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Sungmun Cho

The obstruction to the local-global principle for a hermitian lattice (L, H) can
be quantified by computing the mass of (L, H). The mass formula expresses the
mass of (L, H) as a product of local factors, called the local densities of (L, H).
The local density formula is known except in the case of a ramified hermitian
lattice of residue characteristic 2.

Let F be a finite unramified field extension of (2;. Ramified quadratic exten-
sions E/F fall into two cases that we call Case I and Case 2. In this paper, we
obtain the local density formula for a ramified hermitian lattice in Case I, by
constructing a smooth integral group scheme model for an appropriate unitary
group. Consequently, this paper, combined with the paper of W. T. Gan and J.-K.
Yu (Duke Math. J. 105 (2000), 497-524), allows the computation of the mass
formula for a hermitian lattice (L, H) in Case 1.
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1. Introduction

1A. Introduction. The subject of this paper is old and has intrigued many math-
ematicians. If (V, H) and (V’, H') are two hermitian k’-spaces (or quadratic
k-spaces), where k is a number field and k' is a quadratic field extension of , then it
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is well known that they are isometric if and only if for all places v, the localizations
(Vy, Hy) and (V,, H}) are isometric. That is, the local-global principle holds for
hermitian spaces and quadratic spaces. It is natural to ask whether the local-global
principle holds for a hermitian R’-lattice or quadratic R-lattice (L, H), where R’
and R are the rings of integers of k" and k, respectively. In general, the answer to this
question is no. However, there is a way, namely, the mass of (L, H), to quantify the
obstruction to the local-global principle. An essential tool for computing the mass
of a quadratic or hermitian lattice is the mass formula. The mass formula expresses
the mass of (L, H) as a product of local factors, called the local densities of (L, H).

Therefore, it suffices to find the explicit local density formula in order to obtain
the mass formula and thus quantify the obstruction to the local-global principle.

For a quadratic lattice, the local density formula was first computed by G. Pall
[1965] (for p # 2) and G. L. Watson [1976] (for p = 2). For an expository sketch
of their approach, see [Kitaoka 1993]. There is another proof of Y. Hironaka and
F. Sato [2000] computing the local density when p # 2. They treat an arbitrary
pair of lattices, not just a single lattice, over Z,, (for p # 2). J. H. Conway and
J. A. Sloane [1988] further developed the formula for any p and gave a heuristic
explanation for it. Later, W. T. Gan and J.-K. Yu [2000] (for p # 2) and S. Cho
[2015a] (for p =2) provided a simple and conceptual proof of Conway and Sloane’s
formula by explicitly constructing a smooth affine group scheme G over Z, with
generic fiber Autg, (L, H), which satisfies G(Z;) = Autz, (L, H).

There has not been as much work done in computing local density formulas for
hermitian lattices as in the case of quadratic lattices. Although the local density for-
mula for a quadratic lattice with p =2 was first proved in the author’s paper [2015a],
the formula was proposed in Conway and Sloane’s paper [1988]. However, the local
density formula for a ramified hermitian lattice with p =2 has not been proposed yet
and therefore, the mass formula, when the ideal (2) is ramified in k' / k, is not known.

Hironaka [1998; 1999] obtained the local density formula for an unramified
hermitian lattice. In addition, M. Mischler [2000] computed the formula for a
ramified hermitian lattice (p #% 2) under restricted conditions. Later, Gan and
Yu [2000] found a conceptual and elegant proof of the local density formula for
an unramified hermitian lattice without any restriction on p, and for a ramified
hermitian lattice with the restriction p # 2, by explicitly constructing certain smooth
affine group schemes (called smooth integral models) of a unitary group.

As discussed further on p. 456, we distinguish two cases for a ramified quadratic
extension E/F, where F is an unramified finite extension of Q;, depending on the
lower ramification groups G; of the Galois group Gal(E/F). The division is as
follows:

Case I : G_1 = Go = Gl, G2 = 0;
{CaseZ : G_1 = Go = G1 = Gz, G3 =0.
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These two cases should be handled independently because of technical difficulty
and complexity. The methodologies of the two cases are basically the same, but
Case 2 is much more difficult than Case 1.

The main contribution of this paper is to get an explicit formula for the local
density of a hermitian B-lattice (L, &) in Case I, by explicitly constructing a certain
smooth group scheme associated to it that serves as an integral model for the unitary
group associated to (L ®4 F, h @4 F) and by investigating its special fiber, where
B is a ramified quadratic extension of A and A is an unramified finite extension of
Z, with F as the quotient field of A. The local density formula in Case 2 is handled
in [Cho 2015b].

In conclusion, this paper, combined with [Gan and Yu 2000] and [Cho 2015a],
allows the computation of the mass formula for a hermitian R’-lattice (L, H) when
ky/Q; is unramified, and k;, / ky satisfies Case I or is unramified. Here, k;, (resp. ky)
is the completion of k" (resp. k) at the place v’ (resp. v), where v’ lies over v and v
lies over the ideal (2). As the simplest case, we can compute the mass formula for
an arbitrary hermitian lattice explicitly when k is Q and &’ is any quadratic field
extension of Q such that the completion of k" at any place lying over the ideal (2)
satisfies Case I or is unramified over (,.

Let us briefly comment on the proofs. A key input into the local density formula is

lim f~NIMG4G (A /7N A), (1-1
N—oo
where f is the cardinality of the residue field of A, 7 is a uniformizer in A, and G’
is the naive integral model for the unitary group G associated to (L @4 F, h @4 F),
which represents the functor R — Autpg,r(L ® 4R, h @4 R).

Now if we are lucky enough that G’ is smooth, then the limit in (1-1) would
stabilize at N = 1, which would reduce us to simply finding G’ (k), where x denotes
the residue field of A. A key observation of Gan and Yu is that, even when G’
is not smooth, one can employ a certain smooth group scheme G lurking in the
background, which is a smooth integral model of G that satisfies G(R) = G’(R) for
every étale A-algebra R. The existence and uniqueness of such a G is guaranteed
by the general theory of group smoothening. Then the problem essentially reduces
to constructing G explicitly, so that one can compute the cardinality of the group
G (k) of k-points of its special fiber. This tells us what the analog of (1-1) for G is,
and further, it so turns out that one can deduce the expression (1-1) from its analog
for G. For a detailed explanation about this, see Section 3 of [Gan and Yu 2000].

Let us now describe, therefore, how we construct G and study its special fiber.
As G’ fails to be smooth, one must impose more equations than merely the ones
related to the preservation of (L ®4 R, h ®4 R). Towards this, note that there
exist several sublattices L’ of L such that any element of Autg(L, h) automati-
cally also preserves L’ (and such that, for any étale A-algebra R, any element of
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Autpg,r(L @4 R, h ® 4 R) automatically also preserves L' ® 4 R). For instance, the
sublattice L’ of elements x € L such that h(x, L) belongs to a given ideal of B
necessarily satisfies this property. This gives us additional equations to impose —
these equations leave the group of R-points for any étale A-algebra R untouched,
while taking us closer to smoothness. It so happens that taking sufficiently many
sublattices L’ into consideration, and imposing further restrictions arising from the
behavior of an element of Autpg ,r(L ®4 R, h ®4 R) on some of their quotients,
do leave us with enough equations to ensure that the group scheme G defined by
them is smooth. This step already turns out to be much harder for p = 2 than for
odd p, since in this case there are many more isomorphism classes of hermitian
lattices. Another source of complications is the fact that the equations involve
quadratic forms over the residue field k of A that arise as quotients of some of the
lattices L" mentioned above (the theory of quadratic forms over finite fields is more
complicated in characteristic 2 than in other characteristics).

Now let us describe some of the ideas involved in the computation of the special
fiber G of G. Since the quotients of some pairs of lattices of the form L’ alluded to
in the previous paragraph naturally support symplectic or quadratic forms, it is not
hard to construct a map ¢ from G to a suitable product of symplectic and orthogonal
groups. This step occurs in [Gan and Yu 2000], too. However, p being even for us
poses at least two new difficulties. Firstly, although this product of symplectic and
orthogonal groups contains the identity component of the maximal reductive quotient
of G, this fact seems to be difficult to prove directly. Rather, we prove this fact indi-
rectly, by explicitly computing the dimension of the kernel of ¢. Secondly, ¢ does
not quite define the maximal reductive quotient of G: this maximal reductive quo-
tient is built up from ¢ together with a few additional homomorphisms G—>7 /27.

Our construction of these homomorphisms G—Z /27 is quite indirect. A typical
homomorphism is constructed in the following manner. We define a certain new
hermitian lattice, say (L” h"), starting from (L, k). This lattice naturally gives us a
homomorphism G — G”, where G” is the special fiber of the smooth integral model
obtained by applying our construction to (L”, h”) in place of (L, h). The analog ¢”
of ¢ defines a map from G to (a product of symplectic and orthogonal groups, and
in particular) an orthogonal group, and, by composing with the Dickson invariant,
one gets a homomorphism G'—>Z /2Z. Precomposing this with the homomorphism
G—G" yields a homomorphism G—>Z /2Z. All our homomorphisms G—>Z /27
are constructed in this way.

To show that the candidate for the maximal reductive quotient of G obtained
from ¢ and the morphisms G—>7 /27 is indeed the maximal reductive quotient,
one shows that its kernel is isomorphic, as an affine variety, to an affine space over «.
This implies by a theorem of Lazard that the kernel of our candidate for maximal
reductive quotient is indeed a connected unipotent group scheme, as desired.
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Our main results are Theorem 3.8, Theorem 4.12 and Theorem 5.2. Theorem 3.8
shows that the group scheme G we construct is indeed the sought after smooth
group scheme over A, Theorem 4.12 gives the maximal reductive quotient of G,
and Theorem 5.2 (supplemented by Remark 5.3) gives us the final local density
formulas as follows. The local density of (L, &) is

Br= N fImCuG (k).

Here, N is a certain integer which can be found in Theorem 5.2 and #G (k) can be
computed explicitly based on Remark 5.3(1) and Theorem 4.12.

Appendix B is devoted to illustrating our method with a simple example: the
case where L = B - e is of rank one and 4 is defined by h(le,!'e) = o (I)l, o being
the unique nontrivial element of Gal(E/F). Section B.1 describes how the usual
approach that works when p # 2 (and yields the obvious integral model for the
“norm one” torus associated to B/A) fails when p = 2, and how one may fix this
from “first principles”, without using any of our techniques. We hope this helps
clarify some of the issues involved. Section B.2 illustrates how our construction
specializes to this case; we hope that the simplicity of this case may better motivate
our general construction. Some readers may therefore prefer to look at Appendix B
before perusing the general constructions of Sections 3 and 4 and Appendix A.

This paper is organized as follows. We first state a structure theorem for integral
hermitian forms in Section 2. We then give an explicit construction of G (in
Section 3) and study its special fiber (in Section 4) in Case I. Finally, we obtain an
explicit formula for the local density in Section 5 in Case 1. In Appendix B, we
provide an example to describe the smooth integral model and its special fiber and
to compute the local density for a unimodular lattice of rank 1.

The reader might want to skip to Appendix B and at least go to Section B.1 to
get a first glimpse into why the case of p =2 is really different. Some of the ideas
behind our construction can be seen in the simple example illustrated in Section B.2.

The construction of smooth integral models and the investigation of their special
fibers in this paper basically follow the arguments in [Gan and Yu 2000] and [Cho
2015a]. As in [Gan and Yu 2000], the smooth group schemes constructed in this
paper should be of independent interest.

2. Structure theorem for hermitian lattices and notations
2A. Notation. Notation and definitions in this section are taken from [Cho 2015a;
Gan and Yu 2000; Jacobowitz 1962].

e Let F be an unramified finite extension of , with A its ring of integers and «
its residue field.

e Let E be a ramified quadratic field extension of F with B its ring of integers.
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e Let o be the nontrivial element of the Galois group Gal(E/F).

e The lower ramification groups G; of the Galois group Gal(E/F) satisfy one of
the following:

Case I : G_1=G0=G1, G2=0;
Case 2 : G_1=G0=G1=G2, G3=0.
We explain the above briefly. Based on Section 6 and Section 9 of [Jacobowitz

1962], we can select a suitable choice of a uniformizer 7= of B in the following

way. In Case I, E = F(+/1+2u) for some unit u of A and m = 1 + +/1 + 2u.
Then o (7) = e, where € = 1 mod 7 and 671;1 is a unit in B. So we have that

o(@)+m,o(m) -m e )\4).InCase?2, E=F(r). Here, 1 = «/ﬁ, where § € A
and § =1 mod 2. Then o () = —.

From now on, a uniformizing element 7 of B, u, and § are fixed as explained
above throughout this paper. The constructions of smooth integral models associated
to these two cases are different and we will treat them independently.

e We consider a B-lattice L with a hermitian form
h:LxL— B,

where h(a-v,b-w)=0(a)b-h(v, w) and h(w, v) = o (h(v, w)). Here,a,b € B
and v, w € L. We denote by a pair (L, &) a hermitian lattice. We assume that
V = L ®4 F is nondegenerate with respect to /.

» We denote by (¢) the B-lattice of rank 1 equipped with the hermitian form having
Gram matrix (¢). We use the symbol A(a, b, c) to denote the B-lattice B-e;+ B -e»
with the hermitian form having Gram matrix ( a C). For each integer i, the lattice

o(c) b ;
of rank 2 having Gram matrix (_ (?ﬂ-) % ) is called the 77'-modular hyperbolic plane
and denoted by H (i).

e A hermitian lattice L is the orthogonal sum of sublattices L; and L,, written
L=L &L, if LyNLy=0, L, is orthogonal to L, with respect to the hermitian
form h, and L and L, together span L.

» The ideal in B generated by A (x, x) as x runs through L will be called the norm
of L and written n(L).

» By the scale s(L) of L, we mean the ideal generated by the subset h(L, L) of B.

o We define the dual lattice of L, denoted by L+, as
L*={xeL®sF:h(x,L)C B).

Definition 2.1. Let L be a hermitian lattice. Then:

(a) For any nonzero scalar a, define aL = {ax | x € L}. Itis also a lattice in the
space L ®4 F. Call a vector x of L maximal in L if x does not lie in 7 L.
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(b) The lattice L will be called 7‘-modular if the ideal generated by the subset
h(x, L) of E is " B for every maximal vector x in L. Note that L is 77/ -modular
if and only if L+ =7~"L. We can also see that H (i) is 7/-modular.

(c) Assume thati is even. A r'-modular lattice L is of parity type I if n(L) =s(L),
and of parity type Il otherwise. The zero lattice is considered to be of parity
type II. We caution that we do not assign a parity type to a ' -modular lattice
L with i odd.

2B. A structure theorem for integral hermitian forms. We state a structure theo-

rem for 77 -modular lattices in this subsection. Note that if L is 72
2i+1
T

-modular (resp.
-modular), then 7 'L C L ® 4 F is 7°-modular (resp. 7 '-modular). We will
emphasize this in Remark 2.3(a) again. Thus it is enough to provide a structure
theorem for 7°-modular or 7 '-modular lattices.

Theorem 2.2. Leti =0or 1.

(a) Let L be a w'-modular lattice of rank at least 3. Then L = D, H. ® K, where
K is w'-modular of rank 1 or 2, and each H, = H (i).

(b) We denote by (1) or (2) the ideal of B generated by the element 1 or 2,
respectively. Assume that K is w'-modular of rank 1 or 2. Then, depending
on i, the rank of K, the case that E/ F falls into, the parity type of L (when
applicable), and n(L) which is the norm of L, we may take K to be of the

following form:
Rankof K i E/F  Paritytypeof L n(L) Form for K

1 0 Casel I* (H* (a),ae A,a=1 mod?2
1 0 Case?2 I* (H* (a),ae A,a=1 mod?2
2 0 Casel 1 (H* A(,2b,1),be A
2 0 Case2 1 (H* A(,2b,1),be A
2 0 Casel /4 2* H()
2 0 Case2 1 2)*  AQ25,20,1),b' € A
2 1 Casel @2* AQR,2a,m),acA
2 1 Case2 2) A(4a,28,m),aec A
2 1 Case?2 (@) H(1)

Here, the superscript x indicates the value in the table necessarily holds.

Proof. Part (a) is proved in Proposition 10.3 of [Jacobowitz 1962].

For part (b), when the rank of K is 1, it is clear that K = (a’) for a certain unit
a’ € A with a basis e. Since the residue field « is perfect, there is a unit element a”
in A such that @’ = a”? mod 2. The reader can check that replacing e by (1/a”)e
realizes K in the manner dictated by the theorem.

From now on, we assume that the rank of K is 2. Suppose that i = 0. Then
n(K) = (1) or n(K) = (2) since n(K) 2 n(H(0)) = (2) (Proposition 9.1(a) and
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Equation 9.1 with k£ = 0 in [Jacobowitz 1962]). If n(K) = (1), then we can use
Proposition 10.2 of [Jacobowitz 1962] to get K = A(1, a, 1) with respect to a
basis (eq, ¢»). Furthermore, the determinant a — 1 is a unit in A. To show this, we
observe that K has an orthogonal basis, since n(K) = s(K) = (1) (Proposition 4.4
in [Jacobowitz 1962]), and so the determinant should be a unit in order for K to be
7%-modular. Since the residue field « is perfect, there is a unit element 8 in A such
thata — 1 = # mod 2. We now choose another basis (eq, (1 — 8)e; + Bez). With
this basis, it is easy to see that K = A(1, 2b, 1) for a certain b € A.

Now assume that n(K) = (2) so that we cannot use Proposition 10.2 of [Ja-
cobowitz 1962]. We choose a basis of K so that K = A(x, y, 1) for some x, y € A.
Since n(K) = (2), both x and y should be contained in the ideal (2). Thus
K = AQ2a, 2b, 1) for some a,b € A. Furthermore, in Case 1, if n(K) = (2)
then K = H (0) by parts (a) and (b) of Proposition 9.2 of [Jacobowitz 1962].

The remaining case we need to prove when i = 0 is then that

K = A(28,20, 1)

for certain b’ € A, in Case 2 if n(K) = (2). By Proposition 9.2(a) of [Jacobowitz
1962], if K is isotropic then K = H(0) so that we can choose b' = 0. Fur-
thermore, the lattice K with n(K) = (2) is determined by its determinant up
to isomorphism (Proposition 10.4 in [Jacobowitz 1962]). Since the determinant
d(K) of K is a unit and is well-defined modulo Ng,4 B>, there are at most two
cases of d(K') because |A*/Np/4B*| =2. Here, B* and A* are the unit groups
of B and A, respectively, and Ng/4B* is the norm of B*. We observe that
d(A(26,0,1)) and d(A(28,2d/5, 1)), which are clearly 7%-modular, give different
classes in A*/Np,oB*, where d is as defined in Lemma 2.4. Thus, a lattice K
with n(K) = (2) in Case 2 should be isomorphic to one of these two. In other
words, such K is isomorphic to K = A(268,2b', 1) with b’ =0 or b’ =d/$.

We next suppose that i = 1. In Case I, n(H (1)) = (2) and so n(K) = (2) since
s(K) 2 n(K) 2 n(H(1)). Thus K is also determined by its determinant up to
isomorphism (Proposition 10.4 in [Jacobowitz 1962]). This fact implies that there
are at most two cases for K since the determinant of K divided by 2 is a unit
in A and the cardinality of A*/Ng,oB* is 2. By Lemma 2.5, d(A(2,0, ))
and d(A(2,2ud, 7)), which are clearly 7 '-modular, give different classes in
A*/NpsaB*, where u and d are as defined in Lemma 2.5. Thus, a lattice K
with n(K) = (2) in Case I should be isomorphic to one of these two. In other
words, such K is isomorphic to d(A(2, 0, 7)) or d(A(2, 2ud, x)).

In Case 2, n(H(1)) = (4) and so n(K) = (2) or n(K) = (4). If n(K) = (2),
then we can use Proposition 10.2(b) of [Jacobowitz 1962] (take m = 1) to get
K = A28, 4a, w) with basis (ej, e>). If we use a basis (ep, —ey), then K =
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A(4a, 25, ). If n(K) = (4), then by Proposition 9.2(a-b) of [Jacobowitz 1962],
K= H(1)= A(0,46, 7).
These complete the proof. U

Remark 2.3. (a) If L is 7/-modular, then 7/ L is 7r/+2/-modular for any integer ;.
Thus, the above theorem implies its obvious generalization to the case where i is
allowed to be any element of Z.

(b) [Jacobowitz 1962, Section 4] For a general lattice L, we have a Jordan splitting,
namely L = @D, L; such that L; is 7" _modular and such that the sequence {n(i)};
increases. Two Jordan splittings L = @ ,<;<, L; and K = @, <,<7 K; will be
said to be of the same type if t = T and, for 1 <i < T, the fOHO\;Vi;lg conditions
are satisfied: s(L;) = s(K;), rank L; =rank K;, and n(L;) = s(L;) if and only if
n(K;) = s(K;). Jordan splitting is not unique but partially canonical in the sense
that two Jordan splittings of isometric lattices are always of the same type.

(c) If we allow some of the L;’s to be zero, then we may assume that n(i) =i for
all i. In other words, for all i € NU {0} we have s(L;) = (), and, more precisely,
L; is '-modular. Then we can rephrase part (b) above as follows. Let L = P, L;
be a Jordan splitting with s(L;) = (%) for all i > 0. Then the scale, rank and
parity type of L; depend only on L. We will deal exclusively with a Jordan splitting
satisfying s(L;) = (') from now on.

Lemma 2.4. Assume that B/ A satisfies Case 2. Then there is an element d € A*
such that 1 —4d and 1 give different classes in A* /Np/aB™.

Proof. Using our knowledge of the lower ramification groups G; for Gal(E/F),
we can compute the higher ramification groups G’ for the same extension:

G '=G°=G'=G?> and G’=0.

Let U' =1+ (2)' be the i-th higher unit group in F with i > 1. Then by local class
field theory, the image of G' under the isomorphism Gal(E/F) = F*/Ng,pE*
isU' /(U N Ng/rE™). We apply this when i is 2. Then we can easily verify the
existence of a d as stated in the lemma. ([l

Lemma 2.5. Assume that B/ A satisfies Case 1. Then there is an element d € A*
such that 1 + 2d and 1 give different classes in A* /Np/oB*.

Proof. The proof of this lemma is similar to that of the above lemma. In this case
the higher ramification groups are as follows:

G '=G"=G' and G*=0.

Again we use local class field theory as explained in the proof of the above lemma
but with i = 1. Then we can easily verify the existence of a d as stated in the
lemma. (]
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2C. Lattices. In this subsection, we will define several lattices and associated
notation. Fix a hermitian lattice (L, #). We denote by (7r!) the scale s(L) of L.

(1) Define A; = {x € L | h(x, L) € &' B).

(2) Define X (L) to be the sublattice of L such that X (L)/x L is the radical of the
symmetric bilinear form %h modm on L/ L.

Let/ =2m or [ =2m — 1. We consider the function defined over L by

ZLmq:L—> A, x> %h(x,x).

Then %,,,q mod 2 defines a quadratic form L/w L — k. It can be easily checked
that %,,,q mod 2 on L/m L is an additive polynomial if / =2m, or if /| =2m — 1 and
E / F satisfies Case 2. Otherwise, that is, if / =2m — 1 and E/ F satisfies Case 1, it
is not additive. We define a lattice B(L) as follows.

3) If zlmq mod 2 on L/x L is an additive polynomial, then B(L) is defined to be
the sublattice of L such that B(L)/m L is the kernel of the additive polynomial
%q mod2on L/mL. If zimq mod 2 on L/m L is not an additive polynomial,
then B(L) = L.

To define a few more lattices, we need some preparation as follows. For the
remainder of the paper, set
E:=m-o(m).
Assume B(L) & L and [ is even. Then the bilinear form £7'2h mod 7 on the

k-vector space L/X (L) is nonsingular symmetric and nonalternating. It is well
known that there is a unique vector e € L/ X (L) such that

(éil/zh(v, 8))2 =& (v, v) mod

for every vector v € L/ X (L). Let (e) denote the 1-dimensional vector space spanned
by the vector e and denote by et the 1-codimensional subspace of L/X (L) which
is orthogonal to the vector e with respect to £ ~*/>h mod . Then

B(L)/X(L) =e" .

If B(L) = L, the bilinear form £ ~//2h mod 7 on the x-vector space L/ X (L) is
nonsingular symmetric and alternating. In this case, we pute =0 ¢ L/ X (L) and
note that it is characterized by the same identity.

The remaining lattices we need for our definition are:

(4) Define W (L) to be the sublattice of L such that

{W(L)/X(L) = (e) ifliseven;
W(L)=X(L) if [ is odd.
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(5) Define Y (L) to be the sublattice of L such that Y (L)/x L is the radical of

the form Zimh mod 7 on B(L)/w L if |l =2m;
the form % . zm%,h modw on B(L)/mL ifl=2m—1in Case 2.

Both forms are alternating and bilinear.
(6) Define Z(L) to be the sublattice of L such that Z(L)/w L in Case I or
Z(L)/m B(L) in Case 2 is the radical of

the form 5¢ mod 2 on L/ L if | =2m — 1 in Case I;
the form zmﬁq mod 2 on B(L)/wB(L) ifl=2m in Case 2.

Both forms are quadratic.

See, e.g., page 813 of [Sah 1960] for the notion of the radical of a quadratic
form on a vector space over a field of characteristic 2.

Remark 2.6. (a) We can associate the 5 lattices (B(L), W(L), X (L), Y (L), Z(L))
above with (A;, k) in place of L. Let B;, W;, X;, Y;, Z; denote the resulting
lattices.

(b) As k-vector spaces, the dimensions of A;/B; and W;/X; are at most 1.

Let L =P, L; be a Jordan splitting. We assign a type to each L; as follows:

parity of i | type of L; | condition
even 1 L; is of parity type /
even I° L; is of parity type [ and the rank of L; is odd
even I° L; is of parity type I and the rank of L; is even
even 11 L; is of parity type Il
odd 11 E/F satisfies Case I or
E/F satisfies Case 2 with A; = B;
odd 1 E/F satisfies Case 2 and A; 2 B;

In addition, we assign a subtype to L; in the following manner:

parity of i | subtype of L; condition
even bound of type I | L; is of type I and either L;_; or L, is of type 1
even bound of type II | L; is of type II and either L;_; or L;,; is of type 1
odd bound either L;_; or L;4 is of type [

In all other cases, L; is called free.
Notice that the type of each L; is determined canonically regardless of the choice of a

Jordan splitting.

2D. Sharpened structure theorem for integral hermitian forms. While Theorem 2.2 lets
us work with a restricted set of candidates for each L;, further pruning is facilitated by the
type of each L;. For this, we need a series of lemmas.
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Lemma 2.7 [Jacobowitz 1962, Proposition 9.2]. Let L be a w'-modular lattice of rank 2
withn(L) =n(H()). Then L = H(i) in Case 2 with i odd and in Case 1 with i even.

Lemma 2.8 [Jacobowitz 1962, Proposition 4.4]. A w'-modular lattice L has an orthogonal
basis if n(L) = s(L).

Lemma 2.9. Assume that E/F satisfies Case 2.

(1) Let L = A(4a, 258, ) & (2¢) with respect to a basis (ey, e, e3), where ¢ = 1 mod 2.
Then L = H(1) ® (2¢) where ¢/ =1 mod 2.

(2) Let L = A(4a, 25, ) @ (c) with respect to a basis (e, ez, e3), where ¢ = 1 mod 2.
Then L = H(1) ® (¢') where ¢’ =1 mod 2.

Proof. For (1), we work with the basis (e; — (2aw/§)es, ex +e3, (¢ /§)e; 4+ e3) of L. With
respect to this basis, L = A(—4a — 16a%,2(6+¢), (1+4a)) ® 2c(1 —4ac/8)). Moreover,
n(A(—4a—16a%,2(8+c), m(1+4a))) =n(H (1)) = (4). Combined with the lemma above,
this completes the proof.

For (2), we note that the sublattice of L spanned by (e, e, wes3) is isomorphic to
A(4a, 28, ) @ (2¢") where ¢’ =1 mod 2. If we apply (1) to this sublattice by choosing a
basis (e; — (2am/8)e;, ex + e, (¢'m/8)e; + mes), then A(da, 28, w) B (2¢’) is isomorphic
to H(1)® (2¢”) where ¢” =1 mod 2. Now the sublattice of L spanned by (e; — (2aw/§)es,
er+mes, %((c/n/(S)el +71e3)), which is the same as L, is isomorphic to H(1)® (—c¢”/§). O

The above lemmas will contribute to the proof of Theorem 2.10 below in the following
manner. For a given Jordan splitting L =P, L; in Case 2, assume that L is bound of type I.
Theorem 2.2 tells us that there are two different possibilities for L; as a hermitian lattice
and if L; = @ H(1) then the conclusion of the as yet unstated Theorem 2.10, for i = 1,
will follow. If L = € H(1) & A(4a, 28, ) and either Ly or L, is of type I°, then by
Lemma 2.9 and the above paragraph, Lo@ L ® L, =L@ L@ L), such that L) =P H(1)
and the types of Ly and L, are the same as those of L; and L/, respectively. In case
either Ly or L, is of type I¢, say L, is of type I¢, L, = (D H(2)) ® (2a) & (2b) where
a,b=1 mod 2 by Lemma 2.8. Then we use Lemma 2.9 on L & (2b) to get L, & (2b) =
(@B H1)® @p') withd' =1 mod 2. Thus L, & L, = L) @ L), where L) = @ H(1) and
the type of L, = (6 H(2)) ® (2a) & (2b') is the same as that of L,. We conclude that
L=Ly®L ®L,® (P, L;) is another Jordan splitting of L and in this case, L} =P H(1).
Therefore, if Ly is bound of type I in Case 2, then L can always be replaced by € H(1).
Combined with Theorem 2.2, this yields the following structure theorem:

Theorem 2.10. There exists a suitable choice of a Jordan splitting of the given lattice

L=, L; such that L; = @, H, ® K, where each H, = H(i) and K is 7'-modular of
rank 1 or 2, with the following descriptions. Leti =0 ori = 1. Then

(a) In Case 1,

(a) wherea=1mod2 ifi =0and Ly is of type 1°;
A(1,2b,1) ifi =0and Ly is of type I°;
H(0) ifi =0and Ly is of type I ;
A(2,2b, ) ifi =1.
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(b) In Case 2,

(a) wherea=1mod2 ifi =0and Ly is of type 1°;

A(1,2b,1) ifi =0and Ly is of type I¢;
K=1A(126,2b,1) ifi =0and Ly is of type 1I;

A(4a, 268, ) ifi =1 and L, is free of type I;

H(1) ifi =1, and L, is bound of type I or of type II .

Here,a,b € A and §, m are explained in Section 2A.
From now on, the pair (L, &) is fixed throughout this paper.

Remark 2.11. Working with a basis furnished by Theorem 2.10, we can describe our
lattices A; through Z; more explicitly. We use the following conventions. Let £; denote
P 7™ =IL;. Further, the @, H; will be denoted by #;. Theorem 2.10 involves a
basis for a lattice K, which we will write as {ei’), eé')} according to the ordering contained
therein. For all cases, wehave A; =L, ®L; and X; =L, drwL;.

In order to write W;, we should first find the vector e € A;/ X; explained in the paragraph
right after the definition of B(L) in Section 2C. In order to simplify notations, let us work
with one example. Assume that (ey, e, €3, e4) is a B-basis of L with respect to which # is

represented by the matrix

100
00

0012

So L (= Lo= Ay) is of type I° and our basis is as explained in Theorem 2.10. Now, in order
to find Wy, we should find the vector e € L /7 L explained in Section 2C (after the definition
of B(L)). If v = (x, y, z, w) is a vector in L/ L, then i (v, v) mod = = z2. On the other
hand, if e = (0,0,0, 1) € L/x L, then (h(v, ¢))? mod w = z2. Therefore, by uniqueness of
the vector e, (0,0, 0, 1) € L/m L is the vector e we are looking for.

Since W is the sublattice of L such that Wy/ Xy = Wy/m L is the subspace of L/ L
spanned by the vector e, Wy is spanned by (;re;, we;, wes, e4), and it is easy to see that By
is spanned by (e, ez, wes, es).

To describe all lattices, it is good to start with the matrix of our fixed hermitian form A
with respect to a basis furnished by Theorem 2.10.

Case 1, i even: For type I, e = (0,---,0,1) € A;/ X;. The following table describes the
lattices:

Type B Wi Y;
I Li ®H; ® (n)e) Li®n-H; ®Bel X
I° LioH®me oBeY Lion -H ®@e ®Be W,
1 A; X; Xi
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Case 1, i odd. We have B; = A;, W; = X;, and Y; is not defined. Also, Z; is a sublattice of
A; and so we should have congruence conditions for L ;. Namely,

7 = @ pmax{0.i— jL el GB@nmasz ](H EBBeU))
J{uE jeg

&) {ana"{o’i” ~aje§j) |f0reachaj € B, Zaj € (rr)}.

je& je&

Here, £ ={je{i—1,i+1}|L;is of type I} and the ez’ ) factor should be ignored for those
J € € such that L; is of type I”.

The following example would be helpful to have a better understanding of the notions
of “bound” and “free” and of the notion of type when i is odd. Let L =L, @ L, =
A(0,0, ) @ (2), so that L; is bound of type  (since A; # Bj) and L, is free of type /.

Case 2, i even. The B;, W;, and Y; are exactly as in the table given for Case 1. The lattice
Z; is alittle complicated. Note that when L; is of type I or bound of type II, the dimension
of Y;/Z; as a k-vector space is 1. We describe it case by case below.

e Let&' ={je{i—2,i+2}|L;jisoftype I}. If L; is of type I so that L;_; and L;,

are bound,
Z: = @ nmaxOl J} L D @ nmasz J} (H @Be(]))@ﬂ'?‘lj
J¢li,i+2} jeli£2}
®{<anax{0,i—1 a; e(]])) + (7‘[ aleiz) +b-bie§i))|
je&!
foreach a; € B, (Za,-) +a;+b-b; € (n)},
je&’

where the e;j ) (resp. eg)) factor should be ignored for those j € {i &2} (resp. i) such
that L ; (resp. L;) is not of type /¢, and b € B is such that L; = T2 (H; @ A(1, 2b, 1))
when L; is of type I°.

e If L; is free of type II (so that all of L;4, and L;1; are of type II), then Z; = X;.

o If L; is bound of type /I, then with & = {j € {i — 1,7+ 1} | L; is free of type /} and
E={jeli—2,i+2}|Ljisof type I}, we have

Z; = @ a0 gL,
jeliitl,i£2}
® @ n,mdez j(fH @BE(J) EB @ n,math j}(r]_[ @BE(J))
jeli£1} Jeli+2}
{(anaXOL j} a; e;])) + (anax{o,i—j} ’ajeij)>}
je&y je&
foreacha; € B, ( Z a,-) € (n)}.
jeElUEY

For example, ifi +1 € &, theni +2¢ &. Andifi +2€ &, theni+1¢¢&).
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Case 2, i odd. In this case, W; = X; and Z; is not defined.

Type B; Y;

free of type 1 LiDH; D BeY) [a>) (n)eg) LiDnH; D BeY) @ (n)eg)
bound of type 1 see below see below

type II A; X;

When L; is bound of type I, the dimension of A;/B; as k-spaces is 1.
Bi= P =L 0L & @m0 (H; @ Bey)

JRUE je&
® {ana"{o’ij} -ajeij) \foreach aj € B, Zaj 1S (n)},
je€ je€
Y, = @ n,max{O,i—j}Lj ol @nmax{o,i—j}(Hj ® Beéj))
jelijve jeE
® {ana"{o’i—” -aje\’ | foreach a; € B, Zaj € (n)}.
je& je&

Here, £ ={jef{i—1,i+1}|L; is of type I}.

3. The construction of the smooth model

Let G’ be the naive integral model of the unitary group U (V, h), where V = L ®4 F, such
that for any commutative A-algebra R,

G'(R) = Autgg,g(LQ4s R, h ®4R).

The scheme G’ is then an (possibly nonsmooth) affine group scheme over A with smooth
generic fiber U (V, h). Then by Proposition 3.7 in [Gan and Yu 2000], there exists a unique
smooth integral model, denoted by G, with generic fiber U(V, h), characterized by

G(R)=G'(R)

for any étale A-algebra R. Note that every étale A-algebra is a finite product of finite
unramified extensions of A. This section, Section 4 and Appendix A are devoted to gaining
an explicit knowledge of the smooth integral model G in Case 1, which will be used in
Section 5 to compute the local density of (L, /) (again, in Case I). For a detailed exposition
of the relation between the local density of (L, &) and G, see [Gan and Yu 2000, Section 3].

In this section, we give an explicit construction of the smooth integral model G when
E/F satisfies Case 1. The construction of G is based on that of Section 5 in [Gan and
Yu 2000] and Section 3 in [Cho 2015a]. Since the functor R — G(R) restricted to étale
A-algebras R determines G, we first list out some properties that are satisfied by each
element of G(R) = G'(R).

We choose an element g € G(R) for an étale A-algebra R. Then g is an element of
Autpg ,g(L ®4 R, h ®4 R). Here we consider Autgg,zr(L ®4 R, h ®4 R) as a subgroup
of Resg/r GLE(V)(F ®4 R). To ease the notation, we say g € Autgg ,zg(L @4 R, h ®4R)
stabilizes a lattice M C V if g(M @4 R) = M Q4 R.
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3A. Main construction. Let R be an étale A-algebra. In this subsection, as mentioned
above, we observe properties of elements of Autgg,zr(L ®4 R, h ®4 R) and their matrix
interpretations. We choose a Jordan splitting L = €D, L; and a basis of L as explained in
Theorem 2.10 and Remark 2.3(a). Let n; =rankgL;, and n =rankz L = > n;. Assume that
n; =0unless 0 <i < N. Let g be an element of Autgg,zr(L ®4 R, h ®4 R). We always
divide a matrix g of size n x n into N2 blocks such that the block in position (i, j) is of size
n; X n;. For simplicity, the row and column numbering starts at O rather than 1.

(1) First of all, g stabilizes A; for every integer i. In terms of matrices, this fact means
that the (i, j)-block has entries in amax{0.j=1} B &, R. From now on, we write

g= (nmax{O,jfi}gi j) .
(2) The element g stabilizes A;, B;, W;, X; and induces the identity on A;/B; and W;/ X;.
We also interpret these facts in terms of matrices as described below:
(a) If i is odd or L; is of type II, then A; = B; and W; = X; and so there is no

contribution.
(b) If L; is of type I°, the diagonal (i, i)-block g; ; is of the form

Si TYi
GL,. (B R),
(nvi 1+nzi> € (B ®aR)

where s; is an (n; — 1) x (n; — 1)-matrix, etc.
(c) If L; is of type I¢, the diagonal (7, i)-block g;; is of the form

Si i TTt;
wy; 14+mx; TZi € GL,;(B®4R),
v; U; 1+mw;

where s; is an (n; —2) X (n; — 2)-matrix, etc.

3B. Construction of M. We define a functor from the category of commutative flat A-
algebras to the category of monoids as follows. For any commutative flat A-algebra R, let

M(R) C {m € Endpg k(L ®4R)}
to be the set of m € Endpg ,r (L ®4 R) satisfying the following conditions:
(1) m stabilizes A; @4 R, B; @4 R, W; @4 R, X; ®4 R for all i.
(2) m induces the identity on A; @4 R/B; @4 R, W; @4 R/ X; @4 R for all i.

Remark 3.1. We give another description for the functor M and using this, we show
that it is represented by a polynomial ring. Let us define a functor from the category of
commutative flat A-algebras to the category of rings as follows:

For any commutative flat A-algebra R, define

M'(R) C {m € Endpg,r(L ®4R)}
to be the set of m € Endpg ,r(L ®4 R) satisfying the following conditions:
(1) m stabilizes A; ® s R, B; @4 R, W; 4R, X; ®4 R for all .
(2) mmaps A; ®4 R, W; @4 R into B; @4 R, X; ®4 R, respectively.
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Then, by Lemma 3.1 of [Cho 2015a], M’ is represented by a unique flat A-algebra A(M")
which is a polynomial ring over A of 2n? variables. Moreover, it is easy to see that M’ has
the structure of a scheme of rings since M’(R) is closed under addition and multiplication.

We consider a scheme Resg, 4 Endg (L) such that the associated set to a commutative
flat A-algebra R is Endgg ,r(L ®4 R). Indeed, Resg,4 Endg(L) is a group scheme under
addition. But at this moment, we consider it as a scheme of sets so as to embed M
into this. Let us consider both M and M’ as functors from the category of commutative
flat A-algebras to the category of sets. Then they are subfunctors of Resg,4 Endg(L).
Furthermore, the functor M (viewed as valued in sets) is the same as the functor 1 + M’,
where (14+M')(R) ={14+m:m € M'(R)}. Here, the set Endgg ,z (L ®4 R) has an obvious
additive structure and the addition in the description of (1 4+ M’)(R) comes from this.

Therefore, M and M’ are equivalent, as subfunctors of Resg/4 Endg(L). This fact
induces that the functor M is also represented by a unique flat A-algebra A[M] which is a
polynomial ring over A of 2n? variables. Moreover, it is easy to see that M has the structure
of a scheme of monoids since M (R) is closed under multiplication.

We can therefore now talk of M (R) for any (not necessarily flat) A-algebra R. However,
for a general R, the above description for M (R) will no longer be true. For such R, we use
our chosen basis of L to write each element of M (R) formally. We describe each element of
M(R) as a formal matrix (7™~ ;). Here, m; ;, when i # j, is an (n; x n;)-matrix
with entries in B ® 4 R and

Si Ty g s s 0.
(nv,» 1 +7Tzi> if i is even and L; is of type 17;
m ;= Si T Tl
b Ty 1+mx; 7z if i is even and L; is of type I¢;
v; u; 1+ TTW;
mi; otherwise, i.e., if L; is of type II.

Here, s; is an (n; — 1 x n; — 1)-matrix (resp. (n; —2 x n; — 2)-matrix) with entries in B ®4 R
if L; of type I° (resp. of type 1¢) and y;, v;, z;, 14, t;, Vi, Xi, U;, w; are matrices of suitable
sizes with entries in B ® 4 R. Similarly, if L; is of type II, then m;; is an (n; X n;)-matrix
with entries in B ® 4 R. To simplify notation, each element

()it (M) L; of type T (Sis Vi Vi Zi)L; of type 195 (Sis Vis Zis Tis By Vis Xiy Wiy Wi)L; of type 19)-
of M(R) is denoted by (m; ;, s; - - - w;).

In the next section, we need a description of an element of M (R) and its multiplication
for a k-algebra R. In order to prepare for this, we describe the multiplication explicitly only
for a k-algebra R. To multiply (m; ;, s; - - - w;) and (m;,j, s!---w.), we form the matrices
m = (x>0, ) and m’ = (nmax[o*f_‘}mg,j) with s; - w; and s; - - - w, and write the

formal matrix product (™07 ~hm; ;) - (™07} ) = (™07~ ) with

st wy! o . 0
L, - if i is even and L; is of type [%;
nv] 1+mz;
~ 1/ ~ ~ ~
m;; = s I wt!
ny! l+nx] 7wz if i is even and L; is of type I°.

o @ 1)
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" " " : 2 . ~1 S ~ 1/
Let (mi’j, s/ -~ w;) be formed by letting 7 be zero in each entry of (ml.’j, s/ -w).
Then each matrix of (mg/j, s{---w!) has entries in B ®4 R and so (mg/j, s/ ---w!) is an

element of M (R) and is the product of (m; ;, s; - - - w;) and (m;j, s} -- - w}). More precisely,

(1) Ifi # jorifi = j and L; is of type 11,
N
m;/] — Z 7_[(max{O,k—z]+max{0,,/—k}—max{O,]—z})mi’km;cyj;
k=1

" a

(2) For L; of type 1%, we write m; j_ym|_, ; +m;iim ;= (cl’:’ d{,,) and m; ;_om;_,; +
1 1
~/ LI
Mo ;= (j’,, j//) where a/ and @/ are (n; — 1) x (n; — 1)-matrices, etc. Then

i i

s) =s;s! +mal';
" / " / I .

v =8y +yi + b +7(yiz; +b));
v =v;s] +v) + ¢ + 7w (zv) +¢));
7 =z +z+d +r(ziz; + vy +d).

(3) When L; is of type I°, we write

al b o
Mij_imi_y;+mipmiy ;= df el f
g hi ki
and .
él{/ bl// ~/7
Miiam)_y; +miiom) = \d & f

1
=1npn o
g hi ki

4

where a and a are (n; —2) x (n; — 2)-matrices, etc. Then

si = sisi 7 (riy; +1v; +a));

vl = sirl +ri +w(rix! + tiu) + b);

t[»” = Sil‘l-/"—r,‘Z; + ¢ +C;, +7r(t,~w; ~|—El/»/);

Y/ = yis{+ ¥+ zvFd + e (y] 4 d);

x! = x; +xl +zu + yir] +el +m(xxi +e);
D=4+ 7 Hrlitl X2+ w; +f,-”);
i = vis{ + v+ (uiy+wiv +8/);
D=+l ! + x4 wiul + h);

w! = w; +w; +v;t] +u;izi + k] + w(ww; —H;lf/).

1

3l

S <

Remark 3.2. We let d be the determinant homomorphism on the algebraic monoid
Resg 4 Endp(L). We consider the inclusion

t: M — Resp/s Endg(L)

between functors of sets on the category of commutative flat A-algebras. Note that this
inclusion is a morphism of schemes by Yoneda’s lemma since M is flat over A. It is not
an immersion as schemes since the special fiber of M is no longer embedded into that
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of Resp/4 Endg(L). For a commutative flat A-algebra R, the multiplication on M (R) is
induced from that on Resg,4 Endg(L)(R) under ¢. Thus the morphism ¢ is a morphism of
monoid schemes.

We consider d as the restriction of the determinant homomorphism under . Then
Spec(A[M],) is an open subscheme of M, where A[M], is the localization of the ring A[M]
at d. Note that Spec(A[M],)(R), the set of R-points of Spec(A[M],) for a commutative
A-algebra R, is characterized by

{m € M(R) : there exists i’ € Endgg,r(L ®4 R) such that tg(m) -’ =m’" - 1g(m) = 1}.

Here, tg : M(R) — Resp;4 Endp(L)(R) is a morphism of monoids induced by ¢. It is easy
to see that the above set Spec(A[M ;) (R) is a monoid, and hence Spec(A[M],) is a scheme
of monoids.

We define a functor M* from the category of commutative A-algebras to the category
of groups as follows. For a commutative A-algebra R, set

M*(R) ={m € M(R) : there exists m’ € M(R) such thatm -m' =m’' -m = 1}.

We claim that M* is representable by Spec(A[M],). For any commutative A-algebra R,
the inclusion M*(R) C Spec(A[M],)(R) is obvious.

In order to show Spec(A[M1,)(R) € M*(R), we first prove that i’ (€ Endpg ,r (L®4R))
associated to m € M (R) is an element of M (R) for every flat A-algebra R. To verify this
statement, it suffices to show that i’ satisfies conditions (1) and (2) defining M. This follows
from the following fact: if L’ is a sublattice of L and m is an element of Spec(A[M],)(R)
for a flat A-algebra R which stabilizes L' ® 4 R, then L’ ® 4 R is stabilized by m’ as well.
This can be easily proved as in Lemma 3.2 of [Cho 2015a] and so we skip the proof.
Thus M*(R) is the same as Spec(A[M];)(R) for a flat A-algebra R. In order to show
M*(R) = Spec(A[M],)(R) for any commutative A-algebra R, we consider the following
well-defined map, for any flat A-algebra R:

Spec(A[M]q)(R) — Spec(A[M]4)(R) x Spec(A[M]q)(R)

m— (m,m’).

Since Spec(A[M]y,) is flat, this map is represented by a morphism of schemes by Yoneda’s
lemma. On the other hand, since Spec(A[M],) is a scheme of monoids, the map

Spec(A[M]4)(R) x Spec(A[M]4)(R) — Spec(A[M]a)(R)
(m,m') — mm’

is represented by a morphism of schemes. We consider the composite of these two mor-
phisms. It is the constant map (at the identity) at least at the level of R-points, for a flat
A-algebra R. To show that the composite is the constant morphism of schemes (at the
identity), it suffices to show that it is uniquely determined at the level of R-points, for a flat
A-algebra R. Note that Spec(A[M],) is an irreducible smooth affine scheme. We consider
the open subscheme of Spec(A[M],) which is the complement of the closed subscheme
of Spec(A[M],) determined by the prime ideal (2). This open subscheme of Spec(A[M],)



470 Sungmun Cho

is then nonempty and dense since Spec(A[M],) is reduced and irreducible. Furthermore,
all R-points of Spec(A[M],), for a flat A-algebra R, factor through this open subscheme.
Since a morphism of schemes is continuous, the above composite is uniquely determined
at the level of R-points, for a flat A-algebra R.

Thus, the inverse of m € Spec(A[M];)(R), for any commutative A-algebra R, is also
contained in Spec(A[M],)(R) € M(R). This fact implies M*(R) 2 Spec(A[M]s)(R).
Consequently, for any commutative A-algebra R, we have

M*(R) = Spec(A[M]4)(R).

Therefore, we conclude that M* is an open subscheme of M (since M* = Spec(A[M],),
which is an open subscheme of M), with generic fiber M* = Resg,;r GLg(V), and that M*
is smooth over A. Moreover, M* is a group scheme since M is a scheme in monoids.

3C. Construction of H. Recall that the pair (L, &) is fixed throughout this paper and the
lattices A;, B;, W;, X; only depend on the hermitian pair (L, #). For any flat A-algebra R,
let H(R) be the set of hermitian forms f on L ® 4 R (with values in B ® 4 R) such that f
satisfies the following conditions:

(@) f(L®AR,Ai®sR) C'B®aR foralli.
(b) £ f(ai,a;) mod2 =&""h(a;, a;) mod 2, where a; € A; ®4 R, and i =2m.
(c) #f(ai, w;) = %h(ai, w;) mod ;r, where a; € A; ®, R and w; € W; ®4 R, and i =2m.
We interpret the above conditions in terms of matrices. The matrix forms are taken
with respect to the basis of L fixed in Theorem 2.10 and Remark 2.3(a). A matrix form
of the given hermitian form # is described in Remark 3.3(1) below. We use o to mean the

automorphism of B ®4 R given by b @ r — o (b) ® r. For a flat A-algebra R, H(R) is the
set of hermitian matrices

(nmax{i,j}fi j)
of size n x n satisfying the following:
(1) fijisan (n; x n;)-matrix with entries in B @4 R.

(2) Ifi is even and L; is of type 19, then 7' f; ; is of the form

gi/z a; ﬂbl’
U(?T'lbi) 1+26‘i '

Here, the diagonal entries of a; are divisible by 2, where g; is an (n; — 1) x (n; — 1)-
matrix with entries in B ® 4 R, etc.

(3) Ifi is even and L; is of type I¢, then 7’ f; ; is of the form
a; b,‘ we;

g7 otb)  142fi 1474
o(mr-le;)) o(l+mnd) 2c

Here, the diagonal entries of a; are divisible by 2, where q; is an (n; —2) x (n; — 2)-
matrix with entries in B ® 4 R, etc.
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(4) Assume that L; is of type /. The diagonal entries of f;; (resp. 7 f;;) are divisible by
2 if i is even (resp. odd).

(5) Since (71 max{i.j} f, j) is a hermitian matrix, its diagonal entries are fixed by the nontrivial
Galois action over E/F and hence belong to R.

Let us consider the hermitian functor from the category of commutative flat A-algebras
to the category of sets such that the associated set to R is the set of hermitian forms f on
L ®4 R (with values in B ®4 R). Indeed, this functor is represented by a commutative
group scheme since it is closed under addition. Then H is a subfunctor of the hermitian
functor. We consider another functor H' such that H'(R) ={f —h: f € H(R)}. Note that
h is the fixed hermitian form and the notion of f — & follows from the additive structure of
the hermitian functor. For a matrix interpretation of &, we refer to Remark 3.3(1) below.

Then by Lemma 3.1 of [Cho 2015a], H’ is represented by a flat A-scheme which is
isomorphic to an affine space. Since H and H’ are equivalent as subfunctors of the hermitian
functor, the functor H is also represented by a flat A-scheme which is isomorphic to an
affine space.

To compute the dimension of H, we see that each entry of the upper triangular matrix of
an element of H (R), for a flat A-algebra R, gives two variables and each diagonal entry gives
one variable. Furthermore, each lower triangular entry of the matrix representing an element
of H(R) is completely determined by the corresponding upper triangular entry. Thus the
dimension of H is 2-n(n —1)/24n = n?. This is also the same as 2n*> —dim U (V, h) =n?.

Now suppose that R is any (not necessarily flat) A-algebra. Recall that € is a unit in B
such that 0 (r) = €m and (¢ — 1)/ is aunitin B. We also use € tomean € ® 1 in B ®4 R.
We again use o to mean the automorphism of B ®4 R given by b® r — o (b) ® r. By
choosing a B-basis of L as explained in Theorem 2.10 and Remark 2.3(a), we describe each
element of H (R) formally as a matrix (7™} f; ;) with the following:

(1) Wheni # j, f;;isan (n; xn;)-matrix with entries in B® sR and e™™-/lg ('f; 1) = f; ;.

(2) Assume thati = j is even. Then

4 i b, o
g2 (U(ﬂa‘ ) 1 120) if L; is of type 1°;
a; b; Te;

7 fi = i e
g/ o ('b;) 14+2fi 14nd; | ifL;isof type I¢;

o(m-'¢;) o(l+nd) 2c
£12q; if L; is of type II.

Here, a; is a formal (n; — 1 x n; — 1)-matrix (resp. (n; —2 x n; —2)-matrix or (n; X n;)-
matrix) when L; is of type I (resp. of type I° or of type II). Nondiagonal entries of
a; are in B ® 4 R and the j-th diagonal entry of g; is of the form 2xij with xij €R.In
addition, for nondiagonal entries of a;, we have the relation o (‘a;) = a;. And b;, d;, ¢;
are matrices of suitable sizes with entries in B ® 4 R and ¢;, f; are elements in R.

(3) Assume thati = j is odd. Then

n'fii=§" na,
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where q; is a formal (n; x n;)-matrix. Here, nondiagonal entries of a; are in B ® 4 R
and the j-th diagonal entry of ¢; is of the form exx; with x{ € R. In addition, for
nondiagonal entries of a;, we have the relation € - o ('a;) = a;.

To simplify notation, each element
((fi)i<js @is X1, of type s (@i, X7 by, €)1, of type 19+ (@iy X1, by civdi,y €iy [ L of type 1¢)
of H(R) is denoted by (f; j, a;--- fi).

Remark 3.3. (1) Note that the given hermitian form 4 is an element of H(A). We represent
the given hermitian form / by a hermitian matrix (' - h;) whose (i, i)-block is 7" - h; for
all i, and all of whose remaining blocks are 0. Then:

(a) Ifi is even and L; is of type I°, then 7’ - ; has the following form (with y; € A):
01
10
01
10

(b) Ifi is even and L; is of type I¢, then 7’ - ; has the following form (with y; € A):

£y

si/Z

142y

é:i/z

N
—_ O
O =
N

11
12]/,

(c) Ifi is even and L; is of type II, then 7’ - h; has the following form:
01
10
01
10

(d) Ifiis odd, then 7% - ; has the following form (with y; € A):
0 =
o(r) 0

0 n
(a(n) 0)
2 b4
(0(77) 2%)

éi/Z

=72
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(2) Let R be a k-algebra. We also denote by / the element of H (R) which is the image of
h € H(A) under the natural map from H (A) to H(R). Recall that we denote each element
of H(R) by (fi,j,a;--- fi). Then the tuple (f; j, a; --- f;) denoting & € H(R) is defined
by the conditions:

(a) If i # j, then f; ; =0.

(b) If i is even, then

0o
(o)

bi=0,d;=0,¢;, =0, f; =0,¢c; = y;.

. thus xij =0,

Here, y; € k is the reduction of y; mod 2.

(c) Ifi is odd, then
01
€0

ai = 01
(¢0)
T-éC 1
(g 77'54:)71'>

Here, € is the reduction of € mod 2, not mod 7, so that € is an element of B ® 4 R. In
addition, ¢ €k is the reduction of ¢ mod 2, where ¢ € A is the unit satisfying 2 =& -¢.
Thus, x/ =0forall 1 <j <n;—2and x/" "' =7 and x = 7.

3D. The smooth affine group scheme G.

Theorem 3.4. For any flat A-algebra R, the group M*(R) acts on H(R) on the right by
fom=oc(m)- f-m. This action is represented by an action morphism

HxM*"—> H.

Proof. We start with any m € M*(R) and f € H(R). In order to show that M*(R) acts
on the right of H(R) by f om = o('m) - f - m, it suffices to show that f om satisfies
conditions (a) to (c) given in Section 3C. Since elements of M (R) preserve L ® 4 R and
A; ®4 R, f om satisfies condition (a). That f om satisfies condition (b) follows from the
fact that m stabilizes A; and B; and induces the identity on A;/B;.

For condition (c), it suffices to show that %f(ma,-, muw;) = #f(ai, w;) mod . We
denote ma; = a; +b; and mw; = w; +x;, where b; € B; ® 4R, x; € X; ® 4R. Hence it suffices
to show %f(ai + b, x) + #f(b,-, w;) mod 77 = 0. Firstly, %f(a,» +b;,x;) modw =0
due to the definition of the lattice X;. Secondly, if B; & A;, then % f(b;, w;) modw =0
because #f(b;, w;) = #h(bi, w;) mod 7 and (" h(b;, e))>=E"h(b;, b;)=0 mod 7,
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where e is the unique vector chosen earlier. If B; = A;, then W; = X; and thus — f (b;, w;)
mod 7w = 0.

We now show that this action of the group M*(R) on the right of H (R) is represented by
an action morphism of schemes. We observe that the action map H(R) x M*(R) — H(R),
(f, m) o ('m)- f-m is given by polynomials over A. Thus it induces a ring homomorphism
over A from the coordinate ring of H to the coordinate ring of H x M*, which accordingly
induces a morphism from H x M* to H such that the action map induced by this morphism at
the level of R-points, for a flat A-algebra R, is the same as the action given in the theorem. [J

Remark 3.5. Let R be a x-algebra. We explain the above action morphism in terms of
R-points. Choose an element (m; ;, s; - - - w;) in M*(R) as explained in Section 3B and
express this element formally as a matrix m = (nma"{o I m; ) We also choose an element
(fi.j» ai -+ f;) of H(R) and express this element formally as a matrix f = (z™>J} f; ;)
as explained in Section 3C.

We then compute the formal matrix product o(‘m) - f - m and denote it by the formal
matrix (nma" i) ! ) with (f/, f/.,a,--- f/). Here, the description of the formal matrix
(rrmaxti-j} f’ ) w1th (f’ a; - f ) is as explained in Section 3C.

We now let % be zero in each entry of the formal matrices ( f Di<js (l;lf) L; of type 1%
(bl, !, €)1, of type 1¢ and in each nondiagonal entry of the formal matrlx (a;). Then these en-
tries are elements in B 4R. We also let 2 be zero in ()Zij)/, (€))L, of type 1°5 (fi’, C L, of type 1¢-
Note that (X; ')’ is a diagonal entry of a formal matrix a.. Then these entries are elements in R.

Let (f/;,a;- - f]) be the reduction of (f, ;! a; - f ') as explained above, i e., by letting
72 be zero in the entries of formal matrices as descrlbed above. Then (f/ INCE f ) is an
element of H(R) and the compos1t10n (fijrai--- fi)o(mj,si---wp)is (ff i f ).

We can also write (f/’j, .- f]) explicitly in terms of (f; ;, a; - --f,) and (m; j, ;- w;)

like the product of (m; j, s; - - - w;) and (ml I s;---w}) explained in Section 3B. However,
this is complicated and we do not use it in this generahty. On the other hand, we explicitly
calculate (f; j,a; --- f;) o (m; j, s; ---w;) when (f; ;,a;--- f;) is the given hermitian form
h and (m; ;, s; - - - w;) satisfies certain conditions on each block. This explicit calculation
will be done in Appendix A.

Theorem 3.6. Let p be the morphism M* — H defined by p(m) =hom, which is induced by
the action morphism of Theorem 3.4. Then p is smooth of relative dimension dim U (V, h).

Proof. The theorem follows from Lemma 5.5.1 of [Gan and Yu 2000] and the following
lemma. [l

Lemma 3.7. The morphism p @ k : M* ® xk — H ® k is smooth of relative dimension
dim U (V, h).

Proof. The proof is based on Lemma 5.5.2 in [Gan and Yu 2000]. It is enough to check the
statement over the algebraic closure k of «. By [Hartshorne 1977, Proposition I11.10.4], it
suffices to show that, for any m € M*(k), the induced map on the Zariski tangent space
Psm - ITm = Tpmy 15 surjective.
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We define the two functors from the category of commutative flat A-algebras to the
category of abelian groups as follows:

Ti(R) ={m—1:m e M(R)},
L(R)={f—h:feHR)).

The functor T (resp. T3) is representable by a flat A-algebra which is a polynomial ring
over A of 2n? (resp. n?) variables by Lemma 3.1 of [Cho 2015a]. Moreover, each of them
is represented by a commutative group scheme since they are closed under addition. In
fact, T is the same as the functor M’ in Remark 3.1 and 75 is the same as the functor H' in
Section 3C.

We still need to introduce another functor on flat A-algebras. Define T5(R) to be the set
of all (n x n)-matrices y over B ®4 R satisfying the following conditions:

(a) The (i, j)-block of y has entries in 7™/} B ® 4 R so that
y= (nmax{i,j}yi j) .
Here, the size of y; j isn; x n;.

(b) Ifi is even and L; is of type 17, then y; ; is of the form

( s 7'[)’:') € M, (B®4R)
TV T

where s; is an (n; — 1) x (n; — 1)-matrix, etc.

(c) Ifi iseven and L; is of type /¢, then y; ; is of the form

S ri Tt
yi X mz | € My (B®aR)
TV, TUu; mTw;

where s; is an (n; —2) X (n; — 2)-matrix, etc.

The functor T3 is represented by a flat A-scheme which is isomorphic to an affine space by
Lemma 3.1 of [Cho 2015a]. Moreover it is represented by a commutative group scheme
since it is closed under addition. So far, we have defined three functors 7, 7>, T3 and these
are represented by schemes. Therefore, we can talk about their «-points.

We now compute the map p, ,, explicitly. We first describe an element of the tangent
space T,,. Since M* is an open subscheme of M, the tangent space 7,, may and shall be
identified with the set of elements of M (k[€]/ (€%)) whose reduction to M (k) induced by
the obvious map ik[€]/(e?) — i is m, by considering m as an element of M (k). Recall
from Remark 3.1 that we defined the functor M’ such that (1 + M’)(R) = M(R) inside
Endpg g (L ®4 R) for a flat A-algebra R. Thus there is an isomorphism of schemes (as set
valued functors)

1+:M — M.

Let m’ be an element of M’(i) which maps to m under the morphism 1+ at the level of
k-points. Then each element of the tangent space of M’ at m’ is of the form m’ +€X €
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M'(ik[€]/(€?)) for X € M'(k). We denote by m + €X the image of m’ + €X under the
morphism 1+ at the level of k[€]/(e?)-points. Thus we can express an element of 7,
formally as m 4 € X where X € M'(«). Similarly, an element of 7, can be expressed
formally as p(m) + €Y where Y € H'(k), by using an isomorphism of schemes (as set
valued functors)

h+:H — H.

Here, H' is defined in Section 3C.

Before observing the image of m + € X under the morphism p at the level of k[€]/(€?)-
points, we lift m + € X to an element of M (R[€]/(€?)) as follows, where R is a local A-
algebra whose residue field is k. Let m’ € M’ (R) (resp. X e M’ (R)) be alift of m’ (resp. X)
so that 77’ 4+ €X € M'(R[e]l/(€?)) isaliftof m' +€X € M/(K[é]/(éz)) Letm € M(R) be
the image of /' under the morphism 1+4. Then m + €X is an element of M(R[€]/(€?))
whose reduction to M(/c[e]/(ez)) induced by the map R[e]/(€?) — ik[€]/(€?) ism +€X.
Here, the addition in /i + € X is the addition inside Endgg ,gier2) (L ®a R[e]/(€?)) since
R[€]/(€?) is flat over A (cf. Remark 3.1). This is illustrated in the following commutative
diagrams:

M'(RI€]/(€2)) —=— M(R[]/(€2))

l l

M'(®l€l/(€2) —— M(kle]/(€?)

A+ eX —sm+eX

|

m+eXr——m+eX

Note that the proof of Theorem 3.4 also gives the existence of the morphism H x M — H,
defined by (f,m) — fom =o('m)- f-m, where f € H(R) and m € M(R) for a flat
A-algebra R. This morphism induces the morphism M — H with m — h o m whose
reduction to M* is the same as p. Thus the above morphism M — H can also be denoted
by p. We can now talk about the image of m + €X under the morphism p at the level of
R[€]/(e?)-points. Since R[€]/(€?) is a flat A-algebra, the image of i + €X comes from a
usual matrix product

ci+eX) -h-Gh+eX)=c@m) h-m+e@m) h-X+oX) -h-m). (3-1)

Thus the image of m + € X under the morphism p at the level of k[€]/(e?)-points is the
reduction of o ()" - h -1+ e(o (i) -h- X +0(X)' - h-m) to H(k[e]/(e?)). It is obvious
that p(m) (€ H(k)) is the reduction of o ()" - h -m (€ H(R)) since m is a lift of m and
p is a morphism of schemes. To observe the reduction of o ()" - h - X + U(X)’ h-m
(e H(R)) to H’ (K) we consider a morphlsm M x H' — H’ such that (m, X) maps to
o(i) -h-X+0(X) -h-m, where (i1, X) € M(R) x H'(R) for a flat A- algebra R. To
show that this map is well-defined, we need to show that o ()" - h - X+ (T(X ) -h-misan
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element of H'(R). This can be easily shown by considering the morphism of tangent spaces
induced from p at m € M (R) (cf. Equation (3-1)). Since this morphism is representable,
we can denote by o (m)' - h - X + o (X)' - h-m (€ H'(k)) the reduction of o ()" - h -
X + a()?)’ -h-m (¢ H(R)) to H'(k). Then the image of m + ¢X is a formal sum
p(m)+e(@(m) -h-X+o(X) -h-m) (€ H(k[e]/(€*))).

Thus if we identify 7, with T (k) and T,y with T>(k), then

Psm > Ty — T,o(m)
X—om)' -h-X+o(X)  -h-m.

We explain how to compute X +> o (m)' - h- X + o (X)" - h - m explicitly. Recall that
for a k-algebra R, we denote an element m of M(R) by (m; j, s; ---w;) with a formal
matrix interpretation m = (rmax{0.j ”‘}m,-’ ;i) (cf. Section 3B) and we denote an element
f of H(R) by (fi.j,a; --- f;) with a formal matrix interpretation f = (w™>*-J} f; ) (cf.
Section 3C). Similarly, we can also denote an element X of 7)(k) by (m;’ o Si w;)
with a formal matrix interpretation X = (7™**%/=m/ .) and an element Z of T»(¥) by
(ff I a; --- f/) with a formal matrix interpretation Z = (r max{i.j} fi ;)- Then we formally
compute X +> o(m')-h- X +o(X") - h -m and consider the reduction of the formal
matrix o (m') - h- X 4+ o (X") - h - m in a manner similar to that of the reduction explained in
Remark 3.5. We denote this reduction by (f";, a;’ - - - f;") with a formal matrix interpretation
(A . This (ff';, af - - f{') may and shall be identified with an element of T» ()
in the manner just described. Then p, ,, (X) is the element Z = (]‘if/j, a!--- fI') of Th(k).

To prove the surjectivity of p, ,, : T (k) — Ta(x), it suffices to show the following three
statements:

/

(1) X+ h- X defines a bijection T; (k) — T3(k);
(2) forany m € M*(k), Y — o ('m) - Y defines a bijection from T3 (i) to itself;
(3) Y+ o('Y)+Y defines a surjection T3(k) — T»(ic).

Here, all the above maps are interpreted as in Remark 3.5 (if they are well-defined). Then
Px.m 18 the composite of these three. Condition (3) is direct from the construction of 73(k).
Hence we provide the proof of (1) and (2).

For (1), suppose that the two functors 71 (R) — T3(R), X — h - X (€ M,x,(B ®4 R))
and 73(R) — Ti(R),Y — h™!' - Y (€ M,x,(B ®4 R)) are well-defined for all flat A-
algebras R. In other words, suppose that - X € T3(R) and h~' - Y € T|(R). These functors
are then represented by morphisms of schemes by an argument similar to that used in
the proof of Theorem 3.4, so we skip it. Thus they give maps at the level of «-algebra
points. Furthermore, the composition of these two maps at the level of x-algebra points
is the identity. To show this, it suffices to prove that the composition of two morphisms
given by the actions of 4 and 2~ is uniquely determined at the level of R-points, for a flat
A-algebra R. This is proved in Remark 3.2.

We now show that these two functors are well-defined for a flat A-algebra R. We
represent 2 by a hermitian block matrix (n’i ~hi) with a matrix (n’i -hi) for the (i, i)-block
and O for the remaining blocks as in Remark 3.3(1).
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For the first functor, it suffices to show that 4 - X satisfies the three conditions defining
the functor 75. Here, X € T;(R) for a flat A-algebra R. We write

X = (rmaxl0=ily, .y

Then
h-X = (nmax(i.j)yi,j) .

Here, y;; = h; - x; ;. Therefore, it suffices to show that y; ; = h; - x; ; satisfies conditions (b)
and (c) in the description of 7T3(R) when L; is of type I.
S i

If L; is of type 1°, then we express x; ; as a matrix (m, o

(19)

). The matrix form of A; is

i/

m

01
10
1+ 2)/,‘
as in Remark 3.3(1). Here, € is a unit in B such that o () = em, as explained in Section 2A.

To simplify our notation, write z; = €'/ 2(3 1 +02y_

hi-xi;=¢l? L0 N (siomi) _ i Isi nly .
, 0 142y TV TZ; (1 4+2y)v; w(14+2y)z

Thus, h; - x;; satisfies the congruence condition given in (b) of the description of 75(R).
If L; is of type I°, then we express x; ; as a matrix

). Then we can see that

S; ri Tt;
Ty, TX; TTZ;
V; u; TW;

The matrix form of &; is given as in Remark 3.3(1) and again, in order to simplify our
notation, write

I; 00
hi=€e10 1 1
012y
Then we can see that
I; 0 0 Si ri Tt
hi-xii=€?10 1 1 Ty, TX; TWZ
01 2)/,‘ v; u; TwW;
I;s; Iir; it
= myi+v  mAxitu w(zFw)

Ty +2yv X +2yu; Tz +2yimww;

Thus, h; - x; ; satisfies the congruence condition given in c) of the description of 73(R) and
our functor is well-defined.



Group schemes and densities of ramified hermitian lattices, | 479

For the second functor, we write Y = (nma"(i’j)y,-,_,-) and h~! = (n‘i hl_l) Then we
have the following:
h—l Y = (ﬂmax{o,jfi}xi j) .

Here, Xii = hi_] Vi

Then it suffices to show that h=" - Y = (z™>(%/=ly; ;) satisfies the conditions defining
Ti(R) for a flat A-algebra R. Indeed, we do not describe the conditions defining 7 (R)
explicitly in this paper. However, these conditions can be read off from the conditions
defining M (R) because of the definition of the functor 7. The matrix form of an element
of M (R) is described in Section 3B and based on this, it suffices to observe the diagonal
blocks x; ; = hi_1 -yi.; when L; is of type [.

Si TYi
TV Wi

-1 _ _—i2(li O : ’
h; =e€ (0 . +2J’/) for a certain y/ € A. Then we can see that

W'y =il i 0 A S T Z i I;s; 1y .
oo 0 1+2y/ TV I m(1+2y)v; 7(1+2y))z

Thus, hl._l - y;.; satisfies the relevant congruence condition in the definition of 7;(R).

If L; is of type 1°, then we express y;; as a matrix ( ) The matrix form of hi_1 is

If L; is of type I¢, then we express y; ; as a matrix

S; ri Tt
Yi  Xi I
TV TTU; TTW;

The matrix form of hi_' is

I 0 0
hflze_i/z 0 2¢'y; —¢€
0 —€¢ ¢

Here, ¢/ = (2y; — 1)~! is a unit in A. Then we can see that hi_1 Vi 18

I; 0 0 S; ri t;
e 210 2y =€ |-l yi x 7wz
0 —€¢ ¢ TV TU; TW;

I,'S,' I,'V,' 7TI,'[,‘
= P €Qyiyi —mv) €Qyixi —mu;) we Qyizi — wp)
€(=yi+mv) €(—xi+mu;) mwe'(—zi+w;)

Thus, h;” . vi.; satisfies the relevant congruence condition in the definition of 77 (R) and our
functor is well-defined.
For (2), suppose that the functor

M*(R) x T5(R) — T3(R), (m,Y) > o(m)-7Y,

for a flat A-algebra R, is well-defined. In other words, we suppose that o (‘'m) - Y € T5(R).
This functor is then represented by a morphism of schemes, a fact whose proof is similar to
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the argument used in the proof of Theorem 3.4, so we skip it. Thus it gives the map at the
level of k-points

M* (i) x T3(k) —> Ts(k), (m,Y)+> o(m)-Y.

This map implies that our map in (2) is well-defined. On the other hand, the inverse of our
map in (2) is ¥ — o (‘m)~! - Y and this map is well-defined as well since m ™! is also an
element of M* (k). Therefore, the map in (2) is a bijection.

We now show that the above functor is well-defined. For a flat A-algebra, we choose
an element m € M*(R) and Y € T3(R) and we again express m = (x™*(0/=ln; ;) and
Y = (zm>@Dy, ;). Then o(‘m) - Y obviously satisfies condition (a) in the definition of
T5(R) and it suffices to show that o (‘m; ;) - y; ; satisfies conditions (b) and (c) when L; is of
type 1.

. o . s oy .
If L; is of type I°, then we express m;; as a matrix (m’)l_ | +7r’z,-) and y;; as a matrix
ai T[bl'
(Trc,' ﬂd,‘)' Then

o(myi)yis = o('s))  o(m-"v) a; 7b;
T oGy 1+ o (rzn) \xe wdi)
Then we can easily see that this matrix satisfies congruence condition (b) in the definition

of T5(R).
If L; is of type I¢, then we express m;; and y; ; as matrices:

S; ri Tt; a; bi TC;
m;; = \|my; 1+JTX,' TZi and y,',,' = d,‘ e; JTfl‘
V; u; 1+7Tw,~ T8 7Thi JTkl‘
Then
a(’s;)) o(m-'y) a('v;) a b mc
o(mii)-yii=| o(r) 14+o@@x) o) | di e nf;
o(m-'t) o(mz) l1+o(mw) ng wh; wk;

Then we can easily see that this matrix satisfies congruence condition (c) in the definition
of T3 (R ) . ([l

Let G be the stabilizer of # in M*. It is an affine group subscheme of M*, defined over A.
Thus we have the following theorem.

Theorem 3.8. The group scheme G is smooth, and G(R) = Autpg ,r (L ®4 R, h ®4 R) for
any étale A-algebra R.

Proof. Since G is the fiber of / along the smooth morphism p : M* — H, p(m) = hom,
the scheme G is smooth. Here, we use the fact that smoothness is stable under base change.

For the identity, we recall that each element of Autgg ,r (L ® 4R, h ®4R), for an étale A-
algebra R, satisfies all congruence conditions defining M, which is explained in Section 3A.
Since G(R) is the group of R-points of M* stabilizing the given hermitian form £, we have
the identity G(R) = Autgg,r (L ®4 R, h ® 4 R) for any étale A-algebra R. (]
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Note that in the theorem, the equality holds only for an étale A-algebra R since we obtain
conditions defining M by observing properties of elements of Autzg ,zg(L 4R, h ®4 R)
for an étale A-algebra R (cf. Section 3A). For example, let (L, /) be the hermitian lattice
of rank 1 as given in Appendix B. For simplicity, let 7 4+ o () = 7> = 2. As a set,
Autpg,r(L ®4 R, h ®4 R) is the same as {(a, b) : a, b € R and a® + 2ab + 2b*> = 1} for a
flat A-algebra R. Thus we cannot guarantee that a — 1 is contained in the ideal (2), which
should be necessary in order that (a, b) is an element of G(R).

4. The special fiber of the smooth integral model

In this section, we will determine the structure of the special fiber G of G by determining
the maximal reductive quotient and the component group when E/F satisfies Case 1, by
adapting the approach of Section 4 of [Cho 2015a]. From this section to the end, the identity
matrix is denoted by id.

4A. The reductive quotient of the special fiber. Recall that Y; is the sublattice of B; such
that Y; /7 A; is the radical of the alternating bilinear form &~/ /2 mod 7 on B;/m A; (when
i is even) and that Z; is the sublattice of A; such that Z; / A; is the radical of the quadratic
form zimq mod 2 on A;/m A;, where %mq(x) = %h(x, x) (wheni =2m — 1 is odd).
Lemmad4.1. Leti be odd. Consider the lattice m A;_1+A; 1 ={x+y:x€TA;_1,y€EAi11}
Then JTAi_l + Ai+l = X,’.

Proof. Let L = P, L; be a Jordan splitting. We describe wA;_1, A;+1, X; below:
TAi =1 Lo®r L@ ®rLi1®7L ®7Li1 D ;
A= Lo@n' L@ ©n’Li®nL; ®Lit1 @ - ;
Xi=n'Lo@®rn '"Li® - ®nL &L, ®Liy 1 ®--- .
Our claim follows directly from the above descriptions. U

Lemma 4.2. Each element of M(R), for a flat A-algebra R, preserves Y; @4 R (for i even)
and Z; @4 R (for i odd).

Proof. The claim for Y; follows from the fact that ¥; = X; or ¥; = W; according to the type
of L; as described in Remark 2.11.

To prove the claim for Z;, use Lemma 4.1 to express a given arbitrary element of
Z; QsR as x4+ y, where x e TA;_1Q@sRand y € A;;; @4 R. Let g € M(R). Then
gx+y)=g@) +g(y) =x+x)+(y+)y), where x’ € 7B 1 ®a R,y € Biy1 ®aR
since g induces the identity on (A;_; ® 4 R)/(Bi—-1 ®4R) andon (A;11 ®4R)/(Bi+1 ®4R).
Since TA;_1 ®4 R and A;11 ®4 R are contained in W; ® 4 R and hence 7 B;_| ®4 R and
Bi11 ®4R are contained in Z; ® 4 R, we have that g(x +y) = (x +y)+x'+y € Z; ®4R. O

Theorem 4.3. Assume that i is even. Let h; denote the nonsingular alternating bilinear
form £€7/2h mod 7 on B;/Y;. Then there exists a unique morphism of algebraic groups

¢ : G —> Sp(B;/Y;, hy)

defined over k such that for all étale local A-algebras R with residue field kg and every



482 Sungmun Cho

m € G(R) with reduction m € G(KR), @;(m) € GL(B; @4 R/Y; @4 R) is induced by the
action of m on L ® s R (which preserves B; ® s R and Y; @4 R by Lemma 4.2). Note that
the dimension of B;/Y;, as a k-vector space, is as follows:

n; if L; is of type II,;
n;—1 ifL;isof type I’
n;—2 ifL;isoftype I°.

Proof. Let R be an étale local A-algebra with kg as its residue field. Note that such an
R is finite over A since any étale local algebra R over a henselian local ring is finite by
Proposition 4 of Section 2.3 in [Bosch et al. 1990] and since A is henselian. For such a
finite field extension «kx of x, R is uniquely determined up to isomorphism. Since G is
smooth over A, the map G(R) — 5(/( g) is surjective by Hensel’s lemma.

Now, we choose an element m € G(KR) and a lift m € G(R). Since the action of m on
L ®4R preserves B; ®, R and Y; ®4 R, m determines an element of GL(B; ® 4 R/Y; ® 4 R).
It is also easy to show that this element determined by m fixes h; ® kg on B;/Y; Q. kg
(=B ®4R/Y; ®4R). Thus m determines an element of Sp(B;/Y;, h;)(xg) and so we have
a map from G(KR) to Sp(B;/Y;, h;)(kg). Indeed, this map is well-defined, i.e., independent
of a lift m of m as will be explained later after describing a matrix interpretation of this map.
In order to show that this map is well-defined and representable, we interpret it in terms
of matrices. Recall that G is a closed subgroup scheme of M* and G is a closed subgroup
scheme of M , Where M is the special fiber of M*. Thus we may consider an element of
G(KR) as an element of A7I(KR). Based on Section 3B, an element m of G(KR) may be
written as, say, (m; j, s; - - - w;) and it has the following formal matrix description:

m= (nmax{(),j—i}mi'j) .

Here, if i is even and L; is of type 1° or of type /¢, then

Si T Tt;
Si Yy
m;i = ! Yi or TYi ]+7T.X,' TZi .
wv; 14wz
v; u; 14+ mw;

respectively, where S; € M(ni—l)x(n[—l)(B ®a ICR) (resp. S; € M(n,v—2)><(n,~—2)(B X4 KR)),
etc., and s; is invertible. For the remaining m; ;’s except for the cases explained above,
m; j € My, xn (B®akg) and m; ; is invertible. Note that the description of the multiplication
in M (kg) given in Section 3B forces s; and m; ; to be invertible.

We can write m; ; = m —l— - m ; when L; is of type II and for each block of m; ; when
L;isoftype I, s; = s +n -S; 2 and so on. Here, ml i m i € My, xn; (KR) C My, xn; (B®aKR)
when L; is of type Il and so on, and 7 stands for ® 1 € B ® 4kg. Then m maps to mlll
if L; is of type I and s if L; is of type I. Since this map is independent of the choice of
,21, s7 and so on, it is independent of the choice of 7, i.e., this map is well-defined.

We note that this map is given by polynomials over A of degree at most 1 as well as
a group homomorphism. Thus the above matrix interpretation induces a Hopf algebra
homomorphlsm over A from the coordinate ring of Sp(B;/Y;, h;) to the coordinate ring

of G, which accordingly induces an algebraic group homomorphism ¢ : G— Sp(B;/Yi, hi)

m
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such that the group homomorphism induced by ¢; at the level of k g-points is the same as
the map explalned above.

Since G is smooth over k and « is perfect, the set of kg-points of G for all finite field
extensions kg /k is dense in G by [Bosch et al. 1990, Corollary 13 of Section 2.2]. Therefore,
@; is uniquely determined by the map constructed above at the level of k g-points. ]

Theorem 4.4. We next assume thati = 2m — 1 is odd. Let q; denote the nonsingular qua-
dratic form %q mod 2 on A;/Z;. Then there exists a unique morphism of algebraic groups

90 G —> O(Ai/Zi) qi)rea

defined over k, where O(A;/Z;, qi)red IS the reduced subgroup scheme of O(A;/Z;, q;),
such that for all étale local A-algebras R with residue field kg and every m € G(R) with
reduction m € é(KR), @i(m) € GL(A; ®4 R/Z; ®4 R) is induced by the action of m on
L ®4 R (Which preserves A; @4 R and Z; @4 R by Lemma 4.2).
Proof. The proof of this theorem is similar to that of Theorem 4.3 which deals with the case
of even i. Thus we only provide the image of an element m of é(l( R)INO(A;/Z;, qi)red(KR),
where R is an étale local A-algebra with «p as its residue field. In this case, an element m
of G(KR) maps to ml (if L; is free) or to ( o mi; ol (1)) @(f L; is bound).
Here, §; =1if L; isof type / and §; =0 1fL llsl olftyﬁe IIIHAIIEIO eJ; A ©,---,0,1) (resp.
(O, ,0, 1, 0)) of size 1 x nj if L; is of type 19 (resp. of type I¢). (]

Notice that if the dimension of A;/Z; is even and positive, then O(A;/Z;, @i)red (=
O(A;/Z;, q;)) is disconnected. If the dimension of A;/Z; is odd, then O(A;/Z;, §i)red (=
SO(A;/Z;, g;)) is connected. The dimension of A;/Z;, as a k-vector space, is as follows:

n; if L; is free;
n;+1 if L; is bound.
Note that the integer n;, with i odd, is always even.
Theorem 4.5. The morphism ¢ defined by
= ﬂ@G—»wamwwﬂomm@m
ieven i odd

is surjective.

Proof. Let us first prove the theorem under the assumption that

dim G = dimKerg+ »  (dimSp(B;/Y;. hi)) + Y _(dim O(A;/Z;, Gi)wea).  (4-1)
ieven iodd
This equation will be proved in Appendix A. Thus Im ¢ contains the identity component
Of []; even SP(Bi/ Yi, hi) X [ 1; oaq O(Ai/Z;. Gi)rea- Here Ker ¢ denotes the kernel of ¢ and
Im ¢ denotes the image of ¢. Note that it is well known that the image of a homomorphism
of algebraic groups is a closed subgroup.
Recall from Section 3B that a matrix form of an element of a(R) for a k-algebra R is
written (m; ;, s; - - - w;) with the formal matrix interpretation

m = (T[max{(),j—i}mi,j) .
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We represent the given hermitian form / by a hermitian matrix (JTi -h i) with 7' - h; for the
(i, i)-block and O for the remaining blocks, as in Remark 3.3(1).

Let #H be the set of odd integers i such that O(A;/Z;, g;)req is disconnected. Notice that
O(A;/Z;, qi)req 1s disconnected exactly when L; with i odd is free. We first prove that ¢;,
for such an odd integer i, is surjective. We prove this by a series of reductions, after which
we will be able to assume that L is of rank two.

For such an odd integer i with a free lattice L;, we define the closed scheme H; of G by
the equations m ; ; =01if j #k,and m; ; =id if j #i. An element of H;(R) for a x-algebra
R can be represented by a matrix of the form

id 0 0
0 .
id
mi ;
id
0 0 id

Obviously, H; has a group scheme structure. We claim that ¢; is surjective from H; to
O(A;/Z;, qi)re (recall that Z; = X; since L; is free). Note that equations defining H; are
induced by the formal matrix equation

o(mi)@ -hiymi; =n"-h

which is interpreted as in Remark 3.5. We emphasize that, in this formal matrix equation, we
work with m; ;, not m, because of the description of H;. Note that none of the congruence
conditions mentioned in Section 3A involve any entry from m; ;.

On the other hand, let us consider the hermitian lattice L; independently as a 7w -modular
lattice. Since there is only one nontrivial Jordan component for this lattice and i is odd,
the smooth integral model associated to L; is determined by the following formal matrix
equation which is interpreted as in Remark 3.5:

o(m)(x' -hym=n""-h;,

where m is an (n; X n;)-matrix and is not subject to any congruence condition.

We consider the map from H; to the special fiber of the smooth integral model associated
to the hermitian lattice L; such that m; ; maps to m. Since m; ; and m are subject to the same
set of equations, this map is an isomorphism as algebraic groups. In addition, this map in-
duces compatibility between the morphism ¢; from H; to O (A;/Z;, g;)req and the morphism
from the special fiber of the smooth integral model associated to L; to O(A;/Z;, g )red- Thus,
in order to show that ¢; is surjective from H; to O(A;/Z;, qi)red, We may and do assume
that L = L; and in this case Z; = X; = = L;. For simplicity, we can also assume that i = 1.

Because of Equation (4-1) stated at the beginning of the proof, the dimension of the image
of ¢;, as a k-algebraic group, is the same as that of O(A;/Z;, §i)rea (= O(L;/7L;, q;)).
Therefore, the image of ¢; contains the identity component of O(L;/mwL;, g;), namely
SO(L;/mL;, q;). Since O(L;/mL;, g;) has two connected components, we only need to
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show the surjectivity of ¢; at the level of k-points and it suffices to show that the image of
@; (k) contains at least one element which is not contained in SO(L; /7w L;, g;)(x), where
SO(L;/mL;, g;)(k) is the group of x-points of the algebraic group SO(L; /7 L;, g;).

Recall that L; = @A H, ®AQ,2b, ) for acertain b € A, cf. Theorem 2.10. We consider
the orthogonal group associated to the quadratic x-space A(2,2b, w)/mw A(2,2b, w) of
dimension 2. Then this group is embedded into O(L; /7 L;, g;)(k) as a closed subgroup
and we denote the embedded group by O(A(2, 2b, w)/w A(2,2b, ), g;) (k).

We express an element m; ; € H; (R), for a k-algebra R, as ()z‘ i) such that x = x! +7mx?2
and so on, where x', x* € M, _2)x(n;—2)(R) C Mn;—2)x(n;—2)(R ®4 B) and 7 stands for
1®m € R®4B. Consider the closed subscheme of H; defined by the equations x =id, y =0,
and z =0. An argument similar to one used above to reduce to the case where L = L; shows
that this subscheme is isomorphic to the special fiber of the smooth integral model associated
to the hermitian lattice A(2, 2b, ) of rank 2. Then under the map ¢; (), an element of this
subgroup maps to an element of O (A(2, 2b, )/m A(2,2b, ), §;)(x) of the form (ig u())l )-
Note that O(A(2,2b, )/mA2,2b, ), q;)(k) is not contained in SO(L;/mL;, ;) (k).
Thus it suffices to show that the restriction of ¢; (k) to the above subgroup of H;(«), which is
given by letting x =1id, y =0, z =0, is surjective onto O(A(2, 2b, ) /m A(2,2b, ), q;) (k)
and we may and do assume that L = L; = A(2, 2b, i) is of rank 2.

Let m;; = (7 %) be an element of H;(x) such that r = r; + 7r, and so on, where
ri, € RC R®,4B and 7 stands for 1 ® m € R®4 B. Recall that m =1+ /1+4+2u
for a certain unit # € A so that ¥ + o () = 2, o(;r) = exr with € = 1 mod 7, and
7t= (o (71))2 =&~ =2u mod 27 as mentioned in Section 2A. Let u € « be the reduction
of ¥ modulo 7. Then the equations defining H; (k) are

r12+r1t1+bt12=1, rivy+tsp =1,

risi +btivy +u(rovy +rivy + 51 +t152) =0, Slz + 5101 +bv12 =b.

re s

Under the map ¢; (k), m; ; maps to ( P ) Note that the quadratic form g; restricted to
A(2,2b, m)/m A2, 2b, ) is given by the matrix () ,).
We now choose an element of H;(«) by setting

rn=si=vi=1, 11 =0, 14+u@+va+15)=0.

Under the morphism ¢; (k), this element maps to ((1) } )EO(AQ,2b, )/ A(2,2b, 70), §;) (k).
The Dickson invariant of this element is nontrivial so that it is not contained in
SO(AQ2,2b, ) /mAQ2,2b, ), ;) (k).

Therefore, ¢; (k) induces a surjection from H; (k) to O(A(2, 2b, m)/m A(2,2b, ), q;) (k)
fori e H.

We now prove that ¢ = []; ¢; is surjective. We consider the morphism

ieH
(hi)ien = 1_[ h;.
ieH

By considering a formal matrix form of an element of H;(R) for a «k-algebra R as given
above, it is easy to see the following two facts. Firstly, H; and H; commute with each other in
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the sense that i;-h j =h;-h; foralli # j, where h; € H;(R) and h; € H;(R) for a k-algebra R.
Based on this, the above morphism becomes a group homomorphism. Secondly, H;NH; =0
for all i # j. This fact implies that the morphism H; x H; — 5 (hi, hj) = h;-hjis
injective and so H; x H; is a closed subgroup scheme of G. A matrix form of an element of
H;(R) also implies that (H; x H;) N Hy = 0 for all pairwise different three integers i, j, k
and so the morphism (H; x H;) x Hy —> 5, (hi, hj, hi) = h; - hj - hg is injective. Thus
H; x H; x Hy is a closed subgroup scheme of G. Therefore, by repeating this argument, the
product [ [;,, H; is embedded into G as a closed subgroup scheme. Since ¢;|y; is trivial
fori # j with i, j € H, the morphism

[Tei:[1H = []0@Ai/Z G
ieH ieH ieH

is surjective. Therefore, ¢ is surjective. Now it suffices to prove Equation (4-1) made at
the beginning of the proof, which is the next lemma. g

Lemma 4.6. Ker ¢ is smooth and unipotent of dimension l. In addition, the number of
connected components of Ker ¢ is 2°. Here,

o [ is such that

[+ ) (dimSp(B;/Yi, h)) + Y _(dim O(Ai/Z;. §)rea) = dim G.

ieven iodd

o B is the number of even integers j such that L is of type I and L . is of type II.
Recall that the zero lattice is of type II. The proof is postponed to Appendix A.

Remark 4.7. We summarize the description of Im ¢; as follows.

type of lattice L; | i Im ¢;
11 even |Sp(n;, h;)
1° even |Sp(n; — 1, h;)
I¢ even |Sp(n; —2, h;)
free odd |O(n;,q;)
bound odd [SO(n; +1, q;)

Leti be odd and L; be free. Then A;/Z; = L;/m L; is a k-vector space with even dimension.
We now consider the question of whether the orthogonal group O(A;/Z;, g;) = O (n;, g;)
is split or nonsplit.

By Theorem 2.10, we have that L; = €, H, @ A(2, 2b;, ) for certain b; € A. Thus
the orthogonal group O(A;/Z;, g;) (= O(n;, g;)) is split if and only if the quadratic space
A(2,2b;, w)/m A2, 2b;, ) is isotropic. Recall that 7 + o (7) =2and 7 = 1 + /14 2u
for a certain unit u € A. Using this, the quadratic form on A(2, 2b;, w)/mw A(2, 2b;, ) is
q(x,y) = 24 Xy + I;iyz, where b; is the reduction of b; in .

We consider the identity g (x, y) = x> +xy +b;y?> = 0. If y = 0, then x = 0. Assume
that y # 0. Then we have that b; = (x/y)2 +x/y.

Thus we can see that there exists a solution of the equation z> 4 z = b; over « if and only
if g (x, y) is isotropic if and only if O(A;/Z;, g;) (= O(n;, g;)) is split.
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4B. The construction of component groups. The purpose of this subsection is to define a
surjective morphism from G to (Z/27)P, where B is the number of even integers j such
that L is of type I and L is of type II as defined in Lemma 4.6.

Definition 4.8. We set L? = L and inductively define, for positive integers i,
Li:={xeL " h(x, L' c (xhH).
When i = 2m is even,
L =g"(Lo@ L) ®n" " (La® L)@ - On(Lom2®Lopw_1) @ @ L;.
i=2m
We choose a Jordan splitting for the hermitian lattice (L?", £~ h) as follows:
L =P um;,
i>0

where
Mo=7"Lo®n" 'Ly®- - ®7Low—12® Lo,

My =7"Li®a" 'Ly® - ®7Low_1 ® Loyt1,

My = Lotk if k > 2.
Here, M; is w'-modular. We caution that the hermitian form we use on L" is not &, but its
rescaled version £ " h. Thus M; is ' -modular, not 2"+ -modular.

Definition 4.9. We define C (L) to be the sublattice of L such that
C(L)y={xeL|h(x,y)e (m)forall y e B(L)}.

We choose any even integer j such that L; is of type I and L, is of type II (possibly
zero, by our convention), and consider the Jordan splitting €D,., M; of L/ defined above.
We stress that M| is nonzero and of type I, since it contains L ;j as a direct summand so
that n(My) = s(My) (cf. Definition 2.1(c)), and M, = L, is of type II. Choose a basis
({e;), e) (resp. ({e;), a, e)) for M so that My = P, H, & K when the rank of M, is odd
(resp. even). Here, we follow the notation from Theorem 2.10. Then B(L/) is spanned by

((er). me) (resp. ({e;). ma.e)) and M@ P M;
i>2
and C(L’) is spanned by
((me;). e) (resp. ((me;), ma,e)) and M, & P M;.
i>2
We now construct a morphism ; : G—>7 /27 as follows. (There are 2 cases depending
on whether M, is of type I¢ or of type 1°.)
(1) Firstly, we assume that M is of type 1°. We choose a Jordan splitting for the hermitian
lattice (C(L7), €7 h) as follows:

ciwh=m,

i>1
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where

M| =(m)a®Be®dM,, M),= (@(n)ei) ®M,, and M| =M;ifk>3.

Here, M/ is '-modular and () is the ideal of B generated by a uniformizer 7. Notice that
M} is of type II, since both P, (7)e; and M, are of type I/, so that M is free.

If m is an element of the group of R-points of the naive integral model associated
to the hermitian lattice L, for a flat A-algebra R, then m stabilizes the hermitian lattice
(C(LY)Y®4R,E7™h ®1) as well. If we use this fact in the case of an F-algebra R, where
F is the quotient field of A, then we obtain a morphism of algebraic groups from the
unitary group associated to the hermitian space L ® 4 F' to the unitary group associated to
the hermitian space (C(L’) ® 4 F, £~™h) by Yoneda’s lemma. Furthermore, if we use the
above fact in the case of an étale A-algebra R, then the morphism between unitary groups is
extended to give a map from the group of R-points of the naive integral model associated
to the hermitian lattice L to that of the hermitian lattice (C(L/), £~ h). Note that the
naive integral model and the associated smooth integral model have the same generic fiber
and are the same at the level of étale A-points. Thus by Proposition 2.3 of [Yu 2002], the
morphism between unitary groups is uniquely extended to a morphism of group schemes
from the smooth integral model associated to L to the smooth integral model associated
to (C(L7), £~ h) such that the map induced from it at the level of étale A-points is the
same as that described above. Let G ; denote the special fiber of the latter smooth integral
model. We now have a morphism from GtoG j- Moreover, since M| is free and nonzero,
we have a morphism from G| to the even orthogonal group associated to M| as explained
in Section 4A. Thus, the Dickson invariant of this orthogonal group induces the morphism

VG — 7/27.

(2) We next assume that M, is of type 1°. We choose a Jordan splitting for the hermitian
lattice (C(L7), €7 h) as follows:

C(L) =P m,.

i>0
where

M,=Be, M|=M,, Mé:(@(n)ei)GBMz, and M) =My ifk > 3.

Here, M/ is w'-modular and () is the ideal of B generated by a uniformizer 7. Notice that
the rank of the 7°-modular lattice M is 1 and the lattice M} is of type II. If G ; denotes the
special fiber of the smooth integral model associated to the hermitian lattice (C (L/), £~ h),
then we have a morphism from GG ;j as in the above argument (1).

We now consider the new hermitian lattice My ® C (L7). Then for a flat A-algebra
R, there is a natural embedding from the group of R-points of the naive integral model
associated to the hermitian lattice (C(L/), £ h) to that of the hermitian lattice My®C (LY)
such that m maps to ((1) 3’) where m is an element of the former group. As in the previous
argument (1), the above fact induces a closed immersion of algebraic groups from the
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unitary group associated to the hermitian space (C(L’) ®4 F, €™ h) to the unitary group
associated to the hermitian space (M{®C (L)) ®4F and its extension at the level of étale A-
algebra points between the associated naive integral models. Thus by Proposition 2.3 of [Yu
2002], the morphism between unitary groups is uniquely extended to a morphism of group
schemes from the smooth integral model associated to the hermitian lattice (C(L7), £~ h)
to the smooth integral model associated to the hermitian lattice M) @ C (L7) such that the
map induced from it at the level of étale A-points is the same as that described above. In
Remark 4.10, we describe this morphism explicitly in terms of matrices.

Thus we have a morphism from the special fiber G; of the smooth integral model
associated to C(L/) to the special fiber G’j of the smooth integral model associated to
M) @ C(L’). Note that (M) ® M) & €;., M/ is a Jordan splitting of the hermitian
lattice M, ® C(L7). Let G’j’ be the special fiber of the smooth integral model associated to
C((M)® M) ®D,., M}). Since the 7°-modular lattice M{ & My is of type I¢, we have
a morphism G’j — Z /27 obtained by factoring through G’jf and the corresponding even
orthogonal group with the Dickson invariant as constructed in argument (1). ¥; is defined
to be the composite

¥;:G— G;—> G, > 7/27.

Remark 4.10. In this remark, we describe the morphism from the smooth integral model
G ; associated to the hermitian lattice (C(L7), E7™h) to the smooth integral model Q’j
associated to the hermitian lattice M, ® C (L) as given in argument (2) above, in terms
of matrices. Let R be a flat A-algebra. We choose an element in G ;(R) and express it as

a matrix m = (g™~ m; ;). Then mgo = (14 7zo) since My is of type I with rank 1

I+mzg my

so that we may and do write m as m = ( my ms

Autg(M| @ C(L7)) such that m maps to

). We consider a morphism from G to

1 0 0
T=<1 0)= 0 I4+mzo my |,
0 m
0 nip ms

where the set of R-points of the group scheme Autg (M, @ C(L/)) is the automorphism
group of (M) & C(L/)) ®4 R by ignoring the hermitian form. Then the image of this
morphism is represented by an affine group scheme which is isomorphic to G ;. Note that T’
preserves the hermitian form attached to the lattice M{ @ C(L).

We claim that ( (l) r(r)l) is contained in Q’j (R). If this is true, then the above matrix descrip-
tion defines a morphism from G to Q/j by Yoneda’s lemma since G| is flat. Furthermore,
this matrix description is the same as that of naive integral models explained in the above
argument (2) when R is an F-algebra or an étale A-algebra, since the naive integral model
and the associated smooth integral model have the same generic fiber and are the same at
the level of étale A-points. Since the desired morphism is completely determined at the
level of F-algebra points and étale A-algebra points by Proposition 2.3 of [Yu 2002], the
morphism from G to Q; obtained by the above matrix description is the morphism we
want to describe.
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We rewrite the hermitian lattice M{, & C(L’) as (M}, & M) ® (69121 Ml/) Let (eq, e3)
be a basis for (M|, ® M) so that the corresponding Gram matrix of (M} @ M;) is (g 2),
where a = 1 mod 2. Then the hermitian lattice (M}, @ M) has Gram matrix (Z zaa ) with
respect to the basis (e, e; +e2). (M| ® M) is unimodular of type 1¢ with rank 2. With this
basis, T becomes

1 —JTZp —mq
T=|01+mzg m
0 nop ns

On the other hand, an element of (_;’j (R), with respect to a basis for M, & C (L7) obtained
by putting together the basis (e;, e + e2) for (M{ & M) and a basis for C(L/), is given by
an expression

’ ’ /
l+mx, -—mzy, m|
/ ’ "

ug I+mwy, mi |,
! 4 4
m, m, ms

cf. Section 3A. Then we can easily see that the congruence conditions on m, m,, ms are
the same as those of m{, m7, m’;, respectively, and that the congruence conditions on m/ are
the same as those of m}. Thus T is an element of M j (R), where M j is the group scheme in
Section 3B associated to M) @ C(L/) so that Q’j is defined as the closed subgroup scheme
of M j‘ stabilizing the hermitian form on My @ C (LY).

In conclusion, T preserves the hermitian form on M{) @C(L/). Therefore, it is an element
of Q;(R).

To summarize, if R is a nonflat A-algebra, then we can write an element of G;(R)
formally as m = (IJ:”TFZZO s ). Then the image of m in G';(R) is T with respect to a basis as
explained above.

(3) Combining all cases, the morphism

v=[]v;:G— @z,
J

where B is the number of even integers j such that L; is of type I and L, is of type II
(possibly zero, by our convention).

Theorem 4.11. The morphism
v=[]v;:G— @12
J

is surjective. Moreover, the morphism
ox:G—> []Sp(Bi/Yi. hi) x [ O(Ai/Zi. Gi)rea x (2/22)°

i even iodd
is also surjective.
Proof. We first show that v; is surjective. Recall that for such an even integer j, L; is
of type I and L, is of type II (possibly zero by our convention). We define the closed
subgroup scheme F; of G defined by the following equations:

e mi=01ifi #k;
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. ml,,:ldlfl#],

e and form; ;,
s;j=id,y; =0,v; =0 if L; is of type 17;
sj=id,rj=tj=y;=v;=u;=w; =0 if L; is of type I°.

A formal matrix form of an element of F;(R) for a xk-algebra R is then

id 0 0
0
id
mj,j
id
0
0 0 id
such that
id 0 if L;isoft I°
if L;iso el
0 147z, j yp
mj,j: ld O O
0 14nmx; mz; if L; is of type I°.
0 0 1

In Lemma A.9, we will show that F; is isomorphic to A' x Z/2Z as a k-variety so that it
has exactly two connected components, by enumerating equations defining F; as a closed
subvariety of an affine space of dimension 2 (resp. 4) if L; is of type I (resp. of type I¢).
Here, A! is an affine space of dimension 1. These equations are necessary in this theorem
and thus we state them in Equation (4-2) below. We refer to Lemma A.9 for the proof. Let
o be the unit in B such that € = 1 4+ ax as explained in Section 2A, and o be the image of
o in k. We write x; =x} +nx_? and z; = Z} +nz§, where x_,'., x]z, Z_lj, Z% € RCR®,Band
7 stands for 1 ® 1 € R ® 4 B. Then the equations defining F; as a closed subvariety of an
affine space of dimension 2 (resp. 4) are

(Z} /@) + (zj/@)* =0 if L; is of type 17;
xh=zh @)+ /@ =02 +x2 +xlzh =0 if L;is of type I°.
The proof of the surjectivity of v; is given below. The main idea is to show that

4-2)

¥l F; is surjective. There are 4 cases according to the types of M, and L;. Recall that
;=0 M; is a Jordan splitting of a rescaled hermitian lattice (L7, #h) and that M, =
nIPLo@®n/P 'Ly @ ®aLl; »®L;.

(1) Assume that both M, and L ; are of type /°. In this case and the next case, we will
describe /| F; : F;j — Z£/2Z explicitly in terms of a formal matrix. To do that, we will first
describe a morphism from F; to the special fiber of the smooth integral model associated
to L’ and then to G;. Recall that G, is the special fiber of the smooth integral model
associated to C(L’) = @,., M/. Then we will describe a morphism from F; to the even
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orthogonal group associated to M| and compute the Dickson invariant of the image of an
element of F; in this orthogonal group.

We write My = No @ L, where Ny is unimodular with even rank. Thus Ny is either
of type Il or of type I°. First we assume that Ny is of type I¢. Then we can write
No= (@M HN) ®A(,2b,1)and L; = (EBA,, H)J/) @ A(1, 20, 1) by Theorem 2.10, where
H,y=H(0)=H,» and b, b’ € A. Thus we write My = (@,\ H,\)EBA(I, 2b, AL, 20, 1),
where H, = H (0). For this choice of a basis of L/ = @M) M;, the image of a fixed element
of F; in the special fiber of the smooth integral model associated to L7 is

id 0 0
l+7mx; mz;

0 ( 0 1 > 0

0 0 id

Here, id in the (1, 1)-block corresponds to the direct summand (@x HA) @ A(,2b,1) of
My and the diagonal block (l+gx-/ ”f-" ) corresponds to the direct summand A(1, 26, 1)
of M().

Let (eq, es, e3, e4) be a basis for the direct summand A(1,2b, 1) ® A(1, 20, 1) of M.
Since this is unimodular of type I1¢, we can choose another basis based on Theorem 2.10.
With the basis (—2be; + €3, (2b' — 1)eq +e3 —ey4, €3, e2+e4), A(1,2b, 1) ® A(1,2b', 1)
becomes A(2b(2b — 1),2b'(2b" — 1), —(2b — 1)(2b' — 1)) ® A(1,2(b + b'), 1). Since
AQb(2b —1),2b'2b" — 1), —(2b — 1)(2b’ — 1)) is unimodular of type II, it is isomorphic
to H(0) by Theorem 2.10. Thus we can write My = (@,\ Hk) SHOSA,2(b+Db),1).
For this basis, the image of a fixed element of F; in the special fiber of the smooth integral
model associated to L/ is

* * 0
s (1+7mx; mz;

* < 0 ) ) 0
0 0 id

Here, the diagonal block (ngf "57) corresponds to A(1,2(b+b"), 1) with basis (e3, e + e4)
and the diagonal block * corresponds to the direct summand (@,\ Hx) @ H(0) of M.
Then the direct summand M| of C(L') = @,., M} is ()e3 ® B(es + e4) ® M,. The

image of a fixed element of F; in the special fiber of the smooth integral model associated

to C(L/) is then
1+7TX]' Zj f
< 0 1> 0 =

0 id «”

*/// *//// *

Here, the diagonal block ('+g Xj 111) corresponds to (1)e3 @ B(e; + e4) and the diagonal
block id corresponds to the direct summand M, of M.
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Now, the image of a fixed element of F; in the orthogonal group associated to M|/ M| is

b0
T\,=1\0 1
0 id

Note that z is in R such that z; = z + nz as explained in the paragraph before
Equation (4- 2) The Dickson invariant of T1 is the same as that of ( “ ) Here we consider
( (1) / ) as an element of the orthogonal group associated to ((7)e3 @ B(ez +e4))/m(()es D
B(ey + e4)). In order to compute the Dickson invariant, we use the scheme-theoretic
description of the Dickson invariant explained in Remark 4.4 of [Cho 2015a]. The Dickson
invariant of an orthogonal group of the quadratic space with dimension 2 is explicitly given
at the elnd of the proof of Lemma 4.5 in [Cho 2015a]. Based on this, the Dickson invariant
of ( ) is z}/a. Note that z} /@ is indeed an element of Z/27 by Equation (4-2).

In conclusmn, z; L /& is the image of a fixed element of F; under the map ;. Since z} /a
can be either 0 or 1, ¥;|F; is surjective onto Z/2Z and thus ; is surjective.

If Ny is of type 11, then the proof of the surjectivity of v; is similar to that of the above
case and so we skip it.

(2) Assume that My is of type I¢ and L is of type 1°. We write My = No® L ;, where N is
unimodular with odd rank so that it is of type /°. Then we can write Ny = (@ v H ,\/) ® (a)
and L; = (@M H,w) @ (a’) by Theorem 2.10, where H,» = H(0) = H,» and a, a’ € A such
that a, a’ = 1 mod 2. Thus we write My = (G}A HA) @ (a) ® (a’), where H;, = H(0). For
this choice of a basis of L/ = ;. , M;, the image of a fixed element of F; in the special
fiber of the smooth integral model associated to L/ is

id 0 0
0 (14mz;) 0
0 0 id

Here, id in the (1, 1)-block corresponds to the direct summand (EBA HA) @ (a) of My and
the diagonal block (1 +mz ]‘) corresponds to the direct summand (a’) of M.

Let (eq, e>) be a basis for the direct summand (a) & (a’) of My. Since this is unimodular
of type 1°, we can choose another basis (eq, e; + ) such that the associated Gram matrix
is A(a,a+a’, a), where a +a’ € (2). For this basis, the image of a fixed element of F; in
the special fiber of the smooth integral model associated to L/ is

id 0 0
1 —TZ;

0 (0 l+7TZj)

0 0 id

Here, the diagonal block (0 an, ) corresponds to A(a, a +a’, a) with a basis (e1, e; + €3)
and id in the (1, 1)-block corresponds to the direct summand (69A HA) @ (a) of M.
Then the direct summand M| of C(L/) = Di=1 M| is (m)e1 @ Bley +e2) ® My. The

image of a fixed element of F; in the special fiber of the smooth integral model associated
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I —z;
(O 1+JTZj> 00

0 id 0
0 0 id

to C(L/) is then

Here, the diagonal block ( 01 +Z/ ) corresponds to ()e; @ B(e; + e;) and id in the (2 x 2)-
block corresponds to the direct sjummand M, of M.
Now, the image of a fixed element of F; in the orthogonal group associated to M| /7 M is

<l z j) 0
Tl = 01

0 id
Note that z €Rissuchthat z; =z; +nz as explained in the paragraph before Equatlon (4-2).
The chkson invariant of 7T is the same as that of ( ) Here, we consider ( 0 ) as an
element of the orthogonal group associated to ((;r)e; b B(e1 + ez))/rrg(n)el @® B(e; +e7)).
Then as explained in the above case (1), the Dickson invariant of ( ) is 7; L /6. Note that
Z; / o is indeed an element of Z/27 by Equation (4-2).

In conclusion, z} /o is the image of a fixed element of F; under the map ;. Since z} /o
can be either 0 or 1, ;| F; is surjective onto Z/2Z and thus v, is surjective.

(3) Assume that both M( and L; are of type I°. In this case, we will describe ;| Fjt
F; — 7/27 explicitly in terms of a formal matrix. To do that, we will first describe a
morphism from F; to the special fiber of the smooth integral model associated to L/ and
then to G ;. Recall that G| is the special fiber of the smooth integral model associated to
C(L’) = ,., M!. Then we will describe a morphism from F; to the special fiber of the
smooth integ;al model associated to M; @ C(L7) and to the special fiber of the smooth
integral model associated to C (M;@® C (L7)). Finally, we will describe a morphism from F )
to a certain even orthogonal group associated to C (M & C(L7)) and compute the Dickson
invariant of the image of an element of F; in this orthogonal group.

We write My = Ny ® L, where Ny is unimodular with even rank. Thus Nj is ei-
ther of type II or of type I°. First we assume that Ny is of type /¢. Then we can
write Ng = (@/\/ H,v) @®A(,2b,1)and L; = (@M H,v/) @ (a) by Theorem 2.10, where
H,=HO)=H,»,be A,and a (¢ A) =1 mod2. Thus we write My = (@/\ H,\)
A(1,2b, 1)@ (a), where H, = H(0). For this choice of a basis of L/ = @l>0 M;, the image
of a fixed element of F; in the special fiber of the smooth integral model associated to L/ is

id 0 0
0 (1+mz;) 0
0 0 id

Here, id in the (1, 1)-block corresponds to the direct summand (@x HA) @ A(,2b,1) of
M and the diagonal block (1 + 7z j) corresponds to the direct summand (a) of M.

Let (ey, e3, e3) be a basis for the direct summand A(1, 2b, 1) @ (a) of My. Since this is
unimodular of type 1°, we can choose another basis based on Theorem 2.10. Namely, if we
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choose (—2be| + e, —ae; + e3, e, + e3) as another basis, then A(1, 2b, 1) @ (a) becomes
ARb2b—1),a(a+1),a(2b—1)) @ (a +2b). Since A2b(2b—1),a(a+1),a(2b—1))
is unimodular of type 1, it is isomorphic to H (0) by Theorem 2.10. Thus we can write
My = (@A H)\) @ H (0) ® (a + 2b). For this basis, the image of a fixed element of F; in the
special fiber of the smooth integral model associated to L/ is

* * 0
* (1+a+zb”Z/) 0
0 0 id

Here, the diagonal block (l + a_fﬁnz j) corresponds to (a + 2b) with a basis e; + e3 and
the diagonal block * corresponds to the direct summand (@A HA) @ H(0) of M,.

Then the direct summand M/, of C(L’) = ;. , M/ is B(e, + e3) of rank 1. The image
of a fixed element of F; in the special fiber of the smooth integral model associated to
C(L/) is then

(1+ 5mz) 0«
0 id «”
>I</// >|<////
Here, the diagonal block (l + a+2bﬂZ1) corresponds to M{ = B(e, + e3) with a Gram
matrix (a +2b) and the diagonal block id corresponds to M| = M;.

We now describe the image of the above in the special ﬁber of the smooth integral model
associated to M), ® C(L/) = (M, ® M) ® (@izl Ml’) If (e}, €}) is a basis for (M & M),
then we choose another basis (e}, ¢] + ¢5) for (M) @ M;). For this basis, based on the
description of the morphism from the smooth integral model associated to C (L/) to the
smooth integral model associated to M{ & C(L’) explained in Remark 4.10, the image
of a fixed element of F; in the special fiber of the smooth integral model associated to
M & C(LY)is

/

1 7z 0

a /

0 1+ 5mz; 0 =

0 0 id *”
O >l</// >l<////

Here, the diagonal block 0 +“+3” T ) corresponds to (M, @ M) with a basis (e}, ] +¢})

and the diagonal block id corresponds to M| = M,.
We now follow step (1) with M| & C(L’) = (M{® M}) & (,~, M/). Namely,

C(My@® C(L')) = (m)e] ® Ble) +¢5) @ (@ Mi/)

i1
= ((m)e} ® B(e| +¢5) & M)) & (@ Ml'>
i>2

Here, ((r)e| @ B(€| +¢5) & M) is 7'-modular and M/ is 7'-modular with i > 2. Then the
image of a fixed element of F; in the special fiber of the smooth integral model associated
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to C(M},@® C (L)) is

a !

“ayan%i 0 =

a !

01+ T TTZ) 0 =*

0 0 id %"
0 " n

Here, the top left 3 x 3-matrix corresponds to (we| @ B(e| +¢e)) & M)).
Now, the image of a fixed element of F; in the orthogonal group associated to (we; @
B(ei+e) @ M) /m(me; @ Be; +e3) @ M)) is

1zt
J
no((67)

0 id

since mod 2 reduction of afﬁ is 1. Note that z} isin R such that z; = z} —I—JTZ? as explained
in the paragraph before Equation (4-2). Then, as explained in step (1), the Dickson invariant
of this is z} /a. Note that z} /a is indeed an element of Z/27 by Equation (4-2).

In conclusion, z} /o is the image of a fixed element of F; under the map ;. Since z} ja

can be either 0 or 1, ¥;|F; is surjective onto Z/2Z and thus ; is surjective.

If Ny is of type /I, then the proof of the surjectivity of v; is similar to that of the above
case and so we skip it.

(4) Assume that M, is of type 1° and L ; is of type 1°. We write My = Ny @ L ;, where Ny is
unimodular with odd rank so that it is of type /°. Then we can write Ny = (@ 2 HA/) @ (a)
and L; = (@,\” HAH)EBA(I, 2b, 1) by Theorem 2.10, where H,» = H(0) = H,» and a, b€ A
such that ¢ = 1 mod 2. We write My = (@/\ H,\) @ (a) ® A(1,2b, 1), where H, = H(0).
For this choice of a basis of L/ = ;.. , M;, the image of a fixed element of F; in the special
fiber of the smooth integral model associated to L7 is

id 0 0
l+mx; mz;

o () o

0 0 id

Here, id in the (1, 1)-block corresponds to the direct summand (@x H,\) @ (a) of My and
the diagonal block (ngf 7Tle ) corresponds to the direct summand A(1, 2b, 1) of M.

Let (e, e3, e3) be a basis for the direct summand (a) ® A(1, 2b, 1) of M,. Since this is
unimodular of type 1°, we can choose another basis based on Theorem 2.10. Namely, if
we choose (—2be; + e3, e; —aey, e; + e3) as another basis, then (a) @ A(1, 2b, 1) becomes
AQRb(2b—1),a(a+1),a2b— 1)) & (a + 2b). Since AQb(2b —1),a(a+1),a(2b—1))
is unimodular of type I, it is isomorphic to H (0) by Theorem 2.10. Thus we can write
My = (G}A H)\) @ H (0) ® (a +2b). For this basis, the image of a fixed element of F; in the
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special fiber of the smooth integral model associated to L/ is

* * 0
" (14 757z5) O
0 0 id

Here, the diagonal block (1 + H%bnz j) corresponds to (a + 2b) with a basis (e; + e3) and
the diagonal block * corresponds to the direct summand (@ N HA) @ H(0) of M.

Note that the reduction of ﬁ mod 2 is 1. The rest of the proof is similar to that of step
(3) and so we skip it.

So far, we have proved that v/ is surjective. We now show that =[] j W is surjective.
The proof is similar to the proof showing that [[,,, Hi — G is a closed immersion in the
last paragraph of the proof of Theorem 4.5.

We consider the morphism

F=]]F;—G
j

e[
J

By considering a matrix form of an element of F;(R) for a x-algebra R as given at the
beginning of the proof, it is easy to see the following two facts. Firstly, F; and F;; commute
with each other in the sense that f; - f;» = f; - f; for all even integers j # j’, where
fi € Fi(R) and f;; € Fy/(R) for a k-algebra R. Note that L; and L (resp. L;;, and
L) are of type I (resp. of type II). Based on this, the above morphism becomes a group
homomorphism. Secondly, F; N Fjy =0 for all j # j’. This fact implies that the morphism
Fix Fy— G with (fj, fi) = f;- fj is injective and so F; x F is a closed subgroup
scheme of G. A matrix form of an element of F i (R) also implies that (F; x F)) N F» =0
for all pairwise different three integers j, j’, j” and so the morphism (F; x F;/) x Fj» — G
with (f;, fjr, fir) = fj- fjr - fj» is injective. Thus F; x F; x Fj» is a closed subgroup
schen~1e of G. Therefore, by repeating this argument, the product F =[] ; Fj is embedded
into G as a closed subgroup scheme.

In addition, we claim that /| Fy is trivial for all j < j’. The proof of our claim relies on
the matrix interpretation of ;. We first notice that j'— j >4 since L; is of type I and L j;»
is of type II. To obtain the morphism v;, we observe that the lattice C(L’/) = @,., M/
(resp. C(LY) = ;..o M)) if My is of type I° (resp. of type 1°). In either case, L_;/ is a
direct summand of ]I/Ij/_j and the morphism v/, is attached to the Dickson invariant of the
orthogonal group associated to M|. We should mention that if M is of type /° then we
need a new hermitian lattice My @ C (LY). In this case, the morphism s ; 1s also attached
to the Dickson invariant of the orthogonal group associated to M as a direct summand of
M| @ C(L/). On the other hand, recall that G is the special fiber of the smooth integral
model associated to C(L/). Then as a formal matrix, F » maps to the block of G ; associated
to M _;. Therefore, since j’ — j is at least 4, the image of F;» under 1/, is zero by observing
the description of the orthogonal group associated to M| based on Section 4A.
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We finally claim that the morphism v/ induces a surjective morphism from F to (Z/27)?
defined over k. To show this, we express F as FF = Fj x --- x Fj, and (Z/27)# as
(Z/ZZ)’S =(Z/22);, x--- % (Z/ZZ)jﬂ, where j; < ji ifi <i’. Choose an arbitrary element
(Zjy, - ,zjﬂ) of (Z/22);, x --- x (Z/ZZ)jﬁ where each z;, is an element of (Z/27);,.
We first choose f; € F; such that ¥ (f;) = zj,. Then choose f;, € F;, such that
Y, (fj, - fin) =z, Inthis way, we choose f;, € Fj, suchthat v, (f},-- - -- fj,) =z,,. Note that
xpjt(fjt,) =0forall t <. Therefore, ¥ (fj, - - fjﬂ) =TI, v;(fj - fjﬂ) =(zj, " zjﬁ)

and this shows the surjectivity of the morphism .

For the surjectivity of ¢ x ¥, we recall the following criterion ([Knus et al. 1998, Proposition
22.3]): the surjectivity of ¢ x y as algebraic groups is equivalent to the surjectivity of ¢ x ¥
at the level of k-points since ]_[l. even SP(Bi/ Yi, i) X [1; oqa O(Ai/ Zi, Gi)rea X (Z/27)" is
smooth.

Choose an element (x, y) in the group of k-points of

[18pBi/Yi, hi) x [T O(Ai/Zi, @)vea x (2/22)°

ieven iodd

such that x € (]_[ieven Sp(Bi/Yi, hi) X[ ]; oaa O(Ai/ Zi, c},-)red) (k) and y € (Z/2Z)# (k). Then
there is an element a € 5(/2) such that ¢(a) = x since ¢ is surjective by Theorem 4.5. We
choose an element b € F (k) such that ¢ (ab) = y. On the other hand, ¢ vanishes on F
since the morphism ¢; vanishes on F; for all i, j. Thus ¢(b) =0 and (¢ x ¥)(ab) = (x, y).
This completes the proof. O

4C. The maximal reductive quotient. We finally have the structure theorem for the alge-
braic group G.

Theorem 4.12. The morphism

exY:G—> l—[ Sp(B;/Y:, h;) x H O(Ai/Zi, Gi)rea X (Z/22)F

ieven iodd

is surjective and the kernel is unipotent and connected. Consequently,

[ 1Sp(Bi/Yi, hi) x [ 0CAi/Zi, Gi)vea x (2/22)°

ieven iodd

is the maximal reductive quotient. Here, Sp(B;/Y;, h;) and O(A;/Z;, qi)red are explained
in Section 4A (especially Remark 4.7) and B is defined in Lemma 4.6.

Proof. We only need to prove that the kernel is unipotent and connected. The kernel of ¢ is a
closed subgroup scheme of the unipotent group M which is defined in Lemma A.2 and so
it suffices to show that the kernel of ¢ x ¥ is connected. Equivalently, it suffices to show that
the kernel of the restricted morphism ¥ |ker is connected. From Lemma 4.6, the number
of connected components of Ker ¢ is 28. Since ¢|r = 0 so that F = ]_[j F; C Ker g, the
restricted morphism V¥ |ker, is surjective onto (Z/2Z)?. We complete the proof by counting
the number of connected components. (]
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5. Comparison of volume forms and final formulas

This section is based on Section 7 of [Gan and Yu 2000] and Section 5 of [Cho 2015a]. Let
H be the F-vector space of hermitian forms on V = L ® 4 F. Let M’ = Endg (L) and let
H' = {f : f is a hermitian form on L}. Regarding Endg V and H as varieties over F, let
wy and wy be nonzero, translation-invariant forms on Endg V and H, respectively, with
normalization

/ loy| =1 and lwg| = 1.
! H/

Let M* = Resg/r GLEg (V). Define amap p : M* — H by p(m) = hom. Here hom is
the hermitian form (v, w) — h(mv, mw). Then the inverse of & under p is G, which is the
unitary group associated to the hermitian space (V, k). It is also the generic fiber of G'. Put
' = wy /p*wy. For a detailed explanation of what wy;/p*wpy means, we refer to Section
3.2 of [Gan and Yu 2000].

We choose two forms w), and ), as generators for the spaces of the top degree forms
on M’, which is identified with the Lie algebra of M*, and H’, which is identified with the
tangent space to H at /1, respectively. Here M’ is defined in Remark 3.1 and H' is defined in
the paragraph following the matrix description of an element of H (R) for a flat A-algebra R
in Section 3C. They are nonzero translation-invariant forms on Endg V and H, respectively,
with normalization

)| =1 and / )| = 1.
M(A) H(A)

By Theorem 3.6, we have an exact sequence of locally free sheaves on M*:
0 —> p"Quja —> Qu+/a —> Queju — 0.

Put 0" = w),/p*w},. For a detailed explanation of what w),/p*w}, means, we refer to
Section 3.2 of [Gan and Yu 2000]. It follows that w®*" is a differential of top degree on G,
which is invariant under the generic fiber of G, and which has nonzero reduction on the
special fiber.

Lemma 5.1. We have:

loul = 21" ||, Nu= Y Qu—D+Y (j—i)-ni-nj

i even i<j

L; of typel

i+2
N / .
ol = 12| |y, Ny = E (ni—1)+g Jjoni-nj+ E > -n;

ieven i<j ieven

L; of typel

i+1

+ E — it E di,

iodd i

led| — |2|NM—NH|wCaTl|.
Here,d; =i -n; - (n; — 1)/2.

Proof. Note that both @y, and ), are volume forms on Endg V with different normalizations,
so that they differ by a scalar. The “difference” between the Haar measures associated to
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these volume forms can be detected at the level of F-points of Endg V, since Endg V is an
affine space.

Since M(A) = 1+ M’(A), where M’ is defined in Remark 3.1, we have the identity
f WA |w),| = 1. Note that M’(A) is a finitely generated free A-submodule of M’ whose
rank is the same as that of M’. Thus N, is the “difference” between these two modules M’
and M'(A). More precisely, Ny, is the length of the finitely generated torsion A-module
M'/M’'(A). Note that 2 is a uniformizer of A.

Similarly, Ny is the length of the finitely generated torsion A-module H'/H'(A). Here,
H' is defined in the paragraph following the matrix description of an element of H (R) for a
flat A-algebra R in Section 3C.

Then the above formula for Ny, (resp. Ny ) can be read off from the matrix interpretation
for M(A) (resp. H(A)) given in Sections 3A and 3B (resp. Section 3C). (I

Let f be the cardinality of k. The local density is defined as

lim f~NImGuG (A/nVN A).

'BL:[G:G°]'N—>00

Here, G’ is the naive integral model described at the beginning of Section 3 and G is the
generic fiber of G’ and G° is the identity component of G. In our case, G is the unitary
group U(V, h), where V =L ®4 F. Since U (V, h) is connected, G° is the same as G so
that [G : G°] = 1.

Then based on Lemma 3.4 and Section 3.9 of [Gan and Yu 2000], we finally have the
following local density formula.

Theorem 5.2. Let f be the cardinality of k. The local density of (L, h) is
ﬁL — fN . f_dimU(V’h)#é(K),
where

i<j i even i odd i even
L; of typel

Here, #é(/{) can be computed explicitly based on Remark 5.3(1) below and Theorem 4.12.
For convenience, we repeat the following remark from Remark 5.3 in [Cho 2015a].

Remark 5.3 [Cho 2015a, Remark 5.3]. (1) In the above local density formula, #é(fc) is
computed as follows. We denote by Rué the unipotent radical of G so that the maximal
reductive quotient of GisG / R,G. That is, there is the following exact sequence of group
schemes over «:

1— R,G — G — G/R,G —> 1.

Furthermore, the following sequence of groups
1— R,G(x) — G(k) — (G/R,G)(k) — 1

is also exact by Lemma A.1. Using Lemma A.1, one can see that #Rua(/c) = f™, where
m is the dimension of R,G. Notice that the dimension of R,G can be computed explicitly
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based on Theorem 4.12, since the dimension of G is n? withn = rankg L. In addition, the
orders of orthogonal and symplectic groups defined over a finite field are well known. Thus,
one can compute #(G /Ry, G) (k) explicitly based on Theorem 4.12. Finally, the order of the
group G (k) is identified as follows:

#G (i) = #R,G (k) - #(G /R, G) (k).

(2) As in Remark 7.4 of [Gan and Yu 2000], although we have assumed that n; = 0 for
i <0, it is easy to check that the formula in the preceding theorem remains true without this
assumption.

Appendix A: The proof of Lemma 4.6

The proof of Lemma 4.6 is based on Proposition 6.3.1 in [Gan and Yu 2000]. We first state
a theorem of Lazard which is repeatedly used in this paper. Let U be a group scheme of
finite type over « which is isomorphic to an affine space as an algebraic variety. Then U is
connected smooth unipotent group (cf. IV, § 4, Theorem 4.1 and IV, § 2, Corollary 3.9 in
[Demazure and Gabriel 1970]).

For preparation, we state several lemmas.

Lemma A.1 [Gan and Yu 2000, Lemma 6.3.3]. Let1 —> X — Y — Z — 1 be an exact
sequence of group schemes that are locally of finite type over k, where k is a perfect field.
Suppose that X is smooth, connected, and unipotent. Then 1 - X(R) - Y(R) —> Z(R) — 1
is exact for any k-algebra R.

Let M be the special fiber of M* and let R be a k-algebra. Recall that we have described
an element and the multiplication of elements of M (R) in Section 3B. Based on these, an
element of M (R) is

m = (T[max{O,jfi}mi,j) .

Here, if i is even and L; is of type 1° (resp. of type /¢), then

S r; i
Si Y
mi; =" % (resp. | my; 1+7x; mwz ),
v, 14+mz;

v; Uu; 1+mw;

where s; € M, —1)x (nj—1) (B®aR) (resp. s; € M, _2)x (n;—2) (B®4R)), etc., and s; mod 7 ® 1

is invertible. For the remaining m; ;’s except for the cases explained above, m; ; is contained

in M,,l.xnj (B®4R)and m;; modw ® 1 is invertible.

Let

i =

~ GL,(B;/Y;) ifiiseven;
GL.(A;/X;) ifiisodd.

Lets; = m;; if L; is of type II in the above description of M(R). Then s; mod 7 ® 1 is an
element of M;(R). Therefore, we have a surjective morphism of algebraic groups

r!M—)l_[M,’,

defined over k. We now have the following easy lemma:
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Lemma A.2. The kernel of r is the unipotent radical M+ of M, and I1 M; is the maximal
reductive quotient of M.

Proof. Since [] M; is a reductive group, we only have to show that the kernel of r is
a connected smooth unipotent group. Let R be a x-algebra. By the description of the
morphism r in terms of matrices explained above, an element of the kernel of r is

m= (nmax{O,j—i]miY i)

satisfying the following. If i is even and L; is of type I° (resp. of type I¢), then

id+ms!  mwy dtms mh
m; = < i i ) (resp. 7y l4+mx; 7wz ),
v 147z . w, 14w
i l L

where id +7 ® 1 -Si/ € M, —1)xn;—1)(B®aR) (resp. d4+7®]1 'Sl-/ € My, —2yx(n;—2)(B ®aR)),
etc., such that s; has entries in R C B ®4 R. For the remaining m; ;s except for the cases
explained above, m;, j € My, xn;(B®4R) andm; ; =id+7 ®1 -m; ; such that m; ; has entries
in R C B ®4 R. Note that there are no equations among the variables given above. Thus the
kernel of r is isomorphic to an affine space as an algebraic variety over k. Therefore, it is a
connected smooth unipotent group by a theorem of Lazard which is stated at the beginning
of Appendix A. (|

Recall that we have defined the morphism ¢ in Section 4A. The morphism ¢ extends to
an obvious morphism

¢: M — [] GLc(Bi/Y:) x [ | GLc(A:/Z))
ieven iodd
such that ¢|z = ¢. Note that ¥; ®4 R and Z; ® 4 R are preserved by an element of M (R)
for a flat A-algebra R (cf. Lemma 4.2). By using this, the construction of ¢ is similar to
Theorems 4.3 and 4.4 and thus we skip it. Let R be a x-algebra. Based on the description of
the morphism ¢; explained in Section 4A, Ker ¢(R) is the subgroup of M (R) defined by
the following conditions:

(a) Ifiisevenand L; isof type I, s; =id mod 7 ® 1.

(b) Ifi iseven and L; is of type II, m; ; =id mod 7w ® 1.

(c) Ifiis odd, m;; = id modr®1land §;_je;—;-m;_y;+6ir1€ir1-Mi+1,;, =0 modr 1.
Here,§; =1if L;isof type I and §; =0if L; is of type I, and e; = (0,---,0, 1)
(resp.e; =(0,---,0,1,0)) of size 1 x n; if L; is of type 1 (resp. of type I¢).

It is obvious that Ker ¢ is a closed subgroup scheme of M* and is smooth and unipotent
since it is isomorphic to an affine space as an algebraic variety over «.
Recall from Remark 3.1 that we defined the functor M’ such that (1 + M’)(R) = M(R)

inside Endpg ,r (L ® 4 R) for a flat A-algebra R. Thus there is an isomorphism of set valued

functors
I+ M —-M

me—1+m,
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where m € M'(R) for a flat A-algebra R. We define a new operation x on M’'(R) such
that xxy = x + y + xy for a flat A-algebra R. Since M'(R) is closed under addition and
multiplication, it is also closed under the new operation *. Moreover, it has 0 as an identity
element with respect to . Thus M’ may and shall be considered as a scheme of monoids
with x. We claim that the above morphism 1+ is an isomorphism of monoid schemes.
Namely, we claim the following commutative diagram of schemes:

(I+)x(1+)
MxM —— M x M

J/* J]multiplication

M—" M
Since all schemes are irreducible and smooth, it suffices to check the commutativity of
the diagram at the level of flat A-points as explained in the third paragraph from below in
Remark 3.2, and this is obvious.
Since M* is an open subscheme of M, (14)~!(M*) is an open subscheme of M’. The
composite of the following three morphisms

(I+) inverse (1!
(1)~ M M (1)~ M*)

defines the inverse morphism on the scheme of monoids (1+)~!(M*) with respect to the
operation *. Thus we can see that (14) ' (M*) is a group scheme with respect to * and the
morphism 1+ is an isomorphism of group schemes between (1+)~'(M*) and M*.

Let R be a x-algebra. Since the morphism 14 is an isomorphism of monoid schemes
between M’ and M, we can write each element of M(R) as 1 + x with x € M'(R). Here,
1 + x means the image of x under the morphism 1+ at the level of R-points. Note that
M’'(R) is a B® 4 R-algebra for any A-algebra R with respect to the original multiplication on
it, not the operation *. In particular, M'(R) is a (B/2B) ® 4 R-algebra for any «-algebra R.
Therefore, we consider the subfunctor tM’ : R +— (m ® 1)M'(R) of M’ ® k and the
subfunctor M!: R — 1 + xM’'(R) of Ker ¢. Here, by 1+ 7 M’'(R), we mean the image
of t M'(R) inside M(R) (= M(R)) under the morphism 1+ at the level of R-points. That
1 4+ 7 M’(R) is contained in Ker $(R) can easily be checked by observing the construction
of ¢. The multiplication on M is as follows: for two elements 1 + 7x and 1 + 7 y in
M! (R), based on the above commutative diagram, the product of 1 +mx and 1 +my is

4+nmx)-A4+nmy)=14nmxxry=14+ @ +y) +n2(xy)) =1l+a(x+y).
Here, 7 stands for 7 ® 1 € B ®4 R. Then we have the following lemma.

Lemma A.3. (i) The functor M is representable by a smooth, connected, unipotent
group scheme over k. Moreover, M is a closed normal subgroup of Ker .

(ii) The quotient group scheme Ker ¢/ M! represents the functor
R+ Ker(R)/M"(R)

by Lemma A.1 and is smooth, connected, and unipotent.



504 Sungmun Cho

Proof Let R be a k-algebra. In the proof, 7 stands for 7 ® 1 € B ®4 R. To show that
M! (R) is a subgroup of Ker<p(R) it suffices to show that the inverse 1 +x’ of 1 +mx in
Ker ¢(R) is contained in M! (R). From the identity

A+xYA+max)=1+x"*tx =14+ +7x+7x'x) =140,

we see that x” is an element of 7 M'(R) so that 1+ x’ is an element of M'(R), since M'(R)
is closed under multiplication and addition which implies x +x'x € M’(R).

Then the first sentence of (i) follows by a theorem of Lazard which is stated at the
beginning of Appendix A since M'is isomorphic to an affine space of dimension n” as an
algebraic variety over k.

To show that M (R) is a normal subgroup of Ker ¢(R), we choose an element 1 + 7x €
MI(R) and 1 +m € Ker ¢(R) with m € M'(R). Let 1 + m’ be the inverse of 1 + m so that

(1+m")(1+m) = 1. Then we have the following identity:
A4+mYA+7ax)A+m)=14+m'*wx*m =14+7(x +m'x +xm+m'xm).

Since M’(R) is closed under multiplication and addition, x +m'x + xm +m’xm € M'(R)
so that (14 m')(1 +7x)(1 +m) € M'(R).

For (ii), smoothness and connectedness are stable under quotienting by algebraic groups
(Proposition 22.4 in [Knus et al. 1998]) and a quotient of a unipotent group is also a
unipotent group by part (a) of the first corollary in Section 8.3 in [Waterhouse 1979]. [

This paragraph is a reproduction of [Gan and Yu 2000, 6.3.6]. Recall that there is a closed
immersion G — M. Notice that Ker ¢ is the kernel of the composition Go>M—>M / Ker ¢.
We define G' as the kernel of the composition

G—>M—>M /1\7 L
Then G' is the kernel of the morphism Ker ¢ — Ker ¢/ M" and, hence, is a closed normal
subgroup of Ker ¢. The induced morphism Ker ¢/G' — Ker@/M" is a monomorphism,

and thus Ker ¢/ G'is a closed subgroup scheme of Ker ¢/ M! by (Exposé Vg, Corollary
1.4.2 in [SGA 3, 1970]).

Theorem A.4. G! is connected, smooth, and unipotent. Furthermore, the underlying
algebraic variety of G' over k is an affine space of dimension

1. .
Zninj—i-zni —2i—n, + Z it 5 " #i:iisevenand L; is of type I}.

i<j iodd ieven

Proof. We prove this theorem by writing out a set of equations completely defining G!
(after all there are so many different sets of equations defining 51). Let R be a k-algebra.
As explained in Remark 3.3(2), we consider the given hermitian form % as an element of
H(R) and write it as a formal matrix & = (ni . h,-) with (% - h;) for the (i, i)-block and
0 for the remaining blocks. We also write & as (f; j, a; --- f;). Recall that the notation
(fi,j»ai -+ fi) is defined and explained in Section 3C and explicit values of (f; j, a; - - - f;)
for the & are given in Remark 3.3(2).
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We choose an element m = (m; j,s; ---w;) € (Ker@)(R) with a formal matrix in-
terpretation m = (nma"{o’j _”m,“j), where the notation (m; j, s; - - - w;) is explained in
Section 3B. Then /& o m is an element of H(R) and (Ker ¢)(R) is the set of m such that
hom = (f; j,a;--- fi). The action h om is explicitly described in Remark 3.5. Based on
this, we need to write the matrix product 2 om = o (‘m) - h - m formally. To do that, we
write each block of o (‘m) - h - m as follows:

The diagonal (i, i)-block of the formal matrix product o (‘m) - h - m is the following:

m (o (miihimi;+o () -0 (mi—y)hioymiy; 4+ -0 (mipr)hicimigy)
+ 7' ((67)? o (mi—)hi—omi_s; + 7% -0 (mita Dhizamisa;), (A1)

where 0 <i < N.
The (i, j)-block of the formal matrix product o (‘m) - h -m, where i < j, is the following:

7Tj< Z U(tmk,i)hkmk,j+0(77)’(7(lmi—1.i)hi—lmi—l,j+7T'U(tmj+l,i)hj+lmj+1,_/)a (A-2)

i<k<j

where 0 <i, j < N.
Before studying G', we describe the conditions for an element m € M(R) as above to
belong to the subgroup M'(R).

(1) my; =7rm;’j ifi # j;
(2) m;; =id+wm;; if L; is of type II;

si my; id+ms, 72y \.... . .
3) m;; = <7T;i 1+7;Z,-) = ( 2] i 1+7TéZ§ if i is even and L; is of type 1%;

Si ri T id+ms,  mr] nzt,.’
@) mi;=\ny 1+nx;, 7wz =| =% 1+4+n% 7% if i is even and
v; u; 14+ mw; ] Tu; 1+n2wlf

L; is of type I°.

Here, all matrices having " in the superscript are considered as matrices with entries in R.
When i is even and L; is of type I, we formally write m; ; = id —}—nm;,i. Then G! (R) is the
setof m € MI(R) suchthathom =h=(f; j,a;--- f;). Since hom is an element of H (R),
we can write i om as (f/;,a;--- f{). In what follows, we will write (f;,a;--- f/) in
terms of h = (f; j, a; - -- f;) and m, and will compare (]”iij, a;--- fywith (f;j,ai--- fi),
in order to obtain a set of equations defining G'.

If we put all these (1)—(4) into (A-2), then we obtain

(o4 Sy himy o (- "m (1 rrm/j’j)).
Therefore,

fli= (o +m"mhimm ; +o(r-'m )h;(1+7m’, ),
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where this equation is considered in B ® 4 R and 7 stands for w ® 1 € B ® 4 R. Thus each
term having 72 as a factor is 0 and we have

fl’j :hinmgyj +o(m -’m/jj)hj, wherei < j. (A-3)

This equation is of the form f,/ j=X+nY since it is an equation in B ® 4 R. By letting
1! ;= fi,j =0, we obtain

him} ; +'m’, ;hj =0, wherei < j, (A-4)

where h; (resp. i_z_,-) is obtained by letting each term in A; (resp. ;) having  as a factor be
zero so that this equation is considered in R. Note that 4, and / are invertible as matrices
with entries in R by Remark 3.3. Thus m; ; = h! 'm’;; -h;. This induces that each entry
of m; ; is expressed as a linear combination of the entries of m’; ;. Thus there are exactly

n;n; independent linear equations among the entries of m; I m/j i
Next, we put (1)—(4) into (A-1). Then we obtain
7oL+ -"m) Hhi(1+7m);)). (A-5)

We interpret this so as to obtain equations defining G'. There are 4 cases, indexed by (i),
(ii), (iii), (iv), according to types of L;.

(i) Assume that i is odd. Then w'h; = £9~D/2rg; as explained in Section 3C and thus we
have
aj=0(l+m-'m})a;(1+mwm;).

Here, the nondiagonal entries of this equation are considered in B ® 4 R and each diagonal
entry of a! is of the form exrx; with x; € R.
Thus, we can cancel terms having 72 as a factor and the above equation equals

aj=a;+o () -'m};a; +m-a;my,;.
By letting a; = a;, we have the following equation
o(m)-'mjai +m -aim;; =0.

Since this is an equation in B ®4 R, it is of the form X + 7Y = 0. Note that the reduction
of € mod 7 is 1. We denote by a; the reduction of @; mod 7. Thus we have

t 1 = - 1 _
m; ;a; +a;m;; =0.

This is a matrix equation over R, in a usual sense, and a; is symmetric and the diagonal
entries of a; are 0. More precisely,

01

10

(t9)
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Then we can see that there is no contribution coming from the diagonal entries of 'm; ;a; +
a;m;; = 0 and that there are exactly (nl.2 — n;)/2 independent linear equations. Thus
(n? +n;)/2 entries of m]; determine all entries of m] ;. Note that the conditions on m]
viewed as a matrix with entries in «, are tantamount to this matrix belonging to the Lie
algebra of a symplectic group associated to an obvious alternating form given by a;. Then
(”,'2 +n;)/2 is the dimension of this symplectic group.

For example, let m; = (¥ *) and @; = (! ;). Then

! G 4 am — 2z x+w\ 0 x+w
T T A x w2y ) \e+w 0 )7

Thus there is one linear equation x + w = 0 and x, y, z determine all entries of mf ;-

(ii) Assume that i is even and L; is of type /I. This case is parallel to the previous case.
Then n'h; = £'/%a; as explained in Section 3C and we have

al( =o(l+m -’m;’[)ai(l +nm;’[).

Here, the nondiagonal entries of this equation are considered in B® 4R and each diagonal en-
try of a! is of the form 2x; with x; € R. Now, the nondiagonal entries of o (7 "m;j)ai (em; ;)
are all O since they contain 72 as a factor. The diagonal entries of o ( ’mj a; (7”";', ;) are
also 0 since they contain * as a factor. Thus, the above equation equals

a;j=a;+o(w)-'mja; +m-a;m;;.
By letting a; = a;, we have the following equation
o(m)-'mia; +m-aim;; =0.

Based on (2) of the description of H(R) for a k-algebra R, which is explained in
Section 3C, in order to investigate this equation, we need to consider the nondiagonal
entries of o (1) - 'm; ;a; + 7 - a;m;; as elements of B ®4 R and the diagonal entries of

o () -'mj;a; +m - a;m; ; as of the form 2x; with x; € R. Recall from Remark 3.3 that

(t9)

a; =

(t9)

Then we can see that each diagonal entry as well as each nondiagonal (upper triangular) entry

of o () -'m; ;a; + 7 - a;m; ; produces a linear equation. Thus there are exactly (nl-2 +n;)/2

independent linear equations and (n? —n;)/2 entries of m ; determine all entries of m/ .
For example, let m, = (¥ ) and & = (| ;). Then

z w) B ((a(rr)+n)z o(m)x —l—nw)

(o) -'mf a4 aml, = o (r) (5 7) +
o) mydi T - dim; ; =07 | y T " \o@mw+nx (o(T)+m)y

Xy
Recall that o (7) = e with € =1 mod 7 and o (;r) +7 = 2, as explained at the beginning of
Section 2A. Thus there are three linear equations z = 0, x +w =0, y = 0 and x determines
every other entry of m; i
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(iii) Assume that i is even and L; is of type 1°. Then 'h; =£'/2 (a(:.ifb,-) 111;2-,- ) as explained
in Section 3C and we have

a; wh; \ o a; nb; /
(O’(]‘[tb:) 1+2C;>—O'(1+7T mi,i) (O’(ntb,) l+2Cl> (1+7Tm,’,) (A 6)

Here, the nondiagonal entries of a; as well as the entries of b} are considered in B®y4R, each

diagonal entry of 4] is of the form 2x; with x; € R, and ¢ is in R. In addition, b; =0, ¢c; = ¥;

as explained in Remark 3.3(2) and g; 1s the diagonal matrix with ( ) on the diagonal.
Note that in this case, m (;’u Z ) Compute o (7 - ml BE ( 01 +2C ) (JTm ;) formally

s! 14iS; 4 X, 7'[Y

oty w2z
Thus we can ignore the contribution from o (7 - 'm; )( 01 +2c‘ )(nm .) in Equation (A-6)
and so Equation (A-6) equals

a; by \ _(a O t o) si o))\ (a O
o(m-'b)) 14+2c)  \0 1+2¢ o(m)-'y, o(m)z 0 1+2c¢

(% 0 s, wy!
0 142¢ /) \nv] nzl)”

(a) Firstly, we consider the (1, 1)-block. The computation associated to this block is
similar to that for the above case (ii). Hence there are exactly ((n; — 1)> + (n; — 1))/2
independent linear equations and ((n; — 1) — (n; — 1))/2 entries of s; determine all
entries of s/.

and this equals a(n)n( ) for certain matrlces X;, Y;, Z; with suitable sizes.

We interpret each block of the above equation below:

(b) Secondly, we consider the (1, 2)-block. We can ignore the contribution from ‘vic;
since it contains 73 as a factor. Then the (1, 2)-block is

b, =o(m)mw-(e- v+ 1/e-a;y)). (A-7)
By letting b; = b; = 0, we have
o(m)-(e-"vi+1/e-a;y)=0

as an equation in B ® 4 R. Thus there are exactly (n; — 1) independent linear equations
among the entries of v; and y; and the entries of v; determine all entries of y!.

(c) Finally, we consider the (2, 2)-block. This is
1426, = 142¢; + (72 + (0 () D)2) + 2 + (0 (1) D)ciz). (A-8)

Since 72 + (o(7))? = (7w + 0 (1)) — 20 (7w) 7, we see that 72 + (o ())? contains 4
as a factor. Thus by letting ¢} = ¢;, this equation is trivial.

By combining the three cases (a)—(c), there are exactly ((n; —1)?+(n; —1))/2+(n; —1) =
(ni2 +n;)/2 — 1 independent linear equations and (ni2 —n;)/2 + 1 entries of m: ; determine
all entries of m; ;.
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(iv) Assume that i is even and L; is of type I¢. Then
a; b; e
ahy =E7| o(b) 1+2f 14+nd;
o(r-'e)) o(l+nd) 2c

as explained in Section 3C and we have

al b; we;

o(b)  142f 1+nd
o(m-'e}) o(l+nd) 2
a; b,‘ we;
=o(l4m-'m;;)-| o(b) 1+2fi 1+nd;
o(m-'e) o(l+nd) 2c

Here, the nondiagonal entries of a; as well as the entries of b;, e, d! are considered in
B ®4 R, each diagonal entry of a is of the form 2x; with x; € R, and ¢}, f/ are in R. In

addition, b; =0,d; =0,¢; =0, f; =0, ¢; = y; as explained in Remark 3.3(2) and g; is the

(I+mm,). (A-9)

diagonal matrix with ((1) (1)) on the diagonal.
Notice that in this case,

We compute

a; 0 0
o@-'m;)-10 1 1| (wm,)
0 1 2¢
formally and this equals
Islais| + w2 X; Y; nZ;
o(m)m o('Y;) rlair] + X, wY!

o(m-'Z;) o(w-Y) n*Z

for certain matrices X;, Y;, Z;, X}, Y/, Z! with suitable sizes. Thus we can ignore the
contribution from this part in Equation (A-9) and so Equation (A-9) equals

a; b; me; a; 0 0
o(b)) 142f/ l14nd |=|0 1 1
o(r-le)) o(l+md)) 2c; 0 1 2¢
st o@m)lyl a 0 0
~+o () r! o (m)x] u; 01 1
o(m)'t] o(m)z; o(mw 01 2¢
a; 0 0 s, wt!
+7|0 1 1 Tyl wx{ wz)
0 1 2¢ v, u, ww;
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We interpret each block of the above equation as follows:

(a) Let us consider the (1, 1)-block. The computation associated to this block is similar
to that for the previous case (ii). Hence there are exactly ((n; — 2)> + (n; — 2))/2
independent linear equations and ((n; — 2)? — (n; —2))/2 entries of s; determine all
entries of s/.

(b) We consider the (1, 2)-block. This gives
b, = m(e*m -1y +€- v +a;r)). (A-10)
This is an equation in B ®4 R. By letting b = b; = 0, there are exactly (n; — 2)
independent linear equations among the entries of v}, r;.
(c) The (1, 3)-block is
me, = w1y + (/7)€ - V¢ +ait)).
By letting ¢; = ¢; = 0, we have
/ 2t t /
e, =m(e" 'y, + 2/m) € "vic; +ait;) (A-1D)

="yl +ait)) =n('y] +a;t) =0.

This is an equation in B ® 4 R. Thus there are exactly (n; — 2) independent linear
equations among the entries of y!, /.

(d) The (2, 3)-block is
1+ 7d] =140 (@) (0o (m)x] + 2uc;) + 72 (2, + w)).
By letting d; = d; = 0, we have
d{:n(62x£+z;+wl{):n(x{—i—z;—i—wf):O. (A-12)
This is an equation in B @ 4 R. Thus there is exactly one independent linear equation
among the entries of x/, z;, w;.

The (2, 2)-block is

14+2f/ =14o(@@)(o(@)x; +u;) + w(mwx; +u;)

= 1+2u, + ((m + 0 (7))* — 270 (7))x].
By letting f/ = f; =0, we have
fi=u+((w+o(m)—mo(m))x, =u, =0.
This is an equation in R. Thus u} = 0 is the only independent linear equation.
(f) The (3, 3)-block is
2¢; =2¢; + o () (o (7)z; + 20 (m)wjc;) + 7w (wz; + 2mwic;)
=2¢;i +((r + 0 (7)) = 270 (1)) (2} + 2w]c;).

(e

~

(A-13)

Since ((r 4+ o (7r))? — 2o (7)) contains 4 as a factor, by letting c; = ¢, this equation
is trivial.
By combining the six cases (a)—(f), there are exactly ((n; —2)>+(n; —2))/2+2(n; —=2)+2 =
(ni2 +n;)/2 — 1 independent linear equations and (ni2 —n;)/2 + 1 entries of m: ; determine
all entries of m; ;.
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We now combine all the work done in this proof. Namely, we collect the above (i), (ii), (iii),
(iv) which are the interpretations of Equation (A-5), together with Equation (A-4). Then
there are exactly

2, 2 .
Zn;n,—}-zni 2n1 +Z o —zi_nl —#{i :iisevenand L; is of type I}

i<j i odd i even

independent linear equations among the entries of m. Furthermore, all coefficients of these
equations are in k. Therefore, we consider G'asa subvariety of M" determined by these
linear equations. Since M" is an affine space of dimension n2, the underlying algebraic
variety of G' over « is an affine space of dimension

24 2_

Zninj +Z o —;nl + Z i 5 B L #{i:iisevenand L is of type I}.
i<j i odd ieven

This completes the proof by using a theorem of Lazard which is stated at the beginning of

Appendix A. (]

Let R be a k-algebra. We describe the functor of points of the scheme Ker ¢/ M! by using
points of the scheme (M’ ® )/ M’, based on Lemma A.3. Recall from two paragraphs
before Lemma A.3 that (1+)~!(M*), which is an open subscheme of M’, is a group scheme
with the operation x. Let M’ be the special fiber of (14)~'(M*). Since M' is a closed
normal subgroup of ]\7I(= M* ® k) (cf. Lemma A.3(i)), # M’, which is the inverse image
of M" under the isomorphism 1+, is a closed normal subgroup of M'. Therefore, the
morphism 14 induces the following isomorphism of group schemes, which is also denoted
by 1+,

1+:M'/aM —> M/M".

Note that M’/ M'(R) = M'(R) /= M'(R) by Lemma A.1. Each element of (Ker ¢/M")(R)
is therefore uniquely written as 1 4 x, where x € M "(R)/xM'(R). Here, by 1+ X, we mean
the image of x under the morphism 1+ at the level of R-points.

We still need a better description of an element of (Ker ¢/ M (R) by using a point of
the scheme (M’ ® k) /. M'. Note that (M’ @ )/ M’ is a quotient of group schemes with
respect to the addition, whereas M’ /M’ is a quotient of group schemes with respect to the
operation *.

We claim that the open immersion ¢ : M — M’ ®« with x — x induces a monomorphism
of schemes

LM /aM — (M @) /M.

Choose x € M/(R) and ry € x M'(R) for a k-algebra R. Since xxwy = x + 7 (y + xy),
both x and xx7y give the same element in (M’ ® x)/x M')(R). Thus the morphism 7 is
well-defined.

In order to show that ¢ is a monomorphism, choose x, y € M’(R) suchthatx =y + 7wz
withtz e tM'(R). Let y' (€ M'(R)) be the inverse of y sothat yxy' =y +y +yy =0.
Then 7 (z + y'z) is an element of = M’ (R). We have the following identity:

r(z+y)=Q+r)xaz+y ) =y+aly+y +yy)z=y.
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Therefore, x and y give the same element in (M’ /t M')(R), which shows the injectivity of
the above morphism.

Note that the operation * is closed in M’ ®« as mentioned in the third paragraph following
Lemma A.2. We can also easily check that the operation  is well-defined on (M’ ®«)/x M’,
which turns to be a scheme of monoids with respect to %, and that the morphism ¢ is a
monomorphism of monoid schemes.

To summarize, the morphism 1+ : M’ /M —> M /1\71 !'is an isomorphism of group
schemes and the morphism 7 : MM — (M ®«)/xM isa monomorphism preserving
the operation . Therefore, each element of (Ker ¢/ M")(R) is uniquely written as 1 4 X,
where ¥ € (M’ ® k)(R)/ M'(R). Here, by 1+ %, we mean (14) o7~ (x). From now on to
the end of this paper, we keep the notation 1 4 x to express an element of (Ker ¢/ M! )(R)
such that x is an element of (M’ ® «)(R)/m M'(R) which is a quotient of R-valued points
of group schemes with respect to addition. Then the product of two elements 1 + x and
I+yisthesameas | +xxy (=14 (X +y+Xxy)).

Remark A.5. By the above argument, we write an element of (Ker ¢/ M D (R) formally as
m = (gm0, ;) with s;, - -+, w; as in Section 3B such that each entry of each of the
matrices (m; j)ixj, Si, -+, w; isin (B®,R)/(m ® 1)(B ®4 R) = R. In particular, based
on the description of Ker ¢(R) given at the paragraph following Lemma A.2, we have the
following conditions on m:

(1) Assume that i is even and L; is of type I. Then s; = id.
(2) m;; =idif L; is of type II.

(3) Assume that i is odd. Then 6;_je;_1 -m;_1; + 8;+1€i4+1 -m;y1; = 0. Here, §;, e; are
as explained in the description of Ker ¢(R).

Theorem A.6. Ker q)/él is isomorphic to Al x (Z)27)F as a k-variety, where A" is an
affine space of dimension I'. Here,

o I is such that I' + dim G' = . Notice that [ is defined in Lemma 4.6 and that the
dimension of G' is given in Theorem A.4.

o B is the number of even integers j such that L is of type I and L is of type II.

Proof. Lemma A.l and Theorem A.4 imply that Ker ¢/ G! represents the functor R —
Kero(R)/G'(R). Recall that Kerg/G' is a closed subgroup scheme of Ker@/M' as
explained at the paragraph just before Theorem A 4. Let m = (r™(%-/=}; ;) be an element
of (Ker ¢/ M 1(R) such that m belongs to (Ker ¢/ G Y(R). We want to find equations which
m satisfies. Note that the entries of m involve (B ®4 R)/(m & 1)(B ®4 R) as explained in
Remark A.5.

Recall that £ is the fixed hermitian form and we consider it as an element in H (R) as
explained in Remark 3.3(2). We write it as a formal matrix & = (ni -h ,-) with (7' - h;) for
the (i, i)-block and 0O for the remaining blocks. We choose a representative 1 +x € Ker ¢(R)
of m so that h o (1 + x) = h. Any other representative of m in Ker ¢(R) is of the form
(14+x)(1+my) with y € M'(R) and we have ho (1 +x)(1+my) =ho (1 +my). Notice
that & o (1 + 7y) is an element of H(R) so we express it as (fi/,j’ al--- f1). We also let

i
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h = (fij,ai--- f;). Here, we follow notation from Section 3C, the paragraph just before
Remark 3.3. Recall that & = (f; j, a; - - - f;) is described explicitly in Remark 3.3(2). Now,
1+ 7y is an element of M! (R) and so we can use our result (Equations (A-3), (A-7), (A-8),
(A-10), (A-11), (A-12), (A-13)) stated in the proof of Theorem A.4 in order to compute
ho (1+my). Based on this, we enumerate equations which m satisfies as follows:

(1) Assume i < j. By Equation (A-3) which involves an element of M! (R), each entry of
f,/J has 7 as a factor so that f/l = f;,;(=0) mod (m®1)(B®4R). In other words, the (i, j)-
block of o (14x)(1+7y) divided by 7™/} is f; ;(=0) modulo (7 ® 1)(B®4R), which
is independent of the choice of 1 +y. Let m € Ker ¢(R) be a lift of m. Therefore, if we
write the (i, j)-block of o (‘1) - h -1 as 7™V, ; (1), where X; (1) € My xn, (B ®4R),
then the image of ; ; (i) in My, xn, (B @4 R)/(T ® )My n, (B @4 R) = My, (R)
is independent of the choice of the lift m of m. Therefore, we may denote this image
by A; j(m). On the other hand, by Equation (A-2), we have the following identity:

X jm)y=Y " o(mehim; if i < j. (A-14)

i<k<j

We explain how to interpret the above equation. We know that &; ;j(m) and my - (with
k # k') are matrices with entries in (B ®4 R)/(m ® 1)(B ®4 R), whereas m; ; and m ; ; are
formal matrices as explained in Remark A.5. Thus we consider he, m; ;,and m; ; as matrices
with entries in (B ®4 R) /(7 ® 1)(B ®4 R) by letting 7 be zero in each entry of the formal
matrices Ay, m; ;, and m; ;. Here we keep using m; ; and m ; ; for matrices with entries in
(B®sR)/(r ® 1)(B ®4 R) in the above equation in order to simplify notation. Later in
Equation (A-23), they are denoted by m; ; and m ; ;. Then the right hand side is computed as
a sum of products of matrices (involving the usual matrix addition and multiplication) with
entries in (B ®4 R)/(m ® 1)(B ®4 R). Thus, the assignment m > A; ;(m) is polynomial
in m. Furthermore, since m actually belongs to Ker ¢(R)/ G'(R), we have the following
equation by the argument made at the beginning of this paragraph:

X j(m) = f; ; mod (r ® 1)(B®4R) =0.

Thus we get an n; X n; matrix &; ; of polynomials on Ker ¢/ M" defined by Equation (A-14),
vanishing on the subscheme Ker ¢/G!.

Before moving to the following steps, we fix notation. Let m be an element in (Ker ¢/ M HR)
and m € Ker ¢(R) be its lift. For any block x; of m, X; is denoted by the corresponding block
of m whose reduction is x;. Since x; is a block of an element of (Ker ¢/ M 1Y(R), it involves
(B®aR)/(r ®1)(B®4R) as explained in Remark A.5, whereas x; involves B ®4 R. In
addition, for a block a; of k, a; is denoted by the image of a; in (B4 R)/(m @ 1)(B®4R).

(2) Assume that i is even and L; is of type 1°. By Equation (A-7) which involves an element
of A7II(R), each entry of b has 7 as a factor so that b, = b; =0 mod (7 ® 1)(B ®4 R). Let
m € Ker ¢(R) be a lift of m. By using an argument similar to the paragraph just before
Equation (A-14) of step (1), if we write the (1, 2)-block of the (i, i)-block of the formal
matrix product o (') -h-m as g2 - X 1,2(m), where &; | (1) € M(n;—1)x1(B ®4R), then
the image of Aj 1 2(m) in M, —1y)x1(B ®4 R)/(m @ 1)Mn;—1)x1(B ®4 R) is independent
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of the choice of the lift m of m. Therefore, we may denote this image by X;;,(m).
As for Equation (A-14) of step (1), we need to express X; 1 2(m) as matrices. Recall that
mihy =€ (% 0 y=mte2(G 0 ) and € =1 mod 7 ®1. We write m;; as ( i )

0 142¢; 0 142¢; v, 1+mz;
> Si Ty; S
and m; ; as (nﬁi 1+n2,») such that 5; =id mod 7 ® 1. Then

i~ vy o~ _ipnf o(s)  o@@-0) | (a O 5wy ALl
o (miidhitny; =€ (0(7‘[~fii) 1+omzin) \o 1426 ) \woy 147z) A1

Then the (1, 2)-block of o ("ri; ; )i, ; is €% (a; 5; + €0 ('D;)) + w2 (%) for a certain poly-
nomial (). Therefore, by observing the (1, 2)-block of Equation (A-1), we have

X;12(m) =a;y; +'v; +7)i,2'

Here, P{qz is a polynomial with variables in the entries of m;_; ;, m; 1 ;. Note that this is
an equation in (B®4 R)/(m ® 1)(B ®4 R). Thus €, which is appeared in the (1, 2)-block
of o (‘m; ;)h;m; ;, has been ignored since € = 1 mod 7 ® 1. Furthermore, since m actually
belongs to Ker ¢ (R)/ G! (R), we have the following equation by the argument made at the
beginning of this paragraph:

Xi120m) =a;y;i +'vi + P}, =b; =0. (A-16)

Thus we get polynomials X; | » on Ker (,7)/]\71, vanishing on the subscheme Ker (p/é'.

(3) Assume that i is even and L; is of type I¢. The argument used in this step is similar
to that of step (2) above. By Equations (A-10), (A-11) and (A-12), which involve an
element of M! (R), each entry of b}, e, d/ has 7 as a factor so that b, = b; =0, e, = ¢; =0,
d =di =0mod(r @ 1)(B®4R). Let m € Ker¢(R) be a lift of m. By using an
argument similar to the paragraph just before Equation (A-14) of step (1), if we write the
(1, 2), (1, 3), (2, 3)-blocks of the (i, i)-block of the formal matrix product o (') - h -
as E2 . X1 o(m), E% - X1 3(m), £% - X 5.3(m), respectively, where X, () and
Xi13(m) € My, —2)x1(B®4R) and X;»3(m) € B ®4 R, then the images of Xj 1 »(r12) and
Xi13(m) in M, —2yx1(B®aR)/(r @ 1) M, —2)x1 (B ®4 R) and the image of X 3(m) in
(B®aR)/(r ® 1)(B ®4 R) are independent of the choice of the lift m of m. Therefore,
we may denote these images by A& | 2(m), X; 1 3(m), and X;, 3(m), respectively. As for
Equation (A-14) of step (1), we need to express X; .(m), &;13(m), and X, 3(m) as
matrices. Recall that

a; 0 0 a; 00
rihi =710 1 1 |=r"-?[01 1
0 1 2¢ 0 1 2¢
and €e =1 mod 7 ® 1. We write
id ri Tt S 7 i
m;;=\|my; 14+mx; T and m;; = |7y 1+7X T

V; u; 1 +mw; v; Uu; 1+ mw;
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such that 5; =id mod 7 ® 1. Then
o(s)) o(m-'y) o ('v;)
o(mihimi; =€ | o(F) l4+o@k) o)
o(m-'f) o(m-'Z) 4o

a; 0 0 E,‘ f,‘ JTZT,‘
01 1 wy; 147X TZ; . (A-17)
0 1 2¢ v; i; 1 4+ mw;

Then the (1, 2)-block of o (' ;) h;m;; is €/%(a;7; + o ('0;)) + 7 (%), the (1, 3)-block is
€2 (ait; + €o (3;) + o ('9;)Z;) + w2 (%), and the (2, 3)-block is €/2(1 + 7 (o (7)a;t; +
€0 (X)) +Zi+w; +0 (i1;)Z;) +m2 (%% x)) for certain polynomials (x), (%), (x*%). Therefore,
by considering the (1, 2), (1, 3), (2, 3)-blocks of Equation (A-1) again, we have
Xi12(m) = air; +'v;;
Xi13(m) = ait; +'y; +'vizi + P 5
X;23(m) ="ri@iti + xi 4 zi + wi +u;zi + Py 5.
Here, P{’3, 735"3 are suitable polynomials with variables in the entries of m;_; ;, m;4 ;.
These equations are considered in (B ®4 R)/(wr ® 1)(B ®4 R). Since m actually belongs to
Ker ¢(R)/G'(R), we have the following equation by the argument made at the beginning
of this paragraph:
Xi12(m) = air; +'v; = b; = 0;
Xiazm) =aiti +'yi +'vizi + Pl 3 =& = 0; (A-18)
Xio3(m) ="riait; +x; + 2 +wi +u;zi + Py 3 = d; =0.
Thus we get polynomials &; 2, &j 13, Xi 2.3 on Ker &/]Vl', vanishing on the subscheme
Kerg/G'.

(4) Assume that i is even and L; is of type /. By Equations (A-8) and (A-13) which involve
an element of M! (R),c;=c¢; =0mod (m ® 1)(B®4R). Let m € Ker ¢(R) be a lift of m.
By using an argument similar to the paragraph just before Equation (A-14) of step (1), if
we write the (2, 2)-block (when L; is of type I°) or the (3, 3)-block (when L; is of type
1¢) of the (i, i)-block of hom = o (') - h-m as £/% - (1 4+ 2X,;(m)) or £/2 - (2X;; (1))
respectively, where X; ; (m) € BQ 4R, then the image of X ; (i) in (BRAR)/(t®1)(B®4R)
is independent of the choice of the lift m of m. Therefore, we may denote this image by
AX;.i(m). As in Equation (A-14) of step (1), we need to express X;; (m) as matrices. By
considering Equations (A-15) and (A-17), the (2, 2)-block (when L; is of type 1) or the
(3, 3)-block (when L; is of type I¢) of the formal matrix product o ("ri; ;) h;sn; ; is (€'/? if
L; is of type I°) +€'/2(2¢c; + (7w + 0 (1))Z; + w0 (7)77) + 4(*) for a certain polynomial (x).
Therefore, by considering the (2, 2)-block (when L; is of type 1°) or the (3, 3)-block (when
L; is of type I°) of Equation (A-1) again, we have

- 1 - - ~ -
X, () =;(<n +o @)z +m0o(m)i +o(mi_y ;) o(hi_m_,
o (i) This iy o (i) -0 (0 hizy -1y ;

~ 2 ~
+o (i) Tohisy M, ;).
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Here, i, .+ is the last column vector of the matrix ;. Note that the right hand side is a
formal polynomial with entries in 7. This equation should be interpreted as follows. We
formally compute the right hand side and then it is of the form 1/72(%X). The left hand
side A; ; () is defined as the modified X by letting each term having 72 as a factor in X
be zero. It is a polynomial with entries in B ® 4 R. Furthermore, &; ; () is the image of
X;i(m)in (B®4R)/(mr ® 1)(B ®4R). Let o be the unit in B such that e = 1 4+ am, as
explained in Section 2A. Then ( + o ())z; + JTU(Jt)Zi2 =QR4am)rz; +(1+ an)nzziz
and so A& ; () is written as follows:

i ) = 711 (02 + 722} + o (‘i _ 1i)'0(77)hi71'm§71i+0(t’;’;+1i)'”hi+l";1;+1i
+o(mi_y) o) hig-m o, +0 (i) T hiyy i, ).
We can then write A} ; (m) by using m and m as follows:
Xii(m)= @z +z; +'mi_y, chi - Mi_p;+mi,; “hiy M)
+7T1 (o(mi_y ) o(@hi—y-m)_ ;+o (M) Thi-m, ;). (A-19)

Here, @ is the image of & in k and m’; ; is the last column vector of the matrix m ; ;. Note that
the o-action on (B®4R)/(m ® 1)(B ®4 R) is trivial and so we remove o in the first line of
the above equation. Here, the reason we do not express A; ; (m) based only on the entries in
m as in steps (1)—(3) is that two terms involving h;_; and ;4 have only 7 as a factor which
makes the expression with m complicated notation wise. Thus, in the above expression of
A i(m), the first line is just a polynomial in (B ® 4 R)/(w ® 1)(B ®4 R) and the second
line is interpreted as explained above as a formal expression. Note that the second line is

independent of the choice of lifts 7;_, ; and mm;,, ; of m;_, ; and m;, ; respectively, as
explained in the first paragraph of step (4). For example, let wh;; = ( ) 2b) withb € A
and let it} | ; = (;‘if;;‘;) such that m; | ; = (n) By Section 2A, we may assume that

m4+o(@m)=2and 7 -o(w) =enx?=2u with e =1 mod  and a unit u € A. Then as a part
of X;;(m), we can see that

1 1
n—U(t i) Thiyr - m,+1,—;(x12+x1)’1+by12)'

Since m actually belongs to Ker ¢ (R)/ G! (R), we have the following equation by the
argument made at the beginning of this paragraph:
Fi i Xii(m) = @z + 2] +'mj_y; ~his M M i ml )
nl (o(imj_y ) - oG hi—y-mj_y ;4o (i) whig-m ;)
—&=0. (A-20)
Thus we get polynomials X;; on Ker ¢/ M, vanishing on the subscheme Ker ¢/ Gl.

(5) We now choose an even integer j such that L; is of type / and L;,, is of type II
(possibly zero, by our convention). For each such j, there is a nonnegative integer m ; such
that L;_ is of type [ for every / with O <! <m and L; o(n;+1) is of type II. Then we
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claim that the sum of equations
mj
1 F
22 j—=21

1=0

is the same as

mj
(Zj_2[+(Zj_21)2>=< Lz zz)( (z, 21)+1) (A21)
Here, & is the image of « in « and we consider this equatlon iN(BR®sR)/(TR1)(BR4R).
We postpone the proof of this claim to Lemma A.7.

Let G* be the subfunctor of Ker ¢/ M! consisting of those m satisfying Equations (A-14),
(A-16), (A-18) and (A-20). Note that such m also satisfy Equation (A-21). In Lemma A.8
below, we will prove that G* is represented by a smooth closed subscheme of Ker ¢/ M!
and is isomorphic to A x (Z/2Z)P as a k-variety, where A is an affine space of dimension

l’:Zninj— Z n; + Z (ni — 1+ Z (2n; —2).

i<j iodd ieven ieven
L; bound L; of type 1° L; of type 1¢

For ease of notation, let G* = Kerg/G'. Since G' and G* are both closed subschemes
of Ker@/M' and G'(k) C G*(k), (G)yeq is a closed subscheme of (G¥)req = G*. It is
easy to check that dim G' = dim G* since dim G' = dimKer¢ —dim G' =/ —dim G' and
dim G* =1’ =1 — dim G'. Here, dim Ker ¢ =1 is given in Lemma 4.6 and dim G'is given
in Theorem A.4.

We claim that (G'),.q contains at least one (closed) point of each connected component
of G*. Choose an even integer j such that L jisof type I and L, is of type II (possibly
zero, by our convention). Consider the closed subgroup scheme F;; of G defined by the
following equations:

e mi=0ifi #k;

e m;; =idifi 75],

« and form; ;,

sji=id,y; =0,v; =0 if L; is of type I°;
{Sj =id,rj=tj=yj =v; =uj=wj=0 if L; isoftypele.

We will prove in Lemma A.9 below that each element of F'; (R) for a k-algebra R satisfies
(z}/@) + (z}/@)* = 0, where z; = z}; + 725, and that F is isomorphic to Al x 7/27 as a
Kk-variety, where Al is an affine space of dimension 1.

Notice that F; and F;; commute with each other for all even integers j # j’, in the sense
that f;- fj = fj - f;, where f; € Fj and fj» € Fj. Let F =[]; F;. Then F is smooth and is
a closed subgroup scheme of Ker ¢ as mentioned in the proof of Theorem 4.11. If FT is the
image of F in G7, then it is smooth and thus a closed subscheme of (G7);eq. By observing
Equation (A-21) and (z}- /o) + (z}/&)2 = 0 above, we can easily see that F' contains at
least one (closed) point of each connected component of G* and this proves our claim.

Combining this fact with dim Gt =dim G*, we conclude that (G"),eq =~ G*, and hence,
G' = G* because G is a subfunctor of G*. This completes the proof. (]



518 Sungmun Cho

Lemma A.7. Choose an even integer j such that L; is of type I and L, is of type II
(possibly zero, by our convention). For such j, there is a nonnegative integer mj such that
Lj_o is of type I for every L withO <1 <mj and Lo +1) is of type II. Then the sum of

the equations
mj

1
Z @fjle

=0

equals

i{;(z,j(_;zle(z;zz)z):(Z Zj— 21><Z(z] 2,)+1>

Proof. Our strategy to prove this lemma is the following. We will first prove that for each
odd integer i, the terms containing an /; add to zero in the sum Z;’ZO alz]-" i—o1. Then we
will show that for each even integer i, the terms containing an /; add to zero in the sum
Z, 202 L F;_, so that only the terms containing the z; remain.

We recall the notations used in the theorem. Let m be an element in (Ker ¢/ M! )(R)
and m € Ker ¢(R) be its lift. For any block x; of m, x; denotes the corresponding block of
m whose reduction is x;. Since x; is a block of an element of (Ker ¢/ M! )(R), its entries
are elements of (B ®4 R)/(m ® 1)(B ®4 R) = R as explained in Remark A.5, whereas
entries of x; are elements of B ® 4 R. In addition, for a block a; of &, where we consider
h as an element of H(R) as explained in Remark 3.3(2), a; denotes the image of ag; in
(BRaR)/(mr ®1)(B ®4 R), which is mentioned in step (i) of the proof of Theorem A.4. If
we write h as a formal matrix 7 = (ni -h,») with (s’ - h;) for the (i, i)-block and O for the
remaining blocks, then recall from the paragraph following Equation (A-14) that ki, is the
matrix with entries in (B®4R) /(7 ® 1)(B ® 4 R) = R by letting v be zero in each entry of
the formal matrix /. To help our computation, we write h;. Note that e (e B)=1mod .

¢y
()
0

if i is even and L; is of type 1?;

=
Il

. (A-22)
(0 1 if i is even and L; is of type I¢;

(14)

(o)

if i isodd or if i is even and L; is of type 1.

T
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We recall that m;; is a formal matrix as described in Remark A.5, not a matrix in
My xn, (B®4AR)/(m ® 1)(B ®4 R)), whereas m; ; for i # j is a matrix with entries in
(B®aR)/(m ®1)(B®4R). Thus we need to modify m;; into a matrix with entries in
(B®4R)/(m ®1)(B®4R) in order to use Equation (A-14) as explained in the paragraph
following Equation (A-14). We define m; ; (€ My, x», (B ®4R)/(m ® 1)(B ®4 R))) to be
obtained from m; ; by letting 7 be zero in each entry of the formal matrix m; ;. The matrix
m; ; 1s described as follows.

<1(;1 ?) if i is even and L; is of type I;
idr, O
mi;=110 1 0| ifiisevenandL; isof type I (A-23)
V; U 1
id if i is even and L; is of type II;
id if 7 is odd.

In addition, if i is odd, then we have
Si—1ei—1-mi_1; +0iy1€i41-miy1,; =0. (A-24)

Here, §;, e; are as explained in the description of Ker ¢(R), the paragraph following
Lemma A.2.

We choose an even integer k (assuming m; > 0) such that j —2(m; — 1) <k < j so
that both L; and L;_, are of type /. We observe O’(II’IN’l;(_Lk) co(m)hg_q '”7‘;(—1,1( in F; and
a(’nﬁk_l’k_z) co(m)hg_ '”%—1,1(—2 in Fy_, (cf. Equation (A-20)). We claim that

1 ~/ ~/ ~/ >/
F(a(’mkfl,k) 0 () hy—y -y o+ 0 (Mg y) -0 () h—y -1ty ) =0. (A-25)

Note that this equation is interpreted as explained in the paragraph following Equation (A-19).
We use Equation (A-14) fori =k — 1 and j = k so that we have

t = A t I =
M1 -1 Pg—1Mp—1 e = "My -1 hpmy k. (A-26)

Note that this equation is over (B ®4 R)/(m ® 1)(B ®4 R). Indeed, there is a o-action
in Equation (A-14) but it is trivial over (B ® 4 R)/(w ® 1)(B ®4 R). Recall that m}{_Lk
is the last column vector of my_; . Let e,_; = (0,---,0, 1) be of size 1 x n;. Then
m;ﬁl’k =my_1x - 'ex—1. We multiply both sides of the above equation by ’e;_; on the right.
Then the left hand side is tf;lkfl,kflilkflmkflqk lep = }_lkflm;cilik since tr;lkfl’kfl =id.
The right hand side is ’mk,k,lﬁknﬁk,k -Tex_1. Since miy i - 'ex_1 is the last column vector of
My ks M k e 1="e;_; by Equation (A-23) so that tmk‘kflljlkn_’lk’k e 1= tmk!kflljlk ler_q.
Furthermore, /1 is symmetric over (B ®4 R)/(r ® 1)(B ®4R) and so 'my s_1hy -'ex_ =
"(ep_q - l_zkmk,k, 1). Then based on the matrix form of A in Equation (A-22), we have that
ex_y - hy is the same as e, where ¢, is defined in the paragraph following Lemma A.2.
(There, e; is defined when j is even and L is of type /.) In conclusion, Equation (A-26)
induces the equation

f_lkflmk,l,k ="(ex - My k—1) (A-27)



520 Sungmun Cho

over (BR®sR)/(m®1)(BR4aR).
We again use Equation (A-14) fori =k —2 and j = k — 1 so that we have

1= i ' P
M2 k—2hg—oMp_o k-1 = "My k—2hx_ 1M1 k—1. (A-28)

Note that this equation is over (B®4R)/(r @ 1)(B®4R). Since k—11is odd, my_; 1 =1id
by Equation (A-23). Recall that m;_,, , is the last column vector of my_ ;2. Let

e,_; = (0,---,0,1) of size 1 x ng_p. Then m;_, , , = my_1 42 - "e,_,. We multi-
ply both sides of the above equation by ¢, , on the left. Then the right hand side
is 6271 . tmkfl,kfzhkflf;lkfl,kfl = tm;cil’kizhkfl. Note that fflkfz,kfz . tel/{71 = 16271 by

Equation (A-23) since this is the last column vector of m2x_3 x_». Thus in the left hand side,
61271 . tl’;lkfz’kle’_lkfzmkfz’kfl = 61/{71 . I’_lkfzmkfz’kfl. Based on the matrix form of I’_lk for an
even integer k in Equation (A-22), e, - hi_, is the same as e;_», where ¢; is defined in the
paragraph following Lemma A.2. In conclusion, Equation (A-28) induces the equation

t ./ 7
My j_ohi—1 = ex—2 - Mmi—2 51 (A-29)

over (BR®sR)/(m®1)(BR4R).

Now we use Equations (A-27) and (A-29). Based on the matrix form of hx—; for an odd in-
teger k — 1 in Equation (A-22), we have that hi_y-hp_y=id and Ay is symmetric. Thus, by
multiplying Equations (A-27) and (A-29) by A;_;, we obtain m;<71,k ="(ex-my -1 -hx_1) and
M| gy = €2 M2 k-1 -hy_y, respectively, as equations over (B®4R)/(r ®@1)(B&4R).

On the other hand, we observe that k — 1 is odd and both L;_, and L; are of type I.
Thus ex_p - my_p r—1 = ey - mg —1 by Equation (A-24). We multiply this equation by heey
and so obtain

€k—2 " Mk—2 k—1 hi—y = e my gy -y
as an equation over (B ®4 R)/(m ® 1)(B ®4 R). Therefore, we have the equation
m;c—l,k = mli—l,k—Z‘

As mentioned at the paragraph following Equation (A-19), Equation (A-25) is independent
of the choice of a lift of m;_, , and mj_, ; _,. Therefore, two terms in Equation (A-25) are
same and this verifies our claim.

In the case of 7, following the proof of Equation (A-29), we have ’m; w1 i =
e;j-mj j+1. Since L, is of type II (possibly zero, by our convention), e; -m j;1 =0 by
Equation (A-24). Thus, the term involving £ in F; is zero. In the case of j —2m ;, where
m; > 0, the term involving h j=2m -1 in F j—2m; is zero in a manner similar to that of the
above case of F;.

To summarize, for each odd integer i, the terms containing an h; add to zero in
Yo = Fja

We now prove that for each even integer i, the terms containing an 4; add to zero
in Z;”:’O alz]-" j—21. We again choose an even integer k (assuming m; > 0) such that

j—2(m;—1)<k < jsothatboth L and L, are of type /. We observe tmlfz,k'/;k%'mkfz,k
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in i and 'm} _, - hy -mj ,_, in Fy_», and we claim that
t ./ . I”_l ! +t / . ﬁ ! =0 (A-SO)
My g Mk=2 " Mp_o ) T My j_oNic =My j_p =Y,

as an equation over (B ®4 R)/(m ® 1)(B ®4 R). Let fﬁ}(_z’k be the (ny_» x ny)-th entry
(resp. ((ng—2 — 1) x ng)-th entry) of my_p , when Ly_, is of type 1° (resp. 1¢). We can also
define n’i;{’k_2 as the (nx x ng_p)-th entry (resp. ((ny — 1) x ng_z)-th entry) of my ,_» when
Ly is of type 19 (resp. 1¢). Then the above Equation (A-30) is the same as

(M _p)° + (M _5)* =0. (A-31)

We use Equation (A-14) fori =k — 2 and j = k so that we have

o k—2k—amMp—ak + 'Mi1 g—2hg—1mg_1 gk + "My g2 hprig g = 0. (A-32)
Leter=(0,---,0,1)of size 1 xngande,_, =(0, - -- , 0, 1) of size 1 xnj_,. Then we have
Ch - "Mp_g ki _ami_ox " = My_y i (A-33)

since Mg—2k* ng = m;ﬁz’k and I’)_ik,z'kfz . ’Ek,g = [’ekaz. We also have
> t Lo t> =/
€ My kohpmy e =y g, (A-34)

since iy i - "¢ =€ and my 2 - "€, = m; ;_,. Note that we use Equations (A-22) and
(A-23) for our matrix computation. On the other hand, due to the fact that hey-hpy =id
and Ag_ is symmetric, we have

Ck— - "my_t gahg_imp_y k"€ = (@—a - 'mp—1 g—2hi—1) - hi—1 - (hg_ymg_1 i - "€). (A-35)

Now, €;_» - ’mk,l,k,zf_zk,l = tm;cq,kfzﬁkfl = ex—a - My_ax—1 by Equation (A-29) and
/’_lkflmkfl,k . t’é’k = Ijlkflm;{ilqk = ’(ek 'mk’kfl) by Equation (A-27) Since Ck—2 M2 k-1 =
ex - my x—1 by Equation (A-24), Equation (A-35) equals

(@M1 j—2hi—1) Te—1- (g ymy—y @) = (e -mp 1) -hi—1 ' (ex-my g—1) =0. (A-36)

We now combine Equations (A-33), (A-34), and (A-36). Namely, if we multiply ¢;_»
to the left of each side in Equation (A-32) and we multiply ¢, to the right of each side in
Equation (A-32), then we have

My_p . +04m, ,=0 (A-37)

and so Equations (A-31) and (A-30) are proved.

In the case of F;, the term ’m’j+2’j “hjio -m}+2’j =0 since L_j+2 is of type II (possibly
zero, by our convention). Similarly, the term ’m’j_ij_Z,j_Mj “hj—om;—2 -m/j_zmj_z’j_ij
of F j—2m ;s where m; > 0, is 0 since L j=2mj=2 is of type II. Here, we use Equation (A-22)
for our matrix multiplication.

To summarize, for each even integer i, the terms containing an h; add to zero in
mj o
2120 a_z}— j=2-
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Therefore, the sum of equations Z;”:jo alz]-' 21 equals

mj

1 __ -
Z ?(azj'fZl +Z§,21) =0

=0

This is the same as

=0 [=

This completes the proof of the lemma. (]

Lemma A.8. Let G* be the subfunctor of Ker ¢/ M! consisting of those m satisfying Equa-
tions (A-14), (A-16), (A-18), and (A-20). Note that such m then satisfies Equation (A-21) as
well. Then G*# is represented by a smooth closed subscheme of Ker ¢/ M and is isomorphic
1o Al x (Z)27)# as a k-variety, where A is an affine space of dimension l'. Here,

l’:Zninj— Z n; + Z (ni — 1)+ Z (2n; —2).

i< L Sound Ly of type 10 L of type 1€
Proof. Let J be the set of even integers j such that L; is of type I and L, is of type II
(possibly empty, by our convention). Note that Equation (A-20) implies Equation (A-21) by
Lemma A.7. Equation (A-21) implies that G¥ is disconnected with at least 2# connected
components (Exercise 2.19 of [Hartshorne 1977]). Here, 8 =#J. Let J; and > be a pair
of two (possibly empty) subsets of J such that 7 is the disjoint union of 7; and ;. Let
G:L71 be the subfunctor of Ker ¢/ M! con51st1ng of those m satisfying Equations (A-14),
(A- 16) (A-18), and (A-20), the equations Z, / Z’az' =0 for any j € Ji, and the equations

;"’0 Z’a” =1forany j € J,. Here m; is the integer associated to j defined in Lemma A.7.
We claim that G* 7.2 is represented by a smooth closed subscheme of Ker ¢/ M" and is
isomorphic to A", Since the scheme G* is a direct product of G 7., s for any such pair of
Ji, J» by Exercise 2. 19 of [Hartshorne 1977], the lemma follows from this claim.

It is obvious that G 7,7, 18 represented by a closed subscheme of Ker ¢/ M since the
equations deﬁmng G 7., as a subfunctor of Ker ¢/ M are all polynomials. Thus it suffices
to show that G* 7. 1s isomorphic to an affine space A . Our strategy to show this is that
the coordinate ring of Gi 7., 1s isomorphic to a polynomial ring. To do that, we use the

following trick over and over. We consider the polynomial ring x [x1, - - - , Xx,,] and it quotient
ring k[xy, -+, x,]/(x;1 + P(x2,---,x,)). Then the quotient ring x[xy, -+, x,1/(x; +
P(xy, -+, x,)) is isomorphic to «[x;, --- , x,] and in this case we say that x| can be
eliminated by x5, - - - , Xp.

By the description of an element of (Ker ¢/ M! )(R) in Remark A.5, we see that Ker ¢/ M!
is isomorphic to an affine space of dimension

2Zninj— Z n; + Z 2n; = 1)+ Z (4n; —4)

i<j i odd ieven i even
L; bound L; of type 19 L; of type I¢
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with variables

mi )iz i Vi, 2i)  ieven  , (Fiy i, Vi Uiy Xiy Ziy Wiy W) ieven
L; of type I L; of type I¢
such that 6; _1e;_1 -m;_1; +8i11€;11 -m;11; =0 with i odd. Here, §;, e; are as explained

in the description of Ker ¢ (R), the paragraph right after Lemma A.2.

From now on, we eliminate suitable variables based on Equations (A-14), (A-16), (A-18),
and (A-20), the equations Zl / Z’a” =0 for all j € 71, and the equations Z, / Z’az' =1
forall j € 7.

(1) We first consider Equation (A-14). For two integers i, j withi < j, we have

mihim; ;= Z "my ihymy ; over (B®aR)/(m ®1)(B®aR).
i<k<j—1
By Equation (A-23), m; ; =id if L; is not of type /°. Thus the above equation equals
’mj’,-l_zj_: Zisksjfl ’mk,,'f_zkmk,j over (B®4aR)/(r ® 1)(B®4R) if L; is not of type I°.
Since £ is a nonsingular matrix by Equation (A-22), m;; can be eliminated by the right
hand side. If L is of type /¢, we have

id r; 0 a; 00
mj =10 1 0] and hj=[0 11
vjujl 010

by Equations (A-23) and (A-22), respectively. Then

) aj ajr; 0
himj;j=\v; 1+u; 1
0 1 0

To compute tmj",‘]’_ljﬁ’lj,j, we write ’mj,,- = (AJ Bj Cj) so that
'mj,,‘i_z_,ﬁz.,-,j = (Ajclj + BjUj Ajajrj + Bj(l +Mj) +Cj Bj) .

By first considering the (1, 3)-block of the matrix ‘m ;i ;i j, B; can be eliminated by
D ick<jo1 M, ihgmy_j. Then we consider the (1, 1)-block of * mj ih; jmj.j- Since a; is a non-
singular matrix, we see that A; can be eliminated by >, _;_, my, ihgmy ; with Bjv;. By
considering the (1, 2)-block of 'm;ihjm; ;, C; can be eliminated by Y, <k<j—1 mk,,hkmkyj
with Aja;r; + B;(1 +u;). Therefore, all lower triangular blocks m ; ; (with j > i) can be
eliminated by upper triangular blocks m; ; together with 7;, v;, u; (resp. r;, v;, u;) if L;
(resp. L;) is of type I°. Here r;, v;, u; are nontrivial blocks of m; ;, if L; is of type I¢, which
appeared in the right hand side of the above equation.

On the other hand, the equation 6; _1e;_;-m;_; ; +6;y1€;+1-m;11; =0 for an odd integer i,
which is one equation defining Ker ¢/ M! (cf. Remark A.5(3)), should be rewritten in terms
of upper triangular blocks. To do that, we use Equation (A-27) with i =k — 1. Note that the
only assumption needed in Equation (A-27) is that Ly is of type /. Thus the above equation
is the same as

te1 ’
Si—1€i—1-mi—1;+ 811" (him; ;1) =0
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(2) We secondly consider Equation (A-16). If L; is of type 1, then v; can be eliminated by
yiand m;_y;, mji1.

(3) Next, we consider Equation (A-18). By A} 12, v; can be eliminated by r;. By X 1.3, yi
can be eliminated by #;, v;, z; and entries from m;_1 ;, m; ;+1. By & 2.3, x; can be eliminated
by ri, t;, zi, w;, u; and entries from m;_1 ;, m; ;4.
(4) Finally, we consider &lz}',-, instead of F; (Equation (A-20)), together with equations
1y =2 =0 with j € J; and equations Y, “=2 = 1 with j € J5. Note that 5 F; is
equivalent to F; since « is a unit in B. For each j € J, there is a nonnegative integer m ;
such that L;_ is of type I for every [ with 0 </ <mj and L;_5(n,+1) is of type II (cf.
Lemma A.7).

To analyze these equations, we investigate é]—' o for a fixed j € J. First assume that
m; > 1. Since we have eliminated all lower triangular blocks in step (1), we need to replace
lower triangular blocks appeared in &iz]-' j—2 by suitable upper triangular blocks. If m; > 2,
then we choose an integer / such that 0 </ < m . By definition, alz]-'_ j—21 18

t~/ "4
(‘7( M oy jo) O (TR My o

a? w2
t~/ "y
F o (g o) TR gy )
t,/ }_l /
Zj-2 Zj—au\2 | Mo oo 221 5 5 i o
+ —— +( — + — :
a a a?
tm/ f_l . _m/
j=2u42, =20 " =2AR2 M o0 g
+
&2
=0.

The first two lines are interpreted as explained in the paragraph following Equation (A-19)
and the third and fourth line is a polynomial in (B ®4 R) /(7 ® 1)(B ®4 R). We claim that
the equation &1—2.7-" i~ 1s the same as the following:

1

t~7 7/
ﬁ(a( M oy jor) O (211105 5y j

~ 3 ~
+(eja -0 (i j o j-241)) - Thi 54 -'(ej-u ol j-a+1))

—/ —/
Zj-2 i\ | (Mo i\ M o040\ 2
+22 4 ( + +

o (07
—0. (A-39)

The third line easily follows from the definition of n’i}(_z’  and n’i}( «—> (given in the paragraph
following Equation (A-30)) combined with Equation (A-37). For the first two lines, we
(ionsider Equation (A-29) with k —2 = j — 2/ which gives the identity m/j_zl e =
hj_oi41 -’(ej_zl M j_o; j—214+1) over (B®4R)/(m®1)(BR4R). Note that the only assumption
needed in Equation (A-29) is that Ly_ is of type I. Then /i ;_yq1 -"(ej_o; - 11 j_o; j—2i41) 18
alift of i j—ou41-"(ej_or-mj_y j_n41). The first line is independent of the choice of a lift
’/h/j72[ +1,j— Of m/jle +1,j— as explained at the paragraph following Equation (A-19). This
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fact completes our claim. The above equation is equivalent to

1

t~/ "4
W(G( M oy jor) <O (O ja1—1 -1y oy

~ 3 ~
+(ej_o-o(mj_y j—2+1))- Nhj s (o Moy j—241))

7 m' Zi m' 2
ja | Mgy 21,2042 j | Mg =21, =242
+ ( + + = + + +

o

m’ )
:( D e T N 21+2) (A-40)

o o

o o o o
n’i

by adding (mj A2 D 22 to both sides.

For ,—12.7-} mjs We observe that Lj—zm,-—z is of type II. By Equation (A-27) with k =
Jj—2m;, we have m] -1 j—am; = €j=amy M j-2m;,j 2m,_1h, mj—1- Here we use the
fact that h2 o1 = =id (cf Equatlon (A-22)). Note that the only assumption needed in
Equation (A 27) is that Ly is of type /. On the other hand, the equation in Remark A.5(3),
wheni=j—2m;—1,is €jom; M j—2m; j—2m;—1 = 0 since Lj,z,,,j,z is of type II. Thus

1! — Lz i
M o1 j—2m; = 0. Therefore, = Fj_om; is

1
~ 3 ~

72 (€jam; -0 (M j2m; j—2m ;1)) - TG o 41 (€j—2m; o j-am 1))

z z 2 2
Jj—2m; Jj—2m; Jj=2m;,j—2m;+2

i iy (g

a @ a
—0. (A-41)

This equation is equivalent to

~ 3 t ~
&2 72 <(ej—2mj G(m/—ij,j—ij+l)) nhjfzmjjq (ej—ij mj—ij,j—ij+l)>
i 4 )

(Zj—Zm.f + ] 2mj,j 2mj+2> + (Zj—ij + j—2mj,j—2mj+2>

a o o

'
] 2mj, j—2m j+2

= LT (A-42)

o

. ;ﬁ/jme -.j—2m i+2 .
by adding ———"'— to both sides.
We empha51ze that it is unnecessary to investigate ; since the equation Z P / Z’a 2 =0
(resp. Zz / % =1)if j € Jy (resp. if j € J,) already implies Equation (A- 21) so that
mj

1=0 a]z Fj-u=0.
We now observe Equations (A-40) and (A-42). We introduce a new variable

—/ =/
Zj—or | Mjop0jor  Mj_oj2142
— + — + -

Z/< 2l = (04 ~/ (04 o
/ Zj—om; N M _om;,j—om;+2

if0<l<mj;

ifl=m;.

o o

L. m . m. .
Then z;_»; can be eliminated by Z,j—zl’ J 2la2.1 2 Do

Equations (A-40) and (A-42), the term % ’2[‘;2"f =2 4 4 72[5"72”2 can be eliminated by

In addition, by using




526 Sungmun Cho

. mi zi_
Z/‘jnﬂ azlpd m/jlefl’jle, mj_y j—yu+1. Furthermore, the equation ), ’a” = 0 (resp.
=0 ’;21 = 1) if j € Jy (resp. if j € J) implies that z; can be eliminated by z/jle,

m/j72lfl,j721’ Mo j—2i+1 with0 <1 < m;.
If m; = 0, then we can show that the equation aiz]-— ; is the same as
Sy (E) =0
o o
by using an argument similar to that used in the proof of Equation (A-41). Then the equation
% =0 (resp. %’ =1)if j € J; (resp. if j € J>) implies that z; can be eliminated.
We now combine all cases (1)—(4) observed above.
(a) By (1), we eliminate Zi<j n;n; variables.
(b) By (2), we eliminate )

(C) By (3)’ we eliminate Zi even and L; of type

(d) By (4), we eliminate #{i : i is even and L; is of type I} variables.

i even and L; of type 1° (n; — 1) variables.

1e(2(n; —2) + 1) variables.

Recall from the third paragraph of the proof that Ker ¢/ M'is isomorphic to an affine
space of dimension

2 ming— Y om4+ Y. Q@mi—=D+ Y (4n—4).

i<j iodd i even i even
L; bound L; of type 1 L; of type I1¢

Thus, G7;, 7, is isomorphic to an affine space of dimension

(ZZnin‘,’— o+ Y em-n+ Y (4n,-—4)) (A-43)

i<j i odd ieven ieven

L; bound L; of type 1 L; of type 1€
_<Zninj+ Z (ni—D+ Z (2(nj—2)+1)+#{i:i is even and L; is of type 1}).
i< L; oifelv)?;e 1° L; oife;/;;e 1€

Therefore, the dimension of 52} A is

Domng— > mi+ Y =D+ Y. @n-2), (A-44)

i<j i odd ieven ieven
L; bound L; of type 1° L; of type 1°

which finishes the proof. O
Lemma A.9. Let F; be the closed subgroup scheme of G defined by the following equations:
e mip=01ifi #k;
e m;; =id ifi # j;
e and form; ;,
{sj:id, yi=0,v;=0 if L; is of type 1°;
si=id,rj=tj=y;j=vj=u;=w; =0 ifL;isoftype I°.
Then F; is isomorphic to Al x Z/27 as a k-variety, where A is an affine space of dimen-
sion 1, and has exactly two connected components.
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Proof. A matrix form of an element m of F;(R) for a k-algebra R is

id O 0
0o .
id
mj,j
id
0
0 0 id
such that
id 0
if L ; is of type 1?;
mj ;= id 0 0
0 1+mx; mz; if L; is of type I°.
0 0 1

To prove the lemma, we consider the matrix equation o (‘m) - h - m = h. Recall that &, as an
element of H(R), is as explained in Remark 3.3(2). Based on Equations (A-1) and (A-2),
the diagonal (i, i)-blocks of o (‘m) - h -m = h with i # j are trivial and the nondiagonal
blocks of o (‘m) - h - m = h are also trivial. The (j, j)-block of o (‘m)-h -m is

aj 0 . .

/- _ if L; is of type 19;
0 (A+o(mz) - A+2y) -1 +mz;)
a; 0 0

b2 ¢} (I+o(@@x;)(A+mx;) (I+o@x;))(1+mz;) if L; is of type I°.

0 A+o@z)))(U+mx;) (I4+nzj)o(wz)+mzj+2y;
We write x; =x} +71sz- and z; = z} ~|—nz3, where x}, sz-, z}, z? € R C R®4B and 7 stands
for 1@ € R®4B. When L; is of type I°, by considering the (2, 2)-block of the matrix
above, we obtain the equation

a(z;) +(z)* =0.

Recall that « is the unit in B such that € = 1 + oz as explained in Section 2A, and & is the
image of « in «.
Then this equation is equivalent to

@}/@) + () /@) =0

by dividing by @ in both sides. Therefore, in this case, F; is isomorphic to A' x Z/27 as a
K-variety.

When L ; is of type I°, by considering the (2, 2)-block of the matrix above, we obtain
the equation

a(xj)+(xj)* =0.
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We also consider the (2, 3)-block of the matrix above, and we obtain two equations

1 1 _ —_1 2 2 = 11 __
x;+z;=0, ox;+x;+z;+ax;z;=0.

By considering the (3, 3)-block of the matrix above, we obtain the equation
@(z)) + (z))* =0.
By combining all these, we see that F; is isomorphic to Al x 7 /27 as a k-variety. [

We introduce the final lemma in order to prove Lemma 4.6 below. This lemma is about
the number of connected components in a short exact sequence of algebraic groups.

Lemma A.10. Assume that there is a short exact sequence
l—A—B—C—1

of linear algebraic groups over k. Let wy(B) be the component group of B which is defined
as the spectrum of the largest separable subalgebra wo(x[B]) of k[ B], where k[B] is the
coordinate ring of B. Let #(mto(B)) be the order of wo(B), which is defined as the dimension
of mo(k[B]) as a k-vector space. Note that B is connected if and only if my(B) is trivial if
and only if #(mo(B)) = 1. Thus #(my(B)) is the number of connected components of B®, k.
Then

#(mo(B)) < #(7m0(A)) - #(7r0(C)).
Moreover, the equality holds if A is connected and in this case, wy(B) = 7 (C).

Proof. By definition of a component group, there exists a surjective morphism 7 : B —>
7o(B) whose kernel is connected. Let A" (C mp(B)) be the image of A under the mor-
phism 7. Notice that A’ is a normal subgroup of 7y(B) and that #(A’) < #(o(A)). Then
the morphism 7 induces a surjective morphism from C to 7o(B)/A’ and so #(g(B)/A’) <
#(o(C)). Therefore, #(ro(B)) < #(o(A)) - #(o(C)).

It is clear that #(;1o(C)) < #(ro(B)). Thus, if A is connected, then #(71(C)) = #(7o(B)).
In this case, since there exists a surjective morphism from B to y(C) (through C), there
exists a surjective morphism from my(B) to 7o(C). Since #(y(C)) = #(y(B)), we can
conclude that 7y(B) = 7y (C). [l

We finally prove Lemma 4.6.
Proof. We start with the following short exact sequence
1 — G' — Kerp —> Kerg/G' —> 1.

It is obvious that Ker ¢ is smooth by Theorems A.4 and A.6. Ker ¢ is also unipotent since
it is a subgroup of a unipotent group M*. Since G' is connected by Theorem A.4, the
component group of Ker ¢ is the same as that of Ker ¢/ G! by Lemma A.10. Moreover, the
dimension of Ker ¢ is the sum of the dimension of G' and the dimension of Ker o/ G'. This
completes the proof. (]
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Appendix B: Examples

In this appendix, we provide an example with a unimodular lattice (L, &) of rank 1. Let L
be Be, arank 1 hermitian lattice with hermitian form i (le, l'e) = o (1)I’. With this lattice,
we construct the smooth integral model and its special fiber and compute the local density.

B.1: Naive construction (without using our technique). We first construct the smooth
integral model and its special fiber, without using any techniques introduced in this paper.
If we write an element of L as x + 'y where x, y € A, then it is easy to see that a naive
integral model G’ is Spec Al[x, y]/(x2 + (T +o(m)xy+ no(n)y2 — 1). As mentioned in
Section 2A, we may assume that 7 +o () =2 and wo () = 2u for a unit u € A. We remark
that G’ is smooth if p # 2, and in this case its special fiber is Spec «[x, y]/(x?> — 1) =
Al x 11 as a k-variety. However, if p = 2, then its special fiber is no longer smooth since
k[x,y]/ (x> =1) =«[x, y]/(x — 1)? is nonreduced. Some of the difficulty in the case p =2
arises from this. The associated smooth integral model is obtained by a finite sequence of
dilatations (at least once) of G’ (cf. [Bosch et al. 1990]).

On the other hand, the difficulty can also be explained in terms of quadratic forms.
Namely, the smoothness of any scheme over A should be closely related to the smoothness
of its special fiber. If we define a functiong : L — A by [ — h(l,[), then ¢ mod 2 is
a quadratic form over «. Therefore, the associated smooth integral model should contain
information about this quadratic form, which is more subtle than quadratic forms over a
field of characteristic not equal 2.

To construct the smooth integral model, we observe the characterization of G that
G(R) = G'(R) for an étale A-algebra R. Thus any element of G(R) is of the form x + 7y
such that x?> 4+ 2xy + 2uy? = 1. Therefore, (x — 1)? is contained in the ideal (2) of R so
that we can rewrite x = 1 4+ 2x’ since R is étale over A. With this, any element of G(R)
is of the form 1 4 2x’ + 7y such that y + uy? +2(x’ + (x')> +x’y) = 0. We consider the
affine scheme Spec A[x, y]/(y + uy? 4+ 2(x +x2 +xy)). Its special fiber is then reduced
and smooth. Thus, this affine scheme is the desired smooth integral model G. Furthermore,
its special fiber Spec «[x, y]/(y 4+ uy?) is isomorphic to A x Z/27 as a k-variety so that
the number of rational points is 2 f, where f is the cardinality of «.

B.2: Construction following our technique. Define the map ¢ : L — A via
I~ h(,l).

If we write [ = x + 7y such that x, y € A, then ¢(I) = h(x + 7wy, x +my) = x>+ (7 +
o(m)xy+m- a(n)yz. Thus ¢ mod 2 is an additive polynomial over k. Let B(L) be the
sublattice of L such that B(L)/m L is the kernel of the additive polynomial ¢ mod 2 on
L/n L. In this case, B(L) =n L.

For an étale A-algebra R with g € Autpg,r(L ®4 R, h ®4 R), it is easy to see that g
induces the identity on L /B(L) = L/ L. Based on this, we construct the following functor
from the category of commutative flat A-algebras to the category of monoids as follows.
For any commutative flat A-algebra R, set

M(R) = {m € Endgg,r(L ®4 R)} | m induces the identity on L ® 4 R/B(L) ®4 R}.
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This functor M is then representable by a polynomial ring and has the structure of a scheme
of monoids. Let M*(R) be the set of invertible elements in M (R) for any commutative
A-algebra R. Then M* is representable by a group scheme which is an open subscheme
of M (Section 3B). Thus M* is smooth. As a matrix, each element of M*(R) for a flat
A-algebra R can be written as (1 +7z).

We define another functor from the category of commutative flat A-algebras to the
category of sets as follows. For any commutative flat A-algebra R, let H(R) be the set
of hermitian forms f on L ® 4 R (with values in B ®4 R) such that f(a,a) mod?2 =
h(a,a) mod?2, wherea € L ®4 R. As a matrix, each element of M*(R) for a flat A-algebra
Ris (1 + 26).

Then for any flat A-algebra R, the group M*(R) acts on the right of H(R) by fom =
o ('m) - f -m and this action is represented by an action morphism (Theorem 3.4)

HxM" — H.

Let p be the morphism M* — H defined by p(m) = h o m, which is obtained from the
above action morphism. As a matrix, for a flat A-algebra R,

p(m)=p((1+7z2))=(1+rz+0(@2)+70(m) 20(2)).

Then p is smooth of relative dimension 1 (Theorem 3.6). Let G be the stabilizer of &
in M*. The group scheme G is smooth, and G(R) = Autgg,r(L ®4 R, h @4 R) for any
étale A-algebra R (Theorem 3.8).

We now describe the structure of the special fiber G of G. For a k-algebra R, each
element of M(R) (resp. H(R)) can be written as a formal matrix m = (1 —i—nz) (resp.
f= (1 + 2c)). Firstly, it is easy to see that By = Yy = w L so that the morphism ¢ in
Section 4A is trivial.

For the component groups, as explained in Theorem 4.11, there is a surjective morphism
from G to Z /27Z. Let us describe this morphism explicitly below. It is easy to see that
LO=My=Land C(L°) = M{ = L. Here, we follow notation of Section 4B. Since My =L
is of type /¢, there exists a morphism from the special fiber G (= Gy) to the special fiber of
the smooth integral model associated to M@ C (L) = L & L of type I as explained in the
argument 2 just before Remark 4.10. Remark 4.10 tells us how to describe this morphism
as formal matrices. Let (e1, ¢;) be a basis for L @ L so that the associated Gram matrix of
the hermitian lattice L @ L with respect to this basis is (1 0). Then we consider the basis

01
(e1, €1 + e3), with respect to which the morphism described in Remark 4.10 is given as

1 —nz
(1+72)~ (o 1+nz) ‘
We now construct a morphism from the special fiber of the smooth integral model associated
to My @ C(L° = L ® L to Z/27 and describe the image of ((1) 11’::'1) inZ/27.
Let R be a k-algebra. The Gram matrix for the hermitian lattice L @ L with respect
to the basis (e, e; + e3) is (} i) Since L @ L is unimodular of type 1°, an R-point
of the special fiber associated to L @ L with respect to this basis is expressed as the

formal matrix (Hu’fx/ l_f;/w/ ) as explained in Section 3B. Based on argument (1) following
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Definition 4.9, the morphism mapping to Z /27 factors through the special fiber associated to
C(L® L), composed with the Dickson invariant associated to the corresponding orthogonal
group. C(L @ L) is then generated by (e;, e; + ¢;) and is 7 '-modular. Thus there is no
congruence condition on an element of the smooth integral model associated to C(L @ L) as
explained in Section 3B. Write x" = x|+ x}, y' = y| + 7y}, and 2’ = 2} +725. The image of
”Lz”‘ lf;w,> in the special fiber associated to C(L@L) is ( 14;71 11;;{;2 ) Since C(LHL)
is 7r ' -modular with rank 2, there is a morphism from the special ﬁlber asscl)ciated toC(L6L)
to the orthogonal group associated to C (LD L) /T C(L®L),as described in Theorem 4.4 or
Remark 4.7. Then the image of ( J;Zx‘ 1‘:”22 ) in this orthogonal group is ( ) The Dick-
son invariant of ( ) is z} /0 as men]tloned 1]n step (1) of the proof of Theorem 4 11. Here, o
is the unitin B such that e = 1 4w as explained in Section 2A, and & is the image of « in «.
In conclusion, the image of (1 + nz), which is an element of 5(R) for a k-algebra R, in
Z/27 is 71 /o, where we write z = z; + 7w z;. On the other hand, the equation deﬁning G is
@z + 23 = 0 which is equivalent to L4+ (3 )? = 0. Thus, the morphism from G to 727 is

surjective. Therefore the maximal reductlve quotient of GisZ /27 and using Remark 5.3,
#G () =#(2/22) - #A") =2,
where f is the cardinality of k. Based on Theorem 5.2, the local density is

Bu=r"-2f=2f.
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