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Syntomic cohomology
and p-adic regulators
for varieties over p-adic fields

Jan Nekovar and Wiestawa Niziot

With appendices by Laurent Berger and Frédéric Déglise

We show that the logarithmic version of the syntomic cohomology of Fontaine
and Messing for semistable varieties over p-adic rings extends uniquely to a co-
homology theory for varieties over p-adic fields that satisfies 4-descent. This new
cohomology — syntomic cohomology —is a Bloch—-Ogus cohomology theory,
admits a period map to étale cohomology, and has a syntomic descent spectral
sequence (from an algebraic closure of the given field to the field itself) that is
compatible with the Hochschild—Serre spectral sequence on the étale side and is
related to the Bloch—Kato exponential map. In relative dimension zero we recover
the potentially semistable Selmer groups and, as an application, we prove that
Soulé’s étale regulators land in the potentially semistable Selmer groups.

Our construction of syntomic cohomology is based on new ideas and tech-
niques developed by Beilinson and Bhatt in their recent work on p-adic compari-
son theorems.
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1. Introduction

In this article we define syntomic cohomology for varieties over p-adic fields, relate
it to the Bloch—Kato exponential map, and use it to study the images of Soulé’s
étale regulators. Contrary to all the previous constructions of syntomic cohomology
(see below for a brief review), we do not restrict ourselves to varieties coming with
a nice model over the integers. Hence our syntomic regulators make no integrality
assumptions on the K-theory classes in the domain.

1A. Statement of the main result. Recall that, for varieties proper and smooth
over a p-adic ring of mixed characteristic, syntomic cohomology (or its nonproper
variant: syntomic-étale cohomology) was introduced by Fontaine and Messing
[1987] in their proof of the crystalline comparison theorem as a natural bridge
between crystalline cohomology and étale cohomology. It was generalized to log-
syntomic cohomology for semistable varieties by Kato [1994]. For a log-smooth
scheme 2" over a complete discrete valuation ring V' of mixed characteristic (0, p)
and a perfect residue field, and for any r > 0, rational log-syntomic cohomology
of 2 can be defined as the “filtered Frobenius eigenspace” in log-crystalline
cohomology, i.e., as the mapping fiber

Rl (2, ) := Cone (R (2, 7" 1oor, RT(2))[—11, (1)

where RT; (-, _#!"1) denotes the absolute rational log-crystalline cohomology (i.e.,
over Z,) of the r-th Hodge filtration sheaf ¢ "l and ¢, is the crystalline Frobenius
divided by p". This definition suggested that the log-syntomic cohomology could
be the sought-for p-adic analog of Deligne—Beilinson cohomology. Recall that, for
a complex manifold X, the latter can be defined as the cohomology RI"(X, Z(r) )
of Deligne complex Z(r)4:

0—>Z(r)—>$2§—>§2§—>---—>$2§;1—>0.

And, indeed, since its introduction, log-syntomic cohomology has been used with
some success in the study of special values of p-adic L-functions and in formulating
p-adic Beilinson conjectures (see [Besser et al. 2009] for a review).

The syntomic cohomology theory with Q,-coefficients Ry, (X, ) (r > 0)
for arbitrary varieties— more generally, for arbitrary essentially finite diagrams of
varieties — over the p-adic field K (the fraction field of V') that we construct in this
article is a generalization of Fontaine—Messing(—Kato) log-syntomic cohomology.
That is, for a semistable scheme' 2 over V, we have RIyn (27, r) = Rlgyn (Xp, 1),
where X is the largest subvariety of 2k with trivial log-structure. An analogous
theory RIgyn (X gns 1) (r=0) exists for (diagrams of) varieties over K, where K is
an algebraic closure of K.

1Thlroughout the Introduction, the divisors at infinity of semistable schemes have no multiplicities.
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Our main result can be stated as follows.

Theorem A. For any variety X over K, there is a canonical graded commutative
dg Q,-algebra RIsyn (X}, %) such that:

(1) It is the unique extension of log-syntomic cohomology to varieties over K that
satisfies h-descent; i.e., for any hypercovering w : Y, — X in the h-topology,
we have a quasi-isomorphism

7% : RTgyn(Xp, %) => REyn (Y, 1, %).
(2) Itis a Bloch—-Ogus cohomology theory [1974].
(3) For X = Spec(K), we have
Hey(Xn, 1) >~ Hy (G, Qp (1)),
where H!(Gx, —) denotes the Ext-group Ext’ (@p,_—) in the category of (po-
tentially) semistable representations of Gx = Gal(K /K).
(4) There are functorial syntomic period morphisms
poyn : Ry (X, 1) — RT (Xet, @, (1),
Psyn : Rgyn (X 4, 1) = RI(Xg «, Q, (1))
compatible with products which induce quasi-isomorphisms
T ROy (Xs, 1) <> 7RI (Xet, @ (1),
T<rRlgyn (X s 1) = T RU (X ¢ Qpp(r)).
(5) The Hochschild—Serre spectral sequence for étale cohomology
“EY = H' Gk, H (Xg ¢ Q) = H™ (Xa, Q,(r))
has a syntomic analog
WES = Hi(Gk, H (Xg ¢ Qp(1)) = HH (Xp, ).
(6) There is a canonical morphism of spectral sequences Y"E, — E; compatible

with the syntomic period map.

(7) There are syntomic Chern classes

M Kj(X) > HY (X, i)

1,] ° syn
compatible with étale Chern classes via the syntomic period map.
As is shown in [Déglise and Niziot 2015], syntomic cohomology Ry, (X, *)
can be interpreted as an absolute p-adic Hodge cohomology. That is, it is a derived

Hom in the category of admissible (¢, N, Gk )-modules between the trivial module
and a complex of such modules canonically associated to a variety. Alternatively,
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it is a derived Hom in the category of potentially semistable representations be-
tween the trivial representation and a complex of such representations canonically
associated to a variety. A particularly simple construction of such a complex,
using Beilinson’s basic lemma, was proposed by Beilinson (and is presented in
[Déglise and Niziot 2015]). The category of modules over the syntomic cohomology
algebra Ry, (X}, %) (taken in a motivic sense) yields a category of p-adic Galois
representations that better approximates the category of geometric representations
than the category of potentially semistable representations [Déglise and Niziot
2015]. For further applications of the syntomic cohomology algebra, we refer the
interested reader to [loc. cit.].

Similarly, as is shown in [Niziot 2016a], geometric syntomic cohomology
RTgyn(Xg 4, *) is a derived Hom in the category of effective -gauges (with one
paw) [Fargues 2015] between the trivial gauge and a complex of such gauges
canonically associated to a variety. In particular, geometric syntomic cohomology
group is a finite-dimensional Banach—Colmez space [Colmez 2002], and hence has
a very rigid structure.

The syntomic descent spectral sequence and its compatibility with the Hochschild—
Serre spectral sequence in étale cohomology imply the following proposition.

Proposition 1.1. Let i > 0. The composition

H ' (X)/F" = HL (X5, 1) 25 HL (X, Q,(r) — HL\(Xg, Q,(r))

syn
is the zero map. The induced (from the syntomic descent spectral sequence) map
Hig'(X)/F" — H' (G Hy ' (Xg, Qp(r)

is equal to the Bloch—Kato exponential associated with the Galois representation
H, ' (Xg, Q,(r).

This yields a comparison between p-adic étale regulators, syntomic regulators,
and the Bloch—Kato exponential (which was proved in the good reduction case in
[Nekovar 1998] and [Niziot 2001, Theorem 5.2]?) that is of fundamental importance
for the theory of special values of L-functions, both complex valued and p-adic. The
point is that syntomic regulators can be thought of as an abstract p-adic integration
theory. The comparison results stated above then relate certain p-adic integrals to
the values of the p-adic étale regulator via the Bloch—Kato exponential map. A mod-
ification of syntomic cohomology developed in [Besser 2000] in the good reduction
case (resp. in [Besser et al. 2016] — using the techniques of the present article—in
the case of arbitrary reduction) can be used to perform explicit computations. For
example, the formulas from [Besser et al. 2016, §3] were applied to a calculation
of certain p-adic regulators in [Bertolini et al. 2015; Darmon and Rotger 2016].

2The Bloch—Kato exponential is called / there.
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1B. Construction of syntomic cohomology. We will now sketch the proof of
Theorem A. Recall first that a little bit after log-syntomic cohomology had appeared
on the scene, Selmer groups of Galois representations — describing extensions in
certain categories of Galois representations — were introduced by Bloch and Kato
[1990] and linked to special values of L-functions. And a syntomic cohomology
(in the good reduction case), a priori different than that of Fontaine and Messing,
was defined in [Niziot 2001] and by Besser [2000] as a higher-dimensional analog
of the complexes computing these groups. The guiding idea here was that just
as Selmer groups classify extensions in certain categories of “geometric” Galois
representations, their higher-dimensional analogs — syntomic cohomology groups —
should classify extensions in a category of “p-adic motivic sheaves”. This was
shown to be the case for H' by Bannai [2002], who has also shown that Besser’s
(rigid) syntomic cohomology is a p-adic analog of Beilinson’s absolute Hodge
cohomology [1986].

Complexes computing the semistable and potentially semistable Selmer groups
were introduced in [Nekovar 1993; Fontaine and Perrin-Riou 1994]. For a semistable
scheme 2" over V, their higher-dimensional analog can be written as the homotopy
limit?

(1=, tar)

[ RTuk (20) RTk(20) ® RTar(2%)/F" |
RF;yn(%, r) = N (N.0) , 2
1—¢,—
| RThk(20) : Rk (20) i

where 2 is the special fiber of 2", RI'yk(-) is the Hyodo—Kato cohomology,
N denotes the Hyodo—Kato monodromy, and RI'gr (- ) is the logarithmic de Rham
cohomology. The map tgr is the Hyodo—Kato morphism that induces a quasi-
isomorphism tgr : RIuk (20) ®k, K = RI'Gr(Zk) for Ko — the fraction field of
Witt vectors of the residue field of V.

Using Dwork’s trick, we prove (see Proposition 3.8) that the two definitions of
log-syntomic cohomology are the same, i.e., that there is a quasi-isomorphism

syn : RTgyn (27, ) => RI, (2, ).

syn

It follows that log-syntomic cohomology groups vanish in degrees strictly higher

than 2 dim X g +2 and that, if 2" =Spec(V'), then HiRFsyn(%, r)~H!(Gg, Qp(r)).
The syntomic cohomology for varieties over p-adic fields that we introduce in

this article is a generalization of the log-syntomic cohomology of Fontaine and
Messing. Observe that it is clear how one can try to use log-syntomic cohomology

3See Section 1E for an explanation of the notation we use for certain homotopy limits.
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to define syntomic cohomology for varieties over fields that satisfies 4-descent.
Namely, for a variety X over K, consider the h-topology of X and recall that
(using alterations) one can show that it has a basis consisting of semistable models
over finite extensions of V [Beilinson 2012]. By h-sheafifying the complexes
Y = RIgyn (Y, r) (for a semistable model Y') we get syntomic complexes . (r). We
define the (arithmetic) syntomic cohomology as

Rlgyn(Xp, r) :=RI'(Xp, L (r)).

A priori it is not clear that the so-defined syntomic cohomology behaves well: the
finite ramified field extensions introduced by alterations are in general a problem for
log-crystalline cohomology. For example, the related complexes R (X, #")
are huge. However, taking Frobenius eigenspaces cuts off the “noise” and the
resulting syntomic complexes do indeed behave well. To get an idea why this is
the case, h-sheafify the complexes ¥ — RI'(, (Y, r) and imagine that you can
sheafify the maps oy, as well. We get sheaves .”(r) and quasi-isomorphisms
Ogyn - - (r) = #'(r). Setting Rngn(Xh, r) := RI['(X}, %' (r)), we obtain the
quasi-isomorphisms

Rrsyn(th r) = Rréyn(th r)

B (1_(;0“[ ) I
RTuk (X)) ———= Rk (X5) @ RTgr(X )/ F"
~ N (N,0) , 3)
]_QDr—l
| R[Cuk (X)) RTuk (X») i

where RI'yk (Xj,) denotes the Hyodo—Kato cohomology (defined as ~#-cohomology
of the presheaf: Y — RI'yk(Yp)) and RI'4r( - ) is Deligne’s de Rham cohomology
[1974]. The Hyodo—Kato map tgr is the As-sheafification of the logarithmic Hyodo—
Kato map. It is well-known that Deligne’s de Rham cohomology groups are
finite-rank K-vector spaces; it turns out that the Hyodo—Kato cohomology groups
are finite-rank Ky-vector spaces: we have a quasi-isomorphism RI'yg (Xp) =
Rk (X . h)GK , and the geometric Hyodo—Kato groups H*RI'gg (X . ») are finite-
rank K"-vector spaces, where Kj" is the maximal unramified extension of K (see
(4) below).

It follows that syntomic cohomology groups vanish in degrees higher than
2dim Xk + 2 and that syntomic cohomology is, in fact, a generalization of the
classical log-syntomic cohomology; i.e., for a semistable scheme 2" over V, we
have Ry (27, r) > Rlgyq(Xp, r), where X is the largest subvariety of 2 with
trivial log-structure. This follows from the quasi-isomorphism ogy,: logarithmic
Hyodo—Kato and de Rham cohomologies (over a fixed base) satisfy proper descent
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and the finite field extensions that appear as the “noise” in alterations do not destroy
anything since logarithmic Hyodo—Kato and de Rham cohomologies satisfy finite
Galois descent.

Alas, we were not able to sheafify the map asy,. The reason for that is that the
construction of ay, uses a twist by a high power of Frobenius — a power depending
on the field K. And alterations are going to introduce a finite extension of K —
hence a need for higher and higher powers of Frobenius. So instead we construct
directly the map

Osyn - Rrsyn(Xh» r) = Rl (X, 7).

syn

To do that, we show first that the syntomic cohomological dimension of X is finite.
Then we take a semistable i-hypercovering of X, truncate it at an appropriate level,
extend the base field K to K', and base-change everything to K. There we can
work with one field and use the map ogy, defined earlier. Finally, we show that we
can descend.

1C. Syntomic period maps. We pass now to the construction of the period maps
from syntomic to étale cohomology that appear in Theorem A. They are easier
to define over K, i.e., from the geometric syntomic cohomology. In this setting,
things go smoother with /-sheafification since going all the way up to K before
completing kills a lot of “noise” in log-crystalline cohomology. More precisely,
for a semistable scheme .2 over V, we have the canonical quasi-isomorphisms
[Beilinson 2013]

ler - RFHK(%V);; = Rlu(2y), wr:RMak(29) = RIR(Z%),  (4)

where V is the integral closure of V in K, BZ is the crystalline period ring, and t
denotes certain twist. These quasi-isomorphisms A-sheafify well: for a variety X
over K, they induce the quasi-isomorphisms [Beilinson 2013]

ter : RCHk (X )5 => REa(Xg ). wr : RTuk (Xg )% => ROgr(Xg), (5)

where the terms have obvious meaning. Since Deligne’s de Rham cohomology
has proper descent (by definition), it follows that A-crystalline cohomology be-
haves well. That is, if we define crystalline sheaves ¢! and 7 on X , by
h-sheafifying the complexes Y — RI'.:(Y, # "]y and Y + RI(Y), respectively,
for ¥ which are a base change to V of a semistable scheme over a finite extension
of V (such schemes Y form a basis of X . ») then the complexes RI™ (X Bn 7 r1y
and RI (X V. ») =RI(X B ¢r) generalize log-crystalline cohomology (in the
sense described above) and the latter one is a perfect complex of B -modules.
We obtain syntomic complexes .’(r) on Xg , by h-sheafifying the complexes
Y+ Ry (Y, r) and (geometric) syntomic cohomology by setting RUsyn (X ;. 7):=
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RI'(Xg ;.7 (r)). They fit into an analog of the exact sequence (1) and, by the
above, generalize log-syntomic cohomology.
To construct the syntomic period maps

Psyn - RFSyD(X[?’hs r)— RF(X[E,éts @p(rD,
Psyn - Rrsyn(th r) — RI'(Xg, @p(r)),

(6)

consider the syntomic complexes .7, (r): the mod-p" version of the syntomic
complexes .(r) on X ,. We have the distinguished triangle

Fn(r) = JUL S .

cr,n
Recall that the filtered Poincaré lemma of Beilinson [2013] and Bhatt [2012] yields
a quasi-isomorphism p, : JU1 = _7lrl where JI! C A is the r-th filtration level
of the period ring A.;. Using the fundamental sequence of p-adic Hodge theory,

0—2Z/p"(r) — Jc<rr>n RN Acen — 0,

where Z/p"(r)' :== (1/(p*a)Z,(r)) @ Z/p™ and a denotes the largest integer
<r/(p —1), we obtain the syntomic period map pgy, : -7, (r) — Z/p"(r). Itis a
quasi-isomorphism modulo a universal constant. It induces the geometric syntomic
period map in (6), and, by Galois descent, its arithmetic analog.

To study the descent spectral sequences from Theorem A, we need to consider
the other version of syntomic cohomology, i.e., the complexes

RI, (Xg 5. 1) 1=

syn

1- T RF X* nr B+
Rk (Xg ) @k By %, k(X ) @k By -
’ ®RIGR(Xg) Qg Br)/F

lN [ e

+ 1=, +
_RFHK(XI?,h) Qkur By — > RIuk (Xg ;) @k By

where B and B;{Q are the semistable and de Rham p-adic period rings, respectively.
We deduce a quasi-isomorphism RTsyn (Xg ,, 1) => RT ¢, (Xg ), 7).
Remark 1.2. This quasi-isomorphism yields, for a semistable scheme 2" over V,

the exact sequence
s Hip () — (20 @, BEY7 N
— (Hip(2%) ®k B)/F" — Hi (e r)— - .

syn

It is a sequence of finite-dimensional Banach—Colmez Spaces [Colmez 2002] and as
such is a key in the proof of the semistable comparison theorem for formal schemes
in [Colmez and Niziol 2015].
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We also have a syntomic period map

Piyn : RTL (X . 7) = RT(Xg 6. @, (1)) ®)

syn

that is compatible with the map psyn via atsyn. To describe how it is constructed, recall
that the crystalline period map of Beilinson [2013] induces compatible Hyodo—Kato
and de Rham period maps

pri : RCuk(Xg ) @ kg By ~RT (Xg ¢, @p) ® By,

+ . ©)
par : RTar(Xk) @k Bir~>RIN(Xg o, Qp) ® Byp.

Applying them to the above homotopy limit, removing all the pluses from the
period rings, reduces the homotopy limit to the complex

(-grwr) RI(Xg ¢, Qp(r)) ® By
RI'(Xz ., Q,(r) ® By ———— &0 P
X Qp () @ Bu BRI (Xg ¢, Qp() ® Bar)/F"

lN l(N'O) . (10)

1—¢,—
RT(Xg ¢ @p(r) ® By ————— R (Xg ¢, @ (r) @ By

By the familiar fundamental exact sequence

1)—N

0—Q,Fr) — BstM) By ® By ® Bar/F" A=gr) =N, By — 0,

the above complex is quasi-isomorphic to RI'(Xg 4, Q,(r)). This yields the
syntomic period morphism from (8). We like to think of geometric syntomic
cohomology as being represented by the complex from (7) and of geometric étale
cohomology as represented by the complex (10).

From the above constructions we derive several of the properties mentioned in
Theorem A. The quasi-isomorphisms (9) give that

Hix (Xg ) = Dpst(H' (Xg ¢ Qp(r))),
H{i (Xp) = Dg(H' (X ¢, @, (r))),

where Dpg and Dy, are the functors from [Fontaine and Perrin-Riou 1994]. This
combined with the diagram (3) immediately yields the spectral sequence *Y"E; since
the cohomology groups of the total complex of

—®r;LdR)

H]{IK(Xh) —_— H}{[K(Xh) ® HdJR(XK)/Fr
N (N,0)
j l—¢, 1 j
_HHK(Xh) HHK(Xh) _
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are equal to H;(Gg, H I(x R.ét0 Q,(r))). Moreover, the sequence of natural maps
of diagrams (3) — (7) Pams (10) yields a compatibility of the syntomic descent
spectral sequence with the Hochschild—Serre spectral sequence in étale cohomology
(via the period maps). We remark that, in the case of proper varieties with semistable
reduction, this fact was announced in [Nekovar 2000].

Looking again at the period map psy, : (7)—(10) we see that truncating all the

complexes at level r will allow us to drop + from the first diagram. Hence we have
Psyn : T<rREsyn (X 1, 1) => 1<, RT(Xg ¢ Q,(r)).
To conclude that we have
Psyn : T<rREgyn(Xp, ) = 1<, RT' (X4, Q, (1))

as well, we look at the map of spectral sequences "E — “E and observe that, in
the stated ranges of the Hodge-Tate filtration we have H3;(Gk, -) = H*(Gg, -) (a
fact that follows, for example, from the work of Berger [2002]).

1D. p-adic regulators. As an application of Theorem A, we look at the question
of the image of Soulé’s étale regulators

ret Kopi1(X)o > H'(Gk, H' (Xg . Qp (1)),

where Kor_;_1(X)o :=ker(c, | : Kor—i—1(X) > H' "1 (Xg . Q) (r))), inside the

Galois cohomology group. We prove:
Theorem B. The regulators rf} factor through the group Hslt(GK, Hi(X K.é Q, ().

As we explain in the article, this fact is known to follow from the work of Scholl
[1993] on “geometric” extensions associated to K-theory classes. In our approach,
this is a simple consequence of good properties of syntomic cohomology and the
existence of the syntomic descent spectral sequence. Namely, as can be easily
derived from the presentation (3), syntomic cohomology has a projective space
theorem and homotopy property,* and hence admits Chern classes from higher
K-theory. It can be easily shown that they are compatible with the étale Chern
classes via the syntomic period maps. The factorization we want in the above
theorem follows then from the compatibility of the two descent spectral sequences.

1E. Notation and conventions. Let V be a complete discrete valuation ring with
fraction field K of characteristic 0, with perfect residue field k of characteristic p,
and with maximal ideal mg . Let v be the valuation on K normalized so that v(p) =1.
Let K be an algebraic closure of K and let V denote the integral closure of V in K.
Let W (k) be the ring of Witt vectors of k with fraction field K¢ and denote by K"
the maximal unramified extension of Ky. Denote by ex the absolute ramification

4As explained in Appendix B, it follows that it is a Bloch—-Ogus cohomology theory.
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index of K, i.e., the degree of K over Ky. Set Gx = Gal(I?/K) and let /¢ denote
its inertia subgroup. Let ¢ be the absolute Frobenius on W (k). We will denote by
V, V* and V° the scheme Spec(V) with the trivial, canonical (i.e., associated to the
closed point), and (N — V, 1 — 0) log-structure respectively. For a log-scheme X
over Uk, denote its reduction mod p” by X, and its special fiber by Xj.

Unless otherwise stated, we work in the category of integral quasi-coherent
log-schemes. In general, we will not distinguish between simplicial abelian groups
and complexes of abelian groups.

Let A be an abelian category with enough projective objects. In this paper A will
be the category of abelian groups or Z -, Z/p"-, or Q,-modules. Unless otherwise
stated, we work in the (stable) co-category 2(A), i.e., the stable co-category whose
objects are (left-bounded) chain complexes of projective objects of A. For a readable
introduction to such categories, the reader may consult [Groth 2010; Lurie 2016,
Chapter 1]. The oo-derived category is essential to us for two reasons: first, it
allows us to work simply with the Beilinson—-Hyodo—Kato complexes; second, it
supplies functorial homotopy limits.

Many of our constructions will involve sheaves of objects from Z(A). The reader
may consult the notes of Illusie [2013] and Zheng [2013] for a brief introduction to
the subject and [Lurie 2009; 2016] for a thorough treatment.

We will use a shorthand for certain homotopy limits. Namely, if f: C — C’ is a
map in the dg derived category of abelian groups, we set

[C—L €']:= holim(C — C' < 0).
We also set
C] L C2
l l =[1C) L Cal > (65 -5> aul],
C3 L) C4

where the diagram in the brackets is a commutative diagram in the dg derived
category.

2. Preliminaries

In this section we will do some preparation. In the first part, we will collect
some relevant facts from the literature concerning period rings, derived log de
Rham complexes and the A-topology. In the second part, we will prove vanishing
results in Galois cohomology and a criterion comparing two spectral sequences
that we will need to compare the syntomic descent spectral sequence with the étale
Hochschild—Serre spectral sequence.
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2A. The rings of periods. Let us recall briefly the definitions of the rings of periods
B.:, Bar, By of [Fontaine 1994a]. As in 2.2 and 2.3 of that work, let A.; denote
Fontaine’s ring of crystalline periods. This is a p-adically complete ring such that
Acrp = Acr/p" is a universal PD-thickening of V, over W, (k). Let Jer,n denote
its PD-ideal, Acr.n/Jorn = V. We have

Actn = Hy(Spec(V,)/ Wy (k)), B :=Aull/pl,  Be:=BIlt™'],

T

where ¢ is a certain element of BCJ; (see [Fontaine 1994a] for a precise definition
of ). The ring BZ is a topological Ky-module equipped with a Frobenius ¢ coming
from the crystalline cohomology and a natural Gk -action. We have that ¢ () = pt
and that G acts on ¢ via the cyclotomic character.

Let

Bl =1m@®limAc,/JT}),  Bar = Bl
r n
The ring B;i has a discrete valuation given by the powers of ¢. Its quotient field
is Bgr. We set F" B4r = t" B:R. This defines a descending filtration on Bggr.

The period ring By lies between B and Bqr [Fontaine 1994a, 3.1]. To define it,
choose a sequence of elements s = (s,),>0 of V such that sg = p and sf 1= Sn-
Fontaine associates to it an element u; of Bg& that is transcendental over Bg; . Let B;{
denote the subring of Bgr generated by B and u;. It is a polynomial algebra in
one variable over B The ring B} does not depend on the choice of s (because for
another sequence s" = (s},),>0 We have u; —uy € Z,t C BZ). The action of Gk on
ng2 restricts well to BS"'{ . The Frobenius ¢ extends to Bs'f by ¢(us) = pus and one
defines the monodromy operator N : B — By as the unique B -derivation such

that Nug; = —1. We have N¢ = pp N and the short exact sequence
0— Bf — Bf - Bf — 0. (11)

Let By = B.[us]. We denote by ¢ the injection ¢ : B;{ — B;i. The topology on
By is the one induced by B, and the inductive topology; the map ¢ is continuous
(though the topology on By is not the one induced from Bggr).

2B. Derived log de Rham complex. In this subsection we collect a few facts about
the relationship between crystalline cohomology and de Rham cohomology.

Let S be a log-PD-scheme on which p is nilpotent. For a log-scheme Z over S,
let LE2°, /S denote the derived log de Rham complex (see [Beilinson 2012, 3.1] for
a review). This is a commutative dg Os-algebra on Zg equipped with a Hodge
filtration F™. There is a natural morphism of filtered commutative dg &s-algebras

K :LQ}/S%RMZ/S*(ﬁZ/S)’ (12)

where uz/s : Zo — Zg is the projection from the log-crystalline to the étale topos
[Beilinson 2013, (1.9.1)]. The following theorem was proved by Beilinson [2013,
Theorem on p. 13] by direct computations of both sides.
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Theorem 2.1. Suppose that Z, S are fine and f : Z — S is an integral, locally
complete intersection morphism. Then (12) yields quasi-isomorphisms

Km LY o/ F™ <> Ruz/s*(ﬁZ/S//z[r;lL]?)'

Recall [Bhatt 2012, Definition 7.20] that a log-scheme is called G-log-syntomic
if it is log-syntomic and the local log-smooth models can be chosen to be of Cartier
type. The next theorem, finer than Theorem 2.1, was proved by Bhatt [2012,
Theorem 7.22] by looking at the conjugate filtration of the left-hand side.

Theorem 2.2. Suppose that f : Z — S is G-log-syntomic. Then we have a quasi-
isomorphism
i1 LQY ¢ => Ruzs:(0z)s).

Combining the two theorems above, we get a filtered version:

Corollary 2.3. Suppose that f : Z — S is G-log-syntomic. Then we have a quasi-
isomorphism
F"LSYy s > Ruzse(71)5).

Proof. Consider the following commutative diagram with exact rows

F’"LQ'Z/S —)LQ'Z/S —)LQ’Z/S/F’"

| | |
RMZ/S*(/Z[%) —— Ruz;54(Oz/5) —— RMZ/S*(ﬁZ/S//Z[n;_]g)

and use the above theorems of Bhatt and Beilinson. |

Let X be a fine, proper, log-smooth scheme over V*. Set
RI (X, LYy ) ®Q, := (holim, RI (X, LYy ) @ Q

and similarly for complexes over V *. Here the hat over the derived log de Rham
complex refers to the completion with respect to the Hodge filtration (in the sense
of prosystems). For r > 0, consider the sequence of maps

RIgr (Xg)/F'<~= RF(X,LQ}/VX/FV)@%RF(Xét,LQB(/VX/Fr)®@p

= Rl (X, ﬁX/VX /j;[(r/]vx)@ <RI (X, ﬁX/W(k)//)[(r/]W(k))@-
(13)
The first quasi-isomorphism follows from the fact that since Xk is log-smooth
over Ko, the natural map L5 /Ko [F" = Q%, /Ko /F7 is a quasi-isomorphism. The
second quasi-isomorphism follows from X being proper and log-smooth over V%
and the third one from Theorem 2.1. Define the map

v, i RTa(X, Ox;wio/ I% way)a =~ ROar(Xk)/F"

as the composition (13).
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Corollary 2.4. Let X be a fine, proper, log-smooth scheme over V*. Let r > (.
There exists a canonical quasi-isomorphism

Ve : RTar(Xg)/F" <> RT(X, O wi/ 4 wao)a-

Proof. It suffices to show that the last map in the composition (13) is also a
quasi-isomorphism. By Theorem 2.1, this map is quasi-isomorphic to the map

(RT (Xet, LQY )1y ) BQ,)/ F" — (RT (Xet, LY, ) Q) /',
Hence it suffices to show that the natural map
grl RT (Xet, LYy 1)) ®Q), — grie RT (Xet, LQY), ) BQ,

is a quasi-isomorphism for all i > 0.

Fix n > 1 and i > 0 and recall [Beilinson 2012, 1.2] that we have a natural
identification

grly LQY w0 = LAY (Lx,/w,)[—il,

g Ly > LA (L, )il
where Ly,s denotes the relative log cotangent complex [Beilinson 2012, 3.1] and
LAx(.) is the nonabelian left derived functor of the exterior power functor. The
distinguished triangle

Ox ®v Lyx w, @ = Lx,/w,a0 = Ly, v
yields a distinguished triangle
LAY (Ox ®v Ly, ap)l—il = & L w4y — 2% L -
Hence we have a distinguished triangle
holim, RT'(Xe, LAY (Ox ®v Lyx 1y ) ® Q[—i]

— gt RT (Xet, LRY) ) BQ) — grfy RT (X, LR ) OQ,.

It suffices to show that the term on the left is zero. But this will follow as soon as
we show that the cohomology groups of Ly <y, () are annihilated by p, where ¢ is
a constant independent of n. To show this, recall that V' is a log complete intersection
over W(k). If m is a generator of V /W (k), and f(¢) is its minimal polynomial,
then (see [Olsson 2005, 6.9]) Lyx,w) is quasi-isomorphic to the cone of the
multiplication by f’(7r) map on V. Hence Ly ,w ) is acyclic in nonzero degrees,
HOLy~ JWk) = S2vx/w k) 18 a cyclic V-module and we have a short exact sequence

0— QV/W(k) —> QVX/W(k) —> V/m]( — 0.

Since Qv ww) = V/%k,k,» where Pk g, is the different, pCHOLVX/W(k) =0 for
a constant ¢ independent of n. Since Ly x/w k) = Lyx;w k) ®$ V., we are done. []
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Remark 2.5. Versions of the above corollary appear in various degrees of generality
in the proofs of the p-adic comparison theorems (see [Kato and Messing 1992,
Lemma 4.5; Langer 1999, Lemma 2.7]). They are proved using computations
in crystalline cohomology. We find the above argument based on the Beilinson
comparison theorem, Theorem 2.1, particularly conceptual and pleasing.

2C. The h-topology. In this subsection we review terminology connected with the
h-topology from [Beilinson 2013; 2012; Bhatt 2012]; we will use it freely. Let
Yark be the category of varieties (i.e., reduced and separated schemes of finite type)
over a field K. An arithmetic pair over K is an open embedding j : U < U with
dense image of a K-variety U into a reduced proper flat V-scheme U. A morphism
(U,U) — (T, T) of pairs is amap U — T which sends U to 7. In the case that the
pairs represent log-regular schemes, this is the same as a map of log-schemes. For
a pair (U, U), we set Vy :=T'(U, Oy) and Ky := ['(Ug, O7). Ky is a product of
several finite extensions of K (labeled by the connected components of U) and,
if U is normal, Vy is the product of the corresponding rings of integers. We will
denote by 2% the category of arithmetic pairs over K. A semistable pair (ss-pair)
over K [Beilinson 2012, 2.2] is a pair of schemes (U, U) over (K, V) such that

(i) U is regular and proper over V,
(ii) U \ U is a divisor with normal crossings on U,

(iii) the closed fiber Ug of U is reduced.

The closed fiber is taken over the closed points of V. We will think of ss-pairs as
log-schemes equipped with log-structure given by the divisor U \ U. The closed
fiber Uy has the induced log-structure. We will say that the log-scheme (U, U) is
split over Vy;. We will denote by #7% the category of ss-pairs over K. A semistable
pair is called strict if the irreducible components of the closed fiber are regular.
We will often work with the larger category L@],?g of log-schemes (U, U) € PE
log-smooth over V.

A semistable pair (ss-pair) over K [Beilinson 2012, 2.2] is a pair of connected
schemes (T, T) over (E , V) such that there exists an ss-pair (U, U) over K and a
K-point « : Kyy — K such that (T, T') is isomorphic to the base change (U i U 7)-
We will denote by @;g the category of ss-pairs over K.

A geometric pair over K is a pair (U, U) of varieties over K such that U is
proper and U C U is open and dense. We say that the pair (U, U) is an nc-pair
if U is regular and U \ U is a divisor with normal crossings in U it is a strict
nc-pair if the irreducible components of U \ U are regular. A morphism of pairs
f:U,U) — (UU)isa map U, — U that sends U; to U. We denote the
category of nc-pairs over K by Z7¢.
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For a field K, the h-topology (see [Suslin and Voevodsky 2000; Beilinson 2012,
2.3]) on Yark is the coarsest topology finer than the Zariski and proper topologies.’
It is stronger than the étale and proper topologies. It is generated by the pretopology
whose coverings are finite families of maps {¥; — X} such that Y :=[]Y; —> X
is a universal topological epimorphism (i.e., a subset of X is Zariski open if and
only if its preimage in Y is open). We denote by ¥arg ; and X, the corresponding
h-sites. For any of the categories & mentioned above, let y : (U, U) — U denote
the forgetful functor. Beilinson [2012, 2.5] proved that the categories 2", (Z%, y)
and (2%, y) form a base for ¥arg ;. One can easily modify his argument to
conclude the same about the categories (,@}?g, V).

2D. Galois cohomology. In this subsection we review the definition of (higher)
semistable Selmer groups and prove that in stable ranges they are the same as Galois
cohomology groups. Our main references are [Fontaine 1994b; 1994c; Colmez and
Fontaine 2000; Bloch and Kato 1990; Fontaine and Perrin-Riou 1994; Nekovar
1993]. Recall [Fontaine 1994b, 1994c] that a p-adic representation V of Gk (i.e., a
finite-dimensional continuous () ,-vector space representation) is called semistable
(over K) if dimg, (By ®q, V)9 = dimg, (V).

It is called potentially semistable if there exists a finite extension K’ of K such
that V|G g is semistable over K. We denote by Rep, (Gk) and Reppst(GK) the cat-
egories of semistable and potentially semistable representations of Gk, respectively.

As in [Fontaine 1994c, 4.2], a p-module over Ky is a pair (D, ¢), where D is a
finite-dimensional Ky-vector space and ¢ = ¢p is a g-semilinear automorphism
of D; a (¢, N)-module is a triple (D, ¢, N), where (D, ¢) is a ¢-module and
N = Ny is a Ko-linear endomorphism of D such that N¢o = ppN (hence N is
nilpotent). A filtered (¢, N)-module is a tuple (D, ¢, N, F*), where (D, ¢, N)
is a (¢, N)-module and F* is a decreasing finite filtration of Dx by K-vector
spaces. There is a notion of a (weakly) admissible filtered (¢, N)-module [Colmez
and Fontaine 2000]. Denote by MF ,%d(q), N) C MFk (¢, N) the categories of
admissible filtered (¢, N)-modules and filtered (¢, N)-modules, respectively. We
know [Colmez and Fontaine 2000] that the pair of functors

Dy(V) = (B4 ®a, V),  Vy(D) = (By®k, D)*"*"="N F*(Bar ®k D)

defines an equivalence of categories MF ;}d (¢, N) = Rep,(Gk).
For D € MFk (¢, N), set

(1—¢,can) 0
D—D®Dg/F
Cu(D) = lN l(N,O)
1-pe

D————D

S5The latter is generated by a pretopology whose coverings are proper surjective maps.
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Here the brackets denote the total complex of the double complex inside the brackets.
Consider also the complex

(1—¢,can ®t)
D ®k, Bf —————— D ®k, By ® (Dx ®k Bj)/F°
ct(D):= lN l(N*O)
1—
D ®k, B;t_ s D ®k, Bs—![_

Define C (D) by omitting the superscript + in the above diagram. We have Cy (D) =
C (D).

Remark 2.6. Recall [Nekovar 1993, 1.19; Fontaine and Perrin-Riou 1994, 3.3]
that to every p-adic representation V of Gx we can associate a complex

Co(V) : Dy(V) L1229, b (V) @ Dy(V) @ ty 227N, D (V) — 0,

where 1y := (V ®q, (Bar/ B;“R))GK [Fontaine and Perrin-Riou 1994, 1.2.2.1].
The cohomology of this complex is called H;(Gg, V). If V is semistable then
Co(V) = Co(Dx(V)); hence H*(Cs(Dg(V))) = Hi(Gk, V). If V is potentially
semistable, the groups H(Gg, V) compute Yoneda extensions of Q, by V in the
category of potentially semistable representations [ibid., 1.3.3.8]. In general [ibid.,
1.3.3.7], HY(Gk, V) => H%(Gk, V) and H}(Gk,V) — H'(Gk, V) computes
st-extensions® of @, by V.

Remark 2.7. Let D € MFg (¢, N). Note that:
(1) H(C(D)) = V(D).

(2) Fori > 2, we have H (Ct(D)) = H'(C(D)) =0 (because N is surjective on
BS"'{ and By).

(3) If F'Dg =0then FO(Dg Qx Bgi) = F%(Dg ®k Bar) (in particular, the map
of complexes C* (D) — C(D) is an injection).

(4) If D = Dg(V) is admissible then we have quasi-isomorphisms
C(D) <= V ®q, [Bor 2%, B, @ Br/F°1 <= V ®q, (B NFY) =V

and the map of complexes Cs (D) — C(D) represents the canonical map
H(Gk,V)— H'(Gk, V).

Lemma 2.8 [Fontaine 1994a, Theorem I1.5.3]. If X C B, N B;i and p(X) C X
then *(X) C BZ.

Proposition 2.9. If D € MF (¢, N) and F' Dg =0 then H°(C(D)/C* (D)) =0.

6An extension 0 — V| — Vo — V3 — 0 s called st if the sequence 0 — Dy¢(V]) — Dgt(Va) —
Dgt(V3) — 0 is exact.
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Proof. We will argue by induction on m such that N = 0. Assume first that m =1
(hence N = 0). We have
C(D)/C*(D)
D ®k, (Bx/By) D ®k, (B«/By) ® Dk ®k (Bar/Bgg)

= l1®N la@N,O)

1—po
D ®k, (Byt/Bg) D ®k, (Bst/Bg)

(1—¢,can ®¢)
_—

< [D®k, (Ber/B) 225 D @, (Ber/ B) & Dx @k (Bar/Bgy)]
Write D = @;_, Kod; and, for 1 <i <r, consider the maps

pi : HY(C(D)/CT (D)) = (D ®k, (B N Bgp)/BE)*="

CEPd ® (BN BR)/BE) &> (B N B/ B
i=1

Let Y,, where a € H(C(D)/C* (D)), denote the Ko-subspace of (BN BJy) /Bt
spanned by p(a), ..., pr(a). For M € GL,(Kp), we have (p;(a), ..., pr(a))T =
Mo(pi(a), ..., pr(a)’. Hence ¢(Y,) C Y,. Let X, C B N By be the in-
verse image of Y, under the projection B, N B;;2 — (BN B;i) / BCJ; (naturally
B} C X,). Then ¢(X,) C X, + B = X,. By the above lemma, ¢*(X,) C BZ.
Hence ¢?(Y,) =0 and (applying M~2) Y, = 0. This implies that ¢ = 0 and
H®(C(D)/C*(D)) =0, as wanted.

For general m > 0, consider the filtration D; C D, where D; := ker(N) with
induced structures. Set D, := D/D; with induced structures. Then D;, D, €
MFg(p, N); N is trivial on Dy fori = 1 and on D, fori = m — 1. Clearly
F! Dixk=F 1 D, k = 0. Hence, by Remark 2.7.3, we have a short exact sequence

0— C(Dy)/CtT (D)) — C(D)/CT(D)— C(Dy)/CT(D,) — 0.

By the inductive assumption, HO(C(Dl)/C+(D1)) = HO(C(DZ)/C+(D2)) =0.
Hence H°(C(D)/C* (D)) =0, as wanted. O
Corollary 2.10. If D € MF (¢, N) and F'Dg =0 then
H°(C*(D)) = H°(C(D)) = Vo(D) (C D ®k, BY)
and H' (C* (D)) — HY(C(D)).
Corollary 2.11. If D € MFi¥(p, N) and F' D = 0 then
. , «(D) ifi =0,
H(CH(D)) = H'(C(D)) = {Vt( ) ¥i=0
0 ifi#0

(i.e., CY(D) = C(D)).
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A filtered (¢, N, Gg)-module is a tuple (D, ¢, N, p, F*), where
(1) D is a finite-dimensional K'-vector space;
(2) ¢ : D — D is a Frobenius map;
(3) N:D — D is a K'-linear monodromy map such that No = ppN;

(4) pis a Kj'-semilinear Gk -action on D (hence p|/k is linear) that is smooth,
i.e., all vectors have open stabilizers, and that commutes with ¢ and N;

(5) F* is a decreasing finite filtration of Dg := (D ® Ko K )G« by K-vector spaces.

Morphisms between filtered (¢, N, Gk )-modules are K j'-linear maps preserving all
structures. There is a notion of a (weakly) admissible filtered (¢, N, Gg)-module
[Colmez and Fontaine 2000; Fontaine 1994b]. Denote by MF ,%d(go, N, Gg) C
MF (¢, N, Gg) the categories of admissible filtered (¢, N, Gg)-modules and
filtered (¢, N, Gg)-modules, respectively. We know [Colmez and Fontaine 2000]
that the pair of functors Dyg (V') = injlim (Bg ®aq, V)H, where H C Gk is an
open subgroup, and V(D) = (By QK D)#=14N=0n FO(B\r ®k Dg) define an
equivalence of categories MF }éd (¢, N, Gg) ~ Reppst(GK).
For D € MFk (¢, N, Gg), set’

(1—¢,can) 0
Dy —— Dy ® Dk /F

Cpst(D) = lzv l(zv,m
1

L%
Dy —————— Dq

Here Dy := DYk, Consider also the following complex (we set Dg := D ® Ko K):

(1—¢,can ®¢)
D @ Bf ——— (D ®gr By) ® (Dg ®g Bip)/F°

CT(D):= lN l(N,m
D @ By

D ®kp By

Define C(D) by omitting the superscript 4+ in the above diagram. We have
Cpst(D) = C (D).

Remark 2.12. If V is potentially semistable then Cs (V) = Cpst(Dpst(V)); hence
H*(Cpst(Dpst(V))) = Hg(Gk, V).

Remark 2.13. If D = D« (V) is admissible then we have quasi-isomorphisms

C(D) <= V ®q, [Bor =2, B @ Bar/F°1 <= V ®q, (BL™'NFY =V

7We hope that the notation below will not lead to confusion with the semistable case in general,
but if in doubt we will add the data of the field K in the latter case.
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and the map of complexes Cps (D) — C(D) represents the canonical map
H!(Gk,V)— H'(Gg, V).

Remark 2.14. Let D = Dpy (V) be admissible. The Bloch-Kato exponential
(z'Cc(D) — H'(Gk. V)

is given by the coboundary map arising from the exact sequence

0—V—CcD)— z'c(D)— 0.
Its restriction to the de Rham part of Z!C(D) is the Bloch-Kato exponential
eXpPpk : DK/F0 — HI(GK, V).

It is also obtained by applying Rf, where f(—) = (—)%, to the coboundary map
8 : Z'C(D) — V[1] arising from the above exact sequence (see the proof of
Theorem 4.8 for an appropriate formalism of continuous cohomology). Note that
the composition of the canonical maps

Z'C(D) — (6=1C(D))[1]1 - C(D)[1] <= V[1]
is not equal to 9, but to —d, by (18).

Corollary 2.15. If D € MFI"}d(w, N, Gk) and F'Dg = 0 then
H'(CT(D)) = H'(C(D)) = {VP“(D) S
0 ifi 20

(i.e., CY(D) = C(D)).

Proof. By Remark 2.13 we have C(D) >~ V,(D)[0]. To prove the isomorphism
H (Ct(D)) = H'(C(D)),i >0, take a finite Galois extension K’/K such that D
becomes semistable over K', i.e., I acts trivially on D. We have (D', ¢, N) €
MFI%‘}(qo, N), where D’ := DYx" and (compatibly) D ~ D/®K6K(‘)“ and F*D}, ~
F*Dg ®g K'. Tt easily follows that CT(D) = C*™(K’, D) and C(D) = C(K', D').
Since F lD/K/ =0, our corollary is now a consequence of Corollary 2.11. ([

Proposition 2.16. If D € MFI"éd(go, N, Gg) and F'Dg = 0 then, fori =0, the
natural map

H (G, Vpst(D)) = H'(Gk, Vpst(D))
is an isomorphism.

Proof. Both sides satisfy Galois descent for finite Galois extensions. We can assume,
therefore, that D = Dy (V) for a semistable representation V of Gg. Fori =0, we
have (even without assuming F 'Dg =0)

H°(Cx(D)) = H(C (D)%) = H*(C(D))“* = V.
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For i = 1, the statement is proved in [Berger 2002, Théoréme 6.2, Lemme 6.5].
For i = 2, it follows from the assumption F!Dg = 0 (by weak admissibility of D)
that there is a W (k)-lattice M C D such that ¢~ (M) C p?>M, which implies that
1—po=—pe(l—p~le~!): D — D is surjective, and hence H?*(Cyq(D)) =0 (see
the proof of [Berger 2002, Lemme 6.7]). The proof of the fact that H 2(Gg,V)=0
if F'Dg = 0 was kindly communicated to us by L. Berger; it is reproduced in
Appendix A (see Theorem A.1). For i > 2, both terms vanish. U

2E. Comparison of spectral sequences. The purpose of this subsection is to prove
a derived category theorem (Theorem 2.18) that will be used later to relate the
syntomic descent spectral sequence with the étale Hochschild—Serre spectral se-
quence (see Theorem 4.8). Let D be a triangulated category and H : D — A a
cohomological functor to an abelian category A. A finite collection of adjacent
exact triangles (a “Postnikov system” in the language of [Gelfand and Manin 2003,
IV.2, Exercise 2])

NN N e

X=X XM e X" =0

[1] (1]
gives rise to an exact couple
Dy = HY(XP) = H(X"[q]), E}""=HI(Y")= H"*(X).
The induced filtration on the abutment is given by
FPHPT(X) =Im(D{? = H1(X?) - HP™(X)).
Remark 2.17. In the special case when A is the heart of a nondegenerate 7-structure
(D=", D=") on D and H = 1<(7>0, the following conditions are equivalent:
(1) Ey*=0for p #0.
2) Df’q =0 for all p, ¢q.
(3) DY =0forall p,q and r > 1.
(4) The sequence 0 — HY(X?)— H4(YP)— H(XP*") = 0is exact for all p, g.
(5) The sequence 0 — HY(X) — HY(Y% — H9(Y') — - is exact for all g.
(6) The canonical map HY(X) — E ;’q is a quasi-isomorphism for all g.
(7) The triangle 7<, X? — 1<, Y7 — tSqX”“ is exact for all p, g.

From now on until the end of Section 2E assume that D = D(A) is the derived
category of A with the standard ¢-structure and that X', Y* € D*(A) for all i.
Furthermore, assume that f : A — A’ is a left exact functor to an abelian category A’
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and that A admits a class of f-adapted objects (hence the derived functor Rf :
DT (A) — DT (A’) exists).

Applying R f to (14), we obtain another Postnikov system, this time in DT (A").
The corresponding exact couple

P = RIf)(XP), 'El=RIfH(YP) = RITF)(X) (15)
induces the filtration
IFPRPTf)(X) =Im('DV" = RIf)(XP) — (RPHF)(X)).

Our goal is to compare (15), under the equivalent conditions in Remark 2.17, to the
hypercohomology exact couple

Ipyt = RPYUf)(t<g1X), "EP? = RPF(HY(X)) = RPTF)(X)  (16)
for which
HppRPYFY(X) = Im("D) 1 = RPT9f) (1, X) — (RPHF)(X)).

Theorem 2.18. Under the conditions in Remark 2.17, there is a natural morphism
of exact couples
(,v) : ('Da, 'Ex) — ('Dy, "'E;).

Consequently, we have 'FP CUFP for all p and there is a natural morphism of
spectral sequences 'E¥** — E** (r > 1) compatible with the identity map on the
common abutment.

Proof. Step 1: We begin by constructing a natural map u : ‘D> — /D;.
For each p > 0, there is a commutative diagram in DT (A’)

R (1<g Y P~ H[=pl) — RPTf) (14 XP)[=p]) — RPTf)(74 X)

IE{’—l,qz K IDqu: o .
R X
®ReEP-ph T ®Epei—py D

both of whose rows are complexes. This defines a map v’ : IDf"’ — ”DZP_WH
such that u’k; = 0 and aj;u’ = a; (hence 'FP = Im(a;) € Im(ay;) = “FP). By
construction, the diagram (with exact top row)

q-1 ki l.g—1 i ,
IEfq ID{7+ q Iqu

N .

HpPr-q 2 11Dp71,q+1
2 ’ 2
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is commutative for each p > 0, which implies that the map

1.Inr9q . Inptlg—1 P9
.D2 =11(D1 ) — D2

_ ] e—
u=ui,
18 well-defined and satisfies uir, = iru.

Step 2: For all g, the canonical quasi-isomorphism H?(X) — E I’q induces natural
morphisms

v TEPI=HP (i > RIF)(YD) > HP (i > f(HY(Y') > RPF) (i > HI (YY)
= (RPf)(E}T) <= RPf)(HY (X)) ="E}Y;

setv=(—1)"v": IEg’q — HEg’q.
It remains to show that # and v are compatible with the maps

Dp Lg+l 2 qu ka Dl’+1‘1 @?=11I).

Step 3: For any complex M* over A, denote by Z/(M*) = Ker(8' : M — M'*!)
the subobject of cycles in degree i.
If M* is a resolution of an object M of A, then each exact sequence

0—> ZP(M*) — MP % ZPH I (M) — 0 (p > 0) (17)

can be completed to an exact sequence of resolutions

0—— ZP(M*) MP ZPi(M) —— 0

Jo | [

0 — (02 (M*)[p] — (03 ,Cone(M* % M*))[ p] — (0> p41(M*)[p+1] — 0

By induction, we obtain that the following diagram, whose top arrow is the com-
position of the natural maps Z' — Z~![1] induced by (17), commutes in D*(A):

ZP(M*) —— Z°(M*)[p] = M[p]

lcan l( 1)? can (18)
(0= p(M*)[ p] ——— M"[p]

We are going to apply this statementto M = H?(X) and M* = E{’q, when ZP (M*) =
DV? = H4(XP) and Z°(M*) = H(X).
Step 4: We are going to investigate IEé] 4

Complete the morphism Y” — Y”*! to an exact triangle U? — Y? — YP+!in
D™ (A) and fix a lift X? — UP of the morphism X? — Y.

There are canonical epimorphisms

(RIF)(UP) — Ker((R1f)(Y?) L55 RIf)(¥ 7)) = 2P (E}T) - 'ED?, (19)
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and the map
, 1, 1, j 1,
ko 'EJ? — DY = Ker(D) T L IEPTH

is induced by the restriction of k; : IEf’q — IDfH’q to ZP(IEI’q).
The octahedron (in which we have drawn only the four exact faces)

Xp+2\<—/lyp+1 Xp+2\ Yp—H
" xr+l [1] UP[I]/

TN, N

shows that the triangle X? — UP — XP*2[—1] is exact and the diagrams

X7[1 XP[1]

UP[1] — Y P[] RIfHUP) ————— ZP(E}Y)
| | “|
) €N XP-H[l] (qu)(Xp+2[—1]) _ 1D£J+2,q—l '_1> ]Déﬂ-l,q

commute. The previous discussion implies that the composite map

RIf)WUP) = 20 (Ey) — B L2 Ipp e
DI — REF) (rg 1 X) [+ 1])

is obtained by applying R7f to
Ty UP — 1oy (XPP—1]) = (<1 XPTH)[~1] = (1<4—1 X)[p+11.  (20)

Step 5: All boundary maps HY (XP+2[—1]) — HY(XP) vanish by Remark 2.17,
which means that the following triangles are exact:

Tey X7 = 1o, UP — 1o, (XPP2[—1]) = (141 XPTH)[1].
The commutative diagram

T<g UP — H1(UP)[—q] — Ker(HY(Y?) — HI(YP*1))[—q]

T<q X? — HY(XP)[—q]
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gives rise to an octahedron

VP e HI(XP)—q] HY(XP)[—q]
T<q Uur [1] (T<q 1Xp)[1
T, (XPT2[—1]) L T<g X7 Xr[1] \

In particular, the following diagram commutes:

T<q UP ——— HI(X?)[—q]

| | (21)

Tg (XPP[=1]) — (T<g—1 XP)[1]
Step 6: The diagram (18) implies that the composition of v : /EJ*? — "E]? with
the second epimorphism in (19) is equal to the composite map
ZP('Ey") =Ker(Rf)(t<4 Y7) = RIf) (1<, ')
— Ker((R7f)(H!(Y")[~q]) — RIf)(H! (Y )[~q]))
= RIf)(ZP(E}")[—q]) > R NZ(ETD—g+p))
= RPf)(H! (X)) ="ES".
As a result, the composition of v with (19) is obtained by applying R?f to
T<q U? — H1(X")[g] > H*(X)[—q + pl. (22)
Consequently, the composite map
IDf’ = (RIf) (1<, xP) 2L, Zp(IE a4y, IE” g _v 11E§,q
is given by applying RYf to
T<q XP — H1(XP)lg] - H'(X)[—q + pl,
and hence is equal to jru'. It follows that vj, = vjlil_1 = jzu’il_1 = jou.

Step 7: The diagram (21) implies that the map (20) coincides with the composition
of (22) with the canonical map HY(X)[—q + p] — (t<4—1 X)[p + 1]; hence
uky = kov. Thus the theorem is proved. O

Example 2.19. If K* is a bounded-below filtered complex over A (with a finite
filtration)

K.:FOK.DFIK.D"‘DFnK.DF”J’_IK.:O,
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then the objects
XP=FPK*[pl, YP=(FPK*'/FPK*)[pl=g(K")[ple D*(A)

form a Postnikov system of the kind considered in (14). The corresponding spectral
sequences are equal to

Ef),q — H’H_q(grf,(K')) = HP‘HI(K.)’
EPY = RV (gri(KT) = RPMF)(K).

In the special case when K* is the total complex associated to a first quadrant
bicomplex C** and the filtration F? is induced by the column filtration on C**, then
the complex f(K*) over A’ is equipped with a canonical filtration (f F?)(f(K*)) =
f(FPK*) satisfying

et ) (F(K™) = f(@rh(K")).
Under the conditions in Remark 2.17, the corresponding exact couple
Dyt = HII(f(FPKY)),
TEDY = HP M (grh ) (F(K*) = HPH(f (@ (K*)) = HPH(f(K*)

then naturally maps to the exact couple (15), hence (beginning from (D, E;)) to
the exact couple (16), by Theorem 2.18.

3. Syntomic cohomology

In this section we will define the arithmetic and geometric syntomic cohomologies
of varieties over K and K, respectively, and study their basic properties.

3A. Hyodo—-Kato morphism revisited. We will need to use the Hyodo—Kato mor-
phism on the level of derived categories and vary it in the s-topology. Recall that
the original morphism depends on the choice of a uniformizer and a change of such
is encoded in a transition function involving the exponential of the monodromy.
Since the fields of definition of semistable models in the bases for the /-topology
change, we will need to use these transition functions. The problem though is that
in the most obvious (i.e., crystalline) definition of the Hyodo—Kato complexes the
monodromy is (at best) homotopically nilpotent — making the exponential in the
transition functions impossible to define. Beilinson [2013] solves this problem by
representing Hyodo—Kato complexes using modules with nilpotent monodromy. In
this subsection we will summarize what we need from his approach.

We begin with a quick reminder. Let (U, U) be a log-scheme, log-smooth
over V*. For any r > 0, consider its absolute (meaning over W (k)) log-crystalline
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cohomology complexes

R (U, U, /[r])n = RF(Uét, RuU,,X/Wn(k)*jl[]?/Wn(k))’
RIa(U. U. /") := holim, REe(U, U, 7",
RI(U, U, #"q:=RI.(U.U, /") ®Q,,

where U™ denotes the log-scheme (U, U) and T AE U, Wy(k))er — Ug
is the projection from the log-crystalline to the étale topos. For r > 0, we write
/l[]}] W) for the r-th divided power of the canonical PD-ideal 7~y ) for
r <0, we set

[r] o
LU Wty = Uz Wah)

and we will often omit it from the notation. The absolute log-crystalline cohomol-
ogy complexes are filtered E, algebras over W, (k), W (k), or Ky, respectively.
Moreover, the rational ones are filtered commutative dg algebras.

Remark 3.1. The canonical pullback map

7 [r] ~ [r]
RF(Uét, RuUﬂX/Wﬂ(k)*jUnX/Wn(k)) —> RuUnX/Z/pn* U,,X/Z/p"
is a quasi-isomorphism. In what follows we will often call both the “absolute
crystalline cohomology”.

Let W (k)(t;) be the divided-powers polynomial algebra generated by elements 7,
l e mK/m%( \ {0}, subject to the relations t,; = [a]t; for a € V*, where [a] € W (k)
is the Teichmiiller lift of @ — the reduction mod mg of a. Let Ry (or simply R) be
the p-adic completion of the subalgebra of W (k)(t;) generated by #, and tli ki,
i > 1. For a fixed [, the ring R is the following W (k)-subalgebra of Ky[[#]:

o0

_ g
k= {Za’ lijex ]!

i=0

a; € W(k), _lim a; = 0}
i—00

One extends the Frobenius ¢ (semilinearly) to R by setting ¢g () = tlp and defines
a monodromy operator Ni as a W (k)-derivation by setting Ng(#;) = —¢;. Let
E := Spec(R) equipped with the log-structure generated by the 7.

We have two exact closed embeddings

iv: Wk —E, i,:V* < E.

The first one is canonical and induced by #; — 0. The second one depends on the
choice of the class of the uniformizing parameter 7 € mg / pmg up to multiplication
by Teichmiiller elements. It is induced by # + [I/7]7.
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Assume (U, U) is of Cartier type (i.e., the special fiber Uy is of Cartier type). Con-
sider the log-crystalline and the Hyodo—Kato complexes (see [Beilinson 2013, 1.16])

REe(U, U)/R. 7" := REe((U, D)/ Rue £ ),

RTuk (U, U), := RT:((U, U)o/ Wy, (K)°).

Let R[..((U, U)/R, 7 ["1y and RT'yk (U, U) be their homotopy inverse limits. The
last complex is called the Hyodo—Kato complex. The complex R (U, U)/R) is
R-perfect and

RI((U, U)/R), ~RT((U, U)/R) ®% R, ~RT:((U, U)/R) " 7/ p".

In general, we have RT((U, U)/R, #")), ~ RT((U,U)/R, 7" QL 7/p".
The complex RT'yx (U, U) is W (k)-perfect and

RIuk (U, U)y ~ RTyk (U, U) ®fy ) Wa (k) ~ Rk (U, U) @ 7/ p".

We normalize the monodromy operators N on the rational complexes R[yk (U, U)g
and RI..((U, U) /R)qg by replacing the standard N [Hyodo and Kato 1994, 3.6]
by Ng = el_(lN. This makes them compatible with base change. The embedding
io : (U, U)y — (U,U) over ip : W,(k)? — E, yields compatible morphisms
ia"n :RI (U, U)/R), — RTuk (U, U),. Completing, we get a morphism

i :RT((U, U)/R) — Rk (U, U),

which induces a quasi-isomorphism i : RI.+((U, U)/R) ®1Le W (k) => Rk (U, U).
All the above objects have an action of Frobenius and these morphisms are com-
patible with Frobenius. The Frobenius action is invertible on RI'gk (U, U Q-

The map i : Rl (U, U)/R)@ — Rk (U, U)g admits a unique (in the clas-
sical derived category) W (k)-linear section ¢, [Beilinson 2013, 1.16; Tsuji 1999,
Proposition 4.4.6] that commutes with ¢ and N. The map ¢, is functorial and its
R-linear extension is a quasi-isomorphism

tr i R®wx RTuk (U, U)g => RI((U, U)/R)q.
The composition (the Hyodo—Kato map)

tarx =¥, il -1z : RTCug(U, U)g — RTgr(U, Ug),
where
v, ' :RI(U. U, 6/ 7"g => RTR(U, Uk)/F"

is the quasi-isomorphism from Corollary 2.4, induces a K-linear functorial quasi-
isomorphism (the Hyodo—Kato quasi-isomorphism) [Tsuji 1999, Theorem 4.4.8,
Corollary 4.4.13]

tar.x : RTuk (U, U) ®wy K = RO (U, Uk). (23)
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We now describe the Beilinson—Hyodo—Kato morphism and provide a few
examples. Let S, = Spec(Z/p") equipped with the trivial log-structure and let
S = Spf(Z,) be the induced formal log-scheme. For any log-scheme ¥ — §i, let
Dy((Y/S)er, Oyys) denote the derived category of Frobenius 0y /s-modules and
DSCI(Y /S) its thick subcategory of perfect F-crystals, i.e., those Frobenius modules
that are perfect crystals [Beilinson 2013, 1.11]. We call a perfect F-crystal (%, ¢)
nondegenerate if the map Lo*(F) — % is an isogeny. The corresponding derived
category is denoted by Dgor(Y /8)". Tt has a dg category structure [Beilinson 2013,
1.14] that we denote by 25~ (Y /S)". We will omit S if understood.

Suppose now that Y is a fine log-scheme that is affine. Assume also that there is
a PD-thickening P = Spf R of Y that is formally smooth over S and such that R is
a p-adically complete ring with no p-torsion. Let f : Z — Y be a log-smooth map
of Cartier type with Z fine and proper over Y. Beilinson [2013, 1.11, 1.14] proves
the following theorem.

Theorem 3.2. The complex 7 := Rf.«(Oz/s) is a nondegenerate perfect F-crystal.

Let Dy n(Kp) denote the bounded derived category of (¢, N)-modules. By
[Beilinson 2013, 1.15], it has a dg category structure that we will denote by
Py,N(Kp). We call a (¢, N)-module effective if it contains a W (k)-lattice preserved
by ¢ and N. Denote by @W\/(Ko)elcf C Zy,N(Ky) the bounded derived category of
the abelian category of effective modules.

Let f: Y — k° be a log-scheme. We think of k° as W (k){. Then the map f
is given by a k-structure on Y plus a section [ = f*(p) € I'(Y, My) such that its
image in I'(Y, Oy) equals 0. We will often write f = f;, [ =1 .

Beilinson [2013, 1.15] proves the following theorem.

Theorem 3.3. (1) There is a natural functor
er =¢: Ty n(K)™ > 22N @ Q. (24)

(2) & is compatible with base change; i.e., for any 6 : Y’ — Y , one has a canonical
identification € g => LO%ey. For any a € k*, m € Z~, there is a canonical
identification e m(V, @, N) => €1(V, @, mN).

(3) Suppose that Y is a local scheme with residue field k and nilpotent maximal
ideal, My |0} = Z~, and the map f* : Myo/k* — My /Oy is injective. Then
(24) is an equivalence of dg categories.

In particular, we have an equivalence of dg categories
e:=¢e5: Zpn(K0)™ = () @ Q

and a canonical identification ¢y = Lfe.
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On the level of sections, the functor (24) has a simple description [Beilinson
2013, 1.15.3]. Assume that ¥ = Spec(A/J), where A is a p-adic algebra and J
is a PD-ideal in A, and that we have a PD-thickening i : Y < T = Spf(A). Let
Arn be the preimage of [ under the map I'(7,,, Mr,) — i.I'(Y, My). Itis a trivial
(1+ J,)*-torsor. Set

)\,A = l(i%lr(Tn, )“l,n)-

Itis a (14 J)*-torsor. Let 74, be the Fontaine—Hyodo—Kato torsor, i.e., the Ag-
torsor obtained from A4 by the pushout by (1 4 J)* LN N Ag. We call the
G,-torsor Spec A, over Spec Ag with sections 74, the same name. Denote by N,
the Ag-derivation of Ag, given by the action of the generator of Lieg, .

Let M be an (¢, N)-module. Integrating the action of the monodromy N, we get
an action of the group G, on M. Denote by M};@ the T4, -twistof My, :=M®g,Aq.
It can be represented as the module of maps v : 74, — M4, that are Ag-equivariant,

i.e., such that v(tr +a) =exp(aN)(v(r)), where T € T4, a € Ag. We can also write
M}, = (M ®g, Ap)® = (M @, A=,
where N := Ny ® 1 + 1 ® N;. Now, by definition,
er(M)(Y,T) =M}, (25)

The algebra Ag, has a concrete description. Take the natural map a : T4, — Ag of
Ag-torsors which maps 7 € 74, to a function a(t) € A whose value onany 7’ € 74,
is T — 1’ € Ag. This map is compatible with the logarithm log: (1 + J)* — A.
The algebra qu@ is freely generated over Ag by a(r) for any T € 14,; the
Ag-derivation N is defined by N (a(r)) = —1. That is, for chosen t € 74,
we can write

AL = Agla(@)].  N:a(@) =1,

For every lifting ¢7 of Frobenius to T, we have ¢ Ay = AZ. Hence ¢ extends
canonically to a Frobenius ¢; on Afcp in such a way that N;¢, = po;N;. The
isomorphism (25) is compatible with Frobenius.

Example 3.4. As an example, consider the case when the pullback map
Q= WMp/kHPR0Q = (I'(Y, My)/k")*P @ Q

is an isomorphism. We have a surjection v : (I'(T, M7)/k*)®? @ @ — Q with the
kernel log: (14 J )a —> Jo = Ag. We obtain an identification of Ag-torsors 74, >
v~ (1). Hence every noninvertible t € I'(T, Mr) yields an element t1/0@ e yp=1(1)
and a trivialization of 7.

For a fixed element 1'/*® e v~ (1), we can write

Aho = Agla@'* D], N(a@/"®)=—1.
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For an (¢, N)-module M, the twist M;@ can be trivialized:

Bi: M ®k, Ag = M}, = (M ®, Agla(t'/"")PN=0,
m > exp(Ny (m)a(t'/*™).
For a different choice tll o) ¢
the formula

B, = Brexp(Nu(m)a(ty, 1)), a(tr, 1) =a(n)/v(t) —a(?)/v().

Consider the map f: V" — k°. By Theorem 3.3, we have the equivalences of
dg categories

v=1(1), the two trivializations B,, B,, are related by

c: .@(p,N(KO)eff ;) ggcr(ko)nd ® @’
ey = Lfie: Dy n(Ko) = ZP"(V )™ @ Q.
Let Z; — V| be a log-smooth map of Cartier type with Z; fine and proper

over Vi. By Theorem 3.2, Rf (07, /z,) is a nondegenerate perfect F-crystal
on Vi . Set

RIH(Z1) =€ Rfux(Oz,2,)0 € Dy (Ko).
We will call it the Beilinson—Hyodo—Kato complex [Beilinson 2013, 1.16.1].

Example 3.5. To get familiar with the Beilinson—-Hyodo—Kato complexes we will
work out some examples.

(1) Let g : X — V* be a log-smooth log-scheme, proper, and of Cartier type.
Adjunction yields a quasi-isomorphism

e /R (X1) = £767 ' Rgers(Ox,/2,)0 => Rgerx(Ox,/z,)a- (26)

Evaluating it on the PD-thickening V* < V> (here A =V, J = pV, | = p,
Ay =p(I+J)% and tx = p(1+ J)* X147y« K), we get a map

RIfx (XD = /R (XD (V] > V) => Rgers(0x,/2,) (V] = V)q
= chr(Xl/VX)@ = RFcr(X/VX)@ = RFdR(XK)-
We will call it the Beilinson—Hyodo—Kato map [Beilinson 2013, 1.16.3]

B RIE (X% = ROgr(Xk). (27)
Recall that

RIB (XY = RIF (X)) ®k, K[la(D)DV?, 1 ek,

This makes it clear that the Beilinson—-Hyodo—Kato map is not only functorial for
log-schemes over V> but, by Theorem 3.3, it is also compatible with base change
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of V*. Moreover, if we use the canonical trivialization by p
B =By : R (XD)k = R (Xk = RO (XD ®k, Kla(p)D"=,
x = exp(N(x)a(p)),

we get that the composition (which we also call the Beilinson—-Hyodo—Kato map
and denote by (%)

B =15 B RTE (X)) — RTar (X k)
is functorial and compatible with base change.

(2) Evaluating the map (26) on the PD-thickening VlX < FE associated to a uni-
formizer & (here A = R, [ = p), we get a map

kg RO (X 1)k, <> RIa(X/R)g (28)
as the composition
RIfig (X%, = &R (XD (V) <> E) => Rger(0x,/2,)(V) < E)a
=Rl (X1/R)g = RI+(X/R)q.-
We have
RIfx (XDk, = RTE (X1 ®k, Rola(DV=0, 7 € 14,

Since the map xg is compatible with the log-connection on R it is also compatible
with the normalized monodromy operators. Specifically, if we define the monodromy
on the left-hand side of (28) as

N :RTE (XD %, — ROF (X 1)k, -
S ey @ roatt (1) > S (Na(me) @ 1y (27) +mi, ® Ne(re)ab (21)),
1 1

the two operators will correspond under the map «g.
The exact immersion i, : V> < FE yields a commutative diagram

RIfx (X1, — RTu(X/R)a
)
RI (X1 —— RTa(X/V¥)g

If p=un®, ue V> wehave Ag =ut¥ (14 J)*, where i € R is such that i lifts u.
Alternatively, Ag = [u]t2X (1 + J)*. We have the associated trivialization

Br : RTfi (X1)®k, Ra = RTfig (X 1)k, = RTix (X1)®k, Rala(t:) DV,

x = exp(N(x)a(ty)),
where 7, := [u]tK.
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(3) Consider the log-scheme k(]): the scheme Spec(k) with the log-structure induced
by the exact closed immersion i : k? — V,*. We have the commutative diagram

XOC% X]

L.
k‘f% v
\ lf

Jo
kO

The morphisms f, fo map p to p. By log-smooth base change we have a canonical
quasi-isomorphism Li*Rgcr*(ﬁxl/zp) ~ Rgoer+(Ox,/z,)- By Theorem 3.3 we have
the equivalence of dg categories

efy: Do (Ko)™ => (U ®@Q,  ef, = Lies.
This implies the natural quasi-isomorphisms
RIfic (X1) = &7 Rgerx(Ox,/2,)a ~ £, Li* Rger«(Ox,/2,)a
x~ 8}01 Rgocr+(Ox/2,)0-
Hence, by adjunction,
£ RIfK (X1) = £, 7 Rgoer(Ox/2,)0 = Rgoer=(Oxo/z,)-

We will evaluate both sides on the PD-thickening k? <> W(k)". Here we write
the log-structure on W (k)° as associated to the map I'(V*, Myx) = k — W(k),
ar>a. Wetake A=W(k),l=p, J=pW(k), Aww = p(1 + pW(k))* and
Tk, = P14+ pW (k)™ X (14 pw)* Ko. We get a quasi-isomorphism

ki RIfg (XD, => RTuk (Mo
as the composition

RIf (XD, = & RO (XD K > W(K)?) = Rgoer«(Ox0/2,) (k] > W (K)o
=RTe(Xo/ W(k)")g = RTuk (X)q.

To compare the monodromy operators on both sides of the map «, note that by
Theorem 3.3, we have the canonical identification

Rgoer+(Oxy2,)0 = €4, (RT{ (X1), N) ~ e5(RTfig (X1), ex N).
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Hence, from the description of the Hyodo—Kato monodromy [1994, 3.6], it follows
easily that the map « pairs the operator N on RFgK(X 1)k, defined by

N(Z me, @ rr,a" (n)) =Y (Nu(me) ®re,a" (1) +me, @ Nr(re)ab (1)),
1

I

with the normalized Hyodo—Kato monodromy on RI'gyk (X)g.
Composing the map « with the trivialization

B =Bp: RIfx (X1) => R (X1, = RTF (XDa @)DV,
x > exp(N (x)a(p)),

we get a quasi-isomorphism between Beilinson—-Hyodo—Kato complexes and the
(classical) Hyodo—Kato complexes:

Kk = Bi : R[E(X1) = Rk (X)o. (29)

The trivialization above is compatible with Frobenius and the normalized mon-
odromy; hence so is the quasi-isomorphism (29). It is clearly functorial and, by
Theorem 3.3, compatible with base change.

By functoriality (Theorem 3.3), the morphism of PD-thickenings (exact closed
immersion) ig : (k) <> W (k)?) < (V;“ < R) yields the right square in the diagram

b4 ig
Rk (X)g —— RTe(X1/R)g —— RTuk (X)q

T T T (30)

Ly i
RISy (X1), —— RO (X1)G, —— RO (X1,

In the left square, the bottom map ¢, is induced by the natural map Ko — R and by
sending a(p) > a(ty). It is a (right) section to i; and it (together with the vertical
maps) commutes with Frobenius. By uniqueness of the top map ¢, this makes the
left square commute in the classical derived category (of abelian groups).

It is easy to check that we have the commutative diagram

r iz
R (XD, —— RO (XD, — RO (XD

ﬂ]}’[? ﬁp]\l

RTE (X)) = RIG (X 1)k

and that the composition of maps on the top of it is equal to the map induced by
the canonical map Ko — K and the map Ay o — Ay, p = p.
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Combining the commutative diagrams in parts (2) and (3) of this example, we
get the commutative diagram

x in
Rk (X) ——— RTo(X1/R)g —— RTe(X1/V¥)g

ZTK ZTKR szffR
Pk

ly Iy
RFSK(XI)}(O — RFgK(Xl);Q — > RIB (X%

ﬂpTz ,BPTZ

RIE (X)) RIF (X 1)k

Since the composition of the top maps is equal to the Hyodo—Kato map (gr and
the bottom map is just the canonical map RI'yx (X1) — RI'yk(X)k, we obtain
that the Hyodo—Kato and the Beilinson—-Hyodo—Kato maps are related by a natural
quasi-isomorphism; i.e., the following diagram commutes:

LdR,
RIpk (X) —— RI'4r (X k)

zTK / (31)

RI 'y (X1)

The above examples can be generalized [Beilinson 2013, 1.16]. It turns out that
the relative crystalline cohomology of all the base changes of the map f can be
described using the Beilinson—Hyodo—Kato complexes [loc. cit., 1.16.2]. Namely,
let 0 : Y — V| be an affine log-scheme and let 7' be a p-adic PD-thickening of Y,
thatis, 7 = Spf(A), Y = Spec(A/J). Denote by fy : Z;y — Y the 6-pullback of f.
Beilinson [2013, 1.16.2] proved the following theorem.

Theorem 3.6. (1) The A-complex RUo.((Z1y/ T, Oz.y,r) IS perfect, and one has
RFCI‘(ZIY/TI’H ﬁzly/Tn) = RFCT(ZIY/Ta ﬁzly/T) ®L Z/pn‘

(2) There exists a canonical Beilinson—Hyodo—Kato quasi-isomorphism of Ag-
complexes:

Kho i ROE(Z1)Y, <> REe(Z1y /T, Oz,,,1)0.
If there is a Frobenius lifting ¢r, then k f@ commutes with its action.

3B. Log-syntomic cohomology. We will study now (rational) log-syntomic co-
homology. Let (U, U) be log-smooth over V*. For r > 0, define the mod p”,
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completed, and rational log-syntomic complexes

RTyy (U, U, 1)y := Cone(RTop(U, T, ¢, Z=% RO (U, U),)[—11,
RIyn (U, U, r) := holim, Rl (U, U, 1), (32)
RTyyn(U, U, r)q := Cone(RTe(U, U, #"g =25 RU(U, U)g)[—11.
Here the Frobenius ¢ is defined by the composition
¢ :RTa(U, U, g, — RTe(U, U)y <> RTa((U, U)1/ W (K)),
>R (U, U)1/ W (k) <= RTee(U, ),

and ¢, := ¢/ p". The mapping fibers are taken in the co-derived category of abelian
groups. The direct sums

@ Rrsyn(U, l_ja s @Rrsyn(Uv U’ r), @ RFsyn(U, U, ra
r>0 r>0 r>0

are graded E, algebras over Z/p", Z,,, and Q,, respectively [Hinich and Schecht-
man 1987, Theorem 1.6]. The rational log-syntomic complexes are moreover graded
commutative dg algebras over Q, [Hinich and Schechtman 1987, Theorem 4.1;
Groth 2010, Perspective 3.22; Lurie 2016]. An explicit definition of syntomic
product structure can be found in [Tsuji 1999, Section 2.2].

We have Ryyn (U, U, 1), = RTsyn (U, U, r) ®L Z/ p". There is a canonical quasi-
isomorphism of graded E, algebras

RIyn(U, U, ), = Cone(RI(U, U),
LS, RO (U, U)y @ RT(U, U, 6/ 7",)[-11.

The completed and rational cases are similar.

Since, by Corollary 2.4, there is a quasi-isomorphism

v, iRTu(U, U, 6/ 7'"™g = RTw(U, Ug)/F",
we have a very nice canonical description of rational log-syntomic cohomology:

Rrsyn(Uv [77 ra
- — 1— - :1 — —
=5 [RTa(U, U)g %), RT(U, U ® R (U, Uk)/F)],

where square brackets stand for mapping fiber.

Remark 3.7. In the above definition, one can replace the map 1 — ¢, with any
polynomial map P € 1 + X K[X] to obtain the analog of Besser’s finite polynomial
cohomology. This was studied in [Besser et al. 2016].
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For arithmetic pairs (U, U) that are log-smooth over V* and of Cartier type,
this can be simplified further by using Hyodo—Kato complexes (see Proposition 3.8
below). To do that, consider the following sequence of maps of homotopy limits.
Homotopy limits are taken in the co-derived category (to do that we define the
maps (, by the zigzag from diagram (30)). We will describe the coherence data
only if they are nonobvious:

RFSyIl(Ua l75 r)@
— (-7, H — —
= [RTa(U, U)g ——— RI4(U, U)g ®RTr (U, Uk)/F"]

— (I—gr. iy _ _
RI:((U,U)/R)q RIG((U,U)/R)g®RIgGr(U, Uk)/F"

= lN l(N,O)

RT((U, U)/R)a e RT((U, U)/R)a

7901‘9[(1}{.7'[)

_ _ _
RI'uk (U, U)g Rk (U, U)o @RI (U, Uk)/F"

<« lN l(N,O)

— 1—(/),7 —
RIuk (U, U)g : RIuk (U, U)g

The first map was described above. The second one is induced by the distinguished
triangle

RI(U, U) = Rl (U, U)/R) 5 RT((U, U)/R).
The third one is induced by the section ¢, : Rk (U, U)g — RT((U, U)/R)q
(notice that (qr » = yfli; tz). We will show below that the third map is a quasi-

isomorphism.
Set C4(RT'ux (U, U ){r}) equal to the last homotopy limit in the above diagram.

Proposition 3.8. Ler (U, U) be an arithmetic pair that is log-smooth over V*
and of Cartier type. Let r > 0. Then the above diagram defines a canonical
quasi-isomorphism:

Osyn, 7 :Rrsyn(U, U? r)a = Cq(RT'uk (U, l_]){r})

Proof. We need to show that the map ¢,; in the above diagram is a quasi-isomorphism.
Define complexes (r > —1)

RI((U, U)/R, r) := Cone(RI:((U, U)/R)q LaliN RI((U, U)/R)g)[-1],
RTyx (U, U, r) := Cone(RTuk (U, U)g —2> RTux (U, U)g)[—11.
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It suffices to prove that the maps

ig 1 RLec((U, U)/R, 1) = Rlux (U, U, 1),
tx :RCuk (U, U, r) => RI((U, U)/R, r)
are quasi-isomorphisms. Since ijt, = Id, it suffices to show that the map i is a
quasi-isomorphism. Base-changing to W (k), we may assume that the residue field

of V is algebraically closed. It suffices to show that, for i > 0 and ¢t > —1, in the
commutative diagram

(33)

. — p'—y . _
Hiyg (U, U)g —— Hi(U,U)q

K Pk

t

Hi((U, U)/R)a — H.(U, U)/R)a

the vertical maps induce isomorphisms between the kernels and cokernels of the
horizontal maps.

Since the W (k)-linear map ¢, commutes with ¢ and its R-linear extension is a
quasi-isomorphism

iz : R®wu Rk (U, U)g => RI((U, U)/R)q,

it suffices to show that in the commutative diagram

i 7 r'-e i 7
HHK(U’ U)@ — HHK(U’ U)@

Ti()@Id Tio@ld

. f— pt—(p . —
R ®@wu Hyg (U, U)g — R Qw) Hy (U, U)o

the vertical maps induce isomorphisms between the kernels and cokernels of the
horizontal maps. This will follow if we show that the map

. — pt—(p . —
I Qw Hig (U, U)o — 1 Qww) Hiyg (U, U)a,

for I C R, where [ is the kernel of the projection iy : Rg — Ko, t; — 0, is an
isomorphism. We argue as in [Langer 1999, p. 210]. Let M := H}iIK(U, U)/tor.
It is a lattice in HIEIK(U’ U)g that is stable under Frobenius. Consider the formal
inverse ¥ :=)_,.o(p~'@)" of 1 — p~'¢. It suffices to show that, for y € I Qw ) M,
Yv(y) el Qww M. Fix [ and let T® .= tlk/l_k/eKJ!. We will show that, for any
m e M, we have (T ®m) € I ®w ) M and the infinite series converges uniformly
in k. We have

Lkp" /ek ]!

{kp™} /
Kjex i E

(o) (TH @m) =
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and ord, (|kp"/ex ]!/ |k/ex ]! > p"~ 1. Hence Lkp" ek !/ (Lk/ek ]! p™) converges
p-adically to zero, uniformly in k, as wanted. ([

Remark 3.9. It was Langer [1999, p. 193] (see [Nekovar 1998, Lemma 2.13] in the
good reduction case) who observed the fact that while, in general, the crystalline co-
homology RI; (U, U) behaves badly (it is “huge”), after taking “filtered Frobenius
eigenspaces” we obtain syntomic cohomology Ry, (U, U, r)g that behaves well
(it is “small”). In [Nekovar 2000, 3.5] this phenomenon is explained by relating
syntomic cohomology to the complex Cy(RI'yk (U, U){r)).

Remark 3.10. The construction of the map agy, » depends on the choice of the
uniformizer 7, which makes the A-sheafification impossible. We will show now
that there is a functorial and compatible-with-base-change quasi-isomorphism asyn
between rational syntomic cohomology and certain complexes built from Hyodo—
Kato cohomology and de Rham cohomology that 4-sheafify well.

Set
Syn : Ry (U, U, r)g = [R[(U, U, r) —> RFdR(U UK)/Fr
L RMyuk (U, T, )¥=0 22 RU o (U, Ug)/F"].
Here the two morphisms 8 and () are defined as the following compositions
B :RI4(U, U, r) = RT(Uy, Ug, r) = RTuk (U, U, r)¥=",
U : RTu (U, T, V=0 L= RTo(U, T, r) ~—> RTr (U, ),

where (---)V=0 denotes the mapping fiber of the monodromy. The map B is a
quasi-isomorphism because so is each of the intermediate maps. To see this, for the
map i : R[ (U, U, r) — RI+(Up, Uy, ), consider the factorization

F™ : RTo(U, U, r) “5 RT(Up, Uo, r) 225 RT(U, T, r)

of the m-th power of the Frobenius, where m is large enough. We also have
ig¥m = F™. Because Frobenius is a quasi-isomorphism on RI (U, U,r) and
RI(Uo, Uy, r), both iy and v, are quasi-isomorphisms as well. The second
morphism in the sequence defining 8 is a quasi-isomorphism by an argument
similar to the one we used in the proof of Proposition 3.8.

Define the complex

CL(RTug (U, U){r}) := [RTux (U, U, "= <% RTgr (U, Ug)/F'].
We have obtained a quasi-isomorphism

: Rl (U, U, r)g => CiL(RTuk (U, U){r}).

syn
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It is clearly functorial but it is also easy to check that it is compatible with base
change (of the base V).

Define the complex

— p— B —
CuRTF (U, U {r}) = [ROf (U, Uy, 1)N=" 22 RO (U, Ug)/F")-
From the commutative diagram (31) we obtain the natural quasi-isomorphisms
v : CaRTyix (U, U){r}) = CuRTux (U, U){r}),
abr =¥ 'dynx : RTgn(U. U, r)g = CaRTf (U, U){r}).

We will show now that log-syntomic cohomology satisfies finite Galois descent.
Let (U, U) be a fine log-scheme, log-smooth over V*, and of Cartier type. Let
r > 0. Let K’ be a finite Galois extension of K and let G = Gal(K’/K). Let
(T,T) = (U xy V', U xy V'), where V' is the ring of integers in K’, be the
base change of (U, U) to (K’, V'), and let f : (T, T) — (U, U) be the canonical
projection. Take R = Ry, N, e, 7 associated to V. Similarly, we define R’ := Ry,

ol : B
N’, ¢, r’. Write the map o, , as

RTya(U, U. r)a —— [ROE (U, U)g, r)N=0 L RPw(U, Uk)/F"]
[ T |
Ca(RI'E (U, U){r}) ——— [RI'E U, U, r)N=0 L RIar(U, Ug)/F"]

Here we defined the map /4 as the composition
RTyn(U, U, r)g = RI((U, U)/R)g <= RTYi (U1, U, - (34)
From the construction of the Beilinson—Hyodo—Kato map
B i ROB(T1, T1) — ROR(T, T ),

it follows that it is G-equivariant; hence the complex Cst(Rl“gK(T, T){r}) is

equipped with a natural G-action. We claim the map agn’n, induces a natural map
&gy 0 RD(G, RIyn(T, T, o) — RI(G, CaRIfi (T, TH{r})),
~B . B
asyn’”/ — (1/|G|) Zasyn,g(n/).

geCG

To see this it suffices to show that, for every g € G, we have a commutative diagram

— aan.rr’ —
RUyn(T, T, r)g ——— Coq(RTE (T, T){r})

l I+

“syng(r')

Rrsyn(T, T’ rg—— Cst(RFgK(Ta T){r})
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We accomplish this by constructing natural morphisms
g* : RFCI‘((T7 T)/Ry/-[’) - RFCI‘((Ta T)/R;(n’))v
g* :ROF (T, T — RIi(Th, Tl);/( ,
bid g(m

that are compatible with the maps in (34) that define /, the maps ¢ and i3, and
the trivialization 8. We define the pullbacks g* from a map ¢ : R}, — R;(n,)
constructed by lifting the action of g from V| to R’ by setting g(,,) =t and
taking the induced action of g on W (k). This map is compatible with Frobenius
and monodromy. The induced pullbacks g* are clearly compatible with the map i
and the maps 7, the maps i, i;(ﬂ,), and the trivialization 8. From the construction
of the Beilinson—-Hyodo—Kato map, the pullbacks g* are also compatible with the

maps kg;, and hence with the map £, as wanted.
Proposition 3.11. (1) The following diagram commutes in the (classical) derived

category:

REyyn (U, U, r)g ——— RI(G, Rlyyn (T T, ))

B ~B
lasyn.n lasyn,n’

*

CsRTE (U, U){r}) SEAN RI(G, CqRTE (T, T){r}))
(2) The natural map
f*:RTyn(U, U, r)g => RT(G, Rl (T, T, r)q)
is a quasi-isomorphism.

Proof. The second claim of the proposition follows from the first one and the fact
that the Hyodo—Kato and de Rham cohomologies satisfy finite Galois decent.

Since everything in sight is functorial and satisfies finite unramified Galois
descent, we may assume that the extension K'/K is totally ramified. First, we will
construct a G-equivariant (for the trivial action of G on R) map

f*:RTa((U, U)/R, r)N=" — RT((T, T)/R', r)N'=°

such that the following diagram commutes:

RTo(U, U, r) —— S RT(T. T 1)

| |

*

RT. (U, T)/R, r)V=0 —Ls RT,((T, T)/R’, r)N'=0 (35)

ZTLTF z]\tﬂ/

%

RTux (U, U, V=0 — L Ry (T, T, r)N'=0
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Remark 3.12. Note that the bottom map is an isomorphism because f* acts trivially
on the Hyodo—Kato complexes. The commutativity of the above diagram and the
quasi-isomorphisms (33) will imply that a totally ramified Galois extension does
not change the log-crystalline complexes RI¢ (U, U, r) and R (U, U) /R, r)N=0,

Let e; be the ramification index of V//V. Set v = (7)*'w~!, and choose an
integer s such that (7')”" € pV’. Set T :=t,, T’ :=t, and define the morphism
a:R— R by T~ (T [v]"\. Since V/ and V; are defined by pR + T°R and
by pR’ + (T")°R’, respectively, a induces a morphism a; : V; — V/. We have
F?a; = F*f|, where F is the absolute Frobenius on Spec(V}). Notice that in general
fi # ap if v[5]7! 2 1 mod pV’. The morphism @ra : Spec(R’) — Spec(R) is
compatible with F* f; : Spec(Vl/ ) — Spec(V) and it commutes with the operators N
and p* N'. We have the following commutative diagram:

_ F*fi _
(r, 7y, —— (U, U)

F3a|:F“f]
Spec(V|) ——————— Spec(V})

s

PYra
Spec(R’) ———— Spec(R)
Hence we also have the commutative diagram of distinguished triangles

RT(U, U)g —— RTe((U, U)/R)g —2 RTe((U, U)/R)g

Jf* F* J/f* FS Jpsel f* F* (36)

RTe(T, T)g — RTe (T, T)/R)a -2 RTo (T, T)/R)a

To see how this diagram arises, we may assume (by the usual Cech argument)
that we have a fine affine log-scheme X,/ V,* that is log-smooth over V. We can
also assume that we have a lifting of X,, — Z, over Spec(W,, (k)[T]) (with the log-
structure coming from 7) and a lifting of Frobenius ¢z on Z,, that is compatible with
the Frobenius ¢g. Recall [Kato 1994, Lemma 4.2] that the horizontal distinguished
triangles in the above diagram arise from an exact sequence of complexes of sheaves
on X, &

0— C[—1]1 22T, ¢, — ¢, — 0, (37)

where Cy := R, W, ()[T] Q.Z,I/Wn(k) and C{/ = R, Qw,w)[T] Q.Zn/Wn(k)[T]' Now
consider the base change of Z,,/ W, (k)[T] by the map F*a : Spec(W, (k)[T']) —
Spec(W, (k)[T]) and the related complexes (37). We get a commutative diagram
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of complexes of sheaves on X, ¢ (note that Xy ,, ¢t = Xy.60)

, Adlog T’ ,
0 ——— C}[-1] Cyr cl, 0
Tp“eua*wé Tu*wé Ta*w}
Adlog T
0 —— C}[-1] Cy i, 0

Hence diagram (36) follows.
Combining diagram (36) with Frobenius, we obtain the commutative diagram

RI(U, U’ r) <LRr‘cr(U, U, NfYF* RI(T, Ts r)

| | |

_ FS pS FS i a* FS, pSa* FS _ ,
RT((U, O)/R. V=0 R (U, O) /R V=0 2 R (T T) /R, )N =0
J/ig zli(’)‘ zli(’;

_ F'S, S pS — FS, SFS — 1.
RTux (U, U, V=0« Repe (U, U, ry)N=0 — ") REy (T, T, r)N'=0

It follows that all the maps in the above diagram are quasi-isomorphisms. We define
the map

f*:RTe((U, U)/R, WN=0 - RT(T, T)/ R, )N'=°

by the middle row. Since, for any g € G, we have v,(z/) = g(vy/), the map f* is
G-equivariant. In the (classical) derived category, this definition is independent of
the constant s we have chosen. Since i is a quasi-isomorphism and ijts, = Id, the
diagram (35) commutes as well, as wanted.

We define the map

fRCEI(WU, U)/R, r)V=0 = RUEL (T, T)/R', r)N'=° (38)

in an analogous way. By the above diagram and by the compatibility of the Beilinson—
Hyodo—Kato constructions with base change and with Frobenius, the two pullback
maps f* are compatible via the morphism #, i.e., the following diagram commutes:

RT (U, U, r) —— RT((U, U)/R, r)V=0 « = RrE7 (U, U)/R, r)N=0

lf * lf * lf *
RTu(T, T, r) —— RTu(T, T)/R', V=0 - ROFE(T, T)/R', )V =0
From the analog of diagram (35) for the Beilinson—-Hyodo—Kato complexes and by

the universal nature of the trivialization at p, we obtain that the pullback map f*
is compatible with the maps B¢7. It remains to show that we have a commutative
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diagram

RTE (U, U, )N=0 L RTE (T, T, r)N'=0

B B
lldR lLdR

RTar(U. Ug)/F" —— ROa(T. T)/F'
But this follows since the Beilinson—Hyodo—Kato map is compatible with base
change. ([

3C. Arithmetic syntomic cohomology. We are now ready to introduce and study
arithmetic syntomic cohomology, i.e., syntomic cohomology over K. Let _# 1, o7,
and . (r) for r > 0 be the h-sheafifications on ¥arg of the presheaves sending
(U, U) € % to RT(U, U, J"), RT(U, U), and RTyyn (U, U, r), respectively.
Let /C[rr ]1, Ser.n, and .7, (r) denote the h-sheafifications of the mod-p™ versions of
the respective presheaves. We have

() =~ Cone(_#] AN Aern)[—11, F(r) = Cone( 7}/ £, o) [—1].

cr,n

For r > 0, define .”(r)g as the h-sheafification of the presheaf sending ss-pairs
(U, U) to Rlyy (U, U, r)q. We have

r 1- r
7(r)a = Cone( 71 —> e )[—11.
For X € Yarg, set

Rrsyn(th rn =RE(Xp, S (r)), RFsyn(th r) :=RI(Xp, 7 (r)a).
We have

RTgyn (X5, 1)y = Cone(RT (X, 71y 225 RI(X),, e ) [ 11,
r 1— r
RTgyn (X, r) = Cone(RT (X4, 71 1) —2> RT (X, er0))[—11.

We will often write RI..(X},) for RI' (X}, <7%,) if this does not cause confusion.

Let ok be the h-sheafification of the presheaf (U, U) — RIyk (U, U)g on 2%;
this is an h-sheaf of E,, Kp-algebras on ¥arg equipped with a ¢-action and a
derivation N such that No = poN. For X € Yark, set R’y (X;) :=RI' (X}, k).
Similarly, we define h-sheaves ;zflfK and the complexes RFSK(X 1) :=RI'(Xy, dIfK).
The maps « : RI‘gK(U .U — Rluk (U, U )o h-sheafify and we obtain functorial
quasi-isomorphisms

K e <> ch,  kRUE(Xp) = ROk (Xy).

Remark 3.13. The complexes /C[rf ) and .%,(r) (and their completions) have a

concrete description. For the complexes /C[r’]n, we can represent the presheaves

(U,U) — RT4(U, U, 7"y by Godement resolutions (on the crystalline site),
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sheafify them for the A-topology on 7%, and then move them to arg. For the
complexes .%,(r), the maps p" — ¢ can be lifted to the Godement resolutions and
their mapping fiber (defining ., (r) (U, U)) can be computed in the abelian category
of complexes of abelian groups. To get .7, (r), we h-sheafify on 273 and pass to ¥ar.

Let, for a moment, K be any field of characteristic zero. Consider the presheaf
(U, U)—RIgr(U, U):=RI'(U, Q;U,ﬁ)) of filtered dg K-algebras on 275°. Let a/ir
be its h-sheafification. It is a sheaf of filtered K-algebras on ¥arg. For X € Yarg,
we have Deligne’s de Rham complex of X equipped with Deligne’s Hodge filtration:
RI4r (X) := RI'(X},, <%Rr). Beilinson proves the following comparison statement.

Proposition 3.14 [Beilinson 2012, 2.4]. (1) For (U, U) € P¥ , the canonical map
RI4r(U, U) = RT4r(Up) is a filtered quasi-isomorphism.

(2) The cohomology groups HéR(Xll) := H'RT4r(X},) are K-vector spaces of
dimension equal to the rank of H' (Xi.¢00 Qp)-

Corollary 3.15. For a geometric pair (U, U) over K that is saturated and log-
smooth, the canonical map

RIGR(U, U) => RT4r(Uy)

is a filtered quasi-isomorphism.

Proof. Recall [Niziot 2006, Theorem 5.10] that there is a log-blow-up (U, T) —
(U, U) that resolves singularities of (U, U), i.e., such that (U, T) € 2% . We have
a commutative diagram

RIGR (U, T) —— R (Up)

|
RIgr (U, U)
The vertical map is a filtered quasi-isomorphism; the horizontal map is a filtered

quasi-isomorphism by the above proposition. Our corollary follows. U

Remark 3.16. Another proof of the above result (and a mild generalization) that
does not use resolution of singularities can be found in [Beilinson 2013, 1.19]
(where it is attributed to A. Ogus).

Return now to our p-adic field K.

Remark 3.17. By construction, we know the complexes RI'qr(X1,), R['uk(X4),
RFgK(X n), R[(Xy, 7 C[rr’]@), and RTsy, (X, ) satisfy h-descent. In particular, since
the h-topology is finer than the étale topology, they satisfy Galois descent for finite
extensions. Hence, for any finite Galois extension K;/K, the natural maps

RI5(X,) = RI(G,RI5(Xk, 1)), ?=cr,syn,HK,dR, x=B, &,
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where G = Gal(K/K), are (filtered) quasi-isomorphisms. Since G is finite, it
follows that the natural maps

Rk (X1n) ®k, K10 = RTjx(Xk,.1),  RTar(Xp) ®k K1 > R (Xk,.1)
are (filtered) quasi-isomorphisms as well.
Recall from [Beilinson 2013, 2.5] and Proposition 3.21, that for a fine, log-
scheme X, log-smooth over V*, and of Cartier type we have a quasi-isomorphism
Rl (X7, /)[(r;/W(k))@ ~RI (Xg o S Do

We can descend this result to K but on the level of rational log-syntomic coho-
mology; the key observation being that the field extensions introduced by the
alterations are harmless since, by Proposition 3.11, log-syntomic cohomology
satisfies finite Galois descent. Along the way we will get an analogous comparison
quasi-isomorphism for the Hyodo—Kato cohomology.

Proposition 3.18. For any arithmetic pair (U, U) that is fine, log-smooth over V*,
and of Cartier type, and r > 0, the canonical maps

RIfi (U, U)o = RTx (Un),  RTya(U, U, 1)@ = RTyyn(Up, 1)
are quasi-isomorphisms.

Proof. Tt suffices to show that for any A-hypercovering (U., U,) — (U, U) by pairs
from 27, the natural maps

RIuxk (U, U)@ — Rlpk (U, U.)@, Rrsyn(U, U, ra— RFsyn(Un Un ra

are (modulo taking a refinement of (U, U.)) quasi-isomorphisms. For the second
map, since we have a canonical quasi-isomorphism

RIyn (U, U, r)q => Cone(RTe(U, U, r)g — RI(U, U, 6/ _7'"Ng)[—1],

it suffices to show that, up to a refinement of the hypercovering, we have quasi-
isomorphisms

Rl (U, U, 6/ 7"g => RTu(U.,, U., 6/ 7"q,

RFCF(Uv l_]7 r)@ L> RFCY(U-a l_]oa r)@
For the first of these maps, by Corollary 2.4 this amounts to showing that the
following map is a quasi-isomorphism:
7 . r ~ r7 . r

RI'(Uk, Q(U,UK))/F ~ RI'(U, k, Q(U.,U.,K))/F .

But, by Corollary 3.15 this map is quasi-isomorphic to the map
RUar(Up)/F" — REar (U, 0)/ F",

which is clearly a quasi-isomorphism.
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Hence it suffices to show that, up to a refinement of the hypercovering, we have
quasi-isomorphisms

RFHK(U’ (_])@ :_> RFHK(l]u l_]o)@a RFCF(Ua l_]a r)@ :_) RFCI‘(U09 l_]oa r)@

Fix t > 0. To show that H'RI (U, U, r)g = H'RT(U.,U.,r)g is a quasi-
isomorphism, we will often work with (z+41)-truncated h-hypercovers. This is
because 7RI+ (U, U.,r)~ <RI ((U,, U.)S,H, r), where (U,, U-)§t+1 denotes
the (r+1)-truncation. Assume first that we have an h-hypercovering (U,, U,) —
(U, U) of arithmetic pairs over K, where each pair (U;, Up,i<t+1,is log-smooth
over V> and of Cartier type. We claim that then already the maps

T« RTuk (U, U)ag => t<RTuk (U, U)<i+1)a,

<RI (U, U)@ = <Rl (U, Uo)§t+l)@

are quasi-isomorphisms. To see the second quasi-isomorphism, consider the fol-
lowing commutative diagram of distinguished triangles (R = Ry):

(39)

RIo(U, U) ——— RI((U, U)/R) Y Rru(, U)/R)

J | J

REur (Ui, U.)<ra1) —— RTer(Ua U) <11/ R) ——s RTep((U, U)<i11/R)

It suffices to show that the two right vertical arrows are rational quasi-isomorphisms
in degrees less than or equal to . But we have the R-linear quasi-isomorphisms

1 R®wx RTux (U, U)g = RI'((U, U)/R)q,
L2 R®wx RUuk (U, U <+1)a = RT((U,, U)<i41/Ra-

Hence to show both quasi-isomorphisms (39), it suffices to show that the map
< RTk (U, U)g =~ TRk (U, U) <410

is a quasi-isomorphism.
Tensoring over Ko with K and using the Hyodo—Kato quasi-isomorphism (23),
we reduce to showing that the map

T RT Uk Q) 5. )) = 7= ROk <141, Q

(Us, U ) =i41 )
is a quasi-isomorphism, and this we have done above.

To treat the general case, set X = (U, 17), Y., = (U,, l_].). We will do a base
change to reduce to the case discussed above. We may assume that all the fields K, ;,
Ky, ~[] Kn.i are Galois over K. Choose a finite Galois extension (V’, K')/(V, K)
for K’ Galois over all the fields K, ;, n <t+1. Write Nx(Xy) for the “Cech nerve”
of Xy//X. The term Nx(Xy), is defined as the (n+1)-fold fiber product of Xy~

over X: Nx(Xy)n, = (U xg K" (U xy V/-rthynomy where Vo +L K7+ are



1742 Jan Nekovar and Wiestawa Niziot

defined as the (n+1)-fold product of V' over V and of K’ over K, respectively.
Normalization is taken with respect to the open regular subscheme U x x K’
Note that Nx(Xy/), ~ (U xx K’ x G", U xy V' x G"), where G = Gal(K'/K).
Hence it is a log-smooth scheme over V"> of Cartier type. The augmentation
Nx(Xy’) = X is an h-hypercovering.

Consider the bisimplicial scheme Y, x x Nx(Xy).,

Y XxNx(Xv)Idnm: =Yy XxNx(Xv)m
~ (UnXUUXKK/’m-H, (UnXU(UXVV/,m+1)norm)n0rm)
~ ]_[(Un Xk Kni Xk KLUy, (Vi V0 yom),

1

Hence (Y, xx Nx(Xv'))n.m € ,@}?g. Forn,m <t + 1, we have

(Y. xx Nx(Xv)Dnm = | [(Un xk,; K" X Gui x G™, Uy xv,, V' X Gy x G™),

4
where G, ; = Gal(K,, ;/K). It is a log-scheme log-smooth over V"* of Cartier type.
Consider now its diagonal Y, xx Nx(Xy/) := A(Y, xx Nx(Xys).). Itis an
h-hypercovering of X refining Y, such that (Y, xx Nx(Xy’)), is log-smooth over
V’-X, of Cartier type, for n < ¢+ 1. It suffices to show that the compositions
Rluk(X)g — Rluk(Y)a —5 RTuk (Y. xx Nx(Xy))a, 40)
REu(X, 1) = Rl (Y., 1o = REu(Y. xx Nx(Xv1), e
are quasi-isomorphisms in degrees less than or equal to #. Using the commutative
diagram of bisimplicial schemes

A pr
Y, xx Nx(Xy) —— Y, xx Nx(Xy)., — Y,

[

Nx(Xy) — X
we can write the second composition as
* pr*
RTu(X, P)g 2> RTa(Nx (Xv), Pa 22> RTa(Y. xx Nx(Xv)., ra
A5 RI (Y, xx Nx(Xv1), ra.

We claim that all of these maps are quasi-isomorphisms in degrees less than or
equal to . The map A* is a quasi-isomorphism (in all degrees) by [Friedlander
1982, Proposition 2.5]. For the second map, fix n < ¢ 4 1 and consider the induced
map pr, : (Y, xx Nx(Xv/).)en — Nx(Xy'),. It is an h-hypercovering whose
(t+1)-truncation is built from log-schemes, log-smooth over (V', K’), of Cartier
type. It suffices to show that the induced map

T RTer(Nx (Xy)n 1) —2> T< R (Yo X x Nx(Xy))um e
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is a quasi-isomorphism. Since all maps are defined over K’, this follows from the
case considered at the beginning of the proof.

To prove that f*: R[+(X, r)g = RI(Nx(Xy), r)g is a quasi-isomorphism,
consider first the case when the extension V’/V is unramified. Then R (Xy/) >~
RIr(X) ® wx) W (k') and the map f* is a quasi-isomorphism by finite étale descent
for crystalline cohomology.

Assume now that the extension V'/V is totally ramified and let 7 and 7’ be
uniformizers of V and V’, respectively. Consider the target of f* as a double
complex. To show that f* is a quasi-isomorphism, it suffices to show that, for each
s > 0, the sequence

0—> H°RTe (X, r)a—> H*RTer(Nx (Xv)0, "o

dt dr
_0>HSRFcr(NX(XV’)1,r)@_l)HSRFcr(NX(XV/)Zar)Q —

is exact. Embed it into the diagram

* d*
0—— H*RT (X, 1o —— H'RTe(Nx (Xy1)0. o —— H*RTer(Nx (Xy/)1, F)o—

B - B - B
Ysyn, lz asyn,rr’ J{I asyn.rr’ lz
a*

0— H*RTE (X, r)§~° Ly HRTE (N (Xy)o, rN=0 = H'RTE (Nx (Xy)1, 1) ="—

Note that, since all the maps d;* are induced from automorphisms of V'/V, by the
proof of Proposition 3.11 (take the map f used there to be a given automorphism
g € G =Gal(K'/K) and 7/, g(x') for the uniformizers of V’) and the proof of
Proposition 3.8, we get the vertical maps above that make all the squares commute.

Hence it suffices to show that the following sequence of Hyodo—Kato cohomology
groups is exact:

0— H*RTix(X)a-L> H' RTux (Nx (Xv)o)o
s H RPyg (Nx (Xy) g H'R T (N (Xy )2 — -+
But this sequence is isomorphic to the sequence
0— H'RTuk(X)o-L> H'RTix (Xv))a
& HSRT i (Xy)o x G- HS R (Xy) g x G2 —> -

representing the (augmented) G-cohomology of H*RI'yk (X)g. Since G is finite,
this complex is exact in degrees at least 1. It remains to show that

H°(G, H'RTuk (Xy1)q) =~ H*RTax(X)g.

Since K'/K is totally ramified, we have H*RIyx (Xy/) >~ H'RI'yk (X). Hence the
action of G on H°RI'yk(Xy~) is trivial and we get the right H 0 as well. We have
proved the second quasi-isomorphism from (40). Notice that along the way we
have actually proved the first quasi-isomorphism. U
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For X € Yarg, we define a canonical Ky-linear map (the Beilinson—Hyodo—Kato
morphism)
B RTB (X)) —RTgr(Xy)
as the sheafification of the map t(lfR : RFSK(Ul, U)—RIR(U, Ug). It follows
from Proposition 3.22, which we prove in the next section, that the cohomology

groups Hij (Xp) := H'RI'B (X)) are finite-rank Ko-vector spaces and that they
vanish for i > 2dim X. This implies the following lemma.

Lemma 3.19. The syntomic cohomology groups Hsiyn(Xh, r) = HiRFsyn(Xh, r)
vanish for i > 2dim X + 2.

Proof. The map L:iR :RTpk (U, U, r)NZO — RI'gr (U, (_]K)/F’ from Remark 3.10
sheafifies. The quasi-isomorphism .. : R0 (U, U, ra = CL(RTuk (U, U){r})

syn
does as well. Hence Ry, (X}, r) is quasi-isomorphic via a;yn to the mapping fiber

CLRTuk (Xp){r}) == [RTuk (X5, V=0 “®5 RTr (X5)/F'1.
The statement of the lemma follows. O

For X € Yark and r > 0, define the complex

B
—¢r ’th)

(1
RIE (Xp) ————

CuRTE(X){r)) = lzv Jw,m
1—gr—

R (X5) ® RTCar (X)) / F”

RTZ (X3 RTf (Xn)
Proposition 3.20. For X € Yarg and r > 0, there exists a canonical (in the classical
derived category) quasi-isomorphism

tsyn : REgyn (X, 1) > CaRT g (Xp) ().
Moreover, this morphism is compatible with finite base change (of the field K).

Proof. To construct the map oy, take a number 1 > 2dim X +2 and let ¥, — X,
Y, = (U,, U.), be an h-hypercovering of X by ss-pairs over K. Choose a finite
Galois extension (V’, K')/(V, K) and a uniformizer 7" of V' as in the proof of
Proposition 3.18. Keeping the notation from that proof, refine our hypercovering to
the h-hypercovering ¥, xy V' — X . Then the truncation (Y, Xy V') <, is built
from log-schemes log-smooth over V’-* and of Cartier type. We have the sequence
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of quasi-isomorphisms

Vn' - Rrsyn(XK’,h) <« TftRFsyn(XK’,h) e TftRFsyn((U- XK K/)gt—t-l,h)

~

<= T RTgyn((Y. xv V<410

= Ca(t<RIfg (Y. xv V) <) {r))

=> Co(t<RTE (U, x g K')<1.0){r})

<= Ca(t=RTfix (X g ){r}) => CaRT (X k) {r)).

The first quasi-isomorphism follows from Lemma 3.19. The third and fifth quasi-
isomorphisms follow from Proposition 3.18. The fourth quasi-isomorphism (the
map &Sl;n’ ) since all the log-schemes involved are log-smooth over V"> and of
Cartier type, follows from Proposition 3.8.

Now, set G := Gal(K'/K). Passing from y, to its G-fixed points, we obtain

the map
Osyn := Osyn, 1’ - Rrsyn(Xh) g Cst(RFgK(Xh){r})

as the composition
Ry (X1) = RTgyn (X 7.1) % 2> Co(RT B (X ki) (1) € <= CoRTE (X ) {r D).

It remains to check that the so-defined map is independent of all choices. For
that, it suffices to check that, in the above construction, for a finite Galois extension
(V1, Ky) of (V/, K'), H=Gal(K/K’), the corresponding maps

Usyn. 2 : RTyn (X1) = CoRTH (X {r))

are the same in the classical derived category (note that this includes trivial ex-
tensions). An easy diagram chase shows that this amounts to checking that the
following diagram commutes:

~

RFsyn((Y. Xy v/)fl‘-‘rl)@ — Cst(RF]-BiK((Y- Xy v/)SH—l){r})

Asyn,z/

l l

REgn((Y. xv V) <e11)§ —— Ca@RTf (Yo xv VD) <ra){rD

syn,mg

But this we have shown in Proposition 3.11.

For the compatibility with finite base change, consider a finite field exten-
sion L/K. We can choose in the above a Galois extension K’/K that works
for both fields. We get the same maps y/ for both L and K. Consider now the

following commutative diagram. The top and bottom rows define the maps aSLyn o
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and oX

syn,’* respectively.

Yr! ~
RTyn (X1 ) — RTgn(X g7 1)t == C(RT i (X7 p) {rD 9 +— Ca(RTfig (X ) {r})

| T | T

2% ~
Rrsyn(Xh) e RFsyn(XK/,h)G — Cst(RFgK(XK/,h){r})G < Cst(RFgK(XK,h){r})

This proves the last claim of our proposition. O

3D. Geometric syntomic cohomology. We will now study geometric syntomic
cohomology, i.e., syntomic cohomology over K. Most of the constructions related
to syntomic cohomology over K have their analogs over K. We will summarize
them briefly. For details, the reader should consult [Tsuji 1999; Beilinson 2013].

For (U, U) € L@;; r >0, we have the absolute crystalline cohomology complexes
and their completions

REe(U, U, /") = Rl e Rug, w0 75y )

RI (U, U, #"1) :=holim, R[(U, U, 7",

R, (U, U, #"q :=RI(U, U, 7" eQ,.

By [Beilinson 2013, Theorem 1.18], the complex RI¢.(U, U)isa perfect A.-complex
and

R (U, U)y > RT(U, U) ®%  Aer/ p" ~RI(U, U) @ Z/ p".

In general, we have R (U, U, #")), ~ R (U, U, #!")) @ 7/p". Moreover,
JIT = RT,(Spec(K), Spec(V), ")) [Tsuji 1999, Lemmas 1.6.3 and 1.6.4]. The
absolute log-crystalline cohomology complexes are filtered E~, algebras over
Acrn, Acr, O Agr g, respectively. Moreover, the rational ones are filtered com-
mutative dg algebras.

For r > 0, the mod-p", completed, and rational log-syntomic complexes
RIyn (U, U, s REgyn (U, U, r), and R0 (U, U, r)g are defined by analogs of
formulas (32). We have RIgyn (U, U, 1), >~ RTyn (U, U, r) ®@L Z/p". Let g, o,
and .7 (r) be the h-sheafifications on ¥ar g of the presheaves sending (U, U) e 7%
to RI(U, U, #"), RT(U, U), and R4y, (U, U, r), respectively. Let gl
ern, and 7, (r) denote the h-sheafifications of the mod-p” versions of the respec-
tive presheaves, and let ¢, C[rr’fg, Her,0, L (r)g be the h-sheafification of the rational
versions of the same presheaves.

For X € Varg, set R (Xp) := RI'(X), o). Itis a filtered (by RI'(X,, ZU),
r > 0) Es Acr-algebra equipped with the Frobenius action ¢. The Galois group Gk
acts on 7ar g and it acts on X — RI'c;(X}) by transport of structure. If X is defined

over K then Gk acts naturally on R (Xp).
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For r > 0, set RIgy, (X, ), = RI'(X},, 7, (r)) and define RIgy,(Xp, 1) =
RI'( X}, .2 (r)g). We have

RTyyn (X, )y = Cone(RT (Xp, 711y 2% R (Xp, lor ) [—11,
1—¢,
RTgyn(Xp, ) > Cone(RT (X4, 7L ) —2> RT (X, ) [—11.

The direct sum €, . RTsyn (X4, ) is a graded E algebra over Z,.

Let f:Z; — SpEc(V])X be an integral, quasi-coherent log-scheme. Suppose f
is the base change of fL :Zp.1— Spec(Op.1)* by 0y : Spec(ﬁTJ)x — Spec(0L 1)
for a finite extension L/K. That is, we have a map 6, | : Z; — Z | such that the
square ( f , f_L, 01, 6r.1) is Cartesian. Assume that fL is log-smooth of Cartier type
and that the underlying map of schemes is proper. Such data (L, Z1, 6, 1) form
a directed set Xy and, for a morphism (L', Z], Q’L,’l) — (L, Z1,6L.1), we have a
canonical base change identification compatible with ¢-action [Beilinson 2013, 1.18]

RTf(Z11) ®L, Ly => RTE(Z], ).
These identifications can be made compatible with respect to L, so we can set
R (Z1) :==limRT e (Zp ).
P

It is a complex of (¢, N)-modules over K", functorial with respect to morphisms
of Z 1.

Consider the scheme E.; := Spec(A.). We have E | = Spec(\71) and we
equip E.r,; with the induced log-structure. This log-structure extends uniquely to a
log-structure on E, and the PD-thickening Spec(V)lX < E¢ , 1s universal over
Z/p". Set E. := Spec(Agr) with the limit log-structure. Since we have [Beilinson
2013, 1.18.1]

chr(Zl) - chr(ZI/Ecr),

Theorem 3.6 yields a canonical quasi-isomorphism of BJ-complexes (called the
crystalline Beilinson—Hyodo—Kato quasi-isomorphism)

(5 RO (Z1) . => RTu(Za
compatible with the action of Frobenius. But we have
RT{x (Z1)}: = RT{(Z) ®xy AL )"~

and there is a canonical isomorphism A7 o = B} that is compatible with Frobenius
and monodromy. This implies that the above quasi-isomorphism amounts to a quasi-
isomorphism of B\ -complexes

1 - RCH(Z1) gy => RTu(Z1) ®f BE
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compatible with the action of ¢ and N. The crystalline Beilinson—Hyodo—Kato map
can be canonically trivialized at [ p], where p is a sequence of p"-th roots of p:

B = Bip1 : RT{(Z1) @k BE = (RT{(Z)) @k BE[a(FDDV=,
x = exp(N (x)a ([ p)).

This trivialization is compatible with Frobenius and monodromy.

Suppose now that fj : Z; — Spec(V1)* is a reduction mod p of a log-scheme
f :Z — Spec(V)*. Suppose that f is the base change of f7 : Z; — Spec(&1)* by
6 : Spec(01)* — Spec(&)* for a finite extension L/K. That is, we have a map
01, : Z — Zp such that the square (f, fL, 6, 0;) is Cartesian. Assume that fL is
log-smooth of Cartier type and that the underlying map of schemes is proper. Such
data (L, Z, 6;) form a directed set X and the reduction mod p map ¥ — X is
cofinal. The Beilinson—Hyodo—Kato quasi-isomorphisms (27) are compatible with
morphisms in ¥ and their colimit yields a natural quasi-isomorphism (called again
the Beilinson—Hyodo—Kato quasi-isomorphism)

tdr : RTg(Z)% = RT(Zg, @, )
The trivializations by p are also compatible with the maps in X; hence we obtain
the Beilinson—-Hyodo—Kato maps
gk = tirBp R (Z1) = RT(Zg, Q, 2)-

For an ss-pair (U, U) over K, set R[5 (U, U) := RTE (U, U)). Let o5,
be the h-sheafification of the presheaf (U, U) — RFSK(U, U) on L@%s This is
an h-sheaf of E,, K;'-algebras equipped with a ¢-action and locally nilpotent
derivation N such that No = pgN. For X € Varg, set RFgK(Xh) =RI'(X}, ,;af]fK).

Proposition 3.21. (1) Forany (U, U) e 9; the canonical maps
RI(U, U, #"™g = ROy, #iMNa, RUyg (U, U) = RTf(Un) - (41)

cr
are quasi-isomorphisms.

(2) Forevery X € Varg, the cohomology groups H;(Xy,) := H"RI'+(X;,)q and
H{x (Xp) == H"RFgK(Xh), are free B -modules, resp. Ky -modules, of rank
equal to the rank of H" (Xg, Q).

Proof. Only the filtered statement in part (1) for » > 0 requires argument since the
rest has been proven by Beilinson [2013, 2.4]. Take r > 0. To prove that we have a
quasi-isomorphism RI. (U, U, B4 "l => RI'(Uy, /C[rr])@, it suffices to show that
the map RI (U, U, ﬁ/fm)@ — RI'(Uy, dcr/jc[r’])@ is a quasi-isomorphism.
Since, for an ss-pair (7, T) over K, by Corollary 2.4 RI..(7, T, ﬁ//[’])@ ~
RI(Tk, QZT’TK)/F’), this is equivalent to showing that RI'(Uk, QEU’UK)/F’) —
RI'(Up, <4r/ F") is a quasi-isomorphism, which follows from Proposition 3.14. [J
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Proposition 3.22. Let X € Vark. The natural projection ¢ : Xg , — X, defines
pullback maps

e* :RT{x (Xp) > RT{ (Xg )9, € : RTar(X;) = RTar (Xg )%, (42)
These are (filtered) quasi-isomorphisms.

Proof. Notice that the action of Gk on R['§ (Xg ,){r} and R[4r(Xg ;) is smooth,
i.e., the stabilizer of every element is an open subgroup of Gx. We will prove only
the first quasi-isomorphism — the proof of the second one being analogous. By
Proposition 3.18, it suffices to show that for any ss-pair over K, the natural map

RIE (U, U) - RIE (U, U) @k K)%

is a quasi-isomorphism. Passing to a finite extension of Ky, if necessary, we may
assume that (U, U) is log-smooth of Cartier type over a finite Galois extension Ky
of K. Then

RIE (U, U) ®k K) =~ RTE (U, U1) ®kyo K& x H,  H = Gal(Ky/K).

Taking Gk -fixed points of this quasi-isomorphism, we get the first quasi-isomorphism
of (42), as wanted. U

Let (U, U) be an ss-pair over K. Set

ROGr(U, U) :=RT (U, L ) 0,

f . ~ LA
RIG (U, O)y = U (U, D) ®' 2/p" = RO U, L ),

RI (U, U)®Z, := holim, RT} (U, U),,
RIS (U, U)®Q, = (RTR(U, U)®Z,) Q.

These are F-filtered E, algebras. Take the associated presheaves on 93“ Denote by
,;zfduR, %”R 0 %ER ®7Zp, %JR ® Q,, their sheafifications in the /- topology of Varg.
These are sheaves of F-filtered E., algebras (viewed as the projective system
of quotlents modulo FY). Set Agr = L§27 v . By [Beilinson 2012, Lemma 3.2],
AR = %R(Spec(l( )= RF (K V). The corresponding F'-filtered algebras Agr .,
AR®Z p» Adr ® Q, are acychc in nonzero degrees and the projections -/ F"*+! —

-/ F™ are surjective. Thus (we set limg := holimg)

. : : 0
AR = lllgn Adr.n = 1}}%1 H"(Agr.n/F™),
Adg = lim(Aw ®Z,) =lim H (A ® Z,,/ F"),
m
lim Age ® @) = lim H(A ®Q,/F™) = B},

AR ®Q,/F™ = B, /F".
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For any (U, U) over K, the complex RFdR(U U) is an F-filtered E filtered
Agr-algebra; hence limp RFdR(U U), is an Aan algebra, hmF(RFdR(U U)®
Qp)isa BdR—algebra etc. We have canonical morphisms

K. 1 RTex(U, U)y = RT(U, U)n/ F" <> RUp (U, U),/ F.
In the case of (K, V), from Theorem 2.1, we get isomorphisms

Kk = K_l : Acr,n/J[r] - AdR,n/Fr'

rn r

Hence Ay is the completlon of A, with respect to the J!"l-topology.

For X € “I/arK, set RFdR(Xh) = RI'(Xy, dR) Since Agr.g@ = K, for any
variety X over K, we have a filtered quasi-isomorphism of K-algebras [Beilinson
2012, 3.2] RFER(X n)o = RI4r(X}p) obtained by h-sheafification of the quasi-
isomorphism

R (U, U)g <> RTr(U, Ug). (43)

Concerning the p-adic coefficients, we have a quasi-isomorphism
: (RTar (Xn) ® Bip)/F" <> RT(X,,, i @ @)/ F'. (44)

To deﬁne it, consider, for any ss-pair (U, U) over K, the natural map RT" dR(U U)—
RT dR(U U )®Z It yields, by extension to AdR®@ and by the quasi-isomorphism
(43), a quasi-isomorphism of F-filtered IZ—algebras [Beilinson 2013, 3.5]

y :RTR(U, D)o @ (AR ®Q,) = R[R (U, U) B Q,.
Its (mod F")-version y, after h-sheafification yields the quasi-isomorphism
Vo (TR ®f Bip) /| FT 2> i ®Q,/F".
Passing to RI"(X},, .) we get the quasi-isomorphism (44).
For X € 7arg, we have canonical quasi-isomorphisms

o RTEk (X => Rla(Xa, ik : RTH (X => RTawR (X))

compatible with the Gal(K /K)-action. Here ° B: and denote the h-sheafification
of the crystalline and de Rham Be111nson—Hyodo Kato twists [Beilinson 2013,
2.5.1]. Trivializing the first map at [p] and the second map at p, we get the
Beilinson—Hyodo—Kato maps

18 =155 - RTF (Xn) ® ki BE — RTw(Xn)a,
lar = R Bp : R[g(Xp) = RTGr(X).
Using the quasi—isomorphism

ko) FUG S (A ® Q) FT
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from Theorem 2.1, we get the quasi-isomorphisms of complexes of sheaves on X ,

~ ] 1 ~ (1—¢;,can) [r]
L (o= er.Q — %r,@] — [%r,@ — %r,@@%r,@// @]

cr,

(I—r k) ~
& [ org ————— S 0B (A BQ,) [ F'].

Applying RT'(X}, +) and the quasi-isomorphism y,~! : R['(X,, ,@{fR ® Q))/F" =
(RT4r(Xn) ®f Bgi) /F" from (44), we obtain the quasi-isomorphisms

RFsyn(Xh . 7)

(A—@r.ic —~
=5 [RTe(Xn)a——2 % RTe(Xp)g ® RT (X, o ® Q) /F']

-1

_(pr’yrilkr ) + r
RT(Xn)o @ (RTar (X)) ®g BR)/F'].  (45)

~ a
— [RFcr(Xh)@
Corollary 3.23. Forany (U,U) € 9%5, the canonical map
RDsyn (U, l_]» r)a = Rlsyn(Up, 1)
is a quasi-isomorphism.
Proof. Arguing as above, we find quasi-isomorphisms

RFsyn(Ua l_]’ rao

1*‘/’%’(;1

= [REu(U, U)g ——22 L Ry (U, U)o ® RI(U, T) 8 Q,)/ F]

—1,.-1
—@rsYy Ky

_ ) _ _
=5 [RTa(U, D)g RTe(U, U)o ® (RTar(U, U) ®f Bly)/F'].

Comparing them with quasi-isomorphisms (45), we see that it suffices to check that
the natural maps

RIe(U, U)o > Rla(Un)a, RIar(U, U) > RTar(Un)
are (filtered) quasi-isomorphisms, but this follows by Propositions 3.21 and 3.14. [J

Consider the composition of morphisms
Rrsyn(Xh . 1)

—1,.-1
—%rsVr Ky

(1 )
= [ Rl(Xn)a RT(X1)o®RIGR (X))@ Bir)/F" ]

[ (I=¢rifk®) RTE (X;)®kmw By |
RT3, (X))@ B e )¢
k (Xn)®kpr By SRI R (Xn)®gBip)/F"
~ lN l(N’O) . (46)
1*%7
RTf (Xn)®km By : R (Xn) @y Byt
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The second quasi-isomorphism uses the map
B
(RIfix (Xn) @y BH)V=" = R (Xn)f: => RIu(Xi)a
(that is compatible with the action of N and ¢) and the following lemma.

Lemma 3.24. The following diagrams commute:

v e +ypr
chr(Xh)@ ®B§; Bst —— > (RT'qr (Xp) ®[§ BdR)/F

B
B -
LR ®!

RIA (Xn) @ B

Y
RT(X1)a ®a,, Bk —— RTar(X)) ®% Bar

[B®[T /
cr [(ZER®[

RrgK(Xh) ®K5‘r Bst

(Here yqr is the map defined in [Beilinson 2013, 3.4.1].)

Proof. We will start with the top diagram. It suffices to show that it canonically
commutes with X, replaced by any ss-pair ¥ = (U, U) over K — a base change
of an ss-pair Y split over (V, K). Proceeding as in Example 3.5, we obtain the
following diagram in which all squares but the one in the top right clearly commute:

f— 6 f—
RTf (V1) ———— RO (V)% ®g Bl «—— RTf (V1) @ Bl

B
12 1E®Kr tf}@:{rtJf

RI (Y, /V*)g/F" ——— RI(Y/V*)a/F" +——RI(Y/Ax)o/F"

Kr |2 Kr |2 Kr]l

RI (Ye, LQ;’/AVX)®®,,/F’ — RN Y&, LQ;/AVX)@@,,/FV & RTLT)BQ,)/F

Yr

ZB R YroQ

Rl (Yg)/F" ——— RTRr(Y k) @ Bl)/F"

Here we have B;;{/F’” = (RFER(IZ, V)@@,,)/F’" and the map § is defined as the
composition
§:RTf (YD ®ps B = R (Y1) ®xp BV ®p By

=> RIOF (V) @kpr B 2225 ROF(V D @ By
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Recall that for the map (5, :RI'B, (Y1)} — R[4 (Yk)/F", we have (B =y, i 1B
Everything in sight being compatible with change of the ss-pairs ¥ — more specifi-
cally with maps in the directed system ¥ —if this diagram commutes so does its
¥ colimit and the top diagram in the lemma for the pair (U, U).

It remains to show that El\le top right square in the above diagram commutes. To

do that, consider the ring A, defined as the PD-envelope of the closed immersion
‘_/X —> Acr,n X W, (k) VX.

That is, A is the product of the PD-thickenings (V — Acr,p) and (V] — V )
over (W, (k) — W, (k)). By [Beilinson 2013, Lemma 1.17], this makes V — ACr n
into the universal PD-thickening in the log- crystalhne site of V over V. *. Let
A= =injlim,, ACr » with the limit log-structure. Set B = Acr[l / p]

Using Theorem 3.6, we obtain a canonical quasi- 1som0rphlsm

B RO (V)% <> RTa(Y1/Aw)a.
By construction, we have the maps of PD-thickenings
« % pry —x ~ pry —x
V7= V) +— (V] > Ay) — (V] = Ay).
Consider the diagram

B (v pri @pri B (v +
RIfx (Y1) Rl (YD) ®g Bar/F”

RFgK(YI)ZCt

cr

L%‘*’ l B [BI%(X)K’
RFcr(Yl/Acr)@/Fr

~

RFcr(?l/A\cr)@/Fr ) RFcr(?l/VX)@/Fr
pry

The bottom triangle commutes since RFcr(}_’ 1/Aeq) = RFCI(I? 1/ W(k)). The pullback
maps B o
PrT : chr(Yl/VX) = RIu(Y/Ae),
prs i RO (Y /Acr)a/F" <> RUo(Y /Acr)a/ F"
are quasi-isomorphisms. Indeed, in the case of the first pullback this follows
from the universal property of A.; in the case of the second one, it follows from
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the commutativity of the bottom triangle since the right slanted map is a quasi-
isomorphism as shown by the first diagram in our proof.

The left trapezoid and the big square commute by the definition of the Beilinson—
Bloch—Kato maps. To see that the top triangle commutes, it suffices to show that
for an element

x €eRTH (V)% = RIf (V) @k BV,

T
+
Bcr

x=bY Nma(pD", meRMF (Y1), be Bf,

i>0

we have pr;(x) = prj §(x). Since t(a([p])) =log([p]/p) [Fontaine 1994a, 4.2.2],
we calculate

8(x) = a(b > N"(m)a([ﬁ])[”) =b Z(Z Nt (m)a(p)“‘) log([51/p)"!
i>0 i=0 *j=0

=5 N m)(a(p) +log([51/p)*.

k>0
Since in /B\g: we have [p] = ([p]l/p)p and [p]/p € 1+ Jgz, it follows that a([p]) =
log([pl/p) +a(p) and

pri 8(x) =pry (b > N m)(a(p) + log([ﬁ]/P))[k])

k>0

=b )" N ma(p)" =pry (b > N"(m)a([ﬁ])”‘]> = pr3 (),

k=0 k=0

as wanted. It follows now that the right trapezoid in the above diagram commutes
as well and that so does the top diagram in our lemma.

To check the commutativity of the bottom diagram, consider the following map
obtained from the maps «; , by passing to F-limit:

i RUa (V) ®% Adrn => ImRI(Y),/F".
F

By [Beilinson 2013, 3.6.2], this is a quasi-isomorphism. Beilinson [2013, 3.4.1]
defines the map

Yar : RTx(Y)@ ®a,, Big => RTar(Y k) ® g Bg
by Bj-linearization of the composition LiLn(yr_llc,_ Y holim,, /. We have
r
YR =¥, 'K, i Ra(Y)g > RTr(Y k) @k Byp)/F'.

Hence the commutativity of the bottom diagram follows from that of the top one. []
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Let C*(RFgK(X n){r}) denote the second homotopy limit in the diagram (46);
denote by C(RT'5 (X;){r}) the complex CT(RTE (X;){r}) with all the pluses
removed. We have defined a map oy, : Ry (X3, 1) — C*(RFSK(Xh){r}) and
proved the following proposition.

Proposition 3.25. There is a functorial Gk -equivariant quasi-isomorphism
ogyn : Rgyn (X, 1) = RT (X, Z(r)g) = CTRTF (Xp){r)).
Corollary 3.26. For (U, U) € 2%, we have a long exact sequence

o= Hyy (U U) g, 1) — (Hiy (U, U)a®k, B~ V=
— (Hr(U, 0)®kBL)/F"— H (U, U)g,r)— -

syn
Proof. By diagram (46), it suffices to show that
H'[RTE (U, U))) ®k, BF1977 V=0 ~ (H{ix (U, U)g ®k, B)?="N=",
H'RTar(U, U) ®k BiR)/F") ~ (Hx(U, U) @k Bf)/F".

The second isomorphism is a consequence of the degeneration of the Hodge—
de Rham spectral sequence. Keeping in mind that the Beilinson—Hyodo—Kato
complexes RFgK((U , U)1) are built from (¢, N)-modules, the first isomorphism
follows from the short exact sequences (for a (¢, N)-module M)

0— M®x, Bf - M ®k, Bf 2> M ®k, B — 0,
—pnl l_r
0— (M ®x, BH?=" — M ®, Bt —> M ®x, BX — 0.

The first one follows, by induction on m such that N =0 on M, from the exact
sequence (11) and the fact that (M ®, B4)V=" ~ M ®, BZ:. The second one
follows from [Colmez and Niziol 2015, Remark 2.30]. O

4. Relation between syntomic cohomology and étale cohomology

In this section we will study the relationship between syntomic and étale cohomology
in both the geometric and the arithmetic situation.

4A. Geometric case. We start with the geometric case. In this subsection, we
will construct the geometric syntomic period map from syntomic to étale coho-
mology. We will prove that in the torsion case, on the level of h-sheaves it is a
quasi-isomorphism modulo a universal constant; in the rational case it induces an
isomorphism on cohomology groups in a stable range. Finally, we will construct
the syntomic descent spectral sequence.

We will first recall the de Rham and crystalline Poincaré lemmas of Beilinson
[2013; 2012] and Bhatt [2012].
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Theorem 4.1 (de Rham Poincaré lemma [Beilinson 2012, 3.2]). The maps
AR®"Z/p" — Ay ®7/p"
are filtered quasi-isomorphisms of h-sheaves on Varg.

Theorem 4.2 (filtered crystalline Poincaré lemma [Beilinson 2013, 2.3, Bhatt 2012,
Theorem 10.14]). The map Jc[r”]n — C[rr ]n is a quasi-isomorphism of h-sheaves
onVarg.

Proof. We have the map of distinguished triangles

J[r] — Acr,n I Acr,n/-]c[r]

cr,n r,n

[ K
1) oon —— Sern) FL

cr,n cr,n

The middle map is a quasi-isomorphism by the crystalline Poincaré lemma proved
in [Beilinson 2013, 2.3]. Hence it suffices to show that so is the rightmost map. But,
by [Beilinson 2013, 1.9.2], this map is quasi-isomorphic to the map Agr ./ F" —
egf’an’n /F". Since the last map is a quasi-isomorphism by the de Rham Poincaré
lemma, Theorem 4.1, we are done. O

We will now recall the definitions of the crystalline, Beilinson—-Hyodo—Kato, and
de Rham period maps [Beilinson 2013, 3.1; 2012, 3.5]. Let X € ¥arg. To define
the crystalline period map

Per - chr(Xh) - RF(Xétv Zp) @ Acra
consider the natural map «,, : RI[';(X;) — RI'(X, %% ,) and the composition

Bn i RT (Xet, Z,(r) ®F Acen => RT (Xet, Acrn)
=> RI(Xp, Acr,n) => R (Xn, Sor,)-

Set pern 1= B, o, and Pcr := holim,, p¢r ,. The Hyodo—Kato period map
prk : RUf (X)) e — RT (Xet, @) ® B, puK = per.aters
is obtained by composing the map p.r g with the quasi-isomorphism
B RFSK(X;I);; = RI(Xn)a.

The maps pcr, pux are morphisms of Eo, A~ and BCJ; -algebras equipped with a
Frobenius action; they are compatible with the action of the Galois group Gg.
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To define the de Rham period map pgr : R[4r (X)) ® g B — RI'(X&, Q) ® B,
consider the compositions

@ : RTgr(Xp) <> R (X3) © Q — R (X) © Q,,
B:RI(X¢, Z) @ Agr => RT (X4, Agr) — RI(X), Adr)
— RT(X), ) = RTp(X).

After tensoring the map g with Z/p" and using the de Rham Poincaré lemma, we
get a quasi-isomorphism

Bn:RT (X, Z/p") @ Aqr => RT (X)) @7/ p".

Set Bg := holim, B, ® @ and pgr := B~ 'a. This is a morphism of filtered E
B(;%-algebras, compatible with Gg-action.

Theorem 4.3 [Beilinson 2013, 3.2, 2012, 3.6]. For X € Var g, we have canonical
quasi-isomorphisms

Per - RFcr(Xh) @)ACr Bcr = RF(Xét, @p) ® Bcr,
prK : RTf (Xp)G, => RI(Xat, Q) ® Ber,
PaR : RTar (X)) ® g Bir = RI'(Xg, Q) ® Br.

Pulling back ppk to the Fontaine-Hyodo—Kato G,-torsor Spec(By)/ Spec(Bcr),
we get a canonical quasi-isomorphism of Bg-complexes

pHK : RTf (X3) @k By => RT (X, Qp) ® By (47)
compatible with the (¢, N)-action and with the Gg-action on Yarg.

Corollary 4.4. The period morphisms are compatible; i.e., the following diagrams
commute:

B [gR®[
RT k(X)) ®kpr B — RTar(Xp) ® ¢ Bar

JPHK lPdR
1®t

RI"(Xe, Qp) ® By — RI'(Xet, Qp) ® Bar

Y
Rl (X3) @4, Bar ——— RTar(Xp) @ ¢ Bar
pcr®IdBde

RI'(X¢, Qp) ® Bar

PdR

Proof. The bottom diagram commutes by [Beilinson 2013, 3.4]. The commutativity
of the top one can be reduced, by the equality pux = pcrtZ and the bottom diagram
above, to the commutativity of the bottom diagram in Lemma 3.24. U
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We will now define the syntomic period map
Psyn - RFsyn(Xh, r)o — RI'(Xg, @p(r))v r>0.

SetZ/p"(r) :==(1/(p*a")Z,(r))@Z/p", where a is the largest integer <r/(p—1).
Recall that we have the fundamental exact sequence [Tsuji 1999, Theorem 1.2.4]

0 Z/p"(r) = I = Acrn = 0,
where
IV =t e B 1o € p Acnis}/ P

for some s > r. Set S,(r) := Cone(]c[r”]n pri> A n)[—1]. There is a natural

morphism of complexes S, (r) — Z/p"(r)' (induced by p” on J1 and Id on Ac..,),
whose kernel and cokernel are annihilated by p’.
The filtered crystalline Poincaré lemma implies easily the following syntomic

Poincaré lemma.

Corollary 4.5. (1) For 0 <r < p — 2, there is a unique quasi-isomorphism
Z]p"(r) = ,(r) of complexes of sheaves on Varg , that is compatible with
the crystalline Poincaré lemma.

(2) There is a unique quasi-isomorphism S, (r) = #,(r) of complexes of sheaves
on Varg , that is compatible with the crystalline Poincaré lemma.

Proof. We will prove the second claim — the first one is proved in an analogous
way. Consider the map of distinguished triangles

)
() —— /[r] _>JZ{cr,n

cr,n

P

p—y
Sn (l’) J[r] Acr,n

cr,n

The triangles are distinguished by definition. The vertical continuous arrows are
quasi-isomorphisms by the crystalline Poincaré lemma. They induce the dashed
arrow that is clearly a quasi-isomorphism. ([

Consider the natural map «,, : RI' (X}, #(r)) — RI['(X}, #,(r)) and the zig-zag
Bn:RT(Xp, S (r)) <~ RT (Xp, S (r) —RT (X, Z/ p" (r)) <= RT (X, Z/ p" (r)').
Set B := (holim, 8,) ® Q; note that this is a quasi-isomorphism. Set

psyn :=p~" o : Rlsyn(Xp, r) = RI (Xer, Qp (),

where o := (holim, ;) ® Q. The period map psy, induces a map of graded E
algebras over @, compatible with the action of the Galois group Gg.
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The syntomic period map has a different, more global definition that we find
very useful. Define the map ,o;yn by the diagram

~ U=y
REyy (X, r) ——— [RT (X)) ———— RT (X))o ® RTar (X4)/F"]

rt
lpéyn vacr Jpcr PdR

, . (g RTa(X. Q) @ B
RPa(X, @,(r)) — |:RFC[(X, @p(r) ® Ba @RI (X, Q,(r) ® BdR/Fr:|

This definition makes sense since the following diagram commutes:

—-1,-1
Vr Ky

RFcr(Xh)@ RFdR(Xh)/Fr

J/pcr deR

RT¢(X, @, (r)) ® Ber —— RT&(X, Q,(r)) ® Bar/F"

The syntomic period morphisms pgy, and pgyn are homotopic by a homotopy com-
patible with the Gg-action (and, unless necessary, we will not distinguish them in
what follows). These two facts follow easily from the definitions.

For X € ¥arg, we have a quasi-isomorphism

et RT(Xg ¢ @, (r) = C(RTH (Xg ) ir}) (48)

that we define as the inverse of the following composition of quasi-isomorphisms
(square brackets denote complex):

CRTfix (Xg )}
25 R['(Xg ¢ @) ®q, [Bs D192 B @ By @ Bar/F" =% B]
< R[(Xg ¢ @) ®a, C(Dy(Q,(r))) <= RT(Xg ¢, Qp(r)).

The last quasi-isomorphism is by Remark 2.7. The map p is defined using the
period morphisms pyk and pgr and their compatibility (Corollary 4.4). The map o
is compatible with the action of Gg.

Proposition 4.6. For a variety X € Varg, we have a canonical, compatible with
the action of Gk, quasi-isomorphism

Psyn - TgrRFsyn(X]?’h’ r) = TSFRF(X[?yép @p(r))

Proof. The Bousfield-Kan spectral sequences associated to the homotopy lim-
its defining the complexes CT(Hyjx (Xg ;){r}) and C(Hjy (Xg ,){r}) form the



1760 Jan Nekovar and Wiestawa Niziot

commutative diagram

YEy = HI(CH(Hji(Xg ,){r}) = H'™(CT R (Xg )Ir))

J/ can J/ can

Ey’ = H'(C(Hi (Xg ){r)) == H'*/(CRTE (Xg )irD)

We have D; = Hjy (Xg ,){r} € MFi(¢, N, Gg). For j <r,
F'Djx = F'=U=DH] (X)){r} =0.
Hence, by Corollary 2.15, we have +E;’j = E;J . This implies
7, CT (RTig (Xg ) {r}) => 1<, CRT i (Xg D).

Since pgg = ,Ocrtg, we check easily that we have the commutative diagram

RTgyn(Xg . 7) —— CT(RTf (Xg ) {r)
syn

P l l (49)

RT (Xg 4 @p(r) —— CRIf (X )(r)

It follows that
Psyn - TsrRFsyn(X[ah, r) = TSVRF(X[?’ép @p(r)),
as wanted. O

Let X € Yark. The natural projection ¢ : Xg , — X, defines pullback maps
e :R[fg (Xp) > RTf (Xg ), € :ROar(Xj) — ROar (X ).

By construction they are compatible with the monodromy operator, Frobenius,
the action of the Galois group Gk, and filtration. It is also clear that they are
compatible with the Beilinson—Hyodo—Kato morphisms, i.e., that the following
diagram commutes:

lB
RIfy (X)) —=— RTar (X))
LB
B dR
Rk (Xg ) — RLar(Xg 1)
It follows that we can define a canonical pullback map

£* 1 Cq(RTEg (Xp){r}) — CTRIx (Xg DirD.
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Lemma 4.7. Let r > 0. The following diagram commutes in the derived category:

as n
RTyyn(Xp,, 1) ——— Co(RTE (Xi){r})

J/s* ls*
Osyn
RIyyn(Xg ;. 1) —— CT(RTE (Xg ) )

Proof. Take a number ¢ > 2dim X + 2 and choose a finite Galois extension
(V',K")/(V,K) (see the proof of Proposition 3.18) such that we have an h-
hypercovering Z, — Xk with (Z,) <;+1 built from log-schemes log-smooth over
V"> and of Cartier type. Since the top map oy, is compatible with base change
(see Proposition 3.20) it suffices to show that the diagram in the lemma commutes
with X replaced by (Z,)<;+1. By Propositions 3.21, 3.18, and 3.14, this reduces to
showing that, for an ss-pair (U, U) split over V, the following diagram commutes
canonically in the co-derived category (we set Y := (U, U),Y := Yy, where 7w is a
fixed uniformizer of V):

B

RTyn(Y, r)g ——— Cs(RTE (V) {r})

Rlyn (Y. 1o —s CHRTE (Ye) D)

From the uniqueness property of the homotopy fiber functor, it suffices to show
that the following diagram commutes canonically in the co-derived category:

— Ur = B _
RT(Y)g — REu(Y/R)§ ™" ——— ROB (YD) =0 e—— RO E (ypN=0

|, —

37 LC 7 p—
RTur(V)a - RO (V)" = RTf (V) @y BHY"

To do that we will need the ring of periods Ag [Tsuji 1999, p. 253]. Set
Awn=HSV /Ry, Agq —hmHO(V /Ry).

The ring A\gt » has a natural action of Gk, Frobenius ¢, and a monodromy operator N.
It is also equipped W1th a PD-filtration F ‘Ast n= (‘7 /Ry, jci’]n). We have a
morphism A, — Ast » induced by the map H, (V [ Wy(k)) — O(‘7X/R ). It
is compatlble with the Galois action, the Frobemus and the filtration. The natural
map R, — Ast » 1s compatible with all the structures. We can view Ast n as the
PD-envelope of the closed immersion

‘_/;; — Acr,n XW, (k) Wn (k)[X]X
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defined by the map 9 Acrn = V, and the projection W, (k)[X] — Vo X > 7.
ThlS makes VX — Agt n into a PD-thickening in the crystalline site of V. Set
g[ = Aﬂt[l/p
Commutativity of the last diagram will follow from the commutative diagram

RI:(Y)a RFcr(}_])@
chr(Y/R)g=0 — RFcr(Y/A\st)g=0 E

lB
lr | 1’3‘+[ 2
s

RFgK(Yl)’N °—>RrgK(Y1)’N °<—RrgK(Y1)’N =0

e

RI G ()V=0

as soon as we show that RFcr(Y)@ — RFcr(I? / Xst)gzo is a quasi-isomorphism.
Notice that the map (2 B isa quasi isomorphism by Theorem 3.6. Hence using the
Bellmson—Hyodo—Kato maps LA_,, and ¢ this reduces to proving that the canonical
map

0 =0
RFHK(Yl)’ N=0_, RFgK(Yl)%’g
is a quasi-isomorphism. In fact, we claim that for any (¢, N)-module M we have an
isomorphism M; N=0 ~, M EN =0 Indeed, assume first that the monodromy Ny,

is trivial. We calculate

Mg, = (M ®k, BEHN == M ®k, (BE )N =M ®x, B

St

cr’

M,T;i = (M ®k, E:[ yN'=0 =M ®k, (B TyNe=0 M®K0

st’
N=Ny®l+1®N,=1® N;.

Hence

M=M= = M @k, BE and M’N 0= M@k, (BHV" =M ®x, B:

+ )
Bcr cr

where the last equality is proved in [Tsuji 1999, Lemma 1.6.5]. We are done in this
case.

In general, we can write M Q®k, BJr <~ M ®k, B for a (p, N)- module
M’ such that Ny = 0 (take for M’ the 1mage of the map M — M ®k, B,
m > exp(Ny (m)u) for u € BS"'{ such that B:{ = BX[ul, N;(u) = —1). Similarly,
using the fact that the ring B} is canonically (and compatibly with all the structures)
isomorphic to the elements of §;{ annihilated by a power of the monodromy operator
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[Kato 1994, 3.7], we can write in a compatible way M ®, Bf <= M’ @, By for
the same module M’ We obtain a commutative diagram

T,N=0 ,N=0
M= —— ME]
cr st

]

that reduces the general case to the case of trivial monodromy on M that we treated
above. (]

Let X € Yarg, r > 0. Set
Cpt RT i (X ) {r))
(
RTf (X )% RTf (Xg )9 @ RTar(Xg )/ F7)%¥

= JN J(N.O)

I—pr—
Rl (Xg )% R (X ) %

17§0r ,th)

The above makes sense since the action of Gg on RFﬁK(X g.n){r}and RTCar (Xg )
is smooth. In particular, we have

H/(RT iy (Xg )r}9) ~ HY RT e (Xg ) {rD %,
H/(RTr(Xg ,)%) > H (RTr(Xg )%
Consider the canonical pullback map
£* 1 Cq(RTHg (Xp){r}) => Coa RT i (Xg ){r).

By Proposition 3.22, this is a quasi-isomorphism. This allows us to construct a
canonical spectral sequence (the syntomic descent spectral sequence)

W EY = Hi(Gr, HY (Xg ¢ Qp(r) = Hyyl! (Xp, 1) . (50)

Indeed, the Bousfield—Kan spectral sequences associated to the homotopy lim-
its defining complexes Cpst(RFgK(X,gyh){r}) and Cst(RFgK(Xh){r}) give us the
commutative diagram

PES = H (Con(Hii Xz ) (rD) = H™ (ConRTE (Xz ) (1))

lTe* ZTS*

WED = HY(Cy(Hy (Xn){r}) == H'* (CqRTE (X1 {r}))
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Since, by Proposition 3.20, we have agyn: Hsiyflj(Xh, r)=> HH (Coq(RTE (X {r)),
we have obtained a spectral sequence
EY = H' (Cou(Hi (Xg )r)) = Hogi! (X, ).
It remains to show that there is a canonical isomorphism

H' (Coa(Hijx (Xg )IrD) = Hi(Gk, HY (Xg 4, Qp(r))). (51)

But, we have D; = Hjy (Xz ,){r} € MF¥(¢, N, Gg),
Vost(Dj) ~ H' (Xg . Q(r)) and  Dpy(H' (Xg o Q(r))) = D;.

Hence isomorphism (51) follows from Remark 2.12 and we have obtained the

spectral sequence (50).

4B. Arithmetic case. In this subsection, we define the arithmetic syntomic period

map by Galois descent from the geometric case. Then we show that, via this period

map, the syntomic descent spectral sequence and the étale Hochschild—Serre spectral

sequence are compatible. Finally, we show that this implies that the arithmetic

syntomic cohomology and étale cohomology are isomorphic in a stable range.
Let X € Yark. For r > 0, we define the canonical syntomic period map

Psyn : ROsyn (X, 1) = RT (Xe, @ (r))
as the composition
RTyn(Xp, 7) = RT(Xy,, 7 (r))g — holim, RT (X, .7, (r)a
% holim, RI'(Gk, RI'(Xg ;.. -7 (M))a
2, holim, R (G, RT'(Xg ¢ Z/p" (") )a
<= holim, RT'(X&, Z/p"(r))a = RT (X, Q,(r)).

It induces a morphism of graded E, algebras over Q,,.
The syntomic period map psy, is compatible with the syntomic descent and the
Hochschild—Serre spectral sequences.

Theorem 4.8. For X € Varg, r > 0, there is a canonical map of spectral sequences
WMEY = Hi(Gk, HI (Xg ¢ Qp(r) == Hih (X 7)
lcan lpsyn
“Ey’ = H'(Gk, H' (Xg o Qp(r)) == H"™*/ (Xat, Qp(r))

Proof. We work in the (classical) derived category. The Bousfield—Kan spectral
sequences associated to the homotopy limits defining complexes C (RFgK 0.63 )
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and Cpg (RFgK(X . w{r}), and Theorem 2.18 give us the commutative diagram of
spectral sequences

"EY = H' Gy, C(Hji (Xg )r)) = H™* (G, CRTE(Xg D)

J 3
PUES = HU(Con(Hi (Xg ) (1) == H™ (CpuRTE(Xg ) )

More specifically, in the language of Section 2E, set X = C (RFgK(X g irh)
(hopefully, the notation will not be too confusing). Filtering complex X in the
direction of the homotopy limit, we obtain a Postnikov system (14) with Y? =0,
i >3, and

Y9 =RT{i (Xg ,){r} ®kpr By,
Y =R (Xg ) {r — 1} ®xyr Ba
® (RFgK(XE,h){F} Qi B @ (RI'ar(Xg) ® Bar)/F"),
Y? =RT i (Xg ) {r — 1} ®kur By
Still in the setting of Section 2E, take for A the abelian category of sheaves of
abelian groups on the pro-€tale site Spec(K)pro¢r Of Scholze [2013, Section 3].

Remark 4.9. We work with the pro-étale site to make sense of the continuous
cohomology RI'(Gg, - ). If the reader is willing to accept that this is possible then
he can skip the tedious parts of the proof involving passage to the pro-étale site
(and existence of continuous sections).

Recall that there is a projection map v : Spec(K)pro¢t — Spec(K )¢ such that, for
an étale sheaf .7, we have the quasi-isomorphism v* : .% = Rv,v*.Z [Bhatt and
Scholze 2015, Proposition 5.2.6]. More generally, for a topological Gg-module
M, we get a sheaf vM on Spec(K)progr by setting vM (S) = Homcon, G (S, M) for
a profinite Gg-set S, and Scholze [2013, Proposition 3.7(iii); 2016] showed that
there is a canonical quasi-isomorphism

H*(SpeC(K)proét, VM) =~ Hc*om(GK, M).

In this proof we will need this kind of quasi-isomorphism for complexes M as well
and this will require extra arguments. For that, observe that the functor v is left
exact. To study right exactness, it suffices to look at the global sections on profinite
sets S with a free Gk -action of the form S = S’ x Gk for a profinite set S’ with trivial
G -action.® Then, for any Gg-module T, we have I'(S, vT) = Homeon (S, T).
It follows that, for a surjective map 77 — T of Gg-modules, the pullback map

8To see this, for a profinite Gk -set S, use the covering 8’ x Gx — ', where the first S’ has trivial
Gk -action, induced from the G -action on §’.
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vT) — vT, is also surjective if the original map had a continuous set-theoretical
section. This is a criterion familiar from continuous cohomology and we will use it
often.

We will see the complex X as a complex of sheaves on the site Spec(K)prog in
the following way: represent RFgK(X . ») and RI'4r (Xz) by (filtered) perfect com-
plexes of K- and K-modules respectively, think of X as vX, and work on the pro-
étale site. This makes sense, i.e., functor v transfers (filtered) quasi-isomorphisms
of representatives of RFgK(X . ») and RTgr(Xz) to quasi-isomorphisms of the
corresponding sheaves vX. To see this, look at the Postnikov system of sheaves
on Spec(K)pro¢r Obtained by pulling back by v the above Postnikov system. Now,
look at the global sections on profinite sets S = S’ x Gk as above and note that we
have I'(S, vY?) = Homeon (S, Y?). Conclude that, by perfectness of the Beilinson—
Hyodo—Kato complexes, quasi-isomorphisms of representatives of RFgK(X g.n)
yield quasi-isomorphisms of the sheaves vY?. By a similar argument, we get
the analogous statement for Y2 For Y, we just have to show that filtered quasi-
isomorphisms of representatives of RI'4r(Xg) yield quasi-isomorphisms of the
sheaves V((RI'4r(Xz) ® g Bar)/F"). Again, we look at the global section on § =
S" x Gk as above. By compactness of ', we may replace (R[4r(Xz) ® ¢ Bar)/F"
by (t"'RIr(Xz) ®f B;%)/F’ for some i > 0, where, using devissage, we can
again argue by (filtered) perfection of RI'4r (X ). Observe that the same argument
shows that 27/ (vY?) ~ vH/(Y') fori =0, 1, 2.

The above Postnikov system gives rise to an exact couple

DY =i (X", EY =7 = A (X).

This is the Bousfield—Kan spectral sequence associated to X.
Consider now the complex X := Cpst(RFgK(X en)firh). We claim that the
canonical map

Coa RT i (Xg ) {r)) => CRT g (Xg ) {rhH ¥

is a quasi-isomorphism (recall that taking Gk -fixed points corresponds to taking
global sections on the pro-étale site), and, in particular, that the term on the right-
hand side makes sense. To see this, it suffices to show that the canonical maps

(RTaR(Xg )/ F)% = (RTr(Xg ) @ Bar)/F")OF,
R (X )9 => (RTix (Xg ) ®xar Bs)
are quasi-isomorphisms and to use the fact that the action of G on RFgK(X )18
smooth. The fact that the first map is a quasi-isomorphism follows from the filtered

quasi-isomorphism RI'4r (X) ®k K = RIGR(X . ;) and the fact that B(le{‘ =K.
Similarly, the second map is a quasi-isomorphism because, by [Fontaine 1994a,
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4.2.4], RT'{j (Xg ;) is the subcomplex of those elements of RI'f (X ,) ®r By
whose stabilizers in Gk are open.
Taking the Gk -fixed points of the above Postnikov system we get an exact couple

pStDLI’j =H’ (Xést)v
PEY = H (Yp) = H'™ (Xps0)

corresponding to the Bousfield—Kan filtration of the complex X,. On the other
hand, applying RI"(Spec(K )prost, - ) to the same Postnikov system, we obtain an
exact couple

D} = HY (Spec(K)proet, X',
IEi’j = Hj (SPCC(K)proét, Yi) = Hi+j (SpeC(K)PTOét’ X)

together with a natural map of exact couples (PStD;"/, pStE’l.’j) — (ID;"i, IEi’j).
We also have the hypercohomology exact couple

"Dy’ = H"™ (Spec(K)proct, T=j-1X),

"Ey” = H' (Spec(K)proai, 7 (X)) = H'™ (Spec(K)proet: X).
Theorem 2.18 gives us a natural morphism of exact couples (ID’ZJ , IE;J ) —
("'D5’, "E5’) — hence a natural morphism of spectral sequences E5” — "E}’ com-
patible with the identity map on the common abutment — if our original Postnikov

system satisfies the equivalent conditions in Remark 2.17. We will check the
condition (4), i.e., that the following long sequence is exact for all j:

0— 7 (X)— AT (X" — 2 (Y") — 2 (Y?) — 0.

For that it is enough to show that

(1) 7 (vY') ~vH/(Y'") fori =0, 1,2;

(2) 27 (vX) ~vH/(X);

(3) the following long sequence of Gg-modules

0— H/(X) > H/ (Y)Y - H/(Y") > H/(Y*) > 0
is exact;
(4) the pullback v preserves its exactness.

The assertion in (1) was shown above. The sequence in (3) is equal to the top
sequence in the following commutative diagram (where we set M = Hig (Xg 1)
Mg = Hig(Xg ), and E = H/ (Xg ¢, Q))):
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; N,1—g, M or (B, B. (1—¢,_1)—N
HI(X) —— M @y By — v, MOk Ba® Bo) - Qo007 o
0 S (Mar ®g Bair)/ F 0
Zl“al ZlﬂHK ZlPHK+PHK+PdR ZlﬂHK
(N.1=gr.0) E ® (By ® By) (I=g_)-N
Er) ——EQ®By ————— — » E® B
(r) ® By @E® Bir/F" ® B

Since the bottom sequence is just a fundamental exact sequence of p-adic Hodge
theory, the top sequence is exact, as wanted.

To prove assertion (4), we pass to the bottom exact sequence above and apply v
to it. It is easy to see that it enough now to show that the following surjections have
continuous (Q,-linear sections:

By s By, B m B ® BdR/Fr‘

For the monodromy, write By = B [us] and take for a continuous section the
map induced by bul — —(b/(i + 1))u'*!, b € By. For the second map, the
existence of continuous section was proved in [Bloch and Kato 1990, 1.18]. For a
different argument: observe that an analogous statement was proved in [Colmez
1998, Proposition I1.3.1] with Bp,.x in place of B, as a consequence of the general
theory of p-adic Banach spaces. We will just modify it here. Write A; =t~/ B}
and B; =t'B} @ t_iB;%/t’ for i > 1. These are p-adic Banach spaces. Observe
that B; C B;41 is closed. Indeed, it is enough to show that B} C BZ is closed.
But we have B =), ker(6 o ¢™).

It follows [Colmez 1958, Proposition 1.1.5] that we can find a closed complement
Ciy10f B;in B;1. Set f = (1 — ¢,, can) : By = B @ Bgr/ F'". We know that f
maps A; onto B;. Write t =/ B @t~/ By /1" = B & (!} C;). By [Colmez 1998,
Proposition I.1.5], we can find a continuous section s1 : B — A of f and,ifi >2, a
continuous section s; : C; — A; of f. Define the map s : t_iB:; EBt_"B;%/t’ — B
by 51 on B and by s; on C; for i > 2. Taking the inductive limit over i, we get our
section of f.

Finally, to prove assertion (2), take a perfect representative of the complex
RT'(Xg & Zp(r)). Consider the complex Z = RI'(Xg , Q,(r)) as a complex of
sheaves on Spec(K)prosr. As before, we see that this makes sense and we easily find
that (canonically) .2/ (Z) ~vH/ (Xg &. Q,(r)). To prove (2), it is enough to show
that we can also pass with the map o : RI(Xg ¢ Q,(r) = C(RFgK(X[g’h){r})
to the site Spec(K )pro¢t. Looking at its definition (see (48)), we see that we need
to show that the period quasi-isomorphisms p.r, pHK, Pdr as well as the quasi-
isomorphism

1)—N

Q,(r) = [By L1, B @ By @ Bop/F" 2=, B ]

can be lifted to the pro-étale site. The last fact we have just shown. For the crystalline
period map p;, this follows from the fact that it is defined integrally and all the
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relevant complexes are perfect. For the Hyodo—Kato period map pgk, it follows
from the case of p.; and from perfection of complexes involved in the definition of
the Beilinson—-Hyodo—Kato map. For the de Rham period map pq4r, this follows from
perfection of the involved complexes as well as from the exactness of holim,, (in
the definition of pgqr) on the pro-étale site of K (see [Scholze 2013, Lemma 3.18]).

We define the map of spectral sequences § := (8p, 8) := ("' D5/, PME}/) —
(! ID’Z’ I ’Elz’] ) — which we stated at the beginning of the proof — as the composition
of the two maps constructed above:

S (pthlj pitEll)_)(lDlj IElj)—>(”Dl/ IIEll)

To get the spectral sequence from the theorem, we need to pass from /E; to the
Hochschild—Serre spectral sequence. To do that, consider the hypercohomology
exact couple

“pLJ = H'™ (Spec(K ) prost> T<j—17),
4EL = H (Spec(K )prost, 77 (Z)) = H™ (Spec(K )proct, Z)

etl, a natural morphism of exact couples (HDI J ”E’ ]) — (etDl J etE' J)

and hence a natural morphism of spectral sequences ”E — etE compatlble
with the map ozet on the abutment. We have a quasi- 1s0m0rphlsm

and, via o

¥ RT'(Spec(K)progt; Z) = RI'(Xg, @, (r))
defined as the composition
¥ : RT'(Spec(K ) procts RT (X , Qp(r)))
= Q®holim, RI'(Gk, RT"(Xg ., Z/p" (1))
= Q@ ®holim, R (X, Z/p" (r)) = RT' (X¢, Q(r)).

We have obtained the natural maps of spectral sequences

s ELN = Hi (G, HY (Xg 40 Qp () =——— HLH (X). 1)

Lér
Ey’ = H'(Ca(Hijg (X)r)) —— H™ (CaRTf (X){r))

—1lg % —1lg. %
g O Yag o

“EY) = H (G, H (Xg ¢ Qp(r)) === H'/(X&, Q,(r))

6t
It remains to show that the right vertical composition

CHUE (X, 1) = H'™ (X, Q,(r))

syn
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is equal to the map pgy,. Since we have the equality oy, = psynots (in the derived
category) from (49) and, by Lemma 4.7, £*agyn = atsyn€™, the map y can be written
as the composition
ﬁsyn  H, qyn (Xha r) LS H' (SpeC(K)proet, VRFsyn(XK o r))
Bty H'™ (Spec(K)prost: VRI (Xg . @,(r)))
s H™ (X, @),
where the period map psy, is understood to be on sheaves on Spec(K)pro¢r. There

is no problem with that since we care only about the induced map on cohomology
groups. It is easy now to see that pgyn = psyn, as wanted. O

Remark 4.10. If X is proper and smooth, it is known that the étale Hochschild—
Serre spectral sequence degenerates, i.e., “E, = ®E,. It is very likely that so does
the syntomic descent spectral sequence in this case, i.e., Y"E, = Y"E..°

Corollary 4.11. For X € Yarg, we have a canonical quasi-isomorphism
Psyn - TgrRFsyn(Xh, r)ao = 1< R['(Xg, @p(r))

Proof. By Theorem 4.8, the syntomic descent and the Hochschild—Serre spectral
sequence are compatible We have D; = HjK(X h){r} € MFad(go, N, Gg). For
j<r,we know F! DJ xk=F!=0— />Hj (X1n) = 0. Hence, by Proposition 2.16, we
have Sy“E' J => @E2J. This implies psyn : T<RTsyn(Xn, 1) => 1<, RT (Xe, @, (7)),
as wanted. O

Remark 4.12. All of the above automatically extends to finite diagrams of K-
varieties, and hence to essentially finite diagrams of K-varieties (i.e., the diagrams
for which every truncation of their cohomology <, is computed by truncating the
cohomology of some finite diagram). This includes, in particular, simplicial and
cubical varieties.

Proposition 4.13. Let X € Vark and i > 0. The composition
H(X)/F" = HIF Xy, r) 25 HETH(X, Qp(n) — HEY (Xg, @, ()
is the zero map. The map induced by the syntomic descent spectral sequence

HY(X)/F" — H'(Gx, HL(Xg, Q,(r)))

is equal to the Bloch—Kato exponential associated with the Galois representation

Vi(ry=Hl(Xg, Qp(r)).

9This was, in fact, shown in [Déglise and Niziot 2015].
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Proof. In what follows, we will omit the passage to the pro-étale site. Consider the
Postnikov system from the proof of Theorem 4.8, which arises from the complex
X = CRI{ (Xg ){r});: then Y? = CP(RTfig (Xg ,){r}). The discussion from
Example 2.19 then applies to the functor f(—) = (=) and yields the following
four exact couples.

(1) D = HY(XP) and E{"? = HY(Y?) = CP (H{{ (Xg ,){r}) = CP(Hfk {r}).
The corresponding quasi-isomorphism H?(X) = E ;’q is then identified, via
the various period maps, with

Va(r) = C(Hilr)) = C(Dps(V4 (1))

2) 'D ! =HI(f(XP))and TE{ ! = HY(f (YP))= f(HY(Y?)) = C§(Hi {r}) =
FEPD.

3) 'Y = RIf)(XP) and 'ET"? = RIf)(YP).

@) "Dy = RPTf)(t<y-1X) and "ES! = RPf)(HI (X)) = H?(Gx, V4(r)).

There is a canonical morphism of exact couples (2) — (3) and a morphism
(3) = (4) given by the maps (u, v) from the proof of Theorem 2.18. As observed in
Remark 2.14, the Bloch—Kato exponential for V = V4(r) is obtained by applying
R f to

Z'C(H{r)) = Z'(E}?) =% (021 C(H {r[1] = (021 C(ET)[1]
— C(Hy {rpl1] = ET?[1]
< VI = HY(X)[1],

and hence is equal to the composite map

f(Zl(EI’q)) — Zl(fEI*q) — szlvq can IE21-q —v'=v (le)(EIa(I) — IIEqu’
which coincides, in turn, with
Z' Cy(H{i {r) == Hy(Gk, Vi(r)) - H'(Gk, Vi(r)).

After restricting to the de Rham part of Z'C (HfIK{r}), we obtain the desired
statement about HG'{R(X )/ F". O

In more concrete terms, the above proposition says that the following diagram
commutes:
+1
yn (Xlnr)O—)Hq (Xv @p(i’))o

| |
HY (X)) F —2% H(Gg, HL(Xg, Q,(r)))

where the subscript O refers to the classes that vanish in quyﬁl(X ks 1) and
q+1(XK,@ (r)), respectively.
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Remark 4.14. Assume that » > ¢g. Then in the above diagram all the maps are
isomorphisms. Indeed, we have F" HfR(X ) = 0. By [Berger 2002, Theorem 6.8],
the map expgk is an isomorphism. By Proposition 4.6 and Corollary 4.11, so is the
period map pgyn. Since, by Theorem A.1,

H?(Gk, HL(Xg, Q,(r))) = H*(Gk, HL ™' (X, Q,(r))) =0

the vertical map is an isomorphism as well. Hence so is the map 0.

S. Syntomic regulators

In this section, we prove that Soulé’s étale regulators land in the semistable Selmer
groups. This will be done by constructing syntomic regulators that are compatible
with the étale ones via the period map and by exploiting the syntomic descent
spectral sequence.

5A. Construction of syntomic Chern classes. We start with the construction of
syntomic Chern classes. This will be standard once we prove that syntomic coho-
mology satisfies the projective space theorem and homotopy property.

In this subsection we will work in the (classical) derived category. For a fine log-
scheme (X, M), log-smooth over V*, we have the log-crystalline and log-syntomic
first Chern class maps of complexes of sheaves on X¢ [Tsuji 1999, (2.2.3)]

' 0%, <> M® —> M — Rg*/}(u/w <k>[1]’
(of] Zj*ﬁ;k( = M® — Mgp - Rg*jx /R

K 0%, = M > MEP Rg*/;[flo]/wnww[”’
¢y jkOx, = M® — Z(Dxalll-

Here ¢ is the pI'Q]eCtiOH from the corresponding crystalline site to the étale site.
The maps c{", ¢}', and ciyn are clearly compatible. So are the maps c}' and CII{K. For
ss-pairs (U, U) over K, we get the induced functorial maps

& DU, 6) <= T(U, j.0F) — Rl (U, U, 71
S T(U, 6F) — RT (U, U)/R, 7"[1]
KT, 6F) — RTe((U, U)o/ Wa(k)°, 7111,
" :T(U, 6};) — Rl (U, U, Dgl1].

For X € Yarg, we can glue the absolute log-crystalline and log-syntomic classes
to obtain the absolute crystalline and syntomic first Chern class maps

0%, = Faxll, 70y, — S (Dxolll.
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They induce (compatible) maps
&1 Pic(X) = H' (Xa, 05) — H' Xy, 05) -5 H (X, fn),
syn
" :Pic(X) = H' (Xa, 0%) —> H' (X, 0%) <> Hy (X, 1).
Recall that, for a log-scheme (X, M) as above, we also have the log de Rham first
Chern class map

dR . - ~ dlo .
cr 0%, <> M® — MP =500 (T

For ss-pairs (U, U) over K, it induces maps

i :T(U, 07) <= T(U, ju0py) — RT U, Q, 5 )11

By the map RI (U, U, /[1]) —RI(U,U)—RI'(U, QEUf])/VX ), they are compat-

ible with the absolute log-crystalline and log-syntomic classes [Tsuji 1999, (2.2.3)].
Lemma 5.1. For strict ss-pairs (U, U ) over K, the Hyodo—Kato map and the
Hyodo—Kato isomorphism

L2 Hpx (U, U)g — HA((U,U)/R)q,

tr.x  Hiyg (U, U)o ®k, K => H*(Uk, Q006

are compatible with first Chern class maps.

Proof. Since tgr » =i+t ®Id and the map i} is compatible with first Chern classes, it
suffices to show the compatibility for the Hyodo—Kato map ¢. Let .# be a line bundle
on U. Since the map ¢ is a section of the map i : H2((U, U)/R)q — Hjx (U, U)q
and the map ij is compatible with first Chern classes, we have that the element
¢ € HX((U, U)/R)q defined as ¢ = 1(cf®(2)) — /() lies in TH2((U, U)/R)q.
Hence ¢ = T'y. Since the map ¢ is compatible with Frobenius and go(cll{K(,f)) =
pei® (D), o((£)) = pc(£), we have ¢(¢) = p¢. Since p(Ty) = TPo(y),
this implies that y € (°2, T" H2((U, U)/R)q, which is not possible unless y (and
hence ¢) are zero. But this is what we wanted to show. U

We have the following projective space theorem for syntomic cohomology.

Proposition 5.2. Let & be a locally free sheaf of rank d + 1, d > 0, on a scheme
X € Varg. Consider the associated projective bundle 7 : P(&) — X. Then we have
the quasi-isomorphism of complexes of sheaves on X,

d d
Py unt @S —i)xal-2i1 = R1.S (Fpea. 0<d<r.
i=0 i=0

Here, the class c?yn(ﬁ(l)) € Hsﬂ‘_‘yn(ﬂj’(é’)h, 1) refers to the class of the tautological
bundle on P(&).
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Proof. By (tedious) checking of many compatibilities, we will reduce the above
projective space theorem to the projective space theorems for the Hyodo—Kato and
the filtered de Rham cohomologies.

To prove our proposition it suffices to show that for any ss-pair (U, U) over K
and the projective space 7 : [P’d — U of dimension d over U we have a projective
space theorem for syntomic cohomology (a>0):

d d

By unt @ HG Unr —i) = HE (PG, 1), 0<d<r.

i=0 i=0

By Proposition 3.18 and the compatibility of the maps

SyH(U U .])@ —> syn(Uh’ .])@

with products and first Chern classes, this reduces to proving a projective space
theorem for log—syntomic cohomology, i.e., a quasi-isomorphism of complexes
d

P ey ur* @ HE P (U, U, r—i)g=> Hoy(Ph, PL g, 0<d<r,
i=0 i=0
where the class ¢}""(0(1)) €
bundle on [P’%.

By the distinguished triangle

Hg, (P, P2, 1) refers to the class of the tautological

RFsyn(Ua 17, r)a = Rl (U, Us r)a —> RIar (U, ﬁK)/Fr

and its compatibility with the action of ciyn, it suffices to prove the following two
quasi-isomorphisms for the twisted absolute log-crystalline complexes and for the
filtered log de Rham complexes (0 <d <r):

d d

Pemy ur @ HEHWU. U.r —i)g = HLUPL. PL. Mo,
i=0 i=0

d
P Ry un @F’ "Hy P (U, U) => F"Hig (P, PY ).
i=0 i=0

For the log de Rham cohomology, notice that the above map is quasi-isomorphic to
the map [Beilinson 2012, 3.2]

d
P oy ur @ FIHS2 (U) =5 FTHER(PY),
i = i=0
and hence well-known to be a quasi-isomorphism.
For the twisted log- crystalline cohomology, notice that since Frobenius behaves
well with respect to c{', it suffices to prove a projective space theorem for the
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absolute log-crystalline cohomology H:(U, U)q:
d d
P row)y ur P HE U, U)g = HLPE, PL)a.
i=0 i=0
Without loss of generality, we may assume that the pair (U, U) is split over K. By
the distinguished triangle

RI (U, U) — RI((U, U)/R) % R ((U, U)/R)

and its compatibility with the action of c{"(¢'(1)) (see [Tsuji 1999, Lemma 4.3.7]),
it suffices to prove a projective space theorem for the log-crystalline cohomol-
ogy H.((U, U)/R)g. Since the R-linear isomorphism ¢ : Hjx (U, U)o ® Rg =
H.((U, U)/R)q is compatible with products [Tsuji 1999, Proposition 4.4.9] and
first Chern classes (see Lemma 5.1), we reduce the problem to showing the projective

space theorem for the Hyodo—Kato cohomology:
d

d
Doy U Hig ©. Do = P Pha.
=0 i=0

Tensoring by K and using the isomorphism
tar . * Hijx (U, U)a ®k, K = Hip(U, Uk)

that is compatible with products [Tsuji 1999, Corollary 4.4.13] and first Chern
classes (see Lemma 5.1), we reduce to checking the projective space theorem for
the log de Rham cohomology Hj, (U, Ux), and we have done this above. U

The above proof proves also the projective space theorem for the absolute
crystalline cohomology.

Corollary 5.3. Let & be a locally free sheaf of rank d + 1, d > 0, on a scheme
X € Varg. Consider the associated projective bundle 7 : P(&) — X. Then we have
the following quasi-isomorphism of complexes of sheaves on Xy,

d d
Py urt @ LG22 R, 7l o 0<d<r.
i=0 i=0

Here, the class c¢{"(0(1)) € H>(P(&), Fer) refers to the class of the tautological
bundle on P(&).

For X € Yark, using the projective space theorem (see Proposition 5.2) and the
Chern classes

" QS O)xg, "1 0%, > T (Dxell],

we obtain syntomic Chern classes c?yn (&) for any locally free sheaf & on X.
Syntomic cohomology has the homotopy invariance property.
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Proposition 5.4. Let X € Vark and f : A}( — X be the natural projection from
the affine line over X to X. Then, for all r > 0, the pullback map

f*: RTgyn(Xp, 1) => ~RTgyn(A) . 7)
is a quasi-isomorphism.

Proof. Localizing in the h-topology of X, we may assume that X = U, the open
set of an ss-pair (U, U) over K. Consider the commutative diagram

— f*
RFsyn(Us Ur)g—— Rrsyn(A] > P;*], rao

bl

RFsyn(Uhv ry —— Rrsyn(A;th r)

The vertical maps are quasi-isomorphisms by Proposition 3.18. It suffices thus to
show that the top horizontal map is a quasi-isomorphism. By Proposition 3.8, this
reduces to showing that the map

CaRTix (U, D)olr) L5 CoRTuk (Al PL)olr)

is a quasi-isomorphism, or, that the map f : (A}, P%) — (U, U) induces a quasi-
isomorphism on the Hyodo—Kato cohomology and a filtered quasi-isomorphism on
the log de Rham cohomology:

RMuk (U, U)o L5 RMux (A, Ph)a,  RTar(U, Ux) -5 RIgr(A), P ).

Without loss of generality, we may assume that the pair (U, U) is split over K.
Tensoring with K and using the Hyodo—Kato quasi-isomorphism, we reduce the
Hyodo—Kato case to the log de Rham one. The latter follows easily from the
projective space theorem and the existence of the Gysin sequence in log de Rham
cohomology. ([

Remark 5.5. The above implies that syntomic cohomology is a Bloch—Ogus theory.
A proof of this fact was kindly communicated to us by Frédéric Déglise and is
contained in Appendix B, Proposition B.4.

Proposition 5.6. For a scheme X, let K.(X) denote Quillen’s higher K-theory
groups of X. For X € Varg, i, j > 0, there are functorial syntomic Chern class
maps

Pl Ki(X) = Hg/ (X, 0).
Proof. Recall the construction of the classes cfy]n First, one constructs universal

classes Cfflm € Hszyin(B. GL; s, i). By a standard argument, the projective space
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theorem and the homotopy property show that

(B.GLy j, x) =~ (K, *)[x X,

syn syn

where the classes x;” ny’n(B, GL; , i) are the syntomic Chern classes of the
universal locally free sheaf on B, GL; (defined via a projective space theorem). For
[ > i, we define

C;}l]n =x" e HZ (B, GLl,h, i).

i syn

The classes C; Syn H 2 L (B.GL; 5, 1) yield compatible universal classes (see [Gillet
1981, p. 221]) ngn € ny’n(X GLl(ﬁx) i), and hence a natural map of pointed
simplicial sheaves on X7AR, C~ : B.GL(0x) — ¢ (2i,.7'(i)x), where % is
the Dold—Puppe functor of r>oy’(z) x[2i] and '(i)x is an injective resolution
of Z(i)x := Re,.#(i)qg, € : X, > Xzar. The characteristic classes c; Y are now

ij
defined [Gillet 1981, Definition 2.22] as the composition
Ki(X)— H/(X,7Z x B.GL(0x)Y) > H/(X, B.GL(0x)")

syn

S H(X, 0L S (D) x)) 2 HETT (X, D),

syn
where B, GL(0x)™ is the (pointed) simplicial sheaf on X associated to the
+-construction [Soulé 1982, 4.2]. Here, for a (pointed) simplicial sheaf &, on Xzar,
we know H/(X, &) = ;i (RI'(X7zAR, &.)) is the generalized sheaf cohomology
of &, [Gillet 1981, Definition 1.7]. The map #; is the Hurewicz map:

H (X, A Q2i, 7 (D)x)) = 1 (H 2, () (X))~ Hy (A i, 7 ()(X)))
= H;(' () (X)[2i]) = HZ I (X, D). 0

syn
Proposition 5.7. The syntomic and the étale Chern classes are compatible, i.e., for

X e Varg, j > 0,2i — j >0, the following diagram commutes:

K;(X)

syn &
7 X

Psyn

Han ! (X3, 1) H ™/ (X, Q, ()

Proof. We can pass to the universal case (X = B, GL; := B,GL; /K, [ > 1). We

have
n
(B GLlhv*) syn(K *)[ LA ] lsy ]7

ét(B.GL[,*): ét(K’ *)[.xl ,...,.xl ]

syn

By the projective space theorem and the fact that the syntomic period map commutes
with products, it suffices to check that pbyn (xf M= xy ¢ and that the syntomic period
map psy, commutes with the classes Co Q, > (O)@ and cgt Q, — Q,(0). The
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statement about ¢ is clear from the definition of p.; for ¢, consider the canonical
map f : B, GL; — B, GL,  and the induced pullback map

fa  Hiz(B,GLy, %) = H; (K, %)[x1, ..., x;]] > H;(B, GL, g, %) = Qplx1, ..., X]

€

that sends the Chern classes xiét of the universal vector bundle to the classes )Eié‘
of its pullback. It suffices to show that f7 psyn(C fyil )=0C ‘ftl But, by definition,

fé"; Psyn = Psyn f;;n and, by construction, we have the commutative diagram

can

Hszyn(B-Gln,/’lv 1) H(;Zr(B-Gm’[E’h)

l Psyn J Per

Hézt(B.Gm,,?,@p(l)) N Hézt(B,Gm,,?, B} :Hézt(B,ij,@p(l))Qng:

where the bottom map sends the generator of Q, (1) to the element 7 € BCJ; associated
to it. Since the syntomic and the crystalline Chern classes are compatible, it suffices
to show that, for a line bundle ., we have p¢(c{'(£)) = cf‘(.,?) ® t. But this is
[Beilinson 2013, 3.2]. O

Remark 5.8. If 2" is a scheme over V and X = Z, we can consider the syntomic
Chern classes c?’yjn CKi(Z2) — Hszyln_ /(Xp, i) defined as the composition
syn

Kj(2) = Kj(X) =5 H2T (X, 1),

syn

By the above proposition, these classes are compatible with the étale Chern classes.
Recall that analogous results were proved earlier for 2° smooth and projective
[Niziol 1997], for 2 a complement of a divisor with relative normal crossings in
such, and for 2" a semistable scheme over V [Niziol 2016b].

5B. Image of étale regulators. In this subsection we show that Soulé’s étale regu-
lators factor through the semistable Selmer groups.
Let X € Yarkg. For 2r —i — 1 >0, set
Kor—i—1(X)o := ker(Ka, i1 (X) = HO(G, HiM (Xg, @,(r)))).
Write rft[ for the map
res : Kor—i—1(X)o > H' (G, Hy(Xg, Q,(r)))
induced by the Chern class map cf}i +1 and the Hochschild-Serre spectral sequence
map 8 : H™ (X, Q,(r)o — H'(Gk, H.,(Xg, Q,(r))), where we set

H. (X, Qp(r))o := ker(H T (X, Q,(r)) — H (Xg, Q,(r))).
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Theorem 5.9. The map rftl factors through the subgroup
Hy (G, Hy™ (Xg, @p(r)) € H' (Gk, Hy (Xg, @, (1))
Proof. By Proposition 5.7, we have the commutative diagram

Koy —i—1(X)

ét
syn Cr,i +1
Cri+l

HIH (X r) 2 B (X, Q) —— HF (Xe, @, (r))

syn

Hence the Chern class map c?ﬁl 1Ky i 1 (X))o — HS"yJ;1 (Xp, r) factors through
HEN (X, 1) = ker(HIE (X, 1) 25 HIT'(Xg, Q,(r))). Compatibility of the

syn syn
syntomic descent and the Hochschild—Serre spectral sequences (see Theorem 4.8)

yields the commutative diagram

Ko —i—1(X)o

syn
Crit+l

ét
cr,i-H

. Psyn .
HIAN (Xp, 1) ——————— HTH(X, @, ()0

syn
8 l 8

HY(Gy, Hi(Xg. Qp(r)) —— H'(Gk. Hi(Xg. Q,(r)))

Our theorem follows. O

Remark 5.10. The question of the image of Soulé’s regulators rf‘l was raised by
Bloch and Kato [1990] in connection with their Tamagawa number conjecture.
Theorem 5.9 is known to follow from the constructions of Scholl [1993]. The
argument goes as follows. Recall that for a class y € K»,_;_1(X)o, he constructs an
explicit extension Ey, € Ext(lﬂ_ Wk (Q(—r), h' (X)) in the category of mixed motives
over K. The association y — E, is compatible with the étale cycle class and
realization maps. By the de Rham comparison theorem, the étale realization rftl (y)
of the extension class Ey in

Extg, (@, (=), H'(Xg, @) = H' (Gx, Hy(Xg, @p(r))
is de Rham, hence potentially semistable by [Berger 2002], as wanted.

Appendix A: Vanishing of H>(Gg, V)
by Laurent Berger

Let V be a Q ,-linear representation of G . In this appendix we prove the following
theorem.
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Theorem A.1. If V is semistable and all its Hodge—Tate weights are > 2, then
H?*(Gg, V) =0.

Let D(V) be Fontaine’s (¢, [')-module [1990] attached to V. It comes with
a Frobenius map ¢ and an action of I'g. Let Hx = Gal(I?/K(;Lpoc)) and let
Ix =Gal(K /K™). The injectivity of the restriction map H*(Gk, V) — H*(G, V)
for L/K finite allows us to replace K by a finite extension, so that we can assume
that Hg Ix = Gg and that 'y ~Z,. Let y be a topological generator of I'g. Recall
[Cherbonnier and Colmez 1999, §1.5] that we have a map ¢ : D(V) — D(V).

Ideally, our proof of this theorem would go as follows. We use the Hochschild—
Serre spectral sequence

H'(Gk /Ix. H' Ik, V1)) = H'™ Gk, V)
and, interpreting Galois cohomology in terms of (¢, I')-modules, we compute
that H>(Ig, Vi) =0 and H'(Ig, Vi) = Ko ®xk D4r(V). We conclude since,
by Hilbert 90, HI(GK/IK, HI(IK, V1)) = 0. However, we do not, in general,
have Hochschild—Serre spectral sequences for continuous cohomology. We mimic
thus the above argument with direct computations on continuous cocycles (again

using (¢, I')-modules). Laurent Berger is grateful to Kevin Buzzard for discussions
related to the above spectral sequence.

Lemma A.2. (1) If V is a representation of Gk, then there is an exact sequence
0—DW)'=/(y —1) > H'(Gk, V) = (D(V) /(¥ — 1)'* — 0.

(2) We have H*(Gg, V) =D(V) /(¢ — 1,y —1).

Proof. See 1.5.5 and 11.3.2 of [Cherbonnier and Colmez 1999]. O
Lemma A.3. We have D(V|1,)/ (¥ —1) =0.

Proof. Since V|, corresponds to the case when k is algebraically closed, see the
proof of Lemma VI.7 of [Berger 2001]. O

Let y; denote a generator of I gu.

Lemma A.4. The natural map D(V|1K)‘/’:1/(y1 —1)—= OWVl)/(yi — Y=l is
an isomorphism if V'« =0.

Proof. This map is part of the six-term exact sequence that comes from the map
yi — 1 applied to 0 — D(V|;,)¥=! — D(V|;)L=5D(V|;,) — 0. Its kernel
is Aincluded in DE\VlIK)V’ =1 which is 0 since V¥ = 0 (note that the inclusion
(K™ ® V)9 C (€™ ® V)9« =D(V)% is an isomorphism). O

Suppose that x e D(V)/(¢ — 1,y — 1). If x € D(V) lifts x, then Lemma A.3
gives us an element y € D(V|;,) such that (y — 1)y = Xx. Define a cocycle
8(x) € ZN Gk / Ik, D(VI1)V="/(yr = 1)) by 8(x) : g > (g — 1)(y) if g € G lifts
g € Gk/lk.
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Proposition A.5. If VI =0, then the map

§:DV)/(f =1,y =1) = H'(Gk /Ix, DVIr)/ (v = 1))
is well-defined and injective.
Proof. We first check that

3(x)(g) € DV 1)/ (yr — )V=L

We have (v — 1)(g — 1)(y) = (g — I)(x). If we write g = ih € Igx Hg, then
(g—Dx=Gh—-1x=(00—-1Dx e (y;—1)D(V|y,) since yr — 1 divides the image
of i —1in Z, [T gwll. This implies 8(x)(g) € (D(V|1)/(yr — 1)V=".

We now check that 6 (x) does not depend on the choices. If we choose another
lift ¢’ € Gk of g € Gx /I, then g’ =ig for somei € Ix and (g'— 1)y —(g— 1)y =
(i—1)gye(yi—DD(V|,) since y;—1 divides the image of i —1in Z ,[T" gu: | If we
choose another y’ such that (y — 1)y’ = %, then y —y" € D(V |, )¥=! so that § and &’
are cohomologous. Finally, if X’ is another lift of x, then X' —X = (y —Da+ @/ —1)b
with a, b € D(V). We can then take y' = y+b+ (yg — 1)c, where (¥ —1)c =a. We
then have (g — 1)y =(g—1Dy+(g— Db+ (yg — 1)(g — 1)c. Since Gx = Ix Hg,
we can write g =ih and (g —1)b = (i — 1)b. Using Gx = Ix Hx once again, we see
that Ix — Gk /Hk is surjective, so that we can identify y; and ys. The resulting
cocycle is then cohomologous to §(x). This proves that § is well-defined.

We now prove that § is injective. If §(x) = 0, then using Lemma A.4 there exists
zeD(V];,)?=" such that §(x)(g) is the image of (g—1)(z) inD(V |1 )¥="/(y;1 —1).
This implies that (g — 1)(y — 2) € (y; — DD(V];,)¥=L Applying ¢ — 1 gives
(g — DX =0so that ¥ € D(V)°¢ C V! =0. The map § is therefore injective. [J

Lemma A.6. [fV is semistable and the weights of V are all > 2, then
expy : Dar(V1,) = H' (g, V)

is an isomorphism.

Proof. Apply Theorem 6.8 of [Berger 2002] to V|, . (]

Proof of Theorem A.1. We can replace K by K, for n >> 0 and use the fact that if
HZ(GKH, V) =0, then H*(Gk, V) = 0 since the restriction map is injective. In
particular, we can assume that Hg Ix = Gk and that I'g is isomorphic to Z,. By
item (2) of Lemma A.2, we have H*>(Gg, V) =D(V)/(¢ — 1,y — 1), and so by
Proposition A.5 above, it is enough to prove that

H'(Gx/Ix, OV /(yi —1)'=H =0.

Lemma A.4 tells us that (D(V|;,)/(yr — 1)Y= =D(V|;,)¥='/(y; — 1). Since
D(V|)/(¢ —1) = 0 by Lemma A.3, item (1) of Lemma A.2 tells us that
DV )"="/(y =) =H'Ug, V).
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The map expy : Dgr(V 1) = H'(Ix, V) is an isomorphism by Lemma A.6,
and this isomorphism commutes with the action of Gk since it is a natural map.
We therefore have H'(Ix, V) = Ko ®k Dgr(V) as Gg-modules. It remains to
observe that the cocycle §(x) € Z'(Gk /I, K ®k Dgr(V)) is continuous and that
HY(Gk e K ") = 0 by taking a lattice, reducing modulo a uniformizer of K, and
applying Hilbert 90. ]

Appendix B: The syntomic ring spectrum
by Frédéric Déglise

In this appendix, we explain why syntomic cohomology as defined in this paper is
representable by a motivic ring spectrum in the sense of Morel and Voevodsky’s
homotopy theory. More precisely, we will exhibit a monoid object . of the
triangulated category of motives with Q,-coefficients (see below), DM, such that
for any variety X and any pair of integers (i, r),

Hsiyn(Xh, r) =Hompy (M (X), L(r)[i]).

In fact, it is possible to apply directly [Déglise and Mazzari 2015, Theorem 1.4.10]
to the graded commutative dg-algebra RIy, (X, *) of Theorem A in view of the
existence of Chern classes established in Section 5SA. However, the use of the
h-topology in this paper makes the construction of [Ey,, much more straightforward
and that is what we explain in this appendix. Reformulating slightly the original
definition of Voevodsky [1996], we introduce:

Definition B.1. Let PSh(K, Q) be the category of presheaves of Q ,-modules over
the category of varieties.
Let C be a complex in PSh(K, Q,). We say

(1) C is h-local if for any h-hypercovering 7 : Y, — X, the induced map
C(X) — m,Tot®(C(Y,))
is a quasi-isomorphism;
(2) C is Al-local if for any variety X, the map induced by the projection
H' (X, C) — H' (A} ,,, C)
is an isomorphism.

We define the triangulated category DMfo(K , Q) of effective h-motives as the
full subcategory of the derived category D(PSh(K, Q,)) made by the complexes
which are 4-local and A'-local.

Equivalently, we can define this category as the A!-localization of the derived
category of /i-sheaves on K-varieties (see Section 5.2 of [Cisinski and Déglise 2009],
and more precisely Proposition 5.2.10 and Example 5.2.17(2)). Recall also from
[loc. cit.] that there are derived tensor products and internal Hom on DM ,fff(K , Q)p).
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For any integer r > 0, the syntomic sheaf .#(r) is both h-local (by definition)
and A!-local (Proposition 5.4). Thus it defines an object of DM ,fﬁ(K , Q) and for
any variety X, one has an isomorphism

Hompyerr g q,) (Qp (X)), 7 (r)[i])
= Homppsn(k,0,) (Qp(X), L ()i]) = Hyy(Xn, 1),

where Q,(X) is the presheaf of Q,-vector spaces represented by X. Thus, the
representability assertion for syntomic cohomology is obvious in the effective
setting.

Recall that one defines the Tate motive in DM fo(K , Q) as the object Q,(1) :=
Q,(Pk)/Q,({oc})[—2]. Given any complex object C of DM (K, Q,), we put
Cn)=Cx0 p(1)®*”. One should be careful that this notation is in conflict with
that of . (r) considered as an effective #-motive, as the natural twist on syntomic
cohomology is unrelated to the twist of 4-motives. To solve this matter, we are
led to consider the following notion of Tate spectrum, borrowed from algebraic
topology according to Morel and Voevodsky.

Definition B.2. A Tate h-spectrum (over K with coefficients in Q) is a sequence
E = (E;, 0;);en such that:

e For eachi € N, E; is a complex of PSh(K, Q) equipped with an action of
the symmetric group X; of the set with i-element.

e Foreachi e N, 0; : E;(1) - E;; is a morphism of complexes called the
suspension map in degree i.

« For any integers i > 0, r > 0, the map induced by the morphisms o, ..., i1,
Ei (I’) - Ei+r

is compatible with the action of X; x X,, given on the left by the structural
Y;-action on E; and the action of X, via the permutation isomorphism of
the tensor structure on C(PSh(K, Q)), and on the right via the embedding
E,’ X Xy —> Zi—i—r-

A morphism of Tate h-spectra f : E — [ is a sequence of ¥;-equivariant maps
(fi: Ei = Fi)ien compatible with the suspension maps. The corresponding category
will be denoted by Spy (K, Q).

There is an adjunction of categories
=% :C(PSh(K,Q))) S Spa(K, @)) : % (52)

such that for any complex K of h-sheaves, X°°C is the Tate spectrum equal in
degree n to C(n), equipped with the obvious action of X, induced by the symmetric
structure on tensor product and with the obvious suspension maps.
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Definition B.3. A morphism of Tate spectra (f; : E; — F;);en is a level quasi-
isomorphism if for any i, we have f; is a quasi-isomorphism.

A Tate spectrum [ is called a Q2-spectrum if for any i, we have E; is h-local and
Al-local and the map of complexes

E,’ — Hom(@p(l), E,’+1)

is a quasi-isomorphism.

We define the triangulated category DM, (K, Q,) of h-motives over K with
coefficients in Q,, as the category of Tate 2-spectra localized by the level quasi-
isomorphisms.

The category of h-motives notably enjoys the following properties:

(DM1) The adjunction of categories (52) induces an adjunction of triangulated
categories
> DMK, Q,) S DMy(K, Q,) : Q%

such that for a Tate Q-spectrum [, and any integer r > 0, we have Q*(E(r)) = E,
(see [Cisinski and Déglise 2009, Section 5.3.d, and Example 5.3.31(2)]).
Given any variety X, we define the (stable) 2-motive of X as M (X) :=X*Q,(X).

(DM2) There exists a symmetric closed monoidal structure on DM (K, Q) such
that X°° is monoidal and such that £X*°Q, (1) admits a tensor inverse (see [Cisinski
and Déglise 2009, Section 5.3, Example 5.3.31(2)]). By abuse of notations, we put
Q, =X>0Q,.

(DM3) The triangulated monoidal category DM}, (K, Q) is equivalent to all known
versions of triangulated categories of mixed motives over Spec(K) with coefficients
in @, (see [Cisinski and Déglise 2009, Section 16, and Theorem 16.1.2]). In particu-
lar, it contains as a full subcategory the category DM, (K) ® Q, obtained from the
category of Voevodsky geometric motives ([ Voevodsky et al. 2000, Chapter 5]) by
tensoring Hom-groups with @, (see [Cisinski and Déglise 2009, Corollary 16.1.6,
15.2.5)).

With that definition, the construction of a Tate spectrum representing syntomic
cohomology is almost obvious. In fact, we consider the sequence of presheaves

S =(L(r), reN),

where each . (r) is equipped with with the trivial action of X,. According to
the first paragraph of Section 5A, we can consider the first Chern class of the
canonical invertible sheaf P!: ¢ € Hszyn(I]J’1 , 1) = Hz(ﬂj’}(’h, Z(1)). Take any lift

c: QP(P}() — .Z(1)[2] of this class. By the definition of the Tate twist, it defines
an element Q, (1) — .7 (1) still denoted by c. We define the suspension map

S ©Q,(1) L 7)) ®@.7(1) 4 Z(r+ 1),
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where w is the multiplication coming from the graded dg-structure on . (x). Be-
cause this dg-structure is commutative, we obtain that these suspension maps induce
structures of a Tate spectrum on .. Moreover, .7 is a Tate Q-spectrum because
each .7 (r) is h-local and A'-local, and the map obtained by adjunction from o, is
a quasi-isomorphism because of the projective bundle theorem for P! (an easy case
of Proposition 5.2).

Now, by definition of DM, (K, Q,) and because of property (DM1) above, for
any variety X, and any integers (i, r), we get

Hompum, x.0,)(M(X), 7 (r)[i])

= Hom e g 1 (@p(X), QF(L (M) = Hyyp (X, 7).
Moreover, the commutative dg-structure on the complex . (x) induces a monoid
structure on the associated Tate spectrum. In other words, . is a ring spectrum
(strict and commutative). This construction is completely analogous to the proof
of [Déglise and Mazzari 2015, Proposition 1.4.10]. In particular, we can apply all

the constructions of [Déglise and Mazzari 2015, Section 3] to the ring spectrum ..
Let us summarize this briefly:

Proposition B.4. (1) Syntomic cohomology is covariant with respect to projective
morphisms of smooth varieties (Gysin morphisms in the terminology of [Déglise
and Mazzari 2015]). More precisely, to a projective morphism of smooth K-varieties
f 1Y — X one can associate a Gysin morphism in syntomic cohomology

fer HY (Y, i) — HE 2 (X i — d),

syn
where d is the dimension of f.

(2) The syntomic regulator over Q, is induced by the unit n : Q, — .7 of the ring
spectrum &

ren  Hy (X) ® @) = Hompyy,x.,@,) (M(X), @, (1)]i])
— Homp,k.a,) (M (X), 7 (")li]) = Hy(Xn, 7).
It is compatible with product, pullbacks and pushforwards.

(3) The syntomic cohomology has a natural extension to h-motives'°

DMh(K, @p)op —> D(@p), M — HomDMh(K,@p)(M, jﬂ)

and the syntomic regulator ry, can be extended to motives.

(4) There exists a canonical syntomic Borel-Moore homology Hy' " (—, %) such that
the pair of functors (Hs*yn(—, %), Hy'"(—, %)) defines a Bloch-Ogus theory.

10And in particular to the usual Voevodsky geometrical motives by (DM3) above.
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(5) To the ring spectrum . there is associated a cohomology with compact support
satisfying the usual properties.

For points (1) and (2), we refer the reader to [Déglise and Mazzari 2015, Section
3.1] and for the remaining ones to Section 3.2 of the same paper.

Remark B.5. Note that the construction of the syntomic ring spectrum . in
DM, (K, Q,) automatically yields the general projective bundle theorem (already
obtained in Proposition 5.2). More generally, the ring spectrum . is oriented
in the terminology of motivic homotopy theory. Thus, besides the theory of
Gysin morphisms, this gives various constructions — symbols, residue morphisms —
and yields various formulas — excess intersection formula, blow-up formulas (see
[Déglise 2008] for more details).
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