moduli spaces of cyclic J-modules from [Szendrdi 2008].

(ii) For ¢ in the same chamberas (1— N +e¢,1,1,...,1) (0 < e K 1), the moduli
spaces M¢ (J , a) are the DT moduli spaces of Yy from [Maulik et al. 2006],
the moduli spaces of subschemes on Y4 with support in dimension at most 1.

(iii) For ¢ in the same chamber as (1— N —e, 1,1,...,1) (0 < & K 1), the moduli
spaces M (.7 ,a) are the PT moduli spaces of Y introduced in [Pandhari-
pande and Thomas 2009]; these are moduli spaces of stable rank-1 coherent
systems.

Remark 6.4. In the above statements ¢ depends on the dimension vector («, 1).
6C. Motivic PT and DT invariants. Let

tor=(0—-N—-¢1,1,...,1), pr=(0—-N+¢1,1,...,1) O<ek)
be stability parameters corresponding to DT and PT moduli spaces. Then we have

{a e AU’+ | {pr-a < 0} = Ar_i’—i_,

{Ol € Ao"-l- | ZPT-O[ < O} = Aii’—i_ L Ai_irfl.

As we mentioned in the introduction, the variable change induced by the derived
equivalence is given by

s:=yo-y1-YN-1. Ti=yi.

Here s is the variable for the homology class of a point and 7; is the variable for
the homology class of C;. Then we get the formulae in Corollary 0.3.
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6D. Connection with the refined topological vertex. As in [Nagao 2011a], we can
apply the vertex operator method [Okounkov et al. 2006] to get a product expansion
of the refined topological vertex for ). Then we see that the PT generating
function can be described by the refined topological vertices normalized by the
refined MacMahon functions.”

Appendix

Throughout this appendix we will work with a fixed choice of basis 5. In Section 4B
we chose a basis

B={HPv!"(k)|1<k<b*’ 0<a,b<N-1,0<p<N(U—1)+|b—a|+1}

and defined linear spaces

F({r!®h
= {L e P Hom(Vi. V) & @ Hom(Vi1. V) | (L. H(x'*)) € R({n["”’]})} ,
i€l i€l

S({ﬂ[a’b]}):{Ne D Hom(Vi,Vl-)}[N,H(”[“’b]”:o} ’
ie1UILUI3

with dimensions 7' ({z[#-?1}) = dim F ({z1#-?1}) and B({=[%-*1}) = dim S ({r@-2]}).
The goal of the appendix is to prove Proposition 4.18, that is, to show that the
difference T ({z[@-21}) — B({x[¢b]}) is equal to

2
_% (Zl(ﬂ[i+1’b])— Z l(T[[C’i]))

i€l “b#i c#i+1
1

1 a,b a,b
DD VD DD B

acl3,b¢lr i>1 a¢lz,bel, i>1

For some early examples it becomes clear that the dimensions of F({z[@-21}) and
S({x1@-P1Y) are determined by solving a set of linearly independent equations. We
will see that these dimensions are quadratic polynomials in the number of parts
b;”b of the partitions {!%?1}. An initial means of simplifying the calculation is
to break the spaces F({n[¢?1}) and S({n[%*1}) down into simpler spaces. One
easy observation is that not only are the spaces F({r®?1}) and S({7[®?1}) linear,
but they come with a natural vector space structure, the origin corresponding

5 Unfortunately, the DT generating function does not coincide with the refined topological vertex.
See [Morrison et al. 2012, §4.3] for details.
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to the zero matrix in both cases. This means that we have decompositions as
vector spaces

Firy =" @  Fe“alod),
0<a,b,c,d<N-—1
S({n[“’b]}) — @ S(n[“’b], n[c,d])
0<a,b,c,d<N-—1
whose summands are given by the following definition:
Definition A.5. We define
F(rletl gledly = Fzl 4Py 0 @ Hom(v4?, ved),
iel|Ul
S(letl gledl) = g(xlabl Zledhyn B Hom(ve?, ved).

iel{UILUI;3

These subspaces are essentially given by the block matrices for the decomposition
V =@o<ap<n-1 ver.

Definition A.6. We define

T(x1®0) gledly = dim F(719:0) zle-d]y

B(rl@] zledly = dim §(r @] gle-dly,

Both 7'(w[?] 7le-dly and B(r[e-4], zle-4l) can be written as quadratic expres-
sions in the number of parts of 71@:8] and el To do so, we introduce a quadratic
form on the space of all partitions and a combinatorial operation that removes a
box from each column of the partition.

Definition A.7. We define

M:P@P—)Zzo,

(1b1 b2 3b3 )@ (16126236300 ) 1 Z(ij)(ZCj),

i>1 j=i J=i

PP,
r=(1502023. ) gl = (102203 304 .,

Let us begin with the easier case. We compute dimensions B(n[a,b]’ ﬂ.[c,d]) of
the spaces S (@01 zle.dly,
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Lemma A.8. Let N € S(x1%0) 7l¢:41): then the matrix N is uniquely determined
by its value on the vectors v?’b (k). Moreover, the only restriction on the image of
such a vector is that it lie in the linear subspace

N(U;z’b) c Va m VC,d m VN'(I—I)‘Hb—aH‘l'

Proof. To define the linear map N on the space Vb it suffices to define its value
at each of the basis vectors

(H P (k) [0<r < N-(I— 1)+ [b—a|,1 <k <b™"}.
However, for N € S(x[#?], 7l¢-4]) we have
N(H"v]"* (k) = H" (Nvj* (k));

therefore the value of N at each H rvla’b (k) is determined by N vf’b (k). This
proves the first part of the lemma. Now we know that the matrix N maps the vector
space at the a-th vertex to itself: V, — V,; also, since N € S(x ["’b], n[c’d]), we
insist that its image be in yed The only additional condition on the image of the
vector v?’b (k) is

HN-(l—1)+|b—a\+1(Nv;z,b(k)) _ N(HN-(I—1)+|b—a|+1v;l,b(k)) —0
Combining these three conditions above, we have
NP (k) € Vg nyed nyN-U=Dtlb-al+1 O
Corollary A.9. We have

M (@bl gle.dly ifaelc,d]and|d —a| <|b—al,
M((wla:bly  gle.dly ifaclc,d]and|d —a| > |b—al,
M (l@b] (rledly ifaé¢lc,d]and|d —a| <|b—al,
M((zl@ly (zledlyy  ifa ¢ [c,d] and |d —a| > |b—al.

B(n[a9b]’ n[C,d]) —

Proof. Let N € S(rl@P1 7le-d]) Each vector vf’b (k) with 1 <k < b;”b can take
any value in the vector space V, N V4 N YN (U=D+lb=al+1 and 5o the dimension
of S(x®?, xle-4]) is given by

B(n[a’b], ]T[c,d]) — bel,b -dim(V, N Vc,d N VN~(l—1)+|b—a|+1)‘
>0
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Counting the number of basis vectors of V¢4 that lie in V,, we see there are four
possibilities for dim(V, N V¢4 N yN-U-D+lb-al+1y.

I

it 13 b ifaelc,d]and|d —al| <|b—al,
i=1 i>l

-1

Ykt (1 -1)Y kY ifaelc.d]and |d —a| > |b—al,
i=1 i>l

[

Soibed 13 b ifa¢fc,d]and |d —a| <|b—al,
i=1 i>l

-1

Zibl-cfl—ir(l—l)befl ifa¢c,d]and|d—a|>|b—al.
i=1 i>l

Consider the first case a € [c¢,d] and |d —a| < |b — a|; then

l

B(rl®b], gledly = 3 pb . (Zibf’d +1 be’d)

I>1 i=1 il
=Y (o) (o)
i>1 M>i I>i

= M(n[“’b], n[c’d]).

The other three cases are identical. The relabeling of the partitions in these cases is
encoded by the operation 7 +> 7’. O

Now we turn to computing the dimensions 7 (@01 7[e-dly of the spaces
F(m [a.b] n[c’d]). This will be more intricate.

Lemma A.10. Suppose a € Iy U I3 and L € F(x'%?1 71¢:4ly. then the map L
is uniquely determined by its value on the vectors v?’b (k). Moreover the only
restriction on the image of such a vector is that it lie in a linear subspace:

V,NYNU=Dtb—al+l nyed irqec ] andb ¢ I,
V, NN U=D+lb—alnye.d ifaelyandb € I,
Vai NVNU=Dtb—alt2nyed ity e [y andb ¢ I,
Voo NYN-U=Dtb—altl qyed  irq e I3 andb € I,.

LviP(k) e

Proof. To define the linear map L on the space Vb it suffices to define its value
at each of the basis vectors

(H 0P (k) |0<r <N-(I—1)+|b—al, 1 <k <bP"}.
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However, for L € F(x[?] zle:d]) we know that the pair (L, H(x[®?l)) €
R({r1#-P1) satisfies the relations coming from the superpotential:
by =hl o fori e [I,N'—1]N 14,
1 _1
+ + gt -
roh 1 _hN_,hN_, N-3

- + + —_pt
h +1hN/+ hN/ l hN/ 1
h Jht h+ h+ h+ h—1
+2 l+2 +2 +2 i— 5

r'N’'—1,

fori =[N'+1,N=3]N 1.

As in Lemma A.8, once the value of L is determined for v?’b (k) it is uniquely
determined for all H” vla’b (k) by the condition that the above relations be satisfied
for the pair (L, H(xw [2.5]) To be precise, if a € I1 we have

H L (k) ifa+rel,
L:H 0" (k) {0 ifa+rel,
H ' LPP (k) ifa+rels,
and if a € I3 then
H™ 'L (k) ifa+rel,
L:H 0" (k) - {0 ifa+rel,
H LM (k) ifa+rels.
Since L € F(x1@?] zle-dly by definition, its image must lie in the space V¢4,
also,ifae Iy then L :V, - V, and if a e 13 then L : V; — V,;—1. The only
further condition on the image of a vector v} ] (k) is that its image be killed by a
hlgh enough power of H. It is given that H N (=D+lb=al+1,%, b(k) =0, so then
H'(Lv¢ I (k)) = 0, where the exponent ¢ is read off from the deﬁnmg relations on
L above. In the separate cases,
V,NVNU=Dtb=altl qyed ifge]andb ¢ I,
Vo Ny N-G-Dtlb—alyed ifaelandb e Iy,
Va1 NVNU=Dtb—alt2 nyed  ifgc [y and b ¢ I,
Va1 NV N-U=DFb=altlqyed ifg e [3and b e I,

proving the result. U

LviP(k) e

We have a result similar to Lemma A.10 when a € 1.

Lemma A.11. Suppose a € I» and L € F(x!%b 7lc-4)): then the map L is
uniquely determined by its value on the vectors H v?’b (k). Moreover, the only
restriction on the image of such a vector is that it lie in a linear subspace:

V, N Yy N-(-D+|b—al+1  yc.d ifb ¢ I,

a,b
L(Hv;>" (k) € V, AV N-U=D+lb=al A ye.d ifb € I



Motivic Donaldson—Thomas invariants of small crepant resolutions 805

Proof. Again, we know that to define the linear map L on the space V% it suffices
to define its value at each of the basis vectors

(H 0P (k) |0<r <N-(I=1)+|b—al, 1 <k <bP"}.

Since by definition if a € I then Lv;”b (k) = 0, the map is already trivially
determined on these vectors and their image does not suffice to determine the map
in general. However if we consider the vectors H v?’b (k), then once the value of
L is determined for H v;”b (k) it is uniquely determined for all H" vla’b (k) by the
condition that the relations (see Lemma A.10) be satisfied by the pair (L, H (7r[¢?]).
To be precise, if a € I, we have
H'L(Hv" (k)  ifa+rel,
L:H (k) {0 ifa+rel,,
H™'L(H (k)  ifa+rels.
By definition, we know that the image of L lies in V¢4 and also that for a € I,
we have L : V,41 — V,. As before the only remaining condition on the image of

v;l’b (k) is that it be killed by a high-enough power of H. From the definition of L
above we see that

V, N VN~(I—1)+|b—a|+1 N Vc,d it b ¢ I,

a,b
L(Hv;""(k)) € v, AV NU-Dtb—alnyed  ifpel,

proving the result. O

The following notation encapsulates the dimensions of all the vector spaces
encountered in the last two lemmas.

Definition A.12. We define integers

da,b:c,d(l)
dim(V, NV N-U=D+lb=al+l qyedy jfge Ul and b ¢ I,
dim(V, Ny N-U=D+lb—al nye.d) ifael{Ul,and b € I,
dim(Vy_y NV N-U=D+b=al+2 qyedy  if g c [3and b ¢ I,
dim(V,_; Ny N-U=D+lb=al+l qyedy  ifge [3and b € L.

From Lemma A.10 and Lemma A.11 we deduce the dimension of the spaces
F(rlab] gle.dl)

Corollary A.13. Ifa e Iy Ul and b ¢ I, then

M (@bl zle.dly ifa€lc,d]and|d —a| < |b—al,

T(rleh) zledly — M((zl@Ply 7ledly ifa € [c,d) and |d —a| > |b—al,
’ M (@b (zledlyy  ifa ¢ e, d]and |d —a| < |b—al,
M((zl@ly (zledlyy ifa ¢ [c,d] and |d —a| > |b—al.
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Ifae 1 Ul and b € I, then

M(rl@b] zle.dl) ifa € [c.d] and |d—a| < |b—a|—1,
M((zl@bly zledly  irg eec,d] and |d—a| > |b—a|—1,
M (@bl (zledlyy  ifa ¢ [c.d] and |d—a| < |b—a|—1,
M((z1@ly (zle-dlyy ifa ¢ [c,d] and |d—a| > |b—a|—1.

T(rlab] ledly

Ifae€lsand b ¢ I, then

T (e ledly

M (@bl gle.dly ifa—1¢€lc,dland|d —(a—1)| <|b—a|+1,
M((zlaly gledly  jra—1ele,d)and|d —(a—1)| > |b—al +1,
M(l@bl (zledlyy  ifa—1¢[c,d]and|d —(a—1)| < |b—al+1,
M((zlePly (zledlyy ifa—1¢[c,d]and|d —(a—1)| > |b—a| + 1.

Ifa € Iz and b € I, then

T (rl@h], 7ledl)

M (el gle.dly ifa—1€elc,d]and|d —(a—1)| <|b—al,
M((zlaly gledly  ra—1ele,d]and|d —(a—1)| > |b—al,
M (@bl (zledlyy  ifa—1¢[e,d]and|d —(a—1)| < |b—al,
M((taPly (zledlyy ifa—1¢[c,d]and|d — (a—1)| > |b—al.

Proof. We know that if a € I1 U I3 (resp. a € I) then the map L € F(n[“’b], n[c’d])
is determined by its value at the vectors v;z’b (k) (resp. H vla’b (k) forl1 <k < bf’b.
In the notation of the previous definition, such a vector takes values in a space of di-
mension d, .. 4(/). Soin all cases the total dimension of the space F (rla:b] zle.dly
is equal to

T(n[a,b]’ n[c,d]) = Zb?’b . da,b;c,d (7).
I>1

In the above definition of d, .. 4 (/) there are four possible forms, depending on
the value of a and b. Lets consider the first case, where a € I1 U I and b ¢ I,.
Then we have that

dapic,a(l) = dim(Vy N YN (-DHbaltl qyed)
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Counting the number of basis vectors of V¢ that lie in V,, we see there are four
possibilities for dim(V, N V¢4 N yN-U-D+lb-al+1y.

i

DRI B ifaele,d]and |d —a| < |b—al,
i=1 i>l

-1

Ykt + (-1 k¢ ifaelc.d]and |d —a| > |b—al,
i=1 i>l

1

Zlblc+d1+lel+1 ifa¢c,dland|d—a|<|b—al,
i=1 i>l

-1

Zzblc+d1+(l 1)Zbﬂrl ifa¢c,d]land|d—a|>|b—al.
i=1 i>l

In the first case a € [¢,d] and |d — a| < |b — a|, we have

I

T () zledly = 3 pb. (Z ibo?+ 1Y bf’d)

I>1 i=1 i>1
=Y (o) (o)
i>1 N>i I>i

= M(x1@P), gledly,

In the second case a € [c,d] and |d —a| > |b —a|, we have

-1
ratet) aledh = 0 (i a1 i)
I>1 i=1 i>l
,d
-y(Zen) - (Zo)
i>1 N> =i

— M((]T[a’b])/, ]T[C‘,d])‘

In the third case a ¢ [c,d] and |d —a| < |b —a|, we have

T(n[“’b], n[c,d]) _ Zb?,b . (Z zbfﬁl +1 befl)

I>1 i=1 i>l
,b d
-y (Xer) (o)
i>1 N>i I>i

— M(ﬂ[a’b], (ﬂ[c,d])/).
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Finally, in the fourth case a ¢ [c, d] and |d —a| > |b — a|, we have

-1

T(rlab] gledly - 3 . (Zibffl +(-1) befl)
=1 i=1 i>l
’b ’d
= Z(Z b;l+1) ’ (Z blc+1)

i>1 N>i I>i

= M((r'“y, (rtedly).

This completes the situation when a € 11 U I, and b ¢ I». In the other situations,
aelhUlyandbe l,oraclzsand b ¢ I, ora € I3 and b € I,. All of these
cases can be dealt with in a similar manner. O

Now we have computed all the dimensions 7' (77141, 7[¢-@1y and B(r[2-b] rle.dly,
The next lemma combines Corollaries A.9 and A.13 to compute their difference.
We see that in most cases there is an exact cancellation:

Lemma A.14. The equality
T(ﬂ[a,b], n[c,d]) — B(n[“’b], rle-dly

holds, except in the following cases, where we give the possible values of the
difference T (@] zle-dly _ B(zla:b] zle.dly.

Casel:ae 1 Ul,,b=d e Iy:
M((1@ 21y zle:bly — pp(rlab) zlebly  ira e e, ),
M P, @leOly) = M) (Pl ifa ¢ fe. bl
Case2:acls,b¢ Ir,d=a—1¢€l;:
M(x1ab) glaa=1ly _ pr((lably glaa=tly ifa =c,
M ('@ o=t — M (el @leatly) ifa s e
Case3:a€ls,bdlr,a=c,d #a—1:
M@0, (1 @4y) — Ml ledly i d —al < |b—al,
M (P, ledly) — M( @Oy 714 ifd —al > b ~al.
Cased.aelz,bel,,d =a—1:
M(zl@bl glaa=1ly _ prglably gla.a-ily ifa=candb#a—1,
M (@1 glea=tly _ pp(glea=tl (glea=tlyy  irg o cand b =a —1,
M(m1@P) gle-a=1ly _ pr((l@bly (glea=hyy irg £ cand b #a—1.
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Case5:a€ls,bel,a—1€lc,d],d#a—1,b=4d:
M((n[a’b])/, 7.[[C,b]) _ M(]‘[[a’b], n[cab])‘

Case6:acls,belr,a—1¢][c,d,a=c,|d—a|<|b—al:
M (D] (ladlyy _ pp(glabl pladly

CaseT:a€ls,bel,a—1¢€][c,d]:

M(([@PYy | (zlablyy — pp(le-b] gla-bly ifa=candb=d,
M7y (z1@4lyy - p((xl@bly 7ledly  irq =cand |d —a| > |b—al,
M(('Ply | (7leblyy — p(rleb) (bl ifa £ cand b =d.

Proof. Compare Corollaries A.9 and A.13. O

Our aim throughout this appendix has been to prove Proposition 4.18 and de-
duce that the difference ) o, p c.a<n—1 T (rla:b] gledly _ p(gla:b] gle.dly ig
equal to

2
1 . .
_5 (Zl(ﬂ[l+1’b])— Z l(]’[[c’l]))
iel, “b#i c#i+1
1 1

) Z Z(b?’b)z_i Z Z(b?’b)z'

acl3,b¢lr i>1 a¢ls,bel, i>1
So all that remains is to check this sum agrees with the values we computed. First

we will transform it into a expression in terms of the M (7[%-?1, 7le-41y To do this
we need the simple identities

M) 7ledl) — My, ey

=3 (T Tt - Dot L)

I>1 “i>l i>l i>l i>l
_ a,b c,d
SDICEDW

i>1 i>1

— l(n—[avb]) . Z(T[[c’d])
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and

M(T[[a’b], T[[a’b]) _ M((ﬂ[a’b])/, ﬂ[a,b])

S DL WA WD Wi

I>1 ~ix>l i>l i>l i>]
b ,d
=D b7 by
I>1 i>l
1 1 b
= I Y
I>1

Using these two identities and some simple algebraic manipulations, we can rewrite
Proposition 4.18 as the statement that the difference

Y Tl gledl) _ p(glad] el
0<a,b,c,d<N-—1

is equal to
SO MGl gledly _ pp((lit Ly (rledlyy
iel, b#i
c#i+1
n Z Z M((ﬂ[i—H,b])/’ (n[i—i—l,d])/)_M(T[[i-i-l,b]’ﬂ[i—kl,d])
iel, b<d

b,d#i

+ Z Z M((n[a,i])/’ (n[c,i])/) —M(n[a’i],n[c7i])

iel, a<c

a,c#i+1
+ Z M((T[[a’b])/, (n[a,b])/) _ M(ﬂ[a’b], n[a,b])
acls,bel,
b#a—1
+ Z M((]T[a’b])/, N[a’b]) _ M(]T[a’b], ﬂ[a’b]),
[a,bleS

By a careful systematic approach, one shows that all these terms are exactly ac-
counted for in Lemma A.14.
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