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Families of nearly ordinary Eisenstein series
on unitary groups

Xin Wan
With an appendix by Kai-Wen Lan

We use the doubling method to construct p-adic L-functions and families of
nearly ordinary Klingen Eisenstein series from nearly ordinary cusp forms on
unitary groups of signature (r, s) and Hecke characters, and prove the constant
terms of these Eisenstein series are divisible by the p-adic L-function, following
earlier constructions of Eischen, Harris, Li, Skinner and Urban. We also make pre-
liminary computations for the Fourier—Jacobi coefficients of the Eisenstein series.
This provides a framework to do Iwasawa theory for cusp forms on unitary groups.
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4. Local computations 1984
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Appendix: Boundary strata of connected components in positive
characteristics, by Kai-Wen Lan 2035
Acknowledgements 2051
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A list of symbols can be found on page 2034.

1. Introduction

Let p be an odd prime. Let 3 be a CM field with the maximal totally real subfield F
such that [F : Q] = d. Suppose p is totally split at 7. We fix an isomorphism
tp :=C, >~ C and a CM type X, which means a set of d different embeddings
J{ — C such that £, U XS, where ¢ means complex conjugation, is the set of all
embeddings of J{ into C. This determines a set of embeddings # < C, using ¢,,
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which we denote by X,. Let r > s > 0 be integers. We often write a =r — s
and b =s. Let U(r, s) be the unitary group associated to the skew-Hermitian matrix

where ¢ is a diagonal matrix such that i ~!¢ is positive definite.

Eischen et al. [> 2015] constructed the p-adic L-function for an irreducible
cuspidal automorphic representation of U(r, s) that is nearly ordinary at all primes
dividing p, which interpolates (the algebraic part of) critical values of the standard
L-function of the representation twisted by general CM characters at far-from-
center critical points. The main tool used in [loc. cit.] is the doubling method of
Piatetski-Shapiro and Rallis. This paper can be thought of as a continuation of
their work, but instead using a more general pullback formula of Shimura (which is
actually due to Garrett [1984; 1989] and is called the “Garrett map”) to construct
p-adic families of Klingen Eisenstein series on U(r 4- 1, s 4 1) from the original
automorphic representation.

The motivation for doing this is to provide a framework to generalize the im-
portant work of Skinner and Urban [2014] on the Iwasawa main conjectures for
GL; to forms on general unitary groups. The general strategy is, starting with a
family of cuspforms on the unitary group U(r, s) and a family of CM characters, we
construct a family of Klingen Eisenstein series on the bigger group U(r + 1, s + 1).
One tries to prove the constant terms of the Klingen Eisenstein family are divisible
by the standard p-adic L-function of the cuspforms on U(r, s) and, therefore, the
Eisenstein family is congruent to cuspidal families modulo this p-adic L-function.
Passing to the Galois side, such congruences enable us to construct elements in
the Selmer groups, proving one divisibility of the corresponding Iwasawa main
conjecture.

We have been able to use it to prove one divisibility of the Iwasawa main
conjectures for Hilbert modular forms and some kinds of Rankin—Selberg p-adic L-
functions; see [Wan 2013; 2015]. C. Skinner has recently been able to use the result
of [Wan 2015] to prove a converse of a theorem of Gross, Zagier and Kolyvagin
that states that, if the rank of the Selmer group of an elliptic curve is one and the
p-part of the Shafarevich—Tate group is finite, then the Heegner point is nontorsion
and the central L-value vanishes at order exactly one [Skinner 2014]. The first step
towards the plan outlined above is to construct the family of Klingen—Eisenstein
series and study the p-adic properties of its Fourier—Jacobi coefficients, which is
the main task of the present paper.

In [Eischen et al. > 2015] the interpolation formulas are proved at all arithmetic
points. However, in this paper we are only able to understand the pullback Eisenstein
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sections in the “generic case” (to be defined in Definition 4.42; basically this puts
restrictions on the ramification of the form at primes dividing p). The reason is
that it seems difficult in general to describe the nearly ordinary Klingen Eisenstein
sections. Fortunately, since along a Hida family the set of forms that are “generic”
is Zariski-dense, these computations are enough to construct the whole Hida family
of Klingen Eisenstein series (similar to the [Skinner and Urban 2014] case). Thus,
we only work with a Hida family of forms instead of a single cusp form, due to this
“generic” condition. We remark that when s = 0, by working with forms of general
vector-valued weights, we are able to construct a class of the p-adic L-function
and Klingen Eisenstein family for a single form unramified at p (not necessarily
ordinary; see [Eischen and Wan 2014]).

Now we state the main results. Let 3, be the maximal abelian pro-p-extension
of J{ unramified outside p. We write I'yy = Gal(H /J{). This is a free Z,-module
whose rank should be d + 1, assuming the Leopoldt conjecture. Take a finite
extension L over Q. Let Oy be the integer ring of L. Let O} be the completion of
the integer ring of the maximal unramified extension of L. We define Ay =0y [y ]
Let /c > 4 be an integer and 79 a Hecke character of 3\ Ay, whose infinite types are
( 2/(, 2 ) at all infinite places. We have a Ag-valued family of Hecke characters
of J*\AJ; containing 7y as a specialization (to be made precise later). Let A be
the weight algebra for U(r, s), defined later, and [ a normal domain containing A
which is finite over A. Let [ be the normalization of an irreducible component
of I®¢, 0Y". (In fact, for each such irreducible component we can make the following
construction.) Let Q4 € C¥> be the CM period of the CM field % and Q,e€ (Z‘“)Zoo
be the p-adic period (we refer to [Hida 2004a] for the definition). We write Q -
for the product of the d elements of 2., and define Q?w similarly. Throughout
this paper, we write

Ze=3k—r—s=1,

Zp =%k —r—5).

Theorem 1.1. Let f be an l-coefficient, nearly ordinary, cuspidal eigenform on
GU(r, s) such that the specialization fg at a Zariski-dense set of “generic” arith-
metic points ¢ is classical and generates an irreducible automorphic representation
of U(r, s). Let X be a finite set of primes containing all primes dividing any entry
of ¢, or the conductor of f, or K.

In the case when s # 0, we make the assumptions TEMPERED, Proj v and DUAL,
or assumptions TEMPERED, Proj y and Proj g (to be defined in Section 5A).

Then:

(1) There is an element $? w € [Ty 1| Qqur Fyor such that, for a Zariski-dense subset
of arithmetic points ¢ € Spec I"'[[T'y ]l (to be specified in Definition 4.42), we have
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that, if s = 0, then % € I""[T'y] and

DB )=l )((—2)d(a+2b)(Zni)d(a+2b)K¢(2/n)d(a+2b)(a+2b1)/2>—1.Cp
,T0 K XKy

l—la+2b I(K j— l)d

r
% 1_[(|pl‘l+"‘+tr |_K¢/2 X p_((r+1)/2) Zj:l Zj 1_[ g(XjT]_I)Xj_lrl (plj ))

vlp j=l1
L (g, T5, kg — 1)
X ngzm
If s #0, then
(L5 1)

L, (_2)—d(a+2b) (27Ti)d(a+2b)/(¢ (2/7T)d(a+2b)(a+2b—])/2 -1 CP
( K¢) +2b 1 . d e
1550 (kp—j—=1

y 1_[( p(r+s)(r+s71)/2 X (p _ 1)r+s
oy lr_ fi- (r+s—i)) . (l‘[le ptr+i(r+s—i)) . Hr-i—s( i—1
% p—SS2(1+a+2b)/2p— Z;:l tj(a+1)/2 Z;:l ty+i(a+b) Ipl1+"'+tr+s~sz |—K¢/2
r+s
< [T oG ' nits ' (p™) H oG D' <pff>>
i=r+1 j=1
E ~ -
y L*(7y,, t;), K —T1 —5)
(@9, 9p)

where the x; are defined in Definition 4.42 and ty , = (11, T, ) such that t; has
conductor p* with s, > s1. Also,

—(a+2b)/2

CZ: l_[ T()’v)’vxv)|()’vyv) xvxv|v Vol()y)
vip, vEX

(the x, and y, are the x and y in Section 4C1 and %), is defined in Definition 4.11.)
The c,(z) and c(z) are defined in Lemma 4.3 and k is the weight associated to the
arithmetic point ¢. The ¢4 and (pord are the specialization of f and the f" provided
by the assumption Proj ¢ (notzce that they are ordinary vectors with respect to
different Borel groups, e.g., when s = 0, the level group for ¢y at p is with respect
to the upper-triangular Borel subgroup, while that for (pord is with respect to the
lower-triangular Borel subgroup). The factor

p(r—i-s)(r—',-s—l)/Z X (p _ 1)r+s
(H;zl pt,-~(r+sfi)) . (Hf,:l pfr+i(r+3*i)) .]‘[’“ (p/ =1
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is the volume of a set K’ defined in Definition 4.34 (this is smaller than the level
group for (ﬁgrd). The Fyr is the fraction field of I"". The ty are specializations
of the family of CM characters containing ty. The p' are conductors of some
characters defined in Definition 4.21. The B.v is defined in (17), whose p-order is
Z?:l latbyi(a+b—k).

(i1) There is a set of formal q-expansions Ef ;) := {2,3 a[hg] (B)g” }([g]’h) for
Zﬁ a{lg](ﬁ)q’8 € ([I“r[[Fg{]](f@ZP?]t[g],oo) ®pur Fur, where Rig) 00 is Some ring to be
defined later, in Section 5, and ([g], h) are p-adic cusp labels (Definition 2.6) such
that, for a Zariski-dense set of arithmetic points ¢ € Spec [T’y ll, ¢ (E ¢ 1) is the
Fourier—Jacobi expansion of the holomorphic, nearly ordinary Klingen Eisenstein
series E( fKiing.¢» 2k, —) We construct in Section 5C (see the interpolation formula
in Proposition 5.8). Here, fxing is a certain “Klingen section” to be defined there.

(ii1) The terms afg] (0) are divisible by LP? - -S.B?,, where 33?, is the p-adic L-function
’ 0 0
of a Dirichlet character to be defined in the text.

The assumption “TEMPERED” is included so that we can easily write down the
explicit range of absolute convergence for pullback formulas. It is not serious
and may be relaxed using ideas of [Harris 1984]. Besides the theorem, we also
make some preliminary computations for the Fourier—Jacobi coefficients for Siegel
Eisenstein series. This is crucial for analyzing the p-adic properties of the Klingen
Eisenstein series we construct. When doing arithmetic application we need to prove
that certain Fourier—Jacobi coefficient of this Eisenstein family is prime to the
p-adic L-function.

This paper is organized as follows. In Section 2 we recall various backgrounds.
In Section 3 we recall the notion of p-adic automorphic forms on unitary groups
and Fourier—Jacobi expansion. In Section 4 we recall the notion of Klingen and
Siegel Eisenstein series, the pullback formulas relating them and their Fourier—
Jacobi coefficients, and then do the local calculations. (This is the most technical
part of this paper.) We manage to take the Siegel sections so that, when we are
moving our Eisenstein datum p-adically, these Siegel Eisenstein series also move
p-adic analytically. The hard part is to choose the sections at p-adic places. At
non-Archimedean cases prime to p the choice is more flexible. (We might change
this choice whenever doing arithmetic applications; see [Wan 2013; 2015].) At the
Archimedean places we restrict ourselves to the parallel scalar weight case, which
is enough for doing Hida theory. In Section 5 we make the global calculations and
construct the nearly ordinary Klingen Eisenstein series by the pullbacks of a Siegel
Eisenstein series from a larger unitary group. Finally, we include an Appendix by
Kai-Wen Lan for detailed proofs of some facts used for the p-adic g-expansion
principle. (This is not strictly needed in our construction. But we think it is good to
include it for completeness and for the convenience of readers.)
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2. Background

In this section we recall notations for holomorphic automorphic forms on unitary
groups, Eisenstein series and Fourier—Jacobi expansions.

2A. Notation. Suppose F is a totally real field such that [F: Q] =d and ¥ is a
totally imaginary quadratic extension of F'. For a finite place v of F or K, we usually
write @, for a uniformizer and g, for the cardinality of its residue field. Let ¢ be
the nontrivial element of Gal(¥/F). Let r and s be two integers with r > s > 0.
We fix an odd prime p that splits completely in #/Q. We fix is, : @ < C and
1:C~C, and write i, for tois. Let ¥ be the set of Archimedean places of F.
We take a CM type of J, still denoted by Y (thus Yoo U XS are all embeddings
J— C, where X5 ={toc |1 € Zx}).

We use € to denote the cyclotomic character and w the Teichmiiller character.
We will often adopt the following notation: for an idele class character x = ), xv,
we write x,(x) = Hvl » Xv (xy). For a character ¥ of ¥ or A;{, we often write
¥’ for the restriction to F* or A. For a character t of %* or A, we define t¢
by t¢(x) = t(x¢). (Note: we will write T(x) for the complex conjugation of t(x)
while the “c” means taking complex conjugation for the source.)

If v is a prime of F with characteristic £ and 0,0f, = (d,), d, € F is the
different of F/Q at v and, if v, is a character of F and (cy ,) C OF, is the
conductor, then we define the local Gauss sums

9(Yy, Cw,vdv) = Z Yy(a)e <Tro/@g< a )),

a€(Of,u/cy.)" Cyvdy

where £ is the rational prime above v. If ) v, is an idele class character of A;
then we set the global Gauss sum,

g(®@ ) = [ ¥y (Cyd)a (W, cyudy).

This is independent of all the choices of d, and Cy ;.. Also, if F, ~Q,, and (p') is
the conductor for vr,, then we write g(v/,) := g(¥, p'). We define the Gauss sums
for i similarly.

Let J{» be the maximal abelian Z,-extension of J unramified outside p. Write
[y := Gal(J o /H) and Gy the absolute Galois group of J. Define Ag; :=Z,[T'y].
For any finite extension A of Z,, define Ay 4 := A[I'y]l. Let &y : Gy — I'yy — A;}
be the canonical character. We define Wy to be the composition of ey with the reci-
procity map of global class field theory, which we denote as recy; : H*\Aj — Gg}’.
Here we used the geometric normalization of class field theory. We make the
corresponding definitions for F as well.
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Let S, (R) be the set of matrices S € M,,(R ®¢, Oy) such that § = 'S, where
conjugation is with respect to the second variable of R ®¢, Oy. We write B = B,
and N = N, for the upper-triangular Borel subgroup and unipotent radical of the
group GL,,. Let N°PP or N~ be the opposite unipotent radical of N. We define the
function ep, = ]—[U e, with e, the function on Q7 such that e, (x,) = 27l for {x,)
the fractional part of x, and ex (x) = e~ ¥**. We will usually write = (_lm 1’”)
if m is clear from the context.

2B. Unitary Groups. We define

where ¢ is a fixed diagonal matrix such that i =1 ¢ is totally positive. Let V =V (r, s)
be the skew-Hermitian space over J with respect to this metric, i.e., #'* equipped
with the metric given by (u, v) := u6, ;'v. We define algebraic groups GU(r, s)
and U(r, s) as follows: for any Of-algebra R, the R points are

GU(r, s)(R) := {g € GLr-‘rs(@f]{ o R) | ger,mf< = M(g)er,s» M(g) € Rx}
(where g* = g and u : GU(r, s) — G, F is called the similitude character) and
U(r, s)(R) :={g € GU(r, s)(R) | n(g) = 1}.

So the unitary group U(r, s) in this paper really means the unitary group with
respect to our fixed metric 6, ;. Sometimes we write GU, and U,, for GU(n, n)
and U(n, n). For two forms ¢, ¢, on U(r, s)(AFr), we define the inner product by

(1, 02) = / 01(8)p2(g) dg,
U(r,s)(F)\U(r,s)(AF)

where the measure is chosen so that U(r, 5s)(Of,) = 1 for all finite v and we take
the measure at Archimedean places as in [Shimura 1997, (7.14.5)].
We have the embedding

GU(r, s) x Reso, /0, G — GU(r + 1,5 + 1),

a b ¢
abc n(g)x~!
gxx=|de f|]|xx—|d e f
hl k h I k
X

We write m (g, x) for the right-hand side. The image of the above map is the
Levi subgroup of the Klingen parabolic subgroup P of GU(r 4+ 1, s 4+ 1), which
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consists of matrices in GU(r 4+ 1, s 4+ 1) such that the off-diagonal entries of the
(s+1)-st column and the last row are 0. We denote this Levi subgroup by Mp. We
also write Np for the unipotent radical of P. We also define B = B(r, s) to be the
standard Borel subgroup, consisting of matrices

Ag Bg>
e (1)
Dg

where the blocks are with respect to the partition r + s and we require that A, is
lower-triangular and D, is upper-triangular.

We write —V (r, s) = V (s, r) for the Hermitian space whose metric is —6, ;. We
define some embeddings of GU(r 4+ 1,5 + 1) x GU(—V (r, s)) into some larger
unitary groups. These will be used in the doubling method. Recall we wrote a =r —s
and b = s at the beginning of the introduction; we define GU(r +s+1,r +s+ 1)
to be the unitary similitude group associated to

1,

_lb

1

and G(r +s,r +s)’ to be associated to

We define an embedding

a:{g1 xgeGUr+1,s+1) xGU(=V(r,s)) | n(g) =n(g)}
—GU@r+s+1,r+s+1)

by viewing g; as a block matrix with respect to the partition s + 14+ (r —s) +s+ 1
(this means we use this partition to divide both the rows and the columns into blocks)
and g; as a block matrix with respect to s+ (r —s) +s, then we define o by requiring
the 1, 2, 3, 4, 5-th (blockwise) rows and columns of GU(r + 1, s + 1) embed to the
1,2,3,5, 6-th (blockwise) rows and columns of GU(r +s + 1, r + s+ 1)’ and the
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1, 2, 3-rd (blockwise) rows and columns of GU(V (s, r)) embed to the 8, 7, 4-th
rows and columns (blockwise) of GU(r +s +1,r +s+1)".
We also define an embedding

o' {g1 x g2 € GU(r, ) x GU(=V(r, 9)) | n(g1) = n(g2)} = GUGr +5, 7 +5)

in a similar way to above: Consider GU(r, s) and GU(—V (r, s5)) as block matrices
with respect to the partition s + (r — s) + 5. Put the 1, 2, 3-rd (blockwise) rows
and columns of the first GU(r, s) into the 1, 2, 4-th (blockwise) rows and columns
of GU(r + s, r + )’ and put the 1, 2, 3-rd (blockwise) rows and columns of the
second GU(r, s) into the 6, 5, 4-th rows and columns of GU(r + s, r +s)’.

We also define isomorphisms

B:GUr+s+1,r+s+1) = GUr+s+1,r+s+1), g+ S 'gs,

and
B :GU(r+s,r+5) => GU(r+s.r+s), g+ S 'gs,
where
Ly —3 1y
1
1, —1¢
-1, 1.1
S = b% b (1)
ly 5-1p
1
_la _%g
—1p —3 L
and
1b _%'lb
1a _%C
-1, 1.1
s = b2rh (2)
Iy 5-1p
_111 _%g
—1;, _%'117

Remark 2.1 (about unitary groups). In order to have Shimura varieties for doing
p-adic modular forms and Galois representations, we need to use a unitary group
defined over Q. More precisely, consider V as a skew-Hermitian space over (2 and
still write 6, ; for the metric on it. Let T be a Oy lattice that we use to define GU (7, ).
Then the correct unitary similitude group should be

GU'(r, 5)(A) :={g € GLoyg, (T ®z A) | 86,.58" = 11(8)6,.5, 11(g) € A}

for any commutative ring A. This group is smaller than the one we defined before.
However, this group is not convenient for local computations, since we cannot treat
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the primes of F independently. So what we do (implicitly) is: For the analytic
construction, we write down forms on the larger unitary similitude group defined
above and then restrict to the smaller one. For the algebraic construction, we only
do the pullbacks for unitary (instead of similitude) groups.

We are going to fix some bases of the various Hermitian spaces. We let

be the standard basis of V such that the Hermitian forms is given above. Let
W be the span over % of w!, ..., w ™. Let XV = Oyx' ® --- ® Oy%x* and
Y =03y'®---®0yy*. Let L be an Oy-maximal lattice such that L, =L®zZ,=
>0y @7 Z,)w'. We define a Oy-lattice M of V by

M =Y®L&®X".

Let M, =M ®z Z,,. A pair of sublattices Pol, = (N~1, N%) of M, is called an
ordered polarization of M, if N ~!'and N° are maximal isotropic direct summands
in M, and they are dual to each other with respect to the Hermitian pairing. More-
over, we require that, for each v = ww* with w € £, rank N I'= rank NS)(. =r
and rank Nu}.l = rank N0 = 5. The standard polarization of M p 1s given by
M;' =Y, ®Ly, ® Yy and M? = Xyc @ Lyc ® X,,. We let —V be the Her-
mitian space V with the metric given by the negative of V. We let 3!, ..., 3",
w', ..., w5, %!, ..., %% be the corresponding basis. Let #y**t! @ Hx**! be a
2-dimensional Hermitian space with metric (_, '). We define

W:=VaeHyt ok & (V).

Let Y € U(n+ 1, n+ 1)(F),) be such that, for each v|p with v = ww*, where w is
in our p-adic CM type £,, T, = S, !, We define another basis of W by

ys+],w1,...,wr_s,xl,...,xs+1,y1,...,ys,wl,...,wr_s,xl,...,xs)T

te,1 r+s+1 1 r+s+1
='(y,....,y X, X ).

...,

Then Y := @gf“ (O ®zZp)y" and X := @f:f“ (0% ®z Z,)x" gives another
polarization (Y, X) of L, := M, ® (—M,) & Oy y* 1 @ Oyx+1.

2C. Automorphic forms.

2C1. Hermitian symmetric domain. Suppose r > s > 0. Then the Hermitian
symmetric domain for G := GU(r, s) is

X . e
XT=X,,= {1:: (y) ‘xGMS(CE), yGM(,,S)XS(CE), i(x*—x)>—iy"0 ly}.
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For @ € GU(r, 5s)(Fx), Where Foo := F ®g R, we write
abc

a=|d e f

hl d

according to the standard basis of V together with the block decomposition with
respect to s + (r —s) +s. There is an action of & € G(Fuo)™" (here the superscript +
means the component with positive similitude factor at all Archimedean places)
on X, ;, defined by

X ax +by+c _1
= hx +ly+d)~".
a<y) <z<>’X+ey+f)(x+y+ )

If rs =0, X, ; consists of a single point, written x(, with the trivial action of G (Fuo) ™.
For an open compact subgroup U of G(Af r), put

Mg(X",U)=GF)"\X" x GAF,)/U,
where U is an open compact subgroup of G(Ar, r). We let
q:r,s — C(ZC)S ® C(ZC)r—S ® C(E)v

and define a map ¢, on it by (uy, ua, uz)c, s = (u1, uz, u3z). We define the map
p(T):V®gR=C" by p(r)v=vB(t)c,s. Let
% %k

B(t) =

—_— O =
O Y =
R

s N

We define the automorphic factors « (o, ) and u(«a, ) by
aB(t) = B(at)(k(a, T), u(a, T))

for @ € G(R) and T € X*. We sometimes write k. s(, T), i,s(, T) to emphasize
the group U(r, s). We define j (g, z) := det(u(g, z)). For z € X, 511, we define
% (z) € X, 5 to be the lower-right r x s submatrix. For z; = ();i) and z € ()yc), we
define n(z1, z) = i(x} —x) — y;(i¢ ™1y and 8(z1, z) = 27 det(n(z1, 2)).

2C2. Automorphic forms. We will mainly follow [Hsieh 2014] to define the space
of automorphic forms, with slight modifications. We define a cocycle

J 1 RroG(R)" x XT — GL,(C¥) x GL,(C*) := H(C),
(o, 7) = (k (o, T), (e, 7)),
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where

o7y = hix+d h'y+10
T\ =0 @i+ f) 07 1gly+067ed

. a
forr:()anda: g
Y h

Let i be the point (i(l)s) on the Hermitian symmetric domain for GU(r, s) (here 0
means the (r —s) x s matrix 0). Let GU(r, s)(R)™ be the subgroup of GU(r, s)(R)
whose similitude factor is totally positive. Let K1 be the compact subgroup of
U(r, 5)(R) stabilizing i and K, be the group generated by K1 and diag(1,4, —15).
Then J : K ;g — H(C), koo > J (kso, ), defines an algebraic representation of K ;g

) and u(a,t)=hx+Ily+d

~ 0 &

c
f
d

Definition 2.2. A weight £ is defined by a set {k,}sex,, Where

]_CG = (CH»s,a, vy Cs41,05Clos + C&,o)
withci o > > C56 > Cs410 +r+5> > Cyp0 + 1+ for the ¢; » in Z.

Remark 2.3. Our convention is different from others in the literature. For example,
in [Hsieh 2014] the a,_; there for 1 <i <r is our —c,,;, and by _; there for
l<j<sisourc;. Weletk':=(ay,...,a,; b1, ..., bs). We also note that if each
ke =(0,...,0;,...,k) then L¥(C) is 1-dimensional with p*(h) = det u(h, i)~.

For a weight k = (¢4, ..., Cs+1; €1, - . ., C5), We define the representation of
GL, x GL; with minimal weight —k by

Ly =1{f €Ocr, xar, | ftnsg) =K' ) f(g), t € T, x Ty, ny € N, x "Ny},

where Ogr, x gL, is the structure sheaf of the algebraic group GL, x GL;; see
[Hsieh 2014, Section 3]. The group action is denoted by pr. We define the
functional/l; on Lj by evaluating at the identity and define a model LX(C) of the
representation H (C) with the highest weight k as follows. The underlying space of
LE(C) is L (C) and the group action is defined by

Py = pe('h™"),  h e H(O).
For a weight k, define ||k|| = {||kll;}oex € Z* by
kllo := —Cs+1.6 =+ = Csro +Clo + -+ Cs0
and |k| € Z=“* by

|]_€| = Z(Cl,(r + .- +Cs,(r) ‘0 — (Cs-‘rl,(r +--- +Cs+r,zf) o€,

oex
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Let x be a Hecke character of 3 with infinite type |k|, i.e., the Archimedean part
of x is given by

U+"'+ §,0 —\Cs U+"'+ s+r,o
X (2o0) = <1_[ o )>.
o

Definition 2.4. Let U be an open compact subgroup in G(Af ). We denote by
M; (U, C) the space of holomorphic LX(C)-valued functions fon Xt x G(AF, )
such that, for r € X*, « € G(F)' and u € U, we have

flat, agu) = (@) ok (J (@, ) f (1, g).

Now we consider automorphic forms on unitary groups in the adelic language.
Leti € Xt and K;g C U(r, s)(Fx) be the stabilizer of i. The space of au-
tomorphic forms of weight k£ and level U with central character x consists of
smooth and slowly increasing functions F : G(Ar) — L(C) such that, for every
(o, koo, u,2) € G(F) x KI x U x Z(AF),

F (zagkoout) = p* (J (koo, 1) D F(9)x ' (2).

2C3. The group GU(s, r). Now we consider the unitary group GU(s, r) which has
the same Hermitian space as GU(r, s) but with the metric (, ), :== —(, ),s. We
define the symmetric domain X; , = X, ; but with the complex structure such that
a function is holomorphic on Xj , if and only if it is holomorphic on X, ; after
composition with the map

Xy = Xors (") > <_’f) .
y -y

We let C°" = C(2)’ @ C(2) ° ® C(X°)* and define ¢, , by (u1, u2, u3)cs,, =
(u1, u2, u3). For GU(s, r), we define p(r) : V®@q R~ C*" by p(r)v =vB(1)cs,,.
We define the automorphic factors «; (o, T) and pg (o, T) by

aB(t) = B(at)(ts,r(a, 7), k5 r (@, T)).

We define a weight k of U(r, s) such that k = (¢, 41,6, -+, Crt5.0: Clios -+ +» Cro)o
withci o > > Cro > Crplo +Fr+5 >+ > cCryso +1+s. Using these we can

develop the theory of holomorphic automorphic forms on GU(s, r) similar to the
GU(r, s) case.

2C4. Embeddings of symmetric domains. We still follow [Shimura 1997]. Pick one
Archimedean place. Write z = ();) € Xr41.5+1, Xrs, and w = (ﬁ) € X;.r. We define
the embeddings ¢ from X, 41 s1+1 X Xsr Or Xy g X X 10 Xpqo1 rs+1 OF Xppg ris
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X 0 0
t(z, w) —> y 3¢ 0

_é-flv*y —v* —yu*

(The ¢ really means the image of ¢ at this Archimedean place.) Let U = RT Q,
for

1 Ty
1 1 2711, 2711,
1
A
1 ¢! ¢!
-1 —3¢ 1,

1
2

where A = (1 1). (The U here is the U, defined in [Shimura 1997, Section 22] and
other notations are slightly different.) We also define Q' to be Q with the second
and sixth rows and columns (blockwise) deleted. Let

1

2711, —2-11,

B
A
¢! ¢!
I

with A’ = 1;. Define U’ = R'T'Q’. Let g (z) be the lower-right r x s block for
2 € Xpt1,54+1 and w(z, w) = (U™ '1(z, w) as in [Shimura 1997, (22.2.D)]. If z = ()
and z; = (;C;), let8(zy1,2)=2"" det[i(xi“—x)—y’f@‘ly]. If we write [h]g for S~'hS
then we have [diag(g, g1)]Istv(z, w) = ty(gz, g1w), [diag(g, g1)lstv(z, w) =
ty(8z, g1w) and

J([diag(g, )]s, tw (2, w)) = 8 (w, 9 (2)) '8 (gw, 9 (g12))det(y) jo (W) jg, (2). (3)

For a function g on X, 4541 4541 OF Xy4s r+s, Wwe define the pullback g° to be
the function on X, 441 X X, or X, ¢ X X, given by

g°(z, w) = 8w, () Fglw (@ w)).
Definition 2.5. We define a scalar weight « of U(s, r) to be the weight

(—k,...,—k;0,...,0).
—_—— ——
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2D. Shimura varieties and Igusa varieties. Fix a neat open compact subgroup K
of GUO(r, 5)(Ay) whose p-component is GUO(r, 5)(Zp); we refer to [Hsieh 2014]
for the definitions and arithmetic models of Shimura varieties over the reflex field E,
which we denote by S (K). It parameterizes isomorphism classes of the quadruples
(A, A, 1, 1) s, where O is a finite set of primes, (A, 1) is a polarized abelian
variety over some base ring S, X is an orbit (see [Hsieh 2014, Definition 2.1])
of prime-to-[] polarizations of A, ¢ is an embedding of Oy into the endomor-
phism ring of A, and 7™ is some prime-to-[J level structure of A. To each point
(t,8) € X* x G(AF, £), we attach a quadruple as follows:

The abelian variety 4 (7) :=V Q@ R/ M) (M|g) := Hi (A4 (7), 21’)).

The polarization of o is given by the pullback of —(, ), on C"* to V ®g R
via p(7).

The complex multiplication ¢ is the Oy-action induced by the action on V.

« The prime-to-p level structure 13" : M®ZP ~ My, is defined by 13" (x) = gsx
forx e M.

We have a similar theory for Shimura varieties for GU(s, r) as well.

There is also a theory of compactifications of S¢(K), developed in [Lan 2008].
We let Sg(K) be a fixed choice of a toroidal compactification and S;;(K) the
minimal compactification.

We define some level groups at p, as in [Hsieh 2014, Section 1.10]. Recall that
G(Ay) 2 K =]y K, is an open compact subgroup such that K, = G(Z,) and let
Y be a finite set of primes including all primes above p such that K, is spherical
forall v ¢ X. If we write g, = (é g) for the p-component of g, then define

(1, % n
ey ) mer]
K'={geK|AeN,(Z,) mod p", D e N;(Z,) mod p", C =0},
Ky={geK|AeB.(Z,) modp", De B; (Z,) mod p", C =0}.

K":{geK

Now we recall briefly the notion of Igusa schemes over 0y, (the localization of
the integer ring of the reflex field at the p-adic place vy determined by ¢, : C~C,)
in [Hsieh 2014, Section 2]. Let V be the Hermitian space for U(r, s), M be a
standard lattice of V and M, = M ®z Z,. Let Pol, = {N “1. N% bea polarization
of M. The Igusa variety I(K") of level p" is the scheme representing the usual
quadruple for a Shimura variety together with

Jimpn @z NO— A[p"],
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where A is the abelian variety in the quadruple. Note that the existence of j implies
that if p is nilpotent in the base ring then A must be ordinary. For any integer m > 0,
let 0,, :==0,,/p™.

Igusa schemes over Sg(K). To define p-adic automorphic forms one needs Igusa
schemes over Sg(K). We fix such a toroidal compactification and refer to [Hsieh
2014, Section 2.7.6] for the construction. We still denote it by I (K"). Then,
over 0,,, I(K") is a Galois covering of the ordinary locus of the Shimura vari-
ety with Galois group Hvlp GL,(OF,/p") x GLy(OF,/p"). We write Ig(Ky) =
I6(K"Xo and I(K) = Ig(K™)XT over O,,.

Cusps. Let 1 <t <s. We let P; be the maximal parabolic subgroup of GU(r, s)
consisting of matrices which, in the block form with respect to r + (r +s5 — 2¢) 4 ¢,
are of the form
X X X
X X
X

Let G p, be the unitary similitude group with respect to the skew-Hermitian space
for ¢. Let Y; be the Oy span of {y', ..., y’}. We define the set of cusp labels by

Ci(K) == (GL(Y)) x Gp,(Ap)Np (A\GAf) /K.

This is a finite set. We write [g] for the class represented by ¢ € G(Ay). For
each such g whose p-component is 1, we define K f’, =Gp(Ar)NgkK g ! and
write Spg) := Sg,, (K f,j) the corresponding Shimura variety for the group G p with
level group K f,’). By the strong approximation we can choose a set C,(K) of
representatives of C,;(K) consisting of elements g = pko for p € P, (A?) and
k® € KO for K° the spherical compact subgroup. ‘

Definition 2.6 (p-adic cusps). Asin [Hsieh 2014], each pair (g, h) € C;(K)x H (Z )
can be regarded as a p-adic cusp, i.e., cusps of the Igusa tower.

Igusa schemes for unitary groups. We refer to [Hsieh 2014, Section 2.5] for the
notion of Igusa schemes for the unitary groups U(r, s) (not the similitude group). It
parameterizes quintuples (A, A, ¢, 77, j) /s similar to the Igusa schemes for unitary
similitude groups but requiring A to be a prime-to-p polarization of A (instead of an
orbit). In order to use the pullback formula algebraically we need a map of Igusa
schemes, given by

i([(Ay, Ay ol Ky, D1 [(Az, Aoy 2,05 Ko, j)])
=[(A1 X Az, A X A2, 1, 12, (0] x n5) K3, ji x jo)].
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Similar to [Hsieh 2014], we know that, taking the change of polarization into
consideration,

i([z, g], [w, h]) = [u(z, w), (g, M) Y]
(Y is as defined at the end of Section 2B).

2D1. Geometric modular forms. Let H = l_[U| p(GLr x GLy) and let N C H be
nu|p(Nr x 'Ny). To save notation we also write H = ]_[U“p GL, (OF ) x GL(OF )
and let N C H be ]_[Ulp N, (OF.) X 'Ns(Op.,). We define w = e*Q%/S(;(K) for Q
the sheaf of differentials on the universal semiabelian scheme % over the toroidal
compactification (see [Hsieh 2014, Section 2.7.2] for a brief discussion). Recall that
for v|p we have v = ww in ¥ with w € . Let e,, and ey be the corresponding
projections for ¥, >~ K, x H; then w = ey, P eyw. We also define

+._

¢t = Isom(@’gc(K), eyw),
- e S _

€ = Isom(@SG(K), epw),
¢ =¢tp¢ .

This is an H-torsor over S¢ (K ). We can define the automorphic sheaf w; =€ x H Ly.
A section f of wy is a morphism f : € — L such that

fx, hw) = pe(h) f(x. @), heH, xeScK).

2E. p-adic automorphic forms on unitary groups. Let R be a p-adic Z ,-algebra
and let R, := R/p™. Let T, , := Ig(K") g, . Define
Vn,m = HO(Tn,mv @T,,,m),
ViKY, Ri) = H (T, )"+

Let Voo = lim, Vi, s and Vg oo =1lim, | Vg 1. Define V), (G, K) := Volg’oo, the
space of p-adic modular forms. Let T =T(Z,) C H and let Ay :=Z,[[T]. The
Galois action of T on VO’Z’m makes the space of p-adic modular forms a discrete
A r-module.

Suppose n > m. To each R,-quintuple (A, j) of level K", we can attach a
canonical basis w(j) of H O(A, Q4). Therefore, we have a canonical isomorphism

HO(Tn,m/Rm, wlg) = Vn,m ® ng(Rm)
given by
fe fA )= fA j.o().

We call f the p-adic avatar of f.
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Similarly, we can define an embedding of geometric modular forms into p-adic
modular forms by

fe fA )= fA 0().
We also define the morphism

B V(K Ru) = VN f Be(f) i=Le(f).

We can also pass to the limit for m — oo to get the embedding of Vi (K, R)
into V¥ .. We refer to [Hsieh 2014, Sections 3.8-3.9] for the definition of a U,
Hecke operator and define Hida’s ordinary projector

. !
e:=1imU".
)

2F. Algebraic theory for Fourier—Jacobi expansions. We suppose s > 0 in this
subsection. Let X,” = spang_{x', -+, x'} and ¥, =spang_{y', ..., y'}. Let W, be
the skew-Hermitian space span@%{y’“, cen Y wr, L, X x%) Let GY be
the unitary similitude group of W;. Let [g] € C;(K) and K¢, =G p,(Af)NgKg™!
(we suppress the subscript [g] so as to not make the notation too cumbersome). Let
s, be the universal abelian scheme over the Shimura variety S, (K¢, ). Write
g" =kg'y fory e G(F)" and k € K. Define X/ = X,g'y and Yg = Y, g,y Let
Xe={ye¥i®aZ) -y |y, X;) € Z}. Then we have

i Y, > X,

Let %[g] be

Homg, (X, ‘%t\/) X Homgy, (Ye. ;) Homg,, (Y, s4;)
= {(c,c") | ci(y)) =M(c" (), y €Yy}

Here the Hom are the obvious sheaves over the big étale site of Sg, , represented by
abelian schemes. Let ¢ and ¢” be the universal morphisms over Homg,, (X, 54,")
and Homg,, (Y,, s4;). Let Np, be the unipotent radical of P; and Z(Np,) be its center.
Let Hig):=Z(Np,(F))NgiKg; ! Note that if we replace the components of K at
v|p by K{ then the set Hj,) remains unchanged. Let I'[g) := GLgy(¥;) N g,-Kgi_].
Let %, be the Poincaré sheaf over sd, x s, /g[g] and 97’;2[ its associated G,,-torsor.
Let Sio) := Hom(Hg, Z). For any h € S, let c(h) be the tautological map
Fio1 = A x oA, and L(h) = c(h)*@’jd/ its associated G, torsor over ¥|g.

It is well known (see [Lan 2008, Chapter 7], for example) that the minimal
compactification S¢;(K) is the disjoint union of boundary components corresponding
toeachr=1,...,s. Let Oc, be the valuation ring for C,. The following proposition
is proved in [Lan 2008, Proposition 7.2.3.16]. Let [g] € C;(K) and x be a @@p-point
of the ¢-stratum of S¢;(K)(1/E) corresponding to [g].
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Proposition 2.7. Let [g] and x be as above. We write the subscript X to mean
formal completion along X. Let 7t be the map S (K) — S (K). Then m, (@gG(K)),;
is isomorphic to

0 Y gl
{Z H° (%), £())zq } :

T
heS

Here S[Jg,] means the totally nonnegative elements in Sig). The q" is just regarded as
a formal symbol and T4 acts on the set by a certain formula, which we omit.

For each [g] € C;(K) we fix an x corresponding to it as above. Now we consider
the diagram

TTn,m

*
Tn,m Tn,m

l l

SG(K)[1/Ele, —— SL(K)[1/Elg,,,

where T, ,, — Tnfm — S¢(K)[1/E]g,, is the Stein factorization. By [Lan 2013b,
Corollary 6.2.2.8], T,},, is finite €tale over S;(K)[1/E]o,, . Take a preimage of x
in Tnfm, which we still denote by x. (To do this, we have to extend the field of
definition to include the maximal unramified extension of L.) Then the formal
completion of the structure sheaf of Tnfm and S5 (K)[1/E]g, at x are isomorphic.
So, for any p-adic automorphic form f € lim  lim, H O(T,,,m, 0,.m) (with trivial
coefficients), we have a Fourier—Jacobi coefficient

FI(f) e { [T limlim H° g, L)z -qh} )
[¢]

+ m n
heS[g]

by considering f as a global section of 7, , (O7,,) = Oz and pullback at the x.
Note that if 7 = s = 1 then there is no need to choose the X and pullback, since the
Shimura variety for G, is O-dimensional (see [Hsieh 2014, (2.18)]). In application,
when we construct families of Klingen Eisenstein series in terms of Fourier—Jacobi
coefficients, we will take r = 1 and define

Rigroo = | [ limlim HO @), L(h))z - g™ ©)
hesi, mon

We remark that the map FJ is injective on the space of forms with prescribed
nebentypus at p (this is not needed for our result though). This can be seen using
the discussion in [Skinner and Urban 2014] right before Section 6.2 (which in turn
uses result of Hida [2011] about the irreducibility of Igusa towers for the group
SU(r, s) C U(r, s), the kernel of the determinant map). In particular, to see this injec-
tivity we need the fact that there is a bijection between the irreducible components
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of the generic and special fibers of S¢;(K) (see [Lan 2008, Section 6.4.1]) and that
there is at least one cusp of any given genus on the ordinary locus of each irreducible
component. (Note that the signature is (r, s) for r > s > 0 at all Archimedean
places, so there is at least one cusp in C,(K) at each irreducible component. Since
p splits completely in J{, the cusps of minimal genus must be in the ordinary locus.
On the other hand by the construction of minimal compactification the closure of
the stratum of any genus r is the union of all stratums of genus less than or equal
to r. Note also that, since the geometric fibers of the minimal compactification are
normal, their irreducible components are also connected components. This implies
the existence of such a cusp on the ordinary locus.) See the Appendix for more
details.

3. Eisenstein series and Fourier—Jacobi coefficients

The materials of this section are straightforward generalizations of parts of [Skinner
and Urban 2014, Sections 9 and 11] and we use the same notations as there, so
everything in this section should work out the same as [Skinner and Urban 2014]
when specialized to the group GU(2, 2) q.

3A. Klingen Eisenstein series. Let gu(R) be the Lie algebra of GU(r, s)(R). Let
8 be a character of the Klingen parabolic subgroup P such that §4T2/+! = §p (the
modulus character of P).

3A1. Archimedean picture. Let v be an infinite place of F, so that F,, ~ R. Let
i’ and i be the points on the Hermitian symmetric domain for GU(r, s) and
GU( + 1,s 4+ 1) which are (i(l)“) and (”6* 1), respectively (here 0 means the
(r —s) xsor (r—s) x (s + 1) matrix 0). Let GU(r, s)(R)* be the subgroup of
GU(r, 5)(R) whose similitude factor is positive. Let K1 and K’ be the compact
subgroups of U(r + 1, s + 1)(R) and U(r, s)(R) stabilizing i or i/, and let K,
(resp. K) be the group generated by K1 (resp. KI') and diag(1, 4511, —1541)
(resp. diag(lr-ﬂv _ls))~

Now let (;r, H) be a unitary tempered Hilbert representation of GU(r, s)(R) with
Hy, the space of smooth vectors. We define a representation of P(R) on Hy, as
follows: for p = mn, where n € Np(R) and m = m(g, a) € Mp(R) with a € C*,
geGUr+1,s+ D(R), put

p(pv:=1(@)m(gv, vE Hy.

We define a representation by smooth induction, I (Hs) := Indiﬁ%“’”l)(m p and

write I (p) for the space of Ko-finite vectors in I (Hs). For f € I(p) we also
define, for each z € C, a function

fo(g) = 8(m) @2V 5 £ (k), g =mk € P(R) Koo,
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and an action of GU(r 4+ 1, s + 1)(R) on it by

(0(p, 2)(8) k) := fz(kg).

Let (", V) be the irreducible (gu(R), K/, )-module given by 7V (x) =7 (n~'xn)
for

and x in gu(R) or K/ (this does not mean the contragradient representation!). Let
pY, 1(pY), IV(Hs), 0 (pY,z) and I (p") be the representations and spaces defined
as above but with 77 and t replaced by 7V ® (r o det) and T¢. We are going to
define an intertwining operator. Let

lpt1
w = 1,

—1pp

Forany z € C, f € I (Hx) and k € K, consider the integral

A(p,z, fk) = fz(wnk) dn. (6)
Np(R)
This is absolutely convergent when Re(z) > %(a +2b+1) and A(p,z,—) In
Homc¢ (I (Hy), 1Y (Hy)) intertwines the actions of o (p, z) and o (pV, —2z).
Suppose 7 is the holomorphic discrete series representation associated to the
(scalar) weight (0, ..., 0; x, ..., k); then it is well known that there is a unique (up
to scalar) vector v € w such that k - v = det u(k, i) (here u means the second
component of the automorphic factor J instead of the similitude character) for
any k € KX’. Then, by the Frobenius reciprocity law, there is a unique (up to
scalar) vector 9 € I (p) such that k - 0 = det pu(k, i) %0 for any k € KI,. We fix v
and multiply ¥ by a constant so that 9(1) = v. In 7", (w)v has the action of K,
given by multiplying by det . (k, i) ™. We define w’ € U(r +1,s 4+ 1) by

1y

There is a unique vector 0¥ € I(p“) such that the action of KF, is given by
det u(k, i)™ and vV (w’) = 7 (w)v. Then, by uniqueness, there is a constant c¢(p, z)
such that A(p, z, V) =c(p, 2)v".

Definition 3.1. We define F,, € I (p) to be the v as above.
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3A2. Prime-to-p picture. Our discussion here follows [Skinner and Urban 2014,
§9.1.2]. Let (;r, V) be an irreducible, admissible representation of GU(r, s)(F})
which is unitary and tempered. Let ¥ and t be unitary characters of J{; such
that v is the central character for 7. We define a representation p of P(F,) as
follows. For p =mn, where n € Np(F,) and m =m(g,a) € Mp(F,) witha € K
and g € GU(F),), let

p(pv:=t(a)m(g)v, vevV.

Let 1(p) be the representation defined by admissible induction, that is, I (p) =
Ind(;%:;r Ls+1)(F) p. As in the Archimedean case, for each f € I (p) andeachz € C

we define a function f, on GU(r + 1, s + 1)(F,) by
f2(8) i= 8(m) TV p(m) f (k) for g =mk € P(F))K,
and a representation o (p, z) of GU(r + 1, s + 1)(F,) on I (p) by
(0(p, (&) k) := fz(kg).

Let (", V) be givenby 7V (g) = w(n~'gn). This representation is also tempered
and unitary. We denote by p¥, I(p") and (o (p", z), I (p")) the representations
and spaces defined as above but with 7 and 7 replaced by 7¥ ® (t o det) and 7€,
respectively.

For f € I(p), k € K, and z € C, consider the integral

A(p, z,v)(k) = f f-(wnk) dn. @)

NP(Fv)

As a consequence of our hypotheses on 7 this integral converges absolutely and uni-
formly for z and k in compact subsets of {z ’ Re(z) > %(a +2b+ 1)} x K,. Moreover,
for such z, A(p, z, f) € I(p"), and the operator A(p, z, —) € Homc (I (p), I(p"))
intertwines the actions of o (p, z) and o (p", —2).

For any open subgroup U C K,, let 1(p)Y C I(p) be the finite-dimensional
subspace consisting of functions satisfying f(ku) = f (k) for all u € U. Then the
function

{z eC ‘ Re(z) > %(a +2b+ 1)} — Home (I (p)Y, I(p)Y), z+> A(p,z,—)

is holomorphic. This map has a meromorphic continuation to all of C.
We finally remark that, when 7 and t are unramified, there is a unique (up to
scalar) unramified vector F, € I(p).

3A3. Global picture. We follow [Skinner and Urban 2014, §9.1.4]. Let (i, V)
be an irreducible, cuspidal, tempered automorphic representation of GU(r, s)(Af).
This is an admissible (gu(R), K., )yjo0 X GU(r, 5)(A r)-module which is a restricted
tensor product of local irreducible admissible representations. Let ¢, t : Aj; — C*
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be Hecke characters such that ¥ is the central character of 7. Let T = (X) 7, and
Y = Q) ¥y, be their local decompositions, w running over places of F. Define a
representation of (P (Foo) N Kxo) X P(AF, ) by putting

p(p)v = ®(pw(pw)vw)a

Let I(p) be the restricted product ) I (p,,) with respect to the F,, at those w at
which 1y, ¥, and pi,, are unramified. As before, for each z € C and f € I(p), we
define a function f, on GU(r + 1,5 + 1)(AF) as

J2(8) = ® Juw.z(8w),

where f, . are defined as before, and an action o (p, z) of
(gu, Koo) @ GU(r + 1, s + 1)(Ay)

on I(p) by o(p, z) :=Q 0 (py, z). Similarly, we define p", I (p") and o (p", 2),
but with the corresponding things replaced by their v, and we have global versions
of the intertwining operators A(p, f, z).

Definition 3.2. Let X be a finite set of primes of F containing all the infinite places,
primes dividing p, and places where 7 or t is ramified. Then we call the triple
9 = (i, T, ¥) an Eisenstein datum.

3A4. Klingen-type Eisenstein series on G. We follow [Skinner and Urban 2014,
§9.1.5] in this subsubsection. Let 77, ¢ and t be as above. For f € I(p) and z € C,
there are maps from 7 (p) and I (p") to spaces of automorphic forms on P(Ar)
given by

[ — (g f2(g)(D).

In the following we often write f, for the automorphic form on P(Afr) given by
this recipe.
If g e GU(r+1,s+1)(Ap), it is well known that

E(f.z.8):= Y, [ (®)

YEP(F)\G(F)
converges absolutely and uniformly for (z, g) in compact subsets of
{zeC|Re(2) > 3(a+2b+ D} x GU( + 1,5+ 1)(AF).

Therefore, we get some automorphic forms which are called Klingen Eisenstein
series.

Definition 3.3. For any parabolic subgroup R of GU(r + 1, s + 1) and an auto-
morphic form ¢, we define g to be the constant term of ¢ along R, defined
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by

r(g) = / p(ng)dn.
neNgR(F)\Ngr(AF)

The following lemma is well known (see [Skinner and Urban 2014, Lemma 9.2]).

Lemma 3.4. Let R be a standard F-parabolic subgroup of GU(r + 1,5 + 1) (i.e,
R O B, where B is the standard Borel subgroup). Suppose Re(z) > %(a +2b+1).
Then:

() IfR # P then E(f,z, g)gr = 0.
(i) E(f,z,5)p = f: +Ap, [, 2) -

3B. Siegel Eisenstein series on G.

3B1. Local picture. Our discussion in this subsection follows [Skinner and Urban
2014, §§11.1-11.3] closely. Let Q = Q,, be the Siegel parabolic subgroup of GU,,
consisting of matrices (%" g’f ) It consists of matrices whose lower-left n x n block
is zero. !

For a finite place v of F and a character x of 3\, we let I,(x) be the space of
smooth K, ,-finite functions (here K, , means the open compact group G, (OF ,))
f K, — Csuchthat f(gk) = x(det D,) f (k) for all ¢ € Q,(F,) N K,, ,, where
we write g as a block matrix g = (/?)‘1 g‘f ) For z e Cand f € I(x), we also define
a function f(z, —) : G,(F,) > Cby f(z. gk) 1= x (det D,)|det AgDE £ (k)
forg € O,(F,) and k € K, ,,.

For f € I,(x), z € C and k € K, ,, the intertwining integral is defined by

Mz, f)(k) = X" (n (k) [z, wyrk)dr.
Ng, (Fy)
For z in compact subsets of {Re(z) > %n}, this integral converges absolutely and
uniformly, with the convergence being uniform in k. In this case it is easy to see
that M (z, f) € I,(x°). A standard fact from the theory of Eisenstein series says
that this has a continuation to a meromorphic section on all of C.

Let U € C be an open set. By a meromorphic section of 7,(x) on U we mean a
function ¢ : U — I,,()) taking values in a finite-dimensional subspace V C I,,(x)
and such that ¢ : W — V is meromorphic.

For Archimedean places there is a similar picture (see [loc. cit.]).

3B2. Global picture. For an idele class character x = @) x, of Aj;, we define a
space 1,,(x) to be the restricted tensor product defined using the spherical vectors
SR e 1 (), fph(l(n,v) = 1, at the finite places v where x, is unramified.

For f € I,(x) we consider the Eisenstein series

E(fiz.g):= Y.  [f@ve.

YE€Qu(F\Gn(F)
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This series converges absolutely and uniformly for (z, g) in compact subsets of
{Re(z) > %n} X G (AF). The automorphic form defined is called Siegel Eisenstein
series.

Let ¢ : U — I,(x) be a meromorphic section; then we put E(¢; z,8) =
E(p(2); z, g). This is defined at least on the region of absolute convergence and it
is well known that it can be meromorphically continued to all z € C.

Now, for f € I,(x), z € C and k € l_[vfoo Kny ]_[vloo Ko, there is a sim-
ilar intertwining integral M(z, f)(k) as above, but with the integration being
over Ng,(Ar). This again converges absolutely and uniformly for z in compact
subsets of {Re(z) > %n} x K,. Thus, z +— M(z, f) defines a holomorphic section
{Re(z) > %n} — I,(x°). This has a continuation to a meromorphic section on C.
For Re(z) > %n, we have

Mz )=Q,Mz, f), f=Q fo

The functional equation for Siegel Eisenstein series is

E(f,z,8)=x"(W@NEM(z, f); =z, 8),

in the sense that both sides can be meromorphically continued to all z € C and the
equality is understood as of meromorphic functions of z € C.

3B3. The pullback formulas. Let x be a unitary idele class character of Aj. Given
a unitary, tempered, cuspidal eigenform ¢ on GU(r, s) which is a pure tensor, we
formally define the integral

Fo(fiz, )= / £ S (g, gih) S)F (det g19)p(g1h) dg.
U(r,s)(Ar)

f€lis1(x), g €GU(r + 1, s + D(Arp), h € GU(r, s)(Ar), u(g) = pn(h).

This is independent of 4. (We suppress the x in the notation for F, since its choice
is implicitly given by f.) We also formally define

RUzo= [ s ahs) e et dg.
U(r,s)(AF)

felys(x), § €GU(r, 5)(AF), h € GU(r, s)(AF), u(g) = pn(h).
The pullback formulas are the identities in the following proposition.

Proposition 3.5. Let x be a unitary idele class character of Ay.

W) If f € I45(x), then Fy(f; z, g) converges absolutely and uniformly for (z, )
in compact sets of {Re(z) > r + s} x GU(r, 5)(Ap) and, for any h € GU(r, s)(AF)
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such that ;t(h) = u(g),

/ E(f;z, 8 'a(g, g1h)S)  (det g1h)p(g1h) dgi
UGr,) (F\U(r5)(AF)

=F)(fiz.8). )

(1) If f € Lys11(x), then Fy(f; z, g) converges absolutely and uniformly for
(z, g) in compact sets of{Re(z) >r+s+ %} x GU@r + 1, s + 1)(Ap) and, for any
h € GU(r, s)(AF) such that uw(h) = u(g),

/ E(f: 2, S alg. g1h)S)7 (det g1h)g(gih) g,
Ur,s)(F)\U(r,5)(AF)
= > Fo(fiz,v8), (10)

yeP(FO\G(r+1,s+1)(F)

with the series converging absolutely and uniformly for (z, g) in compact subsets of
{Re() > r+s+ 5} xGUr +1, s + D(Ap).

Proof. The global integral F, and Fq’) can be written as a product of local integrals.
The absolute convergence of local integrals for F; is proved in [Lapid and Rallis
2005, Lemma 2]. The absolute convergence for the global integral F(; follows
from this and the explicit computations in [Lapid and Rallis 2005] at all unramified
places, together with the assumption that ¢ is tempered. The absolute convergence
for F,, is proved in the same way. Then part (i) is proved by Piatetski-Shapiro and
Rallis [Gelbart et al. 1987] and (ii) is a straightforward generalization by Shimura
[1997], which is in turn due to earlier works of Garrett [1984; 1989]. Both are
straightforward consequences of the double coset decompositions in [Shimura 1997,
Propositions 2.4 and 2.7]. O

3C. Fourier-Jacobi expansion.

3C1. Fourier-Jacobi expansion. We will usually write e (x) = eay (Tra, /aq X)
for x € Ar. For any automorphic form ¢ on GU(r, s)(Afr), B € S, (F) form <s.
We define the Fourier—Jacobi coefficient at g € GU(r, s)(AFp) as

Y
wﬁ(g)zf ol o 4 o | ¢ [er=Tesn as.
S (F)\Su(Ar) r—s
0o 0 1

In fact, we are mainly interested in two cases: m = s, or r = s and arbitrary m <.
In particular, suppose G = G,, =GU(n, n), 0 <m <n are integers, and B € S, (F).
Let ¢ be a function on G(F)\G(A). The B-th Fourier—Jacobi coefficient ¢g of ¢
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at g is defined by

| SO0
vp(g) 1=/<p "00]|g|ea(—=TrBS)ds.
1,

Now we prove a useful formula on the Fourier—Jacobi coefficients for Siegel
Eisenstein series.

Definition 3.6. Put

| z 0
Z = "00)|ze S, @)},
0, 1,
1, x z \
| PR A
V=1 1 X,y € Myg—my(¥H), z—xy* € Su(¥) ¢,
m
O —x* luem
1,, x
Lo On
X = e 1 X € Mm(n_m)(f]f) ,
m
0, —x* 1y
1, 52
Y ;= n y* 0 ‘yEMm(n_m)(fjf)
\o, "1,

From now on we will usually write w,, for (_1 In )

Proposition 3.7. Let f be in I,,(t) and suppose B € S, (F) is totally positive. If
E(f;z, g) is the Siegel Eisenstein series on GU, defined by f for some Re(z)
sufficiently large, then the B-th Fourier-Jacobi coefficient Eg(f; z, g) satisfies

Eg(fiz,8) S

y
= Y 2 (w5 0)emting|ecTpsas,
Sm(A)

¥ €0 (F)\ GU,i_n (F) ye¥ 1,
where
1
Up—m(y) = b ! ¢
B A

ifgr= (é g), where A, B, C and D are (n —m) x (n —m) matrices.
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Proof. We follow [Ikeda 1994, Section 3]. Let H be the normalizer of V in G.
Then

Gu(F)=|_| Qu(F)&H (F)
i=1
for

Om i 0 _lm 1 0
o 0 ln—m-‘ri 0 0
Rl R 0nei 0
0 On—m-‘ri 0 1n—m-‘:—i

Unfolding the Eisenstein series, we get

Eg(fiz,9) = o o g | ea(=Tr(BS))dS

i>0 yEQn(F)\Qn(F)ElH(F) (

+
VEQn(F)\Qn(F)SoH(F)

00 g | ea(=Tr(BS)) ds.

By [Ikeda 1994, Lemma (3.1)] (see [ibid., p. 628]), the first term vanishes. Also,
we have [loc. cit.]
On(FO\Qn(F)soH (F) = 8§ Z(F)X(F) Qn-m(F)\Gp—m(F)
=& X(F) - Qn-m(F)\Gn—m(F) - Z(F)
= wWn Y (F) Sy (F)Wn—m Qn-m (F)\Gn—m (F)

(note that S,, commutes with X and G,,_,;). So

Sy
1
Efing= Y 3 /S(mf w [ 175 0] @nn(l g

VYE€Qn—m(F)\Gn—nm (F) yeY (F) ln
xen(—Tr(BS))dS
Note that the final integral is essentially a product of local ones. ([
Now we record some useful formulas:
Definition 3.8. If g, € U,_,,(F,) and x € GL,,(¥,), then define
Flg(fv; 2, ¥, 8, %)
Sy

:/ f | wn Ln 'y 0 | a(diag(x, l)f_l),g) er,(=TrBS)ds,
Sm (Fy) l}’l
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where
A B
ol )= D’ C’ oo — A B _ A" B
g17g2 - C D gl_ C D ’gz— C/ D/ .
B’ A’
We also define
1, S
Jo.pz(8) == f| 2z, wn L) e ey(—TrBS)dS.
n
Since
L l, XBA™! S—XB'X XA
S X - - 1, o
Lo A A A'X
X =
1m 1m
1, - - 1,
BA™! A BA™! A

it follows that:

(e (o)
= tS(det A)~'|det AA|ST 2, (— Tr('XBX B)) Flg(f; 2, XA, g, Y).
Also, we have
Flg(f: 2, y, 8 x) = tp(detx)|det xx [ ST * 7™ Flugpe (F: 2. x 'y, g, 1).

3C2. Weil representations. We define the Weil representations which will be used
in calculating local Fourier—Jacobi coefficients in the next section.

The local set-up. Let v be a place of F. Let h € S,,(F,),deth # 0. Let U, be
the unitary group of this metric and denote by V, the corresponding Hermitian
space. Let V,_,, := fl(,"_m) ® f]fl(,"_m) = X, @Y, be the skew-Hermitian space
associated to U@n —m,n —m). Let W =V, ®%, Vi—m,». Then (—, —) =
Try, /r,((—, =)0 ®3%, (—, —)n—m) 1s a F, linear pairing on W that makes W into
a 4m(n—m)-dimensional symplectic space over F),. The canonical embedding of
U, x U, into Sp(W) realizes the pair (U, U,_,,) as a dual pair in Sp(W). Let
Ay be a character of ) such that A, | X = Xg?/ Foo It is well known (see [Kudla
1994]) that there is a splitting Uy, (F,) X U, (Fy) < Mp(W, F,) of the metaplectic
cover Mp(W, F,) — Sp(W, F,) determined by the character A,. This gives the
Weil representation wy, ,(u, g) of Uy (F,) x U,_,,(Fy), where u € Uy (F,) and
g € U,_,,(F,), via the Weil representation of Mp(W, F},) on the space of Schwartz
functions ¥(V, ®y, X,). Moreover, we write oy, ,(g) to mean wy, (1, g). For
X € Myx(n—m)(Jy), we define (X, X)), := ’)?,BX (note thisis an (n —m) X (n —m)
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matrix). We record here some useful formulas for wy , which are generalizations
of the formulas in [Skinner and Urban 2014, Section 10]:

o wpyu, 9)P(X) =wp (1, )P X).

» wp(diag(A, 'A=1) D (X) = A(det A)|det Al P (X A).

o wpp(r(8)P(x) =@ (x)ey (Tr(X, X)sS).

o wp (MNP (x) =|deth|, [ D(Y)ey(Try, r,(Te(Y, X)p)) dY.
Global setup. Let h € S,,(F) be positive definite. We can define global versions of
Uy, GUp, X, Y, W, and (—, —), analogously to the local case. Fixing an idele class
character 2 = ) A, of Ag; /% such that A| px = xg, -, the associated local splitting
described above then determines a global splitting Uy, (Ar) x U (Ar) — Mp(W, Ar)

and hence an action wy, := Qwy , of Uy (Ar) x U (Af) on the Schwartz space
F(Vay, ®y X).

4. Local computations

In this section we do the local computations for Klingen Eisenstein sections real-
ized as the pullbacks of Siegel Eisenstein sections. We will compute the Fourier
and Fourier—Jacobi coefficients for the Siegel sections and the pullback Klingen
Eisenstein sections.

4A. Archimedean computations. Let v be an Archimedean place of F'.
4A1. Fourier coefficients.
Definition 4.1.  f (2, 8) = Ju(g, i 1,) " [Ja(g, i 1) 7",

Now we recall [Skinner and Urban 2014, Lemma 11.4]. Let J,(g,il,) :=
det(C4il, 4 D,) for g = (éﬁ gi)‘
Lemma 4.2. Suppose B € S,,(R). Then the function z — f, g(z, &) has a meromor-
phic continuation to all of C. Furthermore, if k > n then f, , g(z, g) is holomorphic
at ze 7= 5(k —n) and, for y € GLy(C), fin,p(zc, diag(y, '77") =0if det p <0,
while, if det B8 > 0, then

fx,n,ﬂ(ZK, diag(y, t)';*l))
(=) Qmiy™ (2/m)" D2

ey(i Tr(By'y)) det(B)<~" det j*.

—1 .
[Tizok —j =1
4A2. Pullback sections. Now we assume that our 7 is the holomorphic discrete
series representation associated to the (scalar) weight (0, ..., 0; «, ..., «x) and let

¢ be the unique (up to scalar) vector such that the action of K Ot;/ (see Section 3A)
is given by det i (k, i) 7. Recall also that in Section 3A we defined the Klingen
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section F(z, g) (denoted F). Recall we have defined S and S’ in equations (1)
and (2). Let

1.

Silp

2 1
; 211;,

¢

1-
jllb

=

¢

=

il
be the distinguished point in the symmetric domain for GU(n, n) or GU(n+1, n+1),

for n = a + 2b. We define Archimedean sections to be

Ji (@) = Jutr1(g, i)_K|Jn+1(g, i)|K—22—n—1
and

FL(8) = Jug, D)™ Jn(g, DI

and the pullback sections on GU(a +b+ 1, b+ 1) and GU(a + b, a) to be

Fe(z,8) = / fe(z, S (g, g1)S)T(det g1)m(g1)e dg
U(a+b,b)(R)

and
Fl(z, g) = / £z S Nale, g1)S)F (det g1) (g1 dar.
U(a+b,b)(R)

Lemma 4.3. The integrals F, and F, are absolutely convergent for Re(z) suffi-
ciently large and, for such z, we have

(1) Fi(z, 8) = (D) Fi 1 (8);
(il) Fe(z, 8) = c () (g)¢;
where
@by (24 1 +x) —ay —by)

e, (z, 8)=2"|det |} X Tp (z+ 3 +K0)"" ifb>0,
1 otherwise.

and ¢ (z, 8) = ¢, (z + % g). Here Ty (s) := gmmtD/2 ]_[km;O1 I'(s—k)andv =
(a +2b)db (recall that d = [F : Q)).

Proof. See [Shimura 1997, Propositions 22.2 and A2.9]. Note that the action
of (B,y) € U(r,s) x U(s, r) is given by (B, y’), defined there. Taking this into
consideration, our conjugation matrix S is Shimura’s S times X ~! (with notation
as there), which is defined in (22.1.2) in [Shimura 1997]. Also our result differs
from [Skinner and Urban 2014, Lemma 11.6] by a power of 2, since we are using a
different S here. O
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4A3. Fourier-Jacobi coefficients. We write Flg , for the Fourier—Jacobi coefficient
defined in Definition 3.8 with f, chosen as f; .

Lemma 4.4. Let 7, = %(K —n), BeS,(R), m<nanddetp > 0. Then:

() Flgu@e. .0, ) = femp(ze + 30 —m), 1)el Tr('XBX)).
(i) If g € Uy—m(R), then

FJ/S,K (2, X, 8, 1) =e(i Tr B)cwm (B, K)fom,n7m<ZKv g/)wﬁ(gl)qDﬁ,oo(x)’

/_ 1n 1,
g - _ln g 1n ’

(~2) @niy* @/m) D
c(B, ) = A
Hj:()(" —-Jj—D

and ®g oo (x) = e~ 2m Tr((x.x)p)

where

det <!

Proof. Our proof is similar to [Skinner and Urban 2014, Lemma 11.5]. For (i) we first
assume that m < %n; then there is a matrix U € U,,_,, such that XU = (0, A) for A
an m X m positive semidefinite Hermitian matrix. It follows that FJg (z, X, n, 1) =
Flg(z, (0, A),n, 1) and e(iTr('XBX)) = e(i Tr((U~''XBXU)), so we are re-
duced to the case when X = (0, A).

Let C be an m x m positive definite Hermitian matrix defined by C = v/ A% + 1.
(Since A is positive semidefinite Hermitian, this C exists by linear algebra.) We
have

AC™! c! —-C7'A c!

Write k(A) for the second matrix in the right of the above, which belongs to K ,f 00l
then, as in [Skinner and Urban 2014, Lemma 11.5],

C—l

X X
1 X X X u-'su-!
1 S X c! 1
= X X X X X n
wy X = Wy k(A).
C
La
1,
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Thus,

Flg.c (2. (0, A), . 1) = (det ©)*" > Flg (2. 0., 1), B’ = CBC
= (det C)*" > femp (2 + 3(n—m), 1)
= femp(z+30—m), 1)e(i Tr(CBC — B)).
But
e(i Tr(CBC — B)) = e(i Te(C*B — B)) = e(i Tr((C* — 1)B))
=e(i Tr(A%B)) = e(i Tr(ABA)).

This proves part (i).
Part (ii) is proved completely the same as [Skinner and Urban 2014, Lemma 11.5].
In the case when m > %n, we proceed similarly as in [Skinner and Urban 2014,
Lemma 11.5], replacing a and u there by corresponding block matrices just as
above. We omit the details. O

4B. Finite primes, unramified case.
4B1. Pullback integrals.

Lemma 4.5. Suppose w, v and t are unramified and ¢ € 7w is a new vector. If
Re(z) > %(a + b) then the pullback integral converges and

Lz, 7% z+1)
a+2b—1 .=,
[[iZ0" LQz+a+2b+1—i,1T'xy)

Fy(fSP™ 2, 8) = F, (),

where F), ; is the spherical section taking value ¢ at the identity and

L(7 7 2+3)
1957 L@z +a+2b—i,T'x)

Fy(f: z,8) = 7(g)e.

This is computed in [Lapid and Rallis 2005, Proposition 3.3].

4B2. Fourier—Jacobi coefficients. Let v be a prime of F not dividing p and t a
character of J;\. For f € I,(t) and 8 € S,,(F,), 0 <m < n, we define the local
Fourier—Jacobi coefficient to be

SO

Ly
f8(z: 8) 12/ 1z wy 00]g]|e(—TrBS)ds.
Sm (Fy) ln

We first record straightforward generalizations of [Skinner and Urban 2014,
Lemmas 11.7 and 11.8] to any fields [Shimura 1997, Propositions 18.14 and 19.2].
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Lemma 4.6. Let 8 € S,,(F,) and let r := rank(B). Then, for y € GL,, (¥*,),

sph . - - — _ _
£ (2. diag(y, '571)) = T(det y)|det y§|,; /2 DD/
M= LQz+i—n+1,7 %)

—2z—n)
[T/ LQz+n—i, 7y

ho, 58y (T (@)q,

where hy, 158, € Z[X] is a monic polynomial depending on v and "y By but not on t.
If B € $,(0F,) and det 8 € @X’v, then we say that B is v-primitive and, in this
case, hy g = 1.

Lemma 4.7. Suppose v is unramified in . Let 8 € S,,(F,) with det8 # 0 and
let B € S;(OF,) and let A be an unramified character of X\ such that A px = 1.
If B € GL,,(OF,) then, for u € Ug(F,),

sph
Q- —_ 9 9 ¢
RIs(A™: 2. x. 8. 1) = v(detu) detia]; <+1/2 Lom (& )08 Pol)

My LQz4n—i, Txi)

4C. Prime-to-p ramified case.

4C1. Pullback integrals. Again let v be a prime of F not dividing p. We fix
some x and y in J which are divisible by some high power of @, (which can be
made precise from the proof of the following two lemmas). (When we are moving
things p-adically, the x and y are not going to change.) We define f' € I, (1)
to be the Siegel section supported on the cell Q(F,)wa425+1No(OF ), where
Wai2b+] = (71(”%+l 1““”“) and the value at No(OF ) equals 1. Similarly, we
define f ¥/ e I,(7) to be the section supported in Q(Fy)wa425No(OF, ) that takes
value 1 on Ng(OF ).

Definition 4.8. fv,sieg(g) = fT(gs‘vil);v) € In-H (T),

where p, is defined to be

1 (1/x)1p
1
la (L/(yyNla
I, (1/%)1,
1y
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and
lb _jlb
1
1
: —1 %lb
Su = 1, 11,
1
la
—1p —2l
Similarly, we define flg,sieg(g) = fT’/(gSU_lJ;;) for
1, —11,
lq
- —1p 51p
Su= 1y I b
lq
—lb _‘lb
and
1, (1/x)1p
1, (1/yNla
. I, (1/x)1
Vv = 1,
la
1p

Lemma 4.9. Let K\” be the subgroup of G(F,) of matrices of the form

—
2

—

>

—_—a 0 o K

where e = —'a, b="'d, g=—'f, be M(0,), ¢c— f¢'f € Op,, ac (x),

ec(x), fe(yy) and g € (2tyy). Then F,(z; g, f) is supported in Ple(,z) and
. . . )
is invariant under the action of K, .
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Proof. Let Sy, consist of matrices

S11 S12 S13 Sus
S21 S22 823 So4
S31 832 833 3
Sa1 Sa2 S43 Saa

in the space of Hermitian (a +2b + 1) x (a +2b + 1) matrices (the blocks are with
respect to the partition b 4+ 1 + a + b) such that the entries of S;3 and S>3 (resp.
S14 and Sp4, S31 and S3p, S41 and Syp) are divisible by y (resp. x, y, x), while
the entries of S33 (resp. S34, S43, Sa4q) are divisible by yy (resp. xy, xy, xx). Let
Oy = 0(F)- (g 1)

Write

As in [Skinner and Urban 2014, Proposition 11.16], for

ay ay az by by
a4 as deg b3 b4
g=|a7 ag a9 bs be |,
cy ¢ ¢3 dy dy
c4 €5 Ccg d3 dy

we have

y(g. 1) €Supp fosieg <= S, (g, DAwat2pi1de 7" € Ox,y
= S la(gw, ndiagx~', 1,x)Aw'd, 7 € Q.

Here,

1p
dyy =diag(l, 1, y,x,1, 1,51, 71,
dy =diag(1,1,y,1,1,1, 571, 1),
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and y=

lb lb

Here, x and y stand for the corresponding block matrices of the corresponding
size. Recall that y(m(g1, 1), g1) € Q; by multiplying this to the left for g; =
diag(x, 1, x_l)n_l, we are reduced to proving that, if y (g, l)w/dyJ?_1 € Qx,y, then
g€ Plegz)w_l. A computation tells us that y (g, l)w/dy)?_] equals the product

1p —31p
1
1(1
—1, 11,
1p
1
1
_1’7
a  a s¢azy—azy™! b1 b b azy~!
as  as %é“aéy—%i_l —b3 b3 Dy agy !
31 3as giy(ao—1)—5(ag+ 1)y~ —3bs 3bs b 5(ag+1)y~!
1
1 o o JCezy—c3y! l—dy di d 3yt ’
¢4 Cs 3Ccey—cey ! —dy d3 dy c6y !
—3a7 —3as —3(ao+1)y+3(ao— 1)~ 3bs —3bs —3be 3(1—ag)y~!
ai—1 a sCazy—azy~! b1 b1 b azy~ ' 1

where 3 = ¢!

One first proves that d4 # 0 by looking at the second row of the lower left of
the above matrix, so by left-multiplying g by some matrix in Np, we may assume
that d) = by = by = bg = 0, then the result follows by an argument similarly to the

proof of Lemma 4.36 later on. U

Now recall that
as dae a4
g=1|4as ag as
a as a
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Let 2 be the set of g such that the entries of a; are integers, the entries of as
(resp.a; — 1, 1 —as, as, as, ag, ay) are divisible by yy (resp. x, x, Xy, xXx,
%j}y{, yyx¢),and 1 —ag = yy{ (14 yyN) for some N with integral entries.

Lemma 4.10. Let ¢, = n(diag(x, 1, x ")~V e, where ¢ is invariant under the
action of ) defined above; then:

() Fpo(fosieas 72 w) = T(yyx)|(v7) 2k ], < “F 2 vo1(9) - 0.
(i) F), (] gogt 2 W) = TOIOI 322 E 2 Vol(®) - .

Proof. First, one computes

1 1 1
1 1 1
: 1 ! bt
1 ay as an 1
11 1 1
1 1 1
—¢! —¢! a;  agag -1 -1
1 1 a;  agds 1
1 1 1
1 1 1
1 y 1
1 1 1
X
1 1 —-11
1 1 1
-1 y! -1 1
1 1 -1 1
1
1
3as 1¢y(1—ag)—35~" (1+ao) —31a 57 '(+ag)  —3ias
| sasgy+asy~! a —a3y! a
| —a %a3§y~|—a3y_l ai—1 1 —azy~! a
1
¢lag —3y(+¢7a)+e 75 (=) —¢la; —¢ 75T (1—ag) —¢ lag
I I

1—as 3asty+asy~ ds —agy~ as

One checks the above matrix belongs to Q, , if and only if the a; satisfy the
conditions required by the definition of ). The lemma follows by a similar argument
to Lemma 4.38 below. ]

Definition 4.11. We will sometimes write ), for the ) above to emphasize the
dependence on v.
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4C2. Fourier—Jacobi coefficient. We first give a formula for the Fourier coefficients
for fv,sieg = Io();v)fj,sieg and flj,sieg = p()’;z;)flivs/ieg'

Lemma 4.12. (i) Let B = (Bij) € Sut1(Fy); then for all z € C we have

Fosieg.p(z, 1) = Vol(S,11(OF ,))ey (Trs;{m (

Bb+2,p42+ -+ ﬁb+1+a,b+1+u>
yy

Batb2,1+ -+ ,3a+2b+1,b)
X

_l’_

(i) Let B = (Bij) € Sy(F,). Then

~ Batbt1,1+ -+ Batobb
Fisien p@ 1) = Vol(Sy(OF.))e (Trgcu/Fv< — t

X

Bo+1p41+ -+ ,3b+a,b+a)
yy

+

The proof is straightforward.
Here we record a lemma on the Fourier—Jacobi coefficient for flf e I,(ty)
and B € S, (Fy).

Lemma 4.13. If 8 & S,,(OF,)* then FJﬁ(fT; z,u, g8, hy)=0.If B € S,(OF,)* then
Flg(ffz,u, 8, h) = f1(z, gmawp(h, gn)Po,yu) - VoI(S, (OF,)),

where g’ = (]"_’” _1n_n1)g(ln_m —1,1_,,1)'

The proof is similar to [Skinner and Urban 2014, Lemma 11.15].

4D. p-adic computations. In this subsection we first prove that, under some
“generic conditions”, the unique (up to scalar) nearly ordinary vector in I (p) is just
the unique (up to scalar) vector with certain prescribed action of level subgroup.
Then we construct a section F T in I (p") which is the pullback of a Siegel section f
supported in the big cell. We can understand the action of the level group of this
section. Then we define FO to be the image of F' under the intertwining operator.
By checking the action of the level subgroup on F°, we can prove that it is just the
nearly ordinary vector.

In our calculations we will usually use the projection to the first component of
Wy =Ty x Wy = Q) x Q).

4D1. Nearly ordinary sections. Let A1, ..., A, be n characters of F,, which we
identify with @, and = = Ind$"" (A1, . . ., A,).
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Definition 4.14. Let n =r + s and k = (¢45, - - -, Cs+1; €1, - - - , Cs) De a weight.
We say (A, ...A,) is nearly ordinary with respect to k if

{val,A1(p),...,val, A, (p)} = {c1+s—1—%n+%,cz+s—2—%n+%,...,cs—%n—l—%,
Cs+1+r+s—1— %n+%,...,cr+s +s5— %n+%}.

We write the elements of the right side in order as k1, .. ., ky4g, SOK] > -+ + > Kpps.
Letsd, :=2Z,[t1,t2, ..., t,, 1711 be the Atkin—Lehner ring of G(Q,), where t;

n

is defined by #; = N(Z,)a; N(Z,), o; = (1”*" p1~)' Then #; acts on 7wV Z») by
v|t; = Z xiai_lv.
xeNla;lNa,-

We also define a normalized action with respect to the weight k, following [Hida
2004b]:
vllt i= 8(a) 2 pr g

Definition 4.15. A vector v € & is called nearly ordinary if it is an eigenvector for
all ||#; with eigenvalues that are p-adic units.

We identify 7 as a set of smooth functions on GL,(Q)):
7 ={f:GLy(@,) = C| f(bx) = 1()sp(B)'* f(x)}.
Here, A(b) :=[]'_, 2:(b;) for

and 8 is the modulus function for the upper-triangular Borel subgroup. Let w, be
the longest Weyl element,

1
and let f* be the element in 77 (which is unique up to scalar) that is supported in
Bw¢N (Z,) and invariant under N(Z,). We have:
Lemma 4.16. f* is an eigenvector for all t;.

Proof. Note that, for any i, f*|#; is invariant under N(Z »). By looking at the
definition of v|f; for the above model of x, it is not hard to see that f¢|; is
supported in B(Q,)w¢B(Z,). So f¢|t; must be a multiple of f*. O
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Lemma 4.17. Suppose that (71, ..., A,) is nearly ordinary with respect to k and
suppose

Vp(}\l(p)) > Vp()\2(p)) > > Vp()\n(p));

then the eigenvalues of ||t; acting on f* are p-adic units. In other words, f* is an
ordinary vector.

Proof. A straightforward computation gives that
f(f”l‘i = )‘1 ce )"i (p_l)pKH'“"HCi fe,

which is clearly a p-adic unit by the definition of (A, ..., A,) being nearly ordinary
with respect to k. U

Remark 4.18. Hida proved [2004b, Theorem 5.3] that the nearly ordinary vector
is unique up to scalar.

Lemma 4.19. Let Ay, ..., Ay12p be characters of @; such that cond(hg12p) >

- > cond(Ap4+1) > cond(Ay) > --- > cond(Ap). We define the subgroup K, of
GLy42p(Z)) to be those matrices whose below-diagonal entries of the i-th column
are divisible by cond(Mg42p+1-i) for 1 <i <a+ b, and the left-to-diagonal entries
of the j-th row are divisible by cond(Ay12p+1-j) fora+b+2 < j <a+2b. Let
A°P be the character of K, defined by

Aat+26(811)Aar20—-1(822) - - - AM1(8at2b at2b)-

Then f* is the unique (up to scalar) vector in w such that the action of K,_is given
by multiplying by \°P.

Proof. We only need to prove the uniqueness. We use the model of induced
representation as above. Letn =a+2b and letey, ..., e, be the standard basis of the
standard representation of GL,,. Let p" be the conductor of A;. So #,12, = max{;};.
Write Ko(p) C GL,(Z ) for the subgroup consisting of elements in B(Z ,) modulo p.
Suppose f is any vector satisfying the requirement of the lemma. Let w be a Weyl
element of GL, such that f is not identically O on wKy(p). Then we see that

W - ej = e,4p by considering right-multiplication by diag(1 + pla+»=1 1,... 1).
Continuing this argument, we see that w - ey = e;42p—1, . ... Finally, we have
w = w' and the lemma is clear by Bruhat decomposition. U
We let
1
wp = 1
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Now let B = B”! and K; = K"

Corollary 4.20. Denote a; := v,(X;(p)). Suppose A, ..., Aqy2p are such that
cond(A) > --->cond(Agqpp) and ay < -+ < Agyp < Agaop <+ < Agyp+1. Then
the unique (up to scalar) ordinary section with respect to B is

Ford () = {)»1(811) Mavan(Qasaparan) if g € Ky,

otherwise.

Proof. We only need to prove that 77 (w;) £°"(x) is ordinary with respect to B! = B.
Let A} = Aatbt1s - -+ s Ay = hat2bs Ay = hatbs - - » Ay o, = A1 Then A’ satisfies
Lemma 4.17 and thus the ordinary section for B (up to scalar) is ff. Since A" also
satisfies the assumptions of Lemma 4.19, ff, is the unique section such that the
actlon of K is glven by Aa 4op(g11) - ¥ 1(8a+2b,a+2p). But A 1s clearly regular, so
In d Lav2b 3 ~ Ind Lat2p 37y So the ordmary section of Ind Lat2v 3) for B also
has the action of K, given by this character. It is easy to Check that 7w (w) f° has
this property and the uniqueness (up to scalar) gives the result. (]

4D2. Pullback sections. In this subsubsection we construct a Siegel section on
U(a+2b+1,a+2b+ 1) which pulls back to the nearly ordinary Klingen sections
on U(a+b+1,b+1). We need to rearrange the basis since we are going to study
large block matrices and the new basis will simplify the explanation. One can check
that the Klingen Eisenstein series we construct in this subsection, when going back
to our previous basis, is nearly ordinary with respect to the Borel subgroup

*

* % ¥

B] =

*
EE S

*

where the first four blocks are upper-triangular and the fifth is lower-triangular. But
the one we need is nearly ordinary with respect to the Borel subgroup

* ok % ok %
* ok % %

By := * k%

*

% %

(it is for this one that we can use the A-adic Fourier—Jacobi expansions). (Here the

blocks are with respect to the partition b+ 1 +a + b+ 1.) There is a Weyl element

Wgore) Of GLg12p42 such that wgolrel Bowg,, = B1. This wy_, is in fact in the Weyl

group of GLy4 14, embedded as the upper-left minor. In the case of the doubling

method (U(r, s) x U(s, r) < U(r +s, r +5)) we have a corresponding change of
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index and we write wy_ ., for the corresponding Weyl element. In Section 4D4 we
will come back to the original basis.

Now we explain the new basis. Let V, ;, and V, 541 be the Hermitian space with
respective matrices

¢1a ¢

1 b and 1 b+1
—1p —lpt1
(These are our skew-Hermitian spaces for U(r, s) and U(r + 1, s + 1) under the

new basis.) The matrix S for the embedding U(V,, p) X U(V, p41) = U(Vag2p+1)
becomes

=
=

=

1
-1 -1

Godement sections at p. Let v|p be a prime of F and ¥, ~ Q, x Q,. Lett
be a character of Q; x Q7. Suppose T = (71, 7, 1Y and let p* be the conductor
oft;,i=1,2. Let x1, ... Xa» Xat1s - - - Xas2p b€ characters of @; whose conductors
are p'', ..., p“*2, Suppose we are in the generic case:

Definition 4.21 (generic case).
Hh>th>--->1liqp>81>Ilggpsrl > > g2 > 52,

Also, let &; =X,-tf1 forl1 <i<a-+band§; =X;1r2 fora+b+2<j<a+2b+1.
Let &a4p1 =1

Let ®; be the following Schwartz function on M, 2,+1(Q,): let I' be the
subgroup of GL,2,+1(Z,) consisting of matrices y = (y;;) such that p’* divides
the below-diagonal entries (i.e., i > j) of the k-th column for 1 <k <a + b and
p’ divides y;j whena+b+2 <i <a+2b+1and j =a+b+ 1; while p'i-!
divides y;; whena+b+2 < j<a+2b+1andeitheri <a+b+1ori > j.

Leté{:xitz_l, l<i<a+b, Sj’. =Xj_l‘[1,a—|-b+2§j <a-+2b+1, and
& il =T t{l. (Thus, & = &1y r{l for any k.)

0 if I,
Definition 4.22.  &;(x) = { atb41 &/ 1 e
=1 &) if x el

Now we define another Schwartz function ®; on M;42,41(Q)).
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Let X be the following set: if

Al A Az Al
Az Axp Axz Ay
Azl Az A3z An
Ay Ay Agz Ay

is in block matrix form with respect to the partition a +2b+1=a+b+1+b, then

 x has entries in Z;

. (2‘; 2;1) has i-th upper-left minors A; such thatdet A; e Z fori=1, ..., a+b;

and
e Ay has i-th upper-left minors B; such that det B; € Z; fori=1,...,b.
We define

0 if x ¢ X,
&1 Eatb-1
D (x)= S—(detAl)' tor ———(det Ayyp—1)&arp(det Ayyp)
a+
x Satbt Satht2 (et By) - - | Sat2p (det By_1)Easops1(det By) if x € X.

f a+b+3 a+2b+1

(11)

This is a locally constant function with compact support. Let
D(x) i= P (x) = / @ (yep(Try x) dy
Ma+2b+l(®p
(where tilde stands for Fourier transform). Let ® be the Schwartz function on
Mayop+1,2a+2b+1)(Q)p) defined by
O(X,Y) :=21(X)Pa(Y)
and define a Godement section (terminology of Jacquet) by

@)= Tz(detg)|detg|;“'+(a+2b+1)/z

X f ®((0, X)g)1; ' Ta(det X)[det X |, > TP+ g X
GL4+26+1(Qp)

Lemma 4.23. Ify € T, then

a+2b+1
o (yX)= [] Glm)®e(X).
k=1
Proof. This is straightforward. For example, to see that the A4, block of 'y X has
invertible upper-left minors (i.e., has determinants in Z;) fory eT’, X € X, one
notes that all entries of the upper-right block of y are zero modulo p, and that
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multiplying by invertible matrices which are lower-triangular modulo p does not
change the property that all upper-left minors are invertible. U

Fourier coefficients. For z in the absolutely convergent range and B € S,12p41(Q))
(which is isomorphic to M,254+1(Q),) through the first projection), the Fourier
coefficient is defined by

Ly 1N
f,sq)(l,z) =/ f<1><( | +2b+1> ( 1))ep(—Tr,BN)dN
Ma+2b+1 (@p) —Lla+2b+1

:/ / CID((O X)< 1a+2b+1>)
My 2p41(Qp) Y GLa12p41(Q)) —lav2ps1 —N

x 1) ' Ta(det X)|det X |+ e (— Tr BN) dN d* X
:/ @1 (= X)Pe(— X781 ' 1a(det X)|det X[, d* X
GLg+26+1(Qp)
=‘L'1_1‘L'2(—1) Vol(I') ¢ ('B). (12)
Definition 4.24. Let fT = fj 1op41 be the Siegel section supported on

1 Ma+2b+l(Zp)>

0Qp)wayop11 ( )

and fT(wa+2b+l (l }f)) =1for X € My12p11(Zp).

1 if BeMupt1(Zy),
0 if BE Muyopi1(Zy),

(here we used the projection of B onto its first component in ¥, = F,, X Fy), where

Lemma 4.25. fg(l) = {

the first component corresponds to the element inside our CM-type X under
1 :=C = C, (see Section 2A).
fCD

Definition 4.26. fh=— .
T, 12 (—1) Vol(I')

Thus, f; = ().
We define

T/(pnt)p2ntz—tn(n+l)/2 if t > O,

! —
cn(t', 2) 1= {pznz—n(n+1)/2 £r0. (13)

Now we recall a lemma from Skinner and Urban [2014, Lemma 11.12], which will
be useful later.
Lemma 4.27. Suppose v|p and B € S,(Q,), det 8 # 0. Then:

() If B & Su(Z,) then M(z, f1)p(—=2,1) =0.
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(ii) Suppose B € S,(Z,). Let t :== ord,(cond(t")). Then
Mz, fHp(=z, 1) = t'(det B)|det B|; Zg(F)"ca(’, 2).

Note that our /1 is the % in [Skinner and Urban 2014] and our 7 is their x.
Now we want to write down our Godement section f® in terms of f'. First we
prove the following:

Lemma 4.28. Suppose ®¢ ,, is the function on M,(Q,) defined as follows: If
cond(&;) = (p") fort; > --- > t, and &; are characters Of@; with conductor p'i.
Let X,, be the subset of M,,(Z,) such that the i-th upper-left minor M; has determi-
nant in Z,. Define @ , to be

i—%det My) - (det My )8, (det M)
2 n
on X, and 0 otherwise. Let
L iz
Xen=Xe : =N(Zp) NPP(Z,).

Pz

Then the Fourier transform dADS of ®¢ is the function

Be(x) = {0 ] if x & X,
[Timi 0 [Tz & ip™)  if x € X,
1 x x X1 1
where x = X X .
1 Xn x x 1

Proof. First suppose x is in the “big cell” N(Q,)T (Q,)NPP(Q),). It is easily seen
that we can write x in terms of block matrices,

()

where z € GL,_1(Q)), w € Q}, u € M,_1 1(Q,) and v € M; ,_1(Q)). A first
observation is that d~>g is invariant under right-multiplication by N°PP(Z,) and
left-multiplication by N(Z,). We show that v € M ,-1)(Z)) if CTDE (x) #0. By
definition,
ben= [ @cey Ty dy.
Mﬂ

Qp)

= () ) C) = rn),

S0, writing
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we have

B (x) = / s e et bezs ((2 1) (a b) (1 nf))
<ol m((n ) () (DG D)
ol ol ) ()T o
()
<o (s i ) E L))

=l/(bg(<a b))epCﬁ(%z%—«5n4—v)b(%—%u)+lﬂu0)dy

(Note that ®¢ is invariant under transpose.)

If Ci)g (x) # 0, then it follows from the last expression that w € p""Z;. Suppose
vV & Mix—1)(Zp); then 'm +v & Mixu—1)(Z,). We let a, m and b be fixed
and let ¢ vary in My —1)(Z,); we find that this integral must be 0. (Notice
that a € X¢,—1 and w € p"”Z;, thus (‘m +v)'aw & Mixn,—1(Zp)). Thus, a
contradiction. Therefore, v € Myx,_1(Z,), and similarly u € M,,_ 1(Z,). Thus,
by the observation at the beginning of the proof, we may assume ¥ =0 and v =0
without loss of generality.

Thus, if we write ®¢ ,_1 as the restriction of ®¢ to the upper-left (n —1) x (n—1)

minor,
e (x) = f O ((a b)) ep(Tr(‘az+ ('m'a’t + byw)) dy

_ p—nt,lg(%-n)én(wpln) . (I)E,n_l(a)ep(taZ) dy.
A€EXE n—1

By an induction procedure one gets

if x&ZXen,

- 0
o = N
g(X) ip_z =1 i l_[l 19(%-1)1_[, 1§L(xlptl) if x G}:S,n-

We have thus proved that Cbg n» When restricted to the “blg cell”, has support in 365 n-
Since .’{g n 1S compact, CDg » itself must be supported in .’{g n- ]
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Lemma 4.29. Let .’%5 be the support of &, = Ci)g; then a complete set of represen-
tatives of X¢ mod M, 12p11(Z ) is given by the elements

where the blocks are with respect to the partition a+ b+ 1+ b and (é g) runs over
the set

L mp -+ migep X1 1
) : naj
T, Mayb—1.a+b . : . . '
1 Xa+b) \Ma+b,1 *** Natbat+b—1 1

where x; runs over p*’iZ; modZ,, m;; runs over Z, mod pl, nij runs over
Z, mod p'i, and E runs over the set

I kip -+ kip Y1 1
IR ' 21
o kp—1p ) ool ’
1 ) L1 - Lpp_1 1

s x ! j
where y; runs over p~'tet? 77 mod Zp, kij runs over Z, mod p'etti, and ¢;; runs
over Z,, mod ple+b+i,

Proof. This is elementary and we omit it here. ([

We also define, for g € GL;42,(Q)),

laxa ]bxb
g[ = Lpxp | & | laxa
Lpxp Lpxn

and

luxa Lpxp
8 = 1h><b 8 1a><oz
Lpxp Lpxp
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Corollary 4.30. We have

a+b

iz, ) = p~ T =X ternsi T g(&)& (— 1)1"[g<sa+b+1+,>sa+b+1+,( )

i=1 i=1

b

detA; - detD; .

X Z 1_[%_1 (det Az 1 ) H%‘a-ﬂ,a-ﬁ-t <det Difl p
A,B,C,D,E i=1 i=1

A B
C D

det E; A\ = | YA
XHSa+b+1+, —— et ) fT 2 g | T
det E;_

E
latopt1

Here A; is the i-th upper-left minor of A, D; is the (a+i)-th upper-left minor of
(é g) (not of D), E; is the i-th upper-left minor of E, and the sum runs over the set
of representatives of Lemma 4.29.

Proof. We only need to check the Siegel Eisenstein sections on both sides coincide
on WNg425+1(Q)), since the big cell Qu12p4+1(Qp)WNu4251+1(Q)) is dense in
GLj4+4p+2. To see this we just need to know that they have the same S-th Fourier
coefficients for all 8 € S;12p41(Q,). But this is seen by (12) and Lemmas 4.28
and 4.29. U

Now we define several sets. Let B’ be the set of (a+b) X (a+b) upper-triangular
matrices of the form

I mip -+ miaqp X1

Te. Mayb—1a+b .
1 Xa+b

where x; runs over Z; mod p" and m;; runs over Z, mod p".
Let ©' be the set of b x b lower-triangular matrices of the form

1
nai

Nayb,1 - Natbatb—1 1

where n;; runs over Z,, mod p'i+ett,
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Let &' be the set of b x b upper-triangular matrices of the form

1 ki -+ kip
okpip |
1

where k;; runs over Z, mod pe+v+i.
Let ¢’ be the set of (a + b) x (a + b) lower-triangular matrices of the form

n 1
: 1231

) Lo - Lpp_1 1

where y; runs over Z; mod p'+e+*Z, and ¢;; runs over Z,, mod p'e+t+i.
Thus, if B’, C’, D', E’ run over the set B/, ¢/, ®’, &, respectively, then
a+[7

b .
Vii=2 0 itatbti

ffz.9=p

a+b

x Y JJeEa- 1>1‘[g<sa+b+1+,>sa+b+1+,< 1)

B',C',D',E" i=1

a+b
x Y 1‘[5,<Bl,>1_[sa+b+,(cu>
B',C',D',E' i=1 i=1

~ . , , E' N /2 A
x f <z,ga (dlag(B .1, '), ( D/)) ( )
E, (\ —1
. / /
X o (dlag(B ,1,C'1), < D’) ) )

a+b
= i =Y itarpii4i

a+b
> JleG&- 1)1‘[g<sa+b+1+l)sa+b+l+,( 1
B',C',D',E’" i=1 i=1
a+b a+b

x Yy 1‘[51<B,,>1_[sa+b+l<c”>1‘[n<B”>1_[rz<c”>

B'.C'",D',E" i=1

oo (* ,))(4)
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where
ph
. ot
p_la-H
A= ptas (14)
0
pfta+b+l
p_ta+2b
We let
¢! - 1
1 1
1 1
1 1
Y = 1 1 and w/ =
2 2 -1
1 1 1
1 1

1 1 1)

Definition 4.31 (pullback section). If f is a Siegel section and ¢ € 7, then

Fy(z, f. 8) = / [ ya(g. gy~ Hi(detg)p(g)edg:.
GL4+25(Qp)

Now we define a subset K of GL42,42(Z)) so that k € K if and only if p"
divides the below-diagonal entries of the i-th column for 1 <i <a+b, p*! divides
the below-diagonal entries of the (a+b+1)-th column, and p'«++i divides the right-
to-diagonal entries of the (a+b+14j)-th row for 1 < j < b — 1. We also define v,
a character of K, by

v(k) = 11 (katp+1.a+b+1) T2 (Kat2042,a+26+2)
a+b b
X 1_[ xi (kii) 1_[ Xa+b+i (Katoti+1,at+bri+1)
i=1 i=1
forany k € K.
Definition 4.32. We define Y to be the element in U(n, n)(F,) (which equals

U(n, n)(Q,)) such that the projection to the first component of ¥, = F, x F,
equals that of y (note that y & U(n, n)(Fy)).
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Lemma 4.33. Let K' C K be the compact subgroup defined by, for k € K ,

ap ay az by by
a4 as deg b3 b4
k= az dag ag b5 b(, eK'
1 ¢ 3 dy dy
C4 C5 Cp d3 d4

(here the blocks are with respect to the partition (a +b+ 14 b+ 1)) if and only if
pletv+itli divides the (i, j)-th entry of ¢y for 1 <i <b, 1 < j <a, and p'«+o+itlat
divides the (i, j)-th entry of ca for 1 <i <b, 1 < j <b. (It is not hard to check that
this is a group.)

Then Fy(z, p() 7, gk) = v(k)Fy(z, p(X) f7, g) forany p e w and k € K.

Proof. This follows directly from the action of K’ on the Godement section f'. [J
We define K” to be the subgroup of K that consists of matrices

1

c1 ¢ 1
1

such that p' divides the (i, j)-th entry of ¢; for 1 <i <b, 1 < j <a, and p'+i
divides the (i, j)-th entry of ¢, for 1 <i <b,1 < j <b.

Definition 4.34. Let K C GL,425(Z)) be the set of matrices

ap asz az
ar ag ag
a4 de as

(the blocks are with respect to the partition (b 4+ a + b)) such that the columns
of a3 and ag are divisible by p", ..., p', the columns of a4 are divisible by
platt, ..., pletb, ple+i divides the below-diagonal entries of the i-th column of a;
(1 <i < b), p divides the below-diagonal entries of the j-th column of ag
(1 <j <a), and p'e++ divides the above-diagonal entries of the k-th row of as.
Let K' C K be those matrices such that p'e+s+itiati divides the (i, j)-th entry
of ag for 1 <i <b, 1 < j <b, and ple+s+*1i divides the (i, j)-th entry of ag for
1<i<b,1<j<a.Wealso define K" to be the subset of K consisting of matrices

1

ag a61
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such that p'a+i divides the (i, j)-th entry of a4 for 1 <i <b, 1 < j <b, and p'i
divides the (i, j)-th entry of ag for 1 <i < b, 1 < j < a. We also define v, a
character of K, by

b a b
k) = [ [ xari ®i) [ | i Rorios) | | tatori Raptiatni)-
i=1 i=1 i=1

The following lemma will be useful in identifying our pullback section:

Lemma 4.35. Suppose Fy(z, p(Y) f T, g) as a function of g is supported in PwK
and

Foz, p(0) T, gk) = v(k) Fy (z, (1) f T, &)

fork € K', and F,(z, (1) f¥, w) is invariant under the action of (K")". Then
Fy(a, (1) £, g) is the unique section (up to scalar) whose action by k € K is
given by multiplying by v (k).

Proof. This is easy from the fact that K = K'K” = K” K’. The uniqueness follows
from Lemma 4.19. U

From now on in this subsection we use w to denote

la la
Lyt or 1p
—1pi —1p

Lemma 4.36. If ya(g, 1)y~ € supp(p(Y) f7) then g € PwK. (Here p denotes
the action of GUy40p11(Fy) on the Siegel sections given by right-translation.)

Proof. Since fT is of the form f'(g) = D oAcx fT (g(l f)), where X is some set,
we only have to check the lemma for each term in the summation.

Recall we defined A’ in (14), where the blocks are with respect to the partition
(a+b+1+b). Let ¢, and y, be the projection of ¢ and y, to the first component
of H, ~ F, x F,; then

(c,;l -,
Iy

Vo
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Iy

1y

1y

We denote the last term by y, (different from the definition in the prime-to-p case).

Using the expression for f involving the various B’, C’, D' and E’ as above and
the fact that y (m(g, 1), g) € Q and that K is invariant under right-multiplication by
any B or C, we only need to check that if 7,e(g, )7, € supp(o(1)p((* ?)))f*
then g € PwK. Our calculations below are generalizations of the proof of [Skinner
and Urban 2014, Proposition 11.16]. If

then this is equivalent to

L

1p

1

1

x M

W =

@

aq
ar

1
C4

az
as
as

(%)
Cs

az
as
ag
2
Cs

as
ae
ag

3
Co

as
ae
ag
3
Ce

1y

by
b3
bs
d
ds

by
by
be
dp
dy

b
b3

dy
d3

(.

1,

1y

—1,

by
by

d>
dy

1

Iy

a(l,wil)w

/
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being in supp f¥, where
M =diag(p", ..., p, 1, 1, platt, ..., platt 14, 1,, 1, p~lavbtt | p~lat2b)
temporarily, which is equivalent to

_lb
141

wa | gw, 1, diag(p~fet+t oo phty Lo plert ) | w'y,
1p

belonging to

supp(p M~ wasap+1) f7).

The right-hand side is contained in

1
0::=0- <S 1)

where the blocks for S; are with respect to the partition a + b 4 1 + b and consist
of matrices S;; € M(Z,) such that p" divides the i-th column of the matrix §
for 1 <i <a, p'+ divides the (a+b+1+i)-th column for 1 <i <b, pla+t+i divides
the (a+b+1+i)-throw for 1 <i <b, and the (i, j)-th entry of S4; and Sy4 is divisible
by pletb+itli and pla+b+itlati respectively. Observe that we have only to show that
if pa(gw, Dw'y ! € Q; then g € PwK, i.e., gw e PKY for K¥ := wKw (note
that y (m(g1, 1), g1) € Q).

Si1 S12 S13 Sis
ses = |3 S20 823 So4

31 832 833 S34
Sa1 Sa2 Sa3 Saa

\h 0

Let
—ay a az —by a; by b
—ay as as —bs a4 b3 by
—a7;  ag ay —bs a; bs bg
1
~ 1 r~—1 — =H.
e (gw, Dw'y, —1—a; a a3 —b, a by b
—cy ¢ ¢33 1—dy ¢ di dy
—cy cs c6 —d3 c4 d3 dy

—as as—1 ag —b3y a4 by by 1

Thus, if H € Q;, then
a, by by
c1 dy dy
C4 d3 d4
as by by 1
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is invertible and there exists S € S; such that

—1 —daj ay as ——b1 aq b] bz
—C1 ) Cc3 1—d1 . C1 d] d2 S
—c4 s ¢ —ds cs dy dy '
—as as—1 ag —b3 as by by 1

By looking at the third row (blockwise), one finds d4 # 0, so by left-multiplying g
by a matrix
1y
L,

X X X

1
1}, X
d;!

(which does not change the assumption and conclusion) we may assume that ds =1
and dy = b, = by = bg = 0. So we assume that gw is of the form

ay ay as b]
a4 as deg b3
aj ag aog

c1 ¢ ¢y d;
cy c5 cg dy 1

Next, by looking at the second row (blockwise) and noting that d, = 0, we find
that d; is of the form

Z;( Zp ...... Zp

Pt““Zp Z; e 4y
plu+ZZp Z;

: L Ly

pla-HZp Cee eee e Z;

So, by multiplying by a matrix of the form

la
1p
1 x
Iy
1

on the left we may assume that b5 = 0. Also, by looking at the third row again
we see ¢4 = (p'"'Zp, ..., pZ,), cs5, c6 € M(Z,) and d3 € (p'+', ..., plath),
while, from the second row, ¢ € (Mpx1(p"Z,), Mpx1(pRZ,), ..., Mpx1(pZ)y)),
€2 € Mpxp(Z)p) and c3 € Mpx1(Z)p).
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By looking at the first row and noting that b, = 0, we know

sz, - - Z,

t . .

Pz, Z; .o 4
ae|  pZ, Z; .. |,

ptlZp Z;

az, az € M(Zp) and by € (Maxl(ptﬁlzp)v Maxl(ptaﬁzp)v cees Maxl(plﬁbzp))'
Finally, looking at the fourth row (blockwise), we note that b4 = 0. Similarly,
as € (Mpx1(p"Zp), My 1(pPZ)), ..., Mpx1(p"Z})),
b3 € (bel (Pt““Zp), bel(Pt””Zp)’ ceey bel(Pt“pr)),

Mlxb(Pt”b“Zp) pta+b+1zp

M latb+2 lavb+277
as—1e ]Xb(p. ») and age | P P

Mlxb(p.ta-%—Zth) pta-%—ébzp

Now we prove that gw € PK™ using the properties proven above. First we
right-multiply gw by

la
1y
1 e K%,
—d; ey —di'ey —d; ey dp!
—C4 —C5 —C6 —d3 1

which does not change the above properties or what needs to be proven, so without
loss of generality we assume that c4 =cs =cs=ds =c;=co=c3=0and d; = 1.
Moreover, we set (! az)_l(‘”) =T = (T‘) Then

, : n)-

ay as ag
1a Tl
I, T
1 e Kv.
Iy
1
By multiplying
1, T
1p )
1
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to the right we get an element in P. So it is clear that gw € PK". ]

Now suppose that 7 is nearly ordinary with respect to k. We define ¢ to be
the unique (up to scalar) nearly ordinary vector in = with respect to the Borel
subgroup B. Let ¢, = m(w)¢.

Now write

—1,\'

3

¢ =m | diag(p ot ., pit, L, plett L), la Ow.
Ly

Compute the value Fy (z, ,o(T)fT, w). Infact, Fy(z, ,o(T)fT, w) is equal to

B )
- 1 E Ly
/ [ pa|w w, g1< D>9ﬁ 1,
B.C.D,EY OLat2(@p) Cl —1p
xw'p T Bw | T(detgnolel)e’dg
with (temporarily)
M = diag(p e+, ..., p, ..., plt, L),
2= diag(p_”, e p_ta’ 1p, 1, p_ta+l’ el p_taer’ la, 1p, 1, ptaerJrl’ pta+2b),
where the sum is over B € B/, C € ¢/, D € ®' and E € €. A direct computation
gives
( —1, lq
1p
' 1
a; as a
vall, a7 a9 a wyp = b @ a“ @2
i —a9g—1, —ag a; 1, as
as ae as
—as —a ap—1p l, a
1
—ag 1p —as as as

Now we define 2) to be the subset of GL,2,(Z ) consisting of block matrices

ap az az
aj ag dag
a4 de as
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such that
ay az az [
vall, |ar a9 ag w'y !
as aeg as

is in the Q; defined in the proof of Lemma 4.36. It is not hard to prove that it can
be described as follows: the i-th columns of —ag — 1 and a3 (resp. a7 and a; — 1)
are divisible by p'i (resp. p'a+i) for 1 <i < a, the (i, j)-th entry of ag (resp. a4)
is divisible by platb+itli (resp. p'etb+itla+i) and the i-th row of 1 — as is divisible
by p'«+»+i. The entries in as and ag are in Z,,. Then the pullback section is equal to

> / fi(padl, ghw'y ™ Bw . )T detg)m (8@ g,
B,C,D.E
where

0= diag(pitl, e p*fa’ 1,1, p*faﬂ’ el P*taer’ 1,1,1, ptu+b+l’ ol pfa+2b)
and the integration is over elements (with superscript w meaning conjugation by w)

w 1,
81 €<Bc) @(ED> 1, diag(pta+b+1’”"p—tl,.”’p—tﬁb“”)
t conj \ —1,

for

1p
E . _ _ E
( D) .:= 1, dlag(pt”b“,...,p“,...,pt”‘,...)( D)
conj

_lb

_lb
n

x diag(p~ferrri . ph L pen o 1
1

Lemma 4.37. If ¢, is invariant under the action of (K")", then
Fy(z, p(0) f7, w)
is such that the action of K* on it is given by .

Proof. By the above two lemmas we only need to check that Fi/(z, p(T1) f T w)is
invariant under the action of K”. We first claim that 3 pem((F D)lconj)go’ is invari-
ant under (K”)*. The claim follows from direct checking. Also, for any k; € K", we
canfindak, € K" such that ky (B C):”kz_ ! runs over the same set of representatives
as (B C)ZU For any k; € K", we can find a k, € K” such that k1@k2_1 =9). The

lemma follows from these observations. O
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The value of f T at

1p
g1 = 1, diag(pletv+r ... . p7", ..., pTleth L)
_lb
is
T((pta+h+l+“'+ta+2h’ pt1+~~~+ta+b))|pt1+-~~+ta+2h |—z—(a+2b+l)/2.

So, a straightforward computation using the model for w = 7w (x1, ..., Xa+2p)
tells us the following:

Lemma 4.38. If ¢ and ¢’ are defined as after the proof of Lemma 4.36, then:

Fy(z, p(0) T, w)
— T((p11+~-~+tu+b’ pfa+b+1+--~+tu+2b))|pt1+~~~+ta+2b |*Z*((1+2b+1)/2 VO](IE,)

a+b b
a+b

x p~ T X iteosi TT g(60& (D [ | 0Gassri+0)Earsr1+:(~Du.
i=1 i=1

Combining the three lemmas above, we get the following:

Proposition 4.39. With assumptions as in the above lemma, Fy (z, p(Y) f T, g)is
the unique section supported in PwK such that the right action of K is given by
multiplying the character v, and its value at w is

Fy(z, p(0) T, w)
a+2b+1

— T((pll+"'+fa+b, pta+h+1+---+ta+2h))|pt1+~-+ta+2/;|—z— > VOI(IZ/)

a+b b
_ a+bl-‘_ b i R
x pm Zist it [T ()8 (=) [ [ 0Casps140)Eatp414i (=D,

i=1 i=l
Proof. Clearly ¢,, is invariant under (K" O

This F,(z, p(Y) f7, g) we constructed is not going to be the nearly ordinary
vector unless we apply the intertwining operator to it. So now we start with
some p = (7, 7). We define our Siegel section f0 e Iiiopi1(7) to be

@ g) =Mz fH.(g),

where fT € I,12541(7¢). We recall the following generalization of a proposition
from [Skinner and Urban 2014].

Proposition 4.40. Suppose our data (7, T) comes from the local component at v of
a global data. Then there is a meromorphic function y® (p, z) such that

Fp(=2,M(z, 1), 8) =v@(p, DA, 2, Fp(f3 2, =) ().
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Moreover, if Ty >~ (X1, - - ., Xa+2b) then, if we write y D (p, z) = y® (P’ Z+%)’

then
L(7,7¢ 4 —2)
yP 0 =vEha s el ) T

where ¢, (t’, 7) is the constant appearing in Lemma 4.27.
Proof. The same as [Skinner and Urban 2014, Proposition 11.13]. J

Remark 4.41. Here we are using the L-factors for the base change from the unitary
groups, while [Skinner and Urban 2014] uses the GL, L-factor for r, so our formula
appears slightly different.

Now we are going to show that
F(z: ) = Fy(z. p(0)f°, )

is a constant multiple of the nearly ordinary vector if our p comes from the
local component of the global Eisenstein data (see Section 3A). Return to the
situation of our Eisenstein data. Suppose that at the Archimedean places our
representation is a holomorphic discrete series associated to the (scalar) weight
k=(0,...0;«, ...k)withr zeroes and s kappas. Here r =a+b and s = b. Suppose

m ~1Ind(xy, ..., Xat2p) 1S nearly ordinary with respect to the weight k. We may
reorder the x; so that v,(x1(p)) =5 — %n + %, V(e (p))=r+s—1— %n—l— %,
V(s (P =K —3n+3, ., vyt (p)) =k +s—1—3n+3,and T = (11,75 )

is a character of @; X @; with v, (t1(p)) = v, (12(p)) = 3, 50
vp(X1(P) < -+ < Vp(Xatn(P)) < vp(2(p)p™™)
<vp(ti(p)p™)
<Vp(Xat+2o(P)) < -+ < Vp(Xatp+1(P)),

where z, = %(K —r —s —1). Itis easy to see that

I(Pu, ) Ind(XL coe Xrso - |ZK7 71| |_ZK)-
By definition, I (py, z,) is nearly ordinary with respect to the weight
©,...,0;k,...,K).
—— N —
r+1 s+1

Definition 4.42. With assumptions and conventions as above, we say (7, 7) is
generic if

cond(x;) > --- > cond(xs+p) > cond(tp)

> cond(Xg+p+1) > - -+ > cond(x4+25) > cond(zy).
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We suppose also that the conductor of 7; is p%. Notice that we have s, > 51 by
our assumption, which is different from Definition 4.21 (since we have applied the
intertwining operator here).

Let us record the following formula for the e-factor in Proposition 4.40:

e(r. 1% z+1%) Hg(x, )Xty (p") - HQ(X,+,T2)Xr+zfz (™)
i=1
r+s

T 1 1N — ; (LAY R
% |p2i:1t,+s sz|z+2 1_[9()(1'7:] I)X,‘ 11’1([9[’) . |p2[=| t,|Z+2. (15)
i=1

From the form of Fy/ (z, o(Y) f T ¢) and the above proposition we have a descrip-
tion in the “generic” case for F(z, g) as in [Skinner and Urban 2014, Lemma 9.6]:
it is supported in P(Q,)K,, with

FI?(Z, = )/(2) (p, _Z)-L'-C((ptl-i-'"-‘rl‘a-#b’ p1a+b+1+---+ta+2b))

X |p11+--~+fa+2h |Z—(ll+2b+1)/2 Vol([%/)p— Zf-‘i.”(iﬂ)ti—Zf:l (+Dlavpr1+i

a+b
x ]‘[g(& )& (— 1)Hg(sa+h+1+,>s§+,,+1+,.<—1)<o
=Cn( ,—Z— _) (-5 )”-L—C((pr' “Hatb pta+b+1+~~+ta+2b))

_ _ a+b .. h . .
x |pt1+---+ta+2b|z (a+2b+1)/2 VOI(K Vp Do =2 e b1

r-+s
< [T ot ' mxity (p’z)]_[g(xjrl )X T(pe(r T e
i=r+1 j=1

x [pEimiitrs =2 pisin

where the 5; are the &; defined in Definition 4.21 but using (7, 7€) instead of (i, 7).
Here we also used Proposition 4.40 and the formula for the epsilon factor there.
Notice that we have absorbed a factor p~ ST =Y a1 , which comes from
computing the i image under the intertwining operator of F (z p(1) fT; g) to get
the factor p = LI G0t =105 G+ Dtassiiti i the above expression. The right action

of K, is given by the character

X1(811) * - Xa+b(8a+b a+p)T2(gatb+1 at+b+1) Xatb+1(8atb+2 atb+2) X - -+
X Xa+2b(8a+2b+1 a+2b+1)T1(8a+2b+2 a+2b+2)-

(It is easy to compute A(p, z, F(pr(p(T)fT; z, —))—;(1) and we use the uniqueness
of the vector with the required K, action. Here, on the second row of the above
formula for F(z, 1), the power for p is slightly different from that for the section
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F(z, f7, w). This comes from the computations for the intertwining operators for
Klingen Eisenstein sections.)
Thus, Corollary 4.20 tells us that Fl? (z, g) is a nearly ordinary vector in I (p).
Now we describe f°:

Definition 4.43. Suppose (p') =cond(z’) for ¢ > 1, then define f; to be the section
supported in Q(Q,)Ko(p") with f;(k) = t(detdy) on Ko(p").

Lemma 4.44. fOoi=M(—z, f1), = fi..
Proof. This is just [Skinner and Urban 2014, Lemma 11.10]. U

Corollary 4.45. We have

a+b
a+b .
fO(Z, g = Piz"i‘ =Y arhsi 1_[9(51)‘51( 1) n9(§a+b+1+z)§a+b+1+z( 1)
i=1 i=1
b

detA; = detD; ,
X . g " plati
Z 1_[%-1 (d tAl 1 ) Héa+1,a+t (det Di—l P )
A.B,C,D,E i i=1
A B
b C D
= detf; ., .\ 7 lagop41
. a+b+i
XH§a+b+1+z (det Ei—lp )ft 2,8
i=1 E
lat2p+1

Here, A; is the i-th upper-left minor of A, D; is the (a+i)-th upper-left minor
Of(é g) and E; is the i-th upper-left minor of E.

We define the Siegel section f¥ € I, (1) by

a+b
_yath; l»’ 11
£z, g) = pm Zi=r i iim s T g8 (— 1)]‘[g<sa+b+1+,>sa+b+1+,< 1
i=1 i=1
b
detA; = detD; ,
X i . . a-+i
I ) | RO e
A,B,C,D,E i=1 i=1
b
_ det E; ¢ .
X . a+b+i
Efa+b+1+z <det Ei_ p )
A B
Xf’ <, gwl/Soiel T E wl/Borel

Lagops1
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Then, similar to before, the corresponding pullback section F(;, (z, (Y)Y fY, 1)
equals

Cn (.L./ , —Z)Q(T;,)n fc((ptl+"'+la+b, pla+b+1+~~~+ta+2b))|pt1+~~~+ta+2h |Z—(a+2b)/2 VOI(I%/)

r+s

Xp_Z(i—l)fi—Z(i—l)la+17+i 1_[ g(Xi_ITZ)XiTQ_I(Psz)
i=r+1

,
—1 —1 . X
<[ Ta0um )X T(pe(m, w2+ 5)
j=1
r 1 r+s 1
X |pz":1 [i+s's2|_z+§ . |p21:1 li |—Z+§‘

Fourier coefficients for f°. We record a formula here for the Fourier coefficients
for £° which will be used in p-adic interpolation.
Lemma 4.46. Suppose |det 8| # O; then:
() If B & Savap+1(Zy) then fg(z, 1) =0.
(ii) Lett :=ord,(cond(t")). If B € Sayop41(Z)) then
[, 1) =T/ (det B)ldet B2 g(z) " cunap i1 (B, —2) e (B),
where c,2p+1(—, —) is as defined in (13) and ®¢ is defined in (11).

Proof. This follows from [Skinner and Urban 2014, Lemma 11.12] and the argument
of Corollary 4.30, where we deduce the form of f from the section f . ([

4D3. Fourier-Jacobi coefficients. Now let m = b+ 1. For 8 € S,,(F,) NGL,,(0,)
we are going to compute the Fourier—Jacobi coefficient for f; at g.

Lemma 4.47. Let x := ( ll) ! ) (this is a block matrix with respect to (a+b)+(a+Db)).
Then:

@) Flg(fiiz,v.xn™ ', 1) =0if D & p'Muyp(Z)).
(b) If D € p'M,(Z,) then Flg(fr; z, v, xn7 1, 1) = ¢(B, T, 2) Do (v), where
c(B. 7, 2) :=T(—det B)|det BIZT " g(x)"cn(r/, —2 = F(n —m))
and cy, is as defined in Lemma 4.27.

Proof. Similar to the proof of [Skinner and Urban 2014, Lemma 11.20]. We only
give the detailed proof for the case when a = 0. The case when a > 0 is even easier
to treat.
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Assuming a = 0, we temporarily write n for b and save the letter b for other use.
We have

1
| S v ; n+1
war | T % D a(l,nph = 1 vn _g
12n+1 " D —'5 —1
n

This belongs to 02,4+1(Q,)Kg,,,, (p") (Where K¢, ., (p") consists of matrices
in Q2,+1(Z,) modulo p') if and only if S is invertible with S~'e p'M,;1(0,),
S™ € p"Mut1yxn(0y) and S~ 'v — D € p'M,(Z,). Since v =y (b, 0) for
some y € SL,1(0,) and b € M, (I,), we are reduced to the case v = (b, 0).
Writing b = (b1, by) with b; € M,(Q,), and S = (T, 'T) with T € M,11(Q))
and 77! = (Z: Zi), where a; € M, (Q)), a; € Myx1(Q)), a3 € M;,(Q,) and
as € M1(Q)), the conditions on S and v can be rewritten as

detT ?é Oa a; € ptMn(Zp)» albl € ptMn(Zp)a aSbl € ptMlxn(Zp)’

*
talbz € p[Mn(Zp), tazbz (S ptzp, [bzalbl —De ptMn(Zp). ( )
Now we prove that if the integral for Flg(f;; z, v, xn~', 1) is nonzero then
by, by € M,,(Z,,). Suppose otherwise; then without loss of generality we assume b
has an entry which has the maximal p-adic absolute value among all entries of b
and b;, Suppose it is p¥ for w > 0 (w means this only inside this lemma). Also,
for any matrix A of given size, we say A € b if and only 'b,A has all entries
in Z,, (of course we assume the sizes of the matrices are correct so that the product
makes sense).
Now let

L
= {y: (k ;) eGL,(Z,)

heGLy11(Zy), l€Zy, h—1€'byNp' M, (Z,),
JeZyN by, ke p’MlX,,(Z,,)}.

Suppose that our by, b, and D are such that there exist a; satisfying (*); then one
can check that I' is a subgroup and, if T satisfies (*), so does Ty for any y € I'.
Let I denote the set of T € M, 1(Q),) satisfying (*). Then

1 -1
F ; 1
Jﬂ (ﬁ’ @ U’ (D 1) n ’ )

= Z |detT|f,”+2—2Zfz’(—detTy)e,,(—TrﬁTy)dy.
TeJ/T r

Let T/ := BT = (C; Z) (with blocks with respect to the partition (n + 1)); then the

e
above integral is zero unless we have ¢; € p™' M, (Z,) ® ['b2luxn, cs € p~'Z,,
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€2 € p'My41(Z,) and c3 € ['br]ixn ® Mixn(Z,). Here ['by];«, means the set of
i X n matrices such that each row is a Z,-linear combination of the rows of ’b,.

But then
by 11 (b1 cia1by + crazb
=T7T = .
p (0) (0) <C3a1b1+C4a3b1)

Since B € GL,4+1(Z)), the left-hand side must contain some entry with p-adic
absolute value p™. But it is not hard to see that all entries on the right-hand side
have p-adic values strictly less than p*; a contradiction. Thus we conclude that
bieM,(Zp) andby e M, (Zp,). By (*), b2'a1by—D € p' M, (Z),) and a; € p' M,,(Z ).
So D e p'M,(Z,).

The value claimed in part (b) can be deduced similarly to in [Skinner and Urban
2014, Lemma 11.20] O

4D4. Original basis. Recall that we changed the basis at the beginning of this
subsection. Now we go back. We define the corresponding sections (we use the
same notations)

a+b b

fiz g) = p~ D - T g6 (—1) ]‘[ Earbri+)Earbiiri(—1)

i=1

det A; b detD; ,
X Z l—[ (detAi 1 )Héﬂ’aH(—detDi_]pu)

A,B,C,D,E i=1 i=1
b
- det E; ‘ )
X . a+b+i
il]-fa+b+1+z (det Ei—lp )
1y C D \
1
1, A B
~ _ 1, E
x f Z, ngolrel b 1, WBorel | >
1
la
1 )

and fO(z, g) the same except using f; in place of fT. Here, A; is the i-th upper-left
minor of A, D; is the (a+i)-th upper-left minor of (é g) and E; is the i-th upper-
left minor of E. The wgori 1s the element in G(F),) such that, for any v = ww
dividing p with w € X, its projection to the first factor of 3, >~ ¥, x Hy is the
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Weyl element defined at the beginning of Section 4D2. We also define

a+b
a+b -

fT/(Za g = P_Zi=‘ iti= Yoy ftasoe 1—[9(51)51 (=1 n9(§a+b+1+z)§a+b+l+l( 1)

i=1 i=1

det A; b det D,
< 3 TTE (e ) e ns)

A,B,C,D,E i=1

b

- det E;
% =

E§a+b+1+z(detEi_l>

1p C D
1, A B
1, E

/
w ’
1 b Borel

3 —1

X f Z, ngorel
la

1p

and f" the same except with f, instead of f T. The corresponding pullback section
Fy(f 0.z, —) is the nearly ordinary section with respect to the Borel B, defined in
Section 4D2 such that Fw/(fo, Z, WBorel) 18 given by

1 (T ( L —2— %)g(.[[’))n+lfc((pt1+"'+tcz+b’ pta+b+l+"'+ta+2b))

x |pt1+~~~+la+2h |—Z—(a+2b+1)/2 VOI(IZ/)p_ Do iti—) itatbti

r—+s
< [T et ' nits (pt')]_[g(x]fl )X (P, T 2)g.
i=r+1 j=1

Also, we have that F,(z, p (T 7, Whorey) 1S given by

Cn (T;, _Z)g(t;})”f(f((p[1+"'+ta+b’ pta+b+1+'"+la+2b))|pll+“'+[a+2b |—Z—(a+2b)/2 VOI(I%/)

r+s
X Pizltﬁzlt"”’“ l_[ Q(Xi_lfz)Xifz_l(Pti)
i=r+1

p
< [TaGm Hx;  mipe(m. = 2+ 1o
j=1
5. Global computations
5A. p-adic interpolation.

S5A1. Weight space and Eisenstein datum. Recall that we have the algebraic group
H = Hvlp GL, x GL; such that H(/Z,) is the Galois group of the Igusa tower
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over the ordinary locus of the toroidal compactified Shimura variety. Let 7z,
be the diagonal torus. Let T := T'(1 + Z,). We define the weight ring A = A,
as O, [T]. Fix throughout a finite-order character xo of T'(F,) (the torsion part
of T(Z,)); a Q p-point ¢ € Spec A is called arithmetic if there is a weight k =
(Cs41s---sCs4rsCly---,C5) =1(0,...,0; «, ..., k) such that ¢ is given by a char-
acter xoxel,' 't +‘1‘ -1+ of T for 4 a character of order and conductor
powers of p, with k > 2(a + b+ 1). We write this k as kg. Let Ay = Or[[Ty]l.

Definition 5.1. For [ a normal domain over A which is also a finite module over A,
a Q,-point ¢ € Spec is called arithmetic if its image in Spec A is arithmetic.

(1) If s > 0,1et V3! (K, [, xo) be the set of [-adic formal Fourier-Jacobi expansions

{fx :Zaﬂ(xv f)qﬁ}
ﬂ X

such that, for a Zariski-dense set of generic arithmetic points ¢ € Specl, the
specialization fj is the formal Fourier—Jacobi expansion of a form on U(r, s)
whose p-part nebentype at diag(¢y, .. ., t,4s) iS given by

s+1 S-r c —Cs
XC’XQw)(tlJr ’ tc+ tr+1l o ty)

for the weight (cs41, ..., Cspr; €1y ..., ¢) =(0,...,0; k¢, ..., k). Here, by x4
we also mean the character of T'(Z,) restricting to x4 on T that is trivial on
the torsion part of 7(Z,). We say f € VO’Z,OO(K , 1) is a family of eigenforms if
the specializations f} above are eigenforms. We define V2: Ord(K , 1, xo) for the
subspace such that the specializations above are nearly ordmary.

(ii) If s =0, then let K =[], K, and let

Ko(p) = [ Ko [ ] Ko(p)u

vip vlp

(with Ko(p)y, C G(OF,) be the set of matrices which are in B(Of ,) modulo p).
Then G(F)\G(Ar)/Ko(p) is a finite set with {g;}; a set of representatives. We
identify the set

S§(K) = G(F)\G(Ar)/K"N(OF,,)

with the disjoint union of g; - N~ (pOF ,)T (OF,,) and endow the latter with the
p-adic topology on N~ (pOr ,)T(OF ,). We define VOIX’OO(K, [, xo) to be the set
of continuous [-valued functions on Sg (K) such that, for a Zariski-dense set of
arithmetic points ¢ € Spec [, the specialization f; is a form on U(r, 0) whose p-part
nebentype at diag(?(, ..., ) is given by

Xoxew(ty" 1)



Families of nearly ordinary Eisenstein series on unitary groups 2023

for the weight (0, ..., 0). Note that, by the description of nebentypus at p, such
a family is determined by its values on g; - N (pOF ;). Similarly we define
Volgjgéd(l{ , I, xo) for the nearly ordinary part.

Remark 5.2. To see this is a good definition, we have to compare it with the
notion of Hida families in the literature. We refer to [Hida 2004b, Chapter 8;
Hsieh 2014, Sections 3—4] for the definition of Hida families. We have to check
that a Hida family in Hsieh’s terms does give a Hida family here. We need to
show that, if ks > 0 (depending on the p-part of the conductor at ¢)) when s > 0,
then any nearly ordinary p-adic cusp form is classical. If s > O this is proved
by the argument of [Hsieh 2014, Theorem 4.19]. (It is assumed that s = 1 in
[loc. cit.]; however, the proof for this particular theorem works in the general case.)
If s = O the situation is even easier: the contraction property of the U, operator
[Hsieh 2014, Proposition 4.4] (which again works in our case as well) shows that the
specialization at ¢ is right-invariant under an open subgroup of U(r)(Z,) depending
only on the conductor of the nebentypus (note also that we have trivial weight
if s = 0), and is thus classical.

Definition 5.3. We define an Eisenstein datum as a quadruple D := (I, f, to, xo0),
where xo is a finite-order character of 7(Z,), 7o is a finite-order character of
H*\Ag; whose conductors at primes above p divides (p), and f € Vé;’;ggd(l( D) is
a Hida family of eigenforms defined as above. We define Ap := A ®qg, Ax. We
calla @ p-point ¢ € Spec A p is arithmetic if ¢ |y is arithmetic with some weight k¢
and ¢ (y ) = (14 p)/?¢c,, ¢(y ™) = (1 + p)<¢/?¢_ for p-power roots of unity ¢..
We define 7y = ¢ o Wy;.

Let & be the set of arithmetic points. If fy is classical and generates an irreducible
automorphic representation 7 s, of U(r, s), we say that ¢ is generic if (7 ,, 7) is
generic (see Definition 4.42). Let &2°" be the set of generic arithmetic points.

S5B. Some assumptions.

5B1. Including types. Consider the group U(s, r). Suppose K? =K5x K> C G(A?)
for a finite set of primes ¥ and let Wy be a finite O7-module on which Ky
acts through a finite quotient. Let Ky C Ky be a normal subgroup contain-
ing HveE\{v\ ) Dy, defined in Definition 4.11 and acting trivially on Wy, and
let K'= G(Z,)K K*. The modules of modular forms of weight «, type Wy and
character v are

M (K, Ws; 01) = (M (K'; 01) ®q, Ws)X=.

Suppose for v € X\{v|p} we have open compact subgroups I?{, Cc K, C G(F,)
such that K is a normal subgroup of K, and an irreducible finite-dimensional rep-
resentation W, of K,,/K. Suppose ¢, € 7, is a vector in W,,. We fix a K,-invariant
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measure and let vy, vy, ... be a basis such that ¢, is v;. We also assume that 1%;
includes the 9)!, defined in Section 4. We let W’ be the dual representation and we
write v, vy, ... for the dual basis. We first prove the following lemma:

Lemma 5.4. Let G be a finite group and p : G — Aut(V) an irreducible repre-
sentation on an n-dimensional vector space V. We fix a G-invariant norm and a

unitary basis vy, . .., v,. Let p" be the dual representation on V" with dual basis
vy, ..., v). Then, as elementsin VQ V",

Y (g ®gv)) =0, i #J,

geG

n
Y (gui®gv) =Gy v @)
8 i=1

Proof. This is a straightforward application of the Schur orthogonal relation. [J
Definition 5.5. We define Wz\{p} = HveZ\{p} W, and v; = HveE\{p} Uy,1 € Wg\{p}.

We can also make a notion of Wy, (,)-valued Hida families in a similar manner
to Definition 5.1.

5B2. Assumption TEMPERED. Let f be a Hida family of eigenforms as defined in
Definition 5.1. We say it satisfies the assumption “TEMPERED” if the specializations
[ in the definition are tempered eigenforms.

5B3. Assumption DUAL. We first define an O -involution o : A — A sending any
diag(ty,...,t,) € T(1+Z)) to diag(tn_l, e, tl_l). We define [° to be the ring [ but
with the A-algebra structure given by composing the involution o with the original
A structure map of [.

Let f be an [-adic cuspidal eigenform on U(r, s) such that, for a Zariski-dense
set of generic arithmetic points ¢, the specialization f; is classical and generates an
irreducible automorphic representation 7, of U(r, s); we say it satisfies assumption
DUAL if there is an [°-adic nearly ordinary cusp form f on U(s, r) such that
f¢v € n}d) for all the arithmetic points ¢ € Specl that are in the image of some
point in ¥&°". (Here we identified U(r, s) and U(s, r) in the obvious way. At an
arithmetic point both f, and f¢v have scalar weight «. Note also that we only
require the specialization f to be “generic” (not required for f(pv ).)

5B4. Assumptions Proj ;v and Proj pv. We say a nearly ordinary cuspidal eigenform
fY on U(s, r) satisfies assumption Proj v if (mpv ® Weyg p})K is 1-dimensional
and there is a Hecke operator 1 v on U(s, r) that is an L-coefficient polynomial
of Hecke operators outside ¥ such that, for any g € M, (K, Wx\(,}), we have that
e . g —14ve. g is a sum of forms in irreducible automorphic representations
which are orthogonal to 7 ¢v.
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We say a nonzero nearly ordinary cuspidal [°-adic family of eigenforms f“
in (VO’X,OO(K, s Xo ) ® W\ (p) )K= satlsﬁes assumption PrOva if there is an ac-
od acting on (VY (K, [°, Xo He Ws\(p))X* interpolating the ¢°™ of spe-
cializations and there is a Hecke operator 1yv which is an Fj polynomial of
Hecke operators outside X such that, for Zariski-dense set of arithmetic points
XS Spec [°in the 1mage of &=, ( £y ® Ws\( p}) is 1-dimensional and, for any
g € (V3 (K, 1 ) ® Wx)k=, (eOrd lfveordg)¢, is a sum of forms in
1rredu01ble automorphlc representations Wthh are orthogonal to 7 e

tion e

Remark 5.6. If r +s5 =2 then these assumptions often hold, since the unitary group
is closely related to GL, or quaternion algebras. It is easy to see DUAL by simply
taking f¥ = f ® (x)~! for x the central character of f. To see Proj ¢ and Proj ¢v,
we first suppose r = s = 1 and f is a Hida family of GL; newforms with tame
level M such that (M, pdy) = 1 and trivial character. The existence of ¢ is as in
[Skinner and Urban 2014, Lemma 12.2] Since we have an isomorphism of algebraic
groups over F,

GU(I, l) ~ GL2 XG RCS%/F Gm,

m

we can obtain a family on U(1, 1) from f and the trivial character of Aj /3>,
which we still denote by f. Take an arithmetic point ¢ and a GL, Hecke operator ¢
involving only Hecke operators 7, at primes v outside ¥ which are split in 5/ F
such that the ¢-eigenvalue 7 ( f,) is different from its eigenvalues on other forms on
S,?;d(Fo(M YN T (p™), C) (the space of ordinary cusp forms on U(1, 1) of weight
(0, k) and level To(M) N T (p™), with p’ being the p-part level at ¢p. Also here
we use the U(1, 1) Hecke operators at split primes v = ww which are associated
to the elements (diag(w, 1), diag(1, @ 1))). This is possible since any form in
S,?;d(Fo(M YNT(p™), C) is the restriction of a form on GU(1, 1) obtained from
a GL, form of conductor dividing Nmy;,r8y/r M p'¢ and a character of A% JIH>
unramified outside p. Note that any cuspidal automorphic representation on GL; / F
with the same Hecke eigenvalue with f, on split primes is 7, or 7z, ® X/, and
that any element g € GL(F,) such that det(g) € Nmgy;, ¢ (}) can be written as ag’
witha € and g’ € U(l, 1)(F,). A simple representation-theoretic argument shows
that the only forms in S,?;d(Fo(M )NT(p'*), C) with the same Hecke eigenvalues
with fy at split primes are in the 1-dimensional space spanned by f. Let A be the
weight space for U(1, 1) and define

ST (M), 1) := SOUTo(M), A) @4 L.

It follows from Hida’s control theorem for unitary groups (see [Hsieh 2014, The-
orem 4.21], for example) that this is a free module over [ of finite rank, and the
specialization of this free module to ¢ gives the space S,?;d(Fo(M YN (p'), Op) for
some L finite over Q,, provided k4 >> 0 with respect to the p-part of the conductor
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of ¢. We consider det(T — t), where T is a variable and we regard ¢ as an operator
on this free [-module. We thus obtain an [-coefficient polynomial of 7. Moreover,
we can write det(T —t) = (T —t(f)) - g(T) for some polynomial g(T). Then we

define g )

1r=
T
(note that g(z(f)) is not identically zero.) This proves Proj ¢, and Proj ;v is seen in
a similar way. If (r, s) = (2, 0) we observe that if we set

D={ge M) |g'cg=det(g)c}

then D is a definite quaternion algebra over @ with local invariants inv, (D) =
(=s, —Dy/@)v (the Hilbert symbol). The relation between GU(2) and D is ex-
plained by

GU(Z) = DX X@m Ress;{/@ Gm.

We can similarly show that, if f is a Hida family of newforms on D* with trivial
character, tame level prime to p and all primes of 8y such that D is unramified, and
is the trivial representation at primes where D is ramified, then we can produce a
family f on U(2, 0) from f and the trivial character of A /J*. A similar argument
proves that Proj ; and Proj ;v is true.

5C. Klingen Eisenstein series and p-adic L-functions.

5C1. Construction. Now we are going to construct the nearly ordinary Klingen
Eisenstein series (and will p-adically interpolate them in families). First of all, let T
be a Hecke character which is of infinite type (—%K, %K) at all infinite places (here
the convention is that the first infinite place of ¥ is inside our CM type). Recall
that we write 9 := {m, , X} for the Eisenstein data (see Definition 3.2). We define

the normalization factor

B@ _ Q;l(zoo ((_2)—d(a+2b+1)(27.”-)d(a+2b+1)/( (z/n)d(a+2b+1)(a+2b)/2)l
Qi M550 Ge—j = 1y¢
a+2b
x [TL%Qac+a+2b+1-i, 7' xi) [ [(@GED T carap i (). —2) 7"
i=0 v|p
Béb _ Q;}KZOO ((_2)—d(a+2b)(27.”')d(a+2b)l((2/n)d(a+2b)(a+2b—l)/2)—1
Q™ [T555" = j =1

a+2b—1
x [] L*Qauc+a+2b—i, 7' xi) [ [0@) * caran(r), —z)~".
i=0 vlp
Here, z, = %(K —a—2b—1)and z, = %(fc —a —2b), c¢,, is defined in (13), and
Qo 1s the CM period in Section 2A.
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We construct a Siegel Eisenstein series Egeg associated to the Siegel section

Ja, s1eg—ngl_[fK1_[/O(T )f l_[ fv s1egl—[f € lyt2p+1(7, 2)

v|oco vlp Ve, vip

and E, associated to the section

fgbswg_B@nf l_[p(T )fO/ 1_[ fv31eg1_[fsph ela+2h(r Z)

v|oo vlp vVEXT,vip

Here Y, and Y, are as defined in Definition 4.32. First note that, since 7 is nearly
ordinary with respect to the scalar weight «, its contragradient is also nearly ordinary
on U(s, r) with respect to the scalar weight k. We denote this representation by 7.
We consider E(y (g, —)) as an automorphic form on U(s, r). For each v { p we
choose an open compact group K v.s CU(s, r)y such that

[T p(y(ndiagx, ", 1,x,).5,))(E(y (g, —)) @ T(det —))
veX,vip

is invariant under its action. We have the following lemma:

Lemma 5.7. There is a bounded measure €g sice on I'sy X T (1 + Z,,) with values
in the space of p-adic automorphic forms on U(r +s + 1, r +s + 1) such that, for
all arithmetic points ¢ € X" with the associated character ¢ on I'yy x T (1 +Z)),

we have
/ ¢ d%@,sieg
F?{XT(I‘i“Zp)

is the Siegel Eisenstein series ,0(]_[1)ez olp y(1, ndiag(iljl, 1, xv)gzjl))Esieg,g%,
where Egieg o IS the Siegel Eisenstein series we construct using the characters

(X1,¢> - - +» Xn.¢» Tp)- Similarly, we can define a measure €’ interpolating the

D,sieg
E éleg D"
Proof. 1t follows from our computations for Fourier coefficients, Lemmas 4.2, 4.6,
4.12 and 4.46, and [Skinner and Urban 2014, Lemma 11.2], that all the Fourier
coefficients of Ejeo and Egleg are interpolated by elements in A, s[[I'y]]. Then the
lemma follows from the abstract Kummer congruence. We refer to [Hsieh 2011,
Lemma 3.15, Theorem 3.16] for a detailed proof. O

Now we define our Klingen Eisenstein series using the pullback formula. Note
that by (3) the pullback of the Siegel Eisenstein series are still holomorphic auto-
morphic forms. Let 8 be the embedding given in Section 2B. Let K, be the open
compact subgroup of G(Of, x), which is IEU,S as above for v € X\ {v|p}, IEU forv|p
and spherical otherwise. We define Ep kiing by, for any points x and x; on the
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Igusa schemes of U(r 4+ 1, s + 1) and U(s, r),

OV N Trg ¢ (€™ (B (€D sieg) - T(det(g1))) ® v1)(x, x1)

= Ep Kiing(x) X f (x1)
(as a Wyx\(p)-valued form—recall vi € Wg\(,); see Section 5B1). Here we let
Ksx\(p} act on both € D,sieg and Wx\ (). We get a Ag-adic formal Fourier—Jacobi
expansion from the measure elov ,B_l (€D sieg) and then apply the Hecke operators to

the expansion. We also define the X-primitive p-adic L-function 55?%’70 e ""[[Ty1l
by, for elements x and x; in the Igusa schemes of U(r, s) and U(s, r),

N Trg g (¢ BT (€ ieg) - Tldet g1) @ v1)(x, x1)

= L7 5 IR Y (x).
The f; is the v)'-component of f (see Section 5SB1). This is possible by Lemma 5.4.
Here note that the necessity of enlarging the coefficient ring to include 0}" is caused

when specifying points on Igusa schemes (recall Section 2F).
Here we used the superscript “low” to mean that, under

Ua+b+1,b+1)xUb,a+b)—>U@+2b+1,a+2b+1),
the action is for the group U(b, a + b).

5C2. Identify with Klingen Eisenstein series constructed before. We define a Klin-
gen Eisenstein section by

fébj(ﬁ’Kling(Z’ 8) = Bg 1_[ Fgou (z; fv,siega g,
v

where the Fy, (2; fusieg» &) are the pullback sections we computed in Section 5 and
@y for v e £ \{v|p} is the v)’-component, as in Sections 5B1 and 5B4. We first look
at places dividing p. The pairing (, ) induces a natural pairing between 7 and 7.

Write
Pw = 1_[ Dv 1_[ @sPh l_[ Dy H‘pw,v-

v|oo vgx Ve, vip v|p

Then

<H Trz, ks P(v (1, ndiag(x, ', 1, x,).8,) (Esieg (v (g, =) T (det —)),

vip
L

—1,
0 1_[ diag(p ot . ph, L, et L)t la ¢w>
vlp Ly



Families of nearly ordinary Eisenstein series on unitary groups 2029

equals

<pl°w ( [ Jdiag(p'+t, ... pr, 1, lb)‘>

vlp

< [ 1Tz, k.. pOr (1 ndiag; ", 1, x) 8, ) (E(y (g, )T (det -)),

vip
L

—1,
o 1_[ diag(1,, p™, ..., pltt, .. )" 1, gow>.
vlp Iy

Since Eieg (v (g, —)) 7 (det —) satisfies the property that, if K" is the subgroup of
GL4425(Zp) (defined in the last section) consisting of matrices

ayp az ap
ar ag ag
a4 ae ds

such that the (i, j)-th entries of a7 and a4 are divisible by p’ita+v+i and pla+itla+b+i,
respectively, the i-th row of ag and the right-to-diagonal entries of ag are divisible by
plifori=1,...,a,the below-diagonal entries of the i-th column of a; are divisible
by pla++i, the up-to-diagonal entries of the i-th row of a5 are divisible by p'e+i, and
az, as, ag € M(Z ), then the right action of i for h € K" on E(y (g, —))T(det —)
is given by the character

AR = Xasp+1(hin) -+ Xat2p Bon) X1 (hos1,6+1) < - X (hagbatb)
X Xa+1aspi1,a+b+1) -+ Xa+b(May2p,a420)-

(This is easily checked from the definition of the Godement section.) It is elementary
to check that the above expression equals

1
1_[ Hf’:l ptct+b+i (a+b)

v|p

X <]‘[Z P (y) p'¥ (diag(p'e++1, ... 14, 15)Y)

vlp ¥
< [Tz, k. 0 (v (L ndiag(®, ", 1,2,)8,) (Esieg (v (8. —) T (det—)),
vip

—1,

p | [ [diag(1. p" ... p'+t. .. la ¢w>, (15)
vlp 1p



2030 Xin Wan

where y runs over N(Z,)/BN(Z,) B~! for N consisting of matrices of the form

(1*? 3) with * having Z ,-entries and g = diag(p'eto+t, ..., 14, 15). Write the ex-
pression
eord,low 1_[ Z pIOW(y)pIOW(IBL)
vlp Yy
< [1Trz, 2, (v (1 ndiag(®", 1,%,)8,) (Esieg (v (g, =) T (det ). (16)
vip

Now let K” consists of matrices in GL,(Z,) whose below-diagonal entries of
the i-th row are divisible by p’, yppi for I <i <s. Let K" be the set of elements in
GL,2,(Z ) whose right-to-diagonal entries of the i-th row are divisible by p* for
1 <i <a+ b and whose lower-right b x b block is in

diag(p’“”’“ e pta+2b)[€b diag(pt‘””“ e, pta+2b)—1.

Then a similar argument as in Section 4D1 shows that there is a unique (up to
scalar) vector (;35 em(x, L X;rl%) such that the action of (k;;) € K % is given
by the character diag(x, ! k11), ..., xajrle (ka+2ba+26))- We use the model of the
induced representation from x, ' ® X;J:Zb on the space of smooth functions
on GL;42,(Z,). We take ¢5 such that, if (,Zl‘jrd takes value 1 on identity in this model,
then @5 also takes value 1 on identity (and has support K tc GL4425(Zp)). From the
action of the level group we know that the action of p'°% (K ) on the left part of the in-
ner product in (15) is given by the character diag(x,” ! (k11), -+ -y X, +12b (kat2ba+2p)).
For v|p define Téoz‘)’v to be the Hecke operator corresponding to B just in terms of
double cosets acting on JT(/\)/ (with no normalization factors involved). By checking
the actions of the level groups at primes dividing p (certain open compact subgroups
of G(OF,,)) we can see that the 7 component of the left part, when viewed as an
automorphic form on U(a + b, b), is a multiple of ¢°™. Suppose the eigenvalue for

the Hecke operator Té";” on ¢ is A g,v- It is easy to compute that

b

¥ b a i —i -1 a j

Mgy = pzlzll toti ((@F2b+1)/2—0) l—[ Xaabe1—s (pla+iri) (17)
j=1

with the convention on the y; after Remark 4.41.

Let
(p/zl_[(pvl_[‘pSph 1_[ Pv
v|oo vgX veX,vip
—1, ¢
X Hp diag(p ot . ph, L., plett, L)Y 1, Ow.v

vlp 1p
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and
(PN = l_l(pv 1_[ wsph 1_[ Do
v|oo vgX UEE,Ufp
3
—1,
xl_[,o diag(l, ..., p", ..., pltt, .. ) la Ow.v-
vlp lb

Here, for v|oo, the ¢, is the unique vector mentioned before Definition 3.1. Define
the Klingen Eisenstein section promised in the introduction as

fED¢,Kling = BQZ)¢< 1_[ |I€v/kv,s|)f€%,Kling‘
vEXT, vip
Then we have:

Proposition 5.8. For a classical generic arithmetic point ¢, we have
& (E D Kiing)

-~ Exiing(fa, Klings Zcs» &)
— 1_[ |K /Kv’s| mg ~;§rd mg K¢
(ZS >y

veX,vip

Xl_[( l_[ Xt (p r+/) l_[ X (p[j)p 1ta+b+i((a_l)/2+i),p_2j1tj((a+])/2_j)).

vlp

Proof. Here, let ® be the expression (15) and E the expression (16). We have

® (B, 9")Ap.y

(@0 Tp(Ticiejs P75 070) (@, )

(. @) = (@ ¢") - H( I1 p-)

vlp “1<i<j<s

and

(e.g., using the model of the induced representation). So
(E, ¢") . ® Hv\p(nlfifjfs pfa+b+i—ta+b+j)
(éord, (p//> Xﬂ’v«aﬁ, (p//>
® Hvlp (Hlfifjfs pta+1)+i_ta+b+j)
Hv‘p (Hlsisjgs platbti~latbtj ))‘-ﬂ,v (@ord’ )

We also have

~ord // 1_[X (P ) - P 1t_,-((a+1)/2—j).

The proposition follows. (]
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Then parts (i) and (ii) of Theorem 1.1 are just a corollary of the above proposition
(except the statement in the s = 0 case, which we are going to consider next).

Similarly, we obtain an interpolation formula for the p-adic L-function as in
Theorem 1.1, using also the formula (15).

5C3. Interpolating Petersson inner products for definite unitary groups. To sim-
plify the exposition we only discuss the case when F = Q) in this subsubsec-
tion. In the case when s = 0, we hope that the periods showing up are CM
periods. Thus, by our assumption, the Archimedean components of 7 are trivial
representations. For this purpose we prove that, under certain assumptions, the
Petersson inner products of two families can be interpolated by elements in the
Iwasawa algebra. Let K =[], K, be an open compact subgroup of U(r, s)(A )
which is G(Z ) at all primes dividing p and K((p), obtained from K by replacing
the v-component by Ké at all primes v dividing p. Now we take a set {g;}; of
representatives for U(r, s)(F)\U(r, s)(Ar)/Ko(p). We take K sufficiently small
so that for all i we have U(r,s)(F) N g Kg; "= 1. For the nearly ordinary
Hida family f of eigenforms (recall that this Hida family is nearly ordinary
with respect to the lower-triangular Borel subgroup) we construct a bounded
[-valued measure u; on N~ (pZ,) as follows. Let T~ be the set of elements
diag(p®, ..., p*) with a; < --- < a,. We only need to specify the measure for
sets of the form nt*N*(Zp)(f)*l, where n € N™(Z,) and t~ € T~. We assign
its measure p,,-(nt_N_(Zp)(t_)_l) by fV(gin-t7)A(t~)~', where A(t7) is the
Hecke eigenvalue of fV for U,-. This does define a measure. We briefly explain
the point when r = 2 (the general case is only notationally more complicated).
Write 77y, = 7(X1,p, X2,p) such that v, (x1,,(p)) = 1. vp(x2.p(p)) = —3%. Then
A(diag(1, p™) = (x2.,(p) - p'/*)". One checks that

D ((’711 1) )ﬂ(diag(l, POL
i ’ = G p(p) - PV (diag(1, p" ) £,
This implies that, for any m; € pr/p"*IZp,

Y. wilmimadiag(l, pYYN™(Z,) diag(1, p™™))
e = i (my diag(1, p"" )N (Z,) diag(1, p' ™)),

i.e., this u; does define a measure.

Proposition 5.9. If we define
(f:fv)3=Z/ f(gin)du; €1

eN— (pzp)

then, for all ¢ € X", the specialization of (f, f") to ¢ is ( fy. f¢v) -Vol(lzd,)_].
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Proof. For each ¢ € #%°", we choose ¢~ such that z‘_N_(pZ,,)(z‘_)_1 - Iiﬁ. We
consider

(fo. 75t S

Unfolding the deﬁmtlons note x (t )ép(t™) gives the Hecke eigenvalue A (1 7);
this gives dp (1~ )X¢ (= )Z fneN (vZ,) flgin)du; - Vol(K¢) On the other hand,
using the model of w f¢ pand £y p 3 the induced representation (1,4, - - ., Xr.¢)
and 71()(1 FYRT qus) of GL, (@ ), we get that

(oo 70 f, GV ) =88y ) fps £
This proves that the specialization of (f, f) to ¢ is (fs, fy') Vol(Kg)~'. O

So, to see the main theorem in the case when s = 0, instead of applying the Hecke
operator e®d. | fv we pair the pullback of Siegel Eisenstein series (I""[[T'y ]|-valued)
with the measure determined by the Hida family f using the above lemma. That is,
considering

Exiing (8, 2c) = Z/ Esieg(S™'a(g, gim)S, ze) diui,
i neN~(pOr,p)
where the {du;}; are the measures constructed from f as above. In our situation,
when restricting to U(s, r), the level group at p for Eisenstein series is lower-
triangular modulo a certain power of p while that for f is upper-triangular modulo
a certain power of p. The above construction works in the same way. The powers of
CM and p-adic periods enter when applying the comparison between the standard

basis and the Néron basis for differentials of CM abelian varieties while doing
pullback (see [Hsieh 2014, (3.14)]).

5D. Constant terms. We explain part (iii) of the main theorem.

SD1. p-adic L-functions for Dirichlet characters. There is an element £z in A g,
such that ¢ (7)) = L(f(;, Ky — r).t(;5 (p_l)117"‘1’_’9(%5)_1 at each arithmetic point ¢
in 2P°. For more details see [Skinner and Urban 2014, §3.4.3].

5D2. Archimedean computation. As in [Skinner and Urban 2014], we calculate
the Archimedean part of the intertwining operator for Klingen Eisenstein sections
and prove the “intertwining operator” part (see Lemma 3.4) of the constant term
vanishes. Suppose 7 is associated to the weight (0, ..., 0; «, ..., k); then it is well
known that there is a unique (up to scalar) vector v € 7 such that k-v =det w(k, i)~
for any k € KI;'v (with notations as in Section 3A1). Recall we defined c(p, z) in
Section 3A1.
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Lemma 5.10. With assumptions as above,

b—1 a—1
1

1 1
_ a+2b+1
clp.2)=n l—[( I )l_[—1+i—2z—|—2b

1 ; 1 1_
ig\etaKk—5—l—az—3k+t5—1/;

['(2z4a)2~ 7%+
X
F(fa+D+z+3)T(a+1)+z—3k)
Proof. This follows the same way as [Skinner and Urban 2014, Lemma 9.3]. [

det(ic) .

Corollary 5.11. When « > %a +2b, or k > 2b and a = 0, we have c(p, z) =0 at
the point 7 = %(K —a—2b-1).

In the case when « is sufficiently large, the intertwining operator

AP, e, F) = A(poo, 2, Fi) ® Alpy, 2y Fr)

and all terms are absolutely convergent. Thus, as a consequence of the above
corollary we have A(p, z,, F) = 0. Therefore the constant term of Ekjing 1S
essentially
L¥(#, 7%z +1)
Q%E(@ord’ (,0”)

LEQz +1, 7 x4,

up to a product of normalization factors at local places. Interpolating the calculations
in p-adic families, part (iii) of Theorem 1.1 follows from the above discussion,
Lemma 3.4 and our local descriptions for the Fy, (z; fy sieg, &) in Section 4. (See
also the proof of [Skinner and Urban 2014, Theorem 12.11].)

Index of symbols

A(p,z,—) 1975 H 1965 Mp 1962
B 1962 L(x) 1978 Np 1962
8(m) 1975 I 1984 P 1961
Ep 1977 k 1966 ¢’ 2012
Eg 1977 K 2005 Y 1975
Vil 1999 K’ 2006 O 1978
Yl 1999 K" 2006 oV 1975
fo.sieg 1989 K 2006 s’ 1985
£0 2014 K" 2006 Oy 1961
F, 1976 KL 1974 Y 2005
F) 2015 K., 1974 W 1981
F,, 1976 Ky 1978 xt 1965
G 1961 I 1966 (X, X), 1983

y 2005 Mz —) 1979
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Appendix: Boundary strata of connected components
in positive characteristics

by Kai-Wen Lan

Under the assumption that the PEL datum involves no factor of type D and that the
integral model has good reduction, we show that all boundary strata of the toroidal
or minimal compactifications of the integral model (constructed in earlier works of
the author) have nonempty pullbacks to connected components of geometric fibers,
even in positive characteristics.

A.1l. Introduction. Toroidal and minimal compactifications of Shimura varieties
and their integral models have played important roles in the study of arithmetic
properties of cohomological automorphic representations. While all known models
of them are equipped with natural stratifications, they often suffer from some impre-
cisions or redundancies due to their constructions. The situation is especially subtle
in positive or mixed characteristics, or when we need purely algebraic constructions
even in characteristic zero (for example, when we study the degeneration of abelian
varieties), where the constructions are much less direct than algebraizing complex
manifolds created by unions of explicit double coset spaces.

For example, integral models of Shimura varieties defined by moduli problems of
PEL structures suffer from the so-called failure of Hasse’s principle, because there
is no known way to tell the difference between two moduli problems associated with
algebraic groups which are everywhere locally isomorphic to each other. Similarly,
when their toroidal and minimal compactifications are constructed using the theory
of degeneration, the data for describing them are also local in nature. Unlike in the
complex analytic construction, one cannot just express all the boundary points as
the disjoint unions of some double coset spaces labeled by certain standard maximal
(rational) parabolic subgroups. (Even the nonemptiness of the whole boundaries
in positive characteristics was not straightforward — see the introduction to [Lan
2011].) As we shall see, in Example A.7.2, when factors of type D are allowed, it is
unrealistic to expect that the boundary stratifications in the algebraic and complex
analytic constructions match with each other.

Our goal here is a simple-minded one — to show that the strata of good reduction
integral models of toroidal and minimal compactifications constructed as in [Lan
2013a] have nonempty pullbacks to each connected component of each geometric
fiber, under the assumption that the data defining them involve no factors of type D
(in a sense we will make precise). We will also answer the analogous question for
the integral models constructed by normalization in [Lan 2014], allowing arbitrarily
deep levels and ramifications (that is, bad reductions in general).

This goal is motivated by the study of p-adic families of Eisenstein series,
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for which it is crucial to know that the strata on connected components of the
characteristic- p fibers are all nonempty. For example, this is useful for the consid-
eration of algebraic Fourier—Jacobi expansions. We expect it to play foundational
roles in other applications of a similar nature.

A.2. Main result. We shall formulate our results in the notation system of [Lan
2013a] —henceforth abbreviated [KWL]— which we shall briefly review. (We
shall follow [KWL, Notation and conventions, pp. xxi—xxiii] unless otherwise
specified. While for practical reasons we cannot explain everything we need from
there, we recommend the reader to make use of the reasonably detailed index and
table of contents there when looking for the numerous definitions.)

Let (O, %, L, (-, -), ho) be an integral PEL datum, where O, x, and (L, (-, - ), hp)
are as in [KWL, Definition 1.2.1.3], satisfying [KWL, Condition 1.4.3.10], which
defines a group functor G over Z as in [KWL, Definition 1.2.1.6], and the reflex
field Fy (as a subfield of C), as in [KWL, Definition 1.2.5.4], with ring of integers OF,.
Let p be any good prime, as in [KWL, Definition 1.4.1.1]. Let #? be any open
compact subgroup of G(Z”) that is neat, as in [KWL, Definition 1.4.1.8]. Then
we have a moduli problem My, over So = Spec(OF, (), as in [KWL, Definition
1.4.1.4], which is representable by a scheme that is quasiprojective and smooth
over Sg, by [KWL, Theorem 1.4.1.11 and Corollary 7.2.3.10]. By [KWL, Theorem
7.2.4.1 and Proposition 7.2.4.3], we have the minimal compactification Mg‘{ip“ of My,
which is a scheme that is projective and flat over Sy, with geometrically normal
fibers. Moreover, for each compatible collection X7 of cone decompositions for
Mgyep, as in [KWL, Definition 6.3.3.4], we also have the toroidal compactification
Mgéf,’z » of Mg, which is an algebraic space that is proper and smooth over S, by
[KWL, Theorem 6.4.1.1], and which is representable by a scheme projective over
Mo when X7 is projective, as in [KWL, Definition 7.3.1.3], by [KWL, Theorem
7.3.3.4]. Any such M} o, admits a canonical surjection ¢,,, : M&), 5, — Mmin,
which is constructed by Stein factorization as in [KWL, Section 7.2.3], whose fibers
are all geometrically connected. (The superscript “p” indicates that the objects are
defined using level structures “away from p”. We will also encounter their variants
without the superscript “p”, which also involve level structures “at p”.)

By [KWL, Theorem 7.2.4.1(4)], there is a stratification of Mgéip“ by locally
closed subschemes Z{(a.,,,s,»)1, Where [(®ger, d5r)] runs through the (finite) set
of cusp labels for Mg (see [KWL, Definition 5.4.2.4]). The open dense sub-
scheme Mg is the stratum labeled by [(0, 0)]; we call all the other strata the
cusps of Mgep. Similarly, by [KWL, Theorem 6.4.1.1(2)], there is a stratification
of M;};,Z,, by locally closed subschemes Z((¢.,, .8, ,07)> Where [(Pyer, Sger, 0P)]
runs through equivalence classes, as in [KWL, Definition 6.2.6.1], with ¢? C Pgw
and o” € Xo,, € X”. By [KWL, Theorem 7.2.4.1(5)], the surjection 55%17 induces
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a surjection from the [(®ypr, S5, 0P)]-stratum Zj(a,p, s,p,07)) OF M%‘éﬂﬂzp to the
[(Dger, S9¢r)]-stratum Z[(zp%p’g%],)] of M;]{Ln.

Let s — Sp be any geometric point with residue field k(s), and let U be any
connected component of the fiber My xs, s. Since Mg‘ei}‘ — Sy is proper and has
geometrically normal fibers, the closure U™" of U in M%ip“ Xs, § is a connected
component of M%}l Xs, s. Similarly, since Mggrp’x » —> So is proper and smooth, the
closure U'" of U in My} 5, Xs, s is a connected component of Mg}, 5, s, 5. (In
these cases the connected components are also the irreducible components of the
ambient spaces.)

The stratifications of M%p“ and M%’,z » induce stratifications of U™" and U,
respectively, by pullback. We shall denote the pullback of Z(,, s5,,) to U min
by Ul(oyp,s4»)1 and call it the [(DPger, dg¢r)]-stratum of U min Similarly, we shall
denote the pullback of Zj(a,,.5,0,07) t0 U by Uy, 540,07y, and call it the
[(Dyer, Syer, 0 P)]-stratum of U'™'. By construction, the surjection fw induces a
surjection U™ — U™™" which maps the [(®yer, Syr, o P)]-stratum Ul(@yp ,85p,07)]
of U'" surjectively onto the [(Dyep, S%p)]—stratum Ul(@yp 540 Of U min 1t is natural
to ask whether a particular stratum of U™" or U'" is nonempty.

From now on, we shall assume the following:

Assumption A.2.1. The semisimple algebra O ®z Q over Q involves no factor of
type D (in the sense of [KWL, Definition 1.2.1.15]).

Our main result is the following:

Theorem A.2.2. With the setting as above, all strata of U™™ are nonempty.
An immediate consequence is the following:

Corollary A.2.3. With the setting as above, all strata of U are nonempty.

Proof. Since the canonical morphism Uj(e,,5,p,07)] = U@y ,840)1 18 SUrjective for
each equivalence class [(®y»r, d3r, 07)] with underlying cusp label [(Pyer, d3¢r)]
as above, the nonemptiness of Uj(a.,,,s,»)] implies that of Uy, s,0,07)]- O

Remark A.2.4. Each stratum Zy(g.,, 7,)] (T€SP. Z[(®yp,z4p,07)]) 15 NONEMpty by
[KWL, Theorem 7.2.4.1(4)—(5), Corollary 6.4.1.2, and the explanation of the ex-
istence of complex points as in Remark 1.4.3.14]. The question is whether its
pullback to U™™ (resp. U'") is still nonempty for every U as above.

Remark A.2.5. It easily follows from Theorem A.2.2 and Corollary A.2.3 that their
analogues are also true when the geometric point s — Sy is replaced with morphisms
from general schemes, although we shall omit their statements. In particular, we
can talk about connected components of fibers rather than geometric fibers.

The proof of Theorem A.2.2 will be carried out in Sections A.3, A.4, and A.5. In
Sections A.5 and A.6, we will also state and prove analogues of Theorem A.2.2 in
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zero and arbitrarily ramified characteristics, respectively (see Theorems A.5.1
and A.6.1). We will give some examples in Section A.7, including one (see
Example A.7.2) showing that we cannot expect Theorem A.2.2 to be true without
the requirement (in Assumption A.2.1) that 0 ®7 Q involves no factor of type D.

A.3. Reduction to the case of characteristic zero. The goal of this section is to
prove the following:

Proposition A.3.1. Suppose Theorem A.2.2 is true when char(k(s)) = 0. Then it is
also true when char(k(s)) = p > 0.

Remark A.3.2. Proposition A.3.1 holds regardless of Assumption A.2.1.

Remark A.3.3. It might seem that everything in characteristic zero is well known
and straightforward. But Proposition A.3.1, which is insensitive to the crucial
Assumption A.2.1, shows that the key difficulty is in fact in characteristic zero.
By [KWL, Theorem 7.2.4.1(4)], each Z(o,, s,,)] 1S isomorphic to a boundary
moduli problem M%?’f," defined in the same way as Mg (but with certain integral
PEL datum associated with Zg,). Then it makes sense to consider the minimal
compactification Zﬁlg‘%p’ 80)] of Z{(®,,5,p)1» Which is proper flat and has geometri-
cally normal fibers over Mg, as in [KWL, Theorem 7.2.4.1 and Proposition 7.2.4.3].
(So the connected components of the geometric fibers of Z (q) P e Sp are
closures of those of Zj(e,,,5,»)] = So.) By considering the Stein factorizations of
the structural morphisms Z‘[‘(lil‘;%p’ sr)] So (see [EGAIII; 1961, Corollaire (4.3.3)

and Remarque (4.3.4), pp. 131-132]), we obtain the following:

Lemma A.3.4 (cf. [KWL, Corollary 6.4.1.2] and [Deligne and Mumford 1969,
Theorem 4.17]). Suppose char(k(s)) = p > 0. Then there exists some discrete valu-
ation ring R that is flat over OF, (), with fraction field K and residue field k(s), the
latter lifting the structural homomorphism O, () — k(s) such that, for each cusp
label [(®yr, d3r)] and each connected component V of Zj(d,p 4p)] Q0 () R, the
induced flat morphism V — Spec(R) has connected special fiber over Spec(k(s)).

Proof of Proposition A.3.1. Let R be as in Lemma A.3.4. Let U denote the
connected component of Mye» ®aoy, ,, R = Z[(0,0)1 @0y, (,, R such that U®grk(s) =

as subsets of Mg(p ®6r). k(s) = My» xs, s, and let Umin denote its closure
in M%‘p“ ®0y, » R, which is a connected component of Mmin ®0y, ., R because
Mf;‘e;“ R0, ) R 1s normal by [KWL, Proposition 7.2.4.3(4)]. For each cusp label
[(Dyr, S%r)], let U[(cpw s4p)] denote the pullback of Zj(¢,,, 5,,)) tO U™n Then
0[(q>w s,p)1 1s an open and closed subscheme of Zy(¢,, s,»)] ®0f, (,) R such that
U[(q;wp 89(,:)]®Rk(5) = U[(q;w, Sqep)] AS subsets of M%}P@@FO (mk(s) By Lemma A.3.4,
it suffices to show that U[(q> - Sxr)] OR K # @ for some algebraic closure K of K.
Also by Lemma A.3.4, U®gK # &, and so U™ @r K contains at least one
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connected component of M ®0r, () K. Thus, l~][(q>%p,,;%p)] ®r K # @ under the
assumption of the proposition, as desired. O

A.4. Comparison of cusp labels. Let ¥, := G(Z,) and 3 := #P¥,, the latter
being a neat open compact subgroup of G(z). By the same references to [KWL] as
in Section A.2, we have the moduli problem Mg and its minimal compactification
l\/Iglfin over So.g := So ®z Q = Spec(Fp). For each compatible collection %’ of cone
decompositions for Mg, we also have a toroidal compactification M;?f s together
with a canonical morphism ¢, : M;‘gz, — MZM over So . (Here X’ does not have
to be related to the X7 above.)

Each cusp label [(Zg, Dy, d3)] for Mg (where Zg has been suppressed in the
notation for simplicity) can be described as an equivalence class of the ¥-orbit

(Zg¢, Dy, 69¢) of some triple (Z, ®, &), where:

(1) Z ={Z_;};cz is an admissible filtration on L ®z 7 that is fully symplectic,
as in [KWL, Definition 5.2.7.1]. In particular, Z_; = (Z_; ®7z Q) N (L ®z Z),
the symplectic filtration Z ®7 Q on L ®z A*™ extends to a symplectic filtration
Zn on Z®z A, and each graded piece of Z or Z ®z Q) is integrable, as in [KWL,
Definition 1.2.1.23], that is, it is the base extension of some O-lattice.

2) d=(X,Y, ¢, 92, ¢o) is a torus argument, as in [KWL, Definition 5.4.1.3],
where ¢ : ¥ < X is an embedding of O-lattices with finite cokernel, and where
¥_p: GrZ_2 - Homy (X ®z Z 2(1)) and ¢ : Gr(z) = Y ®yz 7 are isomorphisms
matching the pairing (-, - )20 : Grz_2 X Grg — 2(1) induced by (-, -) with the
pairing (-, - )¢ : Homs(X ®7 Z, Z(1)) x (Y ®z Z) — Z(1) induced by ¢.

(3) 8 : Gr* = L is an O-equivariant splitting of the filtration Z.

(4) Two triples (Zg, Py, S%) and (Zi,, P, 8;,) are equivalent (as in [KWL, Defi-
nition 5.4.2.2]) if Zy = Z{, and there exists a pair of isomorphisms, yx : X’ = X
and yy : ¥ = Y’, matching ®y with ®7,.

Since % = #7 3, it makes sense to consider the p-part of (Zg, ®y, d3), which
is the J(,-orbit of some triple (Zz,, (9-2.2,,%0.2,), 8z,), where:

(D) Zz, = {ZZP,_,-},-ez is a symplectic admissible filtration on L ®z Z,, which
determines and is determined by a symplectic admissible filtration Zg, ={Zq, —i}icz
of L&z Qp by Zg, i =2z, -i®zQandZz, i =Zq, -iN(L®zZ),) foralli € Z.
(2) 922, :Gr 2 => Homy, (X ®7Z,, Z,(1)) and ¢y : Gry" <> ¥ ®; Z,, are
isomorphisms matching the pairing (-, - )20z, : GrZ_ZZ” X Gr(Z)Zp — Z,(1) induced by
(-, ) with the pairing (-, ).z, : Homz (X ®2 2, Z,(1)) X (Y @z Z ) — Z,(1)
induced by ¢.

3) (Szp (Gritr = L @77 p 18 a splitting of the filtration Zz,.
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By forgetting its p-part, each representative (Zg, ®y, d3%) for Mg, induces a
representative (Zyer, @ger, 89¢r) for Myger, and this assignment is compatible with
the formation of equivalence classes. Therefore, we have well-defined assignments

(Zge, Pye, d3¢) > (Zaer, Poer, S5¢r) (A4.1)
and
[(Zge, Py, 89¢) ] = [(Zger, Per, S5er) ] (A4.2)

By construction, these assignments are compatible with surjections on both their
sides (see [KWL, Definition 5.4.2.12]). We would like to show that they are both
bijective.

Lemma A.4.3. Let k be any field over Z ;). Consider the assignment to each flag W
of totally isotropic O ®z k-submodules of L ®z k (with respect to (-, -) Qz k) its
stabilizer subgroup Py in G ®z k. Then each such Py is a parabolic subgroup
of G ®z k and the assignment is bijective. Moreover, given any minimal parabolic
subgroup Pw, of G ®z k, which is the stabilizer of some maximal flag Wy of
totally isotropic O ®z k-submodules of L ®z k, every parabolic subgroup of G Q7 k
is conjugate under the action of G(k) to some parabolic subgroup of G @z k
containing Py, which is the stabilizer of some subflag of Wy.

Although the assertions in this lemma are well known, we provide a proof because
we cannot find a convenient reference in the literature in the generality we need.

Proof. Let k5P be a separable closure of k. Since the characteristic of k is either O
or p, the latter being a good prime by assumption, it follows from [KWL, Proposition
1.2.3.11] that each of the simple factors of the adjoint quotient of G ®z k*P is
isomorphic to one of the groups of standard type listed in the proof of [KWL,
Proposition 1.2.3.11]. Then we can make an explicit choice of a Borel subgroup B
of Gz kP stabilizing a flag of totally isotropic submodules, with a maximal torus T
of G®zk*P contained in B which is isomorphic to the group of automorphisms of the
graded pieces of this flag. By [Springer 1998, Theorem 6.2.7 and Theorem 8.4.3(iv)],
since all parabolic subgroups of G ®z k%P are conjugate to one containing B, the
parabolic subgroups of G ®z k°P are exactly the stabilizers of flags of totally
isotropic 0 ®z k*°P-submodules of L ®z k*P. Then the analogous assertion over k
follows, because the assignment of maximal parabolic subgroups of G ®z k5P is
compatible with the actions of Gal(k**?/k) on the set of flags of totally isotropic
submodules of L ®z k*P and on the set of parabolic subgroups of G ®z k*°P. The
last assertion of the lemma follows from [Springer 1998, Theorem 15.1.2(ii) and
Theorem 15.4.6(1)]. [l

Lemma A.4.4. The assignment

Zse —> Z;—}(fp (AA4.5)
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is bijective.

Proof. Let Zz, = {Zzp,—i}iez be a symplectic admissible filtration on L ®7 Z),
as above, which determines and is determined by a symplectic filtration Zg, =
{Zg,.—ilicz on L ®7 Q). By Lemma A.4.3, the action of G(Q,) on the set of
such filtrations Zg, is transitive, because the O-multirank (see [KWL, Definition
1.2.1.25]) of the bottom piece Zg,, > of any such Zg, is determined by the existence
of some isomorphism

027,:Gr 2 <> Homyz, (X ®72Z,, Z,(1)).

Let P denote the parabolic subgroup of G ®z Q) stabilizing any such Zg, (see
Lemma A.4.3). Since p is a good prime by assumption, the pairing (-, ) ®z Z,
is self-dual, and hence G(Z,) is a maximal open compact subgroup of G(Q,),
by [Bruhat and Tits 1972, Corollary 3.3.2]. Since G ®z Q, is connected under
Assumption A.2.1 (because the kernel of the similitude character of G ®z Q,,
factorizes over an algebraic closure of Q, as a product of connected groups, by
the proof of [KWL, Proposition 1.2.3.11]), we have the Iwasawa decomposition
G(Q,) = G(Z,)P(Q,), by [Bruhat and Tits 1972, Proposition 4.4.3] (see also
[Casselman 1980, (18) on p. 392] for a more explicit statement). Consequently,
#, = G(Z)p) acts transitively on the set of possible filtrations Zz, as above, and
hence the assignment (A.4.5) is injective.

As for the surjectivity of (A.4.5), it suffices to s}%ow that, for some symplectic ad-
missible filtration Zz,,, an isomorphism ¢ 7, : Gr_zz” = Homgz (X ®zZ,, Z,(1))
exists. By [Reiner 1975, Theorem 18.10] and [KWL, Corollary 1.1.2.6], it suffices
to show that there exists some symplectic filtration Zg, such that Zg, —» and
Homg, (X ®z Qp, Q,(1)) have the same O-multirank. Or, rather, we just need
to notice that the O-multirank of a totally isotropic 0 ®z Q,-submodule can be
any O-multirank below a maximal one (with respect to the natural partial order),
by Assumption A.2.1 and by the classification in [KWL, Proposition 1.2.3.7 and
Corollary 1.2.3.10]. O

Lemma A.4.6. The assignment (A.4.1) is bijective.

Proof. 1t is already explained in the proof of Lemma A.4.4 that an isomor-
phism ¢_> 7, : Gr_ZQ” => Homgz (X ®z Zp, Z,(1)) exists for any Zz, considered
there. Since p is a good prime, which forces both [L*: L] and [X : ¢(Y)] to
be prinzle to p, any choice of ¢_; 7, above uniquely determines an isomorphism
o : Groz” = Y ®z Z,. Also, by the explicit classification in [KWL, Proposition
1.2.3.7 and Corollary 1.2.3.10] as in the proof of Lemma A.4.4, there exists a
splitting 6z, : G’ = L @77 p» and the action of G(Z,) NP(Q,) acts transitively
on the set of possible triples (<p_2,zp, %02, (Szp). Hence the assignment (A.4.1) is
bijective, as desired. (]
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Lemma A.4.7. The assignment (A.4.2) is bijective.

Proof. By Lemma A 4.6, it suffices to show that (A.4.2) is injective. Suppose two
representatives (Zg, Py, 8y) and (Z},, P, 85,) with Py = (X, Y, ¢, 9_2 3, ¢0,%)
and &%, = (X", Y, ¢, (p/_z’%, (p{)’%) are such that the induced (Zge», ®yer, S3r) and
(Zhep, Dby, 85p) are equivalent to each other. By definition, Zy» = Zi,, so that
Zy = Zi, by Lemma A.4.4, and there exists a pair (yx : X' = X, yy: Y = Y)
matching ®g» with ®,,. Hence we may assume that (X, Y, ¢) = (X', Y, ¢'), take
any Z in Zg» = Zi,, and take any pairs

(2 : Grz_2 - Homy (X ®z Z, Z(l)), o : Grg = Y Q7 2)
and
(¢, : Gr*, => Homy(X ®z Z, Z(1)), ¢, : Gr§ => Y ®7 2)

inducing (¢_2 %, ¢o.3) and (¢_ 2.9¢ (p(’)’%), respectively, and inducing the same
(@—2.9r, ®0.9r) and (¢’ 2.9 <p67%,,). Then the injectivity of (A.4.2) follows from
that of (A.4.1). O

Lemma A.4.8. If (Zyr, Pyr, O3er) is assigned to (Zye, Py, S3¢) under (A.4.1), then
we have a canonical isomorphism
e, = o, (A4.9)
(see [KWL, Definition 6.2.4.1]). Moreover, we have a canonical isomorphism
S, = Sty (A.4.10)
which induces a canonical isomorphism
(S, )k = (So,)p (A4.11)

matching Pe, with Py, and PC;% with ngl,, both isomorphisms being equivariant

with the actions of the two sides of (A.4.9) above.

Proof. Since p is a good prime, with ¥, = G(Z,), the levels at p are not needed
in the constructions of I'g,, and S¢,, in [KWL, Sections 6.2.3-6.2.4], and hence
we have the desired isomorphisms (A.4.9) and (A.4.10). The induced morphism
(A.4.11) matches Pg,, with Pg,, and Py with P;%p because both sides of (A.4.11)
can be canonically identified with the space of Hermitian forms over Y ®z R, as
explained in the beginning of [KWL, Section 6.2.5], regardless of the levels ¥
and 77, [l

Therefore, we also have assignments
(g, 836, 0) = (Pyer, S5¢r, o) (A4.12)

and
[(Dse, 856, 0)] = [(Dger, S5er, 07)] (A.4.13)
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(see [KWL, Definition 6.2.6.2]), which are compatible with (A.4.1) and (A.4.2).
Here we have suppressed Zg and Zg» from the notation; also, o C (S%C)ﬁ and
o” C (So,, )y is the image of o under the isomorphism (A.4.11).

Lemma A.4.14. The assignment (A.4.12) is bijective.

Proof. This follows from Lemma A.4.6 and the definition of (A.4.12), based on
Lemma A.4.8. ([l

Lemma A.4.15. The assignment (A.4.13) is bijective.

Proof. By [KWL, Definition 6.2.6.2], given any representative (P, 83) of a cusp
label, the collection of the cones o C (So,)y defining the same equivalence class
[(Dye, b9, 0)] form a "¢, -orbit. Similarly, the collection of the cones o” C (So,,, )ﬁ
defining the same equivalence class [(Pyr, d3r, o?)] form a I',,, -orbit. Hence,
given (A.4.9), the lemma follows from Lemma A .4.7. O

Definition A.4.16. X is induced by X7 if, for each cusp label [(Zg¢, s, dg¢)] of My
represented by some (Zge, g, dy), with assigned (Zger, Py, dger) as in (A.4.1),
the cone decomposition ¥4, of Py, is the pullback of the cone decomposition
X, of Pg,, under (A.4.11).

By forgetting the p-parts of level structures, we obtain a canonical isomorphism
Mg => Myer @7 Q (A4.17)

over So.g (as in [KWL, 1.4.4.1]), by [KWL, Proposition 1.4.4.3 and Remark 1.4.4.4]
and by Assumption A.2.1. Given any X? for Mgy, with induced X for My as in
Definition A.4.16, by comparing the universal properties of MmrE and M%,, sp as
in [KWL, Theorem 6.4.1.1(5)—(6)], the isomorphism (A.4.17) above extends to a
canonical isomorphism

MLy 2> MY, ©7 @ (A.4.18)

over So ., Mapping Z(dy.sy,0)] isomorphically to Zy,, s,».07)] ®z @ when
[(DPyer, 5¢r, 0P)] is assigned to [(Py, S, o)] under (A.4.13), such that the pullback
of the tautological semiabelian scheme over M;‘éf,’z,, ®zQ is canonically isomorphic
to the pullback of the tautological semiabelian scheme over Mg‘éfz. Consequently,
by [KWL, Theorem 7.2.4.1(3)—(4)] and the fact that the pullback of the Hodge
invertible sheaf over Mggf, s» ®7 Q is canonically isomorphic to the pullback of the
Hodge invertible sheaf over M“’rE (because their definitions only use the tautological
semiabelian schemes), the canonical isomorphism (A.4.18) induces a canonical
isomorphism

Mmln M%,, ®zQ (A.4.19)

over Sp g, extending (A.4.17), compatible with (A.4.18) (under the canonical
morphisms ¢, : My — M@In and b ®2Q 1 M}, 5, ®7 Q — MIIN @, Q),
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and mapping Z{(¢.,s,)] isomorphically to Z{(.,,,s,,)] ®z Q when [(Dyp, 5r)] is
assigned to [(Pge, §%)] under (A.4.2) (where we have suppressed Zg and Zg» from
the notation).

A.5. Complex analytic construction. By Proposition A.3.1, in order to prove
Theorem A.2.2 we may and we shall assume that char(k(s)) = 0. Thanks to
the isomorphisms (A.4.17) and (A.4.19), we shall identify U with a connected
component of My ® , k(s), U min with the connected component of M%m ®F, k(s)
that is the closure of U, and U (e, 5,5)] With Uj(ay,s5)1, the pullback of the stratum
Z{(®y.8,)) Of MI™ under the canonical morphism U™ — MM, when [(Pger, S5r)]
is assigned to [(Dy, d3)] under (A.4.2).

Now, in characteristic zero we no longer need 7€ to be of the form 3 =" ¥, as in
Section A.4. We shall allow # to be any neat open compact subgroup of G(Z). Then
Mg, and Mgmgin are still defined over My g = Spec(Fy), with the stratification on the
latter by locally closed subschemes Zj(.,,s,)] labeled by cusp labels [(Py, d3)] for
Mg (see the same references as in Section A.2). For any geometric point s — So g
with residue field k(s) and for any connected component U of the fiber Mg X, s,
we define U™ to be the closure of U in M x5 s and Uy, s, to be the pullback
of Z[(@y.54) to of U™" for each cusp label [(Py, d%)]. (These are consistent with
what we have done before, when the settings overlap.)

Then we have the following analogue of Theorem A.2.2:

Theorem A.5.1. With the setting as above, every stratum Uy(a.,,s,)] IS nonempty.

Since MJM is projective over So g, we may and we shall assume that k(s) = C.
We shall denote base changes to C with a subscript, such as My ¢ = My ®F, C.

Let X denote the G(R)-orbit of /¢, which is a finite disjoint union of Hermitian
symmetric domains, and let X, denote the connected component of X containing /.
Let G(Q) denote the finite index subgroup of G(Q) stabilizing Xg. Let Shge :=
G(\X x G(A*)/¥. By [Lan 2012, Lemma 2.5.1], we have a canonical bijection
G(@Q)o\Xo X GA®)/FH — G(Q)\X x G(A>®) /7. Let {g;}ic; be any finite set of
elements of G(A*) such that G(A®) = | |,.; G(@)oh; ¥, which exists because of
[Borel 1963, Theorem 5.1] and because G(Q)y is of finite index in G(Q). Then we
have

Shye = G(@)o\Xo x G(A®) /% = | | TEN\X,, (A.5.2)
iel

where I'®) := (g;%g; ') N G(Q), for each i € I. By applying [Baily and Borel
1966, Theorem 10.11] to each "8\ Xy, we obtain the minimal compactification
Sh;}i“ of Shge, which is the complex analytification of a normal projective variety
Sh;}fglg over C. Th}ls, Shye is the analytification of a quasiprojective variety Shye a1
(embedded in Sh;“efglg).
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By [Lan 2012, Lemma 3.1.1], the rational boundary components Xy of Xg (see
[Baily and Borel 1966, Section 3.5]) correspond to parabolic subgroups of G ®7 Q
stabilizing symplectic filtrations Von LQzQ withV_3=0CV_, CV_; = sz CVp=
L ®7z Q. Consider the rational boundary components of X x G(A®°) as in [Lan 2012,
Definition 3.1.2], which are G(Q)-orbits of pairs (V, g), where the V are as above and
g € G(A®). Consider the boundary components G(Q)\ (G(Q)Xy) x G(A®) /¥ =
G(@)o\ (G(Q)oXy) x G(A*®) /F of Shye = G(Q)\Xo X G(A*)/¥. By the construc-
tion in [Baily and Borel 1966], each such component defines a nonempty, locally
closed subset and meets all connected components of ShT", corresponding to a
nonempty, locally closed subscheme of Sh%glg, called its G(Q)(V, g)¥-stratum.
Thus, we obtain the following:

Proposition A.5.3 (Satake, Baily—Borel). Each G(Q)(V, g)¥-stratum as above

min
meets every connected component of Shy' alg’

For each g € G(A®), let L(®) denote the O-lattice in L ®7 Q such that L&) ®ZZ =
g(L ®z Z) in L®zA®. Letr e @io be the unique element such that v(g) = ru
for some u € Z, and let (-, -)® : L® x L& — 7(1) denote the pairing induced
by r(-,-) ®z Q (see [Lan 2012, Section 2.4], the key point being that (-, - )@ is
valued in Z(1)).

Construction A.5.4. As explained in [Lan 2012, Section 3.1], we have an assign-
ment of a fully symplectic admissible filtration Z®) on Z®z Z and a torus argument
@ = (Xx® y© ¢©, go(gz), (p(()g)) to G(Q)(V, g), by setting:

(1) F® .= (F& .= v ;N L®);s.
@) 2@ = (25 = 7' F) @2 D))iez = (7' (V=i @ A®) N (L 82 D}z
(3) X® := Homz(F), Z(1)) = Homz(Gi™5 , Z(1)).
@) Y® =Gt =F® /F%).
(5) ¢©® :Y® < X(® equivalent to the nondegenerate pairing
(-, )Gy x GrE” - 7(1)

induced by (-,-)® : L& x L® — 7(1).

©) ¢ : Gr%) = Hom;(X® ®; Z, Z(1)), the composition

()

25 = Gify @77 = Homy(X® @77, 2(1)).

(7) (p(g) Gr? 2~y ®z 7, the composition

Gro(g) A A
GiZY = GrfY @2 = Y® @, 2.
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By the assumption that our integral PEL datum satisfies [Lan 2013a, Condition
1.4.3.10] and by the fact that maximal orders over Dedekind domains are hereditary
(see [Reiner 1975, Theorem 21.4 and Corollary 21.5]), there exists a splitting
e® G = L®, whose base extension from Z to Z defines, by pre- and post-
compositions with Gr(g) and g™, a splitting §© : Gr* = L ®7 7. These define
an assignment

G(@)(V, g) > [(2¥, ©®, 5], (A5.5)

which is compatible with the formation of ¥-orbits and induces an assignment
G@)(V, 9% > [(Z, D3¢, 5], (A5.6)

Definition A.5.7. For each cusp label [(Zge, Py, d5)], the [(Dge, d5)]-stratum of
Sh;’églg is the union of all the G(Q)(V, g)# -strata such that [(Zg, P, d%)] is as-
signed to G(Q)(V, g)3€ under (A.5.6).

Proposition A.5.8. Given the #-orbit Zy of any Z=1{Z_;};cz as above, there exists
some totally isotropic 0 ®7 Q-submodule V_» of L @7 Q such that V_, Qg A lies
in the #-orbit of Z_» @7 Q.

Proof. Up to replacing # with an open compact subgroup, which is harmless for
proving this proposition, we may and we shall assume that % = #5%g, where S is
a finite set of primes containing all bad ones for the integral PEL datum (see [KWL,
Definition 1.4.1.1]), such that 35 = G(Z5) = [],5 G(Z,) and #s C G(Zs) =
I1 1es G(Zy), where £ ¢ § means that ¢ runs through all prime numbers not in S.

By Assumption A.2.1, by reduction to the case where 0 ®7 Q is a product of
division algebras, by Morita equivalence (see [KWL, Proposition 1.2.1.14]) and,
by the local-global principle for isotropy in [Scharlau 1985, table on p. 347 and its
references], it follows that, if Z_, ®z Q is nonzero and extends to some isotropic
0 ®z A-submodule of L ®z A isomorphic to the base extension of some O-lattice,
then there exists some nonzero isotropic element in L ®7 (2. By induction on
the O-multirank of Z_, ®7 Q@ —by replacing L ®7 Q (resp. L ®z A*) with the
orthogonal complement modulo the span of a nonzero isotropic element in L ®z ()
(resp. L ®7z A®) — there exists some totally isotropic O ®z Q-submodule V(lz of
L ®7 Q such that V(l2 ®o A% and Z_, ®7 Q have the same O-multirank.

Let G’ denote the derived subgroup of G ®7 Q (see [SGA 3; 1970, Définition
7.2(vii), p. 364 and Corollaire 7.10, p. 373]). Then the pullback to G’ induces a
bijection between the parabolic subgroups of G ®z Q and those of G’ (see [SGA 31
1970, Propositions 6.2.4 and 6.2.8, pp. 264-266; Springer 1998, Theorem 15.1.2(ii)
and Theorem 15.4.6(i)]), and they both are in bijection with the stabilizers of flags
of totally isotropic 0 ®7 Q-submodules, as in Lemma A.4.3. Therefore, there
exists some element & = (hy) € G'(A*), where the index £ runs through all prime
numbers, such that V‘lz RoA® =h(Z_» ®7 Q).
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Since G’ is simply connected, by Assumption A.2.1 (because the kernel of the
similitude character of G ®z Q factorizes over an algebraic closure of QQ as a
product of groups with simply connected derived groups, by the proof of [KWL,
Proposition 1.2.3.11]), by weak approximation (see [Platonov and Rapinchuk 1994,
Theorem 7.8]) there exists y € G'(Q) such that y(h¢)ees € #Hs. On the other
hand, by using the Iwasawa decomposition at the places ¢ € S as in the proof of
Lemma A.4.4, up to replacing h, with a right-multiple of &, by an element of
G'(Qy) stabilizing Z_, ®5 Q¢, we may assume that y hy € G(Z,) for all £ ¢ S. Thus,
we can conclude by taking V_; := y(V(iz). O

Proposition A.5.9. For each cusp label [(Zy, Oy, d%)], there exists some ratio-
nal boundary component G(Q)(V, g) of X x G(A™) such that [(Zy, Py, S3)] is
assigned to G(Q)(V, g)¥ under (A.5.6).

Proof. Let (Z,® = (X, Y, ¢, ¢p_2,¢p),5) be any triple whose #-orbit induces
[(Zge, Dy, 5%¢)] and let V_, be as in Proposition A.5.8. Up to replacing (Z, ®, §)
with another such triple, we may and we shall assume that

Z=(V_®gA®)N(L®;2)=17"), (A.5.10)

where FO = (F)};cz, 20 = (2())icz and @D = (XD, ¥, 9D o1 oD are
assigned to (V, 1) as in Construction A.5.4, together with some noncanonical choices
of e and §(V.

Let P denote the parabolic subgroup of G®7Q stabilizing V_; (see Lemma A.4.3).
By (A.5.10), the elements of P(A) also stabilize Z_, ®z Q. Therefore, for
each g € P(A™), the filtration Z‘®) defined as in Construction A.5.4 coincides
with Z.

Using (A.5.10) and the compatibility among the objects, both ¢®12 and ¢V Q27

can be identified (under (¢_3, ¢o) and ((p(_lz), go(()l))) with the canonical morphism

()3 : Gr§ — Homy (Gr%,, Z(1)) (AS.11)
induced by the pairing (-, - ), which induce compatible isomorphisms

@0 op XV, 7 2> X®,7 (A.5.12)
and

oV op  Y®27 = YV @, 7. (A5.13)

By [KWL, Condition 1.4.3.10], there exists some maximal order 0’ in 0 ®7 Q,
containing O, such that the O-action on L extends to an 0’-action; hence the O-actions
on Y and YV also extend to 0’-actions. Using the local isomorphisms given
by (A.5.13), by [Reiner 1975, Theorem 18.10] (which is applicable because we
are now considering modules of the maximal order 0’) and [KWL, Corollary
1.1.2.6] there exists an element gy € GLog,ax (Gr(z) ®zQ) and an O-equivariant
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embedding hg: YD < Y ®7 @ such that (ho(Y (")) ®7 7 = (9o ®7 Q) (g0(Gr2))
inY @7 A%, Let g_»: go € GLgg,ax (Gr* , ®7Q), where the transposition
is induced by (A.5.11). Then there is a corresponding O-equivariant embedding
h_y:Homz (XM, Z(1)) & Homz (X, Z(1)) ®z Q such that

(h—2(Homz(X™, Z(1)))) ®2 Z = (p—» ®7 @) (g-2(Gr?,))

in Homz (X, Z(1)) @7z A*.

Take g € P(A™) such that Gr_,(g) = g_», Gro(g) = go, and v(g) = 1, which
exists thanks to the splitting . Then X‘® and Y® are realized as the preimages
of X and Y under 'h_, ®7 Q and hy ! ®z Q, respectively, and the induced pair
(yx : X® = X, yy 1 ¥ =5 Y®) matches ®© with ®. Such a (V, g) is what we
want. [l

As explained in [Lan 2012, Section 2.5], there is a canonical open and closed
immersion
Sh%,a]g —> M%’qj. (A514)

As explained in [Kottwitz 1992, §8, p. 399] (see also [KWL, Remark 1.4.3.12]),
Mg c is the disjoint union of the images of morphisms like (A.5.14), from certain
Sh%)alg defined by some (0, *, LD, (-, YD he) such that (LD, (-, VD)@, 2=
(L, (-, )®zZand (LY, (-, )@z R= (L, (-, -)) ® R, but not necessarily
satisfying (LY, (-, YY) ®7 Q= (L, (-,-)) ®7z Q, for all j in some index set J
(whose precise description is not important for our purpose). (Each (L), (-, -)())
is determined by its rational version (L"), (-, -){)) ®z Q by taking the intersection
of the latter with (LY, (-, YO)Y®zZ=(L, (-, -N®zZin (LW, (-, - )))@,A®
(L, {-,-))®zA>. Due to the failure of Hasse’s principle, J might have more than
one element.)
By [Lan 2012, Theorem 5.1.1], (A.5.14) extends to a canonical open and closed
immersion
Shiphg <> ML (A.5.15)

respecting the stratifications on both sides labeled by cusp labels (see Definition
A.5.7). Again, Mg}}c is the disjoint union of the images of morphisms like (A.5.15),
from the minimal compactifications Sh;é)alnglm of Sh(f o forall jelJ.

Everything we have proved remains true after replacing the objects defined by
(L, (-, -)) with those defined by (LD, (-, )Y for each j € J. Thus, in order
to show that Uj(a,,s,)] 1S nonempty, it suffices to note that, by Propositions A.5.3
and A.5.9, the [(Dy, dy)]-stratum of Sh;é) lm M meets every connected component
of Sh;é) 2 ™ forall j € J. The proof of Theorem A.5.1 is now complete.

By Proposition A.3.1, and by the explanations in Section A.4 and in the beginning
of this section, the proof of Theorem A.2.2 is also complete.
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A.6. Extension to cases of ramified characteristics. In this section, we shall no
longer assume that p is a good prime for the integral PEL datum (O, x, L, (-, - ), ho),
but we shall assume that the image #? of ¥ under the canonical homomorphism
G(z) — G(zl’) 18 neat.

Even for such general ¥ and p, for any collections of lattices stabilized by #
as in [Lan 2014, Section 2] we still have an integral model I\7Igg of My that is flat
over Sy, constructed by “taking normalization” (see [Lan 2014, Proposition 6.1 and
also the introduction]). Moreover, we have an integral model I\7If%i“ of Mg}i“ that is
projective and flat over S (see [Lan 2014, Proposition 6.4]), with a stratification
by locally closed subschemes 2[(%&5%)] labeled by cusp labels [(Py, d3)] for My,
which extends the stratification of Mg by the locally closed subschemes Z(a.,.5)]
(see [Lan 2014, Theorem 12.1]). For certain (possibly nonsmooth) compatible
collections X (not the same ones for which we can construct Mg‘érz over Mo @),
we also have the toroidal compactifications Mtor2 of My that are projective and
flat over Sy (see [Lan 2014, Section 7]), with a stratification by locally closed
subschemes Z[(¢7( 55.0)] (see [Lan 2014, Theorem 9.13]) and a canonical surjection
f g - Mg@rz — M%‘“ with geometrically connected fibers (see [Lan 2014, Lemma
12.9 and its proof]), inducing surjections Z[(qm,gn,g)] — Z [(Dy.85)] (see [Lan 2014,
Theorem 12.16]).

As in Section A.2, consider a geometric point s — Sog = Spec(Of,, (»)) with
algebraically closed residue field k(s) and consider a connected component U™™ of
the fiber M%“ Xs, S. For each cusp label [(Dy, 55)] for My, we define Up(ay,s,)]
to be the pullback of Z[(q;,( 5,0] to U™ . Since the fibers of f 4 are geometrically
connected, the preimage of U™ under 56 4 Xs, § is a connected component U'*"
of M;}rz Xs, 5. (In general, neither Mmln Xs, § nor MgérE Xs, § 18 normal) For
each equivalence class [(Dy, 53¢, 0)] deﬁnlng a stratum Z[(@y,sy4.0)] Of Mg‘zrz, we
define Uj(ay,s4,0)] to be the pullback of Z[(¢J(’5K,Q)J Then we also have a canonical
surjection Ujas.s.0)) = Ul@s.501 induced by f.

Theorem A.6.1. With the setting as above, all strata of U™™ are nonempty.

By using the canonical surjection Uj(ay,s4,0)] = Ul(@y,8%)] (@s in the proof of
Corollary A.2.3), Theorem A.6.1 implies the following:

Corollary A.6.2. With the setting as above, all strata of U are nonempty.
As in Section A.3, it suffices to prove the following:

Proposition A.6.3. Suppose Theorem A.6.1 is true when char(k(s)) = 0. Then it is
also true when char(k(s)) = p > 0.

Remark A.6.4. Since |\7|% ®z Q@ = My and I\7I§éin R7Q= Mgéi“ by construction, by
Theorem A.5.1 the assumption in Proposition A.6.3 always holds. Nevertheless, the
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proof of Proposition A.6.3 will clarify that the deduction of Theorem A.6.1 from
Theorem A.5.1 does not require Assumption A.2.1 (cf. Remark A.3.2).

The remainder of this section will be devoted to the proof of Proposition A.6.3.
We shall assume that char(k(s)) = p > 0.

While each Zj(@,.s,)) i3 isomorphic to some boundary moduli problem M 2
each stratum Z[(q;ﬂ sy0)] Oof Mmln is similarly isomorphic to some integral model
Mz% defined by taking normahzatlon (see [Lan 2014, Proposition 7.4 and Theorems
12 1 and 12. 16]) Hence it also makes sense to consider the minimal compactification
Zﬁ‘&‘;% 5,0] OF Z[(q,%,a%) which is proper flat (with possibly nonnormal geometric
fibers) over Sg, and we obtain the following:

Lemma A.6.5 (cf. Lemma A.3.4 and [Deligne and Mumford 1969, Theorem
4.17(i1)]). There exists some discrete valuation ring R that is flat over O, (p), with
fraction field K and residue field k(s), the latter lifting the structural homomorphism
OF,,(py = k(s), such that, for each cusp label [(®y, §3%)] and each connected
component V on[(éD 50)] ®0ky.» R, the induced flat morphism V — Spec(R) has
connected special ﬁber over Spec(k(s)).

Proof of Proposition A.6.3. By [Lan 2014, Corollary 12.4], it suffices to show that
Ul (04,541 = D when [(Py, d5)] is maximal with respect to the surjection relations,
as in [KWL, Definition 5.4.2. 13] In this case, by [Lan 2014 Theorem 12.1],
Z[(cp% 5] 18 a closed stratum of M""n and so Z[(qma%)] Z[(dm 5,]- Hence the
lemma follows from Theorem A.5.1 and the same argument as in the proof of
Proposition A.3.1, with the reference to Lemma A.3.4 replaced with an analogous
reference to Lemma A.6.5. (]

As explained in Remark A.6.4, the proof of Theorem A.6.1 is now complete.

A.7. Examples.

Example A.7.1. Suppose 0 ®7 Q is a CM field F with maximal totally subfield
FT, with positive involution given by the complex conjugation of F over F*.
Suppose L = @%’”b, where a > b > 0 are integers. Suppose (2w+/—1)71(-, ) is
the skew-Hermitian pairing defined in block matrix form

1y

—1,

where S is some (¢ — b) x (a — b) matrix over F such that v/—15 is Hermitian and
either positive or negative definite. Then, for each 0 < r < b, the O-submodule Z(r)
of L= ©®(a+b) with the last a + b — r entries zero is totally isotropic, and V(r)
F) »®zQ is a totally isotropic F-submodule of LQzQ = F ®@+bh) which is max1mal
When r = b. The stabilizer of V(r% either is the whole group (when r = 0) or defines a
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maximal (proper) parabolic subgroup P of G®z Q (when r > 0), and all maximal
parabolic subgroups of G ®7 Q are conjugate to one of these standard ones, by
Lemma A.4.3. Similarly, Z(_r% = F(_r; Rz Zis a totally isotropic 0 ®z 7-submodule
of L ®7 Z, and the left G(Q)- and right %-double orbits of ), for 0 < r < b,
exhaust all the possible Zg appearing in cusp labels [(Zg, Py, d%¢)] for Mg, by
Proposition A.5.8. By Lemma A.4.7, by forgetting their p-parts, their left G(Q)- and
right #”-double orbits also exhaust all the possible Zy» appearing in cusp labels
[(Zger, Per, 89¢r)] for Myer. Let us say that a cusp label [(Zg, Py, 5% )] for My
is of rank r if Zy is in the double orbit of Z(_r%, and that a cusp [(Zgr, Pyr, d3r)]
for My is of rank r if it is assigned to one of rank r under (A.4.1). (This is
consistent with [KWL, Definitions 5.4.1.12 and 5.4.2.7].) On the other hand, as
a byproduct of the proof of Proposition A.5.9, any Zy in the double orbit of Z(_r%
does extend to some cusp label [(Zg, Py, d%)] for Mg, inducing some cusp label
[(Zger, Dger, S5¢r)] for Mger under (A.4.1). Then Theorem A.2.2 shows that, in the
boundary stratification of every connected component of every geometric fiber of
M%,n — So = Spec(0F,,(p)), there exist nonempty strata labeled by cusp labels
for Mg of all possible ranks 0 < r < b. (The theorem shows the more refined
nonemptiness for strata labeled by cusp labels, not just by ranks.)

The next example shows that we cannot expect Theorem A.2.2 to be true without
the requirement (in Assumption A.2.1) that 0 ®7 Q involves no factor of type D.

Example A.7.2. Suppose 0 ®z Q is a central division algebra D over a totally
real field F, as in [KWL, Proposition 1.2.1.13] such that D ® r ; R = H, the real
Hamiltonian quaternion algebra, for every embedding t : F — R, with x = ¢ given
by x = x®:=Trp,r(x) — x. Suppose that D is nonsplit at strictly more than two
places. Suppose L is chosen such that L ®7 @ = D®?. By the Gram—Schmidt
process, as in [KWL, Section 1.2.4] and by [KWL, Corollary 1.1.2.6], there is up
to isomorphism only one isotropic skew-Hermitian pairing over L ®z Q. But we
do know the failure of Hasse’s principle (see [Kottwitz 1992, §7, p. 393]) in this
case (see [Scharlau 1985, Remark 10.4.6]), which means there exists a choice of
(L, (-, -)) as above that is globally anisotropic but locally isotropic everywhere.
Thus, even when k(s) = C, there exists some connected component U of Shy ag
and some nonzero cusp label [($y, §3)] for My such that Uja,,5,)] = 9.
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Classifying orders in the Sklyanin algebra
Daniel Rogalski, Susan J. Sierra and J. Toby Stafford

Let S denote the 3-dimensional Sklyanin algebra over an algebraically closed
field k and assume that S is not a finite module over its centre. (This algebra
corresponds to a generic noncommutative P2.) Let A=¢P,. , A; be any connected
graded K-algebra that is contained in and has the same quoﬁent ring as a Veronese
ring S®". Then we give a reasonably complete description of the structure
of A. This is most satisfactory when A is a maximal order, in which case we
prove, subject to a minor technical condition, that A is a noncommutative blowup
of SG™ at a (possibly noneffective) divisor on the associated elliptic curve E. It
follows that A has surprisingly pleasant properties; for example, it is automatically
noetherian, indeed strongly noetherian, and has a dualising complex.

1. Introduction 2056
2. Basic results 2061
3. Curves 2069
4. Rightideals of T and the rings 7' (d) 2075
5. Anequivalent T'(d) 2079
6. On endomorphism rings of 7 (d)-modules 2088
7. The structure of g-divisible orders 2095
8.  Sporadic ideals and g-divisible hulls 2101
9. Arbitrary orders 2109
10. Examples 2111
Acknowledgements 2116
Index of notation 2117
References 2117

Rogalski was partially supported by NSF grants DMS-0900981 and DMS-1201572. Sierra was

partially supported by an NSF Postdoctoral Research Fellowship, grant DMS-0802935. Stafford was

a Royal Society Wolfson Research Merit Award Holder.

MSC2010: primary 14A22; secondary 16P40, 16WS50, 16538, 14H52, 16E65, 18E15.

Keywords: noncommutative projective geometry, noncommutative surfaces, Sklyanin algebras,
noetherian graded rings, noncommutative blowing-up.

2055


http://msp.org
http://msp.org/ant/
http://dx.doi.org/10.2140/ant.2015.9-9
http://dx.doi.org/10.2140/ant.2015.9.2055

2056 Daniel Rogalski, Susan J. Sierra and J. Toby Stafford

1. Introduction

Noncommutative (projective) algebraic geometry has been very successful in using
techniques and intuition from algebraic geometry to study noncommutative graded
algebras, and many classes of algebras have been classified using these ideas. In
particular, noncommutative irreducible curves (or connected graded domains of
Gelfand—Kirillov dimension 2) have been classified [Artin and Stafford 1995] as
have large classes of noncommutative irreducible surfaces (or connected graded
noetherian domains of Gelfand—Kirillov dimension 3).

Indeed, the starting point of this subject was really the classification by Artin,
Tate, and Van den Bergh [Artin et al. 1990; 1991] of noncommutative projective
planes (noncommutative analogues of a polynomial ring K[x, y, z]). The generic
example here is the Sklyanin algebra

S =Skl(a, b, ¢) = k{x1, x2, x3}/(axiXi+1 + bxi 11X +cxty i € Z3),

where (a, b, ¢) € P>~ & for a (known) finite set ¥. The geometric methods of
[Artin et al. 1990] were necessary to understand this algebra. See [Stafford and
Van den Bergh 2001] for a survey of many of these results.

In the other direction, one would like to classify all noncommutative surfaces,
and a programme for this has been suggested by Artin [1997]. This paper completes
a significant case of this programme by classifying the graded noetherian orders
contained in the Sklyanin algebra. In this introduction we will first describe our main
results and then discuss the historical background and give an idea of the proofs.

The main results. Fix a Sklyanin algebra S = Skl(a, b, ¢) defined over an al-
gebraically closed base field K. For technical reasons we mostly work inside the
3-Veronese ring T = § 3 thus T = & T,, with T,, = S5, for each n, under the natural
graded structure of S. The difference between these algebras is not particularly
significant; for example, the quotient category qgr-7 of graded noetherian right
T-modules modulo those of finite length, is equivalent to qgr-S. Then T contains a
canonical central element g € 71 = S5 such that the factor B=T/gT is a TCR or
twisted homogeneous coordinate ring B = B(E, M, t) of an elliptic curve E. Here
M is a line bundle of degree 9 and T € Autk(E) (see Section 2 for the definition).
We assume throughout the paper that |t| = co; equivalently, that T is not a finite
module over its centre.

Our main results are phrased in terms of certain blowups T (d) C T, where d is a
divisor on E. These are discussed in more detail later in this introduction. Here we
will just note that, when p is a closed point of E, the blowup 7' (p) is the subring
of T generated by those elements x € 77 whose images in 7/gT vanish at p. For
an effective divisor d (always of degree at most 8), T (d) has properties similar to
those of a (commutative) anticanonical homogeneous coordinate ring of the blowup
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of P2 along the divisor d. However, we also need algebras that should be considered
as blowups T(d’) of T at noneffective divisors of the form d' = x — y + 17! (y),
where x and y are effective divisors on E, 0 < degd’ < 8 and certain combinatorial
conditions hold (see Definition 7.1 for the details). Such a divisor will be called
virtually effective.

Given domains U, U’ with the same Goldie quotient ring Q(U) = Q(U’) = Q,
we say that U and U’ are equivalent orders if aUb C U’ and a’U’b’ C U for some
a,b,a’,b' e Q~{0}. If Q(U) = Q(V) for some ring V D U, then U is called a
maximal V -order if there exists no ring U’ equivalent to U such that U CU' C V.
When V = Q(U), U is simply termed a maximal order. These can be regarded
as the appropriate noncommutative analogues of integrally closed domains. The
algebra T' is a maximal order. When Qg (U) = Qg (T) the concepts of maximal
orders and maximal T-orders are essentially the only cases that will concern us
and, as the next result shows, they are closely connected.

In this result, an N-graded k-algebra A = €, , A, is called connected graded
(cg) if Ag =k and dimg A,, < oo for all n. Also, for a cg algebra U C T, we write
U= U+gT)/gT.

Proposition 1.1 (combine Theorem 8.11 with Proposition 6.4). Let U be a cg
maximal T-order, such that U # K. Then there exists a unique maximal order
F = F(U) 2 U equivalent to U. Moreover, F is a finitely generated U-module
with GKdimy (F/U) < 1.

We remark that there do exist graded maximal 7T -orders U with U # F(U) (see
Proposition 10.3).

Our results are most satisfactory for maximal T -orders, and our main result is
the following complete classification of such algebras.

Theorem 1.2 (Theorem 8.11). Let U be a cg maximal T-order with U # K. Then
there exists a virtually effective divisord' =d — y + v~ (y) with deg(d’) < 8 such
that the associated maximal order F(U) is a blowup F(U)=T(d') of T ard’'.

Remarks 1.3. (1) Although in this introduction we are restricting our attention to
the Sklyanin algebra S = Skl, this theorem and indeed all the results of this paper
are proved simultaneously for certain related algebras; see Assumption 2.1 and
Examples 2.2 for the details.

(2) Theorem 1.2 is actually proved in the context of graded maximal 7 -orders,
but as that result is a little more complicated to state, the reader is referred to
Theorem 8.11 for the details.

(3) The assumption that U # K in the theorem is annoying but necessary (see
Example 10.8). It can be bypassed at the expense of passing to a Veronese ring and
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then regrading the algebra. However, the resulting theorems are not as strong as
Theorem 1.2 (see Section 9 for the details).

One consequence of Theorem 1.2 is that maximal 7'-orders have very pleasant
properties. The undefined terms in the next result are standard concepts and are
defined in the body of the paper.

Corollary 1.4. Let U and F = F(U) =T (d') be as in Theorem 1.2.

(1) (Proposition 2.9 and Theorem 8.11(1)) Both U and F are finitely generated
k-algebras and are strongly noetherian: in other words, U Qk C and F Qy C
are noetherian for any commutative, noetherian K-algebra C.

(2) (Corollary 8.12) Both U and F satisfy the Artin—-Zhang x conditions, have
finite cohomological dimension and possess balanced dualising complexes.

(3) (Proposition 4.10 and Example 10.4) If F is the blowup at an effective divisor
then U = F. In this case F also satisfies the Auslander—Gorenstein and Cohen—
Macaulay conditions. These conditions do not necessarily hold when d' is
virtually effective.

In the other direction, we prove:

Theorem 1.5 (Theorem 7.4(3)). For any virtually effective divisor d’ there exists a
blowup of T at d’ in the sense described above.

The fact that U is automatically noetherian in Theorem 1.2 is one of the result’s
most striking features. In general, nonnoetherian graded subalgebras of T can be
rather unpleasant and so, in order to classify reasonable classes of nonmaximal
orders in 7', we make a noetherian hypothesis. Given a connected graded noetherian
algebra U, one can easily obtain further noetherian rings by taking Veronese rings,
idealiser subrings [(J) = {0 € U : 6J C J} for a right ideal J of U, or equivalent
orders U’ C U containing an ideal K of U. We show that this suffices:

Corollary 1.6 (Corollary 9.5). Let U be a cg noetherian subalgebra of T with
0 (U) = Qgr(T(”))for some n. Assume that U # K (as in Remarks 1.3, this can
be assumed at the expense of taking a Veronese ring and regrading).

Then U can be obtained from some virtual blowup R = T (d’) by a combination
of Veronese rings, idealisers and equivalent orders K C U C V, where K is an
ideal of V with GKdim(V /K) < 1.

History. We briefly explain the history behind these results and their wider rel-
evance. As we mentioned earlier, noncommutative curves and noncommutative
analogues of the polynomial ring K[x, y, z] have been classified. Motivated by these
results, Artin suggested a program for classifying all noncommutative surfaces, but
in order to outline this program we need some notation.
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Given a cg domain A of finite Gelfand—Kirillov dimension, one can invert
the nonzero homogeneous elements to obtain the graded quotient ring Qg (A) =
DI[t,t~"; ], for some automorphism « of the division ring D = Q(A)o = Dg(A).
This division ring will be called the function skewfield of A.

Let A be a noetherian, cg k-algebra. A useful intuition is to regard qgr-A as
the coherent sheaves over the (nonexistent) noncommutative projective scheme
Proj(A), although we will slightly abuse notation by regarding qgr-A itself as that
scheme. Under this intuition, a noncommutative surface is qgr-A for a noetherian
cg domain A with GKdim A = 3. (In fact, one should probably weaken this last
condition to the assumption that Dy (A) has lower transcendence degree two in
the sense of [Zhang 1998], but that is not really relevant here.) There are strong
arguments for saying that noncommutative projective planes are the categories
qgr-A, as A ranges over the Artin—Schelter regular rings of dimension 3 with the
Hilbert series (1 — )~ of a polynomial ring in three variables (see [Stafford and
Van den Bergh 2001, §11.2] for more details). These are the algebras classified in
[Artin et al. 1990] and for which the Sklyanin algebra S = S(a, b, ¢) is the generic
example. Van den Bergh [2011; 2012] has similarly classified noncommutative
analogues of quadrics and related surfaces.

Artin’s Conjectures 1.7. Artin conjectured that the only function skewfields of
noncommutative surfaces are the following:

(i) division rings D finite-dimensional over their centres F = Z (D), which are
then fields of transcendence degree two;

(ii) division rings of fractions D of Ore extensions K(X)[z; o, §] for some curve X,
where D is not a finite module over its centre; and

(iii) the function skewfield D = Dy (S) of a Sklyanin algebra S = S(a, b, c),
where S is not a finite module over its centre.

Artin then asked for a classification of the noncommutative surfaces qgr-A within
each birational class; that is, the cg noetherian algebras A with Dg.(A) being a
fixed division ring from this list.

The case of Artin’s programme when D = K(Y) is the function field of a surface
and GKdim A = 3 has been completed in [Rogalski and Stafford 2009; Sierra 2011]
(if one strays from algebras of Gelfand—Kirillov dimension 3, then things become
more complicated, as [Rogalski and Sierra 2012] shows). As explained earlier, in
this paper we are interested in the other extreme, that of case (iii) from Artin’s list.

The first main results in this direction come from [Rogalski 2011], of which this
paper is a continuation. In particular, [ibid., Theorem 1.2] shows that the maximal
orders U C T = S that have Qg (U) = Qg (T) and are generated in degree one are
just the blowups 7T (d) for an effective divisor d on E with deg(d) < 7. We remark
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that in this case T (d) is simply the subalgebra of T generated by those elements
of T} whose images in T/gT vanish on d. As such, T'(d) is quite similar to a
commutative blowup and qgr-T (d) also coincides with the more categorical version
of a blowup in [Van den Bergh 2001]. In this paper we will also need T (d) when
deg(d) = 8, and this is harder to describe as it is not generated in degree one. Its
construction and basic properties are described in the companion paper [RSS 2015].

The proofs. For simplicity we assume here that U is a cg subalgebra of T with
Qgr(U) = Qgr(T)-

A key strategy in the description of the Sklyanin algebra S, and in the classifica-
tion of noncommutative projective planes in [Artin et al. 1990], was to understand
the factor ring S/g S, where g € S3 = T} is the central element mentioned earlier.
Indeed, one of the main steps in that paper was to show that S/gS = B(E, ¥, o)
for the appropriate & and o. We apply a similar strategy. The nicest case is when
U C T is g-divisible in the sense that g € U and U NgT = gU. In particular,
U =U/gU is then a subalgebra of 7 with GKdim(U) = 2. As such U and hence U
are automatically noetherian (see Proposition 2.9). Much of this paper concerns the
classification of g-divisible algebras U, and the starting point is the following result.

Theorem 1.8 (Theorem 5.24). Let U be a g-divisible subalgebra of T such that
Qg (U) = Qu(T). Then U is an equivalent order to some blowup T (d) at an
effective divisor d on E with degd < 8.

It follows easily from this result that a g-divisible maximal T -order U equals
Endrg)(M) for some finitely generated right T-module M (see Corollary 6.6).
When U is g-divisible, the rest of the proof of Theorem 1.2 amounts to showing
that, up to a finite-dimensional vector space, U = B(E, M(—d’), T), for some
virtually effective divisord’ =d — y + t~'(y) (see Theorem 6.7). This is also the
key property in the definition of a blowup at such a divisor (see Definitions 6.9
and 7.1 for more details).

Now suppose that U is not necessarily g-divisible and set C = U (g) with g-
divisible hull

6:{6 eT :g"0 e C for some m > 0}.

The remaining step in the proof of Theorem 1.2 is to show that U, C and C
are equivalent orders. This in turn follows from the following fact. Let V be a
graded subalgebra of T with g € V and Qg (V) = Qg (T). Then V has a minimal
sporadic ideal in the sense that V has a unique ideal 1 minimal with respect to
GKdim(V /1) <1 and V /I being g-torsionfree (see Corollary 8.8).

Further results. The g-divisible subalgebras of T are closely related to subalgebras
of the (ungraded) localised ring 7° = T[g_l]o. The algebra T° is a hereditary
noetherian domain of GK-dimension 2 and can be thought of as a noncommutative
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coordinate ring of the affine space P? . E. By [RSS 2014], any subalgebra of T°
is noetherian and so the algebras U° = U[g~!]o C T° give a plentiful supply of
noetherian domains of GK-dimension 2. All the above results have parallel versions
for orders in T°. For example:

Corollary 1.9 (Corollary 7.10 and Corollary 8.5). Let A be a subalgebra of T°
with Q(A) = Q(T°).

(1) The algebra A has finitely many prime ideals and DCC on ideals.

(2) If A is a maximal T°-order then A = T (d')° for some virtually effective
divisor d'.

Organisation of the paper. In Section 2 we prove basic technical results, including
the important, though easy, fact that any g-divisible subalgebra of T is strongly
noetherian (see Proposition 2.9). Section 3 is devoted to studying finitely generated
graded orders in K(E)[¢; ]. The main result (Theorem 3.1) shows that any such
order is (up to finite dimension) an idealiser in a twisted homogeneous coordinate
ring. This improves on one of the main results from [Artin and Stafford 1995]
and has useful applications to the study of point modules over such an algebra.
Section 4 incorporates needed results from [RSS 2015] about right ideals of 7" and
the blowups T (d) at effective divisors.

Sections 5-7 are devoted to g-divisible algebras in 7. The main result of
Section 5 is Theorem 1.8 from above. Section 6 is concerned with the structure of
V =Endr@g)(M), where M C T is areflexive T (d)-module and d is effective. Most
importantly, Theorem 6.7 describes the factor V/gV. Section 7 pulls these results
together, proves Theorem 1.5 for g-divisible algebras and draws various conclusions.

In Section 8 we show that various algebras have minimal sporadic ideals. This
is then used to complete the proof of Theorem 1.2. Section 9 studies subalgebras
of the Veronese rings 7™ and algebras U with U = k. We apply this to prove
Corollary 1.6. Finally, Section 10 is devoted to examples. At the end of the paper
we also provide an index of notation.

2. Basic results

In this section we collect the basic definitions and results that will be used throughout
the paper.

Throughout the paper K is an algebraically closed field and all rings will be k-
algebras. If X is a projective k-scheme, & is an invertible sheafon X, and o : X — X
is an automorphism, then there is a TCR or twisted homogeneous coordinate ring
B = B(X, ¥, o) associated to this data and defined as follows. Write %° = o * (%)
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for a pullback of a sheaf & on X andset ¥, =FRQF° Q- - .®%°"" forn> 1. Then

B = EB H°(X,%,), withproductx*y=x® (6™)*(y) for x € B, y € B,.

n>0

In this paper X = E will usually be a smooth elliptic curve, and a review of some
of the important properties of B(E, £, o) in this case can be found in [Rogalski
2011]. It is well known, going back to [Artin et al. 1990], that much of the structure
of the Sklyanin algebra S is controlled by the factor ring S/gS = B(E, %, o), and
this in turn can be analysed geometrically.

In fact, there are several different families of Sklyanin algebras, and we first
set up a framework which will allow our results to apply to subalgebras of any of
these (and, indeed, more generally). Recall that for an N-graded ring R =D, R»
the d-th Veronese ring, for d > 1, is R =@, ., Ruq. Usually this is graded by
setting R,(fi) = R,4. However, we will sometimes want to regard R a5 a graded
subring of R, in which case each R,; maintains its degree nd; we will call this the
unregraded Veronese ring. In this paper it will be easier to work with the 3-Veronese
ring of the Sklyanin T = S® = D, <7 T, largely because this ensures that the
canonical central element g lies in 77. Similar comments will apply to the other
families, and so in the body of the paper we will work with algebras satisfying the
following hypotheses.

Assumption 2.1. Let T be a cg k-algebra which is a domain with a central element
0 # g € Ty, such that there is a graded isomorphism 7 /gT = B = B(E, M, ) for a
smooth elliptic curve E, invertible sheaf Jl with © = deg Al > 2, and infinite-order
automorphism 7. Such a T is called an elliptic algebra of degree |i.

This assumption holds throughout the paper. In the language of [Van den Bergh
2001], the assumption can be interpreted geometrically to say that the surface qgr-7
contains the commutative elliptic curve qgr-B >~ coh E as a divisor. We will need
stronger conditions on 7" in the main results of Section 8 (see Assumption 8.2).

Examples 2.2. The hypotheses of Assumption 2.1 are satisfied in a number of ex-
amples, in particular for Veronese rings of the following types of Sklyanin algebras.

(1) Let S be the quadratic Sklyanin algebra
S(a, b, ¢) = K{xo, x1, X2}/(ax;xi+1 + bxip1x; +cxpp, i € Z3),

for appropriate [a, b, c] € P2, and let T = S for d = 3.
(2) Let S be the cubic Sklyanin algebra

S(a, b, ¢) = k{xp, xl}/(ax?“xi + bXip1XiXit1 +ax,~x,-2+] +cx,-3 1l eZy),

for appropriate [a, b, c] € [P’,% and let T = S, ford = 4.
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(3) Let x have degree 1 and y degree 2, and set
S=S(a,b,c)=k{x,y}/(ay* x+cyxy+axy?+bx’, ax*y+cxyx+ayx*+by?),
for appropriate [a, b, c] € P2, and let T = §D, for d = 6.

(4) There are other examples satisfying these hypotheses; for example, take
T = B(E, M, t)[g], where Jl is an invertible sheaf on the elliptic curve E
with deg i > 2 and |7| = oco.

The detailed properties of the examples above can be found in [Artin et al. 1990;
1991; Stephenson 1997]. In particular, the restrictions on the parameters {a, b, c}
in (1-3) are determined as follows. In each case, there exists a central element
g € Sy such that §/gS = B = B(E, %, 0), for some £ and o. This factor ring
also determines the Sklyanin algebra, since g is the unique relation for B of
degree d [Artin et al. 1990, Theorem 6.8(1); Stephenson 1997, Theorem 4.1]. The
requirements on {a, b, c} are that E is an elliptic curve and that |o| = co. Explicit
criteria on the parameters are known for E to be an elliptic curve but not for
|o| = oo; nevertheless, this will be the case when the parameters are generic. In
these examples, deg ¥ = 3, 2, 1, respectively, and hence T/gT = B(E, M, ad),
where M = £, has degree u =d - (deg L) =9, 8, 6, respectively.

Notation 2.3. All algebras A considered in this paper are domains of finite Gelfand—
Kirillov dimension, written GKdim(A). If A is graded, then the set € of nonzero
homogeneous elements therefore forms an Ore set (see [McConnell and Robson
2001, Corollary 8.1.21] and [Nastdasescu and van Oystaeyen 1982, C.1.1.6]). By
[ibid., A.14.3], the localisation Q¢ (A) = A€ lisa graded division ring in the
sense that Qg (A) is an Ore extension Q4 (A) = D|z, z71: ] of a division ring D
by an automorphism «; thus zd = d“z for all d € D. The algebra D will be denoted
D = Dy (A) and called the function skewfield of A, while Q¢ (A) will be called the
graded quotient ring of A.

Notation 2.4. For the most part, the algebras A considered in this paper will be
connected graded, in which case we usually work in the category Gr-A of Z-graded
right A-modules, with homomorphisms Homg;-4 (M, N) being graded of degree
zero. In particular, an isomorphism of graded modules or rings will be assumed to
be graded of degree zero, unless otherwise stated. The category of noetherian graded
right A-modules will be written gr-A, while the category of ungraded modules
will be written Mod-A, and we reserve the term Hom(M, N) = Homu (M, N) for
homomorphisms in the ungraded category. For M, N € Gr-A, the shift M[n] is
defined by M[n]= &P M|n]; for M[n]; = M,+;. Similar comments apply to Extg,- 4
and Exty as well as to End4 (M) = Homy4 (M, M). If fd-A denotes the category of
finite-dimensional (right) A-modules, then we write qgr-A for the quotient category
gr-A/fd-A. Similarly, A-qgr = A-gr /A-fd is the quotient category of noetherian
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graded left modules modulo finite-dimensional modules. The basic properties of
this construction can be found in [Artin and Zhang 1994].

Notation 2.5. Write T, for the homogeneous localisation of 7" at the completely
prime ideal gT; thus T(g) = T€~! for € the set of homogeneous elements in
T~ gT. Note that T(4)/gT(g) = Qu(B) =K(E)[t, 711, a ring of twisted Laurent
polynomials over the function field of E. In particular, T(g)/gT(,) is a graded
division ring and by [Goodearl and Warfield 1989, Exercise 1Q] it is also simple as
an ungraded ring. Also, as will be used frequently in the body of the paper,

the only graded right or left ideals of T(g) are the g" T(y). (2.6)
For any graded vector subspace X C T(y), set
X ={t € Ty : 1" € X for some n € N}.

We say that X is g-divisible if X N gT(,) = gX. Note that if X is g-divisible and
1 € X (as happens when X is a subring of 7(,)), then g € X. For any k-subspace ¥
of T(g), write Y = (Y + gT(s))/gT(s) for the image of Y in T(g)/gT(e)-

If R C T, is a subalgebra with g € R, then the g-forsion submodule of a right
R-module M is torsy (M) = {m € M : g"m = 0 for some n > 1}. We say that M is
g-torsionfree if tors, (M) = 0 and g-torsion if torsg(M) = M.

We notice that the rings 7" automatically satisfy some useful additional prop-
erties. An algebra C is called just infinite if every nonzero ideal I of C satisfies
dimg C/1I < oo.

Lemma 2.7. Let T satisfy Assumption 2.1. Then:

(1) T is generated as an algebra in degree 1.
(2) Any finitely generated, cg subalgebra of Q¢ (T/gT) = K(E)|z, ), in
particular T /gT itself, is just infinite.

Proof. (1) Since u > 2, thering B=T/gT = B(E, J, t) is generated in degree 1
[Rogalski 2011, Lemma 3.1]. Thus 7, = (T))*+ gTy = (T})? and, by induction,
(T)"=T, foralln > 1.

(2) This follows from [RSS 2014, Corollary 2.10 and §3]. O

As the next few results show, g-divisible algebras and modules have pleasant
properties. The first gives a useful, albeit easy, alternative characterisation of X
that will be used without particular reference.

Lemma 2.8. Let R C T(,) be a cg subalgebra with g € R, and let X C T, be a
graded right R-module. Then X C X, and X is also a right R-module. Moreover:

X is g-divisible < X = X < T(¢)/ X is a g-torsionfree R-module. []



Classifying orders in the Sklyanin algebra 2065

Proposition 2.9. (1) If R is any g-divisible cg subalgebra of T, then R is finitely
generated as a K-algebra.

(2) Let R be a finitely generated g-divisible cg subalgebra of T,). Then R is
strongly noetherian.

Proof. (1) We have R = (R + gT)/gT € T = B(E, ., t) and so [RSS 2014,
Theorem 2.9] implies that R is noetherian. By [Artin et al. 1990, Lemma 8.2],
R is noetherian. Since the generators of R>; as an R-module also generate R as a
k-algebra, R is finitely generated as a K-algebra.

(2) In this case, R = R/gR = (R+ gT(4))/8T(e) € Qur(B) =K(E)[t,t7'; 7]. By
[RSS 2014, Corollary 2.10] R is noetherian. Also GKdim R < 2, for instance by
[Artin and Stafford 1995, Theorem 0.1], and so R is strongly noetherian by [Artin
et al. 1999, Theorem 4.24]. Thus R is strongly noetherian by [Artin et al. 1990,
Lemma 8.2]. O

Lemma 2.10. Let R be a g-divisible cg subalgebra of T(g) with Dg(R) = Dgr(T).
Then

(1) Qgr(R) = Qgr(T), and

(2) Qgr(ﬁ) = Qgr(T)

Proof. (1) As g € R; we have

Qur(T) = Dor(T)[g, &8 '1= Der(R)[g, 8 '1= Qux(R).

(2) Since Qy(R) = Qg (T), there exists 0 # x € Ry such that xT; € Ry41. Then

*¥T| C R. As long as X # 0, this shows that the graded quotient ring of R contains

a generating set for 7 and we are done. On the other hand, if X = 0, then write

x=g'ywithye T(g) ~ gT(); equivalently y € R . gR by g-divisibility. Then

g yTI CRNg! T = g'R, and so yT; C R. Thus we are again done. ([l
If A is a cg domain with graded quotient ring Q = Qg (A) and M C Q is a

finitely generated graded right A-submodule, we can and always will identify

Endg(M)={qge Q:qM C M} and

(2.11)
M* =Homuy(M,A)={q € Q:qM C A}.
Clearly both End4 (M) and M* are graded subspaces of Q.

Lemma 2.12. Let R be any g-divisible subring of Tg) with Qg (R) = Qg (T(g)),
and let M, M' C T(g) be finitely generated nonzero right R-modules.

(1) If M & gTiy), then we can identify

HomR(M, M’) = {x S T(g) xM C M/} - T(g).
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(2) If M’ is g-divisible, and M € gT g (in particular if M is g-divisible) then
Homg(M, M) C T, is also g-divisible.

(3) If M is g-divisible, then U =Endg (M) C T(y) is g-divisible, and M is a finitely
generated left U-module. Moreover, U C Endy (M)

Proof. (1) Since M € gT 4, it follows from (2.6) that M 1) = T ,). In particular,
N =Hompzp (M, M/) - HOH’IT(K) (MT(g), M/T(g)) - T(g).

(2) Part (1) applies, and so N = Homg(M, M") C T(g). Next, let 0 € N N gT(g);
say 6 = gs for some s € T(y). Then sgM =60M € M' N gT s = M'g since M’ is
g-divisible. Hence sM € M’ and s € N. Thus N N gT(s) = gN.

(3) By part (2), U is g-divisible, and hence is noetherian by Proposition 2.9. As
Qg(R) = Qg (T(y)), there exists x € T(g) ~\ {0} so that xM C R. Then MxM C
MR = M. Hence (up to a shift) M = Mx C U is finitely generated as a left
U-module.
Now
U=(U+gT)/gTi) S Tig =KE), 7' ],

Since Qgr(U) Qgr(T(g)) by Lemma 2.10, as in (2.11) we 1dent1fy End; (M) with
{x e T(g) xM C M} But since UM C M, clearly (U)Y(M)C M. O

Lemma 2.13. Let R be a graded subalgebra of Tg) with Qg (R) = Qg (T(g)) and
let M C T(g) be a graded right R-submodule of T gy such that M £ gT 4. Then:

(1) Forany x € Tg) \ gTg), we have xM =xM.
(2) If R is g-divisible and M is a finitely generated R-module, then so is M.

(3) If R is g-divisible, then T(y) 2 M* = M* and M* & gT(g). Hence Ty 2 M** =
M**. Moreover, we have (M)* = M* and (M)** = M™*.

Proof. (1) Letr € M. For some n we have rg" € M, so xrg" € xM. Since
xr € T, it follows that xr € XM. Conversely, if r € T() with rg" € xM, then
rg" =g"r € g"Tg) NxT(,). As gT(g) is a completely prime ideal and x ¢ gT(g),
clearly g" T(yNxT(g) =g"xT(4). Thus r =xs for some s € € T(gpyandxM 5rg" =xsg".
Therefore sg" € M, whence s € M and r € xM. Thus xM = xM, as claimed.

(2) As in the proof of Lemma 2.12, there exists x € T(,) \ {0} so that xM C R. If
x = gy for some y € T(y), then g(yM) C R and so yM C R since R is g-divisible.
Thus we can assume that x € T(,) \ g7(,). Again by g-divisibility, XM CR=R.
By Proposition 2.9 xM is a finitely generated right ideal of R. Up to a shift,
M=xM=xM by (1). This is finitely generated as an R-module.

3) By Lemma 2.12(2), M* is equal to Homg(M, R) C T(, and is g-divisible, i.e.,
M* = M*. Clearly then M* ¢ gT,), and so by the left-handed analogue of the
same argument, M** = M* C T{g) also.
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Now as M C M, certainly (]\7)* C M*. On the other hand, if 6 € M* and x € ]\7,
say with xg" € M, then (fx)g" =6(xg") € R=R. Hence Ox € R. Thus 6 € (M)*
and (M)* = M*. Taking a second dual gives (M)** = M™**. O

We note next some special properties of modules of GK-dimension 1.

Lemma 2.14. Let R be a cg g-divisible subalgebra of T(g) and suppose that M is a
finitely generated, g-torsionfree R-module with GKdim(M) < 1. Then the Hilbert
series of M is eventually constant; that is, dimx M, = dimy M, for all n > 0.
Moreover, M is a finitely generated K[g]-module.

Proof. By [Krause and Lenagan 1985, Proposition 5.1(e)], GKdim(M/Mg) <0
and so dimy M/Mg < oo. Thus M,g = M, for all r > 0; say for r > ng. In
particular, M = M, K[g]. Moreover, since multiplication by g is an injective map
from M, to M,,, it follows that dimy M, = dimx M, for all r > ny. Ul

A graded ideal I in a cg algebra R is called a sporadic ideal if GKdim(R/I) =1
(these are called special ideals in [Rogalski 2011]). The name is justified since, as
will be shown in Section 8, orders in 7" have very few such ideals. The next lemma
will be useful in understanding them.

Lemma 2.15. Let R be a g-divisible finitely generated cg subring of Ty with

Qgr(R) = Qgr(T)- Then:

(1) If J is a nonzero g-divisible graded ideal of R, then GKdim(R/J) < 1.

(2) Conversely, if J is a graded ideal of R such that GKdim(R/J) < 1, then f/J
is finite-dimensional.

(3) If K is any ideal of R, then K = g"1 for some n > 1 and ideal I satisfying
GKdim(R/I) < 1.

(4) Suppose that L, M are graded subspaces of Tgy with L € gT gy and M ¢ gT )
and assume that I = LM is an ideal of R. Then GKdim(R/I) < 1.

Proof. (1) By Lemma 2.10, R C k(E)[t,17"; 1] = Qu(R) and, by Lemma 2.7(2),
R is just infinite. Since J is g-divisible, J ¢ gR and so J #0; thus dimg R/ J < oo.
Equivalently, if R’ = R/J then dimg R'/gR’ < oo. It follows that R;, = gR, _, for
all m > 0, and hence that GKdim R’ < 1.

(2) Once again, Ris just infinite. Thus, since J € g R would lead to the contradiction
GKdim(R/J) > 2, we must have dimx R/(gR + J) = dimg R/J < oo. Since J is
noetherian, g" 7 C J for some n. If J' is the largest right ideal inside 7 such that J’ /J
is finite-dimensional, then J' is an ideal and we can replace J by J' without loss. If
we still have J # 7, then there exists x € J~.J such thatxge J. Thusx(gR+J)C J,
and left multiplication by x defines a surjection R/(gR+J) - (xR+ J)/J. We
l}fwe dimg(xR + J)/J = oo and dimkg R/(gR + J) < 00, a contradiction. Thus
J=J.
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(3) Write K = g"J with n as large as possible and J an ideal of R. Then J Z gR,
and so Lemma 2.7(2) again implies that dimk R/J < oo and hence GKdim R/J < 1.

(4) Since gT(,) is completely prime, I = LM ¢ gT{,) and hence I ¢ gR. Now
apply part (3). U

Next, we want to prove some general results about equivalent orders that will be
useful elsewhere. We recall that two cg domains A and B with a common (graded)
quotientring Q = Qg (A) = Qg (B) are equivalent orders if aAb C B and cBd C A
for some a, b, c,d € Q ~ {0}. Clearing denominators on the appropriate sides, one
can always assume that a, b, c,d € B. One can also assume that a, b, ¢, d are
homogeneous; indeed, if @ and b have leading terms a,, and b,,, then a, Ab,, C B.

Proposition 2.16. Suppose that U C R are g-divisible cg finitely generated sub-
algebras of Tg) such that Qg (U) = Qg (R) = Qu(T(4)). Then the following are
equivalent:

(1) U and R are equivalent orders in Qg (U) = Qg (T).
(2) U/gU and R/gR are equivalent orders in Qg (U/gU).

Proof. (1) = (2) Choose nonzero homogeneous elements a, b € U such that
aRb CU. Writea = g"a’ wherea’ € U ~.gU. Then g"a’Rb C U andsoa’Rb C U
since U is g-divisible. Replacing a by a’, we can assume that a € gU and, similarly,
that b & gU. Then aRb C U, with a, b # 0, as required.

(2)= (1) Set U =U/gU € R = R/gR. We first note that there is a subalgebra
U C S C R so that S is a noetherian right U-module and R is a noetherian left
S-module. Indeed, write a Rb C U for some nonzero a, b € U and set S=U + RbU..
Clearly aS € U and Rb C S. As in the proof of Proposition 2.9, all subalgebras
of R are noetherian. In particular, S and U are noetherian and so these inclusions
ensure that Sz and sR are finitely generated, as claimed.

Let F C R be a finite-dimensional vector space, containing 1, such that FU = .
Set M = FU and V = Endy (M). Clearly Qg (V) = Qu(U) = Qg (T). Since
1 € M and hence M ¢ gT 4, we can and will use Lemma 2.12(1) to identify
V={qeQuU):qM M} Ty By Lemma 2.12(3), V = V and v M is finitely
generated, while, by Lemma 2.13, My is finitely generated. As R is g-divisible
and FU C R, we have M C R. Since 1 € M this implies that M R = R. Hence
VR=VMR=MR=Rand V CR.

Let G, H C R be finite-dimensional vector spaces with VG = M and SH = R.
Then

ROVGH2FUH =SH =R.

Thus R = MH = VGH is finitely generated as a left V-module. Since g € V, =
@D;-o Vi € R, this implies that R/(V,;)R is a finitely generated left module over
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V/ V4. By the graded analogue of Nakayama’s lemma, this implies that R is finitely
generated as a left V-module. Thus R and V are equivalent orders. As V and U are
equivalent orders (via the bimodule M), it follows that U and R are equivalent. [

3. Curves

The main result of [Artin and Stafford 1995] shows that any cg domain A of Gelfand—
Kirillov dimension two has a Veronese ring that is an idealiser inside a TCR. In this
section we strengthen this result for elliptic curves by proving that, for subalgebras
of a TCR over such a curve corresponding to an automorphism of infinite order,
the result holds without taking a Veronese ring, although at the cost of replacing
the idealiser by an algebra which is isomorphic to an idealiser in large degree.

Given graded modules M, N C P over a cg algebra A, we write M = N if
M and N agree up to a finite-dimensional vector space. If M, N € gr-A, this is
equivalent to M-, = N>, for some n > 0.

Theorem 3.1. Let A be a cg ring such that Q4 (A) = K(E)|z, 271 7] for some
infinite-order automorphism t of a smooth elliptic curve E and z € Q4 (A)1. Then
there are an ideal sheaf S and an ample invertible sheaf ¥ on E so that

A= EB HO(E, A%,).
n>0
Remarks 3.2. (1) The idealiser 1(J) =1y (J) of aright ideal J in a ring U is the
subring
I(J)={ueU:uJ CJ}.

In the notation of the theorem, J = @n>0 HO(E, d%,) is a right ideal of the
TCR B(E, ¥, 1); further, Iy (J) =k + J ._So, an equivalent way of phrasing the
theorem is to assert that (up to a finite-dimensional vector space) A is equal to the
idealiser 1(J) inside B(E, ¥, t).

(2) The assertion that z € Qg (A); can be avoided at the expense of regrading A,
although in the process one must replace T by some 7" in the definition of the ¥,.

(3) The sheaf ¥ is ample if and only if it has positive degree [Hartshorne 1977,
Corollary 3.3], if and only if # is t-ample: that is, for any coherent ¥ and for
n > 0, the sheaf F ® ¥, is globally generated with H'(E, & ® ¥,,) = 0 [Artin and
Van den Bergh 1990, Corollary 1.6].

Proof. The hypothesis on z ensures that A, # 0 # A, for all p > 0. Fix some
such p.

The conclusion of the theorem is, essentially, the same as that of [Artin and
Stafford 1995, Theorem 5.11], although that result has two hypotheses we need
to remove. The first, [ibid., Hypothesis 2.1] requires that the ring in question
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has a nonzero element in degree one, so does at least hold for the Veronese rings
AP and A9, for ¢ = p + 1. The remaining hypothesis, [ibid., Hypothesis 2.15],
concerns t-fixed points of E. In our situation, this automatically holds as E has no
such fixed points (see the discussion before [ibid., (2.9)]).

By the discussion above, [ibid., Theorem 5.11 and Remark 5.12(2)] can be
applied to the Veronese rings A”) and AY. This provides invertible sheaves
A, B, F, G with F, G ample such that

AP = @ HYE, A®F,,) and AW = @ HY(E, B®%Y, ),
n>0 n>0
where in order to take account of the Veronese rings we have written Jil,, =
MM ®---@M™""" for an invertible sheaf L. For n > 0 the sheaves o ® Fp.ng
and B ® Y, ,p are generated by their sections A,pq and s0 A Q F, 1y =B KR G, np
for such n. Replacing n by n + m, we obtain

npq
AR F p g ®F ), g = A®F p (nrmyg = B ® Yy (n+m)p

=B YYnp @Gy =AQFp g @G

for all n +m > n > 0. Cancelling the first two terms and applying t~"7¢ gives
Fp.mg = Y4,mp for all m > 1. In particular, it holds for m = n, and hence A = %.
Next, set # =9 ® (F7)~!; thus the equation Fp.qg =Yy, p gives

He.p=Fpqg® (gr);lp- (3.3)

We claim that 7 is the unique invertible sheaf F satisfying Hyp= F g ® (@f)q_jﬁ.
To see this, suppose that % is a second sheaf satisfying this property and consider
associated divisors. Pick a closed point x € E and write O, = {x(i) =7 (x):i € Z}
for the orbit of x under . Writing % = O (F) and % = Og (H) for some divisors F'
and H and restricting to O = O, gives F|g =Y _ m(i)x(i) and H|gp = >_r(i)x(i),
for some integers m (i), r (i) (the notation is chosen to avoid excessive subscripts).
Now, in terms of divisors, (3.3) gives

D r@x@) +r@x+q) +-+r@xi + (p—1g)
= Zm(i)X(i) +m@x(@+p)+---+m@)x@+(q—1p)
=Y m@x+ D) +m@x+1+q)+-+m@xi + 1+ (p— D).
Equating coefficients of x(f) in the last displayed equation gives

m@)+m@E—p)+---+m@E—(g—1)p)
—mit—1)-—m@t—-—1-q)—--—m(@t—1—(p—1)q)
=r(t)+rt—q)+---+rt—(p—1)q).
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Recall that m (i) =r (i) =0 for |i| > 0. Therefore, solving this system from ¢ << 0
through to # >> 0 gives a unique solution for the m (i) in terms of the (). Finally,
doing this for every orbit involved in the divisors F' and H shows that F is uniquely
determined by H, and so & is uniquely determined as claimed.

A direct calculation shows that if F= ¥, =9, then ¥, , = @,,,q ® (@:*’)q*’lp.
Thus ¥ = F and consequently ¥ ,,, = ¥, for all m > 1. It follows from the
equation # =9 ® (F7)~! that Y = #1.4, and thus % ,,; =9, ,, forallm > 1 as
well. To summarise, we have found sheaves &4 and # such that

A =B HOE, 49 05) = @D HOE, d%,y)  fors=p.p+1.  (34)
n n

It follows that (3.4) holds for all s >> 0, but this is not quite enough to prove the
theorem since, as s increases, one has no control over the finitely many values of
n = n(s) for which AY # HO(E, s4% ;). So we take a slightly different tack.

ForO<r <p—1, write M(r) =P, .o Anp+r; thus A = @f:ol M (r). Fix some
such r. We can find 0 # x € Ay, since 2p—r > p. Thus xM(r) € AP and
so, by [ibid., Proposition 5.4] and (3.4), there exists an ideal sheaf $ € Og such
that xM(r) = @, H(E. $ ® %[, ) (in this formula, the twist by T2/ is for
convenience only but it will simplify the computations). Since A is a domain, M (r)
is isomorphic to the shift x M (r)[2p — r]. Hence, for some integer n( independent
of r, [Keeler et al. 2005, Lemma 5.5] implies that

M(r)sn, = D HYE, 9 @%,,) = P HOE, () ®@%, ®%],,)  (3.5)
n>ng n>ng
for some invertible sheaves $' and $(r) =9’ ® (%,)~". Possibly after increasing ng,
we may also assume that the sheaves in (3.4) and (3.5) are generated by their
sections for n > ng. Now pick n > ng such that r +np = (p 4+ 1)m for some m.
Then comparing (3.4) and (3.5) shows that M (r),,,, generates the sheaves

F(r) ®%r+np =$(r) @K, ®%.{,rnp =d® %1,(p+1)m = 54®%r+np-

Hence $(r) = . Since this holds for all 0 < r < p — 1, it follows that A, =
HO(E, A%™), for all n > ngp. O

Remark 3.6. We note that [Rogalski 2011, Lemma 3.2(2)] states a result similar to
Theorem 3.1, but the proof erroneously quotes the relevant theorems from [Artin and
Stafford 1995] without removing the hypothesis that rings should have a nonzero
element in degree one. Thus the above proof also corrects this oversight. In any
case, [Rogalski 2011, Lemma 3.2(2)] was only used in that paper for rings generated
in degree one.

If A is a cg algebra generated in degree one, then we define a point module
to be a cyclic module M = &.., M;, with dim M; =1 for all i > 0. When A is

i>0
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not generated in degree one, a point module has this asymptotic structure, but the
precise definition can vary depending on circumstances, and so we will be careful
to explain which definition we mean should the distinction be important.

To end this section we give some applications of the previous theorem to the
structure of point modules, for which we need a definition. If M = @, M, is a
graded module over a cg algebra A, we write s"(M) = (M, A)[n]. The largest
artinian submodule of a noetherian module M is written S(M).

Corollary 3.7. Let A satisfy the hypotheses of Theorem 3.1. Let M and M’ be
1-critical graded right A-modules generated in degree zero. Then:

(1) the isomorphism classes of such modules are in one-to-one correspondence
with the closed points of E;

(2) dim M,, <1 for all n > 0, with dim M,, = 1 for n > 0;
3) forn >0, either M,, =0 or s" M is cyclic and 1-critical,
@) ifs"M =5"M' #0 for somen €N, then M = M'.

Proof. 1t is well known that there is an equivalence of categories qgr-A ~ coh(E),
and much of the corollary follows from this; thus we first review the details of
the equivalence. By [Artin and Stafford 1995, Theorem 5.11] and the left-right
analogue of Theorem 3.1, we can write

A= HE, %,47 ) C B = B(E, ¥, 1)

n>0

for some ideal sheaf & and invertible sheaf 7. For ny >> 0, the ideal

n—1

J=Asn, =D HUE. 9, 0™ )

n=ng

is a left ideal of B. By [Stafford and Zhang 1994, Proposition 2.7] and its proof,
qgr-A ~ qgr-B under the maps @ : N +—> N ®4 B and B : N'+— N’ ®p J. Moreover,
by [Artin and Van den Bergh 1990, Theorem 1.3], qgr-B ~ coh(E). Under that
equivalence, for a closed point p of E the skyscraper sheaf K(p) € coh(E) maps to
the module

M, = @ H(E, k(p) ® %,) € qgr-B;

n>0

thus if M), = M;/S(M;) then M), is a 1-critical B-module with dim(M,), = 1
for n > 0. By [Stafford and Zhang 1994, Lemma 2.6] the same is true of the
1-critical A-module N, = B(M,)/S(B(M,)). Furthermore, the image in qgr-A of
any 1-critical graded A-module is a simple object, and so every 1-critical A-module
is equal in qgr-A to some N,.
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(2) We will reduce to the case of a TCR generated in degree one, where the result is
standard. If the result fails, there exists a 1-critical A-module M such that (possibly
after shifting) dim M,, <1 for all n > 0 but dim My > 1. By replacing M by any
submodule generated by a 2-dimensional subspace of My we may assume that
dim(Mp) =2. Write M = (A@ A)/F.

Now consider W = a(M)/S(«(M)). Since W is equal in qgr-B to some M,
certainly dim(W,;) <1 for all n > 0. Moreover, the natural A-module map M — W
must be injective since M is 1-critical, and so dim Wy > 2. As a(M) is a factor
of B @ B/FB it follows that dim Wy = 2. Unfortunately, B need not be generated
in degree 1. However, for £ > 0 (indeed £ > 2) the Veronese ring C = B®) =
B(E, ¥, t%) will be generated in degree one (see [Rogalski 2011, Lemma 3.1(2)]).
We claim that X = W® will still be a critical C-module. If not, then, picking an
element 0 # x € X, in the socle of X, we will have xC>; =0, and so x € W,,;¢
satisfies x B; = 0 for all i > 1. Since B; B; = B, for all i, j > 0 [Rogalski 2011,
Lemma 3.1(1)], it follows that x B,,, = 0 for all m >> 0, contradicting the 1-criticality
of W. Thus X is indeed a critical C-module, with dim X = 2; say X = ak @ bk.

Finally, given X, or any 1-critical C-module, then [Artin and Van den Bergh
1990] again implies that dim X,, = 1 for all n > ng > 0. By [Keeler et al. 2005,
Proposition 9.2] the map N +— N>1[1] is an automorphism on the set of isomorphism
classes of C-point modules. Applying the inverse of this map to the shift of X,
shows that the two point modules aC and bC must be equal to this image and
hence be isomorphic; say bC = ¢ (aC). Setn =ng+ 1. As dimg X, = 1, we can
write C,,_1 = ck+ annc(a),_; for some ¢ € C,_;. Since annc(a) = annc(b), it
follows that ac = Abc for some A € K. Hence (@ — Ab)c = 0, which implies that
(a —Ab)C,—1 = 0. As C is generated in degree one, this forces a — Ab € S(X).
This contradicts the criticality of X and proves the result.

(3) This is immediate from part (2).

(4) If not, pick 1-critical modules M % M’ such that there is an isomorphism
y "M ="M’ #0 for some n > 0. Let n be the smallest integer with this property
and then let W C M be as large as possible a submodule of M for which y extends
to an isomorphism y : W — W’ C M’. Set

MoM
N = ©

and Z=1{(a,y(a)):ae W}

We claim that N is I-critical. If not, pick a homogeneous element (u, u’) €
M@ M’ such that [(u, u')+Z] is a nonzero element of the socle of N. If p e r-ann(u),
then (u,u’)p € (u,u’)A>1 € Z. As up = 0, this forces (0, u’) € Z, and hence
u'p = 0. Similarly, u’p = 0 forces up = 0, and hence r-ann(u) = r-ann(u’).
Thus, there is an isomorphism y’ : uA = u’ A, which restricts to an isomorphism
v uANW — u'ANW,
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We claim that any other isomorphism ¢ : uANW — u’AN W’ must be a scalar
multiple of y”. Put P =uA N W, which is 1-critical. As we have already proved,
dimk P, <1 for all n with equality for n > 0. Choose n such that P, # 0 and fix
0 # x € P,. Then xA is also 1-critical and so xA = P. Now v (x) = Ay”(x) for
some A € k*, and this forces ¥ to equal Ay” on all of xA. Given homogeneous
y€ P withy €xA, then 0 £ yz C xA for some z € A,,, m > 0, and so it is easy
to see that this forces ¥ (y) = Ay (y) also. Thus ¥ = Ay” and the claim follows.

Therefore, possibly after multiplying by a scalar, we can assume that y” =
Y luanw =¥ luanw. Thus, we can extend y to W +u A, contradicting the maximality
of W. Hence N is indeed critical. Finally, as M % M’ with dim My = 1 = dim M,
certainly W € M1, and so dim Ny = 2, contradicting part (2).

(1) Since the tails M=, of 1-critical A-modules are in one-to-one correspondence
with the points of E, this follows from part (4). U

We end the section with a technical consequence of these results for subalgebras of 7.

Lemma 3.8. Let U be a noetherian cg algebra and M a finitely generated, graded
1-critical right U-module. Then r-anny (M) is prime and r-anny (M) = r-anny (N)
for every nonzero submodule N € M.

Proof. This is a standard application of ideal invariance; use, for example, [Mc-
Connell and Robson 2001, Corollary 8.3.16 and the proof of (iii) = (iv) of Theo-
rem 6.8.26]. O

Corollary 3.9. Assume that T satisfies Assumption 2.1 and let U be a g-divisible
subalgebra of Tg) with Qg (U) = Qg (T). Suppose that M and N are 1-critical
right U-modules which are cyclic, generated in degree 0, with g € r-anny (M). For
some n >0 with M,, # 0, suppose that there exists m > 0 such that (r-anny Mp) >, =
(r-anny Ny)spm. Then M = N.

Proof. By hypothesis, g € (r-anny M,)>,, = (r-anny N,,)>,,. Then Nog"™" C
N, g™ =0. As g is central and N is generated by Ny, it follows that g" ™" € r-anny N
and hence g € r-anny N by Lemma 3.8. Thus, both M and N are modules over
A = U, and to prove the lemma it suffices to consider modules over that ring. By
Lemma 2.10, Q4 (A) = Qgr(T) =k(E)[t,t~"; 7], and so A satisfies the hypotheses
of Theorem 3.1.

Clearly, N,, # 0. By Corollary 3.7(2), dim M,, = 1 = dim N,;, and so

M,An]= A/l and N,Anl=A/J

for some graded right ideals I, J. By hypothesis, I>, = J>,. However, as
I/I-, is finite-dimensional and A/[ is l-critical, I/I-, is the unique largest
finite-dimensional submodule of A/I>,, = A/J>,. Hence I = J and M, A = N, A.
By Corollary 3.7(4), M = N. ]
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4. Right ideals of T and the rings T (d)

Throughout this section, let 7" satisfy Assumption 2.1. Our first aim in this section
is to describe certain graded right ideals J of T such that 7'/ J is filtered by shifted
point modules. In fact, the main method we use in the next section to understand a
general subalgebra U of T is to compare its graded pieces with the graded pieces
of these right ideals J and their left-sided analogues. The easiest way to construct
the required right ideals J is to use some machinery from [Van den Bergh 2001].
The details will appear in a companion paper to this one [RSS 2015].

Definitions 4.1. Given a right ideal I of a cg algebra R, the saturation I®* of I is
the sum of the right ideals L D I with dimk L/I < oco. If I = I’*, we say that [ is
saturated.

Recall that T/gT = B = B(E, M, t), where deg /il = . For divisors b, ¢ on E,
we write b > ¢ if b — ¢ is effective. A list of divisors (d°, d!,...,d* ") on E
is an allowable divisor layering if t='(d'~') > d' forall 1 <i <k —1. By
convention, we define d = 0 for all i > k. Given an allowable divisor layering
d* =’ d',...,d“"") on E, let J(d*) be the saturated right ideal of 7 defined
in [RSS 2015, Definition 3.4].

We omit the precise definition of J(d*) because it is technical, and not essential
in this paper. Instead, what matters are the following properties of this right ideal,
which help explain the name “divisor layering”. For any graded right 7-module M,
we think of the B-module Mg/ /Mg/*! as the j-th layer of M. Recall that we
write 7t (N) for the image of a finitely generated graded B-module N in the quotient
category qgr-B. Recall also from the proof of Corollary 3.7(1) that there is an
equivalence of categories coh E >~ qgr-B given by & — (@nzo HYE,F® ./l/Ln)).

Lemma 4.2 [RSS 2015, Lemma 3.5]. Let d° be an allowable divisor layering and
let J=Jd*)Yand M =T/ J.

(1) If M7 = Mg/ /Mgi™*!, then as objects in qgr-B we have
7M7) =5 (EB H(E, (0g/0p(—d’)) ® m,»).
n>0

In particular, the divisor d’ determines the point modules that occur in a
filtration of M/ by (tails of) point modules.

Q) (D™ =@, HOE, M, (—d").
(3) Ifd° = (d) has length 1, then J(d) = @nzo{x eT,:x e HYE, M,(—d)))}.

Note that, as a special case of part (3) of the lemma, if p € E and d = p then
J(p) is simply the right ideal of T such that P(p) = T /J(p) is the point module
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corresponding to the point p. (We note that this will coincide with the earlier
definition of a point module, should 7 be generated in degree one.)

We will require primarily the following two special cases of the construction
above. Starting now, it will be sometimes convenient to employ the notation

pi = 77! (p) forany peE. 4.3)

Definition 4.4. Givenany pe E,i >1,and0<r <d < pu, wedefine Q(i,d,r, p)=
J(d*), where
d’=dp+dp +---+dpi_1,

d'=dp +---+dpi_,

d'*=dpi_>+dpi_1,

d~'=rpi_i.
Intuitively, the divisor layers for Q are in the form of a triangle, but the vanishing
in the last layer is allowed to be of lower multiplicity than in the others. The other

special case we need is a similar triangle shape which allows for the involvement
of points from different orbits.

Definition 4.5. For any divisor d and k > 1, we define M (k,d) = J(c*), where
A =d+t'd)+ -+,
=t N d)+- -+ @),

ck—l — 'L'_k+l(d).
It is useful to also define M (k, d) = T by convention, for any k£ < 0.

Note that M (k, dp) = Q(k, d, d, p) for any k, d > 0. The right ideals M (k, d)
are also useful for defining important subalgebras of 7.

Definition 4.6. For any divisor d with degd < p we set
Td):=PMn, d),,
n>0
which by [RSS 2015, Theorem 5.3(2)] is a g-divisible subalgebra of 7. More
generally, for any £ > 0 we define
TeexT(d) =P Mn—t.d"),,
n>0

which by [RSS 2015, Proposition 5.2(2)] is a right g-divisible T (d)-module.



Classifying orders in the Sklyanin algebra 2077

When degd <y — 2, but not in general, the module T<; * T (d) is equal to the
right T (d)-module T<,T (d) € T [RSS 2015, Theorem 5.3(6)], so the notation is
chosen to suggest multiplication. As is discussed in [Rogalski 2011] and [RSS
2015, §5], the ring T (d) should be thought of as corresponding geometrically to a
blowup of T at the divisor d.

There are left-sided versions of all of the above definitions and results, because
Assumption 2.1 is left-right symmetric. We quickly state these analogues, because
there are some nonobvious differences in the statements, which result from the
fact that the equivalence of categories coh E >~ B-qgr has the slightly different
form ¥ — ”(@n>o HYE, M, ® @TH)). Generally, 7~! appears in the left-
sided results wherever t appears in the right-sided version. A list of divisors
d=@d’d,....d""YonEisa left allowable divisor layering if t(d Y >d!
for all 1 <i <k — 1. We indicate left-sided versions by a prime in the notation. In
particular, given a left allowable divisor layering, there is a corresponding saturated
left ideal J'(d*) of T, defined in [RSS 2015, §6], which satisfies the following
analogue of Lemma 4.2.

Lemma 4.7 [RSS 2015, Lemma 6.1]. Let d* be a left allowable divisor layering
andlet J' =J'(d*) and M =T/J'.

(1) If MJ = Mg/ /Mgi*" is the j-th layer of M, then in B-qgr we have
T(M))=n (@ HYE, M, ® (@E/@E(—r—"“(df))))).
n>0
2) (J)™ =@,z HUE, My (=171 (@)
3) Ifd° = (d) has length 1, then
I @d)=xeT,: e HE, My(—t (@) O
n>0

Similarly as on the right, as a special case of part (3) we have that P'(p) =
T/J'(p) is the left point module of T corresponding to p.

Of course, we also have left-sided analogues of Definitions 4.4 and 4.5, but we
only need the former. Namely, givenany p€ E,i > 1,and 0 <r <d < u, we
define Q'(i,d, r, p) = J'(d*), where

d’=dp+dp_i+- - +dp_is1,

d'=dp_+---+dp_i11,

d' 7 =dp_iyo+dp_is1,
d~' =rp_is.
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The right ideals Q and their left-sided analogues Q” will be used below to define
filtrations in which every factor is a shifted point module; we will then study how
an arbitrary subalgebra U of T intersects such filtrations. The relevant result for
this is as follows.

Lemma 4.8 [RSS 2015, Lemma 6.5]. Leti,r,d,neN,withi <nand1<r <d <pu,
and p € E. Then:

(1) QG,r,d, p) CQ(,r—1,d, p), with factor
[QG,r—1,d, p)/Q(,r.d, p)l>n = P(pi—n-1)[—nl.
2) Q'(i,r,d, p) CQ'(i,r—1,d, p), with factor

[Q'G,r—1,d,p)/Q'(i,r,d, P)lon = P'(p-isnsD[—nl. O

The left and right ideals defined above are actually closely related. In fact, by
[RSS 2015, Proposition 6.8] one always has Q(i, r,d, p), = Q'(i,r,d, pi—n)n, as
we will exploit in the next section.

We conclude this section with a review of some important homological concepts.

Definition 4.9. A ring A is called Auslander—Gorenstein if it has finite injective di-
mension and satisfies the Gorenstein condition: if p < q are nonnegative integers and
M is a finitely generated A-module, then Ext/; (N, A) =0 for every submodule N of
Extz‘ (M, A). Set j(M)=min{r :Ext/, (M, A) # 0} for the homological grade of M.
Then an Auslander—Gorenstein ring A of finite Gelfand—Kirillov dimension is called
Cohen—Macaulay (or CM) provided that j (M) + GKdim(M) = GKdim(A) holds
for every finitely generated A-module M. A cg K-algebra A is called Artin-Schelter
(AS) Gorenstein if A has injective dimension d and dimy Exti (k, A) =384 for all
Jj = 0. An AS Gorenstein algebra is called AS regular if it is also has finite global
dimension d.

As the next two results show, many of the algebras appearing in this paper do
satisfy these conditions, and this automatically leads to some nice consequences.

Proposition 4.10. Let R=T (d) C T for some effective divisor d with degd < u—1,
in the notation of Assumption 2.1. Then the following hold:

(1) R/gR = B(E, M(—d), 7).

(2) If degd < @ — 1 then R is generated as an algebra in degree 1, while if
degd =t — 1 then R is generated as an algebra in degrees 1 and 2.

(3) Both R and R/gR are Auslander—Gorenstein and CM.
(4) R is a maximal order in Qg (R) = Qg (T).
Proof. Combine [RSS 2015, Theorem 5.3] and [Levasseur 1992, Theorem 6.6]. [
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Lemma 4.11. Fix a cg noetherian domain A that is Auslander—Gorenstein and CM.
Set GKdim(A) = a.

(1) If N is a finitely generated graded right (or left) A-submodule of Q = Qg (A)
then N** is the unique largest submodule M C Q with GKdim(M/N) <o —2.

(2) In particular, there is no graded A-module A ; N C Q with GKdim(N/A) <
GKdim(A) — 2.

(3) If J = J** # A is a proper reflexive right ideal of A then A/J is (o — 1)-pure
in the sense that GKdim(//J) = GKdim(A/J) = a — 1 for every nonzero
A-module 1/J C A/J.

(4) If N is a finitely generated A-module, then ExtA(N)(N , A) is a pure module
with Gelfand—Kirillov dimension equal to GKdim(N).

Proof. Part (1) follows from [Bjork and Ekstrom 1990, Theorem 3.6 and Exam-
ple 3.2]. Parts (2) and (3) are special cases of (1), while part (4) follows by [ibid.,
Lemma 2.8]. U

5. An equivalent 7T (d)

Throughout this section, 7" will be an algebra satisfying Assumption 2.1, and we
maintain all of the notation introduced in Section 4. In this section we prove that
if U is a g-divisible graded subalgebra of T with Q¢ (U) = Qg (T) then U is an
equivalent order to some 7 (d). This should be compared with [Rogalski 2011,
Theorem 1.2]: the rings T (d) with d effective of degree < p — 1 are precisely the
maximal orders U C T with Qg (U) = Qg (T) that are generated in degree 1.

We begin by studying U and related subalgebras of K(E)[r, ¢~ '; t]. We say
that two divisors x and y are t-equivalent if, for every orbit O of T on E, one
has deg(x|p) = deg(y|p). Two invertible sheaves Og(x) and Og(y) are then t-
equivalent if the divisors x and y are t-equivalent.

Lemma 5.1. Let N, N’ be ample invertible sheaves on E of the same degree. Let
R:=B(E,N,1)and R := B(E, N, 1), and let F be an (R’, R)-subbimodule of
K(E)[t,t™"; T]. Then Fg is finitely generated if and only if ' F is finitely generated.
In this case, N and N are t-equivalent.

Proof. Suppose that F is a finitely generated right R-module. By [Artin and
Van den Bergh 1990, Theorem 1.3] there is an invertible sheaf & on E so that
F =@, H'(E, FN,). For m, n > 0, ampleness ensures that the sheaves N/, and
FN, are generated by their sections and, by construction, those sections are R, =
HO(E, N,) and F, = HO(E, FN,), respectively, again for m, n >> 0. Since F is a

left R’-submodule, R), F,, € F,,, for all m, n, and so these observations imply that

N F N C FNym
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for all n, m > 0. By hypothesis, N F7"N" and FN,,,, have the same degree,
and therefore they are equal. In addition, for n, m 3> 0 the sheaves N/, and F*" NT"
have degree > 3. Thus, by [Rogalski 2011, Lemma 3.1], the map

m

HYE, N )Y@ HYE, F"N") - HOE, N, F"NT")

is surjective. Thus, R), F,, = Fy4,, for all n, m 3> 0 and g F is finitely generated.
By symmetry, if g F is finitely generated then so is Fg.

In either case, it follows that N, = FN n(F D™ for all m > 0. The identity
NN =N, gives
NFN(GF " = NN )T =N =FN (F DT = FNNT(F T
Rearranging gives N” = FN(F~!)7, which is certainly T-equivalent to . (]

We next need two technical results on subalgebras of B(E, Jl, t) that modify
the data given by Theorem 3.1.

Notation 5.2. Recall from (4.3) that given a closed point p € E we write pg = p
and p, = t"(p) for all n € Z. We will also write x* = 77 !(x) when x is
a divisor (or closed point) on E, to distinguish left and right actions, and set
Xp=Xx+xT 4 fxT

We start with a routine consequence of Theorem 3.1.

Corollary 5.3. Let A C B = B(E, M, t) be a cg algebra with Qg (A) = Qg (B).
Then there exist x,y € Div(E) and k € Z> so that

A, =H%E, My(—y —x,)) foralln=>k. 5.4
Furthermore, u > degx > 0, and
for any n > k and divisor ¢ > y + x, we have A, HO(E, M, (—c)). (5.5)

Proof. By Theorem 3.1, there exist an integer £ > 1, an ideal sheaf % and an ample
invertible sheaf N on E so that

A, = H(E,YN,) foralln > k. (5.6)

Let Y = Og(—y) for some divisor y and write N' = M (—x) for the appropriate
divisor x on E; thus (5.4) is just a restatement of (5.6). Further, degx = u —deg N,
which, as N is ample, implies that degx < . On the other hand, Riemann—-Roch
implies that

un =deg M, =dim B, > dim A, =ndeg(N) —degy =n(u —degx) —degy

for n > 0. Therefore, degx > 0.



Classifying orders in the Sklyanin algebra 2081

Finally, since N is t-ample, after possibly increasing k& we can assume that
M, (—y — x,) is generated by its sections A, for all n > k (see for example [Artin
and Stafford 1995, Lemma 4.2(1)]). Thus for any larger divisor ¢ > y + x,, we will
have HO(E, M, (—¢)) S H°(E, M, (—y — x,)). Thus (5.5) also holds. O

We next want to modify Corollary 5.3 so that x is replaced by an effective divisor,
although this will result in a weaker version of (5.4).

Proposition 5.7. Let A C B = B(E, M, t) be a cg algebra with Q¢ (A) = Qg (B).
Then there is an effective divisor d on E, supported at points with distinct orbits
and with degd < w, so that A and C = B(E, M(—d), t) are equivalent orders.
Moreover, d and k € Z> can be chosen so that

n—1

Ay © H(E, My (—d™ = —d™ )
= HY%E, 0p(dy) @ M(—d),) forall n>k. (5.8)
Proof. Let x and y be the divisors constructed in the proof of Corollary 5.3, and let &

be the integer from that result. Fix an orbit O of v on E. By possibly enlarging k
we can pick p € O so that, using the notation of 5.2,

x|g is supported on {p = po, ..., px}, and

) 5.9)
y|o is supported on {po, ..., pr—1}

Thus
k-1 k
Ylo=) yipi and xlo=) xipi
=0 =0

for some integers y; and x;. For n € N we have

k
@)lo =D xi(pi+ piti+--+ pitn1)-
i=0

Thus, for n > k we calculate that

(y+xn)lo=(vo+xo0) po+-- -+ (yj+z xi) pj+-- '+(yk—1+ Z xi) Pr—1

i<j i<k—1
+ <in)(l7k + At pa-1) + <in)l7n +oot (in)anrjl
i>0 i~1 iz]

+ -+ X puyk—1. (5.10)

Lete, = > x;. Since A € B(E, M, 1), the divisor y + x,, is effective for n > 0,
and so

yi+Y> xi=0 and > x>0 (5.11)

i<j i>j



2082 Daniel Rogalski, Susan J. Sierra and J. Toby Stafford

for all 0 < j <k. In particular, e, > 0. Let d = Zp e, p, where the sum is taken
over one closed point p in each orbit O of 7. Take the maximum of the values
of k occurring for the different orbits in the support of x and y, and call this also k.
From (5.10) and (5.11) we see that, on each orbit O and hence in general,

y+x,=d" 4 d™

for all n > k. In other words, (5.8) holds for this d and k. By construction,
degd =degx < p.

Finally, let N' = M(—x) and let ¥ = Og(—y). Let C = B(E, M(—d), t) and
C' = B(E, N, 7). Equation (5.8) can be rephrased as saying that

YN, C M, (—d™ — - —d™) = O(dy) @ M(—d), forall n> k.
Thus, for ng > 0,

CL,, SN=ED HE, @' ®0d) @ M(—d)y).

n=ngo

Since M(—d) is t-ample (because it has positive degree) and Y1 @ 0(dy) is
coherent, [Artin and Stafford 1995, Lemma 4.2(ii)] implies that N is a finitely
generated right C-module. Hence, so is C'C. Since N =M (—x) with degd =deg x,
we can apply Lemma 5.1 to conclude that C’C is a finitely generated left C’-module.
Thus C and C’ are equivalent orders. By the proof of [ibid., Theorem 5.9(2)], C’ is
a finitely generated right A-module. Thus C” and A are equivalent orders, and so C
and A are also equivalent. U

Definition 5.12. We say that (y, x, k) as given by Corollary 5.3 is geometric data
for A. If (5.9) holds for p € O, we say p is a normalised orbit representative for
this data, and we say that d = ) e, p 1s a normalised divisor for (y, x, k). To
avoid trivialities, the only orbits considered here are the (finite number of) orbits
containing the support of x and y. By construction, degd = degx < u.

We now use these results to study subalgebras of 7', and begin with a general idea
of the strategy. Let U be a g-divisible graded subalgebra of T so that Q4 (U) =
Qg (T). By Proposition 2.9, U is automatically a finitely generated, noetherian
k-algebra, so the earlier results of the paper are available to us. Let (y, x, k) be
geometric data for U and let d be a normalised divisor for (y, x, k). We will show
that U and T (d) are equivalent orders.

Recall that the right 7'(d)-module T<; x T'(d) = @, M (n — k, d’k),, from
Definition 4.6 is g-divisible, with -

n—1

T+ T(d) = D HOE, My (—d™ —---—d™" ),

n>0
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by Lemma 4.2. In other words, by (5.8),
0T s T@.

Our next goal is to show that this holds without working modulo g: that is, that
UCTyxT(d). (5.13)

This will force U/T(\d ) to be finitely generated as a right 7 (d)-module, which is a
key step towards proving that U and T (d) are equivalent orders.

Suppose therefore that (5.13) fails, and so U,, € (T<x * T (d)),, for some ny.
Necessarily, ng > k. We will find a right T-ideal Q(i, r, e, p) and a left T-ideal
Q'(i,r,e,q) such that if we set = U NQ(i,r,e,p)and J =UNQ'(,r, e, q)
then U/I and U/J are isomorphic to point modules in large degree. Further, we
can choose p and g so that I,, = J,,. However, Corollary 3.9 can be used to derive
precise formula for /,, and J,,,, and we will see that these formule are inconsistent,
leading to a final contradiction.

In the next few results, we carry out this argument, using induction and a filtration
of T by the right ideals Q defined in Section 4. Recall the definition of /% from
Definitions 4.1, and the definitions of J(d*), Q(i, r,d, p), and their left-sided
analogues from Section 4.

Lemma 5.14. Let U be a g-divisible graded subalgebra of T with Q¢ (U) =
Qo (T). Suppose thatn >i > 1,1 <r <e < u,and j € Z. Suppose further that

(A) Usp € QG,r—1,e,pj),but U, £ Q(,r, e, pj); and

B) Un € J(pitjn—1m=HYE, My(—pisj_n-1)) forallm=>n.
Let I=UNQ(,r, e, pj),and let M = U/I**. Then:

(1) M, #0.

(2) M is 1-critical and Mg = 0.

(3) (r-anny (My))m = (U NI (Pitj—n—1))m for all m > 0.

Proof. (1) Let L=U/I,sothat M = L/L’, where L’ is the largest finite-dimensional
submodule of L. Since n > i, it follows from hypothesis (A) and Lemma 4.8(1)
that dim L,, < 1 for all m > n and that

UpnJ (Piyj-n—1) € QO(,r, e, pj). (5.15)

If M,, =0, then L, U,, =0 for all m > 0. Then U,U,, € Q(,r, e, p;) forall m > 0.
By hypothesis (B), Uy, + J (pitj—n—1)m = Tp, form > n, so U, T, € Q(i,r, e, p;)

for m > 0 also. Since Q(i, r, e, p;) is a saturated right T-ideal, U, € Q(i, r, e, p;),
contradicting the hypotheses.
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(2) By Lemma 4.2(3), g € J(pi4+j—n—1), Whence M>, - g =0 and r-anny (M) 2
Usng = gUs,. By construction, M has no finite-dimensional submodules, and so
Mg =0. Thus M is a U-module. Also, dimg M,, < dimx L,, < 1 for all m > n
and M # 0 by part (1), so GKdim(M) = 1. Since M is noetherian, it has a U-
submodule M’ maximal with respect to the property GKdim(M/M’) = 1. Then
M /M’ is 1-critical. However, by Corollary 3.7(2) any 1-critical U-module N has
dim N,, = 1 for all m > 0. Thus M’ is finite-dimensional; hence M’ =0 and M is
1-critical.

(3) Since M is 1-critical, its cyclic submodule N = M,,U must also be 1-critical.
Thus dimg M, = 1 = dimg N, for n > 0, forcing M = N. In particular, we must
have r-anny (M,,),,, g Uy, for allm > 0. By (5.15), r-anny (M,,)) 2UNJ (piyj—n—1)-
Now Lemma 4.2(3) implies that J(p;4;j—,—1)m has codimension 1 in 7, for all
m € N. Thus r-anny (M,),, = (U N J(pitj—n—1))m for all m > 0. [l

Corollary 5.16. Assume that we have the hypotheses of Lemma 5.14. Assume in
addition to (A), (B) that we have e < u and

(C) Usn S J(epjri-1) = HYE, My(—epji-1)), but

Un & T((e+Dpjyic1) =H'E, My(—(e+1)pjsiz1)).
ThenU, N Q(,r,e,pj)=U,NJ((e+1)piyj-1).
Proof. Let

I=UNQG,rep)™ and M=U/IL
Similarly, let

H=UNJ(e+pi+j—1)*™ with N=U/H.

Note that O(1,d,d, pj+i—1) = J(dpj4i—1) for any d. Also, since g € J(dpjti—1),
hypothesis (C) is equivalent to U>, € J(epj4;—1) but U, Q J(e+ Dpjti-1).
Thus, hypothesis (C) implies that the hypothesis (A) of Lemma 5.14 also holds
for (i, r',e)=(1,e+1,e+1) and j' =i+ j — 1. Also, hypothesis (B) for these
values is the same as hypothesis (B) for the old values. Since e < w, the hypotheses
of Lemma 5.14 hold for (i’, 1/, €').

We may now apply Lemma 5.14 to M and N. Thus, M,,, N,, # 0, both M, N
are 1-critical and killed by g, and r-anny (M,,) and r-anng (N,) are both equal to
UNJ(pitj—n—1) in large degree. By Corollary 3.9, we have M = N andso I = H.
Thus, since U, N Q(i, r, e, p;) and U, N J((e + 1) p;1;_1) are already saturated in
degree n by Lemma 5.14(1), we have

UNQG,r e pj)=I,=H,=U,NJ((e+Dpiyj-1). 4

We also need the left-sided versions of the two preceding results. Since the
statements and proofs of these are largely symmetric, we give a combined statement
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of the left-sided versions, with an abbreviated proof. We note that a consequence
of [RSS 2015, Lemmas 3.5 and 6.1] is that

J(dpj)n=J(dpjn—1)n and
J'(dpj)n=H(E, My(=dpjin-1)) = J dpjsn—1)n-
Lemma 5.18. Let U be a g-divisible graded subalgebra of T with Qg (U) =
Qo (T). Suppose thatn >i > 1,1 <r <e < u,and h € Z. Suppose further that
(A/) UZn g Q/(iv r— 1’ e, ph)s but Uﬂ g Q/(iv r, e? ph);
(B") l_]m Q S (Ph—itn+Dm = HO(Ea My (= Ph—itnt+m)) for m > n; and
(C) Uzn S J'(epp-is1). but
Un €T (e+ Dph_is)n = HY(E, My(—(e+ 1) pp_itn)).
Then Ul’l m Q,(ia ra e, pl’l) = Un m J/((e + 1)ph—l+1)

(5.17)

Proof. The equalities in (B"), (C’) follow from (5.17). The rest of the proof is
symmetric to the proofs of Lemma 5.14 and Corollary 5.16. In particular, one uses
part (2) of Lemma 4.8 in place of part (1). ([l

The next result is the heart of the proof that U and 7' (d) are equivalent orders.

Proposition 5.19. Let U be a g-divisible cg subalgebra of T with Q¢ (U) = Qg (T).
Let (y, x, k) be geometric data for U and letd = e, p be a normalised divisor
for this data. Then

UC T« *xT(d).

Proof. If d = 0 the result is trivial, so we may assume that d > 0. Suppose that
UZT*xT(d).

By [RSS 2015, Lemma 6.6], T<x *x T (d) = ﬂp T<i * T (e, p), where the inter-
section is over the normalised orbit representatives p. Thus there is some such p
sothat U £ T<; T (epp). Let e = e, < . By [RSS 2015, Lemma 6.6], again, for
n € N we have

(T<k % T(ep))n = J(QG.r e, ppn:i=1, k<j<n—i, 1<r<e}.
Thus, therearei > 1,1 <r <e,and n, j e Nwith 1 <k < j <n —i such that

U, £ 0@, r,e, pj)a. (5.20)

Without loss of generality we can assume that i is minimal such that we can achieve
this for some such n, j, r. Note that i > 2, since Q(1,r, e, p;) = HO(E, M(=rp;))
by Lemma 4.2(2), and the sections in U,, vanish to multiplicity e at p; by (5.10).
Then choose r minimal (for this ) so that (5.20) holds for some such n, j. Intuitively,
we are finding a “divisor triangle” of minimal size i such that the corresponding
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right ideal does not contain U,, with deepest layer vanishing condition in this
triangle to be of multiplicity r as small as possible.

Claim1. U, N Q@,r,e,p;))=U,NJ((e+1D)pjti-1).

Proof. We check the hypotheses of Corollary 5.16. Hypothesis (A) follows by
minimality of » when r > 1. When r =1, then we need U, € Q(i, 0, e, p;). Now,
by [RSS 2015, (6.7)],

0,0,e,pj))=0Q0(—1,e,e,p;))NQO(i—1,e,e pjy1). (5.21)

Since U, is contained in both Q(i —1, e, e, pj) and Q(i —1, e, e, pj;1) by the
minimality of i, hypothesis (A) holds in this case as well.

Note that, by (5.5), the equation (5.10) gives exactly the vanishing (with mul-
tiplicities) at points on the t-orbit of p for the sections in U, € H°(E, .l,). In
particular, (B) holds because i + j —n — 1 < 0. Similarly, (C) holds by (5.10) since
k<j+4+i—1<n—1. Thus Corollary 5.16 gives the result. ([

Claim 2. U, N Q'(i,r,e, pp) =U,NJ' ((e+ V)pp_ir1) forh=j+i—n.

Proof. This similarly follows from Lemma 5.18 once we verify the hypotheses

of that result. For (B’), note that h —i +n+m = j +m > k +m and use (5.10).

Hypothesis (C’) follows again from (5.10) since h —i +n = j satisfies k < j <n—1.
It remains to verify (A’). We will use the equality

Q(k’ r’m’p)l’l: Q/(k’ r,m, pk—n)na (522)

proven in [RSS 2015, Proposition 6.8(3)]. Thus, U, € Q'(i,r, e, py),. Now let
n’ > n. Suppose that r > 1. The minimality hypothesis on r means that, for
any j' withk < j' <n’—1i, we have Uy C Q(i,r — 1, e, pj»),y. In particular, since
k<j+n —n<n —i, wehave

Un/ - Q(la r— 15 e, Pj-l—n/—n)n/ = Ql(i’ r— 17 e, Ph)n’
by (5.22). Thus Us, € Q'(i,r — 1, e, py). If instead r = 1, then
Q/(ia 09 ea ph)l’l’ = Q(l7 O’ e’ pj—}’l-‘r}’l,)
= Q(l - 17 ea e, pj—}’l—H’l’) m Q(l - 1» ea e7 pj—n+n’+l)

by (5.21) and (5.22). But U,y is contained in both Q(i — 1, e, e, pj_1n'4+1) and
Q@i —1,e,e, pj_ntn) by minimality of i. Thus U=, € Q'(i,r — 1, e, p;) in this
case as well, and (A’) holds as needed. U

Claim 3. U, N Q(i,r,e, pj) =U,NJ((e+1)pj).
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Proof. As in the proof of Claim 2, we have Q(i,r, e, pj), = Q'(i.7, e, Pjti—n)n
and so that claim gives

UsNQG,r e, pj)=U,NQ'(i,r,€, pjyin)
=UnNJ'((e+1)pj-nt1)
=U,NJ((e+Dpj),

where we use (5.17) in the last step. U

We can now complete the proof of Proposition 5.19. Combining Claims 1 and 3,
we have

UNJ(e+Dpj)=U,N0G, re pj))=U,NJ((e+Dpirj-1). (523)

Recall that U, = H(E, M, (—y —x,)) and i > 2. Thus, by (5.10) and (5.5) we see
that, after taking the image of (5.23) in B, the right-hand side vanishes to order e
at p;, while the left-hand side vanishes to order e + 1 at p;. This contradiction
completes the proof of the proposition. U

We can now quickly prove our first main theorem.

Theorem 5.24. Let U be a g-divisible graded subalgebra of T with Qg (U) =
Qo (T). Then there is an effective divisor d on E, supported on points with distinct
orbits and with degd < ., so that U is an equivalent order to T/(d)\

In more detail, for some d the (U, T (d))-bimodule M = UT(d) is a finitely
generated g-divisible right T (d)-module with MT = T. Set W = Endrq)(M).
Then U C W C T, the bimodule M is finitely generated as a left W-module, while
W, U, and T (d) are equivalent orders.

Remark 5.25. Recall from Lemma 2.10 that, if U be a g-divisible graded subal-
gebra of T with Dy (U) = Dg(T), then Qg (U) = Qg (T) also holds. However,
some condition on quotient rings is required for the theorem, since clearly U = K|[g]
is not equivalent to any 7 (d).

Proof. By Lemma 2.10, Qgr(l_] )= Qgr(T) and so we can apply Proposition 5.7 to
A=U. Letd, k be as defined there; thus if R = T (d) then U and R are equivalent
orders. By Proposition 5.19, U € T<; * R.

Let M=UR and W = Endg(M). By [RSS 2015, Theorem 5.3(5)], T<x xR is a
noetherian right R-module and so M € T<;*R is a finitely generated right R-module.
Clearly MT =T since 1 e M C T and so W € T. Thus, by Lemma 2.12(3), wM
is finitely generated, and so W and R are equivalent orders. A routine calculation
shows that M is a left U-module and so U C W.

Consider the (W, R)-bimodule M. This is finitely generated on both sides, since
the same is true of w Mg. Thus W and R are equivalent orders, which, as Rand U
are equivalent orders, implies that W and U are likewise. Finally,as U C W C T,
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the hypotheses of the theorem ensure that Qg (U) = Qg (W) = Qg (T). Thus, by
Proposition 2.16, U and W are equivalent orders, and hence so are U and R. [J

Corollary 5.26. Suppose that u and v are two effective, T-equivalent divisors with
degree degu <y — 1. Then T (u) and T (v) are equivalent orders.

Proof. Consider the construction of the divisor d in Theorem 5.24 starting from the
algebra U =T (u). Thusd =) e, p is the divisor constructed in Proposition 5.7 and
there is considerable flexibility in its choice. To begin, in the proof of Equation (5.4),
one sees that y =0 and x = u. For each orbit O of 7, a point p is then chosen such
that u|g is supported on Xg = {po = p(0), p1, ..., px}. For each such orbit, we
can replace py by some p_, and increase k so that both u|g and v|g are supported
on Xg. Thend =) e, p(0), for these choices of points p(0), and e, = deg(u|o).
As u and v are T-equivalent, deg(u|g) =deg(v|g) for each orbit O, and hence the di-
visor d is the same whether we started with 7 (u) or T (v). Hence, by Theorem 5.24,
T (u) and T (v) are both equivalent to T (d) and hence to each other. O

Remark 5.27. One disadvantage of Theorem 5.24 is that the (U, T (d))-bimodule
M constructed there need not be finitely generated as a left U-module. Using
[McConnell and Robson 2001, Proposition 3.1.14] and the fact that our rings are
noetherian, one can easily produce such a bimodule. However, this typically lacks
the extra structure inherent in M (notably that MT = T') and so is less useful for
our purposes. As will be seen in the next section, this problem disappears when
one works with maximal orders (see Corollary 6.6, for example) and this will in
turn give extra information about the structure of such an algebra.

6. On endomorphism rings of 7 (d)-modules

Given a g-divisible algebra U C T', Theorem 5.24 provides a module M over some
blowup T'(d) with U € Endr)(M). In this section, we reverse this procedure by
obtaining detailed properties of such endomorphism rings (see Proposition 6.4 and
Theorem 6.7). These results provide important information about the structure of
maximal T-orders that will in turn be refined over the next two sections to prove
the main result Theorem 1.2 from the introduction.

We begin with an expanded version of a definition from the introduction.

Definition 6.1. Let U C V be Ore domains with the same quotient ring Q(U).
We say that U is a maximal V-order if there exists no order U g U’ C V that
is equivalent to U. We note that if U and V are graded (in which case requiring
that Q4 (U) = Qg (V) is sufficient) then this is the same as being maximal among
graded orders equivalent to U and contained in V. Indeed, suppose that U has the
latter property, but that U C A C V for some equivalent order A. If A is given the
filtration induced from the graded structure of V, then the associated graded ring
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gr A will still satisfy U C grA € V and be equivalent to U, giving the required
contradiction.

When V = QU), or V = Q4 (U) if U is graded, a maximal V -order is simply
called a maximal order.

We are mostly interested in maximal 7 -orders. We introduce this concept because
maximal 7 -orders need not be maximal orders (see Proposition 10.3), although the
difference is not large (see Corollary 6.6). We first want to study the endomorphism
ring Endr 4y (M) arising from Theorem 5.24, and we begin with two useful lemmas.

Lemma 6.2. Let A be a noetherian domain with quotient division ring D. If N is a
finitely generated right A-submodule of D then End 4 (N**) is the unique maximal
order among orders containing and equivalent to End4 (N).

Proof. This is what is proved in [Cozzens 1976, Theorem 2.7], since End4 (N*) =
End 4 (N**). O

Lemma 6.3. Let A and B be rings such that A is left noetherian and suppose that
M is an (A, B)-bimodule that is finitely generated on both sides, and that N is a
finitely generated right B-module. Then Hompg (N, M) is a finitely generated left
A-module. In particular, Endg (M) is a finitely generated left A-module, and if B
is left noetherian then N* = Homg (N, B) is a finitely generated left B-module.

Proof. A surjective B-module homomorphism B®" — N induces an injective left
A-module homomorphism Hompg (N, M) < Hompg(B®", M) = M®". Since M is
a noetherian left A-module, Hompg (N, M) is a finitely generated left A-module. [

We are now ready to prove the first significant result of the section. Until further
notice, all duals N* will be taken as R-modules, for R = T (d).

Proposition 6.4. Let d be an effective divisor on E with degd < u andlet R=T (d).
Let M C T, be a g-divisible finitely generated graded right R-module with MT =T
and set W = Endg (M) and F = Endgr (M™*). Then:
() F, V=FNT and W are g-divisible algebras with Qg(W) = Qg (V) =
Qgr(F) = Qgr(T)-
(2) F is the unique maximal order containing and equivalent to W, while V is the
unique maximal T -order containing and equivalent to W.

(3) Thereis anideal K of F with K C W and GKdim F/K < 1.
(4) R =Endw(M) = Endp(M*).

Proof. Since Qg (R) = Qg (T) by Proposition 4.10, clearly the same is true for
W,V and F. Asin (2.11), given a right R-module N C Q4 (R) we identify

N* =Homg(N, R) = {6 € Qg(R) : 6N C R},
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and similarly for left modules. By Lemma 2.12(3), W is g-divisible and w M is
finitely generated. Thus the left-sided version of Lemma 6.3 shows that Endy (M)
is a finitely generated right R-module. Moreover, by Proposition 4.10, R is a
maximal order and so R = Endy (M).

By Lemma 2.13(3), M** is g-divisible with M** C T ,. Since M** is clearly
a finitely generated right R-module, the same logic ensures that F is g-divisible,
FM** is finitely generated and Endp(M**) = R. By Lemma 6.2, F O W and F
is the unique maximal order containing and equivalent to W. This automatically
ensures that V = F N T is maximal among 7 -orders containing and equivalent
to W. Clearly V is also g-divisible.

It remains to find the ideal K. By Proposition 2.9, both W and F are noetherian.
By Proposition 4.10 and Lemma 4.11(1), GKdimg (M**/M) < GKdim(R) —2 = 1.
Since M is g-divisible, X = M**/M is g-torsionfree and so, by Lemma 2.14, X is
a finitely generated right K[g]-module. Since M € M** C Ty, the action of g is
central on X and so X is also a finitely generated left K[g]-module. Now, it is
routine to check that M** and hence X are left W-modules, while k[g] C W since
W is g-divisible. Thus, X and hence M** are finitely generated left W-modules.
Moreover, GKdimy (X) < GKdimg,1(X) < 1 and so, by [Krause and Lenagan
1985, Lemma 5.3], I = ¢-anny (X) satisfies GKdim(W/I) < 1.

Now consider F'. First,

(IF)MCIFM* CIM*™CM

and hence / FF =1 C W. Thus F is a finitely generated right W-module and (on the
left) GKdimwy (F/ W) < GKdim(W/I) < 1. On the other hand, as w M** is finitely
generated, Lemma 6.3 implies that F = Endg (M **) is a finitely generated left W-
module. Thus, by [ibid., Lemma 5.3], again, the right annihilator I’ =r-anny (F/ W)
satisfies GKdim W/I’ < 1. Thus K = I'[ is an ideal of both F and W. By the
symmetry of the GK-dimension of bimodules finitely generated on both sides
[ibid., Corollary 5.4] and the exactness of the GK-dimension [ibid., Theorem 6.14],
GKdim(F/K) < 1. ]

Pairs of algebras (V, F) satisfying the conclusions of the proposition will appear
multiple times in this paper and so we turn those properties into a definition. For a
case when F # V, see Proposition 10.3.

Definition 6.5. A pair (V, F) is called a maximal order pair if
(1) F and V are g-divisible, cg algebras with V C F C T(yyand V C T,

(2) F is a maximal order in Qg (F) = Qg(T) and V = F N T is a maximal
T -order;

(3) there is an ideal K of F with K € V and GKdim F/K < 1.
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The next result illustrates the significance of Proposition 6.4 to the structure of
maximal T -orders.

Corollary 6.6. Let U C T be a g-divisible cg maximal T -order.

(1) There exists an effective divisor d on E, with degd < wu, and a g-divisible
(U, T(d))-module M C T with MT = T that is finitely generated as both
a left U-module and a right T (d)-module. Moreover, U = Endrq)(M) and
T(d) = Endy (M).

(2) (U, F =Endg(M™)) is a maximal order pair; in particular, if U is a maximal
order then U = F.

(3) Suppose that every ideal I of T (d) satisfying GKdim(T' (d)/1) = 1 satisfies
GKdim T /IT <1 (in particular, this holds if T (d) has no such ideals I). Then
U = F is a maximal order.

Proof. (1) By Theorem 5.24, there is an effective divisor d with degd < p so that
UCV=Endrqy(M)CT,

where M = U/T(7) is a finitely generated g-divisible graded right T (d)-module
with MT =T. By Theorem 5.24 again, V and U are equivalent orders. Since U is a
maximal T -order, this forces U = V. Finally, T (d) = Endy (M) by Proposition 6.4.
(2) As U =V, this is a restatement of Proposition 6.4(2).
(3) Just as in the proof of Proposition 6.4, J =r-anng M**/M is an ideal of R with
GKdim(R/J) < 1. Note that since M is g-divisible, either M = M** and J = R,
or else GKdim(R/J) = 1.

In either case, the hypotheses imply that GKdim7/JT < 1. Now M**JT C
MT =T. Thus

GKdim(aeT +T)/T <GKdimT/JT <1

for any « € M**. By Proposition 4.10 and Lemma 4.11(1), this implies that M** C T.

This in turn implies that M**T = T and hence that F C T. Since U is a maximal
T-order, U = F is a maximal order. O

We now turn to the second main aim of this section, which is to describe the

structure of U for suitable endomorphism rings U = Endr4)(M). The importance
of this result is that the pleasant properties of U can be pulled back to U.

Theorem 6.7. Let d be an effective divisor on E with degd < u, and let R =T (d).
Let M be a finitely generated g-divisible graded right R-module with RC M C T.
Let U = Endg(M) and F = Endg (M™**). Then there is an effective divisor y on E
so that
F=U=Endz(M) = B(E, (—x),7) forx=d—y+t ' (y). (6.8
Moreover, if V=FNT then U CV C F and (V, F) is a maximal order pair.
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The proof of Theorem 6.7 depends on a series of lemmas that will take the rest
of this section. Before getting to those results we make some comments and a
definition. We first want to regard the ring F' from the theorem as a blowup of 7" at
the divisor x on E, even if x is not effective. We formalise this as follows.

Definition 6.9. Let x be a (possibly noneffective) divisor on E with 0 < degx <
w = deg M. We say that a cg algebra F C T, is a blowup of T at x if

(i) F is part of a maximal order pair (V, F) with Qg (F) = Qg (T); and
(i) F = B(E, M(=x), 7).

Remarks 6.10. (i) The reader should regard this definition of a blowup as temporary
in the sense that it will be refined in Definition 7.1 and justified in Remark 7.5.
One caveat about the concept is that there may not be a unique blowup of 7 at
the divisor x; in the context of Theorem 6.7 there may be different R-modules M
leading to distinct blowups F, which nonetheless have factors F which are equal
in large degree. See Example 10.4 and Remark 10.7(2).

(i1) It follows easily from Theorem 6.7 that a maximal order pair (V, F) does give
a blowup of T at an appropriate (possibly noneffective) divisor x. The details are
given in Theorem 7.4 which also gives a converse to Theorem 6.7.

(iii) We conjecture that, generically, the blowup T (d) will have no sporadic ideals
in Theorem 6.7 and so, by Corollary 6.6(3), U = F will then be a maximal order.
For an example where this happens see Example 10.4, and, conversely, for an
example when U # F and F € T see Proposition 10.3.

Notation 6.11. For the rest of the section, we write N* = Homy (N, U) provided
that the ring U is clear from the context. In particular, given a g-divisible left
ideal I of R, we have I* = Hompy(I/gl, R) while 7* = Homg (I, R). Recall from
Lemma 4.11 that a R-module M is a-pure provided GKdim(M) = GKdim(N) =«
for all nonzero submodules N C M.

The main technical result we will need is the following, showing that “bar and
star commute” (up to a finite-dimensional vector space).

Proposition 6.12. Let R = T(d) for an effective divisor d with degd < .

(1) Let I be a proper, g-divisible left ideal of R for which R/ is 2-pure. Then
I /R is a g-torsionfree, 2-pure right module; further, I* C T(q) and I*=T*

(2) If M is a finitely generated g-divisible graded right R-module with RC M C T,
then M* = M*.

Proof. (1) By Lemma 4.11(2), I*/R is 2-pure. By Lemma 2.12, I* C T(4) and
since R is g-divisible, T(,)/R and hence I*/R are g-torsionfree.
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From the exact sequence 0 — Rg — R — R — 0 we obtain the long exact
sequence of right R-modules

0— Homg(R/I, R) — ExtL(R/I, Rg) — Exth(R/I, R) — Exth(R/I, R)
2 Ex(R/I, Rg) 5 Ex(R/I, R) — Ext3(R/I, R) — --- . (6.13)

By Proposition 4.10, R is Auslander—Gorenstein and CM. Thus N = Extzk(k /1, R)
has grade j(N) > 2 and hence GKdim(/N) < 2 — 2 = 0. Therefore, by [RSS 2015,
Lemma 7.9], Ext%e(R/I, E) = N is finite-dimensional and the map ¢ in (6.13) is
surjective in large degree. If £ = Ext%? (R/I, R), this says that Y : E[—1] — E is
surjective in large degree. Since dimy E, < oo for each n, this forces dimg E, >
dimk E, 4 for all n > 0 and so dimyg E, is eventually constant. In turn, this forces ¢
to be zero in large degree.

Next, observe that Hom(R/I, R) = 0 since R/I is g-torsionfree. Since ¢ is zero
in high degree, the complex

0 —> Extk(R/I, Rg) —> Exth(R/I, R) —> Exth(R/I, R) —> 0

is exact in high degree. Using [RSS 2015, Lemma 7.9] this can be identified with
the complex

0—> (I*/R)[—1] = I*/R —> ExtK(R/I, R) — 0,
where « is multiplication by g. As I* is g-divisible by Lemma 2.12(2), it follows that
I*/R=I"/(R+I*g) = coker(a) = Ext;(R/I, R) = I*/R.

In particular, dimg I* = dimy I* for all n > 0, and as there is an obvious inclusion
I* C I* we conclude that I* = I*.

(2) Note that M**/M is a g-torsionfree module of GK-dimension 1, as in the proof
of Proposition 6.4. By Lemma 2.14, dimg (M**/M) ®g R) < 0. Thus M** = M.

Let J = M*. Since J is a reflexive left ideal of R, the module R/J is 2-pure by
Lemmas 4.10(3) and 4.11(3). Thus part (1) applies and shows that J* = J*. Next,
J = J** by another use of Lemmas 4.10(3) and 4.11(3). Finally, it is easy to see
that for any finitely generated graded R-modules N and Q contained in Qgr(ﬁ),
if N = Q then N* = Q*. Putting the pieces above together, we conclude that

M*=J = J% = (J5)* = M*. O

The last ingredient we need for the proof of Theorem 6.7 is the following
description of the endomorphism ring of a torsion-free rank-one module over a
twisted homogeneous coordinate ring.
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Lemma 6.14. Let B = B(E, &, t), where E is a smooth elliptic curve, deg¥ > 1,
and t is of infinite order. Let N be a finitely generated, graded right B-submodule
of K(E)[t, =11, by [Artin and Van den Bergh 1990, Theorem 1.3],

N=PHE O0@)©%)
r>0

for some divisor q. Let N* = Homg(N, B) C K(E)[t,t™"; T]. Then:

(1) Endg(N) = B(E, ¥(qg —t~'(¢)). 7).

(2) NN* =Endg(N).

(B) N* =@,  HYE, £, 0(—t"(¢q))).
Proof. (1) Write G = Endg(N) € K(E)[t, t~'; 7] and, for each n, let %, be the
subsheaf of the constant sheaf k(E) generated by G, C K(E). Let N}, =0(q) @ £,;

thus N, = H°(E, N',)), and N, generates the sheaf N, for n > 0, say n > ny.
For n > ng and r > 0, the equation G, N,, C N,,4, forces (Q,Ngr C N4, and thus

4 ®0@)®L,)" CO(q)® Lnyr.

Equivalently,
G CL(q—T"(@)=(Lg—T D))

This shows that
G CB(E.£(q—1 ' (q). 7).

Reversing this calculation shows that
(g =7 @ N} S Nur
for r, n > 0 and taking sections for n > ng shows that
B(E. %(qg —7~'(¢)), 7) S Endp(Nzpy)-

To complete the proof we need to prove that G = Endp(N>,,). This follows by
[Rogalski 2011, Lemma 2.2(2)] and [Artin and Zhang 1994, Proposition 3.5] or by
a routine computation.

(2) Clearly N N* is an ideal of Endg(N). However, by Lemma 2.7(2), Endg (N) is

just infinite, and so NN* = Endg(N).

(3) The proof is similar to that of (1) and, as it will not be used in the paper, is left
to the reader. O

Proof of Theorem 6.7. We first check that F = U. By Proposition 6.4 there exists
an ideal K of F contained in U and satisfying GKdim(F/K) < 1. In particular,
GKdim(F/U) < 1. By Lemma 2.12(3), U is g-divisible, and so N = F/U is
g-torsionfree. It follows from Lemma 2.14 that GKdim(F/U) =0, and so U = F.
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Now it is obvious that U D M M*. Thus, using Proposition 6.12(2),
U2 (M)(M*) = (M)(M").

Conversely, by Lemma 2.12(3), U = Endg(M) € Endz(M). We also have
R = B(E, M(—d), 7). Applying Lemma 6.14 to £ = M(—d) and N = M gives

(M)(M*) = Endg(M) = B(E, M(—x), 7),

where, in the notation of that lemma, y =¢ and x =d — y+7~'(y). That y is effec-
tive follows from R € M. Combining the last two displayed equations gives (6.8).

Since R € M, necessarily MT = T. Thus the second paragraph of the theorem
is just a restatement of Proposition 6.4. ]

7. The structure of g-divisible orders

In this section we first refine the results from the last two sections to give strong struc-
tural results for a g-divisible maximal 7-order U (see Theorem 7.4). Then we use
these results to analyse both arbitrary g-divisible orders and ungraded subalgebras of
D = Dy (T) (see Corollaries 7.6 and 7.10, respectively). In particular, we show that
U is part of a maximal order pair (U, F) for which F is a blowup of T at a (possibly
noneffective) divisor x =d — y + () in the sense of Definition 6.9. Here, the
divisor y can have arbitrarily high degree but is not arbitrary, as we first explain.

Definition 7.1. Let x be a divisor on E. For each t-orbit O in E pick p = pg € O
such that x|g = Z?:o x; pi, where p; =1 ~(p). Then x is called a virtually effective
divisor if for each orbit O and all j € Z the divisor x satisfies

Y x>0 and ) x>0 (7.2)

i<j i>j

If F is a blowup of T at a virtually effective divisor x then F is called a virtual
blowup of T.

The relevance of this condition is shown by the next result, in which the nota-
tion u; for a divisor u comes from Notation 5.2.

Proposition 7.3. (1) The divisor x in Theorem 6.7 is virtually effective.

(2) A divisor x is virtually effective if and only if x can be written as
x=u—v+1'(v),

where u is an effective divisor supported on distinct t-orbits and v is an
effective divisor such that 0 < v < uy, for some k.
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Proof. (1) By Theorem 6.7, F = B(E, N, t), where N' = Jl(—x). Since F = U C
T = B(E, M, 7), we must have N,, C M, for n > 0. Now compare this with the
computations in the proof of Corollary 5.3. In the notation of that proof, ¥ = O
and hence y = 0. Therefore, as is explained in the proof of (5.11), this forces (7.2)
to hold.

(2) It is enough to prove this in the case that x is supported on a single 7-orbit O
in E.
(=) As in Definition 7.1, write x = Zf:o x; p; for a suitable point pg € O. Set

e=) zxiandu=ep. For jeN,letv; =3, ;. xandputv=73 . ,v;p;.
By (7.2), v is effective. Also, since Ziij x; >0 for all j, we have

vi=e—» x;<e for0<j<k-1,

i<j

while v; =0 for j > k. Therefore, 0 < v <uy = Zf-:(} ep;. Finally,

u —v+r_1(v) :epg—Z( Z Xi>pj+2( Z xi)pj+1

j=0 Ni>j+l1 J=0 Nizj+1
=e~((Z)m+ (3 o)) + (S )
izl jzl tizj+l jzl tizj

= inpi =X.

(<) Although this is similar to part (1), it seems easiest to give a direct proof.

Write u = ep = epg and v = ) v; p; for some point p and some v; > 0. By
definition, u; = Zf-:(; epi, and so, by our assumptions, 0 <v; <efor0<i <k—1,
and v; = 0 for all other i. Therefore,

X=u—v +r*1(v) = (e —vo)po + Z(Uz’—l —v)pi.
i>1

If j <—1thenx; =0and )
Similarly, if j <0 then )

i<jXi =0. If j >0, then )_
x; =e >0, while if j > 1 then

i<jXi =e—Vj > 0.

i>
k
in = Z(Uifl —v)=vj_ 1~y =vj-1 >0.
i>] i=j
Thus (7.2) is satisfied. O

We are now ready to state our main result on the structure of g-divisible maximal
T -orders.
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Theorem 7.4. (1) Let V C T be a g-divisible cg maximal T-order. Then the
following hold:

(a) There is a maximal order F DV such that (V, F) is a maximal order pair.
(b) F is avirtual blowup of T at a virtually effective divisor x =u—v+1 1 (v)
satisfying 0 < degx < .
(c) V=F = B(E, M(—x), 7).
(2) IfU C T is any g-divisible cg subalgebra with Qo (U) = Qg (T), there exists a

maximal order pair (V, F) as in (1) such that U is contained in and equivalent
toV.

(3) Conversely, let x be a virtually effective divisor with degx < . Then there
exists a blowup F of T at x.

Proof. (1) By definition, Qg (V) = Qg (T). Now combine Corollary 6.6(1-2),
Theorem 6.7 and Proposition 7.3.

(2) By Theorem 5.24, U is contained in and equivalent to some Endz ) (M) which,
in turn, is contained in and equivalent to a maximal 7'-order by Proposition 6.4.

(3) Write x =u—v+41~!(v), where u, v, k are defined by applying Proposition 7.3
to x. By [RSS 2015, Lemma 5.10], there is a g-divisible finitely generated right
T (u)-module M with T(u) C M C MT =T so that

M =D H(E, My(—uy +v)).

Let F = Endg(M**) D U = Endg(M). By Theorem 6.7 and Lemma 6.14(1-2),
we have

F=U=M(M)*= B(E, M(—x), 7),
and (FNT, F) is a maximal order pair. ([l

Remark 7.5. We should explain why F' is called a virtual blowup of 7" at x both in
this theorem and in Definition 7.1. When x is effective this is amply justified in [Ro-
galski 2011] and, in that case, T (x) satisfies many of the basic properties of a commu-
tative blowup; in particular, it agrees with Van den Bergh’s more categorical blowup
[2001]. For noneffective x there are several reasons why the notation is reasonable.

(1) As we have shown repeatedly in this paper, the factor U of a g-divisible
algebra U controls much of U’s behaviour and so Theorem 7.4(1c) shows that
F will have many of the basic properties of a blowup at an effective divisor.

(2) This is also supported by the fact that, by Theorem 5.24, F and T (u) are
equivalent maximal orders and, again, many properties pass through such a
Morita context.
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(3) Finally, in the commutative case virtual blowups are blowups, both because
virtually effective divisors are then effective and because equivalent maximal
orders are then equal.

Theorem 7.4 can be easily used to describe arbitrary g-divisible subalgebras
of T. We recall that the idealiser of a left ideal L in a ring A is the subring
I((Ly={0#ecA:LOC L}

Corollary 7.6. Let U C T be a g-divisible subalgebra with Qg (U) = Qg (T).
Then U is an iterated subidealiser inside a virtual blowup of T. More precisely, we
have the following chain of rings:

(1) There is a virtually effective divisor x = u — v 4+t~ (v) with deg(x) < p and
a blowup F of T at x such that V = F NT contains and is equivalent to U,
while (V, F) is a maximal order pair.

(2) There exist a g-divisible algebra W with U C W C 'V such that U is a right
subidealiser inside W and W is a left subidealiser inside V. In more detail,

(a) There exists a graded g-divisible left ideal L of V such either L =V
or else V/L is 2-pure, and a g-divisible ideal K of X = (L) such that
K C W C X and GKdimyx (X/K) < 1;

(b) V is a finitely generated left W-module, while X /K is a finitely generated
klg]-module and so X is finitely generated over W on both sides;

(c) the properties given for W C 'V also hold for the pair U C W, but with left
and right interchanged.

Proof. (1) Use Theorem 7.4(1-2).

(2) By (1), aVb C U for some a, b € U~ {0}. Set W = U + Vb and W = W'. By

Lemma 2.13(1), aW = aW'cU=U. By Proposition 2.9, W is noetherian and so

(modulo a shift) V = Vb is a finitely generated left W-module. Similarly, W is a

finitely generated right U-module. We will now just prove parts (2a) and (2b), leav-

ing the reader to check that the same argument does indeed work for the pair (U, W).
Write V = Zf: | We; for some ¢;. Then the right annihilator

K =r-anny(V/W) = ﬂ r-ann(e;)

isnonzero. Let L/K be the largest left V-submodule of V /K with GKdim(L/K) <1.
Then either L =V, orelse V /L is 2-pure. For a € W, the module (La+ K)/K is a
homomorphic image of La/Ka and hence of L/K. Thus GKdim((La+K)/K) <1
and La C L; in other words, L is still a (V, W)-bimodule.

As W = W, it is routine to see that K is g-divisible, but since we use the
argument several times we give the details. So, suppose that g € K for some
0 € V. Then (VO)g C W= W, whence VO € W and 6 € K, as required. It
follows that L/K is g-torsionfree and so, by Lemma 2.14, L/K is a finitely
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generated right K[g]-module. Thus, by [Krause and Lenagan 1985, Lemma 5.3],
I = C-anny (L/K) satisfies GKdimy (V/I) = GKdim(L/K) < 1. Again, [ is g-
divisible. Also, if & € V has 6g € L then (I0)g C K and so /16 € K. Hence
GKdim(Vé + K)/K <GKdim(V/I) <1and @ € L. So L is also g-divisible.
Finally, let X =1y (L) ={x € V: Lx C L}. As usual, X is g-divisible. Clearly
IL is an ideal of X, and since / and L are g-divisible, GKdim(X/IL) < 1, by
Lemma 2.15(4). Since X D K D IL, it follows that GKdim X/K < 1. Finally,
since X/K is g-torsionfree of GK-dimension 1, it must be a finitely generated k[g]-
module by Lemma 2.14; in particular, X/ W and hence X are finitely generated as
right W-modules. U

There is a close correspondence between subalgebras A of the function skewfield
D = Dy (T) and g-divisible subalgebras of T(z), and so we end the section by
studying the consequences of our earlier results for such an algebra A.

For a cg subalgebra R C T(,) with g € R, define

R°=R[g o= J Rag™ S D = Dy(T).

n>0

Conversely, given an algebra A C T°, define

QA=(QA), for (QA)y ={aeT,:ag™" € A}.

m>0

Clearly QA is g-divisible with (2A)° = A and, if R C T, then Q2 (R°) = I/Q\; thus
we obtain a one-to-one correspondence between cg g-divisible subalgebras of T
and subalgebras of 7°.

Given a left ideal I of R or a left ideal J of A we define /° and 2J by the same
formule. If R is g-divisible, the map I — I° gives a one-to-one correspondence
between g-divisible left ideals of R and left ideals of R°, with analogous results
for two-sided ideals (see [Artin et al. 1991, Proposition 7.5]).

An algebra A C T° is filtered by A = JT" A for ' A = (QA),g™". By [RSS
2014, Lemmas 2.1 and 2.2],

ngA:®F”A/F”_]AEQA/gQA, (1.7)
where the isomorphism is induced by the map
IMANT" 1A > QA, x=rg"—r

Lemma 7.8. Let A, A’ be orders in T°. Then A and A’ are equivalent orders if and
only if QA and QA are equivalent orders in Qg (T).

Proof. Let0 #a €T,,A’ and 0 £ b € ', A". To prove the lemma, it suffices to show
that aAb C A’ if and only if ag” (QA)bg" C QA’. However, if 0 # o € QA, write
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o = xg* for some k and x € A. Then
axbe A’ <> axb € Tk A < ag™(xgb)bg" € QA/,
as desired. U

Corollary 7.9. A subalgebra A C T is a maximal T°-order if and only if Q(A) is
a maximal T -order. ([

By [RSS 2014, Theorem 1.1], every subalgebra of 7° is finitely generated and
noetherian; these subalgebras thus give a rich supply of noetherian domains of
GK-dimension 2. Our earlier results about cg maximal 7 -orders translate easily to
results about maximal 7 °-orders. An ideal I of a k-algebra A is called cofinite if
dimg(A/I) < oo.

Corollary 7.10. Let A be a subalgebra of T° with Q(A) = Q(T°).

(1) There exists a maximal order pair (V, F), where F is a blowup of T at some
virtually effective divisor x, such that A is contained in and equivalent to the
maximal T-order V°.

(2) Inpart (1), F° is a maximal order in Q(T°) = Dg(T).

(3) The algebras V° and F° have a cofinite ideal K ° in common. Also, we have
grr 14 = B(Ea ‘/‘/t(_x)a T)'

(4) Suppose that all nonzero ideals 1 of T (d)° generate cofinite right ideals of
T° (in particular, this happens if T (d)° is simple) and that A is a maximal
T°-order. Then A is a maximal order.

Proof. (1) By Theorem 7.4(2), 2A is contained in and equivalent to some such V.
Now use Lemma 7.8 and Corollary 7.9.

(2) Since F need not be contained in 7', this does not follow directly from the
above discussion. However, it does follow from Lemma 6.2 combined with the fact
that, in the notation of Corollary 6.6,

F° =Endr@g)-(M*™)°) = Endz gy (M°)*).

(3) By definition and Lemma 2.14, V and F have an ideal K in common such that
F/K is finitely generated as a K[g]-module. Consequently F°/K° and V°/K° are
finite-dimensional. The final assertion follows from Theorem 7.4(1c).

(4) Use Corollary 6.6(3). O
We also have a converse to Corollary 7.10(3).

Corollary 7.11. Let x be a virtually effective divisor on E with degx < u. Then
there exists a maximal T°-order A with grr A = B(E, M(—x), ).
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Proof. Let U be the g-divisible maximal T -order given by Theorem 7.4(3); thus
U = B(E, M(—x), ) by part (1c) of that result. By (7.7), A = U° satisfies the
conclusion of this corollary. U

Del Pezzo surfaces. The blowup of T at < 8 points on E can be thought of as
a noncommutative del Pezzo surface. More carefully, it should be thought of as
the anticanonical ring of a noncommutative del Pezzo surface; this corresponds
to the fact that the central element g is in degree 1. Let U be a blowup of T at a
virtually effective divisor d’ of degree < 8. By analogy, we should think of U as
a (new type of) noncommutative del Pezzo surface, and the localisation U° as a
particular kind of noncommutative affine surface. Corollary 7.10(3) can then be
reinterpreted as saying that any maximal order A C T°° is the coordinate ring of
just such a noncommutative affine surface.

In [Etingof and Ginzburg 2010], the authors study noncommutative affine surfaces
which are deformations of the commutative symplectic affine surfaces obtained
from removing an anticanonical divisor from [P2. These surfaces are related to ours
but not the same; for example, we consider A =T° =T /(g — 1), but the algebra
A" =S/(g — 1) is considered in [ibid.]. The algebra A’ is a rank 3 A-module, so
“Spec A"’ is a triple cover of “Spec A” (inasmuch as these terms make sense in a
noncommutative context).

8. Sporadic ideals and g-divisible hulls

One of the main results in [Rogalski 2011] showed that the algebras considered
there have minimal sporadic ideals, in a sense we define momentarily. In this section
we show that, under minor assumptions, this generalises to cg subalgebras U C T
with g € U (see Corollary 8.8 for the precise statement). The significance of this
result is that it provides a tight connection between the algebra U and its g-divisible
hull U and provides the final step in the proof of Theorem 1.2, that maximal orders
are noetherian blowups of T (see Theorem 8.11).

Recall that a graded ideal I of a cg graded algebra R is called sporadic if
GKdim(R/I) = 1.

Definition 8.1. An ideal / of a cg algebra R is called a minimal sporadic ideal if
GKdim(R/I) <1 and, for all sporadic ideals J, we have dimx I /(J N 1) < oo.

Note that one can make the minimal sporadic ideal I unique by demanding that
it be saturated, but we will not do so since this causes extra complications.
Beginning in this section, we need to strengthen our hypothesis on the ring 7'.

Assumption 8.2. In addition to Assumption 2.1, we assume that 7 has a minimal
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sporadic ideal and that there exists an uncountable algebraically closed field exten-
sion K D K such that, in the notation of [RSS 2015, Definition 7.2], Div(T ® K)
is countable.

We emphasise that, by [RSS 2015, Theorem 8.8 and Proposition 8.7], these extra
assumptions do hold both for the algebras 7" from Examples 2.2(1-2) and for their
blowups T'(d) at effective divisors d with degd < .

For the rest of this section we assume that our algebras 7" satisfy Assumptions 2.1
and 8.2. We do not know if Assumption 8.2 holds for Stephenson’s algebras from
Examples 2.2(3). By a routine exercise, Examples 2.2(4) does not have a minimal
sporadic ideal, so Assumption 8.2 is strictly stronger than Assumption 2.1.

As noted above, the blowups T (d) with degd < @ have a minimal sporadic
ideal, and the first goal of this section is to extend this to more general subalgebras
of T(,). We start with the case of g-divisible algebras.

Lemma 8.3. Let (V, F) be a maximal order pair, in the sense of Definition 6.5.
Then both F and V have a minimal sporadic ideal.

Proof. By Corollary 6.6, there exists an effective divisor d with degd < p and a
right R-module M D R, where R = T (d), such that

F =Endg(M*) D FNT =V =Endg(M).

We will use a minimal sporadic ideal of R to construct such an ideal for F and
for V.

Set J = M* = M*** C R; thus F = Endg(J) as well. Also, write X = JJ*,
a nonzero ideal of R, and W = J*J, a nonzero ideal of F. By Lemma 2.13(3),
J and J* = M** are g-divisible; in particular, J ¢ gT(,) and J* € gT\s). Thus, by
Lemma 2.15(4), GKdim(R/X) < 1 and GKdim(F /W) < 1. By Assumption 8.2
and [RSS 2015, Proposition 8.7] we can choose a minimal sporadic ideal X’
of R such that X’ C X. Let I = J*X'J. Since GKdim(X’) < 1 and R is g-
divisible, GKdim R/gR =2 and so X' € gT ) also. Thus / is an ideal of F with
GKdim(F/I) <1 by Lemma 2.15(4).

Now consider an arbitrary sporadic ideal L of F, if such an ideal exists. Since
F is g-divisible, L € gT(,) and so, just as in the previous paragraph, JLJ* is an
ideal of R satisfying GKdimg(R/JLJ*) < 1. Hence JLJ* 2 X'H for an ideal H
of R with dimk(R/H) < oco. Now, L 2 (J*J)L(J*J) 2 J*X'HJ, and [Krause
and Lenagan 1985, Proposition 5.6] implies that dimk(J*X'J)/(J*X'HJ) < oo.
Thus [ is a minimal sporadic ideal of F.

In conclusion, F and V have a common ideal K with GKdim(F/K) <1 (see
Proposition 6.4). Thus K 7K is a minimal sporadic ideal for F that lies in V and
so it is also a minimal sporadic ideal for V. (]
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Proposition 8.4. Suppose that T satisfies Assumptions 2.1 and 8.2. Let U C T be a
g-divisible graded algebra with Qo(U) = Qg (T). Then U has a minimal sporadic
ideal.

Proof. By Theorem 7.4(2), U is contained in and equivalent to some g-divisible
maximal 7'-order V, say with aVb C U for some nonzero homogeneous a, b € U.
SetU' =U+UaV CV, and W = U’. Thus aV CU CWandU'bCU. By
Lemma 2.13(1), Wb = U'b C U=U.SetJ= L-anny V /W, noticing that J is a
nonzero ideal of W (since a € J) and a right ideal of V. Also, as W is g-divisible,
it follows that J is g-divisible. Thus, by Lemma 2.15(3), GKdim W/J < 1.

If K is a minimal sporadic ideal in V given by Lemma 8.3, we claim that
J K is a minimal sporadic ideal in W. To see this, let L be any ideal of W with
GKdim W/L < 1. Then I = VLJ is an ideal of V. Since none of V, L, or J is
contained in g7,), GKdim V/I <1 by Lemma 2.15(4). Hence I © KM for some
ideal M of V with dimg(V/M) <ooandso L 2 JVLJ O JKM. This implies
that J K is a minimal sporadic ideal for W. Finally, a symmetric argument, using
the fact that W is g-divisible with a minimal sporadic ideal, proves that U has such
an ideal. (]

As in Section 7, results on g-divisible rings have close analogues for subalgebras
of T°.

Corollary 8.5. Suppose that T satisfies Assumptions 2.1 and 8.2. Let A be a
subalgebra of T° with Q(A) = Q(T°). Then A has a unique minimal nonzero
ideal I, and dimg A/I < oo. Further, A has DCC on ideals and finitely many
primes.

Proof. Recall from Section 7 that there is a one-to-one correspondence between
g-divisible ideals of QA and ideals of A. Since every nonzero g-divisible ideal of
QA is sporadic, when combined with Proposition 8.4 this gives the existence of 1
as described. Since A/[ is artinian it has finitely many prime ideals and DCC on
ideals. Thus the same holds for A. (]

We now turn to a more general subalgebra U of T, with the aim of controlling
its sporadic ideals also. We achieve this by relating U to its g-divisible hull U and
we begin with a straightforward lemma on subalgebras of TCRs. Recall that, for
any subalgebra U C Ty, we write U = U + gT(q)/ T(g)-

Lemma 8.6. Ler B = B(E, M, t) for some smooth elliptic curve E, invertible
sheaf M of degree d > 0 and t of infinite order. Then for any O # x € By, we have
By,x +xB, = B4 forn > 0.

In particular, if A is a graded subalgebra of B such that A # K, then B is a
noetherian (A, A)-bimodule.
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Proof. By [Artin and Van den Bergh 1990, Theorem 1.3] and its left-right analogue,
there exist effective divisors x and x’ such that

XBony = @D HY(E, Myii(—x)) and  (Bzn)x = @D HO(E, Myix(—17"x"))

n=ngo n=no

(With a little thought one can see that this holds with ng = 0 and x = x’, but that is
not relevant here.) Since |7| = 0o, we may choose ng so that x N 7"x’ = & for all
n > ng. For such n there is an exact sequence

0= 0g(—x—1t7"x") > Og(—x) ®Og(—1"x') = O — 0.

Tensoring with M, and taking global sections gives a long exact sequence that
reads, in part,

HYE, M1 (=) ® HO(E, My (—77"x")) —= HO(E, Myip) — H

XBn @ an Bn+k

for H= H'(E, My 1 (—x —77"x")) and 6 the natural map. Since
deg(My ik (—x —77"x)) >0 for n> 0,

Riemann—Roch ensures that H = 0 and hence that 6 is surjective for such #n.
This implies that B is a noetherian (K{x), k{x))-bimodule, which certainly suf-
fices to prove the final assertion of the lemma. U

We now show that, under mild hypotheses, U is equivalent to U. In this result
the hypothesis that U # K is annoying but necessary (see Example 10.8) but, as
will be shown in Section 9, there are ways of circumventing it.

Proposition 8.7. Suppose that T satisfies Assumptions 2.1 and 8.2. Let U be a cg
subalgebra of T with Qg(U) = Qu(T), g € U and U # k.

(1) There exists n > 0 such that U NTg™ = Un Tg" = g’"ﬁfor all m > n. Thus
U and U are equivalent orders.

(2) If U is right noetherian then Uisa finitely generated right U-module.
Proof. (1) LetV = U. Since T is g-divisible, V C T'. Working inside Q¢ (T), we get
{xeT:xgk eU}:gikUﬂT,

and hence V = Ukzo g *UNT. Now define Q0 = (g *UNT +gT)/gT < T.
Then, since g € U,

U=0%coVc...clJo®=V.
k
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Each Q@ is an U-subbimodule of 7' and so, by Lemma 8.6, Q™ =V for some n.

We claim that UNT g™ =V NTg™ for all m > n. If not, there exists y =xg" €
VN Tg" \ U for some such m. Choose x of minimal degree with this property.
This ensures that y ¢ ¢! T, since otherwise one could write y = g”*!x” with
deg(x") =deg(x)—1. Since X =[x+gT]eV = 0", we have x = w, where wg" € U.
Thus wg" —xg" € VNTg"*! and so w —x = vg, where vg"t! € VNTg"*+!. Since
deg v < deg x, the minimality of deg x ensures that vg"*! € U. Then xg" = wg" —
vg"t' e U, and so y =xg" (g™ ") € U, a contradiction. Thus UNTg" =V NTg™
as claimed. Finally, as gV =V NgT, an easy induction shows that VNTg" =g" V.

(2) This is immediate from part (1). O

In the next result, we construct an ideal with a property that is slightly weaker
than being a minimal sporadic ideal. However, it will have the same consequences.

Corollary 8.8. Suppose that T satisfies Assumptions 2.1 and 8.2. Let C be a cg
subalgebra of T with Q¢ (C) = Qg (T). Assume that g € C and C #k. Then C
has a sporadic ideal K (possibly K = C) that is minimal among sporadic ideals 1
for which C/1 is g-torsionfree.

Proof. Note that C is noetherian by Proposition 2.9 and has a minimal sporadic
ideal, say J, by Proposition 8.4. By Lemma 2.15(2), 7 is also a minimal sporadic
ideal of C. Thus, replacing J by 7, we can assume that C /J is g-torsionfree.

We will show that K = J N C satisfies the conclusion of the corollary. So, let /
be a sporadic ideal of C such that C/I is g-torsionfree (if such an ideal exists).
We first show that J NC C I. By Proposition 8.7, H = g”é\ C C for some n > 1
andso/ D HIH = g2"616. By Lemma 2.15(3), HI H = g" L for some r and
ideal L of C with GKdim(@/L) < 1. As J is sporadic, dimk J/(J N L) < oo and
so LNJ D J>; 2 g*J for some integer s. Combining these observations shows that
I D g'J for some integer ¢. Pick u minimal such that I 2 g“(J NC). If u # 0, then

I+g"7'(JNC) IT+g"“"'(JNC)
I - I+g«(JNC)

is g-torsion, and hence zero since C/I is g-torsionfree by assumption. Hence u =0
and I 2 JNC.

It remains to show that GKdim C/(C N J) < 1. Since C /J is g-torsionfree,
Lemma 2.14 implies that M = C /J is a finitely generated K[g]-module. Then the
C-submodule (C 4+ J)/J = C/(J NC) is also. Therefore, by [Krause and Lenagan
1985, Corollary 5.4],

GKdim¢ (C/(C N J)) = GKdimg (C/(CNJ)) < 1.

Thus K = J N C satisfies the conclusions of the corollary. (]
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Lemma 8.9. The set of orders {C C T with C # K and g € C} satisfies ACC.

Proof. By Zorn’s lemma, it suffices to prove that any such ring C is finitely generated
as an algebra; equivalently, that C> is finitely generated as a right ideal.

We first show that, for any m > 1, C/(g™T N C) is finitely generated as an
algebra. The result holds for m = 1 by [RSS 2014, Theorem 1.1(1)]. By induction,
choose ay, ..., a; € C>; whose images generate C/(¢"~!T N C) as an algebra.
Set X = (¢"~'TNC)/(g"T NC). Then, up to shifts,

_ Tngl-mc _(Tng'="C)+gT
~ gTngl-mCc gT

CT/gT

as C-bimodules. Thus, by Lemma 8.6, X is a finitely generated C-bimodule, say
by the images of by, ..., b, € g’”_lTﬂC. Then {ay, ..., ak, by, ..., b,} generate
C/(g"T NC), completing the induction.

By Proposition 8.7, there exists £ € N such that g’”a =CNg"T C C for all
m > £. By the above, choose ¢y, ..., cy € C>1 whose images generate C/g”la as
an algebra. Then for any f € C=, there exists x € Y ¢;C so that f —x € g'+!1C =
g(g[é\ ); thus f € gC + Y ¢;C. Therefore, Cs; is generated as a right ideal by
g,Cly...,CN. O

Proposition 8.10. Suppose that T satisfies Assumptions 2.1 and 8.2. Let U be a cg
subalgebra of T with U # Kand Dg(U) = Dy (T). Then there exists a nonzero
ideal of C = U{g) that is finitely generated as both a left and a right U-module.

Proof. By Lemma 8.9, there is a finitely generated cg subalgebra W of U with
C=U(g)=W(g). Note that Qg (C) = Qu(T) as g € C.

Fixn eN. Observe that CW,, =), W>,g" =W->,C isanideal of C. Moreover,
C/CWs, is a homomorphic image of the polynomial ring (W/Ws>,)[g]. Since
dimg(W/Ws,) < oo, it follows that C/C W=, is a finitely generated K[g]-module.
In particular, by [Krause and Lenagan 1985, Corollary 5.4],

GKdim¢ (C/CWs,) = GKdimkg (C/CWs,) < 1.

Moreover, K, = torsg(C/CW-s,) is finite-dimensional.

LetZ,= CﬂC/W;1; thus Z,,/CW>, = K. Note that C/Z, is a finitely generated
torsion-free, hence free, k[g]-module. Therefore, if d, denotes the rank of that free
module, then

d, =dim(C/Z,)m form >0
=dimk(C/CWs>,),, form > 0.

Also, CWs; D2 CWsp41, whence Z, D Z,41 and d;, < dp41.
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Let J be a minimal sporadic ideal of C such that C /J is g-torsionfree; thus, by
Corollary 8.8 and its proof, C N J is minimal among sporadic ideals of C such that
the factor is g-torsionfree. By construction, each Z, is either sporadic or equal to C;
in either case Z, 2 CNJ. Now C/(CNJ) — 6/], which, by Lemma 2.14, has
an eventually constant Hilbert series; say dimk(a /J)m = N for all m > 0. Hence
dim(C/Z,)m < N for all such m and, in particular, d,, < N. Since d, < d,,41, it
follows that d,, = d,,+ for all n > 0; say for all n > ng. Thus, by the last display,
CWs, = CWsp, for all n > ny.

Finally, if W is generated as an algebra by elements of degree at most e, then
CWxpyWs1 D CWs,1e. By the last paragraph, dimg(CWs,,/CWs,1e) < 00,
and so dimy (C W=,/ C Wx,,W=1) < oo. Thus, by the graded Nakayama’s lemma,
CWsxpy = Wxp,C = W5, ,U(g) is finitely generated as a right W-module, and hence
as a right U-module. ([

Finally, we can reap the benefits of the last few results.

Theorem 8.11. Suppose that T satisfies Assumptions 2.1 and 8.2. For some n > 1,
let U be a cg maximal T™-order with U # K. Then U is strongly noetherian; in
particular, noetherian and finitely generated as an algebra. Moreover:

(D) Ifn=1,50 Qg(U) = Q(T), then U is g-divisible and U = F N T, where F
is a blowup of T at a virtually effective divisor x =u — v+t~ (v) of degree
< U

(2) If Qg (U) # Qg (T), then there is a virtually effective divisor x of degree <
and a blowup F of T at x so that U = (FNT)™.,

Proof. (1) Let C = U(g); thus Qg (U) = Qgr(a) = Qg (T). By Proposition 8.10,
there exists an ideal X of C that is finitely generated as a right U-module. In
particular, as U is a right Ore domain and X C Q4 (U), we can clear denominators
from the left to find g € Q4 (U) such that X C qU. As X is an ideal of C, we have
pC C X forany 0 # p € X and hence C C p~'qU. Thus C and U are equivalent
orders. By Proposition 8.7 it follows that U and C are equivalent orders and hence
U =C. Now apply Proposition 2.9 and Theorem 7.4.

(2) Keep C and X as above. In this case, as Qq(U) =K(E)[g", g7", "], clearly
U and C’' = U(g") have the same graded quotient ring and, moreover, C' = C™,
Therefore X™ is an ideal of C™ which, since it is a U-module summand of X, is
also finitely generated as a right (and left) U-module. The argument used in (1)
therefore implies that U and C™ are equivalent orders and hence that U = C™.
In partlcular C=)"_ g ic™isa ﬁmtely generated right U-module.

Consider C. As g€ C we have Qgr(C) Qg (T) and so, by Corollary 7.6(1),
there exists a cg maximal 7-order V = VCrT containing and equivalent to C. By



2108 Daniel Rogalski, Susan J. Sierra and J. Toby Stafford

Proposition 8.7, V is equivalent to C. Further, V = FNT where F is a blowup
of T at some virtually effective divisor x on E with degx < u.

Now, aVb C C for some a, b € C ~\ {0}. By multiplying by further elements
of C we may suppose that a, b € C™ = U and hence that aV®™b C U. As U is a
maximal 7 ®-order, and certainly V™ C T it follows that U = V™. O

One consequence of the theorem is that maximal 7 -orders have a number of
pleasant properties, as we next illustrate. The undefined terms in the following
corollary can be found in [Rogalski 2011, §2] and [Van den Bergh 1997].

Corollary 8.12. Suppose that T satisfies Assumptions 2.1 and 8.2. For some n > 1,
let U be a cg maximal T ™ -order with U # K. Then qgr-U has cohomological
dimension < 2, while U has a balanced dualising complex and satisfies the Artin—
Zhang x conditions.

Proof. By Theorem 8.11, U = V™ for a g-divisible maximal T-order V. Hence
V=B(E,N, 1), by Theorem 6.7. Thus [Rogalski 2011, Lemma 2.2] and [Artin and
Zhang 1994, Lemma 8.2(5)] imply that qgr-V has cohomological dimension one,
and that V satisfies x. The fact that V satisfies x and that qgr-V has cohomological
dimension < 2 then follow from [ibid., Theorem 8.8]. By [Artin and Stafford 1995,
Lemma 4.10(3)], V is a noetherian U-module and so, by [Artin and Zhang 1994,
Proposition 8.7(2)], these properties then descend to U. (With a little more work
one can show that qgr-V and qgr-U have cohomological dimension exactly 2.)
Finally, by [Van den Bergh 1997, Theorem 6.3], this implies the existence of a
balanced dualising complex. ([l

Let U be a maximal order in T with U # k. Theorem 8.11 also allows us to
determine the simple objects in qgr-U, although we do not formalise their geometric
structure.

Corollary 8.13. Suppose that T satisfies Assumptions 2.1 and 8.2. Let U be a
cg maximal T-order with U # K. Then the simple objects in qgr-U are in one-to-
one correspondence with the closed points of the elliptic curve E together with a
(possibly empty) finite set.

Proof. A simple object in qgr-U equals 7 (M) for a cyclic critical right U-module M
with the property that every proper factor of M is finite-dimensional. Suppose first
that M is g-torsion; thus Mg =0 by Lemma 3.8. Hence, by Theorems 8.11 and 7.4,
(M) € qgr-B for some TCR B = B(E, N, t). Thus, under the equivalence of
categories qgr-B ~ coh(E), w (M) corresponds to a closed point of E.

On the other hand, if M is not annihilated by g, then Lemma 3.8 implies that M
is g-torsionfree. By comparing Hilbert series, it follows that GKdim(M/Mg) =
GKdim(M) — 1 and so, as dimx M /Mg < oo by construction, GKdim(M) = 1. In
particular, M’ = M [g_1 Jo is then a finite-dimensional simple U °-module and hence
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is annihilated by the minimal nonzero ideal of U° (see Corollary 8.5). Pulling back
to U, this says that M is killed by the minimal sporadic ideal K of U. Thus, by
Lemma 3.8, P = r-ann(M) is one of the finitely many prime ideals P minimal
over K.

In order to complete the proof we need to show that 7 (M) is uniquely determined
by P. Note that, as dimx(M/Mg) < oo, we have n(M) = x(Mg) = n(M[—1])
in qgr-U, and so we do not need to worry about shifts. Next, as GKdim(M) =
GKdim(U/P), M is a (Goldie) torsion-free U/ P-module and hence is isomorphic
to (a shift of) a uniform right ideal J of U/P. However, given a second uniform
right ideal J C U/ P, then J' is isomorphic to (a shift of) a submodule L C J
(use the proof of [McConnell and Robson 2001, Corollary 3.3.3]). Once again,
dimg(J/L) < oo and so 7 (J) = 7 (J'), as required. U

Corollary 8.14. Suppose that T satisfies Assumptions 2.1 and 8.2. Let U C T be a
noetherian cg algebra with D (U) = Dg(T) and U #K. Then C =U(g) and C
are both finitely generated right (and left) U-modules.

Proof. Again, let X = CUs,, be the ideal of C that is finitely generated as a right
U-module given by Proposition 8.10. In this case, X is a noetherian right U-module
and hence so is C = xC[n] for any 0 # x € X,,. The rest of the result follows from
Proposition 8.7. U

9. Arbitrary orders

The assumption U # K that appeared in most of the results from Section 8 is
annoying but, as Example 10.8 shows, necessary. Fortunately one can bypass the
problem, although at the cost of passing to a Veronese ring. In this section we
explain the trick and apply it to describe arbitrary cg orders in 7.

Up to now graded homomorphisms of algebras have been degree-preserving, but
this will not be the case for the next few results, and so we make the following
definition. A homomorphism A — B between N-graded algebras is called graded
of degree t if ¢(A,) € By, for all n. The map ¢ is called semigraded if it is graded
of degree ¢ for some ¢.

Proposition 9.1. Suppose that T satisfies Assumption 2.1 and that U is a cg noe-
therian subalgebra of T with U € K[g]. Then there exist N, M € N and an injective
graded homomorphism ¢ :UN) — T of degree M such that U' = (UN))  k4-gT.
In addition, Dg(U) = Dg(U") S Dgr(T).

Proof. For n > 0, define f : N — NU {—o00} by

f(n)=min{i : U, C¢""'T}, with f(n)=—o0 if U, =0.
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Trivially, f(n) € {0, 1,...,n}U{—o0} for all n > 0, and f(n) = O if and only if
U, =kg".

We first claim that f(n)+ f(m) < f(n+m) forall m,n > 0. As A is a domain,
this is clear if one of the terms equals —oo, and so we may assume that f(r) >0
for r =n, m, n+m. Write U, = X,g" =/ for such r; thus X, € T but X, & gT.
Since gT is a completely prime ideal, X, X,, € T but X, X,, € gT. In other words,
UyUp Y = g=ftm=fm+D T Since U,U,, C Uy it follows that Uy, y,, Y
and hence that f(n +m) > f(n) + f(m), as claimed.

A noetherian cg algebra is finitely generated by the graded Nakayama’s lemma,
so suppose that U is generated in degrees < r. Then U, = > ;_, U;U,_; for all
n > r. Arguing as in the previous paragraph shows that

fm)y=max{f(n—i)+ f@):1<i<r} formn>r, 9.2)

with the obvious conventions if any of these numbers equals —oo.

We claim that there exists N with f(N) > 0 such that f(nN) =nf(N) for all
n > 1. This follows by exactly the same proof as in [Artin and Stafford 1995,
Lemma 2.7]. Namely, choose 1 < N < r such that A = f(N)/N is as large as
possible; by induction using (9.2) it follows that f(n) < An for all n > 0, and this
forces f(nN) =nf(N) for all n > 0, as claimed.

Let M = f(N) and note that M > 0 since U & K[g]. Thus, for each n > 0 we
have U,y € g"V "M T but U,y & gV ""M*1T . Therefore the function U,y — T, i
given by x — xg"M~N) g well-defined, and it defines an injective vector space
homomorphism 6 : UN) — T with (U™)) € k+ gT. It is routine to see that 6 is
an algebra homomorphism which is graded of degree M. The final claim of the
proposition is clear because Dy (U) = Dgr(U(N)) = Dy (U'). [l

Corollary 9.3. (1) Suppose T satisfies Assumption 2.1 and that U is a noetherian
subring of T generated in a single degree N, with U # K[gN]. Then up to a
semigraded isomorphism we may assume that U € K+ gT.

(2) Suppose also that T satisfies Assumption 8.2. If U is a noetherian maximal
TN _order generated in degree N then, again up to a semigraded isomorphism,
UZVM where (V, F) is a maximal order pair and M < N.

Proof. In this proof, Veronese rings are unregraded; that is, they are given the
grading induced from 7.

(1) Pick M € N minimal such that Uy C gN_MT. Necessarily, M < N. Then,
either directly or by Proposition 9.1, there is a semigraded monomorphism

¢:U=UN T givenby ur>g” NuforueUy.

Hence U Z ¢ (U), and ¢ (U) € k+ gT by the choice of M.
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(2) As U is an order in T™), certainly ¢ (U) is an order in T™). So, suppose
that p(U) S W C T™) for some equivalent order W; say with aWb C ¢ (U), for
a,be¢(U). Since M < N, the map ¢~! extends to give a well-defined semigraded
homomorphism v : T™) — T™) defined by y > g¥ My forall y € Tj;. Therefore,
V(@)U () CU C (W) S TH and hence U = (W). Thus, ¢(U) = W is a
maximal order in T™) with ¢(U) ¢ k4 gT. Now apply Theorem 8.11(2). (]

One question we have been unable to answer is the following.

Question 9.4. Suppose that U € T is a cg maximal T-order or, indeed, a maximal
order. Then is each Veronese ring U™ also a maximal 7 " -order? The question is
open even when U is noetherian.

If this question has a positive answer, one can mimic the proof of Corollary 9.3
for any noetherian maximal order U to get a precise description of some Veronese
ring UN). However, the best we can do at the moment is to use the much less
precise result given by the next corollary, which also describes arbitrary noetherian
cg subalgebras of T.

Corollary 9.5. Suppose that T satisfies Assumptions 2.1 and 8.2. Let U C T be a
noetherian algebra with Dg(U) = Dy (T). Then, up to taking Veronese subrings,
U is an iterated subidealiser inside a virtual blowup of T. More precisely, the
following hold.

(1) There is a semigraded isomorphism of Veronese rings U'N) =U’, where U' € T
is a noetherian algebra such that De(U’) = Dg(T) and U’ € K+ gT.

(2) If C = U'(g) and Z = C, then Z is a finitely generated (left and right) U'-
module and Z is a noetherian algebra with Qg (Z) = Qg (T). The g-divisible
algebra Z is described by Corollary 7.6.

Proof. By [Artin and Zhang 1994, Proposition 5.10], the Veronese ring U™ is
noetherian and so part (1) follows from Proposition 9.1. Part (2) then follows from
Corollary 8.14 (and Corollary 7.6). U

10. Examples

We end the paper with several examples that illustrate some of the subtleties involved
here. For simplicity, these examples will all be constructed from T = S for the
standard Sklyanin algebra S of Examples 2.2(1); thus u = deg . #M = 9.

We first construct a g-divisible, maximal T -order U that is not a maximal order
in Q4 (U), as promised in Section 6. This shows, in particular, that the concept of
maximal order pairs is indeed necessary in that section. In order to construct the
example, we need the following notation.



2112 Daniel Rogalski, Susan J. Sierra and J. Toby Stafford

Notation 10.1. Fix 0 #£ x € S; and let ¢ = p 4+ g + r be the hyperplane section
of E where x vanishes. We can and will assume that no two of p, g, r lie on
the same o -orbit on E, where /¢S = B(E, ¥, 0). Set R = T'(c¢). By [Rogalski
2011, Example 11.3], R has a sporadic ideal / = xS, R. Write N = xTix 'R and
M =xS5R + R. Finally, setd = 0 2(c) = 0 2(p) + 0 2(q) + 0 ~2(r) and hence
d” =o7(c).

As we will see, U =Endg (M) will (essentially) be the required maximal 7 -order
with equivalent maximal order being F = Endg(N). The proof will require some
detailed computations, which form the content of the next lemma. We note that for
subspaces of homogeneous pieces of S we use the grading on S, but for subspaces
that live naturally in 7 we use the T-grading. For example, we write 775 = Ss.

Lemma 10.2. Keep the data from Notation 10.1.

(1) NI =xSsR € M and Mx; € N. Hence N** = M** = (M)** = M**.
(2) U’ =Endg(M) C T, but

(3) F =Endg(M**) =Endg(NI) =xT(d")x~'. Moreover, F Z T.

Proof. (1) Clearly
NI =xT1$R=xSsR C M =xSs5R+ R.

By [Rogalski 2011, Example 11.3], Ry = xS, + kg and so Rjx € xT. Equivalently,
Ry CxTix~ ' C N. As R =T (c) is generated in degree one by Proposition 4.10(2),
RCxTx ' In particular, M>; =xSsR+ R>; € N. As [ is a sporadic ideal, it
follows from Proposition 4.10 and Lemma 4.11(1) that N** = (N 1)** and hence
that M** = N**,

Now consider M. Since 1 € M, certainly MT = T and so M™** = (M)** = M**
by Lemma 2.13(3).

(2) Since MT =T we have MT = T, from which the result follows.

(3) We will first prove that Endg(N) = xT(d")x~'. Asin (1), Ry = xS, + Kg.
Equivalently, (x ™' Rx); = Spx +Kg is a 7-dimensional subspace of T} that vanishes
at the points o ~2(p), 0 2(¢) and o ~2(r). Now, T(d); is also 7-dimensional
by [Rogalski 2011, Theorem 1.1(1)]. Consequently, (x"'Rx); = T(d); and so
x~'Rx =T (d), since both algebras are generated in degree 1 by Proposition 4.10(2).
Therefore,

xINx =T\ 'Rx) =T\T(d) =T d")T,
where the final equality follows from [RSS 2015, Corollary 4.14]. Thus

xT@HTix'=N
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and so Endg(N) 2 G = xT(d")x~!. Since N = GxTyx~', Lemma 6.3 implies
that Endg(N) is a finitely generated left G-module. But G is a maximal order
by [Rogalski 2011, Theorem 1.1(2)], and so Endg(N) = G. Thus, by part (1)
and Lemma 6.2, Endg(N) = Endg(N**) = End(M™**). Moreover, Endg(N) C
Endr(NI) and we again have equality by Lemma 6.3.

It remains to prove that x7(d%)x~! ¢ T. This will follow if we show that
XXx! ¢ T, where X = T(d") and X = (X + gT(s))/T(g)- So, assume that

X¥Xxi ' CT.Then xX; C T X = S3X. However, inside S,
X1 SHYE $a(=p—q—r—0"°(p) =0 %) =0 ~°(r)),
and, since both are 6-dimensional, they are equal. On the other hand,
$3% = H'(E, L4(=0 > (p) =0 (@) =0 > (1)).

Inside Sy, vanishing conditions at < 12 distinct points give independent conditions.

So there exists z that vanishes at the first 6 points p, ..., o ~%(r) but not at the
points o3 (p), o3 (@), o 73(r). This implies that X Z T.x, and completes the
proof of the lemma. (]

We are now able to give the desired example.

Proposition 10.3. There exists a maximal order pair (V, F) with V # F. In
particular, V is a maximal T -order that is not a maximal order.

In more detail, and using the data from Notation 10.1, F = EndR((M)**) =
xT(d%)x~" is a blowup of T at x = ¢ — v~ (¢) + 17 %(c). The algebra F is also
Auslander—Gorenstein and CM.

Proof. As 1 € M, Theorem 6.7 and Lemma 10.2 imply that F = EndR((A’Z)**) =
xT(d%)x~" is a maximal order with F & T. By Theorem 6.7, again, V =T N F is
a g-divisible maximal T-order, but V is not a maximal order as V # F. That F is
Auslander—Gorenstein and CM follows from Proposition 4.10.

Theorem 6.7 also implies that F is a blowup of 7" at some virtual divisor y, so it
remains to check that y =x. By Lemma 10.2, F =Endz(NI) = Endg(xSsR) and
hence F C Endy (Eﬁ). Now, for any n > 2, one has

Rya=HE, M(—c—c" = —c™ ),
and so
(xSsR)p = HY(E, M(—c —c" — ¢ —---—¢™ ) = H(E, 0(c)M(—¢)p).
Hence

F C Endg(xSsR) = Endg (@ H(E, @(&)M(—e),,)).

n>2
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Therefore, by Lemma 6.14(1), F = B(E, M(—x), 7). By [Rogalski 2011, Theo-
rem 1.1(2)] and Riemann—Roch, dim F,, = 6n = dim B(E, M(—x), ), forn > 1,
and hence F = B(E, M(—x), T), as required. O

When y is effective, the blowup 7'(y) is both Auslander—Gorenstein and CM
(see Proposition 4.10), as is the blowup of 7" at x from Proposition 10.3. Despite
this example, neither the Auslander—Gorenstein nor the CM condition is automatic
for a blowup of T at virtually effective divisors.

Example 10.4. Let x = p — t(p) 4+ t2(p) for a closed point p € E and let U be
a blowup of T at x. Then U is a maximal order contained in 7 that is neither
Auslander—Gorenstein nor AS Gorenstein nor CM.

Proof. By Definition 6.9 and Corollary 6.6(2), U = Endr ;) (M), where M = M**
satisfies MT =T and q is a closed point that is T-equivalent to x and hence to p. By
[RSS 2015, Example 9.5], T (g) has no sporadic ideals and so, by Corollary 6.6(3),
U is a g-divisible maximal order contained in 7.

Now consider U = U/gU. By Theorem 6.7, U = B = B(E, M(—x), 7). We
emphasise that we always identify J((—x) and Jl with the appropriate subsheaves
of the field k(E) and B with the corresponding subring of the Ore extension
Tio)/eT(e) = K(E)[z, z71; T]. We first want to show that U # B. Since

deg(M(—x)) =degM —degx =8,

[Hartshorne 1977, Corollary I'V.3.2] implies that JAL(—x) is very ample and generated
by its sections By = H O(E, M(—=x)). On the other hand, the inclusion U C T forces
UCT =B(E, M, 1) and again T, generates Jl. Therefore, if U = B or even
if Uy = By then M(—x) € M. Since x is not effective, this is impossible and so
U # B, as claimed.

We now turn to the homological questions. By [Levasseur 1992, Theorem 5.10],
U is Auslander—Gorenstein, AS Gorenstein or CM if and only if the same holds
for U. Thus we can concentrate on U. Since B/U is a nonzero, finite-dimensional
vector space, and B is a domain, certainly Ex‘%(k, U) # 0 (on either side). Since
GKdim U = GKdim B = 2 this certainly implies that U is not CM. Moreover, if we
can prove that Extzﬁ (k, U) # 0 on either side, then U will be neither AS Gorenstein
nor Auslander—Gorenstein.

By [Levasseur 1992, Proposition 6.5], EXtiB(k, B) = 6; 2K, up to a shift in degree.
Therefore [Rotman 2009, Corollary 10.65], with A=k, B=Sand R=C = U, gives

Ext? (k, U) = Ext} (B®p K, U) =Exty(k, J) for J =Homy(B,U). (10.5)

Since U = B, clearly L = B/J is also a nonzero finite-dimensional K-vector space.
We claim that the same is true of Ext%(k, J). As Ext};(k, B) =0, we have an exact
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sequence
0 —> Exth(K, L) —> Exty(K, J) —> Exty(K, B) —> - - . (10.6)

Since dimg Ext}9 (k, L) < 00, the claim will follow once we show that Ext}9 (k, L) #0.

As in [Artin and Zhang 1994, (7.1.2)], let 1 (L) denote the largest essential exten-
sion of L by locally finite-dimensional modules. If soc(L) denotes the socle of L,
then L and soc(L) have the same injective hulls and hence the same torsion-injective
hulls 7 (L) = I (soc(L)). By [Rogalski 2011, Lemma 2.2(2)], B satisfies x in the
sense of [Artin and Zhang 1994, Definition 3.2] and so, by [ibid., Proposition 7.7],
I (L) is a direct sum of copies of shifts of the vector space dual B*. Since this is
strictly larger than L, Extg (k, L) # 0 and the claim follows.

In conclusion, by (10.6) we know that 0 < dimy Exté(k, J) < oo and hence by
(10.5) it follows that (up to a shift) k — Ex%(k, U) as left U-modules. As noted
earlier, this shows that both Gorenstein conditions fail. |

Remark 10.7. (1) By expanding upon the above proof one can in fact show that U
from Example 10.4 will have infinite injective dimension.

(2) Explicit computation shows that U is not uniquely determined by x as a
subalgebra of T, although the factor U is determined in large degree. We do
not know whether U is unique up to isomorphism.

Let U be a noetherian subring of T with Qg (U) = Qg (T). In Proposition 8.7,
we had to assume that U € k+ ¢T in order to find a g-divisible, equivalent order
and this meant that the same assumption was needed for the rest of Section 8. In our
next example we show that the conclusions of Proposition 8.7 can fail without this
assumption, as does Theorem 8.11. Thus Proposition 9.1 is necessary for Section 9.

In order to define the ring, pick algebra generators of 7 in degree 1; say T =
kiai,...,a,), set T8 =k{gay, ..., ga,) and write U = T#8(g) C T for the subring
of T generated by 7% and g.

Example 10.8. Keep 7% and U = T8(g) as above. Then:

(1) There is a semigraded isomorphism 7% = T. Thus U is noetherian and there
is a semigraded isomorphism T'[x]/(x> — g) = U mapping x to g. Moreover,
UP =T¢ andso U° = (T$)° =T°.

(2) UCk+gT andso U =k.

(3) gU is aprime ideal of U such that there is a semigraded isomorphism U /gU =
B=T/gT.

4 U =T but T is not finitely generated as a right (or left) U-module.
(5) U is a maximal order with Qg (U) = Qg (T).

Proof. (1-2) These are routine computations.
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(3) Under the identification U = T'[x]/(x*> — g), clearly U/xU = T/gT.

(4) For any 6 € T,, one has g"0 € Té C U and hence U=T8=T.If T were
finitely generated as a (right) U-module then the factor B = T7/gT would be
finitely generated as a module over the image (U +gT)/¢T = U of U in B. This
contradicts (2).

(5) Write U =T[x]/(x*>—g); thus x € U, but the grading of 7 is shifted. If U is not
a maximal order then there exists acgring U C V C Q(U) such that eitheraV C U
or Va C U for some 0 # a € U. By symmetry we may assume the former, in which
case IV =1 for the nonzeroideal I =UaV of U. Thus IPV® =1 and I® £0
since U is a domain. Since U® = T is a maximal order by Proposition 4.10(4), it
follows that V® = U® =T. Let f € V \. U be homogeneous. Then f appears in
odd degree and so fx € V@ =U® =T and f =tx~! for some ¢ € T. However,
T=V®s f2=(x"")?=1r?>g~!. Hence t*> € gT which, since T/gT is a domain,
forces t = gt; € gT. But this implies that f =¢x~! =x#; € U, a contradiction. Thus
U is indeed a maximal order. Moreover, as g € U, clearly each g; lies in Q4 (U)
and hence Qg (T) = Qg (V). O

In this paper we have only been concerned with two-sided noetherian rings,
since we believe that this is the appropriate context for noncommutative geometry.
For one-sided noetherian rings there are further examples that can appear, as is
illustrated by the following example.

Example 10.9. Let J be a right ideal of T such that g € J and GKdim(7'/J) = 1.
Then the idealiser A = [(J) is right but not left noetherian.

Proof. Let J = J/gJ. Since B=T/gT is just infinite [Rogalski 2011, Lemma 3.2],
dimg T/TJ < oo. Since TJ = Z;":] t;J for some ¢;, it follows that 7J and
hence T are finitely generated right A-modules. Thus, by the proof of [Stafford
and Zhang 1994, Theorem 3.2], A is right noetherian. On the other hand, B is not
a finitely generated left A/gT-module, and so g7 is an ideal of A that cannot be
finitely generated as a left A-module. (]
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Index of notation

a-pure 2079 p; =t (p) for a point p 2076, 2080
Allowable divisor layering d* 2075 Point modules 2071
Blowup at an arbitrary divisor 2092 P(p), P'(p) 2076, 2077
CM and Gorenstein conditions 2078 qgr-A, quotient category of gr-A 2064
d™ =t~ 1(d) for a divisor d 2080 Qg (A), graded quotient ring 2063
d,=d+d" +--+d" foradivisord QG.d,r p) 2076
2080 R°, localisation of R 2099
Dy (A), function skewfield 2063 Saturation /%%, saturated right ideal =~ 2075
Fn = FQF Q- .®F"""" for a sheaf F semigraded morphism 2109
2061 Sporadic ideal 2067, 2101
g-divisible 2064 7, automorphism defining T 2062
Geometric data (y, x, k) for A 2082 t-equivalent divisors and invertible sheaves
Hom(/, J) = Hompog.4 (1, J) 2063 2079
Homg.4 (1, J) 2063 T (d), effective blowup 2076
Idealiser I(J) 2069 T, graded localisation 2064
Just infinite 2064 T<;xT(d) 2076
Left allowable divisor layering d* 2077 TCR, twisted coordinate ring B(X, ¥, 6)
n=degJl 2062 2061
Mk, d) 2076 Unregraded ring 2062
Maximal order pair (V, F) 2090 Virtual blowup 2095
Maximal T -order 2088 Virtually effective divisor x =u—v+1 ' (v)
Minimal sporadic ideal 2101 2095
Normalised orbit representative, divisor X X 2064
2082 =, equal in high degree 2069
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Congruence property in
conformal field theory

Chongying Dong, Xingjun Lin and Siu-Hung Ng

The congruence subgroup property is established for the modular representations
associated to any modular tensor category. This result is used to prove that the
kernel of the representation of the modular group on the conformal blocks of
any rational, C;-cofinite vertex operator algebra is a congruence subgroup. In
particular, the g-character of each irreducible module is a modular function on the
same congruence subgroup. The Galois symmetry of the modular representations
is obtained and the order of the anomaly for those modular categories satisfying
some integrality conditions is determined.

Introduction

Modular invariance of characters of a rational conformal field theory (RCFT) has
been known since the work of Cardy [1986], and it was proved by Zhu [1996] for
rational and C,-cofinite vertex operator algebras (VOA), which constitute a math-
ematical formalization of RCFT. The associated matrix representation of SL;(Z)
relative to the distinguished basis, formed by the trace functions of the irreducible
modules or primary fields, is a powerful tool in the study of vertex operator algebras
and conformal field theory. This matrix representation conceives many intriguing
arithmetic properties, and the Verlinde formula [1988] is certainly a notable example.
Moreover, it has been shown that these matrices representing the modular group
are defined over a certain cyclotomic field [de Boer and Goeree 1991].

An important characteristic of the modular representation p associated with
a RCFT is its kernel. It has been conjectured by many authors that the kernel
is a congruence subgroup of a certain level n (see [Moore 1987; Eholzer 1995;
Eholzer and Skoruppa 1995; Dong and Mason 1996; Bauer et al. 1997]). Eholzer
further conjectured that this representation is defined over the n-th cyclotomic
field Q,. In this case, the Galois group Gal(Q, /Q) acts on the representation p by
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its entrywise action. Coste and Gannon [1994] proved that p determines a signed
permutation matrix G, for each automorphism o of @,. They also conjectured
that the representation o2 p is equivalent to p under the intertwining operator G, .
These conjectural properties were summarized as the congruence property of the
modular data associated with RCFT in [Coste and Gannon 1999; Gannon 2006].
These remarkable properties of RCFT were established by Bantay [2003] under
certain assumptions, and by Coste and Gannon [1994] under the condition that the
order of the Dehn twist is odd. In the formalization of RCFT through conformal
nets, the congruence property was proved by Xu [2006].

In this paper we give a positive answer to the conjecture on the congruence
property for a rational and C,-cofinite vertex operator algebra V. Such a V has
only finitely many irreducible modules [Dong et al. 1998a] M°, ..., M” up to

isomorphism and there exist A; € C fori =0, ..., p such that
o0
M' = @ M;Li-H’l
n=0

where M ,{i #0and L(0)] Mi = A; +n for any n € Z. Moreover, A; and the central
charge ¢ are rational numbers (see [Dong et al. 2000]).
The trace function for v € V; on M’ is defined as

o
Zi(w,q) ="y (rys o())g"
n=0

where o(v) = vg_ is the (k—1)-st component operator of Y (v, 2) =), 7 Uz !

which maps each homogeneous subspace of M’ to itself. If v = 1 is the vacuum
vector we get the g-character x;(g) of M'. It is proved in [Zhu 1996] that if V
is Cp-cofinite then Z;(v, g) converges to a holomorphic function on the upper
half-plane in variable T where ¢ = ¢>/*. By abusing the notation we also denote
this holomorphic function by Z; (v, t). There is another vertex operator algebra
structure on V [Zhu 1996] with grading V = @,cz V[». We will write wt[v] =n
if v € Vj,;. Then there is a representation py of the modular group SL;(Z) on the
space spanned by {Z; (v, ) |i =0, ..., p}

p
Zi,yr) = (ct+d)" Y "y Zi(v. 1)
j=0

where y = [“%] € SL,(2) and py () = [y;;] [Zhu 1996].

Theorem 1. Let V be a rational, C,-cofinite, self-dual simple vertex operator
algebra. Then each Z;(v, T) is a modular form of weight wt[v] on a congruence
subgroup of SL,(Z) of level n, which is the smallest positive integer such that
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n(A; —c/24) is an integer for all i. In particular, each q-character x; is a modular
function on the same congruence subgroup.

We should remark that the modularity of the g-characters of irreducible modules
for some known vertex operator algebras such as those associated to the highest
weight unitary representations for Kac—-Moody algebras [Kac and Peterson 1984;
Kac 1990] and the Virasoro algebra [Rocha-Caridi 1985] were previously known.
The readers are referred to [Dong et al. 2001] for the modularity of Z; (v, ) when
V is a vertex operator algebra associated to a positive definite even lattice.

According to [Huang 2008a; 2008b], the category Cy of modules of a rational and
C,-cofinite vertex operator algebra V under the tensor product defined in [Huang
and Lepowsky 1995a; 1995b; 1995¢; Huang 1995] is a modular tensor category
over C. To establish this theorem we have to turn our attention to general modular
tensor categories.

Modular tensor categories, or simply called modular categories, play an integral
role in the Reshetikhin—Turaev TQFT invariant of 3-manifolds [Turaev 2010]
and topological quantum computation [Wang 2010]. They also constitute another
formalization of RCFT [Moore and Seiberg 1990; Bakalov and Kirillov 2001].

Parallel to a rational conformal field theory, associated to a modular category A
are the invertible matrices § and 7 indexed by the set IT of isomorphism classes of
simple objects of .A. These matrices define a projective representation p 4 of SL,(Z)
by the assignment

0 -1 - 11 -
5._[1 0:||—>s and t._[o Jr—>t,

and the well-known presentation SL(Z) = (s, t | s* =1, (st)® =s?) of the modular
group. It was proved by Ng and Schauenburg [2010] that the kernel of this projective
representation of SL,(Z) is a congruence subgroup of level N, where N is the order
of . Moreover, both § and 7 are matrices over Qy. For factorizable semisimple
Hopf algebras, the corresponding result was proved previously by Sommerhduser
and Zhu [2012].

The projective representation p4 can be lifted to an ordinary representation
of SL,(Z) which is called a modular representation of A in [Ng and Schauenburg
2010]. There are only finitely many modular representations of .4 but, in general,
none of them is a canonical choice. However, if A is the Drinfeld center of a
spherical fusion category, then A is modular (see [Miiger 2003b]) and it admits a
canonical modular representation defined over Q whose kernel is a congruence
subgroup of level N (see [Ng and Schauenburg 2010]). The canonical modular
representation of the module category over the Drinfeld double of a semisimple
Hopf algebra was shown to have a congruence kernel as well as Galois symmetry
(see Theorem II (iii) and (iv)) in [Sommerh&user and Zhu 2012].
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The second main theorem of this paper is to prove that the congruence property
and Galois symmetry holds for all modular representations of any modular category.

Theorem II. Let A be a modular category over any algebraically closed field k
of characteristic zero with the set of isomorphism classes of simple objects T1
and Frobenius—Schur exponent N. Suppose p : SLy(Z) — GL(K) is a modular
representation of A where GL(K) denotes the group of invertible matrices over K
indexed by T1. Set s = p(s) and t = p(t). Then:

(1) ker p is a congruence subgroup of level n where n = ord(t) and, moreover,
N|n|12N.

(ii) p is Qp-rational, i.e., im p < GL(Qy,), where Q,, = Q(&,) for some primitive
n-th root of unity ¢, € k.

(iii) For o € Gal(Q, /Q), the matrix G, = o (s)s ™" is a signed permutation matrix,
and

o2(p(y)) = Gop(¥)G; !

Jorally € SLy(2). In particular, if (Gy)ij = €5 (i)35 ;) j for some sign function
€, and permutation & on T, then o2 (t;;) = t5@iye i) foralli € T1.

(iv) Let a be an integer relatively prime to n with an inverse b modulo n. For the
automorphism o, of Q, given by ¢, — (¥,

G,, =1st"s1%7 1,

We return to the modular tensor category Cy associated to a rational, C-cofinite
and self-dual vertex operator algebra V. This yields a projective representation
of SL»(Z) on space spanned by the equivalence classes of irreducible V-modules.
We show in Theorem 3.10 that the representation py of SL,(Z) is a modular
representation of Cy. This implies that the kernel of py is a congruence subgroup
of SL(Z).

Although the congruence property proved in Theorem II is motivated by solving
the congruence property conjecture on the trace functions of vertex operator algebras,
the result has its own importance. We will discuss this in the rest of the introduction.

It was also shown in [Sommerhduser and Zhu 2012] that the (unnormalized)
T-matrix 7 of the module category over a factorizable Hopf algebra also enjoys the
Galois symmetry o2(7) = G,/G, ! for any o € Gal(Qy/Q). However, this extra
symmetry does not hold for a general modular category A (see Example 4.6). This
condition is, in fact, related to the order of the quotient of the Gauss sums, called
the anomaly, of A. It is proved in Proposition 4.7 that Galois symmetry of the
T-matrix is equivalent to the condition that the anomaly is a fourth root of unity.
We will prove in Proposition 6.7 that the anomaly of any integral modular category
is always a fourth root of unity. Therefore, the 7-matrix of any integral modular
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category enjoys the Galois symmetry. For a weakly integral modular category, such
as the Ising model, the anomaly is always an eighth root of unity (Theorem 6.10).

Using Theorem II, we uncover some relations among the global dimension dim .4,
the Frobenius—Schur exponent N and the order of the anomaly « of a modular
category A. We define

JA — (_1)1+orda

to record the parity of the order of the anomaly. If N is not a multiple of 4, then
J4 dim A has a square root in Q. If, in addition, dim A is an odd integer, then Jy
coincides with the Jacobi symbol (ﬁ). The consequence of this observation is a
result closely related to the Cauchy theorem of integral fusion category.

The organization of this paper is as follows: Section 1 covers some basic def-
initions, conventions and preliminary results on spherical fusion categories and
modular categories. In Section 2, we prove the congruence property, Theorem II
(1) and (i1), by proving a lifting theorem of modular projective representations
with congruence kernels. In Section 3, we prove the associated representation of
modular invariance of trace functions of a rational, C,-cofinite vertex operator
algebra V is a modular representation of its module category. Using Theorem II
(i) and (ii), we prove Theorem I: the trace functions of V are modular forms. In
Section 4, we assume the technical Lemma 4.2 to prove the Galois symmetry
of modular categories as well as RCFTs, Theorem II (iii) and (iv). Section 5 is
devoted to the proof of Lemma 4.2 by using generalized Frobenius—Schur indicators.
In Section 6, we use the congruence property and Galois symmetry of modular
categories (Theorem II) to uncover some arithmetic relations among the global
dimension, the Frobenius—Schur exponent and the anomaly of a modular category.
In particular, we determine the order of the anomaly of a modular category satisfying
certain integrality conditions.

1. Basics of modular tensor categories

In this section, we will collect some conventions and preliminary results on spherical
fusion categories and modular categories. Most of these results are quite well-known,
and the readers are referred to [Turaev 2010; Bakalov and Kirillov 2001; Ng and
Schauenburg 2007a; 2007b; 2008; 2010] and the references therein.

Throughout this paper, K is always assumed to be an algebraically closed field
of characteristic zero. The group of invertible matrices over a commutative ring K
indexed by IT is denoted by GL; (K ), and we will write PGL [ (K) for its associated
projective linear group. If IT={1, ..., r} for some positive integer r, then GL(K)
(resp. PGL (K)) will be denoted by the standard notation GL., (K) (resp. PGL, (K))
instead.
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For any primitive n-th root of unity ¢, € Kk, we let Q, := Q(¢,) be the smallest
subfield of k containing all the n-th roots of unity in k. Recall that Gal(Q,,/Q) is
isomorphic to U (Z,), the group of units of Z,. Let a be an integer relatively prime
to n. The associated o, € Gal(Q,,/Q) is defined by

0u(Cn) = é-r?

Define Qga = |, cp @n, the abelian closure of Q in k. Since @, is Galois over @,
we have o (Q,) = Q, for all automorphisms o of Q,,. Moreover, the restriction
map Aut(Q,p) =2 Gal(Q, /Q) is surjective for all positive integers n. Thus, for
any integer a relatively prime to n, there exists a o € Aut(Qyp) such that o|g, = 0;.

1.1. Spherical fusion categories. In a left rigid monoidal category C with tensor
product ® and unit object 1, we denote a left dual V¥ of V € C with morphisms
dby:1—->V®VYandevy: VY ®V — 1 by the triple (V", dby, evy). The left
duality can be extended to a monoidal functor (—)Y :C — C°?, and so (—)"Y :C —C
defines a monoidal equivalence. Moreover we can choose 1V =1. A pivoral structure
of C is an isomorphism j : Id¢ — (—)“" of monoidal functors. One can respectively
define the left and the right pivotal traces of an endomorphism f :V — V in C as

d®f

p_tr@(f):< v v gy vy L8V, VV®V VWev Y 1>

and
p_trr(f)z( Oy evy L2 vy gy LEL ywv g yv S 1).

The pivotal structure is called spherical if the two pivotal traces coincide for all
endomorphisms f in C.

A pivotal (resp. spherical) category (C, j) is a left rigid monoidal category C
equipped with a pivotal (resp. spherical) structure j. We will simply denote the pair
(C, j) by C when there is no ambiguity. The left and the right pivotal dimensions
of V e C are defined as d;(V) = ptr‘(idy) and d, (V) = ptr’ (idy) respectively. In a
spherical category, the pivotal traces and dimensions will be denoted by ptr(f) and
d(V) (or dim V), respectively. o

A fusion category C over the field K is an abelian K-linear semisimple (left) rigid
monoidal category with a simple unit object 1, finite-dimensional morphism spaces
and finitely many isomorphism classes of simple objects (see [Etingof et al. 2005]).
We will denote by I1¢ the set of isomorphism classes of simple objects of C, and
by 0 the isomorphism class of 1, unless stated otherwise. If i € I1¢, we write i* for
the (left) dual of the isomorphism class i. Moreover, i — i* defines a permutation
of order at most 2 on IT¢.

In a spherical fusion category C over K, d(V') can be identified with a scalar in k
for V € C. We use the abbreviation d; € K for the pivotal dimension of i € I1¢. By
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[Miiger 2003a, Lemma 2.8], d; = d;« for all i € [1¢. The global dimension dim C

of C is defined by
dimC= ) d}.
ielle

A pivotal category (C, j) is said to be strict if C is a strict monoidal category and if
the pivotal structure j and the canonical isomorphism (VQ W)V (1/2) > WY VY
are identities. It has been proved in [Ng and Schauenburg 2007b, Theorem 2.2] that
every pivotal category is pivotally equivalent to a strict pivotal category.

1.2. Representations of the modular group. The modular group SL,(Z) is the
group of 2 x 2 integral matrices with determinant 1. It is well-known that the
modular group is generated by

5= |:(1) _01:| , t= |:(1) i:| with defining relations (5t)3 =52, 5" =id. (1-1)
We denote by I (n) the kernel of the reduction modulo n epimorphism 7, : SL(Z) —
SL,(Z,,). A subgroup L of SL,(Z) is called a congruence subgroup of level n if
n is the least positive integer for which I'(n) < L.

For any pair of matrices A, B € GL, (K), with r € N, satisfying the conditions

A*=id and (AB)’= A2

one can define a representation p : SLy(Z) — GL,(K) such that p(s) = A and
p(t) = B via the presentation (1-1) of SL,(Z).

Suppose p : SLo(Z) — PGL, (k) is a projective representation of SL,(Z). A
lifting of p is an ordinary representation p : SL,(Z) — GL, (K) such that no p = p,
where 7 : GL, (k) — PGL, (K) is the natural surjection map. One can always lift p
toa representatlon p: SL2(Z) — GL, (k) as follows: let A Be GL, (k) such that
p(s) = n(A) and p(t) = n(B). Then

A*=p,id and (AB)? =, A?

for some scalars ji,, i1; € K*. Take A, ¢ € K such that A* = s and ¢3 = /A, and
set A=A/) and B = B/¢. Then we have

=id and (AB)’ =A%

Therefore, the assignment p : s — A, t+— B defines a lifting of p.
Let p be alifting of p. Suppose x € K is a 12-th root of unity. Then the assignment

pyis )%p@), ts xp(h) (1-2)
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also defines a lifting of p. If p’ : SL,(Z) — GL,(K) is another lifting of p, then

p'(s) =ap(s) and p'(t) =bp(b)

for some a, b € k*. Tt follows immediately from (1-1) that a* =1 and (ab)’ = a>.

This implies b'?> = 1 and b~ = a. Therefore, we have p’ = p, and so p has at most
12 liftings.

For any 12-th root of unity x € K, the assignment y, : s — x 3, t+> x defines a
linear character of SL;(Z). It is straightforward to check that x, ® p is isomorphic
to p, as representations of SL,(Z). Therefore, the lifting of p is unique up to a
linear character of SL,(Z).

1.3. Modular categories. Following [Kassel 1995], a twist (or ribbon structure)
of a left rigid braided monoidal category C with a braiding c is an automorphism 6
of the identity functor Id; satisfying

Ovew = By ®Ow) ocw,y ocy.w, Oy =0yv

for V, W € C. Associated to the braiding c is the Drinfeld isomorphism « : Id; —
(—)YY. When C is a braided fusion category over K, there is a one-to-one corre-
spondence between twists 6 and spherical structures j of C given by 8 = u~!j (see
[Ng and Schauenburg 2007a, p. 38] for more details).

A modular tensor category over K (see [Turaev 2010; Bakalov and Kirillov
2001]), also called a modular category, is a braided spherical fusion category .A
over K such that the S-matrix of A defined by

5ij = ptr(cy; v« 0 Cvis ;)

is nonsingular, where V; denotes an object in the class j € I14. In this case, the
associated ribbon structure 6 is of finite order N (see [Vafa 1988; Bakalov and
Kirillov 2001]). Let 0y, = 6; idy, for some 6; € K. Since 6; = id;, we have 6y = 1.
The T-matrix t of A is defined by 7;; = §;;6; for i, j € I14. It is immediate to see
that ord(f) = N, which is called the Frobenius—Schur exponent of A and denoted
by FSexp(.A), is finite (see [Ng and Schauenburg 2007a, Theorem 7.7]).

The matrices §, 7 of a modular category A satisfy the conditions

G’ =pfs*, P =pipC, Ci=ic, C*=id, (1-3)

where pjf = Ziel‘IA d}@f‘ are called the Gauss sums, and C = [§;j+]; jem, 1s called
the charge conjugation matrix of A. The quotient pj /py is aroot of unity (see

[Bakalov and Kirillov 2001, Theorem 3.1.19] or [Vafa 1988]), and

pipg =dimA#0. (1-4)
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Moreover, § satisfies

Eij = Eji and §ij* = Ei*j (1-5)

forall i, j € [1y4.
The relations (1-3) imply that

pais> (@),  te () (1-6)

defines a projective representation of SL,(Z), where n : GLpj, (K) — PGLp, (K) is
the natural surjection. By [Ng and Schauenburg 2010, Theorem 6.8], ker p4 is a
congruence subgroup of level N.

It is well-known that p4 can be lifted to an ordinary representation (see [Bakalov
and Kirillov 2001, Remark 3.1.9] or Section 1.2). Following [Ng and Schauenburg
2010], a lifting p of p4 is called a modular representation of A. By (1-4), for any
6-th root ¢ € Kk of pj/pg, we have that (1%;1"/{3)2 = dim A. It follows from (1-3)
that the assignment

3
ot s> §—+s t> —1 (1-7)
Py ¢
defines a modular representation of A.

Thus, if p is a modular representation of A4, it follows from Section 1.2 that
0= ,o)% for some 12-th root of unity x € k. Thus p(s)?> = £C. More precisely,
p(s)> =x°C.

A modular category A is called anomaly-free if the quotient pj /P4 equals 1.
The terminology addresses the associated anomaly-free TQFT with such a modular
category [Turaev 2010]. In this spirit, we will simply call the quotient o4 := pj n
the anomaly of A.

If A is an anomaly-free modular category, then pj is a canonical choice of square
root of dim .4, and hence a canonical modular representation of 4 is determined
by the assignment

1
P4 5> —+§, t—t. (1-8)

Py

For any modular category A over C, we have that dim.4 > 0 (see [Etingof
et al. 2005]). The central charge ¢ of A is a rational number modulo 8 defined
by exp(wic/4) = pj /~dim A where +/dim A denotes the positive square root
of dim A, and so the anomaly « of A is given by

o= exp(%ic.). (1-9)

We will show in Theorem 3.10 that the central charge ¢ of the modular category Cy
is equal to central charge ¢ of V modulo 4.
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Remark. The S- and T-matrices of a modular category are preserved by equivalence
of braided pivotal categories over K, and so are the dimensions of simple objects,
the global dimension, the Gauss sums and the anomaly. By the last paragraph of
Section 1.1, without loss of generality, we may assume that the underlying pivotal
category of a modular category over K is strict.

1.4. Quantum doubles of spherical fusion categories. Let C be a strict monoidal
category. The left Drinfeld center Z(C) of C is a category whose objects are
pairs of the form X = (X, ox), where X is an object of C, and the half-braiding
ox(—): X®(—) — (—)® X is a natural isomorphism satisfying the properties
Ux(l) = ldX and

(idy @ ox(W)) o (ox (V) @idw) = ox(V Q@ W)

for all V, W € C. It is well-known that Z(C) is a braided strict monoidal category
(see [Kassel 1995]) with unit object (1, o1) and tensor product (X, ox) ® (¥, oy) :=
(X RY, GX®y), where

oxgy (V) =(ox(V)®idy) o (idy ® oy(V)), o1(V)=1idy

for V € C. The forgetful functor Z(C) — C, X = (X, ox) — X, is a strict monoidal
functor.

When C is a (strict) spherical fusion category over K, by Miiger’s result [2003b],
the center Z(C) is a modular category over K with the inherited spherical structure
from C. In addition,

+ _ . _ —
Pzicy =dimC = py .

Therefore, Z(C) is anomaly-free and it admits a canonical modular representation
pz(c) described in (1-8). In particular,

pzey®) =1 and pz)(s) = (1-10)

dimc”’
which is called the canonical normalization of the S-matrix of Z(C). By [Ng and
Schauenburg 2010, Theorems 6.7 and 7.1], ker pz() is a congruence subgroup

of level N, and im pz() < GLy,,(Qy), where N = ord(7).

2. Rationality and kernels of modular representations

In this section, we prove the congruence property given in (i) and (ii) of Theorem II.
Recall that a projective representation p : G — PGL, (K) of a group G determines
a cohomology class k; € H (G, k*). For any section ¢ : PGL, (k) — GL, (k) of the
natural surjection 5 : GL, (k) — PGL, (K), the function y, : G x G — k* given by

pab) = y.(a, b)p.(a)p,(b)
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determines a 2-cocycle in k5, where p, =10 p. The cohomology class «; is trivial if
and only if p can be lifted to a linear representation p : G — GL,(K), i.e., nop=p
(see [Karpilovsky 1985, p. 72]).

Let 7 : L — G be a group homomorphism. For any 2-cocycle y € Z*(G, k*),
we have y o (m x 1) € Z%(L,k*). The assignment y — y o (7 X ) of 2-cocycles
induces the group homomorphism 7* : H*(G, k*) — H?*(L, k*), which is called
the inflation map along 7. In particular, 7*x; € H 2(L, k*) is associated with the
projective representation p o : L — PGL, (K).

The homology group H>(G, Z) is often called the Schur multiplier of G [Weibel
1994]. Since k* is a divisible abelian group, H?(G, k*) is naturally isomorphic
to Hom(H,(G, Z), k*) for any group G. This natural isomorphism allows us
to summarize the result of Beyl [1986, Theorem 3.9 and Corollary 3.10] on the
Schur multiplier of SL,(Z,,) as the following theorem. A proof of the statement is
provided for the sake of completeness. The case for odd integers m was originally
proved by Mennicke [1967].

Theorem 2.1. Let K be an algebraically closed field of characteristic zero and
let m be an integer greater than 1. Then H?*(SLy(Z,,), k*) is isomorphic to 7,
when 4 | m and is trivial otherwise. Moreover, the image of the inflation map
7* 1 H*(SLy(Z,), k) — H?*(SLy(Za), K*) along the natural reduction map
7 SLy(Zom) — SLy(Z) is always trivial.

Proof. The first statement is a direct consequence of [Beyl 1986, Theorem 3.9].
For the second statement, it suffices to consider the case m = 2%g with a > 2
and ¢g odd. Then, by the Chinese Remainder Theorem, there are split surjections
p :SLa(Z,) = SLa(Z5e) and p’ : SLy(Z2,,) — SLy(Z4a+1) such that the following
diagram of group homomorphisms commutes, where 7’ is the reduction map:

SL) (Zam) —— SLy(Zper)

SLy(Zyy) —2— SLy(Z5e)

Applying the functor H?(—, k*) to this commutative diagram, we obtain the fol-
lowing commutative diagram of abelian groups:

H2(SLy(Zam), K) <2 H2(SLy(Zper1), K¥)

JT*T T(ﬂ/)*

H?(SLa(Z,), k) - H?(SLy(Z), k)
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Since p and p’ are split surjections, both p* and (p’)* are injective. Hence, by the
first statement, they are isomorphisms. By [Beyl 1986, Corollary 3.10], (z)* is
trivial, and so is 7 *. O

Theorem 2.1 is essential to the proof of the following lifting lemma for projective
representations of SL,(Z).

Lemma 2.2. Suppose p : SLo(Z) — PGL,(K) is a projective representation for
some positive integer r such that ker p is a congruence subgroup of level n. Let
Pn :SLo(Z,) — PGL, (K) be the projective representation which satisfies p = p, o7,
where 1, : SLy(Z) — SLy(Z,) is the reduction modulo n map and « denotes the
associated second cohomology class in H*(SLy(Z,), K*). Then:

(1) The class « is trivial if and only if p admits a lifting whose kernel is a congru-
ence subgroup of level n.

(ii) If k is not trivial, then 4| n and p admits a lifting whose kernel is a congruence
subgroup of level 2n.

In particular, there exists a lifting p of p such that ker p is a congruence subgroup
containing I"(2n).

Proof. (i) If k is trivial, there exists a linear representation p, : SL,(Z,) — GL,(K)
such that n o p, = p,,. Then p := p, om, is a lifting of p since

NOP =10pPy0Ty = pPnpoOTy=p.

In particular, ker p is a congruence subgroup of level at most n. Obviously, ker p <
ker p. Since ker p is of level n, the level of ker p is at least n. Therefore, ker p is
of level n.

Conversely, assume p : SL,(Z) — GL,(K) is a representation whose kernel is
a congruence subgroup of level n and assume p = n o p. Then p factors through
SL,(Z,) and so there exists a linear representation p,, : SL>(Z,) — GL, (k) such
that p = p,, o 7,,. Since

N0 Py OTy =10p=p=PyoTpy,

we have n o p, = p,. Therefore, p, is a lifting of p,, and hence « is trivial.

(i) Now we consider the case when k is not trivial. By Theorem 2.1, 4 divides n and
7*(k) € H*(SLa(Z2,), KX) is trivial, where 77 : SL»(Z5,) — SL»(Z,) is the natural
surjection (reduction) map. The composition g, 07 : SLy(Z5,) — PGL, (K) defines a
projective representation of SL(Z»,), and its associated class in H?(SL»(Z2,), K*)
is m* (k). Since w*(«) is trivial, p, o w can be lifted to a linear representation
f : SLy(Zy,) — GL,(K), i.e., no f = p, omw. Thus, we have the following
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commutative diagram:

SL2(Z24) f

TT2n

SLa(2) GL, (k)

N

SLy(Z») —— PGL, (k)

The commutativity of the upper quadrangle is given by
no f ooy =pPy0% 0oy = Py 0Ty =p.

Set p = f omy,. Then no p = p and so I'(2n) < ker p. Suppose I'(m) < ker p
for some positive integer m < 2n and suppose m |2n. Then I'(m) < ker p < ker p.
Since ker p is of level n, we have that n |m. Thus, m = n, and hence ker p is a
congruence subgroup of level n. It follows from (i) that « is trivial, a contradiction.
Therefore, ker p is of level 2n. U

Now we can prove the following lifting theorem for projective representations
of SL,(Z) with congruence kernels.

Theorem 2.3. Suppose p : SLy(Z) — PGL, (K) is a projective representation for
some positive integer r such that ker p is a congruence subgroup of level n. Then
the kernel of any lifting of p is a congruence subgroup of level m where n|m|12n.

Proof. By Lemma 2.2, p admits a lifting & such that ker £ is congruence subgroup
containing I'(2n). Let p be a lifting of p. By Section 1.2, p =&, = x, ® & for some
12-th root of unity x € K. Note that SL;(Z)/SLy(Z) = 71, and I'(12) < SL,(Z2)’;
see for example [Beyl 1986, Lemma 1.13]. Therefore, I'(12) < ker x, and hence

ker(x, ® £) 2 SLo(Z) NT(2n) 2 T(12) NT'(2n) 2 T'(121).

Therefore, p has a congruence kernel containing I'(12n) and so m | 12n. Since
I'(m) < ker p < ker p and ker p is of level n, we have n | m. O

A consequence of Theorem 2.3 is a proof for the statements (i) and (ii) of
Theorem II.

Proof of Theorem Il (i) and (ii). By [Ng and Schauenburg 2010, Theorem 6.8],
the projective modular representation p4 of a modular category A over K has
a congruence kernel of level N where N is the order of the T-matrix of A. It
follows immediately from Theorem 2.3 that every modular representation p has
a congruence kernel of level n where N |n|12N. By Lemma A.1, ord(p(t)) = n.
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Now the statement Theorem II (ii) follows directly from [Ng and Schauenburg
2010, Theorem 7.1]. |

The congruence property, Theorem II (i) and (ii), is essential to the proof of
Theorem I and to the Galois symmetry of modular categories in Sections 4 and 5.

Definition 2.4. Let A be a modular category over k with FSexp(A4) = N.

(i) By virtue of Theorem II (i), a modular representation p of A is said to be of
level n if ord(p(t)) = n.

(i) The projective modular representation p4 of A factors through a projective
representation p4 y of SL2(Zy). We denote by x4 the cohomology class in
H?(SLy(Zy), k*) associated with g4 .

By Theorem 2.1, the order of k4 is at most 2. If 4{FSexp(.A), then x4 is trivial.
However, if 4| FSexp(A), Lemma 2.2 provides the following criterion to decide the
order of x4.

Corollary 2.5. Let A be a modular category over K. Suppose N = FSexp(A) and
suppose ¢ € K is a 6-th root of the anomaly of A. Then k4 is trivial if and only if
(x/O)N =1 for some 12-th root of unity x € K. In this case, x3pj/§3 € Qn. In
particular, if 41 N, then there exists a 12-th root of unity x € K such that

/0N =1 and x3pj/§3E@N.

Proof. By (1-7), ¢ determines the modular representation p¢ of A given by

3
pt s> {—+§, t— lf.

PA
By Lemma 2.2 (i) and the last two paragraphs of Section 1.2, k4 is trivial if and
only if there exists a 12-th root of unity x € Kk such that ps is a level N modular
representation of A. By Theorem II (i), this is equivalent to id = (x7/¢)V or
(x/¢)N = 1. In this case, Theorem II (ii) implies {3/(x3pj)§ € GLp, (Qy) and
hence ¢3/(x3 pj{) € Q. The last statement follows immediately from Theorem 2.1.
O

The corollary implies some arithmetic relations among the Frobenius—Schur
exponent, the global dimension and the anomaly of a modular category. These
arithmetic consequences will be discussed in Section 6.

3. Modularity of trace functions for rational vertex operator algebras

In this section we prove that the trace functions of a rational, C,-cofinite vertex
operator algebra V are modular forms on some congruence subgroup by showing
that the representation py of SL,(Z), defined by modular transformation of the
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trace functions of V, is a modular representation of Cy. The congruence subgroup
property obtained in Section 2 is then applied to py to conclude the modularity of
the trace functions of V.

Preliminaries. In this subsection we briefly review some basics of vertex operator
algebras following [Frenkel et al. 1988; Frenkel et al. 1993; Dong et al. 1997;
1998a; Lepowsky and Li 2004; Zhu 1996].

Let V = (V,Y, 1, w) be a vertex operator algebra. Then V is C,-cofinite if
the subspace C>(V) of V spanned by all elements of type a_,b for a, b € V has
finite codimension in V. Recall from [Dong et al. 1998a] that V is rational if
any admissible module is completely reducible. The component operator L (n)
of Y(w,2) =),z L(n)z7"~2 will be used frequently. It is proved in [Dong et al.
1998a] that if V is rational then V has only finitely many irreducible admissible

modules M°, ..., MP up to isomorphism and there exist A; € C fori =0, ..., p
such that
o0
M' = @ M;»Hrn
n=0

where ML_ %0 and L(O)|Mi,-+n: A;+n for any n € Z. Moreover, if V is also assumed
to be C,-cofinite, then A; and the central charge ¢ of V are rational numbers (see
[Dong et al. 2000]). In this paper we always assume that V is simple and we take
M%tobe V.

Another important concept is the contragredient module. Let M = €D, . M,
be a V-module. Let M' = @, . M; be the restricted dual of M. It is proved in
[Frenkel et al. 1993] that M’ = (M’, Y') is naturally a V-module such that

(Y'(a, u', vy = (u, Y (D (=770, 77 o),

foraeV, u' € M’ and v e M, and that (M’)’ >~ M. Moreover, if M is irreducible,
sois M’. A V-module M is said to be self-dual if M and M’ are isomorphic. In
this paper, we’ll always assume that the vertex operator algebra V satisfies the
following assumptions:
(V1) V=D, Va with dim Vg = 1 is simple and self-dual.
(V2) V is Cy-cofinite and rational.

The assumption (V2) is equivalent to the regularity [Dong et al. 1997]. That is,
any weak module is completely reducible.

We now recall the notion of intertwining operators and fusion rules from [Frenkel
et al. 1993]. Let Wi = (W', Yyi) for i = 1,2, 3 be weak V-modules. Then an
intertwining operator Y( -, z) of type (WYVWZ) is a linear map

V(- 2): W' - Hom(W?, W)z}, v'— V' 2)=) vz
neC
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satisfying the following conditions:

(i) Forany v! e W!, v> € W? and A € C, we have v,iﬂv2 =0 for n € Z sufficiently
large.

(i) Foranya € V, vl € W!, we have

IR &4
Z013(1

(iii) For v! € W', we have d%y(vl, 2) = V(L(—1', 7).

)Ywa(a )Y, Zz)—zol(?(—z())y(v 22)Yy2(a, 21)

_ 21 — 2%
:Z215< lZz O).))(YWI(G,ZO)UI,Zz).

The sum in the definition of intertwining operator in [Frenkel et al. 1993] is over
rational numbers. For a rational vertex operator algebra, this is true. In general, the
sumzshould be over complex numbers. All of zthe intertwining operators ofStype
(Wl w2) form a vector space denoted by Iy (WYVWZ) The dimension of IV (WIWWZ) is
called the fusion rule of type (;,1%) for V, which is denoted by NW1 -

The following properties of the fusion rule are well-known (see [Frenkel et al.
1993]).

Proposition 3.1. Let V be a vertex operator algebra, and let M*, M7, M* be three
irreducible V-modules. Then:

(1) N? N] i+» where we use W to denote (WYY and where Nj"’k = NAA;I; M
(ii) N’k = Nk J

Let M! and M? be two V-modules. A tensor product for the ordered pair
(M', M?) is a pair (M, F(-,z)), which consists of a V-module M and an in-
tertwining operator F (-, z) of type ( MlM MZ)’ such that the following universal
property holds: for any V-module X and any intertwining operator I (-, z) of
type ( Ml)ilﬂ)’ there exists a unique V-homomorphism ¢ from M to X such that
I(-,z2)=¢oF(-,z). Note that if there is a tensor product, then it is unique by the
universal mapping property. In this case we will denote it by M X M2,

In a series of papers [Huang and Lepowsky 1995a; 1995b; 1995c; Huang 1995;
2008a; 2008b], the tensor product X of the modules for a vertex operator algebra V
has been defined and studied extensively. We have the following result (see [Abe
et al. 2004, Corollary 10] and [Huang and Lepowsky 1995a, Proposition 4.13]).

Theorem 3.2. Let V be a rational and C,-cofinite vertex operator algebra, and let
M, M7, M* be any three irreducible modules of V. Then:

(i) The fusion rules N, .k . are finite.

(ii) The tensor product M' X M7 of M' and M/ exists and is equal to >k Nk Mk,
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We finally review some facts about the modular transformation of trace functions
of irreducible modules of a vertex operator algebra from [Zhu 1996]. Let V be
a rational and C,-cofinite vertex operator algebra, and let M 0 ..., MP be the
irreducible V-modules as before. There is another VOA structure on V, given by
(V,Y[-,z],1, w—c/24) and introduced in [Zhu 1996]. In particular,

V=D Vi

n>0

We will write wt[v] =n if v € V[;. For each v € V,;, we denote v,_; by o(v) and

extend to V linearly. Recall that M’ = P’ Mii 4n- Forv eV we set

Z,’ (’U, q) = trM,- O(U)qL(O)—c/24 — Z(trM;;.+n O(D))qki+n—c/z4’

n>0

which is a formal power series in variable g. The constant ¢ here is the central
charge of V, and Z; (1, q) is sometimes called the g-character of M’. Then Z; (v, q)
converges to a holomorphic function in 0 < |g| < 1 [Zhu 1996]. As usual we let
h={reC|imt > 0} and g = €*™* with € h. We also denote the holomorphic
function Z; (v, g) by Z;(v, T) when we discuss modular transformations of these
functions.

The full modular group SL; (Z) acts on § by

at+b _ a b
ct+d’ “lcd

YiT > ] € SLy(2).

The following theorem was established in [Zhu 1996].

Theorem 3.3. Let V be a rational and C,-cofinite vertex operator algebra, and let
M, ..., MP? be the irreducible V-modules. Then for any y € SLy(Z) there exists a
pv(v) =Vijli,j=o,...p € GL,41(C) such that, for any 0 <i < p and v € Vi),

P
Ziw.yr) = (ct+d)" ) v Ziv. 7).
j=0
Theorem 3.3, in fact, gives a group homomorphism py : SL>(Z) — GL,41(C).
We call py (y) the genus one modular matrices. In particular,

(23] e ren((s)

are respectively called the genus one S- and T-matrices of V. It is immediate to see
that Y}k — 5jke2ni()v-fc/24).
One of our main goals is to show that the kernel of py is a congruence subgroup.
We need the following results on the Verlinde formula [1988] from [Huang
2008a; 2008b] (also see [Moore and Seiberg 1990]).
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Theorem 3.4. Let V be a vertex operator algebra satisfying (V1) and (V2). Then
the genus one S-matrix of V defined above has the following properties:

(i) S is symmetric and S% = C, where Cij = 8;j=. In particular, C has order at
most 2 and is also symmetric.

(i) S;' = Siej = Syjn.
(iii) (Verlinde formula) For anyi, j,k € {0, ..., p},

SiqS; Sk*
k ig9jq
v =3
q=0 a4

Unitarity of S. In this subsection, we will prove that the genus one S-matrix of V
defined on page 2137 is unitary and consequences of this fact. Our approach is
slightly different from that given in [Etingof et al. 2005] for the unitarity of a
normalized S-matrix of a modular category. Recall that S> = C. In fact, this
equality holds for any symmetric matrix satisfying the Verlinde formula as follows:

Lemma 3.5. Let C be a fusion category over C with commutative Grothendieck
ring. Suppose A is a complex symmetric matrix indexed by Il¢ such that Ag, # 0
forall r € Tl and suppose A satisfies the Verlinde formula in the sense that

Aif Ay A
Kk _ irAjr r
N;j = § A, (3-1

relle

for alli, j, k € ¢, where Nk is the fusion rule of C. Then we have Ay, € R and
= C, and we have that A lS unitary, where C;j = ;= for i, j € Il¢.

Proof. By the Verlinde formula (3- 1) Zrel’l A Aj = N =§;j« forany i, j € I¢.
This implies A is invertible and (A~ ),] =Ajj»= A forz j € Il¢. Hence, we have
Ajxj» = Ajj and Ag; = Agj+ for all i, j € I1¢. Let Ko(C) be the Grothendieck ring
of C and let K¢c(C) = Ko(C) ®z C. Note that K¢ (C) is commutative C-algebra.
For b € Ig, let

ep="Ao Y Aaa € Kc(C),

ael’Ic

and E ={ep, | b € T1¢}. Then

eas = AoaAop Y AacApacd = AoaAop Y AacApaNiyr

c,d c,d,r
AczAdzAr*z 5az*5bz* Ar*z
= AoaAob Z AgcApa—————r = Aoa Aoy Z a7
c,d,r,z 0z rz 0z

A
= 5abA%a Z Aroa r = 0apA0q Z Apgr = Sapeq.
r
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Hence, E is the set of all primitive idempotents of /¢ (C).
The duality permutation defined on Il can be extended to a sesquilinear linear
map T on K¢(C), i.e.,

+
— *

(E axx) = E 0y X

xelle XEHC

for o, € C. Moreover, T is an R-algebra automorphism of K¢ (C), but { is not

C-linear. In particular, eZ is in E and hence { defines a permutation on E.

For x € K¢ (C), denote by €(x) the coefficient of the unit object 0 in x. Then
e(ab) = Naob =84+ for a,bellg.
We now define the sesquilinear form (-, -) on K¢(C) by
(x,y) = €e(xy").
Note that (x, x) > 0 for x # 0. Thus
0 < (ep, ep) = e(ebeZ).

Therefore, eZ =¢p, and so (ep, ep) = A%b >0and AgpAup = AgpAgsp foralla, b elle.
The former implies A, € R and hence Ay, = Ay, for all a, b € T¢. Therefore,
A is unitary. O

The following corollary is an immediate consequence of Lemma 3.5 and the
modularity of Cy presented in Theorem 3.9.

Corollary 3.6. Let V be a vertex operator algebra satisfying (V1) and (V2). Then
the genus one S-matrix of V defined on page 2137 is unitary and satisfies S = SC.

The following result can be proved easily by using Corollary 3.6.

Corollary 3.7. Let V be a vertex operator algebra satisfying (V1) and (V2). For
anyu € Vi, V€ V), ¥ = [‘; 2] € SL»(Z) and 11, 7» € h we have
Y Ziw,yr)Zi(w, ym) = (cti +d)" (cry +d)" Y Zi(u, 1) Zi (v, 12).
i i

In particular, ZOgigp |xi (0)|? is invariant under the action of SLy(2).

Proof. Note that T is a diagonal matrix with diagonal entries ¢>*/*=¢/2% for
J =0, ..., p which is clearly a unitary matrix, as A; and c are rational numbers. It
follows from Corollary 3.6 that the representation p is unitary. Set

f(r, )= Z Zi(u,1)Z;(v, ©0).
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Then

fytym) =Y Ziw,y)Zi v, y12)
=(cti+d)"(cry +d)" Z Yij Zj(u, T1)Yik Zr (v, 12)
i,j,k
= (cti+d)" e +d)" Y Zi(u, 1) Zi(v, T2). O

Here we use Corollary 3.7 to study the extensions of vertex operator algebras.
As before we assume that V is a vertex operator algebra satisfying (V1) and (V2).
We also assume that U is an extension of V satisfying (V1) and (V2). Then
U=y, mM ! as a V-module, where n; is nonnegative and ng = 1, as the vacuum
vector is unique. The main goal is to determine the possible values of n;. There have
been a lot of discussions on this in the literature using the modular invariance of the
characters (see, for example, [Cappelli et al. 1987a; 1987b; Gannon 2005]). It seems
that using the characters of irreducible modules is not good enough, as the characters
of irreducible modules are not linearly independent in general. In this section we
use the conformal blocks instead of the characters to approach the problem.

For u,v € V, we set

p
fr,v,m,m) =) Ziw, 1) Zi (v, 1)
i=0

(see Corollary 3.7). Similarly we can define

fuu,v, 711, 10) = Z Zyu, 11)Zy (v, 12)
M

for u, v e U where M ranges through the equivalent classes of irreducible U-modules.
Since each irreducible U-module M is a direct sum of irreducible V-modules, we
see that, foru,v eV,

p
fuu,v, 7, 2) = Z XijZi(u, 1) Zj(v, 1)
i,j=0
for some X;; € Z, and alli, j. lfu=v=1and 1y =1, =7, then fy(1,1,7,71),
which is the sum of square norms of the irreducible characters of U, is SL;(Z)-
invariant. We now determine the matrix X = [X;]. It will be clear from our proof
below that the SL;,(Z)-invariance of fy (1, 1, 7, ) is not good enough to determine
the matrix X.

Proposition 3.8. The matrix X satisfies Xoo=1and Xy =y X, where y € SLy(Z),
and is identified with the modular transformation matrix py (y).
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Proof. For any u € V|, let

Zo(u, 7)
Z(u,t)= :
Z,(u, t)
Then

Zu,yt)=(ct+d)"yZ(u,7) and fyu,v,7,1)=Zu, 1) XZ(v, rs).
By Corollary 3.7,

(cti+d)"(cta +d)" Z(u, 1)) XZ (v, 1)
= fuu,v,yt,yn)=Zu,yu) XZ(v, y 1)
=(cn+d)"(cn+d)"Zu, 1) 'y XyZ(v, 1o).

This implies that
Zw, 1) XZv, ) =Z(u, )"y X7 Z(v, 2)

for all u, v. Since y is unitary, it is enough to show that if Z (u, rl)TAZ(v, ) =0
for all u, v € V where A = [q;;] is a fixed matrix, then A =0.

Next note the equality Z(u, 1))T AZ(v, 1p) = Zij a;;jZi(u,t1)Z;j(v, 12). For
simplicity, set ¢; = ¢*™'% for j = 1, 2. Then

0=Zu,t)"AZ(v, )
= Z Z aij(trM;’_er_O(M)trM—o(v))q’\ itmi— c/24q§» jrm—c/24

i,j mi,nj>0

This implies that each coefficient of q{”q_g’ for any rational numbers m, n must
be zero. We now prove that a;; = 0 for all i, j. Fix i and j. Then the coefficient of

ql’ 6/2461;’ “* in Zu,t)TAZ(v, 1n) is

Z ag; ter o(u)ter o(v)
k,l

where k, [ €{0, ..., p}satisfy my+Ar =A;, nj+A; =A;. Fixn >0 such that n > my
and n > n; for all k, [ occurring in the summation above. Recall from [Dong et al.
1998b] that there is a finite dimensional semisimple associative algebra A, (V') such
that M,’; e M ,’” +», are the inequivalent simple modules of A,(V). As a result we

can choose u, v € V such that o(u) =1 on M’ and o(u) = 0 on all other M/’\‘k+mk

and such that o(v) =1 on M J ~and o(v) =0 on all other M! Y Therefore, for this
u and v, we have that the coefﬁ01ent of ql’ ‘/24q§’ IRl inZ(w, )T AZ(v, 1p) is

a nonzero multiple of a;;. This forces a;; = 0, completing the proof. (]
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The congruence property theorem. Now we come back to the theories of vertex
operator algebras. Let V be a rational and C,-cofinite vertex operator algebra. For
any V-module M, set 6y = ¢?™'©) The following result from [Huang 2008a,
Theorem 4.1] is important in this paper.

Theorem 3.9. Let V be a vertex operator algebra satisfying (V1) and (V2). Then
the V-module category Cy with the dual M' (M a V-module), braiding o which is
denoted by C in [Huang 2008a, p. 877] and twist 0 is a modular tensor category
over C.

Note that Endy (M) =C, 0<i < p. Recall from discussions in Sections 1.1
and 1.3 that the pivotal dimension d; of the simple V-module is a nonzero real
number and the global dimension dimCy = Y"7_, dl.2 is at least 1. Let § and 7 be
the S- and T-matrices of Cy, and D = 4/dimCy the positive square root of dimCy,
and c the central charge of Cy. We fix the normalization s = §/D, and simply call s
the normalized S-matrix of Cy. We will prove in Theorem 3.10 that s is identical to
the genus one S-matrix of V up to a sign.

Theorem 3.10. Let V be a vertex operator algebra satisfying (V1) and (V2). Then:

(1) The normalized S-matrix s of Cy and the genus one S-matrix of V are identical
up to a sign.

(i) The representation py defined by modular transformation of trace functions
is a modular representation of Cy. In particular, ker py is a congruence
subgroup of level n where n is the order of the genus one T-matrix of V, and
ov is Q,-rational.

(iii) The central charge ¢ of Cy is equal to the central charge c of V modulo 4.

Proof. Let
oyivi i MTRM) — MR M

be the braiding of Cy. It is proved in [Huang 2008a] that the pivotal trace of
Oy pi Oy on MJ X MT equals S;;/Soo. This implies that S = As where
A = Spo/s00. Using the unitarity of s and S, we conclude that A is a complex
number of norm 1. This forces A = %=1, which proves the first statement.

It follows from Theorem 3.9 that the T-matrix of Cy is given by 7 =[§; i0ili j=0,...p
and 0; = e?™i%  Therefore, that genus one T-matrix of V is given by T =7 e =271¢/24,
where c is the central charge of V. In particular, py is a modular representation
of Cy. The second part of the second statement is an immediate consequence of
Theorem II (i) and (ii).

By (i), (1-3) and Theorem 3.4 we see that

+
C = (ST)? = +(sfe 2mic/?)3 = :I:%e%”""/z“c,
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where p* is the Gauss sum of Cy. This implies that 1 = (p*/D)e "¢/* or
pt/D = £e™¢/* In particular, ¢ = ¢ mod 4. O

Theorem I now follows from Theorem 3.10 immediately.

We next discuss two different definitions of dimension of modules of rational
and Cj-cofinite vertex operator algebras given in [Dong et al. 2013; Bakalov and
Kirillov 2001]. As before we assume that V' is a vertex operator algebra satisfying
(V1) and (V2). Recall the following definition of quantum dimension from [Dong
et al. 2013]. Let M be a V-module. Set Zy(t) =chy M = Zy(1, 7). The quantum
dimension of M over V is defined as

7
qdimy, M = lim 221
y=0 Zy (iy)
where y is real and positive. It is shown in [Dong et al. 2013] that if V is a vertex
operator algebra satisfying (V1) and (V2) with the irreducibles M’ fori =0, ..., p
such that A; > 0 for i £ 0, then
. i Si
qdimy M’ = —. (3-2)
So0
On the other hand, because V is a vertex operator algebra satisfying (V1) and (V2),
the tensor category Cy of V-modules is modular by Theorem 3.9. The pivotal
dimension d; = dim M’ of M' is also defined in the modular tensor category Cy .
We now prove that these two dimensions coincide.

Proposition 3.11. Let V be a vertex operator algebra satisfying (V1) and (V2),
and suppose L; > 0 for i # 0. Then for any irreducible V-module M, we have
dim M’ = qdim, M'.

Proof. Since dim M' = d; = s¢; /00, the result follows from Theorem 3.10 and (3-2)
immediately. U

The modular transformation property on the conformal blocks has been used
extensively in the study of rational vertex operator algebras. The modular transfor-
mation property gives an estimation of the growth conditions on the dimensions of
homogeneous subspaces as the g-character of an irreducible module is a component
of a vector-valued modular function [Knopp and Mason 2003]. The growth condi-
tion helps us to show that a rational and C,-cofinite vertex operator algebra with
central charge less than one is an extension of the Virasoro vertex operator algebra
associated to the discrete series [Dong and Zhang 2008], and to characterize vertex
operator algebra L(1/2,0) ® L(1/2,0) [Zhang and Dong 2009; Dong and Jiang
2010]. The congruence subgroup property of the action of the modular group on
the conformal block is expected to play an important role in the classification of
rational vertex operator algebras. Since the g-character of an irreducible module is
a modular function on a congruence subgroup and the sum of the square norms of
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the g-characters of the irreducible modules is invariant under SL;(Z), this gives a lot
of information on the dimensions of homogeneous subspaces of vertex operator
algebras. For example, one can use these properties to determine the possible
characters of the rational vertex operator algebras of central charge 1 [Kiritsis 1989].
This will avoid some difficult work in [Dong and Jiang 2011; 2013] of determining
the dimensions of homogenous subspaces of small weights when characterizing
certain classes of rational vertex operator algebras of central charge one.

4. Galois symmetry of modular representations

It was conjectured by Coste and Gannon that the representation of SL,(Z) associated
with a RCFT admits a Galois symmetry (see [Coste and Gannon 1999, Conjecture 3;
Gannon 2006, Conjecture 6.1.7]). Under certain assumptions, the Galois symmetry
of these representations of SL,(Z) was established by Coste and Gannon [1999]
and by Bantay [2003].

In this section, we will prove that such Galois symmetry holds for all modular
representations of a modular category as stated in Theorem II (iii) and (iv). It will
follow from Theorem 3.10 that this Galois symmetry holds for the representation py
defined by modular transformation of the trace functions of any VOA V satisfying
(V1) and (V2).

The Galois symmetry for the canonical modular representation of the Drinfeld
center of a spherical fusion category (Lemma 4.2) plays a crucial for the general
case, and we will provide its proof in the next section.

Galois action on a normalized S-matrix. Let A be a modular category over K with
Frobenius—Schur exponent N, and let p be a level n modular representation of A.
By virtue of Theorem II (i) and (ii), N [n| 12N and p(SL,(Z)) < GL(Q,,), where
[14 is simply abbreviated as I1.

A fixed 6-th root ¢ of the anomaly of .A determines the modular representation p°
of A (see (1-7)). It follows from Section 1.2 that p = ,o§ for some 12-th root of
unity x € k. Let

s=p(s) and t=p().

Then
3
. ¢

= T
x3p,

5.1= z—cfe GL1(Q,). (4-1)

Thus 5% = x°C = +C, where C is the charge conjugation matrix [;j«]; jer. Set
sgn(s) = x°.
Following [de Boer and Goeree 1991, Appendix B], [Coste and Gannon 1994]

or [Etingof et al. 2005, Appendix], for each o € Aut(Qy), there exists a unique
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permutation, denoted by &, on IT such that

.o s ~ .
o<si) = 29U forall i, j eI (4-2)
50 S06 ()
Moreover, there exists a function €, : IT — {%1} such that
0 (sij) = €5()S5(1)j = €5 (J)sig¢jy forall i, j eIl 4-3)
Define G, € GL(Z) by (Gy)ij = €5 (i)85;)j- Then (4-3) can be rewritten as
0(5) = Gys =G (4-4)

where (0(y));; = o(y;;) for y € GLp(Q,). Since G, € GLp(Z), this equation
implies that the assignment,

Aut(Qqp) - GLn(Z2), o+ G,

defines a representation of the group Aut(Qy,) (see [Coste and Gannon 1994)).
Moreover,

02(s) = GG, !, (4-5)
Go=0(s)s ' =o(sVs. (4-6)

Note that the permutation & on IT depends only on the modular category A, as
sij/Soj = Sij/So; in (4-2). However, the matrix G, does depend on s, and hence the
representation p.

Suppose = [8;j6;];,jen. Then t = x7/¢ is a diagonal matrix of order n. If
o |g, = o, for some integer a relatively prime to n, then

o) =o0,(t) =1°.
By virtue of (4-5), to prove Theorem II (iii), it suffices to show that
o(t) = GytG; L. -7
We first establish the following simple observation.
Lemma 4.1. For any integers a, b such that ab =1 (mod n), we have
52 = (191" sth)2.
Proof. 1t follows from direct computation that

2
52 = [2 _“] = ("st’st")? (mod n).

By Theorem II (i), p factors through SL,(Z,) and so we obtain the equality. [
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Galois symmetry of Drinfeld doubles. Before we return to prove the Galois sym-
metry for general modular categories, we need to settle the special case, stated in
the following lemma, when A is the Drinfeld center of a spherical fusion category
over Kk, and p is the canonical modular representation of A.

Lemma 4.2. Let C be a spherical fusion category over K, and take o € Aut(Qyp).
Suppose G, is the signed permutation matrix determined by the canonical normal-
ization s = 5/dim C of the S-matrix of the center Z(C), i.e., G, = o(s)s~\. Then
the T-matrix t of Z(C) satisfies

o?(f) = G,1G; . (4-8)

In particular, if (Gy)ij = €5 (i)85iy; for some sign function €, and permutation &
on Iz ), then o(ti;) = t},(l-);,(,-) foralli € T1z). Moreover, for any integers a, b
relatively prime to N = ord(t) such that o |q, = 0, and ab =1 (mod N),

G, = i%si’si%s~ .
The proof of this lemma, which requires the machinery of generalized Frobenius—
Schur indicators, will be developed independently in Section 5.

Galois symmetry of general modular categories. Let c be the braiding of the mod-
ular category A. Without loss of generality, we further assume the underlying
pivotal category of A is strict. We set

oxgy (V) =(cxv®Y)o (X ®C\_/,1Y)

forany X, Y,V € A. Then (X ® Y, oxgy) is a simple object of Z(A) if X, Y are
simple objects of .A. Moreover, if V; denotes a representative of i € IT, then

(Vi ® Vi, ovey) i, j € 1)

forms a complete set of representatives of simple objects in Z(.A) (see [Miiger 2003b,
Section 7]). Let (i, j) € I1 x II denote the isomorphism class of (V; ® V;, ov,ev;)
in Z(A). Then we have I1z(4) = I1 x I1 and the isomorphism class of the unit
object of Z(A) is (0, 0) € ITz4).

Let§and f = [8:j0i]i, jer1 be the S- and T-matrices of A respectively. Then the
S- and T-matrices of the center Z(.A), denoted by § and £ respectively, are indexed
by IT x I1. By [Ng and Schauenburg 2010, Section 6],

- 6;

Sij ki = SikSjre,  Lju = Sikajlg-
J

Thus FSexp(A) = ord(f) = ord(f) = N.
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Proof of Theorem 1 (iii) and (iv). The canonical normalization s of § is

1
mgikEjl* = sgn(s)sikSsji,
where sgn(s) ==1 is given by §2= sgn(s)C (see (4-1)). Moreover, s € GLyx1(Qp).
For o € Aut(Q,,), we have

Sijkl =

0 (8ij.k1) =sgn(s)eq (D)€ ()6 i)k S6 (j)i+ = €6 (1) €6 ()85 ()6 (j), ki = €0 (is J)S (i, j).kl»

where €, and ¢ are respectively the associated sign function and permutation on
IT x IT. Thus,

€ (i, j) =€ (D)es (), (i, j)=(5(i),5(j))
and so
(Go)ijki = €5 (1)€x ()6 i)k S5 ()i
where G, is the associated signed permutation matrix of o on s. By Lemma 4.2,
we find
05 i)

2 91’ 2.z _z _ 7 —
o'\ g ) =0 W) =lsge) = lie (e i) = o
J o

)
for all i, j € I1. Since 6y =1,

Oy  Os0)
a2(0;)  o2(6)

0 0)

for all i € T1. By (4-1), t = ¢ ~'7 where { = ¢/x. Then

b5y _ 0200500
l5(y6 (i) = A 200 — 52(1)B (4-9)
¢ ¢
forall i € I, where B =155 (0) .02(Z) ek*. Suppose o |@, = o, for some integer a
relatively prime to n. Then (4-9) is equivalent to the equalities

G,tG; ! = ﬂt“z or G;ltazGa =Bt (4-10)

Now it suffices to show that § = 1.
Apply o to the equation (s~'#)* = id. It follows from (4-10) that

id=G,s ' G, Gos ' G711 Gos ' G 11Y = BH(Gys 15 s G 1Y),
This implies
id=B"2(s" s s G Y Gy) = B3 e s T ) = A

Therefore, B> = 1.
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Apply o~! to the equality sts = t~'st~!. Since 0~ !|g, = 0, where b is an
inverse of a modulo n, we have

G;lstbng = t*bsG(,fb or stls= G(,t*bsG(,be*I.

(o2
This implies
G955t G, = G 119Gyt 0sG, 170G 119G,
=0 NG Gy)tP5Gat P o (G Gy)
=o' (B sGot o (B )P
:G_l(ﬁ_z)SGa-
Therefore,
1“stbst* = 07N (BT Gys. (4-11)
Note that
(G(,s)2 =Gy5Gys = ng_ngs =52
Square both sides of (4-11) and apply Lemma 4.1. We obtain
52 = G_l(,B_A')sz.

Consequently, o ~'(87*) = 1 and this is equivalent to 8* = 1. Now we can conclude
that 5 = 1 and so

GytGy ' =17,
By (4-11), we also have G, = t4stbsras1, O

Remark 4.3. For the case A=Rep(D(H)), where H is a semisimple Hopf algebra,
the T-matrix 7 of .A was proven to satisfy o(f;;) = f3()s ;) in [Sommerhéuser and
Zhu 2012, Proposition 12.1]. The underlying modular representation of A, in the
context of Theorem II (iii) and (iv), is the canonical modular representation of A
described in Section 1.4.

We can now establish the Galois symmetry of RCFT as a corollary.

Corollary 4.4. Let V be a vertex operator algebra satisfying (V1) and (V2) with
simple V-modules M°, ..., MP. Then the genus one S- and T-matrices of V admit
the Galois symmetry: for o € Aut(Qyy,), there exists a signed permutation matrix
Gy € GL,41(C) such that

o(S)=G,S=5G, and o*(T)=G,TG;!
where the associated permutation 6 € S,1 of G, is determined by
Sii\ _ Sisti

o\—|=——= foralli,j=0,...,p.
<501) S5 (j)
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In particular, c*(Tj;) = Tsiyé (i)- If n = ord(T) and o|q, = o, for some integer a
relatively prime to n, then

G, =T*ST ST*5™!
where b is an inverse of a modulo n.

Proof. The result is an immediate consequence of Theorem 3.10 and Theorem II
(iii) and (iv). ]

Remark 4.5. The modular representation p factors through a representation given
by o, : SLa(Z,) — GL(K). For any integers a, b such that ab =1 (mod n), the
matrix
a0 _
0 = |:0 b:| = t‘st’st%~! (mod n)

is uniquely determined in SL,(Z,) by the coset a + nZ of Z. Moreover, the
assignment « : Gal(Q,/Q) — SLy(Z,), o, — 0,4, defines a group monomorphism.
Theorem II (iv) implies that the representation ¢, : Gal(Q, /Q) — GL(Z), 0 — G,
associated with p, also factors through p,, satisfying the following commutative
diagram:

Gal(Q,/Q) —~ GLy (k)

|

SLa(Zy) <—— SLa(2)

The Galois symmetry enjoyed by the T-matrix of the Drinfeld center of a spherical
fusion category (Lemma 4.2) does not hold for a general modular category, as
demonstrated in the following example.

Example 4.6. Consider the Fibonacci modular category .4 over C which has only
one isomorphism class of non-unit simple objects. We abbreviate this non-unit
class by 1 (see [Rowell et al. 2009, Section 5.3.2]). Thus, I[14 = {0, 1}. The S- and

T-matrices are given by
~ 1 - 1 0
s = ¢ , = ami | .
[sﬂ —1} [O e }

where ¢ = (1 ++/5)/2. The central charge is ¢ = 14/5 and the global dimension
is dim A = 2 + ¢. Therefore, o = ¢”"!/3 is the anomaly of A and ¢ = ¢’"/30 is a

6-th root of « (see (1-9)). Thus
=i
- e 30 0
S, t:pg(f): |: 0 17m‘:|

e 30

s=p%(s) =

1
V24
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and p¢ is a level 60 modular representation of A by Theorem II. In Gal(Qgy/Q), the
unique nontrivial square is o49. Since o7 (ﬁ) =—4+/5, we have o7 (Si0/500) = Si1/So01.
Therefore, 67 is the transposition (0, 1) on IT4, and

17mi
2 e 30 0 t11 O
1) = 1) = i = .
07 (1) = 049(1) [ 0 o i| [O too]

However, the Galois symmetry does not hold for 7, as

2 |10 i 0
G7(t)_|:0 e(”sni|#[0 foo:|'

We close this section with the following proposition which provides a necessary
and sufficient condition for such Galois symmetry of the T-matrix 7 of a modular
category.

Proposition 4.7. Suppose A is a modular category over K with Frobenius—Schur
exponent N and T-matrix f = [8i6: i, jenis- Let & € K be a 6-th root of the anomaly
o= pj/pj of A. Then, for any o € Aut(Qyp,) and i € Ty,
Oy _, __§
2@y VT 020

Moreover, the following statements are equivalent:

(4-12)

(1) 050y =1 for all o € Aut(Qqp).
(i) 0%(6;) = 05 for all o € Aut(Qyp).
(iii) (pf/pg)t=1
Proof. By (1-7), the assignment
Pl =s=17""5, pl)=1=¢""7
defines a modular representation of .A where A = pj_ /¢3. For o € Aut(Qy) and
i € T4, Theorem II (iii) implies that
0. O
o’ (?l) = 02 (ti1) =t (o) = %

Thus (4-12) follows, as 6y = 1.

By (4-12), the equivalence of (i) and (ii) is obvious. Statement (i) is equivalent to

o2(t)=¢ forall o € Aut(Qyp). (4-13)

Since the anomaly « is a root of unity, so is ¢. By Lemma A.2, (4-13) holds if and
onlyif ¢**=1ora*=1. (]
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Remark 4.8. For a modular category A over C, it follows from (1-9) that the
anomaly of A is a fourth root of unity if and only if its central charge ¢ is an integer
modulo 8.

5. Galois symmetry of quantum doubles

In this section, we provide a proof for Lemma 4.2 which is a special case of
Theorem II (iii) and (iv), but which is also crucial to the proof of the theorem. We
will invoke the machinery of generalized Frobenius—Schur indicators for spherical
fusion categories introduced in [Ng and Schauenburg 2010].

Generalized Frobenius—Schur indicators. Frobenius—Schur indicators for group
representations have been recently generalized to the representations of Hopf
algebras [Linchenko and Montgomery 2000] and quasi-Hopf algebras [Mason
and Ng 2005; Schauenburg 2004; Ng and Schauenburg 2008]. A version of the
second Frobenius—Schur indicator was introduced in conformal field theory [Bantay
1997], and some categorical versions were studied in [Fuchs et al. 1999; Fuchs
and Schweigert 2003]. All these different contexts of indicators are specializations
of the Frobenius—Schur indicators for pivotal categories introduced in [Ng and
Schauenburg 2007b].

The most recent introduction of the equivariant Frobenius—Schur indicators
for semisimple Hopf algebras by [Sommerhéduser and Zhu 2012] has motivated
the discovery of generalized Frobenius—Schur indicators for pivotal categories
[Ng and Schauenburg 2010]. The specialization of these generalized Frobenius—
Schur indicators to spherical fusion categories carries a natural action of SL,(Z).
This modular group action has played a crucial role for the congruence subgroup
theorem [Ng and Schauenburg 2010, Theorem 6.8] of the projective representation
of SL,(Z) associated with a modular category. These indicators also admit a
natural action of Aut(Q,,) which will be employed to prove the Galois symmetry
of quantum doubles in this section. For the purpose of this paper, we will only
provide relevant details of generalized Frobenius—Schur indicators for our proof
to be presented here. The readers are referred to [Ng and Schauenburg 2010] for
more details.

Suppose C is a strict spherical fusion category over k with Frobenius—Schur
exponent N. For any pair (m,[) of integers, V € C and X = (X, ox) € Z(C),
there is a naturally defined K-linear operator E;"‘ﬁ) on the finite-dimensional
k-space C(X, V™) (see [Ng and Schauenburg 2010, Section 2]). Here, vo=1;
V™" = (VY)™ if m <0; and V™ is the m-fold tensor product of V if m > 0. The
(m, I)-th generalized Frobenius—Schur indicator for X € Z(C) and V € C is

VX (V) i=tw(EY) (5-1)
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where tr denotes the ordinary trace map. In particular, for m >0 and f € C(X, V"),

the operator EI({”’V])( f) is the following composition:

dbyv ox (VY v m
x X&dbyv, XQVVeV ox(VOeV, VVRX®V verev, VVQVTRV WOV yym
It can be shown by graphical calculus that, for m, [ € Z with m # 0,
l N .
B = (E4) and (EQ) —id 52

(see [Ng and Schauenburg 2010, Lemmas 2.5 and 2.7]). Hence, for m # 0, we have

V) =w((ELY). £

Note that ”,}1,1 (V) coincides with the Frobenius—Schur indicator v, (V) of V € C
introduced in [Ng and Schauenburg 2007b].

Galois group action on generalized Frobenius—Schur indicators. Let K(Z(C))
denote the Grothendieck ring of Z(C) and let Kx(Z(C)) = K(Z(C)) ®z K. For any
matrix y € GLp(k), we define the linear operator F(y) on Kk(Z(C)) by

F(y)() =) yyi forall jell,
iell
where IT = I1z). Then F : GL(K) = Autk(Kk(Z(C)) is a group isomorphism.
In particular, every representation p : G — GL(K) of a group G can be considered
as a G-action on Ky (Z(C)) through F. More precisely, for g € G, we define

g/ =F(p(g)(j) forall jell

Let 5 and 7 be the S- and T-matrices of Z(C). The SL,(Z)-action on Kx(Z(C))
associated with the canonical modular representation pzc) of Z(C) is then given by

sj=) sji and tj=0j. (5-4)
iell
where f = [6;;0;1i,jenn and s = 5/dim C (see (1-10)). Note that s € GL(Qy) by
Theorem II (ii), since N = ord (7).
Now we extend the generalized indicator v,ff’ (V) linearly via the basis IT to
a functional Iy ((m,1), —) on Kx(Z(C)). Let V e C and (m, 1) € 7%, and let
2= ;en i € Ki(Z(C)) for some «; € k. Then we define

Iy((m.1),2) =Y vy (V)
iell
where X; denotes an arbitrary object in the isomorphism class i. The SL,(Z)-
actions on Z2 and on K (Z(C)) are related by these functionals on Kx(Z(C)). In
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the following theorem, we summarize some results on these generalized indicators
relevant to the proof of Lemma 4.2 (see Section 5 of [Ng and Schauenburg 2010]).

Theorem 5.1. Let C be a spherical fusion category C over K with Frobenius—Schur
exponent N. Suppose z € Kx(Z(C)), X =(X,0x) € Z(C), V €C, (m,]) € 7% and
J = [(1) _01]. Then:

(i) vy (V) € Qy.

(i) vy (V) = dime C(X, V).
(ii) Iy ((m,Dy,2) = Iy((m,1), y’'2) for y € SLo(Z), where y’ = JyJ.

In particular, Aut(Qyy) acts on the generalized Frobenius—Schur indicators vn{ (V).
O

For o € Aut(Qy), the matrix G, = o (s)s ! is also given by
(Go)ij = €5(1)d5i)

for some sign function €, and permutation ¢ on IT (see (4-2), (4-3) and (4-4)).
Define f, = F(G,). Then

foj =€ (67" ()67 (j) for j eIl (5-5)
Since the assignment Aut(Q,p) - GL(Z), o+ G, is arepresentation of Aut(Qy,),
fofr =for forall o, v € Gal(Qy/Q).
Therefore, by direct computation,
fort) =T, J =€ (H&(j) for jell
Remark 5.2. Since s € GL(Qy), if 0, 0’ € Aut(Qyp) such that o |g, =0'|qg, . then
G, =G, andso fy =f4.

Now we can establish the following lemma which describes a relation between
the Aut(Q,p)-action on Kk (Z(C)) and the SL;(Z)-action in terms of the functionals
IV((mv l)a _)

Lemma 5.3. Take V € C and let a, | be nonzero integers such that a is relatively
prime to IN. Suppose o € Aut(Qyy) satisfies o |q, = 04. Then, for all z € Kx(Z(C)),

Iv((a, 1), z) = Iy((1, 0), t 9§, 2).

Proof. Let X; be a representative of j € I1. By (5-2), (5-3) and Theorem 5.1 (i), for
. . . _ p(m,1) . . .

any nonzero integer m, there is a linear operator E,, = E x,,v ona finite-dimensional

space such that (E,,)™ =id and

v (V) = (EX) € Qy
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for all integers k. In particular, the eigenvalues of E,, are |mN|-th roots of unity.
Suppose T € Aut(Qyp) such that 7|g,,, = 0,. Then t|gy =0, =0 |g,. Therefore,

o) (V) = t(t(E[ ") = w(E[ ) = v} (V) = Iy(U, —a), j)  (5-6)
and
o (v}(V) = 0, (w(ED) = (Bl = v}, (V)
=Iy((1,1a), j) = Iy((1, 00, j) = Iy ((1,0), t ). (5-7)

Here, the last equality follows from Theorem 5.1 (iii).
On the other hand, by Theorem 5.1 (iii), we have

(V) = Iy (LD, j) = Iy(@. =Ds ™ ) = Iy =D s = D siv) (V).
iell

Therefore, (5-6) and Theorem 5.1 (iii) imply

(V) = G(Z sijvi‘11<V>) =Y e (DsizHo ) (V)
iell iell
=Y e (NsicpIv (U, —a). i) = Iy((, —a). €5 (j)5 5 ()
iell
=Iy((, —a), 51 ) = Iv((, —a)s ™", f,-1 /) = Iy (@, 1), -1 ).

It follows from (5-7) that, for all j € II,

Iv((a, 1), fo1j) = Iy ((1,0), 9 )
and so
Iy((a, ), fo-12) = Iy ((1,0), t7)

for all z € Kx(Z(C)). The assertion follows by replacing z with §,z. U

Remark 5.4. Some related equalities for the representation categories of semi-
simple Hopf algebras were obtained in [Sommerhiuser and Zhu 2012, Corol-
lary 12.4] with a similar strategy. Because of the conceptual differences of the
definitions of generalized Frobenius—Schur indicators for spherical fusion categories
and the counterpart for semisimple Hopf algebras introduced in that paper, their
approach generally cannot be adapted in fusion categories.

Proof of Lemma 4.2. Let o € Aut(Qg) and let o|g, = o, for some integer a
relatively prime to N. Then o~ !|g, = 0, where b is an inverse of @ modulo N.
By Dirichlet’s theorem on primes in arithmetic progressions, there exists a prime ¢
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such that ¢ = b (mod N) and gfa. By Lemma 5.3 and Theorem 5.1 (iii), for j € IT,
Iy ((1,0), € fot?f,-1 )
=1Iv((1,0), o t5,1)) = Iv((a, @), t'f5-1))
=Iy((a, Pt §o-1)) = Iv((a, g —aq), fo-1))
= Iv((1,0), Ty i j) = Iy ((1,0), £F4)). (5-8)
Using (5-4) and (5-5), we can compute directly the two sides of (5-8). This implies
0" 104(1) : 0(V) =6/ X (V)

for all V € C. Take V = X; to be the underlying C-object of X;. We then have
V. 0(X ) =dimg C(X;, X;) > 1. Therefore, we have 9 1Gq = 9]“ 1, and hence

2

0, =07 or 65, =6

() —

This is equivalent to the equality
o%(f) = G,iG .
Since fstst = s, we find that
Gys =0(s) = a(fsfsf) = 195G, ' TG, 51"
= [5G T Gy s = 5(G; T G, )5t = FsiPsi®. (5-9)

Therefore,
G, = i%st’si%s~\. O

6. Anomaly of modular categories

In this section, we apply the congruence property and Galois symmetry of a modu-
lar category (Theorem II) to deduce some arithmetic relations among the global
dimension, the Frobenius—Schur exponent and the order of the anomaly.

Let .A be a modular category over k with Frobenius—Schur exponent N. Since
d(V) € Qu for V € A (see [Ng and Schauenburg 2010, Proposition 5.7]), the
anomaly o = pj /py of Ais aroot of unity in Qy. Therefore, aV =1if N is even,
and o?N =1 if N is odd.

Let us define J4 = (—1)!7°"¢ to record the parity of the order of the anomaly &
of A. Note that J4 is intrinsically defined by .A. It will become clear that J4 is closely
related to the Jacobi symbol (z) in number theory. When 44 N, the quantity Jy
determines whether dim A has a square root in Qy.

Theorem 6.1. Let A be a modular category over K with Frobenius—Schur exponent
N such that 44 N. Then J dim A has a square root in Qy and — J4 dim A does not
have any square root in Qy.
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Proof. Let ¢ € K be a 6-th root of the anomaly o = pj /py of A. By Corollary 2.5,
there exists a 12-th root of unity x € K such that

N 3+
<£> =1 and xPAeG;DN.

¢ -

Note that (;r)f’(/gd)2 =dim A.
Set N/ = N if N is odd and N’ = N/2 if N is even. In particular, N’ is odd.
Then (x/¢)Y = =+1 and so

N (ON' — (6N _ 16

o =X

By straightforward verification, one can show that x® = J4. Therefore,

B3piV
(c—3A> =x%dim A = J4 dim A.
Suppose —J4 dim A also has a square root in Q. Since J4 dim A has a square
root in Qy, so does —1. Therefore, 4| N, a contradiction. O

When dim A is an odd integer, we will show that Jy4 = (ﬁ). Let us fix our
convention in the following definition for the remainder of this paper.

Definition 6.2. Let .4 be a modular category over k.

(1) A is called mock integral if its global dimension dim A is an integer.

(i1) A is called integral if d(V) e Z forall V € A.

Remark 6.3. The standard definition of integral fusion categories is defined in
terms of Frobenius—Perron dimensions. Following [Etingof et al. 2005], a fusion
category C is called integral (resp. weakly integral) if FPdim V € Z for all V e C (resp.
FPdim C € Z). Moreover, any weakly integral spherical fusion category C satisfies
the pseudounitary condition: FPdim C = dim C. Therefore, weakly integral modular
categories are obviously mock integral. The Deligne product of the Fibonacci
modular category (see [Rowell et al. 2009, Section 5.3.2]) with its Galois conjugate
is a mock integral modular category but not weakly integral.

It follows from [Hong and Rowell 2010, Lemma A.1] and [Etingof et al. 2005,
Proposition 8.24] that d(V) € Z for all objects V in a modular category A if and
only if FPdim V € Z for all V € A. Therefore, these two definitions of integral
modular categories are equivalent. A weakly integral modular category can also be
characterized by the integrality of d(V)? as in the following lemma.

Lemma 6.4. A modular category A over K is weakly integral if and only if d(V)?
is an integer for any simple object V € A.
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Proof. By the modularity of A, we have that FPdim .A = dim .A/d(U)? for some
simple object U. If d(V)? € Z for all simple objects V € A, then dim A € Z and
hence FPdim A € Z. Conversely, if FPdim A € Z, then FPdim A = dim .A and
(FPdim V)% € Z for all simple objects V € A by [Etingof et al. 2005, Proposi-
tions 8.24 and 8.27]. Since d(V)? < (FPdim V)?, the pseudounitarity of A implies
d(V)* = (FPdim V)? € Z. O

Proposition 6.5. Let A be a mock integral modular category over K with Frobenius—
Schur exponent N and odd global dimension dim A. Then Jy = (ﬁ) In
particular,

S, [t ifdimA=1 (mod4),
A7 1=1 ifdimA=3 (mod4).

Moreover, the square-free part of dim A is a divisor of N.

Proof. We may simply assume A contains a non-unit simple object. By [Etingof
2002, Theorem 5.1], N divides (dim.4)3. In particular, N is odd. Let ¢ : Qy — C
be any embedding. It follows from the proof of [Etingof et al. 2005, Proposition 2.9]
that ¢ (d;) is real for i € [14, and so ¢(dim .4) > 1. We can identify Qy with ¢(Qy).

If dim A is the square of an integer, then J4 = 1 by Theorem 6.1, and we have
(ﬁ) = 1. In this case, the last statement is trivial. Suppose dim.A is not the
square of any integer. It follows from Theorem 6.1 that Q(+/J4 dim A) is a quadratic
subfield of Qy. Note that Q(,/p¥) is the unique quadratic subfield of Q¢ for any
odd prime p and positive integer £ (see [Washington 1997]), where p* = (_71) D,
and that Q(y/m) # Q(+/m’) for any two distinct square-free integers m, m’. Let
D1, ..., Pk be the distinct prime factors of N. By counting the order 2 elements
of Gal(Qy/Q), the quadratic subfields of Qy are of the form Q(+/d*) where d is
a positive divisor of p; - - - py and where d* = (%)d

Let a be the square-free part of dim A. Then we have that (=) = (Z)
and Q(v/Jqa) = Q(/J4dim A). By the preceding paragraph, a | p; - - - px and
Ja=(F)- 2

Remark 6.6. In [Sommerhéduser and Zhu 2009], integral modular categories with
the special Galois property

o (8ij) = S(i)j (6-1)

were discussed. These conditions are not satisfied by some common modular cate-
gories such as the Ising and Fibonacci modular categories. However, for semisimple
quasi-Hopf algebras with modular module categories, the first statement of the
preceding proposition was proved in [Sommerhéuser and Zhu 2009, Theorem 5.3].

A number of new results appear in the serious revision [Sommerhiuser and Zhu
2013] of [Sommerh&user and Zhu 2009]. In Theorem 2.6 and Proposition 3.5 of
these papers, the same statement was established for integral modular categories
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satisfying (6-1) by considering the quadratic subfields of Qu but using a different
approach.

The following proposition on modular categories is a slight variation of [Coste
and Gannon 1999, Proposition 3], and it was essentially proved [loc. cit.] under the
assumption of Galois symmetry which has been proved in the previous sections.

Proposition 6.7. Let A be a modular category over K, and let p be a modular
representation of A. Set s = p(s), t = [§;jt;];, jeny, = p (1), n = ord(¢) and

[Kb = @(Sib/S()b | i e HA) fOl’ be HA.

(i) Then o*(ty) =t for o € Gal(Q,/Kp).
(i1) If A is integral, then the anomaly o = pj /P4 of Ais a 4-th root of unity.

(iii) Let K=Q(s;p/s0p | i, b € T1y), and let k be the conductor of K, i.e., the smallest
positive integer k such that K C Q. Then Gal(Q,,/IK) is an elementary 2-group,
and |Gal(Q,,/Qy)| is a divisor of 8. Moreover, n/k is a divisor of 24, and
ged(n/k, k) divides 2.

Proof. (i) For o € Gal(Q,/Kp), let €, be the sign function determined by s (see
(4-3)). Suppose s2 = sgn(s)C where sgn(s) = &=1. Then, by (4-2),

Sgnz(S) -y Sibzib* _ Z(&_b) (Sib*> _ ZC_b) (Si*b) € K,

N N N
Soh e Sob perr, oo/ \sov /2 Ason/ \sop

2 2 2 :
Therefore, sy, € K, and so o (sy,) = s5;,- Since o (sop) = €5 (D)sos ), We have
506 () = €Sop for some sign €. Now, for i € Ty,

Sib _ U(ib) _ Sibw) _ £Siow)

S0b S0b S06 (b) S0b

Thus, si, = €56 for all i € I14. If 6 (b) # b, then the b-th and the & (b)-th columns
of s are linearly dependent but this contradicts the invertibility of s. Therefore,
6 (b) = b and hence, by Theorem II (iii), 02 (ty) = t5 ) = t-

(i) If A is integral, then g = Q and hence o2(ty) = 1o for all o € Gal(Q,/Q).
Recall from Section 1.3 that 79 = x/¢ for some 6-th root ¢ of « and some 12-th
root of unity x € k. By Lemma A.2, x/¢ is a 24-th root of unity. Therefore,

at =M=/ =1

(iii) By (i), for o € Gal(Q,/K), we have o2(1,) = 1;, for all b € T14. Since Q, is
generated by #, (b € 1), we have o2 = id. Therefore, Gal(Q, /) is an elementary
2-group, and so is Gal(Q,/Qy). Thus, for any integer a relatively prime to n such
that ¢ = 1 (mod k), we have a> =1 (mod n). By Lemma A.3, we have that n/k is
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a divisor of 24 and that gcd(n/k, k)| 2. Moreover, |Gal(Q,,/Q¢)| = ¢ (n)/¢p (k) is a
divisor of 8. [l

Remark 6.8. The proof of the preceding proposition is a mere adaptation of [Coste
and Gannon 1999, Proposition 3]. For integral modular categories satisfying (6-1)
(see Remark 6.6), Proposition 6.7 (ii) and (iii) also appear in the final version of
[Sommerhéuser and Zhu 2013, Theorems 2.3.2 and 3.4] with similar ideas. The
following corollary was also established for factorizable quasi-Hopf algebras in
Theorem 4.3 of [Sommerhéduser and Zhu 2009; 2013] with a different approach.

Corollary 6.9. Let A be an integral modular category with anomaly o = pj /Py
If dim A is odd, then o = (5=5).

Proof. 1If dim A is odd, then so is the Frobenius—Schur exponent N of A, as
N | (dim A)3. Since « € Qy and o* = 1, we have «? = 1. It follows from
Proposition 6.5 that

dim A

The Ising modular category is an example of a weakly integral modular category
(see [Rowell et al. 2009, Section 5.3.4]) and its central charge is ¢ = 1/2. Therefore,
its anomaly is ¢™?/4, an eighth root of unity, and this holds for every weakly integral
modular category.

—1

Theorem 6.10. The anomaly o = pj /P4 of any weakly integral modular category
A is an eighth root of unity.

Proof. Suppose ¢ € K is a 6-th root of the anomaly « of a weakly integral modular
category A. Then A = pjf /¢3 is a square root of dim.A. Consider the modular
representation p¢ of A given by

p{:5|—>s:=%§, t—t = %
Let 7 = [8;;6;1i, jeri, be the T-matrix of A. Since s =d?

/dim A € Q, we have, for

2 2 2
or a’2 d?,. forall i e T14. By Theorem II (iii),

G (i)
(Zdz ) Zdz J(l) dt%(i)%g(l) - Z 29.‘

ielly ielly ielly ielly

Thus, we have
o?(py ) _ o?(¢ )
PA ¢
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Since dim A is a positive integer, 2(1) = A and so

o2&} _ o ph/M _*pd) _ o*©)
53 pa /™ PA ¢
Therefore, we find 02(¢%)/¢? =1 for all 0 € Aut(Qyp). It follows from Lemma A.2
that ¢*® =1 and so o® = 1. [l

Corollary 6.9 and the Cauchy theorem for Hopf algebras [Kashina et al. 2006] as
well as quasi-Hopf algebras [Ng and Schauenburg 2007a] suggest a more general
version of the Cauchy theorem may hold for spherical fusion categories or modular
categories over K. We finish this paper with two equivalent questions.

Question 6.11. Let C be a spherical fusion category over kK with Frobenius—Schur
exponent N. Let O denote the ring of integers of Q. Must the principal ideals
O(dimC) and ON of O have the same prime ideal factors?

Since Z(C) is a modular category over K and (dim C)? =dim Z(C), the preceding
question is equivalent to the following:

Question 6.12. Let A be a modular category over k with Frobenius—Schur exponent
N. Let O denote the ring of integers of Qy. Must the principal ideals O(dim .4)
and ON of O have the same prime ideal factors?

By [Etingof 2002], (dim .A)?/N € O. Therefore, the prime ideal factors of ON
are a subset of O dim .A. The converse is only known to be true for the representation
categories of semisimple quasi-Hopf algebras, by [Ng and Schauenburg 2007a,
Theorem 8.4]. Question 6.11 was originally raised for semisimple Hopf algebras in
[Etingof and Gelaki 1999, Question 5.1], which had been solved in [Kashina et al.
2006, Theorem 3.4].

Appendix

The first lemma in this appendix could be known to some experts. An analogous
result for PSL,(Z) was proved by Wohlfahrt [1964, Theorem 2] (see also Newman’s
proof [1972, Theorem VIIL.8]). However, we do not see the lemma as an immediate
consequence of Wohlfahrt’s theorem for PSL;(Z).

Lemma A.1. Let H be a congruence normal subgroup of SL,(Z). Then the level
of H is equal to the order of tH in SLy(Z)/H.

Proof. Let m be the level of H and let n = ord tH. Since t" € I'(m) < H, we have
t" € H and hence n |m.
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Suppose y = [f Z] € I'(n). Since ad — bc = 1, by Dirichlet’s theorem, there
exists a prime p{m such that p = d + kc for some integer k. Then

/ b/
Ryt = [“ } eT(n)
c p
for some integers @', b'. In particular,

ap—bc=1, p=ad=1(modn) and c=b" =0 (modn).

Since p{m, there exists an integer g such that pg = 1 (mod m). Thus we have
pg =1 (modn) and so g =1 (mod n). One can verify directly that

a b /
|:C p:| = Y95 A DPg96t7 (mod m).

Therefore,
Ryt H =95t DPgstP H = s ststH = s 'sH = H.
This implies t %yt € H, and hence y € H. Therefore, I'(n) < H and so m |n. O

The following fact should be well-known. We include the proof here for the
convenience of the reader.

Lemma A.2. Let ¢ be a root of unity in K. Then 6*(¢) = ¢ for all o € Aut(Qg) if
and only if % = 1.

Proof. Let m be the order of ¢. Then Gal(Q(¢)/Q) = U(Z,,). Note that the
group U (Z,,) has exponent at most 2 if and only if m |24. Since (Q(¢) is a Galois
extension over Q, the restriction map Aut(Q,,) *> Gal(Q(¢)/Q) is surjective.
Thus, if 02(¢) = ¢ for all 0 € Aut(Qy,), then the exponent of Gal(Q(¢)/Q) is at
most 2, and hence m | 24. Conversely, if m | 24, then the exponent of Gal(Q(¢)/Q)
is at most 2, and so 6%(¢) = ¢ for all o € Aut(Qyp). O

The next lemma is a variation of the argument used in the proof of [Coste and
Gannon 1999, Proposition 3].

Lemma A.3. Let k be a positive divisor of a positive integer n. Suppose that, for
any integer a relatively prime to n such that a=1 (mod k), we have a> =1 (mod n).
Then gcd(n/k, k) divides 2 and n/ k is a divisor of 24. Moreover, ¢ (n) /¢ (k) is a
divisor of 8.

Proof. Let w : U(Z,) — U(Zy) be the reduction map. The assumption implies that
ker 7 is an elementary 2-group. It follows from the exact sequence

0—>kermr > UZ,) > UZy) — 0

that ¢ (n)/¢ (k) is a power of 2, and so is gcd(n/k, k). Thus, if 2tged(n/k, k), then
ged(n/k, k) = 1. By the Chinese remainder theorem, for any integer y relatively
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prime to n/ k, there exists an integer a such thata=y (modn)/kanda=1 (mod k).
Thus, a®> = 1 (mod n), and hence y> = 1 (mod n)/k. This implies the exponent
of U(Z,x) is at most 2, and therefore n/k |24. Moreover, ¢(n)/¢ (k) = ¢(n/k) is
a factor of 8.

Suppose 2| ged(n/k, k). Then k = 2"k’ for some positive integer u and odd
integer k’. The aforementioned conclusion implies n = 2¥n’k’” where v > u and
ged(n’, 2Uk’) = 1. By the Chinese remainder theorem, the given condition implies
the kernel of the reduction map U (Z,v) — U (Z,«) is an elementary 2-group. There-
fore,2<v<3ifu=1,and v=u+1if u > 1. In both cases, gcd(n/k, k) =2 and
¢ (2)/¢(2%) is a divisor of 4. By the aforementioned argument, for any integer y
relatively prime to n’, we have y> = 1 (mod n)’. Therefore, n’ |24 and hence n’|3.
Thus, n/k =n'2"""| 12, and

o), $2Y)
ot ") pan

is also a divisor of 8. O
Acknowledgements

Part of this paper was carried out while Ng was visiting the National Center
for Theoretical Sciences and Shanghai University. He would like to thank these
institutes for their generous hospitality, especially Ching-Hung Lam, Wen-Ching Li
and Xiuyun Guo for being wonderful hosts. He particularly thanks Ling Long for
many invaluable discussions, and Eric Rowell for his suggestions and stimulative
discussions after the first version of this paper was posted on the arXiv.

References

[Abe et al. 2004] T. Abe, G. Buhl, and C. Dong, “Rationality, regularity, and C,-cofiniteness”, Trans.
Amer. Math. Soc. 356:8 (2004), 3391-3402. MR 2005¢:17041 Zbl 1070.17011
[Bakalov and Kirillov 2001] B. Bakalov and A. Kirillov, Jr., Lectures on tensor categories and

modular functors, University Lecture Series 21, American Mathematical Society, Providence, RI,
2001. MR 2002d:18003 Zbl 0965.18002

[Bantay 1997] P. Bantay, “The Frobenius—Schur indicator in conformal field theory”, Phys. Lett. B
394:1-2 (1997), 87-88. MR 98¢:81195 Zbl 0925.81331

[Bantay 2003] P. Bantay, “The kernel of the modular representation and the Galois action in RCFT”,
Comm. Math. Phys. 233:3 (2003), 423-438. MR 2004g:81240 Zbl 1035.81055

[Bauer et al. 1997] M. Bauer, A. Coste, C. Itzykson, and P. Ruelle, “Comments on the links between
su(3) modular invariants, simple factors in the Jacobian of Fermat curves, and rational triangular
billiards”, J. Geom. Phys. 22:2 (1997), 134-189. MR 98g:81189 Zbl 0895.14009

[Beyl 1986] F. R. Beyl, “The Schur multiplicator of SL(2, Z/mZ) and the congruence subgroup
property”, Math. Z. 191:1 (1986), 23—42. MR 87b:20071 Zbl 0581.20050

[de Boer and Goeree 1991] J. de Boer and J. Goeree, “Markov traces and II; factors in conformal
field theory”, Comm. Math. Phys. 139:2 (1991), 267-304. MR 93i:81211 Zbl 0760.57002


http://dx.doi.org/10.1090/S0002-9947-03-03413-5
http://msp.org/idx/mr/2005c:17041
http://msp.org/idx/zbl/1070.17011
http://msp.org/idx/mr/2002d:18003
http://msp.org/idx/zbl/0965.18002
http://dx.doi.org/10.1016/S0370-2693(96)01662-0
http://msp.org/idx/mr/98c:81195
http://msp.org/idx/zbl/0925.81331
http://dx.doi.org/10.1007/s00220-002-0760-x
http://msp.org/idx/mr/2004g:81240
http://msp.org/idx/zbl/1035.81055
http://dx.doi.org/10.1016/S0393-0440(96)00027-7
http://dx.doi.org/10.1016/S0393-0440(96)00027-7
http://dx.doi.org/10.1016/S0393-0440(96)00027-7
http://msp.org/idx/mr/98g:81189
http://msp.org/idx/zbl/0895.14009
http://dx.doi.org/10.1007/BF01163607
http://dx.doi.org/10.1007/BF01163607
http://msp.org/idx/mr/87b:20071
http://msp.org/idx/zbl/0581.20050
http://dx.doi.org/10.1007/BF02352496
http://dx.doi.org/10.1007/BF02352496
http://msp.org/idx/mr/93i:81211
http://msp.org/idx/zbl/0760.57002

Congruence property in conformal field theory 2163

[Cappelli et al. 1987a] A. Cappelli, C. Itzykson, and J.-B. Zuber, “Modular invariant partition func-
tions in two dimensions”, Nuclear Phys. B 280:3 (1987), 445-465. MR 88i:81132 Zbl 0661.17017

[Cappelli et al. 1987b] A. Cappelli, C. Itzykson, and J.-B. Zuber, “The A-D-E classification of minimal

and Agl) conformal invariant theories”, Comm. Math. Phys. 113:1 (1987), 1-26. MR 89b:81178
7Zbl 0639.17008

[Cardy 1986] J. L. Cardy, “Operator content of two-dimensional conformally invariant theories”,
Nuclear Phys. B 270:2 (1986), 186-204. MR 87k:17017 Zbl 0689.17016

[Coste and Gannon 1994] A. Coste and T. Gannon, “Remarks on Galois symmetry in rational
conformal field theories™, Phys. Lett. B 323:3—4 (1994), 316-321. MR 95h:81031

[Coste and Gannon 1999] A. Coste and T. Gannon, “Congruence subgroups and rational conformal
field theory”, preprint, 1999. arXiv math/9909080

[Dong and Jiang 2010] C. Dong and C. Jiang, “A characterization of vertex operator algebra
L(1/2,00®L(1/2,0)”, Comm. Math. Phys. 296:1 (2010), 69-88. MR 2011c:17049 Zbl 1207.17034

[Dong and Jiang 2011] C. Dong and C. Jiang, “A characterization of vertex operator algebras VZ‘Z, I,
2011. To appear in J. Reine Angew. Math. arXiv 1110.1882

[Dong and Jiang 2013] C. Dong and C. Jiang, “A characterization of the rational vertex operator

algebra VZ—E’ 1I”, Adv. Math. 247 (2013), 41-70. MR 3096793 Zbl 1292.17021

[Dong and Mason 1996] C. Dong and G. Mason, “Vertex operator algebras and Moonshine: a
survey”, pp. 101-136 in Progress in algebraic combinatorics (Fukuoka, 1993), edited by E. Bannai
and A. Munemasa, Adv. Stud. Pure Math. 24, Math. Soc. Japan, Tokyo, 1996. MR 97h:17027
Zbl 0861.17018

[Dong and Zhang 2008] C. Dong and W. Zhang, “On classification of rational vertex operator algebras
with central charges less than 17, J. Algebra 320:1 (2008), 86-93. MR 2009¢:17045 Zbl 1163.17029

[Dong et al. 1997] C. Dong, H. Li, and G. Mason, “Regularity of rational vertex operator algebras”,
Adv. Math. 132:1 (1997), 148-166. MR 98m:17037 Zbl 0902.17014

[Dong et al. 1998a] C. Dong, H. Li, and G. Mason, “Twisted representations of vertex operator
algebras”, Math. Ann. 310:3 (1998), 571-600. MR 99d:17030 Zbl 0890.17029

[Dong et al. 1998b] C. Dong, H. Li, and G. Mason, “Vertex operator algebras and associative
algebras”, J. Algebra 206:1 (1998), 67-96. MR 99i:17029 Zbl 0911.17017

[Dong et al. 2000] C. Dong, H. Li, and G. Mason, “Modular-invariance of trace functions in orbifold
theory and generalized Moonshine”, Comm. Math. Phys. 214:1 (2000), 1-56. MR 2001k:17043
Zbl 1061.17025

[Dong et al. 2001] C. Dong, G. Mason, and K. Nagatomo, “Quasi-modular forms and trace functions
associated to free boson and lattice vertex operator algebras”, Internat. Math. Res. Notices 8 (2001),
409-427. MR 2002b:11060 Zbl 0990.17022

[Dong et al. 2013] C. Dong, X. Jiao, and F. Xu, “Quantum dimensions and quantum Galois theory”,
Trans. Amer. Math. Soc. 365:12 (2013), 6441-6469. MR 3105758 Zbl 06218191

[Eholzer 1995] W. Eholzer, “On the classification of modular fusion algebras”, Comm. Math. Phys.
172:3 (1995), 623-659. MR 96¢:11060 Zbl 0884.17018

[Eholzer and Skoruppa 1995] W. Eholzer and N.-P. Skoruppa, “Modular invariance and uniqueness of
conformal characters”, Comm. Math. Phys. 174:1 (1995), 117-136. MR 96k:11052 Zbl 0884.17019

[Etingof 2002] P. Etingof, “On Vafa’s theorem for tensor categories”, Math. Res. Lett. 9:5-6 (2002),
651-657. MR 2003i:18009 Zbl 1035.18004

[Etingof and Gelaki 1999] P. Etingof and S. Gelaki, “On the exponent of finite-dimensional Hopf
algebras”, Math. Res. Lett. 6:2 (1999), 131-140. MR 2000f:16045 Zbl 0954.16028


http://dx.doi.org/10.1016/0550-3213(87)90155-6
http://dx.doi.org/10.1016/0550-3213(87)90155-6
http://msp.org/idx/mr/88i:81132
http://msp.org/idx/zbl/0661.17017
http://dx.doi.org/10.1007/BF01221394
http://dx.doi.org/10.1007/BF01221394
http://msp.org/idx/mr/89b:81178
http://msp.org/idx/zbl/0639.17008
http://dx.doi.org/10.1016/0550-3213(86)90552-3
http://msp.org/idx/mr/87k:17017
http://msp.org/idx/zbl/0689.17016
http://dx.doi.org/10.1016/0370-2693(94)91226-2
http://dx.doi.org/10.1016/0370-2693(94)91226-2
http://msp.org/idx/mr/95h:81031
http://msp.org/idx/arx/math/9909080
http://dx.doi.org/10.1007/s00220-009-0964-4
http://dx.doi.org/10.1007/s00220-009-0964-4
http://msp.org/idx/mr/2011c:17049
http://msp.org/idx/zbl/1207.17034
http://dx.doi.org/10.1515/crelle-2013-0106
http://msp.org/idx/arx/1110.1882
http://dx.doi.org/10.1016/j.aim.2013.06.030
http://dx.doi.org/10.1016/j.aim.2013.06.030
http://msp.org/idx/mr/3096793
http://msp.org/idx/zbl/1292.17021
http://msp.org/idx/mr/97h:17027
http://msp.org/idx/zbl/0861.17018
http://dx.doi.org/10.1016/j.jalgebra.2007.09.006
http://dx.doi.org/10.1016/j.jalgebra.2007.09.006
http://msp.org/idx/mr/2009c:17045
http://msp.org/idx/zbl/1163.17029
http://dx.doi.org/10.1006/aima.1997.1681
http://msp.org/idx/mr/98m:17037
http://msp.org/idx/zbl/0902.17014
http://dx.doi.org/10.1007/s002080050161
http://dx.doi.org/10.1007/s002080050161
http://msp.org/idx/mr/99d:17030
http://msp.org/idx/zbl/0890.17029
http://dx.doi.org/10.1006/jabr.1998.7425
http://dx.doi.org/10.1006/jabr.1998.7425
http://msp.org/idx/mr/99i:17029
http://msp.org/idx/zbl/0911.17017
http://dx.doi.org/10.1007/s002200000242
http://dx.doi.org/10.1007/s002200000242
http://msp.org/idx/mr/2001k:17043
http://msp.org/idx/zbl/1061.17025
http://dx.doi.org/10.1155/S1073792801000204
http://dx.doi.org/10.1155/S1073792801000204
http://msp.org/idx/mr/2002b:11060
http://msp.org/idx/zbl/0990.17022
http://dx.doi.org/10.1090/S0002-9947-2013-05863-1
http://msp.org/idx/mr/3105758
http://msp.org/idx/zbl/06218191
http://dx.doi.org/10.1007/BF02101810
http://msp.org/idx/mr/96e:11060
http://msp.org/idx/zbl/0884.17018
http://dx.doi.org/10.1007/BF02099466
http://dx.doi.org/10.1007/BF02099466
http://msp.org/idx/mr/96k:11052
http://msp.org/idx/zbl/0884.17019
http://dx.doi.org/10.4310/MRL.2002.v9.n5.a8
http://msp.org/idx/mr/2003i:18009
http://msp.org/idx/zbl/1035.18004
http://dx.doi.org/10.4310/MRL.1999.v6.n2.a1
http://dx.doi.org/10.4310/MRL.1999.v6.n2.a1
http://msp.org/idx/mr/2000f:16045
http://msp.org/idx/zbl/0954.16028

2164 Chongying Dong, Xingjun Lin and Siu-Hung Ng

[Etingof et al. 2005] P. Etingof, D. Nikshych, and V. Ostrik, “On fusion categories”, Ann. of Math.
(2) 162:2 (2005), 581-642. MR 2006m:16051 Zbl 1125.16025

[Frenkel et al. 1988] I. Frenkel, J. Lepowsky, and A. Meurman, Vertex operator algebras and the
Monster, Pure and Applied Mathematics 134, Academic Press, Boston, 1988. MR 90h:17026
Zbl 0674.17001

[Frenkel et al. 1993] 1. B. Frenkel, Y.-Z. Huang, and J. Lepowsky, “On axiomatic approaches to vertex
operator algebras and modules”, Mem. Amer. Math. Soc. 104:494 (1993), viii+64. MR 94a:17007
Zbl 0789.17022

[Fuchs and Schweigert 2003] J. Fuchs and C. Schweigert, “Category theory for conformal boundary
conditions”, pp. 25-70 in Vertex operator algebras in mathematics and physics (Toronto, ON, 2000),
edited by S. Berman et al., Fields Inst. Commun. 39, Amer. Math. Soc., Providence, RI, 2003.
MR 2005b:17056 Zbl 1084.17012

[Fuchs et al. 1999] J. Fuchs, A. C. Ganchev, K. Szlachédnyi, and P. Vecsernyés, “S4 symmetry of
6 symbols and Frobenius—Schur indicators in rigid monoidal C* categories”, J. Math. Phys. 40:1
(1999), 408-426. MR 99k:81111 Zbl 0986.81044

[Gannon 2005] T. Gannon, “Modular data: the algebraic combinatorics of conformal field theory”, J.
Algebraic Combin. 22:2 (2005), 211-250. MR 2006h:81254 Zbl 1103.17007

[Gannon 2006] T. Gannon, Moonshine beyond the Monster, Cambridge University Press, 2006.
MR 2008a:17032 Zbl 1146.11026

[Hong and Rowell 2010] S.-m. Hong and E. Rowell, “On the classification of the Grothendieck
rings of non-self-dual modular categories”, J. Algebra 324:5 (2010), 1000-1015. MR 2011k:18018
Zbl 1210.18006

[Huang 1995] Y.-Z. Huang, “A theory of tensor products for module categories for a vertex operator
algebra, IV”, J. Pure Appl. Algebra 100:1-3 (1995), 173-216. MR 98a:17050 Zbl 0841.17015

[Huang 2008a] Y.-Z. Huang, “Rigidity and modularity of vertex tensor categories”, Commun. Con-
temp. Math. 10:suppl. 1 (2008), 871-911. MR 2009i:17041 Zbl 1169.17019

[Huang 2008b] Y.-Z. Huang, “Vertex operator algebras and the Verlinde conjecture”, Commun.
Contemp. Math. 10:1 (2008), 103-154. MR 2009¢e:17056 Zbl 1180.17008

[Huang and Lepowsky 1995a] Y.-Z. Huang and J. Lepowsky, “A theory of tensor products for module
categories for a vertex operator algebra, I”, Selecta Math. (N.S.) 1:4 (1995), 699-756. MR 98a:17047
Zbl 0854.17032

[Huang and Lepowsky 1995b] Y.-Z. Huang and J. Lepowsky, “A theory of tensor products for
module categories for a vertex operator algebra, 11", Selecta Math. (N.S.) 1:4 (1995), 757-786.
MR 98a:17047 Zbl 0854.17033

[Huang and Lepowsky 1995¢] Y.-Z. Huang and J. Lepowsky, “A theory of tensor products for module
categories for a vertex operator algebra, III”, J. Pure Appl. Algebra 100:1-3 (1995), 141-171.
MR 98a:17049 Zbl 0841.17014

[Kac 1990] V. G. Kac, Infinite-dimensional Lie algebras, 3rd ed., Cambridge University Press, 1990.
MR 92k:17038 Zbl 0716.17022

[Kac and Peterson 1984] V. G. Kac and D. H. Peterson, “Infinite-dimensional Lie algebras, theta
functions and modular forms”, Adv. in Math. 53:2 (1984), 125-264. MR 86a:17007 Zbl 0584.17007

[Karpilovsky 1985] G. Karpilovsky, Projective representations of finite groups, Monographs and
Textbooks in Pure and Applied Mathematics 94, Marcel Dekker, New York, 1985. MR 86m:20014
Zbl 0568.20016

[Kashina et al. 2006] Y. Kashina, Y. Sommerhéuser, and Y. Zhu, “On higher Frobenius—Schur
indicators”, Mem. Amer. Math. Soc. 181:855 (2006), viii+65. MR 2007k:16071 Zbl 1163.16029


http://dx.doi.org/10.4007/annals.2005.162.581
http://msp.org/idx/mr/2006m:16051
http://msp.org/idx/zbl/1125.16025
http://msp.org/idx/mr/90h:17026
http://msp.org/idx/zbl/0674.17001
http://dx.doi.org/10.1090/memo/0494
http://dx.doi.org/10.1090/memo/0494
http://msp.org/idx/mr/94a:17007
http://msp.org/idx/zbl/0789.17022
http://msp.org/idx/mr/2005b:17056
http://msp.org/idx/zbl/1084.17012
http://dx.doi.org/10.1063/1.532778
http://dx.doi.org/10.1063/1.532778
http://msp.org/idx/mr/99k:81111
http://msp.org/idx/zbl/0986.81044
http://dx.doi.org/10.1007/s10801-005-2514-2
http://msp.org/idx/mr/2006h:81254
http://msp.org/idx/zbl/1103.17007
http://dx.doi.org/10.1017/CBO9780511535116
http://msp.org/idx/mr/2008a:17032
http://msp.org/idx/zbl/1146.11026
http://dx.doi.org/10.1016/j.jalgebra.2009.11.044
http://dx.doi.org/10.1016/j.jalgebra.2009.11.044
http://msp.org/idx/mr/2011k:18018
http://msp.org/idx/zbl/1210.18006
http://dx.doi.org/10.1016/0022-4049(95)00050-7
http://dx.doi.org/10.1016/0022-4049(95)00050-7
http://msp.org/idx/mr/98a:17050
http://msp.org/idx/zbl/0841.17015
http://dx.doi.org/10.1142/S0219199708003083
http://msp.org/idx/mr/2009i:17041
http://msp.org/idx/zbl/1169.17019
http://dx.doi.org/10.1142/S0219199708002727
http://msp.org/idx/mr/2009e:17056
http://msp.org/idx/zbl/1180.17008
http://dx.doi.org/10.1007/BF01587908
http://dx.doi.org/10.1007/BF01587908
http://msp.org/idx/mr/98a:17047
http://msp.org/idx/zbl/0854.17032
http://dx.doi.org/10.1007/BF01587909
http://dx.doi.org/10.1007/BF01587909
http://msp.org/idx/mr/98a:17047
http://msp.org/idx/zbl/0854.17033
http://dx.doi.org/10.1016/0022-4049(95)00049-3
http://dx.doi.org/10.1016/0022-4049(95)00049-3
http://msp.org/idx/mr/98a:17049
http://msp.org/idx/zbl/0841.17014
http://dx.doi.org/10.1017/CBO9780511626234
http://msp.org/idx/mr/92k:17038
http://msp.org/idx/zbl/0716.17022
http://dx.doi.org/10.1016/0001-8708(84)90032-X
http://dx.doi.org/10.1016/0001-8708(84)90032-X
http://msp.org/idx/mr/86a:17007
http://msp.org/idx/zbl/0584.17007
http://msp.org/idx/mr/86m:20014
http://msp.org/idx/zbl/0568.20016
http://dx.doi.org/10.1090/memo/0855
http://dx.doi.org/10.1090/memo/0855
http://msp.org/idx/mr/2007k:16071
http://msp.org/idx/zbl/1163.16029

Congruence property in conformal field theory 2165

[Kassel 1995] C. Kassel, Quantum groups, Graduate Texts in Mathematics 155, Springer, New York,
1995. MR 96e:17041 Zbl 0808.17003

[Kiritsis 1989] E. B. Kiritsis, “Proof of the completeness of the classification of rational conformal
theories with ¢ = 17, Phys. Lett. B 217:4 (1989), 427-430. MR 89k:81150

[Knopp and Mason 2003] M. Knopp and G. Mason, “On vector-valued modular forms and their
Fourier coefficients”, Acta Arith. 110:2 (2003), 117-124. MR 2004:11043 Zbl 1044.11020

[Lepowsky and Li 2004] J. Lepowsky and H. Li, Introduction to vertex operator algebras and
their representations, Progress in Mathematics 227, Birkhduser, Boston, 2004. MR 2004k:17050
Zbl 1055.17001

[Linchenko and Montgomery 2000] V. Linchenko and S. Montgomery, “A Frobenius—Schur the-
orem for Hopf algebras”, Algebr. Represent. Theory 3:4 (2000), 347-355. MR 2001k:16073
Zbl 0971.16018

[Mason and Ng 2005] G. Mason and S.-H. Ng, “Central invariants and Frobenius—Schur indica-
tors for semisimple quasi-Hopf algebras”, Adv. Math. 190:1 (2005), 161-195. MR 2005h:16066
Zbl 1100.16033

[Mennicke 1967] J. Mennicke, “On Ihara’s modular group”, Invent. Math. 4 (1967), 202-228. MR 37
#1485 Zbl 0189.02504

[Moore 1987] G. Moore, “Atkin-Lehner symmetry”, Nuclear Phys. B 293:1 (1987), 139-188.
MR 89c:81151a

[Moore and Seiberg 1990] G. Moore and N. Seiberg, “Lectures on RCFT”, pp. 263-361 in Physics,
geometry, and topology (Banff, AB, 1989), edited by H. C. Lee, NATO Adv. Sci. Inst. Ser. B Phys.
238, Plenum, New York, 1990. MR 93m:81133b Zbl 0728.57012

[Miiger 2003a] M. Miiger, “From subfactors to categories and topology, I: Frobenius algebras
in and Morita equivalence of tensor categories”, J. Pure Appl. Algebra 180:1-2 (2003), 81-157.
MR 2004£:18013 Zbl 1033.18002

[Miiger 2003b] M. Miiger, “From subfactors to categories and topology, II: The quantum double of
tensor categories and subfactors”, J. Pure Appl. Algebra 180:1-2 (2003), 159-219. MR 2004f:18014
Zbl 1033.18003

[Newman 1972] M. Newman, Integral matrices, Pure and Applied Mathematics 45, Academic Press,
New York-London, 1972. MR 49 #5038 Zbl 0254.15009

[Ng and Schauenburg 2007a] S.-H. Ng and P. Schauenburg, “Frobenius—Schur indicators and expo-
nents of spherical categories”, Adv. Math. 211:1 (2007), 34-71. MR 2008b:16067 Zbl 1138.16017

[Ng and Schauenburg 2007b] S.-H. Ng and P. Schauenburg, “Higher Frobenius—Schur indicators for
pivotal categories”, pp. 63-90 in Hopf algebras and generalizations, edited by L. H. Kauffman et al.,
Contemp. Math. 441, American Mathematical Society, Providence, RI, 2007. MR 2008m:18015
Zbl 1153.18008

[Ng and Schauenburg 2008] S.-H. Ng and P. Schauenburg, “Central invariants and higher indi-
cators for semisimple quasi-Hopf algebras”, Trans. Amer. Math. Soc. 360:4 (2008), 1839—-1860.
MR 2009d:16065 Zbl 1141.16028

[Ng and Schauenburg 2010] S.-H. Ng and P. Schauenburg, “Congruence subgroups and general-
ized Frobenius—Schur indicators”, Comm. Math. Phys. 300:1 (2010), 1-46. MR 2012g:81193
Zbl 1206.18007

[Rocha-Caridi 1985] A. Rocha-Caridi, “Vacuum vector representations of the Virasoro algebra”,
pp. 451-473 in Vertex operators in mathematics and physics (Berkeley, Calif., 1983), edited by
J. Lepowsky et al., Math. Sci. Res. Inst. Publ. 3, Springer, New York, 1985. MR 87b:17011
Zb1 0557.17005


http://dx.doi.org/10.1007/978-1-4612-0783-2
http://msp.org/idx/mr/96e:17041
http://msp.org/idx/zbl/0808.17003
http://dx.doi.org/10.1016/0370-2693(89)90073-7
http://dx.doi.org/10.1016/0370-2693(89)90073-7
http://msp.org/idx/mr/89k:81150
http://dx.doi.org/10.4064/aa110-2-2
http://dx.doi.org/10.4064/aa110-2-2
http://msp.org/idx/mr/2004j:11043
http://msp.org/idx/zbl/1044.11020
http://dx.doi.org/10.1007/978-0-8176-8186-9
http://dx.doi.org/10.1007/978-0-8176-8186-9
http://msp.org/idx/mr/2004k:17050
http://msp.org/idx/zbl/1055.17001
http://dx.doi.org/10.1023/A:1009949909889
http://dx.doi.org/10.1023/A:1009949909889
http://msp.org/idx/mr/2001k:16073
http://msp.org/idx/zbl/0971.16018
http://dx.doi.org/10.1016/j.aim.2003.12.004
http://dx.doi.org/10.1016/j.aim.2003.12.004
http://msp.org/idx/mr/2005h:16066
http://msp.org/idx/zbl/1100.16033
http://dx.doi.org/10.1007/BF01425756
http://msp.org/idx/mr/37:1485
http://msp.org/idx/mr/37:1485
http://msp.org/idx/zbl/0189.02504
http://dx.doi.org/10.1016/0550-3213(87)90067-8
http://msp.org/idx/mr/89c:81151a
http://msp.org/idx/mr/93m:81133b
http://msp.org/idx/zbl/0728.57012
http://dx.doi.org/10.1016/S0022-4049(02)00247-5
http://dx.doi.org/10.1016/S0022-4049(02)00247-5
http://msp.org/idx/mr/2004f:18013
http://msp.org/idx/zbl/1033.18002
http://dx.doi.org/10.1016/S0022-4049(02)00248-7
http://dx.doi.org/10.1016/S0022-4049(02)00248-7
http://msp.org/idx/mr/2004f:18014
http://msp.org/idx/zbl/1033.18003
http://msp.org/idx/mr/49:5038
http://msp.org/idx/zbl/0254.15009
http://dx.doi.org/10.1016/j.aim.2006.07.017
http://dx.doi.org/10.1016/j.aim.2006.07.017
http://msp.org/idx/mr/2008b:16067
http://msp.org/idx/zbl/1138.16017
http://dx.doi.org/10.1090/conm/441/08500
http://dx.doi.org/10.1090/conm/441/08500
http://msp.org/idx/mr/2008m:18015
http://msp.org/idx/zbl/1153.18008
http://dx.doi.org/10.1090/S0002-9947-07-04276-6
http://dx.doi.org/10.1090/S0002-9947-07-04276-6
http://msp.org/idx/mr/2009d:16065
http://msp.org/idx/zbl/1141.16028
http://dx.doi.org/10.1007/s00220-010-1096-6
http://dx.doi.org/10.1007/s00220-010-1096-6
http://msp.org/idx/mr/2012g:81193
http://msp.org/idx/zbl/1206.18007
http://dx.doi.org/10.1007/978-1-4613-9550-8_22
http://msp.org/idx/mr/87b:17011
http://msp.org/idx/zbl/0557.17005

2166 Chongying Dong, Xingjun Lin and Siu-Hung Ng

[Rowell et al. 2009] E. Rowell, R. Stong, and Z. Wang, “On classification of modular tensor cate-
gories”, Comm. Math. Phys. 292:2 (2009), 343-389. MR 2011b:18013 Zbl 1186.18005

[Schauenburg 2004] P. Schauenburg, “On the Frobenius—Schur indicators for quasi-Hopf algebras”, J.
Algebra 282:1 (2004), 129-139. MR 2005h:16068 Zbl 1071.16037

[Sommerhduser and Zhu 2009] Y. Sommerhéuser and Y. Zhu, “On the central charge of a factorizable
Hopf algebra”, preprint, 2009. arXiv 0906.3471

[Sommerhéduser and Zhu 2012] Y. Sommerhéduser and Y. Zhu, “Hopf algebras and congruence
subgroups”, Mem. Amer. Math. Soc. 219:1028 (2012), vi+134. MR 2985696 Zbl 1314.16021

[Sommerhduser and Zhu 2013] Y. Sommerhduser and Y. Zhu, “On the central charge of a factorizable
Hopf algebra”, Adv. Math. 236 (2013), 158-223. MR 3019720 Zbl 1280.16028

[Turaev 2010] V. G. Turaev, Quantum invariants of knots and 3-manifolds, 2nd ed., de Gruyter Studies
in Mathematics 18, Walter de Gruyter & Co., Berlin, 2010. MR 2011£:57023 Zbl 1213.57002

[Vafa 1988] C. Vafa, “Toward classification of conformal theories”, Phys. Lett. B 206:3 (1988),
421-426. MR 89k:81178

[Verlinde 1988] E. Verlinde, “Fusion rules and modular transformations in 2D conformal field theory”,
Nuclear Phys. B 300:3 (1988), 360-376. MR 89h:81238 Zbl 1180.81120

[Wang 2010] Z. Wang, Topological quantum computation, CBMS Regional Conference Series
in Mathematics 112, American Mathematical Society, Providence, RI, 2010. MR 2011f:81054
Zbl 1239.81005

[Washington 1997] L. C. Washington, Introduction to cyclotomic fields, 2nd ed., Graduate Texts in
Mathematics 83, Springer, New York, 1997. MR 97h:11130 Zbl 0966.11047

[Weibel 1994] C. A. Weibel, An introduction to homological algebra, Cambridge Studies in Advanced
Mathematics 38, Cambridge University Press, 1994. MR 95f:18001 Zbl 0797.18001

[Wohlfahrt 1964] K. Wohlfahrt, “An extension of F. Klein’s level concept”, lllinois J. Math. 8 (1964),
529-535. MR 29 #4805 Zbl 0135.29101

[Xu 2006] F. Xu, “Some computations in the cyclic permutations of completely rational nets”, Comm.
Math. Phys. 267:3 (2006), 757-782. MR 2007h:81199 Zbl 1138.81510

[Zhang and Dong 2009] W. Zhang and C. Dong, “W-algebra W(2, 2) and the vertex operator
algebra L(1/2,0) ® L(1/2,0)”, Comm. Math. Phys. 285:3 (2009), 991-1004. MR 2009k:17048
Zbl 1194.17015

[Zhu 1996] Y. Zhu, “Modular invariance of characters of vertex operator algebras”, J. Amer. Math.
Soc. 9:1 (1996), 237-302. MR 96¢:17042 Zbl 0854.17034

Communicated by Susan Montgomery
Received 2015-03-05 Revised 2015-07-20 Accepted 2015-08-19

dong@ucsc.edu Department of Mathematics, UC Santa Cruz,
194 Baskin Engineering, Santa Cruz, CA 95064, United States

xingjunlin88@gmail.com Department of Mathematics, Sichuan University,
Chengdu, 610064, China

rng@math.Isu.edu Department of Mathematics, Louisiana State University,
Baton Rouge, LA 70803, United States

mathematical sciences publishers :.msp


http://dx.doi.org/10.1007/s00220-009-0908-z
http://dx.doi.org/10.1007/s00220-009-0908-z
http://msp.org/idx/mr/2011b:18013
http://msp.org/idx/zbl/1186.18005
http://dx.doi.org/10.1016/j.jalgebra.2004.08.015
http://msp.org/idx/mr/2005h:16068
http://msp.org/idx/zbl/1071.16037
http://msp.org/idx/arx/0906.3471
http://dx.doi.org/10.1090/S0065-9266-2012-00649-6
http://dx.doi.org/10.1090/S0065-9266-2012-00649-6
http://msp.org/idx/mr/2985696
http://msp.org/idx/zbl/1314.16021
http://dx.doi.org/10.1016/j.aim.2012.12.003
http://dx.doi.org/10.1016/j.aim.2012.12.003
http://msp.org/idx/mr/3019720
http://msp.org/idx/zbl/1280.16028
http://dx.doi.org/10.1515/9783110221848
http://msp.org/idx/mr/2011f:57023
http://msp.org/idx/zbl/1213.57002
http://dx.doi.org/10.1016/0370-2693(88)91603-6
http://msp.org/idx/mr/89k:81178
http://dx.doi.org/10.1016/0550-3213(88)90603-7
http://msp.org/idx/mr/89h:81238
http://msp.org/idx/zbl/1180.81120
http://msp.org/idx/mr/2011f:81054
http://msp.org/idx/zbl/1239.81005
http://dx.doi.org/10.1007/978-1-4612-1934-7
http://msp.org/idx/mr/97h:11130
http://msp.org/idx/zbl/0966.11047
http://dx.doi.org/10.1017/CBO9781139644136
http://msp.org/idx/mr/95f:18001
http://msp.org/idx/zbl/0797.18001
http://projecteuclid.org/euclid.ijm/1256059574
http://msp.org/idx/mr/29:4805
http://msp.org/idx/zbl/0135.29101
http://dx.doi.org/10.1007/s00220-006-0042-0
http://msp.org/idx/mr/2007h:81199
http://msp.org/idx/zbl/1138.81510
http://dx.doi.org/10.1007/s00220-008-0562-x
http://dx.doi.org/10.1007/s00220-008-0562-x
http://msp.org/idx/mr/2009k:17048
http://msp.org/idx/zbl/1194.17015
http://dx.doi.org/10.1090/S0894-0347-96-00182-8
http://msp.org/idx/mr/96c:17042
http://msp.org/idx/zbl/0854.17034
mailto:dong@ucsc.edu
mailto:xingjunlin88@gmail.com
mailto:rng@math.lsu.edu
http://msp.org

ALGEBRA AND NUMBER THEORY 9:9 (2015)
dx.doi.org/10.2140/ant.2015.9.2167

An averaged form of Chowla’s conjecture

Kaisa Matomaki, Maksym Radziwitt and Terence Tao

Let A denote the Liouville function. A well-known conjecture of Chowla asserts
that, for any distinct natural numbers Ay, ..., hy, one has

> Mnthy) - A+ hy) = o(X)
1<n<X

as X — oo. This conjecture remains unproven for any Ay, ..., h; with k > 2. Us-
ing the recent results of Matomiki and Radziwilt on mean values of multiplicative
functions in short intervals, combined with an argument of Katai and Bourgain,
Sarnak, and Ziegler, we establish an averaged version of this conjecture, namely

>

hl ..... hkSH

Z An+hy) A+ h)| = o(H*X)

1<n<X

as X — oo, whenever H = H(X) < X goes to infinity as X — oo and & is fixed.
Related to this, we give the exponential sum estimate

X
J

as X — oo uniformly for all @ € R, with H as before. Our arguments in fact give
quantitative bounds on the decay rate (roughly on the order of loglog H/log H)

and extend to more general bounded multiplicative functions than the Liouville
function, yielding an averaged form of a (corrected) conjecture of Elliott.

Z A(n)e(an)

x<n=<x+H

dx =0(HX)

1. Introduction

Let A : N — {—1, +1} be the Liouville function, that is to say, the completely
multiplicative function such that A(p) = —1 for all primes p. The prime number
theorem implies that!

Z A(n) = o(X)

1<n<X

MSC2010: 11P32.
Keywords: multiplicative functions, Hardy—Littlewood circle method, Chowla conjecture.
ISee page 2174 for our asymptotic notation conventions.
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as X — oo. More generally, a famous conjecture of Chowla [1965] asserts that, for

any distinct natural numbers Ay, ..., hj, one has
D hn4hy) - A+ ly) = o(X) (1-1)
I<n<X
as X — oo.
Chowla’s conjecture remains open for any Ay, ..., hy with k > 2. Our first main

theorem establishes an averaged form of this conjecture:

Theorem 1.1 (Chowla’s conjecture on average). For any natural number k, and
any 10 < H < X, we have

2

1<hy,...hi<H

Z rn+hy) - A(m+hy)

1<n<X

loglog H 1
<<k( £08

H*x. (12
log H 1og1/3°0°x) (-2

In fact, we have the slightly stronger bound

2

lf/‘lz,...,hkSH

D MmAG ko) - A+ )

1<n<X

log log H 1
k(Ogog

H'X. (13
log H 1og1/3000X) (-

In the case k = 2 our result implies that

2

1<h<H

> Mm@+ h)‘ = o(HX)

1<n<X

provided that H — oo arbitrarily slowly with X — oo (and H < X). Note that the
k = 2 case of Chowla’s conjecture is equivalent to the above asymptotic holding in
the case that H is bounded rather than going to infinity.

In fact, we have a more precise bound than (1-2) (or (1-3)) that gives more
control on the exceptional tuples (1, ..., h;) for which the sums of the form
Zl<n<X A(n 4 hy)---A(n+ hy) are large; see Remark 5.2. In particular, in the
spec_iaI case k =2 we get the following result.

Theorem 1.2. Let § € (0, 1] be fixed. There is a large but fixed H = H (8) such
that, for all large enough X,

> amrm+h)

1<n<X

<8X (1-4)

for all but at most H' =939 jntegers |h| < H.
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One can also replace the ranges 1 <h; < H in Theorem 1.1 by b;+1 <h; <b;+H
for any b; = O(X); see Theorem 1.6.

The exponents 1/3000 and 1/5000 in the above theorems may certainly be
improved, but we did not attempt to optimize the constants here. However, our
methods cannot produce a gain much larger than 1/log H, as one would then have
to somehow control A on numbers that are not divisible by any prime less than H,
at which point we are no longer able to exploit the averaging in the Ay, ..., hj
parameters. It would be of particular interest to obtain a gain of more than 1/log X,
as one could then potentially localize A to primes and obtain some version of the
prime tuples conjecture when the 41, ..., h; parameters are averaged over short
intervals, but this is well beyond the capability of our methods. (If instead one is
allowed to average the &1, ..., hy over long intervals of scale comparable to X, one
can obtain various averaged forms of the prime tuples conjecture and its relatives,
by rather different methods than those used here; see [Balog 1990; Mikawa 1992;
Kawada 1993; 1995; Green and Tao 2010].)

Theorem 1.1 is closely related to the following averaged short exponential sum
estimate, which may be of independent interest.

Theorem 1.3 (exponential sum estimate). For any 10 < H < X, one has
X
loglog H 1
sup/ dx <<(Og °8 + )HX.
acR JO

log H log!/700 x
Actually, for technical reasons it is convenient to prove a sharper version of
Theorem 1.3 in which the Liouville function has been restricted to those numbers
that have “typical” factorization; see Theorem 2.3. This sharper version will then
be used to establish Theorem 1.1.
The relationship between Theorems 1.1 and 1.3 stems from the following Fourier-
analytic identity:

Z A(n)e(an)

x<n<x+H

Lemma 1.4 (Fourier identity). For H > 0, if f : Z — C is a function supported on
a finite set, then

.

Proof. Using the Fourier identity f1T e(na) da = 1,—0, we can expand the left-hand
side as

D F@) F@) fom) Fm) Ly sm—w—m=0

n,n’,m,m’
X (/ 1x§n,n’§x+H dx)(/ 1y§m,m’§y+H dy)
R R

2 2 2
dx) da = Z (H — |h|)? .

|h|<H

Y fmean)

x<n<x+H

Y fin+h
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Writing n” = n + h, we see that both integrals are equal to H — |h| if || < H and
vanish otherwise. The claim follows. U

Theorem 1.3 may be compared with the classical estimate

Z An)e(an)| Ka Xlog_AX

1<n<X

sup
aeR

of Davenport [1937], valid for any A > 0. Indeed, one can view Theorem 1.3 as
asserting that a weak form of Davenport’s estimate holds on average in short intervals.
It would be of interest to also obtain nontrivial bounds on the larger quantity

X
f sup
0 aceR

but this appears difficult to establish with our methods.

As with other applications of the circle method, our proof of Theorem 1.3
splits into two cases, depending on whether the quantity « is on “major arc” or
on “minor arc”. In the “major arc” case we are able to use the recent results of
Matomiki and Radziwilt [2015] on the average size of mean values of multiplicative
functions on short intervals. Actually, in order to handle the presence of complex
Dirichlet characters, we need to extend the results in [Matoméaki and Radziwitt
2015] to complex-valued multiplicative functions rather than real-valued ones; this
is accomplished in an appendix to this paper (Appendix A). In the “minor arc” case
we use a variant of the arguments of Katai [1986] and Bourgain, Sarnak, and Ziegler
[Bourgain et al. 2013] (see also the earlier works of Montgomery and Vaughan
[1977] and Daboussi and Delange [1982]) to obtain the required cancellation. One
innovation here is to rely on a combinatorial identity of Ramaré (also used in
[Matoméki and Radziwitt 2015]) as a substitute for the Turan—Kubilius inequality,
as this leads to superior quantitative estimates (particularly if one first restricts the
variable n to have a “typical” prime factorization).

Z A(n)e(an)

x<n<x+H

dx (1-5)

Extension to more general multiplicative functions. Define a 1-bounded multi-
plicative function to be a multiplicative function f : N — C such that | f(n)| <1
for all n € N. Given two 1-bounded multiplicative functions f, g and a parameter
X > 1, we define the distance D(f, g; X) € [0, 400) by the formula

1—R —W1/2
D(f, g; X) = (Z e(f(p)g(p))> |

p=X P

This is known to give a (pseudo)metric on 1-bounded multiplicative functions; see
[Granville and Soundararajan 2007, Lemma 3.1]. We also define the asymptotic
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counterpart D(f, g; 0o) € [0, +o00] by the formula

1—R SN /2
D(f, g; 00) := (Z e(J:mg(p))) |
)4

We informally say that f pretends to be g if D(f, g; X) (or D(f, g; 00)) is small
(or finite).

For any 1-bounded multiplicative function g and real number X > 1, we introduce
the quantity

M(g: X) := inf D(g,n+— n''; X)2, (1-6)
lt|<X
and then the more general quantity
M(g: X, Q)= inf M(gx:X)= __inf  D(g,n> x(mn"; X),
9<0;x(q) l11<X;9<Q:x(q)

where x ranges over all Dirichlet characters of modulus ¢ < Q. Informally,
M(g; X) is small when g pretends to be like a multiplicative character n > n'’,
and M (g; X, Q) is small when g pretends to be like a twisted Dirichlet character
of modulus at most Q and twist of height at most X. We also define the asymptotic
counterpart

M(g; 00, 00) = inf D(g, n = x (mn"'; 00)*

where x now ranges over all Dirichlet characters and ¢ ranges over all real numbers.
Elliott proposed in [1992, Conjecture II] the following more general form of
Chowla’s conjecture, which we phrase here in contrapositive form.

Conjecture 1.5 (Elliott’s conjecture). Let g1, ..., gk : N — C be 1-bounded mul-
tiplicative functions, and let ay, .. ., ai, by, ..., by be natural numbers such that
any two of the pairs (ay, by), ..., (ax, by) are linearly independent in Q. Suppose

that there is an index 1 < jy < k such that

M((gjy; 00, 00) = 0. (1-7)
Then
k
" [Tsit@n+b)=0x (1-8)
1<n<X j=1
as X — oo.

Informally, this conjecture asserts that for pairwise linearly independent pairs
(ay, b1), ..., (ag, by) and any 1-bounded multiplicative gy, ..., gk, one has the
asymptotic (1-8) as X — o0, unless each of the g; pretends to be a twisted Dirichlet
character n +— (n)n' . Note that some condition of this form is necessary, since if
g(n) is equal to x (n)n'" then g(n)g(n + h) will be biased to be positive for large n,
if £ is fixed and divisible by the modulus g of yx; one also expects some bias when
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h is not divisible by this modulus since the sums ), _, lqZ x () x(m+h) do not
vanish in general. From the prime number theorem in arithmetic progressions it
follows that

M (\; 00, 00) = 00,

so Elliott’s conjecture implies Chowla’s conjecture (1-1).

When one allows the functions g; to be complex-valued rather than real-valued,
Elliott’s conjecture turns out to be false on a technicality; one can choose 1-bounded
multiplicative functions g; which are arbitrarily close at various scales to a sequence
of functions of the form n — n'"» (which allows one to violate (1-8)) without globally
pretending to be n’’ (or x (n)n'") for any fixed t; we present this counterexample
in Appendix B. However, this counterexample can be removed by replacing (1-7)
with the stronger condition that

M(gj,; X, Q) — o0 (1-9)

as X — oo for each fixed Q. In the real-valued case, (1-9) and (1-7) are equivalent
by a triangle inequality argument of Granville and Soundararajan which we give in
Appendix C.

As evidence for the corrected form of Conjecture 1.5 (in both the real-valued and
complex-valued cases), we present the following averaged form of that conjecture:

Theorem 1.6 (Elliott’s conjecture on average). Let 10 < H < X and A > 1. Let
g1,---,8 : N — C be 1-bounded functions, and let a1, ...,a, by, ..., by be
natural numbers with a; < A and b; < AX for j =1, ..., k. Let 1 < jo <k, and
suppose that gj, is multiplicative. Then one has

k
Z Z ng(ajn-i-bj-l-hj)

1<hy,...hx<H'1<n<X j=1

loglog H 1
log H log!/3000 x

< A%k (exp(—M/SO) + )H"X (1-10)

where
M = M(gj,; 10AX, Q) and Q :=min(log"'* X, l0g? H).

In fact, we have the slightly stronger bound

2

lfhz,...,/’lkSH

k
Z gi(ain+by) l_[ gj(ajn +b; + hy)
1<n<X j=2

loglog H 1
log H log!/3000 x

< A2k<exp(—M/80) + )Hk‘lX. (1-11)
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Note thatif ay, ..., ak, b1, ..., by are fixed, gj, is independent of X and obeys
the condition (1-9) for any fixed Q, and H = H(X) is chosen to go to infinity
arbitrarily slowly as X — oo, then the quantity M in the above theorem goes to
infinity (note that M (g; X, Q) is nondecreasing in Q), and (1-11) then implies an
averaged form of the asymptotic (1-8). Thus Theorem 1.6 is indeed an averaged
form of the corrected form of Conjecture 1.5. (We discovered the counterexample
in Appendix B while trying to interpret Theorem 1.6 as an averaged version of the
original form of Conjecture 1.5.) Interestingly, only one of the functions g1, ..., gk
in Theorem 1.6 is required to be multiplicative;’> one can use a van der Corput
argument to reduce matters to obtaining cancellation for a sum roughly of the form
Zh<H|Zl<n<X 8jo (M) gjo(n + h) 2, which can then be treated using Lemma 1.4.

For g(n) = A(n) and X, Q, M as in the above theorem, one obtains, for every
& > 0, the bound

1 R it
M~ ", Z +Re x(p)p

- X;q<Q;
lrl=X;q=Q X(q)exp((logx)z/Hg)SPSX P (1-12)

1
> (§ —s) loglog X + O(1).

The last inequality is established via standard methods from the Vinogradov—
Korobov type zero-free region

. c
{O’+ll:0’>1— }

max{logq, (log(3 +[t]))*?(loglog(3 + [t]))!/?}

for L(s, x) and some absolute constant ¢ > 0, which applies since x has conduc-
tor ¢ < (log X)'/'?> (so that there are no exceptional zeros); see [Montgomery
1994, §9.5]. Hence Theorem 1.6 implies Theorem 1.1. The same argument gives
Theorem 1.1 when the Liouville function A is replaced by the M&bius function .
We remark that, as our arguments make no use of exceptional zeroes, all the implied
constants in our theorems are effective.

We also have a generalized form of Theorem 1.3:

Theorem 1.7 (exponential sum estimate). Let X > H > 10 and let g be a 1-bounded
multiplicative function. Then

X
supf
ael JO

dx

> gme(an)

x<n<x+H

« (exp—mg: x, @yy20y + 0218 H 1 \py
exp(— 5 )
P 8 IOgH 10g1/700X

2We thank the referee for observing this fact. In a previous version of this paper, all of the g; were
required to be multiplicative.
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where

Q :=min(log"/'® X, log> H).
By (1-12), Theorem 1.7 implies Theorem 1.3.

Remark 1.8. In the recent preprint [Frantzikinakis and Host 2015], a different
averaged form of Elliott’s conjecture is established, in which one uses fewer av-
eraging parameters /; than in Theorem 1.6 (indeed, one can average over just a
single such parameter, provided that the linear parts of the forms are independent),
but the averaging parameters range over a long range (comparable to X) rather
than on the short range given here. The methods of proof are rather different (in
particular, the arguments in [Frantzikinakis and Host 2015] rely on higher order
Fourier analysis). In the long-range averaged situation considered in [Frantzikinakis
and Host 2015], the counterexample in Appendix B does not apply, and one can
use the original form of Elliott’s conjecture in place of the corrected version. It
may be possible to combine the results here with those in [Frantzikinakis and Host
2015] to obtain an averaged version of Chowla’s or Elliott’s conjecture in which the
number of averaging parameters is small, and the averaging is over a short range,
but this seems to require nontrivial estimates on quantities such as (1-5), which we
are currently unable to handle.

Notation. Our asymptotic notation conventions are as follows. We use X < Y,
Y > X, or X = O(Y) to denote the estimate | X| < CY for some absolute constant C.
If x is a parameter going to infinity, we use X = o(Y) to denote the claim that
|X| < c(x)Y for some quantity c(x) that goes to zero as x — oo (holding all other
parameters fixed).

Unless otherwise specified, all sums are over the integers, except for sums over
the variable p (or pj, p», etc.) which are understood to be over primes.

We use T := R/Z to denote the standard unit circle and let e : T — C be the
standard character e(x) := ¢>7i*.

We use 1s to denote the indicator of a predicate S, thus 1¢ = 1 when § is true
and 1g = 0 when S is false. If A is a set, we write 14(,) for 1,4, so that 1, is the
indicator function of A.

2. Restricting to numbers with typical factorization

To prove Theorem 1.6 and Theorem 1.7 (and hence Theorem 1.1 and Theorem 1.3),
it is technically convenient (as in the previous paper [Matoméki and Radziwitt
2015]) to restrict the support of the multiplicative functions to a certain dense set S
of natural numbers that have a “typical” prime factorization in a certain specific
sense, in order to fully exploit a useful combinatorial identity of Ramaré (see (3-2)).
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This will lead to improved quantitative estimates in the arguments in subsequent
sections of the paper.

More precisely, we introduce the following sets S of numbers with typical prime
factorization, which previously appeared in [Matoméki and Radziwitt 2015].

Definition 2.1. Let 10 < P; < Q1 < X and VX < Xy< X be quantities such that
01 < exp(y/log Xy). We then define P;, Q; for j > 1 by the formulas

P i=exp(j* (log Q1) 'log P), Q; :=exp(j*¥*(log 01)7)

for j > 1. Note that the intervals [P;, Q;] are disjoint and increase to infinity;
indeed, one easily verifies that

Py < Q) <exp(2®log O log P\) = P
and

Py <exp(j* (log 01)7) < Q; < exp((j + D*"*(log 01)7) < P4

for all j > 1. Let J be the largest index such that Q; < exp(,/log Xo). Then we
define Sp, g,,x,,x to be the set of all the numbers 1 <n < X which have at least
one prime factor in the interval [P;, Q;] foreach 1 < j < J.

In practice, X will be taken to be slightly smaller than X, S. The need to have two
parameters X, X instead of one is technical (we need to have the freedom later in
the argument to replace X with a slightly smaller quantity X /d without altering J),
but the reader may wish to pretend that Xy = /X for most of the argument.

This set is fairly dense if P, and Q; are widely separated:

Lemma 2.2. Let 10 < P; < Q1 < X and VX < Xo < X be quantities such that
01 <exp(y/log Xg). Then, for every large enough X,

log P

ogr x

log O

Proof. From the fundamental lemma of sieve theory (see, e.g., [Friedlander and
Iwaniec 2010, Theorem 6.17]) we know that, for any 1 < j < J and large enough X,
the number of 1 <n < X that are not divisible by any prime in [P;, Q;] is at most

1 log P; 1 log P
<x [] (1——)<<1 g LX = ey
pepso) P ogQ;  JjlogOy

H1<n=<X:n&Sp 0, x.x} <

Summing over j, we obtain the claim. U
Both Theorems 1.6 and 1.7 will be deduced from the following claim.
Theorem 2.3 (key exponential sum estimate). Let X, H, W > 10 be such that

(log H)’ < W < min{H"*°, (log X)!/'%}
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and let g be a 1-bounded multiplicative function such that

W <exp(M(g; X, Q)/3). (2-1)
Set
— . 7200 o 3
S'_SPI,QM/Y,X where Py :=W"", Q1:=H/W".
Then, for any o € T, one has

(log H)'*loglog H
Wi/

Z ls(n)g(n)e(an)|dx K

x<n<x+H

HX. (222

In Section 5 we will show how this theorem implies Theorem 1.6. For now, let
us at least see how it implies Theorem 1.7:

Proof of Theorem 1.7 assuming Theorem 2.3. We may assume that X, H, and
M(g; X, Q) are larger than any specified absolute constant, since if one of these
expressions is bounded, then so is W. The claim (2-2) is then trivial with a suitable
choice of implied constant (discarding the (log H)'/*loglog H factor).

Choose Hj such that

log Ho := min(log"/ " X loglog X, exp(M (g; X, 0)/20)M (g: X, Q)).

We divide into two cases: H < Hyp and H > Hj.
First suppose that H < Hy. Then if we set W := log® H, one verifies that all the
hypotheses of Theorem 2.3 hold, and hence

X
/
On the other hand, from Lemma 2.2, the choice of W, P;, Q1, and the bound on H,
we see that

loglog H
E ls(n)g(n)e(an)| dx €« ——HX.
log H
x<n<x+H

loglog H

Hl<n=<X+H:ngS}K
log H

X
and thus, by Fubini’s theorem and the triangle inequality,

X
J

Summing, we obtain Theorem 1.7 in this case.
Now suppose that H > Hy. Covering [0, H] by O (H /Hy) intervals of length H,

we see that
H X+H
dx L —/
0

X
/0 Hy

loglog H
dx K —HX.
log H

Y (A —lsm)gm)elan)

x<n<x+H

Z gn)e(an)|dx.

x<n<x+H

> gme(an)

x<n<x+H
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Also, observe from the choice of Hj that the quantity

oglog H 1

1
—M(g; X, 20
exp(—M (g: X, 0)/20)+ == + 1t

is unchanged up to multiplicative constants if one reduces H to Hy. Finally, from
Mertens’ theorem we see that M (g; X + H, Q) = M(g; X, Q) + O(1). The claim
then follows from the H = Hj case (after performing the minor alteration of
replacing X with X + H). (]

We now begin the proof of Theorem 2.3. The first step is to reduce to the case
where g is completely multiplicative rather than multiplicative. More precisely, we
will deduce Theorem 2.3 from the following proposition.

Proposition 2.4 (completely multiplicative exponential sum estimate). Assume
X, H, W > 10 are such that

(log H)> < W <min{H"/*°, (log X)"/'**},
and let g be a 1-bounded completely multiplicative function such that
W <exp(M(g; X, W)/3). (2-3)
Let d be a natural number withd < W. Set
S = SPl,Qm/Y,X/d where Py = Wzoo’ 0= H/W3.

Then for any o € T one has

J

Let us explain why Theorem 2.3 follows from Proposition 2.4. Let the hypotheses
and notation be as in Theorem 2.3. The function g is not necessarily completely
multiplicative, but we may approximate it by the 1-bounded completely multi-

(log H)'"*1oglog H
Wi/

HX. (2-4)

1
Z Is(n)g(n)e(an)|dx < T3
x/d<n<x/d+H/d

plicative function g; : N — C, defined as the completely multiplicative function
with g1(p) = g(p) for all primes p. By M&bius inversion we may then write
g = g1 *h where x denotes Dirichlet convolution and / is the multiplicative function
h = g * ug;. Observe that, for all primes p, we have h(p) = 0 and |h(p/)| <2
for j > 2. We now write

Yo L g mn8@elam) =Y b Y s, , o (dm)gi(m)e(dam)

x<n<x+H d=1 x/d<m<x/d+H/d
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and so by the triangle inequality we may upper bound the left-hand side of (2-2) by

Z h(@) /

Let us first dispose of the contribution where d > W. Here we trivially bound this

contribution by
Y @) Y OH)

d>W m<QX+H)/d

(dm)gi(m)e(dam)|dx.

P1 0;.VX.X
x/d<m<x/d+H/d

(after moving the absolute values inside the m summation and then performing the
integration on x first). We can bound this in turn by

1 < [h(d)]
< HXW1/4Z d3/4
d=1

From Euler products we see that } - d—1 1h(d)]/ d** = 0(1), so the contribution of
this case is acceptable.
Now we consider the contribution d < W < Pj. In this case we may reduce

(dm) =1

18P1~Q1~ﬁ~x SPval«ﬁ«X/d (m)

and so this contribution to (2-2) can be upper bounded by

3 |h(d>|f

1<d<W

(m)g1(m)e(dam)|dx.

SP ,01.VX,X/d
x/d<m<x/d+H/d

By Proposition 2.4, this is bounded by

o
h(d)| (log H)'/*loglog H
§ P dog 1) loglog H
d3/4 Wi/
d=1
As before, we have 22021 |h(a’)|/d3/4 = 0(1), and Theorem 2.3 follows.
It remains to prove Proposition 2.4. For any o € T, we know from the Dirichlet
approximation theorem that there exists a rational number a/q with (a, g) =1 and
1 <g < H/W such that

In the next two sections, we will apply separate arguments to prove Proposition 2.4
in the minor arc case ¢ > W and the major arc case ¢ < W.
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3. Proof of minor arc estimate

We now prove Proposition 2.4 in the minor arc case g > W. It suffices to show that

1 (logH)'*loglog H
d43/4 wli/4

f@(x) Z ls(n)g(n)e(an)dx <« HX (3-1)
R

x/d<n<x/d+H/d

whenever 0 : R — C is measurable, with |0(x)| at most 1 for all x and supported
on [0, X]. We will now use a variant of an idea of Bourgain, Sarnak, and Ziegler
[Bourgain et al. 2013] (building on earlier works of Kéatai [1986], Montgomery and
Vaughan [1977] and Daboussi and Delange [1982]).

Let P be the set consisting of the primes lying between P; and Q;. Then notice
that each n € S has at least one prime factor from P. This leads to the following
variant of Ramaré’s identity (see [Friedlander and Iwaniec 2010, Section 17.3]):

_ ls/(mp)
ls(m) = Z 1+#glm:q P}’ (3-2)

pEP,m:mp=n

where S’ is the set of all 1 <n < X/d that have at least one prime factor in each of the
intervals [P;, Q;] for j > 2; the constraint n < X/d arises from the corresponding
constraint in the definition of S.

Using this identity, we may write the left-hand side of (3-1) as

Z Z ls/(mp)g(mp)e(mpa)

0(x)1 ’ dx.
1+#{gm:qeP} Jr () L ja<mp<et+H)/d

pEP m

As g is completely multiplicative, g(mp) = g(m)g(p). Thus it suffices to show that

Z Z ls'(mp)g(m)g(p)e(mpa)

0(x)1 d
1+#{glm:q € P} R () L/a<mp=(x+H)/a dx

pEP m
(log H)/*loglog H
d3/AW /4
We can cover P by intervals [P, 2P] with P < P < Q and P a power of two,
and observe that

1
Z —— K loglog O —loglog P, < loglog H,
log P

PI<P<LO:
p=2J

so by the triangle inequality it suffices to show that

Z Z Ls/(mp)g(m)g(p)e(mpa)

0 (xX) Lxja<mp< dx
peP m 1 +#{glm:q € P} R () Leja<mp=x+H)/d
P<p=<2pP o H)1/4

LW A log P X

<
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for each such P. We can rearrange the left-hand side as

g(m) Z
E : lmp<x/a 8(p)e(mpa) f O ) Lx/a<mp=<(x+H)/a dx.
meS,1+#{q|m.qu} e R
P<p=<2pP

Observe that the summand vanishes unless we have m < X /dP. Crudely bounding?
g(m)/(14+#{q|m : g € P}) in magnitude by 1 and applying Holder’s inequality, we
may bound the previous expression in magnitude by
4 \1/4
dx) .

X \3/4
@) (2
m<X/dP

It thus suffices to show that

Z lmpSX/dg(P)e(mPa)/ Q(X)lx/dfmpg(,H»H)/d
R

peP
P<p=<2P

4
S Y lpexag(penpa) / 00) Ly gty
m<X/dP' peP R
P<p=<2pP
log H
< —ST_HXP.
W log™ P
The left-hand side may be expanded as
> / e / (P18 (P2)8(p3)g (P40 (x1)0 (x2)0 (x3)8 (x2)
P1,P2,p3, p4€P
P=p1,p2,p3,p4=<2P
X Z e(m(py+ p2— p3 — pa)a) dxy dx dx3 dxy.

m=X/(dp;)
xi/(dp;)sm=(x;+H)/(dp;)
Vi=1,2,3,4

From summing the geometric series, we observe that the summation over m is
O@min(H/P,1/||(p1 + p2 — p3 — pa)x||)), where ||z|| denotes the distance from z
to the nearest integer. Also, the sum vanishes unless we have x; = O(X) and
xi = x1pi/p1 + O(H) for i = 2,3,4, so there are only O(XH?>) quadruples
(x1, X2, x3, x4) which contribute. Thus we may bound the previous expression by

3 . (H 1
O|\XH E min| —,
P |[(p1+p2—p3— pa)|

P1,P2,P3,pa<2P

and so we reduce to showing that

Z ' (H 1 ) <L logH HP° (3-3)
min{ —, — — og —4 _
P1.P2,p3, Pa<2P P |[(p1+p2—p3 — pa)e|| Wlog™ P

3By using the Turan—Kubilius inequality here one could save a factor of loglog H, but such a gain
will not make a significant impact on our final estimates.
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The quantity p; 4+ p2» — p3 — pa is clearly of size O (P). Conversely, from a standard
upper bound sieve,* the number of representations of an integer n = O (P) of the
form p; + py — p3 — pa with py, po, p3, pa < 2P prime is 0(P3/10g4P). Thus it

suffices to show that
. (H 1 log H
Z min| —, < H.
P ||no| w

n=0(P)

But from the Vinogradov lemma (see, e.g., [Iwaniec and Kowalski 2004, page 346]),
the left-hand side is bounded by

P H H H
O\ —+1)|—=+qglogg)| €« —+Plogg+ — +qlogg
p P q P
which, since
WX —p «PKQ =H/W> and W<g<H/W,

is bounded by O(log H/W H) as required. U

4. Proof of major arc estimate

We now prove Proposition 2.4 in the major arc case g < W. We will discard the
factor d'/4(log H)'/*1oglog H and prove the stronger bound

J

By hypothesis we have o« =a/q +6 withqg < W and 6 = O(W/(Hgq)). Integrating
by parts we see that

HX
> Lsmgme(an)|dx < T 4-1)
x/d<n<(x+H)/d

> 1smgme(an)

x/d<n=(x+H)/d
< 2. 1s(n)g(n)e(an/q)'
x/d<n<(x+H)/d
w H/d
+H_q 0 Y lsmgmelan/q)|dH'. (4-2)

x/d<n<x/d+H'

4For instance, from [Montgomery and Vaughan 2007, Theorem 3.13] one sees that any num-
ber N = O(P) has 0((N/¢(N))(P/log2P)) representations as the sum of two primes; since
ZN:O(P) N2/¢(N)2 = O(P) (see, e.g., [Montgomery and Vaughan 2007, Exercise 2.1.14]), the

claim then follows from the Cauchy—Schwarz inequality.
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Thus let us focus on bounding

J

with 0 < H' < H/d. Splitting into residues classes we see that (4-3) is

5>

b (mod q)

Y ls(mgmelan/q)

x/d<n<x/d+H'

dx (4-3)

> lsmgm)|dx.

x/d<n<x/d+H’
n=b (mod q)

R

Forn=b (mod q) we have dy := (b, g)|n. Therefore let us write b =dybg, ¢ =doqo
and n = dym, so that the condition n = b (mod ¢q) simplifies to m = by (mod gg). In
addition, since g is completely multiplicative and since dp < g < W < Py, we have

Ls(m)g(m) = 8(do) L, o s aur (WIEOM).

Finally we express m = by (mod ¢p) in terms of Dirichlet characters noting that

Lin=by (mod go) (M) =

o > xbo)x(m).

x (mod go)
Putting everything together we see that (4-3) is less than

Yo |

@) dx.
b (mod ¥ 9%’y (mod o)

Z ISP1-Q1.JY,X/(ddO)g(m)X(m)
x/(ddo)<m=x/(ddo)+H'/do

In the integral we make the linear change of variable y = x /(ddp), so that the above
expression becomes

ey

b (mod)? 99, (ot o)

Z ISPIle-ﬁ.X/(ddo)g(m)X(m)‘ dy. (4-4)
y<m<y+H'/dy

We bound the part of the integral with y < X/ W trivially. This produces in (4-3)

an error which is
X , HX HX
dg- g H =35 <03
since g, d <W and H' < H /d. We split the remaining range X/ W0 <y <2X/(ddy)
into dyadic blocks X/ W0 < X’ < X/(ddy) with X’ running through powers of two.
Thus the previous expression is

<<dZ Z & Z /:X

X7 b (mod 0?90, (nod )

> 1 | gy AX
SPLQ].\/Y.X/(ddO)g(m)X(m) y_f_ﬁ
y<m<y+H'/dy 1
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At this point we apply Theorem A.2 with = 1/20 (note that P; > (log Q1)*%/")
to conclude that

2X’
I,

2

Y 1S, o s, MEMT ()| dy
y<m=y+H'/dy

<<< Mgz X)) M(gx: X'y + (B H /do) 1 )H/z /
exp(— ; ; —

p 8X 8X P11/6—1/20 (log X")1/ 50 dg
Since P; = W29 and H'/dy < H and W > log5 H, we have

(log H' /dy)'/3 - (log H)'/3 . 1
P11/6—1/20 = P11/6—1/20 wW5/2

and certainly
1 1 1

(10g X/)1/50 < (IOg X)I/SO < wSs/2°

From Mertens’ theorem and definition of M (g, X, W),

M(gx; X') = M(gx; X)— O(1) > M(g, X, W) — O(1)
and thus, by (2-3),

1
exp(—=M(gx; X DM (gx; X') € —= Wi

Putting all this together, we obtain
/ZX’
It follows from Cauchy—Schwarz that
/*ZX/

Inserting this bound into (4-4) we see that (4-3) is bounded by

2 1 H/2
Z ISP .01 fX/w)(m)g(m)X(m) dy < 355 wWS5/2 dz X

y<m=y+H'/dy

Iy’

5/4
E spl 01 VX.X/(ddy) (m)g(m)x(m)‘ dy < W™ “
y<m<y+H’/dy

H X  gHX
WA dd S aws

Therefore using (4-2) and using g < W we see that (4-1) is

aHX () WO X O
dW5/4 Hg d) ~ dwl'*
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5. Elliott’s conjecture on the average

In this section we use Theorem 2.3 to prove Theorem 1.6, which will be de-
duced from the following result (compare also with Theorem 2.3 and deduction of
Theorem 1.7 from it). For brevity, we write 1gg for the function n > 1s(n)g(n).

Proposition 5.1 (truncated Elliott on the average). Let X, H, W, A > 10 be such
that

log?® H < W < min{H "%, (log X)/1%3}.

Let gy, ..., gr:N— C be 1-bounded multiplicative functions, and let ay, . . ., a,
by, ..., by be natural numbers with a; < A and b; < 3AX for j =1,...,k. Let
1 < jo <k be such that

W <exp(M(gj,; 10AX, Q)/3).

Set
S=38p o, Jioax.oax Where Pri=W*P Q0 :=H'?/W>.
Then
> > lggl(aln—i—b])l—[ Lsgi(ajn+b;+h))| < WI/ZOH X. (5-1)
1<hy,...hy<H'l<n<X

Proof of Theorem 1.6 assuming Proposition 5.1. We may assume that X, H, and M
are larger than any specified absolute constant, as the claim is trivial otherwise. We
first make some initial reductions. The first estimate (1-10) of Theorem 1.6 follows
from the second (1-11) after shifting b by A; in (1-11) and averaging, provided
that we relax the hypotheses b; < AX slightly to b; < 2AX. Thus it suffices to
prove (1-11) under the relaxed hypotheses b; < 2AX.

Let Hy be such that

log Hy = min{log'/** X log log X, exp(M (g;,; 10AX, Q)/80)M (gj,; 10AX, Q)}.
(5-2)

If H < Hy we take W = log’ H and let S be as in Proposition 5.1. All the
assumptions of Proposition 5.1 hold and thus

2

I<hy,...m<H

k
kA?
Z lsgi(ain+by) 1_[ 15gj (ajn +bJ +hj) < — _Hx.
1<n<X j=2 logH

Furthermore, from Lemma 2.2 we have

log W
Yl Ax2 2 (5-3)
(0]




An averaged form of Chowla’s conjecture 2185

From this and the triangle inequality, we have

k
Z gi(ain+by) 1_[ gj(ajn+bj + hj)
I<n<X j=2

k

log W

= Y tsgi@n+by) [ lsg@n+by+h) + O (kAX o). (5-4)
I<n<X j=2 logH

Hence the claim follows in the case when H < Hj.

If H > Hy, one can cover the summation over the A; indices by intervals of
length Hy and apply Theorem 1.6 to each subinterval (shifting the b; by at most
AX when doing so0), and then sum, noting that the quantity

loglog H n 1
IOg H 10g1/3000X

exp(—M(gj,; 10AX, Q)/80) +

is essentially unchanged after replacing H with Hj. U

Remark 5.2. By using larger choices of W, one can obtain more refined information
on the large values of the correlations ) | _,_yx g1(a1n+by) ]_[/;:2 gi(ajn+b;+h;).
For instance, if we take W = H® for some H, § such that 10 < H < Hy and
20loglog H/log H < § < 1/500, we see from Proposition 5.1, (5-4), and Markov’s
inequality that

k
Z gi(ain +b1)1_[gj (ajn+bj +h) < kA?8X

I<n<X j=2
for all but at most O(H*~!/§ H%/?%) tuples (hy, ..., hx—_1) with 1 < h; < H for
j=2,...,k. Thus we can obtain a power saving in the number of exceptional

tuples, at the cost of only obtaining a weak bound on the individual correlations
Y i<n<x 81(ain +by) Hljc':z gj(ajn +bj + hj).

It remains to prove Proposition 5.1. We start by proving the following simpler
case to which the general case will be reduced.

Proposition 5.3. Letr X, H, W > 10 be such that
log H < W < min{H*, (log X)!/1%}.
Let g : N — C be a 1-bounded multiplicative function such that

W <exp(M(g; X, W)/3).
Set
= . 117200 . 3
S=8p p,.vxx Wwhere PL:i=W* 0y :=H/W>



2186 Kaisa Matomaki, Maksym Radziwitt and Terence Tao

Then
2

B} 2 HX
> lsgm1sg(n+)| < s (5-5)
1<n<X

2

1<h<H

To deduce Theorem 1.2 we let S be as in this proposition with W := H%°%_ The
argument of Lemma 2.2 actually gives #{1 <n < X :n ¢ S} <2X log P;/log O in
this case, and thus the numbers n with n € S orn+h ¢ S contribute to the left-hand
side of (1-4) at most 9§/10. Hence, recalling (1-12), the claim follows from the
previous proposition and Markov’s inequality.

Proof of Proposition 5.3. The claim follows once we have shown

> QH —|h)*

|h|<2H

2
Y lsgmsgn+h)| € —=H X2

n

wl/5

Applying Lemma 1.4, it will suffice to show that

UL

From the Parseval identity we have

1

so it suffices to show that

sup/
a JR

Using the trivial bound

2 \2
dx) da K ! H3X?
wli/s :

> 1sg(me(an)

x<n<x+2H

> 1sg(me(an)

x<n<x+2H

2
dx da =/ > lsgm)?dx < HX
R

x<n<x+2H

2
Z lsg(n)e(an)| dx < H’X.

x<n<x+2H

wli/s

< H

Y lsgme(an)

x<n<x+2H

we thus reduce to showing

sup/
o4 R

This follows from Theorem 2.3 (using the lower bound W > log?’ H in the hypothe-
ses of Proposition 5.3 to absorb the log!/* H loglog H factors in Theorem 2.3). O

HX
dx K

> lsgmye(an) Wi

x<n<x+2H

(5-6)

Proof of Proposition 5.1. We first remove the special treatment afforded to the g;
factor in (5-1). Note that we may assume

w120 > kA2 (5-7)
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and thus

H > WSOO > (kAZ)IOOOO

since the claim is trivial otherwise.
Set H :=+/H. Forany 1 <h; < H'/A, we may shift n by i; and conclude that

k
Z lsgi(ain+by) l_[ lsgj(ajn+b; + hj)

1<n<X j=2
k

Z lsgi(ain + by +aihy) l_[ lggj(ajn +bj +hj +ajh1) + O(H,)
l<n<X j=2

and thus we may write the left-hand side of (5-1) as

2

lfhz,...,/’lka

k
Z lggl(aln +b1 +a1h1) l_[ Lng(Cljn +bj +hj +ajh1)
1<n<X j=2

+OH'H).

If one shifts each of the h; for j = 2,...,k in turn by a;h; = O(H'), we may
rewrite this as

2

lfhz,...,hkSH

k
Z lsgi(ain+bi+aihy) l_[ lsgj(ajn +bj + hj)
l<n<X j=2

+OH""H'Y+ O(kH*?H'X).

Averaging in h1, and replacing /| by a;h; (crudely dropping the constraint that
aph is divisible by a;), we may thus bound the left-hand side of (5-1) by

k
Z lsgi(ain+ by + hy) l_[ lsgj(ajn + bj + hj)
1<n<X j=2

+H"'"H' + kH"?H'X.

DY

1<h\<H'1<hy,....hy<H

The g; term may now be combined with the product over the remaining g; terms to
form H, 1 1sgj(ajn + b; + h;j). The error term H*'H' +kH*?>H’X is certainly
of size O((kA2/W1/2O)Hk lX) so it suffices to show that

2. )

1<hi<H' 1<hy,..., hy<H

A
> Hlsgj(ajner +h)| < l/on’f 'H'X.
1<n<X j=1
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By covering the ranges 1 < h; < H by intervals of length H' and averaging, it
suffices (after relaxing the conditions b; < 3AX to b; < 4AX) to prove that

k
ky
> > [T1sst < Wi W1/20 i (H)"X
1<hy,hy,..., hy<H''1<n<X j=1
The situation is now symmetric with respect to permuting the indices 1, ..., k, so
we may assume that the index jp in Proposition 5.1 is equal to 1. By the triangle
inequality in h», ..., hg, it suffices to show that
A !/
Z Z 1_[ Lsgj(a) < WI/ZOH X
1<h<H'l1<n<X j=1

for all hy, ..., hy. Writing G(n) := ]_[];-:2 lsgj(ajn + b; + hj), it thus suffices to
show that

A 1
< W1/20H X

2

1<h<H’

Y lsgil@n+bi+h)Gn)

I<n<X

for any 1-bounded function G : Z — C.
We use a standard van der Corput argument. By the Cauchy—Schwarz inequality,
it suffices to show that

2

1<h|<H’

? A2 2v2
/
< i (H) X,

> dsgi(@n+bi+h)Gn)

1<n<X

The left-hand side may be rewritten as

Y GmGW) Y lsgi(an+bi+h)lsgi(an’ +by+hy).
nn'<X 1<h<H'

By the triangle inequality, it thus suffices to show that

2

n,n'<X

2
H' X?.

Y lsgi(an +bi+h)lsgi(an’ + by +h)| <

1<h|<H’

Ww1/10

To abbreviate notation we now write h = hy, ¢ = g1, a = a;, b = b;. By the
Cauchy-Schwarz inequality, it suffices to show that

2

nn' <X

2 4

D lsglan+b+mlsglan’ +b+h)| < oos(H)?X.

1<h<H’
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Replacing n, n’ by an + b, an’ + b respectively, it suffices to show that

2

n,n’

2 4
D lsgn+ sz +h)| < Y (H)?Xx?

1<h<H’

where we have extended 1sg by zero to the negative integers. The left-hand side
can be rewritten as

2
D (LH = 1hD]Y  1sgm)1sg(n+h)| .
lh|<H' n
and the claim follows from Proposition 5.3. (]

Appendix A: Mean values of complex multiplicative functions
in short intervals

In this section we prove a complex variant of results in [Matoméiki and Radziwitt
2015] in the case that f is not p’ pretentious. In particular, we show that the
mean value of a 1-bounded nonpretentious multiplicative function is small for most
short intervals:

Theorem A.1. Let f be a 1-bounded multiplicative function and let M(f; X) be
as in (1-6). Then, for X > h > 10,

121
}/X i >

x<n<x-+h

Actually, as in [Matomiki and Radziwitt 2015] and earlier in this paper, one
gets better quantitative results if one first restricts to a subset of n with a typical
factorization. Let us first define such a subset S in this setting.

Let n € (0, 1/6), and let X( be a quantity with VX < Xo < X. (The results in
[Matomaiki and Radziwilt 2015] used the choice Xo = X, but for technical reasons
we will need a more flexible choice of this parameter.) Consider a sequence of
increasing intervals [P;, Q;], j > 1 such that:

e 01 <exp(y/log Xy).

» The intervals are not too far from each other; precisely, for all j > 2,

(loglog h)? 1
(logh)?  (log X)!/50°

2
dx Lexp(=M(f; X)M(f; X)+

loglog Q; <i

—_ . A-1
logPi_1 —1 ~ 4j? (A-D

» The intervals are not too close to each other; precisely, for all j > 2,

n .
j_2 log P; > 8log Q;_1 + 16log j. (A-2)
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For example, given 0 < n < 1/6, the sequence of intervals [P;, Q;] defined in
Definition 2.1 can be verified to obey the above estimates if

exp(y/log Xo) > Q1 > P > (log 01)*/"

and if Pj is sufficiently large.

Let S be the set of integers X < n < 2X having at least one prime factor in each
of the intervals [ P;, Q;] for j < J, where J is chosen to be the largest index j such
that Q; < exp((log X0)'/?). We will establish the following variant of [Matomiki
and Radziwitt 2015, Theorem 3].

Theorem A.2. Let f be a 1-bounded multiplicative function. Let S be as above
with n € (0,1/6). If [P1, Q1] C [1, h], then for all X > X (n) large enough and
all h > 3,

121
§/X 7 Y fm)

x<n<x-+h
nesS

The proof of Theorem A.2 proceeds as the proof of [Matomiki and Radziwitt

2015, Theorem 3]. The first step is a Parseval bound:

1 X1
§A ;A Zf(”l)

x<n<x+h
nesS
This follows exactly in the same way as [Matomiki and Radziwitt 2015, Lemma 14]
but there is no need to split the integral into two parts, and one can just work as for
V (x) there. Theorem A.2 now follows immediately from the following variant of
[Matoméki and Radziwitt 2015, Proposition 1].

(logh)'/3 1

2
dx Lexp(—M(f; X)M(f; X)+ 3 + 30
1 11/ (log X)!/

2 1+iX/hy s X/h 1+i2T s
dx < |F(s)|”|ds|+ max |F(s)|”|ds].
1 T=X/m T Jiyir

Proposition A.3. Let f be a 1-bounded multiplicative function. Let S be as above,

and let
il

s
X<n<2X
neS

Then, for any T,

T
f |F(1+i)|? dt
0

T (log 0)'/3 , , 1
< (X/Q1 +1)( P +exp(—M(f; X)M(f; X)+W>.

Proof. Since the mean value theorem gives the bound O(7/ X + 1), we can assume
T<X/2and M(f; X)>1.
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Now let #; be the value of ¢ which attains the minimum in

M(f; X) = |i‘nfx D(g, n > n'"; X)2.
=<

We split the integration into three ranges:
To={0<t<T:lt—nl<exp(M(f; X)/M(f; X))},
Ti={0<t<T:exp(M(f; X)/M(f;X)<|t —1| < (log X)'/16},
To={0<t<T:|t—t| > (log X)"/'%}.

Notice that by the definition of #1, the triangle inequality and arguing as in (1-12),
for any |t| < X with |t —#;| > 1, and any ¢ > 0,

2D(f, p*; X) = D(f, p; X) +D(f, p'; X) = D(1, pit=)

. (% _g)m+ o),

so that by Halasz’s theorem, for every |t| < T,

Fl+it) < (ogX) V164 — —
(1+if) < (log X) BT

In the region |r — #;| > (log X)!/1©, the above implies the following in exactly
the same way as [Matoméaki and Radziwilt 2015, Lemma 3].

Lemma A.4. Let X > Q > P > 2. Let 1| be as above and let

~ ) !
o= Xgnzgzx e #{p [P, Ql: plnj+1'

Then, for any t € T3,

log O

G(1+it
G+l < (log X)!/101og P

log X log X
log .
3log O log O

This was the only part in the proof [Matoméki and Radziwitt 2015, Proposition 1]
that needed f to be real-valued, and thus we get

. T (log O1)'/3 1
F(1+it)|*dt 1 .
S (X/Ql i >( p/o " (log X)17%0

Using the estimate F'(14it) < 1/|t — #| for t € 71 and, from Halasz’s theorem,
the estimate F (1 +it) < exp(—M(f; X))M(f; X) for t € Ty, we obtain

+log X - exp(—

/ |F(1+it)|*dt < exp(—M(f; X)M(f; X),
ToUTi

and the claim follows. [l
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Proof of Theorem A.1. Let n = 1/12, Py = (logh)®, Q1 = h, let P; and Q; for
j =2 be as in Definition 2.1, and let S be as above. Then

—/2X > fm) dx<—/2X > fm dx+—/2x

x<n<x+h x<n<x+h
The contribution from the first integral is acceptable by Theorem A.2. We rewrite
the second integrand as

1

dx.

x<n<x+h
ngsS

1
X al=froam-; ¥
x<n<x+h x<n<x+h
ngs nes
<1Z1 121+121+0(1/h)
X h X ’
X<n<2X x<n<x+h X<n<2X
nes nes ngS
and the claim follows from [Matoméki and Radziwilt 2015, Theorem 3 with f = 1]
and Lemma 2.2. O

Appendix B: Counterexample to the uncorrected Elliott conjecture

In this appendix we present a counterexample to Conjecture 1.5. More precisely:

Theorem B.1 (counterexample). There exists a 1-bounded multiplicative function
g :N — C such that

3 1 —Ree(x(P)p™™) _
p

(B-1)
p

for all Dirichlet characters x and t € R (i.e., one has M(g; 0o, 00) = 00), but
such that

> gmgn+ 1)‘ > b (B-2)

n=<ty
for all sufficiently large m and some sequence t,, going to infinity.

Proof. For each prime p, we choose g(p) from the unit circle Sl:={z:1z]l =1} by
the following iterative procedure involving a sequence t; <fp <t3 <---:

(1) Initialize #; := 100 and m := 1, and set g(p) :=1 for all p <#.

(2) Now suppose recursively that g(p) has been chosen for all p <t,,. As the quan-
tities log p are linearly independent over the integers, the (continuous) sequence
t + (tlog p mod 1) ,<,, is equidistributed in the torus [ | p<t, | and, equiv-

alently, the sequence ¢ — (p'') p<i, 1s equidistributed in the torus [ ] p<tnd I
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Thus one can find a quantity s,,1 > exp(t,) such that, for all p <¢,,

. 1
prrt =g(p) (1 +0 (t—2)> (B-3)

3) Set ty41:= 52 and then set

m+1°
g(p) = ptm! (B-4)
for all t,, < p < t,4+1. Now increment m to m + 1 and return to step (2).

Clearly the #,, go to infinity, so g(p) is defined for all primes p. We then define
g(n) = pum?*[ e, (B-5)

pln
which is clearly a 1-bounded multiplicative function.
Suppose that n < t,,, 1| is squarefree. Then n is the product of distinct primes less

than or equal to 7,41, including at most #,, primes less than or equal to ¢,,. From
(B-5) we then have

O(tn)
is, 1 is, 1
g(n):nr7z+l 1+0_2 =n m+l+0_‘
Iy tm

If n is not squarefree, then g(n) of course vanishes. Thus, for t;/f:l <n<tyy1 —1,

we have
S S AN 1
gmgn+1) = p>mu’(n+1) <T) +0 (7)
m
S 1
=2+ 1)+ 0 (’;%‘) +0 <—)
bt I
_ 2 2 1
=uMur+H+0[(—],
Im
and the claim (B-2) then easily follows since the sequence u?(n)u*(n + 1) has
positive mean value.
Now we prove (B-1). From (B-4), we have

Zl—Re(g(p)mep*”)> 3 1 —Re(x (p)p'©r1)
p - P

p Im<P=Im+1

=

3 1 —Re(x(p)p'rs1=")
exp((10g ty41)%/0) < p<tm+1

since exp((log tm+1)5/6) > exp((2tm)5/6) > t,,. We see as in (1-12) that the right-
hand side goes to infinity as m — oo for any fixed y, ¢, and the claim follows. [J
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It is easy to see that the function g constructed in the above counterexample
violates (1-9), and so is not a counterexample to the corrected form of Conjecture 1.5.
It is also not difficult to modify the above counterexample so that the function g is
completely multiplicative instead of multiplicative, using the fact that most numbers
up to t,,11 have fewer than ¢, prime factors less than #,, (counting multiplicity); we
leave the details to the interested reader.

Appendix C: An argument of Granville and Soundararajan

In this appendix we show the equivalence of the hypotheses (1-7) and (1-9) for
Elliott’s conjecture in the case that the multiplicative function gj, is real. The key
lemma is the following estimate, essentially due to Granville and Soundararajan.

Lemma C.1. Let f : N — [—1, 1] be a multiplicative function, let x > 100, and let
X be a fixed Dirichlet character. For 1 < |a| < x, one has

D(f, n > x(m)n'®; x) > %Jlog log x + Oy (1). (C-1)

When x? is nonprincipal, this holds for all |a| < x.
If x? is principal (i.e., x is a quadratic character), then, for |a| < 1, one has

. 1
D(f,n x(m)n'; x) > §D(f, x;x)+O(). (C-2)

Proof. To establish (C-1), we notice that, by conjugation symmetry and the triangle
inequality,

. 1 . _ R
D(f,n+— x(m)n'“; x) = E(D(f’ ni—= xmn'*; x) +D(f,n+— x(n)n~"'"; x))

1 —— —ia ia,
z D@ = xmn==, ni x (m)n™: x)

I (5~ L=Rex*(p)p¥=\/?
-:(>

p=x p

which implies the claim for |«| > 1 or for nonprincipal x2 by the zero-free (and
pole-free) region for Dirichlet L-functions (see (1-12) for a related argument).

To establish (C-2), notice first that since x? is principal, x is real-valued which
together with the triangle inequality implies

D(f,n+— x(m)n'*; x) =D(fx,n > n'% x)>D(, fx:x)—D(,n+ n'*; x).

Now D(1, n — n'®; x) = D(1, n — n%%; x) + O(1) for || < 1 since, from the
prime number theorem, D(1, n — n'®; x)? = log(1+ || logx) + O(1), so that the
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claim follows unless D(1, n > n%®; x) > (2/3)D(1, fx; x). But in the latter case,
the triangle inequality gives

2D/ 20 = D01, F: )
3 f’Xv'x_3 9fX9-x

<D(1, n — n*%; x)

=D n"% n>n'% x)

<D(fx,nr>n"%x)+D(fyx;n+— n'%x)
=2D(f,n > x(m)n'*; x),
and the claim (C-2) follows. O

From this lemma, we see that if gj, is a real 1-bounded multiplicative function,
then, for given Q, the condition (1-9) is equivalent to

when X — oo for all quadratic characters x of modulus at most Q. But this follows
from (1-7). The converse implication is trivial.
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