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Actions of some pointed Hopf algebras
on path algebras of quivers

Ryan Kinser and Chelsea Walton

We classify Hopf actions of Taft algebras 7'(n) on path algebras of quivers, in the
setting where the quiver is loopless, finite, and Schurian. As a corollary, we see
that every quiver admitting a faithful Z,-action (by directed graph automorphisms)
also admits inner faithful actions of a Taft algebra. Several examples for actions
of the Sweedler algebra T'(2) and for actions of 7/(3) are presented in detail. We
then extend the results on Taft algebra actions on path algebras to actions of the
Frobenius-Lusztig kernel u, (sl,), and to actions of the Drinfeld double of T'(n).
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1. Introduction

Let n be an integer > 2 and let K be a field containing a primitive n-th root of unity
¢. Both k and n will be fixed but arbitrary subject to this condition throughout the
paper. Note that if char(k) = p > 0, this implies that p and n are coprime. All
algebras in this work are associative K-algebras and let an unadorned ® denote Q.

Generalizing the classical notion of a group acting on an algebra by automor-
phisms, one can consider actions of Hopf algebras (e.g., quantum groups). However,
one obstacle is that the intricate structure of a Hopf algebra often prevents nontrivial
actions on an algebra. When such actions exist, they can be difficult to construct and
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are not generally well understood. This paper presents a case where a classification
of these actions is achieved. Here, we consider actions of some finite dimensional,
pointed Hopf algebras, namely actions of Taft algebras (Definition 2.1) as a start.
Taft algebras can be thought of as Borel subalgebras of the Frobenius—Lusztig kernel
uq(sly). The algebra being acted upon is the path algebra of a quiver, and actions
are subject to Hypothesis 1.2. All necessary background, including definitions, is
recalled in Section 2. In particular, we address the following question:

Question 1.1. When does the path algebra of a quiver admit a nontrivial action of
a (finite dimensional, pointed) Hopf algebra? Specifically, of a Taft algebra?

Actions by Taft algebras are referred to as Taft actions for short. We give a
complete answer to the question above for Taft actions, and extend Taft actions to
actions of the quantum group u, (sl;) and actions of the Drinfeld double of a Taft
algebra, under the following conditions.

Hypothesis 1.2. Unless stated otherwise, we impose the assumptions below:

(a) The quiver Q is finite, loopless, and Schurian.

(b) Hopf actions preserve the ascending filtration by path length of the path
algebra kQ.

It is easy to see that Q must at least admit a nontrivial action of the cyclic
group Z, (namely, the group of grouplike elements of 7(n)) to admit a nontrivial
action of the n-th Taft algebra T'(n); see Example 3.13. Since Hopf algebras and
quantum groups are generalizations of group algebras, we are interested in when a
path algebra of a quiver that admits classical cyclic symmetry admits additional
“quantum symmetry”, loosely speaking. Our strategy is to identify a class of quivers
which is small enough so that we can explicitly describe all Taft actions on their path
algebras, but large enough so that every quiver admitting a Taft action is a union of
quivers in this class. We call these quivers the Z,,-minimal quivers (Definition 4.3).
The reader may wish to look over Section 5 early on for a complete account of the
case n = 2: actions of the Sweedler algebra 7(2) on Z;-minimal quivers.

To begin, we first note that any action on a path algebra must restrict to an
action on the subalgebra generated by the vertices, by Hypothesis 1.2(b). So we
start by classifying Taft actions on products of fields in Proposition 3.5. Then, the
form of actions on vertices places significant restrictions on actions on the arrows.
The following theorem summarizes our results, with reference to more detailed
statements in the body of the paper. Here, we let g and x be the standard generators
of T(n), where g is grouplike, x is (1, g) skew-primitive, and xg = ¢ gx for £ some
primitive n-th root of unity (see Section 2A). We identify the cyclic group generated
by g with Z,,.
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Theorem 1.3. Let Q be a quiver, and suppose we have a Taft action on its path
algebra kKQ.

(a) The Taft action determines an action of Z,, on Q by quiver automorphisms
(Lemma 3.2).

(b) Each Z,-orbit of vertices is stable under T(n). If we let {ey, ..., ey} be the
collection of trivial paths corresponding to some orbit of vertices, numbered
so that g - e; = e;j 1 with subscripts taken modulo m, then the action of x on
these is given by

x-ei=yl'ei—yi e,
for any scalar y € K (Proposition 3.5).

(c) For each arrow a of Q, the action of x on a is given by
x-a=aa+ p(g-a)+ro(a),

for some scalars o, B, and A. Here, o (a) is an arrow or trivial path with the
same source as a and the same target as g - a (Notation 3.9, Proposition 3.10).
Furthermore, when Q is a Z,-minimal quiver, these scalars are determined
explicitly by the formulae (6.2) and (6.4) (Theorems 6.1, 6.3).

With an explicit parametrization of Taft actions on path algebras of Z,,-minimal
quivers, it remains to show that this is sufficient to parametrize Taft actions on path
algebras of quivers subject to Hypothesis 1.2. To do this, we introduce the notion of
a Z,-component of a quiver with Z,-action (Definition 7.1). These are the smallest
subquivers of O which have at least one arrow and are guaranteed to be stable under
the action of 7T'(n) for any choice of parameters. Moreover, see Definition 7.4 for
the notion of a compatible collection of Taft actions.

Theorem 1.4 (Lemmas 7.2, 7.3, Theorem 7.5, Corollary 7.6). Fix an action of Z,,
on a quiver Q. Then, Q decomposes uniquely into a union of its Z, components,
and any Taft action on KQ restricts to an action on each component. Moreover,
this decomposition gives a bijection between Taft actions on KQ and compatible
collections of Taft actions on the Z,-components of Q. In particular, any path
algebra of a quiver with a faithful action of Z, admits an inner faithful action of the
n-th Taft algebra T(n).

As mentioned above, we extend these results to get actions of other finite dimen-
sional, pointed Hopf actions on path algebras of quivers.

Theorem 1.5 (Theorems 8.10, 8.21, Section 8C). Fix an action of Z,, on a quiver Q.
Let g € K be a 2n-th root of unity. Additional restraints on parameters are determined
so that the Taft actions on the path algebra of Q produced in Theorems 1.3 and 1.4
extend to an action of the Frobenius—Lusztig kernel u,(sly) and to an action of the

Drinfeld double of T(n).
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As a consequence of the theorem above, we obtain that path algebras of quivers,
that admit Z,-symmetry, are algebras in the category of Yetter—Drinfeld modules
over T(n) by Majid [1991]; see also [Radford 2012, Exercise 13.1.6]. Hence,
motivated by the process of bosonization, or Radford’s biproduct construction to
produce (potentially new) Hopf algebras (see [Majid 1994; Radford 2012, Theo-
rems 11.6.7, 11.6.9]), we pose the following question.

Question 1.6. Let Q be a quiver that admits Z,-symmetry. When does the path
algebra kQ admit the structure of a Hopf algebra in the category of Yetter—Drinfeld
modules over T(n)?

1A. Comparisons to other work. A path algebra kQ is naturally a coalgebra,
where the comultiplication of a path is the sum of all splits of the path. There
are previous studies on extending the coalgebra structure on KQ to a graded Hopf
algebra, most notably Cibils and Rosso’s work [1997; 2002] on Hopf quivers. Here,
when KQ admits the structure of a Hopf algebra, the group of grouplike elements
of KQ consists of the vertex set Q¢ of Q. Moreover, any arrow a € Q1 is a skew-
primitive element as A(a) = s(a) ® a +a ® t(a). One example of their theory is a
construction of 7(n) from a Hopf quiver, and in this case it has the regular action
on the path algebra of this quiver. Our study produces many more examples of Taft
actions on path algebras, as our construction allows for nontrivial actions on path
algebras of any quiver that admits Z,,-symmetry.

Our work also has some intersection with [Gordienko 2015]. On the one hand,
Gordienko works in the setting of Taft actions on arbitrary finite dimensional
algebras, whereas path algebras of quivers are not always finite dimensional. For
example, Gordienko’s Theorem 1 classifies Taft algebra actions on products of
matrix algebras, while our Proposition 3.5 only classifies Taft algebra actions on
products of fields (equivalently, path algebras of arrowless quivers). On the other
hand, Gordienko’s classification [2015, Theorem 3] is restricted to actions giving
T(n)-simple module-algebras, whereas we have classified all Taft actions on path
algebras (subject to Hypothesis 1.2). With the exception of special parameter values,
the path algebras in this work are not simple with respect to the Taft algebra action:
one can easily see from our explicit formulas that the Jacobson radical (the ideal
generated by the arrows of Q) is typically a nontrivial two-sided T'(n)-invariant ideal.

There is an abundance of literature on both the study of quantum symmetry
of graphs and group actions on directed graphs from the viewpoint of operator
algebras, including [Banica 2005; Banica et al. 2007; Bates et al. 2012; Bichon 2003;
Kumjian and Pask 1999]. Connections to our results merit further investigation.

Other works investigating relations between path algebras of quivers and Hopf
algebras can be found in [Chen et al. 2004; Huang and Liu 2010; Huang et al. 2010;
van Oystaeyen and Zhang 2004; Zhang 2006].
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Montgomery and Schneider [2001] provide similar results for actions of Taft
algebras, and extended actions of u,(sly) and of D(T(n)), on the commutative
algebras: K(u), and K[u]/(u" — B) with B € k.

2. Background

We begin by defining Taft algebras and Hopf algebra actions. We then discuss path
algebras of quivers, which will be acted on by Taft algebras throughout this work.

2A. Taft algebras and Hopf algebra actions. Let H be a Hopf algebra with co-
product A, counit ¢, and antipode S. A nonzero element g € H is grouplike if
A(g) = g ® g, and the set of grouplike elements of H is denoted by G(H). This
forces £(g) =1 and S(g) = g~ !. Anelement x € H is (g, g')-skew-primitive, for
grouplike elements g, ¢’ of H, when A(x) = g®x +x ® ¢g’. In this case, e(x) =0
and S(x) = —g~'xg’~!. The following examples of Hopf algebras will be used
throughout this work.

Definition 2.1 (Taft algebra T(n), Sweedler algebra 7'(2)). The Taft algebra T(n)
is a n’-dimensional Hopf algebra generated by a grouplike element g and a (1, g)-
skew-primitive element x, subject to relations:

g"=1, x"=0, xg=1¢gx

for ¢ a primitive n-th root of unity. The 4-dimensional Taft algebra 7'(2) is known
as the Sweedler algebra.

Note that G(T'(n)) is isomorphic to the cyclic group Z,, generated by g.

We now recall basic facts about Hopf algebra actions; refer to [Montgomery
1993] for further details. A left H-module M has left H-action structure map
denoted by - : H ® M — M. We use Sweedler notation A(h) =Y h; ® h, for
coproducts.

Definition 2.2 (H-action). Given a Hopf algebra H and an algebra A, we say that
H acts on A (from the left) if, for all h € H and p, g € A,

(a) A is aleft H-module;
() h-(pq) = (h1-p)(h2-q); and
(€) h-14=¢(h)14.

In this case, we say that A is a left H-module algebra. Equivalently, the multiplica-
tion map p4: A® A — A and unit map n4: K— A are morphisms of H-modules,
so A is an algebra in the monoidal category of left H-modules.

For the Taft actions in this work, consider the following terminology.
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Definition 2.3 (extending a G-action). Given an action of a group G on an algebra
A, we say that an action of a Hopf algebra H on A extends the G-action on A if the
restriction of the H-action to G (H ) agrees with the G-action via some isomorphism
G(H)~G.

In this paper, we are interested in the case where G = Z,, and H = T'(n) in the
above definition. Moreover, it is useful to restrict to H-actions that do not factor
through proper quotient Hopf algebras.

Definition 2.4 (inner faithful). A module M over a Hopf algebra H is inner faithful
if the action of H on M does not factor through a quotient Hopf algebra of H; that
is, IM # 0 for any nonzero Hopf ideal / C H. A Hopf action of H on an algebra
A is inner faithful if A is inner faithful as an H-module.

The following lemma is likely known to experts, but does not seem to be readily
accessible in the literature, so we provide a proof.

Lemma 2.5. Every nonzero bi-ideal of T(n) contains x. Therefore, a Taft action on
an algebra A is inner faithful if and only if x - A % Q.

Proof. Writing H := T(n), since H = H™* as Hopf algebras it suffices to prove the
dual statement. Namely, since x generates the radical of H, the dual approach is to
show that every proper sub-bialgebra of H is contained in the coradical of H.
Suppose that A C H is a nonzero Hopf sub-bialgebra of H which is not contained
in the coradical of H. We will show that A = H. Since the coradical H, of H is
the span of the grouplike elements {g’ |i =0, ..., n — 1}, we have that A contains
a nonzero element f = hx/4+ (terms of lower x-degree), where j > 1 and h € Hj.
Say, h = Z;ZO vag?, for vy € k with v; #0. Since A inherits the coproduct from H,

i
Aig'x/) =) [é]g”ig"xj’“ ®vig/ ",
=0
which is in A ® A. Here, the equality above holds by [Radford 2012, Lemma 7.3.1].
By the maximality of j and i and by taking £ =0 above, we have that f € A implies
g'x/ € A. Now applying A to g'x/ yields g'x/~¢ € Afor £ =0,..., j. So, we get
g'x € A. Likewise, apply A to g'x to conclude that g’, g'*! € A. Since g has finite
multiplicative order, g~/ € A as well. Thus, both g and x are in A, so A = H, as
desired. ]

So the extension of a faithful cyclic group (Z,) action on an algebra A to a Taft
algebra (T'(n)) action is inner faithful if and only if x - A # 0. To study module
algebras of T'(n), the following standard fact will also be of use.
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Lemma 2.6. For each T(n)-action on an algebra A, there is a natural action of
T(n) on the opposite algebra (A°P, x), say denoted by ¢, as follows:

gop=g¢'p and xop=g'x-p. 2.7)

This gives a bijection between T(n)-actions on A and on AP,

Proof. For any Hopf algebra H and algebra A, we get that A is an H-module
algebra if and only if (A°P, %) is an H®°P-module algebra. Here, H°°P is the co-
opposite algebra of H and A®P =10 A with 7(}_ /7 ® ho) =Y hy ® hy. Indeed,
h-(pq)=h-(qgxp)=>_(ha-q)*(hi-p) =) (hi-p)(h2-q). The map sending g
to g~ and x to g~ !x gives an isomorphism T'(n) = T(n)°P as Hopf algebras, and
the result follows. (]

2B. Path algebras of quivers. A quiver is another name for a directed graph, in
the context where the directed graph is used to define an algebra. Here, we review
the basic notions and establish notation. More detailed treatments can be found in
the texts [Assem et al. 2006; Schiffler 2014]. Formally, a quiver Q = (Qo, Q1, S, 1)
consists of a set of vertices Qy, a set of arrows Q1, and two functions s, t: Q1 — Qo
giving the source and target of each arrow, visualized as

s(a) SELEN t(a).

A path p in Q is a sequence of arrows p = aa; - - - a; for which t(a;) = s(a;+1)
for 1 <i <€ —1. (Note that we read paths in left-to-right order.) The length of p
is the number of arrows £. There is also a length O trivial path e; at each vertex
i € Qp, with s(e;) =t(e;) =1.

A quiver Q has a path algebra KQ whose basis consists of all paths in Q, and
multiplication of basis elements is given by composition of paths whenever it is
defined, and O otherwise. More explicitly, we have the following definition.

Definition 2.8 (path algebra). The path algebra KQ of a quiver Q is the k-algebra
presented by generators from the set Qg Ll O with the relations

(a) ZieQO ei=1;
(b) eej = 3,’]6,‘ for all ei,ej € Qo; and
(c) a=egqya=uae; g forall a € Q.

Condition (a) is due to the assumption that |Q¢| < oco. Further, ¢; is a primitive
orthogonal idempotent in KQ for all i. So, kKQ is an associative algebra with unit,
which is finite dimensional if and only if Q has no path of positive length which
starts and ends at the same vertex. Notice that KQ has a natural ascending filtration
by path length. Namely, if we let F; be the subspace of KQ spanned by paths of
length at most i, then F; - F; C Fi ;.
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Definition 2.9 (Schurian). A quiver Q is said to be Schurian if, given any two
vertices i and j, there is at most one arrow which starts at i and ends at j.

Note that the definition above does not exclude oriented 2-cycles.

Definition 2.10 (covering, gluing, ®). A quiver Q is covered by a collection of
subquivers o',...,0"ifQ= U; 0'. We say Q is obtained by gluing the collection
Q', ..., Q" if the collection covers Q, and in addition Q' N Q7 consists entirely
of vertices when i # j; in this case, write

0=0'®---®Q"

Remark 2.11. If a quiver Q is obtained by gluing subquivers Q', ..., Q”, then we
get that KQ is the factor of the free product of path algebras KQ' x - - - xkQ" by the
ideal generated by {e; , — e, ,}, where for each pair (i, j), the index v varies over
the vertices of Q' N Q7. Here, e, ,, indicates the trivial path at v, for v € (Q%).

2C. Group actions on path algebras of quivers. Now we consider group actions
on quivers and on their path algebras.

Definition 2.12 (quiver automorphism). Let Q, Q' be quivers, and consider two
maps of sets fo: Qo — Qg and fi: Q1 — Q.

(1) We say that the pair f = (fy, f1) is a quiver isomorphism if each of these
maps is bijective, and they form a commuting square with the source and target
operations. That is, for all @ € Q| we have

(foos)(a) = (so fi)(a) and (foor)(a)=(ro fi1)(a).

(2) We say that the pair f = (fo, f1) is a quiver automorphism of Q if f satisfies
(I)and Q' = Q.

(3) A group G is said to act on Q, or Q is G-stable, if G acts on the sets Q¢ and
Q1 such that each element of G acts by a quiver automorphism.

Remark 2.13. A quiver automorphism induces an automorphism of its path algebra,
but not every automorphism of a path algebra is of this form. See Lemma 3.2.

Remark 2.14. Given a quiver Q, we can form the opposite quiver QP by inter-
changing the source and target functions s and ¢. It is clear from the definition
of the path algebra that k(Q°P) = (kQ)°P. Hence, Lemma 2.6 implies there is a
bijection between T'(n)-actions on KQ and on KQ®P given by (2.7). See Remark 5.2
for an illustration.



Pointed Hopf actions on path algebras of quivers 125

3. Preliminary results

In this section, we present preliminary results on Taft actions on path algebras of
loopless, Schurian quivers. We begin by studying actions on vertices, first giving a
simple lemma regarding group actions on KQq (Lemma 3.1). Then, we extend this
result to classifying Taft actions on KQq (Proposition 3.5). Preliminary results on
Taft actions on path algebras kQ are provided (Proposition 3.10), along with an
example in the case where Qy is fixed by the group of grouplike elements of 7'(n)
(Example 3.13).
The following lemma is elementary, but we provide the details in any case.

Lemma 3.1 (G-action on KQy). Let G be a group, let Q be a set of vertices, and
let {e;}ico, be the corresponding primitive orthogonal idempotents in KQo. Then,
any G-action on the set Qg induces an action on the ring KQo, given by g - e; = eg.;
foreachi € Qg and g € G. Moreover, every G-action on KQy arises in this way.

Proof. The first statement is clear, so suppose for the converse that we have a
G-action on KQg >~k x k x - - - x K. To act as a ring automorphism, each element of
G must send a complete collection of primitive orthogonal idempotents to another
such collection. But in this case, the set {e;};c g, is the unique such collection. So
this set must be permuted by G, defining an action of G on the set Qy. ([

Now we turn our attention to group actions on arbitrary path algebras of quivers.

Lemma 3.2 (G-action on KQ). Let G be a group and Q a quiver which is loopless
and Schurian, and suppose that G acts by automorphisms of KQ, preserving the
ascending filtration by path length. Then, the action of each g € G on Q is given by

(1) a quiver automorphism ¢: Q — Q, along with
(ii) a collection of nonzero scalars u, € K*, indexed by the arrows a of Q,

such that g -a = pyp(a) for each a € Q1. (To be clear, both ¢ and the collection
Ua depend on g.)

Proof. Since G preserves the path length filtration, it acts by permutations on the
vertex set, by Lemma 3.1. Then for each g € G and a € Q, we have g -a =
g (es(@)a) = (g - e5(a)) (g - a), showing that g - a lies in the span of arrows starting
at g - e5(q)- Similarly, we see that g - a lies in the k-span of arrows with target
g - e1(a)- Since Q is Schurian, this determines a unique arrow ¢ (a), with start
s(g-a) =g-esq) and target (g -a) = g - €;(a), such that g - a is a scalar times ¢ (a).
It is immediate from the definition of ¢ that ¢ is a quiver automorphism. (]

Convention 3.3. We sometimes use g - a to label an arrow in a diagram, or refer to
g -a as an arrow in exposition, in order to avoid introducing the extra notation ¢.
In these cases, it is understood that one must actually multiply by a scalar to get an
arrow on the nose.
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Next, we study the action of skew-primitive elements on arrowless quivers Qy,
which then leads to Taft actions on the semisimple algebra kK Q. Since the generator
x of T(n) is (1, g)-skew-primitive, the relation ei2 =e¢; of KQy gives us that

x-e;=x-(ef) =ei(x-e;)+(x-¢)(g-e) €spangfe;, g-ei}.  (3.4)

So, to study extensions of a G-action on KQq to a T(n)-action, we can restrict
ourselves to a single G-orbit of vertices. From here on, we apply the above results
to the case where G = G(T'(n)) is the cyclic group generated by g € T(n), which
we identify with Z,,.

Proposition 3.5 (T'(n)-actions on KQg). Let Qo ={1, 2, ..., m} be the vertex set of
a quiver, where m divides n, and Z,, acts on KQqo by g - e; = e; 1. Here, subscripts
are always interpreted modulo m.

(1) If m < n (so the Z,-action on Qy is not faithful), then x acts on KQg by 0.

(ii) If m = n (so Z, acts faithfully on Qy), then the action of x on KQy is exactly
of the form

x-e; =yl (ei—Ceitr) foralli, 3.6)
where y € K can be any scalar.

In particular, we can extend the action of Z, on KQy to an inner faithful action of
T(n) on KQy if and only if m = n.

Proof. Assume that we have a T(n)-action on KQg extended from the Z,-action on
Qo in Lemma 3.1. By (3.4), we know that x - ¢; = oje; + fie;+1 for some scalars
o;, Bi € K. Then, we have

O=x-1=x- Zei = Zaiei + Bieiv1 = Z(ai + Bi—1ei, (3.7)
i=1

i=1 i=1

which gives B;_1 = —«;. (Here, Y i~ Bieiy1 = > 1, Bi—1€; by reindexing.) Now
the relation xg = {gx applied to e; gives

Qjp1€i41 — i€ = C(Aieiy] — Ujy1€i42), (3.8)

so that oj 1 = ¢a; for all i. Setting y := a2 ! gives o = ¢y, so that (3.6) holds
whenever a T'(n)-action exists. We have assumed that m divides n, but on the other
hand, x -¢; = x - e;,, implies that y¢' = y ¢+, Thus, y = y¢™. Hence, whenever
m < n =ord(¢), we have y =0, and x acts by 0. This establishes (i).

On the other hand, suppose that m = n. We will show that Equation (3.6)
defines a T'(n)-action on KQ for any y € k. A simple substitution verifies that
xg -e; = {gx - e;. The fact that the x-action preserves the relations e;e; = §;je;
and ), e; =1 is also easy to check by substitution. The only tedious part is to
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show that x" acts on kQg by 0, which is verified by Lemma 9.10 in the appendix
of computations, using symmetric functions. Now, the T'(rn)-action on KQy is inner
faithful when y is nonzero, by Lemma 2.5. Therefore, (ii) holds. ([

Now to study Taft actions on path algebras of Schurian quivers in general, we
set the following notation.

Notation 3.9 (o (a)). Suppose we have a quiver Q and an action of Z,, >~ (g) C T(n)
on kQ. Given an arrow a € Q, we know that there exists at most one path of
length less than or equal to 1 from s(a) to (g - a) since Q is Schurian and loopless.
Denote this path by o (a) if it exists, and set o (a) = 0 otherwise.

To be more explicit, consider the following case: when g fixes neither s(a) nor
t(a), and g - t(a) # s(a), then o (a) is either an arrow or 0, and can be visualized

in the following diagram.
°
o(a)
§-a
°

t(g-a)

s(a) o

a
[
If g-t(a) =s(a), then o (a) is the trivial path at s (a). Moreover, we have o (a) =g-a
whenever g - s(a) = s(a), and o (a) = a whenever g - t(a) = t(a).

We remind the reader of the standing assumptions made in Hypothesis 1.2. The
following result determines the action of x on any arrow of Q.

Proposition 3.10. Suppose we have an action of T(n) on KQ, and let a € Q1 with
iy :=s(a) and j_ :=t(a). Then, there exist scalars o, B, A € K such that

x-a=aa+ B(g-a)+ro(a). (3.11)

Moreover, o, B, A can be determined in special cases depending on the relative
configuration of a and g - a, as described in Figures I and 2 below. Here, the dotted
red arrows indicate the action of g on Q.

Proof. Let y4, y— € K be the scalars from Proposition 3.5 such that

x-ei, =)' (e, —Cg-ei) and x-ej =(y )i/ (ej.—tg-e; ), (3.12)
where g - e;, = e(¢41), as usual.
From the relation a = e;,_a, we can compute
x-a=x-(e,a)=e (x-a)+ (vl (e, —L8-€;,)(g-a)

_ {ei+(x )+ (e (1=0)(g-a) ifei(g-a)=g-a,
ei,(x-a) — (y1)¢ (g a) if e;, (g-a) =0.
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Iy . ". @ rrerinnnaaan o 000 G >-o

=81+
Relation o(a)
between a 8a a 8-a a a

aand g-a =0(a) =o(@
j—- e e

[ P > o .,‘ )

Jj— g]_ =8 ]_.‘ . J- g ]-
x-ej, = 0 (y)¢i(ei —Cg-ei,) (y)¢i(ei —Cg-ei,)
xei. = (y)¢i(ej_—tge;) 0 (y-)ti(ej_—tge; )

xa= (y-)¢ a+B(g-a) aa—(y)¢ N (ga) (v a—(y)i " (ga)
+Ao(a)

Figure 1. a(g-a) = (g-a)a =0.

Thus, x -a € spany {paths starting at e;, , g-a}. Similarly, the relation a =ae;_ gives

x-a=x-(ae; )= (y-)t’ale; —ig-e; )+ (x-a)(g-e;)
_ {(V—)s“j(l —fa+(x-a)g-ej) ifa(g-ej)=a,
(y)tla+(x-a)(g-ej) ifa(g-e; ) =0.
Thus, x - a € spany{a, paths ending at g - ¢;_}. Intersecting these two conditions
on x - a gives Equation (3.11). The coefficients «, 8, A can be determined more
explicitly, but depend on the relative configuration of a and g - a. We consider the
various cases below.

Suppose that e;, (g-a) =g-a, then g-s(a) =s(a). So, as remarked in Notation 3.9,
we have o (a) = g -a. We can omit this term in (3.11) by absorbing A into § in this
case. Similarly, if a(g -e; ) = a, then g -7(a) =(a) and we have o (a) =a. We
can omit this term in (3.11) by absorbing A into « in this case. On the other hand,

e g-i

“ g.a
Relation R .
between e i=g-j=0(a)
aand g-a ‘\a‘

A,
x-e= yEi(ei —¢g-e) vei(ei—¢g-ei)
X-ej= CvEiej—tge)) vEllej—Lg-e)
x-a= |ytla—y{*t(g-a)+ro(a) | yla—yi T (g a)+re

Figure 2. a(g-a) #0 or (g-a)a #0.
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ife;, (g-a) =0, then x -a = x - ¢;_a implies that

aa+p(g-a)+ro(a) =e [aa+B(g-a)+ro(@)]— (y1)¢ (g a)
=aa— (v (g-a) + ro(a).

Thus in this case, B = —(y4)¢'*1. Similarly, if a(g - ej )=0,thenx-a=ux-ae;
implies that

aa+B(g-a)+ro(a) = (y-)¢a+[aa+p(g-a)+ra(a)l(g-e; )
= ()¢ a+B(g-a)+ro(a).

So, a = (y_)¢/. These results are collected in Figure 1. In each case, the x-action
on the vertices follow from Proposition 3.5. In Figure 2, the results are further
specialized to the cases where g - s(a) = t(a) or g - t(a) = s(a). Since the £+
notation serves to distinguish the orbits of s(a) and ¢ (a), the & notation is dropped
in Figure 2. (]

As an illustration of the results above, we study Taft actions on a path algebra
kQ, where Z,, fixes Q.

Example 3.13 (7T(n)-action on KQ, Z,, fixes Q). If Z,, fixes the vertices of a quiver
0, then we claim that any extended action of T'(n) on KQ is not inner faithful.
First, by Proposition 3.5(1) with m = 1, we get that x - ¢; = 0 for all i € Qg. For
the arrows, we get that s(g - a) = e5,) and 1(g - a) = e;(4) by the assumption. So,
o(a) = g-a. Moreover, g -a = uza by Lemma 3.2. Now, Proposition 3.10 implies
that x - a = «wa for some « € k. Finally, using the relation x” = 0, we conclude that
x -a =0, and the claim holds.

4. Minimal quivers

Given any Hopf algebra action on an algebra A, it is natural to study the restricted
Hopf action on a subalgebra of A, if one exists. We introduce Z,,-minimal quivers
in this section, which will be the building blocks of Taft actions on path algebras of
quivers in subsequent sections. The following definition serves to fix notation for
specific quivers that will be used throughout the rest of the paper.

Definition 4.1 (K, Ky, 1/, a}, b;). Let m and m’ be positive integers.
(1) The complete quiver K,, (or complete digraph) has vertex set {1, 2, ..., m},
with an arrow aj. from i to j for every ordered pair of distinct vertices (i, j).
For uniformity in the formulas, we also take the symbol al’f to mean the trivial
path e; at vertex i (rather than a loop, which we have excluded).

(2) The complete bipartite quiver K,, ,,» has a top row of m vertices and a bottom
row of m’ vertices, labeled by {1, ...,m }and {1_, ..., m’}, respectively.
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There is an arrow b’ from each vertex i in the top row to each vertex j_ in
the bottom row; that is, s(b’) =iy and t(b’) =j_.

An example of each type is given below, without vertex or arrow labels.

To illustrate the arrow labels, the first diagram below shows some arrows in K4
and the second diagram shows all arrows starting at 17 in K> 3.

Q Q

1
a,

1 @
| e— >™e2
1 1 1
at a3 a3 b & %
o
3 I_ e o 2_ e 3_

4 e— > e 3

See Figure 5 for further illustrations.

Suppose we have an action of Z,, on the path algebra of a subquiver of K, or
Ku.m. Let g be a generator of Z,,. After possibly relabeling, we can assume g acts
on the trivial paths by g-e; = e¢;4 (for K;;) and g-e;, = e(i11),, g-€i_=+1)_ (for

Km.m'), where the indices are taken modulo m or m’ as appropriate By Lemma 3.2,
there is a collection of nonzero scalars M i . such that g - a =M, ; ;:11 (for K,,,),
org- b’ =U; ]b’jfrll (for Ky ). Again, subscrlpts and superscrlpts are interpreted
modulo m or m’ as appropriate. Since g" is the identity and g - ¢; = ¢;11 (for K,,,),
these scalars pu, ; satisfy

u;; =1 inthe K,, case,
’ (4.2)

| Kite j+e =1 inboth cases.

Since an arrow (or, more specifically, the source and target of an arrow) of a
quiver Q can only be part of one or two Z,-orbits of Qg, we make the following
definition.

Definition 4.3 (Z,-minimal, Type A, Type B). Let Z, act on a quiver Q. Say that
0 is Z,,-minimal of

o Type A if Q is a Z,-stable subquiver of K,,, where m > 1 is a positive integer
dividing n; or
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Figure 3. Z3-minimal quivers of Type A.

e Type B if Q is a Z,-stable subquiver of K, ,/, where m, m’ > 1 and m, m’
divide n.

Example 4.4. The following quiver Q admits both a Z4-action and a Z5-action
illustrated by the dotted red arrows below. Observe that Q is Z4-minimal of Type B.
Further, we see it is Z44-minimal of Type B for any integer d > 1. However, it is
not Z,-minimal of Type B.

Z 44-minimal not Z,-minimal

Now we list the Z,-minimal quivers for small n. For Type A, note that there is
only one Z,-minimal quiver that admits a transitive action of Z, on vertices; see (|)
of Figure 5. See Figure 3 for the three Z3-minimal quivers of Type A. The dotted,
red arrow indicates the action of Z3 on Q¢ (clockwise rotation in each case). For
Type B, there are five Type B Z;-minimal quivers; see Figure 5 (II)—(VI) for an
illustration. Moreover, see Figure 4 for the six Z3-minimal quivers of Type B.

5. Sweedler algebra actions on path algebras of minimal quivers

In this section, we study the action of the Sweedler algebra 7(2) on path algebras
of quivers. This is achieved by first computing the action of the Sweedler algebra
on Z>-minimal quivers (Theorem 5.1). Later, in Section 7, we present results on
gluing such actions to yield Sweedler actions on more general quivers.

Recall from Definition 2.1 that the Sweedler algebra is the 4-dimensional Taft
algebra T'(2) generated by a grouplike element g and a (1, g)-skew-primitive element
X, subject to relations:

g2= 1, x*>=0, xg+gx=0.
Note that G(T(2)) >~ Z,.
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.":

°v
o
v
L4
\;
[

Figure 4. Z;-minimal quivers of Type B.

Theorem 5.1. Recall Hypothesis 1.2. For each quiver Q in Figure 5 (where the
dotted red arrow illustrates the g-action on vertices), the Z,-action on Q extends
to an action of the Sweedler algebra T(2) on KQ precisely as follows. We take y

::."
al 1+ [ ] 1+ = 2+ .’
2
1 .Oo 2 b} b! b3
at
1_‘. 1_ [ 25 TETT T > @ 27
0 (D) (1)
1, @eeeennee >e 2, 1, @<eeveeen >e 2, Ly 01> e 2,
2
b! v b! Bob b
1 =2 1. @greeerennes >e 2_ BN I FEPEIVEITE >e 2_
(V) (V) (VD)

Figure 5. The Z,-minimal quivers.
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(resp. y4 and y_) to be the scalar from the x-action on e; (resp. on e;,_ and on e;_)
in (3.6) (resp. in (3.12)).

0 x-action on Q 0 x-action on Qy
x-ep=—y(e;te) x-er =—(yp)(er, +ez)
(1) x-ex=y(e1+e) (V) i '22+ = (())/+)(€1+ +e2,)
o] =
X el+ - _(V+)(el+ +€2+)
o o — x-ex, = (yy)(ei, +e2,)
1) xe,=x-e =0 M e =l +e)
x-e = (y-)ei_+er)
X-e, = 0 X el+ = _(V+)(el+ + 62+)
T x-er, = (y)ler, +er,)
(my  x-ei_=—=(_)ei_+er) | (V) ' e o)
v =0 e i -27 ; (v J/)_(eleI:F ezez)i

(0] x-action on Q

() Fa=ya—yuaidie
v =vuta —va?—au-!
| =V a4 —ya noé

(m x.b}:O

x-b3 =—pu'bl + (y2)b3

) " -bj = ab} — (yy)ub;
x-by = (you b —ab;

for A €k, u € k*

for B = (y-)%, n € k*

Jor o® = (y1)?, € k*

(v) Xbi=—0mbr = (bl

for (v1)* = (y-)% p ek
b2 =y~ bl + (y b2 i

=

x-bj = —=(y-)b} — (y4)ub3 + b,

x-b3 = (y)u b+ (yo)by — A~ /by Jor (y4)* = (y-)> +22/
(V1) ? * . ! /_22 - ! with &, ) € k

X 'b2 = (y*)b2 — (Y b1 +A b1 and p, 1’ € k*

X

by = (y) ™ by — (y)by — M~ b3

Proof. The x-action on vertices follows from (3.6) and (3.12).

(I) We are in the situation illustrated in the second column of Figure 2, where
additionally g -i = j. So, we have

1 1 2
X-ay =ya, — YWl 4 + Aey
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from Proposition 3.10 and Lemma 3.2. Then using the relation xg = —gx in 7(2),
we find that

2 1 1 2 1
HypX-ai =x-(g ay) =—g-(x-ay) = —V 207 TV Iy 2l 10y — ALy j€2.

Using that le_; = Uy and py | = 1 from Equation (4.2), we obtain

2 1 2
X-ai =Yy 14y —Yay — Ay €2

The x-action on all other relations in KQ yields tautologies, and the relations
x? = xg + gx = 0 are satisfied when applied to the arrows a% and af. Taking

W=, and wl= My, 1, We see the action is of the claimed form.
(1) We apply Example 3.13.
(1) Examining Figure 1, we see that x - b} = —(y_)b} +ﬂu]’1b% for some 8 € k.
The relation xg = —gx in 7(2) then gives

X by =x-(g-b))=—g- (x-b}) = =By 14y 2b] + (y-)iy 1b3.
Now applying the relation x> = 0 of T(2) to the arrow b% implies that (y_)? = B2,
and we take = ;.
(IV) We get from Figure 1 that x - b} = ab} — (y+)u1’1b§ for some o € K. The
relation xg = —gx in T(2) then gives

Ky X 'bg =x-(g- b}) =—g-(x- b}) = _Ofl/v1,1b§ + (V+)M1,1,Uv2,2b}-
2

Now applying the relation x> = 0 to the arrow b% implies that (y,)? = «
again we take u = My -

, and

(V) Examining Figure 1 we find that x -b} = —(y_)b} — (y+)u1’1b§. Then the
relation xg = —gx in 7T(2) gives that p; |x -b% = (y+)u1,1,u2’2bi + (y_)ul’lbg.
The relation x> = 0 applied to the arrows bi and b% implies that (y4)> = (y_)?, and
again we take ;0 = 4y ;.

(V1) We can see from Figure 1 that x - b% = —(y_)b% — (y+),u1’lb§ +)\bé for some
A € K. Similarly, we can see from this figure that x bl = (y,)bé — (V+)M1,2b% +)Jb}

for some A’ € k. The relation xg = —gx gives the formulas for x - b% and x - b% as
claimed. Finally, the relation x> = 0 implies that (y4)? = (y_)?> + Ax". We have
taken u = and u' = 5. O

Remark 5.2. Since Q(I11)°? = Q(IV), we can get the Sweedler action on the path
algebra of Q(IV) from its action on the path algebra of Q(lll) using (2.7); see
Remark 2.14. For instance, take b} e O(IV):

xobl =g x bl =g " (—(y)b] + Bub3) = —(y-)ub3 + Bb}.

Now by identifying y_ with y,, and 8 with o, we get the desired action.
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6. Taft algebra actions on path algebras of minimal quivers

In this section, we give a complete description of T'(n)-actions on path algebras of
Z,-minimal quivers. Since the action of the grouplike elements of 7'(n) has already
been determined in Lemma 3.2, and the 7'(n)-action on the vertices has already
been determined in Proposition 3.5, all that remains is to describe possible actions
of x on the arrows.

6A. Taft actions on Type A 7,-minimal quivers. Let Q be a Z,-minimal quiver
of Type A, so that Q is a subquiver of K,, for some m|n by Definition 4.3. Recall
that the path algebra KK, has basis aj. for 1 <i, j <m, with af = ¢; being the
trivial path at vertex i.

Theorem 6.1. Recall Hypothesis 1.2 and retain the notation above. Any T(n)-
action on the path algebra of Type A Z,,-minimal quiver Q is given by

x-aj-ZV(Cja;—{iH;Llj ’Jill)—i-)»i,ja;ﬂ, (6.2)
where y € K from (3.6), Wi ;€ k* from (4.2), and X; j € K are all scalars satisfying

. n—1 .
e w;; = lforalli,and [T Wive jre= 1;
e Ai,j =0 ifeitheri = j or the arrow a§.+1 does not exist in Q; and

° )\i+1,,i+ll/L,',j = g)‘i,jﬂi,j_H-
The superindices and subindices of arrows and scalars are taken modulo m.
Proof. We have already used the relations of the path algebra to find that
x 'ai' = V@'jai' — " a Ny 11111) +)‘i,jaj'+1’
for some scalars M ;€ k* and %; ; € k; see Lemma 3.2 and Propositions 3.5 and
3.10. Namely, the case of i = j is Proposition 3.5, which gives A;; =0 and p; ; =1
for all 7. Moreover the case of i # j is Proposition 3.10, which gives that 4; ; =0

if the arrow a’. i | does not exist in Q. The cond1t1on on the { ;. } is from (4.2).
The relation x g Cgx of T(n) applied to a gives on the one hand that

t+]
X8 Cl =X 'ul} Jj+1

(g z+11 ri+?

i+2 o i+1
=V~ /’Li+l,j+laj+2)+)‘l+1,j+1lui,jaj+2’

while on the other hand that
— i+1 i+1 i+2 i+1
cgx-al =y (@ ja = O g g @) Chi i ja
Thus we see that A4, JH = = CAijl, ]+1’ which is the thlrd condition on the
scalars. We also obtain that the relation x" = 0 applied to ', ; imposes no further

restrictions on the x-action on a}, this is verified in Lemma 9.11 of the appendix.
O
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6B. Taft actions on Type B 7,-minimal quivers. In this subsection, let Q be a
Z,-minimal quiver of Type B. By Definition 4.3, we know that Q is a subquiver of
K.y for some positive integers m, m’ both dividing n. Recall that the path algebra
K, hasbasise; , e, b; where l <i <mand1<j<m'.

Theorem 6.3. Recall Hypothesis 1.2 and retain the notation above. Any T(n)-
action on the path algebra of Type B Z,,-minimal quiver Q is given by

x b = (y )b — (rpw ;DN kY, (6.4)
where y, y— € K from (3.12), M € k> from (4.2), and X; ; € K are all scalars
satisfying

n—1 1.
. H@:O Mj+g7j+g — 1a

e i, j =0if the arrow bj’+1 does not exist in Q;
¢ )\'i+1sj+1lj’i,j = U\i,jlii,jﬂ;

-1
o (v)" = )" +110Z0 Mijre-

The superindices of arrows are taken modulo m and the subindices of arrows are
taken modulo m’.

Proof. The formula (6.4) and first three conditions on the scalars are derived exactly
as in the proof of Theorem 6.1, replacing a} with b} and y with y., appropriately.
It just remains to check that x™ acts by 0; this is equivalent to the last condition on
the scalars, as shown in Lemma 9.12. |

7. Gluing Taft algebra actions on minimal quivers

7A. Gluing actions from components. In this section, we provide a recipe for
gluing actions of Taft algebras on minimal quivers. We also show that, given any
quiver with Z,-symmetry, one can construct an inner faithful extended action of
T'(n) on the path algebra of this quiver.

Definition 7.1 (Z,,-component). Let O be a quiver with an action of Z,, and con-
sider the set of Z,,-minimal subquivers of Q, partially ordered by inclusion. We say
that a Z,,-minimal subquiver of Q is a Z,,-component of Q if it is maximal in the
given ordering.

Lemma 7.2. Fix an action of Z,, on a quiver Q. Then, there exists a collection of
Z,-components of Q, unique up to relabeling, such that Q is obtained by gluing
this collection.

Proof. The Z,,-components of Q exist and are uniquely determined by the definition
because they are the maximal elements of a finite poset. Each arrow of Q lies in
some Z,-minimal subquiver, so the Z,-components cover Q. So, it suffices to show
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that the intersection of two distinct Z,,-components consists entirely of vertices. If
Q! and Q? are two Z,,-minimal subquivers such that Q' N Q% contains an arrow,
then we can see from the definition of minimality that Q' and Q2 have the same
set of vertices. Thus, Q' U Q? is a Z,,-minimal subquiver of Q. Repeat this process
to conclude that, by maximality, any two distinct Z,,-components can only have
vertices in their intersection. ([l

A visualization of the result above can be found in Step 1 of Examples 7.8
and 7.9 below.

Lemma 7.3. Any T(n)-action on a path algebra KQ restricts to an action on the
path algebra of each Z,-component of Q.

Proof. Let Q' be a Z,-component of Q. Since Q' is Z,,-minimal, by definition kKQ’
is stable under the action of g, so it suffices to show that KQ' is stable under the
action of x. From Proposition 3.10, it is enough to see that o (a) € Q' whena € Q".
Suppose not, that is, o (a) € Q7 for some j #i. Then, Q' U Q/ is a Z,,-minimal
quiver, which contradicts the maximality of the Z,,-component Q'. ([

Definition 7.4 (compatibility). Let Q be a quiver and 0',..., 0" C Q0 acollection
of subquivers of Q. Suppose that we have a T(n)-action on each path algebra KQ".
We say that this collection of T'(n)-actions is compatible if, for each pair (i, j), the
restriction of the actions on KQ' and on kQ/ to k[Q' N Q7] are the same.

Now we have our main result of the section.

Theorem 7.5. Let Q be a quiver with Z,-action. The T(n)-actions on the path alge-
bra of Q extending the given Z,-action are in bijection with compatible collections
of T(n)-actions on path algebras of the Z,,-components of Q.

Proof. Given a T(n)-action on KQ, it restricts to a T((n)-action on each path algebra
of a Z,,-component of Q by Lemma 7.3. On the other hand, suppose we have a
collection of compatible 7'(n)-actions on the path algebras of the Z,-components
of Q. This uniquely determines an action of T'(n) on KQ as follows:

« The action on each arrow of kKQ is uniquely determined since each arrow lies
in a unique Z,-component of Q.

» The action on any vertex is determined because every vertex lies in at least
one Z,-component.

» Suppose that a vertex lies in multiple Z,,-components. Then, the action on this
vertex is uniquely determined because the actions on different Z,,-components
restrict to the same action on vertices in their intersection, due to compatibility.

O

Corollary 7.6. If a quiver Q admits a faithful 7 ,-action, then KQ admits an inner
faithful action of the Taft algebra T(n), extending the given Z,-action on Q.
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Proof. This follows immediately from Theorem 7.5 and Proposition 3.5 since Q
admits an orbit of vertices of size n in this case. O

Example 7.7. This example shows that a faithful Z,-action on Q is not necessary
for kQ to admit an inner faithful action of T((n). Fix ¢, a primitive fourth root of
unity. Consider the action of 7(4) on KK (see (1) of Figure 5) given by

i i+l i
g-ei=eiy1, g-a;=Ca;yy, x-¢=0, x-a;=2e;,

for i # j, where subscripts and superscripts are taken modulo 2, and A € K* is an
arbitrary nonzero scalar. By Theorem 6.1, this defines an action of 7'(4) on the path
algebra KK;, which is inner faithful even though the induced action of Z4 on the
quiver K> is not faithful.

7B. Algorithm to explicitly parametrize T(n)-actions on KQ. Let Q be a quiver
that admits an action of Z,,. We construct all actions of T'(n) on KQ which extend
the given Z,-action via the following steps. Those for which x does not act by 0 are
inner faithful by Lemma 2.5. The reader may wish to refer to one of the examples
in the next subsection for an illustration of the algorithm below.

First, we know that Q decomposes uniquely into the union of certain Z,-minimal
quivers {QZ}ZZ1 (namely, Z,-components) so that Q = O'®---® 0", due to
Lemma 7.2.

STEP 1

Decompose Q into this unique union of Z,-components {04.

Next, we define the extended action of T'(n) on the path algebra of each com-
ponent Q°. Let m, m’ be positive divisors of n. Recall that Type A and Type B
Z,-minimal quivers are subquivers of K, with m > 1 and of K,, ,,, respectively.

STEP 2

For each Z,-component Qé of Type A, label its vertices by {1“), R m(e)}.
For each Z,-component Q° of Type B, label its sources and sinks by
{lf), ce, mg(_z)} and {19, ... m"H Y}, respectively.

Recall that ¢ is the primitive n-th root of unity from the definition of 7(n). Now
invoke Proposition 3.5 in the following step.

STEP 3
Take scalars y (©, yf), yﬁz) € k and define
x-ei0 =y ¢ (€0 — Cegiryw)  for Type A,
xX-em = VJ(FZ)Ki(ei(f) — ge(iH)%)) for Type B,

X0 = yﬁ“{"(ei@ — ;‘e(H])@) for Type B,



Pointed Hopf actions on path algebras of quivers 139

where the indices are taken modulo m for Type A, and are taken modulo
m or m' for Type B. Here, y© = 0 if m < n for Type A and y” = 0 or
yfz) =0if m <n orm’ <n respectively, for Type B. To obtain compatibility,

impose relations amongst the scalars by identifying vertices.

Finally, we invoke Theorems 6.1 and 6.3 to get all actions of 7'(n) on the arrows

of Q.

STEP 4

Label the arrows of each Type A and Type B component of Q by arrows
(ai.)(g) and (b;)“) respectively.

STEP 5

Given the scalars y©, )/J(f), )/ED € k of Step 3, we have, for all arrows a;'.

of a component of Type A and bj. of a component of Type B, that
i o i O, i O, i
x- @)@ =y O (/@)@ — @ iH®) + 4@,
i 0 pjopi 0 i 0 i 0 i
x- 0D =y B0 =y P DO+ @,
where Mfzj), )\l(e]) € k are scalars satisfying the conditions of Theorems 6.1
and 6.3.

Thus, the desired extended action of the n-th Taft algebra on kQ is complete by
the five steps above.

7C. Examples. In this section, we illustrate the algorithm of the previous section
to get actions of 7(n) on KQ for various quivers Q having Z,, symmetry.

For ease of exposition, we take all parameters |, i equal to 1 in this section.

Example 7.8. Consider the following quiver Q:

h
vl/\vz
Af/. & .K
U3 e f /3 ® Uy
X. fio fo ./
Vs Ve

which has Z,-symmetry by reflection over the central vertical axis and exchanging
arrows f1 and f,. So, we decompose Q into the four Z,-components as follows.
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Here, the dotted red arrows indicate the action of Z, on Q.

STEP 1
)

Now choose scalars y 1, yfrz) yﬁz), )/f), )/9), )/f) y£4) € k to execute Steps 2

and 3.

STEPS 2 AND 3

101, 1,@ 20, 2,@ 5 @
[}

/’ \. s
\. . 7

1+(3), 1@ 2+(3)’ 2@

1@ 1.0 o

We have
xeell = —y 0D 4oy ol =y DD 4Dy,
while, for £ =2, 3, 4,
X - eﬁ? _V+)(€(e) (Z)) X-e (Z)—V+
xee? ==y e +e”), x-el? =y el +el).

¢ 4
(() ())

By using the identification of vertices

vy = 1D = 1+(2) — 1+(4)’ vy = (D — 2+(2) — 2+(4)’

=1 @ =1_0), vy =20 =20
vs =1, =1_@, vg =2, =2_@
we have
1) 2 4 2 3 3 4
y=yV=yP =y y=yP =y =P ="
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Now, we need to label the arrows of Q appropriately, and invoke Theorems 6.1
and 6.3 to get the desired action of T(2) on KQ1.

STEPS 4 AND 5

@)

@)

o%

G .

. (bhH®

(b})@) (b%)(“) (bé)(él) ! (b%)(”

. o . ) N,
X- (a‘l/_)(l) — ]/(1)({](61;)(1) _ €l+l(a;‘ill)(l)) +)‘§,}(a;+l)(l)’

x-0) =y 0 B =y PN 4@ Y, (=234,
Using the conditions on the scalars from Theorems 6.1 and 6.3, we find that the
x-action on the arrows is controlled by additional parameters A := AEI; as o(a)
exists for component (1), and A" := Aﬁﬂ, A= )Lig as o (a) exists for component
(4). Putting this all together, the action of Z, on Q (where by abuse of notation, v;
denotes the trivial path at v;) given by

g-vi=v, gun=v, g hH=f, & h=h
g-v3=us, g-va=v3, g -f3=fa, g-fa=[f3,
g Us=Vs, g-V6=UVs, &-fs=/Ffe, & fo=s,
g-fi=1rs» & fs= 17,
g fo= fio, & fio=fo,

extends to an action of the Sweedler algebra on kQ, as follows:

x-vp ==y (v +v2), x-v2=y((v2+vy),

x-v3=—y'(v3+w), x-va=y(va+v3),

x-vs=—y"(vs+ve), x-v6=y"(vs+vs),
fi=vhH—vf+ie, x-fr=yfi—vfr—Les,
==V f3—vfa fa=y fatv S,

fs==v'fs—v"fe fe=v'fe+v"fs
fr==v"fi—vf+Xfo, -fe=v"f’s+vfi— fio,

“fo=y"fo—vfio+ 1" fr, “fio=—v"fio+vfo—1"fs,
for any scalars y, y/, y”, A, ', A" € k which satisfy (y)? = (y")>+1'1".

= R R =R o=
= xR ® =

Note that the Sweedler algebra action restricted to the path algebras of respective
components (1), (2), (3), (4) is the same as the Sweedler algebra action on the path
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algebra of respective quivers (1), (V), (V), (VI) from Theorem 5.1, as expected;
namely, @ = () ® Q(V) ® Q(V) ® Q(VD).

Example 7.9. Consider the following quiver Q:

® U4

which has Z3-symmetry. We decompose Q into three Z3-components as follows.
Here, the dotted red arrows indicate the action of Z3 on Q.

STEP 1

@)

3)

Now choose scalars yf), )/El), )/f), yfz), y® ek to execute Steps 2 and 3. Further,
let w be a primitive third root of unity.

STEPS 2 AND 3
@M 1@ 13
12,192,190

[ ]
19 o Eog o 1?
[ ]
1 2
3 32 30

(the middle vertex is labeled by 2, 27, 2)
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(1) @)

We have x - e, =x-e = = 0 since these vertices are fixed by g, and furthermore
b eﬂ) (l)a)(e(l) a)ezl)) X egz) = yf)a)(e(z) we; @y,
X- eél_) (1) 2(8(1) a)e31)) X- e§2) — )/_(3)0)2(6(2) wey ))
x-ef) = y_l)(eg” welD), x. €§2) _ y+)(e<2) _a)elz>)
X 653) ()a)(e(3) we, ))
Y-e ( y® 2(6(3) a)e3 ),
x- e§3) — y(S)(e§3) we?))

By using the identification of vertices,

1(1) 1(2) 1(3) vy = 2(_1) — zf) — 2(3)’ vy = 3(_1) — 355) — 3(3)’

we have

1 2 1 2
y=yV=yP=y® yP=0 y?=0

Now, we need to label the arrows of Q appropriately, and invoke Theorems 6.1 and
6.3 to get the desired action of 7'(3) on kQ;.

STEPS 4 AND 5

(b]l)(l) (b]l)(z)

(b%)(2)

(b;)(l)

>

X - (b;)(l) — ya)j (b}-)(l) +ka)j_1(b}+1)(1),
x- ()P =~y BTHD L V0T ()P,
X - (a§)(3) = y(a)j(a;)G) — w”l(a;ill)ﬁ)) A(S)(a

where A := )»51)1 and A = )Lﬁ

" )(3)

Moreover, let A" : k% and A" := Af% for component (3). Putting this all together,
the action of Z3 on Q given by Step 1 extends to an action of 7(3) on KQ, as
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follows:

X0 =yo —ovn), Xx-v=yoi(vy—ov), x-v3=y@;—o0v)),

x-v9=0, x-vg =0,

x- fi=yofitif, x-fa=Nfa—yotfs,

x- fr=yo’ htrofs, x- fs=MNofs—yfe,

x- f3=yfitro? f1, X fo=No’fo—yofs,
x-fr=y@ fr—? )+ fio.  x-fio=y(fio—*fi) + 1" f7,
x- fs=v(fs — fo) + M wfia, x - fi1 = (@ fi1 — ofio) + M ofs,
x- fo=ywfo—wf) + Mo’ fi1,  x-fia=y@fiz— fi) + 1 o* fs,

for any scalars y, A, A', A", A" e k.

8. Extended actions of other pointed Hopf algebras on path algebras

In this section, we extend the results in the previous sections to actions of the
Frobenius—Lusztig kernel (Section 8A) and to actions of the Drinfeld double of a
Taft algebra (Section 8B). We remind the reader of the standing assumptions made
in Hypothesis 1.2.

Notation 8.1 (¢, T(n, £)). Let g € K be a primitive 2n-th root of unity, and let & € k
be a primitive n-th root of unity. Moreover, let T(n, £) be the Taft algebra generated
by a grouplike element g and a (1, g)-skew primitive element x, subject to the
relations g" = 1, x" =0, xg = £gx. Note that T(n, ¢) = T(n) as in Definition 2.1,
for ¢ the fixed primitive n-th root of unity of this work.

8A. Actions of u,(sly).

Definition 8.2 (i, (sl2), Borel subalgebras uz%(sly) and u%(sly)). The Frobenius—
Lusztig kernel uy(sly) is the Hopf algebra generated by a grouplike element K,
a (1, K)-skew-primitive element E, and a (K -1 1)-skew-primitive element F,

subject to the relations

KE=¢*EK, KF=q*FK, K'=1, E"=F"=0,

K—K!
EF—FE=——. (8.3)
q—49
Note that u, (sl») is pointed, of dimension n3. Let M;O(S[z) be the Hopf subalgebra
of uy(sly) generated by K, E, and let uqfo(slz) be the Hopf subalgebra of u, (sl5)

generated by K, F'; we refer to these as Borel subalgebras.

Lemma 8.4. There are isomorphisms of Hopf algebras

uZ’(sh) ~T(n,q™%) and u>’(sh) ~T(n,q%. (8.5)
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Proof. This is easy to check: identify K with g for both u;o (sl») and ufo (sl), and
E with x for u7%(slp), and F with g~'x for uz*(sl). O

Since u,(sly) is generated by the Hopf subalgebras ugo(slz) and uqfo(slz), an
action of u,(sl>) on a path algebra KQ is determined by its restriction to these Hopf
subalgebras. Since these actions are given by the results on Taft actions on kQ
in the previous sections, we can classify actions of u,(sly) by determining some
additional compatibility conditions on the scalar parameters from these Taft actions.

We begin with the result below.

Proposition 8.6. Let u,(sly) act on the path algebra of a set of vertices {1, ..., m},
labeled so that K - e; = e; 1 with subscripts taken modulo m.

(1) If m < n, then m = 1 or m = 2 and the action factors through the quotient
ug(sh)/(E, F).
(ii) If m = n, then

-2 Fa? (eiy —q%ep, (8.7)

for some yE,y" e k. If furthermore n > 3, then the action is subject to the

E-ei=yfq % (e;—q %eis1), F-ei=vy

restriction
—vEyfaT N @* -1 =1 (8.8)

Proof. Part (i) is a result of Proposition 3.5, translated through the isomorphisms of
Lemma 8.4. The condition m = 1 or m = 2 comes from the relation (8.3), which
implies that K — K~! acts by zero in this case. For (ii), Proposition 3.5 also gives
the formulas (8.7), and the first row of relations in the definition of u,(sl;) then
hold. On the other hand, substituting (8.7) into the relation (8.3) of u,(sl>) yields

(EF—FE)-e;=yEyF(¢*~1)(ei-1—ei11) while (K—K ') -e;=eip1—ei1.

If n =m = 2, then ¢;_; = ¢;4; and the relation (8.3) imposes no restriction on
the action (8.7). If n = m > 3, then e; | # e;—; and the relation (8.3) imposes the
restriction (8.8) on the action (8.7). O

We get the following immediate consequence.

Corollary 8.9. If n > 3, then either one of yE or y¥ determines the other. So, an
action of uy(slp) on a Z,-orbit of vertices is completely determined by the action of
a Borel subalgebra, uqzo(slz) or u?o(slz). O

We now consider u,(slz)-actions on Type A and Type B Z,-minimal quivers.
Note that u, (sl>) can only act on subquivers of K, and K, , for m,m’ € {1, 2, n},
by Proposition 8.6. We only give theorems describing the case m =m’ =n >3
here, but the other cases can be worked out similarly.
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Theorem 8.10. Retain the notation of Section 4 with K in place of g, so the action
of K is fixed. Namely, K - ai. = Mi,jajill for Type A and K - b;. = ui’jb;ill for
Type B. Assume n > 3. Then any u,(sly)-action on the path algebra of a Z,,-minimal
subquiver Q of K, is given by

—2j i —2i—2 i+1)+A.E-ai

Ea;—]/ (q aj—q aj-H ij%4i+1s (811)
] Fo 2j i1 2i42 i F i1 :
F-ai=y"(q ]a;_l —qg”t alj)+)ni,ja;. ,
subject to the restriction (8.8) along with
. )‘fj =0, ifi = j or the arrow a§.+l does not exist in Q;
. )ij =0, ifi = j or the arrow a;_l does not exist in Q;
E — 23 E F — 23 F FyE _yE4F
C it =4 A i =4 A and Ty =k
Any uy(slp)-action on the path algebra of a Z,-minimal subquiver Q of K, , is
given by
' —2jpi —2i—2pi+1 '
E-bs=5)q b — (v 0 A5, 812
] 2jpi—1 2i+42pi i—1 ’
F-d=Dg* b2 — (v 2hh + 0007,

subject to restrictions of the form (8.8) on y£ and y£, along with
i

. )ij =0, if i = j or the arrow b', ., does not exist in Q;

. ij =0, ifi = j or the arrow b;‘l does not exist in Q;

E =21 E F 24 F F 1 E _1E 1 F .
C MG =4 s Mg =@ A and g gh = AA

c B = EY H TS M and D = FY TS0
Proof. First consider the Type A case. Proposition 8.6 gives the u,(sl>)-action on
the vertices, imposing the restriction (8.8). Theorem 6.1, translated through the
isomorphisms of Lemma 8.4, initially gives expressions for £ -a;'. and F -aj. which
involve parameters u; ;. However, we examine the coefficients Of various arrows in
the relation (8.3) applied to a?, and find that the coefficient of a}:ll gives

yEy @ =D+ (g —g~H 7 =0. (8.13)

By applying (8.8), this simplifies to (1, ; —1)(¢ —¢~")~" = 0. So, u, ; =1 for
all i, j, which gives our formulas (8.11). Similarly, the coefficient of a‘,.jrll in the
relation (8.3) applied to ai. implies that

F L E ELF
)‘i,jkifl,j - )‘i,j)‘i,jJrl =0. (8.14)

Theorem 6.1 gives the remaining restrictions on the scalars, and the coefficients of
other arrows yield restrictions that are already implied by those above.

For Type B, the action is derived exactly as in the Type A case, by replacing a;
with b}, and y with y., appropriately. (]



Pointed Hopf actions on path algebras of quivers 147

8B. Actions of the double D(T(n)). We take the presentation of the Drinfeld
double of the n-th Taft algebra in [Chen 1999, Definition-Theorem 3.1]. Namely, by
[Chen 1999, Theorem 3.3], the double is isomorphic to the Hopf algebra H, (p, q)
generated by a, b, c,d. Wetake p=1, g = " La=x,b =g, c=G,andd=X
to get that:

Definition 8.15 (D(T(n))). The Drinfeld double D(T(n)) of the n-th Taft algebra
is generated by g, x, G, X, subject to relations

xg=1¢gx, gX=¢(Xg, g'=G"=1,
GX=(XG, xG=¢Gx, x"=X"=0, gG=0aGg,

and
xX —Xx=¢(gG—1). (8.16)

Here, g and G are grouplike elements, x is (1, g)-a skew primitive element, and
X is a (1, G)-skew primitive element. Here, g, x generate the Hopf subalgebra
T(n),and G = g*, X = x* generate (T(n)°P)* = (T(n)*)<°P.

The following lemma is easy to check.

Lemma 8.17. The Hopf subalgebra of D(T(n)) generated by g, x is isomorphic
to T(n) = T(n, ¢), as Hopf algebras. Moreover, the Hopf subalgebra of D(T(n))
generated by G, X is isomorphic to T(n, ¢ ~'), as Hopf algebras. ([

To give the complete classification of D(7(n))-actions on path algebras of
quivers, one would need to define Z, x Z,-minimal quivers and consider the
D(T(n))-action on these, since Z, x Z, is isomorphic to the group of grouplike
elements of D(T(n)). This is the subject of future work. Our aim for now is to
exhibit an action of D(T(n)) on kKQ, where Q admits an action of Z,,. We begin by
providing an action of D(7'(n)) on a Z,-orbit of vertices.

Proposition 8.18. An action of D(T(n)) on KQg where Qo = {1, ..., n} is given
by
g-ei=eir1, x-e=y"¢'(ei —Leiy1),

. i (8.19)
G-ei=¢eir1, X-eg=y"¢ (i —C eit1).

for some y*, yX e k. If n > 3, then these scalars are subject to the restriction

yiyXa—-¢chH=1 (8.20)

Proof. The formulas (8.19) satisfy the first two rows of relations of D(T(n)). On
the other hand, the restriction (8.20) comes from substituting (8.19) into the relation
(8.16) of D(T(n)) when n > 3. If n = 2, the restriction from (8.16) is vacuous. []
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We proceed by extending the D(T'(n))-action on vertices in Proposition 8.18
to yield an action of D(T(n)) on Type A and Type B Z,,-minimal quivers. As in
the u,(sly) case, we only give theorems describing the cases when each orbit of
vertices has n elements here.

Theorem 8.21. Retain the notation of Section 4. An action of D(T(n)) on the path
algebra of a Type A Z,,-minimal subquiver Q of K, is given by

i+1 i+1 i+1 i
g-ay=uiaiy, xedy=y*(¢la; =g Mu §+1)+k’/ 822

i+1 —i— +1 .
G- Cl;_,bblj ;—H’ X- a; =Y (§ jaj_é‘ . I’Llj ;+1)+)Ll] j+

subject to the restrictions

/Ll.gi :M,-Gi =1foralli,

G 8 _ .8 G
Hz =0 Ml+z j+e = H( =0 :“huz jre= b I =

X

fﬂi,j+1)“i,j = Mi,j)‘i+1,j+l’ g% j+1)\'l =M ])‘z+1 1

g 2 X _ .8 X _ ()
fﬂi,j)‘i+1,j+1 =K j+1)‘i i f“i j—H)‘i,j = /’Li,j)‘i—i-l,j—i-]’
)‘z ,J lj+1 é‘)" l /+1 =0,

A= =X _j =0ifeitheri = j, orthe arrow a’ 41 does not exist in Q.

Ifn > 3, then we also impose the condition y*y*(1 —¢~1) = 1.
An action of D(T(n)) on the path algebra of a Type B minimal subquiver Q of
K, ., is given by

g-by=ui it Gby=uib,
x b= (Db — (e uE B b, (8.23)

X'b;:(y—x){_]bl (V+)§_l I/szbljill"')‘u 1

subject to the restrictions (x). If n > 3, then we also impose the condition
yHHA-¢H=1

Proof. First, Proposition 8.18 gives an D(T(n))-action on a Z,-orbit of vertices;
this imposes the restriction (8.20) when n > 3. Now, consider the Type A case.
Theorem 6.1 gives the expressions in (8.22), along with some restrictions on
parameters, which are listed in the first two rows of restrictions in the statement of
the theorem. Now we need to check that the expressions, g - a ,G-a X a} X- aj'
satisfy the relations of D(T'(n)). The relations gG = Gg, gX Xg, xG =¢Gx,
imply, respectively, that

8 X G x _ ,,Gx
Ml,ﬂz+1 1= l‘:ﬂ‘m j+1 5“11 L1 = i SR A = A
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With these restrictions, it is easy to check that the relation x X —¢ Xx—¢(gG—1) =0
yields

X X
A1 — S A1 =0,
and we are done with the Type A case. For Type B, the action is derived exactly as
in the Type A case, by replacing a} with b}, and y with y., appropriately. (]

8C. Gluing. Gluing is achieved in the following manner. Let Q be a quiver that
admits an action of Z,,. Since the actions of u, (sl) and D(T'(n)) on KQ in Theorems
8.10 and 8.21 are determined by Taft actions, Theorem 7.5 and the algorithm in
Section 7B applies. In other words, we can glue the actions of u, (sl) or of D(T(n))
on path algebras of Z,-minimal quivers. Hence, we obtain an action of u, (sl») (resp.
D(T(n))) extending a Taft action on any path algebra kQ, where each path algebra
of a Z,-minimal component of Q admits an action of u,(sly) (resp. D(T(n))).

9. Appendix

In this appendix, we show that the relation x” = 0 imposes no restrictions on the
x-action on the vertex ¢; and on the arrows a?, b? of KQ, which is used in the
proofs of Proposition 3.5 and Theorems 6.1 and 6.3. Recall that ¢ is a primitive
n-th root of unity, with n > 2. An easy computation shows that

1—[ f = é,n(n;l) _ {1, n odd, ©.1)
=1

—1, neven,

a fact we will use several times here.
This appendix uses some basic properties of symmetric polynomials and ¢-
binomial coefficients, which we recall here. For integers a, b, the complete sym-

metric polynomial of degree a, denoted h,(xg, ..., xp), is defined as the sum of all
monomials of total degree a in the variables xg, . .., x5. We interpret the variable set
as being empty when b < 0. When a =0, we have hy(xo, ..., xp) =1 for any integer

b. When a # 0, we have h,(xg, ..., xp) =0ifa <0 or b < 0. Also, a product ]_[ib:a
is taken to be 1 whenever b < a. These polynomials are homogeneous, meaning
that h,(cxo, ..., cxp) = c*hy(xg, ..., xp) for any scalar c. We have immediately
from the definition that

ha(xo, .., Xp—1) + Xpha—1(x0, . .., Xp) = ha(xo, ..., Xp) 9.2)
for any integers a, b.

Lemma 9.3. For nonnegative integers a, b, we have hy(1, ¢, ¢2, ..., ¢") =0 when
n divides a+b and a, b # 0.
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Proof. Recall that for a nonnegative integer k, the corresponding g-integer is defined
as [k]l, =1+qg+ q2 +--- 4 qkil, and that its evaluation [k],—, is O if and only
if n divides k. The g-binomial coefficient [j.]q is defined by a factorial formula
analogous to that of binomial coefficients, so the evaluation [; ]q: ¢ vanishes when
n divides i and j #0, i.

The principal specialization from [Stanley 1999, Proposition 7.8.3], with ¢ = ¢,
gives us that

ha(1, 2,62, ... 0 = [“”’]q:(,

a

so by the paragraph above this quantity vanishes when n divides a +b and a, b # 0.
O

We prove a general lemma about a linear operator X acting as the element x does.

Lemma 9.4. Let V be a vector space, and consider a collection of vectors {v;.} in
V,where 1 <i <mand 1< j<m'. Interpreti and j modulo m and m' respectively,
so that they lie inside their ranges. Let X be a linear operator acting on V such that

i il i
Xv; =n;v; +91,./vj+1 + T,V
for some scalars n;,0; j, T j € K. Furthermore, assume that the scalars satisfy the

relation

Ti+l,j+19i,j = {9,',}'4_11',"]' 9.5
for all pairs (i, j). Then, for all positive integers k, we have
XFehy =" v,
O<s<t<k

where
s—1 t—s—1
Vis, = (1_[ 9i+€,j+€+ts)( l_[ Ti,j+z)
=0 =0
X hk—t(ﬁ]ﬁ 77]+1, Tt 77]+t)hs(1’ ;v ceey {l_s)' (96)
Proof. We proceed by induction on k. The base case of k = 1 follows from simple
substitution. So assume that the statement is true when k is replaced by k — 1; that

is, we have a formula for X! (v;'.) for all pairs (i, j). Now, when applying X to
Xkl (v}), the coefficient v ;, is the sum of contributions from three terms:

i+ . )
o X (Yr—1,5,0V};) contributes 1 Y153

i+s—1 . .

o X(Yr—1,5-1,1-1v;};—) contributes 6; 11 j+r—1¥k—15-1.1-15
i+s .

o X(Yk—1,5.0-1v;3,_) contributes Ty j /-1 Yk—1,5,11-

So we obtain
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t—s—1
[T )

s—1
Vks.t = (1_[ 9i+€,j+£+t—s)(
=0 =0

x [ njsthe—r—e@j, . njshs (1,2, 07
+hk—l(77jv ey nj-i—l‘—])hs—](]a g’ ] ;—t—S)]

s—1 t—s—2

+ Tigs, j+1-1 <1_[ 9i+£,j+€+tsl> ( l_[ Ti,jH)

=0 =0
X iy (s oo M= DR (LG, 71700 (97)
To simplify the last summand, we use (9.5) to compute

s—1
Ti+s,j+t—1H9i+é,j+€+t—]—s
=0
= (Tigs, jrt—DOits—1,j+1-20i 452, jrr—3 - Oi jrr—1-s
=051, j41-1(Tits—1, j41-2)0ivs—2,j11-3 " Oi jor—1-s
2
=051, j41—10i45—2, j+1-2(Tits—2,j+1-3) = O jrr—1—s

s—1

= CS(Ti,j+z—s—1)1_[9i+e,j+e+t—s- (9.8)
=0

By (9.7) and (9.8), we now have

s—1 t—s—1
Vis, = (1_[ 0i+€,j+€+t—s) ( Ti,j+e)
=0 0

=
X [nj-i—thk—l—t(nja R nj'i‘l)hs(la {, s é‘t—s)
+hk—t(nj9 teey nj-i—t—l)hs—l(l’ é-a RN {f*S)
+him (s M=) € (1 G 8D 9.9)

The factor of ¢* in the last term can be absorbed into the (homogeneous) polynomial
hg to make the sum of the last two terms equal to

Piet s oo ) (hsm1 (1, &y o 75 (8,82, ET79)).

Now, taking x,_;_; = ¢', (9.2) implies that the two terms in the parenthesis simplify
to hg(1,¢,...,¢" ). Thus, (9.9) yields

s—1
Vk,s,0 = (1—[ 9i+€,j+£+t—s) (
=0

X [nj+thk717t(77j’ cee 77j+z) +hk71(7]j, cee 7]j+t71)]-

t—s—1

I1 r,-,jH)hs(l,;,...,c”)

=0
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Again applying (9.2), we find that (9.6) holds, and the induction is complete. [
We can apply this result to show that x" acts by O in the following cases.
Lemma 9.10. In the notation of Proposition 3.5, we have x" - e; = 0.

Proof. Fix i. We will apply Lemma 9.4 in the case k =n, m =m’, with X = x and
vf =e¢; for 1 <i <m. The vj. do not play a role in the proof for i # j, so we set
0;,j =1;,; =0 when i # j and assume i = j for the remainder of the proof. From
the proof of Proposition 3.5, we have n; = y¢/, 6;; = —y¢'*!, and 7;; = 0 for all
i. So, (9.5) holds and we can apply Lemma 9.4. Making these substitutions into
(9.6), we immediately see that v, s ; = O unless s = ¢, by considering the t factor.
In case s = ¢, the t factor and the last factor are equal to 1. This gives

s—1

Vn,s,s = <1_[ 9i+€,i+€>hn—s(ni» Mitls* s Mis)-

=0

Since h,—s (i, Nit1, -, Ni+s) 18 @ scalar multiple of 4, (1, ¢, ..., ¢°), this van-
ishes by Lemma 9.3 unless s =0 or s = n.

So we have x"-e; = (¥,.0,0+V¥u.n.n)ei. These are easily computed by substitution
to be

V0,0 =ha(ni) = ()" ="
n—l n—1 n—1
Yunn =] [Oireire= D" [T =0 [ ] e =",
=0 =0 =0

where the last equality invokes Equation (9.1). Thus we have shown that x" - e; = 0.
O

Lemma 9.11. In the notation of Theorem 6.1, we have x" -aj- =0forall (i, j).

Proof. We will apply Lemma 9.4 in the case k = n with X = x and v, = a;. From
the proof of Theorem 6.1, we have n; = vel, 0;.j = —y,ui’jg"'“, and 7; ; = A; j,
and that these satisfy (9.5). Now making these substitutions into (9.6), we see that
Yu.s.¢ 18 @ scalar times

hS(la {’ LR ] é‘t_s)hn—l‘(lv §9 L] gt)

By Lemma 9.3, the second factor vanishes except when ¢t = 0 or + = n. Then,
again by Lemma 9.3, the first factor vanishes except when s =0 or s =t = n.
Therefore, we need only consider the cases when (s, t) equals (0, 0), (0, n), and
(n, n), in which these factors both equal 1. Notice that we have in all of these cases,

s — a;, because the indices for arrows are taken modulo 7. So it suffices to show

aj-H



Pointed Hopf actions on path algebras of quivers 153

that ¥, 0.0 + ¥n.0.n + ¥un.n = 0. Substitute and compute, omitting factors equal
to 1. We get

n—1

Y00 =ha(n)) =" =y" and Yo =]]74e=0.
£=0
The latter follows by the second condition of Theorem 6.1, because there will be a
factor with i = j 4 £ modulo n. Further,

n—1 n—1 n
wn,n,n = 1_[ 0i+€,j+£ = (—l)nJ/n 1_[ M[+£,j+e§i+z+l = (_l)nyn l_[ é‘z = _yn’
=0 =0 =1

where the penultimate equality uses (4.2) and the last equality invokes Equation (9.1).
Thus we have shown that x" -a; =0. ([

Lemma 9.12. In the notation of Theorem 6.3, we have x" - bi- =0forall (i, j).

Proof. Again, we apply Lemma 9.4 with k =n, X = x, and U;" = b’] The proof is
the same as for Lemma 9.11, except in this case we find that

n—1 n—1
n n
Vn00=VY", Ynnn=-—vy, and VYno,= l_[ Ti j+t = 1_[ Aijjre-
=0 =0

Thus, we see that x" acts by 0 if and only if (y1)" = (y_)" + [14Zg }i.j+¢» which
is the condition assumed on the scalars in Theorem 6.3. O
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