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Heegner divisors in generalized Jacobians
and traces of singular moduli

Jan Hendrik Bruinier and Yingkun Li

We prove an abstract modularity result for classes of Heegner divisors in the
generalized Jacobian of a modular curve associated to a cuspidal modulus. Ex-
tending the Gross—Kohnen—Zagier theorem, we prove that the generating series
of these classes is a weakly holomorphic modular form of weight % Moreover,
we show that any harmonic Maass form of weight O defines a functional on the
generalized Jacobian. Combining these results, we obtain a unifying framework
and new proofs for the Gross—Kohnen—Zagier theorem and Zagier’s modularity
of traces of singular moduli, together with new geometric interpretations of the
traces with nonpositive index.

1. Introduction

The celebrated Gross—Kohnen—Zagier theorem [Gross et al. 1987] states that the
generating series of Heegner divisors on the modular curve Xo(N) is a cusp form
of weight % with values in the Jacobian of Xo (V). This result was later generalized
by various authors to orthogonal and unitary Shimura varieties of higher dimension;
see, e.g., [Borcherds 1999; Kudla 2004; Liu 2011].

In a different direction, Zagier [2002] proved that the traces of the normalized
j-invariant over Heegner divisors of discriminant —d on the modular curve X (1)
are the coefficients of a weakly holomorphic modular form of weight % This result
was also generalized in subsequent work to modular curves of arbitrary level, traces
of harmonic Maass forms over twisted Heegner divisors, and to cover more general
nonpositive weight modular functions; see, e.g., [Alfes and Ehlen 2013; Bringmann
et al. 2005; Bruinier and Funke 2006; Duke and Jenkins 2008; Funke 2002; Kim
2004]. Recently, Gross [2012] has explained how Zagier’s original result can be
related to their earlier joint result with Kohnen. He showed that the traces of singular
moduli on X (1) can be interpreted in terms of Heegner divisors in the generalized
Jacobian associated with the modulus 2 - (00).
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We pick up this idea of Gross and define classes of Heegner divisors of arbitrary
discriminant in the generalized Jacobian Jy, (X) of a modular curve X of arbitrary
level with cuspidal modulus m. Then we prove that the generating series of these
classes is a weakly holomorphic modular form of weight % with values in Jy, (X).
Our argument is a generalization of Borhcerds’ proof [1999] of the Gross—Kohnen—
Zagier theorem [Borcherds 1999] and relies on the construction of explicit relations
among Heegner divisors given by automorphic products. Note that, in contrast
to [Borcherds 1999], we need to use the explicit infinite product expansions of
automorphic products at all cusps of X. By applying the natural map between Ji, (X)
and the usual Jacobian J(X) to this generating series we recover the “classical”
Gross—Kohnen—Zagier theorem.

Then we show that every harmonic Maass form F' of weight 0 on X with
vanishing constant term at every cusp (such as the normalized j-function when
X = X (1)) defines a functional trg on Ji, (X). The value of trr on Heegner divisors
of negative discriminant —d is just the sum of the values of F over the Heegner
points of discriminant —d. The value of trr on “Heegner divisors” of nonnegative
discriminant can be explicitly computed in terms of the principal parts of F at the
cusps. In that way we are able to recover Zagier’s result and its generalizations in
[Alfes and Ehlen 2013; Bruinier and Funke 2006].

We now describe the content of the present paper in more detail. To simplify the
exposition, throughout this introduction we let p be prime or 1 and consider the
modular curve X (p) associated to the extension I'j(p) of ['g(p) in PSLy(Z) by the
Fricke involution. In the body of this paper, we consider modular curves of arbitrary
level (as modular curves associated to orthogonal groups of signature (1, 2)).

Let oo be the cusp of Xj(p) and let m be a nonnegative integer. Then m =m-(c0)
is an effective divisor. Recall that the generalized Jacobian Ju(Xg(p)) of X;(p)
associated with the modulus m is a commutative algebraic group whose rational
points correspond to classes of divisors of degree zero modulo m-equivalence; see
Section 2 and [Serre 1988]. If m = 0, then Ji, (X{5(p)) is simply the usual Jacobian.
For any integer d, let Q,, 4 be the set of (positive definite if d > 0) integral binary
quadratic forms [a, b, c] of discriminant —d = b* — 4ac with p dividing a. If d #0
then I (p) acts on Q,, 4 with finitely many orbits.

If d is positive, then any Q € Q) 4 defines a point ag in the upper complex
half-plane H, the solution of the equation az? + bz + ¢ = 0 with positive imaginary
part. There is a corresponding Heegner divisor of discriminant —d on X(p) given
by

1
Y(d) = Z ool (ap),
0eQ,q/Ti(p) " 0779

where I'(p) o is the (finite) stabilizer of Q (see Equation (1.5) in [Bruinier and
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Funke 2006]). The divisor
Z(d) =Y (d) —deg(¥Y(d)) - (o0)

has degree zero and is defined over Q). We denote by [Z(d)], its class in the
generalized Jacobian Ju (X5 (p)).

If d is negative, any Q € Q,, 4 defines an oriented geodesic cycle on HU PY(R),
given by the equation a|z|> + b%(z) + ¢ = 0. It has nontrivial intersection with
P!(Q) if and only if d is the negative of a square of an integer. In this case the
two solutions in P!(Q) define cusps of the modular curve. There is a unique cusp
co € P!(Q) from which the geodesic originates. (In the present ['5(p) example all
cusps collapse to oo under the map to the quotient, but this is of course not true for
more general congruence subgroups.) If d = —b? for a nonzero integer b, then Q
is I'§ (p)-equivalent to [0, b, c] with ¢ € Z/bZ and cg is equivalent to co. We let
hg € Q(X;(p))™ be a function satisfying

ho=1-¢q5%+ 0(qZ)

at the cusp 0o, where g is the uniformizing parameter of the completed local ring
at oo given by the Tate curve over Z[[g]l. Then we define

1
[Z@]n = [divhiopo)lm= Y, 3 [divGig)lm.
0€Q,.4/T5(p)

Note that this class vanishes if d < —m?. If d < 0 is not the negative of the square
of an integer, we put [Z(d) ] = 0. Finally, for d =0, we define [Z(0)]., as the class
of the line bundle of modular forms M_; of weight —1 on X{j(p) (see Section 2
for details).
To describe the relations among the classes [Z(d)]n, we consider the generating
series
An(@ = Y [Z(@ln-q* € C(4) & Jn(X§(P)).

deZ

d>—m?

It is a formal Laurent series in the variable g = ¢?™* for ¢ € H. Our first main
result is the following (see also Theorem 4.2).

Theorem 1.1. The generating series An(t) is a weakly holomorphic modular form
of weight %for the group T'g(4p), that is, An(T) € Mé/Z(F0(4p)) ® Jm(Xa‘(p)).

Under the natural map
Ja(X5(p)) = J(XG(p))

the classes [Z(d)]m with d < 0 are mapped to zero. Applying it to An(T), we
recover the Gross—Kohnen—Zagier theorem (see also Corollary 4.5).
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Corollary 1.2 (Gross—Kohnen—Zagier). The generating series Ay(t) of classes of
Heegner divisors [Z(d)]o in the Jacobian is a cusp form of weight % for the group
LCo(4p), that is, Ap(t) € S32(T0(4p)) ® J(X5(p)).

To recover the results of [Zagier 2002] and [Bruinier and Funke 2006] on traces
of modular functions from Theorem 1.1, we show that harmonic Maass forms define
functionals on Jin (X3(p)). Let F € HOJr (I'g(p)) be a harmonic Maass form for
['5(p) of weight 0 as in [Bruinier and Funke 2004]. Denote the Fourier expansion
of the holomorphic part of F by

Frry= Y cfm) gk
n>>—0o
Proposition 1.3. Assume that c;f (n) =0forn < —m and c; (0) =0. Then there is
a linear map trg : Ju(X5(p)) — C defined by

[Dln> trp(D):i= Y ng-Fla),
aesupp(D)\{oc}

for divisors D=7"_n, - (a) in DiVO(Xg(p)).

The images under trr of the classes [Z(d)]n with d < 0 can be explicitly
computed in terms of the principal part of F'. As a consequence we derive the
following theorem (see also Theorem 5.2).

Theorem 1.4. The series trp(An) is a weakly holomorphic modular form in the
space Mé/Z(F0(4p)). It is explicitly given by

trr(Am) = Y F(Y () -q" +Y_ cf(=n)(01(n) + por(n/p))

d>0 n>1
— Z Zc;(—bn) . b-q_bz.

b>0 n>0

The modularity of the right-hand side was also proved in [Bruinier and Funke
2006] by interpreting it as the Kudla—Millson theta lift of F'. Applying this theorem
to the special case where p =1, m > 2, and F = j — 744, Zagier’s original result
on traces of singular moduli can be obtained.

In the body of the paper we work with modular curves of arbitrary level associated
with orthogonal groups of even lattices of signature (1, 2). This setup is natural,
since the proof of Theorem 1.1 implicitly relies on the singular theta correspondence
for the dual reductive pair given by SL, and O(1, 2). For the modulus we allow
arbitrary effective divisors that are supported on the cusps. The generating series of
Heegner divisors is then a vector-valued modular form for the metaplectic extension
of SL,(Z) transforming with the Weil representation of a finite quadratic module.
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In Section 2 we recall some basic facts on generalized Jacobians of curves.
Section 3 contains our setup for modular curves associated to orthogonal groups,
Heegner divisors, and vector-valued modular forms. Then we define classes of
Heegner divisors in generalized Jacobians in Section 4, and prove the abstract
modularity theorem for these classes. In Section 5 we prove that harmonic Maass
forms define functionals on the generalized Jacobian and derive modularity results
for the traces of harmonic Maass forms over Heegner divisors from the abstract
modularity theorem. We also give some explicit examples and indicate possible
generalizations in Section 6.

2. Generalized Jacobians

Let X be a complete nonsingular algebraic curve over a field k of characteristic O.
Let Div’(X) be the group of divisors of X of degree 0 defined over k, and denote
by P(X) the subgroup of divisors of rational functions f € k(X)*. The Jacobian
J(X) of X is a commutative algebraic group over k whose k-rational points are
isomorphic to the quotient group Div®(X)/P(X).

Recall that there is the notion of the generalized Jacobian; see, e.g., [Serre 1988,
Chapter 5] for details. Let S C X (k) be a finite set of points, and for s € S let

mg € Z>¢. Then
m=>"m-(s)

seS

is an effective divisor defined over k. Let O; be the ring of integers in the completion
k(X)s of k(X) at s, and let 7y € Oy be a uniformizer. If f, g € k(X); and n € Z,
we write

f=g+0()
if f— g en!O;. We consider the subgroup
Pu(X) = {div(f) : f € k(X)* with 7,7 ") f =14+ O(x™) for all s € S)

of P(X). The generalized Jacobian J,,(X) associated with the modulus m is a
commutative algebraic group over k, whose k-rational points satisfy

T (X) (k) = Div’ (X)/ P (X). (2-1)

The quotient on the right hand side is also canonically isomorphic to the subgroup of
divisors in DiVO(X ) coprime to S modulo m-equivalence. For a divisor D € DiVO(X )
we denote by [ D]y, the corresponding class in Ji, (X) (k).

There is a canonical rational map ¢y : X — Jn(X) defined over k which is
regular outside S, see [Serre 1988, Chapter 5, Theorem 1]. If m’ is another effective
divisor on X satisfying m > m’ > 0, there exists a unique homomorphism Ji, — Juy
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which is compatible with ¢, and ¢, . It is surjective and separable [Serre 1988,
Chapter 5, Proposition 6]. In particular, there exists a surjective homomorphism

Jn(X) = J(X). (2-2)

Its kernel is isomorphic to

Hyn = ( N @Zs*)/@m, (2-3)

seS
mg>0

where the quotient is with respect to the diagonally embedded multiplicative group.
Typical elements of the kernel are obtained, by choosing a pair (s, n) with s € §
and n > 0 and a function A, € k(X)* such that

_ {1 — '+ 0 (") ats, (2-4)

Pt +o@™) atallz € S\ {s}.

An argument as in [Serre 1988, Chapter 5, Proposition 8] shows that the “additive
part” of Hy, is generated by the classes

[div(hg,n) I, (2-5)

for s € S and 0 < n < my. Note that for n > mj the class [div(hy ,)]m vanishes.

Let 5o € S be a fixed base point. If £ is a line bundle on X which is defined
over k, and (¢;)ses is a family of local trivializations of £ at the points of §, we
can associate to the pair (£, (¢5)) a class in J, (X) as follows. It is easily seen that
there exists a rational section f of £ such that

¢ f=al-(14+0@™)), (2-6)
for some a; € Z at every s € S. Then we define
(£, (@s)]m = [div(f) —deg(L) - (s0)Im € Jm(X) (k). (2-7)

3. Modular curves

Here we recall the description of modular curves as Shimura varieties associated
to orthogonal groups. We also define classes of Heegner divisors in generalized
Jacobians.

Let (L, Q) be an isotropic even lattice of signature (1, 2). We denote by (x, y)
the bilinear form corresponding to the quadratic form Q, normalized such that
O(x)= %(x, x). For any commutative ring R we write Lg = L ®z R. Throughout
we fix an orientation on L, and write L’ for the dual lattice of L. Let

N=min{n €Z.g:nQ(A) € Zforall € L'}
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be the level of L, and denote by disc(L) = |L’/L| the discriminant of L. We let
SO(L) be the special orthogonal group of L and write SO (L) for the intersection
of SO(L) with the connected component of the identity of SO(L)(R). The even
Clifford algebra of Lg is isomorphic to the matrix algebra Mat,(Q), which induces
an isomorphism PGL,(Q) = SO(L)(Q). We realize the hermitian symmetric space
corresponding to SO(L) as the domain

D={zeLc:(z,2) =0, (z,2) <0}/C*.

It decomposes into 2 connected components. We fix one of these components and
denote it by DT,

Let I' = I'z be the discriminant kernel subgroup of SO™ (L), that is, the kernel
of the natural homomorphism

SO" (L) — Aut(L'/L).

Recall that rescaling the quadratic form by a factor of n does not change SO™ (L)
while it replaces the discriminant kernel by the full congruence subgroup of level .
We denote by

Yr =T\D" (3-1)

the noncompact modular curve associated with I.

Let Iso(L) be the set of isotropic lines in L (i.e., primitive isotropic rank-1
sublattices I C L). The group I' acts with finitely many orbits on Iso(L). We
denote by Xr the compact modular curve obtained by adding to Yt the cusps
corresponding to the I'-classes of isotropic lines / € Iso(L); see, e.g., [Bruinier and
Funke 2006]. It is well known that X is a projective algebraic curve which has a
canonical model over a cyclotomic field.

As in [Bruinier and Funke 2006], we choose an orientation on the isotropic lines
as follows. We fix one line [y € Iso(L) together with an orientation on Iy given by
a basis vector xo € Iy, g. For any other I € Iso(L) we choose a g € SOT(L)(R) such
that glop r = Ir. Then gxo € Ir defines an orientation on / which is independent of
the choices of g and xg.

Let I C L be a primitive isotropic line and write c; € X for the cusp correspond-
ing to I. Local coordinates near c; can be described as follows. We write N; for
the positive generator of the ideal (/, L) C Z. It is a divisor of N. Throughout, we
let £ = ¢; be the positive generator of / and fix a vector £ = £}, € L’ such that

£, 0)=1. (3-2)
We let K be the even negative definite lattice

K=Lne¢tnet. (3-3)
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If £x € K denotes a generator, then K is isomorphic to Z equipped with the quadratic
form x — Q(£x)x2. The quantity 4Q(£¢) divides N. The holomorphic map

H->D, wrC(w®lk+t —QwRLlk)l— Q)e) (3-4)

is injective and has one of the two connected components of D as its image. Possibly
replacing £k by its negative, we may assume that this map is an isomorphism from H
onto DT, It is compatible with the natural actions of PGL;r (Q) on H by fractional
linear transformations and on D% via the isomorphism with SO*(L)(Q). For
w € Lo N I+ we consider the Eichler transformation

Epp(x)=x+(x, Op—(x, u)—(x,£)Q(u)t (3-5)
in SO (L)(Q). It belongs to ' if u € K.

Lemma 3.1. The stabilizer in I of the primitive isotropic line I is given by
Iy ={E¢u.:pneK}.
Proof. Let y € I';. Then y £ = ££. We first assume that y¢ = £. Then
u=yl -
belongs to L N £+, and v := u — (u, £')¢€ belongs to K. It is easily checked that
Eqo(0) =L, Eg )=yl

Hence y ~'E, , leaves the vectors £ and ¢’ fixed. Consequently, it maps the or-
thogonal complement K to itself, and therefore £x to £€x. Since y "' E,, has
determinant 1, the sign must be positive and thus y = E ,,.

We now consider the case y¢ = —£. The orthogonal transformation o tak-
ing £ to —¢, and ¢’ to —¢', and £k to itself belongs to SO(L)(Q). The element
oy € SO(L)(Q) fixes £. Arguing as above, we see that it is equal to an Eichler
transformation E;, € SO (L)(Q). This implies that o belongs to the connected
component of the identity of SO(L)(R). But this leads to a contradiction, since the
spinor norm of o is negative, showing that the case y{ = —£ cannot occur. ]

The action of Z on H by translations corresponds to the action of I'; on D*. The

induced map
Z\H — I';\D* (3-6)

is an isomorphism. Hence, g; = ¢?™'* defines a local parameter at the cusp c;
of X[‘ .

Example 3.2. In the special case when N; = 1, then 4N = —Q(£g) and the dis-
criminant kernel subgroup I" is isomorphic to I'g(N /4). The curve Xr is isomorphic
to Xo(N/4), with c¢; corresponding to the cusp at oo; see, e.g., [Bruinier and Ono
2010, Section 2.4].
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The Weil representation. Let Mp,(Z) be the metaplectic extension of SL,(Z) by
{£1}, realized by the two possible choices of a holomorphic square root of the
automorphy factor ¢t + d for (‘g Z) € SL,(2Z); see, e.g., [Borcherds 1998; Kudla
2003].

Recall that there is a Weil representation w;, of Mp,(Z) on the complex vector
space Sy of functions L’/L — C on the discriminant group. Identifying S; with
the space of Schwartz—Bruhat functions on L ® Q which are supported on L' ® VA
and translation invariant under L ® Z, the representation wy, can be viewed as the
restriction of the usual Weil representation of Mpz(@) on L ® Q with respect to
the standard additive character of @; see [Kudla 2003]. The representation wy is
the complex conjugate of the representation py in [Borcherds 1998; Bruinier 2002;
Bruinier and Funke 2006]. The action of Mp,(Z) on Sy commutes with the natural
action of Aut(L’/L) by translation of the argument.

Ifk e %Z, we denote by M ,L (wr) the space of Sy -valued weakly holomorphic
modular forms for Mp, (Z) of weight k with representation w;,. The subspace of
holomorphic modular forms is denoted by My (wr.).

Heegner divisors. For any d € Q*, the group I' acts on the set
Ly={}el: 00 =d)}

with finitely many orbits. For every A € L’ with Q(L) > 0, the stabilizer I'; C T
of A is finite, and there is a unique point z; € D which is orthogonal to A. For
d € Q.9 and ¢ € Sy we consider the Heegner divisor

1
Y, o)=Y s=00)(z) (3-7)
| 2T
eL,/T
on Xr. It is defined over the field of definition of X and has coefficients in the
field of definition of ¢. Let Iy € Iso(L) be a fixed isotropic line. We define a divisor

of degree 0 on Xr by putting
Z(d,p)=Y(d, p) —deg(Y(d, 9)) - (cp). (3-8)

4. A generalized Gross—Kohnen-Zagier theorem

We now consider classes of Heegner divisors in the generalized Jacobian of the
modular curve X := Xr as defined in the previous section. We let k C C be
the number field obtained by adjoining the primitive root of unity e?**/V to the
common field of definition of the canonical model and all of the cusps of X. Let
S ={cy:1€lIso(L)/ T} be the set of cusps of X and let

m= Y m(cr)

Ielso(L)/T
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be a fixed effective divisor supported on S. We consider the generalized Jacobian
of X associated with the modulus m. For I € Iso(L), we take as the uniformizing
parameter in the completed local ring at ¢; the parameter ¢; = ™' defined by (3-6)
(given by the Tate curve over Z[[g;]] when N; = 1 such that X = X¢(N/4)).

Since, throughout this section, we are only interested in the k-valued points of
the generalized Jacobian, we briefly write J,,(X) instead of Jy, (X) (k). For every
degree-zero divisor D = ) ay - (cy) € Div’(X) supported on § and every tuple
r=(ry) € G,l,fl(k), we choose a function up , € k(X)™ such that

up,r =riq;" - (1+0(q;") (4-1)

at ¢y for I € Iso(L). We write Hg, m for the subgroup of Ji; (X) generated by the
classes [div(up r)]m of all these functions and let

Ja(X) = Jn(X)/ H,pm: 4-2)

By definition we have Jr?ldd(X ) = Jm(X) when |S| = 1. By the Manin—Drinfeld
theorem we have J;dd(X )o = Jm(X)g when m = 0. For general m the kernel of
the induced homomorphism

JA(X)g = J(X)a (4-3)

is isomorphic to the product of the groups G/ ~! for I € Iso(L)/ T with m; > 0.
For d € Q. ¢ and ¢ € S; we consider the class

[Z(d, ¢)]m € Ju(X)c (4-4)

of the Heegner divisor Z(d, ¢) in the generalized Jacobian.

Let 7 be the tautological bundle on X, and define the line bundle of modular
forms of weight 2k on X by My, = Tk, (Sections of My correspond to classical
elliptic modular forms of weight 2k under the isomorphism SO(L)(Q) = PGL,(Q).)
Recall that 7 is canonically trivial in small neighborhoods of the cusps. Hence,
taking the induced trivializations and putting sy = ¢y, in (2-7), we obtain a class
[ Mi]m € Jn(X)g. For d =0 we define

[Z0, )]m = @(0) - [M_i]n. (4-5)

We also define classes for d € Q _ as follows. For a vector A € L;l, the orthogonal
complement A+ C Lg is isotropic if and only if d € —2 disc(L)(Q>)?. In this case
there is a unique pair of isotropic lines 1, I eTso(L) such that A+ = Ig@® Ig and such
that the triple (A, x, X) is a positively oriented basis of Lg for positive basis vectors
xeland i el. Following [Bruinier and Funke 2006], we call I the isotropic line
associated to A and write I ~ . Note that I is the isotropic line associated to —A.
We define the I-content ny(j) of any i € L' N I+ as follows: If Q(u) = 0 we put
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ny(p) =0. If Q(u) # 0 we let ny(u) be the unique nonzero integer such that
(W, LOI) =n(p) - Z (4-6)

and sgn(ny(u)) - pn~1.

Now, if d € —2disc(L)(Q@*)? and A € L/, we let I € Iso(L) be the isotropic line
associated to A and let £’ € L’ be as in (3-2) such that (¢/, I) = Z. We choose a
function &, € k(X)> such that

L {1 — e2”i()"gl)q71(}l) + O(q;") atthe cusp ¢y, 4-7)

1+ 04}, at all other cusps c;.
The existence of 4, follows for instance from the approximation theorem for

valuations, see page 29 in [Serre 1988]. If (A, £) € Z, then h; agrees with the
function A, »,0) € k(X)) defined in (2-4). For ¢ € S; we define

(Zd. @)=Y (@) + (=) - [div(h; Dlm.  (4-8)

AeLl/T 2n1 (%)

It is easily checked that this class is independent of the choices of the functions 4.
Ifd <0andd ¢ —2disc(L)(Q*)?, we put [Z(d, ¢)]m = 0.
Finally, for all d € Q we write [Z(d)]y, for the element of

Hom(Sz, Ju(X)c) = Jn(X)c ® S/
given by ¢ — [Z(d, ¢)]m.
The classes [Z(d, ¢)]m with d < 0 can also be expressed in a slightly different
way. To this end, for an isotropic line I we define
Ly;={eLy:xLIandA~1I}.

Lemma 4.1. Ford < 0 we have

[ZWd, @lm=Y, D 3@0)+e=n) [div(h; " )n.

Ielso(L)/ T )\eL;”/I
Proof. If L, 1 is nonempty and if we fix Ag € Lél 7> we have

Ly ;={ +al/N;:aelZ},
L;’,/Fl ={ho+al/Nj:aeZ/Ninj(ro)Z},
L;’]/I ={ho+al/N;j:acZ/N;Z}.

This implies the assertion. (]
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An abstract modularity theorem. To describe the relations in the generalized Ja-
cobian among the classes [Z(d)], we form the generating series

An(®) = Y [ZWd]In-q" € S (@) ® 3 (X)e. (4-9)
deyZ

2mit

It is a formal Laurent series in the variable! g = ¢*"'7, where t € H, with exponents

in %Z and coefficients in §;” ® JAd (X)) .
Theorem 4.2. The generating series An(7) is the g-expansion of a weakly holo-
morphic modular form in M?!,/z(a)Z) ® Jlf‘ldd(X)@.

To prove this result, we use the following variant of Borcherds’ modularity
criterion [Borcherds 1999, Theorem 3.1]. Let p be a finite dimensional representa-
tion of Mp,(Z) on a complex vector space V which is trivial on some congruence

subgroup. The stabilizer in Mp,(Z) of the cusp oo is generated by the elements

T= (((1) {), 1) and Z = (( _01 _01 ), i ) The hypothesis on p implies that some power

of p(T) is the identity, and therefore all eigenvalues of p(T) are roots of unity.
IfgeM ;{ (p) is a weakly holomorphic modular form for Mp,(Z) of weight k € %Z
with representation p, then it has a Fourier expansion

g(t)=>Y am)-q",
neQ

where the coefficients a(n) € V satisfy the conditions

p(Da(n) =¥ "a(n), (4-10)

o(Z)a(n) = e " *a(n). (4-11)
We write p" for the representation dual to p, and denote by (-, - ) the natural pairing
VxVY—C.
Proposition 4.3. A formal Laurent series

g(r)=> am)-q" € V(q),
neQ

with coefficients a(n) satisfying the conditions (4-10) and (4-11) is the q-expansion
of a weakly holomorphic modular form in M ,'( (p) if and only if

D _(am),c(=n) =0
ne@
forall
f@) =) cm)-q" e My (p").

neQ

I Confusion with the local parameter g; at the cusp ¢y of X should not be possible.



Heegner divisors in generalized Jacobians and singular moduli 1289

Proof. This result is proved in Section 3 of [Borcherds 1999] in the special case
when g is actually a formal power series. The same proof applies to our slightly
more general case, if we replace the vector bundle of modular forms of type p by a
twist with a power of the line bundle £(c0) corresponding to the cusp at oo.
Alternatively, we may replace the g-series g by the g-series g’ = A/g for a
positive integer j such that A/ g is a power series. Here A is the normalized cusp
form of weight 12. Then one can literally apply [Borcherds 1999, Theorem 3.1]
to g’ to deduce modularity in My 12;(p) of this power series. Dividing out the
power of A again, we obtain the result. ]

Proof of Theorem 4.2. According to Proposition 4.3 with p = w/, it suffices to
show that

> (e(=d). [Z(d)]m) =0 € ]2 (X)c, (4-12)
deQ
for every
f@ =) cd)-q* € Mj (o). (4-13)
deQ

Since the space M i 2 (wp) has a basis of modular forms with integral coefficients
[McGraw 2003], it suffices to check that for every f with integral coefficients the
relation (4-12) holds. For u € L' we put c¢(d, ) = c(d) ().

Let W(z, f) be the Borcherds lift of f as in [Borcherds 1998, Theorem 13.3].
This is a meromorphic modular form on D™ for the group I' of weight (0, 0) with
some multiplier system of finite order. Its divisor on X is given by

div(¥(z, ) =Y (c(—d), Z(d)) + B(f),

d>0

where B(f) is a divisor of degree %C(O, 0) supported at the cusps of X. Let
I € Iso(L). To determine the behavior of W(z, f) near the cusp c;, we identify D
with the upper complex half-plane H using (3-4). Then W (w, f) has the infinite
product expansion

W(w, f) =R, .q;n 1—[ (1 _ezni(x,e’)q;u(A))C(*Q(Mak)’ (4-14)
re(L’'NIH)/1
ny(A)>0
which converges near the cusp ¢y, that is, for w € H with sufficiently large imaginary
part. Here the product runs over vectors A of negative norm which are associated
to I, and p; € Q is the Weyl vector at the cusp ¢; corresponding to f. Moreover,
the quantity R; is some constant in k> of modulus 1 times

1_[ (1 _eZNia/NI)C(Oaae/NI)/Z.

LIEZ/NIZ
a#0
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Hence, the (finite) product

re(@’niHy/1
my>ny(1)>0

is a meromorphic modular form of weight ¢(0, 0) satisfying the condition (2-6)
at ¢;. There exists a degree-zero divisor D supported on S such that the finite

product
-1 —c(=Q(M), M)
Ww, f)xup' ey x [1] [T =

Ielso(L)/ T xe(L'NIt)/I
my>ny(A)>0

is a meromorphic modular form of weight ¢(0, 0) satisfying the condition (2-6) at
all cusps and having order O at all cusps different from ¢;,. Here up , € Hg,, m
denotes the function defined in (4-1).

By the choice of the base point so = ¢y, in (2-7), the class of the line bundle
M0,0) In Jn (X) is given by

[Me0,0)]m = [div(W(f)) — deg(M0,0) (c1)Im — [div(up, r))) Im
- > D (=00, M) [divii)]m.  (4-15)

Ielso(L)/ T xe(L'nIt)/I
my>n;(L)>0

Using Lemma 4.1, we see that

> Y (=00 W) vl = — Y _(c(=d). [Z(d)]m)-

Ielso(L)/ T ae(L'NIY)/I d<0
my>n;(A)>0

Inserting this into (4-15), we obtain the relation

—c(0, )M _1In=Y_(c(=d), [Z()In)+ Y _(c(—d), [Z(d)]m)—[diV (D (r,)]m

d>0 d<0
in Ji(X)c. This implies (4-12) in J;dd(X )¢, concluding the proof. ([l

Remark 4.4. To be able to describe the generating series in Jy, (X)c instead of in
the quotient Jt';‘ldd(X )c, we would have to know the normalizing factors R; in (4-14)
more precisely. It would be very interesting to understand these better. Are they
roots of unity?

By the Manin—Drinfed theorem, the natural homomorphism Ji,(X) — J(X)
induces a linear map
I (X)e = J(X)e.

The classes [Z(d)]m with d <0 are in the kernel. Applying this map coefficientwise
to the generating series Ay, in Theorem 4.2, we obtain the Gross—Kohnen—Zagier
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theorem.

Corollary 4.5 (Gross—Kohnen—Zagier). The generating series
Ao(m) =Y _[Z(d)lo - ¢"
d>0

of the classes of the Heegner divisors in the Jacobian J(X)c is the q-expansion of
a cusp formin S32(w)) ® J(X)c.

5. Traces of singular moduli

Here we show that every harmonic Maass form of weight zero with vanishing
constant terms defines a linear functional of the generalized Jacobian Jlf;dd(X )c-
Applying it to the generating series Ap,, one obtains modularity results for traces of
CM values of harmonic Maass forms and weakly holomorphic modular forms as in
[Zagier 2002; Bruinier and Funke 2006].

Let H,:r (I") be the space of harmonic Maass forms of weight k for I as in
[Bruinier and Funke 2004, Section 3]. Recall that there is a surjective differential
operator & : H:(F) — Sy (") to cusp forms of “dual” weight 2 — k.

For the rest of this section we fix a nonzero F € HOJr (I"). We denote the holomor-
phic part of the Fourier expansion of F' at the cusp ¢; corresponding to / € Iso(L) by

Fr=3"ct, ()-ql. (5-1)
jez

We define the order of F at the cusp c; by
ord,, (F) =min{j € Z : ¢} ;(j) # 0}.
Proposition 5.1. Assume that for all I € Iso(L) we have ord., (F) > —m; and
+ _
cp 1(0)=0.
(1) There is a linear map,
trr : Jn(X) — C,
defined by
[Dlw > trp(D):= Y ng-Fla),
aesupp(D)\S
for divisors D=7 n,-(a) in Div?(X).
(i1) The map trr vanishes on Hg, w and factors through Jr?ldd(X ).

Proof. (i) We have to show that trr (D) = 0, for every divisor D = div(g) € Pn(X)
given by a rational function g € k(X)* satisfying

- d(()
q] or ’gg:1+0(q;nl)
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at every cusp c;. The expansion of the logarithmic derivative of g with respect to
the local parameter g; at c; is of the form

my—1

d _
?g =ord,, (8)q; ' +0(qg)" ™).

If F is weakly holomorphic, then 1 := F(dg/g) is a meromorphic 1-form on X.
Hence, by the residue theorem, the sum of the residues of 7 vanishes, and we have

D resq(n) ==Y res,(1).

aeX\S aes

The left-hand side of this equality is given by trr (D), while the right-hand side
satisfies

Zresa(n): Z res¢, (1)

aes Ielso(L)/ T
_ Z resq,zo((ordcl(g)q,l + 0(6]711_1)) Z C;I(])q;) =0.
Ielso(L)/ T Jzmm

Here we have also used the fact that c; ;(0) =0 forall 1.

To prove the assertion for general F € H&” (I"), we let X, be the manifold with
boundary obtained from X by cutting out small oriented discs of radius ¢ around
the points in supp(div(g)) U S. Then for the 1-form 1 := F(dg/g) it is still true that

lim [ 5=0.
e—0 X,

Indeed, we have

[ n=] Fatoeis? = [ ar-sogish
X, X, Xe

Since log | g|? and F are harmonic functions on X,, we find that

f nzf <5F>A<alog|g|2>=—f a((éF)log|g|2)=—f (3F) log |gI2.
X, Xe 0X,

&

In the latter integral, the differential 8 F = &y(F)dz is antiholomorphic (hence
smooth) on all of X. Since log |g|? has only logarithmic singularities, the integral
vanishes in the limit ¢ — 0.

On the other hand, a local computation shows that

d
lim n=tr(D)+ »_ resc,(F;r-—g). (5-2)
e=0Jox. Ielso(L)/ T 8

The vanishing of the second summand on the right-hand side follows as before,
proving that trg (D) = 0 again.
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(ii) Let up » be as in (4-1). The same argument shows that trr(div(u p »)) vanishes
and trp factors through Jj‘ldd(X ). O

Theorem 5.2. Assume that ord,,(F) > —mj and C;I(O) =0 for all I € Iso(L).
Then trp(Awm) is a weakly holomorphic modular form in Mé/z (w)), and

trr(An)(@) = Y trr((Z(d, 9)In) - ¢ + trr (M1 Tm)@(0) + Y _F(Y(d, 9)) - q".
d<0 d>0

Moreover, for d < O the quantity ttp([Z(d, ¢)]w) is given by the finite sum

trr([Z(d, ¢)]m)
_ _% 3 S ) o) - I (—ny () ).

Ielso(L)/T reLl /Ty jz1

Proof. The modularity of trp(Ay,) is a direct consequence of Theorem 4.2 and
Proposition 5.1.

We now compute the g-expansion. For d > 0 and ¢ € S; we have by definition
of the map try that

trr([Z(d, 9)Im) = F(Y(d, ¢)).

If d <0and d € —2disc(L)(Q*)?, we obtain by the definition of the class [Z(d)]n
that

wr((Zd, 9)lm) = ) (@) +p(=1) - e (div(h; )

AeLl/T

1 .
== XX 5y W0 e Fdivin).
Ielso(L)/ T reLy /Ty

2n; (M)

Arguing as in the proof of Proposition 5.1, in particular (5-2), we find for A € Lil, I
that
d]’l)L )

Fdivi)=— Y resc‘,(Ff-K

Jelso(L)/ T
n ()L)_EZm'(A,Z’[) ny(A)—1 +0( m,—l)
=resc,<F,+- 1 4qr q; )

/

1 — @2miGty) o)

)ql

=n;(0) Yy eIk (—np (1)), (5-3)
Jj=1

Inserting this into the previous equation, we obtain the assertion. U

Remark 5.3. The constant term trz([Z(0, ¢)]n) can also be computed explicitly,
see Proposition 5.4 for an example.
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An example. Consider the modular curve Xo(M) for a squarefree M € Z-¢. Let L

be the lattice
L:{(b a/M>:a,b,ceZ}, (5-4)
c —b

with the quadratic form Q(X) = M det(X). Then L'/L = 7Z/2MZ and SO (L) is
isomorphic to the extension I'j (M) of I'g(M) by the Atkin—Lehner involutions. The
discriminant kernel subgroup I' is isomorphic to I'g(M), and the modular curve X
is isomorphic to Xo(M) with the cusp associated to the isotropic line Ip = Z((l) 8)
corresponding to oo; see, e.g., [Bruinier and Ono 2010, Section 2.4].

The group I'j(M) acts transitively on Iso(L), and the orbits are represented
by the lines Ip = Wp.I for the positive divisors D | M. Here Wp € PGLEL Q)
denotes the Atkin—Lehner involution with index D. In particular, the set S of cusps
of Xo(M) is in bijection with the set of positive divisors of M. If I € Iso(L), we
write D; for the unique positive divisor of M such that / is equivalent to Wp, .l
under I'. Let F € H(;r (I') be a harmonic Maass form. The expansion of F at the

cusp Ip as in (5-1) is given by the Fourier expansion of F | Wp.

Proposition 5.4. Assume that for all I € Iso(L) we have ord.,(F) > —m| and
c; 1(0) = 0. The constant term of the generating series trp(Ay,) is given by

rr(Molw) =2 Y Y cf, (=j)-D-01(j/D).

DM j=1

Remark 5.5. As shown in [Bruinier and Funke 2006, Remark 4.9], the right-hand
side above is also equal to —# FE%M)\H F du. The proposition gives a geometric
interpretation of this regularized integral.

Proof of Proposition 5.4. We use the notation of the proof of Theorem 5.2. By
linearity it suffices to compute the class of the line bundle M ;. Since X = Xo(M),

a section of this line bundle is the usual discriminant function given by
A=q[a—-qgm*
n>1

To compute the class of M, in the generalized Jacobian, we have to modify this
section by multiplying with rational functions such that the local conditions (2-6)
at the cusps are satisfied. It is easily checked that

A|Wp=D"°A(D7)=D%" ]_[(1 —gPm,
n>1
This implies that the section

s=a- 1 1w

Ielso(L)/ T re(L'nIt)/I
my>ny(A)>0
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has the expansion
s=D"qp, - (1+0(a;,"))

at the cusp Ip. For the |S|-tuple r = (D%)p | > and the function ug , € Q(Xo(M))™,
the section s - ug  of M, satisfies the local conditions (2-6) at all cusps. Therefore,
in view of (2-7) and Proposition 5.1 (ii), we have

trp ([Mi2lm) = trp([div(s - uo,r) — deg(Mi2) - (¢1)Im)

=-24 > > F(div(hp,).

Ielso(L)/ T xe(L'NIH)/1
my>ny(A)>0

Using formula (5-3), we get

my—1

rr((Mpln)=-24 > Y Din)_ch (~Dynj)

Ielso(L)/ T n=1 j=1
=-24Y" Y ¢}, (=)D -01(j/D).
DM j>1
This concludes the proof of the proposition. O

We now explain how to obtain a scalar-valued generating series from trp(Ay,).
By means of the canonical pairing (Sz, S)) — C, we define a map

S —>C, ur> (x1,u),

given by the pairing with the constant function x; with value 1. It induces a map
from S, -valued to scalar-valued modular forms,

M; ), (w)) — My, (To(dM)),  f() > [ (1) == f (1) (@M1),

see [Eichler and Zagier 1985, §5]. The image lies in the Kohnen plus-space.
Applying this map to the generating series Ay, of Theorem 4.2, we obtain a scalar
valued generating series which has level 4 M. In particular, this implies Theorem 1.1
of the introduction. If we apply this map to Theorem 5.2 and use Proposition 5.4,
we obtain:

Theorem 5.6. Let L be as in (5-4). Assume that for all 1 € 1so(L) we have
orde, (F) > —my and c}; ;(0) = 0. Then trp (A™) € M 1 (Co(4M)), and

2
(AT = =2 D ) (b beg”
D|M b>1 n>1

+2 3 3 cf, (=n)-D-oy(n/D)+ Y F(Y(d/AM. x1))-q°.

D|M n>1 deZ-o
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When M = p is a prime and F is invariant under the Fricke involution, we obtain
Theorem 1.4 of the introduction.

Nowlet M =1andlet j = Ei /A be the classical j-function. Write J = j —744 =
g~ ' 4 196884g + - - - for the normalized Hauptmodul for PSL,(Z) with vanishing
constant term. Applying Theorem 5.6 with F' = J, we recover Zagier’s original
result [2002]:

Corollary 5.7. The generating series

—g7' 24+ Y I /4 ) g
deZg=o

of the traces of singular moduli is a weakly holomorphic modular form for I'g(4) of
weight % in the plus-space.

6. Generalizations

In the section we describe some variants of our main results and indicate possible
generalizations.

Modularity in the generalized class group. In the definition of the Heegner divi-
sors Z(d) we have projected to degree-0 divisors by subtracting a suitable multiple
of (cr,). We now briefly describe what happens if we do not apply this projection
and consider the divisors Y (d, ¢) defined in (3-7) for d > 0. Then the corresponding
generating series is a nonholomorphic modular form, where the nonholomorphic
part is coming from a generalization of Zagier’s Weight—% Eisenstein series.

We let Cl,, (X) be the generalized class group of X with respect to the modulus m,
which we define as the quotient of the group of divisors on X defined over kK modulo
the subgroup Py, (X). Moreover, in analogy with (4-2) we put

CIP(X) = Cln(X)/Hg, m- (6-1)

If d > 0, we write [Y(d, ¢)]m for the class of the divisor Y (d, ¢) in Cl,(X).
For d =0 we put [Y (0, ¢)]m = ¢(0)[M_1]m, where the class in Cl,,(X) of a line
bundle £ is defined as in (2-7) but without the summand deg(L) - (sp). Finally,
ford <Owelet[Y(d, ¢)lm =12, ¢)]n.

Recall from [Funke 2002, Theorem 3.5] that there is a (nonholomorphic) weight-
% Eisenstein series E3/2 1 (T) whose coefficients with nonnegative index are given
by the degrees of the Y (d, ¢) (see also [Kudla 2003]). It is a harmonic Maass form
of weight % for the group Mp,(Z) with representation w,” and generalizes Zagier’s
nonholomorphic Eisenstein series [1975]. Its Fourier expansion decomposes as

— gt -
Ey (D =E] (M+Ey, (D),
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where the holomorphic part is the generating series of the degrees of Heegner
divisors,

+ _ d
EY, (D) =) deg(Y(d) q",
d>0
and the nonholomorphic part E 3/2.L is a period integral of a linear combination of
unary theta series. We obtain the following variant of Theorem 4.2.

Theorem 6.1. The generating series

An(@= ) Y@Dln-q* +E | - (cn)
deyZ ’

is a nonholomorphic modular form of weight % for Mp,(Z) with representation w)
with values in Clﬁ?d (X). Moreover, we have

Am :Am_E%,L . (Clo)'

Twists by genus characters. Let L be the lattice of page 1294 for a squarefree
M € Z-, and recall that I' = I'g(M). For a discriminant A # 1 and r € Z such
that A = r?> mod 4M, we can define a generalized genus character x5 on L’ as in
[Gross et al. 1987, Section 1.2] and [Bruinier and Ono 2010, Section 4] let

(&) if A|b*>—4Mac and (b*> —4Mac)/A is a square modulo 4M
Xa(h) = and gcd(a, b, c, A) =1,
0 otherwise,

with A = (b/ iM _’ba/zﬂifl) € L' and n € 7 any integer prime to A represented by one
of the quadratic forms [Ma, b, M,c] with My M, = M. Note that x, is invariant
under SO'(L).

If A € L' with Q(L) € —4M (Q*)?, let I be the isotropic line associated with A,

and let iip ) € @(\/Z) (X)* be a rational function with the following expansions:

, N
= HbeZ/AZ(l - ezm}’/AQ}“m)(") + O(q]"") atthe cusp ¢y,

ha
1+ 04} at all other cusps c;.

Suppose that (A,2M) = 1, or equivalently (r,2M) = 1. For each d € ﬁZ and
¢ € S1, we can define the divisor Zx ,(d, ¢) € Div?(X)¢ by

XaMer=1h)

A=A Y ) ifd >0,
AeLly /T 2|15
— A N)p(—ri
Zasdipyi=  yn PURIEEBDOETY) o1y pge 1Bl
AeLiya, /T 2ny (1) ’ aM

0 otherwise.
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All these divisors are defined over @(\/Z) and have coefficients in the field of
definition of ¢. We write [Za ,(d)]m € SLv ® J;‘.ldd(X ) for the element that sends
@ to [Za,(d,¢)]n € Jj‘idd(X). Define the representation @y to be wy if A >0
and oy if A < 0. Then we have the following abstract modularity result.

Theorem 6.2. The generating series

Arrm(@) = Y [Zar(d)ln-q? € S/ (@) ® T3 (X)e

de ;7
is the gq-expansion of a weakly holomorphic modular form in Mé P (Op) ® J;‘ldd(X )c-

This result comes out of calculating the effect of the intertwining operator in
[Alfes and Ehlen 2013, Section 3] applied to the generating series A (7) associated
to the scaled lattice (AL, Q(-)/|A]). The conditions that M is squarefree and
(A,2M) =1 are imposed to simplify the definition of Zx ,(d, ¢) and can be
removed with a more complicated definition of the classes. Note that it is necessary
for sgn(A), which determines the parity of @y, to appear in the definition of
Za (d, ¢). Alternatively, one could use the twisted Borcherds products in [Bruinier
and Ono 2010, Theorem 6.1] to give a proof of Theorem 6.2 along the same line
as that of Theorem 4.2 above. By applying the functionals of Proposition 5.1 to
the twisted generating series of Theorem 6.2, the main result of [Alfes and Ehlen
2013] on twisted traces of harmonic Maass forms can be recovered.

Other orthogonal Shimura varieties. The Gross—Kohnen—Zagier theorem has been
generalized to higher dimensional orthogonal Shimura varieties in [Borcherds 1999].
Hence it is natural to ask whether our main results can also be generalized in the same
direction. Let L be an even lattice of signature (n, 2), and let I be the discriminant
kernel subgroup of SO*(L). Denote by Xt a (suitable) toroidal compactification of
the connected Shimura variety Yr associated to I'. It would be interesting to define
a generalized divisor class group as the group of divisors on Xt modulo divisors
of rational functions that satisfy certain growth conditions along the boundary of
Xr. Is it possible to prove a modularity result analogous to Theorem 4.2 for the
classes of special divisors? In this context, the product expansions obtained in
[Kudla 2014] with respect to one-dimensional Baily—Borel boundary components
may be helpful.

To illustrate this question, let us consider the easiest case for n = 2 where the
lattice L is the even unimodular lattice of signature (2, 2). Then the variety Xr can
be identified with the product X (1) x X (1) of two copies of the compact modular
curve of level 1. Special divisors on Xt of positive index d in the sense of [Kudla
1997] are given by the Hecke correspondences Z(d). Let ¢ = (g1, g2) be the usual
local coordinates near the boundary point s = (00, 00) € Xr. Let m be a positive
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integer, and put m = m - (s). If k = (k1, k») € Z? we briefly write ¢* = qi‘lqé‘z, and
for a meromorphic function f in a neighborhood of (oo, co) we write f = O (¢g™) if
in the Taylor expansion of f at (co, 0co) only terms of total degree at least m occur.

Let Divy, (X1 ) be the free abelian group generated by pairs (D, gp), where D is a
prime Weil divisor on X and gp is a local equation for D in a small neighborhood
of s. The local equations give rise to local equations gp near s for arbitrary Weil
divisors D. Let P, (Xr) be the subgroup of pairs (D, gp) € Divy,(Xr) for which
D = div(f) is the divisor of a meromorphic function f satisfying

frgp =1+0@"
near s. We define a generalized class group as the quotient
Cln(X1) = Divey (X1)/ P (XT).

It would be interesting to define suitable classes of special divisors in Cly, (X) of
arbitrary integral index d and to prove a modularity result for the generating series
of these classes.
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