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We consider normalized newforms f € Si(I'g(V), &) whose nonconstant term
Fourier coefficients are congruent to those of an Eisenstein series modulo some
prime ideal above a rational prime p. In this situation, we establish a congruence
between the anticyclotomic p-adic L-function of Bertolini, Darmon, and Prasanna
and the Katz two-variable p-adic L-function. From this we derive congruences
between images under the p-adic Abel-Jacobi map of certain generalized Heegner
cycles attached to f and special values of the Katz p-adic L-function.

Our results apply to newforms associated with elliptic curves E/Q whose
mod-p Galois representations E[p] are reducible at a good prime p. As a conse-
quence, we show the following: if K is an imaginary quadratic field satisfying
the Heegner hypothesis with respect to E and in which p splits, and if the bad
primes of E satisfy certain congruence conditions mod p and p does not divide
certain Bernoulli numbers, then the Heegner point Pr (K) is nontorsion, implying,
in particular, that rankzy E(K) = 1. From this we show that if E is semistable
with reducible mod-3 Galois representation, then a positive proportion of real
quadratic twists of E have rank 1 and a positive proportion of imaginary quadratic
twists of E have rank 0.
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1. Notation and conventions

Throughout the paper, let us fix the following notational conventions.

For m,n € Z, let (m, n) denote the greatest common divisor of m and n, and let
lem(m, n) denote the least common multiple. We let £ | N indicate that £ strictly
divides N. We let ® : Z — Z denote the Euler totient function. Given an extension
of number fields L /K and an integral ideal a of Or, let Nmy,/x a denote the relative
ideal norm of a and let |a| denote the smallest positive rational integer in a. For
ideals a, b, we let (a, b) denote the greatest common ideal divisor and Icm(a, b)
the least common ideal multiple. For a place v of a number field, let Frob, denote
the arithmetic Frobenius attached to v, i.e., the Frobenius element which is sent
to v under the (inverse of the) Artin reciprocity map.

Throughout, we will fix an algebraic closure @ of Q. All number fields in our
discussion will be viewed as being embedded in Q. For each rational prime p,
we will fix an algebraic closure @p of Q, and let C, denote the topological
closure of @p. We fix an embedding iy, : @ <> C as well as an embedding
ip: Q— C, for each p. We also fix field identifications i : C = C, for each p.
(We will use the same symbol i for all p, as the underlying p will be clear from
context.)

Let K denote a general number field. Let Ag and A; denote the adeéles and
ideles over K, respectively, and let Ag ¢ and AE  denote the finite adeles and
ideles, respectively. For a Hecke character x : Ag — C*, let f(x) C Ok denote the
conductor of x. As usual, if a C Ok is an integral ideal with (a, f(x)) # 1, then
we set x (a) =0.

Given a Dirichlet (i.e., finite order) character ¢ over a number field K of con-
ductor f C Ok, we will identify i with its associated finite order Hecke character
on ideles, taking the following convention: for x € (O/f)*,

Y modf)=[[vwt) =]]v "0,
vif vlf

where, in the first product, v runs over all places of E which do not divide f. When
K = Q, we define the Gauss sum of y by

gy = Y y@er™ @i

ae(Z/52)*

For a finite prime ¢, we define the Gauss sum of the local character v, : @, — C*
similarly: letting |f| = [, €%, we set

ge(¥) = l/le(ﬁez) Z we—l(a)eZni{a/eQ}[’

a€(Zy /L Ze)*
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where {x}, denotes the £-fractional part of x € Z,. Thus

[ [ocw) = o) [ [wein = o) [T (D = aw).
Llf Llf £4f

Let Ng : Ag — C denote the adelic norm, normalized so that Ng » equals
| - |oo (the usual archimedean absolute value). Then, for any number field K, let
Nmg g : Ax — Ag denote the norm homomorphism (which induces the ideal
norm recalled above), and set Ng := Ng o Nmg . Note that when K is imaginary
quadratic, Ng : Ag — C* is an algebraic Hecke character of infinity type (—1, —1).
For any Hecke character x : Ag — C*, let

xj=xNg.

Using the fixed isomorphism i : C = C, and the Artin isomorphism, we can
view Ngl as a character N;l :Gal(K/K) — Z, . Then any x € Z; can be uniquely
written as @ (x) - (x), where w(x) € pua,—1) and (x) € 1 +2pZ,. We then define
the Teichmiiller character w : Gal(IZ/K) — M2(p—1) by wg(a) := a)(NEI (a)). For
simplicity, we will let wg = w. Given an extension of number fields K /L and a
Hecke character ¢ over L, we will let ¢, := ¢ o Nmg/,;; note that, viewing ¢
as a character Gal(L/L) — C*, this corresponds to restriction to the subgroup
Gal(K /K).

For a quadratic field K /Q with K = Q(+/D), where D is a squarefree integer,
we recall that the fundamental discriminant of K is given by

o _ [P ifD=1(mod4),
K= 14D if D=2.3 (mod 4).

For quadratic K, let ex be the associated Dirichlet character of conductor Dk
conversely, for a quadratic Dirichlet character x, let K, be the associated imagi-
nary quadratic field. Given two quadratic fields L = Q(+/D) and K = Q/D),
we will let L- K denote the quadratic field Q(+/ D D’). Unless otherwise noted, all
Dirichlet characters over (D are taken to be primitive, and so are uniquely identified
with finite order Hecke characters over Q under the arithmetic normalization de-
scribed above. Given Dirichlet characters ¥, ¥, over Q, we define v, to be the
primitive Dirichlet character equal to | (a)y(a) for a € (Z /lem(F(y¥1), f(lﬁz))) *
(and indeed this equality holds for the associated Hecke characters). In particular,
for quadratic L and K as above, we have ¢;.x = g1 ¢k

Given a normalized newform f € S;(I'1(NV)), let a,(f) denote the n-th Fourier
coefficient of f (i.e., the n-th coefficient of the g-expansion at co); when f is
obvious from context, we will often abbreviate a, () to a,. Moreover, when f is
defined over Q and thus associated with an elliptic curve E/Q, we will sometimes
write a,(E) = a,(f). Let E; denote the finite extension of Q generated by the



312 Daniel Kriz

Fourier coefficients a,(f). Given a Hecke character x, let E, denote the finite
extension of () generated by its values. Set Ey, = EfE, .

For s € C, let N(s) and J(s) denote the real and imaginary parts of s, respectively.
We let HT :={s € C: J(s) > 0}.

2. Introduction

The study of Heegner points has provided some of the greatest insights into the
Birch and Swinnerton-Dyer conjecture. In particular, given an elliptic curve E/Q
and an imaginary quadratic field K satisfying a suitable Heegner hypothesis with
respect to E, the nontriviality of the Heegner point Pz(K) € E(K) ® Q intro-
duced in Section 3.4 implies, via the descent argument of [Kolyvagin 1990], that
ranky E(K) = 1. Our main result establishes, for elliptic curves E with E[p] a
reducible Galois representation at a good prime p, a congruence mod p between
the formal logarithm of the Heegner point and a special value of the Katz p-adic
L-function with certain Euler factors removed. Using Gross’s factorization [1980]
of the Katz p-adic L-function on the cyclotomic line, we can then find an explicit
congruence between the formal logarithm of the Heegner point and a quantity
involving certain Bernoulli numbers and (inverses of) Euler factors at primes of
bad reduction. Thus we derive an explicit criterion (involving Bernoulli numbers)
for the nontriviality of Pr(K) € E(K) ® Q in certain families of E.

Our results also have higher-dimensional applications, namely in computing
with algebraic cycle classes in Chow groups of motives attached to newforms.
Suppose N is a positive integer and K is an imaginary quadratic field satisfying the
Heegner hypothesis with respect to N, suppose f =" _,a,q" is a weight-k > 2
level-N normalized newform whose Fourier coefficients are congruent to those of an
Eisenstein series outside the constant term modulo some prime ideal above p, and
suppose x is an algebraic Hecke character over K central critical with respect to f.
We consider the Rankin—Selberg motive Mf, yo1 = Mf/ x @M, -1, defined over K,
associated with (f, x), where My is the motive associated with f (see [Scholl 1990]),
My, is its base change to K, and M, is the motive associated with x (see [Deninger
1990]). For convenience of notation, we will formulate our discussion with respect to

Mgy-1),p = Mpyp @ M1y s

where F/K is some large enough abelian extension in “situation (S)” as described
on page 314, and f,r and x,r are the corresponding base extensions to F. In fact,
one may recover M, -1 as a direct factor of the Grothendieck restriction of M, -
see [Deninger 1990] or [Geisser 1997]. Indeed, we have a factorization

M(f,x”)/F = @ My =150
x0:Gal(F/K)—C*

DY
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Under certain conditions guaranteeing that the value of L(y X my-1,5) =
L(M; -1, s) (and thus also that of L((7ry X 7y-1)/F, ) = L(M(f’X—l)/F, s)) will
vanish at the central point of the functional equation, we seek to construct algebraic
cycle classes in the Chow group associated with My , 1) .., thus providing evidence
for the Beilinson-Bloch conjecture for Chow motives associated with (f, x),r.
Natural candidates for representatives of such classes are generalized Heegner
cycles (in the sense of [Bertolini et al. 2013]), generated by algebraic cycles on
a suitable generalized Kuga—Sato variety which arise from graphs of isogenies
between products of CM curves. Under the above hypotheses, our main theorem
provides a criterion for a generalized Heegner cycle class associated with (f, x),
with x in a certain infinity type range, to be nontrivial, namely that an associated
special value of the Katz p-adic L-function (with certain Euler factors removed)
is not (too) divisible by p. One may thus use special value formulas of p-adic
L-functions in order to get explicit p-nondivisibility criteria for the nontriviality of
Heegner cycle classes. In our main corollary, we explicitly address the case when
Gross’s factorization theorem can be applied, which corresponds precisely with the
case when the relevant generalized Heegner cycle arises from a classical Heegner
cycle (see Remark 8).

2.1. Chow motives. To make our discussion more precise, let us briefly recall
some definitions pertaining to Chow motives. Let X be a nonsingular variety
over a number field F. An algebraic cycle of X is a formal sum of subvarieties
of X. We let CH’/(X) denote the group generated by algebraic cycles of X of
codimension j modulo rational equivalence. Call CH/(X) the j-th Chow group
of X, and call CH(X) := @OgjsdimX CHY (X) the Chow group of X. For varieties
X, Y over F, call Corr?(X, Y) := CHY™Y+4(X x 1 Y) the group of (degree-d) cor-
respondences from X to Y. The group Corr(X, X) := D¢ -dim x Corr?(X, X) has
a ring structure defined by composition of correspondences: éiven g €Corr (X, Y)
and h € Corrdz(Y, Z), we define

hog:=m3.(m(g).1}5(h) € Corr™2 (X, 7),

where w12, 13, T3 : X Xp Y Xp Z — X X Y, X Xp Z, Y XF Z are the canonical
projections, and “.” denotes the Chow intersection pairing. We call Corr(X, X)
the ring of correspondences on X. For any number field E, let Corr? (X, Y)g :=
Corr? (X, Y)®z E. A Chow motive over F with coefficients in E is atriple (X, e, m)
consisting of a nonsingular variety X over F, an idempotent e € Corr’(X, X)z, and
an integer m. Define the category of Chow motives Mp g whose objects consist of
Chow motives over F with coefficients in E, and with morphisms given by

Hom . , (X, e, m), (Y, f,n)) := f oCort" (X, Y)goe.
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m

Define the category of Grothendieck motives MI}O £ With objects being cycles of X
modulo (motivic) homological equivalence, and with morphisms defined in the same
way as above. Note that since rational equivalence is stronger than homological
equivalence, there is a natural functor

M F,E — ME—?ZJ
Let CH/ (X), denote the subgroup of CH’ (X) consisting of null-homologous cycles.

2.2. The Beilinson—Bloch conjecture for Rankin—Selberg motives. Now let K
be an imaginary quadratic field, and let H denote the Hilbert class field over K.
Fix f € Sy (I'h(N), &r), where k > 2, and let r := k — 2. Let x be a Hecke character
over K of infinity type (r — j, j) which is central critical with respect to f, and
where 0 < j <r. Suppose also that every prime £ | N splits in K, i.e., K satisfies
the Heegner hypothesis with respect to N. Then we can choose an ideal 1 of Ok
with Ok /9 = Z/N. Assume also that f(x) | DT

The ambient motive in our setup will be M := (X, €x, 0) € Mp g, , where F,
to be fixed later, is some large enough abelian extension of K containing H, and
€x 1s some projector in the ring of correspondences on X which has induced actions
on the various cohomological realizations of M via the corresponding cycle class
maps. (The projector ey essentially picks out the part of the cohomology of X,
which comes from the Galois representations attached to pairs (f, x),r.) Here the
underlying ((2r + 1)-dimensional) variety is the generalized Kuga—Sato variety
X, =W, x A", defined over H, where A is a fixed CM elliptic curve of Ok-type
(i.e., with Endg (A) = Ok) and W, := & (the classical Kuga—Sato variety) is the
(canonical desingularization of the) r-fold fiber product of copies of the universal
elliptic curve £ with I'1 (NV)-level structure over the (compactified) modular curve
X1 (N):=Y,(N) (and thus is defined over Q). This is well-defined in the case where
the cusps of Y (N) are regular in the sense of [Diamond and Shurman 2005, Section
3.2], which holds in particular when N > 4. The fibers of X, — X(N), outside of
the cusps of X (N), are of the form E” x A" where E varies over elliptic curves.

The motive My is given by the triple (W, €7, 0) for some projector in the
ring of correspondences on W, which picks out the f-isotypic component of the
cohomology of W, under the Hecke action; in particular, this Chow motive is
defined over Q, with coefficients in E;. For an extension F/Q, we let Mf/p
denote the base change to F. The definition of the motive M,-1, . is slightly
more subtle. Let F/K be an abelian extension such that x, ' X} = x/r, where
xa A — K* is the Hecke character associated with the CM elliptic curve A
having infinity type (1, ..., 1,0, ..., 0) (with the first [ F : K] places corresponding
to the embeddings F < @ preserving our fixed embedding K < @, and the next
[F : K] places to their complex conjugates). We then say F' is in “situation (S)”.



Generalized Heegner cycles at Eisenstein primes and Katz p-adic L-function 315

(Such an F always exists; see [Deninger 1990, Proposition 1.3.1].) We have a motive
M-y, = (A", €y, 0) € Mp,g, for some suitable projector €, . picking out the
X/F=X4 ’ X-isotypic component of the cohomology of A" under the Galois action.

Let Hy be the field over which the individual points of A[91] are defined. We
will henceforth take and fix an abelian extension F'/K large enough so that it
contains Hy and is in situation (S). (Note that this is possible since Hs is an
abelian extension of K.) The Rankin—Selberg motive

Mgy, = Mpp @ M1y, = (Wr €5, 0) ® (A", €35, 0) = (Xr, €(f,30/55 0)

is a submotive of M (in fact, it is the (f, x),p-isotypic component €y, ) . M), and
the Beilinson—Bloch conjecture predicts that

dimg, , €f.),r CH T (X,)0,5,, (F) = ords—r 1 LCHG T (M7 y-1),). 5)
= ords—r 11 L(€(s0, Hy T (M), )
= ordy—4+1 L((V,e ® x r(r+1),5)
= ords—o L((Vy,x ® X ). 8)
= ord;—g L(Vf/K ® X_l ®IndIF( 1,s)

=ords—g [ [ L(Vj, ® (X ' x0).9)

X0
Gal(F/K)—C*

= ordS:% l_[ L7ty X y-14, 8).
Xo:
Gal(F/K)—C*

Here €(y,y) - is the projector corresponding to the (f, x),r-isotypic component of
the cohomology of X, under the Hecke and Galois actions, V; is the 2-dimensional
(unique semisimple) Gal(@/ Q)-representation associated with f, Vi 18 its re-
striction to Gal(K /K), and 7y, 7,1 are the automorphic representations (over K)
associated with f and 6, -1 under the unitary normalizations.

Under the Heegner hypothesis, we have L (77,'f X Ty -1, %) =0, and so the Beilinson—
Bloch conjecture predicts that

dimg, , €15, CH (X))o, (F) > 1.

Thus we should be able to find a null-homologous cycle class with nonvanishing
€(f.x),r-180typic component in the above Chow group. To this end, we can use
the p-adic Waldspurger formula of Bertolini, Darmon, and Prasanna [Bertolini
et al. 2013] to consider images under the p-adic Abel-Jacobi map of generalized
Heegner cycles. Generalized Heegner cycles are, essentially, generated by graphs I,
of isogenies ¢ : A — A’ between CM elliptic curves with I'; (N)-level structure
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(i.e., such that ker(¢) N A[D1] = 0). We can then view the graph I, inside X, :
I, CA"x(A)Y CA" xW,=X,.
We define the associated generalized Heegner cycle associated with (¢, A) as
Ay :=exT, € CH"' (X,)o,£, , (F).

(See Section 3.3 for a precise definition.) It is also a fact that ex H¥+2(X,, Q) =0,
and so A, is indeed null-homologous. Generalized Heegner cycles are those cycles
in CH" +1(X o, Er, (F) generated by formal Ey , -linear combinations of A, for
varying ¢. The space CH(X,)o, g, (F) has an isotypic decomposition with respect
to the action of the Hecke algebra (which is indexed by cuspidal eigenforms) and
that of Gal(F/F) (which is indexed by Hecke characters).

Let F), denote the p-adic completion of F determined by our fixed embedding
ip Q— Cp. We can now apply the p-adic Abel-Jacobi map over F}, to A, which
is a map

AJg, : CH (X))o, a(Fp) — (Fil't ex HpH (X, / F)Y
= (SK(T1(N), Fp) ® Sym” Hjr(A/Fp))",

where the superscript V denotes the F,-linear dual, and Fil/ denotes the j-th step
of the Hodge filtration. A basis of ex H [%H(X +/F) is given by elements of the
form wr Awin), ’ for 0 < j <r, where

wy € Fil' ex HIHV (W, /F) = Si(T1(N), F)
is associated with f € S (I'1(N), F), and the a)f{ nz_j form a basis of
Fil' ! ex H (A" /F) = Sym” H)(A/F).

(Here wy € QUA/F)=H dll’eo(A /F) is a nowhere vanishing differential on A, and
naeH 3 kl (A/F) is such that (w4, n4) = 1 under the cup product pairing on de Rham
cohomology.)

Bertolini, Darmon, and Prasanna’s p-adic Waldspurger formula relates a special
value of an anticyclotomic p-adic L-function £, (f, x) to the Abel-Jacobi image of
a certain generalized Heegner cycle A, evaluated at the basis element wy A a)fx n;‘_j .
The dual basis element of this latter element is in the ( f, x),-isotypic component of
(Fil't' exH 51’;’1 (X,/F))", and the idempotent €(y,y) , induces the projection onto
this (f, x),F-isotypic component. By functoriality of projectors, the nonvanishing of
AJE (A) at wp A wyn, ' shows the nontriviality of €(f,y),, A. Hence, showing
the nonvanishing of a special value of Bertolini, Darmon, and Prasanna’s p-adic
L-function verifies one consequence of the Beilinson—Bloch conjecture for the
motive My ,-1) . = (Xr, €., 0)-
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More precisely, nonvanishing of the anticyclotomic p-adic L function £,(f, x)
and functoriality of the action of correspondences on X, imply

0# Al (A) (g Aajny )
= Alg, (D) (€, (@p Awgmy 7))
= AJg, (e(f 0,0 D) @p Ay )

and thus 0 # E(f,x)/FA € € CHH_l(Xr)O,Ef,X (F).

The classical situation » = 0 (i.e., k = 2) is perhaps instructive. In this case,
the underlying generalized Kuga—Sato variety is simply Xo = X (). Moreover,
x : Gal(F/K) — C* is of finite order, so that x,r = 1. Therefore, we have
CHl(Xl(N))o,EM (F) = Ji(N)Eg,, (F). The p-adic Abel-Jacobi map

AJg, s i(N) g, (Fp) = S (Ti(N), )Y,

isgivenby P (f — logw P), where logw is the formal logarithm at p associated
with the nonvanishing dlfferentlal wf. Note that Gal(Q/Q) acts on modular forms
(as one may see by letting Gal(Q/Q) act on the coefficients of g-expansions), and
that this action also preserves eigenspaces of Hecke operators. For a modular
form f, let [ f] denote its Gal(Q/@)-orbit, and let Spe¥(I'1(N)) denote the space
of I'y (V)-cuspidal newforms of weight k. Given a normalized newform f, Eichler—
Shimura theory attaches to f an abelian variety Ay which arises as a quotient
of J1(N). Let Ay g := Ay ®E, E for any ring E containing Ey. We have an isotypic
decomposition of the component of J; () under the Hecke algebra action in the
isogeny category,
N~ Par
{Lf], feSE™ TN}

which implies

hNEY = PAre,
{[f], feSEH TN}

We thus have natural surjections ®; : J{(N) — Ay (called modular parametriza-
tions) and hence maps @y : J1(N)g,, (F) - Ar g, (F). Let xo: Gal(F/K) — C*.
Denote by @y, : Ar. g, (F) — Ay g, (F)* the projection onto the xo-isotypic com-
ponent under the action of Gal(F/K), and set @y, = @y, 0 Oy : JI(N)Eg, , (F) —
Af g, (F)*. Let wy, be the unique invariant differential on the abelian variety
Ay /F satisfying QD}a)Af = wy. Generalized Heegner cycles are simply classi-
cal Heegner points, i.e., degree-0 divisors P(xo) € Ji(N)g, ,(F) arising from
xo-twisted Gal(F'/K)-traces of CM points on X|(N)(F). Therefore, Pr(xo) :=
Dy 40 (P(X0)) € Ay, (F)*X. Note that, when xo = 1, we have Pr(1) € Ay g, (K).
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The nonvanishing of the p-adic Abel-Jacobi map implies
0 # log,, P(x0) =loge: ., P(x0) =log,, 1.y (P(x0)) =log,, Pr(Xo),

and so Pr(xo) € Ay.g,, (F)* is nontrivial. Suppose xo = 1. If Ef = Q, then Ay
is an elliptic curve, and Pr(1) € Ay g(K) is nontrivial. By Kolyvagin’s theorem
[1990], we have ranky Ay (K) = 1.

2.3. Main results. In the case where f € Sy (I'0(N), &) is a normalized newform
with partial Eisenstein descent (see Definition 31), i.e., a newform whose Fourier
coefficients are congruent to those of an Eisenstein series except possibly at the
constant term, we will establish a congruence between Bertolini, Darmon, and
Prasanna’s anticyclotomic p-adic L-function and the Katz two-variable p-adic
L-function which holds wherever the former 1-variable p-adic L-function is defined.
A more precise statement is given in our main theorem below. Fix the following
assumptions.

Assumptions 1. (1) Let f € Sy(I'y(N), &7) be a normalized newform of weight
k > 2 and level N > 4.

(2) Let p{ N be a rational prime.

(3) Let K/Q be an imaginary quadratic extension with odd fundamental discrimi-
nant Dx < —4 and p splitin K.

(4) (Heegner hypothesis) For any prime £ | N, £ is split in K /Q.

Note that assumption (4) guarantees the existence of an integral ideal 91| N
of Ok with
Ox/N=Z/N.

Fix such an 9t and write T =[], |y v as a product of primes v of Og with v | £ for
rational primes £ | N.

Remark 2. The assumption that Dg < —4 is odd is made for calculational conve-
nience in [Bertolini et al. 2013, Remark 4.7] and can most likely be removed. See
Liu, Zhang, and Zhang’s recent generalization of Bertolini, Darmon, and Prasanna’s
L-function and their p-adic Waldspurger formula [Liu et al. 2014].

Note that our fixed embedding i, : Q— C, determines a prime ideal p of O
above p. Let £,(f, x) denote Bertolini, Darmon, and Prasanna’s anticyclotomic
p-adic L-function described in Section 3.4, and let L,(x,0) denote the Katz
p-adic L-function described in Section 3.5. Let F’ and Hy be the fields defined in
Section 3.4, and let p’ be the prime ideal of Op/ above p determined by i,.

Theorem 3 (main theorem). Let (f, p, K) be as in Assumptions 1. Suppose f
has Eisenstein descent of type (Y1, ¥», Ny, N_, No) mod m (see Definition 31) for
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some integral ideal m of the ring of integers of a p-adic local field M containing Ey,
and suppose | and \r are Dirichlet characters over Q with Yy, = &y. Let t be
an integral ideal of Ox with Ok /[t = Z/§(y2) and t|N. Forall x € 2cc(m) (see
Section 3.4 for a precise definition), we have the congruence

- |f(W2)|kX71(E)
L , = ! D .
p(f Xx) wl ( K)(4g( 51)(2 l)k 2

where k+2j € Z/(p—1)xZ, is the signature of x € 2CC (N) (see Definition 23) and

2
& Ly(x 0)) (mod mOy, ),

E= [0 -@yxx H®EN TTO - @yxx™H@)
¢IN, A

< [T = @ x " H@EHU = @k x~H@)).

€| No

Invoking Bertolini, Darmon, and Prasanna’s p-adic Waldspurger formula, given
as Theorem 25, we can identify the left-hand side of Theorem 3 with a p-adic
Abel-Jacobi image of a generalized Heegner cycle, and thus derive the following
congruence.

Corollary 4. Suppose x € zéi) (DY) (see Section 3.4 for a precise definition) with
infinity type (k —1— j, 1+ j), where 0 < j <k — 2. In the setting of Theorem 3,
we have, for 0 < j <k —2,

Q22 ,>(1—xl(ﬁ)ap<f)+x2(ﬁ)ef<p>p“
P rGg+1n

ky—1/7
-l < [fw) ' (D
O VT e

Here Q2 is the p-adic period defined in Section 3.4, and

2 2
)(AJFP/,(A(x Ni) (@7 A0, nf{z"))

2
B Ly x 0)) (mod mOp, ).

AGNg) = D> (N~ (@) - Agygy € CH (Xi2)0,, (Han).
[a]eCl(Ok)

where Ay, is defined as in Section 3.4.

Remark 5. Corollary 4 can be viewed as providing a new method for verifying
a consequence of the Beilinson—Bloch conjecture. In light of the discussion in
Section 2.2, we note that for y € Eéé)(‘ﬁ) we have L(nf X Ty-1, %) = 0, which
implies L (JTf XTT(y=1) s %) =0 for any F'/ Hy; in situation (5). Hence, the Beilinson—
Bloch conjecture predicts that dimg, , €(f.x),» CH*'(Xy_2)(F) > 1. Corollary 4
shows that, in the setting where f has Eisenstein descent mod m, if

E-L,(Y1/xx"",0) #0 (mod mOr),
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then the generalized Heegner cycle A(xNg) induces the ostensibly nontrivial
algebraic cycle class. We are thus reduced to verifying the p-nondivisibility of the
above special values of the Katz p-adic L-function. In Theorem 7 we explicitly
evaluate Katz L-values corresponding to classical Heegner cycles (see Remark 8)
using a theorem of Gross in order to find explicit non-p-divisibility criteria. One
might expect to be able to carry out studies of p-nondivisibility for more general
Katz L-values in order to establish similar explicit nontriviality criteria for more
general Heegner cycles, but we do not do this here.

Suppose that & = 1 and that k is even. Note that the anticyclotomic line intersects
with the cyclotomic line when j = k/2 — 1, in the notation of Corollary 4. For
this j, we can take the particular character x = Ngk/ e Eép (M). Applying Gross’s
factorization (Theorem 28) of the Katz L-function on the cyclotomic line to the right-
hand side of Theorem 3, we get the following explicit congruences between special
values of p-adic L-functions. First, fix the following notation for convenience.

Definition 6. Suppose we are given an imaginary quadratic field K. For any
Dirichlet character ¥ over Q, let

o= {w if ¥ even,
" \wex if ¥ odd.

Theorem 7. In the setting of Theorem 3, specializing to ey = 1, k even, and

Y=y, =,

k/2 _ k/2—1\2
P ap(f)+p 1—k/2.\2 k/2—1 k/2—1
< plf/zr(%) )AJFp’,(A(NK /)) (wf/\a)A/ ’7A/ )

is congruent to

g2 (1 _ _ i KV
T(ﬂl—w {p)p'? ‘)Bg,%—lglgz-LpQ/fo(eKw)‘ 2, 5)) (mod mOp, )

if Yo(exkw)' %> £ 1 ork > 2, and

B2 /p—1 2
— ( log » 5{) (mod mOF' y)
4 P o

otherwise.
If m = A, where A is some prime ideal of Oy above p, then more explicitly

kj2 _ k/2—1\2
P2 —ap(f)+p o o
( p;‘U/zF(%) ) AJFp//(Af(Nll( k/z)) (a)f A\ wﬁ/z 177];;/2 1)
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is congruent to
r-2

4

if Yo(exw)' 2 #£ 1,

2
((1 v P DA™ ) (P)By 1 12B) s e k/z)<modwFfM>

=2 2
= ( L=y~ ()PP DBy rpn L ( ];)) (mod A0, u1)

if yo(exkw)' %2 =1, k > 2, and

-2 2
HT <p » logp 64) (mod )LOFP/,M)

otherwise.
Here

AN = SN @) Ay € CH (Xisa)o.a(Ha),
[a]eCl(Ok)

where Ay, y, is defined as in Section 3.4,

- Yl V() Yl v (0)
= H(l_ gl—k/z) H(l gk/2) H(l_ (1—k/2 )(1_ Zk/Z)’
A €| No

£\ Ny

log,, is the Iwasawa p-adic logarithm (i.e., with branch log,,p = 0), and & € Ok
such that (@) = p"«.

Remark 8. In the setting of Theorem 7, the generalized Heegner cycle A(N1 Kl 2)

can be mapped via a correspondence to a classical Heegner cycle arising on the
classical Kuga—Sato variety Wy_, defined in Section 2.2; see, for example, [Bertolini
et al. 2015, Proposition 4.1.1, Theorem 4.1.3]. Therefore, in view of Remark 5,
Theorem 7 gives an explicit congruence criterion for showing the nontriviality of a
classical Heegner cycle class and thus verifying the aforementioned consequence
of the Beilinson—-Bloch conjecture.

Remark 9. For any x € p, we have ord,(x) =0, so we can write x = a + 27 for
m €pOk, and a € O,?p. Then x"& = a"* + hga™ 127 +... s0

—1
ord, <p— log,, &) = ord,, (2hg).
p

Remark 10. In certain situations, one can use explicit special value formulas to
further evaluate the right-hand side of the congruences in Theorem 7. For example,
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when k =2 and vy # 1, by Leopoldt’s formula and the fact that ex (p) = 1 since p
is split in K, we have

[f(o)l .
w<p>> sy " ( ( dria ))
L ,D=1-— 1 1— .
r(o. D < p )il azzl Vo (@ log,\1 = exp 5]

Furthermore, Diamond computes explicit formulas for the values of L, (x, n) when
n is a positive integer; see [Diamond 1979].

Definition 11. Attached to any normalized newform f € S;(I'0(N), &7) and prime A
above p of a number field M containing Er is a unique semisimple A-adic Ga-
lois representation py : Gal(Q/Q) — GL,(M,) (see Section 3.6). Choosing a
Gal(@/ Q)-invariant lattice in M?, one obtains an associated semisimple mod-A
Galois representation py (which turns out to be independent of the choice of lattice).
If pt N and if py is reducible, we will see (in Theorem 34) that N = N N_ N, where
N4 N_ is squarefree and Ny is squarefull, such that there are Dirichlet characters
Y1 and v over Q with Y1y, = &7, and where £ | Ny implies a; = 1 (£) (mod A),
£| N_ implies a, = wz(ﬁ)ﬁk_l (mod A), and £ | Ng implies a; = 0 (mod 1). We
then say that py is reducible of type (Y1, Y2, N1, N_, No).

By Theorem 34, we immediately get the following corollary.

Corollary 12. Let (f, p, K) be as in Assumptions 1, and suppose py is reducible
of type (Y1, Y2, Ny, N_, No), where py is the semisimple mod-\ residual represen-
tation of py for some prime ideal A of the ring of integers of a p-adic local field M
containing Ey. Then the conclusions of Theorems 3 and 7 hold with m = A.

Applying Theorem 7 to the case when & is 2 and f is defined over (1, and is thus
associated with an elliptic curve E/Q of conductor N, we can show the Heegner
point Pg(K) is nontorsion when the primes dividing pN satisfy certain congruence
conditions and p does not divide certain Bernoulli numbers. First, decompose the
conductor N = Ngplit NnonsplitVadd 1nto factors such that £ | Ngpjic implies £ is of split
multiplicative reduction, £ | Nyonsplic implies £ is of nonsplit multiplicative reduction,
and ¢ | N,qq implies £ is of additive reduction.

Theorem 13. Suppose E/Q is any elliptic curve of conductor N with reducible
mod-p Galois representation E|p], or equivalently, E[p]* =F,(¥) ®F, ),
where p > 2 is a prime of good reduction for E and \ is some Dirichlet character

with f(lﬂ)2 | Nagd. Suppose further that
(1) v(p) #1,

(2) Nsplie = 1 (i.e., E has no primes of split multiplicative reduction),
(3) €| Naaq implies either ¥ (£) # 1 and £ %= —1 (mod p), or ¥ (£) = 0.
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Then, for any imaginary quadratic field K in which p splits, such that K satisfies
the Heegner hypothesis with respect to E, and p{ B, ek By 01> the associated
Heegner point Pg(K) € E(K) (see Section 3.4) is nontorsion. In particular,
ranky E(K) = 1.

Remark 14. When  is quadratic, the condition p{ By y,s of Theorem 13 is

equivalent to PJ(tho-K- (This follows because B, Vil = _Zhvao'K”OIép x| by
’ 0

the functional equation and analytic class number formula.)

Remark 15. In light of Theorems 34 and 35, which imply that a,(E) = ¢ (£) or
Y 1(0)¢ (mod p) for £ || N (i.e., £ | NptitNuonspiit) When E[p]* ZF, (¥)BF, (Y '),
condition (2) can be phrased as

(2) forevery £ || N, ¥ (£) = —1 or —¢ (mod p).

In terms of local root numbers w¢(E), since wy(E) = —ay(E) for £ || N, conditions
(2) and (2)’ can also be viewed as requiring the corresponding local root numbers
to all be +1.

Remark 16. Theorem 13 (at least partially) recovers a much earlier result of Mazur
[1979, Theorem, p. 231], which considers the case N = prime # p. In Mazur’s
setting, we suppose that E[p]* = F, ® [,(w), where N = £ # p, let ¢ be an
even quadratic character and choose an imaginary quadratic field K. (In Mazur’s
notation, we are taking x = ¥eg and K, = Ky, - K = Ky, .) The case of Mazur’s
theorem we recover is as follows.

Suppose (E, p, ¥, K) as above are such that

(1) K satisfies the Heegner hypothesis with respect to £ ® 1,
(2) psplitsin K and Dx < —4,

3) ¥v(p)=-1,

4 p1Biyo1,

(5) lem(e, [f(¥)|*) > 4, ¥(£) # 1 and pthg, k.

Then rankz (E ® yreg)(Q) = 0.

This follows from Theorem 13 since the latter implies rankz (E ® ¥)(K) =1,
and then rankz (E ® y¥eg)(Q) = 0 follows from root number considerations (see
Proposition 50).

Assumptions (1)—(4) above are extraneous in the full generality of Mazur’s theo-
rem, with (5) being the pertinent hypothesis. These assumptions have the following
effects: (1) is part (4) of Assumptions 1 and guarantees that L((E® ¥)/K, 1) =0;
(2) is part (3) of Assumptions 1; (3) excludes the possibility of a “trivial zero”
from the Kubota—Leopoldt factor L, (¥ &g w, 0), which shows up in the congruence

of Theorem 7; (4) essentially controls the Selmer group Sel,((E ® ¥)/Q) (see
Remark 45) so that rankz (E ® ¥)(Q) < 1. Mazur’s original statement also allows
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for p | (i), which is ruled out by part (2) of Assumptions 1. We should note,
however, that Mazur requires the additional assumptions

6) £>11,
Vi —1
(7) p divides the numerator of (T)’

®) (p. [f(¥ex))) # (3. 3).

Assumption (6) is a technical assumption and is stronger than our assumption
Iem(2, |f(1ﬁ)|2) > 4 on the level of £ ® v, which in turn originates from part (1) of
Assumptions 1; (7) means that the newform fr € S,(I'0(£)) of E has full Eisenstein
descent (see Definition 31), and is automatically satisfied when E[p] is reducible
and p > 3 (see Remark 33); (8) is taken care of by our assumption Dg < —4 from
part (3) of Assumptions 1.

Perhaps more interesting is the connection between Theorem 13 and the “sup-
plement” to Mazur’s theorem, which states that a Heegner point is nontorsion
when “¢(£) # 17 in Assumption (5) above is replaced with “¢/(¢) = 17 (see
[Mazur 1979, Theorem, p. 237]). In particular, E satisfies the Heegner hypoth-
esis with respect to both K and Ky - K, and E ® y¢¢ has root number —1 so
that Prgy (K) € (E ® Yex)(Q). As is pointed out in [Mazur 1979], under this
assumption, the Kubota—Leopoldt factor L, (¥ ~'egw, 0) from Theorem 7 can be
related mod p to (1/p) %L(E, Yek, §)s=1, itself being related to the p-adic height
mod p of

Pp(Ky-K)™ = Pp(Ky-K) — Pe(Ky-K) € (E® Vrex)(Q).

Note that ¥ (£) = 1 places E ® yr outside the scope of Theorem 13, but perhaps this
descent result in tandem with Mazur’s observation and the mod- p factorization of
Theorem 7 suggests an identity (in certain cases) relating the formal logarithm of
Pegy (K) € (E®Yek)(Q) with the p-adic height of P (Ky-K)™ € (EQyrex)(Q)
times another quantity, perhaps related to the order of HI(E ® v/Q)[ p°°]. A deeper
comparison between the results of this paper and Mazur’s would be an interesting
direction for further investigation.

Remark 17. One of the referees has also pointed out an analogy between Mazur’s
result and Theorem 13 and the two “reciprocity laws” which Bertolini and Darmon
[2005] established in their work on the anticyclotomic Iwasawa main conjecture for
elliptic curves. Let £/Q be an elliptic curve with newform fr. Mazur’s descent
result assumes E ® gx has root number —1 over Q2 and computes the image of
Pg(K)~ inside the p-primary part of the component group of the special fiber of a
Néron model of E over Zy. Using an Eisenstein congruence at p, Mazur shows
that nonvanishing of this image is equivalent to p{ ik, i.e., the p-nondivisibility
of a special value of a certain Kubota—Leopoldt p-adic L-function. Bertolini and
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Darmon’s first reciprocity law also assumes E has root number —1 over K and
computes the image inside the p-primary part of the component group of the special
fiber of a Néron model over Z,. of some abelian variety (arising as a quotient of
Ji(N£) for some prime £4 N which is inert in K). (Here Z,. is the unramified
quadratic extension of Z;.) Using a level-raising congruence modulo some power
of p of fr with an eigenform g of level N£ (so that g has root number +1 over K),
Bertolini and Darmon equate this image (using a Waldspurger-type formula) with a
special value of an anticyclotomic p-adic L-function attached to g.

In Theorem 7 applied to E, we assume that £ has root number —1 over K and
computes the p-adic formal logarithm of Pr(K) modulo some power of p. We
then use an Eisenstein congruence at p to equate this with a special value of a
Katz p-adic L-function. Bertolini and Darmon’s second reciprocity law similarly
assumes E has root number —1 over K and computes the image of Pg(K) inside
the finite part of some power-of- p-(Bloch—Kato) Selmer group of E. The formal
logarithm at p modulo this same power of p in particular maps into this Selmer
group. Using another level-raising congruence to an eigenform g of level N¢;¢»
for distinct “admissible” primes £, £,1 N, Bertolini and Darmon again equate this
image with a special value of an anticyclotomic p-adic L-function of g. It should
be noted that the p-adic Waldspurger formula of Bertolini, Darmon, and Prasanna
(Theorem 25) is itself established through exploiting yet another “sign change”
congruence, namely by considering congruences with a newform f and its various
anticyclotomic twists, considering these twists in a p-adic family, varying the twists
through the interpolation region where the global root number is +1, and taking a
p-adic limit into a region where the root number is —1.

Let us return to the setting of Theorem 13. Considering quadratic twists of E
when E[p]* =F,(y) @ [Fp(tﬂ_1 ) (which amounts to varying ¥ through quadratic
characters), we obtain congruence criteria for the f(1) which, when satisfied, imply
rankz(E ® 1)(K) = 1. In Section 5.5, we consider p = 3 and use quadratic class
number 3-divisibility results to show the following.

Corollary 18. Suppose E/Q has reducible mod-3 Galois representation E[3].
Then we have:

(1) IfE is reducible of type (W, ', Ny, N_, Ny) for some quadratic character yr,
then a positive proportion of quadratic twists of E, ordered by absolute value
of discriminant, have rank 0 or 1.

(2) If E is semistable, then a positive proportion of real quadratic twists of E, or-
dered by absolute value of discriminant, have rank 1 and a positive proportion
of imaginary quadratic twists of E, likewise ordered, have rank 0.

Remark 19. For E as in the statement of Corollary 18, explicit lower bounds for
these proportions are given in the statement of Theorems 53 and 54, respectively.
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One can also use congruence criteria provided by Theorem 13 to find explicit
examples of quadratic twists £ ® i with rankz(E ® ¥)(K) = 1.

Remark 20. Recent work of Harron and Snowden [2015] in particular shows that

Nz/3(X)

X—o0

~ 1.5221,

where Ng(X) denotes the number of (isomorphism classes of) elliptic curves E
over @ up to (naive) height X with E(Q)'*" = G. Corollary 18 applies to all curves
with nontrivial rational 3-torsion, and so applies to at least a number of curves on
the order of X'/3 up to height X.

The organization of this paper is as follows. In Section 3, we review some
preliminaries, including definitions pertinent to our discussion and a review of
algebraic and p-adic modular forms. In Section 3.4, we recall Bertolini, Darmon,
and Prasanna’s anticyclotomic p-adic L-function as well as their p-adic Waldspurger
formula, which gives the value of the image of a certain generalized Heegner cycle
under the p-adic Abel-Jacobi in terms of a special value of their p-adic L-function.
In Section 3.5, we recall Katz’s p-adic L-function attached to Hecke characters
over imaginary quadratic fields K as well as recall Gross’s factorization of the
L-function on the cyclotomic line. In Section 3.6, we define the notion of a
normalized newform f having Eisenstein descent, and relate it to the reducibility
of the residual p-adic Galois representation of f.

In Section 4, we prove our main congruence by showing that certain twisted traces
over CM points of Maass—Shimura derivatives 3/ of Eisenstein series represent
special values of complex L-functions of Hecke characters. The twisted traces
considered in [Bertolini et al. 2013] are exactly of the same kind, with the sole
difference being that the Eisenstein series is replaced by a cusp form. Interpolating
these twisted traces yields the Katz p-adic L-function and Bertolini, Darmon, and
Prasanna’s anticyclotomic p-adic L-functions, respectively. When f has partial
Eisenstein descent with associated Eisenstein series G, we use the corresponding
congruence between the twisted traces of 3/ f and 3/ G to derive the congruence
between p-adic L-functions.

In Section 5, we apply our congruence formula to the problem of finding nontrivial
algebraic cycles whose existence is predicted by the Beilinson—Bloch conjecture.
We also give examples of Eisenstein descent, including ways to construct such
newforms (see Constructions 38 and 40), and applications of our main theorem
to showing nontriviality of algebraic cycle classes. In Section 5.4, we address the
particular case of showing nontriviality of generalized Heegner cycles attached to
quadratic twists of the Ramanujan A function. In Section 5.5, we examine the
case of elliptic curves and derive an explicit criterion to show rankz (E(K)) = 1 for
elliptic curves E/Q with reducible mod-p Galois representation.



Generalized Heegner cycles at Eisenstein primes and Katz p-adic L-function 327

In Section 5.6, we show that when E has reducible mod-3 Galois representation,
a positive proportion of quadratic twists of E have rank 0 or 1. These results in
certain cases extend those of [Vatsal 1999], who exhibited an infinite family of
elliptic curves (namely, those which are semistable with rational 3-torsion), for
each member of which a positive proportion of its imaginary quadratic twists have
rank 0. Our result gives a larger infinite family of elliptic curves (namely, those
which are semistable with reducible mod-3 Galois representation), for each member
of which a positive proportion of its imaginary quadratic twists have rank 0 and a
positive proportion of its real quadratic twists have rank 1.

3. Preliminaries

In this section, we review some preliminaries relating to Bertolini, Darmon, and
Prasanna’s and Katz’s p-adic L-functions. Our discussion follows [Bertolini et al.
2013].

3.1. Algebraic modular forms. Recall

*

y(N) = {y €SLy(Z) : y = ((1) 1) (mod N)},

To(N) = {y €SL(2Z):y = (Z‘) :) (mod N)},

and note that I'y (V) C I'g(N). From now on, let I" be I'; (N) or [h(N). Fori =0, 1,
let Y; (N) be the associated modular curve whose complex points are in bijection
with the Riemann surface I'; (N)\H ", and which classifies pairs (E, t) consisting of
an elliptic curve E and a I'; (V)-level structure  on E (so Z/N =t C E[N]fori =0,
and t € E[N] of exact order N for i = 1). Let X;(/N) denote the compactification
of Y;(N). Let w : £ — Y (N) denote the universal elliptic curve with I'; (V)-level
structure. Throughout the paper, we shall use the interpretation of algebraic modular
forms as global sections of powers @* of the Hodge bundle & := JT*Q}E 1YV of
relative differentials £/Y;(N) (which we may extend to X (N) when N > 4), so
that an algebraic modular form can be thought of as a function on isomorphism
classes of triples [(E, t, w)] satisfying base-change compatibility and homogeneity
conditions; here E is an elliptic curve, ¢ a I'-level structure, and @ an invariant
differential on E. For details, see [Bertolini et al. 2013, Section 1.1]. Denote by

Sk(I', R) C My(I', R) € M{(T", R)

the space of weight-k algebraic I'-cuspforms over a ring R, the space of weight-k al-
gebraic [-modular forms, and the space of weight-k weakly holomorphic I'-modular
forms, respectively. (See Section 1.1 of loc. cit. for precise definitions.) We have
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similar inclusions for the corresponding spaces considered with nebentypus . We
will suppress the base ring “R” when it is obvious from context.

Suppose F' C C is a field containing the values of a Dirichlet character ¢, and
suppose f € M (I'h(N), F, ¢). Then we have an associated holomorphic function
on HT given by

f(r):= f<<D/(Z+ZI), %, 2nidz>,

where dz is the standard differential on C/A with period lattice equal to A. Note
that f () satisfies the usual weight-k, e-twisted modularity condition for ['((N),

fy-t)=ed(ct+d)* f(r)

fory = (‘; Z) € I'o(N). The function f(7) in fact completely determines the weakly
holomorphic modular form f € M;(I'y(N), F, ¢).

Denote the space of weight-k nearly holomorphic I'-modular forms over F' and
nebentypus € by Ni (T, F, €). (See Section 1.2 of loc. cit. for precise definitions.)
We have the classical Maass—Shimura operator oy : Ny (I, F, &) = Niwo (I, F, €)
acting on nearly holomorphic I'-modular forms by the formula

1 (d k
I f () ::ﬁ<_+ )f(r).

dt t—71
Note that 9, does not preserve holomorphy, but preserves near-holomorphy. We
let 8,{ = 0O0kq2(j—1)0- 00k : Nk(I', F, &) = Niyo;(I', F, €), and omit k when it is
obvious from context.

3.2. p-adic modular forms. Fix a rational prime p. We will interpret p-adic
modular forms analogously to the previous definition of algebraic modular forms,
i.e., as global sections of a rigid analytic line bundle over the ordinary locus of
X;(N)/C,, or equivalently as functions on isomorphism classes of triples [(E, ¢, w)]
defined over p-adic rings satisfying certain homogeneity and base-change properties.
(For details, see [Bertolini et al. 2013, Section 1.3].)

We have the classical Atkin—Serre operator 0 : M,Ep T, F, &) — M,Ei)z(l“, F,¢)
acting on p-adic modular forms, whose effect on g-expansions is given by

00 d 00 0
(o) o S-St
n=0 n=0 n=1

Now recall our complex and p-adic embeddings i, : F < Cand i, : F — C,,
as well as our field isomorphism i : C = C, such that i, =i oiy. Let K be an
imaginary quadratic field and let H be the Hilbert class field over K. Suppose E/F
is a curve with complex multiplication (i.e., such that Endg (E) is isomorphic to
an order of O), and let (E, t, w) be a triple defined over F. Using i, and i), we
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can view (E, t, ) as a triple over C and C,, respectively. Using i, we can view
f e Mi(T', F, ¢) as an element of M,Ep)(F, F, &) (after possibly rescaling). The
following theorem, due to Shimura and Katz, states that the values of 3/ f and 6/ f
coincide on ordinary CM triples.

Theorem 21 (see [Bertolini et al. 2013, Proposition 1.12]). Suppose (E, t, w) is
a triple defined over F, where E has complex multiplication by an order of Ok,
and assume that E, viewed as an elliptic curve over Oc,, is ordinary. Suppose
feM;(, F,¢). Then, for j > 0, we have:

(1) 3/ f(E, 1, w) €ix(F).

(2) O/f(E. 1, 0) € ip(F).

. 0.71
(3) Viewing these quantities as elements of F (i.e., identifying i~ (F) BLALSIN ip(F)),
we have
O f(E,t,0) =0'f(E,t, ).

Denote by b the “p-depletion” operator on M,Ep ) (T, F, ¢) (see [Bertolini et al.
2013, Section 3.8]), whose action on g-expansions f(g)=Y -, an(f)g" is given by

@) = f@) —ap(H) F@") +(pp*~" Fg"),
so that a,, (f”) = 0 for all n > 0 with (n, p) # 1.

3.3. Isogenies and generalized Heegner cycles. Recall our assumption that the
imaginary quadratic field K satisfies the Heegner hypothesis with respect to N:

for all primes £ | N, £ is split in K /Q.

This condition implies that there exists an integral ideal 91 of Ok such that O /9=
Z/N. Fix such an 91 and fix a CM elliptic curve A with Endy(A) = Ok. Let
Hy/H denote the extension over which the individual 91-torsion points of A are
defined, which is an abelian extension of K. A choice of t4 € A[)] of order N
determines a I') (NV)-level structure on A defined over any F/ Hsy. Fix a choice of ¢4
once and for all.

Now consider the set

Isog(A) := {(¢, A")}/Isomorphism,

where A’ is an elliptic curve and ¢ : A — A’ is an isogeny defined over K, and two
pairs (¢1, A}) and (¢2, A}) are isomorphic if there is an isomorphism ¢ : A| — A},
over K such that t¢; = ¢,. Let Isog”(A) C Isog(A) be the subset consisting of
isomorphism classes of (¢, A") such that ker(¢)NA[91] ={0}. Note that the group [
of Ok -ideals relatively prime to 91 act on Isogm(A) via ax (@, A") = (a0, A’/ A'[a)),
where

Qo A — A'/A'[a]
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is the natural surjection. Given triples (Ay, t1, 1) and (A, f, w,), we define an
isogeny from (A, t;, 1) to (Az, 2, wo) to be an isogeny

@:A;— Ay suchthat ¢(f;) =1 and ¢ (w2) = w1.

We have an action of I on (isomorphism classes of) triples (A, ¢/, ') with
End(A") = Ok and ¢’ € A’'[0] given by

ax (A", 1/, &) = (A'/A'la], ga(t)), wp),  Where ¢f(wy) = o'.

Definition 22. Note that a pair (¢, A’) € Isog” (A) determines a point (A’, p(t4)) €
Y1(N)(Hy) C Y1 (N)(F) and, for any integer r > 0, an embedding (A")" < W,.
(For the definition of W,., see Section 2.2.) Using this we view the graph as being
embedded in X, := W, x A”:

T,CA x(A) CA" x W, ZX,.

We define the generalized Heegner cycle associated with (¢, A) as A, 1= exT,
where €y is the projector defined in [Bertolini et al. 2013, Section 2.2]. Note that I,
is defined over Hy, and thus determines a class in the Chow group CH{)Jrl (X,)(Hsy),
as defined in Section 2.2.

3.4. Bertolini, Darmon, and Prasanna’s p-adic L-function and p-adic Wald-
spurger formula. Fix a normalized newform f € Sy (I'\(N), &¢). Given a Hecke
character x of infinity type (ji, j2), recall that the central character ¢, of x is the
finite order character defined by

We define
L(f, x ' 0):=L(my x w1, s — 5k — 1 — ji — j»)),

where 7y and 7,1 are the (unitarily normalized) automorphic representations
associated with f and y, respectively. The Hecke character x is said to be central
critical with respect to f if j; + j» = k and either

() 1<jip<k—1o0r

(2) j1=kand j, <0,

and if the following condition on the central character of y is satisfied:
& = Ef.

(Note, since we assume the Heegner hypothesis, this implies that x is unramified
outside of f(er).) Central criticality of x is equivalent to requiring that 7y X 7, -1 is
self-dual and that the point of symmetry for the functional equation of L(f, x !, s)
iss =0.
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For central critical x with infinity type in range (1) (resp. range (2)) above, the
root number satisfies €5 (f, x ') = —1 (resp. €xo(f, x ') = +1). We henceforth
make the auxiliary assumption that

the local root numbers of L( f, X*I, s)
satisfy €,(f, x ) = +1 at all finite primes £.

This assumption is automatic for £ € Sy ={£:£ | (N, Dk), £1§(ef)} since we assume
the Heegner hypothesis, and thus is automatically satisfied when (N, Dg) = 1, as
we assume in Assumptions 1. These conditions on the local root numbers of
L(f, x~',s) imply that the global root number is €(f, x =) = —1 for x in infinity
type range (1) above, and €(f, x ~') = +1 for x in range (2) above. Thus we have
L(f, x~',0)=0in range (1) and expect L( f, x~ 1, 0)£0 (generically) in range (2).

For any Hecke character ¢ over Q of conductor N, | N, define 91, to be the unique
ideal in Ok that divides 1 and has norm equal to N.. For a Hecke character yx
over K, we say that x is of finite type (N, ¢) if

X|(§I§ = Ve,

where ¥, is the composite map

(5;(( — H(OK,U/mgOK’U)X >~ H(Zﬁ/NeZe)x MCX,
v ¢IN,

or equivalently,
OF — (Ok /MeOg)* = (O /Moy Ox)* = (Z/Ne2)* <= C*.

Let X..(91) denote the set of central critical characters of finite type (1, ¢)
satisfying the above auxiliary condition on local root numbers, with §(x) |91, and
let Eéé)(‘ﬁ) and zéﬁ) (M) denote the subsets of such characters with infinity type
(k+j,—Jj), where 1 —k < j < —1 and j > 0, respectively, so that we have
Tee ) = T UL (M.

We now define a field F’ as follows. Note that Gal(Hy/H) = (Z/N)*, and
let HSY C Hy be the subfield fixed by ker(er). The values x (a) generate a finite
extension as x ranges over zé? (D) and a ranges over A};’ g Let F " be the field
which is the compositum of this latter extension with E; and H, 1, and let p’ be the
prime ideal of O above p determined by our embedding i,. The set Eég) (M) has
a natural topology, namely, the topology of uniform convergence induced by the
p-adic metric on the completion of F” in @p, when 25%’ (M) is viewed as a space
of functions on finite ideles prime to p. (See [Bertolini et al. 2013, Section 5.2]
for details.) Let f)cc(‘ﬁ) denote the completion of zé? (M) in this topology. As
explained in Section 5.3 of loc. cit., we may view Eéé)(‘ﬁ) as subset of f]cc o).
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Definition 23. For a Hecke character over K of infinity type (a, b), we define the
signature of x as a —b € Z. For x € 2 (M) of infinity type (k + j, — j), this is
k+2j. Given x € icc(m), we choose a Cauchy sequence {y;}72, C zé? (Q19)
converging to x, where x; has infinity type (k + j;, —j;). Given M € Z, there exists
an i (M) such that, for all iy, i, > i(M), we have x; (x) = x;,(x) (mod »HM)
for all x € A;? Evaluating on x € A;‘; congruent to 1 (mod ), we see that
ji, = Jji, (mod (p—1)pM~1). Hence, the Cauchy sequence { Ji}i2y CZ converges to

an element j € Z/(p —1) x Z,. Then the signature of x isk+2j € Z/(p—1) xZ,.

The elliptic curve A9 = C/Ok over C has complex multiplication by Ok, and
hence is defined over H. A choice of invariant differential wg € QAO /H determines
a complex period Qo € C* via

wy = Qoo -ZJTidZ,
where z is the standard coordinate on C. We now make the assumption that
p is split in K/Q,

so that in particular i, (K) C Q. Let p be a prime of K above p. Let Ag be a good
integral model over Ag. The completion of A along its identity section Ay is (non-
canonically) isomorphic to Gm over O@p. Fix an isomorphism ¢ : flo = @:m (which is
equivalent to fixing an isomorphism Ag[p>] :=1im_n, Ag[p"] => lim_n, ppn =: ppee,
which is determined up to multiplication by a scalar in Z). Let wcan := L*%". Now
we define a p-adic period 2, € C; via

wo = 82 - Wean.-

Bertolini, Darmon, and Prasanna [Bertolini et al. 2013] define an anticyclotomic
p-adic L-function associated with f and x, interpolating a twisted trace over CM
triples attached to (f, x) for x € zé? (M. Recall our fixed triple (A, 4, ®Wcan)-
Then there is an isogeny ¢y : A — Ag, and we let (Ao, fy, wp) denote the unique
triple fitting into an induced isogeny of triples ¢g : (A, f4, Wean) — (Ao, fo, @)
in the sense of Section 3.3. Henceforth, fix a complex period 2, and a p-adic
period €2, associated with wg. For a € 17, let @q : Ag = ax Ag be the natural
isogeny, so that (¢,¢0, A) € Isogm(A).

Theorem 24 [Bertolini et al. 2013, Theorem 5.9]. Fix a normalized newform f in
Sk(To(N), ef). Suppose p is a prime splitin K /Q. Let {a} be a set of representatives
of Cl(Ok) which are prime to N. Then there exists a unique continuous function
icc(m) — C, : x = L,(f, x) satisfying

2
Lp(fix) = ( D)@ - (071) (ax (Ao 1o, wcan)))

[a]leCl(Ok)
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for all x € S (M) of infinity type (k + j, —j) with j > 0.

Bertolini, Darmon, and Prasanna’s p-adic Waldspurger formula, which relates
the special value of £,(f, x) at some x € Ec(é)(’ﬂ) C f]cc () to the p-adic Abel-
Jacobi image of a certain generalized Heegner cycle, is the main result of [Bertolini
et al. 2013].

Theorem 25 [Bertolini et al. 2013, Theorem 5.13]. Suppose x € L& (M) has
infinity type (k —1—j, 1+ j), where 0 < j <r =k —2. Then

Ly(f. %)

P (1= x~'®ap () + x> ®er(p)p ™)

1 . i Y
x (— > N @) - AT (Agygy) (@ Ay ’>)-
rg—+1 p
[a]eCl(Ok)

Here AJ F is the p-adic Abel-Jacobi map defined in [Bertolini et al. 2013, Section
3.4], and A(p oo IS the generalized Heegner cycle attached to (papo, A) € Isogm(A)
as defined in Definition 22.

Suppose x is a finite order Hecke character on K. We define the Heegner point
attached to yx as

POO:= D x ' (0)- A% € Li(N)(Hy) ®oy, Ef s
oe€Gal(Hy /K)

where A equals [(Ag, t, wg)] — (00) € J1(N)(Hy) and the isomorphism class
[(Ao, t, wp)] is viewed as a point in X;(N)(Hy). The embedding i), : @ — C,
allows us to define the formal group logarithm on the formal group by

log,,: i(N)('O) = Cp,
which we extend to a map
log,, : N (N)(Fy) ®oy, Efy = Cp
by linearity.
For k =2, we have AJF/, (P(x)(wy) = logwf P (x). Thus Theorem 25 becomes:

Theorem 26. Suppose x is a finite order Hecke character on K with yNg € E(l) o).
Then

Ly(f. xNg) = A= x ' ®p ™ ap (N +x 2 ®)er(p)p~ ) logl, P
3.5. Katz’s p-adic L-function and Gross’s factorization on the cyclotomic line.
We can view any p-adic Hecke character x : K *\Ag — (DX as a Galois character
x :Gal(K/K) — (’)C via the Artin isomorphism of class ﬁeld theory. Let € be an
integral ideal of Ok which is prime to p. Let K(€p") denote the ray class field
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of K of conductor €p” and let K(Cp>) ={J, K(€p"). Given a p-adic character x
arising from a type Ag algebraic Hecke character, denote its complex counterpart
by (x)eo- (Throughout this section only, we will make this distinction between
complex and p-adic avatars.)

We recall Katz’s p-adic L-function for CM fields (applied to our fixed imaginary
quadratic field K), as well as Hida and Tilouine’s extension [1993] to the case of
general auxiliary conductor. Here we use the normalization found in [Gross 1980]
(with § = +/Dg /2 and so ¢ = 1, in the notation of [Katz 1978, Theorem 5.3.0]). Fix
a decomposition € = §§.J, where §J. consists of split primes in K, T is a subset
of §¢, and J consists of inert or ramified primes in K. Recall our fixed identification
i : C = C,, the prime p | p determining K < @p, and the periods €2, and Q.
defined in Section 3.4.

Theorem 27 ([Katz 1978]; see also [Hida and Tilouine 1993]). There exists a
unique p-adic analytic function x +— Lp(x,0) for x : Gal(K(€p™)/K) — CJ
which satisfies (under our fixed identification i : C = C,)

k-t [ $2p R o TR
Ly(x,0)=4Local,(x)(—D" 2(—) ( )
P p Qoo /DK

x (ki = DA = x @A = XEHLx. 0 [ [ = x @)

v| €

for characters x with infinity type (—k1, —k2), where k; > 1 and k, < 0, and such
that () is divisible by all the prime factors of §. Here Localy(x) is a complex
scalar associated with our fixed embedding K — @p, as in [Katz 1978]. (We have
in fact that Local, (x) = 1 if x is unramified at p.)

Recall the dual character % defined by x(a) = x~'(@)Ng(a). The function
L,(x, 0) satisfies the functional equation

W((X)oo, v/DK)Lp(X, 0) = Ly(x, 0),

where W((X)oo, 8) is given by

W((0oo: ) =G0 & [[C0OZ5 8 [TC0OZ 0,
v|F V| v|J

G000 8) = (oo )Y (XDowrn () Wi o (—um, 871,
ue(Ok v/m¢ Ok v)*
e is the exponent of v in f(x ), my is a local uniformizer of K,,, and Vg : Ag — C is the
standard additive character normalized so that Wk o (Xo0) = exp(27i Tre/r(Xo0))-

Henceforth, set

G(()00:8) = [ [ G((X)o0.0: 8)-
v|§
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Now define the p-adic L-function
Ly(x,s) = Ly(x{Nk)*, 0).

Gross gives the following factorization of L, along the cyclotomic line.

Theorem 28 [Gross 1980]. In the situation of Theorem 27, suppose that §. = §,
J=land €= fOg =§5, where f €Z-o. Suppose x : Gal(K (jurp)/Q) — (D;; is
a continuous p-adic Galois character which is trivial on complex conjugation (and
so corresponds to an even p-adic Hecke character), and let x,x be the restriction

of x to Gal(K (upp=)/K). Then

(fr
[l | f Xg_l (—vDk)ge(x)

Ly(x/k»$) = Ly(xexkw, s)Ly(x ', 1—5)

forseZ,, where f € Z.gisviewedas f=w(f){f) € uzp-1)x (1+2pZ,) = Z;(,
and on the right are Kubota—Leopoldt p-adic L-functions for p-adic Hecke charac-
ters over Q.

Remark 29. Gross [1980] originally proves Theorem 28 for auxiliary conductor
f =1, even though his proof translates mutatis mutandis to the case of arbitrary f.
The general auxiliary conductor version of the theorem seems to be widely present
in the literature, although the author has not been able to locate a complete proof.
Thus, for the sake of completeness, we give a proof of Theorem 28, following
Gross’s method. We will first need a lemma.

Lemma 30. In the situation of Theorem 27, suppose that §. = §, J = 1 and
€= fOx =§F. Suppose x = x oNg for some Hecke character x over Q. Then

-1 g
W ()00, 8) = < Woe:0)
G((X)oo» —9)
Proof. Since x = x oNg, we have x,(x) = x3(x) for any place v of K. For each
v §3, since K, = Q; (where £ is the rational prime below v), we can choose rep-
resentatives {u} of (Og /7O )™ = (Z/£¢Z)* such that u = u and local uniformiz-
ers 1, such that m, = m,. (This is accomplished by replacing m, with m, 7, if needed.)
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Thus, we have, for any v | §,

G(D)nd0r 8)
=Moo Y O )W o (—um, 87"

ME(OK v/ﬂ OK v)x

= (NK) o, (7, ) (KX)o 5(1 ) Z(NK) o @) (000,35 () Wk v (ury “871)

u€(Ok /7 Ok v)*

= (NO R (1) oo (1) D () Wk (w571

ME(OK,U/T[UEOK,U)X

-1
=(x>oo,v<n,:€>< > G0 )Wk (w8~ 1))

u€(Og /75 Ok )™
- 1
= (G =)
where in the penultimate equality, we have used the fact that

2
D G0 @)Wk o (—um; 67| = (NK)oo,n(1,7).

146((91(,v/71'501(.11)><

Now simply note that, by definition of W ((x )0, 8) and the above computation,

G 5
W0 8 =[G 8 [] G0, 8 >_M -

Proof of Theorem 28. Interpreting the statement as an assertion about p-adic
measures, and proceeding as in [Gross 1980] using Lemma 1.1 of loc. cit., it
suffices to prove the theorem at s = 0 and when y is of finite order.

Let x be unramified at each place dividing Dg. Then x : Gal(K (uypr)/Q) — CJ
is an even Dirichlet character, where fp"Ox = f(x/x), (f, p) =1 and fp" > 1.
Let wy, denote the number of roots of unity in K* congruent to 1 (mod fp"),
and let CI( fp") denote the ray class group of Ok of modulus fp” Ok . Recall our
fixed embeddings iy, : @ < C and ip: Q— C, compatible with the identification
i:C= C,.Forae(Z/fp")™, let

—2ria . .
Crp(@o=1—e 7", Crp(@)=i(Crp (@), Crpl@)y=i""(Crpr(@)oo).
Further, let E¢pr(¢)oo € Q* c C* be the “elliptic units” of [Robert 1973], and let

Eppr(0) =i (Eppr(©)oo)y  Eppr(©)p = i (Efpr (€)oo)-
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Now, for a € (Z/fp")*, choose ¢ € CI(fp") so that Nmg ,g(c) = a (mod fp"),
and let

Fypr(a) = Nmg (fpry/K (ugr) (Efpr (€))-
Finally, fora € A = (Z/fp")* /{£1}, let

F¥(a) = Fyp (@) Fppr(=a),  CT(a) = Cypr (@)Crpr (—a).

Note that in our situation, for any s € Z,,,

G((xyx (N —vDr) = [ [ G (Gux (NgYDZ,. —v/Dx)
v|§

= () [[oeCOx: " /Dr),
elf

where f is viewed as in Z,. Hence, using the special value formulas from [Katz

1976, Formulas 10.4.9-10.4.12] (suitably modified with respect to the normalization
of the p-adic L-function in [Gross 1980]) we have

1
o) s % (—vDx)ge ()
. Hz|f xe(—=1)
G((x/x)> » —v/Dk)

—1
L - XK (P)> g(x7H ;
= (1- ] Bl log, F*(a),,
3fprwf,,r( X/K(p))< » 175 aEAX(a) og,F"(a),

Ly,(x/k,0)

Ly,(x/k,0)

and

Ly(xekw,0)=—(1— xex(p) B, yex»

_ TP\ a(x™
Ly(x 1,1>=—(1—X ) - x(a)log,C*(a),.
d p fr L,EZA P P

On the complex side, we have (by Kronecker’s second limit formula; see [Stark
1977])

1
L'((x/K)o0 0) = & > (0oo(@) log FF (@)oo,
P acA

L((X)ootk>0) = =B, (x) ek »

-1
L0, D = —% Y (Noo(@) log C* (@)oo,

acA
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and thus, by the functional equation, we have
L0 0) = =5 3" (0e(@) 10g C* (@),
acA
where log : R* — R is the map x > log|x|. Now we claim that
1
[Te) s % (=v/Dr)geC0

Note that

Ly(x/k,0) = Ly(xexw, 0)L,(x ', 1).

X7k )

—1

since g (p) = 1. If this quantity is O then the above identity of special values of
p-adic L-functions is trivial, so assume this is not the case. By the above formulas,
this identity is equivalent to

=3P wrpr Biyex Y x(@)log,CT (@), =Y x(a)log,F(a),.

acA acA

From the complex factorization

L((X/K)o0» ) = LX) ootk » ) L((X)oos 5),

we get, by taking the derivative at s =0,

L'((X/K) 005 0) = L((0)ock s )L ((X) o, 0),

which is equivalent, by the above formulas, to

=3P Wi Bl (omeex Y (X)oo(@10g CT (@)oo =Y (X)oo(@) log F ¥ (@)cc
acA acA
Now C*(a)oo and F*(a) oo are p-units in the field Moo = Q(cos 727). Let E (M)
denote the group of all p-units viewed as a finitely generated subgroup of R*. Then
we claim that the identity

=3P W Bi.(mex Y (X)o0(@) ® CH (@)oo = Y (X)oo(@) ® FT (@)oo

acA acA

holds in C ®7 E(M). The representation of A = Gal(M~,/Q) on this complex
vector space is isomorphic to the regular representation, and the elements

D 0 @CT @0, Y (Xoo(@ F (@)

acA acA
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are both in the (x)5/!-eigenspace. Because this eigenspace is one-dimensional, the
elements above differ by a complex scalar. Applying the C-linear map

and considering the identity above concerning special values of complex L-functions,
we identify this scalar as —3 fp" wypr By (5).ex - Thus our identity in C ®7 E (M)
holds. Now applying our identification i : C = C,, we obtain the identity

=3 fp Wi Blyex D x@®CH @)oo =Y x(@) ® FF (a)oo

acA acA
in C, ® E(M,), where M), = i(M,). Finally, applying the homomorphism

1®log 1slog,

C,®C, —=2 C, ® C, 2 ¢,

we obtain our identity of special values of p-adic L-functions. Now, to extend
to general x (including when y is ramified at places dividing Dk ), we use the
functional equation of Theorem 27 and Lemma 30:

()

L,(x/k,s)
[y xe (—VD)ge() I/
1
G((X/K (Ng)Y)ad, —/Dk) Lp(x/k. )
_ WY VDO
G ((xyk (Nk ), —/Dx) Ly(x/x @k
1 -
= G((%/x (Nk) ™) \/D—K)Lp((stK)/;’ 1—5)
(N

= Ly(xwex) g, 1 =9).
[Te| s Oxwek)e(—v/Di)ge(xwex) ™) " /K

Here X,k denotes the dual of x,x and we have used the fact that, for £| f, the

characters w and ek are unramified at £, as well as the equalities ex ¢(£) = 1, since

¢ is splitin K, and (ex)/x = 1. O

3.6. Eisenstein descent. We now define the notion of cuspforms which have Eisen-
stein descent. In this setting, we prove a congruence between the BDP p-adic
L-function and the Katz p-adic L-function on the anticyclotomic line.

Definition 31. Fix a global or local field M containing E and fix an integral ideal m
of Oy. Suppose (N4, N_, Ny) is a triple of pairwise coprime positive integers,
where N = Ny N_Ny, Ny N_ is squarefree, Ny is squarefull, and | and v, are
Dirichlet characters over Q. We say that a normalized newform f =) 2, a,q" €
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Sk(To(N), €r), where k is a positive integer, has partial Eisenstein descent of type
(Y1, Y2, Ny, N_, No) (over M) mod m if v, = &7 and if we have

(1) ag = ¥1(£) + Y2 (£)€F! (mod m) for £1 N,
(2) ag =1 (£) (mod m) for £| N,
(3) a¢ = Y (0)€*~! (mod m) for £ | N_,
(4) a; =0 (mod m) for £ | Np.
If, further, f satisfies

B y,B
ONE MR | CRRZICEY | (CEAC)
LNy 2| N_
x [T =v1@ (1 = y2(0) =0 (mod m),
£| No

where

1 ify =1,
Sy=1:= .
0 otherwise,

then we say f has (full) Eisenstein descent of type (¥1, ¥», Ny, N_, Nop) mod m.

Remark 32. Recall, for k > 2, that the Eisenstein series E ;(// 1¥2:N) i< an element of
Ni(To(N), ¥12). (When either k > 2 or y; # 1 or v # 1, then in fact £/"¥>®)
is an element of My (Iy(N), ¥1v2).) It has g-expansion

W, (N

o
= =8y, LY (g, ) LY (g 1= k) + ) o M m)g”

n=1
B
= sy~ [ =@ D TTa—va @ [Ja- v H -y
£| Ny LN £ No
+ Z G};ﬁ_l,]Wz,(N)(n)qn,
n=1

where L™ (yr, ) denotes the L-function of a Dirichlet character v with Euler
factors at primes ¢ | N removed, and where

R () R SR AY (2O L 2T €)Y
O0<d|n
(d,Ny)=1
(nJd,N_)=1
(n,No)=1
Here, in keeping with our conventions, ¥ (m) = 0 if (m, f(¥)) # 1. Then for

f € Si(I'h(N), &) to have partial Eisenstein descent of type (Y1, Y2, Ny, N_, No)
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at A | p is equivalent to having
0/f (@) =0'E]""*™ () (mod m)
for all j > 1. When f has full Eisenstein descent, this congruence holds for j > 0.

Remark 33. Suppose we are given f € S§;(I'h(N), &r) with partial Eisenstein
descent of type (1, V2, N4+, N—, Ng) over M mod m, in the sense of Definition 31.
In many situations, (5) is forced to hold a priori so that f automatically has full
Eisenstein descent. Suppose m # Oy, (for otherwise, the conditions of Definition 31
are vacuous).

If 1 is nontrivial, then 6, —; = 0 and (5) holds. Now suppose that ¢; = 1. If
k is odd, then By y, = By = 0, again forcing (5) to hold. Suppose k is even. Let
A | m be a prime ideal of residual characteristic not equal to 2. By parts (3) and (1)
of Theorem 34, we have {1y, = &; in particular, we have Y (—1) = ¢r(—1) =
(—1)¥ =1. Hence Y, is even, and so By y, =0 unless ¥, = 1. Now further suppose
that ¢y, = 1. Then (5) is still forced to hold unless N_Ny = 1. Now suppose
N_Ny=1. Let A | m be a prime ideal of residual characteristic p. Then conditions
(1)-(4) still imply

0f (@) =0E""* ™ (g) (mod ).

Suppose p > k + 1, so that, by [Serre 1973, Corollary 3, p. 326], 6 is injective on
mod-A modular forms. Then the above congruence implies

F@)=E" N (g) (mod i).

Hence, if m has order O or 1 at every prime of Oy, and if the residual characteristic p
of every prime X | m satisfies p > k + 1, then (5) is forced to hold. (See [Billerey
and Menares 2013, Theorem 4.1] where a similar argument is given.) In particular,

By k—1y
ﬁ]‘[(1—@ ) =0 (mod m).
2| Ny
When k£ = 2, we have
1
o n(l—z)EO(modm),
£ Ny

and therefore there exists at least one £ | Ny = N such that £ =1 (mod m), i.e.,
£=1 (modmnN2Z).

Suppose we have a normalized eigenform f(q) = Zf,o:o anq" € Mi(I'(N), &r).
Again let M be a number field containing Ey. Let k; denote the residue field
of Oy ata prime A | p. By a construction of Deligne [1971] we can attach a unique
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semisimple p-adic Galois representation py : Gal(Q/Q) — GL,(M,) unramified
outside pN and such that p¢(Frob,) has characteristic polynomial

T —a,T +ep(0)0*!

for all £1 pN. Taking a Gal(@/Q)-stable lattice and the reduction mod A, we get a
representation p : Gal(@/Q) — GL,(k;) (whose semisimplification is independent
of the choice of lattice). By Theorem 3 of [Atkin and Lehner 1970], we have
ap = 4K>= for £ || N, and a; = O for £2| N.

We have the following characterization of partial Eisenstein descent mod A. See
[Billerey and Menares 2013, Theorem 4.1] for a similar result to part (2) below.
The elliptic curves case of part (1) was essentially done in [Serre 1972].

Theorem 34. Suppose f € Si(I'o(N), &f) is a normalized newform, and define
py : Gal(Q/Q) — GLy(ky) to be (the semisimplification of ) the mod-A reduction of
the associated semisimple Galois representation py. Then the following hold:

(1) Suppose py is reducible. Then pr = k;\(lel) ® k;\(lﬁzwk”), where we have
Y = (mod A), i =1, 2, for some Dirichlet characters | and Y, over Q
with Y1, = Ef.

(2) Suppose py is reducible. Then, for all £ || N, either a; = Y1 (£) (mod 1) and
ag = Y7102 (mod 1) and €2 = y2(£) (mod 1), or a; = Ya(£)€F!
(mod ) and a; = w;l (©)¢~! (mod 1) and ¥ = wz_z(ﬂ) (mod 1).

(3) Let N4 denote any product of all primes £ | N satisfying ag = ¥1(£) (mod A)
and N_ any product of £ || N satisfying ag = ¥»(£)€*~! (mod 1), such that
N, N_ is the squarefree part of N (so that, in particular, (N;., N_) = 1). Let
Ny be the squarefull part of N. Then py is reducible if and only if f has partial
Eisenstein descent of type (Y1, Y2, N1, N_, No) over M, mod A.

Proof. (1) Since py is reducible and semisimple, we can write por =k (x1) @k;.(x2),
where x1, x2 : Gal(@/@) — k,°. Hence x; xo = det(py) = sfwk_l, and so for our
statement it suffices to show that one of x, x2 is unramified outside the squarefull
part of N (since f(er) divides the squarefull part of N). Since p; is unramified
outside pN, clearly both yi, x» are unramified outside p/N. For £ || N, the local rep-
resentation py ¢ (i.e., the restriction of pr,, to the decomposition group Gal(@g /Q¢))
has conductor £. Thus the corresponding automorphic representation 7z, of p, has
conductor £, and so, by the classification of admissible representations of GL, over
local fields (see [Gelbart 1975, p. 73]), at most one of x; and y; is ramified at £.
Thus xi, x» are unramified inside the squarefree part of N. Finally, since oy,
is reducible, by a theorem of Deligne (see [Gross 1990, Introduction]), a, is not
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congruent to 0 mod A and py, , is of the form

(a)k_llup(gf(p)/ap) * )
0 Mp(ap) ’

where w1, () is the unramified character of Gal(@p /Q,) taking Frob, to a. Hence
exactly one of x;, x2 is ramified at p.

Putting this all together, we see that {1, x2} = {¢1 mod A, wzwk_l mod A} for
some Dirichlet characters v and > with 1y, = &7, and so we are done.

(2) Itis a theorem of Langlands (see [Loeffler and Weinstein 2012, Proposition 2.8])
that, for £ || N, py,¢ is of the form

(w’g/zue@f(z)ekﬂ—l/ae) x )
k/2—1 _ s
0 ;> etag /02

where wy is the localization of w to £. Thus by (1), we have

(1.0 mod &, Y2 0" mod A} = {w} e (er (06> ap), wy *ue(ae /€2~ 1)}.

Note that ¢ (£5/>7/ay) is a quadrauc character.
Suppose first that ¥y o = a’z ,ug (er ()%= 1/ag) (mod 1), and that v, ga) =
k/ 2 ,u (*2=V/a,) (mod 1). Plugging in Frob, to both congruences, the first con-
gruence implies a; = ¥, (O = ) (£)¢*=1 (mod 1), and the second congruence

implies a; = ¥, (L' =5 (ﬁ)z—l (mod 1).

Suppose next that ¥ , = a)lz/2 welae/%>~1y (mod 1), and that Yo, ga) =
wz ug(sf(ﬁ)ﬁk/z Vay) (mod 1). Plugging in Frob, to both congruences the first
congruence implies both ay = ¥y ¢(€) = ¥ (£) (mod A) and a; = ¥ y; (E)Ek 2=
¥ 1(€)€F=2 (mod 1) (we get both since we have 11, (ag /€ ") = ;fl(ag SRy,
and the second congruence gives no new congruences.

(3) For £1pN we have a; = trace(py)(Froby) = ¥ (£) + Y2 (051 (mod A).
For ¢| Ny we have a; = ¢ (£) (mod )), for £| N_ we have a; = wz(f)ﬁk_l
(mod A), and for £| Ny we have a; = 0 (mod A). Finally, by the Cebotarev
density theorem and continuity of trace(or), we have a, = trace(py(Frob,)) =
V1 (p) + Y2 (p) p*~! = ¢ (p) (mod 1). Hence f has partial Eisenstein descent of
type (Y1, ¥2, Ny, N, Np) at A | p.

If f has partial Eisenstein descent of type (Y1, Y2, Ny, N_, Np) at A | p, then
for £4 N we have trace(py)(Frob,) = 1 (€) + V2 ()51 (mod A). Hence if j :=
ky (Y1) & ky (Yr0* 1), then trace(ps) (Froby) = trace(p) (Froby) for all £1 N. Thus
by the Cebotarev density theorem and continuity of trace, trace(pr)(g) =trace(p)(g)
for all g € Gal(Q/Q). Hence, by the Brauer—Nesbitt theorem, Pr = p. (]

For k =2 and M = E; = Q, we note the following corollary.
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Theorem 35. Suppose E/Q is an elliptic curve and p is a prime such that E[p] is
a reducible mod-p Galois representation. Then the associated normalized newform
fE € $2(T0(N)) has partial Eisenstein descent over Q, mod pZ,.

4. Proof of the main theorem

First, we examine complex L-values arising from twisted traces of Eisenstein series
evaluated at CM points, analogous to such traces for normalized newforms interpo-
lated by Bertolini, Darmon, and Prasanna’s p-adic L-function (see Theorem 24).
Parts of the calculation in Section 4.1 are implicit in [Hida and Tilouine 1993], but
for our purposes which require explicit identities, and for the sake of completeness,
we include the full calculation here.

4.1. Twisted traces of Eisenstein series over CM points. Let k > 2 be an integer,
and let i1, ¥, be two Dirichlet characters over Q with conductors u and ¢, respec-
tively. (Here and throughout this section, for simplicity, we identify these ideals
in Z with their unique positive rational integer generators.) We also assume that
ut = N’ (where u and ¢ are not necessarily coprime), and that (V1 ¢)(—1) = (— 1)k,
Recall our Eisenstein series (see Remark 32)

E}" (1) o= 8y,- 12L(w1,1—k>+Zok 2()g",

n=1

2mit

where g = e and

o2y = Y Y (n/d)(d)d
0<d|n
Note that the nebentypus of E;C/” 18 € v, = Y12
k
Recalling the Maass—Shimura derivative 0 defined in Section 3.1, one checks by

direct computation that

—1t—1u-1 — i
e ZZ 3 V1Y, (@) (|mr+n|2)f
k+2j _ =z ’
c=0 d=0 =0 (m,n)z(mt+n) -t
(ct,d+et)(N')

“T(k+ j)

ajEll’IvlffZ —
C = s

with the last sum over (m, n) € Z>\ {0} satisfying (m, n) = (ct,d + et) (mod N').

Recall that under our Assumptions 1, Dk is taken to be odd. (The calculations
for the even case are entirely analogous to those of the odd case, but we do not
explicitly write them out here.) Given an integral primitive (i.e., having no rational
integral divisors other than £1) ideal a of Ok, we can write

b+ /D
Z%‘an,
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where a = |[Nmg g(a)| and b* —4ac = Dg; the triple (a, —b, c¢) determines the
primitive positive definite binary quadratic form associated with the ideal class of a.

We set
b+ /Dg
2a

Ty i=

so that 7, € H is the root of the dehomogenized quadratic form at> — bt +¢ =0
with positive imaginary part. We call 7, a CM point. Note that (., 1) generates a~'.
(Here, for Tt € HT, we have (1, 1) =Zt +7Z.)

Suppose that K satisfies the Heegner hypothesis with respect to N’. Fix an

ideal 91 such that O /9 = Z/N’, and write

N = zw +ZN', oW = ZM +ZaN',
where ng, —4aN’c = Dk for some ¢ € Z. Write DV = ut, where O /u=Z/u and
Ox/t=12]t.

Suppose we have a Dirichlet character ¢ : (Z/N’ )>< — C*. By the identification
Ok /MW =7Z/N’', we can view qb as acharacter g : AZ" —T], jov (Ok /M Ok )" =
(Og /M) — C*, where Ag’ M denotes the ideles prime to ‘ﬁ/ when we view ¢
in this way, we will write ¢>(x mod M) for its value at x € AK . Given a Hecke
character x over K of finite type (97, ¢) and infinity type (ji, j»), recall that the
associated Grossencharacter on ideals a prime to DV is given by

x (@) = x ()¢ (x mod N)xJ 522

[c.ekdge of)

where x € A;’m/ is such that ord, (x) = ord, (a) for all finite places v. We consider
the twisted trace
)T @E] Y (ra),
[a]eCl(Ok)

where a ranges over a set of primitive integral ideal representatives of Cl(Og)
chosen to be prime to N’, and where x is of infinity type (k + j, —j) and of finite
type (DU, ¥1v2) (so that the above summands depend only on the ideal classes of
the adt).

Suppose o = m (byn' + VDg)/QRaut) +n e (auw)~! with (m, n) = (ct, d + et)
(mod N'). Then aua = m(byy' + ~/Dk)/(2t) + aun € au C O is mapped
to byn'c € Z/u under the identification Ok /u = Z/u. We see this by writing
m = ct +gN' for some g € Z and

mbyn ban' — ~/ Dk
auo = ; —m +aun

2
ban' — ~/ Dk

=b,n'C —m# + qu = bync (mod u).
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We thus have v/ ((aua) mod it) = Yy (banc). Since bun++/Dx € ), in particular
we have by’ = —+/Dg (mod u), meaning V| (b,y') = ¥1(—~/Dx mod u); hence-
forth we will write v (—+/Dx) = ¥ (—+/Dg mod u) for simplicity. On the other
hand, note that « is mapped to d € Z/t under the isomorphism (au)~!/(au) 't =
Ok /t=172/t. Thus, Y (au(e) mod t) = Yo (d) (since au is prime to t). In all,

¥1(c)a(d) (|mram/ —I—n|2>j

(mTa +n)*27 \ Tov — Taw
¥ (=D ¥ ((aua) mod i)y, ' (@) mod ) (Nmg g (@l (@)Y
- ak+2j \/D_K :

Suppose k > 2. Then we can rewrite each summand in the twisted trace as
)~ @V L (rar)
Tk + )y (—=v/Dy)
2mi) gy )

1 ((auar) mod i)Yy ! (ati(er) mod ¢) (|Nmg g (adV (@)Y
X Z ak+2i Dk

()~ (@)

_ae@)!
(@ (@), 1)=1

Tk A+ DY (VD) x T (O (ko) ! (@)
202mi+igay; HDx’  INmg/@m)|*/2
5 g)"/zﬂ' Y1 ((aua) mod i)y, ' (aui(er) mod ¢)
INmg /g (a)|¥/?

ae(am)!
(@m(a),19)=1

_ Tkt Dy (VDX (D
2@k +ig(; )v/Dx’!
X D (X=k/2)” ! (@0(en) Y1 (@(@) mod u) 2 (d(e) mod 1)

ae(@m)”! 1 —
(@), 097)=1 y Y1 ((aua) mod u)yr,  (au(e) mod t)

INm @ (au(e))[*/?

_ Tkt Dy (VDX (D
@ri)k+ig(yy )v/Dx’
X Y (xk2)” (@)

ae(au)”!
(au(a),19)=1

_ ORI ATk + Dy VDX (D -~ @ik i) (0)

2 Qri+igy; WDk g, INmk/a®)/2
[b]=[au]eCl(Ok)
(b, u)=1

Y1 ((au Nmg g(a)) mod u)
INmg g (an(a))[*/2
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The penultimate equality is justified since ¥; ((auo) mod ) = 1y (au(e) mod u) =
Y1 (au(er) mod u) (the first equality here follows since au is prime to u). The factor
of |OF | appears because any integral ideal b C Ok can be written as au(a) for
some ideal class representative a and some element « € (an) ~! determined uniquely
up to an element of (’)I? = {=£1}. Since (Y1yn)(—1) = (—D* = (=1)**+%/ | we see
that each summand of the second line has the same value for & or —«. Now since
|Og | =2, we finally have, after summing both sides of the above equality over all
our ideal class representatives a,

> )T @) L ()
[a]eCl(Ok) ] . |-
I'k+ v, (—«/D —(t k
_MI( J)l/f? ( _\/] K)Xj ( )L<1//1/K(X—k/2)_lv _>.
Qmi)k+igys v/ Dk 2

For k = 2 note that, by the same calculation as above, we have, for all s € C with
N(s) >0,

> ) @)

[a]eCl(Ok)
¥ (—/Dx) Y1 (d(aua) mod i)y ! (i) mod ) (|Nmg g @V (@)Y
(Z)l Q2 t2i /Dx

(au(a), ud)=1

TN —/Dr)x (%
= VPO O k™ 1),
q/DKJ 1S

Note that each summand of the inner sum can be written as the special value of a
real analytic Eisenstein series at a certain CM point:

i 3 Y1)y, () (|mtuw+n|2)f“‘
, 2+42j S — T ’

(m n)=
(ct,d+et)(N)

m
I
o
&.
o
)
Il

Using standard analytic arguments, one can show that the above expression tends
to Bng 1’wz(ram/) as s — 0. Hence, combining the above, we have

> ) @) EY 2 (ra)
[a]eCl(Ok)

i PTCA DY VDX (D
s—0 (27”)2+Jg(w2 \/_J s 8
_ T+ DY (—vDox (D

(@niy*+ig(y; VD’

LWk (x-1)"" 14s)

LWk (x-n~" D).
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Proposition 36. Let k > 2 be an integer. Suppose x is of infinity type (k + j, —j)
and x_y 2 has trivial central character and is of finite type (W, Y1Yr2). Suppose
also that | and ry are Dirichlet characters over Q with conductors u and t,
respectively, such that ut = N and (Y1y2)(—1) = (—D)X. Then

k -
Y )T @V E! (1) = Tk + v (= Dr)x (t)L
[aleCl(Ok) Qri)+igpy )/ Dx’

4.2. Stabilization operators. We have the following “stabilization operators” act-
ing on normalized I'y(N')-eigenforms F with character . Given a rational prime
€4 N’, let ay denote the eigenvalue of F under the Hecke operator Ty, let («, B¢) de-
note (some henceforth fixed ordering of) the algebraic numbers such that oy + 8, = ay,
o = 5 Lep(0), and ord, (ay) < ord;(B¢). Now define

F(g)— F“(q) := F(q) — BeF(q") € My(To(N'0), &r),
F(q) — F)(q) := F(q) —a/F (g% € My (To(N'€), eF),
F(g) > F(q) := F(q) — a,F(g") + er ()5 F(g") € M (Toy(N'€2), ep).

Wik x ' 0).

Note that, for £; # £,, the stabilization operators F +> F @ and F > FE)
commute for any €, €, € {4+, —, 0}. Then we define, for integers S = ]_[l. Ef",
€,€1,€ S {+9 ) O}’

FOO .= pILE 'S .o p6iH.s?)

These operators clearly extend to p-adic modular forms. On the p-adic modular
forms §/E""Y* from Section 4.1, we explicitly have

QJEWI RN (A )(q) _8‘//1 : ]—OL(WD 1— k)(l wz(g)ek 1)+2Zn 0_‘//1 Y2, (Z‘*’)(n)qn

n=1

=0/E)"" () — v (0 HOIE 2 (g,

OTE{ (@)= 8yi=1 =L (W1, 1 =K (1 = 92(0)) +2Z ol g
OB )~ OOIEP G, |
0TE) 12O ) =8y oL(z/u, 1= k) (1= Y1) — Yo (O " + (e
+22n ol 4 'mq"
=07E]""(q) — ¢/ (Y1 (0) + Y2 ()¢ HOTE! " (¢

+ (W) (O 29T E (¢,
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where 8y —1 j—o equals 1 if v is trivial and j = 0, and O otherwise, and

N
o) = Y Y (n/dyya(d)d !,
0<d|n
d,0)=1
oy = Y i m/d)yga(dya !,
0<d|n
(n/d,0)=1
0
o Oy = Y ynin/dyyad)d .
O0<d|n
(n,0)=1
Let N’ be as in Section 4.1, let N” = N N” N/ be prime to N’, and suppose
additionally that K satisfies the Heegner hypothesis with respect to N” so that
every prime dividing N := N”N’ is split in K. Let 91 = 997, where 9 is as
in Section 4.1 and 9" is some choice of integral ideal such that Ox /M =Z/N".
Write 91 as a product of (distinct) primes [ [, |y V> Where v [ £; in other words, for
each £ | N, we can write
by + VD
% +7¢

v=/~

for some b, € Z such that b% = Dg (mod 4%).
For any integral primitive ideal a of Ok coprime to 1, recall the associated point

ban + +/ Dx c

fH+
2aN

Tat =

such that (aD) ™! = Zzan + Z. Note that, for v | 91", where v | £, we have

—1
_ ban + /Dx
5@~ = (a 1_[ v/) — ZEM +7,

2aN
v #v

and hence
77 % (@M% C/O0g) =C/ (@)™ = C/(Zltan + 7).

In terms of the action of [ on CM triples (A’, ¢/, '), forany F € My (Io(N), &r),
we have

F(lten) = F(0 ' %(C/(Ztan + Z), t,27idz)) = F(0 ' aM x (C/ Ok, t,27idz)),
F(ten) = F(0 2% (C/(Zten + 2), t,27idz)) = F(5 2aMN * (C/ Ok, t,27id?z)).

Thus, for any normalized eigenform F, viewed as a p-adic modular form, recalling
our notation Ag = C/Ok, ty € Ag[I1] from Section 3.4, and with w¢,, as our
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“canonical” differential on flo under our fixed isomorphism i : flo s @m (see
Section 3.4), we have for £ N’

67 F ) (@M x (Ao, 10, Wean)
— GjF(CWt* (Ao, 1o, Wean)) —ﬂgEJQjF(l_flCWt*(AO, 10, Wean)),
0/F ) (@M * (Ao, 19, @can))
= 07F (ax (Ao, 10, Wean)) — et/ 07 F (5~ adlx (Ao, 10, Wean))
6/F (a3« (A, 9, wean))
= 07F (a0 % (Ao, 10, @can)) — €/ arf/F (57 a0 % (Ao, 1, @can)
+ ep (O THGIF (57200 % (Ao, to, Wean)).-

Choosing some set of representatives a prime to 1, we thus have

> 0T @O FED (ax (Ao, o, ean)
[a]eCl(Ok)

= > () (@O F(ax (Ao, o, wean))
[a]eCl(Ok)

— Bt D ()T (@OTF (@ ax (Ao, o, Wean))
[a]eCl(Ok)

= (1= Be(x) ™ @) D (x)) " (@O F (ax (A, 10, wean)),

[a]eCl(Ok)

DG @O F (ax (Ao, to, ean)
[a]eCl(Ok)

= Y ) @O/ F(ax (A, to, Ocan))
[a]eCl(Ok)

— et Y ()T @O F (5 ax (Ao, 1o, Wean))
[a]eCl(Ok)

= (1 —a(x)) "' @) D (x)) " (@O F (a (Ao, 10, Wean)),
[a]eCl(Ok)

> )T @OTFE) (@x (Ao, 1o, Ocan))
[a]eCl(Ok)

= Y ) @O/F (ax (Ag, 1o, Wcan))
[a]eCl(Ok)

—tlag Y () @07F @ ax (Ao, fo, @can))
[a]eCl(Ok)

+er (O " ()T @0 F (57 a* (Ao, 10, Oean))
[a]eCl(Ok)
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= (1 —a,(x)) '@/

+er(0) () 2@ Y ()T @O F (ax (Ao, 10, Ocan))-
[a]eCl(Ok)

. . A2, (NDT N~ .
Thus, rewriting the definitions of E Zf 1Y (NTNV2TNOD S terms of triples, and

using the above general identities for p-adic modular forms and induction, we have

- i WL (NDT (N (N
Do) @ E T " (a (Ao, 10, @ean)
[a]eCl(Ok)

=B, (Y1, Y2, Npu Ny No) Y ()™ (@07 E 2 (ax (Ao, 1o, wcan)),
[a]eCl(Ok)

where Ny = N/ -1/(u, 1), N_ = N"-u/(u, 1), No= N[ - (u,1)?, and

Ex (W1, Y2, Ny, N—, No)
= [T = @axx H@eh [T = @yxxH@)

¢| Ny a

< [T = @y x ™ H@EHA = @k x (@),

£| Ny

W2, (NN (N .
Henceforth, let E,Ewl’wz’N“N”NO) = EZ” Y2 (N7 (N2 (o)), Now, using the above
calculation, Proposition 36, the fact that

Q
Oean = — - 2midz
Qp

(where Q4 and €2, are the complex and p-adic periods defined in Section 3.4) and
part (3) of Theorem 21, we have:

Proposition 37. Let k > 2 be an integer. Suppose x is of infinity type (k + j, —j)
and x_i 2 has trivial central character and is of finite type (N, Y¥1Yr). Suppose
also that r; and y are Dirichlet characters over Q with conductors u and t,
respectively, such that ut = N and (Y1¥»)(—1) = (—=1D)X. Then

_ i W, Ny, N_,N,
> ) @ BN (a5 (A, 10, wcan)
[a]eCl(Ok)

B (& )"“f Tk + )y (—vDox ™' (D
Qoo Qmiy+igty; )vDx’
x B, (Y1, Y2, Ny, Ny No)L (Y1, x ", 0),
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where

EX(le w2» N—i-’ N—’ NO)
=[]0 = @yxx H@E T = @yxxH@)

¢IN, ¢IN-

[TA = @oex H@EHA = @ryxx @),

£ | No

Finally, since p 1 N, note that the “p-depletion” operator b of Section 3.2 coincides
with the ((p?)?)-stabilization operator on our family of Eisenstein series, i.e.,

(QjElgwl'wz’NJ“N*’NO))b - QJ'EIEWWZ,N%NaPZNo)‘

(Note that all the above stabilization operators on p-adic modular forms commute
with 6, so the above notation is unambiguous.)

4.3. Proof of main theorem.

Proof of Theorem 3. Suppose, as in our assumptions, that f € Sy(I'0(N), &7) has
partial Eisenstein descent of type (Y1, ¥, N+, N_, Ng) over M mod m, where M
is a p-adic field containing Ey. Recall the field F’ defined in Section 3.4, with p

being the prime ideal of Of above p determined by our embedding i, : Q— @ .
Thus,

0'f (@) = 07BN (g) (mod mOg ),
viewed as p-adic modular forms for all j > 1. Moreover,

07 1"(q) = 0TEL VNN (g) (mod mOg ).

Henceforth, let E,EA(//) = E(‘/Il V2N N No) g E(pN)vf _E(w’ V2.l N ZNO) and
recall our notation Ag = C/Ok, ty € Ap[I] (see Section 3. 4) Since p being spht
in K implies that the curves i, (ax Ap) are ordinary (viewed as curves over C,), by
the congruence above and the g-expansion principle [Gouvéa 1988, Sections 1.3.2

and 1.3.5] we have

D) @O ) (ax (Ao, to, wean))

aeCl(Ok)

D0 @O EL,) ) (@x (Ao, fo, 0cn) (mod mOp ).
aeCl(Ok)
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By assumption, &¢ equals 19> and y is of finite type (N, &) = (N, Y1¥2). Now
by Proposition 37, we have

Y )T @O ELY )@ (Ao, to, 0can))
aeCl(Ok)

B ( Q, )”Zf T+ Dy (—Drx ()
$200 @mi)*+ig(y; )/ Dk’
X EX(‘//lv 1!’27 N+, N—v pzNO)L(WI/KX_I’ O)a
where E, (Y1, Y2, Ny, N_, pzNo) is defined as in Proposition 37.

Since x is of finite type (91, &¢), it is unramified at p. Moreover, since ptuOk,
Y1,k 1s unramified at p. Hence, by [Katz 1978, 5.2.27 Lemma, 5.2.28], we have
Local, (Y1 /x x ~') = 1 and Local, (1 /x x ~'Ng %) = 1.

Now using Theorems 24 and 27 with € = f(lﬁl/KX_l) = lem(uOk, t), where
§=Icm(u, t), §. =uand J =1, we can write

Ly(f. )

2
= ( > 6 @) (@ x (Ao, to, wcan»)

aeCl(O)

2
( Y DT @@EL) )@ (Ao, 1o, wcan»)

aeCl(Ok)
(<&)’<+2f T (k+ vy (—vDr)x (D)
Qoo QriY+igiy; )vDx’

2
X EX(‘//lv WQA N—‘r’ N—v pzNO)L(WI/KX_Iv 0))

L] e

2
dap h@riyerr oKV Ve N No)Ly (s O))
2

(mod m(’)Fp// M)-

The above congruence now extends by p-adic continuity from 25? M) to ﬁcc (Q19)
(with respect to the topology described in Section 3.4). Thus the congruence holds
on X (M), and the theorem follows after setting & := &, (Y1, Y2, N4, N_, Np). U

Proof of Theorem 7. In this more specialized situation, we have ¥ = ¥, I = v
and u =t = |f(¢)|. Thus ¥y, equals 1 and y is of finite type (O, 1). Recall from
Bertolini, Darmon, and Prasanna’s p-adic Waldspurger formula (Theorem 25) that

k2 k/2—1\2
_ P ay(f)+p
Lo(f, N = < p/f/zl“(lﬁ) ) (

— —1\\2
Al (Ar(K) (@ ey 7).
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The proof proceeds essentially by plugging x = N[;k/ % into Theorem 3. We have, by
Gross’s factorization formula (Theorem 28) applied to (Y */?)y (see Definition 6),

[Fy) 2 o
oDty WrkNg - 0)
() ( o k)
- — L{(Wo™*ok, =
IT“ﬂ¢ﬂ¢ﬁlwW2N10—vlkﬁwzMzwmwww»)mKW) ! 0K
() 2 ( s k)
= I &
[Te 50 @ ™00, (—/Di)ge (F*/2)0) " ook
=t (wO(SKa))l_k/z’ g)Lp <1ﬁ0_1 (ex )21 — g)

Using the interpolation property of the Kubota—Leopoldt p-adic L-function, we have

_ k _ 2
Ly <Wo Nexo) /21— 5) =—(1—- (Y, 181];/2)(1?)171(/2 h % ngl 1%

ek

_ .2
=—1—=19Y, 1(P)Pk/2 h % B%vllf(;l"?;k(/z’

where the last equality follows since p is split in K and so ex (p) = 1.
Suppose Yo (eg w) ' /2 # 1. In this case, since p2ff(1/f0(81<w)l_k/2) | pf, we
have by Corollary 5.13 of [Washington 1997] that

k
Ly (wo(b"Kw)l_k/z, 5) = L,(Yo(exw)' 72, 0)

= —(1 = (Yoex (k@) ) (D) By ey

= _BIJ/IOEK(EKC‘))_I(/Z (mOd p),
where the last equality holds since p | f(Yoex (ex @)'~*/2). Note that this congruence
also holds mod A for any prime A | p.

Now suppose Volexkw)' %2 =1and k =2, ie., Yo = 1. From [Gross 1980,
p. 901, the Katz p-adic L-function at Yo,k = 1,k has the special value
p—1 p—1

—log, =2
ogl p "

L,(1/k,0)= log, @,

where @ € O such that (@) = p*. (Recall that |(9,§| = 2 since we assume that
Dk < —4.) The statement now follows directly from Theorem 3. U

5. Concrete applications of the main theorem

In this section, we apply Theorem 7 to computations with algebraic cycles, in certain
instances verifying a weak form of the Beilinson—Bloch conjecture (as described
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in Section 2.2). In Section 5.5, we apply our results to the case of elliptic curves
with reducible mod-p Galois representation, in particular deriving criteria to show
that Heegner points on certain quadratic twists are nontorsion. In Section 5.6, we
use this criterion to show that for semistable curves with reducible mod-3 Galois
representation, a positive proportion of real quadratic twists have rank 1 and a
positive proportion of imaginary quadratic twists have rank 0.

5.1. Construction of newforms with Eisenstein descent of type (1,1, 1, 1, 1).
We now give a procedure for constructing newforms f € S;(SL;(Z)) which have
Eisenstein descent of type (1,1, 1, 1, 1).

Construction 38 (Eisenstein descent of type (1, 1, 1, 1, 1)). Fix an even integer
k > 4 and a prime p | Bx. Recall the classical holomorphic Eisenstein series of
weight k:

—k By <
Ex(q) = ¢d )+ZUk 1(n)q" = 2—£+ng—1(”)4"-
n=1

(See Remark 32.) The Eisenstein series E4 and E¢ generate My (SLo(Z))/Sk(SLo(Z))
as an algebra, and therefore if we normalize E4 and E¢ to G4 = 240E,4 and
G = —504 E¢ to have constant term 1, then we have a cuspform

fi = Ex+ %’;ch;g € Si(SLy(2), @)
for some a, b € Z>o with k = 4a + 6b.

Under our assumption p | By, we see immediately that f; = Ex (mod p). How-
ever, there is no guarantee that fj is a newform, a problem we can remedy as follows.
Consider the Hecke algebra T C Endz, (Sx(SL2(Z), Z,))) generated by the classical
Hecke operators T at primes £. Since T is a finite torsion-free Z,-algebra, it is flat.
Minimal primes p of T correspond to Gal(@p/ @Q,)-conjugacy classes of weight-k
eigenforms in S;(SL,(Z)), which also correspond to Z,,-algebra homomorphisms
¢: T — @p (with ker(¢) = p), which in turn correspond to eigenforms f such
that 7y fp = ¢ (T¢) fp-

Now write fy(q) = Zflil a,q" so that a, = o;_1(n) (mod p), and define a
homomorphism ¢ : T — [, given by ¢(Ty) =a, =1 + 51 (mod p). Since [, is
a field, m := ker(¢) is maximal, and there exists a minimal prime p C m above p
since T is flat over Z,,. Then the minimal prime p corresponds to a map ¢ : T — @p
with ker(¢) = p that satisfies ¢ = ¢ (mod p). Let F = Frac(¢(T)) denote the field
of fractions of ¢ (T), and note that ¢ (T) C OF; since T is finite over Z,, F is finite
over Q,. Now let A denote the maximal ideal of Of. Since Ty = 1 + 51 (mod m)
(because ¢ : T/m = [,), we have ¢(T;) =1+ 251 (mod ¢ (m)). Hence since



356 Daniel Kriz

A | ¢ (m), the modular form f, corresponding to ¢ satisfies

fo@) =D or_1(m)q" (mod 1)

n=1
and is our desired newform.

Remark 39. The last paragraph of Construction 38 is commonly known as the
“Deligne—Serre lifting lemma” (see [Deligne and Serre 1974, Lemme 6.11]).

5.2. Construction of newforms with Eisenstein descent of type (1,1, Ny, N_, Ny).

Construction 40 (Eisenstein descent of type (1, 1, N+, N_, Ng)). We can easily use
the normalized newform with Eisenstein descent of type (1, 1, 1, 1, 1) obtained from
Construction 38 to produce a newform of descent of type (1, 1, Ny, N_, Np). We ap-
ply certain stabilization operators, as in Section 4.2. Suppose we are given a normal-
ized newform f € Sx(I'1 (N")) with Eisenstein descent of type (1, 1, N\, N', N{)
mod A. Applylng the (N N_N, 0) stabilization operator, the resulting newform
f (NENZNG) ¢ St (T (N)NTH(N)) is a normalized newform which has Eisenstein
descent of type (1, 1, N\ N;, N_N_, N)Ny) mod A.

Applying the above (Nj_rN: Ng)—stabilization operator to fy € Sx(SL2(Z)) from
Construction 38, we have

£ )zZo,fNi(n)q" (mod 1),

where ak(Nl is defined as in Remark 32. In other words, fQEN NEND)

descent of type (1, 1, N+, N_, Np) mod A.

has Eisenstein

Remark 41. We could similarly produce examples of newforms with Eisenstein
descent of type (Y1, Y2, Nr, N_, Ny) by starting out with the Eisenstein series
EZ/ V2 in Construction 38 and applying appropriate stabilization operators as in
Construction 40.

5.3. Application to algebraic cycles. We now calculate an explicit example to
demonstrate the main theorem. We first use Construction 38 to construct an ap-
propriate newform with Eisenstein descent of type (1, 1, 1, 1, 1). We thus look for
a positive integer k, a rational prime p, a real quadratic extension L/Q, and an
imaginary quadratic extension K /Q such that p splits in K and such that p | By,
pJka e @nd p{ By, 2. To this end, consider k = 18, p =43867, L = Q and

K = @(«/ 5). Then 43867 splits in K, and p|4;§g7 Big = By.. Furthermore,

By ¢, = —5444415378 = 5726 (mod 43867),
and so p1t Bk = B:

7:6L-K 72:€K "
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Remark 42. For certain values of k, we can simplify the above formula even
further. Let [m] denote the smallest nonnegative representative of the residue class
mod (p — 1) of an integer m. In the case that 2 < [—k/2] < p — 4, by standard
congruence theorems (see [Washington 1997, Chapter 5.3], for example), we have

Bi—k/21+1

k2] 1 (medp)

By ik =

(and hence this congruence also holds mod A|p).
Hence, by Remark 42, we have

B
B, .= D488
’ 43858

= 11867 (mod 43867),

and so p{ B 1.e,w*2 = Bj 9. Hence, applying Construction 38, we get a newform
fig € S18(SL,(Z)) such that

fis(@) =D o17(n)g" (mod 1)

n=1

for some prime ideal A | p of a finite extension over Q,,. Note that we can apply
the (NIN__ Ng)—stabilization operator of Construction 40 to obtain a newform
fl(év ) of weight 18 which has Eisenstein descent of type (1, 1, N+, N_, Ny) mod A.
Choose (N, N_, No) = (7, 1, 1). Then 7 splits in K = Q(+/—5). Furthermore,

2(1,1,7,1,1) =1 —7% =25644 (mod 43867),

and thus E(1, 1,7, 1, 1) € Q is not congruent to 0 (mod 1).
Let F/Hn/K be in situation (S) as defined in Section 2.2. Applying Theorem 7,
we determine the nontriviality of the associated generalized Heegner cycle

AN ee CH' (X16)0.,,, (F).

E(fls,NEs)/F (f1s.Ng®)/F

Thus we have constructed an algebraic cycle with nontrivial (fs, NES)—isotypic
component, whose existence is predicted by the Beilinson—Bloch conjecture since
by the Heegner hypothesis we have L( fig, NIS(, 0) = 0. (See Sections 2.2 and 3.4
for further details.)

5.4. Application to the Ramanujan A function. Recall the Ramanujan A function,
which is a weight-12 normalized newform of level 1 with g-expansion at oo given by

Alg) =) _t(n)q".

n>1
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It is well-known that 7 satisfies the congruence 7 (n) = o((n) (mod 691), and so,
for any j > 1 and any quadratic Dirichlet character i, we have

O'ARY)(q) = (07E12®¥)(g) (mod 691),

i.e., A ® ¥ has partial Eisenstein descent over Q, of type (¥, ¥, 1, 1, 1) at 691.
Choosing an auxiliary imaginary quadratic field K satisfying Assumptions 1 with
respect to (681, A ® ¥) and applying Theorem 7, we get:

Theorem 43.
6916 — ¥ (691)7(691) + 6915 B
( v 6916 . 5! ) (AJFF/,(AA®¢(NK5))(O)A /\wfmi))z

— (BG,WOBl,wawaﬁ)z
N 576

(mod 6910¢/),

where g is defined as in Definition 6.

Corollary 44. Let F/Hy/K be in situation (S) as defined in Section 2.2. Sup-
pose ¥ is a quadratic character and K is an imaginary quadratic field with odd
discriminant Dx < —4 such that

(1) 6911§(¥),
(2) each prime factor of 691 -f(y) splits in K,
(3) 6911 Bs,yy By ey cro-
Then
€apy ) Dasy (Ng) € €ugy 15, CH (X10)0.0(F)
is nontrivial.

To elucidate this result, we include the following table exhibiting a few values
of quadratic characters ¢ over QQ and imaginary quadratic fields K for which
Theorem 43 implies the conclusion of Corollary 44:

Ky f(¥) K Bb, o By g -o (mod 691)
Q(/3) 12 Q(/=23) 583
Q(W3) 12 Q(/=95) 126
Q/13) 13 Q(v/—=10) 583
QH/—17) -7 Q/—10) 176

5.5. Application to elliptic curves. We now focus on the case where fr € S>(I'g(N))
is the weight-2 normalized newform associated with an elliptic curve E/Q. If E[p]
is reducible, by Theorem 35, fr has Eisenstein descent over Q, mod p. We now
prove our main application to elliptic curves, which is Theorem 13.
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Proof of Theorem 13. Recall that fr determines an invariant differential wy, =
2rife(z)dz € Q}(I(N)/@. Let @ : X|(N) — E be a modular parametrization (i.e.,
the Eichler—Shimura abelian variety quotient ®y, : X|(N) — Ay, , postcomposed
with an appropriate isogeny) and let wg € Q}Y /Q be an invariant differential chosen
so that @zwlg = Wfy.

By Theorems 35 and 7 with k = 2,

1—a,+p 2 1—a,+p 2
<T”> log},, Pe(K) = (T” logfofEP(K)

is congruent to

=2
o)

4
if  # 1 and

1 ) 2
(5(1—1# 1(17))31,,/,018,(31,1//0601) (mod pOk,)

g2 /p—1 2
T( » logpo't) (mod pOk,)

if ¢ = 1, where v is defined as in Definition 6 and where

E= —y! _v® ! _v®
e=[[a-v (z))]_[(l . )l_[(l ” (@))(1 ; )

¢IN, CIN_ 2| No

(Note that our congruence holds mod POk, because both sides of the congruence
are defined over K, in this situation.)

Our hypotheses on (E, p, K) and part (2) of Theorem 34 (with k = 2) ensure that
none of the terms on the right-hand side of the above congruences vanish mod p,
and hence log,, . Pr(K) # 0, i.e., Pg(K) is nontorsion. O

Remark 45. Suppose (E, p) is as in the statement of Theorem 13, and for simplicity
suppose ¥ is even and nontrivial. Thus, in particular E[p](Q) = 0. We will show
(Theorem 54) that there always exists an imaginary quadratic K satisfying the
appropriate congruence conditions, so that the theorem gives rankz E(K) = 1. In
particular, this implies that we should be able to see that ranky E(Q) < 1 a priori
from the congruence conditions on (E, p).

Indeed, one can show that rankz,, Sel ,(E/Q) <1 (which implies rankz E(Q) <1)
through purely algebraic methods. Using standard techniques, one can show that the
congruence conditions on (N4, N_, No) imply Sel,(E/Q) C H'(Q, Elpl; {p)D.
(Here, for Gal(@/@)-module M and a finite set = of places of @, H'(Q, M; X)
denotes the subgroup of H'(Q, M) consisting of classes unramified outside X.) See,
for example, [Li 2014, Section 2.2] for the case p =3 and E semistable; the case for
general p > 2 and general E is completely analogous. The hypothesis p{ Bj -1
(which is equivalent to p{ L, (1, 1) since ¥ # 1 and p{§()) implies, via the main
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theorem of Iwasawa theory over Q and standard Selmer group control theorems, that
H'(@. F,(¥): {p}) = 0. Since H'(Q, F,(¥): @) € H'(Q. F,(¥): {p}), we have
H'(Q, F,(¥); @) = 0, which in turn implies that H'(Q, F,(y ~'w); {p}) = Z/p
(see, for example, loc. cit. Proposition 2.13). Now if F,(y) C E[p], from the
standard long exact sequence of cohomology (see Section 2.3 of loc. cit., for
example), one obtains a map ¢ : Sel,(E/Q) — HY(Q, Fp(z//*la))) such that
ker(¢) € H'(@Q, F,(¥); {p}) = 0 and im(¢) € H'(Q, F,(v'w); {p}) = Z/p.
Thus we get Sel,(E/@) C im(¢) € H' (@, F,(y~'w); {p)) = Z/p. If, on the
other hand, F, (¥ ~'w) C E[p], one obtains ¢ : Sel,,(E/Q) — H'(Q, F,(y)) with
ker(¢) C H'(Q, F, (¢ ' w); {p))=2Z/p andim(¢) C H' (Q, F,(¥); {p}) =0. Thus
we get Sel,(E/Q) C ker(¢) C H'(Q, [Fp(w_la)); {ph=2/p.

Remark 46. Since the congruence in the proof of Theorem 13 comes from p-adic
interpolation of p-adically integral period sums, we should be able to see a priori
that both sides of the congruence are p-adically integral. This is self-evident for the
right-hand side, and also a priori true for the left-hand side as follows. Note that
since p{ N, we have p+1—a, = |E (F,)| by the Eichler—Shimura relation. Let
E denote the formal group of E, so that E(pOKP) has index |E‘ (Fp)| in E(Kp).
(Recall that p is the previously fixed prime above p determined by our embedding
K < @,.) Then [1 —a, + p]Pr(K) = [ E(F,)|1Ps(K) € E(pOx, ).

Suppose for the moment that X{(N) — E is optimal (i.e., E is the strong
Weil curve in its isogeny class). Well-known results due to Mazur [1978] on
the Manin constant c(E) imply that if £|c(E), then £2|4N. Thus for p odd
of good reduction, we have p{c(E). Thus letting log; denote the canonical
formal logarithm on E (i.e., the formal logarithm arising from the unique nor-
malized invariant differential on E), we have log,, T = c(E )~ !'logy T, meaning
our normalization of the formal logarithm does not change the p-divisibility on
the formal group. That is, log,,, E (pOk,) C pUk,. Thus by the previous paragraph,
((1—ap, + p)/p)log,, Pe(K) is p-adically integral.

For E nonoptimal, the choice of modular parametrization might change the nor-
malization of the formal logarithm, since we are postcomposing the Eichler—Shimura
projection with a Q-isogeny which does not necessarily preserve normalizations
of the formal logarithm. This can still be shown to not affect p-adic integrality of
log,,. on E(pOKp).

Remark 47. Suppose that (E, p, K) is as in the hypotheses of Theorem 13. One
can show that log,, Pg(K) =0 (mod p) as follows. Let F = K (), and choose
a prime 7 | p of F; note that p is totally ramified in K (u,), so that Of, /7 = [,
and ord, (p) = p — 1. If Px(E) is torsion, then log,, Pgr(K) = 0 by properties of
the formal logarithm (see [Silverman 2009, Chapter 4]), so assume that Pg(K) is
nontorsion. Suppose 1 # 1. Then |E([Fp) |—(14+p)=—a,=—v¥(p) #—1 (mod p)
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implies |E‘ (F,)| #0 (mod p). Therefore, E (7w OF, ) has index prime to p in E(Fy),
and so log,, E(Fy) C nOF,, and~logwE Pg(K) € pOk,.

Now suppose ¥ = 1, so that |[E([F,)| — (1 + p) = —a, = —¥(p) = —1 (mod p),
and so |E (F, )| = 0 (mod p). Moreover, p is ordinary good reduction and so
|E(B)[p]] = |E(Fp)| = p implies p | |E([F )|. Then, by Theorem 35, we have
E[p] = E(F)[p], and so the exact sequence

0— E(nOF,) — E(F,) — E(F,) = 0

splits, i.e., E(Fy) = E(mOF,) ® E(F,), and moreover E(F,) C E(Fy)"". (The
torsion of E (Fy) that is outside of p injects into E([Fp), and E([Fp)[p] CE(Fy)[p)D.)
Thus since logwEE(nOFn) CnOF, and logwEE([Fp) =0, we havelog,, Pg(K)€nOp,.
Now since Pg(K) € E(K) C E(Ky), we have log,, Pr(K) € K, N\t Of, = pOk, .

Remark 48. While the proof of Theorem 13 accounts for the case ¥ = 1, it gives
no new information since the left side of the relevant special value congruence
is always O (mod p): Remark 47 shows that log,,  Pg(K) =0 (mod p), and a, =
¥ (p) =1 (mod p) implies that (1 —a, + p)/p is a unit in O¢,. Note that this
forces E (1, Nsplit» Nl’lOIlSplitv Naga) =0 (mod p).

In fact, if ¥/ = 1, one can show that, for any elliptic curve, NypjitNadaqg # 1 in the
following way: assume Npgg = 1, so that N is squarefree. A theorem of Ribet then
shows that Ngpjic 7 1 (see the Ph.D. thesis of Hwajong Yoo [2015, Theorem 2.2] and
the ensuing remark therein). Thus if ¢ =1, we have E (1, Nyplit, Nnonsplits Nadd) = 0.

When ¢ # 1, we have a, =¥ (p) #1 (mod p), and so the factor of (1—a,+p)/p
is congruent to (unit)/p (mod p), thus canceling out a p-divisibility of log,, . Pr(K)
in the special value congruence.

Remark 49. Suppose we are in the situation of Theorem 13, so in particular pt N
is a good prime which is split in K. Let @ be a local uniformizer at p. (Recall
that p is the prime above p determining the embedding K — @p.) Then as
l—ay+p= |E([F,,)|, we have that P :=[1 —a, + p] Pg(K) belongs to the formal
group E (pOk,). One can show that log P € w(’)gp = p(’);p if and only if the image
of P in E(K,)/pE(K,) is not in the image of E(K)[p] as follows. If P is not in
the i image of E(Ky)[p]in E(K,)/pE(Ky), then suppose logy P & wOX Since
Peck (pOk,), we know that P is either torsion (i.e., logg P = 0) or P E szKp
(1 e., logp P € p2(’)1< ). However, in the first case this implies P € E(Ky)[p] (since
E (pOk,) has no p- -torsion) and in the second it implies P € E (p2(’)1<p) thus P
is p-divisible. Therefore, P € E (pOK ) + pE(K,), a contradiction. Conversely,
if logp P € wOX , then we have P ¢ E(Kp)[p]+ pE(K,); otherwise, we have
P € E(Ky)[pl+ pE(p(’)Kp) (since a priori P € E(pOKP)) thus logz P € p (’)Kp,
a contradiction.
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Thus the nonvanishing results of log; P mod p provided by Theorem 13 give
information on local p-divisibility of P (and thus also of Pg(K)). Note that if
p >3, then E(pOKp)[p] =0, an so E(Ky)[p]l— E([Fp)[p]. In particular, if p is of
supersingular reduction, then E(F,)[p] =0, so E(K;)[p] =0 and the nonvanishing
of logz P mod p is equivalent to P having nontrivial image in E(K,)/pE(Kp), i.e.,
the condition that P not be p-divisible in E(K}).

For any elliptic curve E over Q, let w(E) denote the global root number, which
factors as a product of local root numbers

w(E) = weo(E) [ [ we(E).
<00

Proposition 50. Suppose that (E, p) is as in Theorem 13 and that  is a quadratic
character. If either

(1) p=5,or

(2) E = E'® for some semistable elliptic curve E' of conductor coprime to f({r),
then w(E) = —y(—1). Thus, ranky E(Q) = %(1 + ¥ (—1)), and ranky Ex (Q) =
%(1 — ¥ (—1)) for any imaginary quadratic K as in Theorem 3.

Proof. By our assumptions in the statement of Theorem 13, |f(1ﬂ)|2 | Nagq and
Ngpiie = 1. By standard properties of the root number (see [Dokchitser 2013,
Section 3.4]), we have

(D if £ ” N (i-e-’ 14 | Nnonsplit), then we(E) =1,

(2) woo(E) =—1.

Hence,

w(E) = — [ Jwe(E).
€| Nada
Suppose first that (1) in the statement of the proposition holds, i.e., p > 5. By
Theorem 34, p, =F, ®F,(w). Hence pp, =F, () ®F, (w_la)) and thus E admits
a degree p isogeny ¢ : E — E’. Since p > 5, by [Dokchitser 2013, Theorem 3.25],
for £ | Nagq we have
we(E) = (=1, F/Qy),

where F := QQ; (coordinates of points in ker(¢)), and where (-, F' /() is the norm

residue symbol. By our assumptions, we see that F' = Q¢ (u2p, /¥ (=DIF())]),
which is ramified only if £ | pf(v/). Thus Qg (u2,)/Q; is an unramified extension.

Thus, by class field theory, (=1, F/Q¢) = (=1, Q¢ (VY (—=DIF () /Q¢) = e (—1),

and so w;(E) = Yy (—1). Hence, in all, we have

w(E) =~ Jwe(E) == Jve(=1) ==y (D),

€| Nagd €| Nagd
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where the last equality follows since () | Nadq-

Now suppose that (2) in the statement of the proposition holds. Let N’ denote the
conductor of E’. By the computations of [Balsam 2014, Proposition 1] describing
the changes of local root numbers under quadratic twists,

(1) if €4 N'§() then we(E) =1,
(2) if £] N’ (so that £1§(y)) then we(E) = we(E) e (€) = —ae(E") Y (0),
(3) if €| f(y) (so that £ N') then w¢(E) = we(E)Ye(—1) = Y (—1).

Hence by our assumptions in the statement of Theorem 13 and Remark 15, we
have w(E) = -y (=1) [], | n(—ae(ENYp(€)) = —y(—1). Putting this together,
we compute w(E) = —y(—1).

Now, by Theorem 13 and parity considerations, we immediately get rankz £ (Q) =
%(1 + ¢ (—1)) and rankzy Ex (Q) = %(1 — ¥ (—1)) for any K as in Theorem 13. [

5.6. Calculating ranks in positive density subfamilies of quadratic twists. In the
case p = 3, the Teichmiiller character w is quadratic and is in fact the character
associated with the imaginary quadratic field @(+/—3). Thus we have (using

By yo1 = —L(lpw_l, 0), the functional equation, and the class number formula),
hg,-a/=3)
G .
Ky-Q(+/-3)

Hence our nondivisibility criterion involving Bernoulli numbers in Theorem 13
reduces to the non-3-divisibility of the class numbers of a pair of imaginary quadratic
fields, and is thus amenable to class number 3-divisibility results in the tradition of
[Davenport and Heilbronn 1971].

For the remainder of this section, suppose p = 3 and suppose we are given
E/Q of conductor N = NgplitNnonsplitVada such that E[3] is reducible of type
(L, 1, Nsplit, Nnonsplits Nada). Let L = Ky, and furthermore suppose that L satisfies
the congruence conditions

(1) 3isinertin L,

(2) 3thL.@(JT3),

(3) if €| Ngplit, then £ is inert or ramified in L,

(4) if €| Nyonspiit> then £ is either split or ramified in L,

(5) if £| Nagq, then £ is either inert in L and € = 2 (mod 3), or ¢ is ramified in L.

Then we can apply Theorem 13 and Proposition 50 to the curve E ® ¥ (using the
fact that ag (E®1v) = v (£)ag(E), so that, by conditions (2) and (3), as(EQy) =—1
for £ | NgpiitNnonsplit), thus obtaining rankz (E ® ¥)(Q) = %(1 + ¥ (—1)). Using
results of [Nakagawa and Horie 1988] and [Taya 2000] regarding 3-divisibilities
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of class numbers of quadratic fields, we can produce a positive proportion of real
quadratic L as above, thus showing that a positive proportion of quadratic twists
of E have rank %(1 + ¥ (—1)) over Q.

Using these same class number divisibility results, we can also produce a positive
proportion of imaginary quadratic K such that

(1) 3issplitin K,
(2) 3thLk,
(3) K satisfies the Heegner hypothesis with respect to E,

and thus, using Theorem 13 and Proposition 50, we can show that a positive pro-
portion of imaginary quadratic twists Ex of E have ranky Ex (Q) = %(1 — ¥ (=1)).

To this end, let us recall the result of Horie and Nakagawa. For any x > 0, let
K T (x) denote the set of real quadratic fields k with fundamental discriminant Dy < x
and K ~(x) the set of imaginary quadratic fields k£ with fundamental discriminant
|Dy| < x. Set

K (x,m,M):={ke KT (x): Dy =m (mod M)},
K (x,m,M)={ke K (x): Dy=m (mod M)}.

Moreover, for a quadratic field k, we denote by h[3] the number of ideal classes
of k whose cubes are principal (i.e., the order of 3-torsion of the ideal class group).

Theorem 51 [Nakagawa and Horie 1988]. Suppose that m and M are positive
integers such that if € is an odd prime number dividing (m, M), then £* divides M
but not m. Further, if M is even, suppose that

(1) 4| M and m =1 (mod 4), or
(2) 16| M and m = 8 or 12 (mod 16).

Then
D 31~ 51K (x.m, M) (x — 00),
keK+t(x,m,M)
> 31~ 2|K ™ (x,m, M)|  (x — 00).
keK~ (x,m,M)
Furthermore,
+ - 3x q
K" (x,m, M)| ~ |K™ (x,m, M)| ~ (x = 00).
72®d (M) E|M£+1

Here f(x) ~ g(x) (x — o0) means that limy_, o, f(x)/g(x) = 1, £ ranges over
primes dividing M, q =4 if £ =2, and q = £ otherwise.
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Now set
Kf(x,m, M):={ke KT (x,m, M): h[3] =1},
K, (x,m,M):={ke K~ (x,m, M) :hi[3]=1)}.

Taya’s argument [2000] for estimating | KX (x, m, M)| goes as follows. Since
hi[3] > 3 if hy[3] # 1, we have the bound

K (e, m, M) +3(K*0e,m, M) — K (e,m, M) <Y I3l
keK*(x,m,M)
Hence,

3 1
KZCeom, M) = SIK=(eom M) =5 ) ul3).
keK*(x,m,M)

Now, by Theorem 51, we have

3kt _1 ~ KT
SIK @om, M) =5 Y 31~ 2K om M| (x> 00),

keK+(x,m,M)
3, - 1 1,,_
SIK™Gom M)l =5 3 i3]~ 5IK™ (@ m, M)| (x — 00),
keK—(x,m,M)
and hence,
p K m S q
—_— 2 b
x—00 X 21 QD(M)(‘MZ—FI
LIRS Gom M) 3 q
X—00 x T 2n2d(M) uM@—FI'

Thus, we have:
Proposition 52. Suppose m and M satisfy the conditions of Theorem 51. Then
+
i K m M) S g

oo [KH(e LD~ 60(M) | e+ 1

p S Gom Ml g

x—oo |[K—(x,1,1)] — 2®(M) £|M£+1’

where g = 4 if £ = 2 and q = £ otherwise. In particular, the set of real (resp.
imaginary) quadratic fields k such that Dy =m (mod M) and 31 hy has positive
density in the set of all real (resp. imaginary) quadratic fields.

Proof. This follows from the above asymptotic estimates and the fact that we have
|K*(x, 1, 1)| ~ 3x/m? by Theorem 51. O

We are now ready to prove our positive density results. For a quadratic field L,
let E; denote the quadratic twist of E by L.
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Theorem 53. Suppose (Nspiic, Nnonsplits Nadd) I a triple of pairwise coprime inte-
gers such that Ngplit Nnonsplit i squarefree, Nagq is squarefull and Ngplit NnonsplitNadd
equals N. If 24N let M' = N, if 2|| N let M’ = lem(N, 8), and if 4| N let
M’ =1cm(N, 16). Then a proportion of at least

1 q
beorm  1Lze=v [ze+ne-n [Te-n T2 [T
120 (M) £+1

L] Nsplithonsp]it €| Nydd €| Nadd 4| Nada €13M'
¢ odd £ odd £ odd
¢=1 (mod 3) {=2 (mod 3)

real quadratic extensions L/Q satisfy

(1) 3isinertin L,

@) 3thy. )

(3) €| Nspiie implies € is inert in L,

(4) €| Nyonspiit implies £ is split in L,

(5) £| Naqq implies £ is inert in L and £ #£ 2 (mod 3), or £ is ramified in L,
(6) 4| N implies Dy =8 or 12 (mod 16).

Moreover, a proportion of at least

1 1 1 q
00 [[3¢-0 [[3e+2e-n [Je-0 J]2 [1 i
£ | Nsplit Nnonsplit fel A:;gd fel Ndagd 4| Nyaa £|3M'
todd =1 (mod 3) =2 (mod 3)

imaginary quadratic extensions L/Q satisfy
(1) 3isinertin L,
(2) 3the,
(3) €| Nspiic implies € is inert in L,
(4) €| Nronspiit implies £ is splitin L,
(5) €| Naaq implies £ is inert in L and £ # 2 (mod 3), or £ is ramified in L,
(6) 4| N implies Dp =8 or 12 (mod 16).
(Here, again, g = 4 for £ =2, and q = £ for odd primes £.)
Proof. We seek to apply Proposition 52. Let M =9N if 2/ N, let M =91lcm(N, 8)

if 2|| N, and let M = 91lcm(N, 16) if 4| N. Using the Chinese remainder theorem,
choose a positive integer m such that

(1) m=3 (mod9),
(2) £ odd prime, £ | Ngpjix = m = —3[quadratic nonresidue unit] (mod £),
(3) 2| Nyplit = m =1 (mod 8),
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(4) £ odd prime, £ | Nponsplit => m = —3[quadratic residue unit] (mod £),
(5) 2| Nnonsplit = m =35 (mod ),

(6) £ odd prime, £ | Nyqq, £ =1 (mod 3) = m = —3[quadratic nonresidue unit]
(mod £) or m =0 (mod £) and m # 0 (mod £2),

(7) £ odd prime, £ | Nygq, £ =2 (mod 3) = m =0 (mod ¢) and m £ 0 (mod 0?),
(8) 4| Nagg = m =8 or 12 (mod 16).

Suppose L is any real quadratic field with fundamental discriminant Dy and
—3D; =m (mod M). Then the above congruence conditions on m along with our
assumptions imply

(1) 3isinertin L,

(2) € prime, £ | Ngpliy = £ is inert in L,

(3) £ prime, £ | Nyonsplic = £ is split in L,

(4) £ odd prime, £ | Nagq, £ =1 (mod 3) = ¢ is inert or ramified in L,

(5) £ odd prime, £ | Nagq, £ =2 (mod 3) = ¢ is ramified in L,

(6) 4| Nyga = 2 is ramified in L,

(7) if 2|| N, then4 | M and m =1 (mod 4),

(8) if 4| N, then 16| M and m = 8 or 12 (mod 16).
Thus for real quadratic L such that Dy o= = —3D; =m (mod M), L satisfies
all the desired congruence conditions except for possibly 314 L-Q(/=3)- Moreover,
the congruence conditions above imply that m and M are valid positive integers for
Theorem 51 (in particular implying that 4 | Dy if 4| N). (Note that in congruence
conditions (2) and (3) above, we do not allow m = 0 (mod £), i.e., £ ramified

in L, because the resulting pair m and M would violate the auxiliary hypothesis of
Theorem 51.) Thus, by Proposition 52,

. K, (x,m, M)| 1 q
1m > y
= [K-(@ 1L D] T 20(M) | L0+

s0 a positive proportion of real quadratic L satisty D; /=3, =—3D,=m (mod M)
and 31h L-Q(/=3) Moreover, noticing that the congruence conditions (1)—(6) on m
above are independent (again by the Chinese remainder theorem), we have

[Tice-b Jie-n [Tie+2e-1 [Te-n []2

A Nsplit a Nnonsplil €| Nagd €| Nadd 4| Naga
£ odd £ odd ¢ odd £ odd
£=1 (mod 3) (=2 (mod 3)
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valid choices of residue classes for m mod M. Combining all the above and
summing over each valid residue class m mod M, we immediately obtain our lower
bound for the proportion of valid L (with M = 9M’).
For the second case (concerning imaginary quadratic fields), the asserted state-

ment follows from taking M as above, then choosing a positive integer m such that

(1) m=—1 (mod 3),

(2) £ odd prime, £ | Ngpjix => m = [quadratic nonresidue unit] (mod £),

(3) 2| Ngpiig = m =5 (mod 8),

(4) £ odd prime, £ | Nponsplic = m = [quadratic residue unit] (mod £),

5 2| Nnonsplit = m =1 (mod 8),

(6) £ odd prime, £| Nygq, £ = 1 (mod 3) = m = [quadratic nonresidue unit]
(mod £) or m =0 (mod ¢£) and m # 0 (mod £2),

(7) £ odd prime, € | Nagg, £ =2 (mod 3) = m =0 (mod £) and m # 0 (mod 22,
(8) 4| Nygg = m =8 or 12 (mod 16),

and proceeding by the same argument as above. ([

Theorem 54. Suppose E /Q is any elliptic curve whose mod-3 Galois representa-
tion E[3] is reducible of type (1, 1, Nyplic, Nnonsplit, Naad), where 3 is a good prime
of E. Let L be any quadratic field such that

(1) 3isinertin L,

(2) 3thy qy=3) if L is real, and 3t hy, if L is imaginary,

(3) €| Nspiic implies € is inert in L,

(4) L] Nuonsplit implies £ is split in L,

(5) £| Naqq implies £ is inert in L and £ #£ 2 (mod 3), or £ is ramified in L,

(6) 4| N implies D =8 or 12 (mod 16).
Let M' =lem(N, D}) if lem(N, D7) is odd, M' =1cm(N, D?, 8) if 2 || lem(N, D}),

and M' = lem(N, Dz, 16) if 4| lem(N, D,%). Then if L is real for a positive
proportion of at least

i
war  Lse-v Iee-n []ze-n ] gqj

4 | Nsplithonsplit 4 | Nadd 4 | Dy, 14 I 3M’
24Dy, LDy L odd
£ odd L odd
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imaginary quadratic fields K, and if L is imaginary for a positive proportion of
at least

1
120(M) Hz(ﬂ—l)]_[;m—n]‘[z(g_l)l—[ q

14 | Nspllthnnspllt 14 ‘ Nada 14 ‘ Dy, 4 | 3M/
25 29 € odd
¢ odd ¢ odd

imaginary quadratic fields K, then K satisfies the Heegner hypothesis with respect
to Ep, we have (Dg, Dp) =1, and the Heegner point Pg, (K) is nontorsion. (Here,
again, g =4 for £ =2, and q = £ for odd primes £.)

Proof. Again we seek to apply Proposition 52, as well as Theorem 13. First suppose
that L is a real quadratic field. Let M = 3lcm(N, Df) if lem(N, Df) is odd,
M =3lem(N, D, 8) if 2| lem(N, D), and M = 3lem(N, D, 16) otherwise.
Using the Chinese remainder theorem, choose a positive integer m such that

(1) m =2 (mod 3),

(2) £ odd prime, £ | Ngpjjx => m = [quadratic nonresidue unit] (mod £),

(3) 2| Ngpiit = m =5 (mod 8),

(4) € prime, £ | Nyonspiit => m = [quadratic residue unit] (mod £),

(5 2| Nnonsplit = m =1 (mod 3),

(6) ¢ odd prime, £ | Nagd, £1 D, = m = [quadratic nonresidue unit] (mod ¢),

(7) € odd prime, £ | Nygq, £| D = m =0 (mod £), where m/D; = [quadratic
residue unit] (mod £),
(8) 4| N = m = D; (mod 16).
Suppose K is any imaginary quadratic field with odd fundamental discriminant
Dk such that (Dy, Dg) =1 and Dy Dx = m (mod M). Since Dk is odd, we must
have Dg = 1 (mod 4), and this is compatible with condition (6) which forces

Dk =1 (mod 8), which in turn forces 2 to split in K. Then the above congruence
conditions on m, along with the congruence conditions of our assumptions, imply

(1) 3isinertin L, splitin K, and inert in L- K,

(2) £ prime, £ | Ngpii, £ 1Dy, = ¢ isinert in L, split in K, and inert in L-K,

(3) £ prime, £ | Nyonsplit» 4Dy = £ is splitin L, split in K, and splitin L-K,
(4) £ odd prime, £ | Nagd, £1 Dy, = € is inert in L, split in K, and inert in L- K,
(5) £ odd prime, ¢ | Dy, => £ is ramified in L, split in K, and ramified in L-K,
(6) 4| Npgqg = 2 is ramified in L, split in K, and ramified in L-K,

(7) if 2| N, then 4| M and m =1 (mod 4),

(8) if 4| N, then 16 | M and m = 8 or 12 (mod 16).
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Thus for imaginary quadratic K such that D;.x = Dy Dg =m (mod M), (E,3,L,K)
satisfies all the congruence conditions of Theorem 13 except for possibly 31/ .x.
Moreover, the congruence conditions above imply that m and M are valid positive
integers for Theorem 51. Thus, by Proposition 52,

Ko Gom M) 1 q

lim > ,
x—oo |[K=(x,1,1)| ZdD(M)“MZ-i—l

S0 a positive proportion of imaginary quadratic K satisfy Dy.x =m (mod M) and
31hy.x. Thus, for these K, (E, 3, L, K) satisfies all the congruence conditions of
Theorem 13, and so Pg, (K) is nontorsion. Moreover, noticing that the congruence
conditions (1)—(6) on m above are independent (again by the Chinese remainder

theorem), we have
[[3¢—-1 J]iee-n J]3e-n

4 | Nsplithonsplil 14 | Nadd ¢ | Dy,
Z*DL Z'fDL £ odd
£ odd £ odd

choices for residue classes of m mod M. Combining all the above and summing
over each valid residue class m mod M, we immediately obtain our lower bound
for the proportion of valid K (with M =3M").

For the case when L is an imaginary quadratic field, let M be as above. Then
choose a positive integer m such that
(1) m=3 (mod9),
(2) £ odd prime, £ | Ngpjix => m = —3[quadratic nonresidue unit] (mod £),
(3) 2| Ngpiit = m =1 (mod 8),
(4) £ odd prime, £ | Nponsplic = m = —3[quadratic residue unit] (mod £),
(5) 2| Nnonsplit => m =5 (mod 8),
(6) ¢ odd prime, £ | Nagg, £1 Dy = m = —3[quadratic nonresidue unit] (mod ¢),
(7) € odd prime, £ | D, = m =0 (mod ¢), where m/D; = —3[quadratic residue

unit] (mod £),

(8) 4| N = m = Dy (mod 16).

The argument then proceeds in the same way as above to establish 3/, . K-QW3)
and thus rankz E; (K) = 1 by applying Theorem 13. (]

Proof of Corollary 18. Since E[3] is a reducible mod-3 Galois representation,
E has Eisenstein descent of type (¥, v Nsplit, Nnonsplits Nada) mod 3, where
is some quadratic Dirichlet character. We may assume without loss of generality
that ¢ = 1 (after possibly replacing E by E ® ¥ ~!). From Theorem 53, a positive
proportion of quadratic twists Ej satisfy the conditions of Theorem 54, and so
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by that theorem a positive proportion of imaginary quadratic K have that Pg, (K)
is nontorsion. If E is semistable, then E necessarily has Eisenstein descent of
type (1, 1, Ngpiit, Nnonsplit» Nadd) by part (3) of Theorem 34 and by Theorem 35.
Since Nugg = 1, Theorems 53 and 54 produce twists E; with (N, Dr) = 1 and
ranky E(K)=1. Then by part (2) of Proposition 50, each E; has w(Er) =—¢er(—1)
and so rankz E; (@) = $(1 +¢&,(—1)) and rankz E;.x (@) = (1 — &,.(—1)). The
more precise lower bounds on these positive proportions follow immediately from
Theorems 53 and 54. ]

Remark 55. There is no “double counting” resulting from using the lower bounds
of Theorems 53 and 54 in tandem. The real quadratic twists E; produced in
Theorem 53, which have discriminant Dy, prime to D, are distinct from the real
twists Ep.x produced in Theorem 54 (with L” imaginary), which have discriminant
Dy Dk . Similarly, the imaginary quadratic twists produced in Theorem 53 are
distinct from those produced in Theorem 54.

Example 56. Let £ /Q be the elliptic curve 19al in Cremona’s labeling, which has
minimal Weierstrass model

v +y=x>4+x>—9x —15.

Then E(Q)"" = Z/3, and so taking p = 3, one sees that E[3] is a reducible mod-3
Galois representation. Furthermore, £ has conductor N = 19, where 19 is of split
multiplicative reduction. Taking the real quadratic field L = Q(+/41), one can check
that 3 and 19 are inert in L. Taking the imaginary quadratic field K = Q(v/—2),
one sees that 3 splits in K and that K satisfies the Heegner hypothesis with respect
to the quadratic twist E; (and 3 and 19 split in K'). Furthermore, 3 does not divide
the class numbers hL-@(\/j) = h@(m) =4and hy.x = h@(\/—TZ) = 2. Our result
now gives ranky E7 (K) = 1. By Proposition 50, one sees that ranky E; () = 1
and rankz E; g (@) = 0. Taking the imaginary quadratic field L’ = Q(+/—7), one
can check that 3 and 19 are inert in L’. Furthermore, 3 does not divide the class
numbers i =1 and hL’-K-@(ﬁ) = h@(\/—TZ) =4, so by Proposition 50 one sees that
rankz E;/(Q) =0 and rankz E;/.x (@) = 1. By Corollary 18 (and adding the explicit
lower bounds given in Theorems 53 and 54 applied to E, E; and EL/) at least
%—I—% = 1(3)520 real quadratic twists of E have rank 1 and at least ¢ 40+ 17920 3352834
imaginary quadratic twists of E have rank 0.
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