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We calculate the mean and variance of sums of the Mobius function p and the
indicator function of the squarefrees 12, in both short intervals and arithmetic
progressions, in the context of the ring [, [#] of polynomials over a finite field [,
of ¢ elements, in the limit ¢ — co. We do this by relating the sums in question
to certain matrix integrals over the unitary group, using recent equidistribution
results due to N. Katz, and then by evaluating these integrals. In many cases our
results mirror what is either known or conjectured for the corresponding problems
involving sums over the integers, which have a long history. In some cases there
are subtle and surprising differences. The ranges over which our results hold is
significantly greater than those established for the corresponding problems in the
number field setting.
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1. Introduction

The goal of this paper is to investigate the fluctuation of sums of two important
arithmetic functions, the Mobius function @ and the indicator function of the
squarefrees 12, in the context of the ring [, (] of polynomials over a finite field [,
of g elements, in the limit ¢ — oo. The problems we address, which concern sums
over short intervals and arithmetic progressions, mirror long-standing questions
over the integers, where they are largely unknown. In our setting we succeed in
giving definitive answers.

Our approach differs from those traditionally employed in the number field setting:
we use recent equidistribution results due to N. Katz, valid in the large-g limit, to
express the mean and variance of the fluctuations in terms of matrix integrals over
the unitary group. Evaluating these integrals leads to explicit formulae and precise
ranges of validity. For many of the problems we study, the formulae we obtain match
the corresponding number-field results and conjectures exactly, providing further
support in the latter case. However, the ranges of validity that we can establish are
significantly greater than those known or previously conjectured for the integers,
and we see our results as supporting extensions to much wider ranges of validity in
the integer setting. Interestingly, in some other problems we uncover subtle and
surprising differences between the function-field and number-field asymptotics,
which we examine in detail.

We now set out our main results in a way that enables comparison with the
corresponding problems for the integers.

The Mobius function. 1t is a standard heuristic to assume that the M6bius func-
tion behaves like a random +1 supported on the squarefree integers, which have
density 1/¢(2) (see, e.g., [Chatterjee and Soundararajan 2012]). Proving any-
thing in this direction is not easy. Even demonstrating cancellation in the sum
M(x) = Zl<n<x w(n), that is that M (x) = o(x), is equivalent to the prime num-
ber theorem. The Riemann hypothesis is equivalent to square root cancellation:
M(X) — 0(x1/2+0(1)).
For sums of @ (n) in blocks of length H,

MG H)= ) ) (1-1)

In—x|<H/2

it has been shown that there is cancellation for H >> x7/12+°() [Motohashi 1976;
Ramachandra 1976], and assuming the Riemann hypothesis one can take H >
x!/2+0() 1f one wants cancellation only for “almost all” values of x, then more is
known. In particular, very recently Matoméki and Radziwitt [2015] have shown
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(unconditionally) that

1 2X
— M(x; H)zdx =0(H2)
X Jx
whenever H = H(X) — oo as X — 00, and in particular M (x; H) = o(H) for
almost all x € [X, 2X].
We expect the normalized sums M (x; H)/ V'H to have mean zero (this follows
from the Riemann hypothesis) and variance 6/ =1 /¢(2):

1 [ H
—/ M (s H)P ~ - (1-2)
X Jx £(2)
Moreover, M (x; H)/~/H/Z(2) is believed to have a normal distribution asymptoti-
cally. These conjectures were formulated and investigated numerically by Good
and Churchhouse [1968], and further studied by Ng [2008], who carried out an
analysis using the generalized Riemann hypothesis and a strong version of Chowla’s
conjecture on correlations of Mobius, showing that (1-2) is valid for H « X '/4=o(
and that a Gaussian distribution holds (assuming these conjectures) for H < X¢.
It is important that the length H of the interval be significantly smaller than its
location, that is H < X' 7€, since otherwise one expects non-Gaussian statistics,
see [Ng 2004].
Concerning arithmetic progressions, Hooley [1975] studied the following aver-
aged form of the total variance (averaged over moduli)

2
VX. 0= ) Z( > M(n)) (1-3)

0'<Q A mod Q' n<X
n=A mod Q’
and showed that for Q < X,
60X _
VX, 0)=—5+ 0(X*(log X)) (1-4)

for all C > 0, which yields an asymptotic result for X/(log X)¢ « Q < X.

For polynomials over a finite field T, the Mobius function is defined as for the
integers, namely by u(f) = (— )X if £ is a scalar multiple of a product of k distinct
monic irreducibles, and pu(f) =0 if f is not squarefree. The analogue of the full
sum M (x) is the sum over all monic polynomials M, of given degree n, for which
we have

1, n=0,
Yo wH)=1-q. n=1, (1-5)

feMa 0, n>2,
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so that in particular the issue of size is trivial'. However that is no longer the case
when considering sums over “short intervals”, that is over sets of the form

A =(f:IIf — Al < ¢") (1-6)
where A € M,, has degree n, 0 < h < n —2 and” the norm is

£ =#F,[11/(f) = g8/ (1-7)

To facilitate comparison between statements for number field results and for function
fields, we use a rough dictionary:
X < q", log X <> n,

(1-8)
H < g¢"t logH < h+1.

Set
Nu(Ashy:= Y u(f). (1-9)

JFel(Ash)

The number of summands here is ¢"*! =: H and we want to display cancellation
in this sum and study its statistics as we vary the “center” A of the interval.

We can demonstrate cancellation in the short interval sums V), (A; ) in the large
finite field limit ¢ — oo, n fixed (we assume ¢ is odd throughout the paper).

Theorem 1.1. If2 < h <n — 2 then for all A of degree n,

H
N, A h)| <y —
[N (A5 h)| Ja

the implied constant uniform in A, depending only on n = deg A.

For h =0, 1 this is no longer valid; that is, there are A’s for which there is no
cancellation. See Section 3.

We next investigate the statistics of \V,,(A; h) as A varies over all monic poly-
nomials of given degree n, and ¢ — oo. It is easy to see that for n > 2, the mean
value of NV, (A; h) is 0. Our main result concerns the variance.

Theorem 1.2. If0 <h <n—>5 thenas g — oo, q odd,
1
VarNj (e iy = -2 " INL(Ai )P~ H / tr Sym" U|*dU = H
AeM, U(n—h—2)
I This ceases to be the case when dealing with function fields of higher genus, see, e.g., [Cha 2011;

Humphries 2014].
ZForh =n—1, I(A; n — 1) = M, is the set of all monic polynomials of degree n.
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This is consistent with the Good—Churchhouse conjecture (1-2) if we write it as
H/t,(2), where

1
)= ) e Re® > 1

Jf monic

which tends to 1 as ¢ — oo, and H = ¢"*! is the number of monic polynomials in
the short interval.

A version of Theorem 1.2 valid for & < n/2 (“very short” intervals) has recently
been obtained by Bae, Cha and Jung [2015] using the method of our earlier paper
[Keating and Rudnick 2014].

Analogous results can be obtained for sums over arithmetic progressions, see
Section 8.

Squarefrees. It is well known that the density of squarefree integers is 1/¢(2) =
6/72, and an elementary sieve shows

O(x) :=#{n < x : n squarefree} = % + 0(x1/2). (1-10)

No better exponent is known for the remainder term. Using zero-free regions
for ¢ (s), Walfisz gave a remainder term of the form x1/? exp(—c(log x)3/3Foy,
Assuming the Riemann hypothesis, the exponent 1/2 has been improved [Axer 1911;
Montgomery and Vaughan 1981; Baker and Pintz 1985], currently to 17/54 = 0.31
[Jia 1993]. It is expected that

X
Q(x) = —-+ 0!/, (1-11)

£(2)
Since the density is known, we wish to understand to what extent we can guarantee

the existence of squarefrees in short intervals (x, x + H]; moreover, when do we
still expect to have an asymptotic formula for the number

Q(x. H):= Y 1*(n)=Qx+H)—Q(x) (1-12)

H
n—x|<%

of squarefrees in the interval (x, x + H]; that is, when do we still have

Q(x; H) o (1-13)
x; N ——— . -
£(2)

In view of the bound of O (x'/?) for the remainder term in (1-10), this holds for
H > x!'/7+°() However, one can do better without improving on the remainder term
in (1-10). This was first done by Roth [1951] who by an elementary method showed
that the asymptotic (1-13) persists for H > x!/3+°(D_ Following improvements
by Roth himself (exponent 3/13) and Richert [1954] (exponent 2/9), the current
best bound is by Tolev [2006] (building on earlier work by Filaseta and Trifonov)
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who gave H > x>+ Tt is believed that (1-13) should hold for H > x€ for any
€ > 0, though there are intervals of size H > logx/loglogx which contain no
squarefrees, see [Erdos 1951].

As for almost-everywhere results, one way to proceed goes through a study
of the variance of Q(x, H). In this direction, Hall [1982] showed that provided
H = 0(x*°7°) the variance of Q(x, H) admits an asymptotic formula:

2
1 H
’_‘n; Q(n,H)—@ ~ AVH, (1-14)
with
3/2 3_3p+42
a=OR2 — (1-15)
p

Based on our results below, we expect this asymptotic formula to hold for H as

large as x' €.

Concerning arithmetic progressions, denote by

S 0, A) = Y um)?

n=A mod Q

the number of squarefree integers in the arithmetic progression n = A mod Q.
Prachar [1958] showed that for Q < x?/37¢, and A coprime to Q,

S 0. A) ~ (1 ! >_1 x| <1+ 1>_1 *_ (1-16)
X ~ —_— _— R — J— _ -
9 9 2
(@550 ) e @1\ ) 9@
In order to understand the size of the remainder term, one studies the variance

S(x; 0 A)_L (1_i)_lﬁ
(@5.\ ) e

2
(1-17)

Var(S) = @ >

gcd(A,Q)=1

as well as a version where the sum is over all residue classes A mod Q, not nec-
essarily coprime to Q, and the further averaged form over all moduli Q' < Q ala
Barban, Davenport and Halberstam, see [Warlimont 1980].

Without averaging over moduli, Blomer [2008, Theorem 1.3] gave an upper
bound for the variance, which was very recently improved by Nunes [2015], who
gave an asymptotic expression for the variance in the range X e < Q< X'«

1\ 2\ x1/2
Var(S)~A]_£(1—;) (1+;> o (1-18)
P
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where A is given by (1-15). It is apparently not known in what range of Q to expect
(1-18) to hold. Based on our results below, we conjecture that (1-18) holds down to
X¢ < Q0.

Our goal here is to study analogous problems for [, [¢]. The total number of
squarefree monic polynomials of degree n > 1 is (exactly)

2 9" ) .
f;nw) =L@ (1-19)

The number of squarefree polynomials in the short interval I(A; h) is

Np(Ashy= Y w(H? (1-20)

fel(A;h)

Asymptotics. We show that for any short interval or arithmetic progression, we still
have an asymptotic count of the number of squarefrees.

Theorem 1.3. (i) Ifdeg Q < n and ged(A, Q) = 1 then

n

q

#feM,: f=AmodQ f squarefree} = 0]

I+ 0.(1/9)).

(i) If0 < h <n—2 then forall A e M,,

#{f € I(A; h) : f squarefree} = +O(H/q)=H+ 0,(H/q).

¢4(2)

In both cases the implied constants depend only on n.

Note that for # = 0, Theorem 1.3(ii) need not hold: If ¢ = p* with p a fixed odd
prime, n = p then the short interval 1(¢"; 0) = {¢" + b : b € [} has no squarefrees,
since t” + b = (t + b9/P)P has multiple zeros for any b € Fy.

Variance. We are able to compute the variance, the size of which turns out to
depend on the parity of the interval-length parameter /4 in a surprising way.

Theorem 1.4. Let 0 <h <n — 6. Assume g — oo with all q’s coprime to 6.
(1) If h is even then

Var N (5 h) ~q* / Itr Sym?+ U2 dU =

U(n—h-2)

vH
q

(the matrix integral works out to be 1).
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(1) If h is odd then
- : ~vH
Var N2 (5 h) qulTl / trU|?dU / |trSym% U’|2dU/ = —
U(n—h—-2) U(n—h—-2) 1
(both matrix integrals equal 1).

To compare with Hall’s result (1-14), where the variance is of order VH, one
wants to set H = #I(A; h) = ¢"*! and then in the limit ¢ — oo we get smaller
variance — either ~/H /¢ '/? (h even) or ~/H /q (h odd). We found this sufficiently
puzzling to check the analogue of Hall’s result for the polynomial ring [, [] for the
large degree limit of fixed ¢ and n — oo. The result, presented in the Appendix, is
consistent with Theorem 1.4 in that for H < (q”)%_”(l), the variance is

1+1/42

Bq ’
\% S~ VH— A
ar(N2(« 5 ) 1-1/q° . ¥, h odd,

h even,

so that it is of order +/ H for fixed q.
We also obtain a similar result for arithmetic progressions. Let Q € [, [7] be a
squarefree polynomial of degree > 2, and let A be coprime to Q. We set

SA)= ) wh. (1-21)
f=A mod Q
feM,

The expected value over such A is

(1-22)

We will show that the variance satisfies:

Theorem 1.5. Fix n > N > 1. For any sequence of finite fields T, with q odd, and
squarefree polynomials Q € F,[t] withdeg Q =N +1,as g — 00,

Var,,(S) ~ q"? X{l/f, n #deg Q mod 2,
Q 10127 |1/q, n=deg Q mod?2.

General approach. It may be helpful to give an informal sketch of the general
approach we take in proving most of the theorems stated above. Short intervals
are transformed into sums over special arithmetic progressions, a feature special
to function fields that was used in our earlier work [Keating and Rudnick 2014].
Sums involving x and p? that run over all monic polynomials of a given degree
may be evaluated in terms of a zeta function that is the function-field analogue of
the Riemann zeta function. Restricting to short intervals or arithmetic progressions
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leads to sums over Dirichlet characters involving the associated L-functions. The
L-functions in question may be written in terms of unitary matrices. It has recently
been established by N. Katz that, in the limit when ¢ — oo, these matrices become
equidistributed in the unitary group, in the sense that the character sums we need
are, in the large-¢g limit, equal to integrals over the unitary group. Evaluating these
integrals leads to the formulae appearing in our theorems.

2. Asymptotics for squarefrees: Proof of Theorem 1.3

We want to show that almost all polynomials in an arithmetic progression, or in a
short interval are squarefree. We recall the statement:

(1) If deg QO < n and gcd(A, Q) =1 then

q" q"
# My f=AmodQ, fi ~ ~ .
{fe f mod Q, f squarefree} 01~ 30

2-1

(ii) If0 <h <n —2 then

#{f € I(A; h) : f squarefree} = + O(H/q)=H+ O(H/q). (2-2)

q(2)
These follow from a general result [Rudnick 2014]:

Theorem 2.1. Given a separable polynomial F(x,t) € Fy[x, t] with squarefree
content, the number of monic polynomials a € M,,, m > 0, for which F(a(t),t) is
squarefree (in F4[t]) is asymptotically

q" +0(q" " (mdeg F + Ht(F))deg F).
Here if F(x,1) = Z?igOF y;()x/ with y;(t) € F,[t] polynomials, the content of
F is gcd(yo, y1, - - -, ) and the height is Ht(f) = max; deg y;.
For an arithmetic progression f = A mod Q, f € M, monic of degree n, with
gcd(A, Q) =1, deg A < deg O, we take the corresponding polynomial to be

F(x,1)=A()+ ;Q(t)x,
sign Q

where sign Q € [qu is such that Q(t)/sign Q is monic. Then F(x, t) has degree
one (in x), hence is certainly separable, and has content equal to gcd(A, Q) =1,
so is in fact primitive. The height of F' is max(deg Q, deg A) = deg O < n which
is independent of ¢.

Since deg A < deg Q, it follows that f = A+a Q/sign(Q) is monic of degree n
if and only if @ is monic of degree n —deg Q > 0, and by Theorem 2.1 the number
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of such a for which F(a(t), t) is squarefree is

n
g0 00T = (1401 /).
This proves (2-1).

To deal with the short interval case, let 0 <h <n —2, and A € M, be monic of
degree n. We want to show that the number of polynomials f in the short interval
I(A; h) which are squarefree is H + O (H /q) (recall H =#I(A; h) = qh“).

We write

IAsh) = (A+ P U | [ (A+eMy).
celFy
The number of squarefrees in A + P<p_ is at most #P<j;_| = qh. The squarefrees
in A + c My, are the squarefree values at monic polynomials of degree & of the
polynomial F(x,t) = A(t) + cx, which has degree 1, content gcd(A(¢), c¢) =1 and
height Ht(F) = deg A = n. By Theorem 2.1 the number of substitutions a € M,
for which F'(a) is squarefree is

qh + 0(”6]’1_1).
Hence number of squarefrees in I(A; h) is
> (q"+0(mg" )+ 0" =H+0H/q),
CE[F,;<

proving (2-2).

3. Asymptotics for Mobius sums

In this section we deal with cancellation in the individual sums
Nu(Ashy= 3" u(f).
fel(Ash)
Note that the interval I(A; i) consists of all polynomials of the form A + g, where
g € Py, is the set of all polynomials of degree at most 4.

Small h. We first point out that for # =0, 1 there need not be any cancellation. We
recall Pellet’s formula for the discriminant (in odd characteristic)

1(f) = (=1)%*e7 xo(disc f) (3-1)

where x; : qu — {#£1} is the quadratic character of [, and disc f is the discriminant
of f. From Pellet’s formula we find (as in [Carmon and Rudnick 2014])

Nou(As 1) = (=D*E4 37 yo(dise(A + g)). (3-2)
g€P<,
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Let A(t) = t". The discriminant of the trinomial " 4 at + b is (see, e.g., [Swan
1962])

disc(t" +at +b) = (=1)""" V2 (n"p" ! + (1 —n)"'a"). (3-3)
Hence for the interval I(¢"; 1) = {t" +at +b :a, b € F,} we obtain

N 1) = (=1 o (=1)" D23 " o (b + (1 =n)""'a"). (34

a,bel,

Therefore if ¢ = p* with p an odd prime and 2p | n then

Nu(@"; 1) = xa(=1)"2q Y xol@)" = +q(q — 1), (3-5)

acl,
so that [NV, (t"; )| > q2 = H. A similar construction also works for 7 = 0.

Large h. We also note that for 7 =n —2, and p {n (p is the characteristic of [F,)
the Mobius sums all coincide. This is because w(f(t)) = u(f(t +c)) if deg f > 1.
Therefore

Nu(A@); h) =N (At + o) h).

Now if A(t) = " + a,_t"~' +--- is the center of the interval, then choosing
¢ = —a,_1/n gives
At 4¢) = 1"+ apot" >+

which contains no term of the form #"~!. Therefore if & = n — 2 then
N, (" +ap_ 1" in—2) =N, (t";n—2)

has just one possible value.
Thus we may assume that 7 <n — 3.
We note that the same is true for the squarefree case.

Proof of Theorem 1.1. We show that for 4 > 2, for any (monic) A(¢) of degree n,

H
uA+a) L —- (3-6)

Writing a(t) = apt" + -+ -+ at + b, it suffices to show that there is a constant
C = C(n, h) (independent of A and @ = (ay, ..., a;)) such that for “most” choices
of a, (i.e., for all but O(g"~")) we have

D wAWD Fapt" + -+ ait+b)| < Cyq. (3-7)
bel,
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Using Pellet’s formula, we need to show that for most a,

> xa(disc(A@) +apt" +- -+ art +b))| < Cy/q (3-8)
bel,

Now D, (b) :=disc(A(t) +apt" +---+ait +b)isa polynomial in b, of degree
<n — 1, and if we show that for most a it is nonconstant and squarefree then by
Weil’s theorem we will get that (3-8) holds for such a’s, with C = n — 2. The
argument in [Carmon and Rudnick 2014, Section 4] works verbatim here to prove
that. ([

An alternative argument is to use the work of Bank, Bary-Soroker and Rosenzweig
[2015] who prove equidistribution of cycle types of polynomials in any short
interval I(A; h) for 2 <h <n —2 and g odd (this also uses [Carmon and Rudnick
2014]). Now for f € M, squarefree, u(f) = (—1)" sign(oy) where oy C S,
is the conjugacy class of permutations induced by the Frobenius acting on the
roots of f, and sign is the sign character. For any f € M,, not necessarily
squarefree, we denote by A(f) = (A1, ..., A,) the cycle structure of f, which
for squarefree f coincides with the cycle structure of the permutation o y. Then

sign(of) = sign(A(f)) :=[1}—; (=DY =% Thus

Yo ou(fHy==n" Y signlop). (3-9)
fel(A;h) fel(A:h)
squarefree

By Theorem 1.3, all but O, (H /q) of the polynomials in the short interval I(A; h)
are squarefree, hence

Z sign(of) = Z sign(af)—FO(g)

fel(Ash) fel(A:h)

squarefree
1 . 1 H
— H(H > sign(o) + O(ED - O(E)’ (3-10)

€S,

by equidistribution of cycle types in short intervals [Bank et al. 2015], and recalling
that Zaes,, sign(o) =0 forn > 1.

4. Variance in arithmetic progressions: General theory
Let a : F4[t] — C be a function on polynomials, which is “even” in the sense that
alcf) =a(f)
for the units ¢ € F;. We assume that

max |a(f)] <A, (4-1
deg f<n
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with A, independent of g. We will require some further constraints on « later on.
We denote by (&), the mean value of @ over all monic polynomials of degree n:

1
() i=— Y a(f). (4-2)
T fem,

Let O € F,[t] be squarefree, of positive degree. For an arithmetic function
a : F,[t] — C, we define its mean value over coprime residue classes by

1
=) A). 4-3
ged(A, 0)=1

The sum of « over all monic polynomials of degree n lying in the arithmetic
progressions f = A mod Q is

Suno(A) =Y a(f). (4-4)
feM,
f:A mod Q
We wish to study the fluctuations in S(A) as we vary A over residue classes coprime
to Q. The mean value of S is

1

<Sa>Q = @ a(f), (4-5)

feM,
(f,.@)=1
where ®(Q) is the number of invertible residues modulo Q.
Our goal is to compute the variance
Vary (Sy) = D 184 (A) = (Su). (4-6)

A mod Q
(A4,0)=1

°(Q)

A formula for the variance. Expanding in Dirichlet characters modulo Q gives

Sy = — > X(AMn; ax) (4-7)
Te) = O
where
Mmsax) = Y x(Half). (4-8)
feEMn

The mean value is the contribution of the trivial character xo:

1
Slo = 55 > alp. 4-9)

feM,
ged(f, 0)=1
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so that
1

S(A) = (S)p = 30)

Y X(AMm; ax). (4-10)

X#xo mod O

Inserting (4-7) and using the orthogonality relations for Dirichlet characters as
in [Keating and Rudnick 2014], we see that the variance is

1
Vary (S) = (IS = (S)o*)g = 0P > M ax)l. (4-11)
X#X0

Small n. Ifn <deg Q, then there is at most one f withdeg f =n and f = A mod Q,

and in this case \

VarQ(S)Nq;éQ)(az)n, n < deg Q. (4-12)
Indeed, if n < deg Q, then
= —. (413
ol = LD(Q) e (f)‘ <I>(Q) g; =g 20 1)
ged(£.0)=1
Hence 1
Var,(S) = —— SAPA+0(@g™!
ary (S) ‘D<Q>A§Q| (DP1+0(q™")
ged(A, 0)=1
21 0 -1
cI>(Q) le(HIF(1+ 0@ )
gcd(fQ) 1
q" 2 -1
= 2(1+0
cI)(Q)<|0(| w1+ 0(q ™))
as claimed.

S. Variance in short intervals: General theory

Given an arithmetic function o : F,[¢] — C, define its sum on short intervals as

No(Aihy= )" a(f). (5-1)
SfeI(Ash)
The mean value of N, is (see Lemma 5.2)
Na(e, m)) = g"a)y = Hia), (5-2)
Our goal will be to compute the variance of A,

VarNe = 5 LS N ()~ W P (5-3)

AeMn
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and more generally, given two such functions «, §, to compute the covariance
COV(Ng, Nj) = ((Wa — (Ne)) g — (Np))). (5-4)
Background on short intervals (see [Keating and Rudnick 2014]). Let
Pu=(f €Fylr]: deg f =n) (5-5)

be the set of polynomials of degree n,

P ={0}U | Pu (5-6)

0<m<n

the space of polynomials of degree at most n (including 0), and M,, C P, the subset
of monic polynomials.
By definition of short intervals,

I(A; h) = A+ P<p, 5-7)

and hence
#I(A:h)=q¢" "' = H. (5-8)

Forh=n—1, I(A; n —1) = M, is the set of all monic polynomials of degree n.
Forh<n-=-2,if | f —A| < qh then deg f = deg A and A is monic if and only if f
is monic. Hence for A monic, /(A; k) consists of only monic polynomials and all
monic f’s of degree n are contained in one of the intervals I(A; ) with A monic
of degree n. Moreover,

I(A1; h) NI(Ag; h) # & <> deg(A1 — Az) <h < I(A1; h) = I(Axs h),  (5-9)
and we get a partition of P, into disjoint “intervals” parameterized by B € P,_(4+1):

Pa= |[ 1¢""'B:h), (5-10)

BePu—(h+1)

and likewise for monics (recall 7 <n —2):

My= ] 1" B:n). (5-11)

BeEMu_ 1)
An involution. Let n > 0. We define a map 6, : P<, — P<, by
(O =1"f 7,
which takes f(t) = fo+ fit+-- -+ fut", n =deg f to the “reversed” polynomial

0u(F)(1) = fot" + fit" "'+ + S (5-12)
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For 0 # f € [,[t] we define

fr@) ="l e (5-13)

so that 6, (f) = f* if f(0) # 0. Note that if f(0) =0 then this is false, for example
(t** =1but 6,(t") =" *if k <n.

We have deg6,(f) < n with equality if and only if f(0) # 0. Moreover for
f#0, f*(0) #£0 and f(0) # 0 if and only if deg f* = deg f. When restricted to
polynomials which do not vanish at O (equivalently, which are coprime to ¢), the
operator * is an involution:

f=f fO#0. (5-14)
We also have multiplicativity:
(fe)" = f"g". (5-15)
The map 6,, gives a bijection
Om : My = {C € P<p, : C(0) =1}
B+ 6,,(B)

(5-16)

with polynomials of degree < m with constant term 1. Thus as B ranges over M,,,
6, (B) ranges over all invertible residue classes C mod "™ +1 such that C(0) = 1.

Short intervals as arithmetic progressions modulo t"~". Suppose h < n —2. De-
fine the arithmetic progression

Pt C)={g €Pp:g=C modt" ") =C + 1" "Py,. (5-17)
Note that the progression contains ¢"*! elements.

Lemma 5.1. Leth <n —2 and B € M,,_j,_. Then the map 6, takes the “interval”
I(t"*1 B; h) bijectively onto the arithmetic progression P<,(t"~"; 6,_,_1(B)), with
fe I(t"Y' B h) such that f(0) # 0 mapping onto those g € P<, " " 0,_p_1(B))
of degree exactly n.

Proof. We first check that 8, maps the interval I(t"t'B; h) to the arithmetic
progression P, (t" " 6,_p_1(B)). Indeed if B=>by+ -+ by_p_1" "1, with
by_n—1=1,and f = fo+---+ fut" € [(t"T'B; h) then

f=fot -+ fut"+" N bo+ - A byt (5-18)

so that
0n(f) = fot" + -+ fut" " bot" " by

=6,_p_1(B) mod " " (5-19)
Hence 6, (f) € P<,(t""; 6,_,_1(B)).
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Now the map 6, : P<, — P<, is a bijection, and both P, " 0,_p_1(B))
and I(t"*' B; h) have size ¢"*!. Therefore 6, : I(t"*'B; h) — P, (t""; B*) is a
bijection. U

The mean value.

Lemma 5.2. The mean value of Ny (+ ; h) over M,, is

1
Na(esm) =¢""'— 3" a(f) = Hia). (5-20)
JFeM,
Proof. From the definition, we have
1
WNa(esh)=——— Y No(""'B;h)
AMun—n—1 BeMy_p_1

1

== 2 2. o)

q BeMo_j_1 fel(th+1B;h)
1
=¢""'— Y a(f)=¢" @) (5-21)
qn
feM,

0

A class of arithmetic functions. Let o : [,[t] — C be a function on polynomials,
which is:

¢ Even in the sense that

alcfH =a(f), ce [F;.

o Multiplicative, that is, «(fg) = ¢ (f)a(g) if f and g are coprime. In fact we
will only need a weaker condition , “weak multiplicativity”: If f(0) #0, i.e.,
ged(f, t) =1 then

a(t* f)=a@®)a(f). f(0)#0.
e Bounded, that is, it satisfies the growth condition

ma <A
feﬁ (/)] < A

independent of g.

o Symmetric under the map f*(t) := %€/ f(t= "),

a(fH=a(f), f(O)#0.
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Examples are the Mdbius function p, its square 1% which is the indicator function
of squarefree-integers, and the divisor functions (see [Keating et al. 2015]).

Note that multiplicativity (and the “weak multiplicativity” condition) excludes
the case of the von Mangoldt function, treated in [Keating and Rudnick 2014] where
we are counting prime polynomials in short intervals or arithmetic progressions. A
related case of almost primes was treated by Rodgers [2015].

A formula for N (A; h). We present a useful formula for the short interval sums
N (s, h) in terms of sums over even Dirichlet characters modulo *~". Recall
that a Dirichlet character y is “even” if x (cf) = x (f) for all scalars ¢ € F*, and
we say that x is “odd” otherwise. The number of even characters modulo " is
O, (1) = q’”_l. We denote by xo the trivial character.

Lemma 5.3. If o : F,[t] — C is even, symmetric and weakly multiplicative, and
0<h<n-—2,thenforall Be M,_j_1,

No(t" TV By h) = (NG (=5 )

n

+ﬁn§a(z”—’") an(en,h,l(g))/\/l(m;ax), (5-22)
. Ko ven
where
Mmex) = ) a(H)x(f). (5-23)
feMy

Proof. Writing each f € M,, uniquely as f =¢""" f; with f; € M,, and f;(0) #0,
for which 6, (f) = 6,,(f1) = f;°, we obtain, using (weak) multiplicativity,

No@™ By =" > a(" ™" f)
m=0  fieMpy

J1(0)#0
hm fl El(tll+l th)

=Y a@™™ Y alf), (5-24)
m=0

f] EMm
S1(0)#0
"™ frel(t" 1 B h)
Since f1(0) # 0, we have that f;" = 6,,(f1) runs over all polynomials g of degree
m (not necessarily monic) so that g =6,,_,_1(B) mod ik by Lemma 5.1, and
moreover a( f1) = a(f]) = a(0,(f1)). Hence

n

Na@"™ ' Bih)y =3 aG"™) Y a). (5-25)
m=0 deg g=m
g=0,_h-1(B) mod 1"~
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Using characters to pick out the conditions g =6,_,_1(B) mod """ (note that
since B is monic, 6,_;_1(B) is coprime to " gives

1 ~ -
> (&) = 3y > XOuon (B)M(miay), (5-26)
deg g=m x mod t"—h
gEeﬂ*h*l(B) mOdtnih

where

Mm;ax)= Y x(@a), (5-27)
deg g=m

the sum running over all g of degree m.
Since « is even, we find that

Mm;ax)= Y Y x(chHealcf)

feMu CEF;
= > a(HxH) Y x@)

fEMm CEF;
_ {(q =D rem, @(HX(f),  x even,
~ o, x odd,

where now the sum is over monic polynomials of degree m.
Thus we get, on noting that @(t”_h)/(q —1) = Oy (t" M), that

1
> (&) = g~y Y X BYM(msay).  (5-28)

deg g=m x mod "
g=0u_p_1(B) mod("~" X even

Therefore

n

No(" By =) " a("™") Y X i (BYMOm; ax).

—h
m=0 P (171 x mod "~

X even

(5-29)
The trivial character y contributes a term
1 n qh+1

n—m _

WD) DY et Mal) = g > alh) (5-30)
m=0 gEMW fE./\/tn
8(0)#0

on using weak multiplicativity. Inserting this into (5-29) and using Lemma 5.2 we
obtain the formula claimed. ]
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Formulae for variance and covariance. Given an arithmetic function «, the vari-
ance of A is

Var(N) = (INg — (Na) )
! > [N B ) - W) (5-31)

n—h—1
q BEMnfhfl

and likewise given two such functions «, B, the covariance of N, and N, g 18
cov(Na, Np) = {(Na — (Na)Np — (Np))). (5-32)

We use the following lemma, an extension of the argument of [Keating and
Rudnick 2014].

Lemma 5.4. If a, B are even, symmetric and weakly multiplicative, and 0 < h <
n— 2, then

cov(Ny, Ng) =

1

o 2 2 «UTTHBET MO ) Ml B (5-33)

x mod "~ my,my=0
XFXo even

Proof. By Lemma 5.3, cov(Ny, N3) equals

1

ST L D W TRETE MO ax) Mima: )

x1,x2 mod =" my,my=0
X1, X27 X0 even

1
X ——— > X1Oun1(B)x2(Onn-1(B)).

n—h—1
q BeM;_jp—i

As B runs over the monic polynomials M,,_;_1, the image 6,,_,_(B) runs over
all polynomials C mod "~ with C(0) = 1 (see (5-16)). Thus

> X1Gun 1 B2 Onn 1 (B = D X1(O)xa(C).  (5-34)

BeM,_p—1 Ccl:rzggl t"l_”

Since x1, x2 are both even, we may ignore the condition C(0) = 1 and use the
orthogonality relation (recall @, (" = g" " 1) to get

1
—— Y XOx(C)=8(x1. x2) (5-35)

C mod "
Cc(0)=1

(see [Keating and Rudnick 2014, Lemma 3.2]), so that

qn
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cov(Ny, Npg) =
1 n
NEIE ST D a@™BE T Mmy; ax)Mima: Bx)  (5-36)
& x mod "~ my1,my=0

X# X0 even

as claimed. |

6. Characters, L-functions and equidistribution

Before applying the variance formulae presented above, we survey some background
on Dirichlet characters, their L-functions and recent equidistribution theorems due
to N. Katz.

Background on Dirichlet characters and L-functions. Recall that a Dirichlet char-
acter x is “even” if y(cf) = x(f) for all scalars ¢ € [, and we say that y is
“odd” otherwise. The number of even characters modulo " is ®e, (1) = g™ ~'. We
denote by xo the trivial character.

A character y is primitive if there is no proper divisor Q' | Q such that x (F) =1
whenever F is coprime to Q and F = 1 mod Q'. We denote by ®pim(Q) the
number of primitive characters modulo Q. As g — oo, almost all characters are
primitive in the sense that

CDprim(Q)
@(Q)

the implied constant depending only on deg Q.
Moreover, as g — oo with deg Q fixed, almost all characters are primitive and
odd:

=1+0(1/q), (6-1)

o (0)
®(Q)

the implied constant depending only on deg Q.

One also has available similar information about the number <I>§‘r’im(Q) of even

primitive characters. What we will need to note is that for Q(¢) =", m > 2,

=1+0(1/q), (6-2)

O (") =q" (g - 1). (6-3)
The L-function L(u, x) attached to x is defined as

L@, x) =[] —xPyue")", (6-4)

PIQ
where the product is over all monic J[irreducible polynomials in [, [7]. The product
is absolutely convergent for |u| < 1/q. If x = xo, i.e., x is the trivial character
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modulo Q, then
L(u, x0) = Z@w) [ (1 —u®e?), (6-5)
PlO

where
1

Z(I/t) — 1_[ (1 _udegP)—l — m

P prime

is the zeta function of [, [7]. Also set ¢, (s) := Z(g™*).

If O € F,[t] is a polynomial of degree deg O > 2, and x # xo (x is a nontrivial
character mod Q), then the L-function L(u, x) is a polynomial in u of degree
deg O — 1. Moreover, if x is an “even” character, then there is a “trivial” zero at
u=1.

We may factor L(u, x) in terms of the inverse roots

deg O—1
Lw, )= [] d=a;G0u). (6-6)

j=l1

The Riemann hypothesis, proved by Andre Weil (1948), is that for each (nonzero)
inverse root, either a;(x) =1 or

lee; ()| =g/ (6-7)

If x is a primitive and odd character modulo Q, then all inverse roots «; have
absolute value ,/q, and for x primitive and even the same holds except for the
trivial zero at 1. We then write the nontrivial inverse roots as «; = g'/2¢/% and
define a unitary matrix

0, =diag(e, ..., "), (6-8)

which determines a unique conjugacy class in the unitary group U (N), where
N =deg Q — 1 for x odd, and N = deg Q — 2 for x even. The unitary matrix ©,
(or rather, the conjugacy class of unitary matrices) is called the unitarized Frobenius
matrix of x.

Katz’s equidistribution theorems. Crucial ingredients in our results on the variance
are equidistribution and independence results for the Frobenii ®, due to N. Katz.

Theorem 6.1. (i) [Katz 2013b] Fix®> m > 4. The unitarized Frobenii ® x for the
family of even primitive characters mod T™ ! become equidistributed in the
projective unitary group PU (m — 1) of sizem — 1, as g — 0.

31If the characteristic of [ is different than 2 or 5 then the result also holds for m = 3.
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(i1) [Katz 2015b] If m > 5 and in addition the q’s are coprime to 6, then the set of
pairs of conjugacy classes (®y, © ,2) become equidistributed in the space of
conjugacy classes of the product PU(m — 1) x PU(m —1).

For odd characters, the corresponding equidistribution and independence results
are

Theorem 6.2. (i) [Katz 2013a] Fix m > 2. Suppose we are given a sequence
of finite fields [, and squarefree polynomials Q(T) € F,[T] of degree m. As
q — 00, the conjugacy classes ®, with x running over all primitive odd
characters modulo Q, are uniformly distributed in the unitary group U (m — 1).

(i1) [Katz 2015a] If in addition we restrict to q odd, then the set of pairs of
conjugacy classes (©, ©,2) become equidistributed in the space of conjugacy
classes of the product U(m — 1) x U(m — 1).

7. Variance of the Mobius function in short intervals

For n > 2, the mean value of NV, (A; h) over all A € M, is

(Nu(e; b)) =0. (7-1)
Indeed, by Lemma 5.2
Ny =257 . (7-2)
q fEMn

Now as is well known and easy to see, for n > 2,

D u(f)=0, (7-3)

feM,

hence we obtain (7-1).
We will demonstrate the following asymptotic property of the variance.

Theorem 7.1. If0 <h <n —>5 then
Var N, (+;h)~H, ¢g— oo. (7-4)

We use the general formula of Lemma 5.4 which gives

1

Var(Nu(-;h))zm Z |IM(n; pyx) — Mn—1; )l (7-5)
o even
where
M )=y 1w(Hx(). (7-6)

feM,
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Lemma 7.2. Suppose that x is a primitive even character modulo t"~". Then
n
M(n;ux):qu/ztrSymk 0, (7-7)
k=0

where Sym" is the symmetric n-th power representation (n = 0 corresponds to the
trivial representation). In particular,

M@ ) — M —1; px) =q"* r Sym" ©,. (7-8)
If x # xo and x is not primitive, then
IM(n; 10| < g™ (7-9)
Proof. We compute the generating function

1
L(u, x)

S M " = Y x(Hu(utes =

n=0 f monic

) (7-10)

where L(u, x) =) £ monic X (f)ude/ is the associated Dirichlet L-function. Now
if x is primitive and even, then

L(u, x) = (1 —u)det(I —uq'?®,), (7-11)

where ©, € U(n — h —2) is the unitarized Frobenius class. Therefore we find

oo

Z 2tr Sym* ©, uk, (7-12)

(I=u) ) M pou" =

—~ det(I — uq1/2® )

where we have used the identity

o0

1
=Y uFrSym* A. (7-13)
k=0

det(I —uA)

Comparing coefficients gives (7-7).

For nonprimitive but nontrivial characters x # xo, the L-function still has the
form L(u, x) = ]_[;f;lf*l(l — a;u) with all inverse roots |a ;| < ,/q, and hence we
obtain (7-9). Ol

We can now compute the variance using (7-5). We start by bounding the contri-
bution of nonprimitive characters, whose number is O(éfbev(t”_h)) = O(q"_h_z),
and by (7-9) each contributes O (g™) to the sum in (7-5), hence the total contribution
of nonprimitive characters is bounded by 0,(¢"). Consequently we find
h+1

VarN (+ 3 h) = —2 Y juSym" 0,17+ 0(gh. (7-14)

= (I) tnfh
ev( ) x mod ik

x even and primitive
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Using Theorem 6.1(i) we get, once we replace the projective group by the unitary

group,
i Var(N, (3 h))
im ————— =

2
g—00 P |tr Sym" U|” dU. (7-15)

U(n—h—2)

Note that by Schur—Weyl duality (and Weyl’s unitary trick), Sym” is an irreducible
representation. Hence

ltr Sym” U|?dU =1, (7-16)
Un—h-2)

and we conclude that Var(N, (s ; h)) ~ g"t! = H, as claimed.

8. Variance of the Mobius function in arithmetic progressions

We define
Suno(A) =8, (A)= > p(f).

feMn
f:A mod Q

Theorem 8.1. Ifn > deg Q > 2 then the mean value of S,,(A) tends to 0 as g — o0,

and . .
q 2 q
Var, (S,) ~ —— / trSym" U|"dU = ——- 8-1)
e e(0) | | ®(Q)
vQ-1n
The mean value over all residues coprime to Q is
1
(Sp) = —— p(f) = ——=Min, uxo). (8-2)
e ®(Q)
ged(f,0)=1
To evaluate this quantity, we consider the generating function
o.¢]
Y M@ pxou" =Y p(fHutes
n=0 ged(£.0)=1
1 —qu
— (1 _ udeg P) —
ll'g [Tpio(1 —ute?)
1 —qu
=, 8-3
[T — (8-3)

where X, is the number of prime divisors of Q of degree k. Using the expansion

o0

R
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gives
[T R ZC(”)”

with

cm= Y ]‘[(”";f_’fl),

> kng=n k
and hence forn > 1,
M(n, pxo) =Cn) —qCn—1).
Thus we find that for n > 1,

Cn)—qgCmn—1)

Su) = 8-4
(Su) 5(0) (8-4)

and in particular for deg Q > 1,
I{Sp )|<<@—>0 q — 0. (8-5)

For the variance we use (4-11) which gives
Varg (S,) = ——= > IM@; ). (8-6)
q)(Q) XFX0

As in (7-10), the generating function of M(n; wy) is 1/L(u, x). Now for x odd
and primitive, L(u, x) =det(/ —uq1/2®x) with ®, € U(deg Q —1) unitary. Hence
for x odd and primitive,

M(n; px) =¢"? rSym" ©,,. (8-7)
For nontrivial x that is not odd and primitive, we can still write

deg O—1
Luw,x)= [] d=ajuw

j=1
with all inverse roots | ;| < ,/g, and hence for x # xo we have a bound
M )] <n g™ (8-8)

The number of even characters is @, (Q) = ®(Q)/(q — 1) and the number of
nonprimitive characters is O(®(Q)/q), hence the number of characters which are
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not odd and primitive is O (P (Q)/q). Inserting the bound (8-8) into (8-6) shows
that the contribution of such characters is O(¢"~!/®(Q)). Hence

qn 1 ; 5 qn—l
Var, S, = ———— [tr Sym” ®, | +0< ) (8-9)

27" v(Q) 2(Q) ddZ YT ®(Q)

X odd primitive
Using Theorem 6.2(i) gives that, as ¢ — 00,
qn ) qﬂ
Var, S f [tr Sym" U|* dU = . (8-10)
2°r " 9 (Q) g ®(0)
u-1

9. The variance of squarefrees in short intervals

In this section we study the variance of the number of squarefree polynomials in
short intervals. The total number of squarefree monic polynomials of degree n > 1

is (exactly)
S ur=-L =q"(1 - 1>. O-1)
2,Q)

feM, q

The number of squarefree polynomials in the short interval I(A; &) is

Naiy= ) () 9-2)

fel(Ash)
Theorem 9.1. Let 0 < h <n — 6. Assume g — oo with all q’s coprime to 6.

(1) If h is even then
b h 2 v H
Var N 2(s; h) ~ g2 / trSym> ' U |7 dU = ~—. (9-3)
123 | | \/ﬁ
U(n—h—2)

(1) If h is odd then

Var./\/'uz(-;h)quhz_]/ e U> dU / |trSym">” U'|* dU’
U(n—h-2) U(n—h-2)
vH

== (9-4)
q

Proof. To compute the variance, we use Lemma 5.4. Since 2 (™) =1 form =0, 1
and equals O for m > 1, we obtain

1 2
Var(NMz(.;h)):m > MO ) + M@n=15170)|, (9-5)
v X #xo mod "~h

X even
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where

M 1P = Y u(f’x(f). (9-6)

feMy

To obtain an expression for M (n; %y ), we consider the generating function

L(u, x)

L L2 D) ) 9-7)

D Mo pPou" = w(fPx(fHute =
n=0 f

Assume that x is primitive, and that x? is also* primitive (modulo *~"). Then

L(u, x) = (1 —u) det(I —uq'?®,),
L@ x*) = (1 —u?) det(] —u?q'©,>2).

Writing for U € U(N)

det(I —xU) = Z,\ (U)x/,

9-8)
o0
tr Sym* Ux*,
det(l—xU) 2_(:) roym&x
gives, on abbreviating
A0 =2;(0y), Symf(x?) = tr Sym* 0,2,
that
L(u,y) det(I —uq'?®,)
L@? x»)  (1+u)det(I —u?q'/?0,2)
[e.e] o
=3 S Y100 Symt (g Uik
m=0 0<j<N k=0
and hence
M () = (=" D" (=100 Sym* (x g U2 (9-9)
Jj+2k<n
0<j=<N
k>0

ar q is odd then primitivity of x and of %2 are equivalent.
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Therefore

M 120 + M — 1120 = (=1 Y (=173 00 Symt (xD)g T
Jj+2k<n
0<j=<N
k>0

"
+(=D" T (=100 SymF(xDg T
jH2k<n—1
0<j=<N
k>0
o
=(=1" Y (=1)Pa;00 Sym* (xDg T
Jj+2k=n
0<j=<N
k>0
=q"* Y 0Sym'T (xHg!,
0<j=<N
Jj=n mod 2

Therefore, recalling that N =n — h — 2,

M(n; 1)) + M@ —1; 1% x)

h

_____ N ) _ ,

= (= 1)"(1+0(q1/2))x{ N (O Sym T (x) n =N mod 2,
qF " 1(X)Sym S (Xz) n # N mod 2.

Noting that » = N mod 2 is equivalent to & even, we finally obtain

IM(n; 1 x) + M —1; 1) |

,,_m_

2\12
—(1+ 0" x { W
q

l|>»N(><)Sym%x I even.

9-10)
Yaw— 1(X)Sym T (XZ)IZ, h odd. (

n_i_

Inserting (9-10) into (9-5) gives an expression for the variance, up to terms which
are smaller by ¢ ~!/2. The contribution of nonprimitive characters is bounded as in
previous sections and we skip this verification. We separate cases according to &
even or odd.

h even. We have |Ay(x)| =|det®,| =1, so that

w1 12
VarNa(esh)~q? ———— > [Sym 2 (x7)I*. (9-11)
Doy (17 y
x mod t"
X primitive even

Here the change of variable x — x2 is an automorphism of the group of even
characters if ¢ is odd, since then the order of the group is O (1" = q"‘h_l,
which is odd. Using Theorem 6.1(i) for even primitive characters modulo "~
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allows us to replace the average over characters by a matrix integral, leading to

Var N (5 h) ~g* / ltr Sym> T U2 dU. (9-12)
Un—h—2)

Since the symmetric powers Sym* are irreducible representations, the matrix integral
works out to be 1. Hence (with H = ¢"*1)

vH
VarN (s h) ~q"? == (9-13)
123 \/ﬁ
h odd. In this case
. it 1 B3 2y 2
Var N (e i) ~ g % oo Zdj GO SymEGAR. 014
x mod "~

X primitive even

Note that |Ay_;(U)| = |tr U], because Ay_1(U) = (—=1)Y~"detU tr U~! and for
unitary matrices, |detU|=1andtr U~ ' =tr U.

We now use Theorem 6.1(ii), which asserts that, for 0 <h <n —6 and g — o0
with g coprime to 6, both ®, and ©,> are uniformly distributed in PU (n —h —2)
and that ©,, ©, are independent. We obtain

Var N (e h) ~q'7 / tr U2 dU f Itr Sym">” U')2 dU’

U(n—h—2) U(n—h—2)
H
= £ , (9-15)
q
by irreducibility of the symmetric power representations. U
10. Squarefrees in arithmetic progressions
As in previous sections, we set
SAy= > w . (10-1)
f:A mod Q
feM,
We have the expected value
q"/5,2)  ¢"
(S)o W(f) ~ =~ (10-2)

T 4 *©Q) Q]
(f,0)=1



Squarefree polynomials and Mobius values 405

and the variance

Vary (8) = D M. (10-3)

XFXo

CD(Q)Z

Theorem 10.1. Fix n > N > 1. For any sequence of finite fields [F,, with q odd,
and squarefree polynomials Q € F,[t] withdeg Q =N + 1, as g — o0,

Var, (S) ~

q"? o 1//q, n#degQ mod2,
Q12 |1/q, n=degQ mod?2.

Proof. The generating function of M (n; u?y) is

L(u, x)

S Mo 1 —Zu(f)zx(f)udegf L

n=0

(10-4)

If both y, X2 are primitive, odd, characters (which happens for almost all yx ), then
L(u, x) =det( —uq'?®,), L@?* x*) =detd —u’*q'?® ),  (10-5)

and writing (with N =deg Q — 1)

N

det(1 —ug'?@,) => " 2;00q7u’, (10-6)
j=0
o

SymX (v 2)gk/2 2k’ 10-7

det(I —gq 1/2 W26 1) ;0 yme (x)g ™ u (10-7)

we get, since n > N,

M 20 =Y 100 SymF (g T

Jj+2k=n
0<j<N
k=0
N i .
=q% Y () SymT (xDq?, (10-8)
j=0
j=n mod 2
and hence
Mn; u*x) =
n—N
n A Sym 2 (x? = N mod 2,
(1+0(@ 2 )g"" x { VG0 Sym ® (), PRI (10.9)
q ~E AN 1) Sym— 2 ER (xz) n # N mod 2.
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Since Ay (x) = det ®,, which has absolute value one, we find

IM(n; w?x)1* =
n—N
np {I Sym 2 (x%)I, n=N mod2

|
14 0@ : o 10-10
( (@ 2)q q’%lkal(x) Sym ikl (X2)|2’ n# N mod 2. ( )

If x # xo and x is not odd, or not primitive, we may use the same computation
to show that

IMn; 12| <n g"M/4, x # xo and is even or imprimitive.  (10-11)

We thus have a formula for Var(S). We may neglect the contribution of characters
x for which x or x? are nonprimitive or even, as these form a proportion < 1/q of
all characters, and thus their contribution is
11 1 g"?
g~
(D) q q101""/q

which is negligible relative to the claimed main term in the Theorem.

To handle the contribution of primitive odd characters we invoke Theorem 6.2(ii)
which asserts that both ®, and ©, 2 are uniformly distributed in U (deg Q — 1) and
are independent (for ¢ odd). To specify the implications, we separate into cases:

If n =N mod?2 (i.e., n # deg Q mod 2) then

qn/2 1
101'72¢'/2 @(Q)

Var,) (S) ~ 3 Isym™ (xH)1 (10-12)

X»x 2 primitive
By equidistribution

1

— 3 |Sym"‘zN(X2)|2~/|trSym”‘zN UPdu. (10-13)
®(Q)

X, X 2primitive U(N)

n—

Note that |, UN) [tr Sym U |2dU = 1 by irreducibility of Sym*. Thus we obtain

qn/2

017212

If n # N mod?2 (i.e., n = deg Q mod 2), then we get

VarQ(S) ~ n # deg Q mod 2. (10-14)

n/2 1 e
qqull/2 ®(Q) Z Av-100 Sym™ 2 (). (10-15)

X, x2 primitive

VarQ (S) ~
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Note that as in Section 9, |[Ay_1(x)| = |tr ®,|. By Theorem 6.2(ii),

1

n=N+1 2
@ Z |AN_1(X)Sym 2 (X2)| ~
X, x2 primitive
e U)? | Sym" " U7 dUdU’ =1, (10-16)
UN)xU(N)
and hence
n/2
Thus we find
qn/2
017212 n % deg Q mod 2,
Vary (S) ~ i (10-18)
4 deg O mod 2
T A1/ n=de ’
0172 &
as claimed. [l

Appendix: Hall’s theorem for [, [#]: The large degree limit

Let O(n, H) be the number of squarefree integers in an interval of length H about
n:

H
Q(n, H):= ) 1> (n+ ). (A-D)
j=l1

Hall [1982] studied the variance of Q(n, H) as n varies up to X. He showed that
provided H = O(X?/°7°), the variance grows like ~/H and in fact admits an
asymptotic formula:

1 H |
2;( Q(n,H)—@ ~ AVH, (A-2)
with
3/2 32
A:g(n/ )H(l—?—i—?). (A-3)
p

We give a version of Hall’s theorem for the polynomial ring [, [#] with ¢ fixed.
Let

NAY= D uf)

|f—Al<g"
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be the number of squarefree polynomials in a short interval I(A; &) around A € M,,,
with 7 <n — 2. Note that

#I(A:h)=¢" "' = H.

We wish to compute the variance of A as we average over all short intervals with ¢
fixed and n — oo.
Let

3 2
fo=T1(1 - e 12) (a4

P

Theorem A.1. As h — oo,

1+q’2 h even
9y H2
Var N = «/H1 _'Bq — X . ﬁ—l + 0( n/3> + 0, (H1/4+0(1))
1 9 hodd
q

In partlcular we get an asymptotic result provided i < (— —o(l))n or equivalently
H < (q”)9 oD Tt is likely that one can improve the factor 2/9 a bit.

The probability that f and f + J are both squarefree. As in the number field
case, we start with an expression for the probability that both f and f + J are
squarefree. For a nonzero polynomial J € [, (7], define the “singular series”

s =[](1 2 I1 PP 1 (A-5)
- PR) L 1PP=2
P P2|J

the product over all prime polynomials. We will first show this:

Theorem A.2. For 0 # J € F,[t], degJ <n,

SUimyi= Y 2O+ =6()g"+0mg?).  (A6)
feMn

the implied constant absolute, with & (J) given by (A-5).

Note that Theorem A.2 is uniform in J as long as deg J < n.

Theorem A.2 is the exact counterpart for the analogous quantity over the integers,
which has been known in various forms since the 1930’s. The proof below is roughly
the same as the one given in [Hall 1982, Theorem 1]. The exponent 2/3 has been
improved, by Heath-Brown [1984] to 7/11 and by Reuss [2014] to about 0.578.
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A decomposition of p®. We start with the identity

W)=Y ud) (A7)
a2\ f
(the sum over monic d). Pick an integer parameter 0 < z < n/2, write Z = g%, and
decompose the sum into two parts, one over “small” divisors, that is with degd < z,
and one over “large” divisors:

p? = ,ug + e, (A-8)
W)=Y w@d, e(fH)= Y wu@. (A-9)
a2\ f a2\ f
degd<z degd>z
Let
S:(Jinyi= Y pR(NHu(f + ). (A-10)
feM,

We want to replace S by S,.

Bounding S(J; n) — S;(n; J).
Proposition A.3. Ifz <n/2 then

n

1S(Uin) = S.(Jin)| < %

where Z = g-~.
Proof. Note that

WO+ =
HEOUEFHD) + e (HRPf+T) — p2 (e (f+T) — e (fe(f+T) (A-11)
so that (recall u2(f) < 1)
|2 (OB +HD =12 (O REFHD] < le(HI+le(FHD)+le(fe(f+)]
<le:(Nl+le:(f+DI+ Sle:(HPF + 3le.(f+DIF (A-12)

and therefore, summing (A-12) over f € M, and noting that since deg J < n, sums
of f + J are the same as sums of f,

1SUsn) = S:(Jsm <2 Y le(Hl+ D le(NI” (A-13)
feM, feM,
We have
lex(Hl=| Y u@d|< Y 1,

a2\ f a*|f
degd>z degd>z
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so that

YNl Y Y1

feEMy feMy g2 f
degd>z

= Y #HfeM,:d|f)

z<degd<n/2

q" _2q"
= § < . A-14
ldi? ~— Z ( )

z<degd<n/2

Moreover,

doleDP= 3 o Y1
feM, feMu df  d3f
degd) >z degdr>z

< Y #feM,:di|fand d3| f).

z<degd;,degdr<n/2

Now the conditions d12 | f and c122 | f are equivalent to [d, dr]? | f, where [dy, d;]
is the least common multiple of d and d>, and this can only happen if deg[d;, d>] <
deg f/2 = n/2, in which case the number of such f is ¢"/|[d, d>]|*> and is zero
otherwise. Thus

n

q
o le(HPs Y s

feMy z<degd,,degdr<n/2
deg[dl ,dz]fﬂ/z
1
<q" — . (A-15)
Z [dy, da]?

degd,degdr>z

We claim the following analogue of [Hall 1982, Lemma 2]:

1 1

Lemma A 4. E _— K =
e Ildi, 211> — Z

gd),degdr>z

Inserting Lemma A.4 in (A-15) we will get

2 4"
D le(HP <= (A-16)

feM,

Inserting (A-14) and (A-16) in (A-13) we conclude Proposition A.3.
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To prove Lemma A.4, use [d1, d»] = dd>/ gcd(dy, d») to rewrite the sum as

3 o )3 | ged(dy, db)|?
2 20112
degd),degdr>z 1, da]] degd,degdr>z |d1|*|da|

1
_ 2 .
=2 MK 2 |d1|2|d>|?

k monic degd;,degdr>z
gcd(dy,dr)=k

In the sum above, we write d; = k§; with ged(8;, d2) = 1. The condition
degd; > z gives no restriction on §; if degk > z, and otherwise translates into
degd; > z —degk. Thus

1
2 i@ 1,d2]|2< Z 2 BEEE

degd,degdr>z k monic deg81 ,degdry>z—degk
ged(8y,82)=1
2
1 1
= E — E -5 |
[k[? 1812
k monic deg é>z—degk

after ignoring the coprimality condition. Therefore

S )= S e )

k monic degd>z—degk degk<z deg>z—degk

LR |2<Z|5|2>2

deg k>

kI, 1
< Z | |2(_) qz—H

degk<z

<<1
Z’

which proves Lemma A.4. (]
Evaluating S;(J; n).

Proposition A.5. Ifz <n/2 then

n

qz 2
~ )—I—O(Z ),

S.(J;n) =q”6(J)+O(

with Z = g~.
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Proof. Using the definition of ,u%, we obtain

S:(Jinyi= Y p2(NHu(f+T)

SeMy

Do D0 m@dp@)Rf eMy:di| £, di | f 4T

degd <z degdr<z

Decomposing into residue classes modulo [d, dr)? gives

HEeM:di 1 5| f+TY= ) #{feM,:f=cmodld,d]}.

¢ mod [dy,da]*
¢=0 mod d?}
c=—J mod d2

If deg[d;, d»]* < n then

qﬂ
#HfeM,: f=cmod[d,d]*} = ———-
! / WA

Otherwise there is at most one f € M,, with f = ¢ mod [d}, d>]>. So we write
qn

o 2 _ _
#feM,: f=cmodld,d]*} = (EORATE

+o().

Let «(dy, d»; J) be the number of solutions ¢ mod [d;, d»]* of the system of
congruences ¢ = 0 mod d?, ¢ = —J mod d22; it is either 1 or O depending on
whether ged(d, d»)? | J or not. Then we have found that
ql’l

S.(J;n) = dyp(dr)k(dr, doy | =3
J:m) Z Z ud)p(dr)k(dy, dy )(|[d1,d2]|2

degd <z degdr<z

di,dy; J
Y Y wana D o),

2
degd <z degdy<z |[d a ]I

+ O(D)

The double sum can be extended to include all d, d>:

k(dy,dr; J) k(dy,do; J)
d d d dr))————=
) nmdypldy)———=>" TRATE =Y u(d)p(dy) TPIRATE

degd1 <z degd2<2 dlst

degd >z da
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so that
Kk(dy,dy; J)
S.(J;n)=q" d)u(dy) ———=7
((Jin)=¢q gm D) S
1,42
1
+0(2:§:———7)+mﬁ)(kﬂ)
qorr = ldy, da]|
ega| >z daz

The sum in the remainder term of (A-17) is bounded in the following analogue
of [Hall 1982, Lemma 3].

Lemma A.6.

1 Z Z
2 Ximar<s=z

_Z =
degd1>z dy q

Proof. We argue as in the proof of Lemma A.4: We write the least common multiple
as [dy, d»] = did»/ ged(d,, dy) and sum over all pairs of d;, d» with given gcd:

1 5 1

Z Z 2 =Z|k| Z Z IFRVIFRE

dcedroz a1 &l k trdo: o il
ng(dl,dz)Zk

1 1

2

=Z|k| Z k2182 Z |k|2|82|2.
k deg 81 >z—degk )

gcd(81,82)=1

after writing d; = k§; with §;, §, coprime.
Ignoring the coprimality condition gives

1 1 1 1
2 LinaE SLRE, o BE A nE

degd >z da degd;>z—degk

1 1 1 1
CLpE, X Tl iy

degk<z deg §1>z—degk egk>z
1 k| 1
< —— 4+ —
< Z |k|2 q° Z |k|2
degk<z degk>z
<« ===
¢ Z
which proves Lemma A.6. U

Putting together (A-17) and Lemma A.6, we have shown that

k(dy, dy; J) 0<q"z

S.(J;n)=q" d)p(d
(Jim)=¢" Y uld)p(dy) WAL ~

d

)+0@%.(Am)



414 Jonathan P. Keating and Zeev Rudnick
It remains to show that the infinite sum in (A-18) coincides with the singular
series G(J).

Lemma A.7.

Kk(dy, dr; J)
ZZMdl)mdz) g =W

Proof. This is done exactly as in [Hall 1982, Appendix]. We write

Z Zu(dl)u(dz)M _ Z s(m: J)

2 2
s I[d1, d2]] Im|

where

sim; =Y pd)p(d).
[di,d2]=m
ged(dy,d2)?|J

One checks that s(m; J) is multiplicative in m, and that for P prime
s(PU Py = ) n(PY(PY),

max(u,v)=o
2 min(u,v)<j

so that s(P%; P/) =0 for « > 2, while for o = 1
s(P; PIy=" " w(P)u(P").
max(u,v)=1

min(u,v)<j/2

If j <2 (that is if P? 1 P/), then the sum is over max(«, v) = 1 and min(u, v) =0,
ie., (u,v) = (0, 1), (1, 0), which works out to s(P, P/) = —2 for j=0,1, while
for j > 2 the only restriction is max(u, v) = 1, i.e., (u, v) = (1, 0), (0, 1), (1, 1),
which gives s(P, P/) = —1 for j > 2. Thus

DT U(l )
~T10 ) 10 - )

P2t

which is exactly G(J). O

We now conclude the proof of Proposition A.5: By Propositions A.3, A.5 we have
shown that for z <n/2,

S ) =q"6(J>+o(q;Z

)+0@%
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Taking z &~ n/3 gives that for all J # 0 with deg J < n,
S(J:n) =¢"6(J) + 0 (ng™")
as claimed. ]

Computing the variance. As described on page 389 of Section 5, we have a parti-
tion of the set M, of monic polynomials of degree n as

My = 1] KA )
AeA
where

A={A=t"+a, 11"+ +apt" 1a; € Fyl.

The mean value of N is, for n > 2,

A= S = 4 2
= — = — > ).
(V) #Ag W)="g "=
The variance is
Var NV = (NV?) — (V)2 (A-19)
We have
1
WH==20 2 2 KOO ®
AeA | f—A|<q" |g—A|<q"
1 2 1 2 2
=— > WO+ Y. 1w Hre)
#A L #A
If—gl<q"
1
=\ +4¢"" YT = > WO+ D).
0£JeP<y feM,
We use Theorem A.2:
D OB+ ) =q"S() + 0(ng™)?), (A-20)
feMy
where )
B 2 PP—1
&(J) _]_[<1 — |P|2> I1 pp—2 =) (A-21)
P P2|J
with

2
o= ]_[<1 — W) (A-22)

P
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and

P> —1

J)= .

5( ) l_[ |P|2—2
P2|J

This gives that

Var = (N) — (N)? -l—c»zq{h+1 Z s(J)+ O(Hznq_”/3)
0#£J Py

gt gt . , s
= —— 1 J O(H -
[ («2)) teg e - )ZJ O,;M o)+ OH g,

(A-23)
the last step using homogeneity: S(cJ) = 6&(J), c € F;.

Computing ) 7 8(J). To evaluate the sum of 5(J) in (A-23), we form the gener-
ating series

Fu) = Z s(Nyudee’

J monic

Since s(J) is multiplicative, and s(P*) = 1if k =0, 1, and s(P*) =s(P?) = :Ilz}%
if k > 2, we find

Fu) = ]_[(1 +ute? 4 5(P?) Z ukdegp>

P k>2
(1
|P|2—21—udegP

= Z(u)l_[( |P|2 Zdegf’),

with
1

_ _ deg P\—1 __ .
Z(u)_1:[(1 udee Py -1

We further factor

2deg P __ M4degP)
b

1 2degP ) _ 2,2 2u
l_[<1+|P|2—2“ )_Z(“ a )U(H PR(PE—2)

P

with the product absolutely convergent for |u| < ¢>/*.
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We have
i 1 1 — =+
YD s(h= T?gF(u)—ldu
j=0 JeM; T u=

1 1 1 u~ D
=— fﬁ F(u) du+ — % F(u) du, (A-24)
2mi u—1 2mi 1—u

where the contour of integration is a small circle around the origin not including
any pole of F(u), say |u| = 1/¢?, traversed counterclockwise.
The first integral is zero, because the integrand is analytic near u = 0. As for the

second integral, we shift the contour of integration to |u| = ¢>/#%, and obtain

1 u—+D 1 ey

— P F(u) du=— Res —Res— Res +— % F(u) du.

2mi 1—u u=l1/q u=1 u==+.,/q 2mi 1—u
|u|:q3/4—8

As h — oo, we may bound the integral around |u| = ¢*/*~% by

- % F(u) du <<q q—(3/4—8)(h+1)’
2mi 1—u

Jul=q?/4=
the implied constant depending on q.
The residue at u = 1/g gives
1 h+1
u=l/q  ag(2)* (g —1)

and hence its contribution to Var N is

qh+1 2
(—) , (A-25)
¢(2)

which exactly cancels out the term — (N )2 in (A-23).
The residue at u = 1 gives

Res F U0 Fly= . 41
—Res ———— = =— —_
|P|? -2

u=1 l—u 1—gq »
= ! (A-26)
(g — Dagy(2)
and its contribution to Var N is
h+1
_7__, (A-27)
£ (2)

which exactly cancels out the term (A) in (A-23).
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The residue at u = +,/q gives

Res = 18 g A-28
T 2 (g (=g 1) (A2

and the residue at u = —,/q gives

_h_o
— Res =&—1h 36]22 T
u=—yq 20 (I+q=3 /A +q71/2)
. 3 2
with B, = 1:[(1 — W + W) Hence
=2\ Lk(=D" | —1/2 —1)1=(=D"
— Res — Res =+&q_%_l(l+q ) 7 t4 /(1+q ) 2.
u=t+yq u=—yq & 1-g=3(q-1
Therefore we find
1+q’2
5 7 h even H2n
VarN: 1_—;_3q(h+1)/2 X 1+ _1 + 0<n_/3> + Oq(H1/4+3).
T hodd
q
This concludes the proof of Theorem A.1.
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