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Algebraicity of
normal analytic compactifications of C?
with one irreducible curve at infinity

Pinaki Mondal

We present an effective criterion to determine if a normal analytic compactifica-
tion of C? with one irreducible curve at infinity is algebraic or not. As a byproduct
we establish a correspondence between normal algebraic compactifications of C?
with one irreducible curve at infinity and algebraic curves contained in C? with
one place at infinity. Using our criterion we construct pairs of homeomorphic
normal analytic surfaces with minimally elliptic singularities such that one of the
surfaces is algebraic and the other is not. Our main technical tool is the sequence
of key forms —a “global” variant of the sequence of key polynomials introduced
by MacLane [1936] to study valuations in the “local” setting — which also extends
the notion of approximate roots of polynomials considered by Abhyankar and
Moh [1973].

1. Introduction

Algebraic compactifications of C? (i.e., compact algebraic surfaces containing C?)
are in a sense the simplest compact algebraic surfaces. The simplest among these are
the primitive compactifications, i.e., those for which the complement of C? (a.k.a.
the curve at infinity) is irreducible. It follows from a famous result of and Van de
Ven that up to isomorphism, P? is the only nonsingular primitive compactification
of C2. In some sense a more natural category than nonsingular algebraic surfaces
is the category of normal algebraic surfaces'. In this article we tackle the problem
of understanding the simplest normal algebraic compactifications of C?:

Question 1.1. What are the normal primitive algebraic compactifications of C??

MSC2010: primary 14J26; secondary 32J05, 14E15, 14E0S.
Keywords: algebraicity, compactifications, one place at infinity, valuations,

IThis is true for example from the perspective of valuation theory: the irreducible components
of the curve at infinity of a normal compactification X of c? correspond precisely to the discrete
valuations on C[x, y] which are centered at infinity with positive dimensional center on X. Therefore
X is primitive and normal if and only if X corresponds to precisely one discrete valuation centered at
infinity on C[x, y].
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We give a complete answer to this question; in particular, we characterize
both algebraic and nonalgebraic primitive compactifications of C2. Our answer
is equivalent to an explicit criterion for determining algebraicity of (analytic)
contractions of a class of curves: indeed, it follows from well-known results of
Kodaira, and independently of Morrow, that any normal analytic compactification
X of C? is the result of contraction of a (possibly reducible) curve E from a
nonsingular surface constructed from P2 by a sequence of blow-ups. On the other
hand, a well-known result of Grauert completely and effectively characterizes all
curves on a nonsingular analytic surface which can be analytically contracted:
namely it is necessary and sufficient that the matrix of intersection numbers of the
irreducible components of E is negative definite. It follows that the question of
understanding algebraicity of analytic compactifications of C? is equivalent to the
following question.

Question 1.2. Let 7 : ¥ — P? be a birational morphism of nonsingular complex
algebraic surfaces and L C P? be a line. Assume 7 restricts to an isomorphism on
a1 (P2 \ L). Let E be the exceptional divisor of 7 (i.e., E is the union of curves
on Y which map to points in P?) and E1, ..., Ey be irreducible curves contained
in E. Let E’ be the union of the strict transform L (on Y) of L and all components
of E excluding Ey, ..., Ey. Assume E’ is analytically contractible; let 7" : Y — Y’
be the contraction of E’. When is Y’ algebraic?

Question 1.1 is equivalent to the N =1 case of Question 1.2. We give a complete
solution (Theorem 4.1) to this case of Question 1.2. Our answer is in particular
effective, i.e., given a description of Y (e.g., if we know a sequence of blow ups
which construct ¥ from P2, or if we know precisely the discrete valuation v on
C(x, y) associated to the unique curve on Y \ C? which does not get contracted),
our algorithm determines in finite time if the contraction is algebraic. In fact the
algorithm is a one-liner: “Compute the key forms of v. Y’ is algebraic if and
only if the last key form is a polynomial.” The only previously known effective
criteria for determining the algebraicity of contraction of curves on surfaces was the
well-known criteria of Artin [1962] which states that a normal surface is algebraic
if all its singularities are rational. We refer the reader to [Morrow and Rossi 1975;
Brenton 1977; Franco and Lascu 1999; Schroer 2000; Badescu 2001; Palka 2013]
for other criteria— some of these are more general, but none is effective in the
above sense. Moreover, as opposed to Artin’s criterion, ours is not numerical, i.e.,
it is not determined by numerical invariants of the associated singularities. We give
an example (in Section 2) which shows that in fact there is no topological, let alone
numerical, answer to Question 1.2 even for N = 1.

As a corollary of our criterion, we establish a new correspondence between
normal primitive algebraic compactifications of C? and algebraic curves in C? with
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one place at infinity*> (Theorem 4.3). Curves with one place at infinity have been
extensively studied in affine algebraic geometry (see, e.g., [Abhyankar and Moh
1973; 1975; Ganong 1979; Russell 1980; Nakazawa and Oka 1997; Suzuki 1999;
Wightwick 2007]), and we believe the connection we found between these and
compactifications of C? will be useful for the study of both?.

Our main technical tool is the sequence of key forms, which is a direct analogue of
the sequence key polynomials introduced by MacLane [1936]. The key polynomials
were introduced (and have been extensively used — see, e.g., [Moyls 1951; Favre
and Jonsson 2004; Vaquié 2007; Herrera Govantes et al. 2007]) to study valuations
in a local setting. However, our criterion shows how they retain information about
the global geometry when computed in “global coordinates.”

The example in Section 2 shows that algebraicity of Y’ from Question 1.2 can
not be determined only from the (weighted) dual graph (Definition 3.25) of E’.
However, at least when N = 1, it is possible to completely characterize the weighted
dual graphs (more precisely, augmented and marked weighted dual graphs — see
Definition 3.26) which correspond to only algebraic contractions, those which
correspond to only nonalgebraic contractions, and those which correspond to both
types of contractions (Theorem 4.4). The characterization involves two sets of
semigroup conditions (S1-k) and (S2-k). We note that the first set of semigroup
conditions (S1-k) are equivalent to the semigroup conditions that appear in the
theory of plane curves with one place at infinity developed in [Abhyankar and Moh
1973; Abhyankar 1977; 1978; Sathaye and Stenerson 1994].

Finally we would like to point that Question 1.1 is equivalent to a two dimensional
Cousin-type problem at infinity: let Oy, ..., Oy € P2\ C? be points at infinity. Let
(uj, vj) be coordinates near O;, ¥;(u;) be a Puiseux series (Definition 3.2) in u,
and r; be a positive rational number, 1 < j < N.

Question 1.3. Determine if there exists a polynomial f € C[x, y] such that for
each analytic branch C of the curve f = 0 at infinity, there exists j, 1 < j <N,
such that

 Cintersects L at O,
* C has a Puiseux expansion v; = 6(u;) at O; such that ord,; (0 — ;) > r;.

On our way to understand normal primitive compactifications of C2, we solve
the N =1 case of Question 1.3 (Theorem 4.7).

Remark 1.4. We use Puiseux series in an essential way in this article. However,
instead of the usual Puiseux series, from Section 3 onward, we almost exclusively

2Let C C €2 be an algebraic curve, and let C’ be the closure of C in P2 and o : C — C’ be the
desingularization of C'. C has one place at infinity if and only if | ~1(C'\ C)| = 1.

3For example, we use this connection in [Mondal 2013b] to solve completely the main problem
studied in [Campillo et al. 2002].
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work with descending Puiseux series (a descending Puiseux series in x is simply a
meromorphic Puiseux series in x ~! — see Definition 3.4). The choice was enforced
on us “naturally” from the context— while key polynomials and Puiseux series are
natural tools in the study of valuations in the local setting, when we need to study
the relation of valuations corresponding to curves at infinity (on a compactification
of C?) to global properties of the surface, key forms and descending Puiseux series
are sometimes more convenient.

1A. Organization. We start with an example in Section 2 to illustrate that the
answer to Question 1.2 can not be numerical or topological. The construction
also serves as an example of nonalgebraic normal Moishezon surfaces* with the
“simplest possible” singularities (see Remark 2.1). In Section 3 we recall some
background material and in Section 4 we state our results. The rest of the article
is devoted to the proof of the results of Section 4. In Section 5 we recall some
more background material needed for the proof; in particular in Section 5A we state
the algorithm to compute key forms of a valuation from the associated descending
Puiseux series, and illustrate the algorithm via an elaborate example (we note that
this algorithm is essentially the same as the algorithm used in [Makar-Limanov
2015] for a different purpose). In Section 6 we build some tools for dealing with
descending Puiseux series and in Section 7 we use these tools to prove the results
from Section 4. The appendices contain proof of two lemmas from Section 6 — the
proofs were relegated to the appendix essentially because of their length.

2. Algebraic and nonalgebraic compactifications with homeomorphic
singularities

Let (u, v) be a system of “affine” coordinates near a point O € P2 (“affine” means
that both # = 0 and v = 0 are lines on P?) and L be the line {x = 0}. Let C; and C»
be curve-germs at O defined respectively by fi :=v> —u’ and f> := (v —u?) —u’.
For each i, let Y; be the surface constructed by resolving the singularity of C; at
O and then blowing up 8 more times the point of intersection of the (successive)
strict transform of C; with the exceptional divisor. Let E be the last exceptional
curve, and E’® be the union of the strict transform L; (on Y;) of L and (the strict
transforms of) all exceptional curves except E.

Note that the pairs of germs (Cy, L) and (C», L) are isomorphic via the map
(u, v) — (u, v+ u?). It follows that “weighted dual graphs” (Definition 3.25) of
the E'® are identical; they are depicted in Figure 1, left (we labeled the vertices
according to the order of appearance of the corresponding curves in the sequence
of blow-ups). It is straightforward to compute that the matrices of intersection

*Moishezon surfaces are analytic surfaces for which the fields of meromorphic functions have
transcendence degree 2 over C.
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Figure 1. Singularity of ¥/. Left: weighted dual graph of E'®).
Right: weighted dual graph of the minimal resolution of the singu-
larity of Y.

numbers of the components of the E'®) are negative definite, so that there is a
bimeromorphic analytic map ¥; — ¥/ contracting E'. Note that each Y/ is a
normal analytic surface with one singular point P;. It follows from the construction
that the weighted dual graphs of the minimal resolution of singularities of Y/ are
identical (see Figure 1, right), so that the numerical invariants of the singularities
of the Y/ are also identical.

In fact it follows (from, e.g., [Neumann 1981, Section 8]) that the singularities
of the Y/ are also homeomorphic. However, Theorem 4.1 and Example 3.19 imply
that Y| is algebraic, but Y} is not.

Remark 2.1. It is straightforward to verify that the weighted dual graph presented
in Figure 1, right, is precisely the graph labeled Dy . ¢ in [Laufer 1977]. It then
follows from [Laufer 1977] that the singularities at P; are Gorenstein hypersurface
singularities of multiplicity 2 and geometric genus 1, which are also minimally
elliptic (in the sense of [Laufer 1977]). Minimally elliptic Gorenstein singularities
have been extensively studied (see, e.g., [Yau 1979; Ohyanagi 1981; Némethi
1999]), and in a sense they form the simplest class of nonrational singularities’.
Since having only rational singularities implies algebraicity of the surface [Artin
1962], it follows that the surface Y, we constructed above is a normal nonalgebraic
Moishezon surface with the “simplest possible” singularity.

It follows from [Laufer 1977, Table 2] that the singularity at the origin of

72 = x° +xy> (Figure 2) is of the same type as the singularity of each Y/, 1<i<2.

3. Background I

Here we compile the background material needed to state the results. In Section 5
we compile further background material that we use for the proof.

Notation 3.1. Throughout the rest of the article we use X to denote C? with
coordinate ring C[x, y] and X (x,y) to denote the copy of P2 such that X is embedded

SIndeed, every connected proper subvariety of the exceptional divisor of the minimal resolution
of a minimally elliptic singularity is the exceptional divisor of the minimal resolution of a rational
singularity [Laufer 1977].
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Figure 2. The singularity of z2 = x> + xy> at the origin (whirling dervish).

into Y(x,y) via the map (x, y) — [1 :x : y]. We also denote by L, the line at
infinity X .y \ X, and by Q, the point of intersection of L, and (the closure of) the
y-axis. Finally, if wy, ..., w, are positive integers, we denote by P (wy, . . ., w,)
the complex n-dimensional weighted projective space corresponding to weights
o, - .., Wy.

3A. Meromorphic and descending Puiseux series.

Definition 3.2 (meromorphic Puiseux series). A meromorphic Puiseux series in a
variable u is a fractional power series of the form Zm> I, amu™'P forsomem, M €7,
p > 1anda, € C for all m € Z. If all exponents of u appearing in a meromorphic
Puiseux series are positive, then it is simply called a Puiseux series (in u). Given a
meromorphic Puiseux series ¢ (1) in u, write it in the form

o) :..._|_a1u£11/171 _|_,,_+a2uQ2/(P1p2)+_,,_|_aluq1/(l71pz-~pz)_|_,_, ’

where g1/ p; is the smallest noninteger exponent, and for each k, 1 <k <[, we
have a; # 0, pr > 2, ged(py, qx) = 1, and the exponents of all terms with order
between g /(p1 - - - pr) and g /(p1 - - - pr+1) (or, if k =1, all terms of order above
1/(p1--- p) belong to 1/(py - - - px)Z. Then the pairs (g1, p1), ..., (qi, p1), are
called the Puiseux pairs of ¢ and the exponents gx/(p1 - -- px), 1 <k <I, are called
characteristic exponents of ¢. The polydromy order [Casas-Alvero 2000, Chapter 1]
of ¢ is p := p1--- p;, i.e., the polydromy order of ¢ is the smallest p such that
¢ € C((u'/7)). Let ¢ be a primitive p-th root of unity. The conjugates of ¢ are

dju):=--- +a JnPPy e g, 9203 Py @2/ (P1p2)

4+ +al§-jCIluq1/(PlP2"‘P1) 4.



Algebraicity of normal analytic compactifications of C? 1647

for 1 < j < p (i.e., ¢; is constructed by multiplying the coefficients of terms of ¢
with order n/p by ¢/™).

We recall the standard fact that the field of meromorphic Puiseux series in u is
the algebraic closure of the field C((z)) of Laurent polynomials in u:

Theorem 3.3. Let f € C((un))[v] be an irreducible monic polynomial in v of de-
gree d. Then there exists a meromorphic Puiseux series ¢ (u) in u of polydromy
order d such that

d
f=[]w-diwy.

i=1
where the ¢; are conjugates of ¢.
Definition 3.4 (descending Puiseux series). A descending Puiseux series in x
is a meromorphic Puiseux series in x .
Puiseux series defined in Definition 3.2 extend naturally to the setting of de-
scending Puiseux series. In particular, if ¢ (x) is a descending Puiseux series
and the Puiseux pairs of ¢ (1/x) are (g1, p1),--.,(qi, p1), then ¢ has Puiseux
pairs (—q1, p1), ---, (—qi, p1), polydromy order p := p; - - - p;, and characteristic
exponents —qi/(p1--- px) for 1 <k <I.

The notions regarding meromorphic

Notation 3.5. We use C((x)) to denote the field of descending Puiseux series in x.
For ¢ € C{(x)) and r € R, we denote by [¢]-., the descending Puiseux polynomial
(i.e., descending Puiseux series with finitely many terms) consisting of all terms of
¢ of degree > r. If ¥ is also in C{(x)), then we write

=¥ = [lsr =[V]sr = deg (p—¥) =<r.
The following is an immediate Corollary of Theorem 3.3:

Theorem 3.6. Let f € Clx,x~', y]. Then there are (up to conjugacy) unique

descending Puiseux series @1, ..., ¢ in x, a unique nonnegative integer m and
¢ € C* such that
k
f=x"T1 T -
i=1 ¢,‘_,‘ is a
conjugate
of ¢;

3B. Divisorial discrete valuation and semidegree. Leto :Y --» Y be a birational
correspondence of normal complex algebraic surfaces and C be an irreducible
analytic curve on Y. Then the local ring Oy ¢ of C on Y is a discrete valuation
ring. Let v be the associated valuation on the field C(Y) of rational functions on Y
in other words v is the order of vanishing along C. We say that v is a divisorial
discrete valuation on C(Y); the center of v on Y is o (C \ S), where S is the set of
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points of indeterminacy of o (the normality of Y ensures that S is a discrete set, so
that C \ S # &). Moreover, if U is an open subset of Y, we say that v is centered
at infinity with respect to U if and only if 6 (C \ S) C Y\ U.

Definition 3.7 (semidegree). Let U be an affine variety and v be a divisorial discrete
valuation on the ring C[U] of regular functions on U which is centered at infinity
with respect to U. Then we say that § := —v is a semidegree on C[U].

The following result, which connects semidegrees on C[x, y] with descending
Puiseux series in x, is a reformulation of [Favre and Jonsson 2004, Proposition 4.1].

Theorem 3.8. Let § be a semidegree on Clx, y]. Assume that 6(x) > 0. Then there
is a descending Puiseux polynomial (i.e., a descending Puiseux series with finitely
many terms) ¢s(x) (unique up to conjugacy) in x and a (unique) rational number
rs < ordy (¢s) such that for every f € Clx, y],

§(f) = 8(x)deg, (f(x, gs(x) +&x")), (3-1
where & is an indeterminate.

Definition 3.9. In the situation of Theorem 3.8, we say that qg(; (x, &) :=¢s(x)+Ex"
is the generic descending Puiseux series associated to 8. Moreover, if X is an
analytic compactification of X = C? and Z C X \ C? is a curve at infinity such
that § is the order of pole along Z, then we also say that ¢s(x, £) is the generic
descending Puiseux series associated to Z.

Example 3.10. If § is a weighted degree in (x, y)-coordinates corresponding to
weights p for x and g for y with p, g positive integers, then the generic descending
Puiseux series corresponding to 8 is ¢s = £x?/P. Note that if we embed C? =
Spec C[x, y] into the weighted projective space P2(1, p,q)via(x,y)—[1:x:y],
then & is precisely the order of the pole along the curve at infinity.

Example 3.11. Recall the setup of the example from Section 2. Then the C; have
Puiseux expansions v = i; (1) at O, where

Vi) =u, o) =u’ +u’

Now note that (x, y) := (1/u, v/u) are coordinates on P>\ L = C?, and with
respect to (x, y) coordinates the C; has a descending Puiseux expansion of the
form y = x;(1/x) = x?/°. Similarly, C, has a descending Puiseux expansion
of the form y = xy»(1/x) = x*/> + x~!. Let §; be the order of pole along E?,
1 <i < 2. Then the generic descending Puiseux series corresponding to §; and &
are respectively of the form

G5, (x, E1) = x4+ E x5 G5, (x, 8) = xS+ xT 457 (3-2)
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Definition 3.12 (formal Puiseux pairs of generic descending Puiseux series). Let §
and ¢s(x, &) 1= ¢s(x) + £x" be as in Definition 3.9. Let the Puiseux pairs of ¢s
be (1, p1), ..., (qi, pr). Express rs as gi41/(p1 -+ - pipi+1) where p;1 > 1 and

ged(qr11, pi1) = 1. The formal Puiseux pairs of ¢s are (g1, p1), - .-, (@141, pre1),
with (g;+1, pr+1) being the generic formal Puiseux pair. Note that

(1) 6(x)=pi1--- pit1,
(2) itis possible that p;y; = 1 (whereas every other py is > 2).

3C. Geometric interpretation of generic descending Puiseux series. In this sub-
section we recall from [Mondal 2016] the geometric interpretation of generic
descending Puiseux series. We keep the conventions introduced in Notation 3.1.

Definition 3.13. An irreducible analytic curve germ at infinity on X is the image y
of an analytic map 4 from a punctured neighborhood A’ of the origin in C to X
such that |h(s)| — oo as |s| — O (in other words, A is analytic on A" and has a pole
at the origin). If X is an analytic compactification of X, then there is a unique point
Pe )?\X such that |i(s)| — P as |s| = 0. We call P the center of y on X, and
write P =limgy.

Let X be a primitive normal analytic compactification of X with an irreducible
curve Cy at infinity. Let o : Xy y) ——? X be the natural bimeromorphic map, and
let Y be a resolution of indeterminacies of o, i.e., Y is a nonsingular rational surface
equipped with analytic maps 7 : ¥ — Xy, and 7’ : ¥ — X such that 7’ = o o 7.
Let L/ be the strict transform of Ly € X(y.y) on ¥ and Q) € Li, be (the unique
point) such that JT(Q/y) = Q,. Let Py := ﬂ/(Q’y) € Cxo.

Proposition 3.14 [Mondal 2016, Proposition 3.5]. Let § be the order of pole
along Coo, ¢s(x, &) be the generic descending Puiseux series associated to §
and y be an irreducible analytic curve germ on X. Then limg y € Coo \ {Poo} if
and only if y has a parametrization of the form

> (1, ¢s(t, §)|e=c +1.d.t)  for|t] >0
for some c € C, where 1.d.t. means lower degree terms (in t).

Remark-Definition 3.15. We call P, a center of P?-infinity on X. Ps is in fact
unique in the case of “generic” primitive normal compactifications of C> (we do
not use this uniqueness in this article, so we state it without a proof):

o If X = P?(1, 1, g) for some g > 0, then every point of Cy, is a center of
P2-infinity on X.

o If X = P2(1, p,q) for some p,qg > 1, then X has rwo singular points, and
these are precisely the centers of P2-infinity on X.
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« In all other cases, there is a unique center of P2-infinity on X — it is precisely
the unique point on X which has a nonquotient singularity.

3D. Key forms of a semidegree. Let § be a semidegree on C[x, y] such that
8(x) > 0. Pick k > 1 such that 8(y/x¥) < 0. Set (u,v) := (1/x, y/x¥). Then
v := —4 is a discrete valuation on C[u, v] which is centered at the origin. It follows
that v can be completely described in terms of a finite sequence of key polynomials
in (u#, v) [MacLane 1936]. The key forms of § that we introduce in this section are
precisely the analogue of key polynomials of v. We refer to [Favre and Jonsson
2004, Chapter 2] for the properties of key polynomials that we used as a model for
our definition of key forms.

Definition 3.16 (key forms). Let § be a semidegree on C[x, y] such that §(x) > 0. A
sequence of elements go, g1, ..., gnt1 € Clx, x~1, y] is called the sequence of key
forms for § if the following properties are satisfied with n; :=48(g;),0<j <n+1:
(PO) Nj+1 <ajn; = le;ol ,3]",'7),' forl < ] < n, where

(@ oj=minfa € Z.g:an; € Zno+---+4Znj_1}for1 < j <n,

(b) the B;; are integers such that 0 < 8;; < o; for 1 <i < j <n (in particular,

only the B; o are allowed to be negative).

(P1) go=x,81=y.
(P2) For 1 < j < n, there exists #; € C* such that
Bio Bj.j-1

o
gi+1=8; =08 -8 -

(P3) Let zy, ..., Z4+1 be indeterminates and n be the weighted degree on B :=

Clx,x Y z1, ..., Zn+1] corresponding to weights 7o for x and n; for z;, where

1 <j<n+1 (ie., the value of n on a polynomial is the maximum “weight”
of its monomials). Then for every polynomial g € C[x, x !, y],

8(g) =min{n(G) : G(x,z1,...,Zu+1) € B, G(x,81,...,8+1) =g}. (3-3)

The properties of key forms of semidegrees compiled in the following theorem are
straightforward analogues of corresponding (standard) properties of key polynomials
of valuations.

Theorem 3.17. (1) Every semidegree § on Clx, y] such that 5(x) > 0 has a unique
and finite sequence of key forms.
(2) Conversely, given g, ..., gnt1 € Clx, x~1, y] and integers ng, . .., 141 with
no > 0 which satisfy properties (PO)—(P2), there is a unique semidegree § on
Clx, y] such that the g; are key forms of § and n; =8(g;), 0 < j <n+1.

(3) (Recall Notation 3.1.) Assume o : X* —> X (x,y) IS a composition of point
blow-ups and E* C X* is an exceptional curve of o. Let § be the order of pole
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along E*. Assume 8(x) > 0. Then the following data are equivalent: given any
one of them, there is an explicit algorithm to construct the others in finite time.

(a) A minimal sequence of points on successive blow-ups of X (x,y) such that
o factors through the composition of these blow-ups and E* is the strict
transform of the exceptional curve of the last blow-up.

(b) A generic descending Puiseux series of §.

(c) The sequence of key forms of 6.

(4) Let § be a semidegree on Clx, y] such that §(x) > 0. Let
B5(x, §) 1= s (x) +Ex7

be the generic descending Puiseux series and let g,11 be the last key form of 6.
Then the descending Puiseux factorization of g,+1 is of the form

giri= || O—v;@)
Vjisa
conjugate

of ¥
for some fy € C((x)) such that { =,, ¢s (see Notation 3.5).

Example 3.18. Let § be the weighted degree from Example 3.10. The key forms
of §are gp=x and g; = y.

Example 3.19. Let §; and §, be the semidegrees from Example 3.11. Then the
2. On the other hand the key forms of 6, are
x, v,y —x2, 5 —x? = 5x~1y* (see Algorithm 5.1 for the general algorithm to
compute key forms from generic descending Puiseux series).

key forms of §; are x,y, y° — x

Definition 3.20 (essential key forms). Let § be a semidegree on Clx, y] such
that §(x) > 0, and let go, ..., g,+1 be the key forms of §. Pick the subsequence

Jis J2s .-+, jmof 1, ..., n consisting of all ji such that oj, > 1 (where o, is as in
property (PO) of Definition 3.16). Set
go=x ifk=0,
fir={g  ifl<ks=m,
gntl ifk=m+1.
We say that fy, ..., fin+1 are the essential key forms of é.

The following properties of essential key forms follow in a straightforward
manner from the defining properties of key forms.

Proposition 3.21. (Let the notation be as in Definition 3.20.) Let ¢~>5 (x, &) be the
generic descending Puiseux series of § and (q1, p1), - - ., (qi+1, pi+1) be the formal
Puiseux pairs of ¢s. Then:

(1) I =m, i.e., the number of essential key forms of § is precisely | + 1.
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(2) Set wi :=38(fr), 0 <k <1+ 1. Then the sequence wy, ..., w;+1 depends only
on the formal Puiseux pairs of ¢s. More precisely, with py = qo := 1, we have

wk:ipl”-pm ifk =0, (3-4)

Pk—10k—1 + (Gk — Gk—1P) Pk+1 -+ pry1 if 1 <k <I+1.
) Letay, ..., a,+1 be as in property (P0) of key forms. Then

Pk fj=jr, 1=<k=<I+]1,
o =
/ 1 otherwise.
(4) Pick j, 0 < j <n+41. Assume ji < j < jx+1 for some k, 0 <k <. Then
3(gj) is in the group generated by wy, . . . , w.

Definition 3.22. We call wy, ..., w;4+1 of Proposition 3.21 the sequence of essential
key values of §.

Example 3.23. Let 61, 5, be as in Examples 3.11 and 3.19. Then all the key forms
of §; are essential, and the essential key values are wy = 8;(x) =5, w1 =61(y) =2,
wy> =81 (y° —x?) =2. The key forms of 8, are x, y, y° —x2—5x~'y*. The sequence
of essential key values of &, is the same as that of §;.

3E. Resolution of singularities of primitive normal compactifications. Given two
birational algebraic surfaces Y1, Y, we say that Y| dominates Y, if the birational
map Y| --» Y, is in fact a morphism. Let X be a primitive normal analytic com-
pactification of X := C? and 7 : ¥ — X be a resolution of singularities of X. We
say that 77 or Y is P2-dominating if Y dominates P>. The resolution 7 is a minimal
P2-dominating resolution of singularities of X if up to isomorphism (of algebraic
varieties) Y is the only P?-dominating resolution of singularities of X which is
dominated by Y.

Theorem 3.24. Every primitive normal analytic compactification of C* has a
unique minimal P2-dominating resolution of singularities.

We have not found any proof of Theorem 3.24 in the literature. We give a proof
in [Mondal 2013a] (using Theorem 4.1 of this article). In this section we recall
from [Mondal 2016] a description of the dual graphs of minimal P?-dominating
resolutions of singularities of primitive normal analytic compactifications of C?.

Definition 3.25. Let £y, ..., E; be nonsingular curves on a (nonsingular) surface
such that for each i # j, either E; N E; = &, or E; and E; intersect transversally
at a single point. Then £ = E; U - --U Ey is called a simple normal crossing curve.
The (weighted) dual graph of E is a weighted graph with k vertices Vi, ..., Vi
such that

o there is an edge between V; and V; if and only if E; N E; # &,

« the weight of V; is the self intersection number of E;.
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1 1 0 1 gy fm=1 0 1 4
-1 Uy —U, — 1 m —Uy —e

*----- ‘—I—‘ —————————— ‘—I
1 "m—1 T
-V, -V, 'Umm

Usually we will abuse the notation, and label V; also by E;.

Definition 3.26. Let X be a primitive normal analytic compactification of X := C?
and 77 : Y — X be a resolution of singularities of X such that ¥\ X is a simple normal
crossing curve. The augmented dual graph of m is the dual graph (Definition 3.25)
of Y\ X. If Y is P>-dominating, we define the augmented and marked dual graph
of m to be its augmented dual graph with the strict transforms of the curves at
infinity on P> and X marked (e.g., by different colors or labels).

Given a sequence (g1, P1), - - -, (Gn, Pn) Of pairs of relatively prime integers, and
positive integers m, e such that 1 < m < n, we denote by Fg Fome the weighted
graph in Figure 3, where the right-most vertex in the top row has weight —e, and
the other weights satisfy: u?, v? > 1 and ulj , vij > 2 for j > 0, and are uniquely
determined from the continued fractions
5. 1 / 1
Pl — L (3-5)
g 1 Di . 1

’ 1 i 1

ti : ri
u; i

where g| :=¢; and ¢/ :=g; — qi—1p; if i # 1.

Remark 3.27. f‘g G is the weighted dual graph of the exceptional divisor of
the minimal resolution of an irreducible plane curve singularity with Puiseux pairs

(1, p1)s -+ (Gm, Pm) (see, e.g., [Mendris and Némethi 2005, Section 2.2]).

Theorem 3.28 [Mondal 2016, Proposition 4.2, Corollary 6.3]. Let X be a primitive
normal compactification of X := Spec C[x, y] = C2.
(1) If X is nonsingular, then X = P2.

(2) Assume X is singular. Let q~55 (x, &) be the generic descending Puiseux series
(Definition 3.9) associated to E* := X \ X and (q1, p1), ..., (qi+1, Pi+1)
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be the formal Puiseux pairs of ¢~5(x, &) (Definition 3.12). Define (g;, p;) :=
(pr---pi—qi,pi), 1 <i <l+1

(a) After a (polynomial) change of coordinates of C? if necessary, we may
assume that q < p1 and either | =0 or q; > 1.

(b) Assume (2a) holds. If pi+1 > 1, then the augmented and marked dual
graph of the minimal P2-dominating resolution of singularities of X is as
in Figure 4, left, where the strict transform of the curve at infinity on P2
(resp. X) is marked by L (resp. E™).

(c) Assume (2a) holds. If p;+1 =1, then (I > 1, and) the augmented and marked
dual graph of the minimal P*-dominating resolution of singularities of X
is as in Figure 4, right, where the strict transform of the curve at infinity
on P? (resp. X) is marked by L (resp. E*).

Conversely, let 0 <1, and (q1, p1), - . ., (qi+1, Pi+1) be pairs of integers such
that

@ pe>2, 1<k=<lI,

®) pry1>1,

©) Gri=p1-pk—qr >0, 1 <k <Il+1,
(d) ged(pr,g) =1, 1 <k<I+1.

Assume moreover that (2a) holds, i.e., either | = 0 or q;+1 > 1. Define
o, ..., w11 as in (3-4). Let

[ the graph from Figure 4, left  if pi+1 > 1, (3-6)
P4\ the graph from Figure 4, right  if pj41 = 1.
Then T ; is the augmented and marked dual graph of the minimal P2-
dominating resolution of singularities of a primitive normal analytic com-
pactification of C? if and only if w41 > 0.

1
I—uy, —u; —ug—l -1 E I—ujy, —u; —u;—1 _2 -2 -2 =1
1 ' 1 ! 1
- L | - N e
1 .

! o—v] e—v., | ! o—v! O—v}: vertices
____________________ I L e e e e e e e e e e m - m ==

G.pd+1,1 Ls 52

P > 1 piv1 =1

Figure 4. Augmented and marked dual graph for the minimal P2-
dominating resolutions of singularities of primitive normal analytic
compactifications of C2.
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Remark 3.29. Let X be a primitive normal analytic compactification of C> =
Spec C[x, y] and T be the augmented and marked dual graph for the minimal P2-
dominating resolution of singularities of X. Theorem 3.28 and identity (3-5) imply
that I determines, and is determined by, the formal Puiseux pairs of the generic
descending Puiseux series associated to the curve E* at infinity on X. Let § be
the semidegree on C[x, y] corresponding to E*. Proposition 3.21 then implies that
the §-value of essential key forms of § are also uniquely determined by I'; we call
these the essential key values of T'.

4. Main results

Consider the setup of Question 1.2. Assume N = 1. Choose coordinates (x, y) on
P2 \ L. Let § be the semidegree on C[x, y] associated to E; (i.e., § is the order of
pole along E) and let go, ..., gnt1 € Clx, x~!, y] be the key forms of §.

Theorem 4.1 (answering Question 1.2 in the case N = 1). The following are
equivalent:

(1) Y’ is algebraic.
(2) gj is a polynomial,0 < j <n+ 1.
(3) gn+1 is a polynomial.

If any of these conditions holds, then Y' is isomorphic to the closure of the image
of C? in the weighted projective variety P"2(1,8(go), ..., 8(gns1)) under the
mapping (x, y) = [L:go -2 gny1].

Remark 4.2. To ask Question 1.2 we need to determine if the given curve E’ is
analytically contractible. We would like to point out that in addition to the direct
application of Grauert’s criterion, the contractibility of E’ can be determined in
terms of the semidegrees associated to Ey, ..., Ey [Mondal 2016, Theorem 1.4].
In particular, in the N = 1 case, E’ of Question 1.2 is analytically contractible if
and only if §(g,+1) > 0 (where § and g, are as above).

We now state the correspondence between primitive normal algebraic compacti-
fications of C? and algebraic curves in C? with one place at infinity.

Theorem 4.3. Let X be a primitive normal analytic compactification of C*. Let
P € X \ C? be a center of a P*-infinity on X (Remark-Definition 3.15). Then the
following are equivalent:

(1) X is algebraic.

(2) There is an algebraic curve C in C* with one place at infinity such that P is
not on the closure of C in X.
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Figure 5. Augmented and marked dual graph of the minimal P2-
dominating resolution of singularities of ¥/ from Section 2.

Let § be the semidegree on C[x, y] corresponding to the curve at infinity on X, and
80s - - 8nt1 € Clx, x1, y] be the sequence of key forms of 8. If either (1) or (2) is
true, then g, is a polynomial, and defines a curve C as in (2).

Now we come to the question of characterization of augmented and marked dual
graphs of the resolution of singularities of primitive normal analytic compactifi-
cations of C2. For a primitive normal analytic compactification X of C?, let I'g
be the augmented and marked dual graph (from Theorem 3.28) associated to the
minimal P2-dominating resolution of singularities of X. Let G be the collection
of I'g as X varies over all primitive normal analytic compactifications of C?; note
that assertions (2) and (3) of Theorem 3.28 give a complete description of G. Pick
I'eG. Let(q1, p1), - - -, (141, pi+1) be the formal Puiseux pairs, and wy, . . ., w41
be the sequence of essential key values of I' (Remark 3.29). Fix k, 1 <k <. The
semigroup conditions for k are:

prwy € Zso{wo, . .., k1), (S1-k)
(w1, prwx) N ZL{wo, ..., k) = (g1, prwr) N Zso{wo, - . ., W), (S2-k)

where (wr+1, prox) :={a € R: wxy1 < a < prox} and Zso{wy, ..., wk) (respec-
tively, Z{wo, ..., wy)) denotes the semigroup (respectively, group) generated by
linear combinations of wy, . .., w; with nonnegative integer (respectively, integer)
coefficients.

Theorem 4.4. (1) T =Tz for some primitive normal algebraic compactification
X of C? if and only if the semigroup conditions (S1-kK) hold for allk, 1 <k <1.

(2) I' =T'g for some primitive normal nonalgebraic compactification X of C?if
and only if either (S1-k) or (S2-k) fails for some k, 1 <k <.

Remark-Example 4.5. Note that if (S1-k) holds for all £, 1 < k <, but (S2-k)
fails for some k, 1 < k <, then Theorem 4.4 implies that there exist primitive
normal analytic compactifications X1, X, of C2 such that X, is algebraic, X, is
not algebraic, and I' = I'y =Ty, . Indeed, that is precisely what happens in the
setup of Section 2: let I' be the augmented and marked dual graph corresponding
to the minimal P2-dominating resolution of singularities of the Y/ (Figure 5). It
follows from (3-2) that the formal Puiseux pairs associated to I" are (2, 5), (—6, 1);
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in particular / = 1. Example 3.23 implies that the sequence of essential key values
of I' is (5, 2, 2). It is straightforward to verify that (S1-k) is satisfied for k = 1. On
the other hand,

3e€(2,100NZ(5,2)\Z>0(5, 2)

so that (S2-k) is violated for k = 1. This implies that I" corresponds to both
algebraic and nonalgebraic normal compactifications of C?, as we have already
seen in Section 2.

Remark-Example 4.6. We state some straightforward corollaries of Theorem 4.4
and of the fact— a special case of [Herzog 1970, Proposition 2.1] —that if p, g
are relatively prime positive integers, then the greatest integer not belonging to
Z>0{p,q)is pg — P —q.

(1) Pick relatively prime positive integers p, g such that p > g. ThenI"}, , (defined
as in (3-6)) corresponds to only algebraic compactifications of C2.

(2) Pick integers p, q, r such that p, g are relatively prime, p > ¢ > 0and g > r.
Setl:=1, (q1, p1) :=(q, p), (g2, p2) := (r, 1). Then (3-4) implies that wg = p,
w1 =gq and wp = (p—1)g +r. Assertion (3) of Theorem 3.28 therefore implies
that I"; 7 corresponds to a compactification of C?if and only if (p—1)g+r > 0.
So assume g >r > —(p —1)g.

(a) If r > —p, then I'; 7 corresponds to only algebraic compactifications
of C2.

(b) If —p >r > —(p — 1)q, then ' ; corresponds to both algebraic and
nonalgebraic compactifications of C2.

(3) Let p1, g1, p> be integers such that p; > g1 > 1, p» > 2, p; is relatively prime
to g1, and p; is relatively prime to p1q; — p1 —¢q1. Set

Q=piqi—p1—q—q(pr—Dp2, gz:=q—1, p3:=1

In this case wp = p1p2, @1 = q1p2, w2 = p1g1 — p1 —q1 and w3 = prwy — 1.
It follows that (S1-k) fails for k = 2 and therefore I'; ; corresponds to only
nonalgebraic compactifications of C2.

Finally we formulate our answer to Question 1.3 in the case N = 1. Consider
O € Ly :=P? \ C2. Let (u, v) be coordinates near O, ¥ (u) be a Puiseux series
in u, and r be a positive rational number. After a change of coordinates near
O if necessary, we may assume that the coordinate of O is (0, 0) with respect
to the (u, v)-coordinates, and (x, y) := (1/u, v/u) is a system of coordinates on
P2\ Lo = C2. Let

¢ (x) == xy(1/x).
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Note that ¢ (x) is a descending Puiseux series in x. Let & be an indeterminate, and
define, following Notation 3.5,

G, &) =[P (x)]=1—r +Ex' 7"

Let § be the semidegree on C[x, y] with generic descending Puiseux series ¢, and
let go, ..., gn+1 € Clx, x~ 1, y] be the key forms of § (see Algorithm 5.1 for the
algorithm to determine key forms of § from ¢).

Theorem 4.7 (answering Question 1.3 in the case N = 1). The following are
equivalent:

(1) There exists a polynomial f € Clx, y] such that for each analytic branch C of
the curve f = 0 at infinity,

o Cintersects Lo at O,
o C has a Puiseux expansion v = 6 (u) at O such that ord, (0 — ) >r.

(2) gj is a polynomial, 0 < j <n+1.
(3) gn+1 is a polynomial.

If any of these conditions holds, g, 1 satisfies the properties of f from condition (1).

5. Background II: notions required for the proof

In this section we collect more background material we use in the proof of the
results stated in Section 4.

5A. Key forms from descending Puiseux series. Let § be a semidegree on Clx, y]
such that §(x) > 0. Assume the generic descending Puiseux series for § is

ko
(ga(x, £):= Zaojx%j —i—a]qu/pl 4. +a2x42/(171p2) +...
j=1
+ alxqz/(plpz---pz) + 5xqz+1/(p1pz~--p/+|)’
where (q1, p1), ..., (qi+1, pi+1) are the formal Puiseux pairs of &; (Definition 3.12),

ki >0, and go; > --- > qox; are integers greater than g;/p;. Let

0=X,81=Y, ..., g1 €Clx,x~ ", y]

be the key forms of §. Recall from Proposition 3.21 that precisely / 4 2 of the key
forms of § are essential. Let 0 = jo < --- < ji+1 = n + 1 be the subsequence of
(0, ..., n) consisting of indices of essential key forms of 4.

Algorithm 5.1 (construction of key forms from descending Puiseux series; cf. the
algorithm in [Makar-Limanov 2015]).
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1. Base step. Set jo:=0, go:=x, g1 :=y. Also define pg:= 1. Now assume
(i) go, ..., gs have been calculated, s > 1,
(i1) jo, ..., jx have been calculated, k > 0,
(i) Jjk < < Jit1-
2. Inductive step for (s, k). Let
W = degx(gs|y:(58(x’s)), Cs := coefficient of x® in gs|y:¢;5(x’$).

Case 2.1: If ¢; € C[E]\ C, then set n := s — 1, jir41 := s, and stop the process.

S

Case 2.2: Otherwiseif w; €1/(po - - - px)Z, then there are unique integers B, - -, B;
and unique ¢ € C* such that

(1) 0< B’ <piforl<i<k,
Q) Yr, Bi@; = @y, and
B

. Dy ﬂg ~ R
(3) the coefficient of x* in g, - 8, |y=¢a(x,§) 18 Cg.

Then set gg11 := g5 — cg]i0 e g]'i ¥, and repeat the inductive step for (s + 1, k).
Case 2.3: Otherwise
W5 € L 7\ L Z,
Po - Pk+1 Po - Pk
and there are unique integers f, - - - , B; and unique ¢ € C* such that
(1) 0=<B] <piforl <i <k,

(2) Yr o Bl @), = Pr+18s, and

(3) the coefficient of x® in cgf)0 e gﬁk | y—gs ey 1S (Cs)PRAL.
Then set jiy1 =5, ggi1 := gl — cgj'.ib . gﬁ", and repeat the inductive step for
(s+1,k+1).

Example 5.2. Let (];3()6, E) i =x3+x2+xB x4 x7 B0 4 x77B3 L gx8/3 The
formal Puiseux pairs of 435 are (5, 3), (—13,2), (—16,1). We compute the key
forms of é following Algorithm 5.1: by definition we have go = x, g1 =y, jo =0.
Since the exponents of x in the first two terms of s are integers, subsequent
applications of Case 2.2 of Algorithm 5.1 implies that the next two key forms are
g =y—x>and g3 =y — x> — x2. Note that

g3ly_g, =X x x4 x84 ex 78, (5-1)

In the notation of Algorithm 5.1, we have w3 = 5/3 ¢ Z. It follows that j; = 3.
Since

&ly_g, =2 +3xPP 43P 107 4370 1 3x 436 +1dit, (5-2)
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(where 1.d.t. denotes terms with smaller degree in x), Case 2.3 of Algorithm 5.1
implies that g4 = gg’ — x°. Now note that 13/3=1+42-(5/3) and 11/3 =2+5/3,
so that (5-1) and (5-2) imply that
- - —8/3\2
galy—yg, =3x (g3l g, —x —x7 VO —xTTP —gx7)
+ 3X2(g3|y:% —x _x—13/6 _ x—7/3 _ gx—8/3)
+x3 43270 4 3x +36x?3 4 1.d.t.
= 3Xg§|y=1/73 — 3)(2g3|y:1/~f1s +x3 4+ 3x76 4 3x +36x?3 4 1d.t.

Repeated applications of Case 2.2 of Algorithm 5.1 then imply that

g5 =84 —3x83, go=gs—3xg3 —3x7gy, g7 =g —3xg3—3x7g3—x".

Note that
87l,_g, =3x"°+3x +36x7 +1d.t. (5-3)

Since @7 = % & %Z, following Case 2.3 of Algorithm 5.1 we have j, = 7. Since
p2 = 2, we compute

g1,y = 9x"P +18x 130 4 18ex"V/0 4 1d.t.,
Since % =—1+4+2- % +0- % and % =140- % + %, identities (5-1) and (5-3) imply
that
g%l},:% — 9] (g3|y=xh 136 =52 Sx_g/g)z
+6x(g7],_y, —3x —3Ex*7 —1Ldt) +18Ex"/0 +1.d.t.
=9x""g3l,_g, +6xg7l,_g, — 18x7 +18Ex"/0 - 1d.t.
Cases 2.3 and 2.2 of Algorithm 5.1 then imply that the next key forms are
gs=87-9x7'g3, go=g2—9x 'gi—6xgs, gro=g5—9x 'gi—6xgs+18x%
Since

goly_y, = 18&x'/0 +1.du,

Case 2.1 of Algorithm 5.1 implies that gj¢ is the last key form of §, and n =9,
j3 = 10. In particular, note that there are precisely 4 essential key forms (namely
80, 83, 87, 810) of &, as predicted by Proposition 3.21.

The assertions of the following proposition are straightforward implications of
Algorithm 5.1.

Proposition 5.3. Let § be a semidegree on Clx, y] such that 6(x) > 0. Let
80, - - - 8n+1 be key forms and q~§5 (x, &) 1= ps(x) + Ex" be the generic descending
Puiseux series of §,
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(1) Let ny, < n and let 5, be the unique semidegree such that the key forms of
8y are go, ..., 8gn,+1 and §%(g;) = 8(gj)/e, 0 < j < ny + 1, where e :=
gcd(8 (g0)s---» S(gn*H)). Then 8, has a generic descending Puiseux series of

the form
¢3* (x’ é) = ¢*(x> + er*a
where
(@) ry >rs, and
() ¢« (x) = [¢s(X)]> s,

(2) Let a;, 1 <i < n, be the smallest positive integer such that «;5(g;) is in the
(abelian) group generated by §(go), ..., 8(gi—1). Fixm, 0 <m < n. Recall
that each g; is an element in C[x, x~', y] which is monic in y. The following
are equivalent:

(a) g; is a polynomial, 0 <i <m+ 1.
(b) For each i, 1 <i < m, the semigroup generated by 6(go), ..., 8(gi—1)
contains o;§(g;).

5B. Degree-like functions and compactifications. In this subsection we recall
from [Mondal 2014b] the basic facts of compactifications of affine varieties via
degree-like functions. Recall that X = C? in our notation; however the results in
this subsection remain valid if X is an arbitrary affine variety.

Definition 5.4. A map 6 : C[X]\ {0} — Z is called a degree-like function if
(1) §(f + g) <max{5(f), 6(g)} for all f, g € C[X], with < in the preceding
inequality implying §(f) = 6(g).
(2) 6(fg) =38(f)+d(g) forall f, g € C[X].

Every degree-like function § on C[X] defines an ascending filtration {.7-"5}420
on C[X], where ]-'3 ={f € C[X]:8(f) <d}. Define

=P F. wCx’=EPF/F.

d=0 d>0

Remark 5.5. Forevery f € C[X], there are infinitely many “copies” of f in C[X]°,
namely the copy of f in fg for each d > &( f); we denote the copy of f in F g by
(f)a. If t is a new indeterminate, then

(X1 =) For,
d>0

via the isomorphism (f)s; — f 4. Note that ¢ corresponds to (1); under this
isomorphism.
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We say that § is finitely generated if C[X]° is a finitely generated algebra over C
and that § is projective if in addition F) = C. The motivation for the terminology
comes from the following straightforward result.

Proposition 5.6 [Mondal 2014b, Proposition 2.8]. If § is a projective degree-like
function on C[X], then X° := ProjC[X]® is a projective compactification of X.
The hypersurface at infinity X8_ := X%\ X is the zero set of the Q-Cartier divisor
defined by (1) and is isomorphic to Proj gr C[X1°. Conversely, if X is any projective
compactification of X such that X \ X is the support of an effective ample divisor,
then there is a projective degree-like function § on C[X] such that X° = X.

Remark 5.7. A semidegree, which we already defined in Section 3B, is a degree-
like function which always satisfies property (2) of Definition 5.4 with an equality.

The following proposition (which is straightforward to prove) is a special case
of [Mondal 2014b, Theorem 4.1].

Proposition 5.8. Let 8 be a projective degree-like function on C[X], and X° be
the corresponding projective compactification from Proposition 5.6. Assume § is
a semidegree. Then X° is a normal variety and )?go := X%\ X is an irreducible
codimension-one subvariety. Moreover, there is a positive integer ds such that §
agrees with dy times the order of pole along X io

6. Some preparatory results

In this section we develop some preliminary results to be used in Section 7 for the
proofs of our main results.

Convention 6.1. Let yy, ..., y; be indeterminates. From now on we write Ay, Ak,
R, R to denote respectively Clx, x ', yi, ..., yel, C{x Ny, ..., ], Clx, x71, y],
C{{(x))[v]. Below we frequently deal with maps Ay — R. We always (unless there
is a misprint!) use upper-case letters F, G, . . . for elements in Ay and corresponding
lower-case letters f, g, ... for their images in R.

6A. The “star action” on descending Puiseux series.

Definition 6.2. Let ¢ =) ja jxqf/ P e C{{x)) be a descending Puiseux series with
polydromy order p and r be a multiple of p. Then for all ¢ € C we define

CHp = 2 :ajcq_/r/pxq_//p.
J

For ® = Zaezko Ga ()Y - ¥ € Ay, the polydromy order of ® is the lowest
common multiple of the polydromy orders of all the nonzero ¢,. Let r be a multiple
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of the polydromy order ®. Then we define

cxp D= Z(c *r ¢ot)y(1xl T y](:k-
o

Remark 6.3. It is straightforward to see that in the case that c is an r-th root of
unity (and r is a multiple of the polydromy order of ¢), c *, ¢ is a conjugate of ¢
(cf. Remark-Notation 6.5).

The following properties of the %, operator are straightforward to see:

Lemma 6.4. (1) Let p be the polydromy order of ® € Ay, d and e be positive
integers, and ¢ € C. Then ¢ *pge ® = ¢ *pq ® = cde *, .
(2) Let ®; =3¢ a(x)yy" - y;* € Ay for j =1,2, and r be a multiple of the
polydromy order of each nonzero ¢; o. Then
Cxr (P + P2) = (% P1) + (cxr Do),
cxr (P1D2) = (¢ *r 1) (c* D2).

(3) Let v : Ay — R be a C-algebra homomorphism defined by x +— x and
yir>fi€R for1<j<k.

Let ® =Y, ¢ (x)y" - - yi* € Ay, let r be a multiple of the polydromy order
of each nonzero ¢y, and | be a (not necessarily primitive) r-th root of unity.
Then 7t (ju», ) = w *, (D). O

Remark-Notation 6.5. If ¢ is a descending Puiseux series in x with polydromy
order p, then we write

p—1
foi= l_[ (y—¢j(x))=1_[(y—§j*p¢(x))EE’ (6-1)
C(q)bléjlisgae;e =
of ¢

where ¢ is a primitive p-th root of unity. If f € C[x, y], then its descending Puiseux
factorization (Theorem 3.6) can be described as follows: There are unique (up to
conjugacy) descending Puiseux series ¢y, ..., ¢k, a unique nonnegative integer m,
and ¢ € C* such that

k
f=cx" Hf¢i'
i=1

Let (g1, p1), ..., (qi, p1) be Puiseux pairs of ¢. Set pg:=1. Foreach k, 0 <k </,

we write
pop1--pr—1

£0="T] o-¢/*ew), (6-2)

j=0
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where ¢ is a primitive (pg - - - p;)-th root of unity. Note that fdfl) = f4, and for each
m,n,0<m<n<lI,

popi--pn—1

=TI G-t/%ew)
j=0

Pm+1Pn—1 pop1--pm—1

T TR

i=0 j=0
Pm+1-Pn—1 popi--pm—1

_ l_[ ;ipom--.pm *p ( l_[ (y _ {j *p ¢(x)))

i=0 j=0

Pist-pa—1

— 1_[ ;iPOPI"'Prn *p (fqgm)) (6-3)

i=0
6B. “Canonical” preimages of polynomials and their comparison.

Lemma 6.6 (“canonical” preimages of elements in C{{(x))[y]). Let po := 1, and
D1, - - -, Pr—1 be positive integers, and 7w : Ay — R be a ring homomorphism which
sends x + x and y; > [;, where f; is monicin'y of degree po---p;_1,1 < j <k.
Then 1 induces a homomorphism Ax — R which we also denote byrm. If fisa
nonzero element in R, then there is a unique F )ZT € Ay such that

(1) 7(Ff) = f, and
2) degyj(FJZ’) <pjforalj, 1<j<k-—1

Moreover, if f is monic in y of degree p - - - px—1d for some integer d, then
3) F j’f is monic in yy of degree d,

(4) if the coefficient ofx"‘y{gl . y,‘f" in Ff' — y{ is nonzero, then

J
ZPO"'pi—lﬂi<P1"‘PJ forall j, 1=j<k—1,
i=1

and
k

ZPO"'Pi—lﬁi <pi---pr-1d.

i=1
Finally,
(5) ifeachof f, f1,..., fx isin Clx, y] (resp. R), then FJZT isinClx, y1, ..., Y]
(resp. Ag).
Proof. This results from an application of Theorem 2.13 of [Abhyankar 1977]. U
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Now assume § is a semidegree on C[x, y] such that §(x) > 0. Assume the generic
descending Puiseux series for § is
b5 (x, §) 1= s (x) +£x7
—.. ,_|_alx41/111 +.. ,+a2xQZ/(P1pz)+, .. +alx4//(p1---pz)+§x41+1/(171-"l71+1)’
where (g1, p1), - - ., (gi+1, pi+1) are the formal Puiseux pairs of ¢~55. Let go = x,

g1 =Y, ..., &+1 € R be the sequence of key forms of § and gj,, ..., g;., be the
subsequence of essential key forms. For 0 < k <[+ 1, define

Je = 8ji» i = 8(fi). (6-4)
Lemma 6.7. f| has the form y — a polynomial in x. If 1 <k <1, one can write

Bro B
- f

mi
fk+l = fkpk _ch,i 0
i=0
where
(1) mg =0,
(2) cki €C*foralli,0 <i <my,
(3) the By ; are integers such that 0 < By ; < p; for 1 < j <kand 0 <i <my,
k,j k. j
(4) ,B]?k = 0,
©) pewe = Z-];;g) ’Blg’jwj = ZI;:O ﬂ]ija)j Zz Zl;=0 Biiwj > wrti.

Proof. Combine property (P2) of key forms, assertion (3) of Proposition 3.21, and
the defining property of essential key forms (Definition 3.20). ([

Let m : Aj+1 — R be the C-algebra homomorphism which maps x — x and
Vi = fio 1 <k<l4+1 andletm; :=m|4, 1 Ax > R, 1 <k <[41. Let w be
the weighted degree on A;;; corresponding to weights wg for x and wy for yy,
1 <k <[+ 1. We will often abuse the notation and write 7 and w respectively for

mr and w4, foreach k, 1 <k <[+ 1. Define

F {y1 if k=0, ©5)
k+1 = ; i i -
+1 y]fk _ Z;n:ko Ck,ixﬁ"*oyf}k’l . 'ykﬂk.k if1<k<lI,

where the ¢ ; and ﬂli,j are as in Lemma 6.7. Note that F; € Ay and F; € A;_; for
2 <k <1+ 1. Moreover, w(Fy) = fy foreach k, 1 <k <I[l+1.

Lemma 6.8. Fixk, 1 <k <Il+1.

(1) Let Hy, Hy be two monomials in Ay such that degyj (H)<pjforall j,1<j<k.
Then w(H) # w(H)).

(2) Suppose H € Ay is such that degyj(H) < pj forall j, 1 < j <k Then
8(r(H)) =w(H).
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Proof. Assertion (3) of Proposition 3.21 implies that for each j, 1 < j <k, p; isthe
smallest positive integer such that p;w; is in the group generated by wy, ..., w;_1.
This immediately implies assertion (1). For assertion (2), write H = ) ,_, H;,
where the H; are monomials in Ag. By assertion (1) we may assume w.l.o. g that
w(H) =w(H)) > w(H) > ---. Since §(w(y;)) = 8(fj) = w; = w(y;) for each
j, 1 < j <k, it follows that § (7w (H;)) = w(H;) for all i. It then follows from the
definition of degree-like functions (Definition 5.4) that §(w (H)) = w(H,) = w(H).

O
Lemma 6.9. Foreachk,1 <k <[+ 1, define
AP LI— (6-6)
pPip2- - Pk
&k = [Ps]>r, - (6-7)

Define fy, € R as in (6-1). Also define

] A _
Fy = Fﬁm € A1~ fork =1,
¢ F}Z’l €Ay for2<k<Il+1.

Then:
(@) 8(fg) = .
(b) F1=Fy, =y1.
(c) Fork > 1, Fyy is precisely the sum of all monomial terms T (in x, y1, ..., Yx)
of Fy,., such that o(T) > wy1.
Proof. We compute 8( f,) using (3-1). Let py := p1 - - - px—1. Itis straightforward to

see that ¢ has precisely pi conjugates ¢y 1, ..., ¢ 5, and deg, (Ps(x, &) — ¢, j(x))
equals ry for (p1 — 1) pa - -+ px—1 of the ¢ ;, equals r; for (p2 —1)p3--- pr—1 of
the ¢, ;, and so on. Identity (3-1) then implies that

Pk
8(fp) =8(x) Y _ deg, (Bs(x, &) — i (x))

j=1
q1 q2
= P11 DIyl ((m —Dp2---pro1—+(p2—Dp3-- pr—i
P1 p1Dp2

k—1 k
PG L o S | )
pl e o 0 pk—l pl . -pk

A straightforward induction on k then yields that

8(fo) = Pk—18(for_) + Gk — qk—1PK) P41 -+ Pi+1-

Identity (3-4) then implies that §( f3, ) = wk, which proves assertion (a). Assertion (b)
follows immediately from the definitions. We now prove assertion (c¢). Fix k,
I <k <I. Let F be the sum of all monomial terms 7" (in x, y1, ..., yx) of Fy,,
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such that w(T) > wi41, 1.e., Fg, = F + G for some G € Ak with a)(f}) < Wk41-
It follows that

S((F)) =8(w(Fy,,,) —m(G)) < max{8(m(Fy,,,)), 8(m(G))}
< max{8(fp, ), @(G)} < w41

On the other hand, § (m (Fi+1)) = 8 (fx+1) = wk+1. It follows that
8T (F—Fi11)) =8 (F)—7(F41)) <max{8(w(F)),8(m(Fi1))} =wrt1. (6-8)

Now, (6-5) and the defining properties of Fy, in Lemma 6.6 imply that H := F —Fiy1
satisfies the hypothesis of assertion (2) of Lemma 6.8, so that § (7 (F — Fyy1)) =
w(F — Fyy1). Inequality (6-8) then implies that

(F — Fit1) < 0pp1- (6-9)

But the construction of F and assertion (5) of Lemma 6.7 imply that all the mono-
mials that appear in F or Fy1| have w-value greater than wi4. Therefore (6-9)
implies that F' = Fj4, as required to complete the proof. (]

The proof of the next lemma is long, and we put it in Appendix A.

Lemma 6.10. Fix k,0 <k <I. Pick € C{(x)) such that Y =,,, ¢s; in particular,
the first k Puiseux pairs of ¥ are (q1, p1), - .., (qk, pr)- As in (6-2), define

pop1--pr—1

£0= 1] O-¢*vw),

j=0
where q is the polydromy order of W and ¢ is a primitive q-th root of unity. Define
F}T(‘O) €Ay fork=0,

Fék) = nw - (6-10)
Fffk)eAk forl1<k<I.
Ty

Then
k
o(Fy — Fii1) < o

6C. Implications of polynomial key forms. We continue with the notation of
Section 6B. Let &1, ..., &4 be new indeterminates, and for each k, 1 <k <[ +1,
let &; be the semidegree on C[x, y] corresponding to the generic degreewise Puiseux
series

Br(x, E¢) = Pre(x) + Ex",
i.e., §x(x) = p1 -+ - px and for each f € Clx, y]\ {0},
Se(f(x, ¥)) = 8 (x) deg, (f (x, P (x, &))). (6-11)

The following lemma follows from a straightforward examination of Algorithm 5.1.
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Lemma 6.11. Foreachk, 1 <k <[+ 1, the following hold:

(1) The key forms of 8; are go, g1, - - -, &j-
(2) The essential key forms of §; are fo, ..., fi.
(3) 8(g) = 52—, 0= j < ji. O

Dk+1°Pi+1"
Fix k, 1 <k <l+1. In this subsection we assume condition (Polynomial; ) below
is satisfied, and examine some of its implications.

All the key forms of §; are polynomials. (Polynomial, )

Lemma 6.12. Assume (Polynomial,) holds. Then 5(g;j) >0 for0 < j < jr — 1.

Proof. This follows from combining assertion (2) of Proposition 5.3 with assertion
(3) of Lemma 6.11. O

Let Ci :=Clx, y1, ..., yx] € Ax. Since the g; are polynomial for 0 < j < j,
Algorithm 5.1 implies that the F'; (defined in (6-5)) are also polynomial for 0 < j <k;
in particular, F1 € Cyand Fj; 1 € Cj,1 < j<k—1.Forl <j<k—1,let Hj
be the leading form of F;; with respect to w, i.e.,

i B ﬁ‘.’] B - )
Hji1 =y, —cjoxtoy "y, 1<j<k-1 (6-12)
Let < be the reverse lexicographic order on Cy, i.e., x’goyis1 e ykﬂk < xﬁéyfl e y,’f"
if and only if the right-most nonzero entry of (8o — By, . .., Bx — B}) is negative.

The following lemma is the main result of this subsection. Its proof is long, and
we put it in Appendix B.

Lemma 6.13. Assume (Polynomial,, |) holds. Then
(1) (Recall the notation of Section 5B.) Define
§% .= @Fg 2 Clx, y]‘s.
deZ

Then S° is generated as a C-algebra by (1)1, (X)wgs (VD wys -+ - » V141 gy

(2) Let Jj4+1 be the ideal in C;4 generated by the leading weighted homogeneous
forms (with respect to w) of polynomials F € Ci41 such that §(w(F)) < w(F).
Then Bty := (Hjy1, . . ., Hy) is a Grobner basis of Ji1+1 with respect to <.

7. Proof of the main results

In this section we give proofs of Theorems 4.1, 4.3, 4.4 and 4.7.

Proof of Theorem 4.7. The implication (2) = (3) is obvious. We prepare the ground
for the rest with an easily seen reformulation:
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Lemma 7.1. Assertion (1) of Theorem 4.7 is equivalent to the following assertion:

(1") There exists a polynomial f € Clx, y] such that for each analytic branch C of
the curve f = 0 at infinity,

e C intersects Ly at O, and
e C has a descending Puiseux expansion y =60 (x) at O such that deg, (6 — ¢)
is at most 1 —r. U

Assertion (4) of Theorem 3.17 implies that if g, is a polynomial, then g,4
satisfies the properties of f from (1"); in particular (3) = (1’). To finish the proof of
Theorem 4.7 it remains to prove that (1) = (2). So assume (1") holds. We proceed
by contradiction, i.e., we also assume that there exists m, 1 <m <n, such that g, 11
is not a polynomial, and show that this leads to a contradiction. By assertion (1) of
Proposition 5.3, we may (and will) assume that m = n.

We adopt the notation of Sections 6B and 6C. In particular, we write <;7>3 (x, &)
and ¢s(x), rs for <;~5(x, &) and [¢(x)]>1—r, 1 — r, respectively, and we denote
by (g1, p1), - - -, (gi+1, pi+1) the formal Puiseux pairs of (]35. We also denote by
8jo» - - - » &1y, the sequence of essential key forms, and set f; :=g;, 0 <k <[+ 1.

Let f € Clx, y] be as in (1’). By assumption f has a descending Puiseux
factorization of the form

M
f=all (7-1)
m=1
for some a € C* and v, ..., ¥, € C{{(x)) such that
Ym = ¢s, foreachm, 1 <m <M, (7-2)

where the fy, are defined as in (6-1). Without loss of generality we may (and will)
assume that a = 1.
At first we claim that / > 1. Indeed, assume to the contrary that [ = 0. Then

b5 (x, &) = h(x) +x"

for some 4 € C[x, x~']. Since g, 1 is not a polynomial, assertion (2) of Proposition
5.3 implies that h(x) = h;(x) + ha(x), where h; € C[x], hr € C[x~!]\ C, and
0> deg, (ha(x)) > rs. Let e := —deg, (h2(x)) > 0and y' :=y —h;(x). Then (7-1)
implies that f is a product of elements in C((x))[y’] of the form y" — ¥, ; (x) for
Ym.i € C{(x)) such that each ¥, ; (x) = ha(x) 4+ 1.d.t., where 1.d.t. denotes terms
with degree smaller than ord, (h;) < —e. It is then straightforward to see that
f ¢ C[x, y'] = Clx, y], which contradicts our choice of f. It follows that [ > 1, as
claimed.
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Let Fi, 1 <k <Il+1, beasin (6-5). Fix m, 1 <m < M. Then (7-2) and
Lemma 6.10 imply that
Fy) = F+ Fo, (7-3)

where Fm € Al = C{x)[y1,..., ] and a)(Fm) < wyy1. Let s, denote the poly-
dromy order of i, and u,, be a primitive s,,-th root of unity. Identity (7-2) implies
that ¢, := s, /(p1p2 - - - p1) is a positive integer. Therefore (6-3) and assertion (3)
of Lemma 6.4 imply that

tm—1 tm—1

Fom = ]_[u“" Py, () = H PP g, (Frn + ) = (G, (7-4)

m

where
tm—1

G = [ [ (Frer +uil " »y, (Fu)) € Br. (7-5)
j=0

Recall that Fi =y — Y /", cl,,-xﬂlivoyfl’l e ylﬂ”. Since by our assumption all
the key forms but the last one are polynomials, it follows from assertion (2) of
Proposition 5.3 that ,3,"’0 >0 for all i < my, but 'Brin[,O < 0; set

my ”

I11l ﬂ
W41 :a)(x'BlOyl ”)—Zﬁlla)l (7-6)

Then w, 41 > w41 and therefore we may express G, as

tm_l mj i [
i ﬂl ﬁl
6= T1(F =S =6,
i=0

j=0

for some Gy, ; € B with (G, ;) < o], . Identities (7-1), (7-4) and (7-7) imply
that f = m;(F) for some F € A; of the form

i ﬂi ﬂi

i=0
where 0 (G,)) < “)E+1 forallm’, 1 <m’ < M’'. Let
N L ' if my =0,
| - (v = Zmlo CLiXx ﬂ“’yl 'y,ﬂ[")M, otherwise.

Recall from assertion (4) of Lemma 6.7 that ,61(? ; = 0. It follows that the leading
weighted homogeneous form of G with respect to w is
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£,(G)
—Cl,oxﬁlooyf[ol- ylﬁlolf' ifm =0, M' =1,

=1 5M (M) (apg y M OBy B e 0 M s 1, (T9)
M ¢t (3] —Cl,oxﬂ’*oqu : ﬂ” ')Mﬁl ﬁ’méyﬂ'l ylﬁ’m'] otherwise.

Since m;(F) = f € Clx, y], it follows that g := m;(G) is also a polynomial in
x and y. Assertion (1) of Lemma 6.13 then implies that there is a polynomial
G € C;:=Clx, y1, ..., y] such that 7;(G) = g and w(G) = & (g). In particular,
»(G) <0(G).

Claim 7.2. o(G) = w(G).

Proof. Let < be the reverse lexicographic monomial ordering on C; from Section 6C
and let « be the smallest positive integer such that x* £,,(G) is a polynomial. Then
(7-9) implies that the leading term of x* £,,(G) with respect to < is

LT.(x*£,(G))
Bl Bl

—CLoY; Vi ifm =0 M =1,
’ , 0 0
=1 —c oM’y M'=Dpi (M —1)|,3,?0|y1ﬁ1.1_ N ylﬂi.ll—l itm =0, M >1, (7-10)
M —Dpi+ o o .
M'c m[yl( pethil y?"' . "y,ﬁi"fl otherwise.

Assume contrary to the claim that w(G) > a)(é) = 6;(g). Then x*£,(G) € J;,
where J; is the ideal from assertion (2) of Lemma 6.13. Assertion (2) of Lemma 6.13
then implies that there exists j, 1 < j <[ —1, such that yp 7 =LT<(Hj4) divides
LT.(x*£,(G)). But this contradicts the fact that ,31 L, <pjforall j', 1 <j <l-1
(assertion (3) of Lemma 6.7) and completes the proof of the claim. O

Let J; and « be as in the proof of Claim 7.2. Note that £,(x*G) ¢ J; by
our choice of G. Therefore, after “dividing out” G by the Grobner basis 5; of
Lemma 6.13 (which does not change w (G)) if necessary, we may (and will) assume

that
] 7 does not divide any of the monomial

terms of £,(x*G) forany j, 1< j<I—1.

Since 1;(x*G —x“ G) =0, it follows that £, (x“G —x"‘G) e J;. Since w(G) = a)(é)
by Claim 7.2, it follows that H* := £,(x“G) — £,(x*G) € J;. Let

(7-11)

H:=LT-(£,(x*G)) and H :=LT-(£,(x*G)).

Since G € Clx, y1, ..., y], it follows that degx(ﬁ) > «. On the other hand, (7 10)
implies that deg, (H) = o + /30 o <. It follows in particular that H # H and
LTL.(H*) = max_{H, H} Then (7-10) and (7-11) imply that yp’ LT.(H;)
does not divide LT (H*) for any j, 1 < j <[ —1. This contradlcts assertion (2)
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of Lemma 6.13 and finishes the proof of the implication (1") = (2), as required to
complete the proof of Theorem 4.7. U

Proof of Theorem 4.1. Theorem 4.7 implies that (2) < (3). Now assume (2) is
true. Note that §(f) > 0 for each nonconstant f € Cl[x, y] (since such an f must
have a pole at the irreducible curve E| :=m'(E;) C Y); so that the ring S% defined
in Lemma 6.13 is precisely the ring C[x, y]® from Section 5B. Assertion (1) of
Lemma 6.13 and Proposition 5.8 then imply that Y’ is isomorphic to the closure
of the image of C? in the weighted projective variety P'*2(1, 8(fo), ..., 8(fi+1))
under the mapping (x, y) — [1: fo:---: fi+1]- In particular this shows (2) = (1).

It remains to show that (1) = (2). So assume that Y’ is algebraic. Recall the
setup of Proposition 3.14. We can identify Y’ with X and E| with Cs (Where
X and Co, are as in Proposition 3.14). Let Py € Co be as in Proposition 3.14.
Since Y’ is algebraic, there exists a compact algebraic curve C on Y’ such that
Py € C. Let f € C[x, y] be the polynomial that generates the ideal of C in C[x, y].
Proposition 3.14 then implies that f satisfies the condition of property (1) from
Lemma 7.1. Theorem 4.7 and Lemma 7.1 then show that (2) is true, as required. [J

Proof of Theorem 4.3. Let § be the semidegree on C[x, y] corresponding to the
curve at infinity on X, ¢s(x, &) be the associated generic descending Puiseux
series, and go, ..., g.+1 € Clx, x~1, y] be the key forms. If X is algebraic, then
Theorem 4.1 implies that g, is a polynomial. Proposition 3.14 and assertion (4)
of Theorem 3.17 then imply that g, +; = O defines a curve C as in assertion (2) of
Theorem 4.3. This proves the implication (1) = (2), and also the last assertion
of Theorem 4.3. It remains to prove the implication (2) = (1). So assume there
exists f € C[x, y] such that C := { f = 0} is as in (2). Proposition 3.14 implies
that f satisfies the condition of property (1”) from Lemma 7.1. Then Lemma 7.1,
Theorem 4.7 and Theorem 4.1 imply that X is algebraic, as required. ]

Proof of Theorem 4.4. The (=) direction of assertion (1) follows from Theorem 4.1
and assertion (2) of Proposition 5.3. For the (<) implication, note that assertion
(3) of Proposition 3.21 and Property (PO) of key forms imply for each k, 1 <k </,

that
k—1

/
pkwk = Z:Bk’jwjv

j=0
where the ,B,/(’j are integers such that 0 < :311,1' < pj for 1 < j < k. Define g,?,
0<k<Il+1,by
X ifk=0,
gl=1y ifk=1,
(g2 )Pt — ]‘[’;;g(g?)ﬂk—u if2<k<l+1.
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Assertion (2) of Theorem 3.17 implies that there is a unique semidegree §° on
Clx, y] such that its key forms are g8, R glo+1 and 8°(g,?) =wp, 0<k<Il+1.
Since wy4+1 > 0 (assertion (3) of Theorem 3.28) it follows that 80 defines a primitive
normal compactification X° of C? (Remark 4.2). It follows from Proposition 3.21
that (qx, pr), 1 < k <[+ 1, are uniquely determined in terms of wy, ..., W+1.
Therefore I is precisely the augmented and marked dual graph associated to the
minimal P2-dominating resolution of singularities of X°. Now, if (S1-k) holds for
each k, 1 <k <1, then each g; 0 is nonnegative, so that each gk is a polynomial.
Theorem 4.1 then implies that X X0 is algebraic, which proves the (<) implication
of assertion (1).

Now we prove assertion (2). For the (=) implication, pick a nonalgebraic
normal primitive compactification X of C? such that I' = I';. Let § be the order
of pole along the curve at infinity on X. Theorem 4.1 implies that at least one of
the key forms of § is not a polynomial. Assertions (2) and (4) of Proposition 3.21
and assertion (2) of Proposition 5.3 now imply that either (S1-k) or (S2-k) fails,
as required. It remains to prove the (<) implication of assertion (2). Let g,?,
0 <k <I+1, be as in the preceding paragraph. If (S1-k) fails for some k, 1 <k </,
take the smallest such k. Then by construction g,? is not a polynomial, so that X°
is not algebraic (Theorem 4.1), as required. Now assume that (S1-k) holds for
all k, 1 <k </, but there exists k, 1 < k <, such that (S2-k) fails; let k be the

smallest such integer. Pick @ € (wg+1, prwr) N Z{wo, .. ., wi) \Z>o(a)o, e, ).
Then it is straightforward to see that there exist integers ,30, ..., Bx such that ,80 <0,
0<pBj <pj,1<j<k, and

k—1

0= ja)]

j=0

Define gl.l, where 0 <i <[ +2, by
ng if0<i<k+1,
k , o
gl =180 —[Tico(eD ifi=k+2,

@Lﬂ”a—ﬂ,&&f”fn_¢g@bﬁw” ifk+3<i<Il+2.

The same arguments as in the proof of assertion (1) imply that there is a primitive
normal compactification X! of C? such that:

. gol, R gl1 4 are the key forms of the semidegree 8! corresponding to its curve
at infinity, and

w; if0<i <k,
s'gh=1a  ifi=k+1,
w1 fk+2<i<I+2.
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e I is the augmented and marked dual graph associated to the minimal P?-
dominating resolution of singularities of X'.

Since g,l 4o 1s not a polynomial, X! is not algebraic (Theorem 4.1), as required to
complete the proof of assertion (2). ([

Appendix A: Proof of Lemma 6.10

Notation A.1. Fixk, 1 <k <Il+1. For F € Ak and u € R, we write [F].., for the
sum of all monomial terms H of F such that w(H) > .

Lemma A.2. Fixk, 1 <k <l. Pick ¥, ¥, € C{{x)) and u < wy € R. Assume

(1) the first k Puiseux pairs of each \; are (q1, p1), - .., (qk, pr)-

Assumption (1) implies that we can define Fl/(/_],(-_l)’ FI/(/_]:)’ 1<j<2,asin Lemma 6.10.
Assume

@) [F e =1F) "oy and
6)U$1mmf4&>mﬁWMMngjgz

k) k)
TMHU%]xm4WHu=UﬁJxm4mﬁw

Proof. Let ~
i f}l if k = 1.,
Ap_1 otherwise.

Assumptions (2) and (3) imply that there exists G € A with w(G) < wy such that
for both j, 1 < j <2,
Fi " =F+G+G

for some G; € A with w(Gj) < . Fix j, 1 < j <2. Let m; be the polydromy order
of ¥ and  ; be a primitive m;-th root of unity. Then identity (6-3) and assertion (3)
of Lemma 6.4 imply that

pr—1

fy = H T sy () = me (G,

where
pr—1 Pr—1
l—[ MlPl Pk~ 1*mj (F(k 1))_ l_[ MIPI “Pk—1 *om, (Fk—I-G—I-Gj)
i=0
pi—1

i=0

pr—1
(Fk_'_ﬂim-"pk—] *o G+M1Jp1---pk—1 *o:

; Gj),
i=0
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m is the polydromy order of G (Definition 6.2), and u is a primitive m-th root of
unity (the last equality is an implication of assertion (1) of Lemma 6.4). Let

Pr—1
Gio= [ [ (u+nPP w G+ ul"" " wy Gj) € A (A1)
i=0

Note that 7 (Gj o) = fé’;) = JTk(Fv(/l;)). Now we construct Fv(/l;) from Gjo via
constructing a sequence of elements G; o, G; 1, . .. as follows:

e For B:=(Bi..... Bx) € Z8, define
k—1

[Blk-1 ¢=ZP0”'PJ>1/3/-
j=1

Consider the well order <}_, on Z';O defined as follows: g <;_, B’ if and
only if

(1) 1Blk=1 < |B|k—1, or

(2) |Blk—1 = |B’lk—1 and the left-most nonzero entry of 8 — B’ is negative.
» Assume G; y has been constructed, N > 0. Express G; y as
Gjn= Z ginp Yy

B eZ’; 0
and define

EiN:i= {/3 eZ';O:gj,N,,g #0and B; > p; forsome i, 1 <i <k — 1}.

o If £ y = @, then stop.

o Otherwise pick the maximal element 8* = (B}, ..., B;) of £; y with respect
to <;_,, and the maximal i*, 1 <i* <k — 1, such that 8 > p;+, and set

Giner= Y g a0y v+ gjv pe(x)

B#B* . . "
< [ TN 0P =P (it = (Figr = y25). (A-2)
i#i*
Assertion (¢) of Lemma 6.9 and assertion (4) of Lemma 6.6 imply that all the
“new” exponents of (yi, ..., yr) that appear in G; y4 are smaller (with respect

to <;_,) than B*, and it follows that the sequence of G; y’s stops at some finite
value N* of N.

Claim A.2.1. Gjn = Fy..
J

Proof. Indeed, (A-2) implies that (G, n+) = 7k (Gj o) = flx). Since we must
have &; y« = @ for G; y+ to be the last element of the sequence of G; n’s, G y+

satisfies the characterizing properties of Flzk) = F™, from Lemma 6.6. ([
J f, v
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Now note that, for eachi, 1 <i <k—1, every monomial term in y; 1 —(Fj 41 —yfi)
has w-value smaller than or equal to a)(yip ") (assertion (5), Lemma 6.7). It then
follows from (A-1) and (A-2) that G; has no effect on [G; v > (pi—1)wy+u fOr any N,
i.e., [GI,N]>(pk—l)wk+,LL = [G2,N]>(pk—1)wk+u for all N. Claim A.2.1 then implies
the lemma. O

Corollary A.3. Let

Wi j =W +qjpPj+1- Pl —qiPiv1- - Piy1 Jor 1 <i < j<I+1.

Fix j,0 < j <l Let € C((x)) be such that ¢ =,,,, ¢j+1 (Wherery, ..., ri41
and @1, ..., ¢i+1 are as in (6-6) and (6-7), respectively). Then for all i such that
0<i=</,

@) (@)
[Fxpl ]>wi+l,j+1 = [F¢>_l,+1]>wi+1,j+1~

Proof. Atfirst we consider the i =0 case. Equation (6-1) implies that f © y—1(x)
and 9 =y — g1 (x). Then (6-10) implies that

Dr+1
FO _ _ FO _ e
y =+ —vx), F,o =yi+oi(x)—¢j1(x).
It follows that
o(Fy) — F{Y ) = wo deg, (¢11(x) — ¥ (x))
v i) = 0 UCEL (P41
=Pl Pl+tTj41 =4 j41Pj+2  Pi4l = @1 j+1-

It follows that the corollary is true fori =0 and all j, 0 < j </.

Now we start the proof of the general case. We proceed by induction on j. It
follows from the preceding discussion that the corollary is true for j =0. So assume
it holds for 0 < j < j’ <1 — 1. To show that it holds for j = j'+ 1, we proceed
by induction on i. By the same reasoning, we may assume that it also holds for
j=j +land0<i <i < j'. Pick ¥ such that ¥ =,,,, ®j+2. Then applying the
induction hypothesis with j = j'+ 1 and i =i’, we have

(i) _ @
[F1// ]>a)i/+1.]-/+2 - [F¢j,+2]>a)i/+l.j/+2- (A'3)
On the other hand, since ¥ =, ¢i'+1, we can apply the induction hypothesis with

j=1i"and i =i’ to obtain
() _ @)
[Flﬁ ]>a),~/+1_,/+1 - [F¢i/+l]>wi’+l,[/+]'

Similarly, since ¢ /2 =, i1, We have

[F(i’) i)

¢_;/+2]>wi/+1.i/+1 = [ ¢,-/+,]>wi’+1,i/+1'

Since wjr41,i+1 = wj'+1, it follows that

Fy ey = 1Fy) Towpy, =1y Towy,,- (A-4)

/42
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Identities (A-3), (A-4) and assertion (c) of Lemma 6.9 imply that vy and ¢ ;1 satisfy
the hypotheses of Lemma A.2 with i = wjr41 jr42 and k =i’ 4+ 1. Lemma A.2
therefore implies that

[FY Yo = 1Fy) 01,

bji42
where ' = (pirs1 — Dwiry1 + w1, j-42. It is straightforward to check using (3-4)
that ' = wj'12, j42, as required to complete the induction. ([

Proof of Lemma 6.10. Since wy+1 = w41 k+1 and F;)fil = Fy,,,, Lemma 6.10 is
simply a special case of Corollary A.3. ([

Appendix B: Proof of Lemma 6.13

We freely use the notation of Section 6C.

Proof of assertion (1) of Lemma 6.13. Since fo=x and each f;, 1 <j <[+1,1is
monic in y with deg(fj) = po--- pj—1 (Where pg := 1), it is straightforward to
see that each polynomial f € C[x, y] can be represented as a finite sum of the form

=X as gl
pez'ly
where for each 8 = (Bo, ..., Bi+1), wehaveag e Cand B; < pj, 1 < j <. It
suffices to show that
8(f) =max{8(f® - f41) 1 cp #0).
We compute §( f) via identity (3-1). Assertion (4) of Theorem 3.17 implies that
P {cjxw.f/w0+1.d.t. for0<j<I,
Ty=gsx.d) (cf & +ap)x@ /@ 4 1dt. for j =141,

where c}‘ eC*, 0<j<lI, ¢4+ €C, and l.d.t. denotes terms with lower degree in x.

Letd :=max{8(f]° - f/i") 1ag #0) and B:= (B :ap #0, 8(f)° - fiTH) =a).
It follows that

(B-1)

Flymgye) = cExY™ +1du, (B-2)
where ,
(€)=Y ap(cf &+ ) [enh. (B-3)
BeB j=0

Now, assertion (1) of Lemma 6.8 implies that for two distinct elements 8, 8’ of B,
Bi+1 # By, Identity (B-3) then implies that c(§) # 0, so that (B-2) implies that
8(f) =d, as required to complete the proof of assertion (1). ([

Foreach j,0<j </+1, let ; C Z be the semigroup generated by wy, . .., w;; re-
call that for j > 1, condition (Polynomial j) implies that 2;_1 € Z-( (Lemma 6.12).
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Lemma B.1. Assume (Polynomial,, ) holds. Fix j, 1 < j <1I. Let j.,-+1 be the
ideal in C; generated by H,, ..., Hj . Lett be an indeterminate. Then

Ci/J jp1 ZCIQI=CL™, ..., 197],
via the mapping x +— t*° and y; — b;jt*', 1 <i < j, for some by, ...,b; € C*.

Proof. We proceed by induction on j. For j =1, identity (6-12) and assertions (4)
and (5) of Lemma 6.7 imply that

C1/J2=Clx, y11/(y" —cr0x?) = C[tP, 1],

where # is an indeterminate and the isomorphism maps x — 7! and y; — ¢, / r o 1,

whelrecl/p1 isa pj-throotof ¢y 0 € C*. Since wgy=p1p2--- prand w; =q1p2 - - pi,
this proves the lemma for j = 1. Now assume that the lemma is true for j -1,

2 < j <, i.e., there exists an isomorphism
CJ—I/jJ = C[two, s twj_l]
which maps x = ¢ and y; — b;t”, 1 <i < j—1forsome by, --- ,b;_; € C*. It

follows that
7 B9 ’30 ﬂ?/ 1
Cj/Jjy1=Cialyil/ (T, y] —cjoxlroyy™t oy
=Cle™, ..., 1, yil/( yj' | — CtPi®i)
for some ¢ € C* (the last isomorphism uses assertion (5) of Lemma 6.7). Since
pj =min{a € Z.o; aw; € Zwy+ - - -+ Zw;_1} (assertion (3) of Proposition 3.21),
it follows that

CL™, oo 17 U] =GPy Z O™, 1]
via a map which sends y; — (&)1/Pit®i (where (¢)'/7i is a pj-th root of ¢), which
completes the induction. ([
Let z be an indeterminate and él—H =Ci1lz1=Clz, x, ¥1, ..., yis1]. Let ®

be the weighted degree on (:’1+1 such that ©(z) = 1 and @|¢,,, = w. Equip lolax!
with the grading determined by ®. Let S° be as in assertion (1) of Lemma 6.13 and
T él+1 — S% be the map which sends z > (1)1, x > (x)4,, and Vi = (o
1 <j <I+1. Assertion (1) implies that 77 is a surjective homomorphism of graded
rings. Let I be the ideal generated by (1)1 in S° and JA1+1 =a"1)c é‘l+1.

Claim B.2. JA1+] is generated by f@l+1 = (Hi+1, ..., H, 2).

Proof Let J 141 be the ideal of C; as defined in Lemma B.1, and Jl’ 41 be the ideal

of C1+1 generated by J;, and z. It is straightforward to see that Jl - J1+1
Lemma B.1 implies that

Cl+1/Jl/+1 = q:[two’ DRI twla y[+1]'
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Let R:=C[t®, ..., t“, y;41]. Then S? /I = C‘ZH/JA,H = R/p for some prime ideal
p of R. Now, it follows from the construction of S? that dim(S%) = 3. Since [ is
the principal ideal generated by a nonzero divisor in S?, it follows that dim(R/p) =
dim(S%/I) = 2. Since R is an integral domain of dimension 2, we must have p = 0,
which implies the claim. O

Proof of assertion (2) of Lemma 6.13. Since Jj11 = JA1+1 N Cyy1, Claim B.2 shows
that BB,y generates J;11. Therefore, to show that B, is a Grobner basis of J; with
respect to <y, it suffices to show that running a step of Buchberger’s algorithm
with B;4; as input leaves 5,41 unchanged. We follow Buchberger’s algorithm
as described in [Cox et al. 1997, Section 2.7], which consists of performing the
following steps for each pair of H;, H; € Bjy1,2<i < j<Il+1:

Step 1: Compute the S-polynomial S(H;, H;) of H; and H;. The leading terms of
H; and H; with respect to < are respectively LT (H;) = yipj’ll and LT.(H;) = yffl',
so that the S-polynomial of H; and H; is

S(Hiij):zyJ lH yl lH

= — (¢ xﬁf—lo Al ’3})—“—2) Pj-1
- i—1,0 g Vi Yi-1
0 0
B9, o Fi-t Bi—1j—2\ _pi-1
+(Cj*1,0x / 1'Oyl "'yj_2 yi_ll .

Step 2: Divide S(H;, H;) by B; and if the remainder is nonzero, then adjoin it
to B;11. Since i < j, the leading term of S(H;, H;) is

o B B i
LT (S(H;, Hj)) = —(ci—1,0xPim1oy) oy )y

Since :31'071,1'/ < pj forall j', 1 < j" <i—1 (assertion (3) of Lemma 6.7), it follows
that H; is the only element of B;4 such that LT. (H;) divides LTL(S(H,, H})).
The remainder of the division of S(H;, H;) by H; is

o B /3?—1,1 /3,0 Iz 2
S1:=S(H;, Hj) + (cj—1,0x =10y, - )H;
B B)_1. BY 1
= (cjo1,0x" 700y Ty YT
so that the leading term of S is
LT_(S:) = B2 1o ’33‘)71.1 ;) Lj-2y ., Pi-1
<(81) = (cj—1,0x"710y, R R B

It follows as in the case of S(H;, H;) that H; is the only element of B;| whose
leading term divides LT.(S;). Since H; divides S;, the remainder of the division
of S| by H; is zero, and it follows that the remainder of the division of S(H;, H)
by B is zero. Consequently Step 2 concludes without changing By 1.
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It follows from the preceding paragraphs that running one step of Buchberger’s
algorithm keeps ;41 unchanged, and consequently ;41 is a Grobner basis of J;11
with respect to < [Cox et al. 1997, Theorem 2.7.2]. This completes the proof of
assertion (2) of Lemma 6.13. U
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