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Stable sets of primes in number fields

Alexander lvanov

We define a new class of sets —stable sets — of primes in number fields. For
example, Chebotarev sets Py (o), with M /K Galois and o € G(M/K), are
very often stable. These sets have positive (but arbitrarily small) Dirichlet density
and they generalize sets with density one in the sense that arithmetic theorems
such as certain Hasse principles, the Grunwald—Wang theorem, and Riemann’s
existence theorem hold for them. Geometrically, this allows us to give examples
of infinite sets S with arbitrarily small positive density such that Spec Ok s is a
K(m, 1) (simultaneously for all p).
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1. Introduction

The main goal of this article is to define a new class of sets of primes of positive
Dirichlet density in number fields —stable sets. These sets have a positive but
arbitrarily small density and they generalize, in many aspects, sets of density one.
In particular, most of the arithmetic theorems, such as certain Hasse principles, the
Grunwald—Wang theorem, Riemann’s existence theorem, K (s, 1)-property, etc.,
which hold for sets of density one (see [NSW 2008, Chapters IX and X]), also hold
for stable sets. Our goals are on the one hand to prove these arithmetic results, and
on the other hand to give many examples of stable sets.

The idea is as follows: let A > 1. A set S of primes in a number field K is A-stable
for the extension £/K if there is a subset So C S, a finite subextension £/Ly/K

The author was supported by the Mathematics Center Heidelberg.
MSC2010: primary 11R34; secondary 11R45.
Keywords: number field, Galois cohomology, restricted ramification, Dirichlet density.
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and some a > 0 such that we have §;,(Sy) € [a, Aa) for all finite subextensions
£/L/Ly, where ¢, is the Dirichlet density. We call the field Lo a A-stabilizing
field for S for £/ K. A more restrictive version is the notion of persistent sets: S is
persistent if the function L — 8§ (Sp) gets constant in the tower £/K beginning
from some finite subextension Ly/K (see Definition 2.4). In particular, for any
A > 1, a A-stable set is persistent.

The main result in this article is the following theorem, which links stability to
vanishing of certain Shafarevich-Tate groups. Let ITI! denote the usual Shafarevich—
Tate group, consisting of global cohomology classes which vanish locally in a given
set of primes. If A is a module over a finite group G, then Hi(G, A) denotes
the subgroup of H! (G, A) consisting of precisely those classes which vanish after
restriction to all cyclic subgroups of G. Moreover, if /L is a Galois extension
of fields, then Gy, denotes its Galois group, and if A is a Gy,7-module, then
L(A)/L denotes the trivializing extension of A.

Theorem 4.1. Let K be a number field, T a set of primes of K and £/K a Galois
extension. Let A be a finite G y/x-module. Assume that T is p-stable for £/K,
where p is the smallest prime divisor of |A|. Let L be a p-stabilizing field for T
for £/K. Then

II'(£/L, T; A) SHL(L(A)/L, A).
In particular, if HL(L(A)/L, A) =0, then II'(£/L, T; A) =0.

This theorem has numerous applications to the structure of the Galois group
Gk,s := Gal(Ks/K), where K is a number field and S is stable. To explain our
results, we need some notation. If S, R are two sets of primes of a number field K,
then we denote by K§ the maximal extension of K, which is unramified outside S
and completely split in R. Moreover, we denote by G,I; s the Galois group of
K§ /K. Let £/K be any Galois extension. For a prime p of K we denote by ¥,
the completion of & at a (any) extension of p to & (the isomorphism class of the
completion £, does not depend on the particular choice of the extension of p to &
as £/K is Galois, and we suppress this choice in our notation). Furthermore,
%, denotes the absolute Galois group of K, and K,(p) (resp. Kp‘"( p)) denotes
the maximal (resp. maximal unramified) pro-p extension of K,. Moreover, for
a profinite group G, we denote the pro-p completion of G by G(p). For more
notation, see also the end of this introduction.

Theorem (cf. Theorems 5.1 and 6.4). Let K be a number field, p a rational prime,
p a prime of K and T 2 S D R sets of primes of K with R finite. Assume that S is
p-stable' for K§ (1p)/ K. Then:

1 fact a weaker condition would suffice; see Theorem 5.1.
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(A) (Local extensions)

KR D{Kp(l?) ifpeS\R,
TR ifpes.

(B) (Riemann’s existence theorem) Let It; (p) denote the Galois group of the max-
imal pro-p extension of Kgp and let K;(p)/ Kf denote the maximal pro-p
subextension of Kr/ KSR . The natural map

¢§,5 Dok Gp(p)® % L(p) > G, (p)/kE
peR(KE) pe(T\S)(KE)
is an isomorphism (where % is to be understood in the sense of [NSW 2008,
Chapter IV]).

(C) (Cohomological dimension) Assume that either p is odd or K is totally imagi-
nary. Then

cd, G1§,s =scd, G};S =2.

(D) (K(, 1)-property) Assume additionally that R = &, S D S and that either
p is odd or K is totally imaginary. Then Spec Ok s is a K(w, 1) for p (see
Definition 6.1).

There are also corresponding results for the maximal pro-p quotient G,? s(p)
of G,Ié s- These results are essentially well-known (see [NSW 2008]) if 6x (S) =1
and respectively if § 2 §, U Sy. Also, A. Schmidt showed recently that if 7p is any
fixed set with dx (Tp) = 1 and S is an arbitrary finite set of primes, then there is a
finite subset 77 € Ty (depending on §) such that the pro-p versions of the above
results essentially (e.g., except the result on scd,) hold if one replaces S by SUT;
(see [Schmidt 2007; 2009; 2010]).

A further application of stable sets concerns a generalization of the Neukirch—
Uchida theorem, which is a result of anabelian nature. More details on this can be
found in [Ivanov 2013, Section 6]. Now we see many examples of stable (even
persistent) sets:

Corollary 3.4. Let M /K be finite Galois and let o € Gyy/g. Let S = Py (o) (i.e.,
up to a density-zero subset, S is equal to Py/g (0)). Let £/ K be any extension. Then
S is persistent — or, equivalently, stable (see Corollary 3.6) —for £/ K if and only if

Gu/mne NC(o:; Gyk) # D,
where C(o; Gy k) denotes the conjugacy class of o in Gy k. In particular:

() Ifo =1, then S = Py (1) = cs(M/K) is persistent for any extension £/K.
(ii) f MNE =K, then S = Py g (0) is persistent for £/K.
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Outline. In Section 2 we introduce stable, sharply p-stable, strongly p-stable and
persistent sets. Section 3 is devoted to examples: in particular, we introduce almost
Chebotarev sets, which provide us with a rich supply of persistent sets (Section 3B),
and we show essentially that an almost Chebotarev set is sharply and strongly
p-stable for almost all p (Section 3C). In Section 4A we prove our main result
which is a general Hasse principle. In Sections 4B—4D we discuss some further
Hasse principles and uniform bounds on Shafarevich-Tate groups for stable sets. In
Section 5 we deduce arithmetic applications such as the Grunwald—Wang theorem,
realization of local extensions, Riemann’s existence theorem and cohomological
dimension. In Section 6 we use results from Section 5 to deduce the K(m, 1)-
property at p for Spec Og s with S being sharply p-stable.

Notation. Our notation essentially coincides with the notation in [NSW 2008]. We
collect some of the most important notation here. For a profinite group G we denote
by G(p) its maximal pro-p quotient. For a subgroup H C G, we denote by Ng(H)
its normalizer in G. If o € G, then we write C(o; G) for its conjugacy class. For
two finite groups H € G, we write mg (or my, if G is clear from the context) for
the character of the induced representation Indg 1y.

For a Galois extension M /L of fields, Gy, denotes its Galois group and L(p)
denotes the maximal pro-p extension of L (in a fixed algebraic closure). By K
we always denote an algebraic number field, that is, a finite extension of Q. If
p is a prime of K and L/K is a Galois extension, then D, ;¢ € G,k denotes
the decomposition subgroup of p. We write Xk for the set of all primes of K and
S, T, R, ... will usually denote subsets of Xx. If L/K is an extension and S a set
of primes of K, then we denote the pull-back of S to L by S, S(L) or § (if no
ambiguity can occur). We write KSR/ K for the maximal extension of K, which
is unramified outside S and completely split in R, and we write GX := G,I; g for
its Galois group. We use the abbreviations Ky := KS@ and Gy := G? . Further,
for p < oo a (archimedean or nonarchimedean) prime of Q, we let S, = S,(K)
denote the set of all primes of K lying over p. Further, if § C Xk, we write
N(S) :=N m@;?,s’ ie.,, p e N(S) if and only if §, C S.

We write dg for the Dirichlet density on Xg. For S, T subsets of Xk, we use
(following [NSW 2008, Definition 9.1.2])

SCT : & (S\T)=0, S=T:&S<T)and (T <S).

Thus ST if S is contained in T up to a set of primes of density zero. For a finite
Galois extension M /K and o € Gy, we have the Chebotarev set

Pyyk (o) ={p € Xk : p is unramified in M /K and (p, M/K) = C(0; Gy/k)},

where (p, M/K) denotes the conjugacy class of Frobenius elements corresponding
to primes of M lying over p.
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2. Stable and persistent sets

2A. Warm-up: preliminaries on Dirichlet density. Let Px denote the set of all
subsets of Xg. The Dirichlet density 8 is not defined for all elements in Pk.
Moreover, there are examples of finite extensions L/K and S € Px such that S has
a density but the pull-back Sy, of S to L has no density. To avoid dealing with such
sets we make the following convention, which holds until the end of this article.

Convention 2.1. If § € Pk is a set of primes of K, then we assume implicitly that,
for all finite extensions L /K, all finite Galois extensions M /L and all o € Gy,
the set S; N Py/1 (o) has a Dirichlet density.2

Convention 2.1 is satisfied for all sets lying in the rather large subset

Ag = {S CY¥g:S«= U P,k (0i)k for some K /K;/Q
and L;/K; finite Galois and o; € GL[/K[}

of Pk, where the unions are disjoint and countable (or finite or empty). The
set g cannot be closed simultaneously under (arbitrary) unions and complements:
otherwise it would be a o -algebra and hence would be equal to Pk .

To compute the density of pull-backs of sets we use the following two lemmas.
Let L/K be a finite extension of degree n (not necessarily Galois). For 0 <m <n,
define the sets

B, (L/K) :={p € Xk : p is unramified and has exactly m degree-1 factors in L}.

In particular, P,(L/K)=cs(L/K), P,_1(L/K)=. Recall that if H C G are finite
groups, then my denotes the character of the G-representation Indg 1. One has

mp(0) = [{gH : (o) € H}| = [{{0)gH : (0)% S H}|,

where (o) € G denotes the subgroup generated by o and where (0)8 := g Ho)g.
The second equality follows immediately from the fact that if (o) € H, then
gH = (o)gH.

Lemma 2.2. Let L/K be a finite extension and N /K a finite Galois extension
containing L, with Galois group G, such that L corresponds to a subgroup H C G.

2The optimal way to omit sets having no density would be to find an appropriate sub-o-algebra
of Pk (for any K) such that the restriction of §g to it is a measure (and the pull-back maps P — P
attached to finite extensions L/K restrict to pull-back maps on these sub-o -algebras). Unfortunately,
there is no satisfactory way to find such a o-algebra By, at least not if one requires that if § € RBg,
then T € By for any T = S, or, if one requires the weaker condition that any finite set of primes of K
lies in By . Indeed, countability of g would imply Bg = Pk in this case, but not all elements of Px
have a Dirichlet density.
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Then
Py(L/K) = {p € Bu(L/K) : p is unramified in N/K} = | ] Py/x (o),
C(O;G))EG
my(o)=m

where the right-hand side is a disjoint union. In particular, B,(L/K) € dg and

Sk (Pu(L/K) =1G|™" Y |C(o;G)l.

C(o;G)CG

my (0)=m
Proof. The proof of the first statement is an elementary exercise in Galois theory:
if p is a prime of K unramified in N, then the primes of L lying over p are in
one-to-one correspondence with double cosets (o)gH, where o is arbitrary in the
Frobenius class of p; the residue field extension of a prime belonging to the coset
(o)gH over p has the Galois group (o)8/(c)¢ N H. The second statement follows
from the first and the Chebotarev density theorem. (]

Lemma 2.3. Let L/K be a finite extension of degree n, let S be a set of primes of K
and let N /K be a Galois extension containing L such that G :=Gy,x 2 Gy =: H.
Then

SL(S) =) mS(SNB(L/K)= Y my(0)8k (SN Pk (o).
m=1 C(0;G)CG

If, in particular, L /K is Galois, we get the well-known formula
3 (S)=I[L:K]ég(SNcs(L/K)).

Proof. The first equation is an easy computation and the second follows from
Lemma 2.2. U

2B. Key definitions. Let K be a number field and S a set of primes. If §x(S§) =0
(resp. = 1), then 6, (S) =0 (resp. = 1) for all finite L/K. Now, if 0 < dx (S) < 1,
then it can happen that there is some finite L/K with &z (S) = 0 (take a finite
Galois extension L/K and set S := Zg \ cs(L/K); then 8x(S) =1—[L: K]~! and
81, (Sp) = 0). For stable sets, defined below, this possibility is excluded.

Definition 2.4. Let S be a set of primes of K, let £/K be any extension and let
A > 1. A finite subextension &£/L¢/K is called A-stabilizing for S for /K if there
exists a subset Sp € S and some a € (0, 1] such that Aa > &7, (Sp) > a > 0 for all finite
subextensions &£/L/Ly. Moreover, we call L persisting for S for £/K if there
exists a subset So € S such that &7, (So) = 61,(So) > O for all finite subextensions
£/L/Ly. Further:

(1) We call S A-stable (resp. persistent) for £/K if it has a A-stabilizing (resp.
persisting) extension for £/K.
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(i) We call S stable for £/K if there is a A > 1 such that § is A-stable for £/K.
Assume that A = p is a rational prime.

(iii) We call S sharply p-stable for £/K if j, € & and if S is p-stable for £/K,
orif p, € ¥ and if S is stable for £(u,)/K.

In applications we will often use the case &£ = Ks. Therefore, we provide the
following definition:

Definition 2.5. Let S be a set of primes of K and let A > 1.

(1) We call S A-stable (resp. stable, resp. persistent) if S is A-stable (resp. stable,
resp. persistent) for Kg/K .

Assume that A = p is a rational prime.

(i) We call S sharply p-stable if S is sharply p-stable for Ks/K. Moreover, we
define the exceptional set ESMP(S) to be the set of all rational primes p such
that S is not sharply p-stable.

(iii) We call S strongly p-stable if S is p-stable for Kgys,us,,/K with a p-stabilizing
field contained in Kg. Further, we call S strongly co-stable if § is stable for
Ksus,, /K . Moreover, we define the exceptional set ES™"8(S) to be the set of
all rational primes p or p = oo such that S is not strongly p-stable.

Clearly, a strongly p-stable set is also p-stable and sharply p-stable. In particular,
we have ES™"¢(S) D Esharp(§). On the other side, in general, neither one of the
properties ‘p-stable’ or ‘sharply p-stable’ implies the other.

Lemma 2.6. Let £/K be an extension and S a set of primes of K.

(1) Let A > > 1. If S is p-stable with u-stabilizing field Ly, then S is A-stable
with A-stabilizing field L.

(i) If Ly is a \-stabilizing (resp. persisting) field for S for £/ K, then any finite
subextension £/ L1 /Ly has the same property.

(iii) Let S’ be a further set of primes of K. If S < S" and if S is \-stable (resp.
persistent) for £/ K, then S’ also has this property. Any A-stabilizing (resp.
persisting) field for S has the same property for S’

(iv) Let £/N/M /K be subextensions. If S is A-stable (resp. persistent) for £/ K
with A-stabilizing (resp. persisting) field Ly € N, then Sy is A-stable (resp.
persistent) for N/ M.

Lemma 2.7. Let £/K be an extension and S a set of primes of K. Assume that S
is sharply p-stable for £/ K. There is a finite subextension £/Ly/K such that, for
any subextensions £ /N /L /Lq (with L/ Ly finite), S is sharply p-stable for N/ L.
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The proofs of these lemmas are straightforward. The following proposition gives
another characterization of stable sets and shows, in particular, that if S is stable
for /K, then any finite subfield £/L/K is A-stabilizing for S with a certain A > 1
depending on L.

Proposition 2.8. Let S be a set of primes of K and £/ K an extension. The following
are equivalent:

(1) S is stable for £/K.

(ii) There exists some A > 1 such that S is A-stable for £/ K with \-stabilizing
field K.

(iii) There exists some € > 0 such that §(S) > € for all finite £/L /K.

Proof. The directions (iii) = (ii) = (i) are trivial. We prove (i) = (iii). Let A > 1
and let S be A-stable for £/K with A-stabilizing field Ly. Then there is some
a > 0 and a subset Sy € S such that a < §.(Sp) < Aa for all £/L/Ly. Suppose
there is no € > 0 such that &7 (Sp) > € for all £/L /K. This implies that there is a
family (M;)?2, of finite subextensions of &£/K with &y, (Sp) — 0 as i — oo. Then
di =[LoM; : M;] =[Lo: LoN M;] is bounded from above by [L : K] and hence,
by Lemma 2.3,
d;
SLom; (S0) = Z mépy;, (So N Bu(LoMi/M;)) < [Lo : K18pm,(So) — 0

m=1

for i — oc. This contradicts the A-stability of Sy with respect to the A-stabilizing
field L. ]

Here is a brief overview of the use of these conditions and some examples:

* Most examples of stable sets are given by (almost) Chebotarev sets, i.e., sets
of the form § = Py /k (o), or sets containing them (see Section 3B).

o If S is stable for /K, then 6 (S) > 0 for all finite £/L /K. The converse is
not true in general (see [Ivanov 2013, Section 3.5.4]), but it is true for almost
Chebotarev sets (see Section 3B).

« If an almost Chebotarev set is stable for an extension, then it is also persistent
for it (see Corollary 3.6). It is not clear whether there are examples of stable
but not persistent sets (but see [Ivanov 2013, Section 3.5.4]).

« For a stable almost Chebotarev set S, the set ES"P(S) is finite and ES™(S)
is either Xg or finite (see Section 3C).

» Roughly speaking, p-stability (for £/K) is enough to prove Hasse principles
in dimension 1 for p-primary (G¢,k-)modules. See Section 4.
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« To prove Hasse principles in dimension 2 and Grunwald—Wang-type results for
p-primary Gk, s-modules, we need strong p-stability. We will give examples
of persistent sets S together with a finite set 7 such that Grunwald—Wang (even
stably) fails, i.e., coker! (Ksur/L,T; Z/pZ) # 0 for all finite subextensions
Ks/L/K. But it is not clear whether one can find such an example with
the additional requirement that 7 C S (and necessarily S being not strongly
p-stable). See Section 5B.

o On the other side, for applications of Grunwald—Wang (i.e., to prove Riemann’s
existence theorem, to realize local extensions by Ks/K, to compute (strict)
cohomological dimension, etc.), it is enough to require that S is sharply p-stable.
See Sections 5A, 5C and 5D.

3. Examples

In this section we construct examples of stable sets. First, in Section 3A, we see
to which extent ‘stable’ is more general than ‘of density 1°. Then, in Sections 3B
and 3C, we introduce almost Chebotarev sets and determine when they are stable,
strongly p-stable, and sharply p-stable. Finally, in Section 3D, we construct a
stable almost Chebotarev set S with N(S) = {1}.

3A. Sets of density one. Stable and persistent sets generalize sets of density one.
In particular, every set of primes of K of density one is persistent for any extension
& /K with persisting field K and is strongly p-stable for each p. Nevertheless, sets
of density one have some properties which stable and persistent sets do not have
in general:

(1) The intersection of two sets of density one again has density one, which is not
true for stable and persistent sets: the intersection of two sets persistent for
& /K can be empty (see Corollary 3.4 and explicit examples below).

(i) If S € Xk has density one, then there are infinitely many primes p € Xg
such that §, € § (otherwise, for all primes p € cs(K/Q) one could choose
aprime p € S, \ § of K and we would have 6 (S) < 1—[K": Q]~!, where
K" denotes the normal closure of K over Q). On the other side, it is easy to
construct a persistent set S € Xx with N(S) = {1}, i.e., S¢ £ S for all £ € Xg
(see Section 3D for an example).

Observe that, for sets S with N(S) = {1}, mentioned above, none of the £-adic
representations p4 ¢ : Gk — GLy4 (@) which come from an abelian variety A/K
factor through the quotient Gy — Gk, s (indeed, the Tate-pairing on A shows that
the determinant of p4 ¢ is the £-part of the cyclotomic character of K and, in
particular, p4 ¢ is highly ramified at all primes of K lying over £. If p4 ¢ factored
over Gk s, then we would have S, C §). In particular, this makes it very hard, if
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not impossible, to study the group Gk, s via the Langlands program (for example,
like in [Chenevier 2007] and [Chenevier and Clozel 2009], where a prime £ € N(S)
is always necessary). If S is additionally stable, then methods involving stability
allow us to study Gg s.

3B. Almost Chebotarev sets.

Definition 3.1. Let K be a number field and S a set of primes of K. Then § is
called a Chebotarev set (resp. an almost Chebotarev set) if S = Py/g (o) (resp.
S < Pyyk (o)), where M /K is a finite Galois extension and o € Gy k.

Remark 3.2. M and the conjugacy class of o are not unique, i.e., there are
pairs (M/K,o0), (N/K,t) such that M # N and Py g (o) = Py/k(7) (or even
Py (0) = Pyyk (7). If one restricts attention to pairs (M /K, o) such that o is
central in Gy g, then (M /K, o) is indeed unique. See [Ivanov 2013, Remark 3.13].

Proposition 3.3. Let M /K be a finite Galois extension and let o € Gyy/x. Let L/ K
be any finite extension and set Lo := L N\ M. Then
[C(0; Guyyx) NGuyrl

S (Ppyk (o)1) = Gty
0

Thus (SL(PM/K(G)L) # 0 if and only if C(o; GM/[() N GM/LO # @. In particular,
this is always the case if Lo = K orif o = 1.

Proof Let N/K be a finite Galois extension with N © ML. Define H := Gy, and

= Gy/1,- We have a natural surjection H —» H. Let 1, denote the class function
on GM /k» which has value 1 on C(o; Gy k) and O outside. Finally, let my denote
the character on G := Gy /g of the induced representation Indg 1. Then we have

SL(Puk (@)= Y S(Pyk(@u)= Y mu(g)dk(Pyk(g))
C(g:G)—~>C(0:Gum/k) C(g;:G)—~>C(0:Gum/k)
IC(g:G) 1
= ) mal@——— ol TGl > mu(g)
C(g:G)—>C(0:Gp/k) §—>C(0:Gm/k)

= {(my, infg, 1) = (g, inf§,,  1o)w = (17, Lo17)g
|C(0 GM/K)mH|
H|

The first equality follows from [Wingberg 2006, Proposition 2.1] and the second
from Lemma 2.3. The third-to-last equality is Frobenius reciprocity, and the second-
to-last equality follows from the easy fact that if H — H is a surjection of finite
groups and x, p are two characters of H, then (infg x> infg = {x.pg. U
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Corollary 3.4. Let M/K be finite Galois and let 0 € Gyx. Let /K be any
extension and set Ly := M NX£. Then a set S = Py g (0) is persistent for £/ K if
and only if
C(o; Gux) NGyyry # 2.
If this is the case, Ly is a persistent field for S for £ /K. In particular:
(1) Any set S = cs(M/K) is persistent for any extension £/ K.

(ii) Any set S = Py k(o) is persistent for any extension £/K with N M = K.
Example 3.5 (a persistent set). Let K be a number field, M/K a finite Galois
extension which is totally ramified in a prime p of K. Let o0 € Gy g and let S be
a set of primes of K such that § = Py/x (o) and p ¢ S. Then § is persistent with

persisting field K. Indeed, we have Kg N M = K by construction, and the claim
follows from Corollary 3.4.

Corollary 3.6. Let S be an almost Chebotarev set and £/ K an extension. Then the
following are equivalent:

(1) S is stable for £ /K.

(i) S is persistent for /K.
(iii) 8. (S) > O for all finite L/L/K.
Proof. Suppose S = Py /k(0), with M /K a finite Galois extension and o € Gpy/k.
By Proposition 3.3, the density of S is constant and equal to some d > 0 in the
tower &£/ Ly with Lo = £N M. There are two cases: eitherd =0ord > 0. If d =0,
then S is not stable and hence also not persistent for £/K by Proposition 2.8, i.e.,
(1), (i1) and (iii) do not hold in this case. If d > 0, then S is obviously persistent for
& /K with persisting field Lo and hence also stable, i.e., (i), (ii), (iii) hold. U
Remark 3.7. If S is any stable set, then (ii) = (i) = (iii) still holds. But (iii) = (i)

fails in general (see [Ivanov 2013, Section 3.5.4]) and it is not clear whether
(i) = (ii) holds.

3C. Finiteness of ES*™®(S), ES™"2(S) and examples.

Pl‘OpOSitiOll 38. Let S = PM/K((T) witho € GM/K-

(1) If oo ES™ONE(S), then ES™"8(S) contains all rational primes. If oo ¢ EST™"8(S),
then EST™€(S) is finite.
(i1) Assume S is stable. If u, C Ks or if M/K is unramified in S, \ S, then § is
sharply p-stable. In particular, if S is stable, then ES"P(S) is finite.
Proof. (i) If co € ES™"¢(S), then S does not have a stabilizing field for Ksus, /K

which is contained in Kg. This is, by Proposition 2.8, equivalent to the fact that
S is not stable for Kgys, /K, which in turn is equivalent, by Corollary 3.6, to the
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fact that 6z (S) = O for all Ksys_ /L/Lo, where Ly is some finite subextension of
Ksus,. /K. Thus p € ES™"(S) for any p.

Now assume oo & E*""(S). Set Lo := M N Ksus,, and L, := M N Ksus,us,. -
By Proposition 3.3, the density of S is constant in the towers Ksus, /Lo and
Ksus,us,,/Lp and equal to some real numbers dp and d), respectively. Since S is
stable for Ksus, /K, we have dy > 0.

We claim that for almost all ps we have L, = Lo. More precisely, this is true for
all ps such that the set

{pe(Sy\ S, :pisramified in M/Lo}

is empty. In fact, if this set is empty for p, then the extension L, /L is unramified
in S, \ S(Lo), since it is contained in M /L. But, being contained in Ksys,us,, and
unramified in S, \ S(Lo), itis contained in Kgys, , and hence also in M N Ksys,, = Lo,
which proves our claim.

Now let p be such that L, = Lo. We claim that S is ([Lo : K]do_l)—stable for
KSUSPUSDO/K with ([Lg : K]do_])—stabilizing field K. Indeed, as L, = Lo, we have
d, =dp > 0. Let Ksus,Us. /N /K be any finite subextension. We have

do = 8r,n (S) = [LoN : N]oy(SNes(LoN/N)) < [Lo : K16n(S),

i.e., Sv(S) >[Lo: K] 'dy for all N, and our claim follows.
Finally, almost all primes satisfy p > [Lo : K1d, Uand L, = L. For such primes,
S is p-stable for Ksus,us,, /K with stabilizing field K.

(ii) The second assertion of (ii) follows from the first. If 1, € Ky, then S is sharply
p-stable by Corollary 3.6. Assume M /K is unramified in S, \ S. Set Lo := M N K,
Ly = Lo(up) N Ks and L, := M N Kg(u,). From these definitions and from our
assumption on M /K we have

(D) GKS(M[J)/L6 = GKS/% X GLo(up)/Lé)’ and Lo(u,)/ Ly has no subextension unram-
ified in S, \ S,

2) L, NKs = Ly, and
(3) L,/Lo is unramified in S, \ S.

By item (3) the extension L, L /L is unramified in S, \ S, and by item (1) we get
L, < LpL6 C Ks. Hence, (2) gives L, = L. Thus for all Ks(u,)/L/Lo we have,
by Proposition 3.3, 6..(S) =4, (S) = 3.,(S) > 0, since S is stable. O

Remark 3.9. Suppose S = Py g (o). We have the following equivalences:
p & ES"P(S) & S stable for Ks(up)/K < C(o; Gyyx) NG(M/MNKs (1)) # 2.

Example 3.10 (persistent sets with ES"™"¢(S) finite but nonempty). Let K be a
totally imaginary number field and let M /K be a finite Galois extension such that
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e M/K is totally ramified in a prime p € S, (K),
e d:=[M:K]> p.
Let o0 € Gy/k and let S be a set of primes of K such that
e §= Pyk (o),
e Ram(M/K)\ S = {p}.

Then S is persistent (8, (S) = d~! for all Kg/L/K) with persisting field K. Further,
S is not strongly p-stable, i.e., p € ES™€(S) and oo ¢ ES"OE(S), i.e., ESTONE(S)
is finite by Proposition 3.8. Indeed, M C Ky, 5,USs and there are two cases, o0 = 1
and o # 1. In the second case, the density of § in Ksus,us,,/K is zero beginning
from M, hence S is nonstable for this extension, and S is not strongly p-stable.
In the first case, we have §;(S) = 1 for all Ksus,US0 /L/M. Assume there is a
p-stabilizing field N € Kj for S for Ksus,,usw/K, i.e., there is some Sy C S and
some a € (0, 1] with a < §7(Sp) < pa for all KSUSPUSOO/L/N. But this leads to a
contradiction. Indeed,

Sun (So) = [MN : N1y (SoNes(MN/N)) =[M : K15y (So) = pén (So).
since NNM =K and So C S = cs(M/K).

Example 3.11 (persistent sets with ES™"(S§) = &). Let M/K be a finite Galois
extension of degree d, with K totally imaginary, which is totally ramified in at least
two primes p and [ with different residue characteristics £; and ¢, respectively.
Let § = Py k(o) for some o € Gy x such that p,[ ¢ S. Then M N Kg = K,
hence S is persistent with persisting field K. Let p be a rational prime. Then
M N Ksus,us,, = K, since M/K is totally ramified over primes with different
residue characteristics £ and ¢,. Hence S is strongly p-stable for every prime p
and K is a persisting field for S for Kgugpusw/K.

Example 3.12 (persistent sets with ES"™"8(§) = &). There is also another possibility,
to construct sets S with ES"™"(S) = &, using the same idea as in the preceding
example. Assume for simplicity that K is totally imaginary. Let M|, M>/K be two
Galois extensions of K, and let o1 € Gy, /k, 02 € Gy, k. Assume M; /K is totally
ramified in a nonarchimedean prime p; of K such that the residue characteristics of
p1, pp are unequal. Then let S be a set of primes of K such that

o §2 Pyy/k(01) U Py, k (02),
o {p1,p2} €58.
Then, by the same reasoning as in the preceding example, S is persistent with

persisting field K and E™"¢(S) = &. Moreover, for each rational prime p, the
field K is persisting for S for Ksy $,USne /K.
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3D. Stable sets with N(S) = {1}. Let M/K /K, be two finite Galois extensions
of a number field Ky. Then the natural map Gy/k, — Aut(Gyk) induces an
exterior action

Gk /k, = Out(Guy k),

thus inducing a natural action of Gk, on the set of all conjugacy classes of Gy k.
For any g € Gk /i, and o € Gy x, we choose a representative of the conjugacy
class g - C(0; Gy k) and denote it by g - o. Further, Gk g, acts naturally on X,
and we have

g Pu/k(0) = Py/k(g-0).

Let Ko = Q and let o0 € Gyz/k be an element such that C(o; Gy k) is not fixed by
the action of Gk q. Then set

S = CS(K/@)K N PM/K(G).

If pe Xq,r\cs(K/Q), then SNS, =3. If p € cs(K/Q) such that S, NS # &, then
the action of g € Gg/k,, chosen such that C(o; Gy /x) # C(g-0; Gy ), defines
an isomorphism between the disjoint sets S, N Py/k (o) and S, N Py k(g - 0),
hence the last of these two sets is nonempty. From this we obtain S, Z S. Thus
N(S) = {1}. Moreover, if we choose o such that the stabilizer of C(o; Gy k) in
Gk ) is trivial, then for any p the intersection S, N S is either empty or contains
exactly one element.

Now we have to choose M in such a way that S is stable. This is easy: e.g, take
M /K such that it is totally ramified in a fixed prime which is (by definition of S)
not contained in S. Then KsN M = K, i.e., S is stable for Kg/K with stabilizing
field K, as 8k (cs(K/Q)x) =1 and hence S = Py /k (0).

4. Shafarevich-Tate groups of stable sets

In this section we generalize many Hasse principles to stable sets and additionally
prove finiteness and uniform bounds of certain Shafarevich—Tate groups associated
with stable sets. The main result is the Hasse principle in Theorem 4.1. Further, there
are two variants of uniform bounds on the size of III’: on the one side we can vary
the coefficients, and on the other side the base field. We study both variants, the first
in Section 4C and the second in Section 4D. These results are used in later sections.

4A. Stable sets and 111': key result. Let K be a number field and £/K a (possibly
infinite) Galois extension. Let A be a finite Gy, g-module. Let now T be a set of
primes of K. Consider the i-th Shafarevich—Tate group with respect to T,

OI'(£/K, T; A) :=ker(res' : H(£/K, A) — ]_[ H' (G, A)),
peT
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where 4, = Gkgep /K, is the local absolute Galois group (the map res is essentially
independent of the choice of this separable closure and we suppress it in the notation).
We also write I11' (Ks /K ; A) instead of 11T (Kg/K, S; A). We denote by K (A) the
trivializing extension for A, i.e., the smallest field between K and & such that the
subgroup Gy, k(a) of Gy, acts trivially on A. It is a finite Galois extension of K.

Let G be a finite group and A a G-module. Following Serre [1964, §2] and
Jannsen [1982], let H. (G, A) be defined by exactness of the sequence

0— HL(G., A) > H(G. A) > [[H(H. A).

HCG
cyclic

Our key result is the following theorem. All subsequent results make use of this
theorem in a crucial way.

Theorem 4.1. Let K be a number field, T a set of primes of K and £ /K a Galois
extension. Let A be a finite Gg, g -module. Assume that T is p-stable for £/K,
where p is the smallest prime divisor of |A|. Let L be a p-stabilizing field for T
for £/K. Then

I ($/L, T; A) CHL(L(A)/L, A).

In particular, if HL(L(A)/L, A) =0, then II'(£/L, T; A) =0.

Lemma4.2. Let £/L/K be two Galois extensions of K and T a set of primes of K.
Let A be a Gy ,x-module such that for any p € T one has AS#/L = APv2/L Then
there is an exact sequence

0 — IMIY(L/K, T; ASt) — TN (L/K, T; A) — TN (L/L, Ty; A).
Proof. The proof is an easy and straightforward exercise. [l

Lemma 4.3. Let L/K be a finite Galois extension, T a set of primes of K and
A a finite G g-module. Let i > 0. Assume that T is p-stable for L/K with
p-stabilizing field K , where p is the smallest prime divisor of |A|. Then

I (L/K,T; A) CHL.(L/K, A).

Proof. Since any p-stable set is £-stable for all £ > p, we can assume that A is
p-primary. We have to show that any cyclic p-subgroup of G,k is a decomposition
subgroup of a prime in 7. This is the content of the next lemma. U

Lemma 4.4. Let L /K be a finite Galois extension, T a set of primes of K and p
a rational prime such that T is p-stable for L /K with p-stabilizing field K. Then
any cyclic p-subgroup of Gy k is the decomposition group of a prime in T.

Remark 4.5. (i) This lemma shows automatically that there are infinitely many
primes in T for which the given cyclic group is a decomposition group.
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(i1) In some sense this lemma ‘generalizes’ Chebotarev’s density theorem, which
says, in particular, that if § has density one and L/K is finite Galois, then any
element of G /k is a Frobenius of a prime in S.

Proof. Assume that the cyclic p-subgroup H C Gy /i is not a decomposition group of
aprime in T. Let pH C H be the subgroup of index p. Then one computes directly
mpp (o) = pmy (o) forany o € pH. Since H is not a decomposition subgroup of a
prime p € T, no generator of H is a Frobenius at 7', i.e., Py g (0) N T = & for any
o € H\ pH. By p-stability of T, there is a subset Tp € T and an a > 0 such that
pa>8/(To)>aforall L/L'/K. Let Lo=L" and L; = LP". Then, by Lemma 2.3,

81o(To) = Y mu (0)8k (Pyk (@) NTo) = Y mpu(0)8k (Pjx () N To)

oceH oepH
_ -l _ -1
=p 'Y mpu(0)8k (PLyx (o) N To) = p~ ' 81, (To).
oepH
This contradicts our assumption on 7Tj. (]

Proof of Theorem 4.1. We can assume that L = K. By applying Lemma 4.2
to /K (A)/K and using Lemma 4.3, we are reduced to showing that if A is a
trivial G-module, then Ull(iE/K, T;A)=0. Let To C T and a > 0 be such that
pa> 8 (Ty) >aforall £/L'/K. Let Gg;/K be the quotient of Gg/, g, corresponding
to the maximal subextension of £/ K, which is completely split in 7. We have then

M ($/K,T; A) = ker(Hom(Gg,g/K, A) — | | Hom(%,, A)> = Hom(G§, . A).
peTl

IfOo#£¢¢c Hom(Ggp K> A), then M := $*'® /K is a finite extension inside £/ K
with Galois group im(¢) # 0 and completely decomposed in 7', and in particular
in Ty. Thus

pa >y (To) = [M : K15k (To Nes(M/K)) = |im(¢) |3k (To) > pa,
since 8k (1) > a. This is a contradiction, and hence we obtain
' (£/K, T; A) =Hom(G ., A) =0. O

4B. Hasse principles. Let K, S, T be a number field and two sets of primes of K.
Various conditions on S, 7', A which imply the Hasse principles in cohomological
dimensions 1 and 2 are considered in [NSW 2008, Chapter IX, §1]. We prove
analogous results for stable sets. Before stating them, we refer the reader to [NSW
2008, Definitions 9.1.5 and 9.1.7] for definitions of the special cases.

Corollary 4.6. Let K be a number field, let T and S be sets of primes of K, and
let A be a finite Gk s-module. Assume that T is p-stable for Ks/K, where p is the



Stable sets of primes in number fields 17

smallest prime divisor of |A|. If L is a p-stabilizing field for T for Ks/K and if
HL(L(A)/L, A) =0, then

II'(Kg/L, T; A) = 0.
In particular:

(1) Let Lo be a p-stabilizing field for T for Ks/K which trivializes A. Then
I (Ks/L, T; A) = 0 for any finite Ks/L/Ly.

(i) Assume S O Soo and n € N(S) with the smallest prime divisor equal p. If Ly is
a p-stabilizing field for T for Ks/K , then 111" (Ks/L, T; w,) = 0 for any finite
Ks/L/Lg such that we are not in the special case (L,n,T). In the special
case (L,n, T) we have 11" (Kg/L, T; u,) = Z/27.

The same also holds if one replaces Gk s by the quotient Gk s(c), where ¢ is a
full class of finite groups in the sense of [NSW 2008, Definition 3.5.2].

Proof. (i) The first statement follows directly from Theorem 4.1. Since Lg is a
p-stabilizing field trivializing A, any finite subextension L of Kg/L has the same
property. Hence (i) follows.

(ii) To prove (ii), we can assume n = p”. If we are not in the special case (L, p"),
[NSW 2008, Proposition 9.1.6] implies H! (L(pr)/L, ppr) =0, i.e., we are done
by Theorem 4.1. Assume we are in the special case (L, p”). In particular, we have
p =2. Then H'(L(12)/L, uo) = Z/2Z. Since by Theorem 4.1 we have

T (Ks/L(par), T; par) =0,
we see from Lemma 4.2 that
T (Ks/L, T; por) = TN (L(par) /L, T o).

Now the same argument as in the proof of [NSW 2008, Theorem 9.1.9(ii)] finishes
the proof. ([

We turn to III2. For a Gk s-module A such that |A| € N(S), we denote by
A’ :=Hom(A, Og, )
the dual of A. As in [NSW 2008, Corollary 9.1.10], we obtain:

Corollary 4.7. Let K be a number field, S O S a set of primes of K, and A a finite
Gk, s-module with |A| € N(S). Assume that S is p-stable (i.e., p-stable for Ks/K),
where p is the smallest prime divisor of |A|. Let L be a p-stabilizing field for S for
Ks/K such that HL(L(A")/L, A’) = 0. Then

I*(Kg/L; A) = 0.
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In particular:
(i) Let Lo be a p-stabilizing field for S for Ks/K which trivializes A’. Then
I1%(Ks/L; A) = 0 for any finite Ks/L/Lo.

(i1) Let n € N(S) with smallest prime divisor p. If L is a p-stabilizing field for S
and we are not in the special case (L, n, S), then IHz(KS/L, Z/nZ)=0. In
the special case, we have IT>(Ks/L; 7 /nZ) =7 /27.

Remark 4.8. The condition |A| € N(S) is not necessary if A is trivial: we post-
pone the proof of this until all necessary ingredients (in particular the Grunwald—
Wang theorem, Riemann’s existence theorem and cd, Gk, s = 2) are proven. See
Proposition 5.13.

Proof of Corollary 4.7. By Poitou—Tate duality [NSW 2008, Theorem 8.6.7] (this is
the reason why we need S 2 S and |A| € N(S)) we have

IIT*(Ks/L, A) =TI (Ks/L, A")",

where X := Hom(X, R/Z) is the Pontrjagin dual. An application of Theorem 4.1
to Ks/K, the sets S = T and the module A’ gives the desired result. Now (i) and (ii)
follow from Corollary 4.6. U

4C. Finiteness of the Shafarevich-Tate group with divisible coefficients. As a
version of Corollary 4.6(i), we have the following proposition.

Proposition 4.9. Let K be a number field, £/K a Galois extension, p™ some
rational prime power (m > 1). Let T be a set of primes of K which is p™-stable for
L/K, with p™-stabilizing field Lo. Then

W' (£/L,T:Z/p"D)| < p"
for any r > 0 and any finite subextension £/L /L.

Proof. Let Ty € T and a > 0 be such that a < §; (Tp) < p™a for all finite £/L/Ly.
Let £/L/L be a finite extension. Assume that [[II'(£/L, T; Z/p"Z)| > p™. Then

T (%/L, To; Z/p"Z)| > p™
and we have
I (/L. To; Z/p"Z) = Hom (G, (p). Z/p"Z) = (G, (p)* /") "

Thus, |1 (£/L, Ty; Z/ p"Z)| > p™ implies |G$/L(p)‘1b/p | > p™. Now, if M/L is
the subextension of /L corresponding to Gse L (p)™®/p”, then it has a finite subex-
tension M of degree at least p™ which is completely split in 7. Hence, we have
dm, (Tp) = p™ 6 (Tp), which is a contradiction to the p™-stability of Tp. O
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Corollary 4.10. Let K be a number field, /K a Galois extension, and T a set
of primes of K stable for /K. Then II'($/K, T; Q,/Zp) is finite for any p.
Moreover, I1/(£/K, T; Q/Z) is finite.

Proof. For the first statement it is enough to show that [III'(£/K,T;Z/p"Z)]
is uniformly bounded for r > 0. By Proposition 2.8, there is some m > 1 such
that K is a p™-stabilizing field for T for £/K. Then Proposition 4.9 implies
LI (£/K,T;Z/p"Z)| < p™. For the last statement, we note the decomposition
HIY(¥/K, T; Q/Z) = @p m'<¢/K, T; Qp/Z,). The proven part shows that each
of the summands is finite. Moreover, almost all are zero: there is some A > 1
such that K is a A-stabilizing field for 7 for £/K. Thus, for any p > A, the group
I'(¢/K, T; Q,/Z,) vanishes. O

4D. Uniform bound. For later needs (see Section 5C) we prove the following
uniform bounds. The results of this section are not part of [Ivanov 2013].

Proposition 4.11. Let M/£/K be Galois extensions, let A be a finite G, g -module
and let S be stable for $(A)/K. Then there is some C > 0 such that

ITIT' (M/L, S; A)| < C
for all finite subextensions £/L/K.

Proof. Foreach &/L /K, Lemma 4.2 applied to Jl/L(A)/L gives an exact sequence
0 — MIY(L(A)/L, S; A) — I (M/L, S; A) — T (M/L(A), Speay; A). (4-1)

Now II'(L(A)/L, S; A) CH!(L(A)/L, A) and we have that G,(4),1, is a subgroup
of the finite group Gk (a),/x, thus for all £/L/K we have
|II'(L(A)/L, S; A)| <m:=1+ max H'(H, A).

HCGg a)/k

As S is stable for £(A)/K, by Proposition 2.8 there is some € > 0 such that
Sn(S) > € for all £(A)/N/K(A). Suppose that |III' (M/L(A), S, A)| = ! for
some &£/L /K. Then, exactly as in the proof of Proposition 4.9, there is an extension
M /L(A) of degree > e~ which is completely split in S. We obtain

8 (S) = [M : L(A)Ir()(8) > ¢ e =1,

which is a contradiction. Taking into account (4-1), we obtain the statement of the
proposition with respect to C := me . ]

Corollary 4.12. Let K be a number field, S and T sets of primes of K, and n a
natural number.
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(1) Assume that Ks/<L /K is a subextension such that S is stable for £/K and T
has density 0. Then there is some real C > 0 such that for any £/L /K one has

' (Ksur/L, S\ T,Z/nZ)| <C.

(ii) Assume that T 2 (S \ S) has density 0 and that n € Og 7. Let Ks/£/K be
a subextension such that S is stable for £(u,)/ K. There is some real C > 0
such that for any £/L/K one has

[T (Ksur/L, S\ T, i,)| < C.

Remark 4.13. The case S stable for £/ K, but not stable for ££(u,)/K, still remains
mysterious: one can neither show such a uniform bound by the same methods nor
find counterexamples. Moreover, the same kind of arguments do not even show
that T (Ksur /K, S\ T, j1,) must be finite.

5. Arithmetic applications

5A. Overview and results. In this section we will be interested in the applications
of the Hasse principles proven in the preceding section for stable sets. In particular,
we will show two versions of the Grunwald—Wang theorem for them, with varying
assumptions: we will have a strong Grunwald—Wang result if we assume strong
p-stability (Section 5B) and only a weaker li_r)n—version (which is still enough for
applications) after weakening the assumption to sharp p-stability (Section 5C).
After this we will consider realization of local extensions, Riemann’s existence
theorem and the cohomological dimension of Gk s. For each of these three results
there is a profinite and a pro-p version respectively. We state them below and give
proofs in Section 5D. Further, in Section 5E we prove a Hasse principle for I11? for
constant p-primary coefficients without the assumption p € Oy ¢ (see Corollary 4.7
and Remark 4.8).

Theorem 5.1. Let K be a number field, p a rational prime and T 2 S D R sets of
primes of K with R finite.

(Ap) Assume S is sharply p-stable for K§ (p)/K. Then

Ky,(p) ifpeS\R,
K'(p) ifpéS.

(A) Assume S is sharply p-stable for Kf /K. Then

K& (p)p = {

Ky(p) ifpeS\R,

K& 2{ ;
PR ifpes.
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(By) Assume S is sharply p-stable for K§ (p)/ K. Then the natural map

¢¥,s(l7) : *  G(p)* k I,(p) = GKT(p)/Kf(p)
peR(KE(p)) pe(T\S)(KX(p))

is an isomorphism, where I, (p) := GKp(p)/Kpnr(p) C%(p) = GKp(p)/Kp.
Let K;(p)/ KSR denote the maximal pro-p subextension of Kr/ K§ .

(B) Assume S is sharply p-stable for K§ /K. Then the natural map

R . ~
¢T,S D%k YG(p)* %k I;(p) - G](T’(p)/I(éQ
peR(KE) pe(T\S)(K{)

is an isomorphism, where Il; (p) denotes the Galois group of the maximal
pro-p extension of Kst-

Assume p is odd or K is totally imaginary.
(Cp) Assume S is sharply p-stable for K§ (p)/K. Then

cd Gg 5(p) = scd Gg ¢(p) =2.
(C) Assume S is sharply p-stable for Kb{e /K. Then
cd, Gg ¢ =scd, Gg ¢ =2.

5B. Grunwald-Wang theorem and strong p-stability. Consider the cokernel of
the global-to-local restriction homomorphism

cokeri(KS/K, T;A):= coker(resi : Hi(KS/K, A) — 1_[/ H (6p, A)),
peT

where A is a finite Gk, s-module, T is a subset of S and [] means that almost all
classes are unramified. If A is a trivial G s-module, then the vanishing of this co-
kernel is equivalent to the existence of global extensions unramified outside S, which
realize given local extensions at primes in 7. If S has density 1, the set 7T is finite, A
is constant and we are not in a special case, this vanishing is essentially the statement
of the Grunwald—Wang theorem. Certain conditions on S, 7', A, under which this
cokernel vanishes are considered in [NSW 2008, Chapter IX, §2]. All of them
require S to have certain minimal density. We prove analogous results for stable sets.

Corollary 5.2. Let K be a number field, T C S sets of primes of K with Sec C S.
Let A be a finite Gk s-module with |A| € N(S). Assume that T is finite and S is
p-stable, where p is the smallest prime divisor of |A|. For any p-stabilizing field L
for S for Ks/K such that HL(L(A")/L, A") =0, we have

coker' (Ks/L, T; A) = 0.
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Proof. Since T is finite and S is p-stable for Ks/K, we have that S\ 7 is also
p-stable for Kg/K, and the p-stabilizing fields for S and S\ 7 are equal. Let
L be as in the corollary. By Theorem 4.1 applied to Ks/L, S\ T and A’, we
obtain III'(Ks/L, S\ T; A’) = 0. Then [NSW 2008, Lemma 9.2.2] implies that
coker! (Ks/L, T; A) = 0. a

Now we give a generalization of [NSW 2008, Theorem 9.2.7].

Theorem 5.3. Let K be a number field, S a set of primes of K. Let Ty, T C S be
two disjoint subsets such that Ty is finite. Let p be a rational prime and r > 0 an
integer. Assume S\T is p-stable for Ksus,us..,/K with p-stabilizing field Lo, which
is contained in Kg. Then, for any finite Ks/L/Lq such that we are not in the special
case (L, p", S\ (ToUT)), the canonical map

H'(Ks/L.2/p'2) > P H'(%.2/p D)8 P H'(S,.2/p D)%
peTo(L) peT (L)

is surjective, where $, C G, = GK;ep /L, is the inertia subgroup. If we are in the
special case (L, p", S\ (To UT)), then p =2 and the cokernel of this map is of
order 1 or 2.

Proof. This follows from Corollary 4.6(ii) in exactly the same way as [NSW 2008,
Theorem 9.2.7] follows from [NSW 2008, Theorem 9.2.3(ii)]. O

Remarks 5.4. (i) If 6x (T) = 0, the condition ‘S \ T is p-stable for Ksuspusoo/K
with a p-stabilizing field contained in Ky’ is equivalent to ‘S is strongly p-stable’.

(i1) If 6x(S) =1 and 8x(T) = 0, then Ly = K is a persisting field for S\ T for
any £/K and the condition in the theorem is automatically satisfied. Thus our
result is a generalization of [NSW 2008, Theorem 9.2.7]. To show that it is a
proper generalization, we give the following example. Let N/M /K be finite Galois
extensions of K such that N/K (and hence also M/K) is totally ramified in a
nonarchimedean prime [ of K, lying over the rational prime £. Suppose o € Gy /k
and let 6 € Gy,g be a preimage of 0. Let S © T be such that

SﬁPM/K(O’), [Q'S and TSPM/K(O')\PN/K(&).

Then S\ T = Py/k (o) is persistent for Ksus,us,,/K for any p # ¢, and, moreover,
K is a persisting field (indeed, this follows from Ksus,us,, "N = K). Hence the
sets S D T satisfy the conditions of the theorem with respect to each p # £. Observe
that in this example T is itself persistent for Kgys,us,,/K with persisting field K.
In [NSW 2008, Theorem 9.2.7], the set 7 must have density zero.

From this we obtain the following classical form of the Grunwald—Wang theorem.
The proof is the same as in [NSW 2008, Theorem 9.2.8].
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Corollary 5.5. Let T C S be sets of primes of a number field K. Let A be a finite
abelian group. Assume that T is finite and that, for any prime divisor p of |A|, S
is p-stable for Ksus,us,, /K with stabilizing field K. For allp € T, let L,/ K, be a
finite abelian extension such that its Galois group can be embedded into A. Assume
that we are not in the special case (K, exp(A), S\ T). Then there exists a global
abelian extension L /K with Galois group A, unramified outside S, such that L has
completion Ly atp € T.

Example 5.6 (a set with persistent subset for which Grunwald—Wang stably fails).
Let p be an odd prime and assume 1, C K (in particular, K is totally imaginary and
we can ignore the infinite primes). Let S be a set of primes of K. For V = §,\ S,
let T © V be a finite set of primes of K. By [NSW 2008, Theorem 9.2.2] we have
for all Kg/L/K a short exact sequence (recall that , = Z/pZ by assumption)

0 — II'(Ksur /L, SUT; Z/pZ) — T (Ksur /L, S\ T; Z/ pZ)
— coker! (Ksur /L, T; 7/ pZ)" — 0.

Assume now that S is p-stable with p-stabilizing field K. Then
Ul (Ksur /L, SUT: Z/pZ) U1 (Ks/L, S: Z/pZ) =0
and hence we have
coker' (Ksur /L, T; Z/ pZ) =11' (Ksur /L, S\ T; Z/pZ)".

We can find such a set S for which additionally III'(Ksur /L, S\ T; Z/pZ) # 0
for each Kg/L /K. For an explicit example, assume K = Q(u,) and let T 2 S, (K)
be a finite set of primes of K (S, (K) consists of exactly one prime). Let M /K be a
Galois extension of degree p with @ #Ram(M/K) C T (e.g., M = Q(u,2)). Define
S:=cs(M/K). Then M N Kg = K and hence ML N Kg = L for each Ks/L/K.
Thus § is persistent with persisting field K. Further, ML /L is a Galois extension
of degree p which is completely split in S\ 7 and unramified outside S U T, hence
the subgroup Ggg /M1 S Gggr/o 1s the kernel of a nontrivial homomorphism
0 # ¢y € I (Ksur /L, S\ T; Z/ pZ). Hence this group is nontrivial.

Thus, S is persistent but not strongly p-stable —in particular, no p-stabilizing
field for S = SU T for Kgy 5,US, /K is contained in Ks—and Grunwald-Wang
does not hold for SUT O T (i.e., the cokernel in Theorem 5.3 is nonzero). It is
still unclear whether there is an example of sets S D T such that § is persistent but
not strongly p-stable and Grunwald—Wang fails for SOT.

Finally, we have two corollaries generalizing [NSW 2008, Theorems 9.2.4
and 9.2.9] to stable sets.

Corollary 5.7. Let K be a number field, T C S sets of primes of K with T finite.
Let Ks/L/K be a finite Galois subextension with Galois group G. Let p be a
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prime and A = [,[G]" a Gk s-module. Assume S is p-stable for Ksus,us../K with
p-stabilizing field L. Then the restriction map

H'(Ks/K, A) > @D H' (4. A)
peTl

is surjective.

Proof. (See [NSW 2008, Corollary 9.2.4]) We have the following commutative
diagram, in which the vertical maps are Shapiro-isomorphisms:

H'(Ks/K, A) —— @ H' (%4, A)

l peT
H'(Ks/L,F) — @ H'($q, )
BT (L)
The lower map is surjective by Theorem 5.3, and so is the upper. U
Corollary 5.8. Let K be number field, S a set of primes of K. Let Ks/L/K be a
finite Galois subextension with Galois group G. Let p be a prime and A =TF,[G]" a

Gk, s-module. Assume that S is p-stable for Ksus,us,, /L with p-stabilizing field L.
Then the embedding problem

Gk s

:

is properly solvable.

Proof. 1t follows from Corollary 5.7 in the same way as [NSW 2008, Proposition
9.2.9] follows from [NSW 2008, Corollary 9.2.4]. O

5C. Grunwald—Wang cokernel in the limit and sharp p-stability. If one is inter-
ested (motivated by Theorem 5.1, we are) in the vanishing of the direct limit over
Ks/L/K of the Grunwald—Wang cokernel, rather than in the vanishing of the
cokernel for each L, one can use sharp p-stability instead of strong p-stability,
which is considerably weaker.

Theorem 5.9. Let K be a number field, S a set of primes of K and ¥ C Ks a
subextension normal over K such that S is sharply p-stable for /K. Let T be a
finite set of primes of K containing (S, U Sx) \ S. If p™|[£ : K], then

lim coker' (Ksur /L, T,Z/pZ) = 0.
L/L/K res
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Proof. For any finite subextension £/L/K we have the short exact sequence

0— II'(Ksur /L, SUT; ) — I (Ksur /L, S\ T up)
— coker! (Ksur/L, T; 7/ pZ)" — 0.

Dualizing, we see that it is enough to show that

lim ' (Ksur /L, S\ T3 pp)" =0.
£/L/K corY

For any two finite subextensions £/L’/L/K we have the maps
rest': TN (Ksur /L, S\ T; wp) = 1 (Ksur /L', S\ T; i) s cork . (5-1)

Lemma 5.10. There is a finite subextension £/L1 /K such that, forall £/L'/L/ L,
the map resi, is an isomorphism.

Proof. First we claim that resf is injective if L is big enough. Assume first that
1y € & and that S is p-stable for £/K. Let £/Ly/K be a finite subextension
which p-stabilizes S and contains p,. Then any finite subextension £/L /L
satisfies the same. Assume resﬁ/ is not injective, i.e., there is some nonzero ¢ in
1Y (Ksur/L, S\ T; Z/ pZ) with resg (¢) = 0 (we have chosen some trivialization
of wp). This ¢ can be seen as a homomorphism ¢ : G , /1. — Z/pZ which is
trivial on all decomposition subgroups of primes in S\ 7. Define M := (Ksur)*®.
This is a finite Galois extension of L with Galois group Z/pZ and cs(M /L) 2 S\T.
But then

Su(S) =[M : L5 (SNes(M/L)) = pdL(S),

since T is finite. Now resIL‘/(qﬁ) = 0 implies M € L’ C & and hence we get a
contradiction to the p-stability of S.

Now assume that 1, K. Then resg is always injective. Indeed, suppose there
is a nonzero x in

' (Ksur /L, S\ T up)
={xeL*/p:xeUyL," forp g SUT andx € L,”" forp e S\ T}

with resf(x) = 0. This implies x € L"*P. Let y? = x with y € L’. Then
L(y) C L' C &. Since the polynomial 77 — x is irreducible over L (since x ¢ L*7),
the conjugates of y over L are precisely the roots of this polynomial, which are
clearly {¢° y}f:ol for¢ e ,up(lz )\ {1}. Since & is normal over L, these conjugates lie
in &. In particular, we deduce that { € £, which contradicts p, Z &£. This finishes
the proof of the injectivity claim.

By Corollary 4.12(ii), there is a constant C > 0 such that

I (Ksur/L, S\ T, w)| < C
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for all £/L /K. Together with the injectivity shown above, this shows that there
is a finite subextension £/L;/K such that, for all £/L’/L/L;, the map resi' is
bijective. ([

Now we can finish the proof of Theorem 5.9. Assume L is as in Lemma 5.10.
Let £/L/L,. Since p®|[¥ : K], there is a further extension £/L’/L such that p
divides [L" : L]. In the situation of (5-1) we have corores = [L’: L] =0 since p,
is p-torsion. Dualizing gives res¥ o cor’ = (corores)” = 0. But, along with res,
res” is also an isomorphism, hence we obtain cor¥ = 0. This shows that

lim TIT (Ksur /L, S\ T ) = 0. O
¥/L/K corV

We have the same arguments for 1112,

Proposition 5.11. Let K be a number field, S a set of primes of K and ¥ C K
a subextension normal over K such that S is sharply p-stable for £/K. Let
T 2 SUS,U Sy be afurther set of primes. If p™|[£ : K1, then

lim HI*(Ky /L, T; 7/ pZ) =0.
*/L/K res
Proof. By Poitou-Tate duality this is equivalent to
lim T (K7 /L, T3 ) =0,
$/L/K corV

This follows in the same way as in the proof of Theorem 5.9. (]

5D. Consequences. Here we prove Theorem 5.1.

Lemma 5.12. Let S D R be sets of primes of K. Assume that R is finite and that
SNes(K(up)/K) is infinite. Then pwl[KSR(p) 1 K.

Proof. By [NSW 2008, Corollary 10.7.7], for any C > 0 there is some finite subset
Sc € SNes(K(up)/K) such that R € S¢ and

dimg, H'(GE 5. (). Z/p2) > C.

Since each group G}; sc(P) is a quotient of Gg s(p), the lemma follows. U

Proof of Theorem 5.1. (A,), (A): Let p be a prime of K which is not contained in R.
Since the local group %, (p) is solvable and the assumptions carry over to extensions
of K in K&(p), it is enough to show that any class o, € H'(%,(p), Z/ pZ) (which
has to be unramified if p ¢ §) is realized by a global class after a finite extension.
Define T :={p}URU S, U S and let (ag) € quTHl (%p(p), Z/pZ) such that aq
is unramified if ¢ ¢ S and O if p € R. By Theorem 5.9, there is some finite extension
K§ (p)/L/K such that (aq) comes from a global class o € HI(GE’SUT(p), Z/pZ).
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The 7/ pZ-extension of L corresponding to « is unramified outside S, completely
split in R and hence contained in K§ (p). (A) has analogous proof.

(Bp): The proof of this part essentially coincides with the proofs of [NSW 2008,
Theorem 10.5.8] and [Ivanov 2013, Theorem 4.26]. As done there, we can restrict
ourselves to the case T 2 S, U S,. All cohomology groups in the proof have Z/pZ-
coefficients and we omit them from the notation. After computing the cohomology
on the left side, by [NSW 2008, Proposition 1.6.15] we have to show that the map

H (¢f s(p) : H (Kr(p)/KE(p) > D H G e D H U(p)
pER(KE (p)) pe(T\S)(KE (p))
induced by ¢£ s(p) in the cohomology is bijective for i = 1 and injective for i = 2.
(Here @/ means the restricted direct sum in the sense of [NSW 2008, Definition
4.3.13].) Now Hl(q&}e’s(p)) is injective since ¢f ¢(p) is clearly surjective. To show
surjectivity for i = 1, consider, for any finite subset 77 € T \ S which contains
(Sp USoo) \ S and any finite KSR (p)/L/K, the composed maps

H'(Ksur,(p)/L) > P H'(G) ~ P H' G P H' (9",
pe(RUT1)(L) pER(L) peTi(L)

where 9y = I, C Gg = % is the inertia subgroup. Passing to the direct
limit over Kf (p)/L/K, we obtain by Theorem 5.9 the surjection

/ ’ G R
H' (Ksur, (0)/KS () » @D H' G(pn@ €D H' U i) */5,
pER(KE(p)) peTI(KS (p))

which is, after passing to the direct limit over all finite 77 € T \ S, exactly
H'(#F 4(p)), since by (A,) we have K& (p), = K" (p) for p € T'\ S and hence

G R
Hl (II?p/Kp) Kp/KS,p(p) — Hl(lp(p))

(see the proofs of [NSW 2008, Theorem 10.5.8] and [Ivanov 2013, Theorem 4.26]).
Finally, the injectivity of H2(¢¥’ s(p)) follows by passing to the limit and using
Proposition 5.11.

(B): By Lemma 2.7, there is some KSR/LQ/K such that, for all KSR/L/LO, the set S
is sharply p-stable for L§ (p)/L. Thus (B) follows from (B,) as we have

L(p)= lim Iy, and Gy ) xr= lm G ,)1r0 -
KR/L/K K&/L/K

(Cp), (C): The proof essentially coincides with the proofs of [NSW 2008, Theorem
10.5.10 and Corollary 10.5.11] and [Ivanov 2013, Theorem 4.31, Corollary 4.33].
To avoid many repetitions, we only recall the argument for cd G,IS’ s(p) <2inthe
case R = @ (which differs in one aspect from the cited proofs). Therefore, set
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V = (S, USx) \ S and consider the Hochschild—Serre spectral sequence (E,ij , 8,? )
for the Galois groups of the global extensions Ksyy (p)/Ks(p)/ K. By [NSW 2008,
Proposition 8.3.18 and Corollary 10.4.8], we have

cd Gk suv (p) <cd, Gg suy < 2.

By Riemann’s existence theorem, (B,), the group Gk, (p)/ks(p) 18 @ free prop
group. Hence E,} degenerates in the second tableau and, in particular, we have
(omitting Z/ pZ-coefficients from the notation)

coker(83') = E;O = EX CH Gk suv(p)) =0,

ie., 8;1 is surjective. Again by Riemann’s existence theorem we have

~ G p
H' (Ksuv (p)/Ks(p) = @ Ind 5" H' ().
peV

This and Shapiro’s lemma imply

E)' = P HA (K, (p)/ Ky). (5-2)

pev

Further, we have the following commutative diagram with exact rows and columns:

DH* (K, (p)/Ky) — H(Ksuv /K, 1)

T f

H?(Ksuv (p)/K) PH*(Ky(p)/Kp) — H(Ksuv /K., 1)

| ] |

H'(Ks(p)/K, H' (Ksuv (p)/Ks(p))) — D H*(Ky(p)/Ky) ———— 0

peV

H(Ks(p)/K)

The second row comes from the Poitou—Tate long exact sequence. The first map
in the third row is the isomorphism (5-2). The map in the first row is surjective
since its dual map 1, (K) — D, 1p(Kp) is injective. Now (in contrast to proofs
cited from [NSW 2008] and [Ivanov 2013]) the first map in the second row is not
necessarily injective, but one can simply replace the first entry in the second row by
H?(Ksuy (p)/K)/II?(Ksuy /K, SUV; Z/ pZ), as both maps in the diagram which
start at this entry factor through this quotient. Now apply the snake lemma to the
second and third row and obtain H*>(Ks(p)/K) = 0 and hence also cd Gk s(p) <2
by [NSW 2008, Proposition 3.3.2]. U
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5E. Vanishing of 11*(Gs; Z/ pZ) without p € @;}’ g We generalize Corollary 4.7
for the constant module. The proof makes use of Theorem 5.1 parts (A), (B), (C)
along with the result of Neumann showing the vanishing of certain cohomology
groups. Its special case dx (S) = 1 is not contained in [NSW 2008].

Proposition 5.13. Let K be a number field, S a set of primes of K. Let p be a
rational prime, r > 0 an integer. Assume that either p is odd or Ky is totally
imaginary. Then the following hold.:

(1) [Ivanov 2013, Proposition 4.34] Assume S is strongly p-stable and Lg is a
p-stabilizing field for S for Ksus,us,,/K. Assume p is odd or Ly is totally
imaginary. Then

II*(Ks/L; Z/p'2) =0
for any finite Kg/L /L such that we are not in the special case (L, p”, S).
(1) Let Ks/2/K be a normal subextension. Assume that S is sharply p-stable for
F/K and p®|[<L: K]. Then
lim 1I1*(Ks/L; Z/p"Z) =0.
$/L/K
Proof. Define V := (S, U Soo) \ S. We write H*(-) instead of H*(-, Z/p"Z)
and III*(-, -) instead of III*(-,-; Z/p"Z). Let K¢ ,,,(p) be the maximal pro-p
subextension of Ksyy/Ks. Let Ks/L/K be a finite subextension and consider the
tower of extensions

~ Ksuv

N

Koy (p)

GL. suv H

Ky G suv (P)

Gr.s

~ L
with N := Gy, /x; (> H :=Gky, (p)/&s ad G, sy (p) :=GCgy  (py/2- We claim
that for any such L we have under the assumptions of (i) the natural isomorphisms
% (K, (p)/L, SUV) =TIT*(Ksuy /L, SUV) forany Ks/L/K,
1% (Ks/L, ) = II1*(K¢,y (p)/L, SUV) forany Ks/L/Lo, (5-3)
and under (ii) the natural isomorphism

lim II(Ks/L, $) = lim I*(Kgy (p)/L, SUV). (5-4)
£/L/K $/L/K
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Once this claim is shown, (i) follows immediately from Corollary 4.7 and (ii)
follows from Proposition 5.11. Thus it is enough to prove the above claim. The
first isomorphism in (5-3) follows immediately from the definition of IIT?, once we
know that the inflation map H2 (G’L’ suv(p) — H2 (Grsuy) is an isomorphism. To
show this last assertion, consider the Hochschild—Serre spectral sequence

EY = H (G}, sy (p). B/ (N)) = H (Gpsuv).
A result of Neumann [NSW 2008, Theorem 10.4.2] applied to Ksuv /Ky, (p)

(the upper field is p-(S U V)-closed, the lower is p-(S, U Soo)-closed) implies
Elzj =0 for j > 0. Hence the sequence degenerates in the second tableau and

H'(Gy,y (p) = H (Gsuy),

for i > 0, proving our claim. Thus we are reduced to showing that the second map
in (5-3) and the map in (5-4) are isomorphisms. For p € V, let K’; (p) denote the
maximal pro-p extension of Kg . Define

Iy(p) := Gy (py/Ks -
(Observe that if p € S, then I,; (p) = 1. Indeed, if p > 2, this is always the case,
and if p =2, then Ky, = C using the assumption that Ky is totally imaginary.) By
[Ivanov 2013, Lemma 4.23] (which was only shown there under strong p-stability
assumption on S, but due to Theorem 5.1(A) it also holds under sharp p-stability
assumption with exactly the same proof), we have Ié (p) = Dy k,, (p)/ks- Next, by
Riemann’s existence theorem, Theorem 5.1(B), applied to K¢, ,,,(p)/Ks/K , we have
H= % I;( D).
peV(Ks)
By [Ivanov 2013, Corollary 4.24], the groups I;( p) are free pro-p groups, and
hence H is a free pro-p group. Thus cd, H < 1. Consider the exact sequence

1—- H— G} g,y(p) > Grs— 1

and the corresponding Hochschild—Serre spectral sequence
Ey = H (Gp.s. H/ (H)) = H (G s,y (p)).
Since by Theorem 5.1(C) we know that cd, G, g = 2, we have EV=0ifi>2or
j > 1. Moreover, we have
! G
H'(1) = @ H'1(p) = P Indpyys  H' (75 (p)
V(Ks) V(L)

as Gy s-modules, where Dy g,/ € Gy s 18 the decomposition group at p, which is
in particular procyclic and has an infinite p-Sylow subgroup (by Theorem 5.1(A)).
Using this, an easy computation involving Frobenius reciprocity, Shapiro’s lemma
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and [Ivanov 2013, Lemma 4.24] allows us to compute the terms EJ! and E1!. We
obtain the exact sequence

0—— H1 (GL,S) —_— H] (G/L,SUV(p)) N @ Hl (I’;(p))Dp.KS/L
V(L)

B
—— H*(GL.5) — HX(G 5y (P))

@ H2(G) —— 0,
V(L)

where § := 89" : EY' — E3° denotes the differential in the second tableau. Assume
first that we are in the situation of (i) and let L be as introduced there. Then we
have the surjections

H'(GL s ()~ D H' (%) = D H Dy, ) = D H () 5.
peV(L) peV (L) V(L)

The first map is surjective by Grunwald—Wang (Theorem 5.3), and the second and
the third maps follow from [Ivanov 2013, Lemma 4.24]. Hence the map preceding
§ is surjective and hence § = 0. Thus the lower row of the above 6-term exact
sequence gives the short exact sequence

0 —— I2(Ks/L, §) — I2(K{,y (p)/L. S) ~+— B HA(S,).
V(L)
On the other side, by definition of ITI%, we have that the kernel of d is precisely
H.[z(KS’UV( p)/K, SU V), which shows the second equality in (5-3). The equality
in (5-4) follows from the assumptions in (ii) by the same arguments after taking
li_r)n over £/L/K (and using Theorem 5.9 instead of Theorem 5.3). U

6. K(m,1)-property

Assume that either p is odd or K is totally imaginary, and let X = Spec Ok s. While
it is well known that X is a K(sr, 1) for p if either § 2 §, U So (‘wild case’) or
3k (S) = 1, it is a challenging problem to determine whether X is a K(ir, 1) if S
is finite and does not necessarily contain S, U So. Until recently there were no
nontrivial examples of (K, S) such that X is a K(7, 1) for p or a pro-p K(m, 1) and,
say, SN S, = J. Recent results of Schmidt [2007; 2009; 2010] show that any point
of Spec O has a basis for Zariski-topology consisting of pro-p K(sr, 1)-schemes.
More precisely, given K, a finite set S of primes of K, a rational prime p and any
set T of primes of K of density 1, Schmidt showed that one can find a finite subset
Ty € T such that X \ T} is pro-p K(ir, 1). The main ingredient in the proof is the
theory of mild pro-p groups, developed by Labute. We conjecture that one can
replace the condition 8k (7)) = 1 in Schmidt’s work by the weaker condition that 7
is strongly p-stable (or even that T is sharply p-stable for K7 (p)/K).
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In the present section we enlarge the set of the examples of such pairs (XK, §) for
which X is a K(7r, 1) for p and prove essentially that if S is sharply p-stable, then X
isa K(mr, 1) for p. In particular, if S is a stable almost Chebotarev set with So, C S,
then X is a K(sr, 1) for almost all primes p (see Proposition 3.8 and Example 3.10),
and if ESPP(S) = @ and K is totally imaginary, then X is a K(z, 1).

6A. Generalities on the K(m, 1)-property. There are many equivalent ways to
characterize the K (s, 1)-property of schemes (see [Stix 2002, Appendix A], where
they are discussed in detail). Without repeating all of it, we want to introduce a
small refinement of terminology which is better adapted to formulating our results.

Let X be a connected scheme, X the étale site on X. Fix a geometric point
X € X and let ¥ := (X, Xx) be the étale fundamental group of X. Let s denote
the site of continuous 7 -sets endowed with the canonical topology. Further, let p
be a rational prime and let B7” denote the site of continuous 7 P)-sets, where 7 (»)
is the pro-p completion of . As in [Stix 2002, Appendix A.1], we have natural
continuous maps of sites:

Xét L} B

N

For a site Y, let ¥(Y) denote the category of sheaves of abelian groups on Y,
let #(Y)s be the subcategory of locally constant torsion sheaves, and ¥(Y),, the
subcategory of locally constant p-primary torsion sheaves. Let A € (%) and
B € $(RBnP),. Then we have the natural transformations of functors id — Ry,y*
and id — Ry, «y,", which induce maps in the cohomology:

¢y :H (r, A) — H' (Xe, v*A), ¢, p:H (@"), B) — H (Xe1, v, B).
Let X (resp. X (p)) denote the universal (resp. universal pro-p) covering of X. Since
H'(Xa, A) =H'(X(p)ai, B) =0
for each A, B, the maps cf’;, c;’ p are isomorphisms for i =0, 1 and injective for i =2.
Definition 6.1. Let X be a connected scheme.
(i) Xisa K(w, 1) if cj‘ is an isomorphism for all A € ¥(%Bm), and i > 0.

(i) X isa K(w, 1) for p if c/i is an isomorphism for all A € ¥(®Bw), and i > 0.
(iii) X is a prop K(x, 1) if C;;’B is an isomorphism for all B € ¥(#Bn?), and i > 0.

Note that we use a shift in definitions compared with [Schmidt 2007] or [Wingberg
2007]: what there is called a K(r, 1) for p, we call here a pro-p K(r, 1). Parts (i)
and (iii) of our definition coincide with the definition of a K(7r, 1) in [Stix 2002,
Definition A.1.2]. By decomposing any sheaf into p-primary components we obtain:
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Lemma 6.2. X is a K(r, 1) if and only if it is a K(m, 1) for all p.

Now we have a criterion for being K (7, 1). For a scheme X, let Fety (resp. Fetgf))
denote the category of all finite étale coverings (resp. finite étale p-coverings) of X.
For a number field K, let

1 ifp, CK,
K= 0 otherwise.

Proposition 6.3. Let K be a number field, S D Sy a set of primes of K such that
either x =0 or Sy # &. Assume that either p is odd or K is totally imaginary. Let
X = Spec Ok s. The following are equivalent:

(i) Xisa K(rw, 1) for p.
(i) lim H?(Ya, Z/pZ) =0.
Y eFety
The same also holds if one replaces ‘K(m, 1) for p’ by ‘pro-p K(mw, 1)’ and ‘Fetyx
by ‘Fetgf) " respectively.

>

Proof. For the full proof, see [Ivanov 2013, Proposition 5.5]. For convenience, we
sketch here the main steps. (i) = (ii) holds for any connected scheme and follows
from [Stix 2002, Proposition A.3.1] and (ii) = (i) follows from the well-known
criterion [Stix 2002, Proposition A.3.1] and the fact that, for every ¢ > 0 and every
locally constant p-primary torsion sheaf A on X, we have

lim H?(Yg, Aly) =0.
Y eFety
Since A is trivialized on some Y € Fety, we can assume that A is constant. By
dévissage we are reduced to the case A = Z/pZ. The elements of H! (Y, Z/pZ)
can be interpreted as torsors, which kill themselves, i.e., the case g = 1 follows.
Further by [Artin et al. 1973, Exposé X, Proposition 6.1], HY (Ys, Z/pZ) = O for
q > 3. The case g = 3 follows from Artin—Verdier duality. Finally, (ii) implies the
case g = 2. The pro-p case has a similar proof. ([

6B. K(m, 1) and sharp p-stability.

Theorem 6.4. Let K be a number field, S D So a set of primes of K and p a
rational prime. Assume that either p is odd or K is totally imaginary. Then:

(1) If S is sharply p-stable for Ks(p)/K, then Spec Ok s is a pro-p K(r, 1).
@i1) If S is sharply p-stable, then Spec Ok s is a K(m, 1) for p.

Remark 6.5. If K is totally imaginary or in the pro-p case, the assumption So, € S
is superfluous as Gs(p) = Gsus, (p): if p > 2, then this is true in general and if
p =2, then this is true since we have assumed that K is totally imaginary.
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Corollary 6.6. Let K be a number field, S O S a stable set of primes of K such
that ESP(S) is finite (in particular, S can be any stable almost Chebotarev set with
S O Swo). Then Spec Ok s is a K(m, 1) for almost all primes p. IfESh”lT’(S) =0
and K is totally imaginary, then Spec Ok s is a K(m, 1).

Example 6.7. Let K be totally imaginary. Define K := U K (up). Let M/K be
finite Galois with M N K = K and let o € Gp/k. Assume that § = Py /g (o) is
stable. Then Spec Ok s is a K (7, 1).

Proof of Theorem 6.4. The proof essentially coincides with that of [Ivanov 2013,
Theorem 5.12]. We only prove (ii) (the pro-p case (i) has a similar proof). Define
X :=Spec Ok s. As L goes through finite subextensions of Ks/K, the normalization
Y of X in L goes through all finite étale connected coverings of X. Define V :=S,\S.
For any such Y we have a decomposition

Y\Vdy Ly

in an open and a closed part. Now we see that Y \ V is a K(7r, 1) for p and that
(Y \ V) =Gy suy. Hence

i 1 H (G suv) = H (Y \ V)a, A) (6-1)

is an isomorphism for any i > 0 and any p-primary Gz syy-module A. We have
the Lerray spectral sequence for j:

ET =H™(Y, R"j,Z/pZ) = H" ™ (Y \V,Z/pZ).

Let us compute the terms in this spectral sequence. First of all we have

Z]pZ ifn=0,
R"jiZ|pZ = @B,y H' (%, Z/pZ) ifn=1,
0 ifn>1,

where $, € %, denotes the inertia subgroup of the full local Galois group at p. Thus

EY' = DH' 9. 2/pD)%.
peV

El=H' (Yét, PH' . Z/pZ)) =P H*,.2/p2),

peV peV

and EY"" =0ifn > lorifn=1and m > 1 (as cd, (anr) =1). Further, Emo 0 for
m>3,ascd, Y <3and E3° =H3(Y, Z/pZ)=0 by [Ivanov 2013, Lemma 5.9], and

ENX =H' (Y, Z/pZ) =H" (G5, Z/ p2).
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Thus we have the following nonzero entries in the second tableau:

@ H' (9. 2/pD)% b H2(9,. 2/ pZ) 0 0
peV peV
89!
7/ pZ HY(G, 5.7/ pZ) H2(Ys, Z/ pZ) 0

From this and the isomorphism (6-1) we obtain the following exact sequence (from
now on, we omit the 7/ pZ-coefficients):

or 801
0 —— H'(Gp.5) — H'(GL suv) —— EBV H! (9)% ——
pe

—— H*(Ye) —— H*(Gy suv) —— @ H*(Gy) —— 0
peV

By Proposition 6.3 it is enough to show that lim ., H?(Y4) = 0. Taking the limit
— X

over all Y € Fety of this sequence, we see by Theorem 5.9 that the direct limit of

the maps preceding 881 is surjective, hence we obtain

lim H*(Ye) = lim TI*(Ksuv/L, Vs Z/pZ).
Y eFety Y eFety

To finish the proof consider the following commutative diagram with exact rows:
H*(Gp,suv) —— D H*(9) —— (L)Y —— 0

[

0—— @ H*(Gy) —— D H*(Gy) 0 0
peV peV

Here the first map in the upper row becomes injective after taking the limit by
Proposition 5.11. The snake lemma shows that

lim HA(Ye) = lim II*(Ksuv /L. Vi Z/pZ) € lim CDH*(Gy).
Y eFety Y eFety YeFety peS

and the last limit vanishes as p*|[Ks , : K;] for all p € S by Theorem 5.1(A). This
finishes the proof of (ii). O
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Hopf—Galois structures arising from
groups with unique subgroup of order p

Timothy Kohl

For I' a group of order mp, where p is a prime with gcd(p, m) = 1, we consider
the regular subgroups N < Perm(I") that are normalized by A(I"), the left regular
representation of I'. These subgroups are in one-to-one correspondence with the
Hopf-Galois structures on separable field extensions L/K with I' = Gal(L/K).
Elsewhere we showed that if p > m then all such N lie within the normalizer
of the Sylow p-subgroup of A(I"). Here we show that one only need assume
that all groups of a given order mp have a unique Sylow p-subgroup, and that
p not be a divisor of the order of the automorphism groups of any group of
order m. We thus extend the applicability of the program for computing these
regular subgroups N and concordantly the corresponding Hopf—Galois structures
on separable extensions of degree mp.

Introduction

The motivation and antecedents for this work lie in the subject of Hopf—Galois
theory for separable field extensions. Specifically, we extend the results of [Kohl
2013] on Hopf-Galois structures on Galois extensions of degree mp for p a prime
where p > m. We will not delve into all the particulars of Hopf—Galois theory,
since this discussion focuses on the group-theoretic underpinnings of this class of
examples. For the general theory, one may consult [Chase and Sweedler 1969]
for basic definitions and initial examples and [Greither and Pareigis 1987] for
the theory as applied to separable extensions, which is the category in which our
earlier paper and others fall. In brief, let L/K be a finite Galois extension with
I' = Gal(L/K). Such an extension is canonically Hopf—Galois for the K-Hopf
algebra H = K[I'], but also for potentially many other K-Hopf algebras. Their
enumeration is determined by the following paraphrased variant of the main theorem
in [Greither and Pareigis 1987]. (Recall that a regular subgroup of the group of
permutations of a set is one whose action on the set is transitive and free.)

MSC2010: primary 20B35; secondary 20D20, 20D45, 16TO05.
Keywords: Hopf-Galois extension, regular subgroup.
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Theorem [Greither and Pareigis 1987]. If L/K is a finite Galois extension with
' =Gal(L/K) then the Hopf algebras which act to make the extension Hopf-Galois
correspond in a one-to-one fashion with regular subgroups N < B = Perm(I") such
that A(I") < Normp(N), where A(I") is the image of the left regular representation
of T in B.

Each such N gives rise to the Hopf algebra H = L[N]", the fixed ring of the
group ring L[N] under the action of I" simultaneously on the coefficients, by virtue
of I' = Gal(L/K), and the group elements by virtue of A(I") normalizing N. The
problem of enumerating such N for different classes of extensions has been the
subject of much recent work by Byott (e.g., [2004]), Childs (e.g., [2003]), the
author, and others. This discussion will be strictly focused on the enumeration of
these groups, for a particular set of cases, keyed to the order of I' and consequently
of any such regular subgroup N which satisfies the conditions of the above theorem.
Again, no discussion of Hopf—Galois structures is required from here on since we
are looking at the purely group-theoretic translation arising from the above theorem.

1. Preliminaries

As it is so essential, let’s briefly review regularity in the context of finite groups.

Definition 1.1. Let X be a finite set and let N <Perm(X) be a group of permutations
of X. We say that N is semiregular if it acts freely, that is, if each element of N
apart from the identity acts without fixed points. If N acts transitively on X and
|N| =|X]| then N is semiregular; and if N is semiregular its action is transitive if
and only if |N| = | X|. Thus any two of these conditions imply the third. A group
satisfying these conditions is called regular.

In view of the cardinality condition, in order to organize the enumeration of the
regular N < Perm(I") that may arise for a given Galois group I", we consider, for
[M] the isomorphism class of a given group of the same order as I', the set

R(,[M]) ={N < B| N regular, N =M, A(I"') < Normpg(N)}

and let R(I") be the union of the R(T", [M]) over all isomorphism classes of groups
of the same order as I'.

Since they are important in the enumeration of R(I", [M]), we recall some facts
from [Kohl 2013], henceforth referred to as [K].

Lemma 1.2 [K, Corollary 3.3 and Proposition 3.4]. Let N be a regular subgroup
of B and define the opposite of N as N°°® = Centg(N). Then:

o N°PP is also a regular subgroup of B.
e NNN°P = Z(N) (so N = N°P jfand only if N is abelian).
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o (NOPP)OPP — N,
e N € R(T', [M]) if and only if N°°P € R(T", [M]).

Again, in the cases considered in [K] it was assumed that |I'| = mp for p prime
and p > m. Our goal is to extend those results to groups of order mp where
gcd(p, m) = 1, but where one need not assume that p > m.

We begin by briefly reviewing the setup in [K], where we considered groups
I" of order mp with a unique and therefore characteristic Sylow p-subgroup due
to the assumption that p > m. Since p > m obviously implies gcd(p, m) = 1, by
the Schur—Zassenhaus lemma I may be written as PQ for P and Q subgroups of
[ where | P| = p and |Q| = m. More specifically, there is a split exact sequence
P — T — Q whereby I' = P x; Q, with 7 : Q — Aut(P) induced by conjugation
within I by the complementary subgroup Q. Using Q for the quotient of I" by P
and the image of the section in I' is admittedly a slight abuse of notation. The
condition p > m is sufficient, of course, to make the Sylow p-subgroup unique and
have order p.

Going forward, we wish to drop the assumption that p > m and consider groups
of order mp for p prime, with gcd(p, m) = 1 and where congruence conditions
force any group of order mp, including I' and any N € R(I"), to have a unique
Sylow p-subgroup.

With T as above, if A : ' — Perm(I") = B is the left regular representation then
we define P = P(A(I")) to be the Sylow p-subgroup of A(I") and Q to be the com-
plementary subgroup to P in A(I"). We wish to prove the following strengthening of
[K, Theorem 3.5] which will allow us to apply the program developed in Sections
1-3 of [K] (and applied in subsequent sections therein) to a much larger class of
groups.

Theorem 1.3. Let I' have order mp where gcd(p, m) = 1 and pt|Aut(Q)| for
any group Q of order m, and assume any group of order mp has a unique Sylow
p-subgroup. If N € R(I") then N is a subgroup of Normpg (P).

To prove this, we need to modify certain key results from [K], starting with
Lemma 1.1 regarding the p-torsion of Aut(I").

Lemma 1.4. Let I have order mp, where gcd(p, m) = 1, and assume I has a
unique Sylow p-subgroup, so that ' = P x; Q as above. Assume also that p does
not divide |Aut(Q)]|.

(a) If T is trivial (whence I' = P x Q) then p does not divide |Aut(I")|.

(b) If t is nontrivial then Aut(I") has a unique Sylow p-subgroup, consisting of
the inner automorphisms induced by conjugation by elements of P.

Proof. In (a), if I is such a direct product then Aut(I") = Aut(P) x Aut(Q) and so
if pt|Aut(Q)| then pt|Aut(T")|. The proof is basically the same as in [K]. For (b),
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since I'/P = Q, any i € Aut(I") induces Ve Aut(I'/ P) = Aut(Q) and if ¢ has
p-power order then v is trivial since p does not divide |Aut(Q)|. And, as also
observed in [K], when I" is not a direct product, |P N Z(I")| = 1 and conjugation in
" by elements of P yields the order-p subgroup of Aut(I"). ([

The condition that p{|Aut(Q)| was automatic when p > m, but it often holds
true even when p < m. For example, if p =35 and m = 8 then Sylow theory easily
shows that any group of order 40 will have a unique Sylow p-subgroup. One could
also consider the groups of order eight— Cg, C4xCy, CyxCyxCy, Dy and Qr —
whose automorphism groups have orders 4, 8, 168, 8, 24, respectively, none of
which is divisible by 5.

The cycle structure of a regular permutation group’s elements is greatly circum-
scribed by the condition that all nontrivial elements of the group act freely. Any such
element, because it and all its nontrivial powers lack fixed points, must be a product
of cycles of the same length, and the sum of the lengths must equal |X|. For exam-
ple, if X ={1,2,3,4,5, 6} then (1, 2)(3,4)(5, 6) and (1, 2, 3)(4, 5, 6) satisfy this
property. In contrast, u = (1, 2, 3, 4)(5, 6) cannot belong to a regular subgroup of
Perm(X) even though it does not have fixed points, because w? = (1,3)(2,4) does.

Since P is a nontrivial subgroup of the canonically regular permutation group
A(I"), we must have

P=(m)=(mmy- - 7m),

where the 7r; are disjoint p-cycles. In a similar fashion, if N is any regular subgroup
of B then its Sylow p-subgroup P(N) is also cyclic of order p and therefore of
the form

P(N)=(0) = (6162 -0On),

where the 6; are also disjoint p-cycles. For N € R(I") we are looking at those
regular N which are normalized by A(I"). Now, P(N) is characteristic in N, so
A(I") normalizing N implies that A(I") (and therefore P) normalizes P (N). In [K]
the assumption p > m was used to show that P and P (N) must, in fact, centralize
each other. In particular Proposition 1.2 there showed that if p > m then (after
renumbering the 6; if necessary) one has 6; = nia " fora; € [pr. The reason for this
was that for p > m the group S,, contains no elements of order p, and so 6 is a
product of the same ; that comprise the generator of P.

As it turns out, this is not automatically true if we just assume that gcd(p, m) = 1.
For example, if p =5 and m = 8 then in Sy let

Ti=0+G-D52+G-153+G-D54+G—-15,5+@-1)5)

fori=1,...,8andlet0; = (j, j+5,j+10, j+15, j+20) for j=1,...,5and
O = me, 67 = w7, 63 = mg. One may verify that m = m - - - g is centralized by
0 =0,---0gbut;, for j =1,...,5,1is not a power of any ;.
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This example shows that the P(N) < N being normalized, and thus centralized,
by P is insufficient to guarantee that P(N) < (my, 2, ..., Ty). This does not
nullify the possibility of the program in [K] being generalized. This example merely
shows that Centp (P) contains many semiregular subgroups of order p that are not
subgroups of (m, 72, ..., 7,). However, it turns out that for those N normalized
by A(I"), since P(N) is characteristic in N and therefore normalized by A(I"), the
possible P (N) that can arise are still contained in (|, 73, ..., 7). To arrive at
this conclusion, we need to recall some facts about the structure of Normpg(7?) and
Centg (P).

With P = () = (7 - - - Ty ), where the 7; are disjoint p-cycles, we can define
V = (m, 72, ..., Ty), the elementary abelian subgroup of B generated by the ;.
Also, we can choose y; € fori =1, ..., msuchthatm; = (y;, 7(yi), ..., 7"~ (¥))
and if we let I1; be the support of 7;, then the I1; are, of course, disjoint and their
union is I" as a set. Define S < B to be those permutations & such that for each
i €{1,...,m} there exists a single j € {1, ..., m} satisfying a(z'(y;)) = 7' (y;)
for each t € Z,,. Equivalently, & operates on the blocks T1; as follows:

alyi, 7@y TP D =y ), TP )

It is clear that S is isomorphic to §,, viewed as Perm({I1y, ..., I[1,,}), where & € S
corresponds to a permutation « € S,, which permutes the m blocks I1; amongst
each other. In a similar fashion, we may define another subgroup ¢/ < B keyed
to 7 and the m;. For a cyclic group C = (x) of order p, the automorphisms are
given by x — x* for ¢ € U, = [ = (u). Within B, therefore, since P is cyclic
of order p, there exists a product u; - - - u,, of m disjoint (p—1)-cycles with the
property that uimui_l =/, and uinjui_l = m; for j #i. (Note that the support of
each u; is I1; — {one point}.) Therefore, (u; - - - uy)mw(uy - u,)~' = 7* and we
define U = (u; - - - u,,). With these three subgroups of B so defined, we can easily
describe Centg (P) and Normp(P) as in [K] by

Centg(P) =VS=C,1 S, = C;," X S,
Normg(P) = VUS = C;" X (Aut(Cp) X Sp),

where C,, denotes the cyclic group of order p and S,, is the m-th symmetric group.

The semidirect product formulation is useful and may be closely connected to the
intrinsic (as a subgroup of B) description. We may view V = (ry, ..., 7, ) naturally
as C;" but also, more fruitfully, as [FZ’, the dimension-m vector space over [,, so
that we may equate 7| - - - 7,," with [ay, ..., ax], a vector in F. As the group S
permutes the 77; amongst themselves, we may identify it with permutations « € S,
acting by coordinate shifts on the vectors a = [ay, ..., a,] and where u € U, acts
by scalar multiplication. Thus we may represent a typical element of Normpg (P)
by atriple (a,u”, a), witha e F', u € U, and « € S,,, where (as permutations)
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@, u", ) (Tt (i) = yrizr)ﬂ"(" '(Ya(iy) and where the multiplication (and resulting

conjugation operations) are defined by

@G, u", )b, u’, B) = (G+u"ab), u’ ™, ap), )

(b, u*, B)(a,u", a)(b,u*, )~ = (b+u*B@) —u" (Bap™)(B), u", ap™), (2)
n—1

@,u",a)" = (Z u'a' (@), u™, a”). 3)
t=0

In this setting the elements of V correspond to tuples of the form (v, 1, I'), where
I is the identity of S,,;; in particular * = w7y - - -, = ([1, 1, ..., 11,1, ). The
elements of Centg(P) correspond to those tuples where » = 0O (i.e., the middle
coordinate is 1), which leads us back to the discussion of P(N) for N a regular
subgroup of B normalized by A(I"). In this situation we have P(N) = (6), where
6 = (a, 1, @) has order p and no fixed points. If P(N) £V then o # I, implying
(since o € S,, with m coprime to p) that « has fixed pointsin {1, ..., m}. f a(i) =i

then
k+aq i)

0t (1)) = 7oy (Vatiy) = 7 (1),
which means that a; # 0 and more importantly that 6 restricted to I1; equals 7;".
And for those j not fixed by «, the restriction of 6 to IT; is not a power of 7;.
That is, 0 = 0,0, - - - 6,,, where 6, = nl.”" for at least one i, and 6; ¢ V for at least
one j. The example given above for Sy is an instance of this; in particular, the
fixed-point-free element of order 5 is ([1,1,1,1,1,1,1,1], 1, (1,2,3,4,5)), which
is in Centg,, ({172 - - - 78)).
The above example motivates the following.

Definition 1.5. For 6 € B and 7; as above, we say m; divides 0 (denoted 7; | 6) if
the cycle structure of 6 contains some nontrivial power of ;. Similarly we write
7;16 if no power of 7; is a factor in the cycle structure of 6.

Observe that 7r; | 6 if and only if 7r; | 8¢ for all e € U,,.

The requirement that N be normalized by A(I"), together with the fact that
P(N) is characteristic, means that P(N) is normalized by A(I"). The upshot of
this is the following recapitulation of [K, Proposition 1.2], which (together with
Lemma 1.4) will allow us to deduce our main result, namely that N € R(I") implies
N < Normp(P) under weaker hypotheses:

p and m are coprime, p does not divide |Aut(Q)| for any group Q of order m,
and any group of order mp has a unique Sylow p-subgroup. “4)

This is the core result, since it guarantees that P(N) <V < Normpg(P) for all
N € R(I').



Hopf—Galois structures arising from groups with unique subgroup of order p 43

Theorem 1.6. If N is a regular subgroup of B normalized by A(I") and P(N) is its
Sylow p-subgroup, then P(N) is a semiregular subgroup of V = (mwy, 72, ..., Tp).
That is, P(N) = (7] - - - 7wy"), where a; € U, = Fxfori=1,....,m.

Proof. If P(N) = (0) is not a subgroup of V then, as shown above, 8 = 6,6, - - - 6,,,
where 7; |6 for some i and 7160 for some j # i. In [K, Proposition 3.8] it is
shown that if (I;, u®, B) € Normpg(P) has order coprime to p then the permutation
coordinate S8 acts without fixed points. It is important to note that the proof of
this is not dependent on whether p < m or p > m. Applying this to A(I"), which
normalizes P = (m - - - Ty ), has no fixed points, and contains elements (1;, u®, B)
of order coprime to p, we conclude that 8 € S, is fixed-point-free. In fact, if Q
is the complementary subgroup of P in A(I") and if + maps (b, u*, B) to B then
t(Q) must be a regular subgroup of §,,. The reason is that the elements of Q
have order relatively prime to p, so ¢(Q) is a semiregular subgroup of S,,; but if
1(Q)| < m there would exist (4, u”, @) and (&', u”’, @) in Q, which would imply
that (@' —u” ~"a,u” ", I) € Q, which, again by [K, Proposition 3.8], must have
order divisible by p. But since this element is in Q it must be the identity, whence
r =r" and so a = a’. This means that ¢ (Q) is regular; by transitivity we pick an
element g = (l;, u®, B) in Q with (i) = j, and then g([1,1,...,1], 1, I)g_1 =
@*'g(1,1,...,1D,1, )= (’[1,1, ..., 1], 1, I), where, in particular,

gy g =TTy T
And since g(616> - - 0,)g ™" = (86187 ") (8628~ ") -+~ (g6mg™ "), we have gbig ™' =
gniigl= ng(la)’ =n;" “; therefore 7; | g0g~!. The problem now is that g6g~! =9
for some e € U, implies that 7; | 6, contrary to the assumption that 7;16. We
conclude that any such 8 must, in fact, be a fixed-point-free subgroup of V and

therefore of the form asserted in the statement of the theorem. |

With this in place, we can review the remaining foundational elements in [K],
which, without serious modifications, imply, under the weaker hypotheses (4),
that N < Normp(P) for all N € R(I"). We do this also in order to provide some
applications for classes of groups where these weaker hypotheses hold.

We have just shown that N € R(I") implies P(N) < Normpg(P) and that P(N) =
(! ..y, Define Q(N) to be the complementary subgroup to P(N) inside
N. Then, since Q(N) normalizes P(N), we have gr{'q~! = njbj for g € Q(N),
where the mapping of i +— j = q (i) for i, j € {1, ..., m} makes Q(N) (abstractly)
a regular subgroup of S,,,. Let @ = Q(A(I")) be the complementary subgroup to P
inside A(I"). If N € R(I"), then the elements of A(I") that act nontrivially on P(N)
are those in Q. If we define v; =[O0, ..., 1, ..., 0] = 7; then we have the following
result (whose proof does not require that p < m) about the possibilities for P(N)
for any N € R(T").
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Theorem 1.7 [K, Theorem 2.1]. Any semiregular subgroup of V of order p that is
normalized by Q is generated by

Py = Z X0y,

rv€Q
where x : Q — U, = [F;,k is a linear character of Q.

This theorem allows one to compute “potential” P (N), one for each such linear
character. For example, P is generated by [1,1,...,1] = p, where t : Q — I]:I";
is the trivial character. All of these order-p elements have the form (p,, 1, I) in
the semidirect product formulation of Normpg (P). The remaining component is to
show that not only does N € R(I") imply P(N) < Normpg(P) but also that N itself
is contained in Normp (P). The assumption p > m in [K] was not actually used in
the proof of this main result, but rather in the following lemma:

Lemma 1.8 [K, Lemma 2.2]. Let xi, x2 be distinct linear characters of Q in [F;.
Then (py,, Py,) cannot contain p,.

A careful reading of the proof of this in [K] shows it is not necessary to assume
that p > m, but merely gcd(p, m) = 1. With this completed, Theorem 1.3, saying
that N € R(I") implies N < Normpg(P), follows in the exact same fashion as in [K],
since the proof does not hinge on the relationship between p and m beyond the fact
that they are relatively prime. It does require that p not divide the order of Aut(Q),
as in Lemma 1.4. This assumption on |Aut(Q)| is needed to control the size and
structure of the Sylow p-subgroup of Normp(N). Specifically, it is either cyclic
of order p if P(N) is central in N, or elementary abelian of order p?if P(N) is
noncentral. Again, in [K] this was automatic from assuming that p > m.

The application of this theorem, which is the actual program in [K] (demonstrated
in Sections 4 and 5 therein), is based on the observation (in [K, Proposition 3.11])
that any two regular subgroups of B that are isomorphic as abstract groups are, in
fact, conjugate subgroups of B. That being said, to enumerate R(I"), one can avoid
the complications of working with left regular representations and instead:

(1) replace B =Perm(I") by S, = Perm({1, ..., mp}),

(2) choose P = (my -+ -my) Wheremr; =1+ G —1)p, ..., pi),

(3) determine Q corresponding to each such I' where I' =P Q,

(4) embed the I" as subgroups of the semidirect product formulation of Normg, (P),

(5) enumerate the characters x : @ — H:;‘ and concordantly the potential P(N) as
(Py) also embedded in Normg, (P),

mp

(6) compute the possible N € R(I") that may arise, also as subgroups of Normg,, (P).



Hopf-Galois structures arising from groups with unique subgroup of order p 45

If one is more interested in the sizes of the different R(I", [M]) one may use the fact
(in [K, Theorem 3.5]) that, for each N € R(I", [M]), if P(N) is central in N then
P(N) = P(N°PP), and otherwise either P(N) =P or P(N°P) = P. The point is
that one can enumerate those N € R(I", [M]) for which P(N) =P and, depending
on whether P(N) is central, use the above fact to infer the count of those for N
for which P(N) # P (if any). The virtue of this is that one need not calculate the
characters of Q in [}, nor the resulting potential P (N).

We shall demonstrate applications of this program, where we now have a wider
class of examples to choose from, based upon the conditions on p, m and |Aut(Q)|
as discussed above.

2. Groups of order pip>p3

To be slightly formal, if n,, denotes the number of Sylow p-subgroups of a group,
we define the following subsets of N x N:

Fp ={(p,m) | p prime, gcd(p,m) =1, pf|Aut(Q)| for all groups Q of order m},
Fs={(p,m) | p prime, gcd(p,m) =1, n, =1 for all groups of order mp}.

The program in [K] for enumerating Hopf—Galois structures on Galois extensions of
order mp may be used for those (p, m) € FpNFs. Asin [K], (p, m) € FyN Fs for p
prime when p > m, but we want to now consider other p and m. The case of p =35
and m = 8 as indicated already is one such example. In lieu of working out the
enumeration of all the 142 possible pairings R(I", [M]) for order 40, we shall instead
conclude with an overview of some (classes of) choices for |[I'| = |[N| =n = pm
which force (p, m) € Fp N Fs. Such forcing conditions have appeared in group
theory literature including recent examples such as [Pakianathan and Shankar 2000].
Our example will be somewhat more narrow, but is in this same spirit.

If p1 < p2 < p3 are primes, then by Sylow theory n,, =1 (mod p3) and n,, | p1 p>.
However, n,, # pi and n,, # p> since pj3 is larger than p; and p>. If n,, = p1p>
then one must have p| p>(p3 — 1) elements of order p3 and so, by necessity, n,, = 1.
Thus I" has a normal subgroup P, of order p; and so I'/ P, (having order p;p3)
has a normal subgroup of order p3, which gives rise to a normal abelian subgroup
A <T of order p, p3. We have that P, < A but also that A must contain a normal
(in particular characteristic) subgroup P; of order p3, which means that P3 < T, so
that, in fact, n,, = 1. Hence (p3, p1p»>) is guaranteed to be in Fy. Moreover, the
complementary subgroup Q is either a cyclic or metacyclic group of order p; p».
The question then is whether (p3, p1p2) € Fp as well. However, this is easy since

(p1— D(py—1) if Q is abelian,

Aut =
|Aut(Q)| {pz(Pz—l) if QO is nonabelian,

and so, if p; < p» < p3 one has (p3, p1p2) € FsN Fp.
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If [I'| = p1p2p3 then I' = PQ where P is cyclic of order ps, of course, and
normalized by Q which has order p; p», which is itself either a direct or semidirect
product of cyclic groups. Thatis, I' = C,, X, (Cp, X7 Cp,) where f:C,, — Aut(C,,)
and g : Cy, Xy C,, — Aut(C,,). There are at most two groups Q of order p| p;
depending on whether f is nontrivial. The group I being an iterated (semi)direct
product, the role of g must also be factored into the enumeration of the distinct
groups of order p; p> p3. In particular, we must consider whether the C,, and/or the
Cp, components of Q act nontrivially on C,,. These possibilities for f and g are
keyed to congruence conditions on the p;, in particular, whether p; | (po — 1) and/or
p1| (p3—1) and/or py | (p3—1). Alonso [1976] (while exploring an explicit formula
due to Holder [1895] for the number of groups of square-free order) works through
the enumeration of groups having order equal to the product of three distinct primes.
In particular we give Table 1 therein of the number of groups of order pi ps p3 (with
our notation for the three primes):

p2l(p3—1) | prl(p3—1) | pi|(p2—1) | # groups
no no no 1
no no yes 2
no yes no 2
no yes yes p1+2
yes no no 2
yes no yes 3
yes yes no 4
yes yes yes p1+4

For two of the eight cases, the number of groups varies linearly with p; (specifically
when G, acts nontrivially on both C,, and C,;) but for the others the size is
constant. For the case of py | (p3 — 1), p1|(p3— 1), and py|(p2 — 1), it follows
that p3 > p| p» = m which falls into the category of cases dealt with in [K]. Indeed,
therein we enumerated R (I, [M]) for all groups of order mp where p =2q+1 for g
a prime (making p a safe-prime) and m = ¢ (p) =2q sothat mp =2 x g x (2g +1),
the product of three distinct primes! Therefore we will instead consider the case
where p3 # 1 (mod p;) but where p; divides both p, — 1 and p3 — 1, for this
includes cases where p3 < m = p; p», for example, (p1, p2, p3) = (3,7, 13). The
p1+ 2 cases can be presented explicitly and again we refer to [Alonso 1976] for
the particulars with a slight modification of his notation.

Given (p1, p2, p3), the groups of order p| p» p3 are iterated semidirect products,
the number of which, as mentioned above, are keyed to elements of order p; in U,,
and U,,. Specifically, if U,, = (u3) and U,, = (u>), then the conditions

-1 -1
ps=1(modp)), pr=1(modpy), vy=ud VP vy =y VP
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together imply that then |v3| = p; and |v2| = p;. We have the following presentations
for groups of order p; p, p3 which are the cases listed as (10)—(13) in [Alonso 1976,
p. 634]. (Note that Alonso adopts the ordering p3 < p» < pi, the reverse of our
convention.)

Proposition 2.1. If p|, p> and p3 are distinct odd primes, where p; < py < p3 and
where p3 =1 (mod p;), po =1 (mod py), but p3 £ 1 (mod p,), then the groups
of order p|p,p3 are

Cpapopy = (X, y, 2| xP, yP2, 2P yxy ™ =x, zxz7 =x, zyz7' =),
Cpy X (Cpy 1 Cp) = (x, y, 2| X7,y 2P yxy ™ =x, zxz ™' =x", zyz 7 =),
Cpy X (Cp, ¥ Cp) = (x, y, 2| X7, yP 2P yxy ™ =x, zxz7 =x, 2yz7' =y"),
Cpapy ¥i Cpy = (x, y, 2 | xP3, yP2 2P yxy ™t =x, 2z =x%, zyz ™! — ),

wherei=1,..., p — 1.

Our goal is to examine R(I", [M]) for all groups of this order, as presented above.
Following the program as laid out at the end of Section 1, we shall work within the
ambient symmetric group B = §,,, where, in this case, p = p3 and m = p; p>. Also,
we will choose representative regular subgroups of Normg (P) where P is generated
by the product of m disjoint p-cycles. The elements of Normg (P) shall be tuples
(x, u, &) where x is a vector in [y, and where u € Uy, § € S, We note that P is
embedded in Normpg (P) as (([1, 1, ..., 1], 1, I)). The representation of each I" (as
a regular subgroup of Normpg (P)) from among the p; 4 2 different isomorphism
classes is somewhat arbitrary but will be selected for computational convenience.
Also, all will be chosen to have their Sylow p-subgroup be P. The differences will
lie in the representation of the complementary subgroups of order m, of which there
are two possibilities, up to isomorphism, given that p, =1 (mod p1).

Lemma 2.2. Ifwe define v; = v, Vin U,, and

P1

o =[]tk k+pik+2pi,....k+(p2—Dp),
k=1
P1

6 =[]k k+pr.k+2pi,....k+(p2—DpD™,
k=1
pa—1

v=[]a+ipi.2+ipi, ... pi+ipy),
i=0

p2—1 1
= (H(l +ip1, 2+ 0ip1, ..., pi +172p“1ip1)) :
i=0
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then (o, t) = Cp,p, and (o, §) = Cy, X Cp,, and both are regular subgroups of S,
where m = p1 p>. Moreover, (6, ) = ({0, §))°P? = Centg, ({0, §)).

Proof. For the metacyclic group Cp,, X C,,, there exist generators of orders p>
and p; where conjugating the order-p, generator by the order-p; generator raises
the order-p, generator to the power vy, where v, has order p; in U,,. This is
possible given that p, =1 (mod py). For C,,,,, the two generators must, of course,
centralize each other. If one writes o above as o7 - - - 0, then one may verify that
o7 = o;+1 and that 80,871 = orl."_zl. As to regularity, one recalls that if N is a
semiregular subgroup of S, of order n then N is regular, which is certainly the case
for the groups (o, t) and (o, §). The last assertion is a matter of verifying that the
respective generators centralize each other, for example, that 660! = 6. U

For the groups of order p; p» p3, the generators of order p, centralize the order-ps
generator, but the order-p; generator may or may not centralize the generators of
orders p; and p3 as presented in Proposition 2.1. Using these presentations, we
define the following I" of each isomorphism class embedded in Normpg (P), just as
in [K, p. 2230].

Proposition 2.3. The regular subgroups of Normpg(P) from each of the isomor-
phism classes of groups of order mp = (p1 p2) p3 given in Proposition 2.1 are

L= Cpypop = (A, 1,1),0,1,0),0,1,7)),
= Cp, X (Cpy ¥ Cp) = ((1, 1, 1), (0, 1, 0), (0, 3, 7)),
=Gy X (Cp, X Gy)) = (1,1, 1), (0,1,5), 0, 1, 7)),
T = Cpypy ¥ Cpy = ((1,1,1), 0, 1,5), (0, v3, T/)),
where j =1,..., p1 — 1.

Proof. We note that P < Normpg (P) is generated by (i, 1, I). We can prove that
these groups have the asserted structure by using (2) above. First, we note that
(6, 1, B) centralizes (i, 1, I) for any B € S,,, and that (6, 1, o) is centralized by
(6, 1, 7). Next we have

0, v3, YA, 1, DO, v3, )" = O+ v3r (1) =0, v3 - 1-v5", 1z
=@st(D. 1. D=, 1, D =(1,1, D

and similarly (0, v3, 7/)(1, 1, 1)(0, v3, 7/) "' = (1, 1, I)"3. We also have
0.1,700,1,6)(0,1,1)7 =0, 1, 7677 =(0,1,6™) = (0, 1,6)™

and (6, V3, tj)(f), 1, &)(6, vy, )"l = (6, 1, 5)“5. The proof is finished by recalling
[K, Proposition 3.8], which states that if (a, u, «) in Normg(P) has order coprime
to p then it is fixed-point-free if and only if o € S, is fixed-point-free. In each of
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the groups listed here, the order-p subgroup P is unique and acts freely, and the
elements outside of P have fixed-point-free permutation coordinates. Thus each
group I" given in the statement of the proposition is semiregular of order mp and
therefore regular. (I

Theorem 2.4. The cardinality of R(I", [M]) for the p; + 2 classes of groups of
order p| pap3 given in Proposition 2.1 is as follows, where the rows correspond to
different I and the columns are the classes [M]:

TV M= Cpipypy CpyX(CpyXCpy)  CpyX(CpyxCpy)  Cpypy X Cp,

CP3P2P1 1 2(p1—1) 2(p1—1) 4(p1—1)
Cpyx(Cp,xCp) p2 2(14pa(p1—2)) 2pa(pi—1)  4(+p2(p1—2))
Cp, x(CpsXCpy)  p3 2p3(p1—1) 2(14+p3(p1—2)) 4(1+p3(p1—2)

Cpip,XiCp p3p2 2p3(14+p2(p1—=2)) 2p2(14+p3(p1—2)) -

The cardinality of R(T", [Cp, p, X; Cp,]) is independent of i € Uy, for the I listed on
the first three rows, and for the last it depends on the relationship between i and j
in Uy, thus:

i,J ‘R(Cpapz Xj Cpys [Cpypy Xi Cmm

j=i,—i 2(14+p3+p2+ Q2p1 =5 p2p3)
J#FiL—i  22p3+2p2+(2p1—6)p2p3)

As there are p; + 2 classes of groups of order (p; p2) p3 and therefore (p; +2)2
different possible R(I", [M]), segmented into different classes depending on the
different possibilities for P (), fully detailing the enumeration of all these would tax
the patience of the reader. Moreover, given that many pairings give rise to very simi-
lar calculations, we shall instead give a sampling of the computations of R(I", [M]).
In particular, we shall focus on the enumeration of R(C,, X; Cp,, [Cpsp, Xi Cp, 1)
since these can effectively be captured in one single computational framework. We
will enumerate those N where P(N) =P and double the resulting figure to account
for the corresponding N°PP which arise, and therefore have the full count.

Proof. We have I' = C,, ,, x; C,, which is embedded in Normp (P) as
(1. 1.1, 0.1.8). 0. v, 7))

and we are looking at those regular N < Normpg(P) isomorphic to C,,,, X; Cp,
and normalized by this I', where i, j € U,,. Moreover, as we will be focusing on
those N such that P(N) = P, we have

N=((,1,D), @ uy, a), (b, u5, B)),
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where (a, us, a) has order P2 and centralizes (1 1,1), and (b u3, B) has order p;
and conjugates (1 1,I)to (1 1, = (v31 1, 1) and (a, u}, &) to (a, uj, oz)”z in
accordance with the presentations of the abstract groups as in Proposition 2.1. We
will consider those conditions on the components of these 3-tuples which govern
order and (semi)regularity and guarantee that I" normalizes N. The computations
themselves will require the basic operational facts about Normpg(P) as given in
(1), (2), and (3) together with the fact, mentioned earlier, that if (0, v, ¢) has order
coprime to p = p3 = |P| and acts without fixed points, then ¢ € S,, (im = p, p3)
must act without fixed points on the m coordinates of 0. We shall proceed ad hoc,
playing off the different requirements against each other in order to limit the choices
for the components.
To begin with, we have (by virtue of the isomorphism class of N)

@, uy )1, 1, 1)@, uy, )" = ha(l), 1, ala™) = 51,1, 1) = (1,1, 1)",

which means that u’; = 1 since the order-p, generator of N must centralize P, so
that (a, u}, @) = (a, 1, ). And since |(a, 1, )| = p2, we have

p2—1 )
(Zoﬁ(&), ! am) =@,1,1,
t=0

which, since (a, 1, ) is fixed-point-free of order coprime to p3, means that o equals
ajay - - - op,, a product of py disjoint pr-cycles.
Also, in N we have

(b, u$, BYA, 1, (b, ul, )™ = @B(1), 1, 1) = 31,1, 1) = (1,1, D",

which means that u3 = v3, so that (l;, uz, B) = (13, v3, B). And since this must have
order p;, we have

p1—1
(Zvéﬂ’(é), vy, ﬂ”') =(0.1,1),
t=0

which, again by the fixed-point-freeness condition on this element of order coprime
to p3, means that 8 is a fixed-point-free element of order p; in S,,,.

Again in N, we must have, by virtue of how the order-p; generator must act on
the order-p, generator, that

(b, v3, B)(@, 1, ) (b, v3, B) " = (b +v38(@) — (Bap~ (D), 1, Bap™),
where the right-hand side must equal

i
vy—1

@, 1,a)% = (Za’(&), 1, avi).

t=0
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In particular, we have S~ = ot and, more broadly, § € Normg, ({(«)) where o is
a product of p; disjoint p;-cycles in S,, where m = p| p,. The implications of this
are that Normg, ({r)) is itself another twisted wreath product just like Normp (P)
and so we shall use the same sort of 3-tuple representation for understanding the
relationship between « and 8 within this smaller normalizer. We shall return to the
analysis of this relationship shortly.

Looking outward, we now start imposing restrictions on the generators of N
imposed by N being normalized by I". To start with, we observe that in C,, ,, X; Cp,,
the order-p, and order-p3 subgroups are characteristic since they are unique of
those orders. Thus

0, v3, )@, 1, @) (0, v3, /)~ = (1377 (@), 1, T/ ar ™),

where the right-hand side must be an element of ((a, 1, @)); hence 7/ lies in
Normg, ({«)), and thus v € Normg, ({«)). We also have

0,1,6)@, 1,a)(0,1,6)"' = (@), 1,6a67"),

where the right-hand side must equal (a, 1, «), since Aut(C,,) has no p,-torsion.
This implies that 6 (a) =a and ¢ € Centg, (o) which means that o € Cents (6). The
Uzpl 1

latter observation implies that o € (01, 02, ..., 0),), where 6 = 0102 oy

The reason for this is that Cents, (5) is 1som0rphlc to the wreath product Cp,,2 S, =
Cppz1 X Spl, where tlhe base group of the wreath product, lezl, corresponds to
(o1, 02 e ap]2p1 ) = (01, ..., 0p,). Therefore, in szzl X Sy, the only pr-torsion
is in this base group since S,, cannot have any p,-torsion. As to a = [ay, ..., anml,

the condition 6 (d) = d means that, for any k € {1, ..., m},
ay = a&(k) - a&l(k) — = a(}pzfl(k).

But now, since |(d, 1, )| = pa, we have Y 72/ 1oz’(&) = 0, and since « is in
(01,02, ...,0p,), the orbit of k € {1, ..., m} under « is the same as under &. Thus
paay vansishes for any gy in a. Since a € [, this means ax = 0 since py # 0 in
F,,. The end result is that (a, I, ) = 0,1 a)

As we saw above, o belongs to (o1, 02, ..., 0p,), and since « acts freely, we must

ap . _ .
have « —alqlozqz -0p", where gy € Uy, fork=1, ..., p1. Since to;7 ! = 0y 41, if
tat ' =« for some w € U, then, given that |t| = p;, we have w”' =1 (mod p,)

and so w = v2 for some f € Z,,. And since

9 . pl -1 4p1 __q1 qp1-1
t(al 0, )T =o0,"0, --0p
we have wq; =q,,, wg2 =qi, ..., wq,, = qp,—1, which means that
S —1 -2 2
q:[ql’qZ’”'7qp1]:q1[17wp] 7wp] 9"'9w 9w]7
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where now ¢iw =g w’ if and only if w =w’, and if ¢; # ¢/ then § # ¢’, which gives,
ostensibly, ¢ (p2) p1 choices for «. However, recalling that (O 1, )k = (O 1, o),
we may divide this count by ¢( p2) (i.e., assume g; = 1) to get p; unique choices
for () and thus p; unique ((O 1, a)), one of each w = v{ for f €Z,,.

Now that we have the enumeration of (0, 1, @) given above, how many (l;, v3, B)
are there? What first must be observed is that C,, ,, x; Cp,, has p3 p2¢(p1) elements

of order p;. In the presentation
(x,y,z | xP, yP2 2P yxy L =x, zxz 7 =x%, zyz =y

the elements of order p; are of the form x”y*z’ for r € Z,,, s € Z,, t € U,,,, so the
Sylow pi-subgroups are far from characteristic. Thus, when a generator of I" acts
on (l;, v3, B) by conjugation, the result is one of these p3 p>¢ (p;) other elements
of order p;. Consider the action of conjugation by (6, 1,0)

0.1,6)(b.v3, $)(0.1,6)" = (6 (b), v3. 65 =(1. 1, I’ (0, 1, &) (b, v3, B)’,
which implies that  must equal 1 and so
0, 1,6)(b, v3, )0, 1,5)" = (r1+a’(b), v3, &* B).
For the action of (6, v3, T/) we get
0, v3, T/)(b, v3, B0, v3, T/) " = (v37/ (), v3, T/ BT )
=1 1070 1,0) (b, vs, B’
which implies that ¢ must equal 1 and so
(1,1, 070, 1,0 (b, v3, B = (14 a* (), v3, & B).

This leads to four “normalization conditions” which must be satisfied:

&by —a*(b) (1), (n1)
686 ' =B, (n2)
vt/ (b) —a* (b) € (1), (n3)
/Bt =¥ B. (n4)

We can deal with (nl) immediately by looking once more at how the generators
of N interact. We have

(b, v3, B)(0, 1, @) (b, v3, B)~' = (b — (BB H)(D), 1, Bap™),

which must equal (0, 1, )% = (0, 1, a*?), implying that 5 = (Bap~1)(b) = a2 (b).
By a similar argument to that above, the components of be [y, are also constant
along the supports of o7, ..., 0, so in fact we may simply observe that a(h) =
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Thus 6([3) —aof (Z;) =b—b= 6, which lies in (i) automatically. This allows us,
by the way, to rewrite (n3) as v3t/(b) — b € (1). For (n2) and (n4) we must use

that B € Normg, ({«r)) and represent 8 as an element of this normalizer. Since o =

0102“"71_1- . op"j (a product of p; disjoint pp-cycles), given that m = p p» we have

—1
Normg ({a)) = (o7, szm , ...,Jp“:) X (U, X Sp) = [F;,’z1 X (Up, X Sp)).

m

Thus we may write « as the 3-tuple (i, 1, I); moreover 8 = (¢, vé, w) for some
¢ and p, since 8 normalizes (&) and in view of the following calculation, which
uses (2) and the fact that (1) = 1 for all u:

@ vh, A, 1, D@, vk, )" = @i, 1, 1) = a®.

At first glance, this permits a fairly large number of possible g for a given «, but
the requirement that I' normalizes N imposes quite a number of restrictions. We
begin by observing that

a=1,1,D,
& =1, win, w'en?, ..., w" B 1, D =d, 1, D),
t=0,w, (1,2,..., p),

and, with this in mind, we see that (n4) translates into conditions on the components
of these 3-tuples in Normyg, ({)). In particular, with respect to g = (¢, v3, i),

BT =0, w, (1,..., p) € vh, WO, w, (1,..., p)~
= (w/(L,..., p)/ (@), v5, (1, ..., p0) e, ..., pD77),
o B=(s'1,1, )& vh, w) = (s'T+¢, vh, ).

Since 8 = (¢, vé, w) has order p; (and is therefore coprime to || in Normg, ({c))),
w1 must be fixed-point-free of order p; in §,, and thus a pi-cycle. But now (n4)
implies that (1, ..., pl)jpa(l, R pl)_j = u, which means that u = (1, ..., py)°
for some e € U,,. Furthermore, (n4) also implies that wi(l,...,p)i@)—¢e (i),
a condition which we shall get back to shortly. Since

86 =(d, 1, vy, wd, 1,1~ = (d+¢é—vhud), vb, ),
a’B = (s1+¢, vé, w,

condition (n2) implies that d— vé,u(c?) € (i). (All instances of 1 here refer to the

vector [1,..., 1] € [} which is the base group for the twisted wreath product
Normg,, ({)).) R
Recalling that d = [1, wip, w?d>2, ..., w” P~ and that w = (1, ..., p1)¢,

the condition d — véu(ﬁ) € (i) can be analyzed by looking at the components
and observing that, in (1), all the components of a given vector are equal. That is,
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d=[1, win, w, ... w5/,
- . U
vy(d) = [(win)” vy, (win)” T, .. (w1 P =Dy,

In particular, the difference of the first components of d and véu(dA) equals the
difference of their second components, and so

[1— wPl—ev—zpl—e—i] =win[l — wpl—ev—zpl—e—i]

inf,, Ifweletx =1-— wP1=¢,P1~¢~ then the above implies that x = wv,x, so
either x =0, or wvy = 1 regardless of x. If wv, = 1, then, since (as determined
above) w = v{ for some f € Zp, it must be that f = 1. Otherwise, if x =0
then w”1~¢ = v)'~“"" and, since (as determined above) w = v{ , this means that
fe=e+i (mod p;), which, by the way, is impossible if f =1 since i # 0.

Thus, if f =1 then there are no restrictions on e € U,,, and if f # 1 then
fe = e+ i which implies that e =i (f — 1)~! (mod py).

Now if we go back to (n4), we have the condition w/ (1, ..., p;)/(¢) —¢ € (i)
which means that

[ersooosep =101 I+ w/lemjpr, cjga, ooy cmjp)]
for some / € F,,. Looking at the coordinates of ¢ we get
Clyj :l+chla

Cly2) =l+chl+j =l(1+wj)+w2jcl,

ey =L+ w! + W) 4+ (wH Y+ whie,

_ Jlk+a ifw=1(e, f=0),
YY) fwbier ifw#1 e £ £0).

This gives a partial parametrization of the possible ¢, but we must also include the
conditions imposed by the fact that |8| = |(¢, v}, u)| = p1, that is,

p1—1

Z v ' (6) = 0, ()
t=0

which, since u' = (1,..., p1), means that Zfz'glvé’(l, L pY(E) =0. So
if welet ¢ =[ci,...,cp ] then (1,..., p1)¥(C) = [Coeit1s C—et42, - - s C—et4pi s
which translates into the (single) condition

pi—1

D e =0 (%)
=0

since the vector equation () consists of a system of equations, all of which are
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equivalent to (xx). To utilize this information, together with the above parametriza-

tion of ¢ (in terms of ¢; and ‘I’ above), we first observe that 1 +kj = —et + 1
implies k = j~!(—et) and so

G (=en)+c1 ifw=1lie., f=0,
l(ll—wu;lt) +w ¢, ifw#lie., f#0.

For the case w =1 (f =0), we have e = i (— Hl=

Cet+1 =

—i and so
pi—1 . pi—1 p1—1
> e = Zv G (—et) +c) =D vy G @) +c1)
t=0 t=0
pi—l p1—1 pi—1 '
= Zv it e = ¢ Zv —HZJ'*litv’z’
t=0 t=0
= 14!
—1- ] 1.
=L =l
t=0 2
The last two lines of the above calculation are justified as follows. Since v =1
in [,,, we have
pi—1 p1—1

it ‘ p]xpl_l xpl _1
DTN YN (e e}
=0 t=0

x—1 (x —1)2

and substituting in x = vé we get

p1—1

Zt _plvz :L

vy, —1 '
This being the case, f’ 10 v2 Coettl = 0 if and only if / = 0, which means that
c14xj = c1 for all k, and therefore ¢ € (1).

For the case where w # 1 (i.e., f # 0), we have

—1 —1 iy =1
& it & it 1 —w’)/ (7en —et
ZUZC*EH‘lzz‘UZ l W +w C1
t=0 =0
pi—1 p1—1
- S+ Y
I 171—1 pi—1 p1—1
1—wi

t=0

et+cl§ :vtztw et
t=0
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l P1— 1 P1— 1
_ B lt+f( et) it+ f(—et)
Cl—w/ e Zv
t=0
1t— fet it— fet
= — Uy +clzv2
t=0 =

l et

If i # fe then the last sum above equals O for all ¢y, [ € [,,, yielding p2 choices. If
i = fe then the last sum is 0 only when ¢y =1 /(1 —w/ ) which means only p, choices.
The requirements of condition (n3), that v3 12 (b) b e (1) demand that one
use the fact seen earlier, namely that &) =b and equivalently a(b) =b. We
also must factor in order considerations, just as in the above enumeration of ¢,
namely that ) 7'/ 1vg,Bt(l;) = 0. Since the components of b (a vector in FpP?)
are equal on the supports of the cycles that make up & (a product of p; dis-
joint py-cycles) and since to;7~! = 0j41, by 1dent1fy1ng together these identi-
cal components, we can proceed, for the moment, as if b were a vector in [Fp !
With this identification, T acts on this b as (1, ..., p1) and therefore 7/ acts like
a,..., pl)j. Similarly, since 8 = (¢, vé, 1,..., p1)°), it acts on b as a, ..., ppe.
Consequently, if we set b= [b1, ba, ..., by, ] then (n3) implies that [by, ..., b, | =
(,1,....[1+v3[b_es1,b_cq2,...,b_c]for somel €[, so that, in a similar fashion
to the computation of ¢ a few pages back, we have
ok

b1+k]—l(1+v3+vg+ +v3 )+v3b1_l( >+v3b1

Since 1 +kj = 1— et implies k = —j ~'et, we get

-1

—v —Jj et o

for the parametrization of b. The question is: how many ‘degrees of freedom’ do we
have since, ostensibly, we can choose [, by € [,,? The order requirement becomes
Zp'olvg(l .., p¥(b) = 0 which reduces to p10 Vib1—e; = 0. In a similar
fashion to the calculations above, we get that |(1;, v3, B)| = p; if and only if

l p171 1
i) S o
1—U3
t=0

which comes down to two possibilities given that v§ "=1 (mod p3). If e # j then
we may choose b and [ in [, arbitrarily (i.e., p% choices); otherwise, one must
choose b; and [ such that by =1[/(1 — v3), which yields ps choices.
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The enumeration of the possible (l;, v3, B) comes down to the interaction between
the parameters f, e, i, and j as determined by order conditions on b, vs, B),
where 8 = (¢, vp, (1, ..., p1)), and the normalization conditions (n1)—(n4). The
parameters i and j are chosen at the outset, but the core parameter is f € Z,,, which
determines the possible «. Subsequently, e is determined by g since (b, vs, B)
normalizes ((6, 1, «)). The different possibilities are summarized as follows:

f=0impliese=i(f —1)"'=—i,
f=1lallowse=1,...,p1—1,
f=2,...,p1—limpliese=i(f — 1)},
f =0 implies p; choices for ¢,
=i 7 205 e

Jj = e implies p3 choices of b,

J # e implies p% choices of b.
If we denote by so, 51, s~ the number of (l;, v3, B) for the different choices of f,
then we want to know sg + 51 + 5-1.

For f =0 we have e = —i and so there are p, different 8 = (¢, v3, (1, ..., p1)°).
If j = —i = e there are p3 choices for b, and if j # —i there are pg. Hence
o= {sz =1,
ppy J# i
For f=1wehavee=1,..., p;—1and fe= f, so fe =i for exactly one e and

Jj = e also exactly once. Depending on whether i = j or not, for potentially the
same e, this results in different possibilities for the number of ¢ and b. We have

s:{mm+wr4m#§ j=1i
pap3+pip3+(pr—3)pip; j#i
For f > 1 wehave e =i(f —1)~! and so fe equals if (f — 1)~! which is never
equal to i; thus there are p% choices for ¢. If j =i(f —1)"'=ethen f —1=ij"!
which is impossible if f —1 = —1, that is, j = —i; thus there are p% different b
for each f > 1. We have then the count for f > 1:

1:Fm—mﬁﬁ j=-i

o i =33+ pips J#
Now, for i, j € Uy, we have that j =i implies j # —i since p; > 2 and, similarly,
if j = —i then j #1i. So we have
p2p3+ pap3 + pips+ Qpi=S)pipy =i, —i,

S0+ 81+ 1:{ . ..
T 2p2p3 +2p3ps + (2p1 — 6) p2p? j#£i, —i.
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What sg + 51 + s~ represents is the number of those

{0, 1, @), (b, v2, B)}

which generate Q(N), where P(N) =P and where, for distinct f, the resulting
() and thus ((6, 1, «)) are distinct. Thus, to remove duplicate Q(N)s (arising
from (l;, v3, B) which generate the same Q(N) with (6, 1, ®)) we must divide
by p2ps. The reason for this is that, as we mentioned above, in the abstract groups
Cp,p; ¥ Cp,, if one multiplies a given element of order p; by an element of order p,
or p3 (or both) one gets another element of order p;.

We have now completely enumerated those N € R(C,, p;, Xj Cp,, [Cp,py Xi Cp, 1)
where P(N) =P. Since the order-p3 subgroup is not a direct factor, we now double
this figure since the groups in R(C), p, X Cp,, [Cp, p; X Cp, 1) are evenly distributed
between those classes where P(N) = P versus those for which P(N) # P. The
count given in the statement of the theorem for |R(C,, X; Cp,, [Cp,p, Xi Cp, D
is now verified. U

3. Square-free groups where p < m

There are many prime triples (p1, p2, p3), where p3=1 (mod p;), p»=1 (mod p,),
and p3 # 1 (mod p;) (which give rise to groups of the type studied in Theorem 2.4)
but where p = p3 < p1 po = m. Indeed, if one takes prime triples from {2, ..., 113}
then, of these, 474 have the property implying that groups of order p; p> p3 are in
the category studied in Theorem 2.4, and, of these, 246 have the property p < m. If
we look beyond to groups of order p; p, p3 ps, where py < pa < p3 < p4, which are
also explored in [Alonso 1976], then the analog of Theorem 2.4 is the case where
{pa, p3, p>} are all equivalent to 1 (mod p;) but none of {p4, p3, p>} are equivalent
to 1 mod each other. In this case, the number of groups of order p|psp3ps is
p12+ p1+2. If one looks at the 4-tuples of distinct primes chosenin {2, ..., 113} then,
of these, 3173 satisfy the congruence conditions of this class, and if m = p; ps p3
and p = p4 then, of these, 3151 have the property that p < m.
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On tensor factorizations of Hopf algebras

Marc Keilberg and Peter Schauenburg

We prove a variety of results on tensor product factorizations of finite dimensional
Hopf algebras (more generally Hopf algebras satisfying chain conditions in suit-
able braided categories). The results are analogs of well-known results on direct
product factorizations of finite groups (or groups with chain conditions) such as
Fitting’s lemma and the uniqueness of the Krull-Remak—Schmidt factorization.
We analyze the notion of normal (and conormal) Hopf algebra endomorphisms,
and the structure of endomorphisms and automorphisms of tensor products. The
results are then applied to compute the automorphism group of the Drinfeld
double of a finite group in the case where the group contains an abelian factor. (If
it doesn’t, the group can be calculated by results of the first author.)

Introduction

The larger part of this paper is concerned with general results on Hopf algebras in
braided categories generalizing well-known results from the theory of finite groups
(or groups with chain conditions), such as Fitting’s lemma, the Krull-Remak—
Schmidt decomposition, and a description of endomorphisms and automorphisms
of products of Hopf algebras. The last section deals with the description of the
automorphism group of the Drinfeld double D(G) of a finite group G. This last
problem was the starting point of our work.

In the case that G has no nontrivial abelian direct factors, a complete description
of the automorphisms was given in [Keilberg 2015]. The case when G has such an
abelian factor was left open. We will write such a group as G = C x H, where H
has no nontrivial abelian direct factors and C is abelian. In this case we naturally
have that D(G) = D(C) ® D(H) is a tensor product of Hopf algebras.

Thus, we are naturally led to analyze endomorphisms and automorphisms of a ten-
sor product of two Hopf algebras. In [Bidwell et al. 2006; Bidwell 2008] an analysis
of the automorphisms of direct products of groups was provided. The basic idea is
to describe such automorphisms by a matrix of morphisms between the factors. The
machinery of normal group endomorphisms and Fitting’s lemma then allows one to
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deduce conditions on the various morphisms from conditions on the factors. For ex-
ample, when the two factors have no common direct factors, then the diagonal terms
of the matrix have to be automorphisms. In Section 8 we derive suitably analogous re-
sults for tensor product Hopf algebras. Before this can be done, however, we have to
carry over to our Hopf algebraic setting some basic notions and classical results from
group theory. In Section 2 we develop the terminology of commuting morphisms (for
groups these are just morphisms whose images commute) and dually of cocommut-
ing morphisms, and in Section 3 the notions of normal and conormal Hopf endomor-
phisms. The analog of Fitting’s lemma which will produce tensor product decompo-
sitions from binormal endomorphisms and thus, under suitable circumstances, com-
mon tensor factors from certain endomorphisms of tensor products, will be proved in
Section 5. An important application of Fitting’s lemma in group theory is the unique-
ness of the Krull-Remak—Schmidt decomposition, which we prove in Section 6.
Extensions of the Krull-Remak—Schmidt decomposition were studied previously in
[Burciu 2011] for decompositions of semisimple Hopf algebras into simple semisim-
ple tensor factors. By contrast our techniques make no use of semisimplicity but only
of chain conditions. It is also worth noting that the Krull-Remak—Schmidt result
shows that our results are specific to Hopf algebras and cannot be readily generalized
to finite or even fusion tensor categories: Miiger [2003] gives an example where the
factors in the decomposition of a fusion category into prime factors are not unique.

In fact the above results on the structure theory of finite dimensional Hopf
algebras over a field k will be developed in greater generality for Hopf algebras in
braided abelian tensor categories that fulfill chain conditions on Hopf subalgebras
and quotient Hopf algebras. Apart from the fact that the results will thus immediately
apply to objects like super-Hopf algebras, for some purposes the categorical setting
is simply very natural, since it allows treating mutually dual notions like normality
and conormality or ascending and descending chain conditions on the same footing.
If the braiding of the base category is not a symmetry, then some of our basic objects
of study may be hard to come by: it is well known that the tensor product of two
Hopf algebras in a braided monoidal category can only be formed if the two factors
are “unbraided”, that is, if the braiding between them behaves like a symmetry. On
the other hand, some of our results imply that tensor product decompositions have
to exist in certain situations. Thus these results also imply that the braiding has to be
“partially trivial”. For example, if nonnilpotent normal endomorphisms of a Hopf
algebra exist, they have to be isomorphisms by Fitting’s lemma unless the braiding
is partially trivial. An automorphism of a tensor product of nonisomorphic Hopf
algebras (necessarily “unbraided” between each other) has to induce automorphisms
on the factors, unless the braiding is partially trivial on one of the factors.

Section 4 deals with some technical issues raised by our categorical framework. In
preparation for Fitting’s lemma we decompose a Hopf algebra with chain conditions,
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for which a Hopf algebra endomorphism is given, into a Radford biproduct (in
the generalized braided version due to Bespalov and Drabant [1998]). A technical
result on (co)invariants under Hopf algebra endomorphisms has some bearing
on the notions of epimorphisms and monomorphisms studied notably for infinite
dimensional Hopf algebras in [Chirvisitu 2010].

In Section 9 we present the application of the general results on the structure
of finite Hopf algebras and their automorphisms to the study of automorphisms of
Drinfeld doubles of groups. Letting G = C x H as before, taking the field to be
the complex numbers, and defining H to be the group of linear characters of H,
then under the isomorphisms D(C) = C(a x C) and C x C = C? the result can be
stated as

2 c 9
Aut(D(C x H)) = ( Aut(C) Hom‘(D(H), CC ))'

Hom(C2, H x Z(H))  Aut(D(H))

The only term not explicitly determined by [Keilberg 2015] or standard methods for
finite abelian groups is Hom®(D(H), CC?), which we define in Section 8. In this
case the morphisms can be described entirely in terms of group homomorphisms
and central subgroups of G satisfying certain relations [Agore et al. 2014; Keil-
berg 2015], so the description is not a significant problem. In Example 9.10 we
completely describe Aut(D(Dy,)) where D», is the dihedral group of order 2n,
for the case n =2 mod 4 and n > 2. This is precisely when there is an isomor-
phism Dy, = 7, x D,. From this we can easily provide a formula for the order
of Aut(D(D3,)). In particular we find that Aut(D(D13)) has order 1152 = 2732,

1. Preliminaries and notation

Throughout the paper, B is an abelian braided tensor category with braiding t;
we will assume that B is strict, backed up by the well-known coherence theorems.
Algebras, coalgebras, bialgebras, Hopf algebras are in 5. All undecorated Homs,
Ends, etc., will be for morphisms of Hopf algebras or groups, as appropriate. We
will use the following graphical notations to do computations in 5: the braiding is

Vw » wvVv
Tyw= X and Ty = <
wV Vw

We shall say that the objects V and W are unbraided if tyw = r‘;lv

Multiplication and unit of an algebra A, and comultiplication and counit of a
coalgebra C are

A A C C

VA=HJ, T]A=?, AC:AT’ Ec=l.

A A cC
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The antipode of a Hopf algebra and, if it exists, its inverse are

H H
Sz%j and 5—1:%]_

H H

In order to have a straightforward notion of Hopf subalgebra and quotient Hopf
algebra of a given Hopf algebra, we shall assume that tensor products in 3 are exact
in each argument.

An object in B satisfies the ascending chain condition on subobjects if and only
if it satisfies the descending chain condition on quotient objects, by which we
understand the descending chain condition on subobjects in the opposite category.
For Hopf algebras we will use the descending chain conditions on Hopf subalgebras
and on quotient Hopf algebras. When a Hopf algebra satisfies the descending chain
conditions on both Hopf subalgebras and quotient Hopf algebras, we simply say
that it satisfies both chain conditions.

If f: H— G is a Hopf algebra morphism, we define the right and left f-
coinvariant subobjects of H as being the equalizers

(H® A

0 Hef H—————=H®G
H®n

(f®H)A

0 cofH H————G®H
n®H

And dually, the left and right invariant quotients by coequalizers

V(f®G)

HRG ————=G H\G 0
e®G
V(G®f)
GRH_——=G G/H 0
G®s

We note that the coinvariant subobjects are subalgebras of H, and the invariant
quotients are quotient coalgebras of G.

We will say a Hopf algebra is abelian if it is both commutative and cocommutative.
When working over a field, abelian semisimple Hopf algebras are precisely the duals
of abelian group algebras, up to a separable field extension [Montgomery 1993,
Theorem 2.3.1]. We will say a Hopf algebra is nonabelian when it is not abelian.

2. Commuting and cocommuting morphisms

In this section we formulate an obvious commutation condition for morphisms to an
algebra (for ordinary algebras it just means that elements in the respective images
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commute) and its dual, and we collect equally obvious consequences that will be
useful in later calculations. We note that for each and every fact on Hopf algebras
in a braided category there is a dual fact. We will not always state, but still freely
use the duals of our statements

Let A be an algebra, V, W e B,and f:V — A, g: W — A morphisms in B. We
say that f and g multiplication commute and write f Y gif V(g® f) =V(f® gt
(=V1(g® f)), or graphically

Dually, we say two morphisms f : C — V and g : C — W from a coalgebra C
in B comultiplication commute, or cocommute for short, and write f A g if

We say that f, g bicommute if both f Y g and f A g.
If A and B are algebras in B, then the natural maps f : A - A ® B and
g: B — A® B satisfy f Y g, but they only satisfy g Y f if A and B are unbraided.
A B A

In fact:
B B A B A
f]lg] = and =H.
A B

A®RB A B A®B
Lemma 2.1. Let A be an algebra, C a coalgebra, and U, V, W, X, Y objects in B.
() Let f:U —> A,g:V—>Aandh: W — A.
@ If fYygand fY h,then fY (V(g®h)).
®) If fYhand g Y h,then (V(f ®g)) Y h.
) If fYg,then faY gbforanya:X — Uandb:Y — V.
(i) Let f,g,h:C — A.
@ If fYgand fY hthen fY (gxh).
® IffYhand g Y hthen (f xg) Y h.
@ IffYygandg A f,then fxg=gx f.
(iii) Let f,g:C — A.
(a) If C is a bialgebra, f, g are algebra morphisms, and f Y g, then f x g is
an algebra morphism.
(b) If A, C are bialgebras, f, g are bialgebra morphisms, f Y g and f A g,
then f x g is a bialgebra morphism.

(c) If A is a bialgebra, C a Hopf algebra, and f, g are unital coalgebra
morphisms, then f A g < f * g is a coalgebra morphism.
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Note that f Y g is not necessarily equivalent to g Y f in the braided setting. The
first part of the following result says, however, that the two properties are equivalent
for Hopf algebras with sufficiently well-behaved antipodes. On the other hand, the
second part says that if both properties are fulfilled then either the braiding is close
to being a symmetry, or the morphisms are close to being trivial.

Proposition 2.2. Let H, K, and A be Hopf algebras,and f : H — A,g: K — A
Hopf algebra morphisms.

1) If f Y g, and if the antipode of A is a monomorphism or the antipodes of H
and K are epimorphisms, then g Y f.

() If fYgand g Y f, then

=
>
=
>

B A

=

Il

[~
lﬂ*

BN

A A

Proof. For the first claim, we calculate

i

which implies g Y f if the antipodes of H and K are epimorphisms. A similar
argument shows the same if the antipode of A is a monomorphism.
We now turn to the second claim. We have
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In other words,

does not depend on the choice of X € {H < }. But since fo S and go S are
convolution inverses to f and g, respectively, we have

H K
H K H K
- ~ e lg] ~ g
A A A A
A A
That the latter expression does not depend on the choice of X is the claim. U

As special cases one recovers two known facts that show how badly usual Hopf
algebra constructions behave in a “truly braided” tensor category: a Hopf algebra
cannot be commutative (or cocommutative) as a (co)algebra in 5B unless the braiding
on the Hopf algebra is an involution [Schauenburg 1998], and the tensor product of
two Hopf algebras cannot be a Hopf algebra unless the two factors are unbraided.

3. Normal endomorphisms

Recall that the left adjoint action and the left coadjoint coaction of a Hopf algebra
H on itself are

H H H
HH J H
ad | = and coad] =
H HH
H H H

We note that the adjoint action is characterized by a twisted commutativity

condition:
H j’-] HH
= u . (3-1)
H H
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Definition 3.1. Let f : H — H be a morphism in B, with H a Hopf algebra.

(1) f is normal if it is left H-linear with respect to the adjoint action.
(ii) f is conormal if it is left H-colinear with respect to the coadjoint coaction.
(iii) f is binormal if it is both normal and conormal.
For group algebras considered in the category of C-vector spaces, the definition
of a normal morphism agrees with the one used in group theory [Rotman 1995].
Since group algebras are cocommutative, every group endomorphism is trivially

conormal. We will be primarily concerned with normal, conormal, and binormal
endomorphisms of Hopf algebras.

Lemma 3.2. Let f : H — H be an endomorphism of the Hopf algebra H.

(1) The following are equivalent:

(a) f is normal.

(®) fY((fS)=*idp).

(c) (fS)=*idy is an algebra morphism.
(i1) The following are equivalent:

(a) f is binormal.

®) fAWSS)*idy) and fY ((fS)*idy).
(c) (fS)=*idy is a bialgebra morphism

Proof. We only show part (i). For the equivalence of (b) and (c) we apply the
bijection

H H
B(HRH,H) > T — € B(H®H, H)
H
to the two sides of the equation expressing multiplicativity of g := f§ xid. We get
H H H H
H H HH
@D | @
© D
e = e = =
8]
_9 H
H
H H

and
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]

which are the two sides of (b), up to composition with the isomorphism H ® S.
For the equivalence of (a) and (b), we apply the bijection

H H
e J
B(HRH,H) 5 T — € B(H®H, H)
9 9
H
to the two sides of (a) and once again get two sides of (b):

H H
& S HH
7l (&
I: = = E

H
H
and
H H
H H
J H H
[
= & = E ,

@ @
H
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4. Epic or monic endomorphisms

We recall Radford’s theorem [1985] on Hopf algebras with a projection, which was
generalized to a categorical setting even more general than the one in the present
paper by Bespalov and Drabant [1998]:

Theorem 4.1. Let H be a Hopf algebra, and w an idempotent Hopf algebra endo-
morphism of H. Then H =1Im(w) @ Im(p), where p = (w0 S)*idy is an idempotent
endomorphism of the object H in BB (but not necessarily a Hopf endomorphism).
B :=1Im(p) is a subalgebra and a quotient coalgebra of H. The algebra structure
of Im(;r) ® B is a semidirect product with respect to a certain action of K =Im(r)
on B, and the coalgebra structure is the cosemidirect product with respect to a

certain coaction.
Moreover Im(p) = “°"H =\ H.

Proof. Only the last statement is not in [Bespalov and Drabant 1998], who avoid
using coinvariant subobjects altogether to generalize [Radford 1985] to categories
that might not have equalizers. We check the first isomorphism. We find

H H HH
and if some morphism 7 : T — H satisfies (r Q idy) At = n Q ¢, then
T
T
pt = = =1
? H
H O

Proposition 4.2. Let H be a Hopf algebra, and f a Hopf algebra endomorphism
of H. Assume that H satisfies both chain conditions. Then there is n € N such that
H = Im(f") ® “°/"H is a Radford biproduct.

Proof. Consider the epi-mono factorization f = (H 5 B S H), where we identify
B =Im(f) = Coim(f). Then the endomorphism t = em of B satisfies mt = fm
and re = ef. The chain conditions on H imply that the ascending chain of the
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kernels of f" and the descending chain of the images, hence the ordered chain of
quotient objects formed by the cokernels of f” stabilize. Then, replacing f by
a suitable power f”, we can assume that ¢ is an isomorphism. Then 7 = mt~le

is an idempotent endomorphism of H, since 72 = mt~lemt e = mt~'tt7le =
mt~le=m.

Thus H = Im(7) ® “"H is a Radford biproduct. Moreover, Im(z) = Im( f),
and ©“°7H = ©°/H. O

Proposition 4.3. Let H be a Hopf algebra in B that satisfies both chain conditions,
and f a Hopf algebra endomorphism of H.
(1) If the left or right f-coinvariants of H are trivial, then f is a monomorphism

in B.

(i) If the left or right f-invariant quotient of H is trivial, then f is an epimorphism
in B.

Proof. We prove the first part. By Proposition 4.2, H =Im(f")® “/"H is a Radford

biproduct for some n. If <°/" H were trivial without f” being monic, it would follow

that H is isomorphic to a proper quotient of itself, contradicting the chain conditions.

Now assume for some m > 1 that ©/"H is nontrivial. Let j : °°/"H — H be the

inclusion. By exactness of tensor products in 3, we have an equalizer

(fOH)AQH
0—— “'HQH —— H————<HQH®H
NQHQH
and by the calculation
(" TOHARH)(fOH)Aj=(f"® f@H)(A®H)A]
=(f"®(f®H)MAj=n®(f®H)A]

we see that (f® H)Aj factors through this equalizer. We conclude thatif (fQH)Aj
were not trivial, then it would follow that </ "y ® H isnot I ® H, which implies

that /" "'H is nontrivial. We can conclude by induction that °/H is nontrivial
after all. ]

Remarks 4.4. Let f : H— G be a Hopf algebra homomorphism in B.
(i) Clearly,if f is a monomorphism in 5, then it is a monomorphism in HopfAlg(B).

@i1) If f has trivial left or right coinvariants, then f is a monomorphism in
Coalg(B).

(iii) If f is normal, and a monomorphism in HopfAlg(B), then f has trivial left
and right coinvariants.

Thus the preceding result shows that normal endomorphisms of a Hopf algebra
in B satisfying both chain conditions are monic (epic) if and only if they are so
considered as morphisms in B.
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Proof. If C is a coalgebra and g, h : C — H are coalgebra morphisms with fg = fh,
then

C
C
A
@®
A [f]
gl ®
HG H G

and thus, if H®/ is trivial, g * Sh =ne, whence g = h. If f is normal, then the
coinvariants are a Hopf subalgebra. (]

Remark 4.5. In general it is false that monic is equivalent to trivial coinvariants,
or that epic is equivalent to trivial invariants. In finite dimensions these concepts
agree by the Nichols—Zoeller theorem [1989]; see also [Scharfschwerdt 2001]. In
infinite dimensions, however, counterexamples are known [Chirvasitu 2010].

Lemma 4.6. Let H be a Hopf algebra in B that satisfies both chain conditions.
Assume further that the braiding Tty i has finite order. Then the antipode of H is an
automorphism in B.

Proof. Depict the iterates of the antipode by

o

Using this, we can show inductively that the coinvariants of H under an iterate
of the antipode are trivial as follows. Let ¢t : T — H be a morphism factoring
through C"SMH, ie., (S ® H)At =n®t. We will show that (" @ H)At =nQt
for any m, whence (taking m = 0) t = net.

One has
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Assume (S"T! ® H)At = n®t, or pictorially

T
T
7] .
H
Then
T
[
- )
(m)
HH
H H

H H

Since the braiding on H has finite order by assumption, some even power of the
antipode is a Hopf algebra endomorphism of H. Therefore that even power of the
antipode is a monomorphism in 5. By the dual reasoning it is also an epimorphism,

and therefore § itself is an automorphism in B. ]

5. Fitting’s lemma

Proposition 5.1 (Fitting’s lemma). Let H be a Hopf algebra, and f a Hopf algebra
endomorphism of H. Assume that H satisfies both chain conditions, so that there is
an n € N such that H = Im(f") ® ©°/"H is a Radford biproduct.

If f is normal, the action of Im(f™) on ©°/"H is trivial, so that, as an algebra,
H is the tensor product of Im(f™) and “°/"H in B. Similarly if f is conormal,
then the coalgebra H is a tensor product of coalgebras in B. In particular, if f
is binormal then Im(f™) and “°/"H are unbraided Hopf algebras in B, and H is
isomorphic to their tensor product.

Proof. We continue the proof of Proposition 4.2, assuming that Ker( f 2y = Ker(f)
and Coker( f2) = Coker(f) after replacing f by a power of f. We now add the
observation that normality of f implies that p = (f % (Sf xidgy))p = (Sf *xidy) p.
Therefore f Y p, and dually f A p if f is conormal. This in turn implies that
the Radford biproduct is just an ordinary tensor product algebra or tensor product
coalgebra, as appropriate. ([l

Definition 5.2. Let H be a Hopf algebra. If H = A® B for two Hopf algebras A and
B, we say that A is a tensor factor of H. (This implies that A and B are unbraided.)
We say that H is tensor indecomposable if it does not have a nontrivial tensor factor.
An endomorphism f of H is nilpotent if there is an n € N such that f" = ne.
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Corollary 5.3. If H is a tensor indecomposable Hopf algebra satisfying both
chain conditions, then every binormal endomorphism of H is nilpotent or an
automorphism.

6. Krull-Remak-Schmidt

Of course, a Hopf algebra satisfying both chain conditions can be (inductively)
decomposed as a tensor product of indecomposable Hopf subalgebras. We shall
now show that the Hopf algebraic analog of the Krull-Remak—Schmidt theorem
asserting the uniqueness of such a decomposition also holds. A version of this for
completely reducible semisimple Hopf algebras was established in [Burciu 2011].
In general, it cannot be hoped that this result has a categorical version. In [Miiger
2003] it was shown that a nondegenerate fusion category factorizes into a product of
prime ones, but that this was generally not unique. Therefore, such decompositions
are rather specific to Hopf algebras.

Lemma 6.1. Let f, g be bicommuting, binormal endomorphisms of a tensor inde-
composable Hopf algebra H.
If f and g are nilpotent, then so is f * g.

Proof. Otherwise f *g is a normal automorphism, and after composing f and g with
its inverse, we can assume that f x g =idgy. In particular f composition commutes
with g. Then one can show by induction that idy = (f *g)" is a convolution product
of terms of the form f¥g"~* for 0 < k < n (in fact this is a binomial formula with
binomial coefficients, but writing it is cumbersome because addition is replaced
with convolution products). If f™ = ne = g™, this implies (f % g)*" = ne, since
each term contains an m-th power of either f or g. ([

Remark 6.2. Let H and H, ..., H; be Hopf algebras in B. Decomposing H as a
tensor product Hopf algebra
H=H QH,® - ® H,

amounts to specifying a system of injections ¢; : H; — H and projections r; : H - H;,
all of them Hopf algebra morphisms, which commute and cocommute pairwise
and satisfy m;t; = idp,, mit; = ne if i # j, and (w1 * 1272 * - - - % 71 = 1dy. The
isomorphisms between H and the tensor product are then given by

AK=D &k Q7T

H®- - -® H;

and
*k=D)
H1®---®HkMH®kV—>H
Note that the H; need to be pairwise unbraided for the tensor product Hopf algebra
to make sense.
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Theorem 6.3. Let H be a Hopf algebra in BB, and let

H=H QH, Q- ---Q H
=G10G2Q---QGy

be two tensor decompositions of H in tensor indecomposable factors.
Then k = £, and H; = G; after a suitable permutation of the indices.
Moreover, letting
L pj
H; <T_l> H (T_j) G j
denote the systems of injections and projections associated to the decompositions

into tensor factors, then the factors can be so numbered that for any 1 <m <k

INGR)) ® QT Pm+1®®
H®k T Tl @ Pm+1 Pk H1®®Hm®Gm+1®®Gk (6_1)

and

(k=1)
Hi® @ Hy® G @ ® Gy~ S ek T 5 (6:2)

are isomorphisms.

Proof. There is nothing to show if one of the decompositions consists of only one
factor. Otherwise we consider

idy, =mt =m(q1p1*---*qepe)tt = T1q1P1Ly % -+ - % T Ge Pely.

Since H; is indecomposable, and the terms in the last convolution product are
bicommuting binormal endomorphisms, we know that one of mg; p;t; is an iso-
morphism. Without loss of generality we assume this happens for j = 1, and that
m1q1pi1t1 = idg,. It follows that 7r1q; and pj¢; are mutually inverse isomorphisms
between H; and G1. Now put f =gapr*---*xqepe and t = 1;71q p1 * f. Since
pit = p1t1iq1 p1 = p1, we have H®' ¢ H® P = Pt Thus, for j : H®' — H
the inclusion, we find

Aj=HQqipr*---*qp)Aj=HQ [HAj=(HNAj=(H®n)/,

and therefore H°' is trivial. We conclude that 7 is an automorphism of H.

Write # : H — H,®---Q Hy =: H and i : H — H for the natural projection and
injection morphisms, and similarly for p: H — G,g: G — H. Since tq1 =4 mqi,
we have 7tq; = ne, and thus 7t = 7tgp and 7tG pt T =71 = id . It follows that
71§ and pr~'7 are mutually inverse isomorphism between G and H.

Thus, by an inductive argument we have k = ¢, and we can rearrange the indices
to get H; = G, for all i.
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Note further that the automorphism ¢ above is the composition of the isomorphism

(k=1) GrR---QGr
HA—>H®kM>G1®-~®ka>H1®G2®-~®Gk

with the morphism

(k=1)
H®G,® Gy 1®G2--Qqk H®k v

’

whence the latter is an isomorphism. Again by an inductive argument, we get that
(6-2) is an isomorphism; the reasoning for (6-1) is similar. U
7. Endomorphisms of tensor products

Let H and K be two Hopf algebras in B, unbraided so that one can form the tensor
product bialgebra H ® K. Let A be an algebra in B. It is well known that there is a
bijection

Alg(HQ® K, A) ={(a, b) € Alg(H, A) x Alg(K, A)|a Y b}.

In fact, a pair (a, b) of multiplication commuting algebra morphisms induces
f=Va(a®Db), and
H®K H®K HKHK HKHK

%“-CE-J

shows that f is multiplicative. Conversely, given f : H ® K — A, define a =
f(Hn) and b= f(n® K). Then, with T := H QR K:

H K
b -t
A

K H
K H K H )
: w

A A
Assume that A is a bialgebra in B, and a, b, f are as above. Then f is a bialgebra
homomorphism if and only if @ and b are.

and

{é\ﬂ
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Dually, for a coalgebra C in B, a bijection
{(a, b) € Coalg(C, H) x Coalg(C, H) | a A b} —> Coalg(C, H ® K)

is given by (a, b) — (a ® b) A, and it induces bijections on the subsets containing
(pairs of) bialgebra maps.
Putting the above together, one obtains a bijection between End(H ® K) and

a € End(H), b e Hom(K, H),
c € Hom(H, K), d € End(K),

{(a’bﬂc’d)
aYb,cyd,a lc,brd

with the endomorphism of H ® K corresponding to a quadruple of Hopf algebra

map ‘“components” given by
H K

(a b) L
cd) " [al[b][c][d]

H K
Consider a second endomorphism g of H ® K dissected analogously into a

matrix ( : Z/,) of Hopf algebra endomorphisms. Then it is straightforward to check

a
¢ a'axb'c a'bxb'd
that gf corresponds to (4,977 9" %).

Proposition 7.1. Let H and K be as above, and f € End(H ® K) described by a
matrix (f Z). Assume that the antipodes of H and K are automorphisms in B.

Then f is normal if and only if a and ¢ are normal, b Y idy, and d Y idg; a
similar characterization holds for conormal endomorphisms.

Proof. We fix projections and injections for the tensor product P := H Q K:

ly K
HZT—P_—K
Ty [5:¢

First assume that f is normal. Since f Y (fS *idp), a = my f1y commutes with
7wy (fS*idp)iy = aS xidy. Similarly c is normal. Using (3-1) we have

H K
H K
H K
J K H
@: _ :@]
H
H

so that b Y idy. Similarly d Y idg.
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Now suppose that the stated normality and commutation conditions on a, b, ¢, d
hold. Writing a = tyamy, b = 1ybmk etc. we can write f=ax bxéxdasa
convolution product of four commuting and cocommuting endomorphisms of P.
We are claiming that this product commutes with

fS*idp —aS*bS*S*dS xixmy %1y =bS xS xdS x ixmx * A4S * L.

(the last equality using that @ bicommutes with b,¢,d,and ( x.) Now a commutes
with 48 * (g 7y since a is normal, with bS since a Y b, and with (x g and &S
since ty Y tg. The next factor b commutes with 45 , bS ,and tymy since b Y idy,
and it commutes with ¢S, ds ,and gk, since tx Y ty. Similar arguments deal
with the convolution factors ¢ and d. U

Remark 7.2. Similarly, an endomorphism f of a tensor product of several pairwise
unbraided Hopf algebras Hj, ..., H; can be described by a matrix (v;;) of Hopf
algebra homomorphisms between the factors. By inductive arguments one can
show that f is normal if and only if all the diagonal terms are normal, and the
off-diagonal terms commute with the identities on their targets.

An interesting case arises when there are no nontrivial homomorphisms H; — H;
commuting with idg;. In this case any normal endomorphism preserves the de-
composition into tensor factors. One can deduce from this that the Krull-Remak—
Schmidt decomposition is unique in a stronger sense than up to permutation and
isomorphism; in the original case of decompositions of groups the uniqueness of the
subgroups in a direct decomposition into directly indecomposable factors follows
as stated in Remak’s thesis [1911].

8. Automorphisms of tensor products

We consider now the automorphisms of tensor products of Hopf algebras. These
are the natural extensions of the corresponding results in group theory [Bidwell
et al. 2006; Bidwell 2008].

Throughout this section we let H and K be unbraided Hopf algebras, so that we
can form the tensor product H ® K, and we assume that the antipodes of H and K
are automorphisms in 5.

Identify endomorphisms of H® K with matrices of Hopf algebra homomorphisms
as in Section 7. Let (‘Cl Z) € End(H ® K). If a is an automorphism, then by (c)
of Lemma 2.1 the condition a Y b implies idy Yb (and x Y b for any x : X — H).
Similarly idx Ac, and, if d is also an automorphism, then b A idg and ¢ Y idg.

Define

_ Aut(H) Hom‘(K, H)
o (HomC(H, K) Aut(K) ) ’
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where Hom‘(K, H) := {b € Hom(K, H) | b Y idg and b A idy}. This is easily
seen to be an abelian group under convolution product. Indeed, the image of any
such morphism determines an abelian Hopf subalgebra of H. Note that b Y idy
<= b Y «a for some/all @ € Aut(H), and similarly b A id <= b A « for some/all
o € Aut(H).

Consider an automorphism f of H ® K, and its decomposition as a matrix (‘C‘ Z)
of Hopf algebra homomorphisms as in Section 7. Let f~! correspond in the same
way to a matrix (‘CZ/ b:). Then we have idg = (e @ K) f ' f(n Q@ K) = c'bxd'd.
Since ¢’ Y d' and b A d, we have that ¢'b Y d'd = (c'bS) *idg and ¢’b A (¢'bS) *idg.
In other words, ¢’b is a binormal endomorphism of K. In the same way b¢’ is a
binormal endomorphism of H. If we assume both chain conditions on H and K,
then for n sufficiently large b and ¢’ induce mutually inverse isomorphisms between
the images of (¢’b)" and (bc’)". Thus, using Fitting’s lemma, the image of (¢’b)"
is a common tensor factor of H and K.

This gives part of the following result.

Theorem 8.1. Suppose that H and K satisfy both chain conditions. Then A C
Aut(H ® K) if and only if H and K have no nontrivial common abelian direct
tensor factors. On the other hand, Aut(H ® K) = A if and only if H and K have
no nontrivial common direct tensor factors.

Proof. If H and K have a common nontrivial direct tensor factor, then permutations
of this factor in H ® K are automorphisms of H ® K not contained in 4.

By the preceding remarks, to show Aut(H ® K) C A it remains to prove that the
common tensor factor in H ® K that we found is necessarily nontrivial if d is not an
automorphism. A similar argument will apply to show that a is an automorphism,
and the commutation and cocommutation conditions for the components of an
endomorphism will be equivalent to the off-diagonal terms (co)commuting with
the identity instead of the automorphisms on the diagonal.

Thus suppose that d is not an automorphism. Then we can assume without loss of
generality that the right d-coinvariant subobject D of H is nontrivial. If ¢ : D — H
is the inclusion, then ¢’bt =V (c'b@n)t =V (c'bRd'd) At = (c'bxd'd)t =1, hence
(¢'b)"t =« for all n, and the image of (¢’b)" is nontrivial as desired.

The desired equality in the second part will then hold once we have proven the
first equivalence.

To this end we first consider the forward direction by contrapositive. Suppose
that H and K have a common abelian direct tensor factor L, and write H = H' Q L
and K = K’ ® L. Since L is abelian, its antipode S, is a Hopf endomorphism
of L. Taking a =idy,d =idg, b =ngex ® Sp and c = ngrey ® S we find that
Y= (“ b) € A. However, L is a subobject of the right y-coinvariant subobject,

cd
whence ¥ ¢ Aut(H ® K).
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For the remaining direction, assume that f = (z Z) belongs to .A4; in particular
f is a Hopf algebra endomorphism of H ® K. After multiplying with the obvious
automorphism of H ® K, namely (“n;l d"fl ), we may assume that ¢ = idy and
d =idg. Now consider g = (igg iﬁli ), another Hopf endomorphism of H ® K. One
computes gf = (i‘i’giis cll’;gif )= (id ’;l;cs cbieiq)- By the chain conditions on H and
K, for n sufficiently large b and ¢ induce mutually inverse isomorphisms between
the images of (bc)" and (cbh)”. Fitting’s lemma implies that these isomorphic images
are an abelian common tensor factor of H and K. It can only be trivial if bc and cb
are nilpotent, in which case id xbcS and c¢b S * id are automorphisms. In the latter

case, f was an automorphism. (]

These results have obvious extensions to more than two factors by induction,
which we leave to the reader. The results, however, do not cover the case of a
repeated tensor factor. For a given Hopf algebra H in B we can form the unbraided
iterated tensor product H®" = H ® --- ® H for n € N precisely when H is in a
(sub)category where the braiding is a symmetry.

Theorem 8.2. Let H be a tensor indecomposable nonabelian Hopf algebra sat-
isfying both chain conditions in B, and suppose the braiding of B is a symmetry.
Fixn € N, and let A, denote those (a;;) € End(H®") such that a;; € Aut(H) and
a;j € End“(H) for alli and j #i. Then

Aut(H®") = A, % S,,.

Proof. By assumptions on H, A, € Aut(H®"). The group S, acts on H®" by
permuting factors, and so acts on Aut(H®") by permuting columns. Conjugating
by this action sends 4, to itself. We need only show that every automorphism is a
column permutation of an element of A,,.

So let (o;j) € Aut(H®"), with inverse (alfj). Then ajjor); * - - - % aper,, = id
holds for all i. Since the oz,-koz,/a. are all binormal endomorphisms the notation is
unambiguous, and the terms of the convolution product can be arbitrarily reordered.
Moreover, since H is indecomposable we may conclude that one of the a;xo; is an
automorphism. In particular for all i there is a k such that o is an epimorphism
and oz,/a. is a monomorphism. By the chain conditions it follows that «;; and oz,/{i are
both automorphisms. Since H is nonabelian there is at most one such k for any
given i. This completes the proof. O

9. Application to doubles of groups

For this section we work in the category of vector spaces over a field k. Throughout
this section G, H, K, C will all be finite groups. For any group G let G be the
group of group-like elements of k¢, the dual of the group algebra KG. Note that G
is precisely the k-linear characters of G. We also define I'g = G x G. We denote
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the conjugation action of G on k¢ and KG both by —; for instance: g — x = gxg ™!

for all g, x € G. We will be concerned with D(G), the Drinfeld double of a finite
group G. As a coalgebra D(G) = k®“° ® kG, and the algebra structure is given by
having G act on K%< by the conjugation action. We note that I'; is the group of
group-like elements of D(G). See [Dijkgraaf et al. 1991; Montgomery 1993] for
further details on the construction and properties of this Hopf algebra.

In [Keilberg 2015] the first author gave a complete description of Aut(D(G))
whenever G has no nontrivial abelian direct factors. Such a group is said to be purely
nonabelian. When G is abelian we have D(G) = k® @ KG, an abelian Hopf algebra,
and the determination of Aut(D(G)) is then straightforward. Indeed, under mild
assumptions on K we have D(G) = k(G x G). Subsequently in this case Aut(D(G))
can be computed by classical methods in group theory [Shoda 1928]. We note
that the structure of such an automorphism group has been of more recent interest
[Bidwell and Curran 2010; Hillar and Rhea 2007]. It is the goal of this section to
complete the description of Aut(D(G)) when G has an abelian direct factor.

So suppose that G = C x H with C abelian. Then D(G) = D(C)® D(H). Since
D(C) is an abelian Hopf algebra the results of the previous section can be applied
whenever D(H) has no abelian direct tensor factors. We will proceed to show this
happens precisely when H is purely nonabelian.

We have the following description of Hom(D(G), D(K)).

Theorem 9.1 [Keilberg 2015; Agore et al. 2014]. The elements of the set

Hom(D(G), D(K)) are in bijective correspondence with matrices (; lr)) where

u : K¢ — KX is a morphism of unitary coalgebras, p : K¢ — KK is a morphism of

Hopf algebras,andr : G — K and v : G — K are group homomorphisms. These

are all subject to the following compatibility relations, for all a, b € K and g € G:
(1) u(g — a) =v(g) — u(a), from which it follows that u*v is normal,

(i) u A p;

(iii) u(ab) =u(aw))(plae) — u(b));

(iv) p(g —~a)=v(g) — p(a).

The morphism is defined by

a#g > uam)r(g)# plan)v(g).
Composition of such morphisms is given by matrix multiplication, as in Section 7.

The morphism p is uniquely determined by an isomorphism k4 = kB, where A
is an abelian normal subgroup of G and B is an abelian subgroup of K. In particular
we must have k# 2 kA. For the remainder of this section any use of A, B refers to
these subgroups. We note that the last relation says p Y v if and only if A < Z(G),
or equivalently p is cocentral: p A id.
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By convention we implicitly identify any element of Hom(D(G), D(K)) or
Hom(k® ® kG, kK @ kK) with its quadruple of components (u, r, p, v), or equiva-
lently as a matrix (') 7).

The following is then immediate.

Lemma 9.2. A morphism v € Hom(D(G), D(K)) is canonically an element of
Hom(k® ®kG, kK ®@KK) precisely when pY v and u is a morphism of Hopf algebras.
On the other hand, ¢ € Hom(k® ® kG, kK ® kK) is canonically an element of
Hom(D(G), D(K)) precisely when u*v is normal and A < Z(G).

In the first case we call such a morphism untwistable, and in the second we call
it twistable. Clearly any untwistable morphism is also twistable, and vice versa.
The distinction is simply in the algebra structures we start with.

Now since k¢ ® kG and kK ® kK are canonically self-dual, any morphism v €
Hom(k® ® kG, kK @ kK) yields a dual morphism v/* € Hom(kX @ kK, k¢ @ kG)
with components (v*, r*, p*, u*). The following is then clear.

Corollary 9.3. Both v € Hom(k® @ KG, kX ® kK) and y* are twistable if and
only if the following all hold.:
(i) u*v is normal,
(ii) vu* is normal,
(i) A < Z(G);
(iv) B < Z(K).
In this case we may canonically view ¥ as an element of Hom(D(G), D(K)) and
Y* as an element of Hom(D(K), D(G)).

In [Keilberg 2015] a morphism v = (u, r, p, v) € Hom(D(G), D(K)) was said
to be flippable if also (v*, r*, p*, u*) € Hom(D(K), D(G)). This is equivalent
to saying that ¥ is untwistable and the corresponding dual i* is twistable. In
particular the corollary gives a complete description of the flippable elements of

Hom(D(G), D(K)), and shows that “flipping” an element of Hom(D(G), D(K))
can naturally be described as dualizing the morphism.

Corollary 9.4. For any group G, the group Aut(D(G)) is canonically a subgroup
of Aut(k® @ KG) which is closed under dualization.

Proof. Follows from the preceding corollary, Section 8, and the properties of
Aut(D(G)) established in [Keilberg 2015]. O

We now show that the act of untwisting a morphism is fairly well behaved
whenever the image is commutative.

Proposition 9.5. Let v € Hom(D(G), D(K)) be untwistable. For convenience, let
V' =y € Hom(k® @ kG, k? @ KH). Then the following all hold.
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(i) If G = H, then v is conormal if and only if ' is conormal.
(i) If Y has a commutative image then ' has commutative image.

(iii) If ¥ has commutative image and G = H, then ' is normal if and only if v is
normal and B < Z(G).

(iv) If ¢ has commutative image and G = H , then  is normal if and only if ¥ is
normal and G acts trivially on Img(u).

(V) If ¥ has commutative image and G = H, then  is conormal.

Proof. We first prove (i), as it is the only one that does not suppose that ¥ has
commutative image. To this end we compute

ag #g-Slan#g) @ap#g=ap #g- (87" = Slan)#g ™) ®an) #g
=a3Sam) #1Qap) #g; 9-1)
a3 ®g-San®g) Vap)®g=a3Sa1)®1Qap ®g. (9-2)

The claim then follows.

For the remainder of the proof, suppose that i is untwistable and has commutative
image. By checking the commutativity condition we can easily determine the
following facts: p Y v; v has abelian image, or equivalently v Y v; u(a(g — b)) =
u((h — a)b) = u(ab) for all g, h € G and a, b € k¢, which implies # A id. In
particular, u(g — a) = u(a) and p(g — a) = p(a) for all such a, g.

The first part is then immediate, as we have Y (a#g-b#h) =y (aQRg-bQh).
Another way of saying this is that when ¥ has commutative image we may compute
products in either the double or the tensor product without affecting the result.
Furthermore v ((g — a) #g) = Y (a # g) for all appropriate a, g, and so

Y(Sa#g)=v(@Eg ' = S@#g ) =vS@#g ) =y'(Sa®y)).

Thus we may perform all computations with r in either D(G) or K¢ @ kG as we
desire.

The last part of the result follows from Equations (9-1) and (9-2) and u A id. We
need only prove the parts concerning normality of v, ¥’

To determine when /' is normal, we first note that by commutativity we have

Y (ap)®g-b®h-San) ®g™") =a()y'(b@h).
On the other hand,
apy®g- Y (bh)-San) ®g ' =a()r(huba) ® gpbay)vihg™".

The map v/’ is normal precisely when these two expressions are the same, and we
easily find this is equivalent to B < Z(H) and v normal.
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Finally, we determine when v is normal. By previous remarks, we have

Ylaoy#g-b#h-Saqy #g) =a()y(b#ghg™)
= a(Dr(Wu(buy) # pba)v(ghg™).  (9-3)

On the other hand, we have

aoy#g - (b#h)- (g—1 — Sa(l)#g_l)
=r(hap (g = ulba))(gpbe)vh)g™" — S(any)) #gp(ba)vh)g™".

Applying ¢ #id to both expressions we get

a(l)p(b)v(ghg™")

for the first and
a()gpb)v(h)g™"

for the second. These are equal for all a, b, g, h if and only if B < Z(H) and v is
normal; equivalently, ¥/ is normal. Note that if v is normal and has abelian image,
then its image is in fact central. Therefore (gqv(b)v(h)g_1 — S(a) = S(a) precisely
when v/’ is normal. Subsequently the previous equation simplifies to

a(Dr(h)(g = u(ba))) # p(b)v(ghg ™).
Comparing with (9-3) completes the proof. U

Lemma 9.6. Any commutative direct tensor factor of D(G) is also a commutative
direct tensor factor of K¢ @ kG.

Proof. Suppose L is a commutative Hopf subalgebra of D(G) such that D(G) =
M ® L for some Hopf subalgebra M. We then have a projection = : D(G) — L
with associated right inverse the imbedding i : L — D(G).

The morphism i is an endomorphism of D(G). Since the image is central in
D(G) it is easily seen to be untwistable and binormal. Therefore i is canonically
a twistable, binormal, idempotent endomorphism of k% ® kG with image L. By
Fitting’s lemma we conclude that L is also a direct tensor factor of K @ KG. [

Remark 9.7. Since k® is commutative we see that the converse will only hold
when G is abelian. Indeed since D(G) is quasitriangular any commutative direct
tensor factor of D(G) is necessarily abelian.

The lemma gives one part of the following.
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Theorem 9.8. Let G be a finite group. Then the following are equivalent.
(1) G is purely nonabelian.

(ii) KG is purely nonabelian.

(iii) KC is purely nonabelian.

(iv) K ® kG is purely nonabelian.

(v) D(G) is purely nonabelian.

Indeed, K¢ ® KG and D(G) have the same abelian direct tensor factors.

Proof. Since the dual of an abelian Hopf algebra is again abelian, the equivalence
of the second and third is immediate. By Krull-Remak—Schmidt, any abelian
indecomposable factor of k¢ ® kG is isomorphic to an abelian indecomposable
factor of either KG or k. Thus the fourth is equivalent to the second and third. Since
any Hopf subalgebra of KG is a subgroup algebra, the first and second are equivalent.
By the lemma the fourth implies the fifth. To prove the fifth implies the fourth, we
need only show that any abelian factor of K® ® KG yields an abelian factor of D(G).

So let L be an abelian tensor factor of k® ® kG with associated projection 7
and inclusion i. We wish to show that i7r is canonically a binormal endomorphism
of D(G). Writing im = (Z "), the properties of End(D(G)) and commutativity
of the image easily imply the following: p Y v, v Y v, u A p, p Yid, v Yid. In
particular, v and p have central image, and v is a (bi)normal group homomorphism.
Since (ix)* is also an idempotent endomorphism with abelian image we similarly
conclude that p* and u* have central image, and that ™ is a (bi)normal group
homomorphism. Centrality of the image of u* (indeed, that u* has abelian image
and is thus a class function) implies that G acts trivially on the image of u. Applying
the proposition we conclude that i7r is canonically a binormal endomorphism of
D(G) with image L. Fitting’s lemma then implies that L is a direct tensor factor
of D(G), as desired. This completes the proof. (I

Thus for G = C x H with C abelian and H purely nonabelian we conclude that
D(C) and D(H) have no common direct tensor factors. Therefore we may apply
the results of the previous section to obtain the following.

Theorem 9.9. Let G = C x H, where C, H are finite groups with C abelian and
H purely nonabelian. Then

Aut(D(G)):< Aut(D(C)) HomC(D(H),D(C)))

Hom‘(D(C), D(H)) Aut(D(H))

The determination of the Hom® terms remains a computational problem, but
all of the components of these morphisms are guaranteed to be morphisms of
Hopf algebras, and so determined by group homomorphisms. We note that for
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Hom®(D(H), D(C)) we have a commutative image, as considered in Proposition 9.5.
Whenever the field is such that D(C) is just a group algebra then the situation is
further simplified. In this case Hom“(D(C), D(H)) = Hom(I'¢, Z(I'y)), a group
of morphisms between abelian groups. Furthermore, it is straightforward to check
that (') 1) € Hom(D(H), D(C)) defines an element of Hom*(D(H), D(C)) if and
only if # A id and p A id; note that p A id if and only if A < Z(H).

Example 9.10. Consider a field k of characteristic not 2. For n > 3, let G = Dy,
be the dihedral group of order 2n, and suppose that n = 2 mod 4. The group
G has an abelian direct factor precisely under this assumption on n, in which
case G = 7, x D,. So we take C = 7, and H = D,,, and note I'¢ = Z% and
'y =75 x D,. Itis also well known that Aut(I"¢) = S3. By [Keilberg 2015] we
have Aut(D(D,)) =Z> x Aut(D,) = Z, xHol(Z, ;). Here Hol(Z,,) = Z,, x Aut(Z,,)
is the holomorph of Z,,, a group of order n¢ (n), where ¢ is the Euler totient function.

We have Z(I'y) = Z,, from which it follows that Hom(I'¢, Z(I'y)) = Z% as
groups. We claim that

Hom®(D(H), D(C)) = 73

as well. Let (u,r, p,v) € Hom(D(H), D(C)). The abelian normal subgroups
of D, all have odd order, so p is necessarily trivial. By normality of u*v, we
have u*(b'™) = u*(b) = u*(b)* for all x € D, and b € Z,. Since no order 2
subgroup of D, is normal we conclude that u* is trivial. From the preceding
remarks it follows that Hom(D(H), D(C)) = Hom“(D(H), D(C)). Since there are
two possible homomorphisms v : D, — Z,, and two possible homomorphisms
r:D, — Z}, all of which satisfy the necessary compatibilities, it quickly follows
that Hom®(D(H), D(C)) = Z% as desired.

As a consequence, |Aut(D(Dy,))| = 2°.3.n-¢(n/2) whenever n = 2 mod 4.
For n = 6 the order is 1152 = 27 - 3. The description and order of Aut(D(D,,))
for n £ 2 mod 4 is given in [Keilberg 2015].
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Extension theorems for
reductive group schemes

Adrian Vasiu

We prove several basic extension theorems for reductive group schemes via
extending Lie algebras and via taking schematic closures. We also prove that,
for each scheme Y, the category in groupoids of adjoint group schemes over Y
whose Lie algebra Oy-modules have perfect Killing forms is isomorphic, via
the differential functor, to the category in groupoids of Lie algebra Oy-modules
which have perfect Killing forms and which, as Oy-modules, are coherent and
locally free.

1. Introduction

A group scheme H over a scheme S is called reductive if the morphism H — S
has the following two properties: (i) it is smooth and affine (and therefore of finite
presentation), and (ii) its geometric fibers are reductive groups over spectra of fields
and therefore are connected (see [SGA 3 1970, Exposé XIX, Sections 2.7, 2.1,
and 2.9]). If, moreover, the center of H is trivial, then H is called an adjoint
group scheme over S. Let Og be the structure ring sheaf of S. Let Lie(H) be the
Lie algebra Os-module of H. As an Os-module, Lie(H) is coherent and locally free.

The main goal of the paper is to prove Theorems 1.2 and 1.4 below (see Sections 3
and 4) and to apply them and their proofs to obtain new extension theorems for
homomorphisms between reductive group schemes (see Section 5). We begin by
introducing two groupoids on sets (i.e., two categories whose morphisms are all
isomorphisms).

1.1. Two groupoids on sets. Let Y be an arbitrary scheme. Let Adj-perf be the
category whose objects are adjoint group schemes over Y with the property that
their Lie algebra Oy-modules have perfect Killing forms (i.e., the Killing forms
induce naturally Oy-linear isomorphisms from them into their duals) and whose
morphisms are isomorphisms of group schemes. Let Lie-perf, be the category
whose objects are Lie algebra Oy-modules which have perfect Killing forms and

MSC2010: primary 14L.15; secondary 11G18, 14F30, 14G35, 14K10, 14L17, 17B45.
Keywords: reductive group schemes, purity, regular rings, Lie algebras.
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which as Oy-modules are coherent and locally free and whose morphisms are
isomorphisms of Lie algebra Oy-modules.

Theorem 1.2. Let £y : Adj-perf, — Lie-perfy be the functor which associates to
a morphism f : G = H of Adj-perfy the morphism df : Lie(G) = Lie(H) of
Lie-perfy which is the differential of f. Then the functor Ly is an equivalence of
categories.

We have a variant of this theorem for simply connected semisimple group
schemes instead of adjoint group schemes; see Corollary 3.7. This theorem im-
plies the classification of Lie algebras over fields of characteristic at least 3 that
have nondegenerate Killing forms obtained previously by Curtis [1957], Seligman
[1967], Mills [1957], Mills and Seligman [1957], Block—Zassenhaus [1964], and
Brown [1969] (see Remark 3.6(a)). The functor £y is an equivalence of nonempty
categories if and only if Y is a Spec Z [%]—scheme; see Corollary 3.8. Directly from
Theorem 1.2 we get our first extension result:

Corollary 1.3. We assume that Y = Spec A is an affine scheme. Let K be the ring
of fractions of A. Let Gk be an adjoint group scheme over Spec K such that the
symmetric bilinear Killing form on the Lie algebra Lie(Gg) of Gk is perfect (i.e.,
it induces naturally a K-linear isomorphism Lie(Gx) = Homg (Lie(Gg), K)).
We assume that there exists a Lie algebra g over A such that the following two
properties hold:

(i) we have an identity Lie(Gg) = g ®4 K and the A-module g is projective and
finitely generated,

(i1) the symmetric bilinear Killing form on g is perfect.

Then there exists a unique adjoint group scheme G over Y that extends Gy, with
an identity Lie(G) = g that extends the identity of property (i).

Let U be an open, Zariski-dense subscheme of Y. We call the pair (Y, Y \ U)
quasipure if each finite étale cover of U extends uniquely to a finite étale cover
of Y (to be compared with [SGA 2 1968, Exposé X, Definition 3.1]).

Theorem 1.4. We assume that Y is a normal, noetherian scheme and the codimen-
sionof Y\ U in Y is at least 2. Then the following two properties hold:

(a) Let Gy be an adjoint group scheme over U. We assume that the Lie algebra Oy -
module Lie(Gy) of Gy extends to a Lie algebra Oy-module that is a locally free
Oy-module. Then Gy extends uniquely to an adjoint group scheme G over Y.

(b) Let Hy be a reductive group scheme over U. We assume that the pair (Y, Y\U)
is quasipure and that the Lie algebra Oy -module Lie(Gy) of the adjoint group
scheme Gy of Hy extends to a Lie algebra Oy-module that is a locally free
Oy-module. Then Hy extends uniquely to a reductive group scheme H overY.
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The proof of Theorem 1.2 that we include combines the cohomology theory
of Lie algebras with a simplified variant of [Vasiu 1999, Claim 2, p. 464] (see
Theorem 3.3 and Section 3.4). The proof of Theorem 1.4(a) is an application of
[Colliot-Théleéne and Sansuc 1979, Corollary 6.12] (see Section 4.1). The classical
purity theorem of Nagata and Zariski (see [SGA 2 1968, Exposé X, Theorem 3.4(i)])
says that the pair (Y, Y \ U) is quasipure, provided Y is regular and U contains
all points of Y of codimension 1 in Y. In such a case, a slightly weaker form of
Theorem 1.4(b) was obtained in [Colliot-Théleéne and Sansuc 1979, Theorem 6.13].
In general, the hypotheses of Theorem 1.4 are needed (see Remark 4.3). See
[Moret-Bailly 1985] (resp. [Faltings and Chai 1990; Vasiu 1999; 2004; Vasiu and
Zink 2010]) for different analogues of Theorem 1.4 for Jacobian (resp. abelian)
schemes. For instance, in [Vasiu and Zink 2010, Corollary 1.5] it is proved that if
Y is a regular, formally smooth scheme over the spectrum of a discrete valuation
ring of mixed characteristic (0, p) and index of ramification at most p — 1 and if
U contains all points of Y that are of either characteristic 0 or codimension 1in Y,
then each abelian scheme over U extends uniquely to an abelian scheme over Y.

Notation and basic results are presented in Section 2. In Section 3 we prove
Theorem 1.2. In Section 4 we prove Theorem 1.4.

Section 5 contains two results on extending homomorphisms between reductive
group schemes. Proposition 5.1 is an application of Theorem 1.4(b) and pertains
to extensions of homomorphisms in codimension at least 2 over normal bases.
Proposition 5.2 pertains to extensions of homomorphisms via schematic closures
and refines [Vasiu 1999, Lemma 3.1.6]; its role is to achieve natural reductions
such as the reduction to the case of either a torus or a semisimple group scheme.

Our main motivation for Theorems 1.2 and 1.4 stems from the meaningful
applications to crystalline cohomology one gets by combining them with either
Faltings’ results [1999, Section 4] (see [Vasiu 1999; 2008]) or de Jong’s extension
theorem [1998, Theorem 1.1] (see [Vasiu 2012a; 2012b]). The manuscripts [Vasiu
2012a; 2012b] apply the results of the current paper to extend our prior work
on integral canonical models of Shimura varieties of Hodge type in unramified
mixed characteristic (0, p) with p > 5 (see [Vasiu 1999]) to unramified mixed
characteristics (0, 2) and (0, 3). In addition, this paper can be used to get relevant
simplifications of certain parts of the mentioned prior work (see [Vasiu 2008]).

2. Preliminaries

Our notation is gathered in Section 2.1, and then we include four basic results that
are often used in Sections 3 to 5.

2.1. Notation and conventions. Let K be an algebraic closure of a field K. Let
H be a reductive group scheme over a scheme S. Let Z(H), H%", H*, and H®
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denote the center, the derived group scheme, the adjoint group scheme, and the
abelianization of H (respectively). We have H®® = H/H%" and H* = H/Z(H).
The center Z(H) is a group scheme of multiplicative type; see [SGA 3 1970,
Exposé XXII, Corollary 4.1.7]. Let Z9%(H) be the maximal rorus of Z(H); the
quotient group scheme Z(H)/Z"(H) is a finite, flat group scheme over S of multi-
plicative type. Let H*® be the simply connected semisimple group scheme cover of
the derived group scheme H%,

See [SGA 3 1970, Exposé XXII, Corollary 4.3.2] for the quotient group scheme
H/F of H by a flat, closed, multiplicative type subgroup scheme F of Z(H).

If X or X is an S-scheme, let Xy, (resp. Xgs,) be its pullback via a morphism
Spec Ay — S (resp. S| — 9).

If S is either affine or integral, let K be the ring of fractions of S. If S is a
normal, noetherian, integral scheme, let 2(S) be the set of local rings of S that are
discrete valuation rings.

Let G, s be the rank-1 split torus over S; similarly, the group schemes G, s,
GL, s with d € N*, etc., will be understood to be over S. Let Lie(H) be the Lie
algebra Og-module of H. If S = Spec A is affine, then let G, 4 := G, s, etc., and
let Lie(F’) be the Lie algebra over A of a closed subgroup scheme F of H. For A-
modules, we have Lie(F) = Ker(F(A[x]/x?) — F(A)), where the A-epimorphism
Alx]/ (x2) — A takes x to 0. The Lie bracket on Lie(F) is defined by taking
the (total) differential of the commutator morphism [, ] : F xg F — F at identity
sections. If S =Spec A is affine, then Lie(H) = Lie(H)(S) is the Lie algebra over A
of global sections of Lie(H) and it is a projective, finitely generated A-module.

If N is a projective, finitely generated A-module, let N* := Homa (N, A), let
GLy be the reductive group scheme over Spec A of linear automorphisms of N,
and let gly := Lie(GLy). Thus gly is the Lie algebra associated to the A-algebra
End4 (N). A bilinear form by : N x N — A on N is called perfect if it induces an
A-linear map N — N* that is an isomorphism. If by is symmetric, then its kernel
is the A-submodule

Ker(by) :={a € N |by(a,b) =0forall b € N}

of N. For a Lie algebra g over A that is a projective, finitely generated A-module,
let ad : g — gl be the adjoint representation of g and let J{; : g x g — A be the
Killing form on g. For a, b € g we have ad(a)(b) = [a, b], and H(a, b) is the trace
of the endomorphism ad(a) o ad(b) of g. The kernel Ker(¥) is an ideal of g.

We denote by k an arbitrary field. Let n € N*. See [Bourbaki 2002, Chapter VI,
Section 4] and [Humphreys 1972, Chapter III, Section 11] for the classification of
connected Dynkin diagrams. For

be {Am Bl’l! Cn |n € N*}U{Dn |n 2 3}U{E67 E77 ESv F47 GZ},
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we say that H is of isotypic b Dynkin type if the connected Dynkin diagram of each
simple factor of an arbitrary geometric fiber of H% is b; if H is absolutely simple,
we drop the word ‘isotypic’. We recall that A} = By = C;, B, = C3, and A3 = Ds.

Proposition 2.2. Let Y be a normal, noetherian, integral scheme. Let K := Ky.
(a) If Y = Spec A is affine, then inside the field K we have A = ﬂ\/e@(y)v-

(b) Let U be an open subscheme of Y such that Y \ U has codimension in Y at
least 2. Let W be an affine Y-scheme of finite type. Then the natural restriction
map Homy (Y, W) — Homy (U, W) is a bijection. If, moreover, W is integral,
normal and such that we have D(W) = D(Wy), then W is determined (up to
unique isomorphism) by Wy.

(c) Suppose that Y = Spec A is local, regular, and has dimension 2. Let y be the
closed point of Y and let U := Y \ {y}. Then each locally free Oy-module of
finite rank extends uniquely to a free Oy-module.

Proof. See [Matsumura 1980, Theorem 38] for (a). To check (b), we can assume
Y = Spec A is affine. We write W = Spec B. The A-algebra of global functions
of U is A; see (a). We have Homy (U, W) = Homy4 (B, A) = Homy (Y, W). If,
moreover, B is a normal ring and we have 9(W) = %(Wy), then B is uniquely
determined by 9 (W) (see (a)) and therefore by Wy . From this (b) follows. See
[SGA 2 1968, Exposé X, Lemma 3.5] for (c). U

Proposition 2.3. Let G be a reductive group scheme over a scheme Y. Then
the functor on the category of Y-schemes that parametrizes maximal tori of G is
representable by a smooth, separated Y-scheme of finite type. Thus G has split,
maximal tori, locally in the étale topology of Y.

Proof. See [SGA 3, 1970, Exposé XII, Corollary 1.10] for the first part. The
second part follows easily from the first part (see also [SGA 3;; 1970, Exposé XIX,
Proposition 6.1]). O

Lemma 2.3.1. Let Y be a reduced scheme. Let G be a reductive group scheme
overY. Let K := Ky. Let fx : Gy — Gk be a central isogeny of reductive group
schemes over Spec K. We assume that either G is split or Y is normal. We have:

(a) There exists (up to a canonical identification) at most one central isogeny
f:G'— G that extends fx : Gy — Gk. If Y is integral (i.e., K is a field), then
there exists a unique central isogeny f : G' — G that extends fx : G — Gk.

(b) If Y is normal and integral, then G' is the normalization of G in (the field of
fractions of) Gy.

Proof. We first prove (a) in the case when G is split. Let 7" be a split, maximal torus

of G. We first prove the existence part; thus K is a field. As fx is a central isogeny,
the inverse image 7y of Tk in Gy is a split torus. Thus Gy is split. Let R — R be
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the 1-morphism of root data in the sense of [SGA 3 1970, Exposé XXI, Definition
6.8.1] which is associated to the central isogeny fx : G — Gk that extends the
isogeny Ty — Tx. Let f: G’ — G be a central isogeny of split, reductive group
schemes over Y which extends an isogeny of split tori 7/ — T and for which the
1-morphism of root data associated to it and to the isogeny T'— Tis® — R (see
[SGA 3y 1970, Exposé XXV, Theorem 1.1]). From loc. cit. we also get that there
exists an isomorphism ig : (N}}{ = G;{ such that we have fK = fgoig. Obviously, ig
is unique. Let G’ be the unique group scheme over Y such that ix extends (uniquely)
to an isomorphism i : G’ => G'. Let f := foi~!: G’ — G be a central isogeny.

To check the uniqueness part, we consider two central isogenies G’ — G and
G| — G that extend a central isogeny fk : Gx — Gk (thus G = G| ;). Let G,
be the schematic closure of Gy embedded diagonally into the product G" xy G/.
We are left to check that the two projections 7y : G, — G’ and > : G, — G/ are
isomorphisms, as in such a case the composite isomorphism 75 o 77~ g = G|
is an isomorphism that extends the identity Gy = G’L k- This statement is local for
the étale topology of Y, and therefore we can assume, based on Proposition 2.3,
that the inverse images of 7 to G’ and G/1 are split tori. From this and [SGA 3
1970, Exposé XXIII, Theorem 4.1] we get that there exists a unique isomorphism
6 : G{ = G| which extends the identity Gy = Gk . This implies that G/, is the
graph of 6, and therefore the two projections 7r; and 7, are isomorphisms. We
conclude that (a) holds if G is split.

We now prove simultaneously (a) and (b) in the case when Y is normal. If a G’
as in (a) exists, then it is a smooth scheme over the normal scheme Y and thus it
is a normal scheme; from this and the fact that f : G’ — G is a finite morphism,
we get that G’ is the normalization of G in G and, in particular, that it is unique.

Thus to finish the proof of the lemma, it suffices to show that the normalization G’
of G in Gy, is a reductive group scheme equipped with a central isogeny f : G’ — G,
locally in the étale topology of Y. As each connected, étale scheme over Y is a
normal, integral scheme, based on Proposition 2.3 we can assume that G has a split,
maximal torus 7. Thus the fact that G’ is a reductive group scheme equipped with
a central isogeny f : G’ — G follows from the previous three paragraphs. (]

Lemma 2.3.2. Let Y = Spec A be an affine scheme. Let K := Ky. Let T be a torus
over Y equipped with a homomorphism p : T — G, where G is a reductive group
scheme over Y. Then the following three properties hold:

(a) the kernel Ker(p) is a group scheme over Y of multiplicative type;
(b) the kernel Ker(p) is trivial (resp. finite) if and only if the kernel Ker(pg) is
trivial (resp. finite);

(c) the quotient group scheme T/ Ker(p) is a torus and we have a closed embed-
ding homomorphism T | Ker(p) — G.
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Proof. The statements of the lemma are local for the étale topology of Y. Thus
we can assume that Y is local and (see Proposition 2.3) that 7 and G are split.
As Y is connected, the split reductive group scheme G has constant Lie type.
Thus G is the pullback to Y of a reductive group scheme Gz over Spec Z; see
[SGA 31y 1970, Exposé XXV, Corollary 1.2]. As Gz can be embedded into a general
linear group scheme over Spec Z (for instance, see [SGA 3; 1970, Exposé VI,
Remark 11.11.1]), there exists a closed embedding homomorphism G < GL,;,
with M a free A-module of rank d € N*. By replacing p with its composite with
this closed embedding homomorphism G < GL,;, we can assume that G = GLy,
is a general linear group scheme over Y. The representation of 7 on M is a finite
direct sum of representations of 7" of rank 1; see [Jantzen 2003, Part I, Section 2.11].
Thus p factors as the composite of a homomorphism p; : T — G, , with a closed
embedding homomorphism G , < GLyu . The kernel Ker(p;) is a group scheme
over Y of multiplicative type; see [SGA 3 1970, Exposé IX, Proposition 2.7(1)].
As Ker(p) = Ker(p;), we get that (a) holds. As (a) holds, Ker(p) is flat over Y as
well as the extension of a finite, flat group scheme 7} by a torus 7p. But 77 (resp.
Tp) is a trivial group scheme if and only if 77 x (resp. Tp k) is trivial. From this
(b) follows. The quotient group scheme 7'/ Ker(p) exists and is a closed subgroup
scheme of Gj, , that is of multiplicative type; see [SGA 3y 1970, Exposé IX,
Proposition 2.7(i) and Corollary 2.5]. As the fibers of T/ Ker(p) are tori, we get
that 7'/ Ker(p) is a torus. Thus (c) holds. O

The following lemma is only a variant of [Vasiu 2005a, Lemma 2.1].

Lemma 2.4. Suppose that k = k. Let H be a reductive group over Spec k. Let n be
a nonzero ideal of Lie(H) which is a simple left H-module. We assume that there
exists a maximal torus T of H such that we have Lie(T) N\n= 0. Then char(k) =2
and H" has a normal, subgroup F which is isomorphic to SOa, 41k for some
n € N* and for which we have an inclusion n C Lie(F).

Remark 2.4.1. If n is assumed to be a restricted Lie subalgebra of Lie(H) (for
instance, this holds if n is the Lie algebra of a subgroup of H), then there exists
a purely inseparable isogeny H — H /n (see [Borel 1991, Chapter V, Proposition
17.4]) and in this case Lemma 2.4 can be also deduced easily from [Prasad and
Yu 2006, Lemma 2.2] applied to such isogenies with H absolutely simple. In
this paper, Lemma 2.4 will be applied only in such situations in which n is the Lie
algebra of a subgroup of H.

Theorem 2.5. Let f : G| — G, be a homomorphism between group schemes over
a scheme Y. We assume that G is reductive, that G, is separated and of finite
presentation, and that all fibers of [ are closed embeddings. Then f is a closed
embedding.
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Proof. As G is of finite presentation over Y, the homomorphism f is locally of
finite type. As the fibers of f are closed embeddings and thus monomorphisms,
f itself is a monomorphism (see [SGA 3, 1970, Exposé Vg, Corollary 2.11]). Thus
the theorem follows from [SGA 3, 1970, Exposé X VI, Corollary 1.5(a)]. O

Lemma 2.5.1. Let G be an adjoint group scheme over an affine scheme Y = Spec A.
Let Aut(G) be the group scheme over Y of automorphisms of G. Then the natural
adjoint representation Ad : Aut(G) — GLLic() is a closed embedding.

Proof. To prove the lemma, we can work locally in the étale topology of ¥ and
therefore (see Proposition 2.3) we can assume that G 1is split and that Y is connected.
We have a short exact sequence 1 - G — Aut(G) — C — 1 that splits (see [SGA 3
1970, Exposé XXIV, Theorem 1.3]), where C is a finite, étale, constant group scheme
over Y. Thus G is the identity component of Aut(G), and Aut(G) is a finite disjoint
union of right translates of G via certain Y-valued points of Aut(G). If the fibers
of Ad are closed embeddings, then the restriction of Ad to G is a closed embedding
(see Theorem 2.5), and thus also the restriction of Ad to any right translate of G
via a Y-valued point of Aut(G) is a closed embedding. The last two sentences
imply that Ad is a closed embedding. Thus, to finish the proof, we are left to check
that the fibers of Ad are closed embeddings. For this, we can assume that A is an
algebraically closed field.

As G is adjoint and A is a field, the restriction of Ad to G is a closed embedding.
Thus the representation Ad is a closed embedding if and only if each element
g € Aut(G)(A) that acts trivially on Lie(G) is trivial. We show that the assumption
that there exists a nontrivial element g leads to a contradiction. For this, we can
assume that G is absolutely simple and that g is a nontrivial outer automorphism
of G. Let T be a maximal torus of a Borel subgroup B of G and let n be the
dimension of 7.

For ¢t € Lie(T), let Cs(¢) be its centralizer in G; it is a subgroup of G that
contains 7". In this paragraph we check that, as G is adjoint, we can choose ¢ such
that C;(¢)° = T. We consider the root decomposition Lie(G) = Lie(T) @, ¢ 9o
with respect to 7', where ® is the root system of G and where each g, is a one-
dimensional A-vector space normalized by 7. Let A be the basis for ® such
that we have Lie(B) = Lie(T) @, 9«- As G is adjoint, A is a basis for the
dual A-vector space Lie(T)* (to be compared with [SGA 3; 1970, Exposé XXI,
Definition 6.2.6 and Exposé XXII, Definition 4.3.3]). Thus for each root o € A,
Ker(«) is an A-vector subspace of Lie(7T) of dimension n — 1. As each « € &
is conjugate under the Weyl group of & (equivalently of G) to an element of A
(see [Humphreys 1972, Chapter III, Section 10, Theorem]), we get that for each
o € A its kernel Ker(«) is an A-vector subspace of Lie(7") of dimension n — 1. We
choose ¢ € Lie(T) \ |, .o Ker(x). This implies that Lie(Cg(¢)) = Lie(T). From

aed
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this and the fact that T is a subgroup of Cg(¢), we get that C(¢) is a smooth group
of dimension n and therefore that C(1)° = T.

As g fixes t and Lie(B), it normalizes both Co()? =T and B. But it is well
known that a nontrivial outer automorphism g of G that normalizes both 7' and B
cannot fix Lie(B). Contradiction. Thus Ad is a closed embedding. O

We follow the ideas of [Vasiu 1999, Proposition 3.1.2.1(c) and Remark 3.1.2.2(3)]
in order to prove the next proposition.

Proposition 2.5.2. Let V be a discrete valuation ring whose residue field is k. Let
Y =SpecV and let K := Ky. Let f : HH — H) be a homomorphism between flat,
finite type, affine group schemes over Y such that H, is a reductive group scheme
and the generic fiber fx : H x — H g of f is a closed embedding. We have:

(a) The subgroup scheme Ker(fy : Hy  — Ha ) of Hy x has a trivial intersection
with each torus T\ x of H k. In particular, Lie(Ker( f;)) NLie(T7 ) = 0.

(b) The homomorphism f is finite.

(c) If char(k) =2, we assume that Hy g has no normal subgroup that is adjoint of
isotypic B, Dynkin type for some n € N*. Then f is a closed embedding.

Proof. Let p : Hy — GLj, be a closed embedding homomorphism, with M a
free V-module of finite rank (see [SGA 3; 1970, Exposé VIg, Remark 11.11.1]).
To prove the proposition we can assume that V is complete, that k = k, and that
fx : Hi.x — Hj i is an isomorphism. Let Hyp ; := Ker(fx). We now show that
the group scheme Hy ; N T} is trivial by adapting arguments from [Vasiu 1999,
Remark 3.1.2.2(3) and proof of Lemma 3.1.6]. As V is strictly henselian, the
maximal torus 77 ; of Hjj is split and (see Proposition 2.3) it lifts to a maximal
torus 77 of H;. The restriction of p o f to T} has a trivial kernel (as its fiber
over Spec K is trivial; see Lemma 2.3.2(b)) and therefore it is a closed embedding
(see Lemma 2.3.2(c)). Thus the restriction of f to 77 is a closed embedding
homomorphism 77 < H,. Therefore, the intersection Hy ; N 711k is a trivial group
scheme. Thus (a) holds.

We check (b). The identity component of the reduced scheme of Ker( f;) is a
reductive group that has O rank (see (a)) and therefore it is a trivial group. Thus f is
a quasifinite, birational morphism. From Zariski’s main theorem (see [Grothendieck
1966, Theorem 8.12.6]) we get that H, is an open subscheme of the normalization
H} of Hy. Let H3 be the smooth locus of H;' over Spec V; it is an open subscheme
of H; that contains Hy. As Hj is an open subscheme of the affine scheme Hy, it is
a quasiaffine scheme.

As Hj is smooth over Spec V, the products H3 Xspec v Hy' and H}' Xspec v H3
are smooth over H;' and thus are normal schemes. The product H}' Xgspecv Hj
is a flat scheme over Spec V whose generic fiber is smooth over Spec K. Its
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normalization (H,' Xgspec v H)" contains both H3 Xspec v Hy' and H}' Xspec v H3
as open subschemes and is equipped with a finite surjective morphism given by
(Hj Xspecv HY)" — Hj Xspec v Hy whose generic fiber is an isomorphism. The
product morphism H Xspec v H2 — H> induces a natural product-type morphism
© : (Hy Xspecv H))" — H;. Its restrictions to H3 Xgspec v Hy and H}' Xspec v H3
induce product-type morphisms H3 Xspec v Hy — H} and H} Xspecv H3 — Hj'.
This implies that for each valued point z € H} (V) it makes sense to speak about
the left z H3 and the right Hsz translations of Hj through z; they are smooth open
subschemes of H}' and thus of Hj. This implies that H3(V) = H, (V) and that ®
restricts to a product morphism H3 X spec v H3 — H3. The inverse automorphisms of
the (Spec V)-schemes H; and H, induce an inverse automorphism of the (Spec V)-
scheme HJ' which restricts to an inverse automorphism of the (Spec V)-scheme Hj.
With respect to its product morphism, its inverse automorphism, and its identity
section inherited from Hj, the subscheme H3 gets the structure of a (quasiaffine)
group scheme over Spec V that is of finite type.

As V is complete, it is also excellent (see [Matsumura 1980, Section 34]). Thus
the morphism H}' — H, is finite. The homomorphism f is finite if and only if
Hy; = H} and thus if and only if the set H,'(k) \ H;(k) is empty. We show that
the assumption H; # Hj,' leads to a contradiction. Let x € H}'(k) \ H (k). From
[Vasiu 2012¢, Lemma 4.1.5] applied to the completion of the local ring of x in H)',
we get that there exists a finite, flat discrete valuation ring extension V' of V for
which we have a valued point 7’ € H}'(V’) that lifts x (we recall that loc. cit. is
only a local version of the global result [Grothendieck 1967, Corollary 17.16.2]).
The flat (Spec V’)-scheme H;'\,, might not be normal but we have H; # H,' if and
only if H, v # Hy . Thus to reach a contradiction we can replace V by V', and
therefore we can assume that there exists a valued point z € H;' (V) = H3(V) which
lifts x. As x € H}'(k)\ H;(k), we have z € H3(V)\ H{(V). As H; is a subgroup
scheme of Hsi, all fibers of the homomorphism H; — Hj are closed. From this
and Theorem 2.5 we get that H; is a closed subscheme of Hj. Thus, as H3 is an
integral scheme and as Hz ¢ = Hj g, we get that H; = H3. This contradicts the
fact that z € H3(V) \ H;(V). Thus (b) holds.

We check (c). We show that the assumption Lie(Hp ) # O leads to a contra-
diction. From Lemma 2.4 applied to H;  and to any simple H; ;-submodule of
the left H; x-module Lie(Hp x), we get that char(k) =2 and that H; ; has a normal
subgroup Hj x isomorphic to SO,y for some n € N*. As Hy is adjoint, we
have a product decomposition Hy y = Hy j X speck Hs i of reductive groups. It lifts
(see [SGA 3 1970, Exposé XXIV, Proposition 1.21]) to a product decomposition
Hy = Hy Xspecv Hs, where Hy is isomorphic to SOp,11,y and where Hs is a
reductive group scheme over Spec V. This contradicts the extra hypothesis of (c).
Thus we have Lie(Hy x) = 0. Therefore, Hy is a finite, étale, normal subgroup
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of Hy . But Hy is connected and thus its action on Hy, via inner conjugation
is trivial. Therefore, we have Ho y < Z(H1)x < T1x. Thus Hox = Hox N Tk is
the trivial group; see (a). In other words, the homomorphism f; : Hj x — Hxrisa
closed embedding. Thus f : Hy — H, is a closed embedding homomorphism; see
Theorem 2.5. O

Remark 2.5.3. See [Vasiu 2005b, Theorem 1.2(b)] and [Prasad and Yu 2006,
Theorem 1.2] for two other proofs of Proposition 2.5.2(c).

3. Lie algebras with perfect Killing forms

Let A be a commutative Z-algebra. Let g be a Lie algebra over A which as an
A-module is projective and finitely generated. In this section we will assume that
the Killing form J; on g is perfect. Let Uy be the enveloping algebra of g, i.e.,
the quotient of the tensor algebra Tj of g by the two-sided ideal of T generated
by the subset {(x ® y —y ® x — [x, y] | x, y € g} of Tj. Let Z(Uj,) be the center
of Uy. The categories of left g-modules and of left Uy-modules are canonically
identified. We view g as a left g-module via the adjoint representation ad : g — glg;
let ad : U; — End(g) be the A-homomorphism corresponding to the left g-module g.
We refer to [Cartan and Eilenberg 1956, Chapter XIII] for the cohomology groups
H'(g, v) of a left g-module v (here i € N). We denote also by Hy:gQ@a9— Athe
A-linear map defined by J{; : g x g — A. Thus we have J{; € (g®4 9)" = g* Q4 g*.
Let ¢ : g = g" be the A-linear isomorphism defined naturally by J{;. It induces
an A-linear isomorphism ¢! ® ¢~! : g* ®4 g* = g ®4 g. The image Q of
d ' @] (Hy) € g®a g C Ty in Uj is called the Casimir element of the adjoint
representation ad : g — glg.

Lemma 3.1. For the Casimir element Q € Uy the following four properties hold.:

(a) if the A-module g is free and if {x1, ..., xu}and {y1, ..., ym} are two A-bases
for g such that for all i, j € {1, ..., m} we have Ky(x; ® y;) = &;j, then Q is
the image of the element ) .| x; ® y; of Ty in Ug;

(b) we have Q € Z(Uy);

(c) the Casimir element 2 is fixed by the group of Lie automorphisms of g (i.e.,
if o : Uy = Uy is the A-algebra automorphism induced by a Lie algebra
automorphism o : g => g, then we have o (2) = Q2);

(d) the Casimir element Q2 acts identically on g (i.e., ad(£2) = 1y).
Proof. Parts (a) and (b) are proved in [Bourbaki 1989, Chapter I, Section 3.7,
Proposition 11]. Strictly speaking, loc. cit. is stated over a field but its proof

applies over any commutative Z-algebra. This is so, as the essence of the proof
is [Bourbaki 1989, Chapter I, Section 3.5, Example 2] which is worked out over
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any commutative Z-algebra. In particular, [Bourbaki 1989, Chapter I, Section 3.5,
Example 3] can be easily stated over a commutative Z-algebra (by involving a perfect
invariant bilinear form over a commutative Z-algebra instead of a nondegenerate
invariant bilinear form over a field). We recall here that J{; is g-invariant, i.e.,
for all a, b, c € g we have an identity J{j(ad(a)(b), ¢) +Hy(b, ad(a)(c)) = 0 (see
[Bourbaki 1989, Chapter I, Section 3.6, (13) and Proposition 8]), and this is the
very essence of (b).

To check (¢) and (d), we can assume that the A-module g is free. Let {xy, ..., x,;}
and {yy, ..., Y} be two A-bases for g as in (a). Thus €2 is the image of Z;":l X QY
in U,. Therefore, o(£2) is the image of ) i~ o(x;) ® o (y;) in U;. As we have
Hy(o(xi),0(y;)) =& fori, j € {1,...,m}, from (a) we get that the image of
Yo o) ®o(yi) € Ty in Uy is Q. Thus o (Q) =

We check (d). Let z, w € g. We write ad(z) oad(w)(x;) = Y "

j=14jixj, with the
aj;s in A. Using the g-invariance of J; we compute

Ha(ad(R)(2), w)

m

= %(Z ad(x;) 0 ad(y)(2), w) =— ) Hg(ad(yi)(2), ad(x;)(w))

i=1 i=1

3

=) Hyad(z) (i), ad(x;)(w)) = — Z% (31> ad(z) 0 ad(x;) ()

i=1 i=1

3

m

= " Hy(yi, ad(z) o ad(w)(x;)) = Z ajidji =Y i = Hy(z, w),
i=1 i,j=1 i=1
where the last equality is due to the very definition of J. This implies that, for each
z € g, we have ad(2)(z) — z € Ker(¥y) = 0. Thus ad(2)(z) =z, i.e., (d) holds. [J

Fact 3.2. Leti € N. Let v be a left g-module on which Q2 acts identically. Then the
cohomology group H' (g, v) is trivial.

Proof. We have an identity H (g,0) = ExtiUg (A, v) of Z(Uy)-modules; see [Cartan
and Eilenberg 1956, Chapter XIII, Sections 2 and 8]. As 2 € Z(Ujy) acts trivially
on A and identically on b, the group 2 Ext’ (A v) is on one hand trivial and on the
other hand equal to Extl (A v). Therefore, Extl (A v) =0, and H' (g, v) =

Theorem 3.3. We recall that the Killing form 37{9 on g is perfect. Then the group
scheme Aut(g) over Spec A of Lie automorphisms of g is smooth and locally of
finite presentation.

Proof. To check this, we can assume that the A-module g is free. The group scheme
Aut(g) is a closed subgroup scheme of GL4 defined by a finitely generated ideal
of the ring of functions of GL4. Thus Aut(g) is of finite presentation. Therefore,
to show that Aut(g) is smooth over Spec A, it suffices to show that, for each
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affine morphism Spec B — Spec A and for each ideal j of B such that j?> = 0, the
restriction map Aut(g)(B) — Aut(g)(B/j) is onto (see [Bosch et al. 1990, Chapter 2,
Section 2.2, Proposition 6]). So as not to introduce extra notation by repeatedly
tensoring with B over A, we will assume that B = A. Thus j is an ideal of A and
we have to show that the restriction map Aut(g)(A) — Aut(g)(A/j) is onto.

Leto : g/jg = g/jg be a Lie automorphism. Let op : g = g be an A-linear
automorphism that lifts 0. Let jgs be the left g-module which as an A-module is jg
and whose left g-module structure is defined as follows: if x € g, then x acts on jgs
in the same way as ad(o (x)) (equivalently, as ad(op(x))) acts on the A-module
jg = jgs; this makes sense as j> = 0. Let 6 : g x g — jgs be the alternating map
defined by the rule

0(x,y) :=[oo(x), oo(y)] —oo([x, y]) forall x,yeg. (D
We check that 6 is a 2-cocycle, i.e., for all x, y, z € g we have an identity

do(x,y,2)
=x0(y,2)—yOx,2)+z(0(x, y)—0(x, yl, ) +0([x, z], y) —0([y, z], x)
=0.

Substituting (1) in the definition of d6, we get that the expression d6(x, y, z) is a
sum of 12 terms which can be divided into three groups as follows. The first group
contains the three terms

—oo(llx, yl. zD),  oo(llx, zl, yD), —oo(lly, z], xD;
their sum is 0 due to the Jacobi identity and the fact that oy is an A-linear map. The
second group contains the six terms
[o0(x), ooly, 2], —[oo(x), ooly, I, [oo(y), oolx, 1,
—[oo(y), oolx, zll,  [o0(2), oolx, y1I,  —Ilo0(2), oolx, y1I;

obviously their sum is 0. The third group contains the three terms

[oo(x), [o0(y), 00(2)]],  —[o0(y), [o0(x), 00(2)]],  [00(2), [o0(x), o0 (¥)]];

their sum is O due to the Jacobi identity. Thus, indeed, d6 = 0.

As 2 (i.e., ad(£2)) acts identically on g (see Lemma 3.1(d)), it also acts identically
on jg. But 2 modulo j is fixed by the Lie automorphism ¢ of g/jg; see Lemma 3.1(c).
Thus €2 also acts identically on the left g-module jgs. From this and Fact 3.2 we
get that H%(g, jgs) = 0. Thus 6 is the coboundary of a 1-cochain 8 : g — jgs, i.e.,
we have

0(x,y) =x(8(y)) —y((x)) =&([x,y]) forallx,yeg. (@)
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Let o : g => g be the A-linear isomorphism defined by the rule o (x) := 09 (x) —5(x);
here §(x) is an element of the A-module jg = jgs. Due to formulas (1) and (2),
we compute

o([x, yD) =oo([x, y]) —3([x, y])
= [o0(x), oo (M —O(x, y) —&([x, y])
= [o0(x), oo (M —x(5(y)) + y(8(x))
= [00(x), 00(y)] —ad(a (x))(8(y)) +ad(a (y))((x))
= [o0(x), 00(y)] — ad(o0p(x))(8(y)) +ad(o0) (y) (8 (x))
= [o0(x), o0 (¥)] — [o0(x), §(¥)]+ [00(¥), 8(x)]
= [oo(x) —8(x), o0(y) —8(¥)] = [6(x), 6(y)]
=[o(x),0(y)]—1[3(x),8(y)]
=[o(x), o (y)],

where the last identity follows from j? = 0. Therefore, o is a Lie automorphism of g
that lifts the Lie automorphism & of g/jg. Thus the restriction map Aut(g)(A) —
Aut(g)(A/j) is onto. O

3.4. Proof of Theorem 1.2. The functor ¥y is faithful; see Lemma 2.5.1. Thus to
prove Theorem 1.2 it suffices to show that &£y is surjective on objects and that £y
is fully faithful. To check this, as Adj-perf, and Lie-perf, are groupoids on sets
and as Ly is faithful, we can assume that ¥ = Spec A is affine. Thus to finish the
proof it suffices to check the following three properties:

(i) if g is an object of Lie-perf, (identified with a Lie algebra over A), then
there exists a unique open subgroup scheme Aut(g)" of Aut(g) which is an
adjoint group scheme over Y and whose Lie algebra is the Lie subalgebra ad(g)
of gly (therefore g = ad(g) is the image through £y of the object Aut(g)° of
Adj-perfy);

(ii) the group scheme Aut(Aut(g)?) of automorphisms of Aut(g)” is Aut(g) acting
on Aut(g)0 via inner conjugation (therefore Aut(g)(A) = Aut(Aut(g)O) (A));

(iii) if G and H are two objects of Adj-perfy such that Lie(G) = Lie(H), then G
and H are isomorphic.

To check the first two properties, we can assume that the A-module g is free
and of rank m € N*. Let k be the residue field of an arbitrary point y € Y. It is
well known that the Lie algebra Lie(Aut(g)s) is the Lie algebra of derivations of
Ok := g ®4 k. As this fact plays a key role in this paper, we include a proof of it.
The tangent space of Aut(g) at the identity element is identified with the set of
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automorphisms a of g, ®; k[e]/ (€2), which modulo & = ¢ + (¢2) are the identity
automorphism of g;. We can write each such automorphism as

a = lgeke)/ ) T Da ®E,

where D, is a k-linear endomorphism of g;. The condition that a respects the Lie
bracket (i.e., a([u, v]®1) =[a(@®1), a(v®1)] for all u, v € g;) is equivalent to the
condition that D, is a derivation of g;. The association a — D,, identifies the tangent
space of Aut(g); at the identity element with the k-vector space of derivations
of gx. Under this identification, the Lie bracket of a with an automorphism b of
gk Ok k[el]/(sf), which modulo &, = ¢ + (8%) is the identity automorphism of gy,
is the derivation of g; which corresponds to the automorphism

aba™'b™" = 1y grise1/e22) + [Das DplEE]

of gy ® k[ee; ]/(828%) and thus is the Lie bracket [D,, Dp] (¢ is used here instead
of ¢ so that this last part makes sense). Therefore, Lie(Aut(g)x) is the Lie algebra
of derivations of gy.

As the Killing form ¥, is perfect, one argues as in [Humphreys 1972, Chapter II,
Section 5.3, Theorem] that each derivation of g is an inner derivation. Thus we
have Lie(Aut(g);) = ad(g) ®4 k. As the group scheme Aut(g) over Y is smooth and
locally of finite presentation (see Theorem 3.3), from [SGA 3, 1970, Exposé VI,
Corollary 4.4] we get that there exists a unique open subgroup scheme Aut(g)? of
Aut(g) whose fibers are connected. The fibers of Aut(g)” are open-closed subgroups
of the fibers of Aut(g) and thus are affine.

Let Nj be a smooth, connected, unipotent, normal subgroup of Aut(g)g. The Lie
algebra Lie(Ny) is a nilpotent ideal of Lie(Aut(g)g) = ad(g) ®a k. Thus

Lie(Ny) C Ker(%Lie(Aut(g)g)) = Ker(%fad(g)@Ak);

see [Bourbaki 1989, Chapter I, Section 4.4, Proposition 6(b)]. As the Killing
form Haa(g),4k 18 perfect, we get Lie(Ny) = 0. Thus Ny is the trivial subgroup of
Aut(g)g, and therefore the unipotent radical of Aut(g)g is trivial. Thus Aut(g)g is
an affine, connected, smooth group over Spec k whose unipotent radical is trivial.
Therefore, Aut(g),? is a reductive group over Spec k; see [Borel 1991, Chapter 1V,
Section 11.21]. As Lie(Aut(g)g) = ad(g) ®4 k has trivial center, the group Aut(g)g
is semisimple. Thus the smooth group scheme Aut(g)? of finite presentation over ¥
has semisimple fibers. Therefore, Aut(g)° is a semisimple group scheme over Y;
see [SGA 3y 1970, Exposé X VI, Theorem 5.2(ii)]. As Z(Aut(g)o) % acts trivially on
Lie(Aut(g)g) =ad(g) ®4 k and as Z(Aut(g)")x is a subgroup of Aut(g), the group
Z(Aut(g)®)y is trivial. This implies that the finite, flat group scheme Z(Aut(g)?) is
trivial and thus Aut(g)° is an adjoint group scheme.
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The Lie subalgebras Lie(Aut(g)O) and ad(g) of gly are free A-submodules of the
Lie subalgebra [ of gl formed by derivations of g. As, for each point y of Y, we
have Lie(Aut(g)g) =ad(g) ®ak =[R4k, the Lie subalgebra [ is locally generated by
either Lie(Aut(g)O) or ad(g). We easily get the identities Lie(Aut(g)O) =ad(g) =1

The group scheme Aut(g) acts via inner conjugation on Aut(g)o. As we have
Lie(Aut(g)?) = ad(g) and as Aut(g) is a closed subgroup scheme of GLg, the
inner conjugation homomorphism Aut(g) — Aut(Aut(g)?) has trivial kernel. As
Aut(Aut(g)?) is a closed subgroup scheme of Aut(Lie(Aut(g)?)) = Aut(ad(g)) (see
Lemma 2.5.1), we can identify naturally Aut(Aut(g)?) with a closed subgroup
scheme of Aut(g). From the last two sentences, we get that Aut(Aut(g)O) = Aut(g).
Thus both properties (i) and (ii) hold.

To check that property (iii) holds, let g = Lie(G) = Lie(H). It suffices to
show that G and H are identified with Aut(g)?. We will work only with G. The
adjoint representation G — GL4 factors as composite closed embedding homo-
morphisms G — Aut(g)0 — Aut(g) — GLg4 (see Lemma 2.5.1 and [SGA 3
1970, Exposé XXIV, Theorem 1.3]). We get a closed embedding homomorphism
G — Aut(g)” between adjoint group schemes that have the same Lie algebra g
(see also property (i)). By reasons of dimensions, the geometric fibers of the
closed embedding homomorphism G — Aut(g) are isomorphisms, and therefore
G — Aut(g) is an isomorphism. Thus property (iii) holds as well. ([

The next proposition details the range of applicability of Theorem 1.2.

Proposition 3.5. (a) We recall that k is a field. Let H be a nontrivial semisimple
group over Speck. Then the Killing form Hyic(m) is perfect if and only if the
following two conditions hold:

(i) either char(k) equals O or char(k) is an odd prime p and H* has no simple

Jfactor of isotypic Ay, 1, Bpn+pr, Con—1, or Dp,i1 Dynkin type (here n € N¥);

(i) if char(k) = 3 (resp. char(k) = 5), then H* has no simple factor of isotypic
Es, Eq7, Eg, F4, G, (resp. isotypic Eg) Dynkin type.

(b) If Hiie(m) is perfect, then the central isogenies H** — H — H ad yre étale; thus,
by identifying tangent spaces at identity elements, Lie(H*) = Lie(H) = Lie(H).

Proof. We can assume that k = k and that trdeg(k) < oo. If char(k) = 0, then
Lie(H) is a semisimple Lie algebra over k and therefore the proposition follows
from [Humphreys 1972, Chapter II, Section 5.1, Theorem]. Thus we can assume
char(k) is a prime p € N*. If conditions (i) and (ii) hold, then p does not divide the
order of the finite group scheme Z(H*) = Ker(H* — H?) (see [Bourbaki 2002,
Plates I to IX]) and therefore (a) implies (b).

Let W (k) be the ring of p-typical Witt vectors with coefficients in k. Let Hy ) be
a semisimple group scheme over Spec W (k) that lifts H; see [SGA 33 1970, Exposé
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XXIV, Proposition 1.21]. Then Lie(Hy ) [%] = Lie(Hw)) [%] = Lie(H}y;,) [%].
This implies that:

(iii) the Killing form Hyie(ay, ) 18 the composite of the natural W (k)-linear map
Lie(Hwu)) x Lie(Hw ) — Lie(H{y,) x Lie(H} ;) with Ko, )

(iv) the Killing form Hyje(gsc ) is the composite of the natural W (k)-linear map
. Q, . Q, ( W(k)) . . .
Lie(Hy ) x Lie(Hy; ) — Lie(Hw k) x Lie(Hw k) With Hiie(my))-

We prove (a). We have Ker(Lie(H) — Lie(H adyy Ker(HLie(H)); see prop-
erty (iii). If Hyiecm) is perfect, then Ker(Lie(H) — Lie(H ady) = () and therefore
Lie(H) = Lie(H*). Thus to prove (a) we can assume that H = HY is adjoint.
Even more, to prove (a) we can also assume that the adjoint group H is simple; let
b be the Lie type of H. If b is not of classical Lie type, then Hy;ccm) is perfect if
and only if either p > 5 or p =5 and b # Eg (see [Humphreys 1995, Table, p. 49]).
Thus to prove (a), we can assume that b is a classical Lie type. We fix a morphism
Spec C — Spec W (k).

Suppose that b is either A, or C,. By the standard trace form on Lie(H*°)
(resp. Lie(H‘}?(k)) or Lie(H")) we mean the trace form I (resp. Tw) or I¢)
associated to the faithful representation of H* (resp. Hy;,, or Hg") of rank n + 1
if b= A, and of rank 2n if b = C,,. We have %Lie(HgC) =2(n+1)J¢; see [Helgason
1978, Chapter III, Section 8, (5) and (22)]. This identity implies that we also
have %Lie(Hvst(k)) =2(n+ )T w) and thus Hpiepscy = 2(n + 1)J. If p does not
divide 2(n + 1), then Lie(H*°) = Lie(H) and it is well known that J is perfect;
thus Hiiease) = Hiiewy = 2(n + 1)T is perfect. Suppose that p divides 2(n + 1).
This implies that i ey is the trivial bilinear form on Lie(H*¢). From this and
property (iv) we get that the restriction of Hye(x) to Im(Lie(H*) — Lie(H)) is
trivial. As dimy(Lie(H)/Im(Lie(H%®) — Lie(H))) =1 and as dimy (Lie(H)) > 3,
we easily get that J1 ;) is degenerate.

Suppose that b = B, (resp. b = D, with n > 4). If p > 2, then we have
Lie(H*¢) = Lie(H). Moreover, using [Helgason 1978, Chapter III, Section 8, (11)
and (15)], as in the previous paragraph we argue that Jyie(#) is perfect if p does not
divide 2(2n — 1) (resp. if p does not divide 2(n — 1)) and is degenerate if p divides
2n — 1 (resp. if p divides 2(n — 1)).

We are left to show that J{1 e is degenerate if p =2 and b = B,,. The group H
is (isomorphic to) the SO-group of the quadratic form xg +X1Xp41+ -+ XpX2, ON
W:=k>*! Let{e; ;|i, j€{0,1,...,n}be the standard k-basis for gly . The direct
sum n, ;= @1221 key,; is a nilpotent ideal of Lie(H); see [Borel 1991, Chapter V,
Section 23.6]. Thus n,, € Ker(Hpic(z)), by [Bourbaki 1989, Chapter I, Section 4.4,
Proposition 6(b)] applied to the adjoint representation of Lie(H ). Therefore, Hyie(m)
is degenerate.
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We conclude that () 1s perfect if and only if both conditions (i) and (ii) hold.
Therefore, (a) (and thus also (b)) holds. U

Remark 3.6. Let A and g be as in the beginning of this section.

(a) Let p € N* be a prime. Suppose that A is an algebraically closed field of
characteristic p. Let G be an adjoint group over Spec A such that g = Lie(G);
see Theorem 1.2. We have p # 2; see Proposition 3.5. Let Gz be the unique
(up to isomorphism) split, adjoint group scheme over Spec Z such that G is the
pullback of Gz to Spec A; see [SGA 31; 1970, Exposé XXV, Corollary 1.3]. We
have g = Lie(Gz) ®z A, i.e., g has a canonical model Lie(Gz) over Z. For p > 7,
this result was obtained in [Curtis 1957, Section 5, Theorem]. For p > 3, this result
was obtained by Seligman [1967, Chapter II, Section 10], Mills [1957], Mills and
Seligman [1957], and Block and Zassenhaus [1964]. For p = 3, this result was
obtained in [Brown 1969, Theorem 4.1]. It seems to us that the fact that p # 2 (i.e.,
that all Killing forms of finite dimensional Lie algebras over fields of characteristic 2
are degenerate) is new.

(b) Let B — A be an epimorphism of commutative Z-algebras whose kernel j is
a nilpotent ideal. Then g has, up to isomorphisms, a unique lift to a Lie algebra
over B which as a B-module is projective and finitely generated. One can prove
this statement using cohomological methods as in the proof of Theorem 3.3. The
statement also follows from Theorem 1.2 and the fact that Aut(g)° has, up to
isomorphisms, a unique lift to an adjoint group scheme over Spec B (this can be
easily checked at the level of torsors of adjoint group schemes; see [SGA 3; 1970,
Exposé XXIV, Corollaries 1.17 and 1.18]).

Corollary 3.7. Let Sc-perfy be the category whose objects are simply connected
semisimple group schemes over Y with the property that their Lie algebra Oy -
modules have perfect Killing forms and whose morphisms are isomorphisms of
group schemes. Then the functor £y : Sc-perfy — Lie-perfy, which associates to
a morphism f : G = H of Sc-perfy the morphism df : Lie(G) = Lie(H) of
Lie-perfy which is the differential of f, is an equivalence of categories.

Proof. The functor &5 is the composite of the canonical (‘division by the centers’)
functor %y : Sc-perf, — Adj-perfy with £y; the functor #y makes sense (see
Proposition 3.5(b)) and it is an equivalence of categories. Thus the corollary follows
from Theorem 1.2. (]

Corollary 3.8. The category Lie-perfy has a nonzero object if and only if Y is a
nonempty Spec Z[%]—scheme.

Proof. The ‘if’ part is implied by the fact that an sl Lie algebra Oy-module
has perfect Killing form. The ‘only if” part follows from the relation p # 2 of
Remark 3.6(a). U
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4. Proof of Theorem 1.4

In this section we prove Theorem 1.4. See Sections 4.1 and 4.2 for the proofs of
Theorem 1.4(a) and Theorem 1.4(b) (respectively). In Remark 4.3 we point out
that the hypotheses of Theorem 1.4 are indeed needed in general. We will use the
notation presented in Section 1.

4.1. Proof of Theorem 1.4(a). To prove Theorem 1.4 we can assume Y is also
integral. Let K := Ky be a field. If H is a reductive group scheme over Y, then we
have 9(H) = @ (Hy) and thus the uniqueness parts of Theorem 1.4 follow from
Proposition 2.2(b). Let [ be the Lie algebra Oy-module which extends Lie(Gy).

We prove Theorem 1.4(a). Due to the uniqueness part, to prove Theorem 1.4(a)
we can assume Y = Spec A is also local and strictly henselian. Let g := [(Y) be the
Lie algebra over A of global sections of [.

As U is connected, based on [SGA 3; 1970, Exposé XXII, Proposition 2.8] we
can speak about the split, adjoint group scheme S over Y of the same Lie type as all
geometric fibers of Gy . Let s := Lie(S). Let Aut(S) be the group scheme over Y of
automorphisms of S. We have a short exact sequence 1 — § — Aut(S) - C — 1,
where C is a finite, étale, constant group scheme over Y (see [SGA 3y 1970,
Exposé XXIV, Theorem 1.3]). Lety € H LU, Aut(S)y) be the class that defines
the form Gy of Sy.

We recall that GLy and GL; are the reductive group schemes over Y of linear
automorphisms of g and s (respectively). The adjoint representations define closed
embedding homomorphisms jy : Gy < GL4 y and i : § — GL; and, moreover,
i extends naturally to a closed embedding homomorphism Aut(S) — GLg; see
Lemma 2.5.1. Let § € H' (U, (GLs,p7)) be the image of y via the homomorphism
Aut(S)y — GLs .

We recall that the quotient sheaf for the faithfully flat topology of Y of the
action of S on GL, via right translations is representable by a Y-scheme GL, /S
that is affine and that causes GL; to be a right torsor of S over GL, /S (see [Colliot-
Thélene and Sansuc 1979, Corollary 6.12]). Thus GL, /S is a smooth, affine
Y-scheme. The finite, étale, constant group scheme C acts naturally (from the
right) on GL; /S and this action is free (see Lemma 2.5.1). From [SGA 3, 1970,
Exposé V, Theorem 4.1] we get that the quotient Y-scheme (GL; /S)/C is affine
and that the quotient epimorphism GL; /S — (GL; /S)/C is a finite étale cover.
Thus (GL; /S)/C is a smooth, affine scheme over Y that represents the quotient
sheaf for the faithfully flat topology of Y of the action of Aut(S) on GL; via right
translations. From constructions we get that GL; is a right torsor of Aut(S) over
GL; / Aut(S) := (GL; /S)/C.

The twist of iy via the class y is jy. This implies that the class § defines the torsor
that parametrizes isomorphisms between the pullbacks to U of the vector group
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schemes over Y defined by s and g. Therefore, as the A-modules s and g are isomor-
phic (being free and of equal ranks), the class § is trivial. Thus y is the cobound-
ary of a class in H(U, GLs y / Aut(S)y). But HO(U, GL, py / Aut(S)y) equals
HO(Y, GL, / Aut(S)) (see Proposition 2.2(b)) and therefore y is the restriction of a
class in H' (Y, Aut(S)). As Y is strictly henselian, each class in H Ly, Aut(S)) is
trivial. Thus y is the trivial class. Therefore, the group schemes Gy and Sy are iso-
morphic. Thus Gy extends to an adjoint group scheme G over Y isomorphic to S. [

4.2. Proof of Theorem 1.4(b). Letn: K — U be the geometric point of U which
is the composite of the natural morphisms Spec K — Spec K and Spec K — U.
We denote also by 1 : K — Y the resulting geometric point of Y. As Y (resp. U) is
normal and locally noetherian, from [SGA 3, 1970, Exposé X, Theorems 5.16 and
7.1] we get that there exists an antiequivalence of categories between the category
of tori over Y (resp. U) and the category of continuous 7 (Y, )-representations
(resp. continuous 7 (U, n)-representations) on free Z-modules of finite rank. As the
pair (Y, Y \ U) is quasipure, we have a canonical identification 7| (U, n) =7 (Y, n).
From the last two sentences we get that there exists a unique torus H? over ¥
which extends Hf}b.

Let H% be the adjoint group scheme over Y that extends H29; see Theorem 1.4(a).
Let F — H xy H® be the central isogeny over Y that extends the central isogeny
Hy — H¥ X spec k H2"; see Lemma 2.3.1(a). Both Fyy and Hy are the normalization
of H¥ xy H3" in Hy; see Lemma 2.3.1(b). Thus Hy = Fy extends uniquely to a
reductive group scheme H := F over Y (see the first paragraph of Section 4.1 for
the uniqueness part). (]

Remark 4.3. (a) Let Y1 — Y be a finite, nonétale morphism between normal,
noetherian, integral Spec Z (2)-schemes such that there exists an open subscheme U
of Y with the properties that: (i) Y \ U has codimension in Y at least 2, and (ii)
Y| xy U — U is a Galois cover of degree 2. Let Hy be the rank-1 nonsplit torus
over U that splits over Y1 xy U. Then Hy does not extend to a smooth, affine group
scheme over Y. If, moreover, ¥ = Spec A is an affine Spec F>-scheme, then we
have Lie(Hy)(U) = A and therefore Lie(Hy ) extends to a Lie algebra Oy-module
which as an Oy-module is free. Thus the quasipure part of the hypotheses of
Theorem 1.4(b) is needed in general.

(b) Suppose that Y = Spec A is local, strictly henselian, regular, and of dimension
n > 3. Let K := Ky. Let d € N* be such that there exists an A-submodule M
of K¢ that contains A¢, is of finite type, is not free, and satisfies the identity
M = ﬂVEQD(Y)M ®4 V (inside M ®4 K). A typical example (communicated to us
by Serre) isd =n — 1 and M = Coker(f), where the A-linear map f: A — A"
takes 1 to an n-tuple (xy, ..., x,) € A" of regular parameters of A.
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Let & be the coherent Oy-module defined by M. Let U be an open subscheme
of Y such that Y \ U has codimension in Y at least 2 and the restriction &y of &
to U is a locally free Oy-module. Let Hy be the reductive group scheme over U
of linear automorphisms of %;;. We recall the reason why the assumption that Hy
extends to a reductive group scheme H over Y leads to a contradiction. The group
scheme H is isomorphic to GL4 4 (as A is strictly henselian), and therefore there
exists a free A-submodule L of K¢ of rank d such that H =GL;. As A is a unique
factorization domain (being local and regular), it is easy to see that there exists an
element f € K such that the identity M ®4 V = fL ®4 V holds for each V € &(Y).
This implies that M = fL. Thus M is a free A-module. Contradiction.

As Hy does not extend to a reductive group scheme over Y and as the pair
(Y, Y\ U) is quasipure, from Section 4.2 we get that Hf}d also does not extend to an
adjoint group scheme over Y. Thus the Lie part of the hypotheses of Theorem 1.4(a)
is needed in general.

5. Extending homomorphisms via schematic closures

In this section we prove two results on extending homomorphisms of reductive
group schemes via taking (normalizations of) schematic closures. Proposition 5.1
complements Theorem 1.4(b) and Proposition 2.5.2, and Proposition 5.2 refines
[Vasiu 1999, Lemma 3.1.6].

Proposition 5.1. Let Y be a normal, noetherian, integral scheme. Let K := Ky. Let
U be an open subscheme of Y such that the codimension of Y \ U in'Y is at least 2.
Let Hy be a reductive group scheme over U and let G be a reductive group scheme
over Y. We assume we have a finite homomorphism py : Hy — Gy whose generic
fiber over Spec K is a closed embedding. We assume that one of the following two
properties holds:

(1) Hy extends to a reductive group scheme H over Y, or

(i) Y =Spec R is a local regular scheme of dimension 2 (thus U is the complement
in Y of the closed point of Y).

Then the following three properties hold:

(a) There exists a unique reductive group scheme H over Y which extends Hy.

(b) The homomorphism py extends uniquely to a finite homomorphism p : H - G
between reductive group schemes over Y.

(c) If there exists a point of Y \ U of characteristic 2, we assume that Hg has no
normal subgroup that is adjoint of isotypic B, Dynkin type for some n € N*.
Then p : H — G is a closed embedding.
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Proof. If (i) holds, then the uniqueness of Hy follows from Proposition 2.2(b). Thus
to prove (a) we can assume that property (ii) holds. As (ii) holds, the pair (¥, Y\ U)
is quasipure (see Section 1) and the Lie algebra Oy-module Lie(Hy ) extends to a
Lie algebra Oy-module which is a free Oy-module (by Proposition 2.2(c) and the
fact that Y is local). Thus the hypotheses of Theorem 1.4(b) hold, and therefore
from Theorem 1.4(b) we get that there exists a unique reductive group scheme H
over Y that extends Hy. Thus (a) holds.

To prove (b) and (c) we can assume that ¥ = Spec R is an affine scheme. We write
H = Spec Ry and G = Spec Rg. As 9(H) = 9(Hy) and 9(G) = 9(Gy), from
Proposition 2.2(a) we get that Ry and R¢ are the R-algebras of global functions of
Hy and Gy (respectively). Let Rg — Ry be the R-homomorphism defined by py
and let p : H — G be the morphism of Y-schemes it defines. The morphism p is a
homomorphism, as it is so generically. To check that p is finite, we can assume
that R is complete. Thus Ry and R are excellent rings; see [Matsumura 1980,
Section 34]. Therefore, the normalization H = Spec Ry of the schematic closure
of Hk in G is a finite, normal G-scheme.

The identity components of the reduced geometric fibers of p are trivial groups;
see Proposition 2.5.2(a) or (b). Thus p is a quasifinite morphism. From Zariski’s
main theorem (see [Grothendieck 1966, Theorem 8.12.6]) we get that H is an open
subscheme of H’. But from Proposition 2.5.2(b) we get that the morphism H — H'
satisfies the valuative criterion of properness with respect to discrete valuation
rings which contain R. As each local ring of H’ is dominated by such a discrete
valuation ring, we get that the morphism H — H' is surjective. Therefore, the open,
surjective morphism H — H’ is an isomorphism. Thus p is finite, i.e., (b) holds.

We prove (c). The pullback of the homomorphism p : H — G via each dominant
morphism Spec V — Y, with V a discrete valuation ring, is a closed embedding
(see Proposition 2.5.2(c)). This implies that the fibers of p are closed embeddings.
Thus the homomorphism p is a closed embedding; see Theorem 2.5. U

We have the following refinement of [Vasiu 1999, Lemma 3.1.6].

Proposition 5.2. Let G be a reductive group scheme over a reduced, affine scheme
Y =Spec A. Let K be a localization of A. Let s e N*. For je{l,...,s}let Gj g be
a reductive, closed subgroup scheme of Gg. We assume that the group subschemes
G, k commute among themselves and that either

(1) the direct sum @‘;ZILie(Gj,K) is a Lie subalgebra of Lie(Gg), or
(i) s =2, Gy k is a torus, and G, g is a semisimple group scheme.

Then the closed subgroup scheme G  of Gk generated by the group subschemes
G, k exists and is reductive. Moreover:

(a) If condition (i) holds, then Lie(Go ) = @jzlLie(Gj,K).
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(b) We assume that for each j € {1, ..., s} the schematic closure G; of Gj x in G
is a reductive group scheme over Y. Then the schematic closure Gy of Go g
in G is a reductive, closed subgroup scheme of G.

Proof. Let A be the category whose objects Ob(A) are finite subsets of K and whose
morphisms are the inclusions of subsets. For « € Ob(A), let K, be the Z-subalgebra
of K generated by o and let A, := AN K,. We have K = ind limycona) K and
A =ind limyeon(a)Aq- The reductive group schemes G; g are of finite presentation.
Based on this and [Grothendieck 1966, Theorems 8.8.2 and 8.10.5], one gets that
there exists a B € Ob(A) such that each Gj g is the pullback of a closed subgroup
scheme G; g, of Gk,. For a 2 B, the set C(«) of points of Spec K,, with the property
that the fibers over them of all morphisms G; g, — Spec K, are (geometrically)
connected is a constructible set (see [Grothendieck 1966, Theorem 9.7.7]). We have
proj limy, cop(4)C (@) = Spec K. From this and [Grothendieck 1966, Theorem 8.5.2],
we get that there exists a 81 € Ob(A) such that 8 2 B and C(B1) = Spec Kj,.
Thus, by replacing 8 with 8, we can assume that the fibers of all morphisms
Gj k, — Spec Kp are connected. A similar argument shows that, by enlarging 8, we
can assume that all morphisms Gj g, — Spec Kz are smooth and that their fibers are
reductive groups (the role of [Grothendieck 1966, Theorem 9.7.7] being replaced
by [Grothendieck 1966, Corollary 9.9.5] applied to the @GJ., «-module Lie(Gj k,)
and by [SGA 3, 1970, Exposé XIX, Corollary 2.6]). Thus each G;, Ks is a reductive
closed subgroup scheme of Gg,. The smooth group schemes G; g, commute
among themselves, as this is so after pullback through the dominant morphism
Spec K — Spec Kg. By enlarging B, we can also assume that either condition (i) or
condition (ii) holds for the G; k,s and that Kp is a localization of Ag. By replacing
A with the local ring of Spec Ag dominated by A, to prove the proposition we can
assume that A is a localization of a reduced, finitely generated Z-algebra.

Using induction on s € N*, it suffices to prove the proposition for s =2. Moreover,
we can assume that K = Ky. For the sake of flexibility, in what follows we will
only assume that A is a reduced, noetherian Z-algebra; thus K is a finite product of
fields. As all the statements of the proposition are local for the étale topology of Y,
it suffices to prove the proposition under the extra assumption that G and G, are
split (see Proposition 2.3). Let Cx := G1 ¢ N G2 k be a closed subgroup scheme
of G; g that commutes with G; k, j € {1, 2}. The Lie algebra Lie(Cy) is included
in Lie(G1 k) NLie(G2 k) and therefore it is trivial if condition (i) holds. Thus if
condition (i) holds, then Ck is a finite, €étale, closed subgroup scheme of Z(G; k). If
condition (ii) holds, then Ck is a closed subgroup scheme of both G| x = Z(G k)
and Z(G2, k) and thus (as K is a finite product of fields) it is a finite group scheme
of multiplicative type.

Let C be the schematic closure of Cx in G. Let T; be a maximal torus of G;.
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We have
Ck <Z(G1k)NZ(Grg) ST,k NThk <G,k NG gk =Ck

and thus Cx = T1 xk NT» k. Let T} xy T, — G be the product homomorphism. The
kernel 8 of this product homomorphism is a group scheme over Y of multiplicative
type (see Lemma 2.3.2(a)) isomorphic to 77 N 7». But K x => Cg is a finite
group scheme over Spec K and therefore R is a finite, flat group scheme over Y of
multiplicative type (see Lemma 2.3.2(b)). Thus 71N T is a finite, flat group scheme
over Y. From this, the identity Cx = (71 N T3) g, and the definition of C we get that
C =TNT,. We conclude that C is a finite, flat group scheme over Y of multiplicative
type contained in the center of both G| and G,. We embed C in G| X y G, via the nat-
ural embedding C < G and via the composite of the inverse isomorphism C = C
with the natural embedding C < G,. Let G := (G| xy G2)/C be a reductive
group scheme over Y. We have a natural product homomorphism g : G;2 — G
whose pullback to Spec K can be identified with the closed embedding homomor-
phism Go ¢ < Gg. Therefore, G g is a reductive group scheme over Spec K.
Moreover, if condition (i) holds, then as Ck is étale we have natural identities

Lie(G1,x) @ Lie(G2 ) = Lie(G12,x) = Lie(Go,x).

Thus (a) holds. If g is a closed embedding, then g induces an isomorphism
G1.2 = Gy, and therefore Gy is a reductive, closed subgroup scheme of G. Thus
to finish the proof of (b), we only have to show that the homomorphism ¢ is a
closed embedding.

To check that ¢ is a closed embedding, it suffices to check that the fibers of ¢
are closed embeddings (see Theorem 2.5). For this we can assume that A is a
complete discrete valuation ring which has an algebraically closed residue field k;
this implies that G is a flat, closed subgroup scheme of G. Let n := Lie(Ker(gy)).
From Proposition 2.5.2(a) and Lemma 2.4 we get that either (iii) n = 0 or (iv)
char(k) =2 and there exists a normal subgroup Fy of G 7 x which is isomorphic to
SO2,+1.x for some n € N* and for which we have Lie(F;) Nn # 0. We show that
the assumption that condition (iv) holds leads to a contradiction. Let F be a normal,
closed subgroup scheme of G, that lifts F; and that is isomorphic to SOy, 41,4
(see the last paragraph of the proof of Proposition 2.5.2(c)). Let jo € {1, 2} be
such that F' <1 Gj, <0 G2 (if condition (ii) holds, then jo = 2). As Gj, is a closed
subgroup scheme of G, we have Lie(Gj, x)Nn = 0 and therefore also Lie(F;)Nn=0.
Contradiction. Thus condition (iv) does not hold, and therefore condition (iii) holds.
Consequently, Ker(gy) has a trivial Lie algebra, and so it is a finite, étale, normal
subgroup of G 2 . Thus Ker(gy) is a subgroup of Z(G 2 ) and therefore also of
each maximal torus of G1 > ;. From this and Proposition 2.5.2(a) we get that Ker(gy)
is trivial. Therefore, gy is a closed embedding; thus g is a closed embedding. [
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Actions of some pointed Hopf algebras
on path algebras of quivers

Ryan Kinser and Chelsea Walton

We classify Hopf actions of Taft algebras T'(n) on path algebras of quivers, in the
setting where the quiver is loopless, finite, and Schurian. As a corollary, we see
that every quiver admitting a faithful Z,-action (by directed graph automorphisms)
also admits inner faithful actions of a Taft algebra. Several examples for actions
of the Sweedler algebra T'(2) and for actions of 7((3) are presented in detail. We
then extend the results on Taft algebra actions on path algebras to actions of the
Frobenius-Lusztig kernel u, (sl,), and to actions of the Drinfeld double of T'(n).
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1. Introduction

Let n be an integer > 2 and let K be a field containing a primitive n-th root of unity
¢. Both k and n will be fixed but arbitrary subject to this condition throughout the
paper. Note that if char(k) = p > 0, this implies that p and n are coprime. All
algebras in this work are associative K-algebras and let an unadorned ® denote Q.

Generalizing the classical notion of a group acting on an algebra by automor-
phisms, one can consider actions of Hopf algebras (e.g., quantum groups). However,
one obstacle is that the intricate structure of a Hopf algebra often prevents nontrivial
actions on an algebra. When such actions exist, they can be difficult to construct and

MSC2010: primary 16T05; secondary 05C20, 16S99.
Keywords: Hopf action, module algebra, path algebra, Schurian quiver, Taft algebra.

117


http://msp.org
http://msp.org/ant/
http://dx.doi.org/10.2140/ant.2016.10-1
http://dx.doi.org/10.2140/ant.2016.10.117

118 Ryan Kinser and Chelsea Walton

are not generally well understood. This paper presents a case where a classification
of these actions is achieved. Here, we consider actions of some finite dimensional,
pointed Hopf algebras, namely actions of Taft algebras (Definition 2.1) as a start.
Taft algebras can be thought of as Borel subalgebras of the Frobenius—Lusztig kernel
uqy(slr). The algebra being acted upon is the path algebra of a quiver, and actions
are subject to Hypothesis 1.2. All necessary background, including definitions, is
recalled in Section 2. In particular, we address the following question:

Question 1.1. When does the path algebra of a quiver admit a nontrivial action of
a (finite dimensional, pointed) Hopf algebra? Specifically, of a Taft algebra?

Actions by Taft algebras are referred to as Taft actions for short. We give a
complete answer to the question above for Taft actions, and extend Taft actions to
actions of the quantum group u, (sl>) and actions of the Drinfeld double of a Taft
algebra, under the following conditions.

Hypothesis 1.2. Unless stated otherwise, we impose the assumptions below:

(a) The quiver Q is finite, loopless, and Schurian.

(b) Hopf actions preserve the ascending filtration by path length of the path
algebra kQ.

It is easy to see that Q must at least admit a nontrivial action of the cyclic
group Z, (namely, the group of grouplike elements of 7(n)) to admit a nontrivial
action of the n-th Taft algebra T'(n); see Example 3.13. Since Hopf algebras and
quantum groups are generalizations of group algebras, we are interested in when a
path algebra of a quiver that admits classical cyclic symmetry admits additional
“quantum symmetry”, loosely speaking. Our strategy is to identify a class of quivers
which is small enough so that we can explicitly describe all Taft actions on their path
algebras, but large enough so that every quiver admitting a Taft action is a union of
quivers in this class. We call these quivers the Z,,-minimal quivers (Definition 4.3).
The reader may wish to look over Section 5 early on for a complete account of the
case n = 2: actions of the Sweedler algebra 7(2) on Z,-minimal quivers.

To begin, we first note that any action on a path algebra must restrict to an
action on the subalgebra generated by the vertices, by Hypothesis 1.2(b). So we
start by classifying Taft actions on products of fields in Proposition 3.5. Then, the
form of actions on vertices places significant restrictions on actions on the arrows.
The following theorem summarizes our results, with reference to more detailed
statements in the body of the paper. Here, we let g and x be the standard generators
of T(n), where g is grouplike, x is (1, g) skew-primitive, and xg = ¢ gx for £ some
primitive n-th root of unity (see Section 2A). We identify the cyclic group generated
by g with Z,,.
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Theorem 1.3. Let Q be a quiver, and suppose we have a Taft action on its path
algebra KQ.

(a) The Taft action determines an action of Z,, on Q by quiver automorphisms
(Lemma 3.2).

(b) Each Z,-orbit of vertices is stable under T(n). If we let {ey, ..., en} be the
collection of trivial paths corresponding to some orbit of vertices, numbered
so that g - e; = e; 1 with subscripts taken modulo m, then the action of x on
these is given by

x-ei=yl'ei—yi e,
for any scalar y € K (Proposition 3.5).

(c) For each arrow a of Q, the action of x on a is given by
x-a=aa+ p(g-a)+ro(a),

for some scalars a, B, and A. Here, o (a) is an arrow or trivial path with the
same source as a and the same target as g - a (Notation 3.9, Proposition 3.10).
Furthermore, when Q is a Z,,-minimal quiver, these scalars are determined
explicitly by the formulae (6.2) and (6.4) (Theorems 6.1, 6.3).

With an explicit parametrization of Taft actions on path algebras of Z,,-minimal
quivers, it remains to show that this is sufficient to parametrize Taft actions on path
algebras of quivers subject to Hypothesis 1.2. To do this, we introduce the notion of
a Z,-component of a quiver with Z,-action (Definition 7.1). These are the smallest
subquivers of Q which have at least one arrow and are guaranteed to be stable under
the action of T'(n) for any choice of parameters. Moreover, see Definition 7.4 for
the notion of a compatible collection of Taft actions.

Theorem 1.4 (Lemmas 7.2, 7.3, Theorem 7.5, Corollary 7.6). Fix an action of Z,,
on a quiver Q. Then, Q decomposes uniquely into a union of its Z, components,
and any Taft action on KQ restricts to an action on each component. Moreover,
this decomposition gives a bijection between Taft actions on KQ and compatible
collections of Taft actions on the Z,-components of Q. In particular, any path
algebra of a quiver with a faithful action of Z,, admits an inner faithful action of the
n-th Taft algebra T(n).

As mentioned above, we extend these results to get actions of other finite dimen-
sional, pointed Hopf actions on path algebras of quivers.

Theorem 1.5 (Theorems 8.10, 8.21, Section 8C). Fix an action of Z,, on a quiver Q.
Let g €k be a2n-th root of unity. Additional restraints on parameters are determined
so that the Taft actions on the path algebra of Q produced in Theorems 1.3 and 1.4
extend to an action of the Frobenius—Lusztig kernel u,(sly) and to an action of the

Drinfeld double of T(n).
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As a consequence of the theorem above, we obtain that path algebras of quivers,
that admit Z,-symmetry, are algebras in the category of Yetter—Drinfeld modules
over T(n) by Majid [1991]; see also [Radford 2012, Exercise 13.1.6]. Hence,
motivated by the process of bosonization, or Radford’s biproduct construction to
produce (potentially new) Hopf algebras (see [Majid 1994; Radford 2012, Theo-
rems 11.6.7, 11.6.9]), we pose the following question.

Question 1.6. Let Q be a quiver that admits Z,-symmetry. When does the path
algebra kQ admit the structure of a Hopf algebra in the category of Yetter—Drinfeld
modules over T(n)?

1A. Comparisons to other work. A path algebra kQ is naturally a coalgebra,
where the comultiplication of a path is the sum of all splits of the path. There
are previous studies on extending the coalgebra structure on KQ to a graded Hopf
algebra, most notably Cibils and Rosso’s work [1997; 2002] on Hopf quivers. Here,
when KQ admits the structure of a Hopf algebra, the group of grouplike elements
of KQ consists of the vertex set Q¢ of Q. Moreover, any arrow a € Q1 is a skew-
primitive element as A(a) = s(a) ® a +a ® t(a). One example of their theory is a
construction of 7'(rn) from a Hopf quiver, and in this case it has the regular action
on the path algebra of this quiver. Our study produces many more examples of Taft
actions on path algebras, as our construction allows for nontrivial actions on path
algebras of any quiver that admits Z,-symmetry.

Our work also has some intersection with [Gordienko 2015]. On the one hand,
Gordienko works in the setting of Taft actions on arbitrary finite dimensional
algebras, whereas path algebras of quivers are not always finite dimensional. For
example, Gordienko’s Theorem 1 classifies Taft algebra actions on products of
matrix algebras, while our Proposition 3.5 only classifies Taft algebra actions on
products of fields (equivalently, path algebras of arrowless quivers). On the other
hand, Gordienko’s classification [2015, Theorem 3] is restricted to actions giving
T(n)-simple module-algebras, whereas we have classified all Taft actions on path
algebras (subject to Hypothesis 1.2). With the exception of special parameter values,
the path algebras in this work are not simple with respect to the Taft algebra action:
one can easily see from our explicit formulas that the Jacobson radical (the ideal
generated by the arrows of Q) is typically a nontrivial two-sided T'(n)-invariant ideal.

There is an abundance of literature on both the study of quantum symmetry
of graphs and group actions on directed graphs from the viewpoint of operator
algebras, including [Banica 2005; Banica et al. 2007; Bates et al. 2012; Bichon 2003;
Kumjian and Pask 1999]. Connections to our results merit further investigation.

Other works investigating relations between path algebras of quivers and Hopf
algebras can be found in [Chen et al. 2004; Huang and Liu 2010; Huang et al. 2010;
van Oystaeyen and Zhang 2004; Zhang 2006].
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Montgomery and Schneider [2001] provide similar results for actions of Taft
algebras, and extended actions of u,(sl;) and of D(T(n)), on the commutative
algebras: K(u), and K[u]/(u™ — B) with B € k.

2. Background

We begin by defining Taft algebras and Hopf algebra actions. We then discuss path
algebras of quivers, which will be acted on by Taft algebras throughout this work.

2A. Taft algebras and Hopf algebra actions. Let H be a Hopf algebra with co-
product A, counit ¢, and antipode S. A nonzero element g € H is grouplike if
A(g) = g ® g, and the set of grouplike elements of H is denoted by G(H). This
forces (g) =1 and S(g) = g~ !. Anelement x € H is (g, g')-skew-primitive, for
grouplike elements g, ¢’ of H, when A(x) = g®x +x ® ¢g’. In this case, e(x) =0
and S(x) = —g~'xg’~!. The following examples of Hopf algebras will be used
throughout this work.

Definition 2.1 (Taft algebra T(n), Sweedler algebra 7'(2)). The Taft algebra T(n)
is a n”-dimensional Hopf algebra generated by a grouplike element g and a (1, g)-
skew-primitive element x, subject to relations:

g"=1, x"=0, xg=r¢gx

for ¢ a primitive n-th root of unity. The 4-dimensional Taft algebra 7'(2) is known
as the Sweedler algebra.

Note that G(T'(n)) is isomorphic to the cyclic group Z,, generated by g.

We now recall basic facts about Hopf algebra actions; refer to [Montgomery
1993] for further details. A left H-module M has left H-action structure map
denoted by - : H ® M — M. We use Sweedler notation A(h) =Y h; ® h; for
coproducts.

Definition 2.2 (H -action). Given a Hopf algebra H and an algebra A, we say that
H acts on A (from the left) if, forall . € H and p, g € A,

(a) A is aleft H-module;
() h-(pq) =2 (h1-p)(h2-q); and
(€) h-14 =¢(h)14.

In this case, we say that A is a left H-module algebra. Equivalently, the multiplica-
tion map p4: A® A — A and unit map n4: K— A are morphisms of H-modules,
so A is an algebra in the monoidal category of left H-modules.

For the Taft actions in this work, consider the following terminology.
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Definition 2.3 (extending a G-action). Given an action of a group G on an algebra
A, we say that an action of a Hopf algebra H on A extends the G-action on A if the
restriction of the H -action to G (H) agrees with the G-action via some isomorphism
G(H)~G.

In this paper, we are interested in the case where G = Z,, and H = T'(n) in the
above definition. Moreover, it is useful to restrict to H-actions that do not factor
through proper quotient Hopf algebras.

Definition 2.4 (inner faithful). A module M over a Hopf algebra H is inner faithful
if the action of H on M does not factor through a quotient Hopf algebra of H; that
is, IM # 0 for any nonzero Hopf ideal / C H. A Hopf action of H on an algebra
A is inner faithful if A is inner faithful as an H-module.

The following lemma is likely known to experts, but does not seem to be readily
accessible in the literature, so we provide a proof.

Lemma 2.5. Every nonzero bi-ideal of T(n) contains x. Therefore, a Taft action on
an algebra A is inner faithful if and only if x - A # 0.

Proof. Writing H := T(n), since H = H™* as Hopf algebras it suffices to prove the
dual statement. Namely, since x generates the radical of H, the dual approach is to
show that every proper sub-bialgebra of H is contained in the coradical of H.
Suppose that A € H is a nonzero Hopf sub-bialgebra of H which is not contained
in the coradical of H. We will show that A = H. Since the coradical H, of H is
the span of the grouplike elements {g’ |i =0, ..., n — 1}, we have that A contains
a nonzero element f = hx’/+ (terms of lower x-degree), where j > 1 and h € Hj.
Say, h = Z;ZO vag?, for vy € k with v; # 0. Since A inherits the coproduct from H,

i
INOTEDEDY [jz];"z'g"xj"Z ®vig/ ",
£=0

which is in A ® A. Here, the equality above holds by [Radford 2012, Lemma 7.3.1].
By the maximality of j and i and by taking £ =0 above, we have that f € A implies
g'x/ € A. Now applying A to g'x/ yields g'x/~¢ e Afor £ =0,..., j. So, we get
g'x € A. Likewise, apply A to g'x to conclude that g, g'*! € A. Since g has finite
multiplicative order, g~/ € A as well. Thus, both g and x are in A, so A = H, as
desired. ]

So the extension of a faithful cyclic group (Z,,) action on an algebra A to a Taft
algebra (T'(n)) action is inner faithful if and only if x - A # 0. To study module
algebras of T'(n), the following standard fact will also be of use.
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Lemma 2.6. For each T(n)-action on an algebra A, there is a natural action of
T(n) on the opposite algebra (A°P, %), say denoted by ¢, as follows:

gop=g¢'p and xop=g'x-p. 2.7

This gives a bijection between T(n)-actions on A and on AP,

Proof. For any Hopf algebra H and algebra A, we get that A is an H-module
algebra if and only if (A°P, %) is an HP-module algebra. Here, H°°P is the co-
opposite algebra of H and A®P =10 A with ()" ® ho) =Y hy ® hy. Indeed,
h-(pq)=h-(qgxp)=>_(ha-q)*(h1-p) =) (hi-p)(h2-q). The map sending g
to g~ and x to g~ !x gives an isomorphism T'(n) = T(n)°P as Hopf algebras, and
the result follows. ]

2B. Path algebras of quivers. A quiver is another name for a directed graph, in
the context where the directed graph is used to define an algebra. Here, we review
the basic notions and establish notation. More detailed treatments can be found in
the texts [Assem et al. 2006; Schiffler 2014]. Formally, a quiver Q = (Qy, Q1, 5, t)
consists of a set of vertices Qy, a set of arrows Q, and two functions s, t: Q1 — Qo
giving the source and target of each arrow, visualized as

s(a) SN t(a).

A path p in Q is a sequence of arrows p = aa; - - - a; for which ¢ (a;) = s(a;+1)
for 1 <i <€ —1. (Note that we read paths in left-to-right order.) The length of p
is the number of arrows £. There is also a length O trivial path e; at each vertex
i € Qp, with s(e;) =t(e;) =1.

A quiver Q has a path algebra KQ whose basis consists of all paths in Q, and
multiplication of basis elements is given by composition of paths whenever it is
defined, and O otherwise. More explicitly, we have the following definition.

Definition 2.8 (path algebra). The path algebra KQ of a quiver Q is the k-algebra
presented by generators from the set Qg U O with the relations

(a) Zier ei=1;
(b) eej = Sijei for all ei,ej € Qo; and
(c) a=egqa=ae;q forall a € Q.

Condition (a) is due to the assumption that |Q¢| < oco. Further, ¢; is a primitive
orthogonal idempotent in KQ for all i. So, KQ is an associative algebra with unit,
which is finite dimensional if and only if Q has no path of positive length which
starts and ends at the same vertex. Notice that KQ has a natural ascending filtration
by path length. Namely, if we let F; be the subspace of KQ spanned by paths of
length at most i, then F; - F; € Fjj.
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Definition 2.9 (Schurian). A quiver Q is said to be Schurian if, given any two
vertices i and j, there is at most one arrow which starts at i and ends at j.

Note that the definition above does not exclude oriented 2-cycles.

Definition 2.10 (covering, gluing, ®). A quiver Q is covered by a collection of
subquivers 0',...,0"ifQ= U; Q'. We say Q is obtained by gluing the collection
Q',..., Q" if the collection covers Q, and in addition Q' N Q7 consists entirely
of vertices when i # j; in this case, write

0=0'®---®Q"

Remark 2.11. If a quiver Q is obtained by gluing subquivers Q', ..., Q" then we
get that kQ is the factor of the free product of path algebras KQ' - - -xkQ" by the
ideal generated by {e; , — e, ,}, where for each pair (i, j), the index v varies over
the vertices of Q' N Q7. Here, e, , indicates the trivial path at v, for v € (Q%)o.

2C. Group actions on path algebras of quivers. Now we consider group actions
on quivers and on their path algebras.

Definition 2.12 (quiver automorphism). Let Q, Q' be quivers, and consider two
maps of sets fo: Qo — Qg and fi: Q1 — Q.

(1) We say that the pair f = (foy, f1) is a quiver isomorphism if each of these
maps is bijective, and they form a commuting square with the source and target
operations. That is, for all @ € Q| we have

(foos)(a) = (so fi)(a) and (foor)(a)=(ro f1)(a).

(2) We say that the pair f = (fo, f1) is a quiver automorphism of Q if f satisfies
(I)and Q' = Q.

(3) A group G is said to act on Q, or Q is G-stable, if G acts on the sets Q¢ and
Q1 such that each element of G acts by a quiver automorphism.

Remark 2.13. A quiver automorphism induces an automorphism of its path algebra,
but not every automorphism of a path algebra is of this form. See Lemma 3.2.

Remark 2.14. Given a quiver Q, we can form the opposite quiver QP by inter-
changing the source and target functions s and ¢. It is clear from the definition
of the path algebra that k(Q°P) = (kQ)°P. Hence, Lemma 2.6 implies there is a
bijection between T'(n)-actions on KQ and on KQ®P given by (2.7). See Remark 5.2
for an illustration.
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3. Preliminary results

In this section, we present preliminary results on Taft actions on path algebras of
loopless, Schurian quivers. We begin by studying actions on vertices, first giving a
simple lemma regarding group actions on KQg (Lemma 3.1). Then, we extend this
result to classifying Taft actions on KQq (Proposition 3.5). Preliminary results on
Taft actions on path algebras kQ are provided (Proposition 3.10), along with an
example in the case where Qy is fixed by the group of grouplike elements of 7'(n)
(Example 3.13).
The following lemma is elementary, but we provide the details in any case.

Lemma 3.1 (G-action on KQq). Let G be a group, let Qg be a set of vertices, and
let {e;}ico, be the corresponding primitive orthogonal idempotents in KQo. Then,
any G-action on the set Qg induces an action on the ring KQo, given by g - e; = eg.;
foreachi € Qo and g € G. Moreover, every G-action on KQy arises in this way.

Proof. The first statement is clear, so suppose for the converse that we have a
G-action on KQg >~k x k x - - - x K. To act as a ring automorphism, each element of
G must send a complete collection of primitive orthogonal idempotents to another
such collection. But in this case, the set {e;};c g, is the unique such collection. So
this set must be permuted by G, defining an action of G on the set Qg. ([

Now we turn our attention to group actions on arbitrary path algebras of quivers.

Lemma 3.2 (G-action on KQ). Let G be a group and Q a quiver which is loopless
and Schurian, and suppose that G acts by automorphisms of KQ, preserving the
ascending filtration by path length. Then, the action of each g € G on Q is given by

(1) a quiver automorphism ¢: Q — Q, along with
(ii) a collection of nonzero scalars i, € K*, indexed by the arrows a of Q,

such that g -a =, (a) for each a € Q1. (To be clear, both ¢ and the collection
q depend on g.)

Proof. Since G preserves the path length filtration, it acts by permutations on the
vertex set, by Lemma 3.1. Then for each g € G and a € @, we have g -a =
g (es(@)a) = (g - e5(a))(g - a), showing that g - a lies in the span of arrows starting
at g - e5(q)- Similarly, we see that g - a lies in the k-span of arrows with target
g - e1(q). Since Q is Schurian, this determines a unique arrow ¢ (a), with start
s(g-a) =g-esq) and target (g -a) = g - €;(a), such that g - a is a scalar times ¢ (a).
It is immediate from the definition of ¢ that ¢ is a quiver automorphism. ]

Convention 3.3. We sometimes use g - a to label an arrow in a diagram, or refer to
g -a as an arrow in exposition, in order to avoid introducing the extra notation ¢.
In these cases, it is understood that one must actually multiply by a scalar to get an
arrow on the nose.
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Next, we study the action of skew-primitive elements on arrowless quivers Qy,
which then leads to Taft actions on the semisimple algebra KQ. Since the generator

x of T(n) is (1, g)-skew-primitive, the relation el.2 =¢; of KQg gives us that

x-e;=x-(ef) =ei(x-e;)+(x-¢)(g-e) € spangfe;, g-e;}. (3.4)

So, to study extensions of a G-action on KQq to a T(n)-action, we can restrict
ourselves to a single G-orbit of vertices. From here on, we apply the above results
to the case where G = G(T'(n)) is the cyclic group generated by g € T'(n), which
we identify with Z,,.

Proposition 3.5 (T'(n)-actions on KQg). Let Qo ={1, 2, ..., m} be the vertex set of
a quiver, where m divides n, and Z,, acts on KQqo by g - e; = e; 1. Here, subscripts
are always interpreted modulo m.

(1) If m < n (so the Z,-action on Qy is not faithful), then x acts on KQg by 0.

(ii) If m = n (so Z, acts faithfully on Qy), then the action of x on KQy is exactly
of the form
x-ej=yt'(ei—teiy))  foralli, (3.6)

where y € K can be any scalar.

In particular, we can extend the action of Z, on KQy to an inner faithful action of
T(n) on KQy if and only if m = n.

Proof. Assume that we have a T(n)-action on KQq extended from the Z,,-action on
Qo in Lemma 3.1. By (3.4), we know that x - ¢; = oje; + fie;+1 for some scalars
o;, Bi € kK. Then, we have

0=x-1=x- Zei = Zaiei + Bieiy1 = Z(Oli +Bi—1ei, (3.7)
i—1

i=1 i=1

which gives Bi_1 = —«;. (Here, Y 7, Biei+1 = 1, Pi—1e; by reindexing.) Now
the relation xg = {gx applied to e; gives

Qjp1€i41 — i€ = C(Aieiy] — Ujy1€i42), (3.8)

so that oj 1 = ¢a; for all i. Setting y := a2 ! gives o = ¢y, so that (3.6) holds
whenever a T'(n)-action exists. We have assumed that m divides n, but on the other
hand, x -e; = x - ¢, implies that y¢' =y ¢, Thus, y = y¢". Hence, whenever
m < n =ord(¢), we have y =0, and x acts by 0. This establishes (i).

On the other hand, suppose that m = n. We will show that Equation (3.6)
defines a T'(n)-action on KQ for any y € k. A simple substitution verifies that
xg -e; = {gx - e;. The fact that the x-action preserves the relations e;e; = §;;e;
and Y '_, ¢; = 1 is also easy to check by substitution. The only tedious part is to
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show that x" acts on kQq by 0, which is verified by Lemma 9.10 in the appendix
of computations, using symmetric functions. Now, the T'(rn)-action on KQy is inner
faithful when y is nonzero, by Lemma 2.5. Therefore, (ii) holds. (I

Now to study Taft actions on path algebras of Schurian quivers in general, we
set the following notation.

Notation 3.9 (o (a)). Suppose we have a quiver Q and an action of Z,, >~ (g) C T(n)
on kQ. Given an arrow a € Q, we know that there exists at most one path of
length less than or equal to 1 from s(a) to (g - a) since Q is Schurian and loopless.
Denote this path by o (a) if it exists, and set o (a) = 0 otherwise.

To be more explicit, consider the following case: when g fixes neither s(a) nor
t(a), and g - t(a) # s(a), then o (a) is either an arrow or 0, and can be visualized

in the following diagram.
°
o(a)
§-a
°

t(g-a)

s(a) o

a
[
If g-t(a) =s(a), then o (a) is the trivial path at s (a). Moreover, we have o (a) =g-a
whenever g - s(a) = s(a), and o (a) = a whenever g - t(a) = t(a).

We remind the reader of the standing assumptions made in Hypothesis 1.2. The
following result determines the action of x on any arrow of Q.

Proposition 3.10. Suppose we have an action of T(n) on KQ, and let a € Q1 with
iy :=s(a) and j_ :=t(a). Then, there exist scalars o, B, A € K such that

x-a=aa+ B(g-a)+ro(a). 3.11)

Moreover, o, B, A can be determined in special cases depending on the relative
configuration of a and g - a, as described in Figures I and 2 below. Here, the dotted
red arrows indicate the action of g on Q.

Proof. Let y4, y— € K be the scalars from Proposition 3.5 such that

x-ei, =)' (e, —Cg-ei) and x-ej = (y )i/ (ej.—tg-e; ), (3.12)
where g - e;, = e(+1), as usual.
From the relation a = e;,_a, we can compute
x-a=x-(e,a)=e (x-a)+ (vl (e, — L8 e, )(g-a)

_ {ei+(x )+ (e (1=0)(g-a) ifei(g-a)=g-a,
ei,(x-a) — (y1)¢ (g a) if e;, (g-a)=0.
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x-a= (y-)¢/a+B(g-a) wa—(y)¢ M (ga)  (y)la—(y)e Tt (g-a)
+Ao(a)

Figure 1. a(g-a) = (g-a)a =0.

Thus, x -a € spany {paths starting at e;, , g-a}. Similarly, the relation a =ae;_ gives

x-a=x-(ae; )= (y-){’ale; —tg-ej )+ (x-a)g-e;)
:{(V—)s“j(l—é)a+(x'a)(g'€j) ifa(g-e; ) =a,
(y-)la+(x-a)g-e; ) ifa(g-ej)=0.

Thus, x - a € spany{a, paths ending at g - ¢;_}. Intersecting these two conditions
on x - a gives Equation (3.11). The coefficients «, 8, A can be determined more
explicitly, but depend on the relative configuration of a and g - a. We consider the
various cases below.

Suppose that e;, (g-a) = g-a, then g-s(a) =s(a). So, as remarked in Notation 3.9,
we have o (a) = g -a. We can omit this term in (3.11) by absorbing A into § in this
case. Similarly, if a(g -e; ) = a, then g -7(a) =t(a) and we have o (a) =a. We
can omit this term in (3.11) by absorbing A into « in this case. On the other hand,

e g-i
M\¢a
Relation ) )
between "11 =g-j=o(a)
aandg-a \a‘
A,
X-e = Vé“f(ei—fg'ei) V(f(ei—é“g'ei)
X-ej= - viej—Cgej) veiej—tg-e))
x-a= |ytla—yttl (g -a)+ro(a) | yila—yi™(g-a)+ e

Figure 2. a(g-a) #0 or (g-a)a #0.
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ife;, (g-a) =0, then x -a = x - ¢;_a implies that

aa+p(g-a)+ro(a) =e [aa+B(g-a)+rc(@]— (y1)¢ (g a)
=aa— (v (g-a) + 1o (a).

Thus in this case, 8 = —(y+)§i+1. Similarly, if a(g-e; ) =0,then x -a =x-ae;_
implies that

aa+B(g-a)+ro(a) = (y-)¢a+[aa+ B(g-a)+ra(a)l(g-e; )
= ()¢ a+B(g-a)+ro(a).

So, a = (y_)¢/. These results are collected in Figure 1. In each case, the x-action
on the vertices follow from Proposition 3.5. In Figure 2, the results are further
specialized to the cases where g - s(a) = t(a) or g - t(a) = s(a). Since the £+
notation serves to distinguish the orbits of s(a) and ¢ (a), the & notation is dropped
in Figure 2. (]

As an illustration of the results above, we study Taft actions on a path algebra
kQ, where Z,, fixes Q.

Example 3.13 (T'(n)-action on KQ, Z,, fixes Qq). If Z,, fixes the vertices of a quiver
0, then we claim that any extended action of T'(n) on KQ is not inner faithful.
First, by Proposition 3.5(1) with m = 1, we get that x - ¢; = 0 for all i € Qg. For
the arrows, we get that s(g - a) = e, and 1(g - a) = e;(4) by the assumption. So,
o(a) = g-a. Moreover, g -a = uza by Lemma 3.2. Now, Proposition 3.10 implies
that x - a = «a for some « € K. Finally, using the relation x” = 0, we conclude that
x -a =0, and the claim holds.

4. Minimal quivers

Given any Hopf algebra action on an algebra A, it is natural to study the restricted
Hopf action on a subalgebra of A, if one exists. We introduce Z,,-minimal quivers
in this section, which will be the building blocks of Taft actions on path algebras of
quivers in subsequent sections. The following definition serves to fix notation for
specific quivers that will be used throughout the rest of the paper.

Definition 4.1 (K,,,, Ky, ', ai., b;). Let m and m’ be positive integers.
(1) The complete quiver K,, (or complete digraph) has vertex set {1, 2, ..., m},
with an arrow a; from i to j for every ordered pair of distinct vertices (i, j).
For uniformity in the formulas, we also take the symbol al’f to mean the trivial
path e; at vertex i (rather than a loop, which we have excluded).

(2) The complete bipartite quiver K,, ,,» has a top row of m vertices and a bottom
row of m’ vertices, labeled by {1, ...,m;}and {1_, ..., m’}, respectively.
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There is an arrow b; from each vertex i in the top row to each vertex j_ in
the bottom row; that is, s(b’j) =iy and t(b’j) =j_.

An example of each type is given below, without vertex or arrow labels.

B SA

V. [ J

|

To illustrate the arrow labels, the first diagram below shows some arrows in K4
and the second diagram shows all arrows starting at 17 in K> 3.

1
a,

1+ [ )
| o— ™e 2
1 1 1
at a3 a3 by & %
at
3 | B o 2_ e 3_

4 o— >3

See Figure 5 for further illustrations.

Suppose we have an action of Z,, on the path algebra of a subquiver of K, or
K,u.m. Let g be a generator of Z,,. After possibly relabeling, we can assume g acts
on the trivial paths by g-e; = ¢;4 (for K;;) and g-¢;, =e(i11),, g-€i_=+1)_ (for
Km.m'), where the indices are taken modulo m or m’ as appropriate. By Lemma 3.2,
there is a collect_ion of nonzero scalars Wi such that g - a;'. =u,; ja;j'rl] (for K,,,),
org b’] =U; jb’jill (for Ky, ). Again, subscripts and superscripts are interpreted
modulo m or m’ as appropriate. Since g" is the identity and g - ¢; = ¢; 1 (for K,;),
these scalars pu, ; satisfy

u;; =1 inthe K, case,
nel . 4.2)
[1¢e=o #ite j+¢ =1 inboth cases.

Since an arrow (or, more specifically, the source and target of an arrow) of a
quiver Q can only be part of one or two Z,-orbits of Q¢, we make the following
definition.

Definition 4.3 (Z,-minimal, Type A, Type B). Let Z, act on a quiver Q. Say that
0 is Z,,-minimal of

e Type A if Q is a Z,-stable subquiver of K,,, where m > 1 is a positive integer
dividing n; or
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Figure 3. Z3-minimal quivers of Type A.

e Type B if Q is a Z,-stable subquiver of K, ,/, where m, m" > 1 and m, m’
divide n.

Example 4.4. The following quiver Q admits both a Z4-action and a Z5-action
illustrated by the dotted red arrows below. Observe that Q is Z4-minimal of Type B.
Further, we see it is Z44-minimal of Type B for any integer d > 1. However, it is
not Z,-minimal of Type B.

Z 44-minimal not Z,-minimal

Now we list the Z,,-minimal quivers for small n. For Type A, note that there is
only one Z,-minimal quiver that admits a transitive action of Z, on vertices; see (|)
of Figure 5. See Figure 3 for the three Z3-minimal quivers of Type A. The dotted,
red arrow indicates the action of Z3 on Q¢ (clockwise rotation in each case). For
Type B, there are five Type B Z;-minimal quivers; see Figure 5 (II)—(VI) for an
illustration. Moreover, see Figure 4 for the six Z3-minimal quivers of Type B.

5. Sweedler algebra actions on path algebras of minimal quivers

In this section, we study the action of the Sweedler algebra 7(2) on path algebras
of quivers. This is achieved by first computing the action of the Sweedler algebra
on Z»-minimal quivers (Theorem 5.1). Later, in Section 7, we present results on
gluing such actions to yield Sweedler actions on more general quivers.

Recall from Definition 2.1 that the Sweedler algebra is the 4-dimensional Taft
algebra T'(2) generated by a grouplike element g and a (1, g)-skew-primitive element
x, subject to relations:

g2= 1, x*>=0, xg+gx=0.
Note that G(T(2)) >~ Z,.
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°v
°
\
L4
\‘
[ )

Figure 4. Z3-minimal quivers of Type B.

Theorem 5.1. Recall Hypothesis 1.2. For each quiver Q in Figure 5 (Where the
dotted red arrow illustrates the g-action on vertices), the Z,-action on Q extends
to an action of the Sweedler algebra T(2) on KQ precisely as follows. We take y

»
al 1+ [ ] 1+ = 2+ .’
2
Lo Be b v/ \oi
a;
1_4. 1_ [ TETTETrr > @ 27
0 (n (1)
1, @<g-eeennns [P 2+ 1, @<g-eeeeees [P 2+ 1, .<b.I ..... .b.2>. 2+
2
b! b2 b} by by b3
1_.=2_ 1. @ereeneses >e 2 1 @ <¢----ene-- >o 2_
(Iv) (V) (VD)

Figure 5. The Z,-minimal quivers.
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(resp. y4 and y_) to be the scalar from the x-action on e; (resp. on e;, and on e;_)
in (3.6) (resp. in (3.12)).

0] x-action on Q 0 x-action on Qy
x-e1=—y(e;te) x-e =—(yp)(er, +ez)
() x-ey=yl(e1+e) (V) i'22+ :(()V+)(€1+ +ez,)
e =
X el+ - _(V+)(el+ +e2+)
i x-e, = (yy)er, +eap)
() x-ei,=x-e_.=0 (V) e — e to)
x-e = (y-) e +er)
x-e, =0 x-e =—(ye)er, +ez,)
T x-ex = (yo)ler, +e2,)
()  x-ei_=—=(y_)ei_+e) | (VD) . e +en)
x-er_=(y_)e_+e) i .Z; ; o J/)_(EIel—,i_ez&),

(0] x-action on Q

() Fa=va—ypaitie

x-a?=yplal —yat —apule;
() x-bl=0

x-b} = —(y_)b} + Bub}

for A € Kk, u € k*

" or B? = (y_)%, u e k*
) x-b3 =—pu bl + (y2)b3 forp =t
. 1 = 1_ 2
(V) X -by =aby — (y+)ub; for o = (y)?, n e k*
x b3 = ()b — b}
X - bl = —(y— bl — b2
(v) ©br=mlb = rouby for (v)? = ()% € k"
X-by = (y)u” by + (y-)b;
x-b} = —(y_)b} — (y1)ub} + )b}
X bé — ()/+)M711b11 4 zy_)bzg B )\,/12,71/1«,17% fOV (y+)2 = (y*)z =+ AN
(V1) i " 2] with &, ) € K
X -by = (y-)by — (y)u'by + 1'b; and ju, i1 € k*
x b} = (y)u' by — (y)b} — N up/'~'b3

Proof. The x-action on vertices follows from (3.6) and (3.12).

(I) We are in the situation illustrated in the second column of Figure 2, where
additionally g -i = j. So, we have

1 1 2
X-ay =ya, — YWl 4 + Aey
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from Proposition 3.10 and Lemma 3.2. Then using the relation xg = —gx in 7(2),
we find that

2 1 1 2 1
HyX-ay =X - (& a))=—g - (x-ay) = —V 207 TV Iy 2l 10y — ALy j€2.

Using that p,l_; = M,y and py | =1 from Equation (4.2), we obtain

2 1 2
XAy =Yy G, —Yay — Ay €2

The x-action on all other relations in KQ yields tautologies, and the relations
x? = xg + gx = 0 are satisfied when applied to the arrows a% and af. Taking

W=, and wl= My, 1, We see the action is of the claimed form.
(1) We apply Example 3.13.
(I11) Examining Figure 1, we see that x - b} = —(y_)b} —I—ﬂu]’lb% for some 8 € k.
The relation xg = —gx in 7'(2) then gives

oy X by =x-(g-b))=—g- (x b)) = =By 14y 2b] + (y-)iy 153
Now applying the relation x> = 0 of T(2) to the arrow b} implies that (y_) = g2,
and we take yu = RE
(IV) We get from Figure 1 that x - b} = ab] — (y+)ul’1b% for some o € K. The
relation xg = —gx in T(2) then gives

MiqX -b§ =x-(g- b}) =—g-(x- b}) = _05#1,1b§ + (V+)M1,1,Uvz,2b%'
2

Now applying the relation x> = 0 to the arrow b} implies that (y,)? = «
again we take u = My -

, and

(V) Examining Figure 1 we find that x - b} = —(y_)b} — (y+)u1’]b§. Then the
relation xg = —gx in 7(2) gives that p; |x -b% = (y+)u1,1,u2’2b% + (y_)ul’lb%.
The relation x> = 0 applied to the arrows bi and b% implies that (y4)> = (y_)?, and
again we take L = ;.

(V1) We can see from Figure 1 that x - b% = —(y_)b% — (y+),u1,1b§ +)\.b% for some
A € K. Similarly, we can see from this figure that x bl = (y,)bé — (y+)ul’2b% +)Jb}

for some A’ € k. The relation xg = —gx gives the formulas for x - b% and x - b12 as
claimed. Finally, the relation x> = 0 implies that (y4)? = (y_)?> + AA". We have
taken = and u' = ,. O

Remark 5.2. Since Q(I11)°? = Q(IV), we can get the Sweedler action on the path
algebra of Q(IV) from its action on the path algebra of Q(lll) using (2.7); see
Remark 2.14. For instance, take b{ e O(IV):

xobj =g 'x bj =g " (—=(y)bj + Bub3) = —(y-)ub3 + Bb|.

Now by identifying y_ with y,, and 8 with o, we get the desired action.
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6. Taft algebra actions on path algebras of minimal quivers

In this section, we give a complete description of T'(n)-actions on path algebras of
Z,-minimal quivers. Since the action of the grouplike elements of 7'(n) has already
been determined in Lemma 3.2, and the 7'(n)-action on the vertices has already
been determined in Proposition 3.5, all that remains is to describe possible actions
of x on the arrows.

6A. Taft actions on Type A 7,-minimal quivers. Let Q be a Z,-minimal quiver
of Type A, so that Q is a subquiver of K,, for some m|n by Definition 4.3. Recall
that the path algebra KK, has basis aj. for 1 <i, j <m, with af = ¢; being the
trivial path at vertex i.

Theorem 6.1. Recall Hypothesis 1.2 and retain the notation above. Any T(n)-
action on the path algebra of Type A Z,-minimal quiver Q is given by

x-a§=)/(Cja§~—§i+lulj 3111)4‘)%,]‘61;“, (6.2)
where y € K from (3.6), Wi ;€ k* from (4.2), and X; ; € K are all scalars satisfying

. n—1 .
o ;= 1foralli,and 7= Wive jre= 1;
e Ai,j =0 ifeitheri = j or the arrow a§-+] does not exist in Q; and

° Ai-i—l,j-i—l//‘,',j = g)\i,j/"vi,j_i_l-
The superindices and subindices of arrows and scalars are taken modulo m.
Proof. We have already used the relations of the path algebra to find that
X 'ai~ = V(é'jai- -y, a J ;ill) +)\i,jaj'+1,
for some scalars M ;€ k* and }; ; € k; see Lemma 3.2 and Propositions 3.5 and
3.10. Namely, the case of i = j is Proposition 3.5, which gives A;; =0 and p; ; =1
for all 7. Moreover the case of i # j is Proposition 3.10, which gives that 4; ; =0

if the arrow a’. i | does not exist in Q. The cond1t1on on the { ;. } is from (4.2).
The relation x g ¢gx of T(n) applied to a gives on the one hand that

H—]
xg-ay =x - aity

(It z+11 ri+?

i+2 o i+1
=V~ Mi+1,j+1aj+z)+)Lt+1,1+lﬂi,jaj+2’

while on the other hand that
_ i+1 i+1 i+2 i+1
fgx- a KV@-JU‘I %+ - Mi,jMi+1,j+1aj+2) + g)\i,jﬂi,j+1a;+2-
Thus we see that A4, JHIM = = CAijl, 1+1’ which is the thlrd condition on the
scalars. We also obtain that the relation x" = 0 applied to ', ; imposes no further
restrictions on the x-action on a;, this is verified in Lemma 9.11 of the appendix.
O
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6B. Taft actions on Type B 7,-minimal quivers. In this subsection, let Q be a
Z,-minimal quiver of Type B. By Definition 4.3, we know that Q is a subquiver of
K. for some positive integers m, m’ both dividing n. Recall that the path algebra
K, w hasbasise; , e, b; where l <i <mand1<j<m'.

Theorem 6.3. Recall Hypothesis 1.2 and retain the notation above. Any T(n)-
action on the path algebra of Type B Z,,-minimal quiver Q is given by

X - bj. = (J/_)Cjb; _ (V+)Mi,j§i+lb;ill o §+1’ 6.4)

where v, y_ € K from (3.12), Kij € k> from (4.2), and X; ; € K are all scalars
satisfying

n—1 _ 1.
. l—[[:0 I’Lj+[’j+g — 1,

e X, j =0if the arrow bj’+1 does not exist in Q;
° )‘i+1sj+1/‘Li,j = é‘)‘i,j/J«i’j_;,_l;

-1
.« ) = ) T2 A e

The superindices of arrows are taken modulo m and the subindices of arrows are
taken modulo m'.

Proof. The formula (6.4) and first three conditions on the scalars are derived exactly
as in the proof of Theorem 6.1, replacing a} with b} and y with y., appropriately.
It just remains to check that x" acts by 0; this is equivalent to the last condition on
the scalars, as shown in Lemma 9.12. |

7. Gluing Taft algebra actions on minimal quivers

7A. Gluing actions from components. In this section, we provide a recipe for
gluing actions of Taft algebras on minimal quivers. We also show that, given any
quiver with Z,-symmetry, one can construct an inner faithful extended action of
T'(n) on the path algebra of this quiver.

Definition 7.1 (Z,,-component). Let Q be a quiver with an action of Z,,, and con-
sider the set of Z,,-minimal subquivers of Q, partially ordered by inclusion. We say
that a Z,,-minimal subquiver of Q is a Z,,-component of Q if it is maximal in the
given ordering.

Lemma 7.2. Fix an action of Z,, on a quiver Q. Then, there exists a collection of
Z,-components of Q, unique up to relabeling, such that Q is obtained by gluing
this collection.

Proof. The Z,,-components of Q exist and are uniquely determined by the definition
because they are the maximal elements of a finite poset. Each arrow of Q lies in
some Z,-minimal subquiver, so the Z,-components cover Q. So, it suffices to show
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that the intersection of two distinct Z,-components consists entirely of vertices. If
Q! and Q? are two Z,,-minimal subquivers such that Q' N Q% contains an arrow,
then we can see from the definition of minimality that Q' and Q2 have the same
set of vertices. Thus, Q' U Q? is a Z,,-minimal subquiver of Q. Repeat this process
to conclude that, by maximality, any two distinct Z,,-components can only have
vertices in their intersection. Il

A visualization of the result above can be found in Step 1 of Examples 7.8
and 7.9 below.

Lemma 7.3. Any T(n)-action on a path algebra KQ restricts to an action on the
path algebra of each Z,-component of Q.

Proof. Let Q' be a Z,-component of Q. Since Q' is Z,,-minimal, by definition KQ’
is stable under the action of g, so it suffices to show that KQ' is stable under the
action of x. From Proposition 3.10, it is enough to see that o (a) € Q' when a € Q".
Suppose not, that is, o (a) € Q/ for some j #i. Then, Q' U Q/ is a Z,,-minimal
quiver, which contradicts the maximality of the Z,,-component Q'. (I

Definition 7.4 (compatibility). Let Q be a quiver and 0',..., 0" C Qacollection
of subquivers of Q. Suppose that we have a T(n)-action on each path algebra KQ".
We say that this collection of 7T'(n)-actions is compatible if, for each pair (i, j), the
restriction of the actions on KQ' and on kQ/ to K[Q' N Q7] are the same.

Now we have our main result of the section.

Theorem 7.5. Let Q be a quiver with Z,-action. The T(n)-actions on the path alge-
bra of Q extending the given Z,-action are in bijection with compatible collections
of T(n)-actions on path algebras of the Z,,-components of Q.

Proof. Given a T(n)-action on KQ, it restricts to a T(n)-action on each path algebra
of a Z,,-component of Q by Lemma 7.3. On the other hand, suppose we have a
collection of compatible 7'(n)-actions on the path algebras of the Z,-components
of Q. This uniquely determines an action of T'(n) on KQ as follows:

« The action on each arrow of KQ is uniquely determined since each arrow lies
in a unique Z,-component of Q.

» The action on any vertex is determined because every vertex lies in at least
one Z,-component.

» Suppose that a vertex lies in multiple Z,,-components. Then, the action on this
vertex is uniquely determined because the actions on different Z,,-components
restrict to the same action on vertices in their intersection, due to compatibility.

O

Corollary 7.6. If a quiver Q admits a faithful 7 ,-action, then KQ admits an inner
faithful action of the Taft algebra T(n), extending the given Z,-action on Q.



138 Ryan Kinser and Chelsea Walton

Proof. This follows immediately from Theorem 7.5 and Proposition 3.5 since Q
admits an orbit of vertices of size n in this case. O

Example 7.7. This example shows that a faithful Z,-action on Q is not necessary
for kQ to admit an inner faithful action of T(n). Fix ¢, a primitive fourth root of
unity. Consider the action of 7(4) on KK (see (1) of Figure 5) given by

i i+1 i
g€ =¢€41, g-ajzg“al-ﬂ, x-¢;, =0, x-aj:Aei,

for i # j, where subscripts and superscripts are taken modulo 2, and A € K* is an
arbitrary nonzero scalar. By Theorem 6.1, this defines an action of 7(4) on the path
algebra kK5, which is inner faithful even though the induced action of Z4 on the
quiver K> is not faithful.

7B. Algorithm to explicitly parametrize T(n)-actions on K Q. Let Q be a quiver
that admits an action of Z,,. We construct all actions of T(n) on KQ which extend
the given Z,-action via the following steps. Those for which x does not act by 0 are
inner faithful by Lemma 2.5. The reader may wish to refer to one of the examples
in the next subsection for an illustration of the algorithm below.

First, we know that Q decomposes uniquely into the union of certain Z,-minimal
quivers {Q‘Z}EZ1 (namely, Z,-components) so that Q = O'®.--® Q", due to
Lemma 7.2.

STEP 1

Decompose Q into this unique union of Z,-components {0Y.

Next, we define the extended action of T'(n) on the path algebra of each com-
ponent Q°. Let m, m’ be positive divisors of n. Recall that Type A and Type B
Z,-minimal quivers are subquivers of K,, with m > 1 and of K,, ,, respectively.

STEP 2

For each Z,,-component Qe of Type A, label its vertices by { 1©, ..., m(@}.
For each Z,-component Q¢ of Type B, label its sources and sinks by
{lf), e mf)} and (19, ... ")y, respectively.

Recall that ¢ is the primitive n-th root of unity from the definition of 7(n). Now
invoke Proposition 3.5 in the following step.

STEP 3
Take scalars y ©, yf), yﬁz) € k and define
X-ew = y“);i(eiw) —Ceiyyw) for Type A,
X-em = J/J(f)é'i(ei(f) — §e<i+1><f>) for Type B,

X-en = yﬁz);"(ei@ — §e(i+1)<p) for Type B,



Pointed Hopf actions on path algebras of quivers 139

where the indices are taken modulo m for Type A, and are taken modulo
m or m' for Type B. Here, y® = 0 if m < n for Type A and y” = 0 or
yfe) =0if m <n orm’ <n respectively, for Type B. To obtain compatibility,

impose relations amongst the scalars by identifying vertices.

Finally, we invoke Theorems 6.1 and 6.3 to get all actions of 7'(n) on the arrows

of Q.

STEP 4

Label the arrows of each Type A and Type B component of Q by arrows
(aj.)(z) and (b;)“) respectively.

STEP 5

Given the scalars y©, yfre), yfz) € k of Step 3, we have, for all arrows aj.

of a component of Type A and bj. of a component of Type B, that
i j (0 i {4 i ), i
X - (aj)(‘f) — y(‘z)(gf(aj)“) -z +1Ml(,])'(a}ill)(i)) +)‘§,;(aj+1)(z)’
i ) o jo1i £) i £) 1 £) i
x-0D© =y GO =y W GO+ 0@ D@,

where MEZ;, )»l@. € k are scalars satisfying the conditions of Theorems 6.1

J
and 6.3.

Thus, the desired extended action of the n-th Taft algebra on kQ is complete by
the five steps above.

7C. Examples. In this section, we illustrate the algorithm of the previous section
to get actions of 7(n) on KQ for various quivers Q having Z,, symmetry.
For ease of exposition, we take all parameters i, j equal to 1 in this section.

Example 7.8. Consider the following quiver Q:

S
vl/\vz
A/)é///. ~ .\\\QL\‘
vs e S /3 o Uy
‘f\. fio Jo ./
Vs Ve

which has Z;-symmetry by reflection over the central vertical axis and exchanging
arrows f1 and f,. So, we decompose Q into the four Z,-components as follows.



140 Ryan Kinser and Chelsea Walton

Here, the dotted red arrows indicate the action of Z, on Qy.

STEP 1
)

Now choose scalars y 1, yf) )/9), J/f) J/£3), )/f) y£4) € k to execute Steps 2

and 3.

STEPS 2 AND 3
1M, 1,@ 1,@ 20 2, @ 2. @

° °
1@ 1_® .< >o 2,92 @
' °

1+(3), 1_(4) 2+(3)’ 2@
We have
1 1 (1 1 1 a
x-e§)=—y(1)(e§)+ez)) x-e§)=y(l)(e§)+el ))

while, for £ =2, 3, 4,

X - eg) )/( )(e§)+€2( )), x-ez()_— )/( )(62()+€§ )).

By using the identification of vertices

vy = 1D = 1+(2) — 1+(4), vy = (D — 2+(2) — 2+(4)’

vyi=1_@=1_0, v :=2_P=2_0,
vsim 1,0 =1 @) ve =2, 0 =2 @
we have
1) 2 4 2 3 3 4
y=yV=yP =y y=yP =y =y ="
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Now, we need to label the arrows of Q appropriately, and invoke Theorems 6.1
and 6.3 to get the desired action of T(2) on KQ1.

STEPS 4 AND 5

(@)

@)

Q%L

O .

. (bhH®

(b})(3) (b%)(‘” (b%)(él) ! (b%)@)

. o . . D,
x- (a})(l) — y(l)(gj(a;_)(l) _ §z+1(a;:11)<1)) +)\§,}(a}+1)(l)v

x- (B0 =y O B0 =y GO 28 0 )Y, =234,

Using the conditions on the scalars from Theorems 6.1 and 6.3, we find that the
x-action on the arrows is controlled by additional parameters A := Ailé as o(a)
exists for component (1), and A" := k(ﬁ, A= Xﬁg as o (a) exists for component
(4). Putting this all together, the action of Z, on Q (where by abuse of notation, v;
denotes the trivial path at v;) given by

grvi=wv, gwn=v, g fi=fH, g fLi=/f
g-v3=uvs, g-va=v3, g-f3=fa, g fa=[f3,
g Us=Vs, &g V6=UVs, g-fs=/Ffe, & fo=[
g-fi=1rs & fs= 11,
g fo= fio, &-fio= fo,

extends to an action of the Sweedler algebra on kQ, as follows:
x-vp=—y@i+v), x-vn=y+v),

x-v3=—y' (v3+vs), x-va=y (vs+v3),
x-vs=—y"(vs+ve), x-v6=y"(vs+vs),

“fa=vi—vf— e,
fa=y fat v S,
fe=v'fe+v"fs

“fi=vh —vi+re,
==Y v
fs==v'fs=v"fe,
fr==v"fi—v+Nfo, fe=v"fs+vfr =¥ fio,
“fo=y"fo—vfio+ 1" f1, “fio=—v"fio+vfo—2"fs,

for any scalars v, y’/, y”, A, ', A" € k which satisfy (y)> = (") +1'1".

O
RN R oRo=

Note that the Sweedler algebra action restricted to the path algebras of respective
components (1), (2), (3), (4) is the same as the Sweedler algebra action on the path
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algebra of respective quivers (1), (V), (V), (VI) from Theorem 5.1, as expected;
namely, @ = () ® Q(V) ® Q(V) ® Q(VD).

Example 7.9. Consider the following quiver Q:

® U4

which has Z3-symmetry. We decompose Q into three Z3-components as follows.
Here, the dotted red arrows indicate the action of Z3 on Qy.

STEP 1

Now choose scalars )/S), yﬁl), )/J(rz), yfz), y® ek to execute Steps 2 and 3. Further,

let w be a primitive third root of unity.

STEPS 2 AND 3
@1 12 13
10,1213

@

1) <> )
1+ [ <.> e |-
[ ]

30,32, 3@

(the middle vertex is labeled by 2", 22, 2@)
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(1 @)

We have x - e, =x-e = 0 since these vertices are fixed by g, and furthermore
X - (1) yﬁl)w(e(l) a)ezl)) X - eiz) = yiz)a)(e(z) —wey! @y,
x -eél_) =yV? (e(l) we3l)) X - eéz) = yf)wz(e(z) a)e3 ),
X -eé{) = y_l)(egl) a)ell)) X - eéi) =y, )(6(2) - a)elz))
X - e?) y© )a)(e(3) we, ))
Y-e ( y® Z(e(3) we$ @y
X e§3) — y(3)(€§3) a)e?))

By using the identification of vertices,

1(1) 1(2) 1(3) vy = 2(_1) — zf) — 2(3)’ vy = 3(_1) — 35&) — 3(3),

we have

1 2 1 2
yi=yV =y =y y=0 y?=o0

Now, we need to label the arrows of Q appropriately, and invoke Theorems 6.1 and
6.3 to get the desired action of 7'(3) on kKQ;.

STEPS 4 AND 5

(bll)(l) (b]l)(z)

(b%)(Z)

(bSI)(l)

>

X - (b})(l) — ywj (b}-)(l) + )ua)j_l(b}-_i_l)(l),
x- ()P =~y BTHD L VT ()P,
X - (aj.)(3) = y(a)j(aj.)(?’) — a)"“(a;ill)(s)) A(3)(a

where A := )»51)1 and A = kﬁ

(3)
)

Moreover, let A" : )\532 and A" := A% for component (3). Putting this all together,
the action of Z3 on Q given by Step 1 extends to an action of 7((3) on kQ, as
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follows:

x v =yo —ovn), x-v=yoi(vy—ovy), x-vi=y@;—ov),

x-vy9 =0, x-vg =0,

x- fi=vofitif, x-fa=Nfa—yotfs,

x- fo =y’ frtrofs, x-fs=MNofs—vyfe

x- f3=yfitrao? fi, X fo=No'fo—yofs,
x-fi=y@ f1—o® )+ A fio,  x-fio=v(fio— o fr2) + 2" f7,
x- fs=y(fs — fo) + A wfia, x - fil =y (@ fi1 — wfio) + 1 wfs,
x-fo=yfs—of) + MV fir,  x- fu=y@fia— fi) + 1o fi,

for any scalars y, A, A', A", A" e k.

8. Extended actions of other pointed Hopf algebras on path algebras

In this section, we extend the results in the previous sections to actions of the
Frobenius—Lusztig kernel (Section 8A) and to actions of the Drinfeld double of a
Taft algebra (Section 8B). We remind the reader of the standing assumptions made
in Hypothesis 1.2.

Notation 8.1 (¢, T(n, £)). Let g € k be a primitive 2n-th root of unity, and let & € k
be a primitive n-th root of unity. Moreover, let T(n, £) be the Taft algebra generated
by a grouplike element g and a (1, g)-skew primitive element x, subject to the
relations g" =1, x" =0, xg = £gx. Note that T(n, ¢) = T(n) as in Definition 2.1,
for ¢ the fixed primitive n-th root of unity of this work.

8A. Actions of u,(sly).

Definition 8.2 (1, (sl2), Borel subalgebras u7(sl) and u;%(sly)). The Frobenius—

Lusztig kernel uy(slp) is the Hopf algebra generated by a grouplike element K,
a (1, K)-skew-primitive element E, and a (K -1 1)-skew-primitive element F,
subject to the relations

KE=q¢*EK, KF=q*FK, K'=1, E"=F"=0,

K—K!
EF—FE=——. (8.3)
q—49
Note that u, (sl>) is pointed, of dimension n3. Let M;O(S[g) be the Hopf subalgebra

of u,(sly) generated by K, E, and let uqfo(slz) be the Hopf subalgebra of u, (sl>)

generated by K, F'; we refer to these as Borel subalgebras.

Lemma 8.4. There are isomorphisms of Hopf algebras

uZ’(sh) ~T(n,q™%) and u>’(sh) ~T(n,q%. (8.5)
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Proof. This is easy to check: identify K with g for both ugo(slz) and ufo (sl>), and
E with x for u7%(slp), and F with g~'x for u>*(sl). O

Since u,(sl) is generated by the Hopf subalgebras ugo(slz) and uqfo(slz), an
action of u,(sl>) on a path algebra KQ is determined by its restriction to these Hopf
subalgebras. Since these actions are given by the results on Taft actions on kQ
in the previous sections, we can classify actions of u,(sly) by determining some
additional compatibility conditions on the scalar parameters from these Taft actions.

We begin with the result below.

Proposition 8.6. Let u,(sly) act on the path algebra of a set of vertices {1, ..., m},
labeled so that K - e; = e; 1 with subscripts taken modulo m.

(1) If m < n, then m = 1 or m = 2 and the action factors through the quotient
ug(sh)/(E, F).
(1) If m =n, then

-2 Fa? (eiy —q%ep, (8.7)

for some yE,yT e k. If furthermore n > 3, then the action is subject to the

E-ei=yEq % (e;—q %eis1), F-ei=vy

restriction
—vEyfaT @ -1 =1 (8.8)

Proof. Part (i) is a result of Proposition 3.5, translated through the isomorphisms of
Lemma 8.4. The condition m = 1 or m = 2 comes from the relation (8.3), which
implies that K — K ~! acts by zero in this case. For (ii), Proposition 3.5 also gives
the formulas (8.7), and the first row of relations in the definition of u,(sl;) then
hold. On the other hand, substituting (8.7) into the relation (8.3) of u,(sl>) yields

(EF—FE)-e;=yEyF(¢*~1)(ei—1—ei11) while (K—K ')-e;=eip1—ei1.

If n =m = 2, then ¢;_; = ¢;4; and the relation (8.3) imposes no restriction on
the action (8.7). If n = m > 3, then e; | # e;—; and the relation (8.3) imposes the
restriction (8.8) on the action (8.7). ]

We get the following immediate consequence.

Corollary 8.9. If n > 3, then either one of yE or y ¥ determines the other. So, an
action of uy(sly) on a Z,-orbit of vertices is completely determined by the action of
a Borel subalgebra, uqzo(slz) or ugo(slz). O

We now consider u,(sl3)-actions on Type A and Type B Z,-minimal quivers.
Note that u, (sl>) can only act on subquivers of K, and K, ,v for m,m’ € {1, 2, n},
by Proposition 8.6. We only give theorems describing the case m =m’ =n >3
here, but the other cases can be worked out similarly.
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Theorem 8.10. Retain the notation of Section 4 with K in place of g, so the action

of K is fixed. Namely, K - ai. = Mi,jajj-ll for Type A and K - b;. = /'Li,jbij-ll for
Type B. Assume n > 3. Then any u,(sly)-action on the path algebra of a Z,,-minimal
subquiver Q of K, is given by

E, —2j i —2=24itly 4 G E i

E'a;:V (g a;—q a;i Lj%j+1> 8.11)
F.a,= yF(qua;:l] —q2’+2a}) +)ija}_l,
subject to the restriction (8.8) along with
. Afj =0, ifi = j or the arrow a§+1 does not exist in Q;
. )»fj =0, ifi = j or the arrow aj._l does not exist in Q;
E — 24 E F _ 23 F FyE _yEF
o )‘i+1,j+1 =gq )»l.’j, )LH_IJH =q )»l.’j, and )‘i,j)‘i—l,j = )‘i,j}‘i,j+1'
Any uy(slp)-action on the path algebra of a Z,-minimal subquiver Q of K, , is
given by
i EN _—2j1.i E\ —2i-27i+1 E i
E b= (y2)q by = (ri)q " 77bGh + 4 by (8.12)
i Fy 2jpi—1 FN 2i42yi F pi—1 :
F-aly= (g™ b — (vi)q™ b + 4 ;b

subject to restrictions of the form (8.8) on y£ and y£, along with
i

. )LlEj =0, ifi = j or the arrow b', | does not exist in Q;

. ij =0, ifi = j or the arrow bi._l does not exist in Q;

E _ 2, E F _ 24 F F1E _1EF .
C AMhrje1 =4 A Aipgp =47 s and A AT =N A s

e B = EY DM and D) = FY TS0
Proof. First consider the Type A case. Proposition 8.6 gives the u,(sl>)-action on
the vertices, imposing the restriction (8.8). Theorem 6.1, translated through the
isomorphisms of Lemma 8.4, initially gives expressions for E - a;'. and F - aj. which
involve parameters u; ;. However, we examine the coefficients of various arrows in
the relation (8.3) applied to aj., and find that the coefficient of a}:ll gives

yEy @ =D+ (g —g~H7 =0. (8.13)

By applying (8.8), this simplifies to (1, ; — 1)(q — qg~")'=0. So, u; j=1for
all i, j, which gives our formulas (8.11). Similarly, the coefficient of a’,.jrll in the
relation (8.3) applied to a;'. implies that

F L E ELF
}‘i,j)‘ifl,j - )‘i,j)‘i,jJrl =0. (8.14)

Theorem 6.1 gives the remaining restrictions on the scalars, and the coefficients of
other arrows yield restrictions that are already implied by those above.

For Type B, the action is derived exactly as in the Type A case, by replacing a;
with b}, and y with y., appropriately. (]
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8B. Actions of the double D(T(n)). We take the presentation of the Drinfeld
double of the n-th Taft algebra in [Chen 1999, Definition-Theorem 3.1]. Namely, by
[Chen 1999, Theorem 3.3], the double is isomorphic to the Hopf algebra H, (p, q)
generated by a, b, c,d. Wetake p=1, g = ™ La=x, b= g, c=G,andd=X
to get that:

Definition 8.15 (D(T(n))). The Drinfeld double D(T(n)) of the n-th Taft algebra
is generated by g, x, G, X, subject to relations

xg=¢gx, gX=¢(Xg, g'=G"=1I,
GX=(XG, xG=¢Gx, x"=X"=0, gG=0Gg,

and
xX —¢Xx=¢(gG—1). (8.16)

Here, g and G are grouplike elements, x is (1, g)-a skew primitive element, and
X is a (1, G)-skew primitive element. Here, g, x generate the Hopf subalgebra
T(n),and G = g*, X = x* generate (T(n)°P)* = (T(n)*)*°P.

The following lemma is easy to check.

Lemma 8.17. The Hopf subalgebra of D(T(n)) generated by g, x is isomorphic
to T(n) =T(n, ¢), as Hopf algebras. Moreover, the Hopf subalgebra of D(T(n))
generated by G, X is isomorphic to T(n, ¢ ~'), as Hopf algebras. (I

To give the complete classification of D(7(n))-actions on path algebras of
quivers, one would need to define Z, x Z,-minimal quivers and consider the
D(T(n))-action on these, since Z, x Z, is isomorphic to the group of grouplike
elements of D(T(n)). This is the subject of future work. Our aim for now is to
exhibit an action of D(T(n)) on kQ, where Q admits an action of Z,,. We begin by
providing an action of D(7'(n)) on a Z,-orbit of vertices.

Proposition 8.18. An action of D(T(n)) on KQqg where Q¢ = {1, ..., n} is given
by
g-ei=eir1, x-e=y"¢'(ei—leiy1),

. " (8.19)
G-es=eiy1, X-ei=y7¢ "(ei—( eit1).

for some y*, yX e k. If n > 3, then these scalars are subject to the restriction

yiy*a-¢chH=1 (8.20)

Proof. The formulas (8.19) satisfy the first two rows of relations of D(T(n)). On
the other hand, the restriction (8.20) comes from substituting (8.19) into the relation
(8.16) of D(T(n)) when n > 3. If n = 2, the restriction from (8.16) is vacuous. []
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We proceed by extending the D(T'(n))-action on vertices in Proposition 8.18
to yield an action of D(T(n)) on Type A and Type B Z,,-minimal quivers. As in
the u, (sly) case, we only give theorems describing the cases when each orbit of
vertices has n elements here.

Theorem 8.21. Retain the notation of Section 4. An action of D(T(n)) on the path
algebra of a Type A Z,,-minimal subquiver Q of K, is given by

i 1+1 z J z+1 z+1 i
§-4a;= 'ulJ jt+ ap=v "(¢la “11 J+1)+)‘t/ J+1’ (8.22)
i l+1 i j —i— H—l :
G- a; = “t] 1 X- a;=vy (C aj—§ 'U“lJ j+1)+)‘11 j+
subject to the restrictions
,ul.gl. = M,-Gi =1foralli,
G , 8 _ .8 G
ne =0 M’H—Z jte = He =0 Mz+z jre=b W e = G s
X J—
fﬂi,j+1)~i,j _I‘Li,j)‘i+1,j+1’ Sy J+1)\'l =M 1)‘1+1 1
EAX L =uf A A =l Az )
Sy A1, 1 = M i 5#i,j+1 i,j—Mi,j i+1,j4+1>

X 1 X _
)w Mo = Sh A =0,

)Lf’j = Afj = 0 if eitheri = j, or the arrow a§-+1 does not exist in Q.
Ifn > 3, then we also impose the condition y*y*(1 —¢~1) = 1.

An action of D(T(n)) on the path algebra of a Type B minimal subquiver Q of
K, ., is given by

g'bl M ]bl/ill’ G'bi' = thbl/j-ll’
x b= (b — (Dl b bl (8.23)

X‘bZ' = (Vf)g_]bl (Sl ama Ty Jbljj-]l +)‘1X1bl/+1»

subject to the restrictions (x). If n > 3, then we also impose the condition
yHHA-¢H=1.

Proof. First, Proposition 8.18 gives an D(T(n))-action on a Z,-orbit of vertices;
this imposes the restriction (8.20) when n > 3. Now, consider the Type A case.
Theorem 6.1 gives the expressions in (8.22), along with some restrictions on
parameters, which are listed in the first two rows of restrictions in the statement of
the theorem. Now we need to check that the expressions, g - a ,G- a , X a , X- a
satisfy the relations of D(T'(n)). The relations gG = Gg, gX g“X g, xG = ;Gx
imply, respectively, that

8 X G x _ ,,Gx
“;,MH 1= Mz,“m j+1° fﬂz, L1 = i SR = R A
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With these restrictions, it is easy to check that the relation x X —¢ Xx—¢(gG—1) =0
yields

X X
A1 — XA =0,
and we are done with the Type A case. For Type B, the action is derived exactly as
in the Type A case, by replacing a} with b}, and y with y., appropriately. |

8C. Gluing. Gluing is achieved in the following manner. Let Q be a quiver that
admits an action of Z,,. Since the actions of u, (sl) and D(T'(n)) on KQ in Theorems
8.10 and 8.21 are determined by Taft actions, Theorem 7.5 and the algorithm in
Section 7B applies. In other words, we can glue the actions of u, (sl) or of D(T(n))
on path algebras of Z,-minimal quivers. Hence, we obtain an action of u, (sl») (resp.
D(T(n))) extending a Taft action on any path algebra KQ, where each path algebra
of a Z,-minimal component of Q admits an action of u,(sly) (resp. D(T(n))).

9. Appendix

In this appendix, we show that the relation x” = 0 imposes no restrictions on the
x-action on the vertex ¢; and on the arrows ai., b; of KQ, which is used in the
proofs of Proposition 3.5 and Theorems 6.1 and 6.3. Recall that ¢ is a primitive
n-th root of unity, with n > 2. An easy computation shows that

1—[ ¢t = é,n(n;l) _ {1, n odd, ©.1)
=1

—1, neven,

a fact we will use several times here.
This appendix uses some basic properties of symmetric polynomials and g-
binomial coefficients, which we recall here. For integers a, b, the complete sym-

metric polynomial of degree a, denoted h,(xg, ..., Xp), is defined as the sum of all
monomials of total degree a in the variables x, . . ., x5. We interpret the variable set
as being empty when b < 0. When a =0, we have hy(xo, ..., xp) =1 for any integer

b. When a # 0, we have h,(xg, ..., xp) =0ifa <0 or b < 0. Also, a product ]_[f.’:a
is taken to be 1 whenever b < a. These polynomials are homogeneous, meaning
that h,(cxo, ..., cxp) = c*hy(xg, ..., xp) for any scalar c. We have immediately
from the definition that

ha(xo, ..., Xp—1) + Xpha—1(x0, . .., Xp) = ha(xo, ..., Xp) 9.2)
for any integers a, b.

Lemma 9.3. For nonnegative integers a, b, we have hy(1, ¢, ¢?, ..., ¢") =0 when
n dividesa+b and a, b # 0.
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Proof. Recall that for a nonnegative integer k, the corresponding g-integer is defined
as [kl =1+q+ q2 +--+ qkil, and that its evaluation [k],—, is O if and only
if n divides k. The g-binomial coefficient [j.]q is defined by a factorial formula
analogous to that of binomial coefficients, so the evaluation [; ]q: . vanishes when
n divides i and j #0, i.

The principal specialization from [Stanley 1999, Proposition 7.8.3], with ¢ = ¢,
gives us that

ha(1,¢, 62, ..., 00 = [“*b]ng,

a

so by the paragraph above this quantity vanishes when n divides a +b and a, b # 0.
O

We prove a general lemma about a linear operator X acting as the element x does.

Lemma 9.4. Let V be a vector space, and consider a collection of vectors {v;} in
V,where 1 <i <mand 1< j<m'. Interpreti and j modulo m and m' respectively,
so that they lie inside their ranges. Let X be a linear operator acting on 'V such that

N SN I B
Xv; =n;v; +0, v, + 7V,

for some scalars n;,0; j, T j € K. Furthermore, assume that the scalars satisfy the
relation

‘L’l'+1,j+1(9,"j = {91',]'4_11'1',]' 9.5
for all pairs (i, j). Then, for all positive integers k, we have
XFeh =" v,
O<s<t<k

where
s—1 t—s—1
Visy = (1_[ 9i+€,j+€+ts)( l_[ Ti,j+€>
=0 £=0
X hk—t(njv 77]+1, R} 77]+t)hs(1’ ;v cee é‘l_s)' (96)
Proof. We proceed by induction on k. The base case of k = 1 follows from simple
substitution. So assume that the statement is true when k is replaced by k — 1; that

is, we have a formula for X! (v;'.) for all pairs (i, j). Now, when applying X to
Xkl (v;), the coefficient s, is the sum of contributions from three terms:

i+ . )
o X (Yr—1,5,0V};) contributes 1 Y153

i+s—1 . .

o X(Yr—1,5-1,1-1v;3; ) contributes 6; 11, j41—1¥k—-15-1.0-15
i+s :

o X(Yk-1,5.0-1v;3,_) contributes Ty j /1 Yk—1,5,1-1-

So we obtain
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t—s—1
[T i)

s—1
Vkst = (l_[ 9i+€,j+£+t—s) (
¢=0 =0

x [ njsthe—r1—cMjs .. njshs (1,2, 07
+hk—l(njv ey 77j+t—1)hs—1(1, ;" R é-t_s)]

s—1 t—s—2

+ Tigs, ji—1 <1_[ 9i+€,j+€+tsl) ( l_[ Ti,jH)

=0 =0
X hi—y (s oo Mjre-DRs (LG, 71700 (97)
To simplify the last summand, we use (9.5) to compute

s—1
Tits, j+t—1 1_[9i+€,j+€+t—l —s
=0
= (Tigs, jrt—D0its—1,j+1-20i 452, jr1—3 " Oi jrr—1-s
=051, j41-1(Tits—1, j41-2)0ivs—2,jrt—3 " Oi jri—1—s
2
= 0i 451, j41-10is5—2, j+1—2(Tits—2,j+1-3) * " Oi jrr—1—s

s—1

= (i jrr—s—D ] [Orvejrerios: 9.8)
£=0

By (9.7) and (9.8), we now have

s—1
Visi = (l_[ 9i+€,j+£+t—s)(
=0

X [nj+{hk_1—f(nj"~-’nj+¢)hs(1,§,.,,,gt_s)
+/’lk—t(77], ey nj-l,-[—])hs_](l’ g’ R gt*S)
Hhiee (s i) E (L8 D] (99)

The factor of ¢* in the last term can be absorbed into the (homogeneous) polynomial
hs to make the sum of the last two terms equal to

t—s—1

1_[ Ti,j+e)

=0

Pt s oo M) (st (1, € oo ) g€, E2, 0, ET79)).

Now, taking x,_y_; = ¢', (9.2) implies that the two terms in the parenthesis simplify
to hy(1,¢,...,¢" ). Thus, (9.9) yields

s—1
Vk,s,0 = (l—[ 9i+e,j+z+z—s) (
=0

X [Uj+thk—1—t(77j, cees 77j+z) +hk—z(77j, cee 7]j+t—1)]-

t—s—1

I1 r,-,jH)hs(l,;,...,;fS)

=0
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Again applying (9.2), we find that (9.6) holds, and the induction is complete. [
We can apply this result to show that x" acts by O in the following cases.
Lemma 9.10. In the notation of Proposition 3.5, we have x" - e; = 0.

Proof. Fix i. We will apply Lemma 9.4 in the case k =n, m =m’, with X = x and
vf =e¢; for 1 <i <m. The vj. do not play a role in the proof for i # j, so we set
0;,j =1;,; =0 when i # j and assume i = j for the remainder of the proof. From
the proof of Proposition 3.5, we have n; = y¢/, 6;; = —y¢'*!, and 7;; = 0 for all
i. So, (9.5) holds and we can apply Lemma 9.4. Making these substitutions into
(9.6), we immediately see that v, ;; = 0 unless s = ¢, by considering the 7 factor.
In case s = t, the t factor and the last factor are equal to 1. This gives

s—1

Vn,s,s = <1_[ 0i+£,i+€>hn—s(ni» Mitls* o s Mics)-

=0

Since h,—s (i, Nit1s -, Ni+s) 1S a scalar multiple of 4, (1, ¢, ..., ¢°), this van-
ishes by Lemma 9.3 unless s =0 or s = n.

So we have x"-¢; = (¥,,0,0+V¥u.n.n)ei. These are easily computed by substitution
to be

V0,0 =ha(ni) = )" ="
n—l n—1 n—1
Y = | [Oiveive= D"y [ =0y [ ]ef = v,
=0 =0 =0

where the last equality invokes Equation (9.1). Thus we have shown that x" -¢; = 0.
O

Lemma 9.11. In the notation of Theorem 6.1, we have x" - aj =0forall (i, j).

Proof. We will apply Lemma 9.4 in the case k = n with X = x and v, = a’. From
the proof of Theorem 6.1, we have n; = vel, 0ij = —yuing‘i*l, and 7; ; = A; j,
and that these satisfy (9.5). Now making these substitutions into (9.6), we see that
Yu.s.¢ 18 a scalar times

hs(lv ;3 LRI ] é‘t_s)hn—l‘(lv {9 LR ] é‘t)

By Lemma 9.3, the second factor vanishes except when ¢+ = 0 or + = n. Then,
again by Lemma 9.3, the first factor vanishes except when s =0 or s =t = n.
Therefore, we need only consider the cases when (s, t) equals (0, 0), (0, n), and
(n, n), in which these factors both equal 1. Notice that we have in all of these cases,

a}ft = ajj, because the indices for arrows are taken modulo n. So it suffices to show
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that ¥,.0.0 + ¥n.0n + ¥n.n.n = 0. Substitute and compute, omitting factors equal
to 1. We get

n—1

Y00 =ha(n)) =" =y" and Y00 =[] 4e=0.
£=0

The latter follows by the second condition of Theorem 6.1, because there will be a
factor with i = j 4 £ modulo n. Further,

n—1 n—1 n
Ynn = [ Oirejre = D" [ [ e et = 0 [ ] 0 ==y
=0 £=0 (=1

where the penultimate equality uses (4.2) and the last equality invokes Equation (9.1).
Thus we have shown that x”" -a§. =0. O

Lemma 9.12. In the notation of Theorem 6.3, we have x" - b; =0forall (i, j).

Proof. Again, we apply Lemma 9.4 with k =n, X = x, and v; = b’] The proof is
the same as for Lemma 9.11, except in this case we find that

-1 n—1
n n
Vn00=VY", Ynnn=-—vy, and VYno,= 1_[ Tij+t = l_[ Aijjve
=0 =0

Thus, we see that x" acts by 0 if and only if (y1)" = (y_)" + [14Zg }i.j+¢» which
is the condition assumed on the scalars in Theorem 6.3. O
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On the image of the Galois representation
associated to a non-CM Hida family

Jaclyn Lang

Fix a prime p > 2. Let p : Gal(@/ @) — GL,(I) be the Galois representation
coming from a non-CM irreducible component [ of Hida’s p-ordinary Hecke
algebra. Assume the residual representation p is absolutely irreducible. Under
a minor technical condition we identify a subring Iy of [ containing Z,[[T]]
such that the image of p is large with respect to l. That is, Im p contains
ker(SLz([IO) — SLy(lp/ a)) for some nonzero ly-ideal a. This paper builds on
recent work of Hida who showed that the image of such a Galois representation is
large with respect to Z,[[T]]. Our result is an [-adic analogue of the description
of the image of the Galois representation attached to a non-CM classical modular
form obtained by Ribet and Momose in the 1980s.

1. Introduction

A Hida family F that is an eigenform and has coefficients in a domain [ has an
associated Galois representation p : Gal(@/ Q) — GL(Q®)), where Q () is the
field of fractions of [. A fundamental problem is to understand the image of such a
representation. One expects the image to be “large” in an appropriate sense, so long
as F' does not have any extra symmetries; that is, as long as F' does not have CM.
(In the CM case there is a nontrivial character n such that p, = p, ® . This forces
the image of p to be “small”.) This notion of “largeness” can be defined relative to
any subring [y of [, and one can then ask whether Im p is large with respect to lp.
Even when F does not have CM it might happen that there is an automorphism o of
[ and a nontrivial character 1 such that p7 = p, ® n. Such automorphisms, called
conjugate self-twists of F, can be thought of as weak symmetries of F. In this
paper we explain how conjugate self-twists constrict the image of p,. In particular,
let Iy be the subring of [ fixed by all conjugate self-twists of F'. Our main result is
that Im p. is “large” with respect to [o.

The study of the image of the Galois representation attached to a modular form,

This work was supported by National Science Foundation grant DGE-1144087.
MSC2010: primary 11F80; secondary 11F85, 11F11.
Keywords: Galois representation, Galois deformation, Hida family.
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and showing that it is large in the absence of CM, was first carried out by Serre [1973]
and Swinnerton-Dyer [1973]. They studied the Galois representation attached to a
modular form of level 1 with integral coefficients. Ribet [1980; 1985] and Momose
[1981] generalized the work of Serre and Swinnerton-Dyer to cover all Galois
representations coming from classical modular forms. Ribet’s work dealt with the
weight two case, and Momose proved the general case. The main theorem in this
paper is an analogue of their results in the [-adic setting. In fact, their work is a key
input for our proof.

Shortly after Hida constructed the representations o, Mazur and Wiles [1986]
showed that if | = Z,[[T]] and the image of the residual representation o, contains
SL,(F,) then Im p, contains SL»(Z ,[[T])). Under the assumptions that [ is a power
series ring in one variable and the image of the residual representation p, contains
SL,(F ), our main result was proved by Fischman [2002]. Fischman’s work is the
only previous work that considers the effect of conjugate self-twists on Im p . Hida
[2015] has shown under some technical hypotheses that if ' does not have CM
then Im p is large with respect to the ring Z,[[T]], even when 1 2 Z,[T]. The
methods he developed play an important role in this paper. The local behavior of
pp at p was studied by Ghate and Vatsal [2004] and later by Hida [2013]. They
showed, under some assumptions later removed by Zhao [2014], that px|p, is
indecomposable, where D), denotes the decomposition group at p in Gg. We will
make use of this result later. Finally, Hida and Tilouine [2015] showed that certain
GSp,-representations associated to Siegel modular forms have large image.

Our result is the first to describe the effect of conjugate self-twists on the image
of p, without any assumptions on [ and without assuming that the image of p,
contains SL;([F,). We do need an assumption on o, namely that o is absolutely
irreducible and another small technical condition, but this is much weaker than
assuming Im p,. 2 SLy([F)).

2. Main theorems and structure of paper

We begin by fixing notation that will be in place throughout the paper. Let p > 2
be prime. Fix algebraic closures @ of @ and @ p of @, as well as an embedding
Lp: Q— @p. Let Gg = Gal(Q/Q) be the absolute Galois group of @. Let
Z* denote the set of positive integers. Fix Ny € Z" prime to p; it will serve as
our tame level. Let N = Nyp" for some fixed r € Z*. Fix a Dirichlet character
X : (Z/NZ)* — @* which will serve as our nebentypus. Let x; be the product
of x|z n,z)< with the tame p-part of x, and write c(x) for the conductor of x.
During the proof of the main theorem we will assume that the order of yx is a power
of 2 and that 2c(x)|N. The fact that we can assume these restrictions on x for the
purpose of demonstrating lp-fullness is shown in Proposition 3.9.
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For a valuation ring W over Z,, let Ay = W[T]. Let Z,[ x ] be the extension of
Z, generated by the values of x. When W = Z,[x] we write A, for Ay. When
W =17, then we let A = Az,. For any valuation ring W over Z,, an arithmetic
prime of Ay is a prime ideal of the form

Poei=(+T—e(1+p)d+p))

for an integer k > 2 and character ¢ : 1 + pZ, — W™ of p-power order. We shall
write 7 (¢) for the nonnegative integer such that p”® is the order of ¢. If R is a
finite extension of Ay, then we say a prime of R is arithmetic if it lies over an
arithmetic prime of Ay .

For a Dirichlet character ¢ : (Z/MZ7)* — Q*, let Sk(T'o(M), V) be the space of
classical cusp forms of weight &, level I'g (M), and nebentypus . Let hg (I'o(M), )
be the Hecke algebra of Si(I'o(M), ¥), and let hgrd(Fo(M), Y¥) denote the p-
ordinary Hecke algebra. Let w be the p-adic Teichmiiller character. We can
describe Hida’s big p-ordinary Hecke algebra h°4(N, x; A ) as follows [Hida
2015]. It is the unique A, -algebra that is

(1) free of finite rank over A,
(2) equipped with Hecke operators 7 (n) for all n € Z*, and

(3) satisfies the following specialization property: for every arithmetic prime P .
of A, there is an isomorphism

RN, x5 Ay)/ P ch®™ (N, x5 Ay) = h{™(To(Np™®), x1807")
that sends T (n) to T (n) foralln € Z™*.

For a commutative ring R, we use Q(R) to denote the total ring of fractions of
R. Hida [1986a] has shown that there is a Galois representation

Pox 1 Ga = GLa(Q(R™(No, x; Ay)))

that is unramified outside N and satisfies tr py,, , (Frob,) = T (£) for all primes ¢
not dividing N. Let Spec | be an irreducible component of Spec A%4(Ny, x; A ).
Assume further that [ is primitive in the sense of [Hida 1986b, Section 3]. Let
Ar :h®Y(No, x; A,) — [ be the natural A ,-algebra homomorphism coming from
the inclusion of spectra. By viewing

QR (No. x: Ay)) = h™(No. x: Ay) ®a, Q(Ay)
and composing px,,, With Ar ® 1 we obtain a Galois representation

pr: Ga — GL2(Q(D)
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that is unramified outside N and satisfies
tr o (Froby) = A (T (£))

for all primes £ not dividing N.
Henceforth for any n € Z* we shall let a(n, F) denote Ap(T (n)). Let F be the
formal power series in g given by

F:Za(n,F)q”.

n=1

LetI'= A, [{a(€, F): £1N}] which is an order in Q(l) since F is primitive. We
shall consider the Hida family F and the associated ring I’ to be fixed throughout
the paper. For a local ring R we will use mg to denote the unique maximal ideal of
R. Let F := I /my, the residue field of I'. We exclusively use the letter *J3 to denote
a prime of [, and 93’ shall always denote ¥ NI'. Conversely, we exclusively use 3’
to denote a prime of I’ in which case we are implicitly fixing a prime B of [ lying
over 5.

If 9B is a height one prime of | then we write fi for the p-adic modular form
obtained by reducing the coefficients of F' modulo 3. In particular, if 3 is an
arithmetic prime lying over Py . then fi € Sk(Fo(Np’(g)), 8)(10)_").

Recall that Hida [1986a] has shown that there is a well defined residual rep-
resentation p, : Gg — GL,(I/my) of p,. Throughout this paper we impose the
following assumption.

Assume that pj is absolutely irreducible. (abs)

By the Chebotarev density theorem, we see that tr o, is valued in . Under (abs)
we may use pseudorepresentations to find a GL,(I)-valued representation that is
isomorphic to p, over Q(l). Thus we may (and do) assume that p takes values in
GL,(I).

Definition 2.1. Let g =Y 2, a(n, g)q" be either a classical Hecke eigenform or a
Hida family of such forms. Let K be the field generated by {a(n, g) : n € Z} over
either Q in the classical case or Q(A ) in the A, -adic case. We say a pair (o, 1,)
is a conjugate self-twist of g if n, is a Dirichlet character, o is an automorphism of
K, and

o(a(t, g)) =ne(l)a(t,g)
for all but finitely many primes £. If there is a nontrivial character 5 such that (1, n)

is a conjugate self-twist of g, then we say that g has complex multiplication or CM.
Otherwise, g does not have CM.
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If a modular form does not have CM then a conjugate self-twist is uniquely
determined by the automorphism.
We shall always assume that our fixed Hida family F does not have CM. Let

I' ={o € Aut(Q(l)) : o is a conjugate self-twist of F}.

Under the assumption (abs) it follows from a lemma of Carayol and Serre [Hida
2000b, Proposition 2.13] that if o € I' then p% = pp. ® 1, over I. As pj is
unramified outside N we see that in fact o (a(€, F)) = n, (£)a(£, F) for all primes
£ not dividing N. Therefore o restricts to an automorphism of I'. Let o = (I')".
Define
Hy = m ker n,
oel
and
H := HyNker(det(p)).

These open normal subgroups of Gg play an important role in our proof.
For a commutative ring B and ideal b of B, write

I'p(b) :=ker(SLy(B) — SL,(B/b)).

We call I'g(b) a congruence subgroup of GL,(B) if b #£ 0. We can now define
what we mean when we say a representation is “large” with respect to a ring.

Definition 2.2. Let G be a group, A a commutative ring, and r : G — GLy(A)
a representation. For a subring B of A, we say that r is B-full if there is some
y € GL1(A) such that ¥ Imr)y ~! contains a congruence subgroup of GL,(B).

Let D, be the decomposition group at p in Gg. That is, D, is the image of
Gq, := Gal(@p /Qp) under the embedding Gg, <> Ggq induced by ¢,. Recall
that over Q(l) the local representation p|p, is isomorphic to (6 f;‘) [Hida 2000a,
Theorem 4.3.2]. Let € and § denote the residual characters of ¢ and §, respectively.

Definition 2.3. For any open subgroup Gy < Gg we say that p,. is Go-regular if
€lp,nGy # 8|p,nGy-
The main result of this paper is the following.

Theorem 2.4. Assume p > 2 and let F be a primitive non-CM p-adic Hida family.
Assume || # 3 and that the residual representation py. is absolutely irreducible
and Hy-regular. Then p. is lo-full.

The strategy of the proof is to exploit the results of Ribet [1980; 1985] and
Momose [1981]. Since an arithmetic specialization of a non-CM Hida family
cannot be CM, their work implies that if 3’ is an arithmetic prime of I’ then
there is a certain subring O C I'/B’ for which p, mod B’ is O-full. To connect
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their ring O with [y, in Section 6 we show that Q(O) = Q(lp/Q), where Q =
lo NP’. The proof that Q(O) = Q(ly/Q) relies on establishing a relationship
between conjugate self-twists of F' and conjugate self-twists of the arithmetic
specializations of F. As this may be of independent interest we state the result
here.

Theorem 2.5. Let B be an arithmetic prime of | and o be a conjugate self-twist of
fap that is also an automorphism of the local field Q,({a(n, fi) :n € Z*}). Then
o can be lifted to 6 € T such that 6 (B') =P/, where P’ =R NI

The proof, in Section 3, uses a combination of abstract deformation theory
and automorphic techniques. Deformation theory is used to lift o to an au-
tomorphism of the universal deformation ring of p. Then we use automor-
phic methods to show that this lift preserves the irreducible component Spec [.
The key technical input is that h%4(N, x; A,) is étale over arithmetic points
of A.

The remainder of the paper consists of a series of reduction steps that allow
us to deduce our theorem from the aforementioned results of Ribet and Momose.
Our methods make it convenient to modify p, to a related representation p :
H — SL;(lp) and show that p is lp-full. We axiomatize the properties of p at the
beginning of Section 4 and use p in the next three sections to prove Theorem 2.4.
Then in Section 7 we explain how to show the existence of p with the desired
properties.

The task of showing that p is lp-full is done in three steps. In Section 4 we
consider the projection of Im p to [ | oip SLa(lo/Q), where P is an arithmetic prime
of A and Q runs over all primes of [y lying over P. We show that if the image of
Imp in HQIP SL,(lp/Q) is open then p is lp-full. This uses Pink’s theory of Lie
algebras for p-profinite subgroups of SL, over p-profinite semilocal rings [Pink
1993] and the related techniques developed by Hida [2015].

In Section 5 we show that if the image of Imp in SL,(lp/Q) is lo/Q-full
for all primes Q of ly lying over P, then the image of Im p is indeed open in
I1 ojp SLa(lo/Q). The argument is by contradiction and uses Goursat’s lemma. It
was inspired by an argument of Ribet [1975]. This is the only section where we
make use of the assumption that |F| # 3.

The final step showing that the image of Im p in SLy(lp/Q) is lp/Q-full for
every Q lying over P is done in Section 6. The key input is Theorem 2.5 from
Section 3 together with the work of Ribet and Momose on the image of the Galois
representation associated to a non-CM classical modular form. We give a brief
exposition of their work and a precise statement of their result at the beginning
of Section 6. We reiterate the structure of the proof of Theorem 2.4 at the end of
Section 6.



The Galois representation associated to a non-CM Hida family 161

3. Lifting twists

Let P31 and *B; be (not necessarily distinct) arithmetic primes of [, and let J3; =3; NI’
We shall often view B3; as a geometric point in Spec(l)(Q),,). Suppose there is an
isomorphism o : /31 = [ /B3, and a Dirichlet character n : Gg — Q(I1/B3,)* such
that

o(a(t, fip)) =n©a(l, fip,)

for all primes £ not dividing N. We may (and do) assume without loss of generality
that » is primitive since the above relation holds even when 7 is replaced by its
primitive character. In this section we show that o can be lifted to a conjugate
self-twist of F.

Theorem 3.1. Assume that n takes values in Z,[ x| and that the order of x is a
power of 2. If n is ramified at 2, assume further that 2c(x)|N. Then there is an
automorphism & : ' — I such that

o(alt, F)) =na(t, F)

for all but finitely many primes £ and o o3| =P, o 6. In particular, B and B,
necessarily lie over the same prime of |.

Remark. The condition that the order of x be a power of 2 looks restrictive.
However in Proposition 3.9 we show that for the purpose of proving ly-fullness we
may replace F with a family whose nebentypus has order a power of 2. The same
proposition shows that the condition that 2¢()|N is not restrictive when proving
lp-fullness.

There are two steps in the proof of Theorem 3.1. First we use abstract deformation
theory to construct a lift 3 of o to the universal deformation ring of o, (or some
base change of that ring). This allows us to show that n is necessarily quadratic.
Then we show that the induced map on spectra ¥* sends the irreducible component
Spec I’ to another modular component of the universal deformation ring. Since o is
an isomorphism between [/, and [/93; it follows that the arithmetic point 3| lies
on both Spec [’ and X*(Spec ). Since the Hecke algebra is étale over arithmetic
points of A, it follows that X*(Specl’) = Spec[’ and hence X descends to the
desired automorphism of .

Lifting o to the universal deformation ring. Let W be the ring of Witt vectors of
F. Let @V be the maximal subfield of @ unramified outside N and infinity, and let
Gg := Gal(Q" /Q). Note that p r factors through Gg. For the remainder of this
section we shall consider Gg to be the domain of p, and p.

We set up the notation for deformation theory. For our purposes universal
deformation rings of pseudorepresentations are sufficient. However, since we are
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assuming that p is absolutely irreducible, we use universal deformation rings of
representations to avoid introducing extra notation for pseudorepresentations.

Let C denote the category of complete local p-profinite W-algebras with residue
field F. Let 7 : Gg — GL, (F) be an absolutely irreducible representation. We
say an object R; € C and representation AL Gg — GL,(R5) is a universal
couple for 7 if: 7" modmg, = 7 and for every A € C and representation

: Gg — GL,(A) such that »r mod my = 7, there exists a unique W-algebra
homomorphism a(r) : Rz — A such that r Z a(r) o 7", Mazur [1989] proved
that a universal couple always exists (and is unique) when 7 is absolutely irreducible.

Since 7 takes values in Z,[x] which may not be contained in W, we need to
extend scalars. Let O = W[n]. We recommend the reader assume O = W on the
first read. In fact, in Proposition 3.4 we will use deformation theory to conclude
that 1 is quadratic, but we cannot assume that from the start. For a commutative
W-algebra A, let A := O @y A. It will be important that we are tensoring on the
left by O as we will sometimes want to view “A as a right W-algebra.

Let o0 denote the automorphism of [ induced by o and 7 the projection of 5 to
F. The automorphism o of F induces an automorphism W (o) on W. For any W-
algebra A, let A% = A ®w ) W, where W is considered as a W-algebra via W (o).
Note that A? is a W-bimodule with different left and right actions. Namely there
is the left action given by w(a ® w') = aw ® w’, which may be different from the
right action given by (a ® w')w = a @ ww'. In particular, 2A° = OQy A @ws) W.
Let 1(&, A) : A — A° be the usual map given by 1(5, A)(a) =a ® 1. Itis an
isomorphism of rings with inverse given by ((¢ !, A). Furthermore, ((5, A) is a
left W-algebra homomorphism.

The next lemma describes the relationship between the deformation rings arising
from the universal couples (R, ,5;“”) (R—& (ﬁg)u“iv) and (Rjep,, (1 ®,5F)“ni").
Lemma 3.2. (1) If,o}’, =1 ® pp then the universal couples (R 57 (,OF)”““’) and

(Rigp,» (1® ,oF)“mV) are canonically isomorphic.
(2) There is a canonical isomorphism @ : RgF — R A of right W-algebras such
that
(ﬁg)univ égoot(&, R,5 )Op[o_mv.

(3) Viewing (M®p F)‘mi" as a representation valued in GL, (OR,;®5F) via the natural
map R, — OR,—,®5F, there is a natural W-algebra homomorphism  :
Rigp, — OR,;F such that

@AM = (1®Y)o ([ ® pp)"".

Proof. The first statement follows directly from the definition of universal couples.
For (2), we show that the right W-algebra R satisfies the universal property for
p%. Let AeCandr: GY — GLy(A) be a deformatlon of p%. Then t(~!, A)or
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is a deformation of o, viewing A° Tasa right W-algebra. By universality there
is a unique right W-algebra homomorphism a(1(6 !, A)or) : R;, — A% such
that (67", A)or Za(t(@~ ', A)or)o ,oumv Tensoring a(1(G !, A) or) with W
over W (o) gives a homomorphism of right W-algebras o (¢ @1 A)or) Qwe) 1:
R" — A such that r = (x(t(67 !, A)or) ®we) oo, Rz,) o ,o}mv This shows
that the right W-algebra R"F satisfies the universal property for P With notation
as above, when r = (,OF)unlv we set ¢ = a(1(5 ! . R; ) (,oF)““”) ®w) 1, so

(PF )“mv'\“goot(a R; )op}émv. )

In particular, ¢ is a right W-algebra homomorphism.

Finally, let i : Rjgp, — OR,@/;F be the map given by x — 1 ®@x. If Aisa W-
algebra and r : Gg — GL,(A) is a deformation of p, then n®r : Gg — GLy(A)
is a deformation of 7 ® p,. Hence there is a unique W-algebra homomorphism
a(m®r): Rigp, — QA suchthat n@r Za(n@r)o (7 ﬁF)““iV. We can extend
a(n ®r) to an O-algebra homomorphism 1 @a(n®r) : ORﬁ@ﬁF — %A by sending
xQ®yto(x®Da(n®r)(y). In particular, n @r = (1 Qu(n®r))ocio(n® ,5F)““iv.
When r = ,o“““’ let ¢ denote a(n ® p“mv) SO

NPV = (1®y)oio(ii®pp)"™". O

Let A be a W-algebra. We would like to define a ring homomorphism m (o, A) :
A% — A such that m(&, A) o 1(&, A) is a lift of . When A = F we can do this
by defining m(o,F)(x ® y) = o(x)y. Similarly, when A = W we can define
m@, W) (x @ y) = WG)(x)y. If A= W[T] or W[T] then A° = W°[T] or
WP [[T1, and we can define m (G, A) by simply applying m (&, W) to the coefficients
of the polynomials or power series. However, for a general W-algebra A it is not
necessarily possible to define m (o, A) or to lift &. (If A happens to be smooth over
W then it is always possible to lift ¢ to A.) Note that by Nakayama’s lemma, if
m(o, A) exists then m(o, A) ot(0, A) is a ring automorphism of A.

Fortunately, we do not need m(& A) to exist for all W-algebras; just for I'. Our
strategy is to prove that if p7. = 7 ® o, then the ring homomorphism m (o, OR[;F)
exists.

Lemma 3.3. If p,. is absolutely irreducible and ,5;}, =1 Q® pp then there is a ring
homomorphism m (o, OR[;F) : ORgF — ORﬁF that is a lift of m(c, F). In particular,
m(a,Rp,)o1(a, “Rp,) is alift of .

Proof. With notation as in Lemma 3.2 define m (o, ORﬁF) =(1®y¢Y)o(1R¢). We
will show that 1 ® ¢ induces m (o, F) and 1 ® v induces the identity on . Note
that F is the residue field of O since yx, and hence 5, takes values in . Therefore
all of the tensor products with O residually disappear. Hence it suffices to show
that ¢ induces m (o, F) and y acts trivially on [F.
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By definition F is generated by {a (¢, F): £1 N'}. Therefore it suffices to check that
Y acts trivially on a (¢, F) for any prime £ not dividing N. But y o (n ® p F)““iV =
ne ﬁ}“iv. Evaluating at Frob,, taking traces, and reducing to the residue field shows
that ¢ induces the identity on [.

Let ¢ : F ®5 F — [ be the residual map induced by ¢. By reducing (1) to the
residue field we find that 6 0 p, = @o(0, ) o o. By universality we conclude that
og=¢ot(o,F). Butd =m(o,F)ot(o,F) and hence ¢ =m (o, ), as desired. [

Define ¥ = (1® ¢) o (1®¢) o (1 ®(o, R;,)). By the proof of Lemma 3.3
we see that X is a lift of o to ORﬁF. In the next subsection we use automorphic
techniques to descend ¥ to I'. In order to do so we need the following properties
of .

Proposition 3.4. (1) Forallw € W we have T(1Q w) =1® W(a)(w).
2) Forallx e Owehave X(x @ 1) =x ® 1.

(3) The automorphism & of F is necessarily trivial and hence, under the assumption
that the order of x is a power of 2 and p # 2, it follows that n is a quadratic
character.

(4) The automorphism % of Rp is a lift of 0.

Proof. The first point is the most subtle. The key point is that ¢ is a right W-algebra
homomorphism. Let w € W. Then

(1®ua,“R;, N1 RW) =10wR1=101® W(G)W).

Since ¢ is a right W-algebra homomorphism and ¥ is a W-algebra homomorphism
we see that 2 (1 @ w) =1 ® W(a)(w), as claimed.

The fact that X (x ® 1) =x ® 1 for all x € O follows directly from the definition
of X.

The first two facts imply that W (o) is trivial. Indeed, for any w € W we have
w®l=1®we"R 5, Therefore by the first two facts, in R 5, We have

wRl=Xwe)=2(Qw) =18 WE)(w) = W©E)(w) ® 1.

The ring homomorphism O — ORpF is injective since R, covers I and I' O O.
Therefore W (6) and hence 6 must be trivial.

Therefore p, =1 ® py. Taking determinants we find that det p, = 7> det p P
and hence 7 is quadratic. Therefore the values of n are of the form +¢, where ¢
is a p-power root of unity. But by assumption 7 takes values in Z,[x] and x has
2-power order. Since p # 2 it follows that n must be quadratic.

In view of the previous parts of the current proposition we see that O = W
and hence ORﬁF = R;,. Furthermore, the first two maps in the definition of X

~univ ~ ~univ

become trivial and hence ¥ = . By definition of ¢ we have ¥ o o™ =0 ® pp
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Leta =a(pp): R;, — I and regard B, : I — Q, as an algebra homomorphism.
Since p] = 1 ® py it follows from the definitions of all maps involved that

oo oaoptV =P, oo X opin,
By universality 0 o} oax =P, o 0 ¥ and thus X is a lift of 0. O

Descending X to ' via automorphic methods. To prove Theorem 3.1 it now re-
mains to show that ¥ descends to an automorphism of I’. Let us describe the strategy
of proof before proceeding. We begin by showing that the character 7 is unramified
at p. Once we know this, it is fairly straightforward to check that the irreducible
component £*(Spec ) is modular in the sense that it is an irreducible component
of an ordinary Hecke algebra of some tame level and nebentypus. We then verify
that the tame level and nebentypus of X*(Spec[’) match those for Specl’, so we
have two irreducible components of the same Hecke algebra. Finally, 3} is an
arithmetic point on both Spec [’ and X*(Spec[’). As the ordinary Hecke algebra is
étale over A at arithmetic points [Hida 2006, Proposition 3.78], the two irreducible
components X*(Specl’) and Spec [’ must coincide. In other words, ¥ descends
to I" as desired. There is a technical point that Specl’ and X*(Specl’) are only
irreducible components of the algebra generated by Hecke operators away from N,
so in order to use étaleness we must associate to X*(Spec ) a primitive irreducible
component Spec J of the full Hecke algebra. See the discussion after Corollary 3.7.

Lemma 3.5. Let py, p2: Gg, — GL,(Q p) be ordinary representations such that
the inertia group acts by an infinite order character on the kernel of the unique
p-unramified quotient of each p;. Assume there is an automorphism o € Gq, and a
finite order character n such that p{ =1 ® pa. Then 1 is unramified at p.

Proof. Since p; is p-ordinary, by choosing bases appropriately we may assume
pi = (4 5 ) with §; unramified. By assumption &;|;, has infinite order. As pf =
n ® p2, it follows that for some x € GL,(Q),) we have p] =x(n ® p2)x L. Write
x= ( a Z) and n® pr = ('782 ,;52). A straightforward matrix computation shows that

on I, we have

e) *\ _ 1 (adery—bc)n —acu *
0 1) ad—bc \cdn(er —1) —cu) (ad—bcer)n+acu)’
Hence either c =0 or cu =dn(e; — 1).
If ¢ = 0 then on I, we have

8‘1’*:7782*
01 0 n/)’

and so n|;, = 1, as desired. If cu = dn(e2 — 1) then on I, we have

el *\ _(n *
01_07782.
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Therefore we have &7 [;, = nl;, = &, Y 1,- But this is impossible since ¢;|;, has
infinite order by assumption while n has finite order. Therefore n must be unramified.
O

In what follows we use Wiles’s interpretation of Hida families [Wiles 1988].
Namely for a finite extension J of A, a formal power series G =Y oo, a(n, G)q"
is a J-adic cusp form of level I'g(N) and character x if for almost all arithmetic
primes ‘P of J, the specialization of G at *P gives the g-expansion of an element gy
of Sy (TCo(Np'®), e xw™*), where 13 lies over Py .. One defines the Hecke operators
by the usual formulae on coefficients of g-expansions. We say G is ordinary if it is
an eigenform for the Hecke operators whose eigenvalue under U (p) is in J*. Let
S(N, x; J) be the J-submodule of J[[¢]] spanned by all J-adic cusp forms of level
['o(N) and character x that are also Hecke eigenforms. Let S(N, x; J) denote
the J-subspace of S(N, x; J) spanned by all ordinary J-adic cusp forms.

For each Dirichlet character v, we shall write c(v/) € Z™ for the conductor of /.
Let ¢ : (Z/LZ)* — Q* be a Dirichlet character. Let 5 be a primitive Dirichlet
character with values in Z[x]. (Every twist character of F has this property by
Lemma 3.11.) Denote by M (i, ) the least common multiple of L, ¢()?, and
c(Y¥)c(n). By [Shimura 1971, Proposition 3.64], there is a linear map

Ry 2 Si(Co(M (¥, m), ¥) = Sk (Do(M (3, m)), )

f=) am, g" = nf =Y nma, fg".
n=1 n=1

We now show that there is an analogous map in the J-adic setting.

Lemma 3.6. There is a well defined J-linear map

Ryn: S(M(x,m), x; &) = S(M(x, ), n*x; )

G=) am G)q"—nG=> nman, Gq".

n=1 n=1
If ptc(n) then R, , sends Sord(M(X, n), x;Jd) ro Sord(M(X, n), nzx; J).

Proof. Let *33 be an arithmetic prime of J, and let Py . be the arithmetic prime of A
lying under . If G € S (M (x, n), x; J) then

g3 € St(To(M(x, Mp™ @), exo ™).

Let ¢ =& xw*. It follows easily from the definitions that M (v, n) = M (x, n) p"©.
Therefore

ngp = Ry, (gyp) € Sk(Co(M W, m)), n*¥) = S (To(M (x, mp" @), n*exo™),
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s0nG € S(M(x, m, n*x; J).

For the statement about ordinarity, we may assume G is a normalized eigenform,
so a(p, G) is the eigenvalue of G under the U (p) operator. If G is ordinary then
a(p, G) € J*. Hence n(p)a(p, G) =a(p,nG) € J* if and only if n(p) #0. O

Corollary 3.7. The representation associated to X*(Specl’) is modular of level
M (x, n) and nebentypus .

Proof. The representation associated to X*(Spec ') is isomorphic to n ® p. Con-
sider the formal g-expansion nF := Y>> n(n)a(n, F)q" € l[¢]l. By Lemma 3.6
and Lemma 3.5 we see that nF is a Hida family of level ['g(M (x, n)) and neben-
typus n°x. Clearly the Galois representation of 7 F is isomorphic to 7 ® p F since
their traces on Frobenius elements agree on all but finitely many primes. Since
N®pr=aoXo ,51‘;“”, it follows that X*(Spec[’) is modular of level M (x, )
and nebentypus % x. By Proposition 3.4 we know that 7 is quadratic and hence
K= X O

For any integer multiple M of N, let h°4(M, x; A,)’ be the A ,-subalgebra
of hoY(M, x; A,) generated by {T'(n) : (n, N) = 1}. Corollary 3.7 shows that
*(Spec ') is an irreducible component of Spec h°Y(M (x, ), x; Ay)'. There is a
natural map g : Spec h°4(M, x; A ) — Spec h°4(M, x; A,)’ coming from the nat-
ural inclusion of algebras. An irreducible component Spec J' of k(M x; A x) es-
sentially corresponds to the data of the Fourier coefficients away from N. The preim-
age B! (Spec J’) is a union of irreducible components whose Fourier coefficients
agree with those of J’ away from N. By the theory of newforms we know that there
is a unique primitive irreducible component Spec J of A°4(M, x; A,) that projects
to Spec J’ under B. Let Spec J be the primitive component of B4 (M (x, 1), x; Ay)
that projects to X*(Spec [') under 8. By the proof of Corollary 3.7, J is the primitive
form associated to nF and so py =1 ® p.

Since N|M (x, n) there is a natural inclusion

Spec h"U(N, x; Ay) = Spec K (M (x, 1), x; Ay).

We wish to show that Spec J is an irreducible component of Spec h°rd(N c XA y).
We do this locally by computing the level of Spec J at each prime £. Let v, denote
the usual ¢-adic valuation on the integers, normalized such that v, (£) = 1.

Proposition 3.8. The primitive component Spec J is an irreducible component of
Spec RN, x; Ay).

Proof. First note that if £ { ¢(n) then ve(M(x, n)) = ve(N) since ¢(x)|N. In
particular, by Lemma 3.5 we have v, (M (x,n)) =v,(N).

Fix a prime £ # p at which 7 is ramified. For a pro-p ring A and representation
7w :Gg, = GL2(A), let C,(;r) denote the £-conductor of 7r. See [Hida 2015, p. 659]
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for the precise definition. When x is the representation associated to a classical
form f, the £-conductor of 7 is related to the level of f by the proof of the local
Langlands conjecture for GL,. Indeed, when f is a classical newform of level N
we have Cy(py) = M) If f is new away from p and £ # p then we still have
Ci(py) =™,

First suppose that p|;, is not reducible indecomposable. Then (n ® pp)|y, is not
reducible indecomposable either. Therefore C¢ (o) = Ce(p gy, ) and Ce(n ® pp) =
Ci(n®p f%) [Hida 2015, Lemma 10.2(2)]. Since Galois action does not change
conductors we have

Ce(pp) = Ce(pfy) = Ce(pfy ) = Ce® pgy,) = Ce(n @ p).

Since F' is a primitive form we have that fyp, is new away from p and hence
Ce(pry,) = £¢W)  On the other hand since J is primitive we have Cy(py) =
C¢(n ® pp) is equal to the £-part of the level of J, which gives the desired result
at £.

Now assume that p |, is reducible indecomposable. By Lemma 10.1(4) of [Hida
2015] we have a character ¥ : Gg, — [* such that ,oFl(;@ = (Ag'/’ :Z) where N is
the unramified cyclotomic character acting on p-power roots of unity and |, has
finite order. Note that since 7 is a quadratic character, c(n) is squarefree away from 2.
Similarly, since x has 2-power order it follows that c()) is a power of 2 times a
product of distinct odd primes. Therefore, for odd primes £ it is enough to show that
ce(n)?|N. We use the description of the conductor of a locally reducible indecompos-
able representatlon given on page 660 of [Hida 2015]. Let ¢y = mod 3;. Then

2(77 1//1 *

Py, 1, = 0 gy ) If Y1 is unramified then n 1% is ramified and hence

cem)’ =cetn™ ) =cetn™Y7)* = Celpyy,)-

Since p gy, is a specialization of p we have Ce(pfy,)|N giving the desired result.
Now suppose that 1| is ramified. Then c;(n) = £|c¢(¥1) and C; ('Offnl) =co(Y1)>.
Again, since p e, is a specialization of p, we see that ce(m)?|N.

Finally the case ¢ = 2 follows from the assumption that 2c(x)|N. We are able
to make this hypothesis by Proposition 3.9.

Therefore Spec J is an irreducible component of RN, x; A »), as desired. [J

Proof of Theorem 3.1. We first lift o to an automorphism % of “R 5, by Lemma 3.3.
We are able to use the definition of X to show that R 5, = R, and that n is quadratic
in Proposition 3.4. By Proposition 3.8 we see that *(Spec ') is a component of
Spec ho4(N, x; A ). Since p%, o = =n®p fy, it follows that the arithmetic point B
is a point on both Spec I’ and £* (Spec ["). We claim that in fact J3; € Spec INSpec J.
Note that J is the primitive family passing through fggl. (We know ﬁgl
primitive since fy, is an arithmetic specialization of the primitive family F', and
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Galois conjugation does not change the level.) Indeed, J is the primitive form of
nF. Let'P € Spec J such that J mod P = f(gl. On the other hand the kernel of the
specialization map giving rise to fggl is 3, since f%l =o(F mod ;). Therefore
B =P € SpeclN Spec J.

Since AN, x; A ») 1s étale over arithmetic points of A by [Hida 2006, Propo-
sition 3.78] it follows that the irreducible components Specl and Spec J must
coincide and hence X*(Specl’) = Specl’. Therefore ¥ descends to the desired
automorphism & of I'. The fact that 6 (a(¢, F)) = n(£)a({, F) for almost all primes

¢ follows from specializing X o ,5;““ =n® ,5[‘7‘“iv to I’ and taking traces. Finally,
o o P =P, o5 since X is a lift of o by Proposition 3.4. O

Nebentypus and twist characters. We end this section with some information about
twist characters. In particular Proposition 3.9 shows that we may assume from the
beginning that x has 2-power order with 2¢(x)|N.

Note that the ring lp depends on F. However, if ¥ is a character then i F has
the same group of conjugate self-twists as that of F', and thus the same fixed ring [y.
Indeed, if o is a conjugate self-twist of F with character 5, then a straightforward
calculation shows that ¥ nvy ! is the twist character of o on ¢ F.

Proposition 3.9. There is a Dirichlet character W such that the nebentypus > x of
W F has order a power of 2 and 2c(W2x)|M (x, ¥). Furthermore, pp is lo-full if

and only if py F is lo-full.

Proof. It is well known that the nebentypus of ¥ F is ¥2x [Shimura 1971, Propo-
sition 3.64]. Write x = x2&, where yx; is a character whose order is a power of 2
and £ is an odd order character. Let 2n — 1 denote the order of £. Then £2* = £, so
taking Y¥oqg = &7 we see that wgdd X = x2672"E = x, is a character whose order
is a power of 2.

Let 2/~! be the order of wgdd x, and let ¥ : (Z/2'Z)* — Q* be the associated
primitive character. Let ¥ = y»1/oqq. Then 2% |M (x, ) whereas c2(¥2x)[2/ 7.
Since t > 1 we see that

202012 | M (x, ¥,

as desired.

Suppose that py, ¢ is lp-full. Since v is a finite order character, ker ¥ is an open
subgroup of Gg. Thus py rlkery is also lp-full. Note that p¢F|ker¢ = pplkery-
Thus p is lo-full. (Il

We finish this section by recalling a lemma of Momose that shows that twist
characters are valued in Z,[x]. Thus Theorem 3.1 says that whenever a conjugate
self-twist of a classical specialization fiz of F induces an automorphism of Q, ( fiz),
that conjugate self-twist can be lifted to a conjugate self-twist of the whole family F.
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Lemma 3.10 [Momose 1981, Lemma 1.5]. If o is a conjugate self-twist of [ €
Si(To(N), x), then n, is the product of a quadratic character with some power
of x. In particular, n, takes values in Z[ x].

The proof of Lemma 3.10 is not difficult and goes through without change in the
[-adic setting. For completeness, we give the proof in that setting.

Lemma 3.11. Ifo is a conjugate self-twist of F then 1, is the product of a quadratic
character with some power of x. In particular, n, has values in Z[x].

Proof. As p is absolutely irreducible, p%. = ns ® py. Thus o (det pp) = 77(27 det pp.
Define « : 14+ pZ, — A* by (1 + p)*) = (1+T)* for s € Z,. Recall that for all
primes £ not dividing N we have

det pj- (Froby) = x (O ((€))¢~".

Substituting this expression for det p into o (det py) = n?, det pj yields 1737 =
xx
Recall that x? = x* for some integer o > 0. To prove the result it suffices to
show that there is some i € Z such that 77(2; = x%. If x has odd order then there is a
positive integer j for which x = x?/. Thus ng = x° 1 = x2/@=D_If y has even
order then x¢ also has even order since o is an automorphism. Thus o must be
1 a—1

odd. Then o — 1 is even and 77(27 =x%x" " = x“ ", as desired. U

4. Sufficiency of open image in product

Recall that Hy = (), . ker(n,) and H = HyNker(det o). For a variety of reasons,
our methods work best for representations valued in SL,(lly) rather than GL,(I').
Therefore, for the next three sections we assume the following theorem, the proof
of which is given in Section 7.

Theorem 4.1. Assume that p. is absolutely irreducible and Hy-regular. If V =1 2
is the module on which Gq acts via py, then there is a basis for V such that all of
the following happen simultaneously:

(1) pp is valued in GLy(I').

(2) prlp, is upper triangular.

(3) pplH, is valued in GLy(lp).

(4) There is a matrix j = (6 §O/ ) where ¢ and ' are roots of unity, such that j

normalizes the image of p and { # ¢’ mod p.
Let H' =ker(det pj). For any h € H' we have det p.(h) € 1 +my. Since p # 2
and I' is p-adically complete, we have

o0

1
Jdetpp(h) = Z <Z >(det,0F(h) —Drel™.

n=0
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Since p is a 2-dimensional representation pg|,, ® (,/ det ppl )_1 takes values
in SL,(I). Restricting further it follows from Theorem 4.1 that

p = prply ® (detpply )71

takes values in SL;(lp). Note that the image of p is still normalized by the matrix j
of Theorem 4.1 since we only modified p by scalars, which commute with j. In
Proposition 4.10 we show that p, is lp-full if and only if p is lp-full. The proof of
Proposition 4.10 is postponed until the end of the current section since it uses the
theory of Pink—Lie algebras developed below. In the next three sections we prove
that p is ly-full.

The purpose of the current section is to make the following reduction step in the
proof of Theorem 2.4.

Proposition 4.2. Assume there is an arithmetic prime P of A such that the image
oflmpin[] o1p SLa(lo/ Q) is open in the product topology. Then p (and hence pp.)
is lo-full.

In the proof we use a result of Pink [1993] that classifies p-profinite subgroups
of SL,(A) for a complete semilocal p-profinite ring A. (Our assumption that p > 2
is necessary for Pink’s theory.) We give a brief exposition of the relevant parts of
his work for the sake of establishing notation. Define

®:SLy(A) = sh(A), x> x—Jtr(x),

where we consider %tr(x) as a scalar matrix. Let G be a p-profinite subgroup of
SL;(A). Define L(G) to be the closed subgroup of sl;(A) that is topologically
generated by ®(G). Let L - L be the closed (additive) subgroup of M,(A) topo-
logically generated by {xy : x, y € G}. Let C denote tr(L - L1). Sometimes we
will view C C M;,(A) as a set of scalar matrices. For n > 2 define L,(G) to be the
closed (additive) subgroup of sl,(A) generated by

[L1(9), Ln1(9)]:={xy —yx :x € L1(9), y € Lp1(9)}.

Definition 4.3. The Pink—Lie algebra of a p-profinite group G is L»(G). Whenever
we write L(G) without a subscript we shall always mean L;(G).

As an example one can compute that for an ideal a of A, the p-profinite subgroup
G =T"4(a) has Pink-Lie algebra L,(G) = a?sly(A). This example plays an important
role in what follows.

For n > 1, define

Mu(G) =CDL,(G) C Mr(A)
H,(G) ={x € SL,(A) : ©(x) € L,(G) and tr(x) —2 € C}.



172 Jaclyn Lang

Pink proves that M,(G) is a closed Z,-Lie algebra of M>(A) and that H, =
SL>(A)N (1 + M,) for all n > 1. Furthermore, write

gl - g, gn—i—l - (g7 gn)y

where (G, G,) is the closed subgroup of G topologically generated by the commuta-
tors {88n8 '8, ' 1 8 €G, gn € Gn}-

Theorem 4.4 [Pink 1993]. With notation as above, G is a closed normal subgroup
of H1(G). Furthermore, H,(G) = (G, G,) forn > 2.

There are two important functoriality properties of the correspondence G +— L(G)
that we will use. First, since ® is constant on conjugacy classes of G it follows
that L, (G) is stable under the adjoint action of the normalizer Nsi,4)(G) of G in
SL,(A). That is, for g € Nsi,(4)(9), x € L,(G) we have gxg ' eL,(G). Ifais
an ideal of A such that A/a is p-profinite, then we write G, for the p-profinite
group G- I'a(a)/ I"'a(a) € SLo(A/a). The second functoriality property is that the
canonical linear map L(G) — L(G,) induced by x — x mod a is surjective.

Let mg be the maximal ideal of [y, and let G denote the p-profinite group
Im p N T, (mp). The proof of Proposition 4.2 consists of showing that if G Pl 18
open in HQI pSLa(lp/Q) then G contains Fuo(aolfor some nonzero ly-ideal ag. Let
L = L(G) be the Pink-Lie algebra of G. Since Gpy, is open, for every prime O of
lp lying over P there is a nonzero lp/Q-ideal ag such that

Gpiy 2 1_[ I'ip/0(ag).
Qlp
Thus L(Gpi)) 2 ®ojpigsh(o/Q).

Recall from Theorem 4.1 that we have roots of unity ¢ and ¢’ such that ¢ #
¢’ mod p and the matrix j := ( ?) normalizes G. Leta =¢¢'~!. A straightforward
calculation shows that the eigenvalues of Ad(j) acting on sl,(ly) are o, 1, a~!. Note
that since ¢ # ¢’ eitherall of o, 1, @~ ! are distinct orelse = —1. For A € {a, 1, @™ !}
let L[A] be the A-eigenspace of Ad(j) acting on L. One computes that L[1] is
the set of diagonal matrices in L. If « = —1 then L[—1] is the set of antidiagonal
matrices in L. If « # —1 then L[«] is the set of upper nilpotent matrices in L,
and L[o~'] is the set of lower nilpotent matrices in L. Regardless of the value of
«, let u denote the set of upper nilpotent matrices in L and u’ denote the set of
lower nilpotent matrices in L. Let £ be the Z,-Lie algebra generated by u and u’
in sl (lp).

Lemma 4.5. The matrix J := (1+0T (1)) normalizes Im p, and L is a A-submodule
of sl2(lp).

Proof. First we show that £ is a A-module assuming that J normalizes Im p. Since
LisaZ,-Lie algebraand A = Z,[[T]), it suffices to show that x € £ implies T'x € L.



The Galois representation associated to a non-CM Hida family 173

If x € u then a simple computation shows that JxJ~' = (1 4+ T)x. As £ is an
abelian group it follows that Tx = (1 + T)x —x € u. Similarly, for y € u’ we have
Ty eu'. It follows that T[x, y] = [Tx, y] € L. Any element in £ can be written
as a sum of elements in u, u', and [u, u']. Therefore £ is a A-submodule of sl (lly).

Now we show that J normalizes Im p. The proof is nearly identical to the
proof of [Hida 2015, Lemma 1.4] except we do not require ¢, {’ € Z,,. As in the
proof of Proposition 4.10, we know there is an element T = ( 1J5T ’f) €lmpg. A
straightforward matrix calculation shows that 7 € Im p|,. Writing 7 = (1 + T)!/2
and u’ =t~ 'u we see that 7’ = (6 t’i/, ) € Im p. Since pg |, and p differ only by a
character, their images have the same normalizer. In particular, the matrix j from
Theorem 4.1 normalizes Im p. Hence the commutator (z’, j) € Im p and we can

compute
, o (1 utd—a)
(r,J)—<0 | .

Letv= {x ely: (8 ’6) € u}. Then v is a Z,[a]-module. Indeed, it is a Z,-module
since we can raise unipotent matrices to Z,-powers, so it suffices to show that v is
closed under multiplication by «. This follows by conjugating unipotent elements
by j. Since @ #21 mod p we have that 1 —« is a unit in Z,[«]. Therefore u't € v.
Let B = r’_l((]) “)t’ € Imp. Then r~'J = v/B~" (and hence J) normalizes
Imp. (I

The proof of Proposition 4.2 is easier when o # —1, so we start with that case.

Proof of Proposition 4.2 when o # —1. We will show that the finitely generated
A-module
X :=shly)/L

is a torsion A-module. From this it follows that there is a nonzero A-ideal a such
that asl,(lp) € £. Thus

(alo)?sh(lp) S LC L

since losl(Ig) = s> (lp). But (alg)?sly(lp) is the Pink-Lie algebra of I' (alp) and
so ', (alp) € Gy € G, as desired.

To show that X is a finitely generated A-module, recall that the arithmetic prime
P in the statement of Proposition 4.2 is a height one prime of A. By Nakayama’s
lemma it suffices to show that X/P X is A/P-torsion. The natural epimorphism
slh(lg)/ Psla(lg) — X/ PX has kernel L - Psly(lp)/Psl(lp), so

X/PX =sb(lo/Plo)/(L - Psly(lo)/Psly(lo)).
We use the following notation:

L = L(Gpy,) = the Pink-Lie algebra of Gpy,,
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L[X] = the A-eigenspace of Ad(j) on L, for » €{a, 1, a_l},
L =theZ p-algebra generated by L[] and Z[ofl].

By the functoriality of Pink’s construction, the canonical surjection lg — ly/Ply
induces surjections

L[A] — L[A]

for all A € {&, 1,~'}. Therefore the canonical linear map £ — L is also a
surjection. That is, £ - Psly(lp)/Psly(lg) = £ and so X/PX = sly(ly/ Ply)/L.
Since Gpj, 2 ]_[Q‘P ', 0(@g), it follows that

L] 2 {(8 g) ‘x € eagpa"‘g},

Lla 12 {(2 8) 1X € ®Q|Pazg}.

Since o = —1 we have u = L[e] and ' = L[~ !]. Therefore
LD @Q|pC_l4QS[2(|]Q/Q).

Since each ag is a nonzero ly/Q-ideal, it follows that ®g|psl(lo/Q)/ agﬁ[z(ﬂo /9Q)
is A/ P-torsion. Finally, the inclusions

Doipigsh(lo/Q) € L € shy(lo/Ply) € ®g)psh(lo/Ql)

show that sl,(ly/ Ply)/L = X/PX is A/ P-torsion. O

U:{veﬂoz<8 8)611} andn’:{veﬂoz(g g)eu’}.

Definition 4.6. A A-lattice in Q(lp) is a finitely generated A-submodule M of
0O (lp) such that the Q(A)-span of M is equal to Q(lp). If in addition M is a subring
of o then we say M is a A-order.

Let

Proof of Proposition 4.2 when a« = —1. We show in Lemmas 4.7 and 4.8 that v
and v’ are A-lattices in Q(lp). To do this we use the fact that the local Galois
representation o | D, is indecomposable [Ghate and Vatsal 2004; Zhao 2014].

We then show in Proposition 4.9 that any A-lattice in Q(lp) contains a nonzero
lo-ideal. Let b and b’ be nonzero ly-ideals such that b € v and b’ C v’. Let ay = bb’.
Then from the definitions of v, v’, and £, we find that

L2 ajgsl(lp).

By Pink’s theory it follows that G 2 I'y,(ap). O
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Finally, we prove the three key facts used in the proof of Proposition 4.2 when
oa=-—1.

Lemma 4.7. With notation as above, v is a A-lattice in Q(lp).

Proof. Let L= L(@ pl,)- Recall that L[1] surjects onto L[1]. Now L[1] contains

a 0 ca € ®opa
0 —a . QIPYQ (>

and EBQ“:ELZQ is a A/ P-lattice in Q(lp/Plp). It follows from Nakayama’s lemma
that the set of entries in the matrices of L[1] contains a A-lattice a for Q (lp).

By a theorem of Ghate and Vatsal [2004] (later generalized by Hida [2013] and
Zhao [2014]) we know that p | D, is indecomposable. Hence there is a matrix in the
image of p whose upper right entry is nonzero. This produces a nonzero nilpotent
matrix in L. Taking the Lie bracket of this matrix with a nonzero element of L[1]
produces a nonzero nilpotent matrix in L which we will call (8 8) Note that for

any a € a we have
0 2av\ |fa O 0w el
0 0/ |\0—-a)\0O )

Thus the lattice av is contained in v, so Q(A)v = Q(ly). The fact that v is finitely
generated follows from the fact that A is noetherian and v is contained in the finitely
generated A-module [g. O

Lemma 4.8. With notation as above, v' is a A-lattice in Q(lp).

Proof. Let ¢ € @Q‘Pazg. Since L[—1] surjects to L[—1] there is some (?4) € L
such that b € Ply and ¢ mod Pl =c. Since v is a A-lattice in Q(lp) by Lemma 4.7,
it follows that there is some nonzero @ € A such that ab € v.

We claim that there is some nonzero 8 € A for which ( ﬂoc ob ) € L. Assuming
the existence of B, since ab € v it follows that Bc € v’. That is, c € Q(A)v’. Since
¢ runs over @g Pazg, it follows from Nakayama’s lemma that v’ is a A-lattice
in Q(lo).

To see that B exists, recall that L is normalized by the matrix J = (117 %) by
Lemma 4.5. Thus

0b 0 Th\ (14T 0\ (0 b\ (1+T)' 0
E o) (asmrone 0)=(5 D Eo) (" V)er

Write o = f(T) as a power series in T. Since (1 + T)~! — 1 is divisible by T,
we can evaluate f at (1 + 7)~! — I to get another element of Z pIT1. Taking
B=f((1+ T)~! — 1), the calculation above shows the desired inclusion:

0 ab
(,Bc O)GL, |
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Proposition 4.9. Every A-lattice in Q(ly) contains a nonzero ly-ideal.

Proof. Let M be a A-lattice in Q(lly). Define
R={xely:xM C M}.

Then R is a subring of [y that is also a A-lattice for Q(lp). Thus R is a A-order in
lp, and M is an R-module. Therefore

c:={xely:xlp SR}

is a nonzero [p-ideal. Note that Q(R) = Q(lp) = Q(A)M. Since M is a finitely
generated A-module there is some nonzero r € lp such that rM C R. As rM is
still a A-lattice for Q(lp), by replacing M with r M we may assume that M is an
R-ideal.

Now consider a = ¢- (M), where M is the ideal generated by M in ly. Note
that a is a nonzero ly-ideal since both ¢ and M|, are nonzero ly-ideals. To see that
aC M, letx €lly and c € ¢c. Then xc € R by definition of ¢. If a € M then xca e M
since M is an R-ideal. Thus xca € M, so a C M. O

Remark. Note that the only property of j that is used in the proof of Proposition 4.9
is that [y is a A-order in Q(lp). Thus, once we have shown that p (or pj) is lo-full,
it follows that the representation is R-full for any A-order R in Q(lp). In particular,
if ﬁo is the maximal A-order in Q(lp) then p is ﬁo—full.

Finally, we show that for the purposes of proving lo-fullness it suffices to work
with p instead of p.

Proposition 4.10. The representation p is lo-full if and only if p is lo-full.

Proof. Note that Im p| oM SL>(lp) € Im p by definition. Thus if o is lo-full then
S0 is p.

Now assume that p is lp-full. As in the proof of [Hida 2015, Theorem 8.2], let
F'={1+T):5€Z,}and

K={x € pr(Hy) :detx € T'}.

Note that [ is a finite index subgroup of Im p . Since F is ordinary and non-CM we
can find an element of the form 7 = (17 %) € Im p. [Hida 2000a, Theorem 4.3.2].
Let n =[Gq : Hol. By replacing I' with {(1+T)" :s € Z,} and T with ", we
may assume that 7 € K.

Let S=KNSL,(lp) and 7T ={t*:s € Z,}. We can write [ as a semidirect product

K=7TxS8.

Indeed, given x € K there is a unique s € Z, such that detx = (1 4+ 7)°. Thus we
identify x with (7%, 77°x) € T x S.
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Let K’ be the image of K under the natural map

O:K—>Imp, x+— x(detx)_l/z.

Then KK’ is a finite index subgroup of Im p and therefore contains I',(a) for some
nonzero lp-ideal a since p is lp-full. Note that ker ® is precisely the set of scalar
matrices in K. Therefore, for some 0 < r < 00,

ker® ={(14+T)" :5€p'Zp,},

where r = oo means ker ® = {1}. If r # oo then by passing to finite index subgroups
of I, K, and I" we may assume that ker & = I". Thus, given any y € I'j,(a) we
can find x € [< such that ®(x) = y. Let s € Z, such that detx = (1 + T)%/2. Then
the scalar matrix (1 4+ 7)™*/? is in " hence in K. Hence x(1 + 7)™*/?> € S and
®(x(14+T7)*/?)=y. But @ is the identity on S, so y =x(1+7T) /2 € S. Therefore
[y, (a) €S and pp is lp-full.

It remains to deal with the case when ker ® = {1}. In this case ® is an isomor-
phism onto [’ and we can use ®~! to get a continuous group homomorphism from
[<" onto Z

s KEKETXS—»TZZ,.

Note that kers = S, so we want to show that ker s is lp-full. By assumption there
is a nonzero lp-ideal ag such that I'j,(ag) C K. Let v = {b € ap : ((1) 11’) € ker s}
andv' ={cecaqp: (l (1)) € kers}. Both v and v’ are A-lattices in Q(lp). We shall
prove this for v; the proof for v’ is similar. Note that v is a Z,-module: if ((1) ll’) €S
then ((1) 5 ) = ( (1) ?)S € S since S is closed (as it is the determinant 1 image of a
Galois representation). To see that v is a A-module, recall that S is normalized
by J = ("7 ?) by the proof of Lemma 4.5. Therefore conjugation by J gives an
action of T on v as in the proof of Lemma 4.5. Now we consider the A-module
ap/v which, as a group, is isomorphic to a closed subgroup of Z,. Therefore ag/v
is a torsion A-module. Since ag is a A-lattice in Q(lp) it follows that v must also
be a A-lattice in Q(ly), as claimed.

We have shown that there are nonzero lg-ideals b € v and b’ C v’ such that the
Pink—Lie algebra L(S) contains

(62 2e] 02

By letting ¢ = bb’ and taking Lie brackets of the upper and lower nilpotent matrices
above we find that L(S) D ¢2sl(lp). Therefore S is ly-full, as desired. [l
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5. Open image in product

The purpose of this section is to prove the following reduction step in the proof of
Theorem 2.4.

Proposition 5.1. Assume that |F| # 3. Fix an arithmetic prime P of A. Assume
that for every prime Q of lg lying over P, the image of Im p in SL,(lp/ Q) is open.
Then the image of Im p in [ | oip SLa(lo/ Q) is open in the product topology.

Thus if we can show that there is some arithmetic prime P of A satisfying the
hypothesis of Proposition 5.1, then combining the above result with Proposition 4.2
yields Theorem 2.4.

Fix an arithmetic prime P of A satisfying the hypothesis of Proposition 5.1.
Note that Z, does not contain any p-power roots of unity since p > 2. Therefore
P = Py for some k > 2. Recall that G = Im p N I'j,(mp), and write G for the
image of G in HQI pSLa(lp/Q). We begin our proof of Proposition 5.1 with the
following lemma of Ribet which allows us to reduce to considering products of
only two copies of SL,.

Lemma 5.2 [Ribet 1975, Lemma 3.4]. Let Sy, ..., S;(t > 1) be profinite groups.
Assume for each i that the following condition is satisfied: for each open subgroup
U of Si, the closure of the commutator subgroup of U is open in S;. Let G be a

closed subgroup of S = S| x - - - x §; that maps to an open subgroup of each group
S; x Sj(i # j). Then G is openin S.

Apply this lemma to our situation with {Sy, ..., S;} = {SL2(lp/Q) : Q| P} and
G = G. The lemma implies that it is enough to prove that for all primes Q; # Q, of
lp lying over P, the image G of G under the projection to SLo(lg/ Q1) x SLo(lo/ 92)
is open. We shall now consider what happens when this is not the case. Indeed, the
reader should be warned that the rest of this section is a proof by contradiction.

Proposition 5.3. Let P be an arithmetic prime of A satisfying the hypotheses of
Proposition 5.1, and assume |F| # 3. Let Q) and Q; be distinct primes of ly lying
over P. LetB; be a prime of | lying over Q;. If G is not open in SLy(lo/ Q1) X
SLy(lg/ Q) then there is an isomorphism o : lg/Q1 = ly/ Qs and a character
o:H— Qy/Q2)* such that

o(a(l, fp) =eOa(l, fp,)
for all primes £ for which Frob, € H.

Proof. Our strategy is to mimic the proof of [Ribet 1975, Theorem 3.5]. Let G;
be the projection of G to SL,(lp/Q;), so G € G| x G,. By hypothesis G; is open
in SL,(lp/Q;). Let m; : G — G; be the projection maps and set N; = ker 7y and
N, = ker ;. Though a slight abuse of notation, we view N; as a subset of Gj;.
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Goursat’s lemma implies that the image of G in G|/N; x G2/N, is the graph of
an isomorphism
o Gl/Nl = G2/N2.

Since G is not open in G| x G, by hypothesis, either N; is not open in G
or N; is not open in G;. (Otherwise N| x Nj is open and hence G is open.)
Without loss of generality we may assume that Nj is not open in G. From the
classification of subnormal subgroups of SL;(lp/Q;) in [Tazhetdinov 1983] it
follows that N1 € {1} since N is not open. If N, is open in SL,(ly/Q>) then «
gives an isomorphism from either G or PSL,(lp/Q;) to the finite group G,/ N-.
Clearly this is impossible, so N, is not open in SL,(lp/93). Again by [Tazhetdinov
1983] we have Ny € {£1}. Recall that G; comes from G = Im p N I'y,(mp) by
reduction. In particular, —1 ¢ G; since all elements of G reduce to the identity in
SL;(F). Thus we must have N; = {1}. Hence « gives an isomorphism G| = G».
We note that the theorem in [loc. cit.] requires |F| # 3. This invocation of [loc. cit.]
is the only reason we assume |[F| # 3.

The isomorphism theory of open subgroups of SL; over a local ring was studied
by Merzljakov [1973]. (There is a unique theorem in his paper, and that is the
result to which we refer. His theorem applies to more general groups and rings,
but it is relevant in particular to our situation.) Although his result is stated only
for automorphisms of open subgroups, his proof goes through without change for
isomorphisms. His result implies that @ must be of the form

a(x)=nx)y o)y, ()

where n € Hom(G1, Q(lp/92)*), y € GLo(Q(lp/ D7) and o : 1/ Q1 = 1p/ Qs is a
ring isomorphism. By o (x) we mean that we apply o to each entry of the matrix x.

For any g € G we can write g = (x, y) withx € G|, y € G,. Since G is the
graph of @ we have «(x) = y. By definition of G there is some 4 € H such that
x =LBi1(p(h)) and y =B (p(h)). Recall that for almost all primes £ for which
Frob, € H we have tr(p(Froby)) = (,/det ,oF(Frobg))_la(E, F). Furthermore
det p (Froby) mod P = x (0251 since P = Py.1. Using these facts together with
Equation (2) we see that for almost any Frob, € H we have

o(a(l, fip)) =ea(l, fip,),

1

where
V x (0) k=1
o) =1~ (‘Bl(p(Frobe)))L)_),
Vx () ekl
as claimed. O

To finish the proof of Proposition 5.1 we need to remove the condition that
Frob, € H from the conclusion of Proposition 5.3. That is, we would like to
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show that there is an isomorphism & : I' /| = I' /B, extending o and a character
¢ :Gag— Q('/P,)* extending ¢ such that

a(a(l, fip) =@a(l, fy,)

for almost all primes £. If we can do this, then applying Theorem 3.1 allows us to
lift & to an element of I" that sends B3 to ‘B’,. (We also need to verify that ¢ takes
values in Z,[ x ] in order to apply Theorem 3.1.) But this is a contradiction since 3]
and 3, lie over different primes of lo. Hence it follows from Proposition 5.3 that G
must be open in SLy(lg/ Q1) x SLy(lp/Q>) and Lemma 5.2 implies Proposition 5.1.

We show the existence of & and ¢ using obstruction theory as developed in [Hida
2000b, §4.3.5]. For the sake of notation, we briefly recall the theory here. For
the proofs we refer the reader to [Hida 2000b]. Let K be a finite extension of @,
neZ%, andr: H— GL,(K) be an absolutely irreducible representation. For all
g € Gg define a twisted representation on H by r8(h) :=r(ghg™"). Assume the
following condition:

r =ré over K for all g € Gg. (3)

Under Hypothesis (3) it can be shown that there is a function ¢ : Gg — GL,(K)
with the following properties:

(1) r=c(g)"'r8c(g) forall g € Gg;
(2) c(thg) =r(h)c(g) forall h e H, g € Gg;
3) c(1)=1.

As r is absolutely irreducible, it follows that b(g, g') := c(g)c(g')c(gg’) ! is a

2-cocycle with values in K*. In fact b factors through A := Gg/H and hence

represents a class in H 2(A, K*). We call this class Ob(r). It is independent of

the function c satisfying the above three properties. The class Ob(r) measures the

obstruction to lifting r to a representation of Gg. We say a continuous representation

7r:Gg — GL,(K) is an extension of r to Gg if 7|y =r.

Proposition 5.4. (1) There is an extension 1 of r to Gq if and only if Ob(r) =
0 H*(A, KX).

(2) If Ob(r) =0 and r is an extension of r to Gq, then all other extensions of r to
Gq are of the form ¥ @ Y for some character  : A — K*.

For ease of notation we shall write K; = Q(I/33;) and E; = Q(ly/Q;). Write
pi : Gg — GLy(K;) for P o, - By Theorem 4.1 we see that p;|y takes values
in GL,(E;). Proposition 5.3 gives an isomorphism o : E; = E, and a character
¢ : H— E; such that

tr(p;|%) =tr(py |y ® @).
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In order to use obstruction theory to show the existence of ¢ and ¢ we must
show that all of the representations in question satisfty Hypothesis (3).

Lemma 5.5. Let L; be a finite extension of K;. View p, as a representation
over Ly and p,ly, pi|%, pyly ® @, and ¢ as representations over L. Then
Pil s P15 ol g ® @, and @ all satisfy Hypothesis (3). Furthermore we have
Ob(pi|H) =0, Ob(,Ol ?1) = Ob(ple ® @), and

Ob(p,]; ® @) = Ob(p,| ) + Ob(g) € HX(A, (L2)™).

Proof. Recall that a continuous representation of a compact group over a field of
characteristic 0 is determined up to isomorphism by its trace. Therefore to verify
(3) it suffices to show that if r is any of the representations listed in the statement
of the lemma, then

trr =trré

for all g € Gg. This is obvious when r is p,|y or p,|, since both extend to
representations of Gg and hence

tr pf (h) =tr p; (g)p; (M) p; (8) " =tr p; (h).

Since p; is an extension of p;|, and L; 2 K; we have Ob(p;|,) = 0.

Whenr = p, (%, lett: K| — Q p» be an extension of 0. Then p{ is an extension
of p,|% and hence we can use the same argument as above to conclude that tr p, |4, =
tr(p,1%)¢. (Note that for this particular purpose, we do not care about the field in
which t takes values.)

When r = p,|; ® ¢, recall that tr p;|%, = ¢ tr p,| . Since both p,|% and p, |
satisfy Hypothesis (3) so does p,|,; ® ¢. Furthermore, trp,|%;, = tr(p,|; ® @)
implies that p, |4 = p, |, ® ¢ and hence Ob(p, %) = Ob(p,|, ® @).

Since (p,1%)¢ = p2|§1 ® ¥ for any g € G and since both p, |, satisfy (3) we
see that

Pt Pyl g =@ trpyl . “)

Thus if we know tr p, |, is nonzero sufficiently often then we can deduce that ¢ satis-
fies (3) . More precisely, let m € Z+ be the conductor for ¢, so ¢ : (Z/mZ)* — Q*.
Then we have a surjection H — Gal(Q(¢,,,)/Q) = (Z/mZ)* with kernel «. Choose
a set S of coset representatives of k in H, so H = Uscgsk. If we can show that
tr p,(s«) # {0} for all s € S, then it follows from Equation (4) that ¢ = ¢ for all
g € Gq. Recall that p, is a Galois representation attached to a classical modular
form, and so by Ribet [1980; 1985] and Momose’s [1981] result we know that its
image is open. (See Theorem 6.1 for a precise statement of their result.) Then the
restriction of p, to any open subset of G also has open image and hence tr p, is
not identically zero. Each s« is open in Gg, so ¢8 = ¢.
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Finally, note that if ¢ : Gg — GL,(L») is a function satisfying conditions 1-3
above for r = p,|, and n: Gg — L5 is a function satisfying conditions 1-3 above
for ¢, then nc is a function satisfying conditions 1-3 for p, |, ® ¢. From this it
follows that Ob(p, |, ® ¢) = Ob(p,|,) + Ob(p). O

With L; as in the previous lemma, suppose there is an extension ¢ : L = L, of
o and an extension ¢ : Gg — L of ¢. We now show that this gives us the desired
relation among traces.

Lemma 5.6. If there exists extensions ¢ of o and ¢ of ¢, then there exists a

character n: Gg — L that is also a lift of ¢ such that p{ = p, @ 1.

Proof. Note that since F does not have CM, p, |, and p,|, are absolutely irre-
ducible by results of Ribet [1977]. For any absolutely irreducible representation
7 : Gg — GL;(L,) Frobenius reciprocity gives

(m, Indg@(,oﬂ%))(;@ =(7|y, ,01|CIYJ)H = (T, Mlg @@ g. (5)

Thus if 7 is a 2-dimensional irreducible constituent of Ind(p,|%,) then p,|% is a
constituent of 77| . As both are 2-dimensional, it follows that p, |, = 7| and thus
7 is an extension of p,|%. Since & exists by hypothesis, we know that ,0? is also
an extension of p,|%.

Since ¢ exists by hypothesis, we can take 7 = p, ® ¢. Then (5) implies that 7
is an irreducible constituent of Indg (0,1%)- By Proposition 5.4 there is a character
¥ : A — L5 such that p, ® ¢ = p ® ¢. That is,

P =@ @Y.
Setting n = ¢ ~! gives the desired conclusion. O

Finally, we turn to showing the existence of ¢ and ¢. With notation as in
Lemma 5.5, suppose there exists 5! : Ly = L, that lifts 0 ~!. Then 6! induces
an isomorphism H2(A, L) = H?*(A, L}) that sends Ob(p,|5,) to Ob(p,|,,). It
follows from Lemma 5.5 that Ob(p,|%,) = 0 and hence Ob(p,|,; ® ¢) = 0. But
0 = Ob(p,|y ® @) = Ob(p,| ) + Ob(p) = Ob(e), and thus we can extend ¢ to
(ﬁ : G@ — L; .

The above argument requires that we find L; 2 K; such that L; is isomorphic
to L, via a lift of 0. We can achieve this as follows. Let 7 : K| — @p be an
extension of . Let Ly = Kot(K}). Let 6! : Ly — @p be an extension of 77!
and set L1 = &~ (L;). This construction satisfies the desired properties. Applying
Lemma 5.6 we see that there is a character n : Gg — LzX such that

tr,of =trp,®n. (6)

This is almost what we want. Note that by (6) it follows that & restricts to an
isomorphism from (I'/B/)[n] to (I'/*B5)[n]. The only problem is that 6 may not
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send I'/B] to I'/B), and n may have values in L, that are not in (I'/93})*. We shall
show that this cannot be the case.

Recall that x is the nebentypus of F, and 13| and ‘}3; lie over the arithmetic
prime Py ; of A. Thus for almost all primes £ we have det p; (Froby) = x () k1,
Applying this to Equation (6) we find that

x° (O =@y 0.

Recall that x (¢) is a root of unity and hence X&(ﬁ) is just a power of x (£). Thus
n*(0) € Z,[x]1 < '/, and hence [(I'/B))[n] : '/PB!] < 2. Thus we may assume
that L, = K»[n], which is at most a quadratic extension of K».

Note that since > takes values in I'/B: we can obtain (I'/B))[n] from I /B!
by adjoining a 2-power root of unity. (Write n as the product of a 2-power order
character and an odd order character and note that any odd order root of unity is
automatically a square in any ring in which it is an element.)

Lemma 5.7. We have (I'/B)[n] =1 /B; fori=1,2. Therefore 5 : I /B =1 /B
and n takes values in Z,[ x 1.

Proof. Suppose first that I' /B, = (I'/B5)[n] but [(I'/B)[n]: I'/FB]]1=2. Then we
have that o : (I'/PB))[n] = I'/B,. Note that (I'/F))[n] is unramified over I' /P
since it is obtained by adjoining a prime-to-p root of unity (namely a 2-power
root of unity). Thus the residue field of (I'/B/)[n] must be a quadratic extension
of the residue field [ of I'/B. But F is also the residue field of I'/3} and since
(I'/B D] =1 /%), they must have the same residue field, a contradiction. Therefore
we must have (I'/PB)[n] =1'/P].

It remains to deal with the case when [(I'/B) [n]: 1"/ B 1= /B [n]: 1 /B, ] =
2. As noted above, these extensions must be unramified and hence the residue field
of (I /‘B;)[n] must be the unique quadratic extension E = F[5] of F. Note that &
induces an automorphism & of [E that necessarily restricts to an automorphism of [F.
From x% = n%x we find that

X =0

On the other hand & is an automorphism of [ and hence is equal to some power
of Frobenius. So we see that for some s € Z we have 72 = x” ~!. Since p is
odd, p* — 1 is even and hence 7 takes values in Fpl %2]. Thus 7 takes values in
F,[x]1 € F, a contradiction to the assumption that [F[7] : ] =2.

Since 772 takes values in Z,[x ] and [,[n] € F,[x], it follows that in fact 7 must
take values in Z,[x]. Hence we may take L; = K; and 6 : I’/ = ' /B5. O

Proof of Proposition 5.1. By Lemma 5.2 it suffices to show that, for any two primes
Q1 # Q9 of lp lying over Py 1, the image of Im p in SLy(lo/ Q1) x SLa(lp/Q>) is
open. Proposition 5.3 says that if that is not the case, then there is an isomorphism



184 Jaclyn Lang

~

o :lo/Q1 = /9, and a character ¢ : H — Q(lo/9Q2)* such that o foy, 1%, =
tr pfp, | ® @. The obstruction theory arguments al~low us to lift o and ¢ to o :
V/B =0 /P, and ¢ : Gg — Q(1/%B2)* such that tr ’0%431 =1r pfy, ®9. Theorem 3.1
allows us to lift & to an element of I" that sends P to ;. But 37 and Pt lie over
different primes of [y and I" fixes ly, so we reach a contradiction. Therefore the
image of Im p in the product SL,(lp/ Q1) x SLy(lp/ Q) is open. O

6. Proof of main theorem

In this section we use the compatibility between the conjugate self-twists of F' and
those of its classical specializations established in Section 3 to relate ly/Q to the
ring appearing in the work of Ribet [1980; 1985] and Momose [1981]. This allows
us to use their results to finish the proof of Theorem 2.4.

We begin by recalling the work of Ribet and Momose. We follow [Ribet 1985]
closely. Let f = Y o2 a(n, f)q" be a classical eigenform of weight k. Let
K =Q(a(n, f):n € Z*}) with ring of integers O. Denote by I' s the group of
conjugate self-twists of f. Let E= K"/ and Hr=), er; ker 5, . For any character
¥, let G(y) denote the Gauss sum of the primitive character of ¢. Foro, 7 € I'y

Ribet defined . Y
Gy VG °)

G(ia:
One shows that ¢ is a 2-cocycle on I' y with values in K *.

Let X be the central simple E-algebra associated to c¢. Then K is the maximal
commutative semisimple subalgebra of X. It can be shown that X has order two
in the Brauer group of E, and hence there is a 4-dimensional E-algebra D that
represents the same element as X in the Brauer group of E. Namely, if X has order
one then D = M,(E) and otherwise D is a quaternion division algebra over E.

For a prime p, recall that we have a Galois representation

clo, 1) :=

Pf.p- G@ — GLz(OK Xz Zp)
associated to f. The following theorem is due to Ribet [1980] in the case when f
has weight 2.

Theorem 6.1 [Momose 1981]. We may view py.,|u, as a representation valued
in (D ®q Qp)*. Furthermore, letting n denote the reduced norm map on D, the
image of pf.plu, is open in

(xe(D®aQ,)* :nxeQ,}.

In particular, when D ®qg Q), is a matrix algebra, the above theorem tell us that
Impy pla, is open in

{x € GLy(OF ®2Z,) : detx € (Z3)* ).
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Let p be a prime of Of lying over p, and let py, be the representation obtained
by projecting py.,|u, to the Og,-component. Under the assumption that D ®q Q,
is a matrix algebra Theorem 6.1 implies that py,, is Og,-full. Finally, Brown and
Ghate [2003, Theorem 3.3.1] proved that if f is ordinary at p, then D ®¢g Q,, is a
matrix algebra.

Thus, the Galois representation associated to each classical specialization of our
I-adic form F is Og,-full with respect to the appropriate ring Og,. We must show
that E, is equal to Q(llp/Q), where Q corresponds to p in a way we will make
precise below.

Recall that we have a fixed embedding ¢, : Q— @p. LetB e Spec(l])(@p) be
an arithmetic prime of [, and let Q be the prime of ly lying under 3. As usual, let
P =PNI. Let DCR'|Q) C T be the decomposition group of P’ over Q. Let

Ky = @({Lgl(a(n, fp))ne 7 ) cQ,

and let I'yy b? the group of all conjugate self-twists of the classical modular form fiy.
Set Eqy = qu. Let gy be the prime of Kq corresponding to the embedding ¢ |k,
and set pp = qp N Eqp. Let D(qqp|pyp) € I'p be the decomposition group of qyp
over pys. Thus we have that the completion Ky g, 0of Ky at qgp is equal to Q(1/°B)
and Gal(Kq g5/ Eg.py) = D(ag|psp). Thus we may view D(qg|pgp) as the set of
all automorphisms of Ky g, that are conjugate self-twists of fip.

With this in mind, we see that there is a natural group homomorphism

®: D(P'|Q) — D(qyplpy)

since any element of D(3'|Q) stabilizes 3’ and hence induces an automorphism
of Q(I'/F") = Q(1/P) = Ky gy, The induced automorphism will necessarily be a
conjugate self-twist of fiy since we started with a conjugate self-twist of F. Thus
we get an element of D(qgy|py). The main compatibility result is that @ is an
isomorphism.

Proposition 6.2. The natural group homomorphism ® is an isomorphism. Hence

Q(lo/Q) = Eqp py-

Proof. The fact that @ is injective is easy. Namely, if o € D(’|Q) acts trivially on
Ksp gy then for almost all £ we have

a(t, fp) =a(l, fp)” =n.(O)a(l, fip).

Since F (and hence its arithmetic specialization fy) does not have CM it follows
that n, = 1. Hence 0 = 1 and @ is injective.

To see that ® is surjective, let o € D(qxy|py). By Theorem 3.1 we see that
there is 6 € Autl’ that is a conjugate self-twist of F and o o3 =B o 5. That is,
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6 € D(R'|Q) and ®(6) = 0. We have

_ - D@plpp) _ D3O
Eqpy=Kygn '+ = QU/F)PH.

A general fact from commutative algebra [Bourbaki 1972, Theorem V.2.2.2] tells
us that Q(I'/B)PHFID = 0(ly/Q), as desired. O

Corollary 6.3. Let Q be a prime of |y lying over an arithmetic prime of A. There
is a nonzero o/ Q-ideal ag such that

I'y/0(dg) € Im(py mod Q) € [T GL2(1'/).
P
where the inclusion of I'y,,g(ag) in the product is via the diagonal embedding
GL,(Iy/ Q) — H‘B’\Q GL,(I'/%). Hence the image of Im p in SLy(ly/ Q) is open.

Proof. For a prime B of [, write Oy for the ring of integers of Egq p,,. By
Theorem 6.1 and the remarks following it, for each prime P of [ lying over Q
we have that Im p contains I'oy, (asp) for some nonzero Og-ideal asg. While
lo/Q need not be integrally closed, by Proposition 6.2 we see that ap N (Ip/Q) is a
nonzero ly/Q-ideal.

Thus we have

FUO/Q(EJB Nly/Q) € Fom(agp) - Im,ofm =Impp mod ‘P C GLz(ﬂ//qy).

Letag = ﬂgmg ap Nlp/Q. This is a finite intersection of nonzero ly/Q-ideals and
hence is nonzero. The first statement follows from the above inclusions.

For the statement about p, recall that p| Ho is valued in GL,(ly) and conse-
quently Im p |5, mod Q lies in the diagonally embedded copy of GL,(lp/Q) in
]_[qle GL,(I'/%%"). Since H is open in Gg, by replacing ag with a smaller ly/ Q-
ideal if necessary, we may assume that I'y;,g(ag) is contained in the image of
Pply in GLa(lo/ Q). Since p and p are equal on elements of determinant 1 and
Iy, 0(ag) € SLo(lp/Q), it follows that I'y o (ag) is contained in the image of Im p
in SLy(lp/ Q). That is, the image of Im p in SL;(lp/Q) is open. |

Summary of Proof of Theorem 2.4. Theorem 4.1, which will be proved in the next
section, allows us to create a representation p : H — SL;(lp) with the property
that if p is lo-full then so is p. This is important for the use of Pink’s theory in
Section 4 as well as for the techniques of Section 5. Proposition 4.2 shows that it
is sufficient to prove that the image of Im p in [ op SLa2(lo/ Q) is open for some
arithmetic prime P of A. Proposition 5.1 further reduces the problem to showing
that the image of p modulo Q is open in SL;(lp/Q) for all primes Q of [y lying
over a fixed arithmetic prime P of A.

This reduces the problem to studying the image of a Galois representation
attached to one of the classical specializations of F (twisted by the inverse square
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root of the determinant). Hence we can apply the work of Ribet and Momose, but
only after we show that Q(lp/Q) is the same field that occurs in their work. This is
done in Proposition 6.2, though the main input is Theorem 3.1. (I

7. Obtaining an SL;(ly)-valued representation

In this section we prove:

Theorem 4.1. Assume that p. is absolutely irreducible and Hy-regular. If V =1 2

is the module on which Gq acts via pg, then there is a basis for V such that all of

the following happen simultaneously:

(1) pp is valued in GLy(I');

2) ,oFle is upper triangular;

(3) prly, is valued in GLy(lo);

(4) There is a matrix j = (f) ?/)’ where ¢ and ¢’ are roots of unity, such that j
normalizes the image of p and ¢ # ¢’ mod p.

It is well known that so long as p is absolutely irreducible we may assume
that o, has values in GL,(I') and the local representation p | D, is upper triangular
[Hida 2000a, Theorem 4.3.2]. To show that p| Ho has values in GL,(ly) we begin
by investigating the structure of I'.

Proposition 7.1. The group T is a finite abelian 2-group.
Proof. Let S be the set of primes ¢ for which a(¢, F)° =n,(£)a({, F) forallo €T,

so S excludes only finitely many primes. For £ € §, let
a(t, F)?
0= W.
It turns out that b, € ly. To see this, note that since p is absolutely irreducible,

for any o € I we have p§ = 1, ® p, over I'. Taking determinants we find that
det p%~! = n2. Thus we have

(a(t, F))* = ny(£)*a(t, F)* = det py(Frob)” 'a(t, F)?,

from which it follows that b7 = b,. Solving for a(¢, F) in the definition of b, we
find that

O(l") = Q(lp)[/be det py(Froby) : £ € S].

Recall that for £ € § we have det p(Frob,) = x Ok (€))L, where «((€)) €
1 +my. (Currently all that matters is that « is valued in 1 + my. For a precise
definition of «, see the proof of Lemma 3.11.) In particular, v/« ({€)) € A. Similarly,
we can write £ = (()w(€) with (¢) € 1+ pZ, and w(£) € up_1. So /{€) € A as
well.
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Let

K = 00)[/be. /det p-(Froby) : £ € S],

which is an abelian extension of Q(ly) since it is obtained by adjoining square roots.
The above argument shows that in fact K is obtained from Q(lo)[+/b; : £ € S] by
adjoining finitely many roots of unity, namely the square roots of the values of x
and the square roots of 14,_1. As odd order roots of unity are automatically squares,
we can write K = Q(lg)[+/by : £ € S][p2s] for some s € Z+. Thus we have

Gal(K/Q(lp)) = Gal(Qlo)[v/b : £ € S1/Q(l)) x Gal(QUo)[112:1/ Q(l))-

By Kummer theory the first group is an elementary abelian 2-group. The second
group is isomorphic to (Z/2°7Z)* and hence is a 2-group. As I" is a quotient of
Gal(KC/Q(lp)) it follows that I" is a finite abelian 2-group, as claimed. U

For ease of notation let 7 = o | H " Hp — GL,(F). Let D be a nonsquare in F,
and let E = F[+/D] be the unique quadratic extension of F.

Lemma 7.2. Let K be a field and S C GL, (K) a set of nonconstant semisimple
operators that can be simultaneously diagonalized over K. If y € GL,,(K) such that
ySy~' € GL,(K), then there is a matrix z € GL,(K) such that zSz~! = ySy~.
In particular, if w is irreducible over [ but not absolutely irreducible, then [ is the
splitting field for .

Proof. Let 0 € Gk := Gal(K/K). Then for any x € S we have y°xy° =
(yxy~ 1) = yxy~!, so y~!y° centralizes x. As elements in S are simultaneously
diagonalizable, they have the same centralizer in GL, (K). Since elements of S are
semisimple, their centralizer is a torus and hence isomorphic to (K)®". It’s not
hard to show that a : Gx — (K *)®" given by o — y~!y? is a 1-cocycle. (Here we
view (K*)®" as a G g-module by letting elements of G g act componentwise.) By
Hilbert’s theorem 90 we have H! (G g, (K*)®") = H'(Gk, K*)®" = 0. Hence a
is a coboundary. That is, there is some « € (K*)®" such that

ay = yflya =O{710lg
for all 0 € Gg. Thus (ya™1)? = ya~! for all 0 € Gg, so z := ya~! € GL,(K).
But o commutes with S and so zSz ™' = ySy~!, as claimed.

To deduce the claim about 7, let S = Imm. The fact that S is semisimple
follows from Clifford’s theorem since p is absolutely irreducible [Isaacs 1976,
Theorem 6.5, Corollary 6.6]. If & is not absolutely irreducible then there is a
matrix y € GL,(F) that simultaneously diagonalizes S. Note that every matrix
in Im 7w has eigenvalues in E. Indeed every matrix has a quadratic characteristic
polynomial and [ is the unique quadratic extension of F. Thus, taking K = E we
see that ySy~' ¢ GL,(K). The first statement of the lemma tells us that Im 7 is
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diagonalizable over E. Since 7 is irreducible over [ and [E : F] = 2, it follows that
E is the smallest extension of F over which Im 7 is diagonalizable. (I

Let Z be the centralizer of Im 7 in M>(F). Since p,. is Hp-regular, exactly one
of the three cases must occur:

1. The representation rr is absolutely irreducible. In this case Z consists of scalar
matrices over [.

2. The representation 7 is not absolutely irreducible, but 7 is irreducible over F.
In this case we may assume

Z:{(Z ﬂf):a,ﬂe[F};[E.

3. The representation 7 is reducible over F. In this case we may assume that Z
consists of diagonal matrices over .

Recall that since p. is absolutely irreducible, for any o € I' we have o =1, ® 0.
That is, there is some ¢, € GL,(I) such that

pr(8)° =6 (s pp ()t

for all g € Gg. Then forall o, 7 € I', g € Gg we have

Mo (@)t pp (@) = p(9)°" =nX(n, (it pp(g)t; 't 7.

Using the fact that n,, = nZn, we see that c(o, T) := ¢, !t7t. commutes with the
image of p,. As pp is absolutely irreducible, c(o, T) must be a scalar. Hence ¢
represents a 2-cocycle of I with values in <.

We will need to treat case 2 (rr is irreducible over [F but not absolutely irreducible)
a bit differently, so we establish notation that will unify the proofs that follow. For
a finite extension M of Q,, let Oy denote the ring of integers of M. Let K be
the largest finite extension of Q,, for which Ok[[T] is contained in I'. So K has
residue field F. Let L be the unique unramified quadratic extension of K. Write
J=Ap,[{a(l, F): £1N}]. Note that the residue field of J is the unique quadratic
extension of F. Let

A {J] in case 2,

" else.

Let « be the residue field of A, so k = E in case 2 and « = [ otherwise.

Since L is obtained from K by adjoining some prime-to-p root of unity, in
case 2 it follows that Q(A) is Galois over Q(lp) with Galois group isomorphic to
I' x Z/2Z. In particular, we have an action of I' on A in all cases. Let B = AT, In
case 2, A is a quadratic extension of B and B NI = . Otherwise B = [,. We may
consider the 2-cocycle ¢ in H>(T', AX).



190 Jaclyn Lang

Lemma 7.3. With notation as above, [c] =0 € H*(T', A*). Thus there is a function
¢: T — A* such that c(o, 1) = {(ar)*lg“(a)fg(t)for allo,t eTl.

Proof. Consider the exact sequence 1 - 14+my — A* — k* — 1. Note that for
j > 0wehave H/(I', 1 +m,) =0 since 1 4+my is a p-profinite group for p > 2
and I" is a 2-group by Proposition 7.1. Thus the long exact sequence in cohomology
gives isomorphisms

H/ (T, A = H/ (T, k)

for all j > 0. Hence it suffices to prove that [c]=0€ H 2(T, k™).

Leto € I" and h € Hy. Recall that I" acts trivially on F by Proposition 3.4. Since
p%(h) = n, (h)t, pp(h)t; " and n,(h) = 1 it follows that #, € Z.

We now split into the three cases depending on the irreducibility of 7. Suppose
we are in case 1, so 7 is absolutely irreducible and ¥ =[F. Then £, must be a scalar in
F*. Callit £(¢). Then ¢(o, 7) = (07) "' ¢ (0)7¢(7), and so [¢] =0 € H*(T, FX).

In case 2, using the description of Z above we see that ¢, = (%Z 5(;’ UD ) for some
oy, Bo € F. This becomes a scalar, say ;_‘(cr) =y + ,30\/5, over £ = k. Thus
f, = (o). As above &(o, 7) = £ (61)"'¢ (o) (1), and thus [¢] =0 € H*(T, k*).

Finally, in case 3 we have that #, is a diagonal matrix. The diagonal map
F < F@F induces an injection H>(T', F*) < H?*(", F* @ F*). The fact that £, is
a diagonal matrix allows us to calculate that the image of [¢] in H>(I', F* @ F*) is
0. Since the map is an injection, it follows that [¢] =0 € H*(T", F*), as desired. [J

Replace t, € GL,(I') by t,¢ (o)~ €GLy(A). Then we still have Pp= r]atatha_l,
andnow ¢ =tlt_ . Thatis, o — f, is anonabelian 1-cocycle with values in GL,(A).
Since F is primitive we have Q(I) = Q(I'). Thus by [Hida 2000a, Theorem 4.3.2]
we see that pg| D, is isomorphic to an upper triangular representation over Q(I').
Under the assumptions that o is absolutely irreducible and Hy-regular, the proof
of [Hida 2000a, Theorem 4.3.2] goes through with " in place of [. That is, p| D,
is isomorphic to an upper triangular representation over I'. Let V = [’ be the
representation space for p, with basis chosen such that

E U
'OFle: 0s)

and assume & # 5. Let V[e] C V be the free direct summand of V on which D »
acts by ¢ and V[8] be the quotient of V on which D, acts by 8. Let V4 =V Qy A.
Similarly for A € {¢, 8} let V4[A] := V[A] ®y A. For v € V4, define

ool =1y, 7

[ea

where o acts on v componentwise. Note that in case 2 we are using the action of I
on A described prior to Lemma 7.3.
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Lemma 7.4. Forall o, T € T we have (v'°)1 = 1971 50 this defines an action of
I" on V4. Furthermore, this action stabilizes V] and V4[8].

Proof. The formula (7) defines an action since o > £, is a nonabelian 1-cocycle.

Let A be either § or €. Let v € V4[A] and o € I". We must show that v!®! € V4[1].

Letd € D,,. Using the fact that v € V4[] and p% = n, ¢, 0, we find that
pp()' ) =n 1 (d)r7 (d)o').

Note that for all d € D,

ed) ud)\ _ o, _ 1 e(d) u(d)\

Using the fact that ¢ # § and that p| D, is indecomposable [Ghate and Vatsal
2004; Zhao 2014] we see that u/(e — §) cannot be a constant. (If u/(e —§) = « is
a constant, then conjugating by ((1) ‘f) makes o | D, diagonal.) Hence ¢, must be
upper triangular. Therefore (8) implies that 1? (d) = n, (d)A(d), and thus

pp (@) = 7N (@)A (@)l = A (d)v'). O
We are now ready to show that p| Ho takes values in GL,(lp).

Theorem 7.5. Let p, : Gg — GLy(I') such that p| D, is upper triangular. As-
sume that py is absolutely irreducible and Hy-regular. Then p| Ho takes values
in GLQ(U()).

Proof. We have an exact sequence of A[D]-modules
0— Vyule] > V4 — V48] — 0 )

that is stable under the new action of I" defined in Lemma 7.4. Tensoring with «
over A we get an exact sequence of k-vector spaces

Vi[E] = Vi = Vi [8] = 0. (10)

Since V4[¢e] is a direct summand of V, the first arrow is injective. Since V4[e] and
V4 are free A-modules, it follows that dim, V,[¢] = 1 and dim, V,, = 2. Counting
dimensions in (10) now tells us that dim, V, [6]=1.

Going back to the exact sequence (9) we can take I"-invariants since all of the
modules are stable under the new action of I". This gives an exact sequence of
B[D, N Hy]-modules

0— Valel" — Vi — Va[8]" — H'(T, Vale]).

Since I is a 2-group by Proposition 7.1 and V4[e] = A is p-profinite, we find that
H'(T", V4[e]) = 0. Tensoring with k" over B we get an exact sequence

Valel" @kt = Vi @pi’ — V481" @p k" — 0.
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If dim,r V4[A]" ®p kT =1 for A € {e, 8§}, then it follows from Nakayama’s
lemma that V4[A]" is a free B-module of rank 1. Hence V}; is a free B-module
of rank 2. In all the cases except case 2, this completes the proof. In case 2 the
above argument tells us that if we view p as a GL,(A)-valued representation, then
Ppl Ho takes values in GL,(B). We know that o actually has values in GL( 1"y and
hence ,OFIHO has values in GL,(B NI") = GL,(lp).

Thus we must show that for A € {¢, §} we have dim,r V4 M ®@p«" = 1. Note
that V4[A]"' ®p k" = V,[A]". When we are not in case 2, I acts trivially on « and
hence

dimg Ve[A]" = dimg VE[A] = 1.

Now assume we are in case 2, so k¥ = [E. Write I for the quotient of I that acts
onE. Thatis, T = Gal(E/F). Leto € FCbea generator. Since dimg Vilr]l =1 we
can choose some nonzero v € Vg[A]. We would like to show that

v+l £0

since the right hand side is T'-invariant.

Since Vg[A] is 1-dimensional, there is some « € EX such that v[! = @v. Thus
v+ 0%l = (14 a)v. If @ # —1 then we are done. Otherwise we can change v to av
for any a € EX. It is easy to see that (av)l°! = a®aa~"(av) and thus changing v to
av changes o to a®a~'a. So we need to show that there is some a € E* such that
a®a~! # 1. But clearly this holds for any a € E\ F. Therefore dimg Vg[A]" > 1.

To get equality, let 0 # w € VE[A]". Since Vg[A]" € Vg[A] and dimg VE[A] =1,
any element of Vg[A]" is an E-multiple of w. If 8 € E\ F then o does not fix 8.
Thus

Bw)! = p7w!" = 7w # puw.
Hence Vi[A]" = Fw and dimy Vi[A]" = 1, as desired. O

Finally, we modify p, to obtain the normalizing matrix j in the last part of
Theorem 4.1.

Lemma 7.6. Suppose p. : Gg — GLo(I') such that p | D, is upper triangular and
,0F|H0 is valued in GLy(lp). Assume pp is absolutely irreducible and Hy-regular.
Then there is an upper triangular matrix x € GL,(lo) and roots of unity ¢ and ¢’
such that j = (g g,) normalizes the image ofprx_] and ¢ # ¢’ mod p.

Proof. This argument is due to Hida [2000a, Lemma 4.3.20]. As p is Hy-regular
there is an & € H such that £(h) # 8(h). Let ¢ and ¢’ be the roots of unity in I,
satisfying ¢ = e(h) mod my and ¢’ = §(h) mod my. By our choice of & we have
¢ #¢' mod p.
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Let g = |F|. Then for some u € [y

Tim (b = (g ;‘)

Conjugating p by ((1) uf @1_{ /)) preserves all three of the desired properties, and the
image of the resulting representation is normalized by j = (6 ?,) U
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Linear relations in families
of powers of elliptic curves

Fabrizio Barroero and Laura Capuano

Motivated by recent work of Masser and Zannier on simultaneous torsion on the
Legendre elliptic curve E; of equation Y2 = X (X — 1)(X — 1), we prove that,
given n linearly independent points P;(A), ..., P,(}) on E, with coordinates in
Q(1), there are at most finitely many complex numbers Ao such that the points
Pi(Xo), ..., Py(Ao) satisfy two independent relations on Ej . This is a special
case of conjectures about unlikely intersections on families of abelian varieties.

1. Introduction

Let n > 2 be an integer and let E, denote the elliptic curve in the Legendre form
defined by

Y2=X(X—-1D(X—=2). (1-1)

Masser and Zannier [2010; see also 2008] showed that there are at most finitely
many complex numbers Ag # 0, 1 such that the two points

(2.V22-%0)). (3. V63— 1))

both have finite order on the elliptic curve E,,. Stoll [2014] recently noted that
there is actually no such Ag. Later, Masser and Zannier [2012] proved that one can
replace 2 and 3 with any two distinct complex numbers (# 0, 1) or even choose
distinct X-coordinates (# A) defined over an algebraic closure of C(A).

In his book, Zannier [2012] asks if there are finitely many Ao € C such that
two independent relations between the points (2, /22— X0)), (3, +/6(3—A0)) and
(5. +/20(5 — %)) hold on E,.

In this article we prove that this question has a positive answer, as Zannier
expected in view of very general conjectures. We actually prove a more general

The authors are supported by the European Research Council, grant number 267273.
MSC2010: primary 11G05; secondary 11G50, 11U09, 14KO05.
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result, analogous to the one in [Masser and Zannier 2012] but, at the moment,
we are only able to replace 2, 3 and 5 with any three pairwise distinct algebraic
numbers, or choose X-coordinates defined over an algebraic closure of Q()), with
the obvious exceptions 0, 1 and A since the corresponding points are identically
2-torsion. Moreover, our method allows us to deal with arbitrarily many points since
we consider a curve C € A2"*! with coordinate functions (X1, Y1y oo s Xns Vs M),
where A is nonconstant, such that, for every j =1, ..., n, the points P; = (x;, y;)
lie on the elliptic curve E,. As the point ¢ varies on the curve C, the specialized
points P;(c) = (x;(c), yj(c)) will lie on the specialized elliptic curve Ej ). We
implicitly exclude the finitely many ¢ with A(¢) =0 or 1, since in that case Ej ) is
not an elliptic curve.

Theorem 1.1. Let C € A¥ ! be an irreducible curve defined over Q with coordi-
nate functions (x1, ¥1, ..., Xn, Yn, A), Where A is nonconstant. Suppose that, for
every j =1,...,n, the points P; = (xj, y;) lie on E) and there are no integers
ai, ..., a, € Z, not all zero, such that

aPr+---+a,P,=0, (1-2)

identically on C. Then there are at most finitely many ¢ € C such that the points
Pi(c), ..., Py(c) satisfy two independent relations on E) ).

Note that the case n = 2 is covered by the main proposition of [Masser and
Zannier 2012] in the more general setting of a curve defined over C.

Moreover, Rémond and Viada [2003] proved an analogue of Theorem 1.1 for
a power of a constant elliptic curve with complex multiplication, where one must
allow the coefficients ay, ..., a, in (1-2) to lie in the larger endomorphism ring.
For the general case of powers of a constant elliptic curve, the result follows from
works of Viada [2008] and Galateau [2010]. If n = 2 this is nothing but Raynaud’s
theorem [1983], also known as the Manin—Mumford conjecture.

We already mentioned the example of the three points with fixed abscissas
2,3 and 5. It is easy to see that this will follow from Theorem 1.1 once we
show that there is no identical relation between the three points on the generic
curve E,. Indeed, the minimal fields of definition of these three points are disjoint
quadratic extensions of @(%), and by conjugating one can see that the points would
be identically torsion on Ej. This is not possible, as it can be seen in different
ways (see [Zannier 2012, p. 68]). For instance, applying the Lutz—Nagell theorem
[Silverman 2009, Corollary 7.2], one can show that the point of abscissa 2 is not
torsion on Eg.

One may ask if finiteness holds if we impose only one relation. This is not the
case. Indeed, there are infinitely many Ag such that a point with fixed algebraic
abscissa is torsion (see [Zannier 2012, Notes to Chapter 3]). On the other hand,
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the values of A such that at least one relation holds are “sparse”, as follows from
[Masser 1989b]. Actually, a well-known theorem of Silverman [1983] implies that
the absolute Weil height of such values is bounded. A direct effective proof of this
can be found in Masser’s Appendix C of [Zannier 2012]. In particular, there are at
most finitely many A yielding one relation in a given number field or of bounded
degree over Q.

Our proof follows the general strategy introduced in [Pila and Zannier 2008]
and used in [Masser and Zannier 2008; 2010; 2012]. In particular, we consider the

elliptic logarithms zy, ..., z, of Py, ..., P, and the equations
zi=ujf+v;g,
for j =1,...,n, where f and g are suitably chosen basis elements of the period

lattice of Ej. If we consider the coefficients u;, v; as functions of A and restrict
them to a compact set, we obtain a subanalytic surface S in R*". The points of C
that yield two independent relations on the elliptic curve will correspond to points
of § lying on linear varieties defined by equations of some special form and with
integer coefficients. In the case n = 2, one faces the simpler problem of counting
rational points with bounded denominator in S. For this, a previous result of Pila
[2004] suffices together with the fact that the surface is “sufficiently” transcendental.
In the general case we adapt ideas of Pila (see [Capuano et al. 2016, Appendix]) to
obtain an upper bound of order 7€ for the number of points of § lying on subspaces
of the special form mentioned above and integral coefficients of absolute value at
most T, provided S does not contain a semialgebraic curve segment. Under the
hypothesis that no identical relation holds on C, using a result of Bertrand [1990],
we are able to show that there are no such semialgebraic curve segments.

Now, we use [Masser 1988; 1989a; David 1997] and exploit the boundedness of
the height to show that the number of points of S considered above is of order at
least 7% for some § > 0. Comparing the two estimates leads to an upper bound for
T and thus for the coefficients of the two relations, concluding the proof.

With similar methods, a toric analogue of Theorem 1.1 was proved in [Capuano
2014] and [Capuano et al. 2016], giving an alternative proof of a result appearing
in [Bombieri et al. 1999] and generalized in [Maurin 2008] (see also [Bombieri
et al. 2008]).

We will use y1, v, ... to denote positive constants. The indices are reset at the
end of each section.

2. The Zilber-Pink conjectures

In this section we see how our theorem relates to the so-called Zilber—Pink conjec-
tures on unlikely intersections.
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First, let us examine the objects we are investigating from the point of view
of dimensions. We consider our elliptic curve E, as an elliptic scheme over
P!\ {0, 1, co}. Our ambient space is then the fiber power of n copies of this elliptic
scheme and has dimension n + 1. Now, for any choice of linearly independent
vectors (ay, ..., a,), (b1, ..., b,) € Z", imposing the two corresponding conditions
yields an (n — 1)-fold. Therefore, the intersection of a curve and an (n — 1)-fold
in a space of dimension n + 1 is indeed unlikely to be nonempty and one expects
finiteness for varying integer vectors.

Our result fits in the framework of very general conjectures formulated by Zilber
[2002] and Bombieri, Masser and Zannier [Bombieri et al. 2007] in the toric case
and by Pink [2005] in a more general setting, also known as the Zilber—Pink
conjectures.

In a series of papers by Masser and Zannier [2010; 2012; 2014; 2015], the
authors proved a variant of Pink’s conjecture in the case of a curve in an abelian
surface scheme over @, and over C in the nonsimple case. On the other hand, Pink’s
conjecture concerns families of semiabelian varieties. However, Bertrand [2011]
found a counterexample to this, for a suitable nonsplit extension of a CM elliptic
constant family E¢ x B (over a curve B) by G,,. This situation is rather “special”;
in fact, as it is shown in [Bertrand et al. 2016], the possible presence of the so-called
“Ribet sections” is the only obstruction to the validity of the conjecture in the case
of semiabelian surface schemes.

Now, let us see how our Theorem 1.1 implies a statement in the spirit of the
conjectures mentioned above. In particular, we translate our result in the language of
schemes, borrowing some terminology and results from a work of Habegger [2013].

Let S be an irreducible and nonsingular quasiprojective curve defined over Q@
and let £ — S be an elliptic scheme over S, i.e., a group scheme whose fibers
are elliptic curves. Let n > 2. We define A to be the n-fold fibered power
& Xg - -+ xXg € with the structural morphism 7 : A — S. We suppose that £ is
not isotrivial. In other words, £ — S cannot become a constant family after a finite
étale base change.

A subgroup scheme G of A is a closed subvariety, possibly reducible, which
contains the image of G xg G under the addition morphism and the image of
the zero section S — A, and is mapped to itself by the inversion morphism.
A subgroup scheme G is called flat if 7|, : G — § is flat, i.e., all irreducible
components of G dominate the base curve S (see [Hartshorne 1977, Chapter III,
Proposition 9.7]).

Theorem 2.1. Let A be as above and let A%} be the union of the flat subgroup
schemes of A with codimension at least 2. Let C be a curve in A defined over Q@
and suppose 1 (C) dominates S. Then C N A} is contained in a finite union of flat
subgroup schemes of positive codimension.
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In order to prove that this theorem is a consequence of Theorem 1.1, we need
some notation and facts from [Habegger 2013].
For every a = (ay, ..., a,) € Z" we have a morphism a : A — £ defined by

a(Py,...,P)=a P+ -+a,P,.

We identify the elements of Z" with the morphisms they define. The fibered product
o=a; xXs---Xsa,, foray, ..., a, € 7", defines a morphism A — B over S where
B is the r-fold fibered power of £. The kernel of «, denoted by ker «, indicates the
fibered product of « : A — B with the zero section S — B. We consider it as a
closed subscheme of A.

Lemma 2.2. Let G be a codimension-r flat subgroup scheme of Awith 1 <r <n.
Then there exist independent ay, ..., a, € 7" such that G C ker(a; Xs --- Xs a;).
Moreover, ker(a; xs - - - Xs a,) is a flat subgroup scheme of A of codimension r.

Proof. This follows from Lemma 2.5 of [Habegger 2013] and its proof. (I

Consider the Legendre family defined by (1-1). This gives an example of an
elliptic scheme, which we call £, over the modular curve Y (2) = P\ {0, 1, oo0}.
We write Ay, for the n-fold fibered power of £;.

Lemma 2.3 [Habegger 2013, Lemma 5.4]. Let A be as above. After possibly replac-
ing S by a Zariski open, nonempty subset, there exists an irreducible, nonsingular,
quasiprojective curve S’ defined over Q such that we have a commutative diagram

Al vy g
] | [=
S l S’/ y Y(2)

where [ is finite, ) is quasifinite, A’ is the abelian scheme A Xs S’, f is finite and
flat and e is quasifinite and flat. Moreover, the restriction of f and e to any fiber of
A" — 8§ is an isomorphism of abelian varieties.

Lemma 2.4. If G is a flat subgroup scheme of A, then e(f~1(G)) is a flat subgroup
scheme of Ar of the same dimension. Moreover, let X be a subvariety of A
dominating S and not contained in a proper flat subgroup scheme of A, let X" be an
irreducible component of f~1(X) and let X' be the Zariski closure of e(X") in Ay.
Then X' has the same dimension as X, dominates Y (2) and is not contained in a
proper flat subgroup scheme of Ay.

Proof. This follows from the proof of Lemma 5.5 of [Habegger 2013]. ]
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Proof of Theorem 2.1. First, we can assume that C is not contained in a flat subgroup
scheme of A of positive codimension. Therefore, it is enough to prove that CN|J G
is finite where the union is taken over all flat subgroup schemes of .4 of codimension
at least 2.

Consider the Zariski closure C’ of e(C”) for a component C” of f~!(C). By
Lemma 2.4, C' is a curve in .4; dominating Y (2) and not contained in a proper flat
subgroup scheme.

Now, since e is quasifinite, if e(f~!(C N .A!?")) is finite then C N A is finite
and by Lemma 2.4 we have

e(f7lCnAP) ce(f e nAP.

Therefore, we can reduce to proving our claim for the Legendre family and for C’.

By Lemma 2.2, each flat subgroup scheme of codimension at least 2 of Ay is
contained in ker(a; Xy () a>) for some independent a;, a> € 7". Therefore, it is
enough to show that C’ N ker(a; Xy (2 a2) is finite, where the union is taken over
all pairs of independent a;, a; € Z". The claim follows by applying Theorem 1.1
since C’ is not contained in a proper flat subgroup scheme. (]

3. O-minimal structures and a result of Pila

In this section we introduce the notion of an o-minimal structure, recall some
definitions and properties we will need later and state a result from [Pila 2011]. For
the basic properties of o-minimal structures we refer to [van den Dries 1998] and
[van den Dries and Miller 1996].

Definition 3.1. A structure is a sequence S = (Sy), N > 1, where each Sy is a
collection of subsets of RY such that, for each N, M > 1:

(1) Sy is a boolean algebra (under the usual set-theoretic operations);
(2) Sy contains every semialgebraic subset of RN
(3) if Ac Sy and B € Sy then A X B € Sn+um;

(4) if A € Sy, then w(A) € Sy, where w : RV*¥ — RV is the projection onto
the first N coordinates.

If S is a structure and, in addition,
(5) Sj consists of all finite union of open intervals and points,
then S is called an o-minimal structure.

Given a structure S, we say that S C RN is a definable set if S € Sy.

Let U € R¥*M and let 7y and 7, be the projection maps on the first N and
on the last M coordinates, respectively. Now, for #p € m2(U), we define U;, =
{x e RN : (x, 19) € U} = 71 (15 ' (t9)) and call U a family of subsets of RV, while
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Uy, is called the fiber of U above ty. If U is a definable set then we call it a definable
family and one can see that the fibers U, are definable sets too. Let § € RV
and let f : S — RM be a function. We call f a definable function if its graph
{(x,y) € S xRM :y = f(x)} is a definable set. It is not hard to see that images
and preimages of definable sets via definable functions are still definable.

There are many examples of o-minimal structures; see [van den Dries and Miller
1996]. In this article we are interested in the structure of globally subanalytic sets,
usually denoted by R,,. We will not dwell on details about this structure because it is
enough for us to know that if D € R" is a compact definable set, I is an open neigh-
borhood of D and f : I — R is an analytic function, then f (D) is definable in Ryj,.

We now fix an o-minimal structure S. Many important properties of o-minimal
structures follow from the cell decomposition theorem [van den Dries and Miller
1996, 4.2]. One of these is the fact that definable families have a uniform bound on
the number of connected components of the fibers.

Proposition 3.2 [van den Dries and Miller 1996, 4.4]. Let U be a definable family.
There exists a positive integer y such that each fiber of U has at most y connected
components.

Now, let S € R" be a nonempty definable set and let e be a nonnegative integer.
The set of regular points of dimension e, denoted by reg, (), is the set of points x € §
such that there is an open neighborhood I of x for which SN 7 is a C! (embedded)
submanifold of RV of dimension e. The dimension of S is the maximum e such
that S has a regular point of dimension e. Note that if S has dimension e then
S\ reg,(S) has dimension <e — 1.

Definition 3.3. A definable block of dimension e in RV is a connected definable
set B of dimension e contained in some semialgebraic set A of dimension e, such
that every point of B is a regular point of dimension e in B and A. Dimension zero
is allowed: a point is a definable block. Moreover, a definable block family is a
definable family whose nonempty fibers are all definable blocks.

We now need to define the height of a rational point. The height used in [Pila
2011] is not the usual projective Weil height, but a coordinatewise affine height.
If a/b is a rational number written in lowest terms, then H (a/b) = max(|a|, |b])
and, for an N-tuple (o, ..., ay) € QV, we set H(ay, ..., ay) = max H («;). For
a subset Z of RV and a positive real number 7 we define

Z@Q, T)={(ay,...,an) € ZNQAY : H(ey, ..., an) <T}. (3-1)

The following theorem is a special case of [Pila 2011, Theorem 3.6] (see also
[Pila 2009]). Here, if f and g are real functions of 7', the notation f(7) <Kz g(T)
means that there exists a constant y, depending on Z and €, such that f(T) <yg(T)
for T large enough.
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Theorem 3.4 [Pila 2011]. Let Z C RN x RM be a definable family, and let € > Q.
Then there exist a J = J(Z,€) € N and a collection of definable block families
BW Cc RN x (RM x [R{Mf),forj =1,...,J,such that

(1) each point in each fiber of BY) is regulai.' of dimension e;;
(2) foreach (t,u) € RM x R™ | the fiber B((['{L) is contained in Z;;

(3) for every t € my(2), the set Z,(Q, T) is contained in the union of <z . T*¢
definable blocks, each a fiber of one of the BY).

4. Points lying on rational linear varieties

Let n > 2 be an integer and let ¢, ..., ¢,, f, g be holomorphic functions on a
connected neighborhood 7 of some closed disc D € C. Suppose that

L1, ...,¢, are algebraically independent over C(f, g) on D, 4-1)

and that f (1) and g(A) are R-linearly independent for every A € D.
For some positive real T, denote by D(T') the set of A € D such that

{0151()») + -+ anly (X)) = a1 f(A) + ani28(A),
bili(A)+- -+ byly(A) = bn+lf()\) +bn+2g()‘)s

for some linearly independent vectors (ay, ..., a,), (b1, ...,by) € ZN[-T,T])"
and some a1, ay+2, byt1, byio € 7.

(4-2)

The following proposition gives the desired upper bound mentioned in the
introduction. We postpone its proof until the end of this section after developing
some auxiliary tools.

Proposition 4.1. Under the above hypotheses, for every € >0, we have |D(T )| <K T*.
Define
A=fg—Tfs

which does not vanish on D, since f(A) and g(A) are R-linearly independent for
every A € D. Moreover, let

One can easily check that these are real-valued and, furthermore, that we have
b =ujf +vg.

If we view D and I as a subsets of R?, then u ; and v; are real analytic functions on /.
Define

O:D—>R"™, A W), vi(h), ..., uy(X), va(X)),
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and set S =® (D). This is a definable set in R,,. In what follows, (11, vi, ..., u,, v;)
will just indicate coordinates in R>".

For T > 0, we call S(T') the set of points of S of coordinates (u1, vy, ..., Uy, v,)
such that there exist linearly independent vectors (ay, ..., a,+2), (b1, ..., by12)
in @"*2 of height at most T with

ajuy+---+ayuy, =apy,
apvy+ -+ ay v, = apq2,

(4-3)
biur+---+byu, = bn+1,
bivi+---+byv, =byyo.
Lemma 4.2. For every choice of ay, ..., an+2, b1, ..., byt € R, not all zero, the

subset of S for which (4-3) holds is finite.

Proof. By contradiction suppose that the subset of S of points satisfying (4-3)
for some choice of coefficients is infinite. We can suppose that at least one a; is
nonzero. This would imply that there exists an infinite set £ C D on which, for
every A € E,

arliQ) + -+ anly(X) = ang1 f Q) +an28().

Since this relation holds on a set with an accumulation point, it must hold on all of D
(see [Lang 1985, Chapter III, Theorem 1.2(ii)]), contradicting hypothesis (4-1). [

The following proposition is the main tool used to prove Proposition 4.1.
Proposition 4.3. For every € > 0, we have |S(T)| <. T*.

Proof. We are counting points of S that lie on linear varieties of R*" defined by
systems of the form (4-3).
Let us consider the set W C R*'™* defined as

W:{(ul,vl,...,un,vn,al,...,an+2,b1,...,bn+2)GSXR2”+4:

(4-3) holds and (ay, ..., ay+2), (b1, ..., by42) are linearly independent},

which is a definable set. Denote by | the projection on S and by m; the projection
on the last 2n 4 4 coordinates. Given a point L of mp (W), we write t(L) for
the set of points of S that lie on the affine subspace corresponding to L, i.e.,
(L) = m(m,y Y(L)). In other words, if we consider W as a family of subsets
of R?", then t(L) is just the fiber W,. This is a definable subset of S and it must
be zero-dimensional by Lemma 4.2. By Proposition 3.2, there exists a positive
integer y; such that [t(L)| <y, for every L € mp(W). If V C mp(W), we write
T(V) for i (75 (V).

Now, let us set W= 1 (W) € R4, Recall the definition in (3-1) and note
that S(T) C r(VT/(@, T)). By Theorem 3.4, there is a finite number of definable
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block families such that, for every €], the set VT/(@, T) is contained in the union
of Kw,e, T definable blocks, each a fiber of one of these families. We have that
S(T) € |Jpt(B), where the union is taken over the <w,, T¢' definable blocks
mentioned above.

Let us fix a definable block family U with fibers U, C W. We claim that, for
every €, each fiber U, of U gives rise to <y, T points on S(T), i.e., that
|[T(U) NS(T)| Ku.e, T for every fiber U;. Once we prove this, the claim of the
proposition follows easily after fixing €| and €, with €16, =€, e.g., €] = € = /€.

We proceed by induction on the dimension e of the fibers of U. By Lemma 4.2,
the claim is true for e = 0.

Suppose now e > 0. We denote by B, (L) the Euclidean ball centered in L of
radius 7 and define, form =1, ..., yy,

ym = {(L, t) € U :thereexistann > 0and Ay, ..., A, € S such that,
forall L' € B,(L)NU;, we have T(L") ={A,, ..., An}}.

These are definable families and so is V := J"'_ V™, as it is a finite union of
definable sets. Hence, by Proposition 3.2, there exists a y, such that all fibers V; have
at most y, connected components. It is clear that, for each L in the same connected
component, (L) consists of the same set of not more than y; points; therefore, each
fiber V; of V gives rise to at most y;y» points of S(T'), i.e., |S(T) Nt (V)| < y1y».

Now we want to prove that all the fibers of Z = U \ V have dimension < e.
Suppose not and let L be an e-regular point of a fiber Z;. We fix a ball B, (L)
such that B, (L) N U; is connected and contained in Z;. We set {Ay,..., Ay}
equal to [,/ By( 1ynz, T(L"), i.e., the set of points of S that lie on all subspaces in
B, (L) N Z;. By definition of Z, we know t{AL, ..., Ax) N B, (L) N Z; must
be of dimension < e; therefore, there exist an Lo € B,(L) N Z; and an ng such that,
for every L' € B,,(Lo)NZ;, we have T(L’) D {Ay, ..., Ay}. Thus, we can define a
function f : B,,(Lo) N Z; — S that associates to L’ a point in t(L') different from
Ay, ..., Ay. This is a definable function and, taking 7o small enough (and possibly
choosing a different L), we can also suppose that it is differentiable [van den Dries
and Miller 1996, C.2 Lemma].

Now, assume the derivative of f is zero in all directions. Then f is constant
and there exists a point A, € T(L’) for all L' € B,,(Lo) N Z;. We repeat this
procedure of finding a point, a ball and a function like above and continue until
this function has nonzero derivative in some direction. This procedure must stop
because otherwise we would have a point L” with |7(L")| > y;, contradicting the
above considerations.

We can therefore suppose that there are an Lo € B,(L) N Z; and an ng such that
f is differentiable on B, (Lo) N Z; and has nonzero derivative in some direction.
Now, recall that Ly is an e-regular point of U, and, by definition of definable block,
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of a semialgebraic set that contains it. Therefore, B, (Lo) NU; = B,,(Lo) N Z;
is semialgebraic. Thus, if we intersect it with a suitable linear variety, we get an
algebraic curve segment C in By (Lo) N Z;, passing through L in the direction for
which the derivative of f is nonzero. The function f is nonconstant on C. Consider
C’ = f(C) x C. By definition of f, we know C’ is a real-analytic curve segment in
W. Moreover, let us define D' = ®~'(f(C)). As f is not constant on C, we know
D’ is an infinite subset of D.

Now, on D’ the coordinate functions ay, ..., a,12, b1, . .., byyo satisfy 2n + 3
independent algebraic relations with coefficients in C and, combining the relations
of (4-3), we have also

{alzl +-tanl, = an+1f +ani2g,
bily+ - +buly =bpi1 f +bpi2g-

Each of these two relations is independent of the previous 2n + 3 relations, and
they are independent of each other because (ay, ..., a,+2) and (by, ..., b,47) are
required to be linearly independent. Therefore, as the 3n +4 functions ay, . . ., a,+2,
bi,...,bps2, L1, ..., L, satisfy 2n 4+ 5 independent algebraic relations with coef-
ficients in C[ f, g] on the infinite set D’, they continue to do so on /. Therefore,
if F:=C(f,8),

trdegy F(£1,...,4¢,) <n.

This contradicts hypothesis (4-1).

We have just proved that there cannot be any e-regular point on any fiber of Z. We
apply Pila’s result (Theorem 3.4) again on Z. There is a finite number of definable
block families such that, for each €3 and for each fiber Z;, the set Z,(Q, T) is
contained in the union of <z ¢, T definable blocks, each a fiber of one of these
families. The fibers of these families must have dimension < e; therefore, our
inductive hypothesis implies that if U’ is one of them, then, for every €4 > 0, we
have |7 (U)) N S(T)| Kyr.e; T for every fiber U, of U’. This means that, after
choosing €3 = €4 = /€2, for each fiber Z;, we have |t(Z;) N S(T)| Lz, T. Now
recall that we have U; = V; U Z; and that V; gives rise to at most y; ), points of S(7').
This proves our claim and the proposition. ]

Remark. We would like to point out that this last proposition can be deduced from
recent work of Habegger and Pila [2014, Corollary 7.2].

Proof of Proposition 4.1. Since f and g are linearly independent, if A € D satisfies
(4-2) then (4-3) holds for ®(A). Now, since D is a compact subset of R2, each
£; (D) is bounded and, therefore, if £1(1), ..., £,(A), f (1), g(A) satisfy (4-2), then
lan+1l, |ant2ls |Pnt1l, |bry2| are bounded in terms of |ay|, ..., |a,l, |b1l, ..., |bxl
and thus of T. Therefore, ® (1) € S(y3T) for some y3 independent of 7. Now,
using Proposition 3.2 and Lemma 4.2, we see that there exists a y4 such that, for
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any choice of ay, ..., ay42, b1, . .., b4, there are at most y4 elements A in D such
that £;(X), ..., £,(A), f(X), g(A) satisty (4-2). Thus |D(T)| < |S(y3T)| and the
claim follows from Proposition 4.3. ([

5. Periods and elliptic logarithms

In this section we introduce the functions to which we will apply Proposition 4.1.
We follow [Masser and Zannier 2012].

It is well-known that there is an analytic isomorphism between E; (C) and C/L;,
where L, is a rank-2 lattice in C. Consider the hypergeometric function

= em)?

11 .4
Ft)=F(3,5 1;1) = 24'"m!4t ,

m=0
and let
f@)=nF(¢) and g@)=miF( —1). (5-1)
Define
A={teC:t] <1, [1—t| <1}

The functions f and g are well-defined and analytic in A, as functions of #. More-
over, they are well-defined as functions of ¢ in A~ 1(A) CC(O).

By [Husemdller 1987, Chapter 9, (6.1) Theorem, p. 179], f(A) and g(A) are
basis elements of the period lattice L, of E; with respect to dX/(2Y). Therefore,
if exp, is the associated exponential map from C to E; (C), we have

exp, (f (1)) =exp, (1)) = O,

where O denotes the origin in E;. Let P; = (x;, y;), where x;, y; are coordinate
functions in C(C). We can suppose, for every j, that x; # 0, 1, A identically;
otherwise the corresponding P; would be identically 2-torsion, contradicting the
hypothesis of Theorem 1.1.

Now, we want to define suitable functions z;(¢) such that exp, (z;(c)) = P;(c);
in other words, we want z; to be the elliptic logarithm of P;.

Let C be the subset of points ¢ € C such that A(¢), x;(¢) #0, 1, oo and x;(c) # A(c)
for every j =1, ..., n, and such that ¢ is not a singular point or a point on which
the differential of A vanishes.

Note that, in this way, we exclude finitely many ¢ € C, and these are algebraic
points of C. Moreover, on C, the coordinate function A has everywhere a local
inverse.

We now follow the construction of [Masser and Zannier 2012, p. 459]. Fix a
point ¢, € C and choose a path in the x;-plane from x;(c,) to oo and not passing
through 0, 1 and A(c,). We also fix a determination of ¥ = /X (X — 1)(X — A(cs))
that is equal to y;(¢,) at X = x;(¢,). Therefore, the path corresponds to a path on
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the elliptic curve Ej,) from the point P;(cy) to the origin O. Hence we can define
z;(¢4) as the integral

zj(es) = /oo X .
/ 1(e) 2/ XX =D (X —1(c.)

We can extend it to a ¢ close to ¢, by

zj(e) :foo ax +/xj(0) ax
’ 3 2V XX =DX=2(0)) Sy 2VXX=D(X=2(c))

] ]

In fact, in the first integral on the right we use the same path fixed before and the
integrand is determined by continuity from the previously chosen determination
of Y. Hence, this term is an analytic function in A(c¢). For the second term, we
can take any local path from x;(c,) to x;j(c). We can extend the integrand as a
double power series in A(¢) — A(¢y) and in X — x;(¢y); the result will be a double
power series in A(¢) — A(¢,) and x;j(c) — xj(¢,). Notice that we have, at any rate,
eXP; () (zj(€)) = Pi(c) forevery j =1,...,n.

In this way, fixing a ¢, € A1 (A)N a the functions z1, ..., z, are well-defined
on a small neighborhood N, of ¢, on C. Moreover, if we take N, small enough, we
can see them as analytic functions of A on AN,

We will need the following transcendence result.

Lemma 5.1. The functions z1, ..., z, are algebraically independent over C(f, g)
on N;.
Proof. The functions zy, ..., z,, f, g are analytic functions of A, linearly indepen-

dent over Z. Indeed, a relation a1z + - - -+ a,2, = any1 f + an+28, With integer
coefficients, would map via exp, to a relation of the form (1-2) on N,, and therefore
on all of C, which cannot hold by the hypothesis of the theorem. Moreover, if g, is
the Weierstrass gp-function associated to L;, the g, (z;) are algebraic functions of
A because g, (zj) = xj — %(k + 1) (see [Masser and Zannier 2010, (3.8), p. 1683]).
Therefore, the hypotheses of [Bertrand 1990, Théoreme 5, p. 136] are satisfied and
we can apply it to get the claim. (I

We would like now to extend our functions f, g, z1, ..., 2, on C.

If ¢ € C, one can continue f and g to a neighborhood N, of ¢. In fact, if we
choose ¢ € C and a path from ¢, to ¢ lying in C, we can easily continue f and g
along the path using (5-1).

To continue z; from a point ¢, to a ¢ in a it is sufficient to verify that if N| and N,
are two open small subsets in C, with N; N N, connected, and if z; has analytic
definitions zj’. on N; and z;f on Ny, then z; has an analytic definition on the union
N1 U N,. But we saw that exp, (z;) = P; forevery j =1, ..., n; hence on Ny NN,
we have exp, (z;.) = exp, (z;f ). This means that there exist rational integers u, v
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with 2}/ =z} +uf + vg on this intersection, and they must be constant there. Hence
it is enough to change z}/ to z/ —uf —vg on N».

Using the same path, it is clear that we can continue the function (f, g, z1, ..., Zn)
from a small neighborhood of ¢, to a small neighborhood N, C C of ¢, and that the
obtained function (f¢, g¢, z{, ..., z;;) is analytic on N.. Moreover, the functions
preserve algebraic independence, as the following lemma shows.

Lemma 5.2. The functions z§, . . ., z;, are algebraically independent over C(f€, g°)
on N,.

Proof. Any algebraic relation can be continued to a neighborhood N, of some
c. € A7 N(A), contradicting Lemma 5.1. U

Furthermore, the lattice L, is still generated by f¢ and g€ on N,; see Lemma 6.1
of [Masser and Zannier 2012] or Lemma 4.1 of [Masser and Zannier 2010].

Now fix ¢ € C and N, € C. Since we are avoiding singular points and points on
which the differential of A vanishes, A gives an analytic isomorphism A : Np — A(N,).
Therefore, we can view z{, ..., z5,, f¢, g° as analytic functions on A(N).

6. Linear relations on a fixed curve
In this section we prove a general fact about linear relations on elliptic curves.
For a point (ay, .. ., ay) € @V, the absolute logarithmic Weil height is defined by

1
[@(O[], ...,O(N)I@]

hai, ..., ay) = > logmax{l, ey .. .. lony},
v
where v runs over a suitably normalized set of valuations of Q(«y, ..., ay).

Let @ be an algebraic number and consider the Legendre curve E = E,, defined
by the equation Y2 = X(X — 1)(X — «). Let Py, ..., P, be linearly dependent
points on E, defined over some finite extension K of Q(w) of degree « = [K : Q].
Suppose that Py, ..., P, have Néron—Tate height h at most q (for the definition of
Néron-Tate height, see for example [Masser 1988, p. 255]). In case the Py, ..., P,
are all torsion, i.e., fz(Pj) =0 for all j, we set ¢ = 1. We define

L(Py,....,P)={(a1,...,a,) €Z" :a1 P +---+a,P, = O},

a sublattice of Z" of some positive rank ». We want to show that L(Py, ..., P,)
has a set of generators with small max norm |a| = max{|a], ..., |a,|}.
Lemma 6.1. Under the above hypotheses, there are generators ay, ..., a, of

L(Py,..., P) with
la;| < yic? (h(e) + 1)21g2 D),

for some positive constants vy, v» depending only on n.
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Proof. The Weierstrass form E= Ea of E = E, has equation
V2 =4X° - g X — g3,

where g, = ;}—‘(oz2 —a+1)and g3 = 2i7(oz —2)(ax 4+ 1)2ae — 1) (see [Masser and
Zannier 2010, (3.7), p. 1683]). The isomorphism ¢ from E to E is given by

X=X-1ta+1), Y=2v.

Now, Eis clearly defined over Q(«) and any linear relation a; Py +- - -+a, P, = O
on E carries on to E and vice versa. Moreover, the Q; = ¢ (P;) will have coordinates
in K and the same Néron—Tate height of the P;, and hence }AL(Q,-) <gq.

First, suppose that at least one of the points has infinite order. By Theorem E of
[Masser 1988], if Q1, ..., O, are linearly dependent points on E (K) of Néron—Tate
height at most ¢ > n, then L(Qy, ..., Q,) is generated by vectors with max norm

at most
1
5(n—1)
nn—la)(g)2
n

where @ = |Eqors(K)| and 7 = inf A(P), for P € E(K) \ Ewrs(K). We need to
bound w and n. The constants ys, ..., yy are absolute constants.

For the first we use Théoreme 1.2(i) of [David 1997]: choosing any archimedean v
and noting that, by David’s definition, hv(ff ) > ‘/—g, one has

o < y3(kh+«klogk),

where & = max{1, h(jz)}. Now, jz =2%(a? —a+1)/(a*(x—1)?) (see for instance
[Husemoller 1987], p. 83). Therefore, & < y4(h(e) + 1) and

o < ys(h(a) + Di>. (6-1)

For the lower bound on 7, we use a result of Masser [1989a, Corollary 1]. In
Masser’s bound a constant depending on k appears in the denominator. However,
going through the proof one can see that this constant is polynomial in «, as noted
on [David 1997, p. 109]. Therefore,

Y6 ~(7+5) =3

> > V8K
= w3 (w+logk)? — v8

’

where w = max{1, h(g>), h(g3)}. As g» and g3 are polynomials in o, we have
w < y9(h(x) + 1). Consequently, L(Q1, ..., Q,) will have generators of norms
at most

Yk (h(@) + D¥q 2V,

with y1, y» depending only on n.
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If all the points are torsion points, it is clear that one can take |a;| < @ and
use (6-1). O

7. Bounded height

In this section we see that the height of the points on the curve C for which there is

at least one dependence relation is bounded and a few consequences of this fact.
Let k£ be a number field over which C is defined. Suppose also that the finitely

many points we excluded from C to get a which are algebraic, are defined over .

Clearly, there are fi, ..., f, € k[T] such that f;(x;, A) = 0 for every j, identically
on the curve.
Let C’ be the set of points of C such that Py, ..., P, satisfy two independent

relations on the specialized curve and let ¢y € C'. Since C is defined over Q, the
x;j(co) and A(co) must be algebraic, unless the P; are identically linearly dependent,
which we excluded by hypothesis. Then by Silverman’s specialization theorem
[1983] (see also of [Zannier 2012, Appendix C]) there exists a y; > 0 such that

h(A(co)) < 1. (7-1)

We see now a few consequences of this bound. If § > 0 is a small real number,
let us set

As={teC:lt| <1/8,|t —X(c)| =& for all ceC\@}.
Lemma 7.1. There is a positive & such that there are at least %[k (A(ep)) : k] different
k-embeddings o of k(,(co)) in C such that o (A(cp)) lies in As for all ¢y € C'.
Proof. See Lemma 8.2 of [Masser and Zannier 2012]. O

Remark. We would like to point out that, as suggested by the referee, it might be
possible to avoid the restriction to a compact domain and the use of the previous
lemma by exploiting the work of Peterzil and Starchenko [2004], who proved that
it is possible to define the Weierstrass g function globally in the structure Ry exp.

Lemma 7.2. There exist positive constants y», ys such that, for every ¢o € C' and
every j=1,...,n,we have
h(P;j(co)) < 2,

and the P;(co) are defined over some number field K 2 k(A(cq)) with
[K : Q] < y3lk(A(co)) : k.

Proof. Recall that each x;(¢cp) is a root of f;(X, A(cp)). This already implies the
second statement. Now, we have h(P;(¢cp)) < y4(h(A(¢cp)) + 1) and, using the work
of Zimmer [1976], we have ft(Pj(co)) < h(P;(co)) + y5(h(A(co)) + 1). The first
claim now follows from (7-1). U
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8. Proof of Theorem 1.1

We want to show that there are at most finitely many ¢ on the curve such that
Pi(c), ..., P,(c) satisfy two linearly independent relations on E) ). By Northcott’s
theorem [1949] and (7-1), we only need to bound the degree d of A(c) over k.

Let ¢o € C', Lo = A(co) and dy = [k(A(cp)) : k]. First, by Lemma 7.1, we can
choose §, independent of cg, such that Ay has at least dp/2 conjugates in As. Now,
since As is compact, it can be covered by V2 closed discs Dy, ..., Dcy2 C )L(ZZ\),
where D,, is centered in A(c;), for some ¢; € C.

We can suppose that the closed disc D, contains at least do/(2y2) conjugates Ag.
Now, each such conjugate comes from a ¢ € N, and the corresponding points

Pi(cq), ..., Py(c]) satisfy the same linear relations. So there are linearly indepen-
dent (ay, ..., a,), (b, ..., b,) such that

arPi(cg) +- - +anPy(cg) = b1 Pr(cg) +- -+ by Pu(cy) = O (3-1)
on E; (cg).

By Lemma 7.2, fz(Pj(cg )) is at most y3 and the points are defined over some
finite extension of k(A (cq)) of degree at most y4dy. Therefore, applying Lemma 6.1
and recalling (7-1), we can suppose that the a; and b; are in absolute value less
than or equal to ysd]°.

Now, recall that, in Section 5, on A(N,,) 2 D, we defined f¢!, g° to be
generators of the period lattice L, and the elliptic logarithms z{', ..., z& such that

exp, (zj' (W) = Pi(%) (8-2)

on A(N,). We know that z?, oozt f€, g€t are holomorphic functions on a
neighborhood of D, with f¢' (A1) and g¢ (1) linearly independent over R for every
A € D, and, by Lemma 5.2, that zf', ..., 2. are algebraically independent over
C(fct, g°) on Dg,. Therefore, the hypotheses of Proposition 4.1 are satisfied.

By (8-1) and (8-2), we have

alz?1 Ay) + -+ anzy (A]) = blz? A)+ -+ Dbuzi (X)) =0 (mod Lig).
Therefore, there are a,,+1, an+2, bp+1, bnt2 € Z such that
{anil AG) + -+ anzy (AF) = an1 f(AG) + an+28 (A]),
b1z W) + - bzl (A) = bug1 O (AY) + buy28 (A]).
Thus all Aj € D, are in D, (y5d(7)/6) (recall the definition of D(T') just above
Proposition 4.1).
By Proposition 4.1, we have | D, (y5d(7;6)| e dg“e. But by our choice of D,, we

have at least dy/(2y») points in D, (y5dg(’). Therefore, if we choose € < 1/y5 we
have a contradiction when dj is large enough.
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We just deduced that dj is bounded and, by (7-1) and Northcott’s theorem, we
have finiteness of the possible values of A(cg), which proves Theorem 1.1.
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