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Split abelian surfaces over finite fields
and reductions of genus-2 curves

Jeffrey D. Achter and Everett W. Howe

Dedicated to the memory of Professor Tom M. Apostol

For prime powers ¢, let split(q) denote the probability that a randomly chosen
principally polarized abelian surface over the finite field [, is not simple. We
show that there are positive constants ¢; and ¢, such that, for all ¢,

c1(logq) > (loglog q) ™ < split(q) /g < c2(logq)*(loglog q)?,

and we obtain better estimates under the assumption of the generalized Riemann
hypothesis. If A is a principally polarized abelian surface over a number field K,
let mopic(A/ K, z) denote the number of prime ideals p of K of norm at most z
such that A has good reduction at p and A, is not simple. We conjecture that, for
sufficiently general A, the counting function e (A/K, z) grows like /z/log z.
We indicate why our theorem on the rate of growth of split(q) gives us reason to
hope that our conjecture is true.
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1. Introduction

Let A/K be a principally polarized absolutely simple abelian variety over a number
field. Murty and Patankar have conjectured [Murty 2005; Murty and Patankar 2008]
that if the absolute endomorphism ring of A is commutative, then the reduction A,
is simple for almost all primes p of Ok. (See [Achter 2009; Zywina 2014] for work
on this conjecture.) Given this, it makes sense to try to quantify the (conjecturally
density zero) set of primes of good reduction for which Ay, is split; that is, for which
A, is isogenous to a product of abelian varieties of smaller dimension. Specifically,
define the counting function

Topiit(A/ K, 2) =#{p : N(p) <z and A, is split}.

Some upper bounds for the rate of growth of this function are available. For
instance, a special case of [Achter 2012, Theorem B, p. 42] states that if the image
of the £-adic Galois representation attached to the g-dimensional abelian variety A
is the full group of symplectic similitudes, then

1

1+
z(loglogz 32¢2+g+1)
Tt (4/K, 2) € (ogloe ) i for all z > 3;

(log z) teaien

if one is willing to assume a generalized Riemann hypothesis, one can further show

that
1 2

Tpi(A/K,2) < 2 e (logz) et forall 7> 3. (1)

However, there is no reason to believe that even (1) does a very good job of capturing
the actual behavior of the function 7yt (A /K, z). The purpose of the present paper
is to explain and support the following hope.

Conjecture 1.1. Let A/K be a principally polarizable abelian surface with abso-
lute endomorphism ring Endg A = Z. Then there is a constant C4 > 0 such that

Z
Tsplit(A/ K, z) ~ CAi as 7 — 00.
logz

This statement bears some resemblance to the Lang—Trotter conjecture [1976],
whose enunciation we briefly recall. Let £/Q be an elliptic curve with Endg £ =7,
and fix a nonzero integer a. Let w(E, a, z) be the number of primes p < z such
that E,(F,) — (p +1) = a. Then Lang and Trotter conjecture that 7 (E, a, z) ~
CE.ax/7/10g z as z — oo, for some constant Cg ,. They also give a conjectural
formula for the constant Cg ,, but we shall ignore such finer information here.

In Section 2, we review a framework under which one might expect such counting
functions to grow like /z/log z. Roughly speaking, the philosophy of Section 2
suggests that Conjecture 1.1 should hold if the probability that a randomly chosen
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principally polarized abelian surface over [, is split varies like g~ '/2. The bulk of
our paper is taken up with a proof of a theorem which says that, up to factors of
log g, this is indeed the case.

For every positive integer n we let A,, denote the moduli stack of principally
polarized n-dimensional abelian varieties, so that for every field K the objects of
A, (K) are the K-isomorphism classes of such principally polarized varieties over K.
For every n and K we also let A, s1i((K) denote the subset of A, (K) consisting
of the principally polarized abelian varieties (A, A) for which A is not simple
over K. This is perhaps an abuse of notation, because there is no geometrically
defined substack A, piic giving rise to the sets A, split(K); our definition of “split”
is sensitive to the field of definition.

Theorem 1.2. We have

1 #-/42 split(l]:q) 4 2
: 1 log1 igq.
(logq)*(loglog )’ T K (logg)*(loglogg)” forall q
If the generalized Riemann hypothesis is true, we have
1 #A2, sprit(Fy) 2 4
: 1 logl ilq.
(logq)(oglog )° P K (logg)~(loglogg)™ forall q

Since Aj; is irreducible of dimension 3, Theorem 1.2 implies that, up to loga-
rithmic factors, the chance that a randomly chosen principally polarized abelian
surface over [ is split varies like g2

The paper closes by presenting some numerical data, including evidence in favor
of Conjecture 1.1. We also indicate what we believe to be true when one considers
varieties that are geometrically split, and not just split over the base field.

After the first-named author gave a preliminary report on this work, including
some data obtained using sage, William Stein suggested contacting Andrew Suther-
land for help with more extensive calculations. Sutherland provided us with the
program smalljac [Kedlaya and Sutherland 2008], which we ran on our own
computers to obtain data on the mod-p reductions of the curve y> = x> +x + 6
over Q; later, Sutherland kindly used his own computers, running a program based
on the algorithm in [Harvey and Sutherland 2016], to provide us with reduction data
for this curve for all primes up to 23, It is a pleasure to acknowledge Sutherland’s
assistance. The data presented in Sections 11.1 and 11.2 was obtained using gp
and MAGMA.

As we were writing up the various asymptotic estimates of number-theoretic
functions that appear in this paper, the second-named author thought frequently of
Professor Tom M. Apostol, in whose undergraduate Caltech course Math 160 he
first became familiar with such computations. Not long after we completed this
paper, Apostol passed away. We dedicate this work to his memory.
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Notation and conventions. If Z is a set of real numbers and f and g are real-valued
functions on Z, we use the Vinogradov notation

f(z) kK g(z) forzeZ

to mean that there is a constant C such that | f(z)| < C|g(z)| forallz € Z. If Z
contains arbitrarily large positive reals, we use

f(z)~g(z) as z—> o0

to mean that f(z)/g(z) = 1 as z — 0o, and we write f(z) < g(z) to mean that
there are positive constants C; and C, such that Cy|g(2)| < |f(2)] < C2|g(z)| for
all sufficiently large z.

When we are working over a finite field [, we will use without further comment
the letter p to denote the prime divisor of ¢. This convention unfortunately conflicts
with the standard use in analytic number theory of the letter p as a generic prime,
for instance when writing Euler product representations of arithmetic functions.
In such situations in this paper (see for example equation (4) in Section 4), we
will instead use £ to denote a generic prime, and we explicitly allow the possibility
that £ = p.

A curve over a field K is a smooth, projective, irreducible variety over K of
dimension one, and a Jacobian is the neutral component of the Picard scheme of
such a curve.

2. Conjectures of Lang—Trotter type

Let M be a moduli space of PEL type [Shimura 1966]. Let K be a number field, let
A € Ok be nonzero, and let S be the set of primes of K that do not divide A. If p is
aprime of K we let [, denote its residue field. Equip each finite set M ([F,) with the
uniform probability measure, and let A, be a random variable on M ([F,). Suppose
that for each p € § a subset T, C M([Fy) is specified, with indicator function /.
Let A= npeS Ay, and let

#T,
(A, 1,z2)= Z #M(?F)
peS:N(p)<z P

be the expected value of ZpeS:N(p)fz I,(Ap). If #T, /#M(Fp) < 1/ N (p)™, then
Landau’s prime ideal theorem [1903a, p. 670] yields the estimate 7w (A4, I, z) <
fzz 1/(x™log x) dx. In particular, for m = % one finds that w (A, I, z) < \/z/logz.

Henceforth, assume M and T, are chosen so that the above holds with m = %

Now suppose that A € M(Ok[1/A]), and let
A L= Y L(Ap.

peS:N(p)<z
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If one assumes that (A is sufficiently general, and thus) A is well modeled by the
random variable A, then one predicts that

(A, I,7) = &. 2)

(By “sufficiently general” one might mean, for example, that the Mumford-Tate
group of A is the same as the group attached to the Shimura variety M; but this
will not be pursued here.)

For instance, let .4; be the moduli stack of elliptic curves, and let a be a nonzero
integer. On one hand, since 4, is irreducible and one-dimensional, we have the
estimate #A4;(F;) < ¢g. On the other hand, the number of isomorphism classes of
elliptic curves over [, with trace of Frobenius a is the Kronecker class number
H(a? - 4q). Up to (at worst) logarithmic factors, the class number H (a® — 4q)
grows like /|a% —4q| ~ 2./q (see Lemma 4.4). In this case, the prediction (2)
yields the Lang—Trotter conjecture.

We interpret Theorem 1.2 as saying that the number of principally polarized split
abelian surfaces over [, is approximately ¢>/?. This, combined with the fact that
dim Ay = 3 and thus #43(F,) < q°, is the inspiration behind Conjecture 1.1.

In spite of the apparent depth and difficulty of the Lang—Trotter conjecture, we
are certainly not the first to have attempted to formulate analogous conjectures
in related contexts. Murty [1999] poses the problem of counting the primes p
for which, in a given Galois representation p : Gal(K) — GL,(0,), the trace of
Frobenius tr(p(op)) is a given number a. The work of Bayer and Gonzélez [1997]
is philosophically more similar to the present paper. Bayer and Gonzdlez consider
a modular abelian variety A/Q and study the number of primes p such that the
reduction A, has p-rank zero. Unfortunately, in most situations, both [Bayer and
Gonzélez 1997, Conjecture 8.2, p. 69] and [Murty 1999, Conjecture 2.15, p. 199]
predict a counting function 7 (z) which either grows like log log z or is absolutely
bounded. In contrast, Conjecture 1.1 has the modest virtue of involving functions
that grow visibly over the range of computationally feasible values of z.

3. Split abelian surfaces over finite fields

In this section we articulate the proof of Theorem 1.2, which gives asymptotic upper
and lower bounds on the number of principally polarized abelian surfaces over finite
fields such that the abelian surface is isogenous to a product of elliptic curves. There
are several different types of such surfaces, each of which we analyze separately.

First, there are the abelian surfaces over [, that are isogenous to a product
E| x E, of two ordinary elliptic curves, with E; and E; lying in two different
isogeny classes. We call this the ordinary split nonisotypic case.
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Proposition 3.1. The number W, of principally polarized ordinary split nonisotypic
abelian surfaces over [, satisfies

g¢>*(log g)*(loglog q)*  for all q, unconditionally,

W, K«
2 {qs/z(logq)z(loglogq)4 for all g, under GRH.

Second, there are the abelian surfaces over [, that are isogenous to the square of
an ordinary elliptic curve. We call this the ordinary split isotypic case.

Proposition 3.2. The number X, of principally polarized ordinary split isotypic
abelian surfaces over [, satisfies

g*>(log q)*|loglogq| for all q, unconditionally,
e g*>(log q)(loglog ¢)*> for all q, under GRH.

Third, there are the abelian surfaces over [, that are isogenous to the product of
two elliptic curves, exactly one of which is supersingular. We call this the almost
ordinary split case.

Proposition 3.3. The number Y, of principally polarized almost ordinary split
abelian surfaces over [, satisfies

g*(logg)(loglog q)* for all q, unconditionally,
1 g*|loglog q|? for all g, under GRH.

And fourth, there are the abelian surfaces over [, that are isogenous to the product
of two supersingular elliptic curves. We call this the supersingular split case.

Proposition 3.4. The number Z, of principally polarized supersingular split abelian
surfaces over [y satisfies Z, < q° forall q.

To prove the lower bound in Theorem 1.2, we estimate the number of ordinary
split nonisotypic surfaces.

Proposition 3.5. The number W, of principally polarized ordinary split nonisotypic
abelian surfaces over [, satisfies

5/2
q .
for all q, unconditionally,
log ¢)3(loglog g)*
W, > ( gq)q(s/zg gq)
(logq)(loglog q)° for all q, under GRH.

It is clear that together these propositions provide a proof of Theorem 1.2. We will
prove the propositions in the following sections. We begin with some background
information and results on endomorphism rings of elliptic curves over finite fields
(Section 4) and a review of “gluing” elliptic curves together (Section 5).
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4. Endomorphism rings of elliptic curves over finite fields

In this section we set notation and give some background information on endomor-
phism rings of elliptic curves over finite fields. With the exception of the concepts
of “strata” and of the “relative conductor”, most of the results on endomorphism
rings we mention are standard (see [Waterhouse 1969, Chapter 4] and [Schoof
19871, and note that [Schoof 1987, Theorem 4.5, p. 194] corrects a small error in
[Waterhouse 1969, Theorem 4.5, p. 541]).

Let E be an elliptic curve over a finite field [,. The substitution x — x4 induces an
endomorphism Frz € End E called the Frobenius endomorphism. The characteristic
polynomial of Frg (acting, say, on the £-adic Tate module of E for some £ # p) is
of the form fg(T)=T? —a(E)T + q for an integer a(E), the trace of Frobenius.
Two elliptic curves E and E’ are isogenous if and only if a(E) = a(E’), and Hasse
[1936a; 1936b; 1936¢] showed that |a(E)| < 2,/q. We will denote the isogeny
class corresponding to a by

I(F,, a) = {E/F, : a(E) = a}.

The isogeny class Z([F,, a) is called ordinary if gcd(a, g) = 1, and supersingular
otherwise (see [Waterhouse 1969, p. 526 and Chapter 7]). The supersingular
curves E are characterized by the property that E| p](l]_: ) = {0}.

If E /[, is a supersingular elliptic curve, then End; E is a maximal orderin @ oo,
the quaternion algebra over Q ramified exactly at {p, oo} There are two possibilities
for End E itself. It may be that all of the geometric endomorphisms of E are already
defined over [, so that End E is a maximal order in Q, ; this happens when
g is a square and a(E)*> = 4¢. The other possibility is that End E is an order in
an imaginary quadratic field; in this case, the discriminant of End E is either —p,
—4p, —3, or —4. (See Table 1 in Section 8 for the exact conditions that determine
the various cases.)

Suppose Z([F,, a) is an isogeny class with a® # 4q. Then

Ouq :=2ZIT1/(T* —aT +q)

is an order in the imaginary quadratic field
Ka,q = @(V az - 4Q),

and is isomorphic to the subring Z[Frg] of End E for every E € Z([F,, a). An order
Oin K, 4 occurs as End E for some E € Z(F,, a) if and only if O © O, , and O is
maximal at p (see [Waterhouse 1969, Theorem 4.2, pp. 538-539] or [Schoof 1987,
Theorem 4.3, p. 193]). Note that the maximality at p is automatic when Z(F,, a)
is ordinary, because in that case ¢ is coprime to the discriminant a® — 4q of Oug-
If we let Z(F,, a, O) denote the set of isomorphism classes of elliptic curves in
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Z(F,, a) with endomorphism ring O, we can write Z([F,, a) as a disjoint union

I a) = | | Z(F,. a, 0),
020,44

where O ranges over all orders of K, , that contain O, , and that are maximal
at p. If a is coprime to ¢, or if a = 0 and ¢ is not a square, then each of the sets
Z(F,, a, O) appearing in the equality above is a torsor for the class group CI(O)
of the order O. In particular, #Z([,, a, O) is equal to the class number 4 (O) of O
(see [Schoof 1987, Theorem 4.5, p. 194]).

We will refer to a nonempty set of the form Z([F,, a, O) as a stratum of elliptic
curves over [,. Given a stratum S, we will denote the associated trace by a(S)
and the associated quadratic order by Os. If S and S’ are two strata over [, we
say that S and &’ are isogenous, and write S ~ &, if the elliptic curves in S are
isogenous to those in &' —that is, if a(S) = a(S’).

For any imaginary quadratic order O we let A(O) denote the discriminant of O
and A*(O) the associated fundamental discriminant — that is, the discriminant of
the integral closure of O in its field of fractions. Then

A(0) = f(O)*A*(0),

where §(O) is the conductor of . For a trace of Frobenius a with a® # 4¢q we will
write Ag g, fa.4, and A7, for the corresponding quantities associated to Og 4.

Let E/F, be an elliptic curve whose endomorphism ring is a quadratic order. We
define the relative conductor f,,(E) of E by

(M
f(End E)’

this quantity is also equal to the index of O, , = Z[Frg] in End E. If E/F, is a
supersingular elliptic curve with endomorphism ring equal to an order in a quaternion
algebra, we adopt the convention f.(E) = 0. The relative conductor depends only
on the stratum of E, so for a stratum S we may define f,,(S) to be the relative
conductor of any curve in S.

frel(E) =

Proposition 4.1. Let E/[F, be an elliptic curve with End E a quadratic order.

(a) The relative conductor §.,(E) is the largest integer r such that there exists an

integer b with
FI‘E —b

r

eEnd E.

(b) The relative conductor f.,(E) is the largest integer r for which Frg acts as an
integer on the group scheme E|[r].

(c) If E is ordinary, the relative conductor f.,(E) is the largest integer r, coprime
to q, for which Frg acts as an integer on the group E[r]([F,).
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Proof. Let O be the maximal order containing End E and let w be an element of O
such that O = Z[w]. Write Frg = u+vw for integers u and v; then Z[Frg]=Z+v0O,
so v = f(Z[Frg]).

On one hand, suppose r is an integer for which there is an integer b with
(Frg —b)/r e End E. Then End E 2 Z + (v/r)O, so r is a divisor of the relative
conductor. On the other hand, if s is the relative conductor of E, then End E =
Z+ (v/s)O =Z[(v/s)w], so (Frg —u)/s is an element of End E. This proves (a).

If Frg acts as an integer b on the group scheme E[r], then the endomorphism
Frg —b kills E[r]. This implies that Frp —b factors through multiplication-by-r,
which means that (Frg —b)/r lies in End E. Conversely, if (Frg —b)/r lies in
End E, then Frg acts on E[r] as the integer b. Thus, (b) follows from (a).

Suppose E is ordinary. The endomorphism Frg does not act as an integer on
the group scheme E[p], because it acts noninvertibly (consider the local part of
E[p]), but not as zero (consider the reduced part of E[p]). Therefore, the integer
defined by (b) will not change if we add the requirement that r be coprime to p.
For integers r coprime to p, the group scheme E[r] is determined by the Galois
module E [r](ﬁq). Thus, (c) follows from (b). U

Corollary 4.2. Let E /T, be an elliptic curve with relative conductor r, and let n
be a positive integer. The largest divisor d of n such that Frg acts as an integer on
E[d] is equal to gcd(n, r).

Proof. When End E is a quadratic order, this follows immediately from Proposition
4.1. If the endomorphism ring of E is an order in a quaternion algebra, then ¢ is a
square and Frg = 4=, /g; that is, Frg is an integer, so that d =n = gcd(n,0). U

Later in the paper we will need to have bounds on the sizes of the automorphism
groups of schemes of the form E[n] for ordinary E and positive integers n. Our
bounds will involve the Euler function ¢(n) as well as the arithmetic function
defined by ¥ (n) =n[[,,(1+1/0).

Proposition 4.3. Let E be an elliptic curve over [y, let n be a positive integer, and
let g = ged(n, §,o(E)). If E is supersingular, assume that n is coprime to q. Then
#Aut E[n]

g (n)
Proof. Every term in the inequality is multiplicative in 7, so it suffices to consider
the case where n is a prime power £°.

Suppose £ = p. In this case, E must be ordinary by assumption. Note that the
relative conductor divides the discriminant a*> —4¢q, where a = a(E) is coprime to p
because E is ordinary. Therefore the relative conductor is coprime to p, so g = 1.

The group scheme E[n] is the product of a reduced-local group scheme G
and a local-reduced group scheme G5, each of rank n. The group scheme G is

p(n) < =¥ n). 3)
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geometrically isomorphic to Z/n, with Frobenius acting as multiplication by an
integer (which is congruent to a modulo ¢). The automorphism group of G is
(Z/n)*, and has cardinality ¢ (n).

The group scheme G, is geometrically isomorphic to u,, the group scheme
of n-th roots of unity, with Frobenius acting as power-raising by an integer. The
automorphism group of G is also (Z/n)*, and has cardinality ¢(n).

Since there are no nontrivial morphisms between G and G, the automorphism
group of E[n] is the product of the automorphism groups of G| and G,. Thus, when
n is a power of p the middle term of (3) is equal to ¢(n), and the two inequalities
of (3) both hold.

Now suppose £ # p. In this case, the group scheme E[n] can be understood
completely in terms of its geometric points and the action of Frobenius on them.
The group E [n](Fq) is isomorphic to (Z/n)?, and if we fix such an isomorphism the
Frobenius endomorphism is given by an element y of GL,(Z/n) whose trace is a
and whose determinant is g. The automorphism group of E[n] is then isomorphic
to the subgroup of GL,(Z/n) consisting of those elements that commute with y;
that is, the centralizer Z(y) of y.

Let r be the largest divisor of n such that Frg acts as an integer on E[r];
Proposition 4.1 shows that » = g. Then there is an integer d (uniquely determined
modulo g) and a matrix 8 € GL,(Z/n) such that

g B €gMatz(Z/n) =Maty(Z/(n/g))

is cyclic and such that y =d - I 4+ g - 5. (See [Avni et al. 2009; Williams 2012] for
details.)

Given this expression for y, we can explicitly compute the centralizer Z(y). If
g =n then Z(y) = GLy(Z/n), so Z(y) has order mﬂ(n)(p(n)z. If g is a proper
divisor of n then Z(y) is the group of all « € GL,(Z/n) such that the image of « in
GLy(Z/(n/g)) C Maty(Z/(n/g)) lies in the Z/(n/g)-span of I and . The order
of this subgroup of GL,(Z/(n/g)) is equal to ¢(n/g) times

Y(n/g) if B mod ¢ has no eigenvalues in Z/¢,
n/g if B mod £ has 1 eigenvalue in Z/¢,
¢(n/g) if B mod ¥ has 2 eigenvalues in Z/¢,

so the order of its preimage in GL,(Z/n) is either > (n)p(n) or g’ne(n) or
g%¢(n)?. In every case we find that

o) <H#Z(y) < g Y (e (),

which gives (3). (Alternative methods of calculating Z(y) can be found in [Williams
2012].) [l
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Later in the paper we would like to have estimates for the sizes of isogeny classes
and strata; since these sizes are given by class numbers, we close this section by
reviewing some bounds on class numbers.

We denote the class number of an imaginary quadratic order O by h(O); this is
the size of the group of equivalence classes of invertible fractional ideals of O. We
let H(O) denote the Kronecker class number of O, defined by

H©O)= ) h(O),

0’20

where the sum is over all quadratic orders that contain O. If A is the discriminant
of an imaginary quadratic order O, we write h(A) and H(A) for h(O) and H (O),
respectively.

Lemma 4.4. We have

|A[/Z Tog| Al for fundamental A < 0,

h(A) K
(&) {|A|1/210g|A|10g10g|A| forall A <0;

H(A) < |Al'?1log|A|(loglog|A)?  forall A <O.
If the generalized Riemann hypothesis is true, we have

|A]'/2 1oglog|A| Jor fundamental A < 0,

h(A
( )<<{|AI1/2(loglog|A|)2 forall A <0;

H(A) < |Al'Y?(loglog|lA)®  forall A <O0.

Proof. The unconditional bound on 2 (A) for fundamental A comes from [Cohen
1993, Exercise 5.27, p. 296], and the conditional bound from [Littlewood 1928,
Theorem 1, p. 367].

For an arbitrary negative discriminant A, write A = f>A* for a fundamental
discriminant A*, and let x be the quadratic character modulo A*. Then

h(a) =fh(A*)]_[<1 - #) < fh(A*)]—[(l + %) <h&Yof), @

Ll f b

where o is the sum-of-divisors function (and we recall that ¢ ranges over all prime
divisors of §). Since o(n) < nloglogn for n > 2 by [Hardy and Wright 1968,
Theorem 323, p. 266], we find that

h(A) < fh(A") loglog|A| forall A <O.

Combining this with the class number bounds for fundamental discriminants gives
us the bounds for arbitrary discriminant.
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For Kronecker class numbers, note that

- prg -2

f1f f1f ay
1
< h(A* - -1 * 2
< h( )(Zf) 1'[(1 + E) <F ' h(a)e (),
fIf 7 e
so that
H(A) < fh(A%)(loglog|A? forall A <O.

This leads to the desired bounds on H (A). U

5. Gluing elliptic curves

In this section, we review work of Frey and Kani [1991] that explains how to
construct principally polarized abelian surfaces from pairs of elliptic curves provided
with some extra structure. First, we discuss isomorphisms of torsion subgroups of
elliptic curves.

Let E and F be elliptic curves over a field K and let n > O be an integer.
We let Isom(E[n], F[n]) denote the set of group scheme isomorphisms between
the n-torsion subschemes of E and F. The Weil pairing gives us nondegenerate
alternating pairings

E[n]lx E[n] - p, and F[n]x F[n]— u,

from the n-torsion subschemes of E and of F to the n-torsion of the multiplicative
group scheme. Via the Weil pairing, we get a map

m :Isom(E[n], F[n]) — Autu, = (Z/nZ)*.

For every i € (Z/nZ)* we let Isomi(E[n], F[n]) denote the set m~!(i), so that
Isom! (E[n], F[n]) consists of the group scheme isomorphisms that respect the
Weil pairing, and Isom™! (E[n], F[n]) consists of the anti-isometries from E[n]
to F[n].

If 5 is an anti-isometry from E[n] to F[n], then the graph G of 5 is a subgroup
scheme of (E x F)[n] that is maximal isotropic with respect to the product of the
Weil pairings. It follows from [Mumford 1974, Corollary to Theorem 2, p. 231]
that n times the canonical principal polarization on E x F descends to a principal
polarization A on the abelian surface A := (E x F)/G. In this situation, we say
that the polarized surface (A, )) is obtained by gluing E and F together along their
n-torsion subgroups via 7.

Frey and Kani [1991] show that every principally polarized abelian surface (A, A)
that is isogenous to a product of two elliptic curves arises in this way; furthermore,
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if such an A is not isogenous to the square of an elliptic curve, then the E, F, n,
and 7 that give rise to the polarized surface (A, A) are unique up to isomorphism
and up to interchanging the triple (E, F, n) with (F, E, n™!).

Frey and Kani also note that if the polarized surface (A, 1) constructed in this
way is the canonically polarized Jacobian of a curve C, then there are minimal
degree-n maps « : C — E and B : C — F such that o, 8* = 0; here minimal means
that o and 8 do not factor through nontrivial isogenies. Conversely, every pair of
minimal degree-n maps « : C — E and B : C — F such that o, 8* = 0 arises in
this way.

6. Ordinary split nonisotypic surfaces

In this section we will prove Proposition 3.1. The proof depends on three lemmas,
whose proofs we postpone until the end of the section.

Lemma 6.1. The number W, of principally polarized ordinary split nonisotypic
abelian surfaces over [, is at most

> OO S Ta(S) Y v,

S S§'#S n|(a(S)—a(s))

where the first sum is over ordinary strata S, and the second is over ordinary strata S’
not isogenous to S.

Lemma 6.2. We have

> () < n(loglogn)® forall n> 1.
d|n

Lemma 6.3. We have

Y B <

{q (log g)? for all q, unconditionally,
ordinary E/F,

q(ogqg)llogloggq| forall q, under GRH.

Given these lemmas, the proof of Proposition 3.1 is straightforward.

Proof of Proposition 3.1. From Lemmas 6.1 and 6.2 we find that

W, < q'(loglogq)* >~ > h(Os)h(Os) Fei(S) et () forall g.
S SpS

Since

2 2
> ¥ OO () < (SO @) = X ().
S

S S'#S ordinary E /[,
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we have )
W, < q1/2(10g log 6])2< Z frel(E)> for all g.
ordinary E/[F,
Combining this with Lemma 6.3, we find that we have
W g°/*(log ¢)*(loglog ¢)?> for all ¢, unconditionally,
K qs/z(log q)z(log log q)4 for all g, under GRH. O

Now we turn to Lemmas 6.1, 6.2, and 6.3. The proof of Lemma 6.1 itself requires
some notation and a preparatory result.

Fix an elliptic curve E/F,; and a stratum S of elliptic curves over F,. For a
positive integer n, let

Isom(E,S,n)={(E,E',n): E' €8, nclsom(E[n], E'[n])},
Isom™ ' (E,S,n)={(E,E',n): E' €8, nelsom (E[n], E'[n])}.

Lemma 6.4. Suppose that either S is ordinary, or that a(S) = 0 and g is a non-
square. If Isom™'(E, S, n) is nonempty then ged(n, f,(E)) = ged(n, f,(S)), and
we have

#Isom™(E, S, n) <29 (0h(Og) ged(n, e (E)) ged(n, o (S)).
In particular, if §,(E) # 0, then
#Isom™ ' (E, S, n) <29 (M)h(Os) fre1(E) fre1(S)-

Proof. Suppose that Isom™!(E, S, n) is nonempty. Then there is an E’ € S for
which there is an isomorphism E[n] = E’[n]. Corollary 4.2 then shows that
ged(n, fre (E)) = ged(n, frel(E/)) = ged(n, fre (S)).

The class group ClI(Os) acts on S, and the assumption that either S is ordinary
or that a(S) = 0 and ¢ is a nonsquare implies that S is a torsor for the class
group. Define an action of Aut E[n] x CI(Ogs) on the nonempty set Isom(E, S, n)
by setting

(. [a) o (E, E',n) = (E, [a] * E', [a)lonoa™).

It is clear that Isom(E, S, n) is a torsor for Aut E[n] x CI(Ogs) under this action,
so using Proposition 4.3 we find that

#Isom(E, S, n) < (#Aut E[n])h(Os) < g2p(n)y (m)h(Os),
where g = ged(n, fo(E)). Therefore
#Isom(E, S, n) < ¢(n)y(n)h(Os) ged(n, fe(E)) ged(n, frei (S)).-

In the preceding section we defined a map m : Isom(E[n], E'[n]) — Aut u,, that
sends a group scheme isomorphism to the automorphism of p, induced by the Weil
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pairing. This gives rise to a map from Isom(E, S, n) to Aut u,,, which we continue
to denote by m, that sends a triple (E, E’, n) to m(n). We claim that the image of
this map is a coset of a subgroup of Aut u,, of index at most 2.

To see this, we use the theory of complex multiplication, the Galois-equivariance
of the Weil pairing, and class field theory for the extension Q(¢,,)/Q as follows. Let
K be the field of fractions of Ogs. Given [a] € C1(Ogs) and (E, E’, n) eIsom(E, S, n),
we have

m((1, [aD o (E, E', ) = Nk a(@), Q) /Q) om(n) € Aut p,,

where (-, Q(¢,)/Q) denotes the Artin symbol for the extension Q(¢,)/Q. Since
the group of norms of idele classes of K has index [K : QO] = 2 in the group of idele
classes of @, the image of the map m is a coset of a subgroup of index at most 2.

Therefore, the number of elements in Isom ™' (E, S, n) is at most 2 /@ (n) times the
number of elements in Isom(E, S, n), and we obtain the inequality in the lemma. [J

Proof of Lemma 6.1. As we noted in Section 5, every principally polarized ordinary
split nonisotypic surface over [, is obtained in exactly two ways by gluing two
ordinary nonisogenous curves E and E’ together along their n-torsion. Since we
must then have E[n] = E’[n], the traces of Frobenius of E and E’ must be congruent
to one another modulo n; that is, n | (¢(E) — a(E’)). Summing over ordinary E
and E’, we find that

2W,=> "> > #lIsom '(E[n], E'[n])

E E'*E n|(a(E)—a(E"))

= Z Z Z #Isom Y(E, S, n)

E S'#*E n|(a(E)—a(S"))

=YY 2p@hOs) fua(E) Fra(S)  (by Lemma 6.4)

E S'#*E n|(a(E)—a(S))

<23 h(O) (B fa(S) D Y

E S'*E n|(a(E)—a(S"))
=2 "> h(ODh(O) Fa(S) fra(S) D v(m),
S S'+S n|(a(S)—a(S")
which proves the lemma. O

Proof of Lemma 6.2. Denote the sum on the left by f(n), so that f is a multiplicative
function. We calculate that f(n)/n < nzm(l 4+ 1/¢)/(1 — 1/¢). Taking this
inequality and multiplying by the square of the identity ¢(n)/n =[], (1 =1/0),

we find that
f(n) @(n)loglog n\ 116 AP
n(loglogn)? n U z)—
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Landau [1903b] showed that liminf ¢ (n)(loglogn)/n = e~ 7, where y is Euler’s
constant. The lemma follows. ([

Our proof of Lemma 6.3 requires an estimate from analytic number theory.
Let C be the multiplicative arithmetic function defined on prime powers £¢ by
Ce)y=2(14+1/0).

Lemma 6.5. We have

Y Cn) < xlogx forall x> 1.

n<x

Proof. Let D be the Dirichlet product [Apostol 1976, §2.6] of C with the Mobius
function p, so that

C(n)=Y_ D).
dln
We compute that D is the multiplicative function defined on prime powers £¢ by
1+2/¢ ife=1,
p(ey={ T e
0 ife>1.

Then

DR BILTESILIFIES 22,

n<x n<xd|n d<x d=<x

so we need only show that 3 _,_ D(d)/d < logx for x > 1.

Note that .
> D(Z’)_1+1+ 2
o . AN

D(d) 1 2
— < 1
d — 1_[( a7 14 + £2>
<x
Taking logarithms, we find that

Z <Zl (1+ +2>

d<x l<x

5ol

<x

1
zloglogx—i-c/—l-O( )
log x

where ¢ and ¢’ are constants and where the last equality comes from [Apostol 1976,
Theorem 4.12, p. 90]. Exponentiating, we find that ) ,_ D(d)/d < logx for
x > 2, as desired. (]

so that

d<x
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Proof of Lemma 6.3. First we compute a bound on the sum of the relative conductors
of the elliptic curves in a fixed ordinary isogeny class. Let a be an integer, coprime
to ¢, with a®> < 4¢. Recall from Section 4 that we write A, g =a 2 _4g= f A P
where A7 , is a fundamental discriminant. Let O, ¢ be the quadratic order of
discriminant A* . As we noted in Section 4, the i isogeny class Z(F,, a) is the union
of strata S =7 ( ,a, ©O), where the orders O C Oa ,¢ have discriminant f 2A

for the divisors f of fa,q- The curves in S have relative conductor §, , /f, and the
number of curves in S is equal to £(O). If we let x denote the quadratic character

modulo A7, , then

14
hO) = Fh(&A, )H( « ))
1y
Thus,

Y () = Zf‘;;qfhm H( N))

EeZ(F,,a) 1 Faq ans
« x(6)
~ha ) X TI(-52)

Flfagtlf

Lemma 4.4 tells us that #(A) < |A]'/?1og|A| for all fundamental discriminants
A < 0. Combining this with the fact that | faz, 7 BDagl =49 — a’ < 4q we see that
there is a constant ¢ such that for all ¢ and a we have

> fra(E) < cq'*(og ) A, ),

E€I(Fy,a)
where A is the arithmetic function defined by
v
am =Y [](1+7) =X
dln t|d d|n

Additionally, if the generalized Riemann hypothesis is true we can use Lemma 4.4
to find that there is a constant ¢’ such that for all g and a we have

Y Fa(E) <cq'loglogql|A(,,).
E€Z(F,,a)

Thus, to prove the lemma it will suffice to show that we have

Z A(fa’q)<<q1/210gq for all g. &)

1<a<2./q
ged(a,g)=1
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Note that the sum on the left side of (5) is equal to

d d
Z ZW() Z m# 11<a<2yq, geda, @) =1, d| f, 4}

1<a<2./q d|f.q 1<d=<2./q
ged(a,q)=1

Ifd| f,, then a® = 4g mod d?, so let us first consider, for a fixed d, estimates for
the number of a in the interval [1, 2,/g] with a* = 4¢g mod d°.
We have
#la:1<a<2yq, a®=4q modd*}
<#{a:1<a<d*[2,/q/d*], a* =4q mod d*}
=[2yq/d*|#{a:1 <a <d* a®=4q modd*}.
Thus, if we let B, denote the multiplicative arithmetic function given by

2

Bq(n)=#{a:1§a§n ,a254q modnz}

then we have

d
Y AGup = D ?#{a:lgaf%/ﬁ, ged(a,q) =1, d| fo )}

l<a<2/q d<2/q
ged(a,q)=1 gcd(d,q)=1
(d)
< Y Yn s,
d<2./q
ged(d,q)=1
2 d d
< > \/—W)B(d)+ > MB ). (6)
d<2./q d<2/q
ged(d,g)=1 gcd(d,q)=1

If ¢ is a prime that does not divide ¢ and if e > O then

2 ife#£2

B, (£%) <
o )_{8 if £ =2,

SO
#B (d)<4C@d)

for all d coprime to g, where C is the function from Lemma 6.5. For every € > 0
we have C(d) <« d° for all d, so

1 ¥(d) C(d) . C(d)
> dzw By(d)<4 ) 427<oo forall g. (7)
d<2/q d<2./q d=1

ged(d,g)=1 gcd(d,q)=1
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This shows that the first term on the right side of (6) is < ,/q for all g. To bound
the second term on the right side of (6), we compute that

d
> _w; !B, <4 Y @) <glogg forall g, )
d<2/q a=2v4
ng(dsq):l

by Lemma 6.5. Combining (6) with (7) and (8) proves (5), and completes the proof
of the lemma. O

7. Ordinary split isotypic surfaces

In this section we will prove Proposition 3.2. As in the preceding section, we state
several lemmas which lead to a quick proof of the proposition. Lemma 7.1 follows
from Lemma 6.4. We postpone the proofs of Lemmas 7.2, 7.3, and 7.4 until the
end of the section.

Lemma 7.1. For every ordinary E /[, and positive integer n we have

> #lsom™(E, E'.n) <20 () fra(E) D Frea(E). O

E'~E E'~E

Lemma 7.2. Let E /[, be an elliptic curve and let C /T, be a smooth genus-2 curve
with Jac C ~ E2. Then there is a finite morphism C — E of degree at most /2q. If
E is supersingular with all endomorphisms defined over [, then there is a finite

morphism C — E of degree at most q'/*.

Lemma 7.3. We have
Z Y(n) = —=x"+ O(xlogx).
272
n<x

For every pair of isogenous curves E and E’ over [F,, we let s(E, E’) denote the
degree of the smallest isogeny from E to E’.

Lemma 7.4. Let E/F, be an ordinary elliptic curve with f(E) =1, and let S be
a stratum of curves isogenous to E. Then

Z 1 - ¢@3)
s(E, E/)z frel(S)z’

E'eS
where ¢ is the Riemann zeta function.

Proof of Proposition 3.2. Proposition 3.2 gives an upper bound on the number
of principally polarized abelian surfaces isogenous to the square of an ordinary
elliptic curve. We would like to instead consider Jacobians. This requires that
we first dispose of those principally polarized surfaces that are not Jacobians of
smooth curves; according to [Gonzilez et al. 2005, Theorem 3.1, p. 270], these
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are the polarized surfaces that are products of elliptic curves with the product
polarization, together with the restrictions of scalars of polarized elliptic curves over
the quadratic extension of our base field. But the restriction of scalars of an elliptic
curve over [,2 with trace of Frobenius b is an abelian surface over [, with Weil
polynomial x* — bx? +¢2, and such a surface is never isogenous to the square of an
ordinary elliptic curve, because in that case its Weil polynomial would have to be
(x2 —ax +q)2, where a is coprime to g. Therefore, to dispose of the non-Jacobians,
we need only consider products of elliptic curves, with the product polarization.

The number of elliptic curves in an ordinary isogeny class with trace of Frobenius
equal to a is equal to the Kronecker class number H (a*> — 44) of the discriminant
a®—4q (see [Schoof 1987, Theorem 4.6, pp. 194-195]). From Lemma 4.4 we know
that H(A) < |A|'/? log|A|(loglog|A )2 for all negative discriminants A. Therefore
the number of product surfaces E x E’ with E and E’ both in a fixed ordinary
isogeny class over [, is < g (log q)*(loglog ¢)*; summing over isogeny classes,
we find that the number of product surfaces E x E’ with E and E’ ordinary and
isogenous to one another is < ¢>/?(log ¢)*(loglog ¢)*. Thus, the contribution of
the non-Jacobians to the ordinary split isotypic polarized surfaces is much less than
the bound claimed in Proposition 3.2. (Of course, for present purposes, it suffices to
observe that the number of non-Jacobians is bounded by the square of the number of
elliptic curves over [ ; but the estimate provided here is closer to the actual truth.)

Fix an integer a with |a| < 2,/q and gcd(a, g) = 1, and let E, be an elliptic
curve over [, with a(E) =a and with End E, = O, 4, so that f, (E,) = 1. Suppose
C is a curve over [, whose Jacobian is isogenous to E2. By Lemma 7.2 there is
a morphism from C to E, of degree at most /2g. We can write this map as a
composition of a minimal map C — E (see Section 5) with an isogeny £ — E,,
and it follows that the degree of the minimal map C — E is at most 4/2¢q/s(E, E,).
If we let N, denote the number of genus-2 curves with Jacobians isogenous to Eg,
we find that

N, < Z #{C with minimal maps to E of degree at most \/2q/s(E, Ea)}
E~E,

<> > > #lIsom™'(E, E',n)

E~E, n<\2q/s(E,E;) E'~E

<> ) 2WmfaE) Y FulE) ©)

E~Eqs n<2q/s(E,E,) E'~E

(T S T v
E~E,

E'~E, nfm/S(EsEu)
2q
E E’ E Ey————— for all dg. (10
< (E/NE frel( )> E~E frel( )S(E’ Ea)2 orat aam 1 ( )
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Here (9) follows from Lemma 7.1 and (10) follows from Lemma 7.3. Now we group
the curves E isogenous to E, by their strata. Recall that we have a>—4¢g = f A 40
and that the strata of curves isogenous to E, are indexed by the divisors f of fa,q-
We find that

N, <<Q< Z fret (E )) Z fre1(S) Z (E SE L for all a and ¢

E'~E, S~E,

< Q< Z frel (£ )) Z - forall aand ¢ (11)
E'~E, St

< q< > frel(E/)) llog log ¢| forall g and g,  (12)
E'~E,

where (11) follows from Lemma 7.4 and (12) follows from the asymptotic upper
bound [Hardy and Wright 1968, Theorem 323, p. 266]

. Zdlnd . Z(und/” . Zd\nl/d
eV =limsup ——— =limsup ——— = limsup ——.
n>0 nloglogn n>0 loglogn ns0 loglogn

Recall that X, is the number of principally polarized ordinary split isotypic
abelian surfaces over [,. Then X, is the sum over all a coprime to g of the N,
(together with the negligible contribution from those abelian surfaces that are
isomorphic, as principally polarized abelian varieties, to products of isogenous
elliptic curves), and we find that

X, < qlloglogq|< Z frel(E)) for all q.
ordinary E/F,

Proposition 3.2 then follows from Lemma 6.3. U

Proof of Lemma 7.2. Choose a divisor of degree 1 on C, and let L be the additive
group of morphisms from C to E that send the given divisor to the identity of E. Let
E be the base extension of E from [, to the function field F of C. The Mordell-Weil
lattice of E over F is the group E(F)/E(F,) provided with the pairing coming
from the canonical height. The natural map L — E(F)/E([F,) is a bijection, and the
quadratic form on L obtained from the height pairing on E(F) is twice the degree
map (see [Silverman 1994, Theorem I11.4.3, pp. 217-218]). Let a = a(E), and let
7 and 7 be the roots in C of the characteristic polynomial of Frobenius for E, so
that m + 7 = a. The Birch and Swinnerton-Dyer conjecture for constant elliptic
curves over function fields (proved by Milne [1968, Theorem 3, pp. 100-101])
shows that the determinant of the Mordell-Weil lattice is a divisor of

{(n )= (a?—4q9)* ifn #7,

q° ifr=m;
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note that w = 7 if and only if E is supersingular with all of its endomorphisms
rational over [, .

The Z-rank of L is twice the Z-rank of End E. If m # 7, so that End E is an
imaginary quadratic order, then L is a Z-module of rank 4. Applying [Cassels 1978,
Theorem 12.2.1, p. 260] we find that there is a nonzero element of L of degree
at most

Lyala® —4q]'?,

where y4 is the Hermite constant for dimension 4. Using the fact that y4, = V2 (see
[Hermite 1850]), we obtain the bound in the lemma.

If # = 7 then End E is an order in a quaternion algebra and L is a Z-module of
rank 8. We find that there is a nonzero element of L with degree at most

avsq?
The value of yg was determined by Blichfeldt [1935] to be 2, so there is a map
from C to E of degree at most g'/4, (|
Proof of Lemma 7.3. First we note that
v = ln@],
dln

where p is the Mobius function. Then, arguing as in the proof of [Apostol 1976,
Theorem 3.7, p. 62], we see that

> v = Zm(d)m—Zm(dn Y q

n=<x d<x q<x/d
dq<x
-3 (d)|(1(f)2+o(f))
_m HON2\a d
Loy 1 @) ( Zl)
d<x d<x d

1
= Ecx2 + O(xlogx),

where

) I\ (-1 @ 15
_Z 1;[<1+ﬁ>_lz[(1—1/e2)_¢<4>_?' -

Proof of Lemma 7.4. Let O = Og be the order corresponding to the stratum S.
We claim that there is an elliptic curve E in § and an isogeny f : E — E with
the property that every isogeny from FE to an elliptic curve in S factors through f.
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One way to see this is via the theory of Deligne modules [Deligne 1969; Howe
1995]. If we let w be the Frobenius for E and let K be the quadratic field Q(r),
then the Deligne modules of the elements of S can be viewed as lattices in K with
endomorphism rings equal to O, while the Deligne module for E can be viewed as a
lattice A C K with End A = Z[x]. The curve E is the elliptic curve corresponding
to the Deligne module A ® O, and the isogeny f corresponds to the inclusion
A C A®O. In particular, we see that the degree of f is equal to f.,(S).

The isogenies from E to the other elements of S correspond to the invertible ideals
a C O, with different ideals giving rise to different isogenies. Let ay, ..., a, be
the (distinct) ideals corresponding to the smallest isogenies from E to the elements
of §, where n =#S. Then

1 . 1 1 1
E,ZG;S s(E, E')? ; fre1 (8)2 N (a;)? = fre1 (S)? }:‘1 N(@)?’
where the final sum is over all invertible ideals a € O; that is, the final sum is equal
to £o(2), where ¢ is the zeta function for the order O.

Kaneko [1990, Proposition, p. 202] gives an explicit formula for {»(s) in terms
of the zeta function for K and the conductor of O. It is not hard to check that
for real s > 1 the Euler factor at ¢ for {»(s) is bounded above by 1/(1 — 012,
so that ¢p(s) < ¢(2s — 1), where ¢ is the Riemann zeta function. In particular,
Lo (2) < ¢(3), and the lemma follows. U

8. Almost ordinary split surfaces

In this section we prove Proposition 3.3, which gives an upper bound on the number
of principally polarized almost ordinary split abelian surfaces. We base the proof
on two lemmas, which we prove at the end of the section.

Lemma 8.1. Let Eq be a supersingular elliptic curve over a finite field F,, with q
a square, and suppose the Frobenius endomorphism on E is equal to multiplication
by s, where s> = q. Let S be a stratum of ordinary elliptic curves over Fy, and
suppose n is a positive integer such that Isom™' (Eq, S, n) is nonempty. Then

(a) the integer n is coprime to q,

(b) the relative conductor ., (S) is divisible by n, and

(c) the trace a(S) satisfies 4a(S) = 8s mod n.

Lemma 8.2. We have

n

Z v = gx-i- O (log x).
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Proof of Proposition 3.3. In analogy with Section 6, we will bound the number Y,
of principally polarized almost ordinary split abelian surfaces over [, by estimating
the number of surfaces obtained by gluing a supersingular Eq to an ordinary E
along their n-torsion subgroups. The methods we use will depend on whether or
not Ey has all of its endomorphisms defined over [,. Let Y, | denote the number
of principally polarized surfaces we get from Eg with all of the endomorphisms
defined, and let Y, > denote the number we get from Eq with not all endomorphisms
defined. We will show that Y, ; and Y, > each satisfy the bound of Proposition 3.3.

First let us bound Y, ;; that is, we consider the case where all of the endomor-
phisms of Ej are defined over [F,. In this case, g is a square and the characteristic
polynomial of Ey is (T — 25)2, where 52 = q; furthermore, [Schoof 1987, Theo-
rem 4.6, pp. 194-195] tells us that there are

o))

such curves for each of the two possible values of s, so at most /g curves in total.

Fix such an Ej and fix an integer n > 0. Suppose S is an ordinary stratum of
elliptic curves over [, such that Isom™'(Ey, S, n) is nonempty. If n is even let
m = 5; otherwise let m = n. We see from Lemma 8.1 that the trace a(S) of S
is an integer congruent to 2s modulo m?, but not equal to 2s. The number of
such integers a in the Weil interval is at most |4.,/g/m?].

Given such an integer a, write a® —4q = fﬁ’ q A% 4 for a fundamental discriminant
A, 4- Let x be the quadratic character modulo A7, , and for each divisor d of f, , /n

let S be the stratum S with a(S) = a and §(S) =d. Using Lemma 6.4 we find that

Z #Isom™ ' (E[n], E[n]) = Z #Isom ' (Ey, S, n)

Ee€I(Fy.a) ‘S('é\‘h)flth
a(S)=a
and n | fe1(S)

= Z #Isom ™ (Ey, Sy, n)
d1(Gag /1)

<2 ) ymh(Os)n’
d|(faq/m

24
_ 21/f(n)n2H<a . q),
n
where H (x) is the Kronecker class number. Thus,

Z #1som ™' (Eo[n], E[n])

E€Z(F,,a)

< 29 (n)nql/ 2 (log g)(loglog q)2 for all a and ¢, unconditionally,
2y (n)ng'/?|loglog q|? for all @ and ¢, under GRH.
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Conditions on g Conditionson p  a(S) AOs) f.(S) #S
g nonsquare — 0 —4p Jq/p h(—4p)
p=3 mod4 0 —p 2./q/p h(—p)

p=2 +2¢ -4 Va2 1

p=3 +/3¢q -3 Jq/3 1
q square — 0 —4 Ja 1—(-4/p)
— +/9 -3 va 1-(=3/p)

Table 1. The supersingular strata S over [, with not all endomor-
phisms defined over [,. Here g is a power of a prime p.

Summing over the |_4ﬂ / mZJ possible values of a for a given n, and then summing
over the possible n < 4,/q, and then summing over the possible curves Ey, we
find that

a
¥ ()
Yy1 <g¥(ogg)(oglogg)® } | == < q*(logq)(oglogg)® forall g.
n=1

If the generalized Riemann hypothesis holds, we get the better bound
Y1 K g*|loglogq|® forall .

Now we turn to estimating Y, >, the number of principally polarized split surfaces
isogenous to a surface of the form Ey x E, where E is ordinary and Ej is super-
singular with not all endomorphisms defined. Using [Schoof 1987, Theorems 4.2,
4.3, and 4.5, pp. 194-195], we find that the possible strata of such curves E( are
as listed in Table 1.

Let E( be a supersingular curve with not all endomorphisms defined. If we are
to glue Ey to an ordinary elliptic curve E along the n-torsion of the two curves,
then n must be coprime to ¢g. In that case, the greatest common divisor of f..;(Eop)
and n is either 1 or 2, as we see from Table 1. It follows from Lemma 6.4 that for
every ordinary stratum S we have

#Isom ' (Eg, S, n) < 8¢Y (n)h(Os),

so the total number of curves obtained from gluing Ej to an ordinary elliptic curve
is bounded by

8 ) hOs) ). ¥ <q'loglogg)’ Y h(Os) forall g

ordinary S n|(a(S)—a(Ep)) ordinary S
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by Lemma 6.2. This last sum is simply the number of ordinary elliptic curves
over [F,, which (one shows) is at most 2¢ + 4, so the number of curves obtained
as above from a fixed Ey is < ¢>/*(loglog ¢)? for all g.

If g is a square there are at most 6 possible Ey, and we find that

Y, K q3/2(log log g)* forall square g.

If g is not a square, then Lemma 4.4 shows that the number of possible Ej is
< q'*logq for all g unconditionally, and < ¢!/?|loglog¢| for all ¢ under the
generalized Riemann hypothesis. This leads to

v g*(log g)(loglog g)> for all ¢, unconditionally,
1 g*|loglog q|? for all g, under GRH,
and completes the proof of Proposition 3.3. U

Proof of Lemma 8.1. Since Isom™' (E, S, n) is nonempty, there is an E € S with
Eo[n] = E[n]. The p-torsion of Ej is a local-local group scheme, while E[p] has
no local-local part, so n must not be divisible by p. This proves (a).

Lemma 6.4 shows that gcd(n, . (Eo)) = ged(n, §(S)). Since f.,(Eg) =0, we
find that n | §,(S). This proves (b).

Let a = a(S). From (b) we know that a®> — 4qg = 0 mod n?, and we also know
that a = a(Ep) = 2s mod n. Since a — 2s = 0 mod n we have

0=a® — 4as +4s®> = 45> — 4as + 4s*> = 8s> — 4as mod n’.
Since s is coprime to n by (a), we can divide through by s to obtain (c). ([

Proof of Lemma 8.2. The proof is quite similar to that of Lemma 7.3. We have

Yy(n) ()| ln(@d]| x
ot

n<x s
dg<x
lu(d)|
=xy 5+ 0(logx) = cx + O(log),
d<x
where ¢ = Y5 | |u(d)|/d* = 15/ O

9. Supersingular split surfaces

In this section we prove Proposition 3.4, which gives a bound on the number Z, of
principally polarized supersingular split abelian surfaces over [,.

We must first introduce some terminology and some background results. Let A
be an abelian surface over a finite field [, of characteristic p, and let et;, denote the
(unique) local-local group scheme of rank p over ;. The a-number of A is the
dimension of the [, -vector space Hom(e,, A). If A has a-number 2 then A is called
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superspecial; all superspecial surfaces over [, are geometrically isomorphic to one
another, and they are all geometrically isomorphic to the square of a supersingular
elliptic curve. A supersingular surface A has a-number equal to either 1 or 2; if the
a-number is 1, then A has a unique local-local subgroup scheme of rank p, and the
quotient of A by this subgroup scheme is a superspecial surface.

Let A3’ denote the supersingular locus of the coarse moduli space of principally
polarized abelian surfaces. Koblitz [1975, p. 193] shows that the only singularities
of A3 are at the superspecial points, and from [Oort 1974, Proof of Corollary 4.7,
p. 117] we know that each irreducible component of A3’z is a curve of genus 0. Also,
every component contains a superspecial point. Therefore, the nonsuperspecial
locus of A;fﬁp is a disjoint union of components, each of which is isomorphic to an
open affine subset of A'.

Moreover, the number of irreducible components of Aiﬁp is equal to the class
number H;(1, p) of the nonprincipal genus of @?7,00 (see [Katsura and Oort 1987,
Theorem 5.7, p. 133]). Hashimoto and Ibukiyama [1981] (see also [Ibukiyama et al.
1986, Remark 2.17, p. 147]) provide a formula for H,(1, p) which shows both that
Hy(1, p) = 555 0> + O(p) and that Hy(1, p) < §p* for all p.

For convenience, we also state the following lemma.

Lemma 9.1. Let (A, A) be a principally polarized abelian surface over I]_:q that has
a model over [,. Then the number of distinct Fy-rational models of (A, }) is at
most 1152.

Proof. The size of the automorphism group of a principally polarized abelian
surface over a finite field is bounded by 1152 (by 72, if the characteristic is greater
than 5); for Jacobians, this follows from Igusa’s enumeration [1960, §8] of the
possible automorphism groups, and for products of polarized elliptic curves and
for restrictions of scalars of elliptic curves it is an easy exercise. (We know from
[Gonzalez et al. 2005, Theorem 3.1, p. 270] that every principally polarized abelian
surface is of one of these three types.) By [Brock and Granville 2001, Lemma 7.2,
pp. 85-86], the number of [, -rational forms of such a polarized surface is bounded
by this same number. (]

With these preliminaries out of the way, we may proceed to the proof of
Proposition 3.4. The proof splits into cases, depending on whether or not the
base field is a prime field. First we consider the case where g ranges over the set of
primes p.

We may assume that p > 3. In that case, we see from Table 1 that there is only
one isogeny class of supersingular elliptic curves, the isogeny class Z([F,, 0) of
trace-0 curves, which consists of 1 or 2 strata.

Pick a trace-0 elliptic curve Ey/[F, whose endomorphism ring has discrimi-
nant —4p. If (A, A) is a principally polarized abelian surface over [, with A
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isogenous to Eé, then either A is a product of elliptic curves with the prod-
uct polarization, or A is the restriction of scalars of an elliptic curve over [F,2
with trace —2p, or A is the Jacobian of a curve C. (See [Gonzdlez et al. 2005,
Theorem 3.1, p. 270].) The number of elliptic curves in Z([F,, 0) is H(—4p);
using Lemma 4.4 we see that the number of products of such elliptic curves is
<« p(log p)*(loglog p)* <« p? for all primes p. The number of supersingular
elliptic curves over [,2 with trace —2p is equal to the number of supersingular
Jj-invariants, which is % p + O(1); therefore the number of restrictions of scalars
of such curves is < p. Thus, we may focus our attention on the case where (A, A)
is the Jacobian of a curve C.

In this case, we know from Lemma 7.2 that C has a map of degree at most
J2p < p to Egy, so C has a minimal map of degree at most p to a curve E
in Z(F,, 0). We see that the polarized variety (A, A) can be obtained by gluing
together two elliptic curves E and E’ in Z([F,, 0) along their n-torsion, for some
n < p. It follows that the a-number of A is 2, so A is superspecial. By [Ibukiyama
and Katsura 1994, Remark 3, p. 41], the number of principally polarized superspecial
abelian surfaces over R, which admit a model over [, is < ph(—p), which in turn
is <« p3/%(log p)|loglog p| by Lemma 4.4. By Lemma 9.1, we get the same bound
for the number of superspecial curves over [,. This shows that Proposition 3.4
holds as g ranges over the set of primes.

Now we let ¢ range over the set of proper prime powers. Let ¢ = p° for some
prime p and e > 1. First we bound the number of principally polarized superspecial
split surfaces.

By [Ibukiyama and Katsura 1994, Theorem 2, p. 41], the total number of super-
special curves over Fq is equal to the class number H,(1, p) < ‘—11 p? mentioned
above, so by Lemma 9.1 there are at most ”4—52 p* = 288p? superspecial curves
over [,. Similarly, the number of supersingular j-invariants is 1—12 p+ O(1), so the
number of distinct products of polarized supersingular elliptic curves over [, is
also bounded by a constant times p?; by Lemma 9.1, this shows that the number
of principally polarized superspecial split abelian surfaces over [, that are not
Jacobians is « p?. Since g > p?, the number of principally polarized superspecial
split surfaces is < q.

We are left with the task of estimating the number of nonsuperspecial super-
singular split curves over [F,. To do this, we appeal to a moduli space argument.
As noted above, the coarse moduli space of nonsuperspecial supersingular curves
is geometrically a union of ﬁ p? + O(p) components, each one an open sub-
variety of A'. Thus, the number of [,-rational points on this moduli space is at
most ﬁ p*q + O(pg). By Lemma 9.1, each rational point on the moduli space
corresponds to at most 1152 curves over [F,, so there are <« p’q < ¢? principally
polarized supersingular split abelian surfaces over F,. U
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10. A lower bound for the number of split surfaces

In this section we prove Proposition 3.5.

Let £ be a prime coprime to g. We say that two elliptic curves E and F over [,
are of the same symplectic type modulo £ if (in the notation of Section 5) the set
Isom! (E[£], F[£]) is nonempty, that is, if there is an isomorphism E[¢] — F[{] of
group schemes that respects the Weil pairing. Clearly, if £ and F have the same
symplectic type modulo £ then their traces of Frobenius are congruent modulo £, so
for each residue class modulo ¢, the elliptic curves whose traces lie in that residue
class are distributed among some number of symplectic types.

Lemma 10.1. Let £ be an odd prime coprime to q and leta € Z/L.

(@) Ifa* # 4q mod £ then all elliptic curves E [T, with a(E) = a mod £ are of the
same symplectic type.

(b) If a> = 4q mod ¢, there are at most three symplectic types of elliptic curves
with trace congruent to a. If we fix an £-th root of unity { € F,, these three
types are determined as follows:

1. Those E for which Frobenius acts as an integer on E[£].

2. Those E for which Frobenius does not act as an integer on E[£], and for
which the Weil pairing e(P, Frg(P)) is of the form ¢~ with x € (Z/£)*
a square for all P € E[Z]([l_:q) with Frg(P) # 5 P.

3. Those E for which Frobenius does not act as an integer on E[{], and for
which the Weil pairing e(P, Frg(P)) is of the form {* with x € (Z/£)*
a nonsquare for all P € E[K]([I_:q) with Frg(P) # %P.

Corollary 10.2. For each odd € coprime to q, there are at most £ + 4 symplectic
types of elliptic curves modulo £ over [F. U

Proof of Lemma 10.1. Let E be an elliptic curve over [, and let G be the auto-
morphism group of E[£]. In Section 5 we defined a map m : G — Autpu,. If
a? # 4q mod ¢ then m is surjective, so there is an isometry between E[£] and F[¢]
for any two curves E and F of trace a. Likewise, if Frobenius acts as a constant on
E[£] then m is surjective, so if Frobenius acts as ‘—21 on E[£] and F[£] then there is
an isometry between those two group schemes.

On the other hand, if Frobenius does not act semisimply then the image of m is
a coset of a subgroup of index 2, that is, a coset of the subgroup of squares, and is
an isometry between E[¢] and F[{¢] for two such curves E and F if and only if the
image of m is the same for both of them. U

Lemma 10.3. Let € be a prime coprime to g and with £ = 1 mod 4. If two elliptic
curves E and F over [, have the same symplectic type modulo £, then there are at
least £ — 1 elements of Isom_l(E[E], F[e]).
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Proof. Since E and F have the same symplectic type modulo £ there is an isometry
n : E[£] — F[£]. Let b be an integer with b> = —1 mod ¢. Then b7 is an anti-
isometry, so Isom~ ! (E[£], F[£]) is nonempty. From Proposition 4.3 we know that
#Aut E[€] > (€ — 1)2, so #Isom! (E[£], E[£]) is at least £ — 1, and it follows that
there are at least this many elements of Isom~ ' (E[¢], F[£]). O

Proof of Proposition 3.5. Let ¢ be a constant such that
H(A) < c|A]'? log|A|(log log|A])?

for all negative discriminants A; such a constant exists by Lemma 4.4. We will
show that for every prime £ # p with £ = 1 mod 4 and with

g2

, 13
= 1600c2(log ¢)%(log log g)* 4

there are more than %qz triples (E1, E2, n), where E| and E; are nonisogenous
ordinary elliptic curves over [, and n: E1[£] — E>[{] is an anti-isometry. Dirichlet’s
theorem shows that there are constants ¢’ > 13, ¢” > 0 such that when ¢ > ¢’ the
number of such primes ¢ is at least

C//q1/2

(log ¢)3(loglog ¢)*’

so for ¢ > ¢’ we will have at least

C//q5/2

5(log q)*(loglog g)*
distinct principally polarized abelian surfaces, thus proving the unconditional part
of Proposition 3.5.

Let £ be a prime as above, let t < £ 4-4 be the number of symplectic types of
curves modulo £, and let Sy, ..., S; be the sets of ordinary curves of the ¢ different
symplectic types. We would like to count the number of pairs of curves (E1, E3)
where E| and E; are not isogenous to one another but are of the same symplectic
type. The number of ordered pairs (E1, E,) where E; and E, are of the same type is

D s
i=1

This sum is minimized when the elliptic curves are evenly distributed across the
symplectic types. It is easy check that when g > 13 there are always at least %q
ordinary elliptic curves over [, so we see that

t 2 2 2 2
2 12

) ﬁ(#si)zzz(s—"> L _2a” 12547 347

— 3t 9(¢+4) 8174 20
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On the other hand, the number of ordered pairs (E;, E,) of ordinary elliptic
curves that are isogenous to one another is

> H@—49).

=2/q<a<2./q
ged(a,q)=1

Using Lemma 4.4 and the definition of ¢, we see that each summand is at most
2 2 4 2 2 4
c”(4q)(log(4q))~(loglog(4¢))" < 400c“q (log )" (loglog g)",
so the number of such ordered pairs is at most
1600¢%¢> (log ¢)*(loglog ¢)* < ¢°/¢.

Thus, the number of ordered pairs (Ey, E;) of nonisogenous curves that have the
same symplectic type is at least %(q2 /£). By Lemma 10.3, this gives us more than
%(Z— g%/t > %qz triples (E1, E2, n) where E| and E; are nonisogenous ordinary
elliptic curves and n : E1[€] — E»[£] is an anti-isometry, as we wanted.

If the generalized Riemann hypothesis holds, we modify our argument as follows.
We take c to be a constant such that

H(A) < c|A]'"?(loglog|A])?

for all negative discriminants A, and consider primes £ = 1 mod 4 bounded by

'

¢
= 1600¢2(log log ¢)°

instead of by (13). Again we find that for each such £ we have more than %qz
triples (E1, E», n), where E| and E, are nonisogenous ordinary elliptic curves and
n: E[€] — E»[£] is an anti-isometry. Dirichlet’s theorem then leads to the desired
estimate for W,. U

11. Numerical data, evidence for Conjecture 1.1, and further directions

In this section we present summaries of some computations that help give some
indication of the behavior of several of the quantities that we study and provide
bounds for, and we give some evidence that seems to support Conjecture 1.1. We
close with some thoughts about possible extensions of our results.

11.1. The sum of the relative conductors. In Section 6 we proved Proposition 3.1,
which gives an upper bound on the number of principally polarized ordinary split
nonisotypic abelian surfaces over a finite field F,. The key to the argument is
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Lemma 6.3, which gives an upper bound for the sum of the relative conductors of
the ordinary elliptic curves over [,. The lemma shows that there is a constant ¢
such that for all ¢ this sum is at most cg (log ¢)>. However, we suspect that the sum
of the relative conductors grows more slowly than this; it is perhaps even O (q).

We computed this sum for all prime powers ¢ less than 107. For ¢ in the range
(10°, 10%), the sum lies between 2.07¢g and 4.27¢; for ¢ in the range (10%, 10%),
the sum lies between 2.14¢ and 3.95¢; for ¢ in the range (10°, 10%), the sum lies
between 2.09¢ and 3.82¢; and for g in the range (10%, 107), the sum lies between
2.10q and 3.77q. Note that as g ranges through these successive intervals, the upper
bound on 1/¢g times the sum of the relative conductors decreases; this is why we
are tempted to suspect that the sum of the relative conductors is O(g).

11.2. The probability that a principally polarized abelian surface is split. 1f S is
a finite collection of geometric objects having finite automorphism groups, we
define the weighted cardinality #'S of S by

1
#S = .
Z #Auts
seS

It is well known that the weighted cardinality can lead to cleaner formulas than
the usual cardinality. For instance, the weighted cardinality of the set of genus-2
curves over [, is equal to g [Brock and Granville 2001, Proposition 7.1, p. 87]. A
principally polarized abelian surface over a field is either a Jacobian, a product of
polarized elliptic curves, or the restriction of scalars of a polarized elliptic curve
over a quadratic extension of the base field [Gonzalez et al. 2005, Theorem 3.1,
p- 270]. One can show that the weighted cardinality of the set of products of
polarized elliptic curves over [, is %qz, as is the weighted cardinality of the set of
restrictions of scalars. Thus, if we let .A> denote the moduli stack of principally
polarized abelian surfaces, then

# A =4’ +4°
For each prime power g we let

_ \/a'#/AZ,split(ﬂ:q) _ \/a'#/AZ,split(”:q)
# As (Fy) @ +q*

Cq

For all primes g < 300 and for ¢ = 521 we computed the exact value of ¢, by direct
enumeration of curves and computation of zeta functions. For ¢ € {1031, 2053,
4099, 16411, 65537} (the smallest primes greater than 2/ fori =10, 11, 12, 14, 16)
we computed approximations to ¢, by randomly sampling genus-2 curves (with
probability inversely proportional to their automorphism groups), and then adjusting
the probabilities to account for the non-Jacobians. We computed enough examples
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Figure 1. The values of ¢, for the primes ¢ with 17 < g < 293,
together with g € {521, 1031, 2053, 4099, 16411, 65537}. The
values of ¢, for the five largest ¢ were computed experimentally;
the error bars indicate one standard deviation.

for each of these ¢ to determine ¢, with a standard deviation of less 0.0005. The
result of the computations is displayed in Figure 1; the (almost invisible) error
bars on the rightmost five data points indicate the standard deviation. Note that the
horizontal axis is loglog g; even so, the graph looks sublinear. This encourages us
to speculate that perhaps the ¢, are bounded away from 0 and oo.

11.3. Reductions of a fixed surface. Let A/K be a principally polarizable abelian
surface over a number field such that the absolute endomorphism ring Endg A
is isomorphic to Z, and recall the counting function 7y, (A/ K, z) introduced in
Section 1. Conjecture 1.1 states that g, (A/ K, z) ~ Ca+/z/log z; we tested this
against actual data on the splitting behavior of a particular surface A over Q.

Let A be the Jacobian of the curve over @ with affine model y? = x> + x + 6.
Using the methods of [Harvey and Sutherland 2016], Andrew Sutherland computed
for us the primes p < 230 for which the mod-p reduction of A is split, thereby
giving us the exact value of 7y, (A/Q, z) for all z < 230 We numerically fit
curves of the form a./z/(log z)” and of the form c./z/log z to this function. For
curves of the form a./z/(logz)’, the best-fitting exponent b was b &~ 1.02269,
reasonably close to our conjectural value of 1. For curves of the form ¢,/z/log z,
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Figure 2. The blue curve plots the function i (A/Q), z) for the
Jacobian A of the curve y*> = x° 4+ x 4 6 over Q. The red curve is
c+/z/log z, with ¢ ~ 4.4651.

the best-fitting constant ¢ was ¢ ~ 4.4651. In Figure 2 we present the actual data
(in blue) alongside the best-fitting function c¢./z/log z (in red); the figure shows
that the idealized function is in close agreement with the actual function.

11.4. Further directions. We noted in Section 1 that our definition of Az pit(Fy)
was perhaps not as natural as it could be — one could also ask about principally
polarized surfaces that split over I]_:q, not just over [, itself. We suspect that a result
like Theorem 1.2 holds for this more general type of splitting. To prove such a
theorem, one would need to estimate the number of principally polarized surfaces
in several types of isogeny classes: the simple ordinary isogeny classes that are
geometrically split (which are enumerated in [Howe and Zhu 2002, Theorem 6,
p. 145]), and the supersingular isogeny classes (which are all geometrically split).
There are a number of ways one could try to estimate the number of principally
polarized surfaces in these isogeny classes; for instance, the techniques of [Howe
2004] might be of use. We will not speculate further on this here.

Let Az geom. spiit(Fy) denote the subset of A, (F,) consisting of those principally
polarized varieties that are not geometrically simple, and for each ¢ let d;, denote
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Figure 3. The experimentally computed values of d,, for the primes
q in {131, 257,521, 1031, 2053, 4099, 16411, 65537}. Error bars
indicate one standard deviation.

the ratio
_ Va - # Ao geom. spiit(Fy) _ Va - # Ao geom. split(Fy)
# Ax(Fy) 9> +q* .
While collecting the data presented in Section 11.2 we also collected data on d, by
random sampling of curves. Figure 3 presents the results for g € {131, 257, 521,

1031, 2053, 4099, 16411, 65537}. The figure suggests that perhaps d,; is bounded
away from 0 and oo.

dg
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