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Structure of Hecke algebras
of modular forms modulo p

Shaunak V. Deo

Generalizing the recent results of Bellaïche and Khare for the level-1 case, we
study the structure of the local components of the shallow Hecke algebras (i.e.,
Hecke algebras without Up and U` for all primes ` dividing the level N ) acting
on the space of modular forms modulo p for 00(N ) and 01(N ). We relate them
to pseudodeformation rings and prove that in many cases, the local components
are regular complete local algebras of dimension 2.

1. Introduction

The p-adic Hecke algebra acting on modular forms of level N of all weights, which
is generated by the Hecke operators away from Np, has been well studied in the
past due to its connection with p-adic families of modular forms and deformation
rings of Galois representations (see [Emerton 2011] for the precise definition and
more details). One can similarly define a mod p Hecke algebra acting on modular
forms modulo p of level N (in the sense of Serre and Swinnerton-Dyer) of all
weights. The main aim of this paper is to study the structure of these Hecke algebras
acting on modular forms modulo p and their relation with suitable deformation
rings in characteristic p. These objects were previously studied by Jochnowitz
[1982], Khare [1998], Nicolas and Serre [2012a; 2012b], and Bellaïche and Khare
[2015]. In this article, we generalize, with minor changes, the results Bellaïche and
Khare [2015] proved for p ≥ 5 and N = 1.

Before proceeding further, we fix some notation. In all of this paper, we fix
a prime number p > 3 and a positive integer N ≥ 1 not divisible by p. We
shall denote by K a finite extension of Qp, by O the ring of integers of K , by
p the maximal ideal of O, by π the generator of p and by F the finite residue
field of O. We call GQ,Np the Galois group of a maximal algebraic extension
of Q unramified outside {` s.t. `|Np} ∪ {∞} over Q. For a prime q not dividing
Np, we denote by Frobq ∈ GQ,Np a Frobenius element at q. We denote by c a
complex conjugation in GQ,Np. We write GQ`

for Gal(Q`/Q`) for every prime

MSC2010: primary 11F80; secondary 11F25, 11F33.
Keywords: Modular forms modulo p, Hecke algebras, deformations of Galois representations.
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2 Shaunak V. Deo

` dividing Np. There are natural maps i` : GQ`
→ GQ,Np, well defined up to

conjugacy. For every prime ` dividing Np, we write I` for the inertia subgroup of
GQ`

. For a representation ρ of GQ,Np, we shall denote by ρ|GQ`
the composition

of i` with ρ: this is a representation of GQ`
, well defined up to an isomorphism.

We denote by ωp : GQ,Np→ F∗ the cyclotomic character modulo p.
We will now define the Hecke algebra that we want to study and the space of

modular forms on which it acts. For the rest of the introduction, 0 means either
01(N ) or 00(N ) and 0(M) means either 01(M) or 00(M) accordingly. Following
[Bellaïche and Khare 2015] (henceforth abbreviated as [BK]), we shall denote
by S0k (O) the module of cuspidal modular forms of weight k for 0 with Fourier
coefficients in O. We see it as a submodule of O[[q]] by the q-expansion. We
denote by S0

≤k(O) the submodule
∑i=k

i=0 S0i (O) of O[[q]]. Note that this sum is
direct (see [BK, Section 1.2]). We denote by S0

≤k(F) the image of S0
≤k(O) under the

reduction map O[[q]] → F[[q]], which reduces each coefficient of a power series in
O[[q]] modulo p. Thus, S0

≤k(F)=
∑i=k

i=0 S0i (F), where S0i (F) is the space of cuspidal
modular forms of weight i for 0 over F in the sense of Serre and Swinnerton-Dyer,
i.e., it is the image of S0i (O) under the reduction map considered above. The map
S0
≤k(O)/pS0

≤k(O)→ S0
≤k(F) is surjective but not an isomorphism in general. Let

S0(O)=
∞⋃

k=0

S0
≤k(O) and S0(F)=

∞⋃
k=0

S0
≤k(F).

All the modules considered above have a natural action of the Hecke operators Tn

for (n, Np)= 1. We denote by T0k the O-subalgebra of EndO(S0≤k(O)) generated
by the Tn’s with (n, Np)= 1. We denote by A0k the F-subalgebra of EndF(S0≤k(F))

generated by the Tn’s with (n, Np) = 1. From the relations between the Hecke
operators, we see that T0k or A0k is generated by the Hecke operators Tq and Sq for
primes q not dividing Np (see [BK, Section 1.2] for more details). Here, Sq is the
operator acting on forms of weight k as the multiplication by 〈q〉qk−2, where 〈q〉 is
the diamond operator corresponding to q.

We have a natural morphism of F-algebras T0k /pT0k → A0k , which is surjective,
but in general not an isomorphism. We set

T0 = lim
←−−

T0k and A0 = lim
←−−

A0k .

Thus, the Hecke algebras T0 and A0 act on S0(O) and S0(F), respectively. We
obtain a surjective map T0/pT0→ A0 from the surjective maps considered above.
We call A0 the Hecke algebra modulo p of level 0 and this is the central object of
our study.

The rings T0 and A0 are complete and semilocal. Actually, if F is large enough,
then, by the existence of Galois representations attached to eigenforms and by the
Deligne–Serre lifting lemma, the maximal ideals, and hence the local components of
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both T0 and A0 , are in bijection with the set of isomorphism classes of 0-modular
Galois representations ρ :GQ,Np→GL2(F) (see [BK, Section 1.2] for more details).
Here and below, 0-modular means that ρ is the semisimplified reduction of a stable
lattice for the Galois representation ρ : GQ,Np→ GL2(K ) attached by Deligne to
an eigenform in S0(O). Observe that, since ρ is odd, if ρ is irreducible, then it
is absolutely irreducible. We define T0ρ and A0ρ to be the local components of T0

and A0 corresponding to a 0-modular representation ρ. These rings are complete
local rings. The surjective map T0/pT0 → A0 sends T0ρ /pT0ρ onto A0ρ . As A0

(resp. T0) is semilocal and an inverse limit of artinian rings, A0 (resp. T0) splits
into the product of its local components. Thus, it is enough to study the structure
of each local component to understand the structure of A0 , once we determine the
number of its local components.

The advantage of working with the local components is that one can relate
them to suitable deformation rings. By gluing pseudorepresentations attached to
modular eigenforms of level 0 lifting the system of eigenvalues corresponding to
a 0-modular representation ρ, one gets a pseudorepresentation of GQ,Np taking
values in A0ρ and deforming (tr ρ, det ρ). Let R̃0

ρ be the universal deformation ring
with constant determinant of the pseudorepresentation (tr ρ, det ρ) in the category of
local, profinite F-algebras with residue field F. The pseudorepresentation obtained
above induces a local, surjective morphism R̃0

ρ → A0ρ when either 0 = 00(N )
or p -φ(N ) and 0 = 01(N ). Otherwise, it induces a local, surjective map R̃0

ρ→

(A01(N )
ρ )red. See Section 2 for more details.
We define a 0-modular representation ρ to be unobstructed if the tangent space

of R̃0
ρ has dimension 2. If ρ is irreducible and p -φ(N ), then ρ is unobstructed in

our sense if and only if it is unobstructed in the sense of Mazur [1989, Section 1.6].
But our notion is weaker than Mazur’s notion if p |φ(N ). See Section 10, where
the notion of unobstructedness is studied in detail.

We prove the following results concerning the Hecke algebra A0ρ and its relation
with the deformation ring R̃0

ρ :

Theorem 1. Let 0 = 01(N ) or 00(N ). If ρ is a 0-modular representation, then
both R̃0

ρ and A0ρ have Krull dimension at least 2.

Theorem 2. Suppose either 0 = 00(N ) or p -φ(N ) and 0 = 01(N ). If ρ is a
0-modular representation which is unobstructed, then the morphism R̃0

ρ → A0ρ
is an isomorphism, and A0ρ is isomorphic to a power series ring in two variables
F[[x, y]]. If p |φ(N ) and ρ is an unobstructed 01(N )-modular representation, then
the morphism R̃0

ρ→ (A01(N )
ρ )red is an isomorphism, and (A01(N )

ρ )red is isomorphic
to a power series ring in two variables F[[x, y]].

In the last section, we shall give some conditions under which a 01(N )-modular
representation ρ is unobstructed and the corresponding local component A01(N )

ρ
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is not reduced: see Proposition 27 and Proposition 28. We shall also give some
examples of nonreduced Hecke algebras: see the remarks and discussion after
Proposition 28.

Remark. (1) Our approach to prove Theorem 1 and Theorem 2 does not depend
on whether ρ is irreducible or not. This is mainly because the results that we
use from deformation theory of Galois representations are available for both
reducible and irreducible ρ’s. So, the proof does not become simpler when ρ
is irreducible.

(2) Note that from Theorem 2, it follows that if ρ is a00(N )-modular representation
which is unobstructed and if p -φ(N ), then the natural restriction morphism
A01(N )
ρ → A00(N )

ρ is an isomorphism. In fact, if p -φ(N ), then this happens
for any 00(N )-modular representation ρ. Indeed, fixing such a ρ, we see
that the corresponding system of eigenvalues for the diamond operators is
trivial. As p -φ(N ), by Hensel’s lemma, any system of eigenvalues lifting ρ
is trivial for the diamond operators. Hence, the diamond operators act trivially
on S01(N )(O)ρ . Therefore, S01(N )(O)ρ = S00(N )(O)ρ . So, T01(N )

ρ and T00(N )
ρ

are isomorphic. Thus, A01(N )
ρ and A00(N )

ρ are isomorphic for all the 00(N )-
modular representations ρ if p does not divide φ(N ). However, this argument
breaks down if p divides φ(N ).

Theorem 3. Assume that ρ is a 01(N )-modular representation coming from a
newform of level N and is absolutely irreducible after restriction to the Galois
group of Q(ζp). If `|N , p |`2

− 1 and ρ|GQ`
is unramified, then assume `2

|N.
If `|N , p |`− 1, and ρ|GQ`

is reducible, ramified and not a sum of two ramified
characters, then assume that the highest power of ` dividing N is greater than the
highest power of ` dividing the Artin conductor of ρ. If ρ|GQp

is reducible, assume,
in addition, that ρ|GQp

is not isomorphic to χ⊗
(

1 ∗
0 1

)
nor to χ⊗

( 1 ∗
0 ωp

)
, where χ is

any character GQp → F∗. Then A01(N )
ρ has Krull dimension 2. Moreover, (R̃0

ρ)
red

is isomorphic to (A01(N )
ρ )red.

Similarly, if ρ is a 00(N )-modular representation satisfying the hypotheses as
above, then A00(N )

ρ has Krull dimension 2. Moreover, if p does not divide φ(N ),
then (R̃0

ρ)
red is isomorphic to (A00(N )

ρ )red.

These results are generalizations of Theorem III, Theorem I and Theorem II
of [BK], respectively. Note that, it is possible to have mod p deformation rings
with constant determinant which are nonreduced, but we do not know of any such
examples.

Remark. If p - N , then we know that the module of mod p modular forms for
01(N ) is the same as the module of mod p modular forms for 01(Npe) for e ≥ 1
(see the remark after Corollary I.3.6 on page 23 of [Gouvêa 1988] for more details).
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Hence, the corresponding mod p Hecke algebras are also the same. So, even though
we are assuming that p - N , all the theorems that we prove for mod p Hecke algebras
for 01(N ) above will still be true without this assumption on N.

Note that, Theorem 2 easily follows from Theorem 1 and the definition of
unobstructed.

The idea of the proof of Theorem 1 is similar to the idea used in proving
Theorem III in [BK]. So, we try to find a relation between the characteristic-0
Hecke algebra T0ρ with the characteristic-p Hecke algebra A0ρ . However, there are
some difficulties, such as S0(O)⊗O F not being isomorphic to S0(F), in comparing
them directly. To overcome this problem, like Bellaïche and Khare [2015], we
also work with the divided congruence modules of Katz. Using the results of
Katz and the methods of [BK], we get the relation between characteristic-0 and
characteristic-p full Hecke algebras, i.e., the relation between the characteristic-0
and characteristic-p Hecke algebras generated by the Hecke operators Tq , q Sq for
primes q not dividing Np, U` for primes ` dividing N and Up.

Now, we need to analyze how the addition of the U` and Up operators changes
our Hecke algebras in characteristic 0 and p. We can control the change caused by
the Up operator in a similar way to that done in the level-1 case in [BK]. This allows
us to get a relation between Hecke algebras in characteristic 0 and p generated by
Hecke operators away from p. Note that, the proof for the N = 1 case finishes
at this step. However, for N > 1, we still need to study the effect of adding the
extra operators U` for primes ` dividing N to our original Hecke algebras. This
differentiates the case of N > 1 from N = 1. In this direction, we prove that in
characteristic 0, if ρ is new, i.e., if ρ is not 0(N ′)-modular for any proper divisor
N ′ of N , then the operator U` acting on S0(O)ρ is integral over T0ρ for every
prime ` dividing N . This gives us the finiteness of the U`’s over the mod p Hecke
algebra automatically for a new ρ and, along with the Gouvêa–Mazur infinite fern
argument, leads us to Theorem 1 in those cases. Finally, we prove that if ρ is
also a 0(M)-modular representation for some M dividing N , then the natural map
A0ρ → A0(M)ρ is surjective using the pseudorepresentation attached to it and the
Chebotarev density theorem. Theorem 1 in the case where ρ is new, along with the
surjectivity established above, leads us to Theorem 1 for all the local components
of the mod p Hecke algebra. We would like to point out that, in contrast with [BK],
our method does not give the precise kernel of the map T0ρ → A0ρ in all the cases
while proving Theorem 1. However, in many cases, we can find the kernel up to
some nilpotence.

To prove Theorem 3, we need to use a result of Böckle and flatness of T01(N )
ρ

over the Iwasawa algebra O[[T ]] which is proved in the same way as in [BK]. This,
along with Theorem 1, would imply the first part of Theorem 3. We prove, using
techniques and results similar to the ones sketched in the previous paragraph, that
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the map T01(N )
ρ /(p, T )→ A01(N )

ρ has nilpotent kernel if ρ satisfies the hypotheses
of Theorem 3. We use it, along with the results of Böckle, to conclude the second
part of Theorem 3 for the 01(N ) case. The theorem for the 00(N ) case then follows
easily from the theorem for the 01(N ) case.

Finally, we would like to remark on a possible generalization of these results
to the case of Hilbert modular forms. A well behaved theory for mod p Hilbert
modular forms with arbitrary weights, which includes a lot of tools and facts for
mod p modular forms that we use, is available (see the works of Andreatta and
Goren [2005] for more details). Moreover, an analogue of the Gouvêa–Mazur
infinite fern argument is also true for certain local components of the p-adic Hecke
algebra acting on the space of Hilbert modular forms due to work of Chenevier
[2011, Theorem 5.9]. However, contrary to the case of modular forms, the theory
of divided congruence modules of Katz, and properties of Hecke operators acting
on them, is not known for Hilbert modular forms. We expect results similar to
what we have proved above to hold for Hilbert modular forms once we know the
theory of divided congruence modules of Hilbert modular forms and the infinite
fern argument for all the local components. The results will depend on the space of
mod p Hilbert modular forms we consider. For instance, we expect the lower bound
on the Krull dimension of the mod p Hecke algebra for Hilbert modular forms of
parallel weights to be 2, while the corresponding lower bound for the mod p Hecke
algebra for Hilbert modular forms of arbitrary weights to be 2n, where n is the
degree of extension of the totally real field over Q.

2. Deformation rings and Hecke algebras

The goal of this section is to relate mod p Hecke algebras with appropriate defor-
mation rings.

Using [Bellaïche 2012b, Step 1 of the proof of Theorem 1], which is essentially an
argument of gluing pseudorepresentations attached to modular eigenforms of a fixed
level and all weights, we get the following lemma (see also [BK, Proposition 2]):

Lemma 4. Let 0 be either 00(N ) or 01(N ). For a 0-modular representation ρ,
there exists a unique continuous pseudorepresentation

(τ0, δ0) : GQ,Np→ T0ρ

such that τ0(c)= 0, τ0(Frobq)= Tq and δ0(Frobq)= q Sq for all the primes q not
dividing Np. We have

τ0 (mod mT0ρ
)= tr ρ and δ0 (mod mT0ρ

)= det ρ.

By composing (τ0, δ0) with the natural morphism T0ρ → A0ρ , we get a pseudorep-
resentation (τ̃0, δ̃0) : GQ,Np→ A0ρ lifting (tr ρ, det ρ).
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A deformation (t, d) of a pseudorepresentation (t̄, d̄) is called a deformation
with constant determinant if d = d̄.

Lemma 5. If 0 = 00(N ) or if p -φ(N ) and 0 = 01(N ), then for a 0-modular rep-
resentation ρ, (τ̃0, δ̃0) is a deformation of (tr ρ, det ρ) with constant determinant.

Proof. Let q be a prime not dividing Np. Note that, in the 00(N ) case, Sq acts as
multiplication by qk−2 on a weight k modular form with Fourier coefficients in O.
If two modular forms of level N are congruent modulo p, then their weights are
congruent modulo p − 1. So, Sq acts like a constant on S00(N )(F)ρ for every ρ.
Since δ̃0(Frobq)= q Sq and the set of Frobq for primes q not dividing Np is dense
in GQ,Np, we get that δ̃0 is constant and we are done in the 00(N ) case.

Applying the same reasoning to the 01(N ) case, we get that, for every prime q
not dividing Np, Sq acts like cq〈q〉 on S01(N )(F)ρ , where cq is an invertible constant.
Since Sq ∈ A01(N )

ρ , it follows that 〈q〉 ∈ A01(N )
ρ for every prime q not dividing Np. If

p does not divide φ(N ), then the order of every diamond operator 〈q〉 is coprime to p.
We have chosen F to be large enough so that it contains all the mod p system of eigen-
values. Thus, by Hensel’s lemma, 〈q〉, and hence Sq , will be constant in A01(N )

ρ for
every ρ and every prime q not dividing Np. Therefore, δ̃0 is constant in the 01(N )
case if p does not divide φ(N ), by the same argument as in the 00(N ) case. �

If p |φ(N ), then the determinant δ̃0 may not be constant. See Section 10 for
more details. If the order of 〈q〉 is pe, then (〈q〉−1)pe

= 0 in A01(N )
ρ . Therefore, in

(A01(N )
ρ )red, we have 〈q〉 = 1 for all such 〈q〉. Thus, from the proof of the lemma

above, it follows that if p |φ(N ), then the determinant

(δ̃01(N ))red
: GQ,Np→ ((A01(N )

ρ )red)∗

is constant.
Let Rρ be the universal deformation ring of the pseudorepresentation (tr ρ, det ρ)

in the category of local profinite O-algebras with residue field F, R̃ρ be the corre-
sponding universal deformation ring mod p and R̃0

ρ be the corresponding universal
deformation ring mod p with constant determinant (see [Chenevier 2014; BK,
Section 1.4] for more details regarding the existence and properties of these rings).
For a 0-modular representation ρ, the pseudorepresentation (τ0, δ0) defines a local
morphism Rρ→ T0ρ which is the identity, modulo their maximal ideals. Similarly,
we get a local morphism R̃ρ→ A0ρ . From the previous paragraphs, we see that the
morphism R̃ρ→ A0ρ factors through R̃0

ρ if 0=00(N ) or if p -φ(N ) and 0=01(N ).
However, this is not true in general. But, from the above discussion, we see that for
a 01(N )-modular representation ρ, the map R̃ρ→ (A01(N )

ρ )red factors through R̃0
ρ .

All the morphisms considered above are surjective. Indeed, for a prime q not divid-
ing Np, the images of the trace and the determinant, coming from the universal pseu-
dorepresentation of Frobq , under the morphisms above are Tq and q Sq , respectively.
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3. Relation between the full Hecke algebras in characteristic 0 and p

The goal of this section is to obtain a relation, similar to [BK, Proposition 16],
between the full Hecke algebras, but for both the cases, 01(N ) and00(N ). We follow
the approach of [BK]. We briefly recall, without proofs, some important results of
the theory of divided congruences of Katz needed for our purpose. Then, we state
some results about the comparisons of various Hecke algebras; these are similar to
the results given in Sections 3–6 of [BK], and since their proofs are more or less the
same, we do not give them in full detail here. Instead, we mostly refer readers to the
proofs of corresponding results in [BK] and provide some additional details when
required. In this section, we follow the notation of [BK] for the divided congruence
modules and the Hecke algebras along with an additional index representing the
level. For instance, D01(N )(O) will represent the divided congruence module of
cuspidal forms for 01(N ) over O. These modules and the Hecke algebras acting on
them are defined in exactly the same way as their level-1 counterparts in [BK] after
making appropriate level changes. The main references for this section are [Katz
1975; Hida 1986; BK]. Throughout this section, 0 means either 01(N ) or 00(N ).

3.1. The divided congruence modules of Katz. In this and the following subsec-
tion, we quickly list all the results that are needed from the theory of divided
congruence modules. These results are the level-N counterparts of the results that
appear in [BK].

We now define the divided congruence modules of Katz. Let S0
≤k(K ) be the

subspace of K [[q]] given by
∑i=k

i=0 S0i (K ), where S0i (K ) is the space of cusp forms
of weight i and level 0 with Fourier coefficients in K , which is identified as a
subspace of K [[q]] via q-expansions. Let D0

≤k(O) be the O-submodule of O[[q]]
given by the intersection of S0

≤k(K ) with O[[q]]. These modules are called divided
congruence modules because they capture congruences between cusp forms of
different weights (see Remark 3 of Section 2 of [BK] for more details). We define
D0
≤k(F) as the image of D0

≤k(O) under the reduction map O[[q]] → F[[q]]. Let

D0(O)=
∞⋃

k=0

D0
≤k(O) and D0(F)=

∞⋃
k=0

D0
≤k(F).

We call D0(O) the divided congruence module of cuspidal forms of level 0 and
D0(F) the divided congruence module of cuspidal forms modulo p of level 0. See
Section 2 of [BK] for more details.

Lemma 6. The natural map D0
≤k(O)⊗O F→ D0

≤k(F) is an isomorphism.

Proof. If f ∈ D0
≤k(O) lies in the kernel of the natural surjective map

D0
≤k(O)→ D0

≤k(F),
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then f/π lies in both S0
≤k(K ) and O[[q]]. Hence, it lies in D0

≤k(O) which implies
the lemma. See the proof of Lemma 5 of [BK]. �

We now recall, without proof, two theorems of Katz which relate the divided
congruence module of cuspidal forms mod p of level 0 with the space of mod p
cuspforms of level 0:

Proposition 7 [Katz 1975, Corollary 1.7]. (1) There exists a unique action of
Z∗p × (Z/NZ)∗ on D01(N )(O), denoted by ((x, y), f ) 7→ (x, y). f , such that
for (x, y) ∈ Z∗p× (Z/NZ)∗, and f ∈ S01(N )

k (O)⊂ D01(N )(O),

(x, y). f = xk
〈y〉 f.

(2) There exists a unique action of Zp
∗ on D00(N )(O) denoted by (x, f ) 7→ x . f

such that for x ∈ Z∗p, and f ∈ S00(N )
k (O)⊂ D00(N )(O),

x . f = xk f.

Theorem 8 [Katz 1975, Section 4]. The space S0(F) is the space of invariants of
1+ pZp acting on D0(F).

See also [Hida 1986, Theorem 1.1].
The two results of Katz recalled in this subsection are proved only for p > 3.

We do not know whether they also hold for p = 2, 3.

3.2. Hecke operators on the divided congruence modules. On D0(O) we can
define the Hecke operators Tq and Sq , for primes q not dividing Np, and U`, for
primes ` dividing N . Their action on the q-expansions is given in the same way
as it is given on the q-expansions of the classical modular forms. See the proof of
Corollary-and-Definition 7 of [BK] and [Hida 1986, page 243] for more details.

Now we introduce partially full Hecke algebras which are generated by the U`’s
for every prime ` dividing N along with the Tn’s for (n, Np)= 1. We denote these
Hecke algebras by supplementing the index with pf. Thus, T0,pf

k is the O-subalgebra
of EndO(S0≤k(O)) generated by the Tn’s with (n, Np) = 1 and U`’s with prime `
dividing N , while A0,pf

k is the F-subalgebra of EndF(S0≤k(F)) generated by the Tn’s
with (n, Np)= 1 and U`’s with prime ` dividing N . We can consider the projective
limits

T0,pf
= lim
←−−

T0,pf
k , A0,pf

= lim
←−−

A0,pf
k .

Lemma 9. (1) The subalgebra of EndO(D0
≤k(O)) generated by the Hecke oper-

ators Tq , Sq for primes q not dividing Np and U` for primes ` dividing N is
naturally isomorphic to T0,pf

k .

(2) The subalgebra of EndO(D0
≤k(O)) generated by the Hecke operators Tq , Sq

for primes q not dividing Np is naturally isomorphic to T0k .
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Proof. Both parts of the lemma follow from the observations that S0
≤k(O) is a

cotorsion submodule of D0
≤k(O) and that the action of Hecke operators on D0

≤k(O)
extends their action on S 0

≤k(O). Indeed, as S0
≤k(O) is a cotorsion submodule

of D0
≤k(O), if f ∈ D0

≤k(O), then πn f ∈ S0
≤k(O) for some n which implies that a

Hecke operator vanishing on S0
≤k(O) also vanishes on D0

≤k(O). See the proof of
Lemma 8 of [BK] for more details. �

Lemma 10. (1) The homomorphism φ : Z∗p → EndO(D01(N )(O)), defined by
φ(x) f = (x, 1). f for f ∈ D01(N )(O), takes values in the subalgebra T01(N )

and hence, in T01(N ),pf.

(2) The homomorphism φ : Z∗p→ EndO(D00(N )(O)), defined by φ(x) f = x . f for
f ∈ D00(N )(O), takes values in the subalgebra T00(N ) and hence, in T00(N ),pf.

Proof. The proof of part (1) is almost the same as the proof of Lemma 9 of [BK].
We only need to change the last step of the proof slightly, so we sketch it briefly here.
Following the same proof, we see that T01(N ) is a closed subset of EndO(D01(N )(O))
under the weak topology, and the map φ : Z∗p→ EndO(D01(N )(O)) is continuous
for the weak topology. For a prime q which does not divide Np and is 1 (mod N ),
one has φ(q)= q2Sq ∈T01(N ), since 〈q〉 is the trivial operator as q is 1 (mod N ). If
x ∈ Z∗p, there exists, by the Chinese remainder theorem and Dirichlet’s theorem on
primes in arithmetic progressions, a sequence of primes qn , (different from primes
dividing Np) that are 1 (mod N ), that converges to x p-adically. Hence, φ(qn)

converges to φ(x) in EndO(D01(N )(O)). Therefore, φ(x) ∈ T01(N ). The proof of
part (2) is the same as the proof of Lemma 9 of [BK]. �

Let 3 be the Iwasawa algebra O[[1+ pZp]]. By choosing a topological generator
of 1+ pZp, say 1+ p, one gets an isomorphism3'O[[T ]]. Under this isomorphism,
the maximal ideal m3 of3 gets mapped to (π, T ). We get a morphism ψ :3→T0

of O-algebras from the group homomorphism φ : 1+ pZp → (T0)∗. Using the
morphism ψ , we can consider T0 as a 3-algebra.

3.3. Divided congruence modules of level 00(Np) and 01(Np). In this subsec-
tion, we consider the divided congruence modules of cuspidal forms for levels
00(Np) and 01(Np). They are defined in the same way as in the level-N case after
just changing the level. For the rest of this section, 0 still means 00(N ) or 01(N )
and 0(p) means either 00(Np) or 01(Np) accordingly.

Proposition 11. The closures of D0(O) and D0(p)(O) in O[[q]] provided with the
topology of uniform convergence, are equal.

Proof. See [Gouvêa 1988, Proposition I.3.9] and Section 1 of [Hida 1986]. �

Corollary 12. There is an isomorphism preserving q-expansions of

D0(p)(O)⊗O F' D0(F).
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Corollary 13. The algebras T0(p),pf and T0,pf are naturally isomorphic, as are
also the algebras T0(p) and T0.

Proof. The natural restriction maps between the Hecke algebras of level Np and
N are isomorphisms because their action is continuous and the modules on which
they act have the same closure. See the proof of Corollary 13 of [BK] for more
details. �

3.4. Full Hecke algebras. In this subsection, we consider full Hecke algebras,
i.e., the Hecke algebras generated by all the operators Tq , Sq for primes q with
(q, Np) = 1, U` for primes ` dividing N and Up. So, T0(p),full

k , D A0,full
k and

A0,full
k are the Hecke algebras generated by the Hecke operators Tq , Sq for primes q

with (q, Np)= 1, U` for primes ` dividing N and Up acting on D0(p)
≤k (O), D0

≤k(F)

and S0
≤k(F), respectively. We denote by T0(p),full, D A0,full and A0,full the full Hecke

algebras acting on D0(p)(O), D0(F) and S0(F), respectively, which are obtained by
taking the inverse limits over the weights k of appropriate Hecke algebras, as before.

Proposition 14 (perfect duality). The pairings

T0(p),full
k × D0(p)

≤k (O)→O, D A0,full
k × D0

≤k(F)→ F, A0,full
k × S0

≤k(F)→ F,

given by (t, f ) 7→ a1(t f ), are perfect.

Proof. This is well known but we recall the proof here. Suppose f ∈ D0(p)
≤k (O)

is such that a1(t f ) = 0 for all t ∈ T0(p),full
k . This means a1(Tn f ) = an( f ) = 0

for all n coprime to Np, a1(U` f ) = a`( f ) = 0 for all primes ` dividing N and
a1(Up f ) = ap( f ) = 0. Thus, we have an( f ) = 0 for all n which implies f = 0.
Now, suppose t ∈ T0(p),full

k is such that a1(t f ) = 0 for all f ∈ D0(p)
≤k (O). This

means a1(s(t f ))= a1(t (s f ))= 0 for all s ∈ T0(p),full
k . Thus, from the previous part,

we get that t f = 0 for all f ∈ D0(p)
≤k (O) which means t = 0. The proof for other

cases goes in the exact same way. �

Corollary 15. The map T0(p),full
k → D A0,full

k induces an isomorphism

T0(p),full
k ⊗O F−→∼ D A0,full

k .

Hence, we get an isomorphism T0(p),full
⊗O F' D A0,full.

Proof. By the perfect duality above and Lemma 6, we see that the rank of the
torsion-free O-module T0(p),full

k and the dimension of D A0,full
k as an F-vector space

are the same, which implies the result. See the proof of Corollary 15 of [BK] for
more details. �

The composition3→T0,pf
→T0(p),full defines a3-algebra structure on T0(p),full.

Proposition 16. T0(p),full/m3T0(p),full
' A0,full.
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Proof. The proposition follows from Theorem 8 (a theorem of Katz that we recalled
in Section 3.1), the perfect duality and its corollary above. See the proof of
Proposition 16 of [BK] for more details. �

4. Relation between the components of Partial and Full Hecke algebras

Throughout this section 0 means either 01(N ) or 00(N ) and 0(p) means either
01(Np) or 00(Np) accordingly. Recall that we have a direct product decomposition
T0=

∏
T0ρ and a direct sum decomposition S0(O)=

⊕
S0(O)ρ , where the product

and sum are taken over all the 0-modular representations. Note that, S0(O)ρ is
the intersection of the subspace of S0(Qp) generated by the eigenforms lifting the
system of eigenvalues corresponding to ρ with S0(O). The decompositions above
are such that T0ρ is also the largest quotient of T0 which acts faithfully on S0(O)ρ .
Let T0,pf

ρ be the largest quotient of T0,pf which acts faithfully on S0(O)ρ . Define
A0,pf
ρ in a similar way.
Note that, since D0(O) contains S0(O) as a cotorsion submodule, we have a direct

sum decomposition D0(O)=
⊕

D0(O)ρ similar to that of S0(O). Moreover, T0,pf
ρ

and T0ρ are the largest of quotients of T0,pf and T0 respectively, acting faithfully
on D0(O)ρ .

By a result of Serre and Tate (see [Jochnowitz 1982, Lemma 4.4]), the subalgebras
of T0(p),full and A0,full generated by the Hecke operators Tq , Sq for primes q not
dividing Np and Up are semilocal and the local components of both of them
are in bijection with the set of F-valued systems of eigenvalues of the Hecke
operators Tq , Sq for primes q not dividing Np and Up appearing in S0(F). Hence,
they are in bijection with the pairs (ρ, λ), where ρ :GQ,Np→GL2(F) is a 0-modular
representation attached to some eigenform f ∈ S0(F) and λ is the eigenvalue of Up

on f (see [Jochnowitz 1982]).
So, we get a direct sum decomposition D0(p)(O)=

⊕
D0(p)(O)ρ,λ similar to

that of S0(O) seen above. Now, let us define T
0(p),full
ρ,λ to be the largest quotient of

T0(p),full acting faithfully on D0(p)(O)ρ,λ and A0,full
ρ,λ to be the largest quotient of

A0,full acting faithfully on S0(F)ρ,λ.
We get, using the Chinese remainder theorem and the definitions above, the

product decompositions T0(p),full
=
∏

T
0(p),full
ρ,λ , and T0,pf

=
∏

T0,pf
ρ . Similarly,

we get product decompositions of A0,full and A0,pf. Here, the products are finite
products as the pairs (ρ, λ) are finitely many.

Proposition 17. (1) For a 0-modular representation ρ, one has a natural isomor-
phism of A0,pf

ρ -algebras A0,pf
ρ [[Up]] ' A0,full

ρ,0 .

(2) For a 0-modular representation ρ, one has a natural isomorphism of T0,pf
ρ -

algebras T0,pf
ρ [[Up]] ' T0(p),full

ρ,0 .
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Proof. The first part of this proposition is proved by Jochnowitz [1982, Theorem 6.3].
The proof of the second part of the proposition is the same as that of Proposition 17
of [BK], where they adapt the proof of Jochnowitz in characteristic 0, which relies
on the interplay between the operators Up and V . Here, V is the operator which
sends

∑
anqn to

∑
anq pn . The same argument works here. �

5. Finiteness of T0,pf
ρ over T0ρ for new ρ

Throughout this section, 0 means either 01(N ) or 00(N ) and 0(M) means either
01(M) or 00(M) accordingly. Let us call a 0-modular representation ρ new if it is
not 0(M)-modular for any proper divisor M of N . Thus, the system of eigenvalues
of the Hecke operators corresponding to ρ does not have a nontrivial eigenspace in
S0(M)(F) for any proper divisor M of N . Let S0,new

k (Qp) be the O-submodule of
S0k (Qp) consisting of new modular forms of weight k and level 0. Let

S0,new
≤k (Qp)=

k∑
i=0

S0,new
i (Qp) and S0,new(Qp)=

∞⋃
k=0

S0,new
≤k (Qp).

The following lemma follows directly from the discussion above and the description
of S0(O)ρ given in the previous section:

Lemma 18. If ρ is a new0-modular representation, then S0(O)ρ is an O-submodule
of S0,new(Qp).

Now we recall a well-known result regarding the Galois representations attached
to level-N newforms:

Lemma 19 [Emerton et al. 2006, Lemma 2.6.1]. Let f be a classical newform of
tame level N over Qp. Let ρ f be the p-adic Galois representation attached to f
and let Vf denote its underlying space. Let ` be a prime dividing N and let a`( f )
be the U` eigenvalue of f . Let (Vf )I` be the vector space of I` coinvariants of Vf .
Then the following are equivalent:

(1) a`( f ) is a nonunit,

(2) a`( f )= 0,

(3) (Vf )I` = 0.

If these equivalent conditions do not hold, then we have that (Vf )I` is one
dimensional and a`( f ) is equal to the eigenvalue of Frob` acting on this line.

Proposition 20. If ρ is a new 0-modular representation, then T0,pf
ρ is finite over T0ρ .

More precisely, U` ( for every `|N ) is integral over T0ρ of degree at most 2. If one
of the following condition holds:

(1) 0 = 00(N ) and there does not exist a prime ` such that `‖N and p |`+ 1.
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(2) 0 = 01(N ) and if there exists a prime ` such that p |`2
− 1 and `‖N , then

p |`+ 1 and det ρ(I`) 6= 1.

then T0,pf
ρ = T0ρ .

Proof. Let 0 = 00(N ). Since ρ is new, we know, from Lemma 18, that

S0(O)ρ ⊂ S0,new(Qp).

Now, T0,pf
ρ is the largest quotient of T0,pf which acts faithfully on S0(O)ρ . Let `

be a prime dividing N . By Theorem 5 of [Atkin and Lehner 1970], if `2 divides N ,
then U` acts like 0 on S0,new

k (Qp) and if `‖N , then U 2
` acts like `k−2 on S0,new

k (Qp).
Hence, if `2 divides N , then U` acts like 0 on S0(O)ρ and if `‖N , then U 2

` acts
like `−2φ(`) on S0(O)ρ , where φ : Z∗p→ T0ρ is the map considered in Lemma 10.
Thus, if `2

|N , then U` = 0, and if `‖N , then U 2
` − `

−2φ(`)= 0 in T0,pf
ρ .

Suppose `‖N and let f be a newform of level 00(N ) lifting the system of
eigenvalues corresponding to ρ. Let π` be the `-component of the automorphic
representation corresponding to f and ρ f be the p-adic Galois representation
attached to f . As `2 - N , π` is either principal series or special (see [Carayol 1989,
Section 1.2]). So, it follows from the local Langlands correspondence, that ρ f |GQ`

is either a direct sum of two characters or a nontrivial extension of a character by
its cyclotomic twist (see Sections 3 and 5 of [Weston 2004]). As f is a newform of
level 0, the Artin conductor of ρ f is N (the level of f ). Since `‖N , the exponent
of ` appearing in the Artin conductor of ρ f is exactly 1 which means (ρ f )

I` , the
subspace of ρ f on which I` acts trivially, is one dimensional. So, if ρ f |GQ`

is a
direct sum of two characters, then one of them is unramified and the other is tamely
ramified. Otherwise, ρ f |GQ`

is a nontrivial extension of an unramified character
by its cyclotomic twist. As f is a modular form of level 00(N ), its nebentypus is
trivial, which means det ρ f (I`)= 1. This implies that ρ f |GQ`

is not a direct sum of
two characters and hence, ρ f |GQ`

'
( εpχ ∗

0 χ

)
, where ∗ is nonzero and ramified, χ is

an unramified character and εp is the p-adic cyclotomic character of GQ`
.

As a`( f ), the U` eigenvalue of f , is nonzero, by Lemma 19 above, it is the
eigenvalue of Frob` acting on (ρ f )I` . Thus, a`( f ) = χ(Frob`). Let x be a lift of
Frob` in GQ`

. Note that

tr(ρ f ◦ i`(x))= εpχ(Frob`)+χ(Frob`)= (`+ 1)χ(Frob`)= (`+ 1)a`( f ),

which means a`( f ) = tr(ρ f ◦ i`(x))/(`+ 1). Suppose p - `+ 1, which implies
that ` + 1 is a unit in T0ρ . Then on every newform f of level 0 lifting ρ, the
action of U` coincides with the action of (τ0 ◦ i`)(x)/(`+ 1), which lies in T0ρ
as `+ 1 is a unit in T0ρ . As ρ is new, every eigenform of level 0 lifting ρ is a
newform. This implies that U` − (τ

0
◦ i`)(x)/(`+ 1) acts like 0 on S0(O)ρ and

hence, U` = (τ
0
◦ i`)(x)/(`+1) in T0,pf

ρ . Therefore, U` ∈ T0ρ if `‖N and p - `+1.
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Note that, T0,pf
ρ is generated by the Hecke operators U` over T0ρ . So, by com-

bining the discussion of the last two paragraphs, we get that T0,pf
ρ = T0ρ if there

does not exist a prime ` such that `‖N and p |`+ 1. Otherwise, we have U` ∈ T0ρ
if either `2

|N or p - `+ 1 and U 2
` − `

−2φ(`)= 0 if `‖N . Therefore, we conclude
that T0,pf

ρ is a finite extension of T0ρ .
Let 0 = 01(N ). There is a continuous pseudorepresentation

(τ0, δ0) : GQ,Np→ T0ρ

such that τ0(Frobq)= Tq , δ0(Frobq)= q Sq for primes q not dividing Np. Hence,
we get a continuous pseudorepresentation (t, d) : GQ,Np→ T0,pf

ρ since T0ρ ⊂ T0,pf
ρ .

For every prime ` dividing N , let us choose an element g` of GQ`
which gets

mapped to Frob` under the quotient map GQ`
→ GQ`

/I`. We have already fixed a
natural map i` : GQ`

→ GQ,Np. Hence, we get a pseudorepresentation

(t ◦ i`, d ◦ i`) : GQ`
→ T01(N ),pf

ρ .

Now, consider the characteristic polynomial Q`(x) of g` which is defined by

Q`(x)= x2
− (t ◦ i`)(g`)x + (d ◦ i`)(g`).

Let f be a newform of level N lifting the system of eigenvalues corresponding
to ρ. Denote by ρ f the p-adic Galois representation attached to f and by a`( f )
its U` eigenvalue. By Lemma 19, if a`( f ) = 0, then U` kills f . If a`( f ) 6= 0,
then a`( f ) is the root of the characteristic polynomial Pf (x) of ρ f ◦ i`(g`). But
Q`(U`) f = Pf (a`( f )) f = 0. Thus, in this case, Q`(U`) kills f . We will now
determine if it is possible to have two newforms f and g of level N lifting ρ
such that a`( f ) 6= 0 but a`(g) = 0 or equivalently (by Lemma 19), (ρ f )I` is one
dimensional but (ρg)I` = 0.

Let f be a newform of level 0 lifting ρ as above and π` be the `-component of
the automorphic representation corresponding to f . So, π` is one of the following:
principal series, special and supercuspidal (see [Weston 2004, Section 3]). As f
is a newform, the Artin conductor of ρ f is N (the level of f ). Suppose `|N but
`2 - N . Then, from the analysis carried out in the 00(N ) case above, we see that
ρ f |GQ`

is either a sum of an unramified character and a tamely ramified character
or a nontrivial extension of an unramified character by its cyclotomic twist. Hence,
the space (ρ f )I` of I` coinvariants is also one dimensional. Therefore, if `‖N , then
for every newform f of level 0 lifting ρ, (ρ f )I` is one dimensional and hence,
a`( f ) 6= 0.

Now suppose `2
|N , and moreover, the space of I` coinvariants of ρ f is one

dimensional. So, the exponent of ` appearing in the Artin conductor of ρ f is at
least 2. This means that π` is not special, as otherwise (ρ f )I` being one dimensional
will imply that ρ f |GQ`

is a nontrivial extension of an unramified character by its
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cyclotomic twist, and hence, the exponent of ` appearing in the Artin conductor
of ρ f is 1. The nontriviality of (ρ f )I` also implies that π` is not extraordinary
supercuspidal (see the proof of [Weston 2004, Proposition 3.2] for more details).
Suppose π` is supercuspidal but not extraordinary. Then, by the local Langlands
correspondence,

ρ f |GQ`
= IndGQ`GK

χ,

where K is a quadratic extension of Q`, GK is the absolute Galois group of K ,
χ is a character of GK taking values in Qp and moreover, ρ f is irreducible (see
Section 3 of [Weston 2004]). But as (ρ f )I` is one dimensional, we get that χ is
an unramified character of GK . However, since the maximal unramified extension
of K is an abelian extension of Q`, this implies that ρ f |GQ`

is a sum of two
characters, contradicting the hypothesis that ρ f |GQ`

is irreducible. Hence, π` is
not supercuspidal. Therefore, π` is principal series which means that ρ f |GQ`

is a
sum of two characters χ1 and χ2. Moreover, (ρ f )I` 6= 0 implies that one of them is
unramified, while `2

|N implies that the other is wildly ramified. Without loss of
generality, suppose χ1 is wildly ramified and χ2 is unramified.

Thus, ρ|GQ`
= χ1 ⊕ χ2, where χ1 and χ2 are the reductions of χ1 and χ2 in

characteristic p, respectively. Note that, χ2 is unramified while χ1 is wildly ramified
as ` 6= p. Let g be another newform of level 0 lifting ρ and π ′` be the `-component
of the automorphic representation corresponding to g. If π ′` is special, then ρg|GQ`

is a nontrivial extension of a character by the cyclotomic twist of itself. This
would imply that both χ1 and χ2 are either unramified or ramified, which is not
the case. Hence, π ′` is not special. If π ′` is extraordinary supercuspidal, then ρ|I`
is irreducible as p ≥ 5 (see proof of [Weston 2004, Proposition 3.2]). So, π ′` is
not extraordinary supercuspidal. If π ′` is supercuspidal but not extraordinary, then
ρg|GQ`

is induced from a character of the absolute Galois group of a quadratic
extension of Q`. Moreover, the subspace of ρg fixed by I` is trivial. But the
subspace of ρ fixed by I` is one dimensional. Thus, the exponent of ` in the Artin
conductor of ρg is greater than the exponent of ` in the Artin conductor of ρ (see
[Carayol 1989, Section 1.1]). But [Carayol 1989, Proposition 2], along with the
assumption that π ′` is supercuspidal, implies that ρ is unramified at ` which gives
us a contradiction. Therefore, π ′` is not supercuspidal.

This means that π ′` is principal series and hence, ρg|GQ`
is a sum of two characters,

say χ ′1 and χ ′2. Without loss of generality, suppose χ ′1 is a lift of χ1 and χ ′2 is a
lift of χ2. As χ1 is wildly ramified, the Artin conductor of χ1 is same as the Artin
conductor of χ ′1 and the Artin conductor of χ1 (see [Carayol 1989, Section 1.2]).
As the exponent of ` in the Artin conductor of ρ f is the sum of the exponents of `
in the Artin conductors of χ1 and χ2 and its exponent in the Artin conductor of
ρg is the sum of its exponents in the Artin conductors of χ ′1 and χ ′2. As both f
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and g are newforms of level N , the exponents of ` in the Artin conductors of ρ f

and ρg are same. This implies that the Artin conductors of χ2 and χ ′2 are same,
which means that χ ′2 is also unramified. In particular, we see that (ρg)I` is one
dimensional. As a consequence, we see that if f is a newform of level 0 lifting
ρ and (ρ f )I` is one dimensional, then, for every newform g of level 0 lifting ρ,
(ρg)I` is one dimensional.

Let us continue with the assumption that there is a newform f0 of level 0 lifting
ρ such that (ρ f0)I` is one dimensional. Observe that in this case, from the discussion
so far, we get that for every newform g of level 0 lifting ρ, ρg|GQ`

is reducible and
moreover, at least one character appearing in the semisimplification of ρg|GQ`

is
unramified. Thus, (ρ|GQ`

)ss
= α⊕β, where (ρ|GQ`

)ss is the semisimplification of
ρ|GQ`

and α and β are characters of GQ`
such that at least one of them is unramified.

Note that, both α and β are defined over F. Indeed, both α|I` and β|I` take values in
F as one of them is unramified and det(ρ) is defined over F. So it follows from the
previous discussion that the image of I` under ρ in GL2(F) is abelian and hence,
is upper-triangular under a suitable basis. Therefore, since I` is normal in GQ`

, it
follows that if ρ is ramified at `, then under the same basis, the image of GQ`

under
ρ in GL2(F) is also upper-triangular, which implies that both α and β are defined
over F. If ρ is unramified at `, then ρ is reducible as it is new. As ρ is semisimple,
it follows that both α and β are defined over F.

Suppose α 6= β. Then, by [Bellaïche and Chenevier 2009, Theorem 1.4.4,
Chapter 1], T0ρ [GQ`

]/
(
ker(τ0 ◦ i`(GQ`

))
)

is a generalized matrix algebra (GMA)
of the form (

T0ρ B
C T0ρ

)
, (1)

where B and C are finitely generated T0ρ -modules contained in the total fraction
ring of T0ρ , and the diagonal entries reduce to α and β modulo the maximal ideal
of T0ρ . Moreover, BC ⊂ T0ρ and it is an ideal of T0ρ . Let us call it I .

For a newform f of level 0 lifting ρ, let φ f :T
0
ρ →Qp be the map which sends a

Hecke operator to its f -eigenvalue and denote its kernel by Pf . From the previous
paragraph, we see that the 2 dimensional pseudocharacter τ0 ◦ i` of GQ`

is a sum of
two characters modulo Pf and hence, is reducible modulo Pf for every newform f
of level 0 lifting ρ. Therefore, by [Bellaïche and Chenevier 2009, Proposition 1.5.1,
Chapter 1], it follows that I ⊂ Pf for every newform f of level 0 lifting ρ. This
means that if x ∈ I , then x( f ) = 0 for every newform f of level 0 lifting ρ. As
every eigenform of level 0 lifting ρ is a newform, we see that I = 0. Thus, the
projection on the diagonal entries of the GMA (1) above gives two characters α̃
and β̃ of GQ`

taking values in T0ρ such that, α̃ is a deformation of α, while β̃ is a
deformation of β.
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As at least one of α and β is unramified; without loss of generality, assume
that β is unramified. Suppose α is ramified. Then, it follows, from the analysis
above, that for a newform f of level 0 lifting ρ, ρ f |GQ`

is a direct sum of an
unramified character and a ramified character. As α is ramified, the unramified
character appearing in ρ f |GQ`

is a lift of β and hence, it is the image of β̃ modulo Pf .
This means that the reduction of β̃ modulo Pf gives an unramified character for
every newform f of level 0 lifting ρ. Hence, by the reasoning used in the previous
paragraph, we see that β̃ is an unramified character of GQ`

. By Lemma 19, it
follows that for every newform f of level 0 lifting ρ, the U` eigenvalue of f is the
reduction of β̃(Frob`) modulo Pf . Thus, U`− β̃(Frob`) annihilates every newform
f of level 0 lifting ρ. Therefore, U` = β̃(Frob`) in T0,pf

ρ and hence, U` ∈ T0ρ as
β̃(Frob`) ∈ T0ρ .

Now, suppose α is also unramified. This means that for a newform f of level 0
lifting ρ, ρ f |GQ`

is either a nontrivial extension of an unramified character by its
cyclotomic twist or a direct sum of an unramified character and a tamely ramified
character and in both cases, `‖N (see [Carayol 1989, Proposition 2]). Moreover, in
the second case, p |`−1. Suppose ρ f |GQ`

is a direct sum of an unramified character
and a tamely ramified character. Let ε be the nebentypus of f . Note that,

det(ρ f (I`))= ε((Z/`Z)∗) 6= 1,

but its reduction is 1 in characteristic p. So, by [Carayol 1989, Proposition 3], there
exists a newform g of level 0 lifting ρ such that ε′((Z/`Z)∗)= 1, where ε′ is the
nebentypus of g. Thus, ρg|GQ`

is a nontrivial extension of an unramified character
by its cyclotomic twist. This means that either α/β or β/α is the cyclotomic
character ωp. But as p |`− 1, ωp(Frob`)= 1 and hence, ωp is the trivial character.
However, this means that α = β, which contradicts our assumption that α 6= β.
Therefore, we get that, if α is unramified, then ρ f |GQ`

is a nontrivial extension of
an unramified character by the cyclotomic twist of itself for every newform f of
level 0 lifting ρ. By [Carayol 1989, Proposition 3] and the discussion above, it
follows that p - `− 1, for otherwise there would exist a newform g lifting ρ such
that det(ρg(I`)) 6= 1, which gives a contradiction.

As α is also unramified, we saw above that either α/β or β/α is ωp. If both of
them are ωp, then ω2

p = 1, which means p |`2
−1. As p - `−1, we get that p |`+1

if both of them are ωp. Suppose p - `+ 1, which implies that exactly one of them
is ωp. Without loss of generality, assume α/β is ωp. Now in this case, the image of
α̃ is the cyclotomic twist of the image of β̃ modulo Pf for every newform f of level
0 lifting ρ. Thus, for every such newform f , GQ`

acts by the image of β̃ modulo
Pf on (ρ f )I` . Hence, the U` eigenvalue of f is the reduction of β̃(Frob`) modulo
Pf for every newform f of level 0 lifting ρ. Therefore, by the reasoning used in
the previous case, we see that U` = β̃(Frob`) in T0,pf

ρ which means that U` ∈ T0ρ .
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Now suppose that there exists a newform f0 of level 0 lifting ρ such that
(ρ f0)I` = 0, which means U` f0 = 0. Then, by our analysis above, it follows that
`2
|N and U` f = 0 for all newforms f of level 0 lifting ρ. As ρ is new of level 0,

we get, by the reasoning used above, that U` = 0 in T0,pf
ρ .

From the discussion so far, we see that for a prime ` dividing N , U` ∈ T0ρ if one
of the following conditions hold:

(1) `2
|N ,

(2) `‖N and p - `2
− 1,

(3) `‖N , p |`+ 1 and det ρ(I`) 6= 1.

Otherwise, Q`(U`) kills every newform f of level N lifting ρ. Since ρ is new,
every eigenform of level N lifting ρ is a newform. This implies that either U` ∈ T0ρ
or Q`(U`)= 0 for every prime ` dividing N . Since the pseudorepresentation (t, d)
takes values in T0ρ , it follows that for every prime ` dividing N , Q`(x) is a monic
polynomial with coefficients in T0ρ . Hence, U` is integral over T0ρ for every prime
` dividing N of degree at most 2. Therefore, T0,pf

ρ is finite over T0ρ and moreover,
T0,pf
ρ = T0ρ if `‖N and p |`2

− 1 implies that p |`+ 1 and det ρ(I`) 6= 1 as T0,pf
ρ

is generated by these U`’s over T0ρ . �

Remark. (1) Note that, the proof given above for the 01(N ) case works for the
00(N ) case as well. But we give a different proof because it gives us a more
precise result in the 00(N ) case and it is also simpler than the proof in the
01(N ) case.

(2) Even though we do a detailed analysis in the 01(N ) case above, it is not
really necessary just to prove that U` is integral over T01(N )

ρ . Indeed, by the
reasoning used in the last paragraph of the proof above, we can easily prove
that U`Q`(U`)= 0, which proves that U` is integral over T01(N )

ρ . For most of
our purposes, we only need the result that U` is integral over T01(N )

ρ . But we
give this detailed analysis to obtain a more precise result which is helpful in
getting a more precise version of Theorem 3 in some cases (see the remark
after the proof of Theorem 3).

6. The case of ρ which is not new

Throughout this section 0 means either 01(N ) or 00(N ) and 0(M) means either
01(M) or 00(M) accordingly. Let ρ be a 0-modular representation which is not
new. Thus, the system of F-valued eigenvalues corresponding to ρ has a nontrivial
eigenspace in S0(M)(F) for some proper divisor M of N . Let us denote by Mρ the
smallest divisor of N such that the system of F-valued eigenvalues corresponding
to ρ has a nontrivial eigenspace in S0(Mρ)(F). Note that, ρ is then a new 0(Mρ)-
modular representation.
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Lemma 21. If ρ is a 0-modular representation which is not new, then the natural
map of local algebras r : A0ρ → A0(Mρ)

ρ obtained by restriction is surjective.

Proof. First note that S0(Mρ)(F)ρ ⊂ S0(F)ρ . Hence, using this inclusion, we obtain a
natural map r : A0ρ → A0(Mρ)

ρ by restriction. Its image Im(r) is complete and hence,
closed. It contains all the Hecke operators Tq and q Sq (considered as operators
on S0(Mρ)(F)ρ) for all the primes q not dividing Np. There is a continuous pseu-
dorepresentation (τ̃0(Mρ), δ̃0(Mρ)) :GQ,Mρ p→ A0(Mρ)

ρ and Im(r) contains the Hecke
operators Tq = τ̃

0(Mρ)(Frobq) for primes q not dividing Np. By the Chebotarev den-
sity theorem, the set of Frobq for primes q not dividing Np is dense in GQ,Mρ p. Since
τ̃0(Mρ) is continuous and Im(r) is closed, it contains τ̃0(Mρ)(g) for every g∈GQ,Mρ p.
It also contains q Sq = δ̃

0(Mρ)(Frobq) for all the primes q not dividing Np. As δ̃0(Mρ)

is continuous and Im(r) is closed, by the Chebotarev density theorem, we see that
it contains δ̃0(Mρ)(g) for every g ∈ GQ,Mρ p. For every prime q not dividing Mρ ,
we have τ̃0(Mρ)(Frobq)= Tq and δ̃0(Mρ)(Frobq)= q Sq . Hence, we see that Im(r)
contains Tq , q Sq for all the primes q not dividing Mρ p. Thus, Im(r) is a closed
subalgebra of A0(Mρ)

ρ containing all of its generators. Hence, Im(r)= A0(Mρ)
ρ . �

7. Proof of Theorem 1

Throughout this section0 means either01(N ) or00(N ), 0(p)means either01(Np)
or 00(Np) accordingly and 0(M) means 01(M) or 00(M) accordingly. As we
noted before, the natural map T0,pf

→
∏

T0,pf
ρ is an isomorphism and it lifts the

natural map T0→
∏

T0ρ . The corresponding statement for A0,pf and A0 is also
true. The natural surjective map T0,pf

→ A0,pf sends T0,pf
ρ onto A0,pf

ρ . The natural
surjective map T0(p),full

→ A0,full takes T
0(p),full
ρ,λ onto A0,full

ρ,λ .
Thus, from Proposition 16 and the discussion above, it follows that A0,full

ρ,0 is
isomorphic to T

0(p),full
ρ,0 /m3T

0(p),full
ρ,0 . By Proposition 17, T

0(p),full
ρ,0 = T0,pf

ρ [[Up]]

and A0,full
ρ,0 = A0ρ [[Up]]. Thus, A0,pf

ρ is isomorphic to T0,pf
ρ /m3T0,pf

ρ . As the ideal
m3 is generated by two elements, the Hauptidealsatz implies that

dim A0,pf
ρ ≥ dim T0(p),pf

ρ − 2.

Suppose ρ is a new 0-modular representation. Then, we have proved so far that
T0,pf
ρ is a finite extension of T0ρ . Observe that T0ρ is mapped onto A0ρ under the

surjective map T0,pf
ρ → A0,pf

ρ . This follows from the fact that the map between the
partially full Hecke algebras is obtained by first reducing the partially full Hecke
algebra in characteristic 0 modulo p to get an action on D0(F)ρ and then restricting
it to the subspace S0(F)ρ . Hence, we see that A0,pf

ρ is finite over A0ρ .
Therefore, dim A0,pf

ρ = dim A0ρ and dim T0,pf
ρ = dim T0ρ . By the Gouvêa–Mazur

infinite fern argument, we see that dim T0ρ ≥ 4 (see [Emerton 2011, Corollary 2.28;
Gouvêa and Mazur 1998, Theorem 1]). Hence, dim A0ρ ≥ dim T0ρ − 2≥ 2.
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Now suppose that ρ is not a new 0-modular representation. Thus, as remarked
before, there exists a proper divisor Mρ of N such that ρ is a new 0(Mρ)-modular
representation (we can take it to be the smallest divisor of N such that the eigenspace
corresponding to the system of eigenvalues corresponding to ρ is nonzero in
S01(Mρ)(F)). If Mρ = 1, then we know that dim A0(Mρ)

ρ = 2 by Theorem III of
[BK]. If Mρ > 1, then since ρ is a new 0(Mρ)-modular representation, repeat-
ing the argument given in the previous paragraph for A0(Mρ)

ρ and T0(Mρ)
ρ gives

dim A0(Mρ)
ρ ≥ 2. (We can do this since, all the results till the previous section are

valid for any level not divisible by p. This condition is satisfied by Mρ as it divides
N which is coprime to p.) Thus, in any case, we see that dim A0(Mρ)

ρ ≥ 2. By
Lemma 21, we have a surjective map A0ρ → A0(Mρ)

ρ . Hence, dim A0ρ ≥ 2 when
ρ is not a new 0-modular representation. Thus, Theorem 1 is proved for all the
0-modular representations ρ.

8. Proof of Theorem 3

Theorem 22 (Böckle, Diamond–Flach–Guo, Gouvêa–Mazur, Kisin). Under the
hypotheses of Theorem 3, the natural map Rρ→ T01(N )

ρ is an isomorphism between
local rings of dimension 4.

Proof. If ρ is a 01(N )-modular representation which also satisfies the hypotheses
of Theorem 3, then mimicking the proof of Theorem 18 of [BK] gives the result
of the theorem. We can mimic the argument since, under all these assumptions,
the infinite fern argument of Gouvêa–Mazur and [Böckle 2001, Theorems 2.8, 3.1
and 3.9; Diamond 1996, Theorem 1.1; Diamond et al. 2004, Theorem 3.6; Kisin
2004, Main Theorem], which are the key ingredients of the proof of Theorem 18 of
[BK], hold. Note that the Hecke algebra appearing in [Böckle 2001, Theorem 3.9]
is of a higher level N ′ such that N |N ′ and N and N ′ have the same prime factors
(see the discussion after [Böckle 2001, Theorem 2.7] for more details). But the
hypotheses of Theorem 3, along with [Carayol 1989, Proposition 2], ensure that all
eigenforms of level N ′ lifting ρ arise from newforms of level dividing N , which
means that the natural restriction map T01(N ′)

ρ → T01(N )
ρ is an isomorphism. �

Lemma 23. Under the hypotheses of Theorem 3, the algebra T01(N )
ρ is flat over 3

for the structure of 3-algebra on T01(N )
ρ defined at the end of Section 3.2.

Proof. The proof is similar to that of Lemma 19 of [BK], but we need to make a
few changes. Let ρ be a 01(N )-modular representation. If the p-primary part of
(Z/NZ)∗ is

∏i=n
i=1 Z/pei Z, then the universal deformation ring of det ρ is

Rdet ρ =3[Y1, . . . , Yn]/(Y
pe1

1 − 1, . . . , Y pen
n − 1). (2)

Thus, if p does not divide φ(N ), then Rdet ρ = 3. Using the same arguments as
used in the proof of [BK, Lemma 19], we get that Rρ is flat over Rdet ρ . Since Rdet ρ
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is finite and free over 3, it is also flat over 3. So, we get that Rρ is flat over 3. To
verify that the map 3→ Rρ→ T01(N )

ρ is the same as the map 3→ T01(N )
ρ given

at the end of Section 3.2, we first show that it is true for all the primes q ∈ 1+ pZp

which are 1 (mod N ). This is shown in exactly the same way as it is showed for all
the primes q ∈ 1+ pZp in the proof of [BK, Lemma 19]. Since we are choosing the
primes which are 1 (mod N ), the nebentypus is trivial at those primes and hence, we
can use the argument used in the proof of [BK, Lemma 19] without modifications.
By Dirichlet’s theorem on primes in arithmetic progressions, we know that the set
of all such primes is dense in 1+ pZp. Thus, by continuity, we see that the two
maps considered above are the same. Under the hypotheses of Theorem 3, the map
Rρ→ T01(N )

ρ is an isomorphism. Hence, we conclude that T01(N )
ρ is flat over 3 for

the 3-algebra structure defined on T01(N )
ρ at the end of Section 3.2. �

There is a surjective map T01(N )
ρ → A01(N )

ρ whose kernel contains m3T01(N )
ρ by

Proposition 16. Hence, we get a surjective map T01(N )
ρ /m3T01(N )

ρ → A01(N )
ρ . Since

T01(N )
ρ is flat over3 by Lemma 23, it follows, from [Eisenbud 1995, Theorem 10.10],

that the Krull dimension of T01(N )
ρ /m3T01(N )

ρ is equal to dim T01(N )
ρ −2= 4−2= 2.

Thus, the Krull dimension of A01(N )
ρ is at most 2. But, by Theorem 1, the dimension

of A01(N )
ρ is at least 2. Hence, the dimension of A01(N )

ρ is exactly 2. This concludes
the proof of first part of Theorem 3 for the 01(N ) case.

Let us assume that ρ satisfies the hypothesis of Theorem 3 and is also new.
Then we have proved that T01(N ),pf

ρ is an integral extension of T01(N )
ρ and A01(N ),pf

ρ

is an integral extension of A01(N )
ρ . By Proposition 16, we see that the kernel

of the natural map T01(N ),pf
→ A01(N ),pf is m3T01(N ),pf. Thus, the kernel of the

natural map T01(N )
ρ → A01(N )

ρ is contained in every prime ideal of T01(N ),pf
ρ contain-

ing m3T01(N ),pf
ρ . Hence, by the going-up theorem, the kernel is contained in every

prime ideal of Tρ
01(N ) containing m3T01(N )

ρ . Therefore, the natural surjective map
(T01(N )
ρ /m3T01(N )

ρ )red
→ (A01(N )

ρ )red is an isomorphism. Under the hypothesis of
Theorem 3, the surjective map Rρ→T01(N )

ρ is an isomorphism. Thus, from the proof
of Lemma 23, it follows that (R̃0

ρ)
red is isomorphic to (Rρ/m3Rρ)red (this follows

from the fact that the universal deformation ring of det ρ is given by Equation (2)
and hence, its maximal ideal is Rad(m3)) and the map Rρ → T01(N )

ρ considered
above induces an isomorphism (R̃ρ0)red

→ (Tρ
01(N )/m3Tρ

01(N ))red. As seen before,
we have a surjective map (R̃0

ρ)
red
→ (A01(N )

ρ )red and this map factors through
(Tρ

01(N )/m3Tρ
01(N ))red. Since both the maps (R̃0

ρ)
red
→ (Tρ

01(N )/m3Tρ
01(N ))red and

(Tρ
01(N )/m3Tρ

01(N ))red
→ (A01(N )

ρ )red are isomorphisms, we see that (R̃0
ρ)

red is iso-
morphic to (A01(N )

ρ )red under the map mentioned above.
Now suppose ρ satisfies the hypotheses of Theorem 3 but is not new. Note

that, while proving the theorem for a new ρ of level N , we use the result that
T01(N ),pf
ρ is an integral extension of T01(N )

ρ to prove that the kernel of the surjective
map T01(N )

ρ → A01(N )
ρ is nilpotent modulo m3T01(N )

ρ , which in turn implies the
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isomorphism between (Tρ01(N )/m3Tρ
01(N ))red and (A01(N )

ρ )red. This, along with the
isomorphism between Rρ and T01(N )

ρ , gives us the isomorphism between (R̃0
ρ)

red

and (A01(N )
ρ )red. In the present situation, we know that Rρ and T01(N )

ρ are isomorphic.
So, to prove the theorem in the current case, it suffices to prove that T01(N ),pf

ρ is an
integral extension of T01(N )

ρ . To prove this, we will first compare the Artin conductor
of ρ with the level N and then do a case by case analysis using the technique used
in the proof of Proposition 20. Let C be the Artin conductor of ρ. Recall that we
assume ρ to be semisimple. As there exists a newform of level N giving rise to ρ,
we see that N = C

∏
rv(r), where the product is over finitely many primes r and

v(r)≤ 2 for every r (see [Carayol 1989, Proposition 2] and the discussion before
it). Note that the product may include some divisors of C .

Let ` be a prime dividing N . So, if f is an eigenform of level N lifting the system
of eigenvalues associated to ρ, then f comes from a newform g of level M such
that the highest power of ` dividing N/M is at most 2. Thus, f (z)=

∑i=r
i=1 g(di z),

where the di ’s are some divisors of N/M . Now we will analyze the action of U` on
f case by case to find a monic polynomial with coefficients in T01(N )

ρ satisfied by U`.

Case 1. `|M but ` - N/M : In this case, ` - di for all i and hence, f is new at `.
Therefore, from the proof of Proposition 20, we see that U`Q`(U`)( f )= 0, where
Q`(x) is the characteristic polynomial of a lift of Frob` in GQ,Np, as considered in
the proof of Proposition 20.

Case 2. `|M and `‖N/M : In this case, for every i either `‖di or ` - di and g is an
eigenform for U`. So, U` f is an eigenform of level N/`, which is also new at ` if
it is nonzero. So, by the same logic as in the previous case, U`Q`(U`)(U` f )= 0.

Case 3. `|M and `2
|N/M : In this case, for every i either ` - di or ` divides di with

multiplicity at most 2 and g is an eigenform for U`. So, U 2
` f is an eigenform of

level N/`2 and it is new at ` when it is nonzero. Thus, we get U`Q`(U`)(U 2
` f )= 0.

Case 4. ` - M and ` - di for all i : If ` - M and ` - d , then it follows directly from the
description of the action of T` and U` on the q-expansions of modular forms, along
with the assumption that g is an eigenform of level M , that U` stabilizes the subspace
of modular forms of level Md` generated by g(dz) and g(`dz) (see [Bellaïche
2010, Lemma III.7.2] and the discussion around it). Moreover, the characteristic
polynomial of U` over this subspace is

(
U 2
` − tr ρg(Frob`)U` + det ρg(Frob`)

)
,

where ρg is the p-adic Galois representation of GQ,Mp attached to g. Thus, in this
case, we get that Q`(U`)( f )= 0.

Case 5. ` - M and ` divides at least one of the di ’s: Note that, U`g(di z) is an
eigenform of level N/` if `‖di and U 2

` g(di z) is an eigenform of level N/`2 if `2
|di .

This means that for all i , one of g(di z), U`g(di z) or U 2
` g(di z) is an eigenform

of level coprime to `. So, by case 4, we have Q`(U`)(U 2
` g(di z)) = 0 for all i as



24 Shaunak V. Deo

both Q`(U`)(U`g(di z))= 0 and Q`(U`)(g(di z))= 0 imply Q`(U`)(U 2
` g(di z))= 0.

Hence, we have Q`(U`)(U 2
` f )= 0.

From the previous paragraphs, we conclude that, if f is an eigenform of level
N lifting ρ, then (U 3

` Q`(U`)) f = 0, which means U 3
` Q`(U`) = 0. As Q`(x) is

a monic polynomial with coefficients in T01(N )
ρ , U` is integral over T01(N )

ρ for all
primes ` dividing N . Therefore, T01(N ),pf

ρ is an integral extension of T01(N )
ρ and

A01(N ),pf
ρ is an integral extension of A01(N )

ρ . Now using the argument used for the
new case above, we get that (R̃0

ρ)
red is isomorphic to (A01(N )

ρ )red. This concludes
the proof of the second part of Theorem 3 for the 01(N ) case.

Let ρ be a 00(N )-modular representation which satisfies the hypothesis of
Theorem 3. Then, by the arguments above, it follows that A01(N )

ρ has Krull di-
mension 2 and (A01(N )

ρ )red is isomorphic to (R̃0
ρ)

red. We have a natural surjective
map A01(N )

ρ → A00(N )
ρ . By Theorem 1, the Krull dimension of A00(N )

ρ is at least 2.
Hence, we conclude that the Krull dimension of A00(N )

ρ is exactly 2. If p does
not divide φ(N ), then as observed in the introduction, the natural surjective map
A01(N )
ρ → A00(N )

ρ is an isomorphism. Hence, we get that (A00(N )
ρ )red is isomorphic

to (R̃0
ρ)

red. Thus, Theorem 3 is proved in the 00(N ) case.

Remark. Let ρ be a 01(N )-modular representation satisfying the hypothesis of
Theorem 3 and assume p -φ(N ). Moreover, assume that if `‖N and p |`+ 1, then
det ρ(I`) 6= 1. Hence, from the proof of Proposition 20 and the proof of Theorem 1,
we see that the kernel of the map T01(N )

ρ → A01(N )
ρ is m3T01(N )

ρ . As p -φ(N ), the
kernel of the surjective map Rρ→ R̃0

ρ is m3Rρ . As ρ satisfies the hypotheses of
Theorem 3, we get that Rρ ' T01(N )

ρ . Hence, by combining all the observations
above, we see that the natural surjective map R̃0

ρ → A01(N )
ρ is an isomorphism.

Thus, for this case, we get a stronger statement than Theorem 3.

9. Proof of Theorem 2

Throughout this section 0 means either 00(N ) or 01(N )with p -φ(N ). Assume that
ρ is an unobstructed 0-modular representation. So, by assumption, the cotangent
space of R̃0

ρ has dimension 2 and this implies that its Krull dimension is at most 2.
We have a surjective morphism R̃0

ρ→ A0ρ . The Krull dimension of A0ρ is at least 2
by Theorem 1. Hence, the Krull dimension of R̃0

ρ is exactly 2 and it is a regular
local ring of dimension 2. Therefore, by [Eisenbud 1995, Proposition 10.16], it is
isomorphic to F[[x, y]]. Hence, the surjective map R̃0

ρ → A0ρ is an isomorphism.
This proves Theorem 2 for the cases considered above.

If ρ is an unobstructed 01(N )-modular representation and p |φ(N ), then we
have a surjective morphism R̃0

ρ→ (A01(N )
ρ )red. By Theorem 1, the Krull dimension

of A01(N )
ρ , and hence also of (A01(N )

ρ )red, is at least 2. Therefore, the argument used
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in the previous paragraph proves Theorem 2 in this case as well. This completes
the proof of Theorem 2 in all the cases.

10. Unobstructed modular representations

In this section, we study 01(N )-modular representations to determine if and when
they can be unobstructed. If ρ is irreducible, then ρ is unobstructed in our sense if
and only if H 1(GQ,Np, ad0ρ) has dimension 2 (see [BK, Section 1.4]). By Tate’s
global Euler characteristic formula, we see that dim H 1(GQ,Np, ad0ρ) ≥ 2 with
equality if and only if H 2(GQ,Np, ad0ρ)= 0. If p does not divide φ(N ), then this
is equivalent to H 2(GQ,Np, adρ)= 0, as adρ = 1⊕ ad0ρ and, by the global Euler
characteristic formula, H 2(GQ,Np, 1)= 0. Thus, in this case, ρ is unobstructed in
our sense if and only if it is unobstructed in the sense of Mazur [1989, Section 1.6].
The study of such unobstructed representations is carried out in [Weston 2004;
2005] when p does not divide φ(N ).

However, if ρ is irreducible and p divides φ(N ), then the global Euler character-
istic formula tells us that H 2(GQ,Np, 1) 6= 0 and hence, H 2(GQ,Np, adρ) 6= 0. Thus,
we see that ρ is always obstructed in the sense of Mazur if p |φ(N ) (see [Weston
2004, Theorem 4.5]). However, it is not clear a priori if ρ can be unobstructed in our
sense when p |φ(N ). We devote most of this section to study the unobstructedness
of reducible and irreducible ρ’s when p |φ(N ).

Throughout this section, we assume that p |φ(N ) unless otherwise stated. Note
that, as p - N and p |φ(N ), there exists at least one prime divisor ` of N such that
p |`− 1, i.e., ` ≡ 1 (mod p). Let C be the category of local profinite F-algebras.
Let Dρ be the functor from C to Set of deformations of the pseudorepresentation
(tr ρ, det ρ) and D0

ρ be its subfunctor of deformations with constant determinant.

Proposition 24. If p |φ(N ), then every reducible 01(N )-modular representation is
obstructed.

Proof. Let ρ be a reducible 01(N )-modular representation. Up to a twist, ρ is of the
form 1⊕χ where χ is an odd character of GQ,Np taking values in F. The character
χ is odd because ρ is odd. By the main theorem of [Bellaïche 2012a], we have the
following exact sequence involving the tangent space of Dρ :

0→ Tan(D1⊕ Dχ )
i
−→ Tan(Dρ)→ H 1(GQ,Np, χ)⊗ H 1(GQ,Np, χ

−1)→ H 2(GQ,Np, 1)2.

Here, Dχ and D1 are the deformation functors of χ and 1 as characters of GQ,Np,
and i is the map which sends a pair of deformations (α, β) of (χ, 1) on F[ε]/(ε2)

to the deformation α+β of tr ρ = 1+χ .
Let γ be an element of H 1(GQ,Np, χ)⊗H 1(GQ,Np, χ

−1) which is the image of
some deformation (t, d) of (tr ρ, det ρ) to F[ε]/(ε2). Thus, d is a deformation of
det ρ=χ and hence, an element of Tan(Dχ )⊂Tan(D1⊕Dχ ). Thus, subtracting the
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image of this element under the map i from (t, d) gives us an element of Tan(D0
ρ)

whose image in H 1(GQ,Np, χ)⊗ H 1(GQ,Np, χ
−1) is still γ . Therefore, we have

an exact sequence:

0→Tan((D1⊕Dχ )
0)

i
−→Tan(D0

ρ)→H 1(GQ,Np, χ)⊗H 1(GQ,Np, χ
−1)→H 2(GQ,Np, 1)2.

Here, (D1⊕ Dχ )
0 is the subfunctor of D1⊕ Dχ parameterizing the deformations

(α, β) of (1, χ) such that αβ is constant.
Observe that, dim H 1(GQ,Np, 1)= n+1, where n is the number of prime divisors

of N which are 1 mod p. Hence, dim Tan((D1 ⊕ Dχ )
0) = n + 1. Since, i is an

injective map, we get dim Tan(D0
ρ)≥ n+ 1. Thus, if n ≥ 2, then dim Tan(D0

ρ)≥ 3.
Hence, ρ is obstructed when n ≥ 2, i.e., when there are at least two primes dividing
N which are 1 mod p.

Let us now assume that n = 1. Thus, there is a unique prime ` which divides
N and which is 1 mod p. In this case, dim H 1(GQ,Np, 1)= 2 and by Tate’s global
Euler characteristic formula, dim H 2(GQ,Np, 1) = 1. From the exact sequence
above, we get that

dim Tan(D0
ρ)≥ 2+ dim H 1(GQ,Np, χ) dim H 1(GQ,Np, χ

−1)− 2 dim H 2(GQ,Np, 1).

We shall distinguish between two cases:

First case. χ |GQ`
= 1: Note that ωp|GQ`

= 1, since `≡ 1 (mod p).
If χ 6= ωp, then, by the Greenberg–Wiles version of Poitou–Tate duality [Wash-

ington 1997, Theorem 2], we get that

dim H 1(GQ,Np, χ)≥ dim H 1(GQ` , χ |GQ`
)− dim H 0(GQ` , χ |GQ`

)

+ dim H 1(GQp , χ |GQp
)− dim H 0(GQp , χ |GQp

).

As `≡ 1 (mod p), dim H 1(GQ`
, 1)= 2. By the local Euler characteristic formula,

dim H 1(GQp , χ |GQp
)− dim H 0(GQp , χ |GQp

)= 1+ dim H 2(GQp , χ |GQp
)≥ 1.

Since, χ |GQ`
= 1, we see that dim H 1(GQ,Np, χ)≥ 2− 1+ 1= 2.

If χ = ωp, then, using the Kummer exact sequence, we get that a class in
H 1(GQ,Np, ωp) is represented by a cocycle of the form g 7→ g(α)/α, with α ∈Q,
α p
∈Q and vq(α

p)= 0 for all primes q - Np (See [Washington 1997, Section 1]
for more details). Hence, dim H 1(GQ,Np, ωp)= n′, where n′ = number of distinct
prime factors of Np. Hence, dim H 1(GQ,Np, ωp)≥ 2. Since, χ−1

|GQ`
= 1 as well,

the same argument gives us dim H 1(GQ,Np, χ
−1)≥ 2.

Combining all the above calculations yields dim Tan(D0
ρ)≥ 2+(2)(2)−2(1)= 4.

Hence, if n = 1 and χ |GQ`
= 1, then ρ is obstructed.

Second case. χ |GQ`
6= 1: As χ |GQ`

6= 1, ωp⊗χ 6= 1. Thus, H 0(GQ`
, χ |GQ`

)= 0,
H 2(GQ`

, χ |GQ`
) = H 0(GQ`

, ωp ⊗ χ |GQ`
) = 0 and hence, H 1(GQ`

, χ |GQ`
) = 0.



Structure of Hecke algebras of modular forms modulo p 27

Similarly, we get that H 1(GQ`
, χ−1
|GQ`

)= 0. Thus, the calculations done in the
first case do not imply that dim Tan(D0

ρ) > 2 which is required to prove that ρ is
obstructed.

Assume that ρ is unobstructed. So, the dimension of the tangent space of R̃0
ρ is 2.

By Theorem 1, its Krull dimension is at least 2. Hence, R̃0
ρ is isomorphic to F[[x, y]],

the power series ring in two variables. Let (tuniv, duniv) be the universal pseudorep-
resentation with constant determinant in characteristic p deforming (tr ρ, det ρ).

By [Bellaïche and Chenevier 2009, Theorem 1.4.4, Chapter 1],

R̃0
ρ[GQ`

]/(ker(tuniv
◦ i`(GQ`

)) is a GMA of the form
(

R̃0
ρ B

C R̃0
ρ

)
,

where B and C are finitely generated R̃0
ρ-modules and the diagonal entries reduce

to 1 and χ modulo the maximal ideal of R̃0
ρ . By [Bellaïche and Chenevier 2009,

Theorem 1.5.5, Chapter 1], we get injective maps (B/m R̃0
ρ
B)∗ ↪→ Ext1GQ`

(χ, 1)
and (C/m R̃0

ρ
C)∗ ↪→ Ext1GQ`

(1, χ). Since we have

H 1(GQ`
, χ |GQ`

)= H 1(GQ`
, χ−1
|GQ`

)= 0,

it implies that Ext1GQ`
(χ, 1) = Ext1GQ`

(1, χ) = 0 and hence, B = C = 0. Thus,
tuniv
◦ i`(GQ`

)= κ1+ κ2, where κ1 and κ2 are characters of GQ`
taking values in

(R̃0
ρ)
∗ and are deformations of 1 and χ , respectively. Therefore, tuniv

◦ i` factors
through Gab

Q`
, the abelianization of GQ`

.
By local class field theory, Gab

Q`
= Z∗` × Ẑ. Let pe be the highest power of p

dividing `− 1. Let a ∈ Gab
Q`

be the unique element of order pe. Since, a has order
pe and F[[x, y]] does not have any nontrivial element of order p, it follows that
κ1(a) = κ2(a) = 1. Let b be a lift of a in GQ`

. Hence, tuniv
◦ i`(b) = 2, i.e., it is

constant. Hence, t ◦ i`(b) = 2 for any deformation t of tr ρ as a pseudocharacter
of GQ,Np with constant determinant in characteristic p. But it is easy to construct
an explicit such deformation t with t ◦ i`(b) 6= 2.

Indeed, to construct such a deformation, first observe that the maximal pro-p
subgroup Gab,p

Q,Np of Gab
Q,Np is Z/peZ× Zp. Consider a deformation 1̃ of 1 as a

character of GQ,Np to R = F[[x]][y]/(y pe
− 1) which maps Gab,p

Q,Np → 1+m R in
the following way: the topological generator of Zp is mapped to 1+ x and the
generator of Z/peZ is mapped to y. The character χ/1̃, which we will denote
by χ̃ , is a deformation of χ . Let ρ̃ = 1̃⊕ χ̃ . Thus, (tr ρ̃, det ρ̃) is a deformation of
(tr ρ, det ρ) to R with constant determinant. We claim that tr(ρ̃ ◦ i`(b)) 6= 2.

To prove the claim, first consider the map iab
` : Gab

Q`
→ Gab

Q,Np induced from
i` by passing to the abelianizations of both the groups. By class field theory,
Gab

Q,Np =
∏

Z∗q , where the product is taken over primes q which divide Np. By the
local-global compatibility of class field theory, the Z∗` component of Gab

Q,Np, lies
in the image of Z∗` ⊂ Gab

Q`
under the map iab

` . Thus, the unique element of Gab
Q,Np
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of order pe is iab
` (a). Therefore,

tr(ρ̃ ◦ i`(b))= 1̃(iab
` (a))+ χ̃(i

ab
` (a))= y+ y−1.

If y+ y−1
= 2, then it would imply (y− 1)2 = 0. But this relation does not hold

in R. Hence, tr(ρ̃ ◦ i`(b)) 6= 2 and our claim is proved.
Thus, we get a contradiction to our hypothesis that ρ is unobstructed. Therefore,

in this case as well, ρ is obstructed.

Therefore, combining all the results above, we get that if ρ is a reducible 01(N )-
modular representation and if p |φ(N ), then ρ is obstructed. �

Remark. Now suppose that ρ is a reducible 01(N )-modular representation and p
does not divide φ(N ). Up to a twist, ρ = 1⊕χ . If p -φ(N ), then

dim H 1(GQ,Np, 1)= 1,

and Tate’s global Euler characteristic formula implies that H 2(GQ,Np, 1)= 0. The
exact sequence of [Bellaïche 2012a] considered on page 25 implies

dim Tan(D0
ρ)= 1+ dim H 1(GQ,Np, χ) dim H 1(GQ,Np, χ

−1).

If χ = ωp, then by the Kummer theory argument above, it follows that the number
of distinct prime divisors of Np is dim H 1(GQ,Np, ωp) and hence, greater than 1.
Hence, if χ = ωp, ωp

−1, then dim Tan(D0
ρ) > 2, so in this case ρ is obstructed. If

χ 6= ωp, ωp
−1, then by the Greenberg–Wiles version of Poitou–Tate duality, we

get that
k+ 1≤ dim H 1(GQ,Np, χ)≤ k+ 1+ dim A(χ−1ωp)

and
k ′+ 1≤ dim H 1(GQ,Np, χ

−1)≤ k ′+ 1+ dim A′(χωp),

where k is the number of prime divisors ` of N such that χ |GQ`
= ωp|GQ`

, k ′ is
the number of prime divisors ` of N such that χ−1

|GQ`
= ωp|GQ`

, A(χ−1ωp) is
the part of the p-torsion subgroup of the class group of the totally real abelian
extension F of Q fixed by Ker(χ−1ωp) on which Gal(F/Q) acts by χ−1ωp and
A′(χωp) is the part of the p-torsion subgroup of the class group of the totally real
abelian extension F ′ of Q fixed by Ker(χωp) on which Gal(F ′/Q) acts by χωp.

Proposition 25. Suppose p |φ(N ). Let ρ be an absolutely irreducible 01(N )-
modular representation such that ρ|GQ`

is reducible for at least one prime ` dividing
N which is 1 mod p. Then, ρ is obstructed.

Proof. Let ρ be an absolutely irreducible 01(N )-modular representation. By
[Weston 2005, Lemma 2.5], we have

dimF H 2(GQ,Np, adρ)= dimF X
1(GQ,Np, ωp⊗ adρ)+6q |Np dimF H 0(GQq , ωp⊗ adρ).
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Note that adρ = 1⊕ ad0ρ. By Tate’s global Euler characteristic formula, we get
that dimF H 2(GQ,Np, 1)= n, where n = number of prime divisors of N which are
1 mod p. For a prime q, dimF H 0(GQq , ωp) is 1 if q is 1 mod p and 0, otherwise.
By removing the contributions of the trivial representation from both sides of the
formula above, we get

dimF H 2(GQ,Np, ad0ρ)=dimF X
1(GQ,Np, ωp⊗ad0ρ)+6q |Np dimF H 0(GQq , ωp⊗ad0ρ).

Now, let ` be a prime dividing N such that `− 1 is divisible by p. Suppose that
ρ|GQ`

is reducible. Thus, ρ|GQ`
is an extension of a character χ1 by a character χ2. If

χ1 6= χ2, then, by Tate’s local Euler characteristic formula, Ext1GQ`
(χ1, χ2)= 0. So,

ρ|GQ`
= χ1⊕χ2 and ad0ρ|GQ`

= 1⊕χ1χ2
−1
⊕χ1

−1χ2. As p |`−1, ωp(GQ`
)= 1

and H 0(GQ`
, ωp ⊗ ad0ρ) = H 0(GQ`

, ad0ρ) and in this case, both of them are
nonzero. Hence, if χ1 6= χ2, then, by the formula above, H 2(GQ,Np, ad0ρ) 6= 0 and
ρ is obstructed.

If χ1= χ2= χ , then ρ|GQ`
is either χ⊕χ or a nontrivial extension of χ by itself.

If ρ|GQ`
= χ ⊕χ , then clearly 1⊂ ad0ρ. If ρ|GQ`

is a nontrivial extension of χ by
itself, then choose a basis of ρ such that ρ(GQ`

) is upper triangular and identify
ad0ρ with the subspace of trace 0 matrices of M2(F). Then, GQ`

acts trivially on
the subspace of ad0ρ generated by the element

(
0 1
0 0

)
. Thus, 1⊂ ad0ρ in this case

also. Therefore, if χ1 = χ2, then

H 0(GQ` , ωp⊗ ad0ρ)= H 0(GQ` , ad0ρ) 6= 0

and hence, by the formula above, H 2(GQ,Np, ad0ρ) 6= 0, which implies that ρ is
obstructed. This concludes the proof of Proposition 25. �

We would like to determine the cases when the situation considered as above
would arise, i.e., when ρ|GQ`

would be reducible. Note that, if f is an eigenform
of level N and ρ f is the Galois representation attached to it, then we know all the
possible descriptions of ρ f |GQ`

for a prime ` dividing N . So, we will now analyze
all the possible descriptions of ρ f |GQ`

for an eigenform f lifting ρ to determine
which of them will make ρ obstructed and when can they arise. This will give us
some conditions on ρ which will force it to be obstructed.

Let f be an eigenform of level N lifting ρ, ` be a prime dividing N which
is 1 mod p, ρ f be the p-adic Galois representation attached to f and π` be the
`-component of the automorphic representation associated to f . If π` is either
principal series or special, then by the local Langlands correspondence, we see
that ρ f |GQ`

, and hence ρ|GQ`
, is reducible (see Sections 3 and 5 of [Weston 2004]

for a similar analysis). This implies that ρ is obstructed. In particular, if `|N but
`2 - N , then we know that π` is either special or principal series (see [Carayol 1989,
Section 1.2]). If (ρ)I` , the subspace of ρ on which I` acts trivially, is nonzero, then
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clearly ρ|GQ`
is reducible. If there exists an eigenform f of level M which lifts

ρ such that there exists at least one prime divisor ` of N which is 1 mod p and
which does not divide M , then ρ is unramified at ` and hence, ρ|GQ`

is reducible.
Therefore, in these cases, ρ is obstructed.

On the other hand, if π` is supercuspidal, then, as ` 6= 2, it follows, from
the local Langlands correspondence, that ρ f |GQ`

is induced from a character χ
of GK = Gal(Q`/K ), where K is a quadratic extension of Q` and moreover,
ρ f |GQ`

is irreducible (see the proof of Proposition 3.2 of [Weston 2004]). Let
χσ be the Gal(K/Q`)-conjugate character of χ . So, ρ f |GK ' χ ⊕ χ

σ . If ρ|GQ`

is reducible, then clearly χ = χσ , where χ and χσ are the reductions of χ and
χσ in characteristic p, respectively. This means that χ/χσ factors through the
maximal abelian pro-p quotient of GK . But it follows, from local class field theory
and the assumption that p |`− 1, that the maximal abelian pro-p extension of K
is also abelian over Q`. So, if χ/χσ factors through the maximal abelian pro-p
quotient of GK , then it implies that ρ f |GQ`

= IndGQ`GK
χ is reducible, contradicting

the hypothesis that it is irreducible. Thus, we see that if π` is supercuspidal and
p |`− 1, then ρ|GQ`

is not reducible. In summary we have:

Corollary 26. Suppose p |φ(N ). Let ρ be an absolutely irreducible01(N )-modular
representation satisfying one of the following conditions:

(1) There exists at least one prime ` which is 1 mod p such that `|N and `2 - N.

(2) There exists an eigenform f of level M which lifts ρ such that there is at least
one prime divisor ` of N which is 1 mod p and which either does not divide M
or divides M with multiplicity 1.

(3) The subspace (ρ)I` is nontrivial.

Then, ρ is obstructed.

The only case which remains to be considered is when ρ|GQ`
is irreducible for

all the prime divisors ` of N which are 1 mod p. Let ρ be such a 01(N )-modular
representation. In this case, H 0(GQ`

, ωp⊗ad0ρ)= H 0(GQ`
, ad0ρ)= 0 for all such

primes `. Note that, if f is any eigenform which lifts ρ, then the local component
π` of the automorphic representation associated to f is supercuspidal at all such
primes. The analysis of contributions coming from p and other prime divisors of N
in the formula above, which are not 1 mod p, is done in [Weston 2004, Sections 3–5;
2005, Section 3] to give conditions for vanishing of corresponding H 0’s. We can
assume that those conditions hold as well so that we can ignore those primes. Note
that these conditions neither depend on each other nor put any restrictions on each
other. So assuming them together does not yield any immediate contradiction. Now,
moreover assume that ρ does not come from a weight 1 modular form. We need
this hypothesis to use the results of Section 3 of [Diamond et al. 2004]. We will
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analyze the only remaining group X1(GQ,Np, ωp ⊗ ad0ρ) in this case following
the approach of Weston [2004; 2005].

Let g be an eigenform such that ρg is a minimally ramified lift of ρ (such a lift
does exist; see [Diamond et al. 2004, Section 3.2]). Hence, it is an eigenform of
level N and its weight k lies between 2 and p − 1. Let K be a finite extension
of Qp generated by the eigenvalues of g, O be its ring of integers and m be its
maximal ideal. Denote by Aρg the module (K/O)3 on which GQ,Np acts via ad0ρg.
We define H 1

∅(GQ, Aρg ) as in [Diamond et al. 2004, Section 2.1] (see also [Weston
2005, Section 2.2]).

By [Diamond et al. 2004, Theorem 2.15], we get that

H 1
f (GQ, ρg)= H 1

f (GQ, ρg(1))= 0,

where ρg(1) is the Tate twist of ρg and H 1
f (GQ, ρg), H 1

f (GQ, ρg(1)) are the Bloch–
Kato Selmer groups defined as in Section 2.1 of [Diamond et al. 2004]. It follows,
from [Weston 2005, Lemma 2.6], that

dimF X
1(GQ,Np, ωp⊗ ad0ρ)≤ dimF H 1

∅(GQ, Aρg )[m],

where H 1
∅(GQ, Aρg )[m] is the m-torsion of H 1

∅(GQ, Aρg ). Now, [Diamond et al.
2004, Theorem 3.7] implies that the length of H 1

∅(GQ, Aρg ) is vm(η∅g ). Here, vm
is the m-adic valuation and η∅g is the congruence ideal of g defined in [Diamond
et al. 2004, Section 1.7]. From the proof of [Weston 2005, Proposition 4.2], we see
that vm(η∅g ) > 0 if and only if m is a congruence prime for g, i.e., if there exists an
eigenform h which lifts ρ and which is not a Galois conjugate of g.

Let ε be the nebentypus of g. Let ψ be a character of (Z/NZ)∗ whose order is a
power of p (there exists such a character as p |φ(N )). Thus, ε andψε have the same
reduction modulo m. Hence, from [Carayol 1989, Proposition 3], it follows that there
exists an eigenform h of level N and nebentypus ψε which lifts ρ. If h is a Galois
conjugate of g, then ε((Z/NZ)∗) and ψε((Z/NZ)∗) will be Galois conjugates of
each other. Since, g is a minimal lift of ρ, the p-part of ε((Z/NZ)∗) is trivial. But
the p-part of ψε((Z/NZ)∗) is nontrivial as ψ is a character of p-power order. So,
they can’t be Galois conjugates of each other. Therefore, g and h are not Galois
conjugates of each other. Thus, m is a congruence prime for g and H 1

∅(GQ, Aρg ) 6=0.
However, this does not ensure that X1(GQ,Np, ωp⊗ ad0ρ) is nonzero because we
do not know whether the injection X1(GQ,Np, ωp ⊗ ad0ρ)→ H 1

∅(GQ, Aρg )[m]

given in the proof of Lemma 2.6 of [Weston 2005], which we used in the last
paragraph, is an isomorphism, and in general it is very difficult to prove such a
result (see [Weston 2005, Lemma 2.6, Remark 2.7] and the discussion preceding
them for more details). But, based on the calculations above, we do expect that
X1(GQ,Np, ωp⊗ ad0ρ) is nonzero.
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Let us consider the modular representations coming from a weight-1 modular
form. In the proposition below, we do not put the condition p |φ(N ). For a number
field L with ring of integers OL , we denote by A(L)[p] the p-torsion subgroup of
the class group of L and we let

U(L)= ker
(

O∗L
(O∗L)p →

(∏
v | p

O∗Lv
(O∗Lv )

p

))
.

Proposition 27. Let ρ be a 01(N )-modular representation coming from a regular
modular form f of weight 1 which has either RM or CM by F (see [Bellaïche and
Dimitrov 2016] for the definition of regular). Let H be the extension of Q which is
fixed by Ker(ad0ρ). Moreover, assume the following conditions:

(1) If `|N and p |`+ 1, then ` does not stay inert in F.

(2) If ` is a prime divisor of N , then ρ|GQ`
is irreducible.

(3) A(F)[p] = 0 and HomG(A(H)[p], ad0ρ)= 0.

(4) HomG(U(F), ad0ρ)= 0 and if F is imaginary, then HomG(U(H), ad0ρ)= 0.

Then, ρ is unobstructed.

Proof. Note that, ρ= IndGQ
GF
δ, where F is a quadratic extension of Q which is either

real or imaginary and δ : GF → F∗ is a character, as it comes from a weight-1 form
which has RM or CM. Let Gal(F/Q) = G ′ = {1, σ }. As f is a regular weight-1
eigenform, ρ f |GQp

= χ1⊕χ2, where χ1 and χ2 are distinct, unramified characters
from GQp → (Qp)

∗. So, F and the fixed field H of Ker(ad0ρ) are unramified at p.
From the hypothesis (2) above, we see that all prime divisors ` of N are either inert
or ramified in F .

Thus, from above, it follows that ad0ρ = ε⊕ IndGQ
GF
χ , where ε is the character

of GQ of order 2 corresponding to F and χ = δ/δσ . So

H 1(GQ,Np, ad0ρ)= H 1(GQ,Np, ε)⊕ H 1(GQ,Np, IndGQ
GF
χ).

We will analyze each part of this sum separately. We mostly follow the notation of
[Bellaïche and Dimitrov 2016].

First, we will look at the group H 1(GQ,Np, ε) appearing above. From the
inflation-restriction sequence, we see that H 1(GQ,Np, ε)= (Hom(G F,S, F)⊗ ε)G

′

,
where S is the set of the places of F dividing Np. From class field theory and the
hypothesis (3) above, we have the following exact sequence of G ′-modules:

0→ Hom(Gab
F,S, F)→ Hom

( ∏
v |Np

O∗Fv , F

)
→ Hom(O∗F , F).
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Now, by hypothesis (1), we have:

Hom
( ∏
v |Np

O∗Fv , F

)
= Hom

(∏
v | p

OFv

∏
`|N

p |`−1

∏
v |`

Z/(`− 1)Z, F

)

as F is unramified at p. The factors in the second product come from places of
F dividing such primes and, since ` is either inert or ramified in F , each factor
appears only once. Observe that G ′ acts trivially on each of them. Thus,(

Hom
( ∏

`|N
p |`−1

∏
v |`

Z/(`− 1)Z, F

)
⊗ ε

)G ′

= 0.

If F is imaginary, then O∗F is a finite group and its order is not divisible by p, as
p is unramified in F . Thus, U(F)=O∗F/(O

∗

F )
p
= 0. Hence, in this case, it follows

that
(
Hom

(∏
v | p OFv , F

)
⊗ ε

)G ′ has dimension 1. Therefore, H 1(GQ,Np, ε) has
dimension 1. If F is real, then the free part of O∗F has rank 1 and the torsion part
is {1,−1}. Suppose p is not split in F . Then, it is inert in F and the fundamental
unit of F generates the residue field of OFp over Fp. Suppose p is split in F . Then∏
v | p OFv = Zp × Zp and the action of G ′ switches them. Moreover, under the

G ′-equivariant diagonal embedding O∗F →
∏
v | p O

∗

Fv = Z∗p×Z∗p, the fundamental
unit of F gets mapped to an element of the form (a,−a) as the nontrivial element
of G ′ sends the unit to its inverse. So, it follows, from the discussion above and
hypothesis (4), that in both the cases, G ′ acts trivially on the subspace of elements
of Hom

(∏
v | p OFv , F

)
which vanish on O∗F . An element of Hom(Gab

F,S, F) vanishes
on the fundamental unit. Thus, combining this and the previous paragraph, we see
that G ′ acts trivially on Hom(Gab

F,S, F), when F is totally real. It follows that, in
this case, H 1(GQ,Np, ε)=

(
Hom(Gab

F,S, F)⊗ ε
)G ′
= 0.

We shall now analyze the second factor appearing in the sum above. Let H be
the extension of Q which is fixed by Ker(ad0ρ). Thus, G =Gal(H/Q) is a dihedral
group D2n which is nonabelian and IndGQ

GF
χ is an irreducible representation of G.

By the arguments used above, we get that

H 1(GQ,Np, IndGQ
GF
χ)= (H 1(GH,S, F)⊗ IndGQ

GF
χ)G .

By hypothesis (3), H 1(GH,S, F) is the subspace of Hom
(∏

v |Np O
∗

Hv , F
)

vanishing
on O∗H . Since H is unramified at p, we get

Hom
( ∏
v |Np

O∗Hv , F

)
= Hom

(∏
v | p

OHv

∏
Z/pZ, F

)
,

where the last product is taken over all places v of H which divide N and whose
residue fields have p-th roots of unity. If ` is a such a prime, then the G-submodule
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Hom
(∏

v |` Z/pZ, F
)

of the module above is isomorphic to IndG
D`
α, where D` is the

image of GQ`
under ad0ρ and α is the character by which it acts on the p-th roots of

unity. Note that, by hypothesis (2) above, IndGQ
GF
χ is an irreducible representation

of D` for every `|N . So,
(
Hom

(∏
Z/pZ, F

)
⊗ IndGQ

GF
χ
)G
= 0.

Assume F is imaginary. As H is unramified at p and p - |G|, we see, using
arguments from [Bellaïche and Dimitrov 2016, Section 3.2], that every irreducible
representation of G occurs in Hom(Gab

H,S, F) with multiplicity at least 1. The addi-
tional multiplicities would only arise from U(H). But, from hypothesis (4) above,
we have HomG

(
U(H), IndGQ

GF
χ
)
= 0. Therefore, IndGQ

GF
χ occurs in Hom(Gab

H,S, F)

with multiplicity 1. Hence,
(
Hom(GH,S, F)⊗ IndGQ

GF
χ
)
G
= H 1

(
GQ,Np, IndGQ

GF
χ
)

has dimension 1. If F is real, then IndGQ
GF
χ is totally odd. Thus, from the arguments

in [Bellaïche and Dimitrov 2016, Section 3.2], we see that IndGQ
GF
χ occurs in the

subspace of Hom
(∏

v | p O
∗

Hv , F
)

vanishing on O∗H with multiplicity 2. Note that,
we do not need to consider contribution from U(H) as IndGQ

GF
χ does not occur

in O∗H/(O
∗

H )
p. Therefore, combining this with the previous paragraph, we see that

IndGQ
GF
χ occurs in Hom(Gab

H,S, F) with multiplicity 2. Hence, H 1(GQ,Np, IndGQ
GF
χ)

has dimension 2.
Combining these results we see that if ρ satisfies the conditions of the proposition,

then H 1(GQ,Np, ad0ρ) has dimension 2. Hence, ρ is unobstructed in our sense. �

Remark. (1) The hypotheses (3) and (4) are similar to those used by Mazur [1989,
Sections 1.12 and 1.13], where he studies unobstructed representations unram-
ified outside a single prime. Note that, for a number field L , A(L(ζp))[p] = 0
implies that U(L)= 0 (see the remark after Proposition 1 of [Boston 1990]).

(2) We know that G ′ = Gal(F/Q) acts on A(F)[p] by the character ε. So, if
A(F)[p] 6= 0, then it would contribute to H 1(GQ,Np, ε) in addition to what
we have calculated above. Hence, in this case, we have dim H 1(GQ,Np, ε) > 1.
Thus, considering the above calculations, we see that dim H 1(GQ,Np, ad0ρ)>2.
Hence, if A(F)[p] 6= 0, then ρ will be obstructed.

(3) Suppose f is a weight-1 form which has RM or CM by F , and there exists a
prime ` such that `|N and p |`+ 1. Moreover, assume that ` stays inert in F .
Thus, using the notations of the proof above, we see that

Hom
( ∏
v |Np

O∗Fv , F

)
= Hom

(∏
v | p

OFv

∏
`|N

p |`−1

∏
v |`

Z/(`− 1)Z
∏

Z/pZ, F

)
,

where the last product is taken over all the prime divisors ` of N which stay
inert in F and which are −1 mod p. Observe that, they are isomorphic to ε
as G ′ representations. The projection of the image of O∗F in

∏
v |Np O

∗

Fv onto
this product is also trivial as F is unramified at p. Hence, this product also
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contributes to H 1(GQ,Np, ε), making it bigger. All the other calculations at
the places above p in the proof above still remain valid. As a result, we see
that dim H 1(GQ,Np, ad0ρ) > 2. Hence, in this case, ρ is obstructed.

Note that, the assumptions in the proposition above do not yield any immediate
contradiction. Thus, we see that our notion of unobstructedness is weaker than
Mazur’s notion of unobstructedness.

Proposition 28. Let ρ be a modular representation satisfying the hypotheses of
Proposition 27 and suppose p |φ(N ). Let the p-primary part of (Z/NZ)∗ be
Z/pe1Z× · · ·×Z/pen Z. Assume moreover that:

(1) ρ is a new 01(N )-modular representation.

(2) For all primes ` dividing N such that p |`2
− 1, U` acts like 0 on all newforms

of level N which lift ρ.

Then, the corresponding local component Aρ of the mod p Hecke algebra is isomor-
phic to F[[x, y]][y1, . . . , yn]/( y pe1

1 , . . . , y pen
n ) and thus, is not reduced.

Proof. As ρ satisfies the hypotheses of Proposition 27, it satisfies the hypotheses
of Theorem 3 as well. Indeed, ρ comes from a regular, weight-1 form and is
unramified at p. So, ρ|GQp

is of the required form. If ` is a prime divisor of N
which is 1 mod p, then it splits completely in Q(ζp). As ρ|GQ`

is irreducible,
ρ|GQ(ζp )

is also irreducible. Therefore, from the results of Böckle [2001], Diamond
[1996], Diamond et al. [2004], and Kisin [2004], it follows that the surjective
map Rρ → T01(N )

ρ is an isomorphism. The hypothesis (2) along with the proof
of Proposition 20 and the proof of Theorem 1 implies that the kernel of the
surjective map T01(N )

ρ → A01(N )
ρ is m3T01(N )

ρ . By Proposition 27, we see that
Rρ 'O[[x, y, T ]][z1, . . . , zn]/(z

pe1
1 −1, . . . , z pen

n −1). Combining all of the above
gives us that Aρ ' F[[x, y]][y1, . . . , yn]/(y

pe1
1 , . . . , y pen

n ). �

Remark. (1) If the first condition of Proposition 28 is satisfied, then to check the
second condition, it is sufficient, by Lemma 19, to check that ρ|I` is irreducible.

(2) Suppose ρ is a 01(N )-modular representation which satisfies the two assump-
tions of Proposition 28 and the assumptions of Theorem 3. Moreover, assume
p |φ(N ) and let the p-primary part of (Z/NZ)∗ be Z/pe1Z× · · · ×Z/pen Z.
Then, from the proof above, we see that A01(N )

ρ ' Rρ/(π, T ). Now, as p 6= 2,

Rρ ' R0
ρ[T, y1, . . . , yn]/(y

pe1
1 − 1, . . . , y pen

n − 1),

where R0
ρ is the universal deformation ring of ρ with constant determinant (see

the proof of [BK, Lemma 19] for more details). So, A01(N )
ρ is isomorphic to

R̃0
ρ[z1, . . . , zn]/(z

pe1
1 , . . . , z pen

n ) and hence, is not reduced. So, the assumptions
of Proposition 27 are not necessary to get nonreduced Hecke algebras but are
necessary to find the precise structure of the Hecke algebra.
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We now give some examples of nonreduced Hecke algebras following the pre-
vious remark. Let ` be a prime such that p |` − 1 and ` is 3 modulo 4. Let
K = Q(

√
−`) and let hK be its class number. If p splits in K , then define n to

be the smallest integer such that p is not split in the anticyclotomic extension of
degree `n of K and `n - hK . Otherwise, define it to be the smallest integer such
that `n - hK . Let χ : GK → Z`→ Z/`nZ→ F∗, where the first map is given by the
anticyclotomic Z` extension of K , and the last map is the inclusion of the `n-th roots
of unity into F∗. Now, we see, from a classical theorem of Hecke, that ρ = IndGQ

GK
χ

on GQ,p` is an odd, irreducible representation coming from a weight-1 newform f
of level `2n+3.

As χσ = χ−1 and χ has odd order, they are distinct characters of GK and they
only coincide on ker(χ). Now, ` ramifies in K and the prime v′ of K lying above
` ramifies in the anticyclotomic extension of K of degree `n as `n - hK . As a
consequence, we see that ρ|I` and ρ|GQ`

are irreducible. As ` splits completely in
Q(ζp), it follows that ρ|GQ(ζp )

is also irreducible. If p is inert in K , then clearly
ρ|GQp

is a sum of distinct characters as p is unramified in K . If p is split in K ,
then for a place v of K above p, χ and χσ are distinct characters of GKv

, as χ
has odd order and p does not split completely in the anticyclotomic extension of
K of degree `n . As the anticyclotomic extension of K is unramified at p, we see
that ρ|GQp

is not a direct sum of characters which are cyclotomic twists of each
other. Therefore, ρ is a new 01(`

2n+3)-modular representation satisfying the two
conditions of Proposition 28 and the conditions of Theorem 3. Hence, from the
remark above, it follows that A01(`

2n+3)
ρ is not reduced.
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For prime powers q, let split(q) denote the probability that a randomly chosen
principally polarized abelian surface over the finite field Fq is not simple. We
show that there are positive constants c1 and c2 such that, for all q ,

c1(log q)−3(log log q)−4 < split(q)
√

q < c2(log q)4(log log q)2,

and we obtain better estimates under the assumption of the generalized Riemann
hypothesis. If A is a principally polarized abelian surface over a number field K,
let πsplit(A/K , z) denote the number of prime ideals p of K of norm at most z
such that A has good reduction at p and Ap is not simple. We conjecture that, for
sufficiently general A, the counting function πsplit(A/K , z) grows like

√
z/ log z.

We indicate why our theorem on the rate of growth of split(q) gives us reason to
hope that our conjecture is true.
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1. Introduction

Let A/K be a principally polarized absolutely simple abelian variety over a number
field. Murty and Patankar have conjectured [Murty 2005; Murty and Patankar 2008]
that if the absolute endomorphism ring of A is commutative, then the reduction Ap

is simple for almost all primes p of OK . (See [Achter 2009; Zywina 2014] for work
on this conjecture.) Given this, it makes sense to try to quantify the (conjecturally
density zero) set of primes of good reduction for which Ap is split; that is, for which
Ap is isogenous to a product of abelian varieties of smaller dimension. Specifically,
define the counting function

πsplit(A/K , z)= #
{
p :N (p)≤ z and Ap is split

}
.

Some upper bounds for the rate of growth of this function are available. For
instance, a special case of [Achter 2012, Theorem B, p. 42] states that if the image
of the `-adic Galois representation attached to the g-dimensional abelian variety A
is the full group of symplectic similitudes, then

πsplit(A/K , z)�
z(log log z)

1+ 1
3(2g2+g+1)

(log z)
1+ 1

6(2g2+g+1)

for all z ≥ 3;

if one is willing to assume a generalized Riemann hypothesis, one can further show
that

πsplit(A/K , z)� z
1− 1

4g2+3g+4 (log z)
2

4g2+3g+4 for all z ≥ 3. (1)

However, there is no reason to believe that even (1) does a very good job of capturing
the actual behavior of the function πsplit(A/K , z). The purpose of the present paper
is to explain and support the following hope.

Conjecture 1.1. Let A/K be a principally polarizable abelian surface with abso-
lute endomorphism ring EndK A ∼= Z. Then there is a constant CA > 0 such that

πsplit(A/K , z)∼ CA

√
z

log z
as z→∞.

This statement bears some resemblance to the Lang–Trotter conjecture [1976],
whose enunciation we briefly recall. Let E/Q be an elliptic curve with EndQ E ∼=Z,
and fix a nonzero integer a. Let π(E, a, z) be the number of primes p < z such
that Ep(Fp)− (p+ 1) = a. Then Lang and Trotter conjecture that π(E, a, z) ∼
CE,a
√

z/ log z as z→∞, for some constant CE,a . They also give a conjectural
formula for the constant CE,a , but we shall ignore such finer information here.

In Section 2, we review a framework under which one might expect such counting
functions to grow like

√
z/ log z. Roughly speaking, the philosophy of Section 2

suggests that Conjecture 1.1 should hold if the probability that a randomly chosen
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principally polarized abelian surface over Fq is split varies like q−1/2. The bulk of
our paper is taken up with a proof of a theorem which says that, up to factors of
log q , this is indeed the case.

For every positive integer n we let An denote the moduli stack of principally
polarized n-dimensional abelian varieties, so that for every field K the objects of
An(K ) are the K-isomorphism classes of such principally polarized varieties over K.
For every n and K we also let An,split(K ) denote the subset of An(K ) consisting
of the principally polarized abelian varieties (A, λ) for which A is not simple
over K. This is perhaps an abuse of notation, because there is no geometrically
defined substack An,split giving rise to the sets An,split(K ); our definition of “split”
is sensitive to the field of definition.

Theorem 1.2. We have

1
(log q)3(log log q)4

�
#A2,split(Fq)

q5/2 � (log q)4(log log q)2 for all q.

If the generalized Riemann hypothesis is true, we have

1
(log q)(log log q)6

�
#A2,split(Fq)

q5/2 � (log q)2(log log q)4 for all q.

Since A2 is irreducible of dimension 3, Theorem 1.2 implies that, up to loga-
rithmic factors, the chance that a randomly chosen principally polarized abelian
surface over Fq is split varies like q−1/2.

The paper closes by presenting some numerical data, including evidence in favor
of Conjecture 1.1. We also indicate what we believe to be true when one considers
varieties that are geometrically split, and not just split over the base field.

After the first-named author gave a preliminary report on this work, including
some data obtained using sage, William Stein suggested contacting Andrew Suther-
land for help with more extensive calculations. Sutherland provided us with the
program smalljac [Kedlaya and Sutherland 2008], which we ran on our own
computers to obtain data on the mod-p reductions of the curve y2

= x5
+ x + 6

over Q; later, Sutherland kindly used his own computers, running a program based
on the algorithm in [Harvey and Sutherland 2016], to provide us with reduction data
for this curve for all primes up to 230. It is a pleasure to acknowledge Sutherland’s
assistance. The data presented in Sections 11.1 and 11.2 was obtained using gp
and MAGMA.

As we were writing up the various asymptotic estimates of number-theoretic
functions that appear in this paper, the second-named author thought frequently of
Professor Tom M. Apostol, in whose undergraduate Caltech course Math 160 he
first became familiar with such computations. Not long after we completed this
paper, Apostol passed away. We dedicate this work to his memory.
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Notation and conventions. If Z is a set of real numbers and f and g are real-valued
functions on Z , we use the Vinogradov notation

f (z)� g(z) for z ∈ Z

to mean that there is a constant C such that | f (z)| ≤ C |g(z)| for all z ∈ Z . If Z
contains arbitrarily large positive reals, we use

f (z)∼ g(z) as z→∞

to mean that f (z)/g(z)→ 1 as z→∞, and we write f (z) � g(z) to mean that
there are positive constants C1 and C2 such that C1|g(z)| ≤ | f (z)| ≤ C2|g(z)| for
all sufficiently large z.

When we are working over a finite field Fq , we will use without further comment
the letter p to denote the prime divisor of q . This convention unfortunately conflicts
with the standard use in analytic number theory of the letter p as a generic prime,
for instance when writing Euler product representations of arithmetic functions.
In such situations in this paper (see for example equation (4) in Section 4), we
will instead use ` to denote a generic prime, and we explicitly allow the possibility
that `= p.

A curve over a field K is a smooth, projective, irreducible variety over K of
dimension one, and a Jacobian is the neutral component of the Picard scheme of
such a curve.

2. Conjectures of Lang–Trotter type

Let M be a moduli space of PEL type [Shimura 1966]. Let K be a number field, let
1 ∈OK be nonzero, and let S be the set of primes of K that do not divide 1. If p is
a prime of K we let Fp denote its residue field. Equip each finite set M(Fp) with the
uniform probability measure, and let Ap be a random variable on M(Fp). Suppose
that for each p ∈ S a subset Tp ⊂M(Fp) is specified, with indicator function Ip.
Let A =

∏
p∈S Ap, and let

π(A, I, z)=
∑

p∈S :N (p)<z

#Tp
#M(Fp)

be the expected value of
∑

p∈S :N (p)≤z Ip(Ap). If #Tp/#M(Fp) � 1/N (p)m, then
Landau’s prime ideal theorem [1903a, p. 670] yields the estimate π(A, I, z) �∫ z

2 1/(xm log x) dx . In particular, for m = 1
2 one finds that π(A, I, z)�

√
z/ log z.

Henceforth, assume M and Tp are chosen so that the above holds with m = 1
2 .

Now suppose that A ∈M(OK [1/1]), and let

π(A, I, z)=
∑

p∈S :N (p)≤z

Ip(Ap).
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If one assumes that (A is sufficiently general, and thus) A is well modeled by the
random variable A, then one predicts that

π(A, I, z)�
√

z
log z

. (2)

(By “sufficiently general” one might mean, for example, that the Mumford–Tate
group of A is the same as the group attached to the Shimura variety M; but this
will not be pursued here.)

For instance, let A1 be the moduli stack of elliptic curves, and let a be a nonzero
integer. On one hand, since A1 is irreducible and one-dimensional, we have the
estimate #A1(Fq)� q. On the other hand, the number of isomorphism classes of
elliptic curves over Fq with trace of Frobenius a is the Kronecker class number
H(a2

− 4q). Up to (at worst) logarithmic factors, the class number H(a2
− 4q)

grows like
√
|a2− 4q| ∼ 2

√
q (see Lemma 4.4). In this case, the prediction (2)

yields the Lang–Trotter conjecture.
We interpret Theorem 1.2 as saying that the number of principally polarized split

abelian surfaces over Fq is approximately q5/2. This, combined with the fact that
dimA2 = 3 and thus #A3(Fq)� q3, is the inspiration behind Conjecture 1.1.

In spite of the apparent depth and difficulty of the Lang–Trotter conjecture, we
are certainly not the first to have attempted to formulate analogous conjectures
in related contexts. Murty [1999] poses the problem of counting the primes p

for which, in a given Galois representation ρ : Gal(K )→ GLr (Oλ), the trace of
Frobenius tr(ρ(σp)) is a given number a. The work of Bayer and González [1997]
is philosophically more similar to the present paper. Bayer and González consider
a modular abelian variety A/Q and study the number of primes p such that the
reduction Ap has p-rank zero. Unfortunately, in most situations, both [Bayer and
González 1997, Conjecture 8.2, p. 69] and [Murty 1999, Conjecture 2.15, p. 199]
predict a counting function π(z) which either grows like log log z or is absolutely
bounded. In contrast, Conjecture 1.1 has the modest virtue of involving functions
that grow visibly over the range of computationally feasible values of z.

3. Split abelian surfaces over finite fields

In this section we articulate the proof of Theorem 1.2, which gives asymptotic upper
and lower bounds on the number of principally polarized abelian surfaces over finite
fields such that the abelian surface is isogenous to a product of elliptic curves. There
are several different types of such surfaces, each of which we analyze separately.

First, there are the abelian surfaces over Fq that are isogenous to a product
E1 × E2 of two ordinary elliptic curves, with E1 and E2 lying in two different
isogeny classes. We call this the ordinary split nonisotypic case.
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Proposition 3.1. The number Wq of principally polarized ordinary split nonisotypic
abelian surfaces over Fq satisfies

Wq �

{
q5/2(log q)4(log log q)2 for all q , unconditionally,
q5/2(log q)2(log log q)4 for all q, under GRH.

Second, there are the abelian surfaces over Fq that are isogenous to the square of
an ordinary elliptic curve. We call this the ordinary split isotypic case.

Proposition 3.2. The number Xq of principally polarized ordinary split isotypic
abelian surfaces over Fq satisfies

Xq �

{
q2(log q)2|log log q| for all q , unconditionally,
q2(log q)(log log q)2 for all q , under GRH.

Third, there are the abelian surfaces over Fq that are isogenous to the product of
two elliptic curves, exactly one of which is supersingular. We call this the almost
ordinary split case.

Proposition 3.3. The number Yq of principally polarized almost ordinary split
abelian surfaces over Fq satisfies

Yq �

{
q2(log q)(log log q)2 for all q, unconditionally,
q2
|log log q|3 for all q, under GRH.

And fourth, there are the abelian surfaces over Fq that are isogenous to the product
of two supersingular elliptic curves. We call this the supersingular split case.

Proposition 3.4. The number Zq of principally polarized supersingular split abelian
surfaces over Fq satisfies Zq � q2 for all q.

To prove the lower bound in Theorem 1.2, we estimate the number of ordinary
split nonisotypic surfaces.

Proposition 3.5. The number Wq of principally polarized ordinary split nonisotypic
abelian surfaces over Fq satisfies

Wq �


q5/2

(log q)3(log log q)4
for all q, unconditionally,

q5/2

(log q)(log log q)6
for all q, under GRH.

It is clear that together these propositions provide a proof of Theorem 1.2. We will
prove the propositions in the following sections. We begin with some background
information and results on endomorphism rings of elliptic curves over finite fields
(Section 4) and a review of “gluing” elliptic curves together (Section 5).
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4. Endomorphism rings of elliptic curves over finite fields

In this section we set notation and give some background information on endomor-
phism rings of elliptic curves over finite fields. With the exception of the concepts
of “strata” and of the “relative conductor”, most of the results on endomorphism
rings we mention are standard (see [Waterhouse 1969, Chapter 4] and [Schoof
1987], and note that [Schoof 1987, Theorem 4.5, p. 194] corrects a small error in
[Waterhouse 1969, Theorem 4.5, p. 541]).

Let E be an elliptic curve over a finite field Fq . The substitution x 7→ xq induces an
endomorphism FrE ∈End E called the Frobenius endomorphism. The characteristic
polynomial of FrE (acting, say, on the `-adic Tate module of E for some ` 6= p) is
of the form fE(T )= T 2

− a(E)T + q for an integer a(E), the trace of Frobenius.
Two elliptic curves E and E ′ are isogenous if and only if a(E)= a(E ′), and Hasse
[1936a; 1936b; 1936c] showed that |a(E)| ≤ 2

√
q. We will denote the isogeny

class corresponding to a by

I(Fq , a)= {E/Fq : a(E)= a}.

The isogeny class I(Fq , a) is called ordinary if gcd(a, q)= 1, and supersingular
otherwise (see [Waterhouse 1969, p. 526 and Chapter 7]). The supersingular
curves E are characterized by the property that E[p](Fq)∼= {0}.

If E/Fq is a supersingular elliptic curve, then EndFq
E is a maximal order in Qp,∞,

the quaternion algebra over Q ramified exactly at {p,∞}. There are two possibilities
for End E itself. It may be that all of the geometric endomorphisms of E are already
defined over Fq , so that End E is a maximal order in Qp,∞; this happens when
q is a square and a(E)2 = 4q. The other possibility is that End E is an order in
an imaginary quadratic field; in this case, the discriminant of End E is either −p,
−4p, −3, or −4. (See Table 1 in Section 8 for the exact conditions that determine
the various cases.)

Suppose I(Fq , a) is an isogeny class with a2
6= 4q. Then

Oa,q := Z[T ]/(T 2
− aT + q)

is an order in the imaginary quadratic field

Ka,q :=Q
(√

a2
− 4q

)
,

and is isomorphic to the subring Z[FrE ] of End E for every E ∈ I(Fq , a). An order
O in Ka,q occurs as End E for some E ∈ I(Fq , a) if and only if O⊇Oa,q and O is
maximal at p (see [Waterhouse 1969, Theorem 4.2, pp. 538–539] or [Schoof 1987,
Theorem 4.3, p. 193]). Note that the maximality at p is automatic when I(Fq , a)
is ordinary, because in that case q is coprime to the discriminant a2

− 4q of Oa,q .
If we let I(Fq , a,O) denote the set of isomorphism classes of elliptic curves in
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I(Fq , a) with endomorphism ring O, we can write I(Fq , a) as a disjoint union

I(Fq , a)=
⊔

O⊇Oa,q

I(Fq , a,O),

where O ranges over all orders of Ka,q that contain Oa,q and that are maximal
at p. If a is coprime to q, or if a = 0 and q is not a square, then each of the sets
I(Fq , a,O) appearing in the equality above is a torsor for the class group Cl(O)
of the order O. In particular, #I(Fq , a,O) is equal to the class number h(O) of O
(see [Schoof 1987, Theorem 4.5, p. 194]).

We will refer to a nonempty set of the form I(Fq , a,O) as a stratum of elliptic
curves over Fq . Given a stratum S, we will denote the associated trace by a(S)
and the associated quadratic order by OS . If S and S ′ are two strata over Fq , we
say that S and S ′ are isogenous, and write S ∼ S ′, if the elliptic curves in S are
isogenous to those in S ′— that is, if a(S)= a(S ′).

For any imaginary quadratic order O we let 1(O) denote the discriminant of O
and 1∗(O) the associated fundamental discriminant — that is, the discriminant of
the integral closure of O in its field of fractions. Then

1(O)= f(O)21∗(O),

where f(O) is the conductor of O. For a trace of Frobenius a with a2
6= 4q we will

write 1a,q , fa,q , and 1∗a,q for the corresponding quantities associated to Oa,q .
Let E/Fq be an elliptic curve whose endomorphism ring is a quadratic order. We

define the relative conductor frel(E) of E by

frel(E)=
f(Oa,q)

f(End E)
;

this quantity is also equal to the index of Oa,q ∼= Z[FrE ] in End E . If E/Fq is a
supersingular elliptic curve with endomorphism ring equal to an order in a quaternion
algebra, we adopt the convention frel(E)= 0. The relative conductor depends only
on the stratum of E , so for a stratum S we may define frel(S) to be the relative
conductor of any curve in S.

Proposition 4.1. Let E/Fq be an elliptic curve with End E a quadratic order.

(a) The relative conductor frel(E) is the largest integer r such that there exists an
integer b with

FrE −b
r
∈ End E .

(b) The relative conductor frel(E) is the largest integer r for which FrE acts as an
integer on the group scheme E[r ].

(c) If E is ordinary, the relative conductor frel(E) is the largest integer r , coprime
to q, for which FrE acts as an integer on the group E[r ](Fq).
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Proof. Let O be the maximal order containing End E and let ω be an element of O
such that O=Z[ω]. Write FrE = u+vω for integers u and v; then Z[FrE ]=Z+vO,
so v = f(Z[FrE ]).

On one hand, suppose r is an integer for which there is an integer b with
(FrE −b)/r ∈ End E . Then End E ⊇ Z+ (v/r)O, so r is a divisor of the relative
conductor. On the other hand, if s is the relative conductor of E , then End E =
Z+ (v/s)O = Z[(v/s)ω], so (FrE −u)/s is an element of End E . This proves (a).

If FrE acts as an integer b on the group scheme E[r ], then the endomorphism
FrE −b kills E[r ]. This implies that FrE −b factors through multiplication-by-r ,
which means that (FrE −b)/r lies in End E . Conversely, if (FrE −b)/r lies in
End E , then FrE acts on E[r ] as the integer b. Thus, (b) follows from (a).

Suppose E is ordinary. The endomorphism FrE does not act as an integer on
the group scheme E[p], because it acts noninvertibly (consider the local part of
E[p]), but not as zero (consider the reduced part of E[p]). Therefore, the integer
defined by (b) will not change if we add the requirement that r be coprime to p.
For integers r coprime to p, the group scheme E[r ] is determined by the Galois
module E[r ](Fq). Thus, (c) follows from (b). �

Corollary 4.2. Let E/Fq be an elliptic curve with relative conductor r , and let n
be a positive integer. The largest divisor d of n such that FrE acts as an integer on
E[d] is equal to gcd(n, r).

Proof. When End E is a quadratic order, this follows immediately from Proposition
4.1. If the endomorphism ring of E is an order in a quaternion algebra, then q is a
square and FrE =±

√
q; that is, FrE is an integer, so that d = n = gcd(n, 0). �

Later in the paper we will need to have bounds on the sizes of the automorphism
groups of schemes of the form E[n] for ordinary E and positive integers n. Our
bounds will involve the Euler function ϕ(n) as well as the arithmetic function ψ
defined by ψ(n)= n

∏
` | n(1+ 1/`).

Proposition 4.3. Let E be an elliptic curve over Fq , let n be a positive integer, and
let g = gcd(n, frel(E)). If E is supersingular, assume that n is coprime to q. Then

ϕ(n)≤
# Aut E[n]

g2ϕ(n)
≤ ψ(n). (3)

Proof. Every term in the inequality is multiplicative in n, so it suffices to consider
the case where n is a prime power `e.

Suppose `= p. In this case, E must be ordinary by assumption. Note that the
relative conductor divides the discriminant a2

−4q , where a= a(E) is coprime to p
because E is ordinary. Therefore the relative conductor is coprime to p, so g = 1.

The group scheme E[n] is the product of a reduced-local group scheme G1

and a local-reduced group scheme G2, each of rank n. The group scheme G1 is
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geometrically isomorphic to Z/n, with Frobenius acting as multiplication by an
integer (which is congruent to a modulo q). The automorphism group of G1 is
(Z/n)×, and has cardinality ϕ(n).

The group scheme G2 is geometrically isomorphic to µn , the group scheme
of n-th roots of unity, with Frobenius acting as power-raising by an integer. The
automorphism group of G2 is also (Z/n)×, and has cardinality ϕ(n).

Since there are no nontrivial morphisms between G1 and G2, the automorphism
group of E[n] is the product of the automorphism groups of G1 and G2. Thus, when
n is a power of p the middle term of (3) is equal to ϕ(n), and the two inequalities
of (3) both hold.

Now suppose ` 6= p. In this case, the group scheme E[n] can be understood
completely in terms of its geometric points and the action of Frobenius on them.
The group E[n](Fq) is isomorphic to (Z/n)2, and if we fix such an isomorphism the
Frobenius endomorphism is given by an element γ of GL2(Z/n) whose trace is a
and whose determinant is q . The automorphism group of E[n] is then isomorphic
to the subgroup of GL2(Z/n) consisting of those elements that commute with γ ;
that is, the centralizer Z(γ ) of γ .

Let r be the largest divisor of n such that FrE acts as an integer on E[r ];
Proposition 4.1 shows that r = g. Then there is an integer d (uniquely determined
modulo g) and a matrix β ∈ GL2(Z/n) such that

g ·β ∈ g Mat2(Z/n)∼=Mat2(Z/(n/g))

is cyclic and such that γ = d · I + g ·β. (See [Avni et al. 2009; Williams 2012] for
details.)

Given this expression for γ , we can explicitly compute the centralizer Z(γ ). If
g = n then Z(γ ) = GL2(Z/n), so Z(γ ) has order nψ(n)ϕ(n)2. If g is a proper
divisor of n then Z(γ ) is the group of all α ∈GL2(Z/n) such that the image of α in
GL2(Z/(n/g)) ⊂Mat2(Z/(n/g)) lies in the Z/(n/g)-span of I and β. The order
of this subgroup of GL2(Z/(n/g)) is equal to ϕ(n/g) times

ψ(n/g) if β mod ` has no eigenvalues in Z/`,
n/g if β mod ` has 1 eigenvalue in Z/`,
ϕ(n/g) if β mod ` has 2 eigenvalues in Z/`,

so the order of its preimage in GL2(Z/n) is either g2ψ(n)ϕ(n) or g2nϕ(n) or
g2ϕ(n)2. In every case we find that

g2ϕ(n)2 ≤ #Z(γ )≤ g2ψ(n)ϕ(n),

which gives (3). (Alternative methods of calculating Z(γ ) can be found in [Williams
2012].) �
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Later in the paper we would like to have estimates for the sizes of isogeny classes
and strata; since these sizes are given by class numbers, we close this section by
reviewing some bounds on class numbers.

We denote the class number of an imaginary quadratic order O by h(O); this is
the size of the group of equivalence classes of invertible fractional ideals of O. We
let H(O) denote the Kronecker class number of O, defined by

H(O)=
∑
O′⊇O

h(O′),

where the sum is over all quadratic orders that contain O. If 1 is the discriminant
of an imaginary quadratic order O, we write h(1) and H(1) for h(O) and H(O),
respectively.

Lemma 4.4. We have

h(1)�
{
|1|1/2 log|1| for fundamental 1< 0,
|1|1/2 log|1| log log|1| for all 1< 0;

H(1)� |1|1/2 log|1|(log log|1|)2 for all 1< 0.

If the generalized Riemann hypothesis is true, we have

h(1)�
{
|1|1/2 log log|1| for fundamental 1< 0,
|1|1/2(log log|1|)2 for all 1< 0;

H(1)� |1|1/2(log log|1|)3 for all 1< 0.

Proof. The unconditional bound on h(1) for fundamental 1 comes from [Cohen
1993, Exercise 5.27, p. 296], and the conditional bound from [Littlewood 1928,
Theorem 1, p. 367].

For an arbitrary negative discriminant 1, write 1 = f21∗ for a fundamental
discriminant 1∗, and let χ be the quadratic character modulo 1∗. Then

h(1)= f h(1∗)
∏
` | f

(
1−

χ(`)

`

)
≤ f h(1∗)

∏
` | f

(
1+

1
`

)
≤ h(1∗)σ (f), (4)

where σ is the sum-of-divisors function (and we recall that ` ranges over all prime
divisors of f). Since σ(n) � n log log n for n > 2 by [Hardy and Wright 1968,
Theorem 323, p. 266], we find that

h(1)� f h(1∗) log log|1| for all 1< 0.

Combining this with the class number bounds for fundamental discriminants gives
us the bounds for arbitrary discriminant.
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For Kronecker class numbers, note that

H(1)=
∑
f | f

h( f 21∗)=
∑
f | f

f h(1∗)
∏
` | f

(
1−

χ(`)

`

)

≤ h(1∗)
(∑

f | f

f
)∏
` | f

(
1+

1
`

)
≤ f−1 h(1∗)σ (f)2,

so that
H(1)� f h(1∗)(log log|1|)2 for all 1< 0.

This leads to the desired bounds on H(1). �

5. Gluing elliptic curves

In this section, we review work of Frey and Kani [1991] that explains how to
construct principally polarized abelian surfaces from pairs of elliptic curves provided
with some extra structure. First, we discuss isomorphisms of torsion subgroups of
elliptic curves.

Let E and F be elliptic curves over a field K and let n > 0 be an integer.
We let Isom(E[n], F[n]) denote the set of group scheme isomorphisms between
the n-torsion subschemes of E and F. The Weil pairing gives us nondegenerate
alternating pairings

E[n]× E[n] → µn and F[n]× F[n] → µn

from the n-torsion subschemes of E and of F to the n-torsion of the multiplicative
group scheme. Via the Weil pairing, we get a map

m : Isom(E[n], F[n])→ Aut µn
∼= (Z/nZ)×.

For every i ∈ (Z/nZ)× we let Isomi (E[n], F[n]) denote the set m−1(i), so that
Isom1(E[n], F[n]) consists of the group scheme isomorphisms that respect the
Weil pairing, and Isom−1(E[n], F[n]) consists of the anti-isometries from E[n]
to F[n].

If η is an anti-isometry from E[n] to F[n], then the graph G of η is a subgroup
scheme of (E × F)[n] that is maximal isotropic with respect to the product of the
Weil pairings. It follows from [Mumford 1974, Corollary to Theorem 2, p. 231]
that n times the canonical principal polarization on E × F descends to a principal
polarization λ on the abelian surface A := (E × F)/G. In this situation, we say
that the polarized surface (A, λ) is obtained by gluing E and F together along their
n-torsion subgroups via η.

Frey and Kani [1991] show that every principally polarized abelian surface (A, λ)
that is isogenous to a product of two elliptic curves arises in this way; furthermore,
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if such an A is not isogenous to the square of an elliptic curve, then the E , F, n,
and η that give rise to the polarized surface (A, λ) are unique up to isomorphism
and up to interchanging the triple (E, F, η) with (F, E, η−1).

Frey and Kani also note that if the polarized surface (A, λ) constructed in this
way is the canonically polarized Jacobian of a curve C, then there are minimal
degree-n maps α :C→ E and β :C→ F such that α∗β∗ = 0; here minimal means
that α and β do not factor through nontrivial isogenies. Conversely, every pair of
minimal degree-n maps α : C → E and β : C → F such that α∗β∗ = 0 arises in
this way.

6. Ordinary split nonisotypic surfaces

In this section we will prove Proposition 3.1. The proof depends on three lemmas,
whose proofs we postpone until the end of the section.

Lemma 6.1. The number Wq of principally polarized ordinary split nonisotypic
abelian surfaces over Fq is at most∑

S

∑
S ′ 6∼S

h(OS)h(OS ′) frel(S) frel(S ′)
∑

n | (a(S)−a(S ′))

ψ(n),

where the first sum is over ordinary strata S, and the second is over ordinary strata S ′

not isogenous to S.

Lemma 6.2. We have∑
d | n

ψ(d)� n(log log n)2 for all n > 1.

Lemma 6.3. We have∑
ordinary E/Fq

frel(E)�
{

q(log q)2 for all q , unconditionally,
q(log q)|log log q| for all q , under GRH.

Given these lemmas, the proof of Proposition 3.1 is straightforward.

Proof of Proposition 3.1. From Lemmas 6.1 and 6.2 we find that

Wq � q1/2(log log q)2
∑
S

∑
S ′ 6∼S

h(OS)h(OS ′) frel(S) frel(S ′) for all q.

Since∑
S

∑
S ′ 6∼S

h(OS)h(OS ′) frel(S) frel(S ′)<
(∑

S

h(OS) frel(S)
)2

=

( ∑
ordinary E/Fq

frel(E)
)2

,
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we have

Wq � q1/2(log log q)2
( ∑

ordinary E/Fq

frel(E)
)2

for all q.

Combining this with Lemma 6.3, we find that we have

Wq�

{
q5/2(log q)4(log log q)2 for all q , unconditionally,
q5/2(log q)2(log log q)4 for all q , under GRH. �

Now we turn to Lemmas 6.1, 6.2, and 6.3. The proof of Lemma 6.1 itself requires
some notation and a preparatory result.

Fix an elliptic curve E/Fq and a stratum S of elliptic curves over Fq . For a
positive integer n, let

Isom(E,S, n)= {(E, E ′, η) : E ′ ∈ S, η ∈ Isom(E[n], E ′[n])},

Isom−1(E,S, n)= {(E, E ′, η) : E ′ ∈ S, η ∈ Isom−1(E[n], E ′[n])}.

Lemma 6.4. Suppose that either S is ordinary, or that a(S) = 0 and q is a non-
square. If Isom−1(E,S, n) is nonempty then gcd(n, frel(E))= gcd(n, frel(S)), and
we have

# Isom−1(E,S, n)≤ 2ψ(n)h(OS) gcd(n, frel(E)) gcd(n, frel(S)).

In particular, if frel(E) 6= 0, then

# Isom−1(E,S, n)≤ 2ψ(n)h(OS) frel(E) frel(S).

Proof. Suppose that Isom−1(E,S, n) is nonempty. Then there is an E ′ ∈ S for
which there is an isomorphism E[n] ∼= E ′[n]. Corollary 4.2 then shows that
gcd(n, frel(E))= gcd(n, frel(E ′))= gcd(n, frel(S)).

The class group Cl(OS) acts on S, and the assumption that either S is ordinary
or that a(S) = 0 and q is a nonsquare implies that S is a torsor for the class
group. Define an action of Aut E[n]×Cl(OS) on the nonempty set Isom(E,S, n)
by setting

(α, [a]) ◦ (E, E ′, η)= (E, [a] ∗ E ′, [a] ◦ η ◦α−1).

It is clear that Isom(E,S, n) is a torsor for Aut E[n] ×Cl(OS) under this action,
so using Proposition 4.3 we find that

# Isom(E,S, n)≤ (# Aut E[n])h(OS)≤ g2ϕ(n)ψ(n)h(OS),

where g = gcd(n, frel(E)). Therefore

# Isom(E,S, n)≤ ϕ(n)ψ(n)h(OS) gcd(n, frel(E)) gcd(n, frel(S)).

In the preceding section we defined a map m : Isom(E[n], E ′[n])→Aut µn that
sends a group scheme isomorphism to the automorphism of µn induced by the Weil
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pairing. This gives rise to a map from Isom(E,S, n) to Aut µn , which we continue
to denote by m, that sends a triple (E, E ′, η) to m(η). We claim that the image of
this map is a coset of a subgroup of Aut µn of index at most 2.

To see this, we use the theory of complex multiplication, the Galois-equivariance
of the Weil pairing, and class field theory for the extension Q(ζn)/Q as follows. Let
K be the field of fractions of OS . Given [a]∈Cl(OS) and (E, E ′, η)∈ Isom(E,S, n),
we have

m((1, [a]) ◦ (E, E ′, η))= (NK/Q(a),Q(ζn)/Q) ◦m(η) ∈ Aut µn,

where ( · ,Q(ζn)/Q) denotes the Artin symbol for the extension Q(ζn)/Q. Since
the group of norms of idèle classes of K has index [K :Q] = 2 in the group of idèle
classes of Q, the image of the map m is a coset of a subgroup of index at most 2.

Therefore, the number of elements in Isom−1(E,S, n) is at most 2/ϕ(n) times the
number of elements in Isom(E,S, n), and we obtain the inequality in the lemma. �

Proof of Lemma 6.1. As we noted in Section 5, every principally polarized ordinary
split nonisotypic surface over Fq is obtained in exactly two ways by gluing two
ordinary nonisogenous curves E and E ′ together along their n-torsion. Since we
must then have E[n]∼= E ′[n], the traces of Frobenius of E and E ′ must be congruent
to one another modulo n; that is, n | (a(E)− a(E ′)). Summing over ordinary E
and E ′, we find that

2Wq =
∑

E

∑
E ′ 6∼E

∑
n | (a(E)−a(E ′))

# Isom−1(E[n], E ′[n])

=

∑
E

∑
S ′ 6∼E

∑
n | (a(E)−a(S ′))

# Isom−1(E,S ′, n)

≤

∑
E

∑
S ′ 6∼E

∑
n | (a(E)−a(S ′))

2ψ(n)h(OS ′) frel(E) frel(S ′) (by Lemma 6.4)

≤ 2
∑

E

∑
S ′ 6∼E

h(OS ′) frel(E) frel(S ′)
∑

n | (a(E)−a(S ′))

ψ(n)

= 2
∑
S

∑
S ′ 6∼S

h(OS)h(OS ′) frel(S) frel(S ′)
∑

n | (a(S)−a(S ′))

ψ(n),

which proves the lemma. �

Proof of Lemma 6.2. Denote the sum on the left by f (n), so that f is a multiplicative
function. We calculate that f (n)/n ≤

∏
` | n(1 + 1/`)/(1 − 1/`). Taking this

inequality and multiplying by the square of the identity ϕ(n)/n =
∏
` | n(1− 1/`),

we find that

f (n)
n(log log n)2

(
ϕ(n) log log n

n

)2

≤

∏
` | n

(
1−

1
`2

)
≤ 1.
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Landau [1903b] showed that lim infϕ(n)(log log n)/n = e−γ, where γ is Euler’s
constant. The lemma follows. �

Our proof of Lemma 6.3 requires an estimate from analytic number theory.
Let C be the multiplicative arithmetic function defined on prime powers `e by
C(`e)= 2(1+ 1/`).

Lemma 6.5. We have ∑
n≤x

C(n)� x log x for all x > 1.

Proof. Let D be the Dirichlet product [Apostol 1976, §2.6] of C with the Möbius
function µ, so that

C(n)=
∑
d | n

D(d).

We compute that D is the multiplicative function defined on prime powers `e by

D(`e)=

{
1+ 2/` if e = 1,
0 if e > 1.

Then ∑
n≤x

C(n)=
∑
n≤x

∑
d | n

D(d)=
∑
d≤x

D(d)
⌊x

d

⌋
≤ x

∑
d≤x

D(d)
d

,

so we need only show that
∑

d≤x D(d)/d � log x for x > 1.
Note that

∞∑
i=0

D(`i )

`i = 1+
1
`
+

2
`2 ,

so that ∑
d≤x

D(d)
d
≤

∏
`≤x

(
1+

1
`
+

2
`2

)
.

Taking logarithms, we find that

log
∑
d≤x

D(d)
d
≤

∑
`≤x

log
(

1+
1
`
+

2
`2

)

=

∑
`≤x

1
`
+ c+ O

(
1
x

)

= log log x + c′+ O
(

1
log x

)
,

where c and c′ are constants and where the last equality comes from [Apostol 1976,
Theorem 4.12, p. 90]. Exponentiating, we find that

∑
d≤x D(d)/d � log x for

x ≥ 2, as desired. �
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Proof of Lemma 6.3. First we compute a bound on the sum of the relative conductors
of the elliptic curves in a fixed ordinary isogeny class. Let a be an integer, coprime
to q , with a2< 4q . Recall from Section 4 that we write1a,q := a2

−4q = f2a,q 1
∗
a,q ,

where 1∗a,q is a fundamental discriminant. Let Õa,q be the quadratic order of
discriminant 1∗a,q . As we noted in Section 4, the isogeny class I(Fq , a) is the union
of strata S = I(Fq , a,O), where the orders O ⊆ Õa,q have discriminant f 21∗a,q
for the divisors f of fa,q . The curves in S have relative conductor fa,q / f , and the
number of curves in S is equal to h(O). If we let χ denote the quadratic character
modulo 1∗a,q , then

h(O)= f h(1∗a,q)
∏
` | f

(
1−

χ(`)

`

)
.

Thus, ∑
E∈I(Fq ,a)

frel(E)=
∑

f | fa,q

fa,q

f
f h(1∗a,q)

∏
` | f

(
1−

χ(`)

`

)

= fa,q h(1∗a,q)
∑

f | fa,q

∏
` | f

(
1−

χ(`)

`

)
.

Lemma 4.4 tells us that h(1)� |1|1/2 log|1| for all fundamental discriminants
1 < 0. Combining this with the fact that | f 2

a,q1
∗
a,q | = 4q − a2 < 4q we see that

there is a constant c such that for all q and a we have∑
E∈I(Fq ,a)

frel(E) < cq1/2(log q)A(fa,q),

where A is the arithmetic function defined by

A(n)=
∑
d | n

∏
` | d

(
1+

1
`

)
=

∑
d | n

ψ(d)
d

.

Additionally, if the generalized Riemann hypothesis is true we can use Lemma 4.4
to find that there is a constant c′ such that for all q and a we have∑

E∈I(Fq ,a)

frel(E) < c′q1/2
|log log q|A(fa,q).

Thus, to prove the lemma it will suffice to show that we have∑
1≤a≤2

√
q

gcd(a,q)=1

A(fa,q)� q1/2 log q for all q. (5)
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Note that the sum on the left side of (5) is equal to∑
1≤a≤2

√
q

gcd(a,q)=1

∑
d | fa,q

ψ(d)
d
=

∑
1≤d≤2

√
q

ψ(d)
d

#
{
a : 1≤ a ≤ 2

√
q, gcd(a, q)= 1, d | fa,q

}
.

If d | fa,q then a2
≡ 4q mod d2, so let us first consider, for a fixed d , estimates for

the number of a in the interval
[
1, 2
√

q
]

with a2
≡ 4q mod d2.

We have

#
{
a : 1≤ a ≤ 2

√
q, a2

≡ 4q mod d2}
≤ #

{
a : 1≤ a ≤ d2⌈2

√
q/d2⌉, a2

≡ 4q mod d2}
=
⌈

2
√

q/d2⌉#
{
a : 1≤ a ≤ d2, a2

≡ 4q mod d2}.
Thus, if we let Bq denote the multiplicative arithmetic function given by

Bq(n)= #
{
a : 1≤ a ≤ n2, a2

≡ 4q mod n2}
then we have∑
1≤a≤2

√
q

gcd(a,q)=1

A(fa,q)≤
∑

d≤2
√

q
gcd(d,q)=1

ψ(d)
d

#
{
a : 1≤ a ≤ 2

√
q, gcd(a, q)= 1, d | fa,q

}

≤

∑
d≤2
√

q
gcd(d,q)=1

ψ(d)
d

⌈
2
√

q/d2⌉Bq(d)

≤

∑
d≤2
√

q
gcd(d,q)=1

2
√

q
d2

ψ(d)
d

Bq(d)+
∑

d≤2
√

q
gcd(d,q)=1

ψ(d)
d

Bq(d). (6)

If ` is a prime that does not divide q and if e > 0 then

Bq(`
e)≤

{
2 if ` 6= 2
8 if `= 2,

so
ψ(d)

d
Bq(d)≤ 4C(d)

for all d coprime to q, where C is the function from Lemma 6.5. For every ε > 0
we have C(d)� dε for all d , so

∑
d≤2
√

q
gcd(d,q)=1

1
d2

ψ(d)
d

Bq(d)≤ 4
∑

d≤2
√

q
gcd(d,q)=1

C(d)
d2 ≤ 4

∞∑
d=1

C(d)
d2 <∞ for all q. (7)
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This shows that the first term on the right side of (6) is�
√

q for all q. To bound
the second term on the right side of (6), we compute that∑

d≤2
√

q
gcd(d,q)=1

ψ(d)
d

Bq(d)≤ 4
∑

d≤2
√

q

C(d)� q1/2 log q for all q, (8)

by Lemma 6.5. Combining (6) with (7) and (8) proves (5), and completes the proof
of the lemma. �

7. Ordinary split isotypic surfaces

In this section we will prove Proposition 3.2. As in the preceding section, we state
several lemmas which lead to a quick proof of the proposition. Lemma 7.1 follows
from Lemma 6.4. We postpone the proofs of Lemmas 7.2, 7.3, and 7.4 until the
end of the section.

Lemma 7.1. For every ordinary E/Fq and positive integer n we have∑
E ′∼E

# Isom−1(E, E ′, n)≤ 2ψ(n) frel(E)
∑

E ′∼E

frel(E
′). �

Lemma 7.2. Let E/Fq be an elliptic curve and let C/Fq be a smooth genus-2 curve
with Jac C ∼ E2. Then there is a finite morphism C→ E of degree at most

√
2q. If

E is supersingular with all endomorphisms defined over Fq , then there is a finite
morphism C→ E of degree at most q1/4.

Lemma 7.3. We have ∑
n≤x

ψ(n)=
15

2π2 x2
+ O(x log x).

For every pair of isogenous curves E and E ′ over Fq , we let s(E, E ′) denote the
degree of the smallest isogeny from E to E ′.

Lemma 7.4. Let E/Fq be an ordinary elliptic curve with frel(E)= 1, and let S be
a stratum of curves isogenous to E. Then∑

E ′∈S

1
s(E, E ′)2

<
ζ(3)

frel(S)2
,

where ζ is the Riemann zeta function.

Proof of Proposition 3.2. Proposition 3.2 gives an upper bound on the number
of principally polarized abelian surfaces isogenous to the square of an ordinary
elliptic curve. We would like to instead consider Jacobians. This requires that
we first dispose of those principally polarized surfaces that are not Jacobians of
smooth curves; according to [González et al. 2005, Theorem 3.1, p. 270], these
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are the polarized surfaces that are products of elliptic curves with the product
polarization, together with the restrictions of scalars of polarized elliptic curves over
the quadratic extension of our base field. But the restriction of scalars of an elliptic
curve over Fq2 with trace of Frobenius b is an abelian surface over Fq with Weil
polynomial x4

−bx2
+q2, and such a surface is never isogenous to the square of an

ordinary elliptic curve, because in that case its Weil polynomial would have to be
(x2
−ax+q)2, where a is coprime to q . Therefore, to dispose of the non-Jacobians,

we need only consider products of elliptic curves, with the product polarization.
The number of elliptic curves in an ordinary isogeny class with trace of Frobenius

equal to a is equal to the Kronecker class number H(a2
− 4q) of the discriminant

a2
−4q (see [Schoof 1987, Theorem 4.6, pp. 194–195]). From Lemma 4.4 we know

that H(1)�|1|1/2 log|1|(log log|1|)2 for all negative discriminants1. Therefore
the number of product surfaces E × E ′ with E and E ′ both in a fixed ordinary
isogeny class over Fq is � q(log q)2(log log q)4; summing over isogeny classes,
we find that the number of product surfaces E × E ′ with E and E ′ ordinary and
isogenous to one another is� q3/2(log q)2(log log q)4. Thus, the contribution of
the non-Jacobians to the ordinary split isotypic polarized surfaces is much less than
the bound claimed in Proposition 3.2. (Of course, for present purposes, it suffices to
observe that the number of non-Jacobians is bounded by the square of the number of
elliptic curves over Fq ; but the estimate provided here is closer to the actual truth.)

Fix an integer a with |a| ≤ 2
√

q and gcd(a, q) = 1, and let Ea be an elliptic
curve over Fq with a(E)= a and with End Ea ∼=Oa,q , so that frel(Ea)= 1. Suppose
C is a curve over Fq whose Jacobian is isogenous to E2

a . By Lemma 7.2 there is
a morphism from C to Ea of degree at most

√
2q. We can write this map as a

composition of a minimal map C→ E (see Section 5) with an isogeny E→ Ea ,
and it follows that the degree of the minimal map C→ E is at most

√
2q/s(E, Ea).

If we let Na denote the number of genus-2 curves with Jacobians isogenous to E2
a ,

we find that

Na ≤
∑

E∼Ea

#
{
C with minimal maps to E of degree at most

√
2q/s(E, Ea)

}
≤

∑
E∼Ea

∑
n≤
√

2q/s(E,Ea)

∑
E ′∼E

# Isom−1(E, E ′, n)

≤

∑
E∼Ea

∑
n≤
√

2q/s(E,Ea)

2ψ(n) frel(E)
∑

E ′∼E

frel(E
′) (9)

= 2
( ∑

E ′∼Ea

frel(E
′)

) ∑
E∼Ea

frel(E)
∑

n≤
√

2q/s(E,Ea)

ψ(n)

�

( ∑
E ′∼Ea

frel(E
′)

) ∑
E∼Ea

frel(E)
2q

s(E, Ea)2
for all a and q. (10)
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Here (9) follows from Lemma 7.1 and (10) follows from Lemma 7.3. Now we group
the curves E isogenous to Ea by their strata. Recall that we have a2

−4q= f2a,q 1
∗
a,q ,

and that the strata of curves isogenous to Ea are indexed by the divisors f of fa,q .
We find that

Na � q
( ∑

E ′∼Ea

frel(E
′)

) ∑
S∼Ea

frel(S)
∑
E∈S

1
s(E, Ea)2

for all a and q

� q
( ∑

E ′∼Ea

frel(E
′)

) ∑
f | fa,q

1
f

for all a and q (11)

� q
( ∑

E ′∼Ea

frel(E
′)

)
|log log q| for all a and q, (12)

where (11) follows from Lemma 7.4 and (12) follows from the asymptotic upper
bound [Hardy and Wright 1968, Theorem 323, p. 266]

eγ = lim sup
n>0

∑
d | n d

n log log n
= lim sup

n>0

∑
d | n d/n

log log n
= lim sup

n>0

∑
d | n 1/d

log log n
.

Recall that Xq is the number of principally polarized ordinary split isotypic
abelian surfaces over Fq . Then Xq is the sum over all a coprime to q of the Na

(together with the negligible contribution from those abelian surfaces that are
isomorphic, as principally polarized abelian varieties, to products of isogenous
elliptic curves), and we find that

Xq � q|log log q|
( ∑

ordinary E/Fq

frel(E)
)

for all q.

Proposition 3.2 then follows from Lemma 6.3. �

Proof of Lemma 7.2. Choose a divisor of degree 1 on C, and let L be the additive
group of morphisms from C to E that send the given divisor to the identity of E . Let
E be the base extension of E from Fq to the function field F of C. The Mordell–Weil
lattice of E over F is the group E(F)/E(Fq) provided with the pairing coming
from the canonical height. The natural map L→ E(F)/E(Fq) is a bijection, and the
quadratic form on L obtained from the height pairing on E(F) is twice the degree
map (see [Silverman 1994, Theorem III.4.3, pp. 217–218]). Let a = a(E), and let
π and π be the roots in C of the characteristic polynomial of Frobenius for E , so
that π +π = a. The Birch and Swinnerton-Dyer conjecture for constant elliptic
curves over function fields (proved by Milne [1968, Theorem 3, pp. 100–101])
shows that the determinant of the Mordell–Weil lattice is a divisor of{

(π −π)4 = (a2
− 4q)2 if π 6= π ,

q2 if π = π;
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note that π = π if and only if E is supersingular with all of its endomorphisms
rational over Fq .

The Z-rank of L is twice the Z-rank of End E . If π 6= π , so that End E is an
imaginary quadratic order, then L is a Z-module of rank 4. Applying [Cassels 1978,
Theorem 12.2.1, p. 260] we find that there is a nonzero element of L of degree
at most

1
2γ4|a2

− 4q|1/2,

where γ4 is the Hermite constant for dimension 4. Using the fact that γ4 =
√

2 (see
[Hermite 1850]), we obtain the bound in the lemma.

If π = π then End E is an order in a quaternion algebra and L is a Z-module of
rank 8. We find that there is a nonzero element of L with degree at most

1
2γ8q1/4.

The value of γ8 was determined by Blichfeldt [1935] to be 2, so there is a map
from C to E of degree at most q1/4. �

Proof of Lemma 7.3. First we note that

ψ(n)=
∑
d | n

|µ(d)|
n
d
,

where µ is the Möbius function. Then, arguing as in the proof of [Apostol 1976,
Theorem 3.7, p. 62], we see that∑

n≤x

ψ(n)=
∑
d,q

dq≤x

|µ(d)|q =
∑
d≤x

|µ(d)|
∑

q≤x/d

q

=

∑
d≤x

|µ(d)|
(

1
2

(
x
d

)2

+ O
(

x
d

))

=
1
2

x2
∑
d≤x

|µ(d)|
d2 + O

(
x
∑
d≤x

1
d

)
=

1
2

cx2
+ O(x log x),

where

c =
∞∑

d=1

|µ(d)|
d2 =

∏
`

(
1+

1
`2

)
=

∏
`

(1− 1/`4)

(1− 1/`2)
=
ζ(2)
ζ(4)
=

15
π2 . �

Proof of Lemma 7.4. Let O = OS be the order corresponding to the stratum S.
We claim that there is an elliptic curve Ẽ in S and an isogeny f : E → Ẽ with
the property that every isogeny from E to an elliptic curve in S factors through f .
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One way to see this is via the theory of Deligne modules [Deligne 1969; Howe
1995]. If we let π be the Frobenius for E and let K be the quadratic field Q(π),
then the Deligne modules of the elements of S can be viewed as lattices in K with
endomorphism rings equal to O, while the Deligne module for E can be viewed as a
lattice 3⊂ K with End3= Z[π ]. The curve Ẽ is the elliptic curve corresponding
to the Deligne module 3⊗O, and the isogeny f corresponds to the inclusion
3⊂3⊗O. In particular, we see that the degree of f is equal to frel(S).

The isogenies from Ẽ to the other elements of S correspond to the invertible ideals
a ⊂ O, with different ideals giving rise to different isogenies. Let a1, . . . , an be
the (distinct) ideals corresponding to the smallest isogenies from Ẽ to the elements
of S, where n = #S. Then

∑
E ′∈S

1
s(E, E ′)2

=

n∑
i=1

1
frel(S)2 N (ai )2

<
1

frel(S)2
∑
all a

1
N (a)2

,

where the final sum is over all invertible ideals a⊆O; that is, the final sum is equal
to ζO(2), where ζO is the zeta function for the order O.

Kaneko [1990, Proposition, p. 202] gives an explicit formula for ζO(s) in terms
of the zeta function for K and the conductor of O. It is not hard to check that
for real s > 1 the Euler factor at ` for ζO(s) is bounded above by 1/(1− `1−2s),
so that ζO(s) < ζ(2s − 1), where ζ is the Riemann zeta function. In particular,
ζO(2) < ζ(3), and the lemma follows. �

8. Almost ordinary split surfaces

In this section we prove Proposition 3.3, which gives an upper bound on the number
of principally polarized almost ordinary split abelian surfaces. We base the proof
on two lemmas, which we prove at the end of the section.

Lemma 8.1. Let E0 be a supersingular elliptic curve over a finite field Fq , with q
a square, and suppose the Frobenius endomorphism on E0 is equal to multiplication
by s, where s2

= q. Let S be a stratum of ordinary elliptic curves over Fq , and
suppose n is a positive integer such that Isom−1(E0,S, n) is nonempty. Then

(a) the integer n is coprime to q,

(b) the relative conductor frel(S) is divisible by n, and

(c) the trace a(S) satisfies 4a(S)≡ 8s mod n2.

Lemma 8.2. We have ∑
n≤x

ψ(n)
n
=

15
π2 x + O(log x).
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Proof of Proposition 3.3. In analogy with Section 6, we will bound the number Yq

of principally polarized almost ordinary split abelian surfaces over Fq by estimating
the number of surfaces obtained by gluing a supersingular E0 to an ordinary E
along their n-torsion subgroups. The methods we use will depend on whether or
not E0 has all of its endomorphisms defined over Fq . Let Yq,1 denote the number
of principally polarized surfaces we get from E0 with all of the endomorphisms
defined, and let Yq,2 denote the number we get from E0 with not all endomorphisms
defined. We will show that Yq,1 and Yq,2 each satisfy the bound of Proposition 3.3.

First let us bound Yq,1; that is, we consider the case where all of the endomor-
phisms of E0 are defined over Fq . In this case, q is a square and the characteristic
polynomial of E0 is (T − 2s)2, where s2

= q; furthermore, [Schoof 1987, Theo-
rem 4.6, pp. 194–195] tells us that there are

1
12

(
p+ 6− 4

(
−3
p

)
− 3

(
−4
p

))
≤

√
q

2

such curves for each of the two possible values of s, so at most
√

q curves in total.
Fix such an E0 and fix an integer n > 0. Suppose S is an ordinary stratum of

elliptic curves over Fq such that Isom−1(E0,S, n) is nonempty. If n is even let
m = n

2 ; otherwise let m = n. We see from Lemma 8.1 that the trace a(S) of S
is an integer congruent to 2s modulo m2, but not equal to 2s. The number of
such integers a in the Weil interval is at most

⌊
4
√

q/m2
⌋

.
Given such an integer a, write a2

−4q = f2a,q 1
∗
a,q for a fundamental discriminant

1∗a,q . Let χ be the quadratic character modulo1∗a,q , and for each divisor d of fa,q /n
let Sd be the stratum S with a(S)= a and f(S)= d . Using Lemma 6.4 we find that∑

E∈I(Fq ,a)

# Isom−1(E0[n], E[n])=
∑
S with

a(S)=a
and n | frel(S)

# Isom−1(E0,S, n)

=

∑
d | (fa,q /n)

# Isom−1(E0,Sd , n)

≤ 2
∑

d | (fa,q /n)

ψ(n)h(OSd )n
2

= 2ψ(n)n2 H
(

a2
− 4q
n2

)
,

where H(x) is the Kronecker class number. Thus,∑
E∈I(Fq ,a)

# Isom−1(E0[n], E[n])

�

{
2ψ(n)nq1/2(log q)(log log q)2 for all a and q , unconditionally,
2ψ(n)nq1/2

|log log q|3 for all a and q , under GRH.
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Conditions on q Conditions on p a(S) 1(OS) frel(S) #S

q nonsquare — 0 −4p
√

q/p h(−4p)

p ≡ 3 mod 4 0 −p 2
√

q/p h(−p)

p = 2 ±
√

2q −4
√

q/2 1

p = 3 ±
√

3q −3
√

q/3 1

q square — 0 −4
√

q 1− (−4/p)

— ±
√

q −3
√

q 1− (−3/p)

Table 1. The supersingular strata S over Fq with not all endomor-
phisms defined over Fq . Here q is a power of a prime p.

Summing over the
⌊

4
√

q/m2
⌋

possible values of a for a given n, and then summing
over the possible n < 4

√
q, and then summing over the possible curves E0, we

find that

Yq,1� q3/2(log q)(log log q)2
4
√

q∑
n=1

ψ(n)
n
� q2(log q)(log log q)2 for all q.

If the generalized Riemann hypothesis holds, we get the better bound

Yq,1� q2
|log log q|3 for all q.

Now we turn to estimating Yq,2, the number of principally polarized split surfaces
isogenous to a surface of the form E0× E , where E is ordinary and E0 is super-
singular with not all endomorphisms defined. Using [Schoof 1987, Theorems 4.2,
4.3, and 4.5, pp. 194–195], we find that the possible strata of such curves E0 are
as listed in Table 1.

Let E0 be a supersingular curve with not all endomorphisms defined. If we are
to glue E0 to an ordinary elliptic curve E along the n-torsion of the two curves,
then n must be coprime to q . In that case, the greatest common divisor of frel(E0)

and n is either 1 or 2, as we see from Table 1. It follows from Lemma 6.4 that for
every ordinary stratum S we have

# Isom−1(E0,S, n)≤ 8ψ(n)h(OS),

so the total number of curves obtained from gluing E0 to an ordinary elliptic curve
is bounded by

8
∑

ordinary S

h(OS)
∑

n | (a(S)−a(E0))

ψ(n)� q1/2(log log q)2
∑

ordinary S

h(OS) for all q
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by Lemma 6.2. This last sum is simply the number of ordinary elliptic curves
over Fq , which (one shows) is at most 2q + 4, so the number of curves obtained
as above from a fixed E0 is� q3/2(log log q)2 for all q .

If q is a square there are at most 6 possible E0, and we find that

Yq,2� q3/2(log log q)2 for all square q.

If q is not a square, then Lemma 4.4 shows that the number of possible E0 is
� q1/2 log q for all q unconditionally, and � q1/2

|log log q| for all q under the
generalized Riemann hypothesis. This leads to

Yq,2�

{
q2(log q)(log log q)2 for all q , unconditionally,
q2
|log log q|3 for all q , under GRH,

and completes the proof of Proposition 3.3. �

Proof of Lemma 8.1. Since Isom−1(E0,S, n) is nonempty, there is an E ∈ S with
E0[n] ∼= E[n]. The p-torsion of E0 is a local-local group scheme, while E[p] has
no local-local part, so n must not be divisible by p. This proves (a).

Lemma 6.4 shows that gcd(n, frel(E0))= gcd(n, frel(S)). Since frel(E0)= 0, we
find that n | frel(S). This proves (b).

Let a = a(S). From (b) we know that a2
− 4q ≡ 0 mod n2, and we also know

that a ≡ a(E0)= 2s mod n. Since a− 2s ≡ 0 mod n we have

0≡ a2
− 4as+ 4s2

≡ 4s2
− 4as+ 4s2

≡ 8s2
− 4as mod n2.

Since s is coprime to n by (a), we can divide through by s to obtain (c). �

Proof of Lemma 8.2. The proof is quite similar to that of Lemma 7.3. We have∑
n≤x

ψ(n)
n
=

∑
d,q

dq≤x

|µ(d)|
d
=

∑
d≤x

|µ(d)|
d

⌊x
d

⌋

= x
∑
d≤x

|µ(d)|
d2 + O(log x)= cx + O(log x),

where c =
∑
∞

d=1|µ(d)|/d
2
= 15/π2. �

9. Supersingular split surfaces

In this section we prove Proposition 3.4, which gives a bound on the number Zq of
principally polarized supersingular split abelian surfaces over Fq .

We must first introduce some terminology and some background results. Let A
be an abelian surface over a finite field Fq of characteristic p, and let αp denote the
(unique) local-local group scheme of rank p over Fq . The a-number of A is the
dimension of the Fq -vector space Hom(αp, A). If A has a-number 2 then A is called
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superspecial; all superspecial surfaces over Fq are geometrically isomorphic to one
another, and they are all geometrically isomorphic to the square of a supersingular
elliptic curve. A supersingular surface A has a-number equal to either 1 or 2; if the
a-number is 1, then A has a unique local-local subgroup scheme of rank p, and the
quotient of A by this subgroup scheme is a superspecial surface.

Let Ass
2 denote the supersingular locus of the coarse moduli space of principally

polarized abelian surfaces. Koblitz [1975, p. 193] shows that the only singularities
of Ass

2 are at the superspecial points, and from [Oort 1974, Proof of Corollary 4.7,
p. 117] we know that each irreducible component of Ass

2,Fp
is a curve of genus 0. Also,

every component contains a superspecial point. Therefore, the nonsuperspecial
locus of Ass

2,Fp
is a disjoint union of components, each of which is isomorphic to an

open affine subset of A1.
Moreover, the number of irreducible components of Ass

2,Fp
is equal to the class

number H2(1, p) of the nonprincipal genus of Q2
p,∞ (see [Katsura and Oort 1987,

Theorem 5.7, p. 133]). Hashimoto and Ibukiyama [1981] (see also [Ibukiyama et al.
1986, Remark 2.17, p. 147]) provide a formula for H2(1, p) which shows both that
H2(1, p)= 1

2880 p2
+ O(p) and that H2(1, p)≤ 1

4 p2 for all p.
For convenience, we also state the following lemma.

Lemma 9.1. Let (A, λ) be a principally polarized abelian surface over Fq that has
a model over Fq . Then the number of distinct Fq-rational models of (A, λ) is at
most 1152.

Proof. The size of the automorphism group of a principally polarized abelian
surface over a finite field is bounded by 1152 (by 72, if the characteristic is greater
than 5); for Jacobians, this follows from Igusa’s enumeration [1960, §8] of the
possible automorphism groups, and for products of polarized elliptic curves and
for restrictions of scalars of elliptic curves it is an easy exercise. (We know from
[González et al. 2005, Theorem 3.1, p. 270] that every principally polarized abelian
surface is of one of these three types.) By [Brock and Granville 2001, Lemma 7.2,
pp. 85–86], the number of Fq -rational forms of such a polarized surface is bounded
by this same number. �

With these preliminaries out of the way, we may proceed to the proof of
Proposition 3.4. The proof splits into cases, depending on whether or not the
base field is a prime field. First we consider the case where q ranges over the set of
primes p.

We may assume that p > 3. In that case, we see from Table 1 that there is only
one isogeny class of supersingular elliptic curves, the isogeny class I(Fp, 0) of
trace-0 curves, which consists of 1 or 2 strata.

Pick a trace-0 elliptic curve E0/Fp whose endomorphism ring has discrimi-
nant −4p. If (A, λ) is a principally polarized abelian surface over Fp with A
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isogenous to E2
0 , then either A is a product of elliptic curves with the prod-

uct polarization, or A is the restriction of scalars of an elliptic curve over Fp2

with trace −2p, or A is the Jacobian of a curve C. (See [González et al. 2005,
Theorem 3.1, p. 270].) The number of elliptic curves in I(Fp, 0) is H(−4p);
using Lemma 4.4 we see that the number of products of such elliptic curves is
� p(log p)2(log log p)4 � p2 for all primes p. The number of supersingular
elliptic curves over Fp2 with trace −2p is equal to the number of supersingular
j-invariants, which is 1

12 p+ O(1); therefore the number of restrictions of scalars
of such curves is� p. Thus, we may focus our attention on the case where (A, λ)
is the Jacobian of a curve C.

In this case, we know from Lemma 7.2 that C has a map of degree at most
√

2p < p to E0, so C has a minimal map of degree at most p to a curve E
in I(Fp, 0). We see that the polarized variety (A, λ) can be obtained by gluing
together two elliptic curves E and E ′ in I(Fp, 0) along their n-torsion, for some
n < p. It follows that the a-number of A is 2, so A is superspecial. By [Ibukiyama
and Katsura 1994, Remark 3, p. 41], the number of principally polarized superspecial
abelian surfaces over Fp which admit a model over Fp is� ph(−p), which in turn
is� p3/2(log p)|log log p| by Lemma 4.4. By Lemma 9.1, we get the same bound
for the number of superspecial curves over Fp. This shows that Proposition 3.4
holds as q ranges over the set of primes.

Now we let q range over the set of proper prime powers. Let q = pe for some
prime p and e> 1. First we bound the number of principally polarized superspecial
split surfaces.

By [Ibukiyama and Katsura 1994, Theorem 2, p. 41], the total number of super-
special curves over Fq is equal to the class number H2(1, p) ≤ 1

4 p2 mentioned
above, so by Lemma 9.1 there are at most 1152

4 p2
= 288p2 superspecial curves

over Fq . Similarly, the number of supersingular j-invariants is 1
12 p+ O(1), so the

number of distinct products of polarized supersingular elliptic curves over Fq is
also bounded by a constant times p2; by Lemma 9.1, this shows that the number
of principally polarized superspecial split abelian surfaces over Fq that are not
Jacobians is� p2. Since q ≥ p2, the number of principally polarized superspecial
split surfaces is� q .

We are left with the task of estimating the number of nonsuperspecial super-
singular split curves over Fq . To do this, we appeal to a moduli space argument.
As noted above, the coarse moduli space of nonsuperspecial supersingular curves
is geometrically a union of 1

2880 p2
+ O(p) components, each one an open sub-

variety of A1. Thus, the number of Fq-rational points on this moduli space is at
most 1

2880 p2q + O(pq). By Lemma 9.1, each rational point on the moduli space
corresponds to at most 1152 curves over Fq , so there are� p2q � q2 principally
polarized supersingular split abelian surfaces over Fq . �
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10. A lower bound for the number of split surfaces

In this section we prove Proposition 3.5.
Let ` be a prime coprime to q . We say that two elliptic curves E and F over Fq

are of the same symplectic type modulo ` if (in the notation of Section 5) the set
Isom1(E[`], F[`]) is nonempty, that is, if there is an isomorphism E[`]→ F[`] of
group schemes that respects the Weil pairing. Clearly, if E and F have the same
symplectic type modulo ` then their traces of Frobenius are congruent modulo `, so
for each residue class modulo `, the elliptic curves whose traces lie in that residue
class are distributed among some number of symplectic types.

Lemma 10.1. Let ` be an odd prime coprime to q and let a ∈ Z/`.

(a) If a2
6≡ 4q mod ` then all elliptic curves E/Fq with a(E)≡ a mod ` are of the

same symplectic type.

(b) If a2
≡ 4q mod `, there are at most three symplectic types of elliptic curves

with trace congruent to a. If we fix an `-th root of unity ζ ∈ Fq , these three
types are determined as follows:

1. Those E for which Frobenius acts as an integer on E[`].
2. Those E for which Frobenius does not act as an integer on E[`], and for

which the Weil pairing e(P,FrE(P)) is of the form ζ x with x ∈ (Z/`)×

a square for all P ∈ E[`](Fq) with FrE(P) 6= a
2 P.

3. Those E for which Frobenius does not act as an integer on E[`], and for
which the Weil pairing e(P,FrE(P)) is of the form ζ x with x ∈ (Z/`)×

a nonsquare for all P ∈ E[`](Fq) with FrE(P) 6= a
2 P.

Corollary 10.2. For each odd ` coprime to q, there are at most `+ 4 symplectic
types of elliptic curves modulo ` over Fq . �

Proof of Lemma 10.1. Let E be an elliptic curve over Fq and let G be the auto-
morphism group of E[`]. In Section 5 we defined a map m : G → Aut µ`. If
a2
6≡ 4q mod ` then m is surjective, so there is an isometry between E[`] and F[`]

for any two curves E and F of trace a. Likewise, if Frobenius acts as a constant on
E[`] then m is surjective, so if Frobenius acts as a

2 on E[`] and F[`] then there is
an isometry between those two group schemes.

On the other hand, if Frobenius does not act semisimply then the image of m is
a coset of a subgroup of index 2, that is, a coset of the subgroup of squares, and is
an isometry between E[`] and F[`] for two such curves E and F if and only if the
image of m is the same for both of them. �

Lemma 10.3. Let ` be a prime coprime to q and with `≡ 1 mod 4. If two elliptic
curves E and F over Fq have the same symplectic type modulo `, then there are at
least `− 1 elements of Isom−1(E[`], F[`]).
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Proof. Since E and F have the same symplectic type modulo ` there is an isometry
η : E[`] → F[`]. Let b be an integer with b2

≡ −1 mod `. Then bη is an anti-
isometry, so Isom−1(E[`], F[`]) is nonempty. From Proposition 4.3 we know that
# Aut E[`] ≥ (`− 1)2, so # Isom1(E[`], E[`]) is at least `− 1, and it follows that
there are at least this many elements of Isom−1(E[`], F[`]). �

Proof of Proposition 3.5. Let c be a constant such that

H(1) < c|1|1/2 log|1|(log log|1|)2

for all negative discriminants 1; such a constant exists by Lemma 4.4. We will
show that for every prime ` 6= p with `≡ 1 mod 4 and with

` <
q1/2

1600c2(log q)2(log log q)4
(13)

there are more than 2
5q2 triples (E1, E2, η), where E1 and E2 are nonisogenous

ordinary elliptic curves over Fq and η : E1[`]→ E2[`] is an anti-isometry. Dirichlet’s
theorem shows that there are constants c′ ≥ 13, c′′ > 0 such that when q ≥ c′ the
number of such primes ` is at least

c′′q1/2

(log q)3(log log q)4
,

so for q ≥ c′ we will have at least

c′′q5/2

5(log q)3(log log q)4

distinct principally polarized abelian surfaces, thus proving the unconditional part
of Proposition 3.5.

Let ` be a prime as above, let t ≤ `+ 4 be the number of symplectic types of
curves modulo `, and let S1, . . . , St be the sets of ordinary curves of the t different
symplectic types. We would like to count the number of pairs of curves (E1, E2)

where E1 and E2 are not isogenous to one another but are of the same symplectic
type. The number of ordered pairs (E1, E2) where E1 and E2 are of the same type is

t∑
i=1

(#Si )
2.

This sum is minimized when the elliptic curves are evenly distributed across the
symplectic types. It is easy check that when q ≥ 13 there are always at least 5

3q
ordinary elliptic curves over Fq , so we see that

t∑
i=1

(#Si )
2
≥ t
(

5q
3t

)2

≥
25q2

9(`+ 4)
≥

125q2

81`
>

3q2

2`
.
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On the other hand, the number of ordered pairs (E1, E2) of ordinary elliptic
curves that are isogenous to one another is∑

−2
√

q<a<2
√

q
gcd(a,q)=1

H(a2
− 4q)2.

Using Lemma 4.4 and the definition of c, we see that each summand is at most

c2(4q)(log(4q))2(log log(4q))4 < 400c2q(log q)2(log log q)4,

so the number of such ordered pairs is at most

1600c2q3/2(log q)2(log log q)4 ≤ q2/`.

Thus, the number of ordered pairs (E1, E2) of nonisogenous curves that have the
same symplectic type is at least 1

2(q
2/`). By Lemma 10.3, this gives us more than

1
2(`−1)q2/`> 2

5q2 triples (E1, E2, η) where E1 and E2 are nonisogenous ordinary
elliptic curves and η : E1[`] → E2[`] is an anti-isometry, as we wanted.

If the generalized Riemann hypothesis holds, we modify our argument as follows.
We take c to be a constant such that

H(1) < c|1|1/2(log log|1|)3

for all negative discriminants 1, and consider primes `≡ 1 mod 4 bounded by

` <
q1/2

1600c2(log log q)6

instead of by (13). Again we find that for each such ` we have more than 2
5q2

triples (E1, E2, η), where E1 and E2 are nonisogenous ordinary elliptic curves and
η : E1[`] → E2[`] is an anti-isometry. Dirichlet’s theorem then leads to the desired
estimate for Wq . �

11. Numerical data, evidence for Conjecture 1.1, and further directions

In this section we present summaries of some computations that help give some
indication of the behavior of several of the quantities that we study and provide
bounds for, and we give some evidence that seems to support Conjecture 1.1. We
close with some thoughts about possible extensions of our results.

11.1. The sum of the relative conductors. In Section 6 we proved Proposition 3.1,
which gives an upper bound on the number of principally polarized ordinary split
nonisotypic abelian surfaces over a finite field Fq . The key to the argument is
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Lemma 6.3, which gives an upper bound for the sum of the relative conductors of
the ordinary elliptic curves over Fq . The lemma shows that there is a constant c
such that for all q this sum is at most cq(log q)2. However, we suspect that the sum
of the relative conductors grows more slowly than this; it is perhaps even O(q).

We computed this sum for all prime powers q less than 107. For q in the range
(103, 104), the sum lies between 2.07q and 4.27q; for q in the range (104, 105),
the sum lies between 2.14q and 3.95q; for q in the range (105, 106), the sum lies
between 2.09q and 3.82q; and for q in the range (106, 107), the sum lies between
2.10q and 3.77q . Note that as q ranges through these successive intervals, the upper
bound on 1/q times the sum of the relative conductors decreases; this is why we
are tempted to suspect that the sum of the relative conductors is O(q).

11.2. The probability that a principally polarized abelian surface is split. If S is
a finite collection of geometric objects having finite automorphism groups, we
define the weighted cardinality # ′S of S by

# ′S =
∑
s∈S

1
# Aut s

.

It is well known that the weighted cardinality can lead to cleaner formulas than
the usual cardinality. For instance, the weighted cardinality of the set of genus-2
curves over Fq is equal to q3 [Brock and Granville 2001, Proposition 7.1, p. 87]. A
principally polarized abelian surface over a field is either a Jacobian, a product of
polarized elliptic curves, or the restriction of scalars of a polarized elliptic curve
over a quadratic extension of the base field [González et al. 2005, Theorem 3.1,
p. 270]. One can show that the weighted cardinality of the set of products of
polarized elliptic curves over Fq is 1

2q2, as is the weighted cardinality of the set of
restrictions of scalars. Thus, if we let A2 denote the moduli stack of principally
polarized abelian surfaces, then

# ′A2(Fq)= q3
+ q2.

For each prime power q we let

cq =

√
q · # ′A2,split(Fq)

# ′A2(Fq)
=

√
q · # ′A2,split(Fq)

q3+ q2 .

For all primes q < 300 and for q = 521 we computed the exact value of cq by direct
enumeration of curves and computation of zeta functions. For q ∈ {1031, 2053,
4099, 16411, 65537} (the smallest primes greater than 2i for i = 10, 11, 12, 14, 16)
we computed approximations to cq by randomly sampling genus-2 curves (with
probability inversely proportional to their automorphism groups), and then adjusting
the probabilities to account for the non-Jacobians. We computed enough examples
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1.0 1.2 1.4 1.6 1.8 2.0 2.2 2.4

0.80

0.81

0.82

0.83

0.84

log log q

cq

Figure 1. The values of cq for the primes q with 17 ≤ q ≤ 293,
together with q ∈ {521, 1031, 2053, 4099, 16411, 65537}. The
values of cq for the five largest q were computed experimentally;
the error bars indicate one standard deviation.

for each of these q to determine cq with a standard deviation of less 0.0005. The
result of the computations is displayed in Figure 1; the (almost invisible) error
bars on the rightmost five data points indicate the standard deviation. Note that the
horizontal axis is log log q; even so, the graph looks sublinear. This encourages us
to speculate that perhaps the cq are bounded away from 0 and∞.

11.3. Reductions of a fixed surface. Let A/K be a principally polarizable abelian
surface over a number field such that the absolute endomorphism ring EndK A
is isomorphic to Z, and recall the counting function πsplit(A/K , z) introduced in
Section 1. Conjecture 1.1 states that πsplit(A/K , z)∼ CA

√
z/ log z; we tested this

against actual data on the splitting behavior of a particular surface A over Q.
Let A be the Jacobian of the curve over Q with affine model y2

= x5
+ x + 6.

Using the methods of [Harvey and Sutherland 2016], Andrew Sutherland computed
for us the primes p < 230 for which the mod-p reduction of A is split, thereby
giving us the exact value of πsplit(A/Q, z) for all z ≤ 230. We numerically fit
curves of the form a

√
z/(log z)b and of the form c

√
z/ log z to this function. For

curves of the form a
√

z/(log z)b, the best-fitting exponent b was b ≈ 1.02269,
reasonably close to our conjectural value of 1. For curves of the form c

√
z/ log z,



72 Jeffrey D. Achter and Everett W. Howe

0 2 · 108 4 · 108 6 · 108 8 · 108 1 · 109

0

2,000

4,000

6,000

z

π
sp

lit
(
A
/
Q
,

z)

Figure 2. The blue curve plots the function πsplit(A/Q, z) for the
Jacobian A of the curve y2

= x5
+ x + 6 over Q. The red curve is

c
√

z/ log z, with c ≈ 4.4651.

the best-fitting constant c was c ≈ 4.4651. In Figure 2 we present the actual data
(in blue) alongside the best-fitting function c

√
z/ log z (in red); the figure shows

that the idealized function is in close agreement with the actual function.

11.4. Further directions. We noted in Section 1 that our definition of A2,split(Fq)

was perhaps not as natural as it could be — one could also ask about principally
polarized surfaces that split over Fq , not just over Fq itself. We suspect that a result
like Theorem 1.2 holds for this more general type of splitting. To prove such a
theorem, one would need to estimate the number of principally polarized surfaces
in several types of isogeny classes: the simple ordinary isogeny classes that are
geometrically split (which are enumerated in [Howe and Zhu 2002, Theorem 6,
p. 145]), and the supersingular isogeny classes (which are all geometrically split).
There are a number of ways one could try to estimate the number of principally
polarized surfaces in these isogeny classes; for instance, the techniques of [Howe
2004] might be of use. We will not speculate further on this here.

Let A2,geom. split(Fq) denote the subset of A2(Fq) consisting of those principally
polarized varieties that are not geometrically simple, and for each q let dq denote
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Figure 3. The experimentally computed values of dq for the primes
q in {131, 257, 521, 1031, 2053, 4099, 16411, 65537}. Error bars
indicate one standard deviation.

the ratio

dq =

√
q · # ′A2,geom. split(Fq)

# ′A2(Fq)
=

√
q · # ′A2,geom. split(Fq)

q3+ q2 .

While collecting the data presented in Section 11.2 we also collected data on dq by
random sampling of curves. Figure 3 presents the results for q ∈ {131, 257, 521,
1031, 2053, 4099, 16411, 65537}. The figure suggests that perhaps dq is bounded
away from 0 and∞.
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A tropical approach to
nonarchimedean Arakelov geometry

Walter Gubler and Klaus Künnemann

Chambert-Loir and Ducros have recently introduced a theory of real valued
differential forms and currents on Berkovich spaces. In analogy to the theory of
forms with logarithmic singularities, we enlarge the space of differential forms by
so called δ-forms on the nonarchimedean analytification of an algebraic variety.
This extension is based on an intersection theory for tropical cycles with smooth
weights. We prove a generalization of the Poincaré–Lelong formula which allows
us to represent the first Chern current of a formally metrized line bundle by a
δ-form. We introduce the associated Monge–Ampère measure µ as a wedge-
power of this first Chern δ-form and we show that µ is equal to the corresponding
Chambert-Loir measure. The ∗-product of Green currents is a crucial ingredient
in the construction of the arithmetic intersection product. Using the formalism
of δ-forms, we obtain a nonarchimedean analogue at least in the case of divisors.
We use it to compute nonarchimedean local heights of proper varieties.
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0. Introduction

Weil’s adelic point of view was to compactify the ring of integers OK of a number
field K by the archimedean primes. Arakelov’s brilliant idea was to add metrics on
the “fibre at infinity” of a surface over OK which gave a good intersection theory
for arithmetic divisors. This Arakelov theory became popular after Faltings used it
to prove Mordell’s conjecture. A higher dimensional arithmetic intersection theory
was developed by Gillet and Soulé. Their theory combines algebraic intersection
theory on a regular model X over OK with differential geometry on the associated
complex manifold X an of the generic fibre X of X . Roughly speaking, an arithmetic
cycle on X is given by a pair (Z , gZ ), where Z is a cycle on X with generic fibre
Z and gZ is a current on X an satisfying the equation

ddcgZ = [ωZ ] − δZ

for a smooth differential form ωZ and the current of integration δZ over Z an. The
arithmetic intersection product uses the algebraic intersection product for algebraic
cycles in the first component and the ∗-product of Green currents in the second
component. This arithmetic intersection theory is nowadays called Arakelov theory.
It found many nice applications such as Faltings’s proof of the Mordell–Lang
conjecture for abelian varieties and the proof of Ullmo and Zhang of the Bogomolov
conjecture for abelian varieties.

It is an old dream to handle archimedean and nonarchimedean places in a
similar way. This means that we are looking for a description in terms of currents
for the contributions of the nonarchimedean places to Arakelov theory. Such a
nonarchimedean Arakelov theory at finite places was developed by Bloch–Gillet–
Soulé relying strongly on the conjectured existence of resolution of singularities for
models in mixed characteristics. The use of models also has another disadvantage
since they are not suitable to describe canonical metrics as for line bundles on
abelian varieties with bad reduction. A more analytic nonarchimedean Arakelov
theory was developed by Chinburg and Rumely, and Zhang in the case of curves. A
crucial role is played here by the reduction graph of the curve. Without any doubt,
the latter should be replaced by the Berkovich analytic space associated to the curve
and this was done by Thuillier in his thesis introducing a nonarchimedean potential
theory. Chambert-Loir and Ducros [2012] recently introduced differential forms
and currents on Berkovich spaces. These provide us with a new tool to give an
analytic description of nonarchimedean Arakelov theory in higher dimensions.

We recall the definition of differential forms given in [loc. cit.]. We restrict here
to the algebraic case. Let U be an n-dimensional very affine open variety which
means that U has a closed embedding into a multiplicative torus T = Gr

m over a
nonarchimedean field K . By definition, such a field K is endowed with a complete
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nonarchimedean absolute value | · |. Let t1, . . . , tr be the torus coordinates. Then
we have the tropicalization map

trop : T an
→ Rr , t 7→ (−log|t1|, . . . ,−log|tr |).

By the Bieri–Groves theorem, the tropical variety Trop(U ) := trop(U an) is a finite
union of n-dimensional polyhedra. More precisely, Trop(U ) is an n-dimensional
tropical cycle which means that Trop(U ) is a polyhedral complex endowed with
canonical weights satisfying a balancing condition. Let x1, . . . , xr be the coordinates
on Rr . Then Lagerberg’s superforms on Rr are formally given by

α =
∑
|I |=p,
|J |=q

αIJ d ′xi1 ∧ · · · ∧ d ′xi p ∧ d ′′x j1 ∧ · · · ∧ d ′′x jq ,

where I (resp. J ) consists of i1 < · · · < i p (resp. j1 < · · · < jq), αIJ ∈ C∞(Rr ).
We have differential operators d ′ and d ′′ on the space of superforms given by

d ′α :=
∑
|I |=p,
|J |=q

r∑
i=1

∂αIJ

∂xi
d ′xi ∧ d ′xi1 ∧ · · · ∧ d ′xi p ∧ d ′′x j1 ∧ · · · ∧ d ′′x jq

and

d ′′α :=
∑
|I |=p,
|J |=q

r∑
j=1

∂αIJ

∂x j
d ′′x j ∧ d ′xi1 ∧ · · · ∧ d ′xi p ∧ d ′′x j1 ∧ · · · ∧ d ′′x jq .

They are the analogues of the differential operators ∂ and ∂̄ in complex analysis. The
space of superforms on Rr with the usual wedge product is a differential bigraded
R-algebra with respect to d ′ and d ′′. The space of supercurrents on Rr is given as
the topological dual of the space of superforms.

Every superform α induces a differential form on U an and two superforms α, α′

induce the same form if and only if they restrict to the same superform on Trop(U ).
In general, a differential form on an n-dimensional variety X is given locally for the
Berkovich analytic topology on very affine open subsets by Lagerberg’s superforms
which agree on common intersections (see [Gubler 2016] for more details). The
wedge product and the differential operators can be carried over to X an leading to a
sheaf A·,· of differential forms on X an. Integration of superforms leads to integration
of compactly supported (n, n)-forms on X an. The space of currents D·,·(X an) is
defined as the topological dual of the space of compactly supported forms.

A major result of Chambert-Loir and Ducros is the Poincaré–Lelong formula for
the meromorphic section of a line bundle endowed with a continuous metric ‖·‖.
Note that in this situation, c1(L , ‖·‖) is only a current, while a smooth metric allows
one to define the first Chern form in A1,1(X an). For a smooth metric, c1(L , ‖·‖)n
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is a form of top degree and hence defines a signed measure called the Monge–
Ampère measure of (L , ‖·‖). In arithmetic, metrics are often induced by proper
algebraic models over the valuation ring. Such metrics are called algebraic. They
are continuous on X an, but not smooth. This makes it difficult to define the Monge–
Ampère measure as a wedge product of currents. In the complex situation, one needs
Bedford–Taylor theory to define such a wedge product. In the nonarchimedean
situation, Chambert-Loir and Ducros use an approximation process by smooth
metrics to define this top-dimensional wedge product of first Chern currents.

The main theorem in [Chambert-Loir and Ducros 2012] shows that the Monge–
Ampère measure of a line bundle endowed with a formal metric is equal to the
Chambert-Loir measure. The latter was introduced in [Chambert-Loir 2006] before
a definition of first Chern current was available. It is defined as a discrete measure on
the Berkovich space using degrees of the irreducible components of the special fibre.
Chambert-Loir measures play a prominent role in nonarchimedean equidistribution
results. For example, they occur in the nonarchimedean version of Yuan’s equidis-
tribution theorem, which has applications to the geometric Bogomolov conjecture.

In the thesis of Christensen [2013] a different approach to a first Chern form was
given. Christensen studied the example E2 for a Tate elliptic curve E and he defined
the first Chern form as a tropical divisor on the skeleton of E2. Then he showed that
the 2-fold tropical self-intersection of this divisor gives the Chambert-Loir measure.

In this paper, we combine both approaches. We enrich the theory of differential
forms given in [Chambert-Loir and Ducros 2012] by enlarging the space of smooth
forms to the space of δ-forms. They behave as forms and they have the advantage
that we can define a first Chern δ-form for a line bundle endowed with a formal
metric. This leads to a direct definition of the Monge–Ampère measure as a wedge
product of δ-forms and to an approach to nonarchimedean Arakelov theory.

This will be explained in more detail now. Throughout this paper K denotes
an algebraically closed field endowed with a nontrivial nonarchimedean complete
absolute value. Note that this is no restriction of generality as for many problems
including the ones discussed in this paper such a setup can always be achieved
by base change. This is similar to the archimedean case where analysis is usually
performed over the complex numbers. For sake of simplicity, we assume in the
introduction that tropical cycles have constant weights as usual in tropical geometry
(see Section 1 for details and for a generalization to smooth weights). A δ-preform
on Rr is a supercurrent α on Rr of the form

α =
∑
i∈I

αi ∧ δCi (0.0.1)

for finitely many superforms αi and tropical cycles Ci on Rr . Using the wedge
product of superforms and the stable intersection product of tropical cycles, we
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get a wedge product of δ-preforms. Since the supercurrents of integration δCi

are d ′-closed and d ′′-closed, we can extend the differential operators d ′ and d ′′ to
δ-preforms leading to a differential bigraded R-algebra. We refer to Section 2 for
precise definitions and generalizations allowing smooth tropical weights.

In Section 3, we extend all these notions from Rr to a fixed tropical cycle C
of Rr . The balancing condition is equivalent to closedness of the supercurrent
δC , which means that C is boundaryless in the sense that no boundary integral
shows up in the theorem of Stokes over C . Therefore we may view a tropical
cycle as a combinatorial analogue of a complex analytic space. Using integration
over C , we will see that a piecewise smooth form η on the support of C induces a
supercurrent [η] on C . We apply this to a piecewise smooth function φ on C . In
tropical geometry, φ plays the role of a Cartier divisor on C and has an associated
tropical Weil divisor φ ·C . The latter is also called the corner locus of φ as it is a
tropical cycle of codimension 1 with support equal to the singular locus of φ. We
show in Corollary 3.19 the following tropical Poincaré–Lelong formula:

Theorem 0.1. Let φ be a piecewise smooth function on C and let δφ·C be the
supercurrent of integration over the corner locus φ ·C. Then we have

d ′d ′′[φ] − [d ′d ′′φ] = δφ·C
as supercurrents on C.

This is a statement about integration of superforms on tropical currents and its
proof relies on Stokes theorem. In fact, we prove a more general statement in
Theorem 3.16 involving integration of δ-preforms on C .

Let X be an n-dimensional algebraic variety over K . We now define δ-forms on
X an similarly as differential forms, but replacing superforms by the more general
δ-preforms. This means that a δ-form is given locally with respect to the Berkovich
analytic topology on very affine open subsets by pull-backs of δ-preforms with
respect to the tropicalization maps. The δ-preforms have to agree on overlaps which
involves a quite complicated restriction process which is explained in Section 4.
Moreover, we will show that δ-forms are bigraded, have a wedge product and
differential operators d ′, d ′′ extending the corresponding structures for differential
forms on X an. There is also a pull-back with respect to morphisms and so we see
that δ-forms behave as differential forms on complex manifolds.

In Section 5, we study integration of compactly supported δ-forms of bidegree
(n, n) on X an. To define the integral of such a δ-form α, we choose a dense open
subset U of X with a closed embedding U ↪→ Gr

m such that α is given on U an

by the pull-back of a δ-preform αU on Rr with respect to the tropicalization map
tropU :U

an
→ Rr . Using the corresponding tropical variety Trop(U ), we set∫

X an
α :=

∫
|Trop(U )|

αU .
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In Section 6, we introduce δ-currents as continuous linear functionals on the space
of compactly supported δ-forms. By integration, every δ-form α induces a δ-
current [α]. Similarly, we get a current of integration δZ for every cycle Z on X .
As a major result, we show in Corollary 6.15 that [α] is a signed Radon measure
on X an for every α of bidegree (n, n). We deduce in Proposition 6.16 that every
continuous real function g on X an induces a δ-current [g] on X an which is defined
at a compactly supported δ-form α of bidegree (n, n) by integrating g with respect
to the corresponding Radon measure.

Now let f be a rational function on X which is not identically zero. By integration
again, we will get a δ-current [−log| f |] on X an.

Theorem 0.2. Let cyc( f ) be the Weil divisor associated to f . Then we have the
Poincaré–Lelong equation

δcyc( f ) = d ′d ′′[log| f |]

of δ-currents on X an.

This is demonstrated as Theorem 7.2. The Poincaré–Lelong equation of Chambert-
Loir and Ducros is the special case of our formula where one evaluates the δ-currents
at differential forms. The generalization to δ-forms is not obvious and needs a more
tropical adaptation of their beautiful arguments. In Section 7, we introduce the first
Chern δ-current [c1(L , ‖·‖)] of a continuously metrized line bundle (L , ‖·‖) on X .
As usual, we mean here continuity with respect to the Berkovich topology on X an.
In Corollary 7.8, we deduce from Theorem 0.2 that a nonzero meromorphic section
s of L satisfies the Poincaré–Lelong equation

d ′d ′′[−log‖s‖] = [c1(L , ‖·‖)] − δcyc(s) (0.2.1)

for δ-currents on X an.
In Section 8, we define piecewise smooth and piecewise linear metrics on L . We

show in Proposition 8.11 that a metric is piecewise linear if and only if it is induced
by a formal model of the line bundle. In Section 9, we introduce piecewise smooth
forms on X an. For a piecewise smooth metric ‖·‖ on L , the first Chern δ-current
[c1(L , ‖·‖)] has a canonical decomposition into a sum of a piecewise smooth form
and a residual current. If ‖·‖ is smooth, then c1(L , ‖·‖) is a differential form
on X an. We say that a piecewise smooth metric ‖·‖ is a δ-metric if the first Chern
δ-current [c1(L , ‖·‖)] is induced by a δ-form c1(L , ‖·‖) (see Definition 9.9 for
a more precise definition). In this situation, we call c1(L , ‖·‖) the first Chern
δ-form of (L , ‖·‖). We will see in Remark 9.16 that every piecewise linear metric
is a δ-metric. Canonical metrics on line bundles exist on line bundles on abelian
varieties, on line bundles which are algebraically equivalent to zero and on line
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bundles on toric varieties. It follows from our considerations in Section 8 that all
these canonical metrics are δ-metrics (see Example 9.17).

In Section 10, we consider a proper algebraic variety X over K of dimension n
with a line bundle L endowed with an algebraic metric ‖·‖. This means that the
metric is induced by an algebraic model of L . Based on the formal GAGA principle,
we show in Proposition 8.13 that an algebraic metric is the same as a formal metric
and hence this is also the same as a piecewise linear metric. As a consequence,
we note that ‖·‖ is a δ-metric and hence c1(L , ‖·‖) is a well-defined δ-form. We
deduce that c1(L , ‖·‖)n is a δ-form of bidegree (n, n) on X an, which we may view
as a signed Radon measure on X an by the above. We call it the Monge–Ampère
measure associated to (L , ‖·‖). Our Theorem 10.5 can be expressed as follows:

Theorem 0.3. Under the assumptions above, the Monge–Ampère measure associ-
ated to (L , ‖·‖) is equal to the Chambert-Loir measure associated to (L , ‖·‖).

As mentioned before, this theorem was first proved by Chambert-Loir and Ducros
in a slightly different setting (for discrete valuations, but their method works also
for algebraically closed fields). However, they have a different construction of the
Monge–Ampère measure. Since algebraic metrics are usually not smooth, they
have only a first Chern current c1(L , ‖·‖) available. In general, the wedge product
of currents is not well defined. In the present situation, they can use a rather
complicated approximation process by smooth metrics to make sense of the wedge
product c1(L1, ‖·‖1)

n as a current leading to their Monge–Ampère measure. Our
Monge–Ampère measure is defined directly as a wedge product of δ-forms based
on tropical intersection theory instead of the approximation process. This means
that our proof is more influenced by tropical methods.

In Section 11, we define a Green current for a cycle Z on the algebraic variety
X over K as a δ-current gZ such that

d ′d ′′gZ = [ωZ ] − δZ

for a δ-form ωZ on X an. By the Poincaré–Lelong equation (0.2.1), a nonzero
meromorphic section s of L induces a Green current gY := −log‖s‖ for the Weil
divisor Y of s. Here, we assume that ‖·‖ is a δ-metric on the line bundle L of X .
In case of proper intersection, we define gY ∗ gZ := gY ∧ δZ + ωY ∧ gZ as in the
archimedean theory of Gillet–Soulé. It is an easy consequence of the Poincaré–
Lelong equation that gY ∗ gZ is a Green current for the cycle Y · Z . We show the
usual properties for such ∗-products. Most difficult is the proof of the commutativity
of the ∗-product of two Green currents for properly intersecting divisors. It relies
on the study of piecewise smooth forms and the tropical Poincaré–Lelong formula
in Theorem 0.1.
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In Section 12, we define the local height of a proper n-dimensional variety X
over K with respect to properly intersecting Cartier divisors D0, . . . , Dn endowed
with δ-metrics on O(D0), . . . , O(Dn) as follows: Let gYj be the Green current for
the Weil divisor Yj associated to D j as above; then the local height is given by

λD̂0,...,D̂n
(X) := gY0 ∗ · · · ∗ gYn (1).

We show that these local heights are multilinear and symmetric in the metrized
Cartier divisors D̂0, . . . , D̂n , functorial with respect to morphisms and satisfy an
induction formula useful to decrease the dimension of X . For algebraic metrics,
local heights of proper varieties are also defined using intersection theory on a
suitable proper model (see [Gubler 1998, §9]).

Theorem 0.4. Suppose that the metrics on O(D0), . . . , O(Dn) are all algebraic.
Then the local height λD̂0,...,D̂n

(X) based on the ∗-product of Green currents is
equal to the local height of X given by intersection theory of divisors on K ◦-models.

The proof uses the observation that the induction formula holds for both defini-
tions of local heights and then Theorem 0.3 gives the claim (see Remark 12.7 for
more details and the proof).

In the introduction, we have presented the whole theory of δ-forms based on
δ-preforms as in (0.0.1) using tropical cycles with constant weights. However, the
theory can be extended to δ-forms locally given by δ-preforms allowing tropical
cycles with smooth weights. This will be done throughout the whole paper which
leads to slightly more complications, but it increases the class of δ-metrics at
the end which makes it worthwhile. Observe that tropical cycles which arise as
tropicalizations from varieties always have integer weights. Therefore tropical
cycles are always considered with constant weights when they serve, as in Section 3,
as underlying spaces for supercurrents and δ-preforms.

Notation and terminology. Throughout this paper K denotes an algebraically
closed field endowed with a complete nontrivial nonarchimedean absolute value | · |,
valuation ring K ◦, and corresponding valuation v =−log| · |. Let 0 := v(K×) be
the value group.

In A ⊂ B, A is strictly smaller than B. The complement of A in B is denoted
by B \ A. The zero is included in N and in R+.

The group of multiplicative units in a ring A with 1 is denoted by A×. An
(algebraic) variety over a field is an irreducible separated reduced scheme of finite
type. The terminology from convex geometry is explained in the Appendix.

1. Tropical intersection theory with smooth weights

In tropical geometry, a tropical cycle is given by a polyhedral complex whose
maximal faces are weighted by integers satisfying a balancing condition along the
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faces of codimension 1. In this section, we generalize the notion of a tropical cycle
allowing smooth real functions on the maximal faces as weights. This is similar
to the tropical fans with polynomial weights introduced by Esterov [2012] and
François [2013]. We generalize basic facts from stable tropical intersection theory
and introduce the corner locus of a piecewise smooth function.

Throughout this section N and N ′ denote free Z-modules of finite rank r and r ′.
We write NR = N ⊗Z R and N ′R = N ′⊗Z R. Every integral R-affine polyhedron σ
of dimension n in the R-vector space NR = N ⊗Z R determines an affine subspace
Aσ with underlying vector space Lσ and a lattice Nσ = Lσ ∩ N in Lσ (see A.2
in the Appendix). A smooth function f : σ → R on a polyhedron σ in NR is the
restriction of a smooth function on some open neighbourhood of σ in Aσ . For
further notation borrowed from convex geometry, we refer to the Appendix.

Definition 1.1. (i) A polyhedral complex C of pure dimension n is called weighted
(with smooth weights) if each polyhedron σ ∈ Cn is endowed with a smooth weight
function mσ : σ → R. If all mσ are constant functions, then we call them constant
weights. The support |(C ,m)| of a weighted polyhedral complex (C ,m) of pure
dimension n is the closed set

|(C ,m)| =
⋃
σ∈Cn

supp(mσ ).

The support |C | of a polyhedral complex C is the support of (C ,m), where m = 1
is the trivial weight function. We have |(C ,m)| ⊆ |C |.

(ii) Let C = (C ,m) be an integral R-affine polyhedral complex of pure dimension n
with smooth weights in NR. For each codimension-one face τ of a polyhedron σ ∈Cn

we choose a representative ωσ,τ ∈ Nσ of the generator of the one-dimensional lattice
Nσ/Nτ pointing in the direction of σ. Then we say that the weighted polyhedral
complex C satisfies the balancing condition if we have∑

σ∈Cn
σ�τ

mσ (ω)ωσ,τ ∈ Lτ (1.1.1)

for all τ ∈ Cn−1 and all ω ∈ τ , where σ � τ means that τ is a face of σ. This is a
straightforward generalization of the balancing condition for polyhedral complexes
with integer weights [Gubler 2013, 13.9].

(iii) A tropical cycle C = (C ,m) of dimension n in NR is a weighted integral
R-affine polyhedral complex of pure dimension n which satisfies the balancing
condition (1.1.1). In the following, we identify two tropical cycles (C ,m) and
(C ′,m′) of dimension n if |(C ,m)| = |(C ′,m′)| and if mσ =mσ ′ on the intersection
of the relative interiors of σ and σ ′ for all σ ∈ Cn and σ ′ ∈ C ′n . A tropical cycle
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(C ,m) whose underlying polyhedral complex is a rational polyhedral fan in the
vector space NR is called a tropical fan.

(iv) Let C = (C ,m) be a tropical cycle of dimension n. Given an integral R-affine
subdivision C ′ of C , there is a unique family of weight functions m′ such that
(C ′,m′) is a tropical cycle and mσ |σ ′ = m′σ ′ holds for all σ ′ ∈ C ′n and σ ∈ Cn such
that σ ′ ⊆ σ . If a tropical cycle C in NR is defined by a weighted integral R-affine
polyhedral complex (C ,m), we call C a polyhedral complex of definition for the
tropical cycle C .

(v) The set of tropical cycles with smooth weights of pure dimension n in NR

defines an abelian group TZn(NR) where the group law is given by the addition of
multiplicity functions on a common refinement of the integral R-affine polyhedral
complexes. We denote by TZk(NR)= TZr−k(NR) the group of tropical cycles of
codimension k.

Remark 1.2 (reduction from smooth to constant weight functions). In tropical
geometry, one usually considers tropical cycles with integer weights. However
it causes no problems to work instead with tropical cycles with constant but not
necessarily integer weights.

Many properties of these tropical cycles with integer or constant weights extend
even to tropical cycles with smooth weights by the following local argument in
ω ∈ |C |. We replace C by the rational polyhedral fan of local cones in ω (see A.6)
and we endow the local cone of σ ∈Cn by the constant weight mσ (ω). By definition,
these constant weights on the rational cones satisfy the balancing condition. We
illustrate the use of this reduction process in Remark 1.4(ii).

1.3. In tropical geometry, there is a stable tropical intersection product of tropical
cycles with integer weights. The astonishing fact is that this product is well-defined
as a tropical cycle in contrast to algebraic intersection theory or homology, where
an equivalence relation is needed. Constructions of a stable tropical intersection
product of tropical cycles with integer weights have been given by Mikhalkin [2006]
and Allermann and Rau [2010]. In both cases the construction is reduced to the
case of tropical fans. For tropical fans with integer weights, Mikhalkin uses the fan
displacement rule from [Fulton and Sturmfels 1997], whereas Allermann and Rau
use reduction to the diagonal and intersections with tropical Cartier divisors. It is
shown in [Katz 2012, §5; Rau 2009, Theorem 1.5.17] that both definitions agree.
This is based on a result of Fulton and Sturmfels [1997, Theorem 3.1] which shows
that the space of tropical fans, with integer weights and with a given complete
rational polyhedral fan 6 as a polyhedral complex of definition, is canonically
isomorphic to the Chow cohomology ring of the complete toric variety Y6 associated
to6. Then the product in Chow cohomology leads to the stable intersection product
of tropical fans with integer weights and the usual properties in Chow cohomology
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lead to corresponding properties in stable tropical intersection theory. By passing
to a smooth rational polyhedral fan subdividing 6, which means that Y6 is smooth,
we may use the usual Chow groups instead of the Chow cohomology groups from
[Fulton 1984, Chapter 17].

Remark 1.4 (stable tropical intersection theory). As an application of the reduction
principle described in Remark 1.2, we get a stable tropical intersection theory for
tropical cycles with smooth weights. The reduction process leads to tropical fans
with constant weight functions. These weights are not necessarily integers, but it is
still possible to apply 1.3 by using Chow cohomology with real coefficients. We
list here the main properties:

(i) There exists a natural bilinear pairing

TZk(NR)×TZl(NR)→ TZk+l(NR), (C1,C2) 7→ C1 ·C2

which is called the stable intersection product for tropical cycles. It is associative and
commutative and respects supports in the sense that we have |C1 ·C2| ⊆ |C1|∩ |C2|.

(ii) The concrete construction of the stable intersection product for tropical cycles
C1 and C2 of codimension l1 and l2 in NR is based on the fan displacement rule (see
[Fulton and Sturmfels 1997, §4]). We choose a common polyhedral complex of
definition C for C1 and C2 and write Ci = (C ,mi ) (i = 1, 2) for suitable families
of weight functions mi = (mi,σ )σ∈C li . Let D denote the polyhedral subcomplex of
C which is generated by C l1+l2 . We choose a generic vector v ∈ NR for D , a small
ε > 0, and equip D with the family of weight functions m = (mτ )τ∈C l1+l2 , where
mτ : τ → R is given by

mτ (ω)=
∑

(σ1,σ2)∈C
l1×C l2

τ=σ1∩σ2
σ1∩(σ2+εv) 6=∅

[N : Nσ1 + Nσ2]m1,σ1(ω)m2,σ2(ω). (1.4.1)

We will show that D= (D,m) is a tropical cycle whose construction is independent
of the choice of the generic vector v and a sufficiently small ε > 0. We use D as
the definition of the stable intersection product C1 ·C2.

The proof illustrates the reduction to constant weights given in Remark 1.2. For
ω ∈ |C |, let Cω be the rational polyhedral fan of local cones in ω of the polyhedra
in C . First, we note that σ 7→ ρ := LCσ (ω) is a bijective map from the set of
polyhedra in C containing ω onto Cω. For i = 1, 2 and σ ∈ Cn with ω ∈ σ , we
endow the local cone ρ = LCσ (ω) with the constant weight mi,ρ(ω) := mi,σ (ω).
Since the weight functions mi,σ pointwise satisfy the balancing condition, we get a
tropical fan (Cω,mi (ω)) with real weights.

We claim that mτ (ω) from (1.4.1) is the same as the weight of the stable in-
tersection product (Cω,m1(ω)) · (Cω,m2(ω)) in τ ∈ C l1+l2 obtained from Chow
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cohomology as in 1.3. To see this, note that for a generic vector v ∈ NR , we choose
ε>0 so small that the condition σ1∩(σ2+εv) 6=∅ is equivalent to ρ1∩(ρ2+v) 6=∅
for the corresponding cones ρ1, ρ2. Then (1.4.1) agrees with the formula in [Fulton
and Sturmfels 1997, Theorem on p. 336] for the product in Chow cohomology
of proper toric varieties. By definition, the same formula is used for the stable
intersection product of tropical fans with constant weights, proving our local claim.
It is well known in tropical geometry, and follows from the comparison with Chow
cohomology in [Fulton and Sturmfels 1997], that the definition of the stable tropical
intersection product of tropical fans with real weights is independent of the choice
of generic vector v, and hence the definition of D = (D,m) is independent of the
choice of generic vector v ∈ NR and sufficiently small ε > 0.

It is easily seen that the definition of D is compatible with subdivisions and
hence C1 ·C2 is a well-defined tropical cycle. The properties in (i) follow from the
corresponding properties of the stable tropical intersection product of tropical fans
with real weights.

(iii) Let F : N ′R→ NR be an integral R-affine map. Let C ′= (C ′,m′) be a weighted
integral R-affine polyhedral complex in N ′R of pure dimension n. After a suitable
refinement we can assume that

F∗C ′ := {F(τ ′) | ∃σ ′ ∈ C ′n such that τ ′ 4 σ ′ and F |σ ′ is injective} (1.4.2)

is a polyhedral complex in NR. We equip F∗C ′ with the family of weight functions

mν : ν→ R, mν(ω)=
∑
σ ′∈C ′n

F(σ ′)=ν

[Nν : LF (N ′σ ′)]m
′

σ ′((F |σ ′)
−1(ω)) (1.4.3)

for ν in (F∗C ′)n , where LF denotes the linear morphism defined by the affine
morphism F . The weighted integral R-affine polyhedral complex

F∗C ′ = (F∗C ′,m)

in NR of pure dimension n is called the direct image of C ′ under F .

(iv) Let F : N ′R→ NR be an integral R-affine map. There is a natural push-forward
morphism

F∗ : TZn(N ′R)→ TZn(NR), C ′ 7→ F∗C ′,

which satisfies |F∗C ′| ⊆ F
(
|C ′|

)
. Given a tropical cycle C ′ in TZn(N ′R), we write

C ′= (C ′,m′) for a polyhedral complex of definition C ′ such that F∗C ′ from (1.4.2)
is a polyhedral complex in NR. One defines the direct image F∗C ′ = (F∗C ′,m)
as in (iii) and verifies that F∗C ′ is again a tropical cycle. The formation of F∗ is
functorial in F . For further details see [Allermann and Rau 2010, §7] or [Gubler
2013, 13.16].
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(v) Let F : N ′R→ NR be an integral R-affine map. There is a natural pull-back

F∗ : TZl(NR)→ TZl(N ′R), C 7→ F∗(C)

which satisfies |F∗C | ⊆ F−1(|C |). The formation of F∗ is functorial in F . For a
tropical cycle C in TZl(NR), there is a complete polyhedral complex of definition
C and we write C = (C ,m). After passing to a subdivision, there is a complete,
integral R-affine polyhedral complex C ′ of N ′R such that for every γ ′ ∈ C ′, there
is a σ ∈ C with F(γ ′)⊆ σ. We choose a generic vector v ∈ NR and a sufficiently
small ε > 0. For γ ′ ∈ (C ′)l , σ ∈ C l with F(γ ′)⊆ σ and σ ′ ∈ (C ′)0 with γ ′ ⊆ σ ′,
we define

mγ ′

σ ′,σ :=

{
[N : LF (N ′)+ Nσ ] if F(σ ′) meets σ + εv,
0 otherwise.

These coefficients may depend on the choice of the generic vector v, but the
following smooth weight function mγ ′ on γ ′ ∈ (C ′)l does not:

mγ ′(ω
′) :=

∑
σ ′,σ

mγ ′

σ ′,σmσ (F(ω′)), (1.4.4)

where (σ ′, σ ) ranges over all pairs in (C ′)0 × C l with γ ′ ⊆ σ ′, F(γ ′) ⊆ σ and
where ω′ ∈ γ ′. By [Fulton and Sturmfels 1997, 4.5–4.7], (C ′)≥l equipped with
the smooth weight functions mγ ′ is a tropical cycle in TZl(N ′R), which we define
as F∗(C).

Let p1 (resp. p2) be the projection of N ′R× NR to N ′R (resp. NR) and let 0F be
the graph of F in N ′R× NR. Using the stable tropical intersection product from (ii)
and [Fulton and Sturmfels 1997, 4.5–4.7], we deduce

F∗(C)= (p1)∗(p∗2(C) ·0F ). (1.4.5)

Proposition 1.5. Let F : N ′R→ NR be an integral R-affine map.

(i) For tropical cycles C and D on NR we have

F∗(C · D)= F∗(C) · F∗(D).

(ii) For tropical cycles C on NR and C ′ on N ′R we have

F∗
(
F∗(C) ·C ′

)
= C · F∗(C ′).

Proof. We reduce as in Remark 1.2 to the case where our tropical cycles are tropical
fans with constant weight functions. Since both sides of the claims are linear in the
weights of the tropical fans, we may assume that the weights are integers. In this
situation, the claims were proven by L. Allermann [2012, Theorem 3.3]. �
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Definition 1.6. Let � be an open subset of an integral R-affine polyhedral set
P in NR. We call φ : �→ R piecewise smooth if there is an integral R-affine
polyhedral complex C with support P and smooth functions φσ : σ ∩�→ R for
every σ ∈ C such that φ|σ = φσ on σ ∩�. In this situation, we call C a polyhedral
complex of definition for the piecewise smooth function φ. We call φ piecewise
linear if each φσ extends to an integral R-affine function on Aσ .

Remark 1.7. The balancing condition (1.1.1) for smooth weights shows easily that
a tropical cycle of codimension 0 in NR is the same as a piecewise smooth function
defined on the whole space NR.

Proposition 1.8. Let φ be a piecewise smooth function on the open subset � of the
integral R-affine polyhedral set P in NR and let �̃ be any open subset of NR with
�̃∩ P = �. Then there is a piecewise smooth function on �̃ which restricts to φ
on �.

Proof. We first show the claim in the special case when � = P is the support of
a rational polyhedral fan C of definition for φ and �̃ = NR. After passing to a
subdivision of C , we can easily find a complete rational polyhedral fan C ′ in NR

which contains C . After suitable subdivisions of C ′ (and C ) we may furthermore
assume that all cones in C ′ are simplicial. Now we will extend φ inductively by
ascending dimension from the cones in C to the cones in C ′.

Let σ be a cone in C ′ of dimension m. We are looking for an extension φ̃ of
φ to σ . By our inductive procedure, we can assume that φ is defined already on
all faces of codimension one of σ . After a linear change of coordinates, we may
assume that σ is the standard cone Rm

+
in Rm . Let us assume that φ is given on

the face {xi = 0} of σ by the smooth function φi (x1, . . . , xi−1, xi+1, . . . , xm). For
any 1≤ i1 < · · ·< ik ≤ m, the restriction of φ to the face {xi1 = · · · = xik = 0} of
σ is given by a smooth function φi1···ik depending only on the coordinates x j with
j 6∈ {i1, . . . , ik} which agrees with the restrictions of the functions φi1, . . . , φik to
this face of codimension k. We consider all these functions φi1···ik as functions on σ
depending only on the coordinates x j . Then an elementary combinatorial argument
shows that

φ̃ :=
∑

i

φi −
∑
i< j

φi j + · · ·+ (−1)k+1
∑

i1<···<ik

φi1···ik ± · · ·+ (−1)n+1φ1···n

is a smooth extension of φ to σ .
Finally, we prove the claim in general. There is a finite open covering (�i )i∈I

of � such that �i = �i ∩ (LCωi (P)+ ωi ) for the local cone LCωi (P) of P at a
suitable ωi . Let us choose an open covering (�̃i )i∈I of �̃ such that �̃i ∩ P =�i .
There is a partition of unity (ρj ) j∈J on �̃ such that every ρj has compact support
in �̃i( j) for a suitable i( j) ∈ I . We choose νj ∈ C∞(NR) with compact support
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in �̃i( j) such that νj ≡ 1 on supp(ρj ). Then the special case above shows that the
piecewise smooth function νjφ on P has a piecewise smooth extension φ̃j to NR.
Even if J is infinite, we note that only finitely many rational fans of definition
occur and the above construction gives piecewise smooth extensions φ̃j with finitely
many integral R-affine polyhedral complexes of definition. By passing to a common
refinement, we may assume that they are all equal to a complete integral R-affine
polyhedral complex D . We conclude that φ̃ =

∑
j∈J ρ̃j φ̃j is a piecewise smooth

extension of φ to �̃ with D as a polyhedral complex of definition. �

Remark 1.9. Let 6 be a rational polyhedral fan of NR and let φ : |6| → R be
a piecewise linear function with polyhedral complex of definition 6. Then φ
is the restriction of a piecewise linear function on NR with a complete rational
polyhedral fan of definition. The argument is a little different: By toric resolution of
singularities, one can subdivide 6 until we get a subcomplex of a smooth rational
polyhedral fan 6′ of NR (see A.7 for the connection to toric varieties). We may
assume that φ(0)= 0. Let λ be a primitive lattice vector contained in an edge of
6′ with λ 6∈ |6| and let φ(λ) ∈ Z. Then there is a unique piecewise linear function
φ′ on NR with φ′ = φ on |6| and φ′(λ)= φ(λ) for all primitive lattice vectors λ as
above.

Similarly to [Esterov 2012; François 2013], we introduce the corner locus of a
piecewise smooth function.

Definition 1.10 (corner locus). Let C = (C ,m) be a tropical cycle with smooth
weights of dimension n. We consider a piecewise smooth function φ : |C |→R with
polyhedral complex of definition C . Given τ ∈ Cn−1 we choose for each σ ∈ Cn

with τ ≺ σ an ωσ,τ ∈ Nσ as in Definition 1.1(ii). For ω in τ , we define

ωτ :=
∑
σ∈Cn
τ≺σ

mσ (ω)ωσ,τ ∈ Lτ .

Note that ωτ depends on the choice of ω. Viewing ωσ,τ and ωτ as tangential vectors
at ω, we denote the corresponding derivatives by

∂φσ

∂ωσ,τ
:= 〈dφσ , ωσ,τ 〉, and

∂φτ

∂ωτ
:= 〈dφτ , ωτ 〉,

respectively. It is straightforward to check that the definition of the weight function

mτ : τ → R, mτ (ω) :=

(∑
σ∈Cn
τ≺σ

mσ (ω)
∂φσ

∂ωσ,τ
(ω)

)
−
∂φτ

∂ωτ
(ω) (1.10.1)

does not depend on the choice of the ωσ,τ . The corner locus φ · C of φ is by
definition the weighted polyhedral subcomplex C ′ of C generated by Cn−1 endowed
with the smooth weight functions mτ defined in (1.10.1).
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Remark 1.11. Let φ : |C | → R be a piecewise linear function on a tropical cycle
C = (C ,m) with integral weights. Then the corner locus φ ·C is a tropical cycle
with integral weights which is the tropical Weil divisor of φ on C in the sense of
Allermann and Rau [2010, 6.5].

Esterov [2012, Theorem 2.7] showed that the corner locus of a piecewise polyno-
mial function on a tropical cycle with polynomial weights is again a tropical cycle
of the same kind. We have here a similar result for tropical cycles with smooth
weights:

Proposition 1.12. The corner locus φ·C of a piecewise smooth function φ : |C |→R

on a tropical cycle C= (C ,m) of dimension n is a tropical cycle with smooth weights
of dimension n− 1. The corner locus is defined independently of the choice of the
polyhedral complex C and φ ·C depends only on the function φ||C |.

Proof. This follows from Remark 1.11 as explained in Remark 1.2. �

Proposition 1.13. Let F : N ′R → NR be an integral R-affine map. Let φ be a
piecewise smooth function on an integral R-affine polyhedral complex C on NR.
Suppose that C ′ = (C ′,m′) is a tropical cycle on N ′R with smooth weights m′ such
that F(|C ′|)⊆|C |. Then we have the projection formula F∗(F∗(φ)·C ′)=φ ·F∗(C ′),
where F∗(φ) is the piecewise smooth function on |C ′| obtained by φ ◦ F.

Proof. This follows locally as in [Allermann and Rau 2010, Proposition 4.8] using
Remarks 1.2 and 1.11, and a linearization procedure (see proof of Proposition 1.14).

�

Proposition 1.14. Let C and C ′ be tropical cycles on NR with smooth weights. Let
C be a polyhedral complex of definition for C and φ : |C | → R and ψ : |C | → R

piecewise smooth functions. Then we have the associativity law

φ · (C ·C ′)= (φ ·C) ·C ′ (1.14.1)

and the commutativity law

φ · (ψ ·C)= ψ · (φ ·C) (1.14.2)

as identities of tropical cycles on NR.

Proof. Using Remark 1.11 it is shown in [Allermann and Rau 2010, Lemma 9.7,
Proposition 6.7] that (1.14.1) and (1.14.2) hold for tropical cycles C,C ′ with integral
weights and piecewise linear functions φ,ψ : |C | → R with integral slopes. As
both sides of (1.14.1) and (1.14.2) are linear in weights and slopes, both formulas
extend by linearity to tropical cycles with constant weight functions and piecewise
linear functions with arbitrary real slopes.

To reduce to the above situation, we use the procedure described in Remark 1.2.
We may assume that C and C ′ are tropical cycles of pure dimension n and n′
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respectively. Let C be an integral R-affine polyhedral complex such that C≤n and
C≤n′ are polyhedral complexes of definition for C and C ′. We write C = (C≤n,m),
C ′ = (C ′

≤n′,m′), and C ·C ′ = (C≤l,m′′) with l := n + n′ − r . Given ω ∈ |C | we
denote by Cω the rational polyhedral fan of local cones of C in ω. There is a
bijective correspondence between the polyhedra σ ∈ C with ω ∈ σ and the cones
σω in Cω. Each σ ∈ C with ω ∈ σ determines a canonical isomorphism of affine
spaces Iω : Lσω −→

∼ Aσ with Iω(0) = ω. We obtain tropical fans with constant
weight functions Cω = (Cω,≤n,m(ω)), C ′ω = (Cω,≤n′,m′(ω)), and (C · C ′)ω =
(Cω,≤n,m′′(ω)). We have Cω · C ′ω = (C · C

′)ω by our construction of the stable
tropical intersection product with smooth weights. There is a unique piecewise
linear function φω : |Cω| → R such that for all σω ∈ Cω the R-linear function φσω
on Lσω determined by φω|σω = φσω |σω satisfies

(dφσω)(0)= (I
∗

ωdφ)(0)

in L∗σω . We write

φ · (C ·C ′)= (C≤l−1,m1), φω · (Cω ·C ′ω)= (Cω,≤l−1,mω,1),

(φ ·C) ·C ′ = (C≤l−1,m2), (φω ·Cω) ·C ′ω = (Cω,≤l−1,mω,2).

The local nature of our definitions yields

mi,σ (ω)= mω,i,σω(0)

for i = 1, 2 and all σ ∈ C≤n+n′−r−1 with ω ∈ σ . Formula (1.14.1) for constant
weight functions and piecewise linear functions with arbitrary real slopes gives
mω,1,σω(0) = mω,2,σω(0). Hence m1 = m2 and (1.14.1) is proven in general. The
reduction of (1.14.2) to the case of constant weight functions and piecewise linear
functions proceeds in exactly the same way. �

Corollary 1.15. Let F : N ′R → NR be an integral R-affine map. We consider a
tropical cycle C = (C ,m) with smooth weights on NR and a piecewise smooth
function φ : |C | → R. We write F∗C = (C ′,m′), where F(|C ′|) ⊆ |C |. Then φ
induces a piecewise smooth function F∗(φ) : |C ′| → R and we have

F∗(φ) · F∗(C)= F∗(φ ·C),

i.e., the formation of the corner locus is compatible with pull-back.

Proof. Using (1.4.5) giving pull-back as a stable intersection with the graph, the
claim follows by applying Proposition 1.13 and (1.14.1) in Proposition 1.14. �

2. The algebra of delta-preforms

In this section we define polyhedral supercurrents on an open subset �̃ in NR for
some free Z-module N of finite rank. The polyhedral supercurrents are special
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supercurrents in the sense of Lagerberg. We show that an analogue of Stokes’
theorem holds for polyhedral supercurrents with respect to the polyhedral derivatives
d ′P and d ′′P . Then we introduce the algebra of δ-preforms on �̃ which is going to play
a central role in this paper. These δ-preforms are special polyhedral supercurrents
defined by tropical cycles and superforms. We show that δ-preforms admit products
and pull-back morphisms, satisfy a projection formula and that the polyhedral
derivative of a δ-preform coincides with its derivative in the sense of supercurrents.

Throughout this section N and N ′ denote free Z-modules of finite rank r and r ′.
We write NR = N ⊗Z R and N ′R = N ′ ⊗Z R. We refer to the Appendix for the
notation from convex geometry.

2.1. Given an open subset �̃ in NR, we denote by Ap,q(�̃) the space of superforms
of type (p, q) on �̃, by Ap,q

c (�̃) the space of superforms with compact support
of type (p, q) on �̃, and by Dk,l(�̃)= Dr−k,r−l(�̃) the space of supercurrents of
type (k, l) on �̃ in the sense of Lagerberg [2012] (see also [Chambert-Loir and
Ducros 2012; Gubler 2016]). We have seen in the introduction that A :=

⊕
p,q Ap,q

defines a sheaf of differential bigraded R-algebras with respect to the differentials
d ′ and d ′′. The bigraded sheaf D :=

⊕
p,q D p,q contains A as a bigraded subsheaf

and has canonical differentials d ′ and d ′′ extending those of A.
The sheaf Ap,q comes with a natural operator J p,q

: Ap,q
→ Aq,p which extends

to J p,q
: D p,q

→ Dq,p. The first one induces an involution J :=
⊕

p,q J p,q on
A which is determined by the fact that it is an endomorphism of sheaves of A0.0-
algebras and that d ′ ◦ J = J ◦d ′′. The extension of J to supercurrents is determined
by

〈J (T ), α〉 = (−1)r 〈T, J (α)〉

for α ∈ Ar−p,r−q(�̃) and T ∈ D p,q(�̃). Sections of Ap,p (resp. D p,p) which are
invariant under the action of (−1)p J p,p are called symmetric superforms (resp.
symmetric supercurrents). Sections of Ap,p (resp. D p,p) which are invariant under
the action of (−1)p+1 J p,p are called antisymmetric superforms (resp. antisymmetric
supercurrents).

2.2. Let �̃ be an open subset of NR. An integral R-affine polyhedron 1 of dimen-
sion n in NR determines a canonical calibration

µ1 ∈
∣∣∧nL1

∣∣= Or(A1)×±1∧nL1

as in [Chambert-Loir and Ducros 2012, (1.3.5)]. Given a superform α ∈ An,n
c (�̃)

the integral ∫
1

α =

∫
NR

〈α,µ1〉
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was defined in [Chambert-Loir and Ducros 2012, §1.5] (see also [Gubler 2016, §3]).
The polyhedron 1 determines a continuous functional

An,n
c (�̃)→ R, α 7→

∫
1

α (2.2.1)

and a symmetric supercurrent δ1 ∈ Dn,n(�̃).
For � := �̃ ∩1, we define Ap,q

1 (�) as the space of superforms on the open
subset �̃ ∩ relint(1) of the affine space A1 given by restriction of elements in
Ap,q(�̃). A partition of unity argument shows that this definition is independent of
the choice of �̃.

For a superform α ∈ Ap,q
1 (�̃∩1), the supercurrent

α∧ δ1 ∈ Dn−p,n−q(�̃)

is defined by 〈α∧ δ1, β〉 = 〈δ1, α∧β〉 for all β ∈ An−p,n−q
c (�̃).

Definition 2.3 (polyhedral supercurrents). Let �̃ be an open subset of NR. A
supercurrent α ∈ D(�̃) is called polyhedral if there exists an integral R-affine
polyhedral complex C in NR and a family (α1)1∈C of superforms α1 ∈ A1(�̃∩1)
such that

α =
∑
1∈C

α1 ∧ δ1 (2.3.1)

holds in D(�̃). In this case we say that C is a polyhedral complex of definition
for α. The polyhedral derivatives d ′P(α) and d ′′P(α) of a polyhedral supercurrent
(2.3.1) are the polyhedral supercurrents defined by the formulas

d ′P(α)=
∑
1∈C

d ′(α1)∧ δ1, d ′′P(α)=
∑
1∈C

d ′′(α1)∧ δ1.

Remark 2.4. (i) We observe that the family of forms (α1)1∈C in (2.3.1) is uniquely
determined by α and C . Furthermore the support supp(α) of a polyhedral supercur-
rent α is the union of the supports of the forms α1 for all 1 ∈ C .

(ii) It is straightforward to check that the definitions of the polyhedral deriva-
tives d ′P(α) and d ′′P(α) do not depend on the choice of the polyhedral complex of
definition C .

(iii) We do not claim that the polyhedral derivatives of a polyhedral supercurrent α
coincide with derivative of a α in the sense of supercurrents. In fact the derivatives
of a polyhedral supercurrent in the sense of supercurrents are in general not even
polyhedral.

Definition 2.5. Let �̃ denote an open subset of NR. Let P ⊆ �̃ be an integral
R-affine polyhedral set in NR. We choose an integral R-affine polyhedral complex
C in NR whose support is P.



96 Walter Gubler and Klaus Künnemann

(i) Let α ∈ D0,0(�̃) be a polyhedral supercurrent such that supp(α)∩ P is compact.
After suitable refinements, we may assume that α admits a polyhedral complex of
definition D such that D is a subcomplex of C . In this situation we write

α =
∑
1∈D

α1 ∧ δ1 (2.5.1)

as in (2.3.1) and define the integral of α over P as∫
P
α =

∑
1∈D

∫
1

α1. (2.5.2)

(ii) Let β ∈ D1,0(�̃) be a polyhedral supercurrent with supp(β) ∩ P compact.
Proceeding as in (i), we get β =

∑
1∈D β1 ∧ δ1 for a suitable subcomplex D of C

and we define the integral of β over the boundary of P as∫
∂P
β =

∑
1∈D

∫
∂1

β1, (2.5.3)

where the boundary integrals on the right are defined as in [Chambert-Loir and
Ducros 2012, §1.5; Gubler 2016, 2.6]. We define the boundary integral (2.5.3) for
a polyhedral supercurrent β ∈ D0,1(�̃) with supp(β) ∩ P compact by the same
formula.

Remark 2.6. (i) The definitions in (2.5.2) and (2.5.3) do not depend on the choice
of the polyhedral complex D .

(ii) On the Borel algebra B(P), we get signed measures

µP,α : B(P)→ R, µP,α(M)=
∑
1∈D

∫
M∩1

α1

and

µ∂P,β : B(P)→ R, µ∂P,β(M)=
∑
1∈D

∫
M∩∂1

β1.

(iii) We recall from A.5 that relint(P) denotes the set of regular points of a polyhe-
dral set P . Then supp(β)∩ P ⊆ relint(P) implies∫

∂P
β = 0 (2.6.1)

as an immediate consequence of the definitions.

Proposition 2.7 (Stokes’ formula for polyhedral supercurrents). Let �̃ denote an
open subset and P an integral R-affine polyhedral subset in NR with P ⊆ �̃. Then
we have ∫

P
d ′Pα =

∫
∂P
α,

∫
P

d ′′Pβ =
∫
∂P
β
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for all polyhedral supercurrents α ∈ D1,0(�̃) and β ∈ D0,1(�̃) with supp(α)∩ P
and supp(β)∩ P compact.

Proof. We choose a polyhedral complex of definition C for α such that a subcomplex
D has support P. By linearity it is sufficient to treat the case α = α1 ∧ δ1 for a
superform α1 ∈ An−1,n

c (�̃∩1) and 1 ∈ Dn . We get∫
P

d ′P(α)=
∫

P
d ′(α1)∧ δ1 =

∫
1

d ′(α1)=
∫
∂1

α1 =

∫
∂P
α,

using Stokes’ formula for superforms on polyhedra (see [Chambert-Loir and Ducros
2012, (1.5.7)] or [Gubler 2016, 2.9]). The formula for β follows in the same way. �

Remark 2.8. Let �̃ be an open subset of NR. An integral R-affine polyhedral
complex C = (C ,m) with smooth weights of pure dimension n and a superform
α ∈ Ap,q(�̃) determine a polyhedral supercurrent

α∧ δC =
∑
1∈Cn

(m1 ·α|1)∧ δ1 ∈ Dn−p,n−q(�̃).

In particular we get the polyhedral supercurrents [α] = α∧ δNR
∈ Dr−p,r−q(�̃) and

δC = 1∧ δC ∈ Dn,n(�̃).

Definition 2.9 (δ-preforms). (i) Let �̃ be an open subset of NR. A supercurrent
α ∈ Dr−p,r−q(�̃) is called a δ-preform of type (p, q) if there exist a finite set I , a
family (Ci )i∈I of tropical cycles with smooth weights Ci = (Ci ,mi ) of codimension
ni in NR, and a family (αi )i∈I of superforms αi ∈ Api ,qi (�̃) such that pi + ni = p
and qi + ni = q for all i ∈ I and

α =
∑
i∈I

αi ∧ δCi (2.9.1)

holds in Dr−p,r−q(�̃). The support of a δ-preform is the support of its underlying
supercurrent.

(ii) The δ-preforms define a subspace P p,q(�̃) in Dr−p,r−q(�̃). We put

Pn(�̃)=
⊕

p+q=n

P p,q(�̃)

and P(�̃) =
⊕

n∈N Pn(�̃). We denote by Pc(�̃) the subspace of P(�̃) given by
the δ-preforms with compact support. A δ-preform α ∈ P p,p(�̃) of type (p, p)
is called symmetric (resp. antisymmetric), if the underlying supercurrent of α is
symmetric (resp. antisymmetric).

(iii) We say that a δ-preform α has codimension l, if it admits a presentation (2.9.1)
where all the tropical cycles Ci are of pure codimension l. The δ-preforms of type
(p+ l, q+ l) of codimension l define a subspace of D p+l,q+l(�̃) which we denote
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by P p,q,l(�̃). As an immediate consequence of our definitions, we have the direct
sum

Pn(�̃)=
⊕

p+q+2l=n

P p,q,l(�̃).

Example 2.10. It follows from Remark 1.7 that a δ-preform of codimension 0 on
�̃ is the same as a superform on �̃ with piecewise smooth coefficients.

Remark 2.11. Let
α =

∑
i∈I

αi ∧ δCi ∈ P p,q,l(�̃)

be a δ-preform as in (2.9.1). Let C be a common polyhedral complex of definition
for the tropical cycles (Ci )i∈I . Then the supercurrent α is polyhedral and C is a
polyhedral complex of definition for α. In fact we have Ci = (C ,mi ) for suitable
families of weight functions mi,1 on polyhedra 1 in Cr−l and define

α1 :=
∑
i∈I

mi,1 · (αi |1) ∈ Ap,q
1 (�̃∩ |1|).

Then we get
δCi =

∑
1∈Cr−l

mi,1 ∧ δ1

and
α =

∑
1∈Cr−l

α1 ∧ δ1.

In order to compare δ-preforms in P p,q,l(�̃), presented as in (2.9.1),

α =
∑
i∈I

αi ∧ δCi , β =
∑
j∈J

β j ∧ δD j ,

we choose a common polyhedral complex of definition C for the finite families
(Ci )i∈I and (D j ) j∈J of tropical cycles and obtain

α = β⇐⇒ α1 = β1 for all 1 ∈ Cr−l . (2.11.1)

Proposition 2.12. Let �̃ denote an open subset of NR. Presenting δ-preforms as in
(2.9.1), we can perform the following constructions:

(i) We have a canonical C∞(�̃)-linear map

Ap,q(�̃)→ P p,q,0(�̃), α 7→ α∧ δNR

and a C∞(NR)-linear isomorphism

TZl(NR)−→
∼ P0,0,l(NR), C 7→ 1∧ δC .
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(ii) There are well-defined C∞(�̃)-bilinear products

∧ : P p,q,l(�̃)⊗R P p′,q ′,l ′(�̃)→ P p+p′,q+q ′,l+l ′(�̃),(∑
i∈I

αi ∧ δCi

)
∧

(∑
j∈J

β j ∧ δD j

)
=

∑
(i, j)∈I×J

(αi ∧β j )∧ δCi ·D j .

(iii) An integral R-affine map F : N ′R→ NR induces a natural pull-back

F∗ : P p,q,k(�̃)→ P p,q,k(�̃′),
∑
i∈I

αi ∧ δCi 7→

∑
i∈I

(F∗αi )∧ δF∗Ci

for any open subset �̃′ of F−1(�̃).

(iv) The pull-back morphism F∗ in (iii) satisfies

F∗(α∧β)= (F∗α)∧ (F∗β)

for all α, β ∈ P(�̃).

Proof. The proof of (i) is straightforward. For (ii), we have to show that the
definition

α∧β :=
∑

(i, j)∈I×J

(αi ∧β j )∧ δCi ·D j (2.12.1)

is independent of the presentations

α =
∑
i∈I

αi ∧ δCi ∈ P p,q,l(�̃), β =
∑
j∈J

β j ∧ δD j ∈ P p′,q ′,l ′(�̃)

given as in (2.9.1). We choose a common polyhedral complex of definition C for
all tropical cycles Ci and D j . Using Remark 2.11, we represent the δ-preforms as
polyhedral supercurrents

α =
∑
σ∈C l

ασ ∧ δσ , β =
∑
σ ′∈C l′

βσ ′ ∧ δσ ′ . (2.12.2)

We choose a generic vector v and ε > 0 as in 1.4(ii). From (2.12.1) and (1.4.1), we
deduce

α∧β =
∑

τ∈C l+l′

∑
σ,σ ′

[N : Nσ + Nσ ′] ·ασ ∧βσ ′ ∧ δτ , (2.12.3)

where σ, σ ′ ranges over all pairs in C l
×C l ′ with σ ∩σ ′= τ and σ ∩(σ ′+εv) 6=∅.

Then (ii) follows from (2.12.3) and from the uniqueness of the representations in
(2.12.2). Bilinearity is obvious.

Similarly we show (iii). Given a δ-preform α as above, we have to prove that

F∗(α) :=
∑
i∈I

(F∗αi )∧ δF∗Ci (2.12.4)
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is independent of the representation of α in (2.12.2). There is a complete, integral R-
affine polyhedral complex C ′ of N ′R and a complete, common polyhedral complex
of definition C for all tropical cycles Ci satisfying the following compatibility
property: for every σ ′ ∈ C ′, there is a σ ∈ C with F(σ ′)⊆ σ . Using the coefficients
mγ ′

σ ′,σ from Remark 1.4(v), we deduce from (2.12.4) and (1.4.4) that

F∗(α)=
∑

γ ′∈(C ′)l

∑
σ ′,σ

mγ ′

σ ′,σ · F
∗ασ ∧ δγ ′, (2.12.5)

where σ ′, σ ranges over all pairs in (C ′)0×C l with γ ′ ⊆ σ ′, F(γ ′)⊆ σ . Then (iii)
follows from (2.12.5) and uniqueness of the representation (2.12.2).

Note that (iv) is a direct consequence of our definitions. �

Remark 2.13. Let P be an integral R-affine polyhedral subset in NR of dimension n.
Let C = (C ,m) be a tropical cycle with |C | = P or |C | = P and α ∈ P ·c(NR).
Observe that

∫
P α is in general different from

∫
NR
α∧ δC as the latter integral takes

the multiplicities of C into account.

Proposition 2.14 (projection formula). Let F : N ′R→ NR be an integral R-affine
map and C ′ a tropical cycle of dimension n on N ′R. Let P be an integral R-affine
polyhedral subset and �̃ an open subset of NR with P ⊆ �̃. Let α ∈ P(�̃) be a δ-
preform such that supp(F∗(α)∧δC ′)∩F−1(P) is compact. Then supp(α∧δF∗(C ′))∩P
is compact. If α ∈ Pn,n(�̃), then∫

P
α∧ δF∗(C ′) =

∫
F−1(P)

F∗(α)∧ δC ′ . (2.14.1)

If α ∈ Pn−1,n(�̃), then∫
∂P
α∧ δF∗(C ′) =

∫
∂F−1(P)

F∗(α)∧ δC ′ . (2.14.2)

Proof. We consider first the case where α ∈ Pn,n(�̃). We may assume without loss
of generality that α ∈ P p,p,l(�̃), where n = p+ l. We write

α =
∑
i∈I

αi ∧ δCi

for suitable αi ∈ Ap,p(�̃) and Ci ∈ TZl(NR) as in (2.9.1). We get

α∧ δF∗(C ′) =
∑
i∈I

αi ∧ δF∗(F∗Ci ·C ′), F∗(α)∧ δC ′ =
∑
i∈I

F∗(αi )∧ δF∗Ci ·C ′

by the projection formula, Proposition 1.5(ii). We choose common polyhedral
complexes of definition C ′ in N ′R for C ′ and F∗Ci for all i ∈ I and C in NR for
F∗C ′ and Ci for all i ∈ I . We may assume that F∗(C ′) is a subcomplex of C . After
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further refinements we can find polyhedral subcomplexes D ′ of C ′ with support
F−1(P) and D of C with support P. Then F∗D ′ is a subcomplex of D and we write∑

i∈I

αi ∧ δF∗(F∗Ci ·C ′) =
∑
σ∈Cp

ασ ∧ δσ , (2.14.3)

∑
i∈I

F∗(αi )∧ δF∗Ci ·C ′ =
∑
σ ′∈C ′p

ασ ′ ∧ δσ ′ . (2.14.4)

Consider σ ∈Cp. Given σ ′ ∈C ′p with F(σ ′)=σ there is a unique form α̃σ ′ ∈ Aσ (σ )
such that F∗(α̃σ ′)= ασ ′ in Aσ ′(σ ′). From (1.4.3), (2.14.3) and (2.14.4) we get

ασ =
∑
σ ′∈C ′p

F(σ ′)=σ

[Nσ : LF (N ′σ ′)] · α̃σ ′ (2.14.5)

and ασ ′ =0 for all σ ′ ∈C ′p with dim F(σ ′)< p. If σ ∈Dp, which means σ ⊆ P , then
only the σ ′∈D ′p contribute to the sum in (2.14.5). Since σ ′∈D ′p is equivalent to σ ′⊆
F−1(P), we deduce from (2.14.5) and compactness of supp(F∗(α)∧δC ′)∩F−1(P)
that supp(α∧ δF∗(C ′))∩ P is compact. The above formulas show that∫

P
α∧ δF∗(C ′) =

∑
σ∈Dp

∫
σ

ασ =
∑
σ∈Dp

∑
σ ′∈C ′p

F(σ ′)=σ

[Nσ : LF (N ′σ ′)]
∫
σ

α̃σ ′

and hence the transformation formula of integration theory (see [Chambert-Loir
and Ducros 2012, (1.5.8); Gubler 2016, Proposition 3.10]) gives∫

P
α∧ δF∗(C ′) =

∑
σ∈Dp

∑
σ ′∈C ′p

F(σ ′)=σ

∫
σ ′
ασ ′ =

∑
σ ′∈D ′p

∫
σ ′
ασ ′ =

∫
F−1(P)

F∗(α)∧ δC ′ .

This proves (2.14.1). Formula (2.14.2) is proved in exactly the same way using the
transformation formula for boundary integrals in [Chambert-Loir and Ducros 2012,
(1.5.8)]. �

2.15. Given a tropical cycle C = (C ,m) with constant weight functions, it follows
from Stokes’ theorem that the supercurrent δC is closed under d ′ and d ′′ [Gubler
2016, Proposition 3.8]. The following proposition shows that this is no longer true
for tropical cycles with smooth weights.

Proposition 2.16. Let C = (C ,m) be a tropical cycle with smooth weights of pure
dimension n in NR. Then we have

d ′δC = d ′m ∧ δC , d ′′δC = d ′′m ∧ δC
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in D·(NR), where the polyhedral supercurrent d ′m ∧ δC is defined by

〈d ′m ∧ δC , α〉 =
∑
σ∈Cn

∫
σ

d ′mσ ∧α

and the supercurrent d ′′m ∧ δC is defined analogously.

Proof. This is a direct consequence of Stokes’ formula for superforms on polyhedra
[Chambert-Loir and Ducros 2012, lemme (1.5.7)], [Gubler 2016, 2.9] and the
balancing condition (1.1.1). �

Remark 2.17. It follows from Proposition 2.16 that the subspace P ·(NR) of D·(NR)

of δ-preforms is not closed under the differentials d ′ and d ′′ in the sense of super-
currents. We will address this problem again in 4.6.

Proposition 2.18. Let �̃ denote an open subset of NR. Then we have

d ′(β)= d ′P(β), d ′′(β)= d ′′P(β)

for all δ-preforms β ∈ P(�̃).

Proof. It is sufficient to treat the case β = α∧ δC for a superform α ∈ Ap,q(�̃) and
a tropical cycle C = (C ,m) of pure dimension n on NR. We have

β =
∑
σ∈Cn

(mσ ·α|σ )∧ δσ .

From Proposition 2.16 we get

d ′β = d ′α∧ δC + (−1)p+qα∧ d ′m ∧ δC =
∑
σ∈Cn

(
mσ · d ′α|σ + d ′mσ ∧α|σ

)
∧ δσ .

Then Leibniz’s rule shows

d ′β =
∑
σ∈Cn

d ′(mσ ·α|σ )∧ δσ = d ′P(β)

which proves the first equality. The second claim is proved similarly. �

3. Supercurrents and delta-preforms on tropical cycles

In this section, we introduce supercurrents and δ-preforms on a given tropical cycle
C = (C ,m) of pure dimension n with constant weight functions. Similarly to
complex manifolds, such tropical cycles have no boundary as d ′δC = d ′′δC = 0.
In the applications, C will be the tropical variety of a closed subvariety of a
multiplicative torus. We build upon the results in Section 2. We will obtain the
formulas of Stokes and Green. The main result is the tropical Poincaré–Lelong
equation which will be used in Section 9 for the first Chern δ-current of a metrized
line bundle.
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3.1. The space Ap,q
C (�) of (p, q)-superforms on an open subset � in |C | is defined

as follows. We choose an open subset �̃ of NR such that �= �̃∩ |C |. Elements
in Ap,q

C (�) are represented by elements in Ap,q(�̃) where two such elements are
identified if they induce the same element in Ap,q

1 (�∩1) (see 2.2) for all maximal
polyhedra 1 in C . A partition of unity argument shows that this definition is
independent of the choice of �̃. Observe furthermore that Ap,q

C (�) depends only
on the support |C | of C . We will often omit the polyhedral complex C from our
notation and write simply Ap,q(�) instead of Ap,q

C (�) when C or at least |C | is
clear from the context. The spaces Ap,q(�) define a sheaf on |C |. Hence the
support of a superform in Ap,q(�) is defined as a closed subset of �. We denote
by Ap,q

c (�) the space of superforms on � with compact support.

Definition 3.2. We define the space of supercurrents DC
p,q(�) of type (p, q) on

an open subset � in |C | as follows. An element in DC
p,q(�) is given by a linear

form T ∈ HomR(A
p,q
c (�),R) such that we can find an open set �̃ of NR and a

supercurrent T ′ ∈ Dp,q(�̃) such that � = �̃ ∩ |C | and T (η|�) = T ′(η) for all
η ∈ Ap,q

c (�̃). As in 3.1 we often omit C from the notation and write Dp,q(�)

instead of DC
p,q(�). We also use the grading D p,q(�) := Dn−p,n−q(�).

Remark 3.3. In the situation of Definition 3.2 we fix an open subset �̃ of NR with
�= �̃∩ |C |. It follows from a partition of unity argument that in the definition of
Dp,q(�) we may use this �̃. We may identify Dp,q(�) with a subspace of Dp,q(�̃)

using the canonical map T 7→ T ′. Indeed, this map is well defined and injective
since T (η|�)= T ′(η) holds for all η ∈ Ap,q

c (�̃). Furthermore the differentials d ′

and d ′′ on D(�̃) induce well-defined differentials d ′ and d ′′ on D(�).
A polyhedral supercurrent α′ on �̃ is in D(�) if and only if supp(α′) is contained

in �. The corresponding element α in D(�) is called a polyhedral supercurrent
on �. Using Definition 2.3, the polyhedral derivatives d ′Pα and d ′′Pα are again
polyhedral supercurrents on �. Definition 2.5 yields integrals

∫
P α =

∫
P α
′ and

boundary integrals
∫
∂P α =

∫
∂P α

′ of polyhedral supercurrents α in D0(�) and
D1(�), respectively, over an integral R-affine polyhedral subset P of �, provided
that supp(α)∩ P is compact.

Definition 3.4. Let � be an open subset of |C | and consider an open subset �̃
of NR with � = �̃ ∩ |C |. For any δ-preform α̃ ∈ P(�̃) on �̃, the supercurrent
α̃∧ δC on �̃ lies in the subspace D(�) of D(�̃). We will denote the corresponding
element in D(�) by α̃|�. A supercurrent α ∈ D(�) is called a δ-preform on � if
there is an open subset �̃ of NR with �= �̃∩|C | and a α̃ ∈ P(�̃) with α= α̃∧δC .
The space of δ-preforms on � is denoted by P(�) and the subspace of compactly
supported δ-preforms is denoted by Pc(�). Note that these spaces depend also on
the weights m of the tropical cycle C = (C ,m) and not only on the open subset �
of |C |.
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Remark 3.5. (i) A partition of unity argument again shows that P(�) is the image
of the natural morphism

P(�̃)→ D(�), α̃ 7→ α̃|� := α̃∧ δC

for any open subset �̃ of NR with�= �̃∩|C |. We give P(�) the unique structure as
a bigraded algebra such that the surjective map P(�̃)→ P(�) is a homomorphism
of bigraded algebras. Similarly, we define the grading by codimension on P(�).
For δ-preforms α = α̃ ∧ δC and α′ = α̃′ ∧ δC on �, their product is given by the
formula

α∧α′ = α̃∧ α̃′ ∧ δC .

(ii) By Remarks 2.11 and 3.3, α = α̃ ∧ δC ∈ P(�) is a polyhedral supercurrent
on �. After possibly passing to a subdivision of C , we have

α =
∑
1∈C

α1 ∧ δ1 ∈ D(�),

with α1 ∈ A1(�∩1). It follows from Proposition 2.18 that

d ′Pα = d ′α and d ′′Pα = d ′′α, (3.5.1)

where we use the polyhedral derivative introduced in Definition 2.3 on the left-hand
sides, and the derivative of currents in D(�) on the right-hand sides.

(iii) Now we assume that α ∈ Pn,n(�) and that P is an integral R-affine polyhedral
subset of � such that supp(α)∩ P is compact. By passing again to a subdivision,
we may assume that C has a subcomplex D with |D | = P. Using the definition of
the integral of polyhedral supercurrents on � in Remark 3.3 and a decomposition
of α as above, (2.5.2) gives ∫

P
α =

∑
1∈D

∫
1

α1.

A similar formula holds for the boundary integral
∫
∂P α for α ∈ Pn−1,n(�) or

α ∈ Pn,n−1(�).

Proposition 3.6 (Stokes’ formula for δ-preforms). Let P be an integral R-affine
polyhedral subset of the open subset � of |C |. Then we have∫

P
d ′α =

∫
∂P
α,

∫
P

d ′′β =
∫
∂P
β

for all δ-preforms α ∈ Pn−1,n(�) and β ∈ Pn,n−1(�) with supp(α) ∩ P and
supp(β)∩ P compact.

Proof. This follows from Proposition 2.7 and (3.5.1). �
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The following result will be important in the construction of δ-forms on algebraic
varieties.

Lemma 3.7. Let � be an open subset of |C |. Given d ′-closed (resp. d ′′-closed)
δ-preforms γ and γ ′ on �, their product γ ∧γ ′ is again d ′-closed (resp. d ′′-closed).

Proof. Consider an open subset �̃ of NR with�= �̃∩|C | and d ′-closed δ-preforms
γ and γ ′ on �. We may assume that γ (resp. γ ′) is of codimension l (resp. l ′) and
that γ has degree k + 2l (resp. k ′ + 2l). We choose δ-preforms γ̃ =

∑
i αi ∧ δCi

and γ̃ ′ :=
∑

j α
′

j ∧ δC ′j for superforms αi ∈ Ak(�̃), α′j ∈ Ak′(�̃) and tropical cycles
Ci = (Ci ,mi ),C ′j = (C

′

j ,m′j ) of codimension l, l ′ with smooth weight functions
such that γ = γ̃ ∧ δC and γ ′ = γ̃ ′ ∧ δC . We have to show that the supercurrent

γ ∧ γ ′ = γ̃ ∧ γ̃ ′ ∧ δC ∈ D(�)

is d ′-closed. After suitable refinements we may assume that the polyhedral com-
plexes Ci , C ′j and C are all subcomplexes of a complete integral R-affine polyhedral
complex D in NR. We choose generic vectors v,w ∈ NR in order to compute stable
tropical intersection products as in Remark 1.4 for tropical cycles with polyhedral
complex of definition D . We have C ′j ·C = (D≤n−l ′,m′′j ). For ρ ∈Dn−l ′ and ω ∈ ρ,
we have

m′′jρ(ω)=
∑

ρ=σ ′∩1

cσ ′1 m′jσ ′(ω)m1

for small ε > 0, where (σ ′,1) ranges over D l ′
×Dn and cσ ′1 = [N : Nσ ′ + N1] if

σ ′ ∩ (1+ εv) 6=∅ and cσ ′1 = 0 otherwise. In the same way we write

Ci ·C
′

j ·C = (D≤n−l−l ′,m′′′i j ).

For τ ∈ Dn−l−l ′ and ω ∈ τ , we have

m′′′i jτ (ω)=
∑
τ=σ∩ρ

cσρ miσ (ω)m′′jρ(ω)

for small ε > 0, where (σ, ρ) ranges over D l
×Dn−l ′ and cσρ = [N : Nσ + Nρ] if

σ ∩ (ρ+εw) 6=∅ and cσρ = 0 otherwise. Combining the last two formulas, we get

m′′′i jτ (ω)=
∑

τ=σ∩σ ′∩1

cσσ ′1 miσ (ω)m′jσ ′(ω)m1 (3.7.1)

where (σ, σ ′,1) ranges over D l
×D l ′

×Dn and

cσσ ′1 = cσ,σ ′∩1 · cσ ′1. (3.7.2)

We observe that by associativity and commutativity Ci · (C
′

j ·C) = C ′j · (Ci ·C).
This implies

cσσ ′1 = cσ ′,σ∩1 · cσ1. (3.7.3)
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Now we use d ′P(γ̃ ∧ δC)= d ′γ = 0 in D(�). For every ρ ∈ Dn−l , we get∑
i

∑
ρ=σ∩1

cσ1 d ′(miσm1αi )= 0 (3.7.4)

on � ∩ ρ. Similarly, we use d ′P(γ̃
′
∧ δC) = d ′γ ′ = 0. For every ρ ′ ∈ Dn−l ′ , this

gives ∑
j

∑
ρ′=σ ′∩1

cσ ′1 d ′(m′jσ ′m1α
′

j )= 0 (3.7.5)

on �∩ ρ ′. We have to show that

d ′(γ ∧ γ ′)= d ′(γ̃ ∧ γ̃ ′ ∧ δC)=
∑

i j

d ′(αi ∧α
′

j ∧ δCi ·C
′

j ·C) (3.7.6)

vanishes in D(�). Since d ′ agrees with d ′P on δ-preforms, we deduce

d ′(αi ∧α
′

j ∧ δCi ·C
′

j ·C)=
∑
τ

d ′(m′′′i jταi ∧α
′

j )∧ δτ . (3.7.7)

By (3.7.1) and Leibniz’s rule, we can split this into the sum of∑
τ

∑
τ=σ∩σ ′∩1

cσσ ′1m1 d ′(miσαi )∧m′jσ ′α
′

j ∧ δτ (3.7.8)

and
(−1)k

∑
τ

∑
τ=σ∩σ ′∩1

cσσ ′1m1miσαi ∧ d ′(m′jσ ′α
′

j )∧ δτ . (3.7.9)

Note that here and in the following, we use our standing assumption that the weight
m1 of C is constant. From (3.7.3) and (3.7.4) we get∑

i j

∑
τ

∑
τ=σ∩σ ′∩1

cσσ ′1m1 d ′(miσαi )∧m′jσ ′α
′

j

=

∑
j

∑
τ

∑
τ=σ ′∩ρ

cσ ′ρ

( ∑
ρ=σ∩1

∑
i

cσ1m1 d ′(miσαi )

)
∧m′jσ ′α

′

j = 0.

In the same way we get∑
i j

∑
τ

∑
τ=σ∩σ ′∩1

cσσ ′1m1miσαi ∧ d ′(m′jσ ′α
′

j )= 0

from (3.7.2) and (3.7.5). These two equations and (3.7.6)–(3.7.9) prove the vanishing
of d ′(γ ∧ γ ′). In the same way, one derives d ′′(γ ∧ γ ′)= 0 from the vanishing of
d ′′(γ ) and d ′′(γ ′). �

Corollary 3.8. Let� be an open subset of |C |. We consider β= η∧γ ∈ Pk(�) and
β ′ = η′ ∧ γ ′ ∈ Pk′(�) for superforms η, η′ ∈ A(�) and δ-preforms γ, γ ′ ∈ P(�).
If d ′γ = d ′γ ′ = 0, then d ′β is again a δ-preform with

d ′β = d ′η∧ γ and d ′(β ∧β ′)= d ′β ∧β ′+ (−1)kβ ∧ d ′β ′.
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If d ′′γ = d ′′γ ′ = 0, then d ′′β is again a δ-preform with

d ′′β = d ′′η∧ γ and d ′′(β ∧β ′)= d ′′β ∧β ′+ (−1)kβ ∧ d ′′β ′.

Proof. Given a superform η ∈ Ap(�) and a supercurrent T ∈ D(�), we have

d ′(η∧ T )= d ′η∧ T + (−1)pη∧ d ′T . (3.8.1)

This implies the first formula and hence d ′β is a preform. Combined with Lemma 3.7,
we deduce the second formula as well. Similarly, we prove the corresponding claims
for d ′′. �

Proposition 3.9 (Green’s formula for δ-preforms). Let � be an open subset of |C |
and let P be an integral R-affine polyhedral subset of �. We consider symmetric
δ-preforms βi ∈ P pi ,pi (�) for i = 1, 2 with p1+ p2= n−1 such that βi = ηi∧γi for
superforms ηi ∈ A(�) and δ-preforms γi ∈ P(�) with d ′γ =d ′γ ′=d ′′γ =d ′′γ ′= 0.
Then we have∫

P

(
β1 ∧ d ′d ′′β2−β2 ∧ d ′d ′′β1

)
=

∫
∂P

(
β1 ∧ d ′′β2−β2 ∧ d ′′β1

)
,

if we assume furthermore that supp(β1)∩ supp(β2)∩ P is compact.

Proof. As in [Chambert-Loir and Ducros 2012, lemme (1.3.8)], the formula is
obtained as a direct consequence of Proposition 3.6 and the Leibniz formula in
Corollary 3.8. �

Definition 3.10. Let P be an integral R-affine polyhedral subset in NR. A piecewise
smooth superform α on an open subset � of P is given by an integral R-affine
polyhedral complex D with support P and smooth superforms α1 ∈ A1(�∩1)
for every 1 ∈ D such that α1 restricts to αρ for every closed face ρ of 1. In this
case we call D a polyhedral complex of definition for α. The support of a piecewise
smooth superform α as above is the union of the supports of the forms α1 for all 1
in D . We identify two superforms α, α′ on � if they have the same support and
if α1 = α′1′ on 1∩1′ ∩� for all polyhedra 1,1′ of the underlying polyhedral
complexes D,D ′.

Remark 3.11 (properties of piecewise smooth superforms). Let � denote an open
subset of an integral R-affine polyhedral subset P in NR.

(i) The space of piecewise smooth superforms on � is denoted by PS(�). It
comes with a natural bigrading and has a natural wedge product. We conclude
that PS·,·(�) is a bigraded R-algebra which contains A·,·(�) as a subalgebra. We
denote by PS·,·c (�) the subspace of PS·,·(�) given by piecewise smooth superforms
with compact support.
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(ii) Let N ′ be also a free abelian group of finite rank and let F : N ′R→ NR be an
integral R-affine map. Suppose that �′ is an open subset of an integral R-affine
polyhedral subset Q in N ′R with F(Q) ⊆ P and F(�′) ⊆ �. For a piecewise
smooth superform α on �, there is an integral R-affine polyhedral complex D ′

with |D ′| = Q and a polyhedral complex of definition D for α such that for every
1′ ∈ D ′, there is a 1 ∈ D with F(1′) ⊆ 1. Then we define a piecewise smooth
superform F∗(α) = α′ on �′ with D ′ as a polyhedral complex of definition by
setting α′1′ := F∗(α1) ∈ A1′(�′ ∩1′) for every 1′ ∈ D ′. In this way, we get a
well-defined graded R-algebra homomorphism

F∗ : PS·,·(�)→ PS·,·(�′).

In particular, we can restrict α to an open subset of an integral R-affine polyhedral
subset of P.

(iii) Let α ∈ PSp,q(�) be given by an integral R-affine polyhedral complex D

and smooth superforms α1 ∈ Ap,q(�∩1) for every 1 ∈ D . Then the superforms
d ′α1 ∈ Ap+1,q

1 (�∩1), with 1 ranging over D , define an element in PSp+1,q(�)

which we denote by d ′Pα. Similarly, we define d ′′Pα ∈ PSp,q+1(�). One verifies
immediately that PS·,·(W ) is a differential graded R-algebra. with respect to the
differentials

d ′P : PSp,q(�)→ PSp+1,q(�), d ′′P : PSp,q(�)→ PSp,q+1(�). (3.11.1)

(iv) The elements of PS0,0(�) are the piecewise smooth functions on the open
subset � of P from Definition 1.6.

3.12. Now we apply the above to an open subset � of the polyhedral set P := |C |
for the given tropical cycle C = (C ,m) with constant weight functions. A piecewise
smooth superform α as above defines a polyhedral supercurrent

[α] :=
∑
1∈Cn

α1 ∧ δ1

and the derivatives in (3.11.1) coincide — as suggested by the notation — with the
polyhedral derivatives introduced in Definition 2.3. Note that these differentials of
piecewise smooth superforms are not compatible with the corresponding differentials
of the associated supercurrents. We define the d ′-residue of α by

Resd ′(α) := d ′[α] − [d ′Pα].

Similarly, we define residues with respect to the differential operators d ′′ and d ′d ′′.

3.13. Given α ∈ PS(�) and a polyhedral supercurrent β on the open subset �
of |C |, there is natural bilinear product α ∧ β which is defined as a polyhedral
supercurrent on � as follows. After passing to a subdivision of C , we may assume
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that C is a polyhedral complex of definition for α and β. Then C is a polyhedral
complex of definition for α∧β and for every 1 ∈ C we set

(α∧β)1 := α1 ∧β1 ∈ A1(�∧1),

where α, β are given on � by α1, β1 ∈ A1(�∧1). For α ∈ PSk(�), the Leibniz-
type formula

d ′P(α∧β)= d ′Pα∧β + (−1)kα∧ d ′Pβ (3.13.1)

is a direct consequence of our definitions. An analogous formula holds for d ′′P .

There is no obvious product on the space of polyhedral currents which extends
the given products on the subspaces P(�) and PS(�). The next remark shows that
such a product exists for a canonical subspace PSP(�) of the space of polyhedral
currents.

Remark 3.14. The linear subspace PSP(�) of D(�), generated by currents of the
form α ∧ β with α ∈ PS(�) and with β ∈ P(�), will play a role later. Note that
PSP(�) has a unique structure as a bigraded differential R-algebra with respect d ′P
and d ′′P extending the corresponding structures on PS(�) and P(�). To see that the
wedge product is well defined, we can use the same arguments as for P(�). The
crucial point is that for a piecewise smooth form α as in 3.12 and τ 41 ∈ C , the
restriction of α1 to τ is ατ . This allows us to use the arguments in Proposition 2.12
which show that ∧ is well defined on PSP(�).

If F : N ′R → NR is an integral R-affine map and if �̃′ is an open subset of
the preimage of the open subset �̃ of NR, then we have a unique pull-back F∗ :
PSP(�̃)→ PSP(�̃′) which extends the pull-back maps on piecewise smooth forms
and on δ-preforms and which is compatible with the bigrading and the wedge
product. Again, the argument is the same as in the proof of Proposition 2.12.
Moreover, it is clear that the projection formulas in Proposition 2.14 hold more
generally for α ∈ PSP(�̃).

3.15. Recall that C = (C ,m) is a tropical cycle on NR of pure dimension n and
with constant weight functions. Let φ be a piecewise smooth function on |C |. We
have seen in Proposition 1.12 that the corner locus φ ·C is again a tropical cycle. It
induces a polyhedral supercurrent δφ·C ∈ Dn−1,n−1(|C |) on |C |. By Proposition 1.8,
there is a piecewise smooth function φ̃ on NR extending φ. We have

δφ·C = δφ̃·NR
∧ δC

and hence δφ·C is a δ-preform in P1,1(|C |). By Remark 3.5, we obtain a δ-preform
δφ·C ∧β ∈ P p,q,l+1(|C |) for any β ∈ P p,q,l(|C |).

The following tropical Poincaré–Lelong formula and its Corollary 3.19 compute
the d ′d ′′-residue of φ.
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Theorem 3.16. We consider a δ-preform ω ∈ P p,q,l(|C |) such that d ′ω= 0= d ′′ω.
Let η ∈ An−p−l−1,n−q−l−1(|C |) be a superform such that β = η∧ω has compact
support. Then we have∫

|C |

φ d ′d ′′β −
∫
|C |

d ′Pd ′′Pφ ∧β =
∫
|C |

δφ·C ∧β, (3.16.1)

where we use the integral of polyhedral supercurrents on |C | defined in Remark 3.3.

Proof. We may assume after suitable refinements that C is also a polyhedral complex
of definition for φ and ω. From (3.13.1) and (3.5.1), we get

d ′′P(φ d ′β)+ d ′P(d
′

Pφ ∧β)= φ d ′′d ′β + d ′Pd ′′Pφ ∧β = d ′Pd ′′Pφ ∧β −φ d ′d ′′β.

Let P denote the polyhedral set |C |. Stokes’ formula for polyhedral supercurrents,
Proposition 2.7, yields∫

P

(
d ′Pd ′′Pφ ∧β −φ d ′d ′′β

)
=

∫
∂P
φ ∧ d ′β +

∫
∂P

d ′′Pφ ∧β. (3.16.2)

We write
ω =

∑
i∈I

ωi ∧ δCi

for tropical cycles Ci = (C≤n−l,mi ) with suitable smooth weight functions mi and
superforms ωi . Then we have∫

∂P
φ ∧ d ′β =

∑
i∈I

∫
∂P
φ ∧ d ′η∧ωi ∧ δCi

=

∑
i∈I

∑
σ∈Cn−l

∫
∂σ

miσφσ d ′η∧ωi .

For each σ ∈Cn−l and each face τ ∈Cn−l−1 we choose an element ωσ,τ as in (1.1.1).
We observe that the elements ωτ,σ used in [Gubler 2016, 2.8] to define the boundary
integrals

∫
∂σ

satisfy ωτ,σ =−ωσ,τ . The definition of the boundary integral uses the
contraction 〈 · , ωτ,σ 〉{n−l} of the involved superform of type (n− l, n− l) given by
inserting ωτ,σ for the (n− l)-th variable and leads to∫

∂P
φ ∧ d ′β =−

∑
i∈I

∑
τ∈Cn−l−1

∑
σ∈Cn−l
τ≺σ

∫
τ

〈miσφσ d ′η∧ωi , ωσ,τ 〉{n−l}.

Given i ∈ I and τ ∈ Cn−l−1, the balancing condition (1.1.1) for Ci gives us the
vector field

ωiτ :=
∑
σ∈Cn−l
τ≺σ

miσωσ,τ : τ → Lτ .
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We observe that φσ |τ = φτ for all τ ≺ σ yielding∫
∂P
φ ∧ d ′β =−

∑
i∈I

∑
τ∈Cn−1

∫
τ

〈φτ d ′η∧ωi , ωiτ 〉{n−l} = 0

as a superform contracted with a vector field with values in Lτ restricts to zero on τ .
Using this in (3.16.2), we obtain∫

|C |

φ d ′d ′′β −
∫
|C |

d ′Pd ′′Pφ ∧β =−
∫
∂|C |

d ′′Pφ ∧β. (3.16.3)

Our claim is then a consequence of the following lemma. �

Lemma 3.17. Let φ be a piecewise smooth function on |C |. For any δ-preform
β ∈ Pn−1,n−1

c (|C |) with compact support, we have∫
∂|C |

d ′′Pφ ∧β =−
∫
|C |

δφ·C ∧β,

∫
∂|C |

d ′Pφ ∧β =
∫
|C |

δφ·C ∧β. (3.17.1)

Proof. We prove only the first formula. The second formula follows by applying
the first one to J ∗(β) and using the symmetry of the supercurrent of integration.
We use the notation introduced in the proof of Theorem 3.16. We may assume that
β ∈ Pn−l−1,n−l−1,l(|C |) and that

β =
∑
i∈I

ηi ∧ δCi

for tropical cycles Ci = (C≤n−l,mi ) with suitable smooth weight functions mi and
superforms ηi ∈ An−l−1,n−l−1(|C |). Since β is a δ-preform on C , we may assume
that there is a tropical cycle C̃i of codimension l in NR such that Ci = C̃i .C for
every i ∈ I . Recall that ∂/∂ωσ,τ denotes the partial derivative along the tangential
vector ωσ,τ . An exercise in linear algebra gives

〈d ′′φσ ∧ ηi , ωσ,τ 〉{2n−2l−1} =
∂φσ
∂ωσ,τ

∧ ηi + d ′′φσ ∧ 〈ηi , ωσ,τ 〉{2n−2l−2}

for all i ∈ I , σ ∈ Cn−l and all faces τ of σ of codimension one. Furthermore one
sees easily that ∫

τ

d ′′φτ ∧ 〈ηi , ωiτ 〉{2n−2l−2} =−

∫
τ

∂φτ
∂ωiτ
∧ ηi .

Let φ · Ci = (C≤n−l−1,mi ) denote the corner locus of φ on Ci introduced in
Definition 1.10. Using the last two formulas and the definition of the weight
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functions miτ of the corner locus in (1.10.1), we get∑
σ∈Cn−l
τ≺σ

∫
τ

〈miσ d ′′φσ ∧ ηi , ωσ,τ 〉{2n−2l−1}

=

∑
σ∈Cn−l
τ≺σ

∫
τ

(
miσ

∂φσ
∂ωσ,τ

∧ ηi + d ′′φτ ∧
〈
ηi ,

∑
σ∈Cn−l
τ≺σ

miσωσ,τ

〉
{2n−2l−2}

)

=

∑
σ∈Cn−l
τ≺σ

∫
τ

(
miσ

∂φσ
∂ωσ,τ

∧ ηi −
∂φτ
∂ωiτ
∧ ηi

)

=

∫
τ

( ∑
σ∈Cn−l
τ≺σ

miσ
∂φσ
∂ωσ,τ

−
∂φτ
∂ωiτ

)
∧ ηi

=

∫
τ

miτηi

for all i ∈ I and τ ∈ Cn−l−1. For the polyhedral set P := |C |, we have∫
∂P

d ′′Pφ ∧β =
∑
i∈I

∑
σ∈Cn−l

∫
∂σ

miσ d ′′φσ ∧ ηi

=−

∑
i∈I

∑
τ∈Cn−l−1

∑
σ∈Cn−l
τ≺σ

∫
τ

〈
miσ d ′′φσ ∧ ηi , ωσ,τ

〉
{2n−2l−1}

=−

∑
i∈I

∑
τ∈Cn−l−1

∫
τ

miτηi

=−

∑
i∈I

∫
P
ηi ∧ δφ·Ci .

We get δφ·Ci = δφ·C̃i ·C = δC̃i
∧ δφ·C from Proposition 1.14. Hence∑

i∈I

∫
P
ηi ∧ δφ·Ci =

∫
P

(∑
i∈I

ηi ∧ δC̃i

)
∧ δφ·C =

∫
P
δφ·C ∧β

yields our claim. �

Remark 3.18. In the situation of Lemma 3.17 we consider a δ-preform β ∈

Pn−1,n−1(|C |) on C . However we do no longer assume that β has compact sup-
port. Instead we make the weaker assumption that the polyhedral supercurrents
d ′′Pφ ∧ β ∈ D1,0(|C |) (resp. d ′Pφ ∧ β ∈ D0,1(|C |)) and δφ·C ∧ β ∈ D0,0(|C |) have
compact support. Then the first (resp. second) formula in (3.17.1) still hold for β.
In order to prove this, one chooses a function f ∈ A0

c(|C |) which is equal to 1 on
the above compact supports and applies Lemma 3.17 to f ·β.
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Corollary 3.19. Let C = (C ,m) be a tropical cycle with constant weight functions
of pure dimension n on NR and φ : |C | → R a piecewise smooth function with
corner locus φ ·C. Then we have

d ′d ′′[φ] − [d ′Pd ′′Pφ] = δφ·C (3.19.1)

in DC
n−1,n−1(|C |).

Proof. Both sides of (3.19.1) have support in |C |. Hence it suffices to show that(
d ′d ′′[φ] − [d ′Pd ′′Pφ]

)
(α)= δφ·C(α)

holds for all α ∈ An−1,n−1
c (|C |), and this is a special case of Theorem 3.16. �

Corollary 3.20. Let φ : |C | → R a piecewise linear function on C. Then we have

d ′d ′′[φ] = δφ·C (3.20.1)

in DC
n−1,n−1(NR).

Proof. This follows from Corollary 3.19. �

4. Delta-forms on algebraic varieties

Let X be an algebraic variety over K of dimension n and X an the associated
Berkovich space.

We introduce the algebra B(W ) of δ-forms on an open subset W of X an. We
use tropicalizations as in [Chambert-Loir and Ducros 2012] and [Gubler 2016] to
pull-back algebras of δ-preforms to X an. After a suitable sheafification process we
obtain the sheaves of algebras B and P of δ-forms and generalized δ-forms. We
show that B is a sheaf of bigraded differential R-algebras with respect to natural
differentials d ′ and d ′′.

4.1. Consider a tropical chart (V, ϕU ) on X as in [Gubler 2016, 4.15]. It consists
of a very affine Zariski open U in X . Recall that U is called very affine if U has a
closed immersion into a multiplicative torus. Then there is a canonical torus TU

with cocharacter group

NU = HomZ(O(U )×/K×,Z),

and a canonical closed embedding ϕU : U → TU , unique up to translation (see
[Gubler 2016, 4.12, 4.13] for details). We get a tropicalization map

tropU :U
an ϕan

U
−→ T an

U
trop
−−→ NU,R

associated with ϕU . The second ingredient of a tropical chart is an open subset
V ⊆U an for which there is an open subset �̃ of NU,R with V = trop−1

U (�̃).
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The set tropU (U
an) is the support of a canonical tropical cycle Trop(U ) =

(Trop(U ),mU ) with integral weights. It is the tropical variety associated to the
closed subvariety U of TU equipped with its canonical tropical weights (see [Gubler
2013, §3, §13]). Note that V = trop−1

U (�) for the open subset � := �̃∩Trop(U )
of Trop(U ).

Definition 4.2. Let f : X ′→ X be a morphism of algebraic varieties over K . We
say that charts (V, ϕU ) and (V ′, ϕU ′) of X and X ′ respectively are compatible with
respect to f , if we have f (U ′)⊆U and f an(V ′)⊆ V .

4.3. Let f : X ′→ X be a morphism of algebraic varieties over K . Given compatible
charts (V, ϕU ) and (V ′, ϕU ′) of X and X ′, we obtain a commutative diagram

V ′

f an
|V ′

��

� � // (U ′)an

f an
|U ′an

��

ϕU ′
// TU ′

ψ

��

trop
// NU ′,R

F
��

V �
�

// U an ϕU
// TU

trop
// NU,R

where ψ : TU ′ → TU is the canonical affine homomorphism of tori induced by
O×(U )→ O×(U ′) and F : NU ′,R → NU,R is the induced canonical integral 0-
affine map. These maps are unique up to translation, but this ambiguity will never
play a role. If �′ is the open subset of Trop(U ′) with trop−1

U ′ (�
′) = V ′, then

�′ ⊆ F−1(�)∩Trop(U ′).
We define deg( f ) = [K (X ′) : K (X)] if f is dominant and the extension of

function fields is finite. Otherwise we set deg( f ) = 0. Let Y be the schematic
image of f and f ′ : X ′→ Y the induced morphism. Then a formula of Sturmfels
and Tevelev [2008] which was generalized by Baker, Payne and Rabinoff [2016,
Section 7] to the present setting gives

F∗ Trop(U ′)= deg( f ′) ·Trop( f (U ′)) (4.3.1)

as an equality of tropical cycles (see [Gubler 2013, Theorem 13.17]).

Definition 4.4. Let us consider a tropical chart (V, ϕU ) of X . As above, we consider
the open subset � := tropU (V ) of Trop(U ). We choose an open subset �̃ of
NU,R with � = �̃ ∩ Trop(U ) and a δ-preform α̃ ∈ P p,q(�̃). For any morphism
f : X ′→ X of varieties over K and a tropical chart (V ′, ϕU ′) of X ′ compatible with
(V, ϕU ), we define �′ := tropU ′(V

′). We choose an open subset �̃′ of F−1(�̃)

with �̃′ ∩ Trop(U ′) = �′. By Proposition 2.12, we have F∗(α̃) ∈ P p,q(�̃′). We
denote by N p,q(V, ϕU ) the subspace given by elements α̃ ∈ P p,q(�̃) such that
we have F∗(α̃)|�′ = 0 ∈ P p,q(�′) for all compatible pairs of charts as above (see
Definition 3.4 for the definition of the restriction). We define

P p,q(V, ϕU ) := P p,q(�̃)/N p,q(V, ϕU ).
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A partition of unity argument shows that this definition is independent of the choice
of �̃. We call an element in P p,p(V, ϕU ) symmetric (resp. antisymmetric) if it can
be represented by a symmetric (resp. antisymmetric) δ-preform in P p,p(�̃). We
define

P p,q,l(V, ϕU ) := P p,q,l(�̃)
/(

P p,q,l(�̃)∩ N p,q(V, ϕU )
)

using the δ-preforms on �̃ of codimension l from Definition 2.9.

Remark 4.5. (i) The ∧-product descends to the space

P(V, ϕU ) :=
⊕

p,q≥0

P p,q(V, ϕU )

and we get a bigraded anticommutative R-algebra which contains A(�) as a bigraded
subalgebra.

(ii) If (V ′, ϕU ′) and (V, ϕU ) are compatible charts with respect to f : X ′→ X as
in Definition 4.2, then we get a canonical bigraded homomorphism

f ∗ : P(V, ϕU )→ P(V ′, ϕU ′)

of bigraded R-algebras which is defined for α ∈ P p,q(V, ϕU ) as follows: By
definition, α is represented by some α̃ ∈ P p,q(�̃). Let �′ := tropU ′(V

′) and
choose an open subset �̃′ of F−1(�̃) with �′ = �̃′ ∩ Trop(U ′). Then we define
f ∗(α) ∈ P p,q(V ′, ϕU ′) as the class of F∗(α̃) ∈ P p,q(�̃′). If X = X ′ and f = id,
then (V ′, ϕU ′) is a tropical subchart of (V, ϕU ) and we write α|V ′ for the pull-back
of α ∈ P p,q(V, ϕU ).

Note that the definition of f ∗(α) does not depend on the choice of the represen-
tative α̃.

However, the elements of P p,q(V, ϕU ) do not only depend on the restriction

α|� := α̃|� = α̃∧ δTrop(U ) ∈ P p,q(�)⊆ D p,q(�) (4.5.1)

to � as Example 4.22 below shows that it might happen that two different elements
α, β ∈ P p,q(V, ϕU ) satisfy α|� = β|� ∈ P p,q(�). The purpose of our definition
of P(V, ϕU ) is to have a pull-back as above at hand. Here we use the fact that we
always have a pull-back from tropical cycles on NU,R to tropical cycles on NU ′,R,
but there is a pull-back available from tropical cycles on Trop(U ) to tropical cycles
on Trop(U ′) only if these tropical varieties are smooth (see [François and Rau
2013]). To have a pull-back available, we consider all morphisms f : X ′→ X of
varieties over K in the definition of N p,q(V, ϕU ) and not only open immersions.

4.6. As mentioned already in Remark 2.17, we have the problem that the differential
operators d ′ and d ′′ are not defined on the algebra P(V, ϕU ). For α in P p,q(V, ϕU )

and every compatible tropical chart (V ′, ϕU ′) with respect to f : X ′→ X , we use the
above notation. We get a δ-preform f ∗(α)|�′ = F∗(α̃)|�′ ∈ P p,q(�′). Recall that
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f ∗(α)|�′ is a supercurrent on �′. We differentiate it in the sense of supercurrents
to get d ′[ f ∗(α)|�′] ∈ D(�′), but it need not be a δ-preform on �′. In the following
construction, we pass to a convenient subalgebra of P(V, ϕU ) which is invariant
under d ′ and d ′′.

As an initial step, we consider the elements ω of P p,q(V, ϕU ) and P p,q,l(V, ϕU ),
respectively, satisfying the closedness condition

d ′[ f ∗(ω)|�′] = d ′′[ f ∗(ω)|�′] = 0 ∈ D(�′) (4.6.1)

for every tropical chart (V ′, ϕU ′) which is compatible with (V, ϕU ) with respect
to f : X ′→ X . These elements form subspaces Z p,q(V, ϕU ) of P p,q(V, ϕU ) and
Z p,q,l(V, ϕU ) of P p,q,l(V, ϕU ), respectively, and we define

Z(V, ϕU ) :=
⊕

p,q≥0

Z p,q(V, ϕU )=
⊕

p,q,l≥0

Z p,q,l(V, ϕU )

as usual.

Proposition 4.7. Using the notation above, Z(V, ϕU ) is a bigraded R-subalgebra
of P(V, ϕU ).

Proof. The only nontrivial point is that Z(V, ϕU ) is closed under the ∧-product.
This is a direct consequence of Lemma 3.7 applied to δ-preforms on the tropical
cycle Trop(U ′) for any tropical chart (V ′, ϕU ′) compatible with (V, ϕU ). �

Example 4.8. Every tropical cycle C = (C ,m) on NU,R with constant weight
functions induces an element in Z(V, ϕU ). Indeed, if (V ′, ϕU ′) is a tropical chart on
X ′ compatible with (V, ϕU ) as above, then F∗(δC)|�′ is given by the restriction of
δF∗(C)·Trop(U ′) to�′. Since F∗(C) ·Trop(U ′) is a tropical cycle with constant weight
functions, the associated current is d ′- and d ′′-closed [Gubler 2016, Proposition 3.8].

Definition 4.9. Let AZ(V, ϕU ) be the subalgebra of P(V, ϕU ) generated by A(�)
and Z(V, ϕU ). An element β ∈ AZ(V, ϕU ) has the form

β =
∑
i∈I

αi ∧ωi (4.9.1)

for a finite set I with all αi ∈ A(�) and ωi ∈ Z(V, ϕU ). We define

d ′β :=
∑
i∈I

d ′(αi )∧ωi , d ′′β :=
∑
i∈I

d ′′(αi )∧ωi .

It follows from the closedness condition (4.6.1) that d ′β and d ′′β are well-defined
elements in AZ(V, ϕU ). By definition, we have

Z(V, ϕU )= {α ∈ AZ(V, ϕU ) | d ′(α)= d ′′(α)= 0}.

An element in AZ(V, ϕU ) is called symmetric (resp. antisymmetric) if it is symmetric
(resp. antisymmetric) in P(V, ϕU ).



A tropical approach to nonarchimedean Arakelov geometry 117

The following result shows that AZ(V, ϕU ) is a good analogue of the algebra of
complex differential forms.

Proposition 4.10. The space AZ(V, ϕU ) is a bigraded differential R-algebra with
respect to the differentials d ′ and d ′′.

Proof. This follows easily from Leibniz’s rule 3.8(ii) and Proposition 4.7. �

Proposition 4.11. Let f : X ′→ X be a morphism of varieties over K . Let (V, ϕU )

and (V ′, ϕU ′) be tropical charts of X and X ′ respectively which are compatible
with respect to f . Then the pull-back homomorphism f ∗ : P(V, ϕU )→ P(V ′, ϕU ′)

maps Z(V, ϕU ) to Z(V ′, ϕU ′) and AZ(V, ϕU ) to AZ(V ′, ϕU ′).

Proof. This follows directly from the definitions. We leave the details to the reader.
�

Proposition 4.12. Let (V, ϕU ) be a tropical chart of X and � := tropU (V ). Let
(�i )i∈I be a finite open covering of �. For i ∈ I , let Vi := trop−1

U (�i ) and let
αi ∈ P(Vi , ϕU ). For all i, j ∈ I , we assume that αi |Vi∩Vj = αj |Vi∩Vj . Then there is
a unique α ∈ P(V, ϕU ) with α|Vi = αi for every i ∈ I . If αi ∈AZ(Vi , ϕU ) for every
i ∈ I then α ∈ AZ(V, ϕU ).

Proof. It is a straightforward consequence of our definitions that α is unique. In
order to construct α we choose for each i ∈ I an open subset �̃i in NU,R such that
�̃i ∩Trop(U )=�i and a δ-preform α̃i ∈ P(�̃i ) which represents αi . Let (φi )i∈I

be a smooth partition of unity on �̃=
⋃

i∈I �̃i with respect to the covering (�̃i )i∈I .
Observe that we may choose the same index set I as we do not require that the φi

have compact support. Then by our assumptions α̃ :=
∑

i∈I φi α̃i ∈ P(�̃) induces
the desired element α in P(V, ϕU ). If

αi =
∑
j∈Ii

βi j ∧ωi j ∈ AZ(Vi , ϕU )

as in (4.9.1), we choose representatives β̃i j ∈ A(�̃i ) of βi j ∈ A(�i ) and ω̃i j in
P(�̃i ) of ωi j ∈ Z(V, ϕU ). Then we may choose α̃i as

∑
j∈Ii

φiβi j ∧ ω̃i j and

α̃ =
∑
i∈I

φi α̃i =
∑
i∈I

∑
j∈Ii

φiβi j ∧ ω̃i j

shows α ∈ AZ(V, ϕU ), using the finiteness of I . �

Recall that the tropical charts (V, ϕU ) of X form a basis for X an [Gubler 2016,
Proposition 4.16]. Hence we can use the algebras P(V, ϕU ) and AZ(V, ϕU ) to
define sheaves on X an as follows:
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Definition 4.13. For a fixed open subset W in X an, the set of all tropical charts
(V, ϕU ) on X with W ⊆ V is ordered with respect to compatibility and forms a
directed set. Then we get presheaves

W 7→ lim
−→

P(V, ϕU ), W 7→ lim
−→

AZ(V, ϕU ) (4.13.1)

of real vector spaces on X an, where the limit is taken over this directed set with
respect to the pull-back maps considered in Proposition 4.11. The associated sheaves
P and B on X an are by definition the sheaf of generalized δ-forms and the subsheaf
of δ-forms. On an open subset W of X an the space of δ-forms

B(W )=
⊕

p,q≥0

B p,q(W )=
⊕

p,q,l≥0

B p,q,l(W )

and the space of generalized δ-forms

P(W )=
⊕

p,q≥0

P p,q(W )=
⊕

p,q,l≥0

P p,q,l(W )

carry natural gradings by the (p, q)-type of the underlying currents and the codi-
mension of the underlying tropical cycles (as defined in Definitions 2.9 and 4.4).
The wedge product on the spaces AZ(V, ϕU ) (resp. P(V, ϕU )) induces a product
on B(W ) (resp. P(W )). Moreover, the differential operators d ′, d ′′ on AZ(V, ϕU )

induce differential operators d ′, d ′′ on B(W ). The symmetric and antisymmetric ele-
ments in P(V, ϕU ) define subsheaves of (generalized) symmetric and antisymmetric
δ-forms in B p,q and P p,q for all p, q ≥ 0.

4.14. We conclude that a δ-form β of bidegree (p, q) on an open subset W of X an

is given by a covering (Vi )i∈I of W by tropical charts (Vi , ϕUi ) of X an and elements
βi ∈ AZp,q(Vi , ϕUi ) such that

βi |Vi∩Vj = β j |Vi∩Vj

holds for all i, j ∈ I . If β ′ is another δ-form of bidegree (p, q) on W given by
β ′j ∈ AZp,q(V ′j , ϕU ′j ) with respect to the tropical charts (V ′j , ϕU ′j ) j∈J covering W ,
then β and β ′ define the same δ-forms if and only if

βi |Vi∩V ′j = β
′

j |Vi∩V ′j

holds for all i ∈ I and j ∈ J . A similar description holds for generalized δ-forms.

Proposition 4.15. (i) The sheaves P and B are sheaves of bigraded anticommu-
tative R-algebras.

(ii) We have natural monomorphisms of sheaves of bigraded R-algebras A→ B
and B→ P.
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(iii) The differentials d ′, d ′′ : B → B turn (B, d ′, d ′′) into a sheaf of bigraded
differential R-algebras.

Proof. Only the injectivity of the natural morphism A→ B does not follow directly
from what we have shown before. The injectivity of A→ B can be checked on
the presheaves (4.13.1). For each tropical chart (V, ϕU ) of X the natural map from
A(V ) to AZ(V, ϕU ) is injective as the associated map A(�)→AZ(V, ϕU )→D(�)
for �= tropU (V ) is injective. This directly yields our claim. �

4.16. Let f : X ′→ X be a morphism of varieties over K . For an open subset W of
X an and an open subset W ′ of f −1(W ), we have a canonical pull-back morphism
f ∗ : P(W )→ P(W ′) which respects products and the bigrading. Furthermore
it induces a homomorphism f ∗ : B(W )→ B(W ′) of bigraded R-algebras which
commutes with the differentials d ′ and d ′′ on B. They are induced by the pull-back
f ∗ : P(V, ϕU )→ P(V ′, ϕU ′) for compatible charts (V ′, ϕU ′) on W ′ and (V, ϕU )

on W given in Proposition 4.11.

Lemma 4.17. Let (V, ϕU ) be a tropical chart on X. Let (Vi )i∈I be an open covering
of V by tropical charts (Vi , ϕUi ) on X which are compatible with (V, ϕU ). There
are canonical integral 0-affine morphisms Fi : NUi ,R→ NU,R such that tropU =

Fi ◦tropUi
. We choose open subsets �̃ in NU,R and �̃i in F−1

i (�̃) such that V =
trop−1

U (�̃) and Vi = trop−1
U (�̃i ) for all i ∈ I . Let α̃U ∈ P(�̃) be a δ-preform. Then

α̃U ∧ δTrop(U ) vanishes in D(�̃) if F∗i (α̃U )∧ δTrop(Ui ) vanishes in D(�̃i ) for every
i ∈ I .

Proof. We write α̃U =
∑

j∈J αj∧δC j for suitable superforms αj ∈ A(�̃) and tropical
cycles C j . We have Fi∗ Trop(Ui ) = Trop(U ) by (4.3.1). The projection formula
(Proposition 1.5) gives

Fi∗(F∗i C j ·Trop(Ui ))= C j ·Trop(U ).

By the same arguments as in the proof of Proposition 2.14, the vanishing of

F∗i (α̃U )∧ δTrop(Ui ) =

∑
j∈J

F∗i (αj )∧ δF∗i C j ·Trop(Ui )

in D(�̃i ) for all i ∈ I yields that

α̃U ∧ δTrop(U ) =
∑
j∈J

αj ∧ δFi∗(F∗i C j ·Trop(Ui ))

vanishes in D(�̃). �

Proposition 4.18. Given a tropical chart (V, ϕU ) on X , we have by construction
natural algebra homomorphisms

trop∗U : P
p,q(V, ϕU )→ P p,q(V ), trop∗U : AZp,q(V, ϕU )→ B p,q(V )
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for all p, q ≥ 0. These maps are injective.

Proof. We extend the argument in [Chambert-Loir and Ducros 2012, lemme (3.2.2)].
It suffices to show that the first map is injective. Let trop∗U (αU ) vanish for some
αU ∈ P(V, ϕU ). We obtain an open covering (Vi )i∈I of V by tropical charts (Vi , ϕUi )

compatible with (V, ϕU ) such that αU |Vi = 0 in P(Vi , ϕUi ) for all i ∈ I . Let αU

be induced by α̃U ∈ P(�̃) for some open subset �̃ ∈ NU,R with V = trop−1
U (�̃).

We have to show that α̃U ∈ N (V, ϕU ). Let f : X ′→ X be a morphism of varieties
and (V ′, ϕU ′) a tropical chart on X ′ which is compatible with (V, ϕU ). We obtain a
canonical integral 0-affine morphism F : NU ′,R→ NU,R such that tropU = F◦tropU ′ .
We choose an open subset �̃′ in F−1(�̃) such that V ′ = trop−1

U (�̃′). We have to
show that F∗(α̃U )∧ δTrop(U ′) vanishes in D(�̃′).

For every i ∈ I we choose an open covering (V ′i j ) j∈Ji of ( f an)−1(Vi )∩ V ′ by
tropical charts (V ′i j , ϕU ′i j

) on X ′ which are compatible with (V ′, ϕU ′) and (Vi , ϕUi ).
For all i ∈ I and j ∈ Ji we obtain a commutative diagram

(U ′i j )
an

f |U ′i j
��

� � //

tropU ′i j ++

(U ′)an

f |U ′
��

tropU ′

++
U an

i
� � //

tropUi
++

U an

tropU

++

NU ′i j ,R F ′i j

//

Fi j

��

NU ′,R

F
��

NUi ,R
Fi

// NU,R

of canonical maps. We choose an open subset �̃′i j in (F ′i j )
−1(�̃′)∩ (Fi j )

−1(�̃i )

such that V ′i j = trop−1
U ′i j
(�̃′i j ). We have (F ′i j )

∗F∗(α̃U )∧ δTrop(U ′i j )
= 0 in D(�̃′i j ) by

the commutativity of the above diagram and the fact that αU |Vi = 0 in P(Vi , ϕUi ).
Now Lemma 4.17 applied to F∗(α̃U ) on (V ′, ϕU ′) and the covering (V ′i j )i j of V ′

yields the vanishing of F∗(α̃U )∧ δTrop(U ′) in D(�̃′). �

4.19. Let W be an open subset of X an. By construction, the algebra A·,·(W ) of
differential forms on W is a bigraded subalgebra of the algebra B ·,·(W ) of δ-forms.
In general, Ap,q(W ) is a proper subspace of B p,q(W ). The situation in degree zero
is quite different as we may identify δ-forms of degree 0 with functions. We will
show that

A0,0(W )= B0,0(W ). (4.19.1)

Clearly, this is a local statement and so we may consider a tropical chart (V, ϕU )

on W . It is enough to show

A0,0(�)= AZ0,0(V, ϕU ) (4.19.2)
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for the open subset � := tropU (V ) of Trop(U ). Let �̃ be any open subset of NU,R.
Since pull-back of functions is always well defined, we may identify the elements of
P0,0(V, ϕU ) with some continuous functions on� and a partition of unity argument
together with Example 2.10 shows

P0,0(V, ϕU )= {φ|� | φ ∈ P0,0(�̃)} = {φ|� | φ ∈ PS0,0(�̃)}. (4.19.3)

To prove (4.19.2), it is enough to show that the elements of Z(V, ϕU ) are precisely
the locally constant functions on �. By (4.19.3), we have to show that φ|� is
locally constant for any φ ∈ PS0,0(�̃) with φ|� ∈ Z(V, ϕU ). This means that φ is a
continuous function on �̃ with an integral R-affine complete polyhedral complex C

on NR such that φ|�∩1 is smooth for every 1 ∈ C . By refinement, we may assume
that a subcomplex D of C has support equal to Trop(U ). Then the closedness
condition (4.6.1) yields that [φ|�] is d ′- and d ′′-closed. We conclude that φ|�∩1
is constant on every 1 ∈ D . By continuity, we deduce that φ|� is locally constant
proving the claim.

4.20. Let (V, ϕU ) be a tropical chart on X and �= tropU (V ).

(i) If �0 is an open subset of �, then V0 := trop−1
U (�0) is an open subset of V

and (V0, ϕU ) is a tropical chart of X . We say that αU ∈ P(V, ϕU ) vanishes on the
open subset �0 if we have αU |V0 = 0 in P(V0, ϕU ) (see Remark 4.5). We define
supp(αU ), the support of αU ∈ P(V, ϕU ), as{

ω ∈� | αU does not vanish on any open neighbourhood �0 of ω in �
}
,

which is a closed subset of �.

(ii) A (generalized) δ-form α on an open subset W of X an has a well defined support
as a section of the sheaf B p,q (resp. P p,q ). We denote by B p,q

c (resp. by P p,q
c ) the

subsheaves of forms with compact support.

(iii) Observe that compact support always implies proper support in the sense of
[Chambert-Loir and Ducros 2012, (4.2.1)] as our assumptions imply that we have
∂W =∅ for each open subset W of X an (using that X an is closed, meaning that it
has no boundary, see [Berkovich 1990, Theorem 3.4.1]).

Proposition 4.21. Let (V, ϕU ) be a tropical chart on X. Suppose that a generalized
δ-form α ∈ P(V ) is given by αU ∈ P(V, ϕU ). Then αU is uniquely determined and
we have tropU (supp(α))= supp(αU ). Furthermore α has compact support if and
only if αU has compact support.

Proof. This uniqueness follows from Proposition 4.18. The second statement
follows from Proposition 4.18 by the same arguments as in [Chambert-Loir and
Ducros 2012, corollaire (3.2.3)]. The last statement is a direct consequence of the
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continuity and properness of the tropicalization map tropU (see [Baker et al. 2016,
Remark in 2.3]). �

Example 4.22. We construct a tropical chart (V, ϕU ) and a nonzero δ-form α ∈

AZ(V, ϕU ) \ {0} with α|� = 0 for � := tropU (V ). This example announced
in Remark 4.5 justifies the functorial definition of (generalized) delta-forms in
Definition 4.4.

We work over the ground field K = Cp for some prime number p 6= 2, 3 and
consider the affine curve X in A2

K defined by the affine equation

f (x, y)= xy+ px3
+ py3.

We consider the very affine open subset U = X \ ({x = 1} ∪ {y = 1}). The only
singularity of the rational cubic X is the origin 0 = (0, 0), which is an ordinary
double point. The normalization of X may be seen as an open subset of P1

K and can
be obtained as the blowup of X in (0, 0), as in [Hartshorne 1977, Example I.4.9.1].
This description leads to a surjective morphism

ϕ : P1
K \ {ξ1, ξ2, ξ3} → X, u 7→

(
x =

−u
p(1+ u3)

, y =
−u2

p(1+ u3)

)
for a suitable affine coordinate u on P1

K , where ξi are the roots of u3
+ 1 = 0.

It is clear that all ξi have absolute value 1 and we may choose ξ1 = −1. Note
that ϕ−1({x = 1}) = {ρ1, ρ2, ρ3} for the roots ρi of pu3

+ u + p = 0 in K and
ϕ−1(X \ {y = 1})= {ρ−1

1 , ρ−1
2 , ρ−1

3 }. Moreover, we have ϕ−1(0)= {0,∞}.
The method of the Newton polygon [Neukirch 1999, Proposition II.6.3] shows

that pu3
+ u+ p = 0 has one root ρ1 of absolute value |p|, and two roots ρ2, ρ3 of

absolute value |p|−
1
2 . We put

(λ0, λ1, . . . , λ8)= (ξ1, ξ2, ξ3, ρ1, ρ2, ρ3, ρ
−1
1 , ρ−1

2 , ρ−1
3 )

and get
W := ϕ−1(U )= P1

K \ {(λi : 1) | i = 0, . . . , 8}.

The abelian group O(W )×/K× is free of rank eight with generators bi =
u−λi
u+1

,
i = 1, . . . , 8. We deduce from [Liu 2002, Proposition 7.5.15] that

O(U )× = { f ∈O(W )× | f (0)= f (∞)}.

We conclude that MU :=O(U )×/K× is a free abelian group of rank seven.
In the following, we would like to describe the canonical tropicalization Trop(U )

in the euclidean space R7 given by choosing a basis in MU . This is rather com-
plicated and so we compute the tropicalization tropx−1,y−1(U ) in R2 using the
tropicalization map

tropx−1,y−1 : U an
→ R2, q 7→

(
−log|(x − 1)(q)|,−log|(y− 1)(q)|

)
.
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Figure 1. Minimal skeleton S(W ) and Tropx−1,y−1(U ).

This will be not enough for our purpose, but we will use the minimal skeleton
S(W ) of W for the computation and as S(W ) also covers Trop(U ), we get a very
good picture of the latter. This method to compute tropicalizations is due to [Baker
et al. 2013; 2016] and we will refer to these papers for details of the following
construction. Skeleta are discussed in [Baker et al. 2013] and we refer to [Baker et al.
2013, Corollary 4.23] for existence and uniqueness of the minimal skeleton S(W )

of the smooth curve W . We recall that the skeleton S(W ) has a canonical retraction
τ : (P1

K )
an
→ S(W ) and hence S(W ) is a compact subset of (P1

K )
an. Similarly as

in the examples in [Baker et al. 2016, Section 2], we describe the minimal skeleton
S(W ) and the tropicalization Tropx−1,y−1(U ) := tropx−1,y−1(U

an) in Figure 11.
Using [Gubler et al. 2016, Section 5], there is a map F : S(W )→ Tropx−1,y−1(U )
with F ◦ τ = tropx−1,y−1 ◦ϕ

an such that F maps each segment (resp. leaf) of S(W )

by an integral Q-affine map onto a segment (resp. leaf) of Tropx−1,y−1(U ). One
computes easily that these affine maps are all integral Q-affine isomorphisms. The
polyhedral set Tropx−1,y−1(U ) carries a natural structure of a tropical cycle [Gubler
2013, Theorem 13.11]. All weights are one if not indicated otherwise in Figure 1.
For r > 0, let ζr ∈ (P

1
K )

an be the supremum norm on the closed ball {|u| ≤ r}, where
u denotes our distinguished affine coordinate on P1

K .
Let

�̃ :=
{
(x, y) ∈ R2

| x >− 1
2 , y >− 1

2

}
and � := �̃∩ Tropx−1,y−1(U ). Let H : NU,R→ R2 be the canonical affine map
with NU the dual of MU . Moreover, we have a canonical surjective map G from

1Thanks to Christian Vilsmeier for drawing the figure.
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the minimal skeleton S(W ) onto the canonical tropicalization Trop(U ) which is
affine on every segment and every leaf of the minimal skeleton and such that
tropU ◦ ϕ

an
= G ◦ τ for the canonical retraction τ onto the skeleton S(W ) (see

[Gubler et al. 2016, Section 5]). Using our description of O(U )×, we deduce that

G(ζ|p|−1)=G◦τ(∞)= tropU ◦ϕ
an(∞) and G(ζ|p|)=G◦τ(0)= tropU ◦ϕ

an(0)

are equal as the right-hand sides are given in terms of units on U .
Using the fact that F = H ◦G, we conclude that the fibre of the surjective map

H : Trop(U )→ tropx−1,y−1(U ) over (0, 0) is one single point and that H maps
�′ := H−1(�̃) ∩ Trop(U ) homeomorphically and isometrically with respect to
lattice length onto �. We express this fact by saying that �′ is unimodular to �.
This is all we need in the following.

Now we consider the tropical chart (V, ϕU ) around the ordinary double point
0 = (0, 0) of U , where V := trop−1

U (�). We consider the unique function φ̃ on
R2 which is linear on each quadrant with φ̃(1, 0) = 1, φ̃(0, 1) = −1 and which
is zero in the third quadrant. Let φ be the restriction of φ̃ to �. Let φ′ := φ ◦ H
as a real function on �′. It follows from the tropical Poincaré–Lelong formula in
Theorem 0.1 that d ′d ′′[φ] is the supercurrent on � given by δφ·Tropx−1,y−1(U ), where
φ ·Tropx−1,y−1(U ) is the corner locus of φ. Similarly, d ′d ′′[φ′] = δφ′·Trop(U ). It is
clear that φ ·Tropx−1,y−1(U ) is zero on�\{(0, 0)} as φ is linear there. By definition,
the multiplicity of φ · Tropx−1,y−1(U ) in (0, 0) is the sum of the four outgoing
slopes, which is zero as well. We conclude that the corner locus φ ·Tropx−1,y−1(U )
is zero. Since we have shown that �′ is unimodular to �, we conclude that the
corner locus φ′ ·Trop(U ) is zero on �′ as well.

We note that the corner locus φ̃′ · NU,R of the function φ̃′ := φ̃ ◦ H on NU,R

induces a δ-preform δφ̃′·NU,R
on NU,R which represents a δ-form α on the tropi-

cal chart (V, ϕU ). We have α ∈ AZ1,1(V, ϕU ) ⊂ P1,1(V, ϕU ). It follows from
Proposition 1.14 that

α|� = δφ̃′·NU,R
∧ δTrop(U ) = δφ′·Trop(U ) = 0. (4.22.1)

Now let us consider the open ball B := {|u|< |p|
1
2 } in P1

K . It is clear that V ′′ :=
B \ {ρ1} is mapped by F to �∩ {x = 0}. The coordinate w := u − ρ1 on U ′′ :=
P1

K \ {ρ1,∞} induces an isomorphism ϕU ′′ : U ′′ → Gm . Note that (V ′′, ϕU ′′) is
a tropical chart. Indeed, we have V ′′ = trop−1

U ′′(�
′′) and tropU ′′(V

′′) = �′′ for
�′′ :=

( 1
2 ,∞

)
. The tropical charts (V ′′, ϕU ′′) and (V, ϕU ) are compatible with

respect to the morphism ϕ and hence there is a canonical affine map E : R→ NU,R

with tropU ◦ϕ
an
= E ◦ tropw. We have

ϕ∗(α)|�′′ = E∗(δφ̃′·NU,R
)|�′′ = δE∗(φ̃′)·NU ′′,R

|�′′ .
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It is clear that φ′′ := E∗(φ̃′) is a piecewise linear function on�′′ which is identically
zero on

( 1
2 , 1

]
and which has slope 1 on [1,∞). It follows that ϕ∗(α)|�′′ = δ1.

We conclude that α ∈ AZ1,1(V, ϕU ) is an example with α|� = 0, but α 6= 0 as
ϕ∗(α)|�′′ 6= 0.

5. Integration of delta-forms

We keep the notation and the hypotheses from the previous section. Our goal is to
introduce integration of generalized δ-forms of top degree with compact support.
We proceed as in [Gubler 2016, 5.13]. A crucial ingredient in our definition of
the integral is Lemma 5.5 which shows that the support of a generalized δ-form
of high degree is always concentrated in points of high local dimensions. This
allows us to compute the integral with a single chart of integration. We obtain a
well defined integral for generalized δ-forms which satisfies a projection formula
and the theorem of Stokes.

5.1. Let (V, ϕU ) be a tropical chart of X . As before we write V = trop−1
U (�̃) for

some open subset �̃ of NU,R and �= �̃∩Trop(U ). Recall n := dim(X).

(i) An element αU in P(V, ϕU ) is represented by a δ-preform α̃U in P(�̃) and
determines a δ-preform

αU |� = α̃U ∧ δTrop(U ) ∈ P(�)⊆ D(�)

on � as in (4.5.1) which does neither depend on the choice of α̃U nor on the choice
of �̃. Often, it is convenient to use the notation αU |Trop(U ) for αU |�.

(ii) Given αU in Pn,n(V, ϕU ) and an integral R-affine polyhedral subset P of �
such that P ∩ supp(αU |�) is compact, we define∫

P
αU :=

∫
P
α̃U ∧ δTrop(U ),

where the right-hand side is defined as in Remark 3.5. As usual, we extend the
integral by 0 to the αU of other bidegrees.

(iii) If αU in Pn,n(V, ϕU ) and if the support of αU |� is compact, then we can
consider αU |� as a δ-preform on Trop(U ) with compact support and we write∫

�

αU :=

∫
|Trop(U )|

αU |�,

again using Remark 3.5.

(iv) Given αU in Pn−1,n(V, ϕU ) or Pn,n−1(V, ϕU ) and an integral R-affine polyhe-
dral subset P of � such that P ∩ supp(αU |�) is compact, we define∫

∂P
αU :=

∫
∂P
α̃U ∧ δTrop(U ),
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where the right-hand side is defined in Remark 3.5. We extend the boundary integral
by 0 to the αU of other bidegrees.

5.2. In the next result, we look at functoriality of the above integrals with respect to
a morphism f : X ′→ X of algebraic varieties over K . Let (V, ϕU ) be a tropical chart
of X . Let U ′ be a very affine open subset of X ′ with f (U ′)⊆U . Recall that there is a
canonical integral 0-affine morphism F : NU ′,R→ NU,R such that tropU = F◦tropU ′ .
Letting V ′ := ( f an)−1(V )∩ (U ′)an, we deduce easily that (V ′, ϕU ′) is a tropical
chart of X ′ which is compatible with the tropical chart (V, ϕU ). Let P be an integral
R-affine polyhedral subset of � := tropU (V ) and let Q := F−1(P)∩Trop(U ′). We
consider αU ∈ P(V, ϕU ) and its pull-back f ∗(αU ) ∈ P(V ′, ϕU ′) (see Remark 4.5).
In the following, we will use the degree of a morphism as introduced in 4.3.

Proposition 5.3. Under the hypothesis of 5.2 and with n := dim(X), we assume ad-
ditionally that Q∩ supp( f ∗(αU )|Trop(U ′)) is compact. Then the following properties
hold:

(i) The set P ∩ supp(αU |Trop(U )) is compact.

(ii) If αU is of bidegree (n, n), then

deg( f ) ·
∫

P
αU =

∫
Q

f ∗(αU ). (5.3.1)

(iii) If αU is of bidegree (n− 1, n) or (n, n− 1), then

deg( f ) ·
∫
∂P
αU =

∫
∂Q

f ∗(αU ). (5.3.2)

Proof. We choose an open subset �̃ of NU,R with � = �̃∩ Trop(U ). We write
V ′ = trop−1

U (�̃′) for some open subset �̃′ of N ′R. Replacing �̃′ by �̃′ ∩ F−1(�̃),
we may assume that �̃′ is contained in F−1(�̃). We write �′ = �̃′ ∩ Trop(U ′).
If αU ∈ P(V, ϕU ) is represented by some element α̃U ∈ P(�̃), then f ∗(αU ) is
represented by the element F∗(α̃U ) in P(�̃′). We obtain from (4.3.1) and (2.14.1)
that P ∩ supp(αU |Trop(U )) is compact. This proves (i).

If αU ∈ Pn,n(V, ϕU ), then we obtain

deg( f )
∫

P
α̃U ∧ δTrop(U ) =

∫
F−1(P)

F∗α̃U ∧ δTrop(U ′) (5.3.3)

if we combine (4.3.1) with the projection formula (2.14.1). By definition, (5.3.1) is
a direct consequence of (5.3.3). Equation (5.3.2) is derived in the same way from
(4.3.1) and (2.14.2) �

Let W denote an open subset of X an. Note that a generalized δ-form on W is
locally given by elements of P(V, ϕU ) for tropical charts (V, ϕU ). The following
corollary will be crucial for the definition of the integral of generalized δ-forms.
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Corollary 5.4. We consider very affine open subsets U ′ ⊆ U in X. Let α =
trop∗U (αU ) for some αU ∈ P(U an, ϕU ). Then there is a unique αU ′ ∈ P((U ′)an, ϕU ′)

with α|(U ′)an = trop∗U ′(αU ′). If α is of bidegree (n, n) and has compact support in
(U ′)an, then we have ∫

|Trop(U )|
αU =

∫
|Trop(U ′)|

αU ′ .

Proof. Let F : NU ′,R→ NU,R be the canonical affine map with tropU = F ◦ tropU ′

on (U ′)an. Then α|(U ′)an is given by αU ′ := F∗(αU ) ∈ P((U ′)an, ϕU ′). This proves
existence, and uniqueness follows from Proposition 4.18. To prove the last claim,
we use (5.3.1) for f = id, P = |Trop(U )| and Q = |Trop(U ′)|. �

In the following result, we need the local invariant d(x) for x ∈ X an [Gubler
2016, 4.2]. This invariant was introduced in [Berkovich 1990, Chapter 9] and was
extensively studied in [Ducros 2012]. We note that d(x) ≤ m if x belongs to a
Zariski closed subset of dimension m [Berkovich 1990, Proposition 9.1.3].

Lemma 5.5. Let W be an open subset of X an and let α ∈ P p,q(W ). If x ∈ W
satisfies d(x) <max(p, q), then x 6∈ supp(α).

Proof. The proof relies on a result of Ducros [2012, théorème 3.4] which says
roughly that in a sufficiently small analytic neighbourhood of x , the dimension of
the tropical variety is bounded by d(x). The details are as follows. We choose a
tropical chart (V, ϕU ) around x such that α is induced by a δ-preform

∑
i∈I αi ∧δCi

on NU,R. By linearity, we may assume that α is induced by α1∧δC1 for a superform
α1 in Ap′,q ′(NU,R) and a tropical cycle C1 of codimension c := p− p′ = q−q ′ ≥ 0
in NU,R. By definition of a tropical chart, there is an open subset �̃ of NU,R

such that V = trop−1
U (�̃). By the mentioned result of Ducros (see also [Gubler

2016, Proposition 4.14]), there is a compact neighbourhood Vx of x in V such that
tropU (Vx) is a polyhedral subset of NU,R with

dim(tropU (Vx))≤ d(x) <max(p, q). (5.5.1)

We will show that α|Vx = 0. Let f : X ′→ X be a morphism of algebraic varieties
over K and (V ′, ϕU ′) a tropical chart of X ′ with f an(V ′)⊆ Vx . By definition, we
have V ′ = trop−1

U ′ (�
′) for the open subset �′ := tropU ′(V

′) of Trop(U ′). In this
situation, we get a commutative diagram

V ′

f an
|V ′

��

� � // (U ′)an

f an
|(U ′)an

��

ϕU ′
// TU ′

��

// NU ′,R

F
��

V �
�

// U an ϕU
// TU // NU,R

(5.5.2)
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as before. To prove the claim, it is enough to show that

f ∗(α)|�′ := F∗(α1)∧ δF∗(C1)|�′ = 0,

or equivalently
F∗(α1)∧ δC ′ = 0 ∈ D(�′) (5.5.3)

for the tropical cycle C ′ := F∗(C1) ·Trop(U ′) of codimension c in Trop(U ′). We
note that �′ = tropU ′(V

′) ⊆ F−1(tropU (Vx)). Let 1′ be a maximal polyhedron
from C ′ with 1′ ∩�′ 6=∅. Then F(1′ ∩�′)⊆ tropU (Vx) and hence

F∗(α1)|1′∩�′ = (F |1′∩�′)∗(α1|F(1′)∩tropU (Vx )). (5.5.4)

We will show below that

codim
(
F(1′ ∩�′), tropU (Vx)

)
≥ c. (5.5.5)

Then (5.5.3) follows from (5.5.4) by using (5.5.5) and (5.5.1). This proves x 6∈
supp(α).

It remains to prove (5.5.5). By definition of the stable tropical intersection
product in Remark 1.4(ii), there are maximal polyhedra 1′0 and 1′1 of Trop(U ′)
and F∗(C1), respectively, such that 1′ = 1′0 ∩1

′

1. Moreover, N1′0,R and N1′1,R
intersect transversely in NU ′,R which means that

N1′0,R+ N1′1,R = NU ′,R. (5.5.6)

Similarly, the definition of pull-back of tropical cycles in Remark 1.4(v) shows
that there is a maximal polyhedron 11 of C1 with F(1′1)⊆11 and such that

N11,R+ LF (NU ′,R)= NU,R. (5.5.7)

It follows from (5.5.6) and (5.5.7) that LF (N1′0,R) intersects N11,R transversely
in NU,R. Since the codimension is decreasing under a surjective linear map, we
easily get

LF (N1′,R)= LF (N1′0,R ∩ N1′1,R)= LF (N1′0,R)∩ N11,R

and hence

codim
(
F(1′ ∩�′), F(1′0 ∩�

′)
)
= codim

(
LF (N1′,R), LF (N1′0,R)

)
= c

by transversality. Using F(�′)⊆ tropU (Vx), this proves (5.5.5). �

Corollary 5.6. Let W be an open subset of X an and let U be an open subset of X.
If α ∈ P p,q(W ) with dim(X \U ) <max(p, q), then supp(α)⊆W ∩U an.

Proof. If x ∈W \U an, then the assumptions yield d(x)≤ dim(X \U ) <max(p, q)
and hence the claim follows from Lemma 5.5. �
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Proposition 5.7. Let α ∈ P p,q(X an) with compact support in the open subset W
of X an.

(a) There is a nonempty tropical chart (V, ϕU ) with supp(α)∩U an
⊆ V ⊆U an

∩W
and αU ∈ P p,q(U an, ϕU ) such that α = trop∗U (αU ) on U an.

(b) Given U , the element αU in (a) is unique.

(c) If α is a δ-form, then we may choose αU ∈ AZp,q(U an, ϕU ).

(d) If max(p, q) = dim(X), then any nonempty very affine open subset U of X
with α|U an = trop∗U (αU ) for some αU ∈ P p,q(U an, ϕU ) satisfies automatically
supp(α)⊆U an. Moreover, αU has always compact support in Trop(U ).

Explicitly, if supp(α) is covered by nonempty tropical charts (Vi , ϕUi )i=1,...,s in W
and if α is given on Vi by αi ∈ P p,q(Vi , ϕUi ), then any nonempty very affine open
subset U of U1 ∩ · · · ∩Us and V = (V1 ∪ · · · ∪ Vs)∩U an fit in (a).

Proof. Since the support of α is a compact subset of W , it is covered by tropical
charts (Vi , ϕUi )i=1,...,s describing α as above. Compactness again shows that for any
i = 1, . . . , s, there is a relatively compact open subset �′i of �i with corresponding
open subset V ′i := trop−1

Ui
(�′i ) of Vi such that supp(α) ⊆ V ′1 ∪ · · · ∪ V ′s . Let us

consider a nonempty very affine open subset U of U1 ∩ · · · ∩Us of X and the open
subsets

V ′ :=U an
∩

s⋃
i=1

V ′i ⊆ V :=U an
∩

s⋃
i=1

Vi

of W ∩U an. We have to show that V and U satisfy (a). Let Fi : NU,R→ NUi ,R

be the canonical integral 0-affine map induced by the inclusion U ⊆Ui (see 4.3).
Then the open subsets

�′ := Trop(U )∩
s⋃

i=1

F−1
i (�′i )⊆� := Trop(U )∩

s⋃
i=1

F−1
i (�i )

of Trop(U ) satisfy V = trop−1
U (�) and V ′= trop−1

U (�′) which means that (V ′, ϕU )

and (V, ϕU ) are compatible tropical charts of X contained in W. Note that the
tropical chart (Vi ∩U an, ϕU ) is compatible with (Vi , ϕUi ) and hence α is given on
(Vi ∩U an, ϕU ) by α′i = αi |Vi∩U an ∈ P(Vi ∩U an, ϕU ). Using that �′i is relatively
compact in �i , we deduce that the closure S of �′ in Trop(U ) is contained in �.
We set V ′′ := trop−1

U (Trop(U ) \ S) leading to the tropical chart (V ′′, ϕU ). Since
α has compact support in W , we may view α as an element of P p,q(X an). By
construction, we have supp(α)∩U an

⊆ V ′. Using that V ′ and V ′′ are disjoint, we
deduce that α is given on the tropical chart (V ′′, ϕU ) by 0∈ P p,q(V ′′, ϕU ). We note
that the tropical charts (Vi ∩U an, ϕU )i=1,...,s and (V ′, ϕU ) cover U an and hence we
may apply the glueing from Proposition 4.12 to get the desired αU ∈ P p,q(U an, ϕU )

from (a).
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Uniqueness in (b) follows from Proposition 4.18. If α ∈ B p,q
c (X an), then we may

choose αi ∈ AZp,q(Vi , ϕUi ) and hence we get (c).
If max(p, q)=dim(X), then (d) follows from Corollary 5.6 and Proposition 4.21.

�

Definition 5.8. Let W be an open subset of X an and let α ∈ Pn,n
c (W ), where

n := dim(X). We may view α as a generalized δ-form on X an with compact support
contained in W . A nonempty very affine open subset U of X is called a very affine
chart of integration for α if α|U an = trop∗U (αU ) for some αU ∈ Pn,n(U an, ϕU ). By
Proposition 5.7, a chart of integration exists, and αU is unique and has compact
support in Trop(U ). We define the integral of α over W by∫

W
α :=

∫
|Trop(U )|

αU ,

where the right-hand side is defined in 5.1. As usual, we extend the integral by 0 to
generalized δ-forms of other bidegrees.

Proposition 5.9. Let W be an open subset of X an and α ∈ Pn,n
c (W ) as above.

(i) If supp(α) is covered by finitely many nonempty tropical charts (Vi , ϕUi ) such
that α is given on any Vi by αi ∈ Pn,n(Vi , ϕUi ), then U :=

⋂
i Ui is a very

affine chart of integration for α.

(ii) The definition of the integral
∫

W α given in Definition 5.8 does not depend on
the choice of the very affine chart of integration for α.

(iii) The integral defines a linear map
∫

W : Pn,n
c (W )→ R .

(iv) If f : X ′ → X is a proper morphism of degree deg( f ) then the projection
formula

deg( f )
∫

W
α =

∫
( f an)−1(W )

f ∗α (5.9.1)

holds for all α ∈ Pn,n
c (W ).

Proof. The explicit description of U in Proposition 5.7 proves (i). We show (ii).
Let U be a very affine chart of integration for α. Then every nonempty very affine
open subset U ′ of U is a very affine chart of integration and it is enough to show
that U ′ leads to the same integral. By uniqueness in Proposition 5.7, the pull-back
of αU with respect to the canonical affine map F : NU ′,R→ NU,R is equal to αU ′

and the claim follows from Corollary 5.4.
Claim (iii) is a direct consequence of our definitions. To prove (iv), we may

assume that dim(X ′)= dim(X)= n. We choose a very affine chart of integration U
for α and a nonempty very affine open subset U ′ of X ′ with f (U ′)⊆U . Note that
f ∗(α) is given on (U ′)an by f ∗(αU ) ∈ Pn,n(U ′, ϕU ′) constructed in Remark 4.5.
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Since f an is proper as well, the support of f ∗(α) is compact. We conclude that U ′

is a very affine chart of integration for f ∗(α) and∫
( f an)−1(W )

f ∗α =
∫
|Trop(U ′)|

f ∗(αU ).

The projection formula in (iv) is now a direct consequence of (5.3.1). �

In our setting, we have the following version of the theorem of Stokes.

Theorem 5.10. For α ∈ B2n−1
c (X) we have∫

X an
d ′α =

∫
X an

d ′′α = 0.

Proof. By Proposition 5.7, there is a nonempty very affine open subset U of X
such that supp(α)⊆U an and αU ∈ AZ2n−1

c (U an, ϕU ) such that α|U an = trop∗U (αU ).
Then U is a chart of integration for d ′α and d ′′α using d ′αU and d ′′αU on the
tropical side for integration. The claim follows from Stokes’ formula for δ-preforms
on Trop(U ) (see Proposition 3.6) by observing that boundary integrals

∫
∂|Trop(U )|

vanish as Trop(U ) satisfies the balancing condition. �

6. Delta-currents

In this section, we define δ-currents on an open subset W of X an for an n-dimensional
algebraic variety X over K . We proceed analogously to the case of manifolds in
differential geometry, endowing some specific subspaces of the space Bc(W ) of δ-
forms with compact support in W with the structure of a locally convex topological
vector space. Then we define a δ-current as a linear functional on Bc(W ) with
continuous restrictions to all these subspaces.

6.1. Let (V, ϕU ) be a tropical chart of X with V ⊆W and let � := tropU (V ) be as
usual. We recall from Definition 4.9 that an element β ∈ AZ(V, ϕU ) has the form

β =
∑
j∈J

αj ∧ω j ∈ P(V, ϕU ) (6.1.1)

for a finite set J , αj ∈ A(�) and ω j ∈ Z(V, ϕU ).
Now we fix the family ωJ := (ω j ) j∈J and define AZ(V, ϕU , ωJ ) as the subspace

of AZ(V, ϕU ) given by all elements β with a decomposition (6.1.1) for suitable
αj ∈ A(�). For every s ∈ N and every compact subset C of �, we have the usual
seminorms pC,s on A(�) measuring uniform convergence on C of the derivatives
of the coefficients of the superforms up to order s (see for example [Dieudonné
1972, (17.3.1)]). We get seminorms pC,s,ωJ on AZ(V, ϕU , ωJ ) by defining

pC,s,ωJ (β) := inf
{

max
j∈J

pC,s(αj )

∣∣∣ β =∑
j∈J

αj ∧ω j , αj ∈ A(�)
}
.
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Letting s ∈ N and the compact subset C of W vary, we get a structure of a locally
convex topological vector space on AZ(V, ϕU , ωJ ).

6.2. A δ-form β on W is given by a covering (Vi , ϕUi )i∈I of W by tropical charts
and by βi ∈ AZ(Vi , ϕUi ) such that β|Vi = trop∗Ui

(βi ) for every i ∈ I . Using 6.1, we
have a finite tuple ωJi of elements in AZ(Vi , ϕUi ) such that βi ∈ AZ(Vi , ϕUi , ωJi )

for every i ∈ I . Now we fix the covering by tropical charts and all ωJi and we
define B(W ; Vi , ϕUi , ωJi : i ∈ I ) to be the subspace of B(W ) given by the elements
β such that β|Vi = trop∗Ui

(βi ) for some βi ∈ AZ(Vi , ϕUi , ωJi ) and for every i ∈ I .
We endow B(W ; Vi , ϕUi , ωJi : i ∈ I ) with the coarsest structure of a locally convex
topological vector space such that the canonical linear maps

B(W ; Vi , ϕUi , ωJi : i ∈ I )→ AZ(Vi , ϕUi , ωJi )

are continuous for every i ∈ I . An element β ∈ B(W ; Vi , ϕUi , ωJi : i ∈ I ) given as
above is mapped to βi , which is well defined by Proposition 4.18.

For a compact subset C of W , let BC(W ; Vi , ϕUi , ωJi : i ∈ I ) be the subspace
of B(W ; Vi , ϕUi , ωJi : i ∈ I ) given by the δ-forms with compact support in C . We
endow it with the induced structure of a locally convex topological vector space.

Definition 6.3. A δ-current on W is a real linear functional T on Bc(W ) such that
the restriction of T to BC(W ; Vi , ϕUi , ωJi : i ∈ I ) is continuous for every compact
subset C of W , for every covering (Vi , ϕUi )i∈I of W by tropical charts and for every
finite tuple ωJi of elements in Z(Vi , ϕUi ). We denote the space of δ-currents on W
by E(W ). A δ-current is called symmetric (resp. antisymmetric) if it vanishes on
the subspace of antisymmetric (resp. symmetric) δ-forms in Bc(W ).

6.4. Let W be an open subset of X an. Using that Bc(W ) =
⊕

p,q B p,q
c (W ) is

bigraded, we get E(W ) =
⊕

r,s Er,s(W ) as a bigraded R-vector space, where a
δ-current in Er,s(W ) acts trivially on every B p,q

c (W ) with (p, q) 6= (r, s). We
set E p,q(W ) := En−p,n−q(W ). The definition of δ-currents in 6.3 is local and
hence E·,· is a sheaf of bigraded real vector spaces on X an. This follows from
standard arguments using partition of unity if W is paracompact, and follows in
general from the fact that every compact subset C of W has a paracompact open
neighbourhood in W by [Chambert-Loir and Ducros 2012, lemme (2.1.6)]. The
argument is similar to that in [Chambert-Loir and Ducros 2012, lemme (4.2.5)] and
we leave the details to the reader.

There is a product

B p,q(W )× E p′,q ′(W )→ E p+p′,q+q ′(W ), (α, T ) 7→ α∧ T (6.4.1)

such that
〈α∧ T, β〉 = (−1)(p+q)(p′+q ′)T (α∧β)
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for each β ∈ Bn−p−p′,n−q−q ′
c (W ).

Proposition 6.5. Let U be a Zariski open subset of X and let W be an open subset
of X an. If codim(X \U, X) >min(p, q), then E p,q(W ∩U an)= E p,q(W ).

Proof. Corollary 5.6 shows that every δ-form on W of bidegree (n− p, n− q) has
support in W ∩U an. We conclude that every δ-current T in E p,q(W ∩U an) is a
linear functional on Bn−p,n−q

c (W ). It remains to prove that the restriction of T to
Bn−p,n−q

C (W ; Vi , ϕUi , ωJi : i ∈ I ) is continuous for every compact subset C of W ,
for every covering (Vi , ϕUi )i∈I of W by tropical charts and for every finite tuple
ωJi of elements in Z(Vi , ϕUi ).

We consider the set S of x ∈ W for which there is i ∈ I and a compact neigh-
bourhood Vx of x in W ∩ Vi with

dim(tropUi
(Vx)) <max(n− p, n− q). (6.5.1)

Note that tropUi
(Vx) is a polyhedral subset of NU,R by [Ducros 2012, théorème 3.2].

Obviously, S is an open subset of W . It follows from the proof of Lemma 5.5 that
S is disjoint from the support of any δ-form in Bn−p,n−q(W ; Vi , ϕUi , ωJi : i ∈ I ).
We conclude that

Bn−p,n−q
C (W ; Vi , ϕUi , ωJi : i ∈ I )= Bn−p,n−q

D (W ; Vi , ϕUi , ωJi : i ∈ I ) (6.5.2)

for the compact subset D := C \ S of C . By the proof of Lemma 5.5 again, every
x ∈ X an

\U an satisfies

d(x)≤ dim(X \U ) <max(n− p, n− q)

and has a compact neighbourhood Vx contained in some Vi and satisfying (6.5.1).
This proves D ⊆ W ∩U an. Using (6.5.2) and T ∈ E p,q(W ∩U an), we get the
continuity of the restriction of T to Bn−p,n−q

C (W ; Vi , ϕUi , ωJi : i ∈ I ). �

Proposition 6.6. A generalized δ-form η ∈ P p,q(W ) determines a δ-current [η] ∈
E p,q(W ) such that

〈[η], β〉 =

∫
W
η∧β

for each β ∈ Bn−p,n−q
c (W ).

Proof. We have to show that the restriction of [η] to every subspace

Bn−p,n−q
C (W ; Vi , ϕUi , ωJi : i ∈ I )

as in Definition 6.3 is continuous. By passing to a refinement of the covering by
tropical charts, we may assume that η is given on Vi by ηi ∈ P p,q(Vi , ϕUi ) for
every i ∈ I . Since C is compact, there is a finite subset I0 of I such that

⋃
i∈I0

Vi
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covers C . By Proposition 5.9(i), we may use U :=
⋂

i∈I0
Ui as a very affine chart

of integration for any γ ∈ Bn,n
C (W ; Vi , ϕUi , ωJi : i ∈ I ).

Similarly to the proof of Proposition 6.5, we consider the set S of x ∈ W for
which there is an i ∈ I and a compact neighbourhood Vx of x in W ∩ Vi with

dim(tropUi
(Vx)) < n. (6.6.1)

It follows again from the proof of Lemma 5.5 that the open subset S of W is disjoint
from the support of η∧β ∈ Pn,n(W ) for any β ∈ Bn−p,n−q(W ; Vi , ϕUi , ωJi : i ∈ I )
and that the compact set D := C \ S is contained in W ∩U an.

By definition, β ∈ Bn−p,n−q
C (W ; Vi , ϕUi , ωJi : i ∈ I ) is given on Vi by βi =∑

j∈Ji
αi j ∧ ωi j with αi j ∈ A(�i ) and ωi j ∈ Z(Vi , ϕUi ), where �i := tropUi

(Vi ).
For i ∈ I0, let Fi : NU,R→ NUi ,R be the canonical affine map with tropUi

= Fi ◦tropU
on U an and let �′i := F−1

i (�i ) ∩ Trop(U ) = tropU (Vi ∩U an). The definition of∫
W η ∧ β uses that η ∧ β is given on U an by a unique γU ∈ Pn,n(U an, ϕU ) (see

Definition 5.8). Moreover, Proposition 5.7 shows that γU has compact support in⋃
i∈I0

�′i and that γU is characterized by the restrictions

γU |Vi∩U an =

∑
j∈Ji

ηi ∧αi j ∧ωi j |Vi∩U an ∈ Pn,n(Vi , ϕUi )

for every i ∈ I0. Recall that D is a compact subset of W ∩U an with supp(γ )⊆ D.
By Proposition 4.21, tropU (D) is a compact set of Trop(U ) containing the support
of γU. Then there is an integral R-affine polyhedral subset P of Trop(U ) with
tropU (D)⊆ P and hence we have

〈[η], β〉 =

∫
X an
η∧β =

∫
|Trop(U )|

γU =

∫
P
γU . (6.6.2)

We use now that P is independent of the choice of β ∈ Bn,n
C (W ; Vi , ϕUi , ωJi : i ∈ I ).

If all the αi j are small with respect to the supremum-norm (of the coefficients),
then a partition of unity argument on Trop(U ) shows that (6.6.2) is small, proving
the desired continuity. �

Remark 6.7. The maps P p,q(W )→ E p,q(W ) induce a map of sheaves P p,q
→

E p,q , α 7→ [α] which fits into a commutative diagram

Ap,q � � //� _

[ · ]D
��

B p,q � � //

[ · ]

��

P p,q

[ · ]{{

D p,q E p,qoo

(6.7.1)

There is an induced map P p,q(W )→ D p,q(W ). For β ∈ P p,q(W ), we denote the
associated current in D p,q(W ) by [β]D .
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There is no a priori reason that the canonical map from δ-forms to currents or
δ-currents is injective. However, we have the following functorial criterion:

Proposition 6.8. Let W be an open subset of X an and let α, β ∈ P p,q(W ). Then
α=β if and only if [ f ∗(α)]D=[ f ∗(β)]D ∈D p,q(W ′) for all morphisms f : X ′→ X
from algebraic varieties X ′ over K and for all open subsets W ′ of (X ′)an with
f (W ′)⊆W .

Proof. If α = β, then all pull-backs and also their associated currents are the
same. Conversely, we assume that the associated currents of all pull-backs are the
same for α and β. There is an open covering (Vi )i∈I of X an by tropical charts
(Vi , ϕUi ) such that α, β are given on Vi by αi , βi ∈ P p,q(Vi , ϕUi ). Let f : X ′→ X
be a morphism of varieties over K and let (V ′, ϕU ′) be a tropical chart of X ′

which is compatible with (Vi , ϕUi ). Let �′ denote the open subset tropU ′(V
′) of

Trop(U ′). It follows from our definitions that αi = βi in P(Vi , ϕUi ) if we show
f ∗(αi )|�′ = f ∗(βi )|�′ ∈ D p,q(�′) for all morphisms f and all charts (V ′, ϕU ′)

compatible with (Vi , ϕUi ). By assumption, we have [ f ∗(α)]D = [ f ∗(β)]D in
D p,q(V ′). We conclude that f ∗(αi )|�′ = f ∗(βi )|�′ ∈ P p,q(�′) ⊆ D p,q(�′) and
get αi = βi ∈ P(Vi , ϕUi ) proving the claim. �

6.9. As usual, we define the linear differential operators d ′ : E p,q(W )→ E p+1,q(W )

and d ′′ : E p,q
→ E p,q+1(W ) by

〈d ′T, β〉 := (−1)p+q+1
〈T, d ′β〉, 〈d ′′T, β〉 := (−1)p+q+1

〈T, d ′′β〉.

Note that d ′ and d ′′ induce continuous linear maps on the locally convex topological
vector spaces introduced in 6.2 and hence it is easy to check that d ′ and d ′′ are
well-defined on δ-currents. Moreover, the natural maps from Remark 6.7 fit into
commutative diagrams

B p,q [ · ]
//

d ′
��

E p,q

d ′
��

B p,q [ · ]
//

d ′′
��

E p,q

d ′′
��

B p+1,q [ · ]
// E p+1,q B p,q+1 [ · ]

// E p,q+1

(6.9.1)

of sheaves. As usual, we define d := d ′+ d ′′ also on E .

6.10. If f : X ′→ X is a proper morphism of algebraic varieties, then we get a
push-forward f∗ : Er,s( f −1(W ))→ Er,s(W ) as follows: For T ′ ∈ Er,s( f −1(W )),
the push-forward is the δ-current on W given by

〈 f∗(T ), β〉 := 〈T, f ∗(β)〉

for β ∈ Br,s
c (W ). It is easy to see that pull-back of δ-forms induces continuous

linear maps between appropriate locally convex topological vector spaces defined
in 6.2 and hence the proper push-forward of δ-currents is well defined.
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Example 6.11. In Definition 5.8, we introduced
∫

X an β for β ∈ Pn,n
c (X an). Setting

〈δX , β〉 :=
∫

X an β, we get the δ-current δX = [1] ∈ E0,0(X an). We call it the δ-
current of integration along X . Using linearity in the components and 6.10, we get
a δ-current of integration δZ for every algebraic cycle Z on X .

Proposition 6.12. Let f : X ′→ X be a proper morphism of algebraic varieties
and let Z ′ be a p-dimensional algebraic cycle on X ′. Then we have the equality
f∗δZ ′ = δ f∗Z ′ in E p,p(X an).

Proof. This is a direct consequence of the projection formula (5.9.1). �

Proposition 6.13. Let W be an open subset of X an. We equip the space Cc(W ) of
continuous functions f : W → R with compact support with the supremum norm
| · |W and its subspace A0

c(W ) of smooth functions with compact support with the
induced norm. Then for each α ∈ Pn,n

c (W ) the map

A0
c(W )→ R, f 7→

∫
W

f ·α

is continuous and extends in a unique way to a continuous map Cc(W )→ R .

Proof. We may assume that α is of codimension l. We observe that the Stone–
Weierstraß theorem [Chambert-Loir and Ducros 2012, proposition (3.3.5)] implies
that A0

c(W ) is a dense subspace of Cc(W ). Consider f ∈ A0
c(W ) and α ∈ Pn,n

c (W ).
Our claims are obvious once we have obtained a bound Cα such that the inequality∣∣∣∣∫

W
f ·α

∣∣∣∣≤ Cα · | f |W (6.13.1)

holds. We are going to prove this inequality in four steps.

First step: The definition of the bound Cα . We fix a very affine chart of integration
U for α which means that there is αU ∈ Pn,n

c (U an, ϕU ) with trop∗U (αU )= α and we
set N := NU . Then αU is represented by a δ-preform α̃U ∈ Pn,n

c (NR) of the form

α̃U =
∑
σ

ασ ∧ δσ (6.13.2)

as a polyhedral supercurrent, where σ ranges over C l for a complete integral R-
affine polyhedral complex C of N and where ασ ∈ An−l,n−l

c (σ ). The definition
of the bound Cα will depend on the choice of U and of the lift α̃U , but not on
the choice of C . The restriction αστ of ασ to an (n− l)-dimensional face τ of σ
is an element of An−l,n−l

c (τ ). As this is a superform of top-degree, we have a
well-defined compactly supported superform |αστ | of degree (n − l, n − l) with
continuous coefficient on τ . This single coefficient is independent of the choice of
an integral base of Lτ and it is given by the absolute value of the coefficient of α.
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After passing to a refinement, we may assume that Trop(U ) is given by the tropical
cycle (C≤n,m). Then we define

Cα :=
∑
(1,σ)

[N : N1+ Nσ ]m1

∫
τ

|αστ|, (6.13.3)

where (1, σ) ranges over all elements of Cn × C l such that L1 + Lσ = NR and
such that τ :=1∩ σ is (n− l)-dimensional. Here, the integral of a superform of
top-degree with continuous coefficient is defined as in [Chambert-Loir and Ducros
2012, (1.2.2), (1.4.1)].

Second step: A first estimate for the integral. By definition of a smooth function,
there is a covering of W by tropical charts (V ′j , ϕU ′j ) j∈J such that f |V ′j = trop∗U ′j

(φ′j )

for smooth functions φ′j on the open subsets �′j = tropU ′j
(V ′j ) of Trop(U ′j ). Any

given compact subset C of W containing the support of α will be covered by
(V ′j ) j∈J0

for a finite subset J0 of J . By Proposition 5.9, U ′ := U ∩
⋂

j∈J0
U ′j is a

very affine chart of integration for α and for f α. Let N ′ := NU ′ and let F : N ′R→ NR

be the canonical integral R-affine map. Since the restriction map O(U )×→O(U ′)×

is injective, it follows that F is surjective. After refining C , there is a complete
integral R-affine polyhedral complex C ′ on N ′R such that Trop(U ′)= (C ′

≤n,m′) and
such that 1 := F(1′) ∈ C for every 1′ ∈ C ′.

For V ′ :=
⋃

j∈J0
Vj ∩ (U ′)an, note that by Corollary 5.6, (V ′, ϕU ′) is a tropical

chart of W containing C ∩ (U ′)an and the support of α. The pull-backs of the
functions φ′j with respect to the canonical affine maps F j : N ′R→ NU ′j ,R glue to a
well-defined smooth function fU ′ on �′ := tropU ′(V

′). By definition, we have∫
W

f α =
∫
|Trop(U ′)|

fU ′F∗(α̃U )|Trop(U ′). (6.13.4)

Using that F is surjective, we deduce from (6.13.2) and (2.12.5) that

F∗(α̃U )=
∑
σ ′

[N : LF (N ′)+ Nσ ] · F∗ασ ∧ δσ ′,

where σ ′ ranges over all elements of (C ′)l such that σ := F(σ ′) is of codimension l
in N . We choose a generic vector v′ ∈ N ′R. It follows from (2.12.3) that

F∗(α̃U )|Trop(U ′) =
∑
τ ′

∑
(1′,σ ′)

[N ′ : N ′1′ + N ′σ ′][N : LF (N ′)+ Nσ ]m1′F∗ασ ∧ δτ ′,

where τ ′ ranges over C ′n−l and (1′, σ ′) ranges over all pairs in C ′n × (C
′)l such

that τ ′ =1′ ∩ σ ′ and such that 1′ ∩ (σ ′+ εv′) 6=∅ for all sufficiently small ε > 0.
Additionally, we assume that σ := F(σ ′) is of codimension l in NR as above. For
degree reasons, we may restrict the sum to those τ ′ with τ :=F(τ ′) of dimension n−l.
Note that this is equivalent to restricting our attention to those 1′ with 1 := F(1′)
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of dimension n. Since α has support in V ′, the restriction of F∗ασ to σ ′ has support
in �′ ∩ σ ′. By (6.13.4), we have∫

W
f α =

∑
τ ′

∑
(1′,σ ′)

[N ′ : N ′1′ + N ′σ ′][N : LF (N ′)+ Nσ ]m1′
∫
τ ′

fU ′F∗ασ .

We deduce the following bound:∣∣∣∣∫
W

f α
∣∣∣∣

≤ | f |W
∑
τ ′

∑
(1′,σ ′)

[N ′ : N ′1′ + N ′σ ′][N : LF (N ′)+ Nσ ]m1′
∫
τ ′
|F∗αστ |. (6.13.5)

The transformation formula shows∫
τ ′
|F∗αστ | = [Nτ : LF (N ′τ ′)]

∫
τ

|αστ |

and hence the sum in (6.13.5) is equal to∑
τ ′

∑
(1′,σ ′)

[Nτ : LF (N ′τ ′)][N
′
: N ′1′+N ′σ ′][N : LF (N ′)+Nσ ]m1′

∫
τ

|αστ |. (6.13.6)

Third step: The following basic lattice index identity holds:

[Nτ : LF (N ′τ ′)][N
′
: N ′1′ + N ′σ ′][N : LF (N ′)+ Nσ ]

= [N : N1+ Nσ ][N1 : LF (N1′)]. (6.13.7)

In the basic lattice index identity (6.13.7), (1′, σ ′) is a pair in C ′n × (C
′)l such that

1′ ∩ (σ ′ + εv′) 6= ∅ for ε > 0 sufficiently small and such that σ := F(σ ′) is of
codimension l in N . We have also used 1 := F(1′), τ ′ :=1′ ∩σ ′ and τ := F(τ ′).
Since F is a surjective integral R-affine map, all lattice indices in the claim of
the third step are finite. Setting P ′ := N ′1′ and Q := Nσ , the basic lattice identity
(6.13.7) follows from the projection formula for lattices in Lemma 6.14 below.

Fourth step: The desired inequality (6.13.1) holds. To prove (6.13.1), we note that
v := F(v′) is a generic vector for C . We have τ =1∩ σ and 1∩ (σ + εv) 6=∅.
The basic lattice index identity (6.13.7) yields that the sum in (6.13.6) is equal to∑

τ ′

∑
(1′,σ ′)

[N : N1+ Nσ ][N1 : LF (N ′1′)]m1′
∫
τ

|αστ |. (6.13.8)

The Sturmfels–Tevelev multiplicity formula (4.3.1) gives∑
1′

[N1 : LF (N ′1′)]m1′ = m1,
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where 1′ ranges over all elements of C ′n mapping onto a given 1 ∈ Cn . Using this,
one can show that (6.13.8) is equal to∑

τ

∑
(1,σ)

[N : N1+ Nσ ]m1

∫
τ

|αστ |, (6.13.9)

where the sum is over all pairs (1, σ) ∈ Cn ×C l such that 1∩ (σ + εv) 6=∅ and
τ =1∩ σ . Now (6.13.1) follows from (6.13.3)–(6.13.9). �

The basic lattice index identity (6.13.7) is a special case of the following pro-
jection formula for lattices. Note that it is stronger than the projection formula for
tropical cycles in Proposition 1.5. The latter would not give the required bound in
the fourth step above.

Lemma 6.14. Let F : N ′→ N be a homomorphism of free abelian groups of finite
rank and let P ′ ⊆ N ′, Q ⊆ N be subgroups. We assume that rk(F(N ′))= rk(N )=
rk(F(P ′)+ Q). Then we have the equality

[F(P ′)R ∩ Q : F(P ′ ∩ F−1(Q))][N ′ : P ′+ F−1(Q)][N : F(N ′)+ Q]

= [N : F(P ′)R ∩ N + Q][F(P ′)R ∩ N : F(P ′)], (6.14.1)

where all involved lattice indices are finite.

Proof. The assumptions show easily that all lattice indices are finite. Using

F(P ′ ∩ F−1(Q))= F(P ′)∩ Q

and the isomorphism theorem A/(A∩ B)∼= (A+ B)/B for abelian groups, we get

(F(P ′)R ∩ Q)/F(P ′ ∩ F−1(Q))∼= (F(P ′)R ∩ Q+ F(P ′))/F(P ′).

Similarly, F(P ′)R ∩ Q+ F(P ′)= F(P ′)R ∩ (F(P ′)+ Q) yields

(F(P ′)R ∩ N )/(F(P ′)R ∩ Q+ F(P ′))∼= (F(P ′)R ∩ N + Q)/(F(P ′)+ Q).

Multiplying (6.14.1) by [F(P ′)R∩N+Q : F(P ′)+Q], the above two isomorphisms
show that the claim is equivalent to

[N ′ : P ′+ F−1(Q)][N : F(N ′)+ Q] = [N : F(P ′)+ Q]. (6.14.2)

Using F(P ′)+ Q ∩ F(N ′)= (F(P ′)+ Q)∩ F(N ′), we have

N ′/(P ′+ F−1(Q))∼= F(N ′)/(F(P ′)+Q∩ F(N ′))∼= (F(N ′)+Q)/(F(P ′)+Q)

and hence (6.14.2) holds. This proves the claim. �

We recall that on a locally compact Hausdorff space Y , the Riesz representation
theorem gives a bijective correspondence between positive (resp. signed) Radon
measures on Y and positive (resp. bounded) linear functionals on the space of
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continuous real functions with compact support on Y, endowed with the supremum
norm.

Corollary 6.15. Let W be an open subset of X an. For each α ∈ Pn,n
c (W ) there is a

unique signed Radon measure µα on W such that∫
W

f ·α =
∫

W
f dµα (6.15.1)

for all smooth functions f on W with compact support.

Proof. This is a consequence of Proposition 6.13 and Riesz’s representation theorem.
�

Proposition 6.16. Let W be an open subset of X an and let f be a continuous
function on W . Then the map

[ f ] : Bn,n
c (W )→ R, α 7→

∫
W

f dµα

is a δ-current in E0,0(W ).

Proof. The integral is well defined by Corollary 6.15 using that supp(α) is com-
pact. Obviously, [ f ] is a linear map. We have to show that the restriction of
[ f ] to any subspace Bn,n

C (W ; Vi , ϕUi , ωJi : i ∈ I ) as in 6.2 is continuous. For
i ∈ I , let �i := tropUi

(Vi ). For every x ∈ C , there is an i(x) ∈ I with x ∈ Vi(x).
We choose a polytopal neighbourhood Pi(x) of tropUi(x)

(x) in NUi(x),R such that
Pi(x) ∩ Trop(Ui(x)) ⊆ �i(x) and we denote the interior of Pi(x) by Qi(x). There
is a finite set Y of X such that the open sets trop−1

Ui(x)
(Qi(x)), x ∈ Y , cover the

compact set C . By Proposition 5.9, U :=
⋂

x∈Y Ui(x) works as a very affine
chart of integration for every α ∈ Bn,n

C (W ; Vi , ϕUi , ωJi : i ∈ I ). Then we have
αU ∈ AZn,n

c (U, ϕU ) with trop∗U (αU ) = α. By the Sturmfels–Tevelev multiplicity
formula (4.3.1) and by degree reasons, one can show that αU has support in the
compact subset

CU =
⋃
x∈Y

⋃
1i(x)

1i(x) ∩ F−1
i(x)(Pi(x))

of Trop(U ), where 1i(x) ranges over all n-dimensional faces of Trop(U ) such that
1i(x) ∩ F−1

i(x)(Pi(x)) is mapped onto an n-dimensional face of Trop(Ui(x)) by the
canonical affine map Fi(x) : NU,R→ NUi(x),R. Using the supremum seminorm | f |C
on C , we get ∣∣∣∣∫

W
f dµα

∣∣∣∣≤ Cα · | f |C . (6.16.1)

To see this, we note first that supp(µα) ⊆ C . There is a smooth function g on
W with 0 ≤ g ≤ 1, with g ≡ 1 on C and with compact support in a sufficiently
small neighbourhood of C [Chambert-Loir and Ducros 2012, corollaire (3.3.4)].
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Then (6.16.1) follows from applying (6.13.1) to compactly supported smooth
approximations of f g using the Stone–Weierstraß theorem in [Chambert-Loir and
Ducros 2012, corollaire (3.3.4)].

Now we deduce the claim from the definition of the bound Cα in (6.13.3): We
set i := i(x) for x ∈ Y and we may assume that α|Vi is given by∑

j∈Ji

αi j ∧ωi j

for αi j ∈ A(�i ) with coefficients of small supremum seminorm pPi∩Trop(Ui ),0(αi j ).
Noting that the ωi j are fixed, this yields that every αστ in (6.13.3) has small
coefficient. Using that only the compact subset CU ∩ τ matters for integration, we
deduce that Cα is small and hence (6.16.1) shows that [ f ] is continuous. �

7. The Poincaré–Lelong formula and first Chern delta-currents

The Poincaré–Lelong formula in complex analysis is of fundamental importance
for Arakelov theory. Chambert-Loir and Ducros [2012, §4.6] have shown that the
Poincaré–Lelong formula holds as an identity between currents on Berkovich spaces
while Theorem 7.2 below enhances the Poincaré–Lelong formula as an equality of
δ-currents. We use the Poincaré–Lelong formula to define the first Chern δ-current
of a continuously metrized line bundle.

7.1. Let X be a variety over K of dimension n and let f ∈ K (X) \ {0}. In
Example 6.11, we introduced the δ-current of integration δX leading to the definition
of the δ-current δZ for any cycle Z on X . Using that for the Weil divisor cyc( f )
of f , we get a δ-current δcyc( f ) on X an.

On the other hand, the complement U of the support of the principal Cartier
divisor div( f ) is an open dense subset of X . By Proposition 6.5, we get the δ-current
[log| f |] ∈ E0,0(U an)= E0,0(X an).

Theorem 7.2. For a nonzero rational function f on X , the Poincaré–Lelong equa-
tion

δcyc( f ) = d ′d ′′[log| f |]

holds in E1,1(X an).

Proof. The proof is similar to that in [Chambert-Loir and Ducros 2012, §4.6],
but it is more on the tropical side as we do not have integrals of δ-forms over
analytic subdomains at hand. We will first do some reduction steps and then we will
introduce some notation which allows us to use results from [Chambert-Loir and
Ducros 2012]. The claim is local on X an and so we may assume that X = Spec(A)
and f ∈ A. The latter induces a morphism f : X→ A1. We may assume that the
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morphism is not constant as otherwise all terms are 0. Since A is a domain, the
property S1 of Serre is satisfied.

Let us recall some results from [Chambert-Loir and Ducros 2012] before we
start the actual proof. Let W be an affinoid subdomain of X an and let g :W → T an

be an analytic map for T = Gr
m . Following [Chambert-Loir and Ducros 2012], we

call such a map to a torus an analytic moment map. We obtain a continuous map

gtrop := trop ◦ g :W → Rr.

We get an analytic map h := ( f, g) :W → (A1)an
× T an. We denote the fibre of W

over t ∈ (A1)an by Wt with respect to the restriction of f to W . If I is an interval
in (0,∞), then WI := | f |−1(I ) ∩W . We observe that Wt and WI carry natural
structures of analytic spaces of dimension n− 1 and n respectively. It follows from
general results of Ducros [2012, théorème 3.2] that the sets gtrop(Wt) and htrop(WI )

are integral R-affine polyhedral sets of dimension less or equal to n − 1 and n
respectively. These polyhedral sets can be equipped with natural integral weights.
A construction of these so called tropical weights can be found in [Gubler 2016, §7]
or in [Chambert-Loir and Ducros 2012, §3.5] in the language of calibrations. We
observe that the tropical weights take the multiplicities of irreducible components
into account. The k-skeleton of a polyhedral set P of dimension at most k is by
definition the union of all k-dimensional polyhedra contained in P. By [Chambert-
Loir and Ducros 2012, proposition (4.6.6)], there exist a real number r > 0 and an
integral R-affine polyhedral complex C in Rr of pure dimension n− 1 with integer
weights m such that all polyhedra in C are polytopes with the following properties:

(a) For every t in the closed ball in (A1)an with centre 0 and radius r , the (n− 1)-
skeleton of gtrop(Wt) endowed with the canonical tropical weights is equal to
(C ,m).

(b) For every closed interval I ⊂ (0, r ], the n-skeleton of htrop(WI ) endowed with
the canonical analytic tropical weights is equal to (−log(I ), 1)× (C ,m) as a
product of weighted polyhedral complexes.

In fact, Chambert-Loir and Ducros formulated this crucial result in terms of canoni-
cal calibrations instead of analytic tropical weights. We refer to [Gubler 2016, §7]
for the definition and translation of these equivalent notions. The analytic space
W0 coincides with the closed analytic subspace of W determined by the effective
Cartier divisor div( f |W ). Using (a) for t = 0, we see that (C ,m) is equal to the
(n− 1)-skeleton of gtrop(div( f |W )) as a weighted polyhedral complex.

Having recalled these preliminary results, we proceed with the proof. Since
the δ-currents δcyc( f ) and d ′d ′′[log| f |] are symmetric, it is enough to check the
Poincaré–Lelong equation by evaluating at a symmetric α ∈ Bn−1,n−1

c (X an). The
δ-form α is given by tropical charts (Vi , ϕUi )i∈I covering X an and symmetric
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αi ∈ AZn−1,n−1(Vi , ϕUi ). Since α has compact support, there are finitely many i
such that the corresponding Vi ’s cover supp(α). In the following, we restrict our
attention to these finitely many i’s and we number them by i = 1, . . . ,m.

Let us consider the very affine open subset U :=U1 ∩ · · · ∩Um \ supp(div( f ))
of X . Let Gi : NU,R→ NUi ,R (resp. F : NU,R→ R) be the canonical affine map
compatible with tropU and tropUi

(resp. −log| f |). Let x0 be the coordinate on R

and let Hi := (F,Gi ) : NU,R→ R× NUi ,R.
For every x ∈ supp(α), there is an i ∈ {1, . . . ,m} such that x ∈ Vi . We choose an

integral 0-affine polytope1i of maximal dimension in NUi ,R containing tropUi
(x) in

its interior. We may assume that1i∩Trop(Ui )⊆ tropUi
(Vi ). Then Wi := trop−1

Ui
(1i )

is an affinoid subdomain of X an with x ∈ Int(Wi ). Renumbering the covering and
using again compactness of supp(α), we may assume that i does not depend
on x , which means that the interiors of the affinoid subdomains W1, . . . ,Wm cover
supp(α). Note that W :=

⋃m
i=1 Wi is a compact analytic subdomain of X an.

For every nonempty subset E of {1, . . . ,m}, the set WE :=
⋂

i∈E Wi is affinoid
(using that X an is separated). Note that UE :=

⋂
i∈E Ui is very affine and we set

VE :=
⋂

i∈E Vi . We choose r > 0 sufficiently small such that (a) and (b) above
hold for every WE and moment map gE := ϕUE

. Note that the union of the integral
0-affine polyhedral sets

tropU (Wi ∩U an)= Trop(U )∩G−1
i (1i ) (i = 1, . . . ,m) (7.2.1)

is equal to tropU (W ∩U an). For every subset E of {1, . . . ,m}, we have a integral
0-affine polyhedral set

tropU (WE ∩U an)= Trop(U )∩
⋂
i∈E

G−1
i (1i )=

⋂
i∈E

tropU (Wi ∩U an). (7.2.2)

For V :=
⋃

i Vi ∩ U an, it follows from Corollary 5.6 that (V, ϕU ) is a tropi-
cal chart containing the support of d ′′α. The δ-form α is represented on V by
αU ∈ AZn−1,n−1(V, ϕU ), i.e., α = trop∗U (αU ) on V . In fact, we have seen in
Proposition 5.7 that αU extends by 0 to an element of AZn−1,n−1(U an, ϕU ), but the
support of this extension is not necessarily compact. We conclude that U is a very
affine chart of integration for log| f | d ′d ′′α and that

〈d ′d ′′[log| f |], α〉 = −
∫

tropU (V )
F∗(x0) d ′d ′′αU . (7.2.3)

The minus sign comes from the tropical coordinates trop∗U (F
∗(x0)) = −log| f |

as remarked above. Corollary 5.6 shows that the support of d ′′α does not meet
f −1(0). Since the support of d ′′α is compact, there is a positive s < r such that
| f (x)| > s for every x ∈ supp(d ′′α). We consider the analytic subdomain of W ,
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W(s) := {x ∈W | | f (x)| ≥ s}, and the affinoid subdomains of Wi and WE ,

Wi (s) := {x ∈Wi | | f (x)| ≥ s} and WE(s) := {x ∈WE | | f (x)| ≥ s}.

It follows from (7.2.1) and (7.2.2) that their tropicalizations are integral R-affine
polyhedral sets such that the union of all

tropU (Wi (s)∩U an)= Trop(U )∩G−1
i (1i )∩ F−1((−∞,−log s]) (7.2.4)

for i = 1, . . . ,m is equal to tropU (W (s)∩U an) and such that

tropU (WE(s)∩U an)= Trop(U )∩
⋂
i∈E

G−1
i (1i )∩ F−1((−∞,−log s]). (7.2.5)

In the following, we use integrals and boundary integrals of δ-preforms over integral
R-affine polyhedral sets as introduced in Definition 2.5, Remark 3.5 and 5.1. By the
choice of s, we have supp(d ′′α) ⊆ W (s)∩U an. We conclude that supp(d ′′αU ) ⊆

tropU (W (s)∩U an) and hence∫
tropU (V )

F∗(x0) d ′d ′′αU =

∫
tropU (W (s)∩U an)

F∗(x0) d ′d ′′αU . (7.2.6)

By Green’s formula (see Proposition 3.9) and using d ′d ′′F∗(x0)= 0, the integrals
in (7.2.6) are equal to∫

∂(tropU (W (s)∩U an))

(
F∗(x0) d ′′αU − d ′′(F∗(x0))∧αU

)
. (7.2.7)

By construction and (7.2.1), we have

supp(αU )⊆ relint(tropU (W ∩U an)).

By the choice of s, it follows that supp(d ′′αU ) ⊆ relint(tropU (W (s)∩U an)). Ap-
plying Remark 2.6(iii) to the integral R-affine polyhedral set tropU (W (s)∩U an), it
follows that ∫

∂(tropU (W (s)∩U an))

F∗(x0) d ′′αU = 0. (7.2.8)

Combining (7.2.3) and (7.2.6)–(7.2.8) with (7.3.1) below, we get

〈d ′d ′′[log| f |], α〉 = 〈δcyc( f ), α〉, (7.2.9)

proving the claim. �

Lemma 7.3. In the situation of the proof of Theorem 7.2 above, we have∫
∂(tropU (W (s)∩U an))

d ′′(F∗(x0))∧αU = 〈δcyc( f ), α〉. (7.3.1)
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Proof. For integers ` ≥ 1, there are ϕ` ∈ C∞(R) with 0 ≤ ϕ` ≤ 1, ϕ`(t) = 1
for t ≤ −log(s) − 1/` and ϕ`(t) = 0 for t ≥ −log(s) − 1/(2`). By construc-
tion, supp (ϕ`(F∗(x0))d ′′(F∗(x0)) ∧ αU is contained in the relative interior of
tropU (W (s)∩U an) and hence∫

∂(tropU (W (s)∩U an))

ϕ`(F∗(x0)) d ′′(F∗(x0))∧αU = 0 (7.3.2)

as above. Setting ψ` := 1− ϕ`, it follows from (7.3.2) that the left-hand side in
(7.3.1) is equal to∫

∂(tropU (W (s)∩U an))

ψ`(F∗(x0)) d ′′(F∗(x0))∧αU . (7.3.3)

Now we use the additivity of measures from Remark 2.6(ii). The decomposition
(7.2.4) of the polyhedral set tropU (W (s) ∩U an) and Equation (7.2.5) show that
(7.3.3) is equal to

m∑
j=1

(−1) j+1
∑
|E |= j

∫
∂(tropU (WE (s)∩U an))

ψ`(F∗(x0)) d ′′(F∗(x0))∧αU . (7.3.4)

We fix i ∈ E . Let GE : NU,R→ NUE ,R and GE,i : NUE ,R→ NUi ,R be the canonical
affine maps which are compatible with the given moment maps. Let us consider
the closed embedding

hE := ( f, gE)= ( f, ϕUE
) :UE \ div( f )→ Gm × TUE

inducing the tropical variety hE,trop(UE \ div( f )), which we view as a tropical
cycle on R× NUE ,R. The affine maps HE := (F,GE) : NU,R→ R× NUE ,R (resp.
HE,i := idR×GE,i : R× NUE ,R → R× NUi ,R) are compatible with the moment
maps ϕU and hE (resp. hE and hi ). The Sturmfels–Tevelev multiplicity formula
shows that

hE,trop(UE \ div( f ))= (HE)∗(Trop(U )) (7.3.5)

(see [Gubler 2016, Proposition 4.11] for the required generalization of (4.3.1)). For
αE := αi |VE ∈ AZn−1,n−1(VE , ϕUE

), we have α|VE = trop∗UE
(αE) and the definition

of αE does not depend on the choice of i ∈ E . In the following, the weighted
integral R-affine polyhedral complex 6E(s) := hE,trop(WE(s)) in R× NUE ,R plays
a crucial role. Note that we have

6E(s)= hE,trop(UE \ div( f ))∩
⋂
i∈E

H−1
E,i

(
(−∞,−log s]×1i

)
. (7.3.6)

Let PE : R× NUE ,R→ NUE ,R denote the canonical projection. By definition, the
element αE of AZn−1,n−1(VE , ϕUE

) is represented by a δ-preform α̃E on an open
subset �̃E of NUE ,R with �̃E ∩Trop(UE)= tropUE

(VE). Recall from (4.5.1), that
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αU |� = α̃U ∧ δTrop(U ) denotes the δ-preform on � := TropU (V ) induced by αU .
Using αU = G∗E(αE), we get

αU |� = G∗E(αE)|� = G∗E(α̃E)∧ δTrop(U ) = H∗E P∗E(α̃E)∧ δTrop(U ).

We consider the coordinate x0 on R also as a function on R × NUE ,R. Using
tropU (W (s)∩U an)= H−1

E (6E(s))∩Trop(U ) and (7.3.5), the projection formula
(2.14.2) shows that∫
∂(tropU (WE (s)∩U an))

ψ`(F∗(x0)) d ′′(F∗(x0))∧αU

=

∫
∂(tropU (WE (s)∩U an))

H∗E(ψ`(x0)d ′′x0)∧ H∗E P∗E(α̃E)∧ δTrop(U )

=

∫
∂(6E (s))

ψ`(x0) d ′′x0 ∧ P∗E(α̃E)∧ δhE,trop(UE\div( f )). (7.3.7)

By construction of the functions ϕ`, we have

lim
`→∞

∫
∂(6E (s))

ψ`(x0) d ′′x0 ∧ P∗E(α̃E)∧ δhE,trop(UE\div( f ))

=

∫
6E (s)∩{x0=−log|s|}

P∗E(α̃E)∧ δhE,trop(UE\div( f )). (7.3.8)

By (7.3.6) and [Gubler 2016, §7], the analytic tropical weights on the n-skeleton of
the tropicalization 6E(s) of the affinoid domain WE(s) are the same as the tropical
weights induced by hE,trop(UE \div( f )). Using that s < r and I := [s, r ], it follows
from (a) and (b) that the n-skeletons of6E(I ) := {ω∈6E(s) | x0(ω)∈−log(I )} and
−log(I )× tropUE

(div( f )∩WE) are equal even as a product of weighted polyhedral
complexes if we endow −log(I ) with weight 1. Note that these tropicalizations
can differ from the n-skeletons only inside the relative boundary. As we have some
flexibility in the choice of the polyhedra 1i and in the choice of s, we may assume
that 6E(I )=−log(I )× tropUE

(div( f )∩WE) and that this is of pure dimension n.
We conclude that (7.3.8) is equal to∫

tropUE
(div( f )∩WE∩U an

E )

αE . (7.3.9)

Using (7.3.3)–(7.3.9), it follows that the left-hand side of (7.3.1) is equal to
m∑

j=1

(−1) j+1
∑
|E |= j

∫
tropUE

(div( f )∩WE∩U an
E )

αE .

Let Y be an irreducible component of div( f ) and let

EY := {i ∈ {1, . . . ,m} |Ui ∩ Y 6=∅}.
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Then we use the very affine open subset UEY to compute the following integrals
over Y by performing the above steps backwards:

m∑
j=1

(−1) j+1
∑
|E |= j

∫
tropUE

(Y∩WE∩U an
E )

αE =

∫
tropUEY

(Y∩W∩U an
EY
)

αUEY
=

∫
Y
α, (7.3.10)

where we have used in the last step that W covers supp(α). Using linearity in the irre-
ducible components Y (see [Gubler 2013, Remark 13.12]), we get Equation (7.3.1).

�

Remark 7.4. Let f denote a regular function on the affine variety X . The proof of
Lemma 7.3 given above shows that Equation (7.3.1) holds more generally for any
generalized δ-forms α on X an with compact support. If we permute the roles of d ′

and d ′′, we obtain by the same argument that

−

∫
∂(tropU (W (s)∩U an))

d ′F∗(x0)∧αU = 〈δcyc( f ), α〉 (7.4.1)

holds for all generalized δ-forms α ∈ Pn−1,n−1
c (X an). An elegant way to deduce

(7.4.1) is to apply (7.3.1) for J ∗(α) and to use the symmetry of the δ-current of
integration.

7.5. Let ϕ denote an invertible analytic function on some open subset W of X an.
Given x ∈W there exists by [Gubler 2016, Proposition 7.2] an open subset U of X ,
an algebraic moment map f : U → Gm and an open neighbourhood V of x in
U an
∩W such that −log|ϕ| and −log| f | agree on V . It follows that the function

−log|ϕ| belongs to A0(W ) and we get

d ′d ′′[−log|ϕ|] = −[d ′d ′′ log|ϕ|] = 0 (7.5.1)

from (6.9.1) and the trivial case of the Poincaré–Lelong formula where f is invert-
ible.

7.6. Let L be a line bundle on X and let W be an open subset of X an. We fix
an open covering (Ui )i∈I of X , a family (si )i∈I of nowhere vanishing sections
si ∈ 0(Ui , L), and the 1-cocycle (hi j ) with values in O×X determined by s j = hi j si .
Recall that a continuous metric ‖·‖ on L over W is given by a family (ρi )i∈I of
continuous functions ρi :U an

i ∩W → R such that ρj = |hi j |ρi on (Ui ∩Uj )
an
∩W

for all i, j ∈ I . An analytic section s ∈ 0(V, Lan) on some open subset V of W
determines as follows a continuous function ‖s‖ : V → R. We write s = fi si for
some analytic function fi on V ∩U an

i and define ‖s‖= | fi | ·ρi on V ∩U an
i . Observe

that we have ρi = ‖si‖ on U an
i ∩W .

7.7. Let L be a line bundle on X endowed with a continuous metric ‖·‖ over the open
subset W of X an. Then we define the first Chern current associated to the metrized
line bundle (L|W , ‖·‖) as the δ-current [c1(L|W , ‖·‖)] ∈ E1,1(W ) given locally
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on W ∩U an by d ′d ′′[−log‖s|U an∩W‖] for any trivialization U of L with nowhere
vanishing section s ∈ 0(U, L). Here, we have used that a continuous function
defines a δ-current as explained in Proposition 6.16. Since d ′d ′′[−log|ϕ|] = 0 for
an invertible analytic function ϕ, the δ-current [c1(L|W , ‖·‖)] is well-defined on
W and we may even use analytic trivializations in the definition. Obviously, the
formation of the first Chern current is compatible with tensor products of metrized
line bundles as usual.

If the metric is smooth then [c1(L , ‖·‖)] is the current associated to the first
Chern form c1(L|W , ‖·‖) defined in [Chambert-Loir and Ducros 2012]. In general,
the notion c1(L|W , ‖·‖) has no meaning as a form and we use brackets to emphasize
that [c1(L|W , ‖·‖)] is a δ-current. In Section 9, we will introduce metrics for which
c1(L|W , ‖·‖) has a meaning as a δ-form.

Corollary 7.8. Let L be a line bundle on X endowed with a continuous metric ‖·‖
over the open subset W of X an. For every nontrivial meromorphic section s of L
with associated Weil divisor Y , the equality[

c1(L|W , ‖·‖)
]
= d ′d ′′

[
−log

∥∥s|W
∥∥]+ δY |W

holds in E1,1(W ).

Proof. This can be checked locally on a trivialization U of L with a nowhere
vanishing sU ∈ 0(U, L). Then there is a rational function f on X with s = f sU

and hence

d ′d ′′
[
−log

∥∥s|W∩U an

∥∥]= d ′d ′′
[
−log

∥∥sU |W∩U an

∥∥]+ d ′d ′′
[
−log

∣∣ f |W∩U an

∣∣].
Using the definition of c1(L|W∩U an, ‖·‖) for the first summand and Theorem 7.2
for the second summand, we get the claim. �

8. Piecewise smooth and formal metrics on line bundles

In this section, X is an algebraic variety over K . In the following, we consider an
open subset W of X an.

We first introduce piecewise smooth functions and piecewise linear functions
on W . This leads to corresponding notions for metrics on line bundles. We prove
that a piecewise linear metric is the same as a formal metric. We show that canonical
metrics in various situations are piecewise smooth.

In Definition 1.6, we have defined piecewise smooth functions on an open subset
of an integral R-affine polyhedral set. Using tropicalizations and viewing tropical
varieties as polyhedral sets, we will define piecewise smooth functions on W as
follows:

Definition 8.1. A function f : W → R is called piecewise smooth if for every
x ∈ W there is a tropical chart (V, ϕU ) such that V is an open neighbourhood of



A tropical approach to nonarchimedean Arakelov geometry 149

x in W and such that there is a piecewise smooth function φ on tropU (V ) with
f = φ ◦ tropU on V .

In a similar way, we will define a piecewise linear function on W . We recall
from Definition 1.6 that we have defined piecewise linear functions on integral
R-affine polyhedral complexes. As we are working with a variety over a valued
field, we will take the value group 0 into account and in the definition of piecewise
linear functions we will additionally require that the underlying polyhedral complex
and the restriction of the functions are both integral 0-affine. Note however that
in Definition 8.1, the underlying polyhedral complex for φ is only assumed to be
integral R-affine.

Definition 8.2. A function f :W→R is called piecewise linear if for every x ∈W
there is a tropical chart (V, ϕU ) such that V is an open neighbourhood of x in W
and a real function φ on tropU (V ) with f = φ ◦ tropU on V . We require that there
is an integral 0-affine polyhedral complex 6 in NU,R with tropU (V ) ⊆ |6| such
that φ is the restriction of a function on |6| with integral 0-affine restrictions to all
faces of 6.

8.3. The space of piecewise smooth functions on W is an R-subalgebra of the
R-algebra of continuous functions on W . It contains all smooth functions on W .
The space of piecewise linear functions on W is closed under forming max and
min. Moreover, it is a subgroup of the space of piecewise smooth functions on W
with respect to addition. If ϕ : X ′→ X is a morphism and W ′ is an open subset of
(ϕan)−1(W ), then for every piecewise smooth (resp. piecewise linear) function f
on W , the restriction of f ◦ϕ to W ′ is a piecewise smooth (resp. piecewise linear)
function on W ′.

In the following result, we need the G-topology on W . It is a Grothendieck
topology build up from analytic subdomains of W and it is closely related to the
Grothendieck topology of the underlying rigid analytic space ([Berkovich 1993,
§1.3, §1.6]).

Proposition 8.4. Let f : W → R be a continuous function. Then f is piecewise
smooth (resp. piecewise linear) if and only if there is a G-covering (Wi )i∈I by
analytic (resp. strict analytic) subdomains Wi of W and analytic moment maps
ϕi : Wi → (Ti )

an to tori Ti := Spec(K [Mi ]) such that f = φi ◦ ϕi,trop on Wi for a
smooth (resp. integral 0-affine) function φi : Ni,R→ R, where Ni := Hom(Mi ,Z)

as usual.

Proof. First, we assume that f is piecewise smooth (resp. piecewise linear). For any
x ∈W , there is a tropical chart (V, ϕU ) in W containing x such that f = φ ◦ tropU
on V for a piecewise smooth (resp. integral 0-affine function) φ on the open subset
� := tropU (V ) of Trop(U ). There are finitely many integral R-affine (resp. 0-affine)
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polytopes 1i in NU,R containing tropU (x) such that
⋃

i 1i is a neighbourhood of
tropU (x) in � and such that φ|1i = φi |1i for a smooth (resp. integral 0-affine)
function φi : NU,R→ R. Note that the affinoid (resp. strictly affinoid) subdomains
Wi (x) := trop−1

U (1i ) of W contain x and cover a neighbourhood of x . Letting x
vary over W , we get a G-covering of W with the desired properties.

To prove the converse, we assume that f is given on a G-covering (Wi )i∈I of
W by smooth (resp. integral 0-affine) functions φi : Ni,R → R with respect to
analytic moment maps ϕi : Wi → (Ti )

an. Piecewise smoothness (resp. piecewise
linearity) is a local condition and so we have to check that f is piecewise smooth in
a neighbourhood of x ∈ X an. There is a finite I0⊆ I such that the sets (Wi )i∈I0 cover
a sufficiently small strict affinoid neighbourhood W ′ of x in W . By shrinking W , we
may assume that x ∈Wi for every i ∈ I0. In the following, we restrict our attention
to elements i ∈ I0. The definition of an analytic (resp. of a strict analytic) domain
shows that we may assume that all W ′i :=Wi ∩W ′ are affinoid (resp. strict affinoid)
subdomains of W . Any analytic function on a neighbourhood of x in W ′i can be
approximated uniformly on a sufficiently small neighbourhood of x by rational
functions on X . By shrinking W again, this shows that we may assume that ϕi |W ′i
is induced by the restriction of an algebraic moment map ϕ′i :Ui → Ti for a dense
open subset Ui of X with W ′i ⊆ (Ui )

an (see [Gubler 2016, Proposition 7.2] for a
similar argument). Similarly, we may assume that there are affinoid coordinates
(xi j ) j∈Ji on W ′i which extend to rational functions on X . Clearly, we may assume
that |xi j (x)| = 1 for i ∈ I0 and j ∈ Ji . There is a tropical chart (V, ϕU ) with
x ∈ V ⊆W ′, U ⊆

⋂
i∈I0

Ui and such that all the functions xi j are in O(U )×. We
may assume that tropU (x)= 0 and hence there is an open neighbourhood �̃ of 0 in
NU,R with V = trop−1

U (�̃). By [Gubler 2016, 4.12, Proposition 4.16], ϕ′i |U is the
composition of an affine homomorphism ψi : TU → Ti with ϕU . By shrinking V
and using the Bieri–Groves theorem [Gubler 2013, Theorem 3.3], we may assume
that there are finitely many rational cones (1 j ) j∈J in NU,R such that

tropU (V )= �̃∩
⋃
j∈J

1 j . (8.4.1)

For every i ∈ I0 and every j ∈ Ji , there is a linear form ui j ∈ MU with −log|xi j | =

ui j ◦ tropU on U an. The definition of affinoid coordinates yields

W ′i ∩U an
= trop−1

U (σi ) (8.4.2)

for
σi := {ω ∈ NU,R | ui j (ω)≥ ri j ∀ j ∈ Ji }

and suitable ri j ∈R. Note that σi is an integral R-affine polyhedron. In the piecewise
linear case, we may choose always ri j = 0 and hence σi is a rational cone. Using that
the sets W ′i ∩U an cover V and equations (8.4.1), (8.4.2), we get the decomposition
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(σi ∩1 j ∩ �̃)i∈I0, j∈J of tropU (V ). On σi ∩1 j ∩ �̃, we choose the smooth (resp.
integral 0-affine) function φ′i j := φi ◦ψi . Using (8.4.2), we see that these functions
paste to a continuous piecewise smooth (resp. continuous piecewise linear) function
φ′ on tropU (V ) with φ′ ◦ tropU = f on V . This proves easily that f is piecewise
smooth (resp. piecewise linear) on W . �

Definition 8.5. Let L be a line bundle on X and let W be an open subset of X an. A
metric ‖·‖ on L|W is called piecewise smooth (resp. piecewise linear) if for every
x ∈W , there is a tropical chart (V, ϕU ) with x ∈ V ⊆W and a nowhere vanishing
section s ∈ 0(U, L) such that −log‖s|V ‖ is piecewise smooth (resp. piecewise
linear) on V .

8.6. Since −log| f | is smooth for an invertible regular function f and even the
pull-back of a linear function with respect to a suitable tropicalization, the last
definition does neither depend on the choice of the trivialization s nor on the choice
of the tropical chart (V, ϕU ). Moreover, we may also use analytic trivializations in
the definition. By Proposition 8.4, the definition of a piecewise linear metric agrees
with the definition of PL-metrics in [Chambert-Loir and Ducros 2012, §6.2].

Note that every piecewise linear metric is piecewise smooth. It follows from
8.3 that every piecewise smooth metric is continuous, that the tensor product of
piecewise linear (resp. piecewise smooth) metrics is again a piecewise linear (resp.
piecewise smooth) metric and that the dual metric of a piecewise linear (resp.
piecewise smooth) metric is piecewise linear (resp. piecewise smooth). Moreover,
the pull-back of a piecewise linear (resp. piecewise smooth) metric on L|W with
respect to a morphism ϕ : X ′→ X is a piecewise linear (resp. piecewise smooth)
metric on ϕ∗(L)|W ′ for any open subset W ′ of ϕ−1(W ).

8.7. Recall that K ◦ is the valuation ring of the given nonarchimedean absolute
value | | on K . Raynaud introduced an admissible formal scheme over K ◦ as
a formal scheme X over the valuation ring K ◦ which is locally isomorphic to
Spf(A) for a flat K ◦-algebra A of topologically finite type over K ◦ (see [Bosch and
Lütkebohmert 1993, §1] for details). For simplicity, we require additionally that
X has a locally finite atlas of admissible affine formal schemes over K ◦. Then X

has a generic fibre Xη (resp. a special fibre Xs) which is a paracompact strictly
analytic Berkovich space over K (resp. an algebraic scheme over the residue field K̃ )
locally isomorphic to M (A ) (resp. Spec(A⊗K ◦ K̃ )) for the strict affinoid algebra
A := A⊗K ◦ K (see [Berkovich 1993, §1.6] for the equivalence to rigid analytic
spaces over K with an affinoid covering of finite type).

A formal K ◦-model of X is an admissible formal scheme X over K ◦ with an
isomorphism Xη

∼= X an. For a line bundle L on X , we define a formal K ◦-model
of L as a line bundle L on a formal K ◦-model X of X with an isomorphism
Lη
∼= Lan over Xη

∼= X an. For simplicity, we usually identify Lη with Lan.
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8.8. Let L be a line bundle on X . A formal metric on L is a metric ‖·‖L associ-
ated to a formal K ◦-model L of L in the following way: If L admits a formal
trivialization over U and if s ∈ 0(U ,L ) corresponds under this trivialization to
the function γ ∈ OX (U ), then ‖s(x)‖ = |γ (x)| for all x ∈ Uη. This definition is
independent of the choice of the trivialization and shows immediately that formal
metrics are continuous. The tensor product and the pull-back of formal metrics are
again formal metrics.

Proposition 8.9. Every line bundle L on X has a formal K ◦-model and hence a
formal metric.

Proof. This follows as in [Gubler 1998, Proposition 7.6] based on the theorem of
Raynaud that every paracompact analytic space has a formal K ◦-model (see [Bosch
2014, Theorem 8.4.3]). The argument for paracompact strictly K -analytic spaces
was first given in [Chambert-Loir and Ducros 2012, proposition (6.2.13)]. �

Proposition 8.10. Let ‖·‖ be a formal metric on the line bundle L on X. Then
there is an admissible formal K ◦-model X of X with reduced special fibre Xs

and a K ◦-model L of L on X such that ‖·‖ = ‖·‖L . Moreover, the invertible
sheaf associated to L is always canonically isomorphic to the sheaf on X given by
{s ∈ 0(L ,Uη) | ‖s(s)‖ ≤ 1 ∀x ∈ Uη} on a formal open subset U of X .

Proof. This follows as in [Gubler 1998, Lemma 7.4 and Proposition 7.5]. �

Proposition 8.11. Let ‖·‖ be a metric on the line bundle L on X. Then the following
properties are equivalent:

(a) ‖·‖ is a formal metric;

(b) ‖·‖ is a piecewise linear metric;

(c) there is a G-covering (Wi )i∈I of X an by strict analytic subdomains Wi of X an

and trivializations si ∈ 0(Wi , Lan) with ‖si (x)‖ = 1 for all x ∈Wi , i ∈ I .

Proof. If we use again Raynaud’s theorem to generalize to paracompact X an,
the equivalence of (a) and (c) is proved as in [Gubler 1998, Lemma 7.4 and
Proposition 7.5]. The implication (a)⇒ (c) can also be found in [Chambert-Loir
and Ducros 2012, exemple (6.2.10)]. It remains to see the equivalence of (b) and (c).
Suppose that (b) holds. Then there is a locally finite covering of X by trivializations
Ui of L such that −log‖si‖ is piecewise linear on (Ui )

an for every i ∈ I . By
Proposition 8.4, there is a G-covering Wi j of (Ui )

an and analytic moment maps
ϕi j :Wi j→ (Ti j )

an such that −log‖si‖= φi j ◦ϕi j,trop on Wi j for an integral 0-affine
function φi j on Ni j,R. The definition of integral 0-affine functions shows that there
is an invertible analytic function γi j on Wi j such that ‖si‖ = |γi j | on Wi j . Using
the trivialization γ−1

i j si on Wi j , we get (b)⇒ (c). The converse is an immediate
application of Proposition 8.4. �
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8.12. If X is proper over K , then an algebraic K ◦-model of X is an integral scheme
X which is of finite type, flat and proper over K ◦ and with a fixed isomorphism
between the generic fibre Xη and X . We use the isomorphism to identify Xη and X .
An algebraic K ◦-model of L is a line bundle L on an algebraic K ◦-model X of
X together with a fixed isomorphism between Lη and L . We define an algebraic
metric on L as in 8.8 by using an algebraic K ◦-model L of L .

Proposition 8.13. On a line bundle on a proper variety over K , a metric is alge-
braic if and only if it is formal.

Proof. Passing to the formal completion along the special fibre, it is clear that every
algebraic metric is a formal metric. Using [Gubler 2003, Proposition 10.5], the
converse is true if X is projective. The same argument shows that the converse
is also true for proper X if the formal GAGA theorem in [EGA III1 1961, Theo-
rem 5.1.4] holds over K ◦ and if X has an algebraic K ◦-model. In [EGA III1 1961,
Theorem 5.1.4], the base has to be noetherian and hence it applies only for discrete
valuation rings. The required generalization is now given in [Fujiwara and Kato
2014, Theorem I.10.1.2]. The existence of an algebraic K ◦-model follows from
Nagata’s compactification theorem. This was proved by Nagata in the noetherian
case and proved by Conrad in general (based on notes of Deligne, see [Temkin
2011] for another proof and references). �

Corollary 8.14. Let L be a line bundle on a proper variety over K . Then L has an
algebraic metric.

Proof. This follows from Proposition 8.9 and Proposition 8.13. �

We will show now that many important metrics are piecewise smooth.

Example 8.15. Let L be a line bundle on the abelian variety A over K . Choosing
a rigidification of L at 0 ∈ A and assuming L symmetric (resp. odd), the theorem of
the cube allows one to identify [m]∗(L) with L⊗m2

(resp. L⊗m). There is a unique
continuous metric ‖·‖can on Lan with [m]∗‖·‖can = ‖·‖

⊗m2

can (resp. [m]∗‖·‖can =

‖·‖
⊗m
can ) for all m∈Z. In general, L⊗2 is the tensor product of a symmetric and an odd

line bundle, unique up to 2-torsion in Pic(A), and hence we get a canonical metric
‖·‖can on L which is unique up to multiples from |K×| if we vary rigidifications.
We claim that ‖·‖can is locally on X an the tensor product of a smooth metric and a
piecewise linear metric. In particular, we deduce that ‖·‖can is a piecewise smooth
metric.

To prove the claim, we use the Raynaud extension of A to describe the canonical
metric on L (see [Gubler 2010, §4] for details). The Raynaud extension is an exact
sequence

1→ T an
→ E

q
−→ Ban

→ 0 (8.15.1)
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of commutative analytic groups, where T = Spec(K [M]) is a multiplicative torus
of rank r and B is an abelian variety of good reduction. Moreover, there is a lattice
P in E with E/P = Aan. More precisely P is a discrete subgroup of E(K ) which is
mapped by a canonical map, val : E→ NR, isomorphically onto a complete lattice
3 of NR, where N is the dual of M . The map val is locally over B a tropicalization.
Note that the Raynaud extension is algebraizable, but the quotient homomorphism
p : E→ Aan is only defined in the analytic category.

Let B be the abelian scheme over K ◦ with generic fibre B. By [loc. cit.] there
exists a line bundle H on B such that q∗((Hη)

an) = p∗(Lan). Here, and in the
following, we use rigidified line bundles to identify isomorphic line bundles. Then
q∗‖·‖H is a formal metric on p∗(Lan). On p∗(Lan), we have a canonical P-action
α over the canonical action of P on E by translation. By [loc. cit.] there is a
1-cocycle Z in Z1(P, (R×)E) such that

(q∗‖αγ (w)‖H )γ ·x = Zγ (x)−1
· (q∗‖w‖H )x (8.15.2)

for all γ ∈ P , x ∈ E and w ∈ (p∗Lan)x . The cocycle Z depends only on the map val,
which means that there is a unique function zλ : NR→ R with

zλ(val(x))=−log(Zγ (x)) (γ ∈ P, x ∈ E, λ= val(γ )).

Moreover, there is a canonical symmetric bilinear form b :3×3→ Z associated
to L such that

zλ(ω)= zλ(0)+ b(ω, λ) (ω ∈ NR, λ ∈3).

The cocycle condition

Zργ (x)= Zρ(γ x)Zγ (x) (ρ, γ ∈ P, x ∈ E)

shows that
zλ+µ(0)= zλ(0)+ zµ(0)+ b(λ, µ) (λ, µ ∈3),

which means that λ 7→ zλ(0) is a quadratic function on 3. There is a unique
extension to a quadratic function q0 : NR→ R. We define a metric ‖·‖ on p∗(Lan)

by ‖·‖ := e−q0◦valq∗‖·‖H . Using (8.15.2) and that q0 is a quadratic function with
associated bilinear form b, it follows easily that ‖·‖ descends to the canonical
metric on L . We conclude from the descent with respect to the local isomorphism p
that the canonical metric on L is locally on Aan the tensor product of a smooth
metric with a piecewise linear metric. This proves the claim.

Example 8.16. Let L be a line bundle on a proper smooth algebraic variety over
K which is algebraically equivalent to zero. Let A denote the Albanese variety of
X (see [Grothendieck 1966, théorème 2.1, corollaire 3.2]). We fix some x ∈ X (K )
and obtain a universal morphism ψ : X→ A from X to the abelian variety A with
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ψ(x)= 0. Furthermore L is in a canonical way the pull-back of an odd line bundle
on A along ψ . It follows that L carries a canonical metric ‖·‖can, unique up to
multiples from |K×|. By [Gubler 2010, Example 3.7], there is an integer N ≥ 1
such that ‖·‖⊗N

can is an algebraic metric and hence piecewise linear. We conclude
that ‖·‖can is a piecewise smooth metric.

Example 8.17. Let L be a line bundle on a complete toric variety X over K .
Similarly as in the case of abelian varieties and using rigidifications, we have
[m]∗(L)= L⊗m and there is a unique metric ‖·‖can on L with [m]∗‖·‖can = ‖·‖

⊗m
can

for all integers m ∈Z (see [Maillot 2000, Section 3]). There is a canonical algebraic
K ◦-model X of K ◦ and a canonical algebraic K ◦-model L by using the same
rational polyhedral fan and the same piecewise linear function. Since ‖·‖can=‖·‖L ,
the canonical metric on L is algebraic and hence a piecewise linear metric.

8.18. Finally, we consider the case where our variety X is defined over a ground
field F which is equipped with the trivial valuation. If L is a line bundle on X ,
then we choose an algebraically closed extension field K endowed with a nontrivial
complete absolute value extending the trivial absolute value of F . Then F ⊆ K ◦

and the line bundle L⊗F K ◦ on X ⊗F K ◦ is a canonical algebraic K ◦-model of the
line bundle LK on XK . We conclude that L has a canonical metric ‖·‖can.

The metric ‖·‖can has the following intrinsic description. Let U = Spec(A) be
an affine open subset of X which is a trivialization of L given by the nowhere
vanishing section s ∈ 0(U, L). We consider the formal affinoid subdomain U ◦ :=
{x ∈U an

| | f (x)| ≤ 1 ∀ f ∈ A} of X an. Note that U ◦ is the set of points in U an with
reduction contained in U (see [Gubler 2013, §4] for more details). It follows that
‖s(x)‖can = 1 for all x ∈U ◦. Since X is proper, such trivializations U ◦ cover X an

leading to a description of ‖·‖can which is independent of K .
For simplicity, we have considered only varieties in this paper. We may also

consider continuous metrics on Lan for a line bundle over a separated scheme X of
finite type over the ground field F . For such schemes X , the intrinsic description
above shows in particular that we still have a canonical metric ‖·‖can on L in the
case of a trivially valued F .

9. Piecewise smooth forms and delta-metrics

We consider again an algebraic variety X over K of dimension n. In this section,
we first study piecewise smooth forms on an open subset W of X an. This leads
to a decomposition of the first Chern current of a piecewise smoothly metrized
line bundle (L|W , ‖·‖) into the sum of a piecewise smooth form and a residual
current. We show that the residual current is induced by a generalized δ-form. If the
first Chern current of (L|W , ‖·‖) is induced by a δ-form on W , then ‖·‖ is called
a δ-metric and the δ-form is called the first Chern δ-form. We show that many
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important metrics are δ-metrics. In the following sections, we will use δ-metrics
for our approach to nonarchimedean Arakelov theory.

9.1. In Definition 3.10, we defined the space PS(�) of piecewise smooth superforms
on an open subset � of a polyhedral subset. If (V, ϕU ) is a tropical chart, then we
apply this definition for the open subset � := tropU (V ) of Trop(U ). If α ∈ PS(�)
and (V ′, ϕU ′) is a tropical chart with V ′ ⊆ V and U ′ ⊆ U , then we define α|V ′
as the piecewise smooth form on �′ := tropU ′(V

′) given by pull-back of α with
respect to the canonical affine map NU ′,R→ NU,R.

Definition 9.2. A piecewise smooth form on an open subset W of X an may be
defined in a similar way as a differential form in A(W ): A piecewise smooth
form α is given by an open covering (Vi , ϕUi )i∈I of W by tropical charts and
piecewise smooth superforms αi on �i := tropUi

(Vi ) such that αi |Vi∩Vj = αj |Vi∩Vj

for all i, j ∈ I . A superform α′ given by the covering (V ′j , ϕU ′j ) j∈J and piecewise
smooth superforms α′j on �′j := tropU ′j

(V ′j ) will be identified with α if and only if
αi |Vi∩V ′j = α

′

j |Vi∩V ′j for every i ∈ I and every j ∈ J .

9.3. We denote the space of piecewise smooth forms on W by PS(W ). It comes
with a bigrading and is canonically equipped with a ∧-product. We conclude easily
that PS·,·(W ) is a bigraded A·,·(W )-algebra on X an. It is clear that PS0,0(W ) is the
space of piecewise smooth functions on W . It coincides with the space P0,0(W ) of
generalized δ-preforms of degree zero. The equality

PS0,0(W )= P0,0(W ) (9.3.1)

is in fact a direct consequence of (4.19.3).
If ϕ : X ′→ X is a morphism of algebraic varieties over K , then the pull-back of

piecewise smooth superforms from Definition 3.10 carries over to define a pull-back
f ∗ : PSp,q(W )→ PSp,q(W ′) for any open subset W ′ of (X ′)an with f (W ′) ⊆ W .
In the special case of X = X ′, f = id and W ′ an open subset of W , we denote the
pull-back by α|W ′ and call it the restriction of α to W ′.

9.4. In (3.11.1), we introduced differentials of piecewise smooth forms on open
subsets of polyhedral sets. If α ∈ PSp,q(W ) is given as in Definition 9.2, then the
polyhedral differential d ′Pα ∈ PSp+1,q(W ) is locally defined by d ′Pαi ∈ PSp+1,q(�i ).
Similarly, we define d ′′Pα ∈ PSp,q+1(W ). Then PS·,·(W ) is a differential graded
R-algebra with respect to the polyhedral differentials d ′P and d ′′P .

9.5. The bigraded differential R-algebras PS(W ) of piecewise smooth forms and
P(W ) of generalized δ-forms are not directly comparable except that they both
contain A(W ) as a bigraded differential R-subalgebra. We construct a bigraded
differential R-algebra PSP(W ) containing both spaces as follows.
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Recall from Remark 3.14 that we have obtained a bigraded differential R-algebra
PSP(�̃) with respect to d ′P, d ′′P for any open subset �̃ of NR. We repeat now the
construction of generalized δ-forms in Section 4 building upon the spaces PSP(�̃)
instead of P(�̃). This leads first to spaces PSP(V, ϕU ) for tropical charts (V, ϕU )

of X and then to the desired space PSP(W ). Note that PSP(W ) is a differential
bigraded R-algebra with respect to the polyhedral differential operators d ′P and
d ′′P which extends the corresponding structure on the subalgebra P(W ). To see
that PS(W ) is a graded subalgebra of PSP(W ), we use the obvious generalization
of Proposition 1.8 from piecewise smooth functions to piecewise smooth forms.
Obviously, PSP(W ) is generated by the subalgebras PS(W ) and P(W ). Moreover,
the polyhedral differentials d ′P and d ′′P agree with the corresponding differential
operators on PS(W ).

All properties of generalized δ-forms from Section 4 and Section 5 extend
immediately to the sheaves PSP. Hence we have an integral

∫
W α for any α ∈

PSPn,n
c (W ). As a special case, we obtain such an integral for a piecewise smooth

form with compact support on W. As in 6.4, this leads to a δ-current [α] ∈ E p,q(W )

for any α ∈ PSPp,q(W ). In particular, this applies to a piecewise smooth α.

Remark 9.6. Note that the polyhedral differential d ′Pα of a piecewise smooth
form α, or more generally of any α ∈ PSP(W ), is not compatible with the corre-
sponding differential of the associated δ-current. We define the d ′-residue by

Resd ′(α) := d ′[α] − [d ′Pα].

Similarly, we define residues with respect to d ′′ and d ′d ′′.

9.7. Now we consider a line bundle L on X endowed with a piecewise smooth
metric ‖·‖ over the open subset W of X an. We are going to obtain a canon-
ical decomposition of the Chern current [c1(L|W , ‖·‖)] ∈ E1,1(X an) (see 7.7)
into a piecewise smooth part c1(L|W , ‖·‖)ps ∈ PS1,1(W ) and a residual part
[c1(L|W , ‖·‖)]res ∈ E1,1(W ).

Let (U, s) be a trivialization of L , i.e., U is an open subset of X and s is
a nowhere vanishing section in 0(U, L). Then −log‖s‖ is a piecewise smooth
function on U an

∩ W and hence −d ′Pd ′′P log‖s|U an∩W‖ ∈ PS1,1(U an
∩ W ). Note

that this piecewise smooth form is independent of the choice of s by the same
argument as in 7.7 and hence we obtain a globally defined element of PS1,1(W )

which we denote by c1(L|W , ‖·‖)ps. Recall from 9.5 that we denote the as-
sociated δ-current on W by [c1(L|W , ‖·‖)ps]. The same argument shows that
the residues Resd ′d ′′(−log‖s|U an∩W‖) paste together to give a global δ-current
[c1(L|W , ‖·‖)]res ∈ E1,1(W ) and we have

[c1(L|W , ‖·‖)] = [c1(L|W , ‖·‖)ps] + [c1(L|W , ‖·‖)]res. (9.7.1)
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Proposition 9.8. Let ‖·‖ be a piecewise smooth metric on L|W . Then there is a
unique β ∈ P1,1(W ) with

[ϕ∗(β)] = [c1(ϕ
∗(L)|W ′, ϕ∗‖·‖)]res ∈ E1,1(W ′)

for every morphism ϕ : X ′ → X from any algebraic variety X ′ over K and for
every open subset W ′ of ϕ−1(W ). The generalized δ-form β has codimension 1 (see
Definition 4.13) and will be denoted by c1(L|W , ‖·‖)res.

Proof. Note that uniqueness follows from Proposition 6.8. By definition of a
piecewise smooth metric, there is an open covering (Vi )i∈I of W by tropical
charts (Vi , ϕUi ), nowhere vanishing sections si ∈ 0(Vi , Lan) and piecewise smooth
functions φi on �i := tropUi

(Vi ) with −log‖si‖ = φi ◦ tropUi
on Vi . Passing to a

refinement of the open covering, we may assume that φi is defined on Trop(Ui ).
By Proposition 1.8, there is a piecewise smooth function φ̃i on NUi ,R restricting
to φi . By Proposition 1.12, the corner locus Ci := φ̃i ·NUi ,R of φ̃i is a tropical cycle
of codimension 1.

The δ-preform δCi represents an element βi ∈ P(Vi , ϕUi ) of codimension 1 (see
Definition 4.4). We have seen in Remark 4.5 that there is a pull-back f ∗(βi ) ∈

P1,1(V ′, ϕU ′) for every morphism f : X ′ → X of algebraic varieties over K
and every tropical chart (V ′, ϕU ′) of X ′ compatible with (Vi , ϕUi ). For the open
subset �′ := tropU ′(V

′) of Trop(U ′), we have f ∗(βi )|�′ ∈ P1,1(�′) ⊆ D1,1(�′)

(see (4.5.1)). Let F : NU ′,R→ NUi ,R be the canonical affine map with tropUi
=

F ◦ tropU ′ on (U ′)an. By Proposition 1.14 and Corollary 1.15, F∗(Ci ) ·Trop(U ′) is
the corner locus of φ′ := φi ◦ F |Trop(U ′) and hence we get

f ∗(βi )|�′ = F∗(δCi )∧ δTrop(U ′) = δφ′·Trop(U ′) ∈ P1,1(�′).

Together with the tropical Poincaré–Lelong formula (Corollary 3.19), we get

f ∗(βi )|�′ + [d ′Pd ′′Pφ
′
] = d ′d ′′[φ′] ∈ D1,1(�′). (9.8.1)

It follows from (9.8.1) that f ∗(βi )|�′ is independent of all choices. This yields
that βi |Vi∩Vj = β j |Vi∩Vj for all i, j ∈ I . We get a well-defined generalized δ-form
β ∈ P1,1(W ) of codimension 1 given by βi ∈ P1,1(Vi , ϕUi ) on Vi for every i ∈ I .

It remains to check that [ϕ∗(β)] = [c1(ϕ
∗(L)|W ′, ϕ∗‖·‖)]res for every morphism

ϕ : X ′→ X and every open subset W ′ of ϕ−1(W ). This has to be tested on α ∈
Bn−1,n−1

c (W ′). The claim is local and a partition of unity argument in a paracompact
open neighbourhood of supp(α) shows that we may assume supp(α)⊆ ϕ−1(Vi ) for
some i ∈ I .

There are finitely many tropical charts (V ′j , ϕU ′j ) j∈J within W ′ which cover
supp(α) such that α is given on every V ′j by αj ∈ AZn−1,n−1(V ′j , ϕU ′j ). We choose
a nonempty very affine open subset U ′ of X ′ contained in every U ′j and in ϕ−1(Ui ).
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By Proposition 5.9, U ′ is a very affine chart of integration for both ϕ∗(β) ∧ α
and d ′d ′′α. By construction, V ′ :=

⋃
j∈J V ′j ∩ ϕ

−1(Vi ) ∩ (U ′)an and ϕU ′ form
a tropical chart in W ′. By Proposition 5.7, α is given on �′ := tropU ′(V

′) by
αU ′ ∈ AZn−1,n−1(V ′, ϕU ′). In the following, we will use only the δ-preform α′ ∈

Pn−1,n−1(�′) induced by αU ′ . For the tropical cycle C ′ := Trop(U ′) and the
canonical affine map F : NU ′,R→ NUi ,R, it follows as above that ϕ∗(β) is given on
V ′ by the element in P1,1(V ′, ϕU ′) represented by δ(φi◦F)·NU ′,R

∈ P1,1(NU ′,R). For
φ′ := φi ◦ F |Trop(U ′), we have seen that

ϕ∗(βi )|�′ = (δ(φi◦F)·NU ′,R
)|�′ = δφ′·C ′ ∈ P1,1(�′).

Note that supp(α)⊆
⋃

j∈J V ′j ∩ ϕ
−1(Vi ). We deduce from the generalizations of

Corollary 5.6 and Proposition 4.21 to PSP-forms (see 9.5) that the currents d ′Pφ
′
∧α′,

d ′′Pφ
′
∧α′, d ′d ′′α′, α′∧ δφ′·C ′ have compact support in �′. We write C ′ = (C ′,m′)

for an integral 0-affine polyhedral complex C ′ and a family of integral weights m′.
To prove [c1(ϕ

∗(L)|W ′, ϕ∗‖·‖)]res = [ϕ
∗(β)], we have to show that∫

|C ′|

φ′ ∧ d ′d ′′α′ =
∫
|C ′|

δφ′·C ′ ∧α
′
+

∫
|C ′|

d ′Pd ′′Pφ
′
∧α′ (9.8.2)

holds. If α′ has compact support in �′, then this follows from the tropical Poincaré–
Lelong formula (9.8.1). In general, we still can deduce from the proof of the tropical
Poincaré–Lelong formula in Theorem 3.16 the formula (3.16.3) which here reads as∫

|C ′|

φ′ ∧ d ′d ′′α′ =−
∫
∂|C ′|

d ′′Pφ
′
∧α′+

∫
|C ′|

d ′Pd ′′Pφ
′
∧α′

as we have used only that d ′α′ and d ′′Pφ
′
∧α′ have compact support. Now (9.8.2)

follows from Lemma 3.17 and Remark 3.18 using additionally that α′ ∧ δφ′·C ′ has
compact support. �

Definition 9.9. A metric ‖·‖ on L|W is called a δ-metric if for every x ∈W , there
are a tropical chart (V, ϕU ) such that x ∈ V ⊆W and a piecewise smooth function
φ on Trop(U ) satisfying the following properties:

(i) There is a nowhere vanishing section s of L over U such that φ ◦ tropU =

−log‖s‖ on V .

(ii) There is a superform γ on NU,R of bidegree (1, 1) with piecewise smooth
coefficients such that d ′Pd ′′Pφ and γ |Trop(U ) agree on the open subset tropU (V )
of Trop(U ).

Remark 9.10. Condition (i) just means that the metric is piecewise smooth. Note
that a superform on NU,R with piecewise smooth coefficients is the same as a
δ-preform on NU,R of codimension 0 (see Example 2.10). Using 9.7, we deduce
easily that (ii) is equivalent to the condition that [c1(L|W , ‖·‖)ps] is the δ-current
associated to a generalized δ-form on W (of codimension 0).
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Proposition 9.11. Let ‖·‖ be a piecewise smooth metric on L|W . Then ‖·‖ is a
δ-metric if and only if there is a β ∈ B1,1(W ) with

[ϕ∗(β)] = [c1(ϕ
∗(L)|W ′, ϕ∗‖·‖)] ∈ E1,1(W ′)

for every morphism ϕ : X ′→ X from any algebraic variety X ′ over K and for every
open subset W ′ of ϕ−1(W ).

Proof. Suppose that ‖·‖ is a δ-metric. By Remark 9.10, there is γ ∈ P1,1(W ) of
codimension 0 such that [c1(L|W , ‖·‖)ps] = [γ ]. Since γ is of codimension 0, we
may handle γ as a piecewise smooth form and hence we get

[ϕ∗(γ )] = [ϕ∗(c1(L|W , ‖·‖)ps)] = [c1(ϕ
∗(L)|W ′, ϕ∗‖·‖)ps] ∈ E1,1(W ′).

Proposition 9.8 yields that β := c1(L , ‖·‖)res+ γ ∈ P1,1(W ) and that

[ϕ∗(β)]= [c1(ϕ
∗(L)|W ′, ϕ∗‖·‖)res]+[ϕ

∗(γ )]= [c1(ϕ
∗(L)|W ′, ϕ∗‖·‖)] ∈ E1,1(W ′)

as claimed. It remains to show that β ∈ B1,1(W ). Let (V, ϕU ) be a tropical chart in
W and let φ be a piecewise smooth function on Trop(U ) as in Definition 9.9 such
that β|V is given by βV ∈ P1,1(V, ϕU ). For every tropical chart (U ′, ϕU ′) of an
algebraic variety X ′ over K compatible with (V, ϕU ) with respect to the morphism
f : X ′→ X and for �′ := tropU ′(V

′), the last display yields

[ f ∗(βV )|�′] = d ′d ′′[φ ◦ F] ∈ D1,1(�′), (9.11.1)

where F : NU ′,R→ NU,R is the canonical affine map. Since this supercurrent is
d ′-closed and d ′′-closed on �′, we conclude that β is given on V by an element of
Z(V, ϕU ). This shows β ∈ B1,1(W ).

To prove the converse, we use that [c1(L|W , ‖·‖)] = [β] for some β ∈ P1,1(W ).
By Proposition 9.8, the δ-current associated to β − c1(L|W , ‖·‖)res ∈ P1,1(W ) is
[c1(L|W , ‖·‖)ps]. By Remark 9.10, ‖·‖ is a δ-metric. �

Definition 9.12. Let ‖·‖ be a δ-metric on L|W . By Proposition 6.8, the δ-form β

in Proposition 9.11 is unique. We call it the first Chern δ-form of (L|W , ‖·‖) and
we denote it by c1(L|W , ‖·‖).

9.13. We summarize the above constructions and definitions. A metric ‖·‖ on L|W
is a δ-metric if and only if every x ∈W is contained in a tropical chart (V, ϕU ) in
W with a piecewise smooth function φ on NU,R and a nowhere vanishing section s
of L over U such that

−log‖s‖ = φ ◦ tropU

on V and such that
d ′Pd ′′P(φ|tropU (V ))= γ |tropU (V )
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for a superform γ on NR of bidegree (1, 1) with piecewise smooth coefficients.
Then the restriction of c1(L|W , ‖·‖)res to V is represented by the δ-preform δφ·NU,R

on NU,R, c1(L|W , ‖·‖)ps|V is given by γ and c1(L|W , ‖·‖)|V is represented by the
δ-preform γ + δφ·NU,R on NU,R. A piecewise linear metric is a δ-metric as we can
choose φ integral 0-affine (use Remark 1.9) and γ = 0.

9.14. By construction, the δ-current associated to c1(L|W , ‖·‖) is equal to the first
Chern current [c1(L|W , ‖·‖)] defined in 7.7 which explains the notation used there.
It is an immediate consequence of (9.11.1) that the first Chern δ-form c1(L|W , ‖·‖)
is d ′-closed and d ′′-closed.

To be a δ-metric is a local property and respects isometry. The tensor product of
δ-metrics is again a δ-metric and the dual metric of a δ-metric is also a δ-metric. If
a positive tensor power of a metric ‖·‖ on L|W is a δ-metric, then ‖·‖ is a δ-metric.
It is easy to see that the first Chern δ-form c1(L|W , ‖·‖) is additive in terms of
isometry classes (L|W , ‖·‖) for δ-metrics ‖·‖.

Proposition 9.15. Let ϕ : X ′→ X be a morphism of algebraic varieties and let L
be a line bundle on X endowed with a δ-metric ‖·‖ over the open subset W of X an.
Then ϕ∗‖·‖ is a δ-metric on ϕ∗(L)|W ′ and we have

c1(ϕ
∗(L)|W ′, ϕ∗‖·‖)= ϕ∗c1(L|W , ‖·‖)∈ B1,1(W ′) (9.15.1)

for any open subset W ′ of ϕ−1(W ).

Proof. This follows from 8.6 and Proposition 9.11. �

Remark 9.16. Smooth metrics and piecewise linear metrics are δ-metrics, which
is clear from the definitions. It follows from Proposition 8.11 that every formal
metric is a δ-metric. In particular, every algebraic metric on a line bundle of a
proper variety is a δ-metric.

Example 9.17. All the canonical metrics in Examples 8.15, 8.16 and 8.17 are
δ-metrics. Indeed, a positive tensor power of such a metric is locally the tensor
product of a formal metric with a smooth metric and hence the claim follows from
Remark 9.16.

10. Monge–Ampère measures

We have seen in the previous section that formal metrics are δ-metrics giving
rise to a first Chern δ-form. The formalism of δ-forms allows us to define the
Monge–Ampère measure as a wedge product of first Chern δ-forms. We recall that
Chambert-Loir has introduced discrete measures for formally metrized line bundles
on a proper variety which are important for nonarchimedean equidistribution. The
main result of this section shows that the Monge–Ampère measure is equal to the
Chambert-Loir measure.
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In this section X is a proper algebraic variety over K of dimension n.

10.1. Let L1, . . . , Ln be line bundles on X endowed with δ-metrics. Then the
wedge product c1(L1) ∧ · · · ∧ c1(Ln) of the first Chern δ-forms is a δ-form of
bidegree (n, n). By Corollary 6.15, the δ-current associated to a δ-form on X an

of type (n, n) extends to a bounded linear functional on the space of continuous
functions and defines a signed Radon measure on X an. The Monge-Ampère measure
is the signed measure associated to c1(L1)∧ · · · ∧ c1(Ln); it is denoted by

MA
(
c1(L1), . . . , c1(Ln)

)
.

Proposition 10.2. If ϕ : X ′→ X is a morphism of n-dimensional proper varieties
over K , then the following projection formula holds:

ϕ∗MA
(
c1(ϕ

∗L1), . . . , c1(ϕ
∗Ln)

)
= deg(ϕ)MA

(
c1(L1), . . . , c1(Ln)

)
.

Proof. The Stone–Weierstraß theorem [Chambert-Loir and Ducros 2012, proposi-
tion (3.3.5)] implies that A0(X an) is a dense subspace of C(X an). For functions in
A0(X an) the desired equality follows from Proposition 9.15 and from the projection
formula for δ-forms (5.9.1). This yields our claim. �

Proposition 10.3. If X is a proper variety of dimension n, then the total mass of
MA

(
c1(L1, ‖·‖1), . . . , c1(Ln, ‖·‖n)

)
is equal to degL1,...,Ln

(X).

Proof. This follows as in [Chambert-Loir and Ducros 2012, proposition (6.4.3)].
They handled there only the case of smooth metrics, but our formalism of δ-forms
allows us to obtain this result more generally for δ-metrics. �

We recall the crucial properties of Chambert-Loir’s measures. They were intro-
duced in a slightly different setting by Chambert-Loir [2006].

Proposition 10.4. There is a unique way to associate to any n-dimensional proper
variety X over K and to any family of formally metrized line bundles L1, . . . , Ln on
X a signed Radon measure µ= µL1,...,Ln

on X an such that the following properties
hold:

(a) The measure µ is multilinear and symmetric in L1, . . . , Ln .

(b) If ϕ : Y → X is a morphism of n-dimensional proper varieties over K , then
the following projection formula holds:

ϕ∗(µϕ∗L1,...,ϕ∗Ln
)= deg(ϕ)µL1,...,Ln

.

(c) If X is a formal K ◦-model of X with reduced special fibre Xs and if the metric
of L j is induced by a formal K ◦-model L j of L j on X for every j = 1, . . . , n,
then

µ=
∑

Y

degL1,...,Ln
(Y )δξY ,
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where Y ranges over the irreducible components of Xs and δξY is the Dirac
measure in the unique point ξY of X an which reduces to the generic point of Y
(see [Berkovich 1990, Proposition 2.4.4]).

(d) The total mass is given by µ(X an)= degL1,...,Ln
(X).

Proof. For existence, we refer to [Gubler 2007, §3]. Uniqueness follows from (c)
alone as the existence of a simultaneous formal K ◦-model with reduced special
fibre is a consequence of [Gubler 1998, Proposition 7.5]. �

Theorem 10.5. For formally metrized line bundles L1, . . . , Ln on the proper variety
X of dimension n, the Monge–Ampère measure MA(c1(L1), . . . , c1(Ln)) agrees
with the Chambert-Loir measure µL1,...,Ln

.

This theorem was first proven by Chambert-Loir and Ducros [2012, §6.9] for
their Monge–Ampère measures defined by a tricky approximation process with
smooth metrics. Their argument uses Zariski–Riemann spaces, while we use here a
more tropical approach related to our δ-forms.

10.6. In Lemma 10.8, we will consider a closed subvariety U of a torus T =

Spec(K ◦[M]) over K ◦. We will use the following notation: N is the dual of the
free abelian group M of finite rank. Let U be the generic fibre of U and let Us be
the special fibre.

The tropicalization trop : (TK )
an
→ NR (resp. trop : Tan

s → NR) with respect to
the valuation v on K (resp. the trivial valuation on K̃ ) leads to the tropical variety
Trop(U ) (resp. Trop(Us)).

The local cone LC0(Trop(U )) at 0 is defined as the cone in NR which agrees
with Trop(U ) in a neighbourhood of 0. We endow it with the weights induced by
the canonical tropical weights on Trop(U ).

10.7. For the proof of Theorem 10.5, we need a preparatory result. Let L be a
line bundle on the proper variety X over K . We consider an algebraic K ◦-model
(X ,L ) of (X, L). Then we get an algebraic metric ‖·‖L on L . We have seen in
8.18 that the restriction Ls of L to the special fibre Xs has a canonical metric ‖·‖can.
Note that the first metric is continuous on the Berkovich space X an with respect
to the given valuation v while ‖·‖can is continuous on the Berkovich space X an

s
with respect to the trivial valuation on the residue field K̃ . Since X is assumed to
be proper, we have a reduction map π : X an

→Xs . For x ∈ X an, π(x) is a scheme
theoretic point of Xs . Using the trivial valuation on the residue field of π(x), we
will view π(x) as a point of X an

s .

In the next lemma, we will show that ‖·‖can is piecewise linear in an neighbour-
hood of π(x) in X an

s . This means that using a trivialization and a tropicalization,
the canonical metric is induced by a piecewise linear function on the tropical variety.
It will be crucial in the proof of Theorem 10.5 that we can use tropically the same
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piecewise linear function to describe the formal metric ‖·‖L in a neighbourhood
of x in X an. We now make this precise:

Lemma 10.8. Under the setup given in 10.7, we fix an element x ∈ X an and an
open neighbourhood V of π(x) in X . Then there is an open neighbourhood U of
π(x) in V and a closed embedding U ↪→ T into a torus T = Spec(K ◦[M]) with
the following properties (using the notation from 10.6):

(a) We have 0= trop(x) and the weighted local cone in 0 satisfies

LC0(Trop(U ))= Trop(Us).

(b) There is an open neighbourhood �̃ of 0 in NR with

LC0(Trop(U ))∩ �̃= Trop(U )∩ �̃.

(c) There exist a complete rational polyhedral fan 6 on NR and a continuous
function φ : NR→R which is piecewise linear with respect to 6 (i.e., for every
σ ∈6, there is uσ ∈ M with φ = uσ on σ ).

(d) U is a trivialization of L with respect to a nowhere vanishing section s ∈
0(U ,L ).

(e) We have −log‖s‖L = φ ◦ trop on a neighbourhood of x in X an.

(f) We have −log‖s‖can = φ ◦ trop on a neighbourhood of π(x) in X an
s .

If π(x) is the generic point of an irreducible component of Xs , then there is a U as
above with (a)–(d) and the following stronger properties:

(e′) We have −log‖s‖L = φ ◦ trop on trop−1(�̃)⊆U an.

(f ′) The identity −log‖s‖can = φ ◦ trop holds on U an
s .

Proof. Let (Ui )i∈I be a finite affine open covering of X such that L is trivial
over any Ui . The generic (resp. special) fibre of Ui is denoted by Ui (resp. Ui,s).
For every i ∈ I , we choose a nowhere vanishing section si ∈ 0(Ui ,L ). Let
I (x) := {i ∈ I | π(x) ∈Ui,s}. For i ∈ I (x), let (xi j ) j∈Ji be a finite set of generators
of the K ◦-algebra O(Ui ). Replacing xi j by 1+xi j if necessary, we may assume that
these generators are invertible in π(x). For i ∈ I , we have an affinoid subdomain

U ◦i := {z ∈U an
i | |a(z)| ≤ 1 ∀a ∈ O(Ui )} = {z ∈U an

i | π(z) ∈ Ui,s}

of X an. Using the trivial valuation on K̃ , we similarly get an affinoid subdomain
U ◦i,s := {z ∈ U an

i,s | |a(z)| ≤ 1 ∀a ∈ O(Ui,s)} of X an
s . We consider π(x) as a point

of X an
s by using the trivial absolute value on the residue field of π(x) and hence

we have I (x)= {i ∈ I | π(x) ∈ U ◦i,s}.
It is easy to see that π(x) has a very affine open neighbourhood U in X such

that U is contained in Ui for every i ∈ I (x). Very affine means that there is a closed
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embedding ϕ : U ↪→ T into a torus T = Spec(K ◦[M]). By shrinking U and by
adding new invertible functions to ϕ, we obtain the following properties:

(i) For every i, k ∈ I (x), the invertible meromorphic function si/sk on U is the
restriction of a character χuik associated to some uik ∈ M .

(ii) For every i ∈ I (x) and every j ∈ Ji , the generator xi j is invertible on U and
equal to the restriction of a character χu′i j associated to some u′i j ∈ M .

Note that we have 0 = trop(π(x)) ∈ Trop(Us) since we use the trivial valuation
on the residue field of π(x). It follows from π(x) ∈ Us that trop(x) = 0. By
definition, Us is the initial degeneration of U at 0 and hence (a) follows from
[Gubler 2013, Propositions 10.15, 13.7]. By definition of the local cone, we find an
open neighbourhood �̃ of 0 in NR with (b).

By construction, L is trivial over U and we choose s := sk for a fixed k ∈ I (x)
in (d). For i ∈ I (x), we define the rational cone σi := {ω∈ NR | 〈ω, u′i j 〉≥ 0∀ j ∈ Ji }

in NR. Then (ii) yields

U ◦i,s ∩U an
s = trop−1(σi )∩U an

s . (10.8.1)

By the Bieri–Groves theorem, Trop(Us) is the support of a rational polyhedral
fan in NR (see [Gubler 2013, Remark 3.4]). We conclude that there is a complete
rational polyhedral fan 6 on NR and a rational polyhedral subfan 6x with

|6x | =
⋃

i∈I (x)

σi ∩Trop(Us)

such that every cone σ ∈ 6x is contained in σi for some i ∈ I (x). Note that
‖si‖can = 1 on U ◦i,s and hence (i) shows that

−log‖s‖can =−log|sk/si | = uki ◦ trop (10.8.2)

on U ◦i,s∩U an
s . By (10.8.1), there is a continuous function φ : |6x |→R with φ= uki

on every σ . Using Remark 1.9 and passing to a refinement of 6, we easily extend
φ to a continuous function on NR satisfying (c). Since Xs is proper over K̃ , the sets
U ◦i,s , i ∈ I , form an open covering of X an

s . It follows from (10.8.1) and (10.8.2)
that (f) holds in the neighbourhood

W := U an
s \

⋃
i∈I\I (x)

U ◦i,s

of π(x) in X an
s .

Again (ii) shows
U ◦i ∩U an

= trop−1(σi )∩U an (10.8.3)

for every i ∈ I (x). Note that ‖si‖L = 1 on U ◦i and hence (i) shows that

−log‖s‖L =−log|sk/si | = uki ◦ trop (10.8.4)
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on U ◦i ∩U an. Since X is proper, the sets U ◦i , i ∈ I , form a compact covering of X an.
It follows from (a), (b), (10.8.3) and (10.8.4) that (e) holds in the neighbourhood
trop−1(�̃) \

⋃
i∈I\I (x) U ◦i of x in X an. This proves (e).

We assume now that π(x) is the generic point of an irreducible component Y
of Xs . Then we may assume that Us ⊆ Y . Let i ∈ I with Ui,s ∩ Y 6= ∅. Since
we use the trivial valuation on the residue field of π(x), we deduce easily that
π(x)∈U ◦i,s . By construction, we get W =U an

s , proving (f ′). It remains to show (e′).
Let i ∈ I \ I (x). By construction, we have Ui,s ∩ Y = ∅. For y ∈ U ◦i ∩ U an,
we have π(y) ∈ Ui,s and hence π(y) 6∈ Y . In particular, we have y 6∈ U ◦. Using
trop−1(0)∩U an

= U ◦, we see that trop(U ◦i ∩U an) is a closed subset of Trop(U )
not containing 0. By shrinking �̃, we may assume that �̃ is a neighbourhood of 0
which is disjoint from trop(U ◦i ∩U an) for every i ∈ I \ I (x). Then the above proof
of (e) shows that (e′) holds. �

Proof of Theorem 10.5. Let µMA
:=MA(c1(L1), . . . , c1(Ln)). For simplicity, we

assume that L = L1 = · · · = Ln and that all metrics are induced by the same
K ◦-model L on X . The general case follows either by the same arguments or
by multilinearity. It is more convenient for us to work algebraically and so we
use Proposition 8.13 to assume that X and L are algebraic K ◦-models. There is
a generically finite surjective morphism X ′

→X from a proper flat variety X ′

over K ◦ with reduced special fibre. This is a consequence of de Jong’s pluristable
alteration theorem which works over any Henselian valuation ring (see [Berkovich
1999, Lemma 9.2]). Since both sides of the claim satisfy the projection formula,
we may prove the claim for X ′. This shows that we may assume that X is an
algebraic K ◦-model of X with reduced special fibre.

We will analyse µMA in a neighbourhood of x ∈ X an. Let π(x) ∈ Xs be the
reduction of x . We choose a very affine open neighbourhood U of π(x) in X as
in Lemma 10.8. We will use the closed embedding U ↪→ T into the torus T and
the notation from there.

It follows from a theorem of Ducros [2012, théorème 3.4] that x has a compact
analytic neighbourhood V such that the germ of trop(V ) in trop(x) (considering
polytopal neighbourhoods) agrees with the germ of trop(W ) in trop(x) for every
compact analytic neighbourhood W ⊆ V of x . Using that trop(x)= 0, we deduce
from [Ducros 2012, théorème 3.4 item 1)] that the dimension of the germ is equal
to the transcendence degree of K̃ (π(x)) over K̃ .

We first assume that π(x) is not the generic point of an irreducible component
of Xs . Then the transcendence degree of K̃ (π(x)) over K̃ is less than n = dim(X).
Using the theorem of Ducros, there is a compact analytic neighbourhood V of x
in X an such that trop(V ) has dimension < n and such that Lemma 10.8(e) holds
on V . We choose a tropical chart (V ′, ϕU ′) in x which is contained in V and
with U ′ contained in the generic fibre U of U . We describe c1(L)|V ′ using the
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function φ constructed in Lemma 10.8 and the canonical affine map F : NU ′,R→ NR.
Using that φ is piecewise linear, it follows from 9.13 that c1(L)|V ′ = trop∗U ′(β)
for β ∈ AZ1,1(V ′, ϕU ′) represented by the δ-preform δF∗(φ)·NU ′,R

on NU ′,R. By
our construction of products and Corollary 1.15, µMA is given on V ′ by β∧n

∈

AZn,n(V ′, ϕU ′) represented by the δ-preform

(δF∗(φ)·NU ′,R
)∧n
= δF∗(C) (10.8.5)

on NU ′,R, where C is the n-codimensional tropical cycle of NR obtained by the
n-fold self-intersection of the tropical divisor φ · NR. Since V ′ ⊆ V , we have
F(tropU ′(V

′))⊆ trop(V ) and hence dim(F(tropU ′(V
′))) < n. It follows from the

definition of the pull-back and the local nature of stable tropical intersection that
δF∗(C)·Trop(U ′) does not meet the open subset tropU ′(V

′) of Trop(U ′). A similar
argument applies to any tropical chart compatible with (V ′, ϕU ′) and hence (10.8.5)
yields β∧n

= 0. We conclude that the support of µMA does not meet V ′.
Now we assume that π(x) is the generic point of an irreducible component Y

of Xs . Then x is the unique point of X an with reduction π(x) (see [Berkovich 1990,
Proposition 2.4.4]) and we write x = ξY . We may assume that the very affine open
neighbourhood U of π(x) in X from Lemma 10.8 has special fibre Us disjoint
from all other irreducible components Y ′ of Xs . We conclude that π(ξY ′) 6∈Us and
hence trop(ξY ′) 6= 0= trop(x). We may choose the neighbourhood �̃ of 0 in NR

disjoint from all points trop(ξY ′). We will use in the following that Lemma 10.8(e′)
holds on the open subset V := trop−1(�̃) of X an. Since no ξY ′ is contained in V ,
the nongeneric case above shows that the restriction of µMA to V is supported in ξY .

Now we choose a very affine open subset U ′ contained in the generic fibre U of
U with x ∈ (U ′)an. Let F : NU ′,R→ NR be the canonical affine map. Then

V ′ := trop−1
U ′ (F

−1(�̃))= (U ′)an
∩ V .

is an open neighbourhood of x in X an and (V ′, ϕU ′) is a tropical chart. Similarly to
the above,µMA is given on V ′ by β∧n

∈AZn,n(V ′, ϕU ′) represented by the δ-preform
in (10.8.5). Since µMA

|V ′ is supported in the single point x = ξY , we conclude that
the 0-dimensional tropical cycle F∗(C) ·Trop(U ′) has only one point ω′ contained
in the open subset tropU ′(V

′) of Trop(U ′). In fact, we have ω′ = tropU ′(x) with
multiplicity µMA(V ′). The tropical projection formula in Proposition 1.5 and the
Sturmfels–Tevelev multiplicity formula [Gubler 2013, Theorem 13.17] give the
identity

F∗(F∗(C) ·Trop(U ′))= C ·Trop(U )

of tropical cycles on NR. Using that tropU ′(V
′)= F−1(trop(V ))∩Trop(U ′), we de-

duce that µMA(V ′) is equal to the multiplicity of 0= trop(x)= F(ω′) in C ·Trop(U ).
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By Lemma 10.8, we conclude that µMA(V ′) is equal to the tropical intersection
number of C with LC0(Trop(U ))= Trop(Us).

We recall that C is the n-fold self-intersection of the tropical divisor φ · NR and
we note that these objects are weighted tropical fans. Now we use Lemma 10.8(f ′).
This shows that Us is a very affine chart of integration for c1(Ls |Y , ‖·‖can)

n , where
this δ-form is represented by the pull-back of δC with respect to the canonical affine
map NUs ,R → NR. Note that we may perform a base change to omit the trivial
valuation which was excluded for simplicity in our paper. The tropical projection
formula and the Sturmfels–Tevelev multiplicity formula show∫

Y an
c1(Ls |Y , ‖·‖can)

n
= deg(C ·Trop(Us))

as above. By Proposition 10.3, the left-hand side is equal to degL (Y ). We have seen
above that the right-hand side equals µMA(V ′). This proves that µMA

|V is a point
measure concentrated in x = ξY with total mass degL (Y ). By Proposition 10.4(c),
the Chambert-Loir measure µL1,...,Ln

is equal to µMA. �

11. Green currents

In this section X is an algebraic variety over K of dimension n. We introduce Green
currents for cycles on X . We define the product gY ∗ gZ for a divisor Y and a cycle
Z on X which intersect properly. This operation has the expected properties.

Definition 11.1. Let Z be a cycle of X of codimension p and let g be any δ-current
in E p−1,p−1(X an). Then we define

ω(Z , g) := d ′d ′′g+ δZ ∈ E p,p(X an).

If there is a δ-form ωZ ,g ∈ B p,p(X an) with ω(Z , g) = [ωZ ,g], then we call g a
Green current for the cycle Z . We will use often the notation gZ for such a current
and then we set ω(gZ ) := ω(Z , gZ ) and ωZ := ωZ ,gZ

for simplicity.

11.2. Let (L , ‖·‖) be a line bundle on X endowed with a δ-metric and let Z be a
cycle of codimension p in X with any current gZ ∈ E p−1,p−1(X an). We assume
that s is a meromorphic section of L with Cartier divisor D intersecting Z properly.
By the Poincaré–Lelong equation in Corollary 7.8 and by the definition of the first
Chern δ-form in Definition 9.12, gY := [−log‖s‖] is a Green current for the Weil
divisor Y associated to D with ωY = c1(L , ‖·‖).

If Z is a prime cycle of codimension p, then we define gY∧δZ ∈ E p,p(X an) as the
push-forward of [−log‖s‖|Z ] with respect to the inclusion iZ : Z→ X . In general,
we proceed by linearity in the prime components of Z to define gY ∧δZ ∈ E p,p(X an).
This leads to the definition of the ∗-product

gY ∗ gZ := gY ∧ δZ +ωY ∧ gZ ∈ E p,p(X an).
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Lemma 11.3. Under the hypothesis above and if Z is prime, then we have the
identity

d ′d ′′[−log‖s‖|Z ] = [ωY |Z ] − δD·Z (11.3.1)

of δ-currents on Z an.

Proof. This follows immediately from the Poincaré–Lelong equation for s|Z (see
Corollary 7.8). We use here c1(L|Z , ‖·‖) = c1(L , ‖·‖)|Z , which follows from
Proposition 9.15. �

Proposition 11.4. Under the hypothesis in 11.2, we have

ω(D · Z , gY ∗ gZ )= ωY ∧ω(gZ ).

If gZ is a Green current for Z , then gY ∗ gZ is a Green current for D · Z.

Proof. Using Lemma 11.3 and linearity in the prime components of Z , we get

d ′d ′′[−log‖s‖∧ δZ ] = ωY ∧ δZ − δD·Z (11.4.1)

and hence 9.14 and Proposition 4.15(iii) give

ω(D · Z , gY ∗ gZ )= d ′d ′′[−log‖s‖∧ δZ ] + d ′d ′′(ωY ∧ gZ )+ δD·Z = ωY ∧ω(gZ ),

proving the claim. �

Proposition 11.5. For i=1, 2, let L i be a line bundle on X with a δ-metric ‖·‖i and
nonzero meromorphic section si . We assume that the associated Cartier divisors D1

and D2 intersect properly. Let ηYi
:= −log‖si‖i and let gYi

= [ηYi
] be the induced

Green current for the Weil divisor Yi of Di . Then we have the identity

gY1
∗ gY2
− gY2

∗ gY1
= d ′[d ′′PηY1

∧ ηY2
] + d ′′[ηY1

∧ d ′PηY2
]

of δ-currents on X an.

Note that the piecewise smooth forms d ′′PηY1
∧ ηY2

and ηY1
∧ d ′PηY2

of degree 1
are defined on the analytification of a Zariski open and dense subset of X . By 9.5
and Proposition 6.5, they define δ-currents on X an.

Proof. The claim can be checked locally on X . Hence we may assume that X is
affine and L1 = L2 = OX . For i = 1, 2, we may view si as a rational function fi

and we have
ηYi
=−log| fi | − log‖1‖i .

The usual partition of unity argument shows that it is enough to test the claim by
evaluating at α ∈ Bn−1,n−1

c (W ) for a small open neighbourhood W of a given point
x in X an. There are finitely many tropical charts {(Vj , ϕUj )} j=1,...,m in W covering
supp(α) such that α = trop∗Uj

(αj ) on Vj for some element αj ∈AZn−1,n−1(Vj , ϕUj ).
We will use a Zariski dense very affine open subset U of U1 ∩ · · · ∩Um which will
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serve as a very affine chart of integration for various forms. Now we consider the
restriction of the canonical affine map F j : NU,R→ NUj ,R to Trop(U ). Let � in
Trop(U ) denote the union of the preimages of the open subsets � j := tropUj

(Vj ) in
Trop(Uj ) and put V = trop−1

U (�). By Proposition 4.12 there exists a unique element
αU ∈ AZn−1,n−1(V, ϕU ) such that α|V = trop∗U (αU ) and such that αU coincides
for all j on the preimage of � j with the pull-back of αj . Note that � is an open
subset of Trop(U ) and (V, ϕU ) is a tropical chart for V := trop−1

U (�). Then αU has
not necessarily compact support, but we can extend αU by zero to an element in
AZn−1,n−1(U an, ϕU ) using that supp(α)∩U an is a closed subset of V . By abuse of
notation, this extension will also be denoted by αU . Then we have α = trop∗U (αU )

on U an. By shrinking W and using an appropriate U , we may assume that

−log‖1‖i = φi ◦ tropU

on V for a piecewise smooth function φi on Trop(U ) and i = 1, 2. Since we deal
with δ-metrics, we may assume that there is a piecewise smooth extension φ̃i of
φi to NU,R and a superform γi on NU,R of bidegree (1, 1) such that the first Chern
δ-form ωYi

is represented on V by the δ-preform γi + δφ̃i ·NU,R
on NU,R and such

that γi restricts to d ′Pd ′′Pφi on � (see 9.13). We have

ηYi
=−log| fi | − log‖1‖i =−log| fi | +φi ◦ tropU

on V . Using bilinearity of ∗ and of ∧, we may either assume that ηYi
is equal to

−log‖1‖i or equal to −log| fi |. Hence we have to consider the following four cases:

Case 1: s1 = s2 = 1. In this case, the divisors Y1, Y2 are zero and ηYi
=−log‖1‖i

for i = 1, 2 are piecewise smooth functions on X an. Then we have

〈gY1
∗ gY2

, α〉 = 〈ωY1
∧ gY2

, α〉 = 〈gY2
, ωY1
∧α〉. (11.5.1)

Recall that gY2
is the current associated to ηY2

. By 9.3, we have PS0,0(W )= P0,0(W )

and hence ηY2
α ∈ Pn−1,n−1

c (W ). We may view it as a generalized δ-form on X an

given on U an by φ2αU ∈ Pn−1,n−1(U an, ϕU ). Since the first Chern δ-form ωY1
is

represented on V by δφ̃1·NU,R
+ γ1 ∈ P1,1(NU,R), we get

〈gY1
∗ gY2

, α〉 =

∫
|Trop(U )|

(δφ1·Trop(U )+ d ′Pd ′′Pφ1)∧φ2αU . (11.5.2)

Here, we have used that U is a very affine chart of integration for ωY1
∧ ηY2

α ∈

Pn,n
c (X an). Recall from 9.13 that the generalized δ-forms c1(L1, ‖·‖1)res and

c1(L1, ‖·‖1)ps are represented on V by δφ̃1·NU,R
and γ1 in P1,1(NU,R). We con-

clude that U is a very affine chart of integration for c1(L1, ‖·‖1)res ∧ ηY2
α and

c1(L1, ‖·‖1)ps ∧ ηY2
α in Pn,n

c (X an) and hence (11.5.2) yields

〈gY1
∗ gY2

, α〉 =

∫
|Trop(U )|

δφ1·Trop(U ) ∧φ2αU +

∫
|Trop(U )|

d ′Pd ′′Pφ1 ∧φ2αU . (11.5.3)
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Since α has compact support in W and supp(α) ∩ U an
⊆ V , it follows from

Proposition 4.21 and Corollary 5.6 that the integrands in (11.5.3) have compact
support in �. The generalization of Corollary 5.6 to PSP-forms given in 9.5 shows
that −d ′′P log‖1‖1 ∧α has compact support contained in U an. Again, we conclude
that d ′′Pφ1 ∧αU has compact support contained in �. Now Leibniz’s rule and the
theorem of Stokes (Proposition 2.7) for d ′P show∫
|Trop(U )|

d ′Pd ′′Pφ1 ∧φ2αU =

∫
∂|Trop(U )|

d ′′Pφ1 ∧φ2αU +

∫
|Trop(U )|

d ′′Pφ1 ∧ d ′P(φ2αU )

=

∫
∂|Trop(U )|

d ′′Pφ1 ∧φ2αU +

∫
|Trop(U )|

d ′′Pφ1 ∧ d ′Pφ2 ∧αU

+

∫
|Trop(U )|

d ′′Pφ1 ∧φ2d ′αU . (11.5.4)

Recall that φ2αU is a δ-preform on Trop(U ) and hence Remark 3.18 gives∫
|Trop(U )|

δφ1·Trop(U ) ∧φ2αU +

∫
∂|Trop(U )|

d ′′Pφ1 ∧φ2αU = 0. (11.5.5)

Using (11.5.4) and (11.5.5) in (11.5.3), we get

〈gY1
∗ gY2

, α〉 =

∫
|Trop(U )|

d ′′Pφ1 ∧ d ′Pφ2 ∧αU +

∫
|Trop(U )|

d ′′Pφ1 ∧φ2d ′αU . (11.5.6)

A similar computation where we replace (11.5.4) by an application of Stokes’
theorem with respect to d ′′P shows

〈gY2
∗ gY1

, α〉 =

∫
|Trop(U )|

d ′′Pφ1 ∧ d ′Pφ2 ∧αU −

∫
|Trop(U )|

φ1 d ′Pφ2 ∧ d ′′αU . (11.5.7)

Using that U is a very affine chart of integration for d ′′PηY1
∧ηY2
∧d ′α ∈PSPn,n

c (X an)

and for ηY1
∧ d ′PηY2

∧ d ′′αU ∈ PSPn,n
c (X an), this proves the claim in the first case.

Case 2: s1 = 1 and ‖1‖2 = 1. In this case Y1 is zero and ηY2
= −log| f2|. The

following computation is similar to the one in the proof of the Poincaré–Lelong
formula (see Theorem 7.2) and we will use the same terminology as there. We have
gY2
∗ gY1

= 0 as δY1 = 0 and ωY2
= c1(OX , ‖·‖2)= 0. It remains to show that

ωY1
∧ gY2

=−gY1
∧ δY2 + d ′[d ′′PηY1

∧ ηY2
] + d ′′[ηY1

∧ d ′PηY2
]. (11.5.8)

It is enough to check the claim locally and by linearity, we may assume that f2 is
a regular function on X . By the first case, we may assume that f2 is nonconstant.
We choose a very affine open subset U , the open subset � of Trop(U ) and φ1 as
above. We may assume that supp(div( f2))∩U =∅ and hence −log| f2| is induced
by an integral 0-affine function ϕ2 on Trop(U ). We use the very affine open U to
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compute the term 〈ωY1
∧ gY2

, α〉. Similarly to (11.5.1) and (11.5.2), we deduce

〈ωY1
∧ gY2

, α〉 =

∫
|Trop(U )|

δφ1·Trop(U )∧ϕ2αU +

∫
|Trop(U )|

d ′Pd ′′Pφ1∧ϕ2αU . (11.5.9)

The same computation as in (11.5.4)–(11.5.6) yields

〈ωY1
∧gY2

, α〉 =

∫
|Trop(U )|

d ′′Pφ1∧d ′Pϕ2∧αU +

∫
|Trop(U )|

d ′′Pφ1∧ϕ2d ′αU . (11.5.10)

As in the first case, we have∫
|Trop(U )|

d ′′Pφ1 ∧ϕ2d ′αU = 〈d
′
[d ′′PηY1

∧ ηY2
], α〉. (11.5.11)

Similarly to the proof of the Poincaré–Lelong formula, we may assume that the
support of α is covered by the interiors of the affinoid subdomains W j := trop−1

Uj
(1 j )

of the tropical chart Vj for j = 1, . . . ,m. We set W :=
⋃m

j=1 W j . We choose s > 0
sufficiently small with ϕ2 ≤ −log|s| on the compact set supp(d ′′Pφ1 ∧ αU ). Since
W covers supp(α), the analytic subdomain W (s) := {x ∈ W | | f2(x)| ≥ s} of W
contains supp(d ′′Pφ1 ∧α) and hence we have∫

|Trop(U )|
d ′′Pφ1 ∧ d ′Pϕ2 ∧αU =

∫
tropU (W (s)∩U an)

d ′′Pφ1 ∧ d ′Pϕ2 ∧αU . (11.5.12)

By the theorem of Stokes (Proposition 2.7), this is equal to∫
∂tropU (W (s)∩U an)

φ1d ′Pϕ2 ∧αU +

∫
tropU (W (s)∩U an)

φ1d ′Pϕ2 ∧ d ′′αU . (11.5.13)

By Corollary 5.6, the support of d ′′α is contained in U an. We may assume that the
compact set supp(d ′′α) is contained in W (s). Using that U is a very affine chart of
integration for ηY1

∧ d ′PηY2
∧ d ′′α, we get∫

tropU (W (s)∩U an)

φ1d ′Pϕ2 ∧ d ′′αU = 〈d
′′
[ηY1
∧ d ′PηY2

], α〉. (11.5.14)

Now we apply Remark 7.4 with f2 instead of f and the generalized δ-form ηY1
∧α

instead of α and observe that ϕ2 corresponds to F∗(x0) in Remark 7.4. Then
Equation (7.4.1) yields∫

∂tropU (W (s)∩U an)

φ1d ′Pϕ2 ∧αU =−〈gY1
∧ δY2, α〉 (11.5.15)

as W covers supp(α). Using (11.5.11)–(11.5.15) in (11.5.10), we get (11.5.8)
proving the claim in the second case.

Case 3: ‖1‖1 = 1 and s2 = 1. The formula proved in the second case yields

gY2
∗ gY1
− gY1

∗ gY2
= d ′[d ′′PηY2

∧ ηY1
] + d ′′[ηY2

∧ d ′PηY1
]
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The (1, 1)-current on the left-hand side is clearly symmetric. Hence the right-hand
side is symmetric as well and equals

−d ′′[d ′PηY2
∧ ηY1
] − d ′[ηY2

∧ d ′′PηY1
]

This proves our claim in the third case.

Case 4: ‖1‖1 = 1 and ‖1‖2 = 1. In this case ηY1
= −log| f1| and ηY2

= −log| f2|.
We have to show that

gY1
∧ δY2 − gY2

∧ δY1 = d ′[d ′′PηY1
∧ ηY2
] + d ′′[ηY1

∧ d ′PηY2
].

Again, we may assume that f1 and f2 are regular functions on X . By the pre-
vious cases, we may assume that these functions are nonconstant. We use the
same notation as above. Here, we choose the very affine open subset U disjoint
from supp(div( f1)) ∪ supp(div( f2)). Then ϕ1, ϕ2 are integral 0-affine functions
on Trop(U ) inducing −log | f1|,−log | f2| on U an. Going the computation in the
second case backwards, we see that

〈gY1
∧ δY2, α〉 = −

∫
|Trop(U )|

d ′′Pϕ1 ∧ d ′ϕ2 ∧αU +〈d
′′
[ηY1
∧ d ′PηY2

], α〉. (11.5.16)

Note here that d ′′Pϕ1∧d ′Pϕ2∧αU has compact support in �. Indeed, it follows from
Corollary 5.6, that d ′′P log| f1| ∧ d ′P log| f2| ∧α is a well-defined δ-form on X an with
compact support in U an (using that the divisors intersect properly) and hence we
get compactness in � from Proposition 4.21. Interchanging the role of Y1, Y2 and
also of d ′, d ′′ and d ′P, d ′′P in (11.5.16), we get the fourth claim. This proves the
proposition. �

In the following, we denote the support of a cycle Z (resp. of a Cartier divisor D)
on X by |Z | (resp. |D|).

Corollary 11.6. Let Z be a cycle of X of codimension p and let gZ be any δ-current
in E p−1,p−1(X). For i = 1, 2, let L i be a line bundle on X with a δ-metric ‖·‖i and
nonzero meromorphic section si . Let Di denote the Cartier divisor on X defined
by si . We assume that |D1| ∩ |Z | and |D2| ∩ |Z | both have codimension ≥ 1 in |Z |,
and that |D1| ∩ |D2| ∩ |Z | has codimension ≥ 2 in |Z |. Let ηYi

:= −log‖si‖i and
let gYi

= [ηYi
] be the induced Green current for the Weil divisor Yi of Di . Then we

have

gY1
∗ (gY2

∗ gZ )− gY2
∗ (gY1

∗ gZ ) ∈ d ′(E p,p+1(X an))+ d ′′(E p+1,p(X an)).

Proof. This follows immediately from Proposition 11.5 applied to the analytifica-
tions of the prime components of Z . �
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12. Local heights of varieties

In this section, we study the local height of a proper variety X of dimension n over
K with respect to metrized line bundles endowed with δ-metrics. If the metrics are
formal, then we show that these analytically defined local heights agree with the
ones based on divisorial intersection theory on formal models in [Gubler 1998].
In particular, they coincide with the local heights used in Arakelov theory over
number fields.

12.1. For i = 0, . . . , n, let L i be a line bundle on X endowed with a δ-metric
‖·‖i and a nonzero meromorphic section si . For the associated Cartier divisor
Di := div(si ), we consider the metrized Cartier divisor D̂i := (Di , ‖·‖i ), i.e., a
Cartier divisor Di and a metric ‖·‖i on the associated line bundle O(Di ). Recall
from 11.2 that we obtain the Green current gYi

:= [−log‖si‖i ] for the Weil divisor
Yi associated to Di .

We assume that the Cartier divisors D0, . . . , Dn intersect properly. Then we
define the local height of X with respect to D̂0, . . . , D̂n by

λD̂0,...,D̂n
(X) := gY0

∗ · · · ∗ gYn
(1).

12.2. If Z is a cycle on X of dimension t and D̂0, . . . , D̂t are δ-metrized Cartier
divisors on X with |D0|, . . . , |Dt |, |Z | intersecting properly, then 12.1 induces a
local height λD̂0,...,D̂t

(Z) by linearity in the prime components of Z .

Remark 12.3. The problem with this definition is that it is not functorial as the
pull-back of a Cartier divisor is not always well defined as a Cartier divisor. This
problem is resolved by using pseudodivisors instead of Cartier divisors (see [Fulton
1984, Chapter 2]). We follow [Gubler 2003] and define a δ-metrized pseudodivisor
as a triple (L, Z , s), where L = (L , ‖·‖) is a line bundle on X equipped with a
δ-metric, Z is a closed subset of X , and s is a nowhere vanishing section of L
over X \ Z . Using the same arguments as in [Gubler 2003], we get a local height
λD̂0,...,D̂t

(Z) for δ-metrized pseudodivisors which is well defined under the weaker
condition |D0| ∩ · · · ∩ |Dt | ∩ |Z | =∅.

It is straightforward to show that the local height is linear in Z and multilinear in
D̂0, . . . , D̂t . It follows from Corollary 11.6 along the arguments in [Gubler 2003]
that the local height is symmetric in D̂0, . . . , D̂t .

The next result shows that the induction formula holds for local heights.

Proposition 12.4. Let D̂0, . . . , D̂n be δ-metrized pseudodivisors on X with

|D0| ∩ · · · ∩ |Dn| =∅.
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Then the local height λD̂0,...,D̂n
(X) is equal to

λD̂0,...,D̂n−1
(Yn)−

∫
X an

log‖sn‖n · c1(O(D0))∧ · · · ∧ c1(O(Dn−1)),

where we assume that Dn is a Cartier divisor with associated Weil divisor Yn and
canonical meromorphic section sn of O(Dn).

Proof. The argument is the same as for [Gubler 2003, Proposition 3.5]. �

Proposition 12.5. Let ϕ : X ′→ X be a morphism of proper varieties over K and
let D̂0, . . . , D̂n be δ-metrized pseudodivisors on X with |D0|∩· · ·∩|Dn| =∅. Then
the functoriality

deg(ϕ)λD̂0,...,D̂n
(X)= λ

ϕ∗(D̂0),...,ϕ∗(D̂n)
(X ′)

holds.

Proof. The proof relies on the induction formula in Proposition 12.4 and the
projection formula for integrals (5.9.1). We refer to [Gubler 2003] for the analogous
arguments in the archimedean case. �

Proposition 12.6 (metric change formula). Suppose that the local height λ(X) with
respect to the δ-metrized pseudodivisors D̂0, . . . , D̂n is well defined. Let λ′(X) be
the local height of X obtained by replacing the metric ‖·‖0 on O(D0) by another
δ-metric ‖·‖′0. Then ρ := log(‖·‖′0/‖·‖0) is a piecewise smooth function on X an

and we have

λ(X)− λ′(X)=
∫

X an
ρ · c1(O(D1))∧ · · · ∧ c1(O(Dn)).

Proof. This follows from linearity and symmetry of the local height in D̂0 and D̂n

and from the induction formula in Proposition 12.4. �

Remark 12.7. Now suppose that D̂0, . . . , D̂n are formally metrized pseudodivisors
on X with |D0| ∩ · · · ∩ |Dn| = ∅. Then the intersection theory of divisors on
admissible formal K ◦-models given in [Gubler 1998] induces also a local height of
X (see [Gubler 2003]). It also satisfies an induction formula involving Chambert-
Loir’s measures (see [Gubler 2003, Remark 9.5]). Since the Chambert-Loir measure
agrees with the Monge–Ampère measure (see Theorem 10.5), we deduce from the
induction formula in Proposition 12.4 that the local height based on intersection
theory of divisors agrees with λD̂0,...,D̂n

(X) from Remark 12.3. In particular, this
proves Theorem 0.4 stated in the introduction.

Appendix: Convex geometry

In this appendix, we gather the notions from convex geometry on a finite dimensional
real vector space W coming with an integral structure. This means that we consider
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a free abelian group N of rank r with W = NR := N ⊗Z R. Let M := Hom(N ,Z)

be the dual abelian group and let V := Hom(M,R)= MR be the dual vector space
of W. The natural duality between V and W is denoted by 〈u, ω〉. Let 0 be a fixed
subgroup of R. In the applications, it is usually the value group of a nonarchimedean
absolute value.

A.1. Let N ′ be another free abelian group of finite rank and let F : NR→ N ′R be an
affine map. Then F is called integral 0-affine if F = LF+ω with ω∈ N ′⊗Z0⊆ N ′R
and with the associated linear map LF induced by a homomorphism N → N ′.

A.2. A polyhedron1 in W is defined as the intersection of finitely many half spaces
{ω ∈ W | 〈ui , ω〉 ≥ ci } with ui ∈ V and ci ∈ R. If we may choose all ui ∈ M and
all ci ∈ 0, then we say that 1 is an integral 0-affine polyhedron. A face of 1 is
either 1 itself or the intersection of 1 with the boundary of a closed half-space
containing 1. We write τ 41 for a face τ of 1 and we write τ ≺1 if additionally
τ 6=1. The relative interior of 1 is defined by

relint(1) :=1 \
⋃
τ≺1

τ.

Note that every polyhedron is convex. A polytope is a bounded polyhedron.
A polyhedron 1 in W generates an affine space A1 of the same dimension.

Recall that an affine space in W is a translate of a linear subspace and A1 is the
intersection of all affine spaces in W which contain 1. We denote the underlying
vector space by L1. If 1 is integral 0-affine, then the integral structure of A1 is
given by the complete lattice N1 := N ∩ L1 in L1.

A.3. A polyhedral complex C in W is a finite set of polyhedra such that

(a) 1 ∈ C ⇒ all closed faces of 1 are in C ;

(b) 1, σ ∈ C ⇒ 1∩ σ is either empty or a closed face of 1 and σ .

The polyhedral complex C is called integral 0-affine if every 1 ∈ C is integral
0-affine. The support of C is defined as

|C | :=
⋃
1∈C

1.

We say that a polyhedral complex C is complete if |C | =W . A subdivision of C

is a polyhedral complex D with |D | = |C | and with every 1 ∈ D contained in a
polyhedron of C . This has to be distinguished from a subcomplex of C which is a
polyhedral complex D with D ⊆ C .

A.4. Given a polyhedral complex C in NR, we denote by Cn the subset of n-
dimensional polyhedra in C and by C l

= Cr−l the subset of polyhedra in C of
codimension l in NR. We say that a polyhedral complex C is of pure dimension n
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(resp. of pure codimension l) if all polyhedra in C which are maximal with respect
to 4 lie in Cn (resp. C l). Given a polyhedral complex C of pure dimension n and
m ≤ n, we denote by C≤m the polyhedral subcomplex of C of pure dimension m
given by all σ ∈ C with dim σ ≤ m. We set C≥l

= C≤r−l if r − l ≤ n. Recall here
that r is the rank of N .

Definition A.5. (i) A polyhedral set P in NR (of pure dimension n) is a finite
union of polyhedra (of pure dimension n). Equivalently, there exists a polyhedral
complex D (of pure dimension n) whose support is P. The polyhedral set is called
integral 0-affine if the above polyhedra can be chosen integral 0-affine.

(ii) Let P be a polyhedral set in NR. A point x ∈ P is called regular if there exists
a polyhedron 1⊆ P such that relint(1) is an open neighbourhood of x in P. We
denote by relint(P) the set of regular points of the polyhedral set P.

A.6. A cone σ in W is characterized by R≥0 ·σ = σ . A cone which is a polyhedron
is called a polyhedral cone. An integral R-affine polyhedral cone is simply called a
rational polyhedral cone. A polyhedral cone is called strictly convex if it does not
contain a line. The local cone LCω(S) of S ⊆W at ω ∈W is defined by

LCω(S) := {ω′ ∈W | ω+ [0, ε)ω′ ⊆ S for some ε > 0}.

A.7. A polyhedral complex6 consisting of strictly convex rational polyhedral cones
is called a rational polyhedral fan. The theory of toric varieties (see [Kempf et al.
1973; Oda 1988; Fulton 1993; Cox et al. 2011]) gives a bijective correspondence
6 7→ Y6 between rational polyhedral fans on NR and normal toric varieties over
any field K with open dense torus Spec(K [M]) (up to equivariant isomorphisms
restricting to the identity on the torus). Then 6 is complete if and only if Y6 is a
proper variety over K .

A simplicial cone in NR is generated by a part of a basis. A simplicial fan is a fan
formed by simplicial cones. A smooth fan in NR is a rational polyhedral fan 6 such
that every cone σ ∈6 is generated by a part of a basis of N . In particular, a smooth
fan is a simplicial fan. A polyhedral fan 6 is smooth if and only if Y6 is a smooth
variety [Cox et al. 2011, Chapter 1, Theorem 3.12; Fulton 1993, 2.1 Proposition].
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Existence of compatible systems of
lisse sheaves on arithmetic schemes

Koji Shimizu

Deligne conjectured that a single `-adic lisse sheaf on a normal variety over a
finite field can be embedded into a compatible system of `′-adic lisse sheaves with
various `′. Drinfeld used Lafforgue’s result as an input and proved this conjecture
when the variety is smooth. We consider an analogous existence problem for a
regular flat scheme over Z and prove some cases using Lafforgue’s result and the
work of Barnet-Lamb, Gee, Geraghty, and Taylor.

1. Introduction

Deligne [1980] conjectured that all the Q`-sheaves on a variety over a finite field
are mixed. A standard argument reduces this conjecture to the following one.

Conjecture 1.1 (Deligne). Let p and ` be distinct primes. Let X be a connected
normal scheme of finite type over Fp and E an irreducible lisse Q`-sheaf whose
determinant has finite order. Then the following properties hold:

(i) E is pure of weight 0.

(ii) There exists a number field E⊂Q` such that the polynomial det(1−Frobx t,Ex̄)

has coefficients in E for every x ∈ |X |.

(iii) The roots of det(1− Frobx t,Ex̄) are λ-adic units for any nonarchimedean
place λ of E prime to p.

(iv) For a sufficiently large E and for every nonarchimedean place λ of E prime to
p, there exists an Eλ-sheaf Eλ compatible with E, that is, det(1−Frobx t,Ex̄)=

det(1−Frobx t,Eλ,x̄) for every x ∈ |X |.

Here |X | denotes the set of closed points of X and x̄ is a geometric point above x.

The conjecture for curves is proved by L. Lafforgue [2002]. He also deals with
parts (i) and (iii) in general by reducing them to the case of curves (see also [Deligne
2012]). Deligne [2012] proves part (ii), and Drinfeld [2012] proves part (iv) for
smooth varieties. They both use Lafforgue’s results.

MSC2010: primary 11G35; secondary 11F80.
Keywords: arithmetic geometry, lisse sheaves, compatible system.
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We can consider similar questions for arbitrary schemes of finite type over Z[`−1
].

This paper focuses on part (iv), namely the problem of embedding a single lisse
Q`-sheaf into a compatible system of lisse sheaves. We have the following folklore
conjecture in this direction.

Conjecture 1.2. Let ` be a rational prime. Let X be an irreducible regular scheme
that is flat and of finite type over Z[`−1

]. Let E be a finite extension of Q and
λ a prime of E above `. Let E be an irreducible lisse Eλ-sheaf on X and ρ the
corresponding representation of π1(X). Assume the following conditions:

(i) The polynomial det(1−Frobx t,Ex̄) has coefficients in E for every x ∈ |X |.

(ii) E is de Rham at ` (see below for the definition).

Then for each rational prime `′ and each prime λ′ of E above `′ there exists a lisse
Eλ′-sheaf on X [`′−1

] which is compatible with E|X [`′−1].

The conjecture when dim X = 1 is usually rephrased in terms of Galois repre-
sentations of a number field (see Conjecture 1.3 of [Taylor 2002], for example).

When dim X > 1, a lisse sheaf E is called de Rham at ` if for every closed point
y ∈ X ⊗Q`, the representation i∗yρ of Gal

(
k(y)/k(y)

)
is de Rham, where iy is the

morphism Spec k(y)→ X . Ruochuan Liu and Xinwen Zhu [2017] have shown that
this is equivalent to the condition that the lisse Eλ-sheaf E|X⊗Q`

on X ⊗Q` is a
de Rham sheaf in the sense of relative p-adic Hodge theory.

Now we discuss our main results. They concern Conjecture 1.2 for schemes over
the ring of integers of a totally real or CM field.

Theorem 1.3. Let ` be a rational prime and K a totally real field which is unrami-
fied at `. Let X be an irreducible smooth OK [`

−1
]-scheme such that

• the generic fiber is geometrically irreducible,

• XK (R) 6=∅ for every real place K ↪→ R, and

• X extends to an irreducible smooth OK -scheme with nonempty fiber over each
place of K above `.

Let E be a finite extension of Q and λ a prime of E above `. Let E be a lisse
Eλ-sheaf on X and ρ the corresponding representation of π1(X). Suppose that E

satisfies the following assumptions:

(i) The polynomial det(1−Frobx t,Ex̄) has coefficients in E for every x ∈ |X |.

(ii) For every totally real field L which is unramified at ` and every morphism
α : Spec L→ X , the Eλ-representation α∗ρ of Gal(L/L) is crystalline at each
prime v of L above `, and for each τ : L ↪→ Eλ it has distinct τ -Hodge–Tate
numbers in the range [0, `− 2].
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(iii) ρ can be equipped with a symplectic (resp. orthogonal) structure with multi-
plier µ : π1(X)→ E×λ such that µ|π1(XK ) admits a factorization

µ|π1(XK ) : π1(XK )→ Gal(K/K )
µK
−→ E×λ

with a totally odd (resp. totally even) character µK (see below for the defini-
tions).

(iv) The residual representation ρ̄|π1(X [ζ`]) is absolutely irreducible. Here ζ` is a
primitive `-th root of unity and X [ζ`] = X ⊗OK OK [ζ`].

(v) `≥ 2(rank E+ 1).

Then for each rational prime `′ and each prime λ′ of E above `′ there exists a lisse
Eλ′-sheaf on X [`′−1

] which is compatible with E|X [`′−1].

For an Eλ-representation ρ : π1(X)→ GL(Vρ), a symplectic (resp. orthogonal)
structure with multiplier is a pair (〈·,·〉, µ) consisting of a symplectic (resp. orthogo-
nal) pairing 〈·,·〉 : Vρ×Vρ→ Eλ and a continuous homomorphismµ : π1(X)→ E×λ
satisfying 〈ρ(g)v, ρ(g)v′〉 = µ(g)〈v, v′〉 for any g ∈ π1(X) and v, v′ ∈ Vρ .

We show a similar theorem without assuming that K is unramified at ` using
the potential diagonalizability assumption. See Theorem 4.1 for this statement and
Theorem 4.2 for the corresponding statement when K is CM.

The proof of Theorem 1.3 uses Lafforgue’s work and the work of Barnet-Lamb,
Gee, Geraghty, and Taylor [Barnet-Lamb et al. 2014, Theorem C]. The latter work
concerns Galois representations of a totally real field, and it can be regarded as a
special case of Conjecture 1.2 when dim X = 1. We remark that their theorem has
several assumptions on Galois representations since they use potential automorphy.
Hence Theorem 1.3 needs assumptions (ii)–(v) on lisse sheaves.

The main part of this paper is devoted to constructing a compatible system of
lisse sheaves on a scheme from those on curves. Our method is modeled after
Drinfeld’s [2012] result, which we explain now.

For a given lisse sheaf on a scheme, one can obtain a lisse sheaf on each curve
on the scheme by restriction. Conversely, Drinfeld [2012, Theorem 2.5] proves that
a collection of lisse sheaves on curves on a regular scheme defines a lisse sheaf
on the scheme if it satisfies some compatibility and tameness conditions. See also
a remark after Theorem 1.4. This method originates from the work of Wiesend
[2006] on higher dimensional class field theory [Kerz and Schmidt 2009].

Drinfeld uses this method to reduce part (iv) of Conjecture 1.1 for smooth varieties
to the case when dim X = 1, where he can use Lafforgue’s result. Similarly, one
can use his result to reduce Conjecture 1.2 to the case when dim X = 1.

However, Drinfeld’s result cannot be used to reduce Theorem 1.3 to the results
of Lafforgue and Barnet-Lamb, Gee, Geraghty, and Taylor since his theorem needs
a lisse sheaf on every curve on the scheme as an input. On the other hand, the
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results of [Lafforgue 2002] and [Barnet-Lamb et al. 2014] only provide compatible
systems of lisse sheaves on special types of curves on the scheme: curves over
finite fields and totally real curves, that is, open subschemes of the spectrum of
the ring of integers of a totally real field. Thus the goal of this paper is to deduce
Theorem 1.3 using the existence of compatible systems of lisse sheaves on these
types of curves.

We now explain our method. Fix a prime ` and a finite extension Eλ of Q`. Fix a
positive integer r. On a normal scheme X of finite type over Spec Z[`−1

], each lisse
Eλ-sheaf E of rank r defines a polynomial-valued map fE : |X |→ Eλ[t] of degree r
given by fE,x(t)= det(1−Frobx t,Ex̄). Here we say that a polynomial-valued map
is of degree r if its values are polynomials of degree r . Moreover, fE determines E

up to semisimplifications by the Chebotarev density theorem. Conversely, we can
ask whether a polynomial-valued map f : |X | → Eλ[t] of degree r arises from a
lisse sheaf of rank r on X in this way.

Let K be a totally real field. Let X be an irreducible smooth OK -scheme which
has geometrically irreducible generic fiber and satisfies XK (R) 6=∅ for every real
place K ↪→ R. In this situation, we show the following theorem.

Theorem 1.4. A polynomial-valued map f of degree r on |X | arises from a lisse
sheaf on X if and only if it satisfies the following conditions:

(i) The restriction of f to each totally real curve arises from a lisse sheaf.

(ii) The restriction of f to each separated smooth curve over a finite field arises
from a lisse sheaf.

We prove a similar theorem when K is CM (Theorem 3.14).
Drinfeld’s theorem involves a similar equivalence, which holds for arbitrary

regular schemes of finite type, although his condition (i) is required to hold for
arbitrary regular curves and there is an additional tameness assumption in his
condition (ii).1

If K and X satisfy the assumptions in Theorem 1.3, then we prove a variant of
Theorem 1.4, where we require condition (i) to hold only for totally real curves
which are unramified over ` (Remark 3.13). This variant, combined with the results
by Lafforgue and Barnet-Lamb, Gee, Geraghty, and Taylor, implies Theorem 1.3.

One of the main ingredients for the proof of these types of theorems is an
approximation theorem: one needs to find a curve passing through given points in
given tangent directions and satisfying a technical condition coming from a given
étale covering. To prove this Drinfeld uses the Hilbert irreducibility theorem. In
our case, we need to further require that such a curve be totally real or CM. For
this we use a theorem of Moret-Bailly.

1We do not need tameness assumption in condition (ii) in Theorem 1.4. This was pointed out by
Drinfeld.
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We briefly mention a topic related to Conjecture 1.2. As conjectures on Galois
representations suggest, the following stronger statement should hold.

Conjecture 1.5. (With notation as in Conjecture 1.2). Condition (ii) implies condi-
tion (i) after replacing E by a bigger number field inside Eλ.

This is an analogue of Conjecture 1.1(ii) and (iii). Even if we assume the
conjectures for curves, that is, Galois representations of a number field, no method
is known to prove Conjecture 1.5 in full generality. However in [Shimizu 2015]
we show the conjecture for smooth schemes assuming conjectures on Galois rep-
resentations of a number field and the Generalized Riemann Hypothesis. Note
that Deligne’s [2012] proof of Conjecture 1.1(iii) uses the Riemann Hypothesis for
varieties over finite fields, or more precisely, the purity theorem of [Deligne 1980].

We now explain the organization of this paper. In Section 2, we review the
theorem of Moret-Bailly and prove an approximation theorem for “schemes with
enough totally real curves.” We show a similar theorem in the CM case. In Section 3,
we prove Theorem 1.4 and its variants using the approximation theorems. Most
arguments in Section 3 originate from [Drinfeld 2012]. Finally, we prove the main
theorems in Section 4.

Notation. For a number field E and a place λ of E , we denote by Eλ a fixed
algebraic closure of Eλ.

For a scheme X , we denote by |X | the set of closed points of X . We equip finite
subsets of |X | with the reduced scheme structure. We denote the residue field of a
point x of X by k(x). An étale covering over X means a scheme which is finite
and étale over X .

For a number field K and an OK -scheme X , XK denotes the generic fiber
of X regarded as a K-scheme. In particular, for a K-algebra R, XK (R) means
HomK (Spec R,XK ), not HomZ(Spec R,XK ). We also write X(R) instead of XK(R).

For simplicity, we omit base points of fundamental groups and we often change
base points implicitly in the paper.

2. Existence of totally real and CM curves via the theorem of Moret-Bailly

Theorem 2.1 [Moret-Bailly 1989]. Let K be a number field. We consider a quadru-
ple (XK , 6, {Mv}v∈6, {�v}v∈6) consisting of

(i) a geometrically irreducible, smooth and separated K-scheme XK ,

(ii) a finite set 6 of places of K ,

(iii) a finite Galois extension Mv of Kv for every v ∈6, and

(iv) a nonempty Gal(Mv/Kv)-stable open subset�v of XK (Mv) with respect to the
Mv-topology.
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Then there exist a finite extension L of K and an L-rational point x ∈ XK (L)
satisfying the following two conditions:

• For every v ∈6, L is Mv-split, that is, L⊗K Mv
∼= M [L : K ]

v .

• The images of x in XK (Mv) induced from embeddings L ↪→ Mv lie in �v.

Remark 2.2. Our formulation is slightly different from that of Moret-Bailly, but
Theorem 2.1 is a simple consequence of [Moret-Bailly 1989, théorème 1.3]: We
can always find an integral model f : X→ B of XK → Spec K over a sufficiently
small open subscheme B of Spec OK such that (X → B, 6, {Mv}v∈6, {�v}v∈6)

is an incomplete Skolem datum (see [Moret-Bailly 1989, définition 1.2]). Then
Theorem 2.1 follows from théorème 1.3 of [Moret-Bailly 1989] applied to this
incomplete Skolem datum.

Since the set 6 can contain infinite places, the above theorem implies the
existence of totally real or CM valued points.

Lemma 2.3. (i) Let K be a totally real field and XK a geometrically irreducible
smooth K-scheme such that XK (R) 6=∅ for every real place K ↪→ R. For any
dense open subscheme UK of XK , there exists a totally real extension L of K
such that UK (L) 6=∅.

(ii) Let F be a CM field and Z F a geometrically irreducible smooth F-scheme.
For any dense open subscheme VF of Z F , there exists a CM extension L of F
such that VF (L) 6=∅.

Proof. In either setting, we may assume that the scheme is separated over the base
field by replacing it by an open dense subscheme.

(i) For every real place v : K ↪→ R, let Uv = UK ∩ (XK ⊗K ,v R)(R). It follows
from the assumptions and the implicit function theorem that Uv is a nonempty open
subset of (XK ⊗K ,v R)(R) with respect to real topology.

We apply the theorem of Moret-Bailly to the datum (XK , {v}, {R}v, {Uv}v) to
find a finite extension L of K and a point x ∈ XK (L) such that L ⊗K R∼= R[L:K ]

and the images of x induced from real embeddings L ↪→R above v lie in Uv . Then
L is totally real and x ∈UK (L). Hence UK (L) 6=∅.

(ii) Let F+ be the maximal totally real subfield of F . Define Z+F+ (resp. V+F+)
to be the Weil restriction ResF/F+ Z F (resp. ResF/F+ VF ). Denote the nontrivial
element of Gal(F/F+) by c and Z F⊗F,c F by c∗Z F . Then we have Z+F+⊗F+ F ∼=
Z F ×F c∗Z F , and this scheme is geometrically irreducible over F . Thus Z+F+ is a
geometrically irreducible smooth F+-scheme, and V+F+ is dense and open in Z+F+ .
Moreover, for every real place F+ ↪→ R, we can extend it to a complex place
F ↪→ C and get F ⊗F+ R∼= C. Hence we have Z+F+(R)= Z F (C) 6=∅. Therefore
we can apply (i) to the triple (F+, Z+F+, V+F+) and find a totally real extension L+ of
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F+ such that VF (L+⊗F+ F)= V+F+(L
+) 6=∅. Since L+⊗F+ F is a CM extension

of F , this completes the proof. �

This lemma leads to the following definitions.

Definition 2.4. A totally real curve is an open subscheme of the spectrum of the
ring of integers of a totally real field. A CM curve is an open subscheme of the
spectrum of the ring of integers of a CM field.

Definition 2.5. Let K be a totally real field and X an irreducible regular OK -scheme.
We say that X is an OK -scheme with enough totally real curves if X is flat and of
finite type over OK with geometrically irreducible generic fiber and XK (R) 6=∅ for
every real place K ↪→ R.

Now we introduce some notation and state our approximation theorems.

Definition 2.6. Let g : X→ Y be a morphism of schemes. For x ∈ X , consider the
tangent space Tx X = Homk(x)(mx/m

2
x , k(x)) at x , where mx denotes the maximal

ideal of the local ring at x . This contains Tx(Xg(x)), where Xg(x) = X ⊗Y k(g(x)).
A one-dimensional subspace l of Tx X is said to be horizontal (with respect to g)
if l does not lie in the subspace Tx(Xg(x)).

Definition 2.7. Let X be a connected scheme and Y a generically étale X-scheme.
A point x ∈ X(L) with some field L is said to be inert in Y → X if for each
irreducible component Yα of Y , (Spec L)×x,X Yα is nonempty and connected.

Theorem 2.8. Let K be a totally real field and X an irreducible smooth separated
OK -scheme with enough totally real curves. Consider the following data:

(i) a flat OK -scheme Y which is generically étale over X ;

(ii) a finite subset S ⊂ |X | such that S→ Spec OK is injective;

(iii) a one-dimensional subspace ls of Ts X for every s ∈ S.

Then there exist a totally real curve C with fraction field L , a morphism ϕ : C→ X
and a section σ : S→ C of ϕ over S such that ϕ(Spec L) is inert in Y → X and
Im(Tσ(s)C→ Ts X)= ls for every s ∈ S.

Proof. We will use the theorem of Moret-Bailly to find the desired curve. Note that
we can replace Y by any dominant étale Y -scheme.

Let v denote the structure morphism X → Spec OK . Take an open subscheme
U ⊂ X such that v(U )∩ v(S) = ∅ and the morphism Y ×X U → U is finite and
étale. Replacing each connected component of Y ×X U by its Galois closure, we
may assume that each connected component of Y ×X U is Galois over U . Write
Y ×X U =

∐
1≤i≤k Wi as the disjoint union of connected components and denote by

Gi the Galois group of the covering Wi →U. Let Hi1, . . . , Hiri be all the proper
subgroups of Gi .
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We will choose a quadruple of the form(
XK , {vi j }i, j ∪ {v(s)}s∈S ∪ {v∞,i }i , {Kvi j } ∪ {Ms} ∪ {R}, {Vi j } ∪ {Vs} ∪ {V∞,i }

)
.

First we choose vi j and Vi j (1≤ i ≤ k, 1≤ j ≤ ri ) which control the inertness
property.

Claim. There exist a finite set {vi j }i, j of finite places of K and a nonempty open
subset Vi j of X(Kvi j ) with respect to the Kvi j -topology for each (i, j) such that:

(i) For any finite extension L of K and any L-rational point x ∈ X(L), x is inert
in Y → X if L is Kvi j -split and if all the images of x under the induced maps
X(L)→ X(Kvi j ) lie in Vi j .

(ii) The vi j are different from any element of v(S) regarded as a finite place of K .

Proof of Claim. For each i = 1, . . . , k and j = 1, . . . , ri , let πHi j denote the
induced morphism Wi/Hi j → X and let Mi j be the algebraic closure of K in
the field of rational functions of Wi/Hi j . Then we have a canonical factorization
Wi/Hi j → Spec OMi j → Spec OK .

If Mi j = K , then the generic fiber (Wi/Hi j )K is geometrically integral over K .
It follows from Proposition 3.5.2 of [Serre 2008] that there are infinitely many finite
places v0 of K such that U(Kv0) \πHi j (Wi/Hi j (Kv0)) is a nonempty open subset
of U(Kv0). Thus choose such a finite place vi j and put

Vi j =U(Kvi j ) \πHi j (Wi/Hi j (Kvi j )).

Next consider the case where Mi j 6= K . The Lang–Weil theorem and the
Chebotarev density theorem show that there are infinitely many finite places v0

of K such that U(Kv0) 6= ∅ and v0 does not split completely in Mi j , that is,
Mi j⊗K Kv0 6

∼= K [Mi j :K ]
v0

(see [Serre 2008, Propositions 3.5.1 and 3.6.1], for example).
In this case, choose such a finite place vi j and put

Vi j =U(Kvi j ).

It is easy to see that we can choose vi j satisfying condition (ii). We now show
that these vi j and Vi j satisfy condition (i). Take L and x ∈ X(L) as in condition (i).
By Lemma 2.9 below, it suffices to prove that x 6∈ πHi j (Wi/Hi j (L)) for any Hi j .

When Mi j = K , this is obvious because the images of x under the maps X(L)→
X(Kvi j ) lie in Vi j =U(Kvi j ) \πHi j (Wi/Hi j (Kvi j )). When Mi j 6= K , we know that
Mi j ⊗K Kvi j is not Kvi j -split. Since L is assumed to be Kvi j -split, Mi j cannot be
embedded into L . On the other hand, we have a canonical factorization Wi/Hi j →

Spec OMi j . Therefore Wi/Hi j (L)=∅. Thus x is inert in Y → X in both cases. �

Next we choose a finite Galois extension Ms of Kv(s) and a Gal(Ms/Kv(s))-stable
nonempty open subset Vs of X(Ms) with respect to the Ms-topology to make a
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totally real curve pass through s in the tangent direction ls . Here Kv(s) denotes the
completion of K with respect to the finite place v(s) of K . Let ÔX,s denote the
completed local ring of X at s ∈ S. Since ÔX,s is regular, we can find a regular
one-dimensional closed subscheme Spec Rs ⊂ Spec ÔX,s which is tangent to ls and
satisfies Rs ⊗OK K 6=∅ (see [Drinfeld 2012, Lemma A.6]).

It follows from the construction that Rs is a complete discrete valuation ring which
is finite and flat over OKv(s) and has residue field k(s). Let M ′s be the fraction field
of Rs . For each s ∈ S we first choose Ms and a local homomorphism OX,s→ OMs .
There are two cases.

If ls is horizontal, then Rs is unramified over OKv(s) and hence M ′s is Galois
over Kv(s). Put Ms :=M ′s in this case. Then we have a natural local homomorphism
OX,s→ ÔX,s→ OMs .

If ls is not horizontal, then Rs is ramified over OKv(s) . Let K ′v(s) be the maximal
unramified extension of Kv(s) in M ′s and Ms the Galois closure of M ′s over Kv(s).
Then both K ′v(s) and Ms have the same residue field k(s).

We construct a local homomorphism ÔX,s → OMs in this setting. Since X is
smooth over OK , the ring ÔX,s is isomorphic to the ring of formal power series
OK ′v(s)[[t1, . . . , tm]] for some m and we identify these rings.

Let ui ∈ OM ′s denote the image of ti under the homomorphism

OK ′v(s)[[t1, . . . , tm]] = ÔX,s→ Rs = OM ′s .

Let π (resp. $ ) be a uniformizer of OM ′s (resp. OMs ) and consider π -adic expansion
ui =

∑
∞

j=0 ai jπ
j . Since ÔX,s → OM ′s is a local homomorphism, we have ai0 = 0

for each i .
Consider the differential of Spec OM ′s = Spec Rs→ Spec ÔX,s at the closed point.

The tangent vector ∂/∂π is sent to
∑m

i=1 ai1∂/∂ti under this map, and the latter
spans the tangent line ls .

Define a local homomorphism ÔX,s→ OMs by sending ti to
∑
∞

j=1 ai j$
j . Then

the image of the differential of the corresponding morphism Spec OMs → X at the
closed point is ls by the same computation as above.

In either case, we have chosen Ms and a homomorphism OX,s → OMs . Let
ŝ ∈ X(OMs ) be the point induced by the homomorphism. Note that X(OMs ) is an open
subset of X(Ms) by separatedness. Let α : X(OMs )→ X(OMs/m

2
Ms
) be the reduction

map, where mMs denotes the maximal ideal of OMs . Define V ′s = α
−1(α(ŝ)), which

is a nonempty open subset of X(Ms), and put

Vs =
⋃
σ

σ(V ′s ),

where σ runs over all the elements of Gal(Ms/Kv(s)). Since Gal(Ms/Kv(s)) acts con-
tinuously on X(Ms), Vs is a nonempty Gal(Ms/Kv(s))-stable open subset of X(Ms).
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Finally, let v∞,1, . . . , v∞,n be the real places of K and put

V∞,i = X(R)

for each i = 1, . . . , n. This is nonempty by our assumption.
It follows from the theorem of Moret-Bailly (Theorem 2.1) that there exist a

finite extension L of K and an L-rational point x ∈ X(L) satisfying the following
properties:

(i) L ⊗K Kvi j is Kvi j -split and x goes into Vi j under any embedding L ↪→ Kvi j .

(ii) L ⊗K Ms is Ms-split and x goes into Vs under any embedding L ↪→ Ms .

(iii) L is totally real.

We can spread out the L-rational point x : Spec L→ X to a morphism ϕ : C→ X ,
where C is a totally real curve with fraction field L . By property (ii), we can choose
C and ϕ so that all the points of Spec OL above v(S)⊂ Spec OK are contained in C .
The claim on page 188 shows that x is inert in Y→ X . Thus it remains to prove that
there exists a section σ of ϕ over S such that Im(Tσ(s)C→ Ts X)= ls for every s ∈ S.

It follows from property (ii) and the definition of Vs that there exists an embedding
L ↪→ Ms such that the image of x under the associated map X(L)→ X(Ms) lies
in V ′s . Let s ′ ∈ Spec OL be the closed point corresponding to this embedding. Then
we have s ′ ∈ C , k(s ′) = k(s), and Im(Ts′C → Ts X) = ls . Hence we can define a
desired section of ϕ over S. �

Lemma 2.9. Let L be a field, U a locally noetherian connected scheme and
π : W →U a Galois covering with Galois group G. For any subgroup H ⊂ G, let
πH denote the induced morphism W/H →U. An L-valued point of X is inert in π
if and only if it lies in U(L) \

⋃
H(G πH (W/H(L)).

Proof. Let x denote the L-valued point. Choose a point of W above x and fix
a geometric point above it. This also defines a geometric point above x and we
have a homomorphism π1(x) → G, where π1(x) is the absolute Galois group
of L . Let H0 denote the image of this homomorphism. Then x is inert in π
if and only if the homomorphism is surjective, that is, H0 = G. On the other
hand, for a subgroup H ⊂ G, the point x lies in πH (W/H(L)) if and only if
Spec L×x,U W/H→ Spec L has a section, which is equivalent to the condition that
some conjugate of H contains H0. The lemma follows from these two observations.

�

For our applications, we need a stronger variant of the theorem.

Corollary 2.10. Let K be a totally real field and X an irreducible smooth separated
OK -scheme with enough totally real curves. Let U be a nonempty open subscheme
of X. Suppose that we are given the following data:
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(i) a flat OK -scheme Y which is generically étale over X ;

(ii) a closed normal subgroup H ⊂ π1(U ) such that π1(U )/H contains an open
pro-` subgroup;

(iii) a finite subset S ⊂ |X | such that S→ Spec OK is injective;

(iv) a one-dimensional subspace ls of Ts X for every s ∈ S.

Then there exist a totally real curve C with fraction field L , a morphism ϕ : C→ X
with ϕ−1(U ) 6=∅ and a section σ : S→ C of ϕ over S such that

• ϕ(Spec L) is inert in Y → X ,

• π1(ϕ
−1(U ))→ π1(U )/H is surjective, and

• Im(Tσ(s)C→ Ts X)= ls for every s ∈ S.

Proof. As is shown in the proof of Proposition 2.17 of [Drinfeld 2012], we can
find an open normal subgroup G0 ⊂ π1(U )/H satisfying the following property:
Every closed subgroup G ⊂ π1(U )/H such that the map G→ (π1(U )/H)/G0 is
surjective equals π1(U )/H .

Let Y ′ be the Galois covering of U corresponding to G0. Then we can apply
Theorem 2.8 to (Y t Y ′, S, (ls)s∈S) and get the desired triple (C, ϕ, σ ). �

We have a similar approximation theorem in the CM case. The proof uses the
Weil restriction and is essentially similar to the totally real case, although one has
to check that the conditions are preserved under the Weil restriction.

Theorem 2.11. Let F be a CM field and Z an irreducible smooth separated OF -
scheme with geometrically irreducible generic fiber. Let U be a nonempty open
subscheme of Z. Suppose that we are given the following data:

(i) a flat OF -scheme W which is generically étale over Z ;

(ii) a closed normal subgroup H ⊂ π1(U ) such that π1(U )/H contains an open
pro-` subgroup;

(iii) a finite subset S ⊂ |Z | such that S→ Spec OF+ is injective;

(iv) a one-dimensional subspace ls of Ts Z for every s ∈ S.

Then there exist a CM curve C with fraction field L , a morphism ϕ : C→ Z with
ϕ−1(U ) 6=∅ and a section σ : S→ C of ϕ over S such that

• ϕ(Spec L) is inert in W → Z ,

• π1(ϕ
−1(U ))→ π1(U )/H is surjective, and

• Im(Tσ(s)C→ Ts Z)= ls for every s ∈ S.

Proof. Let F+ be the maximally totally real subfield of F . Let w (resp. v) denote
the structure morphism Z → Spec OF (resp. Z → Spec OF+). As in the proof of
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Corollary 2.10, we may omit the datum (ii) by replacing W by another flat, generi-
cally étale Z -scheme and prove the first and third properties of the triple (C, ϕ, σ ).

Define Z+ to be the Weil restriction ResOF/OF+
Z . Then we have Z+⊗OF+

OF ∼=

Z×OF c∗Z , where c denotes the nontrivial element of Gal(F/F+) and c∗Z denotes
Z ⊗OF ,c OF . It follows from the assumptions that Z+ is an irreducible smooth OF+-
scheme with enough totally real curves. We will apply the theorem of Moret-Bailly
to Z+ with appropriate data.

We may assume that each connected component of W is a Galois cover over
its image in Z by replacing W if necessary. Put Y = W ×OF c∗W and regard it
as an OF+-scheme. Then Y → Z ×OF c∗Z→ Z+ is flat and generically étale, and
therefore satisfies the same assumptions as Y → X in Theorem 2.8 and the second
paragraph of its proof. Hence, as in the claim on page 188, there exist a finite set
{vi j }1≤i≤k,1≤ j≤ri of finite places of F+ and a nonempty open subset Vi j of Z+(F+vi j

)

for each (i, j) satisfying the following properties:

(i) For any finite extension L+ of F+ and any L+-rational point z+ ∈ Z+(L+),
z+ is inert in Y → Z+ if L+ is F+vi j

-split and if z+ lands in Vi j under any
embedding L+ ↪→ F+vi j

.

(ii) The vi j are different from any element of v(S).

Next take any s ∈ S. We will choose a finite Galois extension Ms of Fw(s) and a
Gal(Ms/F+v(s))-stable nonempty subset of Z+(Ms) with respect to the Ms-topology.
Here we regard w(s) (resp. v(s)) as a finite place of F (resp. F+). Then Ms is
Galois over F+v(s) since w(s) lies above v(s) and [Fw(s) : F+v(s)] is either 1 or 2.

As in the proof of Theorem 2.8, we can find a finite Galois extension Ms of Fw(s)
with residue field k(s) and a homomorphism OZ ,s → OMs such that the image of
the differential of the corresponding morphism Spec OMs → Z at the closed point
is ls . Denote by ŝ ∈ Z(OMs )⊂ Z(Ms) the point corresponding to this morphism.

Let α : Z(OMs )→ Z(OMs/m
2
Ms
) be the reduction map, where mMs denotes the

maximal ideal of OMs . Define V ′s = α
−1(α(ŝ)), which is a nonempty open sub-

set of Z(Ms), and put V ′′s =
⋃
σ σ(V

′
s ), where σ runs over all the elements of

Gal(Ms/Fw(s)).
Denote by ι a natural embedding F ↪→ Fw(s) ↪→Ms . We have HomF+(F,Ms)=

{ι, ι◦c} and the F+-homomorphism (ι, ι◦c) : F→Ms×Ms induces an isomorphism
Ms ⊗F+ F ∼= Ms × Ms which sends a ⊗ b to

(
aι(b), aι(c(b))

)
. Hence we get

identifications

Z+(Ms)= Z(Ms ⊗F+ F)= Z(Ms)× c∗Z(Ms).

Here Z(Ms) denotes HomOF (Spec Ms, Z) by regarding Spec Ms as an F-scheme
via ι.
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Define
Vs := V ′′s × c∗V ′′s ⊂ Z(Ms)× c∗Z(Ms)= Z+(Ms).

This is a nonempty open subset of Z+(Ms). Since V ′′s is Gal(Ms/Fw(s))-stable and
Gal(F/F+)= {id, c}, Vs is Gal(Ms/F+v(s))-stable.

Let v∞,1, . . . , v∞,n be the real places of F+. Then for each 1≤ i ≤ n put

V∞,i = Z+(R)= Z(C)

via an isomorphism F ⊗F+ R∼= C. This is a nonempty open set.
We apply Theorem 2.1 to the quadruple(
Z+F+, {vi j }i, j ∪ {v(s)}s∈S ∪ {v∞,i }i , {F+vi j

} ∪ {Ms} ∪ {R}, {Vi j } ∪ {Vs} ∪ {V∞,i }
)

and find a totally real finite extension L+ of F+ and an L+-rational point z+ ∈
Z+(L+) satisfying the following properties:

(i) z+ is inert in Y → Z+.

(ii) L+ is Ms-split and z+ goes into Vs via any embedding L+ ↪→ Ms .

Let L be the CM field L+⊗F+ F and z ∈ Z(L) be the L-rational point corre-
sponding to z+ ∈ Z+(L+). Then the morphism z is equal to the composite

prZ ◦(z
+
⊗F+ F) : Spec L→ Z+⊗OF+

OF = Z ×OF c∗Z→ Z .

We can spread out z : Spec L→ Z to a morphism ϕ : C→ Z for some CM curve
C with fraction field L . We may assume that C contains all the points of Spec OL

above w(S)⊂ Spec OF . It follows from property (ii) and the definition of Vs that
ϕ has a section σ over S such that Im(Tσ(s)C→ Ts X)= ls for every s ∈ S.

It remains to prove that z = ϕ(Spec L) is inert in W → Z . Without loss of
generality, we may assume that WF is connected, and thus it suffices to show that
Spec L ×z,Z W = Spec L ×z,Z F WF is connected. Define the schemes P and Q
such that the squares in the following diagram are Cartesian:

P //

��

Q //

��

Spec L //

z+⊗F+ F
��

Spec L+

z+
��

WF ×F c∗WF // WF ×F c∗Z F //

��

Z F ×F c∗Z F //

prZ F

��

Z+F+

WF // Z F

Since WF ×F c∗WF = YF+ , we have P ∼= Spec L+ ×z+,Z+
F+

YF+ . As Q ∼=
Spec L ×z,Z F WF , we need to show that Q is connected.
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Note that WF ×F c∗Z F is connected; this follows from the fact that c∗Z F is
geometrically connected over F and WF is connected. Now take any connected
component T of YF+ = WF ×F c∗WF . Since WF ×F c∗WF → WF ×F c∗Z F is an
étale covering with connected base, T surjects onto WF ×F c∗Z F . At the same
time, the subscheme Spec L+×z+,Z+

F+
T ⊂ P is connected because z+ is inert in

Y → Z+. Since the connected scheme Spec L+ ×z+,Z+
F+

T surjects onto Q, the
latter is also connected. �

Remark 2.12. In Theorem 2.8, Corollary 2.10, and Theorem 2.11, we assume that
the scheme in question is smooth and separated. If S=∅, then we can replace these
two assumptions by regularity. In fact, if S =∅, we can replace the scheme by an
open subscheme, and thus reduce to the separated case. Moreover, the regularity
implies that the generic fiber of the scheme is smooth. So we can apply the theorem
of Moret-Bailly to our scheme. Note that the smoothness assumption was used only
when S 6=∅ and ls is not horizontal for some s ∈ S.

3. Proofs of Theorem 1.4 and its variants

In this section, we prove Theorem 1.4 and its variants following [Drinfeld 2012].
First we set up our notation. Fix a prime ` and a finite extension Eλ of Q`. Let O

be the ring of integers of Eλ and m its maximal ideal.
Fix a positive integer r . For a normal scheme X of finite type over Spec Z[`−1

],
LSEλ

r (X) denotes the set of equivalence classes of lisse Eλ-sheaves on X of rank r ,
and L̃SEλ

r (X) denotes the set of maps from the set of closed points of X to the set
of polynomials of the form 1+ c1t + · · · + cr tr with ci ∈ O and cr ∈ O×. Here
we say that two lisse Eλ-sheaves on X are equivalent if they have isomorphic
semisimplifications. Since the coefficient field Eλ is fixed throughout this section,
we simply write LSr (X) or L̃Sr (X).

For an element f ∈ L̃Sr (X), we denote by fx(t) or f (x)(t) the value of f at
x ∈ X ; this is a polynomial in t . By the Chebotarev density theorem, we can regard
LSr (X) as a subset of L̃Sr (X) by attaching to each equivalence class its Frobenius
characteristic polynomials. For another scheme Y and a morphism α : Y → X , we
have a canonical map α∗ : L̃Sr (X)→ L̃Sr (Y ) whose restriction to LSr (X) coincides
with the pullback map of sheaves LSr (X)→LSr (Y ). We also denote α∗( f ) by f |Y .

Let C be a separated smooth curve over a finite field and C the smooth com-
pactification of C . We define LStame

r (C) to be the subset of LSr (C) consisting of
equivalence classes of lisse Eλ-sheaves on C which are tamely ramified at each
point of C \ C . This condition does not depend on the choice of a lisse sheaf
in the equivalence class. Let ϕ be a morphism C → X and f ∈ L̃Sr (X). When
ϕ∗( f ) ∈ LSr (C) (resp. ϕ∗( f ) ∈ LStame

r (C)), we simply say that f arises from a
lisse sheaf (resp. a tame lisse sheaf) over the curve C .
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To show Theorem 2.5 of [Drinfeld 2012], which is a prototype of Theorem 1.4,
Drinfeld considers a subset LS′r (X) of L̃Sr (X) which contains LSr (X) and is
characterized by a group-theoretic property. He then proves the following three
statements for f ∈ L̃Sr (X), which imply Theorem 2.5 of [Drinfeld 2012].

• If the map f satisfies two conditions2 similar to those in Theorem 1.4, then
f |U ∈ LS′r (U ) for some dense open subscheme U ⊂ X .

• If U is regular, then LS′r (U ) = LSr (U ). In particular, the restriction f |U ∈
LS′r (U ) arises from a lisse sheaf.

• If f |U arises from a lisse sheaf, then so does f under the assumptions that X
is regular and that f |C arises from a lisse sheaf for every regular curve C .

Following Drinfeld, we will introduce the group-theoretic notion of “having
a kernel” and prove similar statements: Propositions 3.4, 3.10, and 3.11. Then
Theorem 1.4 and its variants will be deduced from them at the end of the section.

Definition 3.1. Let X be a scheme of finite type over Z[`−1
] and f ∈ L̃Sr (X). For

a nonzero ideal I ⊂ O, the map f is said to be trivial modulo I if it has the value
congruent to (1− t)r modulo I at every closed point of X .

When X is connected, the map f is said to have a kernel if there exists a closed
normal subgroup H ⊂ π1(X) satisfying the following conditions:

(i) π1(X)/H contains an open pro-` subgroup.

(ii) For every n ∈ N, there exists an open subgroup Hn ⊂ π1(X) containing H
such that the pullback of f to Xn is trivial modulo mn . Here Xn denotes the
covering of X corresponding to Hn .

When X is disconnected, the map f is said to have a kernel if the restriction of f
to each connected component of X has a kernel.

Remark 3.2. If f arises from a lisse sheaf on X , it has a kernel. To see this, we
may assume that X is connected. Then the kernel of the Eλ-representation of π1(X)
corresponding to the lisse sheaf satisfies the conditions.

Remark 3.3. The set LS′r (X) defined by Drinfeld [2012, Definition 2.11] consists
of the maps f which have a kernel and arise from a lisse sheaf over every regular
curve.

Proposition 3.4. Let K be a totally real field. Let X be an irreducible regular
OK [`

−1
]-scheme with enough totally real curves and f ∈ L̃Sr (X). Assume that

(i) f arises from a lisse sheaf over every totally real curve, and

2One needs a tameness assumption in the second condition (it is identical to condition (ii) of
Proposition 3.4).
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(ii) there exists a dominant étale morphism X ′→ X such that the pullback f |X ′
arises from a tame lisse sheaf over every separated smooth curve over a finite
field.

Then there exists a dense open subscheme U ⊂ X such that f |U has a kernel.

We will first show two lemmas and then prove Proposition 3.4 by induction on
the dimension of X . For this we use elementary fibrations, which we recall now.

Definition 3.5. A morphism of schemes π : X→ S is called an elementary fibration
if there exist an S-scheme π : X→ S and a factorization X→ X −→π S of π such
that

(i) the morphism X → X is an open immersion and X is fiberwise dense in
π : X→ S,

(ii) π is a smooth and projective morphism whose geometric fibers are nonempty
irreducible curves, and

(iii) the reduced closed subscheme X \ X is finite and étale over S.

The next lemma, which is due to Drinfeld and Wiesend, is a key to our induction
argument in the proof of Proposition 3.4.

Lemma 3.6. Let X be a scheme of finite type over Z[`−1
] and f ∈ L̃Sr (X). Suppose

that X admits an elementary fibration X → S with a section σ : S→ X. Assume
that

(i) f arises from a tame lisse sheaf over every fiber of X→ S, and

(ii) there exists a dense open subscheme V ⊂ S such that σ ∗( f )|V has a kernel.

Then there exists a dense open subscheme U ⊂ X such that f |U has a kernel.

Proof. This is shown in the latter part of the proof of Lemma 3.1 of [Drinfeld 2012].
For the reader’s convenience, we summarize the proof below.

We may assume that X is connected and normal, and that V = S. For every n ∈N,
consider the functor which attaches to an S-scheme S′ the set of isomorphism classes
of GLr (O/m

n)-torsors on X×S S′ tamely ramified along (X \ X)×S S′ relative to S′

with trivialization over the section S′ ↪→ X×S S′. Then this functor is representable
by an étale scheme Tn of finite type over S and the morphism Tn+1→ Tn is finite
for each n. By shrinking S, we may assume that the morphism Tn→ S is finite for
each n. We will prove that f has a kernel in this situation.

Since σ ∗( f ) has a kernel by assumption (ii), there exist connected étale coverings
Sn of S such that

• the pullback of σ ∗( f ) to Sn is trivial modulo mn , and
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• for some (or any) geometric point s̄ of S, the quotient of the group π1(S, s̄) by
the intersection of the kernels of its actions on the fibers (Sn)s̄ , where n runs
in N, contains an open pro-` subgroup.

Let Tn be the universal tame GLr (O/m
n)-torsor over X ×S Tn . Define the X-

scheme Yn to be the Weil restriction ResX×S Tn/X Tn and let Xn denote Yn ×S Sn .
We thus have a diagram whose squares are Cartesian

Xn //

��

X ×S Sn //

��

Sn

{{ ��

Yn // X // S

and regard Xn as an étale covering of X . Here the morphism Sn → X is the
composite of Sn→ S and the section σ : S→ X .

It suffices to prove the following two assertions:

(a) The pullback of f to Xn is trivial modulo mn .

(b) For some (or any) geometric point x̄ of X , the quotient of the group π1(X, x̄)
by the intersection of the kernels of its actions on the fibers (Xn)x̄ , where n
runs in N, contains an open pro-` subgroup.

In fact, if we take a Galois covering X ′n of X splitting the (possibly disconnected)
covering Xn , the corresponding subgroup Hn := π(X ′n, x̄) ⊂ π1(X, x̄) and the
intersection H :=

⋂
n Hn satisfy the conditions for the map f to have a kernel.

First we prove assertion (a). Take an arbitrary closed point x ∈ Xn . Let s ∈ S
denote the image of x and choose a geometric point s̄ above s ∈ S. By assumption (i),
the restriction f |Xs arises from a lisse Eλ-sheaf of rank r . Let F be a locally constant
constructible sheaf of free (O/mn)-modules of rank r obtaining from the above lisse
sheaf modulo mn .

Consider the X s̄-scheme (Yn)s̄ . The scheme (X ×S Tn)s̄ is the disjoint union
of copies of X s̄ , and (Tn)s̄ is a disjoint union of the GLr (O/m

n)-torsors, each of
which lies above a copy of X s̄ in (X ×S Tn)s̄ . Since the Weil restriction and the
base change commute, (Yn)s̄ is the fiber product of the tame GLr (O/m

n)-torsors
over X s̄ . Hence F|(Yn)s̄ is constant, and so is F|(Xn)s̄ .

Now let s ′ ∈ Sn be the image of x . By the choice of Sn , we have

(σ ∗( f ))|Sn (s
′)(t)≡ (1− t)r mod mn.

Since we have shown that F|(Xn)s̄ is constant, it follows that

f |Xn (x)(t)≡ (1− t)r mod mn.

Finally, we prove assertion (b). Let η be the generic point of S. Choose a
geometric point η̄ above η ∈ S and let x̄ denote the geometric point above σ(η)
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induced from η̄. Let H be the intersection of the kernels of actions of π1(X, x̄) on
the fibers (Xn)x̄ , where n runs in N. We need to show that π1(X, x̄)/H contains
an open pro-` subgroup.

Using the fact that the tame fundamental group π tame
1 (X η̄, x̄) is topologically

finitely generated, one can prove that the quotient of the group π1(X, x̄) by the
intersection HY of the kernels of its actions on the fibers (Yn)x̄ , n ∈ N contains
an open pro-` subgroup (see the last part of the proof of Lemma 3.1 in [Drinfeld
2012]).

Let H ′S be the intersection of the kernels of actions of π1(S, η̄) on the fibers
(Sn)η̄, where n runs in N, and let HS be the inverse image of H ′S with respect to the
homomorphism π1(X, x̄)→ π1(S, η̄). By the choice of Sn , the group π1(S, η̄)/H ′S
contains an open pro-` subgroup. Since we have a surjection

π1(X, x̄)/(HY ∩ HS)→ π1(X, x̄)/H

and an injection

π1(X, x̄)/(HY ∩ HS)→ π1(X, x̄)/HY ×π1(S, η̄)/H ′S,

the group π1(X, x̄)/H also contains an open pro-` subgroup. �

To use the above lemma, we show that there exists a chain of split fibrations
ending with a totally real curve.

Definition 3.7. A sequence of schemes Xn→ Xn−1→ · · ·→ X1 is called a chain
of split fibrations if the morphism X i+1 → X i is an elementary fibration which
admits a section X i → X i+1 for each i = 1, . . . , n− 1.

Lemma 3.8. Let K be a totally real field and X an n-dimensional irreducible
regular OK -scheme with enough totally real curves. Then there exist an étale X-
scheme Xn , a totally real curve X1 and a chain of split fibrations Xn→ · · ·→ X1.

Proof. We prove the lemma by induction on n = dim X . When dim X = 1, the
lemma holds by assumption. Thus we assume dim X ≥ 2.

By induction on dim X , it suffices to prove that after replacing K by a totally
real field extension and X by a nonempty étale X-scheme, there exist an irreducible
regular OK -scheme S with enough totally real curves and an elementary fibration
X→ S with a section S→ X .

It follows from Lemma 2.3(i) that there exists a totally real extension L of K
such that XK (L) 6=∅. Replacing K by L and X by a nonempty open subscheme
of X ⊗OK OL that is étale over X , we may further assume that the generic fiber
XK → Spec K has a section x : Spec K → XK . We also denote the image of x in
XK by x .

If dim X = 2, then XK is a smooth and geometrically connected curve over K.
Take the smooth compactification XK of XK over K. Then the structure morphism
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XK→Spec K has the factorization XK ⊂ XK→Spec K and thus it is an elementary
fibration with a section x . After shrinking X , we can spread it out into an elementary
fibration X→ S over an open subscheme S of Spec OK such that it admits a section
S→ X .

Now assume dim X ≥ 3. We apply Artin’s theorem on elementary fibration
[SGA 43 1973, Exposé XI, proposition 3.3] to the pair (XK , x), and by shrinking X if
necessary we get an elementary fibration π : XK→ SK over K with a geometrically
irreducible smooth K-scheme SK . Note that this theorem holds if the base field is
perfect and infinite.

Since XK is smooth over SK , there exist an open neighborhood VK of x in XK and
an étale morphism α : VK → A1

SK
such that π |VK : VK → SK admits a factorization

VK
α
−→ A1

SK
→ SK .

Take a section τ : SK → A1
SK

of the projection such that α(x) lies in τ(SK ).
Consider the connected component S′K of SK×τ,A1

SK
VK that contains the K-

rational point (π(x), x). This is étale over SK and satisfies S′K (K ) 6=∅. Moreover,
S′K is geometrically integral over K since it is a connected regular K-scheme
containing a K-rational point.

We replace SK by S′K and XK by XK×SK S′K . By this replacement, the elementary
fibration π : XK → SK admits a section and SK (K ) 6= ∅. After shrinking X , we
can spread it out into an elementary fibration X → S with a section S → X ,
where S is an irreducible regular scheme which is flat and of finite type over OK

with geometrically irreducible generic fiber and contains a K-rational point. The
existence of a K-rational point implies that S has enough totally real curves. �

Proof of Proposition 3.4. First note that if α∗( f )|U ′′ has a kernel for a nonempty étale
X-scheme α : X ′′→ X and a dense open subscheme U ′′⊂ X ′′, then so does f |α(U ′′).

Let n denote the dimension of X . Replacing X by the image of X ′→ X , we
may assume that X ′→ X is surjective.

Take a chain of split fibrations Xn → Xn−1 → · · · → X1 with a totally real
curve X1 as in Lemma 3.8. We regard X1 as an X-scheme via Xn → X and
the sections X i → X i+1. Put X ′1 = X ′ ×X X1. This is a nonempty scheme. For
i = 2, . . . , n we put X ′i = X i ×X1 X ′1 via the morphism X i → X i−1→ · · · → X1.
Then X ′n→ X ′n−1→ · · · → X ′1 is a chain of split fibrations.

Since f |X1 lies in LSr (X1) by assumption (i), we have f |X ′1=( fX1)|X ′1 ∈LSr (X ′1).
Then we get the result for (X ′2, f |X ′2) by Lemma 3.6. Repeating this argument
for the chain of split fibrations X ′n→ · · · → X ′2 we get the result for (X ′n, f |X ′n ).
Applying the remark at the beginning to the morphism X ′n→ X , we get the result
for (X, f ). �



200 Koji Shimizu

For the later use, we prove variants of Lemma 3.8. The proof given below is
similar to that of Lemma 3.8, but instead of Lemma 2.3 we will use Corollary 2.10
and Theorem 2.11.

Lemma 3.9. (i) (With notation as in Lemma 3.8). Suppose that we are given a
connected étale covering Y → X. Then there exist an étale X-scheme Xn , a
totally real curve X1, and a chain of split fibrations Xn→ · · · → X1 such that
X1×X Y is connected. Here X1→ X is the composite of sections X i+1→ X i

and Xn→ X.

(ii) Let F be a CM field and Z an n-dimensional irreducible regular OF -scheme
with geometrically irreducible generic fiber. Let Y → Z be a connected étale
covering. Then there exist an étale Z-scheme Zn , a CM curve Z1, and a chain
of split fibrations Zn → · · · → Z1 such that Z1 ×Z Y is connected. Here
Z1→ Z is the composite of sections Zi+1→ Zi and Zn→ Z.

Proof. First we prove (i) by induction on n = dim X . Since the claim is obvious
when dim X = 1, we assume dim X ≥ 2.

By induction on dim X , it suffices to prove that after replacing K by a totally
real field extension, X by a nonempty étale X-scheme, and the covering Y → X by
its pullback, there exist an irreducible regular OK -scheme S with enough totally real
curves and an elementary fibration X→ S with a section S→ X such that S×X Y
is connected. The construction of such an S will be the same as that of Lemma 3.8.

It follows from Corollary 2.10 and Remark 2.12 that there exist a totally real
extension L of K and an L-rational point x ∈ X(L) such that Spec L ×x,X Y is
connected. Note that Y ⊗OK OL is connected because

Y ⊗OK OL → X ⊗OK OL

is an étale covering with connected base and

Spec L ×x,(X⊗OK OL ) (Y ⊗OK OL)= Spec L ×x,X Y

is connected. Thus replacing K by L , X by a nonempty open subscheme of X⊗OK OL

that is étale over X , and Y by its pullback, we may further assume that the generic
fiber XK → Spec K has a section x : Spec K → XK such that Spec K ×x,X Y is
connected. We also denote the image of x in XK by x .

If dim X = 2, the morphism XK → Spec K is an elementary fibration with a
section x . After shrinking X , we can spread it out into an elementary fibration
X→ S over an open subscheme S of Spec OK such that it admits a section S→ X .
By construction, S×X Y is connected.

Now assume dim X ≥ 3. We apply Artin’s theorem on elementary fibration to
the pair (XK , x), and by shrinking X if necessary we get an elementary fibration
π : XK → SK over K with a geometrically irreducible smooth K-scheme SK.
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By smoothness, there exist an open neighborhood VK of x in XK and an étale
morphism α : VK → A1

SK
such that π |VK : VK → SK admits a factorization

VK
α
−→ A1

SK
→ SK.

Take a section τ : SK → A1
SK

of the projection such that α(x) lies in τ(SK ).
Consider the connected component S′K of SK×τ,A1

SK
VK that contains the K-

rational point (π(x), x). As was shown in Lemma 3.8, S′K is étale over SK and
geometrically integral over K , and S′K (K ) 6=∅.

The section τ defines the morphism S′K → XK ×SK S′K → XK . The composite
of this morphism and (π(x), x) : Spec K → S′K coincides with x : Spec K → XK.
Since S′K ×X Y → S′K is an étale covering with connected base and

Spec K ×(π(x),x),S′K (S
′

K ×X Y )= Spec K ×x,X Y

is connected, it follows that S′K ×X Y is connected.
We replace SK by S′K , XK by XK ×SK S′K and YK by YK ×SK S′K . By this

replacement, the elementary fibration π : XK → SK admits a section such that
SK (K ) 6= ∅ and SK ×XK YK is connected. As is discussed in the last paragraph
of the proof of Lemma 3.8, after shrinking X , we can spread out XK → SK and
YK → SK into an elementary fibration X→ S with a section S→ X and a covering
Y → X , where S is an irreducible regular OK -scheme with enough totally real
curves. Since S×X Y is connected by construction, this S works.

For part (ii), it is easy to verify that the same argument works if we apply
Theorem 2.11 instead of Corollary 2.10. �

Next we show that if f has a kernel and arises from a lisse sheaf over every
totally real curve then it actually arises from a lisse sheaf.

Proposition 3.10. Let K be a totally real field and X an irreducible smooth sepa-
rated OK [`

−1
]-scheme with enough totally real curves. Suppose that f ∈ L̃Sr (X)

satisfies the following conditions:

(i) f arises from a lisse sheaf over every totally real curve.

(ii) f has a kernel.

Then f ∈ LSr (X).

Proof. We follow Section 4 of [Drinfeld 2012]. Since f has a kernel, we take a
closed subgroup H of π1(X) as in the definition of having a kernel. In particular,
π1(X)/H contains an open pro-` subgroup.

By Corollary 2.10, there exists a totally real curve C with a morphism ϕ : C→ X
such that ϕ∗ : π1(C)→π1(X)/H is surjective. By assumption (i), for any such pair



202 Koji Shimizu

(C, ϕ), the pullback ϕ∗( f ) arises from a semisimple representation ρC : π1(C)→
GLr (Eλ). Define

HC := Ker
(
ϕ∗ : π1(C)→ π1(X)/H

)
.

Then condition (ii) in the definition of having a kernel (Definition 3.1), together
with the Chebotarev density theorem, shows that Ker ρC contains HC . See [Drinfeld
2012, Lemma 4.1] for details. Thus we regard ρC as a representation

ρC : π1(X)→ π1(X)/H → GLr (Eλ)

of π1(X). Note that ρC |π1(C) gives the original representation of π1(C).
We will show that the lisse sheaf on X corresponding to this representation

gives f . For this, we need to show that

det
(
1− tρC(Frobx)

)
= fx(t)

for all closed points x ∈ X . We know that this equality holds for each closed point
x ∈ ϕ(C) such that ϕ−1(x) contains a point whose residue field is equal to k(x).

Take any closed point x ∈ X . We will first construct a curve C ′ passing through x
and some finitely many points on C specified below. We will then construct a lisse
sheaf on C ′ whose Frobenius polynomial at x is fx(t), and prove that the lisse sheaf
on C ′ extends over X and the corresponding representation of π1(X) coincides
with ρC .

We use a lemma by Faltings; define T0 to be the set of closed points of C which
have the same image in Spec OK as that of x . By the theorem of Hermite, the
Chebotarev density theorem, and the Brauer–Nesbitt theorem, there exists a finite
set T ⊂ |C | \ T0 satisfying the following properties:

(i) T → Spec OK is injective.

(ii) For any semisimple representations ρ1, ρ2 : π1(C)→ GLr (Eλ), the equality
tr ρ1(Froby)= tr ρ2(Froby) for all y ∈ T implies ρ1 ∼= ρ2.

See [Faltings 1983, Satz 5] or [Deligne 1985, théorème 3.1] for details.
By Corollary 2.10 applied to S = ϕ(T )∪ {x}, there exists a totally real curve

C ′ with a morphism ϕ′ : C ′ → X such that the map ϕ′
∗
: π1(C ′) → π1(X)/H

is surjective and for each y ∈ ϕ(T ) ∪ {x} there exists a point in ϕ′−1(y) whose
residue field is equal to k(y). As discussed before, this pair (C ′, ϕ′) also defines a
semisimple representation

ρC ′ : π1(X)→ π1(X)/H → GLr (Eλ)

such that det(1− tρC ′(Froby)) = fy(t) for each y ∈ ϕ(T ) ∪ {x}. Note that the
surjectivity of ϕ∗ implies that ρC ′ |π1(C) is semisimple.
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It follows from property (ii) of T that ρC |π1(C) and ρC ′ |π1(C) are isomorphic as
representations of π1(C). Since the map ϕ∗ : π1(C)→ π1(X)/H is surjective, we
have ρC

∼= ρC ′ as representations of π1(X)/H and thus they are also isomorphic as
representations of π1(X). In particular, we have

det
(
1− tρC(Frobx)

)
= det

(
1− tρC ′(Frobx)

)
= fx(t).

Hence f comes from the lisse sheaf on X corresponding to ρC . �

We now prove the last proposition of our three key ingredients for Theorem 1.4.
This concerns extendability of a lisse sheaf on a dense open subset to the whole
scheme. In the proof we use the Zariski–Nagata purity theorem; thus the regularity
assumption for X is crucial. We further need to assume that X is smooth as we use
Corollary 2.10 to find a totally real curve passing through a given point in a given
tangent direction.

Proposition 3.11. Let K be a totally real field and X an irreducible smooth sepa-
rated OK [`

−1
]-scheme with enough totally real curves. Suppose that f ∈ L̃Sr (X)

satisfies the following conditions:

(i) f arises from a lisse sheaf over every totally real curve.

(ii) There exists a dense open subscheme U ⊂ X such that f |U ∈ LSr (U ).

Then f ∈ LSr (X).

Proof. We follow Section 5.2 of [Drinfeld 2012]. Let EU be the semisimple lisse
Eλ-sheaf on U corresponding to f |U . First we show that EU extends to a lisse
Eλ-sheaf on X .

Suppose the contrary. Since X is regular, the Zariski–Nagata purity theorem
implies that there exists an irreducible divisor D of X contained in X \U such
that EU is ramified along D. Then by a specialization argument [Drinfeld 2012,
Corollary 5.2], we can find a closed point x ∈ X \U and a one-dimensional subspace
l ⊂ Tx X satisfying the following property:

(∗) Consider a triple (C, c, ϕ) consisting of a regular curve C , a closed point
c ∈ C , and a morphism ϕ : C → X such that ϕ(c) = x , ϕ−1(U ) 6= ∅, and
Im
(
TcC→ Tx X ⊗k(x) k(c)

)
= l ⊗k(x) k(c). For any such triple, the pullback

of EU to ϕ−1(U ) is ramified at c.

Let H be the kernel of the representation ρU : π1(U )→GLr (Eλ) corresponding
to EU . The group π1(U )/H ∼= Im ρU contains an open pro-` subgroup because
Im ρU is a compact open subgroup of GLr (Eλ). Therefore by Corollary 2.10 we
can find a totally real curve C , a closed point c ∈ C , and a morphism ϕ : C→ X
such that

• ϕ(c)= x and k(c)∼= k(x),
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• ϕ−1(U ) 6=∅ and ϕ∗ : π1(ϕ
−1(U ))→ π1(U )/H is surjective, and

• Im(TcC→ Tx X)= l.

Since ϕ∗ : π1(ϕ
−1(U ))→ π1(U )/H is surjective, the pullback of EU to ϕ−1(U )

is semisimple. Thus this lisse Eλ-sheaf has no ramification at c by assumption (i),
which contradicts property (∗). Hence EU extends to a lisse Eλ-sheaf E on X .

Let f ′ be the element of LSr (X) corresponding to E. We know f |U = f ′|U .
Take any closed point x ∈ X . It suffices to show that f (x)= f ′(x). We can find a
totally real curve C ′, a closed point c′ ∈ C ′, and a morphism ϕ′ : C ′→ X such that
ϕ′(c′)= x , k(c′)= k(x), and ϕ′−1(U ) 6=∅. Then

ϕ′∗( f )|ϕ′−1(U ) = ( f |U )|ϕ′−1(U ) = ( f ′|U )|ϕ′−1(U ) = ϕ
′∗( f ′)|ϕ′−1(U ).

Since ϕ′−1(U ) 6=∅, the homomorphism π1(ϕ
′−1(U ))→ π1(C ′) is surjective and

thus ϕ′∗( f )= ϕ′∗( f ′). In particular, f (x)= ϕ′∗( f )(c′)= ϕ′∗( f ′)(c′)= f ′(x). �

Proof of Theorem 1.4. First note that a polynomial-valued map f of degree r in the
theorem lies in L̃Sr (X). One direction of the equivalence is obvious, and thus it
suffices to prove that if f satisfies conditions (i) and (ii), then f lies in LSr (X).

First assume that X is separated. Let kλ be the residue field of Eλ and N be the
cardinality of GLr (kλ). Put X ′ := X⊗Z Z[N−1

]. Then X ′→ X is a dominant étale
morphism and satisfies the following property:

The pullback f |X ′ arises from a tame lisse sheaf over every separated
smooth curve over a finite field.

Thus by Proposition 3.4, there exists an open dense subscheme U of X such that
f |U has a kernel. Therefore f |U lies in LSr (U ) by Proposition 3.10 and we have
f ∈ LSr (X) by Proposition 3.11.

In the general case, we consider a covering X =
⋃

i Ui by open separated
subschemes. Then we can apply the above discussion to each f |Ui and obtain a
lisse Eλ-sheaf Ei on Ui that represents f |Ui . Since Ui is normal, we can replace Ei

by its semisimplification and assume that each Ei is semisimple.
Put U =

⋂
i Ui . This is nonempty, and the restrictions Ei |U are isomorphic to

each other. Thus {Ei }i glues to a lisse Eλ-sheaf on X and this sheaf represents f . �

We end this section with variants of Theorem 1.4. Condition (i) in Theorem 3.12
or Remark 3.13 is weaker than that of Theorem 1.4 since they concern only totally
real curves with additional properties. This weaker condition is essential to use the
result of [Barnet-Lamb et al. 2014] in the proof of our main theorems in the next
section. Theorem 3.14 is a variant in the CM case.

Theorem 3.12. Let K be a totally real field. Let X be an irreducible smooth
OK [`

−1
]-scheme with enough totally real curves. An element f ∈ L̃Sr (X) belongs

to LSr (X) if and only if it satisfies the following conditions:
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(i) There exists a connected étale covering Y → X such that f arises from a
lisse sheaf over every totally real curve C with the property that C ×X Y is
connected.

(ii) The restriction of f to each separated smooth curve over a finite field arises
from a lisse sheaf.

Proof. Recall that Theorem 1.4 is deduced from Propositions 3.4, 3.10, and 3.11 and
that these propositions have the same condition (i) that f arises from a lisse sheaf
over every totally real curve. Consider the variant statements of Propositions 3.4,
3.10, and 3.11 where we replace condition (i) by

(i′) f arises from a lisse sheaf over every totally real curve C such that C ×X Y is
connected.

It suffices to prove that these variants also hold; then the theorem is deduced from
them in the same way as Theorem 1.4.

The variant of Proposition 3.4 is proved in the same way as Proposition 3.4 if
one uses Lemma 3.9(i) instead of Lemma 3.8. For the variants of Propositions 3.10
and 3.11, the same proof works; observe that whenever one uses Corollary 2.10 in
the proof to find a totally real curve C , one can impose the additional condition that
C×X Y is connected by adding the covering Y → X to the input of Corollary 2.10.

�

Remark 3.13. We need another variant of Theorem 1.4 to prove Theorem 1.3:
With the notation as in Theorem 3.12, suppose further that

• K is unramified at `, and

• X extends to an irreducible smooth OK -scheme X ′ with nonempty fiber over
each place of K above `.

Then condition (i) in Theorem 3.12 can be replaced by

(i′) There exists a connected étale covering Y → X such that f arises from a lisse
sheaf over every totally real curve C with the properties that

• C ×X Y is connected and that
• the fraction field of C is unramified at `.

This statement is proved in the same way as Theorem 3.12; it suffices to prove
variants of Propositions 3.4, 3.10, and 3.11 where condition (i) in these propositions
is replaced by the following condition:

The map f arises from a lisse sheaf over every totally real curve C such that
C ×X Y is connected and the fraction field of C is unramified at `.
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For the proof of the variant of Proposition 3.4, we also need to consider the
variant of Lemma 3.9(i) where we further require that the fraction field of X1 is
unramified at `.

We now explain how to prove the variants of Lemma 3.9(i) and Propositions 3.4,
3.10, and 3.11. By the additional condition on X , for each place v of K above `,
there exist a finite unramified extension L of Kv and a morphism Spec OL → X ′.
We denote the image of the closed point of Spec OL by sv. Since L is unramified
over Kv , we can find a horizontal one-dimensional subspace lv of Tsv X ′ with respect
to X ′→ Spec OK .

If we add {sv}v|` and lv to the input when we use Corollary 2.10, the fraction
field of the resulting totally real curve is unramified over K at each v, hence
unramified at `. Thus we can prove the variant of Lemma 3.9(i) in the same way
as Lemma 3.9(i), and the arguments given in Theorem 3.12 work for the current
variants of Propositions 3.4, 3.10, and 3.11. Hence the statement of this remark
follows.

Theorem 3.14. Let F be a CM field. Let Z be an irreducible smooth OF [`
−1
]-

scheme with geometrically irreducible generic fiber. An element f ∈ L̃Sr (Z)
belongs to LSr (Z) if and only if it satisfies the following conditions:

(i) There exists a connected étale covering Y → Z such that f arises from a lisse
sheaf over every CM curve C with the property that C ×Z Y is connected.

(ii) The restriction of f to each separated smooth curve over a finite field arises
from a lisse sheaf.

Proof. We can prove variants of Propositions 3.4, 3.10, and 3.11 for the CM case
using Theorem 2.11 and Lemma 3.9(ii). Then the theorem is deduced from them in
the same way as Theorems 1.4 and 3.12. �

4. Proofs of the main theorems

In this section, we prove theorems on the existence of the compatible system of a
lisse sheaf. Theorem 4.1 concerns the totally real case and Theorem 4.2 concerns the
CM case. Theorem 1.3 in the introduction is proved after Theorem 4.1. Following
the discussion in [Drinfeld 2012, Section 2.3], we deduce these main theorems from
Theorems 3.12, 3.14, and theorems in [Lafforgue 2002; Barnet-Lamb et al. 2014].

As we mentioned in the introduction, some of the assumptions in the main
theorems come from the potential diagonalizability condition, which is introduced
in [Barnet-Lamb et al. 2014, Section 1.4]. We first review this notion; see [loc. cit.]
for details.

Let L be a finite extension of Q`. Let Eλ be a finite extension of Q`. We say that
an Eλ-representation ρ of Gal(L/L) is potentially diagonalizable if it is potentially
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crystalline and there is a finite extension L ′ of L such that ρ|Gal(L/L ′) lies on the
same irreducible component of the universal crystalline lifting ring of the residual
representation ρ̄|Gal(L/L ′) with fixed Hodge–Tate numbers as a sum of characters
lifting ρ̄|Gal(L/L ′).

There are two important examples of this notion (see [Barnet-Lamb et al. 2014,
Lemma 1.4.3]): Ordinary representations are potentially diagonalizable. When L is
unramified over Q`, a crystalline representation is potentially diagonalizable if for
each τ : L ↪→ Eλ the τ -Hodge–Tate numbers lie in the range [aτ , aτ + `− 2] for
some integer aτ .

We first prove our main theorem for the totally real case.

Theorem 4.1. Let ` be a rational prime. Let K be a totally real field and X an
irreducible smooth OK [`

−1
]-scheme with enough totally real curves. Let E be a

finite extension of Q and λ a prime of E above `. Let E be a lisse Eλ-sheaf on
X and ρ the corresponding representation of π1(X). Suppose that E satisfies the
following assumptions:

(i) The polynomial det(1−Frobx t,Ex̄) has coefficients in E for every x ∈ |X |.

(ii) For every totally real field L and every morphism α : Spec L → X , the Eλ-
representation α∗ρ of Gal(L/L) is potentially diagonalizable at each prime v
of L above ` and for each τ : L ↪→ Eλ it has distinct τ -Hodge–Tate numbers.

(iii) ρ can be equipped with a symplectic (resp. orthogonal) structure with multi-
plier µ : π1(X)→ E×λ such that µ|π1(XK ) admits a factorization

µ|π1(XK ) : π1(XK )→ Gal(K/K )
µK
−→ E×λ

with a totally odd (resp. totally even) character µK .

(iv) The residual representation ρ̄|π1(X [ζ`]) is absolutely irreducible.

(v) `≥ 2(rank E+ 1).

Then for each rational prime `′ and each prime λ′ of E above `′ there exists a lisse
Eλ′-sheaf on X [`′−1

] which is compatible with E|X [`′−1].

Proof. Replacing X by X [`′−1
], we may assume that `′ is invertible in OX . Let r be

the rank of E. Take an arbitrary extension M of Eλ′ of degree r !. By assumption (i),
we regard the map f : x 7→ det(1− Frobx t,Ex̄) as an element of L̃SM

r (X) via the
embedding E ↪→ Eλ′ ↪→ M .

We will apply Theorem 3.12 to f ∈ L̃SM
r (X). Here we use the prime `′ and the

field M (we used ` and Eλ in Section 3).
First we show that the map f satisfies condition (i) in Theorem 3.12. Let Y be

the connected étale covering Y → X [ζ`] that corresponds to Ker ρ̄|π1(X [ζ`]). We
regard Y as a connected étale covering over X via Y → X [ζ`]→ X . We will prove
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that this Y → X satisfies condition (i). Take any totally real curve ϕ : C→ X such
that C ×X Y is connected.

To show that ϕ∗( f ) arises from a lisse M-sheaf on C , it suffices to prove that
there exists a lisse Eλ′-sheaf on C which is compatible with ϕ∗E; this follows
from [Drinfeld 2012, Lemma 2.7]. Namely, let ρ ′C : π1(C)→ GLr (Eλ′) denote the
semisimplification of the corresponding Eλ′-representation. Since

det
(
1− tρ ′C(Frobx)

)
= fx(t) ∈ Eλ′[t]

for every closed point x ∈ C , the character of ρ ′C is defined over Eλ′ by the
Chebotarev density theorem. It follows from [M : Eλ′] = r ! that the Brauer
obstruction of ρ ′C in the Brauer group Br(Eλ′) vanishes in Br(M) and ρ ′C can
be defined over M . This means ϕ∗( f ) ∈ LSM

r (C).
We will construct a lisse Eλ′-sheaf on C which is compatible with ϕ∗E. For this

we will apply Theorem C from [Barnet-Lamb et al. 2014] to the Eλ-representation
ϕ∗Lρ of Gal(L/L), where L denotes the fraction field of C and ϕL : Spec L→ X
denotes ϕ|Spec L .

We need to see that the Galois representation ϕ∗Lρ satisfies the assumptions in
Theorem C. By assumptions (ii) and (v) it remains to check that

(a) ϕ∗Lρ can be equipped with a symplectic (resp. orthogonal) structure with totally
odd (resp. totally even) multiplier, and

(b) the residual representation (ϕ∗L ρ̄)|Gal(L/L(ζ`)) is absolutely irreducible.

Assumption (a) follows from assumption (iii). To see (b), recall that C ×X Y is
connected. Hence C×X X [ζ`] is connected with fraction field L(ζ`), and C×X Y→
C ×X X [ζ`] is a connected étale covering. It follows from the definition of Y
that Im(ϕ∗L ρ̄)|Gal(L/L(ζ`)) coincides with Im ρ̄|π1(X [ζ`]), and thus (ϕ∗L ρ̄)|Gal(L/L(ζ`))
is absolutely irreducible by assumption (iv).

Hence by [Barnet-Lamb et al. 2014, Theorem C] we obtain an Eλ′-representation
of Gal(L/L). The proof of the theorem, which uses potential automorphy and
Brauer’s theorem, shows that this representation is unramified at each closed point
of C , and thus it gives rise to a lisse Eλ′-sheaf on C which is compatible with ϕ∗E.
Hence f satisfies condition (i) in Theorem 3.12.

Next we show that f satisfies condition (ii) in Theorem 3.12. Let C be a separated
smooth curve over Fp for some prime p and denote the structure morphism C→
Spec Fp by α. Let ϕ : C→ X be a morphism. Note that p is different from ` and `′.

We write the semisimplification of ϕ∗E as
⊕

i E⊕ri
i , where Ei are distinct irre-

ducible lisse Eλ-sheaves on C . Then there exist an irreducible lisse Eλ-sheaf Fi

on C and a lisse Eλ-sheaf Gi of rank 1 on Spec Fp such that Fi has determinant of
finite order and Ei ∼= Fi ⊗α

∗Gi (see [Deligne 1980, Section I.3] or [Deligne 2012,
Section 0.4], for example).
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By théorèm VII.6 of [Lafforgue 2002], for each closed point x ∈ C , the roots of
det(1−Frobx t,Fi,x̄) are algebraic numbers that are λ′-adic units. Moreover, there
exists an irreducible lisse Eλ′-sheaf F′i on C which is compatible with Fi .

We will show that there exists a lisse Eλ′-sheaf G′i on Spec Fp which is com-
patible with Gi . Note that the lisse Eλ-sheaf Gi is determined by the value of the
corresponding character of Gal(Fp/Fp) at the geometric Frobenius. Denote this
value by βi ∈ E×λ . It suffices to prove that βi is an algebraic number that is a
λ′-adic unit. Since the roots of det(1−Frobx t,Ex̄) and det(1−Frobx t,Fi,x̄) are
all algebraic numbers, so is βi .

We prove that βi is a λ′-adic unit. To see this, take a closed point x of C . Then
by Corollary 2.10 we can find a totally real curve C ′ and a morphism ϕ′ : C ′→ X
such that ϕ(x)∈ ϕ′(C ′) and C ′×X Y is connected. As discussed before, Theorem C
of [Barnet-Lamb et al. 2014] implies that there exists a lisse Eλ′-sheaf on C ′ whose
Frobenius characteristic polynomial map is ϕ′∗( f ). Thus for each closed point y∈C ′

the roots of ϕ′∗( f )(y) are algebraic numbers that are λ′-adic units. Considering a
point y ∈ϕ′−1(ϕ(x)), we conclude that some power of βi is a λ′-adic unit and thus so
is βi . Hence there exists a lisse Eλ′-sheaf G′i on Spec Fp which is compatible with Gi .

The Frobenius characteristic polynomial map associated with the semisimple
lisse Eλ′-sheaf

⊕
i (F
′

i ⊗α
∗G′i )

⊕ri is ϕ∗( f ). As discussed before, this sheaf can be
defined over M . Thus f satisfies condition (ii) in Theorem 3.12.

Therefore by Theorem 3.12 there exists a lisse M-sheaf on X which is compatible
with E. �

Proof of Theorem 1.3. All the discussions in the proof of Theorem 4.1 also work in
this setting by using Remark 3.13 instead of Theorem 3.12. �

We also have a theorem for the CM case.

Theorem 4.2. Let ` be a rational prime, E a finite extension of Q, and λ a prime of
E above `. Let F be a CM field with ζ` 6∈ F and Z an irreducible smooth OF [`

−1
]-

scheme with geometrically irreducible generic fiber. Let E be a lisse Eλ-sheaf on
X and ρ the corresponding representation of π1(Z). Suppose that E satisfies the
following assumptions:

(i) The polynomial det(1−Frobx t,Ex̄) has coefficients in E for every x ∈ |X |.

(ii) For any CM field L with ζ` 6∈ L and any morphism α : Spec L → Z , the
Eλ-representation α∗ρ of Gal(L/L) satisfies the following two conditions:

(a) α∗ρ is potentially diagonalizable at each prime v of L above ` and for
each τ : L ↪→ Eλ it has distinct τ -Hodge–Tate numbers.

(b) α∗ρ is totally odd and polarizable (in the sense of [Barnet-Lamb et al.
2014, Section 2.1]).

(iii) The residual representation ρ̄|π1(Z [ζ`]) is absolutely irreducible.
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(iv) `≥ 2(rank E+ 1).

Then for each rational prime `′ and each prime λ′ of E above `′ there exists a lisse
Eλ′-sheaf on Z [`′−1

] which is compatible with E|Z [`′−1].

Proof. In the same way as Theorem 4.1, the theorem is deduced from Theorem 3.14,
Theorem 5.5.1 of [Barnet-Lamb et al. 2014], théorèm VII.6 of [Lafforgue 2002],
and the following remark: If Y → Z [ζ`] denotes the connected étale covering
defined by Ker ρ̄π1(Z [ζ`]) and C is a CM curve with a morphism to Z such that
C ×Z Y is connected, then C ×Z Z [ζ`] = C ⊗OF OF (ζ`) is connected. In particular,
the fraction field of C does not contain ζ`. �
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Logarithmic good reduction,
monodromy and the rational volume

Arne Smeets

Let R be a strictly local ring complete for a discrete valuation, with fraction field
K and residue field of characteristic p > 0. Let X be a smooth, proper variety
over K . Nicaise conjectured that the rational volume of X is equal to the trace
of the tame monodromy operator on `-adic cohomology if X is cohomologically
tame. He proved this equality if X is a curve. We study his conjecture from the
point of view of logarithmic geometry, and prove it for a class of varieties in any
dimension: those having logarithmic good reduction.

1. Introduction 213
2. Preliminaries on logarithmic geometry 216
3. Nearby cycles and the monodromy zeta function 219
4. Log blow-ups and the rational volume 226
5. Proof of the main theorem 230
Acknowledgements 232
References 232

1. Introduction

Let R be a strictly local ring complete for a discrete valuation, with fraction field K .
Assume that the residue field k of R is algebraically closed, of characteristic p > 0.
Fix a prime number ` 6= p. Let K s be a separable closure of K , and let K t be the
tame closure of K inside K s. Let P = Gal(K s/K t) be the wild inertia group.

Let ϕ be a topological generator of the tame inertia group I t
= Gal(K t/K ),

which is procyclic; we refer to ϕ as the tame monodromy operator.
Let X be a proper, smooth K -variety. One cannot simply “count” the number

of rational points on X , but one can use other measures for the number of rational
points on X . One such measure, the rational volume, can be constructed using a
so-called weak Néron model of X , of which we recall the definition.
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Definition 1.1. A weak Néron model for X is a smooth, separated R-scheme of
finite type X , endowed with an isomorphism X ×R K ∼= X , such that the natural
map X (R)→ X (K )= X (K ) is a bijection.

Such a model always exists: one can simply take the smooth locus of a Néron
smoothening of any proper R-model of X ; see [Bosch et al. 1990, Theorem 3.1.3].

Definition 1.2. The rational volume s(X) of X is the `-adic Euler characteristic of
the special fibre of a weak Néron model for X .

That the integer s(X) does not depend on the choice of a weak Néron model
is a deep result; the only known proof for this fact uses the theory of motivic
integration. For more details, we refer to the foundational paper of Loeser and
Sebag [2003], and subsequent work by Nicaise and Sebag [2007], Nicaise [2011]
and Esnault and Nicaise [2011, §3] on the motivic Serre invariant. This is the class
in K R

0 (Vark)/(L− 1) of the special fibre of a weak Néron model; here K R
0 (Vark)

denotes a “modified” Grothendieck ring of varieties over k (see [Esnault and
Nicaise 2011, §2] for the precise definition), and L is the class of A1

k in this
ring. The motivic Serre invariant is already independent of the choice of such a
model (see, e.g., [Esnault and Nicaise 2011, Theorem 3.6]), and hence so is its
realization s(X).

One has s(X)= 0 if X (K )=∅, since then X (viewed as an R-scheme) is a weak
Néron model for itself. Nicaise [2011, §6] asked whether the rational volume has a
cohomological interpretation similar to the Grothendieck–Lefschetz formula: if the
variety X is cohomologically tame, i.e., if the wild inertia subgroup P acts trivially
on the étale cohomology groups H i (X ×K K s,Q`), and if moreover X (K t) 6=∅,
do we have the equality

s(X)=
∑
i≥0

(−1)i Tr(ϕ | H i (X ×K K t,Q`)) ? (1)

The left-hand side of this formula is defined from the special fibre of an integral
model of X , whereas the right-hand side (which is a priori an element of Q`)
involves only the generic fibre. In a groundbreaking paper, Nicaise and Sebag
[2007] proved a formula of this type for nonarchimedean analytic spaces; their
formula is an arithmetic analogue of the one obtained by Denef and Loeser [2002].

Subsequently, Nicaise proved the equality (1) in equal characteristic zero [Nicaise
2011, §6]. However, the situation becomes much more subtle if the residual
characteristic is positive: Nicaise [2011, §7] proved the equality (1) if X is a curve,
and Halle and Nicaise [2016, Chapter 8] handled the case of a semiabelian variety.

In this paper, we study the conjectural formula (1) in the framework of logarithmic
geometry in order to prove it for a large class of varieties in any dimension, those
with log good reduction. Our main result can be stated as follows.



Logarithmic good reduction, monodromy and the rational volume 215

Theorem 1.3. Let X be a proper, smooth K-variety. Assume that there exists a flat,
proper R-model X of X such that X † is log smooth over R†. Then (1) holds, i.e.,

s(X)=
∑
i≥0

(−1)i Tr(ϕ | H i (X ×K K t,Q`)).

Here the log scheme X † stands for the model X equipped with the natural log
structure, i.e., the divisorial log structure induced by the special fibre Xs , and R†

is the “log ring” given by the inclusion R \ {0} ↪→ R. We want to stress that the
underlying scheme X may very well be singular, even if X † is log smooth.

By work of Nakayama [1998, Corollary 0.1.1], varieties with log good reduction
are automatically cohomologically tame, i.e., they satisfy the major hypothesis
in Nicaise’s conjecture. Nicaise also assumed the existence of a K t -point in the
statement of his conjecture, but we will not need this assumption: our method works
for all varieties with log good reduction, with or without a K t -point. Nevertheless,
it would be interesting to know whether the log good reduction hypothesis implies
the existence of a K t -point in general, and as far as we know, this question is open.

Conversely, it is known in some cases that the cohomological tameness as-
sumption implies the existence of a proper, log smooth model. Indeed, if X is a
cohomologically tame curve of genus at least 2, then X has log good reduction, by
work of T. Saito [1987; 2004] and Stix [2005, Theorem 1.2]. Hence we recover
Nicaise’s [2011, §7] results for curves. Moreover, in their recent preprint, A.
Bellardini and the author [2015] managed to prove the existence of a proper log
smooth model for any cohomologically tame abelian variety. Hence our Theorem 1.3
also implies the result of Halle and Nicaise [2016, Chapter 8] on the validity of the
trace formula (1) for abelian varieties.

Our proof is very much inspired by the strategy used by Nicaise and Sebag [2007]
and Nicaise [2011]; however, the technicalities become much more complicated,
and a new idea will be needed to finish the proof. Let X be a model of X over
R such that the log scheme X † is log regular in the sense of Kato [1994]. One
can associate with X † its fan F(X ), which is a finite monoidal space. There
exists a morphism of monoidal spaces π : (X ,M]

X )→ F(X ) which we call the
characteristic morphism; here MX is the sheaf of monoids defining the log structure
on X †, and M]

X =MX/O×X . With each x ∈ F(X ), one then associates the locally
closed subset π−1(x) = U (x) of X . These sets give the so-called logarithmic
stratification (U (x))x∈F(X ) of X .

Inspired by the computations on strict normal crossings models in [Nicaise and
Sebag 2007; Nicaise 2013], we give explicit formulae for both the trace of the tame
monodromy operator and the rational volume in terms of the logarithmic stratifica-
tion. The trace of the monodromy operator can be computed using the logarithmic
description of the sheaves of tame nearby cycles, first given by Nakayama [1998]



216 Arne Smeets

in the log smooth case and later generalized by Vidal [2004]. We obtain∑
i≥0

(−1)i Tr(ϕd
| H i (X ×K K t,Q`))=

∑
x∈F(X )(1)

s(x)′|d

s(x)′χ(U (x)), (2)

where F(X)(1) denotes the set of height 1 points in the fan F(X ), s(x) ∈ N is
an integer which can be read off from the log structure and s(x)′ denotes the
biggest prime-to-p divisor of s(x). The rational volume can be computed using the
formalism of log blow-ups developed by Kato [1994, §10] (see also Nizioł’s work
[2006]). This gives

s(X)=
∑

x∈F(X )(1)
s(x)=1

χ(U (x)). (3)

Using the equalities (2) and (3), one finds∑
i≥0

(−1)i Tr(ϕ | H i (X ×K K t,Q`))− s(X) =
∑

x∈F(X )(1)
s(x)=pr, r≥1

χ(U (x)). (4)

The result then follows from the fact that each term χ(U (x)) in the right-hand
side of the equality (4) vanishes. In fact, we prove the more general result that
whenever x ∈ F(X )(1) is a point for which p divides s(x), then χ(U (x))=0. This is
perhaps the principal novelty of this paper. It is only at this point that the logarithmic
smoothness assumption needs to be invoked; the previous steps only require the
(significantly weaker) assumption that there exists a log regular model. The key
observation involves the sheaves of logarithmic 1-forms on the relevant strata.

The paper is organized as follows. For the convenience of the reader, we recall a
few important notions from logarithmic geometry in Section 2. In Section 3, we
prove some technical results on sheaves of tame nearby cycles in the logarithmic
setting; we use these to compute the tame monodromy zeta function and to prove the
equality (2). In Section 4, we use resolution of toric singularities à la Kato–Nizioł
to prove the formula (3). In Section 5, we obtain the crucial new ingredient needed
to finish the proof.

2. Preliminaries on logarithmic geometry

For basic definitions and properties of monoids and logarithmic schemes, we refer
to Kato’s foundational text [1989] and to the detailed treatments given by Ogus
[2016] and Gabber and Ramero [2013, Chapter 9]. In this section, we briefly recall
a few notions which play an important role in this paper.

Notation. We denote a log scheme by (X,MX ), where X is the underlying scheme
and MX is the sheaf of monoids defining the log structure on X , endowed with a
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morphism of sheaves αX :MX→OX . One can define log structures both on Zariski
sites and étale sites; to keep things simple, we work with Zariski log structures
throughout, since these are sufficient for our purposes.

Given a monoid P , we write P] for the associated sharp monoid P/P×, Pgp for
the group envelope of P and Psat for the saturation of P in Pgp.

Divisorial log structures. Let X be a locally Noetherian scheme and let D ↪→ X
be a divisor on X . Let j : U ↪→ X be the corresponding open immersion, where
U = X \ D. Then

MX =OX ∩ j?O×U ↪→OX

defines a log structure on X , the divisorial log structure induced by D.
A special case of this construction is the following. Let S be a trait, i.e.,

S = Spec R where R is a discrete valuation ring. Let π be a uniformizer. Then
R \ {0} ↪→ R defines a log structure on R, the standard log structure, which is
exactly the divisorial log structure induced by the divisor given by π = 0. We denote
the corresponding log scheme by S†. If X is a flat R-scheme, then the special fibre
Xs is a divisor; we denote by X† the log scheme obtained by equipping X with
the divisorial log structure induced by Xs . This yields a well-defined morphism
X†
→ S† of log schemes. (Sometimes we simply write R† instead of S†.)

Fibre products. Fibre products in the category Logfs of fs log schemes will be
denoted by ×fs. If S = Spec R is a trait and π ∈ R a uniformizer, we define for
d ∈Z>0 the scheme S(d)= Spec R[T ]/(T d

−π). Then ud :N ↪→
1
d N gives a chart

for the morphism S(d)†→ S†. Given any log scheme X† over S†, define

X (d)† = X†
×

fs
S† S(d)†. (5)

Recall that fibre products in Logfs do not commute with the forgetful functor from
Logfs to the category of schemes. A simple example illustrating this phenomenon is
the following: the underlying scheme of S(d)†×fs

S† S(d)† is S(d)×Spec Z[Z/dZ],
which is (geometrically) a disjoint union of d copies of S(d); on the other hand,
the fibre product of schemes S(d)×S S(d) is not normal.

Log regularity and log smoothness. Kato [1994, §2] introduced the notion of log
regularity. We recall its definition for the convenience of the reader.

Definition 2.1. Let (X,MX ) be an fs log scheme. Given any point x of X , let
I (x,MX ) be the ideal of OX,x generated by M+

X,x =MX,x \O×X,x . Let CX,x be
the closed subscheme of SpecOX,x defined by I (x,MX ). Then (X,MX ) is log
regular at x if CX,x is regular (as a scheme) and

dimOX,x = dim CX,x + rankZ(M
]
X,x)

gp.
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A log regular scheme is a log scheme which is everywhere log regular. Whenever
we say (or assume) that a log scheme is log regular, this implies that the log structure
is fs.

Let us also recall the notion of a log smooth morphism of log schemes. Develop-
ing this notion was in some sense the main motivation for the theory of logarithmic
geometry; it allows one to treat certain singular objects as if they were smooth.

Definition 2.2. Let f : (X,MX )→ (Y,MY ) be a morphism of fs log schemes.
Then f is log smooth (resp. log étale) if étale locally on X and Y , there exists a chart
for f , given by maps PX→OX , QY→OY and u : Q→ P , such that the kernel and
the torsion part of the cokernel (resp. the kernel and cokernel) of ugp

: Qgp
→ Pgp

are finite groups of order invertible on X , and the map X→ Y ×Spec Z[Q] Spec Z[P]
is classically smooth (at the level of the underlying schemes).

Recall that a log smooth log scheme over a log regular scheme is again log
regular, and that log regular schemes are normal and Cohen–Macaulay.

The logarithmic stratification. The characteristic sheaf of a log scheme (X,MX )

is the quotient M]
X =MX/O×X . With a log regular scheme, one can associate a

finite monoidal space, the fan F(X), as follows: as a set,

F(X)= {x ∈ X | I (x,MX )=mx},

where mx denotes the maximal ideal in OX,x . Endow the set F(X)with the topology
induced by the topology on X and with the inverse image of the sheaf M]

X . This
is a fan, as proved by Kato [1994, Proposition 10.1]. If X is quasicompact, then
F(X) is easily seen to be a finite monoidal space.

Given a log scheme (X,MX ), one often considers the rank stratification of X ,
constructed starting from the characteristic sheaf: write

X i = {x ∈ X : rankZ(M
]
X,x)

gp
≥ i}.

The sets X i \ X i−1 are locally closed and give the rank stratification of X . In
this paper, we use a finer stratification obtained from the fan of a log regular
scheme (X,MX ). Kato [1994, §10.2] defines the characteristic morphism: let
π : (X,M]

X )→ F(X) map a point x ∈ X to the point π(x) of F(X) ⊆ X which
corresponds to the prime ideal I (x,MX ) of OX,x . This is an open morphism of
monoidal spaces. Given x ∈ F(X), let U (x) := π−1(x). This is a locally closed
subset of X . This gives the logarithmic stratification (U (x))x∈F(X) of X .

When endowed with the reduced scheme structure, each stratum is irreducible
and regular [Gabber and Ramero 2013, Corollary 9.5.52(iii)]. For each x ∈ F(X),
we denote by U (x) the Zariski closure of the stratum U (x) inside X , again equipped
with the reduced scheme structure. The height h(x) of a point x in F(X) is defined
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as the dimension of the monoid MF(X),x . The set of points of F(X) of height
equal to i is denoted by F(X)(i). We have the equality of locally closed, reduced
subschemes

X i \ X i−1 =
⊔

x∈F(X)(i)

U (x).

3. Nearby cycles and the monodromy zeta function

The main goal of this section is to calculate the tame monodromy zeta function
of a smooth, proper K-variety X , starting from a proper R-model X such that X †

is log regular. To do so, we use the “logarithmic” description of the sheaves of
tame nearby cycles, first given by Nakayama [1998] and later generalized by Vidal
[2004]; along the way, we prove some technical results on nearby cycles.

Let us first introduce some easy terminology.

Definition 3.1. A morphism of log schemes f : (X,MX )→ (Y,MY ) is vertical
if for every x ∈ X , the induced homomorphism MY, f (x)→MX,x is vertical; this
means that the image of MY, f (x) is not contained in any proper face of MX,x .

A log scheme (X ,MX ) is vertical over R† if and only if X =X×R K is precisely
the locus of triviality of the log structure. In particular, if X is a flat R-scheme,
then X † is vertical over R†. We then simply say that “the log structure is vertical”.

Definition 3.2. Let (X ,MX ) be a vertical log scheme over R† which is log regular.
Let x ∈ F(X )(1) be a height 1 point in the fan of X . Let N→ P be a chart for the
log structure around x , where P is an fs monoid. Then x corresponds to a height 1
prime ideal p in P . Now N→ P induces a homomorphism

N→ P/(P \ p)∼= N,

which is multiplication by a positive integer s(x). We call this integer the saturation
index of x ∈ F(X )(1). The saturation index of (X ,MX ) over R† is the least common
multiple of the integers s(x) for x ∈ F(X )(1).

Let us now recall the definition of the sheaves of nearby cycles. Let S = Spec R,
let η be its generic point and let s be its closed point. Let ηt be a tame closure
of η and let St be the normalization of S inside ηt. Let 3 be Z/nZ, where n is
an integer prime to p, or one of Z` and Q`. Let X be a scheme over S and write
X = Xη. Consider the Cartesian squares

Xs

s

X t

St

X t

ηt

i t j t
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Given F in D+(X,3), the derived category corresponding to bounded-below
complexes of sheaves of 3-modules on X , the corresponding complex of tame
nearby cycles is

Rψ t
X (F) := (i

t)?R( j t)?(F |X t ) ∈ D+(Xs,3).

Now let X be any smooth, proper variety over K and assume that there exists
a proper, flat model X of X over R such that X † is log regular. We analyze the
behaviour of the complex Rψ t

X (3) on the logarithmic strata defined previously.
We start with the following local computation of the trace of the tame monodromy
operator ϕ.

Lemma 3.3. With the above notation and assumptions, fix a point x ∈ F(X ). Take
z ∈U (x) and let z̄ be any geometric point lying over z. Then

Tr(ϕd
| Rψ t

X (3)z̄)=

{
s(x)′ if x ∈ F(X )(1) and s(x)′ | d,
0 else.

Here s(x)′ denotes the biggest prime-to-p divisor of s(x).

Proof. Nakayama [1998, Theorem 3.5] gave a “logarithmic” description of the
complex of nearby cycles in the case of log good reduction. This result was
generalized by Vidal [2004, §1.4]; recall that the complex of nearby cycles is
automatically tame in the case of log good reduction [Nakayama 1998, Theorem 3.2].
Their result is the following. Let C be the locally constant sheaf of finitely generated
abelian groups on Xs given by

C = coker
(

f ?(M]
s)

gp α
−→ (M]

Xs
)gp) modulo torsion.

For every integer q ≥ 1, there is a natural, Galois equivariant isomorphism

R0ψ t
X (3)⊗

∧q
(C|Xs̄ ⊗3(−1))−→ Rqψ t

X (3) (6)

since the log structure is vertical. The stalk of R0ψ t
X (3) at a classical geometric

point z̄ lying over s̄ is noncanonically isomorphic to3[E z̄], where E z̄ is the cokernel
of the induced morphism of logarithmic inertia groups I log

z̄ → I log
s̄ ; this morphism

is nothing but Hom(αz̄, Ẑ′(1)), with α as above.
If h(x)= 1, then Cz̄ = 0 and therefore

Tr(ϕd
| Rψ t

X (3)z̄)= Tr(ϕd
| R0ψ t

X (3)z̄).

Since, moreover,
R0ψ t

X (3)z̄
∼=3[E z̄],

where
E z̄ = coker(Hom(αz̄, Ẑ′(1))
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has order s(x)′, and the tame inertia group I t acts through

I t ∼= I log
s̄ ↪→3[I log

s̄ ] −→3[E z̄],

the trace of ϕd on R0ψ t
X (3)z̄ equals s(x)′ if s(x)′ divides d, and to 0 otherwise.

If h(x)≥ 2, then
n := rankZ Cz̄ = h(x)− 1≥ 1.

Hence, (6) yields

Tr(ϕd
| Rψ t

X (3)z̄)=
∑
i≥0

(−1)i Tr(ϕd
| Riψ t

X (3)z̄)

=

∑
i≥0

(−1)i
(

n
i

)
Tr(ϕd

| R0ψ t
X (3)z̄)

= 0. �

We continue with a technical lemma on monoids.

Lemma 3.4. Let P be an fs monoid. Let α : N→ P be a vertical homomorphism
and let d ∈Z>0. Let Q= P⊕N

1
d N. The submonoid Qsat of Qgp is generated by Q×,

the d-torsion Qgp
[d] and I ⊆ Qsat, the radical of the ideal generated by P \ P×.

Proof. Let e = α(1). Since the homomorphism α is vertical, e is not contained in
any proper face of P . This implies that every nonmaximal face of Q is of the form
F⊕{0}, where F is a nonmaximal face of P . In particular, we have an isomorphism

P×→ Q× : p 7→ (p, 0).

Take
(

p, m
d

)
∈ Qsat, where p ∈ Pgp and m ∈ Z. There exists an N ∈ Z>0 such that

N
(

p, m
d

)
∈ Q. Multiplying by d if necessary, we can assume that d | N ; hence

N
(

p, m
d

)
=

(
N p, Nm

d

)
=

(
N p+ Nm

d
e, 0

)
,

and therefore
N p+ Nm

d
e = N

d
(dp+me) ∈ P.

Since P is saturated, dp+me∈ P . Conversely, if dp+me∈ P , clearly
(

p, m
d

)
∈Qsat.

If dp + me ∈ P \ P×, then d
(

p, m
d

)
= (dp + me, 0) lies in the ideal of Qsat

generated by the image of the maximal ideal of P; hence
(

p, m
d

)
lies in I , so we

are done.
Let us therefore assume that dp +me ∈ P×. Then

(
p, m

d

)
∈ (Qsat)×. Let us

consider the image x̄ of x =
(

p, m
d

)
in Qsat/Q×. It is clear that x̄ ∈ (Qsat/Q×)×.

Hence there exists y ∈ Qsat such that x̄ + ȳ = 0 in Qsat/Q×, i.e., x + y ∈ Q×.
Since dx ∈ Q and dy ∈ Q, we obtain dx ∈ Q×. Using the isomorphism Q× ∼= P×
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mentioned above, we see that there exists p′ ∈ P× such that d
(

p, m
d

)
= d(p′, 0).

Now
(

p− p′, m
d

)
is clearly d-torsion; hence,(

p, m
d

)
= (p′, 0)+

(
p− p′, m

d

)
is the sum of an element of Q× and an element of Qgp

[d], so we are done. �

This leads to the following result.

Proposition 3.5. Assume that X † (as above) is log regular. Fix x ∈ F(X ) and let
d ∈ Z>0 be prime to p. The reduced inverse image of U (x) in X (d)† is a finite étale
cover of U (x). The degree of this cover divides d and gcdy∈x (1) s(y), where x (1) is
the set of generizations of x in F(X )(1).

Proof. On an affine neighbourhood of Spec A around x , we have an fs chart for the
morphism X †

→ R† given by a commutative diagram of the form

N

P

R

A

1 7→ π

Similarly, a chart for the log structure on X (d)† is given by the diagram

N

Qsat

R(d)

B

where
Q = P ⊕N

1
d N and B = A⊗R[P] R[Qsat

].

Now U (x)∩Spec A is nothing but

Spec A×Spec R[P] Spec(R[P]/(p))p,

where p is the prime ideal of P which corresponds to x . Here (p) denotes the ideal
of R[P] generated by p, and p denotes localization with respect to the multiplicative
subset of R[P]/(p) generated by P \ p. We may and will assume that p is the
maximal ideal of P . Hence we can identify U (x)∩ Spec A with the spectrum of
A⊗Z[P] Z[P×]. The (reduced) inverse image of U (x) in X (d)† can be described
in a similar way. The fact that this inverse image is étale over U (x) is now an
immediate consequence of Lemma 3.4 (recall that we have chosen d prime to p).
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We now analyze the degree of this étale cover. We can safely assume that Pgp is
torsion free. Choose an isomorphism Pgp ∼= Zr, for some r > 0. Let v be the image
of 1 under the composition N→ P→ Pgp

→ Zr. Hence we get an identification

Qgp ∼= (Z
r
⊕Z)/〈(v,−d)〉.

Write v = λv0, where λ ∈ Z and v0 is a primitive vector. The order of the torsion
in Qgp thus divides gcd(d, λ). The statement about the degree of the étale cover
now follows from Lemma 3.4, together with the observation that λ divides the
saturation index s(y) for any y ∈ x (1). Indeed, if p is the height 1 prime ideal
of P corresponding to y, then s(y) can be identified with the image of 1 under
P→ P/(P \ p)∼= N. Consider the homomorphisms

N→ P ↪→ Pgp
→ Pgp/(P \ p)gp ∼= Z.

Since the image of 1 in Pgp is divisible by λ, so is the integer s(y), since this is
simply the image of 1 in the quotient Pgp/(P \ p)gp ∼= Z. �

We can now prove the following result about sheaves of tame nearby cycles,
generalizing the results of [Nicaise 2013, §2.5].

Theorem 3.6. As above, assume that X † is log regular and fix x ∈ F(X ). Write
3=Q` for some prime ` 6= p. The sheaves Rnψ t

X (3) are lisse on U (x) and tamely
ramified along the boundary components of any normal compactification. They
become constant on a finite étale cover of degree dividing gcdy∈x (1) s(y)′.

Proof. Let s̃ be a log geometric point lying above s. Write Xs̃ = Xs ×
fs
s s̃. We know

by [Illusie 2002, Corollary 8.4] that the tame nearby cycles complex is given by
the formula

Rψ t
X (3)= Rε̃?(3|Xs̃ ),

where ε̃ is the composition

X ket
s̃

ε
−→ X et

s̃
α
−→ X et

s .

Here ε is the canonical map from the Kummer étale site to the classical étale site;
of course α need not be an isomorphism at the level of the underlying schemes.
Hence,

R0ψ t
X (3)= α?(3|X s̃ ).

By [Vidal 2004, Proposition 1.3.4.1], α is the composition of a surjective closed
immersion β1 and a finite morphism β2. More precisely, α factors as

Xs̃
β1
−→ Xs̃n

β2
−→ Xs .

Here Xs̃n denotes the log scheme Xs ×
fs
s s̃n , which is nothing but the special fi-

bre of X (n)†; the integer n is the biggest prime-to-p divisor of the saturation
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index of X over R. The degree dx =
∑

α(y)=x [κ(y) : κ(x)] of β2 in a point x
equals the cardinality of E x̄ = coker Hom(ϕx̄ , Ẑ′(1)), where ϕ is the induced map
f ?(M]

s)
gp
→ (M]

Xs
)gp.

Let us now fix x ∈ F(X ). We know that

R0ψ t
X (3)= α?(3|X s̃ )= (β2)?(3|X s̃n

),

so the restriction of R0ψ t
X (3) to U (x) becomes constant on the inverse image of

U (x) in X (n), which is étale by Proposition 3.5. The statement about the degree is
a consequence of the fact that n is the biggest prime-to-p divisor of lcmy∈x (1) s(y).

Hence, RnψX (3) becomes constant on the same cover, for any n ≥ 0, since
the sheaf C in the proof of Lemma 3.3 is constant on U (x). It follows that the
sheaves Rnψ t

X (3) are lisse, and tamely ramified along the boundary of any normal
compactification. �

We are now ready to calculate the trace of the tame monodromy operator.

Theorem 3.7. Let X be a proper, flat R-model such that X † is log regular. Then

Tr(ϕd
| H ?(X ×K K t,Q`))=

∑
x∈F(X )(1)

s(x)′|d

s(x)′χ(U (x)). (7)

for every positive integer d.

Proof. We prove a more general result: if Z is a subscheme of Xs , then∑
m≥0

(−1)m Tr(ϕd
| Hm

c (Z , Rψ t
X (Q`)|Z ))=

∑
x∈F(X )(1)

s(x)′|d

s(x)′χ(U (x)∩ Z). (8)

In particular, (7) follows from (8) by taking Z = Xs and applying the spectral
sequence for nearby cycles, since X is assumed to be proper over S. To prove
the equality (8), note that both sides are additive with respect to partitioning Z
into subvarieties; this allows us to assume that Z is contained in U (x), for some
x ∈ F(X ). By the spectral sequence for hypercohomology, the left-hand side of (8)
equals ∑

p,q≥0

(−1)p+q Tr(ϕd
| H p

c (Z , Rqψ t
X (Q`)|Z )).

We can assume that Z is normal and choose a normal compactification Z c. We know
(Theorem 3.6) that the sheaves Rnψ t

X (Q`)|Z are lisse on Z , and tamely ramified
along each of the irreducible components of Z c

\ Z . Let z ∈ Z and let z̄ be a
geometric point lying over z. Using Nakayama’s description of the action of the
monodromy operator on the stalks Rnψ t

X (Q`)z̄ — see the proof of Lemma 3.3 —
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we see that this action has finite order. Hence, we can apply [Nicaise and Sebag
2007, Lemma 5.1], which gives∑

p≥0

(−1)p Tr(ϕd
| H p

c (Z , Rqψ t
X (Q`)|Z ))= χ(Z) ·Tr(ϕd

| Rqψ t
X (Q`)z̄).

Using Lemma 3.3, we see that the only contributions to the left-hand side of the
equality (8) will come from the height 1 points in the fan F(X ): we get∑
m≥0

(−1)m Tr(ϕd
| Hm

c (Z , Rψ t
X (Q`)|Z ))= χ(Z) ·

∑
q≥0

(−1)q Tr(ϕd
| Rqψ t

X (Q`)z̄)

= s(x)′χ(Z)

if the point x ∈ F(X )(1) satisfies s(x)′ | d; in all other cases, we get no contribution.
This concludes the proof of the theorem. �

As a corollary, we get a formula for the tame monodromy zeta function of X :

ζX (t)= det(t · Id−ϕ | H ?(X ×K K t,Q`))

=

∏
m≥0

det(t · Id−ϕ | H m(X ×K K t,Q`))
(−1)m+1

. (9)

The result is an A’Campo type formula [A’Campo 1975, §1], generalizing the results
of [Nicaise 2013, §2.6].

Corollary 3.8. We have

ζX (t)=
∏

x∈F(X )(1)
s(x)′|d

(t s(x)′
− 1)−χ(U (x)). (10)

Proof. As in the proof of Theorem 3.7, we can actually prove a more general result:
if Z is any subscheme of Xs , then the equality

det(t · Id−ϕ | H?
c(Z , Rψ t

X (Q`)|Z ))=
∏

x∈F(X )(1)
s(x)′|d

(t s(x)′
− 1)−χ(U (x)∩Z) (11)

holds. This formula can easily be deduced from the equality (8) using the fact that,
for every field F of characteristic zero, every finite dimensional F-vector space V
and every endomorphism g of V , we have the classical identity

det(Id− t · g | V )−1
= exp

(∑
d>0

Tr(gd
| V ) t

d

d

)
in F[[t]]. (For similar arguments, we refer to [Deligne 1974, Section 1.5; A’Campo
1975, §1].) �
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4. Log blow-ups and the rational volume

As in the previous section, we assume that we are given a smooth, proper K-variety
X for which there exists a proper, flat R-model X such that X † is log regular. We
now compute the rational volume of X in terms of the logarithmic stratification.

We start with a simple lemma.

Lemma 4.1. Under the above assumptions, the generic fibre X =X×R K is smooth.
Moreover, the following statements are equivalent:

(A) the scheme X is regular and Xs is a divisor with strict normal crossings;

(B) for every point x ∈ F(X ), we have MF(X ),x ∼=M]
X ,x
∼= Nh(x).

As before, h(x) denotes the height of the point x in the fan F(X ).

Proof. The fact that the generic fibre is smooth follows from the verticality of the
log structure. The underlying scheme X is regular if and only if for every x ∈ F(X ),
the monoid MF(X ),x is free and finitely generated by [Gabber and Ramero 2013,
Corollary 9.5.35].

It remains to check the statement about the special fibre. Assume that (B) holds
and fix any x ∈ F(X ). Locally around x , we have a chart given by

N

R

O×X ,x ⊕Nh(x)

OX ,x

ei 7→ xi

where (ei )1≤i≤h(x) is the standard basis for Nh(x) and

π = u
h(x)∏
i=1

xni
i in OX ,x (12)

for some u ∈O×X ,x and positive integers (ni )1≤i≤h(x). Since

I (x,MX )= (x1, . . . , xh(x)),

and CX,x =OX ,x/I (x,MX ) is a regular local ring by [Kato 1994, Definition 2.1],
we see that X has strict normal crossings at x by [Liu 2002, Proposition 4.2.15]. �

In the situation of Lemma 4.1, we have

Xs =
∑

x∈F(X )(1)
s(x)U (x). (13)

Let Y be a smooth, projective variety over K . If there exists an sncd model Y of Y
as in Lemma 4.1, then the rational volume can be read off from the formula (13)
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following [Nicaise 2013, Proposition 4.2.1]:

s(Y )=
∑

y∈F(Y)(1)
s(y)=1

χ(U (y)). (14)

Indeed, Y is a regular and proper model of Y ; its smooth locus (over R) is a weak
Néron model for Y . The smooth locus of Ys is precisely the open subscheme⊔

y∈F(Y)(1)
s(y)=1

U (y),

whence equality (14) follows.
We can now state and prove the main result of this section.

Theorem 4.2. Let X be a proper, flat R-scheme such that X † is log regular. Let
X = X ×R K be the generic fibre. Then

s(X)=
∑

x∈F(X )(1)
s(x)=1

χ(U (x)). (15)

The idea is simple: we consider a subdivision ϕ : F ′ → F(X ) of the fan in
the sense of [Kato 1994, Definition 9.6] such that ϕ?X satisfies the equivalent
conditions of Lemma 4.1, and in particular such that the underlying scheme of ϕ?X
is (classically) regular. This is possible by [Kato 1994, §10.4]. We can then compute
the rational volume starting from the modified model ϕ?X using the formula (14).
The key technical ingredient needed for this computation is the fact that the log
blow-up Blϕ : ϕ?X → X is a piecewise trivial fibration in tori; this is the content of
the following lemma.

Lemma 4.3. Let X be a flat R-scheme such that X † is log regular. Consider a
subdivision ϕ : F ′→ F(X ) of its fan. Fix x ′ ∈ F ′ and x ∈X such that ϕ(x ′)=π(x),
i.e., x ∈U (ϕ(x ′))⊆ X . Then we have

U (x ′)∩Bl−1
ϕ (x)∼= G

h(ϕ(x ′))−h(x ′)
m,κ(x)

where Bl−1
ϕ (x) is the fibre of the log blow-up ϕ?X → X above x.

Proof. Fix x ′ ∈ F ′ and x ∈ X such that x ∈U (ϕ(x ′)). The statement is local on X .
Hence, by shrinking X if necessary, we may assume that F(X ) = Spec P and
F ′ = F(ϕ?X )= Spec P ′, where P and P ′ are sharp fs monoids.

We can also assume that the natural morphism P→M]
X lifts to a homomorphism

of sheaves P→MX such that the composition P→MX →OX gives a chart for
the log structure on X . Define Q by

Q = Pgp
×(P ′)gp P ′;
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this is the submonoid of Pgp consisting of the elements whose images in (P ′)gp

lie inside P ′. The obvious map Pgp
→ (P ′)gp is surjective; Q does not need to be

sharp, but by [Gabber and Ramero 2013, Lemma 9.6.12] one has Q] ∼= (P ′)]. The
log blow-up ϕ?X is given by ϕ?X = X ×Spec R[P] Spec R[Q]; see the construction
in [Gabber and Ramero 2013, Proposition 9.6.14]. The log structure on ϕ?X is
given by the chart Q→Oϕ?X .

Letψ : P→Q be the natural injection, let q be the prime ideal of Q corresponding
to x ′ and let p=ψ−1(q) be the prime ideal of P corresponding to ϕ(x ′). The stratum
U (ϕ(x ′)) can then be described as

X ×Spec R[P] Spec(R[P]/(p))p,

and its Zariski closure U (ϕ(x ′)) is simply

X ×Spec R[P] Spec R[P]/(p);

here (p) denotes the ideal of R[P] generated by the elements of p, and the subscript p
denotes localization with respect to the multiplicative subset of R[P]/(p) generated
by the image of P \ p. Similarly, the stratum U (x ′) is now equal to

ϕ?X ×Spec R[Q] Spec(R[Q]/(q))q.

We have the pullback diagram

U (x ′)

Spec(R[Q]/(q))q

U (ϕ(x ′))

Spec(R[P]/(p))p

and hence, taking fibres over x ∈U (ϕ(x ′)), the pullback diagram

U (x ′)∩Bl−1
ϕ (x)

Spec(κ(x)[Q]/(q))q

Spec κ(x)

Spec(κ(x)[P]/(p))p
?

Therefore it now suffices to prove that the fibres of

Spec(κ(x)[Q]/(q))q→ Spec(κ(x)[P]/(p))p

are (split) tori of the required rank. Notice that

κ(x)[Q]/(q)∼= κ(x)[Q \ q]
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and hence that
(κ(x)[Q]/(q))q ∼= κ(x)[(Q \ q)gp

].

Similarly, we obtain that

(κ(x)[P]/(p))p ∼= κ(x)[(P \ p)gp
].

We have a commutative diagram

(κ(x)[P]/(p))p

κ(x)[(P \ p)gp
]

(κ(x)[Q]/(q))q

κ(x)[(Q \ q)gp
]

in which the vertical maps are the isomorphisms mentioned above, the top horizontal
arrow is the one which induces the map ? in the previous diagram and the bottom
horizontal arrow is induced by the injective homomorphism P \p→ Q \q obtained
by restricting ψ : P→ Q.

Now P \ p and Q \ q, being submonoids of fs monoids, are themselves fs; the
quotient (Q \ q)gp/(P \ p)gp is a subgroup of Pgp/(P \ p)gp, since Q (and thus
Q \ q) is a submonoid of P . The latter group is a free abelian group of finite type,
and hence so is its subgroup (Q \ q)gp/(P \ p)gp. This proves that the fibres of ?
are split tori; it remains to compute their rank. We have the equalities

h(ϕ(x ′))− h(x ′)= dim Qq− dim Pp = rankZ(Q]
q)

gp
− rankZ(P

]
p )

gp

(the last one uses the fact that P and Q are fine). It is now easy to see that

rankZ(P
]
p )

gp
= rankZ(P \ p)gp,

and
rankZ(Q]

q)
gp
= rankZ(Q \ q)gp,

so we are done. �

We are now in the position to prove Theorem 4.2.

Proof of Theorem 4.2. Choose a subdivision ϕ : F ′→ F(X ) such that

MF ′,x ′ ∼= Nh(x ′)

for every x ′ ∈ F ′. Let Blϕ : ϕ?X → X be the log blow-up associated with ϕ—
this is a “resolution of toric singularities à la Kato” [Kato 1994, §10.4]. The log
scheme ϕ?X satisfies the equivalent conditions of Lemma 4.1; hence, (14) applies
to ϕ?X . Since the Euler characteristic is additive with respect to partitions into
locally closed subsets and the Euler characteristic of a torus is 0, the result follows
from Lemma 4.3. �
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5. Proof of the main theorem

We now finish the proof of Theorem 1.3. From (7) and (15), one immediately
obtains the following expression for the so-called “error term” [Nicaise 2011,
Definition 6.7], generalizing [Nicaise 2011, Theorem 7.3] in the case of curves:

ε(X) :=
∑
i≥0

(−1)i Tr(ϕ | H i (X ×K K t ,Q`))− s(X)=
∑

x∈F(X )(1)
s(x)=pr, r≥1

χ(U (x)).

This formula is valid for any log regular model X , and ε(X) does not vanish in
general. However, it vanishes if X admits a log smooth model. This is an immediate
consequence of the following result, which is interesting in its own right.

Proposition 5.1. Let X be a proper R-model of X such that X † is log smooth
over R†. Let x ∈ F(X )(1) be such that p divides s(x). Then χ(U (x))= 0.

In the case of curves, we know that cohomological tameness implies logarithmic
good reduction, by work of Stix [2005, Theorem 1.2]. Moreover, Saito’s criterion
[1987] for cohomological tameness of curves gives a precise description of the
irreducible components of the special fibre of a log smooth model for which the
multiplicity is divisible by the residual characteristic p. Each such component is
a copy of P1, which intersects exactly two other components, both of which have
multiplicity prime to p. The above result should be seen as a partial generalization
of this description.

Proof. Choose x ∈ F(X ) and y ∈ X such that y ∈ U (x). Choose a chart à la
Kato (Definition 2.2) for the log structure around y, i.e., an étale neighbourhood
V = Spec A of y and a homomorphism of monoids N→ P such that

P

N

A

R

ϕ

1 7→ π

u

commutes, where P is an fs monoid and ugp
: Ngp

→ Pgp has the property that its
kernel and the torsion part of its cokernel C are finite groups, the order of which is
invertible on R. We can safely assume that P is toric (i.e., Pgp is torsion free).

The point x ∈ F(X ) corresponds to a prime ideal p⊆ P and U (x)∩ V , seen as
a reduced, closed subscheme of V , can be described as the fibre product

V ×Spec R[P] Spec R[P \ p] ∼= Spec A/(p),

where (p) is the ideal of A generated by {ϕ(p) | p ∈ p}. Now U (x) becomes a log
scheme for the log structure defined locally by P \p→ A/(p), and this log scheme
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is log regular by [Kato 1994, Proposition 7.2]. Since k is perfect, it is even log
smooth over k (equipped with the trivial log structure). The log structure on U (x)
is the one induced by the reduced Weil divisor 1 supported on the union of the
strata U (x ′), where x ′ is a (strict) specialization of x in the monoidal space F(X ).

From now on, assume that x ∈ F(X )(1) and that p divides m = s(x). In the local
ring OX ,x , we have π = u f m , where u is a unit and f is a local equation of the
irreducible component U (x) of Xs . We study the meromorphic one-form dlog u
on U (x). If π = vgm is another such factorization in OX ,x , we have dlog u= dlog v
on U (x) since the residue field k has characteristic p and p divides m. Hence,
dlog u is a well-defined meromorphic 1-form on the irreducible component U (x).
Locally around y, it can be described in terms of the log structure as follows:

(P \ p)gp Pgp

C

Ngp

Ngpr

ugp

Let a = u(1) ∈ P , so ϕ(a) = π and r(a) = m ∈ N. Choose b ∈ P such that
r(b)= 1, i.e., ϕ(b) is a uniformizer in the discrete valuation ring OX ,x . We have
c :=mb−a ∈ (P \p)gp. Taking u = ϕ(c) ∈O×X ,x and f = ϕ(b), we have π = u f m.

The sheaf �1
U (x)

(log1) is locally free (by log regularity) and

�1
U (x)

(log1)
∣∣
V
∼= (P \ p)gp

⊗OU (x)∩V .

Now dlog u (when restricted to U (x)) is a section of �1
U (x)

(log1), and under the
above isomorphism, it corresponds to c⊗ 1. This section does not vanish at any
point of U (x); for that to happen, c would need to be divisible by p in the free
abelian group (of finite type) (P \ p)gp. Hence a =mb− c would be divisible by p.
This means that the cokernel C of ugp has p-torsion, contradicting our assumptions.

The conclusion is that the 1-form dlog u is a nowhere vanishing (holomorphic)
section of the vector bundle �1

U (x)
(log1) on the log regular scheme U (x). Thus

the top Chern class of this vector bundle vanishes. By [Saito 1991, “Lemma 0”],
which we state below for the reader’s convenience, this implies the result, since
U (x)=U (x) \1. �

Lemma 5.2. Let k be an algebraically closed field and let (X,MX ) be a log regular
scheme over k (where k has the trivial log structure). Let U be the locus of triviality
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of the log structure on X. Then

χ(U )= deg cX,MX ,

where cX,MX is the top Chern class of the vector bundle �1
X (logMX ) on X.

To prove this formula, one can use log blow-ups to reduce the statement to the
case of a smooth k-variety equipped with a divisorial log structure, induced by a
strict normal crossings divisor. In that setting, the formula is rather well-known and
can be checked by an explicit computation.
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Finite phylogenetic complexity and
combinatorics of tables

Mateusz Michałek and Emanuele Ventura

In algebraic statistics, Jukes–Cantor and Kimura models are of great importance.
Sturmfels and Sullivant generalized these models by associating to any finite
abelian group G a family of toric varieties X (G, K1,n). We investigate the
generators of their ideals. We show that for any finite abelian group G there
exists a constant φ, depending only on G, such that the ideals of X (G, K1,n) are
generated in degree at most φ.

1. Introduction

The aim of this article is to prove the finiteness of an intriguing invariant of finite
abelian groups, called phylogenetic complexity. The invariant was introduced in
a seminal paper by Sturmfels and Sullivant [2005], where it appeared in relation
to phylogenetic models. In short, to a Markov process encoded by an abelian
group G on a tree T one associates a toric variety X (G, T ), of particular relevance
in algebraic statistics [Eriksson et al. 2005; Pachter and Sturmfels 2005]. The
setting above is known as a group-based model.

We do not describe the relations to phylogenetics in this paper, referring the
interested reader to [Allman and Rhodes 2003; Casanellas 2012; Donten-Bury and
Michałek 2012; Michałek 2015]. Instead, in precise, purely mathematical language
we present a natural construction of a family of lattice polytopes PG,n associated to
any finite abelian group G — Definition 2.1. These polytopes should be considered
as the simplest combinatorial objects encoding the group action.

Associating to interesting combinatorial objects a polytope and investigating
its properties is nowadays a well-developed and powerful tool on the edge of
combinatorics and toric geometry [Sturmfels 1996; Ohsugi and Hibi 1998; Herzog
and Hibi 2002; Sturmfels and Sullivant 2008]. However, our knowledge of properties
of the polytopes PG,n associated to such basic objects as finite abelian groups is
still very limited. This may be even more surprising, as for various groups G, these
polytopes relate not only to phylogenetics, but also mathematical physics through
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conformal blocks and moduli spaces [Sturmfels and Xu 2010; Manon 2012; 2013;
Kubjas and Manon 2014].

Phylogenetic complexity governs the degrees of generators of the ideal of the
variety X (G, T ). Using the language of toric geometry, one is interested in the
generators of integral relations among the vertices of PG,n . For the introduction to
toric geometry we refer the reader to [Fulton 1993; Cox et al. 2011]. The objects
that encode the group action and correspond to vertices of PG,n are called flows.

Definition 1.1 [Buczyńska and Wiśniewski 2007; Michałek 2014]. Let G be a
finite abelian group and n ∈ N. A flow is a sequence of n elements of G summing
up to 0 ∈ G, the neutral element of G. The set of flows is equipped with a group
structure via the coordinatewise action. The group of flows G is (noncanonically)
isomorphic to Gn−1.

Hence, in our article we study possible relations among n-tuples of elements
of G summing up to 0. Let T0 and T1 be two matrices or tables of the same
size, whose rows are flows. These two tables are compatible if and only if, for
each 1 ≤ i ≤ n, the i-th column of T0 and the i-th column of T1 are the same
multisets — see Example 2.3. Compatible tables correspond to binomials in the
ideal I (X (G, K1,n)), where K1,n is a star (also called a claw-tree) — the unique
tree with one inner vertex and n leaves.

Definition 1.2 [Sturmfels and Sullivant 2005]. Let T be a tree, let K1,n be the
star with n leaves, and let φ(G, T ) be the maximal degree of a generator in a
minimal generating set of I (X (G, T )). Let φ(G, n)= φ(G, K1,n). We define the
phylogenetic complexity of G to be φ(G)= supn∈N φ(G, n).

The main theorem of the present article is the following:

Theorem 3.12. For any finite abelian group G, the phylogenetic complexity is finite.

Let us briefly summarize the state of the art. We maintain the convention that G
is a finite abelian group.

Prior to the present work φ(G) was shown in [Sturmfels and Sullivant 2005] to
be 2 for Z2 and conjectured to be ≤ |G| for all G and exactly 4 for the biologically
relevant case of Z2×Z2 [Conjectures 29 and 30]. It was proved in [Michałek 2017]
to be finite for all Zp, where p is prime, and equal to 3 for Z3.

If one considers the projective scheme X p(G, T ) instead of X (G, T ), the analog
of our phylogenetic complexity is ≤ 4 for Z2×Z2 (in other words, X p(Z2×Z2, T )
can be defined by an ideal generated in degree at most 4, for any T ) and is finite
for all G; both results are proved in [Michałek 2013]. The case of Z3 was solved in
[Donten-Bury 2016] with the answer 3.

Draisma and Eggermont [2015] considered a generalization of group-based
models: the group G of symmetries acts on a finite alphabet that need not coincide
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with G. They showed that the Zariski closure of the model can be set-theoretically
defined by polynomial equations whose degree is bounded by a constant depending
only on G. Our present results can be regarded as stronger, but for a smaller class.
Obtaining finiteness results on an ideal-theoretic level for equivariant models would
be a major achievement, far extending the results of [Draisma and Kuttler 2014].
However, this is beyond any of the methods described in this paper, where we focus
on group-based models.

Casanellas et al. [2015b; 2015a] produced a collection of explicit equations that
describe the phylogenetic variety on a Zariski-open subset of interest, and showed
that the corresponding degree is ≤ |G|. (In [Michałek 2014] that degree had been
shown to be 4 for Z2×Z2.)

Finiteness also plays an increasingly important role in the context of toric vari-
eties; see [Draisma et al. 2015].

Finally, we would like to mention the reduction that we use from the very
beginning, previously obtained by Sturmfels and Sullivant [2005]. Although, in
general, one is interested in arbitrary trees, it is enough to consider claw-trees. This
is due to the construction of toric fiber products [Sullivant 2007].

The structure of the article is as follows. In Section 2 we describe the basic
notation. In particular, we recall how one encodes binomials in I (X (G, K1,n)) as
special pairs of tables with group elements. Section 3 contains the main result. First,
in Section 3A, we present the sketch of the proof, without any technical details and
then the complete proof in Section 3B. We hope that some of the ideas of the paper
can be made effective. In particular, in future work we plan to prove [Sturmfels
and Sullivant 2005, Conjecture 30].

2. Binomials, tables and moves

This section records definitions and notation needed in the rest of the paper.
Let G be a finite abelian group and let n ∈ N. In Definition 1.1, we introduced

the most important algebrocombinatorial objects in our setting: n-tuples of group
elements summing to 0, called flows. From the point of view of toric geometry and
phylogenetics, flows correspond to monomials parametrizing our variety X (G, K1,n)

[Sturmfels and Sullivant 2005; Michałek 2011]. Relations among flows — which
are described by compatible tables — encode the binomials in I (X (G, K1,n)). It is
a standard approach in toric geometry to represent the parametrizing monomials
by their exponents, as points in a lattice. The polytope, that is the convex hull of
such points, captures the geometry of the parametrized variety. For the sake of
completeness we present the polytopes corresponding to X (G, K1,n).

Definition 2.1 (polytope PG,n). Consider the lattice M ∼= Z|G| with a basis corre-
sponding to elements of G. Consider Mn with the basis e(i,g) indexed by pairs
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(i, g) ∈ [n]×G. We define an injective map of sets G→ Mn , by

(g1, . . . , gn) 7−→

n∑
i=1

e(i,gi ).

The image of this map defines the vertices of the polytope PG,n .

Example 2.2 [Michałek 2017]. For G = (Z2,+) and n = 3, we have four flows:

(0, 0, 0), (0, 1, 1), (1, 0, 1), (1, 1, 0) ∈ Z2×Z2×Z2.

Hence, the polytope PZ2,3 has the following four corresponding vertices:

(1, 0, 1, 0, 1, 0), (1, 0, 0, 1, 0, 1), (0, 1, 1, 0, 0, 1), (0, 1, 0, 1, 1, 0)∈Z2
×Z2
×Z2,

where (1, 0) ∈ Z2 corresponds to 0 ∈ Z2 and (0, 1) ∈ Z2 corresponds to 1 ∈ Z2.

A more sophisticated example is presented in [Michałek 2011, Example 4.1].
Binomials may be identified with a pair of tables of the same size T0 and T1 of
elements of G, regarded up to row permutation. Each row of such tables has to
be a flow. The identification is as follows. Every binomial is a pair of monomials;
the variables in such monomials correspond to flows, given by a collection of n
elements in G. Every monomial is viewed as a table, whose rows are the variables
appearing in the monomial; the number of rows of the corresponding table is the
degree of the monomial. Consequently, a binomial is identified with the pair of
tables encoding the two monomials respectively.

A binomial belongs to I (X (G, K1,n)) if and only if the two tables are compatible,
i.e., for each i the i-th column of T0 and the i-th column of T1 are equal as multisets.

In order to generate a binomial — represented by a pair of tables T0 and T1 — by
binomials of degree at most d we are allowed to select a subset of rows in T0 of
cardinality at most d and replace it with a compatible set of rows, repeating this
procedure until both tables are equal.

Example 2.3 [Michałek 2017]. For G = (Z2,+) and n = 6 consider the following
two compatible tables:

T0 =

1 1 1 1 1 1
0 0 0 0 0 0
1 1 0 0 0 0

 and T1 =

0 1 0 1 0 0
1 0 1 0 0 0
1 1 0 0 1 1

 .
Note that the red subtable of T0 is compatible with the table

T ′ =
[

0 1 0 1 0 0
1 0 1 0 1 1

]
.
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Hence, we may exchange them obtaining:

T̃0 =

0 1 0 1 0 0
1 0 1 0 1 1
1 1 0 0 0 0

 .
Note that T0 and T̃0 are compatible. Now, the brown subtable of T̃0 is compatible
with the table

T ′′ =
[

1 0 1 0 0 0
1 1 0 0 1 1

]
.

Finally, we exchange them obtaining T1. Hence we have a sequence of tables
T0 T̃0 T1. More specifically, we started from a degree three binomial given by
the pair T0, T1 and we generated it using degree two binomials, called quadratic
moves; see also Example 2.5.

In what follows, quadratic moves, i.e., binomials of degree two will play a crucial
role. First, let us give the precise definition and an illustrative example.

Definition 2.4 (quadratic moves). Let T be a table — whose rows are flows — of
elements of G; let ri and rj be two rows of T . For any subsequence {ri,l1, . . . ri,lt }

of ri , we define two rows si and sj whose elements are the following:

(i) si,k = ri,k if k 6= l1, . . . , lt , otherwise si,k = rj,k .

(ii) sj,k = rj,k if k 6= l1, . . . , lt , otherwise sj,k = ri,k .

The transformation of ri and rj into si and sj described above is a quadratic move
if
∑t

k=1 ri,lk =
∑t

k=1 rj,lk ; in other words, if the differences sum to 0 ∈ G. We note
that this condition is equivalent to the fact that si and sj are flows.

To illustrate the definition of quadratic moves, we consider the following example,
to be compared with Example 2.3.

Example 2.5. Let G= (Z2,+). Let T be the following 2×3 table of elements in Z2:

T =
[

1 1 0 1 1
0 1 1 0 0

]
.

The two rows r1 and r2 are flows, since their elements sum up to the 0 ∈ Z2. We
exchange the red subsequence of elements in the first row with the blue subsequence
of elements in the second row. The rows s1 and s2, corresponding to the chosen
(red) subsequence as in Definition 2.4, are the two rows of the following table:

T̃ =
[

0 1 1 1 1
1 1 0 0 0

]
.
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This is a quadratic move, since s1 and s2 are still flows. Hence, the table T
is transformed into the table T̃ by the quadratic move above. Note that qua-
dratic moves preserve, up to permutation, each column of a table. In particular,
T and T̃ are two compatible tables, i.e., their columns are the same as multi-
sets.

3. Finite phylogenetic complexity for abelian groups

The aim of this section is to use the combinatorics of tables to prove finiteness of
the phylogenetic complexity of a group-based model for any finite abelian group G.

3A. Idea of the proof. Before going into technical details, let us present here the
basic ideas of Theorem 3.12.

The general strategy is to prove that the function φ(G, n) is eventually constant
for large n. Hence, we start with two compatible d × n tables T0 and T1 for large n
and we want to transform T0 to T1. The main objective is the proof of Lemma 3.11:
One can transform T0 and T1, independently, using quadratic moves, in such a way
that there exist two columns cj , cj+1 on which both tables exactly agree. Once this
aim is achieved, the induction becomes clear — the precise argument is presented
in the last paragraph of the proof of Theorem 3.12. The most involved part is to
show Lemma 3.11. First, we pass to subtables. For a table T , we denoted by T ′

the subtable containing all rows, but only those columns where a given element
g ∈ G is one of the (possibly many) most frequent group elements. This is not
a severe restriction — see Remark 3.6. Such a “reference” element g is crucial
throughout the proof. Note also that, due to compatibility, the indices of columns
of the subtables T ′0 and T ′1 are the same, as the most frequent elements of any i-th
column in T0 and T1 coincide. In particular, T ′0 and T ′1 are compatible (although
their rows do not have to be flows any more). In the proof, it is shown that it is
easier to move elements that are frequent in a table than those that are rare; the latter
ones are called dots. A precise definition, independent on the choice of T0 or T1, of
frequent and rare elements is given in Definition 3.2.

Equipped with these definitions, it is enough to prove Lemma 3.10: One can
transform T0 and T1, independently, using quadratic moves, in such a way that there
exist two columns cj , cj+1 such that any row in T0 or T1 contains at most one dot in
columns cj and cj+1. Indeed, once the above statement is proven, as the tables are
considered up to row permutations, we can make all dots in both columns in T0

exactly equal to corresponding dots in T1. Then Lemma 3.11 follows as the entries
that are not dots can also be adjusted — details are in the proof of the lemma.

Hence, the hard part of the proof of Theorem 3.12 lies in the proof of Lemma 3.10.
Here the ideas are as follows. First, (as we passed from T to a subtable T ′ where
a given element is one of most frequent in every column) we will be passing to
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Figure 1. The subdivision algorithm.

thinner and thinner subtables. However, due to technical reasons, we must also
allow their horizontal subdivisions, which motivate the following definition.

Definition 3.1 (vertical stripe). Given any table T , we define a vertical stripe to be

• a choice of some number of consecutive columns of T ,

• a subdivision of rows into parts in the chosen columns.

Less formally, a vertical stripe is a collection of disjoint subtables in the same
columns, that cover all rows of T .

Two examples of vertical stripes are presented in Figure 1. One consists of the
whole colored part, where the subdivision into three subtables is given by two thick
white horizontal stripes. The second stripe is the yellow one with the subdivision
into nine subtables.

We would like to find a vertical stripe with (at least) two columns that has at most
one dot in each row. Instead, we consider more general subtables that make vertical
stripes: each subtable has k columns with at most s dots in each row. Further, we
need to control how many distinct elements r of G appear as dots in the subtable.
These subtables do not have to contain all rows, but appear in collections that form
a vertical stripe, i.e., the collection covers all rows.

Figure 1 pictures the subdivision algorithm devised in Lemma 3.11 for T ′0 and T ′1.
We start with a vertical stripe — here represented by the colored part of the table.
It consists of three subtables, divided by two large horizontal white stripes. In
each of the subtables, we fix the same partition of columns into t = 16 vertical and
three horizontal parts (given numbers are just examples). The new, finer horizontal
subdivision is depicted with thin white stripes. In each horizontal part, we discard
at most one of the subtables — these are the red squares. The yellow part drawn
in the center of the picture is a vertical stripe, consisting of subtables that are not
discarded in any of the horizontal parts.

The main point is that, for large k, we may decrease s or r by subdividing each
subtable into t |G| small subtables: columns are divided into t � 0 parts and rows
into |G| parts. In particular, we have t vertical parts, each consisting of |G| small
subtables stacked one under another. After quadratic moves, we may assume that
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each small subtable in almost all of the t vertical parts either has smaller number
of dots in each row (decreasing s) or smaller number of distinct group elements
corresponding to dots (decreasing r ). As t is always much greater than the number
of horizontal subdivisions (which is always some power of |G|) we are able to
choose a whole vertical stripe (with much smaller number of columns) such that in
each subtable s or r has been decreased. Further, we are able to do it in parallel in
T ′0 and T ′1 — details are in the proof of Lemma 3.10.

We hope this discussion could shed some light on Definition 3.7. We mention
here a technical remark; since we work with vertical stripes, once we focus on one
subtable, we have to make sure we do not change the structure of other subtables.
This feature is reflected in (ii) of Definition 3.7, where we restrict to quadratic
moves that only modify a small part of the table. We are finally able to list the main
steps towards the proof of Lemma 3.10:

(i) Bound the number of dots in each row (Lemma 3.4).

(ii) Prove that we may always subdivide a subtable, as described above, decreasing
s or r (Lemma 3.9).

(iii) Show that the subdivision process can be done in parallel in T0 and T1

(Lemma 3.10).

3B. Proof. We start from the definition of frequent elements in a given table T
with respect to a function F . Let F(G) be a function of the cardinality of the
group G. We assume F(G) > |G|2+ 3|G|.

Definition 3.2 (FT and dots). The set of F(G)-frequent elements, or frequent
elements, in a given d × n table T is defined by

FT = {h ∈ G | the number of copies of h in T > F(G) · d}.

Note that if an element is frequent, then there exists a row, where it appears at least
F(G) times. The elements g ∈ G that are not in FT are called dots •.

The frequent elements have a key role in allowing quadratic moves in the table.
Let us start with three basic — yet useful — lemmas.

Lemma 3.3. Let f, f ′ be flows. Let I be a subset of indices and suppose |I | ≥ |G|.
There exists a (nonempty) subset I ′ ⊂ I such that a quadratic move of f and f ′

on I ′ can be performed.

Proof. Since we have |G| differences, possibly repeated, of the form fi − f ′i for
i ∈ I , we may find a nonempty subset I ′, such that

∑
i∈I ′( fi − f ′i )= 0 ∈ G. �

Lemma 3.4. Let T be a given table of elements of G, then we may assume that
each row in T has at most |G|(F(G)+ 1) dots.
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Proof. Note that there exists a row containing at most |G|F(G) dots. Assuming the
contrary, we would have at least (|G|F(G)+ 1)d dots in T . This would imply that
there would be a dot in FT — a contradiction. Let us consider a row rmax with the
largest number of dots. If rmax contains at most |G|(F(G)+ 1) dots, this finishes
the proof. Otherwise, we pick a row rmin with the smallest number of dots; they
are at most |G|F(G). Now, there exist |G| dots of rmax in the same columns as
|G| elements of rmin which are in FT . Exchanging a subset of them we decrease
the number of rows with the largest number of dots. Repeating the process, we
obtain T with all rows containing at most |G|(F(G)+ 1) dots. �

Lemma 3.5. Let z ∈ N. For any ε > 0, there exists n = n(z) such that in any
(0, 1)-table T of size d × n, whose columns contain at least ε · d zeros each, there
exists a row with at least z zeros.

Proof. Setting n > z/ε we may conclude by double counting zeros column-wise
and row-wise. �

Remark 3.6. Let T be a d × n table whose entries are elements of G. In each
column ci we select the elements that appear a maximal number of times; these
elements are the most frequent elements in ci . Among all the columns, we select
those where a reference element g ∈G appears as one of the most frequent elements.

This is not a severe restriction, as n is very large and we would restrict to a
subtable with at least n/|G| columns, for some g ∈ G. Such a reference element g
will be important throughout the proof.

We now introduce a crucial property S( · ) for our inductive proof.

Definition 3.7 (property S( · )). Let s, r, t, k ∈ N, let T be a d × n table whose
entries are elements of G, and Q a d ′× k-subtable of T . Moreover, let us assume
that the following hold:

(a) g ∈ G is one of the most frequent elements in every column of T .

(b) There are at most s dots in every row of Q.

(c) There exists a subset H ⊂ G of cardinality r , such that each dot of Q is in H .

We say that the property S(s, r, t, k, T, Q) holds for the pair Q ⊂ T if

(i) s = 1 and k ≥ 2, or

(ii) s > 1 and we can transform T into another table T̃ (transforming Q into Q̃)
such that we may subdivide the first t · bk/tc columns of Q̃ into t consecutive
subtables Qi , each consisting of k̃ = bk/tc columns and d ′ rows that satisfy:
(1) If r =1 then each Qi except one has the property S(s−1, r, |G|t, k̃, T, Qi ).
(2) If r > 1 then for every Qi except one we can subdivide the rows into
|G| parts Qi j , such that for every j either S(s − 1, r, |G|t, k̃, T, Qi j ) or
S(s, r − 1, |G|t, k̃, T, Qi j ) holds.
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Further, the transformation may only use quadratic moves that do not change
dots that are in the columns of Q and in rows outside Q (i.e., it cannot move
dots in the same vertical stripe, but outside Q).

Remark 3.8. Condition (a) above is not restrictive, according to Remark 3.6, as
we will be applying the definition to subtables of T0 and T1 for which g is one of
the most frequent elements in each column.

In the next lemma, we show that one can transform and divide Q into smaller
subtables decreasing either s or r , provided k is sufficiently large. This is achieved
with special quadratic moves.

Lemma 3.9. For every s, r, t ∈ N, every k sufficiently large, and every pair Q ⊂ T
satisfying the assumptions in Definition 3.7, the property S(s, r, t, k, T, Q) holds.

Proof. The proof is by induction on s. For s = 1 the claim is true for k ≥ 2 by
Definition 3.7. Assume that the claim is true for s. We show the statement for s+1.

If s + 1 > |G|, let us set k > t · k̃, where k̃ is an integer such that the property
S(s, r, |G|t, k̃, ·, · ) holds for arbitrary pairs of tables and subtables in the last two
arguments which satisfy the assumptions in Definition 3.7. Let us fix an arbitrary pair
of tables Q ⊂ T satisfying the assumptions in Definition 3.7 for s+1 and r . In par-
ticular, each row of Q has at most s+1 dots. We fix a partition of Q into equal-sized
subtables Q j , each consisting of bk/tc consecutive columns. If all the Q j contain
only rows with strictly less than s+ 1 dots, we are done. Otherwise, we choose a
subtable Qi0 with a maximal number of rows containing s+1 dots. Every Q j has at
most as many rows with s+1 dots as Qi0 . Hence, for any subtable Q j different from
Qi0 we can pair each row of Q j with s+1 dots with a row of Q j without any dots (the
latter corresponding to a row of Qi0 with s+1 dots). The structure of T is as follows.

• • • · · · · · · · · · · · · · · · · · · · · · · · · · · ·

• • • · · · · · · · · · · · · · · · · · · · · · · · · · · ·
· · · · · · · · · • • • · · · · · · · · · · · · · · · · · ·
· · · · · · · · · • • • · · · · · · · · · · · · · · · · · ·

· · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · ·

· · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · ·

• • • · · · · · · · · · · · · · · · · · · · · · · · · · · ·









































Q

T \Q

Qi0 Qj Q \ (Qi0 ∪Qj) T \Q

The arrows below describe the pairing between a row with s+ 1 dots with a row
without any dots in the subtable Q j .

Qj =

















· · · · · · · · · · · · · · · · · ·
· · · · · · · · · · · · · · · · · ·
· · · · · · · · · · · · · · · · · ·
· · · · · · · · · · · · · · · · · ·
• · · · • • · · · · · ·
• • · · · · · · • · · ·

















←−
←−

←−−

←−−
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For each such pair we use Lemma 3.3, as s+1> |G|, to make a quadratic move
reducing the number of dots that a row of Q j may have. Hence, by induction, for
any Q j 6= Qi0 the property S(s, r, |G|t, bk/tc, T, Q j ) holds, as k > t · k̃. Thus
S(s+ 1, r, t, k, T, Q) holds by Definition 3.7.

If s+ 1≤ |G|, we proceed by induction on r .
If r = 1, let us set k > t · k̃ as before. First, suppose there is only one vertical

part Qi0 which contains rows with s+1 dots. Since all the other parts Q j have rows
with at most s dots, by induction they satisfy S(s, r, |G|t, bk/tc, T, Q j ), hence we
may conclude this case. Otherwise, as long as there are two parts Qi0 and Q j0
with rows ri and rj respectively with s+ 1 dots, we proceed as follows. Let us fix
one dot in ri and one in rj . Let gi and gj be the elements of the rows ri and rj in
the same columns as the chosen dots. If gi = gj we can make a quadratic move
exchanging both chosen dots and the gi . Suppose gi 6= gj .

• • • • · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · ·
• • • • gi · · · · · · · · · gj · · · · · · gj gj · · · · · ·
· · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · ·
· · · · · · · · · gj • • • • · · · · · · gi · · · · · · gi gi
· · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · ·

· · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · ·

· · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · ·





































Q

T \Q

Qi0 Qj0 Q \ (Qi0 ∪Qj0) T \Q

As gi is not a dot, there has to exist a row rt of T with more than F(G) copies of gi .
We make a quadratic move between rj and rt not involving the 2s+ 2 columns of
dots in Qi0 and Q j0 in the rows ri and rj . This procedure allows us to put at least
F(G)− 3|G| copies of gi in the row rj , without moving dots in Q — we need to
subtract |G| by Lemma 3.3 and 2|G| ≥ 2(s + 1) to avoid the dots. Now, we can
make the same quadratic move for gj and ri . The result of these moves is in the
table above, where the red bullets • are the chosen dots.

After performing these quadratic moves, if there is a column ct containing gj

and gi in rows ri and rj , then we make a quadratic move, exchanging the chosen
dots and the elements of ct . Otherwise, applying Lemma 3.5 for ε = 1/|G| to
a subtable of T of columns containing gi in the row rj , we may find a row rt

containing at least |G| copies of g, as long as F(G)−3|G|> |G|2. Then we move
some copies of g to the row ri by Lemma 3.3. Analogously for gj , we may move
some copies of g to the row rj . Here are, depicted in red, the copies of g and, in
blue, the quadratic move putting those copies of g in ri and rj respectively.





































· · · · · · · · · · · · · · · · · · g g g g rt
· · · · · · · · · · · · · · · · · · ↓ ↓ ↓ ↓

• gi gj gj · · · gj · · · · · · · · · · · · ri
· · · · · · · · · · · · · · · · · · · · · · · · · · · · · ·

gj • · · · · · · · · · · · · gi gi · · · gi rj
· · · · · · ↑ ↑ ↑ ↑ · · · · · · · · · · · ·

· · · · · · g g g g · · · · · · · · · · · · rt′
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Applying the blue quadratic move above, we obtain a column ci that has g in ri

and gi in rj . In the same way, we obtain a column cj that has g in rj and gj in ri . Now,
we perform a quadratic move in the subtable below, exchanging the chosen dots:[

• gi gj g
gj • g gi

]
.

Thus, we reduce the number of dots in both rows. This concludes the case r = 1.
Assume r > 1. Let us set k > t · k̃, where k̃ is such that both of the properties

S(s, r, |G|t, k, T, · ) and S(s+ 1, r − 1, |G|t, k, T, · ) hold. Suppose that there is
only one Qi0 such that there exists a row with s+1 dots corresponding to r distinct
group elements. Then the rows of every other part Q j can be partitioned into at
most |G| parts Q j,l such that

(i) all the rows in Q j,1 have at most s dots,

(ii) all the dots in Q j,l for l > 1 correspond to at most r−1 distinct group elements.

We conclude by induction in the case when there is only one part Qi0 . We will
reduce every other case to this one. Assume that there are two parts Qi0 and Q j0
such that there exist rows ri and rj with s+1 dots corresponding to r distinct group
elements. As both rows ri and rj contain dots corresponding to the same r elements
of the group G, we can choose one dot in each row corresponding to the same
element. Now, repeating the procedure described in the case r = 1, we reduce the
number of dots in ri and rj . This concludes the proof. �

By Lemma 3.9 for any s, r, t we set K (s, r, t) such that for all k ≥ K (s, r, t) the
property S(s, r, t, k, ·, ·) holds.

Lemma 3.10. Let T0 and T1 be tables which are compatible and have at least
|G|K

(
|G|(F(G)+ 1), |G|, 3

)
columns. Then, we may transform them using qua-

dratic moves into tables T̃0 and T̃1 such that the following holds: there exists j such
that no row in T̃0 nor in T̃1 has a dot in both the j-th and the ( j+1)-st columns.

Proof. Let us restrict T0 and T1 to the subtables T ′0 and T ′1 containing all rows and
those columns that have g as the most frequent element. By Lemma 3.4, we may
assume that the upper bound on the number of dots in T ′0 and T ′1 in each row is
B = |G|(F(G)+ 1). By Remark 3.6 and the assumption on the size of T0 and T1,
we can assume that T ′0 and T ′1 have at least k0 = K (B, |G|, 3) columns. Hence, in
particular, the properties S(B, |G|, 3, k0, T ′0, T ′0) and S(B, |G|, 3, k0, T ′1, T ′1) hold.
In the rest of the proof we transform both tables T ′0 and T ′1 using quadratic moves,
at each step passing to a smaller vertical stripe such that each subtable in it satisfies
the property S(s, r, · ) with smaller and smaller s or r .

Starting with T ′0 and T ′1 we apply the following algorithm, depicted in Figure 1.
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Input of step i: The input of the i-th step of the algorithm is two compatible
tables with corresponding distinguished ki =bki−1/(3|G|i−1)c consecutive columns
forming a vertical stripe. The vertical stripe has at most |G|i parts (subtables). In
the table T ′0 the parts are T ′0, j . For a given part T ′0, j , let s0,i, j be the maximal number
of dots that a row may have. Let r0,i, j be the number of distinct group elements
corresponding to dots of T ′0, j . Properties S(s0,i, j , r0,i, j , 3|G|i , ki , T ′0, T ′0, j ) hold.
Likewise the parts T ′1, j of T ′1 satisfy S(s1,i, j , r1,i, j , 3|G|i , ki , T ′1, T ′1, j ). Moreover,
s0,i, j + r0,i, j ≤ B+ |G| − i and s1,i, j + r1,i, j ≤ B+ |G| − i .
Output of step i: The output of the i-th step of the algorithm is the input of the
(i+1)-st step.
Termination: The algorithm stops when all s0,i, j , s1,i, j = 1.
Procedure for step i: In the i-th step we subdivide the ki columns into 3|G|i parts,
subdividing each T ′0, j into parts T ′0, j,a , as in Definition 3.7. Now, the algorithm trans-
forms T ′0, j,a using Definition 3.7. Hence, we obtain a subdivision of rows of T ′0, j,a
into at most |G| parts T ′0, j,a,b. Here are the parts of T ′0 highlighted in blue (the left and
right brackets select horizontal parts and the bottom bracket selects vertical parts):

· · · · · · · · · · · · · · ·
· · · · · · · · · · · · · · ·
· · · · · · · · · · · · · · ·
· · · · · · · · · · · · · · ·
· · · · · · · · · · · · · · ·
· · · · · · · · · · · · · · ·
· · · · · · · · · · · · · · ·
· · · · · · · · · · · · · · ·
· · · · · · · · · · · · · · ·
· · · · · · · · · · · · · · ·
· · · · · · · · · · · · · · ·





















































T ′

0,j

T ′

0,j,a,b

T ′

0,j,a

For each j , for every a except one and for every b the subtable T ′0, j,a,b satisfies
either property (1) or (2) below:

S(s0,i, j − 1, r0,i, j , 3|G|i+1, ki+1, T ′0, T ′0, j,a,b), (1)

S(s0,i, j , r0,i, j − 1, 3|G|i+1, ki+1, T ′0, T ′0, j,a,b). (2)

As each of the |G|i horizontal parts in T ′0 can exclude one T ′0, j,a , and each of the
|G|i horizontal parts in T ′1 can exclude one T ′1, j,a we may find an index a0 such
that the following conditions hold for every j and b:

(i) (1) or (2), with a0 in place of a.

(ii) (3) or (4), given by

S(s1,i, j − 1, r1,i, j , 3|G|i+1, ki+1, T ′1, T ′1, j,a0,b), (3)

S(s1,i, j , r1,i, j − 1, 3|G|i+1, ki+1, T ′1, T ′1, j,a0,b). (4)
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(Less formally, since the number of vertical stripes is much larger than the number
of discarded subtables in each subdivision, we can choose two corresponding
vertical stripes in both of the tables. This is pictured below.) The choice of
the a0-th vertical stripe and the subdivisions T ′0, j,a0,b, T ′1, j,a0,b are the output of
the i-th step of the algorithm and the input of the (i+1)-th step. The algorithm
terminates when we reach s = 1. The procedure terminates in a finite number
of steps as at each step either s or r decreases. Moreover, at every step of the
algorithm, we have collections of subtables satisfying property S( · ). This im-
plies that, at the last step, k ≥ 2. Thus the algorithm provides the desired pairs
of columns.

T̃0 − T̃1 = − �

Lemma 3.11. Let T0 and T1 be two compatible tables with n columns, for n suf-
ficiently large. We can transform T0 and T1 using quadratic moves such that the
following holds: there exists j such that the j-th and ( j+1)-st columns in T0 equal
the j-th and ( j+1)-st columns in T1 respectively.

Proof. We restrict to subtables T ′0 and T ′1 where g is the most frequent element, as
in Remark 3.6. By Lemma 3.10, we may assume that in every row of T ′0 and T ′1 we
have only one dot in the first two columns. Now, we can permute rows in such a
way that the dots are equal in the corresponding entries. The elements in the rows
which are not dots are not necessarily the same in each row. We show that given
any pair of distinct elements gi , gj ∈ FT ′0 in the first column and in the rows ri , rj

respectively, we can exchange them.
Since gi and gj are in FT ′0 , we can find two rows, say rs and rt respectively, such

that we have at least F(G) copies of gi and gj in rs and rt respectively — see the
table below. By Lemma 3.3, we can move at least F(G)− |G| − 2 copies of gi

to the row rj and at least F(G)− |G| − 2 copies of gj to ri ; here we subtract two
because we are avoiding the first two columns. If there is a column ct containing gi

and gj in its j -th and i-th rows respectively, then we exchange them by a quadratic
move on the column ct and the first column. Otherwise, we proceed as follows.
We restrict to a subtable containing columns where the row rj has gi as its entries.
By Lemma 3.5, for ε = 1/|G|, in this subtable we may find |G| copies of g in
some row rt . Then we move some copies of g to the row ri applying Lemma 3.3.
Analogously for gj , we may move some copies of g to the row rj . Below are
depicted in red the copies of g and in blue the quadratic moves putting those copies
of g in ri and rj respectively.
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T ′

0
=

































• · · · · · · · · · · · · · · · · · · · · · · · · · · ·
• · · · g g g g · · · · · · · · · · · ·
• · · · ↓ ↓ ↓ ↓ · · · · · · · · · · · ·
gi · · · · · · · · · · · · · · · gj gj gj gj
· · · · · · · · · · · · · · · · · · · · · · · · · · · · · ·
· · · • · · · · · · · · · · · · · · · · · · · · · · · ·
gj • gi gi gi gi · · · · · · · · · · · ·
· · · • · · · · · · · · · · · · ↑ ↑ ↑ ↑
· · · · · · · · · · · · · · · · · · g g g g

· · · · · · · · · · · · · · · · · · · · · · · · · · · · · ·

































Now, we perform a quadratic move exchanging gi and gj in a suitable subtable of T ′0:[
gi gj g
gj g gi

]
.

Such moves allow us to adjust all elements in the first two columns that are not
dots. This concludes the proof. �

Theorem 3.12. For any finite abelian group G, the phylogenetic complexity φ(G)
of G is finite.

Proof. Let G be a finite abelian group. Fix N � |G|. Once N is fixed, the
phylogenetic complexity φ(G, N ) is finite by the Hilbert basis theorem. Assume
n > N . We will show that φ(G, n)≤ φ(G, n− 1). This implies that they are equal.

Let B be a binomial in I (X (G, K1,n)) identified with a compatible pair of d×n
tables T0 and T1, as described in Section 2. By Lemma 3.11, we may assume there
exist two columns cj and cj+1 in T0 and their corresponding columns c′j and c′j+1
in T1, for some 1 ≤ j ≤ n, such that, for each row, cj has the same entries as c′j ,
and cj+1 has the same entries as c′j+1. Note that in Lemma 3.11 we use quadratic
moves to transform two given tables T0 and T1 into a pair of tables such that they
satisfy the condition on columns above.

Now, summing coordinatewise the columns cj and cj+1 in T0, and c′j and c′j+1
in T1, we obtain a new pair of tables T̂0 and T̂1 with n − 1 columns. The new
pair T̂0, T̂1 is identified with a binomial B̂ ∈ I (X (G, K1,n−1)). By definition, this
binomial is generated by binomials of degree at most φ(G, n− 1). Hence, we may
transform T̂0 into T̂1 by exchanging in every step at most φ(G, n− 1) rows. Each
of these steps lifts to an exchange among at most φ(G, n−1) rows in tables T0 and
T1. After applying all the steps, the resulting tables T̃0 and T̃1 still do not have to
be equal. However, they only differ possibly on the columns cj and cj+1. Without
loss of generality we may assume j = 1. Thus the tables T̃0 and T̃1 are as follows:

T̃0− T̃1 =


aj1 bj1 · · · · · · · · ·

aj2 bj2 · · · · · · · · ·

· · · · · · · · · · · · · · ·

ajd bjd · · · · · · · · ·

−


ak1 bk1 · · · · · · · · ·

ak2 bk2 · · · · · · · · ·

· · · · · · · · · · · · · · ·

akd bkd · · · · · · · · ·

 ,
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where columns different from the first two are identical. Suppose there exists l such
that ajl 6= akl (and bjl 6= bkl ). Then ajl + bjl = akl + bkl , since the l-th rows of T̃0

and T̃1 are identical except in the first two columns and, moreover, every row is a
flow. On the other hand, there exists s such that akl = ajs and bkl = bjs . Thus we
make a quadratic move between ajl , bjl and ajs , bjs . This concludes the proof. �

4. Open questions

In this last section, we collect some well-known open questions regarding group-
based models for the convenience of the reader. We start from the central conjecture
in this context.

Conjecture 4.1 [Sturmfels and Sullivant 2005, Conjecture 29]. For G, any finite
abelian group, φ(G)≤ |G|.

Taking into account the inductive approach presented in this article, it seems
crucial to first understand the simplest tree K1,3.

Conjecture 4.2. For G, any finite abelian group, φ(G, 3)≤ |G|.

Notice that our main theorem — Theorem 3.12 — can be restated as follows: the
function φ(G, · ) is eventually constant. The ensuing result would be a desired
strengthening of ours.

Conjecture 4.3 [Michałek 2013, Conjecture 9.3]. φ(G, n+ 1)=max(2, φ(G, n)).

We are grateful to Seth Sullivant for noticing that this is equivalent to φ(G, · )
being constant, apart from the case when G = Z2 and n = 3, when the associated
variety is the whole projective space. Conjecture 4.3 also implies the following.

Conjecture 4.4 [Sturmfels and Sullivant 2005, Conjecture 30]. The phylogenetic
complexity of G = Z2×Z2 is 4.

Yet another direction would be trying to find combinatorial analogs of1-modules
presented in [Snowden 2013; Sam and Snowden 2016]. We have not pursued this
approach, however we present some similarities. First, in the class of equivariant
models one can apply such techniques to prove finiteness on the set-theoretic level
[Draisma and Eggermont 2015]. Second, one of the properties of equivariant
models — a flattening — is mimicked for group-based models (on the algebra level
though, but not on the level of varieties). This is the addition of two group elements
that turns a flow of length n+1 to a flow of length n. The latter was a crucial property
that allowed us to obtain the result: generation using the “simple” equations (in
our case, quadratic moves) and induced equations for smaller n. It would be very
desirable to introduce a general setting for polytopes and toric varieties, which
would still allow to obtain finiteness results on the ideal-theoretic level.
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